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A WORD FROM...
Ruth Charney, President-Elect of the AMS1

On the first of February, I officially became president-elect of the AMS. At the time, I had no 
inkling of the challenges we would be facing two months later. I spent the past several days 
participating via Zoom in the spring meeting of the AMS Executive Committee and Board 
of Trustees (ECBT). This was the first ECBT meeting since the start of the pandemic. The 
experience was grueling (endless hours on Zoom), sobering, yet at the same time, inspiring.    
The discussions at the meeting were a stark reminder of the challenges the organization 
faces in navigating the fallout from this crisis. But they were also a reminder of the amazing 
commitment, concern, and compassion of everyone involved in the organization, both 
the AMS staff and the community of mathematicians who volunteer to serve the AMS.

I recently looked back at the June 2019 issue of the Notices where current president Jill 
Pipher’s “A Word From…” article appears. In her article, she highlights a variety of programs 
the AMS operates for the benefit of graduate students and early-career mathematicians.  
I fully agree that these are some of the most important programs the AMS sponsors. But 

this is only the beginning. Beyond that, the AMS supports us in many ways throughout our career, both directly 
through meetings, publications, and fellowships designed to advance research, and indirectly by representing the 
interests of the mathematics community in government and other professional societies. In addition, the AMS 
provides widely used resources such as MathSciNet and MathJobs. Until I got involved in AMS governance a decade 
ago, I had no idea of the breadth of activities the AMS supports or the size of their staff. I suspect that the same is 
true for many of you. Did you know, for example, that the AMS has an office in Washington whose primary focus 
is on advocating for significant and sustained funding to support research and education in mathematics? Let me 
suggest that you go to the AMS website and cruise the impressive portfolio of programs and events that the AMS 
organizes and funds.

Which brings me to the current crisis. While the pandemic has required and will continue to require major 
adjustments to many of these activities, the role of the AMS in supporting mathematicians is more essential than 
ever during these difficult times. This is especially true for those just entering the job market or currently in non-
tenure-track positions. In the next few months, the AMS will need to focus much attention on the best way to modify 
the services and events they normally provide, and find new ways to support those in our community who need it 
the most. That process is already underway. At the same time, we must not lose sight of longer-term goals, such as 
increasing diversity in our community and assuring continued government support for research in mathematics.  

This is my second stint with AMS governance, having served on the ECBT for close to ten years in the past. 
I genuinely enjoyed those sessions as they were a chance to meet and interact with a broad range of colleagues 
from across the profession. There was always time to socialize during and after meetings, to share a dinner and 
a glass of wine. When I was asked to run for president of the AMS last year, I agreed because I believe that the 
organization plays an important role in supporting the mathematics community and I wanted to be part of that 
endeavor. But admittedly, the social aspects of the job were also an appeal. After spending the last few days in a 
marathon Zoom meeting, I am acutely aware that the social component of these meetings has been temporarily 
suspended; it would be a stretch to call them enjoyable. But now more than ever, the AMS needs to find creative 
ways to support the community. I look forward to working with the amazing team of AMS staff members and 
volunteers toward that goal.
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Ruth Charney is Theodore and Evelyn Berenson Professor of Mathematics at Brandeis University. Her email address is charney@brandeis.edu.
1The opinions expressed here are not necessarily those of the Notices or the AMS.
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2021 Joint Mathematics Meetings Announcement

If you haven’t heard, the 2021 Joint Mathematics Meetings (JMM) are taking place virtually, January 6–9, 2021.
We will miss seeing you in person, but thousands of us gathering under one roof in Washington, DC, would not 

be safe. The decision to go virtual was agreed upon by JMM co-hosts, the American Mathematical Society (AMS) and 
the Mathematical Association of America (MAA).

Among the lessons we’ve learned in 2020 is to be flexible in our work and to create opportunities amid uncertainty. 
It is our sincere hope that we will gather again in person at JMM 2022 in Seattle.

Planning for a virtual JMM has highlighted the adaptability and conviction of the mathematics community. The 
2021 Virtual JMM will be a somewhat scaled-back version of the traditional meeting. But it will remain devoted to 
mathematics research, teaching, advancement, and achievement, as well as time for conversation with friends and 
colleagues.

A virtual meeting offers an array of new opportunities. Mathematicians and students can attend from anywhere, 
access information, and participate in sessions. This online meeting will also allow participants to enjoy recorded 
content as their schedules permit. We are hard at work with session organizers, presenters, participants, exhibitors, 
and everyone committed to our mathematical community, to make this a very special event.

Please visit the JMM website and its FAQ page for more information on the JMM 2021 program, registration fees, 
exhibits, and deadlines: http://jointmathematicsmeetings.org.
 
Catherine A. Roberts
Executive Director
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

We demand that any algorithm with potential high im-
pact face a public audit. For those who’d like to do more, 
participating in this audit process is potentially a proactive 
way to use mathematical expertise to prevent abuses of 
power. We also encourage mathematicians to work with 
community groups, oversight boards, and other organi-
zations dedicated to developing alternatives to oppressive 
and racist practices. Examples of data science organizations 
to work with include Data 4 Black Lives (d4bl.org) and 
Black in AI (https://blackinai.github.io). 

Finally, we call on departments with data science courses 
to implement learning outcomes that address the ethical, 
legal, and social implications of these tools. 

A full list of signatures to this letter is available at 
https://www.math-boycotts-police.net. Most of the 
signatories hold, or are working towards, a PhD in mathe-
matics. All signatories are invested in the ethical practices 
of the mathematics community.

—Tarik Aougab (Haverford College)
Federico Ardila (San Francisco State University)

Jayadev Athreya (University of Washington)
Edray Goins (Pomona College)

Christopher Hoffman (University of Washington)
Autumn Kent (University of Wisconsin)

Lily Khadjavi (Loyola Marymount University)
Cathy O'Neil (CEO, ORCAA)

Priyam Patel (University of Utah)
Katrin Wehrheim (University of California, Berkeley)

Response
ICERM hosted the Predictive Policing workshop in August 
2016. In retrospect, we failed to transparently address the 
potential for data-driven techniques and algorithms to 
perpetuate bias and exacerbate violence against Blacks and 
other minorities at the hands of police. We should have 
been more vigilant about confronting in the workshop the 
risk of mathematics, algorithms, and technology being used 
to apply a veneer of objectivity to unfair procedures. ICERM 
encourages future programs developing mathematical 
and statistical tools to quantify bias and certify fairness in  
algorithms and data-based decisions.

—Brendan Hassett
Director, ICERM

Boycott collaboration with police 
To the Mathematics Community,

In light of the extrajudicial murders by police of George 
Floyd, Breonna Taylor, Tony McDade and numerous others 
before them, and the subsequent brutality of the police re-
sponse to protests, we call on the mathematics community 
to boycott working with police departments.

This is not an abstract call. Many of our colleagues can 
and do work with police departments to provide modeling 
and data work. For example, ICERM sponsored a work-
shop on Predictive Policing (https://icerm.brown.edu 
/topical_workshops/tw16-7-pp) which included ride-
alongs with the Providence Police Department.

One of the organizers of this workshop is the founder 
of PredPol (https://www.theverge.com/2018/4/26 
/17285058/predictive-policing-predpol-pentagon 
-ai-racial-bias), a for-profit company which has lucra-
tive contracts with police departments across the country, 
providing software that claims, among other things, to 
predict where crimes occur, and when they are gang related. 
Another organizer is an investor in PredPol (https://
dailybruin.com/2019/05/20/letter-to-the-editor 
-public-perception-of-predictive-policing-is 
-wrong-it-can-help-reduce-crime).

An excellent summary of the feedback loops created 
by PredPol, and the racist consequences, can be found 
here: https://www.vice.com/en_us/article/xwbag4 
/academics-confirm-major-predictive-policing 
-algorithm-is-fundamentally-flawed.

There are also deep concerns about the use of machine 
learning, AI, and facial recognition technologies to justify 
and perpetuate oppression. See, for example: https://
www.technologyreview.com/2019/12/20/79/ai-face 
-recognition-racist-us-government-nist-study 
and https://www.nytimes.com/2019/07/10/opinion 
/facial-recognition-race.html.

Given the structural racism and brutality in US policing, 
we do not believe that mathematicians should be collabo-
rating with police departments in this manner. It is simply 
too easy to create a “scientific” veneer for racism. Please 
join us in committing to not collaborating with police. It 
is, at this moment, the very least we can do as a community.

https://www.vice.com/en_us/article/xwbag4/academics-confirm-major-predictive-policing-algorithm-is-fundamentally-flawed
https://www.vice.com/en_us/article/xwbag4/academics-confirm-major-predictive-policing-algorithm-is-fundamentally-flawed
https://www.vice.com/en_us/article/xwbag4/academics-confirm-major-predictive-policing-algorithm-is-fundamentally-flawed
https://www.technologyreview.com/2019/12/20/79/ai-face-recognition-racist-us-government-nist-study
https://www.technologyreview.com/2019/12/20/79/ai-face-recognition-racist-us-government-nist-study
https://www.technologyreview.com/2019/12/20/79/ai-face-recognition-racist-us-government-nist-study
https://www.nytimes.com/2019/07/10/opinion/facial-recognition-race.html
https://www.nytimes.com/2019/07/10/opinion/facial-recognition-race.html
http://d4bl.org
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Response to “Letter to AMS Notices: Boycott 
collaboration with police”
I strongly support the examination of algorithms and 
their applications in terms of bias and social justice. We 
are currently at a moment of collective need to speak out 
against systemic racism, sexism and other forms of bias. In 
this process, it is critical to realize who our allies are, and to 
come together in common cause and not pull apart. When 
we engage in personal attacks and in casting doubt on our 
colleagues, particularly those working hard on these same 
common causes, we risk the destruction of the atmosphere 
needed to move forward. 

—Daniel Krashen 
Professor, Department of Mathematics 

Rutgers University

False Impressions
When I received the announcement https://awm-math 
.org/re-2021-noether-lecture/ from AWM that  
Andrea Bertozzi’s Emmy Noether lecture at JMM had been 
cancelled I was rather shocked. I had not seen the original 
announcement of her talk, so this was the first I had heard 
of the situation. I have to say that from the wording of 
the mea culpa I concluded that Prof. Bertozzi had said or 
written some overtly racist screed that had been discovered 
after she was selected to present her lecture. That was the 
only reason I could imagine for the level of embarrassment 
evidenced in the AWM abject apology. 

To understand the situation better I looked at her re-
search record and read abstracts of a number of her papers. 
I was more than shocked to discover that the reason for 
her exclusion was one of her areas of research. Andrea  
Bertozzi is an extremely distinguished scholar who has 
made remarkable contributions to a wide number of 
research and application areas. AWM should have been 
grateful to her for her willingness to give the Noether 
lecture under their auspices. To cancel the lecture was ab-
surd. To cancel it with the announcement they made was 
a scandal. Dr. Bertozzi has been beyond gracious. But she 
and the entire mathematics community are owed the real 
apology here. 

—Sol Garfunkel 
Executive Director, COMAP

Letter to the Editor 
Dear Colleagues,

To boycott all interaction between mathematics and 
police, without any stated demands or termination criteria, 
fails to recognize the positive potential of mathematics 
in contributing to whatever concept of law enforcement 
is envisioned by the movement. We, as a community of 
mathematicians, and some of us as individuals, have at 
times failed to consider wider implications of our contribu-
tions. But we have also stepped up to rectify our collective 
missteps and propose solutions. Our logical insights and 
objective analyses have enormous capacity to impart mean-
ingful force toward progress. When software developed 
from mathematical insights for use by law enforcement 
turns out to promote racist outcomes, it is irresponsible to 
launch a boycott, cutting short efforts to solve the problem. 
Without input from us, the status quo will persist, with all 
of its bias.

Instead of refusing our expertise, why not offer our 
services with increased fervor, both to improve how law 
enforcement is done and to evaluate the way sophisticated 
methods are employed? On this latter point we agree with 
the letter: as a unified professional community, we could 
set up a board or AMS committee to track and assess the use 
of mathematical and computational tools in law enforce-
ment—and, for that matter, in all other endeavors where 
ethics and equity come into play. Demand accountability 
from those who offer or employ advanced techniques. 
Induce all participants to think intentionally about these 
issues at all stages of collaboration with extramathematical 
entities.

Withdrawal is not the solution. Positive engagement 
provides an opportunity to show the public the value of our 
skills in addition to exercising and exhibiting our empathy.

—Ezra Miller 
Professor of Mathematics and  

Statistical Science, Duke University 
math.duke.edu/people/ezra-miller 

Cynthia Rudin 
Professor of Computer Science, 

Electrical and Computer Engineering,  
Statistical Science, and Mathematics, Duke University 

https://users.cs.duke.edu/~cynthia/home.html 

Ingrid Daubechies 
James B. Duke Professor of Mathematics and  

Electrical and Computer Engineering, Duke University 
https://math.duke.edu/people/ingrid-daubechies 

https://awm-math.org/re-2021-noether-lecture/
https://awm-math.org/re-2021-noether-lecture/
http://math.duke.edu/people/ezra-miller


A Sharp Divergence Theorem
with Nontangential Traces

Dorina Mitrea, Irina Mitrea, and Marius Mitrea
1. A Brief Historical Perspective
The Fundamental Theorem of Calculus, one of the most
spectacular scientific achievements, stands as beautiful,
powerful, and relevant today as it did more than three
centuries ago when it first emerged onto the mathemati-
cal scene. Typically, Isaac Newton and Gottfried Leibniz
are credited with developing much of the mathematical
machinery associated with this result into a coherent the-
ory for infinitesimal quantities (the bedrock ofmodern cal-
culus), a mathematical landscape within which the Fun-
damental Theorem of Calculus stands out as the crown-
ing achievement. In its sharp one-dimensional version,
involving the class AC([𝑎, 𝑏]) of absolutely continuous

Dorina Mitrea is a professor of mathematics at Baylor University. Her email
address is Dorina_Mitrea@baylor.edu.
Irina Mitrea is a professor of mathematics at Temple University. Her email
address is imitrea@temple.edu.
Marius Mitrea is a professor of mathematics at Baylor University. His email
address is Marius_Mitrea@baylor.edu.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2149

functions on a compact interval [𝑎, 𝑏], the Fundamental
Theorem of Calculus reads:

∫
𝑏

𝑎
𝐹′(𝑥) 𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎)

for every 𝐹 ∈ AC([𝑎, 𝑏]).
(1.1)

It is a stark example of how local information, encoded in
the instantaneous rate of change (aka derivative) 𝐹′, can
be pieced together via integration to derive conclusions of
a global nature about the variation of 𝐹 over [𝑎, 𝑏], a fun-
damental paradigm in calculus.

Intriguingly, while (1.1) is essentially optimal, dealing
with higher-dimensional versions of the Fundamental The-
orem of Calculus remains an active area of research in con-
temporary mathematics. In its standard version, with ℒ𝑛

denoting the 𝑛-dimensional Lebesgue measure in ℝ𝑛, the
Divergence Theorem asserts that

if Ω ⊆ ℝ𝑛 is a bounded domain of class 𝒞1,
with outward unit normal 𝜈 and surface mea-
sure 𝜎, then ∫Ω div ⃗𝐹 𝑑ℒ𝑛 = ∫𝜕Ω 𝜈 ⋅ ( ⃗𝐹||𝜕Ω) 𝑑𝜎
for each vector field ⃗𝐹 ∈ [𝒞1(Ω )]𝑛.

(1.2)
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Since the divergence of a continuously differentiable vec-
tor field ⃗𝐹 may be computed pointwise as (div ⃗𝐹)(𝑥) =
lim
𝑟→0+

ℒ𝑛(𝐵(𝑥, 𝑟))−1 ∫𝜕𝐵(𝑥,𝑟) (
𝑦−𝑥
𝑟
) ⋅ ⃗𝐹(𝑦) 𝑑ℋ 𝑛−1(𝑦), where

ℋ 𝑛−1 stands for the (𝑛 − 1)-dimensional Hausdorff mea-
sure in ℝ𝑛, it follows that the quantity (div ⃗𝐹)(𝑥) is em-
blematic of the tendency of a vector field ⃗𝐹 to collect (sink
effect) or disperse (source effect) at a point 𝑥. In view of
this feature, the Divergence Formula in (1.2) may be re-
garded as a conservation law, asserting that the solid inte-
gral of all such sources and sinks associated with a given
vector field is equal to the net flow of said vector field
through the solid’s boundary.1 Hence, in complete anal-
ogy to the Fundamental Theorem of Calculus mentioned
earlier, the Divergence Theorem describes how the infini-
tesimal sink/source effects created by a vector field may be
pieced together inside a given domain to produce a global,
macroscopic effect along the boundary.

The classical result recorded in (1.2) is usually associ-
ated with the names of J.-L. Lagrange, who first established
a special case of the Divergence Theorem in 1762 working
on the propagation of sound waves (cf. [14]); C. F. Gauss,
who independently considered a particular case in 1813
(cf. [9]); M. V. Ostrogradsky, who gave the first proof of the
general theorem in 1826 (cf. [20]); G. Green, who used a
related formula in 1828 (cf. [10]); A. Cauchy, who in 1846
first published, without proof, the nowadays familiar form
of Green’s theorem (cf. [1]); B. Riemann, who provided a
proof of Green’s formula in his 1851 inaugural disserta-
tion (see [21]); Lord Kelvin, who in 1850 discovered a spe-
cial version of Stokes’ theorem (in the three-dimensional
setting, also known as the curl theorem); and É. Cartan,
who first published the general formof Stokes’ theorem (in
the language of differential forms on manifolds) in 1945,
among others. However, a precise attribution is fraught
with difficulty since the Divergence Theorem in its mod-
ern format has undergone successive waves of reformula-
tions and generalizations, as well as more rigorous proofs,
with inputs from a multitude of sources (general historical
accounts may be found in [12] and [22]).

Specializing the Divergence Formula in (1.2) to the
case when ⃗𝐹 is the restriction to Ω of vector fields from
[𝒞∞

𝑐 (ℝ𝑛)]𝑛 (where 𝒞∞
𝑐 (ℝ𝑛) denotes the space of smooth,

compactly supported functions in ℝ𝑛) yields the state-
ment:

if Ω ⊆ ℝ𝑛 is a bounded domain of class 𝒞1,
with outward unit normal 𝜈 and surface mea-
sure 𝜎, then ∇𝟏Ω = −𝜈𝜎 in [𝒟 ′(ℝ𝑛)]𝑛,

(1.3)

1For instance, imagining ⃗𝐹 as the velocity field of an incompressible fluid flow
occupying a fixed region Ω, this informally states that “what goes in must come
out.”

where 𝟏Ω is the characteristic function ofΩ and𝒟 ′(ℝ𝑛) de-
notes the space of distributions in ℝ𝑛. Conversely, since
both ∇𝟏Ω and −𝜈𝜎 are vector distributions in ℝ𝑛 of order
≤ 1, their actions canonically extend to vector fields from
[𝒞1𝑐 (ℝ𝑛)]𝑛, in which scenario we recover (1.2). Hence,
(1.3) amounts to an equivalent reformulation of the classi-
cal Divergence Theorem (1.2), which has a purely geomet-
ric measure theoretic nature. In particular, (1.3) brings
into focus the fact that the distributional gradient of the
characteristic function of a bounded 𝒞1 domain is a locally
finite Borel vector-valued measure in ℝ𝑛.

As far as the latter property is concerned, R. Caccioppoli,
E. De Giorgi, and H. Federer registered a decisive leap for-
ward by considering the largest class of Euclidean subsets
enjoying said property, i.e., the class of sets of locally fi-
nite perimeter. It turns out that this consists of Lebesgue
measurable subsets Ω of ℝ𝑛 with the property that 𝟏Ω is
of locally bounded variation in ℝ𝑛, i.e., 𝟏Ω ∈ BVloc(ℝ𝑛).
In turn, membership to BVloc(ℝ𝑛) is conceived in such a
way that the Riesz Representation Theorem can naturally
be applied to the functional

Λ( ⃗𝐹) ∶= ∫
Ω
div ⃗𝐹 𝑑ℒ𝑛 for all ⃗𝐹 ∈ [𝒞1𝑐 (ℝ𝑛)]𝑛, (1.4)

to conclude that there exist a Borel measure 𝜎∗ in ℝ𝑛,
which is actually supported on 𝜕Ω, and a 𝜎∗-measurable
vector-valued function 𝜈 ∶ ℝ𝑛 → ℝ𝑛 satisfying |𝜈| = 1 at
𝜎∗-a.e. point in ℝ𝑛, such that

Λ( ⃗𝐹) = ∫
ℝ𝑛
𝜈 ⋅ ⃗𝐹 𝑑𝜎∗ for all ⃗𝐹 ∈ [𝒞1𝑐 (ℝ𝑛)]𝑛. (1.5)

The function 𝜈 is referred to as the geometric measure the-
oretic outward unit normal to Ω. Bearing in mind that 𝜎∗
is actually supported on 𝜕Ω, the following version of the
Divergence Theorem emerges from (1.4) and (1.5):

∫
Ω
div ⃗𝐹 𝑑ℒ𝑛 = ∫

𝜕Ω
𝜈 ⋅ ⃗𝐹 𝑑𝜎∗

for each vector field ⃗𝐹 ∈ [𝒞1𝑐 (ℝ𝑛)]𝑛.
(1.6)

The real achievement of De Giorgi and Federer is further
refining (1.6) by establishing that actually

𝜎∗ = ℋ 𝑛−1⌊𝜕∗Ω, (1.7)

where 𝜕∗Ω denotes the measure theoretic boundary of Ω,
defined as

𝜕∗Ω ∶= {𝑥 ∈ ℝ𝑛 ∶ lim sup
𝑟→0+

ℒ𝑛(𝐵(𝑥, 𝑟) ∩ Ω)
𝑟𝑛 > 0 and

lim sup
𝑟→0+

ℒ𝑛(𝐵(𝑥, 𝑟) ⧵ Ω)
𝑟𝑛 > 0}.

Hence, near points in 𝜕∗Ω there is enoughmass (relative to
the scale) both inΩ and inℝ𝑛⧵Ω. Let us also note that, in
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principle, 𝜕∗Ω can be a much smaller set than the topolog-
ical boundary 𝜕Ω. Substituting (1.7) back into (1.6) then
yields the following result:

Theorem 1.1 (DeGiorgi–Federer’s Divergence Theorem [4,
5,7,8]). LetΩ ⊆ ℝ𝑛 be a set of locally finite perimeter. Let 𝜈 be
the geometric measure theoretic outward unit normal to Ω, and
let 𝜎 ∶= ℋ 𝑛−1⌊𝜕Ω. Then for each vector field ⃗𝐹 ∈ [𝒞1𝑐 (ℝ𝑛)]𝑛

one has

∫
Ω
(div ⃗𝐹)||Ω 𝑑ℒ

𝑛 = ∫
𝜕∗Ω

𝜈 ⋅ ( ⃗𝐹||𝜕∗Ω) 𝑑𝜎. (1.8)

In a nutshell, one of the key results of the De Giorgi–
Federer theory is the identity

∇𝟏Ω = −𝜈 ℋ 𝑛−1⌊𝜕∗Ω
as distributions in ℝ𝑛, whenever

Ω ⊆ ℝ𝑛 is a set of locally finite perimeter,
which may then readily be reinterpreted as the Divergence
Formula (1.8) simply by untangling jargon. A timely expo-
sition may be found in [6, §5.8, Theorem 1, p. 209]. For
the original work see [4], [5], [7], [8], as well as [2] for
additional comments and references.

The nature of the Divergence Theorem is such that
the smoother the category of vector fields considered, the
rougher the class of domains which may be allowed in the
formulation of said theorem. While theDeGiorgi–Federer
version of the Divergence Theorem applies to a large class
of domains (i.e., sets of locally finite perimeter), the vector
fields involved are assumed to have components in𝒞1𝑐 (ℝ𝑛).
Thus, the vector fields in the De Giorgi–Federer version of
the Divergence Theorem belong to a very restrictive class,
are exceedingly regular, as well as completely unrelated to
the underlying domain. Moreover, when specialized to
the case 𝑛 = 1, for a finite interval of the real line, the
De Giorgi–Federer version of the Divergence Theorem for-
mulated in Theorem 1.1 fails to yield the sharp version of
the Fundamental Theorem of Calculus, recorded in (1.1).

While formula (1.8) has been successfully used inmany
branches of mathematics, Theorem 1.1 is not adequate for
a variety of problems in partial differential equations, scat-
tering, and harmonic analysis, since in many fundamen-
tal instances ⃗𝐹 is not continuous up to and including the
boundary, but rather the trace of ⃗𝐹 to 𝜕Ω is considered in
a pointwise nontangential sense. As such, one needs a di-
vergence formula for rough integrands and rough bound-
aries that can handle these cases. Of course, any signifi-
cant weakening of the assumptions on the vector field ⃗𝐹
in Theorem 1.1 should be accompanied by a correspond-
ing strengthening of the assumptions on the underlying
domain Ω. Ad hoc techniques, based on approximating
the original set Ω by a suitable sequence of subdomains
Ω𝑗 ↗ Ω, have sufficed for continuous vector fields in

Lipschitz domains, and also for a class of Reifenberg-flat
domains (cf. [3], [13]), but to go beyond this one needs
genuinely new techniques. Progress in this regard has been
registered in [11], which treats a much larger class of do-
mains than Lipschitz, without any flatness assumptions.
However, the version of the Divergence Theorem estab-
lished in [11] requires that the (nontangential) trace of the
vector field ⃗𝐹 on the boundary is 𝑝th power integrable for
some 𝑝 > 1. This requirement is an artifact of the proof,
which relies on the boundedness of the Hardy–Littlewood
maximal function on 𝐿𝑝 with 𝑝 > 1.

The goal of this article is to describe a new brand of
Divergence Theorem developed in [17] exhibiting the fol-
lowing features (all of which are absent from De Giorgi–
Federer’s version of the Divergence Theorem recorded in
Theorem 1.1):
• when 𝑛 = 1 and Ω is a finite interval on the real line,
our theorem reduces precisely to the sharp version of the
Fundamental Theorem of Calculus formulated in (1.1);
• the vector field ⃗𝐹 is intrinsically defined in Ω, and may
lack continuity, or even local boundedness;
• the divergence of ⃗𝐹 is computed in the sense of distribu-
tions and is allowed to exhibit certain types of singulari-
ties;
• the only quantitative aspect not directly associated with
the ability of writing the two integralsmaking up theDiver-
gence Formula in a meaningful way is an integrability con-
dition imposed on the nontangential maximal function of
the vector field ⃗𝐹;
• the trace of ⃗𝐹 on the boundary is considered in a point-
wise nontangential sense (i.e., considering the limit of ⃗𝐹
from within certain nontangential approach regions with
vertices at points on 𝜕Ω).

Compared with the classical results of De Giorgi–
Federer, our work brings into focus the role of the nontan-
gential maximal operator and the nontangential bound-
ary trace in the context of the Divergence Theorem. The
idea of imposing an integrability condition on the nontan-
gential maximal operator and then using this to prove the
existence of nontangential boundary limits originates in
the classical work of Fatou. In particular, the class of func-
tions for which such a nontangential boundary trace exists
serves as a natural enlargement of the category of functions
which are continuous up to, and including, the topological
boundary of the underlying domain. In a broader perspec-
tive, describing the qualitative and quantitative bound-
ary behavior of a function via its nontangential bound-
ary trace and its nontangential maximal operator is a nat-
ural point of view which has been adopted in a multitude
of branches of analysis. Concrete examples of this flavor,
highlighting the adequacy and appropriateness of taking
boundary traces in a nontangential pointwise sense, and
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imposing integrability conditions on the nontangential
maximal operator, include: Hardy space of holomor-
phic functions, singular integral operators of Calderón–
Zygmund-type, boundary value problems in rough do-
mains, and Fatou-type results.

2. Divergence Theorems with Nontangential
Pointwise Traces

Our first main result pertains to the Divergence Theorem
in its standard format, as the equality between the solid
integral of the divergence of a given vector field and the
boundary integral of the inner product of said field with
the geometric measure theoretic outward unit normal to
the underlying domain. In order to state it, a number of
definitions and preliminary results are discussed.

Given an open set Ω ⊆ ℝ𝑛 and an aperture parameter
𝜅 ∈ (0,∞), define the nontangential approach regions

Γ𝜅(𝑥) ∶= {𝑦 ∈ Ω ∶ |𝑦 − 𝑥| < (1 + 𝜅) dist (𝑦, 𝜕Ω)}
for each 𝑥 ∈ 𝜕Ω. In turn, these regions are used to define
the nontangential maximal operator 𝒩𝜅, acting on each
ℒ𝑛-measurable function 𝑢 defined in Ω according to2

(𝒩𝜅𝑢)(𝑥) ∶= ‖𝑢‖𝐿∞(Γ𝜅(𝑥),ℒ𝑛) for each 𝑥 ∈ 𝜕Ω.
Note that if we work (as one usually does) with equiva-
lence classes, obtained by identifying functions which co-
incide ℒ𝑛-a.e., the nontangential maximal operator is in-
dependent of the specific choice of a representative in a
given equivalence class. More generally, if 𝑢 ∶ Ω → ℝ
is a Lebesgue measurable function and 𝐸 ⊆ Ω is an ar-
bitrary ℒ𝑛-measurable set, we denote by 𝒩𝐸

𝜅 𝑢 the non-
tangential maximal function of 𝑢 restricted to 𝐸, that is,
𝒩𝐸
𝜅 𝑢 ∶ 𝜕Ω → [0,+∞] defined as

(𝒩𝐸
𝜅 𝑢)(𝑥) ∶= ‖𝑢‖𝐿∞(Γ𝜅(𝑥)∩𝐸,ℒ𝑛) for each 𝑥 ∈ 𝜕Ω.

Definition 2.1. Fix a background parameter 𝜅 > 0 and
let 𝑢 be a complex-valued Lebesgue measurable function
defined ℒ𝑛-a.e. in an open set Ω ⊂ ℝ𝑛. Consider a point
𝑥 ∈ 𝜕Ω such that 𝑥 ∈ Γ𝜅(𝑥). The 𝜅-nontangential limit of
𝑢 at 𝑥 from within Γ𝜅(𝑥) is said to exist, and its value is the
number 𝑎 ∈ ℂ, provided

for every 𝜀 > 0 there exists 𝑟 > 0 so that
|𝑢(𝑦)−𝑎| < 𝜀 for ℒ𝑛-a.e.𝑦 ∈ Γ𝜅(𝑥)∩𝐵(𝑥, 𝑟).

(2.1)

Whenever the 𝜅-nontangential limit of 𝑢 at 𝑥 from within

Γ𝜅(𝑥) exists, its value is denoted by (𝑢||
𝜅−n.t.

𝜕Ω )(𝑥).
Definition 2.2. Let Σ ⊆ ℝ𝑛 be a closed set.

(i) Σ is said to be lower Ahlfors regular provided there
exists a constant 𝑐 ∈ (0,∞) such that

𝑐 𝑟𝑛−1 ≤ ℋ 𝑛−1(𝐵(𝑥, 𝑟) ∩ Σ)
for each 𝑥 ∈ Σ and 𝑟 ∈ (0, 2 diam (Σ)).

(2.2)

2We make the convention that (𝒩𝜅𝑢)(𝑥) ∶= 0 whenever 𝑥 ∈ 𝜕Ω is such that
Γ𝜅(𝑥) = ∅.

(ii) Σ is said to be upper Ahlfors regular if there exists
a constant 𝐶 ∈ (0,∞) with the property that

ℋ 𝑛−1(𝐵(𝑥, 𝑟) ∩ Σ) ≤ 𝐶 𝑟𝑛−1

for each 𝑥 ∈ Σ and 𝑟 > 0.
(2.3)

(iii) Σ is said to be Ahlfors regular3 if it is both lower
and upper Ahlfors regular.

Definition 2.3. Given an arbitrary nonempty open proper
subset Ω of ℝ𝑛, define its nontangentially accessible
boundary as

𝜕ntaΩ ∶= {𝑥 ∈ 𝜕Ω ∶ 𝑥 ∈ Γ𝜅(𝑥) for each 𝜅 > 0}. (2.4)

A basic result proved in [17] states that if Ω ⊆ ℝ𝑛 is
an open set with a lower Ahlfors regular boundary and
such that the measure 𝜎 ∶= ℋ 𝑛−1⌊𝜕Ω is doubling,4 then
𝜎(𝜕∗Ω ⧵ 𝜕ntaΩ) = 0; that is, the set 𝜕ntaΩ covers 𝜕∗Ω up to
a 𝜎-nullset.
Hypothesis 2.4. Fix 𝑛 ∈ ℕ and let Ω be a nonempty, proper,
open subset of ℝ𝑛, with a lower Ahlfors regular boundary such
that 𝜎 ∶= ℋ 𝑛−1⌊𝜕Ω is a doubling measure. Throughout, the
symbol 𝜈 is reserved for the geometric measure theoretic outward
unit normal to Ω.

In the context of Hypothesis 2.4, Ω is a set of locally fi-
nite perimeter, so 𝜈 is defined 𝜎-a.e. on 𝜕∗Ω. Also, if 𝜕Ω is
actually Ahlfors regular, then automatically 𝜎 is doubling.
Here is the actual statement of the theorem alluded to ear-
lier:

Theorem 2.5. Assume Hypothesis 2.4. Fix 𝜅 ∈ (0,∞) and
assume that ⃗𝐹 = (𝐹1, … , 𝐹𝑛) ∶ Ω → ℂ𝑛 is a vector field with
Lebesgue measurable components, satisfying

⃗𝐹||
𝜅−n.t.

𝜕Ω exists (in ℂ𝑛) at 𝜎-a.e. point on 𝜕ntaΩ,
𝒩𝜅 ⃗𝐹 belongs to the space 𝐿1(𝜕Ω, 𝜎), and

div ⃗𝐹 ∶= 𝜕1𝐹1 +⋯+ 𝜕𝑛𝐹𝑛 ∈ 𝐿1(Ω,ℒ𝑛),

(2.5)

where all partial derivatives are considered in the sense of distri-
butions in Ω.

Then for any 𝜅 ′ > 0 the nontangential trace ⃗𝐹||
𝜅 ′−n.t.

𝜕Ω ex-
ists 𝜎-a.e. on 𝜕ntaΩ and is actually independent of 𝜅 ′. When
regarding it as a function defined 𝜎-a.e. on 𝜕∗Ω (which, up
to a 𝜎-nullset, is contained in 𝜕ntaΩ), this nontangential trace

belongs to [𝐿1(𝜕∗Ω, 𝜎)]
𝑛
. Also, with the dependence on the pa-

rameter 𝜅 ′ dropped, one has

∫
Ω
div ⃗𝐹 𝑑ℒ𝑛 = ∫

𝜕∗Ω
𝜈 ⋅ ( ⃗𝐹 ||

n.t.

𝜕Ω) 𝑑𝜎 (2.6)

when either Ω is bounded, or 𝜕Ω is unbounded and 𝑛 ≥ 2. In
the remaining cases, i.e., when Ω is unbounded, and either 𝜕Ω
3Often, this is referred to as Ahlfors–David regular, or ADR for short.
4That is, there exists some 𝐶 ∈ [1,∞) such that 0 < 𝜎(𝐵(𝑥, 2𝑟) ∩ 𝜕Ω) ≤
𝐶𝜎(𝐵(𝑥, 𝑟) ∩ 𝜕Ω) < +∞ for all 𝑥 ∈ 𝜕Ω and 𝑟 ∈ (0,∞).
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is bounded or 𝑛 = 1, formula (2.6) continues to hold under the
additional assumption that there exists 𝜆 ∈ (1,∞) such that

∫
𝐴𝜆,𝑅 ∩Ω

|𝑥 ⋅ ⃗𝐹(𝑥)| 𝑑ℒ𝑛(𝑥) = 𝑜(𝑅 2) as 𝑅 → ∞,

where 𝐴𝜆,𝑅 ∶= 𝐵(0, 𝜆 𝑅) ⧵ 𝐵(0, 𝑅).
(2.7)

This result refines work in [11], [15], [18], [19], where
earlier versions, interesting in their own right, along with
proofs and a wealth of applications may be found. The
current, sharp version, appears in [17].

As expected, Theorem 2.5 contains (1.2) as a special
case. More generally, the scenario in whichΩ is a bounded
Lipschitz domain in ℝ𝑛 and ⃗𝐹 ∈ [𝒞 0(Ω )]𝑛 is a vector

field which is differentiable at every point inΩ and
𝑛
∑
𝑗=1

𝜕𝑗𝐹𝑗
(where the partial derivatives are considered in a pointwise,
classical sense) is continuous and absolutely integrable on
Ω is also covered by Theorem 2.5. Significantly, Theo-
rem 2.5 contains (when 𝑛 = 1) the sharp form of the Fun-
damental Theorem of Calculus recalled in (1.1).

Going further, observe that absolutely integrable func-
tions in an open subset Ω of ℝ𝑛 may be identified with
complex Borel measures in Ω (the collection of which is
henceforth denoted by CBM(Ω)) via

𝐿1(Ω,ℒ𝑛) ∋ 𝑓⟼ 𝑓ℒ𝑛 ∈ CBM(Ω). (2.8)

A useful generalization of Theorem 2.5 is obtained by re-
placing the last condition in (2.5) with the requirement
that

the distribution div ⃗𝐹 ∶= ∑𝑛
𝑗=1 𝜕𝑗𝐹𝑗 ∈ 𝒟 ′(Ω)

extends to a complex Borel measure in Ω.
(2.9)

Retaining the symbol div ⃗𝐹 for the said extension, formula
(2.12) takes the form

(div ⃗𝐹)(Ω) = ∫
𝜕∗Ω

𝜈 ⋅ ( ⃗𝐹 ||
n.t.

𝜕Ω) 𝑑𝜎. (2.10)

We can also dispense with the decay condition (2.7) at
the expense of an additional term, encoding information
about the behavior of ⃗𝐹 at infinity. Specifically, if one fixes
some 𝜙 ∈ 𝒞∞

𝑐 (ℝ𝑛) satisfying 𝜙 ≡ 1 near the origin in ℝ𝑛,
it follows that the limit

[ ⃗𝐹 ]∞ ∶= lim
𝑅→∞

{ 1𝑅 ∫
Ω
(∇𝜙)(𝑥/𝑅) ⋅ ⃗𝐹(𝑥) 𝑑ℒ𝑛(𝑥)} (2.11)

(henceforth termed the contribution of ⃗𝐹 at infinity) exists
and

(div ⃗𝐹)(Ω) = ∫
𝜕∗Ω

𝜈 ⋅ ( ⃗𝐹 ||
n.t.

𝜕Ω) 𝑑𝜎 − [ ⃗𝐹 ]∞. (2.12)

Once the possibility of allowing the divergence of the
vector field to belong to a class larger than the collection of
integrable functions is considered, other natural options
present themselves. To discuss an important case of this

flavor, we start by observing that, given a nonempty open
set Ω ⊆ ℝ𝑛, one has the injective embeddings5

ℰ′(Ω) ↪ 𝒟′(Ω) and

𝐿1(Ω,ℒ𝑛) ↪ CBM(Ω) ↪ 𝒟′(Ω).
(2.13)

In view of these embeddings, it makes sense to consider
the subspace ℰ′(Ω) +CBM(Ω) of𝒟′(Ω) defined as the col-
lection of those 𝑢 ∈ 𝒟′(Ω) for which there exist some
𝑤 ∈ ℰ′(Ω) and 𝜇 ∈ CBM(Ω) such that 𝑢 = 𝑤 + 𝜇 in
𝒟′(Ω). We also introduce the space of smooth, bounded,
complex-valued functions in Ω, i.e.,

𝒞∞
𝑏 (Ω) ∶= {𝑓 ∈ 𝒞∞(Ω) ∶ 𝑓 bounded in Ω}, (2.14)

and denote by (𝒞∞
𝑏 (Ω))∗ the algebraic dual of this linear

space. Throughout, we shall use 𝑋∗(⋅, ⋅)𝑋 to denote the du-
ality pairing between a linear space𝑋 and its algebraic dual
𝑋∗.

Theorem 2.6. Assume Hypothesis 2.4. Fix 𝜅 ∈ (0,∞) and
assume that the vector field

⃗𝐹 = (𝐹1, … , 𝐹𝑛) ∈ [𝒟 ′(Ω)]𝑛 (2.15)

is such that there exists a compact set 𝐾 contained in Ω satisfy-
ing

⃗𝐹||Ω⧵𝐾 ∈ [𝐿1loc(Ω ⧵ 𝐾,ℒ𝑛)]𝑛 and

𝒩Ω⧵𝐾
𝜅 ⃗𝐹 ∈ 𝐿1loc(𝜕Ω, 𝜎).

(2.16)

In addition, assume that the pointwise nontangential boundary
trace

⃗𝐹||
𝜅−n.t.

𝜕Ω = (𝐹1||
𝜅−n.t.

𝜕Ω , … , 𝐹𝑛||
𝜅−n.t.

𝜕Ω )
exists (in ℂ𝑛) at 𝜎-a.e. point on 𝜕ntaΩ, has the property that

𝜈 ⋅ ( ⃗𝐹||
𝜅−n.t.

𝜕Ω ) ∈ 𝐿1(𝜕∗Ω, 𝜎), (2.17)

and the divergence of ⃗𝐹, taken in the sense of distributions in
Ω, is the sum (in𝒟 ′(Ω)) of a compactly supported distribution
in Ω and a complex Borel measure in Ω, i.e.,

div ⃗𝐹 ∈ ℰ ′(Ω) + CBM(Ω). (2.18)

Then for any 𝜅 ′ > 0 the nontangential trace ⃗𝐹||
𝜅 ′−n.t.

𝜕Ω exists
𝜎-a.e. on 𝜕ntaΩ and is actually independent of 𝜅 ′. In addition,
with the dependence on the parameter 𝜅 ′ dropped, one has

(𝒞∞
𝑏 (Ω))∗(div ⃗𝐹 , 1)𝒞∞

𝑏 (Ω) = ∫
𝜕∗Ω

𝜈 ⋅ ( ⃗𝐹 ||
n.t.

𝜕Ω) 𝑑𝜎 − [ ⃗𝐹 ]∞.

Also, the contribution at infinity vanishes, i.e., [ ⃗𝐹 ]∞ = 0,
whenever there exists 𝜆 ∈ (1,∞) such that

∫
𝐴𝜆,𝑅 ∩Ω

|𝑥 ⋅ ⃗𝐹(𝑥)| 𝑑ℒ𝑛(𝑥) = 𝑜(𝑅 2) as 𝑅 → ∞,

where 𝐴𝜆,𝑅 ∶= 𝐵(0, 𝜆 𝑅) ⧵ 𝐵(0, 𝑅).
(2.19)

5Recall that ℰ′(Ω) is the subspace of 𝒟′(Ω) consisting of all compactly sup-
ported distributions in Ω.
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In such a scenario, the above Divergence Formula reduces to

(𝒞∞
𝑏 (Ω))∗(div ⃗𝐹 , 1)𝒞∞

𝑏 (Ω) = ∫
𝜕∗Ω

𝜈 ⋅ ( ⃗𝐹 ||
n.t.

𝜕Ω) 𝑑𝜎. (2.20)

Finally, condition (2.19) is automatically satisfied when ei-
ther Ω is bounded, or

𝜕Ω is unbounded, 𝑛 ≥ 2,
and 𝒩Ω⧵𝐾

𝜅 ⃗𝐹 ∈ 𝐿1(𝜕Ω, 𝜎).
(2.21)

Hence, (2.20) holds in either of these cases.

Theorem 2.6 is proved employing a localization argu-
ment aimed at decomposing the given vector field into a
regular part, to which Theorem 2.5 applies, plus a singu-
lar part which has compact support and, as such, can be
handled directly (using distribution theory; cf. [16]).

There is also a version of Theorem 2.6 formulated in
an open set Ω ⊆ ℝ𝑛 without imposing the condition that
the “surface measure” 𝜎 ∶= ℋ 𝑛−1⌊𝜕Ω is doubling. Re-
markably, there is only a relatively small price to pay in
this scenario, namely, the loss of flexibility in the choice
of the aperture parameter 𝜅 ∈ (0,∞) used to define the
nontangential approach regions entering the definition of

the nontangential boundary trace ⃗𝐹||
𝜅−n.t.

𝜕Ω and the nontan-

gential maximal function 𝒩𝜅 ⃗𝐹 for the given vector field ⃗𝐹.
At the same time, we may further relax the demand made
in (2.18) on the nature of the distribution div ⃗𝐹 by now
merely asking that this be extended to a functional in the
algebraic dual (𝒞∞

𝑏 (Ω))∗ exhibiting a mild, natural, conti-
nuity property (that is automatically satisfied when (2.18)
holds).

We also wish to note that the results presented here are
robust, as they continue to work in other settings of inter-
est. For example, we have a natural version of the classi-
cal Stokes theorem for differential forms on manifolds in
which the pullback of the given form to the boundary is
now interpreted as a suitable Radon measure.

3. Some Applications
The Divergence Theorems presented earlier share a num-
ber of common features. For example, all vector fields in-
volved may lack any type of continuity, and their bound-
ary traces are taken in a nontangential pointwise fash-
ion. The rationale for insisting on such characteristics
may be traced back to classical results in harmonic anal-
ysis, complex analysis, partial differential equations, and
potential theory (specifically, the theory of Hardy spaces,
Fatou-type theorems, elliptic boundary value problems,
and Calderón–Zygmund theory for singular integral oper-
ators, among others). In turn, this innate affinity with the
very nature of this body of mathematics makes our brand
of Divergence Theorem an effective tool in dealing with
problems in these areas. A vast number of applications

are discussed at length in the monograph [17]. Here we
limit ourselves to presenting a couple of applications of
general appeal.

First, we consider a versatile version of the integration
by parts formula for first-order operators. To facilitate its
statement, given any constant coefficient first-order system
𝐷 = ∑𝑗 𝐴𝑗𝜕𝑗 + 𝐵 we agree to define its (real) transpose

as the operator 𝐷⊤ ∶= −∑𝑗 𝐴⊤𝑗 𝜕𝑗 + 𝐵⊤, and its principal
symbol as the matrix-valued function associating to each
𝜉 = (𝜉𝑗)𝑗 ∈ ℝ𝑛 the matrix Sym (𝐷 ; 𝜉) = ∑𝑗 𝜉𝑗𝐴𝑗.

Theorem 3.1. Assume Hypothesis 2.4. Let 𝐷 be an 𝑁 × 𝑀
first-order system with constant complex coefficients in ℝ𝑛, and
let 𝑢 ∶ Ω → ℂ𝑀 , 𝑤 ∶ Ω → ℂ𝑁 be Lebesgue measurable
functions satisfying, for some 𝜅, 𝜅 ′ > 0,

𝒩𝜅𝑢 < ∞ and 𝒩𝜅 ′𝑤 < ∞ at 𝜎-a.e. point on 𝜕Ω,
𝒩𝜅𝑢 ⋅ 𝒩𝜅 ′𝑤 belongs to the space 𝐿1(𝜕Ω, 𝜎),

𝑢||
𝜅−n.t.

𝜕Ω , 𝑤||
𝜅 ′−n.t.

𝜕Ω exist at 𝜎-a.e. point on 𝜕ntaΩ,

𝐷𝑢 ∈ [𝐿1loc(Ω,ℒ𝑛)]𝑁 , 𝐷⊤𝑤 ∈ [𝐿1loc(Ω,ℒ𝑛)]𝑀 ,
⟨𝐷𝑢,𝑤⟩ ∈ 𝐿1(Ω,ℒ𝑛) and ⟨𝑢, 𝐷⊤𝑤⟩ ∈ 𝐿1(Ω,ℒ𝑛).

Then for any 𝜅″ > 0 the nontangential traces 𝑢||
𝜅″−n.t.

𝜕Ω ,

𝑤||
𝜅″−n.t.

𝜕Ω exist 𝜎-a.e. on 𝜕ntaΩ and are actually independent of
𝜅″. When regarding them as functions defined 𝜎-a.e. on 𝜕∗Ω
and dropping the dependence on the parameter 𝜅″, the follow-
ing integration by parts formula, involving absolutely convergent
integrals, holds:

∫
Ω
⟨𝐷𝑢,𝑤⟩ 𝑑ℒ𝑛 =∫

Ω
⟨𝑢, 𝐷⊤𝑤⟩ 𝑑ℒ𝑛 (3.1)

+∫
𝜕∗Ω

⟨Sym (𝐷 ; 𝜈)(𝑢||
n.t.

𝜕Ω) , 𝑤||
n.t.

𝜕Ω⟩ 𝑑𝜎,

when either Ω is bounded, or 𝜕Ω is unbounded and 𝑛 ≥ 2.
Furthermore, formula (3.1) also holds if Ω is unbounded, and
either 𝜕Ω is bounded or 𝑛 = 1, provided there exists 𝜆 ∈ (1,∞)
such that

∫
𝐴𝜆,𝑅 ∩Ω

|𝑢||𝑤| 𝑑ℒ𝑛 = 𝑜(𝑅) as 𝑅 → ∞,

where 𝐴𝜆,𝑅 ∶= 𝐵(0, 𝜆 𝑅) ⧵ 𝐵(0, 𝑅).
(3.2)

Of course, some of the most familiar choices for 𝐷
are the gradient, curl, and divergence operators. Also, a
closely related version of this theorem holds on Riemann-
ian manifolds, where natural choices for 𝐷 include the
exterior derivative operator, the deformation tensor, the
Levi-Civita connection, etc. (see the discussion in [18]
on this topic). Regarding the optimality of Theorem 3.1,
a glimpse is offered by considering the very special case
when 𝑛 = 1, Ω = (𝑎, 𝑏) ⊂ ℝ, and 𝐷 = 𝑑/𝑑𝑥. Then Theo-
rem 3.1 asserts that for any functions 𝑢,𝑤 ∈ 𝐿∞(𝑎, 𝑏) with
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𝑢 ′, 𝑤 ′ ∈ 𝐿1loc(𝑎, 𝑏), such that 𝑢 ′𝑤 and 𝑢𝑤 ′ are in 𝐿1(𝑎, 𝑏),
and the limits 𝑢(𝑎+) ∶= lim

𝑥→𝑎+
𝑢(𝑥), 𝑤(𝑎+) ∶= lim

𝑥→𝑎+
𝑤(𝑥),

𝑢(𝑏−) ∶= lim
𝑥→𝑏−

𝑢(𝑥), 𝑤(𝑏−) ∶= lim
𝑥→𝑏−

𝑤(𝑥) exist, we have

∫
𝑏

𝑎
𝑢 ′𝑤𝑑𝑥 = 𝑢(𝑏−)𝑤(𝑏−) − 𝑢(𝑎+)𝑤(𝑎+) −∫

𝑏

𝑎
𝑢𝑤 ′ 𝑑𝑥.

The special case when 𝑢 ∈ AC([𝑎, 𝑏]) and 𝑤 = 1 yields the
sharp Fundamental Theorem of Calculus stated in (1.1).

Sketch of proof of Theorem 3.1. If 𝐷 = ∑𝑛
𝑗=1 𝐴𝑗𝜕𝑗 + 𝐵, then

the idea is to apply Theorem 2.5 to the vector field
⃗𝐹 = (𝐹𝑗)1≤𝑗≤𝑛, whose 𝑗th component is 𝐹𝑗 ∶= ⟨𝐴𝑗𝑢,𝑤⟩

for each 𝑗 ∈ {1, … , 𝑛}. Upon checking that div ⃗𝐹 =
⟨𝐷𝑢,𝑤⟩ − ⟨𝑢, 𝐷⊤𝑤⟩ in 𝒟′(Ω) and that ⃗𝐹||

𝜅−n.t.

𝜕Ω is given by

⟨Sym (𝐷 ; 𝜈)(𝑢||
𝜅−n.t.

𝜕Ω ) , 𝑤||
𝜅−n.t.

𝜕Ω ⟩ at 𝜎-a.e. point on 𝜕ntaΩ, the
formula claimed in (3.1) is implied by (2.6). □

Our second application is a very general version of the
Cauchy–Pompeiu representation formula. To state it, we
first recall that the Cauchy–Riemann operator 𝜕 in the
plane and its conjugate are, respectively, defined as

𝜕 ∶= 1
2
(𝜕𝑥 + 𝑖 𝜕𝑦) and 𝜕 ∶= 1

2
(𝜕𝑥 − 𝑖 𝜕𝑦), (3.3)

where 𝑖 ∶= √−1 ∈ ℂ. Given any Lebesgue measurable set
Ω ⊆ ℝ2 ≡ ℂ of locally finite perimeter, we agree to define
the complex arc-length measure on 𝜕Ω by

𝑑𝜁 ∶= −2𝑖 𝜕𝟏Ω, (3.4)

where the derivatives are taken in the sense of distributions
in ℝ2. Hence, if 𝜎 ∶= ℋ1⌊𝜕Ω and 𝜈 denotes the geometric
measure theoretic outward unit normal to Ω (canonically
identified with a complex-valued measure), it follows that
the complex arc-length measure on 𝜕Ω is supported on
𝜕∗Ω and satisfies

𝑑𝜁 = 𝑖 𝜈(𝜁) 𝑑𝜎(𝜁) on 𝜕∗Ω. (3.5)

Theorem 3.2. Let Ω ⊆ ℝ2 ≡ ℂ be an open set with a lower
Ahlfors regular boundary, such that 𝜎 ∶= ℋ1⌊𝜕Ω is a doubling
measure on 𝜕Ω. In this context, suppose 𝑢 ∶ Ω → ℂ is an
ℒ2-measurable complex-valued function which, for some 𝜅 > 0,
satisfies

∫
𝜕Ω

(𝒩𝜅𝑢)(𝜁)
1 + |𝜁| 𝑑𝜎(𝜁) < +∞,

and 𝑢||
𝜅−n.t.

𝜕Ω exists 𝜎-a.e. on 𝜕ntaΩ.
(3.6)

In addition, with the Cauchy–Riemann operator 𝜕 taken in the
sense of distributions in Ω, assume that

𝜕𝑢 ∈ 𝐿1(Ω , 𝑑ℒ
2(𝜁)

1 + |𝜁| ). (3.7)

Then for any 𝜅 ′ > 0 the nontangential trace 𝑢||
𝜅 ′−n.t.

𝜕Ω exists
at 𝜎-a.e. point on 𝜕ntaΩ and is actually independent of 𝜅 ′.
Moreover, with the dependence on the parameter 𝜅 ′ dropped,
for ℒ2-a.e. point 𝑧 ∈ Ω one has (with absolutely convergent
integrals)

𝑢(𝑧) = 1
2𝜋𝑖 ∫𝜕∗Ω

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 𝑑𝜁 (3.8)

− 1
𝜋 ∫

Ω

(𝜕𝑢)(𝜁)
𝜁 − 𝑧 𝑑ℒ2(𝜁),

provided Ω is bounded, or 𝜕Ω is unbounded. In the remaining
case, i.e., when Ω is unbounded and 𝜕Ω is bounded (that is,
when Ω is an exterior domain), formula (3.8) holds under the
additional assumption that there exists 𝜆 ∈ (1,∞) such that

−∫
𝐴𝜆,𝑅

|𝑢| 𝑑ℒ2 = 𝑜(1) as 𝑅 → ∞,

where 𝐴𝜆,𝑅 ∶= 𝐵(0, 𝜆 𝑅) ⧵ 𝐵(0, 𝑅).
(3.9)

As a corollary, if 𝜕𝑢 = 0 in Ω, then one has the Cauchy
integral representation formula

𝑢(𝑧) = 1
2𝜋𝑖 ∫𝜕∗Ω

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 𝑑𝜁, ∀ 𝑧 ∈ Ω, (3.10)

providedΩ is bounded, or 𝜕Ω is unbounded. In addition, when
Ω is unbounded and 𝜕Ω is bounded, formula (3.10) continues
to be valid provided (3.9) is also assumed.

Proof. That for any 𝜅 ′ > 0 the nontangential trace 𝑢||
𝜅 ′−n.t.

𝜕Ω
exists 𝜎-a.e. on 𝜕ntaΩ and is independent of 𝜅 ′ is proved
in [17]. We make two observations. One is that the first
property in (3.6) entails

𝑢 ∈ 𝐿∞loc(Ω,ℒ2). (3.11)

The other one is that (3.7) implies that for ℒ2-a.e. 𝑧 ∈ ℂ
we have

∫
Ω

||||
(𝜕𝑢)(𝜁)
𝜁 − 𝑧

||||
𝑑ℒ2(𝜁) < +∞. (3.12)

Indeed, since elementary considerations show that there
exists a constant 𝐶 ∈ (0,∞) such that for each 𝑅 ∈ (0,∞)
we have

∫
𝐵(0,𝑅)

𝑑ℒ2(𝑧)
|𝑧 − 𝜁| ≤ 𝐶 ⋅ 𝑅 2

𝑅 + |𝜁| for all 𝜁 ∈ ℂ, (3.13)

for each 𝑅 ∈ (0,∞) one can use the Fubini–Tonelli

OCTOBER 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1301



Theorem to write

∫
𝐵(0,𝑅)

(∫
Ω

|(𝜕𝑢)(𝜁)|
|𝜁 − 𝑧| 𝑑ℒ2(𝜁))𝑑ℒ2(𝑧)

= ∫
Ω
|(𝜕𝑢)(𝜁)|(∫

𝐵(0,𝑅)

𝑑ℒ2(𝑧)
|𝜁 − 𝑧| )𝑑ℒ

2(𝜁)

≤ 𝐶𝑅∫
Ω

|(𝜕𝑢)(𝜁)|
1 + |𝜁| 𝑑ℒ2(𝜁) < +∞ (3.14)

for some constant𝐶𝑅 ∈ (0,∞). In turn, (3.14) implies that
(3.13) holds for ℒ2-a.e. point 𝑧 ∈ 𝐵(0, 𝑅), and the desired
conclusion follows on account of the arbitrariness of 𝑅.

Next, fix a Lebesgue point 𝑧 ∈ Ω of 𝑢 with the property
that (3.12) holds, and define the vector field

⃗𝐹𝑧(𝜁) ∶= ( 𝑢(𝜁)𝜁 − 𝑧 , 𝑖
𝑢(𝜁)
𝜁 − 𝑧 ) for ℒ2-a.e. 𝜁 ∈ Ω. (3.15)

Then from (3.15) and (3.11) one concludes that ⃗𝐹𝑧 belongs

to [𝐿1loc(Ω,ℒ2)]2. Also, with 𝛿𝑧 denoting the Dirac distri-
bution with mass at 𝑧, we have

div ⃗𝐹𝑧(𝜁) = 2𝜕𝜁[
𝑢(𝜁)
𝜁 − 𝑧] (3.16)

= 2𝜋𝑢(𝑧)𝛿𝑧 + 2 (𝜕𝑢)(𝜁)𝜁 − 𝑧 in 𝒟 ′(Ω),

where the last equality is a slight extension of [16, Exer-
cise 7.47, p. 292]. In particular, (3.16) and (3.12) imply
that

div ⃗𝐹𝑧 belongs to ℰ′(Ω) + 𝐿1(Ω,ℒ2). (3.17)

If we now consider 𝐾 ∶= 𝐵(𝑧, dist (𝑧, 𝜕Ω)/2), then 𝐾 is a
compact set contained in Ω and (3.15) allows us to esti-
mate

(𝒩Ω⧵𝐾
𝜅 ⃗𝐹𝑧)(𝜁) ≤ 𝐶𝑧

(𝒩𝜅𝑢)(𝜁)
|𝜁 − 𝑧| for all 𝜁 ∈ 𝜕Ω. (3.18)

In turn, from (3.18) and the first condition in (3.6) we
conclude that 𝒩Ω⧵𝐾

𝜅 ⃗𝐹𝑧 ∈ 𝐿1(𝜕Ω, 𝜎). Moreover, (3.15) and

the assumptions on 𝑢 imply that ⃗𝐹𝑧||
𝜅−n.t.

𝜕Ω exists 𝜎-a.e. in
𝜕ntaΩ and, in fact, that

( ⃗𝐹𝑧||
𝜅−n.t.

𝜕Ω
)(𝜁) = (

(𝑢||
𝜅−n.t.

𝜕Ω )(𝜁)
𝜁 − 𝑧 , 𝑖

(𝑢||
𝜅−n.t.

𝜕Ω )(𝜁)
𝜁 − 𝑧 )

for 𝜎-a.e. 𝜁 ∈ 𝜕ntaΩ.
(3.19)

Finally, observe that in the case when Ω is an exterior
domain, condition (3.9) implies that

∫
𝐴𝜆,𝑅

| ⃗𝐹𝑧| 𝑑ℒ2 = 𝑜(𝑅) as 𝑅 → ∞. (3.20)

In summary, we have proved that ⃗𝐹𝑧 satisfies all hy-
potheses in Theorem 2.6 whenever 𝑧 ∈ Ω is a Lebesgue

point of 𝑢 with the property that (3.12) holds. In com-
bination with (3.16) and (3.19) (and also assuming (3.9)
in the case when Ω is an exterior domain), for each such
point 𝑧 this permits us to write

2𝜋𝑢(𝑧) + 2∫
Ω

(𝜕𝑢)(𝜁)
𝜁 − 𝑧 𝑑ℒ2(𝜁)

= (𝒞∞
𝑏 (Ω))∗(div ⃗𝐹𝑧, 1)𝒞∞

𝑏 (Ω) = ∫
𝜕∗Ω

⟨𝜈 , ⃗𝐹𝑧 ||
n.t.

𝜕Ω⟩ 𝑑𝜎

= ∫
𝜕∗Ω

⟨𝜈(𝜁) , (
(𝑢||

n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 , 𝑖

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 )⟩ 𝑑𝜎(𝜁)

= ∫
𝜕∗Ω

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 𝜈(𝜁) 𝑑𝜎(𝜁)

= 1
𝑖 ∫𝜕∗Ω

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 𝑑𝜁, (3.21)

where the last equality uses (3.5). From this (3.8) follows
at each Lebesgue point 𝑧 ∈ Ω of 𝑢 such that (3.12) holds,
hence at ℒ2-a.e. point 𝑧 ∈ Ω. □

It turns out that the doubling assumption on the mea-
sure 𝜎 ∶= ℋ1⌊𝜕Ω may be relaxed to simply asking that 𝜎
be a locally finite measure on 𝜕Ω. The price to pay is hav-
ing to demand that the aperture parameter 𝜅 be sufficiently
large (depending onΩ) to begin with, and wemay lose the
flexibility of changing it when considering nontangential
boundary traces. Modulo these nuances, the format of the
main result (i.e., the integral representation formula (3.8))
remains the same.

This being said, the lower Ahlfors regularity condition
for 𝜕Ω may not be simply dropped. To see this, consider
the open subset Ω ∶= 𝐵(0, 1) ⧵ {0} of ℂ and the function
𝑢 ∶ Ω → ℂ defined as 𝑢(𝜁) ∶= 1

𝜁
for each 𝜁 ∈ Ω. It is

clear that 𝜎 ∶= ℋ1⌊𝜕Ω is a locally finite measure. Also,
the function 𝑢 is holomorphic inΩ, and the conditions in

(3.6) are satisfied for any 𝜅 > 0. In addition, (𝑢||
n.t.

𝜕Ω)(𝜁) =
1
𝜁

for every 𝜁 ∈ 𝜕𝐵(0, 1). If we now fix a point 𝑧 ∈ Ω and
define 𝑓(𝜁) ∶= 1

𝜁(𝜁−𝑧)
for 𝜁 ∈ ℂ ⧵ {𝑧, 0}, we have that 𝑓 is

meromorphic with poles of order one at 0 and 𝑧. Hence,
the boundary integral in the right-hand side of (3.8) may
be computed using the Residue Theorem as

∫
𝜕𝐵(0,1)

𝑓(𝜁) 𝑑𝜁 = 2𝜋𝑖[Res(𝑓, 𝑧) + Res(𝑓, 0)]

= 2𝜋𝑖[1𝑧 −
1
𝑧] = 0. (3.22)

Given that the solid integral in (3.8) is zero, if (3.8) were
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to hold in this case, we would obtain 𝑢(𝑧) = 0 for each
𝑧 ∈ Ω, a contradiction.

We also wish to stress that both assumptions in (3.6)
are necessary. To see that this is the case, consider the slit
disk Ω ∶= {𝑧 ∈ 𝐵(0, 1) ∶ 𝑧 ∉ [0, 1)} and bring in the

holomorphic function 𝑢 ∶ Ω → ℂ given by 𝑢(𝜁) ∶= 1
𝜁
for

each 𝜁 ∈ Ω. Then the boundary integral in (3.8) is just as
in (3.22), hence zero. Thus, (3.8) becomes 𝑢(𝑧) = 0 for
each 𝑧 ∈ Ω, a contradiction. In this scenario, Ω satisfies
all geometric hypotheses stipulated in Theorem 3.2, and
𝑢 satisfies all but the first condition in (3.6). The latter
presently fails. Specifically, since for each fixed 𝜅 > 0 we
have (𝒩𝜅𝑢)(𝑥) ≈ 𝑥−1 uniformly for 𝑥 ∈ (0, 1) ⊆ 𝜕Ω, it
follows that

𝒩𝜅𝑢 ∈ 𝐿1,∞(𝜕Ω, 𝜎) but 𝒩𝜅𝑢 ∉ 𝐿1(𝜕Ω, 𝜎). (3.23)

This shows that the first condition in (3.6) is indeed neces-
sary.

As regards the necessity of the second condition in (3.6),
consider the open subset of ℂ described as

Ω ∶= {𝑧 ∈ 𝐵(0, 1) ∶ 𝑧 ∉ [ − 1
2
, + 1

2
] × {0}}, (3.24)

pick some 𝑓 ∈ 𝒞 0
𝑐 ((−

1
2
, + 1

2
)) which is not identically zero,

then define the function

𝑢(𝑧) ∶= 1
2𝜋𝑖 ∫

1/2

−1/2

𝑓(𝑡)
𝑧 − 𝑡 𝑑𝑡 ∀ 𝑧 ∈ Ω. (3.25)

Then 𝑢 is holomorphic in Ω, and

(𝑢||
n.t.

𝜕Ω)(𝜁) =
1
2𝜋𝑖 ∫

1/2

−1/2

𝑓(𝑡)
𝜁 − 𝑡 𝑑𝑡

for each 𝜁 ∈ 𝜕∗Ω = 𝜕𝐵(0, 1).
(3.26)

Consequently, Fubini’s Theorem implies that for each
point 𝑧 ∈ Ω we have

∫
𝜕∗Ω

(𝑢||
n.t.

𝜕Ω)(𝜁)
𝜁 − 𝑧 𝑑𝜁

= 1
2𝜋𝑖 ∫𝜕𝐵(0,1)

(∫
1/2

−1/2

𝑓(𝑡)
𝜁 − 𝑡 𝑑𝑡)

𝑑𝜁
𝜁 − 𝑧

= ∫
1/2

−1/2
𝑓(𝑡)( 1

2𝜋𝑖 ∫𝜕𝐵(0,1)
𝑑𝜁

(𝜁 − 𝑡)(𝜁 − 𝑧)) 𝑑𝑡

= 0,

since by the Residue Theorem the last integral on the unit
circle vanishes. As such, if the integral representation for-
mula (3.8) were to hold, it would presently imply that
𝑢(𝑧) = 0 for each 𝑧 ∈ Ω. However, this is not the case.

For example, for ℒ1-a.e. 𝑥 ∈ ( − 1
2
, + 1

2
) we have

lim
𝑦→0+

𝑢(𝑥 ± 𝑖𝑦) = ± 1
2𝑓(𝑥)

+ lim
𝜀→0+

1
2𝜋𝑖 (∫

𝑥−𝜀

−1/2
+∫

+1/2

𝑥+𝜀
) 𝑓(𝑡)𝑧 − 𝑡 𝑑𝑡,

implying that

there exists some Lebesgue measurable set
𝐴 ⊆ ( − 1

2
, + 1

2
) with ℒ1(𝐴) > 0 such that

lim
𝑦→0+

𝑢(𝑥 + 𝑖𝑦) − lim
𝑦→0+

𝑢(𝑥 − 𝑖𝑦) = 𝑓(𝑥) ≠ 0
for each point 𝑥 ∈ 𝐴.

(3.27)

In the current setting, Ω satisfies all geometric hypothe-
ses stipulated in Theorem 3.2, and 𝑢 satisfies all but the
second condition in (3.6). However, (3.27) proves that

the latter fails and, even though 𝑢||
𝜅−n.t.

𝜕Ω does exist at 𝜎-a.e.
point on 𝜕∗Ω, the failure of the second condition in (3.6)
ultimately invalidates (3.8).

As the reader surely suspects by now, Theorems 2.5–2.6
have many other fundamental applications, such as sharp
versions of all Green integral identities for second-order
operators (including boundary layer potential representa-
tions for solutions of second-order elliptic PDE’s) in ℝ𝑛.

We, however, shall stay in the complex plane and con-
clude with a very general version of the classical Residue
Theorem in complex analysis.

Theorem 3.3. Let Ω ⊆ ℝ2 ≡ ℂ be an open set with a
lower Ahlfors regular boundary, and with the property that
𝜎 ∶= ℋ1⌊𝜕Ω is a doubling measure on 𝜕Ω. Suppose 𝑓 is a
meromorphic function in Ω whose poles are contained in some
compact set 𝐾 ⊂ Ω. For some aperture parameter 𝜅 > 0, as-
sume that

𝒩Ω⧵𝐾
𝜅 (𝑓||Ω⧵𝐾) ∈ 𝐿1(𝜕Ω, 𝜎) and

𝑓||
𝜅−n.t.

𝜕Ω exists (in ℂ) at 𝜎-a.e. point on 𝜕ntaΩ.
(3.28)

Then for any 𝜅 ′ > 0 the nontangential trace 𝑓||
𝜅 ′−n.t.

𝜕Ω exists
at 𝜎-a.e. point on 𝜕ntaΩ and is actually independent of 𝜅 ′.
When regarding the latter function as being defined 𝜎-a.e. on
𝜕∗Ω, this belongs to 𝐿1(𝜕∗Ω, 𝜎) and, with the dependence on
the parameter 𝜅 ′ dropped,

2𝜋𝑖 ⋅ ∑
𝑧 pole of𝑓

Res(𝑓, 𝑧) = ∫
𝜕∗Ω

(𝑓||
n.t.

𝜕Ω)(𝜁) 𝑑𝜁 (3.29)

in the case when either Ω is bounded, or 𝜕Ω is unbounded.
Finally, when Ω is an exterior domain, formula (3.29) contin-
ues to hold under the additional assumption that there exists
some 𝜆 ∈ (1,∞) such that ∫𝐵(0,𝜆𝑅)⧵𝐵(0,𝑅) |𝑓| 𝑑ℒ2 = 𝑜(𝑅) as
𝑅 → ∞.
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Proof. Let {𝑧𝑗}1≤𝑗≤𝑁 ⊆ 𝐾 be the poles of the meromorphic
function 𝑓. More specifically, assume that there exists a
family {𝒪𝑗}1≤𝑗≤𝑁 of mutually disjoint open subsets of Ω
with the property that for each 𝑗 ∈ {1, … , 𝑁} we have 𝑧𝑗 ∈
𝒪𝑗 and we may find a holomorphic function 𝑔𝑗 ∶ 𝒪𝑗 → ℂ
with 𝑔𝑗(𝑧𝑗) ≠ 0 along with an integer 𝑚𝑗 ∈ ℕ such that
𝑓(𝑧) = 𝑔𝑗(𝑧)/(𝑧 − 𝑧𝑗)𝑚𝑗 for each point 𝑧 ∈ 𝒪𝑗 ⧵ {𝑧𝑗}. Then
for each 𝑗 ∈ {1, … , 𝑁} it follows that 𝑧𝑗 is a pole of order𝑚𝑗
for 𝑓 and

Res(𝑓, 𝑧𝑗) =
1

(𝑚𝑗 − 1)! lim𝑧→𝑧𝑗
( 𝜕𝜕𝑧)

𝑚𝑗−1
[(𝑧 − 𝑧𝑗)𝑚𝑗𝑓(𝑧)]

= 1
(𝑚𝑗 − 1)!𝑔

(𝑚𝑗−1)
𝑗 (𝑧𝑗). (3.30)

Next, extend 𝑓 ∈ 𝒞∞(Ω⧵ {𝑧1, … , 𝑧𝑁 }) to a distribution 𝑢 in
Ω by taking 𝑢 to be in each 𝒪𝑗 the distribution

(−1)𝑚𝑗−1

(𝑚𝑗 − 1)! 𝑔𝑗(
𝜕
𝜕𝑧)

𝑚𝑗−1
[ 1
𝑧 − 𝑧𝑗

], (3.31)

where the expression in brackets is regarded as a locally
integrable function and the subsequent iterated derivatives
in 𝑧 are taken in the sense of distributions. Hence

𝑢 ∈ 𝒟 ′(Ω) and 𝑢||Ω⧵{𝑧1,…,𝑧𝑁 } = 𝑓||Ω⧵{𝑧1,…,𝑧𝑁 }. (3.32)

Let us also consider the distribution 𝑤 ∈ ℰ′(Ω) given by

𝑁
∑
𝑗=1

𝑚𝑗−1

∑
𝑘=0

𝜋(−1)𝑘
(𝑚𝑗 − 1)! (

𝑚𝑗 − 1
𝑘 ) 𝑔(𝑚𝑗−1−𝑘)

𝑗 (𝑧𝑗)(
𝜕
𝜕𝑧)

𝑘
𝛿𝑧𝑗 .

Since 𝜕[1/(𝑧 − 𝑧𝑗)] = 𝜋𝛿𝑧𝑗 , one may easily check that 𝜕𝑢
coincides with 𝑤 in each 𝒪𝑗 with 1 ≤ 𝑗 ≤ 𝑁 (see, e.g.,
[16, Theorem 7.43, p. 289] and [16, Exercise 2.45, p. 34]).
Given that we also know that both 𝜕𝑢 and 𝑤 vanish in the
set Ω ⧵ {𝑧1, … , 𝑧𝑁 }, we ultimately conclude that

𝑤 = 𝜕𝑢 in 𝒟′(Ω). (3.33)

As seen from (3.30) and the definition of 𝑤, the pairing
ℰ′(Ω)⟨𝑤, 1⟩ℰ(Ω) equals

𝑁
∑
𝑗=1

𝜋
(𝑚𝑗 − 1)!𝑔

(𝑚𝑗−1)
𝑗 (𝑧𝑗) = 𝜋 ⋅ ∑

𝑧 pole of𝑓
Res(𝑓, 𝑧).

In concert with (3.33), this implies that

(𝒞∞
𝑏 (Ω))∗( 𝜕𝑢 , 1)𝒞∞

𝑏 (Ω) = ℰ′(Ω)⟨ 𝜕𝑢 , 1⟩ℰ(Ω)

= 𝜋 ⋅ ∑
𝑧 pole of𝑓

Res(𝑓, 𝑧). (3.34)

If we now consider the vector field

⃗𝐹 ∶= (𝑢 , 𝑖𝑢) ∈ [𝒟 ′(Ω)]2,

then from (3.28) and (3.32) we conclude that

⃗𝐹||
𝜅−n.t.

𝜕Ω exists (in ℂ2) 𝜎-a.e. on 𝜕ntaΩ,

⃗𝐹||Ω⧵𝐾 ∈ [𝐿1loc(Ω ⧵ 𝐾,ℒ2)]2, and

𝒩Ω⧵𝐾
𝜅 ( ⃗𝐹||Ω⧵𝐾) ∈ 𝐿1(𝜕Ω, 𝜎).

In addition,

div ⃗𝐹 = 𝜕𝑥𝑢 + 𝑖𝜕𝑦𝑢 = 2𝜕𝑢 in 𝒟 ′(Ω); (3.35)

hence div ⃗𝐹 ∈ ℰ′(Ω). Moreover, in the case when Ω is
an exterior domain, the decay of 𝑓 implies that ⃗𝐹 satisfies
(2.19). Finally, at 𝜎-a.e. point on 𝜕∗Ω we have

⟨𝜈 , ⃗𝐹||
𝜅−n.t.

𝜕Ω ⟩ = 𝜈1(𝑓||
𝜅−n.t.

𝜕Ω ) + 𝑖𝜈2(𝑓||
𝜅−n.t.

𝜕Ω )

= 𝜈(𝑓||
𝜅−n.t.

𝜕Ω ). (3.36)

At this stage, (3.29) follows from Theorem 2.6, bearing in
mind (3.5), (3.35), (3.34), and (3.36). □

This version of the Residue Theorem is actually more ef-
ficient than the standard technology (based on choosing
a suitable contour of integration, evaluating various inte-
grals, and passing to the limit) even in such mundane sce-
narios as the task of showing that

∫
+∞

−∞

𝑒𝑖𝑥
𝑥2 + 1 𝑑𝑥 =

𝜋
𝑒 . (3.37)

Specifically, choosing Ω ∶= ℝ2
+ and considering the mero-

morphic function

𝑓(𝑧) ∶= 𝑒𝑖𝑧
𝑧2 + 1 for 𝑧 ∈ Ω, (3.38)

𝑓 has a simple pole at 𝑧 = 𝑖, with residue 𝑒−1, the function
𝑓may be extended continuously to a neighborhood of 𝜕Ω,

and ∫𝜕Ω |𝑓| 𝑑𝜎 = ∫ℝ
𝑑𝑥
𝑥2+1

< +∞.

Incidentally, it is not much harder to see that the first
condition in (3.28) is true in this case. Indeed, if we set
𝐾 ∶= 𝐵(𝑖, 1/2), then for each 𝜅 > 0 fixed we deduce (keep-
ing in mind that |𝑒𝑖𝑧| ≤ 1 for each 𝑧 ∈ Ω) that

(𝒩Ω⧵𝐾
𝜅 (𝑓||Ω⧵𝐾))(𝑥) ≈

1
𝑥2 + 1,

uniformly for 𝑥 ∈ ℝ ≡ 𝜕Ω,
(3.39)

from which the desired conclusion follows. Thus, (3.29)
holds and this gives (3.37).
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Cryptocurrencies: Protocols
for Consensus

Andrew Lewis-Pye
The novel feature of Bitcoin [N+08] as a currency is that it
is designed to be decentralised, i.e., to be run without the
use of a central bank, or any centralised point of control.
Beyond simply serving as currencies, however, cryptocur-
rencies like Bitcoin are really protocols for reaching con-
sensus over a decentralised network of users. While run-
ning currencies is one possible application of such pro-
tocols, one might consider broad swathes of other possi-
ble applications. As one example, we have already seen
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cryptocurrencies used to instantiate decentralised au-
tonomous organisations [KOH19], whereby groups of in-
vestors come together and coordinate their investments in
a decentralised fashion, according to the rules of a proto-
col that is defined and executed “on the blockchain.” One
might also envisage new forms of decentralised financial
markets, or perhaps even a truly decentralised world wide
web, in which open-source applications are executed by a
community of users, so as to ensure that no single entity
(such as Google or Facebook) exerts excessive control over
the flow of personal data and other information.

There are many questions to be answered before we can
talk with any certainty about the extent to which such pos-
sibilities can be realised. Some of these questions concern
human responses, making the answers especially hard to

OCTOBER 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1307



predict. How much appetite does society have for decen-
tralised applications, and (beyond the possibilities listed
above) what might they be? In what contexts will people
feel that the supposed advantages of decentralisation are
worth the corresponding trade-offs in efficiency? There are
also basic technical questions to be addressed. Perhaps the
best known of these is the so-called scalability issue: Can
cryptocurrency protocols be made to handle transactions
at a rate sufficient to make them useful on a large scale?

In this paper, we will describe how Bitcoin works in
simple terms. In particular, this means describing how
the Bitcoin protocol uses hard computational puzzles in
order to establish consensus as to who owns what. Then
we will discuss some of the most significant technical ob-
stacles to the large-scale application of cryptocurrency pro-
tocols, and approaches that are being developed to solve
these problems.

Bitcoin and Nakamoto Consensus
The Bitcoin network launched in January 2009. Since that
time, the total value of the currency has been subject to
wild fluctuations, but at the time of writing is in excess of
$170 billion.1 Given the amount of attention received by
Bitcoin, it might be surprising to find out that consensus
protocols have been extensively studied in the field of dis-
tributed computing since at least the 1970s [Lyn96]. What
differentiates Bitcoin from previous protocols, however, is
the fact that it is a permissionless consensus protocol; i.e., it
is designed to establish consensus over a network of users
that anybody can join, with as many identities as they like
in any role. Anybody with access to basic computational
hardware can join the Bitcoin network, and users are often
encouraged to establish multiple public identities, so that it
is harder to trace who is trading with whom.

It is not difficult to see how the requirement for per-
missionless entry complicates the process of establishing
consensus. In the protocols that are traditionally studied
in distributed computing, one assumes a fixed set of users,
and protocols typically give performance guarantees under
the condition that only a certain minority of users behave
improperly—“improper” action might include malicious
action by users determined to undermine the process. In
the permissionless setting, however, a single user can es-
tablish as many identities as they like. Executing a proto-
col that is only guaranteed to performwell whenmalicious
users are in theminority is thus akin to running an election
in which people are allowed to choose their own number
of votes.

In the permissionless setting, one therefore needs a
mechanism for weighting the contribution of users that
goes beyond the system of “one user, one vote.” The
path taken by Bitcoin is to weight users according to their

1For an up-to-date value, see coinmarketcap.com.

computational power. This works because computational
power is a scarce and testable resource. A user might be
able to double their number of identities in the system at
essentially zero cost, but this will not impact their level of
influence. To do that, they will need to increase their com-
putational power, which will be expensive.

Before we see how Bitcoin achieves this in more detail,
we will need to get a clearer picture of how one might go
about running a (centralised or decentralised) digital cur-
rency in the first place. To explain that, we will need some
basic tools from cryptography.
Basic tools from cryptography. The two basic tools that
we will need from cryptography are signature schemes and
hash functions. Luckily, we can entirely black-box the way
in which these tools are implemented. All that is required
now is to understand the functionality that they provide.

Signature schemes. Presently, most cryptocurrencies
use signature schemes that are implemented using Elliptic
Curve Cryptography. The functionality provided by these
signature schemes is very simple. When one user wishes to
send a message to another, the signature scheme produces
a signature, which is specific to that message and that user.
This works in such a way that any user receiving the mes-
sage together with the signature can efficiently verify who
the message came from. So the use of an appropriate sig-
nature schememeans one cannot produce “fake”messages
purporting to be from other users.

Hash functions. Hash functions take binary strings of
any length as input, and produce strings of a fixed length
as output. Normally, we work with hash functions which
produce 256 bit strings, and the 256 bit output is referred
to as the hash of the input string. Beyond that basic condi-
tion, a hash function is designed to be as close as possible
to being a random string generator (subject to the condi-
tion that the same input always gives the same output):
Informally speaking, the closer to being a random string
generator, the better the hash function. This means that a
good hash function will satisfy two basic properties:

(a) Although in theory the function is not injective, in
practice we will never find two strings that hash to the
same value, because there are 2256 possible outputs.

(b) If tasked with finding a string that hashes to a value
with certain properties, there is no more efficient
method than trying inputs to the hash function one
at a time, and seeing what they produce.

So if we are working with a good hash function, and we are
tasked with finding a string of a certain length that hashes
to a value starting with 10 zeros, then there is no more fun-
damentally efficient method than just plugging in input
values, until we find one that works.
Implementing a centralised digital currency. As we have
already said, it is the aim of Bitcoin to be decentralised.
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To understand what difficulties we face in implementing a
decentralised digital currency, however, it is instructive to
consider first how one might implement a centralised dig-
ital currency, which works with the use of a central bank.
Once that simple case is dealt with, we can properly anal-
yse what difficulties arise in the decentralised case.

Presumably, we will want our currency to be divided
into units, or coins. For the sake of simplicity, we will start
by concentrating on what happens to a single coin, and
suppose that this coin is indivisible. So the owner of the
coin can either spend the whole coin or nothing—they
are not allowed to spend half the coin. In that case, we
might have the “coin” simply be a ledger (i.e., an account-
ing record), which records its sequence of owners. A coin
is thus a binary sequence, which could be visualised as be-
low.

owned by
Frank

then by
Alice

For now, do not not worry about how Frank came to own
this coin in the first place—we will come to that later. In-
stead, let us consider what needs to happen when Alice,
who presently owns the coin, wants to transfer it to an-
other user. In the presence of a central bank this is simple:
Alice can form a new version of the coin, recording that it
now belongs to the new user, Bob, say, and send that new
version of the coin, to the central bank. In order that the
central bank can be sure that the extension to the ledger
really was created by Alice, though, she will need to add
her signature—we will picture the relevant signature as a
little black box attached to the bottom right corner of that
part of the ledger. Of course, if Alice has to add her sig-
nature now, Frank will also have had to add his signature
when he transferred the coin to Alice. The signature added
to each extension of the ledger can be seen as testimony
by the previous owner that they wish to transfer the coin
to the new user. The new version of the coin can then be
represented as below.

owned by
Frank

then by
Alice

then by
Bob

When the central bank sees the new version of the coin,
they can check to see that the signature is correct, and, if
so, record the transaction as confirmed. The use of a signa-
ture scheme therefore suffices to ensure that only Alice can
spend her coin. This is not the only thing we have to be
careful about though. We also need to be sure that Alice
cannot spend her coin twice. In the presence of the cen-
tral bank, this is also simple. Suppose Alice later creates
a new version of the coin, which transfers the coin to an-
other user, Charlie, instead. In this case, the central bank
will see that this transaction conflicts with the earlier one
that they have seen, and so will reject it.

This simple protocol therefore achieves two basic aims:

1. Only Alice can spend her coin, and
2. Alice cannot “double spend.”

So what changes when we try to do without the use of
a central bank? Let us suppose that all users now store a
copy of the coin. When Alice wishes to transfer the coin
to Bob, she forms a new version of the coin, together with
her signature, as before. Now, however, rather than send-
ing it to the central bank, she simply sends the new version
to various people in the network of users, who check the
signature and then distribute it on to others, and so on. In
this case, the use of signatures still suffices to ensure that
only Alice can spend her coin. The issue is now that it be-
comes tricky to ensure that Alice cannot spend her coin
twice. Alice could form two new versions of the coin, cor-
responding to two different transactions. If we could be
certain that all other users saw these two versions in the
same order, then there would not be a problem, as then
users could just agree not to allow the second transaction.
Unfortunately, we have noway of ensuring this is the case.2

Removing the central bank. From the discussion above,
it is clear that we need a protocol for establishing irre-
versible consensus on transaction ordering. To describe
how this can be achieved, we will initially describe a pro-
tocol that differs from Bitcoin in certain ways, and then
we will describe what changes are required to make it the
same as Bitcoin later.

Previously, we simplified things by concentrating on
one coin. Let us now drop that simplification, and have
all users store a universal ledger, which records what hap-
pens to all coins. We can also drop the simplification that
coins are indivisible if we want, and allow transactions
which transfer partial units of currency. So, according to
this modified picture, each user stores a universal ledger,
which is just a “chain” of signed transactions. Each trans-
action in this chain might now follow an unrelated trans-
action, which transfers a different coin (or part of it) be-
tween a different pair of users: The universal ledger is just
a chain of transactions recording all transfers of currency
that occur between users.

The reader will notice that in the picture above, we have
each transaction pointing to the previous transaction. We
should be clear about how this is achieved, because it is
important that we create a tamper-proof ledger: We do not
want a malicious user to be able to remove intermediate
transactions and produce a version of the universal ledger
which looks valid. What we do is to have each signed

2Readers are encouraged to convince themselves that there is no simple solution
here. For example, it might be tempting to think that one should cancel both if
one sees contradictory transactions, but this will allow Alice to invalidate trans-
actions deliberately after they are considered to have cleared.
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transaction include the hash of the previous transaction
as part of its data. Since hash values are (in effect) unique,
this hash value serves as a unique identifier.

What happens next is the key new idea:

(A) We specify a computational puzzle corresponding to
each transaction, which is specific to the transaction,
and which can be solved only with a lot of computa-
tional work. The puzzle is chosen so that, while the so-
lution takes a lot of computational work to find, a cor-
rect solution can easily (i.e., efficiently) be verified as
correct. The solution to the puzzle corresponding to
a given transaction is called a “proof-of-work” (PoW)
for that transaction.

(B) We insist that a transaction cannot be included in
the universal ledger, unless accompanied by the cor-
responding PoW.

Do not worry immediately about precisely how the PoW is
specified—we will come back to that shortly. Now when
Alice wants to spend her coin, she sends the signed trans-
action out into the network of users, all of whom start try-
ing to produce the necessary PoW. Only once the PoW is
found can the transaction be appended to the universal
ledger. So now transactions are added to the chain at the
rate at which PoWs are found by the network of users. The
PoWs are deliberately constructed to require time and re-
sources to complete. Exactly how difficult they are to find
is the determining factor in how fast the chain grows.

Of course, the danger we are concerned with is that a
malicious user might try to form alternative versions of the
ledger. How are we to know which version of the ledger is
“correct”? In order to deal with these issues, we make two
further stipulations (the way in which these stipulations
prevent double spending will be explained shortly):

(C) We specify that the “correct” version of the ledger is
the longest one. So when users create new transac-
tions, they are asked to have these extend the “longest
chain” of transactions (with the corresponding PoWs
supplied) they have seen.

(D) For a certain security parameter 𝑘, a given user will
consider a transaction 𝑡 as “confirmed” if 𝑡 belongs to
a chain 𝐶 which is at least 𝑘 transactions longer than
any they have seen that does not include 𝑡, and if 𝑡 is
followed by at least 𝑘 many transactions in 𝐶.

The choice of 𝑘 will depend on how sure one needs to be
that double spending does not occur. For the sake of con-
creteness, the reader might think of 𝑘 = 6 as a reasonable
choice.

These are quite simple modifications. How do they
prevent double spending? The basic idea is as follows.
Suppose that at a certain point in time, Alice wants to
double spend. Let us suppose that the longest chain of
transactions is as depicted below, and that the confirmed

transaction 𝑡 that Alice wants to reverse is the third one
(circled).

In order to reverse this transaction, Alice will have to form
a new chain that does not include 𝑡. This means branching
off before 𝑡, and building from there.

For people to believe it, however, this new chain will have
to be the longest chain. The difficulty for Alice is that while
she builds her new chain of transactions, the rest of the net-
work combined is working to build the other longer chain.

So long as Alice does not have more computational power
than the rest of the network combined, she will not be able
to produce PoWs faster than they can. Her chain will there-
fore grow at a slower rate than the longest chain, and her
attempt to double spendwill fail.3 So long as nomalicious
user (or coordinated set of users) has more power than
the rest of the network combined, what we have achieved
is a tamper-proof universal ledger, which establishes irre-
versible consensus on transaction ordering, and which op-
erates in a decentralised way.

To finish this section, we now fulfil some earlier
promises. We have to explain how PoWs are defined, what
changes are necessary to make the protocol like Bitcoin,
and how users come to own coins in the first place.
Defining PoWs. In fact, it will be useful to define PoWs for
binary strings more generally—of course transactions are
specified by binary strings of a particular sort. To do this
we fix a good hash function ℎ, and work with a difficulty
parameter 𝑑, which (is not to be confused with the security
parameter 𝑘 and) can be adjusted to determine how hard
the PoW is to find. For two strings 𝑥 and 𝑦, let 𝑥𝑦 denote
the concatenation of 𝑥 and 𝑦. Then we define a PoW for 𝑥
to be any string 𝑦 such that ℎ(𝑥𝑦) starts with 𝑑 many zeros.
Given the properties of a good hash function described ear-
lier, this means that there is no more efficient way to find
a PoW for 𝑥 than to plug through possible values for 𝑦, re-
quiring 2𝑑 many attempts on average. The expected time
it will take a user to find a PoW is therefore proportional
to the rate at which they can process hash values, and for
larger 𝑑 the PoW will be harder to find. Defining PoW in
this way also means that the process by which the network
as a whole finds PoWs can reasonably be modelled as a
Poisson process: In any second there is some independent
probability that a PoW will be found, and that probability

3A caveat is that finding PoW is best modelled as probabilisitic. So there will be
some chance Alice succeeds in double spending, but it will be small.
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depends on the rate at which the network as a whole can
process hashes.
Using blocks of transactions. The most significant differ-
ence between the protocol we have described and Bitcoin
is that in Bitcoin the ledger does not consist of individ-
ual transactions, but blocks of transactions (hence the term
“blockchain”). Each block is a binary string, which con-
tains within its data a few thousand transactions,4 together
with a hash value specifying the previous block. So now,
individual transactions are sent out into the network, as
before. Rather than requiring a PoW for each individual
transaction, however, Bitcoin asks users to collect large sets
of transactions into blocks, and only requires one PoW per
block. The main reason5 for this is worth understanding
properly, because it also relates quite directly to the issue
of scalability, which we will discuss in the next section.
The key realisation here is that we have to take careful ac-
count of the fact that the underlying communication net-
work has latency; i.e., it takes time for messages to prop-
agate through the network. This latency becomes espe-
cially problematic when we work at the level of individ-
ual transactions, since they are likely to be produced at a
rate which is high compared to network latency. For the
sake of concreteness, it may be useful to work with some
precise numbers. So, as an example, let us suppose that it
takes 10 seconds for a transaction to propagate through the
network of users. Suppose that we are using the protocol
as defined previously, so that PoWs are required for indi-
vidual transactions, rather than for blocks. To begin with,
let us suppose that the difficulty parameter is set so that
the network as a whole finds PoWs for transactions once
every 10 minutes on average. Consider a point in time at
which all users have seen the same longest chain 𝐶, and
consider what happens when a PoW for a new transaction
𝑡1 is found by a certain user, so that 𝑡1 can be appended to
𝐶. The PoW for 𝑡1 then begins to propagate through the
network. The crucial observation is that there is then the
following danger: During those 10 seconds of propagation
time, there is some chance that another user, who has not
yet seen the new extended version of the ledger, will find a
PoW for another transaction 𝑡2. In this case, we now have
an honestly produced fork, which splits the honest users.

𝑡1
𝑡2

4At the time of writing the monthly mean is just over 2,000 transactions per
block.
5There is a second reason. We want the rate at which PoWs are found, rather
than the rate at which users wish to execute transactions, to be the determining
factor in how fast the chain grows. One PoW per transaction therefore means
requiring a queue of transactions: If there is no queue and if users wish to exe-
cute 𝑥 many transactions each hour, then 𝑥 many transactions will be added to
the chain each hour, and it will be the rate at which users wish to execute trans-
actions that determines how fast the chain grows.

While some users will be looking to find PoWs to extend
one version of the chain, others will be working to extend
the other. At least briefly, this makes it slightly easier for
a malicious user to double spend, because now they only
have to outcompete each component of the divided net-
work.

In that example the chance of a fork is quite low, be-
cause PoWs are produced only once every 10 minutes on
average, while propagation time is 10 seconds. If we have
a PoW produced every minute on average, however, then
the appearance of a fork will now be 10 times as likely.
The problem we have is that, practically speaking, we will
need transactions to be processed at a much higher rate
than one per minute: Bitcoin can process 7 transactions
per second, and this is generally regarded as being unac-
ceptably slow for large-scale adoption. If PoWs are being
produced at a rate of 7 per second, then we will not only
see forks of the kind described above. We will see forks
within forks within forks, with different honest users split
between many different chains, and the security of the pro-
tocol will be dramatically compromised. This problem is
avoided by using blocks, because blocks of transactions
can be produced much more slowly: In Bitcoin the diffi-
culty of the PoW is adjusted so as to ensure that one block
is produced every 10 minutes on average. This means that,
most of the time, all honest users will be working to extend
the same chain.
Minting new coins. In Bitcoin, the users who look to pro-
vide the PoW for blocks of transactions are referred to as
“miners,” and the process of searching for PoW is called
“mining.” Now, though, we have a problem of incentives
to deal with. Mining costs money. There are hardware and
electricity costs, amongst others. If the system is to be se-
cure against double spending, then we certainly need lots
of money to be spent on mining—the security of the sys-
tem is directly determined by how much it would cost a
malicious user to establish more mining power than the
rest of the network. To incentivise them to mine, this
means that miners need to be paid in one way or another,
and it is here that it is rather convenient that we happen
to be designing a currency. In the context of running a cur-
rency, the solution becomes simple: We reward miners for
finding PoWs by giving them currency.6 This also, rather
neatly, solves the problem as to how users come to own
coins in the first place. It is when miners find a PoW that
they are assigned previously unowned units of currency.

6It is often asked whether other forms of permissionless blockchain will have
more impact than cryptocurrencies. Once one has the latter providing a tamper-
proof ledger, this can be used for other applications. Without using a cryptocur-
rency, however, the task of motivating users to follow protocol will have to be
achieved by means other than payment in currency.
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The Issue of Scalability
There are various technical issues that need to be addressed
before cryptocurrencies see large-scale adoption. Among
the less serious of these is that Bitcoin requires fully partic-
ipating users to download the entire ledger (presently over
200GB). Much more significant is the fact that proof-of-
work protocols are energy intensive, to the point that re-
cent estimates show Bitcoin consuming more energy than
the nation of Switzerland.7 The question that has received
most attention, however, is how to increase transaction
rates: While Visa is capable of handling more than 65,000
transactions per second, Bitcoin can presently process 7
transactions per second. In this section, we will explain
why Bitcoin processes transactions so slowly, and some
proposed solutions.
The two transaction rate bottlenecks. There are two fun-
damental bottlenecks that limit transaction rates for cryp-
tocurrency protocols such as Bitcoin.

The latency bottleneck. The Bitcoin protocol limits the
size of blocks to include a few thousand transactions, and
the PoWdifficulty setting is adjusted every couple of weeks,
so that blocks are produced once every 10 minutes on av-
erage. These two factors—the cap on the size of blocks
and the fixed rate of block production—directly result in
the limited transaction rate described above. To increase
transactions rates, though, it is tempting to think that one
could simply increase the size of blocks, or have them pro-
duced more frequently. To increase the transaction rate
by a factor of 600, why not have blocks being produced
once per second? In fact, the issue here is precisely the
same as the motivation for using blocks in the first place,
which we discussed in detail previously.8 Our earlier dis-
cussion considered individual transactions, but precisely
the same argument holds for blocks of transactions: The
fact that the network has latency (blocks take a few seconds
to propagate through the network) means that whenever
a block is produced, there is also the possibility of an hon-
estly produced fork in the blockchain. If we double the
rate of block production, then we double the probability
of that fork. If we were to have a block produced once per
second on average, then we would see forks within forks
within forks, and the protocol would no longer be secure.9

Essentially the same analysis holds in the case that we in-
crease the size of blocks, because doing so increases prop-
agation time. This increase in propagation time similarly
increases the probability of a fork.

The processor bottleneck. A basic feature of Bitcoin
that distinguishes it from centrally run currencies is that
all fully participating users are required to process all trans-
actions. For some applications of blockchain technology,

7See https://www.cbeci.org/comparisons/.
8For a more detailed analysis, we refer the reader to [DW13].
9Of course, it might still be a good idea to increase the rate by a lower factor.

however, one might want to process many millions of
transactions per second.10 To achieve this (even if one
solves the latency bottleneck), one needs to deal with the
fundamental limitation that transactions can only be pro-
cessed as fast as can be handled by the slowest user re-
quired to process all transactions. The prospect of a de-
centralised Web 3.0 in which all users have to process all
interactions must surely be a nonstarter. So how can one
work around this? Limiting the users who have to process
all transactions to a small set with such capabilities con-
stitutes a degree of centralisation. Another possibility is
not to require any users to process all transactions. For
example, one might consider a process called “sharding,”
whereby one runs a large number of blockchains that allow
limited interactions between them, while requiring each
user individually to process transactions on a small set of
blockchains at any given time.
Solutions in three layers. There is a multitude of mecha-
nisms which have been proposed with the aim of increas-
ing transaction rates. They can be classified as belonging
to three layers.

Layer 0. These are solutions that do not involve mod-
ifying the protocol itself, but aim instead to improve on
the underlying infrastructure used by the protocol. Layer 0
solutions range from simply building a faster internet con-
nection, to approaches such as Bloxroute [KBKS18], which
change the way in which messages propagate through the
network. At this point, Layer 0 solutions are generally best
seen as approaches to dealing with the latency bottleneck.

Layer 1. These are solutions which involve modifying
the protocol itself, and can be aimed at dealing with either
the latency bottleneck or the processor bottleneck.

Layer 2. These are protocols that are implemented
on top of the underlying cyrptocurrency. So the under-
lying cryptocurrency is left unchanged, and one runs an
extra protocol which makes use of the cryptocurrency’s
blockchain. Generally, the aim is to outsource work so
that most transactions can take place “off-chain,” with the
underlying cryptocurrency blockchain being used (hope-
fully rarely) to implement conflict resolution. To make
these ideas more concrete, we will later explain the basic
idea behind the Lightning Network, which is probably the
best known Layer 2 solution. Layer 2 solutions are gener-
ally aimed at solving the processor bottleneck.

To finish this section, we will describe two well-known
scalability solutions. Due to the limited available space,
we will not say anything further about Layer 0 solutions.
We will briefly discuss a Layer 1 solution called the GHOST
protocol [SZ15], which aims at dealing with the latency
bottleneck. Then we will explain the basic idea behind the

10It is a simplification to talk only in terms of the number of transactions. Trans-
action complexity is also a factor.
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Lightning Network [PD16], already mentioned above as a
Layer 2 solution aimed at solving the processor bottleneck.
The GHOST protocol. Recall that the latency bottleneck
was caused by forks: While Bob is waiting for confirma-
tion on a transaction in which Alice sends him money, a
fork in the blockchain may split the honest users of the
network. Suppose that the transaction is in the block 𝐵1 in
the picture below.

𝐵1
𝐶1

𝐶2
If the honest users are split between chains 𝐶1 and 𝐶2, then
these will each grow more slowly than if there was a single
chain. This makes it easier for Alice to form a longer chain.

𝐵1

𝐵2 Alice’s
chain

The solution proposed by the GHOST (Greedy Heav-
iest Observed SubTree) protocol is simple. Rather than
selecting the longest chain, we select blocks according to
their total number of descendants. This means selecting
the chain inductively: Starting with the first block (the so-
called “genesis” block), we choose between children by se-
lecting that with the greatest total number of descendants,
and then iterate this process to form a longer chain, until
we come to a block with no children. This way 𝐵1 will be
selected over 𝐵2 in the picture above, because 𝐵1 has seven
descendants, while 𝐵2 only has five. So the consequence
of using the GHOST protocol is that forks after 𝐵1 do not
matter, in the sense that they do not change the number of
descendants of 𝐵1, and so do not increase Alice’s chance of
double spending. We can increase the rate of block produc-
tion and, although there will be an increase in the number
of forks, Alice will still require more computational power
than the rest of the network combined to double spend.

Unfortunately, however, this modified selection process
gives only a partial solution to the latency bottleneck. The
reason is that while forks after 𝐵1 now do not matter (for
confirmation of 𝐵1), forks before 𝐵1 still do. To see why,
recall that, in order to be confirmed, 𝐵1 must belong to a
chain which is longer by somemargin than any not includ-
ing 𝐵1.

𝐵1

If blocks are produced at a rate which is low compared to
the time it takes them to propagate through the network,
then such (possibly honestly produced) ties are unlikely
to persist for long—before too long, an interval of time in

which no blocks are produced will suffice to break the tie.
If the rate of block production is too fast, however, then
such ties may extend over long periods. This means long
confirmation times.

In summary, the GHOST protocol allows us to increase
the rate of block production without decreasing the pro-
portion of the network’s computational power that Alice
will need to double spend. If we increase the rate too
much, however, this will result in extended confirmation
times.
The Lightning Network. In order to explain the Lightning
Network, we first need to discuss “smart contracts.”

Smart contracts. So far, we have considered only very
simple transactions, in which one user pays another in a
straightforward fashion: Alice transfers funds to Bob, in
such a way that Bob’s signature now suffices to transfer
the funds again. Bitcoin does allow, though, for more so-
phisticated forms of transaction. One might require two
signatures to spend money, for example, or perhaps any
two from a list of three signatures—so now units of cur-
rency might be regarded as having multiple “owners.” In
such a situation, where there are many forms a transac-
tion could take, how is Alice to specify the transaction
she wants to execute? The approach taken by Bitcoin is to
use a “scripting language,” which allows users to describe
how a transaction should work. While Bitcoin has a fairly
simple scripting language, other cryptocurrencies, such as
Ethereum [W+14], use scripting languages which are so-
phisticated enough to be Turing complete—this means that
transactions can be made to simulate any computation in
any programming language. As a mathematically minded
example, (in principle) one might publish a transaction
to the blockchain which automatically pays one million
units of currency to anybody who can produce a (suitably
encoded) proof of the Riemann Hypothesis!11 This is also
a functionality whose significance depends on the infor-
mation available to such computations: If reliable infor-
mation on stockmarkets and cryptocurrency prices were to
be recorded on the blockchain, then it would immediately
become possible to simulate futures, options, and essen-
tially any financial product that can be programmed using
the given information. For our purposes now, the point is
this: Transactions can be specified to work in much more
sophisticated ways than simply transferring currency from
one user to another.

A bidirectional payment channel. The aim of the Light-
ning Network is to allow most transactions to take place
“off-chain.” This is achieved by establishing an auxiliary
network of “payment channels.” Before coming to the

11While this is not presently realistic, it could soon be feasible through the use of
smart contracts such as Truebit [TR18].
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network as a whole, let us consider briefly how to imple-
ment an individual channel between two users.12

“Ten of each of our coins are
frozen until the channel is closed”

So let us suppose that Alice and Bob wish to set up
a payment channel between them. To initiate the chan-
nel, they will need to send one transaction to the under-
lying blockchain. This transaction is signed by both of
them, and says (in effect) that a certain amount of each of
their assets should be frozen until the payment channel is
“closed”—closing the channel has a precise meaning that
we will discuss shortly. For the sake of concreteness, let us
suppose that they each freeze ten coins. Once the channel
is set up, Alice and Bob can now trade off-chain, simply
by signing a sequence of timestamped IOUs. If Alice buys
something for three coins from Bob, then they both sign a
timestamped IOU stating that Alice owes Bob three coins.
If Bob then buys something for one coin from Alice, they
both sign a (later) timestamped IOU stating that Alice now
owes Bob two coins. They can continue in this way, so long
as neither ever owes the other more than the ten coins they
have frozen. When either user wants to close the channel,
they send in the most recent IOU to the blockchain, so
that the frozen coins can be distributed to settle the IOU.
We must guard against the possibility that the IOU sent is
an old one, however. So, once an attempt is made to close
the channel, we allow a fixed duration of time for the other
user to counter with a more recent IOU.

The network. The bidirectional payment channel de-
scribed above required one transaction in the blockchain
to set up, and a maximum of two to close. The system re-
ally becomes useful, however, once we have established an
extensive network of payment channels.

Suppose now that Alice wishes to pay Derek, but that
they have not yet established a payment channel. They
could set up a new channel, but this would require send-
ing transactions to the blockchain. Instead, Alice can pay
Derek via Bob and Charlie, if those existing channels are
already in place. Of course, we have to be careful to exe-
cute this so that no middle-man can walk away with the
money, but this can be achieved fairly simply, with the ap-
propriate cryptographic protocols.

12There are a number of ways to implement these details. The Lightning Net-
work is built specifically for Bitcoin, which means that it is designed with the
particular functionalities provided by the Bitcoin scripting language in mind.
For the sake of simplicity, however, we shall consider building a payment chan-
nel on top of a blockchain with a Turing complete scripting language.

Alice

Derek

Discussion
Academically, the study of permissionless distributed com-
puting protocols is in its early phases, and is fertile terri-
tory for theoreticians, with much work to be done. Re-
cent work [LPR20, GKL15, PSS17] has begun the process
of establishing the same sort of framework for the rigor-
ous analysis of permissionless protocols as was developed
for permissioned protocols over many years. The hope is
that, through the development of appropriate frameworks,
a theory can be developed that probes the limits of what is
possible through the development of impossibility results,
as well as the formal analysis of existing protocols. Al-
though the Bitcoin protocol was first described more than
a decade ago, the original paper did not provide a rigor-
ous security analysis. Since then a number of researchers
have done great work towards providing such an analysis
[Ren19,GKL15,PSS17], but the development of appropri-
ate frameworks for security analysis remains an ongoing
task. In addressing the issue of scalability, and in deal-
ing with the substantial issues of privacy and transparency
which arise in connection with the use of cryptocurrencies,
there is also plenty of scope for the use of more advanced
cryptographic methods such as succinct zero-knowledge
proofs [BSBHR18].

Of course, there are many questions and issues that we
have not had space to discuss. For example, it remains an
ongoing task to develop a thorough incentives-based anal-
ysis of Bitcoin and other protocols: The protocol may be-
have well when only aminority of users (weighted by com-
putational power) behave badly, but are the other “hon-
est” users properly incentivised to follow the protocol? Is
following the protocol a Nash equilibrium according to
an appropriate set of payoffs? In fact, these questions
have been shown to be somewhat problematic for Bitcoin.
There are contexts in which miners are incentivised to de-
viate from the protocol [ES14], and the infrequent nature
of miner rewards also means that miners are incentivised
to form large “mining pools.” Today, a small handful of
mining pools carry out the majority of the mining for Bit-
coin, meaning that control of the currency is really quite
centralised.

1314 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 9



Earlier on, we briefly mentioned the significant issue
that proof-of-work protocols are energy intensive. A viable
alternative to proof-of-work may be provided by “proof-
of-stake” (PoS): With a PoS protocol users are selected to
update state (i.e., to do things like publish blocks of trans-
actions) with probability proportional to how much cur-
rency they own, rather than their computational power.
PoS protocols face a different set of technical challenges
[LPR20]. There are good reasons to believe, however, that
as well as being energy efficient, PoS protocols may offer
significant benefits in terms of increased security and de-
centralisation.

At this point it seems likely that very substantial in-
creases in transaction rates will bemade possible over time
through a combination of approaches. At least in the short
to medium term, however, if we are to see large-scale adop-
tion of cryptocurrencies, then one might conjecture that
this is likely to be in applications such as the financial
markets, where computational efficiency is important to
a point, but where market efficiencies are key.
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The Prym Map: From
Coverings to Abelian Varieties

Angela Ortega
Introduction
Abelian varieties are very important objects that lie at the
crossroads of several areas in mathematics: algebraic ge-
ometry, complex analysis, and number theory. So they
can be studied from different points of view. An abelian
variety over a field 𝐾 is an abelian group which admits
an embedding in a projective space ℙ(𝐾), so it is also a
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projective variety. Although it can be defined over an arbi-
trary field 𝐾, in this note we will only consider the case of
complex abelian varieties, that is 𝐾 = ℂ.

Abelian varieties made their appearance at the begin-
ning of the nineteenth century, when Niels Henrik Abel
and Carl Gustav Jacob Jacobi studied hyperelliptic integrals.
A hyperelliptic integral is an integral of the form

∫
𝛾

𝑝(𝑧)
√𝑞(𝑧)

𝑑𝑧,

where 𝑝(𝑧) is a polynomial, 𝑞(𝑧) = (𝑧 − 𝑎1)⋯ (𝑧 − 𝑎𝑛) is a
polynomial of degree 𝑛with pairwise distinct roots 𝑎𝑖, and
𝛾 is a path inℂ. At the time of Abel and Jacobi it was known
that for 𝑛 = 1, 2 this integral could be solved by means
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of trigonometric and logarithmic functions. For 𝑛 = 3, 4
one can solve it using elliptic functions, but for 𝑛 ≥ 5 no
way of integrating this function is known in general. Con-
sidered as a function on ℂ, the differential

1
√𝑞(𝑧)

𝑑𝑧 is not

singled-valued, but it can be seen as a holomorphic dif-
ferential on the compact Riemann surface (which is also a
smooth algebraic curve over ℂ) associated to√𝑞(𝑧), that is,
the double covering𝐶 ofℙ1 ramified at the points 𝑎1, … , 𝑎𝑛.
The difficulty to integrate

1
√𝑞(𝑧)

𝑑𝑧 comes from the topolog-

ical structure of 𝐶. Abel and Jacobi had the idea to inte-
grate all the holomorphic differentials on 𝐶 at the same
time by considering a basis of the form 𝜔𝑖 ∶= 𝑧𝑖−1 1

√𝑞(𝑧)
𝑑𝑧,

𝑖 = 1, … , [𝑛−1
2
]. The dimension 𝑔 ∶= [𝑛−1

2
] of the vector

space of holomorphic differentials (denoted by𝐻0(𝐶, 𝜔𝐶))
is called the genus of 𝐶. Topologically, the genus is the
number of “holes” of the Riemann surface 𝐶 (see Figure
1). Let 𝑝0 ∈ 𝐶 be a fixed point. Around this point we can
define the map

𝑝 ↦ (∫
𝑝

𝑝0
𝑤1, … ,∫

𝑝

𝑝0
𝑤𝑔) , (1)

but it cannot be extended to the whole 𝐶 because these in-
tegrals depend on the path between 𝑝0 and 𝑝. The way
out is to consider the image modulo the values of inte-
grals along closed paths to obtain a well-defined map. Let
𝐻1(𝐶, ℤ) ≃ ℤ2𝑔 be the group of closed paths in 𝐶 (which
does not depend on the starting point) modulo homol-
ogy. This group can be seen as a full rank lattice inside
𝐻0(𝐶, 𝜔𝐶)∗, via the injective map

𝛾 ↦ {𝜔 ↦ ∫
𝛾
𝜔}

assigning to a path 𝛾 the functional which integrates the
holomorphic differentials along 𝛾. Thus, the map (1) ex-
tends to a holomorphic map on 𝐶,

𝛼 ∶ 𝑝 ↦ (∫
𝑝

𝑝0
𝑤1, … ,∫

𝑝

𝑝0
𝑤𝑔) mod 𝐻1(𝐶, ℤ),

called the Abel–Jacobi map, and the complex torus 𝐽𝐶 ∶=
𝐻0(𝐶, 𝜔𝐶)∗/𝐻1(𝐶, ℤ) is the Jacobian variety of 𝐶. Conse-
quently, the problem of integrating holomorphic differen-
tials on 𝐶 is equivalent to describing the Jacobian variety
of 𝐶 and the Abel–Jacobi map 𝛼 ∶ 𝐶 → 𝐽𝐶. Historically,
the Jacobian of a compact Riemann surface 𝐶 is the first
example of an abelian variety.

The main idea we want to convey in this article is that
one can construct and study abelian varieties using curves
and its surrounding geometry.
Abelian varieties and Jacobians. One can show that a
complex abelian variety𝐴 is the quotient of a complex vector
space 𝑉 by a full rank lattice Γ in 𝑉 together with an ample

line bundle 𝐿 on the torus 𝑉/Γ, called a polarization. The
sections of 𝐿⊗𝑘, for some 𝑘 > 0, provide an embedding of
𝐴 into a projective space1 ℙ𝐻0(𝐴, 𝐿⊗𝑘)∗ ≃ ℙ𝑁 :

𝑥 ↦ [𝑠0(𝑥) ∶ 𝑠1(𝑥) ∶ ⋯ ∶ 𝑠𝑁(𝑥)],
where 𝑠0, 𝑠1, … , 𝑠𝑁 form a basis of the space of sections
𝐻0(𝐴, 𝐿⊗𝑘). A polarization has several incarnations: (1)
an ample line bundle2 𝐿; (2) a nondegenerated alternating
bilinear form 𝐸 ∶ 𝑉 × 𝑉 → ℝ with 𝐸(Γ, Γ) ⊂ ℤ; (3) a non-
degenerated Hermitian form 𝐻 on 𝑉 with Im𝐻(Γ, Γ) ⊂ ℤ;
and (4) a Weil divisor Θ ⊂ 𝑋 with the property that the
set {𝑎 ∈ 𝐴 ∣ Θ − 𝑎 ∼ Θ} is finite. One has 𝐿 = 𝒪𝐴(Θ),
the associated line bundle to the divisor Θ; conversely, giv-
ing a polarization 𝐿 one recovers Θ as the zero locus of a
section of 𝐿. There is a basis of 𝑉 with respect to which
the alternating form 𝐸 has as matrix ( 0 𝐷

−𝐷 0 ), where 𝐷 is a
diagonal matrix with positive integer entries 𝑑1, … , 𝑑𝑔 sat-
isfying 𝑑𝑖|𝑑𝑖+1 for 𝑖 = 1, … , 𝑔 − 1. The vector (𝑑1, … , 𝑑𝑔) is
called the type of the polarization of 𝐿, and when it is of the
form (1, … , 1) the polarization is principal. In this case the
dimension of the space of sections of 𝐿 is one, so we have
canonically associated to the abelian variety a unique geo-
metric object, its theta divisor. This is one of the reasons
why principal polarizations are the most studied ones.

As we have seen, the Jacobian of an algebraic curve 𝐶
(or compact Riemann surface) is the complex torus

𝐽𝐶 = 𝐻0(𝐶, 𝜔𝐶)∗/𝐻1(𝐶, ℤ).
The intersection product on 𝐻1(𝐶, ℤ) induces an alternat-
ing form 𝐸 on 𝑉 ∶= 𝐻0(𝐶, 𝜔𝐶)∗. More precisely, if we
choose a basis over ℤ, 𝛾1, ..., 𝛾2𝑔 of 𝐻1(𝐶, ℤ) as in Figure

1, the intersection product has as matrix ( 0 𝟏𝑔
−𝟏𝑔 0 ). As

𝐻1(𝐶, ℤ) is a full rank lattice in 𝑉 , the {𝛾𝑖} form also a basis
of 𝑉 as ℝ-vector space. One verifies then that with respect
to this basis, the intersection matrix gives an alternating
form 𝐸 on 𝑉 defining a principal polarization Θ.

A one-dimensional abelian variety is also an algebraic
curve of genus one, that is, an elliptic curve. The Jacobian
of a genus one curve is then isomorphic to the curve itself.

Algebraic geometers typically gather their objects of
study in families to investigate a general property or to
single out interesting elements. Ideally, the set of all the
objects is itself an algebraic variety where one can apply
known tools. This leads to the notion of moduli space,
which is the variety parametrizing the objects. Fortunately,

1This is essentially the definition of ampleness of a line bundle.
2Or more precisely its first Chern class.
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Figure 1. Curve of genus 𝑔.

there exists a nice parameter space for all principally polar-
ized abelian varieties (ppav) of fixed dimension 𝑔 (up to
isomorphism). This moduli space can be constructed as
the quotient of the Siegel upper half plane

𝔥𝑔 ∶= {𝜏 ∈ 𝑀𝑔×𝑔(ℂ) ∣ 𝜏𝑡 = 𝜏, Im 𝜏 > 0}
by the action of the symplectic group

𝑆𝑝2𝑔(ℤ)
= {𝑀 ∈ 𝐺𝐿2𝑔(ℤ) ∶ 𝑀 ( 0 𝟏𝐠

−𝟏𝐠 0 )
𝑡𝑀 = ( 0 𝟏𝐠

−𝟏𝐠 0 )}

given by

𝑀 = (𝑎 𝑏
𝑐 𝑑) ∈ 𝑆𝑝2𝑔(ℤ), 𝑀 ⋅ 𝜏 = (𝑎 + 𝑏𝜏)(𝑐 + 𝑑𝜏)−1.

Thus, every point in the quotient 𝔥𝑔/𝑆𝑝𝑔(ℤ) represents an
isomorphism class of a principally polarized abelian vari-
ety of dimension 𝑔: for each 𝜏 ∈ 𝔥𝑔 set 𝐴𝜏 = ℂ𝑔/𝜏ℤ𝑔 ⊕ℤ𝑔,
then

𝐴𝜏 ≃ 𝐴𝜏′ as ppav

⇔ ∃ 𝑀 ∈ 𝑆𝑝2𝑔(ℤ) s.t. 𝜏′ = 𝑀 ⋅ 𝜏.
In what follows, we denote by 𝒜𝑔 the moduli space of
principally polarized abelian varieties of dimension 𝑔. Ob-
serve that the dimension of this space is the same as the di-
mension of the space of symmetric matrices of size 𝑔; thus
dim𝐴𝑔 =

𝑔(𝑔+1)
2

.
The space parametrizing isomorphism classes of

smooth projective curves has no such simple description as
themoduli of abelian varieties, but it is nevertheless a well-
behaved algebraic variety. Let ℳ𝑔 be the moduli space of
smooth projective curves of genus 𝑔. It is an irreducible al-
gebraic variety of dimension 3𝑔−3. By associating to each
smooth curve [𝐶] ∈ ℳ𝑔 its Jacobian, we get the Torelli map:

𝔱 ∶ ℳ𝑔 → 𝒜𝑔, [𝐶] ↦ (𝐽𝐶,Θ).
The celebrated Torelli theorem states that themap 𝔱 is an em-
bedding. In particular, one can recover a smooth algebraic
curve 𝐶 from the pair (𝐽𝐶,Θ). Comparing the dimensions
of both spaces, one deduces that the general principally
polarized abelian variety of dimension < 3 is the Jacobian
of some curve.

Which other abelian varieties can be obtained from curves?

Since much more is known about the moduli space of
curves than the moduli of abelian varieties, the answer to
this question will help us understand better abelian vari-
eties and their moduli spaces.
Coverings of curves and Prym varieties. Consider a finite
covering 𝑓 ∶ 𝐶 → 𝐶 of degree 𝑑 between two smooth pro-
jective curves, and let 𝑔 and ̃𝑔 denote the genera of 𝐶 and
𝐶, respectively. By the Riemann–Hurwitz formula these
genera are related by

̃𝑔 = 𝑑(𝑔 − 1) + deg𝑅
2 + 1, (2)

where 𝑅 denotes the ramification divisor of 𝑓, that is, the
set of points in 𝐶 (counted with multiplicities) where the
map is not locally a homeomorphism. The map 𝑓 induces
a map between the Jacobians of the curves, the norm map.
As a group, the Jacobian 𝐽𝐶 is generated by the points of
the curve 𝐶, and in fact 𝐽𝐶 parametrizes classes of linear
equivalence of divisors of degree zero. With this in mind
one can simply define the norm map as the pushforward
of divisors from 𝐶 to 𝐶:

Nm𝑓 ∶ 𝐽𝐶 → 𝐽𝐶, [∑
𝑖
𝑛𝑖𝑝𝑖] ↦ [∑

𝑖
𝑛𝑖𝑓(𝑝𝑖)] ,

where the sum is finite, ∑𝑛𝑖 = 0 with 𝑛𝑖 ∈ ℤ, and the
bracket denotes the class of linear equivalence. The ker-
nel of Nm𝑓 is not necessarily connected, but since Nm𝑓
is a homomorphism of groups the connected component
containing the zero is naturally a subgroup of 𝐽𝐶. This
subgroup is the Prym variety of 𝑓 denoted by

𝑃(𝑓) ∶= (KerNm𝑓)0 ⊂ 𝐽𝐶. (3)

Moreover, the restriction of the principal polarization Θ
on 𝐽𝐶 to 𝑃(𝑓) defines a polarization Ξ; hence (𝑃(𝑓), Ξ) is
an abelian subvariety of the Jacobian 𝐽𝐶 of dimension

dim𝑃(𝑓) = dim 𝐽𝐶 − dim 𝐽𝐶 = ̃𝑔 − 𝑔.
The Prym variety can be regarded as the complementary
variety of the image of 𝑓∗ ∶ 𝐽𝐶 → 𝐽𝐶 inside 𝐽𝐶. It was
shown by Mumford in [Mum74] that the restricted po-
larization Ξ is principal when 𝑓 is an étale (unramifed)
double covering, or when it is a double covering ramified
in exactly two points. These are basically the only cases
when one can obtain a principal polarization on 𝑃(𝑓). As-
sume now that 𝑓 is an étale double covering. According
to (2) the dimension of the corresponding Prym variety is
dim𝑃(𝑓) = 2(𝑔 − 1) − 𝑔 = 𝑔 − 1. Thus, this construction
provides us away to associate to each étale double covering
𝑓 ∶ 𝐶 → 𝐶 over a smooth curve 𝐶 of genus 𝑔 a principally
polarized abelian variety; this is the Prym map. In order
to make the definition precise we need to introduce the
moduli space

ℛ𝑔 ∶= {[𝐶, 𝜂] ∣ [𝐶] ∈ ℳ𝑔,
𝜂 ∈ Pic0(𝐶) ⧵ {𝒪𝐶}, 𝜂⊗2 ≃ 𝒪𝐶}/ ≅
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parametrizing all the (nontrivial) étale double coverings
over curves of genus 𝑔 up to isomorphism. Given a pair
[𝐶, 𝜂] ∈ ℛ𝑔 the isomorphism 𝜂⊗2 ≃ 𝒪𝐶 endows 𝒪𝐶 ⊕
𝜂 with a ring structure (actually with a structure of 𝒪𝐶-
algebra). Thus, the corresponding double covering is given
by taking the spectrum 𝐶 ∶= Spec(𝒪𝐶⊕𝜂), and the map 𝑓
is just the natural projection Spec(𝒪𝐶⊕𝜂) → 𝐶 = Spec𝒪𝐶 ,
induced by the inclusion 𝒪 ↪ 𝒪𝐶 ⊕ 𝜂. There are finitely
many “square roots” of 𝒪𝐶 , that is, line bundles 𝜂 with
𝜂⊗2 ≃ 𝒪𝐶 . More precisely, the forgetful map

ℛ𝑔 →ℳ𝑔, [𝐶, 𝜂] ↦ 𝜂

is finite of degree 22𝑔 − 1, and hence dimℛ𝑔 = dim𝑀𝑔 =
3𝑔 − 3. The Prym map is then defined as

𝑃𝑟𝑔 ∶ ℛ𝑔 → 𝒜𝑔−1 [𝐶, 𝜂] ↦ (𝑃(𝑓), Ξ).

By comparing the dimensions on both sides, one sees that

dimℛ𝑔 ≥ dim𝒜𝑔−1 =
𝑔(𝑔−1)

2
for 𝑔 ≤ 6, so it makes sense

to ask if for low values of 𝑔 the Prym map is dominant, i.e.,
if we can realize a (general) principally polarized abelian
variety of dimension≤ 6 as the Prym variety of some cover-
ing. The following theorem, representing work of several
mathematicians, gives a positive answer to this question
and summarizes the situation for the classical Prym map.

Theorem 4. (a) The Prym map is dominant if 𝑔 ≤ 6.
(b) The Prym map is generically injective if 𝑔 ≥ 7.
(c) The Prym map is never injective.

Let 𝒫𝑔−1 denote the image of 𝑃𝑟𝑔. Wirtinger showed

([Wir95]) that the closure 𝒫𝑔−1 is an irreducible subvari-

ety in𝒜𝑔−1 of dimension 3𝑔−3, so 𝒫𝑔−1 = 𝒜𝑔−1 for 𝑔 ≤ 6,
which implies part (a). Moreover, he also proved that the
Jacobian locus in 𝒜𝑔−1 (i.e., the image of the Torelli map

𝔱) is contained in 𝒫𝑔−1. In this sense, Pryms are a general-
ization of Jacobians. Part (b) was first proved by R. Fried-
man and R. Smith ([FS82]), and for 𝑔 ≥ 8 by V. Kanev
([Kan82]) by using degeneration methods. More geomet-
ric proofs were given by G. Welters ([Wel87]) and later by
O. Debarre ([Deb89]), in the spirit of the proof of Torelli’s
theorem. The fact that the Prym map is noninjective was
first observed by Beauville ([Bea77]), who produced, using
Recillas’ trigonal construction, examples of nonisomorphic
coverings (𝐶1, 𝐶), (𝐶2, 𝐶2) in ℛ𝑔 for 𝑔 ≤ 10, whose Prym va-
rieties are isomorphic as principally polarized abelian va-
rieties. Later, Donagi’s tetragonal construction ([Don81])
(of which Recillas’s construction is a degeneration) pro-
vided examples for the noninjectivity of the Prym map in
any genus. We will discuss this construction in the next
section.

When 𝑔 < 6 the fibers of the Prym map are positive
dimensional and they are geometrically well understood.

The Prym Map 𝑃𝑟6 ∶ ℛ6 → 𝒜5
The case of étale double coverings over a genus 6 curve de-
serves special attention. We have dimℛ6 = dim𝒜5 = 15,
and the map 𝑃𝑟6 being dominant implies that it is also
generically finite. Can one determine the degree or even
describe its generic fibre? There is not only a positive an-
swer to this question but also a beautiful one. The degree
of 𝑃𝑟6 ∶ ℛ6 → 𝒜5 is 27, which is also the number of lines
on every smooth cubic surface. This is not a coincidence,
because the monodromy group of the Prym map equals
the Weyl group 𝑊(𝐸6), which governs the incidence struc-
ture of the lines in a smooth cubic surface ([Don92]). On
the other hand, 𝑃𝑟6 fails to be finite over the locus of all
the Jacobians of curves of genus 5, as well as over the locus
of intermediate Jacobians of cubic threefolds.3 The fibres
and the blowup of the Prym map along these loci are ex-
plicitly described in [Don92]. There is even a procedure to
pass from one element to another on a general fibre of 𝑃𝑟6:
the tetragonal construction. First, notice that a general curve
[𝐶] ∈ ℳ6 carries exactly five 𝑔14’s, that is, line bundles of
degree 4 on 𝐶 whose space of sections is two-dimensional.
Thus, a 𝑔14 on 𝐶 is equivalent to having a 4:1 map 𝐶 → ℙ1.
Now, given a double covering [𝑓 ∶ 𝐶 → 𝐶] ∈ ℛ6 and a
𝑔14 on 𝐶, one can construct two other coverings in ℛ6 as
follows. Let 𝐶(4) (respectively, 𝐶(4)) be the fourth symmet-
ric product of 𝐶 (respectively, 𝐶), parametrizing divisors
of degree 4 on the corresponding curves. Define the curve
𝑋 by the cartesian diagram

𝑋 � � //

16∶1 𝑓(4)|�̃�
��

𝐶(4)

24∶1 𝑓(4)
��

ℙ1 = 𝑔14 �
� // 𝐶(4)

where 𝑓(4) is the natural map 𝑝1 + ⋯ + 𝑝4 ↦ 𝑓(𝑝1) +
⋯ + 𝑓(𝑝4). The involution 𝜎 on 𝐶 induces an involution
̃𝜎 ∶ 𝑝1+⋯+𝑝4 ↦ 𝜎(𝑝1)+⋯+𝜎(𝑝4) on 𝑋 . It turns out that
𝑋 consists of two disjoint nonsingular connected compo-
nents 𝑋0, 𝑋1 and the involution �̃� acts without fixed points
on each of these components. Moreover, the restriction of
the map 𝑓(4) to 𝑋0 and 𝑋1 defines 8:1 maps fitting in the
following diagram:

𝑋0

8∶1

��0
00
00
00
00
00
00
00𝑓0

��~~
~~
~~
~~

⊔ 𝑋1

8∶1

����
��
��
��
��
��
��
� 𝑓1

��?
??

??
??

?

𝑋0
4∶1

''PP
PPP

PPP
PPP

PPP
P 𝑋1

4∶1

wwnnn
nnn

nnn
nnn

nnn

ℙ1

3The intermediate of a cubic threefold 𝑌 is the complex torus
𝐻1,2(𝑌)/𝐻3(𝑌, ℤ).
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where 𝑋𝑖 ∶= 𝑋𝑖/�̃� for 𝑖 = 0, 1. Therefore, from an element

[𝐶 𝑓→ 𝐶] ∈ ℛ6 together with a pencil 𝑔14 on 𝐶 we have con-

structed two other elements in ℛ6, namely, [𝑋0
𝑓0→ 𝑋0] and

[𝑋1
𝑓1→ 𝑋1], together with 𝑔14’s on 𝑋0 and 𝑋1. These three

pairs are in general not isomorphic, but the associated
Pryms are isomorphic ([Don81]). If one applies the con-

struction to [𝑋0
𝑓0→ 𝑋0] using the obtained 𝑔14, one gets back

the original two coverings, but if one uses another pencil
on 𝑋0, one gets two other nonisomorphic coverings. By
repeating this procedure on the coverings using different
pencils on their base curves, we obtain eventually all the
elements on the fibre. This is also the structure on the lines
of a smooth cubic surface. Two coverings in the fibre are
related by the tetragonal construction, as two lines on a cu-
bic surface are incident. The triad {(𝐶, 𝐶), (𝑋0, 𝑋0), (𝑋1, 𝑋1)}
corresponds to a triangle in the surface. The fact that each
line in the cubic surface is a “side” of five triangles is re-
flected in the construction by the five 𝑔14’s that a curve 𝐶
possesses. This particular case shows that the fibres of the
Pym map display rich and beautiful geometry.
Nonprincipally polarized abelian varieties. One can of
course use more general coverings to construct abelian va-
rieties, for instance, coverings of degree higher than 2 or
ramified ones. In these cases one obtains abelian varieties
which are no longer principally polarized. In this section
we will discuss cyclic coverings ramified at 2𝑟 points with
𝑟 ≥ 0.

By definition, an étale cyclic covering 𝐶 → 𝐶 of de-
gree 𝑑 admits an automorphism 𝜎 of order 𝑑 on 𝐶 such
that 𝐶 = 𝐶/⟨𝜎⟩. For simplicity, we can assume that 𝑑
is a prime number (otherwise one can factorize the map
through cyclic coverings of smaller degree). If the cyclic
covering is branched over a divisor 𝐵 ⊂ 𝐶, the ramifica-
tion index at each ramified point is 𝑑; i.e., all the branches
come together in that point. In particular, if deg 𝐵 = 𝑑𝑚,
for some integer 𝑚 > 0, the ramification divisor is of de-
gree

deg𝑅 = 2𝑟 = (𝑑 − 1)𝑑𝑚.
Similarly to the étale double cover case, giving a ramified
cyclic covering is equivalent to giving a triple (𝐶, 𝐵, 𝜂) with
𝜂 a line bundle on 𝐶 (of degree𝑚) satisfying 𝜂⊗𝑑 ≃ 𝒪𝐶(𝐵).
More precisely, take a section 𝑠 of 𝒪𝐶(𝐵) vanishing exactly
along 𝐵 (if 𝐵 = ∅, take 𝑠 the constant section 1). Denote
by 𝑇𝑜𝑡(𝜂) the total space of 𝜂 and let 𝑝 ∶ 𝑇𝑜𝑡(𝜂) → 𝐶 be
the projection. If 𝑡 is the tautological section of the line
bundle 𝑝∗𝜂 → 𝑇𝑜𝑡(𝜂), then the locus where the section
𝑝∗𝑠 − 𝑡𝑑 vanishes defines the curve 𝐶 inside 𝑇𝑜𝑡(𝜂).

Recall that points in the Jacobian represent line bundles
of degree zero on the corresponding curve. Hence, every
automorphism of a curve induces an automorphism of its
Jacobian by taking the pullback of the bundle under the

automorphism. If we denote by the same letter the auto-
morphism on 𝐽𝐶 induced by 𝜎, it is more convenient to
define the Prym variety of the covering 𝑓 as

𝑃(𝑓) ∶= Im(1 − 𝜎) ⊂ 𝐽𝐶,
which is an abelian subvariety of 𝐽𝐶 of dimension

dim𝑃(𝑓) = ̃𝑔 − 𝑔 = (𝑑 − 1)(𝑔 − 1) + 𝑟 =∶ 𝑝,
with polarization Ξ given by the restriction of the prin-
cipal polarization Θ̃ on 𝐽𝐶. It is a polarization of type
𝐷 = (1, … , 1, 𝑑, … , 𝑑), where 1 occurs 𝑝 − (𝑔 − 1) times and
𝑑 occurs 𝑔−1 times if 𝑟 = 0, and 1 occurs 𝑝−𝑔 times and 𝑑
occurs 𝑔 times if 𝑟 > 0. This definition coincides with (3),
since in that case Im(1 − 𝜎) = ker(1 + 𝜎)0. Let

ℛ𝑔(𝑑, 𝑟) ∶= {(𝐶, 𝐵, 𝜂) ∣
𝜂 ∈ Pic𝑚(𝐶), 𝐵 reduced divisor in |𝜂⊗𝑑|}/ ≅

denote the moduli space parametrizing cyclic coverings of
degree 𝑑 over a curve of genus 𝑔 totally ramified over 𝑑𝑚
points, and let𝒜𝐷

𝑝 be the moduli space of abelian varieties
of dimension 𝑝 and polarization type 𝐷. In this case the
Prym map is given by

𝑃𝑟𝑔(𝑑, 𝑟) ∶ ℛ𝑔(𝑑, 𝑟) → 𝒜𝐷
𝑝 , [𝐶

𝑓→ 𝐶] ↦ (𝑃(𝑓), Ξ).
In order to compute the dimension of its image one needs
to know when this map is generically finite. This is the
case when the differential map of 𝑃𝑟𝑔(𝑑, 𝑟) is injective at a
generic point ofℛ𝑔(𝑑, 𝑟) or equivalently when the codiffer-
ential map 𝑑∗𝑃𝑟𝑔(𝑑, 𝑟) is surjective. One of the advantages
of considering cyclic covering is that the tangent space at
0 ∈ 𝑃(𝑓) to the Prym variety can be identified with the
direct sum of spaces of sections

𝑇0𝑃 ≃
𝑑−1

⨁
𝑖=1

𝐻0(𝐶, 𝜔𝐶 ⊗ 𝜂𝑖)∗,

where each summand is an eigenspace for the action of 𝜎
on 𝐻0(𝐶, 𝜔𝐶)∗. Notice that the forgetful map [𝐶, 𝐵, 𝜂] ↦
[𝐶, 𝐵] is finite over the moduli spaceℳ𝑔,𝑑𝑚 of 𝑑𝑚-pointed
smooth curves of genus 𝑔. Therefore the cotangent space
to a generic point [𝐶, 𝜂, 𝐵] ∈ ℛ𝑔(𝑑, 𝑟) can be identified to
the cotangent space to ℳ𝑔,𝑑𝑚 at [𝐶, 𝐵]. By identifying the
cotangent spaces

𝑇∗
(𝑃,Ξ)𝒜𝐷

𝑝 ≃ Sym2(𝑇0𝑃)∗,
𝑇∗
[𝐶,𝜂,𝐵]ℛ𝑔(𝑑, 𝑟) ≃ 𝐻0(𝐶, 𝜔𝐶(𝐵)),

we obtain that the codifferential of 𝑃𝑔(𝑑, 𝑟) at a generic
point [𝐶, 𝐵, 𝜂] is given by the multiplication of sections

𝑑∗𝑃𝑟𝑔(𝑑, 𝑟) ∶ Sym2(𝑇0𝑃)∗ → 𝐻0(𝐶, 𝜔2𝐶 ⊗𝒪(𝐵)).
In the cases when this map is surjective at the generic point
[(𝐶, 𝐵, 𝜂)] we get that the Prym map 𝑃𝑟𝑔(𝑑, 𝑟) is generically
finite onto its image. Recall that 𝑑𝑚 is the degree of the
branch locus of the covering.
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Theorem 1 ([LO11]). If

• 𝑔 ≥ 2 and 𝑑𝑚 ≥ 6 for 𝑑 even or 𝑑𝑚 ≥ 7 for 𝑑 odd,
• 𝑔 ≥ 3 and (𝑑,𝑚) ∈ {(4, 1), (5, 1), (2, 2), (3, 2)},
• 𝑔 ≥ 5 and (𝑑,𝑚) ∈ {(2, 1), (3, 1)},

then the Prym map 𝑃𝑟𝑔(𝑑, 𝑟) is generically finite.

In the case of ramified double coverings we know that
the Prym map is generically injective as soon as the dimen-
sions of the moduli spaces in the source and target allow it
(see [MP12], [MN14], [NO19]), except when 𝑔 = 3, 𝑟 = 2,
where deg 𝑃𝑟3(2, 2) = 3. There are actually at least two dif-
ferent ways to interpret this degree ([BCV95], [NR95]). As
we have seen in the previous section, it is particularly ap-
pealing to study the geometry of the fibres of the Prym
map. Let ℬ𝐷 be the component of the moduli space 𝒜𝐷

𝑝
of elements (𝑃, Ξ) such that the polarization Ξ is compat-
ible with 𝜎, i.e., 𝜎∗Ξ ≡ Ξ. In particular, ℬ𝐷 = 𝒜𝐷

𝑝 when
𝑑 = 2. One checks that Im𝑃𝑟𝑔(𝑑, 𝑟) ⊂ ℬ𝐷. By computing
the dimension ofℬ𝐷 one can prove that only in the follow-
ing cases is 𝑃𝑟𝑔(𝑑, 𝑟) generically finite and dominant over
ℬ𝐷 ([LO18]):

(𝑔, 𝑑, 𝑟) deg 𝑃𝑟𝑔(𝑑, 𝑟) dim𝑃 Polarization
(6,2,0) 27 5 (2,2,2,2,2)
(3,2,2) 3 4 (1,2,2,2)
(1,2,3) 1 3 (1,1,2)
(4,3,0) 16 6 (1,1,1,3,3,3)
(2,7,0) 10 6 (1,1,1,1,1,7)
(2,3,3) ? 5 (1,1,1,3,3)

The degree of the Prym map 𝑃𝑟2(3, 3) seems to be un-
known. We would like to emphasize that the fibre of the
different Prym maps carries a peculiar structure, so the way
of computing the degree has been ad hoc for each case.
Beyond coverings: Prym–Tyurin varieties. In the previ-
ous construction the Prym variety appears as a subvariety
of some Jacobian. It is known that to every abelian subva-
riety of a Jacobian corresponds an endomorphism, called
the norm-endomorphism. Thus, in order to extend the defi-
nition of Prym variety, one needs to look at Jacobians ad-
mitting nontrivial endomorphisms, i.e., endomorphisms
which are not of the form 𝑎 ↦ 𝑛 ⋅ 𝑎, with 𝑛 ∈ ℤ (ev-
ery abelian variety contains ℤ as a subgroup of endomor-
phisms). As wementioned before, every automorphism of
the curve induces an automorphism of the Jacobian, and
more generally, every endomorphism of 𝐽𝐶 comes from a
correspondence on the curve. A correspondence on 𝐶 is a
divisor 𝐷 ⊂ 𝐶 ×𝐶, which induces a map from the curve to
the group of divisors on 𝐶 of fixed degree:

𝐶 → Div𝑛(𝐶), 𝑥 ↦ 𝐷|{𝑥}×𝐶 .
Since the curve 𝐶 generates 𝐽𝐶 as a group, by the univer-
sal property of the Jacobian we can extend this map to an

endomorphism of 𝐽𝐶. A nontrivial endomorphism 𝛾𝐷 on
𝐽𝐶 defines a proper subvariety 𝑃 ∶= Im(1−𝛾𝐷) of the Jaco-
bian.

We say that a principally polarized abelian variety (𝑃, Ξ)
is a Prym–Tyurin variety4 for the curve 𝐶 of exponent 𝑒 if

𝑃
𝜄
↪ 𝐽𝐶 is a subvariety and 𝜄∗Θ ≡ 𝑒Ξ. One checks that

in this case the endomorphism Norm 𝑁𝑃 ∈ End 𝐽𝐶 associ-
ated to 𝑃 satisfies the equation𝑁𝑃(𝑒−𝑁𝑃) = 0. For example,
Jacobians are Prym–Tyurin varieties of exponent one, and
classical Prym varieties are Prym–Tyurin of exponent two.
Welters ([BL04, Corollary 12.2.4]) proved that every princi-
pally polarized abelian variety of dimension 𝑔 is in fact a
Prym–Tyurin variety for some curve of a very large genus,
with exponent 3𝑔−1(𝑔 − 1)!. It is an open problem to find,
for a given 𝑔, the smallest integer 𝑐 such that every princi-
pally polarized abelian variety of dimension 𝑔 is a Prym–
Tyurin variety of exponent 𝑒 ≤ 𝑐. The issue is that, as with
automorphisms, the general curve does not carry a non-
trivial correspondence, which leaves us with little room to
look for Prym–Tyurin varieties. However, many examples
of families of Prym–Tyurin varieties have been constructed
by employing different tools like representation theory or
the geometry of lines in some Fano varieties.

The following Prym–Tyurin map, worked out in [ADF+]
after the original construction of V. Kanev ([Kan89]), gives
us a parametrization of 𝒜6 through special coverings; it
illustrates how to use geometric objects to produce Prym–
Tyurin varieties. Consider a smooth cubic threefold 𝑉 in
ℙ4 and choose a pencil of hyperplanes {𝐻𝜆}𝜆∈ℙ1 in ℙ4, that
is, a family of hyperplanes parametrized by ℙ1. With the
right choice of the pencil, the intersection 𝑉𝜆 ∶= 𝐻𝜆 ∩ 𝑉 is
a smooth cubic surface for the general element of the family.
Actually, one can compute that there are exactly 24 critical
values of 𝜆 for which this intersection is a singular cubic
surface. On these singular surfaces some of the lines come
together, so they contain 21 lines instead of 27. We define
the curve of all the lines in the family:

𝐶 ∶= {(𝜆, ℓ) | ℓ a line in 𝑉𝜆},

which is a smooth curve in the Grassmannian 𝔾(1, 4) of
lines in ℙ4. The projection on the first factor defines a fi-
nite morphism ℎ ∶ 𝐶 → ℙ1 of degree 27, since a smooth
cubic surface contains 27 lines. Moreover, over each of
the 24 critical points the map ℎ has 6 simple ramification
points, corresponding to the places where 2 lines collide
giving rise to a singular cubic surface. By the Riemann–
Hurwitz formula it is easy to compute that 𝐶 has genus
46. Now, we will use the incidence of the lines to define a
correspondence on 𝐶:

𝐷 ∶= {((𝜆, ℓ), (𝜆, ℓ′)) ∈ 𝐶 × 𝐶 | ℓ ∩ ℓ′ ≠ ∅ in 𝑉𝜆}

4Also called generalized Prym variety.
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and we denote by 𝐷(ℓ) the divisor of degree 10 in 𝐶 corre-
sponding to the lines which are incident to ℓ. The geome-
try of the lines in a cubic surface imposes a relation

𝐷(𝐷(ℓ)) + 4𝐷(ℓ) − 5ℓ = 5 𝑔127
as an equality of divisor classes on 𝐶, where the right-hand
side is the divisor consisting of five times the fibre of ℓ.
This equality implies that the divisor 𝐷 induces an endo-
morphism 𝛾𝐷 on the Jacobian 𝐽𝐶, satisfying the quadratic
equation

𝛾2𝐷 + 4𝛾𝐷 − 5 = (𝛾𝐷 + 5)(𝛾𝐷 − 1) = 0.
It is not difficult to check that the correspondence has
no fixed points (the diagonal in 𝐶 × 𝐶 does not inter-
sect 𝐷), and it is symmetric, that is, (𝜆, ℓ), (𝜆, ℓ′)) ∈ 𝐷 ⇔
((𝜆, ℓ), (𝜆, ℓ′)) ∈ 𝐷. Then, by a criterion due to Kanev, one
can conclude that the abelian variety defined as

𝑃𝑇(𝐶,𝐷) ∶= Im(𝛾𝐷 − 1) ⊂ 𝐽𝐶
carries a principal polarization Ξ, more preciselyΘ|𝑃𝑇(𝐶,𝐷)
≡ 6Ξ. Therefore 𝑃𝑇(𝐶, 𝐷) is a Prym–Tyurin variety of expo-
nent 6 inside 𝐽𝐶, and one computes that dim𝑃𝑇(𝐶, 𝐷) = 6.
This is a fortunate observation since the attempt to domi-
nate the moduli space 𝒜𝑔 using Prym varieties failed for
𝑔 ≥ 6. In fact, a breakthrough theorem states that 𝒜𝑔
is of general type for 𝑔 ≥ 7 ([Mum83]), which in partic-
ular means that these moduli spaces are as far as possi-
ble from being parametrized by projective spaces. On the
other hand, 𝒜𝑔 is unirational5 for 𝑔 ≤ 5. But how about
𝒜6?

By counting the parameters involved in the construc-
tion one can verify that there are not enough Prym–Tyurin
varieties constructed as above to dominate 𝒜6. The space
parametrizing all cubic threefolds is of dimension 10, and
the dimension of the pencils of hyperplanes in ℙ4 is 6, so
this geometrical construction does not cover the moduli
space 𝒜6 which is of dimension 21. The key point is that
we do not need cubic threefolds to build up a curve 𝐶 with
a correspondence of degree 10. What is essential is the ac-
tion of the Weyl group 𝑊(𝐸6) on the lines of a smooth
cubic surface. We define the following candidate for a pa-
rameter space of 𝒜6:

ℋ𝐸6 = {𝑓 ∶ 𝐶 27∶1⟶ℙ1 ∣ 𝑀𝑜𝑛(𝑓) = 𝑊(𝐸6), 𝑓 is

ramified over 24 points with ramification

pattern determined by root reflexion}.
This is a special Hurwitz scheme that incorporates the in-
cidence correspondence of lines on a cubic surface in the

monodromy of the covering; that is, for each [𝐶 𝑓⟶ℙ1] ∈
ℋ𝐸6 we have a correspondence on 𝐶 of degree 10 that be-
haves just like in the family of lines constructed above. If 𝛾

5That is, there is a dominant rational map ℙ𝑁 99K 𝒜𝑔.

denotes the induced endomorphism on 𝐽𝐶 we define the
associated Prym–Tyurin variety

(𝑃𝑇(𝐶, 𝛾), Ξ)
as the image of 𝛾 − 1 inside 𝐽𝐶, and since the correspon-
dence has the desired properties, the induced polarization
is indeed principal, so it defines an element in 𝒜6. One
observes that ℋ𝐸6 depends on

#{branch points} − dimAut(ℙ1) = 24 − 3 = 21
parameters. The following theorem confirms the intuition
that ℋ𝐸6 is a parameter space for 𝒜6 ([ADF+]):

Theorem 2. The Prym–Tyurin map

𝑃𝑇 ∶ ℋ𝐸6 → 𝒜6, [𝐶 𝑓⟶ℙ1] ↦ (𝑃𝑇(𝐶, 𝛾), Ξ)
is generically finite. In particular, the general principally polar-
ized abelian variety of dimension 6 is a Prym–Tyurin variety of
exponent 6 for a curve of genus 46.

There are of course other spaces parametrizing 𝒜6 but
this one involves curves, generalizing somehow the classi-
cal Prym map for 𝑔 = 4, 5. A great deal is known about the
geometry of Hurwitz schemes, so hopefully this construc-
tion will be useful to study 6-dimensional abelian varieties
and the birational nature of𝒜6. Notice the big leap on the
complexity of the parameter space of 𝒜𝑔: for 𝑔 = 5 the
group acting on the coverings is ℤ2, whereas for 𝑔 = 6 the
Jacobians of the coverings inℋ𝐸6 admit an action of𝑊(𝐸6)
which is of order 51,840. It is also shown in [ADF+] that
a compactificationℋ𝐸6 of this Hurwitz space is of general
type, which leaves us with the open question of whether
𝒜6 is of general type or not.
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The nonlocal world presents an abundance of surprises
and wonders to discover. These special properties are usu-
ally the consequence of long-range interactions, which,
especially in the presence of geometric structures and
nonlinear phenomena, end up producing a variety of
novel patterns. We will briefly discuss some of these fea-
tures, focusing on the case of (non)local minimal surfaces,
(non)local phase coexistence models, and (non)local geo-
metric flows.
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1. Minimal Surfaces
1.1. Classical minimal surfaces. The notion of perime-
ter is one of the concepts we (think we are) most famil-
iar with, and we have been exposed to it since primary
school. In spite of its (apparently) elementary nature, un-
derstanding perimeter, as well as objects that minimize the
perimeter, is an extremely difficult task, involving several
advanced methodologies, including a tailor-made defini-
tion of perimeter introduced by R. Caccioppoli and relying
on the total variation of a step function in the sense of L.
Tonelli (as extended by L. Cesari in higher dimensions).

One of the advantages of Caccioppoli’s approach to
perimeter is its lower semicontinuity, a feature which is not
enjoyed by the codimension 1 Hausdorff measure, as we
now briefly discuss. Indeed, if 𝑛 ≥ 2, [0, 1]𝑛 ∩ℚ𝑛 = {𝑞𝑗}𝑗∈ℕ,
and

𝐸𝑘 ∶=
𝑘

⋃
𝑗=1

𝐵𝜀/2𝑗 (𝑞𝑗),
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with 𝜀 ∈ (0, 1) to be conveniently chosen, one sees that 𝐸𝑘
converges, in 𝐿1(ℝ𝑛), to the set

𝐸 ∶=
+∞

⋃
𝑗=1

𝐵𝜀/2𝑗 (𝑞𝑗),

and that

ℋ𝑛−1(𝜕𝐸𝑘) ≤
𝑘
∑
𝑗=1

ℋ𝑛−1(𝐵𝜀/2𝑗 (𝑞𝑗))

≤
+∞
∑
𝑗=1

const
2𝑗(𝑛−1) ,

(1)

which is bounded uniformly in 𝑘 (and also in 𝜀). Neverthe-
less, since 𝐸 ⊇ [0, 1]𝑛 ∩ ℚ𝑛, it follows that 𝐸 ⊇ [0, 1]𝑛, and
consequently the 𝑛-dimensional Lebesgue measure of 𝐸 is
bounded from below by 1, i.e., ℋ𝑛(𝐸) ≥ 1, up to normal-
izing constants. On the other hand,

ℋ𝑛(𝐸) ≤
+∞
∑
𝑗=1

ℋ𝑛(𝐵𝜀/2𝑗 (𝑞𝑗))

≤
+∞
∑
𝑗=1

const 𝜀𝑛
2𝑗𝑛 ≤ const 𝜀𝑛,

whence

ℋ𝑛(𝜕𝐸) ≥ ℋ𝑛(𝐸) −ℋ𝑛(𝐸) ≥ 1
2 ,

as long as 𝜀 is small enough, and therefore ℋ𝑛−1(𝜕𝐸) =
+∞.

This observation and (1) entail that the codimension 1
Hausdorff measure is not lower semicontinuous, making
it somewhat unfit for the variational problems related to
the perimeter.

In spite of Caccioppoli’s innovative approach, the new
theory of perimeters offered a number of snares and pit-
falls, and several experts maintained a prudent skepticism
about this new direction of investigation. In particular, the
reviews on Caccioppoli’s work by L. C. Young clearly mani-
fested that some statement “can only lead one to doubt its
depth, but, in any case, it is difficult, without more details,
to assess the scope and generality of a theory presented so
sketchily,” in which, ultimately, “the reviewer regretfully
finds again no more than a misleading plausibility.”

Caccioppoli’s approach was then fleshed out and ex-
ploited to the best of its possibilities by E. De Giorgi, who,
after the death of Caccioppoli, christened the sets of finite
perimeter “Caccioppoli sets.” Interestingly, Young’s review
of De Giorgi’s work appreciated that it “makes it possible
to judge more clearly the precise scope of Caccioppoli’s
definitions.”

Interestingly, the point of view of De Giorgi was some-
what conceptually different, though formally equivalent,

to that of Caccioppoli. Indeed, Caccioppoli’s original def-
inition for the perimeter of a set 𝐸 relied on a “distribu-
tional idea,” that is, testing the characteristic function of 𝐸
against the divergence of all possible vector fields with pre-
scribed 𝐿∞-norm, according to the formula

Per(𝐸,Ω) ∶= sup
𝜙∈𝐶10(Ω,ℝ𝑛)
‖𝜙‖𝐿∞(Ω)≤1

∫
Ω
𝜒𝐸(𝑥) div𝜙(𝑥) 𝑑𝑥. (2)

The finiteness of this quantity implies the existence of a
vector-valued Radon measure, which is formally the gradi-
ent of the characteristic function of 𝐸, and which allows
one to write a suitable “integration by parts formula” of
Gauß–Green type (conversely, for smooth sets 𝐸, a classi-
cal integration by parts allows one to identify the quantity
in (2) with basically any reasonable notion of surface mea-
sure of 𝜕𝐸).

De Giorgi’s original definition was instead based on a
“heat flow” approach. Roughly speaking, one considers
the heat flow of the characteristic function of a set 𝐸 (i.e.,
its convolutionwith respect to the usual Gauß kernel), and
reconstructs the perimeter in the limit out of the size of
the gradient of this caloric function. More explicitly, De
Giorgi’s definition of perimeter consists of

Per(𝐸,Ω) ∶= lim
𝑡↘0

∫
Ω
|𝐷Φ𝐸(𝑥, 𝑡)| 𝑑𝑥,

where

Φ𝐸(𝑥, 𝑡) ∶=
1

(𝜋𝑡)
𝑛
2

∫
ℝ𝑛
𝜒𝐸(𝑦) 𝑒−

|𝑥−𝑦|2
𝑡 𝑑𝑦,

and this setting indeed coincides with the one in (2), as
proved by De Giorgi himself.
1.2. Nonlocal minimal surfaces. In [CRS10], a new no-
tion of nonlocal perimeter has been introduced, and the
study of the corresponding minimizers has started. The
simple but deep idea grounding this new definition con-
sists of considering pointwise interactions between dis-
joint sets, modulated by a kernel. The prototype of these
interactions considers kernels which have translational, ro-
tational, and dilation invariance. Concretely, given 𝜎 ∈
(0, 1), one considers the 𝜎-interaction between two disjoint
sets 𝐹 and 𝐺 in ℝ𝑛 as defined by

ℐ𝜍(𝐹, 𝐺) ∶=∬
𝐹×𝐺

𝑑𝑥 𝑑𝑦
|𝑥 − 𝑦|𝑛+𝜍 , (3)

and the 𝜎-perimeter of a set 𝐸 in ℝ𝑛 as the 𝜎-interaction
between 𝐸 and its complement 𝐸𝑐; namely,

Per𝜍(𝐸, ℝ𝑛) ∶= ℐ𝜍(𝐸, 𝐸𝑐). (4)

To deal with local minimizers, given a domain Ω ⊂ ℝ𝑛

(say, with sufficiently smooth boundary), it is also con-
venient to introduce the notion of 𝜎-perimeter of a set 𝐸
in Ω. To this end, one can consider the interaction in (4)
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Figure 1. Long-range interactions leading to the fractional
perimeter of the set 𝐸 in Ω.

as composed by four different terms (by considering the
intersections of 𝐸 and 𝐸𝑐 with Ω and Ω𝑐); namely, we can
rewrite (4) as

Per𝜍(𝐸, ℝ𝑛) = ℐ𝜍(𝐸 ∩ Ω, 𝐸𝑐 ∩ Ω)
+ ℐ𝜍(𝐸 ∩ Ω, 𝐸𝑐 ∩ Ω𝑐) + ℐ𝜍(𝐸 ∩ Ω𝑐, 𝐸𝑐 ∩ Ω)
+ ℐ𝜍(𝐸 ∩ Ω𝑐, 𝐸𝑐 ∩ Ω𝑐).

(5)

Among the four terms in the right-hand side of (5), the first
three terms take into account interactions in which at least
one contribution comes fromΩ (specifically, all the contri-
butions to ℐ𝜍(𝐸∩Ω, 𝐸𝑐∩Ω) come fromΩ, while the contri-
butions to ℐ𝜍(𝐸 ∩Ω, 𝐸𝑐 ∩Ω𝑐) and ℐ𝜍(𝐸 ∩Ω𝑐, 𝐸𝑐 ∩Ω) come
from the interactions of points in Ω with points in Ω𝑐).
The last term in (5) is structurally different, since it only
takes into account contributions coming from outside Ω.
It is therefore natural to define the 𝜎-perimeter of a set 𝐸
in Ω as the collection of all the contributions in (5) that
take into account points in Ω, thus defining

Per𝜍(𝐸,Ω) ∶= ℐ𝜍(𝐸 ∩ Ω, 𝐸𝑐 ∩ Ω)
+ ℐ𝜍(𝐸 ∩ Ω, 𝐸𝑐 ∩ Ω𝑐) + ℐ𝜍(𝐸 ∩ Ω𝑐, 𝐸𝑐 ∩ Ω). (6)

See Figure 1.
This notion of perimeter recovers the classical one

as 𝜎 ↗ 1 in various senses, and indeed the anal-
ogy between the minimizers of (6) with respect to pre-
scribed sets outside Ω (named “nonlocal minimal sur-
faces” in [CRS10]) and the minimizers of the classical
perimeter (the “classical minimal surfaces”) has been
widely exploited in [CRS10] as well as in a series of sub-
sequent articles, such as [CV13]. Notwithstanding the im-
portant similarities between the nonlocal and the classical
settings, many striking differences arise, as we will also de-
scribe in this note.

Minimizers, and more generally critical points, of the
𝜎-perimeter satisfy (with a suitable viscosity meaning, and

in a principal value sense) the equation

ℋ𝜍
𝐸(𝑥) ∶= ∫

ℝ𝑛

Ξ𝐸(𝑦)
|𝑥 − 𝑦|𝑛+𝜍 𝑑𝑦 = 0,

for 𝑥 ∈ (𝜕𝐸) ∩ Ω,
(7)

being

Ξ𝐸(𝑦) ∶= {−1 if 𝑥 ∈ 𝐸,
1 if 𝑥 ∈ 𝐸𝑐;

see [CRS10]. The quantity ℋ𝜍
𝐸 can be seen as a “nonlo-

cal mean curvature,” and indeed it approaches in various
senses the classical mean curvature ℋ1

𝐸 . Interestingly, the
nonlocal mean curvature measures the size of 𝐸 with re-
spect to its complement, in an integral fashion weighted
by the interaction kernel, in a precise form given by (7).
This interpretation is indeed closely related with the classi-
cal mean curvature, in which the size of 𝐸 is measured only
“in the vicinity of the boundary,” since (up to normalizing
constants)

ℋ1
𝐸(𝑥) = lim

𝜌↘0
1

𝜌𝑛+1 ∫𝐵𝜌(𝑥)
Ξ𝐸(𝑦) 𝑑𝑦 for 𝑥 ∈ 𝜕𝐸.

The settings in (4) and (7) also reveal the “fractional no-
tion” of these nonlocal minimal surfaces. As a matter of
fact, if one considers the fractional Gagliardo seminorm
defined, for every 𝑠 ∈ (0, 1), by

[𝑓]𝐻𝑠(ℝ𝑛) ∶= √
∬

ℝ𝑛×ℝ𝑛

|𝑓(𝑥) − 𝑓(𝑦)|2
|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑥 𝑑𝑦,

it follows that [Ξ𝐸]2𝐻𝜍/2(ℝ𝑛) = 8Per𝜍(𝐸).
Moreover, defining the fractional Laplacian as

(−Δ)𝑠𝑓(𝑥) ∶= ∫
ℝ𝑛

𝑓(𝑥) − 𝑓(𝑦)
|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦,

and, for a smooth set 𝐸, identifying a.e. the function Ξ𝐸
with

Ξ̃𝐸(𝑦) ∶=
⎧
⎨
⎩

−1 if 𝑥 is in the interior of 𝐸,
1 if 𝑥 is in the interior of 𝐸𝑐,
0 if 𝑥 ∈ 𝜕𝐸,

one sees that, for 𝑥 ∈ 𝜕𝐸,

ℋ𝜍
𝐸(𝑥) = ∫

ℝ𝑛

Ξ̃𝐸(𝑦)
|𝑥 − 𝑦|𝑛+𝜍 𝑑𝑦

= ∫
ℝ𝑛

Ξ̃𝐸(𝑦) − Ξ̃𝐸(𝑥)
|𝑥 − 𝑦|𝑛+𝜍 𝑑𝑦

= −(−Δ)𝜍/2Ξ̃𝐸(𝑥).

(8)

In this sense, one can relate “geometric” equations, such
as (7), with “linear” equations driven by the fractional
Laplacian (as in (8)), in which, however, the nonlinear fea-
ture of the problem is encoded by the fact that the equation
takes place on the boundary of a set (once again, however,
sharp differences arise between nonlocal minimal surfaces
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and solutions of linear equations, as we will discuss in the
rest of this note).

From the considerations above, we see how the study
of nonlocal minimal surfaces is therefore related to the
one of hypersurfaces with vanishing nonlocal mean curva-
ture, and a direction of research lies in finding correspon-
dences between critical points of nonlocal and classical
perimeters. With respect to this point, we recall that dou-
ble helicoids possess both vanishing classical mean curva-
ture and vanishing nonlocal mean curvature, as noticed
in [CDDP16]. Also, nonlocal catenoids have been con-
structed in [DdPW18] by bifurcation methods from the
classical case. Differently from the local situation, the non-
local catenoids exhibit linear growth at infinity, rather than
a logarithmic one, as recently established by M. Cozzi and
E. Valdinoci.

The cases of hypersurfaces with prescribed nonlocal
mean curvature and of minimizers of nonlocal perimeter
functionals under periodic conditions have also been con-
sidered in the literature. We also mention that we are re-
stricting here to the notion of nonlocal minimal surfaces
of fractional type, as introduced in [CRS10], but other very
interesting, and structurally different, notions of nonlocal
minimal surfaces have also been considered in the litera-
ture.

2. Interior Regularity for Minimal Surfaces
A first step to understanding the geometric properties of
(both classical and nonlocal) minimal surfaces is to de-
tect their regularity properties and the possible singulari-
ties. While the regularity theory of classical minimal sur-
faces is a rather well-established topic, many basic regular-
ity problems in the nonlocal minimal surfaces setting are
open, and they require brand new ideas to be attacked.
2.1. Interior regularity for classical minimal surfaces.
Classical minimal surfaces are smooth up to dimension 7.
This was established when 𝑛 = 3 by E. De Giorgi in 1965,
when 𝑛 = 4 by F. J. Almgren in 1966, and when 𝑛 ≤ 7 by
J. Simons in 1968.

Also, it was conjectured by J. Simons that this regularity
result was optimal in dimension 7, suggesting as a possible
counterexample in dimension 8 the cone

{(𝑥, 𝑦) ∈ ℝ4 × ℝ4 s.t. |𝑥| < |𝑦|}.

This conjecture was indeed positively assessed by E.
Bombieri, E. De Giorgi, and E. Giusti in 1969, thus show-
ing that classical minimal surfaces can develop singulari-
ties in dimension 8 and higher.

Besides the smoothness, the analyticity of minimal sur-
faces in dimension up to 7was established by E. De Giorgi
in 1957.
2.2. Interior regularity for nonlocal minimal surfaces.
Different from the classical case, the regularity theory for

nonlocal minimal surfaces is still mostly open. Until now,
a complete result holds only in dimension 2, since the
smoothness of nonlocal minimal surfaces was established
in [SV13].

In higher dimensions, the results in [CV13] give that
nonlocal minimal surfaces are smooth up to dimension 7
as long as 𝜎 is sufficiently close to 1: namely, for ev-
ery 𝑛 ∈ ℕ ∩ [1, 7] there exists 𝜎(𝑛) ∈ [0, 1) such that all
𝜎-nonlocal minimal surfaces in dimension 𝑛 are smooth
provided that 𝜎 ∈ (𝜎(𝑛), 1). The optimal value of 𝜎(𝑛) is
unknown (except when 𝑛 = 1, 2, in which case 𝜎(𝑛) = 0).

This result strongly relies on the fact that the nonlocal
perimeter approaches the classical perimeter when 𝜎 ↗ 1,
and therefore one can expect that when 𝜎 is close to 1 non-
local minimal surfaces inherit the regularity of classical
minimal surfaces.

On the other hand, we remark that it is not possible to
obtain information on the regularity of nonlocal minimal
surfaces from the asymptotics of the fractional perimeter
as 𝜎 ↘ 0. Indeed, it has been proved in [DFPV13] that
the fractional perimeter converges, roughly speaking, to
the Lebesgue measure of the set when 𝜎 ↘ 0, and so in
this case minimizers can be as wild as they wish.

As a matter of fact, the smoothness obtained in [SV13]
and [CV13] is of 𝐶1,𝛼-type; the improvement to 𝐶∞ was
obtained in [BFV14].

Indeed, nonlocal minimal surfaces enjoy an “improve-
ment of regularity” from locally Lipschitz to 𝐶∞ (more pre-
cisely, from locally Lipschitz to 𝐶1,𝛼 for any 𝛼 < 𝜎, thanks
to [FV17], and from 𝐶1,𝛼 for some 𝛼 > 𝜎/2 to 𝐶∞, thanks
to [BFV14]).

It is an open problem to establish whether smooth
nonlocal minimal surfaces are actually analytic. It is
also open to determine whether or not singular nonlocal
minimal surfaces exist (a preliminary analysis performed
in [DdPW18] for symmetric cones when the fractional pa-
rameter 𝜎 approaches 0 may lead to the conjecture that
nonlocal minimal surfaces are smooth up to dimension 6,
but completely new phenomena may arise in dimension 7
when 𝜎 is close to 0).

Quantitative versions of the regularity results for nonlo-
cal minimal surfaces have been obtained in [CSV19].

As a matter of fact, in [CSV19] more general interaction
kernels have also been considered, and regularity results
have been obtained for more general critical points than
minimizers. In particular, one can consider stable sur-
faces with vanishing nonlocal mean curvature as critical
points with “nonnegative second variations” of the func-
tional. More precisely, one says that 𝐸 is “stable” for the
nonlocal perimeter in Ω if Per𝜍(𝐸,Ω) < +∞ and for every
vector field 𝑋 = 𝑋(𝑥, 𝑡) ∈ 𝐶2(ℝ𝑛 × (−1, 1); ℝ𝑛), which is
compactly supported in Ω and whose integral flow is de-
noted by Φ𝑡

𝑋 , and for every 𝜀 > 0, there exists 𝑡0 > 0 such
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that
Per𝜍(Φ𝑡

𝑋(𝐸) ∪ 𝐸) − Per𝜍(𝐸) + 𝜀𝑡2 ≥ 0
and Per𝜍(Φ𝑡

𝑋(𝐸) ∩ 𝐸) − Per𝜍(𝐸) + 𝜀𝑡2 ≥ 0
for all 𝑡 ∈ (−𝑡0, 𝑡0).

Interestingly, the notion of stability in the nonlocal
regime provides stronger information with respect to the
classical counterpart: for instance, if 𝐸 is stable for the non-
local perimeter in 𝐵2𝑅, then

Per(𝐸, 𝐵𝑅) ≤ 𝐶𝑅𝑛−1, (9)

where 𝐶 > 0 is a constant depending only on 𝑛 and 𝜎.
We stress that the left-hand side in (9) involves the clas-

sical perimeter (not the nonlocal perimeter); hence an
estimate of this type is quite informative also for mini-
mizers (not only for stable sets). In a sense, up to now,
the perimeter estimate in (9) is the only regularity result
known for nonlocal minimal surfaces (and, more gener-
ally, for nonlocal stable surfaces) in any dimension (dif-
ferently from [SV13] and [CV13], this estimate does not
imply the smoothness of the surface, but only a bound on
the perimeter).

Moreover, the right-hand side of (9) is uniform with re-
spect to the external data of 𝐸. In particular, wild data are
shown to have a possible impact on the perimeter of𝐸 near
the boundary, but not in the interior (for instance, nonlo-
cal minimal surfaces and, more generally, nonlocal stable
surfaces in 𝐵2 have a uniformly bounded perimeter in 𝐵1).
This is a remarkable property, heavily relying on the nonlo-
cal structure of the problem, which has no counterpart in
the classical case. As an example, one can consider a fam-
ily of parallel hyperplanes, which is a local minimizer for
the perimeter: since each hyperplane produces a certain
perimeter contribution in 𝐵1, no uniform bound can be at-
tained in this situation. In this sense, a bound as in (9) pre-
vents arbitrary families of possibly perturbed hyperplanes
to be stable surfaces for the nonlocal perimeter.

Concerning the regularity of stable sets for the nonlocal
perimeter, we also mention that half-spaces are the only
stable cones in ℝ3 if the fractional parameter 𝜎 is suffi-
ciently close to 1, as recently proved by X. Cabré, E. Cinti,
and J. Serra.

3. The Dirichlet Problem for Minimal Surfaces
Another classical problem in the theory of minimal sur-
faces is finding solutions with graphical structure for given
boundary or exterior data. In the classical setting, this cor-
responds to studying graphs with vanishing mean curva-
ture inside a given domain with a prescribed Dirichlet da-
tum along the boundary of the domain. Its nonlocal coun-
terpart consists of studying graphs with vanishing non-
local mean curvature inside a given domain with a pre-
scribed datum outside this domain. We discuss now simi-
larities and differences between these two problems.

3.1. The Dirichlet problem for classical minimal sur-
faces. A classical problem in geometric analysis is to
seek hypersurfaces with vanishing mean curvature and
prescribed boundary data. Namely, given a smooth do-
mainΩ ⊂ ℝ𝑛 and a boundary datum 𝜑 ∈ 𝐶(𝜕Ω), the prob-
lem is to find 𝑢 ∈ 𝐶2(Ω) ∩ 𝐶(Ω) that solves the Dirichlet
problem

{
div ( ∇ᵆ

√1+|∇ᵆ|2
) = 0 in Ω,

𝑢 = 𝜑 on 𝜕Ω.
(10)

A classical approach to this problem consists of fixing𝑀 >
0 and using the Ascoli theorem to minimize the area func-
tional among functions in

𝑋𝑀 ∶= {𝑢 ∈ 𝐶0,1(Ω) with 𝑢 = 𝜑 on 𝜕Ω
and [𝑢]𝐶0,1(Ω) ≤ 𝑀},

where, as customary, we denote the Lipschitz seminorm
of 𝑢 by

[𝑢]𝐶0,1(Ω) ∶= sup
𝑥,𝑦∈Ω
𝑥≠𝑦

|𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦| .

To use this direct minimization approach, one needs of
course to check that 𝑋𝑀 ≠ ∅. Furthermore, in order to
obtain a solution to (10), it is crucial that the Lipschitz
seminorm of the minimizer in 𝑋𝑀 is in fact strictly smaller
than 𝑀 (as long as 𝑀 is chosen conveniently large), so as
to obtain an interior minimum of the area functional, and
thus find (10) as the Euler–Lagrange equation of this min-
imization procedure (the Lipschitz bound permitting the
use of uniformly elliptic regularity theory for PDEs, lead-
ing to the desired smoothness of the solution inside the
domain).

Finding sufficient and necessary conditions for this pro-
cedure to work and, in general, for obtaining solutions
to (10) has been a classical topic of investigation. The
main lines of this research took into account a “bounded
slope condition” on the domain and the datum that al-
lows one to exploit affine functions as barriers. In this, the
convexity of Ω played an important role for the explicit
construction of linear barriers.

The optimal conditions for existence results were dis-
covered by H. Jenkins and J. Serrin in 1968 and rely on the
notion of “mean convexity” of the domain: namely, if Ω
has 𝐶2 boundary, problem (10) is solvable for every con-
tinuous boundary datum 𝜑 if and only if the mean curva-
ture of Ω is nonnegative (when 𝑛 = 2, the notion of mean
convexity boils down to the usual convexity).
3.2. The Dirichlet problem for nonlocal minimal sur-
faces. Given a smooth domainΩ ⊂ ℝ𝑛, one considers the
cylinder Ω⋆ ∶= Ω × ℝ and looks for local minimizers of
the nonlocal perimeter among all the sets with prescribed
datum outside Ω⋆ (more precisely, one seeks local mini-
mizers of the nonlocal perimeter in Ω̃ for every smooth
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Figure 2. An example of stickiness (the red is the prescribed
set, the green is the 𝑠-minimizer).

and bounded Ω̃ ⊂ Ω⋆; see the PhD thesis of L. Lombar-
dini for all the details of this construction).

In [DSV16], it is shown that this problem is solvable in
the class of graphs. More precisely, if 𝐸 is a local minimizer
of the 𝜎-perimeter in Ω⋆ such that its datum outside Ω⋆

has a graphical structure, namely,

𝐸 ⧵ Ω⋆ = {𝑥𝑛+1 < 𝑢0(𝑥), 𝑥 ∈ ℝ𝑛 ⧵ Ω}, (11)

for some continuous function 𝑢0 ∶ ℝ𝑛 → ℝ, then 𝐸 has a
graphical structure inside Ω⋆ as well, that is,

𝐸 ∩ Ω⋆ = {𝑥𝑛+1 < 𝑢(𝑥), 𝑥 ∈ Ω} (12)

for some continuous function 𝑢 ∶ ℝ𝑛 → ℝ.
Remarkably, in general this problem may lose continu-

ity at the boundary of Ω⋆. That is, in the setting of (11)
and (12), it may happen that

lim
𝑥→𝜕Ω
𝑥∈Ω

𝑢(𝑥) ≠ lim
𝑥→𝜕Ω
𝑥∈Ω𝑐

𝑢0(𝑥). (13)

The first example of this quite surprising phenomenonwas
given in [DSV17], and this is indeed part of a general and
remarkable structure of nonlocal minimal surfaces that we
named “stickiness”: namely, nonlocal minimal surfaces
have the tendency to stick at the boundary of the domain
(even when the domain is convex, in sharp contrast with
the pattern exhibited by classical minimal surfaces). See,
e.g., Figures 2 and 3 for some qualitative examples.

Recently, in [DSV20], it was discovered that the bound-
ary discontinuity pointed out in (13) is indeed a “generic”
phenomenon at least in the plane: namely, if a given
graphical external datum produces a continuous mini-
mizer, then an arbitrarily small perturbation of it will pro-
duce a minimizer exhibiting the boundary discontinuity.

Interestingly, one of the main ingredients in the proof
of the genericity of the boundary discontinuity in [DSV20]
is an “enhanced boundary regularity”: namely, nonlo-
cal minimal surfaces in the plane with a graphical struc-
ture that are continuous at the boundary are automatically

Figure 3. Another example of stickiness (the red is the
prescribed set, the green is the 𝑠-minimizer).

𝐶1, 1+𝜍2 at the boundary (that is, boundary continuity im-
plies boundary differentiability).

A byproduct of this construction, taking into account
also the boundary properties obtained in [CDSS16], is also
that nonlocal minimal surfaces with a graphical structure
in the plane exhibit a “butterfly effect” for their bound-
ary derivatives: namely, while a nonlocal minimal graph
that is continuous at the boundary has also a finite deriva-
tive there, an arbitrarily small perturbation of the exterior
graph will produce not only a jump at the boundary but
also an infinite boundary derivative (that is, the boundary
derivative switches from a finite, possibly zero, value to in-
finity only due to an arbitrarily small perturbation of the
datum).

It is worth recalling that the boundary discontinuity of
nonlocal minimal surfaces is not only a special feature of
the nonlocal world, when compared to the case of classical
minimal surfaces, but also a special feature of the nonlin-
ear equation of nonlocal mean curvature type, when com-
pared to the case of linear fractional equations: indeed,
as detailed in [ROS14], solutions of linear equations of
the type (−Δ)𝑠𝑢 = 𝑓 in a domain Ω with an external da-
tum are typically Hölder continuous up to the boundary
of Ω, and no better than this (instead, nonlocal minimal
surfaces are typically discontinuous at the boundary, but
when they are continuous they are also differentiable).

Though this discrepancy between nonlocal minimal
surfaces and solutions of linear equations seems a bit sur-
prising at first glance, a possible explanation for it lies in
the “accuracy” of the approximation that a linear equation
can offer to an equation of geometric type, such as the one
related to the nonlocal mean curvature. Namely, linear
equations end up being a good approximation of the geo-
metric equation with respect to the normal of the surface
itself: hence, when the surface is “almost horizontal” the
graphical structure of the geometric equation is well shad-
owed by its linear counterpart, but when the surface is

OCTOBER 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1329



“almost vertical” the linear counterpart of the geometric
equation should take into account not the graph of the
original surface but its “inverse” (i.e., the graph describ-
ing the surface in the horizontal, rather than vertical, di-
rection).

We also refer to [DSV] for a first analysis of the stickiness
phenomenon in dimension 3.

Many examples of nonlocal minimal surfaces exhibit-
ing the stickiness phenomenon are studied in detail in a
2019 article by C. Bucur, L. Lombardini, and E. Valdinoci,
also with respect to a suitable parameter measuring the
weighted measure of the datum at infinity.

We also remark that nonlocal minimal surfaces with a
graphical structure enjoy special regularity properties: for
instance, they are smooth inside their domain of mini-
mization, as established in [CC19].

4. Growth and Bernšteı̆n Properties
of Minimal Graphs

A classical question, dating back to the 1927 article by S.
Bernšteı̆n, is whether or not minimizers of a given geomet-
ric problemwhich have a global graphical structure are nec-
essarily hyperplanes. If this feature holds, we say that the
problem enjoys the “Bernšteı̆n property.”

This question is also related to the growth of these min-
imal graphs at infinity. We now discuss and compare the
classical and the nonlocal worlds with respect to these fea-
tures.
4.1. Growth and Bernšteı̆n properties of classical mini-
mal graphs. The Bernšteı̆n problem for classical minimal
surfaces asks whether or not solutions of

div ( ∇𝑢
√1 + |∇𝑢|2

) = 0 in ℝ𝑛

are necessarily affine functions.
When 𝑛 = 2, a positive answer to this question was pro-

vided by S. Bernšteı̆n in 1927. The development of the
theory related to the classical Bernšteı̆n problem is closely
linked to the regularity theory of classical minimal sur-
faces, since, as proved by E. De Giorgi in 1965, the falsity
of the Bernšteı̆n property in ℝ𝑛 would imply the existence
of a singular minimal surface in ℝ𝑛.

In light of this connection, the Bernšteı̆n property for
classical minimal surfaces was established by E. De Giorgi
in 1965 for 𝑛 = 3, by F. J. Almgren in 1966 for 𝑛 = 4, and
by J. Simons in 1968 up to 𝑛 = 7 (compare with the refer-
ences in section 2.1). A counterexample when 𝑛 = 8 was
then provided by E. Bombieri, E. De Giorgi, and E. Giusti
in 1969, by constructing an eight-dimensional graph inℝ9

which has vanishing mean curvature without being affine.
As a counterpart of this kind of problem, a precise

growth analysis of classical minimal surfaces with graph-
ical structure was obtained by R. Finn in 1963 when 𝑛 = 2

and by E. Bombieri, E. De Giorgi, and M. Miranda in 1969
for all dimensions.

More precisely, if 𝑢 is a solution of

div ( ∇𝑢
√1 + |∇𝑢|2

) = 0 in 𝐵𝑅 ⊂ ℝ𝑛,

then

sup
𝐵𝑅

|∇𝑢| ≤ exp [𝐶 (1 +
sup
𝐵2𝑅

𝑢 − 𝑢(0)

𝑅 )] (14)

for some 𝐶 > 0 depending only on 𝑛. Interestingly, this ex-
ponential type of gradient estimate is optimal, as demon-
strated by R. Finn in 1963.
4.2. Growth and Bernšteı̆n properties of nonlocal min-
imal graphs. The Bernšteı̆n properties of nonlocal mini-
mal graphs have been investigated in [FV17]. In particular,
it is proved in these works that the falsity of the nonlocal
Bernšteı̆n property in ℝ𝑛 would imply the existence of a
singular nonlocal minimal surface in ℝ𝑛, thus providing a
perfect counterpart of the 1965 result by De Giorgi to the
nonlocal setting.

Combining this with the regularity results for nonlocal
minimal surfaces in [SV13] and [CV13], one obtains that
the Bernšteı̆n property holds true for solutions 𝑢 ∶ ℝ𝑛 →
ℝ of the 𝜎-mean curvature equation in (7) provided that
either 𝑛 ∈ {1, 2}, or 𝑛 ≤ 7 and 𝜎 is sufficiently close to 1.

It is an open problem to prove or disprove the Bernšteı̆n
property for nonlocal minimal graphs 𝑢 ∶ ℝ𝑛 → ℝ in the
general case when 𝑛 > 2 and 𝜎 ∈ (0, 1) (the analysis on
symmetric cones performed in [DdPW18] might suggest
that new phenomena could arise in dimension 7when the
parameter 𝜎 is close to 0).

Concerning the growth of nonlocal minimal surfaces, it
has been established in [CC19] that if 𝑢 ∶ 𝐵2𝑅 ⊂ ℝ𝑛 → ℝ
is a solution of the 𝜎-mean curvature equation in 𝐵2𝑅, then

sup
𝐵𝑅

|∇𝑢| ≤ 𝐶 (1 +
sup
𝐵𝑅

𝑢 − inf
𝐵𝑅

𝑢

𝑅 )

𝑛+1+𝜍

, (15)

for a suitable constant 𝐶 > 0, depending only on 𝑛 and 𝜎.
On the one hand, comparing (14) and (15), we ob-

serve that the nonlocal world offers us a wealth of sur-
prises: first of all, the estimate in (15) is of polynomial
type, rather than of exponential type, as was the bound
in (14). Roughly speaking, this is due to the fact that
two different and sufficiently close “ends” of a nonlocal
minimal surface repel each other (compare the discussion
about the nonlocal catenoid on page 1327). Moreover, the
right-hand side of (15) presents the oscillation of the solu-
tion in the same ball 𝐵𝑅, while (14) needed to extend the
right-hand side to a larger ball such as 𝐵2𝑅.
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On the other hand, the nonlocal world maintains its
own special difficulties: for instance, different from the
classical case, it is an open problem to determine whether
the estimate in (15) is optimal.

See Table 1 for a sketchy description of some similarities
and differences between classical and nonlocal minimal
surfaces.

5. Phase Coexistence Models
A physical situation in which minimal interfaces naturally
arise occurs in the mathematical description of phase co-
existence (or phase transition). In the classical setting, the
ansatz is that the short range particle interaction produces
a surface tension that leads, on a large scale, to interfaces of
minimal area. Amodern variation of this model takes into
account long-range particle interactions, and we describe
here in which sense this model is related to the theory of
(non)local minimal surfaces.
5.1. Classical phase coexistence models. One of the
most popular phase coexistence models is the one produc-
ing the so-called Allen–Cahn equation

−Δ𝑢 = 𝑢 − 𝑢3. (16)

Equation (16) has a variational structure, corresponding
to critical points of an energy functional of the type

ℱ(𝑢;Ω) = ℱ(𝑢) ∶= ∫
Ω
|∇𝑢(𝑥)|2 +𝑊(𝑢(𝑥)) 𝑑𝑥, (17)

where𝑊 is a “double-well” potential attaining its minima
at the “pure phases” −1 and +1.

A classical link between the functional in (17) and the
perimeter can be expressed in terms of Γ-convergence, as
stated by L. Modica and S. Mortola in 1977. More pre-
cisely, given a smooth domain Ω ⊂ ℝ𝑛 and 𝜀 > 0, one can
consider the rescaled functional

ℱ𝜀(𝑢;Ω) = ℱ𝜀(𝑢) ∶= ∫
Ω
𝜀 |∇𝑢(𝑥)|2 + 1

𝜀 𝑊(𝑢(𝑥)) 𝑑𝑥. (18)

Interestingly, the functional ℱ𝜀 in (18) inherits the mini-
mization properties of the functional ℱ in (17) after a di-
lation: for instance, if 𝑢 is a minimizer for ℱ in every ball,
then

𝑢𝜀(𝑥) ∶= 𝑢 (𝑥𝜀 ) (19)

is a minimizer for ℱ𝜀 in every ball. Moreover, it holds that:

• for any 𝑢𝜀 ∶ ℝ𝑛 → [−1, 1] converging to 𝑢
in 𝐿1loc(ℝ𝑛), we have that

lim inf
𝜀↘0

ℱ𝜀(𝑢𝜀) ≥ ℱ0(𝑢); (20)

• given 𝑢 ∶ ℝ𝑛 → [−1, 1], there exists 𝑢𝜀 ∶ ℝ𝑛 →
[−1, 1] converging to 𝑢 in 𝐿1loc(ℝ𝑛), such that

lim sup
𝜀↘0

ℱ𝜀(𝑢𝜀) ≤ ℱ0(𝑢), (21)

where, for a suitable 𝑐 > 0,

ℱ0(𝑢;Ω) = ℱ0(𝑢) ∶=
⎧⎪
⎨⎪
⎩

𝑐 Per(𝐸,Ω) if 𝑢 = Ξ𝐸
for some set 𝐸,

+∞ otherwise.
(22)

This type of “functional convergence” also has a “geo-
metric counterpart,” given by the locally uniform conver-
gence of levels sets, as established by L. A. Caffarelli and A.
Córdoba in 1995. More precisely, if 𝑢 is a minimizer forℱ
in every ball and 𝑢𝜀 is as in (19), then 𝑢𝜀 converges, up to
subsequences, in 𝐿1loc(ℝ𝑛) to some 𝑢 = Ξ𝐸 , with 𝐸 mini-
mizing the perimeter, and the level sets of 𝑢𝜀 approach 𝜕𝐸
locally uniformly. That is, given any 𝜗 ∈ (0, 1), any 𝑅 > 0,
and any 𝛿 > 0 there exists 𝜀0 ∈ (0, 1) such that if 𝜀 ∈ (0, 𝜀0),
we have that

{|𝑢𝜀| < 1 − 𝜃} ∩ 𝐵𝑅 ⊆ ⋃
𝑝∈𝜕𝐸

𝐵𝛿(𝑝). (23)

The level set convergence in (23) relies on suitable “en-
ergy and density estimates” stating that the energy behaves
as an “interface” and, in a neighborhood of the interface,
both the phases have positive densities. More precisely,
if 𝑅 ≥ 1 and 𝑢 is a minimizer of ℱ in 𝐵𝑅+1, then

ℱ𝐵𝑅 (𝑢) ≤ 𝐶𝑅𝑛−1, (24)

for some 𝐶 > 0, and for every 𝜗1, 𝜗2 ∈ (0, 1), if |𝑢(0)| ≤ 𝜗1,
then

{𝑢 ≥ 𝜗2} ∩ 𝐵𝑅 ≥ 𝑐𝑅𝑛

and {𝑢 ≤ −𝜗2} ∩ 𝐵𝑅 ≥ 𝑐𝑅𝑛. (25)

5.2. Long-range phase coexistencemodels. In the recent
literature a number of models have been introduced in or-
der to study phase coexistence driven by long-range parti-
cle interactions. We describe here a simple model of this
kind, comparing the results obtained in this situation with
the classical ones presented in section 5.1.

We focus on a nonlocal version of the Allen–Cahn equa-
tion (16) given by

(−Δ)𝑠𝑢 = 𝑢 − 𝑢3, (26)

with 𝑠 ∈ (0, 1). Equation (26) has a variational structure,
corresponding to critical points of an energy functional of
the type

ℰ(𝑢;Ω) = ℰ(𝑢) ∶= ∫
𝑄Ω

|𝑢(𝑥) − 𝑢(𝑦)|2
|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑥 𝑑𝑦

+∫
Ω
𝑊(𝑢(𝑥)) 𝑑𝑥,

(27)

where𝑊 is a “double-well” potential attaining its minima
at the “pure phases” −1 and +1, and 𝑄Ω is the cross-type
domain given by

(Ω × Ω) ∪ (Ω × Ω𝑐) ∪ (Ω𝑐 × Ω).
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classical minimal surfaces nonlocal minimal surfaces
interior regularity up to 𝑛 = 7 (optimal) known when 𝑛 = 2, and up

to 𝑛 = 7 if 𝜎 is large enough
(optimality unknown, no sin-
gular example available)

boundary regularity yes for convex (or mean con-
vex) domains

boundary discontinuity (but
enhanced differentiable regu-
larity if continuous)

Bernšteı̆n property for
𝑢 ∶ ℝ𝑛 → ℝ

up to 𝑛 = 7 (optimal) knownwhen 𝑛 = 2, and up to
𝑛 = 7 if 𝜎 is large enough (op-
timality unknown, no coun-
terexample available)

gradient bound exponential (optimal) polynomial (optimality un-
known)

Table 1. Classical versus nonlocal minimal surfaces.

The rationale behind this choice of 𝑄Ω is to collect all the
couples of points in which at least one of the two lies inΩ,
so as to comprise all the point interactions that involve Ω
(a similar choice was performed in the geometric prob-
lem (6)).

The Γ-convergence theory for the functional in (27) has
been established in [SV12]. For this, one needs to intro-
duce a family of rescaled functionals with different scaling
properties depending on the fractional parameter 𝑠. More
precisely, it is convenient to define

ℰ𝜀(𝑢;Ω) = ℰ𝜀(𝑢) ∶= 𝑎𝜀 ∫
𝑄Ω

|𝑢(𝑥) − 𝑢(𝑦)|2
|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑥 𝑑𝑦

+ 𝑏𝜀 ∫
Ω
𝑊(𝑢(𝑥)) 𝑑𝑥,

(28)

where

𝑎𝜀 ∶=
⎧
⎨
⎩

𝜀2𝑠−1 if 𝑠 ∈ (1/2, 1),
| log 𝜀|−1 if 𝑠 = 1/2,
1 if 𝑠 ∈ (0, 1/2),

and

𝑏𝜀 ∶= 𝜀−2𝑠𝑎𝜀 =
⎧
⎨
⎩

𝜀−1 if 𝑠 ∈ (1/2, 1),
𝜀−1| log 𝜀|−1 if 𝑠 = 1/2,
𝜀−2𝑠 if 𝑠 ∈ (0, 1/2).

The coefficients 𝑎𝜀 and 𝑏𝜀 are tuned with respect to the en-
ergy of a one-dimensional layer joining −1 and +1, and,
in this way, the functional ℰ𝜀 in (28) satisfies some inter-
esting Γ-convergence properties. Remarkably, these prop-
erties are very sensitive to the fractional parameter 𝑠: in-
deed, when 𝑠 < 1/2 the Γ-convergence theory obtains the
𝜎-perimeter introduced in (6), with 𝜎 ∶= 2𝑠, but when 𝑠 ≥
1/2, the nonlocal character of the problem is lost in the
limit, and the Γ-convergence theory boils down to the clas-
sical one in (20), (21), and (22).

More precisely, one can define

ℰ0(𝑢;Ω) = ℰ0(𝑢) ∶=

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

𝑐 Per(𝐸,Ω)
if 𝑠 ∈ [1/2, 1)
and 𝑢 = Ξ𝐸

for some set 𝐸,

𝑐 Per2𝑠(𝐸,Ω)
if 𝑠 ∈ (0, 1/2)
and 𝑢 = Ξ𝐸

for some set 𝐸,

+∞ otherwise.

In this sense, the functional ℰ0 is the “natural replacement”
of the one in (22) to deal with the Γ-convergence of non-
local phase transitions, in the sense that the statements
in (20), (21), and (22) hold true in this case with ℱ𝜀 re-
placed by ℰ𝜀 and ℱ0 replaced by ℰ0.

The convergence of level sets in (23) has also a per-
fect counterpart for the minimizers of ℰ, as established
in [SV14]. These results also rely on suitable density es-
timates which guarantee that (25) also holds true for min-
imizers of ℰ.

However, in this case, an energy estimate as in (24)
exhibits a significant difference, depending on the frac-
tional exponent 𝑠. Indeed, in this framework, we have that
if 𝑅 ≥ 2 and 𝑢 is a minimizer of ℰ in 𝐵𝑅+1, then

ℰ𝐵𝑅 (𝑢) ≤
⎧
⎨
⎩

𝐶𝑅𝑛−1 if 𝑠 ∈ (1/2, 1),
𝐶𝑅𝑛−1 log 𝑅 if 𝑠 = 1/2,
𝐶𝑅𝑛−2𝑠 if 𝑠 ∈ (0, 1/2),

(29)

for some 𝐶 > 0.
In spite of its quantitative difference with (24), the es-

timate in (29) is sufficient to determine that the interface
contribution is “negligible” with respect to the Lebesgue
measure of large balls. Moreover, such an estimate is in
agreement with the energy of one-dimensional layers.
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We refer to Table 2 for a schematic representation of
similarities and differences of classical and nonlocal phase
transitions in terms of Γ-limits and density estimates.

6. Geometric Flows
Another classical topic in geometric analysis is the study of
evolution equations describing the motion of set bound-
aries. In this framework, at any time 𝑡, one prescribes the
speed 𝑉 of a hypersurface 𝜕𝐸𝑡 in the direction of the outer
normal to 𝐸𝑡.

In this section, in light of the setting in (7), we will de-
scribe analogies and differences between the classical and
the nonlocal mean curvature flows.
6.1. Mean curvature flow. One of the widest problems
in geometric analysis focuses on the case in which the nor-
mal velocity 𝑉 of the flow is taken to be the classical mean
curvature. This flow decreases the classical perimeter and
has a number of remarkable properties. A convenient de-
scription of the mean curvature flow can be given in terms
of viscosity solutions, using a level set approach, as pre-
sented by L. C. Evans and J. Spruck in 1991. If the initial
hypersurface satisfies a Lipschitz condition, then the mean
curvature flow possesses a short time existence theory, as
proved by K. Ecker and G. Huisken in 1991.

In general, the flow may develop singularities, and the
understanding of the different possible singularities is a
very rich and interesting field of investigation in itself.

The planar case 𝑛 = 2 presents some special features. In
this case, the flow becomes “curve shortening” in the sense
that its special characteristic is to decrease the length of a
given closed curve as fast as possible. In this setting, it was
proved byM. A. Grayson in 1987 that the curve-shortening
flow makes every smooth closed embedded curve in the
plane shrink smoothly to round points (i.e., the curve
shrinks, becoming “closer and closer to a circle”). More
precisely: on the one hand, as shown by M. Gage and R.
S. Hamilton in 1986, if the initial curve is convex, then
the evolving curve remains convex and becomes asymptot-
ically circular as it shrinks; on the other hand, as shown by
M. A. Grayson in 1987, if the curve is only embedded, then
no singularity develops before the curve becomes convex,
then shrinking to a round point.

These results can also be interpreted in light of a “dis-
tance comparison property.” Namely, given two points 𝑝
and 𝑞 on the evolving surface, one can consider the “ex-
trinsic” distance 𝑑 = 𝑑(𝑝, 𝑞), given by the Euclidean dis-
tance of𝑝 and 𝑞, and the arc-length “intrinsic” distance ℓ =
ℓ(𝑝, 𝑞), which measures the distance of 𝑝 and 𝑞 along the
curve. For a closed curve of length 𝐿, one can also define

𝜆 ∶= 𝐿
𝜋 sin 𝜋ℓ𝐿 .

Then, as proved by G. Huisken in 1998, we have that the

minimal ratio 𝜌 ∶= min 𝑑
𝜆

is nondecreasing under the
curve shortening flow (and, in fact, strictly increasing un-
less the curve is a circle). In this spirit, the ratio 𝜌 plays the
role of an improving isoperimetric quantity which mea-
sures the deviation of the evolving curve from a round
circle. In particular, if a curve developed a “neckpinch,”
it would present two points for which 𝑑 = 0 and ℓ >
0; hence 𝜌 = 0. As a consequence, the monotonicity
proved by G. Huisken in 1998 immediately implies that
planar curves do not develop neckpinches under the curve-
shortening flow. More generally, the results proved by G.
Huisken in 1998 can be seen as a quantitative refinement
of those by M. Gage and R. S. Hamilton in 1986 and M. A.
Grayson in 1987.

In any case, for the mean curvature flow, the formation
of neckpinch singularity for the evolving hypersurface can
only occur (and it occurs) in dimension 𝑛 ≥ 3, as estab-
lished by G. Huisken in 1990.
6.2. Nonlocal mean curvature flow. A natural variant of
the flow discussed in section 6.1 consists of taking as nor-
mal velocity the nonlocal mean curvature of the evolving
set, as given in (7). The main feature of this evolution
problem is that it decreases the nonlocal perimeter defined
in (6).

A detailed viscosity solution theory for the nonlocal
mean curvature flow has been presented by A. Chambolle,
M. Morini, and M. Ponsiglione in 2015.

In the viscosity setting, given an initial set 𝐸 ⊂ ℝ𝑛, the
evolution of 𝐸 is described by level sets of a function 𝑢𝐸 =
𝑢𝐸(𝑥, 𝑡) which solves a parabolic problem driven by the
nonlocal mean curvature. More precisely, the evolution
of 𝐸 is trapped between an outer and an inner flow defined
by

𝐸+(𝑡) ∶= {𝑥 ∈ ℝ𝑛 s.t. 𝑢𝐸(𝑥, 𝑡) ≥ 0}
and 𝐸−(𝑡) ∶= {𝑥 ∈ ℝ𝑛 s.t. 𝑢𝐸(𝑥, 𝑡) > 0}.

The ideal case would be the one in which these two flows
coincide “up to a smooth manifold” which describes the
evolving surface, i.e., the case in which

Σ𝐸(𝑡) ∶= 𝐸+(𝑡) ⧵ 𝐸−(𝑡)
= {𝑥 ∈ ℝ𝑛 s.t. 𝑢𝐸(𝑥, 𝑡) = 0} (30)

is a nice hypersurface, but, in general, such a property is
not warranted by the notion of viscosity solutions.

A short-time existence theory of smooth solutions of
the nonlocal mean curvature flow has been recently estab-
lished by V. Julin and D. La Manna, under the assumption
that the initial hypersurface is of class 𝐶1,1. As far as we
know, it is still an open problem to determine whether the
nonlocal mean curvature flow possesses a short-time exis-
tence theory of smooth solutions for Lipschitz initial data
(this would provide a complete counterpart of the classical
results by K. Ecker and G. Huisken in 1991).
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phase transitions 𝑠 ∈
(0, 1/2)

phase transitions 𝑠 = 1/2 phase transitions 𝑠 ∈
(1/2, 1]

Γ-limit nonlocal perimeter classical perimeter classical perimeter
energy estimates 𝑅𝑛−2𝑠 𝑅𝑛−1 log 𝑅 𝑅𝑛−1

Table 2. Classical versus nonlocal phase transitions.

It is certainly interesting to detect suitable information
that is preserved by the nonlocal mean curvature flow. For
instance: the fact that the nonlocal mean curvature flow
preserves the positivity of the nonlocal mean curvature it-
self was established by M. Sáez and E. Valdinoci in 2019,
and the preservation of convexity was proved by A. Cham-
bolle, M. Novaga, and B. Ruffini in 2017.

The structure of the nonlocal mean curvature flow hap-
pens to be very different from the classical case, even in
the planar situation: for example, the classical shrinking
result byM. A. Grayson in 1987 showing that planar curves
shrink to a point without developing singularities does
not carry over to the fractional case, as proved in [CSV18],
where a neckpinch singularity in the plane was exhibited.

As amatter of fact, in [CSV18] it was established that for
the nonlocal mean curvature flow, the formation of neck-
pinch singularity for the evolving hypersurface occurs in
dimension 𝑛 ≥ 2, thus providing a nonlocal counterpart
of the result by G. Huisken in 1990.

Another important difference between the classical and
the nonlocal mean curvature flows is the “fattening phe-
nomena” of viscosity solutions, in which the set in (30)
may develop a nonempty interior (thus failing to be a nice
hypersurface), as investigated in [CDNV19]. For instance,
one can consider the case in which the initial set is the
“cross in the plane” given by

𝐸 = {(𝑥, 𝑦) ∈ ℝ2 s.t. |𝑥| > |𝑦|}. (31)

In this situation, using the notation in (30), one can prove
that Σ𝐸(𝑡) is nontrivial and immediately develops a posi-
tive measure: more precisely, we have that Σ𝐸(𝑡) contains
the ball 𝐵

𝑐𝑡
1

1+𝑠
for some 𝑐 > 0.

On the one hand, this result is in agreement with the
classical case, since also the classical mean curvature flow
develops this kind of situation when starting from the set
in (31) (see the 1991 article by L. C. Evans and J. Spruck).

On the other hand, the fattening phenomena for the
nonlocal situation offers a number of surprises with re-
spect to the classical case (see [CDNV19]). First of all, the
quantitative properties of the interaction kernels play a de-
cisive role in the development of the fat portions of Σ𝐸(𝑡)
and in general in the evolution of the set 𝐸. For instance, if
the interaction kernel

1
|𝑥−𝑦|𝑛+𝜍

in (3) is replaced by a differ-

ent kernel that is smooth and compactly supported, then
the nonlocal mean curvature flow of the cross 𝐸 in (31)
does not develop any fattening and, more precisely, the

evolution of 𝐸 would be 𝐸 itself (in a sense, we switch
from a fattening situation, produced by singular kernels
with slow decay, to a “pinning effect” produced by smooth
and compactly supported kernels).

Furthermore, there are cases in which the fattening phe-
nomena are different according to the type of local or non-
local mean curvature flow that we consider (see the 1991
article by L. C. Evans and J. Spruck). For instance, if the
initial set is made by two tangent balls in the plane such
as

𝐸 ∶= 𝐵1(−1, 0) ∪ 𝐵1(1, 0), (32)

then for the nonlocal mean curvature flow, using the no-
tation in (30), we have that Σ𝐸(𝑡) has empty interior for
all 𝑡 > 0. This situation is different with respect to the
classical mean curvature flow, which immediately devel-
ops fattening (as discussed by G. Bellettini and M. Paolini
in 1994).

The nonlocal mean curvature flow (and its many vari-
ants) is a great source of intriguing questions and math-
ematical adventures. Among the interesting questions re-
maining open, we mention that it is not known whether
the nonlocal mean curvature flow possesses a nonlocal ver-
sion of the monotonicity formula obtained by G. Huisken
in 1998, or what a natural replacement of it could be. This
question is also related to a deeper understanding of the
singularities of the nonlocal mean curvature flow.

For the sake of shortness and to comply with the jour-
nal’s settings, we deferred a more comprehensive list of ref-
erences to the arXiv version of this note: https://arxiv
.org/abs/2003.13234.
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Bridging Data Science and
Dynamical Systems Theory

Tyrus Berry, Dimitrios Giannakis, and John Harlim
Modern science is undergoing what might arguably be
called a “data revolution,” manifested by a rapid growth
of observed and simulated data from complex systems, as
well as vigorous research on mathematical and computa-
tional frameworks for data analysis. In many scientific
branches, these efforts have led to the creation of statistical
models of complex systems that match or exceed the skill
of first-principles models. Yet, despite these successes, sta-
tistical models are oftentimes treated as black boxes, pro-
viding limited guarantees about stability and convergence
as the amount of training data increases. Black-box mod-
els also offer limited insights about the operating mecha-
nisms (physics), the understanding of which is central to
the advancement of science.
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In this short review, we describe mathematical tech-
niques for statistical analysis and prediction of time-
evolving phenomena, ranging from simple examples such
as an oscillator, to highly complex systems such as the tur-
bulent motion of the Earth’s atmosphere, the folding of
proteins, and the evolution of species populations in an
ecosystem. Our main thesis is that combining ideas from
the theory of dynamical systems with learning theory pro-
vides an effective route to data-driven models of complex
systems, with refinable predictions as the amount of train-
ing data increases, and physical interpretability through
discovery of coherent patterns around which the dynam-
ics is organized. Our article thus serves as an invitation to
explore ideas at the interface of the two fields.

This is a vast subject, and invariably a number of impor-
tant developments in areas such as deep learning, reservoir
computing, control, and nonautonomous/stochastic sys-
tems are not discussed here.1 Our focus will be on topics
drawn from the authors’ research and related work.

Statistical Forecasting
and Coherent Pattern Extraction
Consider a dynamical system of the form Φ𝑡 ∶ Ω → Ω,
whereΩ is the state space and Φ𝑡, 𝑡 ∈ ℝ, the flow map. For

1See https://arxiv.org/abs/2002.07928 for a version of this article with
references to the literature on these topics.
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example,Ω could be Euclidean spaceℝ𝑑, or amore general
manifold, and Φ𝑡 the solution map for a system of ODEs
defined on Ω. Alternatively, in a PDE setting, Ω could be
an infinite-dimensional function space and Φ𝑡 an evolu-
tion group acting on it. We consider that Ω has the struc-
ture of a metric space equipped with its Borel 𝜎-algebra,
playing the role of an event space, with measurable func-
tions on Ω acting as random variables, called observables.

In a statistical modeling scenario, we consider that avail-
able to us are time series of various such observables, sam-
pled along a dynamical trajectory which we will treat as be-
ing unknown. Specifically, we assume that we have access
to two observables, 𝑋 ∶ Ω → 𝒳 and 𝑌 ∶ Ω → 𝒴, respec-
tively referred to as covariate and response functions, to-
gether with corresponding time series 𝑥0, 𝑥1, … , 𝑥𝑁−1 and
𝑦0, 𝑦1, … , 𝑦𝑁−1, where 𝑥𝑛 = 𝑋(𝜔𝑛), 𝑦𝑛 = 𝑌(𝜔𝑛), and 𝜔𝑛 =
Φ𝑛∆𝑡(𝜔0). Here, 𝒳 and 𝒴 are metric spaces, Δ𝑡 is a pos-
itive sampling interval, and 𝜔0 is an arbitrary point in Ω
initializing the trajectory. We shall refer to the collection
{(𝑥0, 𝑦0), … , (𝑥𝑁−1, 𝑦𝑁−1)} as the training data. We require
that 𝒴 be a Banach space (so that one can talk about expec-
tations and other functionals applied to 𝑌), but allow the
covariate space 𝒳 to be nonlinear.

Many problems in statisticalmodeling of dynamical sys-
tems can be expressed in this framework. For instance, in
a low-dimensional ODE setting, 𝑋 and 𝑌 could both be
the identity map on Ω = ℝ𝑑, and the task could be to
build a model for the evolution of the full system state.
Weather forecasting is a classical high-dimensional appli-
cation, where Ω is the abstract state space of the climate
system, and 𝑋 a (highly noninvertible) map represent-
ing measurements from satellites, meteorological stations,
and other sensors available to a forecaster. The response
𝑌 could be temperature at a specific location, 𝒴 = ℝ, il-
lustrating that the response space may be of considerably
lower dimension than the covariate space. In other cases,
e.g., forecasting the temperature field over a geographical
region, 𝒴 may be a function space. The two primary ques-
tions that will concern us here are:

Problem 1 (Statistical forecasting). Given the training
data, construct (“learn”) a function 𝑍𝑡 ∶ 𝒳 → 𝒴 that pre-
dicts 𝑌 at a lead time 𝑡 ≥ 0. That is, 𝑍𝑡 should have the
property that 𝑍𝑡 ∘𝑋 is closest to 𝑌 ∘Φ𝑡 among all functions
in a suitable class.

Problem 2 (Coherent pattern extraction). Given the train-
ing data, identify a collection of observables 𝑧𝑗 ∶ Ω → 𝒴
that have the property of evolving coherently under the dy-
namics. By that, we mean that 𝑧𝑗 ∘ Φ𝑡 should be relatable
to 𝑧𝑗 in a natural way.

These problems have an extensive history of study
from an interdisciplinary perspective spanning mathemat-
ics, statistics, physics, and many other fields. Here, our

focus will be on nonparametric methods, which do not em-
ploy explicit parametric models for the dynamics. In-
stead, they use universal structural properties of dynam-
ical systems to inform the design of data analysis tech-
niques. From a learning standpoint, Problems 1 and 2
can be thought of as supervised and unsupervised learning,
respectively. A mathematical requirement we will impose
on methods addressing either problem is that they have a
well-defined notion of convergence, i.e., they are refinable,
as the number 𝑁 of training samples increases.

Analog and POD Approaches
Among the earliest examples of nonparametric forecast-
ing techniques is Lorenz’s analog method [Lor69]. This
simple, elegant approach makes predictions by tracking
the evolution of the response along a dynamical trajectory
in the training data (the analogs). Good analogs are se-
lected according to a measure of geometrical similarity be-
tween the covariate variable observed at forecast initializa-
tion and the covariate training data. This method posits
that past behavior of the system is representative of its fu-
ture behavior, so looking up states in a historical record
that are closest to current observations is likely to yield a
skillful forecast. Subsequent methodologies have also em-
phasized aspects of state space geometry, e.g., using the
training data to approximate the evolution map through
patched local linear models, often leveraging delay coordi-
nates for state space reconstruction.

Early approaches to coherent pattern extraction include
the proper orthogonal decomposition (POD), which is
closely related to principal component analysis (PCA, in-
troduced in the early twentieth century by Pearson), the
Karhunen–Loève expansion, and empirical orthogonal
function (EOF) analysis. Assuming that 𝒴 is a Hilbert

space, POD yields an expansion 𝑌 ≈ 𝑌𝐿 = ∑𝐿
𝑗=1 𝑧𝑗, 𝑧𝑗 =

𝑢𝑗𝜎𝑗𝜓𝑗. Arranging the data into a matrix 𝐘 = (𝑦0, … , 𝑦𝑁−1),
the 𝜎𝑗 are the singular values of 𝐘 (in decreasing order),
the 𝑢𝑗 are the corresponding left singular vectors, called
EOFs, and the 𝜓𝑗 are given by projections of 𝑌 onto the
EOFs, 𝜓𝑗(𝜔) = ⟨𝑢𝑗 , 𝑌(𝜔)⟩𝒴 . That is, the principal compo-
nent 𝜓𝑗 ∶ Ω → ℝ is a linear feature characterizing the un-
supervised data {𝑦0, … , 𝑦𝑁−1}. If the data is drawn from a
probability measure 𝜇, as 𝑁 → ∞ the POD expansion is
optimal in an 𝐿2(𝜇) sense; that is, 𝑌𝐿 has minimal 𝐿2(𝜇)
error ‖𝑌 − 𝑌𝐿‖𝐿2(𝜇) among all rank-𝐿 approximations of
𝑌 . Effectively, from the perspective of POD, the important
components of 𝑌 are those capturing maximal variance.

Despite many successes in challenging applications
(e.g., turbulence), it has been recognized that POD may
not reveal dynamically significant observables, offering
limited predictability and physical insight. In recent years,
there has been significant interest in techniques that ad-
dress this shortcoming by modifying the linear map 𝐘 to
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have an explicit dependence on the dynamics [BK86], or re-
placing it by an evolution operator [DJ99,Mez05]. Either
directly or indirectly, these methods make use of operator-
theoretic ergodic theory, which we now discuss.

Operator-Theoretic Formulation
The operator-theoretic formulation of dynamical systems
theory shifts attention from the state-space perspective,
and instead characterizes the dynamics through its action
on linear spaces of observables. Denoting the vector space
of 𝒴-valued functions on Ω by ℱ, for every time 𝑡 the dy-
namics has a natural induced action 𝑈𝑡 ∶ ℱ → ℱ given
by composition with the flow map, 𝑈𝑡𝑓 = 𝑓 ∘ Φ𝑡. It
then follows by definition that 𝑈𝑡 is a linear operator; i.e.,
𝑈𝑡(𝛼𝑓 + 𝑔) = 𝛼𝑈𝑡𝑓 +𝑈𝑡𝑔 for all observables 𝑓, 𝑔 ∈ ℱ and
every scalar 𝛼 ∈ ℂ. The operator 𝑈𝑡 is known as a com-
position operator, or Koopman operator after classical work
of Bernard Koopman in the 1930s [Koo31], which estab-
lished that a general (potentially nonlinear) dynamical sys-
tem can be characterized through intrinsically linear oper-
ators acting on spaces of observables. A related notion is
that of the transfer operator, 𝑃𝑡 ∶ ℳ → ℳ, which describes
the action of the dynamics on a space of measures ℳ via
the pushforward map, 𝑃𝑡𝑚 ∶= Φ𝑡

∗𝑚 = 𝑚 ∘ Φ−𝑡. In a num-
ber of cases, ℱ andℳ are dual spaces to one another (e.g.,
continuous functions and Radon measures), in which case
𝑈𝑡 and 𝑃𝑡 are dual operators.

If the space of observables under consideration is
equipped with a Banach or Hilbert space structure, and the
dynamics preserves that structure, the operator-theoretic
formulation allows a broad range of tools from spectral
theory and approximation theory for linear operators to be
employed in the study of dynamical systems. For our pur-
poses, a particularly advantageous aspect of this approach
is that it is amenable to rigorous statistical approximation,
which is one of our principal objectives. It should be kept
in mind that the spaces of observables encountered in ap-
plications are generally infinite-dimensional, leading to
behaviors with no counterparts in finite-dimensional lin-
ear algebra, such as unbounded operators and continuous
spectrum. In fact, as we will see below, the presence of
continuous spectrum is a hallmark of mixing (chaotic) dy-
namics.

In this review, we restrict attention to the operator-
theoretic description of measure-preserving, ergodic dynam-
ics. By that, we mean that there is a probability measure
𝜇 on Ω such that (i) 𝜇 is invariant under the flow, i.e.,
Φ𝑡
∗𝜇 = 𝜇; and (ii) every measurable, Φ𝑡-invariant set has

either zero or full 𝜇-measure. We also assume that 𝜇 is
a Borel measure with compact support 𝐴 ⊆ Ω; this set
is necessarily Φ𝑡-invariant. An example known to rigor-
ously satisfy these properties is the Lorenz 63 (L63) system
on Ω = ℝ3, which has a compactly supported, ergodic

invariant measure supported on the famous “butterfly”
fractal attractor; see Figure 1. L63 exemplifies the fact that a
smooth dynamical system may exhibit invariant measures
with nonsmooth supports. This behavior is ubiquitous in
models of physical phenomena, which are formulated in
terms of smooth differential equations, but whose long-
term dynamics concentrate on lower-dimensional subsets
of state space due to the presence of dissipation. Ourmeth-
ods should therefore not rely on the existence of a smooth
structure for 𝐴.

In the setting of ergodic, measure-preserving dynam-
ics on a metric space, two relevant structures that the dy-
namics may be required to preserve are continuity and
𝜇-measurability of observables. If the flow Φ𝑡 is contin-
uous, then the Koopman operators act on the Banach
space ℱ = 𝐶(𝐴, 𝒴) of continuous, 𝒴-valued functions on
𝐴, equipped with the uniform norm, by isometries, i.e.,
‖𝑈𝑡𝑓‖ℱ = ‖𝑓‖ℱ . If Φ𝑡 is 𝜇-measurable, then 𝑈𝑡 lifts to an
operator on equivalence classes of 𝒴-valued functions in
𝐿𝑝(𝜇, 𝒴), 1 ≤ 𝑝 ≤ ∞, and acts again by isometries. If 𝒴 is a
Hilbert space (with inner product ⟨⋅, ⋅⟩𝒴), the case 𝑝 = 2 is
special, since 𝐿2(𝜇, 𝒴) is a Hilbert space with inner product
⟨𝑓, 𝑔⟩𝐿2(𝜇,𝒴) = ∫Ω⟨𝑓(𝜔), 𝑔(𝜔)⟩𝒴 𝑑𝜇(𝜔), on which 𝑈𝑡 acts as a
unitary map, 𝑈𝑡∗ = 𝑈−𝑡.

Clearly, the properties of approximation techniques for
observables and evolution operators depend on the under-
lying space. For instance, 𝐶(𝐴, 𝒴) has a well-defined no-
tion of pointwise evaluation at every 𝜔 ∈ Ω by a contin-
uous linear map 𝛿𝜔 ∶ 𝐶(𝐴, 𝒴) → 𝒴, 𝛿𝜔𝑓 = 𝑓(𝜔), which
is useful for interpolation and forecasting, but lacks an
inner-product structure and associated orthogonal projec-
tions. On the other hand, 𝐿2(𝜇) has inner-product struc-
ture, which is very useful theoretically as well as for nu-
merical algorithms, but lacks the notion of pointwise eval-
uation.

Lettingℱ stand for any of the 𝐶(𝐴, 𝒴) or 𝐿𝑝(𝜇, 𝒴) spaces,
the set 𝑈 = {𝑈𝑡 ∶ ℱ → ℱ}𝑡∈ℝ forms a strongly con-
tinuous group under composition of operators. That is,
𝑈𝑡 ∘ 𝑈𝑠 = 𝑈𝑡+𝑠, 𝑈𝑡,−1 = 𝑈−𝑡, and 𝑈0 = Id, so that 𝑈
is a group, and for every 𝑓 ∈ ℱ, 𝑈𝑡𝑓 converges to 𝑓 in
the norm of ℱ as 𝑡 → 0. A central notion in such evolu-
tion groups is that of the generator, defined by the ℱ-norm
limit 𝑉𝑓 = lim𝑡→0(𝑈𝑡𝑓 − 𝑓)/𝑡 for all 𝑓 ∈ ℱ for which the
limit exists. It can be shown that the domain 𝐷(𝑉) of all
such 𝑓 is a dense subspace of ℱ, and 𝑉 ∶ 𝐷(𝑉) → ℱ is a
closed, unbounded operator. Intuitively, 𝑉 can be thought
of as a directional derivative of observables along the dy-
namics. For example, if 𝒴 = ℂ, 𝐴 is a 𝐶1 manifold, and
the flow Φ𝑡 ∶ 𝐴 → 𝐴 is generated by a continuous vector
field ⃗𝑉 ∶ 𝐴 → 𝑇𝐴, then the generator of the Koopman
group on 𝐶(𝐴) has as its domain the space 𝐶1(𝐴) ⊂ 𝐶(𝐴)
of continuously differentiable, complex-valued functions,
and 𝑉𝑓 = ⃗𝑉 ⋅ ∇𝑓 for 𝑓 ∈ 𝐶1(𝐴). A strongly continuous
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evolution group is completely characterized by its genera-
tor, as any two such groups with the same generator are
identical.

The generator acquires additional properties in the set-
ting of unitary evolution groups on 𝐻 = 𝐿2(𝜇, 𝒴), where it
is skew-adjoint, 𝑉∗ = −𝑉 . Note that the skew-adjointness
of 𝑉 holds for more general measure-preserving dynam-
ics than Hamiltonian systems, whose generator is skew-
adjoint with respect to Lebesgue measure. By the spectral
theorem for skew-adjoint operators, there exists a unique
projection-valued measure 𝐸 ∶ ℬ(ℝ) → 𝐵(𝐻), giving the
generator and Koopman operator as the spectral integrals

𝑉 = ∫
ℝ
𝑖𝛼 𝑑𝐸(𝛼), 𝑈𝑡 = 𝑒𝑡𝑉 = ∫

ℝ
𝑒𝑖𝛼𝑡 𝑑𝐸(𝛼).

Here,ℬ(ℝ) is the Borel 𝜎-algebra on the real line, and 𝐵(𝐻)
the space of bounded operators on 𝐻. Intuitively, 𝐸 can
be thought of as an operator analog of a complex-valued
spectral measure in Fourier analysis, with ℝ playing the
role of frequency space. That is, given 𝑓 ∈ 𝐻, the ℂ-valued
Borel measure 𝐸𝑓(𝑆) = ⟨𝑓, 𝐸(𝑆)𝑓⟩𝐻 is precisely the Fourier
spectral measure associated with the time-autocorrelation
function 𝐶𝑓(𝑡) = ⟨𝑓, 𝑈𝑡𝑓⟩𝐻 . The latter admits the Fourier
representation 𝐶𝑓(𝑡) = ∫ℝ 𝑒𝑖𝛼𝑡 𝑑𝐸𝑓(𝛼).

The Hilbert space𝐻 admits a𝑈𝑡-invariant splitting𝐻 =
𝐻𝑎 ⊕ 𝐻𝑐 into orthogonal subspaces 𝐻𝑎 and 𝐻𝑐 associ-
ated with the point and continuous components of 𝐸, re-
spectively. In particular, 𝐸 has a unique decomposition
𝐸 = 𝐸𝑎 + 𝐸𝑐 with 𝐻𝑎 = ran𝐸𝑎(ℝ) and 𝐻𝑐 = ran𝐸𝑐(ℝ),
where 𝐸𝑎 is a purely atomic spectral measure, and 𝐸𝑐 is a
spectral measure with no atoms. The atoms of 𝐸𝑎 (i.e., the
singletons {𝛼𝑗} with 𝐸𝑎({𝛼𝑗}) ≠ 0) correspond to eigenfre-
quencies of the generator, for which the eigenvalue equa-
tion 𝑉𝑧𝑗 = 𝑖𝛼𝑧𝑗 has a nonzero solution 𝑧𝑗 ∈ 𝐻𝑎. Under er-
godic dynamics, every eigenspace of 𝑉 is one-dimensional,
so that if 𝑧𝑗 is normalized to unit 𝐿2(𝜇) norm, 𝐸({𝛼𝑗})𝑓 =
⟨𝑧𝑗 , 𝑓⟩𝐿2(𝜇)𝑧𝑗. Every such 𝑧𝑗 is an eigenfunction of the Koop-
manoperator𝑈𝑡 at eigenvalue 𝑒𝑖𝛼𝑗𝑡, and {𝑧𝑗} is an orthonor-
mal basis of 𝐻𝑎. Thus, every 𝑓 ∈ 𝐻𝑎 has the quasiperiodic
evolution 𝑈𝑡𝑓 = ∑𝑗 𝑒

𝑖𝛼𝑗𝑡⟨𝑧𝑗 , 𝑓⟩𝐿2(𝜇)𝑧𝑗, and the autocorrela-
tion 𝐶𝑓(𝑡) is also quasiperiodic. While 𝐻𝑎 always contains
constant eigenfunctions with zero frequency, it might not
have any nonconstant elements. In that case, the dynamics
is said to be weak-mixing. In contrast to the quasiperiodic
evolution of observables in 𝐻𝑎, observables in the contin-
uous spectrum subspace exhibit a loss of correlation char-
acteristic of mixing (chaotic) dynamics. Specifically, for
every 𝑓 ∈ 𝐻𝑐 the time-averaged autocorrelation function
̄𝐶𝑓(𝑡) = ∫𝑡

0 |𝐶𝑓(𝑠)| 𝑑𝑠/𝑡 tends to 0 as |𝑡| → ∞, as do cross-
correlation functions ⟨𝑔, 𝑈𝑡𝑓⟩𝐿2(𝜇) between observables in
𝐻𝑐 and arbitrary observables in 𝐿2(𝜇).

Data-Driven Forecasting
Based on the concepts introduced above, one can formu-
late statistical forecasting in Problem 1 as the task of con-
structing a function 𝑍𝑡 ∶ 𝒳 → 𝒴 on covariate space 𝒳,
such that 𝑍𝑡 ∘ 𝑋 optimally approximates 𝑈𝑡𝑌 among all
functions in a suitable class. We set 𝒴 = ℂ, so the re-
sponse variable is scalar-valued, and consider the Koop-
man operator on 𝐿2(𝜇), so we have access to orthogonal
projections. We also assume for now that the covariate
function 𝑋 is injective, so ̂𝑌𝑡 ∶= 𝑍𝑡 ∘ 𝑋 should be able
to approximate 𝑈𝑡𝑌 to arbitrarily high precision in 𝐿2(𝜇)
norm. Indeed, let {𝑢0, 𝑢1, …} be an orthonormal basis of
𝐿2(𝜈), where 𝜈 = 𝑋∗𝜇 is the pushforward of the invari-
ant measure onto 𝒳. Then, {𝜙0, 𝜙1, …} with 𝜙𝑗 = 𝑢𝑗 ∘ 𝑋
is an orthonormal basis of 𝐿2(𝜇). Given this basis, and
because 𝑈𝑡 is bounded, we have 𝑈𝑡𝑌 = lim𝐿→∞𝑈𝑡

𝐿𝑌 ,

where the partial sum 𝑈𝑡
𝐿𝑌 ∶= ∑𝐿−1

𝑗=0⟨𝑈𝑡𝑌, 𝜙𝑗⟩𝐿2(𝜇)𝜙𝑗 con-

verges in 𝐿2(𝜇) norm. Here, 𝑈𝑡
𝐿 is a finite-rank map

on 𝐿2(𝜇) with range span{𝜙0, … , 𝜙𝐿−1}, represented by an
𝐿 × 𝐿 matrix 𝐔(𝑡) with elements 𝑈𝑖𝑗(𝑡) = ⟨𝜙𝑖, 𝑈𝑡𝜙𝑗⟩𝐿2(𝜇).
Defining ⃗𝑦 = ( ̂𝑦0, … , ̂𝑦𝐿−1)⊤, ̂𝑦𝑗 = ⟨𝜙𝑗 , 𝑈𝑡𝑌⟩𝐿2(𝜇), and

( ̂𝑧0(𝑡), … , ̂𝑧𝐿−1(𝑡))⊤ = 𝐔(𝑡) ⃗𝑦, we have 𝑈𝑡
𝐿𝑌 = ∑𝐿−1

𝑗=0 ̂𝑧𝑗(𝑡)𝜙𝑗.
Since 𝜙𝑗 = 𝑢𝑗 ∘ 𝑋 , this leads to the estimator ̂𝑍𝑡,𝐿 ∈ 𝐿2(𝜈),
with ̂𝑍𝑡,𝐿 = ∑𝐿−1

𝑗=0 ̂𝑧𝑗(𝑡)𝑢𝑗.
The approach outlined above tentatively provides a con-

sistent forecasting framework. Yet, while in principle ap-
pealing, it has three major shortcomings: (i) Apart from
special cases, the invariant measure and an orthonormal
basis of 𝐿2(𝜇) are not known. In particular, orthogo-
nal functions with respect to an ambient measure on Ω
(e.g., Lebesgue-orthogonal polynomials) will not suffice,
since there are no guarantees that such functions form a
Schauder basis of 𝐿2(𝜇), let alone be orthonormal. Even
with a basis, we cannot evaluate𝑈𝑡 on its elements without
knowing Φ𝑡. (ii) Pointwise evaluation on 𝐿2(𝜇) is not de-
fined, making ̂𝑍𝑡,𝐿 inadequate in practice, even if the coef-
ficients ̂𝑧𝑗(𝑡) are known. (iii) The covariate map 𝑋 is often-
times noninvertible, and thus the 𝜙𝑗 span a strict subspace
of 𝐿2(𝜇). We now describe methods to overcome these ob-
stacles using learning theory.
Sampling measures and ergodicity. The dynamical tra-
jectory {𝜔0, … , 𝜔𝑁−1} in state space underlying the training
data is the support of a discrete sampling measure 𝜇𝑁 ∶=
∑𝑁−1

𝑛=0 𝛿𝜔𝑛/𝑁. A key consequence of ergodicity is that for
Lebesgue-a.e. sampling intervalΔ𝑡 and 𝜇-a.e. starting point
𝜔0 ∈ Ω, as 𝑁 → ∞, the sampling measures 𝜇𝑁 weak-
converge to the invariant measure 𝜇; that is,

lim
𝑁→∞

∫
Ω
𝑓 𝑑𝜇𝑁 = ∫

Ω
𝑓 𝑑𝜇 ∀𝑓 ∈ 𝐶(Ω). (1)
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Since integrals against 𝜇𝑁 are time averages on dynam-

ical trajectories, i.e., ∫Ω 𝑓 𝑑𝜇𝑁 = ∑𝑁−1
𝑛=0 𝑓(𝜔𝑛)/𝑁, ergodic-

ity provides an empirical means of accessing the statistics
of the invariant measure. In fact, many systems encoun-
tered in applications possess so-called physical measures,
where (1) holds for 𝜔0 in a “larger” set of positive mea-
sure with respect to an ambient measure (e.g., Lebesgue
measure) from which experimental initial conditions are
drawn. Hereafter, we will let 𝑀 be a compact subset of
Ω, which is forward-invariant under the dynamics (i.e.,
Φ𝑡(𝑀) ⊆ 𝑀 for all 𝑡 ≥ 0), and contains 𝐴. For example,
in dissipative dynamical systems such as L63, 𝑀 can be
chosen as a compact absorbing ball.
Shift operators. Ergodicity suggests that appropriate data-
driven analogs are the 𝐿2(𝜇𝑁) spaces induced by the sam-
plingmeasures 𝜇𝑁 . For a given𝑁, 𝐿2(𝜇𝑁) consists of equiv-
alence classes of measurable functions 𝑓 ∶ Ω → ℂ hav-
ing common values at the sampled states 𝜔𝑛, and the in-
ner product of two elements 𝑓, 𝑔 ∈ 𝐿2(𝜇𝑁) is given by
an empirical time-correlation, ⟨𝑓, 𝑔⟩𝜇𝑁 = ∫Ω 𝑓∗𝑔 𝑑𝜇𝑁 =
∑𝑁−1

𝑛=0 𝑓∗(𝜔𝑛)𝑔(𝜔𝑛)/𝑁. Moreover, if the 𝜔𝑛 are distinct (as
we will assume for simplicity of exposition), 𝐿2(𝜇𝑁) has
dimension 𝑁, and is isomorphic as a Hilbert space to
ℂ𝑁 equipped with a normalized dot product. Given that,
we can represent every 𝑓 ∈ 𝐿2(𝜇𝑁) by a column vector
⃗𝑓 = (𝑓(𝜔0), … , 𝑓(𝜔𝑁−1))⊤ ∈ ℂ𝑁 , and every linear map

𝐴 ∶ 𝐿2(𝜇𝑁) → 𝐿2(𝜇𝑁) by an 𝑁 × 𝑁 matrix 𝐀, so that
⃗𝑔 = 𝐀 ⃗𝑓 is the column vector representing 𝑔 = 𝐴𝑓. The

elements of ⃗𝑓 can also be understood as expansion coef-
ficients in the standard basis {𝑒0,𝑁 , … , 𝑒𝑁−1,𝑁 } of 𝐿2(𝜇𝑁),
where 𝑒𝑗,𝑁(𝜔𝑛) = 𝑁1/2𝛿𝑗𝑛; that is, 𝑓(𝜔𝑛) = ⟨𝑒𝑛,𝑁 , 𝑓⟩𝐿2(𝜇𝑁).
Similarly, the elements of 𝐀 correspond to the operator
matrix elements 𝐴𝑖𝑗 = ⟨𝑒𝑖,𝑁 , 𝐴𝑒𝑗,𝑁 ⟩𝐿2(𝜇𝑁).

Next, we would like to define a Koopman operator on
𝐿2(𝜇𝑁), but this space does not admit such an operator as a
composition map induced by the dynamical flow Φ𝑡 onΩ.
This is because Φ𝑡 does not preserve null sets with respect
to 𝜇𝑁 , and thus does not lead to a well-defined compo-
sition map on equivalence classes of functions in 𝐿2(𝜇𝑁).
Nevertheless, on 𝐿2(𝜇𝑁) there is an analogous construct to
the Koopman operator on 𝐿2(𝜇), namely, the shift operator,
𝑈𝑞
𝑁 ∶ 𝐿2(𝜇𝑁) → 𝐿2(𝜇𝑁), 𝑞 ∈ ℤ, defined as

𝑈𝑞
𝑁𝑓(𝜔𝑛) = {𝑓(𝜔𝑛+𝑞), 0 ≤ 𝑛 + 𝑞 ≤ 𝑁 − 1,

0, otherwise.

Even though 𝑈𝑞
𝑁 is not a composition map, intuitively

it should have a connection with the Koopman operator
𝑈𝑞∆𝑡. One could consider, for instance, the matrix repre-
sentation �̃�𝑁(𝑞) = [⟨𝑒𝑖,𝑁 , 𝑈𝑞

𝑁𝑒𝑗,𝑁 ⟩𝐿2(𝜇𝑁)] in the standard
basis, and attempt to connect it with a matrix representa-
tion of 𝑈𝑞∆𝑡 in an orthonormal basis of 𝐿2(𝜇). However,
the issue with this approach is that the 𝑒𝑗,𝑁 do not have

𝑁 → ∞ limits in 𝐿2(𝜇), meaning that there is no suitable
notion of 𝑁 → ∞ convergence of the matrix elements of
𝑈𝑞
𝑁 in the standard basis. In response, we will construct a

representation of the shift operator in a different orthonor-
mal basis with awell-defined𝑁 → ∞ limit. Themain tools
that we will use are kernel integral operators, which we now
describe.
Kernel integral operators. In the present context, a kernel
function will be a real-valued, continuous function 𝑘 ∶ Ω×
Ω → ℝwith the property that there exists a strictly positive,
continuous function 𝑑 ∶ Ω → ℝ such that

𝑑(𝜔)𝑘(𝜔, 𝜔′) = 𝑑(𝜔′)𝑘(𝜔′, 𝜔) ∀𝜔, 𝜔′ ∈ Ω. (2)

Notice the similarity between (2) and the detailed balance
relation in reversible Markov chains. Now let 𝜌 be any
Borel probability measure with compact support 𝑆 ⊆ 𝑀
included in the forward-invariant set𝑀. It follows by con-
tinuity of 𝑘 and compactness of 𝑆 that the integral operator
𝐾𝜌 ∶ 𝐿2(𝜌) → 𝐶(𝑀),

𝐾𝜌𝑓 = ∫
Ω
𝑘(⋅, 𝜔)𝑓(𝜔) 𝑑𝜌(𝜔), (3)

is well-defined as a bounded operator mapping elements
of 𝐿2(𝜌) into continuous functions on 𝑀. Using 𝜄𝜌 ∶
𝐶(𝑀) → 𝐿2(𝜌) to denote the canonical inclusion map, we
consider two additional integral operators, 𝐺𝜌 ∶ 𝐿2(𝜌) →
𝐿2(𝜌) and ̃𝐺𝜌 ∶ 𝐶(𝑀) → 𝐶(𝑀), with 𝐺𝜌 = 𝜄𝜌𝐾𝜌 and
̃𝐺𝜌 = 𝐾𝜌𝜄𝜌, respectively.
The operators 𝐺𝜌 and ̃𝐺𝜌 are compact operators act-

ing with the same integral formula as 𝐾𝜌 in (3), but their
codomains and domains, respectively, are different. Nev-
ertheless, their nonzero eigenvalues coincide, and 𝜙 ∈
𝐿2(𝜌) is an eigenfunction of𝐺𝜌 corresponding to a nonzero
eigenvalue 𝜆 if and only if 𝜑 ∈ 𝐶(𝑀) with 𝜑 = 𝐾𝜌𝜙/𝜆 is an
eigenfunction of ̃𝐺𝜌 at the same eigenvalue. In effect, 𝜙 ↦
𝜑 “interpolates” the 𝐿2(𝜌) element 𝜙 (defined only up to 𝜌-
null sets) to the continuous, everywhere-defined function
𝜑. It can be verified that if (2) holds, 𝐺𝜌 is a trace-class op-
erator with real eigenvalues, |𝜆0| ≥ |𝜆1| ≥ ⋯ ↘ 0+. More-
over, there exists a Riesz basis {𝜙0, 𝜙1, … , } of 𝐿2(𝜌) and a
corresponding dual basis {𝜙′0, 𝜙′1, …} with ⟨𝜙′𝑖 , 𝜙𝑗⟩𝐿2(𝜌) = 𝛿𝑖𝑗,
such that 𝐺𝜌𝜙𝑗 = 𝜆𝑗𝜙𝑗 and 𝐺∗

𝜌𝜙′𝑗 = 𝜆𝑗𝜙′𝑗 . We say that the ker-
nel 𝑘 is 𝐿2(𝜌)-universal if 𝐺𝜌 has no zero eigenvalues; this
is equivalent to ran𝐺𝜌 being dense in 𝐿2(𝜌). Moreover, 𝑘
is said to be 𝐿2(𝜌)-Markov if 𝐺𝜌 is a Markov operator, i.e.,
𝐺𝜌 ≥ 0, 𝐺𝜌𝑓 ≥ 0 if 𝑓 ≥ 0, and 𝐺1 = 1.

Observe now that the operators 𝐺𝜇𝑁 associated with
the sampling measures 𝜇𝑁 , henceforth abbreviated by
𝐺𝑁 , are represented by 𝑁 × 𝑁 kernel matrices 𝐆𝑁 =
[⟨𝑒𝑖,𝑁 , 𝐺𝑁𝑒𝑗,𝑁 ⟩𝐿2(𝜇𝑁)] = [𝑘(𝜔𝑖, 𝜔𝑗)] in the standard basis of
𝐿2(𝜇𝑁). Further, if 𝑘 is a pullback kernel from covariate
space, i.e., 𝑘(𝜔, 𝜔′) = 𝜅(𝑋(𝜔), 𝑋(𝜔′)) for 𝜅 ∶ 𝒳 × 𝒳 → ℝ,
then 𝐆𝑁 = [𝜅(𝑥𝑖, 𝑥𝑗)] is empirically accessible from the
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training data. Popular kernels in applications include the
covariance kernel 𝜅(𝑥, 𝑥′) = ⟨𝑥, 𝑥′⟩𝒳 on an inner-product
space and the radial Gaussian kernel 𝜅(𝑥, 𝑥′) = 𝑒−‖𝑥−𝑥′‖2𝒳/𝜖.
It is also common to employ Markov kernels constructed
by normalization of symmetric kernels [CL06,BH16]. We
will use 𝑘𝑁 to denote kernels with data-dependent normal-
izations.

A widely used strategy for learning with integral oper-
ators [vLBB08] is to construct families of kernels 𝑘𝑁 con-
verging in 𝐶(𝑀×𝑀) norm to 𝑘. This implies that for every
nonzero eigenvalue 𝜆𝑗 of 𝐺 ≡ 𝐺𝜇, the sequence of eigen-
values 𝜆𝑗,𝑁 of 𝐺𝑁 satisfies lim𝑁→∞𝜆𝑗,𝑁 = 𝜆𝑗. Moreover,

there exists a sequence of eigenfunctions 𝜙𝑗,𝑁 ∈ 𝐿2(𝜇𝑁)
corresponding to 𝜆𝑗,𝑁 , whose continuous representatives,
𝜑𝑗,𝑁 = 𝐾𝑁𝜙𝑗,𝑁/𝜆𝑗,𝑁 , converge in 𝐶(𝑀) to 𝜑𝑗 = 𝐾𝜙𝑗/𝜆𝑗,
where 𝜙𝑗 ∈ 𝐿2(𝜇) is any eigenfunction of 𝐺 at eigen-
value 𝜆𝑗. In effect, we use 𝐶(𝑀) as a “bridge” to estab-
lish spectral convergence of the operators 𝐺𝑁 , which act
on different spaces. Note that (𝜆𝑗,𝑁 , 𝜑𝑗,𝑁) does not con-
verge uniformly with respect to 𝑗, and for a fixed 𝑁, eigen-
values/eigenfunctions at larger 𝑗 exhibit larger deviations
from their 𝑁 → ∞ limits. Under measure-preserving, er-
godic dynamics, convergence occurs for 𝜇-a.e. starting state
𝜔0 ∈ 𝑀, and 𝜔0 in a set of positive ambient measure if 𝜇
is physical. In particular, the training states 𝜔𝑛 need not
lie on 𝐴. See Figure 1 for eigenfunctions of 𝐺𝑁 computed
from data sampled near the L63 attractor.
Diffusion forecasting. We now have the ingredients to
build a concrete statistical forecasting scheme based on
data-driven approximations of the Koopman operator. In
particular, note that if 𝜙′𝑖,𝑁 , 𝜙𝑗,𝑁 are biorthogonal eigen-
functions of 𝐺∗

𝑁 and 𝐺𝑁 , respectively, at nonzero eigen-
values, we can evaluate the matrix element 𝑈𝑁,𝑖𝑗(𝑞) ∶=
⟨𝜙′𝑖,𝑁 , 𝑈

𝑞
𝑁𝜙𝑗,𝑁 ⟩𝐿2(𝜇𝑁) of the shift operator using the contin-

uous representatives 𝜑′𝑖,𝑁 , 𝜑𝑗,𝑁 ,

𝑈𝑁,𝑖𝑗(𝑞) =
1
𝑁

𝑁−1−𝑞
∑
𝑛=0

𝜙′𝑖,𝑁(𝜔𝑛)𝜙𝑗,𝑁(𝜔𝑛+𝑞)

= 𝑁 − 𝑞
𝑁 ∫

Ω
𝜑′𝑖,𝑁𝑈𝑞∆𝑡𝜑𝑗,𝑁 𝑑𝜇𝑁−𝑞,

where 𝑈𝑞∆𝑡 is the Koopman operator on 𝐶(𝑀). Therefore,
if the corresponding eigenvalues 𝜆𝑖, 𝜆𝑗 of 𝐺 are nonzero,
by the weak convergence of the sampling measures in (1)
and 𝐶(𝑀) convergence of the eigenfunctions, as 𝑁 →
∞, 𝑈𝑖𝑗,𝑁(𝑞) converges to the matrix element 𝑈𝑖𝑗(𝑞 Δ𝑡) =
⟨𝜙𝑖, 𝑈𝑞∆𝑡𝜙𝑗⟩𝐿2(𝜇) of the Koopman operator on 𝐿2(𝜇). This
convergence is not uniform with respect to 𝑖, 𝑗, but if we
fix a parameter 𝐿 ∈ ℕ (which can be thought of as spec-
tral resolution) such that 𝜆𝐿−1 ≠ 0, we can obtain a statisti-
cally consistent approximation of 𝐿×𝐿 Koopman operator
matrices, 𝐔(𝑞Δ𝑡) = [𝑈𝑖𝑗(𝑞 Δ𝑡)], by shift operator matrices,

𝐔𝑁(𝑞) = [𝑈𝑁,𝑖𝑗(𝑞)], with 𝑖, 𝑗 ∈ {0, … , 𝐿 − 1}. Checkerboard
plots of𝐔𝑁(𝑞) for the L63 system are displayed in Figure 1.

This method for approximating matrix elements of
Koopman operators was proposed in a technique called
diffusion forecasting (named after the diffusion kernels em-
ployed) [BGH15]. Assuming that the response 𝑌 is contin-
uous and by spectral convergence of 𝐺𝑁 , for every 𝑗 ∈ ℕ0
such that 𝜆𝑗 > 0, the inner products ̂𝑌𝑗,𝑁 = ⟨𝜙′𝑗,𝑁 , 𝑌⟩𝜇𝑁 con-
verge, as 𝑁 → ∞, to ̂𝑌𝑗 = ⟨𝜙′𝑗 , 𝑌⟩𝐿2(𝜇). This implies that for

any 𝐿 ∈ ℕ such that 𝜆𝐿−1 > 0, ∑𝐿−1
𝑗=0

̂𝑌𝑗,𝑁𝜑𝑗,𝑁 converges
in 𝐶(𝑀) to a continuous representative of Π𝐿𝑌 , where
Π𝐿 is the orthogonal projection on 𝐿2(𝜇) mapping into
span{𝜙0, … , 𝜙𝐿−1}. Suppose now that 𝜚𝑁 is a sequence of
continuous functions converging uniformly to 𝜚 ∈ 𝐶(𝑀),
such that 𝜚𝑁 are probability densities with respect to 𝜇𝑁
(i.e., 𝜚𝑁 ≥ 0 and ‖𝜚𝑁‖𝐿1(𝜇𝑁) = 1). By similar argu-
ments as for 𝑌 , as 𝑁 → ∞, the continuous function
∑𝐿−1

𝑗=0 ̂𝜚𝑗,𝑁𝜑𝑗,𝑁 with ̂𝜚𝑗,𝑁 = ⟨𝜑′𝑗,𝑁 , 𝜚𝑁 ⟩𝐿2(𝜇𝑁) converges to

Π𝐿𝜚 in 𝐿2(𝜇). Putting these facts together, and setting
⃗𝜚𝑁 = ( ̂𝜚0,𝑁 , … , ̂𝜚𝐿−1,𝑁)⊤ and ⃗𝑌𝑁 = ( ̂𝑌0,𝑁 , … , ̂𝑌𝐿−1,𝑁)⊤, we

conclude that

⃗𝜚⊤𝑁𝐔𝑁(𝑞) ⃗𝑌𝑁
𝑁→∞−−−−→ ⟨Π𝐿𝜚,Π𝐿𝑈𝑞∆𝑡𝑌⟩𝐿2(𝜇). (4)

Here, the left-hand side is given by matrix–vector prod-
ucts obtained from the data, and the right-hand side
is equal to the expectation of Π𝐿𝑈𝑞∆𝑡𝑌 with respect to
the probability measure 𝜌 with density 𝑑𝜌/𝑑𝜇 = 𝜚; i.e.,
⟨Π𝐿𝜚,Π𝐿𝑈𝑞∆𝑡𝑌⟩𝐿2(𝜇) = 𝔼𝜌(Π𝐿𝑈𝑞∆𝑡𝑌), where 𝔼𝜌(⋅) ∶=
∫Ω(⋅) 𝑑𝜌.

What about the dependence of the forecast on 𝐿? As 𝐿
increases, Π𝐿 converges strongly to the orthogonal projec-
tionΠ𝐺 ∶ 𝐿2(𝜇) → 𝐿2(𝜇) onto the closure of the range of 𝐺.
Thus, if the kernel 𝑘 is 𝐿2(𝜇)-universal (i.e., ran𝐺 = 𝐿2(𝜇)),
Π𝐺 = Id, and under the iterated limit of 𝐿 → ∞ after
𝑁 → ∞ the left-hand side of (4) converges to 𝔼𝜌𝑈𝑞∆𝑡𝑌 .
In summary, implemented with an 𝐿2(𝜇)-universal ker-
nel, diffusion forecasting consistently approximates the
expected value of the time-evolution of any continuous
observable with respect to any probability measure with
continuous density relative to 𝜇. An example of an 𝐿2(𝜇)-
universal kernel is the pullback of a radial Gaussian ker-
nel on 𝒳 = ℝ𝑚. In contrast, the covariance kernel is not
𝐿2(𝜇)-universal, as in this case the rank of 𝐺 is bounded by
𝑚. This illustrates that forecasting in the POD basis may
be subject to intrinsic limitations, even with full observa-
tions.
Kernel analog forecasting. While providing a flexible
framework for approximating expectation values of observ-
ables under measure-preserving, ergodic dynamics, diffu-
sion forecasting does not directly address the problem
of constructing a concrete forecast function, i.e., a func-
tion 𝑍𝑡 ∶ 𝒳 → ℂ approximating 𝑈𝑡𝑌 as stated in
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ℋ𝑁 𝐿2(𝜇𝑁 ) 𝐿2(𝜇𝑁 ) span({𝜙𝑖,𝑁 }𝐿𝑖=1) 𝒴
𝑀 ⊆ Ω

ℋ(𝑀) 𝐿2(𝜇) 𝐿2(𝜇) 𝒴
𝜔 Ψ(𝜔) 𝑈𝑡∗Ψ(𝜔) 𝔼Ψ(𝜔)𝑈𝑡𝑌

𝜄𝑁 𝑈𝑞∗
𝑁 Π𝐿 𝔼(⋅)𝑌

error

Ψ𝑁

Ψ
𝜄 𝑈𝑡∗ 𝔼(⋅)𝑌

∈

(f)

𝐿2(𝜇𝑁 ) 𝐿2(𝜇𝑁 ) 𝐿2𝑋 (𝜇𝑁 ) ℋ𝑁 𝐿2𝑋 (𝜇)
𝐶(𝑀)

𝐿2(𝜇) 𝐿2(𝜇) 𝐿2𝑋 (𝜇)

𝑌 𝑈𝑡𝑌 𝑍𝑡 ∘ 𝑋 = 𝔼(𝑈𝑡𝑌 ∣ 𝑋)

𝑈𝑞
𝑁 Π𝑋 𝒩𝑁 𝜄

error

𝜄𝑁

𝜄
𝑈𝑡 Π𝑋

∈

(g)

Figure 1. Panel (a) shows eigenfunctions 𝜙𝑗,𝑁 of 𝐺𝑁 for a dataset sampled near the L63 attractor. Panel (b) shows the action of
the shift operator 𝑈𝑞

𝑁 on the 𝜙𝑗,𝑁 from (a) for 𝑞 = 50 steps, approximating the Koopman operator 𝑈𝑞∆𝑡. Panels (c, d) show the
matrix elements ⟨𝜙𝑖,𝑁 , 𝑈𝑞

𝑁𝜙𝑗,𝑁 ⟩𝜇𝑁 of the shift operator for 𝑞 = 5 and 50. The mixing dynamics is evident in the larger
far-from-diagonal components in 𝑞 = 50 vs. 𝑞 = 5. Panel (e) shows the matrix representation of a finite-difference approximation
of the generator 𝑉 , which is skew-symmetric. Panels (f, g) summarize the diffusion forecast (DF) and kernel analog forecast (KAF)
for lead time 𝑡 = 𝑞Δ𝑡. In each diagram, the data-driven finite-dimensional approximation (top row) converges to the true forecast
(middle row). DF maps an initial state 𝜔 ∈ 𝑀 ⊆ Ω to the future expectation of an observable 𝔼Ψ(𝜔)𝑈𝑡𝑌 = 𝔼𝑈𝑡∗Ψ(𝜔)𝑌 , and KAF maps
a response function 𝑌 ∈ 𝐶(𝑀) to the conditional expectation 𝔼(𝑈𝑡𝑌 ∣ 𝑋).
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Problem 1. One way of defining such a function is to let
𝜅𝑁 be an 𝐿2(𝜈𝑁)-Markov kernel on 𝒳 for 𝜈𝑁 = 𝑋∗𝜇𝑁 , and
to consider the “feature map” Ψ𝑁 ∶ 𝒳 → 𝐶(𝑀) mapping
each point 𝑥 ∈ 𝒳 in covariate space to the kernel section
Ψ𝑁(𝑥) = 𝜅𝑁(𝑥, 𝑋(⋅)). Then, Ψ𝑁(𝑥) is a continuous proba-
bility density with respect to 𝜇𝑁 , and we can use diffusion

forecasting to define 𝑍𝑞∆𝑡(𝑥) = Ψ⃗𝑁(𝑥)
⊤
𝐔𝑁(𝑞) ⃗𝑌𝑁 with no-

tation as in (4).
While this approach has a well-defined 𝑁 → ∞ limit, it

does not provide optimality guarantees, particularly in sit-
uations where 𝑋 is noninjective. Indeed, the 𝐿2(𝜇)-optimal
approximation to 𝑈𝑡𝑌 of the form 𝑍𝑡 ∘ 𝑋 is given by the
conditional expectation 𝔼(𝑈𝑡𝑌 ∣ 𝑋). In the present 𝐿2 setting
we have 𝔼(𝑈𝑡𝑌 ∣ 𝑋) = Π𝑋𝑈𝑡𝑌 , where Π𝑋 is the orthog-
onal projection into 𝐿2𝑋(𝜇) ∶= {𝑓 ∈ 𝐿2(𝜇) ∶ 𝑓 = 𝑔 ∘ 𝑋}.
That is, the conditional expectation minimizes the error
‖𝑓−𝑈𝑡𝑌‖2𝐿2(𝜇) among all pullbacks 𝑓 ∈ 𝐿2𝑋(𝜇) from covari-
ate space. Even though 𝔼(𝑈𝑡𝑌 ∣ 𝑋 = 𝑥) can be expressed
as an expectation with respect to a conditional probability
measure 𝜇(⋅ ∣ 𝑥) onΩ, thatmeasure will generally not have
an 𝐿2(𝜇) density, and there is no map Ψ ∶ 𝒳 → 𝐶(𝑀) such
that ⟨Ψ(𝑥), 𝑈𝑡𝑌⟩𝐿2(𝜇) equals 𝔼(𝑈𝑡𝑌 ∣ 𝑋 = 𝑥).

To construct a consistent estimator of the conditional
expectation, we require that 𝑘 be a pullback of a kernel
𝜅 ∶ 𝒳 × 𝒳 → ℝ on covariate space which is (i) symmet-
ric, 𝜅(𝑥, 𝑥′) = 𝜅(𝑥′, 𝑥) for all 𝑥, 𝑥′ ∈ 𝒳 (so (2) holds); (ii)
strictly positive; and (iii) strictly positive-definite. The latter
means that for any sequence 𝑥0, … , 𝑥𝑛−1 of distinct points
in 𝒳 the matrix [𝜅(𝑥𝑖, 𝑥𝑗)] is strictly positive. These proper-
ties imply that there exists a Hilbert space ℋ of complex-
valued functions on Ω, such that (i) for every 𝜔 ∈ Ω,
the kernel sections 𝑘𝜔 = 𝑘(𝜔, ⋅) lie in ℋ; (ii) the evalu-
ation functional 𝛿𝜔 ∶ ℋ → ℂ is bounded and satisfies
𝛿𝜔𝑓 = ⟨𝑘𝜔, 𝑓⟩ℋ ; (iii) every 𝑓 ∈ ℋ has the form 𝑓 = 𝑔 ∘ 𝑋
for a continuous function 𝑔 ∶ 𝒳 → ℂ; and (iv) 𝜄𝜇ℋ lies
dense in 𝐿2𝑋(𝜇).

A Hilbert space of functions satisfying (i) and (ii) above
is known as a reproducing kernel Hilbert space (RKHS), and
the associated kernel 𝑘 is known as a reproducing kernel.
RKHSs have many useful properties for statistical learning
[CS02], not least because they combine the Hilbert space
structure of 𝐿2 spaces with pointwise evaluation in spaces
of continuous functions. The density of ℋ in 𝐿2𝑋(𝜇) is a
consequence of the strict positive-definiteness of 𝜅. In par-
ticular, because the conditional expectation 𝔼(𝑈𝑡𝑌 ∣ 𝑋)
lies in 𝐿2𝑋(𝜇), it can be approximated by elements of ℋ
to arbitrarily high precision in 𝐿2(𝜇) norm, and every such
approximation will be a pullback ̂𝑌𝑡 = 𝑍𝑡 ∘ 𝑋 of a continu-
ous function 𝑍𝑡 that can be evaluated at arbitrary covariate
values.

We now describe a data-driven technique for construct-
ing such a prediction function, which we refer to as

kernel analog forecasting (KAF) [AG20]. Mathematically,
KAF is closely related to kernel principal component re-
gression. To build the KAF estimator, we work again with
integral operators as in (3), with the difference that now
𝐾𝜌 ∶ 𝐿2(𝜌) → ℋ(𝑀) takes values in the restriction of
ℋ to the forward-invariant set 𝑀, denoted ℋ(𝑀). One
can show that the adjoint 𝐾∗

𝜌 ∶ ℋ(𝑀) → 𝐿2(𝜌) coin-
cides with the inclusion map 𝜄𝜌 on continuous functions,
so that 𝐾∗

𝜌 maps 𝑓 ∈ ℋ(𝑀) ⊂ 𝐶(𝑀) to its correspond-
ing 𝐿2(𝜌) equivalence class. As a result, the integral oper-
ator 𝐺𝜌 ∶ 𝐿2(𝜌) → 𝐿2(𝜌) takes the form 𝐺𝜌 = 𝐾∗

𝜌𝐾𝜌, be-
coming a self-adjoint, positive-definite, compact operator
with eigenvalues 𝜆0 ≥ 𝜆1 ≥ ⋯ ↘ 0+, and a correspond-
ing orthonormal eigenbasis {𝜙0, 𝜙1, …} of 𝐿2(𝜌). Moreover,
{𝜓0, 𝜓1, …} with 𝜓𝑗 = 𝐾𝜌𝜙𝑗/𝜆1/2𝑗 is an orthonormal set in
ℋ(𝑀). In fact, Mercer’s theorem provides an explicit repre-
sentation 𝑘(𝜔, 𝜔′) = ∑∞

𝑗=0 𝜓𝑗(𝜔)𝜓𝑗(𝜔′), where direct evalu-
ation of the kernel in the left-hand side (known as “kernel
trick”) avoids the complexity of inner-product computa-
tions between feature vectors 𝜓𝑗. Here, our perspective is
to rely on the orthogonality of the eigenbasis to approxi-
mate observables of interest at fixed 𝐿, and establish con-
vergence of the estimator as 𝐿 → ∞. A similar approach
was adopted for density estimation on noncompact do-
mains, withMercer-type kernels based on orthogonal poly-
nomials [ZHL19].

Now a key operation that the RKHS enables is the Nys-
tröm extension, which interpolates 𝐿2(𝜌) elements of appro-
priate regularity to RKHS functions. The Nyström operator
𝒩𝜌 ∶ 𝐷(𝒩𝜌) → ℋ(𝑀) is defined on the domain 𝐷(𝒩𝜌) =
{∑𝑗 𝑐𝑗𝜙𝑗 ∶ ∑𝑗|𝑐𝑗|2/𝜆𝑗 < ∞} by linear extension of 𝒩𝜌𝜙𝑗 =
𝜓𝑗/𝜆1/2𝑗 . Note that𝒩𝜌𝜙𝑗 = 𝐾𝜌𝜙𝑗/𝜆𝑗 = 𝜑𝑗, so𝒩𝜌 maps 𝜙𝑗 to its
continuous representative, and 𝐾∗

𝜌𝒩𝜌𝑓 = 𝑓, meaning that
𝒩𝜌𝑓 = 𝑓, 𝜌-a.e. While𝐷(𝒩𝜌)may be a strict 𝐿2(𝜌) subspace,
for any 𝐿with 𝜆𝐿−1 > 0we define a spectrally truncated op-

erator𝒩𝐿,𝜌 ∶ 𝐿2(𝜌) → ℋ(𝑀),𝒩𝐿,𝜌∑𝑗 𝑐𝑗𝜙𝑗 = ∑𝐿−1
𝑗=0 𝑐𝑗𝜓𝑗/𝜆

1/2
𝑗 .

Then, as 𝐿 increases, 𝐾∗
𝜌𝒩𝐿,𝜌𝑓 converges to Π𝐺𝜌𝑓 in 𝐿2(𝜌).

To make empirical forecasts, we set 𝜌 = 𝜇𝑁 , compute the
expansion coefficients 𝑐𝑗,𝑁(𝑡) of 𝑈𝑡𝑌 in the {𝜙𝑗,𝑁 } basis of
𝐿2(𝜇𝑁), and construct 𝑌𝑡,𝐿,𝑁 = 𝒩𝐿,𝑁𝑈𝑡𝑌 ∈ ℋ(𝑀). Because
𝜓𝑗,𝑁 are pullbacks of known functions 𝑢𝑗,𝑁 ∈ 𝐶(𝒳), we

have 𝑌𝑡,𝐿,𝑁 = 𝑍𝑡,𝐿,𝑁 ∘𝑋 , where 𝑍𝑡,𝐿,𝑁 = ∑𝐿−1
𝑗=0 𝑐𝑗(𝑡)𝑢𝑗,𝑁/𝜆

1/2
𝑗,𝑁

can be evaluated at any 𝑥 ∈ 𝒳.
The function 𝑌𝑡,𝐿,𝑁 is our estimator of the conditional

expectation 𝔼(𝑈𝑡𝑌 ∣ 𝑋). By spectral convergence of ker-
nel integral operators, as 𝑁 → ∞, 𝑌𝑡,𝐿,𝑁 converges to
𝑌𝑡,𝐿 ∶= 𝒩𝐿𝑈𝑡𝑌 in 𝐶(𝑀) norm, where 𝒩𝐿 ≡ 𝒩𝐿,𝜇. Then,
as 𝐿 → ∞, 𝐾∗𝑌𝑡,𝐿 converges in 𝐿2(𝜇) norm to Π𝐺𝑈𝑡𝑌 . Be-
cause 𝜅 is strictly positive-definite, 𝐺 has dense range in
𝐿2𝑋(𝜇), and thus Π𝐺𝑈𝑡𝑌 = Π𝑋𝑈𝑡𝑌 = 𝔼(𝑈𝑡𝑌 ∣ 𝑋). We
therefore conclude that 𝑌𝑡,𝐿,𝑁 converges to the conditional
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Figure 2. KAF applied to the L63 state vector component
𝑌(𝜔) = 𝜔1 with full (blue) and partial (red) observations. In the
fully observed case, the covariate 𝑋 is the identity map on
Ω = ℝ3. In the partially observed case, 𝑋(𝜔) = 𝜔1 is the
projection to the first coordinate. Top: Forecasts 𝑍𝑡,𝐿,𝑁(𝑥)
initialized from fixed 𝑥 = 𝑋(𝜔), compared with the true
evolution 𝑈𝑡𝑌(𝜔) (black). Shaded regions show error bounds
based on KAF estimates of the conditional standard deviation,
𝜎𝑡(𝑥). Bottom: RMS forecast errors (solid lines) and 𝜎𝑡 (dashed
lines). The agreement between actual and estimated errors
indicates that 𝜎𝑡 provides useful uncertainty quantification.

expectation as 𝐿 → ∞ after 𝑁 → ∞. Forecast results from
the L63 system are shown in Figure 2.

Coherent Pattern Extraction
We now turn to the task of coherent pattern extraction in
Problem 2. This is a fundamentally unsupervised learning
problem, as we seek to discover observables of a dynami-
cal system that exhibit a natural time evolution (by some
suitable criterion), rather than approximate a given observ-
able as in the context of forecasting. We have mentioned
POD as a technique for identifying coherent observables
through eigenfunctions of covariance operators. Kernel
PCA [SSM98] is a generalization of this approach utilizing
integral operators with potentially nonlinear kernels. For
data lying on Riemannian manifolds, it is popular to em-
ploy kernels approximating geometrical operators, such
as heat operators and their associated Laplacians. Exam-
ples include Laplacian eigenmaps [BN03], diffusion maps
[CL06], and variable-bandwidth kernels [BH16]. Mean-
while, coherent pattern extraction techniques based on
evolution operators have also gained popularity in re-
cent years. These methods include spectral analysis of

transfer operators for detection of invariant sets
[DJ99, DFS00], harmonic averaging [Mez05],
and dynamic mode decomposition (DMD)
[RMB+09,Sch10,WKR15,KNK+18] techniques for approx-
imating Koopman eigenfunctions, and Darboux kernels
for approximating spectral projectors [KPM20]. While nat-
ural from a theoretical standpoint, evolution operators
tend to have more complicated spectral properties than
kernel integral operators, including nonisolated eigenval-
ues and continuous spectrum. The following examples il-
lustrate distinct behaviors associated with the point (𝐻𝑎)
and continuous (𝐻𝑐) spectrum subspaces of 𝐿2(𝜇).

Example 1 (Torus rotation). A quasiperiodic rotation on
the 2-torus, Ω = 𝕋2, is governed by the system of ODEs
�̇� = ⃗𝑉(𝜔), where 𝜔 = (𝜔1, 𝜔2) ∈ [0, 2𝜋)2, ⃗𝑉 = (𝜈1, 𝜈2),
and 𝜈1, 𝜈2 ∈ ℝ are rationally independent frequency pa-
rameters. The resulting flow, Φ𝑡(𝜔) = (𝜔1 + 𝜈1𝑡, 𝜔2 + 𝜈2𝑡)
mod 2𝜋, has a unique Borel ergodic invariant probability
measure 𝜇 given by a normalized Lebesguemeasure. More-
over, there exists an orthonormal basis of 𝐿2(𝜇) consisting
of Koopman eigenfunctions 𝑧𝑗𝑘(𝜔) = 𝑒𝑖(𝑗𝜔1+𝑘𝜔2), 𝑗, 𝑘 ∈ ℤ,
with eigenfrequencies 𝛼𝑗𝑘 = 𝑗𝜈1 + 𝑘𝜈2. Thus, 𝐻𝑎 = 𝐿2(𝜇),
and 𝐻𝑐 is the zero subspace. Such a system is said to have
a pure point spectrum.

Example 2 (Lorenz 63 system). The L63 systemonΩ = ℝ3

is governed by a system of smooth ODEs with two qua-
dratic nonlinearities. This system is known to exhibit
a physical ergodic invariant probability measure 𝜇 sup-
ported on a compact set (the L63 attractor), with mixing
dynamics. This means that𝐻𝑎 is the one-dimensional sub-
space of 𝐿2(𝜇) consisting of constant functions, and𝐻𝑐 con-
sists of all 𝐿2(𝜇) functions orthogonal to the constants (i.e.,
with zero expectation value with respect to 𝜇).

Delay-coordinate approaches. For the point spectrum
subspace 𝐻𝑎, a natural class of coherent observables is
provided by the Koopman eigenfunctions. Every Koop-
man eigenfunction 𝑧𝑗 ∈ 𝐻𝑎 evolves as a harmonic oscil-
lator at the corresponding eigenfrequency, 𝑈𝑡𝑧𝑗 = 𝑒𝑖𝛼𝑗𝑡𝑧𝑗,
and the associated autocorrelation function, 𝐶𝑧𝑗 (𝑡) = 𝑒𝑖𝛼𝑗𝑡,
also has a harmonic evolution. Short of temporal invari-
ance (which only occurs for constant eigenfunctions un-
der measure-preserving ergodic dynamics), it is natural to
think of a harmonic evolution as being “maximally” coher-
ent. In particular, if 𝑧𝑗 is continuous, then for any 𝜔 ∈ 𝐴,
the real and imaginary parts of the time series 𝑡 ↦ 𝑈𝑡𝑧𝑗(𝜔)
are pure sinusoids, even if the flowΦ𝑡 is aperiodic. Further
attractive properties of Koopman eigenfunctions include
the facts that they are intrinsic to the dynamical system
generating the data, and they are closed under pointwise
multiplication, 𝑧𝑗𝑧𝑘 = 𝑧𝑗+𝑘, allowing one to generate every
eigenfunction from a potentially finite generating set.
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Yet, consistently approximating Koopman eigenfunc-
tions fromdata is a nontrivial task, even for simple systems.
For instance, the torus rotation in Example 1 has a dense
set of eigenfrequencies by rational independence of the ba-
sic frequencies 𝜈1 and 𝜈2. Thus, any open interval in ℝ
contains infinitely many eigenfrequencies 𝛼𝑗𝑘, necessitat-
ing some form of regularization. Arguably, the term “pure
point spectrum” is somewhat of a misnomer for such sys-
tems since a nonempty continuous spectrum is present. In-
deed, since the spectrum of an operator on a Banach space
includes the closure of the set of eigenvalues, 𝑖ℝ ⧵ {𝑖𝛼𝑗𝑘}
lies in the continuous spectrum.

As a way of addressing these challenges, observe that if
𝐺 is a self-adjoint, compact operator commuting with the
Koopman group (i.e., 𝑈𝑡𝐺 = 𝐺𝑈𝑡), then any eigenspace
𝑊𝜆 of 𝐺 corresponding to a nonzero eigenvalue 𝜆 is in-
variant under 𝑈𝑡, and thus under the generator 𝑉 . More-
over, by compactness of 𝐺,𝑊𝜆 has finite dimension. Thus,
for any orthonormal basis {𝜙0, … , 𝜙𝑙−1} of 𝑊𝜆, the genera-
tor 𝑉 on 𝑊𝜆 is represented by a skew-symmetric, and thus
unitarily diagonalizable, 𝑙 × 𝑙 matrix 𝐕 = [⟨𝜙𝑖, 𝑉𝜙𝑗⟩𝐿2(𝜇)].
The eigenvectors �⃗� = (𝑢0, … , 𝑢𝑙−1)⊤ ∈ ℂ𝑙 of 𝐕 then con-
tain expansion coefficients of Koopman eigenfunctions

𝑧 = ∑𝑙−1
𝑗=0 𝑢𝑗𝜙𝑗 in 𝑊𝜆, and the eigenvalues corresponding

to �⃗� are eigenvalues of 𝑉 .
On the basis of the above, since any integral operator 𝐺

on 𝐿2(𝜇) associated with a symmetric kernel 𝑘 ∈ 𝐿2(𝜇×𝜇) is
Hilbert–Schmidt (and thus compact), and we have a wide
variety of data-driven tools for approximating integral op-
erators, we can reduce the problem of consistently approxi-
mating the point spectrumof the Koopman group on 𝐿2(𝜇)
to the problem of constructing a commuting integral op-
erator. As we now argue, the success of a number of tech-
niques, including singular spectrum analysis (SSA) [BK86],
diffusion-mapped delay coordinates (DMDC) [BCGFS13],
nonlinear Laplacian spectral analysis (NLSA) [GM12], and
Hankel DMD [BBP+17], in identifying coherent patterns
can at least be partly attributed to the fact that they em-
ploy integral operators that approximately commute with
the Koopman operator.

A common characteristic of these methods is that they
employ, in some form, delay-coordinate maps [SYC91].
With our notation for the covariate function 𝑋 ∶ Ω →
𝒳 and sampling interval Δ𝑡, the 𝑄-step delay-coordinate
map is defined as 𝑋𝑄 ∶ Ω → 𝒳𝑄 with 𝑋𝑄(𝜔) =
(𝑋(𝜔0), 𝑋(𝜔−1), … , 𝑋(𝜔−𝑄+1)) and 𝜔𝑞 = Φ𝑞∆𝑡(𝜔). That is,
𝑋𝑄 can be thought of as a lift of 𝑋 , which produces “snap-
shots,” to a map taking values in the space 𝒳𝑄 containing
“videos.” Intuitively, by virtue of its higher-dimensional
codomain and dependence on the dynamical flow, a delay-
coordinate map such as 𝑋𝑄 should provide additional in-
formation about the underlying dynamics on Ω over the

raw covariate map 𝑋 . This intuition has beenmade precise
in a number of “embedology” theorems [SYC91], which
state that under mild assumptions, for any compact sub-
set 𝑆 ⊆ Ω (including, for our purposes, the invariant set
𝐴), the delay-coordinate map 𝑋𝑄 is injective on 𝑆 for suffi-
ciently large 𝑄. As a result, delay-coordinate maps provide
a powerful tool for state space reconstruction, as well as for
constructing informative predictor functions in the context
of forecasting.

Aside from considerations associated with topological
reconstruction, however, observe that ametric 𝑑 ∶ 𝒳×𝒳 →
ℝ on covariate space pulls back to a distance-like function
̃𝑑𝑄 ∶ Ω × Ω → ℝ such that

̃𝑑2𝑄(𝜔, 𝜔′) =
1
𝑄

𝑄−1
∑
𝑞=0

𝑑2(𝑋(𝜔−𝑞), 𝑋(𝜔′−𝑞)). (5)

In particular, ̃𝑑2𝑄 has the structure of an ergodic average of
a continuous function under the product dynamical flow
Φ𝑡 × Φ𝑡 on Ω ×Ω. By the von Neumann ergodic theorem,
as 𝑄 → ∞, ̃𝑑𝑄 converges in 𝐿2(𝜇 × 𝜇) norm to a bounded
function ̃𝑑∞, which is invariant under the Koopman oper-
ator 𝑈𝑡 ⊗ 𝑈𝑡 of the product dynamical system. Note that
̃𝑑∞ need not be 𝜇 × 𝜇-a.e. constant, as Φ𝑡 × Φ𝑡 need not

be ergodic, and aside from special cases it will not be con-
tinuous on 𝐴 × 𝐴. Nevertheless, based on the 𝐿2(𝜇 × 𝜇)
convergence of ̃𝑑𝑄 to ̃𝑑∞, it can be shown [DG19] that for
any continuous function ℎ ∶ ℝ → ℝ, the integral operator
𝐺∞ on 𝐿2(𝜇) associated with the kernel 𝑘∞ = ℎ ∘ 𝑑∞ com-
mutes with 𝑈𝑡 for any 𝑡 ∈ ℝ. Moreover, as 𝑄 → ∞, the
operators 𝐺𝑄 associated with 𝑘𝑄 = ℎ ∘ 𝑑𝑄 converge to 𝐺∞
in 𝐿2(𝜇) operator norm, and thus in spectrum.

Many of the operators employed in SSA, DMDC, NLSA,
and Hankel DMD can be modeled after 𝐺𝑄 described
above. In particular, because 𝐺𝑄 is induced by a continu-
ous kernel, its spectrum can be consistently approximated
by data-driven operators 𝐺𝑄,𝑁 on 𝐿2(𝜇𝑁), as described in
the context of forecasting. The eigenfunctions of these
operators at nonzero eigenvalues approximate eigenfunc-
tions of 𝐺𝑄, which approximate in turn eigenfunctions of
𝐺∞ lying in finite unions of Koopman eigenspaces. Thus,
for sufficiently large𝑁 and𝑄, the eigenfunctions of𝐺𝑄,𝑁 at
nonzero eigenvalues capture distinct timescales associated
with the point spectrum of the dynamical system, provid-
ing physically interpretable features. These kernel eigen-
functions can also be employed in Galerkin schemes to
approximate individual Koopman eigenfunctions.

Besides the spectral considerations described above,
in [BCGFS13] a geometrical characterization of the
eigenspaces of𝐺𝑄 was given based on Lyapunov metrics of
dynamical systems. In particular, it follows by Oseledets’s
multiplicative ergodic theorem that for 𝜇-a.e. 𝜔 ∈ 𝑀 there
exists a decomposition 𝑇𝜔𝑀 = 𝐹1,𝜔⊕⋯⊕𝐹𝑟,𝜔, where 𝑇𝜔𝑀
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is the tangent space at 𝜔 ∈ 𝑀, and 𝐹𝑗,𝜔 are subspaces satis-
fying the equivariance condition 𝐷Φ𝑡𝐹𝑗,𝜔 = 𝐹𝑗,Φ𝑡(𝜔). More-
over, there exist Λ1 > ⋯ > Λ𝑟, such that for every 𝑣 ∈ 𝐹𝑗,𝜔,
Λ𝑗 = lim𝑡→∞ ∫𝑡

0 log‖𝐷Φ𝑠 𝑣‖ 𝑑𝑠/𝑡, where ‖⋅‖ is the norm on
𝑇𝜔𝑀 induced by a Riemannian metric. The numbers Λ𝑗
are called Lyapunov exponents, and are metric-independent.
Note that the dynamical vector field ⃗𝑉(𝜔) lies in a subspace
𝐹𝑗0,𝜔 with a corresponding zero Lyapunov exponent.

If 𝐹𝑗0,𝜔 is one-dimensional, and the norms ‖𝐷Φ𝑡 𝑣‖ obey
appropriate uniform growth/decay bounds with respect to
𝜔 ∈ 𝑀, the dynamical flow is said to be uniformly hyper-
bolic. If, in addition, the support 𝐴 of 𝜇 is a differentiable
manifold, then there exists a class of Riemannian metrics,
called Lyapunov metrics, for which the 𝐹𝑗,𝜔 are mutually or-
thogonal at every 𝜔 ∈ 𝐴. In [BCGFS13], it was shown
that using a modification of the delay-distance in (5) with
exponentially decaying weights, as 𝑄 → ∞, the top eigen-
functions 𝜙(𝑄)𝑗 of 𝐺𝑄 vary predominantly along the sub-
space 𝐹𝑟,𝜔 associated with the most stable Lyapunov ex-
ponent. That is, for every 𝜔 ∈ Ω and tangent vector
𝑣 ∈ 𝑇𝜔𝑀 orthogonal to 𝐹𝑟,𝜔 with respect to a Lyapunov

metric, lim𝑄→∞ 𝑣 ⋅ ∇𝜙(𝑄)𝑗 = 0.
RKHS approaches. While delay-coordinate maps are ef-
fective for approximating the point spectrum and associ-
ated Koopman eigenfunctions, they do not address the
problem of identifying coherent observables in the con-
tinuous spectrum subspace𝐻𝑐. Indeed, one can verify that
in mixed-spectrum systems the infinite-delay operator 𝐺∞,
which provides access to the eigenspaces of the Koopman
operator, has a nontrivial nullspace that includes 𝐻𝑐 as a
subspace. More broadly, there is no obvious way of iden-
tifying coherent observables in 𝐻𝑐 as eigenfunctions of an
intrinsic evolution operator. As a remedy to this problem,
we relax the problem of seeking Koopman eigenfunctions,
and consider instead approximate eigenfunctions. An observ-
able 𝑧 ∈ 𝐿2(𝜇) is said to be an 𝜖-approximate eigenfunction
of 𝑈𝑡 if there exists 𝜆𝑡 ∈ ℂ such that

‖𝑈𝑡𝑧 − 𝜆𝑡𝑧‖𝐿2(𝜇) < 𝜖‖𝑧‖𝐿2(𝜇). (6)

The number 𝜆𝑡 is then said to lie in the 𝜖-approximate spec-
trumof𝑈𝑡. A Koopman eigenfunction is an 𝜖-approximate
eigenfunction for every 𝜖 > 0, so we think of (6) as a relax-
ation of the eigenvalue equation, 𝑈𝑡𝑧 − 𝜆𝑡𝑧 = 0. This sug-
gests that a natural notion of coherence of observables in
𝐿2(𝜇), appropriate to both the point and continuous spec-
trum, is that (6) holds for 𝜖 ≪ 1 and all 𝑡 in a “large” inter-
val.

We now outline an RKHS-based approach [DGS18],
which identifies observables satisfying this condition
through eigenfunctions of a regularized operator ̃𝑉𝜏 on
𝐿2(𝜇) approximating 𝑉 with the properties of (i) being
skew-adjoint and compact; and (ii) having eigenfunctions

in the domain of the Nyström operator, which maps them
to differentiable functions in an RKHS. Here, 𝜏 is a posi-
tive regularization parameter such that, as 𝜏 → 0+, ̃𝑉𝜏 con-
verges to𝑉 in a suitable spectral sense. Wewill assume that
the forward-invariant, compactmanifold𝑀 has𝐶1 regular-
ity, but will not require that the support 𝐴 of the invariant
measure be differentiable.

With these assumptions, let 𝑘 ∶ Ω × Ω → ℝ be a
symmetric, positive-definite kernel, whose restriction on
𝑀 × 𝑀 is continuously differentiable. Then, the corre-
sponding RKHS ℋ(𝑀) embeds continuously in the Ba-
nach space 𝐶1(𝑀) of continuously differentiable functions
on 𝑀, equipped with the standard norm. Moreover, be-
cause𝑉 is an extension of the directional derivative ⃗𝑉 ⋅∇ as-
sociated with the dynamical vector field, every function in
ℋ(𝑀) lies, upon inclusion, in 𝐷(𝑉). The key point here is
that regularity of the kernel induces RKHSs of observables
which are guaranteed to lie in the domain of the generator.
In particular, the range of the integral operator 𝐺 = 𝐾∗𝐾
on 𝐿2(𝜇) associated with 𝑘 lies in 𝐷(𝑉), so that 𝐴 = 𝑉𝐺
is well-defined. This operator is, in fact, Hilbert–Schmidt,
with Hilbert–Schmidt norm bounded by the 𝐶1(𝑀 × 𝑀)
norm of the kernel 𝑘. What is perhaps less obvious is
that 𝐺1/2𝑉𝐺1/2 (which “distributes” the smoothing by 𝐺
to the left and right of 𝑉), defined on the dense subspace
{𝑓 ∈ 𝐿2(𝜇) ∶ 𝐺1/2𝑓 ∈ 𝐷(𝑉)}, is also bounded, and thus
has a unique closed extension ̃𝑉 ∶ 𝐿2(𝜇) → 𝐿2(𝜇), which
turns out to be Hilbert–Schmidt. Unlike 𝐴, ̃𝑉 is skew-
adjoint, and thus preserves an important structural prop-
erty of the generator. By skew-adjointness and compact-
ness of ̃𝑉 , there exists an orthonormal basis { ̃𝑧𝑗 ∶ 𝑗 ∈ ℤ} of
𝐿2(𝜇) consisting of its eigenfunctions ̃𝑧𝑗, with purely imagi-
nary eigenvalues 𝑖�̃�𝑗. Moreover, (i) all ̃𝑧𝑗 corresponding to
nonzero �̃�𝑗 lie in the domain of the Nyström operator, and
therefore have 𝐶1 representatives in ℋ(𝑀); and (ii) if 𝑘 is
𝐿2(𝜇)-universal, Markov, and ergodic, then ̃𝑉 has a simple
eigenvalue at zero, in agreement with the analogous prop-
erty of 𝑉 .

Based on the above, we seek to construct a one-
parameter family of such kernels 𝑘𝜏, with associated
RKHSsℋ𝜏(𝑀), such that as 𝜏 → 0+, the regularized genera-
tors ̃𝑉𝜏 converge to 𝑉 in a sense suitable for spectral conver-
gence. Here, the relevant notion of convergence is strong
resolvent convergence; that is, for every element 𝜆 of the re-
solvent set of 𝑉 and every 𝑓 ∈ 𝐿2(𝜇), ( ̃𝑉𝜏 − 𝜆)−1𝑓 must
converge to (𝑉 − 𝜆)−1𝑓. In that case, for every element 𝑖𝛼
of the spectrum of 𝑉 (both point and continuous), there
exists a sequence of eigenvalues 𝑖�̃�𝑗𝜏,𝜏 of ̃𝑉𝜏 converging to
𝑖𝛼 as 𝜏 → 0+0. Moreover, for any 𝜖 > 0 and 𝑇 > 0, there
exists 𝜏∗ > 0 such that for all 0 < 𝜏 < 𝜏∗ and |𝑡| < 𝑇, 𝑒𝑖𝛼𝑗𝜏,𝜏𝑡
lies in the 𝜖-approximate spectrum of 𝑈𝑡 and ̃𝑧𝑗𝜏,𝜏 is an
𝜖-approximate eigenfunction.
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In [DGS18], a constructive procedure was proposed for
obtaining the kernel family 𝑘𝜏 through a Markov semi-
group on 𝐿2(𝜇). This method has a data-driven implemen-
tation, with analogous spectral convergence results for the
associated integral operators 𝐺𝜏,𝑁 on 𝐿2(𝜇𝑁) to those de-
scribed in the setting of forecasting. Given these opera-
tors, we approximate ̃𝑉𝜏 by ̃𝑉𝜏,𝑁 = 𝐺1/2

𝜏,𝑁𝑉𝑁𝐺1/2
𝜏,𝑁 , where 𝑉𝑁

is a skew-adjoint, finite-difference approximation of the gen-
erator. For example, 𝑉𝑁 = (𝑈1

𝑁 − 𝑈1∗
𝑁 )/(2 Δ𝑡) is a second-

order finite-difference approximation based on the 1-step
shift operator 𝑈1

𝑁 . See Figure 1 for a graphical represen-
tation of a generator matrix for L63. As with our data-
driven approximations of𝑈𝑡, we work with a rank-𝐿 opera-
tor ̂𝑉𝜏 ∶= Π𝜏,𝑁,𝐿𝑉𝜏,𝑁Π𝜏,𝑁,𝐿, where Π𝜏,𝑁,𝐿 is the orthogonal
projection to the subspace spanned by the first 𝐿 eigenfunc-
tions of 𝐺𝜏,𝑁 . This family of operators converges spectrally
to 𝑉𝜏 in a limit of 𝑁 → 0, followed by Δ𝑡 → 0 and 𝐿 → ∞,
where we note that 𝐶1 regularity of 𝑘𝜏 is important for the
finite-difference approximations to converge.

At any given 𝜏, an a posteriori criterion for identify-
ing candidate eigenfunctions ̂𝑧𝑗,𝜏 satisfying (6) for small
𝜖 is to compute a Dirichlet energy functional, 𝒟( ̂𝑧𝑗,𝜏) =
‖𝒩𝜏,𝑁 ̂𝑧𝑗,𝜏‖2ℋ𝜏(𝑀)/‖ ̂𝑧𝑗,𝜏‖2𝐿2(𝜇𝑁). Intuitively, 𝒟 assigns a mea-
sure of roughness to every nonzero element in the domain
of the Nyström operator (analogously to the Dirichlet en-
ergy in Sobolev spaces on differentiable manifolds), and
the smaller𝒟( ̂𝑧𝑗,𝜏) is, the more coherent ̂𝑧𝑗,𝜏 is expected to
be. Indeed, as shown in Figure 3, the ̂𝑧𝑗,𝜏 corresponding to
lowDirichlet energy identify observables of the L63 system
with a coherent dynamical evolution, even though this sys-
tem is mixing and has no nonconstant Koopman eigen-
functions. Sampled along dynamical trajectories, the ap-
proximate Koopman eigenfunctions resemble amplitude-
modulated wavepackets, exhibiting a low-frequency mod-
ulating envelopewhilemaintaining phase coherence and a
precise carrier frequency. This behavior can be thought of
as a “relaxation” of Koopman eigenfunctions, which gen-
erate pure sinusoids with no amplitude modulation.

Conclusions and Outlook
We have presented mathematical techniques at the inter-
face of dynamical systems theory and data science for sta-
tistical analysis and modeling of dynamical systems. One
of our primary goals has been to highlight a fruitful inter-
play of ideas from ergodic theory, functional analysis, and
differential geometry, which, coupled with learning the-
ory, provide an effective route for data-driven prediction
and pattern extraction, well-adapted to handle nonlinear
dynamics and complex geometries.

There are several open questions and future research di-
rections stemming from these topics. First, it should be
possible to combine pointwise estimators derived from
methods such as diffusion forecasting and KAF with the

Figure 3. A representative eigenfunction ̂𝑧𝑗,𝜏 of the
compactified generator ̂𝑉𝜏 for the L63 system, with low
corresponding Dirichlet energy. Top: Scatterplot of Re ̂𝑧𝑗,𝜏 on
the L63 attractor. Bottom: Time series of Re ̂𝑧𝑗,𝜏 sampled
along a dynamical trajectory.

Mori–Zwanzig formalism so as to incorporate memory ef-
fects. Another potential direction for future development
is to incorporate wavelet frames, particularly when the
measurements or probability densities are highly localized.
Moreover, when the attractor 𝐴 is not a manifold, appro-
priate notions of regularity need to be identified so as to
fully characterize the behavior of kernel algorithms such as
diffusion maps. While we suspect that kernel-based con-
structions will still be the fundamental tool, the choice of
kernel may need to be adapted to the regularity of the at-
tractor to obtain optimal performance. Finally, a number
of applications (e.g., analysis of perturbations) concern
the action of dynamics on more general vector bundles
besides functions, potentially with a noncommutative al-
gebraic structure, calling for the development of suitable
data-driven techniques for such spaces.
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and T. Sauer, Time-scale separation from diffusion-mapped de-
lay coordinates, SIAM J. Appl. Dyn. Syst. 12 (2013), no. 2,
618–649, DOI 10.1137/12088183X. MR3047439

[BGH15] T. Berry, D. Giannakis, and J. Harlim,Nonparametric
forecasting of low-dimensional dynamical systems, Phys. Rev. E.
91 (2015), 032915, DOI 10.1103/PhysRevE.91.032915.

[BH16] T. Berry and J. Harlim,Variable bandwidth diffusion ker-
nels, Appl. Comput. Harmon. Anal. 40 (2016), no. 1, 68–
96, DOI 10.1016/j.acha.2015.01.001. MR3431485

[BK86] D. S. Broomhead and G. P. King, Extracting qualita-
tive dynamics from experimental data, Phys. D 20 (1986),
no. 2-3, 217–236, DOI 10.1016/0167-2789(86)90031-X.
MR859354

[BN03] M. Belkin and P. Niyogi, Laplacian eigenmaps for di-
mensionality reduction and data representation, Neural Com-
put. 15 (2003), 1373–1396.

[CL06] R. R. Coifman and S. Lafon, Diffusion maps, Appl.
Comput. Harmon. Anal. 21 (2006), no. 1, 5–30, DOI
10.1016/j.acha.2006.04.006. MR2238665

[CS02] F. Cucker and S. Smale, On the mathematical foun-
dations of learning, Bull. Amer. Math. Soc. (N.S.) 39
(2002), no. 1, 1–49, DOI 10.1090/S0273-0979-01-00923-
5. MR1864085

[DFS00] M. Dellnitz, G. Froyland, and S. Sertl, On the
isolated spectrum of the Perron-Frobenius operator, Nonlin-
earity 13 (2000), no. 4, 1171–1188, DOI 10.1088/0951-
7715/13/4/310. MR1767953

[DG19] S. Das and D. Giannakis, Delay-coordinate maps and
the spectra of Koopman operators, J. Stat. Phys. 175 (2019),
no. 6, 1107–1145, DOI 10.1007/s10955-019-02272-w.
MR3962976

[DGS18] S. Das, D. Giannakis, and J. Slawinska, Reproduc-
ing kernel Hilbert space compactification of unitary evolution
groups, 2018, https://arxiv.org/abs/1808.01515.

[DJ99] M. Dellnitz and O. Junge, On the approxi-
mation of complicated dynamical behavior, SIAM J.
Numer. Anal. 36 (1999), no. 2, 491–515, DOI
10.1137/S0036142996313002. MR1668207

[GM12] D. Giannakis and A. J. Majda, Nonlinear Lapla-
cian spectral analysis for time series with intermittency and
low-frequency variability, Proc. Natl. Acad. Sci. USA 109
(2012), no. 7, 2222–2227, DOI 10.1073/pnas.1118984109.
MR2898568

[KNK+18] S. Klus, F. Nüske, P. Koltai, H. Wu, I. Kevrekidis, C.
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The School of Basic Sciences (Physics, Chemistry and Mathemat-
ics) at EPFL seeks to appoint a Tenure-Track Assistant Professor 
of Mathematics. We seek outstanding candidates with research 
interests in the theory of dynamical systems, broadly construed. 
Indicative areas of interest include, but are not limited to: algebraic/
analytical dynamics, dynamics and geometry, ergodic theory, local-
ly homogeneous spaces. 

We expect candidates to establish leadership and strengthen the 
EPFL’s profile in the field. Priority will be given to the overall origi-
nality and promise of the candidate’s work over any particular spe-
cialization area.

Candidates should hold a PhD and have an excellent record of sci-
entific accomplishments in the field. In addition, commitment to 
teaching at the undergraduate, master and doctoral levels is ex-
pected. Proficiency in French teaching is not required, but willing-
ness to learn the language expected. 

EPFL, with its main campus located in Lausanne, Switzerland, on 
the shores of lake Geneva, is a dynamically growing and well-fund-
ed institution fostering excellence and diversity. It has a highly 
international campus with first-class infrastructure, including high 
performance computing.

As a technical university covering essentially the entire palette of 
engineering and science, EPFL offers a fertile environment for re-
search cooperation between different disciplines. The EPFL envi-
ronment is multi-lingual and multi-cultural, with English often serv-
ing as a common interface. 

Applications should include a cover letter, a CV with a list of publi-
cations, a concise statement of research (maximum 3 pages) and 
teaching interests (one page), and the names and addresses (in-
cluding e-mail) of at least three references. 
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2020 to :
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Prof. Victor Panaretos
Chair of the Search Committee
E-mail : direction.math@epfl.ch

For additional information, please consult www.epfl.ch,  
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de Lausanne (EPFL)
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be getting ready for the academic job market.
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One answer to this question I want to stress is this:

Seek and heed the advice of your colleagues.

It certainly worked for me. The rest of this text may be 
seen as a guide on which advice to seek.

All you need is one or two committed colleagues to 
look over your shoulder and see that things are progressing 
well. Also, if your department is one which is committed 
to shepherding a tenure or promotion case through to a 
successful conclusion, it is in the department’s interest to 
present the best possible case to the university, as it reflects 
well on everybody in the department. So chances are people 
will step up.

(1) Am I ready? If you have a long-term position, if you 
feel your own research is going well, and if your research is 
appreciated by colleagues, you probably are ready.

Or stated differently: If you have, or expect to have, 
results you would be proud to share with a colleague and 
publish, you are ready.

(2) When ready, start slowly, one strong student at a 
time. Before taking on a student ask your colleagues if they 
think the student being considered can do it and whether 
there are major issues to worry about. The director of grad-
uate studies and various graduate course instructors will 
know. Or perhaps an overburdened advisor may hand over 
a student to you, certified as a strong student.

As a nontenured faculty member you will get loads of 
credit for shepherding a single successful thesis, with di-
minishing returns for additional ones. So take one student 
at a time, and stack the cards in your favor.

At some point in your career you will hopefully share 
the task of advising students with various issues. This is 
not your responsibility as a nontenured faculty member.

(3) Be generous with your ideas. Nontenured faculty 
are often worried where they might get thesis problems for 
their students—certainly I was. I believe if you have a solid 
research program you can simply involve your student in 
it. You will both get credit for the results.

There is more than one way this can be done. One model 
that works is that you finish a paper on your own which 
leaves some interesting cases untreated or some interesting 
generalization expected. This can be assigned to a student. 
In another, you coauthor a paper on a result you are work-
ing on anyway. If needed, there is likely to be a remaining 
direction for the student to follow, demonstrating the 
ability to work without your direct participation. But don’t 
worry about it before you start.
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Working with 
Students
PhD Advising before Tenure

Dan Abramovich

The early-career challenge I was tasked to address is:

Entering into an academic advisor-advisee 
relationship and remaining happy enough 
afterwards to do it again.

Dan Abramovich is a professor of mathematics at Brown University. His 
email address is abrmovic@math.brown.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Casual Mentorship and 
the Strength of Weak Ties

Natalia M. Pacheco-Tallaj

Let me start by sharing some anecdotes, from me and other 
students, of meaningful mentorship experiences that we 
feel have particularly impacted our mathematical lives in 
one way or another:

 • “I sent a professor an email asking a question 
about hyperbolic 3-manifolds. He told me to drop 
by his office hours and we talked about hyperbolic 
geometry. He posed interesting questions, helped 
me understand the development of the discipline, 
and gave me some direction on what to read. I 
came to his office one more time, and we did not 
meet again. But after those two days, I had a clear 
plan on how to work up to the papers I wanted to 
read in hyperbolic knot theory.”

 • “A professor reached out to me and other womxn 
in the department via email to have a conversa-
tion about department culture. We all got lunch 
together and brainstormed ways those of us at each 
level (student, postdoc, faculty) could contribute 
to making the department more welcoming for 
people at our stage. We each went off and put 
some things into practice, and we know our doors 
remain open to each other whenever we need to 
brainstorm in the future.”

 • “At department teatime, a postdoc asked me what 
I was doing in the summer, and based on my in-
terests, recommended I attend the PCMI Summer 
School, which I had not previously heard about, 
and gave me advice on applying. I have not talked 
to this postdoc since, but I did go to PCMI, where 
I found both research advisors and the area of 
research I want to pursue in grad school.”

 • “I went to a professor’s talk with plans to meet 
with him after. What I thought was going to be a 
one-hour post-talk conversation turned into sev-
eral hours of excited math chat over two dinners 
on two different days. It’s been a while but this 
remains one of my best mathematical memories.”

All of these interactions have had an impact on students’ 
mathematical lives: a fond mathematical memory formed, 
a new discipline learned, a plan of action formed, or new 
opportunities discovered. Yet they each required less than 
a few hours of commitment from the mentor.

Later in life, one gets to have students working on more 
distant projects. For a nontenured faculty member I would 
suggest doing this only in a shared advising scheme (see 
below).

(4) Be patient with your ideas. Say you have a meeting 
with a student and you suggest a way to solve a problem. 
Possibly you know that this, or something like it, works. 
But your student seems not to get it. What should one do? 
I suggest that you persist. Suggest the same or similar idea, 
possibly from a slightly different angle. Repeat during your 
next meeting. And be patient.

At some point your student will take your idea and build 
a result on it. A good student will take it further than you 
thought, and you’ll be quite pleased. But be careful—never 
say, “I told you so.” It might so happen that after a month 
your student comes back with a great idea, which you 
happen to recognize…please don’t mention it! Realizing at 
any point of your career that an idea you thought was yours 
actually came from somewhere else can be quite humbling. 
I know—it continues to happen to me all the time.

(5) Shared advising. Sharing a student with an experi-
enced advisor is a great way to start. With shared advising 
you can start before you have a tenure-track appointment. 
You will get to learn things from your colleague while 
advising (and not just from your student). It allows your 
single student to be part of a possibly larger group. It is also 
a great way to continue—after a student gets a result, why 
not explore a wider range of ideas and tools? After all, it is 
harder to pick those up later in one’s career.

(6) Good practice. Have a weekly meeting. Send stu-
dents to workshops and conferences. Suggest that your 
student subscribe to the relevant preprint archive…in short, 
read the edition of this section of the Notices advising stu-
dents how to choose a good advisor, and how to be a good 
advisee, and turn the mirror to yourself.

Credits
Author photo is courtesy of Lori Nascimento.
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as “Math Chat,” “Student Discuss,” “Women and Gender 
Minorities Discuss,” “Career Advice,” etc. Participating stu-
dents have consistently expressed gratitude for the Career 
Advice section—they can raise career-related questions in 
a casual, conversational setting, and faculty in algebraic 
geometry that they would not otherwise have access to give 
thoughtful, informative responses, which are accessible to 
the whole community.

Let me now turn from observation to action. To virtual 
event organizers: I encourage you to set aside spaces in 
your events specifically designed for those earlier in their 
careers to be able to interact with new faculty at the event. 
This may mean a social “teatime” after the talk where you 
sort people into various Zoom breakout rooms for smaller 
conversations, or it might mean a chatting platform that 
lingers for some days after the event for postmortem 
questions and discussion. In engaging younger mathema-
ticians, a respectful yet casual mode of interaction—small 
groups, chats instead of forums—goes a long way in terms 
of mitigating intimidation. Take into account that people 
feel most comfortable talking to others near their level of 
seniority. Encourage the participation of younger grad stu-
dents through the facilitation of older ones, and encourage 
the participation of older grad students through the partic-
ipation of postdocs, etc.

To professional mathematicians at every stage: students 
really appreciate even small bits of your time. Some words 
of wisdom, mentioning a good paper, telling us about 
your work, introducing us to a colleague after a talk, even 
congratulating us on something we did, or just saying hi at 
an event—something that may seem mindless to you could 
mean a lot to us. Now, and once we are again physically 
together, you can increase connectivity by having casual 
mentorship interactions with people who don’t usually 
have contact with you, or who might not feel confident 
enough to reach out.

To students: If anyone has ever done you a small act 
of mentorship that shaped you in some way, write them 
an email or message to thank them! Everyone appreciates 
being thanked, and the more we can make it heard what 
types of support are valuable to us through our thanks, the 
more we will receive that support. Mentorship is often re-
garded as exclusively referring to a lifelong, time-intensive, 
emotionally intensive commitment between a teacher and 
a student. I hope that I have convinced you that there is a 
second, often overlooked type of mentorship that is also 
important in students’ professional lives, and we have a 
chance to develop it. If we choose to create spaces around 
this goal, we can ultimately come out of quarantine with 
a more highly connected graph in the world of mathemat-
ics, even if the weights on some of the new edges aren’t as 
big—and this, too, has value.

References
[1] Mark S. Granovetter, The strength of weak ties, American 

Journal of Sociology 78 (1973), 1360–1380.

When I was asked to write an article about mentorship 
from the point of view of a student, I felt, at first, very 
stumped. Who was I to tell professors how to be advisors? 
Was I supposed to tell them we want them to listen to our 
feelings, our uncertainties about our careers (sometimes 
we do), or to understand our life’s stresses (we have many, 
especially during the pandemic), or to have us stand on 
a table and chant along to Walt Whitman “O Captain! 
My Captain”? But after thinking carefully about my own 
path—and about who I have to thank for it—I realized not 
every valuable mentor has been a Robin Williams character 
in my life. Yes, every student wants to have one or two pro-
longed, profound mentor relationships. But a large part of 
our knowledge, opportunities, and decision making comes 
from a collection of very casual mentorship interactions, 
like the ones above.

A paper by sociologist Mark Granovetter, entitled “The 
Strength of Weak Ties,” underscores the value of these 
casual interactions. According to Granovetter, our social 
panoramas are composed of a combination of strong and 
weak ties that serve different purposes [1]. While strong ties 
provide sustained personal support, weak ties play a strong 
role in social mobility and professional development. In 
the context of mentorship, a mentor with whom I share 
strong ties might spend several hours a month teaching 
me homotopy theory, listen to me practice a conference 
talk, or help me address career uncertainties. On the other 
hand, a casual mentor might put in a good word for me at 
a program, send my paper to other researchers in my field, 
or give me some guidance on how to read in a new area 
of mathematics.

So, what can we make of mentorship opportunities 
during quarantine? The bad news is that we’ve all been 
feeling a dearth in our relationships with our regular ad-
visors. Strong mentorship relies on frequent presence and 
some amount of personal or emotional connection that 
is hard to recreate virtually. The good news is that casual 
mentorship is at a moment of perhaps unparalleled oppor-
tunity. Look at the four examples above. In three-quarters 
of them, initial contact happened online. The subsequent 
contact could have just as well happened online. Most of 
the examples happened with professors and students from 
the same department—there was some a priori mutual 
recognition or logical point of access due to physical prox-
imity. But if everyone in my field is now attending the same 
California-based talk on Zoom, then suddenly my number 
of access points has greatly multiplied. The best we can 
do for students right now is ensure our virtual spaces are 
places where casual mentorship interactions can flourish.

To attempt to provide some evidence of the aptitude 
of online spaces for fostering casual mentorship, let me 
tell a brief story about the Algebraic Geometry Syndicate 
(AGS). AGS is a server that several professors and students, 
including me, have been running on a messaging platform. 
The server has multiple channels people can speak in, such 
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 • choosing course goals and a useful relationship 
to the students,

 • constructing a curriculum.
In higher education, teacher training is in a far more primi-
tive state. There is no preservice teacher training, other than 
what someone might have picked up in graduate school. 
Absent an increase in coordination of the graduate school 
teaching experience, it falls on the employing institution 
to provide all the relevant training. At many institutions, 
this ranges from a few workshops at the start of the first 
year to none at all.

There are reasons, beyond mere historical accident, for 
this neglect. It would be hard to make time for a formal 
program of teaching improvement for young faculty at 
colleges and universities. It may not be very efficient either. 
The minutae of college teaching vary greatly by discpline 
and level of student. The strong tradition of academic free-
dom may also put a damper on large-scale organization of 
teacher training. Instead, college teachers are often asked to 
self-organize into subcommunities where there is greater 
commonality.

The Role of Community
Because teaching is the sole job of most primary and sec-
ondary educators, a good measure of community is built in. 
However, even in these jobs, the professional organization 
for teachers of mathematics believes there to be too little 
focus on community [1, p. 100]. For college teachers, the 
self-organized teaching community is the main avenue, 
beyond experience, for continued development of teaching 
skills.

In a sense, communities are organic. If you take the 
initiative to talk to those around you about teaching, you 
will have a teaching community. In my experience, however, 
the initiative is appreciated but often not reciprocated. 
The presence of community is like a bonfire on a rainy 
day, requiring constant stoking or it will tend to wane. 
Fortunately, there are venues that will keep the fire alive 
longer and with less effort. Further, these communities 
can be directed toward the points (classroom skills, lesson 
construction, etc.) most notably missing from the training 
of early-career instructors.

The remaining three sections of this article provide ideas 
for harnessing the power of teaching communities for max-
imal gain, often with minimal effort. The ideas are drawn 
from my experiences in several multiyear projects: calculus 
reform and active learning projects at Penn during the last 
ten years; preservice teacher curriculum development at 
Wisconsin and Ohio State from 1994 to 2003; and work-
shops in the 1980s given by personnel from Project SEED 
and various NSF-sponsored teaching initiatives.

Lesson Study
Stigler and Hiebert, in their 1999 book The Teaching Gap, 
give a compelling account of a practice originating in Japan. 

Credits
Author photo is courtesy of Fernanda Baron.

Creating Your Own 
Teaching Community

Robin Pemantle
Teaching Communities
A teaching community is a group of peers with shared inter-
ests in teaching, available for advice, collaboration, venting,
and other social support for the enterprise of teaching. 
Peers could be more senior or more junior than you—the
term is meant to encompass permanent or temporary fac-
ulty or staff, on whose doors you can knock and to whom
you can easily talk.

There are a lot of reasons you might want to be part of 
a teaching community. The reasons I give below will not 
include evidence from studies. I don’t know any studies 
scientific enough to be credible. Instead, I will compare 
the situation in college teaching with goals and practices in 
precollege teaching, where many of the issues and solutions 
translate in recognizable forms.

Teachers, K–16
We in higher ed have a lot to learn from the K–12 teaching 
profession. Granted, faculty at research universities devote a 
much smaller fraction of their effort to teaching. However, 
when we do teach, the principles of good teaching are not 
so different, nor are the steps needed to arrive there.

Primary and secondary school teachers earn certificates 
before they can be placed in a teaching job. In addition to 
content knowledge and child psychology, they learn many 
aspects of teaching that would be highly relevant to college 
teaching, such as

 • learning to construct a lesson,
 • acquiring classroom skills,
 • learning to pose problems and set exams,

Robin Pemantle is a professor of mathematics at the University of Pennsyl-
vania. His email address is pemantle@math.upenn.edu.
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main benefits is development of classroom technique. It is 
generally agreed that almost the only way to achieve great 
gains in this area is by visiting and being visited, with ensu-
ing discussions. Beyond this, and beyond the social benefits 
of community, everyone involved also gets examples of 
lesson construction, uses of technology, problem posing, 
curricular planning, and classroom persona.

A more ambitious follow-up more closely resembles les-
son study. Suppose the same instructors are together again. 
They might tackle a few spots in the course that didn’t go 
very well. Let’s say the students were unable to grasp the 
geometric and algebraic properties of projection matrices. 
Fixing this involves more than perfecting the explanation. 
It might involve creating pictures, animations, or models; 
it might involve a homework problem or sequence of 
problems stepping the students through ideas; it might 
involve punctuating the lecture by some checkpoints with 
multiple-choice responses to keep down the intellectual 
attrition rate. All of these happen more easily when more 
people have creative input. For the 90 percent of us who are 
not extreme personality types, it is more pleasant as well.

Curriculum Development
Lesson study leads into the topic of curriculum develop-
ment. Communities naturally form around joint projects, 
and developing curriculum is very amenable to teamwork.

There are very strong reasons to make course improve-
ment and development into a communal activity. For one 
thing, it is a lot of work for just one person and often does 
not carry adequate credit. Secondly, whether it is a new 
course or a remake of an old course, the quality of the 
product improves greatly under more than one pair of eyes.

A development team of three or four instructors has an 
added benefit of continuity. Unless the course developers 
are the only ones who will ever teach the course, there is 
a question of how best to hand off the course to a new 
instructor. The notion that the course materials speak for 
themselves is fiction. It is also not to be expected that each 
new instructor will go over everything in sufficient depth 
even to take in what is in the materials. It is far more ef-
fective to overlap. If there are not parallel sections for new 
instructors to teach along with the original developers, then 
at least new instructors can be inducted into the community 
of past instructors, maintain conversations with them be-
fore and during the course, and be supported by classroom 
observations and lessons learned by past instructors.

In a new course, some of the big questions cannot be 
answered by one instructor because they represent depart-
mental values. Updating the course goals can’t be done 
without a shared vision by all who will be teaching the 
course. Curriculum is constrained by an even wider group 
of stakeholders, such as the college and other departments 
relying on the course as a pre-requisite (if you are not in a 
math department you can probably ignore this last one).

Kounaikenshuu, or lesson study, is ubiquitous in Japanese 
elementary schools. “In lesson study, groups of teachers 
meet regularly over long periods of time (ranging from 
several months to a year) to work on the design, implemen-
tation, testing and improvement of one or several research 
lessons (kenkyuu jugyou)” [2]. These are a few lessons that 
have been selected for revision via a collaborative tinkering 
process (discussion of goals, formulation of new questions, 
explanations and activities, trial and error). The details of 
how this is carried out in Japanese elementary schools is 
not as important as the idea of lesson study,1 the practice 
of which obviously looks different in a college classroom.

When I began observing classes of junior instructors as 
part of my role in evaluation of teaching, I was struck by two 
things. One was how infrequently any of my colleagues had 
been in my classroom, or I in theirs. The second was that I 
learned as much, if not more, from classroom observation 
and the resulting postmortem than did the instructor I was 
observing. I learned techniques for explaining certain con-
cepts, for motivating students, for seeing what was going 
on in the classroom, for structuring a course, and many 
other facets of teaching that no one ever finishes learning. 
The instructors also gained a lot from these interactions 
even though many of them were more gifted at teaching 
than I was.

Part of this is the well-known Hawthorne effect, namely, 
improvement due to paying greater attention. But that is 
exactly what teaching communities capitalize on. Class-
room observations, institutionalized, are a way to achieve 
mindfulness and a critical perspective on an ongoing basis. 
No one has to set a weekly alarm saying to be mindful. 
With observations, it happens automatically, no matter 
which side of the lens you are on. It doesn’t have to be every 
week or in every course. Just a few times per semester, in a 
junior instructor’s most delicate course that year, is enough 
to make a very big difference.

A teaching evaluation program such as ours is a far cry 
from lesson study. The interaction graph of an evaluation 
program is star-shaped: the evaluator talks to each in-
structor, but the instructors don’t talk to each other; the 
community meets only once or twice in a semester; and 
the relationships bear the burden of being evaluative. It 
doesn’t take too much imagination to see how one might 
boost this in several desirable ways.

A group of, let’s say, five instructors in a multisection 
course, each observing each other once during the semester 
and getting together for a weekly lunch, does better on all 
fronts. With someone in charge to ensure the lunch dis-
cussions remain useful, and someone to take notes about 
ideas that arise, most of the benefits of lesson study would 
be there. The investment of time is manageable: once a 
week your lunch hour is hijacked, and four times in the 
semester you spend 40 minutes in a classroom. One of the 

1For our purposes, the term “lesson study” is defined in context by the pre-
ceding sentences; for more on the meaning of the term, see [2].
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each year into a cohort who share teaching experiences 
and materials and form a lifelong community. Those who 
run math circles sometimes team up with others in their 
area who do the same. Transforming Post-Secondary Edu-
cation in Mathematics (TPSE) organizes for change across 
all levels of higher education. The Electronic Seminar on 
Math Education is free and easy to join. If you do so, you 
will find yourself in a virtual room with many of the same 
people week to week, among which are a number of the 
most vibrant and energetic mathematics educators at the 
postsecondary level.

Conclusion
Formal training for college teachers is thin to nonexistent. 
Much can be learned on the job. Self-organized teaching 
communities can go a long way, and are sometimes the only 
way, to ensure one’s development as a teacher. Classroom 
technique, in particular, is difficult to learn from books 
or workshops. It benefits incredibly from interpersonal 
observation and discussion. Similarly, problem posing, 
lesson planning, exam setting, and relating to students are 
all skills that benefit from talking to others and observing 
firsthand how they do things.

In the likely event that no one organizes a teaching 
community for you, it is not hard to do it yourself. Plan-
ning it around specific communal goals, such as course 
development, peer critiques, coteaching, or active learning 
pedagogy, keeps a community from petering out while also 
accomplishing vital objectives.
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Structuring a teaching community around a project like 
this is in some ways automatic, but there are some caveats. 
It’s crucial to have someone with enough seniority to take 
responsibility for any fallout. The administration must be 
involved, at least to the extent that teaching assignments 
will be consistent with ongoing involvement. The casting 
must involve understudies so the project doesn’t collapse 
when the intended pilot instructor gets sick, has a baby, or 
jets off for a semester at the Max Planck Institute.

Beyond Your Department
Despite the unique features of mathematics as a discipline, 
there are situations where a teaching community might 
include math along with other departments. One of these 
is in campuswide active learning projects. My university 
puts on a variety of talks, brown bag lunches, and training 
sessions. There is something every week or two. These are 
nice, though it’s hard to predict who will show up. Here is 
something that might be more effective.

Campuswide, faculty and TAs who are piloting active 
learning classes meet as a group once every week (two 
weeks at the outside). The meeting is chaired by a teaching 
support professional (most campuses have these nowa-
days) who can bring an agenda in addition to facilitating 
discussion of issues that have arisen. The number of active 
learning classes in the pilot phase (taught in this format 
fewer than three previous times) is usually small enough 
that everyone has a chance to be heard. Shared pedagogy 
replaces a shared discipline, but the results are the same.

Those involved hear useful relevant information about 
the experiences of others, are able to tackle issues together, 
and build a network of people they can consult down the 
line. Another natural arena, perhaps more unique to math, 
is the community of client departments. This typically 
includes physical science, economics, and pretty much the 
entire engineering school. When math is taught outside the 
math department, mathematicians often fear one of two 
things: that such teaching evades mathematical standards, 
or that it steals students and hence funding. A more coop-
erative approach can be helpful.

If we mathematicians have ways to get the deeper 
concepts across to students for whom the math is not the 
primary interest, we should demonstrate it by sharing les-
sons with our colleagues in client departments. Likewise, 
we could benefit from seeing how nonmathematicians2 
are able to package mathematics and communicate it to 
their students. This can enrich everyone’s teaching without 
changing course goals or the flow of students. While STEM 
fields are the most obvious place for this kind of collabora-
tion, colleges with teacher preparation programs might find 
education schools to be another ground for collaboration.

Finally, there are possibilities beyond your own insti-
tution. Project NExT inducts up to one hundred fellows 

Robin Pemantle

2Actually some of them are or were mathematicians.
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The analogue for math is problem solving in groups and 
student presentations.

Math education research indicates that the cooperative 
learning fostered by group work significantly increases 
motivation and performance in introductory mathematics 
courses, and reduces attrition from STEM majors [Ku]. The 
discussion sections for such courses are the natural home 
for such group collaboration, ideally centered around a 
shared blackboard or whiteboard. Work at group white-
boards also lends itself to quick presentation of solutions 
to the rest of the class, and to integration with PLTL, by 
distributing team leaders among the group. In both un-
dergraduate and graduate courses that lack a discussion 
section,2 the students can still benefit from group work 
if the instructor is willing to set aside some lecture time 
each week.

In small-group settings—from the summer calculus 
course to graduate learning seminars —assigning problems 
or readings for students to present can be useful or even 
transformative. The reader is doubtless familiar with the 
mental scaffolding that is raised by actually teaching a 
subject. It is no accident that the best advisors are skillful 
listeners: P. Griffiths, who himself excelled at the technique, 
relates how his advisor D. Spencer would invite him to 
read and present an article on the board, and critique the 
presentation [St]. We hasten to add that this approach relies 
on the willingness of students, and “getting them up to 
the board” has not always been popular. Upon the intro-
duction of blackboards at Yale, students were required to 
draw conic sections on them as part of an exam; a rebellion 
ensued which necessitated expelling nearly half of the class 
of 1832. A less dramatic mutiny forced the second author 
to abandon group work in a UK tutorial class he taught: 
the students, who had been working away on a blackboard 
(each group to a physical panel) rather than sitting and 
copying a lecturer’s solutions as usual, complained to the 
maths office that they departed with incomplete notes.3

Having extolled the virtues of doing math in groups, let 
us now throw cold water on the notion of scrapping lec-
tures. The lecture conveys the imaginative aspect of math: 
the overarching narrative which explains the development 
of concepts, the patterns relating them, and the connec-
tions to other subjects. It disabuses students of the notion 
that mathematics is a sequential discipline, in which the 
right steps can be applied to the right problem in the right 
order to arrive at the correct solution, and supports the 
more explicit forms of active learning by demonstrating the 
rounded form of reasoning that we expect them to develop 
in their group work and showcase in their presentations. 
The contour of the lecturer’s reasoning, superimposed on 

Math as Social Endeavor: 
Groupwork and 
the Blackboard

Steven Frankel and Matt Kerr

We are teaching at a time when the benefits of active 
learning and group work in introductory STEM are well 
established and evangelized, with some schools pursuing 
a broad transition to a flipped classroom environment 
[Mc], and others increasing the prevalence of peer-led team 
learning (PLTL)1 workshops [Fr1]. The original purpose of 
this article was to examine successful modes of group work 
at many levels of mathematics, and how the peculiar nature 
of our subject’s discourse favors the blackboard as a means 
of communication and collaboration.

Once we began to write, however, it emerged that the 
menace of COVID-19 would force universities worldwide 
to shift abruptly to online instruction, posing obvious 
difficulties for decentralized learning environments and 
blackboard lectures alike. Contemplating the magic of a 
physical gathering of people, with a box of chalk and a 
wall of enamelled steel, is a wistful exercise amidst this 
giant, painful social distancing experiment; but perhaps it 
suggests some ways in which we can better configure our 
virtual courses, discussions, and seminars in the meantime.

As a social construct that weaves together the products 
of many individual imaginations, mathematics benefits 
from being communicated on a large canvas, so that the 
imaginative scope and the patterns of the weave can be 
conveyed and recognized (whether it is one or many doing 
the writing). In addition, there is a particular welding of 
conceptual metaphor and symbolic precision which makes 
our endeavor cognitively feasible, and which for two cen-
turies has evolved along with the use of blackboards to 
convey our ideas.

The social construct aspect of mathematics makes it like 
learning a foreign language. One doesn’t succeed in this 
by listening to an instructor and doing grammar exercises 
alone. There must be an active component, which, short 
of a sojourn in the foreign capital (Research Mathematics, 
pop. 100,000?), is the conversation portion of such a class. 
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1A collaborative learning environment in which roughly ten students, led 
by a trained “peer leader” who has mastered the material, work together 
on a packet designed to build problem-solving skills for a specific course.
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2In the UK, some math departments curate problem sheets for tutorials (i.e., 
discussion sections) at all course levels; this produces much better results 
than pulling problems out of a textbook. However, they do not generally 
have the students work in groups.
3The iPhone did not yet include a camera.
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the typically linear organization of a textbook or article, 
gives a glimpse at some of the different lines of thought 
that are possible—some fruitful and some not, all woven 
into what simultaneously solves a problem and prods at 
the question of what the mathematics means and where 
its application makes sense. There is also beauty: the fris-
son of excitement from showing a class Newton’s triumph 
in explaining Kepler’s Laws is one of the most rewarding 
parts of teaching calculus. Blackboards remain the superior 
technology for communicating all of this, not least because 
they slow the speaker to a pace commensurate with human 
cognition.

Rather than flipping lectures, we should train our 
students to approach them, as we do, as a form of active 
learning. When we as mathematicians want to understand 
someone’s work, we get them in front of a blackboard 
for a talk and pepper them with questions throughout, 
because it’s effective and efficient. (Try doing that with a 
prerecorded lecture!) University teaching centers can help 
instructors better facilitate this kind of interaction through 
the use of OPAL4 [Fr2] and TRU5 [Sc] lecture observations.

As we temporarily forego our symbiotic relationship 
with blackboards and chalk, it is worth thinking about how 
these tools influence the performance and communication 
of mathematics, and what we might use as their virtual 
surrogates. The sheer area framed in a blackboard invites 
creativity and collaboration by erasing the intimidating 
natural starting point and linear progression imposed by a 
narrow sheet of paper. It allows one (or many) to organize 
thoughts spatially, giving each theorem and conjecture a 
physical location, connected by the arrows of reasoning 
like a television detective’s case board.

In the scramble to move classes online, many universities 
have turned to the video-conferencing app Zoom, whose 
screen-sharing function allows speakers to display whatever 
note-taking app they prefer.6 The effect, more akin to a 
document camera than a blackboard, does miss some of 
the illustrative power afforded when the board and partic-
ipants are embedded in a single space. Its higher potential 
for collaborative modes may offer some compensation: 
others can annotate the screen using Zoom’s whiteboard 
technology, which can also be used on its own in breakout 
rooms for group work.7 We must try to make the experience 
as dynamic as possible, and find a new social construct for 
the age of the virophobic telecommute.

Steven Frankel

4Observation Protocol for Active Learning (OPAL) is designed to provide 
lecturers with a snapshot of activities and interactions in a large lecture class.
5The TRU (Teaching for Robust Understanding) Observation Guide is 
more specific to mathematics, and provides five criteria for measuring 
classroom activity.
6For prepared lectures, an interesting option is the software application 
Prezi, which allows one to organize the contents of a talk on a single giant 
slate that one can move around and zoom in and out of.

ACKNOWLEDGMENTS. Thanks to Lisa Kuehne and 
Dave Kung for helpful discussions and suggestions.

7Unfortunately, the whiteboard is at present too coarse to be useful for 
lectures. Help us, Zoom developers!

Matt Kerr
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experiences often seem predetermined by a textbook, where 
the “big picture” is to get through some number of chapters, 
and individual lessons are dictated by each section. New 
teachers may not have previously thought to ask themselves 
what they want a course to really be about.

It’s exciting to have the agency to make reflective choices 
about course design, but converting lofty goals into con-
crete, meaningful tasks for students is challenging, even for 
seasoned practitioners. In the initial stages of inquiry, the 
following types of prompts can be helpful:

 • What would you like the class to appreciate or 
understand about this topic?

 • What is the underlying theme of this lesson, and 
what tasks might be chosen to illuminate it?

 • Can you anticipate what might be difficult for the 
students in this material, and how do your planned 
activities address this?

An Ongoing Conversation
Mentoring relationships are more likely to flourish if they 
involve regular interactions. Sometimes my mentee and I 
will set up a schedule for our meetings, while with others 
I just informally (but consistently) check in with curiosity 
about how things are going for them and to share what's 
happening in my own classes. Having fixed meeting times 
ensures that we are always interacting without waiting for a 
“problem to fix” (and if there are worries, we have an exist-
ing setting in which to introduce them). But some mentees 
prefer a more intuitive approach to deciding when we want 
to chat, and I'm happy to oblige, provided we actually do 
stay in communication and things are going well in their 
classes. With either structure, I want to model the message 
that “talking about teaching” is just something that self-re-
flective colleagues do (and enjoy) throughout their careers.

Another benefit of frequently meeting with my mentees 
is that class visits are simply one more topic for us to dis-
cuss. Observations have an unfortunate history of being 
anxiety-laden experiences, primarily because they tend to 
occur only as part of a formal evaluation process, which 
should be separated from mentoring. But it is important 
to watch my mentees teach, because as delightful as it is 
to rhapsodize about pedagogy in theory, what ultimately 
matters is how all the idealized planning is being translated 
into actual student learning experiences.

The Full Classroom Visit Experience
I think about a class visit as the central component of a 
three-stage process, in between preparatory and post-visit 
discussions. The preliminary conversation is an opportu-
nity to share what the class is usually like: the collective 
“personality” of the class, how the period is usually struc-
tured, whether things seem to be going smoothly, goals for 
this particular lesson, etc. Having this information helps 
me to go into the class valuing my mentee’s intentions and 
style, instead of looking to see whether they match my own.

Thoughts on Being 
a Teaching Mentor

Reva Kasman

Just two months after wrapping up a bachelor’s degree in 
mathematics, having been given exactly one day of universi-
ty-wide TA training, I was put in front of an undergraduate 
class of my own. Six years later, as a newly minted PhD with 
a portfolio of experience teaching one course at a time, it 
was naturally assumed that I was ready to design and run 
multiple classes simultaneously. Although learning “on the 
job” ultimately worked out for me, I think we owe some-
thing better to our students and early-career colleagues. 
Serving as a teaching mentor has been a powerful and 
rewarding way for me to support new teachers as they find 
their place in the classroom.

Trust  Your Mentee
Like any good relationship, a successful mentorship pairing 
is built on a foundation of trust. When I meet a new men-
tee, I go in believing that they have what they need to be 
a good teacher, and our work will be to bring those skills 
to the surface and hone them. I make it clear that their 
opinions will be integral components of our collaboration, 
and I have a genuine interest in knowing who they are as 
teachers already, what their strengths are, where they want 
to grow, and what they’re excited about. I am open and 
curious, and use these conversations to envision how I can 
be most helpful as we move forward.

While I almost certainly have more experience in bring-
ing together students and mathematics, I’m just an invited 
guest on a mentee’s teaching journey. Even if mentors are 
officially assigned, mentoring only works if the mentee 
wants to be in the relationship. That means that they need 
to see their contributions being valued as they cultivate 
their own identity as a teacher. I always remember that 
mentoring isn’t an audition for the role of teacher—my 
mentees have already gotten the part. I am there to provide 
support and encouragement so they can become the best 
version of themselves in this role.

An Inquiry-Based  Approach to Mentoring
In my own inquiry-based teaching, the path through each 
topic is motivated by the questions which intrigue us about 
a situation. I think of mentoring in much the same way. I 
invite my mentees to consider their visions of a course, and 
together we explore how to turn these ideals into practice. 
This process can be daunting—as students, our learning 

Reva Kasman is a professor of mathematics at Salem State University. Her 
email address is rkasman@salemstate.edu.
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responsive in what I bring into the discussion is key to 
maintaining a collaborative spirit in our work.

When There Are Concerns
Sometimes mentoring is simple—my mentee is already 
an effective instructor with sharp teaching intuition. I'm 
basically just a source of old syllabi and a friendly sounding 
board. I’m happy to have these relationships, but this type 
of mentee would do just as well without me.

Part of the point of mentoring, though, is that someone 
just starting out doesn't have to feel alone or ashamed 
when things aren’t going smoothly. They don't have to 
agonize over who to tell when a test is a disaster or their 
first attempt at active learning is met with silent stares. 
There’s a pre-existing safe person who is going to respond 
in a nonjudgmental way, and who might have some ideas 
for how to make teaching more successful and enjoyable.

New teachers make mistakes because they are still 
practicing— that’s what they’re supposed to do. Many years 
into teaching, it's easy to forget just how hard it was to start 
out, to not have any reference point for what was “normal” 
or how much to internalize difficult interactions with 
students. Yes, experienced faculty get it wrong sometimes 
too, but they’ve weathered challenges before, mostly suc-
cessfully, so these incidents don’t usually provoke the same 
level of hurt or fear. So when it becomes clear that there’s 
something which actively needs to be improved in my 
mentee’s teaching, I need to be compassionate, reassuring, 
and calm. We break down worrisome situations together 
into manageable pieces and brainstorm strategies that 
might help. I may need to be proactive in making sure that 
we don’t ignore the problem, but I don’t catastrophize or 
take away their agency. My role is still to foster my mentee’s 
ability to professionally handle the challenges of teaching. 
And should it become apparent that an issue goes beyond 
the scope of our work, I can be an ally in finding support 
and resources from the broader community.

Just One of Many
I endeavor to be someone with whom my mentees will 
feel comfortable sharing their full experiences and asking 
for anything they need. But it will come as a shock to no 
one that I don’t always have the answers, and not all of my 
opinions are going to resonate. In developing their own 
style, I encourage my mentees to seek out conversations 
with other colleagues and to watch many different classes 
as they determine what works best for them. I pass along 
information about opportunities from professional orga-
nizations, external networks, and the various resources on 
campus. Being a good mentor should never imply that I 
am the only one they will want.

Moreover, my mentees might not always need me to 
be in “problem-solving mode” when they describe their 
experiences or frustrations. While this applies to many 
situations, it is particularly important when hearing about 

Prioritizing their approach doesn’t preclude me from 
making suggestions outside of a mentee’s usual toolbox 
or giving critical feedback. But it compels me to check my 
ego at the door and first envision the best version of the 
class from the instructor’s perspective. For example, I rarely 
lecture in my own classes, but I have mentored faculty who 
deeply value the lecture components of their teaching. I 
respect that preference when I visit their classes, and look 
for ways that technique is working well for them and what 
might be honed within that style, prior to noting what 
might be enhanced by experimenting with something new.

I also invite my mentees to weigh in on the logistics of 
the visit. Should I sit in a particular location? If students 
are working in groups, is it OK for me to walk around the 
room and/or to ask students about what they are doing? 
Is it distracting if I use a laptop? I prefer to establish these 
guidelines over email, so that there isn't pressure in person 
to quickly agree to something which actually makes them 
uncomfortable.

During the visit, I take two separate categories of notes. 
One is a rough but objective account of what transpires in 
the class. The second is a record of my opinions, questions, 
and concerns. I tend to do this on paper, as it's easier for 
me to handwrite my subjective responses directly next to 
the relevant occurrence (a student question, something 
that was written on the board, etc.). As you might imag-
ine, this leaves me with a messy, reactive, and potentially 
overwhelming collection of thoughts at the end of the 
class. For this reason, I never have a debrief conversation 
immediately after my visit. I do thank my mentee right away 
for letting me watch the class, and say how much I enjoyed 
the experience (which is nearly always true—even in a class 
with issues, it’s just really cool and far too rare that faculty 
get to watch each other teach).

We choose a time to meet when we won’t be rushed and 
which gives us both time to reflect. I can then sort through 
my notes to identify themes and examples that highlight 
them. I consider what feedback might be beneficial at this 
time—this is a long-term relationship, and not every issue 
needs to be pointed out and addressed urgently. I make 
sure to recognize things that are going well, and I come 
up with constructive ways to bring up potential areas for 
growth, appreciating good intentions even when there is 
bumpy execution. Finally, I challenge myself to come up 
with concrete suggestions that I might offer for anything I 
have critiqued. If I think something isn’t working as well 
as it could, then I should certainly be able to produce al-
ternative strategies myself.

Even with all this planning, I still open the post-visit 
meeting with an invitation to my mentee to share first. 
Authentically listening to their perception of how the class 
went influences the trajectory of our conversation, and 
how (or even whether) I will introduce the details of my 
prepared feedback. Ultimately it is up to them to choose 
what to incorporate from my ideas, so being selective and 
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an REU advisor has been a lot of fun, and a good change of 
pace from the very busy, teaching-heavy, 12-hour teaching 
semesters that we have at SUNY Potsdam. Below are some 
observations I have gleaned through my involvement with 
REUs over the years.

My experiences as a student in the Williams SMALL 
program influenced how I organize my student groups. In 
particular, my mentor, Frank Morgan, encouraged us to start 
thinking about the topic (just a bit) before the program 
started, and then we dug right into research as soon as pos-
sible. As we figured out proofs, we wrote up drafts of results 
individually, but with all group members editing. We also 
gave talks to the other participants regularly during the pro-
gram. After the program ended, one student took the lead 
in getting the group’s work published. This included more 
revising, giving talks, and responding to feedback, as well 
as dealing with referee reports. I have tried to incorporate 
all of the above structures in my summer research groups.

The most helpful way to get students on the path to 
publishing is to find a good problem for them. I seek 
inspiration for problems from a variety of sources. I find 
it helpful to attend conferences, both traditional research 
conferences—which remind me of research trends in the 
larger community—and undergraduate conferences—as 
they allow me to see what students are doing in research. 
I also read papers—MathSciNet and interlibrary loan (my 
school has a limited journal budget) and the arXiv are my 
main tools there. Often, making just a small variation on a 
previous problem can make for an interesting new problem 
that requires a novel solution. For me, the topic of embed-
ded graphs in projective space had a nice 3-year run—the 
second and third years were variations on the first year’s 
topic: intrinsically linked graphs in projective space, fol-
lowed by intrinsically 3-linked graphs in projective space, 
and then intrinsically linked signed graphs in projective 
space. Finally, I need solid chunks of quiet time to dream 
about good problems. My life during the academic year at 
SUNY Potsdam does not include much of this—did I men-
tion frequently having to supervise graduate seminars and 
committee work on top of the teaching load? Fortunately, 
an academic calendar always includes breaks—typically I fi-
nalize what problem(s) I will present to my REU group over 
spring break. When the REU is going, and my students are 
working on their own, I am typically in my office thinking 
about what problem to propose in the subsequent summer. 
At such times, I am often rereading through old favorites 
like Adams’s Knot Book or Harary’s Graph Theory, hoping 
for inspiration. Typically, I do not know the solution to the 
problem that I present to my student groups. I do, however, 
try to pose a couple of warm-up problems that are relatively 
easy to solve and that build toward better understanding of 
the main problem. Solving these problems helps to build 
my students’ confidence, and also gets them writing early 
in the program.

instances where issues of identity may play a role. How 
we are each perceived and treated by our students and col-
leagues can be affected by our (actual or assumed) gender, 
race, nationality, accent, etc. The reality of my mentees’ 
experiences as teachers and academics may be different 
from my own, and as their mentor I trust what they tell me, 
and I respect that there are things which they will choose 
not to reveal. It’s vital that I don’t minimize someone’s 
narrative or redefine it in terms of my own. Sometimes 
all that is required of me is to listen. I may ask if there is 
anything I can do that would be helpful, accepting that the 
answer might be “no,” and that I need to be ready to step 
up if the answer is “yes.”

Over the years, I’ve had support from many mentors of 
my own. While some were assigned to me in an official ca-
pacity, others were people I met along the way who offered 
guidance voluntarily, or ones that I “secretly” decided to 
turn into my mentors. I feel extraordinarily privileged that 
I can now play that role for so many people at the start of 
their own journeys, and I’m incredibly proud of who they 
each become as teachers and colleagues.

Credits
Author photo is courtesy of the author.

Undergraduate Research: 
Publish or Flourish

Joel S. Foisy

I have had the privilege of mentoring undergraduates in 
a summer REU program, held jointly by SUNY Potsdam 
and Clarkson University, for many summers. Working as 

ACKNOWLEDGMENTS. Special thanks to my former 
mentees Cory Colbert, Siddhi Krishna, Cecily Santiago, 
and Alex Sutherland for sharing their thoughts with me 
for this article.

Reva Kasman

Joel S. Foisy is a professor of mathematics at the State University of New 
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off the final edits (with input from the students) and dealt 
with the referee process.

Sometimes the students do not have a result that is even 
close to being ready for submitting for publication. In some 
of these cases, if I feel there are still results possible, I have 
had a project followed up on by next year’s group. Other 
times, I have let it lay fallow. In looking back, even for an 
“unsuccessful” summer program (i.e., no publication), the 
students were still engaged in doing mathematics, and in 
communicating it in writing and speaking. I still feel that 
the students and I gained a lot during these summers.

I am always looking for suitable journals to submit papers 
written by/with undergraduates. Fortunately, there seem to 
be more and more student-friendly journals out there. The 
following site from the University of Nebraska has a nice 
list of student-appropriate mathematics journals: https:// 
unl.libguides.com/c.php?g=51642&p=333916. Most 
of those discussed below are listed on that site:

The first journal I would recommend is Involve. Full 
disclosure: I am on the editorial board. Involve requires at 
least one-third student authorship. They prefer coauthored 
papers (as opposed to student-only authorship). Involve 
papers are reviewed by Math Reviews. This is one of just a 
few student-focused journals that are math reviewed. The 
Rose Hulman Undergraduate Mathematics Journal requires 
student-only authorship, with a faculty “sponsor.” Authors 
have to be undergraduates when the research took place, 
but can submit after graduating. Rose-Hulman is also math 
reviewed. The Siam Undergraduate Research Online has sim-
ilar guidelines as the Rose-Hulman Journal. It is not math 
reviewed. Of course, this journal focuses on applied math. 
The Pi Mu Epsilon Journal publishes papers, preferably by 
undergraduates, and not necessarily by members of Pi Mu 
Epsilon (mathematics honor society). The Pi Mu Epsilon 
Journal is also math reviewed.

There are also several other good non-math reviewed 
options: The Minnesota Journal of Undergraduate Mathe-
matics allows for faculty collaboration, but the majority of 
research and writing must have been completed by an un-
dergraduate coauthor(s). The Journal of Young Investigators 
has articles in a broad range of sciences and mathematics. 
The PUMP Journal of Undergraduate Research publishes 
articles primarily by undergraduates who want to pursue 
doctoral studies in mathematics. Expository papers are also 
welcome. The Pentagon is the official journal of Kappa Mu 
Epsilon (KME) mathematics honor society. Most papers 
are written by student KME members.

There is always the option of submitting to a standard 
journal. The Missouri Journal of Mathematical Sciences is 
listed on the Nebraska page, and it is math reviewed. Other 
options may depend on your area. The Journal of Knot Theory 
and Its Ramifications is, of course, tailored to knot theory. 
If my group is doing a more knot theory-oriented project, 
publishing in JKTR can be a nice goal. If you know of other 

Do students need a lot of background to do research? 
That depends on the area. If you want to work with un-
dergraduates on a sophisticated topic, there are a small 
but nonzero number of elite undergraduates who would 
have the needed background. My work with students has 
generally been in an area—spatial graphs—that straddles 
both graph theory and knot theory. In my experience, both 
of these areas have open problems that can be approached 
with little background. Typically, when advising a summer 
research group, I try to get through most needed back-
ground in a day or two. We’ll pick up more background 
later (“just in time”) if needed, but my hope is that stu-
dents are pondering new questions as soon as possible. As 
soon as they come up with an idea or proof that is new, I 
encourage them to typeset it, and then I have others in the 
group proofread their proof. I will also proofread it. Every 
group and every topic is different, however, and some com-
binations require more time on background than others.

Whatever the background of the students, working with 
a group of them (for me, it’s been three to five of them) 
has its advantages and challenges. Ideally, the students 
discuss ideas together, brainstorm, and feed off each other. 
Sometimes, one student may dominate the conversation. 
At times like these, I may assign facets of the problem to 
different students. Sometimes one student will go off on a 
tangent, digressing a bit from the original problem. This has 
either been wonderful (they prove an interesting result on a 
problem I hadn’t thought of) or frustrating (the student gets 
drawn to a very difficult problem and cannot come up with 
a proof, in spite of a great expenditure of time and effort). 
I don’t have a magic recipe for managing group dynamics, 
but I do know that if a group is monitored and managed 
carefully, then it is likely to work well for all of its members. 

The work of an REU group evolves over the course of 
the summer, much like the work of any math researcher 
must evolve over the life of a project. Early in the 8-week 
program, there is more brainstorming than writing. As the 
program goes on, there is more writing and editing. The 
last week is usually filled with writing and preparing a 
final talk. To facilitate group writing, we have used various 
document-sharing options in the past. What option is used 
is mostly up to the students. We also have students present 
intra-REU talks so that they are practiced at orally com-
municating their results and exposed to some questions 
that other mathematicians may have. By the end of the 
summer, even if the group has proved a nice result, rarely 
is the written paper ready for publication. Often a student 
will emerge to shepherd the paper through the next phases 
of editing. Often, but not always, this is tied in with their 
honors thesis. Sometimes I have been the one to finish 
the paper. I can remember one particular paper that had a 
difficult (for a student) technical hurdle to overcome, and 
on top of that all of the students were busy with their last 
year of undergraduate studies. Consequently, I finished 
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undergraduate researchers in your area, I recommend in-
vestigating where they have published as possible venues.

In summary, working with undergraduates in the 
summer is a very rewarding process. The students bring 
great energy and a variety of experiences to the table. The 
creative process of discovery, paired with the process of 
communicating discovery, lead to enjoyable learning for 
all who are involved. Aiming for a publication is a great 
way to focus a group’s efforts, but the process of working 
on mathematics, and communicating it, are foundational 
skills that students will take away regardless of reaching the 
goal of publication or not.

Credits
Author photo is courtesy of Gretchen Koehler.

Joel S. Foisy
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Figure 1. V. S. Varadarajan, UCLA, 2008.
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Known to friends, students, and colleagues just as Raja,
Veeravalli Seshadri Varadarajan (born May 18, 1937) was
a mathematician of Indian origin who made foundational
contributions to multiple fields, including probability, the
representation theory of Lie groups, quantum mechanics,
and differential equations. Varadarajan received his PhD
from the Indian Statistical Institute in 1960. In 1965, after
several visits to the US, he became an associate professor at
UCLA. After a long and illustrious career, he retired from
UCLA in 2014, remaining active in research, despite declin-
ing health, as a Distinguished Research Professor until his
death on April 25, 2019.

Varadarajan was an ICM speaker in 1974. His interna-
tional recognitions include an honorary doctorate from
the University of Genoa and the Lars Onsager Medal from
the Norwegian University of Science and Technology. He
wrote numerous well-known texts and monographs, some
published by the AMS, which also published a volume of
his selected works in 1999.

S. R. S. Varadhan
I first heard of Raja when I was in the second year of my
three-year degree program in statistics at the Presidency
College in Chennai, or Madras as it was then called. He
had graduated in the summer of 1956 just before I joined
the program. The faculty remembered him as a student
with extraordinary talent, and some of his workwas shown
to us as models of mathematical writing. He authored sev-
eral books during his career, and they all reflect this talent.

S. R. S. Varadhan is a professor of mathematics at New York University. His
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After graduation he joined the Indian Statistical Insti-
tute (ISI) in Calcutta (or Kolkata as it is called now).
Started by Professor P. C. Mahalanobis, it was primarily an
institution for research and training in statistics. The emi-
nent statistician Dr. C. R. Rao was the head of its research
and training school. Raja joined as a research scholar,
and his interest was in mathematics, although his bach-
elor’s degree was in statistics. He interacted with Professor
Vaidyanathaswami, who was at ISI after retirement from
the University of Madras. That got Raja familiar with point
set topology.

Limit theorems play an important role in probability
theory and statistics. Raja’s thesis work was on measures
on topological spaces, particularly on their weak conver-
gence. This work has influenced my work as well as the
work of Ranga Rao and Parthasarathy before me.

There was a breakthrough made by M. Donsker, who
proved a limit theorem for probability distributions in an
infinite-dimensional setting where Fourier transforms are
not very useful. He showed the convergence of random
walks to Brownian motion. The random walk, although
defined for discrete times, can be linearly interpolated to
provide a random curve 𝑆𝑛(𝑡)with 𝑆𝑛(𝑘) = 𝑋1+⋯+𝑋𝑘. So
long as 𝑋𝑖 are independent identically distributed random
variables with 𝐸[𝑋𝑖] = 0 and 𝐸[𝑋2

𝑖 ] = 1, the distribution 𝑃𝑛
of

1
√𝑛
𝑆𝑛(𝑛𝑡), as a random function of 𝑡 on the space Ω of

continuous functions 𝜔 on [0, 1], converges to the Wiener
measure 𝑃 of Brownianmotion 𝑥(𝑡). The convergence is in
the sense of weak convergence of probability distributions;
i.e.,

lim
𝑛→∞

∫𝐹(𝜔)𝑑𝑃𝑛 = ∫𝐹(𝜔)𝑑𝑃

for all bounded functions 𝐹 on Ω that are continuous in
the uniform topology on Ω.

This was taken up by the Russian School by students
of Kolmogorov. In particular, Prohorov and Skorohod
developed the theory in the context of weak convergence
of probability distributions on complete separable metric
spaces. Raja more or less independently developed it in
the context of general topological spaces.

In a separable metric space the weak distance between
two probability distributions 𝛼 and 𝛽 as defined by Pro-
horov is a variation of what Paul Levy defined in the case
of the real line

𝑑(𝛼, 𝛽) = inf{𝜖 ∶ 𝛼(𝐺) ≤ 𝛽(𝐺𝜖) + 𝜖}
for all open sets 𝐺 where 𝐺𝜖 = ⋃𝑥∈𝐺 𝐵(𝑥, 𝜖). In case the
space is compact, 𝐶(𝑋) is separable, and if {𝑓𝑛} is a count-
able dense set, then

𝑑(𝛼, 𝛽) = ∑
𝑛

1
2𝑛

1
1 + ||𝑓𝑛||

||∫𝑓𝑛𝑑𝛼 −∫𝑓𝑛𝑑𝛽||

is also a metric. If the space is not compact, there is always
a metric under which the space of uniformly continuous
functions is separable, and a dense subset of that will work
equally well. Varadarajan’s thesis is full of such ideas from
functional analysis.

Another gem found in Ranga Rao’s thesis concerns the
question of whether a sequence 𝑋𝑖 of independent identi-
cally distributed random variables with values in a Banach
space, and which satisfies 𝐸[‖𝑋‖] < ∞, obeys a law of large
numbers in the Banach norm. In other words, is it true that

lim
𝑛→∞

‖ 1𝑛(𝑋1 +⋯+ 𝑋𝑛) − 𝐸[𝑋]‖ = 0

almost surely? The French school hadworked on this prob-
lem with partial success, proving the result under addi-
tional stringent conditions. Continuing in the spirit of
Raja’s work, Ranga Rao provided the following elegant
proof valid in complete generality. First, if {𝑋𝑖} are inde-
pendent and identically distributed with distribution 𝜇,
the empirical distribution

𝐿𝑛(𝑑𝑥) =
1
𝑛 ∑𝛿𝑋𝑖 → 𝜇

almost surely. This is done by integrating against a count-
able set of continuous functions. The next question is
when does weak convergence of 𝜇𝑛 to 𝜇 imply

sup
𝑓∈𝐴

|∫𝑓𝑑𝜇𝑛 −∫𝑓𝑑𝜇| → 0?

It is enough if the functions in 𝒜 are equicontinuous and
are dominated by a continuous function 𝑔 satisfying

|∫𝑔𝑑𝜇𝑛 −∫𝑔𝑑𝜇| → 0.

This uses the facts that a weakly converging sequence of
probability distributions is essentially supported on a com-
mon compact set and the linear functionals Λ(𝑥) with
‖Λ‖ ≤ 1 are equicontinuous. With 𝑔(𝑥) = ‖𝑥‖, the law
of large numbers holds.

All of this took a relatively short time. After finishing
this thesis Raja started his study on foundations of quan-
tummechanics and developed an interest inmathematical
physics and representation theory of Lie groups.

It was at this time in August of 1959 that I joined ISI
as a research scholar and really met Raja. He was prepar-
ing to go to Princeton to study representation theory and
interact with Professor Harish-Chandra at the Institute for
Advanced Study. We overlapped for threemonths. He gave
a course on point set topology which I attended. We did
not have much interaction during this period. At that time
I thought I was going to work on applied statistics.

Ranga Rao and Parthasarathy, who were there, had in-
teracted with Raja for nearly three years. They were more
interested in the mathematical aspects of probability and
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Figure 2. Raja with his life-long friend S. R. S. Varadhan,
UCLA, 2010.

sometime after Raja left for Princeton attracted me to their
group and we started working together.

By 1962 Ranga Rao had left for the USA and
Parthasarathy to Russia. Raja had returned and joined ISI,
and the two of us worked closely for a year. I had submit-
ted my thesis and was planning to go to the US in the fall
of 1963. We studied Harish-Chandra’s work on represen-
tation theory and began to understand parts of it. It was a
lot of fun working with him, and I developed a bond with
Raja and his wife Veda. He was the one that suggested I go
to the Courant Institute and arranged a postdoc position
for me.

After Rajamoved toUCLA in 1965we remained in close
touch, and I cherish his friendship.

Michael Rapoport
I first met Raja in the seventies, when he was a visiting pro-
fessor at IHES, during the time in which I was a student
there. I have to admit that I took no notice of him at the
time. Fortunately, it was different for Raja and his wife
Veda, who both, for some reason, took an immediate lik-
ing to me from a distance and invited me for dinner to
their apartment at the Résidence de L’Ormaille: as they ex-
plained to me, “to see how Rapoport ticks.” Even now,
more than forty years later, this seems quite extraordinary
to me: I was a young student, whereas Raja was already
then a full professor at a prestigious university. With hind-
sight, I recognize a characteristic of Raja: the enormous
respect he had for others. Raja and I never collaborated
and were not even mathematically close, but we discussed
mathematics inmany ways. Raja was interested in an extra-
ordinary range of mathematics (for instance, I remember
him askingme to translate for him in his house the letter of

Michael Rapoport is a professor of mathematics at the University of Bonn. His
email address is rapoport@math.uni-bonn.de.

Kronecker to Dedekind in which he talks of his “liebster Ju-
gendtraum,” after which he said to me that thinking about
this should keep him busy for the next year). I think he
most enjoyed it when cross-connections occurred. In any
case, mathematics was for him a cultural endeavor, which
also explains his keen interest in the history of mathemat-
ics.

One of the remarkable things about Raja was his ability
to adjust his way of thinking to many subjects. This is how
I explain tomyself the fact that even though his upbringing
did not include classical Western music, he had a deep un-
derstanding of it, and we could both share our unbounded
admiration of Mozart. Another remarkable thing about
Raja was his boyish humor with which he could on the
spur of the moment deflate some pompous presentation.
This surely was a prime reason why his company was so
enjoyable. I end with an anecdote which combines both
these characteristics. In 1977 Raja and Veda invited me
to visit them in their house after the Corvallis conference.
They wanted to give me a present. Since at the time it was
impossible to get an Indian present, they decided to take
me to a Japanese store: they had just been to Japan the year
before and were quite enthusiastic about Japanese culture.
While Veda was wandering through the store, Raja had an
extensive conversation with the store owner, a very old,
stooped Japanese gentleman without teeth. When we left
the store, I expressed to Raja my admiration for his ability
to carry on a conversation in Japanese, after being exposed
to the language for only a short period. Raja’s response
was, “What Japanese? That was English!” And he added,
“You see, having grown up in India, I can understand and
speak English in any way required!” The yukata Raja and
Veda gave me then is still in my use. It reminds me of my
encounter with one of the most remarkable human beings
in my life.

Michael Rapoport
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Ramesh Gangolli
I first met Varadarajan when I spent six months at the In-
dian Statistical Institute (ISI) in 1958, as a graduate stu-
dent before going to MIT for my doctoral studies. I con-
sider this period to be the most fruitful in shaping my view
of mathematics and its elegance. At that time Varadara-
jan (already called Raja by all his friends) was clearly the
leader of an exceptional group of graduate students at
ISI, sallying forth into areas in mathematics which were
then emerging, and getting original results essentially on
their own without significant guidance from anyone. K. R.
Parthasarathy and Ranga Rao were two other prominent
members of the group. Although Raja was formally reg-
istered as a PhD student under the guidance of the bril-
liant statistician C. R. Rao, who was then the head of the
Research Training School of the ISI, his tastes had already
taken him towards the advances in probability theory that
had been made in the early 1950s by mathematicians of
the Russian School, notably Kolmogorov and Prokhorov,
and he had embarked on a completely independent path.
Within a few days after my arrival, I realized that Raja was
not your ordinary guy. He had learned, completely on his
own, what were then emerging as new areas in the world
of mathematics, and initiated the rest of the group into
this new world. As a newcomer, I was not immediately
accepted by the group, but was not purposefully excluded.
The small initial reserve towards me was a natural facet
of group dynamics, and it soon disappeared, and I began
to see through my interaction with Raja how a really fine
mind operates. I spent hours in his company, and learned
a great deal about how one should think about mathemat-
ics. Immediately after this period, our paths diverged for
a few years, although we kept in touch sporadically. Raja’s
path had become intensely curious mathematically. In his
stay in the United States during 1960–62, he had encoun-
tered some of the great minds of mathematics: Mackey,
Lax, Friedrichs, and Harish-Chandra, among others.

These encounters defined his career in mathematics. Af-
ter his return to ISI in 1962, he resumed his collaboration
with his erstwhile group, and this time led them into study-
ing some problems of representation theory of semisim-
ple Lie algebras, and also leading some study seminars
on quantum physics. One of his early landmark papers
in representation theory was written in collaboration with
Parthasarathy and Ranga Rao in the two years after his re-
turn, and attracted immediate attention of experts such
as Harish-Chandra and Kostant. Soon afterwards, Raja
accepted a position at UCLA, where he spent the rest of

Ramesh Gangolli is a professor of mathematics at the University of Washington.
His email address is gangollir@comcast.net.

his life. In the meantime, I had followed my own path.
After finishing my PhD in 1961 at MIT, I taught there as
an instructor for a year and then came to the University
of Washington at Seattle in 1962. I was finding my feet
in the world of mathematics, and soon found myself be-
ing attracted to the area of analysis on symmetric spaces,
which was intimately connected with Lie groups and rep-
resentation theory, and which was now also one of Raja’s
principal interests. Thus, after Raja came to UCLA, we re-
newed our contact, and began to be in close touch. Both
of us being on the West Coast enabled us to see each other
more often. Raja had married his college sweetheart Veda
after his return to India in 1962, and my wife Shanta and
I became close to Raja and Veda over the succeeding years,
forging bonds of deep affection that have never weakened.
We collaborated on two book-sized volumes in these years,
the second one completed just last year. Raja and I shared
many hours laughing and chatting. He had wide inter-
ests. For some years he took up the study of clarinet,
and enjoyed trying to play some snatches of Mozart’s clar-
inet pieces, especially his Clarinet Concerto K622. Shake-
speare, the Mahabharata, Mozart, Bach, Wodehouse, Tin
Tin, and the fortunes of the Los Angeles Lakers in the
basketball championships were his unfailing passions. I
shared all of them except the last one, but could not help
but enjoy the total enthusiasm with which Raja would
cheer his team while watching their games on TV. They
were always referred to as the “beloved Lakers,” while the
epithet “hated” was used for any team that had the gump-
tion to vie against them.

Figure 3. Raja and Veda, circa 1968.
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Most mathematicians are content to spend their re-
search career on one or two areas of mathematics. Raja
contributed to a host of them, at a high level. His work
ranges over probability theory, measures on topological
spaces, representation theory of semisimple Lie algebras,
analysis on semisimple Lie groups and their quotients,
algebraic geometry of differential equations, mathemati-
cal foundations of quantum theory, and supersymmetry
and related questions of mathematical physics. In addi-
tion he has written beautifully crafted historical articles,
scores of lecture notes, reviews, all done in an impecca-
bly clear and elegant, almost poetic, style. Raja had a
unique gift for communicating with his doctoral students
and the younger colleagues who came under his spell. Al-
most all of them became his friends. On the one hand,
he inspired them to excel, by the force of his example and
his expectations; on the other hand, he showered them
with unreserved friendship. This was handsomely recip-
rocated by those who benefitted from it. I could recount
many anecdotes about this, but one sticks out in my mind.
Raja had developed a continuing relationship with physi-
cists and mathematicians at the University of Genoa, and
made many visits there. On the occasion of his seventi-
eth birthday, there was a conference at UCLA which was
attended by many of his colleagues, students, etc. There
was also a large contingent from Genoa. Speeches were
made, dinners were eaten, wine drunk, but themost touch-
ing moment was when, as Raja and Veda rose to go home
after the banquet at the conclusion of the conference, the
Genoa contingent, by placing its members on opposite
sides of their path, formed a canopy of outstretched arms,
a “guardia d’onore,” under which they had to pass, amidst
cheers of good wishes.

Collaborating with Raja, learning from him, and enjoy-
ing his friendship and humor have been great gifts for me.
For his own part, Raja was a lifelong admirer of the work
of Harish-Chandra. In turn Harish-Chandra also recog-
nized Raja’s powers, and they were good friends. Harish
died in 1983, alas too early in his life. He left a large body
of manuscripts dealing with many topics. For many years
Raja had wanted to see what they contained, and whether
the contents could be organized into a coherent account
of the topics they addressed. A couple of years after his
seventieth birthday, he and I decided to collaborate on
this project, encouraged by Robert Langlands, who had at-
tended the conference. We worked in fits and starts, but
never abandoned the project, and we were able to salvage
a considerable amount of valuable material. That material
was published in July of 2018 as the fifth (posthumous)
volume of Harish-Chandra’s Collected Works by Springer
Verlag, (the same publisher that published the first four
volumes) with the two of us cited as editors. Raja was

very gratified to see the completion of this project, and I
am happy to have contributed to his joy. The last three
years were very trying for Raja and Veda. Both have had
health issues of different kinds. Raja was harried by dia-
betes and accompanying afflictions that affected his heart
and kidneys. But fortunately, he was able to function, and
he kept on working on mathematics till the end, which
came peacefully, on the 25th of April, mercifully without
the suffering and indignities which are often our lot. As
I know from my collaboration with him on the Harish-
Chandra volume, he lost none of his incisiveness and clar-
ity till the end. His passing is a great personal loss for me.
He was a friend and an inspiration. But age brings with it
an ability to face the bitterness of the loss of friends by tak-
ing comfort in the gentleness of their passing, if they are
so favored.

Ramesh Gangolli

Trond Digernes
I had met Raja already during my first quarter at UCLA
(fall 1971), but we didn’t start discussing mathematics un-
til some twenty years later. It started in a small way in
the winter of 1990 when I came to UCLA from Australia
and gave a talk on some material I had discussed with col-
leagues at the Australian National University in Canberra.
Raja took an interest in the topic (elliptic operators on Lie
groups), and we met for discussions a few times. However,
we didn’t pursue that subject. When Raja visited Trond-
heim the year after, we had both gotten interested in fi-
nite models for quantum mechanics, and the question of
whether these converged to the full model. I had read an
article by W. Arveson on the subject, whereas Raja was in-
spired by a couple of articles by J. Schwinger from 1960.
Schwinger claimed—but didn’t rigorously prove—that his
finite models converged to the continuous model in a cer-
tain strong sense. Raja felt we should try to prove this. I
did some numerical computations for the finite harmonic
oscillator, and the results made it clear that there was
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something to prove here: the eigenvalues and eigenfunc-
tions of the finite model were remarkably close to those
of the continuous model. The proof, however, ran into
some technical challenges, so Raja invited his good friend
S. R. S. Varadhan to join the project. With Varadhan on-
board the proof was completed, and in two ways: by stan-
dard functional analytic methods and by stochastic meth-
ods that improve the results achieved with the functional
analytic methods.

Figure 4. From left: Trond Digernes; Raja’s students Stephen
Kwok, David Weisbart, Jukka Virtanen; Raja; UCLA, colleague
Nate Grossman. UCLA, 2010.

Raja’s motivation for studying finite approximations
can be seen in the following quote from a talk he gave in
Dubna, Russia, in 1995: “In their works on the founda-
tions of quantum theory, Schwinger and Weyl considered
usual quantum mechanics as the limiting case of quan-
tum mechanics over finite fields and groups. These lim-
iting procedures suggest that there are interesting general-
izations when the real field is replaced by the 𝑝-adic field.”
In this spirit Raja and I, together with Espen Husstad, a
student of mine, published an article on finite approxima-
tions of Weyl systems. The setting was more general than
in the above-mentioned article, but the mode of conver-
gence was weaker.

It was en route to the Dubna conference in 1995, dur-
ing a stopover in Trondheim, that Raja first talked to me
about non-Archimedean physics, a subject which had been
introduced just a few years earlier (in 1987) by the Russian
mathematical physicist I. Volovich. Part of the philosophy
here is that phenomena below the Planck scale are best
described by a non-Archimedean geometry, as ordinary
Archimedean measurements break down in this regime.
The 𝑝-adic numbers lend themselves to this theory, since
they come equipped with a non-Archimedean absolute
value, and since they are the completion of the rational
numbers with respect to this absolute value (the rational
numbers must be at the base of any physical theory, since
the outcome of any measurement is a rational number).

Since there is no preferred prime in nature, one eventu-
ally has to consider all of them in one go, and this leads
to the adelic theories. Raja made several important contri-
butions to non-Archimedean physics (sometimes also re-
ferred to as arithmetical physics), both of an analytical and
a philosophical nature. He also devoted a whole chapter
of his book Reflections on Quanta, Symmetries, and Supersym-
metries to this theory.

Raja’s third visit to Trondheim was in 1998, when he
was awarded the Onsager Professorship and the Onsager
Medal. The first Onsager Professorship was awarded in
1993. It is named in honor of Norwegian chemist and
physicist Lars Onsager, who was awarded the Nobel Prize
in Chemistry in 1968 for his work done in 1931 on irre-
versible thermodynamics.

My journey with Raja was a long and extremely inter-
esting one. His keen understanding of both physics and
mathematics alwaysmade it a rewarding experience to con-
verse with him. In addition to his intellectual brilliance he
also had a personality marked by hospitality and generos-
ity. He is dearly missed and cannot be replaced.

Figure 5. 2010 Birthday Conference, UCLA.
Back Row: T. Digernes, ?, ?, J. Huerta, J. Virtanen, C. Carmeli;
Middle Row: Ms. Cassinelli, A. Schwarz, G. Cassinelli, D.
Cervantes, R. Fioresi, M. A. Lledo, V. Serganova, D. W. Taylor,
?; Front Row: H. Salmasian, I. Musson, S. D. Kwok, Raja, S.
Ferrara, A. Marrani, J. Rabin.

Trond Digernes
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Rita Fioresi
Professor V. S. Varadarajan was a terrific lecturer: his clar-
ity of exposition made his lectures memorable for all the
students in his classes, no matter at which level. He would
often alternate theorems and proofs with remarks on the
history and significance of the mathematics he was dis-
cussing, how ideas developed, how concepts came along.
I recall a first-year graduate class where he lectured to us on
the Langlands program. It was very inspiring, even more
so when we found out he had a personal connection with
Robert Langlands.

But he would also have witty remarks and interludes
that made his classes very enjoyable. In the fall of 1992, he
had amajor heart attack andwas hospitalized during finals
week. At that time I was sitting in his graduate algebra class,
and we sent him a very warm “get well soon” letter which
we wrote during the final. When he came back in winter
quarter, he started his lecture by saying, “In my previous
incarnation...,” very amusing.

Later on he told us that right before his operation of a
quintuple bypass a priest came to give him the last rites ac-
cording to the Catholic rituals. When the priest realized
they were not sharing the same faith and was about to
leave, Raja said, “Please stay, Father. One does not know
who I will meet on the other side!”

While I was doingmy PhD under his supervision, he be-
came interested in the theory of quantum groups. On this
topic, Raja ran a weekly participating seminar, attended by
graduate students and faculty alike. He wrote a wonderful
account on the theory of quantum groups, based on his
lectures, that later was published as lecture notes. He fo-
cussed on the relation between quantum groups and the
theory of quantum mechanics. In particular, he viewed
quantum groups as an attempt to mathematically justify
the irreconcilable difference between quantum mechan-
ics and the deterministic approach of classical mechan-
ics. Starting from the famous Heisenberg relation, formu-
lated through the Lie bracket of the operators associated
with the position and momentum of a particle [𝑞, 𝑝] = 𝑖ℏ,
Raja worked through Weyl quantization, to give a sound
motivation for the introduction of the concept of quan-
tum group, which he showed arises quite naturally in this
framework. The Moyal–Weyl quantization, which was
somehow a prelude to the theory of quantum groups, re-
sponds to the need to give a mathematically sound vest to
this theory.

In general, most mathematicians working within this
framework tend to overlook its fundamental physical
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Figure 6. Rita Fioresi with Raja, UCLA, 2010.

significance and concentrate mainly on the mathematical
properties of these objects. Raja was not at all like this: he
wanted to give to any statementmade by physicists a sound
mathematical ground. For this reason he was revered by
all of his physics friends. He collaborated with a group
of physicists in Genoa on the theory of quantum groups
and more generally on representation theory and its appli-
cation to theoretical physics. Enrico Beltrametti, Gianni
Cassinelli, Claudio Carmeli, and Piero Truini, to name just
a few physicists in Genoa that had the pleasure to collabo-
rate with Raja, have the utmost respect for his contribution
to this field. His book Geometry of Quantum Theory is in-
deed one of the most authoritative references and manda-
tory reading for anyone who wants to take up the study
of quantum mechanics with the necessary mathematical
rigor.

Around the year 2000, Raja became interested in super-
symmetry (SUSY), so he organized a joint weekly learning
seminar with Sergio Ferrara and me. At that time I was ex-
pecting my first child Elia. Raja was convinced that Elia
would be a natural mathematician, having attended his
seminars before birth! His interest in SUSY took him to
Naples, where his good friend BeppeMarmo organized his
stay. From these lectures originated his AMS book Super-
symmetry for Mathematicians: An Introduction, which imme-
diately became the no. 1 bestseller of the AMS. Supersym-
metry stems from the need to treat on equal grounds the
two fundamental types of elementary particles, namely,
boson and fermions, which obey the Bose–Einstein and
Fermi–Dirac statistics, respectively. Physics tells us that we
must allow transformations between these two types and
consequently it is necessary to treat even (that is, commut-
ing) and odd (that is, anticommuting) coordinates on equal
grounds. Though no experimental evidence has confirmed
the theory, the study of supersymmetry and supermani-
folds has become a subject on its own in mathematics. In
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the last part of his life, Raja would listen over and over to
Pierre Deligne’s online lectures on SUSY curves, delivered
in 2015 at a conference at the Simons Center, which he
attended together with his students Stephen Kwok, David
Taylor, andme. We would sit together through the lectures,
and have our meals always together; somebody at the con-
ference told us we seemed like a family, but actually this is
the way we felt.

Raja was a Buddhist; he kept a poster of the Buddha in
his office and a beautiful statue in his wonderful garden
in Pacific Palisades. He was, however, not at all bounded
by this faith only. He would often visit Catholic churches
and enjoy the silence and meditation there. During his vis-
its in Turin, working with the physicists Riccardo D’Auria
and Marian Lledó, he once stopped at a Catholic church
to light three candles: one to Jesus, one to Saint Mary,
and one to Archangel Saint Michael, for three personal
thoughts he had while meditating in there. During his
Turin visit, he wrote a wonderful paper, joint with D’Auria,
Ferrara, and Lledó, on spinor algebras, a construction that
lies at the heart of spin groups, their representation, and
the famous principle of triality originally introduced by Car-
tan.

He also was an avid fan of Mozart. Having listened
to the famous clarinet concerto, he went ahead and first
bought a clarinet and then started regular music tutoring
at his house. When buying Mozart music scores at a local
shop, a naive clerk asked him, “Are you Mr. Mozart?” to
which he promptly replied, “I wish!”

He was extraordinarily generous in mathematics. He
would talk with us, students and collaborators, for count-
less hours, simply enjoying the sharing of mathematical
thoughts. He would have regular gatherings at his house,
where his wife Veda would cook delicious Indian food for
us, and then we would be together talking about mathe-
matics and enjoying the beauty of his residence and the
excellent cooking of Veda. There are no better times in our
memory. He and Veda would host Thanksgiving dinners
for all the students and friends, as both of them would
consider students as family. Veda used to call my children
“Raja’s grandstudents,” which we all found at the same
time amusing and affectionate.

In the last part of his life, he was very weak and yet
he would host friends and talk about mathematics at his
house. He became fascinated with the adelic hypothesis to
describe the physics of the microscopic world. He and his
many collaborators had many ideas and plans to develop
his wonderful intuitions. He is loved by many and will be
missed.

Figure 7. Don Blasius with Raja, UCLA, 2015.

Don Blasius
I met V. S. Varadarajan in the late 1980s while visiting
UCLA. We spoke about his long collaboration with UCLA
colleague and friendDon Babbitt on differential equations
with irregular singular points. He explained their algebro-
geometric method, based on suggestions of Deligne, for
studying local moduli, as well as how it was motivated by
problems arising in Harish-Chandra’s work. The conversa-
tion transformed my view of the intellectual companion-
ship awaiting me at UCLA, whose faculty I decided to join
in that period.

Despite this promising beginning, we did not interact
a lot during my first years at UCLA. I was involved in my
projects, students, and collaborations, as was he with his.
Eventually, a natural context for us to get to know each
other arose. The department had chosen Raja to be the
organizer of UCLA Math’s new Distinguished Lecture Se-
ries. With his intelligence, breadth, and grace, he counted
transformative senior mathematicians among his friends
and acquaintances. So Raja was brilliantly successful in re-
cruiting speakers of the highest renown: in those first years,
speakers, who gave intensive courses of one month, in-
cluded Atiyah, Deligne, Langlands, Serre, Singer, and Yau.
Sometime in the second or third year of the program, Raja
asked me to work on it with him. We became good friends
as we evolved the program in the period 2000–2008. At
the end of this service, the Mathematics Department gave
Raja an award, which he valued highly, for this service to
UCLA. The program continues with success today.

Don Blasius is Distinguished Professor of Mathematics at UCLA. His email
address is blasius@math.ucla.edu.

1372 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 9



Once friendship started, Raja and his wife Veda wel-
comed Peter (my life partner) and me into their home.
Since then, we have regularly joined them for Thanksgiv-
ing dinner and their July barbecue. The latter was held
in their beautiful garden with its tranquil pine trees. The
company at these events (and their annual New Year’s Day
party) was a mixture of academics, not all from UCLA, and
others from their lives. These events were reliable social fix-
tures for forty years.

Conversation with Raja was a unique delight. As all
his friends witness, he had a remarkable memory of the
vast range of his experiences. He also had a strong in-
terest in the lives of mathematicians and he knew many
stories and quotes. One of his favorites was from Harish-
Chandra, who told Raja, when discussing the idea of work-
ing in physics, that he felt it likely that if he tried he would
just drive his Porsche off the road into a ditch. Of course,
Harish-Chandra had no Porsche; he was speaking of his
mathematical talent. Raja repeated variants of this remark,
with himself and others as subject, with relish but also se-
riousness. Mercedes was his preferred auto brand for the
story, and of course he dropped the reference to physics so
it became a counsel against distraction by trivial things or
bad problems.

For two decades he and Veda have been a prime
source of recommendations for mysteries, especially clas-
sic British crime fiction, including those on television.
Once, to start the conversation, I mentioned that I had
seen an episode of the British series Midsomer Murders the
night before. He perfectly recalled the plot of the episode,
which he had seen years before, and even corrected me on
a point.

Raja had his own guides and heros, both living and
from the past. He had three about whom he spoke reg-
ularly and whose direct influence was enormous: Mackey,
Harish-Chandra, and Deligne, and he has written about
these influences in his book Reminiscences. From the re-
cent past, Hermann Weyl was another luminary, and from
an earlier era, he admired Euler and wrote a book on his
work for contemporary mathematicians.

About thesis students, Raja had a distinct change of
philosophy in the late 1980s. Until that point he had
asked prospective students to read his famous 1974 text
Lie Groups, Lie Algebras and Their Representations as a first
step. He remarked wryly that he rarely saw them again,
and indeed only three of his seventeen students finished
before this change. So he decided he wanted more stu-
dents and began coaching students intensely from the start.
With this philosophy, he became a highly effective advisor
and he found great personal reward in his advising and the
friendships and collaborations that evolved.

Figure 8. Raja and Veda, March 2019, on occasion of their $1
million gift to found the Ramanujan Visiting Professorship at
UCLA.

As surveyed in his Reminiscences, Raja’s interests evolved
greatly over his career, although he always kept in the or-
bits of representation theory and quantum mechanics. He
kept working unto the last. He was very happy when he
completed just several years ago a longstanding and ex-
hausting project with Ramesh Gangolli to edit and pub-
lish, as a fifth volume of the Collected Papers, notes left
by Harish-Chandra on the representation theory of 𝑝-adic
groups. This appeared in 2018. He also left a research ar-
ticle, joint with his former student David Taylor, in a late
stage of revision at the Pacific Journal of Mathematics. It
concerns geometrically defined measures on schemes, es-
pecially homogeneous schemes, over local fields. It incor-
porates his three favorite areas of mathematics—Lie the-
ory, number theory, and algebraic geometry—and also, via
measure theory, is a return to his beginning in the founda-
tions of probability.

Raja was my ardent friend and mentor, and he is sorely
missed.

Credits

Figures 1, 4, and 5 are courtesy of David Weisbart.
Figures 2 and 3 are courtesy of Veda Varadarajan.
Photo of Michael Rapoport is courtesy of Mathematisches

Forschungsinstitut Oberwolfach.
Photo of Ramesh Gangolli is courtesy of Ramesh Gangolli.
Photo of Trond Digernes is courtesy of Arne Asphjell.
Figure 6 is courtesy of Rita Fioresi.
Figure 7 is courtesy of Don Blasius.
Figure 8 is courtesy of UCLA.
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results from in-depth analyses of institutional records, 
classroom observations, surveys, focus groups, and individ-
ual interviews undertaken over the period 2012–2017 at six 
institutions: four large public R1 universities, one private 
R1 university, and one liberal arts college.

The Challenge for the Future
We are losing large numbers of prospective STEM majors. 
If we compare the number of students who enter college 
with the intention of majoring in a STEM2 field with those 
who earn a bachelor’s degree in STEM each year, we see 
that there is a widening gap (Figure 1). The situation is, in 
fact, worse than this graph indicates because the count of 
intended majors includes only those who begin as full-time 
students in a four-year undergraduate program. The graph 
of actual graduates also counts those who started in a two-
year program and those who began as part-time students.

An important observation from this figure is that from 
1975 until 2007, the number of entering students intending 
a STEM major stayed remarkably consistent, dropping in 
the mid-1980s, then growing by a bit over 50% over the 
next twenty years. From 2007 to 2017, the number doubled. 
The change in slope was so abrupt that the economic un-
certainties unleashed by the Great Recession of 2008–09 
must have been a significant factor.

This book investigates who is leaving and why, with 
particular focus on women and underrepresented minori-
ties. As in the original study published in 1997, findings 
from the new study counter the common presumption 
that most students who leave STEM majors do so because 
they are unable to meet the intellectual challenges or work 

Talking about Leaving Revisited: Persistence, Relocation, 
and Loss in Undergraduate STEM Education 
Elaine Seymour and Anne-Barrie Hunter, Editors 
Additional authors: Heather Thiry, Tim Weston, Raquel 
Harper, Dana Holland, Andrew Koch, and Brent Drake

In 1997, Seymour and Hewitt published Talking about Leav-
ing: Why Undergraduates Leave the Sciences [7]. Based on an 
extensive body of research, they revealed a constellation of 
factors that lead students to drop out of STEM1 majors. Be-
yond inadequate preparation, they uncovered reasons that 
included poor teaching, curriculum overload, inadequate 
advising and support, and rejection of the highly compet-
itive culture these students encountered in their major. 

Given the increasing importance of a workforce prepared 
for STEM careers, the community of those working to im-
prove undergraduate mathematics education have awaited 
this follow-up study with considerable anticipation. Led 
by Anne-Barrie Hunter and funded by the Alfred P. Sloan 
Foundation and the National Science Foundation, a team 
of researchers at the University of Colorado Boulder un-
dertook a detailed and comprehensive study of student 
attraction to and retention in STEM. Their work, presented 
in this volume in a series of reports, is based on triangulated 

Talking about Leaving Revisited
Persistence, Relocation, and Loss 

in Undergraduate STEM Education

Book Review by David Bressoud

David Bressoud is DeWitt Wallace Professor of Mathematics at Macalester 
College and director of the Conference Board of the Mathematical Sciences. 
His email address is bressoud@macalester.edu.

This review draws on parts of an essay written by the author for MAA 
“Launchings,” posted at MathValues.org, and it is published here with 
permission from the MAA.
1For the study reported in this volume, STEM consists of agriculture, 
environmental science, computer and information sciences, engineering, 
biological and life sciences, mathematical sciences, and physical sciences.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2145

2These graphs are based on the number of students in biological or life 
sciences, computer or information sciences, engineering, mathematical 
sciences, or physical sciences. They do not include those in the agricultural 
sciences.
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issues of socio-economic and educational dis-
advantage. (p. 439)

This volume aims to move beyond simplistic labels and 
to identify the range of issues that impact students coming 
from a variety of backgrounds and experiences.

Problems of the Transition
In the chapter on “Issues with high school preparation 
and transition to college,” the authors describe the com-
mon experience of many students, especially those from 
under-resourced schools, who had been able to coast by 
relying on memorization, maintaining high grades with 
little or no effort. They arrived in college without the study 
skills they needed to succeed and with a fragile sense of 
their readiness for a STEM career that was based on the 
high grades they had received in high school.

One of the longest chapters, “Weed-out classes and 
their consequences,” is devoted to describing what hap-
pens when students encounter these prerequisite courses 
in their first year. The authors formally designate Severe 
Foundational Courses (SFCs) as classes of 100 or more 
students in the first or second year, in existence for more 
than four years, required and/or a prerequisite for a STEM 
major, and in which the percentage of students receiving 
a D, F, Withdraw, or Incomplete exceeds 20%. An aston-
ishing 67% of all students who were surveyed about their 
SFC reported that they learned little or no new content in 
this course (p. 210).

The impact of these courses—the authors point espe-
cially to Calculus and General Chemistry—is so severe that 
these reports retain the term “weed-out class” in discussing 
them. They can be devastating, especially for women and 
economically disadvantaged students. As one woman 
who completed a mathematics major reported her own 
experience,

The weed-out courses are trying to get rid of 
students rather than bring everyone along—it’s 
psychologically crushing if you are in a class 
where you know their one objective is to get 
rid of you. (p. 229)

The reports in this book align with the findings of the 
calculus studies undertaken by the Mathematical Associa-
tion of America [1, 6]: the teaching style in these courses 
is generally lecture-based and impersonal, grades are low, 
and these grades are often assigned on a curve with an im-
plicit—and sometimes explicit—expectation that a certain 
percentage will fail. 

This book chronicles the highly competitive environ-
ment in these courses, one that deters many students, 
especially women and students from underrepresented 
minorities who are already struggling against stereotype 

demands of a STEM curriculum. This study found that 10% 
of those who declared and then left a STEM major had an 
ACT math score of at least 31 or an SAT math score of at 
least 681. Almost a third, 32%, of those who left their STEM 
track had entered with an ACT math score of at least 28 or 
an SAT math score of at least 621. A substantial section of 
this study looks at how and why high-performing students 
(those whose GPA in their first semester at college is 3.5 
or higher) leave STEM. As revealed in the MAA’s calculus 
studies [2] and further substantiated here, losses of women 
are especially problematic.

While women now constitute 57% of all bachelor’s 
degrees, they make up only 40% of those in the physical 
sciences, 22% in engineering, and 20% in computer sci-
ence. In the mathematical sciences, they compose 42%, 
which may seem acceptable but is down from a high of 
48% in 2001.3

Perhaps the greatest challenge comes with underrepre-
sented minorities.4 In 2000, they earned 15% of all bach-
elor’s degrees. By 2018, this was up to 27%. Yet in that year 
they represented only 23% of computer science majors, 
21% of physical science majors, 18% of engineering majors, 
and 18% of mathematical science majors. However, view-
ing this as a racial/ethnic problem is misplaced. As stated 
in the final chapter of this book,

Focusing on race/ethnicity as if it were a sig-
nificant independent variable appears to be 
inherently, if unintentionally, racist. The char-
acteristics that create what appear to be issues 
related to race/ethnicity are more accurately 

Figure 1. The number of full-time first-year students at four-year 
undergraduate programs intending to major in a STEM field 
(upper blue graph) against the number of students graduating 
with a bachelor’s degree in a STEM field that year (red). 
Sources: Higher Education Research Institute (HERI) [4] for the 
blue graph and National Center for Education Statistics (NCES) 
[5] for the red.

3Data from NCES (2018) [4, tables 322.30 and 322.50].
4These percentages are from NCES (2018) [4, table 322.30]. They combine 
the data for the classifications African American, Hispanic, Pacific Islander, 
American Indian, Alaskan Native, and two or more races.



OctOber 2020  NOtices Of the AmericAN mAthemAticAl sOciety   1377

EDUCATION

getting like a 67 or 70 something on the test, it 
just doesn’t feel good to you. It feels like you’re 
failing almost. (p. 340, white woman, switched 
from biology to sports medicine)

Grading on a curve accentuates the uncertainties that 
confront many women.

Girls I normally work with, they got 4.0s in 
high school. In my fluid dynamics class, if you 
get a 70 overall, it’s an A, and he makes the 
tests so that the average is supposed to be like 
a 50. And so, even though they got a 55 and 
it’s above average, they still couldn’t wrap their 
heads around it. They would always freak out … 
I definitely see that a lot more with girls—that 
perfectionism that they get from high school, 
where they need to get a 100 on everything. 
(p. 341, white man, graduated in chemical 
engineering)

These students capture the serious consequences of 
assessments that are pitched at an inappropriate level and 
then “corrected” by grading on a curve.

In the closing paragraphs of the Foreword to Talking 
about Leaving Revisited (TALR), Shirley Malcolm, head of 
education and human resources programs at AAAS, writes,

The constellation of factors that contribute to 
loss are broad and interconnected. Likelihood 
of poor K–12 schooling which so disadvantages 
students of color links to socioeconomic status 
and lack of social capital, lack of knowledge 
about careers or about navigating college. No 
single intervention can address this—only sys-
temic approaches.

The harmful actions may not have been 
done with malice, but there has been and con-
tinues to be harm … TALR makes the case for 
systemic change, pointing us to actions that can 
positively affect STEM for all. This is an oppor-
tunity to use the research to guide our actions, 
to reject the traditions born of a different time, 
place, and talent pool, letting TALR guide the 
path forward. (p. x)

Nothing illustrates what is needed in the first year, espe-
cially for women and those from economically disadvan-
taged backgrounds, better than the chapter titled “Getting 
an A” from Tough’s important book, The Years That Matter 
Most: How College Makes or Breaks Us [8]. This chapter 
from his book demonstrates how devastating it can be for 
a talented and capable student from an under-resourced 
high school to encounter Calculus I for the first time at a 
large research university. Tough’s chapter also illustrates 
what it takes to make it possible for this type of student 

threat. As this volume documents, even a B can be discour-
aging for some women.

By men’s and women’s accounts, high-per-
forming women struggled more to adjust to 
the weed-out practices that are a trademark of 
gateway STEM courses. (p. 365)

As the data presented in Figure 2 demonstrate, the 
greatest discrepancy between persistence rates of men and 
women occurs among those with the highest grade point 
averages (GPAs).

Many women misinterpret moderate grades as failure. 
Being at the top of their high school class in science and 
mathematics was an important contributor to their deci-
sion to pursue a degree in a male-dominated field such 
as computer science, engineering, or physics. Given the 
prevalence of fixed mindset, that one either is or is not a 
“math person,” the authors chronicle how experiences that 
create doubt can be deeply discouraging.

The authors do not advocate inflating grades. Rather, 
they call on instructors and advisors to be sensitive to the ef-
fects that grades have on different populations of students. 
This is especially true of the practice of grading on a curve.

The authors describe how being assessed “not in abso-
lute terms by demonstrating conceptual understanding but 
relative to your classmates was novel and alarming” (p. 
291). Even without predetermined grade distributions, the 
low raw scores fostered questioning whether one belonged.

I shoot for A’s usually, but … but they curved 
the class a lot … and it didn’t really feel like you 
were excelling when you were getting low grades 
on the test freshmen year. You don’t understand 
how college classes curve and when you’re 

Figure 2. Rate of switching by gender and first-semester GPA. 
Source:  Talking about Leaving Revisited, p. 70. Of the 5,696 
women and 8,864 men who declared a STEM major at one of 
the six study sites, 1,041 women and 979 men subsequently 
switched to a non-STEM major.
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One significant change from the 1997 report was that 
many students were now encountering active forms of in-
struction. Especially among women, their descriptions of 
“good” teaching included active and inquiry-based learn-
ing. Students reported that this improved their understand-
ing of concepts, heightened their interest in the material, 
held their attention, and facilitated making connections 
between ideas.

As the authors explain in their chapter on “Students’ 
perceptions of good STEM teaching,” good teaching is 
more than just the absence of bad practices. Good teach-
ers create organized, coherent courses. Students described 
good teachers as the ones who provided examples, showed 
applications, and made connections. Foremost among de-
scriptions of good teaching were openness, approachability, 
and concern for students’ learning.

Good professors acknowledge that some things 
are hard … They look you in the eye and they’re 
like, “This is hard stuff. This is hard to under-
stand … I’m open to talk about this after hours.” 
They have open office hours … and they make 
sure everybody is on the same page … They’re 
invested in your success. (p. 251, white woman, 
graduated in geosciences)

As Fairweather has pointed out [3, p. 10], the greatest 
gains in effective teaching come not from improving the 
practices of the good teachers, but by increasing the sensi-
tivity of all faculty to the needs of their students and get-
ting them to employ any form of pedagogy that increases 
student engagement. 

Lessons Learned
The penultimate chapter provides student responses to the 
question, “What enables persistence?” First on the list was 
developing a balanced life. Students with interests outside 
of STEM were better able to cope with the pressures. De-
veloping effective learning habits was also important. This 
included learning to ask for help, adapting to the different 
demands of different courses, and just accepting that study-
ing was going to take a lot more effort than it did in high 
school. Persistence also meant adjusting to lower grades, 
that a 4.0 GPA may not be attainable in college, and B’s, 
even C’s, can be acceptable. 

In addition, the authors’ conversations with students 
revealed the importance of community and a sense of 
belonging. When all else was working against them, this 
source of support often kept students moving forward.

In the concluding chapter, the authors point to the 
importance of curriculum design, pedagogical methods, 
and assessments. They point out that even modest moves 
toward instructional strategies that have been studied and 
supported by research in STEM education can improve 
student outcomes, but they caution that we must first  

to succeed. The solution is not to lower standards but to 
meet the essential needs for proper guidance, support, and 
encouragement.

Perceptions of Teaching
Poor-quality STEM teaching, particularly in introductory 
courses, still tops the list of student concerns, both from 
those who drop out of a STEM major (96% of whom 
voiced this concern) and those who completed their STEM 
degree (72% raised this issue). In the chapter on “Student 
responses to problematic STEM teaching methods,” the 
most common complaint was disorganized and impersonal 
delivery, often accompanied by inappropriate pacing. This 
could be too slow, expanding on unimportant details, or 
too fast, racing through important concepts without giving 
students time to absorb what was essential. Students also 
reported problems with inappropriate level, represented 
by the following student quote.

The worst professors that I’ve experienced have 
actually been some of the smartest. I realize 
that they’re experts in their field; they’re really 
excellent at what they do … but they’re unable 
to simplify things in ways that they can express 
to students … They will look at me and not be 
sure why I’m confused. And I’m confused why 
they don’t understand that I’m confused. And 
it’s just an ongoing cycle of that. I think it’s a 
lack of knowing how to express really detailed 
concepts in a baseline way. (p. 163, white 
woman, graduated in neuroscience)

A purely lecture format was a big obstacle for many 
students. Students reported that lectures were often dull 
and spiritless, provided little opportunity for questions or 
discussion, and often failed to provide context by connect-
ing the material to real-world phenomena. 

It was just rambling—not many examples and 
all theory. And I realize it’s math, but we’re 
engineers and we need the examples of how to 
apply it. (p. 169, Asian woman, graduated in 
electrical engineering)

Over a third of those who left STEM reported encoun-
tering instructors who exhibited destructive behaviors, 
including those who were condescending, antagonistic, 
or even mocking of students. At a less egregious level were 
those who did not seem to care.

Of all the classes that I really disliked, the one 
thing that links them all is that you can tell 
that the professors didn’t really enjoy what they 
were doing. (p. 172, Hispanic man, graduated 
in biological sciences)
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understand how individual instructors conceptualize the 
learning process. Many instructors still believe in “fixed 
intelligence” and that only the “innately gifted” are likely 
to succeed. They are poorly prepared to make the effort 
required to support those struggling with the transition 
to college.

The authors’ message to the mathematics community is 
that employing Calculus as a “weed-out” course, whether 
intentionally or not, is especially destructive for first-gen-
eration college students and those from economically dis-
advantaged backgrounds. How it is taught and how at-risk 
students are supported require serious attention.

As the reports in this book reveal, the obstacles to 
success are far more varied and complicated than simple 
lack of ability. Moreover, they can be overcome if they are 
recognized and addressed. The first step is to understand 
the student experience at one’s own institution. Who is 
succeeding—not just passing but preparing for future suc-
cesses—and who is not? What is working and for whom, 
and what is not and for whom?

The chapters of this volume illustrate the kinds of data 
and information that each institution should be gathering, 
ranging from general statistics to surveys and interviews. 
The appendices include the survey instrument and the 
interview protocols that were used to gather the detailed 
information for this study.

The solutions to meeting the needs of the future will 
require systemic change. Those in authority—senior fac-
ulty, chairs, deans, provosts, and college presidents—must 
accept that high-quality teaching and the scholarship of 
teaching and learning are essential to their mission. Es-
pecially in this time of stretched resources and widening 
gaps between the privileged and the disadvantaged, we 
must embrace our collective responsibility to understand 
the full extent of the challenges that students face and to 
take steps, however constrained, toward addressing them. 
Talking about Leaving Revisited provides a template for gath-
ering this information and a guide toward the actions that 
can be taken.
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scientific literature, have been the object of a great deal of 
study, and many people have scrutinized them and worked 
towards their improvement to address potential problems 
of inequity and bias.

Police patrolling will not simply end. If mathematicians, 
scientists, and others don’t come together to help formulate 
algorithms about patrolling, we can do little to influence 
the potential bias that the police can (and likely will) bring. 
But if the algorithms used by the police are transparent, and 
placed in a forum of public scientific discussion, we can 
work together to find potential sources of bias and inequity, 
and address them. If the algorithms aren’t available, if the 
police obtain them through businesses that keep them 
confidential, this conversation can never happen, and this 
is when society will really suffer.

I don’t think this is the time for academics to walk 
away from the conversation with the police or with other 
institutions and companies, but rather now is the time to 
go deeper, to analyze how particular algorithms are used, 
to push for maximal transparency, and to try to identify 
and correct bias where we can. This is the time to engage 
with our colleagues, who have developed and refined their 
expertise to think deeply about these problems, and who 
have developed a dialogue with various social institutions. 
They are an incredibly valuable resource which should not 
be squandered. If we are concerned about their results, 
assumptions, or the application of their work, we need to 
engage with them first in the realm of scientific discourse 
about their research, of which a great deal is publicly 
available.

I should make it clear that this is not my own area of 
expertise (which is noncommutative algebra and arithmetic 

We live in a world in which algorithms are broadly used by 
companies and organizations which play important roles 
in our society.

When these algorithms are secret, for example, when 
they are protected by intellectual property laws, or when 
their use is not disclosed, we are unable to scrutinize their 
validity, to check them for unintended (or intended) biases, 
or to ensure their correct application. On the other hand, 
when algorithms and their use are made publicly available, 
and exist within open scientific, mathematical, or statistical 
dialogue, we have a fighting chance of engaging with them, 
and making them better as a community.

Cathy O’Neil has led the effort to raise awareness of bias 
in real-world applications of mathematics. She has helped 
clarify that we, as mathematicians and scientists, have a 
collective responsibility to try to ensure that algorithms 
and methods are developed and used in a way which pro-
motes transparency so that we can locate and try to correct 
these biases.

Predictive policing is an important case to consider. 
Broadly speaking, this is the process of constructing algo-
rithms to predict where crimes are likely to occur, and has 
been used to direct patrolling behavior of police officers 
with the intention of reducing criminal behavior. While I 
can’t speak for all of the companies and algorithms, some 
of these algorithms in use are publicly available in the 
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which affect our everyday lives can be made transparent 
and available, and their uses may be fully disclosed. This is 
something that we need to work towards as a society. And 
as scientists, we need to engage with the algorithms that 
do exist, to test them, to critique them, and to work to fix 
them when needed.

Credits
Author photo is courtesy of Max S. Gerber.

geometry). Nonetheless, I have spent some time recently 
trying to familiarize myself with the literature, to the extent 
that I have been able. I’d like to point out some sources I 
found particularly informative on this topic:

 • Cathy O’Neil’s book, Weapons of Math Destruction: How 
Big Data Increases Inequality and Threatens Democracy, 
https://www.amazon.com/dp/0553418831/ref=cm 
_sw_em_r_mt_dp_U_OnL7EbPB39V9B.

Here’s a nice article on some of the theory and practice 
of predictive policing algorithms as used by PredPod:

 • http://dx.doi.org/10.1080/01621459.2015.1077
710 (https://www.researchgate.net/publication 
/282772661_Randomized_Controlled_Field 
_Trials_of_Predictive_Policing).

And this is a useful summary and overview of predictive 
policing as a whole:

 • https://nij.ojp.gov/library/publications 
/predictive-policing-role-crime-forecasting 
-law-enforcement-operations.

This article points out potential for biases being rein-
forced by the algorithm in “feedback loops”:

 • https://doi.org/10.1111/j.1740-9713.2016 
.00960.x.

While important concerns were brought up, this article 
seems to have started a good deal of public discourse about 
potential negative effects of predictive policing, most of 
which seemed unrelated to the actual algorithm in ques-
tion or its use. I found the following summarizing article 
very interesting:

 • https://theappeal.org/the-truth-about 
-predictive-policing-and-race-b87cf7c070b1.

Some articles examine whether or not these potential 
biases of PredPol’s algorithm seem to arise in practice:

 • https://www.tandfonline.com/doi/full 
/10.1080/2330443X.2018.1438940

 • https://kb.osu.edu/handle/1811/85819.

Here is an article addressing a strategy to fix the feedback 
effects and remove the problem of reinforced bias:

 • http://proceedings.mlr.press/v81/ensign18a 
.html.

Many more articles of interest and further details can 
be found by simply going to the websites of the various 
authors of these papers, and looking at their publications.

We have been fortunate, as a community, that some of 
these algorithms are available in the scientific literature, and 
can be further explored. I hope that we can move to make 
things more open in the future, so that more algorithms 
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A Collection of Intriguing 
Mathematical Puzzles

DANIEL J. VELLEMAN | STAN WAGON

Bicycle or Unicycle: A Collection
of Intriguing Mathematical
Puzzles
By Daniel J. Velleman
and Stan Wagon

At Thanksgiving last year, my
fourteen-year-old nephew showed
me an interesting puzzle:

Puzzle 1. You are playing solitaire
in the first quadrant of the Cartesian
plane, the lower corner of which is

shown in Figure 1. You begin with a single checker on square
a1. On each turn, a legal move consists of removing one checker
from the board and then placing two new checkers in the cells
immediately above and to the right of the original checker. If
either of those two cells is occupied, then the move is illegal,
and a different checker must be selected for removal. A possible
sequence for the first two moves is shown in Figure 1. You keep
making moves in this manner for as long as you wish. Prove
that no matter how you move your checkers, it is impossible to
contrive a situation in which the lower left 3×3 square (between
rows 1–3, and between columns 𝑎–𝑐) is entirely empty. That is,
there will always be at least one checker in one of those nine
cells.
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For permission to reprint this article, please contact:
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Figure 1. A possible sequence for the first two moves in our
solitaire game. The only possible first move is to remove a1
and to place new checkers on a2 and b1. For the second move
we chose to remove a2, and to place new checkers on a3 and
b2.

My nephew participates in a math circle, meaning he
comes to family gatherings armed to the teeth with puz-
zles like this. I was unable to solve it expeditiously, and
his obvious delight in having stumped his mathematician
uncle bordered on unseemly.

The solution is to assign a fraction to each cell, like this:

⋮ ⋮ ⋮ ⋮
1/8 1/16 1/32 1/64 …
1/4 1/8 1/16 1/32 …
1/2 1/4 1/8 1/16 …
1 1/2 1/4 1/8 …

Since each move entails removing one checker and re-
placing it with two checkers of half the value, the total sum
of all the checkers is always one. A straightforward calcu-
lation shows that the cells outside the lower 3 × 3 square
sum to less than one. It follows that there must always be
at least one checker in the lower 3 × 3 square to make the
sum of all the checkers work out properly. Very nice!
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This sort of thing makes you want to philosophize
about the difference between a problem and a puzzle.
Problems are the sort of thing we inflict on students to
force them to practice basic skills, while puzzles induce
a smile and provide occasions for family bonding, at least
among the mathematically inclined family members.

The line between a problem and a puzzle is often just
one of presentation. I could imagine a calculus textbook
asking the student to sum the entire array above, but then
it would cease to be a puzzle. It would just be a tedious ex-
ercise in applying the formula for the sum of a geometric
series. It is the snappy presentation in the form of a soli-
taire game, coupled with the flash of insight needed to see
that infinite series are relevant, that transforms this into a
fun and engaging puzzle.

Discussing this with my nephew reminded me of a puz-
zle I heard when I was in middle school. My older brother
was taking algebra, and his teacher presented him with
this:

Puzzle 2. There are some horses and chickens in a barn, fifty
animals in all. Horses have four legs while chickens have two.
If there are 130 legs in the barn, then how many horses and how
many chickens are there?

This is not terribly difficult, of course. The stronger stu-
dents will quickly think to write down the system (using
the obvious notation)

𝐻 + 𝐶 = 50
4𝐻 + 2𝐶 = 130,

and will then apply one of the standard methods for solv-
ing such things. As a textbook problem, we might suspect
this ismeant simply as an exercise in solving linear systems,
with the horses and chickens thrown in to make it into a
“word problem.”

This is not what made the impression on me. Rather,
thememorable part was whenmy brother pointed out that
this can be solved easily without writing down any equa-
tions at all. You just tell the horses to stand on their hind
legs. Now there are fifty animals each with two legs on
the ground, accounting for one hundred legs. That means
there are thirty legs in the air. Since every horse has two
legs in the air, we find that there are fifteen horses, and
therefore thirty-five chickens.

I thought about these questions while reading Daniel
Velleman’s and Stan Wagon’s latest collection of mathe-
matical puzzles, which I enjoyed immensely. Fair warning,
though: These puzzles are hard! I was looking for fodder
to spring on my nephew at our next family gathering, but
I fear he is a little too early in his mathematical education
for most of what is here (though I can certainly imagine
giving him a copy as a Hanukkah present a few years down
the line). I will confess that for some of the puzzles I found
it toomuch trouble even to work through the solutions, let

alone to try to solve them myself. But those were in the mi-
nority, and most of the puzzles are both fun to solve and
thought-provoking for the mathematical issues they raise.

There are 105 puzzles in all, with separate chapters for
geometry, number theory, combinatorics, probability, cal-
culus, algorithms and strategy, and miscellaneous puzzles.
The title problem, too complex to state here, gets its own
chapter. If you enjoyed Peter Winkler’s puzzle collections
[6, 7], then you will enjoy Velleman and Wagon as well.
On the other hand, if Martin Gardner [3] is more to your
liking, then you might find many of these puzzles a bit too
intense. In the remainder of this review, I will spotlight a
few of the puzzles that I found especially interesting.

Velleman and Wagon followed tradition in grouping
their puzzles by mathematical discipline, but as I read I
often found myself formulating my own groupings. For
example, some of the puzzles I mentally placed under the
heading, “Gosh! Somebody noticed that.”

Here is one such puzzle, referred to by the authors as
“Pascal’s Determinant”:

Puzzle 3. Suppose that Pascal’s triangle is written as follows:

1 1 1 1 1 ⋯
1 2 3 4 5 ⋯
1 3 6 10 15 ⋯
1 4 10 20 35 ⋯
1 5 15 35 70 ⋯
⋮ ⋮ ⋮ ⋮ ⋮

The first row and column consist entirely of 1s, and every other
number is the sum of the number to its left and the number
above. For each positive number 𝑛, let 𝑃𝑛 denote the matrix
consisting of the first 𝑛 rows and columns of this array. What is
the determinant of 𝑃𝑛?

There is a trick to this: The matrix 𝑃𝑛 can be factored
into the product of a lower triangular matrix and an upper
triangular matrix. More specifically, consider these two ar-
rays:

1 0 0 0 0 ⋯
1 1 0 0 0 ⋯
1 2 1 0 0 ⋯
1 3 3 1 0 ⋯
1 4 6 4 1 ⋯
⋮ ⋮ ⋮ ⋮ ⋮

1 1 1 1 1 ⋯
0 1 2 3 4 ⋯
0 0 1 3 6 ⋯
0 0 0 1 4 ⋯
0 0 0 0 1 ⋯
⋮ ⋮ ⋮ ⋮ ⋮

If we let 𝐿𝑛 and𝑈𝑛 denote, respectively, the first 𝑛 rows and
columns of the left and right arrays, then it turns out that
𝑃𝑛 = 𝐿𝑛𝑈𝑛. This immediately implies that det 𝑃𝑛 = 1 for all
𝑛 (since the determinant is multiplicative, and since the de-
terminants of triangular matrices are given by the products
of their diagonal entries). Velleman and Wagon provide a
very nontrivial combinatorial proof for this factorization.
(They also refer readers to a paper by Edelman and Strang
[2] that provides three additional proofs of the factoriza-
tion.)
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Do you see what I mean? Somebody noticed that!
My favorite puzzle in this category comes from the chap-

ter on geometry:

Puzzle 4. Bisect the four sides of a convex quadrilateral and
connect each midpoint to an opposite corner, choosing the first
one in counterclockwise order as in Figure 2. Prove that the
central quadrilateral has the same area as the union of the four
corner triangles.

Figure 2. The construction described in Puzzle 4.

The solution is a marvelous “proof without words,” as
shown in Figure 3.

Figure 3. The two dashed lines divide the original
quadrilateral into two triangles. Within each triangle, the
colored and white areas are themselves triangles, each
having the same base and height.

One more time: Somebody noticed that! (Velleman and
Wagon cite Ash, Ash, and Ash [1] andMabry [4] for further
information on this puzzle.)

Another category is: “Puzzles that make you say, ‘Re-
ally?’” Sometimes the task that is put before you seems so
impossible, or the result that is proved seems so surpris-
ing, that you just have to stare for a while before coming
to terms with it. Here is an especially enjoyable example:

Puzzle 5. A round cake has icing on the top but not the bottom.
Cut out a piece in the usual shape (a sector of a circle with ver-
tex at the center), remove it, turn it upside down, and replace
it in the cake to restore roundness. Do the same with the next
piece; i.e. take a piece with the same vertex angle, but rotated
counterclockwise from the first one so that one boundary edge
coincides with a boundary edge of the first piece. Remove it,
turn it upside-down, and replace it. Keep doing this in a coun-
terclockwise direction. If 𝜃 is the central angle of the pieces, let
𝑓(𝜃) be the smallest number of steps needed so that all icing

returns to the top of the cake, with 𝑓(𝜃) set to ∞ if this never
happens. For example, 𝑓(90∘) = 8.

• What is 𝑓(181∘)?
• What is 𝑓(1 radian)?

The answers are wonderfully counterintuitive, and I
would urge you to have a go at this one yourself. Wagon
has produced an online resource that will allow readers to
simulate the process described in the puzzle for any start-
ing angle 𝜃 [5].

The number theory chapter is especially rife with sur-
prising results:

Puzzle 6. Let 𝑎, 𝑏, 𝑐 be positive integers with no factor in
common to all three such that

1
𝑎 +

1
𝑏 = 1

𝑐 .

Prove that 𝑎 + 𝑏, 𝑎 − 𝑐, and 𝑏 − 𝑐 are all perfect squares.

Puzzle 7. Prove that a positive integer 𝑛 is prime if and only
if there is a unique pair of positive integers 𝑗 and 𝑘 such that

1
𝑗 −

1
𝑘 = 1

𝑛.

The solutions to these are too complex to include here,
but the results themselves strike me as fascinating and sur-
prising. Egyptian fractions, meaning sums of fractions all
of which have numerator one, just seem to be a bottomless
pit of interesting problems!

Another favorite category is “Quickies.” Some puzzles
require an elaborate setup and a fair amount of thought
just to understand what is being asked. The quickies, by
contrast, have a stark simplicity that makes them all the
more enjoyable. Any good puzzle has a snappy, clever so-
lution, but with the quickies there is something ingenious
just in asking the question in the first place.

Velleman and Wagon offer several such examples,
among which I especially liked these two (again, with
apologies for not including the complex solutions):

Puzzle 8. Can the rational numbers in the interval [0, 1]
be enumerated as a sequence 𝑞1, 𝑞2, … in such a way that
∑∞

𝑛=1 𝑞𝑛/𝑛 converges?

Puzzle 9. Consider a standard, circular 12-hour clock where
the three hands have equal length, and all point vertically up-
ward at midnight.

• Is there a time when the ends of the three hands form
an equilateral triangle?

• Same question, but assume there are 11 hours in the
full circle as opposed to 12 (but still with 60 minutes
to an hour and 60 seconds to a minute.)

Puzzles of this sort are enjoyable to read even if you do
not attempt to solve them. Under this category, I would
also mention this one:
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Puzzle 10. Suppose the parabola 𝑦 = 𝑥2, with focus at (0, 1/4),
rolls without slipping along the 𝑥-axis. What is the locus of the
focus?

It is not that I think this is an especially ingenious puz-
zle. I mention it only because the phrase “locus of the fo-
cus” made me laugh, since it reminded me of Danny Kaye
in The Court Jester. (Google “chalice from the palace” if
you do not know the reference.)

There are many anthologies of mathematical brain-
teasers available, but most of them are rather basic for
those of us in the business. Books of high-level mathemat-
ical puzzles are harder to come by. Velleman and Wagon
have produced an admirable addition to this literature. I
suspect most of the puzzles will be new to most readers,
and their presentations of better-known puzzles invariably
bring some new angle to the discussion. Anyone with a
taste for mathematical puzzles, which I assume includes
the entire readership of the Notices, will benefit from read-
ing this book.
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pages from the second volume concern planar graph 
growth constants, Bombieri’s conjecture from the theory of 
univalent functions, and prime alternating tangles. Taken 
together, Mathematical Constants and Mathematical Constants 
II form a comprehensive and unique work that is a welcome 
addition to the mathematician’s reference library.

The Calculus Gallery 
Masterpieces from Newton to Lebesgue 

William Dunham

The Calculus Gallery, originally 
published in 2005, was reissued 
in 2018 as part of the Princeton 
Science Library. This dense paper-
back book is a historically mo-
tivated tour through dozens of 
signature formulas, seminal results, 
and major theorems from the de-
velopment of the calculus. The 

word “calculus” here must be broadly construed; the term 
“analysis” might be more appropriate. For example, the 
Riemann rearrangement theorem, the uncountability of the 
real numbers, and Weierstrass’s continuous but nowhere 
differentiable function are discussed.

The Calculus Gallery is divided into fourteen chapters.   
Dunham devotes twelve to important figures in the devel-
opment of the calculus: Newton, Leibniz, the Bernoullis, 
Euler, Cauchy, Riemann, Liouville, Weierstrass, Cantor, 
Volterra, Baire, and Lebesgue. Two chapters are “interludes” 
that set the stage for major paradigmatic shifts: the formal 
reckoning of what limits and functions are.

Although historians of mathematics will not find much 
here that they do not know already, instructors of analysis 
or honors calculus may find this to be a useful sourcebook.  
The results are presented in their original form, often with 
geometric intuition and notation that is unfamiliar to the 
modern reader. Consequently, this book demands the 
reader’s full attention. Unlike many traditional surveys of 
calculus or analysis, which present only the final, polished 
versions of seminal results, The Calculus Gallery provides 
a glimpse at the pitfalls, adjustments, and ideas as they 
developed.  As such, the book also functions as a pleasant 
invitation to the history of mathematics.

Mathematical Constants 
and 
Mathematical Constants II 
Steven R. Finch

Mathematical Constants and Math-
ematical Constants II comprise an 
encyclopedic work devoted to 
mathematical constants. These 
constants are presented in the form 
of hundreds of technical essays, 
each with an independent and 
well-researched bibliography. The 
first volume, which was published 
in 2003, is divided into eight chap-
ters, each with many subsidiary 
parts. The topics addressed in its 
135 essays run the gamut from 
well-known constants like e and 
π, to more esoteric constants that 
arise in the enumeration of dis-
crete structures, functional itera-
tion, and many other areas. The 
second volume, published in 2018, 
has a similar format. It contains 
133 essays spread throughout five 

broad chapters that address constants from approxima-
tion theory, topology, probability, complex analysis, and 
numerous other fields.

These two volumes are as dense as they are encyclopedic. 
Nevertheless, when taken in small doses they are a compel-
ling read. Flipping to a random page will, more likely than 
not, lead to some intriguing and unfamiliar mathematics. 
For example, three random pages in the first volume discuss 
cubic variations of the golden mean, the Stolarsky–Har-
borth constant (concerning the asymptotic behavior of 
the number of odd elements in the first n rows of Pascal’s 
triangle), and Lieb’s square ice constant. Three random 
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layered so that one can read a top-level description in one 
continuous pass and then go back and click on links in that 
exposition that open up to reveal details. Just to be clear, 
students do not buy a traditional e-book. They purchase 
six months of access to a website that hosts the expository 
material and handles all the computation and interaction 
with Wolfram’s cloud computing.

Is this the future of the mathematics textbook? It is, at 
least, one future. And, from here, it looks pretty exciting.

Number Theory 
Róbert Freud and Edit Gyarmati

Many decades ago Edit Gyarmati 
took a course in number theory 
from Paul Turán. The two of them 
turned her lecture notes into a 
very successful Hungarian text-
book. Years later Gyarmati and 
Freud extensively revised, up-
dated, and rewrote that text; the 
resulting book became the most 
popular undergraduate number 

theory textbook in Hungary. Freud has now translated that 
book for AMS publication. One of the reasons for the inor-
dinate success of Hungarian mathematics is the attention 
paid by leading researchers to pedagogy. This text is a prime 
example of the fruit of that attention.

The distinguishing features that made the book so pop-
ular in Hungary are the crystal clear exposition, the natural, 
gradual development as the depth and level of abstraction 
increases, and the beautiful problems. One of the great 
traditions of Hungarian mathematics is delicious problems; 
that tradition is on full display here. The 800+ exercises are 
inviting, illuminating, deep, and fun. The book covers all 
the usual suspects in an elementary number theory course: 
divisibility, primes, arithmetic functions, and Diophantine 
equations. But there is also extensive coverage of more 
advanced topics: Diophantine approximation, algebraic 
numbers, congruences of higher degree, algebraic number 
fields, primality testing, and combinatorial number theory. 
There is more than enough material to fill a yearlong course.

Interacting with Ordinary 
Differential Equations 
Stephen H. Saperstone  
and Max A. Saperstone

Personal computers revolution-
ized the teaching of differential 
equations. Partly this was driven 
by advances in the subject itself, 
which were driven by research-
ers’ access to computing. Partly 
it was driven by the Calculus 
Reform movement which was 

influenced by universal access to computing. Qualitative 
theory, modeling, and numerics are the core ideas of the 
course now with explicit solution techniques correspond-
ingly deemphasized. Along with this change in content, the 
pedagogical tools we use to deliver the content changed.

Our textbooks changed, too, of course: different content, 
different emphases, different exercises and kinds of student 
work. But those textbooks necessarily presented a static 
picture of a subject that is itself about motion and change. 
Sandy Saperstone, pondering those textbooks and his ODE 
syllabus, had a different idea. What if we could imbed the 
dynamic nature of the subject into an e-book? His e-book 
Interacting with Ordinary Differential Equations presents the 
newly standard material in a one-semester ODE class with 
imbedded interactive elements. As you read about bifur-
cations or the effects of initial conditions, you can interact 
with a window, change parameters or constants in your 
equation, and watch a new solution be generated in real 
time. The computation is done in the cloud by Mathemat-
ica, but that’s all invisible to the user. The user experiences 
reading an e-book that makes movies and graphics by 
changing parameters in imbedded windows.

I should mention that the exposition is beautifully 
clear and lucid. The exercises are interesting and deep and 
appropriately modern. The author also used the e-book 
structure in an interactive way. The exposition is often 
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MLBDecideR: A SHINY App
for Baseball

Jason A. Osborne, Melody Wen, and Neil Dey

Many of the strategic decisions thatmanagers have tomake
in Major League Baseball (MLB) can be informed by thor-
oughly quantitative arguments. When deciding whether
to put a baserunner in motion, attempt a steal, or sacrifice
bunt, a good decision requires consideration not just of
the situation, but of the personnel. Virtually every such de-
cision regarding a hitter and a baserunner should be made
in light of not only (estimates of) their abilities, but of the
hitters who are “on deck,” “in the hole,” and even all of
the hitters who follow in the lineup, particularly if there
are no outs or it is early in a game. We present a web
application that carries out Markov chain calculations to
assist with several classes of decisions. The app, available
online at the URL go.ncsu.edu/mlbdecider, reports in
tabular and graphical form an estimated probability distri-
bution for the number of runs scored during the remain-
der of a Major League Baseball game. Users can select any
of the thirty MLB teams from any of the 2014–2019 sea-
sons. Summary statistics for players are displayed in a table
called Player Database, and these are the primary source of
information for estimating the transition probability ma-
trix (TPM) of the chain. We focus on three tools that can
assist a decision-maker before or during a game as well as
any fans whowish to beMonday-morning quarterbacks af-
ter a game. The Lineup Tool enables users to select two line-
ups (players and the order in which they will hit) from any

Jason A. Osborne is a professor of statistics at North Carolina State University.
His email address is jaosborn@ncsu.edu.
Melody Wen is a senior at the North Carolina School of Science and Mathe-
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single team for comparative purposes. The Steal a Base Tool
enables users to investigate how the probability distribu-
tion of runs scored changes with the probability of a suc-
cessful steal of any base except home. The tool calculates
a theoretical threshold beyond which it makes sense to at-
tempt the steal, using either estimated run expectancy or
the estimated chance of scoring at least one run as crite-
ria. The Sacrifice Bunt Tool makes a similar calculation to
assist with the decision of whether it makes sense quan-
titatively to ask a weak, nonpitching hitter to try to bunt
a baserunner into scoring position (second or third base),
or whether they should be permitted to swing away, with a
focus on the four most common bunting situations. These
decisions require the user to input the situation in the
game: inning, base occupation, number of outs, and the
current batting order, as well as the choices of using sum-
mary statistics against a right- or left-handed pitcher and
whether to use a hitter’s data from a given year or over an
entire career.

1. Background
Many authors have used Markov chains to model the
progress of a baseball game from one hitter to the next.
Sokol [Sok04] focuses on runs expectancy and suggests
using annual summary statistics for an individual in the
lineup to estimate his corresponding TPM, even providing
Matlab code for readers interested in their own implemen-
tation. Bukiet–Harold–Palacios [BHP97] develop an algo-
rithm to carry Markov calculations for one inning forward
across a full game, keeping track of the probability distri-
bution of runs scored and place in the order at the start of
innings subsequent to the first.

This algorithm enables us to work out the entire prob-
ability mass function for the random variable 𝑅 represent-
ing the number of runs scored either for an entire game
or for the remainder of a game when the user specifies an-
other initial state. Ursin [Urs14] uses this algorithm with
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0 000 0 100 0 010 0 001 0 110 0 101 0 011 0 111

1 000 1 100 1 010 1 001 1 110 1 101 1 011 1 111

2 000 2 100 2 010 2 001 2 110 2 101 2 011 2 111

3 outs

Walk or
Single

Home Run

Out

Single, runner takes third

Sacrifice or
Advance

Sacrifice Fly

Figure 1. State space of the Markov chain for one inning. States are combinations of outs and base occupations, and are
identified by a single digit for the number of outs followed by a three-binary-digit sequence for occupation of first, second, and
third base. Several transitions between states are illustrated with arrows and labels.

2013 data and some important simplifying assumptions
to simulate runs scored for the entire season and finds
generally good agreement with the observed totals for all
thirty teams. These assumptions include exclusion of cer-
tain events that have strategic importance for some of the
decisions we consider. In particular, we combine league-
wide play-by-play data and an individual’s summary statis-
tics to estimate the important probabilities of baserunners
taking the extra base on hits, advancing on outs (either
by sacrifice or when hitters are swinging away), grounding
into double plays, and scoring by sacrifice fly.

The states of the chain are simply the combinations of
the 23 = 8 possible occupancies of the three bases other
than home and the number of outs during the inning (0,
1, or 2), plus the additional absorbing state of three outs,
for a total of (8 × 3) + 1 = 25 states in the state space. We
let states be denoted with four digits, the first of which in-
dicates the number of outs, followed by three consecutive
binary digits to indicate the occupancy of first, second, and
third base, respectively. For example, a runner on second
with nobody out, a prime candidate for the sacrifice bunt,

is denoted
�� ��0 010 . The 24 nonabsorbing states are dis-

played using this notation in Figure 1. Several transitions
among states are shown. For example, at the beginning
of an inning, with no outs and no baserunners, the most
probable transition, even for Babe Ruth, is to make an out
and move to the state of one out and no runners on base.
Alternatively, Babe is not unlikely to hit a home run, lead-
ing to a transition back to the state of no outs and no run-
ners on base with a run scored. Many of the elements of

the transition probability matrix when the Babe is up can
be estimated using only the empirical relative frequencies
implied by either his career summary statistics or those for
a given year. Other transitions that involve nondetermin-
istic baserunner advancement on outs and some types of
hits are obtained by combining individual summary sta-
tistics and league-wide information obtained by parsing
play-by-play information freely available from the incred-
ible historical archive at www.retrosheet.org. This type
of estimation for certain situations is sketched out in the
first of the next three sections, which correspond to the
three tools in the app.

2. Lineup Tool
The default order of the players in our shiny app table en-
titled Player Database is descending by number of plate ap-
pearances and should be changed by the user for specific
applications. Using these plate appearance ranks for the
2019 World Series Champion Washington Nationals, the
opening day lineup of Eaton, Turner, Rendon,. . . ,Scherzer,
Robles can be specified by entering (8 11 7 13 1 10 6 17
15) in the field entitled “Batting Order A.” An astute reader
might note that the manager, Dave Martinez, has gone
against convention by placing the pitcher in the eighth
spot instead of ninth, a habit he may have learned from
his mentor, Joe Madden, when they were together with the
Chicago Cubs. The Lineup Tool enables the user to quickly
consider the order obtained by switching the last-place hit-
ter, Victor Robles, with the starting pitcher, Max Scherzer.
This is accomplished by entering (8 11 7 13 1 10 6 15 17)
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in the field entitled “Batting Order B.” The app will sequen-
tially estimate transition probability matrices using batters
in these two sequences provided by the user, then in turn
work out the estimated probability mass function for the
remainder of the game. This distribution can be seen in
tabular form by clicking the “Table of run probabilities”
tab or as a plot by clicking “Probability distribution of
runs scored.” The right tail of this distribution can be col-
lapsed by selecting a number smaller than 10 in the “Max
runs in plot:” selector at the bottom left. Inspection of
the reported means indicates that, from a run expectancy
point of view, there is no obvious justification for batting
Scherzer eighth instead of ninth, since themeans are 4.192
and 4.204, respectively. Interestingly, if Robles is moved
further up in the order to sixth, the estimated mean goes
up to 𝐸(𝑅) = 4.215. This is because he is a better hitter in
the sense of more bases per plate appearances and better
on-base percentage than the players in the sixth, seventh,
and eighth positions. Obviously, there are other things to
consider, such as alternating the handedness of hitters in
the lineup to cause problems for the opposing manager’s
possible decision to change pitchers later in the game, but
this tool provides a way to quantify and compare lineups.

For the most part, the summary statistics shown in the
Player Database are used to estimate transition probabili-
ties. Let us order the states so that the elements in the top
row of the diagram in Figure 1 are “situations” 1 through 8,
moving left to right. Similarly, the elements in the second
and third rows are situations 9–16 and 17–24, respectively.
The 25th situation is the absorbing 3-out state. For the
lead-off hitter Adam Eaton, the first element of the TPM,
𝑃1,1, is estimated using the empirical relative frequency of
home runs in his career, 𝑃1,1 = 52/2614 = 0.0199, since the

only event in an at-bat from state
�� ��0 000 with no outs

and no runners on base that could result in situation #1
again is a home run. Similarly, the next element in the

TPM, the probability of moving from
�� ��0 000 to

�� ��0 100 ,

can be estimated by summing the relative frequencies of
walks and singles, 𝑃1,2 = (248 + 454)/2614 = 0.2686. (In
our first of many very small departures from reality, we
neglected to consider the possibility of a four-base error
in 𝑃1,1 or of reaching base by error or by hit-by-pitch in
𝑃1,2.) While this simple transition probability is estimated
using only data for Adam Eaton, other transition probabil-
ities with runners on base involve borrowing information
from plate appearances from other players. For example,
suppose Eaton comes to bat with no outs and a baserunner

on first base, state
�� ��0 100 . Suppose he hits a single. How

do we estimate the chance that the baserunner advances
to second or third, or even scores all the way from first?

We use play-by-play data for the 2019 season available
from Retrosheet and functionality introduced in [MAB18].
We observe that among the 1,576 instances where a sin-
gle was hit in situation #2, the baserunner advanced to
second with relative frequency 1160/1576 = 0.736. We
then “distribute” the probability of Eaton getting a single

in the situation to the states
�� ��0 110 and

�� ��0 101 with

conditional probabilities 0.736 and 1 − 0.736, leading to
the TPM estimates 𝑃2,5 = (248 + 0.736 ∗ 454)/2614 and
𝑃2,6 = (0.264 ∗ 454)/2614 = 0.0459. This argument re-
quires the unreasonable assumption that the conditional
baserunner advancement probabilities we are estimating
are constant over hitters and baserunners. However, to es-
timate specific probabilities without this type of “smooth-
ing,” we would have to limit ourselves to instances where
Eaton came to bat in situation #2. This would severely
restrict information and lead to high variability in the esti-
mation of the TPM, not to mention the amount of parsing
of play-by-play data that would be necessary. We make
similar adjustments by borrowing information from other
hitters to estimate baserunner advancement probabilities
on doubles, triples, and on generic outs (nonstrikeout).

Suppose there are fewer than two outs. If we wish to
estimate a player’s laudable ability to drive a runner home
from third or a player’s lamentable tendency to hit into
a double play when a runner is on first, we can use the
raw frequencies of these events, labeled in the Player Data-
base as “SF” and “GDP,” respectively. However, we can
no longer use plate appearances, “PA,” as the denomina-
tor because these events can occur only in certain subsets
of all of a player’s plate appearances. While summary
statistics that are “split” according to these situations are
available, the number of plate appearances in each split
dwindles rapidly, particularly when using only one year
of data. We estimate the chance of a successful sacrifice
by down-scaling the plate appearances proportionally to
the relative frequency of a sacrifice situation across the en-

tire league. For state
�� ��1 001 , the observed frequency in

2019 was 9232/186517 = 0.0495. For Eaton to bring that
player home via the sacrifice fly, we estimate the proba-
bility using an “effective” or “estimated” sample size of
0.0495 × 2614 = 129.4 with 𝑃12,17 = 10/129.4 = 0.077. (The
success rate across the 2019 season was about 0.12.) We
use a similar approach to smooth the estimated probabil-
ity of grounding into a double play.

3. Steal a Base Tool
Another important decision for the manager is whether to
allow a speedy baserunner to attempt to steal a base. Con-
sider the Nationals opening day lineup again. Suppose
that Victor Robles, batting ninth, has reached first base in
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Figure 2. Inputs for the Steal a Base Tool, including inning, out, position in the lineup, and states after successful or failed stolen
base attempt.

the fourth inning with the top of the lineup coming to bat
with no outs. This situation can be specified by simply
clicking the Steal a Base Tool tab near the top of the tool-
bar on the left, then choosing “4” for the “What Inning?”
and “Runner on 1st” and “Baserunners” input selectors in
the left-hand toolbar. Now, to provide the input for the
event where Robles succeeds in swiping second base, we
simply choose “Runner on 2nd” in the “Baserunners” se-
lector in the column entitled “Situation if successful” and
“Bases empty” under “Situation if not successful.” We also
take care to change “Outs:” to 1 and both “What Inning?”
inputs to “4.” How speedy is Victor Robles? This infor-
mation can be provided by dragging the “Pr(SB)” stylus
left and right. All of these inputs are displayed in Figure
2. The default value 0.72 was calculated using 2019 stolen
base totals across both leagues. Robles has stolen 17 bases
and been caught 6 times, for a success rate of 0.74, very
close to the league success rate. Though MLB does not in-
clude “picked off” as caught stealing [TLD07], this is not
an unreasonable estimate. The app reports the estimated
probability distribution of runs scored in the remainder of
the game if (1) he does not attempt to steal, (2) he success-
fully steals, (3) he gets caught. Additionally, the marginal
distribution is computed by averaging over (2) and (3) us-
ing the 𝑃𝑟(𝑆𝐵) specified by the user. If the manager elects
not to send the runner, the run expectancy for the remain-
der of the game is 3.252 runs. If Robles gets the green
light and succeeds, it goes up a little to 3.424, but if he
gets caught it goes down considerably to 2.606. Averaging
over these two possibilities using weights 𝑃𝑟(𝑆𝐵) = 0.74

and 𝑃(𝐶𝑆) = 0.26 gives the marginal mean of 3.117, which
is lower than the mean if he does not attempt to steal at
all. The threshold for 𝑃𝑟(𝑆𝐵) beyond which the marginal
mean, 𝐸(𝑅) = 𝑃𝑟(𝑆𝐵)𝐸(𝑅|𝑆𝐵) + (1 − 𝑃𝑅(𝑆𝐵))𝐸(𝑅|𝐶𝑆), ex-
ceeds the current mean, 𝐸(𝑅|no attempt), is also reported
along with the same threshold in terms of 𝑃(𝑅 > 0). Ad-
ditionally, the app provides all four probability mass func-
tions for 𝑅 both in tabular and graphical format. Lastly,
interactive plots of 𝐸(𝑅|attempt) and 𝑃𝑟(𝑅 > 0|attempt)
against 𝑃𝑟(𝑆𝐵) are provided for the more visually oriented
decision-maker. These plots have horizontal reference
lines for the successful/unsuccessful/no attempt scenarios
and vertical reference for the user-inputted 𝑃𝑟(𝑆𝐵). All of
the four visualizations produced by the Steal a Base Tool are
shown in Figure 3. In the app, the plots are interactive, so
that when the user hovers over any point a floating box ap-
pears with appropriate numerical values and conditions.

To consider the possibility that Mr. Robles has a better
chance to succeed than is indicated by his current rate of
success, maybe because the particular catcher they are fac-
ing has a weak arm, or the pitcher has a slow delivery to
the plate, the user can either optimistically drag the stylus
to the right, or look to the right of the vertical reference on
these plots. The threshold is the point on the horizontal
axis where the slanted line for the marginal mean crosses
the horizontal line for the mean given no attempt, which
is 𝑃𝑟(𝑆𝐵) = 0.789 for Robles using the opening day lineup,
with Eaton and Turner coming up. The next several hit-
ters that follow the baserunner in the lineup are crucial
in the decision about whether to steal. As an experiment,
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(a) (b)

(c) (d)

Figure 3. Visuals from the Steal a Base Tool: (a) 𝑃(𝑅 = 𝑟) conditionally on no attempt, successful steal, caught stealing, or picked
off; (b) 𝑃(𝑅 = 𝑟) with and without attempted steal; (c) 𝐸(𝑅) vs. 𝑃(𝑆𝐵); (d) 𝑃(𝑅 > 0) vs. 𝑃(𝑆𝐵). All are calculated for a theoretical
game involving the Nationals opening day roster, assuming the runner Robles, batting from the sixth spot against a
right-handed hitter, reached base with no outs.

suppose we move Robles from the last spot in the order to
the fifth spot, where if he reaches base, he will be followed
by the weaker hitting Gomes, Dozier, and Scherzer. We
can conduct this experiment just by changing the input to
the “Batting order” field from (8 11 7 13 1 10 6 17 15) to
(10 6 17 8 11 7 13 1 15). Note that the threshold for rec-
ommending a stolen base attempt drops all the way from
0.789 to 0.667, as shown in Figure 3. This type of quan-
tification provides a rationale for putting faster but weaker
hitters lower in the lineup, or giving the occasional green
light to middle-order hitters of modest base-stealing abil-
ity should they reach. The app is quite flexible and allows
users to evaluate this probabilistic utility of the stolen base
for almost any situation. (It does not yet accommodate at-
tempts to steal home.)

4. Sacrifice Bunt Tool
The sacrifice bunt seems to be falling out of fashion in
MLB even more rapidly than the stolen base attempt. Con-

sider situation #2, state
�� ��0 100 : a runner on first base

and nobody out. The idea behind the sacrifice bunt is to
exchange an out for a base. If executed successfully, the
runner moves to second and becomes more likely to score.
The chain goes from state #2 to #11 (one out, runner on

second). If the attempt fails it goes to #10,
�� ��1 100 . The

quantitative argument against the sacrifice bunt is that
while the chance of scoring one additional run may have
increased, 𝑃(𝑅 > 0|1 010) > 𝑃(𝑅 > 0|0 100), the chance
for a big inning has been squashed, 𝐸(𝑅|1 010) < 𝑃(𝑅 >
0|0 100), though of course these probabilities all depend
on personnel. If we let 𝑝 denote the chance of a success-
ful bunt attempt, the marginal mean rarely exceeds the
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Year
Situation 2009 2014 2019

0 110 419
2580

= 0.162 374
2488

= 0.150 239
2500

= 0.096

0 010 499
3274

= 0.152 360
3104

= 0.116 200
3106

= 0.064

0 100 997
10027

= 0.099 846
9662

= 0.088 405
9697

= 0.042

1 100 155
11584

= 0.013 153
11334

= 0.014 132
11798

= 0.011

Total
2070
27465

= 0.075 1733
26588

= 0.065 976
27101

= 0.036

Table 1. Declining use of the sacrifice bunt for each of the four
major sacrifice situations.

mean with no attempt, even for 𝑝 as large as 1: 𝐸(𝑅) =
𝑝𝐸(𝑅|1 010) + (1 − 𝑝)𝐸(𝑅|1 100) < 𝐸(𝑅|0 100). Even if the
attempt can be assured of success, run expectancy has been
decreased by the out. This argument may have taken hold
in recent years. By parsing recent play-by-play data, it can
be seen that among plate appearances in the four most fre-
quent bunting situations, the proportion where the bunt
was attempted is now half what it was ten years ago, as
shown in Table 1.

However, this thinking is confined to two possible out-
comes from an attempt: success or failure. In reality, many
things can and often do happen when a bunt is attempted.
In a mid-2019 game between the Baltimore Orioles and

Oakland A’s the chain went from state #2,
�� ��0 100 , to

state #4,
�� ��0 001 , on a failed sacrifice bunt attempt to the

pitcher, who fielded the bunt but threw it into right field,
allowing the baserunner to come around and score all the
way from first, with the bunter reaching third. This type
of event happens with nonnegligible frequency. Tango–
Lichtman–Dolphin [TLD07] study bunting strategy in con-
siderable detail, focusing on nonpitching hitters, and de-
clare a sacrifice to have been attempted if a bunt was at-
tempted on any of the pitches in the plate appearance. The
Sacrifice Bunt Tool in our app is based on this approach,
treating the entire plate appearance as the sampling unit,
rather than investigating outcomes pitch-by-pitch. The
number of bunt attempts for most batters is very small,
making estimation of all the different possible outcome
probabilities difficult. Instead, we adopt the notion of a
universal bunter, whose transition probabilities we esti-
mate separately for each of the four major bunting situ-
ations. These estimates use 2019 data and pool over all

non-hitting pitchers and all instances where a bunt was at-
tempted during the plate appearance.

For state #2,
�� ��0 100 , we observe that in 3% of bunt

attempts, the bunter reaches base safely and the baserun-
ner reaches second base and in an additional 3% of at-
tempts, the runner even reaches third! Fielding sacri-
fice bunts is not easy. To compare the two strategies of
bunting and swinging away, we replace the appropriate
row of the hitter’s TPM by that of the universal bunter (and
then restore it for the remainder of the game). The tool
then reports again the entire probability distribution un-
der the two strategies, along with separate boxes to com-
pare 𝐸(𝑅|swing away) vs. 𝐸(𝑅|bunt attempt) and similarly
for 𝑃(𝑅 > 0). Note that the replacement row of the TPM
has many nonzero entries, which is a different approach
than the Stolen Base Tool which considers only two possi-
ble outcomes from an attempt. If we consider the afore-
mentioned game with the Orioles facing the right-handed
Mike Fiers, the game was in the second inning, Pedro Sev-
erino had reached first base, and young Rio Ruiz was at
the plate. To input this information, we first select the Sac-
rifice Bunt Tool from the dashboard at the top left of the
page, then choose the Orioles 2019 team, with the default
“career” statistics against “RHP.” To supply that spot in the
batting order, ranks from the Player Database are used with
the string (9 11 1 16 3 13 5 15 12) supplied because Ruiz
is up with Severino now batting last. With career statistics
well below those of an average player, the young Ruiz is
estimated to be such a poor hitter that his impact on the
probability distribution of runs is worse than that of the
universal bunter, as evidenced by the lower run expectancy
(𝐸(𝑅|swing) = 3.478 and 𝑃(𝑅 > 0|swing) = 0.893) com-
pared to when he is bunting (𝐸(𝑅|sac.att.) = 3.487 and
𝑃(𝑅 > 0|sac.att.) = 0.896). These are small differences,
but it is not difficult to find cases where the evidence in
support of bunting is more pronounced. Consider the
lineup of the weak-hitting 2019 Miami Marlins used in a
late season game against right-handed pitcher Zach Eflin.
They had Jon Berti leading off, followed by light-hitting
shortstop Miguel Rojas. Suppose Berti reached to lead
off the ninth with the score tied, bringing up Rojas, for
whom the app reports that 𝑃(𝑅 > 0|swing) = 0.349 and
𝑃(𝑅 > 0|sac.att) = 0.378. This is an improvement of al-
most 10%, and 𝐸(𝑅) improves as well. This information is
displayed in Figure 4, which is a screen capture from the
Sacrifice Bunt Tool. It was obtained by supplying the ranks
for the 2019 Marlins against right-handers in the lineup
field: (5 4 2 7 19 12 16 29 14).
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Figure 4. Using the Sacrifice Bunt Tool to assist the 2019 Miami Marlins in deciding whether to bunt using their lineup from a
game against the Phillies on September 28, 2019. The situation uses their actual batting order and assumes the lead-off runner
Jon Berti has reached first base with no outs in the ninth inning and light-hitting Miguel Rojas at the plate.

5. Conclusion
Optimal decisions in baseball should be made in light
of personnel. If we can imagine cloning a base-stealer
and putting him on two different teams in the same bat-
ting situation, the decision whether he should attempt a
stolen base should depend on who follows the runner in
the lineup. In general, if the lineup is weak, it makes
more sense to attempt a stolen base than if the lineup is
strong. Our app enables users to specify different lineups
and quantify the different outcomes, thus assisting in deci-
sions. We have relaxed many common assumptions, such
as allowing baserunners to occasionally advance an extra
base on balls in play, but other simplifications remain and
could be improved. An example is to allow these condi-
tional probabilities for extra base advancement to depend
on outs and even pitcher handedness, since left-handed
pitchers are believed to be more effective at holding run-
ners on first base because of the physical advantage of be-
ing able to face the runner prior to and during pitch de-
livery. A more substantial improvement could be brought
about by incorporating amore principled approach to esti-
mation of transition probabilities by pooling information
from individuals and across the leagues. Decision-making
in baseball is not easy. Nomanager wants to commit an er-
ror. Markov chains and visualizations of their application
might be able to provide an assist.
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This column comes from a note that I originally wrote 
on Otto Neugebauer’s birthday (May 26, 1899–February 
19, 1990). Otto Neugebauer was the founder and first 
editor-in-chief of both Zentralblatt für Mathematik und ihre 
Grenzgebiete and Mathematical Reviews. Normally, on his 
birthday, the staff of Mathematical Reviews would have a 
gathering in the kitchen with a cake. I would remind people 
that Neugebauer left Europe, eventually ending up in Prov-
idence, Rhode Island, because he opposed the demands 
being put on Zentralblatt by the Nazis with regards to Jewish 
editors and reviewers, and attempts to maintain a German 
identity for the journal. But we are working remotely now, 
so I wrote a long message to the staff at Mathematical 
Reviews instead, reminding them that our origin story is 
one of a principled person acting to maintain those values.

In his carefully researched article mentioned below, 
which heavily informs this column, Reinhard Sieg-
mund-Schultze describes Neugebauer’s views of mathe-
matics and the history of mathematics. He explains that 
Neugebauer embraced “the rationalistic and international-
ist ideals long associated with Göttingen science and math-
ematics,” in particular working with and hiring the best 
people regardless of where they came from. When Richard 
Courant was forced out as director of the Mathematics In-
stitute at the University of Göttingen, Neugebauer became 
his successor. But he resigned after only one day, when the 
pro-Nazi students issued a declaration of no confidence in 

Neugebauer. Neugebauer left Göttingen for Copenhagen, 
where he continued to run Zentralblatt. From Copenhagen, 
he attended the ICM in Oslo and gave an invited address 
there. At this point, Neugebauer was a recognized leader in 
the history of mathematics, especially that of ancient Mes-
opotamia. In an interview with a Norwegian newspaper, 
Neugebauer was asked why the Babylonians did so well at 
mathematics. Neugebauer answered,

Presumably through the specific blend of dif-
ferent types of people down there. The Babylo-
nians built on the Sumeric culture which the 
English have studied very extensively through 
excavations at Ur1 that you have probably heard 
about.

This belief in the value of “different types of people” 
strongly disagreed with the racist “Deutsche Mathematik” 
that was ascendant in Germany at the time. Remarkably, 
Neugebauer claimed in letters to friends that he did not 
feel pressure to influence his editorial policies even up 
to late 1937 (even though he had left for Copenhagen in 
1934). In March 1938, he received a letter from Blaschke 
(a member of the Zentralblatt editorial board), stating it 
“seems that the number of German collaborators, and even 
the role of the German language in Zentralblatt is constantly 
diminishing. If this continues, the publisher is going to face 
difficulties sooner or later.” In October 1938, legislation in 
Italy caused the Jewish Zentralblatt editor Levi-Civita to lose 
his professorship of rational mechanics at the University 

Otto Neugebauer
Edward Dunne

Edward Dunne is the executive editor of Mathematical Reviews at the 
American Mathematical Society. His email address is egd@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2152

1Ur was a Sumerian city-state in ancient Mesopotamia, with earliest 
evidence of its existence from circa 3800 BCE and written evidence from 
2600 BCE.
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Fortunately, many things have changed since the dark 
times of the 1930s. The editors at Mathematical Reviews, 
for instance, have a very good relationship with the editors 
at zbMATH (what Zentralblatt has transformed into). The 
two editorial groups recently completed the years-long 
collaborative process of revising the subject classification 
to produce MSC2020. The journals covered by zbMATH 
come from all over the world. I don’t have access to their 
reviewer database, but even a casual perusal of zbMATH 
reviews shows that their reviewers are quite international. 
I would be remiss if I didn’t also point out the obvious: 
movements for national identity and distrust of foreigners 
are on the rise again, in my own country, as well as in 
Europe and elsewhere. It is worrying, but I believe Martin 
Luther King’s statement, “The arc of the moral universe is 
long, but it bends toward justice.” The arc does not bend 
itself. The bending force is the action of people such as 
Otto Neugebauer.

If you want to learn more about the founding of Math-
ematical Reviews, here are some resources:

 • “Mathematical Reviews,” by Everett Pitcher, www.ams 
.org/samplings/math-history/hmpitcher-mr 
.pdf, which is a chapter in:
MR1002190 
Pitcher, Everett 
American Mathematical Society centennial publica-
tions. Vol. I. 
A history of the second fifty years, American Mathemat-
ical Society, 1939–1988. American Mathematical Society, 
Providence, RI, 1988. viii+346 pp. ISBN: 0-8218-0125-2

 • “The Founding of Mathematical Reviews,” by G. Baley 
Price, www.ams.org/publications/math-reviews 
/GBaleyPrice.pdf. (This article was sent by Price to a 
previous executive editor on the occasion of the fiftieth 
anniversary of Mathematical Reviews. Price lists some 
of the other scientific societies that sponsored some of 
the early volumes.) 

The following collection of articles is about Neugebauer, 
his research as a historian of mathematics, and his roles at 
Zentralblatt and at Mathematical Reviews:

 • MR3410193 
A mathematician’s journeys.
Otto Neugebauer and modern transformations of an-
cient science. Including revised and expanded papers 
from the conference held at New York University, New 
York, 2010. Edited by Alexander Jones, Christine Proust 
and John M. Steele. 
Archimedes: New Studies in the History and Philoso-
phy of Science and Technology, 45. Springer, Cham, 
2016. xi+342 pp. ISBN: 978-3-319-25863-8; 978-3-319-
25865-2

of Rome, and Springer unilaterally dropped Levi-Civita 
from the editorial board without informing Neugebauer, 
the editor-in-chief. Shortly thereafter, Neugebauer severed 
all his relations with Springer, resigning his editorships at 
Zentralblatt, Ergebnisse (the famous book series, which was 
founded by Neugebauer, Courant, and the other editors of 
Zentralblatt), and Quellen und Studien (an important journal 
on the history of mathematics that Neugebauer founded).

The founding of Mathematical Reviews under the auspices 
of the American Mathematical Society was true to Neuge-
bauer’s international vision of mathematics. Neugebauer 
eventually came to believe that it was necessary to found a 
new journal in the United States to allow mathematicians 
from every country to participate, as political situations 
in Europe were tense all over. There were many at the 
AMS who enthusiastically welcomed the opportunity to 
found such a reviewing journal—indeed there had been 
discussions as early as during World War I, but Neuge-
bauer got there first. With the changes in Germany and at  
Zentralblatt, there was now a growing sense of urgency. 
There was also some resistance, however, particularly from 
the influential Harvard mathematician G. D. Birkhoff, who 
has a problematic reputation of anti-Semitism. Fortunately 
for Mathematical Reviews, many more members were in 
favor of the proposal. The international perspective was 
established from the beginning. At the meeting of the AMS 
Council in December 1938, the resolution to sponsor a new 
abstracting journal included the passage “provided that a 
suitable mode of cooperation with foreign mathematicians, 
especially in Great Britain, can be effectively arranged and 
that adequate financial backing can be obtained.” Mathe-
matical Reviews was founded with grants from the Carnegie 
Corporation, the Rockefeller Foundation, the AMS, and 
the MAA. The funding from the Carnegie Corporation was 
reported to the AMS as “for the support of ‘an international 
mathematical journal’ over a preliminary period, ‘to be 
sponsored by and eventually supported by various mathe-
matical societies.’” On top of the foundational grants, most 
of the early issues were sponsored by mathematical societ-
ies outside the United States. For instance, Volume 1, Issue 
1 was sponsored by the AMS, the MAA, Academia Nacional 
de Ciencias Exactas, Fisicas Y Naturales de Lima (Peru), Het 
Wiskundig Genootschap te Amsterdam (Netherlands), and 
the London Mathematical Society (Great Britain).

As I like to remind the people who work at Mathematical 
Reviews, Otto Neugebauer uprooted himself and his family 
in order to do what he saw as the right thing. He believed 
that it was wrong to discriminate against people because 
of their religion or nationality. Moreover, he believed that 
by including a broad group, you are stronger. You can see 
those principles today. We have reviewers from 142 dif-
ferent countries. We cover journals from almost as many 
countries. Even our staff is international, with people from 
all over the world. Mathematical Reviews is a place where 
I am proud to work. 

http://www.ams.org/mathscinet-getitem?mr=3410193
www.ams.org/publications/math-reviews/GBaleyPrice.pdf
www.ams.org/publications/math-reviews/GBaleyPrice.pdf
http://www.ams.org/mathscinet-getitem?mr=1002190
http://www.ams.org/samplings/math-history/hmpitcher-mr.pdf
http://www.ams.org/samplings/math-history/hmpitcher-mr.pdf
http://www.ams.org/samplings/math-history/hmpitcher-mr.pdf
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In particular, the article in this volume by Siegmund-Schul-
tze is very informative about Neugebauer’s editorial work 
in Germany, Denmark, and the United States:
• MR3496894

Siegmund-Schultze, Reinhard (N-UIA2EN)
“Not in possession of any Weltanschauung”: Otto 
Neugebauer’s flight from Nazi Germany and his search 
for objectivity in mathematics, in reviewing, and in 
history. 
A mathematician’s journeys, 61–106, 
Archimedes, 45, Springer, Cham, 2016.

For a description of Neugebauer’s development as a scien-
tist and historian, see
• MR3496893

Rowe, David E. (D-MNZ-NDM)
From Graz to Göttingen: Neugebauer’s early intellec-
tual journey.
A mathematician’s journeys, 1–59, 
Archimedes, 45, Springer, Cham, 2016.

I wish that I could have consulted Siegmund-Schultze’s 
book about the Jahrbuch über die Fortschritte der Mathematik.
Among other things, the book discusses the competition 
between the JFM and Neugebauer’s Zentralblatt. There is a 
copy in the library just a mile from where I live, but the 
library is currently closed. 
• MR1253317

Siegmund-Schultze, Reinhard
Mathematische Berichterstattung in Hitlerdeutsch-
land. (German) [Mathematical reviewing in Hitler’s 
Germany]
Der Niedergang des Jahrbuchs über die Fortschritte 
der Mathematik. [The decline of the Jahrbuch über die 
Fortschritte der Mathematik] Studien zur Wissenschafts-, 
Sozial- und Bildungsgeschichte der Mathematik [Stud-
ies on the Scientific, Social and Educational History of 
Mathematics], 9. Vandenhoeck & Ruprecht, Göttingen, 
1993. x+263 pp. ISBN: 3-525-40316-X.

Credits
Author photo is courtesy of Edward Dunne.

NOTE. An interim version of this column was posted to 
the Mathematical Reviews / MathSciNet blog “Beyond 
Reviews” (blogs.ams.org/BeyondReviews).

Edward Dunne

CONTACT:
AMS Professional Programs

American Mathematical Society
201 Charles Street  |  Providence, RI 02904-2213 USA

800.321.4267, ext. 4096  |  mathjobs@ams.org

The automated job application database
sponsored by the AMS.

MathJobs.Org offers a paperless
application process for applicants and

employers in mathematics.

Registered Applicants Can:
• Create their own portfolio of application 

documents
• Make applications online to participating 

employers
• Choose to make a cover sheet viewable by all

registered employers

Registered Employers Can:
• Post up to seven job ads
• Set all criteria for required documents, and add

specific questions
• Receive and upload reference letters
• Manage applicant information and 

correspondence quickly and easily
• Set limited access permissions for faculty and 

EOE administrators
• Search for and sort additional applicants in the 

database
• Choose an advertising-only account, or a 

discounted single ad account

Visit mathjobs.org for pricing information.

FREE FOR APPLICANTS

http://www.ams.org/mathscinet-getitem?mr=3496894
http://www.ams.org/mathscinet-getitem?mr=3496893
http://www.ams.org/mathscinet-getitem?mr=1253317
http://blogs.ams.org/BeyondReviews
http://MATHJOBS.ORG
htt://mathjobs.og
http://MathJobs.Org


Call for Suggestions

FROM THE AMS SECRETARY

2021 Election

1400    NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 9

YOUR SUGGESTIONS ARE WANTED BY:

the Nominating Committee, for the following contested
seats in the 2021 AMS elections:

vice president, trustee, and five members at large
of the Council.

Deadline for suggestions: November 1, 2020

the President, for the following contested seats in the
2021 AMS elections:

three members of the Nominating Committee and
two members of the Editorial Boards Committee.

Deadline for suggestions: January 31, 2021

the Editorial Boards Committee, for appointments to
various editorial boards of AMS publications.

Deadline for suggestions: Can be submitted any time

Send your suggestions for any of the above to:
Carla D. Savage, Secretary
American Mathematical Society
201 Charles Street
Providence, RI 02904-2213 USA
secretary@ams.org
or submit them online at www.ams.org/committee-nominate
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FROM THE AMS SECRETARY

Statistics on Women Mathematicians
Compiled by the AMS

Invited Hour Address Speakers 
at AMS Meetings (2010–2019)

Male: 319 70%
Female: 138 30%
Unknown: 1 0%
Total: 458

At its August 1985 meeting the Council of the AMS approved a motion to regularly assemble and report in the Notices 
information on the relative numbers of men versus women in at least the following categories: membership in the 
AMS, invited hour addresses at AMS meetings, speakers at Special Sessions at AMS meetings, percentage of women 
speakers in AMS Special Sessions by gender of organizers, and members of editorial boards of AMS journals.

It was subsequently decided that this information would be gathered by determining the gender of the individuals 
in the above categories based on name identification if no other means was available and that additional information 
on the number of PhDs granted to women would also be collected using the AMS-ASA-IMS-MAA-SIAM Annual Survey. 
Since name identification was used, the information for some categories necessitated the use of three classifications: 

Male: names that were obviously male
Female: names that were obviously female
Unknown: names that could not be identified as clearly male or female (e.g., only initials given, non-gender-specific 

names, etc.)
The following is the thirty-fourth reporting of this information. Updated reports will appear annually in the Notices.

Speakers at Special Sessions 
at AMS Meetings (2015–2019)

Male: 13,057 65%
Female: 4,578 23%
Unknown: 2,503 12%
Total: 20,138

Trustees and Council Members

    2019       2018       2017       2016   
Male: 24 53% 24 59% 26 62% 26 62%
Female: 21 47% 17 41% 16 38% 16 38%
Total: 45  41  42  42

Percentage of Women Speakers in AMS Special Sessions 
by Gender of Organizers (2019)

Special Sessions with at Special Sessions with 
Least One Woman Organizer No Women Organizers

Male: 920 57% Male: 1,357 63%
Female: 489 30% Female: 475 22%
Unknown: 199 13% Unknown: 327 15%
Total: 1,608  Total: 2,159

2019 Members of the AMS 
Residing in the US

Male: 7,183 30%
Female: 1,346 6%
Unknown: 15,142 64%
Total: 23,671

Members of AMS Editorial Committees

    2019       2018       2017       2016       2015       2014       2013       2012       2011       2010   
Male: 146 66% 160 72% 176 79% 161 80% 173 82% 179 81% 182 81% 178 83% 176 83% 176 82%
Female: 72 32% 62 28% 46 21% 41 20% 43 18% 43 19% 40 19% 37 17% 37 17% 39 18%
Unknown: 5 2%
Total: 223  222  222  202  216  222  222  215  213  215

PhDs Granted to US Citizens

    2019*       2018       2017       2016       2015       2014       2013       2012       2011       2010   
Male: 558 71% 699 75% 684 71% 684 73% 636 72% 664 72% 627 73% 621 72% 574 72% 566 71%
Female: 225 29% 236 25% 269 28% 251 27% 244 28% 256 28% 230 27% 242 28% 228 28% 226 29%
Other: 3 <1%   4 <1% 2 <1%
Unknown: 3 <1%
Total: 789  935  957  937  880  920  857  863  802  792

*count as of June 25, 2020
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criterion for the Centennial Fellowship is the excellence of 
the candidate’s research.

Next Award: The fellowship to be awarded for 2021–2022 
will be in the amount of $50,000. The award is to be used 
for course release, research-related travel, and research-re-
lated expenses. Applications should include a cogent plan 
indicating how the fellowship will be used. The selection 
committee will consider the plan in addition to the quality 
of the candidate’s research and will award the fellowship 
to those for whom the award would make a real difference 
in the development of their research careers. Work in all 
areas of mathematics, including interdisciplinary work, is 
eligible.

Application Deadline: The application period is September 
1, 2020, through December 1, 2020.

Application Procedure: Learn more about the applica-
tion process and requirements at https://www.ams.org 
/emp-centflyer.

Special Lecture Series
AWM–AMS Noether Lecture
The Association for Women in Mathematics (AWM) es-
tablished the Emmy Noether Lectures in 1980 to honor 
women who have made fundamental and sustained con-
tributions to the mathematical sciences. In April 2013 this 
one-hour expository lecture was renamed the AWM–AMS 
Noether Lecture. The first jointly sponsored lecture was held 
in January 2015 at the Joint Mathematics Meetings (JMM) 
in San Antonio, Texas. Emmy Noether was one of the great 
mathematicians of her time, someone who worked and 
struggled for what she loved and believed in. Her life and 
work remain a tremendous inspiration.

Nomination Procedure: Any person can be a nominator! 
A nomination should include: a letter of nomination, a 
curriculum vitae of the candidate—not to exceed three 

AMS Prizes & Awards
Joan and Joseph Birman 
Fellowship for 
Women Scholars

About this Fellowship
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed to 
fit the unique needs of women. The fellowship seeks to ad-
dress the paucity of women at the highest levels of research 
in mathematics by giving exceptionally talented women 
extra research support during their mid-career years. The 
most likely awardee is a mid-career woman, based at a 
US academic institution, with a well-established research 
record in a core area of mathematics. The fellowship will 
be directed toward those for whom the award will make a 
real difference in the development of their research career.

Next Award: The award for the 2021–2022 academic year 
will be in the amount of $50,000.

Application Deadline: The application period is September 
1, 2020, through December 1, 2020.

Application Procedure: Learn more about the applica-
tion process and requirements at https://www.ams.org 
/Birman-fellow.

AMS Centennial 
Research Fellowship

About this Fellowship
The AMS Centennial Research Fellowship Program makes 
an award annually to an outstanding mathematician to 
help further their career in research. The primary selection 

https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
https://www.ams.org/emp-centflyer
https://www.ams.org/emp-centflyer
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Please send your nominations (including reference to 
the nominated article and an evaluation of the work) by 
February 15, 2021 to the chair of the committee. Electronic 
submissions to gc0v@andrew.cmu.edu are preferred.

Gerard Cornuejols
Tepper School of Business
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213, USA
email: gc0v@andrew.cmu.edu 

pages, and a one-page outline of the nominee’s contribu-
tion to mathematics, giving four of her most important 
papers and other relevant information. Nominations are 
accepted annually from August 15 through October 1. 
Nominations will remain active for an additional two years 
after submission.

Learn more about the process here: https://awm 
-math.org/awards/noether-lectures.

Joint Prizes & Awards
2021 MOS–AMS  
Fulkerson Prize
The Fulkerson Prize Committee invites nominations for 
the Delbert Ray Fulkerson Prize, sponsored jointly by the 
Mathematical Optimization Society (MOS) and the Amer-
ican Mathematical Society (AMS). Up to three awards of 
US$1,500 each are presented at each (triennial) Interna-
tional Symposium of the MOS. The Fulkerson Prize is for 
outstanding papers in the area of discrete mathematics. The 
prize will be awarded at the 24th International Symposium 
on Mathematical Programming to be held in Beijing, China 
on August 15–20, 2021. 

Eligible papers should represent the final publication 
of the main result(s) and should have been published 
in a recognized journal or in a comparable, well-refereed 
volume intended to publish final publications only, during 
the six calendar years preceding the year of the Symposium 
(thus, from January 2015 through December 2020). The 
prizes will be given for single papers, not series of papers 
or books, and in the event of joint authorship the prize 
will be divided. 

The term “discrete mathematics” is interpreted broadly 
and is intended to include graph theory, networks, mathe-
matical programming, applied combinatorics, applications 
of discrete mathematics to computer science, and related 
subjects. While research work in these areas is usually not 
far removed from practical applications, the judging of 
papers will be based only on their mathematical quality 
and significance. 

Previous winners of the Fulkerson Prize are listed here: 
www.mathopt.org/?nav=fulkerson#winners. Further 
information about the Fulkerson Prize can be found at 
www.mathopt.org/?nav=fulkerson and https://www 
.ams.org/prizes-awards/paview.cgi?parent_id=17.

The Fulkerson Prize Committee consists of
 • Gerard Cornuejols (Carnegie Mellon University)  
 • Eva Czabarka (University of South Carolina)
 • Daniel Spielman (Yale University)

MATHEMATICAL
LOGIC

Volume 20 · Number 1 · April 2020

J O U R N A L  O F
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Chitat Chong
National University of Singapore

Theodore A Slaman
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Yue Yang
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Associate Editors

Alexander Kechris 
California Institute of Technology, USA
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AMS Chapter at University of Hawaii at Manoa
“Be a Scientist Night is a night where the math “Ohana” 
gets to go out, interact with the community, and show the 
community why math and other sciences are so awesome. 
In this event we chose a location working with members of 
the Institute of Human Services to have the most profound 
impact on the local youth. This year it was held at Kahauiki 
Village, and allowed for children and their families to come 
talk to and learn from real life scientists and mathematicians. 
Living on the island of O’ahu in the state of Hawai’i, we 
have come to realize how important the land, resources and 
especially the community are to survival, and this is our way 
of giving back our expertise to those who have been so kind 
and generous with us.”

AMS Chapter at Duke
“Our chapter collaborated with SIAM Duke on organizing the 
Triangle Area Graduate Mathematics Conference (TAGMaC). 
Our speakers were fantastic and the food was awesome too!”

AMS Chapter at Boston University
“For the Distinguished Speaker Lecture, Jill Pipher came to 
speak to an audience of graduate students, undergrads, and 
faculty in the Mathematics and Statistics department. Jill spoke 
about her career trajectory through academia, giving advice for 
those looking to pursue a career in the field. She also spoke 
about her research in cryptography, and about larger objectives 
for the AMS. Her talk was followed by a Q&A session, along 
with a dinner for interested students and faculty.”

AMS Chapter at Ohio University
“Some of our AMS Graduate Chapter members visited a school 
in Wellston, OH, a rural location and one of the poorest 
communities in Ohio where there are limited resources in 
the schools. We led 6 after-school activities combining Art 
& Math, all related to the Islamic Geometric Pattern. All the 
Grad members facilitating the activity were from different 
countries: Iraq, Iran, KSA, USA, Mexico, Ghana and Nepal 
with very diverse cultures. Each table was represented by 
a Grad Student from one of these countries, showing the 
students that even people that are from a different country, 
culture and background learn the same mathematics. We also 
wanted to show them that Math is fun! The students went 
from table to table participating in the activities and really 
enjoyed themselves.” 

AMS Chapter at University of Southern Florida
“The Hasse-Weil Theorem/The Riemann Hypothesis student 
presentation served as an introduction to many different topics, 
as it was an example of a problem that combines algebra, 
geometry, topology and number theory. The presenters got 
feedback on how to manage time for the different slides 
and use the available board space for examples. This was 
an opportunity for a graduate student to practice for an 
academic presentation. The audience consisted of advanced 
undergraduate students and graduate students.” 

How do AMS Graduate Student Chapters support 
the mathematical community and beyond?



AMS Chapter at UC Berkeley
“We had noticed that Berkeley students had very little interaction 
with students from the other schools nearby, so we developed 
a one-day conference; The Bay Graduate Math Conference 
(BYGMAC) as an opportunity to increase communication and 
to create connections between graduate student researchers 
from different schools. The BYGMAC’s schedule consisted 
mainly of eight nonoverlapping talks: seven half-hour talks 
by students and one hour-long talk by a Berkeley professor. 
The talks were all about recent research while still being 
accessible to a general graduate-level audience. The talks were 
well received, there was a lot of interaction during the breaks, 
and people were in good spirits throughout the day. We look 
forward to hosting this again!” 

AMS Chapter at Brown University
“We organized three day-long conferences, consisting of six 
50min talks given by graduate students aimed at graduate 
students. The talks focused on three different targeted 
areas of Mathematics: Analysis/PDE/Probability, Geometry/
Topology, and Algebraic Geometry/Number Theory. The 
first of our conferences was the AMS Graduate Student 
Conference in Analysis, PDE and Probability at Brown. This 
conference featured six graduate student speakers from 
various universities in the Boston area (MIT, Harvard, BU and 
Brown). The conference was well received, and many of the 
attendees participated in mathematical discussions during 
the short breaks and dinner.”

AMS Chapter at Southern Illinois University
“The AMS Graduate Student Chapter at SIUC completed several 
outreach activities directed at undergraduate, high school, 
and even younger students. These included mathematics 
hands-on workshops and demonstrations for the Illinois state 
science fair, Math Field Day at SIUC, and for younger groups. 
The chapter members developed, directed, and staffed the 
presentations which were plugged into larger activities.”

“The chapter planned and hosted its 2nd annual Integration 
Bee. Most of the chapter members participated in some 
way: in planning logistics for the day-long activity of 
the Integration Bee, developing advertising and outreach, 
preparing the integration questions and answer keys, and 
marking the qualifying papers of participants. Several 
faculty members judged the one-on-one rounds of the 
elimination tournament, final rounds of the competition 
and observed firsthand the smooth and orderly operation of 
the competition.” 

For information about starting an AMS  
Graduate Student Chapter, please visit: 
www.ams.org/studentchapters

Photos courtesy of their respective universities.
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Union. She is also a member of the board of the College 
Assistant Migrant Program (CAMP) at the University of 
Washington. This program is federally funded through 
the US Department of Education’s Office of Migrant Edu-
cation. It is designed to outreach to and support students 
from migrant and seasonal farmworker families during 
their first year in college. Inspired by the CAMP students, 
Toro spearheaded an effort to launch the first Latinx in 
the Mathematical Sciences Conference (LATMATH). This 
conference took place at IPAM in April 2015. Participants 
included high school students, undergraduate students, 
graduate students, postdoctoral scholars and faculty, and 
researchers in industry and government. In 2018 she co-
organized the second Latinx in the Mathematical Sciences 
Conference funded through the Mathematical Sciences 
Institutes Diversity initiative. This conference attracted over 
250 participants.”

Toro was born in Bogotá, Colombia, and received her 
PhD from Stanford University in 1992 under the direction 
of Leon Simon. She held positions at the University of 
California, Berkeley, and the University of Chicago before 
joining the University of Washington. She has been a mem-
ber of the Mathematical Sciences Research Institute (MSRI) 
in Berkeley, a fellow at the Radcliffe Institute for Advanced 
Study of Harvard University, and Chancellor Professor at 
UC Berkeley. She has held two Alfred P. Sloan Foundation 
Fellowships, a Guggenheim Foundation Fellowship, and 
two Simons Foundation Fellowships. She received the 
Landolt Distinguished Graduate Mentor Award from the 
University of Washington in 2019. She is a Fellow of the 
AMS. She is an elected member of the American Academy 
of Arts and Sciences and a Miembro Correspondiente de 
la Academia Colombiana de Ciencias Exactas, Físicas y 
Naturales. Toro was an invited speaker at the 2010 Inter-
national Congress of Mathematicians in Hyderabad, India. 
She delivered an invited address at the Joint Mathematics 
Meetings in New Orleans, Louisiana, in 2011 and the 
NAM Clayton–Woodard Lecture at the Joint Mathematics 
Meetings in Seattle in 2016. In 2020 she was the inaugural 
AMS Mirzakhani Lecture speaker at the Joint Mathematics 
Meetings in Denver, Colorado. She tells the Notices: “I am 
a swimmer. I have two kids (seventeen and twenty-two), 
two dogs, two cats, and a husband, also a mathematician.”

Toro Awarded
Blackwell–Tapia Prize

Tatiana Toro of the University 
of Washington, Seattle, has been 
awarded the 2020 Blackwell–Tapia 
Prize. The prize honors excellence 
in research among people who have 
promoted diversity within the math-
ematical and statistical sciences.

The prize citation reads in part: 
“Toro is an analyst whose work lies 
at the interface of geometric measure 
theory, harmonic analysis, and par-

tial differential equations. Her work focuses on understand-
ing mathematical questions that arise in an environment 
where the known data are very rough. The main premise 
of her work is that under the right lens, objects, which at 
first glance might appear to be very irregular, do exhibit 
quantifiable regular characteristics. With collaborators, she 
introduced a new framework to study boundary regularity 
questions for second-order partial differential operators. 
They laid the foundation for what has become a new, rap-
idly developing area within PDEs. They also brought tools 
from geometric measure theory to study basic questions 
about the structure of harmonic measure. Their ideas have 
provided a new and original approach to understanding 
the relationship between the geometry of a domain and the 
regularity at the boundary of the solutions to second-order 
partial differential equations.

“Her professional service is a multidimensional en-
deavor. It includes service to the mathematical community 
at large, mentoring at different levels of the academic lad-
der, and outreach to elementary schools. Her commitment 
toward addressing issues of equity and underrepresentation 
of certain groups in the mathematical sciences is a guid-
ing principle in each one of these settings. She serves as a 
member of the Board of Trustees of the Institute for Pure 
and Applied Mathematics (IPAM) at UCLA, a member of 
the Board of Directors of the Banff International Research 
Station (BIRS), and as cochair of the Scientific Advisory 
Committee of MSRI in Berkeley. She is a member of the 
US National Committee for the International Mathematical 

Tatiana Toro
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Codá Marques and his wife, Ana, have two children, Pedro 
and Luisa.

Zhiwei Yun of the Massachusetts 
Institute of Technology works at the 
intersection of representation the-
ory, algebraic geometry, and number 
theory. He uses ideas and techniques 
from geometry to solve problems in 
group representations and number 
theory. He has constructed the first 
examples of motives of type E7 and 
E8 and solved a related inverse Ga-
lois problem. In joint work with Wei 

Zhang, he has given a geometric interpretation of higher 
derivatives of L-functions for function fields.

Theoretical Computer Science
Venkatesan Guruswami of Carnegie 
Mellon University conducts research 
that has led to major advances in 
the theory of error-correcting codes, 
approximate optimization, pseu-
dorandomness, and related com-
plexity-theoretic and mathematical 
aspects. His work on list decoding 
has yielded codes with minimum 
possible redundancy for correcting 
worst-case errors. His recent works 
include notable progress on polar 

codes, deletion-correcting codes, codes for cloud storage, 
and constraint satisfaction problems. He tells the Notices 
that, in his (sadly limited) spare time, he enjoys traveling, 
ethnic vegetarian food, racquet sports, crime thrillers, and 
Carnatic (south Indian classical) music.

Omer Reingold of Stanford Uni-
versity conducts research in the foun-
dations of computer science and, 
most notably, in computational com-
plexity, cryptography, and the socie-
tal impact of computation. Among 
his fundamental contributions are 
small-memory deterministic graph 
walks, explicit constructions of loss-
less expander graphs, randomness 
extractors, and pseudorandom func-

tions, as well as establishing influential notions in the area 
of algorithmic fairness. He is a Fellow of the Association 
for Computing Machinery (ACM). His honors include the 
2005 Grace Murray Hopper Award and the 2009 Gödel 
Prize. He tells the Notices: “I [have] had an ongoing involve-
ment with theater since my days as a theater major in Talma 
Yalin arts high school many years ago. In the last couple 
of decades I was part of both scripted theater troupes as 
well as playback theater troupes. Playback theater is a form 

The Blackwell–Tapia Prize and Conference honor David 
Blackwell, the first African American to be elected to the 
National Academy of Sciences, and Richard Tapia, recipient 
of the National Medal of Science in 2010. The prize recog-
nizes a mathematician who has contributed significantly to 
research in his or her area of expertise and who has served 
as a role model for mathematical scientists and students 
from underrepresented minority groups or has contributed 
in other significant ways to addressing the problem of un-
derrepresentation of minorities in math.

—Blackwell–Tapia Conference announcement

Simons Foundation 
Investigators Named
The Simons Foundation has named the Simons Founda-
tion Investigators for 2020. Following are the investigators 
whose work involves the mathematical sciences.

Mathematics
Alexei Borodin of the Massachusetts Institute of Technol-
ogy studies problems on the interface of representation 
theory and probability that link to combinatorics, random 
matrix theory, and integrable systems. His most recent 
work carries over the ideas and techniques of the theory of 
symmetric functions to solvable lattice models of statistical 
physics. 

Ciprian Manolescu of Stanford 
University works in low-dimensional 
topology and gauge theory. His re-
search is centered on constructing 
new versions of Floer homology and 
applying them to questions in topol-
ogy. With collaborators, he showed 
that many Floer-theoretic invari-
ants are algorithmically computable. 
He also developed a new variant 
of Seiberg–Witten Floer homology, 

which he used to prove the existence of nontriangulable 
manifolds in high dimensions. 

Fernando Codá Marques of  
Princeton University is a geometer. 
His recent work, in collaboration 
with André Neves, developed a full 
Morse theory for the area functional 
in closed Riemannian manifolds. 
The ideas introduced by them have 
revitalized the subject, leading to the 
discovery that closed minimal sur-
faces are ubiquitous in these spaces. 

Ciprian Manolescu

Fernando
Codá Marques

Zhiwei Yun

Venkatesan
Guruswami

Omer Reingold
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of improvisational theater based on true stories from the 
audience. Very recently [I was] appointed to be the artistic 
director of the Yanshufim playback troupe and teaching 
playback theater at Stanford as part of the [computer sci-
ence] department to enhance students’ collaboration and 
research capabilities.”

David Woodruff of Carnegie Mellon University works in 
the foundations of data science, specifically in data streams, 
machine learning, randomized numerical linear algebra, 
sketching, and sparse recovery. One of his breakthroughs 
was the first randomized relative error approximation 
algorithms for least-squares regression and low-rank 
approximation that run in input sparsity time (i.e., time 
proportional to the number of nonzero entries in the 
input). His work on data streams includes the first optimal 
algorithms for approximately counting distinct elements, 
approximating the frequency moments and finding heavy 
hitters, as well as optimal lower bounds for the complexity 
of certain algorithms.

The Simons Investigators Program provides a stable 
base of support for outstanding scientists, enabling them 
to undertake long-term study of fundamental questions.

—From a Simons Foundation announcement

Prizes of CAIMS
The Canadian Applied and Industrial Mathematics Society 
(CAIMS) has awarded several prizes for 2020.

Vakhtang Putkaradze of the Uni-
versity of Alberta has been awarded 
the 2020 CAIMS-Fields Industrial 
Research Prize of CAIMS and the 
Fields Institute for his work in geo-
metric mechanics, an area that unifies 
dynamical systems, the calculus of 
variations, continuum mechanics, 
and related topics with a geometric 
perspective. Putkaradze received his 
PhD in physics in 1997 from the 

University of Copenhagen. He is currently site director of 
the Pacific Institute for the Mathematical Sciences (PIMS) 
at the University of Alberta. He enjoys spending time out-

doors with his family, participating in 
such activities as hiking, biking, and 
playing soccer.

Raymond Spiteri of the Univer-
sity of Saskatchewan was awarded 
the CAIMS Arthur Beaumont Dis-
tinguished Service Award “in rec-
ognition of his outstanding service 
to CAIMS/SCMAI as member and 
chair of the Doctoral Dissertation 

Award committee, organizer and regular contributor of 
annual meetings, cofounder of the CAIMS/SCMAI jour-
nal Mathematics in Science and Industry, for spearheading 
improvements to CAIMS/SCMAI operations, and for 
his leadership as president-elect, president, and past- 
president.” Spiteri received his PhD from the University 
of British Columbia. He is the director of the Centre for 
High-Performance Computing at Saskatchewan. He tells 
the Notices: “My first language is Maltese. I didn’t speak 
any English before I was three years old. I love languages 
and can dabble around in about seven of them (English, 
Maltese, Spanish, Italian, French, German, and Arabic), all 
apparently with a Canadian accent, eh.”

Jun Liu of the University of Water-
loo received the 2020 CAIMS/PIMS 
Early Career Award “in recognition 
of his contributions to mathemati-
cal control theory for cyber-physical 
systems, using innovative approaches 
that combine theoretical depth and 
computational analysis, applied to 
problems that are of practical im-
portance.” He received his PhD in 

2010 from the University of Waterloo. In his spare time, 
Liu enjoys spending time with his family, reading, watch-
ing movies (especially documentaries), camping, hiking, 
playing soccer, and watching his sons play hockey.

Steven Ruuth of Simon Fraser 
University received the 2020 CAIMS 
Research Prize “in recognition of 
his outstanding contribution to the 
development of robust numerical 
methods for time dependent partial 
differential equations and interfacial 
dynamics, and the impact of his work 
in scientific computing.” He received 
his PhD in 1996 from the University 

of British Columbia. He received the CAIMS Doctoral 
Dissertation Award in 1996 and the Germund Dahlquist 
Prize from the Society of Industrial and Applied Mathe-
matics (SIAM) in 2011. He enjoys packrafting and Arctic 
travel, and last year he visited Tuktut Nogait National Park 
in Canada’s Northwest Territories for fifteen days of river 
travel and backpacking.

—From CAIMS announcementsRaymond Spiteri

Steven Ruuth

Vakhtang Putkaradze

Jun Liu
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enthusiasm about the importance of understanding math-
ematical concepts and her beliefs that any child can learn 
mathematics and that every teacher must understand the 
concepts that they are teaching.” Her service to the NCTM 
includes serving on several committees and working with 
conferences as chair, cochair, or member of regional meet-
ings and the 2005 NCTM annual meeting. She has written 
books, chapters, articles, television scripts, and assessment 
items for the Student Achievement Indicators Program; has 
worked on curriculum committees; and has conducted 
summer institutes for mathematics teachers. Her honors 
include the Barnes Award for outstanding contributions to 
the professional development of teachers in the province of 
Newfoundland and Labrador and the Queen Elizabeth II 
Diamond Jubilee Medal for her dedicated service to peers, 
community, and Canada.

—From an NCTM announcement

Wang and Xu Awarded 
Traub Prize in IBC
Heping Wang of Capital Normal University, Beijing, China, 
and Guiqiao Xu of Tianjin Normal University, Tianjin, 
China, have been awarded the 2020 Joseph F. Traub Prize 
for Achievement in Information-Based Complexity. They 
will share the cash prize of US$3,000, and each will receive 
a plaque.

—Joseph F. Traub Prize Committee announcement

Constantin Awarded 
Wittgenstein Prize
Adrian Constantin of the University of Vienna has been 
awarded the 2020 Wittgenstein Prize. According to the cita-
tion, Constantin is a specialist in the waves and currents of 
the oceans and the atmosphere, and his research helps to 
better predict the extent of climate phenomena and natural 
disasters. Constantin was born in Timisoara, Romania. He 
has been a professor at the University of Vienna since 2008. 
His honors include the Göran Gustafsson Prize from the 
Royal Swedish Academy of Sciences, the Friedrich Wilhelm 
Bessel Prize from the German Humboldt Foundation, and 
an ERC Advanced Grant. The Wittgenstein Prize carries 
a cash value of up to 1.5 million euros (approximately 
US$1,700,000) to support research for five years following 
the award. It is awarded by the Austrian Science Fund on 
behalf of the Austrian Ministry for Science.

—Wittgenstein Prize announcement

NCTM Lifetime Achievement 
Awards Given
The National Council of Teachers of Mathematics (NCTM) 
has awarded its Lifetime Achievement Awards to Karen 
Karp of Johns Hopkins University and Rita Janes of New-
foundland and Labrador, Canada.

According to the prize citation, 
Karp has “dedicated her life to not 
only mathematics but also the in-
tersection of mathematics education 
and special education.” Karp received 
her degree in elementary education 
with a concentration in mathematics 
and science from Adelphi University 
and spent much of her career at the 
University of Louisville. At Johns 
Hopkins she is currently advisement 

coordinator of the EdD program, mentoring doctoral 
students as well as the faculty advisers who oversee the 
students through their dissertations. Karp has served as 
president of the Association of Mathematics Teacher Ed-
ucators (AMTE), has held numerous positions with the 
Greater Louisville Council of Teachers of Mathematics 
and the Nassau County, New York, Mathematics Teachers 
Association, and has served on the board of directors, as 
well as on more than forty committees, for the NCTM. She 
was coprincipal investigator on an NSF grant that brought 
together mathematics educators and special educators to 
develop ways to support students with special needs. Her 
awards include Outstanding Faculty Mentor Award of the 
Johns Hopkins University School of Education, as well as 
the University of Louisville’s Outstanding Doctoral Mentor 
Award, the President’s Distinguished Teaching Award, and 
the President’s Distinguished Service Award for a Career of 
Service. She was a member of the International Congress 
on Mathematics Education's study group on students with 
special needs and has facilitated countless workshops and 
professional development sessions. She has authored or 
coauthored more than thirty books and more than eighty 
articles and book chapters. In her free time she loves being 
with her family at the lake, reading to grandchildren, and 
doing puzzles of any kind.

The citation for Janes states: “Rita Janes has been exem-
plary as a teacher at all levels, a mathematics coordinator, 
a university instructor, a researcher, a writer of mathematics 
materials and assessments, a moving force in curriculum 
work, a leader in professional development, and a confer-
ence planner and speaker.” She spent ten years teaching 
at the Memorial University of Newfoundland and has 
been a mentor for teachers “throughout Newfoundland 
and Labrador, Canada, and the United States with her 

Karen Karp
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 • Kaisa Matomäki, University of Turku, for research 
in number theory, including results on the dis-
tribution of multiplicative functions over short 
intervals of numbers.

 • Phan Thành Nam, Ludwig Maximilian University 
of Munich, for research in analysis and mathemat-
ical physics, in particular in many-body quantum 
mechanics, spectral theory, calculus of variations, 
and partial differential equations and numerical 
analysis.

 • Joaquim Serra, ETH Zurich, for research in ellip-
tic and parabolic partial differential equations,  
reaction-diffusion equations, free boundary prob-
lems, and integro-differential equations.

 • Jack Thorne, University of Cambridge, for work 
in number theory and arithmetic aspects of the 
Langlands program, especially in algebraic num-
ber theory.

 • Maryna Viazovska, École Polytechnique Fédérale 
de Lausanne, for work in number theory and opti-
mal configurations on manifolds, for her work in 
solving the sphere-packing problem in dimensions 
8 and 24, and for research on spherical designs.

The Felix Klein Prize is awarded to a scientist, or a group 
of at most three scientists, under the age of thirty-eight 
for using sophisticated methods to give an outstanding 
solution, which meets with the complete satisfaction of 
industry, to a concrete and difficult industrial problem. 
The recipient of the 2020 Klein Prize is Arnulf Jentzen of 
the University of Munster for research on machine-learn-
ing approximation algorithms, computational stochastics, 
numerical analysis for high-dimensional partial differential 
equations, stochastic analysis, and computational finance.

The Otto Neugebauer Prize is awarded for highly original 
and influential work in the field of history of mathematics 
that enhances our understanding of either the development 
of mathematics or a particular mathematical subject in any 
period and in any geographical region. The 2020 Prize was 
awarded to Karine Chemla of CNRS for research on the 
history of mathematics within ancient China, geometry in 
France in the first half of the nineteenth century, and the 
theory of the history of mathematics, with a focus on the 
relationships between mathematics and the cultures in 
relation to which they are produced.

The prize lectures will be given at the Eighth European 
Congress of Mathematics in June 2021.

—From an EMS announcement

2020 SIAM Prizes
The Society of Industrial and Applied Mathematics (SIAM) 
has awarded a number of prizes for 2020.

AWM Schafer Prizes 
Awarded
The Association for Women in Mathematics (AWM) has 
awarded the 2020 Alice T. Schafer Prize, which recognizes 
excellence in research by an undergraduate woman, to 
Natalia Pacheco-Tallaj of Harvard University. She has 
been involved in research dating back to high school and 
continued through her undergraduate career, participat-
ing in REUs at the University of Michigan and Williams 
College. As an undergraduate, she has done research in 
knot theory and has published several papers. She has also 
excelled in course work, including graduate-level courses, 
and independent reading with mentors. Yuhan (Michelle) 
Jiang of the University of California, Berkeley, was named 
runner-up for the prize. Her research includes algebraic 
geometry of singular plane curves, algebraic combinator-
ics, and representation theory. Honorable mentions were 
awarded to Teresa Yu of Williams College, Marisa Gaetz 
of the Massachusetts Institute of Technology, and Alice Lin 
of Princeton University.

—From an AWM announcement

EMS Prizes Awarded
The European Mathematical Society (EMS) has awarded ten 
EMS Prizes, the Felix Klein Prize, and the Otto Neugebauer 
Prize for 2020. 

The EMS Prizes are awarded to researchers not older 
than thirty-five years of European nationality or working 
in Europe in recognition of excellent contributions in 
mathematics. The awardees for 2020 are:

 • Karim Adiprasito, Hebrew University of Jerusalem 
and the University of Copenhagen, for work in the 
field of combinatorics, combining methods from 
algebra, geometry, and topology in innovative ways 
and solving problems in a wide range of areas.

 • Ana Caraiani, Imperial College London, for 
work in classical and p-adic Langlands programs, 
Shimura varieties, and arithmetic geometry.

 • Alexander Efimov, Steklov Mathematical Institute 
of RAS, Russia, for work in algebraic geometry, 
mirror symmetry, and quantum algebra.

 • Simion Filip, University of Chicago, for studies of 
the interactions between dynamical systems, espe-
cially on locally homogeneous and Teichmüller 
spaces, and algebraic geometry, particularly Hodge 
theory and complex geometry.

 • Aleksandr Logunov, Princeton University, for 
work in harmonic analysis, potential theory, and 
geometric analysis.
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innovative contributions to the analysis, perturbation 
theory, and numerical solution of nonlinear eigenvalue 
problems.”

Shephard Prizes were awarded to the following:
Kenneth Falconer, FRSE, of the University of St An-

drews, for his “many original and profound results in 
fractal geometry, particularly the description, occurrence, 
geometrical properties and dimensional analysis of fractal 
sets and measures.”

Des Higham, FRSE, of the University of Edinburgh for 
seeking to make the theory, application, and insights from 
network science accessible to wide audiences, with much ef-
fort invested in public events and transparent descriptions.

Whitehead Prizes were awarded to the following indi-
viduals:

Maria Bruna of the University of Cambridge “in recog-
nition of her outstanding research in asymptotic homoge-
nization, most prominently in the systematic development 
of continuum models of interacting particles systems.”

Ben Davison of the University of Edinburgh “in recog-
nition of his outstanding contributions to the foundations, 
the structure, and applications of Donaldson–Thomas 
invariants.”

Adam Harper of the University of Warwick “for his deep 
and important contributions to analytic number theory 
and, in particular, for his work on the value distribution 
of the Riemann zeta function and random multiplicative 
functions using sophisticated ideas and techniques from 
probability theory.”

Holly Krieger of the University of Cambridge “for her 
deep contributions to arithmetic dynamics, to equidistri-
bution, and to bifurcation loci in families of rational maps 
and for her recent proof (with DeMarco and Ye) of uniform 
boundedness results for numbers of torsion points on 
families of bielliptic genus two curves in their Jacobians.”

Andrea Mondino of the University of Oxford “in 
recognition of his contributions to geometric analysis in 
differential and metric settings. In particular, he has played 
a central part in the development of the theory of metric 
measure spaces with Ricci curvature lower bounds.”

Henry Wilton of the University of Cambridge “for his 
remarkable contributions to geometric and combinatorial 
group theory.”

—From an LMS announcement
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Nick Trefethen of the University of Oxford was awarded 
the John von Neumann Lectureship “for outstanding and 
distinguished contributions to the field of applied mathe-
matics and for the effective communication of these ideas 
to the community.”

Anna Seigal of the University of Oxford received the 
Richard C. DiPrima Prize for an early-career researcher who 
has done outstanding research in applied mathematics and 
who has completed his or her doctoral dissertation and all 
other requirements for his or her doctorate.

Kaushik Bhattacharya of the California Institute of 
Technology received the Theodore von Karman Prize, 
awarded for a notable application of mathematics to me-
chanics and/or the engineering sciences.

Roland Glowinski of the University of Houston was 
awarded the W. T. and Idalia Reid Prize for research in, or 
other contributions to, the broadly defined areas of differ-
ential equations and control theory.

Tony F. Chan of King Abdullah University of Science and 
Technology received the award for Distinguished Service 
to the Profession.

Rajiv Maheswaran of Second Spectrum was awarded the 
Gerald and Judith Porter Public Lectureship, given every 
year at the Joint Mathematics Meetings on a mathematical 
topic accessible to the broader community. The topic of his 
lecture is “The Fantastic Intersection of Math and Sports: 
Where No One Is Afraid of a Decimal Point.”

Erik Demaine of the Massachusetts Institute of Technol-
ogy was awarded the I. E. Block Community Lectureship. 
The topic of his lecture was “Mathematics Meets Origami.”

—From SIAM announcements

Prizes of the London 
Mathematical Society
The London Mathematical Society (LMS) has honored the 
following mathematical scientists with its prizes for 2020.

Martin Liebeck of Imperial College London was awarded 
the Pólya Prize for his “profound and prodigious contribu-
tions to group theory, particularly the subgroup structure 
of simple groups and probabilistic group theory.”

Peter Clarkson of the University of Kent was awarded 
the Senior Anne Bennett Prize “in recognition of his tireless 
work to support gender equality in UK mathematics, and 
particularly for his leadership in developing good practice 
among departments of mathematical sciences.”

Thomas Hales of the University of Pittsburgh was 
awarded the Senior Berwick Prize in recognition of his book 
Dense sphere packings: A blueprint for formal proofs, published 
in the LMS Lecture Note Series in 2012.

Françoise Tisseur of the University of Manchester was 
awarded the Fröhlich Prize “for her important and highly 
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Call for Proposals

Organizing the 2022 Short Course

The AMS Short Course Subcommittee (SHORTCOURS) 
invites expressions of interest and proposals to organize 
the Society’s Short Course to be offered January 3–4, 2022, 
in coordination with the 2022 Joint Mathematics Meetings 
(JMM) in Seattle, Washington. 

The Short Course provides an unparalleled opportunity 
to introduce an exciting, current area of applied mathemat-
ics to a broad audience of students, faculty, researchers, 
and other practitioners. It is also anticipated that the pro-
ceedings of the Short Course will be published in the AMS 
series Proceedings of Symposia in Applied Mathematics.

Typically incorporating a sequence of survey lectures 
and other activities focused on a single theme of applied 
mathematics, the course takes place during the two days 
immediately preceding JMM. The course’s theme may be 
cutting-edge or more established, and its goal is to provide 
professional and in-training mathematicians an introduc-
tion that can:

 • Satisfy the curiosity of those who are new to the 
topic

 • Provide an entrée to a new research topic
 • Inspire new methods of problem solving
 • Be part of the participants’ professional develop-

ment and continuing education
The venue presents the organizers with a time frame long 

enough for newcomers to a topic in applied mathematics 
to reach insights about the state of the art, but at the same 
time short enough to fit the typical participant’s schedule 
and attention.

The AMS Short Course Committee encourages proposals 
that may extend the traditional course in subject and/or 
methodology. Proposals may, for example, focus on topics 
related to applications in industry, business, economics and 
social sciences, health and medical care, entrepreneurship, 
public policy, and other areas. Proposals may also contain 
a training component on programming and coding (e.g., 
R or Python) which coordinates well pedagogically with 
the rest of the course. Overall, the Committee welcomes 

Travel Grants for MCA 2021

With funding from the National Science Foundation (NSF), 
the AMS will administer a selection and award process for 
partial travel support for up to fifty US mathematicians at-
tending the Mathematical Congress of the Americas (MCA) 
scheduled for July 19–24, 2021, in Buenos Aires, Argentina.

Instructions for how to apply are available on the AMS 
website at https://www.ams.org/mca. The application 
period will run from September 15, 2020, until December 
31, 2020. This travel grants program will be administered by 
the Professional Programs Department, AMS, 201 Charles 
Street, Providence, RI 02904-2213. For questions or more 
information, contact Kim Kuda at kak@ams.org, 800-321-
4267, ext. 4096, or 401-455-4096.

This program is open to US mathematicians (those who 
are affiliated with a US institution; one must be affiliated 
with a US institution at the time of travel). It is the intent 
of this program to fund those who would not be able to 
participate in the Congress without this grant; specifically, 
it is not intended to be used by participants with existing 
external travel support. Early-career mathematicians (those 
who will receive or who have received a doctorate no earlier 
than July 19, 2015) will receive priority in funding. Early- 
career mathematicians within six years of their doctorates, 
women, and members of US groups underrepresented in 
mathematics are especially encouraged to apply.

Applications will be evaluated by a panel of mathemat-
ical scientists under the terms of a proposal submitted to 
the National Science Foundation by the AMS.

This travel grant program is contingent on receiving 
funding from the National Science Foundation.

All information currently available about the MCA 
2021 program, organization, and registration procedure 
is located on the MCA 2021 website: www.mca2021.org.

—AMS Professional Programs Department
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Five conferences will be held in summer 2021 on the 
following topics:
Week 1a: May 30–June 5, 2021: Dynamics of Infectious 
Diseases: Ecological Models Across Multiple Scales

Organizers:
 • Julie Blackwood (Williams College)
 • Lauren Childs (Virginia Tech)
 • Suzanne Lenhart (University of Tennessee, Knox-

ville)
 • Olivia Prosper (University of Kentucky)

Week 1b: May 30–June 5, 2021: Combinatorial 
Applications of Computational Geometry and Algebraic 
Topology

Organizers:
 • Stephen Melczer (University of Pennsylvania)
 • Marni Mishna (Simon Fraser University)
 • Robin Pemantle (University of Pennsylvania)

Week 2: June 6–12, 2021: Finding Needles in Haystacks: 
Approaches to Inverse Problems Using Combinatorics 
and Linear Algebra

Organizers:
 • Shaun Fallat (University of Regina)
 • H. Tracy Hall (NewVistas LLC)
 • Leslie Hogben (Iowa State University, American 

Institute of Mathematics)
 • Bryan Shader (University of Wyoming)
 • Michael Young (Iowa State University)

Week 3a: June 13–19, 2021: Analysis in Metric Spaces
Organizers:

 • Mario Bonk (University of California, Los Angeles)
 • Luca Capogna (Worcester Polytechnic Institute)
 • Piotr Hajlasz (University of Pittsburgh)
 • Nageswari Shanmugalingam (University of Cin-

cinnati)
 • Jeremy Tyson (University of Illinois at Urbana- 

Champaign)
Week 3b: June 13–19, 2021: New Problems in Several 
Complex Variables

Organizers:
 • Dusty Grundmeier (Harvard University)
 • Loredana Lanzani (Syracuse University)
 • Yunus Zeytuncu (University of Michigan– 

Dearborn)
Note that the application period for these conferences 

took place in 2020, and applications are now closed. For 
further information on the Mathematics Research Com-
munities, visit the website https://www.ams.org/mrc or 
contact Kim Kuda at ams-mrc@ams.org.

—Kim Kuda, AMS Senior Program Coordinator

expressions of interest and creative proposals that will have 
wide appeal.

The AMS Short Course Committee is exploring flexible 
delivery methods for the course. This might include online 
presentations, recorded lectures available after the course, 
live stream Q&A sessions, online breakout discussion 
groups, and other methods. Suggestions by the proposers 
are encouraged.

An expression of interest may be as short as one page. 
Members of the community are also encouraged to nomi-
nate organizer-topic pairs. More detailed guidance is avail-
able in the Short Course Manual at the website https://
www.ams.org/2020_Short_Course_Manual.pdf. Ex-
pressions of interest, nominations, and proposals should 
be sent to the AMS Associate Executive Director (aed-mps
@ams.org) with a cc to Robin Hagan Aguiar (rha@ams 
.org). For full consideration, proposals should be submit-
ted by December 18, 2020.

Audience and Topical Focus. The mathematical back-
ground, knowledge, and experience of the participants vary 
greatly: from novice to specialist, from graduate student 
(or even undergraduate or high school student) to senior 
professor, from college (two-year or four-year) teacher to 
researcher or industrial practitioner. That said, a Short 
Course targeted to individuals with a solid background in 
undergraduate mathematics is most likely to draw interest 
and satisfy participants. Lectures overall should be coherent 
in terms of theme, terminology, and notation; the speak-
ers need to keep in mind that their audience consists of 
nonspecialists, and each talk should begin with ideas that 
are readily accessible to everyone. Ideally, lectures lead to 
an indication of the “state of the art,” but in a way that 
acknowledges challenging aspects without placing too 
many technical or conceptual roadblocks in the way of 
the participants.

—AMS announcement

Mathematics Research 
Communities

The Mathematics Research Communities (MRC) is a unique 
and successful program that builds social and collaborative 
networks through which individuals inspire and sustain 
each other in their work. Partially supported by the Na-
tional Science Foundation, the structured program engages 
and guides all participants as they start their careers. Those 
accepted into the program receive support for the summer 
conference, as well as partial support for their participation 
in the Joint Mathematics Meetings that follow in January 
2022. The program also includes discussion networks by 
research topic and a longitudinal study of early-career 
mathematicians.
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NSF Graduate Research Fellowships

The National Science Foundation’s Graduate Research Fel-
lowship Program supports outstanding graduate students 
in NSF-supported science, technology, engineering, and 
mathematics disciplines who are pursuing research-based 
master’s and doctoral degrees at US institutions. Fellow-
ships provide the student with a three-year annual stipend, 
as well as access to additional opportunities for interna-
tional research and professional development. Fellowships 
may be used at any accredited US institution of graduate 
education. The deadline for the mathematical sciences is 
October 23, 2020. For further information, see www.nsf
.gov/funding/pgm_summ.jsp?pims_id=6201.

—NSF announcement

Mathematical Sciences Postdoctoral 
Research Fellowships

The purpose of the Mathematical Sciences Postdoctoral 
Research Fellowships (MSPRF) is to support future leaders 
in mathematics and statistics by facilitating their participa-
tion in postdoctoral research environments that will have 
maximal impact on their future scientific development. 
Proposals are due October 21, 2020. For further informa-
tion, refer to the program solicitation available at https://
www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301.

—NSF announcement

Joint DMS/NIGMS Initiative
to Support Research at the
Interface of the Biological
and Mathematical Sciences

The Division of Mathematical Sciences at the National 
Science Foundation and the National Institute of General 
Medical Sciences at the National Institutes of Health sup-
port fundamental research in mathematics and statistics 
necessary to answer questions in the biological and bio-
medical sciences. This program is designed to encourage 
new collaborations, as well as to support innovative  

activities by existing teams. The submission window for 
full proposals is September 1–18, 2020. See https://www
.nsf.gov/funding/pgm_summ.jsp?pims_id=5300.

—NSF announcement

NSF Conferences and Workshops in 
the Mathematical Sciences

The National Science Foundation (NSF) supports confer-
ences, workshops, and related events (including seasonal 
schools and international travel by groups). Proposals for 
such activities may request funding of any amount and for 
durations of up to three years. Proposals may be submitted 
only by universities and colleges or by nonprofit nonaca-
demic institutions and must be submitted to the appro-
priate disciplinary program in accordance with the lead-
time requirements specified on the program webpage. For 
more information, see https://www.nsf.gov/funding
/pgm_summ.jsp?pims_id=11701&org=DMS.

—NSF announcement

NSF Project ADVANCE

The ADVANCE program of the National Science Foundation 
focuses on funding projects that  support systemic change 
for gender equity in STEM academic careers. The deadline 
for letters of intent is November 3, 2020, and for full 
proposals, February 4, 2021. See https://www.nsf.gov
/funding/pgm_summ.jsp?pims_id=5383&org=DMS&
sel_org=DMS&from=fund.

—NSF announcement

News from MSRI

The Mathematical Sciences Research Institute (MSRI) in 
Berkeley, California, invites applications for Research Mem-
bers and Postdoctoral Fellows in the following programs:

 • Universality and Integrability in Random Matrix 
Theory and Interacting Particle Systems (August 
16–December 17, 2021)

 • The Analysis and Geometry of Random Spaces 
(January 18–May 27, 2022)

 • Complex Dynamics: From Special Families to 
Natural Generalizations in One and Several 
Variables (January 18–May 27, 2022)

Research Memberships are intended for researchers 
who will be making contributions to a program and who 
will be in residence for one or more months. Postdoctoral 
Fellowships are intended for recent PhDs. 

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5383&org=DMS&sel_org=DMS&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5383&org=DMS&sel_org=DMS&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5383&org=DMS&sel_org=DMS&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5300
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5300
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MSRI uses MathJobs to process applications. Interested 
candidates must apply online beginning August 1, 2020. To 
receive full consideration, applications must be complete, 
including all letters of support, by December 1, 2020. 
Application information can be found at www.msri.org
/application.

It is the policy of MSRI actively to seek to achieve diver-
sity in its programs and workshops. Thus a strong effort is 
made to remove barriers that hinder equal opportunity, 
particularly for those groups that have been historically 
underrepresented in the mathematical sciences.

MSRI has been supported from its origins by the Na-
tional Science Foundation, now joined by the National 
Security Agency, more than one hundred Academic Sponsor 
departments, by a range of private foundations, and by 
generous and farsighted individuals.

—From an MSRI announcement

SCUDEM V 2020 - SIMIODE 
Challenge Using Differential 
Equations Modeling

• SIMIODE, Systemic Initiative for Modeling Investiga-
tions and Opportunities with Differential Equations, 
is a nonprofit Community of Practice, supported by 
the National Science Foundation, in support of mo-
tivating and teaching differential equations through 
modeling. See www.simiode.org. ALL is FREE in 
SIMIODE.

• SCUDEM V 2020 - SIMIODE Challenge Using Dif-
ferential Equations Modeling is an annual event for 
students. Teams of three high school or undergraduate 
students with graduate student or faculty mentor/coach 
select one of three problems, use differential equa-
tions modeling to address the issues, and produce a 
ten-minute video for judging and supportive feedback 
commentary.

• SCUDEM is FREE to all students in developing coun-
tries as a way of supporting personal growth and asks 
for a US$10 registration fee from each individual team 
member beyond these countries. 

• SCUDEM teams can come from one school with a 
faculty coach, or individual students and coaches can 
sign up and SIMIODE will form teams. In this way 
one could have a coach from, say, Kyoto, Japan, with 
team members from Laguna Hills, CA, USA; Brno, 
Czech Republic; and Lagos, Nigeria. Just imagine the 
opportunities here. Such teaming will create friends 
in mathematics and across borders for life.

—Brian Winkel, Director, SIMIODE

The School of Basic Sciences (Physics, Chemistry and Mathemat-
ics) at EPFL seeks to appoint a Tenure-Track Assistant Professor of 
Applied Mathematics. We have a particular interest in outstanding 
candidates 

whose research centers on the mathematical foundations of learn-
ing, with emphasis on: approximation theory, high dimensional sta-
tistics, applied analysis and probability.

We expect candidates to establish leadership and strengthen the 
EPFL’s profile in the field. Priority will be given to the overall origi-
nality and promise of the candidate’s work over any particular spe-
cialization area.

Candidates should hold a PhD and have an excellent record of sci-
entific accomplishments in the field. In addition, commitment to 
teaching at the undergraduate, master and doctoral levels is ex-
pected. Proficiency in French teaching is not required, but willing-
ness to learn the language expected. 

EPFL, with its main campus located in Lausanne, Switzerland, on 
the shores of lake Geneva, is a dynamically growing and well-fund-
ed institution fostering excellence and diversity. It has a highly 
international campus with first-class infrastructure, including high 
performance computing.

As a technical university covering essentially the entire palette of 
engineering and science, EPFL offers a fertile environment for re-
search cooperation between different disciplines. The EPFL envi-
ronment is multi-lingual and multi-cultural, with English often serv-
ing as a common interface. 

Applications should include a cover letter, a CV with a list of publi-
cations, a concise statement of research (maximum 3 pages) and 
teaching interests (one page), and the names and addresses (in-
cluding e-mail) of at least three references. 

Applications should be uploaded (as PDFs) by September 30, 
2020 to : 

https ://facultyrecruiting.epfl.ch/positiondetails/23691269

Enquiries may be addressed to: 
Prof. Victor Panaretos
Chair of the Search Committee
E-mail : direction.math@epfl.ch

For additional information, please consult www.epfl.ch,  
sb.epfl.ch, math.epfl.ch

at the Ecole polytechnique fédérale
de Lausanne (EPFL)

Faculty Position  
in Applied Mathematics 

EPFL is an equal opportunity employer and family friendly university.
It is committed to increasing the diversity of its faculty.
It strongly encourages women to apply.

http://www.msri.org/application
http://www.msri.org/application
http://math.epfl.ch
http://sb.epfl.ch
https://facultyrecruiting.epfl.ch/positiondetails/23691269
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and faculty member, network with students and colleagues 
in your field, and be part of a forward-thinking, innovative 
academic community.

Instructors will be expected to familiarize themselves 
with existing course materials, grade assessments, monitor 
and contribute to discussion boards, hold regular office 
hours, answer student questions, and coordinate with 
other instructors of the same course. Instructors may also 
be asked to develop online course materials with support 
from the Whiting School’s instructional design and instruc-
tional technology staff. Orientation to EP-based course 
instruction will be provided.

REQUIREMENTS: A doctoral degree and experience as 
a lead instructor or teaching assistant is required. Indus-
trial and/or research experience in applied mathematics, 
including academic publications, is preferred. Interest in 
supervising master’s theses is a plus. Experience in an online 
classroom is preferred, as is familiarity with the Blackboard 
Learning Management System. Compensation is highly 
competitive.

APPLICATION PROCESS FOR PART-TIME POSITIONS: 
Candidates may apply for a part-time position using 
the form found at https://ep.jhu.edu/about-us 
/teach-for-us. Applications should include a Statement 
of Interest, a CV, references, and course evaluations from 
two to four classes taught by the applicant (if available). 
All applications will be evaluated on a rolling basis.

14

MARYLAND

Johns Hopkins University

The Engineering for Professionals division of the Whiting 
School of Engineering at Johns Hopkins University seeks 
applicants for part-time teaching positions housed in the 
Applied & Computational Mathematics (ACM) graduate 
program. All lecturers are responsible for the delivery of 
online courses to part-time professional master’s degree 
candidates. Grading support is provided to all instructors 
of large courses.

The ACM program seeks instructors with capabilities 
in the areas of analysis, computational algorithms, oper-
ations research, probability and statistics, and simulation 
and modeling. All graduate-level courses are taught with 
mathematical rigor and, at a minimum, have a student pre-
requisite of multivariate calculus (calculus III). Prospective 
applicants are strongly encouraged to review the list of ACM 
courses and identify those courses in the list that they feel 
most qualified to teach.

The highly-ranked online programs at Johns Hopkins 
Engineering for Professionals combine the rigor of tradi-
tional Johns Hopkins programs with practical application 
in the fields of engineering, applied sciences, business, and 
government. Instructors impart cutting-edge knowledge and 
real-world skills in collaborative, interactive learning envi-
ronments, providing students with a unique opportunity to 
forge lasting professional connections as they work, study, 
and maintain a manageable work-life balance. Expand 
your skills and experience as an applied mathematician  

https://ep.jhu.edu/about-us/teach-for-us
https://ep.jhu.edu/about-us/teach-for-us
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MASSACHUSETTS

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill 
positions in Pure and Applied Mathematics at the level 
of tenure-track Assistant Professor or higher beginning 
July 2021 (for the 2021–2022 academic year, or as soon 
thereafter as possible). Appointments are based primarily 
on exceptional research qualifications. Appointees will be 
required to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

For more information and to apply, please visit www
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2020. MIT is an Equal Op-
portunity, Affirmative Action Employer.

16

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill posi-
tions in Pure and Applied Mathematics, and Statistics at the 
level of Instructor beginning July 2021 (for the 2021–2022 
academic year). Appointments are based primarily on 
exceptional research qualifications. Appointees will be 
expected to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

For more information and to apply, please visit www
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2020. MIT is an Equal Op-
portunity, Affirmative Action Employer.

17

NEW JERSEY

Rutgers University 
New Brunswick

Mathematics Department

The Mathematics Department of Rutgers University–New 
Brunswick invites applications for the following positions 
which may be available September 2021.

TENURE-TRACK ASSISTANT PROFESSOR: Subject 
to availability of funding, the Department expects one 
opening at the level of Tenure-Track Assistant Professor. 
Candidates must have a PhD and have a strong record 
of research accomplishments in mathematics as well as 
effective teaching. More details on the search, including 
priority areas, can be found in the Rutgers University–New 
Brunswick ad listing of www.mathjobs.org. The normal 
teaching load for research-active faculty is 2–1.

Review of applications begins November 1, 2020; appli-
cations after that date may be considered if the positions 
have not been filled.

HILL AND OTHER ASSISTANT PROFESSORSHIPS: The 
Hill Assistant Professorship is a three-year nontenure-track, 
nonrenewable, Post-Doctoral appointment. These posi-
tions carry a reduced teaching load of 2–1 for research. 
Subject to funding, we will be offering one or more of these 
positions. Other postdoctoral positions of varying dura-
tion and teaching loads may also be available. Candidates 
should have received a PhD and show outstanding promise 
of research ability in pure or applied mathematics as well 
as a capacity for effective teaching.

Review of applications begins December 1, 2020; appli-
cations after that date may be considered if the positions 
have not been filled.

TEACHING FACULTY: Teaching Instructor or Assistant/
Associate Teaching Professor in Mathematics. Subject to 
availability of funding the Department of Mathematics at 
Rutgers University–New Brunswick expects to have one 
or more renewable non-tenure-track teaching positions 
at the level of Teaching Instructor with the possibility of 
appointment at a higher level (Assistant or Associate Teach-
ing Professor) for exceptionally well-qualified candidates.

This position has a teaching load of 4–4 (four under-
graduate courses in each of the fall and spring semesters), 
with possible teaching reductions for administrative, 
advising or other departmental duties. Applicants should 
normally have received a PhD and show outstanding evi-
dence of teaching at the undergraduate level.

Review of candidates for these positions will begin 
December 1, 2020; applications after that date may be 
considered if the positions have not been filled.

APPLICATION PROCEDURE: The three positions are 
listed at www.mathjobs.org under Rutgers–New Bruns-
wick with the codes TT20, PD20, and TF20. An applicant 
should complete the application at www.mathjobs.org. 
In addition to the mathjobs application, for each position 
for which you apply, you must complete a basic employ-
ment application on the Rutgers employment website. The 
mathjobs listing for each position includes a link to this 
basic application. 

Rutgers, the State University of New Jersey, is an Equal 
Opportunity / Affirmative Action Employer.

Qualified applicants will be considered for employment 
without regard to race, creed, color, religion, sex, sexual 
orientation, gender identity or expression, national origin,
disability status, genetic information, protected veteran 
status, military service or any other category protected by 
law. As an institution, we value diversity of background and 
opinion, and prohibit discrimination or harassment on 
the basis of any legally protected class in the areas of hir-
ing, recruitment, promotion, transfer, demotion, training, 
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

compensation, pay, fringe benefits, layoff, termination or 
any other terms and conditions of employment.

18

AUSTRIA

IST Austria 
Assistant Professor (tenure-track)

and Professor positions in mathematics

IST Austria (www.ist.ac.at) invites applications in all 
areas of mathematics for several open positions.

Female researchers are strongly encouraged to apply.
We offer:

 • Highly international and interdisciplinary research 
environment

 • Competitive start-up package and salary
 • Guaranteed annual base funding
 • Support for acquiring third-party funds
 • Light teaching load, entirely at the level of graduate 

students
 • Wide portfolio of career support
 • Child-care facilities and support on campus

IST Austria is an international institute dedicated to basic 
research and graduate education in the natural, mathemat-
ical, and computational sciences. The Institute fosters an 
interactive, collegial, and supportive atmosphere, sharing 
space and resources between research groups whenever 
possible, and facilitating cross-disciplinary collaborations. 
Our PhD program involves a multi-disciplinary course 
schedule and rotations in research groups. We hire scholars 
from diverse international backgrounds and our working 
language is English. The campus of IST Austria is located 
close to Vienna, one of the most livable cities in the world.

Assistant professors receive independent group-leader 
positions with an initial contract of six years, at the end 
of which they are reviewed by international peers. If the 
evaluation is positive, an assistant professor is promoted 
to a tenured professor.

Candidates for tenured positions are distinguished sci-
entists in their respective research fields and have at least 
six years of experience in leading a research group.

Please apply online at:  www.ist.ac.at/jobs/faculty/
The closing date for our call is October 30, 2020.
IST Austria values diversity and is committed to equal 

opportunity.

15

http://cam.tju.edu.cn
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General Interest

Bicycle or Unicycle?
A Collection of Intriguing 
Mathematical Puzzles
Daniel J. Velleman, Amherst Col-
lege, MA, and University of Ver-
mont, Burlington, VT, and Stan 
Wagon, Macalester College, St. 
Paul, MN

Bicycle or Unicycle? is a collection 
of 105 mathematical puzzles 
whose defining characteristic 
is the surprise encountered in 

their solutions. Solvers will be surprised, even occasionally 
shocked, at those solutions. The problems unfold into 
levels of depth and generality very unusual in the types of 
problems seen in contests. In contrast to contest problems, 
these are problems meant to be savored; many solutions, 
all beautifully explained, lead to unanswered research 
questions. At the same time, the mathematics necessary to 
understand the problems and their solutions is all at the 
undergraduate level. The puzzles will, nonetheless, appeal 
to professionals as well as to students and, in fact, to anyone 
who finds delight in an unexpected discovery.

These problems were selected from the Macalester Col-
lege Problem of the Week archive. The Macalester tradition 
of a weekly problem was started by Joseph Konhauser in 
1968. In 1993 Stan Wagon assumed problem-generating 
duties. A previous book written by Wagon, Konhauser, and 
Dan Velleman, Which Way Did the Bicycle Go?, gathered 
problems from the first twenty-five years of the archive. 
The title problem in that collection was inspired by an 
error in logic made by Sherlock Holmes, who attempted to 
determine the direction of a bicycle from the tracks of its 
wheels. Here the title problem asks whether a bicycle track 
can always be distinguished from a unicycle track. You’ll be 
surprised by the answer.

Problem Books, Volume 36
September 2020, 302 pages, Softcover, ISBN: 978-1-
4704-4759-5, LC 2020003232, 2010 Mathematics Subject 

Analysis

Introduction to Analysis 
in One Variable
Michael E. Taylor, University of 
North Carolina, Chapel Hill, NC

This is a text for students who 
have had a three-course calcu-
lus sequence and who are ready 
to explore the logical structure 
of analysis as the backbone of 
calculus. It begins with a devel-
opment of the real numbers, 
building this system from more 

basic objects (natural numbers, integers, rational numbers, 
Cauchy sequences), and it produces basic algebraic and 
metric properties of the real number line as propositions, 
rather than axioms. The text also makes use of the complex 
numbers and incorporates this into the development of 
differential and integral calculus. For example, it develops 
the theory of the exponential function for both real and 
complex arguments, and it makes a geometrical study of 
the curve (exp i t ), for real t , leading to a self-contained 
development of the trigonometric functions and to a deri-
vation of the Euler identity that is very different from what 
one typically sees. Further topics include metric spaces, the 
Stone–Weierstrass theorem, and Fourier series.

Pure and Applied Undergraduate Texts, Volume 47
October 2020, 462 pages, Softcover, ISBN: 978-1-4704-
5668-9, LC 2020009788, 2010 Mathematics Subject Classi-
fication: 26A03, 26A06, 26A09, 26A42, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
AMSTEXT/47

bookstore.ams.org/amstext-47

http://bookstore.ams.org/amstext-47
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Geometry and Topology

Geometry and  Topology 
of Manifolds
Surfaces and Beyond
Vicente Muñoz, Universidad de 
Málaga, Spain, Ángel González-
Preito, Universidad Politécnica de 
Madrid, Spain, and Juan Ángel 
Rojo, Universidad Politécnica de 
Madrid, Spain

This book represents a novel ap-
proach to differential topology. 
Its main focus is to give a com-

prehensive introduction to the classification of manifolds, 
with special attention paid to the case of surfaces, for which 
the book provides a complete classification from many 
points of view: topological, smooth, constant curvature, 
complex, and conformal.

Each chapter briefly revises basic results usually known 
to graduate students from an alternative perspective, focus-
ing on surfaces. We provide full proofs of some remarkable 
results that sometimes are missed in basic courses (e.g., the 
construction of triangulations on surfaces, the classification 
of surfaces, the Gauss-Bonnet theorem, the degree-genus 
formula for complex plane curves, the existence of constant 
curvature metrics on conformal surfaces), and we give hints 
to questions about higher dimensional manifolds. Many 
examples and remarks are scattered through the book. Each 
chapter ends with an exhaustive collection of problems and 
a list of topics for further study.

The book is primarily addressed to graduate students 
who did take standard introductory courses on algebraic to-
pology, differential and Riemannian geometry, or algebraic 
geometry, but have not seen their deep interconnections, 
which permeate a modern approach to geometry and to-
pology of manifolds.

Graduate Studies in Mathematics, Volume 208
October 2020, 488 pages, Softcover, ISBN: 978-1-4704-
6132-4, LC 2020019160, 2010 Mathematics Subject Classi-
fication: 57–02, 53–02, 55–02, 30Fxx, 53Cxx, List US$89, 
AMS members US$71.20, MAA members US$80.10, Order 
code GSM/208

bookstore.ams.org/gsm-208

Classification: 00A07, 00A08, List US$55, AMS Individual 
member US$41.25, AMS Institutional member US$44, 
MAA members US$41.25, Order code PRB/36

bookstore.ams.org/prb-36

Matemax
English + Spanish Edition
Alicia Dickenstein, Universi-
dad de Buenos Aires, Argentina, 
and Instituto de Investigaciones 
Matemáticas Luis A. Santaló 
(UBA-CONICET), Argentina, and 
Juan Sabia, Universidad de Bue-
nos Aires, Argentina, and Instituto 
de Investigaciones Matemáticas 
Luis A. Santaló (UBA-CONICET), 
Argentina

MATEMAX is a bilingual schoolbook of mathematical prob-
lems written with the premise that one of the fundamental 
ways of learning mathematics, in addition to being one of 
the goals of the subject, is to solve problems. The book is 
designed for children and young teens and aims to teach 
mathematics in an entertaining way. Problems are based 
on familiar everyday situations, and helpful hints guide stu-
dents to develop strategies before diving into calculations, 
leading to practice in abstract thinking, an essential feature 
of mathematics. Presented in both English and Spanish it 
also provides equal access to students, parents and teachers 
with facility in either or both languages.

An online supplement is available upon request at text 
books@ams.org. This companion book provides complete 
solutions, alternative methods and additional suggestions 
to complement the short answers contained in the book. 
In addition, while problems are arranged in the book as 
they appear naturally in life, the companion text connects 
the mathematical tools with standard curricula.

Miscellaneous Books, 136
October 2020, 189 pages, Softcover, ISBN: 978-1-4704-
5500-2, 2010 Mathematics Subject Classification: 97–01, 
97U40, List US$30, AMS members US$24, MAA members 
US$27, Order code MBK/136

bookstore.ams.org/mbk-136

http://bookstore.ams.org/prb-36
http://bookstore.ams.org/mbk-136
http://bookstore.ams.org/gsm-208
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New in Contemporary 
Mathematics
Applications

75 Years of Mathematics 
of Computation
Susanne C. Brenner, Louisiana 
State University, Baton Rouge, LA, 
Igor Shparlinski, The Univer-
sity of New South Wales, Sydney, 
Australia, Chi-Wang Shu, Brown 
University, Providence, RI, and 
Daniel B. Szyld, Temple Univer-
sity, Philadelphia, PA, Editors

The year 2018 marked the 75th 
anniversary of the founding of 
Mathematics of Computation, one 

of the four primary research journals published by the 
American Mathematical Society and the oldest research 
journal devoted to computational mathematics. To cele-
brate this milestone, the symposium “Celebrating 75 Years 
of Mathematics of Computation” was held from November 
1–3, 2018, at the Institute for Computational and Exper-
imental Research in Mathematics (ICERM), Providence, 
Rhode Island.

The sixteen papers in this volume, written by the sym-
posium speakers and editors of the journal, include both 
survey articles and new contributions.

On the discrete side, there are four papers covering top-
ics in computational number theory and computational 
algebra. On the continuous side, there are twelve papers 
covering topics in machine learning, high dimensional 
approximations, nonlocal and fractional elliptic problems, 
gradient flows, hyperbolic conservation laws, Maxwell’s 
equations, Stokes’s equations, a posteriori error estimation, 
and iterative methods. Together they provide a snapshot 
of significant achievements in the past quarter century in 
computational mathematics and also in important current 
trends.

Contemporary Mathematics, Volume 754
September 2020, 376 pages, Softcover, ISBN: 978-1-4704-
5163-9, 2010 Mathematics Subject Classification: 11Mxx, 
11Gxx, 16Zxx, 35Rxx, 41Axx, 65Fxx, 65Mxx, 65Nxx, List 
US$120, AMS members US$96, MAA members US$108, 
Order code CONM/754

bookstore.ams.org/conm-754

Math Education

Pre-Calculus, Calculus, 
and Beyond
Hung-Hsi Wu, University of Cal-
ifornia, Berkeley, CA

This is the last of three volumes 
that, together, give an exposition 
of the mathematics of grades 
9–12 that is simultaneously 
mathematically correct and 
grade-level appropriate. The vol-
umes are consistent with CCSSM 
(Common Core State Standards 

for Mathematics) and aim at presenting the mathematics 
of K–12 as a totally transparent subject.

This volume distinguishes itself from others of the same 
genre in getting the mathematics right. In trigonometry, 
this volume makes explicit the fact that the trigonometric 
functions cannot even be defined without the theory of 
similar triangles. It also provides details for extending the 
domain of definition of sine and cosine to all real numbers. 
It explains as well why radians should be used for angle 
measurements and gives a proof of the conversion formulas 
between degrees and radians.

In calculus, this volume pares the technicalities con-
cerning limits down to the essential minimum to make the 
proofs of basic facts about differentiation and integration 
both correct and accessible to school teachers and educa-
tors; the exposition may also benefit beginning math ma-
jors who are learning to write proofs. An added bonus is a 
correct proof that one can get a repeating decimal equal to 
a given fraction by the “long division” of the numerator by 
the denominator. This proof attends to all three things all 
at once: what an infinite decimal is, why it is equal to the 
fraction, and how long division enters the picture.

This book should be useful for current and future teach-
ers of K–12 mathematics, as well as for some high school 
students and for education professionals.

December 2020, 454 pages, Softcover, ISBN: 978-1-4704-
5677-1, LC 2020008736, 2010 Mathematics Subject Classi-
fication: 97–01, 97–00, 97D99, 97–02, 00–01, 00–02, List 
US$50, AMS members US$40, MAA members US$45, 
Order code MBK/133

bookstore.ams.org/mbk-133

ONTEMPORARY
ATHEMATICS

C
M

754

Susanne C. Brenner
Igor Shparlinski
Chi-Wang Shu
Daniel B. Szyld

75 Years 
of Mathematics 
of Computation

http://bookstore.ams.org/mbk-133
http://bookstore.ams.org/conm-754
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Analysis

Some Aspects of 
the Theory of Dynamical 
Systems: A  Tribute to 
Jean-Christophe Yoccoz: 
Volume II
Sylvain Crovisier, Université 
Paris-Saclay, Orsay, France, Ra-
phael Krikorian, Université de 
Cergy-Pontoise, France, Carlos 
Matheus, École polytechnique, Pal-
aiseau, France, and Samuel Senti, 
Universidade Federal do Rio de 
Janeiro, Brésil, Editors

This item will also be of interest to those working in dif-
ferential equations.

Astèrisque, Volume 416
June 2020, 340 pages, Softcover, ISBN: 978-2-85629-917-3, 
2010 Mathematics Subject Classification: 32A10, 37A17, 
37A25, 37A50, 37C40, 37C75, 37D30, 37E05, 37E30, 
37F25, 37F50, 37J50, 53D12, 60F05, 70H20, 37C86, 
37D25, 37J12, List US$75, AMS members US$60, Order 
code AST/416

bookstore.ams.org/ast-416

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Some Aspects of 
the Theory of Dynamical 
Systems: A  Tribute to 
Jean-Christophe Yoccoz: 
Volume I
Sylvain Crovisier, Université 
Paris-Saclay, Orsay, France, Ra-
phael Krikorian, Université de 
Cergy-Pontoise, France, Carlos 
Matheus, École polytechnique, Pal-
aiseau, France, and Samuel Senti, 
Universidade Federal do Rio de 
Janeiro, Brésil, Editors

This item will also be of interest to those working in anal-
ysis and discrete mathematics and combinatorics.

Astèrisque, Volume 415
June 2020, 274 pages, Softcover, ISBN: 978-2-85629-916-6, 
2010 Mathematics Subject Classification: 00, 05A16, 11J06, 
20C30, 28A78, 30F30, 30F60, 32Q65, 34D08, 37Bxx, 
37B20, 37C40, 37C85, 37C99, 37D20, 37D25, 37E30, 
37E99, 37F10, 37F15, 37F45, 57S25, 76A99, 05, 37C55, 
37D35, 53D42, List US$75, AMS members US$60, Order 
code AST/415

bookstore.ams.org/ast-415

http://bookstore.ams.org/ast-415
http://bookstore.ams.org/ast-416


Mathematical Congress of the Americas

MCA 20
21

All information currently
available about the MCA 2021

program,  organization, and
registration procedure is

located on the  MCA 2021 website:

www.mca2021.org

AMS Travel Grants
for MCA 2021 in Buenos Aires, Argentina
July 19–24, 2021

With funding from the NSF, the AMS will administer a selection
and award process for partial travel support for up to 50 US
mathematicians attending the Mathematical Congress of the
Americas (MCA) scheduled for July 19–24, 2021, in Buenos
Aires, Argentina.

Instructions on how to apply are available on the AMS
website at  www.ams.org/mca in early September.

This travel grants program will be administered by the
Professional Programs Department, AMS,
201 Charles Street, Providence, RI 02904-2213.

For questions or more information, contact
Kim Kuda by email at kak@ams.org or
by phone at 800.321.4267, ext. 4096
or 401.455.4096.
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Meetings & Conferences of the AMS
October Table of Contents

Meetings in this Issue
  2020  

September 12–13 Fall Central Virtual p. 1427
October 3–4 Fall Eastern Virtual p. 1428
October 10–11 Fall Southeastern Virtual p. 1429
October 24–25 Fall Western Virtual p. 1430

  2021  
March 13–14 Atlanta, Georgia p. 1431
March 20–21 Providence, Rhode Island p. 1432
April 17–18 Cincinnati, Ohio p. 1433
May 1–2 San Francisco, California p. 1433
July 5–9 Grenoble, France p. 1434
July 19–23 Buenos Aires, Argentina p. 1435
September 18–19 Buffalo, New York p. 1435
October 9–10 Omaha, Nebraska p. 1435
October 23–24 Albuquerque, NM p. 1436
November 20–21 Mobile, Alabama p. 1436

  2022  
January 5–8 Seattle, Washington p. 1436
March 11–13 Charlottesville, Virginia p. 1437
March 19–20 Medford, Massachusetts p. 1438
March 26–27 West Lafayette, Indiana p. 1439
May 14–15 Denver, Colorado p. 1439
September 17–18 El Paso, Texas p. 1440
October 15–16 Chattanooga, Tennessee p. 1440
October 22–23 Salt Lake City, Utah p. 1441

  2023  
January 4–7 Boston, Massachusetts p. 1442
May 6–7 Fresno, California p. 1442

2021 JMM Information p. 1444
2021 AMS Short Course p. 1474

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
110 in the January 2020 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl


You are valued in 
our math community.

www.ams.org/membership

*Excludes affiliate members and non-dues paying members. Join other members today.

AMS members: Renew your 2021 membership between August 1st 
and October 1st, 2020 and receive 13 AMS Points.* Become a Life 
member and receive 26 AMS Points!

Not a member yet? Join between August 1st 
and October 1st, 2020 and you also receive 
13 AMS Points.*
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Fall Central Virtual Sectional Meeting
Now meeting virtually, MDT (hosted by the American Mathematical Society)

September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: June 2020

Program first available on AMS website: July 28, 2020

Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, geometric and topological combinatorics, Art Duval, University of Texas at El Paso, Caroline Klivans, Brown 
University, and Jeremy Martin, University of Kansas.

Commutative Algebra, Sara Faridi, Dalhousie University, and Susan Morey, Texas State University.
Fixed point theory and its applications, Monther R. Alfuraidan, King Fahd University of Petroleum & Minerals, KSA, 

Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of Technology, 
Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.

Free Resolutions, Combinatorics, and Geometry, Anton Dochtermann, Texas State University, and Sean Sather-Wagstaff, 
Clemson University.
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Geometric Inequalities and Nonlinear Partial Differential Equations, Joshua Flynn, University of Connecticut, Jungang Li, 
Brown University, and Guozhen Lu, University of Connecticut.

Geometry of Submanifolds and Integrable Systems, Magdalena Toda and Hung Tran, Texas Tech University.
High-Frequency data analysis and applications, Maria Christina Mariani and Michael Pokojovy, University of Texas at El 

Paso, and Ambar Sengupta, University of Connecticut.
Low-dimensional topology and knot theory, Mohamed Ait Nouh and Luis Valdez-Sanchez, University of Texas at El Paso.
Methods and applications in data Science, Ming-Ying Leung, Xiaogang Su, and Amy Wagler, The University of Texas at 

El Paso.
Nonlinear analysis and optimization, Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar A. Khan, 

Rochester Institute of Technology.
Recent advances in scientific computing and applications, Natasha Sharma, University of Texas at El Paso, and Annalisa 

Quaini, University of Houston.
Recent Developments in Commutative Algebra, Louiza Fouli and Jonathan Montaño, New Mexico State University.
Statistical methodology and applications, Ori Rosen and Suneel Chatla, University of Texas at El Paso.
Stochastic Modeling in Mathematical Biology, Mary Ballyk, New Mexico State University, Si Tang, Lehigh University, and 

Jianjun Paul Tian, New Mexico State University.
Theoretical and Computational Studies of PDEs Related to Fluid Mechanics, Phuong Nguyen, Texas Tech University, Andrei 

Tarfulea, Louisiana State University, and Kazuo Yamazaki, Texas Tech University.
Undergraduate Teaching and Learning of Mathematics, Paul Dawkins and Samuel Obara, Texas State University.

Fall Eastern Virtual Sectional Meeting
Now meeting virtually, EDT (hosted by the American Mathematical Society)

October 3–4, 2020
Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: August 2020

Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Mathematical Modeling of Infection, Jessica M. Conway, Pennsylvania State University, Troy Day, Queen’s 
University, and Timothy C. Reluga, Pennsylvania State University.

Algebraic Singularities in Arbitrary Characteristic, Rankeya Datta, University of Illinois at Chicago, and Takumi Murayama, 
Princeton University.

Analytic Number Theory, Angel V. Kumchev, Towson University, and Siddhi S. Pathak and Robert C. Vaughan, Penn-
sylvania State University.

Automorphic Forms and Galois Representations, Jim Brown, Occidental College, and Krzysztof Klosin, Queens College, 
CUNY.

Cluster Algebras and Plabic Graphs, Chris Fraser, University of Minnesota, and Max Glick, Google Inc.
Combinatorics and Computing, Saúl A. Blanco, Indiana University, and Charles Buehrle, Notre Dame of Maryland 

University.
Commutative Algebra and Connections to Algebraic Geometry and Combinatorics, Ayah Almousa, Cornell University, and 

Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny.
Conservation Laws and Nonlinear Wave Equations, Alberto Bressan, Pennsylvania State University, Geng Chen, University 

of Kansas, and Qingtian Zhang, West Virginia University.
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Drinfeld Modules, Modular Varieties and Arithmetic Applications, Mihran Papikian, Pennsylvania State University, and 
Dinesh Thakur, University of Rochester.

Geometric Dynamics, Mark Levi and Sergei Tabachnikov, Pennsylvania State University.
Geometry and Arithmetic of Algebraic Varieties, Jack Huizenga, John Kopper, and John Lesieutre, Pennsylvania State 

University.
Geometry of Groups and 3-manifolds, Abhijit Champanerkar, College of Staten Island and The Graduate Center, CUNY, 

and Hongbin Sun, Rutgers University.
Group Representations and Related Topics, Mark L. Lewis and Shawn T. Burkett, Kent State University, and Hung P. 

Tong-Viet, Binghamton University.
Homological Methods in Algebra, Ela Celikbas and Olgur Celikbas, West Virginia University, and Saeed Nasseh, Georgia 

Southern University.
Nonlinear Scientific Computing and Applications, Wenrui Hao, Pennsylvania State University.
q-Series and Related Areas in Combinatorics and Number Theory, George Andrews, David Little, and Ae Ja Yee, Pennsyl-

vania State University.
Recent Developments in Gauge Theory, Siqi He, Stony Brook University, and Ákos Nagy, Duke University.
Recent Probabilistic Advances in Mathematical Physics, Alexei Novikov, Izabella Stuhl, and Yuri Suhov, Pennsylvania 

State University.
Turbulence and Mixing in Fluid Dynamics, Yuanyuan Feng, Anna Mazzucato, and Alexei Novikov, Pennsylvania State 

University.
Variational Aspects of Geometric Analysis, Jeffrey Case, Pennsylvania State University, Casey Kelleher and Chao Li, Princ-

eton University, and Siyi Zhang, University of Notre Dame.

Fall Southeastern Virtual Sectional Meeting
Now meeting virtually, EDT (hosted by the American Mathematical Society)

October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: August 2020

Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Graph Theory, Xiaofeng Gu, University of West Georgia, and Dong Ye, Middle Tennessee State University.
Advances in Image Reconstruction Algorithms for Inverse Tomography Problems, Sanwar Uddin Ahmad, Colorado State 

University, and Taufiquar R Khan, Clemson University.
Advances in the Modeling and Computation of Fluid Flows and Fluid-Structure Interactions, Jin Wang and Eleni Panagiotou, 

University of Tennessee at Chattanooga.
Applicable Analysis of PDE Systems which Govern Fluid Flows and Flow-Structure Interactions, Pelin Guven Geredeli, Iowa 

State University, and George Avalos, University of Nebraska-Lincoln.
Applied Knot Theory, Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee at Chattanooga, 

and Eric Rawdon, University of St Thomas.
Boundary Value Problems for Differential, Difference, and Fractional Equations, John R Graef and Lingju Kong, University 

of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.
Coding Theory, Cryptography, and Number Theory, Ryann Cartor, Shuhong Gao, Kevin James, and Felice Manganiello, 

Clemson University.
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Commutative Algebra, Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South Carolina, Salke-
hatchie.

Convexity and Probability in High Dimensions, Steven Hoehner, Longwood University, and Stanislaw Szarek and Elis-
abeth Werner, Case Western Reserve University.

Geometric and Topological Generalization of Groups, Bikash C Das, University of North Georgia.
Geometry and arithmetic of hyperkähler manifolds, Giulia Saccà, Columbia University, and Laure Flapan, Massachusetts 

Institute of Technology.
Homological Commutative Algebra, Hugh Geller, James Gossell, and Sean Sather-Wagstaff, Clemson University.
Interactions Between Algebra, Geometry and Topology in Low Dimensions, Alex Casella and Lorenzo Ruffoni, Florida State 

University at Tallahassee, and Michelle Chu, University of Illinois at Chicago.
Modern Applied Analysis, Boris Belinskiy, University of Tennessee at Chattanooga.
Polynomials, Approximation Theory, and Potential Theory, Aaron Yeager, College of Coastal Georgia, and Erik Lundberg, 

Florida Atlantic University.
Probability and Statistical Models with Applications, Sher Chhetri, University of South Carolina, Sumter, and Cory Ball, 

Florida Atlantic University.
Random Discrete Structures, Lutz Warnke, Georgia Institute of Technology, and Xavier Perez Gimenez, University of 

Nebraska-Lincoln.
Structural and Extremal Graph Theory, Hao Huang, Emory University, and Xingxing Yu, Georgia Institute of Technology.

Fall Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

October 24–25, 2020
Saturday – Sunday

Meeting #1162
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: August 2020

Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Andrei Okounkov, Columbia University, Lie theory without groups (Erdős Memorial Lecture).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Approximation Theory and Numerical Analysis, Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Free boundary problems arising in applications, Mark Allen, Brigham Young University, Mariana Smit Vega Garcia, Western 

Washington University, and Braxton Osting, The University of Utah.
Geometry and Representation Theory of Quantum Algebras and Related Topics, Mee Seong Im, United States Military Acad-

emy, West Point, Bach Nguyen, Temple University, and Arik Wilbert, University of Georgia.
Graphs and Matrices, Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
How to Solve It? Heuristics and Inquiry Based Learning, Mario Banuelos, California State University, Fresno, Andrew G. 

Benedek, Research Centre for the Humanities, Eötvös Loránd Research Network, Hungary, and Agnes Tuska, California 
State University, Fresno.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, Los Alamos, NM, and Robert Owczarek, University 
of New Mexico, Albuquerque, NM, and University of New Mexico, Los Alamos, NM.

Knotted surfaces and concordances, Mark Hughes, Brigham Young University, Jeffrey Meier, Western Washington Uni-
versity, and Maggie Miller, Princeton University.
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Monoidal Categories in Representation Theory, Jonathan Brundan, Ben Elias, and Victor Ostrik, University of Oregon.
PDEs, data, and inverse problems, Jared Whitehead, Brigham Young University.
Recent advances in the theory of fluid dynamics, Elaine Cozzi, Oregon State University, and Magdalena Czubak, Univer-

sity of Colorado Boulder.
Several Complex Variables: Emerging Applications, Connections, and Synergies, Jennifer Brooks, Brigham Young University, 

and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems, John Engbers, Marquette University, David Galvin, University of Notre 

Dame, and Cliff Smyth, University of North Carolina Greensboro.

Atlanta, Georgia
Georgia Institute of Technology

March 13–14, 2021
Saturday – Sunday

Meeting #1164
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: December 2020

Program first available on AMS website: January 28, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: October 1, 2020

For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Yaiza Canzani, University of North Carolina–Chapel Hill, Title to be announced.
Blair Sullivan, University of Utah, Title to be announced.
Amie Wilkinson, University of Chicago, Title to be announced (Erdős Memorial Lecture).
Jiongmin Yong, University of Central Florida, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 2A), Songling Shan, Illinois State University.
Advances in Computational Dynamics (Code: SS 6A), Jorge L Gonzalez, Georgia Institute of Technology, Andrey Shil-

nikov, Georgia State University, and J.D. Mireles James, Florida Atlantic University.
Celestial Mechanics and Applied Astrodynamics (Code: SS 10A), Bhanu Kumar and Molei Tao, Georgia Institute of Tech-

nology.
Commutative Algebra and its Interaction with Algebraic Geometry and Combinatorics (Code: SS 11A), Justin Chen, Georgia 

Institute of Technology, and Youngsu Kim, California State University, San Bernardino.
Differential Graded Methods in Commutative Algebra (Code: SS 1A), Saeed Nasseh, Georgia Southern University, and 

Adela Vraciu, University of South Carolina, Columbia.
Functional Differential Equations, Theory and Applications (Code: SS 8A), Joan Gimeno, University of Rome Tor Vergata, 

and Rachel Kuske and Jiaqi Yang, Georgia Institute of Technology.
Graphs in Data Science (Code: SS 9A), Nicolas Fraiman, University of North Carolina, Chapel Hill, and Soledad Villar, 

Johns Hopkins University.
Mapping Class Groups (Code: SS 4A), Dan Margalit, Georgia Institute of Technology.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 3A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Stochastic Control and Related Topics (Code: SS 7A), Andrzej Swiech, Georgia Institute of Technology, and Jiongmin 

Yong, University of Central Florida.
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Topology and Geometry of 3- and 4-Manifolds (Code: SS 5A), Siddhi Krishna, Georgia Institute of Technology and Co-
lumbia University, Miriam Kuzbary, Georgia Institute of Technology, Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology, and JungHwan Park, Georgia Institute of Technology.

Providence, Rhode Island
Brown University

March 20–21, 2021
Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: December 2020

Program first available on AMS website: January 28, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: September 24, 2020

For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts at Dartmouth, Title to be announced.
Sam Payne, University of Texas, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry in Dynamics, Nguyen-Bac Dang, Stony Brook University, and Nicole Looper, Rohini Ramadas, and 
Joseph H. Silverman, Brown University.

Applied Combinatorics, Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, 
Brown University.

Commutative Algebra, Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed 
Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.

Current Trends in Combinatorial Commutative Algebra, Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny, 
and Augustine O’Keefe, Connecticut College.

Metric techniques in Analysis, Vasileios Chousionis and Sean Li, University of Connecticut.
Mirror Symmetry and Enumerative Geometry, Mandy Cheung, Harvard University, and Siu-Cheong Lau and Yu-Shen 

Lin, Boston University.
Recent Advances in Schubert Calculus and Related Topics, Cristian Lenart and Changlong Zhong, State University of New 

York at Albany.
Recent Developments in Automorphic Representations, Spencer Leslie, Duke University, and Tian An Wong, University of 

Michigan-Dearborn.
Stochastic Analysis, Parisa Fatheddin and Aurel Stan, Ohio State University, Marion.



OctOber 2020  NOtices Of the AmericAN mAthemAticAl sOciety   1433

MEETINGS & CONFERENCES

Cincinnati, Ohio
University of Cincinnati

April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: January 2021

Program first available on AMS website: Not applicable

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: September 24, 2020

For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Title to be announced.
Malabika Pramanik, University of British Columbia and BIRS, Title to be announced.
Maksym Radziwill, Caltech, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Legendrian Knots and Surfaces, Honghao Gao, Michigan State University, and Dan Rutherford, Ball State University.
Nonsmooth Analysis and Geometry, Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight and Nageswari 

Shanmugalingam, University of Cincinnati.
Probabilistic and Diffusion Methods in Analysis and Geometry, Rodrigo Bañuelos and Jing Wang, Purdue University, and 

Ju-Yi Yen, University of Cincinnati.
Set Theory, Paul Larson, Miami University, and Justin Tatch Moore, Cornell University.

San Francisco, California
San Francisco State University

May 1–2, 2021
Saturday – Sunday

Meeting #1167
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: February 2021

Program first available on AMS website: February 25, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: November 1, 2020

For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at http://www.ams.org/cgi-bin/abstracts/abstract.pl.

Differential Geometry and Geometric PDE, Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo Seto, and Bog-
dan Suceavă , California State University, Fullerton.

Localization and delocalization in ergodic quantum systems, Ilya Kachkovskiy, Michigan State University, and Wencai Liu 
and Rodrigo Matos, Texas A&M University.
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Topological Perspectives in Graph Theory, Classical and Recent, Jonathan L. Gross, Columbia University, Timothy Sun, 
San Francisco State University, and Thomas W. Tucker, Colgate University.

Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: May 2021

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: September 15, 2020
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 

Maclean, Grenoble, France, and Claire Voisin, Paris, France.
Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 

Vasy, Stanford University, USA.
Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 

Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris.
Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 

Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.
Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 

Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Financial Mathematics, Beatrice Acciaio, London School of Economics, UK, Carole Bernard, Grenoble Ecole de Man-
agement, Grenoble, France, and Stephan Strum, Worcester Polytechnic Institute, USA.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.
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Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday

Meeting #1169
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: May 2021

Program first available on AMS website: To be announced
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

Buffalo, New York
University at Buffalo (SUNY)

September 18–19, 2021
Saturday – Sunday

Meeting #1170
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: June 2021

Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see www.ams.org/amsmtgs/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: August 2021

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 9, 2021
For abstracts: August 10, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.
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Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: August 2021

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: March 23, 2021
For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Dissipative Systems and Their Applications, Mingji Zhang and Bixiang Wang, New Mexico Institute of Mining and Tech-
nology.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico.
Recent Advances in Studies of Electrodiffusion Phenomena, Weishi Liu, University of Kansas, Hamid Mofidi, University of 

Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: September 2021

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
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Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner Hoehner, Longwood University, and Mark Meckes 
and Elizabeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced

Program issue of electronic Notices: To be announced

Issue of Abstracts: To be announced

Deadlines

For organizers: August 24, 2021

For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina 
Mitrea, Temple University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022
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El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of North Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.
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Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of 
California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
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Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 
Natalia Komarova and Jesse Kreger, University of California, Irvine.

Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.

Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-
versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.

Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 
Tran, California State University, Fresno.

Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

If you are searching for a job but are not 
yet employed*, you can still be an AMS
member. Choose the rate option that is 
comfortable for your budget. Then use
your benefi ts to assist your search.

$0    $20†    $51†

†Apply up to 20 AMS points to these rates.
One point = $1 discount.

New to the AMS: www.ams.org/join

Current eligible members who have not yet
paid 2021 dues: www.ams.org/account
*Annual statement of unemployed status is required.

Your
member
benefi ts

do not
have to be

out of reach.
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Mathematics Meetings
January 6–9, 2021
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The 2021 Joint Mathematics Meetings (JMM) will take place virtually, January 6–9, 2021. Switching from an in-person 
gathering to a virtual meeting was agreed upon by the co-hosts, the American Mathematical Society (AMS) and the 
Mathematical Association of America (MAA), in the interest of public health, including the safety of our community.

The program at JMM 2021 will be somewhat scaled-back. The information below was prepared prior to this decision 
and may have changed. For up-to-date information about the 2021 Virtual JMM program, see www.jointmathematics 
meetings.org.

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual Meet-
ing of the AMS, 104th Annual Meeting of the Mathematical As-
sociation of America (MAA), annual meetings of the Association 
for Women in Mathematics (AWM) and the National Associa-
tion of Mathematicians (NAM), and the winter meeting of the 
Association of Symbolic Logic (ASL), with sessions contributed 
by the Society for Industrial and Applied Mathematics (SIAM). 

AMS Associate Secretary: Brian Boe
MAA Associate Secretary: Hortensia Soto
Announcement issue of Notices: October 2020
Program first available on AMS website: November 2020

Deadlines
For organizers: Expired
For abstracts: September 15, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/meetings 
/national.html.

Joint Invited Addresses
Linda J. S. Allen, Texas Tech University, Modeling of Viral Zoonotic Infectious Diseases from Wildlife to Humans (AMS-MAA 

Invited Address).
Trachette Jackson, University of Michigan, Turning cancer discoveries into effective treatments with the aid of mathematical 

modeling (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture), Saturday, 3:00–3:50 pm.
Amie Wilkinson, University of Chicago, Title to be announced (AMS-MAA Invited Address). 

Joint Prize Session 
In order to showcase the achievements of recipients of the various prizes, the AMS and MAA are co-sponsoring this event 
at 4:25 pm on Thursday. All participants are invited to attend. See a full description of the prizes on the JMM website.

https://www.ams.org/meetings/national.html
https://www.ams.org/meetings/national.html
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127th Meeting of the AMS
AMS Invited Addresses

Douglas N. Arnold, University of Minnesota, Title to be announced, Saturday, 9:00–9:50 am.
Ryan Hynd, University of Pennsylvania, The Hamilton-Jacobi equation, past and present, Friday, 10:05–10:55 am.
Ciprian Manolescu, Stanford University, Khovanov homology and surfaces in four-manifolds (AMS Maryam Mirzakhani 

Lecture), Thursday, 2:15–3:05 pm.
Andrea Nahmod, University of Massachusetts Amherst, Propagation of randomness under the flow of nonlinear dispersive 

equations, Thursday, 3:20–4:10 pm.
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I, II, III), Wednesday, 

Thursday, and Friday, 1:00–1:50 pm.
Lenka Zdeborova, Institut de Physique Theorique, Title to be announced (AMS Josiah Willard Gibbs Lecture), Wednes-

day, 8:30–9:20 pm.
Xinwen Zhu, California Institute of Technology, Title to be announced, Wednesday, 10:05–10:55 am.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should submit your abstract as early as possible via the abstract submission 
form found at www.jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are co-sponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

ADJOINT (African Diaspora Joint Mathematics Workshop) Research Showcase (Code: SS 84A), Edray Goins, Pomona 
College, and Helene Barcelo, MSRI.

Adopt, Adapt, Assign Modeling Activities in Differential Equations (Code: SS 15A), Brian Winkel, US Military Academy, 
West Point, Janet Fierson, LaSalle University, Jennifer Garbett, Lenoir Rhyne University, and Therese Shelton, South- 
western University.

Advances and Applications in Integral and Differential Equations (Code: SS 8A), Min Wang, Kennesaw State University, 
Jeffrey W. Lyons, Trinity University, and Jeffrey T. Neugebauer, Eastern Kentucky University.

Advances in Computational Biomedicine (Code: SS 16A), Nek Valous and Niels Halama, German Cancer Research Center, 
and Paul Macklin, Indiana University.

Advances in Mathematical Biology (Code: SS 79A), Zhisheng Shuai, University of Central Florida, and Yixiang Wu, 
Middle Tennessee State University.

Advances in Modeling the Ecology of Infectious Diseases (Code: SS 38A), Lauren M. Childs, Virginia Tech, Julie C. Black- 
wood, Williams College, and Suzanne Lenhart and Olivia Prosper, University of Tennessee Knoxville.

Advances in Multivariable Operator and Function Theory in Both Commutative and Non-commutative Settings (Code: SS 27A), 
Kelly Bickel, Bucknell University, Paul Muhly, University of Iowa, Rachael Norton, Fitchberg State University, and Ryan 
Tully-Doyl, University of New Haven.

Advances in Operator Algebras (Code: SS 51A), Rolando de Santiago, UCLA, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, UCLA.

Advances in the Applications of Nonstandard Finite Difference Methods (Code: SS 82A), Talitha M. Washington, Howard 
University, Ron Buckmire, Occidental College, Abba Gumel, Arizona State University, and Jean Lubuma, University of 
Pretoria.

Agent-Based Dynamics and Self-Organization in Biology (Code: SS 60A), Alexandria Volkening, Northwestern University, 
and Andrew Bernoff and Jasper Weinburd, Harvey Mudd College.

Algebraic and Arithmetic Geometry (Code: SS 7A), Tony Shaska, Oakland University, and Marc Hindry, Institut de 
mathématiques Jussieu - Paris Rive Gauche Universiteé Paris Diderot.

Algebraic and Geometric Perspectives on Low-Dimensional Topology (Code: SS 63A), Christine Ruey Shan Lee, University 
of South Alabama, and Melissa Zhang, University of Georgia.

Algebraic Structures Related to Knot Theory (Code: SS 26A), Sujoy Mukherjee, Ohio State University, Thang Le, Georgia 
Tech, and Jozef H. Przytycki, George Washington University.

Analysis and Differential Equations at Undergraduate Institutions (Code: SS 11A), Katharine Ott, Bates College, and Wil- 
liam Green, Rose Hulman Institute of Technology.
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Analysis of Fractional, and Stochastic Dynamic Systems with Applications (Code: SS 3A), Aghalaya S. Vatsala, University 
of Louisiana at Lafayette, Gangaram S. Ladde, University of South Florida, Tampa, and John R. Graef, University of 
Tennessee at Chattanooga.

Applied Combinatorial Methods (Code: SS 66A), Stephen J. Young and Sinan G. Aksoy, Pacific Northwest National Lab.
Applied Topology (Code: SS 25A), Alvin Jin, KTH Royal Institute of Technology, and Mikael Vejdemo-Johansson, CUNY 

College of Staten Island.
A Showcase of Number Theory at Undergraduate Institutions (Code: SS 57A), Ricardo Conceicao and Darren Glass, Get- 

tysburg College, and Holley Friedlander, Dickinson College.
Branching Out: Ramification Invariants in Algebra and Geometry (Code: SS 65A), Andrew Kobin, University of Virginia, 

and Vaidehee Thatte, Binghamton University.
Celebrating the Mathematical Legacy of Dr. James A. Donaldson (Code: SS 78A), Naiomi Cameron, Spelman College, 

Talitha Washington, Howard University, Caleb Ashley, University of Michigan, and Bourama Toni, Howard University 
(AMS-NAM).

COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team (Code: SS 71A), Kathleen Snook, 
COMAP, and Amanda Beecher, Ramapo College of New Jersey.

Combinatorial Approaches to Topological Structures and Applications (Code: SS 75A), Cliff Joslyn and Emilie Purvine, 
Pacific Northwest National Laboratory.

Commutative Algebra (Code: SS 32A), Rebecca RG, George Mason University, and Sean Sather-Wagstaff, Clemson 
University.

Commutative Algebra in Positive Characteristic, I (Associated with AMS Colloquium Lecture) (Code: SS 81A), Janet Page, 
University of Michigan, and Emily Witt, University of Kansas.

Commutative Algebra Meets Representation Theory (Code: SS 20A), Alessandra Costantini, University of California Riv-
erside, Francesca Gandini, Kalamazoo College, and Ela Celikbas, West Virginia University.

Commutative Rings: Ideals, Modules, and Factorizations (Code: SS 2A), Bruce Olberding, New Mexico State University, 
and Alfred Geroldinger, University of Graz, Austria.

Computability Theory and Effective Mathematics (Code: SS 18A), Mariya I. Soskova, Joseph S. Miller, and Jun Le Goh, 
University of Wisconsin Madison (AMS-ASL).

Continued Fractions (Code: SS 62A), James McLaughlin, West Chester University, Geremías Polanco Encarnación, 
Hampshire College, Barry Smith, Lebanon Valley College, and Nancy J. Wyshinski, Trinity College.

Creative Teaching Methods That Lead to Student Learning (Code: SS 29A), Michael A. Radin, Rochester Institute of Tech-
nology, Natali Hritonenko, Prairie View A & M University, and Ellina Grigorieva, Texas Woman’s University.

Current Trends in Arithmetic Dynamics (Code: SS 34A), Trevor Hyde, University of Chicago, John R. Doyle, Oklahoma 
State University, and Michelle Mane, University of Hawaii and NSF.

Developments in Spatial Graphs (Code: SS 28A), Kenneth Baker, University of Miami, Allison Moore, Virginia Com-
monwealth University, and Danielle O’Donnol, Marymount University.

Driving Transformation Through Advanced Analytics (Code: SS 85A), Arnie Greenland, Smith School of Business, and 
Jack Levis, UPS.

Eigenvalues, Nonnegative Matrices and Applications (Code: SS 45A), Alan Krinik and Randall J. Swift, California State 
Polytechnic University, Pomona.

Foundations of Data Science: Mathematical Representation, Computational Modeling, and Statistical Inference (Code: SS 9A), 
Ivo Dinov, University of Michigan.

Galois Cohomology in Arithmetic Geometry (Code: SS 59A), Charlotte Ure and Evangelia Gazaki, University of Virginia.
Geometry and Topology in Dimensions 3 and 4 (Code: SS 58A), Christian Millichap, Furman University, Neil R. Hoffman, 

Oklahoma State University, Matt Stover, Temple University, and Genevieve Walsh, Tufts University.
Geometry in the Mathematics of Data Science (Code: SS 77A), Henry Kvinge, Tegan Emerson, Carlos Ortiz Marrero, and 

Tim Doster, Pacific Northwest National Laboratory.
Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational Study (Code: SS 48A), Jing 

Tian, Towson University, and Animikh Biswas, University of Maryland Baltimore.
History of Mathematics (Code: SS 12A), Adrian Rice, Randolph Macon College, Deborah Kent, Drake University, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Homological Aspects of Quantum Symmetries and Related Topics (Code: SS 14A), James Zhang, University of Washington, 

Chelsea Walton, University of Illinois at Urbana Champaign, and Ellen Kirkman, Wake Forest University.
Hopf Algebras and Tensor Categories (Code: SS 43A), Julia Plavnik, Indiana University, Siu-Hung Ng, Louisiana State 

University, and Henry Tucker, University of California Riverside.
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If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 
Sciences (Code: SS 67A), David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.

Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry (Code: SS 5A), Van C. Nguyen, US 
Naval Academy, Xingting Wang, Howard University, and Sarah Witherspoon, Texas A & M University.

Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging (Code: SS 74A), M. Zuhair Nashed, Uni-
versity of Central Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.

Invariants of Knots and Links (Code: SS 69A), Patricia Cahn, Smith College, Moshe Cohen, State University of New 
York at New Paltz, Adam Lowrance, Vassar College, and Casey Necheles, Syracuse University.

Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell (Code: SS 10A), Will Traves, US Naval Academy, 
and Kerry Luse, Trinity Washington University.

Low Dimensional Topology (Associated with AMS Invited Maryam Mirzakhani Lecture) (Code: SS 80A), Jennifer Hom, 
Georgia Tech, Ciprian Manolescu, Stanford University, and Juanita Pinzon-Caicedo, University of Notre Dame.

Mathematical Outreach: Engagement Opportunities and Best Practices (Code: SS 46A), Irina Mitrea and Maria Lorenz, 
Temple University, and Katharine Ott, Bates College.

Mathematicians and the Sciences: Members of the 2019 class of Fellows of the American Association for the Advancement of 
Science Talk About Their Work (Code: SS 36A), Reinhard Laubenbacher, University of Connecticut/University of Florida, 
Barbara Keyfitz, Ohio State University, and Karen Saxe, American Mathematical Society.

Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School (Code: SS 64A), James J. 
Madden, Louisiana State University, Yvonne Lai, University of Nebraska Lincoln, James A.M. Alvarez, University of Texas 
Arlington, and Jennifer Whitfield, Texas A&M University.

Mathematics in Security & Defense (Code: SS 22A), Paul Goethals, US Military Academy, Lubjana Beshaj, Army Cyber 
Institute, and Cheyne Homberger, Department of Defense.

Mathematics of Cryptography (Code: SS 47A), Angela Robinson, NIST, Gretchen L. Matthews, Virginia Tech, and Travis 
Morrison, University of Waterloo.

Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products (Code: SS 76A), Tim Doster, 
Adam Attarian, Tegan Emerson, and Henry Kvinge, Pacific Northwest National Laboratory.

Modeling and Data Analytic Techniques for Biological Systems (Code: SS 55A), Erica Rutter, University of California, and 
Maria-Veronica Ciocanel, Ohio State University.

Multiobjective Semiinfinite Fractional Programs (Code: SS 44A), Ram Verma, International Publications USA, and Alex-
ander Zaslavski, Israel Institute of Technology.

Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology (Code: SS 40A), Jerome Goddard II, Auburn 
University, Montgomery AL, and Ratnasingham Shivaji, University of North Carolina.

NSF S-STEM Programs with Mathematical Connections (Code: SS 33A), Oscar Vega, California State University Fresno, 
Rebekah Dupont, Augsburg University, Yu-Ju Kuo, Indiana University of Pennsylvania, Perla Myers, University of San 
Diego, and Susan Pustejovsky, Alverno College.

Numerical Methods for Solving Polynomial Systems (Code: SS 70A), Dan Bates, US Naval Academy, and Michael Burr, 
Clemson University.

Operator Theory and Approximation in Spaces of Analytic Functions (Code: SS 13A), William Ross, University of Richmond, 
Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, St Louis University, and Alan Sola, Stockholm University, 
Sweden.

Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & Geometric Function Theory (Code: SS 
42A), Ram Mohapatra, University of Central Florida, Surajit Borkotokey, Dibrugarh University, and Balendu Bhooshan 
Upadhyay, Indian Institute of Technology Patna.

Optimization and Algebraic Geometry (Code: SS 72A), Ali Mohammad Nezhad and Saugata Basu, Purdue University.
Partial Differential Equations and Spaces of Holomorphic Functions (Code: SS 19A), Marius Beceanu and Hyun-Kyoung 

Kwon, University of Albany SUNY.
PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd) (Code: SS 53A), Henok 

Mawi, Howard University, and Ryan Hynd, University of Pennsylvania.
Piecewise & Discontinuous Difference Equations & Applications (Code: SS 49A), Vlajko Kocic, Xavier University of Loui-

siana, and Michael A. Radin, Rochester Institute of Technology.
Quadratic Forms and Theta Functions (Code: SS 61A), Gene S. Kopp, University of Bristol, and Edna Jones, Rutgers 

University.
Quantization for Probability Distributions and Dynamical Systems (Code: SS 4A), Mrinal Kanti Roychowdhury, University 

of Texas Rio Grande Valley.
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Quantum Algebra and Geometry (Code: SS 23A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Ran-
dolph College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Quaternions (Code: SS 31A), Johannes Familton, Borough of Manhattan Community College, Terrence Blackman, 
Medgar Evers College, and Chris McCarthy, Borough of Manhattan Community College.

Recent Advances in Ecological Modeling (Code: SS 24A), Punit Gandhi and David Chan, Virginia Commonwealth Uni-
versity.

Recent Trends in Discrete-Time Ecological and Epidemiological Models (Code: SS 41A), M.R.S. Kulenovic, University of 
Rhode Island, and Abdul Aziz Yakubu, Howard University.

Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs (Code: SS 17A), Darren A. Narayan, 
Rochester Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University 
Fresno, Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University (AMS-MAA-SIAM).

Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields (Code: SS 1A), Julius N. Esunge, 
University of Mary Washington, See Keong Lee, University of Sciences, Peneng, Malaysia, and Isabelle Kemajou-Brown, 
Morgan State University.

The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics Research Communities Session) 
(Code: SS 37A), Bryan L. Shader, University of Wyoming, and Leslie Hogben, Iowa State University/AIM.

The Legacy of Dick Askey (Code: SS 39A), Howard S. Cohl, National Institute of Standards & Tech, Mourad E.H. Ismail, 
University of Central Florida, and George E. Andrews, Penn State University, State College.

The Mathematics of RNA and DNA (Code: SS 30A), Chris McCarthy and Johannes Familton, Borough of Manhattan 
Community College.

Topology, Structure and Symmetry in Graph Theory (Code: SS 52A), Lowell Abrams, George Washington University, and 
Mark Ellingham, Vanderbilt University.

Understanding COVID-19: Mathematical Models to Address the Global Pandemic (Code: SS 50A), Hwayeon Ryu, Elon 
University, and Kamila Larripa, Humboldt State University.

Variational Analysis and Optimization (Code: SS 56A), Hung M. Phan, University of Massachusetts Lowell, Sedi Bartz, 
Portland State University, and Mau Nam Nguyen, University of Massachusetts Lowell.

What Physics Teaches Us About Computation in High Dimension (Associated with AMS Josiah Willard Gibbs Lecture Lenka 
Zdeborova) (Code: SS 21A), Lenka Zdeborová, CEA Saclay (Paris).

Women Advancing Mathematical Biology Through Computational and Analytical Techniques (Associated with MAA-AMS-SIAM 
Gerald and Judith Porter Public Lecture Trachette Jackson) (Code: SS 35A), Katie Storey and Trachette Jackson, University 
of Michigan.

Women of Color in Applied Math and Analysis (Code: SS 54A), Mirjeta Pasha, Arizona State University, Nancy Rodriquez, 
University of Colorado Boulder, Caprice Stanley, The Johns Hopkins University Applied Physics Lab, and Omayra Ortega, 
Sonoma State University (AMS-AWM).

Women of Color in Topology and Algebra (Code: SS 68A), Emille Davie Lawrence, University of San Francisco, Candice 
Price, Smith College, and Carmen Wright, Jackson State University (AMS-AWM).

Sessions for Contributed Papers
There will be sessions of ten-minute contributed talks. Although an individual may present only one contributed paper 
at a meeting, any combination of joint authorship may be accepted, provided no individual speaks more than once on 
the program. Contributed papers will be grouped together by related subject classifications into sessions.

Submission of Abstracts for AMS Sessions
Authors must submit abstracts of talks through www.jointmathematicsmeetings.org/meetings/abstracts 
/abstract.pl?type=jmm. Indicate the number of authors for the paper, click on the “New Abstract” button, and you 
will be taken to the submission form. Simply follow the step-by-step instructions, until you receive your unique abstract 
receipt number. No submission is complete until you are given this number. The deadline for all submissions is September 
8, 2020. Late papers cannot be accommodated. Please email abs-coord@ams.org if you have questions. If you make an 
inquiry about your specific abstract, please include your abstract receipt number.
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Other AMS Sessions
Please see complete descriptions of these sessions on the JMM website.

MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized by Carrie Diaz Eaton, Bates College; Wednesday, 
9:00–10:20 am. This year the session will consist of a lecture from 9:00–9:50 am given by Erica Graham, Bryn Mawr, 
title to be announced, and a short panel discussion, title to be announced, from 9:50–10:20 am. Panelists to be announced.

AMS Committee on the Profession Panel Discussion: Developing a culture that promotes the full range of career 
paths, organized by Melanie Matchett Wood, University of California, Berkeley; Wednesday, 4:30–6:00 pm. This panel 
is sponsored by the AMS Committee on the Profession.

AMS Committee on Education Panel Discussion: Current Issues: What can we do to support math majors and grad 
students in the time of pandemic?, organized by Michael Dorff, Brigham Young University, Katherine Stevenson, Cali-
fornia State University, Northridge, and Uri Treisman, University of Texas at Austin; Thursday, 1:00–2:30 pm. This panel 
is sponsored by the AMS Committee on Education.

Grad School Fair; Friday, 8:30–10:30 am. Here is the opportunity for undergrads to meet representatives from math-
ematical sciences graduate programs from universities all over the country. Co-sponsored by the AMS and MAA.

Current Events Bulletin, organized by David Eisenbud, Mathematical Sciences Research Institute; Friday,  
1:00–5:00 pm. 

AMS Committee on Science Policy Panel Discussion: Mathematics and Science - the view of a pandemic through a 
science policy lens, organized by Edgar Fuller, Florida International University, Rosa Orellana, Dartmouth College, and 
Suzanne Weekes, Worcester Polytechnic Institute; Friday, 2:30–4:00 pm. This panel is sponsored by the Committee on 
Science Policy.

A Town Hall with the AMS Executive Director; Friday, 3:00–4:00 pm. The moderator for this event will be Martin 
Bridgeman, Boston College. This event is sponsored by the AMS Committee on Meetings and Conferences (COMC).

AMS DC-based Fellowships Session, organized by Karen Saxe, American Mathematical Society; Friday, 4:30–6:30 pm. 
Mathematically Bent Theater, featuring Colin Adams and the Mobiusbandaid Players; Friday, 6:00–7:00 pm. 

Other AMS Events
Council; Tuesday, 1:30 pm.
Business Meeting; Saturday, 11:45 am.

AMS Short Course on Mathematical and Computational Methods for Complex Social Systems
Sunday–Tuesday, January 3–5, 2021

This synchronous, online course is scheduled over three days and includes both presentations by organizers and other 
experts in this area as well as opportunities for participants to engage in breakout sessions and discussions with orga-
nizers and speakers. It is organized by Heather Z. Brooks, Harvey Mudd College, Michelle Feng, California Institute of 
Technology, Mason A. Porter, University of California, Los Angeles, and Alexandria Volkening, Northwestern University. 

The 2021 Short Course will survey the mathematics and computation of complex social systems and highlight exciting 
new developments in this area. We will give an overview of the application of data-driven modeling, network science, 
data analysis, and topological techniques to problems in areas such as opinion dynamics, social media, political elec-
tions, and social advocacy. Through a combination of hands-on software tutorials, survey and topically focused talks, and 
community-building discussions, the course will acquaint participants with a wide range of mathematical and compu-
tational methods to study problems in social science. These problems provide a terrific setting to introduce tools from a 
widely used programming language (Python), overview several mathematical techniques, and discuss ways of engaging 
in cross-disciplinary research.

The goal of this Short Course is both to introduce participants to the mathematics of complex social systems and to 
engage and mentor those who are interested in pursuing research in this area.

There are separate registration fees to participate in this course. Please see the complete Short Course announcement 
on page 1474 of this issue, or go to https://www.ams.org/short-course.

Department Chairs Workshop
This annual one-day workshop for department chairs and leaders is led by Luca Capogna, Worcester Polytechnic Institute, 
Kevin Knudson, University of Florida, and Jennifer Zhao, University of Michigan-Dearborn. 

As we continue planning for the annual department chairs workshop, we are mindful of the impact of COVID-19 on 
travel and safety and will continue to monitor the situation. Please know that the workshop will occur virtually on either 
January 5 or January 14—please hold both dates. Further details will be posted as soon as they are available.  



1450    Notices of the AmericAN mAthemAticAl society Volume 67, Number 9

MEETINGS & CONFERENCES

Like almost every aspect of society, higher education has been in a state of turmoil since the COVID-19 pandemic hit. 
The 2021 Department Chairs Workshop will provide an opportunity to share experiences and reflect on what math depart-
ment chairs, math departments, and colleges and universities are doing to react to the emergency. Some of the emerging 
issues have to do with resources, handling stress (students, staff, and faculty), and how to deliver our curriculum under 
new paradigms. Registrants will be asked to provide specific questions they want addressed, and their own priorities. 
Because the situation is changing so rapidly, we will reach out to registrants in December for updated agenda requests.

There is a separate registration and fee to participate. Register at https://www.ams.org/chairsworkshop2020. For 
further information, please contact the AMS Office of Government Relations at 401-455-4116 or amsdc@ams.org.

103rd Meeting of the MAA
MAA Invited Addresses

Angela Sheffield, National Nuclear Security Administration, Next-Generation of AI: We’re pushing AI beyond ML – with 
help from mathematicians like you!, Wednesday, 2:15–3:05 pm.

Chelsea Walton, The University of Illinois at Urbana-Champaign, Navigating Collaboration, Wednesday, 3:20–4:10 pm.
Nathan Kaplan, University of California, Irvine, Codes from Polynomials over Finite Fields, Thursday, 9:00–9:50 am.
Michael Dorff, Brigham Young University, Title to be announced, Saturday, 10:05–10:55 am (MAA Retiring Presidential 

Address).
Stephanie Singer, Hatfield School of Government, Portland State University, Detecting Anomalies in the 2020 Election, 

Friday, 9:00–9:50 am.
Heather Russell, University of Richmond, Reconfiguring Graph Colorings, Friday, 1:00–1:50 pm (MAA Lecture for Stu-

dents).
Edray Goins, Pomona College, Title to be announced, (MAA Project NExT Lecture on Teaching and Learning), Thursday, 

11:10–12 noon.

Presentations by MAA Haimo Teaching Award Recipients
Friday, 2:30–3:45 pm, organized by MAA President Michael Dorff, Brigham Young University, and MAA Secretary James 
Sellers, University of Minnesota-Duluth. Winners of the Deborah and Franklin Tepper Haimo Awards for Distinguished 
College or University Teaching will give presentations on the secrets of their success.

MAA Invited Paper Sessions
Please see complete descriptions of these sessions on the JMM website.

Coding Theory and Geometry, organized by Nathan Kaplan, University of California Irvine. 
Promoting Participation of Women in Mathematics I: SMP at 25, organized by Jennifer Bowen, The College of Wooster, 

and Deanna Haunsperger, Carleton College.
Trends in Mathematical and Computational Motivating Background Biology, organized by Timothy Comar, Benedictine 

University, Bori Mazzag, Humboldt State University, and Hannah Highlander, University of Portland. This session is 
sponsored by BIO SIGMAA.

Promoting Participation of Women in Mathematics II: SMP at 25, organized by Alissa Crans, Loyola Marymount University, 
Stephen Kennedy, Carleton College, and Pamela Richardson, Westminster College. All of our sessions are aimed at the 
entire mathematical community; all are welcome to attend.

Harmonic Analysis and Applications to Complex Analysis and Partial Differential Equations, organized by Irina Mitrea, 
Temple University, and Jeongsu Kyeong, Temple University.

Supporting Mathematics in the Developing World, organized by Michael Dorff, MAA President, Brigham Young University, 
Nancy Ann Neudauer, Pacific University, and Angel R. Pineda, Manhattan College, New York.

Enlightening Mathematical Proofs from Geometry, Calculus, Linear Algebra, Probability or Combinatorics, organized by Alan 
Krinik and Randall J. Swift, Cal Poly Pomona.

Research on Mathematics Instruction at Community Colleges, organized by Vilma Mesa, University of Michigan-Ann Arbor.
What does an Introduction to Data Science course look like?, organized by Judith Canner, California State Monterey Bay 

University, and Lisa Carnell, High Point University. This session is sponsored by SIGMAA Stat Ed and ASA-MAA Joint 
Committee on Undergraduate Statistics and Data Science Education.



october 2020  Notices of the AmericAN mAthemAticAl society   1451

MEETINGS & CONFERENCES

MAA Minicourses
MAA Minicourses are open only to persons who register for the Joint Meetings and pay the Joint Meetings registration fee 
in addition to the appropriate minicourse fee. The MAA reserves the right to cancel any minicourse that is undersubscribed. 
Participants should read the descriptions of each minicourse thoroughly as some require participants to bring their own 
laptops and special software; laptops will not be provided in any minicourse. The enrollment in each minicourse is limited 
to 50; the cost is US$100. Please see complete descriptions of these minicourses on the JMM website.

Minicourse #1. Modeling-based Differential Equations, presented by Audrey Malagon, Virginia Wesleyan University, 
Lisa Driskell, Colorado Mesa University, and Brian Winkel, SIMIODE; Part A, Wednesday, 9:00–10:50 am, and Part B, 
Friday, 9:00–10:50 am. This minicourse is designed to introduce faculty to a modeling-based approach to differential 
equations and to support faculty in finding, using, and adapting materials for modeling activities in their courses. Partici-
pating faculty will experience hands-on classroom activities designed to support this pedagogical approach and engage in 
discussion about the benefits and challenges of using this approach with leaders who are experienced in this area. Leaders 
will share their own experiences in designing and using modeling-focused classroom activities and share resources for 
finding and adapting modeling scenarios. Participants will also be encouraged to share experiences they have had using 
modeling. Finally, participants will be given time to explore existing resources and adapt them for their course in small 
groups with guidance from experienced faculty leaders, helping participants gain confidence in incorporating modeling 
effectively in the classroom.

Minicourse #2. Getting Started in the Scholarship of Teaching and Learning, presented by Jacqueline Dewar, Loyola 
Marymount University, and Curtis Bennett, California State University Long Beach; Part A, Wednesday, 9:00–10:50 am, 
and Part B, Friday, 9:00–10:50 am. This course will introduce participants to the scholarship of teaching and learning 
(SoTL) in mathematics and help them begin projects of their own. We describe a taxonomy of SoTL questions, provide 
examples of SoTL projects in mathematics, and discuss methods for investigation. Participants will learn about collecting 
and analyzing different types of evidence, dealing with human subject’s requirements, and selecting venues for presenting 
or publishing their work. With the presenters’ guidance, participants interactively select and transform a teaching problem 
of their own into a question for scholarly investigation and identify several types of evidence to gather.

Minicourse #3. Creating and Adapting OER Textbooks Using the LibreTexts Platform, presented by Judy Dean and Paul 
E. Seeburger, Monroe Community College; Part A, Wednesday, 9:00–10:50 am, and Part B, Friday, 9:00–10:50 am. This 
course will walk participants through the process of customizing an OER textbook for a math course on the LibreTexts 
platform. In addition to remixing content from existing OER textbooks (from OpenStax and other sources), participants 
will learn how to use a WYSIWYG content editor to seamlessly edit textbook content and add their own sections, sub-
sections, examples, and exercises using a consistent numbering system to form a textbook that looks professional and 
is customized for their course. Figure creation, integration of dynamic figures, editing of LaTeX math expressions, and 
working with mirrored vs. forked textbook sections will be covered in detail. The presenters have used LibreTexts to adapt 
textbooks for their courses in Basic and Intermediate Algebra, Calculus I, II, III, and Discrete Math. See https://math 
.libretexts.org/Courses/Monroe_Community_College. The LibreTexts platform is completely free and is sup-
ported by grants, including the Open Textbooks Pilot Program Award from the Department of Education. See https:// 
libretexts.org. Many of the most popular OER textbooks are already imported into the LibreTexts library, and more 
are being added all the time. See https://math.libretexts.org/Bookshelves for currently available content. Bring 
a laptop.

Minicourse #4. Math Modeling and Sustainability, presented by Victor J. Donnay, Bryn Mawr College, and Tom Pfaff, 
Ithaca College; Part A, Wednesday, 2:15–4:05 pm, and Part B, Friday, 1:00–2:50 pm. Through hands-on explorations, 
participants will learn a variety of ways to incorporate topics of sustainability into their teaching. These examples, which 
make use of real-world data and focus on key mathematical concepts, span a continuum from stand-alone lessons that 
can be incorporated into existing courses such as QL, (pre-) calculus, and statistics to entire courses focused on applying 
techniques of mathematical modeling to issues of sustainability. These more extensive links to sustainability can also 
include community-based service-learning projects in which math students serve as consultants to analyze a sustainability 
issue of interest to a community partner. This course is sponsored by SIGMAA EM.

Minicourse #5. How to Run Successful Math Circles for Students and Teachers, presented by Jane H. Long, Stephen F. 
Austin State University, and Spencer Bowen, American Institute of Mathematics; Part A, Wednesday, 2:15–4:05 pm, and 
Part B, Friday, 1:00–2:50 pm. Math Circles bring students or teachers together with mathematically sophisticated leaders 
in informal settings to work on interesting problems in mathematics. Math Circles combine significant content with set-
tings that encourage discovery and excitement about mathematics through problem-solving and interactive exploration. 
Ideal problems are low-threshold, high-ceiling; they offer a variety of entry points and can be approached with a minimal 
mathematical background, but lead to deep mathematical concepts and can be connected to advanced mathematics. 



1452    Notices of the AmericAN mAthemAticAl society Volume 67, Number 9

MEETINGS & CONFERENCES

Because of this focus on mathematical problem-solving and developing participants’ mathematical habits of mind, Math 
Circles provide a relatively easy entry point for mathematical outreach. The national Math Circle landscape includes two 
types of Circles: one for K–12 teachers of mathematics (MTCs) and one for students (MSCs). There are over 200 active 
Math Circles across the country forming a vibrant community with much potential for future growth. In this minicourse, 
participants will experience one or more Math Circle activities firsthand, discuss what makes a good Math Circle session, 
learn about community resources and supporting organizations, and discuss practical issues such as funding, recruitment, 
and safety. This course is sponsored by SIGMAA MCST. 

Minicourse #6. Liberal Arts Math, Quantitative Literacy, College Algebra/Precalculus: A Novel Hybrid Curriculum, 
presented by Dan Kalman, American University, and Sacha Forgoston, Rutgers, The State University of New Jersey; Part 
A, Wednesday, 2:15–4:05 pm, and Part B, Saturday, 1:00–2:50 pm. Standard math curricula for non-calculus-bound 
students include liberal arts math, quantitative literacy, and college algebra/precalculus courses, each with its own ratio-
nale, strengths, and weaknesses. This minicourse will present a framework for designing a better, nonstandard approach 
combining aspects of the three standard approaches. We have developed a course within this framework (and incorpo-
rated in a new AMS/MAA text) called Elementary Mathematical Models (EMM). It introduces non-trigonometric elemen-
tary functions in the context of discrete difference equation models. But these functions are not presented as abstract 
mathematical topics. Rather, students witness their natural emergence from simple recursive growth models. Examples 
and exercises involving real data demonstrate why and how these functions are important. Along the way, students are 
repeatedly exposed to key aspects of mathematical modeling. The minicourse will consider general goals of instruction 
for the target student population, and the particular goals of EMM. We will cover the mathematical topics of EMM and 
some pedagogical approaches, including clicker questions and technology. Participants will be prepared to design and/
or teach a course with similar goals as EMM. If possible, participants should bring a laptop with Excel or the equivalent.

Minicourse #7. Introduction to Inquiry-Based Learning, presented by Carl Mummert, Marshall University, Parker 
Glynn-Adey, University of Toronto, and Nathaniel Miller, University of Northern Colorado; Part A, Thursday, 9:00–10:50 
am, and Part B, Saturday, 9:00–10:50 am. This minicourse will be a hands-on introduction to inquiry-based learning. 
Inquiry-based learning (IBL) is a pedagogical approach that strongly emphasizes active learning and sense-making. This 
minicourse is intended for new users of inquiry-based learning and for faculty who are interested in becoming new users. 
By the end, the participants will be familiar with resources and facilitation methods for using IBL methods and materials 
in the classroom. The course will demonstrate concretely several ways IBL techniques can be used in a classroom. The 
facilitators and participants will model these IBL techniques as teachers and students, and discuss their experiences and 
reactions to these experiences. If resources are available, videoclips of IBL classrooms will also be shown and discussed. 
The course will also present techniques for finding and using existing resources that support inquiry-based teaching, such 
as IBL problem sets and assessment methods. The facilitators and participants will discuss a variety of ways IBL materials 
and practices can be integrated into classrooms at disparate institutions. This course is sponsored by SIGMAA IBL.

Minicourse #8. Beyond Traditional Grading Schemes: Mastery Based Grading, presented by Jessica O’Shaughnessy, 
Shenandoah University, Jeb Collins, Mary Washington University, Amanda Harsy, Lewis University, Alyssa Hoofnagle, 
Wittenberg University, and Mike Janssen, Dordt University; Part A, Thursday, 9:00–10:50 am, and Part B, Saturday, 
9:00–10:50 am. Mastery grading is an approach to student assessment in which students are provided clear learning ob-
jectives, and grades are directly based on students’ ability to demonstrate full mastery of these objectives. Mastery grading 
attempts to remedy some of the shortcomings of points-based grading structures, which may include a student focus 
on attaining points rather than deep understanding and penalizing students for failing to acquire knowledge on a fixed 
schedule. Recent trends indicate that a mastery grading structure encourages a growth mindset, reduces test anxiety, and 
improves student gains in classrooms. During this minicourse, participants will learn the basics of mastery grading and 
variations for implementation, including standards-based grading and mastery-based testing. Participants will also work 
with facilitators to outline a plan to convert a course to a mastery grading approach. Workshop facilitators will help par-
ticipants choose an assessment method and create a plan to implement it in their course. Participants should have a target 
course in mind and come prepared for hands-on work in planning a new course assessment structure. This minicourse 
is designed for new practitioners of mastery grading and those who have not attempted mastery grading previously. This 
course is sponsored by the MAA Committee on Assessment.

Minicourse #9. Stats for Data Science, presented by Daniel Kaplan, Macalester College; Part A, Friday, 3:30–5:20 pm, 
and Part B, Saturday, 9:00–10:50 am. This minicourse is designed for instructors of intro stats who want to engage with 
data science but aren’t clear what they should change in intro stats in order to enhance its relevance. We’ll re-base stats 
using the primary analytical technique in data science: predictive modeling. This new foundation dramatically streamlines 
and conceptually unifies stats while providing ready access to the multivariable techniques emphasized by GAISE. The 
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approach is appropriate even for instructors who wish to avoid computer coding in their classes, but nonetheless makes 
sophisticated use of computer graphics and calculations. Bring a laptop with wireless capability.

MAA Contributed Papers
The MAA Committee on Sessions of Contributed Papers solicits papers pertinent to the sessions listed below. Any paper 
that fits the subject of one of the themed sessions should be submitted directly to that session. All others should be sub-
mitted to the general sessions, which will accept abstracts in all areas of collegiate mathematics, mathematical pedagogy, 
and the undergraduate mathematics curriculum. Presentations in the themed sessions are normally 15 minutes in length 
while presentations in the general sessions are limited to 10 minutes each.

Each participant may make at most one presentation in an MAA Contributed Paper Session, either a presentation in 
one of the themed sessions or a presentation in one of the general sessions (exclusive or). If a paper cannot be accommo-
dated in the themed session for which it was submitted, it will automatically be considered for the general contributed 
paper sessions. The session rooms are equipped with computer projectors and screens. Please note that the dates and 
times scheduled for these sessions remain tentative. Questions concerning the submission of abstracts should be ad-
dressed to abs-coord@ams.org. Abstracts may be submitted electronically at http://jointmathematicsmeetings.org 
/meetings/abstracts/abstract.pl?type=jmm.

The deadline for submission of abstracts is Tuesday, September 8, 2020.

MAA Contributed Paper Sessions with Themes
Please see complete descriptions of these sessions on the JMM website.

Alternative Assessments in the Mathematics Classroom, organized by Whitney George, University of Wisconsin - La Crosse, 
and Mark Branson, Stevenson University. 

Beyond the Introductory Statistics Course, organized by Lisa Carnell, High Point University, and Judith Canner, California 
State University, Monterey Bay. Sponsored by the SIGMAA on Stat Ed. 

Calculus: Engaging Students through Modeling, Hands-On Projects, and Innovative, Exploratory Approaches, organized by 
Joel Kilty, Centre College, Rachel Grotheer, Goucher College, Alison Marr, Southwestern University, Alex M. McAllister, 
Centre College, and Stephen M. Walk, St. Cloud State University. 

Combining Technological Tools and Innovative Practices to Improve Student Learning Outcomes, organized by Charlotte 
Knotts-Zides, Wofford College, Karl Schmitt, Valparaiso University, Marianna Bonanome, MAA CTME, Ariane Masuda, 
City Tech, CUNY, Andrew Parker, City Tech, CUNY, and Manmohan Kaur, Benedictine University. Sponsored by CTME 
(Committee on Technologies in Mathematics Education).

Complex Analysis: History, Pedagogy, Innovation, and Research, organized by Russell W. Howell, Westmont College, Mi-
chael Brilleslyper and Beth Schaubroeck, United States Air Force Academy.

Data-Driven Modeling Projects to Motivate Active Learning and Engagement, organized by Corban Harwood, George 
Fox University, Mark Branson, Stevenson University, Patrice Tiffany, Manhattan College, Rosemary Farley, Manhattan 
College, Gizem Karaali, Pomona College, Victor Piercey, Ferris State University, and Luke Tunstall, Trinity University. 
Sponsored by the QL SIGMAA & SIMIODE.

Data for Good: Bringing Social and Professional Responsibility into the Statistics Classroom, organized by Judith Canner, 
California State University Monterey Bay. Sponsored by the SIGMAA on Stat Ed.

Developments, Directions, and Experiences in Open Educational Resources, organized by Benjamin Atchison, Framingham 
State University, Robert Beezer, University of Puget Sound, and Oscar Levin, University of Northern Colorado. Sponsored 
by the MAA Committee on Technologies in Mathematics Education (CTME).

Discrete Mathematics in the Undergraduate Curriculum – Ideas and Innovations in Teaching, organized by Elise Lockwood, 
Oregon State University, John Caughman, Portland State University, and Oscar Levin, University of Northern Colorado. 

The EDGE (Enhancing Diversity in Graduate Education) program: Pure and Applied talks by Women Math Warriors, organized 
by Laurel Ohm, University of Minnesota, Shanise Walker, University of Wisconsin - Eau Claire, and Ziva Myer, Duke 
University. For more information on the EDGE program, see www.edgeforwomen.org.

Engaging Math Club Activities, organized by Brian Hollenbeck, Emporia State University, David Dempsey, Jacksonville 
State University, and Rhonda McKee, University of Central Missouri. Sponsored by Kappa Mu Epsilon, National Math-
ematics Honor Society.

Growing from a Teaching Postdoc, organized by Kayla Blyman, St. Martin’s University, Diana Thomas, United States 
Military Academy - West Point, and Krista Watts, United States Military Academy - West Point. 

Incorporating Realistic Applications of Mathematics Through Interdisciplinary Collaborations, organized by Mary R. Parker, 
Austin Community College, Mary Beisiegel, Oregon State University, Rebecca Segal, Virginia Commonwealth University, 
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and Suzanne Doree, Augsburg University. Sponsored by the Math Across the Disciplines subcommittee and the Com-
mittee on Curriculum Renewal Across the First Two Years, subcommittee of the Committee on Undergraduate Programs 
in Mathematics.

Innovative and Effective Ways to Teach Linear Algebra, organized by David Strong, Pepperdine University, Gil Strang, 
MIT, Megan Wawro, Virginia Tech, and Sepideh Stewart, University of Oklahoma. 

Inquiry-Based Learning and Teaching, organized by Susan Crook, Loras College, David Failing, Lewis University, Na-
thaniel Miller, University of Northern Colorado, Carl Mummert, Marshall University, and Mami Wentworth, Wentworth 
Institute of Technology. Sponsored by IBL SIGMAA.

Mathematical Experiences and Projects in Business, Industry, and Government (BIG), organized by Vinodh Chellamuthu, 
Dixie State University and Caroline Maher-Boulis, Lee University. You do not have to be a BIG SIGMAA member to attend 
or present. Sponsored by BIG SIGMAA.

Math Focused Integrative Learning, organized by Evelina G. Lapierre, Johnson & Wales University. 
Mathematics and Music, organized by Darren A. Narayan, Rochester Institute of Technology, and Douglas Norton, Villa-

nova University. Sponsored by the MAA CUPM Subcommittee on Mathematics Across the Disciplines and SIGMAA-ARTS.
Mathematics and the Life Sciences: Initiatives, Programs, Curricula, organized by Timothy D. Comar, Benedictine University, 

Raina Robeva, Randolph-Macon College, and Carrie Diaz Eaton, Bates College. Sponsored by BIO SIGMAA.
Mathematics and Sports, organized by John A. David, Virginia Military Institute, and Elizabeth L. Bouzarth, Furman 

University. Sponsored by the Sports SIGMAA.
Mathematics for Makers, Creators, and Artists, organized by Brandy S. Wiegers, Central Washington University, Spencer 

C. Bowen, National Association of Math Circles, American Institute of Mathematics, Anil Venkatesh, Adelphi University, 
Karl Kattchee, University of Wisconsin-La Crosse, and Douglas Norton, Villanova University. Sponsored by SIGMAA-ARTS 
and SIGMAA-MCST.

The Philosophy of Mathematics, in Memory of Reuben Hersh, organized by Sally Cockburn, Hamilton College, Tom 
Morley, Georgia Tech (emeritus), and Kevin Iga, Pepperdine University. Sponsored by the SIGMAA on the Philosophy 
of Mathematics.

Promoting Womxn in Mathematics, organized by Anila Yadavalli, University of Minnesota, Sarah Greenwald, Appalachian 
State University, Francesca Bernardi, Florida State University, Judy Holdener, Kenyon College, and Semra Kilic-Bahi, 
Colby-Sawyer College. Sponsored by the AWM 50th Anniversary Committee, the Joint Committee on Women (JCW), 
the MAA Committee on the Participation of Women, PRIMUS: Problems, Resources, and Issues in Mathematics Under-
graduate Studies, and SPECTRA.

Recreational Mathematics: Puzzles, Card Tricks, Games, and Gambling, organized by Paul R. Coe, Dominican University, 
Sara B. Quinn, Dominican University, and David A. Nash, Le Moyne College. Sponsored by the SIGMAA on Rec Math.

Research in Undergraduate Mathematics Education (RUME), organized by Brian P. Katz, California State University 
Long Beach, Shiv Smith Karunakaran, Michigan State University, and Nicole Engelke Infante, West Virginia University. 
Sponsored by the SIGMAA on RUME.

The Scholarship of Teaching and Learning in Collegiate Mathematics, organized by Jacqueline Dewar, Loyola Marymount 
University, Tom Banchoff, Brown University, Curtis Bennett, California State University Long Beach, Edwin Herman, 
University of Wisconsin-Stevens Point, Lew Ludwig, Denison University, and Larissa Schroeder, University of Hartford. 

The Teaching and Learning of Undergraduate Ordinary Differential Equations, in memory of William E. Boyce, organized by 
Christopher S. Goodrich, University of New South Wales, and Beverly H. West, Cornell University. Sponsored by CODEE.

Teaching Math Modeling and Sustainability, organized by Victor J. Donnay, Bryn Mawr College, Ben J. Galluzzo, Clarkson 
University, and Thomas Pfaff, Ithaca College. Sponsored by SIGMAA EM.

Ways of Improving Student Performance in Mathematics That Are Not Specific to Content, organized by Wade Ellis, West 
Valley College (retired). Sponsored by the MAA CRAFTY Committee.

GENERAL CONTRIBUTED PAPER SESSIONS, organized by Cathy Erbes, Hiram College, Melvin G. Royer, Indiana 
Wesleyan University, and Diana Thomas, United States Military Academy - West Point. The MAA’s General Contributed 
Paper Session accepts contributions in all areas of mathematics, curriculum, and pedagogy. When you submit your abstract, 
you will be asked to classify it according to the following scheme: Assessment; History or Philosophy of Mathematics; 
Interdisciplinary Topics in Mathematics; Mathematics and Technology; Mentoring; Modeling and Applications; Outreach; 
Teaching and Learning Developmental Mathematics; Teaching and Learning Introductory Mathematics; Teaching and 
Learning Calculus; Teaching and Learning Advanced Mathematics; Algebra; Analysis; Applied Mathematics; Geometry; 
Graph Theory; Linear Algebra; Logic and Foundations; Number Theory; Probability and Statistics; and Topology.
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See also the AMS-MAA-SIAM Special Session on Research in Mathematics by Undergraduates and Students in Post-Baccalaureate 
Programs, organized by Darren A. Narayan, Rochester Institute of Technology, Khang Tran, California State University, 
Fresno, Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University.

Submission Procedures for MAA Contributed Paper Abstracts
Abstracts may be submitted electronically at www.jointmathematicsmeetings.org/meetings/abstracts/abstract 
.pl?type=jmm. Simply fill in the number of authors, click “New Abstract,” and then follow the step-by-step instructions. 
The deadline for abstracts submission is Tuesday, September 8, 2020.

Each participant may make at most one presentation in an MAA Contributed Paper Session, either a presentation in 
one of the themed sessions or a presentation in one of the general sessions. If a paper cannot be accommodated in the 
themed session for which it was submitted, it will automatically be considered for the general contributed paper sessions. 
The organizer(s) of your session will automatically receive a copy of the abstract, so it is not necessary for you to send 
it directly to the organizer. The session rooms are equipped with computer projectors and screens. Please note that the 
dates and times scheduled for these sessions remain tentative. Questions concerning the submission of abstracts should 
be addressed to abs-coord@ams.org.

MAA Panels
Please see complete descriptions of these sessions on the JMM website.

MAA Panel: What Every Student Should Know about the JMM, organized by Peri Shereen, California State University, 
Monterey Bay, and Violeta Vasilevska, Utah Valley University; Wednesday, 9:00–10:20 am. This panel is sponsored by 
the MAA Committee for Undergraduate Students.

MAA Panel: The Future of Supporting Women in Mathematics, organized by Alissa Crans, Loyola Marymount Univer-
sity, Jennifer Bowen, College of Wooster, Deanna Haunsperger, Carleton College, Stephen Kennedy, Carleton College, 
and Pamela Richardson, Westminster College; Wednesday, 2:15–3:35 pm. All of our sessions are aimed at the entire 
mathematical community; all are welcome to attend. Panelists are Raegan Higgins, Texas Tech University, Judy Walker, 
University of Nebraska at Lincoln, Ruth Haas, University of Hawaii at Manoa, and Deanna Haunsperger, Carleton College.

MAA Panel: Mentoring Undergraduate Research in Mathematics at Two Year Colleges and Similar Institutions, organized 
by Jennifer Travis, Lone Star College–North Harris, Allison Henrich, Seattle University, and Aaron Wootton, University of 
Portland; Wednesday, 3:45–5:05 pm. Panelists are Vinodh Chellamuthu, Dixie State University, Maria Mercedes Franco, 
Queensborough Community College CUNY, Sandy Ganzell, St. Mary’s College of Maryland, and Jonathan Weisbrod, 
Rowan College at Burlington County. This panel is sponsored by the SIGMAA on UR and the MAA Committee on Two 
Year Colleges.

MAA Panel: Documenting Knowledge Bases for Teaching and Professional Development in Undergraduate Mathematics, 
organized by Teri J. Murphy, University of Cincinnati, and Jack Bookman, Duke University; Thursday, 9:00–10:20 am. 
Panelists are Emily Braley, Harvard University, Doug Corey, Brigham Young University, Steven Jones, Brigham Young 
University, and Natasha M. Speer, The University of Maine.

MAA Panel: MAA Session for Chairs, organized by Catherine M. Murphy, Purdue University Northwest; Thursday, 
1:00–2:20 pm. Panelists are Bonita Saunders, National Institute of Standards & Technology, Michael Dorff, Brigham 
Young University, and Kathryn Leonard, Occidental College.

MAA Panel: Supporting Non-tenure Track Instructional Faculty, organized by Emilie Purvine, Pacific Northwest National 
Laboratory; Thursday, 2:35–4:05 pm. Panelists are Jack Bookman, Duke University, David Kung, St. Mary’s College of 
Maryland, Amy Cohen, Rutgers University, Emily Braley, Harvard University, and Rebecca Swanson, Colorado School 
of Mines. This panel is sponsored by the MAA Membership Committee.

MAA Panel: Math Support Centers: The Need for Support, the Student Experience, and the Return on Investment, orga-
nized by Alison Reddy, University of Illinois, and Ciarán Mac an Bhaird, Maynooth University; Friday, 9:00–10:20 am. 
Panelists are Duncan Lawson, Coventry University, Melissa Mills, Oklahoma State University, Michael Grove, University 
of Birmingham, Michael Schuckers, St. Lawrence University, and Grace Coulombe, Bates College.

MAA Panel: Successful Department Change Efforts to Transform Precalculus and Calculus, organized by Chris Ras-
mussen, San Diego State University; Friday, 1:00–2:20 pm. Panelists are Allan Donsig, University of Nebraska Lincoln, 
David Grant, University of Colorado Boulder, Michael O’Sullivan, San Diego State University, Wendy Smith, University 
of Nebraska Lincoln, and David Webb, University of Colorado Boulder.

MAA Panel: What Have We Learned? Lessons Gleaned from Transitioning to Online Teaching, organized by Rena Levitt, 
John Levitt, and Lucas Tambasco, Minerva Schools at KGI; Saturday, 9:00–10:20 am. Panelists are Jennifer French, Digital 
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Learning Specialist/MIT Math Department, Mark Huber, Claremont McKenna College, and Dina Yagodich, Frederick 
Community College.

MAA Poster and Other Sessions
Please see complete descriptions of these sessions on the JMM website.

MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized by Carrie Diaz Eaton, Bates College; Wednesday, 
9:00–10:20 am. This year the session will consist of a lecture from 9:00–9:50 am given by Erica Graham, Bryn Mawr, 
title to be announced, and a short panel discussion, title to be announced, from 9:50–10:20 am. Panelists to be announced.

MAA Poster Session: Outreach Poster Session, organized by Rachelle DeCoste, Wheaton College; Wednesday,  
2:00–4:00 pm.

MAA Poster Session: Promoting Participation of Women in Mathematics: SMP at 25, organized by Pamela Richardson, 
Westminster College, Jennifer Bowen, The College of Wooster, Alissa Crans, Loyola Marymount University, and Deanna 
Haunsperger and Stephen Kennedy, Carleton College; Thursday, 2:00–4:00 pm. All of our sessions are aimed at the 
entire mathematical community; all are welcome to attend.

MAA Poster Session: Aligning Courses in the First Two Years with the Instructional Practices Guide and AMATYC 
IMPACT, organized by Chris Oehrlein, Oklahoma City Community College; Friday, 2:00–4:00 pm. Sponsored by the 
Committee on Two-Year Colleges (CTYC).

Townhall Meeting: Ethics and Mathematical Practices, organized by Victor I. Piercey, Ferris State University, Cather-
ine Buell, Fitchburg State University, and Rochelle E. Tractenberg, Georgetown University; Wednesday, 2:15–3:35 pm.

MAA Sessions for Students
Please see complete descriptions of these sessions on the JMM website.

MAA Panel: What Every Student Should Know about the JMM, organized by Peri Shereen, California State University, 
Monterey Bay, and Violeta Vasilevska, Utah Valley University; Wednesday, 9:00–10:20 am. Panelists are Joyati Debnath, 
Winona State University, Matt DeLong, Marian University, and Stephanie Edwards, Hope College. This panel is sponsored 
by the MAA Committee for Undergraduate Students.

Grad School Fair; Friday, 8:30–10:30 am. Here is the opportunity for undergrads to meet representatives from math-
ematical sciences graduate programs from universities all over the country. Co-sponsored by the AMS and MAA. 

Heather Russell, University of Richmond, Reconfiguring Graph Colorings, Friday, 1:00–1:50 pm (MAA Lecture for Stu-
dents).

Project NExT
Edray Goins, Pomona College, Title to be announced (MAA Project NExT Lecture on Teaching and Learning), Thursday, 

11:10–12 noon.

MAA Workshops 
Please see complete descriptions of these sessions on the JMM website.

MAA Workshop: Authentic Scenarios for Developing Students’ Quantitative Reasoning for Safe Nursing Practice, orga-
nized by Daniel Ozimek, Lindsay Good, Glenn Murphy, and Gayle Watson, Pennsylvania College of Health Sciences; 
Wednesday, 9:00–10:20 am. 

MAA Workshop: Co-requisite Courses: Essential Considerations for Virtual and Face-to-Face Instruction, organized by 
Frank Savina, University of Texas - Charles A. Dana Center, and Joan Zoellner, University of Texas, Austin; Wednesday, 
2:15–3:25 pm. 

MAA Workshop: Equitable and Inclusive Teaching Practices, organized by Mary E. Pilgrim, San Diego State University, 
Brigitte Lahme, Sonoma State University, and Gulden Karakok, University of Northern Colorado; Thursday, 9:00–10:20 
pm. This session is sponsored by MAA CTUM.

MAA Workshop: Planning and Hosting a Day Long Math Outreach Event, organized by Denise T. Reid, Valdosta State 
University, and Sandra D. Trowell, Valdosta State University; Thursday, 2:35–3:55 pm. 

MAA Workshop: Impacting Departmental and Institutional change: Increasing Engagement in and Support for Equity 
Work, organized by Brigitte Lahme, Sonoma State University, Mary E. Pilgrim, San Diego State University, and Gulden 
Karakok, University of Northern Colorado; Friday, 9:00–10:20 am. This session is sponsored by MAA CTUM
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Activities of Other Organizations
This section includes scientific sessions. Several organizations or special groups are having receptions or other social 
events. Please see details about social events on the JMM website.

Association for Symbolic Logic (ASL) 
This two-day program will take place on Friday and Saturday. The program will include sessions of contributed papers as 
well as invited addresses by Dana Bartosova, University of Florida, Interactions between dynamics and algebraic operation; 
Anton Bernshteyn, Georgia Institute of Technology, Descriptive combinatorics and distributed algorithms; Gabriel Conant, 
University of Cambridge, Model Theoretic Tameness in Multiplicative Combinatorics; Barbara Csima, University of Water-
loo, Understanding Frameworks for Priority Arguments in Computability Theory; Russell Miller, Queens College and CUNY 
Graduate Center, Computable Structure Theory with Noncomputable Structures; Christian Rosendal, University of Illinois at 
Chicago, Groups with bounded geometry; and Charles Steinhorn, Vassar College, Asymptotic and multidimensional asymptotic 
classes of finite structures.

See also the sessions cosponsored by the ASL in the “AMS Special Sessions” listings. These sessions include a special 
session on Computability theory and effective mathematics on Thursday. Organizers for this session are Jun Le Goh, Joseph 
S. Miller, and Mariya I. Soskova, all from the University of Wisconsin-Madison.

Association for  Women in Mathematics (AWM)
Association for Women in Mathematics Panel: Non-Traditional Careers in Mathematics, organized by Alice Mark, 

Vanderbilt University. Alice Mark will also serve as the moderator for this panel which will take place on Wednesday, 
2:15–3:40 pm. This will be a panel discussion about academic careers that fall outside of the traditional tenure-track.  
Many mathematicians find that traditional tenure-track jobs don’t align with their career or personal goals. Non-tenure-
track jobs vary widely across colleges and universities. We’ll talk about navigating a non-tenure-track job search, the niche 
that these jobs can fill within a department, and the career goals of individuals who sought out these sorts of positions.

This session is open to all JMM attendees. Panelists include Kelly MacArthur, University of Utah. Other panelists are 
to be announced.

AWM Panel: AWM Through the Decades, organized by Georgia Benkart, University of Wisconsin, Madison, and Emille 
Davie Lawrence, University of San Francisco; Thursday, 2:30–4:00 pm. Since its founding in 1971, the Association for 
Women in Mathematics has been a force for positive change in the culture and demographics of the mathematics world 
and an effective voice of support for women in the mathematical sciences.

AWM Through the Decades is an event to celebrate the 50th anniversary of the organization’s founding. It will feature 
five AWM past presidents, one from each decade, discussing the major challenges that they and AWM faced during their 
presidency, and the challenges they see for expanding the participation of women in mathematics in the decades ahead.  
The audience will be treated to reflections on the history of women in mathematics in the last five decades and on what 
the next five decades may hold in store.

Ruth Haas, University of Hawaii at Manoa, current AWM president, will moderate the panel. Panelists will be Mary 
Gray, American University, first president and one of AWM’s founders; Rhonda Hughes, Bryn Mawr College; Carol Wood, 
Wesleyan University; Suzanne Lenhart, University of Tennessee; and Kristin Lauter, Microsoft Research. AWM Through 
the Decades is sponsored by the Association for Women in Mathematics.

Business Meeting; Wednesday, 3:45–4:15 pm. Chairs Ruth Haas, AWM President, and Kathryn Leonard, AWM Pres-
ident-elect. 

Workshop Poster Presentations and Reception; Friday, 3:45–5:00 pm. AWM will conduct its workshop poster pre-
sentations by women graduate students. AWM seeks volunteers to serve as mentors for workshop participants. If you are 
interested, please contact the AWM office at awm@awm-math.org. This session is open to all JMM attendees. Organizers 
for these presentations are Donatella Danielli, Arizona State University, and Irina Mitrea, Temple University. The Poster 
Judging Coordinator is Emilie Wiesner, Ithaca College.

AWM Workshop: Women in Analysis (WoAN); Saturday, 8:00 am–5:00 pm. The AWM Workshop on Women in Analysis 
(WoAN) will bring together female mathematicians working at the interface between real and harmonic analysis, partial 
differential equations, and geometric measure theory. Topics of emphasis include elliptic boundary value problems, 
free boundary problems, non-linear dispersive equations, Fourier restriction problems, and oscillatory integrals. This is 
a follow-up of the 2019 BIRS Workshop for the WoAN Research Network. Updated information about the workshop is 
available at www.awm-math.org. All JMM attendees are invited to attend the program. Organizers for this workshop are 
Donatella Danielli, Arizona State University, and Irina Mitrea, Temple University.
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Awards Ceremony and Reception; Friday. The Association for Women in Mathematics Awards Ceremony at 5:00 pm 
with a reception to follow, 5:30–7:00 pm. Please see details about social events on the JMM website.

National Association of Mathematicians (NAM)
Haynes-Granville-Browne Session of Presentations by Recent Doctoral Recipients in the Mathematical Sciences; 

Friday, 1:00–4:00 pm. Organized by Naiomi Cameron, Spelman College/NAM.
Cox-Talbot Address, by Talitha Washington, National Science Foundation and Howard University, Leveraging Data 

Science at HBCUs to Advance Innovation, to be given Friday after the banquet. See details about the banquet on Friday on 
the JMM website.

Panel Discussion, Saturday, 9:00–9:50 am. Title and panelists are to be announced. 
Business Meeting, Saturday, 10:00–10:50 am.
Claytor-Woodward Lecture, Saturday, 1:00 pm, Chelsea Walton, Worcester Polytechnic Institute, University of Illinois 

Urbana-Champaign, An Invitation to Noncommutative Algebra.

Pi Mu Epsilon (PME)
Pi Mu Epsilon (PME) Council Meeting; Thursday, 8:00–11:00 am.

Rocky Mountain Mathematics Consortium (RMMC)
Rocky Mountain Mathematics Consortium Board Meeting; Friday, 2:15–4:00 pm. This meeting will be held remotely.

Society for Industrial and Applied Mathematics (SIAM)
This program consists of an Invited Address, Title to be announced, on Thursday, 11:10 am, given by Thaleia Zariphopoulou, 
University of Texas at Austin, and a series of Minisymposia, Wednesday–Saturday, to include Recent Advances in Financial 
Mathematics and Engineering, Igor Cialenco, Illinois Institute of Technology; Using Mathematical Models in Epidemiology 
and Medicine to Outwit Diseases, Abdul-Aziz Yakubu, Howard University; Equilibrium and Games in Financial Mathematics, 
Kim Weston, Rutgers University; Supporting Workforce Preparation With Mathematical Modeling, Katie Kavanagh, Institute 
for STEM Education; New Frontiers in Computational Mathematics, Maria Cameron, University of Maryland; Complex Flu-
ids in Living Systems, Lorena Bociu, North Carolina State University, and Giovanna Guidoboni, University of Missouri; 
Mathematics of Machine Learning in Finance, Martin Larsson, Carnegie Mellon University; and Advances in Manifold Learning 
and Applications, Tyrus Berry and Ryan Vaughn, George Mason University.

See also the sessions cosponsored by SIAM in the “AMS Special Sessions” listings: MAA-SIAM-AMS Hrabowski-Gates-
Tapia-McBay Lecture and Panel, organized by Carrie Diaz Eaton, Bates College; AMS-MAA-SIAM Special Session on Research 
in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, organized by Darren A. Narayan, Rochester 
Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University Fresno, 
Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University; as well as the MAA-AMS-SIAM 
Gerald and Judith Porter Public Lecture.

Other Events
Association of Christians in the Mathematical Sciences (ACMS) Reception and Lecture; Thursday, 5:30–7:30 pm. 

The reception will take place between 5:30 and 6:30 pm, followed by a short program and 20-minute talk by Randy 
Pruim. Students are encouraged to attend, and opportunity will be provided afterwards for delegates to go to dinner at 
local restaurants.

Mathematical Art Exhibition, organized by Robert Fathauer, Tessellations Company; Nathan Selikoff, Digital Awak-
ening Studios; and Elizabeth Whiteley, studio artist, Washington, DC; and supported by the Special Interest Group of 
the MAA for Mathematics and the Arts, and the Bridges Organization. A popular feature at the Joint Mathematics Meet-
ings, this exhibition provides a break in your day. On display are works in various media by artists who are inspired by 
mathematics and by mathematicians who use visual art to express their findings. Topology, fractals, polyhedra, and tiling 
are some of the ideas at play here. Do not miss this unique opportunity for a different perspective on mathematics. The 
exhibition will be located inside the Joint Mathematics Exhibits and open during the same exhibit hours.

Summer Program for Women in Mathematics (SPWM) Reunion, organized by Murli M. Gupta, George Washington 
University; Thursday, 1:00–3:00 pm. This is a reunion of the summer program participants from all 19 years (1995–2013) 
who are in various states of their mathematical careers: some are students and others are in various jobs, both in academia 
as well as government and industry. The participants will describe their experiences relating to all aspects of their careers. 
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There will also be a discussion on the increasing participation of women in mathematics over the past two decades and 
the national impact of SPWM and similar programs. See www.gwu.edu/~spwm.

Welcoming Environment Policy
The AMS and MAA strive to ensure that participants in the JMM enjoy a welcoming environment. In all its activities, the 
AMS and MAA seek to foster an atmosphere that encourages the free expression and exchange of ideas. The AMS and 
MAA support equality of opportunity and treatment for all participants, regardless of gender, gender identity or expres-
sion, race, color, national or ethnic origin, religion or religious belief, age, marital status, sexual orientation, disabilities, 
or veteran status.

Harassment is a form of misconduct that undermines the integrity of the AMS and MAA, and their activities and missions.
The AMS and MAA will make every effort to maintain an environment that is free of harassment, even though it does 

not control the behavior of third parties. A commitment to a welcoming environment is expected of all participants of 
JMM activities, including mathematicians, students, guests, staff, contractors and exhibitors, and participants in scientific 
sessions and social events. To this end, the AMS and MAA will include a statement concerning its expectations towards 
maintaining a welcoming environment in registration materials for the JMM, and has put in place a mechanism for re-
porting violations. Violations may be reported confidentially and anonymously to 855-282-5703 or at www.mathsociety 
.ethicspoint.com. The reporting mechanism ensures the respect of privacy while alerting the AMS and MAA to the 
situation. Violations may also be brought to the attention of the AMS Director of Meetings & Conferences (who is usually 
at the meeting registration desk), and that person can provide advice about how to proceed.

Exhibits
The Joint Mathematics Meetings Exhibits include the country’s leading scientific publishers, professional organizations, 
companies that offer mathematics-enrichment products and services, computer hardware and software companies, and the 
Mathematical Art Exhibit. It will be open to all registered participants on Wednesday (starting with the Grand Opening) 
12:15 pm–5:30 pm, on Thursday and Friday 9:30 am–5:30 pm, and on Saturday 9:00 am–12 noon. See more details on 
the JMM website.

Hotel Accommodations
See details about hotels and how to reserve a room on the JMM website.

Miscellaneous
Please see details about audio-visual equipment; email services; information distribution; local information; the JMM 
Broadcasting, Photographing, and Videotaping Policy; and telephone messages on the JMM website.

Child Care Grants
Please see details about how to apply for child care grants on the JMM website.

Registration
Please see details about registration fees and categories and how to register on the JMM website.

Social Events
Please see details about social events on the JMM website.

Travel/Transportation
Please see details about travel and transportation options on the JMM website.
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When it’s time to think about your estate plans, consider making 
a provision for the American Mathematical Society. With a gift 
through your will, trust, or life insurance policy, you can extend 
your dedication to mathematics into the future.

AMS staff  will be happy to work with you 
to help you achieve your charitable goals.

Photo by Kate Awtrey, 
Atlanta Convention Photography

THANK YOU

Want to learn more? Visit:
 www.ams.org/giving

Or contact development @ams.org  
401.455.4111
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Program Timetable

This document provides a thumbnail sketch of all scientific and social events so you can easily see which events may 
overlap and better plan your time.

MEETINGS & CONFERENCES

Tuesday, January 5
 1:30–8:00 pm AMS COUNCIL

 3:00–7:00 pm JOINT MEETINGS REGISTRATION Advanced registration will remain open until 7:30 pm.

 3:00–7:30 pm EMAIL CENTER

Wednesday, January 6
 7:00 am–6:00 pm JOINT MEETINGS REGISTRATION

 7:00 am–11:00 pm EMAIL CENTER

 7:00–8:45 am MAA MINORITY CHAIRS MEETING

AMS Special Sessions

 8:00–10:50 am Women of Color in Applied Math and Analysis, I (AMS-AWM)

 8:00–10:50 am Recent Advances in Ecological Modeling, I

 8:00–10:50 am Algebraic Structures Related to Knot Theory, I

 8:00–10:50 am Developments in Spatial Graphs, I

 8:00–10:50 am The Mathematics of RNA and DNA, I

 8:00–10:50 am Commutative Algebra, I

 8:00–10:50 am NSF S-STEM Programs with Mathematical Connections, I

 8:00–10:50 am Analysis of Fractional, and Stochastic Dynamic Systems with Applications, I

 8:00–10:50 am Optimal Methods in Applicable Analysis Approximation & Optimization, 
Cyber Security & Geometric Function Theory, I

 8:00–10:50 am Hopf Algebras and Tensor Categories, I

 8:00–10:50 am Mathematical Outreach: Engagement Opportunities and Best Practices, I

 8:00–10:50 am Piecewise & Discontinuous Difference Equations & Applications, I

 8:00–10:50 am Quantization for Probability Distributions and Dynamical Systems, I

 8:00–10:50 am Variational Analysis and Optimization, I

 8:00–10:50 am A Showcase of Number Theory at Undergraduate Institutions, I

 8:00–10:50 am Quadratic Forms and Theta Functions, I
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 8:00–10:50 am If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral 
Studies in the Mathematical Sciences, I

 8:00–10:50 am Optimization and Algebraic Geometry, I

 8:00–10:50 am Geometry in the Mathematics of Data Science, I

 8:00–10:50 am Advances in the Applications of Nonstandard Finite Difference Methods, I

 8:00–10:50 am Advances and Applications in Integral and Differential Equations, I

 8:00–10:50 am AMS Contributed Paper Sessions

MAA Invited Paper Sessions

 8:00–10:50 am Promoting Participation of Women in Mathematics I: SMP at 25

 8:00–10:50 am Coding Theory and Geometry

MAA Contributed Paper Sessions

 8:00–10:50 am DEVELOPMENTS, DIRECTIONS, AND EXPERIENCES IN OPEN EDUCATIONAL 
RESOURCES, I

 8:00–10:55 am DATA FOR GOOD: BRINGING SOCIAL AND PROFESSIONAL RESPONSIBILITY INTO 
THE STATISTICS CLASSROOM

 8:00–10:55 am MATHEMATICAL EXPERIENCES AND PROJECTS IN BUSINESS, INDUSTRY, AND 
GOVERNMENT (BIG), I

 8:00–10:55 am THE PHILOSOPHY OF MATHEMATICS, IN MEMORY OF REUBEN HERSH, I

 8:00–10:55 am MATH FOCUSED INTEGRATIVE LEARNING, I

 8:00–10:55 am INQUIRY-BASED LEARNING AND TEACHING, I

 8:00–10:55 am INCORPORATING REALISTIC APPLICATIONS OF MATHEMATICS THROUGH 
INTERDISCIPLINARY COLLABORATIONS, I

 8:00–10:55 am MAA General Contributed Paper Sessions

 8:00–10:55 am SIAM MINISYMPOSIUM ON RECENT ADVANCES IN FINANCIAL MATHEMATICS 
AND ENGINEERING

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 9:00–10:50 am MAA MINICOURSE #1: PART A Modeling-based Differential Equations

 9:00–10:50 am MAA MINICOURSE #2: PART A Getting Started in the Scholarship of Teaching and Learning

 9:00–10:50 am MAA MINICOURSE #3: PART A Creating and Adapting OER Textbooks Using the 
LibreTexts Platform

 9:00–9:45 am MAA-SIAM-AMS HRABOWSKI-GATES-TAPIA-MCBAY SESSION: LECTURE

 9:00–10:20 am MAA PANEL What Every Student Should Know about the JMM

 9:00–10:20 am MAA WORKSHOP Authentic Scenarios for Developing Students’ Quantitative Reasoning for Safe 
Nursing Practice

 9:50–10:30 am MAA-SIAM-AMS HRABOWSKI-GATES-TAPIA-MCBAY PANEL

 10:05–10:55 am AMS INVITED ADDRESS Title to be announced. Xinwen Zhu

 11:10 am–12:00 pm AMS-MAA INVITED ADDRESS

 12:15–5:30 pm EXHIBITS AND BOOK SALES

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE I Title to be announced. Karen E. Smith

 2:00–4:00 pm MAA POSTER SESSION: OUTREACH POSTER SESSION
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 2:15–3:05 pm MAA INVITED ADDRESS Next-generation AI: We’re pushing AI beyond ML – and we need your 
help. Angela Sheffield

AMS Special Sessions
 2:15–6:05 pm Women of Color in Applied Math and Analysis, II (AMS-AWM)

 2:15–6:05 pm Recent Advances in Ecological Modeling, II

 2:15–6:05 pm Algebraic Structures Related to Knot Theory, II

 2:15–6:05 pm Developments in Spatial Graphs, II

 2:15–6:05 pm The Mathematics of RNA and DNA, II

 2:15–6:05 pm Commutative Algebra, II

 2:15–6:05 pm NSF S-STEM Programs with Mathematical Connections, II

 2:15–6:05 pm Analysis of Fractional, and Stochastic Dynamic Systems with Applications, II

 2:15–6:05 pm Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & 
Geometric Function Theory, II

 2:15–6:05 pm Hopf Algebras and Tensor Categories, II

 2:15–6:05 pm Mathematical Outreach: Engagement Opportunities and Best Practices, II

 2:15–6:05 pm Piecewise & Discontinuous Difference Equations & Applications, II

 2:15–6:05 pm Quantization for Probability Distributions and Dynamical Systems, II

 2:15–6:05 pm Variational Analysis and Optimization, II

 2:15–6:05 pm A Showcase of Number Theory at Undergraduate Institutions, II

 2:15–6:05 pm Quadratic Forms and Theta Functions, II

 2:15–6:05 pm Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School, I

 2:15–6:05 pm If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral 
Studies in the Mathematical Sciences, II

 2:15–6:05 pm Numerical Methods for Solving Polynomial Systems, I

 2:15–6:05 pm Geometry in the Mathematics of Data Science, II

 2:15–6:05 pm Advances in the Applications of Nonstandard Finite Difference Methods, II

 2:15–6:05 pm Advances and Applications in Integral and Differential Equations, II

 2:15–6:05 pm AMS Contributed Paper Sessions

MAA Invited Paper Sessions
 2:15–5:05 pm Trends in Mathematical and Computational Motivating Background Biology

 2:15–4:05 pm MAA MINICOURSE #4: PART A Math Modeling and Sustainability

 2:15–4:05 pm MAA MINICOURSE #5: PART A How to Run Successful Math Circles for Students and Teachers

 2:15–4:05 pm MAA MINICOURSE #6: PART A Liberal Arts Math, Quantitative Literacy, College Algebra/
Precalculus: A Novel Hybrid Curriculum

MAA Contributed Paper Sessions
 2:15–5:55 pm DEVELOPMENTS, DIRECTIONS, AND EXPERIENCES IN OPEN EDUCATIONAL 

RESOURCES, II

 2:15–5:55 pm MATHEMATICAL EXPERIENCES AND PROJECTS IN BUSINESS, INDUSTRY, AND 
GOVERNMENT (BIG), II

 2:15–5:55 pm THE PHILOSOPHY OF MATHEMATICS, IN MEMORY OF REUBEN HERSH, II
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 2:15–5:55 pm THE TEACHING AND LEARNING OF UNDERGRADUATE ORDINARY DIFFERENTIAL 
EQUATIONS, IN MEMORY OF WILLIAM E. BOYCE

 2:15–5:55 pm MATH FOCUSED INTEGRATIVE LEARNING, II

 2:15–5:55 pm INQUIRY-BASED LEARNING AND TEACHING, II

 2:15–5:55 pm PROMOTING WOMXN IN MATHEMATICS

 2:15–5:55 pm MAA General Contributed Paper Sessions

 2:15–6:00 pm SIAM MINISYMPOSIUM ON USING MATHEMATICAL MODELS IN EPIDEMIOLOGY 
AND MEDICINE TO OUTWIT DISEASES

 2:15–3:35 pm MAA PANEL The Future of Supporting Women in Mathematics

 2:15–3:25 pm MAA WORKSHOP Co-requisite Courses: Essential Considerations for Virtual and 
Face-to-Face Instruction

 2:15–3:40 pm ASSOCIATION FOR WOMEN IN MATHEMATICS PANEL DISCUSSION ON NON-
TRADITIONAL CAREERS IN MATHEMATICS

 2:15–3:35 pm MAA TOWNHALL Ethics and Mathematical Practices

 3:20–4:10 pm MAA INVITED ADDRESS Navigating Collaboration. Chelsea Walton

 3:45–5:05 pm MAA PANEL Mentoring Undergraduate Research in Mathematics at Two Year Colleges 
and Similar Institutions

 3:45–4:15 pm AWM BUSINESS MEETING

 4:30–6:00 pm AMS COMMITTEE ON THE PROFESSION PANEL DISCUSSION Developing a culture that 
promotes the full range of career paths

 4:30–5:30 pm RECEPTION FOR UNDERGRADUATE STUDENTS

 5:30–6:30 pm RECEPTION FOR GRADUATE STUDENTS AND FIRST-TIME PARTICIPANTS

 5:30–8:00 pm MATHEMATICAL INSTITUTES OPEN HOUSE

 6:00–7:30 pm JOHNS HOPKINS UNIVERSITY, DEPARTMENT OF MATHEMATICS AND THE 
DEPARTMENT OF APPLIED MATHEMATICS AND STATISTICS RECEPTION

 7:00–8:30 pm {MATHILY, MATHILY-ER, MATHILY-EST} YEARLY GATHER: COLLABORATIVE PUZZLE 
TIME!

 8:30–9:20 pm AMS JOSIAH WILLARD GIBBS LECTURE Title to be announced. Lenka Zdeborova

Thursday, January 7
 7:30 am–4:00 pm JOINT MEETINGS REGISTRATION

 7:30 am–8:00 pm EMAIL CENTER

AMS Special Sessions

 8:00–11:50 am Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, I 
(AMS-MAA-SIAM)

 8:00–10:50 am Computability Theory and Effective Mathematics, I (AMS-ASL)

 8:00–11:50 am Women of Color in Topology and Algebra, I (AMS-AWM)

 8:00–11:50 am Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell, I

 8:00–11:50 am Analysis and Differential Equations at Undergraduate Institutions, I
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 8:00–11:50 am Geometric Representation Theory and Equivariant Elliptic Cohomology, I (a Mathematics Research 
Communities Session)

 8:00–11:50 am Commutative Algebra Meets Representation Theory, I

 8:00–11:50 am What Physics Teaches Us About Computation in High Dimensions (Associated with AMS Josiah 
Willard Gibbs Lecture Lenka Zdeborova)

 8:00–11:50 am Quantum Algebra and Geometry, I

 8:00–11:50 am Creative Teaching Methods That Lead to Student Learning, I

 8:00–11:50 am Quaternions, I

 8:00–11:50 am The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics 
Research Communities Session)

 8:00–11:50 am The Legacy of Dick Askey, I

 8:00–11:50 am Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology, I

 8:00–11:50 am Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational 
Study, I

 8:00–11:50 am Understanding COVID-19: Mathematical Models to Address the Global Pandemic, I

 8:00–11:50 am Advances in Operator Algebras, I

 8:00–11:50 am Galois Cohomology in Arithmetic Geometry, I

 8:00–11:50 am Algebraic and Geometric Perspectives on Low-Dimensional Topology, I

 8:00–11:50 am Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School, II

 8:00–11:50 am If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral 
Studies in the Mathematical Sciences, III

 8:00–11:50 am Numerical Methods for Solving Polynomial Systems, II

 8:00–11:50 am COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team, I

 8:00–11:50 am Commutative Algebra in Positive Characteristic, I (Associated with AMS Colloquium Lecture)

 8:00–11:50 am AMS Contributed Paper Sessions

MAA Invited Paper Sessions
 8:00–10:50 am Promoting Participation of Women in Mathematics II: SMP at 25

MAA Contributed Paper Sessions
 8:00–11:55 am BEYOND THE INTRODUCTORY STATISTICS COURSE, I

 8:00–11:55 am RECREATIONAL MATHEMATICS: PUZZLES, CARD TRICKS, GAMES, AND GAMBLING, I

 8:00–11:55 am THE SCHOLARSHIP OF TEACHING AND LEARNING IN COLLEGIATE MATHEMATICS, I

 8:00–11:55 am ALTERNATIVE ASSESSMENTS IN THE MATHEMATICS CLASSROOM, I

 8:00–11:55 am COMBINING TECHNOLOGICAL TOOLS AND INNOVATIVE PRACTICES TO IMPROVE 
STUDENT LEARNING OUTCOMES, I

 8:00–11:55 am DISCRETE MATHEMATICS IN THE UNDERGRADUATE CURRICULUM - IDEAS AND 
INNOVATIONS IN TEACHING, I

 8:00–11:55 am INNOVATIVE AND EFFECTIVE WAYS TO TEACH LINEAR ALGEBRA

 8:00–11:55 am MAA General Contributed Paper Sessions

 8:00–11:00 am SIAM MINISYMPOSIUM ON EQUILIBRIUM AND GAMES IN FINANCIAL MATHEMATICS

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP
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 8:00–11:30 am PME COUNCIL MEETING

 8:00 am–5:30 pm EMPLOYMENT CENTER

 9:00–9:50 am MAA INVITED ADDRESS Codes from polynomials over finite fields. Nathan Kaplan

 9:00–10:50 am MAA MINICOURSE #7: PART A Introduction to Inquiry-Based Learning

 9:00–10:50 am MAA MINICOURSE #8: PART A Beyond Traditional Grading Schemes: Mastery Based Grading

 9:00–10:20 am MAA PANEL Documenting Knowledge Bases For Teaching and Professional Development in 
Undergraduate Mathematics

 9:00–10:20 am MAA WORKSHOP Equitable and Inclusive Teaching Practices

 9:30 am–5:30 pm EXHIBITS AND BOOK SALES

 11:10 am–12:00 pm SIAM INVITED ADDRESS Title to be announced. Thaleia Zariphopoulou

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE II Title to be announced. Karen E. Smith

AMS Special Sessions
 1:00–3:50 pm Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, II 

(AMS-MAA-SIAM)

 1:00–3:50 pm Computability Theory and Effective Mathematics, II (AMS-ASL)

 1:00–3:50 pm Women of Color in Topology and Algebra, II (AMS-AWM)

 1:00–3:50 pm Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell, II

 1:00–3:50 pm Analysis and Differential Equations at Undergraduate Institutions, II

 1:00–3:50 pm Commutative Algebra Meets Representation Theory, II

 1:00–3:50 pm Mathematics in Security & Defense, I

 1:00–3:50 pm Quantum Algebra and Geometry, II

 1:00–3:50 pm Creative Teaching Methods That Lead to Student Learning, II

 1:00–3:50 pm Quaternions, II

 1:00–3:50 pm The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, II

 1:00–3:50 pm Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology, II

 1:00–3:50 pm Recent Trends in Discrete-Time Ecological and Epidemiological Models, I

 1:00–3:50 pm Eigenvalues, Nonnegative Matrices and Applications, I

 1:00–3:50 pm Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational 
Study, II

 1:00–3:50 pm Understanding COVID-19: Mathematical Models to Address the Global Pandemic, II

 1:00–3:50 pm Advances in Operator Algebras, II

 1:00–3:50 pm Galois Cohomology in Arithmetic Geometry, II

 1:00–3:50 pm Algebraic and Geometric Perspectives on Low-Dimensional Topology, II

 1:00–3:50 pm Branching Out: Ramification Invariants in Algebra and Geometry, I

 1:00–3:50 pm COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team, II

 1:00–3:50 pm Optimization and Algebraic Geometry, II

 1:00–5:50 pm AMS Contributed Paper Sessions

MAA Invited Paper Sessions
 1:00–3:50 pm Harmonic Analysis and Applications to Complex Analysis and Partial Differential Equations
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MAA Contributed Paper Sessions

 1:00–4:15 pm BEYOND THE INTRODUCTORY STATISTICS COURSE, II

 1:00–4:15 pm RECREATIONAL MATHEMATICS: PUZZLES, CARD TRICKS, GAMES, AND GAMBLING, II

 1:00–4:15 pm MATHEMATICS AND THE LIFE SCIENCES: INITIATIVES, PROGRAMS, CURRICULA

 1:00–4:15 pm THE SCHOLARSHIP OF TEACHING AND LEARNING IN COLLEGIATE MATHEMATICS, II

 1:00–4:15 pm ALTERNATIVE ASSESSMENTS IN THE MATHEMATICS CLASSROOM, II

 1:00–4:15 pm COMBINING TECHNOLOGICAL TOOLS AND INNOVATIVE PRACTICES TO IMPROVE 
STUDENT LEARNING OUTCOMES, II

 1:00–4:15 pm DISCRETE MATHEMATICS IN THE UNDERGRADUATE CURRICULUM - IDEAS AND 
INNOVATIONS IN TEACHING, II

 1:00–4:15 pm MAA General Contributed Paper Sessions

 1:00–4:10 pm SIAM MINISYMPOSIUM ON SUPPORTING WORKFORCE PREPARATION WITH 
MATHEMATICAL MODELING

 1:00–2:30 pm AMS COMMITTEE ON EDUCATION PANEL Current Issues: What can we do to support math 
majors and grad students in the time of pandemic?

 1:00–2:20 pm MAA PANEL MAA Session for Chairs

 1:00–3:00 pm SUMMER PROGRAM FOR WOMEN IN MATHEMATICS (SPWM) REUNION

 2:00–4:00 pm MAA POSTER SESSION: PROMOTING PARTICIPATION OF WOMEN IN MATHEMATICS: 
SMP AT 25

 2:15–3:05 pm AMS MARYAM MIRZAKHANI LECTURE Khovanov homology and surfaces in four-manifolds. 
Ciprian Manolescu

 2:30–4:00 pm ASSOCIATION FOR WOMEN IN MATHEMATICS PANEL AWM Through the Decades

 2:35–4:05 pm MAA PANEL Supporting Non-tenure Track Instructional Faculty

 2:35–3:55 pm MAA WORKSHOP Planning and Hosting a Day Long Math Outreach Event

 3:20–4:10 pm AMS INVITED ADDRESS Propagation of randomness under the flow of nonlinear dispersive 
equations. Andrea Nahmod

 4:25–5:25 pm JOINT PRIZE SESSION

 5:30–7:30 pm ASSOCIATION OF CHRISTIANS IN THE MATHEMATICAL SCIENCES RECEPTION 
AND LECTURE

 5:30–7:30 pm PENN STATE’S EBERLY COLLEGE OF SCIENCE AND DEPARTMENT OF 
MATHEMATICS RECEPTION

 6:00–7:00 pm UNIVERSITY OF CHICAGO MATHEMATICS ALUMNI RECEPTION

 6:00–8:00 pm SPECTRA RECEPTION FOR LGBT MATHEMATICIANS

 8:15–9:45 pm KNITTING CIRCLE Knitting Circle: Bring a project (knitting/crochet/tatting/beading/etc.) and 
chat with other mathematical crafters

Friday, January 8
 7:30 am–4:00 pm JOINT MEETINGS REGISTRATION

 7:30 am–8:30 pm EMAIL CENTER
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AMS Special Sessions
 8:00–10:50 am Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, III 

(AMS-MAA-SIAM)

 8:00–10:50 am AMS-NAM JOINT SPECIAL SESSION ON CELEBRATING THE MATHEMATICAL LEGACY 
OF DR. JAMES A. DONALDSON, I

 8:00–10:50 am Homological Aspects of Quantum Symmetries and Related Topics, I

 8:00–10:50 am Adopt, Adapt, Assign Modeling Activities in Differential Equations, I

 8:00–10:50 am Advances in Computational Biomedicine, I

 8:00–10:50 am Partial Differential Equations and Spaces of Holomorphic Functions, I

 8:00–10:50 am Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, I

 8:00–10:50 am Applied Topology, I

 8:00–10:50 am Advances in Multivariable Operator and Function Theory in Both Commutative and Non-
commutative Settings, I

 8:00–10:50 am Recent Trends in Discrete-Time Ecological and Epidemiological Models, II

 8:00–10:50 am Multiobjective Semiinfinite Fractional Programs, I

 8:00–10:50 am Eigenvalues, Nonnegative Matrices and Applications, II

 8:00–10:50 am Topology, Structure and Symmetry in Graph Theory, I

 8:00–10:50 am Continued Fractions, I

 8:00–10:50 am Invariants of Knots and Links, I

 8:00–10:50 am Low Dimensional Topology, I (Associated with AMS Invited Maryam Mirzakhani Lecture)

 8:00–10:50 am Commutative Algebra in Positive Characteristic, II (Associated with AMS Colloquium Lecture)

 8:00–10:50 am AMS Contributed Paper Sessions

MAA Invited Paper Sessions
 8:00–10:50 am Supporting Mathematics in the Developing World

MAA Contributed Paper Sessions
 8:00–10:55 am GROWING FROM A TEACHING POSTDOC, I

 8:00–10:55 am MATHEMATICS AND SPORTS, I

 8:00–10:55 am TEACHING MATH MODELING AND SUSTAINABILITY, I

 8:00–10:50 am DATA-DRIVEN MODELING PROJECTS TO MOTIVATE ACTIVE LEARNING AND 
ENGAGEMENT, I

 8:00–10:55 am COMPLEX ANALYSIS: HISTORY, PEDAGOGY, INNOVATION, AND RESEARCH

 8:00–10:55 am RESEARCH IN UNDERGRADUATE MATHEMATICS EDUCATION (RUME), I

 8:00–10:55 am MATHEMATICS AND MUSIC, I

 8:00–10:55 am MATHEMATICS FOR MAKERS, CREATORS, AND ARTISTS, I

 8:00–10:55 am MAA General Contributed Paper Sessions

 8:00–10:55 am SIAM MINISYMPOSIUM ON NEW FRONTIERS IN COMPUTATIONAL MATHEMATICS

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 8:00 am–5:30 pm EMPLOYMENT CENTER
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 8:30–10:30 am AMS-MAA GRAD SCHOOL FAIR Undergrads! Take this opportunity to meet representatives from 
mathematical science graduate programs.

 9:00–9:50 am MAA INVITED ADDRESS Detecting anomalies in the 2020 election. Stephanie Singer

 9:00–9:50 am ASL INVITED ADDRESS Model Theoretic Tameness in Multiplicative Combinatorics. 
Gabriel Conant

 9:00–10:50 am MAA MINICOURSE #1: PART B Modeling-based Differential Equations

 9:00–10:50 am MAA MINICOURSE #2: PART B Getting Started in the Scholarship of Teaching and Learning

 9:00–10:20 am MAA WORKSHOP Impacting Departmental and Institutional change: Increasing Engagement In 
and Support for Equity Work

 9:30 am–5:30 pm EXHIBITS AND BOOK SALES

 10:00–10:50 am ASL INVITED ADDRESS Understanding Frameworks for Priority Arguments in Computability 
Theory. Barbara Csima

 10:05–10:55 am AMS INVITED ADDRESS The Hamilton-Jacobi equation, past and present. Ryan Hynd

 11:10 am–12:00 pm AMS-MAA INVITED ADDRESS

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE III Title to be announced. Karen E. Smith

 1:00–1:50 pm ASL INVITED ADDRESS Groups with bounded geometry. Christian Rosendal

 1:00–1:50 pm MAA LECTURE FOR STUDENTS Reconfiguring graph colorings. Heather M. Russell

 1:00–4:45 pm CURRENT EVENTS BULLETIN

AMS Special Sessions

 1:00–5:50 pm History of Mathematics, I

 1:00–5:50 pm Homological Aspects of Quantum Symmetries and Related Topics, II

 1:00–5:50 pm Adopt, Adapt, Assign Modeling Activities in Differential Equations, II

 1:00–5:50 pm Advances in Computational Biomedicine, II

 1:00–5:50 pm Partial Differential Equations and Spaces of Holomorphic Functions, II

 1:00–5:50 pm Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, II

 1:00–5:50 pm Mathematics in Security & Defense, II

 1:00–5:50 pm Advances in Multivariable Operator and Function Theory in Both Commutative and Non-
commutative Settings, II

 1:00–5:50 pm Commutative Rings: Ideals, Modules, and Factorizations, I

 1:00–5:50 pm Women Advancing Mathematical Biology Through Computational and Analytical Techniques 
(Associated with MAA-AMS-SIAM Gerald and Judith Porter Public Lecture Trachette Jackson)

 1:00–5:50 pm Advances in Modeling the Ecology of Infectious Diseases

 1:00–5:50 pm The Legacy of Dick Askey, II

 1:00–5:50 pm Topology, Structure and Symmetry in Graph Theory, II

 1:00–5:50 pm Continued Fractions, II

 1:00–5:50 pm Branching Out: Ramification Invariants in Algebra and Geometry, II

 1:00–5:50 pm Invariants of Knots and Links, II

 1:00–5:50 pm Low Dimensional Topology, II (Associated with AMS Invited Maryam Mirzakhani Lecture)

 1:00–5:50 pm AMS Contributed Paper Sessions
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MAA Invited Paper Sessions
 1:00–3:50 pm Enlightening Mathematical Proofs from Geometry, Calculus, Linear Algebra, Probability or 

Combinatorics

 1:00–2:50 pm MAA MINICOURSE #3: PART B Creating and Adapting OER Textbooks Using the LibreTexts 
Platform

 1:00–2:50 pm MAA MINICOURSE #4: PART B Math Modeling and Sustainability

 1:00–2:50 pm MAA MINICOURSE #5: PART B How to Run Successful Math Circles for Students and Teachers

MAA Contributed Paper Sessions
 1:00–5:55 pm GROWING FROM A TEACHING POSTDOC, II

 1:00–5:55 pm MATHEMATICS AND SPORTS, II

 1:00–5:55 pm TEACHING MATH MODELING AND SUSTAINABILITY, II

 1:00–5:55 pm DATA-DRIVEN MODELING PROJECTS TO MOTIVATE ACTIVE LEARNING AND 
ENGAGEMENT, II

 1:00–5:55 pm RESEARCH IN UNDERGRADUATE MATHEMATICS EDUCATION (RUME), II

 1:00–5:55 pm MATHEMATICS AND MUSIC, II

 1:00–5:55 pm THE EDGE (ENHANCING DIVERSITY IN GRADUATE EDUCATION) PROGRAM: PURE 
AND APPLIED TALKS BY WOMEN MATH WARRIORS

 1:00–5:55 pm MATHEMATICS FOR MAKERS, CREATORS, AND ARTISTS, II

 1:00–5:55 pm MAA General Contributed Paper Sessions

 1:00–6:00 pm SIAM MINISYMPOSIUM ON COMPLEX FLUIDS IN LIVING SYSTEMS

 1:00–4:00 pm NAM HAYNES-GRANVILLE-BROWNE SESSION OF PRESENTATIONS BY RECENT 
DOCTORAL RECIPIENTS

 1:00–2:20 pm MAA PANEL Successful Department Change Efforts to Transform Precalculus and Calculus

 2:00–2:50 pm ASL INVITED ADDRESS Interactions between dynamics and algebraic operation. 
Dana Bartosova

 2:00–4:00 pm MAA POSTER SESSION: ALIGNING COURSES IN THE FIRST TWO YEARS WITH THE 
INSTRUCTIONAL PRACTICES GUIDE AND AMATYC IMPACT

 2:30–4:00 pm AMS COMMITTEE ON SCIENCE POLICY PANEL Mathematics and Science - the view of a 
pandemic through a science policy lens

 2:30–3:40 pm PRESENTATIONS BY MAA HAIMO TEACHING AWARD RECIPIENTS

 3:00–4:50 pm ASL CONTRIBUTED PAPER SESSION

 3:00–4:00 pm A TOWN HALL WITH THE AMS EXECUTIVE DIRECTOR

 3:30–5:20 pm MAA MINICOURSE #9: PART A Stats for Data Science

 3:45–5:00 pm AWM WORKSHOP: POSTER PRESENTATIONS BY WOMEN GRADUATE STUDENTS AND 
RECEPTION

 4:30–6:00 pm AMS DC-BASED FELLOWSHIPS SESSION

 5:00–7:00 pm ASSOCIATION FOR WOMEN IN MATHEMATICS AWARDS CEREMONY AND 
RECEPTION

 5:30–7:00 pm UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN DEPARTMENT OF 
MATHEMATICS RECEPTION

 6:00–7:00 pm MATHEMATICALLY BENT THEATER Performed by Colin Adams and the Mobiusbandaid Players.
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 6:00–7:00 pm AMS MATHEMATICAL REVIEWS RECEPTION

 6:00–8:40 pm NAM RECEPTION AND BANQUET

 6:00–8:00 pm TEXAS A & M UNIVERSITY MATHEMATICS DEPARTMENT ALUMNI, STUDENT, AND 
FACULTY RECEPTION

 7:00–8:30 pm SCUDEM GATHERING AND INFORMATION SESSION

 7:45–8:35 pm NAM COX-TALBOT ADDRESS Leveraging Data Science at HBCUs to Advance Innovation. 
Talitha Washington

 8:00–10:00 pm PROJECT NEXT RECEPTION All Project NExT Fellows, consultants, and other friends of Project 
NExT are invited.

Saturday, January 9
 7:30 am–1:00 pm JOINT MEETINGS REGISTRATION

 7:30 am–1:00 pm EMAIL CENTER

AMS Special Sessions
 8:00 am–12:00 pm History of Mathematics, II

 8:00 am–12:00 pm Operator Theory and Approximation in Spaces of Analytic Functions, I

 8:00 am–12:00 pm Commutative Rings: Ideals, Modules, and Factorizations, II

 8:00 am–12:00 pm Current Trends in Arithmetic Dynamics, I

 8:00 am–12:00 pm Mathematicians and the Sciences: Members of the 2019 class of Fellows of the American Association 
for the Advancement of Science Talk About Their Work

 8:00 am–12:00 pm Multiobjective Semiinfinite Fractional Programs, II

 8:00 am–12:00 pm Mathematics of Cryptography, I

 8:00 am–12:00 pm PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd)

 8:00 am–12:00 pm Representations of Finite Groups and Related Structures, I

 8:00 am–12:00 pm Interfaces Between PDEs and Geometric Measure Theory, III (Associated with AMS Maryam 
Mirzakhani Invited Address Tatiana Toro)

 8:00 am–12:00 pm Geometry and Topology in Dimensions 3 and 4, I

 8:00 am–12:00 pm Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry, I

 8:00 am–12:00 pm Agent-Based Dynamics and Self-Organization in Biology

 8:00 am–12:00 pm Applied Combinatorial Methods, I

 8:00 am–12:00 pm Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, I

 8:00 am–12:00 pm Combinatorial Approaches to Topological Structures and Applications, I

 8:00 am–12:00 pm Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products, I

 8:00 am–12:00 pm Advances in Mathematical Biology, I

 8:00 am–12:00 pm Algebraic and Arithmetic Geometry, I

 8:00 am–12:00 pm ADJOINT (African Diaspora Joint Mathematics Workshop) Research Showcase

 8:00 am–12:00 pm Foundations of Data Science: Mathematical Representation, Computational Modeling, and 
Statistical Inference

 8:00 am–12:00 pm AMS Contributed Paper Sessions
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MAA Invited Paper Sessions

 8:00–9:50 am Research on Mathematics Instruction at Community Colleges

MAA Contributed Paper Sessions

 8:00–11:55 am WAYS OF IMPROVING STUDENT PERFORMANCE IN MATHEMATICS THAT ARE NOT 
SPECIFIC TO CONTENT

 8:00–11:55 am ENGAGING MATH CLUB ACTIVITIES

 8:00–11:55 am CALCULUS: ENGAGING STUDENTS THROUGH MODELING, HANDS-ON PROJECTS, 
AND INNOVATIVE, EXPLORATORY APPROACHES

 8:00–11:55 am MAA General Contributed Paper Sessions

 8:00 am–12:00 pm SIAM MINISYMPOSIUM ON MATHEMATICS OF MACHINE LEARNING IN FINANCE

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 9:00–9:50 am AMS INVITED ADDRESS Title to be announced. Douglas N. Arnold

 9:00–9:50 am ASL INVITED ADDRESS Descriptive combinatorics and distributed algorithms. 
Anton Bernshteyn

 9:00–10:50 am MAA MINICOURSE #7: PART B Introduction to Inquiry-Based Learning

 9:00–10:50 am MAA MINICOURSE #8: PART B Beyond Traditional Grading Schemes: Mastery Based Grading

 9:00–10:50 am MAA MINICOURSE #9: PART B Stats for Data Science

 9:00–9:50 am AWM WORKSHOP ON WOMEN IN ANALYSIS (WOAN)

 9:00–10:20 am MAA Panel What Have We Learned? Lessons Gleaned from Transitioning to Online Teaching

 9:00–9:50 am NAM PANEL DISCUSSION

 9:00 am–12:00 pm EXHIBITS AND BOOK SALES

 10:00–10:50 am ASL INVITED ADDRESS Asymptotic and multidimensional asymptotic classes of finite structures. 
Charles Steinhorn

 10:00–10:50 am NAM BUSINESS MEETING

 10:05–10:55 am MAA RETIRING PRESIDENTIAL ADDRESS Title to be announced. Michael Dorff

 11:45 am–12:15 pm AMS BUSINESS MEETING

 1:00–1:50 pm ASL INVITED ADDRESS Computable Structure Theory with Noncomputable Structures. 
Russell Miller

AMS Special Sessions

 1:00–5:50 pm History of Mathematics, III

 1:00–5:50 pm Operator Theory and Approximation in Spaces of Analytic Functions, II

 1:00–5:50 pm Commutative Rings: Ideals, Modules, and Factorizations, III

 1:00–5:50 pm Current Trends in Arithmetic Dynamics, II

 1:00–5:50 pm Mathematics of Cryptography, II

 1:00–5:50 pm PDEs in Optimization, Control, and Games, II (Associated with AMS Invited Address Ryan Hynd)

 1:00–5:50 pm Modeling and Data Analytic Techniques for Biological Systems

 1:00–5:50 pm Geometry and Topology in Dimensions 3 and 4, II

 1:00–5:50 pm Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry, II

 1:00–5:50 pm Applied Combinatorial Methods, II
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 1:00–5:50 pm Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, II

 1:00–5:50 pm Combinatorial Approaches to Topological Structures and Applications, II

 1:00–5:50 pm Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products, II

 1:00–5:50 pm Advances in Mathematical Biology, II

 1:00–5:50 pm Algebraic and Arithmetic Geometry, II

 1:00–5:50 pm Driving Transformation Through Advanced Analytics

 1:00–5:50 pm AMS Contributed Paper Sessions

MAA Invited Paper Sessions
 1:00–3:50 pm What does an Introduction to Data Science course look like?

 1:00–5:50 pm MAA General Contributed Paper Sessions

 1:00–2:50 pm MAA MINICOURSE #6: PART B Liberal Arts Math, Quantitative Literacy, College Algebra/
Precalculus: A Novel Hybrid Curriculum

 1:00–5:30 pm SIAM MINISYMPOSIUM ON ADVANCES IN MANIFOLD LEARNING AND 
APPLICATIONS

 1:00–1:50 pm NAM CLAYTOR-WOODARD LECTURE

 3:00–3:50 pm MAA-AMS-SIAM GERALD AND JUDITH PORTER PUBLIC LECTURE Turning cancer 
discoveries into effective treatments with the aid of mathematical modeling. Trachette Jackson

New in the Graduate Studies in Mathematics Series

GRADUATE STUDIES

IN MATHEMATICS 205

Invitation to 

Partial Differential 

Equations

Mikhail Shubin

EDITED BY 

Maxim Braverman

Robert McOwen

Peter Topalov

Invitation to Partial Differential Equations

Mikhail Shubin, Northeastern University, Boston, MA  |  Edited by Maxim Braverman, Robert McOwen, and Peter Toplalov

This book is based on notes from a beginning graduate course on partial differential equations. Prerequisites for using the book are a 

solid undergraduate course in real analysis. There are more than 100 exercises in the book. Some of them are just exercises, whereas 

others, even though they do require new ideas to solve them, provide additional important information about the subject.

Volume 205; 2020; 319 pages; Hardcover; ISBN: 978-0-8218-3640-8; List US$89; AMS members US$71.20; MAA members 

US$80.10; Order code GSM/205  |  bookstore.ams.org/gsm-205

Extrinsic Geometric Flows  

Ben Andrews, The Australian National University, Canberra, Bennett Chow, 

University of California, San Diego, La Jolla, Christine Guenther, Pacific 

University, Forest Grove, OR, and Mat Langford, University of Tennessee, 

Knoxville

The goal of this book is to give an extensive introduction to a few of the 

most prominent extrinsic flows, namely, the curve shortening flow, the 

mean curvature flow, the Gauß curvature flow, the inverse-mean curva-

ture flow, and fully nonlinear flows of mean curvature and inverse-mean 

curvature type.

Volume 206; 2020; 790 pages; Hardcover; ISBN: 978-1-4704-

5596-5; List US$98; AMS members US$78.40; MAA members 

US$88.20; Order code GSM/206  |  bookstore.ams.org/gsm-206

Extrinsic Geometric Flows  

Ben AndrewsBen Andrews

University of California, San Diego, La Jolla

University, Forest Grove, OR

Knoxville

The goal of this book is to give an extensive introduction to a few of the 

most prominent extrinsic flows, namely, the curve shortening flow, the 

mean curvature flow, the Gauß curvature flow, the inverse-mean curva-

ture flow, and fully nonlinear flows of mean curvature and inverse-mean 

Extrinsic 

Geometric Flows 

Ben Andrews

Bennett Chow

Christine Guenther

Mat Langford

GRADUATE STUDIES

IN MATHEMATICS 206

= Textbook

http://bookstore.ams.org/gsm-205
http://bookstore.ams.org/gsm-206
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policy-makers use to shed light on problems in complex 
systems, with a particular focus on those that arise in social 
and political settings.

The mathematical study of complex social systems draws 
on many subfields, including data-driven modeling, data 
analysis, network science, and topology and geometry. 
We will overview these mathematical methods, while also 
equipping participants with associated computational 
skills and discussing ways of engaging in cross-disciplinary 
research. We will present and discuss problems that are mo-
tivated by public opinion, political elections, social media, 
and social advocacy. Through a combination of survey 
lectures, software tutorials, panels, and community-build-
ing discussions, our goals are (1) to introduce participants 
to complex social systems and (2) to engage and mentor 
people who are interested in pursuing research in this area.

In our virtual Short Course, participants will have a 
chance to interact with the material and its underlying 
theory, its applications to diverse social systems, and 
practical computation. We will pair survey talks on math-
ematical methods with software tutorials in Python (one 
on networks and one on topological techniques). To make 
the software tutorials accessible to those who do not have 
prior experience with Python, we will provide instructions 
on downloading software and all relevant toolboxes prior 
to the Short Course.

Research in complex systems often involves working 
with data, so we will discuss data ethics and give an over-
view of different approaches to developing data-driven 
mathematical models. To help empower participants to 
communicate across disciplines, we will engage with a 
panel of multidisciplinary experts on complex social sys-
tems. The panelists will share their advice on developing 
collaborations that span mathematics, political science, 
sociology, and other fields.

As the first virtual AMS Short Course, our workshop 
will span three days, with about 4–5 hours of content 
each day. To be broadly accessible, our course will have a  

We—Heather Z. Brooks (Harvey Mudd College), Michelle 
Feng (California Institute of  Technology), Mason A. Porter 
(University of California, Los Angeles), and Alexandria 
Volkening (Northwestern University)—are delighted to 
organize the 2021 AMS Short Course.

Our speakers and panelists, who span multiple disci-
plines, include Daryl R. DeFord (Washington State Univer-
sity), Sandra González-Bailón (University of Pennsylvania), 
Elizabeth Munch (Michigan State University), Nancy Ro-
dríguez (University of Colorado, Boulder), Shelby M. Scott 
(University of Tennessee, Knoxville), Joseph H. Tien (Ohio 
State University), Chad M. Topaz (Williams College), and 
Jennifer N. Victor (George Mason University). 

The spread of memes and misinformation on social 
media, political redistricting, pedestrian movement in 
crowds, and the dynamics of voters during elections are 
among the many things that people study in the field of 
complex systems. All of these phenomena involve the 
interactions of individual parts, which come together to 
produce rich, complex collective dynamics. Obtaining 
a better understanding of how these interacting parts—
whether they are Twitter accounts, pedestrians, or voters—
respond to each other and to their environment also has 
important implications for society. In this Short Course, 
we will introduce participants to some of the mathemat-
ical and computational techniques that researchers and  

AMS Short Course
Mathematical and Computational Methods 
for Complex Social Systems
Cyberspace, January 3–5, 2021
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Python Tutorial on Networks
Daryl R. DeFord
DRD is an assistant professor in 
the Department of Mathematics at 
Washington State University.  In his 
research, he applies algebraic and 
combinatorial methods to problems 
in data analysis, with a special focus 
on political redistricting and gerry-
mandering.

DRD’s software tutorial will build 
on HZB’s survey lecture on networks, and he will introduce 
participants to NetworkX, a widely used Python package 
for developing and analyzing networks.

Topological Techniques
Michelle Feng
MF is a John S. McDonnell Foun-
dation Postdoctoral Fellow in the 
Department of Computing + Math-
ematical Sciences at California Insti-
tute of Technology. Her research is 
on the applications of topological 
methods to data with strong spa-
tial components, including voting 
patterns, gerrymandering, neighbor-

hood segregation, and city organization.
MF will introduce participants to how topological tech-

niques—particularly persistent homology—can be applied 
to social-systems data to better understand its structure 
across scales.

Python Tutorial on  TDA
Elizabeth Munch
EM is an assistant professor at Mich-
igan State University in the Depart-
ment of Computational Mathemat-
ics, Science, and Engineering and 
the Department of Mathematics. Her 
research area is applied topology and 
topological data analysis (TDA).

EM’s software tutorial, which will 
follow MF’s introduction to topologi-

cal techniques, will give participants additional exposure to 
Python and highlight toolboxes that are often used when 
applying TDA to data from complex systems.

flexible structure, with large tutorials, and (for those who 
are interested in engaging further) daily discussions in 
small groups with the organizers and other participants. 
Our objective is for nonspecialists and early-career research-
ers to leave the Short Course with new ideas and questions, 
the foundations for an engaged research and mentoring 
community, and a springboard for future research in the 
mathematics and computation of complex social systems.

Reading Materials
To learn more about complex social systems, we recom-
mend the following resources:

 • E. J. Amézquita, M. Y. Quigley, T. Ophelders, E. Munch, 
and D. H. Chitwood, The shape of things to come: Topolog-
ical data analysis and biology, from molecules to organisms, 
Dev. Dyn. 249 (2020), no. 7, 816–833.

 • D. Brockmann, Complexity explorables, available at 
https://www.complexity-explorables.org.

 • F. Bullo, Lectures on Network Systems, Ed. 1.4, with contri-
butions by J. Cortés, F. Dorfler, and S. Martinez, Kindle 
Direct Publishing, 2020, available at motion.me.ucsb 
.edu/book-lns.

 • M. De Domenico et al., Complexity explained, available 
at https://complexityexplained.github.io, 2019.

 • S. González-Bailón, J. Borge-Holthoefer, A. Rivero, and 
Y. Moreno, The dynamics of protest recruitment through an 
online network, Scientific Reports 1 (2011), 197. 

 • E. Horvitz and D. Mulligan, Policy forum. Data, privacy, 
and the greater good, Science 349 (2015), no. 6245, 
253–255.

 • D. A. McFarland, J. Moody, D. Diehl, J. A. Smith, and R. 
J. Thomas, Network ecology and adolescent social structure, 
Amer. Sociol. Rev. 79 (2014), no. 6, 1–34.

 • E. Munch, A User’s Guide to Topological Data Analysis, J. 
Learning Analytics 4 (2017), no. 2, 47–61.

Lecture Topics
Networks in Social Systems
Heather Z. Brooks
HZB is an assistant professor in the 
Department of Mathematics at Har-
vey Mudd College. She studies com-
plex systems with tools from network 
theory and dynamical systems. Her 
research is in diverse applications, in-
cluding polarization on social media, 
group and committee diversity, and 
youth gang reduction programs in 
LA.

In her survey lecture, which will serve as an introduction 
to networks for those who are new to the field, HZB will 
show how different complex social systems can be modeled 
and analyzed from a network-theory perspective.

Heather Brooks

Daryl R. DeFord

Michelle Feng

Elizabeth Munch

http://motion.me.ucsb.edu/book-lns
http://motion.me.ucsb.edu/book-lns
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applications to social, biological, or 
ecological systems.

SMS is a PhD student in ecol-
ogy and evolutionary biology at the 
University of Tennessee, Knoxville. 
She develops cellular-automata and 
statistical models, with a particular 
focus on better understanding gun 
violence in Chicago, IL.

JHT is an associate professor of 
mathematics at The Ohio State Uni-
versity. His work spans infectious-dis-
ease dynamics, network science, and 
the application of data-science meth-
ods to support civic engagement.

CMT is a professor of mathematics 
at Williams College and the founder 
of the Institute for the Quantitative 
Study of Inclusion, Diversity, and Eq-
uity. His research area is data science 
and dynamical systems, often with 
applications to social justice.

JNV is an associate professor of 
political science at George Mason 
University. Her work focuses on cam-
paign finance, election dynamics, 
social networks, lobbying, and other 
problems related to U.S. politics.

The field of complex systems is 
inherently interdisciplinary. In this 
panel of multidisciplinary experts, 
the speakers will respond to ques-
tions from the Short Course partici-
pants, provide advice on developing 
cross-disciplinary collaborations, and 
share their experiences with commu-
nicating across fields.

Registration
Registration will open in September. 
Please see the AMS Short Course 
webpage at https://www.ams.org 
/short-course-general for more 
information.

Credits
Photograph of Nancy Rodríguez is courtesy of UNC Chapel 

Hill.
Photograph of Shelby M. Scott is courtesy of Raphael Rosalin.
Photograph of Joseph H. Tien is courtesy of Rebecca Tien 

Photography.
Photograph of Jennifer N. Victor is courtesy of Julia Victor.

Data Ethics
Mason A. Porter
MAP is a professor in the Depart-
ment of Mathematics at UCLA. He is 
also an affiliated faculty member of  
UCLA’s Center for Social Statistics.

MAP’s research concerns network 
analysis, applications of mathematics 
to social systems, and complex and 
nonlinear systems.  He is a Fellow of 
the American Mathematical Society, 

the American Physical Society, and the Society for Industrial 
and Applied Mathematics.

Finding and analyzing data that is associated with social 
systems comes with significant challenges and concerns.  
In this lecture, MAP will discuss some questions and best 
practices to keep in mind when working with data.

Data-Driven Modeling
Alexandria Volkening
AV is an NSF-Simons Fellow in the 
NSF-Simons Center for Quantitative 
Biology and the Department of En-
gineering Sciences & Applied Math-
ematics at Northwestern University. 
Her research focuses on complex sys-
tems and emergent behavior, and she 
develops and analyzes models for a 
range of applications, including pat-

tern formation, election dynamics, and crowd movement.
In her overview lecture, AV will introduce participants 

to data-driven modeling and highlight some of the differ-
ent types of models that are used to describe and analyze 
complex systems across various applications.

Panel: Collaborating Across 
Disciplines
Sandra González-Bailón, Nancy Ro-
dríguez, Shelby M. Scott, Joseph H. 
Tien, Chad M. Topaz, and Jennifer 
N. Victor
SGB is an associate professor in the 
Annenberg School for Communica-
tion at the University of Pennsylvania. 
Her research applies computational 
social-science tools to the analysis of 
political communication, including 
social-media activity, information 
diffusion, political mobilization, and 
news consumption.

NR is an assistant professor in the 
Department of Applied Mathemat-
ics at the University of Colorado, 
Boulder. Her research is in partial 
differential equations, often with 

Mason A. Porter

Alexandria Volkening

Nancy Rodríguez

Sandra González- 
Bailón

Shelby M. Scott

Joseph H. Tien

Chad M. Topaz

Jennifer N. Victor

https://www.ams.org/short-course-general
https://www.ams.org/short-course-general


Learn more and register:

www.ams.org/short-course

Mathematical 
and Computational
Methods for Complex 
Social Systems
January 3–5, 2021
(in conjunction with the Joint Mathematics Meetings)

Organized by: 
Heather Z. Brooks, Harvey Mudd College
Michelle Feng, California Institute of Technology
Mason A. Porter, University of California, Los Angeles
Alexandria Volkening, Northwestern University

The 2021 Short Course will survey the mathematics and computation of complex 
social systems and highlight exciting new developments in this area. It will feature 
an overview of the application of data-driven modeling, network science, data anal-
ysis, and topological techniques to problems in areas such as opinion dynamics, 
social media, political elections, and social advocacy. 

Through a combination of hands-on software tutorials, survey and topically focused 
talks, and community-building discussions, the course will acquaint participants 
with a wide range of mathematical and computational methods to study problems 
in social science. These problems provide a terrifi c setting to introduce tools from 
a widely used programming language (Python), overview several mathematical 
techniques, and discuss ways of engaging in cross-disciplinary research.

The American Mathematical Society’s Short Courses connect mathematicians and students to 
emerging areas of applied mathematics. Short Courses are designed to introduce individuals to new 
topics, fueling the participant’s curiosity, discovery, or research. 

AMS Short Course

and Computational
Methods for Complex 

(in conjunction with the Joint Mathematics Meetings)



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Algebra and 
Geometry
Hung-Hsi Wu, University 
of California, Berkeley

This is the second of 
three volumes that, 
together, give an 

exposition of the mathematics of grades 9–12 that is 
simultaneously mathematically correct and grade-level 
appropriate. The volumes are consistent with CCSSM 
(Common Core State Standards for Mathematics) and 
aim at presenting the mathematics of K–12 as a totally 
transparent subject.

The first part of this volume is devoted to the study of 
standard algebra topics: quadratic functions, graphs of 
equations of degree 2 in two variables, polynomials, 
exponentials and logarithms, complex numbers and the 
fundamental theorem of algebra, and the binomial the-
orem. The last three chapters in this volume complete 
the systematic exposition of high school geometry that is 
consistent with CCSSM. These chapters treat the geom-
etry of the triangle and the circle, ruler and compass 
constructions, and a general discussion of axiomatic 
systems, including non-Euclidean geometry and the cele-
brated work of Hilbert on the foundations.

This book should be useful for current and future 
teachers of K–12 mathematics, as well as for some high 
school students and for education professionals.
2020; 504 pages; Softcover; ISBN: 978-1-4704-5676-4; List US$50; 
AMS members US$40; MAA members US$45; Order code MBK/132

Introduction 
to Analysis in 
Several Variables
Advanced Calculus
Michael E. Taylor, 
University of North 
Carolina, Chapel Hill

This text was produced for the second part of a two-part 
sequence on advanced calculus, whose aim is to provide 
a firm logical foundation for analysis. The first part 
treats analysis in one variable, and the text at hand treats 
analysis in several variables.

After a review of topics from one-variable analysis and 
linear algebra, the text treats in succession multivariable 
differential calculus, including systems of differential 
equations, and multivariable integral calculus. It builds 
on this to develop calculus on surfaces in Euclidean 
space and also on manifolds. It introduces differen-
tial forms and establishes a general Stokes formula. It 
describes various applications of Stokes formula, from 
harmonic functions to degree theory. The text then 
studies the differential geometry of surfaces, including 
geodesics and curvature, and makes contact with degree 
theory, via the Gauss–Bonnet theorem.

The text also takes up Fourier analysis, and bridges this 
with results on surfaces, via Fourier analysis on spheres 
and on compact matrix groups.
Pure and Applied Undergraduate Texts, Volume 46; 2020; 445 
pages; Softcover; ISBN: 978-1-4704-5669-6; List US$85; AMS 
members US$68; MAA members US$76.50; Order code 
AMSTEXT/46
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from the AMS

Algebra and 
Geometry
Hung-Hsi Wu
of California, Berkeley

This is the second of 
three volumes that, 
together, give an 

exposition of the mathematics of grades 9–12 that is 
simultaneously mathematically correct and grade-level 

Discover more titles at bookstore.ams.org

Introduction 
to Analysis in 
Several Variables
Advanced Calculus
Michael E. Taylor
University of North 
Carolina, Chapel Hill

This text was produced for the second part of a two-part 

TEXTBOOK TEXTBOOK
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