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A WORD FROM...
Francis Su, Vice-President of the AMS1

Photo courtesy of Francis Su.

Imagine a ship that, every year, picks up a handful of recruits, each one eager for an adventure: to see the world, to learn how to navigate by the stars and steer through turbulent
seas. These recruits all look forward to running their own tours of this kind one day. They
each grasp that they are in for a long journey of intense training.
If you knew that, of the 3600 apprentices recruited every year for such adventures, only
1900 complete the journey, wouldn’t you think something was terribly wrong?
If you inquire of leadership, you’ll hear excuses like these, blaming those who left:
“He must not have been able to handle it.”
“We really don’t know what happened to her… she just sort of disappeared.”
“I expected the people who sign up for this to have all the skills they need already.”
“We’re here to explore the seas. It’s not my job to worry about crew morale.”
Is your math PhD program like this ship?2
According to the AMS Annual Survey, approximately 3600 students enter math PhD programs in the United
States each year, but only about 1900 finish.3 Is it acceptable that nearly half of all students who enter PhD math
programs never complete the degree? Do we blame the ones who left? If we believe everyone we admit is capable
of completing a PhD, why don’t we do more to ensure that they succeed?
To be sure, a few students every year leave for better opportunities, but a significant number leave because of
disillusionment with our programs or of active neglect. And yes, math is not an outlier compared to other kinds
of PhD programs, but this only reveals what strangeness passes for normal in academia.4
I believe many of you reading this article care deeply about your program and your students, especially graduate
directors, who often work tirelessly to improve the graduate experience. But I also understand that 2020 has brought
us all more pressing emergencies to deal with. So let me cast this moment as an opportunity.
The COVID-19 pandemic and the resulting social upheaval have disrupted our usual way of doing almost everything in our lives, including our work. Pivoting to online teaching in March put us in the uncomfortable state of
learning new ways of operating. The national uproar over racial injustice in June may have sparked uncomfortable
conversations about racism—less familiar territory if you are not a person of color. The rapidly declining outlook
for the financial health of colleges and universities has threatened the security of our profession. The coronavirus
itself has caused us anxiety about our own safety and hampered our ability to function professionally, raising our
own awareness of the differential impact of the virus due to childcare, health, race, and age.
Francis Su is a Vice-President of the AMS and the Benediktsson-Karwa Professor of Mathematics at Harvey Mudd College. His email address is
su@math.hmc.edu.
1The

opinions expressed here are not necessarily those of the Notices or the AMS.

2Although

I only address PhD programs in this essay, you might also consider your undergraduate math program. Why is it that at the undergraduate level, across all races and ethnicities, college students intend to major in STEM at the same rates, but rates of STEM-completion for
underrepresented groups are little more than half those from other groups? (25% vs 45%; see Eagan et.al., Examining STEM Pathways among
Students Who Begin College at Four-Year Institutions, National Academies Press, 2014).
3The AMS Annual Survey (www.ams.org/annual-survey) in 2013 counted 3,623 first-year graduate students in doctoral math departments,
and comparable numbers in prior years (see www.ams.org/profession/data/annual-survey/2013Survey-DepartmentalProfile-Report
.pdf). The Annual Survey in 2017 counts 1,957 recipients of the PhD in 2017 and comparable numbers in prior years (see Golbeck, Barr, Rose,
“Report on the 2016–2017 New Doctorate Recipients,” AMS Notices, August 2019; also at www.ams.org/profession/data/annual-survey
/2017Survey-NewDoctorates-Report.pdf).
4See “Why Do So Many Graduate Students Quit?” The Atlantic, July 6, 2016, https://www.theatlantic.com/education/archive/2016/07
/why-do-so-many-graduate-students-quit/490094/.
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We’re all on a new ship—one with new operating rules—in a stormy sea. We’re all now in learning mode, having to
contend for many months with rapidly changing conditions, feeling like novices at our profession again. Many of us have
forgotten how jarring it can be when half the things you need to learn on a moment’s notice aren’t mathematical. We’ve
also forgotten how it feels when the future seems so unstable. Maybe now we can begin to empathize with what many
of our students deal with on a daily basis, with or without a pandemic.
Perhaps the pandemic can teach us how important community can be to help us function as mathematicians. Perhaps it
can remind us that the privileges which some enjoy are not enjoyed by all. Maybe what we have lost in a Zoom classroom
we can reclaim by the way we demonstrate care and concern for our students as human beings.
How? Working to improve your program will require some hard work and deep thinking about your context, but I’ll
offer a few bits of advice.
1. Assume that every graduate student you admit is capable of completing the PhD. (You wouldn’t have admitted
them if you didn’t believe that, right?) Your program design should reflect that message in a way that every graduate student can feel. Ask your graduate students if they hear this message.
2. Work to identify the causes of attrition, in a way that does not assign blame to students (e.g., “they were poorly
prepared”). Conduct exit interviews with students who leave your program, and give your faculty an opportunity
to discuss the findings. The point of this exercise should be to improve your program, not narrow your admissions criteria.5
3. Establish a common understanding among your faculty that it is not just the responsibility of the graduate director
to create a welcoming environment for new students.
4. Build support structures for students, especially for groups traditionally underrepresented in your department.
The support structures should not place the burden only on a few faculty. Also, such structures should be robust,
with many safety nets in case one structure fails. For instance, provide each graduate student multiple avenues
for receiving mentorship. Study successful programs, such as those recognized by the AMS’ award Programs That
Make a Difference.
5. All faculty need space to reflect on their teaching practices, and most desire to improve. Provide incentives to
professors to grow in their teaching and mentorship. There is much evidence-based research now about how
students learn best, and many resources exist to learn how privilege, implicit bias, and racism can affect teaching
and learning as well as the health of our profession. See this endnote for places to start.6
6. Deepen your criteria for hiring faculty. Consider candidates with excellent research programs who additionally
demonstrate a commitment to mathematics as a public good that everyone deserves to share in. These are the
ones who will care for new recruits, ones whom we can count on in a storm to leave no one behind. These are
the ones who make the best colleagues, who will be there when all hands are needed on deck.
Now is the time, while all aspects of education are being reconsidered and remodeled, to build seaworthy structures for
the ship that is our profession. Losing nearly half of our recruits should no longer be tolerable. Perhaps it’s been this way
because as mathematicians, we are often lulled into believing that our only priority should be research. May the upheaval
of 2020 remind us that exploring the mathematical seas requires investing in the nurture and well-being of our crew.
Who will we abandon in the stormy seas? For the sake of our profession, let us all endeavor to say: no one.
5You’ll likely find narrowing your admissions criteria won’t solve your attrition problem, and doing so would contradict the assumption in Point #1: that
beyond some competence threshold, every graduate student you admit is capable of completing the PhD.
6The

AMS–MAA publication Living Proof: Stories of Resilience Along the Mathematical Journey (A. Henrich, E. Lawrence, M. Pons, D. Taylor,
eds., 2019) contains accounts by mathematicians of struggles they’ve overcome to pursue a career in mathematics. A free PDF version can be found at
https://www.maa.org/press/ebooks/living-proof-stories-of-resilience-along-the-mathematical-journey-2. To learn about evidence-based
best practices in teaching, consult the MAA Instructional Practices Guide (2015), available at https://www.maa.org/programs-and-communities
/curriculum%20resources/instructional-practices-guide. Several of the AMS blogs at https://blogs.ams.org have useful articles for learning
and reflection, most notably these blogs: inclusion/exclusion, PhD+epsilon, and On Teaching and Learning Mathematics. See also Ben Braun’s recent post:
https://www.mathvalues.org/masterblog/10-ways-to-build-inclusivity-at-phd-granting-institutions.
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Spencer Breiner, Peter Denno,
and Eswaran Subrahmanian
1. Introduction
Applied category theory is an ongoing effort to use the abstract machinery of category theory (CT) to organize mathematical knowledge across a wide range of science and
engineering [BPS20]. Mostly this requires a change of focus; the same tools designed to handle cohomology and
quantum groups fit surprisingly well with more down-toearth subjects like process planning and error diagnosis
[BJS19, BMRPS20].
This paper gives an introduction and case study in the
use of CT for data modeling and transformation. The
subject of the case study is a standard problem in operations research called open-shop scheduling. We make no
claim to the originality of our methods, which ultimately
derive from the well-developed field of categorical logic
[AR94]. Nonetheless, we hope that grounding this machinery in a more pedestrian context will make the ideas
Spencer Breiner is a mathematician in the Information Technology Laboratory
at the US National Institute of Standards and Technology. His email address
is spencer.breiner@nist.gov.
Peter O. Denno is a computer scientist in the Engineering Laboratory at the US
National Institute of Standards and Technology. His email address is peter
.denno@nist.gov.
Eswaran Subrahmanian is a research professor in the Engineering Research Accelerator and the Department of Engineering and Public Policy at Carnegie
Mellon University. His email address is sub@cmu.edu.
Communicated by Notices Associate Editor Emilie Purvine.
For permission to reprint this article, please contact:
reprint-permission@ams.org.
DOI: https://doi.org/10.1090/noti2186

1666

easier to digest. The presentation is not self-contained—
we won’t review standard definitions of functors and natural transformations—but we have tried to minimize our
reliance on prior knowledge. We recommend [Spi14] for
a more careful development.
Our primary goal is to demonstrate the capabilities of
category theory as a formal modeling language. It provides
an extremely precise and expressive set of constructions
both internally (within the model) and externally (in the
meta-theory). The general principles are relevant for both
formal modeling languages like OWL, SysML or Modelica
as well as generic modeling contexts like programming,
database design and user interface. As we will show, CT
supports a unique bottom-up methodology, with many
small models linked together in a web of functorial relations. The rest of the paper is organized to highlight different features of the approach.
Section 2 introduces functorial semantics, the principle
that nearly any model (in an informal sense) can be represented as a structure-preserving mapping
𝐦𝐨𝐝𝐞𝐥 ∶ 𝐒𝐲𝐧𝐭𝐚𝐱 ⟶ 𝐒𝐞𝐦𝐚𝐧𝐭𝐢𝐜𝐬.
Syntax specifies the parts of the model and their relationships; the semantics determines how these relationships
interact. This approach is quite general, ranging from classical logic to quantum computation, and plays an important role in the theory of programming languages. We consider a more pedestrian example, constructing a simple
category 𝒫 to represent open-shop scheduling, a standard
problem in operations research.
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Figure 1. An open-shop scheduling problem and solution involving four jobs and four machines.

The most novel feature of categorical modeling is its
extensive use of functorial (composition-preserving) relationships between data models. We illustrate this in Section 3 by defining an open-shop solution category 𝒮 along
with a functor 𝐹 ∶ 𝒫 → 𝒮. Together with functorial semantics, 𝐹 induces canonical change-of-base transformations
(Δ𝐹 , Σ𝐹 ) that can be used to move data from one context
to another.
Starting from an extremely limited vocabulary (objects,
arrows, composition), CT achieves remarkable expressivity
through an extensive collection of design patterns used to
model commonly recurring phenomena. In Section 4 we
introduce just one of these—a design pattern for indexed
families called the slice construction—and show how it can
be used to generalize the traditional open-shop problem
in two different ways.
In Section 5 we extract a scheduling problem on-the-fly
from independent but overlapping data sets, demonstrating a very general approach to data integration. We rely
on CT’s self-referential meta-theory: schemas and functors
form a category, so categorical constructions can be used
to specify modeling operations.
Section 6 introduces a discussion of optimization and
objective functions, which are ignored up until that point.
These raise some subtle points regarding the definability
of aggregates like 𝑛-ary sums and maxima. Here we give
a small novel contribution, formally defining an aggregation strategy based on labeled bundles.
Finally, Section 7 puts these pieces together to construct
a heuristic solution for 𝒫. We’ll see that an algorithmic solution to the problem (almost!) defines a second functor
𝐴 ∶ 𝒮 → 𝒫, mapping counter to the problem formulation 𝐹.

2. Open Shop Problems
In a typical scheduling problem the goal is to arrange the
processing of 𝙹 jobs across 𝙼 machines, given that job 𝑗 must
be processed on machine 𝑚 for time (duration) 𝜏𝑗𝑚 ≥ 0.
This is usually represented as a 𝙹×𝙼 matrix of non-negative
numbers, as in Figure 1. When 𝜏𝑗𝑚 = 0, this indicates “no
processing,” and we refer to a pair 𝑗𝑚 with 𝜏𝑗𝑚 > 0 as a
task. There are many variants, corresponding to different
underlying models of the factory floor. In this section we
introduce the simplest, open-shop scheduling, and use it to
motivate the main ideas of the categorical data model.
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In an open-shop problem, tasks can be ordered however
we like, subject to two no-overlap constraints. Thus a valid
schedule is defined by an assignment of start and stop times
𝑠𝑗𝑚 ≤ 𝑡𝑗𝑚 , with 𝜏𝑗𝑚 = 𝑡𝑗𝑚 − 𝑠𝑗𝑚 and
(a) ∀𝑗 ≠ 𝑗′ ∀𝑚 (𝑡𝑗𝑚 ≤ 𝑠𝑗′ 𝑚 ) ∨ (𝑡𝑗′ 𝑚 ≤ 𝑠𝑗𝑚 ),
(b)

∀𝑗 ∀𝑚 ≠ 𝑚′ (𝑡𝑗𝑚 ≤ 𝑠𝑗𝑚′ ) ∨ (𝑡𝑗𝑚′ ≤ 𝑠𝑗𝑚 ).

(1)

The first condition says that a machine cannot work on two
jobs at once; the second that each job is processed on one
machine at a time. When presented as a scheduling chart
(Figure 1) the no-overlap conditions are easy to verify by
looking at rows and block labels, respectively.
2.1. Schemas & instances. These definitions can be summarized as a pair of structured categories, called schemas,
together with a (structure-preserving) functor 𝐹 ∶ 𝒫 → 𝒮.
In this section we discuss the problem schema 𝒫, which is
easy to specify, but requires some unpacking:
𝒫 ≔⟨ 𝙹×𝙼

𝜏

/ 𝚁 ⟩.

(2)

Section 3 will cover the solution schema 𝒮 and the relationship 𝐹.
Like any category, 𝒫 contains objects and arrows. Some
of these are shown explicitly in the declaration, while others can be inferred from context. Here there are four objects (𝚁, 𝙹, 𝙼, 𝙹 × 𝙼) and seven arrows (𝜏, two product projections, four identities).
We can think of the objects and arrows in 𝒫 as variables
ranging over sets and functions. An instance of a schema
is an assignment of concrete sets and functions to these
ˆ For exvariables; the set of instances on 𝒫 is denoted 𝒫.
ample, the specific open-shop problem shown in Figure 1
corresponds to an instance 𝑃 ∈ 𝒫ˆ with
𝑃(𝙹) ={𝑗1 , 𝑗2 , 𝑗3 , 𝑗4 },
𝑃(𝙼) ={𝚜𝚊𝚠, 𝚍𝚛𝚒𝚕𝚕, 𝚕𝚊𝚝𝚑𝚎, 𝚖𝚒𝚕𝚕}.
We refer to {𝑗1 , 𝑗2 , 𝑗3 , 𝑗4 } as the interpretation of 𝙹 in 𝑃.
Similarly, 𝑃(𝜏) is interpreted by the 4×4 matrix shown in
Figure 1. In categorical terms, all this data can be encoded
as a functor 𝑃 ∶ 𝒫 → 𝐒𝐞𝐭, our first example of functorial
semantics. Moreover, as we will see in the rest of the section,
𝑃 is structure-preserving in two different ways.
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2.2. Types. Some schema elements, which we call types,
do not act like variables. In the open-shop problem, duration is always a positive number, so 𝚁 should behave like
a constant: 𝑃(𝚁) ≡ ℝ+ . To formalize this we introduce a
single subcategory 𝐓𝐲𝐩𝐞 shared by all schemas, and with
the same interpretation in all instances. This represents
a “standard library” of common mathematical structures.
In practice, 𝐓𝐲𝐩𝐞 may refer to a fragment of the underlying programming language (e.g., Java in [SSVW17]), and
we refer to its arrows as computations.
Here we were careful to distinguish the type 𝚁 from its
semantics ℝ+ , but from now on we will freely use standard
set-theoretic notation like ℕ and ℝ+ as well as familiar algebraic and order-theoretic structures (+,≤) in our schemas
directly, with the understanding that these are included in
𝐓𝐲𝐩𝐞.
The fixed interpretation of the types is given by a functor 𝑇0 ∶ 𝐓𝐲𝐩𝐞 → 𝐒𝐞𝐭. “Sharing” of types means that
every schema comes equipped with an inclusion functor
𝑇𝒫 ∶ 𝐓𝐲𝐩𝐞 → 𝒫, and an instance 𝑃 preserves types if
𝑇0 = 𝑃 ∘ 𝑇𝒫 . Later on we will need to add free variables
to our types (analogous to polynomial rings) to represent
unknown information, and in this more general situation
the equation above is replaced by a natural transformation
𝜂𝑃 ∶ 𝑇0 ⇒ 𝑃 ∘ 𝑇𝒫 .
2.3. Constructions. The interpretation of 𝑃(𝙹 × 𝙼) is neither predetermined (like 𝚁) nor freely chosen (like 𝙹 and
𝙼). Instead we compute it recursively, a restriction already
implicit in the matrix representation in Figure 1,
𝑃(𝙹 × 𝙼) ≔ 𝑃(𝙹) × 𝑃(𝙼).
↑

↑

in 𝒫

in 𝐒𝐞𝐭

We say that 𝑃 preserves or respects the product.
We will refer to × as a constructor while 𝙹 and 𝙼 are the
arguments. Applying constructor to arguments yields a construction 𝙹 × 𝙼. Similarly, an abstract product projection
is a constructor, though its arguments 𝑝1 = 𝑝1,𝙹,𝙼 are almost always implicit from the context. We will also need
the pairing operator ⟨−, −⟩, which is used to construct elements of the product (e.g., equation (4) in Section 3).
Another important constructor is the monic arrow or subobject, indicated by a tailed arrow ↣. This is a bit different
from the product constructor, as it produces neither objects nor arrows. Instead, it produces new equations.
Formally, an arrow 𝜇 in any category is monic if 𝜇 ∘ 𝑓 =
𝜇 ∘ 𝑔 ⟹ 𝑓 = 𝑔. If we assert that some arrow in a schema
is monic, this acts like a constructor: the input is the antecedent and the output is the conclusion. As we will see
in the next section, subobjects play a big role in the categorical approach to logic.
We will introduce a few other constructions as we
go, notably coproducts, pullbacks and pushouts. Everything
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covered here can be formalized in terms of limit/colimit
sketches [AR94].1
Generally speaking, we will assume that any constructions used in a schema are preserved, as they specify the
intended interpretation. In an instance, a schema’s constructions can be explicitly computed and checked in 𝐒𝐞𝐭.
For a functor into another schema, preservation of structure encodes a family of proofs demonstrating that the axioms in the domain (e.g., monicity) are satisfied by their
interpretations in the target. The latter will be important
in Sections 4 and 7.
The use of constructors makes schema development
and interpretation an inherently iterative process. Before
we can introduce the function variable 𝜏, we must first construct its domain 𝙹 × 𝙼; this itself depends on the prior introduction of variables 𝙹 and 𝙼. Similarly, for an instance
𝑃 it makes no sense to define the function 𝑃(𝜏) unless one
has already chosen the sets 𝑃(𝙹) and 𝑃(𝙼) and calculated
their product.

3. Schedules & Solutions
3.1. Axiomatics. To define an open-shop schedule we
need start and stop times for each task:
𝒮 ≔⟨ 𝙹×𝙼

𝑠
𝑡

// ℝ+ | 𝑠 ≤ 𝑡, no-overlap⟩ .

This schema looks similar to 𝒫, but expressing the scheduling constraints requires a bit more sophistication. We rely
on a general translation from first-order logic that turns
formulas and proofs into objects and arrows [AR94]. The
elements of the diagrammatic axioms should all be viewed
as members of 𝒮 (or 𝐓𝐲𝐩𝐞, if that is more appropriate).
To a first approximation, every formula 𝜑 defines an object J𝜑K and every inference creates an arrow J𝜑K → J𝜓K. In
particular, an axiom usually asserts the existence of a particular arrow. These inferences can be composed to form
larger proofs. To see how this works we will look at an easy
example, the ordering assumption. Unfortunately the nooverlap axioms would take us a bit too far afield, but we
note that the disjunctions in (1) can be constructed using
the coproduct and epi-mono factorization, a categorical
generalization of direct image [AR94].
Consider the entailment (𝑥1 ≤ 𝑥2 ) ⊢ (𝑥2 − 𝑥1 ≥ 0), with
𝑥𝑖 ∶ ℝ. This corresponds to an arrow 𝑞, fitting into a larger
diagram in 𝐓𝐲𝐩𝐞:
J𝑥1 ≤ 𝑥2 K


ℝ×ℝ

𝑞

/ J𝑥0 ≥ 0K = ℝ+


J𝑥0 ≔𝑥2 −𝑥1 K


/ℝ

(3)

1The universes described in Section 6 are more sophisticated, but we are as-

suming the presence of a universe in 𝐓𝐲𝐩𝐞, rather than constructing one from
scratch.
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Every formula comes equipped with a (usually anonymous) monic embedding into a context object (e.g., ℝ𝑛 for
an 𝑛-variable formula). Formally these represent tautological formulas like 𝑥0 = 𝑥0 .
Logical terms are built up from variables and function
application. Terms define arrows between contexts (bottom row), which act on formulas by substitution. Here,
subtraction transforms a one-place formula 𝑥0 ≥ 0 into the
two-place formula 𝑥2 − 𝑥1 ≥ 0, our desired consequent. Finally, 𝑞 itself explicitly witnesses the specified entailment,
which we can think of either as a true fact about 𝐒𝐞𝐭 (such
𝑞 exists and is unique) or as an axiom in 𝐓𝐲𝐩𝐞.
Similarly, each schema axiom asserts the existence of
some arrow in the schema, with domain and codomain
computed from the axiom’s antecedent and consequent.
Here, the ordering axiom has a trivial antecedent (𝑠𝑗𝑚 ≤
𝑡𝑗𝑚 for all 𝑗, 𝑚), so the asserted arrow 𝑝 maps directly out
of the context object:
kk5
kkk
k
k
kk
kkk
𝑝

𝙹×𝙼

⟨𝑠,𝑡⟩

J𝑥1 ≤ 𝑥2 K

(4)


/ ℝ+ × ℝ +

Similarly, the no-overlap axioms are formulated as a pair
of arrows out of 𝙹 × 𝙹 × 𝙼 and 𝙹 × 𝙼 × 𝙼, respectively.
For the functor 𝐹 ∶ 𝒫 → 𝒮 we must send each object and
arrow 𝒫 to an interpretation in 𝒮, while preserving composition and whatever other structure is present in 𝒫. Informally, shared naming often indicates common ground between two schemas, but officially different schemas have
separate name-spaces. In practice, we eliminate boilerplate by assuming that names are preserved unless otherwise indicated. Here, 𝙹, 𝙼 and ℝ+ are all preserved by 𝐹,
as well as the product object and its projections.
When a domain element does not appear in the target
we must construct a definition using whatever structure is
available. Here the duration map 𝜏 ∈ 𝒫 does not occur
in 𝒮 but we can define it as the difference between 𝑡 and 𝑠.
Categorically, this corresponds to concatenating diagrams
(3) and (4):
J𝑥 ≤ 𝑦K
7

o
o
𝑝 oo
o
o
oo

ooo
/ ℝ+ × ℝ+
𝙹×𝙼
⟨𝑠,𝑡⟩

𝑞

J𝑦−𝑥K

/ ℝ+


/ℝ

We have to be a bit careful; the naïve interpretation 𝜏 ↦
𝑡 − 𝑠 corresponds to the bottom row of the diagram, but
this has the wrong target: ℝ ≠ ℝ+ . Instead we should
use the upper composite 𝐹(𝜏) ≔ 𝑞 ∘ 𝑝, building the axioms
and inferences that justify the interpretation directly into
its definition.
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3.2. Change of base. Any structure-preserving functor
𝐹 ∶ 𝒫 → 𝒮 induces two opposed mappings on instance
categories:
∆𝐹

v
𝒫ˆ

6 𝒮ˆ
Σ𝐹

Δ𝐹 , the inverse image, defines a fundamental duality between syntax and semantics that will inform the rest of
our story. Σ𝐹 , the direct image, is a bit more technical; it
provides a principal means of representing unknown data,
using methods conceptually similar to polynomials rings.
Δ𝐹 is easy to define: we just compose:
𝒮ˆ
∆𝐹


𝒫ˆ

𝒮O

𝑆∈𝒮ˆ

_

/ 𝐒𝐞𝐭



/ 𝐒𝐞𝐭

𝐹

𝒫

∆𝐹 𝑆≔𝑆∘𝐹

This is often referred to as a syntax/semantics duality because the syntactic functor 𝐹 induces a semantic mapping
Δ𝐹 in the opposite direction. In this case, Δ𝐹 sends a schedule 𝑆 to the problem 𝑃 that it solves.
This duality can be elaborated by characterizing dual
classes of syntactic and semantics functors, swapping injectivity properties for surjectivity properties. 𝐹 is an inclusion, injective on objects and arrows; dually, Δ𝐹 is surjective on objects. Every problem has some valid solution,
since doing the tasks one at a time satisfies no-overlap.
The functorial properties involved are a good deal more
complicated than injectivity and surjectivity, and we make
no attempt at a systematic study. However, we will note
these dualities when they arise. A detailed examination
of these issues can be found in [Mak88] (cf. “conceptual
completeness”).
The second change-of-base functor, Σ𝐹 , is called the direct image. It can be defined as a left adjoint to Δ𝐹 , though
justifying its existence is non-trivial, and the argument
depends on which constructors are used in the schemas
[AR94]. The main thing to take away is that Σ𝐹 allows us
to push data forward along a functor. It fills in any missing data on the target with placeholders called labeled nulls,
which act like free variables within 𝐓𝐲𝐩𝐞.
More concretely, any element of the instance 𝑥 ∈ 𝑃𝑋
(for some 𝑋 ∈ 𝒫) generates a corresponding image 𝐹(𝑥) ∈
(Σ𝐹 𝑃)(𝐹𝑋).2 Consequently, whatever jobs and machines
are in 𝑃 will also show up in Σ𝐹 (𝑃). The direct image
also maps equations so that, e.g., the arrow assignment
𝑃(𝜏)(𝑗1 , 𝚜𝚊𝚠) = 2 has a corresponding equation in Σ𝐹 𝑃.
2The mapping 𝑥 ↦ 𝐹(𝑥) defines a natural transformation 𝜂 ∶ id ⇒ Σ .Δ
𝒫
𝐹 𝐹

called the unit of the adjunction Σ𝐹 ⊣ Δ𝐹 . In Section 5 we will also make use
of the dual counit transformation 𝜖 ∶ Δ𝐹 .Σ𝐹 ⇒ id.
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However, this image data is usually incomplete for the
target schema, and we must apply a completion operation
to obtain a well-defined 𝒮-instance. Here we inherit the
jobs and machines from 𝑃, but have no way to infer the
start and stop times 𝑠 and 𝑡. Nonetheless, we are required
to provide a function
(Σ𝐹 𝑃)(𝑠) ∶ (Σ𝐹 𝑃)(𝙹 × 𝙼) ⟶ (Σ𝐹 𝑃)(ℝ+ ).
Rather than select an existing value arbitrarily, Σ𝐹 modifies the target set to include free variables for unknown
values. In our example, (Σ𝐹 𝑃)(ℝ+ ) is a set of polynomials3 in 32 unknowns, with two variables 𝑠𝑗𝑚 , 𝑡𝑗𝑚 for each
of the sixteen tasks in 𝑃. However, this space of polynomials is quotiented by the sixteen equations defining 𝑃(𝜏),
leaving us with
(Σ𝐹 𝑃)(ℝ+ ) = ℝ+ [𝑠𝑗𝑚 , 𝑡𝑗𝑚 ]/(𝑡𝑗𝑚 − 𝑠𝑗𝑚 = 𝜏𝑗𝑚 ).
The new elements introduced by Σ-operations are called
Skolem variables or labeled nulls, and their presence distinguishes true solutions from templates. 𝑆 is called a ground
instance when it does not contain any missing information [SSVW17]. Here the schemas are quite simple, but in
general the interplay between adding new elements and
adding new equations can be quite intricate. In practice,
Σ𝐹 can be computed using “the chase,” an algorithm for
testing and enforcing database dependencies [FL19].
Since 𝐹 and 𝑃 preserve ℝ+ , while Σ𝐹 𝑃 sends it to a polynomial ring, it is clear that 𝑃 ≠ (Σ𝐹 𝑃) ∘ 𝐹. In other words,
Σ𝐹 𝑃 is not a solution to 𝑃. Instead, we should think of
Σ𝐹 𝑃 as a solution template, with missing information represented by free variables and interconstraints encoded in
the quotient.
To “fill in” the template, we evaluated the polynomials
at specified values, defining a canonical natural transforˆ More
mation Σ𝐹 𝑃 ⇒ 𝑆 for any ground instance 𝑆 ∈ 𝒮.
generally, we can also represent partial solutions as quotients of Σ𝐹 𝑃, and these automatically keep track of interconstraints so that, e.g., 𝑡𝑗𝑚 is assigned as soon as 𝑠𝑗𝑚 is
known (or vice versa). Preservation of types ensures that
we don’t quotient too far (e.g., 0=1), although this can be
challenging to verify in practice and is likely undecidable
in general.

4. Variations on a Theme
In this section we modify our schemas to generalize the
classical open shop. The categorical data model allows us
to express these variations independently, but link them
with functors that express their interrelationships. Here
we consider two variants, allowing for more flexible notions of tasks and jobs, respectively. Both have a common
3Technically, ℝ+ -valued terms definable in the schema 𝒮. These might be lin-

ear combinations, polynomials or more sophisticated expressions depending on
which operations are included in 𝐓𝐲𝐩𝐞.
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flavor, relying on a categorical operation called the slice
construction which represents indexed sets and functions
as commutative triangles.
The basic observation is that a function 𝑝 ∶ 𝑌 → 𝑋 can
be viewed as an indexed family of sets 𝑌𝑥 = 𝑝−1 (𝑥). To emphasize this perspective we sometimes call 𝑌 a bundle over
the base 𝑋; 𝑝 is the projection (often implicit from context),
and the sets 𝑌𝑥 are its fibers.
In what follows, we use bundles to generalize two different elements of the open shop. In Section 4.1 we modify
the job descriptions, introducing a bundle of tasks indexed
by 𝙹 × 𝙼. In Section 4.2 we bundle machines over their capabilities, allowing duplicate functionality and some parallel processing.
4.1. Duplicate tasks. In the traditional open-shop model
we assume that each job visits each machine once (at
most), but sometimes this can be unnecessarily restrictive.
If job 𝑗 involves two independent operations 𝑜1 and 𝑜2 on
machine 𝑚, then splitting these up can provide additional
flexibility in scheduling.
Somewhat surprisingly, the additional flexibility makes
our schema simpler, at least conceptually if not visually:
𝜏′

/ ℝ+
𝚃M
𝒫 ≔ ⟨ 𝑗  MMMMM
⟩.
𝑚 M&
𝙹
𝙼
′

We now have an arbitrary set of tasks 𝚃 with explicit projections to 𝙹 and 𝙼. These were implicit in the earlier schema,
but all we have done formally is to remove the assumption
that these projections form a product structure.
There is an obvious functor 𝐺 ∶ 𝒫 ′ → 𝒫 that sends
𝚃 ↦ 𝙹 × 𝙼 (and 𝑗, 𝑚 ↦ 𝑝1 , 𝑝2 ). Logically speaking, this
corresponds to the addition of an axiom 𝚃 ≅ 𝙹 × 𝙼. This
is a quotient operation on schemas, a surjectivity property,
and dually Δ𝐺 is a full and faithful inclusion exhibiting
𝒫-instances as a subclass of 𝒫 ′ -problems.
Definitions in 𝒫 allow for additional precision. In Section 2 we defined tasks to exclude “no processing,” corresponding to a map 𝚃 ↦ 𝜑 ≔ J𝜏𝑗𝑚 > 0K. The formula
object doesn’t belong to 𝒫, but rather an extended schema
𝒫 + 𝜑. However, the extension induces an equivalence at
ˆ
the level of semantics: 𝒫ˆ ≃ 𝒫
+ 𝜑, so we can usually ignore
the distinction. In particular, we can allow the broader
class of maps without loss of generality. This formalizes
the logician’s observation that a definition can always be
elaborated away. Definitions will be useful in Section 5,
where we use them to recombine data assembled from different sources.
At the level of solutions we have a similar schema:
𝚃
𝒮′ ≔ ⟨ 𝑗

𝙹
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𝑚
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𝒮O

′

˜
∃! 𝐺∶𝚃↦𝙹×𝙼

𝐹′

𝒫

𝒮 ′ + ℓ + (5)
O

𝑠𝑗𝑚 ↦min 𝑠′𝑜 i4
𝑡𝑗𝑚 ↦max 𝑡′𝑜iiiii

iiii
/ 𝒮 iii
O

𝐻

𝒮O

𝐹′
′

𝐹
′
𝐺∶𝚃↦𝙹×𝙼

′

/ 𝒫 UU
𝒫
UUUU
UUUU
UU

𝐻∶𝜏↦∑ 𝜏′𝑜 UUUU*
𝒫′

𝒮O 𝑐

∃! 𝐽∶̃ 𝑎↦𝑝2

𝐹𝑐

𝒫𝑐

/𝒮
O

𝐾∶𝙼↦𝙼
𝑠,𝑡↦𝑠|𝑎 ,𝑡|𝑎

×

𝐹
𝐽∶𝑘↦id𝙼

/ 𝒮𝑐
O

/𝒫

𝐹𝑐

𝐼∶𝙼↦𝙲

/ 𝒫 𝑐.

Figure 2. Variants of the open-shop problem from Section 4.1 (tasks) and Section 4.2 (machines), respectively.

The new no-overlap axioms are quantified over tasks 𝑜 ∈ 𝚃,
while the old contexts (𝑗, 𝑗′ , 𝑚 vs. 𝑗, 𝑚, 𝑚′ ) are replaced by
equational antecedents
(a) ∀𝑜 ≠ 𝑜′

⇒ (𝑡𝑜′ ≤ 𝑠′𝑜′ ) ∨ (𝑡𝑜′ ′ ≤ 𝑠′𝑜 )),

(𝑚𝑜 = 𝑚𝑜′

⇒ (𝑡𝑜′ ≤ 𝑠′𝑜′ ) ∨ (𝑡𝑜′ ′ ≤ 𝑠′𝑜 )).
(1′ )
There is a unique lift of 𝐺 to the solution schemas (No˜ To fully justify this claim, one must prove,
tation: ∃! 𝐺).
e.g., that original no-overlap condition (1a) entails the
new condition (1a′ ). This uses the fact that 𝙹 × 𝙹 × 𝙼, the
context object for (1a), is isomorphic to the formula object
of the antecedent J𝑚𝑜 = 𝑚𝑜′ K in (1a′ ).
Things don’t go as smoothly in the other direction:
there is almost a functor 𝐻 ∶ 𝒫 → 𝒫 ′ . One intuitive way to
define 𝜏 from 𝜏′ is to think of 𝚃 as a bundle over 𝙹 × 𝙼 and
sum 𝜏′ over the fibers. This feels like a definitional extension, but we’ll see in Section 6 that this sort of aggregation
requires a subtle piece of additional structure: a labeling
of the tasks.
The upshot is that there is a labeled extension 𝒫+ℓ (which
is not definitional!) in which the fiber sum is defined. This
ˆ′ to 𝒫,
ˆ as one of the functors
doesn’t get us directly from 𝒫
goes the wrong way:
(b)

∀𝑜 ≠ 𝑜′

(𝑗𝑜 = 𝑗𝑜′

𝒫′ /

𝐒𝐲𝐧.

/ 𝒫′ + ℓ o

𝐻

𝒫,

∆𝐻

/ 𝒫.
ˆ

choose labels

𝐒𝐞𝐦.

ˆ′ o o
𝒫

)

′+ℓ
𝒫ˆ

However, the semantic dual of 𝒫 ↣ 𝒫 + ℓ is surjective
on objects, so we can always choose a labeling for a 𝒫 ′ instance (but not functorially!). Then we apply Δ𝐻 to extract the desired 𝒫-problem. In general the result may depend on the choice of labels, though in this case it is invariant by commutativity of the sum.
We can give a similar reduction for solutions, with one
extra hitch. In this case, the best option for fiberwise reduction is
𝑠𝑗𝑚 = min 𝑠′𝑜 ,
𝑜∈𝑇𝑗𝑚

𝑡𝑗𝑚 = max 𝑡𝑜′ .
𝑜∈𝑇𝑗𝑚

However, this may cause problems if there are gaps between tasks in a fiber. For one, the resulting schedule may
violate no-overlap, since other tasks may be active during
DECEMBER 2020

a gap in the imputed interval [𝑠𝑗𝑚 , 𝑡𝑗𝑚 ]. Even when nooverlap is satisfied, downtime creates an inconsistency between the two interpretations of 𝜏 (through 𝒮 and 𝒫 ′ , respectively). Coherence requires
max 𝑡𝑜′ − min 𝑠′𝑜 = ∑ (𝑡𝑜′ − 𝑠′𝑜 ).

𝑜∈𝑇𝑗𝑚

𝑜∈𝑇𝑗𝑚

(5)

𝑜∈𝑇𝑗𝑚

The best we can do is adjoin this requirement as an axiom
(as well as the labeling of 𝚃) and interpret 𝒮 in the resulting
extension 𝒮′ + ℓ + (5).
To summarize, we can generalize the traditional openshop model by replacing the product structure 𝙹 × 𝙼 with a
new set variable 𝚃. The two versions are linked by functors
from the variants (problem and solution) into the originals. Under semantic duality, these exhibit the traditional
model as a special case of the variant one. We can also
reduce a flexible problem to a traditional one, at the cost
of introducing some additional structure, by aggregating
task-indexed times over the fibers of the bundle 𝚃. Flexible solutions, on the other hand, only generate traditional
solutions under an additional assumption (5). All of this
is succinctly encoded in the left-hand diagram of Figure 2.
4.2. Duplicate machines. Our next variation considers a
more flexible model of the shop floor, allowing different
machines to be treated interchangeably. The problem is
that a factory may have several drills, but the traditional
model has no way of indicating that job 𝑗1 should be done
on 𝚍𝚛𝚒𝚕𝚕1 or 𝚍𝚛𝚒𝚕𝚕2 for 20 minutes.
To model the flexible shop we introduce an object of
capabilities 𝙲 along with a bundle 𝑘 ∶ 𝙼 → 𝙲, thought of
as an indexed family of sets 𝙼𝑐 . For example, a factory instance 𝑃 with one saw, two drills, three lathes and one mill
would send 𝑘 to the function
𝑃(𝙼) =

{𝑠1 ,
_

𝑑⏟
𝑙1⎵
,⏟
𝑙2⎵
,⏟
𝑙3 ,
1 , 𝑑2 , ⏟
_
_

𝑚1 }
_






𝑃(𝙲) = {𝚜𝚊𝚠, 𝚍𝚛𝚒𝚕𝚕, 𝚕𝚊𝚝𝚑𝚎, 𝚖𝚒𝚕𝚕}.
In practice even this is too restrictive, as a machine may
have multiple capabilities (modeled as a span 𝙼 ← • → 𝙲),
but we will stick with the simpler version here.
The new problem schema 𝒫 𝑐 adds in 𝑘 and replaces 𝙼
by 𝙲 in the domain of 𝜏, indicating that a task should be
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completed on some drill or saw, but not which one:
𝒫𝑐 ≔ ⟨

𝙼
𝙹×𝙲

𝑘

/𝙲

𝜏𝑐

/ ℝ+

5. Improvisation

⟩.

For the solution, we retain the start and stop times 𝑠 ≤ 𝑡,
but these are indexed by capabilities rather than machines,
so we also need an assignment 𝑎 ∶ 𝙹 × 𝙲 → 𝙼. This should
commute over 𝙲 (i.e., 𝑎.𝑘 = 𝑝2 ), enforcing the condition
𝑎(𝑗, 𝑐) ∈ 𝙼𝑐 :
𝒮𝑐 ≔ ⟨

𝑘

𝙼 jUUU𝑎UUU

 iiiii 𝙹 × 𝙲
t 𝑝2
𝙲i

𝑠𝑐
𝑡𝑐

// ℝ+ | axioms⟩ .

No-overlap equation (1b) remains unchanged except
for modifying the variable names (𝑗, 𝑚, 𝑚′ ↦ 𝑗, 𝑐, 𝑐′ ). On
the other hand (1a) should be weakened to allow simultaneous assignments on parallel machines:
(1a𝑐 )

∀𝑗 ≠ 𝑗′ ∀𝑐 (𝑡𝑗𝑐 ≤ 𝑠𝑗′ 𝑐 )
∨ (𝑡𝑗′ 𝑐 ≤ 𝑠𝑗𝑐 )
∨ (𝑎𝑗𝑐 ≠ 𝑎𝑗′ 𝑐 ).

As before, we can exhibit 𝒫 as a special case of 𝒫 𝑐 by
mapping 𝑘 ↦ id𝙼 . This amounts to extending 𝒫 𝑐 by an
axiom asserting that |𝙼𝑐 | = 1 for all 𝑐. Moreover, this functor lifts uniquely to the solution schema, since we have no
choice but to assign 𝑎 to the projection 𝑝2 :
̃

∃! 𝐽∶𝑎↦𝑝2
𝒮O 𝑐 _ _ _ _ _ _/ 𝒮O
𝐹𝑐

𝒫𝑐

𝐹
𝐽∶𝑘↦id𝙼

/𝒫

In the opposite direction, 𝐼 ∶ 𝒫 → 𝒫 𝑐 is already a subcategory up to renaming (𝙼 ↦ 𝙲). For solutions, though,
sending 𝙼 to 𝙲 would violate no-overlap. The whole point
of duplicate machines is to run them at the same time!
Nonetheless, we can obviously turn an 𝒮 𝑐 -instance into a
traditional schedule by viewing unassigned pairs 𝑗𝑚 as “no
processing.” Formally, 𝐾 ∶ 𝒮 → 𝒮 𝑐 sends 𝑀 ↦ 𝑀 and defines 𝑠 and 𝑡 using extension by zero along 𝑎.
The main point here is that even though we can interpret both problem and schedule representations in the
new context, we cannot interpret the problem formulation because the two interpretations are inconsistent. They
treat machines differently,
𝐾(𝐹(𝙼)) = 𝐾(𝙼) = 𝙼 ≠ 𝙲 = 𝐼(𝙼) = 𝐹 𝑐 (𝐼(𝙼)),
so the resulting square fails to commute, as indicated by ×
in Figure 2.
1672

Open-shop scheduling involves three main concepts: jobs,
machines and tasks. The previous section considered generalizations of the latter two using the slice construction.
Now we turn to duplicate jobs, but with a rather different
perspective, focused on the use of colimits (pushouts) to
merge schemas and aggregate data from different sources.
In practical scheduling contexts there is often substantial repetition in the jobs to be scheduled. For example,
a factory might manufacture a small number of products
in large volumes, or a hospital might administer the same
battery of tests to many patients. These two pieces of information vary on different timescales; the specific orders
or patients change day-to-day, but process plans might be
updated annually (or never). Consequently, it can be useful to separate the two data sources and reassemble them
on-the-fly as needed.
We start with a process catalog 𝐶 ∈ 𝒫ˆ describing all the
jobs available for production. 𝒫 is the same category we
started with in Section 2, but now 𝐶(𝙹) represents a set of
offerings rather than specific jobs to be completed.
Information on specific orders is kept in a separate dataˆ containing customer information:
base 𝑂 ∈ 𝒪
𝙲o

𝑐

x
xx
𝒪 ≔ ⟨ 𝑏   𝑟 x| xxx𝑑
ℝ+ o

𝙾o

𝑘

𝑜

𝙸

𝙹

𝑗

⟩.

Every customer 𝙲 has a set of (unfilled) orders 𝙾 , each with
deadline 𝑑, and every order includes a set of items 𝙸. Each
item requires the completion of a particular job 𝑗 from
the process catalog, which is billed at cost 𝑘. The other
numeric attributes 𝑟 and 𝑏 represent rollover balances and
billing amounts, formalized (using aggregation, per Section 6) in terms of a constraint,
𝑏 = 𝑟 + ∑ ∑ 𝑘(𝑗(𝑖)).
𝑜∶𝑂𝑐 𝑖∶𝙸𝑜

Of course, much of this information is irrelevant for our
ˆ is a legacy
purposes, but this is meant to suggest that 𝑂 ∈ 𝒪
data system already in use for other purposes.
Though we refer to 𝑗 as a job “from the process catalog,”
officially name-spaces are disjoint; after all, we don’t want
to identify the customer object 𝙲 here with the capability
object 𝙲 from Section 4. Consequently, conceptual overlap must be explicitly represented as an overlap schema
together with functors into each of the components. In
this case, the overlap is just a one-object category {𝙹}, with
the obvious inclusions into 𝒫 and 𝒪.4
4We overload notation by writing 𝙹 for both inclusion functors 𝒫 ← {𝙹} → 𝒪.

In particular, both pairs of change-of-base adjunctions are written Σ𝙹 ⊣ Δ𝙹 , but
these can always be disambiguated based on context.
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⇒
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⇒
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(
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Figure 3. Local and global views of the categorical data integration workﬂow.

Using the overlap we can form a pushout schema 𝒫 +𝙹 𝒪.
The pushout is a categorical construction that generalizes
set-theoretic union [Spi14]. It contains all the objects, arrows, equations and structure in 𝒫 and 𝒪, with an equation for each element of the overlap (i.e., 𝙹𝒫 = 𝙹𝒪 ). However, any name-space collisions that are not in the overlap
must be disambiguated.
Note that we are not assuming the presence of pushouts
within our schemas (although we could). Instead, we are
using pushouts as an algebraic construction in the category
of schemas and functors. One can prove that schemas are
closed under pushouts (and other colimits) because structured categories and functors are themselves equationally
defined (essentially algebraic structures) [AR94].
Next we construct a second functor5 𝐷 ∶ 𝒫 → 𝒫 +𝙹 𝒪,
distinct from the pushout inclusion, which extracts a daily
schedule by combining the two data sets. The items 𝙸 ∈ 𝒪
define the day’s jobs (𝙹 ↦ 𝙸), while the processing times
are calculated by composing 𝑗 with 𝜏:
𝐷(𝜏)

𝐷(𝙹 × 𝙼) ≅ 𝙸 × 𝙼

𝑗×id

/ 𝙹×𝙼

𝜏

'
/ ℝ+ .

These schemas and functors establish a static set of relationships that can be used to operate dynamically on data
using the base-change operations (Δ, Σ) from Section 3.2.
The workflow to integrate 𝐶 and 𝑂 is traced out in Figure 3,
and a more detailed description of the integration methodology can be found in [BPS19].
The first step is to establish a semantic overlap between
instances, as a complement to the conceptual overlap
5More precisely, the functor maps into a (Morita-equivalent) definitional exten-

˜
sion of 𝒫
+ 𝒪, as discussed in Section 4.1.
𝙹
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established for schemas. Δ-operations (inverse image)
pull 𝐶 and 𝑂 back to the overlap schema, where they can
be compared. Since {𝙹} is a one-object category its instances are just sets, and the Δ-operations are evaluation
at 𝙹. For simplicity we will assume that 𝐶 and 𝑂 have exactly the same set of jobs, 𝐶(𝙹) = 𝑂(𝙹), but the procedure
we describe works just as well for partial matchings.
Next we use Σ-operations (direct image) to move the
semantic overlap back to the component schemas, where
it can be compared with the original instances (via the counit transformation 𝜖 ∶ Σ ∘ Δ ⇒ id). Applying a second
round of Σ-operations moves everything to the pushout
schema, where we obtain an instance-level pushout over
the schema-level pushout 𝒫 +𝙹 𝒪.
We abuse notation by writing 𝐶 +𝙹0 𝑂 for the instancelevel pushout, suppressing base-change in the notation.
The pushout gives a universal solution to the data integration problem defined by 𝐶, 𝑂 and their overlap, in the
sense that any dataset 𝑆 that extends 𝐶 and 𝑂 and agrees on
the restrictions to {𝙹} receives a unique map 𝐶 +𝙹0 𝑂 ⇒ 𝑆.
Finally, we extract the daily schedule by applying Δ𝐷 to
this merged instance.
Though it does not arise here (by construction), colimitbased integrations often introduce labeled nulls. These
can arise from the Σ-operations, as in Section 3, or from
the instance-level pushout. Ultimately this should be no
surprise, as we expect that merged data sets will be missing
information any time they associate different attributes to
the same conceptual entities.
To summarize, CT offers a detailed and rigorous procedure for integrating arbitrary datasets. The process depends on an external specification of semantic overlap,
which is a hard problem in general, but often easily solved
by hand or heuristic in practice. Once the overlap is specified, colimits and change-of-base functors define a data
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transformation pipeline computing each day’s schedule
from two loosely-coupled data sets, the process catalog
ˆ.
𝐶 ∈ 𝒫ˆ and the orders database 𝑂 ∈ 𝙾

6. Optimization
6.1. Objectives. Everything up to this point has considered scheduling as a constraint satisfaction problem, but
in this respect the problem is rather trivial: we can satisfy
no-overlap by doing the tasks one at a time. Of course this
is clearly unsatisfactory, as it fails to optimize.
For optimization, we first require an objective function.
In scheduling, the typical objective is to minimize the
makespan
𝐶max ≔ max{𝑡𝑗𝑚 } − min{𝑠𝑗𝑚 }.
𝑗𝑚

𝑗𝑚

The schedule given in Figure 1 has a makespan of 10 hours,
which is clearly optimal given that job 𝑗2 alone takes that
long.
Other common choices include the average and worstcase flow times and the idle time:
𝑓𝑎 =

1
∑ {max𝑚 {𝑡𝑗𝑚 } − min𝑚 {𝑠𝑗𝑚 }} ,
|𝐽| 𝑗

𝑓max = max𝑗 {max𝑚 {𝑡𝑗𝑚 } − min𝑚 {𝑠𝑗𝑚 }} ,
𝑖=

∑𝑚 [ max𝑗 {𝑡𝑗𝑚 } − min𝑗 {𝑠𝑗𝑚 }
− ∑𝑗 (𝑡𝑗𝑚 − 𝑠𝑗𝑚 )].

These are particularly relevant in situations like continuous production, where the makespan might not make
sense. More generally, we can aggregate flow times using
any ℓ𝑝 -average for 𝑝 ≥ 1, which tunes the sensitivity to
delays.
Once we have an initial stock of objective functions, we
can build others by applying sums, linear combinations
and other operators. For example, by themselves flow times
and idle times make terrible objectives: the first can be optimized by doing jobs one at a time, the second by finishing all operations on one machine before moving on to
the next. However, the sum 𝑓𝑎 + 𝑖 balances the need to
finish jobs quickly but also operate in parallel.
In many cases the objective function will assume some
additional structure in 𝒫, like a deadline 𝑑 ∶ 𝙹 → ℝ+ . Intuitively, we ought to be able to handle deadlines by adding
an additional axiom to the solution schema: 𝑡𝑗𝑚 ≤ 𝑑𝑗 .
This would correspond to a hard deadline, with no credit
for late delivery.
Sometimes this is too restrictive and we would prefer to
build soft deadlines into the objective function. Define the
tardiness of a job 𝑗 by
𝑙𝑗 = max{0, max(𝑡𝑗𝑚 ) − 𝑑𝑗 }.
𝑗
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𝑚


𝑋

/ ℝ+
A

𝑣

𝑌
×

𝑌

ℓ

⌟

𝑛


𝑋

⨀𝑣(𝑦)
𝑦∈𝑌𝑥

/𝕂

𝑐

(a)


/ℕ

(b)

Figure 4. (a) Aggregating a value 𝑣 over the ﬁbers 𝑌𝑥 . (b) The
labeling ℓ expresses the bundle 𝑌𝑥 as a pullback.

The tardiness penalty is then ∑𝑗 ℎ(𝑙𝑗 ), where ℎ is one of several penalty functions:

ℎ(𝑥) =

𝜒𝑥>0
⎧
⎪
⎪ max{𝑥, 0}

(one-time penalty),
(linear penalty),

⎨ max{𝑥2 , 0} (quadratic penalty),
⎪
⎪
⎩ max{𝑥, −1} (early completion bonus).

We can also vary the aggregation strategy, replacing ∑𝑗 by
max𝑗 { } or other ℓ𝑝 combinations.
Formally, we would like to represent the objective func𝑓

tion as an arrow 1 ⟶ ℝ+ ∈ 𝒮. Although both objects
belong to the subcategory 𝐓𝐲𝐩𝐞,6 𝑓 typically depends on
structure specific to 𝒮. When we interpret 𝑓 in an instance
ˆ this picks out a single element 𝑆(𝑓) ∈ 𝑆(ℝ+ ). If 𝑆
𝑆 ∈ 𝒮,
is a true solution, i.e., a ground instance with no missing
data, then 𝑆(ℝ+ ) = ℝ+ and 𝑆(𝑓) ∈ ℝ+ is the objective
value of 𝑆. Otherwise 𝑆 is a template, 𝑆(ℝ+ ) is a set of realvalued functions, and 𝑆(𝑓) is an explicit representation of
the objective function in terms of the free variables in 𝑆.
There is just one problem with this approach: aggregations like ∑𝑗 and max𝑚 are not definable in 𝒮.
6.2. Aggregation. At several points now we have encountered the same situation: we have a bundle 𝑌 → 𝑋 and
some attribute value 𝑣 ∶ 𝑌 → ℝ+ that we would like to aggregate using sums, maxima or some other combination
⊙, in order to define an auxiliary attribute on 𝑋, as shown
in Figure 4(a). However, first-order logic is not sufficient to
define these aggregates, which require more powerful machinery from the categorical theory of computation and
higher-order logic. Our goal is to mimic the “folding” operation used to aggregate lists, trees and other “containers”
in functional programming.
The main element in our construction is the ordering
relation on ℕ, viewed as a bundle
𝑛

𝕂 = J𝑘 < 𝑛K ⟶ ℕ.
𝕂 is called a universe or small-object classifier because any
finite bundle can be expressed as a pullback of 𝕂,7 as
61 is the terminal object, the categorical analogue of a singleton in set theory.
7In 𝐒𝐞𝐭, the pullback of a bundle 𝑍 → 𝑋 along an arrow 𝑓 ∶ 𝑌 → 𝑋 is

the bundle over 𝑌 defined fiberwise by (𝑓∗ 𝑍)𝑦 = 𝑍𝑓(𝑦) . Similarly, a family of
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shown in Figure 4(b). We refer to this pattern as a labeling, and we usually refer to the entire pattern as ℓ, leaving
𝑐 (and the pullback condition) implicit.
This is reasonable because 𝑐 is uniquely determined.
Pullbacks copy fibers and |𝕂𝑛 | = 𝑛, so the pullback condition can only be satisfied if 𝑐 ∶ 𝑥 ↦ |𝑌𝑥 |. On the other
hand, there are many choices for the specific labeling ℓ.
Each choice corresponds to a family of linear orders on
the fibers 𝑌𝑥 , so there are ∏𝑥 |𝑌𝑥 |! in total.
There is a subtle point: although every finite bundle has
a unique cardinality 𝑐, adding 𝑐 to a schema is not a definitional extension. It changes the model’s semantics, restricting the meaning of a transformation between instances.
Roughly, mappings without a labeling are commutative
squares; mappings that preserve labels must be pullbacks.
Given a labeling ℓ we can construct the desired aggregations using the recursive structure of ℕ. A recursive function 𝑟 ∶ ℕ → 𝑍 is typically defined by a base case 𝑧0 ∈ 𝑍
and a recursive formula 𝑟(𝑛 + 1) = 𝑓(𝑟(𝑛)). Diagrammatically:
𝑠
/ℕ
9ℕ

0 rr 
r
r


r
r
𝑟
 ∃!𝑟=𝑟𝑥0 ,𝑓
1 LL
LLL 



L
%
∀𝑧0
/𝑍
𝑍
∀𝑓

A slightly more complicated variant allowing parameterized recursion is sufficient to define all total recursive functions on ℕ [Mai10].
Theorem 1. Fix a monoid (𝐴, ⊙, 𝑒). The aggregate of an attribute 𝑣 ∶ 𝑌 → 𝐴 over a bundle 𝑌 → 𝑋 is definable using an
ℕ-labeling. If ⊙ is commutative, the result does not depend on
the choice of ℓ.
Proof. Write 𝑝 for the fiberwise predecessor on 𝕂, sending
⟨𝑘, 𝑛⟩ ↦ ⟨max{0, 𝑘 − 1}, 𝑛⟩. Viewing this as an 𝑛-indexed
family of functions and pulling back along the labeling
induces a map 𝑝ℓ ∶ 𝑌 → 𝑌 that traverses the fibers of 𝑌 .
Next we construct a recursive function 𝑟, parameterized
by 𝑌 , that maintains a running aggregate of 𝑣-values. The
target of the function is 𝑌 × 𝐴, and the recursive step
(bottom map below) advances 𝑦 along 𝑝ℓ and combines
the previous aggregate 𝑎 with the next 𝑣-value: ⟨𝑦, 𝑎⟩ ↦
⟨𝑝ℓ (𝑦), 𝑎 ⊙ 𝑣(𝑦)⟩.
𝑌 × ℕ
n
n

n
n
𝑟
𝑌 PPP
PPP 
'

⟨id,𝑒⟩
𝑌 ×𝐴
⟨id,0⟩ nn7

id×𝑠

⟨𝑝ℓ (𝑦),𝑎⊙𝑣(𝑦)⟩

/ 𝑌 ×ℕ


𝑟

/ 𝑌 ×𝐴


𝑋 ≅ 𝑋0 + 𝑋 +
O
𝑋+

/1E
EE 𝑒
EE
EE
"
_ _ _ ∃! 𝑣=∑
_ _ _ _/ 𝐴
̃
𝑌𝑣
<
y
y
yy
yy 𝑝2
/ 𝑌 ×ℕ
/ 𝑌 ×𝐴
𝑟
!

𝑋0

⟨𝑦,𝑐⟩

In general, the result of an aggregation will depend on
the choice of labeling ℓ, as this defines the order in which
⊙ is applied. If ⊙ is commutative the order is irrelevant,
and the aggregate is independent of ℓ. Formally, this is
proved by induction on the fiber cardinality.
□
Now we can use these aggregates to define our objective
functions within some labeled extensions of the solution
category 𝒮. For example, the makespan is defined by folding min × max over 𝙹 × 𝙼 and taking the difference of the
results:
⟨𝑠,𝑡⟩

𝙹×𝙼
!

×

1

/ J𝑥 ≤ 𝑦K
<

J𝑦−𝑥K

/ ℝ+
<

⟨min𝑗𝑚 𝑠,max𝑗𝑚 𝑡⟩
𝐶max

7. Solving the Problem
We conclude with a formulation of problem solving in categorical terms. We focus on the classical open-shop problem 𝐹 ∶ 𝒫 → 𝒮 from Section 2, but the approach is broadly
applicable.
Scheduling problems are almost universally NP-hard,
except in some very restrictive special cases (e.g., only
two machines), so practical solutions must rely on heuristics and approximations. We present one of the simplest,
a matching algorithm adapted from [BHM+ 08], where
many others can also be found. Without loss of generality, we will assume that |𝙹| ≤ |𝙼|; otherwise, the roles of
the two objects should be reversed.
8The coproduct 𝑋 + 𝑌 is a categorical constructor that corresponds to disjoint

functions ℎ𝑥 ∶ 𝑍𝑥 → 𝑍𝑥′ pulls back to (𝑓∗ ℎ)𝑦 = ℎ𝑓(𝑦) , so pullback is functorial. In diagrams, the pullback is often indicated by a corner notation (⌟), as
in Figure 4(b).
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Unrolling the definition, we see that the first component
iterates 𝑝ℓ , while the second computes 𝑒⊙𝑣(𝑦)⊙𝑣(𝑝ℓ (𝑦))⊙
… ⊙ 𝑣(𝑝ℓ𝑛−1 (𝑦)). Evaluating at the correct input will realize
our desired aggregation. Specifically, the “top” element
𝑦(𝑥) ≔ |𝑌𝑥 | − 1 in each fiber is defined via the equivalence
𝑌𝑥 ≅ (𝑐∗ 𝕂)𝑥 ≅ 𝕂𝑐(𝑥) ≅ J𝑘 < 𝑐(𝑥)K.
The only remaining issue is a case split to handle empty
fibers. This corresponds to a coproduct decomposition8
𝑋 = 𝑋0 + 𝑋 + , where 𝑋0 = J𝑐(𝑥) = 0K and 𝑋 + = J𝑐(𝑥) > 0K.
The top-of-fiber map 𝑦 is only defined on 𝑋 + , but everything else can be mapped to the identity 𝑒 ∈ 𝐴:

union in set theory. Each summand has an inclusion arrow 𝑋 → 𝑋 + 𝑌 ←
𝑌 , and the universal property of the coproduct defines a copairing constructor [𝑓, 𝑔] that formalizes definition by cases. The 𝑛-ary coproduct is denoted
∐𝑖 𝑋𝑖 .
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Figure 5. The matching algorithm in Section 7 constructs a
factorization of 𝑠 through an |𝑀|-fold coproduct of 𝙹.

First the algorithm defines a rank order on the tasks in
each job:
Machine sequence for job 𝑗

⏞⎴⎴⎴⎴⎴⎴⎴⎴⏞⎴⎴⎴⎴⎴⎴⎴⎴⏞
𝜇
0 (𝑗) ⇝ 𝜇1 (𝑗) ⇝ … ⇝ 𝜇|𝙼|−1 (𝑗)
Here 𝜇𝑖 , called a matching, is just a monic 𝙹 ↣ 𝙼. It assigns a machine to each job, with no overlap. These can
be ranked according to a number of heuristics; the simplest just minimizes ∑𝑗 𝜏𝑗,𝜇(𝑗) , based on the intuition that
tasks of similar size should be grouped to minimize idle
time. An explicit tie-breaking mechanism is also required.
Using this, we generate a disjoint sequence of matchings. Two matchings 𝜇 and 𝜇′ meet if 𝜇(𝑗) = 𝜇′ (𝑗) for some
𝑗 ∈ 𝙹, i.e., if their graphs intersect in 𝙹×𝙼. Write 𝑊0 for the
set of all matchings 𝙹 ↣ 𝙼 and select the minimal element
𝜇0 according to the chosen heuristic. Now remove any
matchings that meet 𝜇0 to obtain 𝑊1 ⊆ 𝑊0 , and choose
the minimal element 𝜇1 ∈ 𝑊1 . Repeat to define ⟨𝜇𝑖 ⟩𝑖<|𝙼| .
Next, we assign start times 𝑠𝑖 ∶ 𝙹 → ℝ+ to each matching 𝜇𝑖 , starting from 𝑠0 ≡ 0. As usual, stop times are calculated from 𝜏: 𝑡 𝑖 ≔ 𝑠𝑖 + 𝜏(id, 𝜇𝑖 ).
To ensure no-overlap, we also keep track of release times
for the machines, given by
𝑟 𝑖 (𝑚) = {

𝑡 𝑖 (𝜇−1
𝑖 (𝑚)) if 𝑚 ∈ 𝜇𝑖 (𝐽),
𝑟 𝑖−1 (𝑚)

o.w. (base case 0).

Putting these together, we obtain the earliest starting time
for the next stage: 𝑠𝑖 = max{𝑡 𝑖−1 , 𝑟 𝑖−1 ∘ 𝜇𝑖 }.
Categorically, this definition describes a factorization
of 𝑠 through a coproduct decomposition, as shown in
Figure 5. The rank orders define an isomorphism 𝜇 ≔
[⟨id, 𝜇𝑖 ⟩]𝑖<|𝑀| (by disjointness and cardinality considerations), and its inverse composes with the start times to give
𝑠 = [𝑠𝑖 ] ∘ 𝜇−1 .
We can (almost) interpret this algorithm as a functor
𝐴 ∶ 𝒮 ⟶ 𝒫. It sends elements of the solution category
(i.e., 𝑠, 𝑡) to constructions in the problem category (built
from 𝜏). It preserves structure (because the no-overlap axioms are satisfied).
This formulation is semantically sensible. Δ𝐹 displays schedules as a bundle over the problems, and the
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algorithm provides a mapping back in the other direction.
Moreover, we can think of the solution as an indexed element of the fiber 𝐴𝑃 ∈ 𝒮ˆ𝑃 . In CT, such a map is called a
section of the bundle, defined by the equation Δ𝐹 ∘ Δ𝐴 = id.
This follows immediately from the dual condition on syntax,
𝐴(𝐹(𝜏)) = 𝐴(𝑡 − 𝑠) = (𝑠 + 𝜏) − 𝑠 = 𝜏.
The only wrinkle is that Δ𝐴 is not functorial; the solution of a subproblem is not, in general, a subschedule of
the original solution. Formally, this reflects the fact our
construction relies extensively on labeling; the target of 𝐴
is a labeled extension 𝒫 + ℓ rather than 𝒫 itself.
ˆ
Semantically, 𝒫
+ ℓ defines a fibration over the core of
ˆ
𝒫, the subcategory of objects and isomorphisms. All maps
are bijections because they must preserve labels, and hence
cardinality. Fibrations are defined by lifting properties,
which in this case follow from the fact that we can transport labels across isomorphisms. Consequently, we can
use 𝐴 to lift problems (and isomorphisms) of 𝒫ˆ to schedˆ though the result will depend on the choice of
ules in 𝒮,
labeling on the problem instance.

Conclusion
We now have an extensive model of the open shop:
§2 Problem representation 𝒫
§3 Problem formulation 𝐹 ∶ 𝒫 → 𝒮
𝐼 * 𝑐
§4 Problem variation 𝒫 i
𝒫
𝐽
§5 Problem extraction Δ𝐷 (𝐶 +𝙹0 𝑂)
§6 Solution optimization 𝐶max ∶ 1 → ℝ+
§7 Solution algorithm 𝐴 ∶ 𝒮 → (𝒫 + ℓ)
To develop our model, we introduced categories, functors, constuctors, duality, change of base, bundles, metaconstructors, universes and aggregation. This is quite a lot
of theory and, though most is elementary, it may be a bit
overwhelming all at once. However, the intricacy is necessary to support many of CT’s unique features as a modeling
language:
•
•
•
•
•
•
•

Built-in computation (𝐓𝐲𝐩𝐞)
Built-in logical constraints (structures)
Unified syntax/semantics (duality)
Schema mappings (functors)
Meta-theory (schema diagrams, constructors)
Data migration (change of base)
Data integration (colimits/pushouts)

The payoff from all this abstraction is flexibility. In an
industrial scheduling problem, the specific requirements
range from details of the physical process (e.g., color contamination in vinyl flooring manufacture) to customerspecific process restrictions (e.g., disabled-worker subsidy
for government orders). Moreover, these requirements
change on a regular basis.
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Textbook solutions rarely suffice and, when they do,
non-trivial translation is still needed to place the problem
into textbook form. In practice, what we would like is a
rigorous method to specify and refine the process requirements in context and link these to existing databases and
solvers. What we have outlined here are some first steps
in this direction. Hopefully it is clear that the methodology we advance is not limited to scheduling; CT provides
a promising language for information modeling and management much more generally.
From here there are many directions for future work.
Within scheduling, one could model other “old standards”
like job-shop and flow-shop scheduling, and examine
their relationships between them. Of particular interest is
the degree to which variations (like allowing duplicate machines) translate between different models. Other categorical representations, notably string diagrams, ought to provide a useful view on more complicated issues like multiresource scheduling (e.g., jobs and workers).
More broadly, the meta-theory that we developed here
could provide a framework to formalize a very general class
of problems in operations research. Testing the approach
against some other classic problems from outside scheduling would be a first step, aiming to identify any gaps in the
proposed approach.
However, the most important direction for future work
is implementation. The ability to define, examine and manipulate these structures in silica is critical for both realworld impact and conceptual accessibility. Computerized
interactions can enforce the intricacies of the categorical
data model, leaving the user free to explore the space of
models. For us, this paper represents a detailed use case to
guide such an implementation, demonstrating both the affordances of categorical modeling and the underlying machinery that makes it work.
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By the Principle of Least Action, physical systems governed
by conservative forces typically assume energy-minimizing
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points of the corresponding energy functional. On the
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interesting features from a mathematical viewpoint, although (or, perhaps, because) they are harder to find in
nature.
Renato G. Bettiol is an assistant professor of mathematics at CUNY, Lehman
College. His email address is r.bettiol@lehman.cuny.edu.
Paolo Piccione is a professor of mathematics at the University of São Paulo,
Brazil, president of the Brazilian Mathematical Society, and member of the
IMU Executive Committee. His email address is piccione@ime.usp.br.
Communicated by Notices Associate Editor Chikako Mese.
For permission to reprint this article, please contact:
reprint-permission@ams.org.
DOI: https://doi.org/10.1090/noti2185

DECEMBER 2020

If the way energy is measured depends on a parameter,
a family of stationary points may lose stability when that
parameter crosses a certain threshold. Remarkably, this
loss of stability creates a new branch of stationary points
that splits from the family. This phenomenon was first
explored by Poincaré [Poi85], who called it a bifurcation,
marking the dawn of a multifaceted theory with applications to Dynamical Systems, Analysis, PDEs, and, more recently, to Differential Geometry and Geometric Analysis.
In this article, we give an overview of classical results in
variational Bifurcation Theory and some geometric applications, including multiplicity results for Geodesics, Constant Mean Curvature Surfaces, and the Yamabe problem.
These are obtained by exploiting the growing instability
of families of trivial (often highly symmetric) solutions as
they degenerate. The resulting bifurcating solutions are often less symmetric, and give rise to interesting examples
where ground states need not be the most symmetric ones.
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Euler’s Buckling Problem

𝑃

One of the most classical examples of bifurcation comes
from engineering, by subjecting a rod, or column, to compressive stress. The parameter in this case is the amount
𝑃 of compressive force exerted on the rod (called load),
and determining the maximum load 𝑃max that can be supported without structural failures is, evidently, of paramount importance.

𝑃 > 𝑃max , such that 𝜆 = √ ∈ [𝜆𝑛 , 𝜆𝑛+1 ), there are 𝑛 non𝐸
trivial solutions 𝑤 1 , … , 𝑤 𝑛 to (1), which represent 𝑛 buckling modes that the rod may assume. These solutions can
be seen as branches in the space of solutions to (1) that
bifurcate from the trivial solution; see Figure 3.

w1(x)
w2(x)
w0(x)

x
w3(x)

Figure 2. Graphs of 𝑤 𝑛 (𝑥) for 0 ≤ 𝑛 ≤ 3.

Figure 1. A rod in its original state (left), and buckled under
compressive stress from a load (right).

This problem was studied in the 1750s by Euler, who
established that the lateral deflection 𝑤(𝑥) at each point
𝑥 ∈ [0, 𝐿] in a rod with load 𝑃 solves the ODE
𝐸 𝑤″ (𝑥) + 𝑃 𝑤(𝑥) = 0,

(1)

where 𝐸 > 0 is a physical constant determined by the rod’s
elasticity and the moments of inertia of its cross-sections.
As one learns in an undergraduate course on ODEs, all solutions to (1) are of the form
𝑃
𝜆=√ ,
(2)
𝐸
with 𝐴, 𝐵 ∈ ℝ. In particular, if the rod is assumed to have
pinned ends, that is, 𝑤(0) = 0 = 𝑤(𝐿), then it follows that
𝑛𝜋
𝐵 = 0 and 𝜆 = 𝜆𝑛 =
for some nonnegative integer 𝑛. In
𝐿
other words, 𝑤(𝑥) is a boundary value problem eigenfunction (see Figure 2):
𝑤(𝑥) = 𝐴 sin(𝜆𝑥) + 𝐵 cos(𝜆𝑥),

𝑤 𝑛 (𝑥) = 𝐴 sin(𝜆𝑛 𝑥),

𝑛 = 0, 1, 2, … .

(3)

Thus, for loads 𝑃 such that 𝜆 < 𝜆1 , only the trivial solution
𝑤 0 ≡ 0 exists. This means that the rod keeps its original
𝜋 2

𝜋 2

shape if 𝑃 < 𝐸 ( ) , and for this reason 𝑃max = 𝐸 ( )
𝐿
𝐿
is called Euler’s critical load. Meanwhile, for larger loads
1680

Figure 3. A bifurcation diagram with bifurcating branches
(blue) issuing from the trivial branch (red). The horizontal axis
represents the bifurcation parameter, which is the load 𝑃 in
Euler’s buckling problem. The trivial branch is 𝑤 0 (𝑥) ≡ 0, while
𝑛𝜋 2

the 𝑛th bifurcating branch, that exists for 𝑃 ≥ 𝐸 ( ) ,
𝐿
corresponds to 𝑤 𝑛 (𝑥), 𝑛 ≥ 1. For each value of 𝑃, the number
of different solutions to (1), up to rescaling by a positive
factor, is the number of points where the vertical line through
𝑃 intersects the diagram. Note that this number grows to +∞
as 𝑃 ↗ +∞.

Deformations of structures due to buckling can be very
serious and dangerous. For instance, train tracks may
buckle and derail a train if they receive excessive heat from
sun exposure or movement of trains; or external compression forces such as during an earthquake; see Figure 4. Although it would have been desirable from an engineer’s
perspective that no nontrivial solutions to (1) existed (so
that no structures would buckle), from a mathematician’s
perspective, this bifurcation phenomenon can be used to
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Definition 1. Bifurcation occurs at 𝑡∗ if there are converging sequences 𝑥𝑛 → 𝑥𝑡∗ in 𝑋 and 𝑡𝑛 → 𝑡∗ , such that
d𝑓𝑡𝑛 (𝑥𝑛 ) = 0 and 𝑥𝑛 ≠ 𝑥𝑡𝑛 ; see Figure 5. In this situation,
𝑡∗ is called a bifurcation instant.
X
xn
xt

xt

Figure 4. Train tracks in Canterbury, New Zealand, that
buckled after an earthquake in 2010, in a shape that resembles
the graph of 𝑤 2 (𝑥).

produce new and otherwise hard-to-find solutions to certain problems. While the solutions (3) to the linear ODE
(1) were easy to find and classify, solutions to nonlinear
problems are generally much less accessible. It is in these
situations that Bifurcation Theory is most useful, provided
the equation at hand still has a readily available family of
trivial solutions (for all values of the parameter), such as
𝑤 0 ≡ 0 for (1). In this case, certain “tests” can be made
on this family to detect the presence of bifurcations, and
hence of previously unknown nearby solutions. We now
describe some of these “tests” for variational equations.

t∗

t

In other words, bifurcation occurs at 𝑡∗ if and only if
the conclusion of the Implicit Function Theorem regarding equation (4) does not hold at 𝑥𝑡∗ . Thus, its hypothesis
must be violated, implying that a necessary condition for bifurcation to occur at 𝑡∗ is that 𝑥𝑡∗ be a degenerate critical
point of 𝑓𝑡∗ . Namely, the second derivative d2 𝑓𝑡∗ (𝑥𝑡∗ ) cannot be invertible, i.e.,
ker 𝐽𝑡∗ (𝑥𝑡∗ ) ≠ {0},

Let 𝑋 be the set of all states, or configurations, of a certain
system, and assume 𝑋 is a (possibly infinite-dimensional)
vector space or manifold. Suppose we are given a family 𝑓𝑡 ∶ 𝑋 → ℝ of energy functionals on 𝑋, that we shall
assume is sufficiently regular and parametrized by a real
number 𝑡 ∈ [𝑎, 𝑏]. With it, the energy of each state 𝑥 ∈ 𝑋
is measured to be 𝑓𝑡 (𝑥), a quantity that depends on the parameter 𝑡 ∈ [𝑎, 𝑏]. Infinitesimal variations of 𝑥 ∈ 𝑋 are
described by tangent vectors to 𝑋 at 𝑥, which form a vector
space denoted 𝑇𝑥 𝑋. This space typically comes equipped
with a natural inner product ⟨⋅, ⋅⟩. Stationary points, also
called critical points, are solutions 𝑥 ∈ 𝑋 to the Euler–
Lagrange equation, or first variation equation:
(4)

where the derivative is in the variable 𝑥. We are interested
in how solutions to (4) change with 𝑡. More precisely, say
we are given a trivial branch of solutions, i.e., a curve 𝑥𝑡 ∈ 𝑋,
𝑡 ∈ [𝑎, 𝑏], satisfying d𝑓𝑡 (𝑥𝑡 ) = 0 for all 𝑡 ∈ [𝑎, 𝑏], and we
would like to know whether (4) has any other solutions
near 𝑥𝑡 . So we are led to the following definition.
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Figure 5. Graph of solutions to (4), i.e., a point
(𝑡, 𝑥) ∈ [𝑎, 𝑏] × 𝑋 is in the graph if and only if d𝑓𝑡 (𝑥) = 0, with a
bifurcation sequence (blue) 𝑥𝑛 issuing from the trivial branch
(red) at (𝑡∗ , 𝑥𝑡∗ ).

Bifurcation via Morse Index

d𝑓𝑡 (𝑥) = 0,

∗

(5)

where 𝐽𝑡 (𝑥) ∶ 𝑇𝑥 𝑋 → 𝑇𝑥 𝑋 is the self-adjoint linear operator
that represents d2 𝑓𝑡 (𝑥), in the sense that
d2 𝑓𝑡 (𝑥)(𝜙, 𝜓) = ⟨𝐽𝑡 (𝑥)𝜙, 𝜓⟩

∀𝜙, 𝜓 ∈ 𝑇𝑥 𝑋.

This operator 𝐽𝑡 (𝑥) is called the Jacobi operator of this variational problem, which, if 𝑋 is finite dimensional, is just
the Hessian matrix d2 𝑓𝑡 (𝑥).
Nevertheless, (5) alone is not sufficient to guarantee
that bifurcation occurs at 𝑡∗ . A sufficient condition is given
by a change in the degree of instability of 𝑥𝑡 as 𝑡 crosses
𝑡∗ . This degree of instability is measured by an integer
called the Morse index, defined for any solution 𝑥 to (4), as
the number 𝑖Morse (𝑥) of linearly independent directions at
𝑥 ∈ 𝑋 that locally decrease the energy 𝑓𝑡 . More precisely,
denoting by Spec(⋅) the set of eigenvalues of a linear operator,
𝑖Morse (𝑥) = # Spec(𝐽𝑡 (𝑥)) ∩ (−∞, 0)
is the number of negative eigenvalues of 𝐽𝑡 (𝑥). (Note that
𝑖Morse (⋅) depends on the parameter 𝑡 ∈ [𝑎, 𝑏].)
Theorem 1 (Krasnosel’skii, 1964). If the trivial branch
𝑥𝑡 ∈ 𝑋 of solutions to (4) is nondegenerate for all
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𝑡 ∈ [𝑡∗ − 𝜀, 𝑡∗ + 𝜀] ⧵ {𝑡∗ } and 𝑖Morse (𝑥𝑡∗ −𝜀 ) ≠ 𝑖Morse (𝑥𝑡∗ +𝜀 ),
then bifurcation occurs at 𝑡∗ .
In the above statement, to simplify the exposition, we
are omitting some technicalities (such as the requirement
that 𝐽𝑡∗ (𝑥𝑡∗ ) be Fredholm) that are important if 𝑋 is infinite
dimensional; see [Kie12]. These conditions hold in the
applications below.
Note that if 𝑖Morse (𝑥𝑡 ) changes as 𝑡 crosses 𝑡∗ , then 𝑥𝑡∗
must be degenerate; see (5). Indeed, a negative eigenvalue
of 𝐽𝑡 (𝑥𝑡 ) is gained or lost (so it must cross zero, by continuity) at 𝑡 = 𝑡∗ . In just a few words, the proof of Theorem 1
goes by contradiction: if no bifurcation occurred, then d𝑓𝑡
could be continuously deformed near 𝑥𝑡 , between 𝑡 = 𝑡∗ −𝜀
and 𝑡 = 𝑡∗ +𝜀, keeping its (local) mapping degree constant;
but this degree is precisely 𝑖Morse (𝑥𝑡 ).
A toy problem from multivariable calculus. Let 𝑋 = ℝ2 ,
and consider 𝑓𝑡 ∶ 𝑋 → ℝ,
1
𝑓𝑡 (𝑥, 𝑦) = (𝑥2 + 𝑦4 − 𝑡𝑦2 ).
2

t
(xt , yy ) = (0, 0)

Figure 6. Bifurcation diagram for (6). Given the obvious
resemblance, this is called pitchfork bifurcation.

ft(x, y), t≤ 0

(6)

Since d𝑓𝑡 (𝑥, 𝑦) = (𝑥, 2𝑦3 − 𝑡𝑦), the solutions to (4) in this
case are clearly (𝑥, 𝑦) = (0, 0) for all 𝑡 ∈ ℝ, and also (𝑥, 𝑦) =
(0, ±√𝑡/2) if 𝑡 ≥ 0.
Pretend, for a moment, we had not seen the latter solutions when 𝑡 ≥ 0, and only knew about the former (trivial)
solutions (𝑥𝑡 , 𝑦𝑡 ) = (0, 0), which are easier to find, and exist for all 𝑡 ∈ ℝ. From the Hessian matrix
1
d2 𝑓𝑡 (𝑥, 𝑦) = (
0

0
),
6𝑦2 − 𝑡

(xt , yt ) = (0, 0)

we compute the Morse index of (𝑥𝑡 , 𝑦𝑡 ) = (0, 0) to be:
0,
𝑖Morse (0, 0) = {
1,

if 𝑡 ≤ 0,
if 𝑡 > 0.

ft(x, y), t > 0

(7)

This jump of the Morse index at 𝑡∗ = 0 implies, by Theorem 1, that 𝑡∗ = 0 is a bifurcation instant. Of course,
the branch of solutions bifurcating from (0, 0) as 𝑡 crosses
𝑡∗ = 0 consists precisely of the solutions (𝑥, 𝑦) = (0, ±√𝑡/2)
that we pretended not to see.
This can be illustrated with a bifurcation diagram (analogous to Figure 5), where the parameter 𝑡 is plotted along
the horizontal axis, the vertical axis represents the space
𝑋 = ℝ2 , and a point (𝑡, 𝑥, 𝑦) is in the graph if and only if it
is a solution, i.e., d𝑓𝑡 (𝑥, 𝑦) = 0; see Figure 6. Note that for
𝑡 ≤ 0, the trivial solution (𝑥𝑡 , 𝑦𝑡 ) = (0, 0) is stable, since it is
a local minimum of 𝑓𝑡 (𝑥, 𝑦); actually its global minimum.
However, for 𝑡 > 0, it is unstable, as it becomes a saddle
point for 𝑓𝑡 (𝑥, 𝑦), 𝑡 > 0; see Figure 7. This is essentially the
same example Poincaré [Poi85] used as motivation.
Euler’s buckling problem revisited. A quick look at Figures 3 and 6 suggests that the buckling phenomena could
be interpreted as successive pitchfork bifurcations taking
1682

(xt, y t) = (0, 0)
Figure 7. Schematic graphs of (6), where the horizontal axis
represents 𝑋 = ℝ2 . Note the change in stability of the critical
point that belongs to the trivial branch (red) as 𝑡 crosses 𝑡∗ = 0.
The critical points in the bifurcating branches (blue) are stable.

place as the load 𝑃 increases. We now show this is indeed
the case.
Let 𝑋 be the space of functions 𝑤 ∶ [0, 𝐿] → ℝ that vanish at the endpoints, and consider the energy functional
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𝑓𝑃 ∶ 𝑋 → ℝ given by

Geometric Variational Problems
𝐿

𝑓𝑃 (𝑤) =

1
∫ 𝐸 (𝑤′ )2 − 𝑃 𝑤2 d𝑥,
2 0

with parameter 𝑃 > 0. The first variation of 𝑓𝑃 is
𝐿

d𝑓𝑃 (𝑤)𝑢 = ∫ 𝐸 𝑤′ 𝑢′ − 𝑃 𝑤 𝑢 d𝑥
0

(8)

𝐿
″

= − ∫ (𝐸 𝑤 + 𝑃 𝑤) 𝑢 d𝑥,
0

from integration by parts and 𝑤(0) = 𝑤(𝐿) = 0. So, by the
Fundamental Lemma of Calculus of Variations, d𝑓𝑃 (𝑤) =
0 if and only if 𝑤 solves the ODE (1).
Observing that the constant 𝑤 0 (𝑥) ≡ 0 is a solution for
all values of the parameter 𝑃 > 0, we are led to consider
this as our trivial branch. Since the equation d𝑓𝑃 (𝑤) = 0 is
already linear in 𝑤 (cf. (8)), the Jacobi operator 𝐽(𝑤 0 ) of
𝑤 0 acts on 𝑇𝑤0 𝑋 = 𝑋 simply as
𝐽(𝑤 0 )𝜙 = −𝐸𝜙″ − 𝑃𝜙.

(9)

𝑛𝜋 2

Its eigenvalues are 𝐸( ) −𝑃 for all positive integers 𝑛 ∈ ℕ.
𝐿
Thus,
𝑛𝜋 2
𝑖Morse (𝑤 0 ) = # {𝑛 ∈ ℕ ∶ 𝐸( ) < 𝑃}
(10)
𝐿
increases by 1 each time 𝑃 crosses a value of the form
𝑛𝜋 2
𝑃∗ = 𝐸( ) . By Theorem 1, each of these is a bifurcation
𝐿
instant for the trivial branch 𝑤 0 , matching the bifurcation
diagram in Figure 3.
Due to its level of generality, this approach does not provide much more information about the bifurcating solutions apart from their existence. In particular, the explicit
formula (3) is not recovered. However, it can be shown
that the solutions bifurcating from 𝑤 0 form continuous
(i.e., connected) branches.
Continuity of bifurcating branches. Recall that, from
Definition 1, a bifurcating branch is just a sequence (and
not necessarily a curve) of other solutions. But, strengthening the hypotheses of Theorem 1 to require that 𝑖Morse (𝑥𝑡 )
changes exactly by 1, it is possible to ensure the existence
of an actual smooth curve of bifurcating solutions.
Theorem 2 (Crandall–Rabinowitz, 1971). If the trivial
branch 𝑥𝑡 ∈ 𝑋 of solutions to (4) is nondegenerate for all
𝑡 ∈ [𝑡∗ − 𝜀, 𝑡∗ + 𝜀] ⧵ {𝑡∗ }, and only a simple eigenvalue 𝜆(𝑡) of
𝐽𝑡 (𝑥𝑡 ) crosses zero (transversely) at 𝑡 = 𝑡∗ , then solutions to (4)
near (𝑡∗ , 𝑥𝑡∗ ) ∈ ℝ × 𝑋 form two smooth curves that meet only
at (𝑡∗ , 𝑥𝑡∗ ).
Both the Calculus Toy Problem and Euler’s Buckling
Problem are situations where Theorem 2 applies (see (7)
and (10)), yielding that bifurcating branches are continuous, as we had observed “by hand.” Details on Theorem 2 and further refinements can be found in the textbook [Kie12].
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We now discuss some applications of Bifurcation Theory to
geometric problems that are variational, i.e., take the form
of the Euler–Lagrange equation (4) for some functional
𝑓𝑡 ∶ 𝑋 → ℝ, with parameter 𝑡.
These problems are naturally cast on Riemannian manifolds 𝑀 𝑛 , which are metric spaces made by (smoothly)
patching together pieces of ℝ𝑛 , where it is possible to measure lengths of vectors, compute angles, and, most importantly, use Differential and Integral Calculus. For instance,
all smooth hypersurfaces 𝑀 𝑛 ⊂ ℝ𝑛+1 are automatically 𝑛dimensional Riemannian manifolds, and, of course, so is
ℝ𝑛 itself. Often, we omit the dimension 𝑛, writing 𝑀 for
𝑀𝑛.
Geodesics. One of the most elementary questions that
can be posed on a Riemannian manifold 𝑀 is to find a
curve joining two given points 𝑝, 𝑞 ∈ 𝑀 with the least
possible length. Such a curve always exists if 𝑀 is complete (e.g., if 𝑀 is compact), and is called a minimal geodesic. More generally, a geodesic is a curve that minimizes
length between any two of its points, provided they are
sufficiently close. Of course, geodesics in Euclidean space
ℝ𝑛 are just straight lines. Similarly, geodesics on any Riemannian manifold 𝑀 are curves whose second derivative
vanishes, or, in physical terms, trajectories traced by objects moving without acceleration. Thus, geodesics have
constant speed. In Classical or Relativistic Optics, an optical medium is modeled by a Riemannian manifold, and
trajectories of light rays are its geodesics.
Geodesics between 𝑝, 𝑞 ∈ 𝑀 can be found using Calculus of Variations. Namely, they are stationary points of the
energy functional 𝑓 ∶ 𝑋 → ℝ given by
1

𝑓(𝛾) = ∫ |𝛾′ (𝑠)|2 d𝑠,

(11)

0

where 𝑋 is the space of piecewise smooth curves
𝛾 ∶ [0, 1] → 𝑀 with endpoints 𝛾(0) = 𝑝 and 𝛾(1) =
𝑞. Moreover, 𝛾 is a minimal geodesic if and only if it
is a minimizer of 𝑓. As a technical aside, despite having (geometrically) the same curves as minimizers, (11) is
more convenient to use than the actual length functional
1
∫0 |𝛾′ (𝑠)| d𝑠 because it is convex and its stationary points
come parametrized with constant speed.
Infinitesimal variations of 𝛾 are given by vector fields 𝑉
along 𝛾, and represent the direction of the variation. In particular, variations of 𝛾 within 𝑋, i.e., with fixed endpoints,
are vector fields 𝑉 along 𝛾 that vanish at the endpoints.
The Jacobi operator 𝐽(𝛾) of 𝛾 acts on the space 𝑇𝛾 𝑋 of such
vector fields 𝑉 as
𝐽(𝛾)𝑉 = 𝑉 ″ + 𝑅(𝑉),

(12)

where 𝑅(𝑉) is a curvature term, that is linear on 𝑉.
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Consequently, the Morse index of the geodesic 𝛾 is
𝑖Morse (𝛾) = # Spec(𝐽(𝛾)) ∩ (−∞, 0).

(13)

It is very useful to also think of geodesics joining 𝑝, 𝑞 ∈
𝑀 from a dynamic point of view. Namely, consider all
curves with vanishing second derivative that depart from
𝑝 ∈ 𝑀, and look for those that eventually pass through
𝑞 ∈ 𝑀. With this approach, instead of minimizing (11) in
the space 𝑋 of curves with endpoints 𝑝, 𝑞 ∈ 𝑀, we analyze
the solution 𝛾𝑣 (𝑡) to the geodesic ODE with initial position
𝛾𝑣 (0) = 𝑝 and initial velocity 𝛾𝑣′ (0) = 𝑣, where 𝑣 ∈ 𝑇𝑝 𝑀 is
any tangent vector to 𝑀 at 𝑝. The collection of solutions
to this geodesic initial value problem is conveniently encapsulated as the exponential map of 𝑀 at 𝑝,
exp𝑝 ∶ 𝑇𝑝 𝑀 → 𝑀,

exp𝑝 (𝑡𝑣) = 𝛾𝑣 (𝑡).

(14)

Critical values of (14) are points in 𝑀 called conjugate to
𝑝, which are important for two main reasons.
First, dynamically, conjugate points to 𝑝 are points
where a family of geodesics issuing from 𝑝 focalizes to
first order. For instance, on the round sphere 𝑆 𝑛 ⊂ ℝ𝑛+1 ,
geodesics are great circles. All the geodesics issuing from
the North pole 𝑝 (called meridians, or longitude lines) focalize at the South pole 𝑞, which is hence conjugate to 𝑝.
Moreover, this happens with multiplicity 𝑛 − 1, since the
family of geodesics issuing from 𝑝 that focalizes at 𝑞 depends on 𝑛 − 1 independent parameters; for instance, in
dimension 𝑛 = 2, meridians depend on only one parameter (the latitude). However, true focalization as in round
spheres is very special; in general, focalization of geodesics
at conjugate points occurs only to first order. Unfortunately,
first-order phenomena are meaningless in very large scales,
such as that of General Relativity models. In this context,
more refined tools are needed to detect focalization, and
we shall see below how Bifurcation Theory can provide
them.
Second, conjugate points can be used to compute the
Morse index 𝑖Morse (𝛾), defined in (13). Namely, if 𝛾 is a
geodesic starting at 𝑝, then 𝑖Morse (𝛾) is equal to the number of conjugate points to 𝑝 along 𝛾, counted with multiplicity. In particular, if there are no conjugate points
along 𝛾, then 𝑖Morse (𝛾) = 0 and hence 𝛾 minimizes length
among nearby curves with the same endpoints. However,
if 𝛾 is sufficiently long, it might eventually develop conjugate points. This is triggered by curvature, manifested as
𝑅(𝑉) in the Jacobi operator (12), and related to the focalization phenomena described above. Nonpositive curvature
keeps 𝑖Morse (𝛾) = 0 while traveling along 𝛾, and it makes
geodesics that started nearby diverge away, as straight lines
in ℝ𝑛 or geodesics in the hyperbolic plane. On the other
hand, positive curvature makes 𝑖Morse (𝛾) eventually increase,
and geodesics focalize onto 𝛾, as meridians on a round
sphere. More precisely, by Theorem 1, bifurcation occurs
when we cross the first conjugate point 𝑞 along 𝛾, from
1684

which we deduce the existence of geodesics near 𝛾 starting
at 𝑝 and terminating shortly after 𝑞. Here, the bifurcation
parameter 𝑡 is the distance travelled along 𝛾, and the nondegeneracy hypothesis is satisfied because conjugate points
on a geodesic are isolated.
Bifurcation of geodesics is well illustrated by the paraboloid 𝑧 = 𝑥2 + 𝑦2 . Consider a geodesic 𝛾 that starts at some
point 𝑝 and passes through the origin; which is a “meridian” on this paraboloid. Due to positive curvature, some
time after passing through the origin, 𝛾 encounters a conjugate point 𝑞 to 𝑝. There, 𝑖Morse (𝛾) increases from 0 to 1.
This jump of the Morse index causes bifurcation, by Theorem 1. In fact, the geodesics that constitute the bifurcating
branch can be found explicitly: they also start at 𝑝 (but
are not meridians) and meet 𝛾 shortly after 𝑞, arbitrarily
close to it; see Figure 8. Although these geodesics focalize at 𝑞 to first order, 𝛾 is the unique geodesic joining 𝑝 to 𝑞.
Since the Morse index jumps exactly by 1, the assumptions
of Theorem 2 are also satisfied here, so there is actually a
continuum of bifurcating geodesics from 𝑝 focalizing at 𝑞.
More generally, this happens whenever a simple (i.e., multiplicity 1) conjugate point is reached, which is always the
case on surfaces due to dimensional reasons.

Figure 8. Geodesics on a paraboloid: a meridian 𝛾 (red) and
bifurcating geodesics (blue), issuing from 𝑝 and focalizing to
ﬁrst order at the conjugate point 𝑞.

Rephrasing the above discussion in terms of the exponential map (14) gives a bifurcation-theoretic proof of the
following classical result.
Theorem 3 (Morse–Littauer, 1932). The exponential map is
not locally injective near any critical point.
Indeed, from Definition 1, if 𝑣 ∈ 𝑇𝑝 𝑀 is a unit vector
such that 𝑡∗ 𝑣 is a critical point of exp𝑝 , then bifurcation gives
a sequence 𝑣 𝑛 ∈ 𝑇𝑝 𝑀 of initial velocities converging to
𝑡∗ 𝑣, with 𝑣 𝑛 ≠ 𝑡∗ 𝑣, such that exp𝑝 (𝑣 𝑛 ) = exp𝑝 (𝑡𝑛 𝑣) for
some sequence 𝑡𝑛 ↘ 𝑡∗ . In other words, there exist pairs
of distinct vectors, arbitrarily close to the critical point 𝑡∗ 𝑣,
which exp𝑝 maps to the same point. Note this bifurcationtheoretic proof yields a slightly stronger conclusion: all
these pairs can be chosen to include some multiple of 𝑣.
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Figure 9. A focal point 𝐹 that does not produce bifurcation of
orthogonal geodesics. The horizontal line segment 𝛾 (red) is
the unique geodesic in ℝ2 departing orthogonally from the
circular arc 𝑃 and arriving orthogonally at the vertical line
segment 𝑄. Crossing the focal point 𝐹 of 𝑃 at the center of the
circle does not produce bifurcation, since the Morse index
remains unchanged due to a cancellation phenomenon.

Geodesic bifurcation phenomena can also be studied
with more general boundary conditions. One may replace
the space 𝑋 of curves in 𝑀 from 𝑝 to 𝑞 with the space of
curves that end at 𝑞, but whose initial endpoint is free to
move along a given submanifold 𝑃 ⊂ 𝑀. Stationary points
for the energy (11) in this setup are geodesics that leave
the initial submanifold 𝑃 orthogonally, and focalization
of such geodesics occurs at so-called focal points of 𝑃, which
are simply conjugate points if 𝑃 = {𝑝}. As in the fixed endpoint case, the occurrence of focal points produces bifurcation of geodesics. If the final endpoint is also left free to
vary on a terminal submanifold 𝑄 ⊂ 𝑀, then an interesting cancellation phenomenon may happen, depending on
the relative position of 𝑃 and 𝑄. In this case, focal points
do not correspond to jumps of the Morse index, and they
do not necessarily produce bifurcation; see Figure 9 for an
example from [GGP18].
Gravitational lensing. General Relativity uses fourdimensional spacetimes to model the universe, or parts of
it. These are pseudo-Riemannian manifolds 𝑀 4 , where the
length of nonzero vectors can be positive, negative, or null.
Points in a spacetime are called events, since they not only
represent the physical location of an “event,” but also the
time when it takes place. Vectors with negative length
(called timelike vectors) represent velocities of objects with
mass, and vectors with null length (called lightlike vectors)
represent velocities of photons, which travel at the speed
of light. Tangent lightlike vectors at an event form the socalled light cone of that event. Geodesics can also be defined here, although the notion of length extremality must
be suitably reformulated. Consequently, the exponential
map (14) carries over to the case in which 𝑀 is a general relativistic spacetime. Trajectories of light rays are geodesics
in 𝑀 whose tangent vectors are everywhere lightlike, and
the image of the light cone via the exponential map is the
set of all light rays issuing from a light source located at the
given event. The worldline of an observer is represented by
a curve in 𝑀 whose tangent vector is everywhere timelike,
DECEMBER 2020

Figure 10. This picture from the NASA/ESA Hubble Space
Telescope contains at least 12 simultaneous images
(distributed over four arcs, three clearly visible on the top
right corner) of the same light source, a galaxy (PSZ1
G311.65-18.48) almost 11 billion light-years from Earth. This
lensing effect is due to a foreground cluster of galaxies 4.6
billion light-years away.

and the parameter of this curve is interpreted as the time
measured by the observer.
To interpret bifurcation of geodesics representing light
rays, consider all possible lightlike curves issuing from a
given event 𝑝 ∈ 𝑀, the light source; and a timelike curve
𝛾, which is the worldline of an observer, say, a telescope
in space. (The interpretation can also be reversed: the
curve 𝛾 may represent the worldline of a light source, and
the event 𝑝 an instantaneous observer.) To each lightlike
curve from 𝑝 to 𝛾, i.e., each trajectory in spacetime with
the speed of light from the light source to the observer,
one assigns its arrival time, as measured by the observer.
The relativistic Fermat’s Principle states that geodesics correspond exactly to minimizers, or more generally, stationary points for this arrival time function. Multiple lightlike
geodesics from 𝑝 to 𝛾 are interpreted as multiple images
of the same instantaneous light source that the observer
receives along its life (or, in the reverse interpretation, as
images of the light source emitted at different stages of its
life that are seen simultaneously by the observer). As in
the case of Riemannian geodesics, this is an effect of curvature, which in a spacetime is caused by gravitational fields
of large masses. Multiple images caused by such gravitational lensing were originally predicted by Einstein’s theory
of General Relativity in the 1930s, and first observed in the
late 1970s; see Figure 10 for an example, and [Per00] and
[GGP04] for details.
Constant mean curvature surfaces. One of the oldest
problems in Mathematics is the isoperimetric problem of
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acts on such a function 𝜙 as
𝐽(𝑥)𝜙 = Δ𝑥 𝜙 − (‖𝐴𝑥 ‖2 + Ric(𝑛𝑥⃗ ))𝜙,
C

Figure 11. Roulette (blue) of a conic section (red).

determining the shape of a surface that has least area
among surfaces bounding a given volume. These optimal
contours, called isoperimetric surfaces, are the “preferred”
configurations of many physical objects, such as soap bubbles. Solutions in Euclidean space are well known to be
round spheres, but this problem becomes extremely challenging on more general ambient spaces. Although the existence and regularity of solutions on any 𝑛-dimensional
Riemannian manifold 𝑀 has been established, there are
very few ambients where all isoperimetric surfaces are explicitly known; see [Ros05] for a survey. For example, determining the isoperimetric surfaces in the complex projective plane ℂ𝑃2 remains an elusive open problem.
Using a Lagrange multiplier 𝐻 to deal with the volume
constraint, we see that solutions are global minimizers of
the functional 𝑓𝐻 ∶ 𝑋 → ℝ, given by
𝑓𝐻 (𝑥) = Area(𝑥) + 𝐻 Vol(𝑥),
𝑛−1

𝑛

(15)

where 𝑥 ∶ Σ
↪ 𝑀 is a hypersurface that encloses 𝑛dimensional volume Vol(𝑥), and has (𝑛 − 1)-dimensional
volume equal to Area(𝑥). Of course, these quantities are
named according to their more familiar meaning if the dimension of 𝑀 𝑛 is 𝑛 = 3.
A possible strategy to solve the isoperimetric problem on 𝑀 𝑛 is to first classify the hypersurfaces that are
local minima of (15), i.e., solutions to d𝑓𝐻 (𝑥) = 0
with 𝑖Morse (𝑥) = 0, and then compare their volumes to
search for the global minima. (For instance, this strategy
was successfully used on sufficiently noncollapsed Berger
spheres.) This also motivates studying all stationary points
of (15), which are hypersurfaces that have constant mean
curvature equal to 𝐻. Intuitively, these are shapes that, on
average, bend the same amount 𝐻 in all directions, at all
of its points. The special case in which 𝐻 = 0 is of great
interest, since these are stationary points for the (unconstrained) area functional: they are called minimal hypersurfaces, and have been studied for centuries.
An infinitesimal perturbation of the hypersurface
𝑥 ∶ Σ ↪ 𝑀 is encoded as a function 𝜙 ∶ Σ → ℝ, with 𝜙(𝑝)
being the amount by which 𝑥(𝑝) is to be moved in the normal direction 𝑛𝑥⃗ (𝑝). The Jacobi operator 𝐽(𝑥) of 𝑥 ∶ Σ ↪ 𝑀
1686

(16)

where Δ𝑥 , 𝐴𝑥 , and Ric(𝑛𝑥⃗ ) are respectively the Laplacian,
the second fundamental form, and the Ricci curvature of
𝑀 in the direction normal to 𝑥(Σ). In particular, 𝑖Morse (𝑥)
is the number of Laplace eigenvalues of the hypersurface
Σ that are smaller than ‖𝐴𝑥 ‖2 + Ric(𝑛𝑥⃗ ). Both of these are
curvature terms: ‖𝐴𝑥 ‖2 encodes how 𝑥(Σ) is curved inside
𝑀, while Ric(𝑛𝑥⃗ ) measures the intrinsic curvature of 𝑀.
In 1841, Delaunay ingeniously classified surfaces of revolution in ℝ3 that have constant mean curvature. Namely,
he showed that their profile curve is the roulette of a conic
section 𝐶, i.e., the curve traced by a focal point of 𝐶 as it
rolls without slipping along a line ℓ; see Figure 11. Revolving this roulette around ℓ produces a surface of revolution
with constant mean curvature. These surfaces of revolution are called Delaunay surfaces and fall into three families
according to which type of conic 𝐶 is used (see Figure 12):
• unduloids, if 𝐶 is an ellipse (0 < 𝑒 < 1);
• catenoids, if 𝐶 is a parabola (𝑒 = 1);
• nodoids, if 𝐶 is a hyperbola (𝑒 > 1);
aside from the limiting cases of spheres and cylinders.
Delaunay surfaces depend smoothly on the eccentricity
𝑒 > 0 and focal parameter 𝑝 > 0 of the conic 𝐶, and have
constant mean curvature equal to
𝐻=

|𝑒2 − 1|
.
𝑒𝑝

In particular, catenoids have 𝐻 = 0 and are the unique
minimal surfaces of revolution in ℝ3 , apart from flat
planes.
While all unduloids are stable, i.e., any other nearby
constant mean curvature surface is again an unduloid,
nodoids become increasingly unstable as 𝑒 ↗ +∞, bifurcating infinitely many times. The resulting bifurcating
branches consist of (topological) cylinders in ℝ3 that have
constant mean curvature, but are no longer surfaces of revolution. Instead, they are invariant under a discrete symmetry group; see Figure 13. This is an instance of symmetrybreaking bifurcation, where bifurcating solutions are less
symmetric than those in the trivial branch.
As a side note, the careful reader might object that Delaunay surfaces in ℝ3 (other than the sphere) have infinite
area and enclose an infinite volume, hence (15) is not welldefined. Indeed, this variational characterization is only
valid for hypersurfaces that bound a compact region. Nevertheless, the analysis can be reduced to a compact setting,
adjusting 𝑋 accordingly, due to the periodic nature of Delaunay surfaces and of the bifurcating surfaces considered.
Bifurcation also provides a way to produce new
Delaunay-type hypersurfaces in ambient spaces other than
ℝ3 . For example, consider the 3-dimensional sphere
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Figure 13. A surface with constant mean curvature in ℝ3 ,
found numerically, that bifurcates from a nodoid.

These bifurcating tori are Delaunay surfaces in 𝑆 3 (see
Figure 14), and are actually its only embedded tori of constant mean curvature, up to rigid motions. This is another
instance of symmetry-breaking, as the bifurcating tori have
fewer symmetries than the trivial branch Σ𝑡 . The same
ideas can be used to construct Delaunay-type surfaces in
much more general ambient spaces (cohomogeneity one
manifolds), which include compact rank one symmetric
spaces and even Kervaire exotic spheres [BP16].
Figure 12. Compact portions of Delaunay surfaces (unduloid,
catenoid, and nodoid, respectively) in ℝ3 .

𝑆 3 = {(𝑧, 𝑤) ∈ ℂ2 ∶ |𝑧|2 + |𝑤|2 = 1}, and its partition
𝜋

into 2-tori Σ𝑡 ⊂ 𝑆 3 for 𝑡 ∈ (0, ), given by
2

3

Σ𝑡 = {(𝑧, 𝑤) ∈ 𝑆 ∶ |𝑧| = cos 𝑡, |𝑤| = sin 𝑡}.
Note Σ𝑡 collapses to (Hopf-linked) great circles Σ0 and Σ𝜋/2
𝜋
at the endpoints 𝑡 = 0 and 𝑡 = . The torus Σ𝑡 is the set of
2

points at distance 𝑡 from Σ0 in 𝑆 3 , and has constant mean
curvature equal to 𝐻(𝑡) = |tan 𝑡 − cot 𝑡|. In particular, Σ𝜋/4
is the Clifford torus, which is notably the unique embedded
minimal torus in 𝑆3 , up to rigid motions. Since the curva𝜋
ture term in (16) becomes unbounded as 𝑡 ↘ 0 or 𝑡 ↗ ,
2
while infinitely many eigenvalues of the Laplacian on Σ𝑡
remain bounded, we have that 𝑖Morse (Σ𝑡 ) ↗ +∞, which,
by Theorem 1, yields the following.
Theorem 4. There are infinitely many branches of embedded
constant mean curvature tori in 𝑆 3 that bifurcate from Σ𝑡 as
𝜋
𝑡 ↘ 0, and also as 𝑡 ↗ .

Figure 14. Delaunay tori in 𝑆3 that bifurcate from Σ𝑡 , viewed
through stereographic projection to ℝ3 .

2
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Yamabe problem. A foundational result in Differential
Geometry and Complex Analysis is the Uniformization Theorem, which originated with Klein and Poincaré in the
1880s; see [dSG10] for a fascinating historic account. One
of its many possible formulations states that every surface
𝑀 2 which is closed (i.e., compact and without boundary)
can be deformed to have constant Gaussian curvature via a
conformal transformation. This is a deformation in the way
distances are measured that keeps all angles unchanged,
but it may be difficult to visualize. For example, if 𝑀 2 is a
surface in ℝ3 which is not topologically a sphere, then the
resulting conformally deformed surface of constant Gaussian curvature can no longer be embedded (isometrically)
in ℝ3 . This deformation is also unique up to global rescalings, except again if 𝑀 2 is a sphere.
The Uniformization Theorem is inherently a 2-dimensional result, as it relies heavily on the intertwined nature of conformal deformations and complex structures
in this dimension. In dimensions 𝑛 ≥ 3, one possible
extension is to replace Gaussian curvature with scalar curvature, which at each 𝑝 ∈ 𝑀 𝑛 is an average of Gaussian
curvatures of surfaces in 𝑀 𝑛 through 𝑝. Using this notion, Yamabe proposed that every closed 𝑛-dimensional
Riemannian manifold can be conformally deformed to
have constant scalar curvature 𝑐 ∈ ℝ. This corresponds
to finding a positive solution 𝑢 ∶ 𝑀 𝑛 → ℝ to the PDE
𝑛+2
𝑛−1
4
Δ𝑔 𝑢 + scal𝑔 𝑢 = 𝑐 𝑢 𝑛−2 ,
𝑛−2

(17)

where scal𝑔 ∶ 𝑀 𝑛 → ℝ is the original scalar curvature of
𝑀 𝑛 , and Δ𝑔 its Laplacian (here, 𝑔 denotes the Riemannian
metric of 𝑀 𝑛 ). Given a solution, the desired conformal deformation is to multiply lengths of tangent vectors at each
2

point 𝑥 ∈ 𝑀 𝑛 by 𝑢(𝑥) 𝑛−2 . However, due to the value of
the exponent causing the nonlinearity in the right-hand
side of (17), standard existence results do not apply to
such a PDE. Yamabe attempted to analyze it as a limit of
PDEs with more favorable (subcritical) exponents in a paper published in 1960, but there were serious gaps in this
approach. Tragically, he died of a stroke in that same year,
at age 37. It took another 24 years for the result idealized
by Yamabe to be eventually proven correct, as a combination of his work with that of Trudinger, Aubin, and Schoen;
see [LP87] for a survey.
Although this completely solved the existence question,
issues regarding uniqueness of solutions to the Yamabe
problem, i.e., positive solutions to (17), remain an active
area of research today. Using the maximum principle, it is
easy to show that if (17) has a solution with 𝑐 ≤ 0, then
it is the only solution. On the other hand, one typically
expects nonuniqueness if 𝑐 > 0. A concrete instance of
multiple solutions was described by Kobayashi and
Schoen (independently), on the product 𝑀𝑡𝑛 of a sphere
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𝑆 𝑛−1 of fixed radius and a circle 𝑆 1 (𝑡) of varying radius 𝑡,
as follows.
Theorem 5 (Kobayashi, Schoen). For all 𝑛 ≥ 3, the number
of different solutions to the Yamabe problem on 𝑀𝑡𝑛 = 𝑆 𝑛−1 ×
𝑆 1 (𝑡) tends to +∞ as 𝑡 ↗ +∞.
The Yamabe equation (17) is variational. Namely, its
solutions are stationary points of the functional 𝑓 ∶ 𝑋 → ℝ
given by
𝑓(𝑢) = ∫ 4
𝑀

𝑛−1
‖∇𝑢‖2 + scal𝑔 𝑢2 ,
𝑛−2

(18)

where 𝑋 is the space of functions 𝑢 ∶ 𝑀 → ℝ with
2𝑛

∫ |𝑢| 𝑛−2 = 1.
𝑀

This constraint corresponds to a volume normalization
of the conformal deformation. Aiming to prove nonuniqueness, let us assume that 𝑀 𝑛 already has constant
scalar curvature scal𝑔 ≡ 𝑐 and volume 1, so that 𝑢0 ≡ 1 ∈ 𝑋
is a solution to (17), and seek other (nonconstant) solutions 𝑢 ∈ 𝑋. Infinitesimal variations of 𝑢0 in 𝑋 are identified with functions 𝑣 ∶ 𝑀 → ℝ satisfying the linearized
constraint ∫𝑀 𝑣 = 0. Up to a dimensional constant, the
Jacobi operator 𝐽(𝑢0 ) of 𝑢0 ≡ 1 acts on such functions as
𝐽(𝑢0 )𝑣 = Δ𝑔 𝑣 −

scal𝑔
𝑣.
𝑛−1

(19)

Consequently, its Morse index is
𝑖Morse (𝑢0 ) = # Spec(Δ𝑔 ) ∩ (−∞,

scal𝑔
).
𝑛−1

(20)

The general setup for bifurcation of solutions to the
Yamabe problem is a 1-parameter family of Riemannian
manifolds 𝑀𝑡𝑛 , 𝑡 ∈ [𝑎, 𝑏], with constant scalar curvature
scal𝑔(𝑡) > 0. If 𝜆(𝑡) is a family of eigenvalues of the Laplascal

𝑔(𝑡)
changes sign at
cian Δ𝑔(𝑡) of 𝑀𝑡𝑛 such that 𝜆(𝑡) −
𝑛−1
𝑡 = 𝑡∗ , then 𝑖Morse (𝑢0 ) jumps at 𝑡 = 𝑡∗ and hence bifurcation occurs by Theorem 1. If 𝜆(𝑡) is a simple eigenvalue,
then also Theorem 2 applies, implying continuity of the
resulting bifurcating branch. Combined with other topological techniques, this can be used to show that the bifurcation diagram for 𝑀𝑡𝑛 = 𝑆 𝑛−1 × 𝑆 1 (𝑡) is qualitatively
the same as the one in Figure 3. This gives a bifurcationtheoretic proof of Theorem 5.
Rescaling a factor in more general products also produces infinitely many bifurcations of solutions to the Yamabe problem. When closed manifolds 𝑀 and 𝑁 have constant scalar curvature, say scal𝑀 > 0 and scal𝑁 > 0, then
so does 𝑀 × 𝑁, and scal𝑀×𝑁 = scal𝑀 + scal𝑁 . Furthermore, rescaling 𝑁 by 𝑡 > 0 produces a manifold 𝑁𝑡 with
1
scal𝑁𝑡 = scal𝑁 . Thus, 𝑀 × 𝑁𝑡 has constant scalar curva-

𝑡

1

ture scal𝑀 + scal𝑁 > 0. This quantity diverges to +∞ as
𝑡
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𝑡 ↘ 0, while infinitely many eigenvalues of the Laplacian
remain bounded (those coming from 𝑀), so 𝑖Morse (𝑢0 ) ↗
+∞ by (20). Thus, from Theorem 1, infinitely many bifurcations occur as 𝑡 ↘ 0. Switching the roles of 𝑀 and 𝑁
corresponds to replacing 𝑡 with 1/𝑡, and hence we arrive at
the following.

arrange for arbitrarily many eigenvalues of the Laplacian
scal𝑔
on 𝑆 𝑛−2 × 𝐻 2 /Γ𝑡 to become smaller than
= 𝑛 − 4 as
𝑛−1
𝑡 ↘ 0. This forces 𝑖Morse (𝑢0 ) ↗ +∞ by (20), and hence
infinitely many bifurcations by Theorem 1. Pulling back
the bifurcating solutions to 𝑀 𝑛 as described above, one
completes the proof of Theorem 7; see [BPS16] for details.

Theorem 6. Infinitely many bifurcations occur for the Yamabe
problem on 𝑀 × 𝑁𝑡 as 𝑡 ↘ 0 or 𝑡 ↗ +∞.
Generalizations of Theorem 6 from products to fiber
bundles can be found in [BP13a, BP13b, OP].
The Yamabe problem can also be considered on noncompact manifolds 𝑀 𝑛 . In this situation, aside from being positive, a solution 𝑢 ∶ 𝑀 𝑛 → ℝ to (17) must diverge
to +∞ fast enough as one approaches infinity on 𝑀 𝑛 , so
that the resulting conformal deformation is complete. Completeness can be thought of in the usual sense of metric spaces, i.e., Cauchy sequences must converge, and this
plays the role of a boundary condition at infinity. Unlike the
case of compact manifolds, the Yamabe problem on noncompact manifolds may have no solutions at all.
On the other hand, there are special cases where a solution can be built explicitly. For example, consider the
complement 𝑀 𝑛 = 𝑆 𝑛 ⧵ 𝑆 1 of a great circle in a round
sphere 𝑆 𝑛 , 𝑛 ≥ 3. Since the round sphere has constant curvature scal𝑔 = 𝑛(𝑛 − 1), so does the open subset 𝑀 𝑛 , but it
is clearly not complete. However, rescaling 𝑀 𝑛 by the appropriate (negative) power of the distance to its boundary,
one obtains a complete Riemannian manifold which turns
out to be conformally equivalent to the product 𝑆 𝑛−2 × 𝐻 2 ,
where 𝐻 2 is the hyperbolic plane. This product manifold
has constant scalar curvature (because both of its factors
do) equal to (𝑛 − 4)(𝑛 − 1). Thus, we have found a solution
to the Yamabe problem on 𝑀 𝑛 . Bifurcation Theory allows
us to turn it into many more solutions.
Theorem 7. For all 𝑛 ≥ 5, there are uncountably many
branches of (complete) solutions to the Yamabe problem on
𝑆 𝑛 ⧵ 𝑆 1 conformal to the round metric.
We remark that the condition 𝑛 ≥ 5 is actually necessary for nonuniqueness of solutions, since it ensures that
𝑐 = (𝑛−4)(𝑛−1) > 0. In order to use Bifurcation Theory to
prove Theorem 7, we need a 1-parameter family of “trivial”
solutions as the starting point, but so far we only have one
solution, coming from the product 𝑆 𝑛−2 × 𝐻 2 . The trick
to overcome this is to replace 𝐻 2 with compact quotients
𝐻 2 /Γ, that is, hyperbolic surfaces. While there are uncountably many non-conformal hyperbolic surfaces, all of them
are covered by the (same) hyperbolic plane 𝐻 2 . Thus, new
solutions to the Yamabe problem on 𝑆 𝑛−2 × 𝐻 2 /Γ can be
pulled back to 𝑆 𝑛−2 × 𝐻 2 , and then to 𝑀 𝑛 = 𝑆 𝑛 ⧵ 𝑆 1 . Since
they come from a compact quotient, these solutions are
automatically complete. Making a judicious choice of hyperbolic surfaces 𝐻 2 /Γ𝑡 (see Figure 15), as 𝑛 ≥ 5, one can
DECEMBER 2020

Figure 15. A curve 𝐻 2 /Γ𝑡 of hyperbolic surfaces has the desired
spectral behavior if its shortest nontrivial closed geodesic
(systole) becomes arbitrarily small as 𝑡 ↘ 0. Although the
surfaces drawn above attempt to illustrate this, no hyperbolic
surface can be actually seen (isometrically embedded) in ℝ3 .

Generalizations
Equivariant bifurcation. In many interesting situations,
geometric variational problems have a nontrivial group
of symmetries. More precisely, in terms of the abstract
setup (4), suppose 𝑓𝑡 ∶ 𝑋 → ℝ is invariant under the action of a group 𝖦 of transformations of 𝑋; that is, 𝑓𝑡 is
constant along 𝖦-orbits for all 𝑡 ∈ [𝑎, 𝑏]. In this situation,
Theorem 1 cannot be applied if the stationary points 𝑥𝑡
along the trivial branch have nontrivial (i.e., nondiscrete)
𝖦-orbit, since tangent directions to them violate the nondegeneracy requirement.
However, Theorem 1 can be extended using a suitable
equivariant nondegeneracy assumption, which requires the
kernel of the Jacobi operator to be no larger than the
tangent space to the 𝖦-orbit of the critical point. This
is also the appropriate framework to study the symmetrybreaking phenomenon briefly mentioned above with Constant Mean Curvature hypersurfaces. This happens when
the stabilizer subgroup of bifurcating solutions is smaller
than that of solutions in the trivial branch. Symmetrybreaking also happens in the Yamabe problem; e.g., if the
trivial branch consists of homogeneous manifolds, then
every bifurcating solution is nonhomogeneous (since conformal homogeneous metrics are homothetic).
More sophisticated tools are available to detect bifurcation in equivariant problems. For instance, instead of only
looking for jumps of the (equivariant) Morse index, replicating Theorems 1 and 2, finer representation-theoretic
invariants of the negative eigenspaces of Jacobi operators
can be used. For some details on these methods, see
[SW90, BPS14].
Infinite Morse index. An essential assumption for the Bifurcation Theory discussed above is that the Morse index
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of all stationary points in the trivial branch is finite. This
is always the case if the space of configurations 𝑋 is finite
dimensional, but may fail in many interesting situations
with infinite-dimensional 𝑋. Roughly speaking, finiteness
of the Morse index is related to ellipticity of the Jacobi operator, such as in Euler’s Buckling Problem (9), Riemannian
geodesics (12), Constant Mean Curvature surfaces (16),
and the Yamabe problem (19). Ellipticity implies that
the negative part of the spectrum consists of finitely many
eigenvalues, each with finite multiplicity, hence 𝑖Morse <
+∞.
Functional analytical techniques have been recently developed to study bifurcation in cases where the Morse
index may be infinite. For instance, geodesics in manifolds endowed with a non-positive-definite (pseudoRiemannian) metric are stationary points with infinite
Morse index; see for instance [AM05, AM08]. Although
this is the case for general geodesics in spacetimes, we
remark that the above discussion of gravitational lensing avoids this by using an alternative variational principle for light rays (with the arrival time functional) that
yields stationary points of finite Morse index; see [GGP04].
More generally, infinite Morse index arises on stationary
points of action functionals associated to nonconvex Lagrangians.
Despite remaining a largely unexplored area of Mathematics, important steps have been taken towards understanding a few special cases. A key notion that can replace
the Morse index is the spectral flow, which is an integervalued invariant associated to paths of self-adjoint Fredholm operators on a Hilbert space. The spectral flow of a
path gives a sort of algebraic count of how many eigenvalues cross 0 along the path, and can be defined in several different ways with tools from Functional Analysis. In some
cases, bifurcation along a path of stationary points can be
inferred from the corresponding path of Jacobi operators
having nonzero spectral flow; see [FPR99].
To study bifurcation of pseudo-Riemannian geodesics,
another key notion is the Maslov index of a geodesic 𝛾,
which is an integer that replaces the number of conjugate points (since they can accumulate along pseudoRiemannian geodesics). It is defined using symplectic techniques, passing to the Hamiltonian formulation, and linearizing the geodesic flow along 𝛾. In this situation, jumps
of the Maslov index detect bifurcation; see [PPT04].
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for 3D Printing
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1. Motivation
As 3D printers become increasingly common in science
and engineering, they are also making their way into mathematics departments. One potential use is in visualizing
dynamical systems. These mathematical structures illustrate some of the important progress in roughly the last
sixty years regarding approaches to understanding the role
of dynamical models in scientific research. In addition
to the illustration of principles, we are in no small part
motivated by the beautiful three-dimensional structures of
strange chaotic attractors, such as can be seen in [Atm]. See
for example the Langford attractor in Figure 1. The aim of
this paper is to describe how to practically 3D print actual
physical models of such dynamical structures.
Stephen K. Lucas is a professor of mathematics at James Madison University.
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In many cases, it is possible to use a black box differential equations solver to create printable objects. However,
in some cases, a black box method is inadequate. We have
therefore developed a mixed curvature method to make
printing possible in these cases. We mostly restrict our discussion to solutions of differential equations, but we end
with a description of how 3D printing can be applied in
the context of more general dynamical structures for iterated maps and ordinary and partial differential equations.
Our paper proceeds as follows: In Section 2, we give
a straightforward method for generating 3D printable
chaotic attractors using built in commands in Mathematica. In Section 3, we describe a new method for creating more visually accurate 3D printable chaotic attractors.
This mixed curvature method uses a combination of Matlab and the cost-free software OpenSCAD [Kin], designed
specifically for 3D print design. In Section 4 we describe
our future directions in creating printable chaotic and dynamical objects. In Appendix A conditions of the objects
shown in the figures. In Appendix B, we give a brief introduction to the nuts and bolts of 3D printing so that
a reader will be able to use the methods and codes provided in this article to create their own printed attractors.

DOI: https://doi.org/10.1090/noti2187

1692

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

VOLUME 67, NUMBER 11

Figure 1. The Langford chaotic attractor in equation (8) (often
erroneously referred to as the Aizawa attractor), modeled in
Mathematica and 3D printed in FDM PLA.

Figure 2. The Rössler chaotic attractor in equation (5),
modeled in Matlab and OpenSCAD and 3D printed in SLS
nylon.

Appendix C contains a set of detailed annotated descriptions of all of the code needed to create the chaotic attractors in this article. The full version of all code is available
for download at [LST20].

2. Straightforward Approach
Strange chaotic attractors have interesting dynamical properties, such as the plethora of periodic orbits (in fact infinitely many) and sensitive dependence on initial conditions, meaning that no matter how close solutions start,
they will diverge over time [Rue06]. These properties are
not visible when looking at the printed attractor. Rather,
one sees the strangeness, or fractal, structure of the attractor. Any cross-section of the attractors shown here consists of a Cantor set: the fractal dimension of the attractors is between 1 and 2. This can be seen particularly well
in the Rössler attractor in Figure 2, the Lorenz attractor in
Figure 3, the Rucklidge attractor in Figure 4, and the Anishchenko attractor in Figure 5.
From the practical point of view of generating chaotic
attractors, the most useful properties are the existence of a
dense orbit, and the fact that the set is attracting. The first
property implies that we can create an arbitrarily good approximation of the chaotic attractor with a single solution
starting within the attractor. The second property implies
that we do not even need to start with a solution within
the attractor. In particular, as long as we start our solution
close enough to the attractor, the solution will converge to
the attractor as time increases. Based on these principles,
in this section we describe how to generate a 3D printable
DECEMBER 2020

Figure 3. The Lorenz chaotic attractor in equation (4),
modeled in Mathematica and 3D printed in FDM PLA.

solution to a given differential equation starting at a specified initial point.
Mathematical software packages such as Mathematica
and Matlab have built in routines for solving systems of
first order ordinary differential equations. They allow for
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Figure 6. The Langford chaotic attractor in equation (8),
modeled in Matlab and OpenSCAD and 3D printed in SLA
resin.
Figure 4. The Rucklidge chaotic attractor in equation (10),
modeled in Matlab and OpenSCAD and 3D printed in SLS
nylon.

is based on the fact that the package has better developed
methods for creating 3D printable objects, meaning that
it is possible to generate data for and create a printable
(STL format) file within a single software package. This has
been successfully used in a class consisting of undergraduate students who had only seen elementary differential
equations and had never seen any numerical methods for
solving differential equations. They were equipped with
the code in Appendix C.1, and were able to adapt it to generate and print many of the examples listed in Appendix A.
The Mathematica command NDSolve is proprietary
and to some extent a black box, though it is possible to
change some of the default settings. In particular, the user
inputs an equation of the form
𝐱̇ = 𝑓(𝑡, 𝐱), 𝐱(𝑡0 ) = 𝐱0 ,

Figure 5. The Anishchenko chaotic attractor in equation (11),
modeled in Matlab and OpenSCAD and 3D printed in SLS
nylon.

the creation of solutions to differential equations without prior knowledge of numerical methods, and relatively
minimal knowledge of the theory of differential equations.
Here we present a method using the NDSolve command
in Mathematica. The choice of Mathematica over Matlab
1694

where 𝐱(𝑡), 𝐱0 (𝑡) ∈ 𝑅𝑛 and 𝑓 ∶ 𝑅 × 𝑅𝑛 → 𝑅𝑛 . Here and in
all subsequent equations, we use the notation 𝐱̇ to represent the derivative of 𝐱. In most of the cases we consider,
𝑛 = 3 since that is the dimension of our printing space.
The input of the method includes the form of the equation,
the initial condition, and the minimum 𝑡0 = 0 and maximum 𝑇 time values for which a solution should be calculated. The method is an adaptive Runge-Kutta one that
makes an approximation of the error and correspondingly
adjusts the size of the time step. It outputs an interpolation
for 𝐱(𝑡) on a discrete but unevenly spaced set of 𝑡 ∈ [0, 𝑇].
The method determines the spacing of the 𝑡 values such
that the approximate solution achieves a desired accuracy.
That is, at each 𝑡 if we denote by 𝐱𝑒𝑥𝑎𝑐𝑡 (𝑡) and 𝐱𝑎𝑝𝑝𝑟𝑜𝑥 (𝑡) the
exact and approximate solutions, resp., then the method
computes approximations with prescribed small values of
the absolute error |𝐱𝑒𝑥𝑎𝑐𝑡 (𝑡) − 𝐱𝑎𝑝𝑝𝑟𝑜𝑥 (𝑡)| and relative error
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|𝐱𝑒𝑥𝑎𝑐𝑡 (𝑡) − 𝐱𝑎𝑝𝑝𝑟𝑜𝑥 (𝑡)|/|𝐱𝑒𝑥𝑎𝑐𝑡 (𝑡)|. Note that 𝐱𝑒𝑥𝑎𝑐𝑡 is unknown, but the method still is able to say with some confidence that the approximate solution is sufficiently close to
the exact one in terms of both of these measures of error.
When these desired accuracy requirements are not set by
the user, they remain at default values internal within the
software package.
After generating an approximation in the form of an
interpolation for 𝐱(𝑡) for 𝑡 ∈ [0, 𝑇], we can then use the
Mathematica command ParametricPlot3D to create a
piecewise smooth curve approximating the exact solution.
By using the PlotPoints option with a large value such
as 100, we are able to control the level of smoothness of
the curve. At this stage, the curve is not a solid printable
object since it is infinitely thin. We use the Tube graphing
option to create a tube of a specified thickness around the
curve, thereby making it into a solid and therefore printable object. This solid object can be saved in printable STL
format. See Appendix B for more information on how to
proceed from an STL file to a physical object.
While our primary goal is to create chaotic attractors for
ordinary differential equations, with minimal extra effort

Figure 8. The Mackey-Glass attractor in equation (12),
projected to three dimensions, modeled in Mathematica and
3D printed in FDM PLA.

the same commands in Mathematica can be used to generate solutions to delay differential equations. Figure 8 depicts a chaotic attractor for the Mackey-Glass delay differential equation. In a delay differential equation, the derivative 𝐱(𝑡)
̇ depends not only on 𝑡 and 𝐱(𝑡), but also on
the value of 𝐱 at a previous time 𝑡 − 𝜏 for 𝜏 > 0. In addition to chaotic attractors, the method works equally well
for generating other types of solutions to differential equations. For example, Figure 7 shows a quasiperiodic torus
solution to the Hénon-Heiles equation.
Figures 1, 3, 7, 8, and 9 were 3D printed using this
straightforward approach.

3. Mixed Curvature Method
Figure 7. The Hénon-Heiles quasiperiodic set in equation (9),
projected to three dimensions, modeled in Mathematica and
3D printed in FDM PLA.
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In this section, we present a new mixed curvature method
for preparing a 3D printable differential equation solution.
The method produces a file with a smaller number of data
points, but still with the same or in some cases greater visual accuracy. In many cases, the straightforward approach
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described in Section 2 is completely sufficient for generating a visibly excellent approximation of a chaotic attractor.
For example, Figures 9 and 10 are both equally acceptable
3D printed representations of the Arneodo attractor, where
Figure 9 was created using the straightforward method and
Figure 10 used the mixed curvature approach. The same
applies to the Langford attractor shown in Figures 1 and 6.
There are, however, cases where the straightforward approach does not lead to a visually accurate object, usually
when the curvature of the solution curve varies substantially along its length. The straightforward approach tends
to produce curves that lack the required smoothness in the
high curvature regions, since the data distribution is not
considering the shape of the object that we wish to eventually print. Attempts to fix this by increasing the requested
density of points leads to a vast data set that is difficult
for printers to work with, and contains superfluous data
in the low curvature areas of the curve. An example where
this behavior is particularly noticeable is when attempting
to visualize the solution to the autocatalytic chemical reaction system [GS90]
𝑤̇ = −0.002𝑤,
𝑥̇ = 0.002𝑤 − 0.08𝑥 − 𝑥𝑦2 ,

(1)

2

𝑦 ̇ = 0.08𝑥 + 𝑥𝑦 − 𝑦,
𝑧 ̇ = 𝑦,
with 𝑤(0) = 500, 𝑥(0) = 0, 𝑦(0) = 0, and 𝑧(0) = 0. This
system does not have an analytic solution (apart from 𝑤 =
500𝑒−0.002𝑡 ), but it can be approximated to prescribed accuracy using a standard numerical solver, such as NDSolve
in Mathematica, or ode45 in Matlab. Figure 11 shows the
solutions produced using ode45 to the autocatalytic system with the default settings on the interval 𝑡 ∈ [0, 1000].

Figure 9. The Arneodo chaotic attractor in equation (7),
modeled using the straighforward method in Mathematica
and 3D printed in FDM PLA.
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Figure 10. The Arneodo chaotic attractor in equation (7),
modeled using the mixed curvature method in Matlab and
OpenSCAD, and 3D printed in SLS nylon.

Two plots are shown due to the very different size scales
involved in the solutions, with the ode45 approximation
containing 2093 data points.
However, a more intuitive visualization is to plot a
projection in three-dimensional space of the position
(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)). Dividing 𝑧 by one hundred and making
the axes of equal length, we get the picture in Figure 14.
Note that if we didn’t scale the 𝑧 variable, then the curve
would be extremely long and thin, and inappropriate for
3D printing. While not as compact as the chaotic attractors, this is still an interesting object for 3D printing, as
shown in Figure 15. In all that follows, we scale the 𝑧 axis
for the autocatalytic system.
3.1. Default point placement. Unfortunately, the data
that produced Figures 11 and 14 is not particularly

Figure 11. Solutions to the autocatalytic system in equation (1)
using ode45 as a function of time.
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useful when developing a structure for 3D printing. If one
is not using the built-in Mathematica routines, the standard approach is to take a set of data points along the
curve, join them by straight line segments, then expand
them into tubes with some given cross-section of a pleasing radius. This step is identical to the use of the Mathematica Tube command used in the straightforward approach. Having the points placed so that the joins between
the tubes don’t form obvious corners leads to a structure
that is more pleasing to the eye. Unfortunately, the typical
data output from a numerical solver is not of this form. An
adaptive solver like ode45 will try and use the minimum
number of points in time to satisfy some requested error
bound over the interval of interest. Even though solutions
between data points can be interpolated, the velocity along
a curve will usually vary, and straight line tubes will be of
wildly varying lengths. In this particular example, the default ode45 output looks quite poor in the middle parts
of the solution (see Figure 13), where the 𝑥 and 𝑦 components are oscillating.
3.2. Equally spaced points in space. As a first attempt beyond default output data points, we require the data points
that define the tube endpoints to be equally spaced along
the curve in the three-dimensional phase space. This can
be done most efficiently by adding an additional differential equation to the original set that gives the length of the
curve so far as a function of time. Given that the arc length
of the curve defined by (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)), 0 ≤ 𝑡 ≤ 𝑇, is
𝑡

̇ + 𝑧(𝑢)
𝑠(𝑡) = ∫ √𝑥(𝑢)
̇
+ 𝑦(𝑢)
̇ 𝑑𝑢,
0

with

𝑠(0) = 0.

Formulas for 𝑥,̇ 𝑦,̇ and 𝑧 ̇ are given in the original system
of differential equations. For example, Figure 12 shows
the length of the curve for the autocatalytic system, with 𝑧
divided by 100, as a function of time. Clearly, the velocity is not constant along this curve, which has total length
163.45, and the default output produces line segments that
vary in length from 5.02 × 10−5 to 4.53.
To produce data points equally spaced in terms of distance along a curve on some time interval [0, 𝑇], since
we have the distance function 𝑠(𝑡), we want data at times
{𝑡 𝑖 }𝑚
𝑖=0 that satisfy
𝑖𝑠(𝑇)
= 0 for 𝑖 = 0, 1, … , 𝑚,
𝑚
where 𝑡0 = 0 and 𝑡𝑚 = 𝑇. An easy way to solve for the 𝑡 𝑖 ’s
assumes we know 𝑠(𝑡) for 0 ≤ 𝑡 ≤ 𝑇 and then use the secant method with the initial guesses 𝑡 𝑖 and 𝑡 𝑖 + 10−3 when
trying to find 𝑡 𝑖+1 . While Matlab’s ode45 outputs the
solutions at particular points, it allows for interpolation
𝑠(𝑡 𝑖 ) −
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taking the derivative gives us
̇ + 𝑧(𝑡)
𝑠(𝑡)
̇ = √𝑥(𝑡)
̇ + 𝑦(𝑡)
̇

Figure 12. Length of the autocatalytic curve as a function of
time (scaled in 𝑧 direction). The lower graph shows a closer
view of the boxed region outlined in the upper graph.
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Figure 13. Straight line segments for the autocatalytic system
in equation (1) scaled in the 𝑧 direction with 3000 equally
spaced (in terms of arc length) points.

between these data points, so we can find the length of the
curve at any time. Since 𝑠 is an increasing function, the secant method is a robust way of finding these data points.
For example, Figure 13 shows the three-dimensional
curve for the autocatalytic problem with 3000 equally
spaced points in terms of arc length. It is immediately
obvious that this is not a particularly good representation. Even with more data points than output from ode45,
there are places along the curve where it is clearly not
smooth, particularly in the lower section after the initial
spiral inwards.
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3.3. Bounding curvature. The problem with the equally
spaced approach is that regions of the curve with high curvature will lead to straight line segments with a noticeable
corner between them. An alternative approach, then, is
to choose data points so that the maximum distance from
the actual curve to the approximating straight line segment
has an upper bound. The radius of curvature of the curve
could be calculated along the curve with some additional
analysis, and keeping the curve close to the line segments
is equivalent to bounding the angle of the sector of the osculating circle that the curve moves through between data
points.
While it is theoretically possible to calculate the radius
of curvature along the curve and choose an interval length
associated with the smallest radius of curvature on the interval, it turns out to be a challenging numerical exercise
not worth detailing here. Even worse, we found that simply using the radius of curvature was also a poor choice.
Choosing interval lengths to place a sufficient number of
points in regions of high curvature means far too many
points were placed in regions where the curvature is small.
3.4. Mixed curvature method. Ideally we wish to have a
combination approach, with some upper bound on the
arc length between points when the curvature is low, then
placing more points where the curvature is high. While
sophisticated analysis is possible, we suggest the following simple approach that works well in every situation we
have considered. Start with the equally spaced in space
approach, giving some initial length of line segments that
initially appears reasonable when the curvature is not high.
Then, if either of the angles at the joins of the current line
segment with its neighbors is too small, less than some
angle (180 − 𝑑)∘ , bisect the line segment by adding a data
point at the middle of the arc length curve, splitting the
original line segment into two equal length pieces, thus
increasing the density of data points in regions of high curvature. If any line segment has been split, repeat a full pass
over the current set of line segments, splitting as necessary,
until eventually all of the angles between line segments are
sufficiently close to 180∘ .
For the autocatalytic example with time interval
[0, 1000], we chose to start with 1000 equally spaced points
and angle bound 𝑑 = 10. The choice of 1000 points made
the relatively straight parts of the curve look good: even
small angles are more noticeable between straight line segments when they are long. After six passes subdividing
problematic intervals, we ended up with 4012 data points
and the picture in Figure 14.
Once data points for a curve have been established by
the mixed curvature method, we need to transform from
line segments to tubes and form an STL format file for
3D printing. Our experience thus far is that this process is not particularly straightforward or successful within
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Figure 14. Straight line segments for the autocatalytic system
scaled in the 𝑧 direction with initially 1000 points and
minimum angle 170∘ .

Figure 15. Autocatalytic system in equation (1) with scaled 𝑧
variable modeled with the mixed curvature method and 3D
printed in SLS Nylon.

Matlab, and so we turned to using the application OpenSCAD [Kin] to take as input this data, produce a tubular
structure, then form an STL file. Figures 2, 4, 5, 6, 10, 15,
and 21 were 3D printed using the mixed curvature method.
It is appropriate at this time to compare the STL
files formed by the straightforward and mixed curvature
method approaches. As we have stated, for most of the
chaotic attractors we have printed and shown previously,
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Figure 16. Mesh comparison of straightforward (light model)
and mixed curvature (dark model) methods for the scaled
autocatalytic system. Note the higher accuracy and more
appropriate mesh variation in the mixed curvature model.

it is very difficult to tell which approach has been used.
Most of the time, the straightforward approach is by far the
simplest and best. But Figure 16 places the mesh formed
by the two methods in the same visualization space. It is
obvious that the mixed curvature model provides a more
pleasing object to print.

4. Future Directions
While it is not hard to find examples of 3D printed objects
related to both multivariable calculus and geometry, there
is relatively less material available on the topic of 3D printing in dynamical systems. The examples in this article are
only one step in filling such a gap, and there is plenty of
room for future work in this direction. In particular, there
are many dynamical objects beyond solutions to and attractors of differential equations that are well suited for 3D
printing. We include a few examples of possible future directions below.
The methods described in this paper can be used to consider differential equations which vary with respect to a
parameter, and used to create a series of attractors in three
dimensions as a parameter varies. This allows for the visualization of bifurcations in attracting sets. An example of
this appeared in [Gag18].
Attractors of three-dimensional iterated maps are
equally well suited to 3D printing as those of differential
equations. However, since the orbit of an iterated map
consists of a set of disconnected points which only form a
connected set when combined, it is more difficult to create
a printable mesh. The most obvious method of combining such points is to create a small sphere at each iterate,
and combine these overlapping spheres to create an object. While this is doable, it results in an object with an
extremely large file size. In addition, overlapping objects
DECEMBER 2020
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Figure 17. A delay embedded Hénon attractor in equation (2)
created using a branch of the unstable manifold.

can cause mesh errors because it is not clear what to interpret as the boundary of the objects, and this is only exacerbated by the fractal nature of a strange attractor. These
can often be fixed using a mesh repair program, but this is
an extra and not always successful step. A more in-depth
mathematical solution to the creation of an attractor of an
iterated map is to use the structure of the chaotic attractors.
An attractor of a three-dimensional iterated map almost
always falls into one of two categories, a multiply folded
one-dimensional curve or a two-dimensional surface, described in [ASY97] as the spaghetti-lasagna dichotomy. In
the spaghetti case, the attractor is typically the closure of a
branch of a one-dimensional unstable manifold of a fixed
point or periodic point of the map. The advantages of
using this characterization is that the unstable manifold
is a connected curve, and therefore there are no longer
the same meshing issues as with small spheres. Figure 17
shows (𝑥, 𝑦, ℎ2−1 (𝑥, 𝑦)) for an attractor of the Hénon
ℎ(𝑥, 𝑦) = (1.4 − 𝑥2 − 0.3𝑦, 𝑥)

(2)

created using a branch of the unstable manifold. The attractor lies in two dimensions, but we have included a
preimage for a delay embedded version, making the graph
three dimensional. The creation of attractors which arise
as the closure of a curve is rather straightforward, though
it involves more mathematical discussion than the differential equations case. However, the creation of a lasagnatype attractor surface is quite involved and better done using previously written software packages. For an idea of
the difficulties involved, the creation of a crocheted Lorenz
unstable manifold is described in [OK04].
For a two-dimensional dynamical system which varies
with respect to a parameter, each attractor or other dynamical object will be contained in a plane. Therefore we can explore variation with respect to a parameter in the scope of a
single 3D print. Namely, each dynamical object occurring
at a fixed parameter occurs at a single slice, and together
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Figure 18. For the Chirikov standard map in equation (13), the
quasiperiodic curve with golden mean rotation number
varying with respect to parameter 𝑘.

Figure 20. The logistic map in equation (3) where the height is
the probability of visiting a particular location as 𝑟 varies.

iterated logistic map
𝑥𝑛+1 = 𝑟𝑥𝑛 (1 − 𝑥𝑛 ),

(3)

where the height is a measure of how likely it is for the
map to visit a particular region as we vary 𝑟.
Finally, parabolic partial differential equations can also
be viewed as dynamical systems for solutions of the form
𝑢(𝑡, 𝑥), and at fixed 𝑡 values, the solution 𝑢 can have rich
structure. These provide a rich set of examples for creation
of 3D prints. An example of a 3D print of a spinodal decomposition in the Cahn-Hilliard equation is in [San15].

A. List of Dynamical Systems
We have tested the standard algorithm on the following examples, chosen both for beauty and for importance. Many
of these examples can be found in [ASY97] and [Mei17].
• Lorenz attractor [Lor63]:
Figure 19. 3D printed model of the curve in Figure 18, in PLA
plastic with colored stripes made possible from a Palette
ﬁlament splicer.

the slices form a 3D object. For example, the Chirikov
standard map in equation (13) in Appendix A is an areapreserving map on the unit square which varies with respect to a parameter 𝑘. At each fixed 𝑘 value between 𝑘 = 0
and 𝑘 ≈ 0.971635406, there is an invariant curve consisting of the closure of a single periodic orbit with the property that the rotation number (average of 𝑓(𝑥) − 𝑥 along
the orbit) is equal to the golden mean (√5 − 1)/2. Rather
than being chaotic, these invariant curves are quasiperiodic.
Figure 18 shows how the curves vary with respect to 𝑘 for
0 < 𝑘 < 0.9716. At each fixed 𝑘, we use a root finding
method to find the curve with the given rotation number.
Figure 19 is a photo of a 3D printed model of these curves.
We also note that iterated maps can be made higher dimensional by including point density information using a
binning approach, where we count how often a map visits
regions in some mesh. For example, Figure 20 shows the
1700

𝑥̇ = 𝜎(𝑦 − 𝑥),
𝑦 ̇ = 𝑥(𝜌 − 𝑧) − 𝑦,

(4)

𝑧 ̇ = 𝑥𝑦 − 𝛽𝑧,
with 𝜎 = 3, 𝛽 = 1, and 𝜌 = 28, and initial conditions 𝑥0 = 0, 𝑦0 = 1, 𝑧0 = 0. The Lorenz system
is the first chaotic attractor within the scientific
community. It is an atmospheric model created
to understand unpredictability of linear models in
weather prediction. See Chapter 9 of [ASY97] for
a detailed discussion of the history of the model.
• Rössler attractor [Rös76]:
𝑥̇ = −𝑦 − 𝑧,
𝑦 ̇ = 𝑥 + 𝑎𝑦,

(5)

𝑧 ̇ = 𝑏 + 𝑧(𝑥 − 𝑐),
with 𝑎 = 0.1, 𝑏 = 0.1, 𝑐 = 18, and initial conditions 𝑥0 = 0, 𝑦0 = 1, 𝑧0 = 0. This system was
created to show that chaos could occur in systems
that were even simpler than the Lorenz equations.
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• Chen double scroll attractor [CU99]:

• Rucklidge attractor [Ruc92]:
𝑥̇ = 𝜅𝑥 − 𝜆𝑦 − 𝑦𝑧,

𝑥̇ = 𝑎(𝑦 − 𝑥),
𝑦 ̇ = (𝑐 − 𝑎)𝑥 − 𝑥𝑧 + 𝑐𝑦,

𝑦 ̇ = 𝑥,

(6)

𝑧 ̇ = 𝑥𝑦 − 𝑏𝑧,

𝑧 ̇ = −𝑧 + 𝑦 ,

with 𝑎 = 40, 𝑏 = 3, 𝑐 = 28, and initial conditions
𝑥0 = −0.1, 𝑦0 = 0.5, 𝑧0 = −0.6. This system was
created to exhibit properties of both Lorenz and
Rössler attractors.
• Arneodo attractor [ACST85]:

with 𝜅 = −2, 𝜆 = −6.7, and initial conditions 𝑥0 =
1, 𝑦0 = 0, 𝑧0 = 4.5. This system came about when
modelling two-dimensional convection in a fluid
layer rotating uniformly about a vertical axis.
• Anishchenko-Ashtakhov attractor [AA83]:
𝑥̇ = 𝜇𝑥 + 𝑦 − 𝑥𝑧,

𝑥̇ = 𝑦,
𝑦 ̇ = 𝑧,

𝑦 ̇ = −𝑥,

(7)

𝑧 ̇ = −𝜂𝑧 + 𝜂𝐻(𝑥)𝑥 ,

𝑧 ̇ = −𝛼𝑥 − 𝛽𝑦 − 𝑧 + 𝛿𝑥 ,
with 𝛼 = −5.5, 𝛽 = 3.5, 𝛿 = −1, and initial conditions 𝑥0 = 0.2, 𝑦0 = 0.2, 𝑧0 = −0.75. This attractor
was developed to illustrate chaos in a physical system near a triple instability.
• Langford attractor [Lan84]:
𝑥̇ = (𝑧 − 𝑏)𝑥 − 𝑑𝑦,
𝑦 ̇ = 𝑑𝑥 + (𝑧 − 𝑏)𝑦,

(8)
2

2

3

𝑧 ̇ = 𝑐 + 𝑎𝑧 − 𝑧 /3 − (𝑥 + 𝑦 )(1 + 𝑒𝑧) + 𝑓𝑧𝑥 ,
with 𝑎 = 0.95, 𝑏 = 0.7, 𝑐 = 0.6, 𝑑 = 3.5,
𝑒 = 0.25, 𝑓 = 0.1, and initial conditions 𝑥0 = 0.1,
𝑦0 = 1, 𝑧0 = 0. Note that while this attractor is
commonly named after Yoji Aizawa, it cannot be
found within his published work, and was in fact
developed by Langford [Lan84]. He was investigating models of chaotic behavior moving upon a
torus.
• Hénon-Heiles invariant torus [HH64]:
𝑥̇ = 𝑧,
𝑦 ̇ = 𝑤,

(9)

𝑧 ̇ = −𝑥 − 2𝑥𝑦,
𝑤̇ = −𝑦 − 𝑥2 + 𝑦2 ,
with initial conditions 𝑥0 = 0, 𝑦0 = 0, 𝑧0 = 0.35,
𝑤 0 = −0.3. The total time length is 200. This
system models the motion of individual stars as
affected by the rest of a galaxy. Unlike the other
models in this paper, this is a four-dimensional
example. We project and only plot (𝑥, 𝑦, 𝑧). The
system is Hamiltonian, so the chaotic solutions
are not strange attractors and thus do not make
very pretty prints. We have chosen an initial condition corresponding to a quasiperiodic solution
(it has energy approximately 0.10625), which is a
topological torus in four dimensions.
DECEMBER 2020

(11)
2

3

3

(10)
2

with 𝜇 = 1.2, 𝜂 = 0.5, 𝐻(𝑥) is the Heaviside
function, and with initial conditions 𝑥0 = −0.1,
𝑦0 = 0.5, 𝑧0 = −0.6. This system was proposed
in the study of nonlinear oscillators. The original
paper is in Russian, but a description appears in
English in [AS98].
• Mackey-Glass attractor [MG77]:
𝑥(𝑡)
̇ = 𝛽𝑥(𝑡 − 𝜏)/(1 + 𝑥(𝑡 − 𝜏)𝑛 ) − 𝛾𝑥(𝑡),

(12)

with 𝛾 = 1, 𝛽 = 2, 𝜏 = 2, and 𝑛 = 9.65, and initial
condition 𝑥(𝑡) = 𝑡2 for −𝜏 < 𝑡 < 0. This equation models dynamical diseases including respiratory disorders such as irregular breathing apnea
and hematologic disorders such as chronic myelogenous leukemia, in which blood cell counts oscillate rather than staying constant. Unlike other
examples this produces a strange chaotic attractor for a delay differential equation. We plot
the solution in three dimensions by projecting to
(𝑥(𝑡), 𝑥(𝑡−𝜏), 𝑥(𝑡−𝜏)).
̇
Both Mathematica and Matlab have built in delay equations solvers, making
it possible to use a black box code for solving this
equation.
• Chirikov standard map [Chi79]:
𝑥𝑡+1 = 𝑥𝑡 + 𝑦𝑡+1 mod 1,
𝑦𝑡+1 = 𝑦𝑡 + −

𝑘
sin(2𝜋𝑥𝑡 ).
2𝜋

(13)

This iterated map is a well-known example in the
study of area-preserving maps and KolmogorovArnold-Moser theory. When 𝑘 = 0, all points lie
on “rotational” invariant circles, which are graphs
of 𝑥 as a function of 𝑦. For each fixed rotation
number 𝜔 ∈ (0, 1), rotational invariant circles
exist and vary smoothly for a parameter interval
(0, 𝑘𝜔 ). The largest value of 𝑘𝜔 occurs when 𝜔 is
equal to the golden mean (or its inverse).
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B. 3D Printing Notes
The physical models photographed in this paper were 3D
printed using a variety of methods, which we outline here
so that others can use these techniques to print their own
models.
The 3D models shown in Figures 1, 3, 7, 8, and 9 were
3D printed with desktop filament-deposition (FDM) machines in PLA plastic. When printing with FDM, one layer
of plastic is drawn out at a time, each supporting the next.
If your model has overhangs (as will certainly be the case
for these attractors), then you will also have to include extensive support material as part of your print. This support
material can be removed after printing, but leaves marks
and can damage or break the model during cleanup. For
this reason models printed with FDM can have a rough surface and in addition need to have thicker path diameter for
strength, so less detail is possible.
The model in Figure 6 was printed on a desktop resin
3D printer using stereolithography (SLA) technology. This
method uses a laser to harden liquid resin one thin layer
at a time, with the model developing upside-down while
attached from a build plate that dips into a pool of resin.
Models printed with SLA can in general be very delicate,
but the sweeping curves of attractors do tend to break during support removal and cleanup, so a thick path diameter
is recommended with this method as well. SLA printing
also requires washing with isopropyl alcohol and curing
with sunlight or a UV light. The final printed models have
a very high-quality finish.
The models shown in Figures 2, 4, 5, 10, 15, and 21 were
printed by the service bureau Shapeways in Nylon plastic,
using Selective Laser Sintering (SLS). With this technology,
the model is created by depositing very thin layers of powder which are solidified by a laser in the spots that intersect
the design. At the end of printing the model is completely
encased and supported by loose powder, so there are no
supports to remove. Very thin and detailed models can
be printed successfully with this method. Compare the
detail in the SLS model of the Langford attractor shown
in Figure 21 with the coarser models of about the same
overall size printed in FDM (Figure 1) and SLA (Figure 6).
SLS printing is a particularly good option for art/displayquality models and for those without their own 3D printers in house.
Finally, the model in Figure 19 was printed on an FDM
machine with an additional Palette attachment that allowed for splicing filament colors together mid-print, resulting in a striped multicolor pattern that highlights the
levels of the surface.

C. Code Resources
The authors were inspired by Segerman’s seminal article
[Seg12] that provided executable code that others could
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Figure 21. The Langford chaotic attractor (8). Modeled in
Matlab and OpenSCAD and 3D printed in SLS nylon.

use to get started on related projects, and in the same spirit
we include this Appendix. In this section we provide excerpts of fully executable, commented code for creating
3D-printable files with Mathematica, Matlab, and OpenSCAD. Full code files can be found at [LST20].
C.1. Mathematica. The following Mathematica code,
available in the Mathematica .nb form from [LST20], can
be used to create 3D-printable solutions to differential
equations using the straightforward method, and is particularly adapted for chaotic attractors. This particular code
creates the Chen double-scroll attractor [CU99], but can
be easily adapted to create all the other solutions described
here.
(* Set the parameters *)
a = 40; b = 3; c = 28;
(* Set
F1[x_,
F2[x_,
F3[x_,

the
y_,
y_,
y_,

differential equation *)
z_] := a (y - x)
z_] := (c - a) x - x z + c y
z_] := x y - b z

(* Set the initial conditions *)
x0 = -0.1; y0 = 0.5; z0 = -0.6; ta = 2;
(* Solve, keeping the final value because
we are removing transient behavior
and waiting for the solution to
converge to the attractor *)
ap = NDSolve[
{xa’[t] == F1[xa[t], ya[t], za[t]],
ya’[t] == F2[xa[t], ya[t], za[t]],
za’[t] == F3[xa[t], ya[t], za[t]],
xa[0]==x0 , ya[0]==y0, za[0]==z0},
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{xa, ya, za}, {t, 0, ta},
MaxSteps -> Infinity]
(* Start a new computation at the place
where the last solution ended. *)
x1 = xa[ta] /. ap;
y1 = ya[ta] /. ap;
z1 = za[ta] /. ap;
tb = 50;
(* Solve again, except this time
starting at the place the solution
ended the last time *)
bp = NDSolve[
{xb’[t] == F1[xb[t], yb[t], zb[t]],
yb’[t] == F2[xb[t], yb[t], zb[t]],
zb’[t] == F3[xb[t], yb[t], zb[t]],
xb[0]==x1, yb[0]==y1, zb[0]==z1},
{xb, yb, zb}, {t, 0, tb},
MaxSteps -> Infinity]
(* Plot the attractor for viewing
on screen *)
ParametricPlot3D[
{xb[t], yb[t], zb[t]} /. bp,
{t, 0, tb}, PlotRange -> All]
(* Plot again in 3D printable form *)
cp = ParametricPlot3D[
{xb[t], yb[t], zb[t]} /. bp,
{t, 0, tb}, PlotStyle -> Tube[.5],
PlotPoints -> 100, PlotRange -> All]
(* Export a 3D printable STL file *)
Export[”chenattractor.stl”, cp]

C.2. Matlab. The following Matlab code can be used to
produce data points that can be joined by tubes in OpenSCAD for 3D plots. See [LST20] for a Matlab .m format
copy. Here we are implementing the Rucklidge attractor,
but this can be easily adapted for any dynamical system.
The following function defines the Rucklidge attractor:
function ret=rucklidge(~,y)
% Function for the Rucklidge attractor
% 1: x’=-2x+6.7y-yz
% 2: y’=x
% 3: z’=-z+y^2
% 4: s’=sqrt(x’^2+y’^2+z’^2)
ret=zeros(4,1); % Column vector
ret(1)=-2*y(1)+6.7*y(2)-y(2)*y(3);
ret(2)=y(1);
ret(3)=-y(3)+y(2)^2;
ret(4)=sqrt(ret(1)^2+ret(2)^2+ret(3)^2);

The following function implements the secant method
to find a given 𝑡 such that 𝑠(𝑡) = 𝑏:
function
% Secant
% length
% Input:
%
%
%
N=500; %

newt=secant(sol,s,p0)
method to find the time when the
of a curve is a given value
sol = ode solution, values can
be found at any time
s = required curve length
p0 = initial guess
N is maximum number of steps
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tol=1.0e-11; % tol is error bound
i=2; % i is function eval count
y=deval(sol,p0); % y is sol at time p0
q0=y(4)-s; % first function value
p1=p0+1e-4; y=deval(sol,p1);
q1=y(4)-s; % second function value
while i<=N && abs(p0-p1)>tol
% secant step and update
p=p1-q1*(p1-p0)/(q1-q0);
i=i+1; p0=p1; q0=q1; p1=p;
y=deval(sol,p1); q1=y(4)-s;
end
if abs(p-p0)>tol, error(’no conv’); end
newt=p;

The following code constructs the data points using
the mixed curvature approach, called runrucklidge.m at
[LST20]:
% Matlab code for plotting chaotic
% attractors. Output is data that is
% initially equally spaced points along the
% curve, but subdivide if the angle between
% line segments is not large enough
N=500; % N is maximum number of steps
NUM=1000; % NUM is the initial number of
% pieces of equal arc length
T=200; % T is the total time
init=[1,0,4.5]; % initial conditions
% solve the system, initial length=0
sol=ode45(@rucklidge,[0,T],[init,0]);
% y is the solution at a given time
y=deval(sol,T);
len=y(4); % len is the length of the curve
% Initialize data arrays, pos is position
% data, seg is segment length data
segnum=NUM; % current number of segments
% First point
pos=zeros(segnum+1,3); pos(1,:)=init;
% Last point
pos(segnum+1,:)=[y(1),y(2),y(3)];
% Location along arc of points
segment=(0:segnum)*len/segnum;
time=zeros(segnum+1,1); time(1)=0;
time(segnum+1)=T;
% time is time at each position
for i=1:segnum-1
% Solve for the time for each new
% constant length piece using the
% secant method starting at the
% previous time, and plus a bit
time(i+1)=secant(sol,segment(i+1), ...
time(i));
y=deval(sol,time(i+1));
pos(i+1,:)=[y(1),y(2),y(3)];
end
% Plot equally-spaced-in-time data points
figure(1)
plot3(pos(:,1),pos(:,2),pos(:,3),’.-’)
axis square, axis equal
pause
done=false;
% Keep going until no segments need to be
% split
while ~done
done=true;
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% Identify line segment vectors and
% lengths
vec=zeros(segnum,3);
lenvec=zeros(segnum,1);
for i=1:segnum
vec(i,:)=pos(i+1,:)-pos(i,:);
lenvec(i)=norm(vec(i,:));
end
% Identify angles between segments and
% which ones to split
ang=zeros(segnum-1,1);
split=zeros(segnum,1);
for i=1:segnum-1
ang=acosd(sum(vec(i,:).* ...
vec(i+1,:))/(lenvec(i)* ...
lenvec(i+1)));
if ang>10, split(i)=1;
split(i+1)=1; done=false;
end
end
disp(sum(split));
% Split segments at half the distance
% between endpoints
newn=segnum+sum(split);
newpos=zeros(newn+1,3);
newpos(1,:)=init;
newseg=zeros(newn+1,1);
newseg(1)=0; newtime=zeros(newn+1,1);
newtime(1)=0; newtime(newn+1)=T;
j=1;
for i=1:segnum
if split(i) % Add a new midpoint
j=j+1;
news=(segment(i)+segment(i+1))/2;
newtime(j)=secant(sol,news, ...
time(i)); y=deval(sol,newtime(j));
newpos(j,:)=[y(1),y(2),y(3)];
newseg(j)=news;
end
% Add endpoint
j=j+1; newpos(j,:)=pos(i+1,:);
newseg(j)=segment(i+1);
newtime(j)=time(i+1);
end
% Update variable list
segment=newseg; pos=newpos;
time=newtime; segnum=newn;
figure(1)
plot3(pos(:,1),pos(:,2),pos(:,3),’.-’)
axis square, axis equal
pause
end
% output data to file
f=fopen(’rucklidge.txt’,’w’);
for i=1:segnum+1
fprintf(f,’[%f, %f, %f],\n’,pos(i,:));
end
% Final plot of data
figure(1)
plot3(pos(:,1),pos(:,2),pos(:,3),’.’)
axis square, axis equal
figure(2)
plot3(pos(:,1),pos(:,2),pos(:,3))
axis square, axis equal
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C.3. OpenSCAD. The following OpenSCAD code takes
lists of data points as inputs and constructs a 3D-printable
tubular polyhedron following those data points. A selfcontained version of the code is provided at [LST20].
// input files
use <list-comprehension/sweep.scad>
use <scad-utils/shapes.scad>
// choose start and end datapoints
step = 1;
start = 32;
end = 2740;
// style and size parameters
radius = 1;
sides = 8;
function shape() =
circle(radius, $fn=sides);
// overall scale applied before the
tubular polyhedron is constructed
scale = 12;
// large list of datapoints
obtained from Matlab solver
points = [
[2.000000, 3.000000, 1.000000],
[2.147146, 2.904262, 1.173744],
[2.268546, 2.805048, 1.364594],
[2.362653, 2.702993, 1.568898],
...
(thousands of data points omitted)
...
[0.864680, 1.798989, 3.940367],
[0.792858, 1.667819, 3.743417],
[0.747632, 1.539176, 3.538058],
[0.700565, 1.276545, 3.119037]
];
// construct tubular polyhedron
following curve of datapoints
path =
[ for (i=[start:step:end])
scale * points[i] ];
path_transforms =
construct_transform_path(path,true);
sweep(shape(), path_transforms,false);
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The aim of this note is to give a glimpse of how methods
and concepts from algebraic geometry (in particular, from
computational and real algebraic geometry) can be used
to analyze standard models in molecular biology. These
models occur in systems and synthetic biology, which focus on understanding the design principles of living systems. The past ten years have experienced an intense activity in the field and a rapidly growing literature. In turn,
this application has challenged the current theory, mainly
in the realm of real algebraic geometry.

Some Background on Chemical
Reaction Networks
In chemical reaction network theory, and in particular
in the study of (bio)chemical reaction networks in biochemistry, the input consists of a finite number of chemical species together with binding and unbinding reactions among them. The goal is to understand the evolution of the concentrations of these chemical species over
time. This evolution is usually modeled by means of
an autonomous system of ordinary differential equations
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depending on kinetic parameters. In particular, a standard
modelization is by means of what is called mass-action kinetics, that we briefly recall below. We refer the readers to
the surveys [6, 7] and Chapter 5 in the book [5], as well as
the book [9], for the history, basic definitions, examples,
and important results, with an extensive bibliography. Together with Elisenda Feliu, we expect to complete an introductory book for students by 2021.
Before giving the general definitions, we introduce an
important biological mechanism. It is a small network,
but we will see that even in this basic case the number of
variables and parameters involved makes it difficult to deal
with.
The phosphorylation cycle. Below is the directed graph
(or digraph) associated with the phosphorylation of a protein (considered the substrate and denoted by 𝑆 0 ) by
means of a kinase enzyme (another protein denoted by 𝐸),
which “helps” the substrate to acquire a phosphate group
(not modeled) in a binding site and get transformed into a
phosphorylated substrate (denoted by 𝑆 1 ) via an intermediate species (denoted by 𝐸𝑆 0 ):
𝑘on
⟶

𝑘cat

𝐒0 + 𝐄 ⟵ 𝐄𝐒0 → 𝐒1 + 𝐄,
𝑘off
ℓon
⟶

𝑑𝑥1
𝑑𝑡
𝑑𝑥2
𝑑𝑡
𝑑𝑥3
𝑑𝑡
𝑑𝑥4
𝑑𝑡
𝑑𝑥5
𝑑𝑡
𝑑𝑥6
𝑑𝑡

=

−𝑘on 𝑥1 𝑥3 + 𝑘off 𝑥5 + 𝑙cat 𝑥6 ,

=

−ℓon 𝑥2 𝑥4 + 𝑘cat 𝑥5 + ℓcat 𝑥6 ,

=

−𝑘on 𝑥1 𝑥3 + (𝑘off + 𝑘cat ) 𝑥5 ,

=

−ℓon 𝑥2 𝑥4 + (ℓoff + ℓcat ) 𝑥6 ,

=

𝑘on 𝑥1 𝑥3 − (𝑘off + 𝑘cat ) 𝑥5 ,

=

ℓon 𝑥2 𝑥4 − (ℓoff + ℓcat ) 𝑥6 .

(2)

𝑑𝑥

(1)

ℓcat

This is a system of the form
= 𝑓(𝑥), with 𝑓 = (𝑓1 , … , 𝑓6 )
𝑑𝑡
and any 𝑓𝑖 ∈ ℝ[𝑥1 , … , 𝑥6 ] is a polynomial with real coefficients. It is straighforward to check that
𝑓1 + 𝑓2 + 𝑓5 + 𝑓6 = 0,

𝐒1 + 𝐅 ⟵ 𝐅𝐒1 → 𝐒0 + 𝐅.
ℓoff
The second connected component of this digraph represents the emission of the phosphate group from 𝑆 1 , which
is then transformed back to 𝑆 0 by means of a phosphatase
enzyme (another protein denoted by 𝐹), via another intermediate species (denoted by 𝐹𝑆 1 ).
In this scheme we have represented six chemical species
(𝑆 0 , 𝑆 1 , 𝐸, 𝐹, 𝐸𝑆 0 , 𝐹𝑆 1 ) and six so-called complexes formed
with these species. Complexes are at the nodes of the digraph (1) corresponding to the interactions among species
(𝑆 0 + 𝐸, 𝐸𝑆 0 , 𝑆 1 + 𝐸, 𝑆 1 + 𝐹, 𝐹𝑆 1 , 𝑆 0 + 𝐹). The six directed edges represent the chemical reactions and are labeled with positive constants termed reaction rate constants.
Once we give an order to the species (for instance, as we
enumerated them above), we can identify the complexes
with nonnegative integer vectors in ℤ6 (that is, 𝑒 1 + 𝑒 3 =
(1, 0, 1, 0, 0, 0), 𝑒 5 , 𝑒 2 + 𝑒 3 , 𝑒 2 + 𝑒 4 , 𝑒 6 , 𝑒 1 + 𝑒 4 , respectively).
There are two monomolecular complexes consisting of
each of the intermediate species 𝐸𝑆 0 , 𝐹𝑆 1 and four bimolecular complexes. Enzymes 𝐸, 𝐹 speed up the transformation of the other proteins without being incorporated
in the final products of the process. This is crucial in the
transport of energy and the regulation of metabolism in
the body.
As we mentioned, we are interested in understanding the evolution of the concentrations of the chemical
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species. These concentrations are usually denoted with
lowercase letters (𝑠0 , 𝑠1 , 𝑒, 𝑓, 𝑒𝑠0 , 𝑓𝑠1 , respectively) or just
with 𝑥1 , … , 𝑥6 . However, it is good to keep the original
notation when studying (bio)chemical reaction networks,
so as to have quick visual information of the role played
by each of the (bio)chemical species. Mass-action kinetics associated to this network with positive rate constants
𝑘on , … , ℓcat yields the following polynomial autonomous
system of ordinary differential equations:

𝑓3 + 𝑓5 = 0,

𝑓4 + 𝑓6 = 0.

As we will argue later, for any initial value 𝑥(0) there is a
solution curve 𝑥 = (𝑥1 , … , 𝑥6 ) defined for all 𝑡 ≥ 0. This implies that there exist constants 𝑇 = (𝑇1 , 𝑇2 , 𝑇3 ) such that the
following linear conservation laws are valid for any nonnegative 𝑡:
𝑥1 + 𝑥2 + 𝑥5 + 𝑥6 = 𝑇1 , 𝑥3 + 𝑥5 = 𝑇2 , 𝑥4 + 𝑥6 = 𝑇3 .
These three linear conservation constants (or total amounts)
are usually denoted by 𝑆 tot , 𝐸tot , 𝐹tot , respectively, because
they represent the total amounts of substrate, kinase, and
phosphatase. Moreover, if 𝑥(0) ∈ ℝ>0 , we have that 𝑇 ∈
ℝ3>0 . Thus, ℝ6 is foliated by the parallel translates of the
3-dimensional linear subspace
𝑆 = {𝑥 ∈ ℝ6 ∶ 𝑥1 + 𝑥2 + 𝑥5 + 𝑥6 = 𝑥3 + 𝑥5 = 𝑥4 + 𝑥6 = 0},
which contain the trajectories.
We can easily describe in this case the (algebraic variety
of) constant solutions 𝑉(𝑓) = {𝑓1 (𝑥) = ⋯ = 𝑓6 (𝑥) = 0}.
The points of 𝑉(𝑓) are known as the steady states of the
system and can be described by the vanishing of the three
following binomials:
{𝑥6 − 𝐾2 𝑥1 𝑥3 , 𝑥5 − 𝐾1 𝑥1 𝑥3 , 𝑥2 𝑥4 − 𝐾0 𝑥1 𝑥3 },

(3)

where 𝐾0 , 𝐾1 , 𝐾2 are rational functions of the given six reaction rate constants 𝜅 = (𝑘on , 𝑘off , … , ℓcat ) which are defined over the whole positive orthant, i.e., for all 𝜅 ∈ ℝ6>0 .
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For instance,
𝑘on
𝐾1 =
(𝑘off + 𝑘cat )
is the inverse of the so-called Michaelis–Menten constant.
Mass-action kinetics systems enjoy the following important property: both the positive orthant and the nonnegative orthant (ℝ6>0 and ℝ6≥0 in this case) are forward invariant for the dynamics. This means that if at time 0 all
the concentrations are positive (resp., nonnegative), they
will remain positive (resp., nonnegative) for any positive
time. This is something desirable if we are to model the
evolution of the concentrations of chemical species. The
trajectory 𝑥 = (𝑥1 , … , 𝑥6 ) starting at a point 𝑥(0) ∈ ℝ6≥0 will
thus be confined to the so-called stoichiometric compatibility
class, or 𝑆-class for short:
𝑃𝑥(0) = (𝑆 + 𝑥(0)) ∩ ℝ6≥0 .
A major object of study, as we will explain later, is the intersection 𝑉(𝑓) ∩ 𝑃𝑥(0) for a positive initial value, that is,
the steady states in each 𝑆-class containing a positive point.
To understand this intersection, one could parametrize the
linear variety 𝑆+𝑥(0) and replace this parametrization into
the equations defining 𝑉(𝑓), but this will produce a loss in
sparsity. Instead, in this case we can easily find a rational
parametrization of 𝑉(𝑓) ∩ ℝ6>0 from the binomial description (3):
ℝ3>0
(𝑥1 , 𝑥3 , 𝑥4 )

⟶ 𝑉(𝑓) ∩ ℝ6>0 𝑥4
(4)
𝑥1 𝑥3
, 𝑥3 , 𝑥4 , 𝐾1 𝑥1 𝑥3 , 𝐾2 𝑥1 𝑥3 ).
⟼ (𝑥1 , 𝐾0
𝑥4

So, any concentration vector at steady state can be rationally described in terms of the concentrations of the substrate 𝑆 0 and the concentrations of the enzymes 𝐸 and 𝐹
at steady state. In this case, there is a single positive steady
state in any 𝑆-class which intersects the positive orthant,
for any choice of the nine positive parameters (𝜅, 𝑇), but
even in this simple case, this is not an easy computation to
do without further tools. The intersection 𝑉(𝑓)∩ℝ6>0 ∩𝑃𝑥(0)
can then be described as follows:
{𝑥 ∈ ℝ6>0 ∶ 𝑥1 𝑥4 + 𝐾0 𝑥1 𝑥3 + (𝐾1 + 𝐾2 ) 𝑥1 𝑥3 𝑥4 − 𝑇1 𝑥4 =
𝑥3 + 𝐾1 𝑥1 𝑥3 − 𝑇2 = 𝑥4 + 𝐾2 𝑥1 𝑥3 − 𝑇3 = 0}.
Our point of view is that we have a 9-dimensional family
of ODE systems (composed of a 6-dimensional family of
steady state varieties and a 3-dimensional family of translates of 𝑆) and we aim at developing tools to understand
the different qualitative behaviors as we move the parameters, based on the structure of the reaction network. Of course,
this study is also useful to understand quantitatively each
particular system.
We will use the following usual representation of the
phosphorylation cycle (1). It will be depicted as in Figure 1.
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𝐄
𝐒0

𝐒1
𝐅

Figure 1. One-site phosphorylation cycle.

Note that the intermediate species and the reactions involving them as well as the six reaction rate constants are
omitted.
General definitions. The input data of a chemical reaction
network is a finite labeled digraph 𝐺 = 𝐺(𝑋, 𝑌 , 𝑅, 𝜅) with
𝑚 nodes and 𝑟 directed edges, where 𝑋 = {𝑋1 , … , 𝑋𝑛 } is a
finite (numbered) set of species, 𝑌 = {𝑦1 , … , 𝑦𝑚 } ⊂ ℤ𝑛≥0 is
a finite (numbered) set of complexes on these species that
label the vertices of 𝐺, and 𝑅 is the set of edges (𝑦 𝑖 , 𝑦𝑗 ) of 𝐺
(also denoted by 𝑦 𝑖 → 𝑦𝑗 ), which represent the reactions
between pairs of complexes. The entries of the positive
vector 𝜅 = (𝜅𝑖𝑗 ∶ 𝑦 𝑖 → 𝑦𝑗 ∈ 𝑅) ∈ ℝ𝑟>0 label the edges
and are called reaction rate constants. Complexes are classically represented as nonnegative integer combinations of
the species, as we had in (1), and we also will think of them
as vectors in ℤ𝑛≥0 .
Our variables 𝑥 = (𝑥1 , … , 𝑥𝑛 ) will be the (respective)
concentrations of the species, a continuous approximation
that makes sense, for example in the phosphorylation cycle where chemical species represent different molecules,
when the number of molecules per unit volume is high.
When this number is small, stochastic modeling is used
instead of the deterministic mass-action ordinary differential equation modeling that we now define. Note that a
complex 𝑦 𝑖 gives rise to a monomial in the concentrations
𝑦
𝑦
𝑦
of the chemical species 𝑥𝑦𝑖 = 𝑥1 𝑖1 𝑥2 𝑖2 ⋯ 𝑥𝑛𝑖𝑛 .
Definition 0.1. Mass-action kinetics specified by a chemical
network 𝐺 = 𝐺(𝑋, 𝑌 , 𝑅, 𝜅) gives the following autonomous
system of ordinary differential equations in the concentrations (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) of the species, as functions of time 𝑡:
𝑑𝑥
𝑑𝑡

∑

=

𝜅𝑖𝑗 𝑥𝑦𝑖 (𝑦𝑗 − 𝑦 𝑖 ).

(5)

𝑦𝑖 →𝑦𝑗 ∈𝑅

Then, for each coordinate 𝑖 ∈ {1, … , 𝑛},
𝑑𝑥𝑖
𝑑𝑡

=

𝑓𝑖 (𝑥),

where 𝑓1 , … , 𝑓𝑛 are polynomials in ℝ[𝑥1 , … , 𝑥𝑛 ] which carry
combinatorial information from 𝐺.
A direct consequence of the form of the differential
equations in (5) is what we observed in the case of the
phosphorylation cycle. For any trajectory 𝑥 ∶ 𝐼 → ℝ𝑛 de𝑑𝑥
fined in an interval 𝐼, the vector
lies for all 𝑡 ∈ 𝐼 in the
𝑑𝑡
stoichiometric subspace 𝑆. This is the linear subspace of ℝ𝑛
generated by the differences 𝑦𝑗 − 𝑦 𝑖 , which record the net
production of each species in the corresponding reaction
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𝑦 𝑖 → 𝑦𝑗 :
𝑆 = ⟨ 𝑦𝑗 − 𝑦 𝑖 | 𝑦 𝑖 → 𝑦𝑗 ∈ 𝑅 ⟩.
(6)
Assume 𝑆 has dimension 𝑛−𝑠 and is defined by the vanishing of the linear forms ℓ1 , … , ℓ𝑠 ∈ 𝑆 ⟂ . Thus, any trajectory
𝑥 defined in 𝐼 is contained in a parallel translate
𝑆 𝑇 = {𝑥 ∈ ℝ𝑛 ∶ ℓ1 (𝑥) = 𝑇1 , … , ℓ𝑠 (𝑥) = 𝑇𝑠 },

(7)

where 𝑇 = (𝑇1 , … , 𝑇𝑠 ) is a vector of total amounts. We have
that ℓ𝑖 (𝑓1 , … , 𝑓𝑛 ) = 0 for any 𝑖 = 1, … , 𝑠. In general, any linear dependency among 𝑓1 , … , 𝑓𝑛 gives rise to a linear first
integral, which restricts the dynamics of the system to linear varieties and reflects the biochemistry of the network.
Another consequence of the form of the differential
equations in (5) is that both the positive orthant ℝ𝑛>0 as
well as its closure ℝ𝑛≥0 are forward invariant for the dynamics, for any mass-action system. Thus, any trajectory
𝑥 ∶ 𝐼 → ℝ𝑛 starting at a nonnegative point is contained in
an S-class, which is the intersection of a linear variety 𝑆 𝑇
with ℝ𝑛≥0 . When there exists a linear form ℓ ∈ 𝑆 ⟂ with all 𝑛
coefficients positive, 𝑆-classes are compact and the system
is called conservative. Like in the case of the phosphorylation cycle, trajectories are defined for any positive time (in
this case, ℓ = (𝑥1 + 𝑥2 + 𝑥5 + 𝑥6 ) + (𝑥3 + 𝑥5 ) + (𝑥4 + 𝑥6 )
is such a linear form). All the networks we will consider
in this note are conservative, so to ease the notation, we
will assume from now on that trajectories are defined for
any 𝑡 ≥ 0. In this case, trajectories starting in the nonnegative orthant are confined to polyhedra, which are compact
manifolds with boundary, contained in the boundary of
the orthant and carrying combinatorial information from
the network 𝐺.
Definition 0.2. The steady state variety 𝑉(𝑓) of the kinetic
system (5) equals the zero set of 𝑓1 , … , 𝑓𝑛 . Any element of
𝑉(𝑓) is called a steady state of the system. We denote by
𝑉(𝑓)>0 (resp., 𝑉(𝑓)≥0 ) the positive (resp., the nonnegative)
steady states.
Steady states are essential ingredients in the study of
the dynamics of (5). Trajectories do not need to converge
when 𝑡 → ∞, but if they do, the limit point is a steady
state. It is well known that as polynomials are continuously differentiable functions, if all eigenvalues of the Jacobian 𝐽(𝑓1 , … , 𝑓𝑛 ) of the system at a steady state 𝑥∗ ∈ 𝑉(𝑓)
have negative real part, then 𝑥∗ is locally asymptotically
stable, that is, nearby trajectories converge to it. When
𝑆 ≠ ℝ𝑛 , there are linear dependencies among the polynomials 𝑓1 , … , 𝑓𝑛 and so at least 𝑠 eigenvalues are equal to
0 (and there might be others). Therefore, we say that 𝑥∗ is
a stable steady state if the remaining 𝑛 − 𝑠 eigenvalues have
negative real part. Hopf bifurcations are defined similarly,
from the standard definition. Also, a steady state is said to
be nondegenerate when the rank of 𝐽(𝑓1 , … , 𝑓𝑛 ) equals 𝑠.
Another important dynamical property is the existence
of at least two stable positive steady states in the same
DECEMBER 2020

𝑆-class, that is, with the same total amounts 𝑇 for some 𝑇.
In this case, the system is said to be bistable. Bistability is
interpreted as the mathematical counterpart of biological
decision making, even if the dynamical systems are deterministic. A necessary property for the existence of bistability is the occurrence of more than one positive steady state
in the same 𝑆-class. When this is the case, the system is
called multistationary.
Note that this is not reflected in the notation, but the
polynomials 𝑓1 , … , 𝑓𝑛 depend on the parameters 𝜅. We can
look at (5) as a family of polynomial autonomous ODE’s.
In fact, we will view the total amounts 𝑇 in (7) also as
parameters.
Definition 0.3. A reaction network 𝐺 is said to have the capacity for multistationarity if there exists a choice of the 𝑟 + 𝑠
parameters (𝜅, 𝑇) for which the cardinality of the intersection of 𝑉(𝑓) with the positive points in 𝑆 𝑇 (or with the positive points in the corresponding 𝑆-class 𝑆 𝑇 ∩ℝ𝑛≥0 ) is at least
two. If 𝑥∗ , 𝑥∗∗ are distinct positive points in 𝑉(𝑓) ∩ 𝑆 𝑇 for
some value of (𝜅, 𝑇), we say that they are two stoichiometrically compatible positive steady states (denoted by scpss)
and that (𝜅, 𝑇) are multistationarity parameters.

Some Important Biochemical
Reaction Networks
We quickly summarize some important signaling pathways that model reactions inside the cell.
0.1. 𝑛-site phosphorylation cycle. Phosphorylation of a
substrate can occur in many binding sites and there are
many mechanisms modeling a multiple phosphorylation–
dephosphorylation cycle. Multisite phosphorylation plays
important regulatory roles in the cell and it is related
to multiple disorders. There is an important body of
work on the mathematics of phosphorylation systems,
which belong to the so-called post-translational modification systems, consisting of diverse configurational transformations of the proteins after they have been produced.
Phosphorylation of a substrate typically activates it, which
means that it can “transmit information” by participating
in other reactions.
Similar to the case of a single phosphorylation site we
considered before for 𝑛 = 1, the sequential distributive 𝑛-site
cycle is represented in Figure 2.
𝐄
𝐒0

𝐄

𝐄
𝐒1

𝐅

𝐒2

⋯ 𝐒𝑛−1

𝐅

𝐒𝑛
𝐅

Figure 2. 𝑛-site phosphorylation cycle.

This reaction network consists of 3𝑛 + 3 variables, 4𝑛 + 2
nodes, and 6𝑛 reactions (and so 6𝑛 reaction rate constants).
For any 𝑛, dim 𝑆 ⟂ = 3, so there are always three total
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conservation constants Stot , E tot , Ftot . Thus, the total number of parameters is 6𝑛 + 3. We will explain below why
we can prove general results for these networks even as the
number of variables and the number of parameters grow
linearly with 𝑛.
The nice mathematical paper [20] initiated a series of
further developments, with clever ad-hoc computations
that involve an algebraic perspective. Many results are
known on multisite sequential distributive phosphorylations, collecting work developed through several articles in
our references and the references therein, as well as other
very recent work that we could not include in the bibliography due to a limitation on the number of items. However, many questions are still open for the sequential distributive 𝑛-site cycle, even for 𝑛 = 2. We detail some of
these questions together with some known results (unluckily, without precise references due to size limitation in the
bibliography):
1.
2.

3.

When 𝑛 ≥ 2, the 𝑛-site system has the capacity for
multistationarity.
When 𝑛 = 2, the multistationarity region is described
by means of a suite of recent techniques from real algebraic geometry to determine the signs of a multivariate
polynomial over the positive orthant.
It is not known, even for 𝑛 = 2, if the system can have
oscillatory solutions (but this is not possible for many
simplified models). Oscillations do exist in mixed
mechanisms, where for instance the dephosphorylation is processive instead of distributive, which means
that the first (or the second) component of the digraph is instead assumed to be of the form:
𝑘on
⟶

𝑘cat

𝑘∗cat

𝐒0 + 𝐄 ⟵ 𝐄𝐒0 → 𝐄𝐒1 → 𝐒2 + 𝐄,
𝑘off

4.

5.
6.

where 𝐸𝑆 0 , 𝐸𝑆 1 are intermediate species. Note that the
species 𝑆 1 of the singly phosphorylated phosphate do
not occur in this component.
There are quite explicit open sets in parameter space
where the number of scpss is 𝑛 for 𝑛 odd and 𝑛 + 1 for
𝑛 even.
Roughly “half” of these 𝑛 or 𝑛 + 1 scpss can be stable
(and the other “half” unstable).
An upper bound for the number of scpss is 2𝑛 − 1, and
it is conjectured that indeed this bound is attained,
but this has only been demonstrated for 𝑛 ≤ 4.

0.2. ERK pathways. The Ras-Raf-MEK-ERK pathway is a
cascade of phosphorylation of proteins in the cell that
communicates a signal from a receptor on the surface of
the cell to the DNA in the nucleus. In a cascade, the phosphorylated substrate in one layer acts as an enzyme in the
next layer. ERK stands for extracellular signal-regulated
kinase, which is activated and then controls downstream
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responses, such as cell division. Figure 3 shows a partial
reaction network of this pathway, where 𝐸 = Ras, and 𝑆 0 =
Raf, 𝑃0 =MEK, 𝑅0 =ERK are the unphosphorylated forms of
the proteins, which can be phosphorylated in two sites
each. Mutations in these proteins were studied in relation
to the occurrence of cancer. The number of variables of
𝐄
𝐒0

𝐒1
𝐅1
𝐒1
𝐏0

𝐒1
𝐏1

𝐏2
𝐅2

𝐅2
𝐏2
𝐑0

𝐏2
𝐑1

𝐅3

𝐑2
𝐅3

Figure 3. Three-layer cascade.

this network (including the concentrations of the 10 intermediate species not depicted) is equal to 20, 21, or 22, depending on how many of the phosphatases 𝐹1 , 𝐹2 , 𝐹3 are
equal, and there are accordingly five, six, or seven total
amounts. Moreover, the number of reaction rate constants
is 30. These are really big numbers to deal with in a nonlinear system. It is known that the associated system has the
capacity for multistationarity and there are oscillatory solutions. Algebro-geometric methods can give further insight
on this important signaling cascade. We refer the reader
to the article [16] for a review of key biological questions.
The emergence of multistationarity and oscillations in subnetworks of a different model of ERK regulation where
only one layer of the cascade is considered but the two
phosphorylation sites are distinguished has been studied
in [15].
Cellular compartments. Figure 4 features a simplified network which is composed of two modules which are monostationary acting on different cellular compartments. Both
modules in the nucleus and the cytoplasm of the cell are
the phosphorylation cycles with one binding site that we
discussed before. Moreover, it is assumed that there could
be linear reactions between similar species, like 𝑆 𝑐 ↔ 𝑆
(or 𝑆 𝑐 → 𝑆), but also between corresponding intermediate species (which are not depicted) through linear shuttling reactions. This “coupling” of biological systems, spatially organized, can produce emergent complex behavior, in particular, multistationarity. Several mathematical
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resulting mass-action dynamics system (5) associated to
the corresponding digraph 𝐺 = (𝑋, 𝑋, 𝑅, 𝜅) is a linear system:
𝑑𝑥
= −ℒ(𝐺) ⋅ 𝑥,
(8)
𝑑𝑡
where ℒ(𝐺) ∈ ℝ𝑛×𝑛 is the Laplacian matrix of 𝐺:

𝐄𝑐
𝐒𝑐0

𝐒𝑐1
𝐅𝑐

𝑋𝑖 → 𝑋𝑗 ∈ 𝑅,
⎧ 𝑘𝑖𝑗 ,
⎪ 0,
𝑋𝑖 → 𝑋𝑗 ∉ 𝑅, 𝑖 ≠ 𝑗,
(−ℒ(𝐺))𝑗𝑖 =
⎨− ∑ 𝑘 , 𝑖 = 𝑗 .
𝑖ℓ
⎪
⎩ 𝑋𝑖 →𝑋ℓ ∈𝑅

𝐄
𝐒0

𝐒1
𝐅

Figure 4. A compartment model.

tools are used in [18] to analyze these models and identify
minimal subnetworks which are bistable, but these tools
also require an intensive parameter sampling and simulation.
There are many other important mechanisms in biochemistry usually modeled with mass-action kinetics, including other compartmental models, different types of
cascades, models used in immunology introduced by
McKeithan in a 1995 PNAS article and mathematically
studied later by Sontag, or bifunctional enzyme models
in bacteria introduced by Shinar and Feinberg in a 2010
Science paper. These last models show an interesting property called Absolute Concentration Robustness because the
concentration of one of the regulatory proteins has a constant value at any positive steady state, independently of
the 𝑆-class.
Mass-action kinetics modeling in other frameworks.
The basic question of which autonomous polynomial dynamical systems 𝑑𝑥/𝑑𝑡 = 𝑓(𝑥) in 𝑛 variables (𝑥1 , … , 𝑥𝑛 )
come from a chemical reaction network under mass-action
kinetics has been answered by Hárs and Tóth in 1979.
The necessary and sufficient condition is that each monomial with negative coefficient in each 𝑓𝑖 is divisible by
𝑥𝑖 . This restriction is satisfied by the the oscillatory LotkaVolterra equations and other standard models in ecology,
𝑑𝑥
but not by the “chaotic” Lorenz equations 1 = 𝛼𝑥2 −𝛼𝑥1 ,
𝑑𝑥2

𝑑𝑧

𝑑𝑡

= 𝛾𝑥1 − 𝑥2 − 𝑥1 𝑥3 ,
= 𝑥1 𝑥2 − 𝛽𝑥3 , where 𝛼, 𝛽, 𝛾 are
𝑑𝑡
𝑑𝑡
positive, due to the existence of the negative term −𝑥1 𝑥3
in 𝑓2 .
Many models of population dynamics in epidemiology,
like the basic SIR model, can also be realized as arising
from a reaction network with mass-action kinetics, as well
as models for gene regulation.
When all the complexes are monomolecular, that is,
consists of a single species, we have that 𝑚 = 𝑛 and the
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The description of the kernel of this matrix is a beautiful
match of linear algebra with combinatorics, which goes
back to Tutte, known as the Matrix-Tree Theorem [19].
When 𝐺 is strongly connected, that is, when for each pair
of nodes in 𝐺 there exists a directed path joining them, the
Laplacian matrix has rank 𝑛−1 and there is a positive vector
generating its kernel, where each entry is combinatorially
expressed as a sum of certain monomials in the reaction
rate constants 𝜅 with coefficient 1. For many nonlinear
mass-action kinetics systems, taking advantage of this positivity with respect to certain embedded linear networks
yields interesting explicit results. However, the global dynamic behavior of nonlinear mass-action kinetic systems
is far from the linear case and mostly an open question.

Some Results
Some recent work on biochemical reaction networks.
We summarize now some recent results obtained using
algebro-geometric techniques about special families of systems usual in biochemistry.
Together with Mercedes Pérez Millán, we recognized in
many relevant biochemical networks, including all those
we briefly presented in this note, what we called a MESSI
structure. The main ingredient is the existence of a partition
of the sets of species into a subset of intermediate species
(which could be empty) and several nonempty subsets of
core species, together with axioms that restrict the conformation of the complexes (which are at most bimolecular)
and the kind of reactions that are allowed. This partition is
in general natural, according to the function of the different species in the network, and features several underlying
linearities (which are not independent, due to the interaction of the intermediate species).
Recognizing this structure allowed us to prove general
results based on the combinatorics of digraphs associated
to the original digraph. For instance, we give sufficient conditions to ensure the existence of a rational parametrization
of the steady state varieties like the one in (4), that can be
obtained algorithmically. As we mentioned, the fact that
the coordinates of this rational function are well defined
over the positive orthant ultimately relies on the MatrixTree Theorem. It is important to note that a “generic” algebraic variety does not admit a rational parametrization,
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so this is a very special property that allows us to reduce
the number of variables. For instance, in the case of the
phosphorylation cycle we are led to study polynomials in
three variables for any value of 𝑛. In the case of cascades,
however, the dimension of the steady state variety 𝑉(𝑓) increases with each layer. We can also give easily checkable
combinatorial conditions on 𝐺 and its associated digraphs
that ensure persistence of the system, which means that any
trajectory starting in the positive orthant must remain at a
fixed positive distance (depending on the trajectory) from
the coordinate hyperplanes in ℝ𝑛 . All MESSI sytems are
conservative and it is possible to find linear forms in 𝑆 ⟂
with coefficients 0, 1 like those in (6), and give sufficient
conditions for these forms to be a basis of linear relations
among the polynomials 𝑓1 , … , 𝑓𝑛 . Our work was built on
several previous articles, in particular, the pioneering article [19] by Thomson and Gunawardena and the interesting article [10] by Feliu and Wiuf on the elimination
of intermediate species, plus previous axiomatizations by
Gnacadja.
We can also give sufficient conditions to ensure the existence of an explicit monomial parametrization, like in the
case of the phosphorylation cycle. Thus, 𝑉(𝑓)>0 is a translate of a toric variety for any value of 𝜅, and we can algorithmically decide the capacity for multistationarity. This
is based on results in [13] that take into account the relation of the oriented matroid associated with the exponents of the monomials in the parametrization and the
oriented matroid associated with a basis of linear forms
of 𝑆 ⟂ . Moreover, it is possible to construct (some) multistationarity parameters and exhibit pairs of stoichiometrically compatible positive steady states.
A different approach to identifying multistationarity parameters is presented in [4], based on Brouwer degree theory combined with the existence of parametrizations. It
is possible to quite explicitly describe open regions in the
space of parameters 𝜅 for which either (𝜅, 𝑇) is monostationary for any 𝑇, or there exist some (a priori undetermined) parameters 𝑇 for which (𝜅, 𝑇) is multistationary.
This is based on the sign of a critical function. The use of
parametrizations to reduce the number of variables and
structural reductions of the reaction network is also applied to determine the stability and the existence of Hopf
bifurcations, like for instance in [15]. The beautiful RouthHurwitz theorem gives conditions on the signs of particular determinants built with the coefficients of a univariate
polynomial, to deduce the fact that all its roots have negative real part, without computing (which is in general not
possible) or approximating the roots. This is particularly
useful for studying the characteristic polynomials of the Jacobians of the polynomials 𝑓1 , … , 𝑓𝑘 in (5) depending on
𝜅 at a steady state (which is in general implicitly defined)
and also to ensure the existence of Hopf bifurcations via
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a similar implicit criterion due to Yang, which again does
not need the computation of the roots. The question of
inheritance of oscillation in chemical reaction networks
with inflow and outflow reactions (0 → 𝑋𝑖 → 0 for any
𝑖 = 1, … , 𝑛) is studied in the nice paper [1].
To give a general framework to find open regions of multistationarity jointly in the space of all parameters (𝜅, 𝑇)
polyhedral methods have been introduced in [3]. These
are based on degeneration methods à la Viro. The theoretical results are adapted to make them amenable to effective
computations in a variety of specific models of biochemical systems for which there exist explicit parametrizations
of the corresponding steady state varieties. Once the intersections with the 𝑆-classes 𝑉(𝑓) ∩ ℝ𝑛>0 ∩ 𝑃𝑥(0) in the positive
orthant are described as the zero set of 𝑠 sparse polynomials in 𝑠 variables, where 𝑠 is the codimension of the 𝑆classes (similarly to the case of a single phosphorylation),
we record the configuration 𝐴 of the exponents occurring
in them and the matrix 𝐶 of coefficients of these polynomials. The sought open multistationarity regions arise from
simplices that lie in a single regular (mixed) subdivision of
𝐴, which are jointly decorated by 𝐶. This is applied to give
open multistationarity regions for the sequential distributive 𝑛-site phosphorylation cycle for any 𝑛. We refer to [11]
for a simple example and basic definitions, together with
an explicit application to cascades with any number of layers. These degeneration tools are also applied to describe
open regions where there are 𝑛 (or 𝑛 + 1) scpss for any 𝑛
in [12], where we also provide a basic systematic implementation in a computer algebra system.
A different line of attack is presented for instance in [14],
like in some other previous papers, where tools from numerical algebraic geometry are used to describe the “geography” of the space of parameters in particular enzymatic
systems. Robustness of multistationarity is measured in
terms of the size and the shape of the region where the
property holds, with an extensive sampling of parameter
points in an 8-dimensional space. Under realistic molecular assumptions, the size of the regions of interest is very
small. We will return to these ideas shortly.
It would be very useful to detect and study underlying
mathematical structures in other signaling pathways in systems biology.
Some theoretical results on polynomial equations that
emerged from this study. The question of multistationarity in dynamical systems arising from chemical reaction
networks is a question about the number of positive solutions of systems of sparse real polynomials. This is effectively computable for a given system since the work of
Alfred Tarski (published in 1951) on quantifier elimination over the reals. There are many recent advances in the
implementation of these algorithms, but the complexity
is in general high and so the computations turn out to be

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

VOLUME 67, NUMBER 11

unfeasible for parametric systems, even for networks of relatively small size.
Nevertheless, the importance of the biochemical applications has led to theoretical advances on sharp lower
and upper bounds for the number of positive solutions
of systems of 𝑛 real polynomial systems in 𝑛 variables
with a fixed monomial structure. One first upper bound
is clearly the Bernshtein-Kushnirenko-Khovanskii bound
for the number of complex solutions with nonzero coordinates for systems of Laurent polynomials in terms of the
mixed volume of their Newton polytopes. In the univariate case, this bound is just the degree of the polynomial.
The simple Descartes’ rule of signs from 1637 gives a better
upper bound, which is sharp for instance for polynomials
having all roots real, and which implies that a real polynomial with 𝑘 monomial terms cannot have more than 𝑘 − 1
positive roots, independently of the size of the exponents
(that is, independently of its degree). A breakthrough result by Khovanskii proved that also in the multivariate case,
the number of positive roots cannot exceed a bound that
only depends on the number of monomials (and the number of variables), but not on the degrees. This bound is far
from sharp. There are some sharper particular results, but
the general question of finding a tight upper bound is out
of reach for the moment.
No general multivariate Descartes’ rule of signs is
known (not even a conjectural one). We recognized a partial multivariate Descartes’ result giving conditions on a
sparse (generalized) polynomial system to have at most
one positive solution, in terms of oriented matroids associated to the exponents and to the coefficients of the system.
In fact, part of this result was hidden in a previous paper by
Craciun, Garcia-Puente, and Sottile in their study of control points for toric patches in geometric modeling. Our
work was built on results on chemical reaction networks
done by chemical engineers. In fact, in many fields of science the analysis of parametrized systems by means of sign
vectors has a long history, for instance in market models
in economics or in the well-posedness of the input-output
relation of an electronic circuit in electronics.
There are sufficient conditions for the existence of a positive solution when no more than one exists for any value
of the parameters, based on degree theory. A very intricate
result has been obtained in the realm of chemical reaction
networks by Boros in 2019, building on work of Nachman
and Deng, showing the existence of positive steady states
for weakly reversible mass-action systems. It is mostly an
open question to find good lower bounds for the number
of positive solutions of general systems of sparse real polynomials. Known results include for instance the study of
some specific systems by Sottile and Soprunova in 2006,
and the use of polyhedral and combinatorial methods by
Bihan, Santos, and Spaenlehauer in a beautiful paper from
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2018. The obtained lower bounds, based on degenerations, are in general not sharp, as it is deduced from our
paper [2] on upper bounds via a new Descartes’ rule of
signs for polynomial systems supported on circuits (with
𝑛 + 2 monomials in 𝑛 variables).
Moreover, the question about the precise number of
positive steady states for parametric systems with fixed
monomial structure can in theory be “solved” via the computation of the finitely many chambers in the complement
of the discriminant of the system (in fact, plus other resultant hypersurfaces corresponding to systems with a solution with a zero coordinate). We give now a concrete example extracted from [8] not related to biochemistry, but
which is useful to visualize what we mentioned about the
regions with many positive roots being very small. We considered the following system of two polynomials in two
variables (𝑥1 , 𝑥2 ) depending on two parameters (𝑎, 𝑏):
𝑓1 (𝑎, 𝑏, 𝑥, 𝑦) = 𝑥6 + 𝑎𝑦3 − 𝑦 = 0,

(9)

𝑓2 (𝑎, 𝑏, 𝑥, 𝑦) = 𝑦6 + 𝑏𝑥3 − 𝑥 = 0.
The associated discriminant 𝐷 ∈ ℤ[𝑎, 𝑏] satisfies by definition the following property: 𝐷(𝑎, 𝑏) = 0 whenever (9)
has a degenerate solution. As we move the parameters, the
only way of changing the number of real roots of the system is when two complex conjugate roots merge, that is,
when we traverse the discriminant locus {𝐷 = 0}. We can
compute 𝐷 via elimination of variables, for instance via a
Gröbner basis computation. It is a polynomial of degree
90 with 58 monomials and huge integer coefficients! But
{𝐷 = 0} can be rationally parametrized and Figure 5 shows
a picture on a logarithmic scale of this curve in the (𝑎, 𝑏)
plane.

Figure 5. There is a “hidden” chamber near the arrow.
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It is easy to see that for any choice of (𝑎, 𝑏), the only solution to system (9) on the coordinate axes is the origin, and
this is a nondegenerate common root. Then, the signs of
the real solutions must also be constant in each chamber
in the complement of {𝐷 = 0}. It is then enough to pick
one point in each of the finitely many chambers and approximate its solutions. Taking parameters in each of the
visible chambers, we get either one or three positive roots.
But after amplifying the picture close to the arrow in Figure 5 around 1700 times, a new chamber is visible in Fig44 44
ure 6. One point that lies inside is ( , ) and we get that
31 31
the associated system (9) has five positive solutions! The
volume of this small region with the maximal number five
of solutions (an upper bound known a priori by previous
work by Li, Rojas, and Wang) is smaller than 5.701 ⋅ 10−7 .

reaction networks modeling signaling pathways in systems
biology. These networks give rise to quite diverse, but
not general, mass-action dynamical systems. Understanding their structure allows us to prove theoretical results for
classes of models and to do computations for systems with
a large number of variables and parameters. These results
on the qualitative analysis of families of models can be
used to guide experimental design and in synthetic biology.
Traditionally, these systems are analyzed by means of
numerical simulations combined with parameter inference or parameter sampling. However, many parameters
are difficult (or even provably impossible) to estimate, and
parameter values might vary depending on the environment and individual. Accordingly, algebraic geometry and
computational algebra tools are useful for understanding
the mathematical properties of networks and families of
steady state varieties, providing a global and qualitative approach to study the systems for all parameter values.
There are mathematical tools to address many of the
open questions, but for networks of interest the responses
tend to be too complex to be understood or computed.
This application has thus challenged current methods,
mainly in the domain of real algebraic geometry, and has
given rise to purely theoretical results on polynomial equations. New advances will require the combination of tools
from different areas in mathematics besides algebraic geometry (and its computational aspects), including dynamical systems, discrete mathematics, data science, etc. and
of course, also from biochemistry.
References

Figure 6. The colored chamber is visible after amplifying
around 1700 times.
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A Small Summary
We gave a quick overview of recent results and some
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Singular Adventures
of Baron Bourgain in the
Labyrinth of the Continuum
Alexander Gamburd
There are two labyrinths of the human mind: one concerns
the composition of the continuum, and the other the nature of
freedom, and both spring from the same source—the infinite.
Baron von Leibniz
During World War II, when von Neumann was working on the
design of nuclear weapons, he came to the conclusion that analytical methods were inadequate to the task, and that the only
way to deal with equations of continuum mechanics is to discretize them. ... It is to this task that von Neumann devoted
his energies after the war.
Peter Lax

1. Overture
Baron Bourgain, the IBM von Neumann Professor in the
School of Mathematics at the Institute for Advanced Study
(IAS), was one of the most original, penetrating and versatile analytical minds of our troubled times, justly celebrated1 and revered without reservations.
While he rejected outright the suggestion of a sixtieth
birthday conference, a proposal to have a gathering occasioned by the publication of his 500th paper was not immediately dismissed—the conference Analysis and Beyond:
Celebrating Jean Bourgain’s Work and its Impact took place
at the IAS in Princeton on May 21–24, 2016. The conference talks (all of which were videotaped) are a tribute to
the depth and breadth of Bourgain’s work and its singular
and transcendent impact on the whole of our discipline.
The beauty and power of the first result highlighted by
Jean’s hand on the conference poster ‖𝑒𝑖𝑡∆ 𝜑‖𝑝 ≪ 𝑁 𝜀 ‖𝜑‖𝑞
is apparent from reading the splendid paper by Andrea
1
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An excerpt from Bourgain’s interview upon receiving the 2017 Breakthrough
Prize in Mathematical Sciences concludes this essay.
The following quote is from The Work of Jean Bourgain by Luis Caffarelli,
Proceedings of ICM, 1994 (the year Bourgain was awarded the Fields Medal):
‘Bourgain’s work touches on several central topics of mathematical analysis: the
geometry of Banach spaces, convexity in high dimensions, harmonic analysis,
ergodic theory, and, finally, nonlinear partial differential equations from mathematical physics. In all of these areas, he made spectacular inroads into questions where progress has been blocked for a long time. This he did by simultaneously bringing into play different areas of mathematics: number theory, combinatorics, probability, and showing their relevance to the problem in the previously unforeseen fashion.’
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Nahmod in the Bulletin of the American Mathematical Society (BAMS), 2016. The brief of this paper is to explicate
the origins, nature and development of the second result,
the discretized sum-product inequality
𝒩(𝐴 + 𝐴, 𝛿) + 𝒩(𝐴 ⋅ 𝐴, 𝛿) > 𝒩(𝐴, 𝛿)1+𝜏 ,

(1)

in Analysis and beyond.

Figure 1. Two of Jean Bourgain’s signature results.

***
The three great branches of mathematics are, in historical order, Geometry, Algebra and Analysis. Geometry we owe essentially to Greek civilization, Algebra is of Indo-Arab origin and
Analysis (or Calculus) was the creation of Newton and Leibniz,
ushering in the modern era.
Sir Michael Atiyah

Von Zahlen und Figuren—‘On Numbers and Shapes’2—is
the title of one of the most successful expositions of mathematics aimed at a broad audience, reflecting a common
perception of our discipline as a marriage between Algebra and Geometry. This happy marriage, notwithstanding
Count Tolstoy’s contention (‘All happy marriages are alike;
each unhappy marriage is unhappy in its own way.’), is
not without tensions (as, perhaps, each happy marriage—
including, possibly, bicameral mind—is in its own way).
‘In these days the angel of topology and the devil of abstract algebra fight for the soul of each individual mathematical domain’ is the way Hermann Weyl3 put it; three
score and seven years later, in a conversation at Google
with the company’s CEO, a somewhat divergent sentiment
was expressed: ‘When you form your ideas on the basis
of words, you build from concepts, which to be meaningful depend on relation to other concepts. When you form
your ideas on the basis of pictures, you form your views on
the basis of impressions and of moods, that cannot even
2The book was written in 1933 by Hans Rademacher and Otto Toeplitz, two

outstanding analysts of the past century, who made a deliberate decision not to
refer in their exposition to the Analysis (or Calculus) of Leibniz and Newton.
The English translation is entitled The Enjoyment of Math.
3In Invariants, Duke Mathematics Journal 5 1939, anticipating by four years
an even more sweeping assertion, due to Jean-Paul Sartre: ‘L’enfer, c’est les
autres.’
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be recreated very easily, so you cannot look back and check
what it was that impressed you so much.’4
This tension is embodied in the system of real numbers,
the soil in which the functions of Analysis grow, resembling Janus’s head facing in two directions: on the one
hand it is the field closed under the operations of addition and multiplication; on the other hand, it is a continuous manifold the parts of which are so connected as to
defy exact isolation from each other. The one is algebraic,
the other is the geometric face of real numbers. Continued fractions is a much more intrinsic and geometric form
of discretizing the continuum; the lack of a practical algorithm for their addition and multiplication leads to the
regnancy of the discretization based on the ordinary (digital or decimal, i.e., base 10) fractions.
Whereas Newton, in his development of Calculus, was
primarily motivated by ‘dynamics’ (force, acceleration), as
exemplified by the falling of the apple on his head, Leibniz, it appears, was more intrigued by what would now be
described by the appellation ‘fractal geometry of nature.’
‘Imagine a circle; inscribe within it three other circles congruent to each other and of maximum radius; proceed similarly within each of these circles and within each interval
between them, and imagine that the process continues ad
infinitum, wrote Leibniz referencing a configuration akin to
the four mutually tangent circles appearing on Baron Bourgain’s coat of arms. Leibniz’s definition of the straight line
as a ‘curve, any part of which is similar to the whole, and it
alone has this property, not only among curves but among
sets’ is a reflection of the fractal nature of the continuum:
the Cantor set would satisfy Leibniz’s definition.5
Dynamics, broadly conceived, is perceived as a study of
change, which in its primordial (physical) context takes
place within time. The Cantor set (and ℝ) are, so to speak,
static in time, but there is ‘a condition of possibility’ of (almost) ‘equi-primordial’ change ‘in the eye of the beholder,’
taking form in changing the degree of magnification scale
and ‘zooming in.’ This is reflected in the ‘multi-scale’ nature of Bourgain’s proof(s) of (1).
To bring this opening section to a close, let us in passing note that both results chosen by Jean are not equalities
(inequalities, rather), commenting thus:
If Algebra is generally perceived as the study of equations, what perhaps lies at the heart of Analysis are inequalities, or estimates, which compare the size of two quantities or expressions. Einstein’s discovery that nothing
4Henry Kissinger.
5Leibniz also wrote the first textbook on combinatorics, Dissertatio de arte

combinatoria, and invented the binary notation, which made possible modern
computers and will play an important role in navigating the labyrinth of Bourgain’s argument.
The first collection of Leibniz’s works was published in 1735 by Rudolf Erich
Raspe, better known today for his authorship of Singular Adventures of Baron
Munchausen.
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travels faster than light is an example of an inequality. The
inequality 2𝑋 is considerably larger than 𝑋 arguably neatly
encapsulates both the P vs NP problem (properly stated for
finite 𝑋) and Cantor’s Continuum Problem (when 𝑋 is the
first unfinite ordinal). An elementary inequality, taught in
the middle school, asserts that the arithmetic mean of two
positive numbers is never less than their geometric mean.
In between these two extremes there is a vast range of estimates of great variety and importance. Such estimates,
reflecting and quantifying some subtle aspect of the underlying problem, are often exceedingly difficult to prove.
It will be seen that for the inequality (1), with which we
are about to get intimate, the underlying issue lies at the
heart of the tension between the algebraic and (fractal)geometric nature of the continuum. Fractal derives from
Latin fractus, meaning broken apart; algebra, derives from
the Arabic al-jabr, meaning the reunion of broken parts.

2. Origins: Kakeya-Besicovitch Problem+
It is difficult and often impossible to judge the value of a problem correctly in advance; for the final award depends upon
the gain which science obtains from the problem. Nevertheless we can ask whether there are general criteria which mark
a good mathematical problem. An old French mathematician
said: ‘A mathematical theory is not to be considered complete
until you have made it so clear that you can explain it to the first
man whom you meet on the street.’ This clearness and ease of
comprehension, here insisted on for a mathematical theory, I
should still more demand for a mathematical problem if it is to
be perfect; for what is clear and easily comprehended attracts,
the complicated repels us.
David Hilbert, Problems of Mathematics, 1900

Hilbert’s6 democratic dictum, if followed by Soichi
ˉ
Kakeya (writing the paper on an island nation in 1917, at
the height of the Great War) the explanation of the problem now bearing his name to almost every person at just
about any street in Eastern Eurasia might have run as follows: Entrusted with defending an island, possessing a
huge hill, cragged and steep, your task is to purchase at
the least cost to the nation’s treasury, a plot of land on the
flat hilltop with the following property: a cannon of length
one must be capable of pointing in any direction.
Kakeya improved by a factor of one-half the obvious so𝜋
lution (a circle of diameter one, having area ); his pro4
posed shape (three-cusped hypocycloid inscribed in the
circle of radius 1) is alluded to in the rendering of A in
the conference poster (Figure 2). In the same year, working in Perm,7 while the October/November Russian/Soviet
6Hilbert’s paper on Dirichlet’s Principle is one of the two referenced by Kakeya;

the second one (also on Dirichlet’s principle) is by Caratheodory, a student of
Hilbert. In his magnificent book Geometry and Imagination Hilbert refers
to Besicovitch’s result (described below) as ‘showing that this [Kakeya] problem
has no solution.’
7Subsequently Molotov (1940–1957); currently Perm.
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Figure 2. Analysis and Beyond.

Revolution was unfolding, A. S. Besicovitch reduced the
minimal necessary sum to virtually8 nothing.
In fact, Besicovitch was working on the following question: if 𝑓 is a Riemann integrable function defined on the
plane, is it always possible to find a pair of orthogonal coordinate axes with respect to which ∫ 𝑓(𝑥, 𝑦)𝑑𝑥 exists as a
Riemann integral for all 𝑦, and with the resulting function
of 𝑦 also Riemann integrable? Besicovitch noticed that if
he could construct a compact set 𝐹 of plane Lebesgue measure zero containing a line segment in every direction this
would lead to a counterexample as follows. Assume (by
translating 𝐹 if necessary), that 𝐹 contains no segment parallel to and of rational distance from either of a fixed pair
of axes. Let 𝑓 be the characteristic function of the set 𝐹𝑟 consisting of those points of 𝐹 with at least one rational coordinate. As 𝐹 contains a segment in every direction on which
both 𝐹𝑟 and its complement are dense, there is a segment in
each direction in which 𝑓 is not Riemann integrable. On
the other hand, the set of points of discontinuity of 𝐹 is of
plane measure zero, so 𝑓 is Riemann integrable over the
plane by the well-known criterion of Lebesgue.
The basic idea underlying the original construction of
Besicovitch is to form a figure obtained by splitting an
equilateral triangle of unit height into many smaller triangles of the same height by dividing up the base, and then
sliding these elementary triangles varying distances along
the base line. In 1964 Besicovitch developed a completely
different approach, using the projection theorem due to
Marstrand.
2.1. Some fundamental properties of plane sets of fractional dimension. In this 1954 paper, which was essentially the work for his doctoral thesis at Oxford, and was
heavily influenced by Besicovitch, John Marstrand proved
the following fundamental result.
8The virtual collapse of the Russian currency appears to have had nothing to do

with it. In 1924, together with Tamarkin, Besicovitch crossed the Soviet border
with Norway on foot and made his way to Copenhagen to work with H. Bohr,
eventually settling in Cambridge in 1927, where, in due course, he became the
Rouse Ball Chair. Besicovitch’s command of English remained stationary from
his early days in Cambridge (‘It’s a story...’); for him, for example, the definite
article was superfluous. A story is told that during one of his lectures an undergraduate tittered at some distortion of English idiom. ‘Gentlemen,’ said Besicovitch, ‘there are 50 million Englishmen speak English you speak; there are 500
million Russians speak English I speak.’
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Theorem 1 (Marstrand’s Projection Theorem). Denote the
projection in the direction 𝜃 by 𝜋𝜃 . If 𝑋 ∈ ℝ2 is a Borel subset
of Hausdorff dimension 𝑠, then dim𝐻 (𝜋𝜃 𝑋) = min(𝑠, 1) for
almost every 𝜃.
Concerning the finer information about the set of exceptional 𝜃 in Theorem 1, Kaufman proved that if dim 𝑋 ≥ 𝑡,
𝐵 ⊂ 𝑆 1 with dim 𝐵 > 𝑡, then there exists 𝜃 ∈ 𝐵 such
that dim(𝜋𝜃 (𝑋)) ≥ 𝑡. Using crucially (1), in ‘The discretized sum-product and projection theorems,’ Bourgain
established the following, sharper result.
Theorem 2. Given 0 < 𝛼 < 2 and 𝜅 > 0, there is 𝜂 >
2

𝛼
2

such

that, if 𝑋 ⊂ ℝ is of Hausdorff dimension greater than 𝛼, then
dim𝐻 (𝜋𝜃 (𝑋)) ≥ 𝜂 for all 𝜃 ∈ 𝑆 1 except in an exceptional set 𝐸
satisfying dim𝐻 (𝐸) ≤ 𝜅.
2.2. Besicovitch type maximal operators and applications to Fourier Analysis.
We must admit with humility that, while number is purely a
product of our mind, space has a reality outside of our mind,
so that we cannot prescribe its laws a priori.
Gauss, Letter to Bessel, 1830
𝑛

The Kakeya problem in ℝ is to estimate the fractal dimension of the Besicovitch set 𝐸 ⊂ ℝ𝑛 , i.e., a set containing
line segments of length one in all directions.
Conjecture 1. Let 𝐸 be a Besicovitch set in ℝ𝑛 . Then 𝛽(𝑛) =
dim(𝐸) = 𝑛.
There are several relevant notions of ‘fractal dimension,’
the simplest being the Minkowski dimension, defined as
follows. Let 𝐴 be a closed subset of a metric space 𝑋. Fix
some radius 𝛿. Let 𝒩(𝐴, 𝛿) be the least number of balls
of radius 𝛿 needed to cover 𝐴. If 𝐴 is a rectifiable curve
in ℝ𝑛 it is easy to see that 𝒩(𝐴, 𝛿) is of order 𝛿−1 . If 𝐴 is
a surface, 𝒩(𝐴, 𝛿) is approximately 𝛿−2 . This suggests the
idea of defining the dimension of an arbitrary set as the
number 𝑑 for which 𝒩(𝐴, 𝛿) ∼ 𝛿−𝑑 . The limit
lim

𝛿→0

log 𝒩(𝐴, 𝛿)
,
log(𝛿−1 )

if it exists, is called Minkowski dimension, dim𝑀 (𝐴).
The basic result proved by Davies in 1971 is that 𝛽(2) =
2. The same year C. Fefferman discovered the intimate
connection between the Kakeya problem and the multiplier problem for the ball, proving that for 𝑑 ≥ 2 the map
𝑖𝑥𝜉
̂
𝑓 → ∫|𝜉|≤1 𝑓(𝜉)𝑒
𝑑𝜉 defines only for 𝑝 = 2 a bounded op𝑝
𝑑
erator on 𝐿 (ℝ ). This seminal result made apparent the
fundamental connection between Kakeya-type questions
and the higher-dimensional Fourier Analysis, in particular
in the theory of oscillatory integral operators.9

In the 1980s Drury and Christ showed that
𝑛+1
.
(2)
2
The argument consists of intersecting the line segment
𝐿𝜉 ⊂ 𝐸, 𝐿𝜉 parallel to 𝜉 in 𝑆 𝑑−1 , by a pair of parallel hyperplanes 𝐻1 , 𝐻2 in ℝ𝑑 and observing that for all 𝛿 > 0
𝛽(𝑛) ≥

1 𝑑−1
≲ 𝒩(𝐻1 ∩ 𝐸, 𝛿)𝒩(𝐻2 ∩ 𝐸, 𝛿).
( )
𝛿

The estimate (2) was first improved by Bourgain in 1991,
in the paper eponymous with the title of this subsection,
𝑛+1
+𝜀𝑛 with 𝜀𝑛 given by a recursive argument (for 𝑛 = 3
to
2

7

this yields bound ) by using a ‘bush’ argument. A more ef3
ficient geometric argument, using ‘hairbrushes,’ was given
several years later by T. Wolff, leading to
𝑛
dim𝐻 (𝐸) ≥ + 1.
(4)
2
The space constraints prevent me from going into the
details of these arguments; referring the reader to beautiful
surveys by Izabella Łaba, Terence Tao and Thomas Wolff, I
will restrict myself to two remarks.
The first remark is that these developments made apparent the connection between Kakeya-type problems and
results in combinatorial geometry, such as the SzemerédiTrotter Theorem, which will be briefly discussed in section
3.2.2.
The second remark is that Bourgain’s interest in the
Kakeya problem was stimulated by his discovery of it being
implied by the following version of Montgomery’s conjecture10 for Dirichlet polynomials.
𝑁

Conjecture 2. Let 𝑆(𝑠) = ∑𝑛=1 𝑎𝑛 𝑛𝑠 with |𝑎𝑛 | ≤ 1, and let
ℱ be a set of 1-separated reals in the interval [0, 𝑇], 𝑇 > 𝑁.
Then
∑ |𝑆(𝑖𝑡)|2 ≪ 𝑇 𝜀 (𝑁 + |ℱ|)𝑁( max |𝑎𝑛 |2 ).
1≤𝑛≤𝑁

𝑡∈ℱ

(6)

Regrettably skipping thus over many important and pertinent developments that took place in the last decade of
the past century, let us note, looking forward, that in its
values of exponential sums such as
𝑁

2 +⋯+𝛼 𝑛𝑘 )
𝑘

∑ 𝑒2𝜋𝑖(𝛼1 𝑛+𝛼2 𝑛
𝑛=1

as one varies the frequencies 𝛼1 , … , 𝛼𝑘 ; these are of fundamental importance in
analytic number theory.
10One of the consequences of Montgomery’s conjecture is the density hypothesis
for the Riemann zeta function
𝑁(𝜎, 𝑇) ≪ 𝑇 2(1−𝜍)+𝜀 .
1

Here

Bourgain, Demeter, and Guth, establishing near-optimal bounds on the mean

satisfying 𝛽 > 𝜎 , |𝛾| < 𝑇.

2

(5)

< 𝜎 < 1, 𝑇 > 0 and 𝑁(𝜎, 𝑇) is the number of zeros 𝜌 = 𝛽 + 𝑖𝛾 of 𝜁(𝑠)

9A recent triumph in this area is the resolution of the Vinogradov’s conjecture by
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closing year (1999) Bourgain unveiled the connection between the Kakeya problem and one of the most consequential and far-reaching results in arithmetic combinatorics, obtained by Gowers in his groundbreaking ‘New
proof of Szemerédi’s Theorem for arithmetic progressions
of length four.’ This result, the Balog-Szemerédi-Gowers
Lemma, will play a crucial role in many subsequent developments, some of which are discussed in this essay.
2.3. Balog-Szemerédi-Gowers Lemma.
Either this universe is a mere confused mass, and an intricate
context of things, which shall in time be scattered and dispersed again; or it is a union consisting of order and administered by Providence.
Marcus Aurelius ‘Meditations’ 6, VIII
Complete disorder is impossible.
T.S. Motzkin

The Balog-Szemerédi-Gowers Lemma is ostensibly a
statement about group structure, but the main tool in
its proof is a remarkable (and remarkably useful) graphtheoretic result best viewed in the context of Ramsey theory. Ramsey theory is a systematic study of the following
general phenomenon. Surprisingly often, a large structure
of a certain kind has to contain a fairly large highly organized substructure, even if the structure itself is completely
arbitrary and apparently chaotic. It can be viewed as a vast
generalization of the pigeonhole principle, which states
that if a set 𝑋 of 𝑛 objects is colored with 𝑆 colors, then
𝑛
there must be a subset of 𝑋 of size at least that uses just
𝑠
one color. Such a subset is called monochromatic. The
situation becomes more interesting if the set 𝑋 has some
additional structure. It then becomes natural to ask for
a monochromatic subset that keeps some of the structure
of 𝑋. However it also becomes much less obvious if such
a subset exists. Frank Plumpton Ramsey in 1930 took as
his set 𝑋 the set of all the edges in a complete graph and
the monochromatic subset he obtained consisted of all the
edges of some complete graph. One version of his theorem is as follows. For every positive integer 𝑘 there is a
positive integer 𝑁 such that if the edges of the complete
graph are all colored either red or blue, then there must be
𝑘 vertices such that all edges joining them have the same
color. That is, a sufficiently large complete graph colored
with two colors contains a complete subgraph of size 𝑘
which is monochromatic. The least integer 𝑁 that works is
known as 𝑅(𝑘), and it is known that
𝑘

2 2 ≤ 𝑅(𝑘) ≤ 22𝑘 .

(7)

There were several results in Ramsey theory predating
Ramsey’s Theorem, in particular van der Waerden proved
that if you color the integers with some finite number 𝑟 of
colors, there must be some color that contains arithmetic
progressions of every length. In 1935 Erdös and Turán conjectured that this holds for ‘the most popular’ color class.
1720

More precisely, they conjectured that for any positive integer 𝑘 and any real number 𝜀 > 0 there is a positive integer
𝑛0 such that if 𝑛 > 𝑛0 any set of at least 𝜀𝑛 positive integers
between 1 and 𝑛 contains a 𝑘-term arithmetic progression.
This conjecture was proved by Szemerédi in 1975 using,
amongst other things, his celebrated Regularity Lemma,
which can be very roughly described as a statement that
even the most ‘chaotic’ systems can be decomposed into a
‘relatively’ small number of ‘approximately regular’ subsystems.
Using the Szemerédi Regularity Lemma the following
result was established by Balog and Szemerédi in 1994,
resulting in tower-like exponential type dependence (cf.
(7)). Gowers achievement of the polynomial bounds
𝐾 𝑂(1) in the statement below is crucial in the ensuing applications.
Theorem 3 (Balog-Szemerédi-Gowers Lemma). Let
𝒢(𝐴, 𝐵, 𝐸) be a finite bipartite graph, that is, a graph whose
vertices can be partitioned into two disjoint sets, with |𝐸| ≥
|𝐴||𝐵|
. Then there exist subsets 𝐴′ ⊂ 𝐴 and 𝐵 ′ ⊂ 𝐵 with
𝐾

|𝐴′ | ≫ 𝐾 −𝑂(1) |𝐴| and |𝐵′ | ≫ 𝐾 −𝑂(1) |𝐵| such that for every
𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵, 𝑎 and 𝑏 are joined by ≫ 𝐾 −𝑂(1) |𝐴|𝐵| paths
of length three.
The fact that the following corollary is valid for noncommutative groups was established by Tao.
Corollary 4. Let 𝐴, 𝐵 be finite nonempty subsets of a group 𝐺
and suppose
3

3

|𝐴| 4 |𝐵| 4
(8)
‖1𝐴 ⋆ 1𝐵 ‖𝑙2 (𝐺) ≥
𝐾
for some11 𝐾 ≥ 1. Then there exist subsets 𝐴′ ⊂ 𝐴 and 𝐵 ′ ⊂ 𝐵
with |𝐴′ | ≫ 𝐾 −𝑂(1) |𝐴| and |𝐵′ | ≫ 𝐾 −𝑂(1) |𝐵| with |𝐴′ ⋅ 𝐵 ′ | ≪
𝐾 𝑂(1) |𝐴||𝐵| and |𝐴′ ⋅ (𝐴′ )1 | ≪ 𝐾 𝑂(1) |𝐴|.
The quantity ‖1𝐴 ⋆ 1𝐵 ‖𝑙2 (𝐺) counts the number of solutions to the equation 𝑎1 ⋅ 𝑏1 = 𝑎2 ⋅ 𝑏2 with 𝑎1 , 𝑎2 ∈ 𝐴 and
𝑏1 , 𝑏2 ∈ 𝐵 (multiplicative or additive quadruples) and is
also known as the multiplicative energy of 𝐴 and 𝐵.
2.4. On the dimension of Kakeya sets and related maximal inequalities. The main result in this 1999 paper of
Bourgain is the following improvement of (4) for large 𝑛:
1
dim𝐻 (𝐸) ≥
(13𝑛 + 12).
(9)
25
The heart of the argument consists in applying the
Balog-Szemerédi-Gowers Lemma to show that Kakeya set
1
𝐸 satisfies 𝒩 𝛿 ≥ 𝛿−𝛼(𝑛−1) with 𝛼 > as follows. Let 𝐿
2
be the lattice 𝛿ℤ𝑛 ⊂ ℝ𝑛 , and for each of the segments
1
{𝑥 + 𝑡𝑒 ∶ |𝑡| ≤ } with 𝑒 ∈ 𝑆 𝑛−1 in the definition of Kakeya
2

11Here ⋆ denotes the convolution operation: 𝑓 ⋆ 𝑔 = ∫ 𝑓(𝑦)𝑔(𝑦−1 𝑥)𝑑𝜇(𝑦).
𝐺
3

3

Note that by Young’s inequality ‖1𝐴 ⋆ 1𝐵 ‖𝑙2 (𝐺) ≤ |𝐴| 4 |𝐵| 4 .
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Figure 3. Jean Bourgain and Ben Green.
1

set, let 𝑥+ and 𝑥− be the elements of 𝐿 closest to 𝑥 + 𝑒
2

1

and 𝑥 − 𝑒, respectively. Let 𝐴 be the set whose elements
2
are the various 𝑥+ and 𝑥− and define 𝒢 ⊂ 𝐴 × 𝐴 to be the
set of pairs (𝑥+ , 𝑥− ); then let 𝑆 be the set of sums 𝑥+ + 𝑥− .
Clearly |𝐴| ≲ 𝒩 𝛿 (𝐸), and in addition |𝑆| ≲ 𝒩 𝛿 (𝐸), since
1
the midpoint (𝑥+ + 𝑥− ) is within 𝐶𝛿 of 𝑥 ∈ 𝐸. But it
2

is equally clear that a point of ℙ𝑛−1 is within 𝐶𝛿 of some
difference 𝑥+ − 𝑥− . Thus 𝛿−(𝑛−1) ≲ 𝒩 𝛿 (𝐸)2−𝜀 , as claimed.
This paper marked the first application of Additive Combinatorics to Harmonic Analysis.12

3. Sum-Product Phenomena and the Labyrinth
of the Continuum
Additive Combinatorics grew out of the classical additive
number theory. Though few isolated results existed before,
the turning point was Shnirelmann’s approach to Goldbach’s conjecture asserting that any integer greater than
three can be expressed as a sum of two or three primes,
depending on parity. Shnirelmann proved the weaker result that there is a bound 𝑘 so that every integer is a sum
of at most 𝑘 primes, or, in other words, the primes form
an additive basis. Shnirelmann’s approach, notwithstanding it being soon superseded for the Goldbach’s problem
by Vinogradov’s method of exponential sums, kindled the
interest in addition of general sets; a result of fundamental
and lasting importance in this subject is due to G. Freiman,

12‘Bourgain’s argument was, to this author’s knowledge, the first application

of additive number theory to Euclidean harmonic analysis. It was significant,
not only because it improved Kakeya bounds, but perhaps even more so because
it introduced many harmonic analysts to additive number theory, including
Tao, who contributed so much to the subject later on, and jump-started interaction and communication between the two communities. The Green-Tao Theorem and many other developments might never have happened were it not for
Bourgain’s brilliant leap of thought in 1998.’ Izabella Łaba, BAMS, 2008.
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Figure 4. Jean Bourgain and Mei-Chu Chang.

a student of Gelfond, who was a close friend and collaborator of Shnirelmann.13
3.1. Freiman’s Theorem and Ruzsa’s calculus. Freiman’s
Theorem gives a characterization of sets with small doubling in terms of generalized arithmetic progressions. A
𝑑-dimensional generalized arithmetic progression (GAP)
is a set 𝑃 of the form
{𝑎 + 𝑥1 𝑞𝑞 + ⋯ + 𝑥𝑑 𝑞𝑑 ∶ 0 ≤ 𝑥𝑖 ≤ 𝑙𝑖 },

(10)

where 𝑙1 , … , 𝑙𝑑 are positive integers. We call 𝑑 the dimen𝑑
sion of 𝑃; by the size of 𝑃 we mean ‖𝑃‖ = ∏𝑖=1 (𝑙𝑖 + 1),
which is the same as the number of elements if all sums
in (10) are distinct (in which case we say that 𝑃 is proper).
Note that
|𝑃 + 𝑃| < 2𝑑 |𝑃| ≤ 2𝑑 ‖𝑃‖.

(11)

Theorem 5 (Freiman’s Theorem). If 𝐴 ⊂ ℤ, |𝐴| = 𝑛,
|𝐴 + 𝐴| ≤ 𝛼𝑛, then 𝐴 is contained in a generalized arithmetic
progression of dimension at most 𝑑(𝛼) and size at most 𝑠(𝛼)𝑛.

13Shnirelmann committed suicide on 24 September 1938, fearing imminent

persecution by NKVD (subsequently KGB; currently FSB).
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The quantitative bound in Freiman’s Theorem, used
by Bourgain in his first proof of (1), is due to Mei-Chu
𝑐
Chang:14 𝑑 < 𝛼 (the best possible) and 𝑠 ≤ 𝑒𝛼 .
Freiman’s proof was considerably simplified by Ruzsa
(building on the earlier work of Plünnecke). One of the
fundamental notions introduced by Ruzsa is that of Ruzsa
distance between two sets 𝑋 and 𝑌 in a group, 𝜌(𝑋, 𝑌 ) =
|𝑋−𝑌 |
log
, allowing us to rewrite an elementary inequality
√|𝑋||𝑌 |

for 𝐴, 𝑌 , 𝑍 finite sets in a group (which, as observed by Tao,
is not necessarily commutative) |𝐴||𝑌 − 𝑍| ≤ |𝐴 − 𝑌 ||𝐴 − 𝑍|
as
𝜌(𝑌 , 𝑍) ≤ 𝜌(𝑌 , 𝐴) + 𝜌(𝐴, 𝑍),
(12)
a triangle inequality-like property; 𝜌 is also symmetric (but
𝜌(𝑋, 𝑋) is typically positive). The following result of Plünnecke and Ruzsa was used in Bourgain’s 2+ proof in place
of Freiman’s Theorem.
Theorem 6. Let 𝐴, 𝐵 be finite sets in a group and write |𝐴| =
𝑚, |𝐴 + 𝐵| = 𝛼𝑚. For arbitrary nonnegative integers 𝑘, 𝑙 we
have
|𝑘𝐵 − 𝑙𝐵| ≤ 𝛼𝑘+𝑙 𝑚.
3.2. Sum-product phenomena and incidence geometry.
Freiman’s Theorem is an example of an ‘inverse’ result:
knowing that the set has small doubling we can characterize its structure in terms of GAPs. One of the basic
‘direct’ results, applicable to arbitrary sets, is the ‘sumproduct phenomenon,’ whose elementary and elemental
nature might be described as follows. When studying addition and multiplication tables for numbers from 1 to 9
one might notice that there are many more numbers in
the multiplication table. This basically has to do with the
fact that the numbers from one to nine form an arithmetic
progression. If you take a set forming an arithmetic progression (or a subset of it) and add it to itself it will not
grow much; if you take a set forming a geometric progression (or a subset of it) and multiply it by itself it will also
not grow much. However a subset of integers cannot be
both an arithmetic and a geometric progression and so it
will grow either when multiplied or added with itself.
In 1983 Erdös and Szemerédi proved that for any finite
set of integers 𝐴
|𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| ≥ 𝐶|𝐴|1+𝜀

(13)

for absolute constants 𝐶, 𝜀 and conjectured that in fact for
any 𝜀 > 0 there is 𝐶𝜀 such
|𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| ≥ 𝐶𝜀 |𝐴|2−𝜀 .

(14)

We will give a beautiful proof (due to Elekes and
3
Székeley) of (14) with 𝜀 = using the Szemerédi-Trotter
4
Theorem in incidence geometry, mentioned in section 2.2,

which in turn will follow from the crossing number inequality obtained, ultimately, from a purely topological
result: Euler’s formula.
3.2.1 Crossing number inequality. During World War
II, Turán worked as forced labor, moving wagons filled
with bricks from kilns to storage places. According to his
recollections, it was not a very tough job, except that they
had to push much harder at the crossings. This led him
to consider the following problem: for a nonplanar graph
𝒢, find a drawing for which the number of crossings is
minimal. The minimal number of crossings in a drawing
is called the crossing number of a graph Cr(𝒢). Another
practical application of this problem appeared in the early
eighties, when it turned out that the chip area required
for the realization of an electrical circuit (VLSI layout) is
closely related to the crossing number of the underlying
graph. The basic result, due to Leighton, is as follows:
Cr(𝒢) ≥

1 |𝐸|3
− |𝑉|.
64 |𝑉|2

Here |𝑉| and 𝐸 denote, respectively, the number of vertices
and edges in the graph. The proof starts by observing that
Euler’s formula implies that if Cr(𝒢) = 0, then |𝑉| − |𝐸| +
|𝐹| = 2. This readily implies that the crossing number of
any graph satisfies
Cr(𝒢) ≥ |𝐸| − 3|𝑉| + 6.
The proof is concluded by considering a planar embedding
of 𝒢 with least crossing number and choosing each vertex
of 𝒢 at random with probability 𝑝. Taking the expectations
of the relevant quantities gives
𝑝4 Cr(𝒢) ≥ 𝑝2 |𝐸| − 3𝑝|𝑉| + 6;
letting 𝑝 =

4|𝐸|
|𝑉 |

yields the desired inequality (15).

3.2.2 Szemerédi-Trotter Theorem. This is an assertion
that given 𝑛 points and 𝑚 lines in the plane the number of
incidences is
2

2

𝐼(𝑚, 𝑛) ≪ 𝑚 3 𝑛 3 + 𝑚 + 𝑛

(16)

(and this is sharp). Consider a set 𝑃 of 𝑚 points and a set
𝐿 of 𝑛 lines in the plane, realizing the maximal number of
incidences 𝐼(𝑚, 𝑛). Define a drawing of a graph 𝒢(𝑉, 𝐸) in
the plane: each point 𝑝 ∈ 𝑃 becomes a vertex of 𝒢 and
two points 𝑝, 𝑞 ∈ 𝑃 are connected by an edge if they lie
on a common line 𝑙 ∈ 𝐿 next to one another. If a line
𝑙 ∈ 𝐿 contains 𝑘 ≥ 1 points of 𝑃, then it contributes 𝑘 − 1
edges to 𝑃 and hence 𝐼(𝑚, 𝑛) = |𝐸| + 𝑛. Since the edges are
parts of the lines, at most (𝑛) pairs may cross: Cr(𝒢) ≤ (𝑛).
2

By the crossing number theorem, Cr(𝒢) ≥
1 |𝐸|3 |

64 𝑚2

2

− 𝑛, so

− 𝑛 ≤ Cr(𝒢) ≤ ( ) and a calculation gives |𝐸| =

64 𝑚2

𝑒𝑐𝛼 . A beautiful survey by T. Sanders in BAMS covers the recent developments.

𝑂(𝑚 𝑛 3 + 𝑚), proving (16).

2
3

1 |𝐸|3 |

𝑛

14It is known that a bound for 𝑠 must be ≫ 2𝛼 ; very likely the proper order is
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3.2.3 Proof of the sum-product inequality. We are
1
ready to prove (13) with 𝜀 = . Let 𝑃 = {(𝑎, 𝑏)|𝑎 ∈
4
𝐴 + 𝐴, 𝑏 ∈ 𝐴 ⋅ 𝐴}; 𝑃 is a subset of the plane and has cardinality |𝐴 + 𝐴||𝐴 ⋅ 𝐴|. Consider the set of lines of the form
{(𝑥, 𝑦) ∶ 𝑦 = 𝑎(𝑥−𝑏)}, where 𝑎, 𝑏 are elements of 𝐴. Clearly
𝐿 has |𝐴|2 elements. Moreover, each such line contains at
least |𝐴| points in 𝑃, namely the points (𝑏 + 𝑐, 𝑎𝑐) with
𝑐 ∈ 𝑃. Thus 𝐼(𝑃, 𝐿) ≥ |𝐴|3 . Applying the Szemerédi-Trotter
Theorem and elementary linear algebra we conclude

example 𝑛𝑘+1 > 𝑛𝑘𝑘 . Define the set 𝐺𝛼 to consist of those
real numbers for which there exists 𝑀 such that for any 𝑘
there is an integer 𝑝 such that |𝑥 −

𝑝
𝑛𝑘

−

1

| < 𝑀𝑛𝑘 𝛼 . Clearly 𝐺𝛼

is an additive subgroup and it is not difficult to show, using Jarník’s Theorem that its Hausdorff dimension is equal
to 𝛼.

5

|𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| = Ω(|𝐴| 4 ).

(17)

Before turning to the discussion of Erdös-Volkmann
and Katz-Tao discretized ring conjectures, let us note that
if the set 𝐴 is 𝛿-separated, by carefully adapting the preceding proofs we obtain an inequality of the form
𝒩(𝐴 + 𝐴, 𝛿2 ) + 𝒩(𝐴 ⋅ 𝐴, 𝛿2 ) > 𝒩(𝐴, 𝛿)1+𝜏 ,

(18)

to be contrasted with Bourgain’s result (1).
3.3. On the Erdös-Volkmann and Katz-Tao discretized
ring conjectures.
3.3.1 Erdös-Volkmann problem.
With Volkmann we proved that for every 0 ≤ 𝛼 ≤ 1 there is
a group of real numbers of dim𝐻 = 𝑔𝑎. All our efforts so far
failed in proving the existence of ring or field of Hausdorff dimension 𝛼.

In 1964 Erdös and Volkmann proved that for each 𝛼 in
(0, 1) there is an additive Borel subgroup of the reals with
Hausdorff dimension 𝛼. Several proofs of this fact have
now been given, all involving some sets of numbers which
are well approximated by rationals. It is a well-known
result that there exist infinitely many rational approxima𝑚
tions
to any real number 𝑟 with an error less than 𝑛−2 .
𝑛
If 𝛼 > 2, let 𝐸 be the set of real numbers 𝑟 that can be ‘well
approximated’ by rational numbers in the sense that there
𝑚
𝑚
1
are infinitely many rational numbers with |𝑟 − | < 𝛼 .
𝑛

Jarník proved
17

in 1931 that dim𝐻 (𝐸) =

2
𝛼

𝑛

3.3.2 Katz-Tao discretized ring conjecture. It was
shown by Falconer that a Borel subring 𝑅 of ℝ cannot have
1
Hausdorff dimension exceeding (by considerations of
2

P. Erdös,15 1979

16

Figure 5. From a letter from P. Erdös to K. Falconer dated 18
June 1983.

𝑛

. Falconer’s con-

struction of an additive Borel subset with Hausdorff dimension 𝛼 builds on Jarník’s Theorem: take 𝑛𝑘 a sequence
of positive integers which increases sufficiently rapidly, for

the distance set {|𝑎 − 𝑏|; 𝑎, 𝑏, ∈ 𝑅 × 𝑅} ⊂ √𝑅).
In the 2001 paper ‘Some connections between Falconer’s distance set conjecture, and sets of Furstenbqerg
type,’ motivated, in part, by connections with the Kakeya
problem, Nets Katz and Terence Tao formulated a quantitative version of the Erdös-Volkmann problem (discretized
ring conjecture). A bounded subset 𝐴 of ℝ is called a (𝛿, 𝜎)1
set provided 𝐴 is a union of 𝛿-intervals and satisfies
𝑟
|𝐴 ∩ 𝐼| < ( )1−𝜍 𝛿1−𝜀
(19)
𝛿
whenever 𝐼 ⊂ ℝ is an arbitrary interval of size 𝛿 ≤ 𝑟 ≤ 1
(0 < 𝜀 ≪ 1 in (19) is a small parameter).
1
Katz and Tao conjectured that if 𝐴 is a (𝛿, )1 set satisfy1
+𝜀
2

2

1

−𝑐

ing |𝐴| > 𝛿
, then necessarily |𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| > 𝛿 2 ,
with 𝑐 > 0 an absolute constant. This was proved by Bourgain in the paper eponymous with the title of this section.
More generally, he proved the following result (which is
the precise formulation of (1)).

15

Erdös expressed a similar sentiment in a letter to K. Falconer (reproduced with
his kind permission). We remark that in 2016 P. Mauldin showed that assuming the Continuum Hypothesis, there exist subrings (and even subfields) of ℝ of
arbitrary Hausdorff dimension, which are not however Borel subsets.
16In fact, Jarník also proved a two-dimensional version of this theorem, yielding
a set in ℝ2 which, as was shown by Kaufmann, has the maximal possible set of
exceptional projections discussed in section 2.1.
17Erdös and Volkmann based their construction of 𝐺 on the following beau𝛼
tiful characterization of (ir)rationals given by Cantor (1869): let 𝑥 = [𝑥] +
∞

𝑎 (𝑥)

with the integers 𝑎𝑘 (𝑥) satisfying 0 ≤ 𝑎𝑘 (𝑥) ≤ 𝑘 − 1. Then 𝑥 is
∑𝑘=2 𝑘
𝑘!
irrational iff 𝑎𝑘 (𝑥) > 0 for infinitely many 𝑘 and 𝑎𝑘 (𝑥) ≤ 𝑘 − 1 for infinitely
many 𝑘. For fixed 𝛼 their 𝐺 𝛼 consists of those 𝑥 which satisfy 𝑎𝑘 (𝑥) ≤ 𝜅(𝑥)𝑘𝛼
or 𝑎𝑘 (𝑥) ≥ 𝑘 − 𝜅(𝑥)𝑘𝛼 for all 𝑘 ≥ 𝑘0 (𝑥) and 𝜅(𝑥) positive constant.
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Theorem 7. If 𝐴 is a (𝛿, 𝜎)1 set, 0 < 𝜎 < 1, satisfying |𝐴| >
𝛿𝜍+𝜀 , then necessarily |𝐴+𝐴|+|𝐴⋅𝐴| > 𝛿𝜍−𝑐 , with an absolute
constant 𝑐 = 𝑐(𝜎) > 0.
3.3.3 Labyrinth of the continuum. The title of this subsection is described by Bourgain in the introduction to his
paper in the bold sentence below.
The statement in Theorem 7 is thus a purely combinatorial fact. We proceed by contradiction, assuming
|𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| < 𝛿𝜍−𝑐 .
(20)
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Let 𝑃𝑛 = {0, … , 𝑛 − 1}, and let
𝑛

𝑛

1
2
𝑃 = { ∑ 𝑎𝑖 2−𝑖 ∶ 1 ≤ 𝑎𝑖 ≤ 2𝑖 }.
2 2𝑖
𝑖
𝑖=1 2
𝑖=1

𝐴𝑛 = ∑

It is easy to see that the distance between distinct points
1
𝑥, 𝑥′ ⊂ 𝐴𝑛 is at least 𝑛2 , such that 𝑥 has a unique repre4
𝑛

2

sentation as a sum ∑𝑖=1 𝑎𝑖 4−𝑖 with 1 ≤ 𝑎𝑖 ≤ 2𝑖 . Each
2
𝑛
term of the sum ∑𝑖=1 𝑎𝑖 2−𝑖 determines a distinct block
of binary digits; it is seen to be GAP (defined in section
3.1) as the image of 𝑃2 × 𝑃4 × ⋯ × 𝑃2𝑛 → 𝐴𝑛 given by
2
𝑛
(𝑥1 , … , 𝑥𝑛 ) → ∑𝑖=1 𝑥𝑖 2−𝑖 . The rank of this GAP is 𝑛 so
𝑛

𝑛(𝑛+1)

|𝐴𝑛 + 𝐴𝑛 | ≤ 2𝑛 |𝐴𝑛 | and |𝐴𝑛 | = ∏𝑖=1 |𝑃2𝑖 | = 2 2 . So we
have |𝐴𝑛 + 𝐴𝑛 | = |𝐴𝑛 |1+𝑜(1) .
Now we pass to the limit, akin to the way used in constructing the Cantor set: at stage 𝑛 we have a collection of
𝑛(𝑛+1)

2

2 2 intervals of length 2−𝑛 ; from each of these intervals
2
we keep 2𝑛+1 subintervals of length 2−(𝑛+1) separated by
2
gaps of length 2−𝑛 −(𝑛+1) . It is easy to see that the resulting
fractal set coincides with 𝐺 1 .
2

Figure 6. Labyrinth of the continuum.

The initial stages of the argument use only the additive information, thus |𝐴 + 𝐴| < 𝛿𝜍−𝑐 . It is processed through multiscale construction, based on
Ruzsa’s sumset estimates, and, most importantly,
quantitative versions of Freiman’s famous theorem on finite sets of reals with small doubling set.
... The final product is a subset 𝐶 of 𝐴 with a tree
structure which exhibits a ‘multiscale porosity
property.’ At this point, we start using multiplicative structure and prove the existence of elements
𝑥1 , 𝑥2 ∈ 𝐴 − 𝐴 such that |𝑥1 𝐶 + 𝑥2 𝐶| > 𝛿𝜍−𝜅 .
The key difficulty comes from the fact that Freiman’s
Theorem describes the structure of sets of small doubling
|𝐴+𝐴| < 𝐶|𝐴| with a fixed constant 𝐶, whereas the assumption (20) deals with the situation where the constant 𝐶
grows with 𝐴, as 𝐴 itself increases in size: the heart of Bourgain’s argument is the structure theorem characterizing sets
satisfying (20). The additive subgroups 𝐺𝛼 described in
section 3.3.1 satisfy this assumption; let us look at their
structure more closely, concentrating for concreteness on
1
the case 𝛼 = , and giving an alternative description of it
2
as a subset of the binary tree representing the continuum.
1724

A full binary tree of height ℎ can be identified with a set
of 0, 1 valued sequences of length ≤ ℎ. Let us say that the
tree 𝑇 has full branching for 𝑚 generations at the vertex 𝜎 if
𝜎 has all 2𝑚 possible descendants 𝑚 generations below it,
that is, 𝜎𝜂 ∈ 𝑇 for all 𝜂 ∈ {0, 1}𝑚 . The tree is fully concentrated for 𝑚 generations at 𝜎 if 𝜎 has a single descendant
𝑚 generations down, that is, there is a unique 𝜂 ∈ {0, 1}𝑚
with 𝜎𝜂 ∈ 𝑇. The sets 𝐴𝑛 are represented by trees 𝑇𝑛 of
height 𝑛2 . For every 𝑖 < 𝑛 every node at level 𝑖2 has full
branching for 𝑖 generations and every node at level 𝑖2 + 𝑖 is
fully concentrated for 𝑖 + 1 generations. Consequently for
every 𝑗 ∈ [𝑖2 , 𝑖2 + 1) every node at level 𝑗 has full branching
for one generation; for 𝑗 ∈ [𝑖2 + 𝑖, (𝑖 + 1)2 ) every node at
level 𝑗 is fully concentrated for one generation. Moreover,
it is not difficult to see that for every 𝑚 we can partition
the levels 0, 1, … , 𝑛2 into three sets 𝑈, 𝑉, 𝑊 such that:
a. For every 𝑖 ∈ 𝑈 every level 𝑖 node has full branching
for 𝑚 generations.
b. For every 𝑗 ∈ 𝑉 every level 𝑗 node is fully concentrated for 𝑚 generations.
c. The set 𝑊 constitutes a negligible fraction of the lev|𝑊 |
els: 2 = 𝑜(1) as 𝑛 → ∞ (with 𝑚 fixed).
𝑛

In the above description 𝑈 = ⋃𝑖>𝑚 [𝑖2 , 𝑖2 + 𝑖 − 𝑚), 𝑉 =
⋃𝑖>𝑚 [𝑖2 + 1, (𝑖 + 1)2 − 𝑚), and 𝑊 is the set of remaining
levels.
Bourgain’s Structure Theorem for sets satisfying (20)
can now be informally stated as follows. Suppose |𝐴+𝐴| ∼
|𝐴|1+𝜏 . If 𝑏 ≥ 2 is a base (say 𝑏 = 2) we can identify 𝐴 with
a subset of the full 𝑏-ary tree of height 𝑚: the vertices at distance 𝑗 from the root are the intervals [𝑘𝑏𝑚−𝑗 , (𝑘 + 1)𝑏𝑚−𝑗 )
which intersect 𝐴. Given 𝜀 there are 𝜏 > 0 and 𝑏 ≥ 2
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if the sum-product phenomenon failed, then one could construct ‘Heisenberg group-like’ examples that almost behaved
like Kakeya sets.) So he posed the question to me (as a private communication) as to whether the sum-product phenomenon was true. Nets and I chewed on this problem for a while,
and found connections to some other problems (the Falconer
distance problem, and the Szemerédi-Trotter Theorem, over finite fields), but couldn’t settle things one way or another. We
then turned to Euclidean analogues, and formulated the discretized ring conjecture and showed that this was equivalent
to a nontrivial improvement on the Falconer distance conjecture and on a conjecture of Wolff relating to some sets studied
by Furstenberg.

Figure 7. Jean Bourgain and Terence Tao.

(which can be taken arbitrarily large) such that the following holds if 𝑚 is large enough. Suppose 𝐴 ⊂ {0, 1, … , 𝑏𝑚−1 }
and |𝐴 + 𝐴| ≤ 𝑏𝜏𝑚 |𝐴| (which is the case if |𝐴 + 𝐴| ∼ |𝐴|1+𝜏 ).
Then there is a subset 𝐴′ of 𝐴 satisfying the following properties:
1. |𝐴′ | ≥ 𝑏𝜀𝑚 |𝐴|, that is to say 𝐴′ is a fairly dense subset
of 𝐴.
2. The 𝑏-ary tree associated with 𝐴′ is regularized in the
sense that any vertex at level 𝑗 has the same number 𝑁 𝑗 of
children
3. Either 𝑁 𝑗 = 1 or 𝑁 𝑗 ≥ 𝑏1−𝜀 , so at each level the
tree has either no branching or close to full branching uniformly over all the vertices at that level.
From Theorem 7 Bourgain deduced that the answer
to the Erdös-Volkmann problem was negative, which was
proved independently at about the same time by Edgar and
Miller who gave a simple and elegant proof making crucial
use of Marstrand’s Projection Theorem (Theorem 1). The
essential idea of their argument served as the starting point
and inspiration for the celebrated paper by Bourgain, Katz
and Tao establishing the sum-product theorem in 𝔽𝑝 .
3.4. A sum-product estimate in finite fields and applications. The main result of this paper is the following.
Theorem 8. Let A be a subset of 𝔽𝑝 such that for some 𝛿 > 0
𝑝𝛿 < |𝐴| < 𝑝1−𝛿 .

(21)

|𝐴 + 𝐴| + |𝐴 ⋅ 𝐴| ≥ 𝑐(𝛿)|𝐴|1+𝜀

(22)

Then
for some 𝜀 = 𝜀(𝛿) > 0.

This left the finite field sum-product problem. All the methods in our collective toolboxes were insensitive to the presence
of subfields (except perhaps for Freiman’s Theorem, but the
bounds were (and still are) too weak to get the polynomial expansion; the multiscale amplification trick that worked in the
discretized ring conjecture was unavailable here) and so were
insufficient to solve the problem. We knew that it would suffice to show that some polynomial combination of 𝐴 with itself
exhibited expansion, but we were all stuck on how to do this
for about a year, until Jean realized that the Edgar-Miller argument (based on the linear algebra dichotomy between having
a maximally large span, and having a collision between generators) could be adapted for this purpose. (I still remember
vividly the two-page fax from Jean conveying this point. After
this breakthrough the paper got finished up quite rapidly. Of
course nowadays there are many simple proofs and strengthenings of this theorem, but it was certainly a very psychologically
imposing problem for us before we found the solution.

In 2006 Bourgain, Glibichuk and Konyagin proved
(22) under the weaker assumption that |𝐴| < 𝑝1−𝛿
and, combining this result with the Balog-SzemerédiGowers Lemma, made remarkable progress towards the
Montgomery-Vaughan-Wooley conjecture. This asserts
that multiplicative subgroups of 𝔽𝑝 ∗ have ‘negligible additive structure’ as soon as

|𝐻|
log 𝑝

→ ∞. This was estab-

1
+𝛿
4

Here is Terence Tao’s recollection:
Regarding the prehistory of my paper with Jean Bourgain and
Nets Katz, it all started with a question of Tom Wolff back
in 2000, shortly before his unfortunate death. Tom had formulated the finite field version of the Kakeya conjecture (now
solved by Dvir), and had observed that there appeared to be
a connection between that conjecture (at least in the 3D case)
and what is now the sum-product theorem. (Roughly speaking,
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After chasing some dead ends on both the finite field sumproduct problem and the discretized ring problem, we gave
both problems to Jean, noting that the sum-product problem
would likely have applications to various finite field incidence
geometry questions, including Kakeya in 𝔽𝑝3 . Jean managed to
solve the discretized ring problem using some multiscale methods, as well as some advanced Freiman Theorem type technology based on earlier work of Jean and Mei-Chu Chang. About
the same time, Edgar and Miller solved the qualitative version
of the discretised ring problem (i.e. the Erdös ring conjecture).

lished for 𝐻 satisfying |𝐻| ≥ 𝑝
by Konyagin in 2002;
Bourgain, Glibichuk and Konyagin proved that the result
holds as soon as |𝐻| > 𝑝𝜀 for any 𝜀. Subsequently Bourgain refined and extended this approach to obtain hitherto
untouchable estimates for exponential sums pertaining to
Diffie-Hellman key exchange, a result of fundamental significance in cryptographic applications.
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4. Discrete and Continuous Variations
on the Expanding Theme
4.1. Bemerkung über den Inhalt von Punktmengen.
Building on Hausdorff’s 1914 construction, detailed below, Banach and Tarsky, in 1924, proved that there is a way
of decomposing a three-dimensional ball (‘precisely measured sphere’) into a finite number of disjoint pieces, then
reassembling the pieces to form two balls of the same radius, where ‘reassembling’ means that the pieces are translated and rotated and that they end up still disjoint.
The construction, perhaps one of the most strikingly
paradoxical in Mathematics, has its origins in the question
posed by Lebesgue in 1904, in the first textbook on integration bearing his name. One of the properties of his integral is the Monotone Convergence Theorem (MCT); is this
property really fundamental or does it follow from more
familiar integral axioms? Now MCT is essentially equivalent to countable additivity so the question is concerned
with the existence of a positive, finitely (but not countably)
additive measure on the reals assigning measure one to the
unit interval.
In more detail, the problem is to assign a nonnegative
real number 𝑓(𝐴) to each bounded subset 𝐴 ∈ ℝ𝑛 in such
a way that
1.
2.
3.
4.

𝑓(𝐸) = 1 if 𝐸 is the closed unit cube in ℝ𝑛 ,
𝑓(𝐴) = 𝑓(𝐵) if 𝐴 and 𝐵 are congruent,
𝑓(𝐴 ∪ 𝐵) = 𝑓(𝐴) + 𝑓(𝐵) if 𝐴 and 𝐵 are disjoint,
𝑓(𝐴1 ∪ 𝐴2 ∪ ⋯) = 𝑓(𝐴1 ) + 𝑓(𝐴2 ) + ⋯ if 𝐴1 , 𝐴2 , … is
any denumerable sequence of mutually disjoint sets
whose union is bounded.

The congruence condition in 2 is as follows: 𝐴 and 𝐵
are congruent if there exists an element 𝑔 in the Euclidean
group of distance-preserving transformations in ℝ𝑛 such
that 𝑔(𝐴) = 𝑔(𝐵). The problem of existence of such an 𝑓 is
the 𝜎-additive measure problem; the problem of existence
of 𝑓 verifying only the first three properties is the finitely
additive measure problem.
Lebesgue had left the countably additive measure problem in ℝ𝑛 unresolved; his construction had proved the existence of 𝑓(𝐴) for Lebesgue-measurable bounded subsets
and had left the existence of nonmeasurable subsets as an
open question. This was settled by Vitali in 1905, whose
construction is a fore-runner of the Hausdorff-BanachTarsky paradox. Let 𝑙𝜃 by a line segment in ℝ2 given by
𝑙𝜃 = {(𝑟, 𝜃) ∶ 0 ≤ 𝑟 ≤ 1} in polar coordinates. Consider
⋃𝜃 𝑙𝜃 = 𝐷′ , a unit disc with the origin removed. The line
segments 𝑙𝜃 and 𝑙𝜙 belong to the same equivalence class
if 𝜃 − 𝜙 is a rational multiple of 𝜋. Consider a set 𝐸 that
is a union of a set of 𝑙𝜃 containing exactly one representative from each equivalence class. Rationals are countable:
𝑄 ∩ [0, 1] = 𝑥1 , 𝑥2 , … . Write 𝐸𝑛 = {𝑙𝜃+2𝜋𝑥𝑛 ∶ 𝑙𝜃 ∈ 𝐸}. Then
each 𝐸𝑛 is obtained from 𝐸 by rotation around the origin
1726

Figure 8.

(by angle 2𝜋𝑥𝑛 ), the sets 𝐸𝑛 are disjoint (since 𝐸 contains
representatives from each equivalence class), ⋃𝑛 𝐸𝑛 = 𝐷′ .
Now take 𝐷′ and split it into the set 𝐹 consisiting of the
union of the sets 𝐸2𝑛 and the set 𝐺 consisting of the sets
𝐸2𝑛+1 . Each 𝐸2𝑛 can be rotated to 𝐸𝑛 , and the union of the
𝐸𝑛 gives us 𝐷′ . Similarly, each 𝐸2𝑛+1 can be rotated to 𝐸𝑛 ,
and the union of the 𝐸𝑛 gives us 𝐷′ again. Thus the punctured unit disc can be split into a countable set of disjoint
pieces (all obtained by rotation of one particular set) and
translated to form disjoint sets whose union is two copies
of 𝐷′ .18
Hausdorff begins his 1914 paper ‘Bemerkung über den
Inhalt von Punktmengen’ by using the subgroup 𝐺 𝛿 =
{𝑛𝛿 , 𝑛 ∈ ℤ} (where 𝛿 is a fixed irrational number) to show
that the 𝜎-additive problem in ℝ𝑛 has no solution for any
𝑛 ≥ 1. Both Vitali and Hausdorff use a denumerably dense
subgroup of the additive group (in Hausdorff’s case the
dense group is 𝐺 = 𝐺 𝛿 + ℤ).
He then proceeds to show that the finitely additive measure problem in ℝ𝑛 has no solution if 𝑛 ≥ 3 by reducing
the problem to the unit sphere 𝐾 = 𝑆 2 in ℝ3 and then
producing the so-called Hausdorff paradoxical decomposition
𝐾 = 𝐴 ∪ 𝐵 ∪ 𝐶 ∪ 𝑄,
(23)
where 𝐴, 𝐵, 𝐶, 𝑄 are four disjoint subsets of 𝐾, 𝑄 being denumerable and 𝐴 ∼ 𝐵 ∼ 𝐶 ∼ 𝐵 ∪ 𝐶, the congruence here
being under the group of rotations SO(3).
A decomposition (23) excludes the possibility of having an SO(3) invariant finitely additive positive measure
set function defined for all subsets of 𝐾 with 𝑓(𝐾) > 0: indeed for such an 𝑓, 𝑓(𝑄) must be zero and 𝑓(𝐴) = 𝑓(𝐵) =
𝑓(𝐶) = 𝑓(𝐵 ∪ 𝐶) = 𝑓(𝐵) + 𝑓(𝐶), whence all of these
18Vitali’s construction makes use of the Axiom of Choice (because we chose one

representative from each equivalence class) and the same is true of the BanachTarski construction.
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numbers are zero, which is impossible since 0 < 𝑓(𝐾) =
𝑓(𝐴) + 𝑓(𝐵) + 𝑓(𝐶).
The decomposition (23) is obtained by the consideration of a denumerable subgroup 𝐺 = 𝐺(𝜃, 𝜙) of SO(3) generated by two rotations 𝜃, 𝜙 such that 𝜃2 = 1 , 𝜙3 = 1, 1
being the identity map, and such that 𝜃, 𝜙 satisfy no other
nontrivial relations. As observed by von Neumann19 the
group 𝐺(𝜃, 𝜙) is isomorphic to the free product of ℤ2 and
ℤ3 and must necessarily contain 𝐹2 , the free group on two
generators.
This left open the finitely additive problem in ℝ1 and
2
ℝ ; Banach begins his 1923 paper20 (giving the title to
the next subsection) by showing that in these spaces the
finitely additive measure problem does have infinitely
many solutions.
4.2. Sur le problème de la mesure.
Banach was not a mathematician of finesse, he was a mathematician of power. Inside he combined a spark of genius with
that amazing inner imperative, which incessantly whispered
to him, as in Verlaine’s verse, ‘Il n’y a que la glorie ardente du
mètier’ [There is only one thing: that intense glory of the craft]
– and mathematicians know well that their craft depends on
the same mystery as the craft of poets.
Hugo Steinhaus21

In this seminal paper Banach considers three questions
pertaining to the invariance of finitely additive measures.
First, he constructs a finitely additive, positive, translationinvariant measure 𝜇 on the family of bounded subsets of
ℝ such that
1.

2.
3.

𝜇(𝐴) < ∞ for every bounded subset of ℝ (so that
𝜇 gives rise in an obvious way to an element 𝜇𝐴 of
𝑙∞ (𝐴)),
𝑏
𝜇[𝑎,𝑏] (𝑓) = ∫𝑎 𝑓(𝑥)𝑑𝑥 for every Riemann integrable
function 𝑓 on an interval [𝑎, 𝑏],
there exists a Lebesgue integrable function 𝑔 on an in𝑑
terval [𝑐, 𝑑] s.t. 𝜇[𝑐,𝑑] (𝑔) ≠ ∫𝑐 𝑔(𝑥)𝑑𝑥.

19In his seminal paper ‘Zur allgemeinen Theorie des Masses,’ which introduced

the notion of amenability.
20The first equality in this paper appears just below its title: Stefan Banach
(Léopol = Lwów).
‘If I cared to define the single most prominent characteristic feature of Lvov
school, I would mention its interest in the foundation of various theories. What
I mean by this is that if one imagines mathematics as a tree, then the Lvov group
was devoted to studying roots and trunks, perhaps even the main boughs, with
less interest in the side branches, leaves and flowers.’ S. Ulam (a student of
Banach and co-holder of the patent for the hydrogen bomb.)
21H. Steinhaus ‘discovered’ Banach on the park bench of Cracow Planty promenade, discussing Lebesgue Measure with Otto Marcin Nikodym. (He viewed
this as his ‘greatest discovery.’) Lebesgue visited Lvov in 1938 to receive an honorary doctorate from Jan Kazimierz University (where Steinhaus was at that
time Dean of the Faculty). Upon being given a menu in Polish at the celebratory
dinner in the famous Scottish Café, Lebesgue looked at the menu for about 30
seconds with utmost seriousness and said, ‘Merci, je ne mange que des choses
bien définies.’ [Thank you, I eat only well-defined things.]
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Figure 9. Jean Bourgain and Peter Sarnak.

The second result, which Banach calls ‘le probleme large
de la mesure,’ is to show that unlike the case of 𝑛 ≥ 3, studied by Hausdorff, the finitely additive measure problem in
ℝ𝑛 for 𝑛 = 1, 2 does have infinitely many solutions.
The third question, posed by Ruziewicz in 1921, is
whether Lebesgue measure on the 𝑛-sphere is the unique
finitely additive rotation invariant measure defined on
Lebesgue subsets. Using the Hahn-Banach Theorem, Banach showed that for 𝑛 = 1 the answer is negative, using
essentially the commutativity of SO(2). He left the case of
𝑛 > 2 open.
For 𝑛 > 3 the affirmative answer was obtained in
1980/81 by Margulis and Sullivan who used Kazhdan’s
property T.
In 1984 Drinfeld established the affirmative answer in
the most difficult case of 𝑛 = 2 by proving existence of an
element in the group ring of SU(2) which has a spectral
gap. As proved by Sarnak, the affirmative answer for 𝑛 = 2
implies, via inductive construction, an affirmative answer
for 𝑛 ≥ 2.
Drinfeld’s method used some sophisticated machinery
from the theory of automorphic representations, in particular Deligne’s solution of Ramanujan’s conjecture. In
1986 the explicit and optimal construction, appealing to
the above-mentioned tools was obtained by Lubotzky,
Phillips and Sarnak, in tandem with their celebrated construction (independently given by Margulis) of Ramanujan graphs.
4.3. Ramanujan-Selberg conjecture. In 1916 Ramanujan
made two deep conjectures about the coefficients of
∞

∞

𝑞 ∏(1 − 𝑞𝑛 )24 = ∑ 𝜏(𝑛)𝑞𝑛 .
𝑛=1

(24)

𝑛=1

The first was the multiplicativity of the coefficients: if
(𝑚, 𝑛) = 1
𝜏(𝑚𝑛) = 𝜏(𝑚)𝜏(𝑛);
(25)
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the second an estimate
11
2

|𝜏(𝑛)| ≤ 𝑑(𝑛)𝑛 ,

(26)

where 𝑑(𝑛) is the number of divisors of 𝑛. In particular,
11

|𝜏(𝑝)| ≤ 𝑝 2

(27)

for primes 𝑝.
The first was proved by Mordell in 1917 and marked
the beginning of Hecke’s theory of Hecke operators. The
second was proved by Deligne in 1974 and is one of the
crowning achievements of twentieth century mathematics.22
In his seminal 1965 paper ‘On the estimation of Fourier
coefficients of modular forms’ Selberg formulated an analogue of Ramanujan’s conjecture for nonholomorphic or
Maass forms and showed that it is equivalent to the following statement about the first positive eigenvalue of the
Laplacian (Selberg’s eigenvalue conjecture23):
1
,
(28)
4
where 𝑋(𝑝) = ℍ\Γ(𝑝), the quotient of the hyperbolic plane
by the congruence subgroup
𝜆1 (𝑋(𝑝)) ≥

1
Γ(𝑝) = {𝛾 ∈ SL2 (ℤ) ∶ 𝛾 ≡ (
0

0
)
1

lim inf 𝑐(𝒢𝑛,𝑑 ) ≥ 𝑐 > 0.

mod 𝑝}.

𝑛→∞

By the variational characterization of the first eigenvalue
we have
𝜆1 (𝑋(𝑝)) =

inf

∫𝑋(𝑝) 𝑓𝑑𝜇=0

graphs first implicitly appeared in the work of Barzdin and
Kolmogorov in 1967.
There are several ways of making the intuitive notions
of connectivity and sparsity precise; the simplest and most
widely used is the following.
Given a subset of vertices, its boundary is the set of edges
connecting the set to its complement. The expansion of a
subset is a ratio of the size of a boundary to the size of a set.
The expansion of a graph is a minimum over all expansion
coefficients of its subsets.
The expansion coefficient captures the notion of being
highly-connected, the bigger the expansion coefficient, the
more highly-connected is the graph. Of course one can
simply connect all the vertices but in this case the number of edges grows as the square of the number of vertices.
The problem of constructing expanders is nontrivial because we put the second constraint: the graphs are to be
sparse, i.e., the number of edges should grow linearly with
the number of vertices. The simplest way to accomplish
this is to demand that the graphs be regular, that is, each
vertex has the same number of neighbors (say 3).
A family of 𝑘-regular graphs 𝒢𝑛,𝑘 forms a family of expanders if there is a fixed positive constant 𝑐, such that

∫𝑋(𝑝) |∇𝑓|2 𝑑𝜇
∫𝑋(𝑝) 𝑓2 𝑑𝜇

.

(29)

Using Weil’s bound for Kloosterman sums (obtained as a
consequence of his proof of the Riemann hypothesis for
curves), Selberg proved the following celebrated result:
3
.
(30)
16
This result can be viewed as (implicitly) giving rise to
the first family of expander graphs.
4.4. Expanders. Expanders are highly connected sparse
graphs widely used in computer science. Clearly high connectivity is desirable in any communication network. The
necessity of sparsity is perhaps best seen in the case of the
network of neurons in the brain: since the axons have finite thickness their total length cannot exceed the quotient
of the average volume of one’s head and the area of axon’s
cross-section. In fact, this is the context in which expander
𝜆1 (𝑋(𝑝)) ≥

(31)

The expansion coefficient is a notion which is very easy
to grasp but it is difficult to compute numerically or to estimate analytically, as the number of subsets grows exponentially with the number of vertices. The starting point of
most current work on expanders is that the expansion coefficient has a spectral interpretation:24 to put it sonorously,
if you hit a graph with a hammer, you can determine how
highly-connected it is by listening to the bass note. In
more technical terms, high connectivity is equivalent to
establishing a spectral gap for an averaging (or Laplace)
operator on the graph so that condition (31) has the following alternative expression:
lim inf 𝜆1 (Δ(𝒢𝑛,𝑘 )) ≥ 𝜇 > 0,
𝑛→∞

(32)

making apparent the connection with Selberg’s celebrated
3
Theorem (30).
16
In 1973 Pinsker observed that random regular graphs
are expanders. In the same year Margulis gave the first
explicit construction of expanders as Cayley graphs25 of
SL3 (𝔽𝑝 ) using Kazhdan’s property T.

22‘According to the author of the proof, Pierre Deligne, in order to present this

24The connection stems from the variational characterization of the first eigen-

proof, presupposing everything known by a beginning graduate student in mathematics one would need about two thousand pages of printed text. This theorem
probably holds the record in modern mathematics for the ratio of the length of
its proof to the length of its statement.’ Y. Manin.
23See the article with eponymous title by P. Sarnak in the Notices for a tantalizing discussion.

value, expressed in (29).
25Given a finite group 𝐺 with a symmetric set of generators 𝑆, the Cayley graph
𝒢(𝐺, 𝑆) is a graph which has elements of 𝐺 as vertices and which has an edge
from 𝑥 to 𝑦 if and only if 𝑥 = 𝜎𝑦 for some 𝜎 ∈ 𝑆. The Cayley graph of PSL2 (𝔽5 )
with respect to standard generators is a buckyball, alluded to in the rendering of
O on the conference poster (Figure 2).
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4.5. Superstrong approximation. The strong approximation for SL𝑛 (ℤ), asserting that the reduction 𝜋𝑞 modulo 𝑞
is onto, is a consequence of the Chinese Remainder Theorem; its extension to arithmetic groups is far less elementary but well understood. If 𝑆 is a finite symmetric generating set of SL𝑛 (ℤ), strong approximation is equivalent to
the assertion that the Cayley graphs 𝒢(SL𝑛 (ℤ/𝑞ℤ), 𝜋𝑞 (𝑆))
are connected. The quantification of this statement, asserting that they are in fact highly-connected, that is to say
form a family of expanders, is what we mean by superstrong approximation. The proof of the expansion property for SL2 (ℤ) has its roots in Selberg’s celebrated lower
bound (30). The generalization of the expansion property to 𝐺(ℤ) where 𝐺 is a semisimple matrix group defined
over ℚ is also known thanks to developments towards the
general Ramanujan conjectures that have been established;
this expansion property is also referred to as property 𝜏 for
congruence subgroups.
Let Γ be a finitely generated subgroup of GL𝑛 (ℤ) and let
𝐺 = Zcl(Γ). The discussion of the previous paragraph applies if Γ is of finite index in 𝐺. However if Γ is thin, that
is to say of infinite index in 𝐺(ℤ), then vol(𝐺(ℝ)\Γ) = ∞
and the techniques used to prove both of these properties
do not apply. It is remarkable that under a suitable natural hypothesis, strong approximation continues to hold in
this thin context, as proved by Matthews, Vaserstein, and
Weisfeller in 1984. That the expansion property might
continue to hold for thin groups was first suggested by
Lubotzky in 1993; for SL2 (ℤ) the issue is neatly encapsulated in the following 1-2-3 question of his. For a prime
𝑝 ≥ 5 and 𝑖 = 1, 2, 3 let us define 𝑆𝑝𝑖 = {( 01 1𝑖 ) , ( 1𝑖 01 )}. Let
𝒢𝑝𝑖 = 𝒢 (SL2 (ℤ/𝑝ℤ) , 𝑆𝑝𝑖 ), a Cayley graph of SL2 (ℤ/𝑝ℤ) with
respect to 𝑆𝑝𝑖 . By Selberg’s Theorem, 𝒢𝑝1 and 𝒢𝑝2 are families
of expander graphs. However the group ⟨( 01 31 ) , ( 31 01 )⟩ has
infinite index and thus does not come under the purview
of Selberg’s Theorem.
Following the groundbreaking work of Helfgott (which
builds crucially on the sum-product estimate in 𝔽𝑝 discussed in section 3.4) Bourgain and Gamburd gave a complete answer to Lubotzky’s question. The method introduced in ‘Uniform expansion bounds for Cayley graphs of
SL2 (ℤ/𝑝ℤ)’ and developed in a series of papers, became
known as the ‘Bourgain-Gamburd expansion machine;’
thanks to a number of major developments by many people the general superstrong approximation for thin groups
is now known. The state of the art is summarized in Thin
Groups and Superstrong Approximation which contains an expanded version of most of the invited lectures from the
eponymous MSRI ‘Hot Topics’ workshop, in the survey
by Helfgott ‘Growth in groups: Ideas and prospectives’ in
BAMS, and in the book by Tao Expansion in Finite Simple
Groups of Lie Type.
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4.6. On the spectral gap for finitely generated subgroups of SU(𝑑). There is an Archimedean analogue of
the expansion property, intimately related to the BanachRuziewicz problem discussed in section 4.2, defined as follows.
For 𝑘 ≥ 2 let 𝑔1 , … , 𝑔𝑘 be a finite set of elements in 𝐺 =
𝑆𝑈(𝑑) (𝑑 ≥ 2). We associate with them an averaging (or
Hecke) operator 𝑧𝑔1 ,…,𝑔𝑘 , taking 𝐿2 (𝑆𝑈(𝑑)) into 𝐿2 (𝑆𝑈(𝑑)):
𝑘

𝑧𝑔1 ,…,𝑔𝑘 𝑓(𝑥) = ∑ 𝑓(𝑔𝑗 (𝑥)) + 𝑓(𝑔𝑗−1 (𝑥)).
𝑗=1
−1
We denote by supp(𝑧) the set {𝑔1 , … , 𝑔𝑘 , 𝑔−1
1 , … , 𝑔𝑘 } and by
Γ𝑧 the group generated by supp(𝑧). It is clear that 𝑧𝑔1 ,…,𝑔𝑘 is
self-adjoint and that the constant function is an eigenfunction of 𝑧 with eigenvalue 𝜆0 (𝑧) = 2𝑘. Let 𝜆1 (𝑧𝑔1 ,…,𝑔𝑘 ) denote the supremum of the eigenvalues of 𝑧 on the orthogonal complement of the constant functions in 𝐿2 (𝑆𝑈(𝑑)).
We say that 𝑧 has a spectral gap if 𝜆1 (𝑧𝑔1 ,…,𝑔𝑘 ) < 2𝑘. It is
common to, alternatively, refer to the situation described
above, by asserting that the spectral gap property holds for
Γ𝑧 .
It is easy to see that an affirmative solution of BanachRuziewicz follows from the existence of 𝑧 in SU(2) having
a spectral gap. In their 1986 paper, referenced at the end of
section 4.2, Lubotzky, Philips and Sarnak posed a question
of whether generic in measure 𝑧 in SU(2) has a spectral gap.
In 2008 Bourgain and Gamburd proved (Theorem 9 below) the spectral gap property for 𝑧 in SU(2) satisfying the
noncommutative diophantine property (NDP)—in particular for free subgroups generated by elements with algebraic entries.
The definition of noncommutative diophantine property26 introduced in the paper ‘Spectra of elements in the
group ring of SU(2)’ by Gamburd, Jakobson and Sarnak
is as follows. We say that 𝑧𝑔1 ,…,𝑔𝑘 satisfies NDP if there is
𝐷 = 𝐷(𝑔1 , … , 𝑔𝑘 ) > 0 (the diophantine constant of 𝑧) such
that for any 𝑚 ≥ 1 and a word 𝑊𝑚 in 𝑔1 , … , 𝑔𝑘 of length
𝑚 with 𝑊𝑚 ≠ ±𝑒 (where 𝑒 denotes the identity in SU(2))
‖𝑊𝑚 ± 𝑒‖ ≥ 𝐷−𝑚 .

Theorem 9. Let 𝑔1 , … , 𝑔𝑘 be a set of elements in SU(2) generating a free group and satisfying NDP (in particular, elements
with algebraic entries).27 Then 𝑧𝑔1 ,…,𝑔𝑘 has a spectral gap.
26Recall that 𝜃 ∈ ℝ is called diophantine if there are positive constants 𝐶 , 𝐶
1 2
s.t. for all (𝑘, 𝑙) ∈ ℤ2 with 𝑘 ≠ 0 we have |𝑘𝜃 − 𝑙| ≥ 𝑐 1 𝑘−𝑐2 . Equivalently, letting 𝑔 = 𝑒2𝜋𝜃 ∈ SO(2) we may re-express this condition as follows: |𝑔𝑘 − 1| ≥
′
𝑐′1 𝑘−𝑐2 . A classical result asserts that diophantine numbers are generic in measure in ℝ. Given diophantine 𝜃1 , … , 𝜃𝑘 and 𝑔1 = 𝑒2𝜋𝜃1 , … , 𝑔𝑘 = 𝑒2𝜋𝜃𝑘 in
SO(2), for any word 𝑊 in 𝑔1 , … , 𝑔𝑘 of length 𝑚 we have |𝑊𝑚 − 1| ≥ 𝑐 1 𝑚−𝑐2
for some 𝑐 1 , 𝑐 2 . In the case of SO(3), given 𝑔1 , … , 𝑔𝑘 generating a free subgroup,
a pigeonhole argument shows that for any 𝑚 ≥ 1 there is always a word 𝑊 in
−

𝑚

−1
6 ,
𝑔1 , 𝑔−1
1 , … , 𝑔𝑘 , 𝑔𝑘 of length at most 𝑚 such that ‖𝑊𝑚 − 𝑒‖ ≤ 10(2𝑘 − 1)
so the exponential behavior in the definition below is the appropriate one.
27It was established in [GJS] that elements with algebraic entries satisfy NDP.
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Regarding the proof, let me just note that in the adaption of the ‘expansion machine’ to this Archimedean setting, the crucial role is played by the following strengthening of Theorem 7.
Theorem 10. Given 0 < 𝛿 < 1 and 𝜅 > 0 there exists 𝜀0 > 0
and 𝜀1 > 0 such that if 𝛿 > 0 is sufficiently small and 𝐴 ⊂
[1, 2] is a discrete set consisting of 𝛿-separated points, satisfying
|𝐴| = 𝛿−𝜍 and
|𝐴 ∩ 𝐼| < 𝜌𝜅 |𝐴|
(33)
whenever 𝐼 is a size 𝜌 interval with 𝛿 < 𝜌 < 𝛿𝜀0 , then
𝑁(𝐴 + 𝐴, 𝛿) + 𝑁(𝐴 ⋅ 𝐴, 𝛿) > 𝛿−𝜀1 |𝐴|.

(34)

Theorem 9 is of importance in quantum computing. In
the context of quantum computation elements of a threedimensional rotation group are viewed as ‘quantum gates’
and a set of elements generating a dense subgroup is called
‘computationally universal’ (since any element of a rotation group can be approximated by some word in the generating set to an arbitrary precision). A set of elements is
called ‘efficiently universal’ if any element can be approximated by a word of length which is logarithmic with respect to the inverse of the chosen precision (this is the best
possible). A consequence of Theorem 9 is that computationally universal sets with algebraic entries are efficiently
universal.
Another application is related to the theory of quasicrystals. Generalizing Penrose’s two-dimensional aperiodic tiling, John Conway and Charles Radin constructed
a self-similar (hierarchical) tiling of a three-dimensional
space with a single prototile, such that the tiles occur in an
infinite number of different orientations in the tiling. The
tile is a prism, which when scaled up by 2 is subdivided
into eight copies of itself (‘daughter tiles’). If one iterates
this same subdivision procedure over and over, one creates
in the limit the desired tiling of three-dimensional space
by prisms. Conway and Radin showed that the orientations of tiles in the tiling are uniformly distributed and
posed the question of how fast this convergence to uniform distribution takes place. This question reduces to the
study of the spectral gap for the averaging operator associated with eight rotations giving orientations of daughter
tiles. A consequence of Theorem 9 is that this convergence
takes place exponentially fast.

5. Coda
The essense of mathematics lies precisely in its freedom.
Georg Cantor
Already history has in a sense ceased to exist, i.e. there is
no such thing as a history of our own times which could be
A major open question is whether 𝑧 generic in measure in SU(2) satisfies NDP.
The best known result in this direction is due to Kaloshin and Rodnianski: for
almost every pair (𝐴, 𝐵) in SU(2) × SU(2) there is a constant 𝐷 > 0 s.t. for any
2
𝑛 and any word 𝑊𝑚 ‖𝑊𝑚 (𝐴, 𝐵) ± 𝑒‖ ≥ 𝐷−𝑚 .
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universally accepted, and the exact sciences are endangered as
soon as military necessity ceases to keep people up to the mark.
Hitler can say that the Jews started the war, and if he survives,
that will become official history. He can’t say that two and two
are five, because for the purposes of, say, ballistics they have to
make four.
George Orwell, letter to N. Wilmett, 18 May 1944
Freedom is the freedom to say that two plus two make four.
If that is granted, all else follows.
George Orwell, Nineteen Eighty-Four, 1949

The difficulties of explaining Bourgain’s work to a broad
mathematical audience turned out to be quite substantial;28 omitting ‘mathematical’ from the appellation renders them nearly insurmountable.
Ian Stewart begins his admirable book The Problems of
Mathematics (Oxford University Press, 1987) with an interview with a mathematician conducted by Seamus Android
on behalf of the proverbial man-in-the-street29 invoked in
Hilbert’s celebrated 1900 address Problems of Mathematics,
referenced at the beginning of section 2.
Mathematician: It’s one of the most important discoveries of
the last decade!
Android: Can you explain it in words ordinary mortals can
understand?
Mathematician: Look, buster, if ordinary mortals could understand it, you would not need mathematicians to do the job
for you, right? You can’t get a feeling for what’s going on without understanding the technical details. How can I talk about
manifolds without mentioning that the theorem only works if
the manifolds are finite dimensional paracompact Hausdorff
with empty boundary?
Android: Lie a bit.
Mathematician: Oh, but I could not do that!
Android: Why not? Everybody else does.

Perhaps the most troubling omen of our times is an assault on the very basic notions of logic and truth, in their
most elemental Aristotilean sense, including, in particular,
the law of the excluded middle. Our discipline stands as a
mighty fortress against this assault; and I, for one, believe
we should not be overly defensive about our reluctance to
lie a bit just because everybody else does.
***
Of all escapes from reality, mathematics is the most successful
ever. It is a fantasy that becomes all the more addictive because it works back to improve the same reality we are trying
to evade. All other escapes – sex, drugs, hobbies, whatever –
are ephemeral by comparison. The mathematician’s feeling of
28‘There is a continuing need to lead new generations along the thorny path
which has no shortcuts. The Ancients said there is no royal road in mathematics. But the vanguard is leaving the great mass of pilgrims further and further
behind, the procession is ever more strung out, and the leaders are finding themselves alone far out ahead.’ H. Steinhaus
29The proverbial meaning is a function of street’s location in space-time cultural
continuum: it is exceedingly unlikely, I reckon, that Aristotle’s remark in Nicomachean Ethics, IX that ‘without friends none would care to live, though having all other things besides’ should necessarily be construed as endorsement of
Facebook.
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triumph, as he forces the world to obey the laws his imagination has freely created, feeds on its own success. The world is
permanently changed by the workings of his mind, and the certainty that his creations will endure renews his confidence as
no other pursuit.
Gian-Carlo Rota, ‘The Lost Cafe’, 1987
The one who writes a poem writes it above all because verse
writing is an extraordinary accelerator of conscience, of thinking, of comprehending the universe. Having experienced this
acceleration once, one is no longer capable of abandoning the
chance to repeat this experience; one falls into dependency on
this process, the way others fall into dependency on drugs or
on alcohol. One who finds himself in this sort of dependency
on language is, I guess, what they call a poet.
Joseph Brodsky, ‘Nobel Lecture’, 1987

To paraphrase W. H. Auden (writing In Memory of W. B.
Yeats),
[Mathematics] 30 makes nothing happen: it survives
In the valley of its making, where executives
Would never want to tamper.

In attempting to explain the significance of Bourgain’s
remarkable and remarkably useful results to a proverbial human-online, one may invoke their applications in
mathematical physics, computer science and cryptography, which are of immense practical importance in contemporary life, making, in particular, online communication possible. Their subtlety, beauty and depth appear to
be much harder to convey in ‘plain English.’ Here and
now, perhaps, we must remind ourselves that the humanonline, while attached to a digital device (built by von
Neumann) is still human and sound-bite/tweet thus: while
dealing with entities seemingly fake/unreal (e.g. the real
line), Bourgain’s singular adventures in the labyrinth of
the continuum represent a magnificent and transcendent
achievement of the human spirit.
***
I met Jean in September 2005, six months after my
daughter (who drew the pictures for this essay) was born,
while visiting IAS for the program ‘Lie Groups, Representations and Discrete Mathematics’ led by Alex Lubotzky. I do
not remember the precise date but do remember the hour:
it was between 2 and 3 am. After changing my daughter’s
diapers I could not sleep, went to Simonyi Hall and ran
into Jean walking to the Library. It was in this discombobulated state that I was free of fear to speak to him. By dawn,
the problem which had been resisting my protracted attack
for a decade was vanquished in Jean’s office.31

Figure 10. Jean Bourgain, Peter Sarnak, Alex Gamburd.

During this happiest year of my life, in 2005–2006, I
stayed on the Lane named after Hermann Weyl who was
of the view that ‘Mathematics is not the rigid and uninspiring schematism which the layman is so apt to see in
it; on the contrary, we stand in mathematics precisely at
that point of limitation and freedom which is the essence
of man himself.’
During my second visit to IAS, in 2007–2008, as a von
Neumann Fellow participating in the ‘Arithmetic Combinatorics’ Program led by Jean Bourgain and Van Vu, I
stayed on the Lane named after Erwin Panofsky. His magnificent essay The History of Art as a Humanistic Discipline,
based on The Spencer Trask Princeton University Lectures
for 1937–38, commences thus:
Nine days before his death Immanuel Kant was visited by his
physician. Old, ill, and nearly blind, he rose from his chair
and stood trembling with weakness and muttering unintelligible words. Finally his faithful companion realized that he
would not sit down until the visitor has taken a seat. This he

30Save e.g. hydrogen bomb and computer.
31Jean had the following daily routine. He would arrive at the dining hall for

did, and Kant then permitted himself to be helped to his chair,

lunch within 5 minutes of its closing and, while descending the stairs, would
look for whom to join for the meal (the relevance of the person was determined
primarily by their expertise in the problem Jean was currently working on). After lunch and before sunset the door of his office would be half-open. After getting a bottle of red wine (typically Medoc), Jean would have dinner around 9
pm, followed by a double espresso (typically in Small World Coffee), return to

the office, call his wife and son, and then go for a brisk walk, encircling Einstein
Drive about five times. Between midnight and sunrise his office door would
typically be closed. His hand-written notes (like that of Mozart’s and unlike
Beethoven’s) are virtually free of corrections, in part, because during his dinner
and walk he would think about what would be set to paper upon his return to
the office.
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and, after regaining some of his strength, said, ‘Das Gefühl für
Humanität hat mich noch nicht verlassen’ – ‘The sense of hu-

making all disagreebles evaporate from their being in close
relationship with Beauty and Truth.’

manity has not yet left me.’ The two men were moved almost to
tears. For, though the word Humanität had come, in the eighteenth century, to mean little more than politeness or civility,
it had, for Kant, a much deeper significance, which the circumstances of the moment served to emphasize: man’s proud and
tragic consciousness of self-approved and self-imposed principles, contrasting with his utter subjection to illness, decay and
all that is implied in the word ‘mortality.’

Towards the end of the essay, Panofsky thus (pre-)
echoes Orwell: ‘If the anthropocratic civilization of the
Renaissance is headed, as it seems to be, for a Middle
Ages in reverse—a satanocracy as opposed to the mediaeval
theocracy—not only the humanities but also natural sciences, as we know them, will disappear, and nothing will
be left but what serves the dictates of the sub-human.’
During my third, short visit, I stayed on von Neumann
Drive (the only other ’Drive’ at IAS is named after Einstein).
The similarities between von Neumann and Baron Bourgain are subtle and striking.

Figure 12. Richard Taylor, Jean Bourgain, Terence Tao.

Having attempted in this essay a snapshot of the excellence of Bourgain’s art, let me conclude by giving a glimpse
of his intensity by quoting from the interview upon receiving the 2017 Breakthrough Prize in Mathematical Sciences:
If you have a question which is generally perceived
as unapproachable, it is often that you do not even
quite know where you have to look to get a solution. From that point of view, we are rather like
Fourier,32 stranded in the desert, hopelessly lost.
At the moment you get this insight, all of a sudden you escape the desert and things open up for
you. Then we feel very excited. These are the best
moments. They make up for all the suffering with
absolutely no progress worth it.

Figure 11. The IAS Seal.

The IAS (where Jean did most of the work described in
this essay) official seal is imprinted on the Analysis and Beyond conference poster. In a circular format, the quiet elegant and classical Art Deco composition depicts two graceful young ladies, one clothed and one otherwise, standing
on opposite sides of a leafy tree that appears to bear abundant fruit. Their poses are complementary, one looking
out toward the spectator, the other looking down, avoiding eye contact. The figures are named in large sans serif
letters, TRUTH to the left, BEAUTY on the right. Truth
holds a mirror that overlaps the circular frame to reflect
reality.
Underlaying the design of the seal is the evident allusion to the famous final couplet of ‘Ode on a Grecian Urn’:
‘Beauty is truth, truth beauty,’—that is all Ye know on earth,
and all ye need to know by John Keats, who was of the view
that ‘the excellence of every art is its intensity, capable of
1732

Figure 13.

32Jean-Baptiste Joseph Fourier was a member of General Bonaparte’s expedition

to Egypt (1798–1801), important enough for the First Consul to make him, in
1802, the Prefect of the département at Grenoble, a position which he held until
Emperor Napoleon’s fall.
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will
be your early career and the pandemic.
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Good Ideas
Lessons Learned from the
Bridge to Enter Advanced
Mathematics Program
Dan Zaharopol
Bridge to Enter Advanced Mathematics (BEAM) works
to create comprehensive pathways for students from
low-income and historically marginalized communities
to become scientists, mathematicians, engineers, and
computer scientists. Working with students beginning in
Dan Zaharopol is the founder and CEO of BEAM. His email address is
dan_zaharopol@artofproblemsolving.org.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2184
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Figure 1. Rising 8th graders Danielys (left) and Kenneth,
attending BEAM’s summer camp at Bard College (2016), work
on polygons and Euler’s partition function during class time.

middle school and running through college graduation,
we’ve helped numerous students successfully enter STEM
majors in college. Our focus is giving students access to
deep mathematics, showing them a mix of pure and applied
math, and introducing them to the idea of mathematical
proof. Essentially, we want to bring out the excellence in
our students.
At a time when concerns about equal access to education, systemic racism more generally, and access to levers
of power (like STEM) are at a high point, we’d like to share
some of the lessons we’ve learned to support those who’d
like to begin to tackle these very difficult issues. We believe
that mathematicians are positioned to make a real difference in their communities.

Why STEM Outreach Needs to Start
at an Early Age
There is ample evidence that disparities in opportunity
and achievement in STEM begin when students are young.
While we often study differences in minimum proficiency
(e.g., high school graduation), we rarely look at measures
of advanced achievement, but the differences are stark.
Consider:
• In 8th grade, on the National Assessment of
Educational Progress (NAEP) exam, only 3% of
low-income 8th graders score at the advanced
level in mathematics, compared to 16% of more
affluent peers. Achievement levels by race show a
similar disparity.
• On the math olympiad qualifying track, we analyzed performance in New York State. Although

Notices of the American Mathematical Society

Volume 67, Number 11

Early Career
over 45% of New York State students attend a
majority low-income high school, only about
2% of qualifiers for the second round (the AIME)
were from such a school—and all of those were
from one school in Queens, itself barely over 50%
low-income, with a separate gifted program within
the school.
• On the AP BC Calculus exam, only 1.2% of the
students who receive a 5 (the top score) are Black;
a randomly-chosen white high schooler is more
than ten times as likely to earn this score as a randomly-chosen Black high schooler.
This last statistic is most stark in light of two telling
facts. First is the prevalence of AP Calculus: over 400,000
students nationally take either AP Calculus AB or AP Calculus BC each year. Indeed, at Harvard, a staggering 91% of
incoming undergraduates (regardless of intended major)
have taken AP Calculus, 59% have taken AP Calculus BC,
and 25% have taken a course beyond AP Calculus BC (such
as multivariable calculus, linear algebra, or something
higher). And yet, 70% of high schools in the top quintile for
percentage of underrepresented minority students (defined
in this study as Black, Latinx, Native American, and Pacific
Islander) do not offer any form of calculus at all. How can
we expect students to be prepared for STEM if their schools
do not even offer such a course?
To be clear, we’re not making an argument that calculus
is the “right” course for high school students interested in
STEM. What we are saying is that some students consistently have access to advanced and enrichment work in
math and STEM more generally, and some students do
not; then all of these students come together in the same
college classrooms and are expected to complete the same
majors. Thus, BEAM focuses on advanced work from an
early age so that our students are prepared for that major.
Despite the clear challenges, there are signs that progress
is possible. The percentage of Black students completing
doctorates in STEM fields (including math) has been rising
over the past few decades; access and outreach programs
have made an impact, just slowly. There’s strong evidence
that we can open up more opportunity, especially if we
start early.

How the BEAM Program Works
BEAM’s students begin with our five-week, non-residential
summer program for rising 7th graders, BEAM Discovery,
where they learn mathematical thinking through courses
on logical reasoning, creative problem solving, and applied
math. In addition, each student takes a math fundamentals course, designed to reinforce school math while also
showing students how to get away from rote procedures
and instead think and reason about the math.
However, we believe success in math requires much
more than just math! Equally important are the social,
emotional, and identity components. Students make
December 2020

friends with others who love math and build the skills,
confidence, and self-identity for success. We intentionally
build community with college student counselors, activities, groupwork in classes, and more. We also strive to
showcase mathematicians of color and expose students to
career opportunities in STEM.
Students can then apply to continue to the BEAM Pathway Program, which supports them for nine years through
college graduation. The first step is BEAM Summer Away,
which is similar to BEAM Discovery but more: it’s a threeweek, residential summer program where students dive
deep into proof-based mathematics. Living together on a
college campus builds friendships that last a lifetime and
helps students develop their independence. They also start
to see themselves as belonging in college and even learn
basic terminology (such as “dorms,” “quad,” or “student
union”).
Thereafter, students are invited to a variety of year-round
enrichment activities, including weekend classes, special
trips, drop-in office hours, and more. In addition to enrichment math, we also provide a “Things You Need to Know”
course based on the student’s grade level:
• 8th graders: algebra
• 9th and 10th graders: study skills and life skills
• 11th graders: SAT prep and college application
process
• 12th graders: college applications and college prep
Meanwhile, enrichment classes connect students back
with the math they love: number theory, genetics, circuit
design, programming, and more.
The idea of all of these programs is to provide real support to our students. Throughout high school, students receive individualized advising to apply to summer programs
and internships that will support their continued study.
Students also receive guidance on college applications, help
visiting colleges, and tailored support with financial aid.
For students who pursue STEM majors in college, BEAM
provides advising and meet-ups throughout college.
This support pays off. To give some context, we recruit
from partner middle schools that serve predominantly
low-income and marginalized populations, and we have
strict cutoffs for our programs regarding both family income and the level of access students have to learning opportunities. Our programs are 51% male and 49% female,
86% of students identify as at least one of African American,
Latinx or Native American, and the median family income
for BEAM’s students is $27,000 (in New York City and Los
Angeles, to be clear). Over 65% of BEAM students will be
the first in their families to go to college.
Meanwhile, the most recent BEAM students to graduate from high school were admitted to a diverse list of
selective public and private colleges, including Barnard,
Brown, Columbia, Cornell, Georgetown, Harvard, Tufts,
Vanderbilt, and more. Overall, almost 70% of our college-bound students have enrolled at colleges ranked “very
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competitive” or higher as defined by Barron’s Profiles of
American Colleges.

How to DoThisYourself
We hope that many readers are inspired to work for change
themselves. Without the engagement of STEM professionals, it is unlikely that we’ll be able to address the systemic
inequality of access to advanced learning.
We want to say this right up front: there are real and
difficult challenges to becoming involved. Of course, any
academic mathematician must either build institutional
support for outreach or else balance outreach with the
work that is valued in their department. Moreover, many
academics come from privileged backgrounds, which can
be genuinely problematic, reinforcing stereotypes and
raising the likelihood of inadvertently harmful behaviors.
We can’t share everything we’ve learned, but if you want
to do this critical work, we’d like to offer some advice.
Before diving into the nitty-gritty, though, there are two
overarching and very important steps to take.
First of all: find ways to engage and get to know the
community you want to serve. Children’s identity development is complex; things that might seem innocuous can be
harmful to exactly the kids you want to serve. (For example:
showing too much privilege or wealth; strongly expressing
views that may be counter to those held by their parents;
discussing current politics, even if you’re “on their side,” in
a way that further marginalizes or objectifies the students.)
Be aware that students might have significant trauma in
their background, and an initial effort to talk about or teach
something “relevant” can be more harmful than you realize.
What if they have a friend or family member who was killed
by police violence, for example, or someone close who was
deported? Would that change your approach?
Ideally, if you are not yourself from the community you
plan to serve, consider forming an equal partnership with
someone who is to build a truly responsive program. Consider also volunteering under the leadership of someone
else, especially initially.
A book you might find helpful is Why Are All the Black
Kids Sitting Together in the Cafeteria? by Beverly Daniel
Tatum. It has a nice blend of theory and research along
with some practical advice. There are many other useful
resources, depending on the population you hope to serve.
Our second recommendation prior to beginning your
own program is to be clear-eyed about your goals and
realistic about your strengths. As a mathematician, you
bring an important strength to your program: you have a
deep understanding of the kind of thinking that our work
demands, and can effectively mentor students to go beyond
algorithms to understanding. What are your other unique
value-adds that will make your program effective, and how
can you best leverage them? What are weaknesses where
others can help fill in, or you can work to avoid?
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It’s not just about your own skills, but also about setting
the right goals. Think beyond “I want to start a math program.” Are you looking to start a program that will benefit
all the kids in a classroom, maybe creating and doing some
nice enrichment activities that will help them think more
deeply about math? That program would be about general
math literacy. On the other hand, perhaps instead you want
to target students with STEM interest, or maybe you want to
target those who are under-challenged in their math class
regardless of their interest, and create a program specifically
about accessing more advanced math and moving to STEM
careers. Do you want your program to be specifically about
math, or do you also want to focus more intentionally on
community building and identity development? What
about mentoring or advising to help students access other
opportunities? These decisions will shape the program you
build and all the other choices that you make.
You don’t want to take on too much, but you do want
to have a clear view of what success looks like, both for
math and for other outcomes (such as college entry, STEM
interest, friendships made, etc.).
Here are some additional big-picture suggestions we
think can help you succeed and build a responsible and
effective program.
First, build a diverse team. To the fullest extent possible, your team should be led by and representative of the
members of the community you serve. Think broadly about
this. Mathematicians, yes, but can you invite undergraduates to be involved? Can you engage parents and other
family members of your students? They can be in the room
and learn with their children; they can give feedback on
the program, plan a potluck, coordinate carpooling, and
much more.
Be humble. Before you begin, listen, listen, listen, and
learn. Build ties with educators and the community first.
Remember, there’s a lot more to succeeding at math than
just math!
Don’t reinvent the wheel. Seek out individuals and organizations already doing good work in your community
and partner with them. They’ll likely have strengths, like
outreach to families, that you might not have. Find curriculum resources (BEAM is developing some to share, and
we’ll link to others down below). Engage teachers: they
understand their kids and how to engage them.
Beyond these overall principles, there are important
things to keep in mind with the mathematics you will
do with students. In particular, you don’t want to assume
norms and experiences that more privileged students have
had. For example, they might not have seen a Sudoku before, or done a math team problem. At the same time, you
might find that they have other touchpoints with mathematics instead, and we’ve found that many of our students
come in with a strong culture of collaboration that helps
them work very productively together.
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The ability to engage with mathematics doesn’t rely on
prior knowledge but rather on creative problem solving,
insight, and interest, and so traditional measures of
mathematical skill may be inaccurate. Each student’s
schooling context and background are different; it’s so easy
for seemingly trivial missing background knowledge to
obscure a really deep thinker. For this reason, BEAM tries
to focus on how much students grow at our program rather
than judging them through early assessments of ability.
Nonetheless, missing background knowledge is important
to students’ success; be prepared to bridge them even as you
push students to think harder and go deeper.
Create a vibrant, engaging, and challenging envi ronment; encourage students to lean into the struggle.
Students should come away feeling that they have taken on
a major challenge and succeeded. At BEAM, we constantly
reinforce the idea that challenge is a part of learning and
important to their success. When students find something
difficult, we celebrate that feeling. Unfortunately, though,
it’s not quite that simple, and we still wrestle with just
how much to push students. We want them to succeed to
the greatest of their abilities, but we don’t want to create
stress to live up to “our” expectations or risk that they feel
unworthy of the program if they don’t think they’re fully
succeeding.
Listen to students. BEAM is always creating opportunities for small group discussions with students, and we give
them surveys to tell us what they think about the program
(including a very important question, “Is anything at the
program making you uncomfortable?”). Student feedback
is essential to how we improve. Moreover, we’re now directly involving the many students who now return as staff!
We also recommend giving students choices whenever
possible: what to work on, what non-academic activity to
join, what class to take. Giving them real agency can be
liberating for them and leads to much greater investment
in your program.
Use good educational resources, but beware of difficult phrasing. There are so many good resources for
interesting, engaging problems: Math Pickle (mathpickle
.com), the Julia Robinson Math Festival (jrmf.org), the
book “Camp Logic” which is free under a Creative Commons license, and NRICH (nrich.maths.org) are just
some examples. These can easily get you started. However,
you should be wary of problem phrasing. Watch out for ancillary cultural elements that may not translate to students.
Don’t let complicated or mathematical phrasing get in the
way of the core math students should do. There is often
significant unnecessary cognitive load placed on students
by asking them to parse mathematical terminology, and
they spend their energy on that instead of doing the math!
Some final recommendations we’d like to present are
to remind you that math isn’t the only thing that matters.
Pay attention to logistics. So many logistical barriers
can prevent student participation. Do they have a reliable
December 2020

way to get to the program? Can they make the time? Are any
costs a barrier (e.g., buying a program t-shirt)? Will they be
hungry? Do they have a computer and internet at home?
Consider simple changes that will improve outcomes. For
example, having the program in the students’ community
(rather than, quite frankly, where it’s convenient for you)
might make a significant difference in participation.
It’s about more than just math. For many of us, enrichment programs were our first time making friends through
math. Consider the same for your students: if this matches
your goals, how can you create a vibrant social environment
for them? Beyond that social environment, also consider
students’ identities (and the danger of imposter syndrome).
Think about how to foster a sense of belonging for them.
The most powerful experiences are those that build a
community of kids who genuinely love math and who will
support one another. A deeply caring community doesn’t
just tolerate difference, it welcomes it and is eager to discover more about everyone present.
This is just the beginning of our ideas after ten years
doing this work. For more information and advice, as well
as more details about BEAM’s program, consider viewing
our website (www.beammath.org) or our chapter in the
book Mathematical Outreach: Explorations in Social Justice
Around the Globe. We are also happy to provide advice to
anyone beginning such a project.

Wrapping Up
There’s a tremendous personal reward to helping students
succeed at math. It might be a small program; maybe you
and five students meet once a week after school to do some
math together. It could be a larger program, bringing a few
dozen students to your campus, or even bigger.
You can also get involved in existing programs. Perhaps
a program needs someone to teach math on weekends;
perhaps an outreach program is already running at your
university. BEAM hires faculty for our summer programs,
many of which are residential and thus hire nationally.
There are many ways to get involved.
Above all, we hope that you will step up and bring your
unique skills to this moment. Education is not a magic fix;
the problems we face to achieving equity are much greater
than just access and opportunity. However, while it may
be just one part of the work to be done, it is work we are
well suited to do, and we should step up to begin to effect
real change.
Credits

Figure 1 is courtesy of Bridge to Enter
Advanced Mathematics.
Author photo is courtesy of Erin
Patrice O’Brien.
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Widening the Pipeline
Julia Hartmann and Mona Merling
The “leaky pipeline” for women in STEM, and particularly
in mathematics, is a well-recognized phenomenon. Underrepresentation of women gets increasingly more glaring as
you move up the academic pipeline. As an example, we can
consider the University of Pennsylvania math department
where we serve on the graduate admissions committee.1
Despite concerted efforts of the committee every year to
increase the diversity of our graduate student population,
our graduate student body at Penn reflects the dire underrepresentation of women in graduate-level mathematics.2
We have witnessed first-hand one of the main obstacles
in reaching gender parity at this level: very few applications
from women. Even though in the last decade academic
degrees at each level (Bachelor’s, Master’s, and PhD)
awarded to women outnumber those awarded to men, the
proportion shifts when you consider the subset of degrees
awarded for mathematics and statistics. The proportion
shifts more and more with each higher degree, with only
29% of doctoral degrees in math going to females. Women
choose a different path along the way, and this is reflected
in the graduate application pool we see every year.
Eventually we realized that we needed to make an effort
to encourage women to apply to graduate school before the
graduate admissions season, and also to reiterate our department’s commitment to diversity. This is how the idea of

Figure 1. Participants are listening to graduate student
panelists.
Julia Hartmann is a professor of mathematics at the University of Pennsylvania. Her email address is hartmann@sas.upenn.edu.
Mona Merling is an assistant professor of mathematics at the University of
Pennsylvania. Her email address is mmerling@upenn.edu.
1Julia

Hartmann has served as graduate admissions chair resp. graduate
chair for four years, and Mona Merling has served as a member on the
graduate admissions committee for two years.
2The composition of the incoming class is the most diverse yet, with a third
of new graduate students being women and a third being part of underrepresented minority groups.
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WOMAN UP, “Workshop on Math Advice and Networking
at the University of Pennsylvania,” was born. The blueprint
was simple: a one-day event hosted by our department, targeted at female undergraduates from various institutions,
meant to encourage them to consider graduate school in
mathematics.
We thought about what would be most helpful and attractive to female undergraduates. Our primary goals were
to give them a sense of what a career in math could look
like, provide role models, and help them build a network
at the crucial time when they might have to make a decision about whether to apply for graduate schools. Some
of the barriers in pursuing academic careers for women
certainly come from the difficulty of balancing the stress
of going from being a graduate student, to having one or
more postdocs, to a tenure track job—including having to
move several times—with family life. Participants in this
workshop got to also hear the happy side of the story from
accomplished female mathematicians who have emerged
successfully at the end of the pipeline: that there is also a
lot of flexibility in academia when it comes to managing
your time and work, which allows one to combine duties
and leisure or family time in ways other jobs do not. They
got to hear personal accounts about how great it is to be
able to go with your kids to summer camps and still be able
to work on your math research and other academic tasks
there. We hope that these kinds of perspectives shed light
on some of the positive aspects of life as a career mathematician vis-à-vis balancing work and family responsibilities.
Another central aspect of the workshop was to give the
undergraduate participants useful advice that would improve their grad school applications, whether this season
or in the future. During the workshop, the participants
had the chance to talk to faculty on graduate admissions
committees who could explain what they are looking for
when they read applications to their programs. We wanted
the applicants to also see the perspective of the people on
the other side of a process which can seem mysterious.
The program had a number of different components.
In addition to talks on How to pick a grad school and what
you can do before you apply (Angela Gibney, Rutgers University) and a math talk given by former Penn grad student
Anusha Krishnan (now at Syracuse University), there were
talks by Mona Merling and David Harbater (both at the
University of Pennsylvania) on aspects of applications and
admissions. The most successful part, according to the participants' feedback, was a panel on grad student life (with
grad students from Penn and Rutgers), where participants
could ask their questions directly to the panel or submit
them anonymously to a webpage. The day ended with a
session on personal statements and letters of recommendation. Participants who were already preparing applications
had the chance to submit their personal statements for
individual feedback. Breakfast, lunch, and coffee breaks
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Figure 2. Participants and organizers are conversing during
lunch break.

left enough time for participants to get to know each other
and share experiences.
We had about 30 participants from various institutions
from the US and Canada, both large state schools and
small liberal arts colleges; about half were seniors and
half were in their first three years of college. Feedback
from the participants was overwhelmingly positive. This
includes personal comments at the end of the day, email
we received in the days after, and feedback shared through
a Google form that we had asked the participants to fill
out. After the event we created “Penn Pals” groups for the
participants from each year who wanted to stay in touch
for the purpose of sharing materials and supporting each
other throughout the application process during the year
in which they are applying. We believe that having such a
support network can make the entire application process
a lot less intimidating.
Some of the outcome was just what we had hoped. For
example, more than 90% of the participants answered “yes”
or “maybe” to the question of whether the workshop made
them more likely to apply to math grad school. But we also
learned a surprising amount about our potential applicants
and gained a much better understanding of what their
concerns are, and what might be holding them back from
applying. Aside from general concerns about succeeding
in grad school, the one topic that came up the most was
finances. Does the grad student stipend cover the cost of
living in a major city? Is it enough to pay off student loans?
And finally, students admitted that they can only apply to a
handful of grad schools because of the fees. Many of them
did not know they could ask for waivers (at most places,
including Penn and Rutgers).
From the very beginning, we viewed WOMAN UP as a
pilot for future events aimed at a broader audience. For
the pilot we chose an audience where we felt that our own
experiences can best inform what some of the barriers in
pursuing a math PhD are. This year, using the feedback
we got, we are planning a larger event aimed at all underrepresented groups in mathematics. The underrepresentation of certain ethnic and racial groups, as well as gender
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minorities, is a lot more pronounced than that of women.
The low numbers of students from these groups studying
STEM in undergraduate will make it more challenging to
reach those who might want to pursue graduate school in
mathematics, and we will need to increase our advertisement effort for this purpose. Another challenge that we face
in light of the ongoing pandemic is having to give up the
in-person experience, which participants certainly found
very valuable, in exchange for a virtual workshop. But this
will also allow us to reach a larger audience, and hopefully
include a lot more participants than we would have been
able to financially support to travel to Penn. We will make
an effort to make the experience personable and virtually
create small group activities where participants can interact
with organizers, panelists, and each other.
We truly believe that encouraging more members of
underrepresented groups to pursue graduate studies in
math is essential in creating more diversity in grad school
and beyond, and we hope that this article will encourage
more people to run events like ours. It doesn’t have to be
perfect—doing something small is better than nothing.
If you’re thinking about it, you can find some tips below.
How to do this yourself:
• Small events or online workshops can be run with
minimal funding. Make a plan and then ask your
department chair for support.
• Pick your target audience and think about activities
that would be most useful for them; definitely
include networking activities.
• Pick a date at the beginning of application season.
• Make a website with all the necessary information
and a sign-up form.
• Find people to give talks, function as panelists, or
help in other ways: involve your colleagues and
grad students.
• Consider partnering with another institution.
• Find out about waivers for grad school application
fees at your university and elsewhere. Ask your institution to become a member of the FreeApp program: https://www.btaa.org/resources-for
/students/freeapp/introduction.
• Think about advertising: use mailing lists, email
colleagues at undergraduate institutions with a
higher percentage of students from your target
group, etc. Don’t be afraid to cold email potential
candidates.
• Once you run a workshop, get participant feedback
in order to improve future events.
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https://euclidlab.org/programs/camp-euclid for

more details.

From the Campers

Julia Hartmann

Mona Merling
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Camp Euclid: A Research
Experience for Youth—in a
Virtual Environment
Juliette Benitez, Nickolas A. Castro,
and David T. Gay

We begin with some quotes from past participants.
“I’m Ollie Thakar, currently a rising sophomore at
Princeton planning to major in math, and I participated in
Camp Euclid 5 years ago…. I loved the open-endedness and
the fact that students were encouraged to think creatively.
Camp Euclid was one of many ways I was inspired to pursue
pure mathematics, and in particular I have become very
interested in math pedagogy as well…. The collaboration
that we faced in Camp Euclid is unlike any other I’ve ever
encountered in math education ... making math writing
better, more precise, and more rigorous is necessary yet
workshopping proofs is still rare in standard education.
The balance of working on one’s own and with the help
of others was perfect.”
From Shashank Rammoorthy, now a junior at Stanford
studying computer science and math: “I had a fantastic
time at Camp Euclid. It was extremely motivating seeing
the high-schooler researchers in my group coming up with
conjectures and proving them week after week, and Camp
Euclid imbued in me a love for proof-based math that
continues to this day.”

Super-Inclusive Philosophy
Introduction
Camp Euclid is a research program for pre-college students
that Euclid Lab has been running online since 2010. Students collaborate on unsolved problems in mathematics,
working together online, asynchronously and in real time,
with mentor facilitation.
Euclid Lab’s outreach focuses on introducing unsolved
research problems to the general public and especially
to youth—and actively encourages people from all backgrounds to try to solve them! Two of these authors, Juliette
Benitez and David Gay, founded Euclid Lab in 2010 as an
independent not-for-profit mathematics research organization with Camp Euclid as its flagship outreach program.
The second author, Nick Castro, has worked with Camp
Euclid since 2016, first as a graduate student mentor and
now as the lead senior mentor.
As we hope to inspire others to create similar pro grams, we would like to tell you all about Camp Euclid:
how it works, why it’s a great experience for students and
mentors alike, and our basic philosophy behind it. See

All aspects of our program, from the group structure to the
mathematical content to our admissions and financial aid
process, are designed to be as inclusive as possible.

Student-Driven, Mentor-Inspired
Camp Euclid is organized into groups of ideally five to
seven students and three mentors. The lead mentor has
a PhD, the junior mentor is a graduate student or has a
master’s degree, and the assistant mentor either has or is
working on a bachelor’s degree.

Juliette Benitez is the associate director of Euclid Lab. Her email address is
j.benitez@euclidlab.org.
Nickolas A. Castro is a visiting assistant professor at the University of
Arkansas. His email address is nacastro@uark.edu.
David T. Gay is the director of Euclid Lab and a professor at the University
of Georgia. His email address is d.gay@euclidlab.org.
DOI: https://dx.doi.org/10.1090/noti2178
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Figure 1. Current camper Mauro Araya, thinking about the
Collatz conjecture.
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Virtual Research Environment
Students work both offline and online, with online work
involving four hours per week, over the course of six weeks,
in face-to-face video meetings, and asynchronous collaborative work on
documents. We currently work
within Google’s G Suite for Education for meetings and
communication and use Co-Calc for collaborative writing
and computation.

Online and Offline Activities
These online resources make it possible for students from
around the world, from big cities to tiny rural communities, to work together without leaving their homes. For
some students the opportunity to leave home for a special
summer program is a valuable one, but for many students
and for many reasons it is not an option.
To help keep this from being an all-day-in-front-of-thecomputer experience, we spread the program out over six
weeks; we estimate that students put in at least ten hours
a week of work on Camp Euclid, and some a lot more,
but only four of those hours are in front of a webcam. We
encourage them, for example, to work offline, outdoors,
on pen and paper as much as possible, and transfer their
thoughts to the collaborative document setting only after
a nontrivial amount of offline time.

Students Work on Unsolved Problems
The mathematical activities at Camp Euclid are very much
at right angles to those in an everyday classroom experience,
so that students with diverse academic backgrounds can all
contribute meaningfully to mathematical research.
Each group of students chooses two or three unsolved
problems to work on during the program. They work on
these problems, then they write up whatever they discover.
The only criteria for the problems that we insist on are
that every member of the group should easily understand
the statement of the problem and that a majority of the
members of the group should think that the problem is
interesting.
Thus, for example, we have no objection to students
working on the Goldbach conjecture, since all of our students will know what prime numbers and even numbers
are. We make it very clear to our students that there is no
expectation that they will solve the problem they set out to
solve. “Working on the problem” typically means formulating special cases, doing sample computations, changing the
statement of the problem in interesting ways to understand
the logic and see if it becomes more tractable, and exploring
numerous interesting lines of reasoning that often end up
as dead ends but are still informative.
We emphasize that when you work on a problem the
most likely outcome is that you will make incremental
progress on some related problem, that you will find new
and interesting questions to ask, and that you will definitely
learn something, even if that something is not the answer
December 2020

to the problem you set out to solve. Thus the problems are
really anchors and guides for collaborative mathematical
exploration. An important mentoring task is to help students realize when they have made discoveries, and that
these can be formulated and written down in the form of
conjectures, questions, lemmas, propositions, theorems,
and, most importantly, proofs.

Admissions: Fun and Easy
We have a simple and effective admissions process. Applicants submit basic identifying information and then have a
15–20 minute online meeting with a Camp Euclid mentor.
As preparation for the meeting, the applicants are instructed to find an unsolved problem in mathematics (we
have some listed at https://euclidlab.org/ unsolved)
and think about it for an hour. That then forms the basis
of the discussion in the meeting. We are trying to ensure,
most importantly, that the student is enthusiastic about the
whole process and can manage the technical aspects of the
online research environment.
At the end of this meeting, to which parents or guardians
are also invited, the applicant has had a chance to discuss
exciting mathematical ideas with a mentor and discuss
and experience the inner workings of Camp Euclid. The
applicant and the mentors both end up with a pretty clear
idea of whether the program will be a good fit.

Full-Need Tuition Waivers
A crucial mission of Euclid Lab is to make Camp Euclid
affordable to all. Currently participation in Camp Euclid
costs $1,400 per student; these costs are used to pay mentors and cover auxiliary costs, and to maintain enough
funds to offer financial assistance to students who cannot
afford the full fees. After being admitted, we ask students
if they would like to apply for financial aid. We do not do
this earlier because we want the entire admissions process
to be need-blind.
Then our financial aid application process is very simple:
we ask the applicants and their parents how much of the
$1,400 they can afford to pay (including a brief explanation
of how the fees are used and our honest efforts to support
the full financial need of all participants) and then we do
our best to offer partial to full tuition waivers so that they
pay only the amount they can afford.
In fact, we are very proud to report that, since Camp
Euclid’s inception, we have always been able to meet all
participants’ stated financial needs. We have many students
who pay the full fees and many students who pay nothing
or close to nothing for the program. (We have been partially
supported in some years by the AMS Epsilon Fund and by
some individual researchers’ NSF grants.)

First Day
Camp Euclid participants come to their first day of camp
prepared to discuss three unsolved problems of their
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choice. The students take turns discussing their questions,
which includes any progress they may have made in how
to think about or approach a problem. During this process,
everyone is encouraged to freely ask questions.

First Week
In the first few meetings students take turns discussing these
questions and here the mentors face the following challenges: (1) slowing speakers down so everyone can follow
their reasoning; (2) making sure the students explaining
their ideas do so with appropriate mathematical precision;
(3) ensuring everyone in the group is paying attention and
following what the speaker is saying. These three issues
will be encountered again and again throughout the camp.
The students proceed to discuss all of the questions they
find interesting for two to three meetings, allowing for other
students in the group to understand the questions and decide which ones they find interesting. By the end of Week 1
we pick three questions, based on participant and mentor
preferences, and aiming for some subject matter balance
(e.g., geometry vs. combinatorics vs. number theory).

Next Couple of Weeks
During Weeks 2 and 3 the students attack the problems
however they see fit. At this point the mentors strongly
discourage the students from doing any background reading, as this can be a distracting time-sink. We want them to
tackle the problems with the skills that they already have,
and we want the students to let their creativity and critical
thinking run free and intermingle in ways not typically seen
in other parts of their mathematical education.
This is also the phase when it is critical for mentors to
focus on promoting a positive group dynamic, especially
so as to engage the more reserved students; it is crucial to
make sure all participants are regularly active in all the discussions. We not only aim to have the students understand
what is being said, but strive for each student to be engaged
in (most of) the discussions each meeting. We find it useful
to end each meeting with a “task list” for each student,
ranging from writing up a specific, previously discussed
argument to present to the group in the following meeting,
to investigating patterns in sequences given by one of the
other students’ python program.
The mentors try to cultivate a fun environment where
teenagers (or sometimes, not quite teenagers) feel free to
voice their ideas. This requires a balancing act between
moderating the discussions so that everyone is involved and
letting the discussion flow freely so that people's ideas are
not stifled. It takes great care and attentiveness to the subtle
(and sometimes not so subtle) cues, which can sometimes
be lost in the online environment.

Last Three Weeks
At the beginning of Week 4, the halfway point, the groups
shift their focus from thinking about their unsolved
1742

Figure 2. Exploring unsolved problems at a Euclid Lab science
festival booth; a face-to-face Camp Euclid-style event for all
ages.

questions to writing up their results. They learn to use
and collaborate with each other, this time in a written format, to produce a single, edited document with all
of the group results. During this part of the camp, the role
of the mentors flows between editor, moderator,
guide, collaborator, and everywhere in between.
Of course, during this process the students continue to
make progress on their questions, but the main objective
is to get them writing their ideas in their own words and to
read their collaborators’ work carefully and thoughtfully. As
we all know, a great deal of mathematical understanding
comes when writing the details of an argument, and one
can never start writing too soon!
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DIY: How to Help
Finally, here are two ways in which you can help. (1)
Help us and others build and maintain lists of unsolved
problems which can be quickly understood by high school
students. (2) Set up a similar program on your own or collaborate with us on a joint project! For example, a Camp
Euclid-type program could run (a) in a residential-camp
format, (b) in a classroom, (c) at a science festival booth
(as shown in Figure 2) or, (d) at the other extreme, online
but entirely asynchronously with very low bandwidth
requirements.

Math SWAGGER: Building
a Virtual Community
Student Authors: Alberto Alonso,
Jasmine Camero, Alejandra Castillo,
Fabrice O. Ulysse, Victoria Uribe,
and Andrés R. Vindas Meléndez
Organizer Authors: Alexander
Diaz-Lopez, Pamela E. Harris,
Vanessa Rivera Quiñones,
Luis Sordo Vieira, Aris Winger,
and Michael Young

Juliette Benitez

Nickolas A. Castro

Background
The Mathematics Summer Workshop for Achieving Greater
Graduate Educational Readiness (Math SWAGGER—
www.mathswagger.com) is a five-week virtual summer program for any underrepresented student (including women,
underrepresented minorities—African Americans, American Indians including Native Alaskans, Latinxs/Hispanics
Alberto Alonso is a PhD student at Rochester Institute of Technology. His
email address is alberto1596@gmail.com.
David T. Gay

Jasmine Camero is a mathematics PhD student at Emory University. Her
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and Native Pacific Islanders—and persons with disabilities)
who will be enrolled in a mathematical/statistical graduate
program in Fall 2020. Through the workshop we discuss
topics centered on the challenges faced by underrepresented students in those programs. The program is facilitated by a group of underrepresented mathematicians with
broad experience in supporting student success.

Building Community
You often hear the words “mathematics community” used
to refer to the general population of mathematicians. One
could ask, “a community for whom?” It has been the experience of many underrepresented mathematicians that the
larger “mathematics community” is not always welcoming,
and can even be exclusionary at times. During a global
pandemic, where social distancing is the new norm, and
many academic communities are scattered beyond their
institutions, the task of creating community in a space that
is already difficult to navigate is a challenging one. This
begs the question, can one actually recreate a community
environment through such a virtual setting?
Math SWAGGER is a workshop whose mission is to
provide strategies and community to incoming and current
mathematics graduate students so that they too may thrive
in their graduate studies and professional careers and it has
provided evidence that community can in fact be recreated
virtually. If you ask multiple people to define community,
you will receive different answers. This is because everyone
has different goals, visions, and desires. Math SWAGGER
participants come searching for, and are very much in need
of, a safe space to share their experiences and concerns
pertaining to graduate school. The Math SWAGGER workshop provides these mathematicians with a space, and a
community, in which they can share their experiences with
other underrepresented mathematicians without worrying
about being judged.

People Above Mathematics
This has been a phrase shared by several participants to
explain why they do, and how they do, mathematics.
The power and influence of people have kept many Math
SWAGGER participants in the field. Do they love mathematics? YES. But for many of us, the support received, the
friendships and mentorships formed, have been a driving
force behind our continued involvement in the field. After
all, it is people who help form a connection with the things
we love doing. Without support, it may be challenging to
continue to thrive by oneself. Although participating in
SWAGGER means we do not meet in the same physical
space, we are still open to sharing our experiences and
learning from others. We cannot underestimate the power
of storytelling. We are each the astonishing raconteurs of
our own journeys. Everyone’s experiences and stories are
valuable. Emphasizing the telling and immediate support
of participants’ mathematical and personal stories can be
1744

an important first step toward recreating a successful virtual
space like Math SWAGGER.
After all, we should all work to build “community” before adding any modifiers, such as “mathematics,” before
the word. By setting expectations for both the participants
and the organizers and by also reflecting on what is required to build this space, we have constructed an academic
community outside of our respective departments. The
main component of our community is the requirement
that participants be open and real. That is, participants
are honest and open to having difficult conversations that
might not take place in most (if any) academic spaces.
The more we connect virtually, the more trust and vulnerability our community establishes. This leads to forming
a stronger bond between individuals and allowing for the
sharing of resources. Thus far, our difficult discussions have
included topics such as community, self-care, motivation,
and whiteness. It is through these difficult discussions, and
framing these topics around our lived experiences, that we
have grown as individuals and together as a community.
We propose the following items to consider when
attempting to recreate a strong sense of community in
virtual spaces:
1. Provide a space and ample time for sharing.
2. Commit to creating a welcoming environment that is
enhanced by diverse experiences.
3. Respect everyone's ideas and experiences.
4. Listen actively. Listen to understand, rather than to
reply.
5. Share as much as you’re comfortable with—your voice
matters! Also, speak from your own experience.
6. Be cognizant to include everyone in the conversation,
even if it is a simple “What do you think?”
7. Give people credit, when possible, for the ideas or
things they brought up: “[name] said this...” will
make them feel heard and even more included in the
conversation.
8. When in doubt, ask “Please say more about X?”
9. Be okay with silence. People need time to process,
reflect, and gather ideas to share.
10. Break out into small groups of at most six people to
facilitate conversation.
11. Have questions, activities, and scenarios ready to spark
discussion.

Workshop Logistics
The Math SWAGGER application consisted of an online
form where applicants shared their interests in participating in the program. In accepting the offer to join Math
SWAGGER, participants signed an agreement to abide by
community guidelines to help ensure a rewarding and
welcoming experience for all.
Our Math SWAGGER community consists of seven
organizers and thirty participants. Three times a week, participants and organizers meet on a virtual platform for an
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interactive ninety minute session. Everyone is encouraged
to use their webcam, their microphone, and to participate
through the platform’s chat. Each session focuses on a topic
such as: academic skills, family, self-care, just to name a few.
These sessions are led by different organizers. This allows
students to learn about unique aspects of each organizer’s
professional journey. The structure of each session varies,
but a common format is to have an introduction to the
topic for the first fifteen minutes, followed by breakout
sessions lasting about forty-five minutes, and ending with
a closing session.
Midway through the program, space was provided for
participants to give formal feedback about the workshop.
Throughout the entire program, however, participants are
encouraged to share any concerns they may have about the
structure of the program, what is helpful, and what is not.
Outside of the virtual meetings, each participant shares
their ongoing reflections with organizers through a journal
via a Google document. Prior to a meeting, participants
prepare for a session by writing about their experience as
it relates to the upcoming topic. After a meeting, organizers
ask participants to discuss takeaways and provide action
items they can commit to completing.
Communication has been very important to sustaining
this program. Along with the virtual meetings, participants
and organizers communicate through a Google group and
Slack channel. These have also been venues for sharing
materials, resources, and preparing for prelims.
We strongly believe that through careful organization
and with a clear centering of people above mathematics,
others can also recreate a community environment such as
Math SWAGGER through a virtual setting.

Alberto Alonso

Jasmine Camero

Victoria Uribe

Andrés R.
Vindas Meléndez

Alexander Diaz-Lopez

Pamela E. Harris

Vanessa Rivera
Quiñones

Luis Sordo Vieira

Aris Winger
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Organize a Laid-Back
Conference in the Rocky
Mountains that Participants
Want to Return to
Year after Year

organization though was the idea that spending unstructured time together, appreciating the Rocky Mountains,
would be a great way to form long-lasting professional
and personal connections. In addition, the accepting and
generous behavior of senior participants at the beginnings
of these meetings had a huge role in setting the tone for
norms and expectations of behavior for years to come. Together, these were very effective in building a cohesive and
supportive professional community of researchers.
In this article, we'll first talk a bit about the organic
beginnings of the Brauer group meetings, and its particular features which we have found helpful in shaping our
community. We'll then say a bit about how we’ve used
these ideas at other related conferences, and end with some
thoughts about the future.

Danny Krashen and Kelly McKinnie
We are at a difficult moment presently as a community,
where many aspects of our professional life are rapidly
changing due to the global pandemic. In particular, the
structure of conferences and seminars has been in a state
of flux, as new models are being explored and in-person
meetings are being canceled.
In this context, it may be useful to take a step back and
try and assess our community goals. Why is it that we
organize and attend conferences? What do we hope to get
out of them, and what compels us to organize them? Who
typically benefits most from them? When the world returns
to a place where we can once again organize in-person
conferences, what will we have learned? What differences
should we see in future conferences?
In fact, there is probably a diverse set of valid answers
to these questions. It is not our intention here to weigh
the pros and cons of various choices, but rather to explore
one particular set of choices, which the authors’ small community has made, as the larger mathematical community
moves in a new direction for conference organization.
The original conception of the “Brauer group’’ meetings was simple: to establish a community of mathematicians, loosely interested in the same math, who enjoy
spending time together in the mountains. Implicit in this
Danny Krashen is professor of mathematics at Rutgers University. His email
address is daniel.krashen@rutgers.edu.
Kelly McKinnie is associate professor of mathematics at the University of
Montana. Her email address is kelly.mckinnie@mso.umt.edu.
DOI: https://dx.doi.org/10.1090/noti2181
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Figure 1.

Folklore has it that the Brauer group meetings began over
30 years ago when David Saltman and Darrell Haile, both
algebraists who liked to hike, met up with Frank DeMeyer
at Colorado State University. They drove up a mountain to
start a hike and came upon the Mountain Branch Campus.
This is and was a primitive “campus” designed to house
and feed forestry students from CSU. It has some dorm
and private room accommodations, a lovely old classroom
building with a tiny chalkboard and a cozy fireplace with
beautiful views of the mountain valley from the deck. One
of the group said something to the effect of “We should
host a conference here so we can hike a lot,” and voila, the
Brauer group meetings were born.
We, the authors, first started attending the conferences
around 2000, about 10 years after their beginnings. At this
time, both of us were students of David Saltman, and attending them was a highlight of our graduate school years.
Since around 2008, we have been a part of the organizing
committee for this conference. It has been held about every
two to three years over the past 30 years with a few meetings
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taking place outside of Colorado; once in Montana, a few
times in Israel.
The original meetings had zero funding for conference
participants, and even into the 2000’s almost zero internet
connection (there has always been a single payphone on
campus). Also, the mountain campus is a serious threehour drive from Denver including 17 miles on a dirt road
and we’ve never heard anyone boast about the food. Altogether not the easiest place to organize a conference. However, over the years only one of these things has changed
and yet the conference has had a staying power and so, we
think/hope, that it goes into the category of “good ideas.”
Tradition has it that the list of speakers is organized the
Sunday evening before the conference begins on Monday.
We try to have at least the first couple of days planned on
Sunday and then repeat the exercise again later as needed.
We do not ask specific speakers to give a talk at the conference beforehand, though those who come are alerted
to the organizational strategy and come prepared to give
a talk if they want to. We try to be aware of the different
pressures this may put on the participants; those who want
to speak but feel shy to speak up, those who are hoping
all the spots fill so they don’t feel pressure to “volunteer,”
those who are young and could really use another conference talk on their CV’s. Many times the authors have
appreciated eminent mathematicians laying low until the
week’s schedule is nearly complete and everyone has had
a chance to volunteer before they (sometimes reluctantly)
agree to give a talk.
What impact does a loose organizational structure like
this have on younger participants? Is having an unknown
conference schedule more stressful than knowing in advance if and when you will speak? The answer must vary
among participants, but to us the relaxed nature of the
conference is worth the unknown talk schedule. Another
thing to note is that even though the meeting is the “Brauer
group” meeting, all talks need not be about or even mention the Brauer group. When we advertise for conference
participants, we emphasize that it is all things related to the
Brauer group. Broadening the focus of the meeting has the
effect of welcoming more participants interested in joining
our community. This includes quadratic forms, many areas
of algebraic geometry and number theory, associative and
non-associative rings and algebras. As some of our core
group has diversified their mathematical interests, yet still
come to the Brauer group meetings, we’ve had talks as
wide-ranging as mathematical biology and boolean algebras. This reflects how the meetings facilitate connections
and a sense of shared community which outlive particular
problems or even research interests.
Also, talks are welcome that are more of a working seminar flavor. As in, “this is what I’ve been thinking about. It’s
not in a polished form yet.” This brings us to the point of
this conference; supporting a community of mathematicians who enjoy spending time together in the mountains,
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with overlapping interests. Have we mentioned that the
food is not worth writing home about? Well, the hiking
is! In fact, we schedule the conference so that the first talk
of the day happens after lunch. This schedule allows for
hiking and mathematics in the morning while the weather
is nicest and then, as there are often afternoon thunder
showers, talks in the afternoon and evening. Getting to
know other mathematicians during a shared activity, like
hiking or going for a stroll around the valley, is a great way
to build the community of mathematicians around you.
Of course, the environment of Pingree Park is unique
in part because of its relative isolation. Even today there
is little working internet, no cell service, and a single payphone. In such an environment, participants will naturally
spend a substantial portion of their unstructured time interacting with each other, and forming connections. This
is a bit trickier in environments which are more permeable
to outside distractions, perhaps the most formidable of
which would be those which occur working from home
together with one’s family during the present pandemic. In
such situations, it can be very difficult to take a substantial
number of hours from each day over the course of a week
to have unstructured time with ones colleagues. Instead,
some have opted to take smaller periods of time, of five to
30 minutes in Zoom breakout rooms in order to provide
some degree of social interaction and community building.
When it becomes time to once again freely choose a
location for conferences, there are of course a wide range
of wonderful national and international conference centers
in mathematics, all of which host amazing and easy to
organize conferences (MSRI, AIM, ICERM, Banff, Oaxaca,
Oberwolfach). On the other hand, one doesn’t need to
feel restricted to these kinds of choices. Why should you
consider going off the beaten path? Perhaps it is so that you
can design your own type of conference and tailor it to the
interests of your participants.
There are various practical details involved in conference organization. An essential starting point is getting
the organizing committee together. It is important to
think about the diversity of organizers and participants
you want to attend right from the beginning. Funding is
another consideration, and is the one real change which has
happened in our Brauer group meetings. In the beginning,
the conference had absolutely no funding support, but
had the nice advantage of being relatively inexpensive, so
many participants brought their families with them. Over
the past 10 years we have been successful in getting funds
from NSF, NSA, and our universities to pay for travel and
housing for the mathematically youngest participants and
ask those with their own grants to cover their own costs.
Finally, there are the organizational aspects of organizing:
sending emails, solidifying participant lists, reserving the
conference site, making a website, giving directions, etc.,
which takes quite a bit of time and effort.
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In conclusion, besides the more readily apparent
mathematical aspects of organizing a conference, there
can be a big benefit in terms of mathematical community
building. Indeed, future mathematicians may travel less
for mathematics, moving some or much of that travel to
online sessions. We hope that the travel they do make and
the burgeoning online meetings have the benefit of combining mathematics and pleasurable activities done with
a good community and support budding mathematical
friendships.

from pursuing their interest in the STEM fields (science,
technology, engineering, and mathematics). After researching this phenomenon, Hines and Walker uncovered an
abundance of literature that corroborated what they personally knew to be true: girls thrive in mathematics when
given a supportive, female-driven environment to learn.
In its 23 years of operation, the All Girls / All Math
Summer Camp for high school students has become an
increasingly selective program that annually accepts between 25 to 30 participants per weekly camp, based on
funding availability. Traditionally held on the University of
Nebraska-Lincoln campus, the camp attracts students from
across the United States and around the world. Due to the
restrictions placed on group gatherings because of COVID19, All Girls / All Math switched to an online format for
the summer of 2020.

Structure of an In-Person Summer Camp
Danny Krashen

Kelly McKinnie

Credits

Figure 1 is courtesy of Kelly McKinnie.
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Photo of Kelly McKinnie is courtesy of Laurie DeWitt, Pure
Light Images.

How to Transition
a Summer Math Camp
to a Virtual Experience
Gabrielle Cottraux
and Lindsay Augustyn
When Nebraska mathematics professors Wendy Hines and
Judy Walker launched All Girls / All Math in 1997, they
sought to develop a program that provided girls with the
opportunities in mathematics that they had lacked in their
educations. They understood that without visible representations of women in the mathematics field or a strong
network of female support, many girls will be dissuaded
Gabrielle Cottraux is an English and advertising/public relations major
interning in the Center for Science, Mathematics and Computer Education
at the University of Nebraska-Lincoln. Her email address is gcottraux
@huskers.unl.edu.
Lindsay Augustyn is the assistant director and communications coordinator of the Center for Science, Mathematics and Computer Education,
which oversees the event coordination for the All Girls / All Math Summer
Camp for the UNL Department of Mathematics. Her email address is
laugustyn2@unl.edu.
DOI: https://dx.doi.org/10.1090/noti2179
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Before COVID-19 entered the scene, All Girls / All Math was
structured as a seven-day residential camp at the University of Nebraska-Lincoln (UNL), where 25 to 30 girls were
divided into two groups and taught by women who have
received their doctorates in mathematics from UNL. The
participants worked closely with their groups throughout
the week, going to class and activities together while being
chaperoned by female graduate teaching assistants and an
undergraduate coordinator.
The campers attended a course on cryptography and
number theory, working their way up to RSA as the week
progressed; the course met three hours a day for five days,
and the girls were given homework each night to solidify
their understanding of the new material.
During the second half of their day, the campers participated in an additional mini-course. These self-contained
three-hour classes, offered daily in varying topics, allowed
the students to explore a wider range of mathematics. The
program employed women guest speakers and a career
panel that allowed the girls to ask questions and learn more
about what they can do with a degree in mathematics.
During the late afternoons and evenings, the participants also took part in team-building activities and tours
of different parts of the campus to build lasting friendships
and a solid foundation for a network of budding female
mathematicians.

The Switch to Online
Though the recent switch to remote learning due to COVID19 affected various elements of the All Girls / All Math
programming, the camp was conducted this summer online
on Zoom, from July 12–18. The 25 campers were given
the choice to defer to 2021 or participate for free online in
2020. Fifteen campers elected to attend the camp virtually,
including one participant from Brazil.
While we were able to offer the camp free to participants,
the cost of putting on the workshop was certainly not free.
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For years, the AMS has been a generous sponsor, providing
funds for scholarships to enable low-income students to
participate. This year, AMS Epsilon generously agreed to
provide $4,500 for infrastructure costs to support a free
camp for students. In addition, the NSF/EPSCoR grant to
Nebraska provided approximately $4,200 to support the
camp, and the UNL Center for Science, Mathematics and
Computer Education provided $5,500 in no-cost staff time.
To retain the integrity of the program and ensure it had
the same lasting positive impact on its participants as it had
in previous years, events coordinator Stephanie Vendetti,
led by UNL associate professor Yu Jin, kept all 15 campers
as one group and made several necessary adjustments to
the online curriculum to mitigate extenuating factors that
might otherwise prevent participation.
Marla Williams, a PhD student who graduated from
UNL in August 2020, was originally hired as one of the
two in-person camp instructors and thus became the
lead instructor for the cryptography and number theory
course. While the cryptography and number theory course
remained a central part of the online program, the minicourses were removed from the schedule, reducing the
number of personnel needed to operate the camp. Thus,
the virtual program did not include graduate teaching
assistants.
Williams divided the lessons into smaller units for Zoom
instruction to help the students maintain focus without
being overwhelmed. While Williams still used worksheets
and slides for most of the material, she utilized either a
document camera or the Zoom whiteboard feature in place
of a physical board. Since it was a Zoom meeting room,
the participants could ask questions aloud or in the chat
function, and the undergraduate coordinator, Samantha
Wolff, was online as a moderator to make sure the chat
questions were seen and addressed.
Though the class’s homework assignments were beneficial to the campers, the switch to remote learning necessitated a more collaboration-focused learning environment.
Instead of assigning homework, the instructor mixed more
work and small-group time into the lessons and the Q&A
sessions, with additional time for questions on previous
material at the start of each class.
As the undergraduate coordinator is responsible for
the bulk of the program’s communication and organizational efforts, the program director hired an additional
undergraduate assistant, Taylor Bartek, to accommodate
the increased workload and assist the coordinator with
planning and outreach.

Utilizing Virtual Tours and Social Tools
Transitioning the academic side of camp was much more
straightforward than deciding how to replace the social
activities and recruitment aspect of the camp. The residential camp at UNL included campus tours of the Outdoor
Adventure Center, State Museum, Mueller Planetarium,
December 2020

Memorial Stadium, and the Devaney Sports Center. Participants bonded by exploring downtown Lincoln, visiting
Duncan Aviation, and taking part in networking events.
Though the loss of in-person activities was a challenge
to replicate, the undergraduate coordinators created an
innovative virtual schedule to make sure the campers
were engaged throughout the week and still learned about
opportunities in mathematics at the University of Nebraska-Lincoln. In particular, during the allotted time for minicourses, the girls had the opportunity to complete virtual
campus scavenger hunts and escape rooms and participate
in virtual tours of museums and businesses. Female engineers and project leaders at Lincoln’s Duncan Aviation, the
largest family-owned maintenance, repair, and overhaul
facility for business aircraft in the world, put together an
online tour and video. The campers also attended virtual
workshops with the National Museum of Mathematics in
New York City and the Nebraska State Museum, as well as a
virtual tour of the Nebraska State Capitol. The career panel
occurred online in Zoom as well.
While the program directors removed the mini-courses
from the updated schedule, they still wanted to give campers the opportunity to explore another branch of mathematics in-depth. To incorporate current events into the
curriculum, a mini-course taught by UNL postdoc Amanda
Laubmeier on modeling infectious diseases was added.
This course, held on the last day to conclude the camp,
gave the girls a new understanding of not only current
events but also the versatility of and necessity for women
mathematicians.
Despite these changes, the All Girls / All Math online
camp offered the girls a unique opportunity to focus on
networking with a broader group of like-minded young
women. Several weeks prior to the camp, the undergraduate coordinator created a GroupMe chat room, so that the
girls could get to know one another and develop rapport
beforehand. This early outreach effort was successful in
not only making the participants more comfortable with
each other, but also in expanding their network beyond
the small group they would have been assigned to at the
in-person camp.

Lesson in Creative Adaptation
This year’s All Girls / All Math program was vastly different
from anything done in the program’s 23-year history. The
online environment allowed outreach efforts to include
national museums and gave more flexibility to our community partners. Transitioning elements of the camp from
in-person to online was a lesson in creative adaptation, a
lesson that we hoped to instill in the participants as well.
The success of All Girls / All Math exemplifies the ongoing need for fostering inclusive and female-driven environments for aspiring young women in STEM, especially
during a global health crisis. In post-camp evaluations
conducted annually, an overwhelming number of girls
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expressed not only a deeper understanding of the types and
uses of mathematics, but also a resurgent enthusiasm for
pursuing a mathematics degree as a result of their experience in All Girls / All Math.
By adapting to new media for learning and continuing
to extend such opportunities to young women in STEM,
camps like All Girls / All Math are giving them the opportunity to be able to learn alongside the COVID-19 pandemic
and find new ways to apply their knowledge. A virtual
summer camp has become another platform to promote an
engaged, adaptive, and forward-thinking network of young
women, poised to revolutionize the field of mathematics.
References
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to promote an interest in and passion for math. Organizing
and hosting Girls in Math at Yale has taught us a great deal,
and we hope to share with you our insights into developing
effective math outreach initiatives.

About Us
YMC was founded in 2014 as the Yale branch of the
Math Majors of America Tournament for High Schools
(MMATHS). The idea of college students organizing math
events for like-minded high school students was not original—HMMT, PUMAC, SMT, and CHMMC, for instance,
are older—but what makes MMATHS distinctive is its geographical diversity. The MMATHS annual competition is
hosted simultaneously at university sites in different states,
and the long-term goal is to have at least one participating
university in every state of the US. So far, we have five participating schools: University of Florida, Columbia, Yale,
University of Michigan, and University of Virginia. We have
quite a ways to go!
Most of the organizers of YMC are veterans of various
high school math competition circuits, such as the AMC/
AIME/USAMO series and ARML. Many of us also took
part in the Putnam Competition during our time at Yale.
Participating in these events not only cultivated our interest
in math but also introduced us to a bustling community
of rivals, peers, and friends.

Motivation and Philosophy
Gabrielle Cottraux

Lindsay Augustyn
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Targeted High School
Math Competitions: Girls
in Math at Yale

Although Girls in Math at Yale began in 2017, YMC had
been discussing the idea of holding such an event since its
founding three years earlier. Many of our female members
could directly link their decisions to pursue STEM majors
and careers to formative previous experiences in women’s
initiatives such as Math Prize for Girls. Since there are relatively few of these influential outreach activities, we saw
the need for a new girls’ event and realized that YMC was
in a perfect position to make this happen.
We frequently debated the merits of hosting a girls’
event. Some members pointed out that hosting a competition specifically for girls inadvertently sends the

Elaine Hou and Noah Kravitz
Introduction
In 2017, the Yale Math Competition (YMC) undergraduate
student organization founded a new initiative called Girls
in Math at Yale. This event, which now occurs annually,
serves high school girls in the local community and aims
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Figure 1. Participants collaborate on a team round.
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message that girls need special treatment. Other members
responded by noting how encouraging girls’ events can be.
Our female classmates and mentors reinforced the idea
that being a minority member of a community—the only
girl in a math class or the only female professor in a math
department—is itself a frustrating and isolating experience.
We all agreed on at least one worthwhile reason to hold a
girls’ event: to show young women that they are not alone.
It is important to develop a guiding philosophy before
crafting an outreach event for female students (or any other
group, for that matter): who is the event for, and what is
its goal? The YMC team identified three themes that drove
the development of Girls in Math at Yale. First, a math
outreach event should encourage a lasting interest in and
appreciation of math. It should give people an opportunity
to celebrate their improvement and achievement, and it
should be satisfying and enjoyable, so that participants
look forward to future events. Second, a math competition
must be intellectually stimulating. Problems should spark
discussion and insight, and additional components, such
as plenary speaker sessions and undergraduate panels,
should show students where math can take them. We want
participants, teachers, and coaches to feel enriched—that
the event was well worth their time. Third, a math outreach
event should reflect the collaborative nature of modern
mathematics. As in all STEM fields, mathematical breakthroughs often come about through teamwork. We want
participants to mingle, engage with one another, and feel
like part of the math community.

Figure 2. Participants compete in an individual round.
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•

How to Organize a Math Competition
Running any math competition requires a lot of work.
Planning, which usually takes many months, has two
main components: organizing the event and preparing the
mathematical content. We at YMC have found the following approaches and rules of thumb helpful for all of our
high school events.
Logistics
Like organizing a conference, organizing a math competition involves many logistical details. But fret not: the
workload is manageable with careful planning. And, of
course, the benefits for the participants are well worth the
effort. Here, we highlight the key logistical steps that go
into holding a math competition:
• Set clear goals for the event, including length and
number of participants.
• Select a date for the competition well in advance.
Try to avoid scheduling conflicts with other competitions and standardized testing dates.
• Book a venue. Pick a location that will work well for
the activities you want to hold: if you have a team
component, students will need places to sit and
converse in small groups; if you have a speaker,
an auditorium will be ideal.
• Advertise the event by reaching out to students,
schools, and extracurricular organizations. One
December 2020
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way to identify contacts is to see which schools
or organizations already participate in math competitions. If this is your first time hosting a math
competition, you may need to send some cold
emails. (Recruitment gets easier over time.)
Register participants by collecting permission slips,
waivers, disclaimers, photo release forms, and
fees. Select a registration deadline and notify your
potential recruits of this deadline.
Secure resources and materials for the event. All
competitions require testing materials, and most
provide awards. T-shirts and good food also make
people happy. Sponsorships from academia or
industry can help defray expenses. Reach out to
potential guest speakers well in advance.
Recruit volunteers to help on the day of the competition. They do both the literal and metaphorical
heavy lifting: registering participants, proctoring
and grading tests, setting up rooms, helping students find their way around, chatting with coaches,
and cleaning up at the end of the day. Host an
information session for your volunteers so they
understand their roles, and entice them with free
food and T-shirts. At MMATHS, participants wear
T-shirts of one color and volunteers wear T-shirts
of another color, for easy identification.
Create a schedule for the competition. Keep in mind
that competitive portions need to take place early
enough that you can finish grading before the
awards ceremony. Our rule of thumb is to budget
15 to 30 minutes extra for each event—this buffer
time will help you stay on schedule.
Host the event. Congratulations! You’re hosting a
math competition! Every competition buzzes with
excitement. It will be hectic, and that is okay. Have
fun, and don’t forget to take pictures!
Send out post-event materials. Inform participants,
schools, and organizations of their performance
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at the event, and send out a post-event survey. Ask
people what went well and what can be improved.
Problem-writing
The mathematical preparation consists of crafting tests.
MMATHS and Girls in Math at Yale each feature a combination of individual and team rounds. The tests do not
serve only to determine winners—much more important is
that participants have fun and come away having learned
something.
What makes for a good problem? Above all else, it should
be inherently interesting, in the sense that one would be
curious about its solution even without the incentive of
scoring points. A problem is interesting if it makes a high
school test-taker say, “Oh, that’s cool!” Both hard and easy
problems can be interesting. (An easy interesting problem
may require only a simple insight for its solution, whereas
a difficult one could call for a touch of divine inspiration.)
Much like choosing a good research topic, identifying an
interesting competition problem is a subjective matter of
aesthetics. The most interesting problems emphasize onthe-spot cleverness and incorporate uncommon themes.
Write a problem about polynomial coefficients where the
solution doesn’t just follow from an application of Viète’s
Formula. Ask a question about a wacky new number-theoretic function that none of the students has seen before.
Replace Fibonacci and Catalan numbers with more exotic
variants.
Designing good problems is an art. The following strategies can help you get started. First, start with a question
(perhaps from real life) that you genuinely don’t know how
to answer. If you’re wondering about the solution, then it’s
probably interesting to other people, too. You can sometimes make the original question nicer by tweaking a parameter or considering a variation. Wondering how much
you can tilt your glass of water without making a mess? Just
assume that the glass is a perfect cylinder and fix an amount
of water, and you can leave the rest to the high schoolers!
Second, start with a key idea and reverse-engineer a problem whose solution uses this insight. Such a problem is
guaranteed to generate a satisfying “aha!” moment. You can
even disguise the key idea so that it appears only after an
initial reduction. Amused by double-sum identities? Recast
your favorite one as a problem about a sequence of triangle
side lengths. Third, start with an advanced technique or
result from college-level math or beyond. Even if this content isn’t appropriate for high schoolers, a simplification
or special case might be tractable. Isolating the crucial step
and recasting it in elementary terms adds a touch of “deep
math.” Intrigued by the arithmetic derivative? Give a quick
definition and then ask for the number of fixed points in
an interval of natural numbers.
Most of all, just write lots and lots of problems. This
includes bad problems. Writing problems in any capacity
gets your creativity flowing, and some of your problems
are bound to be good if you produce enough of them. It’s
worth holding onto all draft problems since you might
1752

later see ways to salvage partial ideas. Finally, avoid common pitfalls that tend to lead to uninteresting problems:
extensive computation (who wants to multiply six-digit
numbers or check a dozen cases by hand?) and reliance
on prior knowledge of tricks, techniques, and definitions.
What makes for a good test? The mark of a well-designed
test is that it keeps a broad range of test-takers engaged.
Budding algebraists, number theorists, geometers, and
combinatorialists should each find a mix of familiar and
unfamiliar material. Some students are attracted to word
problems with cute set-ups, and others prefer cut-and-dry
statements. In order to work productively for the entire
allotted time, stronger participants need adequate challenges, and less experienced students need approachable
problems—a test should appeal to test-takers at a wide
range of levels. The key to achieving these balances is variety: variety in subject area, variety in mode of presentation,
variety in difficulty. As a rule of thumb, the vast majority
of the problems should feel accessible to the vast majority
of the test-takers. If a hard problem has an unintimidating
statement, then everyone can enjoy looking for patterns
and attempting solutions, even if they’re on the wrong
track. A problem with both fast (clever) and slow (less
clever) solutions also caters to a wide audience since each
person can spend time on the problem and make progress
as they are able.
Keeping an extensive problem database eases the
test-compiling process. If you assemble many more problems than you need, then you have more flexibility in
creating balanced tests. When you have two good problems
that are too similar to appear in the same competition, save
one for the future! Test-solving is the best way to determine
whether an array of problems is balanced and interesting.
Ask your friends (ideally, not the same people who wrote
the problems) to take the tests and tell you what was fun,
hard, frustrating, and so on.

How Girls in Math at Yale Is Different
Girls in Math at Yale required that we fine-tune our general math competition model in a number of ways. On
the logistical front, the most important consideration was
scale. The existing annual MMATHS competition involved
over six hundred students spread across five sites in two
different time zones (as well as about a hundred observant Jewish students for Yale’s Sunday re-run of the main
Saturday competition). By contrast, Girls in Math at Yale
was a deliberately local, smaller-scale event—we wanted
to create a comfortable, welcoming event free of the pomp
and circumstance of large math contests. We had around
sixty participants for the first Girls in Math at Yale, and that
number has since climbed up towards a hundred. These
parameters informed our registration outreach, volunteer
recruitment, and venue planning.
We prioritized finding strong female role models for
the high school participants. To this end, we reached out
to Yale’s various women-in-STEM groups in addition to the
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Figure 3. High school students engage in conversations with
Yale students over lunch.

Figure 4. Happy team members show off their well-earned
awards.

general-interest STEM groups that provided most of the
volunteers for MMATHS. On competition day, we took special care that the women on our team appear in prominent
leadership roles, particularly in the opening and concluding
ceremonies. One of the most special parts of the event was
the informal pizza lunch with Yale students. (After the first
Girls in Math at Yale, we received such overwhelmingly positive feedback that we doubled the length of the lunch for
subsequent years.) Female Yale students in a wide range of
STEM fields—everything from math and statistics to computer science, physics, and biology—chatted with small,
rotating groups of high schoolers who shared their interests
and wanted to learn more about their college experiences.
This opportunity to connect with older role models spoke
directly to the “inspiration” and “empowerment” aspects
of our mission. This supplemental enrichment rounded
out our program with a nice personal touch.
When we modified our MMATHS test format for Girls
in Math at Yale, we converted the traditional team round
of twelve standalone problems into a themed team round
that emphasized learning and understanding new concepts.
By choosing a topic that was unfamiliar to the participants
and introducing it in a way that did not require prior knowledge, we deliberately leveled the playing field and helped
more students gain the confidence to contribute. (Two of
our most successful topics were permutation pattern containment and graph coloring.) We wrote the themed round
in a narrative format, with problems of varying difficulty
sprinkled throughout, and we encouraged the students to
ask clarifying questions. The resulting organizer-participant
dialogue made the test-taking experience feel less adversarial than in an ordinary math competition. Finally, the
themed round format fostered collaboration, rather than
competition, among participants. Because of the cumulative nature of the problems, team members had to work
together and share their insights. Whereas a traditional
team round usually devolves into a mad scramble to divvy
up problems and find tricky “gotcha!” solutions (which can

be fun in other settings), our themed round encouraged
measured consideration and teamwork.
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Takeaways
Girls in Math at Yale caters to young women. Future events
with the same model could effectively reach other people,
such as members of racial minorities and students from
under-resourced schools, who are underrepresented on
the math competition circuit. When designing such an
event, one must think carefully about both audience and
goals: Who will the event serve, and how? Which aspects
of the standard math competition model work well for
this audience, and which should be modified? What will
participants gain from the experience? And finally: How
do we turn this vision into a reality?
Stay flexible, learn from your mistakes, and be open to
radical revisions. What goes wrong the first time can be
fixed the second time. Even if the final product isn’t perfect,
people will appreciate your efforts. We hope our example
inspires new math outreach events!

Elaine Hou

Noah Kravitz
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Mathematical Congress of the Americas

AMS Travel Grants
for MCA 2021 in Buenos Aires, Argentina
July 19–24, 2021

With funding from the NSF, the AMS will administer a selection
and award process for partial travel support for up to 50 US
mathematicians attending the Mathematical Congress of the
Americas (MCA) scheduled for July 19–24, 2021, in Buenos
Aires, Argentina.
Instructions on how to apply are available on the AMS
website at www.ams.org/mca in early September.
This travel grants program will be administered by
the Programs Department, AMS, 201 Charles Street,
Providence, RI 02904-2213.

For questions or more information, contact
Kim Kuda by email at kak@ams.org or
by phone at 800.321.4267, ext. 4096
or 401.455.4096.

All information currently
available about the MCA 2021
program, organization, and
registration procedure is
located on the MCA 2021 website:

www.mca2021.org

Victor Enolski (1945–2019)
Emma Previato
Our friend and coauthor Victor Enolski passed away in
June 2019, after a brief but valiant struggle with pancreatic cancer. Victor’s profound and multipronged contribution to the mathematical sciences flew under the radar, to
some extent; “Victor’s modesty is legend” says one of the
pieces below, and indeed he was self-effacing to a fault,
promoting instead others’ work, creating interdisciplinary
collaborations among scientists of diverse backgrounds, rediscovering classical work with childlike enthusiasm and
breathing new life into it. We write this homage to his
life with the hope of bringing his contribution to the attention of the larger mathematical community, particularly because the subjects of his main focus, the special
functions of classical geometry, mathematical physics, analytic number theory and wide-ranging applications (for
cosmology, e.g., see Kunz and Lämmerzahl’s piece below),
are gaining more power, partly on the strength of computational differential algebra and geometry (see Eilbeck’s
piece below). Buchstaber’s piece offers a broad overview
of the foundational aspects of these specific special functions, a view from the top that allows you to glimpse their
significance in topology, combinatorics, algebraic geometry, deformation theory, and their crowning application
to integrability of non-linear PDEs, one main reason for
the resurgence they enjoyed the world over starting in the
1970s (see Braden’s and Matveev’s pieces). We tried to provide a somewhat technical (although, we hope, accessible)
guide to enable you to follow your specific interest and
read more about Victor’s profound ideas. There is so much
farther to go, for future researchers.
Victor Zelikovich Ènol′skiı̆, as first transliterated in
Mathematical Reviews (most recently he chose the simpler version Enolski) was born in Odessa (then USSR),
Emma Previato is a professor of mathematics in the Department of Mathematics
and Statistics at Boston University. Her email address is ep@bu.edu.
Communicated by Notices Associate Editor Steven Sam.
For permission to reprint this article, please contact:
reprint-permission@ams.org.

Ukraine, on April 26, 1945. His father, Eugene (Zelik)
Ènol′skiı̆, was a major in the Soviet Army during WWII
and afterwards Professor of History in Kiev State University; his mother, Elizabeth Enolskaya (née Vainrub), served
in hospitals during the war as a senior lieutenant; after the
war she was a medical doctor in child psychiatry. Victor
earned an MSc from Kiev State University under the supervision of Professor D. Ya. Petrina, National Academy of
Sciences of Ukraine (NASU), with a Master’s thesis Differential Equations for Feynman Integrals. Another part of his
MSc research, on the Mandelstam hypothesis in elementary particle physics, is the topic of his earliest MathSciNet
entry [15]. At NASU, Victor earned a PhD in Theoretical
Physics and Applied Mathematics (1977) with his thesis
Analytical Properties of Feynman Integrals, as well as a Doctor of Science degree in Theoretical Physics and Applied
Mathematics (1996) with the thesis Method of Reduction
to Elliptic Functions in the Theory of Solitons. Victor was a
junior research fellow at NASU from 1975 to 1982, and
a senior research fellow thereafter. In 2016, he became
a Professor in the Physics and Mathematics Department
of the National University of Kiev-Mohyla Academy. Victor conducted extended visits as an invited scholar at over
20 universities or research institutes in Canada, Denmark,
France, Germany, Italy, Japan, Norway, Spain, Sweden, the
UK and the US.
Victor moved to Germany in the late 1990s, with his
wife Rena and their daughter, but he still spent most of
his working time in Ukraine and untiringly applied for
workshop grants so that he could bring an international
community to Kiev; the last workshop he organized, “Algebraic Curves, Integrable Systems, and Cryptography,” (August 24–25, 2018) gave rise to several new collaborative
projects and publications. The announcement of the workshop on the university’s webpage allows us to preview the
arc of Victor’s interests we’ll follow below, as part of it
reads (verbatim): “different aspects of the theory of algebraic curves (hyperelliptic and nonhyperelliptic, and some
particular cases): fields of Abelian functions and addition
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laws in these fields, multivariative entire functions which
generate the Abelian functions.”
He spent the last few months of his life at home in Munich, where he died on June 20, 2019.
In this short article all we can do is try to give you a
glimpse into Victor’s legacy to mathematics and physics.
There are no words that could describe his legacy to his
collaborators, of whom MathSciNet lists 51, and to his
friends: since Victor could find humor under the most
trying circumstances and used the English language with
gusto, and in view of his expansive professional pilgrimages, we will remember him with the humorous words of
the Head of the School of Mathematical and Computer
Sciences at Heriot-Watt University, who had been chasing
him for days with a travel-reimbursement form to sign.
Victor, Chris Eilbeck and I were working in Chris’ office
when he walked in and said “You are peripatetic and mischievous.”

1. Multidimensional Sigma
Functions and Applications
V. M. Buchstaber
1.1. Introduction. We met with Victor Enolski in 1995.
It was a time when the theory of multidimensional theta
functions and methods of algebraic geometry were the focus of attention of a large mathematical community, inspired by fundamental results in a number of relevant areas of theoretical and mathematical physics. Our close collaboration and friendship continued until his last days. He
was a brilliant scientist and a very good friend.
Almost immediately after the start of our collaboration,
we put forward an ambitious program: to develop the theory of multidimensional sigma functions based on modern achievements of differential topology and algebraic geometry. We decided to follow Weierstrass’ approach to
the theory of elliptic functions, which essentially uses the
remarkable model of elliptic curves. Our theory was designed to ensure the construction of the fundamental equations of mathematical physics based on the uniformization of the Jacobians of a certain class of algebraic curves.
The key goal was to obtain solutions of these equations, independent of the choice of a basis in the lattice spanned by
the periods of holomorphic differentials on these curves.
Victor Buchstaber is a professor at the Faculty of Mathematics and Mechanics,
Moscow State University, and an emeritus professor at the School of Mathematics, University of Manchester. His email address is buchstab@mi-ras.ru.
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The goal was motivated, among other things, by the following problem. Let a differential equation with parameters be given. Its solution depends on the parameters
and initial data. The problem is to build a new differential equation describing this dependence. Such a problem
naturally arises in theoretical and mathematical physics.
In memory of Victor Enolski, I prepared, addressed to a
wide mathematical audience, a review of the theory whose
creation was largely due to Enolski.
Victor Enolski attained deep results on the relationship
between theta and sigma functions of algebraic curves,
which gave answers to long-standing questions (see [11]).
In this review, multidimensional theta functions are not
explicitly involved. However, it should be noted that now
there are many representations of multidimensional sigma
functions in the form of modified multidimensional theta
functions. We can say that in essence we are talking about
one class of functions, but in different “coordinates.”
In the multidimensional case, as in the elliptic, there
are problems in which either theta or sigma functions can
be successfully used. But in well-known problems, to obtain an effective description of solutions of equations, it is
important to use one and not the other. For example, if
you want to investigate the dependence on the variations
of individual branch points of a curve, theta functions are
preferred. But, if, for example, it is necessary to obtain
results that require solutions of differential equations, including differentiation with respect to the parameters of
the curve, or require limit transitions to the variety of degenerate curves, then sigma functions are preferable. At
the same time, there are remarkable results that use sigma
functions as modified theta functions and vice versa.
1.2. Theory of sigma functions. In the classical sense, an
Abelian function is a meromorphic function on a complex
Abelian torus 𝑇 𝑔 = ℂ𝑔 /Γ, where Γ ⊂ ℂ𝑔 is a rank-2𝑔 lattice
satisfying the Riemann conditions. That is, 𝑓 is an Abelian
function if and only if 𝑓 is a meromorphic function and
𝑓(𝐮) = 𝑓(𝐮 + 𝜔) for all 𝐮 = (𝑢1 , … , 𝑢𝑔 ) ∈ ℂ𝑔 and 𝜔 ∈ Γ.
Abelian functions form a differential field 𝐹. Basic facts
about Abelian functions:
𝐴1
𝐴2
𝐴3
𝐴4

If 𝑓 ∈ 𝐹, then 𝜕ᵆ𝑖 𝑓 ∈ 𝐹, 𝑖 = 1, … , 𝑔.
For any nonconstant 𝑓1 , … , 𝑓𝑔+1 from 𝐹 there exists
𝑃 ∈ ℂ[𝑧1 , … , 𝑧𝑔+1 ] such that 𝑃(𝑓1 , … , 𝑓𝑔+1 ) = 0.
If 𝑓 ∈ 𝐹 is any nonconstant function, then any ℎ ∈ 𝐹
is a rational function of (𝑓, 𝜕ᵆ1 𝑓, … , 𝜕ᵆ𝑔 𝑓).
There exists an entire function 𝜃 ∶ ℂ𝑔 → ℂ such that
𝜕ᵆ𝑖 𝜕ᵆ𝑗 log 𝜃 ∈ 𝐹, 𝑖, 𝑗 = 1, … , 𝑔.

The theory of Abelian functions was a central topic of
19th century mathematics. In the mid-seventies of the last
century, a new wave of investigation in this field arose in
response to the discovery that Abelian functions provide
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solutions to a number of challenging problems of modern
theoretical and mathematical physics.
A plane nonsingular algebraic curve defines a lattice Γ as
the set of all periods of its holomorphic differentials. The
resulting torus is called the Jacobian of a curve. Suppose ℬ
is an open dense subset in ℂ𝑑 . We will consider a family 𝑉
of nonsingular curves, depending linearly on a parameter
𝑏 ∈ ℬ. We use 𝑉 to define a space of Jacobians 𝑈 over ℬ.
The space 𝑈 is naturally fibered, 𝑝 ∶ 𝑈 → ℬ, where the
fiber 𝑉𝑏 over a point 𝑏 ∈ ℬ is the Jacobian 𝐽𝑏 of the curve
with the parameter 𝑏. Let 𝑔 = 1 and 𝑑 = 2. Then
𝑉 = {(𝑥, 𝑦, 𝑔2 , 𝑔3 ) ∈ ℂ2 × ℬ ∣ 𝑦2 = 4𝑥3 − 𝑔2 𝑥 − 𝑔3 }
is the family of Weierstrass elliptic nonsingular curves,
where ℬ = {(𝑔2 , 𝑔3 ) ∈ ℂ2 ∣ 𝑔32 − 27𝑔23 ≠ 0}.
We employ the following properties of the Weierstrass
𝜎-function 𝜎 ∶ ℂ3 → ℂ with (𝑔2 , 𝑔3 ) ∈ ℬ:
(a) 𝜎(𝑢, 𝑔2 , 𝑔3 ) is entire in (𝑢, 𝑔2 , 𝑔3 ) ∈ ℂ3 ;
(b) 𝜕ᵆ2 log 𝜎(𝑢, 𝑔2 , 𝑔3 ) = −℘(𝑢, 𝑔2 , 𝑔3 ) ∈ 𝐹;
(c) 𝑄0 𝜎 = 0, 𝑄2 𝜎 = 0, where 𝑄0 = 4𝑔2 𝜕𝑔2 +6𝑔3 𝜕𝑔3 −𝑢𝜕ᵆ +1
1

1

1

3

2

24
′

and 𝑄2 = 6𝑔3 𝜕𝑔2 + 𝑔22 𝜕𝑔3 − 𝜕ᵆ2 −
(d)

𝑔2 𝑢2 ;

(℘′ )2 = 4℘3 − 𝑔2 ℘ − 𝑔3 , where ℘ =

𝜕
𝜕ᵆ

℘.

The system of equations (c) allows us, using the initial
condition 𝜎(𝑢, 0) = 𝑢, to restore the expansion coefficients
of the function 𝜎(𝑢, 𝑔2 , 𝑔3 ) as a series in 𝑢 in the form of
polynomials in 𝑔2 and 𝑔3 .
The problem of construction of a multidimensional
analogue of the Weierstrass 𝜎-function is a classical one.
In 1886, F. Klein proposed the following problem:
Modify the multidimensional 𝜃-function 𝜃(𝐮; Γ𝑉𝑏 ) in order to obtain an entire function which is:
independent of a choice of basis in the lattice Γ𝑉𝑏 ;
covariant with respect to the Möbius transformations
of the curve 𝑉𝑏 .
On this problem, Klein published three works (1886–
1890). In 1923, a 3-volume collection of Klein’s scientific
works was published. In the preface to the works on the
problem under discussion, he emphasized that the theory
of hyperelliptic 𝜎-functions is still far from complete.
The covariance requirement (2) immediately led to the
need to confine ourselves to the class of hyperelliptic
curves. But even this case caused unnatural difficulties.
In his work (1903), H. F. Baker disregarded requirement
(2) and showed that in the case of curves of genus 2, it
is possible to construct analogues of elliptic 𝜎-functions
without using 𝜃-functions of genus 2.
In a series of works, V. Buchstaber, V. Enolski and D.
Leykin (1997–2019) developed a theory and applications
of multidimensional 𝜎-functions associated with given
models of plane algebraic curves.
(1)
(2)
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The work in [9] and subsequent papers is devoted to
the development of a method of integration of nonlinear
partial differential equations on the basis of uniformization of Jacobi varieties of algebraic curves. It was motivated by the fact that when using Abelian functions, defined by the logarithmic derivatives of multidimensional
𝜎-functions, the important equations of theoretical and
mathematical physics appear naturally and explicitly.
Let 𝑉𝜆 = {(𝑥, 𝑦) ∈ ℂ2 ∶ 𝑓(𝑥, 𝑦; 𝜆) = 0} be a plane nonsingular algebraic curve of genus 𝑔, where 𝑓(𝑥, 𝑦; 𝜆) is a
polynomial in 𝑥 and 𝑦 with the coefficient vector 𝜆 =
(𝜆𝑞1 , … , 𝜆𝑞𝑑 ) ∈ ℬ𝑔 , where ℬ𝑔 is an open dense subset in
ℂ𝑑 . Denote by Γ𝜆 ⊂ ℂ2𝑔 the lattice of periods of holomorphic differentials on 𝑉𝜆 .
Problem I. Construct an entire function 𝜎(𝐮; 𝜆) such that:
(1) The decomposition of 𝜎(𝐮; 𝜆) at the origin 𝐮 = 0
is given by a power series in 𝐮 with polynomial coefficients in 𝜆.
(2) For any 𝑖 and 𝑗, the function ℘𝑖,𝑗 (𝐮; 𝜆) =
−𝜕ᵆ𝑖 𝜕ᵆ𝑗 ln 𝜎(𝐮; 𝜆) defines a meromorphic function on
𝐽𝑎𝑐 𝑉𝜆 = ℂ𝑔 /Γ𝜆 .
(3) The function 𝜎(𝐮; 0) is a polynomial of a prescribed form.
Problem II. Obtain the uniformization of Jacobi varieties
in terms of functions ℘𝑖,𝑗 (𝐮; 𝜆) and their derivatives with
respect to 𝐮.
In the case of hyperelliptic curves of genus 𝑔, in our
works (1997–1999) we constructed the desired 𝜎-function
𝜎(𝐮; 𝜆), where 𝐮 = (𝑢1 , … , 𝑢2𝑔−1 ), 𝜆 = (𝜆4 , … , 𝜆4𝑔+2 ) and
𝜎(𝐮; 0) coincides up to a factor with the Adler-Moser polynomials. On this basis we obtained the key results of the
theory of hyperelliptic functions of genus 𝑔 > 1 (see below). In subsequent works, for coprime 𝑛 and 𝑠, 𝑛 < 𝑠,
we introduced a class of plane (𝑛, 𝑠)-curves of genus 𝑔 =
(𝑛−1)(𝑠−1)
with the coefficient vector (𝜆𝑞1 , … , 𝜆𝑞𝑑 ), where
2
(𝑛+1)(𝑠+1)

𝑠

𝑑=
− [ ] − 3, and constructed the correspond2
𝑛
ing 𝜎-functions such that 𝜎(𝐮; 0) are the so-called SchurWeierstrass (𝑛, 𝑠)-polynomials (see below).
A family 𝑉𝜆 of (𝑛, 𝑠)-curves is defined by the polynomials
𝑓(𝑥, 𝑦; 𝜆) = 𝑦𝑛 − 𝑥𝑠 − ∑ 𝜆(𝑖𝑛+𝑗𝑠) 𝑥𝑖 𝑦𝑗 ,
𝑖,𝑗

where 0 ⩽ 𝑖 ⩽ 𝑠 − 2, 0 ⩽ 𝑗 ⩽ 𝑛 − 2 and 𝑖𝑛 + 𝑗𝑠 < 𝑛𝑠.
Hyperelliptic curves of genus 𝑔 are (2, 2𝑔 + 1)-curves. The
trigonal curves (3, 𝑠) have genus 𝑔 = 3𝑚 at 𝑠 = 3𝑚 + 1 and
genus 𝑔 = 3𝑚 + 1 at 𝑠 = 3𝑚 + 2, 𝑚 > 0.
In the class of (𝑛, 𝑠)-curves, cases 𝑛 = 2 and 𝑛 = 3 are
distinguished by the fact that only for them is the condition 𝑛 ⩽ 𝑔 < 𝑠 satisfied: this is instrumental for an effective
construction of the theory of 𝜎-functions.
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Singularity theory studies the family 𝑉 of functions
𝑛−2 𝑠−2

𝑓(𝑥, 𝑦, 𝜆) = 𝑦𝑛 − 𝑥𝑠 − ∑ ∑ 𝜆(𝑖𝑛+𝑗𝑠) 𝑥𝑖 𝑦𝑗
𝑗=0 𝑖=0

as miniversal unfolding of the Pham singularity 𝑦𝑛 − 𝑥𝑠 .
Miniversal unfolding has (𝑛 − 1)(𝑠 − 1) parameters 𝜆. The
number 𝑚 = #{𝜆𝑘 ∣ 𝑘 > 𝑛𝑠} is the modality of 𝑓. Consider
the discriminant variety of the family 𝑉:
Σ⊂ℂ

2𝑔

Ω𝑡 𝐽Ω = 2𝜋𝚤𝐽,

where

∶ (𝜆 ∈ Σ)

⇔ (∃ (𝑥, 𝑦) ∈ ℂ2 ∶ 𝑓 = 𝑓𝑥 = 𝑓𝑦 = 0 at (𝑥, 𝑦, 𝜆)).
We use a construction based on V. M. Zakalyukin’s theorem of holomorphic vector fields tangent to Σ. The fields
define a holomorphic Δ(𝜆) ∈ ℂ(𝜆) such that Σ = {𝜆 ∈
ℂ2𝑔 ∣ Δ(𝜆) = 0}. A vector field ℓ is tangent to Σ if and only
if ℓΔ(𝜆) = 𝜙(𝜆)Δ(𝜆), where 𝜙(𝜆) ∈ ℂ[[𝜆]]. In the space
of holomorphic vector fields tangent to Σ, there exists a
unique basis ℒ = (ℓ1 , … , ℓ2𝑔 )𝑡 such that
ℒ = 𝑇(𝜆)𝜕𝜆 ,

𝑡

𝑇(𝜆) = 𝑇(𝜆) ,

Δ(𝜆) = det 𝑇(𝜆),

where 𝑇(𝜆) is the matrix of Arnold’s convolution.
If 𝜆 ∉ Σ, the genus of a miniversal unfolding is ⩾ (𝑛 −
1)(𝑠 − 1)/2. We impose the condition 𝜆𝑘 = 0 when 𝑘 > 𝑛𝑠
and obtain a family of curves of constant genus 𝑔 = (𝑛 −
1)(𝑠 − 1)/2 over ℬ = ℂ2𝑔−𝑚 ⧵ (ℂ2𝑔−𝑚 ∩ Σ).
In what follows we use an obvious renumbering of 𝜆𝑘 .
Under the condition 𝜆𝑘 = 0 for 𝑘 < 0,
(1) the holomorphic symmetric matrix 𝑇(𝜆) becomes
a matrix over ℂ[𝜆1 , … , 𝜆2𝑔−𝑚 ];
(2) Δ(𝜆) ∈ ℂ[𝜆1 , … , 𝜆2𝑔−𝑚 ] and ℬ = {𝜆 ∈ ℂ2𝑔−𝑚 ∣
Δ(𝜆) ≠ 0};
(3) the holomorphic frame ℒ becomes a 2𝑔dimensional basis of the ℂ[𝜆1 , … , 𝜆2𝑔−𝑚 ]-module of global
sections of the (2𝑔 − 𝑚)-dimensional tangent bundle
𝒯ℬ → ℬ. Fix the notation for the frame
ℒ = (ℓ1 , … , ℓ2𝑔 )𝑡 = 𝑇(𝜆)( 0,
… , 0, 𝜕𝜆1 , … , 𝜕𝜆2𝑔−𝑚 )𝑡
⏟⏟⏟
𝑚

and its structure functions
2𝑔
ℎ
[ℓ𝑖 , ℓ𝑗 ] = ∑ 𝑐𝑖𝑗
(𝜆)ℓℎ ,

ℎ
𝑐𝑖𝑗
(𝜆) ∈ ℂ[𝜆].

ℎ=1

The equation 𝑓(𝑥, 𝑦, 𝜆) = 0 in ℂ2+2𝑔−𝑚 defines the family 𝑉 of (𝑛, 𝑠)-curves over ℬ. Consider the bundle 𝑝 ̊ ∶ 𝑉 ̊ →
ℬ whose fiber is the curve
𝑉𝜆̊ = {(𝑥, 𝑦) ∈ ℂ2 ∣ 𝑓(𝑥, 𝑦, 𝜆) = 0}
with a puncture at infinity. Let 𝐻 1 (𝑉𝜆̊ , ℂ) be the linear 2𝑔dimensional vector space of holomorphic 1-forms on 𝑉𝑏̊ .
Consider associated with 𝑝 ̊ ∶ 𝑉 ̊ → 𝐵 the locally trivial
vector bundle 𝜛 ∶ Ω1 → 𝐵 whose fiber is 𝐻 1 (𝑉𝜆̊ , ℂ). A
connection in Ω1 is a Gauß-Manin connection on 𝑉.̊
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Since (∞) belongs to all curves from 𝑉, we can construct a global section of Ω1 by taking the classical basis of
Abelian differentials of first and second kind. Let 𝐷(𝑥, 𝑦, 𝜆)
be the vector 𝐷(𝑥, 𝑦, 𝜆) = (𝐷1 (𝑥, 𝑦, 𝜆), … , 𝐷2𝑔 (𝑥, 𝑦, 𝜆)) of
canonical basis 1-forms from 𝐻 1 (𝑉𝜆̊ , ℂ). Its matrix of periods Ω satisfies the Legendre relation (a particular case of
the Riemann-Hodge relations)
0
𝐽=( 𝑔
−1𝑔

1𝑔
).
0𝑔

The classical theory of Abelian differentials asserts that
such basis exists and provides a means to construct it. The
essential part of 𝐷(𝑥, 𝑦, 𝜆), that is, the part that provides
the Legendre relation, is defined by the classic formula
𝐷(𝑥1 , 𝑦1 )𝑡 𝐽𝐷(𝑥2 , 𝑦2 ) = {Φ1,2 − Φ2,1 }d𝑥1 d𝑥2 ,
where Φ1,2 =

1

𝜕

𝑓𝑦 (𝑥1 ,𝑦1 ,𝜆) 𝜕𝑥2

(

𝑓(𝑥1 ,𝑦2 ,𝜆)
(𝑥1 −𝑥2 )(𝑦1 −𝑦2 )

). The calcula-

tion is carried out “on the curve,” that is, with the assumption 𝑓(𝑥𝑖 , 𝑦𝑖 , 𝜆) = 0, 𝑖 = 1, 2. The Christoffel coefficient of
the Gauß-Manin connection
𝑘
Γ𝑗 = (Γ𝑗,𝑖
), 𝑖, 𝑗, 𝑘 = 1, … , 2𝑔,

associated to the field ℓ𝑗 is uniquely defined by the following relation:
The holomorphic vector-valued 1-form ℓ𝑗 (𝐷(𝑥, 𝑦, 𝜆)) +
Γ𝑗 𝐷(𝑥, 𝑦, 𝜆) is exact “on the curve.”
Our 𝜎-function 𝜎(𝐮, 𝜆), 𝐮 ∈ ℂ𝑔 , 𝜆 ∈ ℂ𝑑 , is an entire
function that solves Problem I. It is obtained as a solution
to the system 𝑄𝑗 𝜎(𝐮, 𝜆) = 0, 𝑗 = 1, … , 2𝑔. Here 𝑄𝑗 = ℓ𝑗 −
1
2

𝐻𝑗 − 𝛿𝑗 (𝜆), with ℓ𝑗 ∈ ℒ and
𝑙
𝐻𝑗 = 𝛼𝑗𝑘𝑙 (𝜆)𝜕ᵆ𝑘 𝜕ᵆ𝑙 + 2𝛽𝑗𝑘
(𝜆)𝑢𝑘 𝜕ᵆ𝑙 + 𝛾𝑗𝑘𝑙 (𝜆)𝑢𝑘 𝑢𝑙 ,
1
1 𝑘
(𝜆),
𝛿𝑗 (𝜆) = ℓ𝑗 log Δ(𝜆) + 𝛽𝑗𝑘
8
2

where the summation from 1 to 𝑔 extends over the re𝑙
peated indices. The coefficients 𝛼𝑗𝑘𝑙 (𝜆) = 𝛼𝑗𝑙𝑘 (𝜆), 𝛽𝑗𝑘
(𝜆) and
𝛾𝑗𝑘𝑙 (𝜆) = 𝛾𝑗𝑙𝑘 (𝜆) are polynomials of 𝜆.
Solving the system of equations 𝐻𝑗 𝜑(𝐮) = 2𝛿𝑗 (𝜆)𝜑(𝐮),
we obtain a polynomial 𝜑(𝐮) = 𝜎(𝐮, 0) defined up to a
constant factor. Then, solving the system of equations
𝑄𝑗 𝜎(𝐮, 𝜆) = 0, 𝑗 = 1, … , 2𝑔, under this initial condition
𝜎(𝐮, 0), we can reconstruct the expansion coefficients of the
function 𝜎(𝐮, 𝜆) in a series in 𝐮 in the form of polynomials
in 𝜆.
Write the system of equations
𝑄𝑗 𝜎(𝑢, 𝜆) = 0,

𝑗 = 1, … , 2𝑔,

in the form of the Schrödinger equations
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of a multidimensional quantum harmonic oscillator with
multiple “times.” According to the formalism of the quantum oscillator:
• 𝐻𝑗 is a set of “quadratic Hamiltonians;”
• ℓ𝑗 are derivatives over “times;”
• 𝛿𝑗 is “the energy of an oscillator mode.”
The realization of the 𝜎-function in the form of an average
of the “ground-state wave function” (a multidimensional
Gaussian function) over a lattice suggests a natural interpretation of the 𝜎-function as the “wave function of the
coherent state” of the oscillator.
An operator 𝑄𝑗 is defined if we know the (polynomial
in 𝜆) matrices
𝛼𝑗 = (𝛼𝑗𝑘𝑙 ),

𝑙
𝛽𝑗 = (𝛽𝑗𝑘
),

and

𝛾𝑗 = (𝛾𝑗𝑘𝑙 ).

Let
𝛼
𝐴𝑗 (𝜆) = 𝐽 ( 𝑗
𝛽𝑗

𝑟

are defined. Here 𝑝𝑘 (𝐱) = ∑𝑗=1 𝑥𝑗𝑘 is the 𝑘th Newton polynomial.
A partition 𝜋 of length 𝑔 is a nonincreasing set of 𝑔 positive integers 𝜋𝑖 . In the classical theory of invariants, each
partition 𝜋 is matched with the Schur polynomial 𝑆𝜋 . It
is known that the polynomials 𝑆𝜋 satisfy the KadomtsevPetviashvili hierarchy.
Denote by Par𝑔 the set of all partitions of length 𝑔. The
formula 𝜘(𝐰) = 𝜋, where 𝜋𝑘 = 𝑤𝑔−𝑘+1 + 𝑘 − 𝑔, defines
an embedding 𝜘 ∶ 𝑊𝑆𝑔 → Par𝑔 . A partition 𝜋 that is the
image of any Weierstrass sequence under the mapping 𝜘 is
called the Weierstrass partition. Set 𝜋𝑛,𝑠 = 𝜘(𝐖𝑛,𝑠 ).
We denote by 𝑆𝑛,𝑠 the Schur polynomials corresponding
to Weierstrass partitions 𝜋𝑛,𝑠 . We have
𝑆𝑛,𝑠 = 𝑆𝑛,𝑠 (𝑒1 , … , 𝑒2𝑔−1 ), where 𝑔 = (𝑛 − 1)(𝑠 − 1)/2.
Here 𝑔 = (𝑛 − 1)(𝑠 − 1)/2 and 𝑒𝑘 are elementary symmetric
polynomials in 𝑥1 , … , 𝑥2𝑔−1 .

(𝛽𝑗 )𝑡
).
𝛾𝑗

Theorem 1. The set of matrices {𝛼𝑗 , 𝛽𝑗 , 𝛾𝑗 } defines the operators
𝑄𝑗 , 𝑗 = 1, … , 2𝑔, such that

Theorem 2. In the representation via the Newton polynomials,
any polynomial 𝑆𝑛,𝑠 is a polynomial in 𝑔 variables {𝑝𝑤1 , … , 𝑝𝑤𝑔 }
only, where {𝑤1 , … , 𝑤𝑔 } = 𝐖𝑛,𝑠 .

2𝑔
ℎ
(𝜆)𝑄ℎ
[𝑄𝑖 , 𝑄𝑗 ] = ∑ 𝑐𝑖𝑗

and

𝑄𝑗 (𝜎(𝑢, 𝜆)) = 0

ℎ=1

if and only if 𝐴𝑗 = Γ𝑗 .
Observe that our operators 𝑄𝑗 and vector fields ℓ𝑗 obey
the same commutation relations.
Let us introduce the Schur-Weierstrass (𝑛, 𝑠)polynomials, which allow us to obtain an explicit form for
the polynomial 𝜎(𝐮, 0).
Let, as above, 𝑛 and 𝑠 be a pair of coprime integers such
that 𝑠 > 𝑛 ⩾ 2. Let us consider the set of all nonnegative integers of the form 𝑎𝑛 + 𝑏𝑠, where 𝑎, 𝑏 are nonnegative integers. Natural numbers that cannot be represented
in this form give the Weierstrass gap sequence. Such a sequence, ordered in ascending order, will be denoted by
𝐖𝑛,𝑠 . The number of these integers in the sequence is
called its length.
The elements 𝑤 of the Weierstrass sequence 𝐖𝑛,𝑠 can
be represented in the form 𝑤 = −𝛼𝑛 + 𝛽𝑠, where 𝛼 and 𝛽
are integers such that 𝛼 > 0 and 𝑛 > 𝛽 > 0, and so that
the numbers 𝛼 and 𝛽 are uniquely defined. The length 𝑔
of the Weierstrass sequence 𝐖𝑛,𝑠 = {𝑤1 , … , 𝑤𝑔 } is equal to
(𝑛−1)(𝑠−1)/2. Its maximal element 𝑤𝑔 is equal to 2𝑔−1 =
−𝑛 + 𝑠(𝑛 − 1), and 𝑖 ⩽ 𝑤𝑖 ⩽ 2𝑖 − 1 for all 𝑖 = 1, … , 𝑔. We
denote by 𝑊𝑆𝑔 the set of all Weierstrass sequences 𝐖𝑛,𝑠 =
{𝑤1 , … , 𝑤𝑔 } of length 𝑔.
For 𝐖𝑛,𝑠 and any 𝑟 ⩾ 0, rational analogues of the Abel
mapping
𝐴𝑟𝑛,𝑠 ∶ ℂ𝑟 ⟶ ℂ𝑔 ∶ 𝐴𝑛,𝑠 (𝐱) = (𝑝𝑤1 (𝐱), … , 𝑝𝑤𝑔 (𝐱))
DECEMBER 2020

A polynomial 𝜎𝑛,𝑠 (𝑧1 , … , 𝑧𝑔 ) in 𝑔 variables, which
exists by Theorem 2 and is given by the identity
𝜎𝑛,𝑠 (𝑝𝑤1 , … , 𝑝𝑤𝑔 ) ≡ 𝑆𝑛,𝑠 , is called a Schur-Weierstrass polynomial.
For an arbitrary Weierstrass sequence 𝐖𝑛,𝑠 = {𝑤1 , … , 𝑤𝑔 }
and for the corresponding Schur-Weierstrass polynomial
𝜎𝑛,𝑠 (𝑧1 , … , 𝑧𝑔 ) under a chosen value of the vector 𝐳 =
(𝑧1 , … , 𝑧𝑔 ) ∈ ℂ𝑔 , we introduce the following polynomial
in 𝑥 ∈ ℂ:
𝑅𝑛,𝑠 (𝑥; 𝐳) = 𝜎𝑛,𝑠 (𝐴1𝑛,𝑠 (𝑥) + 𝐳).
Theorem 3. For a given 𝜉 ∈ ℂ𝑔 , the polynomial 𝑅𝑛,𝑠 (𝑥; 𝜉) either does not depend on 𝑥 or has at most 𝑞 roots {𝑥1 , … , 𝑥𝑞 }, 𝑞 ⩽
𝑔.
Let a polynomial 𝑃(𝜉1 , … , 𝜉𝑔 ) in 𝑔 variables be given. For
every 𝐳 ∈ ℂ𝑔 , using the Weierstrass sequence 𝐖𝑛,𝑠 of length
𝑔, to this polynomial we put into correspondence a polynomial in 𝑥 of the form 𝑅𝑃 (𝑥; 𝐳) = 𝑃(𝐳 − 𝐴1𝑛,𝑠 (𝑥)).
We say that a polynomial 𝑃(𝜉1 , … , 𝜉𝑔 ) satisfies the (𝑛, 𝑠)analog of the Riemann vanishing theorem for polynomials
𝑔
if the polynomial 𝑅𝑃 (𝐱; 𝐳) for 𝐳 = 𝐴𝑛,𝑠 (𝐱) either has exactly
𝑔 roots {𝑡1 , … , 𝑡𝑔 } = {𝑥1 , … , 𝑥𝑔 } or is identically zero.
Theorem 4. If a polynomial 𝑃 satisfies the (𝑛, 𝑠)-analog of Riemann’s vanishing theorem for polynomials, then it is equal to
the Schur-Weierstrass polynomial 𝜎𝑛,𝑠 up to a constant factor.
For any 𝑔 ⩾ 1 in the hyperelliptic case, the polynomial 𝜎(𝐮, 0) = 𝜎2,2𝑔+1 (𝐮) coincides, up to a factor, with
the Adler-Moser polynomial.
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Corollary 5. A polynomial 𝑃 satisfies the (2, 2𝑔 + 1)-analog of
Riemann’s vanishing theorem for polynomials if and only if 𝑃
is the Adler-Moser polynomial up to a constant factor.
2.1. Applications. We denote by 𝜋 ∶ 𝒰𝑔 → ℬ𝑔 the universal bundle of Jacobian varieties 𝐽𝜆 = 𝐽𝑎𝑐𝑉𝜆 of hyperelliptic
curves. Let us consider the mapping 𝜑 ∶ ℬ𝑔 × ℂ𝑔 → 𝒰𝑔
such that
𝜑

ℬ𝑔 × ℂ𝑔 −−−−−→ 𝒰𝑔
↑
↑
↓

↑
↑
↓

ℬ𝑔

ℬ𝑔
𝑔

𝜔=(

𝑗1
2𝑘1 − 1

𝜕
𝜕𝑥

(3)

We have ℘′2𝑖 = 𝜕2𝑖−1 ℘2 . Then from (2) we obtain:
Corollary 8. For any 𝑔 > 1, the function 𝑢 = 2℘(𝐭) is a
solution of the KdV equation
𝑢‴ = 6𝑢𝑢′ + 4𝑢,̇ where 𝑢̇ = 2𝜕3 ℘2 .

(℘′2 )2 = 4 [℘32 + (℘4 + 𝜆4 )℘2 + ℘3,3 − ℘6 + 𝜆6 ] .
𝑔

𝑓(𝐭), 𝜕2𝑘−1 =

𝜕
𝜕𝑡2𝑘−1

, and

…
𝑗𝑠
),
… 2𝑘𝑠 − 1

where 1 ⩽ 𝑘1 < ⋯ < 𝑘𝑠 , 1 ⩽ 𝑠 ⩽ 𝑔, 𝑗𝑞 > 0, 𝑞 =
1, … , 𝑠, and 𝑗1 + ⋯ + 𝑗𝑠 ⩾ 2. Set ℘𝜔 = ℘𝜔 (𝐭) =
𝑗
𝑗
−𝜕2𝑘1 1 −1 ⋯ 𝜕2𝑘𝑠 𝑠 −1 ln 𝜎(𝐭). Let 𝒫 denote the subring over ℚ
in the field ℱ generated by the functions ℘𝜔 for all 𝜔.
The following theorem is one of the central results in
our theory of hyperelliptic functions. It is a nontrivial generalization of the Dubrovin-Novikov theorem on the unirationality of the space of hyperelliptic Jacobians.
Theorem 6. There exists an isomorphism
𝒫 ≅ ℚ [℘(1), … , ℘(𝑔)] ,
where ℘(𝑘) = (℘2𝑘 , ℘′2𝑘 , ℘″2𝑘 ) and ℘2𝑘 = −𝜕1 𝜕2𝑘−1 ln 𝜎(𝐭).
As a development of D. Mumford’s results on hyperelliptic analogs of Weierstrass elliptic functions, we gave an
explicit description of all algebraic relations between our
functions ℘𝜔 . We also showed that for any 𝑔 ⩾ 1 there are
only two types of algebraic relations connecting the functions ℘𝜔 and the parameters 𝜆4 , … , 𝜆4𝑔−2 of a hyperelliptic
curve of genus 𝑔.
Let ℘2𝑖−1,2𝑘−1 = ℘2𝑖−1,2𝑘−1 (𝐭) = −𝜕2𝑖−1 𝜕2𝑘−1 ln 𝜎(𝐭),
where 𝑖 ≠ 1 or 𝑘 ≠ 1.
Relations of the first type:
℘″2𝑖 = 6(℘2𝑖+2 + ℘2 ℘2𝑖 ) − 2(℘3,2𝑖−1 − 𝜆2𝑖+2 𝛿𝑖,1 ).

(1)

Here 𝛿𝑖,𝑘 is the Kronecker symbol.
Corollary 7. For all 𝑔 ⩾ 1, we have the following relations:
1. Setting 𝑖 = 1 in (1), we obtain
℘″2 = 6℘22 + 4℘4 + 2𝜆4 .
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℘″4 = 6(℘2 ℘4 + ℘6 ) − 2℘3,3 .

Relations of the second type are cubic. Here we will give
only one example of such relations for all 𝑔 ⩾ 1:

which defines the projection 𝜆×ℂ → ℂ /Γ𝜆 for any 𝜆 ∈ ℬ𝑔 .
We denote by ℱ = ℱ𝑔 the field of functions on 𝒰𝑔 such
that for any 𝑓 ∈ ℱ the function 𝜑∗ (𝑓) is meromorphic, and
its restriction to the fiber 𝐽𝜆 is an Abelian function for any
point 𝜆 ∈ ℬ𝑔 , that is, 𝑓(𝐮 + 2Ω) = 𝑓(𝐮) for any 2Ω ∈ Γ𝜆 .
Let 𝐮 = 𝐭, 𝑡1 = 𝑥, 𝑓′ (𝐭) =

2. Setting 𝑖 = 2 in (1), we obtain

(2)

(4)

From all relations of the second type directly follow the
equations that specify the parameters 𝜆2𝑘 , 𝑘 > 2, in the
form of polynomials in ℘𝜔 .
The solution of the hyperelliptic Problem II is the following theorem.
Theorem 9. (1) The projection of the universal bundle
𝜋𝑔 ∶ 𝒰𝑔 → ℬ𝑔 ⊂ ℂ2𝑔 is given by the polynomials 𝜆2𝑘 =
𝜆2𝑘 (℘(1), … , ℘(𝑔)) ∈ 𝒫, 𝑘 = 2, … , 2𝑔 + 1, of degree at most
3.
(2) Equations 𝜆2𝑘 (℘(1), … , ℘(𝑔)) = 𝜆2𝑘 = 𝑐𝑜𝑛𝑠𝑡 provide
the uniformization of the Jacobian 𝐽𝑎𝑐𝑉𝜆 in the form of an affine
algebraic variety in ℂ3𝑔 .
In the case of (3, 𝑠)-curves, a similar result was obtained
in [10]. In this case, the uniformization of the Jacobi variety led to solutions of the Boussinesq equation.
The next result is a fruitful generalization of GelfandDikii’s result on the connection between the Korteweg-de
Vries hierarchy and the resolvent of the Sturm-Liouville
equation.
The field ℱ = ℱ𝑔 contains the coordinate ring Λ =
ℚ[𝜆4 , … , 𝜆4𝑔+2 ] of the parameter space ℬ𝑔 . Denote by 𝒫Λ
the algebra of polynomials over Λ generated by the hyperelliptic function ℘2 and all its derivatives with respect to
𝑥.
Theorem 10. For all 𝑘 ⩾ 1, the hyperelliptic functions ℘2𝑘
belong to the ring 𝒫Λ , that is, there exist differential polynomials
(2𝑘−2)
Ψ2𝑘 (℘2 , ℘′2 , … , ℘2
) over the ring Λ such that
(2𝑘−2)

2℘2𝑘 = Ψ2𝑘 (℘2 , ℘′2 , … , ℘2

).

By definition ℘′2𝑘 = 𝜕2𝑘−1 ℘2 .
Corollary 11. For any 𝑔 ⩾ 1, the hyperelliptic function
𝑢(𝑡1 , … , 𝑡2𝑔−1 ) = 2℘2 (𝐭) satisfies the hierarchy
(2𝑘−2)

𝜕2𝑘−1 ℘2 = 𝜕1 Ψ2𝑘 (℘2 , ℘′2 , … , ℘2

)

which is equivalent to the 𝑔-stationary hierarchy of the KdV
equation.
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2. Integrable Systems
Vladimir B. Matveev
I first met Victor Zelikovich Enolski, and his longtime collaborator and friend Eugeny Dmitrievich Belokolos, on
the occasion of the Soviet-American symposium held in
Kiev in 1979. All of the participants were lodged in the
same hotel, “Feofania,” owned by the National Academy
of Sciences of Ukraine. The informal, friendly and relaxed atmosphere of the meeting stimulated new contacts
and interactions between the participants. That meeting
marked the beginning of a friendship between myself, my
colleague Alexandre Its, and Victor and Eugeny.
After 1979 the algebro-geometric approach to integrable systems and the theory of Abelian functions and algebraic curves together with their applications in physics
became the main focus of Victor’s scientific activities, continuing into his very last days.
Victor’s first step in this direction was the joint paper
with Belokolos [4] based on the Weierstrass-Poincaré theory of reduction to elliptic integrals for Abelian integrals
associated to algebraic curves of genus 𝑔 > 1. That article
revealed that the generalized Lamb Ansatz formula, containing the physically interesting genus-2 solutions of the
sine-Gordon equation, could be expressed by Jacobi elliptic theta functions with arguments depending linearly on
space and time variables.
In a subsequent article [16], Victor obtained similar formulas by an appropriate reduction of the genus-2 case of
the Its-Matveev formula for the theta-function solutions of
the KdV equation with initial condition the Lamé potential
𝑢(𝑥) = 6℘(𝑥) + 𝑐, as well as a new kind of solutions of the
sine-Gordon equation, generalizing the results of [4]. In
the same article, Victor finds new nondegenerate genus-2
strictly periodic solutions for the Kowalevski top equations
of motion, expressed by means of elliptic functions.
The meeting in Kiev gave rise to our scientific collaboration, resulting in the appearance in 1986 of the review paper [2], dedicated to the reduction of the solutions
expressed by means of multidimensional Riemann theta
functions of given genus 𝑔 to theta functions of lower genera and, in particular, to elliptic theta functions, where we
combined an approach of Victor and Eugeny with an alternative approach to solving reduction problems, proposed
by Babich, Bobenko and myself [1].
Vladimir B. Matveev is an emeritus professor of mathematics at the Université de Bourgogne and is a leading researcher at Sankt Petersburg department
of Steklov Mathematical Institute of Russian Academy of Sciences. His email
address is vladimir.matveev9@gmail.com.
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These reductions in general are obtained by appropriate specifications of spectral curves having a nontrivial automorphism group or an appropriate covering structure.1
Notably, the nontriviality of these reductions is related to
the fact that the 𝐵-periods matrix of the algebraic curve
of genus 𝑔 > 1 cannot be diagonal for any choice of the
canonical basis of cycles.
The Springer volume [3] co-authored by Belokolos,
Bobenko, Enolski, Its and myself, was also a product of
our long-standing scientific exchanges. It is impossible to
overestimate the contribution made by Victor while writing this book.
Many new results connected with reductions of Abelian
functions were later achieved in a large review comprised
of two consecutive articles by Belokolos and Enolski [6],
summarizing the state of the art in 2002.
The scale of various developments and applications
of the algebro-geometric approach to integrable systems
obtained by Victor, ranging from the theory of finitedimensional classical and quantum systems to nonlinear PDEs, connected with various branches of physics,
ranging from integrable gravity to the theory of magnetic
monopoles, and including Bose-condensates, crystalline
systems and Josephson junctions for superconductors, is
immense.
He published more than one hundred research articles
(more than the 96 indexed in MathSciNet which omits
ones that appeared in strictly physics venues), making
a strong and lasting impact in mathematics, theoretical
physics and the theory of algebraic curves and Abelian
functions.
The profile in Google Scholar (search for Enolski Victor) provides a panoramic view of the majority of Victor’s
scientific results, mentioning 3886 citations of his works
on March 25, 2020.
Victor had the courage to maintain a very intense scientific activity until the very last; in fact, several of his papers
appeared posthumously.
We will hold him in our memory forever.
Appendix [E.P.]. The late J.-L. Verdier together with
Armando Treibich investigated the beautiful numbertheoretic, geometric and dynamical properties of the “elliptic solitons” and their generalizations, a theme of interest for many other scholars as well. Armando remembers Victor in the following terms: I met Victor, together
with his friend mathematician Eugeny Belokolos, back in
March 1998, at a congress organized by Fritz Gesztesy and
1Note [E.P.]: The algebro-geometric significance of these moduli spaces was de-

veloped by J.-L. Verdier [5], together with his student A. Treibich; cf. Appendix.
In his article [20], Matveev points out that the stationary solution had occurred
in the work of Darboux, the reason why they now go by the name of DarbouxTreibich-Verdier potentials; cf. Braden’s piece.
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Rudi Weikard at the University of Alabama. Since then we
kept meeting from time to time, inviting each other, in
France, Germany, Italy or Scotland, despite never collaborating on a project: I would say that we did it just for the
pleasure of having a simple conversation about Mathematics, the Soviet Union and life in general. Victor’s warmth
was such that as soon as you met him you felt that you
had been friends for years. And I had counted on years to
come, for him to keep providing me with references and
technical advice. I remember in 2018 asking him for help
with computer algebra to resolve a problem I was stuck on;
he immediately started to work on it and after two months
of unsuccessful calculations, he was able to explain to me
why Maple (or any other symbolic system) could not provide a complete answer. And this allowed me to move on
and look for a different insight. How sad, how predictable
yet unpredictable life can be. Victor’s passing is a major
loss for the entire mathematical community.

3. Computer Algebra
J. C. Eilbeck
Richard Bellman, in his 1961 book A Brief Introduction to
Theta Functions, wrote “The theory of elliptic functions is
the fairyland of mathematics. The mathematician who
once gazes upon this enchanting and wondrous domain
crowded with the most beautiful relations and concepts is
forever captivated.” I am forever grateful to Victor Enolski
for introducing me to this enthralling world.
I first met Victor in 1989, when we were both attending
a conference in Lyngby organised by Alwyn Scott and Peter
Christiansen. At the time, Victor and I were both involved
with Al in a project comparing different methods for calculating quantum states [19]. I had written a small package in Mathematica to facilitate the calculations, and I had
with me a primitive laptop with the software installed. Victor was intrigued by the possibility of automating tedious
algebraic calculations, although at the time he had not encountered either portable computers or computer algebra
systems.
He was, in his own words, “frantically eager” to calculate the cover of an elliptic curve relevant to a certain Lamé
potential. This involved calculating the resultant of two
polynomials of moderate size, a calculation he had been
pursuing for several years. A few lines of code and about
60 seconds CPU time led to the required formula for the
Chris Eilbeck is an emeritus professor of mathematics at Heriot-Watt University.
His email address is J.C.Eilbeck@hw.ac.uk.
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resultant, and revealed that Victor’s incomplete hand calculations had several errors. This was the start of a long collaboration with him totalling 27 papers, often with other
coworkers. We switched to Maple at an early stage as it was,
at the time, much faster at working with polynomials.
Our initial work was using computer algebra to find
new solutions to integrable cases of various physical systems of PDEs which reduce in the travelling wave case to
Hamiltonian ODE systems with cubic or quartic potentials.
This work also extended to some cases of solutions using
R-matrix algebras where the R-matrix depends on the dynamical variables (cf. [13]).
Computer algebra became an essential part of Victor’s
mathematics and he thought of his mathematical niche as
bringing together fundamental results of 19th century classical mathematics to investigate the theta-functional and
℘ formulae of finite-gap integration with the aid of computer algebra. This not only included Weierstrass-Poincaré
reduction theory, but also much of his later collaborations
(with Belokolos, Braden, Eilbeck, Yu. Fedorov, T. Grava
and Previato) where multivariable theta functions were decomposed to lower genera theta functions. These works
make significant use of the Poincaré theorem on complete
reducibility, Rosenhain-Thomae formulae expressing periods of hyperelliptic integrals in terms of theta functions,
and the Riemann-Jacobi derivative formulae.
Our Lyngby meeting led to many visits by Victor to Edinburgh in the early 1990s. On one of these visits another
chance meeting led to a very fruitful collaboration: while
in Harry Braden’s office he met Victor Buchstaber. At the
time Dmitry Leykin was Victor’s PhD student (1991–1994)
and they were studying an integrable dynamical system
whose corresponding spectral curve had a genus greater
than the number of degrees of freedom. They were seeking
a more effective procedure than standard theta-functional
integration for such a divisor with deficiency. Such problems had been observed by H. F. Baker in a 1903 memoir.
Baker’s manuscript dealt with genus-two sigma and ℘
functions, which represented a natural generalization of
Weierstrass’s genus-one functions and inherited their principal properties. Enolski and Leykin adopted this multivariable sigma function approach to integrate solitonic
equations. These functions turned out to be a convenient
language to speak about integrability, the addition of divisors, to differentiate Abelian functions and the periods
of Abelian integrals over the parameters of the curve, and
other issues. Buchstaber brought a number of new perspectives to this area.
Buchstaber, Enolski and Leykin wrote a seminal guide
to the higher-genus sigma function in the case of hyperelliptic curves in 1997, and began to look at the trigonal
case. In 2000, together with Eilbeck, Enolski and Leykin
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found an explicit solution of the Jacobi inversion problem
for the genus-three trigonal case. Further work led to a
detailed description of the sigma function equations and
those for the corresponding 3-variable ℘ functions in this
case [14]. This was later extended to a number of many
other higher-genus nonhyperelliptic cases, giving, for example, multiperiodic solutions of the Boussinesq and KP
hierarchies.
Our most recent work, with Keno Eilers of Oldenburg,
was on finding expressions of periods of the second kind
in terms of periods of the first kind and various theta constants. We had completed this problem in the case of
genus two in 2013 ([12]), and we were working on higher
genus cases up to a few weeks before Victor’s untimely
death. He will be much missed by all who worked with
him.

4. Monopoles and Finite Gap
Integration
Harry Braden
Victor would cite two turning points of his scientific career: the first, in attending the 1979 Soviet-American Symposium held in Kiev, and the second, his encounter with
computer algebra via Chris Eilbeck at the Lyngby meeting
in 1989.
The Kiev meeting introduced Victor to integrability, particularly solitons, and to many future leaders of this science. Victor already knew Eugeny Belokolos, and at the
meeting both were inspired by the new ideas. In his talk,
Alwyn Scott applied a special solution of the sine-Gordon
equation,2 built from elliptic functions (“Lamb ansatz”),
in seeking to describe the volt-ampere characteristics of a
Josephson junction. Belokolos and Victor understood the
Lamb ansatz as a particular case of a finite-gap solution
and they wished to find a spectral curve for it, possibly
of higher genus. They began their study with an almost
complete lack of literature, having just one copy of J. Fay’s
book that had been found by B. Dubrovin in Moscow.
Fortuitously, Belokolos found, in the comments to the
collected works of Sophie Kowalevski (written by P. Ya.
Polubarinova-Kochina), reference to a letter of Weierstrass to Fuchs explaining Kowalevski’s dissertation in
terms of reduction of genus-three hyperelliptic integrals to

Harry Braden is a professor of mathematics at the University of Edinburgh. His
email address is H.Braden@ed.ac.uk.
2

Note [E.P.]: See Matveev’s piece.
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elliptic.3 Weierstrass’ statement about the structure of the
Riemann period matrix responsible for such reduction,
just one line of the letter, was a key point in the modern
theory. This careful reading of 19th century mathematicians characterized Victor’s approach to mathematics. In
particular, Victor and Belokolos were able to obtain the
results of Darboux-Treibich-Verdier from the general formula of Its-Matveev for finite-gap solutions for the KdV
equation. They used the Weierstrass-Poincaré theory on
reduction of Abelian functions of algebraic curves to elliptic functions. Despite the deep and beautiful mathematics
that ensued, Victor would note that they were never able
to complete the initial Josephson junction problem.
The Lyngby meeting with Chris Eilbeck led to many visits to Edinburgh in the early 1990s and I first met Victor on
such an occasion. The University of Edinburgh has a very
good library, and Victor would visit me to seek out and
sometimes discuss various papers, books and other gems
in our collection.
Although Victor and I shared many interests, it took
some time for a problem to arise that led to actual collaboration. The problem centered on magnetic monopoles.
Monopoles are a three-dimensional reduction of the
self-dual Yang-Mills equation and, along with the twodimensional reductions of Hitchin systems, are deeply
connected with integrability. The 1980s saw significant
results by R. S. Ward, W. Nahm, S. K. Donaldson, M. F.
Atiyah and N. J. Hitchin, with the latter giving three necessary and sufficient algebro-geometric conditions on an
associated spectral curve to provide a monopole. One
condition gives the curve a real structure, a second constrains the periods of the curve, while the third condition
says that a real line in the (complex) Jacobian doesn’t intersect the theta divisor in a specified interval. Despite
the efforts of many mathematicians no analytic formulae for the gauge data beyond the spherically symmetric
(or along specific axes/planes for charge 2) had been produced. Work by N. M. Ercolani and A. Sinha had shown
finite-gap integration was applicable, but as they noted
“there are obvious technical difficulties in almost every
step of the . . . construction” and analytic results gave way in
the late 1980s and 1990s to a number of numerical studies.
Indeed, although explicit solutions were initially sought,
their seeming intractability led to other perspectives being
studied.
3
Note [E.P.]: Sophie Kowalevski, her chosen spelling on her paper on reduction,
“Über die Reduction einer bestimmten Klasse abel’scher Integrale dritten Ranges
auf elliptische Integrale” (Acta Math. 4 (1884), 393–414), gave a necessary
and sufficient condition for a curve of genus three to cover an elliptic curve. This
was one of the three results each of which Weierstrass “without any hesitation
(...) would have accepted (...) as a doctoral dissertation,” as told in D. H.
Kennedy’s Little Sparrow: A Portrait of Sophia Kovalevsky, Ohio University
Press, Athens, OH, 1983.
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Our initial problem was to construct new spectral curves
that described monopoles. In due course that became
a programme, aimed to reconstruct the gauge and other
data associated with BPS monopoles via finite-gap integration; in particular, over many years, we worked concretely
with the charge-2 monopole as a test case. The project
grew from communicating small progresses by email to become all-consuming, occupying much of Victor’s final fifteen or so years. During this time Victor was able to spend
more than three full years in Edinburgh, and we managed
long visits (at least once per year) beyond that, continuing
even after his diagnosis of cancer. Regarding the general
programme, we succeeded in overcoming the many technical problems, showing one could effectively reconstruct
the monopole from a given spectral curve; using this, we
obtained the analytic solution of the charge-2 monopole
and successfully compared our analytical expressions with
those coming from the many numerical studies [8]. Victor
was particularly pleased with the movie we produced that
replicated the (then supercomputer) numerical solution of
Atiyah and others of the 90∘ monopole scattering.
Given a spectral curve we see that we are in a good position: what then about our initial question? Prior to our
work (and after nearly a quarter of a century) only nine
explicit (families of) curves that satisfy Hitchin’s conditions were known. Most of these are configurations of
monopoles associated with the symmetries of the Platonic
solids, where the spectral curve may be reduced to an elliptic curve. The genus of a spectral curve for a charge-𝑛 𝑠𝑢(2)
Euclidean monopole grows quadratically, 𝑔 = (𝑛−1)2 , and
imposing symmetry leads to a quotient of this. Our studies involving group actions uncovered some beautiful constructions. We showed how Hitchin’s constraints may naturally be expressed on the quotient curve, while a further
theorem of R. D. M. Accola and J. Fay on the factorization
of theta functions allowed one to very concretely relate the
objects needed by integrable systems on both curves. Initially we chose a 𝐶3 family of curves studied in the 19th
century4 that included the known tetrahedrally symmetric monopole and whose periods we could calculate. Remarkably, Hitchin’s second constraint on the periods of
the curve could be solved making use of work of Ramanujan. At this stage Victor and I were elated: we had a countable number of new curves satisfying two of Hitchin’s conditions. Our disappointment followed. By using Humbert theory and results of O. Bolza we showed that only
the tetrahedrally symmetric monopole in this family satisfied Hitchin’s third constraint. By enlarging the class of
curves to the general 𝐶3 symmetric charge-three curve, Victor, Antonella D’Avanzo (one of my students) and I were
4This curve had been studied by J. Wellstein in 1899 and K. Matsumoto in

able to construct those curves associated with monopoles
and provided a new family of examples [7]. Unfortunately
the curve is described in terms of a vanishing period implicitly relating coefficients of the quotient curve. Although we
were unable to proceed further analytically, the Richelot
correspondence (a genus-two analogue of the arithmeticgeometric mean) did allow successful checking with existing numerical studies.
The upshot: monopole spectral curves are interesting,
encoding real as well as complex algebraic geometry and
number theory but they are difficult to lay hands on. A critical question that seems beyond present theory is deciding
whether a real interval intersects the theta divisor. Victor’s
love of classical curves had him always looking for new
candidates, and he would be delighted if progress could
be made here.

5. General Relativity
and Astronomy
Jutta Kunz and Claus Lämmerzahl
Victor first came to the Northwest of Germany in the early
years of the 21st century to collaborate with the late Peter
Richter, professor of theoretical physics at the University of
Bremen. Working on the double pendulum they utilized
algebro-geometric methods, inverting Abelian integrals on
the Θ-divisor of the Jacobian variety.
Inspired by this exciting work, a little later at the Center
of Applied Space Technology and Microgravity (ZARM) of
the University of Bremen, Eva Hackmann, a doctoral student at ZARM, started employing algebro-geometric methods to integrate the geodesic equations in black hole spacetimes with an underlying hyperelliptic curve of genus two.
Based on the earlier work of Victor together with Richter
[18] Eva was able to explicitly solve the geodesic equation in a Schwarzschild-de Sitter space-time for the first
time. This work then paved the way for producing analytic solutions of geodesic equations and of their observables in a variety of space-times of Einstein’s General Relativity and generalized space-times, which have been found
in our groups and also by other colleagues worldwide.
For her doctoral thesis Eva received an award of the German Physical Society. Her results are playing a major role
in our Deutsche Forschungsgemeinschaft (DFG) Research
Jutta Kunz is a professor of physics at the University of Oldenburg. Her email
address is jutta.kunz@uni-oldenburg.de.
Claus Lämmerzahl is a professor of physics at the University of Bremen. His
email address is claus.laemmerzahl@zarm.uni-bremen.de.
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Figure 1. Models of Gravity Research Programme.
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Training Group (RTG) Models of Gravity. Thus, Victor’s
work had a crucial impact on our scientific activities; the
2012 poster (Figure 1) introduces our group.
Soon after, Valeria Kagramanova, a doctoral student at
the close-by University of Oldenburg, involved in a fruitful
collaboration with Eva, joined this venture, applying these
methods to a wide class of spherically and axially symmetric space-times in 4 and higher dimensions.
Valeria recalls “I worked intensively with Victor for a
long time. He always arrived on the dot, turned on the
computer, and while the computer started we discussed
what we would be doing that day precisely. When Maple
was ready, Victor started. The functions of all kinds and
genera always did what Victor wanted; that brought me
to marvel again and again, because with me they were often unruly and obstinate. Victor always managed to tame
them and Maple as well. He had a clear structure in mind,
and his Maple sheets were just as structured, however, at
a level that the nonfunction lovers had no chance to penetrate. It was very nice to work with Victor. With his humorous and warmhearted nature, he created a great atmosphere and had a lot of fun ‘tormenting’ the algebraic functions until they gave the desired results or yielded exciting
surprises. Then we worked even harder until Maple had to
let off steam or explode, and sometimes, our heads as well.
But with funny stories in between, he always generated a
good mood and the desire for more function adventures.”
The study of the geodesics and their analytic solutions
in space-times equipped with different metrics is essential
to completely understand the mathematical and physical
properties of these space-times. Furthermore, the study
of the motion of particles and light rays in gravitational
fields has significant applications, ranging from astrophysical and satellite tests of General Relativity all the way to
geodesy, clocks in space, positioning, etc. With appropriate analytical methods, arbitrary accuracy can, in principle,
be reached in the determination of these orbits and the
time elapsed.
Therefore the collaboration of our groups with Victor
has been an essential element in the extension and application of algebro-geometric methods in this area of gravitational physics. In particular, based on Victor’s insights, we
could start addressing geodesics in black hole solutions,
where higher-genus hyperelliptic curves arise; moreover,
together we could successfully address an interesting alternative theory of gravity, Hořava-Lifshitz gravity, that is a
power-counting renormalizable theory [17].
In 2010 Victor was awarded a fellowship by the HanseWissenschaftskolleg (HWK), our local Institute of Advanced Studies, where he spent a fruitful and happy year
(Figure 2). The HWK is a truly interdisciplinary endeavor
with research in the areas of energy, climate, the human
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Figure 2. Victor at the Hanse-Wissenschaftskolleg, Institute for
Advanced Study, Delmenhorst, Germany, in 2010.

brain and sociology. And all this is completed by activities of artists doing painting, sculpturing and writing. In
his fellow talk at HWK with this diverse audience Victor
was speculating why a subject of geometry—the Riemann
surface—became so popular in modern science, and discussing it beautifully with all the fellows from all these different areas. He even contemplated writing a book with
one of the artists there.
Subsequently Victor became a long-term visitor in our
DFG RTG Models of Gravity, where he also taught courses,
gave seminars and spent a lot of time in teaching our PhD
students the fundamentals and the subtleties of the field.
During his stays in Oldenburg we would always meet on
Friday afternoon, discussing and contemplating the state
of affairs in our science and in the world.
Victor’s modesty is legend. With him we organized several international meetings with renowned speakers in the
fields of mathematics and theoretical physics, notably, the
515th WE-Heraeus Seminar “Algebro-geometric Methods
in Fundamental Physics,” held in Bad Honnef, Germany,
September 3–7, 2012 (organizers, C. Lämmerzahl, J. Kunz,
and V. Enolskii). But when asked to give the introductory
or final address, Victor would always be hesitant, fearing
he would not have anything of importance to say. When
finally convinced, however, he would give an inspiring and
entertaining speech.
In 2018 Victor visited Oldenburg for the last time. He
attended the defense of Keno Eilers, the last of the PhD students in our RTG co-supervised by him. In fact, based on
these algebro-geometric methods we had obtained a special innovative mathematics-physics grant for Keno’s PhD
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thesis in Oldenburg. While the thesis started out to explore the geodesics of various relevant space-times that led
to trigonal or quartic curves, the thesis developed dynamically under Victor’s guidance into other exciting directions,
putting the original questions aside to be addressed later.
We still had so many plans for enthralling scientific endeavours together, based on Victor’s ingenuity and brilliance.
Victor, we miss you.
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Figure 1. Roger Alperin during a trip to Canada, 2018.
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Roger Alperin died peacefully on November 21, 2019, at
his home in Carlsbad, California. He was 72. Alperin was
a gifted mathematician who worked in a number of areas
of mathematics with an algebraic flavor. One of the things
that made Roger special was that he seemed oblivious to
trends, choosing instead to work on projects that appealed
to his excellent mathematical taste. In doing this he made
a number of surprising discoveries, several of which had
significant impact.
Alperin completed his PhD at Rice in 1973 under the direction of Steve Gersten. In 1978, after holding temporary
positions at Brown, Haverford, and Washington University, he joined the faculty of the University of Oklahoma,
where he was later promoted to the rank of Professor. It
was typical of his disregard for convention that when, in
1987, he had personal reasons for moving to California,
he simply resigned his position at Oklahoma without having a replacement position. He quickly obtained an appointment at San Jose State, where he remained until his
retirement in 2015.
While Alperin’s research career began conventionally
enough, focusing on algebraic K-theory and on the closely
related topic of homology of arithmetic groups, his work
would come to encompass a remarkable range of topics. The diversity and wonderful quirkiness of Alperin’s
work can be seen in some of the titles of his papers, such
as: “A quartic surface of integer hexahedra”; “Some representations of groups of automorphisms of a free group”;
“SL2 (𝐙[(1 + √5)/2])”; “𝑝-adic binomial coefficients mod
𝑝”; “Origami flat folded states and their moduli”; “Reflections on Poncelet’s pencil”; “Undistorted solvable linear
groups”; and “Nonvanishing of algebraic entropy for geometrically finite groups of isometries of Hadamard manifolds.” Here we shall only describe a few of his contributions that are particularly close to our own interests.
In the early 1980s, Alperin recognized a link between
two theories that grew out of quite different mathematical cultures: the work of I. Chiswell and R. Lyndon on
length functions in groups, introduced in the setting of
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combinatorial group theory; and the work of J. Tits on treelike objects that occur as 1-dimensional affine buildings
for algebraic groups over fields with indiscrete rank 1 valuations. Alperin’s paper on this connection was one of the
inspirations for the explosion of the use of 𝐑-trees during the following decade, from the work of Morgan-Shalen
on degeneration of hyperbolic structures, to the use of actions on 𝐑-trees as a basic tool in geometric group theory
(e.g., in work by Paulin, Bestvina, Rips, Sela, and others).
Alperin’s own work with Bass on Λ-trees was part of this
development.
Another surprise came when Alperin realized that some
of Shalen’s ideas on 3-manifolds could be used in a completely different context: the study of the virtual cohomological dimension of finitely generated groups of invertible complex matrices. Alperin and Shalen found the exact condition characterizing those finitely generated matrix groups whose virtual cohomological dimension is finite; in particular this is the case for any finitely generated
subgroup of the unitary group 𝑈(𝑛). In part because of
the surprising simplicity of the statement, their main result and the methods developed in proving it have found
applications to work as diverse as Bucher, Connell, and
Lafont’s work on the vanishing of simplicial volume for
certain affine manifolds, and Guentner, Higson, and Weinberger’s work on the Novikov conjecture for linear groups.
Roger had an innate kindness that made him liked by
everyone who met him. One of us was lucky enough, as an
undergraduate, to meet Roger (who was already an established mathematician) at a summer workshop. It took this
undergraduate by surprise that Professor Alperin treated
him in exactly the same way as he was treating senior colleagues. It was clear that this was not the result of any effort
on Roger’s part to help a younger mathematician; it simply
never seemed to occur to Roger to treat people differently
according to differences in their status.
We always had a smile on our face when we were around
Roger. This was in part because of his self-effacing wit and
his habit of listening carefully to others; and in part it was
because he always had a smile on his face. We will miss
him.

Benson Farb

Peter Shalen

Credits

Figure 1 is courtesy of Gaye Lending Alperin.
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WIMS, a Community of
Teachers, Developers and Users
Marina Cazzola, Sophie Lemaire,
and Bernadette Perrin-Riou
Introduction

About WIMS

The so-called new technologies are nowadays pervasive in every aspect of our lives, and their use in communication of
science and education is an established need, made even
more evident by the COVID-19 emergency. The aims for
such use can be various. On one hand, in the spirit of improving teaching, computers can be used to improve the
quality of the materials offered to students, to the extent
allowed by the new media. From a completely different
point of view, the use of computerized tests can have the
effect of reducing teachers’ workload, so as to save energies
that then can be directed towards tasks more significant
than just marking. Furthermore the possibility of building
personalized environments could put the students in a position to work at their own pace and develop self-directed
learning skills.
Having been engaged in the development of WIMS
(WWW Interactive Multipurpose Server) for almost two
decades, we wish to contribute an analysis of our experience with the benefits that these technologies can bring.

The WIMS system started as an individual project of Xiao
Gang, based at Département de mathématiques at Université de Nice - Sophia Antipolis (France), and had been
made available as open source in 1998 [14]. Xiao’s
project aimed at “a systematic approach for providing
Internet-accessible mathematical computations” ([14]). It
included, since the beginning, basic LMS-like functionalities: virtual classes for teacher to dispense learning materials to the students and monitor their achievements, a
grading system, a forum, . . . . Nowadays, under the name
WIMS you can find a network of servers sharing interactive resources at many levels in various subjects (not only
mathematics but also biology, chemistry, economics, languages, physics, . . . ), most of which have automatic correction and marking of user input. The LMS functionalities in
WIMS have significantly evolved since the beginning (better user management, better feedback for users’ inputs, e.g.,
through opportune links to specific documents compiled
by the teachers). WIMS also provides a secure exam mode.
The characteristic for which today WIMS still stands out
from the other currently available LMS is the built-in possibility of extensively using random parameters in the coding of the learning objects1 and the capability of interacting
with software of many very different kinds. These two features combined allow for the creation of complex and engaging exercises. A well-designed use of random parameters enables WIMS to provide a virtually infinite set of copies
of each single activity.
A first approach to WIMS. The simplest use of WIMS in
mathematics is to let it act as a user-friendly web interface for asking for computations. For example, the tool
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Random parameters can also be used in the editing of documents.
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of the strengths of WIMS is its ability to interact with representations and drawings. For example, the activity Triangular shoot3 allows the users to familiarize themselves
with the centers of a triangle (barycenter, orthocenter, incenter, and circumcenter). Every time the exercise is selected, a different randomly generated triangle is proposed.
In the easier version of the exercise, a triangle is given and
the user has to click on one of the centers (see Figure 2a).
The user’s reply is evaluated and marked (see Figure 2b).

(a) Options

(a) Barycenter

(b) WIMS’ answer

Figure 1. WIMS tool: Function calculator

Function calculator interacts with open source programs
Maxima, PARI/GP, and Gnuplot. The user inserts the query
into the form shown in Figure 1a and gets the answer
shown in Figure 1b: it is up to WIMS to choose the program most suitable for each task.2
If we focus on the more complex task of managing interactive activities and effectively analyzing user answers, one

(b) Barycenter: analysis of the answer

Figure 2. Triangular shoot

2

The tool Function calculator is freely available on any WIMS server, e.g., you
can access and test it at https://wims.matapp.unimib.it/wims/wims
.cgi?module=tool/analysis/function.en.
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3
https://wims.matapp.unimib.it/wims/wims.cgi?module=H4
/geometry/trishoot.en
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the users. Other applets have been interfaced allowing for
the creation of exercises in other subjects. For example,
JSME and JSmol are used in exercises on molecular representations in the module Amino acids.9 JSmol is also
used to draw polyhedra (see the online tool Convex Polyhedra10).
All of WIMS’ learning modules are classified by the authors via keywords according to the topics covered, and a
search engine is provided. The ever expanding tree of keywords can be navigated via the Browse by subject11 module
(see Figure 4). Classifications according to school levels
(from preschool to university postdoc) are also provided.

Figure 3. Triangular shoot: inverse problem

To give deeper experience with such concepts, Triangular shoot also includes the reverse problem (see Figure 3):
given two vertices of the triangle and its barycenter, can
you identify the missing vertex of the triangle?
The structure of WIMS. WIMS has a modular structure
(“module” is the term used by WIMS for any of its units).
A standard installation of the latest version of WIMS includes about 50 administrative modules and about 1800
learning modules. Whenever a new task is required, a
new administrative module can be added to the system to
provide such functionality. The learning modules include
what WIMS calls “tools” (e.g., the already described Function calculator) as well as learning objects contributed by
the teachers themselves (exercises, virtual classes, manuals,
. . . ) designed according to their individual needs and then
shared with the whole community.
As far as mathematics is concerned, WIMS is fully LATEX
aware, and it can interact with the already mentioned Maxima, PARI/GP, and Gnuplot. It can also interact with GAP
(e.g., see OEF permutation4), Povray (e.g., see Polyray5),
Graphviz (e.g., see Graph drawing tool6), GeoGebra (e.g.,
see OEF GeoGebra7), Octave (e.g., see Statistical tables8).
More recently the core of WIMS has been updated in order to interact with javascript applets. The drawing capabilities of JSXGraph and of HTML5 Canvas are now integrated into WIMS allowing much more interactivity from
4https://wims.matapp.unimib.it/wims/wims.cgi?module=U2
/algebra/oefperm.en
5
https://wims.matapp.unimib.it/wims/wims.cgi?module=tool
/geometry/polyray.en
6
https://wims.matapp.unimib.it/wims/wims.cgi?module=tool
/geometry/graphviz.fr
7
https://wims.matapp.unimib.it/wims/wims.cgi?module=H1
/geometry/OEFgeog.fr
8
https://wims.matapp.unimib.it/wims/wims.cgi?module=tool
/stat/table.fr
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Figure 4. Browse by subject

The Community
Started as a one-person project, WIMS owes its growth to
the large community that Xiao was able to gather around
his work. The project was published as open source, giving
open access to developers and to translators (the core of
WIMS is available in French, English, Italian, Dutch, Chinese, Slovene, Spanish, and Catalan).
Xiao also called for the cooperation of teachers, promoting training seminars for them on the programming
9
https://wims.matapp.unimib.it/wims/wims.cgi?module=U1
/biology/oefamine.fr
10
https://wims.matapp.unimib.it/wims/wims.cgi?module=tool
/geometry/polyhedra.fr
11
https://wims.matapp.unimib.it/wims/wims.cgi?module=adm
/browse&+job=subject
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of exercises. From its very beginning, the development of
WIMS relied on contacts between the developers and the
community of teachers, who constantly report bugs and
give ideas for improvements. Since 2006 periodical colloquia are held (e.g., see [7]), in order to discuss progresses
in the use of WIMS and possible development strategies.
In July 2007, WIMSEDU (“Enseignants, développeurs et
utilisateurs de WIMS”)12 was founded, an association with
the aim of strengthening this community: share skills, act
as interlocutors between WIMS users and users of other
software or institutions, discuss and influence the directions of its development by supporting the chosen projects,
create a dynamic collaborative effort through its website,
and identify, support, and inform about training actions.
WIMSEDU carries on the tradition of the Colloques (Nice
2006, Nice 2007, Bordeaux 2010, Rennes 2012, Dunkerque
2014, Annecy 2016, Paris Orsay 2018, Amiens 2021) and
the meeting of different expertises continues (mathematicians and nonmathematicians, developers and users, researchers and teachers from any educational level). In the
colloquia user experiences are confronted, technical difficulties are discussed, and innovations are proposed. The
association pursues its goal of acting as the glue for this
community also by directly managing a server for distribution of learning modules through which the authors can
share the exercises and documents they have designed for
their students so that they are published on all of WIMS’
servers. The actual development of the core of WIMS is carried out by a volunteer development team, whose activities
are intertwined with WIMSEDU actions. Many of the team
members are university staff, but no academic institution
is directly involved, apart from hosting main servers in the
WIMS network (servers generally used for institutional didactics). An important share of the work is still carried
out by teachers (of any school level: from primary school
teachers to university professors). The source code of the
core of the system, in the open source spirit, is hosted by
the French Public Interest Group RENATER,13 which in this
way provides essential support for WIMS.14

WIMS for Mathematics Education
WIMS can be used for mathematics teaching because it can
provide students with many engaging exercises. There are
many descriptions of experiences with WIMS for teaching
(e.g., see [1], [2], [6], [9], [11], [12], [8], [3]), showing (at
different school levels, in different class situations, in different subjects) that WIMS-based exercises, with automatic
12

https://wimsedu.info

13

French National Telecommunication Network for Technology, Education and
Research
14
The project page can be reached at the following url: https://sourcesup
.renater.fr/projects/wimsdev/.
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marking, can motivate students and keep their attention
alive. Moreover, WIMS can be used for exams, through
special functions that guarantee an appropriate level of security and control.
Mathematical problem solving. We believe that problem
solving à la Polya is a crucial step for a real understanding
of mathematics. To gain a taste for mathematics, pupils
should be led to actively work on a difficult problem and to
develop a viable solution for such a problem, given the necessary amount of time [10]. The use of automated exercises
might conflict with this idea. When given a large amount
of similar exercises, students might get the idea that the
goal of mathematics is to find the fastest strategy in order to
get a computer-approved answer, a strategy that does not
always correspond to a real understanding of the subject.
This attitude is even stronger if WIMS exercises are used
for exams. It is indeed a difficult equilibrium and particular effort must be put into the design and selection of the
learning objects and on the monitoring of students’ activity on these exercises. For example, WIMS proposes standard Number pyramids15 drills for practicing sums (e.g., at
a primary school level) as the one shown in Figure 5a. If
compared to a corresponding paper and pencil version of
this exercise, the advantage of this computer-based version
is that the student has immediate feedback and can repeat
the exercise as many times as wanted. It is easy to predict,
and in fact we can observe the phenomenon, that this exercise can lead the students to develop improper strategies:
after a few tries the students can understand that there is
actually no need to calculate any sum, and that a computerapproved solution of the exercise can be obtained very
quickly just by putting the biggest number above and the
two smaller numbers below. This way of finding the answer for the exercise can be considered wrong if the aim of
the teacher is to have students work with computation of
sums. The teacher should monitor students’ work and, if
needed, should act so as to avoid students relying on this
unwanted strategy, and lead them to proceed a step forward to tackle more advanced tasks. A simple way to gain
this is to switch to a version of the same exercise which
proposes more choices for the numbers to be dragged into
the pyramid, as the one shown in Figure 5b. The presence
of an extra number to be set aside forces the user to actually do the sums (or to find a more creative strategy!). The
example in Figure 5b also allows us to show that in WIMS
you can design exercises with multiple correct solutions,
thus countering the formation of one of the most deleterious students’ belief: “Mathematics problems have one and
only one right answer” (cf. [13, p. 359]).
15
https://wims.matapp.unimib.it/wims/wims.cgi?module=H1
/algebra/addfig.en
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(a) Number pyramids I

Figure 6. Statement and feedback in exercise A standard
normal random variable

Furthermore, from a problem-solving perspective, automatically presenting a full solution for the exercise as soon
as the student makes a mistake can be counterproductive,
as this could prevent the actual understanding of the errors
and interfere with the pursuit of an autonomous solution.
WIMS allows for the creation of feedback that provides
alerts for classical errors or hints to help students to persevere in their search. For example the module Probability
distribution plots16 contains an activity that shows how
feedback can indicate to the student an expected property
that is not satisfied by his/her answer (see Figure 6). Teachers that use WIMS with their students can interact with the
exercises’s author and suggest suitable feedback.
Mathematicians’ point of view. Mathematicians can contribute to the development of WIMS by pointing out which

aspects of the discipline the learning objects should focus
on. Going back to Triangular shoot we can notice that the
author of the exercise (a mathematician!) did not want to
test users on the question “what is the barycenter of a triangle,” as the definition is right in the statement shown
to the user (as you can see in Figure 2a). Rather, the aim
of the exercise is to use the definition and actively manipulate such a notion. Too often students are led to believe
that most of mathematics consists of pure memorization
of facts, and do not manage to get any real insight into the
different facets of each concept.
A problem should be the means to lead students to
grasp the theory underneath it. An example in this direction is the series of activities on symmetry that are proposed: these exercises are built on different levels, to gradually lead learners to tackle more and more complex concepts. For example, in the module OEF Rosettes,17 you
can start (level A) with the simple task of tracing any

16
https://wims.matapp.unimib.it/wims/wims.cgi?module=U1
/proba/oefgraphlaw.fr

17
https://wims.matapp.unimib.it/wims/wims.cgi?module=U2
/geometry/oefrosoni.it

(b) Number pyramids II

Figure 5. Number pyramids
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symmetry axis of a given figure, and later you can proceed
to the more complex task (level D, shown in Figure 7) of
finding the two symmetry axes that generate the whole ∗𝑛•
kaleidoscopes rosette pattern (e.g., see [5]).

(a) Statement

(b) Manipulations by the user

Figure 8. Isoclines

Figure 7. Symmetry axes (level D)

The idea of manipulating mathematical objects can be
exploited in various fields of mathematics. The module
OEF Graphics study of differential equations or simple differential systems18 contains an activity in which
the user can interact with the solution curves of a differential system, in order to gain information about its isoclines (see Figure 8). A similar manipulation can be useful in other domains, such as probability, where many results are counterintuitive for beginners. Exercises in which
simulated data and probability distributions are presented
can help students to have a better understanding of what
kind of events may appear frequently by chance and what
a probability distribution represents. For example, in the
18https://wims.matapp.unimib.it/wims/wims.cgi?module=U2
/analysis/oefgrapheqdiff.fr
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exercise Poisson distribution of the module Point estimation in statistics,19 the outcome of a Poisson point process
simulation on a square is drawn. The aim of the exercise is
to find the empirical measure of the number of points in
each cell of the given Cartesian grid and to estimate the intensity of this process (see Figure 9). Once the student has
given his/her answer, the relative frequencies of the number of points in each cell and the probability mass function
of the Poisson distribution with the estimated parameter
are shown in the same grouped bar chart through feedback.
The fact that the two sets of bars can be quite different surprises some students.
Traditional problems can become a source of inspiration for creating learning objects. For example, the problem of studying “lattice polygons,” that is, plane polygons
with vertices with integer coordinates, has been widely explored and can give rise to nice results such as Pick’s theorem. The module OEF Polygons on graph paper20 offers a series of exercises asking for the tracing of triangles
and quadrilaterals with integer coordinates vertices. The
rationale behind the module is that exploring the variety
of existing examples of polygons opens the mind to a more
advanced geometric vision, so the aim of the exercises is to
19https://wims.matapp.unimib.it/wims/wims.cgi?module=U1
/stat/oefestimation.fr
20https://wims.matapp.unimib.it/wims/wims.cgi?module=E4
/geometry/oefpolyqq.it
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instance, the module Parmsys21 that leads the user through
the steps of Gauss’ elimination method for reducing a linear system with parameters in order to determine whether
it is solvable or not (Figure 10). Activities of this kind, in
which the task of actually making all the computations is
left to the computer, allows the students to focus on the
problem itself: which are the most convenient steps to get
to the triangular form for the system? Once the algorithm

Figure 10. Gauss’ algorithm in linear algebra

Figure 9. A statement of exercise Poisson distribution with
feedback when the student’s answers are correct.

stimulate the construction of nonstereotyped examples, by
asking questions such as:
• trace a quadrilateral with all equal sides and with
no sides laid on the grid,
• trace a quadrilateral with perpendicular and equal
diagonals and with sides all of different lengths,
• trace a quadrilateral with exactly two right angles
and with no sides laid on the grid.
It might be interesting to point out that users’ replies for
such constructions are evaluated via basic 2D vector geometry notions, using PARI/GP: the coding of the exercise itself becomes a playground to see applied mathematics at
work.
A computer-based learning system can be used to introduce standard algorithms. In WIMS you can find, for
1776

has been assimilated, it is possible to propose modeling
exercises for different applications. The module OEF linear systems22 contains the exercise Alloy of 3 metals in
which students are explicitly invited to use the tool Linear
solver23 so that they do not need to spend too much time
on computations, but they can concentrate on the main
difficulty of this type of exercises which is indeed to define
the linear system they have to solve to answer the questions.
Finally, and this time we exit the domain of mathematics and provide an example in biology, even more interactive activities can be built. In the module Identification
of animal tissue,24 a picture of a biological tissue to be
identified is shown (see Figure 11a) and the user is guided
through a standard analysis protocol with ad hoc questions. Users’ answers are checked by the system one by
one (see Figure 11b), and, in case of errors, intermediate
questions can be added to allow for the student to rectify
any mistake or to follow an alternative approach. Only
after every single reply has been given feedback is the final question asked: “What is the tissue category?” This
21https://wims.matapp.unimib.it/wims/wims.cgi?module=U1
/algebra/parmsys.en
22
https://wims.matapp.unimib.it/wims/wims.cgi?module=H6
/algebra/oeflinsys.en
23
https://wims.matapp.unimib.it/wims/wims.cgi?module=tool
/linear/linsolver.en
24
https://wims.matapp.unimib.it/wims/wims.cgi?module=U1
/histology/identanimal.fr
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example also allows us to see the idea of “data modules”
at work: the set of images of tissues to be identified is available to be shared with any other learning module on similar subjects.

(a) Animal tissue I

monitoring students’ progresses, grading, . . . ). Teachers
have thus the option to use already existing materials as
is, but they also have the option to adapt anything to their
own teaching style. Moreover, they can create their own
exercises. WIMS provides a somehow simplified programming language, called OEF (“Online Exercise Format”),
that allows for the use of all the advanced features of
WIMS and it is fully documented on line. WIMS also
provides tools to create standard exercises, like multiplechoice questions or “true or false” or “fill in the blanks”
and so on. Each WIMS module in the distribution is open
source, so the teacher is encouraged to look inside any exercise and have an understanding of how it really works, not
merely accepting mysterious turnkey packages.
Teachers have the possibility to select among many different configurations for each single instance of any OEF
exercise: if the author of the exercise provides a hint or a
solution, it is up to the teacher to decide whether the hint
or solution is actually shown to the students. Teachers can
write alternative hints or solutions themselves to be shown
to the students, using WIMS documents (in this case with
no need to edit the exercise code). Teachers can also set up
the exercise so that in case of errors the students have to go
through the very same exercise again: as WIMS exercises
are highly randomized, usually you can expect a different
version of the exercise any time you open it; with this option students have the chance to revise their resolution by
themselves and empower their own self-directed learning
skills.
Finally, the fact that WIMS covers many subjects apart
from mathematics allows teachers to have everything in
one place and favors interdisciplinary links. For example,
it allows for the connection of the idea of the barycenter of
a triangle seen in Figure 2a to the problem of finding the
center of gravity of a system of weighted objects as in the
module Gravity shoot25 shown in Figure 12.

Conclusion

(b) Animal tissue II

Figure 11. Example in biology

Teachers’ point of view. Through any WIMS server, teachers have access to a large variety of learning objects, on
many different subjects, beyond mathematics. Available
“Open classes” provide models for ready-to-use courses
on various topics, so that teachers, with just one click,
can create their own copy of the class and have access
to all of the LMS functions available (selecting exercises,
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We have tried to highlight the most significant aspects of
the WIMS system and to bring our experience on the potential of using new technologies in teaching. We hope
to have encouraged the reader to visit the site, not letting
themselves be restrained by a sometimes bit too intricate
graphical aspect, but willing to really explore the numerous learning objects available. We also hope to have encouraged participation in our community: there is a lot of
work to be done in order to keep the WIMS system active
and make the already available materials better usable. A
special effort in this direction concerns the translation into
other languages of the huge resource of learning modules
25
https://wims.matapp.unimib.it/wims/wims.cgi?module=H5
/geometry/gravshoot.en
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Figure 12. Gravity shoot

existing in French. We also feel the need for building a
better database of available resources and of improving examples of turnkey “Open classes,” and, again, to translate
modules and classes into many more languages. Work has
to be done to guarantee the operativity of modules in spite
of software obsolescence and in order to take advantage of
developing technologies: Xiao’s modules, dating back to
1998, are still fully functional. And we constantly need to
plan the future development of the system.
Once more we recall the questions raised in [4], that
still remain open:
• Which are the most effective interactive activities,
and can the strengths of WIMS help teachers offer
such activities to their students?
• Can WIMS be used to evaluate students’ achievements?
• Can WIMS be used to build personalized learning
paths?
• How to develop the technological knowledge of
teachers in order to enable them to exploit the full
potential of WIMS?
• Can the capabilities of WIMS be embedded into
other LMS, such as, e.g., Moodle?
Any contributions from researchers in the subjects covered,
from computer scientists, and from researchers in education can support the development of WIMS in a direction
that improves its effectiveness in the communication of science and in teaching.
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OPINION

The Place of Blogs in the
Modern Math World
Katherine Thompson
Note: The opinions expressed here are not necessarily those of Notices.
The time has come for mathematicians to think seriously
about blogs. What role could or should they play in disseminating information, both from whom as well as to
whom? What role could or should they play in making
or breaking careers? What needs to be done to transform
blogs as we currently know them into something more useful or helpful or respected?
The Notices solicited this article because of a previous
publication of mine [Tho18] in the Journal of Humanistic
Mathematics—an online journal that specifically is informal and which regularly features math poems and short
stories. When I finished the article, I was at an REU that
I was co-organizing. I clicked “submit” during my morning coffee break in a collaborator’s office. The content was
simple: it was a description of about 20 math blogs, who
ran them, how often they updated, and links to URLs.
While I don’t have the statistics on my other papers, including the one resulting from the aforementioned REU,
this Journal of Humanistic Mathematics article—prior perhaps to the one you’re currently reading—was almost certainly the most widely-read peer-reviewed product I ever
have produced. Probably the most widely-read products
of mine period are my blog posts for PhD+epsilon.
The first comment then to make about blogs, and in
general (expository) online mathematical writing, is that
for most of us they are much more widely read than any of
Katherine Thompson is an assistant professor of mathematics at the United
States Naval Academy. Her email address is kthomps@usna.edu.
For permission to reprint this article, please contact:
reprint-permission@ams.org.

our traditionally-published research papers. With a blog
especially, depending upon what you say and how you say
it, you could become more well known than you’d like.
You could receive emails, positive and negative, from complete strangers. You could be read by a public beyond the
mathematical community.
The past: Journal articles? This is something perhaps for
the mathematical community to consider, especially given
the impact of recent events on both travel to and existence
of conferences, not to mention money for grants or library
subscriptions for costly journals. One way to think broadly
about the nonteaching aspects of tenure packets is that
the faculty member should demonstrate interaction with
mathematicians outside their specific institution, that the
candidate should have a name in the greater community,
and a (positive) reputation. Who seems better to meet that
requirement: (1) a faculty member who spends a year or
more working on and then trying to publish a research paper that, once in print and assuming it’s mathematically
correct, is read by approximately a dozen people who then
cite the paper in their year-or-longer barely-read projects,
or (2) a faculty member whose monthly-updated blog has
over 200 followers, an average of 100 shares per post, and
a dialogue of comments ranging from those at Ivy League
colleges to community colleges?
Fields medalist—and blogger—Tim Gowers in a JMM
talk a few years ago started to probe at this very point. He
has been a longtime proponent of doing away with traditional journals (or at least their cost) and is a staunch supporter of sites like mathoverflow. He actually wrote on his
blog back in 2011:
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“What happens if somebody submits a worthy but dull paper
in an unfashionable area? I’ve had to referee many such papers
and my heart sinks every time, because I just don’t really know,
and, worse still, don’t much care, how good they are. And yet
people’s careers may depend on such papers being accepted by a
reasonable journal.” [Gow11]
Now to be clear, Gowers is not saying that blogs and expository writing can replace research. He actually did not
talk at all about expository writing. He was simply addressing accessibility of research articles and ways to increase
readership, because between the costs of journals and the
“interest” of the articles, readership of many published papers is laughably low. Blogs are cheap, and as long as they
can grow an audience and eventually a referee process, they
could reach a wider community than a traditional journal,
and through comments allow for conversations that journals never could.
And indeed, the article you’re reading right now is
not trying to argue that expository writing can replace
research—of course it can’t! But this idea of publishing
a research paper in a journal regardless of its expense or
obscurity that few if any actually read as a measure of reputation outside a home institution, or the idea that the
number and “quality” of research articles determine level
of recognition might need modernizing.
This seems reminiscent of the older, not-quite-dead-yet,
belief that mathematics done with the aid of computers is
not “real” mathematics or that code and algorithms are not
substantial contributions. Mathematicians like William
Stein as late as 2016 in his talk at the Harvard Peirce Memorial Lecture Series (in which, among other things, he announced he was quitting academia effective immediately
to work on SageMath full time) spoke at length about
the struggles of computational mathematicians and those
who want to contribute to the body of mathematics with
their code and algorithms and programs: everything from
citation (many software packages list all contributors in
one place instead of attributing individual commands),
losing students to industry because industry pays more
and respects the work more, struggling to obtain grants
to work on improving computational software, and failing to get faculty recognition because code is not a traditional publication [Ste16]. Code and coders, who clearly
contribute to the greater body of mathematics, continue
to battle with and lose against traditionalism. Blogs easily
could face similar resistance.
Like computers, blogs are here to stay and again, like
computers, they may increasingly be relied upon as a tool.
It may be out of financial necessity. It may be out of the
desire to appeal to specific groups of readers. It may be due
to restrictions and limitations imposed by journals. And
so how to cite blogs, how to value them, how to assess
them needs to be discussed. Even with this article, citing
websites and blogs was a nontrivial task—the bibtex and
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formatting classes would not accept URLs or websites, but
rather just “notes.”
And already blogs have had an impact on careers. Marquette effectively, but not permanently, fired a tenured professor because of a personal blog post [Fla18]. While years
later courts ordered the professor be reinstated, and while
it was a personal as opposed to a professional blog, it does
bring up an interesting thought. If blog posts can have a
negative impact on a career, why could they not also have a
positive impact? If they have the power to take away tenure,
why could they not have the power to grant it? Could blogs
be turned into free advertising for the owner—a way to
highlight other career accomplishments, videos of seminars on YouTube, links to papers on the arXiv? Could they
be the modern C.V.?
Regardless, blogs need to be improved and expanded;
we are a long way from Gowers’s dream coming true of
free blogs putting a dent in the expensive journal market.
And forget about lack of referees for a minute. There’s a
bigger problem with blogs as they currently exist: they can
and frequently do allow anonymous comments or comments from individuals whose identity is unauthenticated
(see Gina and Gil Kalai later in this article). Beyond moderating original content to keep matters on-topic, comments
would need to be moderated so that they too stay on-topic.
And then of course is the reality that very little researchlevel mathematics appears or is read about on blogs—at
least any that are well marketed. It will be hard for the
greater research community to buy into a product that is
unknown or unstructured.
The present: Defining blog success? With traditional
publications, the measure of success is “was it accepted”
followed by opaque notions of “journal reputation.” Possibly “was it read” comes into play, but typically not. Author order in mathematics is alphabetized so that is no indication of greater success. Citation indexes aren’t as crucial as they are in other fields.
Success for a blog is horribly ill-defined. Anyone can
start a blog, and only a few (and PhD +𝜖 is one of them)
actually require an application to contribute. So the “was
it accepted” analogue vacuously holds. But from the start,
there is a lot more publicly-available data attached to a
blog than to a traditional journal. And this data can lead to
new, perhaps inflated, interpretations of success. Is success
measured by longevity, total/average number of shares, total/average number of comments, total/average number of
reads? Is success measured by the number of followers,
or ranking in searches? Is it measured by greater press received, where that could be anything from a citation in
another blog/article/paper to a mention in a nonmath setting to hate-mail?
The American Mathematical Society currently supports
11 blogs. As of May 11, 2020 here they are (perhaps with
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shortened titles to fit the table) along with their number
of followers (Foll.) and average number of shares on the
last 10 articles (Shares):
Name
Beyond Reviews
Blog on Math Blogs
Capital Currents
e-Mentoring Network
Graduate Student Blog
inclusion/exclusion
JMM Blog
Living Proof
A Mathematical Word
Math Mamas
On Teaching and Learning
PhD+𝜖

Foll.
224
631
50
10795
376
2776
9
39
NA
60
714
224

Shares
143.8
110.2
41.3
495.8
156.3
1743
NA
108.8
NA
88.2
330
106.9

Which of these blogs, just based on this chart, would
be deemed the most successful? There’s a clear winner
in number of subscribers, with the e-Mentoring Network.
There’s a separate clear winner on average number of
shares with inclusion/exclusion. But then blogs like Living
Proof and Math Mamas have a higher average number of
shares than they do subscribers; clearly more people read
the blog than sign up for an email notification every time
there’s a new post. And that’s assuming success for a blog
shouldn’t be defined by some other metric including the
longevity of the blog, the number of contributing authors,
the growth in readership over any period of time, the number of (positive) comments, the frequency of the posts.
However, there does appear to be a trend, a trend that
will have to change if blogs are to have a greater role in our
mathematical societies and in particular our research communities. Right now, the less about math research specifically, the more subscribers and shares. The JMM Blog, A
Mathematical Word, Capital Currents—those are all near the
bottom of the subscriber and share lists. Beyond Reviews
is an outlier at precisely the middle of the pack. Meanwhile the highly followed and shared blogs even with their
names dedicate themselves to nonresearch-specific aspects
of the mathematical world including teaching and mentoring and diversity.
This is not at all meant to critique any of the AMS
blog editors or contributors or posts or to suggest there
is anything wrong with the content or readability of any
blogs. And 11 blogs is hardly a valid sample size. But
these 11 were chosen because they cover a gamut of mathspecific and general-academia topics. This article is for
an AMS journal which happens to sponsor all chosen
blogs in question, and these blogs collectively are probably more well known in our community than any others
save Scientific American. But it does hint first that research
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mathematicians currently are not using, or accepting,
blogs as a means of having global conversations about
mathematics despite the fact that blogs are being used to
have global conversations on just about every other aspect
of the profession. It also hints at a need for a paradigm
shift if research mathematicians are to take blogs seriously
in any way. There need to be more blogs featuring wellwritten high-level research-related material, and they need
to be better and more widely advertised.
The future? And now we have almost come full-circle.
That which started this was an article of mine highlighting 20 blogs of various styles. I do not want to highlight a second time any of those specific blogs; however,
as the purpose now is to discuss well-known (in traditional research senses) mathematicians with blogs those
who would have been included had they not been mentioned before are Terry Tao and What’s New [Tao07], Tim
Gowers with Gowers’s Weblog [Gow11], Jordan Ellenberg
and Quomodocumque [Ell07] and Izabella Laba with The Accidental Mathematician [Lab07].
The blogs below were chosen to highlight additional research mathematicians as authors/owners discussing primarily research-level mathematics, but also the future of
blogs in our research society. Blogs are arranged alphabetically by primary author. Note that most of these blogs also
feature lists of their recommended blogs; while somewhat
circular, this could provide additional reading material to
those interested in research math and blogs.
• Matt Baker’s math blog, aptly titled Matt Baker’s
Math Blog [Bak13]. His about-me page echoes
many sentiments of this article regarding hopes
for the future of research and blogs. Baker writes:
“Many of my recent papers are kind of long, and
I’m hoping to post overviews of what’s in them
and why a person might hypothetically care....I
also want to highlight recent preprints that I
find exciting...I also want to share some thoughts
about teaching in the 21st century with the hope
of starting interesting and/or valuable dialogues.”
• Johan de Jong Stacks Project Blog [dJ10]. Posts on
this site date back to 2010. While almost exclusively on algebraic geometry, what is crucial about
this blog is the reference to and explanation of the
greater Stacks Project. This is a collaborative effort
(with almost 400 contributors involved) to produce an open-source book on algebraic geometry.
The book just hit a milestone of over 7,000 pages,
which in and of itself speaks to the power of opensource and modernizing collaborations.
• Gil Kalai’s Combinatorics and more [Kal08]. While
the “and more” can dominate from time-to-time,
Kalai has offered posts regularly for over 10 years
including over two dozen contributions from
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guest authors. What is especially interesting, however, is Gina Says. This is a book Kalai wrote about
blogging and debating. Gina was actually Kalai
in disguise, posting comments primarily on two
physics blogs: Not Even Wrong by Peter Woit and
The trouble with Physics by Lee Smolin. Gina also,
however, infiltrated the math blogosphere, commenting on The n-Category Cafe. If nothing else,
Kalai makes obvious the issue with blogs and verifying identities.
• George Shakan’s math blog, with a name similar to Baker’s [Sha16]. This blog was chosen because of its evolution. Shakan started this when
he was still a graduate student, and the blog read
like one written by a graduate student. Mostly
links to PDFs of expository notes regarding background needed to understand the works of others.
Slowly the posts became longer and did not just
link to PDFs. And now it has become very similar
in flavor to Baker’s. Shakan is using this blog to describe current projects of his own. It is a creative
and mathematically deep use of free advertising.
• Not Even Wrong by Peter Woit, a theoretical
physicist with a best-selling book of the same
name. This blog has major longevity, having been
around since 2004. And it appears like it will always be Woit. “This blog reflects my own interests.
If I’m not writing about X, it’s usually because I’m
just not very interested in X. If you are interested
in X and want to discuss it, the great thing about
the internet is that there are probably places where
you can find someone who is interested, and if
not, start your own blog.” His more recent series of Szpiro, and the general status of the 𝑎𝑏𝑐conjecture have been fascinating, and have generated many comments which could give some measure of success.
Clearly, mathematicians are using blogs. Clearly, organizations like the AMS sponsor blogs. Clearly, blogs can have
viewership as wide or wider than traditional journals due
to price alone. From personal experience, developing regular content and writing posts and monitoring comments
and feedback is nontrivial work; yet these posts, even if expository, can build a reputation in the greater community
and lead to both mathematical and personal conversations
with individuals who otherwise would remain strangers.
And yet despite all of these advantages and despite all
of the work that goes into blogs, the mathematical community has no idea what to make of them—even at the
most basic level like citation. Math blogs overall are not
structured, lack a formal referee process, lack monitors
specifically to keep comments on-point and verify identities, and are not (well) advertised. They are extremely
DECEMBER 2020

versatile tools, and many of their utilities like personal advertisement in a C.V. sense, or research media feeds a la
any news site, remain largely untapped.
But think of what could happen if we actually started to
use that which literally is at our fingertips.
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Mathematics for Sustainability
Reviewed by Eric Marland
Mathematics for Sustainability
by John Roe, Russ deForest, and Sara Jamshidi
Springer, 2018, 490 pages, ISBN 978-3-319-76659-1
“For it seems that these are darker days
Than any others that we’ve seen
Oh, how we wished that we weren’t wide awake
And this was all some kind of dream”
Josh Ritter, from All Some Kind of Dream [1]
One of the prevailing challenges of our time is to protect
the living Earth from the damage we have caused, to reduce
the rate of human-caused change, and to build a healthier
ecosystem to live in, for everyone. Around the globe much
progress has been made, but we are still a long way from
where we need to be. We are not lacking in knowledge or
technology, just implementation. To move forward, we
need a better educated, interested, and engaged public.
John Roe, Russ deForest, and Sara Jamshidi have created
an engaging text aimed at bringing a more informed public
to the decision-making table. Aimed at a general audience,
the text guides us through understanding complex data,
analyzing relationships between systems, and making decisions while incorporating the role of risk and the inevitable
uncertainty of measurement and prediction.
For a text with Sustainability in the title, it is essential to
define what is meant by sustainability. There is some debate
over exactly what sustainability means, but the authors of
Mathematics for Sustainability settle on the 1987 definition
of the Brundtland Report.
Eric Marland is a professor and chair of the Department of Mathematical
Sciences at Appalachian State University. His email address is marlandes
@appstate.edu.
Communicated by Notices Book Review Editor Stephan Ramon Garcia.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2176
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“Sustainability is the ability of a social, economic,
or ecological system to meet the needs of the present generation without compromising the ability of
future generations to meet their own needs.” [3]
I am not sure I completely agree with the definition (and
I wish they had put it in the main part of the text rather
than in the note to the student—make sure you cover and
discuss this when you use the text) but I think that is ok.
Even if we don’t agree entirely, we have to pick a common
definition to make sure we share the same conversation.
Too much confusion comes from mismatched definitions.
If we decide to use a different definition later that is fine
because what we mean by sustainability may also change
over time, perhaps even contradicting an earlier version. As
with other definitions and assumptions, we also necessarily
define our terminology to clearly delineate the scope of the
problems we hope to address.
There are other notable definitions of sustainability, similar in many ways, but different in details (for example, see
the statements from the US EPA [5] and my own university
[6] to see the similarity). The United Nations pushes farther by identifying 17 Sustainable Development Goals [4].
Adopted in 2015, it “provides a shared blueprint for peace
and prosperity for people and the planet.” These goals include such topics as Poverty, Education, Gender Equality,
Clean Water, Sustainable Cities, and Climate Action. While
the Brundtland definition is conveniently vague in order
to allow general support, the UN definition provides a
specificity and clarity that prevents any misunderstanding.
It makes explicit the need to include a number of related
areas that are frequently dissociated from sustainability.
This reminds us of the interconnectivity of many aspects
of moving toward a sustainable world. I would have preferred a more explicit definition like this, but the authors of
Mathematics for Sustainability choose to focus in on a smaller
scale. Some contemplation or discussion on the different
perspectives of sustainability might be a worthwhile activity
to those using this book.
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In addition to the global importance of sustainability,
students today seem ever more aware and interested in
social issues, personal responsibility, and the changing
climate. They want access to the best information and
want to get involved. At my own university, students voted
to self-impose an extra fee to support renewable energy
initiatives, and not by a small margin [7]. The students
have pushed for a net-zero campus and waste-free events.
The students are ready to take on the world, but they don’t
always have the tools to take advantage of their passion.
In a recent vote to become a net-zero campus, the student
government association failed to include a description of
what it means to be net-zero.
As a classroom exercise this past spring, I asked my
modeling class to define what it means to be net-zero as a
campus and come up with a formula, a metric, that would
allow us to measure our progress toward that goal. The
students quickly discovered that the system boundaries
are challenging to define. Do you only count electricity
production on campus? Do you include housing? Do
you include off-campus housing? If you don’t include
off-campus housing, one way to make strong progress
toward becoming net-zero would be to reduce on-campus
housing, but that is perhaps not the intent. The students
needed more information and more tools to make the full
assessment and a better understanding of what data might
be available.
When students are asking for, pleading for, more information and action on such an important issue, we need to
do our part to give them both the right information and
the tools to critically evaluate that information.
The involvement of mathematics in the pursuit of sustainability is much like the role of mathematics elsewhere.
It is ubiquitous and foundational, essential to any quantification, prediction, or deeper understanding. In putting
together a text outlining mathematics for sustainability,
there are at least as many choices as there are for defining
sustainability itself. In addition, focusing on a particular
audience puts restrictions on what mathematics can be
assumed and on what mathematics can be introduced. Inevitably, someone’s favorite topic will be skipped or treated
with only a light touch. Necessarily, the level of mathematics is determined bijectively with the intended audience. A
good author keeps the level in mind throughout the text.
In Mathematics for Sustainability John Roe, Russ deForest, and Sara Jamshidi have put together a text aimed at
a general audience, keeping the prerequisite hurdles to a
minimum and remaining consistent through to the end.
As outlined in the beginning of the text, the target audience
is students in a general education course in quantitative
literacy. This would also be a great 1st year seminar course.
Such classes are taught at many colleges and universities
with widely varying purposes and directions. Some of these
courses make attempts at surveying a broad swath of topics
to provide insight into the broader scope of mathematics.
December 2020

Some of these courses focus on the practical mathematics
of everyday citizenship by covering consumer statistics
and basic financial mathematics. Both of these approaches
have their merits. Mathematics for Sustainability uses another
approach; take a topic of great relevance and interest and
present it in a cohesive and comprehensive fashion (using
mathematics that is accessible).
Engaging students in a quantitative literacy course is a
challenge. We used to require students to use a standard
college algebra course to satisfy this requirement and they
frequently lost interest quickly. While the students in a liberal arts math course may not have the strongest mathematics background or may not have retained it, these students
have likely seen the material in a college algebra course
before. The typical four years of mathematics requirements
in high school almost guarantee it. Somehow, we convinced
ourselves that one additional exposure, with a sufficiently
awesome instructor, would be enough to excite students
about the wonders of algebraic manipulation and perhaps
some witty word problems.
The mistake of this approach is the basis for the Dana
Center’s Math Pathways project (based at the University of
Texas at Austin) [8]. The Dana Center approach is not the
only strategy for pushing toward a more appropriate and
engaging mathematical experience, but the motivations
are similar to other initiatives. We need to find a way to
engage students in useful studies of mathematics. But
it goes well beyond the idea of using a few well-placed
examples in our course materials and beyond the idea of
“real world problems.” The problems need to be real, but
the mathematics also needs to be appropriate to address
the problems, not just a made-up problem using some real
data. The problems need to be able to be addressed fully
with the mathematics and this presents a challenge for the
instructor. How can very complex problems be addressed
without using the latest innovative methods? How can relatively simple mathematics be used to confront important
problems without over-simplifying or marginalizing? The
authors of Mathematics for Sustainability have done this.
Actually, I think the authors have achieved something
even better than finding a way to connect real problems
to relevant, appropriate, and accessible mathematics. Roe,
deForest, and Jamshidi have presented an approach to sustainability that allows the students to generalize to many
similar problems. They learn a basic strategy for studying
typical issues in sustainability that can be applied more
broadly in problem solving for decision making in general.
The skills needed are basic and fundamental mathematics
that is accessible to students without a strong background
in mathematics.
I will not claim that I agree with everything in the text.
I do find that a dynamical systems approach to modeling appeals to me more. I like the conceptual idea that
quantities in the future can be determined from previous
quantities with an addition of some knowledge of how
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change occurs (stocks and flows). I feel that the dynamical
systems approach more easily meshes with the transition
to calculus-based ideas for understanding change and accumulation than matching input and output flows. I typically
teach students about interest rates and loans in the same
dynamical systems mode. However, I also recognize that
few of the students in a class that uses this text are headed
for calculus and higher-level maths. I will also note that
the difference between a dynamic approach and the flux
approach used in the text is more a personal perspective
preference and some faculty may prefer the approach used
in the text. The mathematics is still sound and may even
lower the entrance requirements a bit.
However, the approach of the text is fascinating and I
would love to teach from it. The overall format is unusual
in that it takes the reader for a ride through the process
of collecting, critiquing, and evaluating various pieces of
information in order to make a decision. The development
is slow and steady, integrating the basic stages of decision
making with the appropriate mathematics until enough
information is blended together in careful consideration to
make a decision. Surprisingly, and wonderfully, it does this
without being overly judgmental on what decision should
be reached. Embraced as independent adults, the students
are given the freedom (and responsibility) to make their
own conclusions.
The first few chapters introduce terminology and scope
very clearly to make sure the reader understands what the
goals are—and what they are not. The book makes the case,
albeit indirectly, for an unbiased presentation of information that allows the reader to draw their own conclusions.
The authors do not turn “preachy,” but rely on the data and
their methodical analysis to make the case. Integrated into
the first few chapters are some basic calculations and manipulations that are based on the beginning assumptions,
easing our way into the mathematics while clearly laying
out the shared perspective.
The last two chapters of Section 1 of the text on “Risking”
and “Deciding” are particularly of interest to me since it
is tempting in the face of uncertainty to delay making a
decision. This text reinforces the idea that a delay is also a
decision and that we must make crucial decisions of great
import, even if there is some level of uncertainty. Evaluating
risks and uncertainty in order to make decisions is not a
new concept, but perhaps new in this arena [9]. Actuaries
earn their livelihood from making judgments like this and
understanding the basics of valuing uncertainty and risk is
essential to pursuing a sustainable future.
In making decisions, it is wise to consider, “What if I am
wrong?” What is the probability I am right and what are
the potential consequences of being wrong? Sometimes we
might find that the probabilities might be out-weighed by
the dire nature of the consequences. Sometimes we make
compromises in order to make any progress at all. In the
case of the environment, ongoing discussions of tipping
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points make a challenging estimation process for the
consequences of making a mistake [10]. We are forced to
confront the idea that some decisions can be revisited while
others cannot. The necessity of making a decision remains.
Following this extensive development of a process for
critiquing, analyzing, and decision making in Section 1,
there is another section of the text on detailed case studies. After having built up the basic knowledge of problem
solving in the context of sustainability, Section 2 guides
the reader through a series of test cases that show how
the methodology can be used in specific cases. While a
reasonable course could be constructed without these
case studies, a course that includes them would be a much
richer experience. By the end of the text, students can then
move out into their own disciplines and their communities
and help others make researched, analyzed, assessed, and
careful decisions.
With addressing climate change there will certainly
need to be both elements of mitigating the damage we
have caused and adapting to the changes that are already
immanent. How we strike the balance between the two
is up to us and we face risks of failure whatever the decisions. The success of any efforts we put forth will remain
undetermined for many years. However, we also have to
think about the consequences of being wrong about our
strategies. What if we don’t put enough into mitigation?
What if we put in more resources than were really needed?
Roe, deForest, and Jamshidi provide a template for making
these decisions and help us to see a path forward.
While not everyone who reads this book will be tasked
with making the crucial decisions ahead of us, developing
the process for understanding the science and the trade-offs
between different options can help gain support for our
continued efforts to become more sustainable.
So while Josh Ritter sees darker days [1], Mathematics for
Sustainability offers students a path to gain a better understanding of complex systems and to make well-informed
decisions. With more efforts like this, perhaps a different
and sustainable dream can come true. I look forward to
the chance to share this text with my students and to see
what lies ahead.
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“seduced many readers into ignoring blatant falsehoods
and bigoted remarks.”
Most of the mathematics discussed in the book can be
understood by a good calculus student. Occasionally more
advanced topics, such as non-Euclidean geometry, Fourier
analysis, and group theory are mentioned, although the
reader need not have a deep understanding to appreciate
the narrative. Overall, Republic of Numbers should appeal
to any reader interested in mathematics in its historical
and social context.

Republic of Numbers: Unexpected
Stories of Mathematical Americans
Through History
by David Lindsay Roberts

Republic of Numbers consists of
twenty chapters that profile an
eclectic collection of twenty-three
Americans who “interacted significantly with mathematics.” Roberts
endeavors to profile individuals
from a variety of backgrounds.
Each was influential and, to a
greater or lesser degree, “integral to the evolution of mathematics in this country.”
The profiles are arranged in chronological order, each
being dated to a particular year in which the chapter’s
subject had a specific mathematical experience. Republic of
Numbers begins with Nathaniel Bowditch, the self-educated
mathematician and astronomer who revolutionized ocean
navigation. It ends with John Forbes Nash, Jr., whose work
on game theory, geometry, and partial differential equations remains influential. The chapters in between span
a wide range, covering, for example, Kelly Miller, the first
African American to attend Johns Hopkins, and pioneering
computer scientist Grace Hopper. Some of the figures profiled had only brief encounters with mathematics and are
known for other achievements. For example, Roberts tells
us of Abraham Lincoln’s career as a surveyor, his “cyphering
book,” and his experience with Euclid’s Elements (Lincoln
wrote in 1860 that he “studied and nearly mastered the
Six-books of Euclid”).
Roberts’ profiles are balanced and nuanced. “I consider
every person whom I discuss to be remarkable in some way,
but not necessarily admirable in all respects,” he says. For
example, in discussing Eric Temple Bell and his influential
book Men of Mathematics, Roberts admits that the book
The Bookshelf is prepared monthly by Notices Associate Editor Stephan
Ramon Garcia.
Appearance of a book in the Notices Bookshelf does not represent an endorsement by the Notices or by the AMS.
Suggestions for the Bookshelf can be sent to notices-booklist
@ams.org.
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Introductory Mathematics and
Statistics Through Sports
Supplementary Activities and Writing Projects

by Tricia Muldoon Brown
and Eric B. Kahn

This slender book contains a wide
variety of sports-related activities
and open-ended writing projects
aimed at introducing undergraduate students to statistics, probability, and other mathematical
topics. There are no prerequisites
involved and the book could supplement a mathematics for
liberal arts course or an introductory statistics course. The
two authors have tested this content in the classroom over
the course of nine years. The presentation is terse, and the
authors waste no time in getting down to business. Each
inquiry-based activity is described in a page or two, often
with a small table of data.
The book is divided into eight brief chapters, each about
ten pages long. After the introduction, which contains sample rubrics devised by the authors, the book tackles graph
theory, voting theory, fair division and apportionment,
financial mathematics, representation of data and summary
statistics, statistical reasoning, and probability. For example, Brown and Kahn use graph theory to handle Olympic
event scheduling, fair division to address college football
recruiting, and probability to predict potential winners
in horse racing. Along with the many tables that appear
throughout the book, twenty pages of more substantial
data sets are provided at the end of the book for use with
the more involved projects.
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This is exactly what Dan Sloughter has done in Calculus
from Approximation to Theory. And, it feels right. The exposition is clear and compelling, the problems are varied
and meaningful, and everything is rigorous. This would
make a great alternative to the standard Calculus-as-a-collection-of-tools approach. It feels unified and whole and
very satisfying.

Calculus from Approximation
to Theory
How would you describe what
calculus is about if asked at a
cocktail party? You might say
something like, “The central idea
of calculus is that the way to
measure something curved is
to break it up into many, many
small pieces, approximate those
pieces with flat replacements,
and add up the measures of the flat things. As you take more
and more, smaller and smaller, flat pieces, your approximation gets better and better.” If pressed about the mismatch
between “measure” and “approximation,” you’d probably
mutter something about technicalities and try to change
the subject. But, if you wanted to take your interrogator
seriously, you’d try to explain something about limiting
processes and you’d probably draw a circle and approximating regular inscribed polygon and talk about the sequence
of approximations as the number of sides increases.
I would be thrilled to hear one of my calculus students
explain the subject this way, but I’m sure it would never
happen. I’d have to redesign my entire calculus course. I
imagine that I would define limits in terms of limits of
sequences. I would want to spend a fair bit of time talking
about approximation, and error in approximation, and
order of an approximation. I’d make free and copious use
of computation. The derivative would be defined as the
best affine approximation to a curve in a natural way. The
integral would be obvious once my students learned to
think this way. Power series would be the natural generalization of approximating polynomials. I’d probably throw
in a concluding chapter on differential equations just to
pre-emptively answer the cocktail party follow-up question:
“Why would anyone care?”

The AMS Bookshelf is prepared bimonthly by AMS Acquisitions Specialist
for MAA Press titles Stephen Kennedy. His email address is skennedy

The William Lowell Putnam
Mathematical Competition
2001–2016: Problems, Solutions,
and Commentary
Problem Books, Volume 37 (PRB/37)

AMS/MAA Textbooks, Volume 64 (TEXT/64)

by Dan Sloughter

by Kiran S. Kedlaya, Daniel M. Kane,
Jonathan M. Kane, and
Evan M. O’Dorney

Possibly the most difficult Putnam problem ever was B6 on the
2011 exam: Let p be an odd prime.
Show that for at least (p + 1)/2
values of n in {0, 1, 2, … , p},
p–1
∑k=0 k!nk is not divisible by p. No competitor received a
positive score. Do you see what to do?
This is the fourth collection of Putnam problems
published by MAA and it covers the years 2001–2016. It
contains full reports of all individual and team results and
a variety of statistics about the scores. It also contains, of
course, the problems. But the meat of the volume is the
collection of solutions. Often more than one solution,
especially if there exists an interesting alternative solution.
The four authors, collectively, are ten-time Putnam Fellows.
Naturally, their perspective is enlightening. They include a
short section on strategy for success at the Putnam. Also,
and even more interesting because it reveals something of
how they approach and think about the problems, there is a
section of very brief hints sandwiched between the problem
statements and solutions. About this the authors say, “The
hints may often be more mystifying than enlightening.
Nonetheless, we hope they encourage readers to spend
more time wrestling with a problem before turning to the
solution section.” Still puzzling over 2011 B6? The hint
p–1
from these authors suggests you count the roots of ∑k=0 xk ⁄k!.

@amsbooks.org.
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Proving Theorems
with Computers
Kevin Buzzard
Superhuman Mathematics
How is breakthrough mathematics achieved? Here is one
example, from algebraic number theory.
In his 1987 paper “Deforming Galois representations,”
Barry Mazur observes that the geometric concept of a
smoothly varying complex family of representations of
a group has an arithmetic analogue. He sets up deformation theory in the non-geometric setting of mod 𝑝
and 𝑝-adic Galois representations, and makes some interesting observations about the relationship between arithmetic deformation rings and Galois cohomology. By
1990, Mazur and Tilouine have raised a profound question about whether a certain universal deformation ring
coming out of this theory is isomorphic to one of Hida’s
Hecke algebras. In 1993 Wiles uses new techniques in
commutative algebra to reduce a variant of this question
to a numerical criterion, and a year later, aided by Taylor, he has pushed the strategy through. The semistable
Shimura–Taniyama conjecture (at that time often called
the semistable Shimura–Taniyama–Weil conjecture) follows, and hence, by earlier work of Ribet, Fermat’s Last
Theorem.
This is but one of very many examples where crossfertilization has occurred in mathematics. The breadth of
Mazur’s mathematical knowledge (he was initially a topologist) played a key role here. In a 2014 article [Maz14]
for the Math. Intelligencer, Mazur writes: “Reasoning by
analogy is the keystone: it is present in much (perhaps
all) daily mathematical thought, and is also often the inspiration behind some of the major long-range projects in
mathematics.”
Kevin Buzzard is a professor of mathematics at Imperial College London. His
email address is k.buzzard@imperial.ac.uk.
For permission to reprint this article, please contact:
reprint-permission@ams.org.
DOI: https://doi.org/10.1090/noti2177
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One might hence ask the following question: if one human had an understanding of all of modern pure mathematics simultaneously, how much further would they immediately be able to see? How many insights are there
which are needed to unblock one field, but which have already been made in another?
This question can of course be dismissed as a thought
experiment. Perhaps it is the kind of thing which philosophers might muse over, but it is the year 2020 and pure
mathematics is much too big for one human to comprehend.
However, it is the year 2020 and hence we have computer proof systems which are now in theory capable of
understanding all of modern pure mathematics. So why
is our community not teaching it to them? This is entirely
within our grasp, and we have absolutely no idea what will
happen when we do.

1. Teaching Mathematics to Humans
Let us look at the way pure mathematics is learnt by humans, from undergraduate to PhD level.
1.1. The basics. Three key concepts in pure mathematics
are the definition, the theorem statement, and the proof. We
will talk more about this trichotomy later on, but for now
let us focus on the concept of proof. A course introducing
the formal notion of proof might cover concepts such as
sets, functions, and binary relations, and basic theorems
about these objects will be carefully proved. For example,
there might be a proof that distinct equivalence classes for
an equivalence relation are disjoint. There are many ways
that one can attempt to teach this to undergraduates. Recently I have become fond of a method where I bring a set
of around 100 plastic shapes coloured red, yellow, green,
and blue into class. Two shapes are defined to be equivalent if they have the same colour, and it is not hard to
convince the students that this is an equivalence relation,
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and that the red shapes form an equivalence class, the blue
shapes form another, and so on. The fact that distinct
equivalence classes are disjoint is now obvious. However
this is an example, not a proof. The formal proof, which I
then go on to show the students, is a series of elementary
steps, each of which follows from the rules of logic or the
axioms of an equivalence relation.
In proofs such as these, we are operating very close to
the “machine” which drives formal mathematics—the machine which tells us that if 𝑃 is true, and if 𝑃 implies 𝑄,
then 𝑄 is true, and other such logical rules. This axiombased attitude continues to play an important role in subsequent classes such as first courses in group theory, linear algebra, and real analysis. The real numbers might be
presented as a complete totally ordered archimedean field,
that is, a structure satisfying a list of axioms. Using only
these axioms, and the axioms of the foundational system
we’re working in (often set theory), we can build a basic
theory of real analysis from first principles. The theories
of sequences, limits, infinite sums, continuous functions
ℝ → ℝ, differentiation, integration, and so on can all
be carefully built from these axioms. Similarly, a lecturer
presents the axioms of a group in a first course on group
theory, and from these axioms we can build the theory
of subgroups, normal subgroups, group homomorphisms,
kernels, images, and quotient groups, and prove the first
isomorphism theorem for groups. At this stage in the development of mathematics, every proof can be chased right
down to the axioms of the system we are considering, and
students are expected to learn from such courses that mathematics can be done in this way. Much (but, as we are
about to see, not all) of undergraduate pure mathematics
is of this form.
1.2. Developing intuition. After a while it becomes inconvenient to do mathematics in a purely axiomatic fashion. For example, proving that if we remove a finite set
of points from ℝ2 then the resulting topological space is
still path connected could of course in theory be done from
the axioms, but in practice, rather than attempting to write
down the function defining a path between two arbitrary
points in the space, one would just draw a picture. The
same is also true when proving basic results about contour
integrals in complex analysis—there are several “proofs by
picture” in a typical development of the theory. The concept of a simple closed curve in the plane having an inside
and an outside will often be taken as read, although very
few students will have seen a proof of the Jordan curve theorem at this point in their mathematical education. Over
time, students learning mathematics begin to understand
our unwritten rules of “what is allowed in practice.” One
is reminded of the apocryphal story of a student asking
their professor whether the fact just presented to the class
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as “obvious” was indeed obvious, and the professor going
into deep thought to emerge 20 minutes later with the reply “yes.” By this point in the development of a student’s
education, lecturers are expecting the students to “learn to
fly.” Arguments in lectures may take place high above the
axioms, with technical details being dismissed as obvious
or easy to verify, and left to the reader (perhaps with some
hints). This is the beginning of what Terry Tao [Tao09] has
called the post-rigorous stage of mathematics. To borrow a
phrase from computer science, students begin to learn the
intuitive “front end” of mathematics.
1.3. PhD research. Those students who convince us that
they can steer their mathematical arguments correctly are
rewarded by being given PhD places. The prize for this
“levelling up” is that they are allowed access to the mathematical literature, and from now on they can assume any
result they like, as long as it is published in a reasonably
prestigious journal and their advisor believes it. A typical
PhD thesis in pure mathematics will contain new proofs of
results in a given theory. In my personal case, this theory
was the theory of 𝑝-adic Galois representations attached
to modular forms. By the time they graduate, a PhD student will typically know many theorem statements concerning the objects they chose to study, and may well have
contributed to this list of theorem statements themselves.
Again to borrow a phrase from computer science, the student knows the interface to each object in their area of expertise. The student is allowed to assume any results in
the interface, and might well know how to prove some of
them—but possibly not all of them. For example, when I
was a PhD student, I had not read the details of the proof of
the theorem of Deligne which attached a 𝑝-adic Galois representation to a modular form, a key result from the interface to the theory of modular forms upon which my entire
PhD work was based. In fact, at that time there was only
really a sketch proof of the result in the literature. This was
not however a problem, because the proof of Deligne’s theorem was “known to the experts.” Students are expected
to get their own intuition of their area, and after a while
should have a feeling about what is accessible given known
results, and what requires genuinely new ideas.
In the rest of this article, I would like to discuss the idea
that computers can be taught mathematics in much the
same sort of way. I leave it up to the reader to decide
whether they would like to be involved, but what I do believe is that these computer systems are now here, that they
can eat mathematics, and that they will ultimately change
the way we do both teaching and research; furthermore,
the sooner these systems are noticed by mathematicians,
the sooner this will happen.
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2. A Brief Introduction to Interactive
Theorem Provers (ITPs)
Before we talk about computer proof systems, let us consider a computer program which many of us are familiar
with: LATEX.
The computer program LATEX is a mathematical typesetting system. Thirty years ago, only a small number of (typically young) mathematicians knew how to write LATEX files,
but now most of us do; this program is now the standard
typesetting system for mathematicians. If one runs the
LATEX program on a LATEX file, one of two things can happen. The file might contain errors, for example perhaps we
accidentally used a command in normal text mode which
is only valid in maths mode. In this case the LATEX editor
we are using will typically flag these errors and ask that we
fix them. But when all the errors are gone, the LATEX program will compile the LATEX file, and the output will be a
(hopefully) beautifully typeset document. This document
is typically a pdf file nowadays, which can be read on a
screen, printed out, or of course sent to another computer
on the internet.
The computer program Lean is an interactive theorem
prover (ITP). A small number of (typically young) mathematicians know how to write Lean files. A Lean file can
contain definitions, theorem statements, and proofs—we
shall see examples later. Just as a LATEX file is likely to contain some parts written in “maths mode,” a Lean file is
likely to contain some parts written in “tactic mode.”
If one runs the Lean program on a Lean file, one of two
things can happen. The file might contain errors, for example perhaps not all the hypotheses of a theorem were
checked (or were true!) when it was applied. In this case,
the Lean editor we are using will typically flag these errors and ask that we fix them. When all the errors are
gone, Lean will compile the Lean file, and the output will
be. . . nothing at all. When this happens, Lean believes that
all the definitions in your file make sense, and it believes
that all the proofs in the file are correct.1
Note that Lean is not (just) a programming language
like Python or C++ or Haskell. To give an example of the
difference: in Python you could write a program which
printed out the first 1000 prime numbers, or the first 1000
digits of 𝜋. In Lean you could write a proof that there are
infinitely many prime numbers, or a proof that 𝜋 was transcendental.

1It is not strictly speaking true that the output is nothing at all—the actual out-

put is a computer file, unreadable by humans, where each proof is represented as
a complicated graph. The proofs in this form (terms in a type theory) can be independently verified by typecheckers written in other languages and running on
other operating systems and other chipsets, to minimise the possibility that bugs
in Lean cause incorrect proofs to be accepted as valid.
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Lean was written by Leonardo de Moura at Microsoft
Research, and is free and open source software which runs
on any modern operating system. It is one of many ITP
systems. Others include Coq, Isabelle/HOL, Mizar, Metamath, HOL Light, Agda, Arend, and there are at least 20
more; many of these are also free and open source, and
some are over 50 years old. All of these systems use slightly
different logical foundations, and it is hard to automatically move a mathematical proof from one system to another, for the same reasons that it is hard to automatically
translate a computer program from one language to another. However the differences in these systems will not
concern us here. It suffices to say that essentially all of the
examples in this article can in theory be written in essentially all of the ITP systems. We will focus on the Lean theorem prover in the examples below, but this is only because
it is the system which I know best.

3. Teaching Mathematics to Computers
For the rest of this article, I would like to discuss the possibility of teaching a computer pure mathematics, following
the same path as the way we teach it to humans. Let us
start with the basics. Earlier on, we mentioned three fundamental mathematical concepts—the theorem statement,
the proof, and the definition. We will now see about how
Lean understands these concepts.
3.1. Propositions. First let us talk about general true/
false statements, a fundamental concept in mathematics.
As well as theorems, mathematicians are interested in conjectures, which are true/false statements which might be
believed to be true, but which are not proven. Here are
some examples of true/false statements:
•
•
•
•

2 + 2 = 4;
2 + 2 = 5;
Fermat’s Last Theorem;
The Riemann Hypothesis.

Two of these statements are true, one is false, and the
truth value of the Riemann Hypothesis is currently unknown. Mathematicians do not really have a good word
for a general true/false statement. The Riemann Hypothesis is called a conjecture, but it seems ridiculous to call
2+2 = 4 or 2+2 = 5 a conjecture. Note however that most
mathematicians use the words Theorem, Lemma, Proposition, and Corollary to express ideas which are formally the
same, whereas logicians use the word Proposition to mean
an arbitrary true/false statement. From now on we will use
the word Proposition in this way, meaning a mathematical
statement which has a truth value, rather than one which
is definitely true. For example, 2 + 2 = 5 is a false Proposition. We will capitalise Proposition to remind us of this
slightly non-standard usage.
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Here is an example of some valid Lean code which defines a Proposition:
variables (X Y Z : Type)
(f : X → Y) (g : Y → Z)
open function
definition P :=
injective f ∧ injective g →
injective (g ∘ f)
This code defines a Proposition called P, stating that the
composite of two injective functions is injective. Note that
there is no proof here—we are just observing that the theorem statement can be formalised in Lean. The variables 𝑋,
𝑌 , and 𝑍 were initialised to be not sets but “types”; however, in this context the two ideas coincide, the only difference being a linguistic one where we speak about terms
x of a given type X and write x : X rather than speaking
about elements 𝑥 of a given set 𝑋 and writing 𝑥 ∈ 𝑋. Note
finally that the arrow → is used both as notation for a function, and for the concept ⟹ of implication.
Here is an example which shows that 2 + 2 = 5 is also a
Proposition in Lean:
definition Q :=
2 + 2 = 5
Just to reiterate: a Proposition is any true/false statement.
3.2. Proofs. Creating a mathematical proof of a Proposition is like solving a puzzle, or a level of a computer game.
Let us look further at this analogy. In a sudoku puzzle, one
is presented with a partially filled-in grid of numbers and
asked to fill in the rest of them, subject to some axioms.
My first experience with sudoku was seeing levels of this
game in newspapers, and solving them with a pen. Solving a sudoku level in this way can be quite inconvenient—
any error may create quite a mess and might be difficult
to recover from. It is far easier to solve sudoku levels on
a phone app or a web browser, where errors can be erased
more efficiently, and experimental lines can be explored
and then painlessly accepted or rejected.
Many of us will have seen undergraduate work, written
in pen, which is also quite a mess. Lean offers a structured
environment where proofs can be created. As an example,
let us consider the proof of the Proposition that if 𝑓 ∶ 𝑋 →
𝑌 and 𝑔 ∶ 𝑌 → 𝑍 are injective functions, then so is 𝑔∘𝑓. Let
us first run through the mathematical proof. By definition,
our task is to prove that if 𝑎, 𝑏 ∈ 𝑋 and 𝑔(𝑓(𝑎)) = 𝑔(𝑓(𝑏)),
then 𝑎 = 𝑏. By injectivity of 𝑓, we know that to prove
𝑎 = 𝑏 it suffices to prove that 𝑓(𝑎) = 𝑓(𝑏). Finally, the
assertion 𝑓(𝑎) = 𝑓(𝑏) follows from injectivity of 𝑔 and our
assumption.
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We will go through a Lean proof of this Proposition below. As one creates the proof using a Lean editor, one
can see Lean’s “tactic state,” representing the things Lean
knows at any point during the proof. For example, just after one has applied injectivity of 𝑓, Lean’s tactic state is the
following:
X Y Z
f : X
g : Y
f_inj
g_inj
a b :
hgf :
⊢ f a

: Type,
→ Y,
→ Z,
: injective f,
: injective g,
X,
(g ∘ f) a = (g ∘ f) b
= f b

Let us go through this tactic state. The current hypotheses are listed above the “turnstile” ⊢, and the current goal
is stated after it. The first three lines say that 𝑋, 𝑌 , and 𝑍 are
types, and 𝑓 and 𝑔 are functions. The hypotheses f_inj
and g_inj are the assertions that 𝑓 and 𝑔 are injective.
The next line says that 𝑎 and 𝑏 are terms of type 𝑋, which
is the type-theoretic way to say that they are elements of
the set 𝑋. Our final hypothesis hgf is the assertion that
𝑔(𝑓(𝑎)) = 𝑔(𝑓(𝑏)), and our goal is to prove 𝑓(𝑎) = 𝑓(𝑏).
As one solves the level, i.e., builds the proof, in Lean,
the tactic state changes interactively, until it eventually becomes Proof complete. Just like theorem statements,
Lean’s tactic state can often be easily understood by mathematicians without any specialist knowledge of ITPs, because the notation used is close to standard mathematical
notation.
Here is a complete Lean file containing the proof, written in Lean’s tactic mode, with comments (written in grey,
preceded by --, and ignored by Lean). If you are reading
this article in digital format, I invite you to interact with
this proof by clicking on this link, which will open up a
Lean editor within a web browser. This is most definitely
not the best way to interact with Lean—it will be slow (you
might have to wait for up to ten seconds for Lean to initialise and process the file on a fast PC, and far longer on
a mobile device; you also need to have some cookies enabled). But when “Lean is busy. . . ” finally turns to “Lean
is ready!” you can click around and see Lean’s tactic state
at any given point in the proof. If instead you install Lean
on your own computer, the same process will be lightning
fast.
-- need access to many useful tactics
import tactic
-- need injective functions
open function
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-- Let X, Y, Z be types and
-- let f : X → Y and g : Y → Z be
-- functions between these types
variables (X Y Z : Type)
(f : X → Y) (g : Y → Z)
-- Theorem: if f and g are
-- injective, then so is g ∘ f.
theorem injective_comp :
injective f ∧ injective g →
injective (g ∘ f) :=
begin
-- assume f and g are injective.
rintro ⟨f_inj, g_inj⟩,
-- We want to prove g ∘ f is
-- injective. So say a,b ∈ X and
-- assume g(f(a))=g(f(b)).
intros a b hgf,
-- We want to prove that a = b. By
-- injectivity of f, it suffices to
-- prove that f(a)=f(b).
apply f_inj,
-- By injectivity of g, it suffices
-- to prove g(f(a))=g(f(b)).
apply g_inj,
-- But this is an assumption.
assumption,
end
This tactic mode proof looks mildly intimidating
but basically comprehensible, in the same way that
\sum_{n=0}^{100}n^2 looked mildly intimidating but
basically comprehensible before we learnt about LATEX’s
maths mode. The tactics used in the proof such as intros
and apply perform basic logical moves on the tactic state,
and are not hard to pick up. The last line of the proof, the
assumption tactic, solves the goal 𝑔(𝑓(𝑎)) = 𝑔(𝑓(𝑏)) by
noting that it is equal to one of our assumptions, namely
hgf.
Anyone concerned about how such a triviality might
take five lines to prove might be interested in seeing the
same proof written in Lean’s “term mode”:
theorem injective_comp′ :
injective f ∧ injective g → injective
(g ∘ f) :=
λ ⟨f_inj, g_inj⟩ _ _ hgf, f_inj $ g_inj
hgf
This complete proof—shorter than the corresponding LATEX
proof—is far harder for a beginner to understand, and also
indicates something about what is going on under the
hood, namely that a proof in Lean is actually a function.
DECEMBER 2020

Indeed, Lean is a functional programming language. We
will not go any further into this issue here.
Below is another tactic mode Lean proof, this time of
the fact that if 𝑎 and 𝑏 are real numbers, then (𝑎 + 𝑏)3 =
𝑎3 + 3𝑎2 𝑏 + 3𝑎𝑏2 + 𝑏3 . Before we embark upon it, let us
consider what goes into a proof from first principles, assuming that the real numbers are a field. We first write the
left-hand side as ((𝑎+𝑏)(𝑎+𝑏))(𝑎+𝑏) or (𝑎+𝑏)((𝑎+𝑏)(𝑎+𝑏))
depending on what definition we are using for 𝑥3 . Then
we apply left and right distributivity several times to expand out the brackets. If one does this whilst carefully
keeping track of all brackets involved, one will discover
that one now needs to apply associativity and commutativity of addition and multiplication 20 times or more in
order to turn the left-hand side into the right-hand side—
operations which a mathematician applies intuitively and
without comment. The full proof, using only the axioms
of a ring, seems to be at least 30 lines long, although the
exact number of axiom applications needed depends on
other foundational questions such as whether 3 is defined
to mean (1 + 1) + 1 or 1 + (1 + 1). Here is a complete proof
of this result in Lean’s tactic mode:
import tactic -- tactics
import data.real.basic -- the real
numbers
example (a b : ℝ) :
(a+b)^3=a^3+3∗ a^2∗ b+3∗ a∗ b^2+b^3 :=
begin
ring,
end
The ring tactic is a high-level tactic, concealing tedious
low-level work and enabling mathematicians to operate using their usual interface, well above the axioms of a ring.
This tactic was implemented in Lean by Mario Carneiro, a
computer scientist, following the efficient Coq implementation by Grégoire and Mahboubi in [GM05] of a “classical” decision problem algorithm for commutative rings. It
has been indispensable for the subsequent development
of ring theory in Lean.
A general tactic mode proof will contain a mixture of
low-level and high-level tactics, corresponding to whether
the corresponding human proof is operating at axiom level
or well above the axioms.
Codewars (www.codewars.com) is a website containing programming challenges in many programming languages, including Lean. The Lean Codewars levels contain
many mathematical puzzles, ranging from easy questions
(proving that the sum of two odd numbers is even, for example), to far harder ones involving finding all integer solutions to the subtle Diophantine equations 𝑥2 − 37𝑦2 = 3
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and 𝑦2 = 𝑥3 + 11. Solving these harder problems involves
using a range of low-level and high-level tactics. Of course
one can also invoke theorems from Lean’s extensive mathematics library, where various number-theoretic facts such
as quadratic reciprocity are already proved. We will say
more about Lean’s mathematics library below.
3.3. Definitions. As well as Propositions and proofs, systems like Lean can understand new mathematical definitions. Many of the definitions in Lean’s maths library are
definitions of types or of terms. For example, the type ℝ is
defined to be the type of equivalence classes of Cauchy sequences of rationals, and the term 𝜋 is defined to be twice
the smallest positive zero of the cosine function. Groups,
rings, fields, manifolds, schemes, perfectoid spaces, and
many many other mathematical structures are all defined
to be types in Lean, and their definitions are all readable
to mathematicians. For example here is a definition of a
group in Lean:
class group (G : Type)
extends has_mul G, has_one G, has_inv G
:=
(mul_assoc :
∀ (a b c : G), (a ∗ b) ∗ c = a ∗ (b ∗
c))
(one_mul : ∀ (a : G), 1 ∗ a = a)
(mul_left_inv : ∀ (a : G), a−1 ∗ a = 1)
The “structural” part of a group (the multiplication,
identity, and inverse) is packed into the second line, and
the axioms follow afterwards. Given this definition, one
can now start to prove other basic results. For example
here is something which is proved very early on in the development of the interface for groups—the proof that the
left identity coming from the axioms is also a right identity:
theorem mul_one (a : G) : a
begin
-- exercise!
end

∗

1 = a :=

This exercise now becomes a puzzle. It is my experience
that certain undergraduates enjoy solving puzzles like this
in Lean, developing the basic theory of groups by completing levels of a computer game.
In 2012 Peter Scholze introduced the concept of a perfectoid algebra and a perfectoid space into mathematics.
Slightly later on, Fontaine introduced the general notion
of a perfectoid ring. Here is the definition of a perfectoid
ring in Lean (here 𝑝 is a prime number):
structure perfectoid_ring (R : Type)
[Huber_ring R] extends Tate_ring R :
Prop :=
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(complete :
(uniform
:
(ramified :
𝜛^p | p in
(Frobenius :

is_complete_hausdorff R)
is_uniform R)
∃ 𝜛 : pseudo_uniformizer R,
R∘ )
surjective (Frob R∘ /p))

A perfectoid ring is a complete Hausdorff Tate ring satisfying some technical hypotheses. Experts in the area will
certainly be able to read and understand the gist of the
code above. Perfectoid rings and perfectoid spaces were
formalised in Lean by Johan Commelin, Patrick Massot,
and myself; see [BCM20].
3.4. Lean’s mathematics library. The above snippet from
perfectoid_ring code would not compile in core Lean
alone; some imports would be needed from Lean’s maths
library and Lean’s perfectoid space library. Lean’s maths
library is a rapidly growing library containing a lot of
undergraduate-level algebra, analysis, number theory, geometry, and topology. At the time of writing (April
2020) it contains theorems from number theory such as
quadratic reciprocity, theorems from algebra such as the
Hilbert basis theorem, theorems from analysis such as the
inverse function theorem, open mapping theorem, and
Arzelà–Ascoli theorem, definitions such as manifolds and
topological spaces, smooth functions, and so on. Undergraduates at my university can (and do) solve problem
sheets and past exam questions in Lean; I am convinced
that it can play a role in making undergraduate teaching
better (see forthcoming work of Iannone and Thoma, discussing my interventions so far).
Note however that much work remains to be done in
Lean’s maths library. A notable omission in complex analysis is Cauchy’s integral formula (Lean is behind other systems in this regard), a notable omission in number theory is the basic theory of factorisation of ideals into prime
ideals in algebraic number fields, and a notable omission
in algebra is undergraduate representation theory. It is
only a matter of time before these holes are filled, however, such is the pace of development right now. Enough
commutative algebra was developed for undergraduates at
my university to define schemes and to prove that an affine
scheme is a scheme (that is, that the structure presheaf on
an affine scheme is a sheaf). We have also formalised various tags in the Stacks Project [Sta18], an encyclopedic reference for modern algebraic geometry. Homological algebra is on the horizon, although we have made the design
decision to set up everything within the context of abelian
categories and are currently developing tactics to help with
diagram chasing. By “we” I mean the collection of mathematicians and computer scientists who are collaborating
to build Lean’s mathematics library, an open source library
of mathematics written in Lean which was started in 2017
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and now contains over a quarter of a million lines of code.
There are plenty of ways to get started learning the theory, and plenty of projects to work on. Within a few years
I believe that the library will cover all of undergraduate
pure mathematics. Another of my visions for the library is
that it becomes a 21st century version of Bourbaki. Indeed
much of Bourbaki’s Topologie Génerale is now formalised
in Lean, thanks to the efforts of (mathematician) Patrick
Massot, building on earlier work of (computer scientist)
Johannes Hölzl. Much of this was needed to formalise the
definition of a perfectoid space. We are only just beginning
to create an interface for the theory of local fields, however,
so proving Scholze’s tilting correspondence is still several
years away. Later on, we will ask whether proving profound
results like this is even the right thing to be doing.
3.5. Learning to fly. We have seen that ITPs, if taught by
humans, are capable of picking up the basics of mathematics, and are (completely unsurprisingly) capable of checking proofs which stick close to the axioms of mathematics,
such as most basic results in the first year of a mathematics
degree. We have also seen an example of a higher-powered
tactic, ring, which solves a problem for which working
axiomatically would be a chore. How much further away
from the axioms can we move?
The Yoneda lemma is a lemma in category theory where
the idea is, in some sense, in the theorem statement, and
the proof is to just chase the diagrams. It will come as
no surprise to hear that Lean can find the proof by itself; a generic “follow your nose” tactic has been written
by Scott Morrison at the Australian National University.
Morrison, a mathematician, is an expert in designing highpowered tactics in Lean which can discover proofs of statements such as this. Morrison is currently concentrating
on category theory, although the tactics he is developing
are slowly being taken up by developers in other areas of
mathematics in Lean. In particular, Lean already has some
kind of primitive intuition for mathematics, although this
intuition currently works better in some areas than others.
Gabriel Ebner, a computer scientist, is implementing a
second approach, where versions of Lean goals are passed
to an external system which specialises in solving firstorder logic problems, and the external system passes back
data which Lean then attempts to turn into a rigorous
proof. Such techniques (calling external solvers which
have been designed to solve certain types of logic problem) are referred to as “hammers” and they are already in
active use in several other ITPs—Lean is still playing catchup in this area. Indeed Sledgehammer [PB], developed
by a team led by Larry Paulson, was an extremely successful tool for the Isabelle/HOL proof system. Note however
that almost all experiments by computer scientists are restricted to the databases of formalised theorems which are
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currently available, and because available databases still do
not even cover all of undergraduate mathematics, one imagines that there is still much room for improvement.
3.6. Research-level mathematics. Mathematics is vast,
and growing quickly, and unless there is some kind of complete cultural change (which seems unlikely), one cannot
imagine humans formalising their proofs in an ITP rather
than typing them up into LATEX any time soon (it would
also make papers around four times longer; four seems to
be the current “de Bruijn factor” representing the ratio between the length of a formal proof and the length of the
corresponding LATEX proof). Similarly it would take an extraordinary breakthrough in machine learning before computers can start to read human-written papers.
There have been some spectacular one-off achievements
however. The two most obvious examples are [GAAea13]
(a formalisation of the proof of the Feit–Thompson odd order theorem in Coq) and [HAB+ 17] (a formalisation of the
Hales–Ferguson proof of the Kepler conjecture). These two
formalisations came about for two rather different reasons.
The Feit–Thompson work, led by Gonthier, was a demonstration that ITPs were capable of understanding a proof
which is of Fields medal standard. The Kepler conjecture
work, led by Hales, was an attempt to justify the correctness of the Hales–Ferguson proof, after the Annals of Mathematics chose to publish the paper proof whilst the referees
claimed that they were only “99% certain” of its correctness. To give another recent example, the 2017 Ellenberg–
Gijswijt proof [EG17] of the cap set conjecture, also published in the Annals, was formalised [DHL19] in Lean two
years later by Dahmen, Hölzl, and Lewis. These examples
show that it is now feasible for modern mathematics (or
at least some of it) to be formalised in “real time.” However the problem remains that there is no currently feasible
method to turn the corpus of modern mathematics into a
formally verified state.
3.7. Formal abstracts. But let us go back to the human
PhD student, who, when they start their research, does not
need to know all of the proofs of all of the theorems that
they will be using. The important thing is that they know
the statements. And teaching modern theorem statements
to a computer is well within our grasp.
Tom Hales has proposed, in his Formal Abstracts
project [Hal20], that the main theorem statements and definitions of mathematical papers be formalised in an ITP.
Proofs are not required. Hales has chosen Lean for the system he wants to use, but there is no reason why other
analogous projects cannot use other systems. One output of such a project would be a complex graph linking
important mathematical concepts, and which grows over
time. Hales imagines exploration tools enabling humans
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to analyse this graph, like a Google Earth for mathematics. Search for mathematical theorems would suddenly
become much easier—and the machine learning experts
would finally have something to get their teeth into. Math
Reviews and Zentralblatt contain human-written reviews
of modern mathematical papers, and writing a formal abstract would in many cases be easier than writing a review, as only the theorem statements would be required,
and once sufficiently many definitions are in the system,
formalising theorem statements becomes easy. As more
young mathematicians learn how to write mathematics in
this kind of software, the possibility of making such a database seems to be becoming ever more real. Such a project
seems to be a feasible way of digitising modern mathematics, and can be integrated into the hammers mentioned
previously in order to make more powerful proof search. If
PhD students are encouraged to formalise the statements
of the results they are claiming to prove, and the statements of some of the theorems they use, then such a database could begin to grow very quickly indeed.
The Formal Abstracts project offers a real possibility
of making an entirely new object—a digitisation of what
the modern mathematician believes, and a chance for machine learning experts to see what they can make of it in a
format which they can easily understand. If we, the mathematical community, build this database, then they, the
computer scientists, will come. In fact, they are waiting.

Final Thoughts
I have spoken a lot about Lean, but there are many other
systems available; Coq and Isabelle/HOL are also serious
systems with a lot of mathematics in, and there are others
too. The debate about which system is “best” is a complex one, involving technicalities about dependent types,
strong normalisation, and subject reduction, and is beyond the scope of this article.
All of the systems could be used for educational purposes at the undergraduate level; I use Lean with my 1st
year students and some of them love it. I run a weekly club,
the Xena project, where I teach undergraduates (and they
teach me) how to use Lean to do undergraduate and MSclevel mathematics in Lean. I would be extremely interested
in making one of these systems more user-friendly whilst
keeping it flexible enough to do a lot of undergraduatelevel mathematics. An interesting related question is how
to teach this topic to undergraduates—teaching material
for undergraduate mathematicians is currently being developed by a team consisting of both mathematicians and
computer scientists. The CoCalc website [SI20] enables
teams of people to work on Lean code in a collaborative
real-time environment and I have used this environment
for training undergraduates to use Lean.
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Whether or not they are used for teaching, it seems to
me inevitable that these systems will one day change the
way we do research. Writing proofs in these systems forces
a human to clarify their thinking, and will perhaps lead
them to discover better abstractions. Long proofs, too long
for any single human to comprehend every last detail of,
are becoming more commonplace. Can computers help
to check these? Looking further ahead, I believe that one
day our subject will experience a true culture shock, where
a computer announces a proof of a conjecture which humans are interested in, and if the argument is sufficiently
deep, then the computer might not be able to explain their
argument using a language that humans can understand.
But well before that happens, computers will become tools
which we can use to search for and verify lemmas in all areas of pure mathematics, and the sooner an area is taught
to one of these systems, the sooner computers will be able
to help. The Lean Prover community website at https://
leanprover-community.github.io/ and the Lean chatroom at https://leanprover.zulipchat.com/ are two
places to start, if people have any questions about what
some of us believe will be the future of mathematics.
I thank the members of the Lean Prover community,
and the anonymous referee, for their feedback on an earlier version of this article.
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MATH OUTSIDE THE BUBBLE

A Stand-Up Makes a
Math Joke…and It Lands
Sophia D. Merow
In the context of a calculus class, says John Allen Paulos,
the following “might be considered amusing”:
Person X: What’s the integral of 1/cabin with
respect to cabin?
Person Y: Log cabin.
Person X: No, houseboat; you forgot to add
the C!
Crack a joke before a more general audience, however,
and “almost any bit of math is likely to be too much,”
warns Paulos, the author of Mathematics and Humor. “Even
Pythagoras is liable to be understood as a skin condition.”
The math community at large seems to share Paulos’s dim assessment of a math joke’s chances. For when
evidence surfaced in April that an algebra-based bit of
stand-up had been delivered outside academe and elicited
neither groans nor glazed-over eyes but laughter there, Math
Twitter was taken aback.
“Unexpectedly solid math joke!” wrote University of
Wisconsin’s Jordan Ellenberg when he retweeted a video
of Darryl Charles explaining to a comedy club crowd how
binomial multiplication pertains to the emotional rollercoaster triggered by news from the White House.
Sophia D. Merow is a freelance writer and editor. Her email address is
sdmerow@gmail.com.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2173
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Figure 1. Darryl Charles delivers his FOIL joke.

“Bravest act by a comedian in any of our lifetimes,”
opined Desmos1 Chief Academic Officer Dan Meyer:
“pinning the punchline of a joke to an adult crowd’s recollection of FOIL.”
If you haven’t already, you should watch the YouTube
video (https://bit.ly/2LXnhRt) of Charles delivering
the joke—his timing and body language add dimensions
to the comedic effect—but in case you’re reading this in
an internet dead zone (or a library without headphones),
here’s the text of it:
1With its free online graphing calculator and hundreds of digital activities,

Desmos aims to “help every student learn math and love learning math.”
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So I figured out the algorithm to how we all respond
to Trump news. Yeah, sorry to bring him up. But
it’s math.
And the algorithm is disappointed plus surprised
squared. That’s how it works. And it works out, because if you use FOIL, you realize that you’re disappointed that you’re disappointed, then you’re disappointed that you’re surprised, then you’re surprised
that you’re disappointed, and then you’re surprised
that you’re surprised. That’s how it works—every
time.
Charles traces the joke’s genesis to a phone conversation
with a friend about “the Trump screw-up that particular
day.” “I said something to the effect of ‘my disappointment
and surprise are compounded each time,’” he recalls, “and
it went from there.” The joke made Charles laugh when
he thought of it, and he figured that most high school
graduates would have some memory of FOIL. Still, when
he debuted the joke at a comedy club open mic, he was
pleasantly surprised by the positive reception.
“It got an applause break,” Charles says, noting that open
mic audiences, often populated primarily by other comedians awaiting a turn, can be tough. “When that happened, I
was like, ‘Wow, I might have something here.’”
What Charles had was a math joke that works on multiple levels. “It sounded from the audience reaction that it
was widely accessible,” says Cornell’s Timothy Riley (who,
educated in the United Kingdom, hadn’t previously heard
of FOIL). “Just some hazy recollection of the algebra suffices to get the gist.”
Mathematicians consulted for this piece decried FOIL’s
limited usefulness and mourned that the mnemonic may
well be one of the few tidbits students retain from high
school math. They also, however, appreciated Charles’s
joke from an abstract algebra angle.
“The joke immediately causes me to start wondering
what type of ring he might be working in,” says Olivet
Nazarene University’s Justin Brown. “And I was pleasantly
surprised that it is noncommutative, since he makes it
clear that the order of surprise/disappointment makes a
difference.”
“A big part of the beauty of this joke is that he’s describing a noncommutative multiplication,” agrees Berry
College’s Ron Taylor. And Charles’s addition isn’t commutative either, Taylor notes: What Charles describes is a kind
of sequence of events where each term in the sum seems to
follow from, and depend on, the previous reaction. “I have
found myself wondering how much higher math Darryl
Charles knows and if he understands that he’s got a really
nice example of a noncommutative operation,” says Taylor.
Charles does, it’s safe to say, have a meatier mathematical background than the average comedian. He studied
electrical engineering at both the undergraduate and graduate levels, and worked as an engineer before pivoting to
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pursue comedy full-time. Charles’s formal education in
mathematics left him with a multifaceted appreciation
of the discipline. Not only is “the logic and ‘neatness’ of
numbers…very satisfying,” he says, but problem solving
is an invaluable skill beyond the classroom. “The biggest
benefit of STEM is to teach people how to think rationally
and independently.”
Math crops up in Charles’s comedy because his life experience informs his work and math has always been a “huge
part” of his life (“You could say it’s integral,” he quips).
But another connection exists, Charles says, in that the
analytical side of jokes is a bit mathematical. “You’re constantly trying to take things apart and explore why things
are the way they are, or make fun of them for being so,” he
explains. While deconstruction and attempted explanation
are generally encouraged in school, the impulse to poke
fun got Charles in trouble as a student. As a comedian, of
course, it’s his job.
Asked to respond to Taylor’s musings about his awareness of noncommutative operations, Charles replied this

A selection of math jokes cited by
mathematicians consulted for this column
(with their commentary in quotes):
1. Adult: What’s the biggest number there is?
Child: [Thinks for a while]…367.
Adult: That’s a big number, but what about 368?
Child: I was close!
“It’s ridiculous, but profound.” –Tim Riley
2. Q: What does the middle initial ‘B’ stand for in Benoit B.
Mandelbrot’s name?
A: Benoit B. Mandelbrot
“My single favorite math joke of all.” –Andrew Kern
3. Once, a mathematician, a biologist, and a physicist were
sitting in a sidewalk cafe when they noticed two people
going into the house across the street. A while later they
saw three people coming out.
The physicist says, “Our first count wasn’t accurate.”
The biologist concludes, “They must have reproduced!”
But the mathematician says, “Now if exactly one person
enters the house, it will be empty again.”
“I like jokes that seem to highlight the strange ways that
people think in mathematics.” –Justin Brown
4. There are 10 types of people in the world: people who
understand binary arithmetic, people who don’t, and
people who weren’t expecting this joke to be in ternary.
“I want to be clear that I didn’t make this one up. I just
really wish I had.” –Ron Taylor
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Math Outside the Bubble
way: “I was absolutely thinking about the noncommutative
property of F.O.I.L. in my joke. When I reference something
like a STEM concept in my jokes, I really do try to fully
honor that concept.”
Charles’s album “Black Gentrifier,” which includes the FOIL
joke, is available at darrylcharles.bandcamp.com. “And
feel free to follow me on the internet,” says Charles, “so I can
leverage those numbers into more gigs.”

Why navigate your
graduate school
experience alone?
“CROSSWORD! (or:
Diversion as a vehicle
for conversation on
power and usage)”

Sophia D. Merow
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KEYSTONES

Poisson Processes and
Linear Programs for
Allocating Shared Vehicles
Evan Fields
In 2019, micromobility—short urban trips taken on shared,
lightweight vehicles such as bikes and electric scooters—
became mainstream. For example, in Austin, the “scooter
capital” of the United States, there were more than 525,000
micromobility trips during the two weeks surrounding
South by Southwest, a festival held in Austin each spring.
My day job is math modeling at Zoba, a small Boston-based
startup providing data science tools for the growing micromobility industry. Much of our work involves using
mathematical models and detailed historical data—when
and where every trip starts and ends—to uncover patterns
in customer-desired trips so that mobility operators may
serve these trips.
The need to infer unobserved customer desires from
observed historical data is best illustrated by the difference
between utilization and demand. Utilization is simply the
set of rides customers take. Demand, however, is the set of
rides that customers would have taken in a counterfactual
world where there were infinite vehicles everywhere all
the time. Mobility providers should try to serve the actual
rides users demand, not their past utilization—and these
Evan Fields is the head of data science at Zoba. His email address is evan
@zoba.com.
Communicated by Notices Associate Editor Emilie Purvine.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2175
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two sets of rides are almost never the same! For example, I
might leave a coffee shop and look for a scooter to ride to
work. Ideally there’s a scooter waiting just outside the coffee
shop, but perhaps I check and see that the closest scooter
is a block away. So I walk down the block and begin a ride
where the scooter is, not where I actually wished I could
have started the ride. Because there are only finitely many
vehicles and these vehicles are never perfectly distributed,
many desired rides are substituted with an available ride or
never occur—and are thus never observed—at all.
At Zoba, we help micromobility operators infer the
spatio-temporal patterns of demand from their historical
rides data; understanding demand allows vehicles to be
placed to serve that demand. We model demand as a nonhomogenous Poisson point process. That is, the number
of customers who would like to start rides in a given area
over a given time interval has a Poisson distribution; the
expectation of that distribution depends on both the area
and the time. To infer patterns of demand for a given city,
we partition the city spatially into small geographic cells
and temporally into blocks of related times like “weekday
mornings” or “weekend afternoons.” Within each spatial
cell and time block, the Poisson arrival rate is modeled as
constant. Our task is then to estimate these cell-and-timewise arrival rates.
To do so, we make heavy use of two great properties
of Poisson processes: Poisson processes can be split into
subprocesses, and Poisson processes have exponential
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Keystones
interarrival times. Informally, a Poisson process with
rate λ can be split in the sense that if each arrival to the
process independently goes to locations A or B with respective probabilities p and (1–p), then arrivals to A and
B are both a Poisson process with respective rates λp and
λ(1–p). Splitting processes allow us to convert between
arrival rates for a spatial area and an individual vehicle.
Under the moderate assumption that vehicles of a given
type (such as scooters, bikes, etc.) are exchangeable, we
can split the arrival of customers to a given location with
k vehicles into k identical vehicle-specific processes, each
with 1/k the rate of the overall process. For example, if five
customers per hour arrive at a park looking for a scooter and
three identical scooters are present in the park, we assume
that each scooter individually has a Poisson arrival process
with rate 5/3 customers per hour.
The second property we rely on is that Poisson arrival
processes have exponentially distributed interarrival times.
For an individual-vehicle Poisson process, these interarrival
times have a natural interpretation: they are the durations
of the periods when the vehicle is idle and awaiting the
next customer. From historical rides data we can calculate
the duration of each idle period for each vehicle. Thus we
estimate the arrival rate of the vehicle-specific Poisson
processes at a given cell and time, and by joining these
vehicle-specific processes into a cell-wide process, we can
estimate the overall arrival rate—the demand—for the cell.
Our demand estimation procedure explicitly uses only
these basic properties of Poisson arrival processes. Nonetheless, nonhomogenous Poisson processes are such a
natural model for micromobility that these simple properties carry us far; the simple demand estimation strategy
outlined above (plus some corrections for weather and
seasonality) is used in cities around the world to infer latent
customer desires.
Inferred latent demand is most useful as a tool for operational decision making. A scooter company, for example,
might be interested in distributing vehicles so as to maximize the number of rides customers take. At Zoba, we use
large mixed-integer linear programming (MILP) models to
help mobility companies discover ride-maximizing vehicle
placements. These MILP models finely discretize time and
space, and the inferred latent demands are input data to
the model: they specify the average-case number of customers who want a ride at each time and location. Our MILP
models thus attempt to maximize the number of rides that
occur under average-case conditions.
These models can be fairly large. Roughly speaking, if
we optimize vehicle placements for a city over the course
of a day, there may be ~103 spatial cells and ~102 time
periods for a total of ~105 variables representing the (expected) number of vehicles at each location at each time.
The model’s constraints describe the movement of vehicles
throughout the city over the day: vehicles are conserved
December 2020

from one time period to the next and customers on rides
move according to historically observed patterns.
Furthermore, because a mobility operator cannot deploy
fractional vehicles, the thousands of variables representing per-location vehicle counts at the beginning of the
day should take integer values. So a typical model may
have hundreds of thousands of constraints and variables,
including thousands of variables with (non-binary!) integrality constraints. Integer programming is NP-hard, and
even with a state-of-the-art integer programming solver,
solving such a large discrete model to certified optimality
can take a prohibitively long time. In many mobility use
cases, solution time matters more than certified optimality.
Therefore, we instead solve the continuous relaxation of
the problem—a problem instance without the integrality
constraints—and apply specialized rounding heuristics to
the resulting fractional solutions. In short, the geometric
structure of mixed integer linear programs allows us to trade
strict optimality in order to discover near-optimal (small
duality gap) solutions quickly enough to inform dynamic
shared mobility operations.

Evan Fields

Credits

Author photo is courtesy of Joseph Brennan.
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Report of the Treasurer (2019)
Introduction
The Report of the Treasurer is presented in the Notices annually. Its purpose is to discuss the financial condition of
the Society as of the immediately preceding fiscal year-end
and the results of its operations for that same year. One
of the key responsibilities of the Treasurer is to lead the
Board of Trustees in the oversight of financial activities of
the Society. This is done through close contact with the
executive staff of the Society, review of internally generated
financial reports, review of audited financial statements,
and twice-yearly meetings with the Society’s independent
auditors. Through these and other means, the Trustees
gain an understanding of the finances of the Society and
the important issues surrounding its financial reporting.
This is my tenth and final Treasurer’s Report. My first
report, published in the December 2011 Notices, was on
the 2010 budget. Our balance sheets showed that the total
assets of the American Mathematical Society had taken
a notable step past the $100 million mark, to just under
$105.5 million. This year’s Balance Sheets on the 2019
budget shows the AMS assets passed $219 million. Most
of the gains have come from our investments, discussed in
detail below. The Treasurer’s Report is always written with
the assistance of the Chief Financial Officer
(CFO). Emily Riley started as CFO at the AMS
shortly after I became treasurer and will retire
a few months before I finish my term. She
has assisted me in all of my reports for the
Notices by supplying all of the financial data
and the preliminary analysis, so I want to take
the opportunity to publicly thank her for that
and for her invaluable financial guidance to
the Society during her time at the AMS.
During my term as Treasurer, the AMS has
continued to strengthen its financial position
and has accumulated ample resources to help
us deal with the current 2020 pandemic situation and beyond. I will turn to the analysis
of the financials of the AMS and discussion
All currency discussed in this report refers to US dollars.
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from 2019, the topic of this report, and then discuss briefly
the effect of the pandemic on the finances for 2020 and
potential impacts further out.
The greatest positive impact on the Society’s 2019 financial results came from the 25.8% return on the long-term
investment portfolio. Fortunately, the 2019 income from
the endowment and other restricted funds that support
AMS programs increased over the previous year, and it will
increase again in 2020 since we use a four-year average to
calculate spendable income for AMS programs from the
unrestricted investments. The net operating income for
the organization was $2.2 million as compared to $1.8
million in 2018, due to a slight increase in revenues and a
decrease in expenses.
When reviewing the financial results of the AMS presented here, it is important to note that the financial
support for its membership and professional programs is
derived from multiple sources. First, a board-designated
endowment fund, the Operations Support Fund (OSF),
provided $3,630,000 in operating support to the membership and professional programs in 2019. The OSF is a
fund that has grown throughout the years from operating
net income as well as investment gains. Because the fund

Figure 1
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is dependent upon market conditions, the amount provided
varies from year to year even though as mentioned above, it
is averaged over four years. In addition, the membership and
professional programs are supported through dues income
and contributions. Finally, the margin from the publication
programs supports these services as well. Without the margin
from both publications and the OSF income, dues and contributions alone would not provide enough support to continue professional programs, such as MathJobs, scholarships,
fellowships, and Notices and Bulletin.
The Society segregates its net assets, and the activities that
increase or decrease net assets, into two types: net assets with
donor restrictions and net assets without. Total net assets at
the end of 2019 were approximately $194 million, an increase
from 2018 due to gains on the Society’s long-term investments.
Net assets without donor restrictions are those that have no
requirements as to their use placed on them by donors outside
the Society. A substantial majority of the Society’s net assets
are in this category. Net assets with donor restrictions are
either temporarily or permanently restricted by
the donor. The net assets that are permanently
restricted are those that must be invested in perpetuity with the income spent only on specific
programs and prizes for which the donations
were intended, and are commonly referred
to as endowment funds. The accompanying
financial information principally relates to the
unrestricted net assets, as this category includes
the operating activities of the Society.

The Society’s 2019 operating expenses decreased by less than
1%. Personnel-related costs increased 2.3% due to costs related
to annual raises, and rising benefit costs. However, many other
costs decreased from the prior year. The AMS has been managing expenses well through various initiatives, resulting in
significant decreases to office expenses, travel and conferences,
insurance, and use of outside personnel/contractual services.
As shown in Figure 2, the Society’s net operating income
has been positive for many years, with net income (operating
revenues less expenses) of $2.2 million in 2019. Figure 3 shows
the breakdown of the major expenses of the Society. Similar
to other professional societies, the AMS’s largest expense is
personnel costs. As part of the AMS five-year strategic plan
implementation, the costs associated with various programs
throughout the organization have been and continue to be
reviewed to make certain operations remain efficient. These
and other measures will ensure the viability of AMS programs
for years to come.

Operating Results
The positive investment returns for 2019 are
shown in Figure 1, and together with data on
the left (Operating Revenues and Operating Income) show that the past three years have been
good years, financially, for the Society. Figure 1
also illustrates how important the unrestricted, Figure 2
long-term investments are to the financial
health of the organization, as the returns on
the investments are generally much higher than
the operating income. While there was a loss of
$10.3 million in 2018 on the unrestricted investment returns, there was a gain of $33.8 million
in 2019. As income from these unrestricted,
long-term investments is used by operations, the
spendable income is calculated using a four-year
average, which smooths out the effect of large
gains and losses in the investment markets.
As noted previously, the Society’s operating
revenues increased slightly over 2018 revenues.
Although there was an 11% increase in operating revenues from the endowment, publishing
revenues increased only 1.5% and some other
revenue categories decreased.
Figure 3
December 2020
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Figure 4 shows the General, Administrative and Fundraising Cost Ratio. This ratio is total fundraising, general
and administrative expense divided by total expenses.
Donors and non-profit watchdog groups often monitor
this ratio to ascertain if too much funding is being diverted
to administrative costs. Generally, this percentage should
be no greater than 25%, and the AMS is well below this
threshold at 11.9% in 2019. These ratios are derived from
the Statement of Functional Expenses located at the end
of this report.

Figure 4

For more detailed information regarding the Society’s
operating results, please see the financial statements,
including the Statements of Activities and Statement of
Functional Expenses, located at the end of this report.

2019 Statement of Financial Position
(Balance Sheet) Highlights
Another report within the financial statements, referred to
as the Statement of Financial Position, is also at the end
of this financial review. The Society continues to maintain
healthy balance sheets. Total net assets of the organization
are $194 million, of which $167 million are unrestricted.
Table 1 shows highlights of the Society’s major changes on
the Statement of Financial Position for 2019.

2019 Statements of Invested Funds
The Statements of Invested Funds are divided into the
permanently restricted funds that have been acquired from
donations in the form of endowment funds, and the funds
that have been designated by the Board of Trustees for
specific purposes (which we refer to as quasi-endowment
funds).
The Society’s Statements of Invested Funds is a listing of
the Society’s individual endowment and quasi-endowment
funds. In addition, the invested funds of the Society
contain a temporarily restricted fund, the Beal Prize,
which at year-end amounted to $1.8 million. The
corpus of this fund, $1,000,000, is set aside to fund a
prize for solving the Beal Conjecture. The spendable
income from the fund supports the Erdős Lecture
and other programs. Overall, the 2019 Statements
of Invested Funds show an increase of about $39
million compared to the prior year, because of the
25.8% return on the long-term investments and
approximately $1.2 million in donations added to
the permanent endowment during the year.
The quasi-endowment or board-designated funds
are set aside for various purposes. The Economic Stabilization Fund (ESF) is a fund set aside to cover the
postretirement benefit obligation and 50% of the
current annual operating expenses in case of disaster. The ESF also contains funds to self-insure against
flood risk. The Society’s largest quasi-endowment fund, the
Operations Support Fund (OSF), valued at approximately
$133.2 million, provided $3,630,000 in spendable income
to the AMS operations in 2019.

A Word About 2020
Like other non-profit organizations, businesses, and universities across the country, the AMS has been greatly impacted by the pandemic in 2020. Staff have been working
remotely at home since mid-March, and will most likely
continue to do so through the end of the year. Radical shifts
in operations due to COVID-19 have left academic-related
organizations such as the AMS unable to simply rely on

Table 1
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prior-year numbers to forecast finances and workforce
numbers. Operating revenues for 2020 are more unpredictable at this time than in previous years though the
predictions so far are that we will not lose a lot of money.
While the stock market has fluctuated greatly since February
2020, the Investment Committee met weekly during the
most volatile time and made some changes to the portfolio
to protect our endowments. The AMS has greatly reduced
expenses through various measures taken to prepare for
the possibility of even greater revenue reductions in 2021.
While expenses have been reduced during the pandemic,
the Society continues to look for ways to increase benefits
to its members in the mathematical community. For example, the AMS website provides online teaching resources,
and new methods for accessing MathSciNet remotely are
available. Members were offered some free e-book options,
and the membership dues have been adjusted to account
for unemployed members, new and old.

December 2020

Summary Financial Information
The following Statement of Financial Position (Balance
Sheet), Statement of Activities, and Statement of Functional
Expense are from the audited financial statements of the
AMS, and the Statements of Invested Funds are from the
internal financial records of the AMS. Any member may
contact the AMS to request the full audited statements of
the Society. As Treasurer I will gladly answer any questions
members may have regarding the financial affairs of the
Society. I am happy to have the opportunity to introduce
Doug Ulmer as the next Treasurer; he will take over on
February 1, 2021.

Notices of the American Mathematical Society

Respectfully submitted,
Jane M. Hawkins
AMS Treasurer
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AMERICAN MATHEMATICAL SOCIETY
STATEMENT OF FINANCIAL POSITION
DECEMBER 31, 2019
ASSETS

Cash
Certificates of deposit
Short-term investments
Accounts receivable, net of allowance of $54,380
Contributions receivable, net
Completed books
Deferred prepublication costs
Prepaid expenses and deposits
Long-term investments
Land, buildings and equipment, net
Intangible assets, net

$

916,669
2,349,000
14,480,502
597,974
614,068
2,035,209
613,847
1,582,888
190,533,413
4,337,565
1,150,477

TOTAL ASSETS

$ 219,211,612
LIABILITIES AND NET ASSETS

Accounts payable and accrued expenses
Accrued study leave pay
Deferred revenue
Post retirement benefit obligation
Total liabilities
Net assets:
Without donor restrictions:
Undesignated
Designated

4,600,281
792,281
12,469,895
7,131,977
24,994,434

4,424,172
162,158,927

Total without donor restrictions
With donor restrictions

166,583,099
27,634,079

Total net assets

194,217,178

TOTAL LIABILITIES AND NET ASSETS
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AMERICAN MATHEMATICAL SOCIETY
STATEMENT OF ACTIVITIES
FOR THE YEAR ENDED DECEMBER 31, 2019
Changes in net assets without donor restrictions:
Operating revenue:
Mathematical reviews
Journals
Books
Dues, services, and outreach
Investment returns:
Appropriated for spending
Short-term investments
Other publications-related revenue
Grants, prizes and awards
Meetings
Unrestricted contributions
Other
Total operating revenue

$

3,630,000
740,264
714,036
1,236,973
1,703,428
201,721
248,771
34,850,931

Expenses:
Program
Management and general
Fundraising
Total expenses
Increase in net assets from operations

28,633,655
3,383,243
600,509
32,617,407
2,233,524

Nonoperating revenues (expenses):
Release of board designated funds
Investment return on long-term investments, net
Infestment return appropriated for current operations
Gain on sale of IP addresses
Postretirement benefit-related changes other
than net periodic cost
Total nonoperating revenue (expense)
Change in net asset without donor restrictions
Changes in net assets with donor restrictions:
Contributions
Investment returns
Net assets released from restrictions
Change in net assets with donor restrictions
Change in net assets
Net assets - beginning

(628,784)
33,820,301
(3,630,000)
997,198
727,264
31,285,979
33,519,503
$

1,680,978
4,972,548
(1,017,894)
5,635,632
39,155,135
155,062,043

NET ASSETS - ENDING
December 2020

12,794,163
5,391,824
4,594,679
3,595,072

$ 194,217,178
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AMERICAN MATHEMATICAL SOCIETY
STATEMENT OF FUNCTIONAL EXPENSES
FOR THE YEAR ENDED DECEMBER 31, 2019

Program
Services

Management
and General

Fundraising

Total Expenses

Grants and awards
Salaries and wages
Employee benefits
Payroll taxes
Professional fees
Office expense
Occupancy
Royalties
Travel and conferences
Depreciation
Service contracts
Outside services
Insurance
Promotion and advertising
Miscellaneous

$

758,522
14,514,395
3,873,435
1,028,759
84,965
2,371,171
477,165
528,750
1,444,501
821,503
380,874
1,780,444
166,958
83,139
319,074

$

1,477,520
415,674
151,866
88,961
47,556
47,444
240,107
252,211
98,806
377,918
22,258
84
162,838

$

353,147
70,136
27,607
5,776
53,879
2,068
28,377
5,363
4,306
24,471
970
13,709
10,700

$

758,522
16,345,062
4,359,245
1,208,232
179,702
2,472,606
526,677
528,750
1,712,985
1,079,077
483,986
2,182,833
190,186
96,932
492,612

Total expenses

$

28,633,655

$

3,383,243

$

600,509

$

32,617,407
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American Mathematical Society
Statement of Invested Funds
as of December 31, 2019 and 2018
Endowment Funds:
Income Restricted:
Research Prize Funds
Steele
Birkhoff
Veblen
Wiener
Bocher
Conant
Birman Fellowship
Cole Number Theory
Cole Algebra
Satter
Chevalley Fund
Doob Prize
Robbins Prize
Eisenbud Prize
Grenander
Bertrand Russell Prize
Other Prize and Award Funds
Morgan Prize
Albert Whiteman
Arnold Ross Lectures
Trjitzinsky
C.V. Newsom
Centennial
Menger
Ky Fan (China)
Impact Award
Green Fund for Diversity & Inclusion
Epsilon
Next Generation Fund (NGF)
Miriam Mirzakhani (NGF)
William Leveque Fund (NGF)
Einstein Lecture
Exemplary Program
Mathematical Art

12/31/2019 12/31/2018
Total Value Total Value
1,033,485
849,642
129,861
106,760
118,241
97,207
107,524
88,397
108,618
89,296
68,877
56,625
768,120
543,119
114,151
93,845
113,715
93,486
141,800
116,576
157,547
129,522
133,245
109,543
97,461
80,124
96,987
79,734
115,448
94,911
127,644
104,938

25,000
95,513
109,779
296,030
100,000
61,183
103,250
366,757
22,110
26,000
2,369,050
2,667,440
46,884
1,000
100,000
120,000
40,000

74,955
181,677
185,824
946,523
386,412
206,116
194,531
663,755
38,569
33,548
4,147,422
3,082,498
53,060
1,000
192,153
213,754
60,972

61,622
149,359
151,843
778,149
317,674
169,451
159,927
545,681
31,708
27,580
3,367,647
1,630,299
24,670
0
157,971
175,730
50,126

8,288,076

14,095,491

10,533,162

135,173
100,000
548,223
573,447
189,309
51,347
2,575

1,082,125
187,659
5,595,869
1,060,953
356,441
333,394
31,427

875,020
154,235
4,598,840
871,989
292,956
274,014
25,830

Total (Income Unrestricted)

1,600,074

8,647,868

7,092,884

Total Endowment Funds

9,888,151

Total (Income Restricted)
Income Unrestricted:
Endowment
Morita
Henderson
Schoenfeld/Mitchell
Laha
Ritt
Moore

December 2020

Original Gift
at 12/31/2019
145,511
50,232
61,599
63,773
66,557
9,477
625,835
66,813
66,463
74,720
115,100
80,000
57,250
60,000
94,596
100,155

22,743,360

17,626,046

Quasi-Endowment Funds:
Journal Archive Fund
Young Scholars
Economic Stabilization Fund (ESF)
Backfile Digitization Fund
Strategic Initiative Fund
Kathleen Baxter Memorial Fund
Operations Support Fund (OSF)

1,967,398
1,145,858
25,015,821
96,207
372,882
357,120
133,203,639

1,869,077
939,242
25,402,940
76,502
332,846
292,724
103,642,293

Total Quasi-Endowment Funds
Beal fund (temporarily restricted)
Amounts owed to operations

162,158,925 132,555,624
1,827,823
1,473,402
3,803,305

Total Long Term Investments

190,533,413
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AMS Prizes & Awards
Joan and Joseph Birman
Fellowship for
Women Scholars
About this Fellowship
The Joan and Joseph Birman Fellowship for Women Scholars is a mid-career research fellowship specially designed to
fit the unique needs of women. The fellowship seeks to address the paucity of women at the highest levels of research
in mathematics by giving exceptionally talented women
extra research support during their mid-career years. The
most likely awardee is a mid-career woman, based at a
US academic institution, with a well-established research
record in a core area of mathematics. The fellowship will
be directed toward those for whom the award will make a
real difference in the development of their research career.
Next Award: The award for the 2021–2022 academic year
will be in the amount of $50,000.
Application Deadline: The application period is September
1, 2020, through December 1, 2020.
Application Procedure: Learn more about the application process and requirements at https://www.ams.org
/Birman-fellow.

1814

AMS Centennial
Research Fellowship
About this Fellowship
The AMS Centennial Research Fellowship Program makes
an award annually to an outstanding mathematician to
help further their career in research. The primary selection
criterion for the Centennial Fellowship is the excellence of
the candidate's research.
Next Award: The fellowship to be awarded for 2021–2022
will be in the amount of $50,000. The award is to be used
for course release, research-related travel, and research-related expenses. Applications should include a cogent plan
indicating how the fellowship will be used. The selection
committee will consider the plan in addition to the quality
of the candidate’s research and will award the fellowship
to those for whom the award would make a real difference
in the development of their research careers. Work in all
areas of mathematics, including interdisciplinary work, is
eligible.
Application Deadline: The application period is September
1, 2020, through December 1, 2020.
Application Procedure: Learn more about the application process and requirements at https://www.ams.org
/emp-centflyer.
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Joint Prizes & Awards
2021 MOS–AMS
Fulkerson Prize

December 2020

The AMS supports early career mathematicians with opportunities for career development, access to information and job listings,
connections with prospective employers, and
valuable member benefits, including:
Individual AMS members receive
free standard shipping on orders delivered
to addresses in the United States
(including Puerto Rico) and Canada
Discounts on AMS/MAA Press titles
Reduced registration at the Joint Mathematics
Meetings and AMS Sectional Meetings
Free subscriptions to Notices of the AMS
and Bulletin of the AMS

Discounted dues rates for
early career mathematicians
are available for 2021:
Graduate/Undergraduate
Student Rate

Introductory Rate*

$51 $77
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The Fulkerson Prize Committee invites nominations for
the Delbert Ray Fulkerson Prize, sponsored jointly by the
Mathematical Optimization Society (MOS) and the American Mathematical Society (AMS). Up to three awards of
US$1,500 each are presented at each (triennial) International Symposium of the MOS. The Fulkerson Prize is for
outstanding papers in the area of discrete mathematics. The
prize will be awarded at the 24th International Symposium
on Mathematical Programming to be held in Beijing, China
on August 15–20, 2021.
Eligible papers should represent the final publication
of the main result(s) and should have been published
in a recognized journal or in a comparable, well-refereed
volume intended to publish final publications only, during
the six calendar years preceding the year of the Symposium
(thus, from January 2015 through December 2020). The
prizes will be given for single papers, not series of papers
or books, and in the event of joint authorship the prize
will be divided.
The term “discrete mathematics” is interpreted broadly
and is intended to include graph theory, networks, mathematical programming, applied combinatorics, applications
of discrete mathematics to computer science, and related
subjects. While research work in these areas is usually not
far removed from practical applications, the judging of
papers will be based only on their mathematical quality
and significance.
Previous winners of the Fulkerson Prize are listed here:
www.mathopt.org/?nav=fulkerson#winners. Further
information about the Fulkerson Prize can be found at
www.mathopt.org/?nav=fulkerson and https://www
.ams.org/prizes-awards/paview.cgi?parent_id=17.
The Fulkerson Prize Committee consists of
• Gerard Cornuejols (Carnegie Mellon University)
• Eva Czabarka (University of South Carolina)
• Daniel Spielman (Yale University)
Please send your nominations (including reference
to the nominated article and an evaluation of the work)
by February 15th, 2021 to the chair of the committee.
Electronic submissions to gc0v@andrew.cmu.edu are
preferred.
Gerard Cornuejols
Tepper School of Business
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213, USA
e-mail: gc0v@andrew.cmu.edu

AMS Membership
for Early-Career
Mathematicians

*Applies per year to the first
five consecutive years of
regular membership. Eligibility
begins with the first year of
membership in any category
other than Student, Graduate
Student, or Affiliate.

Join OR
Renew
your AMS membership today by visiting:
www.ams.org/membership
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Mathematics People
García Ferrero Awarded
Rubio de Francia Prize 2019
María Ángeles García Ferrero of the
University of Heidelberg has been
awarded the 2019 José Luis Rubio de
Francia Prize by the Royal Spanish
Mathematical Society (RSME) for
her work in the field of partial differential equations and, in particular,
her theory of global approximation
for the heat equation and its application to the study of hot spots
María Ángeles
García Ferrero
and isothermal surfaces, developed
in collaboration with Alberto Enciso and Daniel Peralta.
García Ferrero received her PhD in mathematics from the
Complutense University of Madrid and then became a postdoctoral researcher at Max Planck Institute for Mathematics
in the Sciences in Leipzig, Germany. Her interests include
complex problems that analyze not only different aspects
of differential equations but also important issues of topology, differential geometry, mathematical physics, and
their applications. She tells the Notices: “I love reading and
one of my favorite topics is nautical stories. Water striders
were one of the last reasons which made me to decide to
study physics. In a beautiful problem in the Spanish Physics
Olympiad, we had to estimate their weight.”
The award carries a cash award of 3,000 euros (approximately US$3,600) and a grant from the BBVA Foundation
of 35,000 euros (approximately US$42,000) to support
three years of research by the prize awardee.
The prize honors the memory of renowned Spanish
analyst José Luis Rubio de Francia (1949–1988) and is
awarded annually to a mathematician from Spain or who
has received a PhD from a university in Spain and who is at
most thirty-two years of age, for high-caliber contributions
to any area of pure or applied mathematics.
—From an RSME announcement

2020 Dirac Medals Awarded
The International Centre for Theoretical Physics (ICTP) has awarded
the Dirac Medals for 2020 to three
researchers whose work involves the
mathematical sciences. André Neveu
of the University of Montpellier,
France, Pierre Ramond of the University of Florida, and Miguel Virasoro of the Universidad Nacional
de General Sarmiento, Argentina,
André Neveu
were honored “for their pioneering
contributions to the inception and
formulation of string theory which
introduced new Bosonic and Fermionic symmetries into physics.” Neveu
works in string theory and quantum
field theory. He was educated at École
Normale Supérieure and held positions at Princeton University, the
Institute for Advanced Study, École
Normale Supérieure, and CERN. RaPierre Ramond
mond is considered the initiator of
the development of superstring theory. He completed the
Bosonic string theories available in the early 1970s with
Fermionic strings, generalizing the Virasoro algebra to a
superconformal algebra, called the Super Virasoro algebra.
He has held positions at Yale University and the California Institute of Technology. He was awarded the Dannie
Heineman Prize for Mathematical Physics in 2015. Virasoro
is well known for his research in theoretical physics and
mathematical physics. He has held positions at the University of Wisconsin, the University of California, Berkeley,
the Institute for Advanced Study, and the École Normale
Supérieure. He taught for thirty years at Università di Roma
“La Sapienza.” He is known for his discovery of the Virasoro
model, a closed string model, as well as the introduction of
the Virasoro algebra, a crucial tool in string theory.
—From an ICTP announcement
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Australian Academy
of Science Awards
The Australian Academy of Science
has honored three researchers whose
work involves the mathematical sciences. Two researchers were awarded
Christopher Heyde Medals. Jennifer
Flegg of the University of Melbourne
was honored for her work developing
“predictive statistical models in space
and time for the level of drug resistance” in malaria. She also develops
Jennifer Flegg
mathematical models “to describe
and help understand the ways that cells and chemicals interact with each other during the healing of a skin wound.”
Flegg tells the Notices: “In my spare time, I’m kept pretty
busy with two young children.” Ryan Loxton of Curtin
University was honored with a Heyde Medal for “pioneering new mathematical algorithms for optimizing complex
systems in a wide range of applications such as mining,
robotics, agriculture, and industrial process control.” He
has collaborated with many companies, and his work has
led to “innovative mathematical techniques for solving
real-world problems, such as providing algorithms for a
quantum technology platform that optimizes the sequence
and timing of maintenance activities in mine plant shutdowns.” The 2020 Fenner Medal was awarded to Michael
Bode of the Queensland University of Technology for his
work developing “new mathematical theory and tools to
better understand the Earth’s threatened ecosystems to
more effectively conserve them into the future.” Bode has
used mathematical logic “to convince scientists and managers to rethink conservation dogma and decision-making
approaches to conservation across the world, especially of
coral reef ecosystems. His marine science work has focused
on developing new statistical tools to measure dispersal
patterns and new mathematical theories to understand the
implications of these patterns.”
—From an Australian Academy of Sciences announcement

2020 Davidson Fellows
Two high school students whose projects involved the
mathematical sciences have been named 2020 Davidson
Fellows.
Lev Kruglyak of Irvine, California,
received a US$25,000 scholarship for
his project “The Rational Cherednik
Algebra of Type A 1 with Divided
Powers.” His project studied a class of
mathematical objects called rational
Cherednik algebras, which appear
in the intersection of algebraic geometry, representation theory, and
mathematical physics. After taking a
Lev Kruglyak
year to intern as a software engineer,
he plans to attend Harvard University in 2021 to study pure
mathematics. His interests include wrestling on his high
school varsity team, tutoring math at the Russian School of
Mathematics, and hiking and biking the various mountain
trails in Orange County.
Jason Liu of Reno, Nevada, was
awarded a US$10,000 scholarship for
his project “Quantum Integer-Valued
Polynomials.” His project works with
q-deformations: essentially, the study
of the properties of various mathematical objects (such as integers,
factorials, and polynomials) after
an extra variable q is introduced to
them. He recently graduated from
Jason Liu
the Davidson Academy in Reno and
plans to attend the Massachusetts Institute of Technology
in the fall to study mathematics, computer science, and
physics. This project was a finalist in the Regeneron Science
Talent Search. He plays piano, both classical Western and
traditional Chinese pieces.
The Davidson Fellows program, a project of the Davidson Institute for Talent Development, awards scholarships
to students eighteen years of age or younger who have created significant projects that have the potential to benefit
society in the fields of science, technology, mathematics,
literature, music, and philosophy.
—From a Davidson Fellows announcement
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Prizes of the Mathematical
Society of Japan

Royal Society of
Canada Elections

The Mathematical Society of Japan (MSJ) has awarded
several prizes for 2020. The Autumn Prize was awarded to
Masaaki Umehara and Kotaro Yamada, both of the Tokyo
Institute of Technology, for outstanding contributions to
differential geometry of surfaces with singularities and surfaces in Lorentz–Minkowski space. The Autumn and Spring
Prizes are the most prestigious prizes awarded by the MSJ
to its members. The Autumn Prize is awarded without age
restriction to people who have made exceptional contributions in their fields of research.
The Analysis Prizes were awarded to Hirokazu Ninomiya of Meiji University for the study of higher dimensional pattern dynamics by singular limit analysis; to Kengo
Matsumoto of Joetsu University of Education for the study
of symbolic dynamical systems and C*-algebras; and to
Hideki Miyachi of Kanazawa University for the study of
complex analysis on Teichmüller space.
The Geometry Prize was awarded to Mikiya Masuda of
Osaka City University for studies on transformation groups
focused on toric topology.
Takebe Katahiro Prizes were awarded to the following
individuals: Yuya Matsumoto, Tokyo University of Science, for research on K3 surfaces in mixed and positive
characteristic; Shinichi Matsumura, Tohoku University, for
complex analytic studies on vanishing theorems and their
applications to geometry; and Hirokazu Saito, University
of Electro-Communications, for mathematical analysis of
free boundary problems arising in fluid mechanics.
Takebe Katahiro Prizes for Encouragement of Young
Researchers were awarded to the following individuals:
Masato Hashizume, Hiroshima University, for study on
the loss of compactness phenomena of noncompact variational problems; Yosuke Kubota, Shinshu University,
for applications of operator K-theory in geometry; Yuta
Kusakabe, Osaka University, for studies on Oka manifolds
and ellipticity; Shohei Nakamura, Saitama University, for
applications of various inequalities in harmonic analysis
to open problems; Yohei Sakurai, Tohoku University, for
comparison geometry and geometric analysis on Riemannian manifolds with boundaries; and Daichi Takeuchi,
University of Tokyo, for study on epsilon factors of ℓ-adic
sheaves.

The Royal Society of Canada (RSC) has elected eighty-seven
new Fellows in the Academies of Arts and Humanities, Social Sciences, and Science for 2020. The new Fellows whose
work involves the mathematical sciences follow.
Askold Khovanskii of the University of Toronto “is an
internationally recognized scientist whose research has had
a great impact on the mathematical and computer sciences
communities. His solutions of deep and complex problems
seem simple and natural. He created topological Galois
theory (a totally new branch of classical Galois theory) and
the highly original theory of fewnomials (in complexity
theory). He is one of the creators of the theories of Newton
polyhedral and of Newton–Okounkov bodies.”
Bojan Mohar of Simon Fraser University “is a world-leading graph theorist who has deeply contributed to central
areas in discrete mathematics. His deep and fundamental
results advanced algebraic, structural, and topological
graph theory and influenced theoretical computing, mathematical chemistry, and other fields.” His awards and honors
include the Euler Medal of the Institute of Combinatorics
and its Applications (ICA) and the John L. Synge Award
of the RSC. He is a Fellow of the AMS and the Society for
Industrial and Applied Mathematics (SIAM).
Louis-Paul Rivest of the University of Laval “is an
applied statistician holding a Canada Research Chair in
Statistical Sampling and Data Analysis. He is a pioneer
of the mathematical theory of copulas for modeling stochastic dependence. His works in multivariate analysis, in
directional statistics, on capture–recapture models and in
survey sampling have had a fundamental impact on the
applications of statistical sciences in finance, in actuarial
sciences, in social statistics, in environmental science, and
in biomechanics.”
Zhangxing Chen of the University of Calgary holds the
NSERC/Alberta Innovates/Energy Simulation Senior Industrial Research Chair. His group uses modeling and simulation to develop new, more economical, and more sustainable ways to recover heavy oil and oil sands resources.
His “exceptional work has led to the establishment of the
most prominent collaborative consortium and a spin-off
company.” He was awarded the CAIMS-Fields Industrial
Mathematics Prize in 2018. He is also a recipient of the
Synergy Award for Innovation of the Natural Sciences and
Engineering Research Council of Canada. He is a Fellow of
the Canadian Academy of Engineering and the Engineering
Institute of Canada.
Alla Sheffer of the University of British Columbia “is
a world leader in computer graphics and geometry processing.” She develops “innovative methods for modeling

—From MSJ announcements
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shapes that facilitate computational fabrication, garment
design, computer animation, and mechanical engineering. Her methods, some of which had been incorporated
into major modeling software packages, enable computer
animators, designers, and artists to easily generate and
manipulate computer models of complex real-world and
imaginary shapes.”

Credits

Photo of María Ángeles García Ferrero is courtesy of MPIMIS.
Photo of André Neveu is courtesy of University of California,
Santa Barbara.
Photo of Pierre Ramond is courtesy of Lisa Ramond Kistner.
Photo of Jennifer Flegg is courtesy of Jennifer Flegg.
Photos of Lev Kruglyak and Jason Liu are courtesy of the Davidson Institute for Talent Development.

—From an RSC announcement

NDSEG Graduate
Fellowships
The National Defense Science and Engineering Graduate
Fellowships program has awarded its fellowships for 2020.
The fellows in the mathematical sciences follow, along with
their planned graduate institutions and the agency granting
the fellowships.
Mathematics
• Mallory Gaspard, Cornell University, Army Research Office (ARO)
• Matthew Larson, Stanford University, Air Force
Office of Scientific Research (AFOSR)
• Frederick Law, New York University, AFOSR
• Douglas Stryker, Princeton University, AFOSR
• Sarah Sundius, Georgia Institute of Technology,
ARO
Computer and Computation Sciences
• Alex Hanson, University of Maryland, College
Park, Office of Naval Research (ONR)
• Samuel Judson, Yale University, ONR
• William Kretschmer, University of Texas, Austin,
ARO
• Cassidy Laidlaw, University of California, Berkeley, ARO
• Randolph Linderman, Duke University, AFOSR
• Benjamin Miller, University of Texas, Austin,
AFOSR
• Yue Niu, Carnegie Mellon University, AFOSR
• John San Soucie, Massachusetts Institute of Technology, ONR
• Vishnu Sarukkai, Stanford University, ARO
• Martin Schneider, Massachusetts Institute of
Technology, ARO
• Katherine Skocelas, Michigan State University,
AFOSR
• Maya Varma, Stanford University, AFOSR
• Jack Wang, Cornell University, AFOSR
• Matthew Weidner, Carnegie Mellon University,
ONR
—NDSEG announcement
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Community Updates
Departments Coordinate
Job Offer Deadlines
For the past twenty-one years, the American Mathematical
Society has led the effort to gain broad endorsement for
the following proposal:
That mathematics departments and institutes agree not
to require a response prior to a certain date (usually around
February 1 of a given year) to an offer of a postdoctoral
position that begins in the fall of that year.
This proposal is linked to an agreement made by the
National Science Foundation (NSF) that the recipients of
the NSF Mathematical Sciences Postdoctoral Fellowships
would be notified of their awards, at the latest, by the end
of January.
This agreement ensures that our young colleagues entering the postdoctoral job market have as much information
as possible about their options before making a decision. It
also allows departmental hiring committees adequate time
to review application files and make informed decisions.
From our perspective, this agreement has worked well and
has made the process more orderly. There have been very
few negative comments. Last year, more than 180 mathematics and applied mathematics departments and institutes
endorsed the agreement.
Therefore, we propose that mathematics departments
again collectively enter into the same agreement for the
upcoming cycle of recruiting, with the deadline set for Monday, February 1, 2021. The NSF’s Division of Mathematical
Sciences has already agreed that it will complete its review
of applications and electronically notify all applicants no
later than Friday, January 22, 2021.
The American Mathematical Society facilitated the process by sending an email message to all doctoral-granting
mathematics and applied mathematics departments and
mathematics institutes. The list of departments and institutes endorsing this agreement was widely announced
on the AMS website beginning November 1, 2020, and is
updated weekly until mid-January.
We ask that you view this year’s formal agreement at
https://www.ams.org/employment/postdoc-offers
.html, along with this year’s list of adhering departments.
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Important: To streamline this year’s process for all involved, we ask that you notify Dr. Torina Lewis at the AMS
(postdoc-deadline@ams.org) if and only if:
(1) your department is not listed and you would like
to be listed as part of the agreement;
or
(2) your department is listed and you would like to
withdraw from the agreement and be removed
from the list.
Please feel free to email us with questions and concerns.
Thank you for consideration of the proposal.
—Catherine A. Roberts
AMS Executive Director
Torina Lewis
AMS Associate Executive Director

AMS Congressional
Fellow Announced
The 2020–2021 AMS Congressional
Fellowship has been awarded to
Rachel Levy. Levy received her PhD
in applied mathematics from North
Carolina State University. Most recently, she served as the Deputy Executive Director of the Mathematical
Association of America. Prior to that,
she was a Professor of Mathematics
and Associate Dean for Faculty DeRachel Levy
velopment at Harvey Mudd College.
Levy has been an active member of the mathematics
community through her many roles at the Society for
Industrial and Applied Mathematics (SIAM), Conference
Board of the Mathematical Sciences (CBMS), Mathematical
Association of America (MAA), Transforming Post-Secondary Education in Math (TPSE), Association for Women in
Mathematics (AWM), and the National Science Foundation
(NSF). She is an award-winning writer and cofounder of
both the Business Industry and Government Mathematics
Network and the Math Modeling Hub. Her career-focused
book and interview card game have helped both students
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and faculty transition from academia to industry, and her
blogging has led to media appearances in venues such as
Ed Week, Slate, NPR, and even Australian Radio.
The Congressional Fellowship program is administered
by the American Association for the Advancement of Science (AAAS) and provides an opportunity for scientists
and engineers to learn about federal policy making while
contributing their knowledge and analytical skills to the
process. Fellows spend a year working on the staff of a member of Congress or a congressional committee, working as
a special legislative assistant in legislative and policy areas
requiring scientific and technical input. The fellowship
program includes an orientation on congressional and
executive branch operations and a year-long professional
development program.
The fellowship is designed to provide a unique publicpolicy learning experience to demonstrate the value of
science–government interaction and to bring a technical
background and external perspective to the decision-making process in Congress.
For more information on the AMS Congressional Fellowship, see https://bit.ly/2X5Yi3D.
—Anita Benjamin
AMS Office of Government Relations

Weekes Named
SIAM Executive Director
The Society for Industrial and Applied
Mathematics (SIAM) has named Suzanne L. Weekes of Worcester Polytechnic Institute its new executive
director. Weekes is currently Associate Dean of Undergraduate Studies
(interim) and Professor of Mathematical Sciences at WPI. She will
begin her appointment on January 1,
2021, succeeding James M. Crowley.
Suzanne L. Weekes
Weekes earned her BA in mathematics in 1989 from Indiana University and her PhD in mathematics and scientific computing from the University of Michigan in 1995. She did
postdoctoral work at Texas A&M University. Her research is
in numerical methods for differential equations and computational fluid dynamics, including applications to spatiotemporal composites and cancer growth. Her work also
focuses on initiatives connecting the academic mathematics
community to mathematics and statistics work in business,
industry, and government and on communities traditionally underrepresented in mathematics. She is a cofounder
and codirector of the national Preparation for Industrial
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Careers in Mathematical Sciences (PIC Math) Program and
founding codirector of the Mathematical Sciences Research
Institute Undergraduate Program (MSRI-UP), which has
helped a large number of women of color to continue their
educations in graduate school. She is a recipient of the 2020
Mathematical Association of America (MAA) Haimo Award
for Distinguished College or University Teaching and of
the 2019 M. Gweneth Humphreys Award for Mentorship
of Undergraduate Women of the Association for Women
in Mathematics (AWM).
Weekes is a member of the AMS Committee on Science
Policy. Her service to SIAM includes the SIAM Council, the
Science Policy Committee, the Education Committee (past
chair), and the Task Force on Future Research Directions for
NSF in the Era of COVID-19. She is an At-Large Member
of the Executive Committee of the Association for Women
in Mathematics (AWM) and is a member of the National
Association of Mathematicians (NAM).
—From a SIAM announcement

AMS Department
Chairs Workshop
The annual workshop for department chairs will be held in
a virtual format on Thursday, January 14, 2021, the week
following the Joint Mathematics Meetings.
Workshop leaders will be Luca Capogna, Professor and
Head, Department of Mathematical Sciences, Worcester
Polytechnic Institute; Kevin Knudson, Professor and Chair,
Department of Mathematics, University of Florida; and
Jennifer Zhao, Professor and former Chair, Department of
Mathematics and Statistics, University of Michigan-Dearborn.
Like almost every aspect of society, higher education has
been in a state of turmoil since the COVID-19 pandemic
hit. The 2021 AMS Department Chairs Workshop will
provide an opportunity to share experiences and reflect on
what math department chairs, math departments, and colleges and universities are doing to react to the emergency.
Some of the emerging issues have to do with resources,
handling stress (students, staff, and faculty), and how to
deliver our curriculum under new paradigms.
In an effort to best respond to the changing landscape
due to the pandemic, topics for the workshop will be
finalized in the weeks before the workshop. Registered
participants will receive a short questionnaire in December
about the demographics of their departments and about
potential topics for discussion at the workshop.
The registration fee for the workshop is US$50 for
AMS members and US$100 for non-members. If you are
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interested in attending, please register online at https://
bit.ly/3l8aRGL by December 18, 2020. For more information, please visit the department chairs workshop webpage at https://www.ams.org/chairsworkshop2021 or
email chairsworkshop@ams.org.
—Anita Benjamin
AMS Office of Government Relations

2021 Class of Fellows
of the AMS Selected
A list of those who have been selected for the 2021 Class of
Fellows of the AMS is now available on the AMS website.
The list is located at https://www.ams.org/profession
/new-fellows.
—AMS Programs Department

Deaths of AMS Members
Utpal Banerjee, of Fremont, California, died on August
1, 2017. Born on August 4, 1942, he was a member of the
Society for 49 years.
Vladimir Shepselevich Bourd, of San Diego, California,
died on June 17, 2017. Born on March 10, 1938, he was a
member of the Society for 22 years.
Chao Ping Chang, of Auckland, New Zealand, died
on August 24, 2017. Born on January 11, 1923, he was a
member of the Society for 53 years.
John Clark, of New Zealand, died on July 15, 2017.
Born on October 4, 1943, he was a member of the Society
for 44 years.
Spencer E. Dickson, of Ames, Iowa, died on July 1, 2017.
Born on December 17, 1938, he was a member of the Society for 55 years.
Joe Diestel, professor, Kent State University, died on August 17, 2017. Born on January 27, 1943, he was a member
of the Society for 30 years.
Hiroshi Gunji, of Madison, Wisconsin, died on July
11, 2017. Born on June 14, 1928, he was a member of the
Society for 58 years.
Guy Johnson Jr., of Loveland, Colorado, died on August
30, 2017. Born on March 11, 1922, he was a member of the
Society for 63 years.
Norman W. Johnson, of Norton, Massachusetts, died
on July 13, 2017. Born on November 12, 1930, he was a
member of the Society for 21 years.
Russell A. Johnson, professor, University of Florence,
died on July 22, 2017. Born on January 27, 1947, he was a
member of the Society for 39 years.
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Jean-Pierre Kahane, of France, died on June 21, 2017.
Born on December 11, 1926, he was a member of the Society for 59 years.
Franz W. Kamber, of Germany, died on June 13, 2017.
Born on June 19, he was a member of the Society for 52
years.
William C. Lordan, of Calumet City, Illinois, died on
June 26, 2017. Born on March 23, 1932, he was a member
of the Society for 61 years.
William S. Massey, of Hamden, Connecticut, died on
June 17, 2017. Born on August 23, 1920, he was a member
of the Society for 74 years.
Uta C. Merzbach, of Georgetown, Texas, died on June
27, 2017. Born on February 9, 1933, she was a member of
the Society for 42 years.
Stephen Ames Mitchell, professor, University of Washington, died on August 17, 2017. Born on August 17, 1951,
he was a member of the Society for 41 years.
Cathleen S. Morawetz, professor, New York University–
Courant Institute, died on August 8, 2017. Born on May 5,
1923, she was a member of the Society for 67 years.
Marina Ratner, professor, University of California,
Berkeley, died on July 7, 2017. Born on October 30, 1938,
she was a former member of the Society in 1975.
Thomas L. Saaty, of Pittsburgh, Pennsylvania, died on
August 14, 2017. Born on July 18, 1926, he was a member
of the Society for 64 years.
Prasanna Sahoo, of Chengdu, China, died on June 18,
2017. Born on March 10, 1951, he was a member of the
Society for 38 years.
Rainer Schumann, of Germany, died on July 22, 2017.
Born on April 6, 1953, he was a member of the Society for
25 years.
William T Sledd, of East Lansing, Michigan, died on July
6, 2017. Born on August 25, 1935, he was a member of the
Society for 56 years.
Romeo F. Thomas, professor, Embry-Riddle Aeronautical
University - Prescott, died on June 19, 2017. Born on July
1, 1944, he was a member of the Society for 32 years.
Heinz G. Tillmann, of Munster, Germany, died on August
26, 2017. Born on January 1, 1958, he was a member of
the Society for 59 years.
Gerard Tronel, of France, died on August 25, 2017.
Born on March 16, 1934, he was a member of the Society
for 48 years.
Francis H. Varino, of Monroe, Louisiana, died on June
26, 2017. Born on May 5, 1931, he was a member of the
Society for 27 years.
Credits

Photo of Rachel Levy is courtesy of Sam Kome.
Photo of Suzanne Weekes is courtesy of Worcester Polytechnic Institute.
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Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.
Early Career Opportunity

Travel Grants for MCA 2021,
July 19–24, 2021, in
Buenos Aires, Argentina
With funding from the National Science Foundation (NSF),
the AMS will administer the selection and award process for
partial travel support for up to fifty US mathematicians attending the Mathematical Congress of the Americas (MCA)
scheduled for July 19–24, 2021, in Buenos Aires, Argentina.
This program is open to US mathematicians (those who
are affiliated with a US institution/organization; they must
be affiliated with a US institution/organization at the time
of travel). It is the intent of this program to fund those who
would not be able to participate in the Congress without
this grant; specifically, it is not intended to be used by participants with existing external travel support. Early-career
mathematicians (those who have received a doctorate no
earlier than July 2015) will receive priority in funding.
Early-career mathematicians, women, and members of US
groups underrepresented in mathematics are especially
encouraged to apply.
Applications will be evaluated by a panel of mathematical scientists under the terms of a proposal submitted to
the National Science Foundation (NSF) by the Society.
All information currently available about the MCA
2021 program, organization, and registration procedure
is located on the MCA 2021 website: www.mca2021.org.
Instructions on how to apply are available on the AMS
website at www.ams.org/programs/travel-grants
/mca. The application deadline is December 31, 2020. This
travel grants program will be administered by the AMS
Programs Department, 201 Charles Street, Providence, RI
02904-2294. For questions or more information, contact
Kim Kuda at kak@ams.org, 800.321.4267, ext. 4096 or
401.455.4096.
—AMS announcement
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Call for Proposals: Organizing
the 2022 Short Course
The AMS Short Course Subcommittee (SHORTCOURS)
invites expressions of interest and proposals to organize
the Society’s Short Course to be offered January 3–4, 2022,
in coordination with the 2022 Joint Mathematics Meetings
(JMM) in Seattle, Washington.
The Short Course provides an unparalleled opportunity
to introduce an exciting, current area of applied mathematics to a broad audience of students, faculty, researchers, and
other practitioners. It is also anticipated that the proceedings of the Short Course will be published in the AMS series
Proceedings of Symposia in Applied Mathematics.
Typically incorporating a sequence of survey lectures
and other activities focused on a single theme of applied
mathematics, the course takes place during the two days
immediately preceding JMM. The course’s theme may be
cutting-edge or more established, and its goal is to provide
professional and in-training mathematicians an introduction that can:
• Satisfy the curiosity of those who are new to the topic
• Provide an entrée to a new research topic
• Inspire new methods of problem solving
• Be part of the participants’ professional development
and continuing education
The venue presents the organizers with a time frame long
enough for newcomers to a topic in applied mathematics
to reach insights about the state of the art, but at the same
time short enough to fit the typical participant’s schedule
and attention.
The AMS Short Course Committee encourages proposals
that may extend the traditional course in subject and/or
methodology. Proposals may, for example, focus on topics
related to applications in industry, business, economics and
social sciences, health and medical care, entrepreneurship,
public policy, and other areas. Proposals may also contain
a training component on programming and coding (e.g.,
R or Python), which coordinates well pedagogically with
the rest of the course. Overall, the Committee welcomes
expressions of interest and creative proposals that will have
wide appeal.
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The AMS Short Course Committee is exploring flexible
delivery methods for the course. This might include online
presentations, recorded lectures available after the course,
live stream Q&A sessions, online breakout discussion
groups, and other methods. Suggestions by the proposers
are encouraged.
An expression of interest may be as short as one page.
Members of the community are also encouraged to nominate organizer–topic pairs. More detailed guidance is available in the Short Course Manual at the website https://
www.ams.org/meetings/short-courses/2020_Short_
Course_Manual.pdf. Expressions of interest, nominations,

and proposals should be sent to the AMS Associate Executive Director (aed-mps@ams.org). For full consideration,
proposals should be submitted by December 18, 2020.
Audience and Topical Focus: The mathematical background, knowledge, and experience of the participants vary
greatly: from novice to specialist, from graduate student
(or even undergraduate or high school student) to senior
professor, from college (two-year or four-year) teacher
to researcher or industrial practitioner. That said, a short
course targeted to individuals with a solid background in
undergraduate mathematics is most likely to draw interest
and satisfy participants. Lectures overall should be coherent
in terms of theme, terminology, and notation; the speakers need to keep in mind that their audience consists of
nonspecialists, and each talk should begin with ideas that
are readily accessible to everyone. Ideally, lectures lead to
an indication of the “state of the art,” but in a way that
acknowledges challenging aspects without placing too
many technical or conceptual roadblocks in the way of
the participants.

NSF Major Research
Instrumentation Program
The Major Research Instrumentation (MRI) Program supports the acquisition or development of multi-user research
instrumentation without which advances in fundamental
science and engineering research may not otherwise occur.
Additionally, MRI awards are expected to enhance research
training of students who will become the next generation
of instrument users, designers, and builders. The deadline
for proposals is January 19, 2021. See https://www.nsf
.gov/funding/pgm_summ.jsp?pims_id=5260.
—NSF announcement

NSF Research Training Groups
in the Mathematical Sciences
The National Science Foundation (NSF) Research Training
Groups in the Mathematical Sciences (RTG) program is
intended to strengthen the nation's scientific competitiveness by increasing the number of well-prepared US
citizens, nationals, and permanent residents who pursue
careers in the mathematical sciences, whether in academia,
government, or industry. The program supports efforts
to improve research training by involving undergraduate
students, graduate students, postdoctoral associates, and
faculty members in structured research groups pursuing coherent research programs. The deadline for full proposals is
June 1, 2021. See https://www.nsf.gov/funding
/pgm_summ.jsp?pims_id=5732.

—AMS announcement

—NSF announcement

Call for Proposals for NSF Program
in Computational Mathematics

Early Career Opportunity

The National Science Foundation (NSF) Program in Computational Mathematics supports mathematical research
in areas of science in which computation plays a central
and essential role, emphasizing analysis, development and
implementation of numerical methods and algorithms,
and symbolic methods. The deadline for proposals is
December 1, 2020. See https://www.nsf.gov/funding

Project NExT (New Experiences in Teaching) is a year-long
professional development program of the Mathematical
Association of America (MAA) for new or recent PhDs in
the mathematical sciences. The program is designed to
connect new faculty with master teachers and leaders in
the mathematics community and to address the three main
aspects of an academic career: teaching, research, and service. The program welcomes and encourages applications
from new and recent PhDs in postdoctoral, tenure-track,
and visiting positions. Applicants who will be starting new
academic positions in the fall of 2021 should apply by April
15, 2021. For applications and further information, see www

/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=
NSF&from=fund.

—NSF announcement
The most up-to-date listing of NSF funding opportunities from the
Division of Mathematical Sciences can be found online at:
www.nsf.gov/dms and for the Directorate of Education and
Human Resources at www.nsf.gov/dir/index.jsp?org=ehr .
To receive periodic updates, subscribe to the DMSNEWS listserv by following
the directions at www.nsf.gov/mps/dms/about.jsp.
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Project NExT 2021–2022

.maa.org/programs-and-communities/professional
-development/project-next.

Notices of the American Mathematical Society

—From an MAA announcement
Volume 67, Number 11

Mathematics Opportunities

NEWS

CRM Intensive Research Programs
The Centre de Recerca Matemàtica (CRM) Intensive Research Programs (IRP) consist of periods of intense research
in any area of mathematics and the mathematical sciences,
bringing together researchers from all over the world to
work on open problems, and to analyze its present state
and perspectives. The CRM invites proposals for IRP in
any branch of mathematics and the mathematical sciences. For more information, see www.crm.cat/en/Host
/SciEvents/IRP/Pages/default.aspx.
—From a CRM announcement

News from the Mathematical
Sciences Research Institute
ADJOINT Workshops. The Mathematical Sciences Research
Institute (MSRI) invites applications for its 2021 African
Diaspora Joint Mathematics Workshop (ADJOINT), taking
place June 21–July 2, 2021, in Berkeley, California. ADJOINT is a two-week summer activity designed for researchers with a PhD degree in the mathematical and statistical
sciences who are interested in conducting research in a
collegial environment. The main objective of ADJOINT is
to provide opportunities for in-person research collaboration to US mathematical and statistical scientists, especially
those from the African Diaspora, who will work in small
groups with research leaders on various research projects.
The ADJOINT workshops are designed to catalyze research collaborations, to provide support for conferences
to increase the visibility of the researchers, and to develop
a sense of community among the mathematical scientists
who attend. This program will enhance the mathematical
and statistical sciences and its community by positively
affecting the research and careers of African American
mathematical and statistical scientists and supporting their
efforts to achieve full access and engagement in the broader
research community.
Program Activity and Support: During the workshop, each
participant will conduct research at MSRI within a group
of four to five mathematical and statistical scientists under
the direction of one of the research leaders. Professional
enhancement activities will be provided by the onsite
ADJOINT Director. All participants will receive funding
for two weeks of lodging, meals, and incidentals and one
round-trip travel to Berkeley, California. For details of 2021
research topics and leaders, visit msri.org/adjoint.
After the two-week workshop, participants will have the
opportunity to further their research projects with the team
members, including the research leader; will have access
to funding to attend conference(s) or to meet with other
team members to pursue the research project; or to present
December 2020

results and will become part of a network of research and
career mentors.
Program Eligibility: Applicants must be US citizens or
permanent residents, must possess a PhD in the mathematical or statistical sciences, and must be employed at a
US institution.
Selection Process: The guiding principle in selecting
participants and establishing the groups is the creation of
diverse teams whose members come from a variety of institutional types and career stages. The degree of potential
positive impact on the careers of African Americans in the
mathematical and statistical sciences will be an important
factor in the final decisions.
How to Apply: For a list of application materials and the
link to apply via MathPrograms, visit msri.org/adjoint.
Applications received by December 15, 2020, will receive
full consideration. We expect to begin making offers for
participation in mid-February 2021.
Spring Workshops 2021. MSRI will hold the following
workshops during the spring of 2021.* Established researchers, postdoctoral fellows, and graduate students are invited
to apply for funding. It is the policy of MSRI to actively seek
to achieve diversity in its workshops. Thus a strong effort
is made to remove barriers that hinder equal opportunity,
particularly for those groups that have been historically
underrepresented in the mathematical sciences.
MSRI is pleased to be able to offer a private room for
nursing mothers. MSRI also has a resource to assist visitors
with finding childcare in Berkeley. For more information,
please contact Sanjani Varkey at sanjani@msri.org.
The workshops are as follows:
Connections Workshop: Mathematical Problems in
Fluid Dynamics, January 20–22, 2021. www.msri.org
/workshops/944.
Introductory Workshop: Mathematical Problems in
Fluid Dynamics, January 25–29, 2021. www.msri.org
/workshops/945.
Critical Issues in Mathematics Education 2021: Initiating,
Sustaining, and Researching Mathematics Department Transformation of Introductory Courses for STEM Majors, April 28–30,
2021. www.msri.org/workshops/1001.
Recent Developments in Fluid Dynamics, April 12–16, 2021.
www.msri.org/workshops/950.
Hot Topics: Topological Insights in Neuroscience, May 3–7,
2021. www.msri.org/workshops/940.
MSRI has been supported from its origins by the National Science Foundation, now joined by the National
Security Agency; by more than 100 Academic Sponsor
departments; by a range of private foundations; and by
generous and farsighted individuals.
*Pending ongoing COVID-19 disruptions, some workshops may be held online.

Notices of the American Mathematical Society

—MSRI announcement
1825

Classified Advertising
Employment Opportunities
CALIFORNIA
Institute for Pure and Applied Mathematics (IPAM),
UCLA, Los Angeles
Position Title: Associate Director

The Institute for Pure and Applied Mathematics (IPAM)
at UCLA is seeking an Associate Director (AD) for a 2-year
appointment (renewable for a 3rd year) starting August 1,
2021. The AD will be an active member of the team and
expected to have research background in mathematics or
related fields, with experience in conference organization.
The primary responsibility of the AD will be coordinating
with the organizing committees to execute IPAM programs.
To apply and learn more, go to https://recruit.apo
.ucla.edu/JPF05835. Applications will receive fullest
consideration if received by February 19, 2021. UCLA is an
equal opportunity/affirmative action employer.
20

ILLINOIS
University of Chicago - Assistant Professor

The University of Chicago Department of Mathematics
invites applications for the position of Assistant Professor.
Successful candidates are typically two to four years past
the PhD. These positions are intended for mathematicians whose work has been of outstandingly high caliber.
Appointees are expected to have the potential to become
leading figures in their fields. The appointment is generally

for three years, with the possibility for renewal. The teaching obligation is up to three one-quarter courses per year.
Applicants are strongly encouraged to include additional
information related to their teaching experience, such as
evaluations from courses previously taught, as well as an
AMS cover sheet. If you have applied for an NSF Mathematical Sciences Postdoctoral Fellowship, please include
that information in your application, and let us know how
you plan to use it if awarded. Questions may be directed
to apptsec@math.uchicago.edu. We will begin screening
applications on November 1, 2020. Screening will continue
until all available positions are filled.
Applications must be submitted online through
https://www.mathjobs.org/jobs/list/16122.
Complete applications consist of (a) a cover letter, (b)
a curriculum vitae, (c) three or more letters of reference, at
least one of which addresses teaching ability, (d) a description of previous research and plans for future mathematical
research and (e) a teaching statement.
We seek a diverse pool of applicants who wish to join
an academic community that places the highest value on
rigorous inquiry and encourages diverse perspectives, experiences, groups of individuals, and ideas to inform and
stimulate intellectual challenge, engagement, and exchange.
The University’s Statements on Diversity are at https://
provost.uchicago.edu/statements-diversity.
The University of Chicago is an Affirmative Action/Equal
Opportunity/Disabled/Veterans Employer and does not
discriminate on the basis of race, color, religion, sex, sexual
orientation, gender identity, national or ethnic origin, age,
status as an individual with a disability, protected veteran

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing
not in keeping with the Society's standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertisers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based
on classified advertisements.
The 2020 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: February 2021—November 25, 2020; March 2021—December 23, 2020; April 2021—January 22,
2021; May 2021—February 24, 2021; June/July 2021—April 26, 2021; August 2021—May 28, 2021; September 2021—June 28, 2021; October 2021—July 23,
2021; November 2021—August 24, 2021.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to
US laws.
Submission: Send email to classads@ams.org.
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Classified Advertisements
status, genetic information, or other protected classes under
the law. For additional information please see the University’s
Notice of Non-Discrimination: https://www.uchicago
.edu/about/non_discrimination_statement/.
Job seekers in need of a reasonable accommodation
to complete the application process should call 773-7021032 or email equalopportunity@uchicago.edu with
their request.

Notice of Non-Discrimination: https://www.uchicago
.edu/about/non_discrimination_statement/.
Job seekers in need of a reasonable accommodation
to complete the application process should call 773-7021032 or email equalopportunity@uchicago.edu with
their request.
19

NEW JERSEY

18

University of Chicago - L.E. Dickson Instructor

The University of Chicago Department of Mathematics
invites applications for the position of L.E. Dickson Instructor. This is open to mathematicians who have recently completed or will soon complete a doctorate in mathematics or
a closely related field, and whose work shows remarkable
promise in mathematical research. The initial appointment
is for a term of up to three years. The teaching obligation is
generally four one-quarter courses per year. If you are two
or more years post PhD, we encourage you to apply for
our Assistant Professor position as well at https://www
.mathjobs.org/jobs/list/16122.
Applicants are strongly encouraged to include additional
information related to their teaching experience, such as
evaluations from courses previously taught, as well as an
AMS cover sheet. If you have applied for an NSF Mathematical Sciences Postdoctoral Fellowship, please include
that information in your application, and let us know how
you plan to use it if awarded. Questions may be directed
to apptsec@math.uchicago.edu. We will begin screening
applications on November 1, 2020. Screening will continue
until all available positions are filled.
Applications must be submitted online through
https://www.mathjobs.org/jobs/list/16123.
Complete applications consist of (a) a cover letter, (b)
a curriculum vitae, (c) three or more letters of reference, at
least one of which addresses teaching ability, (d) a description of previous research and plans for future mathematical
research and (e) a teaching statement.
We seek a diverse pool of applicants who wish to join
an academic community that places the highest value on
rigorous inquiry and encourages diverse perspectives, experiences, groups of individuals, and ideas to inform and
stimulate intellectual challenge, engagement, and exchange.
The University’s Statements on Diversity are at https://
provost.uchicago.edu/statements-diversity.
The University of Chicago is an Affirmative Action/Equal
Opportunity/Disabled/Veterans Employer and does not
discriminate on the basis of race, color, religion, sex, sexual
orientation, gender identity, national or ethnic origin, age,
status as an individual with a disability, protected veteran
status, genetic information, or other protected classes under
the law. For additional information please see the University’s
December 2020

Program in Applied and Computational Mathematics
Princeton University
Postdoctoral Research Associate

The Program in Applied and Computational Mathematics
invites applications for Postdoctoral Research Associate or
more senior positions, to join in research efforts of interest
to its faculty. Domains of interest include nonlinear partial differential equations, computational fluid dynamics,
material science, dynamical systems, numerical analysis,
stochastic analysis, graph theory and applications, mathematical biology, financial mathematics, mathematical approaches to signal analysis, information theory, structural
biology and image processing.
Appointments are made for one year, renewable yearly
for up to three years, if funding is available and performance is satisfactory. For details on specific faculty members and their research interests, please go to https://
www.pacm.princeton.edu/sites/default/files
/faculty_interests2018-19apc_0.pdf.

Applicants must submit a cover letter, CV, bibliography/
publications list, statement of research and three letters
of recommendation online at https://www.mathjobs
.org/jobs. PhD is required. This position is subject to the
University background check policy.
Princeton University is an Equal Opportunity/Affirmative Action Employer and all qualified applicants will receive consideration for employment without regard to age,
race, color, religion, sex, sexual orientation, gender identity
or expression, national origin, disability status, protected
veteran status, or any other characteristic protected by law.
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NEW YORK

REPUBLIC OF KOREA

Open tenure-track faculty position
in Mathematics at Cooper Union

Faculty Position, Applied Mathematics and Statistics
(AMS) in SUNY Korea

The Albert Nerken School of Engineering at The Cooper
Union invites applications for a tenure-track position in
mathematics at the assistant professor level.
For further details please visit https://www.mathjobs
.org/jobs/list/16298.

SUNY Korea, a global campus of Stony Brook University,
invites applications for the position of non-tenure-track
Assistant Professor in Mathematics, starting in the Spring
of 2021. Qualifications: Demonstrated ability to teach at
the undergraduate level, Fluency in English; PhD in mathematics or a related field. To apply, send the following items
to myoungshic.jhun@stonybrook.edu: cover letter, CV,
teaching statement. Applications will be accepted until the
position is filled. www.sunykorea.ac.kr. EOE.

22

CHINA

21

Tianjin University, China
Tenured/Tenure-Track/Postdoctoral Positions at
the Center for Applied Mathematics

LEARN ABOUT
AMS

Dozens of positions at all levels are available at the recently
founded Center for Applied Mathematics, Tianjin University, China. We welcome applicants with backgrounds in
pure mathematics, applied mathematics, statistics, computer science, bioinformatics, and other related fields. We
also welcome applicants who are interested in practical
projects with industries. Despite its name attached with
an accent of applied mathematics, we also aim to create a
strong presence of pure mathematics.
Light or no teaching load, adequate facilities, spacious
office environment and strong research support. We are
prepared to make quick and competitive offers to self-motivated hard workers, and to potential stars, rising stars, as
well as shining stars.
The Center for Applied Mathematics, also known as the
Tianjin Center for Applied Mathematics (TCAM), located
by a lake in the central campus in a building protected as
historical architecture, is jointly sponsored by the Tianjin
municipal government and the university. The initiative
to establish this center was taken by Professor S. S. Chern.
Professor Molin Ge is the Honorary Director, Professor
Zhiming Ma is the Director of the Advisory Board. Professor
William Y. C. Chen serves as the Director.
TCAM plans to fill in fifty or more permanent faculty
positions in the next few years. In addition, there are a
number of temporary and visiting positions. We look forward to receiving your application or inquiry at any time.
There are no deadlines.
Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or
contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone:
86-22-2740-6039.

eBOOKS

Did you know that most of our titles
are now available in eBook form?

Browse both our print and electronic
titles at bookstore.ams.org.

01
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NEW BOOKS

New Books Offered by the AMS
New in Memoirs
of the AMS
Algebra and
Algebraic Geometry
Traffic Distributions and Independence:
Permutation Invariant Random Matrices and
the Three Notions of Independence

Differential Equations
Theory of Fundamental Bessel Functions
of High Rank
Zhi Qi, The Ohio State University, Columbus, OH
Memoirs of the American Mathematical Society, Volume
267, Number 1303
September 2020, 123 pages, Softcover, ISBN: 978-1-47044325-2, List US$85, AMS members US$68, MAA members
US$76.50, Order code MEMO/267/1303

Camille Male, Institut de Mathématiques de Bordeaux, France

bookstore.ams.org/memo-267-1303

Memoirs of the American Mathematical Society, Volume
267, Number 1300
September 2020, 88 pages, Softcover, ISBN: 978-1-47044298-9, 2010 Mathematics Subject Classification: 15B52,
46L54; 60F05, 18D50, List US$85, AMS members US$68,
MAA members US$76.50, Order code MEMO/267/1300

On Stability of Type II Blow Up for the
Critical Nonlinear Wave Equation in R3+1

bookstore.ams.org/memo-267-1300

Analysis
Operator Theory on One-Sided Quaternion
Linear Spaces: Intrinsic S-Functional Calculus
and Spectral Operators

Joachim K Krieger, École Polytechnique Fédérale de Lausanne,
Switzerland
Memoirs of the American Mathematical Society, Volume
267, Number 1301
September 2020, 129 pages, Softcover, ISBN: 978-1-47044299-6, 2010 Mathematics Subject Classification: 35L05,
35B40, List US$85, AMS members US$68, MAA members
US$76.50, Order code MEMO/267/1301
bookstore.ams.org/memo-267-1301

Jonathan Gantner, Politecnico di Milano, Italy
Memoirs of the American Mathematical Society, Volume
267, Number 1297
September 2020, 101 pages, Softcover, ISBN: 978-1-47044238-5, 2010 Mathematics Subject Classification: 47A60,
47B40, List US$85, AMS members US$68, MAA members
US$76.50, Order code MEMO/267/1297
bookstore.ams.org/memo-267-1297
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Geometry and Topology
Łojasiewicz-Simon Gradient Inequalities
for CoupledYang-Mills Energy Functionals
Paul M Feehan, Rutgers, The State University of New Jersey,
Piscataway, NJ, and Manousos Maridakis, Rutgers, The State
University of New Jersey, Piscataway, NJ
Memoirs of the American Mathematical Society, Volume
267, Number 1302
September 2020, 138 pages, Softcover, ISBN: 978-1-47044302-3, 2010 Mathematics Subject Classification: 58E15,
57R57; 37D15, 58D27, 70S15, 81T13, List US$85, AMS
members US$68, MAA members US$76.50, Order code
MEMO/267/1302

mathematics
LANGUAGE OF THE SCIENCES

bookstore.ams.org/memo-267-1302

C-Projective Geometry
David M Calderbank, University of Bath, United Kingdom,
Michael G. Eastwood, University of Adelaide, Australia,
Vladimir S. Matveev, FSU Jena, Germany, and Katharina
Neusser, Charles University, Prague, The Czech Republic
Memoirs of the American Mathematical Society, Volume
267, Number 1299
September 2020, 137 pages, Softcover, ISBN: 978-1-47044300-9, 2010 Mathematics Subject Classification: 53B10,
53B35, 32Q60, 53C24, 58J60; 53A20, 53C25, 53C55,
53D25, 58J70, List US$85, AMS members US$68, MAA
members US$76.50, Order code MEMO/267/1299

engineering

astronomy
robotics
genetics

medicine

biology

bookstore.ams.org/memo-267-1299

Logic and Foundations
Projective Measure Without Projective Baire
Sy David Friedman, Kurt Gödel Research Center, University of
Vienna, Austria, and David Schrittesser, Kurt Gödel Research
Center, University of Vienna, Austria
Memoirs of the American Mathematical Society, Volume
267, Number 1298
September 2020, 150 pages, Softcover, ISBN: 978-1-47044296-5, 2010 Mathematics Subject Classification: 03E15,
03E35, List US$85, AMS members US$68, MAA members
US$76.50, Order code MEMO/267/1298

climatology
forensics
statistics
finance

computer science

physics

neuroscience
chemistry

geology

biochemistry

ecology

molecular biology

bookstore.ams.org/memo-267-1298
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Meetings & Conferences of the AMS
December Table of Contents
The Meetings and Conferences section of the Notices gives
information on all AMS meetings and conferences approved by press time for this issue. Please refer to the page
numbers cited on this page for more detailed information
on each event. Paid meeting registration is required to submit
an abstract to a sectional meeting.
Invited Speakers and Special Sessions are listed as soon
as they are approved by the cognizant program committee;
the codes listed are needed for electronic abstract submission. For some meetings the list may be incomplete.
Information in this issue may be dated.
The most up-to-date meeting and conference information can be found online at www.ams.org/meetings.
Important Information About AMS Meetings: Potential organizers, speakers, and hosts should refer to page
110 in the January 2020 issue of the Notices for general
information regarding participation in AMS meetings and
conferences.
Abstracts: Speakers should submit abstracts on the
easy-to-use interactive Web form. No knowledge of LATEX
is necessary to submit an electronic form, although those
who use LATEX may submit abstracts with such coding, and
all math displays and similarly coded material (such as
accent marks in text) must be typeset in LATEX. Visit www.ams
.org/cgi-bin/abstracts/abstract.pl . Questions
about abstracts may be sent to abs-info@ams.org. Close
attention should be paid to specified deadlines in this issue.
Unfortunately, late abstracts cannot be accommodated.

Meetings in this Issue
2021
January 6–9
March 13–14
March 20–21
April 17–18
May 1–2
July 5–9
July 19–23
September 18–19
October 9–10
October 23–24
November 20–21

December 2020

p. 1832
p. 1836
p. 1837
p. 1838
p. 1839
p. 1840
p. 1841
p. 1841
p. 1841
p. 1842
p. 1842

2022
January 5–8
March 11–13
March 19–20
March 26–27
May 14–15
September 17–18
October 15–16
October 22–23

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wisconsin–Madison, Department of Mathematics, 480 Lincoln
Drive, Madison, WI 53706-1388; email: benkart@math
.wisc.edu; telephone: 608-263-4283.
Eastern Section: Steven H. Weintraub, Department of
Mathematics, Lehigh University, Bethlehem, PA 180153174; email: steve.weintraub@lehigh.edu; telephone:
610-758-3717.
Southeastern Section: Brian D. Boe, Department of Mathematics, University of Georgia, 220 D W Brooks Drive,
Athens, GA 30602-7403; email: brian@math.uga.edu;
telephone: 706-542-2547.
Western Section: Michel L. Lapidus, Department of Mathematics, University of California, Surge Bldg., Riverside, CA
92521-0135; email: lapidus@math.ucr.edu; telephone:
951-827-5910.

2021 Virtual JMM
Southeastern Virtual
Eastern Virtual
Central Virtual
Western Virtual
Grenoble, France
Buenos Aires, Argentina
Buffalo, New York
Omaha, Nebraska
Albuquerque, NM
Mobile, Alabama

Seattle, Washington
Charlottesville, Virginia
Medford, Massachusetts
West Lafayette, Indiana
Denver, Colorado
El Paso, Texas
Chattanooga, Tennessee
Salt Lake City, Utah

p. 1842
p. 1843
p. 1844
p. 1845
p. 1845
p. 1845
p. 1846
p. 1846

2023
January 4–7
May 6–7

Boston, Massachusetts
Fresno, California

p. 1847
p. 1847

See www.ams.org/meetings for the most up-to-date
information on the meetings and conferences that we offer.
The AMS strives to ensure that participants in its activities
enjoy a welcoming environment. Please see our full Policy
on a Welcoming Environment at https://www.ams
.org/welcoming-environment-policy.
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Meetings & Conferences
of the AMS
IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print
version of the Notices. However, comprehensive and continually updated meeting and program information with links
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings.
Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.
New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting.
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be
reimbursed.

2021 Virtual Joint Mathematics Meetings
January 6–9, 2021

sessions contributed by the Society for Industrial and Applied

Wednesday – Saturday

Mathematics (SIAM).
Associate secretary: Brian D. Boe

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual
Meeting of the AMS, 104th Annual Meeting of the Mathematical Association of America (MAA), annual meetings of
the Association for Women in Mathematics (AWM) and the
National Association of Mathematicians (NAM), and the winter meeting of the Association of Symbolic Logic (ASL), with

Program first available on AMS website: November 1, 2020
Issue of Abstracts: Volume 42, Issue 1

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/national.html.

Joint Invited Addresses
Linda J. S. Allen, Texas Tech University, Modeling of Viral Zoonotic Infectious Diseases from Wildlife to Humans (AMS-MAA
Invited Address).
Trachette Jackson, University of Michigan, Turning cancer discoveries into effective treatments with the aid of mathematical
modeling (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Amie Wilkinson, University of Chicago, Title to be announced (AMS-MAA Invited Address).

AMS Invited Addresses
Douglas N. Arnold, University of Minnesota, Structure preservation in the discretization of partial differential equations.
Ryan Hynd, University of Pennsylvania, The Hamilton-Jacobi equation, past and present.
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Ciprian Manolescu, Stanford University, Khovanov homology and surfaces in four-manifolds (AMS Maryam Mirzakhani
Lecture).
Andrea Nahmod, University of Massachusetts Amherst, Propagation of randomness under the flow of nonlinear dispersive
equations.
Lenka Zdeborova, Institut de Physique Theorique, What Physics Teaches us about Computation in High Dimensions (AMS
Josiah Willard Gibbs Lecture).
Xinwen Zhu, California Institute of Technology, Arithmetic and geometric Langlands program.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.
Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of
each listing, where applicable.
ADJOINT (African Diaspora Joint Mathematics Workshop) Research Showcase, Edray Goins, Pomona College, and Helene
Barcelo, MSRI.
Adopt, Adapt, Assign Modeling Activities in Differential Equations, Brian Winkel, US Military Academy, West Point, Janet
Fierson, LaSalle University, Jennifer Garbett, Lenoir Rhyne University, and Therese Shelton, Southwestern University.
Advances and Applications in Integral and Differential Equations, Min Wang, Kennesaw State University, Jeffrey W. Lyons,
Trinity University, and Jeffrey T. Neugebauer, Eastern Kentucky University.
Advances in Computational Biomedicine, Nek Valous and Niels Halama, German Cancer Research Center, and Paul
Macklin, Indiana University.
Advances in Mathematical Biology, Zhisheng Shuai, University of Central Florida, and Yixiang Wu, Middle Tennessee
State University.
Advances in Modeling the Ecology of Infectious Diseases, Lauren M. Childs, Virginia Tech, Julie C. Blackwood, Williams
College, and Suzanne Lenhart and Olivia Prosper, University of Tennessee Knoxville.
Advances in Multivariable Operator and Function Theory in Both Commutative and Non-commutative Settings, Kelly Bickel,
Bucknell University, Paul Muhly, University of Iowa, Rachael Norton, Fitchberg State University, and Ryan Tully-Doyl,
University of New Haven.
Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert,
Embry-Riddle Aeronautical University, and Pieter Spaas, UCLA.
Advances in the Applications of Nonstandard Finite Difference Methods, Talitha M. Washington, Clark Atlanta University,
Ron Buckmire, Occidental College, Abba Gumel, Arizona State University, and Jean Lubuma, University of Pretoria.
Agent-Based Dynamics and Self-Organization in Biology, Alexandria Volkening, Northwestern University, and Andrew
Bernoff and Jasper Weinburd, Harvey Mudd College.
Algebraic and Arithmetic Geometry, Tony Shaska, Oakland University, and Marc Hindry, Institut de mathématiques
Jussieu - Paris Rive Gauche Universiteé Paris Diderot.
Algebraic and Geometric Perspectives on Low-Dimensional Topology, Christine Ruey Shan Lee, University of South Alabama,
and Melissa Zhang, University of Georgia.
Algebraic Structures Related to Knot Theory, Sujoy Mukherjee, Ohio State University, Thang Le, Georgia Tech, and Jozef
H. Przytycki, George Washington University.
Analysis and Differential Equations at Undergraduate Institutions, Katharine Ott, Bates College, and William Green, Rose
Hulman Institute of Technology.
Analysis of Fractional, and Stochastic Dynamic Systems with Applications, Aghalaya S. Vatsala, University of Louisiana at
Lafayette, Gangaram S. Ladde, University of South Florida, Tampa, and John R. Graef, University of Tennessee at Chattanooga.
Applied Combinatorial Methods, Stephen J. Young and Sinan G. Aksoy, Pacific Northwest National Lab.
Applied Topology, Alvin Jin, KTH Royal Institute of Technology, and Mikael Vejdemo-Johansson, CUNY College of
Staten Island.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao and Darren Glass, Gettysburg College,
and Holley Friedlander, Dickinson College.
Branching Out: Ramification Invariants in Algebra and Geometry, Andrew Kobin, University of Virginia, and Vaidehee
Thatte, Binghamton University.
December 2020
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Celebrating the Mathematical Legacy of Dr. James A. Donaldson, Naiomi Cameron, Spelman College, Talitha Washington,
Clark Atlanta University, Caleb Ashley, University of Michigan, and Bourama Toni, Howard University (AMS-NAM).
COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team, Kathleen Snook, COMAP, and
Amanda Beecher, Ramapo College of New Jersey.
Combinatorial Approaches to Topological Structures and Applications, Cliff Joslyn and Emilie Purvine, Pacific Northwest
National Laboratory.
Commutative Algebra, Rebecca RG, George Mason University, and Sean Sather-Wagstaff, Clemson University.
Commutative Algebra in Positive Characteristic, I (Associated with AMS Colloquium Lecture), Janet Page, University of
Michigan, and Emily Witt, University of Kansas.
Commutative Algebra Meets Representation Theory, Alessandra Costantini, University of California Riverside, Francesca
Gandini, Kalamazoo College, and Ela Celikbas, West Virginia University.
Commutative Rings: Ideals, Modules, and Factorizations, Bruce Olberding, New Mexico State University, and Alfred Geroldinger, University of Graz, Austria.
Computability Theory and Effective Mathematics, Mariya I. Soskova, Joseph S. Miller, and Jun Le Goh, University of
Wisconsin Madison.
Continued Fractions, James McLaughlin, West Chester University, Geremías Polanco Encarnación, Hampshire College,
Barry Smith, Lebanon Valley College, and Nancy J. Wyshinski, Trinity College.
Creative Teaching Methods That Lead to Student Learning, Michael A. Radin, Rochester Institute of Technology, Natali
Hritonenko, Prairie View A & M University, and Ellina Grigorieva, Texas Woman’s University.
Current Trends in Arithmetic Dynamics, Trevor Hyde, University of Chicago, John R. Doyle, Oklahoma State University,
and Michelle Mane, University of Hawaii and NSF.
Developments in Spatial Graphs, Kenneth Baker, University of Miami, Allison Moore, Virginia Commonwealth University, and Danielle O’Donnol, Marymount University.
Driving Transformation Through Advanced Analytics, Arnie Greenland, Smith School of Business, and Jack Levis, UPS.
Eigenvalues, Nonnegative Matrices and Applications, Alan Krinik and Randall J. Swift, California State Polytechnic University, Pomona.
Foundations of Data Science: Mathematical Representation, Computational Modeling, and Statistical Inference, Ivo Dinov,
University of Michigan.
Galois Cohomology in Arithmetic Geometry, Charlotte Ure and Evangelia Gazaki, University of Virginia.
Geometry and Topology in Dimensions 3 and 4, Christian Millichap, Furman University, Neil R. Hoffman, Oklahoma
State University, Matt Stover, Temple University, and Genevieve Walsh, Tufts University.
Geometry in the Mathematics of Data Science, Henry Kvinge, Tegan Emerson, Carlos Ortiz Marrero, and Tim Doster,
Pacific Northwest National Laboratory.
Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational Study, Jing Tian, Towson
University, and Animikh Biswas, University of Maryland Baltimore.
History of Mathematics, Adrian Rice, Randolph Macon College, Deborah Kent, Drake University, Jemma Lorenat, Pitzer
College, and Daniel Otero, Xavier University.
Homological Aspects of Quantum Symmetries and Related Topics, James Zhang, University of Washington, Chelsea Walton,
University of Illinois at Urbana Champaign, and Ellen Kirkman, Wake Forest University.
Hopf Algebras and Tensor Categories, Julia Plavnik, Indiana University, Siu-Hung Ng, Louisiana State University, and
Henry Tucker, University of California Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical
Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry, Van C. Nguyen, US Naval Academy,
Xingting Wang, Howard University, and Sarah Witherspoon, Texas A & M University.
Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, M. Zuhair Nashed, University of Central
Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.
Invariants of Knots and Links, Patricia Cahn, Smith College, Moshe Cohen, State university of New York at New Paltz,
Adam Lowrance, Vassar College, and Casey Necheles, Syracuse University.
Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell, Will Traves, U.S. Naval Academy, and Kerry
Luse, Trinity Washington University.
Low Dimensional Topology, I (Associated with AMS Invited Maryam Mirzakhani Lecture), Jennifer Hom, Georgia Tech,
Ciprian Manolescu, Stanford University, and Juanita Pinzon-Caicedo, University of Notre Dame.
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Mathematical Outreach: Engagement Opportunities and Best Practices, Irina Mitrea and Maria Lorenz, Temple University,
and Katharine Ott, Bates College.
Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School, James J. Madden, Louisiana
State University, Yvonne Lai, University of Nebraska Lincoln, James A.M. Alvarez, University of Texas Arlington, and
Jennifer Whitfield, Texas A&M University.
Mathematics in Security & Defense, Paul Goethals, US Military Academy, Lubjana Beshaj, Army Cyber Institute, and
Cheyne Homberger, Department of Defense.
Mathematics of Cryptography, Angela Robinson, NIST, Gretchen L. Matthews, Virginia Tech, and Travis Morrison,
University of Waterloo.
Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products, Tim Doster, Adam Attarian,
Tegan Emerson, and Henry Kvinge, Pacific Northwest National Laboratory.
Modeling and Data Analytic Techniques for Biological Systems., Erica Rutter, University of California, and Maria-Veronica
Ciocanel, Ohio State University.
Multiobjective Semiinfinite Fractional Programs, Ram Verma, International Publications USA, and Alexander Zaslavski,
Israel Institute of Technology.
Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University, Montgomery AL, and Ratnasingham Shivaji, University of North Carolina.
NSF S-STEM Programs with Mathematical Connections, Oscar Vega, California State University Fresno, Rebekah Dupont,
Augsburg University, Yu-Ju Kuo, Indiana University of Pennsylvania, Perla Myers, University of San Diego, and Susan
Pustejovsky, Alverno College.
Numerical Methods for Solving Polynomial Systems, Dan Bates, US Naval Academy, and Michael Burr, Clemson University.
Operator Theory and Approximation in Spaces of Analytic Functions, William Ross, University of Richmond, Alberto
Condori, Florida Gulf Coast University, Elodie Pozzi, St Louis University, and Alan Sola, Stockholm University, Sweden.
Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & Geometric Function Theory, Ram
Mohapatra, University of Central Florida, Surajit Borkotokey, Dibrugarh University, and Balendu Bhooshan Upadhyay,
Indian Institute of Technology Patna.
Optimization and Algebraic Geometry, Ali Mohammad Nezhad and Saugata Basu, Purdue University.
Partial Differential Equations and Spaces of Holomorphic Functions, Marius Beceanu and Hyun-Kyoung Kwon, University
of Albany SUNY.
PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd), Henok Mawi, Howard
University, and Ryan Hynd, University of Pennsylvania.
Piecewise & Discontinuous Difference Equations & Applications, Vlajko Kocic, Xavier University of Louisiana, and Michael
A. Radin, Rochester Institute of Technology.
Probabilistic Methods in Partial Differential Equations, I (Associated with AMS Invited Address Andrea Nahmod), Yu Deng,
University of Southern California, Andrea Nahmod, University of Massachusetts, and Haitian Yue, University of Southern California.
Quadratic Forms and Theta Functions, Gene S. Kopp, University of Bristol, and Edna Jones, Rutgers University.
Quantization for Probability Distributions and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio
Grande Valley.
Quantum Algebra and Geometry, Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph College,
and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Quaternions, Johannes Familton, Borough of Manhattan Community College, Terrence Blackman, Medgar Evers
College, and Chris McCarthy, Borough of Manhattan Community College.
Recent Advances in Ecological Modeling, Punit Gandhi and David Chan, Virginia Commonwealth University.
Recent Trends in Discrete-Time Ecological and Epidemiological Models, M.R.S. Kulenovic, University of Rhode Island, and
Abdul Aziz Yakubu, Howard University.
Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester
Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University Fresno,
Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University (AMS-MAA-SIAM).
Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, Julius N. Esunge, University of Mary
Washington, See Keong Lee, University of Sciences, Peneng, Malaysia, and Isabelle Kemajou-Brown, Morgan State
University.
The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics Research Communities Session),
Bryan L. Shader, University of Wyoming, and Leslie Hogben, Iowa State University/AIM.
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The Legacy of Dick Askey, Howard S. Cohl, National Institute of Standards & Tech, Mourad E.H. Ismail, University of
Central Florida, and George E. Andrews, Penn State University, State College.
The Mathematics of RNA and DNA, Chris McCarthy and Johannes Familton, Borough of Manhattan Community College.
Topology, Structure and Symmetry in Graph Theory, Lowell Abrams, George Washington University, and Mark Ellingham,
Vanderbilt University.
Understanding COVID-19: Mathematical Models to Address the Global Pandemic, Hwayeon Ryu, Elon University, and
Kamila Larripa, Humboldt State University.
Variational Analysis and Optimization, Hung M. Phan and Sedi Bartz, University of Massachusetts Lowell, and Mau
Nam Nguyen, Portland State University.
Women Advancing Mathematical Biology Through Computational and Analytical Techniques (Associated with MAA-AMS-SIAM
Gerald and Judith Porter Public Lecture Trachette Jackson), Katie Storey and Trachette Jackson, University of Michigan.
Women of Color in Applied Math and Analysis, Mirjeta Pasha, Arizona State University, Nancy Rodriquez, University of
Colorado Boulder, Caprice Stanley, The Johns Hopkins University Applied Physics Lab, and Omayra Ortega, Sonoma
State University (AMS-AWM).
Women of Color in Topology and Algebra, Emille Davie Lawrence, University of San Francisco, Candice Price, Smith
College, and Carmen Wright, Jackson State University (AMS-AWM).

Spring Southeastern Virtual Sectional Meeting
Now meeting virtually, EST on Saturday, March 13 and EDT on Sunday, March 14 (hosted by the American Mathematical Society)
March 13–14, 2021
Saturday – Sunday

Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1164

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: Expired
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Yaiza Canzani, University of North Carolina-Chapel Hill, Eigenfunction concentration via geodesic beams.
Jiongmin Yong, University of Central Florida, Time-Inconsistency — A Mathematical Perspective.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advanced Topics in Graph Theory and Combinatorics (Code: SS 2A), Songling Shan, Illinois State University.
Advances in Computational Dynamics (Code: SS 6A), Jorge L Gonzalez, Georgia Institute of Technology, Andrey Shilnikov, Georgia State University, and J.D. Mireles James, Florida Atlantic University.
Celestial Mechanics and Applied Astrodynamics (Code: SS 10A), Bhanu Kumar and Molei Tao, Georgia Institute of Technology.
Commutative Algebra and its Interaction with Algebraic Geometry and Combinatorics (Code: SS 11A), Justin Chen, Georgia
Institute of Technology, and Youngsu Kim, California State University, San Bernardino.
Differential Graded Methods in Commutative Algebra (Code: SS 1A), Saeed Nasseh, Georgia Southern University, and
Adela Vraciu, University of South Carolina, Columbia.
Functional Differential Equations, Theory and Applications (Code: SS 8A), Joan Gimeno, University of Rome Tor Vergata,
and Rachel Kuske and Jiaqi Yang, Georgia Institute of Technology.
Graphs in Data Science (Code: SS 9A), Nicolas Fraiman, University of North Carolina, Chapel Hill, and Soledad Villar,
Johns Hopkins University.
Integrable Nonlocal Systems (Code: SS 14A), Matthew Russo, Florida State University.
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Mapping Class Groups (Code: SS 4A), Dan Margalit, Georgia Institute of Technology.
Optimization and Real Algebraic Geometry (Code: SS 15A), Saugata Basu and Ali Mohammad Nezhad, Purdue University.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 3A), Dinh-Liem Nguyen, Kansas
State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Stochastic Control and Related Topics (Code: SS 7A), Andrzej Swiech, Georgia Institute of Technology, and Jiongmin
Yong, University of Central Florida.
Superalgebras, Quantum Groups, and Related Topics (Code: SS 13A), Jonas Hartwig and Dwight A. Williams,II, Iowa
State University.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 5A), Siddhi Krishna, Georgia Institute of Technology and Columbia University, Miriam Kuzbary, Georgia Institute of Technology, Beibei Liu, Max Planck Institute for Mathematics
and Georgia Institute of Technology, and JungHwan Park, Georgia Institute of Technology.
Tropical Geometry, F1-connections and Matroids (Code: SS 12A), Kalina Mincheva, Tulane University, and Jaiung Jun,
SUNY at New Paltz.

Spring Eastern Virtual Sectional Meeting
Now meeting virtually, EST (hosted by the American Mathematical Society)
March 20–21, 2021
Saturday – Sunday

Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1165

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

For organizers: Expired
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts at Dartmouth, Title to be announced.
Sam Payne, University of Texas, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Algebraic Geometry in Dynamics (Code: SS 9A), Nguyen-Bac Dang, Stony Brook University, and Nicole Looper, Rohini
Ramadas, and Joseph H. Silverman, Brown University.
Applications and Asymptotic Properties of Discrete Dynamical Systems: A Session in Honor of the Retirement of Orlando Merino
(Code: SS 15A), Elliott Bertrand, Sacred Heart University, Zachary Kudlak, United States Coast Guard Academy, Mustafa
Kulenovic, University of Rhode Island, and David McArdle, University of Connecticut.
Applied Combinatorics (Code: SS 3A), Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, Brown University.
Commutative Algebra (Code: SS 1A), Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.
Current Trends in Combinatorial Commutative Algebra (Code: SS 5A), Kuei-Nuan Lin, Pennsylvania State University,
Greater Allegheny, and Augustine O’Keefe, Connecticut College.
Fractional Calculus and Fractional Differential/Difference Equations (Code: SS 19A), Lyubomir Boyadjiev, City University
of New York, Pavel Dubovski, Stevens Institute of Technology, and Mark Edelman, Yeshiva University and New York
University.
Gauge Theory, Geometry, and Low-Dimensional Topology (Code: SS 17A), Paul Feehan, Rutgers University, and Daniel
Ruberman, Brandeis University.
December 2020
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Geometric and Functional Inequalities and Nonlinear Partial Differential Equations (Code: SS 16A), Joshua Flynn, University
of Connecticut, Nguyen Lam, Memorial University of Newfoundland Grenfell Campus, Jungang Li, Brown University,
and Guozhen Lu, University of Connecticut.
Hopf Algebras, Tensor Categories, and Related Homological Methods (Code: SS 13A), Pablo S. Ocal, Texas A&M University,
and Julia Plavnik, Indiana University Bloomington.
Metric techniques in Analysis (Code: SS 7A), Vasileios Chousionis and Sean Li, University of Connecticut.
Mirror Symmetry and Enumerative Geometry (Code: SS 4A), Mandy Cheung, Harvard University, and Siu-Cheong Lau
and Yu-Shen Lin, Boston University.
Moduli of Curves, Hilbert Schemes, and Tropical Geometry (Code: SS 10A), Ignacio Barros, Northeastern University, Noah
Giansiracusa, Bentley University, and Rob Silversmith, Northeastern University.
New Applications and Methods in Financial Mathematics (Code: SS 14A), Gu Wang, Worcester Polytechnic Institute, and
Bin Zou, University of Connecticut.
Nonlinear Wave Equations, General Relativity, and Connections to Fluid Dynamics (Code: SS 12A), Stefanos Aretakis,
University of Toronto, Aynur Bulut, Louisiana State University, and Sung-Jin Oh, University of California, Berkeley,.
Probability and Combinatorics (Code: SS 18A), Zhongyang Li, University of Connecticut, and Mei Yin, University of
Denver.
Recent Advances in Schubert Calculus and Related Topics (Code: SS 2A), Cristian Lenart and Changlong Zhong, State
University of New York at Albany.
Recent Developments in Automorphic Representations (Code: SS 8A), Spencer Leslie, Duke University, and Tian An Wong,
University of Michigan-Dearborn.
Recent Developments in Differential Geometry (Code: SS 11A), Megan Kerr, Wellesley College, and Catherine Searle,
Wichita State University.
Stochastic Analysis (Code: SS 6A), Parisa Fatheddin and Aurel Stan, Ohio State University, Marion.

Spring Central Virtual Sectional Meeting
Now meeting virtually, CDT (hosted by the American Mathematical Society)
April 17–18, 2021
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 42, Issue 2

Meeting #1166

Deadlines

Central Section
Associate secretary: Georgia Benkart

For organizers: Expired
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Title to be announced.
Malabika Pramanik, University of British Columbia and BIRS, Title to be announced.
Maksym Radziwill, Caltech, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Commutative Algebra (Code: SS 7A), Ayah Almousa, Cornell University, and Sean Sather-Wagstaff, Clemson University.
Graph Theory and Applications (Code: SS 9A), Katherine F. Benson, University of Wisconsin-Stout, Christine A. Kelley,
University of Nebraska-Lincoln, and Esmeralda L. Năstase, Xavier University.
Interactions between Representation Theory, Poisson Geometry, and Noncommutative Algebra (Code: SS 5A), Jason Gaddis,
Miami University, Padmini Veerapen, Tennessee Technological University, and Xingting Wang, Howard University.
Legendrian Knots and Surfaces (Code: SS 3A), Honghao Gao, Michigan State University, and Dan Rutherford, Ball State
University.
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Nonsmooth Analysis and Geometry (Code: SS 1A), Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight
and Nageswari Shanmugalingam, University of Cincinnati.
Numerical Linear Algebra (Code: SS 8A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and
Qiang Ye, University of Kentucky.
Probabilistic and Diffusion Methods in Analysis and Geometry (Code: SS 4A), Rodrigo Bañuelos and Jing Wang, Purdue
University, and Ju-Yi Yen, University of Cincinnati.
Recent Progress in Analytic Number Theory (Code: SS 6A), Seungki Kim, University of Cincinnati, Xiannan Li, Kansas
State University, and Xuancheng Fernando Xuancheng, University of Kentucky.
Sharp Estimates in Harmonic Analysis (Code: SS 2A), Kabe Moen, University of Alabama, Leonid Slavin, University of
Cincinnati, and Alex Stokolos, Georgia Southern University.

Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)
May 1–2, 2021
Saturday – Sunday

Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1167

Deadlines

Western Section
Associate secretary: Michel L. Lapidus

For organizers: Expired
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Functional Analysis and Operator Theory (Code: SS 9A), Michel L. Lapidus, University of California, Riverside,
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John's University.
Algebraic K-theory, Motivic Homotopy Theory, and Perfectoid Spaces (Code: SS 12A), Shanna Dobson, California State
University, Los Angeles.
Analysis, Combinatorics, and Geometry of Fractals (Code: SS 4A), Kyle Hambrook, San Jose State University, and ChunKit Lai, San Francisco State University.
Connections between homotopical algebra and geometry (Code: SS 6A), Ryan Grady, Montana State University, and Chris
Rogers, University of Nevada, Reno.
Differential Geometry and Geometric PDE (Code: SS 1A), Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo
Seto, and Bogdan Suceavă, California State University, Fullerton.
Geodesics in Hyperbolic 2- and 3-Manifolds (Code: SS 10A), Maria Trnkova, University of California, Davis, and Andrew
Yarmola, Princeton University.
Localization and delocalization in ergodic quantum systems (Code: SS 2A), Ilya Kachkovskiy, Michigan State University,
and Wencai Liu and Rodrigo Matos, Texas A&M University.
Nonlinear PDEs and fluid dynamics (Code: SS 13A), Igor Kukavica, University of Southern California, Juhi Jang, University of Southern California, and Wojciech Ozanski, University of Southern California.
Regularity Theory for Linear and Nonlinear PDEs (Code: SS 11A), Zongyuan Li, Rutgers University, Weinan Wang, University of Arizona, and Xueying Yu, Massachusetts Institute of Technology.
Research in Mathematics by Early Career Graduate Students (Code: SS 8A), Michael Bishop, California State University,
Fresno, Marat V. Markin, California State University, Fresno, and Khang Tran, California State University, Fresno.
Topological Perspectives in Graph Theory, Classical and Recent (Code: SS 3A), Jonathan L. Gross, Columbia University,
Timothy Sun, San Francisco State University, and Thomas W. Tucker, Colgate University.
Topological Perspectives in Graph Theory, Classical and Recent (Code: SS 5A), Jonathan L. Gross, Columbia University,
Timothy Sun, San Francisco State University, and Thomas Tucker, Colgate University.
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Women in Commutative Algebra - One hundred years of Idealtheorie in Ringbereichen (Code: SS 7A), Eloísa Grifo, University
of California, Riverside, and Alessandra Costantini, University of California, Riverside.

Grenoble, France
Université de Grenoble-Alpes
July 5–9, 2021

Issue of Abstracts: Not applicable

Monday – Friday

Deadlines

Meeting #1168

For organizers: Expired
For abstracts: To be announced

Associate secretary: Michel L. Lapidus
Program first available on AMS website: Not applicable

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/internmtgs.html.

Special Sessions
Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona
Maclean, Grenoble, France, and Claire Voisin, Paris, France.
Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras
Vasy, Stanford University, USA.
Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris.
Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.
Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken,
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-deFrance, Valenciennes, France.
Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and
Federico Pellarin, Université Jean Monnet, France.
Financial Mathematics, Beatrice Acciaio, London School of Economics, UK, Carole Bernard, Grenoble Ecole de Management, Grenoble, France, and Stephan Strum, Worcester Polytechnic Institute, USA.
Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus,
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo,
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North
Carolina State University, Raleigh, USA.
Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.
Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.
Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.
Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fribourg, Switzerland.
Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.
Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille
University, France, and Emmanuel Russ, Grenoble Alpes University, France.
Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France,
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.
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Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin,
University of Connecticut, USA.

Buenos Aires, Argentina
The University of Buenos Aires
July 19–23, 2021

Issue of Abstracts: Not applicable

Monday – Friday

Deadlines

Meeting #1169
Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

For organizers: Expired
For abstracts: To be announced

Buffalo, New York
University at Buffalo (SUNY)
September 18–19, 2021
Saturday – Sunday

Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Meeting #1170

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University
October 9–10, 2021
Saturday – Sunday

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Meeting #1171

Deadlines

Central Section
Associate secretary: Georgia Benkart

For organizers: March 9, 2021
For abstracts: August 10, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.
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Albuquerque, New Mexico
University of New Mexico
October 23–24, 2021
Saturday – Sunday

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Meeting #1172

Deadlines
For organizers: March 23, 2021
For abstracts: August 24, 2021

Western Section
Associate secretary: Michel L. Lapidus

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of
Mining and Technology.
Inverse Problems (Code: SS 1A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico.
Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi,
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Mobile, Alabama
University of South Alabama
November 20–21, 2021
Saturday – Sunday

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Meeting #1173

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

Southeastern Section
Associate secretary: Brian D. Boe

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel
January 5–8, 2022

Issue of Abstracts: To be announced

Wednesday – Saturday

Deadlines

Meeting #1174

For organizers: To be announced
For abstracts: To be announced

Associate secretary: Georgia Benkart
Program first available on AMS website: To be announced
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Charlottesville, Virginia
University of Virginia
March 11–13, 2022
Friday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1175

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Muhammad Islam and Youssef Raffoul, University of Dayton.
Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and
Omar Saucedo, Virginia Tech.
Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, University of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia,
and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving,
Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clemson University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore,
University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric
Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech,
and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University,
and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia,
and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wisconsin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS)
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
December 2020
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Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of
Waterloo.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner Hoehner, Longwood University, and Mark Meckes
and Elizabeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe
Martone, University of Michigan.
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono,
University of Virginia.

Medford, Massachusetts
Tufts University
March 19–20, 2022
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1176

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida,
México, and Fulton Gonzalez, Tufts University.
Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Broughton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.
Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science
Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M.
Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and
Mark Mixer, Wentworth Institute of Technology.
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West Lafayette, Indiana
Purdue University
March 26–27, 2022
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1177

Deadlines

Central Section
Associate secretary: Georgia Benkart

For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Champaign, and Jing Wang, Purdue University.
A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina
Mitrea, Temple University.
Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich
and Aleksandra Sobieska, Texas A&M University.
Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University,
and Tian Yang, Texas A&M University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University,
Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver
May 14–15, 2022

Issue of Abstracts: To be announced

Saturday – Sunday

Deadlines

Meeting #1178

For organizers: October 12, 2021
For abstracts: March 15, 2022

Western Section
Associate secretary: Michel L. Lapidus

El Paso, Texas
University of Texas at El Paso
September 17–18, 2022

Issue of Abstracts: To be announced

Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart

Deadlines
For organizers: To be announced
For abstracts: To be announced

Program first available on AMS website: To be announced
December 2020
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Chattanooga, Tennessee
University of Tennessee at Chattanooga
October 15–16, 2022

Issue of Abstracts: To be announced

Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title To Be Announced.
Chad Topaz, Williams College, Title To Be Announced.
Xingxing Yu, Georgia Institute of Technology, Title To Be Announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber,
University of north Georgia.
Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee
at Chattanooga, and Eric Rawdon, University of St Thomas.
Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University,
and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter,
and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and
Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute
of Technology.

Salt Lake City, Utah
University of Utah
October 22–23, 2022

Issue of Abstracts: To be announced

Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State
University, and Bangteng Xu, Eastern Kentucky University.
Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, University of Utah.
Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California,
Riverside, and Jennifer Kenkel, University of Michigan.
Extremal Graph Theory (Code: SS 1A), Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M.
Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian,
The College of New Jersey.
Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.
Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan
Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western
Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt,
University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena
Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe,
Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham
Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers,
Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel
January 4–7, 2023

Deadlines

Wednesday – Saturday
Associate secretary: Steven H. Weintraub

For organizers: To be announced
For abstracts: To be announced

Issue of Abstracts: To be announced

Fresno, California
California State University, Fresno
May 6–7, 2023

Issue of Abstracts: To be announced

Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus

Deadlines

Program first available on AMS website: To be announced
December 2020

For organizers: October 4, 2022
For abstracts: March 7, 2023
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.
Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside,
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.
Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson,
Claremont McKenna College.
Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of
California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Sambandham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James
Zhang, University of Washington.
Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf,
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski,
University of Southern California.
Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric
Sedgwick, DePaul University.
Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano
Zambom, California State University, Northridge.
Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.
Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California
State University, Fresno.
Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A),
Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California,
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech University, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang
Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario
Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and
Agnes Tuska, California State University, Fresno.
Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University,
Fresno.
Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

1848

Notices of the American Mathematical Society

Volume 67, Number 11

THE

AMS EMPLOYMENT CENTER

While the 2021 Employment Center cannot be held,
we look forward to welcoming employers and job
applicants at a JMM in the future.
Visit our web page www.ams.org/employment-center
for updates on future events. For job information,
MathJobs.org provides current ads and application
opportunities.

Photo Credit: Kate Awtrey, Atlanta Convention Photography

AT THE JOINT MATHEMATICS MEETINGS

American Mathematical Society
Distribution Center
35 Monticello Place,
Pawtucket, RI 02861 USA

NOW AVAILABLE

from the AMS

GRADUATE STUDIES
I N M AT H E M AT I C S

209

Hyperbolic
Knot Theory

= Textbook

Jessica S. Purcell

Number Theory

Hyperbolic Knot Theory

Róbert Freud, University Eötvös Loránd, Budapest, Hungary and
Edit Gyarmati
Number Theory is a newly translated and revised edition of
the most popular introductory textbook on the subject in
Hungary. The book covers the usual topics of introductory
number theory: divisibility, primes, Diophantine equations,
arithmetic functions, and so on.

Jessica S. Purcell, Monash University, Clayton, Victoria, Australia
This book provides an introduction to hyperbolic geometry
in dimension three, with motivation and applications arising from knot theory. Hyperbolic geometry was first used
as a tool to study knots by Riley and then Thurston in the
1970s.

Pure and Applied Undergraduate Texts, Volume 48; 2020; 552 pages;
Softcover; ISBN: 978-1-4704-5275-9; List US$99; AMS members US$79.20;
MAA members US$89.10; Order code AMSTEXT/48

AMS / MAA Press

The History of Mathematics: A Source
Based Approach, Volume 2
June Barrow-Green, The Open University, Milton Keynes, United
Kingdom, Jeremy Gray, The Open University, Milton Keynes,
United Kindgom, and Robin Wilson, The Open University, Milton
Keynes, United Kingdom
The History of Mathematics: A Source-Based Approach is a comprehensive history of the development of mathematics.

Graduate Studies in Mathematics, Volume 209; 2020; 392 pages;
Softcover; ISBN: 978-1-4704-5499-9; List US$98; AMS members US$78.40;
MAA members US$88.20; Order code GSM/209

The Great Prime Number Race
Roger Plymen, Manchester University, United Kingdom
Have you ever wondered about the explicit formulas in
analytic number theory? This short book provides a streamlined and rigorous approach to the explicit formulas of
Riemann and von Mangoldt.
Student Mathematical Library, Volume 92; 2020; 152 pages; Softcover;
ISBN: 978-1-4704-6257-4; List US$59; AMS members US$47.20; MAA
members US$47.20; Order code STML/92

AMS/MAA Textbooks, Volume 61; 2020; 724 pages; Softcover; ISBN:
978-1-4704-4382-5; List US$89; AMS members US$66.75; MAA members
US$66.75; Order code TEXT/61

Discover more titles at bookstore.ams.org

facebook.com/amermathsoc
@amermathsoc

