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of a Blaschke Product
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Visualization plays an important role in understanding
and communicating scientific concepts. Images are part
of a universal language that helps to build bridges between
different disciplines, and pictorial or sculptural representa-
tions of mathematical objects form the basis of mathemat-
ical artwork.

Besides those areas in which pictures have been used ex-
tensively from the very beginning, such as geometry, visu-
alization became relevant inmore andmore fields ofmath-
ematics. Apart from the fascinating fractal images gener-
ated by dynamical systems, complex analysis has been (al-
most) excluded from this development; only during the
last few decades, when the technique of domain coloring
became popular, have pictorial representations of complex
functions entered the scene. A recent example is the illus-
tration of the Klein modular function that decorates the
cover of the January 2019 issue of this journal.

A specific version of domain coloring, so-called phase
plots, was discussed in the September 2011 issue of the No-
tices [20]. Phase plots have mainly been used to visual-
ize complex functions, as in Donald Marshall’s brilliant
textbook [11], or the Handbook of Special Functions [13].
Moreover, they may serve as exploration tools, helping to
discover interesting phenomena, to observe hidden struc-
tures, and to generate fresh ideas. Topics addressed in pure
and applied research papers comprise approximation the-
ory (Austin, Kravanja, and Trefethen [1], and Böttcher and
Wegert [2]), computation of special functions (Fasondini,
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Fornberg, and Weideman [7]), design of controllers (Gar-
rido and Moreno [9]), gravitational lensing (Luce, Sète,
and Liesen [10]), investigation of iterative methods (Sète
and Zur [15]), and value distribution of the Riemann zeta
function (Steuding and Wegert [16]). For an overview of
other themes and further applications readers are referred
to [19].1

The paper at hand aims to demonstrate how phase plots
can serve as tools for exploring algebraic properties of com-
plex functions. The relevant structures cannot be seen in
pure phase plots, nor can they be seen in the conventional
version of domain coloring, but they will be revealed using
specific color schemes that generate tiled phase plots.

To illustrate these ideas, we have chosen the class
of Blaschke products. In particular, we study their mon-
odromy groups and investigate whether a given function is a
(nontrivial) composition. Blaschke products are relevant
in many areas of mathematics, including linear algebra,
group theory, approximation theory, operator theory, and
systems theory ([3, 8, 12]). The author is convinced that
they deserve more attention than they currently have.

1. Phase Plots
While a real-valued function of a real variable can be visu-
alized in two dimensions by its graph, the analogous rep-
resentation of a complex function 𝑓 would require four
real dimensions. Traditional analytic landscapes therefore
depict only the graph of the modulus |𝑓| and neglect the
argument of the function. In the era of computer graphics,
the missing information can easily be incorporated using
color. Since the argument is determined only up to a mul-
tiple of 2𝜋, it is better to color code the phase 𝑓/|𝑓|. This
assumes values of modulus one on the unit circle and can,
for example, be represented using colors of the common

1There is also an annual calendar, “Complex Beauties,” which provides a phase
portrait for each month and is available online at www.mathcalendar.net/.
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Figure 1. Colored analytic landscape of the function
𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

HSV color wheel.2 Figure 1 shows such a colored analytic
landscape of 𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

The use of color opens up completely new possibilities
of visualization. One of them is domain coloring, which de-
picts a complex function as an image on its domain, con-
verting the values 𝑓(𝑧) such that phase 𝑓(𝑧)/|𝑓(𝑧)| is repre-
sented by saturated colors (hue) and |𝑓(𝑧)| corresponds to
brightness. The first examples of such pictures appeared in
the early 1980s, but the method gained popularity with
Frank Farris’s review of Needham’s book Visual Complex
Analysis.

While conventional domain coloring encodes the val-
ues of 𝑓 completely, it is sometimes advantageous to dis-
card the modulus. This leads to the concept of phase por-
traits (or phase plots). We summarize some relevant facts
and refer to [18,20] for details.

Functions that are holomorphic (or, more generally,
meromorphic) in an open connected set are uniquely de-
termined by their phase up to a positive constant factor.
So, in principle, all essential information can be recon-
structed from phase plots. However, some hidden struc-
tures can be discovered more easily when additional in-
formation is incorporated. Figure 2 illustrates the con-
struction of such enhanced phase plots. In all examples, a
standard color scheme highlighting special features is first
defined in the 𝑤-plane (depicted in the lower row). In
the second step, every point 𝑧 in the domain of 𝑓 (upper
row) is assigned the same color as the value 𝑓(𝑧) in the 𝑤-
plane. The leftmost column corresponds to conventional
domain coloring, the second represents a plain phase plot,
the third has highlighted contour lines of |𝑓|, in the fourth
column some lines of constant phase are emphasized, and
the rightmost images are equipped with a conformal tiling.3

2The Handbook of Special Functions [13] recommends a slightly modified
color scheme where yellow represents positive multiples of i.
3The author’s Matlab software is available at https://mathworks
.com/matlabcentral/fileexchange/44375. Various color schemes

Zeros and poles can easily be detected in a phase plot:
these are the points where all colors meet, and the num-
ber of times each color appears indicates the multiplicity.
Zeros and poles can be distinguished by the orientation of
colors in their neighborhood.

For the structural analysis of a function a third class of
points is even more important. A critical point 𝜁 of 𝑓 is a
zero of its derivative 𝑓′, and 𝑓(𝜁) is the corresponding crit-
ical value. Those critical points that are not zeros of 𝑓 are
called saddle points, a name that is motivated by their ap-
pearance in the analytic landscape. In a phase plot, saddle
points can be seen more clearly by enhancing isochromatic
lines on which 𝑓 has constant phase (see [18], Section 2.5).
A saddle point 𝑧0 of order 𝑘 (meaning that 𝑓′ has a zero of
multiplicity 𝑘 at 𝑧0) is the crossing point of exactly 𝑘 + 1
isochromatic lines. This is illustrated in Figure 3 for sad-
dle points of orders 1, 2, and 3, respectively. Here some of
the highlighted isochromatic lines run through 𝑧0, which
is the exception rather than the rule. In a tiled phase plot
critical points generate tiles with more than 4 vertices; we
call these exceptional. If a tile 𝑇 contains a saddle point of
order 𝑘 in its interior (or several saddle points with orders
summing up to 𝑘) and no saddle point lies on its bound-
ary, then 𝑇 has 4𝑘+4 vertices. The images in Figure 4 show
exceptional tiles with saddle points of orders 1, 2, and 3 at
their centers.

2. Blaschke Products
A Blaschke product of degree 𝑛 is a rational function of the
form

𝐵(𝑧) = 𝑐
𝑛
∏
𝑘=1

𝑧 − 𝑧𝑘
1 − 𝑧𝑘𝑧

, |𝑧𝑘| < 1, |𝑐| = 1.

Each factor is a special Möbius transformation and is a con-
formal automorphism of the complex unit disk 𝔻. The
mappings 𝐵 ∶ 𝔻 → 𝔻 and 𝐵 ∶ 𝕋 → 𝕋 are 𝑛-fold covering
maps. A phase plot of a Blaschke product is depicted in
Figure 5.

Due to the symmetry relation 𝐵(1/𝑧) = 1/𝐵(𝑧), the ze-
ros 𝑧𝑘 of 𝐵 in the unit disk correspond to poles of 𝐵 at
their reflections 1/𝑧𝑘 with respect to the unit circle. The
phase plot of Blaschke products on the Riemann sphere
is beautifully symmetric with respect to the equator plane
(see Figure 6).4

As functions in the unit disk (endowed with the hy-
perbolic geometry of the Poincaré disk model), Blaschke
products play a role similar to that of the polynomials in
the (Euclidean) complex plane. For example, a Blaschke
product 𝐵 of degree 𝑛 has exactly 𝑛 − 1 critical points in

are implemented in the Julia-package https://github.com/luchr
/ComplexPortraits.jl by Ch. Ludwig.
4Here the plane is stereographically projected from the south pole; the usual pro-
jection from the north pole reverses orientation.
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Figure 2. Different versions of color representations of 𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

Figure 3. Saddle points of orders 1, 2, and 3 located at
crossing points of isochromatic lines.

Figure 4. Saddle points of orders 1, 2, and 3 located at the
centers of exceptional tiles.

𝔻 (counted according to their multiplicity), and Walsh’s
theorem ([8, Theorem 6.1.6]) says that these points lie in
the hyperbolic convex hull of the zeros of 𝐵. This is a
counterpart of the Gauss–Lucas theorem for polynomials
([8, Theorem 5.1.1]). For an illustration of Walsh’s theo-
rem and some related topics we refer to the essay [6] by
Daepp, Gorkin, Semmler, and Wegert. More substantial
results in this direction can be found in Garcia, Mashreghi,
Ross [8] and Ng and Tsang [12, p. 249ff.].

3. Phase Flow
Looking at phase plots of Blaschke products, one can gain
the impression that “phase” is a substance that flows along
the isochromatic lines (i.e., the contour lines of arg 𝑓).

Figure 5. A Blaschke product of degree 50.

This can be modeled by a vector field: If 𝑓 is a meromor-
phic function, 𝑓 ∶ 𝐷 → ℂ̂ ∶= ℂ ∪ {∞}, then

𝑉𝑓 ∶= − 𝑓 𝑓′
|𝑓|2 + |𝑓′|2

is smooth on 𝐷, and 𝑉𝑓(𝑧) (considered as a vector in ℝ2) is
tangent to the isochromatic lines of 𝑓 at 𝑧 (see [17] for de-
tails). The flow generated by the vector field 𝑉𝑓 is said to be
the phase flow and denoted Ψ𝑓. If 𝑓 is a Blaschke product,

Ψ𝑓 ∶ 𝔻×ℝ+ → 𝔻 is a continuous semigroup. The fixed points
of Ψ𝑓 are the zeros (attracting), poles (repelling), and sad-
dle points (as indicated by the name) of 𝑓. Each zero 𝑧0
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Figure 6. The same Blaschke product as in Figure 5 on the
Riemann sphere.
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𝜁1

𝜁2

Figure 7. The phase flow of a Blaschke product, the stable
manifolds, and the basins of its zeros.

has its basin of attraction, consisting of all points 𝑧 ∈ 𝐷
with Ψ𝑓(𝑧, 𝑡) → 𝑧0 as 𝑡 → +∞. A detailed description of
the basins of attraction for generalmeromorphic functions
is given in [17]. For the determination of these basins the
stable manifolds of saddle points are crucial; together with
some arcs on the unit circle they form the boundaries of
the basins (see Figure 7). Here we need a more specific
result for a special class of Blaschke products.

Definition 1. A finite Blaschke product 𝐵 is called regular-
ized if it satisfies the following conditions:

(i) All zeros of 𝐵 are simple.
(ii) If 𝜁𝑗 and 𝜁𝑘 are critical points of 𝐵 and 𝐵(𝜁𝑗)/𝐵(𝜁𝑘)

is positive, then 𝐵(𝜁𝑗) = 𝐵(𝜁𝑘).
The first condition implies that all critical points of 𝐵

are saddle points. The second condition guarantees that
any isochromatic line in the phase plot contains at most
one critical point.

𝜁1

𝑍∗1

⟶
𝐵1

𝐷1

𝑅12

𝜁1

𝜁2

𝑍∗2

⟶
𝐵2

𝐷2

𝑅21

𝑅23

𝜁2

𝑍∗3 ⟶
𝐵3

𝐷3𝑅32

Figure 8. The basins 𝑍𝑘 and their images 𝐷𝑘.

We remark that both conditions can always be satisfied
by replacing 𝐵 with ℎ ∘ 𝐵, where ℎ is an appropriate con-
formal automorphism of 𝔻. As we shall see, this transfor-
mation does not influence the algebraic structures we are
interested in.

Theorem 1. Let 𝐵 be a regularized Blaschke product and let 𝑆
denote the union of all stable manifolds of all saddle points of
𝐵. Then the basins 𝑍1, … , 𝑍𝑛 of the zeros 𝑧1, … , 𝑧𝑛 of 𝐵 are the
(simply) connected components of 𝔻 ⧵ 𝑆. The restriction 𝐵𝑘 of
𝐵 to an arbitrary basin 𝑍𝑘 maps 𝑍𝑘 bijectively and conformally
onto a domain 𝐷𝑘 = 𝔻 ⧵ 𝑅𝑘 that is the unit disk with some
radial slits 𝑅𝑘𝑗.

Proof. According to the general description of the phase
flow in [17], the basins 𝑍𝑘 are simply connected, and their
boundaries are formed by (the union of) stable manifolds
of the critical points 𝜁𝑘 and arcs on the unit circle.

On the stable manifold 𝑆𝑗 of 𝜁𝑗 the phase of 𝐵 is con-
stant, while |𝐵(𝑧)| > |𝐵(𝜁𝑗)| if 𝑧 ≠ 𝑧𝑗. Hence, by condi-
tion (ii) of Definition 1, each stable manifold contains ex-
actly one critical point. Moreover, the image 𝐵(𝑆𝑗) of 𝑆𝑗 is
a radial segment, running from the critical value 𝐵(𝜁𝑗) to
the boundary of 𝔻.
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Let 𝑅𝑘 be the union of all images 𝐵(𝑆𝑗) of stable mani-
folds 𝑆𝑗 that belong to the boundary of 𝑍𝑘. Observing the
reversed phase flow emerging from the zero 𝑧𝑘, it becomes
clear that 𝐵maps each basin 𝑍𝑘 bijectively onto𝔻⧵𝑅𝑘. □

Adding parts of the stable manifolds, we (sometimes)
extend the basins 𝑍𝑘 to 𝑍∗𝑘, such that 𝐵maps each 𝑍∗𝑘 bijec-
tively onto 𝔻 (see Figure 8).

4. Riemann Surfaces
Blaschke products of degree 𝑛 > 1 are not injective, and
hence their inverses live on Riemann surfaces. We describe
briefly an explicit construction of the Riemann surface 𝑆𝐵
of 𝐵−1 at an informal level. For more information about
phase plots on general Riemann surfaces we refer to Chap-
ter 8 of [18].

Figure 9. The Riemann surface 𝑆𝐵 of 𝐵−1 (cutout).

By Theorem 1, the images 𝐷𝑘 of the basins 𝑍𝑘 are disks
with radial cuts; these slit disks are the raw material form-
ing the sheets of 𝑆𝐵. In order to build 𝑆𝐵, we connect two
slit disks 𝐷𝑘 and 𝐷𝑗 if the basins 𝑍𝑘 and 𝑍𝑗 have a common
boundary component. The image of this boundary com-
ponent is a radial segment that forms a slit 𝑅𝑘𝑗 of 𝐷𝑘 and a
slit 𝑅𝑗𝑘 of 𝐷𝑗, and we “glue” 𝐷𝑘 and 𝐷𝑗 crosswise along this
slit (i.e., we introduce charts which cover the cuts 𝑅𝑘𝑗 and
𝑅𝑗𝑘, defining a conformal structure). Figure 9 shows the
resulting Riemann surface as a stack of sheets, connected
crosswise along the rims of their cuts.

5. Monodromy
We sketch the construction of the monodromy group of a
(regularized) Blaschke product 𝐵; for details we refer to [8,
Section 9.3].

Let 𝐶 be the set of critical points of 𝐵, and denote by
𝐵(𝐶) the set of its critical values. The closed oriented paths
(loops) 𝛾 in𝔻𝐵 ∶= 𝔻⧵𝐵(𝐶)with base point 0 form a group
with respect to concatenation; we denote this loop group by
𝐿𝐵. Two loops in 𝔻𝐵 are homotopic equivalent if one can
be continuously deformed into the other inside 𝔻𝐵. Fac-
toring 𝐿𝐵 with respect to this equivalence relation yields

ℂ

𝐷1

𝐷2

𝐷3

𝛾

Γ

Figure 10. Lifting a loop from ℂ to 𝑆𝐵 .

the fundamental group 𝜋1(𝔻𝐵). This group is generated by
the (equivalence classes of) loops that encircle exactly one
critical value of 𝐵. If 𝔻𝐵 = 𝔻 ⧵ {𝜁} is a punctured disk, then
two loops in 𝔻𝐵 are equivalent if and only if they have the
same winding number about 𝜁, and 𝜋1(𝔻𝐵) is (isomorphic
to) ℤ.

A general result ensures that any path 𝛾 in 𝔻𝐵 can be
lifted to a path Γ on the Riemann surface 𝑆𝐵. Hereby the
initial point of Γ can be chosen on any sheet (“above” the
initial point of 𝛾); once this point is fixed, Γ is uniquely
determined.

If 𝛾 is closed, this need not be so for Γ, since the sheet
of its terminal point can be different from the sheet of its
initial point (see Figure 10). Denoting by 𝐷𝑗 the sheet con-
taining the initial point of Γ and by𝐷𝑘 the sheet containing
its terminal point, this defines a mapping

𝑀𝐵(𝛾) ∶ 𝑁 → 𝑁, 𝑗 ↦ 𝑘, 𝑁 ∶= {1, … , 𝑛},

which describes the permutation of the sheets of 𝑆𝐵 induced
by the lifts of 𝛾. In the example depicted in Figure 10,
𝑀𝐵(𝛾) is the cyclic permutation (1 2 3).

The monodromy mapping

𝐿𝐵 → 𝕊𝑛, 𝛾 ↦ 𝑀𝐵(𝛾) (1)

sends 𝐿𝐵 into the symmetric group 𝕊𝑛. If 𝛾 = 𝛾2 𝛾1 is the
concatenation of 𝛾1 and 𝛾2, then 𝑀𝐵(𝛾) = 𝑀𝐵(𝛾2)𝑀𝐵(𝛾1),
so that (1) is a group homomorphism. The subgroup

𝑀𝐵 ∶= {𝑀𝐵(𝛾) ∈ 𝕊𝑛 ∶ 𝛾 ∈ 𝐿𝐵}

of 𝕊𝑛 is the monodromy group of 𝐵.
Denoting by 𝛾1, … , 𝛾𝑚 ∈ 𝐿𝐵 a set of (representatives of)

generators of the fundamental group, the corresponding
permutations𝑀𝐵(𝛾1), … ,𝑀𝐵(𝛾𝑚) generate the monodromy
group 𝑀𝐵. These generators can be read off directly from
the tiled phase plot of 𝐵 !
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𝐶1

𝐶2

Figure 11. Visualization of the generators of the monodromy group 𝑀𝐵 for the standard example.

The image on the left of Figure 11 is the phase plot of the
Blaschke product which we have seen before in Figures 7
and 8, but is now equipped with a structure of tiles. The
dots in the exceptional tiles are the critical points 𝜁1 and
𝜁2 of 𝐵. The rightmost image is the range disk, where we
see the two critical values inside two (orange and green)
small sectors with a common vertex at the origin. The pos-
itively oriented boundaries 𝛾1 and 𝛾2 of these sectors are
generators of the fundamental group 𝜋1(𝔻𝐵). The image
in the middle shows the highlighted preimages 𝐶1 and 𝐶2
of these sectors, with a phase plot of 𝐵 in the background.
Each of the cells 𝐶1 and 𝐶2 has two vertices that are located
at zeros of 𝐵. Following the numbering in the figure, these
are 𝑧1 and 𝑧2 for 𝐶1, and 𝑧2, 𝑧3 for 𝐶2, respectively. Look-
ing at the image in the middle, we see what happens when
the loops 𝛾1 and 𝛾2 are lifted to the Riemann surface 𝑆𝐵. Let
us start, for example, on the sheet 𝐷1 and move along the
lift of 𝛾1 in a counterclockwise direction. In the middle
image this corresponds to a counterclockwise movement
along the boundary of 𝐶1, starting at 𝑧1 and ending at 𝑧2.
Since the zeros of 𝐵 are in a one-to-one correspondence
to the sheets of 𝑆𝐵, this tells us that the lift of 𝛾1 ends on
the sheet 𝐷2. A second circuit about 𝐵(𝜁1) along 𝛾1, now
starting the lifted path on 𝐷2, brings us back to 𝐷1. Conse-
quently 𝑀𝐵(𝛾1) is the transposition (1 2). Similarly, we get
𝑀𝐵(𝛾2) = (2 3). These two transpositions together generate
the full symmetric group 𝕊3, so that 𝑀𝐵 = 𝕊3.

The two cells 𝐶1 and 𝐶2 representing the generators of
the monodromy group 𝑀𝐵 indicate how the sheets of 𝑆𝐵
are permuted by lifted paths encircling the critical values.
Knowing what to look for, one can easily identify these
cells directly in the phase plot on the left (one such cell
is shown in slightly brighter colors). Note that the cells in
the middle were generated from sectors that are symmetric
with respect to their critical value. This is typically not the
case for the cells in a tiled phase plot, which often look
distorted.

A Blaschke product of degree 4 with a single saddle
point of order 3 at 𝜁1 is analyzed in Figure 12. Since it has
only one critical value 𝐵(𝜁1), its fundamental group is gen-
erated by the single loop 𝛾1 that is the boundary of the red
sector. As can be seen in the image in the middle, the cor-
responding generator of its monodromy group is (1 2 3 4),
so that 𝑀𝐵 is the cyclic group ℤ4.

In Figure 13 we see a Blaschke product of degree 4 with
3 saddle points 𝜁1, 𝜁2, 𝜁3 of order 1, but two critical values
coincide, 𝐵(𝜁2) = 𝐵(𝜁3) =∶ 𝑤. Since a loop that encircles 𝑤
affects both cells 𝐶2 and 𝐶3, they act simultaneously, which
results in the permutation (1 3)(2 4). Together with the sec-
ond generator (3 4) associated with 𝐵(𝜁1) this produces the
monodromy group of 𝐵, which is the dihedral group 𝔻4.

What has been demonstrated in these examples works
(in principle) for all regularized Blaschke products: The
(canonical) generators of 𝑀𝐵 are in a one-to-one corre-
spondence with the critical values 𝐵(𝜁𝑘) of 𝐵. Condition
(i) of Definition 1 guarantees that all critical values are dif-
ferent from zero, and according to (ii) one can choose a
sufficiently fine tiling such that each critical value lies in
a separate sector with respect to this tiling. The oriented
boundaries 𝛾𝑘 of these sectors are (canonical) generators
of the fundamental group 𝜋1(𝔻𝐵). The preimages of the
sectors are unions of cells, each containing exactly one crit-
ical point. In the phase plot of 𝐵, two cells 𝐶𝑖 and 𝐶𝑗 either
carry the same collection of colors (we say 𝐶𝑖 and 𝐶𝑗 are
equicolored) or have no color in common. So each genera-
tor𝑀𝐵(𝛾𝑘) of𝑀𝐵 is associated with a collection of equicolored
cells.5 Each cell 𝐶𝑖 defines a cyclic permutation 𝑃𝑖, corre-
sponding to the arrangement of the zeros of 𝐵 sitting at
the vertices of 𝐶𝑖. Finally, again by condition (i), the zeros
of 𝐵 are in bijective correspondence with the sheets of 𝑆𝐵.
The permutation of sheets affected by 𝑀𝐵(𝛾𝑘) is the prod-
uct of the cycles 𝑃𝑖 induced by the associated equicolored
cells 𝐶𝑖.

5Note that these equicolored cells need not be conformally equivalent.
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𝐶1

Figure 12. Generator of the monodromy group of a Blaschke product with a saddle point of order 3.

𝐶1 𝐶2𝐶3

Figure 13. Generators of the monodromy group of a nontypical Blaschke product.

In what follows we sometimes associate the generators
of𝑀𝐵 with critical points 𝜁 instead of the critical values 𝐵(𝜁),
setting 𝑀𝐵(𝜁) ∶= 𝑀𝐵(𝛾) where 𝛾 is a loop around 𝐵(𝜁).

If the Blaschke product 𝐵 is not regularized, it can be
replaced by a regularized one, ℎ ∘ 𝐵, where ℎ is a confor-
mal automorphism of 𝔻. Since ℎ acts on the range of 𝐵,
this transformation does not influence the critical points,
while the zeros of ℎ ∘ 𝐵 are the preimages of 𝑎 ∶= ℎ−1(0)
under the mapping 𝐵. It is clear that ℎ can be chosen such
that ℎ ∘ 𝐵 satisfies the conditions of Definition 1. Apply-
ing the above construction of the Riemann surface to ℎ ∘𝐵
and translating it back to 𝐵, we now build 𝑆𝐵 from disks
with branch cuts that are circular arcs (on hyperbolic lines
through 𝑎), and label these sheets by the preimages of 𝑎
instead of by zeros of 𝐵. Since 𝑎 is not a critical value of 𝐵,
it can be chosen as the base point for the loops in 𝐿𝐵, so
that the monodromy groups of 𝐵 and ℎ∘𝐵 are isomorphic.

6. Compositions
The Blaschke product depicted in Figure 13 is special be-
cause it is a composition of two Blaschke products of

degree 2. This section describes how this can be seen in
its phase plot.

The composition 𝐵 = 𝑔 ∘ 𝑓 of two Blaschke products 𝑓
and 𝑔 with deg 𝑓 = 𝑚 and deg 𝑔 = 𝑛 is a Blaschke product
of degree𝑚𝑛. A composition is said to be nontrivial if both
factors have degree at least 2, which we will often suppose
without explicitly saying so. Since (ℎ2 ∘ 𝑔 ∘ ℎ−11 ) ∘ (ℎ1 ∘ 𝑓) =
(ℎ2 ∘ 𝑔) ∘ 𝑓 for conformal automorphisms ℎ1 and ℎ2 of 𝔻,
we can assume that both factors 𝑓 and 𝑔 as well as 𝐵 are
regularized.

Figure 14 illustrates how Blaschke products 𝑓 of de-
gree 3 and 𝑔 of degree 4 are composed to form a Blaschke
product of degree 12. Since phase plots are constructed
by pulling back the image from the range plane to the do-
main, this should be read from right to left. The phase
plot of 𝑔 in the middle shows the critical points of 𝑔. By
the chain rule,

𝐵′ = (𝑔 ∘ 𝑓)′ = (𝑔′ ∘ 𝑓) ⋅ 𝑓′.

Their pullbacks via 𝑓 are critical points of 𝐵, depicted as
white dots on the left. The remaining (gray) critical points
of 𝐵 are the critical points of 𝑓.
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⟶
𝑓

⟶
𝑔

Figure 14. Generation of the phase plot of a composition 𝑔 ∘ 𝑓 with critical points.

Figure 15. Tiled phase plot of a composition 𝐵 = 𝑔 ∘ 𝑓, generators of 𝑀𝐵 , and basins of zeros.

This can also be seen by looking at the corresponding
exceptional tiles in Figure 14: Since 𝑓 maps 𝔻 onto a 3-fold
covering of itself, each exceptional tile of 𝑔 is triplicated
in the phase plot of 𝐵. Consequently there are triples of
exceptional tiles that are equicolored (and conformally equiv-
alent) since they are pulled back from one and the same
tile.

These observations form the background of the follow-
ing criterion for decomposability.

Theorem 2 (Daepp, Gorkin, Shaffer, Sokolowsky,
Voss [5]). A finite Blaschke product 𝐵 is decomposable as
𝐵 = 𝑔 ∘ 𝑓 with Blaschke products 𝑓 of degree 𝑚 ≥ 2 and 𝑔
of degree 𝑛 ≥ 2, respectively, if and only if the critical points of
𝐵 can be partitioned into multisets6 𝐴0, 𝐴1, … , 𝐴𝑛−1 such that:

(i) The multiset 𝐴0 contains 𝑚 − 1 elements, and each
𝐴1, … , 𝐴𝑛−1 contains 𝑚 elements.

6Containing critical points according to their multiplicity.

(ii) Two critical points of 𝐵 have the same multiplicity
whenever they belong to the same multiset 𝐴𝑘 for some
𝑘 = 1, … , 𝑛 − 1.

(iii) If 𝑓0 is a Blaschke product of degree 𝑚 with 𝐴0 as
multiset of critical points, then 𝑓0 is constant on each 𝐴𝑘
for 𝑘 = 1, … , 𝑛 − 1.

If these conditions are satisfied, then 𝐵 can be decomposed as
𝐵 = 𝑔0 ∘ 𝑓0, and the general form of such decompositions is

𝐵 = (𝑔0 ∘ ℎ−1) ∘ (ℎ ∘ 𝑓0),
where ℎ is any conformal automorphism of 𝔻.

For 𝑘 = 1, … , 𝑛 − 1, the set 𝐴𝑘 is constituted by the 𝑚
preimages of one and the same critical point of 𝑔. The re-
maining critical points in 𝐴0 are the critical points of 𝑓. So
the color (and the shape) of the exceptional tiles classifies
the critical points of 𝐵. How one can verify the conditions
in Theorem 2 using phase plots is described in [6].

While Theorem 2 is based on a partitioning of the crit-
ical points of 𝐵, there is another characterization that uses
a splitting of the zeros of 𝐵. This result is related to the
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monodromy group of 𝐵 and was originally stated for poly-
nomials in [14]. For a modern treatment we refer to [4]
and Section 9.6 of [8].

Theorem 3 (Ritt, 1922). A Blaschke product is decomposable
if and only if its monodromy group acts imprimitively.

A group 𝐺 operating on a set 𝑃 acts imprimitively if there
is a nontrivial partition of 𝑃 into subsets 𝑃1, … , 𝑃𝑛 which
is respected by 𝐺; i.e., if 𝑝1, 𝑝2 ∈ 𝑃𝑘 and 𝜑 ∈ 𝐺, then
𝜑(𝑝1), 𝜑(𝑝2) ∈ 𝑃𝑗 for some 𝑗.

Can this partitioning be seen in the phase plot of a de-
composable Blaschke product? The image on the left of
Figure 15 is a phase plot of 𝐵 = 𝑔 ∘ 𝑓 with 𝑚 ∶= deg 𝑓 = 3
and 𝑛 ∶= deg 𝑔 = 4. Its monodromy group 𝑀𝐵 operates
on the sheets of the Riemann surface 𝑆𝐵, and these are in
a bijective correspondence with the zeros of 𝐵 = 𝑔∘𝑓. The
generators of𝑀𝐵 are shown in the middle; each of the five
generators is represented by a set of cells carrying the same
color. The critical points (of 𝑓) in 𝐴0 lie in the yellow and
violet cells; the sets 𝐴1, 𝐴2, and 𝐴3 are formed by the criti-
cal points in the red, green and blue cells, respectively.

The 𝑚− 1 = 2 generators 𝐺1, 𝐺2 associated with critical
points in 𝐴0 (yellow and violet cells) operate on 𝑚 = 3
zeros of 𝐵 (respectively, on the sheets of 𝑆𝐵 associated with
the basins of these zeros). These zeros (represented by the
yellow dots in the image on the right) form the first set 𝑃1
of the partition. Applying one of the remaining 𝑛 − 1 = 3
generators 𝐺3, 𝐺4, 𝐺5 (associated with the critical points in
𝐴1, 𝐴2, 𝐴3 and represented by the red, green, and blue cells,
respectively) to the𝑚 zeros in the set 𝑃1 yields themembers
of the other sets, 𝑃2 ∶= 𝐺3(𝑃1), 𝑃3 ∶= 𝐺4(𝑃1), 𝑃4 ∶= 𝐺5(𝑃1).

The generators associated with critical points of 𝑓 (in
𝐴0) respect the partition since they operate only inside
𝑃1, while the generators associated with critical points in
𝐴1, 𝐴2, 𝐴3 respect the partition since they permute the
groups.

𝑈1

𝑈2

𝑈3

𝑉1

𝑉2

𝑉3

𝑉4

𝑍11

𝑍21

𝑍31

𝑍12

𝑍22

𝑍13

𝑍23

𝑍33

𝑍14

𝑍24

𝑓

𝑔 𝑔 ∘ 𝑓

Figure 16. Generators of the monodromy groups 𝑀𝑓, 𝑀𝑔, and
𝑀𝐵 with basins of zeros.

𝑊1

𝑊2

𝑊3

𝑉1

𝑉2

𝑉3

𝑉4

𝑓

𝑔 𝑔 ∘ 𝑓

𝑍3

𝑍1

𝑍2

Figure 17. Modified representation of the generators of 𝑀𝑓,
superbasins of 𝐵, and product structure of 𝑀𝐵 .

To put this in general context, recall from Section 4 that
the extended basins 𝑍∗𝑖 of a (regularized) Blaschke product
𝐵 are the ranges 𝐵−1𝑖 (𝔻) of the branches 𝐵−1𝑖 of 𝐵−1. If 𝐵 is
a composition 𝑔∘𝑓, the branches of 𝐵−1 are 𝑓−1𝑗 ∘𝑔−1𝑘 with
𝑗 ∈ 𝑀 ∶= {1, … ,𝑚}, 𝑘 ∈ 𝑁 ∶= {1, … , 𝑛}, and we set

𝑉𝑘 ∶= 𝑔−1𝑘 (𝔻), 𝑍𝑗𝑘 ∶= 𝑓−1𝑗 (𝑉𝑘).
For each 𝑗, the union of the 𝑍𝑗𝑘 forms a superbasin

𝑍𝑗 ∶= 𝑓−1𝑗 (𝔻) = ⋃
𝑘=1,…,𝑛

𝑍𝑗𝑘

that is mapped by 𝐵 onto an 𝑛-fold covering of 𝔻 (see Fig-
ures 16 and 17, right). The generators 𝑀𝐵(𝜁) associated
with critical points 𝜁 in 𝐴0 permute the superbasins, while
the generators𝑀𝐵(𝜁)with 𝜁 in𝐴1∪⋯∪𝐴𝑛−1 operate inside
the superbasins.

To study this more precisely, we first look at the genera-
tors 𝑀𝐵(𝜁) with 𝜁 ∈ 𝐴𝑘 for some fixed 𝑘 ≥ 1. If 𝜂𝑘 ∶= 𝑓(𝜁)
(which does not depend on the choice of 𝜁 ∈ 𝐴𝑘), the
cells associated with 𝑀𝐵(𝜁) are preimages (under 𝑓) of
the cell(s) associated with the generator 𝑀𝑔(𝜂𝑘) of 𝑀𝑔. If
𝑀𝑔(𝜂𝑘) maps 𝑉𝑖 to 𝑉𝑙, then 𝑀𝐵(𝜁) maps 𝑍𝑗𝑖 to 𝑍𝑗𝑙 for all
𝑗 ∈ 𝑀.

Breaking this down to the permutation of index pairs
(𝑗, 𝑘) with 𝑗 ∈ 𝑀 and 𝑘 ∈ 𝑁, we see that 𝑀𝐵(𝜁) acts only
on the right entry of these pairs: If 𝑀𝑔(𝑓(𝜁)) with 𝜁 ∈ 𝐴𝑘,
𝑘 = 1, … , 𝑛 − 1, is a permutation 𝑃𝑘 of 𝑁, then𝑀𝐵(𝜁) is the
permutation

(id, 𝑃𝑘) ∶ 𝑀 × 𝑁 → 𝑀 × 𝑁, 𝑘 = 1, … 𝑛 − 1.
Similarly, a generator 𝑀𝐵(𝜁) that is associated with one
of the 𝑚 − 1 critical points 𝜁 in 𝐴0 acts only on the left
entry of index pairs. Denoting these permutations of 𝑀
by 𝐹1, … , 𝐹𝑚−1, we get the double-index representation of
𝑀𝐵(𝜁) for 𝜁 ∈ 𝐴0,

(𝐹𝑗 , id) ∶ 𝑀 × 𝑁 → 𝑀 × 𝑁, 𝑗 = 1, … ,𝑚 − 1.
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Finally, we observe that the permutation group generated
by 𝐹1, … , 𝐹𝑚−1 is (isomorphic to) the monodromy group
𝑀𝑓 of 𝑓. This becomes clear when the Riemann surface
𝑆𝑓 is built from 𝑚 copies of 𝔻 with curvilinear branch cuts
along isochromatic lines in the phase plot of 𝑔. The preim-
ages of these sheets are depicted in the upper left image of
Figure 17.

Summarizing, we get the following result.

Theorem 4. The monodromy group of a composition of finite
Blaschke products is (isomorphic to) the direct product of the
monodromy groups of its factors.

7. Concluding Remarks
It is time to tell the truth: There are several obstacles
that prevent us from seeing the monodromy group of a
Blaschke product in its phase plot.

First of all, it is impossible to tell by visual inspection
whether an exceptional tile contains a single critical point
of multiplicity greater than one or several critical points
at a small distance from each other. Similarly, the coinci-
dence of critical values is undecidable, which is crucial for
the structure of the monodromy group.

Concerning compositions, the attentive readermay also
have observed that it is not always possible to identify the
critical points of 𝑓 (forming the set 𝐴0) among the critical
points of 𝐵. Special complications arise when critical val-
ues of 𝑓 coincide with critical points of 𝑔, since it is then
impossible to separate the points 𝜁 with 𝑓′(𝜁) = 0 from
those with 𝑔′(𝑓(𝜁)) = 0.

However, many bad things have a good side: we may
get new ideas. Considering a tiled phase plot of a Blaschke
product 𝐵 as an abstract discrete structure 𝑇𝑑

𝐵 (where 𝑑 de-
notes the number of tiles along the unit circle in the range
disk), we define the monodromy group𝑀𝑑

𝐵 of 𝑇𝑑
𝐵 as follows.

Each tile 𝑇 in 𝑇𝑑
𝐵 is labeled by two integers, originally

corresponding to modulus and phase, which can be de-
termined following a chain of neighboring tiles that con-
nects 𝑇 with a distinguished tile 𝟙 on the boundary of 𝑇𝑑

𝐵 .
The phase label is cyclic and attains values in {1, … , 𝑑}, and
the modulus label is a positive integer, which equals 1 for
boundary tiles.

Each exceptional tile 𝑇 of 𝑇𝑑
𝐵 is associated with a cell, and

each cell defines a cyclic permutation 𝑃𝑇 (of zeros of 𝐵).
The generators of 𝑀𝑑

𝐵 are the products of those 𝑃𝑇 that are
associated with the exceptional tiles 𝑇 having the same la-
bels.

In the end, the determination of themonodromy group
𝑀𝑑
𝐵 is reduced to a counting exercise, which does not even

need a priori knowledge of the discretization parameter 𝑑
and the phase information. Figure 18 shows an example
with 𝑑 = 20 and generators (1 4) (yellow), (6 7) (green),
(2 3)(5 6)(7 8) (red), (1 3)(4 6)(7 9) (blue). It can also be

1

2

3

4

5

6 7

8

9

11

Figure 18. Discrete analysis of a Blaschke product: the
monodromy group of a conformal tiling.

seen that the group 𝑀𝑑
𝐵 is isomorphic to the direct prod-

uct 𝕊3 × 𝕊3.
What is the relationship between 𝑀𝐵 and 𝑀𝑑

𝐵? If 𝐵 is a
regularized Blaschke product, then 𝑀𝑑

𝐵 = 𝑀𝐵 for all suffi-
ciently large 𝑑 (provided no saddle point lies by accident
on the boundary of a tile). Unfortunately, in the interest-
ing cases, we cannot decide whether a concrete 𝑑 is large
enough to ensure 𝑀𝐵 = 𝑀𝑑

𝐵 .
Reversing the role of 𝑀𝑑

𝐵 and 𝑀𝐵 leads to several ques-
tions. Assume that at some given level 𝑑 of discretization,
the tiled phase plot 𝑇𝑑

𝐵 of a Blaschke product 𝐵 has the
monodromy group 𝑀𝑑

𝐵 . What is (a good estimate of) the
distance between 𝐵 and a Blaschke product 𝐵 with the
monodromy group 𝑀𝐵 = 𝑀𝑑

𝐵? What is an appropriate
measure of distance? And, last but not least, which sub-
groups of 𝕊𝑛 aremonodromy groups of Blaschke products,
and how can related Blaschke products be constructed?
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