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by the Leibniz rule for the derivative of the product of two
functions. Namely, say in dimension one,

(𝑓 ⋅ 𝑔)′ = 𝑓′ ⋅ 𝑔 + 𝑓 ⋅ 𝑔′.

Later on in our mathematics and physics education we
also learn of the ubiquitous roles of both differentiation
and what is perhaps the simplest of all nonlinearities, the
powers of functions. To understand the combined effect
of smoothness and nonlinearities involving square or cu-
bic terms in the statements and solutions of differential
equations that model many physical situations, we often
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find ourselves on the harmonic analysis side with the need
to study the regularity properties of the product of func-
tions. In many contexts, it is sometimes necessary to look
at the regularity of functions in terms of Hölder continuity
or other related properties which are a fractional or inter-
mediate measure of smoothness between standard integer
numbers of derivatives. The product of functions is also
the simplest example of a bilinear operator, that is, an oper-
ator 𝑇(𝑓, 𝑔) which is linear in each of its entries. Another
such example is of course

𝑇(𝑓, 𝑔) = 𝑓′ ⋅ 𝑔 + 𝑓 ⋅ 𝑔′.

Borrowing from linear algebra (think of matrices to repre-
sent linear operators) it is very convenient to try to diag-
onalize bilinear operators. Since we will be doing analy-
sis, we will need to quantify continuity, smoothness, and
other properties of products and derivatives, and this is
best done in terms of norm estimates in function spaces.
The discretization of such spaces using appropriate expan-
sions permits one to diagonalize and estimate the opera-
tors in question.

We will attempt to better detail all of the above in the
subsequent narrative. In fact, the purpose of this expos-
itory article is to illustrate how well-established tools to-
gether with more recent developments in Fourier analysis
led to the proof of fractional-power versions of the classi-
cal Leibniz rule for derivatives of the product of functions.

The ideas used circle around the natural but powerful
concept that, in many situations, waves with different fre-
quencies (and a lot of cancellation) are almost-orthogonal;
that is, they do not interact much. This can be clearly ob-
served, for example, in the scattering of light in the atmo-
sphere. Due to the presence of small particles, waves with
shorter wavelengths scatter much more than the ones with
larger wavelengths, hence the blue color of the sky we ob-
serve. A cartoonish physical representation, as in Figure 1,
is usually employed to explain this. A big basketball (rep-
resenting large red wavelengths) will roll unaffected by a
tiny crack on the floor (representing a variation in index of
refraction) because of the difference in size. A small blue
ball (representing shorter wavelengths), on the other hand,
will be scattered by the crack because of comparable sizes.
In this sense, the basketball and the tiny crack are said to be
almost-orthogonal to each other, as are the large red wave-
lengths and the small particles in the atmosphere. We will
come back to this analogy in a mathematical context later
in the presentation.

We will describe how Fourier analysis techniques allow
us to study bilinear operators and obtain appropriate size
estimates on their fractional derivatives. We will use a
rather informal nontechnical but hopefully intuitive lan-
guage at first, to later make more mathematically precise
statements. We will borrow some parts of our narrative

Figure 1. Waves with different frequencies do not interact too
much.

Figure 2. The FT behaves like a prism decomposing a signal
into waves of different frequencies.

from what has become part of the folklore of the subject
and can also be found in many of the articles cited, but
we will also strive to present these perspectives in a sim-
ple way accessible to nonexperts. It is hard to do justice to
all the contributions by many colleagues in the subject in
this short note. We encourage the interested reader to visit
the extensive and far more comprehensive bibliographies
found in the small sample of articles we shall cite. Our
goal is to start from very simple principles and arrive at re-
cent results for fractional Leibniz rules in mixed Lebesgue
spaces.

Fourier analysis permits the decomposition of a func-
tion into a combination of oscillating waves of different
frequencies and amplitudes, very much in the same way
that a prism separates a beam of light into a rainbow of
colors of different wavelengths; see Figure 2. Mathemati-
cally, this was first codified in the classical Fourier series

𝑔(𝑥) = 𝑎0 +
∞
∑
𝑛=1

(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥))

=
∞
∑

𝑛=−∞
𝑐𝑛𝑒𝑖𝑛𝑥.

We will work, however, with functions defined in ℝ𝑛, so
we will use instead the Fourier Transform (FT),

𝐹(𝑓)(𝜉) = 𝑓(𝜉) = ∫
ℝ𝑛
𝑓(𝑥)𝑒−𝑖𝑥⋅𝜉 𝑑𝑥,
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with inverse given by

𝑓(𝑥) = (2𝜋)−𝑛∫
ℝ𝑛
𝑓(𝜉)𝑒𝑖𝑥⋅𝜉 𝑑𝜉.

Fourier series are useful in solving heat and wave equa-
tions via separation of variables in the periodic case be-

cause the sines and cosines are eigenfunctions of 𝐿 = − 𝜕2

𝜕𝑥2
.

Likewise, the FT diagonalizes differential operators,

𝜕𝛼𝑓(𝜉) = 𝑖|𝛼|𝜉𝛼𝑓(𝜉).
Here we have employed the usual notation for 𝛼 =
(𝛼1, … , 𝛼𝑛) ∈ ℕ𝑛

0 , |𝛼| = 𝛼1 +⋯ + 𝛼𝑛, 𝜉𝛼 = ∏𝑛
𝑗=1 𝜉

𝛼𝑗
𝑗 , and

𝜕𝛼 = 𝜕𝛼11 ⋯𝜕𝛼𝑛𝑛 . For example, for△=∑𝑛
𝑗=1 𝜕2𝑗 ,

△̂𝑓(𝜉) = −|𝜉|2𝑓(𝜉).
We will be interested in fractional derivatives, so we in-

troduce then the fractional derivative operators 𝐷𝑠𝑓 =
(−Δ)𝑠/2𝑓 and 𝐽𝑠𝑓 = (𝐼 −Δ)𝑠/2𝑓 defined for 𝑠 ∈ ℝ via the FT
by

𝐷𝑠𝑓(𝜉) = |𝜉|𝑠𝑓(𝜉) and 𝐽𝑠𝑓 = (1 + |𝜉|2)𝑠/2𝑓(𝜉).
The FT also diagonalizes translation invariant opera-

tions such as convolutions. That is,

𝑓 ∗ 𝑔(𝑥) = ∫
ℝ𝑛
𝑓(𝑥 − 𝑦)𝑔(𝑦) 𝑑𝑦 ⇒ 𝑓 ∗ 𝑔(𝜉) = 𝑓(𝜉) ̂𝑔(𝜉).

The practical effect of a convolution operation as above is
that of filtering different frequencies in a function or sig-
nal. This is illustrated in Figure 3, where we cover the spec-
trum of a given function with two functions, 𝜙 supported
at low frequencies around 0 and 𝜓 supported at higher fre-
quencies. The convolution with 𝜙 recovers then the gen-
eral shape of the function, while the one with 𝜓 encodes
the higher oscillations in it.

The FT interacts nicely with the group of translations
and dilations in ℝ𝑛 as follows:

if 𝜏ℎ𝑓(𝑥) = 𝑓(𝑥 − ℎ), then 𝜏ℎ𝑓(𝜉) = 𝑒−𝑖ℎ⋅𝜉𝑓(𝜉);

if 𝑓𝜖(𝑥) = 𝜖−𝑛𝑓(𝜖−1𝑥), then 𝑓𝜖(𝜉) = 𝑓(𝜖𝜉).
Many of the estimates we will consider have some transla-
tion and dilation invariance built into them, and so these
properties of the FT are very well suited and simplify a lot
of the analysis.

Discretization of Linear Operators
Suppose that a countable family {𝜑𝜆}𝜆 generates a space
of functions in a similar fashion to the way a complete
orthonormal basis expands elements in a Hilbert space
(though that does not have to be the case here). That is,
every element in the space can be written in the form

𝑓 = ∑
𝜆
⟨𝑓, 𝜑𝜆⟩𝜑𝜆,

Figure 3. Pictorial representation of convolutions as filters.

where ⟨⋅, ⋅⟩ will typically denote the integral of the product
of the functions involved or the action of a distribution
against a test function.

Let 𝑇 be a linear operator acting on such space. We can
write 𝑇(𝑓) in terms of the generating family and then ex-
panding 𝑓, and without considering issues about conver-
gence, we arrive at a familiar formula:

𝑇(𝑓) = ∑
𝜈
⟨𝑇(𝑓), 𝜑𝜈⟩ 𝜑𝜈

= ∑
𝜈
∑
𝜆
⟨𝑇(𝜑𝜆), 𝜑𝜈⟩⟨𝑓, 𝜑𝜆⟩𝜑𝜈.

In this way, we can associate to 𝑇, as we do in finite-
dimensional linear algebra, a matrix

𝐴𝑇 = (⟨𝑇(𝜑𝜆), 𝜑𝜈⟩)𝜆,𝜈 .
If 𝑇 preserves the building blocks 𝜑𝜆 (as if they were eigen-

functions), then 𝑇(𝜑𝜆)will be a function very similar to 𝜑𝜆
and, if we also have some orthogonality between the 𝜑𝜈’s,
then (wishfully thinking) 𝐴𝑇 will be almost diagonal. That
is to say, the off-diagonal entries will satisfy a size estimate

|⟨𝑇(𝜑𝜆), 𝜑𝜈⟩| ∼ 𝑠𝑚𝑎𝑙𝑙𝜆,𝜈
when 𝜆 is far away from 𝜈.1

Similarly, along these lines of thought, if 𝑇 is a bilinear
operator we can write for a pair of functions

𝑇(𝑓, 𝑔) = ∑
𝜈
⟨𝑇(𝑓, 𝑔), 𝜑𝜈⟩ 𝜑𝜈

= ∑
𝜈
∑
𝜆
∑
𝜇
⟨𝑇(𝜑𝜆, 𝜑𝜇), 𝜑𝜈⟩⟨𝑓, 𝜑𝜆⟩⟨𝑔, 𝜑𝜇⟩𝜑𝜈.

1Although we are not assigning a precise meaning to the notation 𝐴 ∼ 𝐵, in the
next sections we will use the notation 𝐴 ≲ 𝐵 to mean 𝐴 ≤ 𝑐𝐵 for some 𝑐 > 0 in-
dependent of 𝐴 and 𝐵. Likewise, we will write 𝐴 ≈ 𝐵 when 𝐴 ≲ 𝐵 and 𝐵 ≲ 𝐴
for appropriate constants.
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Figure 4. LPS function.

We can now associate to 𝑇 a tensor

𝐴𝑇 = (⟨𝑇(𝜑𝜆, 𝜑𝜇), 𝜑𝜈⟩)𝜆,𝜇,𝜈 .

Again, we would like to have some almost-orthogonality
for 𝐴𝑇 of the form

|⟨𝑇(𝜑𝜆, 𝜑𝜇), 𝜑𝜈⟩| ∼ 𝑠𝑚𝑎𝑙𝑙𝜆,𝜇,𝜈
whenever 𝜆, 𝜇, and 𝜈 are far apart from each other. Of
course, all this needs to be precisely defined and quanti-
fied, which we will do later. The idea is to give up on the
notion of eigenfunctions for a particular operator to use
instead approximate eigenfunctions for a whole family of op-
erators. To do so, instead of the pure tones 𝑥 → 𝑒𝑖𝜆⋅𝑥 of
classical Fourier analysis we will use time-frequency local-
ized smooth bumps 𝜑𝜆 to expand the spaces. These bump
functions are elements of the Schwartz spaces 𝒮 of rapidly
decreasing𝐶∞ functions. We can even take themwith their
FT compactly supported away from the origin, and hence
𝜑𝜆 will have a lot of cancellation too. We will look at par-
ticular classes of such generating families of elements that
are called wavelets.

Littlewood–Paley–Stein
and Wavelet Decompositions
With our definition of the FT we have, up to a multiplica-
tive constant, an 𝐿2-isometry, ‖𝑓‖𝐿2 = (2𝜋)−𝑛/2‖𝑓‖𝐿2 . For
1 < 𝑝 < ∞ and 𝑝 ≠ 2, however, we cannot estimate the 𝐿𝑝-
norm of a function directly in terms of the 𝐿𝑝-norm of its
FT. There is nonetheless a practical substitute that allows
us, to some extent, to estimate the 𝐿𝑝-norm of a function
in terms of pieces whose FTs do not interact much with
each other. This is called the Littlewood–Paley–Stein (LPS)
decomposition or discrete square function. Let 𝜙 ∈ 𝒮 be such
that 𝜙 has compact support away from the origin and sat-
isfies

∑
𝜈∈ℤ

𝜙(2−𝜈𝜉)2 = 1, 𝜉 ≠ 0, (1)

as in Figure 4.
Define 𝜙2−𝜈(𝑥) = 2𝜈𝑛𝜙(2𝜈𝑥), so 𝜙2−𝜈(𝜉) = 𝜙(2−𝜈𝜉). We

have that

‖𝑓‖𝐿𝑝 = (∫
ℝ𝑛
|𝑓(𝑥)|𝑝 𝑑𝑥)

1/𝑝

≈
‖
‖‖‖
(∑

𝜈
|𝑓 ∗ 𝜙2−𝜈 |2)

1/2‖
‖‖‖𝐿𝑝

. (2)

Figure 5. Dyadic cube at position 2−𝜈𝑘 and scale 2−𝜈.

Figure 6. Dyadic squares at different scales.

The reason why such an apparently complicated formula
(which is trivially verified in 𝐿2) may also be true in 𝐿𝑝
is given by the orthogonality of (most of) the LPS pieces
𝑓 ∗ 𝜙2−𝜈 . Moreover, the LPS pieces have excellent localiza-
tion in frequency since they are supported where |𝜉| ≈ 2𝜈,
and so each 𝜙2−𝜈 filters out all frequencies but those in such
a specific band. Using this, one can verify that 𝜕𝛼(𝑓 ∗𝜙2−𝜈)
behaves approximately like 2𝜈|𝛼|𝑓 ∗ 𝜙2−𝜈 . This is very use-
ful when studying estimates for derivatives. In fact one
can also characterize the Sobolev spaces 𝐿𝑝𝑠(ℝ𝑛) of functions
with 𝑠 derivative in 𝐿𝑝(ℝ𝑛) in the form2

‖𝑓‖𝐿𝑝𝑠 ≈
‖
‖‖‖
(∑

𝜈
|2𝜈𝑠𝑓 ∗ 𝜙2−𝜈 |2)

1/2‖
‖‖‖𝐿𝑝

+ ‖𝑓‖𝐿𝑝 .

The LPS decomposition can be further discretized. Our
choice of function 𝜙 allows us to write the discrete
Calderón reproducing formula

𝑓 = ∑
𝜈
(𝑓 ∗ 𝜙2−𝜈) ∗ 𝜙2−𝜈 . (3)

Let 𝑘 = (𝑘1, … , 𝑘𝑛) ∈ ℤ𝑛, 𝜈 ∈ ℤ, and consider the usual
collection of all dyadic cubes 𝑄𝜈𝑘 given by position 2−𝜈𝑘
and scale 2−𝜈. More precisely, 𝑄𝜈𝑘 = {𝜉 ∈ ℝ𝑛 ∶ 2−𝜈𝑘𝑗 ≤
𝜉𝑗 < 2−𝜈(𝑘𝑗 + 1), 𝑗 = 1, … , 𝑛}. For each 𝜈, the correspond-
ing family {𝑄𝜈𝑘}𝑘 provides a covering of ℝ𝑛. Varying the
scales, one can check that the cubes that overlap have very
useful hierarchy properties in terms of how they intersect;
see Figures 5 and 6.

2More precisely, 𝑓 ∈ 𝐿𝑝𝑠 if and only if 𝐽𝑠𝑓 ∈ 𝐿𝑝. The Sobolev space norm is
defined then by ‖𝑓‖𝐿𝑝𝑠 = ‖𝐽𝑠𝑓‖𝐿𝑝 .
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A discretization of (3) at different scales leads, formally,
to wavelet-type decomposition of functions. In fact, since
each of the functions 𝑓 ∗ 𝜙2−𝜈 does not have frequencies
larger than 2𝜈, it does not oscillate much in an interval of
length 2−𝜈. It can then be efficiently sampled at that rate.
So, formally discretizing as a Riemann sum the second con-
volution in Calderón’s formula,

(𝑓 ∗ 𝜙2−𝜈) ∗ 𝜙2−𝜈(𝑥)

= ∫
⋃𝑄𝜈𝑘

(𝑓 ∗ 𝜙2−𝜈)(𝑦) 𝜙2−𝜈(𝑥 − 𝑦) 𝑑𝑦

∼ ∑
𝑘
(𝑓 ∗ 𝜙2−𝜈)(2−𝜈𝑘) 𝜙2−𝜈(𝑥 − 2−𝜈𝑘) 2−𝜈𝑛,

yields the representation

𝑓 ∼ ∑
𝜈,𝑘
⟨𝑓, 𝜙𝜈𝑘⟩ 𝜙𝜈𝑘,

where now 𝜙𝜈𝑘(𝑥) = 2𝜈𝑛/2𝜙(2𝜈𝑥 − 𝑘).
Of course, there is a lot more work to do to justify the

above empirical approach. Y. Meyer [23] (constructing
orthonormal wavelet expansions) and M. Frazier jointly
with B. Jawerth [13] (following a sampling based on the
nonorthogonal 𝜙-transform approach) obtained in the
1980s rigorous characterizations of 𝐿𝑝 spaces of the form

𝑓 = ∑
𝜈∈ℤ𝑘∈ℤ𝑛

⟨𝑓, 𝜙𝜈𝑘⟩𝜙𝜈𝑘

with

‖𝑓‖𝐿𝑝 ≈
‖
‖‖(∑

𝜈
(∑

𝑘
|⟨𝑓, 𝜙𝜈𝑘⟩|2𝜈𝑛/2𝜒𝑄𝜈𝑘)

2)1/2‖‖‖𝐿𝑝
(here 𝜒𝑄𝜈𝑘 is the indicator function of 𝑄𝜈𝑘). We will
call both representations in the characterizations by Meyer
and Frazier–Jawerth wavelet representations.3 Remark-
ably, other spaces of functions (Sobolev, Hardy, Besov,
Triebel–Lizorkin, and essentially any space which admits
a discrete LPS decomposition) can be characterized in a
similar way using only size estimates of the wavelet coeffi-
cients ⟨𝑓, 𝜙𝜈𝑘⟩!

Without stating a technical definition, we will say that a
function is essentially supported or concentrated on a cube if it
decays fast to zero outside the cube. Note that if the func-
tion 𝜙 is essentially supported at the origin on a cube of
side length 1, then by dilation and translation 𝜙𝜈𝑘 is essen-
tially supported on the cube 𝑄𝜈𝑘. Hence, as is nowadays
well understood, the wavelet coefficient ⟨𝑓, 𝜙𝜈𝑘⟩ provides a
snapshot of 𝑓 at scale or resolution 2−𝜈 (frequency ≈ 2𝜈)
and position ≈ 2−𝜈𝑘 . This multiresolution analysis helps
explain the success of wavelets in the characterization of
function spaces, as well as in many of their science, engi-
neering, and everyday-life applications we now enjoy.

3There is a lot more to be said about wavelets and Calderón reproducing for-
mula which we cannot include here; see [5].

Calderón–Zygmund Operators
One of the original motivations for the seminal work of
A. P. Calderón and A. Zygmund on singular integrals in
higher dimensions arises from potential theory and the
Poisson equation△𝑢 = 𝑓. Inℝ𝑛, with 𝑛 ≥ 3, the solution
of such an equation is given for an appropriate constant 𝑐𝑛
by

𝑢(𝑥) = 𝑐𝑛∫
ℝ𝑛

𝑓(𝑦)
|𝑥 − 𝑦|𝑛−2 𝑑𝑦.

If we take two derivatives of 𝑢 (and differentiate inside the
integral) we need to study integral operators of the type

𝑇(𝑓) = ∫
ℝ𝑛
𝐾(𝑥, 𝑦)𝑓(𝑦) 𝑑𝑦

where
𝐾(𝑥, 𝑦) ≈ |𝑥 − 𝑦|−𝑛.

Because of the singularity of the kernels, such operators
are not given by absolutely convergent Lebesgue integrals.
They have to be interpreted in an appropriate way, typically
as principal-value integrals or in a distributional sense.
Many operators of interest in analysis are of this form. The
following are relevant examples.4

• The Hilbert transform:

𝐻𝑓(𝑥) = 𝑐1 𝑝.𝑣.∫
ℝ

𝑓(𝑦)
𝑥 − 𝑦 𝑑𝑦

= −𝑖∫
ℝ
sgn(𝜉)𝑓(𝜉)𝑒𝑖𝑥𝜉 𝑑𝜉

• The Riesz transforms:

𝑅𝑗𝑓(𝑥) = 𝑐𝑛 𝑝.𝑣.∫
ℝ𝑛

𝑥𝑗 − 𝑦𝑗
|𝑥 − 𝑦|𝑛+1 𝑓(𝑦) 𝑑𝑦

= −𝑖∫
ℝ𝑛

𝜉𝑗
|𝜉|𝑓(𝜉)𝑒

𝑖𝑥⋅𝜉 𝑑𝜉

• The Calderón commutators with a Lipschitz func-
tion 𝐴:

𝑇𝑚𝑓(𝑥) = 𝑝.𝑣.∫
ℝ

(𝐴(𝑥) − 𝐴(𝑦))𝑚
(𝑥 − 𝑦)𝑚+1 𝑓(𝑦) 𝑑𝑦

• The Cauchy integral on a Lipschitz graph:

𝐶𝑓(𝑥) = 𝑝.𝑣.∫
ℝ

𝑓(𝑦)
(𝑥 − 𝑦) + 𝑖(𝐴(𝑥) − 𝐴(𝑦)) 𝑑𝑦

• The pseudodifferential operators with symbols in
the class 𝑆0:

𝑇𝜍𝑓(𝑥) = ∫
ℝ𝑛

𝜎(𝑥, 𝜉)𝑒𝑖𝑥⋅𝜉𝑓(𝜉) 𝑑𝜉,

where |𝜕𝛽𝑥𝜕𝛼𝜉 𝜎(𝑥, 𝜉)| ≤ 𝐶𝛼,𝛽(1 + |𝜉|)−|𝛼| for all mul-
tiindices 𝛼 and 𝛽.

4The constants 𝑐𝑛 depend on the definition of the FT but are of no relevance
here.
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These operators are examples of what are generically
called Calderón–Zygmund operators (CZOs). It would
take one expository article for each of the above exam-
ples to talk about their rich history and applications. In
any case, the characteristic feature of all CZOs is that if
𝑇 ∶ 𝐿2 → 𝐿2 and

|𝜕𝛼𝐾(𝑥, 𝑦)| ≤ 𝐶|𝑥 − 𝑦|−(𝑛+|𝛼|) for |𝛼| ≤ 1,
then 𝑇 ∶ 𝐿𝑝 → 𝐿𝑝, 1 < 𝑝 < ∞.5 The main question in
studying such operators becomes then their boundedness
on 𝐿2. Although for convolution operators like the first
two examples the answer is immediate,6 for nonconvolu-
tion ones the difficult question of characterizing 𝐿2 bound-
edness was finally answered by G. David and J. L. Journé in
themid-1980s with the T(1)-Theorem. The name of the re-
sult is due to a characterization of boundedness in terms of
the action of a CZO and its transpose on the constant func-
tion 1, plus some weak boundedness condition. However,
the authors also obtained a different formulation which is
more convenient for our purposes.

T(1)-Theorem (David–Journé [11]). Assume that the ker-
nel of the operator 𝑇 satisfies

|𝜕𝛼𝐾(𝑥, 𝑦)| ≤ 𝐶|𝑥 − 𝑦|−(𝑛+|𝛼|), |𝛼| ≤ 1.
Then,

𝑇 ∶ 𝐿2 → 𝐿2, and hence 𝑇 ∶ 𝐿𝑝 → 𝐿𝑝, 1 < 𝑝 < ∞,
if and only if 7

sup
𝜉
(‖𝑇(𝑒𝑖𝑥⋅𝜉)‖𝐵𝑀𝑂 + ‖𝑇∗(𝑒𝑖𝑥⋅𝜉)‖𝐵𝑀𝑂) ≤ 𝐶.

Although a cumbersome way to state the theorem, as it
needs to make sense a priori of the action of the operator
on exponentials (the operators are usually only initially
defined on a dense set of 𝐿2 which of course does not con-
tain the exponential functions), the above has a beautiful
interpretation: we only need to understand the operator
on the basic elements of Fourier analysis. In a way, we like
to say that to understand the music played by 𝑇 we need
to understand how it plays each note or pure tone 𝑒𝑖𝑥⋅𝜉.

We mentioned early on that sometimes we want to
study operators by discretizing them and studying their
matrices. So instead of using the exponential pure tones
to check 𝑇, we can use wavelets. Although this was not the
original proof of the theorem, one can prove it by show-
ing that the matrix associated to a CZO with respect to a
family of wavelets is almost diagonal.

5CZOs also satisfy some appropriate end-point estimates when 𝑝 = 1 or 𝑝 = ∞,
which we will not recount here.
6If 𝐾(𝑥, 𝑦) = 𝑘(𝑥 − 𝑦), then 𝑇𝑓(𝑥) = 𝑘 ∗ 𝑓(𝑥) or 𝑇𝑓(𝜉) = ̂𝑘(𝜉)𝑓(𝜉), so
𝑇 ∶ 𝐿2 → 𝐿2 ⟺ ̂𝑘 ∈ 𝐿∞.
7The John–Nirenberg space of functions of bounded mean oscillation, 𝐵𝑀𝑂, is
the collection of 𝑓 (modulo constants) for which

1
|𝑄|

∫𝑄 |𝑓(𝑥) − 𝑓𝑄 | 𝑑𝑥 < 𝐶 <
∞ for all cubes 𝑄, and where 𝑓𝑄 is the average of the function over 𝑄.

Figure 7. Waves with different frequencies do not interact
much.

In fact, under suitable cancellations on the operator (to
which the general theorem can be reduced), one can show
that for some 𝜀 > 0, and, say, 𝜈 ≤ 𝜇,

|⟨𝑇(𝜙𝜈𝑘), 𝜙𝜇𝑙⟩| ≲
2−(𝜇−𝜈)(𝜀+𝑛/2)

(1+2𝜈|2−𝜈𝑘−2−𝜇𝑙|)𝑛+𝜖 . (4)

Or, in a different format, for 𝑄 = 𝑄𝜈𝑘 and 𝑄′ = 𝑄𝜇𝑙,
|⟨𝑇(𝜙𝜈𝑘), 𝜙𝜇𝑙⟩|

≲ ( |𝑄
′|

|𝑄| )
𝜀+1/𝑛 1
(1+|𝑄|−1diam(𝑄 ∪ 𝑄′))1+𝜀 ,

since 1 + diam(𝑄∪𝑄′)
|𝑄|

≈ 1 + |2−𝜈𝑘−2−𝜇𝑙|
2−𝜈𝑛

. We can see that as

the cubes 𝑄 and 𝑄′ get far apart (the associated wavelets
are concentrated away from each other) or as 𝑄 gets much
larger than 𝑄′ (the wavelets live at very different scales, i.e.,
have very different frequencies), the entries on the matrix
for 𝑇 get very small. These estimates can then be easily
used to show via the Schur test (a result about positive ma-
trices) that the operator is bounded on 𝐿2.

The reason behind the estimate (4) is the fact that
the wavelets 𝜙𝜈𝑘 are almost eigenfunctions for all CZOs.
That is, they get transformed into functions which have
very similar properties (they are called smooth molecules
in the language of Frazier and Jawerth [13]). Roughly
speaking, the functions {𝑇(𝜙𝜈𝑘)} are concentrated on ap-
propriate cubes and oscillate at certain sets of frequencies
as wavelets do. Clearly 𝑇(𝜙𝜈𝑘) and 𝜙𝜇𝑙 do not interact
much if the cubes 𝑄𝜈𝑘 and 𝑄𝜇𝑙 are far apart, since they
die out fast outside the cubes. When the cubes overlap
the analysis is more delicate. We borrow Figure 7 from [5]
and some of the narrative therein to illustrate the almost-
orthogonality of the functions 𝑇(𝜙𝜈𝑘) and 𝜙𝜇𝑙 when they
are concentrated around overlapping cubes at very differ-
ent scales. Suppose that, say, 𝜈 ≪ 𝜇. Then 𝑇(𝜙𝜈𝑘) (red in
the figure) oscillates at a much larger scale than 𝜙𝜇𝑙 (blue),
so as in the cartoon about balls at the beginning of this arti-
cle, they do not interact much. In fact, 𝜙𝜇𝑙 highly oscillates
where 𝑇(𝜙𝜈𝑘) does not vary much, and hence

⟨𝑇(𝜙𝜈𝑘), 𝜙𝜇𝑙⟩ = ∫
ℝ𝑛
𝑇(𝜙𝜈𝑘)(𝑥)𝜙𝜇𝑙(𝑥) 𝑑𝑥 ∼ 0,
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since we are integrating a function with mean zero against
a function which is essentially constant. Here both the reg-
ularity of the wavelets and their cancellation play a crucial
role. The vanishingmoments of 𝜙𝜇𝑙 can be combined with
the smoothness of 𝑇(𝜙𝜈𝑘) to quantify the off-diagonal de-
cay in the estimate (4).

Bilinear Pseudodifferential Operators
The best example of a bilinear operator we want to look at
is again provided by the product of two functions. Let us
write the product 𝑓 ⋅ 𝑔 in multiplier form, that is,

(𝑓 ⋅ 𝑔)(𝑥)

= (2𝜋)−𝑛∫
ℝ𝑛
𝑓(𝜉)𝑒𝑖𝑥⋅𝜉 𝑑𝜉 ⋅ (2𝜋)−𝑛∫

ℝ𝑛
̂𝑔(𝜂)𝑒𝑖𝑥⋅𝜂 𝑑𝜂

= (2𝜋)−2𝑛∫
ℝ2𝑛

𝑓(𝜉) ̂𝑔(𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂) 𝑑𝜉𝑑𝜂.

Similarly,
𝜕𝛼(𝑓.𝑔)(𝑥)

= (2𝜋)−2𝑛𝑖|𝛼|∫
ℝ2𝑛

(𝜉 + 𝜂)𝛼𝑓(𝜉) ̂𝑔(𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂)𝑑𝜉𝑑𝜂.

More generally, and in analogy with the classical Hörman-
der classes of linear pseudodifferential operators, we can
consider bilinear pseudodifferential operators of the form

𝑇𝜍(𝑓, 𝑔)(𝑥) = ∫
ℝ2𝑛

𝜎(𝑥, 𝜉, 𝜂)𝑓(𝜉) ̂𝑔(𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂) 𝑑𝜉𝑑𝜂.

For the purpose of this note, we say that the symbol 𝜎 is in
the class 𝐵𝑆𝑚, 𝑚 ∈ ℝ, if

|𝜕𝛽𝑥𝜕𝛼𝜉,𝜂𝜎(𝑥, 𝜉, 𝜂)| ≤ 𝐶𝛼,𝛽(1 + |𝜉| + |𝜂|)𝑚−|𝛼|.
For example, when 𝑚 = 0 the above estimates tell us
that the more derivatives we take on the symbol in the
frequency variables 𝜉 and 𝜂, the faster the resulting func-
tion decays at infinity. On the other hand, derivatives in
the space variable 𝑥 do not have much of an impact on
the decay of the symbols. The order 𝑚 indicates the orig-
inal number of pseudoderivatives the operator represents.
These operators enjoy nice boundedness properties which
could be obtained in several ways. At least for 𝑚 = 0, they
were pioneered by R. R. Coifman and Y.Meyer in the 1970s
and 1980s; see for example [10]. We shall proceed to ex-
plain boundedness results for operators with symbols in
𝐵𝑆𝑚 along with some more recent developments.

It turns out that when the operators are of order zero
(𝑚 = 0), they also admit a kernel representation of the
form

𝑇𝜍(𝑓, 𝑔)(𝑥) = ∫
ℝ2𝑛

𝐾(𝑥, 𝑦, 𝑧)𝑓(𝑦)𝑔(𝑧) 𝑑𝑦𝑑𝑧,

at least for 𝑥 ∉ supp𝑓 ∩ supp𝑔. Here, 𝐾 satisfies the esti-
mates

|𝜕𝛼𝐾(𝑥, 𝑦, 𝑧)| ≤ 𝐶𝛼(|𝑥 − 𝑦| + |𝑥 − 𝑧|)−(2𝑛+|𝛼|). (5)

Note that if we write ̃𝐾((𝑥, 𝑥), (𝑦, 𝑧)) = 𝐾(𝑥, 𝑦, 𝑧), then ̃𝐾
satisfies the same estimates of a Calderón–Zygmund ker-
nel in ℝ2𝑛 when its first 2𝑛-variables are of the form (𝑥, 𝑥).

For a bilinear operator there are two naturally associ-
ated transposes, 𝑇∗1 and 𝑇∗2, which are defined via the
formulas

⟨𝑇∗1(𝑓, 𝑔), ℎ⟩ = ⟨𝑇(ℎ, 𝑔), 𝑓⟩,

⟨𝑇∗2(𝑓, 𝑔), ℎ⟩ = ⟨𝑇(𝑓, ℎ), 𝑔⟩.

Bounded bilinear operators whose kernels and those of
its transposes satisfy the estimates (5) are called bilinear
Calderón–Zygmund operators (BCZOs). They are well un-
derstood by now through the works of R. R. Coifman and
Y. Meyer [10], M. Christ and J. L. Journé [8], C. Kenig and
E. Stein [21], and L. Grafakos and the author of this note
[17].

Recall that by Hölder’s inequality,

‖𝑓 ⋅ 𝑔‖𝐿𝑟 ≤ ‖𝑓‖𝐿𝑝‖𝑔‖𝐿𝑞

for 1 ≤ 𝑝, 𝑞 ≤ ∞, and 1/𝑝 + 1/𝑞 = 1/𝑟. Similarly, for oper-
ators of order zero, and more general BCZOs, one expects
the same estimates (except for the end-point ones when 𝑝
and/or 𝑞 are 1 or∞). Indeed, a T(1,1)-Theorem for BCZOs
exists. One version of it is the following.

T(1,1)-Theorem ([17]). Let 𝑇 be a bilinear operator so
that its kernel and those of its transposes satisfy (5), 1 < 𝑝, 𝑞 <
∞, and 1/𝑟 = 1/𝑝 + 1/𝑞. Then

𝑇 ∶ 𝐿𝑝 × 𝐿𝑞 → 𝐿𝑟

if and only if

sup
𝜉1,𝜉2

(‖𝑇∗𝑗(𝑒𝑖𝑥⋅𝜉1 , 𝑒𝑖𝑥⋅𝜉2)‖𝐵𝑀𝑂) ≤ 𝐶, 𝑗 = 0, 1, 2,

where 𝑇∗0 = 𝑇.
The classes of pseudodifferential operators with sym-

bols in 𝐵𝑆𝑚 are closed by transpositions, so it is easy to
apply the T(1,1)-Theorem to 𝐵𝑆0. One can check that
𝑥 → 𝑇(𝑒𝑖𝑥⋅𝜉1 , 𝑒𝑖𝑥⋅𝜉2) = 𝜎(𝑥, 𝜉1, 𝜉2) is in 𝐿∞ ⊂ 𝐵𝑀𝑂. This
is clear at a formal level, since 𝑒𝑖𝑥⋅𝜉𝑗 (⋅) = 𝛿𝜉𝑗 (⋅), but it holds
also in a rigorous way. Since 𝑇∗1 and 𝑇∗2 are also given
through symbols in 𝐵𝑆0, similar computations apply to
them. It follows then that 𝑇𝜍 ∶ 𝐿𝑝 × 𝐿𝑞 → 𝐿𝑟 in the full
range of exponents of the theorem.

For 𝑚 > 0, results for 𝐵𝑆𝑚 could be obtained from
the case of operators of order zero using the following
technique, which can be traced back to Coifman–Meyer’s
work.

Let 𝜎 ∈ 𝐵𝑆𝑚, 𝜙 ∈ 𝐶∞(ℝ) such that 0 ≤ 𝜙 ≤ 1, supp 𝜙 ⊂
[−2, 2], and 𝜙(𝑟) + 𝜙( 1

𝑟
) = 1 on [0,∞), and let us write
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⟨𝜉⟩ = (1 + |𝜉|2)1/2. Then,
𝑇𝜍(𝑓, 𝑔)(𝑥)

= ∫𝜎(𝑥, 𝜉, 𝜂) (𝜙 (⟨𝜂⟩
2

⟨𝜉⟩2 ) + 𝜙 (⟨𝜉⟩
2

⟨𝜂⟩2 ))

× 𝑓(𝜉) ̂𝑔(𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂)𝑑𝜉𝑑𝜂

= ∫𝜎(𝑥, 𝜉, 𝜂)𝜙 ( ⟨𝜂⟩
2

⟨𝜉⟩2 )
𝐽𝑚𝑓(𝜉)
⟨𝜉⟩𝑚 ̂𝑔(𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂)𝑑𝜉𝑑𝜂

+∫𝜎(𝑥, 𝜉, 𝜂)𝜙 (⟨𝜉⟩
2

⟨𝜂⟩2 ) 𝑓(𝜉)
𝐽𝑚𝑔(𝜂)
⟨𝜂⟩𝑚 𝑒𝑖𝑥⋅(𝜉+𝜂)𝑑𝜉𝑑𝜂.

That is, we have

𝑇𝜍(𝑓, 𝑔) = 𝑇𝜍1(𝐽𝑚𝑓, 𝑔) + 𝑇𝜍2(𝑓, 𝐽𝑚𝑔), (6)

where the symbols

𝜎1(𝑥, 𝜉, 𝜂) = 𝜎(𝑥, 𝜉, 𝜂)𝜙 ( ⟨𝜂⟩
2

⟨𝜉⟩2 ) ⟨𝜉⟩
−𝑚

and

𝜎2(𝑥, 𝜉, 𝜂) = 𝜎(𝑥, 𝜉, 𝜂)𝜙 (⟨𝜉⟩
2

⟨𝜂⟩2 ) ⟨𝜂⟩
−𝑚

are easily seen to be in 𝐵𝑆0. From the boundedness prop-
erties of 𝑇𝜍𝑗 , 𝑗 = 1, 2, it then follows that

‖𝑇𝜍(𝑓, 𝑔)‖𝐿𝑟 ≲ ‖𝑓‖𝐿𝑝𝑚‖𝑔‖𝐿𝑞 + ‖𝑓‖𝐿𝑝‖𝑔‖𝐿𝑞𝑚 . (7)

This was obtained in joint work with Á. Bényi and A. R.
Nahmod [4]. Many other similar results for bilinear pseu-
dodifferential operators exist for a variety of classes of sym-
bols (see for example the work with Á. Bényi, F. Berni-
cot, D. Maldonado, and V. Naibo [2] for additional ref-
erences).

There are also results for operators resembling the Bi-
linear Hilbert Transform (BHT) having multipliers (i.e.,
𝑥-independent symbols) with singularities when 𝜉 =
𝜂. The BHT is a much more singular bilinear operator
whose study requires a sophisticated refinement of almost-
orthogonality techniques beyond what is described here.
The analysis of the BHTwas developed in ground-breaking
achievements of M. Lacey and C. Thiele [22] and sev-
eral subsequent works. For reasons of space we shall not
present more singular pseudodifferential operators with
singularities similar to the BHT. Additional work on them
has been done in numerous articles by many authors. See
the works of F. Bernicot [6] and A. Bényi, C. Demeter, A.
Nahmod, C. Thiele, P. Villarroya, and the author [3] for
further references.

It is of interest to note, to draw a parallel to the lin-
ear situation, that under suitable cancellation conditions,
boundedness properties for multipliers 𝜎(𝜉, 𝜂) of order
zero can also be obtained through the discretization tech-
niques leading to almost-diagonal tensors. Thesemethods
also apply to other function spaces admitting LPS charac-
terizations. This was first studied in [16] and other works

followed. In particular, for Lebesgue spaces the estimates
in the matrix of 𝑇𝜍 take the muchmore complicated form8

|⟨𝑇𝜍(𝜙𝜈𝑘, 𝜙𝜇𝑙), 𝜙𝜆𝑚⟩| ≲ 2−(max(𝜇,𝜈,𝜆)−min(𝜇,𝜈,𝜆))𝜀

× 2(−max(𝜇,𝜈,𝜆)+med(𝜇,𝜈,𝜆)+min(𝜇,𝜈,𝜆))𝑛/2

(𝐺(𝜈, 𝑘, 𝜇, 𝑙) 𝐺(𝜇, 𝑙, 𝜆,𝑚)𝐺(𝜆,𝑚, 𝜈, 𝑘))𝑁
for some 𝜀 > 0 and 𝑁 > 𝑛, and where

𝐺(𝑥, 𝑎, 𝑦, 𝑏) = (1+2min(𝑥,𝑦)|2−𝑥𝑎−2−𝑦𝑏|).
Despite its complicated appearance, the first factor on the
right shows that the entries of the tensor get smaller as the
sizes of the cubes where the wavelets are essentially sup-
ported differ from each other. On the other hand, the pres-
ence of the functions𝐺 on the denominator shows that the
entries also get smaller as those cubes move farther away
from each other.

Leibniz Rule for the Fractional Derivatives
The estimate (7) already has a Leibniz rule flavor as it
estimates 𝑚 pseudodifferential derivatives of the product
in terms of two terms, each of which has only one func-
tion pseudodifferentiated. In general, similar estimates
also hold for a large collection of spaces (such as Triebel–
Lizorkin, Besov, Hardy, etc.) which have a 𝑝-size estimate
for its elements and an 𝑠-smoothness scale (like 𝐿𝑝𝑠) . Given
a triplet of such spaces 𝑋𝑝

𝑠 , 𝑌𝑞
𝑠 , 𝑍𝑟𝑠 and 𝑇𝜍 of order 𝑚 the

estimates expected and often obtained are of the form

‖𝑇𝜍(𝑓, 𝑔)‖𝑍𝑟𝑠 ≲ ‖𝑓‖𝑋𝑝
𝑚+𝑠

‖𝑔‖𝑌𝑞
0
+ ‖𝑓‖𝑋𝑝

0
‖𝑔‖𝑌𝑞

𝑚+𝑠
,

provided 1/𝑟 = 1/𝑝 + 1/𝑞 and suitable restrictions on the
other parameters hold (depending, in particular, on the
class of pseudodifferential operators used). We refer to the
work of V. Naibo and A. Thomson [26] for a more com-
plete account of known results.

Let us go back to the actual fractional derivatives of a
product, 𝐷𝑠(𝑓 ⋅ 𝑔). The estimate

‖𝐷𝑠(𝑓 ⋅ 𝑔)‖𝐿𝑟 ≲ ‖𝐷𝑠𝑓‖𝐿𝑝‖𝑔‖𝐿𝑞 + ‖𝑓‖𝐿𝑝‖𝐷𝑠𝑔‖𝐿𝑞 (8)

has a long history preceding most of what we have de-
scribed so far. It has also been successfully revisited over
the years to extend the sets of exponents for which it holds.
The original versions go back to the work of T. Kato and G.
Ponce [19] and M. Christ and M. I. Weinstein [9]. The op-
timal range of exponents 1/2 < 𝑟 < ∞, 1 < 𝑝, 𝑞 ≤ ∞,
1
𝑟
= 1

𝑝
+ 1

𝑞
, and 𝑠 > max(0, 𝑛

𝑟
− 𝑛) or 𝑠 a positive even inte-

ger was obtained by C. Muscalu and W. Schlag [25] and L.
Grafakos and S. Oh [15], together with appropriate weak-
type estimates when 𝑝 = 1 or 𝑞 = 1. A detailed analysis
of counterexamples for the limitations on 𝑠 can be found
also in [15]. The other end-point case 𝑝 = 𝑞 = 𝑟 = ∞ was
resolved by J. Bourgain and D. Li [7].

8For 𝑎 ≤ 𝑏 ≤ 𝑐,med(𝑎, 𝑏, 𝑐) = 𝑏.
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The simple approachwe showed leading to (6) does not
quite work for𝐷𝑠(𝑓⋅𝑔) for the optimal range of parameters
involved in the estimate (7), so a different decomposition
of the bilinear operator is used. Let 𝜓 be a function such
that 𝜓 = 𝜙2 as in (1). Writing 𝑓(𝜉) = ∑𝑗 𝑓(𝜉)𝜓(2−𝑗𝜉),
̂𝑔(𝜂) = ∑𝑘 ̂𝑔(𝜂)𝜓(2−𝑘𝜂), grouping appropriate terms to-

gether, and introducing powers of the frequency variables
and corresponding fractional derivatives, we can compute

𝐷𝑠(𝑓 ⋅ 𝑔)(𝑥)

= ∑
𝑗

∑
𝑘<𝑗−3

∫𝑒𝑖(𝜉+𝜂)𝑥 |𝜉 + 𝜂|𝑠
|𝜉|𝑠

× 𝜓(2−𝑗𝜉)𝐷𝑠𝑓(𝜉)𝜓(2−𝑘𝜂) ̂𝑔(𝜂)𝑑𝜉 𝑑𝜂

+∑
𝑘

∑
𝑗<𝑘−3

∫𝑒𝑖(𝜉+𝜂)𝑥 |𝜉 + 𝜂|𝑠
|𝜂|𝑠

× 𝜓(2−𝑗𝜉)𝑓(𝜉)𝜓(2−𝑘𝜂)𝐷𝑠𝑔(𝜂)𝑑𝜉 𝑑𝜂

+ ∑
𝑗,𝑘

|𝑗−𝑘|≤2

∫𝑒𝑖(𝜉+𝜂)𝑥 |𝜉 + 𝜂|𝑠
|𝜂|𝑠

× 𝜓(2−𝑗𝜉)𝑓(𝜉)𝜓(2−𝑘𝜉)𝐷𝑠𝑔(𝜂)𝑑𝜉 𝑑𝜂
= 𝑇1(𝐷𝑠𝑓, 𝑔)(𝑥) + 𝑇2(𝑓, 𝐷𝑠𝑔)(𝑥) + 𝑇3(𝑓, 𝐷𝑠𝑔)(𝑥),

where the 𝑇𝑖 for 𝑖 = 1, 2, 3 are defined by the symbols

𝜎1(𝜉, 𝜂) = ∑
𝑗

∑
𝑘<𝑗−3

|𝜉 + 𝜂|𝑠
|𝜉|𝑠 𝜓(2−𝑗𝜉)𝜓(2−𝑘𝜂),

𝜎2(𝜉, 𝜂) = ∑
𝑘

∑
𝑗<𝑘−3

|𝜉 + 𝜂|𝑠
|𝜂|𝑠 𝜓(2−𝑗𝜉)𝜓(2−𝑘𝜂),

𝜎3(𝜉, 𝜂) = ∑
𝑗,𝑘

|𝑗−𝑘|≤2

|𝜉 + 𝜂|𝑠
|𝜂|𝑠 𝜓(2−𝑗𝜉)𝜓(2−𝑘𝜂).

It will be enough then to show that for 𝑖 = 1, 2, 3,
‖𝑇𝑖(𝑓, 𝑔)‖𝐿𝑝 ≲ ‖𝑓‖𝐿𝑝1 ‖𝑔‖𝐿𝑝2 . (9)

Note that in the regions where the first two symbols are
supported, we have, respectively, |𝜉| ≫ |𝜂| and |𝜉| ≪ |𝜂|.
Using this it is not hard to see they are actually Coifman–
Meyer multipliers, that is,

|𝜕𝛼𝜉,𝜂𝜎𝑖(𝜉, 𝜂)| ≤ 𝐶𝛼(|𝜉| + |𝜂|)−|𝛼|, (10)

𝑖 = 1, 2, which in turn are also bilinear Calderón–
Zygmund operators. Hence 𝑇1 and 𝑇2 satisfy the right 𝐿𝑟
estimates for the full range of exponents. The troublesome
operator is the last one. If 𝑠 is not an even integer, then its
symbol develops a singularity along 𝜉 + 𝜂 = 0 for large
derivatives, since now |𝜉| ≈ |𝜂|. As proved in [15], 𝑇3 be-
longs to a class of pseudodifferential operators introduced
in [4] for which there is no general theory, and hence it
needs to be studied on its own. Nonetheless, in both [25]
and [15] it is shown that 𝑇3 is bounded on the optimal

range of exponents mentioned before. A crucial technical
ingredient in the proof is an estimate on the dependence of
the 𝐿𝑟 norm of discrete square functions obtained by trans-
lates of a given LPS-function. We refer to the mentioned
works for details.

It is of interest to note that the same approach works if
instead of𝐷𝛼(𝑓, 𝑔)we consider𝐷𝛼𝑇𝜍(𝑓, 𝑔)with 𝜎 satisfying
the 𝑚 order version of (10). Moreover, using techniques
introduced by M. Fujita and N. Tomita [14], one can even
treat symbols where the pointwise regularity estimates (10)
are replaced by Sobolev-type ones as well as symbols of dif-
ferent order; see [18]. J. Brummer and V. Naibo obtained
similar results for smooth symbols using smooth molecu-
lar decomposition techniques and also weighted versions
for multipliers (see again [26] for full references).

Fractional Derivatives in the Mixed Lebesgue
Space Setting
Consider now the mixed Lebesgue spaces defined by the
norm (quasi-norm if either 𝑝 < 1 or 𝑞 < 1)

‖𝑓‖𝐿𝑝𝑡 𝐿𝑞𝑥(ℝ𝑛+1) = (∫
ℝ
(∫

ℝ𝑛
|𝑓(𝑡, 𝑥)|𝑞 𝑑𝑥)

𝑝/𝑞
𝑑𝑡)

1/𝑝

.

There is a long history within harmonic analysis of re-
sults on mixed Lebesgue spaces going back to works of A.
Benedek, A. P. Calderón, and R. Panzone; J. Rubio de Fran-
cia, A. Ruiz, and J. L. Torrea; andD. L. Fernández, to name a
few. Recent interest arose from bilinear estimates needed
in partial differential equations involving functions in 𝑛
spatial variables 𝑥 and one time variable 𝑡.

In this context, C. Kenig, G. Ponce, and L. Vega [20] es-
tablished in their study of well-posedness for the general-
ized KdV equation the estimate

‖𝐷𝑠
𝑥(𝑓𝑔) − 𝑓𝐷𝑠

𝑥(𝑔) − 𝑔𝐷𝑠
𝑥(𝑓)‖𝐿𝑝𝑡 𝐿𝑞𝑥

≲ ‖𝐷𝑠1𝑥 (𝑓)‖𝐿𝑝1𝑡 𝐿𝑞1𝑥 ‖𝐷𝑠2𝑥 (𝑔)‖𝐿𝑝2𝑡 𝐿𝑞2𝑥 ,
where now

𝐷𝑠𝑥𝑓(𝜉0, 𝜉𝑛) = |𝜉𝑛|𝑠 ̂𝑓(𝜉0, 𝜉𝑛)
for 𝜉0 ∈ ℝ, 𝜉𝑛 ∈ ℝ𝑛. They proved this estimate for 0 <
𝑠1, 𝑠2 < 1, 𝑠 = 𝑠1 + 𝑠2, 1 < 𝑝, 𝑝1, 𝑝2, 𝑞, 𝑞1, 𝑞2 < ∞, 1/𝑝 =
1/𝑝1 + 1/𝑝2, and 1/𝑞 = 1/𝑞1 + 1/𝑞2. Note that the above
estimates only involve derivatives in 𝑥, but it is of interest
to have Leibniz rules in mixed Lebesgue spaces involving
derivatives in 𝑥 and 𝑡.

For any 𝑠, 𝐷𝑠
𝑡,𝑥 is defined in ℝ𝑛+1 as before,

𝐷𝑠
𝑡,𝑥𝑓(𝜉0, 𝜉𝑛) = |(𝜉0, 𝜉𝑛)|𝑠 ̂𝑓(𝜉0, 𝜉𝑛) = |𝜉|𝑠 ̂𝑓(𝜉),

where now 𝜉 ∈ ℝ𝑛+1 and the FT is taken also in ℝ𝑛+1.
Clearly, this corresponds to fractional differentiation in
ℝ𝑛+1, but the mixed norms used to estimate them create
many difficulties.
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Consider then a bilinear multiplier in ℝ2(𝑛+1),

𝐓𝜍(𝑓, 𝑔)(𝑥) = ∫
ℝ2(𝑛+1)

𝜎(𝜉, 𝜂)𝑒𝑖𝑥⋅(𝜉+𝜂)𝑓(𝜉) ̂𝑔(𝜂) 𝑑𝜉𝑑𝜂,

where the symbol satisfies

|𝜕𝛽𝜉,𝜂𝜎(𝜉, 𝜂)| ≲𝛽 (|𝜉| + |𝜂|)−|𝛽|. (11)

In the author’s joint work with J. Hart and X. Wu [18], it
was shown that

‖𝐷𝑠
𝑡,𝑥𝑇𝜍(𝑓, 𝑔)‖𝐿𝑝𝐿𝑞 ≲ ‖𝐷𝑠

𝑡,𝑥𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝑔‖𝐿𝑝2𝐿𝑞2
+ ‖𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝐷𝑠

𝑡,𝑥𝑔‖𝐿𝑝2𝐿𝑞2 (12)

for 1 < 𝑝𝑖, 𝑞𝑖 < ∞, 𝑖 = 1, 2, 1/𝑝 = 1/𝑝1 + 1/𝑝2, 1/𝑞 =
1/𝑞1 + 1/𝑞2, and some restrictions in 𝑠 which are rather
technical to explain in this article.9 Of course a particular
case is that of 𝜎 = 1, which gives again the Leibniz rule for
the product but now in mixed Lebesgue spaces,

‖𝐷𝑠
𝑡,𝑥(𝑓 ⋅ 𝑔)‖𝐿𝑝𝐿𝑞 ≲ ‖𝐷𝑠

𝑡,𝑥𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝑔‖𝐿𝑝2𝐿𝑞2
+ ‖𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝐷𝑠

𝑡,𝑥𝑔‖𝐿𝑝2𝐿𝑞2 . (13)

The estimate in (12) holds for less regular symbols in the
sense of [14] too.

The approach to the estimate (12) follows the one de-
scribed in the Lebesgue case but making use of the vector-
value Calderón–Zygmund theory. In particular, one also
needs to use the square function estimate

‖𝑓‖𝐿𝑝𝑡 𝐿𝑞𝑥(ℝ×ℝ𝑛) ≈
‖
‖
‖
‖
(∑
𝑗∈ℤ

|𝑓 ∗ 𝜙2−𝑗 |2)
1/2‖
‖
‖
‖𝐿𝑝𝑡 𝐿𝑞𝑥(ℝ×ℝ𝑛)

(14)

for 1 < 𝑝, 𝑞 < ∞ and an appropriate LPS-function 𝜙 in
ℝ𝑛+1.

A limited range of exponents when 𝑝, 𝑞 > 1 in (13) was
previously obtained in joint work with E. Ward [27]. A
main obstacle to reach the full range of exponent was the
need to establish one side of the estimate (14) when either
0 < 𝑝 ≤ 1 or 0 < 𝑞 ≤ 1.

It is a classical result in the Lebesgue context that

‖𝑓‖𝐿𝑝 ≲
‖
‖‖‖
(∑

𝜈
|𝑓 ∗ 𝜙2−𝜈 |2)

1/2‖
‖‖‖𝐿𝑝

(15)

also holds for 0 < 𝑝 ≤ 1. In fact, the right-hand side of
(15) gives a characterization of the Hardy space 𝐻𝑝 (and
hence the reverse estimate cannot hold in this range). The
analogous estimates for mixed Lebesgue spaces,

‖𝑓‖𝐿𝑝𝑡 𝐿𝑞𝑥(ℝ×ℝ𝑛) ≲
‖
‖
‖
‖
(∑
𝑗∈ℤ

|𝑓 ∗ 𝜙2−𝑗 |2)
1/2‖
‖
‖
‖𝐿𝑝𝑡 𝐿𝑞𝑥(ℝ×ℝ𝑛)

9The actual restrictions are 𝑠 ∈ 2ℕ or

𝑠 > max(0, 𝑛 + 1
𝑝 − (𝑛 + 1), 𝑛 + 1

𝑞 − (𝑛 + 1)).

when 𝑝 ≤ 1 or 𝑞 ≤ 1, was established in [18]. The details
are rather technical to be sketched in this note, but it is of
interest to point out that the proof presented therein relies
again on almost-orthogonality andwavelet-type decompo-
sitions in the mixed norm setting, circling back to some of
the ideas we already described in this presentation.

Before we conclude we would like to point to other im-
portant results in this context. Several authors have con-
sidered iterated fractional derivative variations of the Leib-
niz rule instead. In the case of Lebesgue spaces, the first
iterated derivative versions were studied by C. Muscalu, J.
Pipher, T. Tao, and C. Thiele [24]. In the mixed norm set-
ting, iterated derivative versions of (13) exist too. For ex-
ample, let 𝐷𝑠

𝑥 and 𝐷𝑠
𝑡 be the fractional derivatives in the

respective one-dimensional variables 𝑥 and 𝑡. In a series
of works culminating with C. Benea and C. Muscalu [1]
and F. Di Plinio and Y. Ou [12], it was proved that

‖𝐷𝛽
𝑡 𝐷𝛼

𝑥 (𝑓𝑔)‖𝐿𝑝𝐿𝑞 ≲ ‖𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝐷𝛽
𝑡 𝐷𝛼

𝑥 𝑔‖𝐿𝑝2𝐿𝑞2
+ ‖𝐷𝛽

𝑡 𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝐷𝛼
𝑥 𝑔‖𝐿𝑝2𝐿𝑞2

+ ‖𝐷𝛼
𝑥𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝐷𝛽

𝑡 𝑔‖𝐿𝑝2𝐿𝑞2
+ ‖𝐷𝛽

𝑡 𝐷𝛼
𝑥𝑓‖𝐿𝑝1𝐿𝑞1 ‖𝑔‖𝐿𝑝2𝐿𝑞2 . (16)

The largest range can be found in [1], where for 𝑛 = 1,
1/2 < 𝑝 < ∞, 1/2 < 𝑞 < ∞,

1
𝑞
= 1

𝑞1
+ 1

𝑞2
,
1
𝑝
= 1

𝑝1
+ 1

𝑝2
,

one has 𝛼 > max(0, 1
𝑝
− 1, 1

𝑞
− 1) and 𝛽 > max(0, 1

𝑞
− 1).

The methods used in [1] or [12] are substantially different
from the direct ones we have described here and allow also
for some end-point estimates, which we do not know if the
work in [18] can produce. On the other hand, (16) does
not imply (13) or the other way around.

It would be of interest to consider versions of (12) or
the other ones presented in spaces of smooth functions
defined also in terms of mixed norms. We believe that the
successful almost-orthogonality techniques we have tried
to illustrate here have still a lot of potential in the character-
ization of function spaces and the study of operators with
less regular kernels, commutators, weighted estimates, and
other topics of harmonic analysis in the mixed norm con-
text.
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[3] Á. Bényi, C. Demeter, A. R. Nahmod, C. M. Thiele,
R. H. Torres, and P. Villarroya, Modulation invariant bilin-
ear 𝑇(1) theorem, J. Anal. Math. 109 (2009), 279–352, DOI
10.1007/s11854-009-0034-z. MR2585397
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