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A WORD FROM...

Photo is courtesy of Tom Barr.

Tom Barr, AMS Director of Programs and Outreach1

The Mathematical and Statistical Sciences Annual Survey ( https://www.ams.org
/annual-survey) provides information on the academic mathematical and statistical
sciences community that is quantitative, relevant, reliable, and timely. From its inception
in 1957 as a simple salary study of 42 of the “best” programs in the country, it has grown
to encompass a wide array of characteristics of the professional milieu in almost all of the
approximately 1,514 programs in four-year institutions across the US and its territories.
With the advisement of the Joint Data Committee (JDC, https://www.ams.org/comm-all
.html), three AMS staff members (Colleen Rose, Kayla Roach, and myself) carry out the
data collection, analysis, and table preparation. In collaboration with the chair of the JDC
(Amanda Golbeck), we prepare five major reports that appear in Notices each year, plus a
number of special-request analyses based on data collected but not explicitly part of the
reports. I’ve been involved since my arrival at the AMS in 2015, and more recently I have
moved to serving as director of programs, a role with broader responsibilities regarding
the Survey. Thus, I’m especially happy to reflect on this program and offer some perspective.

How We Do the Survey
The AMS staff carry out a census using four different questionnaires that are completed by chairpersons or other
departmental staff at various times throughout the year. These focus on (1) the characteristics of new doctorate
recipients and their beginning employment experiences, (2) departments’ faculty recruitment, hiring, and attrition,
(3) faculty salaries, and (4) characteristics of departments such as faculty size and demographics, numbers of majors,
and numbers of graduate students. For the purposes of the Survey, these programs are grouped into eight strata
(five tiers of mathematics programs plus applied math, statistics, and biostatistics) comprising 328 PhD-granting
programs, 178 master’s-granting programs, and 1,008 bachelor’s-granting programs. The lists of institutions as
well as the survey forms are available through the Annual Survey web page. Analysis of the gathered information
yields six reports (five statistical plus the listing of PhD recipient names) that appear in Notices roughly a year after
the survey instruments are sent out. These reports, along with data tables on which they are based, are housed on
the Annual Survey web pages. This repository now serves as the definitive archive of Survey information, and any
updates or errata appear there.

How We Decide What Questions to Ask
In the early days of the Survey, the Joint Data Committee or its predecessors wrote the questions for the survey, and
the chair of the committee, along with AMS staff, were the authors of the reports. That influence on the present-day
questionnaires and reports is evident, though now the JDC plays more of an advisory role to staff. In order to track
parameters over time, the questions and analytical methodology shouldn’t vary a lot year-to-year, so questionnaire
adjustments have tended to be incremental. At the AMS, we regularly receive queries from the community that indicate ongoing interest in such questions as the proportions of tenured faculty in R1 departments who are women,
the percentages of first-year graduate students who drop out after one year, or the fraction of PhDs completed in US
universities by international students. These questions can be answered because the parameters are either tracked
explicitly over time in the Survey reports or are directly inferable from them. Interest in longitudinal perspective
like this tends to keep the Survey questions stable year-to-year.
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On the other hand, the needs of the community change over time, and we receive new questions from chairpersons,
AMS leadership, committees, and others that would be desirable to incorporate into the Survey. We work to address these
when possible with incremental changes to the survey forms and corresponding parts of the reports. Other queries can
be answered, for instance, by a cohort salary study or an analysis of student enrollments, where data already gathered
can be scrutinized from a perspective different from that of the Survey reports. In the wake of the COVID-19 pandemic, it
has become clearer than ever that one-off studies to look at emergent changes in such activities as recruitment, research,
teaching, learning, and career development are needed. One of the challenges ahead is to balance our efforts between the
traditional, year-by-year tracking of parameters and the “snapshot” surveys we have begun to contemplate.
Often, statistically-based questions about undergraduate mathematics and statistics education that are beyond the scope
of the Annual Survey can instead be studied through the Conference Board of Mathematical Sciences (CBMS) Survey of
Undergraduate Programs (https://www.ams.org/cbms2020). The AMS has administered this comprehensive, national
survey on behalf of CBMS every five years for at least the past five decades, and it contains a great deal of information
about such topics as instructional staff, curriculum, teaching methods, and course delivery in both two-year and four-year
institutions offering undergraduate math and statistics.

Statistical Trends Over the Years
Most parameters that are tracked in the Annual Survey do not vary rapidly, and the changes tend to be monotonic. Here
are a few examples of general recent trends. The reports and tables give a great deal more detail.
One significant focus area is PhD production and the employment experiences of degree recipients. For the sequence
of years ending June 30, 2008 to June 30, 2018, the number of doctorates granted in the mathematical sciences increased
from 1,378 to 1,960 (https://www.ams.org/phds-awarded). These numbers translate to an average annualized growth
rate of about 3.6%. Over the same period, the fraction of new doctorates who are women has ranged from a high of 32% in
2008 to a low of 25% in 2018, and the fraction who are US citizens has fluctuated between 45% and 49%. Survey reports
break these and many other numbers down by department groups, research concentration areas, and employment sectors.
The longest of the Annual Survey reports is the Departmental Profile (https://www.ams.org/demographics), which
captures data on faculty employment status and demographics, undergraduate and graduate course enrollments, numbers
of bachelor’s and master’s degrees awarded, counts of full-time graduate students, and more. A few factoids from it are:
• Across the 1,514 departments in the Survey frame, the estimated number of full-time mathematical and statistical
sciences faculty is between 25,000 and 26,000. In recent years the percentage of full-time faculty who hold tenure
has crept downward, and this is corroborated by a decrease from 52% to 46% in the period 2014 to 2018 in the
percentage of open faculty positions that were tenure-eligible.
• Interesting insights and inferences can be made from data on graduate students. For instance, in the years 2008 to
2017, the reports show explicitly that the number of full-time graduate students grew from an estimated 10,883 to
13,896, for an annual increase of about 3.6%. During this period, the percentage of under-represented minorities
in graduate programs increased from about 9% to 13%. The percentage who were women held steady year-toyear at about 30%. A persistence in this last percentage might seem inconsistent with the wider fluctuation in
the percentage of women completing PhDs mentioned above. However, the 30% figure is an integral over all age
groups of graduate students, whereas the percentage of women completing PhDs is essentially the percentage of
women in the last age group.
While it may be a somewhat antiquated practice, reading tables can often yield a lot more insight than huge amounts
of narrative or web searches. I invite anyone interested to peruse the rich assortment of tables in the Annual Survey reports
on the web page (https://www.ams.org/annual-survey)!
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Data → Information → Knowledge → Action
What is actionable? That question persists for me as we contemplate the future of Survey activities at the AMS. On the one
hand, many times I have heard statements that begin, “It would be nice to know…,” an entrée to perhaps a countable
infinity of possible work steps. My response in some of those instances may contain the question, “What do you expect
to do with the answers?” This actionability criterion can be a guide forward as we consider ways of making our Survey
work nimbler and the end products more relevant. The AMS is well positioned in the community to collect data—we
have good relationships with departments, and we appreciate the diligence of chairs and administrative staff around the
country in completing our surveys—and to turn that data into useful information. The next steps in the sequence rely on
the wider mathematical and statistical community—and especially its leaders—to utilize this sort of information to form
knowledge of the professional milieu and training pipeline so that sensible and productive actions are likely to follow.
With continuing and renewed support for our efforts from the participating societies, we look forward to more years
of providing the math and statistics community with actionable, distinctive, and timely information that is deeply important to the health of our profession.
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Non-Commutative Geometry
Indomitable

Ernesto Lupercio
1. Introduction
The discovery by Descartes that the (commutative) algebra, developed by the Persian civilization (al-Khwarismi,
Omar Khayyam), and the towering edifice of Euclidean
geometry—the jewel of Greek mathematics—were but two
sides of the same coin was a monumental development in
mathematics.
Thus, the publication in 1637 of La Géométrie (just an
appendix to the Discourse on the Method!) is one of the
great masterpieces of mathematics literature; in it, a grand
unification is put forward: that of (commutative) algebra
with geometry. This development by Descartes did not
come out of the blue, and one can trace most of the ideas
of this treatise to various predecesors; nevertheless, it was
in La Géométrie that the explicitness and clarity of the unification idea makes it take on a life of its own.
Both generalization and abstraction (more often than
not inspired and informed by physics) have always been
a great source of inspiration for mathematicians, aiding
us to overcome our prejudices and lack of imagination.
And so, while today the passage from the linearly ordered
topologically complete field of the real numbers 𝐑 to the
Ernesto Lupercio is a professor of mathematics at the Center for Research and
Advanced Studies of the National Polytechnic Institute (Cinvestav, IPN) in
Mexico City. His email address is lupercio@math.cinvestav.mx.
To Thomas Nevins, an indomitable geometer, in memoriam.
For permission to reprint this article, please contact:
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DOI: https://doi.org/10.1090/noti2195
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algebraically closed field of the complex numbers 𝐂
(where we have lost the ordering) sounds totally obvious,
and hence, just as obvious the passage from real geometry
to complex geometry, it is not until the 1857 masterpiece
by B. Riemann, Theorie der Abelschen Functionen, that this
new geometry enters into the conciousness of mathematicians at large. By losing the linear order of the field, we
gain a theory of enormous beauty and coherence.
A different source for the development of mathematics
has been the desire to solve ever more classes of equations;
in fact, one could say that the evolution of the concept of
number is inseparable from this development.
From this perspective, just as complex numbers (which
need two real components) appear motivated by the solution of the general quadratic equation, the introduction of
(square) matrices (already appearing in the classical Chinese text The Nine-Chapters on the Mathematical Art, 10th2nd centuries BC) is motivated by the solution to the general system of linear equations (the word matrix used in
this context first appears in 1850, not long before the paper
of Riemann, in the work of J. J. Silvester). These remarks
would suggest that one could think of the ring of matrices
as a new kind of set of numbers, but numbers whose multiplication does not commute (Gelfand). Again, by losing
something (commutativity), in exchange, we gain something else (linear algebra first, then matrix groups, etc.).
In fact, it is in A. Cayley’s 1858 masterpiece, A Memoir on
the Theory of Matrices, where all this has come to fruition;
there, Cayley proves the non-commutativity property of matrix multiplication.
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Just as classical mechanics is the inspiration behind Descartes and electrostatics, the motivation behind
Riemann, it is quantum physics and its matrix noncommutative mathematics that will inspire A. Connes’ introduction of non-commutative geometry in the 1980s;
one could mark the official foundation of the field to his
1985 seminal paper “Noncommutative differential geometry” [5] (although many ideas already appear in his 1980
note in the Comptes Rendus [4]). But we need to backtrack
a little in order to understand the main ideas of that paper.

2. Matrix Mechanics
In 1925, M. Born, V. Heisenberg, and P. Jordan proposed a
foundational framework for quantum mechanics in their
classical papers Zur Quantenmechanik [2] (both Born and
Heisenberg received Nobel prizes in part for this work).
The main insight was Heisenberg’s and it is the stuff of legend: in order to escape an attack of hay fever, on June 7,
1925, Heisenberg leaves Göttingen for Helgoland and between learning poems by Goethe and climbing, he realized
that by positing non-commuting observables, he can solve the
observational puzzle of the behavior of the spectral lines
of hydrogen. After a sleepless night of calculation, he was
so deeply shaken by the result that he left the house and
awaited the sunrise on top of a rock. Heisenberg rapidly
wrote a paper using this insight but, afraid of its own originality, he first asked Born to look at it; it didn’t take long
for Born to realize that he could make sense of it in the
language of matrices, making it more palatable.
Let’s explain (following Connes [6]) how one would
reach Heisenberg’s conclusion (physical observables must
be modeled by a non-commutative algebra) from the available experimental evidence at the end of the 19th century.
The new phenomena being analyzed then, and for which
classical mechanics was naturally being used as a model,
was the behavior of the realm of the very small, namely,
atoms. The evidence came from spectrometry: by heating
a tube filled with a certain chemical element and decomposing the light it emits (perhaps by using a prism) into
its various frequencies, we obtain thus a number of lines
of light that is convenient to index by their wavelengths.
Such data—the list of wavelengths—is what is known as
an atomic spectrum; for example, for the hydrogen atom,
by performing such an experiment, one obtains as its spectrum the following ordered subset of 𝐑:
9 16 25 36
{ 𝐿, 𝐿, 𝐿, 𝐿} ,
5 12 21 32

where 𝑅 = 4/𝐿 (Rydberg, 1890), 𝑚 is a fixed integer, and
𝑛 takes certain integer values. Again, we obtain a discrete
spectrum.
Now, this experimental result contradicts classical
physics; indeed, it is not very hard to show that Newtonian mechanics coupled with Maxwell’s theory of electromagnetism imply together that the spectrum Γ of such an
atom should be an additive subgroup Γ ⊆ 𝐑 of the real
line.
But what the experiments prescribe is the Ritz-Rydberg
combination principle. If we choose frequency 𝜈/𝜆 as the
more natural parameter for the spectral lines, then there
exists a discrete set 𝐼 ∶= {𝑖, 𝑗, …} of labels for the frequencies
such that the spectrum is the set
{𝜈 𝑖𝑗 ∶= 𝜈 𝑖 − 𝜈𝑗 |(𝑖, 𝑗) ∈ 𝐼 × 𝐼} .
In this language, the Ritz-Rydberg combination principle
states that
𝜈 𝑖𝑘 = 𝜈 𝑖𝑗 + 𝜈𝑗𝑘 ,
namely, the sum of certain frequencies in the spectrum stay
in the spectrum (we have a partially defined combination
rule); 𝜈 𝑖𝑗 and 𝜈 𝑙𝑘 combine only when 𝑗 = 𝑙.
To explain this better, it is convenient to define two
structural maps; first the source map,
𝑠 ∶ 𝐼 × 𝐼 → 𝐼, 𝑠(𝑖, 𝑗) ∶= 𝑖,
and then the target map,
𝑡 ∶ 𝐼 × 𝐼 → 𝐼, 𝑡(𝑖, 𝑗) ∶= 𝑗.
The algebraic object is
ℐ ∶= (𝐼, 𝐼 × 𝐼, 𝑠, 𝑡).
We must think of (𝑖, 𝑗) as an arrow connecting 𝑖 to 𝑗 and
𝐼 × 𝐼 as a set of arrows. Two arrows (𝑖, 𝑗) and (𝑙, 𝑘) can be
composed (or “multiplied”), but only whenever 𝑗 = 𝑙:
(𝑗, 𝑘) ∘ (𝑖, 𝑗) ∶= (𝑖, 𝑘).
This multiplication admits as many “left identities” as elements 𝑗 of 𝐼 exist, for

where 𝐿 = 36.456 × 10−8 𝑚; here, we are considering wavelengths and not frequencies. In other words, we get the
quantized (discrete, with an integral structure) spectrum
𝑛2
𝐿 ∶ 𝑛 = 2, 4, 5, 6} .
{𝜆 = 2
𝑛 −4
8

For a more complicated atom, the experimental outcome is
1
𝑅
𝑅
= 2 − 2,
𝜆
𝑚
𝑛

(𝑗, 𝑗) ∘ (𝑖, 𝑗) ∶= (𝑖, 𝑗),
and the same goes for “right identities.”
ℐ is what we will call a groupoid, one of the main bulding
blocks in non-commutative geometry.
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3. Groupoids
To make full sense of this result, we will need the notion of
a (small) groupoid 𝒢 and of its convolution algebra 𝐶(𝒢).
Groupoids are certain kinds of algebraic objects: on the
one hand, they generalize groups; on the other, they are
categories where every arrow has an inverse.
Definition 3.1. A category 𝒞 = (𝐶0 , 𝐶1 , 𝑠, 𝑡) consists of objects 𝐶0 and arrows 𝐶1 together with maps:
a) Two maps 𝑠 ∶ 𝐶1 → 𝐶0 and 𝑡 ∶ 𝐶1 → 𝐶0 , called the
source map and the target map, so that if for an arrow
𝛼 ∈ 𝐶1 we have 𝑠(𝛼) = 𝑥 and 𝑡(𝛼) = 𝑦, then we write
𝛼

or
𝛼 ∶ 𝑥 ⟶ 𝑦.
The identity-arrow map
𝑖 ∶ 𝐶0 → 𝐶1
assigning to every object 𝑥 ∈ 𝐶0 its identity arrow
𝑖(𝑥) ∶ 𝑥 ⟶ 𝑥,
1𝑥 ∶= 𝑖(𝑥).
c)

Definition 3.3. Given objects 𝑥, 𝑦 ∈ 𝐶0 , we say that 𝑥 is
isomorphic to 𝑦 in 𝒞 and write 𝑥 ≅ 𝑦 if there is an arrow
𝛼 ∶ 𝑥 → 𝑦 together with an inverse arrow 𝛼−1 ∶ 𝑦 → 𝑥,
that is to say, we have 𝛼 ∘ 𝛼−1 = 1𝑦 , 𝛼−1 ∘ 𝛼 = 1𝑥 .
Example 3.4. The category 𝒮 = (𝑆 0 , 𝑆 1 , 𝑠, 𝑡) of all sets,
where 𝑆 0 is the class of all sets and 𝑆 1 is the class of all
mappings of sets. For two sets 𝑥, 𝑦 and a mapping
𝛼 ∶ 𝑥 ⟶ 𝑦,
we set 𝑠(𝛼) = 𝑥 and 𝑡(𝛼) = 𝑦. It is immediate to verify all
the necessary algebraic conditions, and, so, 𝒮 is a category.
This category has many subcategories of importance, for
example, the category of all groups 𝒢 = (𝐺 0 , 𝐺 1 ), where
𝐺 0 is the class of all groups and 𝐺 1 is the class of all group
homomorphisms.

𝑥⟶𝑦

b)

𝒞 ′ and satisfying 𝐹 ∘ 𝑠 = 𝑠′ ∘ 𝐹, 𝐹 ∘ 𝑡 = 𝑡′ ∘ 𝐹, 𝐹 ∘ 𝑖 = 𝑖′ ∘ 𝐹,
and
𝐹(𝛼 ∘ 𝛽) = 𝐹(𝛼) ∘ 𝐹(𝛽).

A composition law for arrows:
𝑚 ∶ 𝐶1 𝑡×𝑠 𝐶1 ⟶ 𝐶1 .

Here 𝐶1 𝑡×𝑠 𝐶1 consists of pairs of arrows (𝛼, 𝛽) so that
𝑡(𝛼) = 𝑠(𝛽). The composition law is only partially defined, namely, the domain of 𝑚 is not all of 𝐶1 × 𝐶1 but
only the subset 𝐶1 𝑡×𝑠 𝐶1 . For the composition law, we
often write
𝛽 ∘ 𝛼 ∶= 𝑚(𝛼, 𝛽).
These data satisfy the two strong algebraic conditions:
i) Associativity:

Category theory was discovered by S. Eilenberg and
S. Mac Lane in the years 1942–1945 and first appeared
fully formed in their 1945 classical paper “General theory
of natural equivalences” [11] (very much under the influence of E. Noether, one of Mac Lane’s teachers). In this
work, the concept of category was mostly auxiliary, for the
developments of homological algebra in algebraic topology had motivated Eilenberg and Mac Lane to understand
systematically the concept of natural transformation.
Perhaps the best way to think of a natural transformation 𝜂 ∶ 𝐹 ⇒ 𝐹 ′ from a functor 𝐹 ∶ 𝒜 → ℬ to a functor
𝐹 ′ ∶ 𝒜 → ℬ is as a homotopy from 𝐹 to 𝐹 ′ . To make sense
of this, it is useful to define the unit interval category 𝒥 as
the category having two objects 0 and 1 and three arrows
(only one being a non-identity arrow) depicted below:
10

𝛼 ∘ (𝛽 ∘ 𝛾) = (𝛼 ∘ 𝛽) ∘ 𝛾,
whenever 𝑠(𝛼) = 𝑡(𝛽) and also 𝑠(𝛽) = 𝑡(𝛾). In
other words, in the following commutative diagram, 𝛿 is well defined:
𝛼 /
𝑥O
𝑦
𝛿

𝑤o

𝛾


𝑧

𝛽

0

11



/1



Definition 3.5. A natural transformation 𝜂 from 𝐹 to 𝐹 ′ is a
functor
𝜂 ∶ 𝒜 × 𝒥 ⟶ ℬ,
so that 𝐹 = 𝜂|𝒜×0 and 𝐹 ′ = 𝜂|𝒜×1 . When such a natural
transformation exists, we write 𝜂 ∶ 𝐹 ⟹ 𝐹 ′ .
It is natural to define the composition (concatenation)
𝜂 ∘ 𝜂′ of natural transformations by considering the double
interval category which contains 𝒥:

ii) Identity: if
𝛼 ∶ 𝑥 ⟶ 𝑦,
then
𝛼 ∘ 1𝑥 = 1𝑦 ∘ 𝛼 = 𝛼.

10

Definition 3.2. Given two categories (𝒞, 𝐶0 , 𝐶1 , 𝑠, 𝑡) and
(𝒞 ′ , 𝐶0′ , 𝐶1′ , 𝑠′ , 𝑡′ ) a functor 𝐹 ∶ 𝒞 → 𝒞 ′ is a rule assigning
objects in 𝒞 to objects in 𝒞 ′ and arrows in 𝒞 to arrows in

0
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Definition 3.6. We say that (𝜂 ∶ 𝐹 → 𝐹 ′ , 𝜂′ ∶ 𝐹 ′ → 𝐹)
are a natural equivalence (homotopy equivalence) of categories, and we write 𝒜 ≃ ℬ if the concatenations 𝜂 ∘ 𝜂′
and 𝜂′ ∘ 𝜂 send 𝜄 to the identity transformations 1𝐹 and 1𝐹 ′ ,
respectively.
Just as homotopy equivalent spaces do not need to have
the same cardinality (the uncountable unit disc is homotopy equivalent to a point), equivalent categories can have
a vastly different number of objects. In fact, intuitively, if
𝒜 ≃ ℬ, then ℬ can be obtained from 𝒜 by means of an
intermediate category 𝒞:
𝒜o

/ℬ

𝒞

Both arrows induce equivalences, and the left arrow
(resp., the right arrow) can be obtained from 𝒜 (resp., ℬ)
by deleting objects of 𝒜 (and all arrows starting or ending
in the deleted object) (resp., deleting objects of ℬ) making
sure that 𝒞 still has, at least, one object in every isomorphism class of objects in 𝒜 (resp., ℬ); the left arrow thins
out 𝒜, and the second arrow fattens up 𝒞 to obtain ℬ. The
diagram above is important, for it is an archetype for noncommutative geometry; we will see this later, when we talk
about bi-bundles.
Example 3.7. Consider the category 𝒱 of complex 𝑛dimensional vector spaces together with linear isomorphisms. It is not hard to see that this category is equivalent
to the category [•/GL𝑛 (ℂ)] which has just one (abstract)
object •, and 𝑛 × 𝑛 invertible matrices as arrows with multiplication as its composition law. Notice that (by definition) every arrow in both categories has an inverse.
Definition 3.8. A category 𝒢 = (𝐺 0 , 𝐺 1 , 𝑠, 𝑡) in which for
every arrow 𝛼 ∶ 𝑥 → 𝑦 there exists an inverse arrow 𝛼−1 ∶
𝑦 → 𝑥, namely an arrow so that
𝛼∘𝛼

−1

= 1𝑦 , 𝛼

−1

∘ 𝛼 = 1𝑥 ,

is called a groupoid.
Example 3.9. Every group 𝐺 can be made into a groupoid
[•/𝐺] ∶= ({•}, 𝐺, 𝑠, 𝑡) (for 𝑠 and 𝑡 the constant maps 𝐺 →
{•}) by considering the category [•/𝐺] with one (abstract)
object • and an arrow 𝑔̃ for every element 𝑔 ∈ 𝐺. Given
two arrows 𝑔̃ ∶ • → • and ℎ ̃ ∶ • → • (for ℎ, 𝑔 ∈ 𝐺), we
define
𝑔̃ ∘ ℎ ̃ ∶= 𝑔 ⋅ ℎ.
Example 3.10. Every equivalence relation can be made
into a groupoid. Consider a set 𝐼 and 𝑅 ⊆ 𝐼 × 𝐼 an
equivalence relation on 𝐼 (𝑅 is the set of pairs (𝑖, 𝑗) so
that 𝑖 is related to 𝑗). Then, we can define a groupoid
[𝐼/𝑅] ∶= (𝐼, 𝑅, 𝑠, 𝑡) by writing 𝑠(𝑖, 𝑗) ∶= 𝑖, 𝑡(𝑖, 𝑗) ∶= 𝑗, and
(𝑖, 𝑗) ∘ (𝑗, 𝑘) ∶= (𝑖, 𝑘).
10

The verification of the claim that [𝐼/𝑅] is a groupoid is immediate.
The case 𝑅 = 𝐼 × 𝐼 constructs the groupoid [𝐼/𝐼 × 𝐼] arising
from matrix mechanics at the end of the last section. In fact, the
Ritz-Rydbergh combination principle can be interpreted
as saying that the frequencies 𝜈 ∶ [𝐼/𝐼 × 𝐼] → [•/ℝ] are
the image of a real-valued groupoid representation (and
no longer a group representation). This implies that the
space-momentum coordinates in the microscopic phasespace do not commute, as Heisenberg discovered.
Example 3.11. Every group action 𝐺 × 𝑀 → 𝑀 of 𝐺 on
𝑀 can be made into a translation groupoid [𝑀/𝐺] ∶=
(𝑀, 𝑀 × 𝐺, 𝑠, 𝑡) by writing 𝑠(𝑚, 𝑔) = 𝑚, 𝑡(𝑚, 𝑔) ∶= 𝑔 ⋅ 𝑚,
and
(𝑔𝑚, ℎ) ∘ (𝑚, 𝑔) ∶= (𝑚, ℎ𝑔).
For the purposes of geometry, it is useful to restrict our
attention to small categories (which do not include the category of sets).
Definition 3.12. We say that a category 𝒞 = (𝐶0 , 𝐶1 , 𝑠, 𝑡) is
small if both 𝐶0 and 𝐶1 are sets.
Definition 3.13. Given an object 𝑥 in 𝐶0 for 𝒞 a small
category, the set of invertible arrows 𝑔 ∶ 𝑥 → 𝑥 forms a
group called the automorphism group of 𝑥 in 𝒞.
The main source of non-commutative spaces are
groupoids that have a geometric structure, namely, topological and Lie groupoids.
Definition 3.14. A topological (resp., Lie) groupoid is a
small groupoid 𝒢 = (𝐺 0 , 𝐺 1 , 𝑠, 𝑡) so that 𝐺 0 and 𝐺 1 are
topological spaces (resp., Hausdorff smooth manifolds)
and all structure maps 𝑠, 𝑡, 𝑚, 𝑖 are continuous (resp.,
smooth).
Small discrete groupoids (where both 𝐺 0 and 𝐺 1 are discrete topological spaces) are really not more general than
discrete groups, as the following example explains.
Example 3.15. Consider a small discrete groupoid 𝒢 =
(𝐺 0 , 𝐺 1 , 𝑠, 𝑡), and, using the axiom of choice, pick exactly
one object in 𝐺 0 for every isomorphism class of objects
in 𝒢. If we set 𝐼 ∶= 𝐺 0 / ≅ as the indexing set of isomorphism classes, we can write (𝑥𝑖 )𝑖∈𝐼 for such a set of objects.
Then, it is not hard to see that 𝒢 is equivalent to the disjoint
union ⨿𝑖 [•/𝐺 𝑖 ], where 𝐺 𝑖 is the group of automorphisms
of 𝑥𝑖 in 𝒢.
From now on, we will restrict our attention to Lie
groupoids.
Definition 3.16. We say that a smooth map of manifolds
𝑓 ∶ 𝑀 → 𝑁 is étale if it is a local diffeomorphism; that is
to say, 𝑓 is both a submersion and an immersion. We say
that 𝒢 = (𝐺 0 , 𝐺 1 , 𝑠, 𝑡) is an étale Lie groupoid if 𝑠 is étale.
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In fact, the main examples that we will consider in this
note (foliation groupoids) can be made to be étale [10,17]
(e.g., the non-commutative torus below).

4. Convolution Algebras

Example 3.17. A Lie groupoid 𝒢 ∶= [𝑀/𝐺] (usually called
a translation groupoid) is étale whenever 𝐺 is discrete.

Definition 4.1. Given an étale groupoid 𝒢, we associate
to it a non-commutative algebra 𝐴𝒢 , the convolution algebra of 𝒢; its elements are compactly supported smooth
complex-valued functions on the manifold 𝐺 1 of arrows
of 𝒢, 𝑓 ∶ 𝐺 1 → ℂ. The convolution product 𝑓 ∗ 𝑔 of two functions is given by

Example 3.18. A choice of an atlas (𝑈 𝑖 )𝑖 for a manifold 𝑀
gives rise to an étale groupoid 𝒰 ∶= (⨿𝑖 𝑈 𝑖 , ⨿(𝑖,𝑗) 𝑈 𝑖𝑗 , 𝑠, 𝑡),
where
• ⨿𝑖 𝑈 𝑖 ∶= {(𝑚, 𝑖)|𝑚 ∈ 𝑈 𝑖 },
• ⨿(𝑖,𝑗) 𝑈 𝑖𝑗 ∶= {(𝑚, 𝑖, 𝑗)|𝑚 ∈ 𝑈 𝑖 ∩ 𝑈 𝑗 },
• 𝑠(𝑚, 𝑖, 𝑗) ∶= (𝑚, 𝑖),
• 𝑡(𝑚, 𝑖, 𝑗) ∶= (𝑚, 𝑗),
• (𝑚, 𝑗, 𝑘) ∘ (𝑚, 𝑖, 𝑗) ∶= (𝑚, 𝑖, 𝑘).
We need a geometric version of the equivalence of
groupoids that corresponds to the equivalence of categories of the previous section.
Definition 3.19. Given two Lie groupoids ℋ =
(𝐻0 , 𝐻1 , 𝑠, 𝑡) and 𝒢 = (𝐺 0 , 𝐺 1 , 𝑠, 𝑡), a morphism 𝜙𝑖 ∶ 𝐻𝑖 →
𝐺 𝑖 , 𝑖 = 0, 1, is an essential equivalence if
i) 𝜙 induces a surjective submersion (𝑦, 𝑔) ↦ 𝑡(𝑔)
from
𝐻0 ×𝐺0 𝐺 1 = {(𝑦, 𝑔)|𝜙(𝑦) = 𝑠(𝑔)}
onto 𝐻0 ; and
ii) 𝜙 induces a diffeomorphism ℎ ↦ (𝑠(ℎ)𝜙(ℎ), 𝑡(ℎ))
from 𝐻1 to the pullback 𝐻0 ×𝐺0 𝐺 1 ×𝐺0 𝐻0 .
We say that two Lie groupoids 𝒢 ′ and 𝒢 are Morita equivalent if there exists a Lie groupoid ℋ and two essential equivalences 𝒢 ← ℋ → 𝒢 ′ (and we will say that ℋ is a 𝒢-𝒢 ′ -bibundle). The equivalence class 𝒢 ̄ of the groupoid 𝒢 under
Morita equivalence is called the 𝐶 ∞ -stack associated to 𝒢.
Example 3.20. Given a fixed manifold 𝑀 and two atlases
(𝑈 𝑖 ) and (𝑉 𝑗 ), then the two associated étale groupoids 𝒰
and 𝒱 are Morita equivalent if and only if the atlases are
equivalent in the atlas sense. Thus, 𝑀 itself is the stack
associated to 𝒰 (and 𝒱):
𝑀 ≅ 𝒰 ≅ 𝒱.
Example 3.21. Consider a foliated manifold (𝑀, ℱ) with
𝑞 the codimension of the foliation. The holonomy (or foliation) groupoid ℋ = Holo(𝑀, ℱ) has as objects 𝐻0 =
𝑀, and two objects 𝑥, 𝑦 in 𝑀 are connected by an arrow if and only if they belong to the same leaf 𝐿; arrows
from 𝑥 to 𝑦 are in correspondence to homotopy classes of
paths lying on 𝐿 starting at 𝑥 and ending at 𝑦. The foliation groupoid ℋ = Holo(𝑀, ℱ) is always Morita equivalent to an étale groupoid for if we take an embedded 𝑞dimensional transversal manifold 𝑇 to the foliation that
hits each leaf at least once, then the restricted groupoid
ℋ|𝑇 is an étale groupoid, and, moreover, it is Morita equivalent to ℋ = Holo(𝑀, ℱ) [17].
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It is time to explain how to obtain a non-commutative algebra out of a groupoid.

(𝑓 ∗ 𝑔)(𝛼) = ∑ 𝑓(𝛽)𝑔(𝛾),
𝛽∘𝛾=𝛼

where the sum is well defined because it ranges over a discrete space (𝒢 is étale) and finite because the functions
are required to be compactly supported. The algebra 𝐴𝒢
can be made into a 𝐶 ∗ -algebra. In general, 𝐴𝒢 is a noncommutative algebra.
Example 4.2. Consider a (discrete) group 𝐺; the convolution algebra of the groupoid [•/𝐺] is exactly the same as
the group algebra of 𝐺.
Example 4.3. Consider now the Heisenberg groupoid
[𝐼/𝐼 × 𝐼] from matrix mechanics. Its convolution algebra
is a matrix algebra:
𝐴[𝐼/𝐼×𝐼] ≅ Mat𝑛×𝑛 (ℂ),
where 𝑛 is the cardinality of 𝐼.
The category of all categories is actually a 2-category: it
has objects, and for every pair of objects 𝑥, 𝑦, the family
of arrows going from 𝑥 to 𝑦 is itself a category. An arrow
𝜂 ∶ 𝛼 → 𝛽 between arrows is referred to as a 2-arrow.
There are two 2-categories that are of great importance in non-commutative geometry: the 2-category of
groupoids and the 2-category of algebras. Due to space
considerations, I am all but ignoring the analytical issues
concerning 𝐶 ∗ -algebras, which is too bad for it is a very
important ingredient in the field; in any case, we will be
working only at the formal level from now on.
The 2-category of groupoids 𝐆𝐫𝐨𝐮𝐩𝐨𝐢𝐝𝐬 has:
G1) Objects: groupoids.
G2) Arrows: (smooth) functors.
G3) 2-arrows: natural transformations.
The 2-category of algebras 𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬 has:
A1) Objects: associative (possibly non-commutative)
algebras.
A2) Arrows: bimodules over algebras.
A3) 2-arrows: bimodule morphisms.
Observe that a morphism 𝐴 → 𝐵 of algebras is not an
algebra homomorphism but rather a bimodule 𝐴 𝑀𝐵 . The
composition of two arrows (bimodules) is given by
𝐵 𝑀𝐶
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∘ 𝐴 𝑀𝐵 ∶= 𝐴 𝑀𝐵 ⊗ 𝐵 𝑀𝐶 .
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The notion of isomorphism of algebras in this category is
called Morita equivalence of algebras.
Definition 4.4. Two algebras 𝐴 and 𝐵 are Morita equivalent
iff there is an 𝐴-𝐵-bimodule 𝑀 and a 𝐵-𝐴-bimodule 𝑁 so
that 𝑀 ⊗𝐵 𝑁 ≅ 𝐴 (as 𝐴-𝐴-bimodules) and 𝑁 ⊗𝐴 𝑀 ≅
𝐵 (as 𝐵-𝐵-bimodules). Equivalently, 𝐴 and 𝐵 are Morita
equivalent if and only if their categories of modules 𝐴-Mod
and 𝐵-Mod are equivalent.
Example 4.5. Two commutative algebras are Morita equivalent iff they are isomorphic.
The important point [18] is that there is a convolution
2-functor
𝐆𝐫𝐨𝐮𝐩𝐨𝐢𝐝𝐬 ⟶ 𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬
that, when restricted to objects, sends 𝒢 to its convolution
algebra 𝐴𝒢 .
This implies immediately that (for étale groupoids) if
the groupoid 𝒢 is Morita equivalent to 𝒢 ′ (as groupoids),
then the algebra 𝐴𝒢 is Morita equivalent to 𝐴𝒢′ (as algebras): the Morita equivalence class 𝐴𝒢̄ only depends on
the stack 𝒢 ̄ and not on the groupoid. But two completely
different stacks could have the same convolution algebra.
Example 4.6. Given a compact manifold 𝑀 and an atlas
(𝑈 𝑖 ), the (non-commutative) convolution algebra 𝐴𝒰 of
the groupoid 𝒰 associated to the atlas is Morita equivalent
to 𝐶(𝑀), the algebra of smooth complex-valued functions
on 𝑀 which is commutative.
Example 4.7. Consider the groupoids 𝒢1 = [•/ℤ] and 𝒢2 =
[ℤ/{1}]. The first one is connected, while the second has
infinitely many components; therefore, the groupoids 𝒢1
and 𝒢2 are not Morita equivalent; nevertheless the Fourier
transform ℱ ∶ 𝐴𝒢1 → 𝐴𝒢2 is an isomorphism and, therefore, a Morita equivalence. This shows that the convolution 2-functor forgets information. This is a feature rather
than a bug in non-commutative geometry.
Example 4.8. The Heisenberg groupoid [𝐼/𝐼 × 𝐼] is Morita
equivalent to the trivial groupoid [•/{1}]; therefore, the
non-commutative matrix algebra Mat𝑛×𝑛 (ℂ) is Morita
equivalent to the 1-dimensional commutative algebra ℂ.

5. Gelfand Duality
Gelfand duality expresses the fact that it is the same thing
to have spaces as it is to have commutative algebras.
Theorem 5.1 (Gelfand duality). The category 𝐒𝐩𝐚𝐜𝐞𝐬 of
Hausdorff compact topological spaces and its opposite category
𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬 of commutative 𝐶 ∗ -algebras are equivalent. Given
a topological space 𝑋, its corresponding algebra is the algebra
𝐶(𝑋) of continuous complex-valued functions on 𝑋 with pointwise multiplication.
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Remark 5.2. Given a category 𝒞, its opposite category 𝒞 op
has the same objects and the same arrows but 𝑠 and 𝑡 exchange roles so that, in 𝒞 op , we have that 𝑠op = 𝑡 and
𝑡op = 𝑠.
In classical algebraic geometry, one starts with an affine
variety 𝑋 and one produces a commutative algebra 𝒪(𝑋)
by taking its regular functions. Then, one can go back to
𝑋 by taking the spectrum of maximal ideals of 𝒪(𝑋). A
similar but more delicate construction works in the case
of a topological space 𝑋.
Remark 5.3. The category 𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬 is the same as the category 𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬/∼𝑀 , where we have inverted Morita equivalences as two commutative algebras are Morita equivalent
iff they are isomorphic.
We are finally ready to define non-commutative spaces.
Definition 5.4. The category of non-commutative spaces
𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬 is the opposite to the category 𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬/∼𝑀
of possibly non-commutative algebras up to Morita equivalence.
This definition extends Gelfand duality into the noncommutative realm:
op

≅

𝐒𝐩𝐚𝐜𝐞𝐬
≅

𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬

𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬

(𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬/∼𝑀 )op

Also, the convolution functor becomes a well-defined
functor:
𝐒𝐭𝐚𝐜𝐤𝐬 ⟶ 𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬.
In fact, we have:
𝐆𝐫𝐨𝐮𝐩𝐨𝐢𝐝𝐬

𝐶

𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬

𝐒𝐭𝐚𝐜𝐤𝐬

𝐶

𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬

where 𝐒𝐭𝐚𝐜𝐤𝐬 ≅
𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬/∼𝑀 .

𝐆𝐫𝐨𝐮𝐩𝐨𝐢𝐝𝐬/∼𝑀 and 𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬

≅

6. Non-Commutative Topology
Because the rational algebraic topology of a commutative
space can be written in terms of its commutative algebra, this allows one to speak of non-commutative rational topology: all the concepts that generalize will depend
only on the Morita equivalence class of a (possibly noncommutative) algebra. We will follow [16] in this section.
So, we consider 𝐴 to be a unital, associative, possibly
non-commutative algebra.
Definition 6.1. The Hochschild complex 𝐶• (𝐴, 𝐴) of 𝐴 is
a negatively graded complex (we will have all differentials
of degree +1):
𝜕

𝜕

𝜕

𝜕

⟶ 𝐴 ⊗ 𝐴 ⊗ 𝐴 ⊗ 𝐴 ⟶ 𝐴 ⊗ 𝐴 ⊗ 𝐴 ⟶ 𝐴 ⊗ 𝐴 ⟶ 𝐴,

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

VOLUME 68, NUMBER 1

where 𝐴⊗𝑘 lives on degree −𝑘+1. The differential 𝜕 is given
by
𝜕(𝑎0 ⊗⋯⊗𝑎𝑛 ) = 𝑎0 𝑎1 ⊗𝑎2 ⊗⋯⊗𝑎𝑛 −𝑎0 ⊗𝑎1 𝑎2 ⊗⋯⊗𝑎𝑛
+ ⋯ + (−1)𝑛−1 𝑎0 ⊗ 𝑎1 ⊗ ⋯ ⊗ 𝑎𝑛−1 𝑎𝑛
+ (−1)𝑛 𝑎𝑛 𝑎0 ⊗ 𝑎1 ⊗ ⋯ ⊗ 𝑎𝑛−1 .
The terms of this formula are meant to be written cyclically:
𝑎0
⊗
⊗
𝑎𝑛
𝑎1
⊗
⊗
(1)
⋮
⋮
⊗
⊗
𝑎𝑖
for 𝑎0 ⊗ ⋯ ⊗ 𝑎𝑛 . It is immediate to check that 𝜕2 = 0. We
write
𝐻𝐻(𝐴, 𝐴) ∶= Ker 𝜕/Im 𝜕.
We can interpret the homology of the Hochschild complex in terms of homological algebra:
op -mod

𝑘𝐴
𝐻𝐻(𝐴, 𝐴) = Tor𝐴⊗
•

(𝐴, 𝐴).

It is an idea of A. Connes that, in non-commutative geometry, the Hochschild homology of 𝐴 can be interpreted
as the complex of differential forms.
Theorem 6.2 (Hochschild-Konstant-Rosenberg, 1962,
[13]). Let 𝑋 be a smooth affine algebraic variety. Then if
𝐴 = 𝒪(𝑋), we have

it is obtained by reducing modulo constants all terms but
the first:
⟶ 𝐴 ⊗ 𝐴/(𝐤 ⋅ 1) ⊗ 𝐴/(𝐤 ⋅ 1) ⟶ 𝐴 ⊗ 𝐴/(𝐤 ⋅ 1) ⟶ 𝐴.
Alain Connes observed that we can write a formula for
an additional differential 𝐵 on 𝐶• (𝐴, 𝐴) of degree −1, inducing a differential on 𝐻𝐻• (𝐴) that is meant to be the
de Rham differential:
𝐵(𝑎0 ⊗ 𝑎1 ⊗ ⋯ ⊗ 𝑎𝑛 ) = ∑(−1)𝜍 1 ⊗ 𝑎𝜍(0) ⊗ ⋯ ⊗ 𝑎𝜍(𝑛) ,
𝜍

where 𝜎 ∈ ℤ/(𝑛 + 1)ℤ runs over all cyclic permutations. It
is not hard to see that
𝐵2 = 0, 𝐵𝜕 + 𝜕𝐵 = 0, 𝜕2 = 0;
this we write as
⋯s

𝐵
0 𝐴⊗𝐴/1⊗𝐴/1

𝜕

𝐵
1 𝐴⊗𝐴/1

r

𝜕

𝐵

3𝐴

𝜕

and by computing the cohomology, this gives us a complex (Ker 𝜕/Im 𝜕; 𝐵). A naive definition on the de Rham
cohomology in this context is the homology of this complex Ker 𝐵/Im 𝐵.
We can improve this by considering the negative cyclic
complex 𝐶•− (𝐴), which is a projective limit (here 𝑢 is just
a formal variable of degree deg(𝑢) = +2):
𝐶•− ∶= (𝐶•red (𝐴, 𝐴)[[𝑢]]; 𝜕 + 𝑢𝐵)
= lim
(𝐶•red (𝐴, 𝐴)[𝑢]/𝑢𝑁 ; 𝜕 + 𝑢𝐵).
⟵
𝑁

Definition 6.3. The periodic complex is defined as the inductive limit:
per

𝐶•

𝐻𝐻𝑖 (𝑋) ∶= 𝐻 −𝑖 (𝐶• (𝐴, 𝐴); 𝜕) ≅ Ω𝑖 (𝑋),

q

∶= (𝐶•red (𝐴, 𝐴)((𝑢)); 𝜕 + 𝑢𝐵)
= lim
(𝑢−𝑖 𝐶•red (𝐴, 𝐴)[[𝑢]]; 𝜕 + 𝑢𝐵).
⟶

where Ω𝑖 (𝑋) is the space of 𝑖-forms on 𝑋.

𝑖
∆

Proof. Write the diagonal embedding 𝑋 ⟶ 𝑋 × 𝑋 and,
because the normal bundle of Δ is the tangent bundle of
𝑋, we have
𝐻𝐻• (𝑋) = TorQuasi-coherent(𝑋×𝑋)
(𝒪∆ , 𝒪∆ ).
•
□

A local calculation finishes the proof.

It is a 𝐤((𝑢))-module, and this implies that multiplication by 𝑢 induces a kind of Bott periodicity. The resulting
cohomology groups are called (even, odd) periodic cyclic
homology and are written (respectively):
𝐻𝑃even (𝐴),

𝐻𝑃odd (𝐴).

The Hochschild-Konstant-Rosenberg theorem allows us
to interpret 𝐻𝐻𝑖 (𝐴) as the space of differential forms of
degree 𝑖 on a non-commutative space.
Whenever 𝐴 is non-commutative, we have

This is the desired replacement for de Rham cohomology.
For example, when 𝐴 = 𝐶 ∞ (𝑋) is considered with its
nuclear Fréchet algebra structure, and taking ⊗ to be the
topological tensor product, then we obtain the canonical
isomorphisms:

𝐻 0 (𝐶• (𝐴, 𝐴); 𝜕) = 𝐴/[𝐴, 𝐴].

𝐻𝑃even (𝐴) ≅ 𝐻 0 (𝑋, ℂ) ⊕ 𝐻 2 (𝑋, ℂ) ⊕ ⋯ ,

In the commutative case 𝐴 = 𝒪(𝑋), to an element 𝑎0 ⊗
⋯ ⊗ 𝑎𝑛 in 𝐶• (𝐴, 𝐴) the corresponding differential form is:
1
𝑎0 𝑑𝑎1 ∧ ⋯ ∧ 𝑑𝑎𝑛 .
𝑛!
It is convenient to mention a reduced version of the
complex 𝐶•red (𝐴, 𝐴) that computes the same cohomology;

Theorem 6.4 (Connes [5]; cf. Feigin-Tsygan [12]). If 𝑋 is
a possibly singular affine algebraic variety and 𝑋top is its underlying topological space, then
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𝐻𝑃odd (𝐴) ≅ 𝐻 1 (𝑋, ℂ) ⊕ 𝐻 3 (𝑋, ℂ) ⊕ ⋯ .

𝐻𝑃even (𝐴) ≅ 𝐻 even (𝑋top , ℂ)
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and
𝐻𝑃odd (𝐴) ≅ 𝐻 odd (𝑋top , ℂ)
and these homologies are finite dimensional.
As expected, whenever 𝐴 is Morita equivalent to 𝐵, then
𝐻𝑃• (𝐴) ≅ 𝐻𝑃• (𝐵); in other words, 𝐻𝑃• (𝐴) only depends on
the non-commutative space represented by 𝐴.

7. The Non-Commutative Torus
The most basic and classical example of a noncommutative space is the non-commutative torus. It
can be obtained as the convolution algebra of an étale
groupoid.
The quantum 2-torus
𝒯ℏ2 ∈ 𝐍𝐂𝐒𝐩𝐚𝐜𝐞𝐬 ≅ 𝐍𝐂𝐀𝐥𝐠𝐞𝐛𝐫𝐚𝐬/∼𝑀
corresponds under Gelfand duality to the algebra 𝐴ℏ generated by two (periodic) generators 𝑋, 𝑌 that don’t commute
but rather satisfy the relation
𝑋𝑌 = 𝑒

2𝜋𝑖ℏ

𝑌 𝑋.

This relation is precisely the Weyl exponential form of the
commutation relation appearing in the work of Heisenberg, Born, and Jordan that we mentioned before [2].
The algebra 𝐴ℏ is only truly non-commutative when
ℏ is irrational. When ℏ is rational, while 𝐴ℏ is noncommutative on the nose (except for ℏ = 0), it is, in reality, Morita equivalent to the commutative algebra of an
ordinary torus (𝑋𝑌 = 𝑌 𝑋).
Theorem 7.1 (Alain Connes [4]; cf. Marc Rieffel [20]). 𝐴ℏ
is Morita equivalent to 𝐴ℏ′ if and only if
𝑎ℏ + 𝑏
ℏ′ =
,
𝑐ℏ + 𝑑

𝑎 𝑏
(
) ∈ SL2 (ℤ).
𝑐 𝑑

One can also prove that
𝐻𝑃even (𝐴ℏ ) = 𝐻 0 (𝑇 2 ) ⊕ 𝐻 2 (𝑇 2 )
and
𝐻𝑃odd (𝐴ℏ ) = 𝐻 1 (𝑇 2 , ℂ).
It is a beautiful discovery of Connes [9] that the
non-commutative torus can be thought of as the noncommutative space that models the space of leaves of the
Kronecker foliation. The universal covering of the classical
torus is the Euclidean plane; by taking the foliation of all
lines of slope ℏ on the plane and projecting it into the torus
by the covering map, we obtain the Kronecker foliation of
slope ℏ on 𝑇 2 (Figure 1). By taking a vertical transversal
circle to the foliation, it is easy to see that the holonomy
groupoid of this foliation is [𝑆 1 /⟨𝜌ℏ ⟩], where 𝜌ℏ acts on 𝑆 1
by a rotation of angle ℏ (cf. the thick line in Figure 1). In
Section 6 of [9], it is shown that the convolution algebra
of [𝑆 1 /⟨𝜌ℏ ⟩] is 𝐴ℏ (it is a nice exercise using Fourier series
that the interested reader may try).
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Figure 1. The non-commutative torus is the convolution
algebra of the holonomy groupoid of the Kronecker foliation.

8. Non-Commutative Toric Geometry
Classical 𝑛-complex-dimensional compact, projective Kähler toric manifolds 𝑋 are defined as equivariant, projective compactifications of the 𝑛-complex-dimensional torus
𝕋𝑛ℂ ∶= ℂ∗ × ⋯ × ℂ∗ :
𝑋 ∶= 𝕋𝑛ℂ .
An interesting question, even from a classical point of view,
would be: How do we define a meaningful moduli space of
toric manifolds? The main problem being that toric manifolds are rigid as equivariant objects. Non-commutative
geometry helps elucidate this question in a surprisingly
beautiful way.
Let us recall first the basic facts about the moment map defined on a toric manifold. The Kähler manifold (𝑋, 𝑔, 𝐽, 𝜔)
is a symplectic manifold (forget 𝑔 and 𝐽), and the action of
the real torus 𝕋𝑑ℝ on 𝑋 is Hamiltonian. Therefore, we have
an equivariant moment map 𝜇 with convex image 𝑃:
𝜇 ∶ 𝑋 ⟶ 𝑃 ⊂ ℝ𝑑 ≅ LieAlgebra(𝕋𝑑ℝ )∗ .
For a toric variety 𝑋, 𝑃 happens to be a convex, rational,
Delzant polytope; in other words, the combinatorial dual
of 𝑃 is a triangulation of the sphere 𝑆 𝑑−1 , and all the slopes
of all the edges of 𝑃 are rational. By taking cones over the
origin of the dual to the polytope, we get the fan associated
to the toric manifold [1] (see Figure 2). Both 𝑃 and the fan
live in ℚ𝑛 .
In [15], classical toric geometry is generalized: by replacing all the classical tori in toric geometry for non-commutative
tori, one can obtain non-commutative toric varieties. Now
the (possibly irrational) fan (or possibly irrational polytope) no longer lives in ℚ𝑛 , but rather lives in a (possibly
irrational) quantum lattice Γ ⊂ ℝ𝑛 (Γ is a finitely generated possibly dense Abelian subgroup of ℝ𝑛 as it may have
more than 𝑛 generators over ℤ).
Then, a moduli space of toric varieties ℳ can be defined
(fixing the combinatorics of the polytope or fan). In a large
family of favorable cases the moduli space ℳ is a complex
orbifold: its rational points are precisely the classical toric
varieties, and its irrational points are precisely the truly noncommutative toric varieties. Non-commutative geometry is
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The classical case of a spin, compact, Riemannian man/ by
ifold, 𝑀, can be realized as a spectral triple (𝒜, ℋ, 𝜕)
setting 𝒜 to be the algebra of functions on 𝑀 acting in the
Hilbert space ℋ of 𝐿2 -spinors and by letting 𝜕/ be the Dirac
operator. In this case, the metric on 𝑀 can be recovered by
the following formula:
𝑑(𝑎, 𝑏) =

sup

|𝑓(𝑎) − 𝑓(𝑏)|.

/
{𝑓∶||[𝑓,𝜕]||≤1}

Figure 2. The moment map for a toric manifold: the inverse
image of every point is a real torus of dimension equal to the
dimension of the stratum of 𝑃 where the point lands. The
inverse image of edges are spheres made up of 1-tori (circles).
In non-commutative toric geometry all tori and circles are
replaced by their non-commutative counterparts.

precisely what is needed to define a nice moduli space of
toric varieties.
Just as classical toric geometry has been used in the solution of multiple problems in geometry, physics, and combinatorics, non-commutative toric geometry allows many
of these solutions to generalize to wider settings.

9. Further Directions
In this note we have hardly done justice to the richness of
non-commutative geometry nor to some of its most exciting recent developments. We will mention briefly some of
this beautiful mathematics. We do this by mostly following two recent excellent survey papers by Connes: [7] and
[8].
9.1. Non-commutative manifolds. A classical (spin) Riemannian manifold can be seen in at least four different
lights (by applying various forgetful functors): as a measure space, as a topological space, as a smooth manifold,
and as a fully fledged Riemannian manifold. So far we
have remained mostly at the first three levels but we have
not mentioned the metrical aspect at all. In this subsection, we mostly mark some pointers for the reader to fill
this gap.
Connes isolated the correct definition of “noncommutative Riemannian manifold” (and of “noncommutative manifold”) in his notion of spectral triple. A
/ consists of an algebra 𝒜 of operators
spectral triple (𝒜, ℋ, 𝜕)
in the Hilbert space ℋ (just as in Gelfand duality, when
commutative, 𝒜 is meant to be the algebra of functions
of a geometric space as in Section 5), together with a (not
/ acting on ℋ
necessarily bounded) self-adjoint operator 𝜕,
playing the role of the inverse line element coming from
the metric.
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Here the word “spectral” plays two roles: the first is (at
the topological level) given by Gelfand’s duality—from 𝒜,
we can recover a locally compact space; the second role
is at the geometric level, for we reconstruct the geometry
from the spectrum of the Dirac operator 𝜕/ (as in the motto
“can you hear the shape of a drum?”) together with the
interaction between the algebra 𝒜 and the set of functions
/ of 𝜕.
/ It is a remarkable fact that this works for fractal,
{𝑓(𝜕)}
discrete, and arc-disconnected spaces.
In the non-commutative case, replacing 𝑓(𝑎) − 𝑓(𝑏) by
𝜙(𝑓) − 𝜓(𝑓) in the above formula computes the distance
between two states (positive linear forms) 𝜙, 𝜓 ∶ 𝒜 → ℂ,
thus inducing a metric on the space of such states. The notion of spectral triple is an ambitious generalization of the
notion of (spin) Riemannian manifold and we refer the
reader to Section 2 of [8] and references therein for a quick
updated tour of the concept and to Chapter 6 of [6] for a
more detailed classical account. A highlight of this theory
is the deep “reconstruction theorem” of Connes (page 19
of [8] and references therein) which roughly characterizes
classical smooth manifolds as commutative spectral triples
satisfying some additional axioms.
Let us end this subsection by pointing out that the spectral approach to geometry afforded by non-commutative
geometry can encode simultaneously macroscopic and microscopic phenomena (the line element includes the information of all the bounding forces known so far, as in the
standard model).
9.2. The standard model of particle physics. Just as noncommutative geometry can be motivated by the most basic
ideas in quantum mechanics as we did in Section 2 above,
along the same lines of reasoning non-commutative geometry can illuminate, for example, why the gauge group
for the Standard Model of particles and forces is 𝑆𝑈(3) ×
𝑆𝑈(2)×𝑈(1). The non-commutative geometry approach to
the Standard Model was developed by Connes and his collaborators in the 90s (starting with his paper with J. Lott
in Nuclear Physics B). The basic idea is that, at the classical level, the geometry of the continuum, 𝑀, is replaced
by the (slightly) non-commutative space 𝑀 × 𝐹, where
𝐹 is a finite geometry. This addition transforms the Lagrangian of quantum electrodynamics into the Lagrangian
of the Standard Model. For a lucid explanation of this
bottom-up approach to the non-commutative geometrical
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exegesis of the Standard Model, we refer the reader to
Chapter 6, Section 5 of [6]. It is worth mentioning here
that, more recently, Chaseddine, Connes, and Mokhanov
have developed a more top-bottom approach to this theory with their simultaneous quantization of both the fundamental class in 𝐾-homology and in 𝐾-theory. We refer
the reader to [8] p. 4, and references therein for details on
this point of view on the non-standard model.
9.3. The Riemann Hypothesis. Connes together with his
collaborators (especially Consani and Marcolli) have developed a very ambitious program to understand the
meaning of the Riemann Hypothesis (RH from now on)
that while deeply connected to non-commutative geometry, really is more a “unified theory of all of mathematics”
of sorts: it is more than an attack on the RH, as the RH becomes a theme in a monumental mathematical symphony.
This development is undoubtedly one of the most exciting
developments of 21st century mathematics. In this brief
subsection, we barely do justice to this field by following
closely the recent survey [7] and describing it in a colloquial impressionistic manner (space would not allow otherwise). We urge the interested reader to go directly to [7].
Let us recall for the reader that the Riemann Hypothesis has a deceptively simple statement. First, we need to
define the (complex-valued) Euler-Riemann zeta function
𝜁(𝑠) (of one complex variable) to be the analytic continuation of
∞
1
𝜁(𝑠) = ∑ 𝑠
𝑛
𝑛=1
(which converges only for |𝑠| > 1). Euler proved (Variae
observationes circa series infinitas, 1737) that for |𝑠| > 1:
∞

1
1
=∏
,
𝑠
𝑛
1
−
𝑝−𝑠
𝑛=1
𝑝

𝜁(𝑠) = ∑

where 𝑝 runs through all positive integer primes, thus establishing a deep connection between 𝜁(𝑠) and number
theory.
We are interested in the zeros of 𝜁(𝑠). Clearly all negative even integers satisfy 𝜁(−2𝑚) = 0. Such zeros are called
trivial zeros of 𝜁(𝑠).
The RH states that every non-trivial zero 𝜌 of 𝜁(𝑠) has real
1
part equal to . As of writing this, the RH remains one of the
2
deepest most beautiful open problems in mathematics.
One possible way to organize the story of the relation
of the RH and non-commutative geometry is around the
so-called explicit formulæ, the first of which is due to Riemann:
1
1
∑ 𝜋(𝑥 𝑛 ) = ∑ Li(𝑥𝜌 ) + ∫
𝑛
𝑠
𝜌
𝑛

∞

1
𝑑𝑡
− log 2.
𝑡2 − 1 𝑡 log 𝑡

Here, the left-hand side involves the primes (for 𝜋(𝑥) is
the function that counts all primes less than 𝑥), while the
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right-hand side involves the non-trivial zeros 𝜌 of 𝜁(𝑠). The
𝑥 𝑑𝑡
formula uses the integral logarithm Li(𝑥) ∶= ∫0
.
log 𝑡

This amazing formula establishes a sort of duality between the primes and the zeros of 𝜁(𝑠), and it begs for a
geometric interpretation. Connes’ program could be construed as an attempt to build up the geometric setting for
such an interpretation: rather than trying to frontally assault the RH, Connes decides to take a detour in order to
find the right language in which to state it; and this means,
in this context, finding the right geometric objects where
trace formulas in the spectral geometry of the adequate
space produce the explicit formula.
This program seems to take seriously the lesson of
Deligne’s proof of RH in characteristic 𝑝. Stepanov and
Bombieri found a much more elementary proof of the
same theorem in 1974, but lots of beautiful mathematics would never have arisen if this more elementary proof
would have been found in the 1930s (as James Milne likes
to point out). A large part of the beauty of Deligne’s proof
consists in the generalizations of geometry that it required
(e.g., scheme, topos), many of them due to Grothendieck.
Thus, the program could be thought of as consisting of
four stepping stones: algebraic geometry, trace formulas in
spectral geometry, Riemann-Roch formulæ, and absolute
algebra (homotopy theory).
The first paradigm shift in the approches to the RH came
in the work of Weil who, in 1940, proved the RH for curves
over finite fields: the usual RH corresponds to the field ℚ
which is not finite. Given a curve 𝐶 (you can think of a Riemann surface but over a finite field), there is an analogue
𝜁𝐶 (𝑠) = 𝑍(𝐶, 𝑞−𝑠 ) of the classical 𝜁(𝑠) and the explicit formula in this case can be written in terms of the geometry
of the space
𝑌𝕂 ∶= 𝔸𝕂 /𝕂.
Here 𝔸𝕂 is the ring of adeles of 𝕂 (defined as the restricted
product of the local fields 𝕂𝜈 , in turn defined as the completions of 𝕂 at all its different places), and 𝕂 is the global
field of functions on 𝐶. Weil’s explicit formula in terms of
the geometry of 𝑌𝕂 makes sense for every global field: Riemann’s classical explicit formula becomes a special case of
Weil’s explicit formula when interpreted in the global field
ℚ. Weyl’s theorem for a curve 𝐶 over a finite field 𝐹𝑞 becomes then a consequence of the Riemann-Roch theorem
over 𝐶 ̄ × 𝐶 ̄ (here 𝐶 ̄ is the curve obtained from 𝐶 by extension of scalars from 𝐹𝑞 to its algebraic closure 𝐹𝑞̄ ) for his
explicit formula for a global field in this case can be given
a cohomological interpretation. Thus, the proof requires
a good notion of intersection theory and cohomology in
algebraic geometry as, in the end, it amounts to proving
the negativity of the self-intersection pairing for divisors
of degree zero. For a very clear and brief description of
this argument, we refer the reader to Section 2.3 of [7].
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The second paradigm shift (from this geometric point
of view) comes when Deligne generalized this result to all
smooth projective varieties over a finite field, quite a remarkable result. In his proof, he used both ideas by Landau on the very classical subject of Dirichlet series, as well
as very modern ideas at the time from Grothendieck on
schemes and étale cohomology. Again, the notion of space
must be expanded (it is insufficient to consider the foundations of algebraic geometry as developed by Weil and
one must use Grothendieck’s point of view) to prove RH
for a larger class of global fields. Connes’ project for the
classical RH is more in line with Weil’s method than with
Deligne’s: it requires even more general notions of what a
space is.
Connes suggests that a full understanding of the RH will
require both the notion of non-commutative space and the
concept of topos (due to Grothendieck) as the ever more
general definitions of what a geometric space must mean.
This would entail a third paradigm shift.
By definition, a topos is a specific type of category. The
archetypal example of a topos is a Grothendieck topos
which is, roughly speaking, categories of sheaves over geometric spaces (or sites): one is to model the general definition of a topos on the properties of such categories. But
topoi enjoy of dual nature: geometric and logic. Mac Lane
and Moerdijk start their introduction to topos theory by
saying:
A startling aspect of topos theory is that it unifies
two seemingly wholly distinct mathematical subjects: on the one hand, topology and algebraic geometry and, on the other hand, logic and set theory. Indeed, a topos can be considered both as a
“generalized space” and as a “generalized universe
of sets.”
Vickers has proposed a useful dictionary to understand the
dual nature of (localic) topoi:
Geometric Space
Point
Open Set
Sheaf
Continuous Map

Logical Theory
Model of the Theory
Propositional Formula
Predicate Formula
Definable Transformation

In topos theory it is very easy to incorporate group
(and groupoid) actions (by constructibility). While, in
ordinary geometry, a quotient may be ill behaved, topoi
as a model for spaces behave very well under quotients,
just as non-commutative spaces do. Indeed, given a Lie
groupoid, as in Section 3 above, one can both associate a
non-commutative space (the Morita class of the convolution algebra of the groupoid) and a topos: the equivariant
sheaves over the space of objects. When a geometric space
has an atlas given by a groupoid (it is stack-like), one can
associate to it both a non-commutative space and a topos
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(cf. p. 402 of [3], where this is explained lucidly).
One additional ingredient on what Connes calls the
Riemann-Roch strategy for the RH (which would provide a
method for applying Weil’s method to the original RH)
that must be mentioned here is tropical geometry. Roughly
speaking, tropical geometry is a kind of commutative algebraic geometry that lives not in a field but rather in a
semifield (𝕋, ⊕, ⊗). Here, as a set, 𝕋 ∶= ℝ+ = {𝑥 ∶ 𝑥 ≥ 0},
and the expressions
𝑥 ⊕ 𝑦 ∶= max(𝑥, 𝑦),

𝑥 ⊗ 𝑦 ∶= 𝑥 + 𝑦

define the operations of the semifield. 𝕋 is a semifield
rather than a field because there is no additive inverses
in general. Nevertheless, one can do geometry over this
semifield and, in practice, this becomes a combinatorial
shadow of ordinary complex geometry (taking the place of
the so-called geometry over the field of one element in many
practical situations).
Connes and Consani (Section 4 of [7]), motivated by
Soulé’s introduction of the zeta function of a variety over
the field in one element, have proved that to understand
the classical RH, from this Riemann-Roch point of view,
one should replace the Weil space 𝑌𝕂 = 𝔸𝕂 /𝕂 defined
above for a more elaborate non-commutative space:
𝑋ℚ ∶= ℚ× \𝔸ℚ /ℤ̂ × .
In other words, 𝑋ℚ is the quotient of the adele class space
ℚ× \𝔸ℚ by the maximal compact subgroup ℤ̂ × of the idele
class group.
This non-commutative space has a richer avatar in the
form of a topos. Given a (multiplicatively cancellative)
semiring 𝑅 (e.g., 𝕋), the integer positive-indexed maps
Fr𝑛 (𝑥) ∶= 𝑥𝑛 are always injective endomorphisms (taking the place of the Frobenius from the classical Weil approach), and then the semigroup ℕ× acts on 𝑅 by this
Frobenius sequence of maps. We can define a “tropical”;
the topos associated to this action (cf. Definition 2, Section 4 of [7]).
Definition 9.1. The arithmetic site 𝒜 ∶= (ℕ×̂ , ℤmax ) is the
topos ℕ×̂ of sets endowed with an action of ℕ× , together
with the structure sheaf of topos-semirings 𝒪 ∶= ℤmax
given by the Frobenius action of ℕ× .
The following remarkable theorem of Connes and Consani (Section 4.3 of [7]) puts everything together.
Theorem 9.2. The points of the arithmetic site 𝒜 over 𝕋
can be canonically identified with the non-commutative space
𝑋ℚ = ℚ× \𝔸ℚ /ℤ̂ × . Moreover, the action of the idele class group
on 𝑋ℚ = ℚ× \𝔸ℚ /ℤ̂ × corresponds at the topos level with the
action on the 𝕋-indexed Frobenius automorphisms Fr𝜆 of 𝕋.
In analogy to Weil’s approach, an adequate (cohomological) Riemann-Roch formula in this context would
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provide a key inequality giving a road to the classical RH.
We refer the reader to [7] for fuller details.
9.4. Final remarks. Non-commutative geometry remains
indomitable: its applications go from the standard model
of particle physics to topological data analysis to number
theory to non-commutative motives [19].
This note didn’t mention non-commutative measure
theory, nor the canonical time evolution of a noncommutative algebra (cf. [6], p. 44) interpreted by G. Segal in classical geometric language motivated by quantum field theory. It also omitted including any results
of the Rosenberg-Gabriel, Kontsevich-Soibelman, Laudal,
Le Bruyn, and Artin-Van de Bergh approaches to the subject and I apologize to the reader for that.
Let us just finish mentioning that the ideas of Kontsevich and his collaborators motivated by homological mirror symmetry have expanded the field enormously; for example, the paper of Katzarkov, Kontsevich, and Pantev
[14] gives a beautiful approach to non-commutative geometry via categories.
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(3 + 1)-dimensional topological quantum field theory. It
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This is a story about Heegaard Floer homology: how it
developed, how it has evolved, what it has taught us, and
where it may lead.

Heegaard...
To set the stage, we return to the beginning of the 20th
century, when Poincaré forged topology as an area of independent interest. In 1901, he famously and erroneously
asserted that, as is the case for 1- and 2-manifolds, any 3manifold with the same ordinary homology groups as the
3-dimensional sphere 𝑆 3 is, in fact, homeomorphic to 𝑆 3 .
By 1905, he had vanquished his earlier claim by way of
an example that now bears his name: the Poincaré homology sphere 𝑃 3 . We will describe this remarkable space in
a moment and re-encounter it in many guises. Poincaré
then revised his inaccurate assertion to ask whether any
simply connected 3-manifold with the same homology
groups as 𝑆 3 is, in fact, homeomorphic to 𝑆 3 . We now
know this to be the case following Perelman’s resolution
of W. Thurston’s geometrization conjecture, and we will
close with a folklore “proof” which is conditional on two
conjectures in Heegaard Floer homology.
Heegaard diagrams. Poincaré described the homology
sphere 𝑃3 by way of a scheme developed by Heegaard in
his 1898 dissertation, a variation on the age-old theme
of decomposing a complicated object into simpler pieces.
In this variation, the pieces are handlebodies: a genus-𝑔
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handlebody (colloquially, a 𝑔-holed doughnut) is the compact, oriented 3-manifold obtained by attaching 𝑔 solid
handles to a ball, as displayed in Figure 1.
𝑈

𝑉

𝛼1

𝛼2

𝛽1

𝛽2

Figure 1. A pair of genus-2 handlebodies, the solid spaces
enclosed by the surfaces shown, along with a complete
collection of belt circles on each.

A Heegaard diagram consists of a closed, oriented surface
Σ = Σ𝑔 of genus 𝑔, along with a pair of transverse multicurves 𝛼 = 𝛼1 ∪⋯∪𝛼𝑔 and 𝛽 = 𝛽1 ∪⋯∪𝛽𝑔 , each composed
of 𝑔 pairwise disjoint, homologically independent, simple
closed curves. The data (Σ, 𝛼, 𝛽) encode a closed, oriented
3-manifold 𝑌 , as follows. We form a pair of genus-𝑔 handlebodies 𝑈 and 𝑉 with a complete collection of belt circles surrounding the 1-handles on each. We then glue 𝑈
and 𝑉 along their boundaries to Σ in such a way that the
map 𝜕𝑈 → Σ preserves orientation, mapping belt circles
onto the 𝛼 curves, and the map 𝜕𝑉 → Σ reverses orientation, mapping belt circles onto the 𝛽 curves. We thereby
obtain a Heegaard decomposition 𝑈 ∪Σ 𝑉 of the resulting
space 𝑌 . Every closed, oriented 3-manifold 𝑌 admits a
Heegaard decomposition and so a Heegaard diagram.
𝑥3
𝑥4
𝑥2

𝑥 + 𝑥2 + 𝑥3 + 𝑥4 − 𝑥 6
( 1
−𝑦1 − 𝑦3

𝑦1
𝑥1

𝑥3
𝑥2

𝑦2

𝑥4

𝑦3

𝑥5
𝑥1

𝑥7

𝑦5
𝑦4

𝑥6

𝑦4

𝑦5

𝑥5

𝑦3
𝑦2

To understand Figure 2, identify the circles in pairs in
such a way that like labels match. The result of the identification is a closed surface Σ2 with a red simple closed curve
𝛼1 and an orange simple closed curve 𝛼2 . The blue segments close up to a simple closed curve 𝛽1 , and the green
ones to a simple closed curve 𝛽2 .
A Heegaard diagram leads to a presentation of the ordinary homology group of the space it presents. Each pair
of curves 𝛼𝑖 and 𝛽𝑗 has a well-defined intersection number which we can calculate by orienting and making the
signed count of intersection points between them. Collecting these values into a 𝑔 × 𝑔 matrix, we obtain a presentation matrix 𝑀 for the first homology group of the
manifold. For the Heegaard diagram at hand, we obtain
3 2 ) of determinant 1, confirming the
the matrix 𝑀 = ( −2
−1
fact that 𝑃 3 is a homology sphere. A similar procedure results in a presentation for the fundamental group 𝜋1 (𝑃 3 ).
With a bit more effort, one finds that it has a 2-to-1 map
onto the group of orientation-preserving isometries of the
dodecahedron; hence 𝑃 3 is not simply connected.
A glimpse of the construction. We can now describe
“half” of the construction of Heegaard Floer homology.
Let 𝑌 denote a closed, oriented 3-manifold. Present 𝑌 by
means of a Heegaard diagram 𝐻 = (Σ, 𝛼, 𝛽).1 Let 𝐺 denote
the set of 𝑔-tuples of points on Σ with the property that
there is one point in the 𝑔-tuple on each curve in 𝛼 and
one point on each curve in 𝛽. In place of the intersection
matrix 𝑀 that we formed to calculate 𝐻1 (𝑌 ), we make a
new matrix whose (𝑖, 𝑗) entry is a formal sum of the intersection points between 𝛼𝑖 and 𝛽𝑗 , signed by their intersection numbers. For instance, for the Heegaard diagram of
𝑃 3 of Figure 2, we obtain the matrix

𝑦1

𝑥5 + 𝑥7
).
𝑦2 − 𝑦4 − 𝑦5

The monomials appearing in the formal expansion of the
determinant of this matrix correspond precisely to the set
𝐺. There are 19 in the example. Let 𝐶𝐹(𝐻) denote the free
abelian group generated by the set 𝐺. This is the “Heegaard
half” of Ozsváth and Szabó’s construction: the underlying
group of a chain complex whose homology computes the
Heegaard Floer homology of 𝑌 . The group depends solely
on the combinatorics of the curve systems, and it has a
(mod 2) grading coming from the signs of the monomials
in the determinant expansion.

... and Floer

𝑥7
𝑥6
Figure 2. Poincaré’s Heegaard diagram of 𝑃 3 .

To describe the “Floer half,” the required differential, we
must chart a course through a century of significant advances that developed since the time of Heegaard and
Poincaré, passing through Morse theory, symplectic geometry, and gauge theory.
1Strictly speaking, 𝐻 should be admissible, a minor technicality.
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Morse theory and Morse homology. In the 1930s,
Morse developed an influential approach to understanding smooth manifolds. Equip a smooth manifold 𝑀 with
a smooth, real-valued function 𝑓 ∶ 𝑀 → ℝ. The set of
critical points Crit(𝑓) consists of the points 𝑝 at which
the derivative of 𝑓 vanishes. The function 𝑓 is called a
Morse function if its critical points are non-degenerate. Nondegeneracy means that in suitable coordinates around 𝑝, 𝑓
2
takes the form 𝑓(𝑝) + 𝑥12 + ⋯ + 𝑥𝑘2 − 𝑥𝑘+1
− ⋯ − 𝑥𝑛2 for a
well-defined value 0 ≤ 𝑘 ≤ 𝑛 called the index of 𝑓 at 𝑝 and
denoted ind(𝑝).
How many critical points must a Morse function 𝑓 have
on 𝑀? By placing a metric 𝑔 on 𝑀 and analyzing the gradient flow of a suitably generic Morse function 𝑓, one sees
that 𝑀 admits a cell decomposition with one 𝑘-cell for
each index-𝑘 critical point of 𝑓. By forming the associated cellular chain complex, we obtain the Morse inequality
#Crit(𝑓) ≥ 𝛽(𝑀), where 𝛽(𝑀) denotes the sum of the Betti
numbers of 𝑀, addressing the stated question.
In the early 1980s, Witten reinterpreted the relationship between Morse theory and homology by swapping
out cells for a physically-motivated count of “tunneling”
effects. Each regular point of 𝑓 lies along a gradient flow
trajectory 𝑢 ∶ ℝ → 𝑀, unique up to ℝ-translation. If 𝑀 is
closed, then im(𝑢) limits to a pair of critical points, and we
define the index of 𝑢 to be the difference of the indices of
its limit points. Assuming the Morse–Smale genericity conditions, there exist finitely many index-1 trajectories. Witten described the Morse complex associated with the triple
(𝑀, 𝑓, 𝑔): it is the chain complex freely generated by Crit(𝑓)
whose differential 𝜕 counts index-1 trajectories with sign.
Thus, for 𝑝 ∈ Crit(𝑓), we have 𝜕𝑝 = ∑𝑞 𝜕(𝑝, 𝑞) ⋅ 𝑞, where 𝑞
ranges over Crit(𝑓) and 𝜕(𝑝, 𝑞) is a signed count of index-1
trajectories from 𝑝 to 𝑞. The fact that 𝜕2 = 0 involves examining flow-lines of index 2, which form a 1-dimensional
space with a natural compactification by broken flow-lines.
The resulting Morse homology groups return the ordinary
homology of 𝑀. This complex is implicit in earlier work of
Smale and Thom. However, Witten’s interpretation stimulated the brilliant innovations of Floer to follow.
Symplectic geometry and Lagrangian Floer homology.
Consider a smooth manifold 𝐿 in which a particle moves
subject to a conservative force. In how many positions
could the particle begin at rest so that, after the force is
applied for one unit of time, it returns to rest, possibly in
a different location? In the 1980s, Arnold and Givental
generalized this question and postulated an answer to it
that became one of the driving themes in the nascent field
of symplectic geometry. A symplectic manifold is a smooth
manifold equipped with a closed, non-degenerate 2-form
𝜔. For example, the cotangent bundle 𝑀 = 𝑇 ∗ 𝐿 is naturally a symplectic manifold within which 𝐿 is Lagrangian,
i.e., a submanifold of half the dimension and on which
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𝜔 vanishes. Arnold and Givental conjectured that if 𝑀 is
an arbitrary symplectic manifold, 𝐿0 is a special class of
Lagrangian submanifold therein, and 𝐿1 is a Hamiltonian
displacement of 𝐿0 in 𝑀, then #(𝐿0 ∩ 𝐿1 ) ≥ 𝛽(𝐿0 ), in direct
line with the Morse inequality.
In the mid-1980s, Floer attacked the Arnold–Givental
conjecture by marrying the construction of the Morse complex with Gromov’s newly developed theory of pseudoholomorphic curves. Floer’s basic idea was to do Morse
theory with the symplectic action functional defined on
the space of paths from one Lagrangian 𝐿0 to another
𝐿1 (not necessarily displacements of one another). Remarkably, the critical points correspond to the intersection points 𝐿0 ∩ 𝐿1 , and, with a suitable metric in place,
the gradient flow trajectories to so-called pseudoholomorphic Whitney disks between a pair of intersection points
𝑥, 𝑦 ∈ 𝐿0 ∩ 𝐿1 .
A Whitney disk from 𝑥 to 𝑦 is a smooth embedding of
a disk 𝜙 ∶ 𝐷 → 𝑀, 𝐷 = {𝑧 ∈ ℂ | |𝑧| ≤ 1}, as in Figure
3: namely, 𝜙(−𝑖) = 𝑥; 𝜙(𝑖) = 𝑦; 𝜙(𝑧) ∈ 𝐿0 for 𝑧 ∈ 𝜕𝐷,
Re(𝑧) ≤ 0; and 𝜙(𝑧) ∈ 𝐿1 for 𝑧 ∈ 𝜕𝐷, Re(𝑧) ≥ 0. Disks

𝑖
𝐷

𝑦

𝜙
𝜙(𝐷)

𝐿1

−𝑖

𝐿0

𝑥

Figure 3. A Whitney disk 𝜙 from 𝑥 to 𝑦.

like these were first exploited by Whitney in the course of
proving his embedding theorem in the 1940s. Now suppose that 𝑀 is equipped with an almost-complex structure
𝑗, meaning an automorphism of its tangent bundle 𝑇𝑀
that squares to −1. The prototype is the tangent bundle
𝑇𝐷2 ≈ 𝐷2 × ℂ, which carries the almost-complex structure
given by multiplication by 𝑖 on each fiber. A Whitney disk
is pseudoholomorphic with respect to 𝑗 if it intertwines the
two almost-complex structures: 𝑑𝜙 ∘ 𝑖 = 𝑗 ∘ 𝑑𝜙. Much like
a gradient trajectory of a Morse function, a Whitney disk 𝜙
possesses a Maslov index 𝜇(𝜙) ∈ ℤ, and disks fall into oneparameter families related by ℝ-translation (conformal automorphisms of the disk which fix ±𝑖). The Maslov index
of 𝜙 calculates the expected dimension of the space of pseudoholomorphic representatives in its homotopy class.
Guided by the Morse–Witten complex, we form the
abelian group 𝐶𝐹(𝐿0 , 𝐿1 ) freely generated by 𝐿0 ∩ 𝐿1 . Let
𝑀(𝐿0 , 𝐿1 ) denote the set of ℝ-translation classes of pseudoholomorphic disks of Maslov index one between a pair of
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intersection points in 𝐿0 ∩𝐿1 . We define an endomorphism
𝜕 ∶ 𝐶𝐹(𝐿0 , 𝐿1 ) ý by declaring its value on generators
𝑥 ∈ 𝐿0 ∩ 𝐿1 and extending linearly: 𝜕𝑥 = ∑𝑦 𝜕(𝑥, 𝑦) ⋅ 𝑦,
where 𝑦 ranges over 𝐿0 ∩ 𝐿1 and 𝜕(𝑥, 𝑦) is a signed count of
disks 𝜙 ∈ 𝑀(𝐿0 , 𝐿1 ) from 𝑥 to 𝑦. Floer showed that, under
favorable conditions, 𝜕2 = 0, giving a chain complex and
corresponding homology group 𝐻𝐹(𝐿0 , 𝐿1 ). Moreover,
when 𝐿1 is a displacement of 𝐿0 , we have 𝐻𝐹(𝐿0 , 𝐿1 ) ≈
𝐻 ∗ (𝐿0 ). The Arnold–Givental conjecture then follows under suitable hypotheses.
The construction of Lagrangian Floer homology has
since become the model for many related constructions,
including Heegaard Floer homology. The latter arose as a
result of parallel developments in gauge theory, to which
we now turn.
Gauge theory and 4-manifolds. In the 1860s, Maxwell
laid down the theory of electromagnetism, describing four
fundamental equations that govern the relationship between the electrical and magnetic fields on spacetime.
Over the ensuing decades, Maxwell’s laws got recast succinctly as a condition on the curvature 2-form of a connection defined on a principal 𝑈(1)-bundle 𝑃 → 𝑀, where
the 2-form corresponds to the electromagnetic field. The
equations are invariant under alteration to the “gauge of
measurement,” i.e., the action of the gauge group of bundle
automorphisms, an infinite-dimensional Lie group. In the
1950s, Yang and Mills described the strong nuclear force in
similar terms. In their theory, the structure group 𝑈(1) is
replaced by the non-abelian Lie group 𝑆𝑈(2), with a condition on the connection resembling Maxwell’s.2 The Yang–
Mills equations admit a special kind of solution called an
instanton, as it is generically isolated in the space of connections in the case of classical spacetime: it appears “only for
an instant.” In dimension four, instantons satisfy a firstorder PDE, the anti-self-duality equations. However, extracting solutions to them is difficult, owing to the equations’
non-linearity. Through the 1970s, geometers had done so
only in very special circumstances.
A dramatic paradigm shift occurred in the early 1980s,
when Donaldson explained that the topology of the moduli space of instantons depends only on the smooth topology of 𝑀. As an application, he obtained a remarkable
constraint on the intersection lattice of a smooth, oriented
4-manifold 𝑋. This is the free abelian group 𝐻 2 (𝑋)/Tors
equipped with the symmetric, bilinear form defined by
𝑄𝑋 (𝛼, 𝛽) = (𝛼 ∪ 𝛽) ∩ [𝑋] ∈ ℤ. The name of the lattice
is explained by the fact that when 𝑋 is smooth, we may
represent the Poincaré duals to 𝛼 and 𝛽 by a pair of transverse, smoothly embedded, closed, oriented surfaces, and
then 𝑄𝑋 (𝛼, 𝛽) equals their oriented intersection number.
2We now understand the strong force in terms of 𝑆𝑈(3) gauge theory and the
weak force in terms of 𝑆𝑈(2).
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For example, the intersection lattice of a connected sum of
𝑛 copies of ℂ𝑃 2 has an orthonormal basis consisting of the
class of a complex line in each plane; thus, it is isometric
to the Euclidean lattice 𝐼𝑛 . Remarkably, Donaldson showed
that no other definite lattices arise.
Theorem 1. Let 𝑋 denote a smooth, closed, simply connected 4manifold. If 𝑄𝑋 is positive-definite, then the intersection lattice
of 𝑋 is isometric to 𝐼𝑛 .
Only months earlier, and using completely different
tools, Freedman uncovered equally remarkable facts about
topological 4-manifolds.
Theorem 2. For every unimodular, integral lattice Λ, there
exists a topological, closed, simply connected 4-manifold 𝑋 with
intersection lattice isometric to Λ.
Theorems 1 and 2 express a sharp contrast between
smooth and topological 4-manifolds. Perhaps most strikingly, they lead to the existence of different—“exotic”—
smooth structures on ℝ4 , whereas ℝ𝑛 admits a unique one
for all 𝑛 ≠ 4.
Instanton homology. Inspired by Donaldson’s work,
Floer introduced another version of infinite-dimensional
Morse theory designed to count the number of instantons
𝐼(𝑋) ∈ ℤ on a smooth, closed, oriented 4-manifold 𝑋. The
idea is to cut 𝑋 along a 3-manifold 𝑌 , so that 𝑋 = 𝑋+ ∪𝑌 𝑋− ,
similar to a Heegaard decomposition a dimension down.
We assign a group 𝐼(𝑌 ) that roughly measures how instantons look along a cylinder 𝑌 × ℝ. The groups 𝐼(𝑌 ) and
𝐼(−𝑌 ) are dual to one another, and we obtain relative
classes 𝐼(𝑋± ) ∈ 𝐼(±𝑌 ) that measure instantons on the two
pieces. The pairing ⟨𝐼(𝑋+ ), 𝐼(𝑋− )⟩ then recovers 𝐼(𝑋).
Floer defined the instanton homology 𝐼(𝑌 ) by setting
up a version of Morse theory with the Chern–Simons functional 𝐶𝑆 on the space of connections on an 𝑆𝑈(2)-bundle
𝑃 → 𝑌 . For technical reasons, we assume that 𝑌 is a homology sphere. The critical points of 𝐶𝑆 are orbits of flat
𝑆𝑈(2)-connections, those whose curvature vanishes. The
bundle 𝑃 is trivial, since 𝑌 is a 3-manifold, so flat connections are in 1-1 correspondence with representations
𝜋1 (𝑌 ) → 𝑆𝑈(2) modulo conjugation. This provides a direct link between 𝐼(𝑌 ) and the fundamental group. The
trajectories of 𝐶𝑆 are finite-energy instantons on the cylinder 𝑌 × ℝ. One of Floer’s key technical advances was to
make sense of indices in this infinite-dimensional setting
in order to define the appropriate differential.
What Floer obtained was a prototype of a topological
quantum field theory (TQFT), a notion first codified by
Atiyah. Loosely speaking, the (𝑛 + 1)-dimensional cobordism category has as its objects the closed, oriented 𝑛manifolds. A morphism 𝑋 ∶ 𝑌0 → 𝑌1 is a cobordism: a
smooth, compact, oriented (𝑛+1)-manifold with oriented
boundary 𝜕𝑋 = −𝑌0 ⊔ 𝑌1 . An (𝑛+1)-dimensional TQFT is
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a functor from the cobordism category to the category of
ℤ-modules and linear maps, along with some additional
properties. In particular, instanton Floer homology assigns a map 𝐹𝑋 ∶ 𝐼(𝑌0 ) → 𝐼(𝑌1 ) to a smooth 4-dimensional
cobordism 𝑋 ∶ 𝑌0 → 𝑌1 .
Casson’s invariant. In between the definitions of Lagrangian and instanton Floer homology, Casson developed an invariant of homology spheres based on representations of the fundamental group into 𝑆𝑈(2). Begin
with a genus-𝑔 Heegaard splitting of a homology sphere:
𝑌 = 𝑈 ∪Σ 𝑉. The space of representations from 𝜋1 (Σ) to
𝑆𝑈(2), modulo conjugation, defines a variety 𝑅(Σ) within
which sits the pair of subvarieties 𝑅(𝑈) and 𝑅(𝑉). They intersect in a discrete set of points whose signed count is the
Casson invariant 𝜆(𝑌 ) ∈ ℤ, independent of the choice of
Heegaard splitting.
Taubes showed that, under a non-degeneracy assumption, Casson’s invariant is the Euler characteristic of instanton Floer homology: 𝜆(𝑌 ) = ∑𝑘 (−1)𝑘 rk 𝐼𝑘 (𝑌 ). Moreover, the representation variety 𝑅(Σ) carries a natural symplectic structure with respect to which 𝑅(𝑈) and 𝑅(𝑉) are
Lagrangians. Putting a finer point on the matter, the
Atiyah–Floer conjecture asserts that the Lagrangian Floer
homology of the pair 𝑅(𝑈), 𝑅(𝑉) coincides with the instanton Floer homology 𝐼∗ (𝑌 ). While this conjecture remains
open, it became a key inspiration in the construction of
Heegaard Floer homology.
Seiberg–Witten theory. In Fall 1994, gauge theory sent
another seismic wave through 4-manifold topology in the
form of the Seiberg–Witten monopole equations. The
equations are orders of magnitude easier to manipulate
than the instanton equations, since moduli spaces of
monopoles are compact, in contrast to the typically noncompact moduli spaces of instantons. Moreover, the
abelian structure group 𝑈(1) replaces the non-abelian one
𝑆𝑈(2), which simplifies analysis of singularities in the
moduli space. Nevertheless, by physical considerations,
Witten conjectured that they contain the same information as the instanton equations, an equivalence later confirmed by Feehan and Leness. This suggestion was initially
met with astonishment, following a decade of hard-fought
gains of Donaldson theory, but it quickly bore out new
and spectacular results. For example, within one month
of the equations’ introduction, Kronheimer and Mrowka
settled a celebrated conjecture of Thom.
Theorem 3. A complex curve in ℂ𝑃2 has the least genus of any
closed, oriented surface in its homology class.
Following the advent of the monopole equations, it was
apparent that there should exist a corresponding (3 + 1)dimensional TQFT. In Kronheimer and Mrowka’s description, the monopole Floer homology of a closed, oriented
3-manifold 𝑌 is modeled on the Morse homology of a
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manifold with boundary equipped with an 𝑆 1 -action. The
role of the Morse function is now played by the so-called
Chern–Simons–Dirac functional. There are three related
versions of the invariant, and each one is a module over
the graded polynomial ring ℤ[𝑈], the 𝑆 1 -equivariant cohomology of a point. As powerful as they are, the monopole
invariants are difficult to calculate except in very special
circumstances.

The Construction and Structure of HF
Inspired by the Atiyah–Floer conjecture, we may ask: is
there an instance of Lagrangian Floer homology that coincides with monopole Floer homology? This is the very
question that Ozsváth and Szabó took up as the monopole theory developed. Their investigations led them to
define a revolutionary set of invariants for objects of lowdimensional topology.
The construction. Once more, we present a closed, oriented 3-manifold 𝑌 by a genus-𝑔 Heegaard diagram
(Σ, 𝛼, 𝛽). The parameter space of unordered 𝑔-tuples of
𝑔
points on Σ forms the 𝑔-fold symmetric product Sym (Σ).
A choice of complex structure 𝑗 on Σ induces a complex
𝑔
𝑔
structure Sym (𝑗) on Sym (Σ). This space plays the role of
the ambient symplectic manifold in the construction. Its
𝑔
appearance is related to the fact that Sym (Σ) parametrizes
solutions of the vortex equations on Σ, a dimensional reduction of the Seiberg–Witten equations.
The 𝑔-fold Cartesian product Σ×𝑔 contains a pair of 𝑔dimensional tori, 𝛼1 × ⋯ × 𝛼𝑔 and 𝛽1 × ⋯ × 𝛽𝑔 . The
𝑔
projection map Σ×𝑔 → Sym (Σ) is injective on these tori,
since the 𝛼𝑖 are pairwise disjoint from one another, as are
the 𝛽𝑗 . Therefore, we obtain a pair of 𝑔-dimensional tori
𝑔
𝕋𝛼 , 𝕋𝛽 ⊂ Sym (Σ), and they intersect transversally, since 𝛼
and 𝛽 do.
In this formulation, these tori are not Lagrangian, but
Ozsváth and Szabó showed how to adapt the framework of
Lagrangian Floer homology to them to extract an invariant
of 𝑌 . Thus, we form the free abelian group 𝐶𝐹(𝕋𝛼 , 𝕋𝛽 ) generated by the intersection points 𝕋𝛼 ∩𝕋𝛽 , and we form a differential by counting disks in 𝑀(𝕋𝛼 , 𝕋𝛽 ). Observe that our
description thus far recovers the “Heegaard half” glimpsed
early on: the intersection points 𝕋𝛼 ∩𝕋𝛽 are in bijective correspondence with the generating set 𝐺 we had described
earlier. Furthermore, the sign attached to each generator
in the determinantal expansion is just its sign as an intersection point between the tori.
However, there is one problem with the invariant we
have just produced: it simply returns the order of the ordinary homology group! Indeed, the development of Heegaard Floer homology briefly languished in this stage. It
turns out that there is literally just one point missing in
order for the theory to attain all its expected richness: we
simply revise the construction by placing a basepoint 𝑧 on
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Σ − 𝛼 − 𝛽 and letting 𝜕 count only those disks in 𝑀(𝕋𝛼 , 𝕋𝛽 )
𝑔−1
that avoid the submanifold 𝑉𝑧 = {𝑧} × Sym (Σ) ⊂
𝑔
Sym (Σ). We thereby obtain a pair (𝐶𝐹, 𝜕) that relies on
a pointed Heegaard diagram 𝐻 = (Σ, 𝛼, 𝛽, 𝑧) presenting 𝑌
and a complex structure 𝑗 on Σ. As usual in Lagrangian
𝑔
Floer theory, we may need to perturb Sym (𝑗) to a nearby
almost-complex structure in order to ensure that the moduli space 𝑀(𝕋𝛼 , 𝕋𝛽 ) is cut out transversely, by analogy to
the Morse–Smale conditions. This done, we have the “fundamental theorem” of Heegaard Floer homology, due to
Ozsváth and Szabó from 2001.
Theorem 4. The map 𝜕 is a differential, and the chain homotopy type of (𝐶𝐹, 𝜕) is an invariant of the underlying 3-manifold
𝑌.
We denote the chain homotopy type by 𝐶𝐹(𝑌 ) and its
homology 𝐻∗ (𝐶𝐹, 𝜕) by 𝐻𝐹(𝑌 ).3
Invariance and functoriality. The fact that the invariants
do not depend on the analytic data used to construct them
follows established lines in Floer homology. The independence of the choice of Heegaard diagram relies on a theorem of Reidemeister and Singer from the 1930s: any pair
of Heegaard diagrams that present the same manifold are
related by a sequence of moves, much like Reidemeister
moves on knot diagrams. Any such move induces a quasiisomorphism between the corresponding Floer chain complexes.
Originally, only the isomorphism type of 𝐻𝐹(𝑌 ) was established to be an invariant of 𝑌 . However, we would like
to promote 𝐻𝐹(𝑌 ) to a concrete group in order to discuss
maps between these invariants, such as those induced by
cobordism, and to refer to specific elements thereof, like
the contact invariant defined below. Juhász, D. Thurston,
and Zemke showed how to do so once we equip 𝑌 with—
perhaps unsurprisingly—a basepoint, which we assume is
in place henceforth. This development resembles the passage, a century earlier, from the isomorphism invariance
of simplicial homology to its full functoriality.
The Heegaard Floer 4-manifold invariant is defined in
similar diagrammatic terms. A cobordism 𝑋 ∶ 𝑌0 → 𝑌1
between a pair of connected 3-manifolds is presented by
means of a Heegaard triple diagram (Σ, 𝛼, 𝛽, 𝛾). The cobordism invariant counts pseudoholomorphic triangles be𝑔
tween the triple of Lagrangian tori 𝕋𝛼 , 𝕋𝛽 , 𝕋𝛾 ⊂ Sym (Σ),
yielding a map 𝐹𝑋 ∶ 𝐻𝐹(𝑌0 ) → 𝐻𝐹(𝑌1 ). The cobordism
maps are essential for applications, for instance by furnishing a grading on the theory.
Refinements. The basepoint enables us to define richer al−
gebraic structures. For instance, let 𝐶𝐹 (𝐻) denote the
ℤ[𝑈]-module freely generated by 𝕋𝛼 ∩ 𝕋𝛽 with the differential 𝜕 adjusted by weighting the count of each disk
3These are the so-called “hat” versions of the invariant, usually denoted 𝐶𝐹
ˆ and

ˆ
𝐻𝐹.
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𝜙 ∈ 𝑀(𝕋𝛼 , 𝕋𝛽 ) by 𝑈 𝑛 , where 𝑛 = 𝑛𝑧 (𝜙) ≔ #𝜙−1 (𝑉𝑧 ) ≥ 0.
Its homology 𝐻𝐹 − (𝑌 ) is an invariant that models one of
the monopole invariants, and there are variations on the
construction that recover the others. Indeed, the expected
ℤ[𝑈]-module structure was one clue to the introduction of
the basepoint.
The conjectured equivalence of the Heegaard Floer and
monopole theories loomed over the area for well over a
decade. At last, monumental efforts by two teams, Colin,
Ghiggini, and Honda, and Kutluhan, Li, and Taubes, have
established the analogue to the Atiyah–Floer conjecture in
this setting.
Theorem 5. The monopole Floer groups and corresponding
Heegaard Floer groups are isomorphic for every closed, oriented
3-manifold.
Structural properties. Essential to the theory is a bundletheoretic object called a spin𝑐 structure. We content ourselves to report a few essential facts about spinc structures
on a smooth manifold 𝑀 in dimension 3 or 4: the set
Spinc (𝑀) admits a free, transitive action by 𝐻 2 (𝑀); there
is a first Chern class map 𝑐 1 ∶ Spinc (𝑀) → 𝐻 2 (𝑀); and,
when dim 𝑀 = 4, there is a restriction map Spinc (𝑀) →
Spinc (𝜕𝑀). For these reasons, the reader may safely conflate Spinc (𝑀) with the more familiar group 𝐻 2 (𝑀).
We now focus on a closed, oriented 3-manifold 𝑌 for
which 𝑏1 (𝑌 ) = 0. This is the case of interest in many applications, and the definition and structure of the invariant
simplifies in this setting. The group 𝐻𝐹(𝑌 ) is finitely generated, and it decomposes according to a pair of gradings:
𝐻𝐹(𝑌 ) =

⨁

𝐻𝐹(𝑌 , 𝑠),

𝑠∈Spinc (𝑌 )

𝐻𝐹(𝑌 , 𝑠) =

⨁

𝐻𝐹𝑚 (𝑌 , 𝑠).

𝑚∈ℚ

The Spinc (𝑌 ) grading originates at the chain level. The ℚgrading is called the Maslov grading. The support of the
group 𝐻𝐹(𝑌 , 𝑠) is contained in gradings 𝑚 ∈ 𝑑(𝑌 , 𝑠) + ℤ ⊂
ℚ, where 𝑑(𝑌 , 𝑠) denotes a distinguished grading called the
𝑑-invariant. The relative ℤ-grading lifts the (mod 2) grading coming from the sign of an intersection point in a Heegaard diagram, and its enhancement to a ℚ-grading uses
properties of the maps induced by cobordism and the normalization 𝑑(𝑆 3 , 𝑠) = 0 for the unique 𝑠 ∈ Spinc (𝑆 3 ).
The 𝑑-invariant alone is responsible for many spectacular applications of Heegaard Floer homology to lowdimensional topology. It was inspired by an analogous
construction due to Frøyshov in the context of monopole
Floer homology, and it possesses several useful properties.
For one, rk 𝐻𝐹𝑚 (𝑌 , 𝑠) ≥ 1 for 𝑚 = 𝑑(𝑌 , 𝑠), leading to the
inequality
rk 𝐻𝐹(𝑌 ) ≥ |Spinc (𝑌 )| = |𝐻1 (𝑌 )|.
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For another, if 𝑌 bounds a smooth, positive-definite 4manifold 𝑋, then 4𝑑(𝑌 , 𝑠) ≤ 𝑐 1 (𝑡)2 − 𝑏2 (𝑋) for all 𝑡 ∈
Spinc (𝑋), 𝑡|𝑌 = 𝑠.
As an application, consider a smooth, closed, definite
manifold 𝑋 as in Theorem 1. Removing a small ball
from 𝑋 gives a positive-definite filling of 𝑆 3 . Therefore,
0 = 4𝑑(𝑆 3 , 𝑠) ≤ 𝑐 1 (𝑡)2 − 𝑏2 (𝑋) for all 𝑡 ∈ Spinc (𝑋). The
classes 𝑐 1 (𝑡) ∈ 𝐻 2 (𝑋) account for the set of so-called characteristic elements 𝜆 ∈ 𝐻 2 (𝑋), i.e., those for which 𝑄𝑋 (𝜆, 𝛽) ≡
𝑄𝑋 (𝛽, 𝛽) (mod 2) for all 𝛽 ∈ 𝐻 2 (𝑋). A theorem of Elkies
from 1995 asserts that if rk 𝐿 ≤ 𝜒2 for every characteristic
element 𝜒 in a positive-definite, unimodular lattice 𝐿, then
𝐿 is isometric to the Euclidean lattice. Thus, we obtain a reproof of Theorem 1 without any assumption on 𝜋1 . This
proof template is due to Kronheimer, who devised it in
the setting of monopole Floer homology. In fact, Elkies
proved his theorem in response to an inquiry of his! A reproof of Theorem 3 due to Strle issues along similar lines.
Examples. One of the triumphs of Heegaard Floer homology is its broad computability. We give a few sample calculations and motivate an important conjecture.

homology sphere Σ(𝑝, 𝑞, 𝑟) = {(𝑥, 𝑦, 𝑧) ∈ ℂ3 | 𝑥𝑝 + 𝑦𝑞 + 𝑧𝑟 =
0, |𝑥|2 + |𝑦|2 + |𝑧|2 = 1}. For instance, −Σ(2, 3, 5) is another description of 𝑃3 . There is an algorithm for calculating the invariant of Brieskorn spheres, based on the existence of special definite fillings of them. From it, we obtain
𝐻𝐹(𝑃3 ) = ℤ(2) , a calculation which would be hard to carry
out from the Heegaard diagram of Figure 2, owing to the
2
difficulty of analyzing disks in Sym (Σ2 ). As another family of examples, 𝐻𝐹(Σ(2, 3, 6𝑛 + 1)) ≈ ℤ(0) ⊕ ℤ𝑛(−1) ⊕ ℤ𝑛(−2)
for 𝑛 ≥ 1.
The three-sphere, lens spaces, and 𝑃3 attain equality in
(1). In fact, all manifolds with elliptic geometry do. By definition, an 𝐿-space is a manifold 𝑌 for which rk 𝐻𝐹(𝑌 ) =
|𝐻1 (𝑌 )|, in homage to the lens spaces. From the point of
view of Heegaard Floer homology, these spaces have the
simplest possible invariant. We will see more examples to
come, but the scarcity of small examples supports the following conjecture.
Conjecture 6. The only irreducible 𝐿-space homology spheres
are 𝑆 3 and ±𝑃3 .

Knots
𝑧

𝑧
𝑥1

𝑧

𝑥2 𝑥3

Figure 4. Two pointed genus-1 Heegaard diagrams of 𝑆 3 and
one of a lens space.

1. The three-sphere admits the Heegaard diagram 𝐻
shown on the left of Figure 4. Since it has a single intersection point, the differential 𝑑 on 𝐶𝐹(𝐻) vanishes, and we
obtain 𝐻𝐹(𝑆3 ) ≈ ℤ(0) . The subscript denotes the Maslov
grading, and we suppress the single spinc grading. As a
check of invariance, consider the pointed Heegaard diagram of 𝑆 3 shown in the middle of Figure 4. We see a single
homotopy class of Whitney disk 𝜙 between the points of
1
𝕋𝛼 ∩ 𝕋𝛽 = 𝛼 ∩ 𝛽 in Sym (Σ1 ) = Σ1 for which 𝑛𝑧 (𝜙) = 0,
namely one from 𝑥2 to 𝑥1 . The Riemann mapping theorem guarantees a unique pseudoholomorphic representative of 𝜙 modulo ℝ-translation for any choice of complex
structure on Σ. Hence 𝜕𝑥1 = 0, 𝜕𝑥2 = ±𝑥1 , and 𝜕𝑥3 = 0,
leading to a consistent calculation of 𝐻𝐹(𝑆 3 ).
2. A 3-dimensional lens space admits a genus-1 Heegaard diagram 𝐻, as shown on the right of Figure 4. For
it, 𝐶𝐹(𝐻) has one generator in each spinc grading, 𝜕 vanishes, and we get equality in (1). The 𝑑-invariant in this
case recovers the classical Reidemeister torsion, a complete
invariant of the homeomorphism types of lens spaces.
3. For some complexity, let 𝑝, 𝑞, 𝑟 ∈ ℤ denote a
triple of pairwise coprime integers, and form the Brieskorn
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One of the novelties of the Heegaard Floer package is a version for knots and links defined independently by Ozsváth
and Szabó and by Rasmussen. It developed as a way to
describe the behavior of Heegaard Floer homology under
Dehn surgery, and it strongly resembles a theory due to
Khovanov described below.
The classical invariants of knots. Figures 5 and 6 display
an assortment of knots. (The notation 61 comes from the
knot tables.) An important infinite family are the torus
knots, those that can be positioned on the genus-1 Heegaard surface in 𝑆 3 . The (𝑝, 𝑞)-torus knot 𝑇𝑝,𝑞 admits the

Figure 5. András Stipsicz, John Morgan, Zoltán Szabó, and
Peter Ozsváth (with multiplicity two). New York City, 2007.

Figure 6. A few knots: the unknot M, trefoil 𝑇2,3 , stevedore
knot 61 , and pretzel 𝑃(−3, 5, 7).
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succint description as the locus of the variety {𝑧𝑝 + 𝑤𝑞 =
0} ⊂ ℂ2 on the unit sphere {|𝑧|2 + |𝑤|2 = 1} for coprime
𝑝, 𝑞 ∈ ℤ, echoing the definition of the Brieskorn spheres.
In the 1920s, Alexander introduced his famous polynomial invariant of knots and links. It is derived from the
ordinary homology of the infinite cyclic cover of the knot
complement 𝑆3 − 𝐾. The invariant takes the form of a Laurent polynomial Δ(𝐾), and it possesses several pleasant features. For one, it satisfies the skein relation4 Δ(!) − Δ(") =
(𝑡1/2 − 𝑡−1/2 )Δ(a). The pictures indicate a triple of oriented
links with identical projections outside of a small window
where they differ as shown. In fact, Δ is completely characterized by this relation and the value Δ(M) = 1. As examples, Δ(𝑇𝑝,𝑞 ) = (𝑡𝑝𝑞 − 1)(𝑡 − 1)/(𝑡𝑝 − 1)(𝑡𝑞 − 1), up to
symmetrization, and Δ(𝑃(−3, 5, 7)) = 1.
Knots enjoy a special relationship with surfaces. A
Seifert surface for a knot 𝐾 is a compact, orientable surface
𝐹 ⊂ 𝑆 3 with boundary 𝜕𝐹 = 𝐾.

Dehn surgery. In 1910, Dehn devised a general method
called surgery for constructing 3-manifolds. As he writes,
“These results have the particular value of yielding a very
simple method for the construction of infinitely many
Poincaré spaces [homology spheres], of which the discoverer [Poincaré] had constructed only one, in a complicated
way.” Dehn’s construction begins with a knot 𝐾 ⊂ 𝑆 3 . A
closed regular neighborhood of 𝐾 is diffeomorphic to a
solid torus. We excise its interior from 𝑆 3 to produce the
knot exterior 𝑋𝐾 , a compact manifold with torus boundary.
We obtain a 3-manifold by regluing a solid torus 𝑆 1 × 𝐷2
to 𝑋𝐾 along their boundaries in such a way that a curve
{𝜃} × 𝜕𝐷2 glues to a curve that wraps 𝑝 times longitudinally
and 𝑞 times meridionally around 𝐾. The diffeomorphism
type of the result depends only on 𝐾 and the slope 𝑝/𝑞,
and we denote it 𝐾(𝑝/𝑞).
For instance, with the simplest non-trivial knot, the
trefoil 𝑇2,3 , and the simplest non-trivial slope, 𝑝/𝑞 =
1, Dehn’s construction recovers 𝑃 3 . More generally,
𝑇2,3 (1/𝑛) ≈ −Σ(2, 3, 6𝑛 − 1).

𝑃3 =

Figure 7. A genus-1 Seifert surface for 𝑃(−3, 5, 7).

Seifert himself gave an algorithm for producing one
from a knot diagram in the 1930s. Define the genus 𝑔(𝐾)
of a knot 𝐾 as the minimum genus of a Seifert surface for
𝐾. Thus, 𝑔(𝐾) = 𝑔(M) = 0 iff 𝐾 ≃ M. A particular case of
interest occurs when 𝐾 is fibered, a term coined by Seifert.
This means that the knot complement fibers over the circle, and the closure of each fiber is a Seifert surface for 𝐾.
For instance, the unknot is fibered, since each disk in the
product fibration 𝑆 3 − M ≈ 𝑆 1 × int(𝐷2 ) closes to a Seifert
surface for M. Examples of fibered knots abound and include all torus knots. Notably, the genus of a fibered knot
equals the genus of its fiber surface.
A Seifert surface for 𝐾 leads to a construction of the infinite cyclic cover of its complement and, in turn, to a direct
relationship with its Alexander polynomial. For instance,
deg Δ(𝐾) ≤ 𝑔(𝐾), and Δ(𝐾) is monic and attains equality in
this bound if 𝐾 is fibered. There is a related invariant, the
knot signature 𝜎(𝐾), which satisfies |𝜎(𝐾)|/2 ≤ 𝑔(𝐾). However, Δ and 𝜎 do not detect the Seifert genus and fiberedness of every knot: for instance, 𝑃(−3, 5, 7) has genus one
and does not fiber, although Δ = 1 and 𝜎 = 0 for it.
4The dynamic terminology comes from Conway, picturing the knot as a length

of yarn.
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⋃

Figure 8. Dehn’s description of the Poincaré homology sphere
as +1-surgery along 𝑇2,3 .

As another example, for 𝑝 > 1 and the unknot M, we
obtain the 3-dimensional lens space 𝐿(𝑝, 𝑞) ≔ M(𝑝/𝑞). The
unknot exterior 𝑋M is diffeomorphic to a solid torus, so
𝐿(𝑝, 𝑞) admits a genus-1 Heegaard diagram; the right side
of Figure 4 depicts one for 𝐿(5, 2).
Dehn surgery is popular, both for its elegance and its
utility: in the 1960s, Lickorish and Wallace showed that every closed, oriented 3-manifold may be obtained by Dehn
surgery along some link in 𝑆 3 . It also undergirds many
important results in knot theory. For example, in the late
1980s, Gordon and Luecke used combinatorial methods
to establish the Dehn surgery characterization of 𝑆 3 .
Theorem 7. 𝐾(𝑝/𝑞) ≈ 𝑆 3 iff 𝐾 ≃ M or 𝑝/𝑞 = 1/0.
As a consequence, knots in 𝑆 3 are determined by their
complements: 𝑋𝐾1 ≈ 𝑋𝐾2 iff 𝐾1 ≃ 𝐾2 .
The surgery exact triangle. Dehn surgery and Floer homology enjoy a special relationship dating back to the original work of Floer. Suppose that 𝑀 is a compact, oriented
manifold with torus boundary; 𝛾1 , 𝛾2 , 𝛾3 are a triple of simple closed curves on 𝜕𝑀 with the property that each pair
meet in a single point; and 𝑌 𝑖 = 𝑀(𝛾 𝑖 ) denotes the Dehn

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

VOLUME 68, NUMBER 1

filling, 𝑖 = 1, 2, 3.5 Then their Floer homology groups fit
into an exact triangle:
𝐻𝐹(𝑌1 )

𝐻𝐹(𝑌2 )
𝐻𝐹(𝑌3 )

As an application, suppose that 𝑌1 and 𝑌2 are 𝐿-spaces and
|𝐻1 (𝑌3 )| = |𝐻1 (𝑌1 )| + |𝐻1 (𝑌2 )|. The triangle then implies
that 𝑌3 is an 𝐿-space, as well. For example, since 𝑆 3 and
𝑃 3 are 𝐿-spaces, iterated use of the triangle implies that
𝑇2,3 (𝑝/𝑞) is an 𝐿-space for all 𝑝/𝑞 ≥ 1. The maps appearing
in the exact triangle are maps induced by cobordism.
Knot Floer homology. Every knot 𝐾 in a 3-manifold 𝑌
is presented by a doubly-pointed Heegaard diagram 𝐻 =
(Σ, 𝛼, 𝛽, 𝑧, 𝑤). As before, the data (Σ, 𝛼, 𝛽) describe a Heegaard decomposition for 𝑌 . We join the basepoints 𝑧 and
𝑤 by an embedded arc in Σ disjoint from 𝛼 and push its
interior into the handlebody in which the 𝛼 curves are
belt circles; and we do the same with respect to 𝛽. The
union of the two arcs gives the knot 𝐾. We define a chain

the relationship that Ozsváth and Szabó and Rasmussen
sought to capture, and it has proven to be a very rich vein
to mine. By general homological algebra, 𝐻𝐹𝐾(𝐾) is the
𝐸2 page in a spectral sequence which abuts to 𝐻𝐹(𝑆 3 ) ≈ ℤ.
The spectral sequence produces a knot invariant 𝜏(𝐾) ∈ ℤ
whose power we will showcase below.

𝐻𝐹𝐾(M)

𝐻𝐹𝐾(𝑇2,3 )

𝑚

𝑚

𝑎

𝐻𝐹𝐾(61 )

𝑎

𝐻𝐹𝐾(𝑃(−3, 5, 7))
𝑚

𝑚
𝑎

𝑎

𝑥1
𝑤 𝑥2
𝑥3 𝑧

Figure 9. A doubly-pointed Heegaard diagram of 𝑇2,3 .

complex (𝐶𝐹𝐾, 𝜕0 ) on the same generating set as 𝐶𝐹,
where the differential 𝜕0 counts disks 𝜙 ∈ 𝑀(𝕋𝛼 , 𝕋𝛽 ) for
which 𝑛𝑧 (𝜙) = 𝑛𝑤 (𝜙) = 0. As with the case of a closed
3-manifold, the homology group 𝐻∗ (𝐶𝐹𝐾, 𝜕0 ) is a knot invariant 𝐻𝐹𝐾(𝐾).6
Like the 3-manifold invariant, the knot Floer homology
of a knot 𝐾 ⊂ 𝑆 3 admits a bigrading:
𝐻𝐹𝐾(𝐾) =

⨁

𝐻𝐹𝐾(𝐾, 𝑎),

𝑎∈ℤ

𝐻𝐹𝐾(𝐾, 𝑎) =

⨁

𝐻𝐹𝐾 𝑚 (𝐾, 𝑎).

Figure 10. Sample knot Floer homology groups. A cluster of 𝑛
dots nearby the lattice point (𝑎, 𝑚) conveys that
𝐻𝐹𝐾 𝑚 (𝐾, 𝑎) ≈ ℤ𝑛 . The arrows represent the induced
differential on 𝐻𝐹𝐾(𝐾) whose homology computes
𝐻𝐹(𝑆3 ) ≈ ℤ. The highlighted dot represents the surviving
generator, and its Alexander grading equals 𝜏(𝐾).

The following theorem collects several striking features
of knot Floer homology, which strengthen the aforementioned properties of the Alexander polynomial.
Theorem 8. Knot Floer homology
(1) categorifies the Alexander polynomial:
Δ(𝐾) = ∑ (−1)𝑚 rk 𝐻𝐹𝐾 𝑚 (𝐾, 𝑎) ⋅ 𝑡𝑎 ;
𝑎,𝑚∈ℤ

𝑚∈ℤ

The grading 𝑎 is akin to the spinc grading. It is called the
Alexander grading, anticipating the relationship with Δ to
come. The grading 𝑚 is the Maslov grading.
In fact, the Alexander grading comes from a filtration on
𝐶𝐹(𝐻). A related structure controls the invariant 𝐻𝐹(𝐾(𝑛))
by an algebraic procedure called a surgery formula. This is
5Gordon points out the medical-dental duality between Dehn surgery and

filling.
6As before, we must equip 𝐾 with a basepoint in order to obtain a concrete
group.
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(2) detects the Seifert genus:
𝑔(𝐾) = max{𝑎 ∶ 𝐻𝐹𝐾(𝐾, 𝑎) ≠ 0}; and
(3) detects fiberedness:
𝐾 is fibered iff rk 𝐻𝐹𝐾(𝐾, 𝑔(𝐾)) = 1.
It is interesting to check the conclusions about
𝑃(−3, 5, 7) implied by Theorem 8 and the calculation
shown in Figure 10.
Part (1) of Theorem 8 is due to Ozsváth and Szabó and
Rasmussen. Part (2) is due to Ozsváth and Szabó, utilizing
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important results about foliations and contact and symplectic geometry. Since the unknot is the unique knot of
genus 0, we obtain the immediate corollary that knot Floer
homology detects the unknot.
Corollary 9. 𝐻𝐹𝐾(𝐾) ≈ 𝐻𝐹𝐾(M) iff 𝐾 ≃ M.

4-gons on 𝐻! For instance, using the Heegaard diagram
of 𝑃 3 in Figure 2, the Sarkar–Wang algorithm produces a
genus-2 nice diagram. As they report: “There are 335 generators and 505 differentials for this diagram. We leave
the actual computation using this diagram to the patient
reader.”

Part (3) is due to Ghiggini in the case 𝑔(𝐾) = 1 and to
Ni in the general case. The special case 𝑔(𝐾) = 1 alone
leads to a noteworthy corollary.
Corollary 10. 𝐾(𝑝/𝑞) ≈ 𝑃 3 iff 𝐾 ≃ 𝑇2,3 and 𝑝/𝑞 = 1.
That is, the only way to obtain the Poincaré homology
sphere by Dehn surgery along a knot in 𝑆 3 is Dehn’s original description!
Juhász showed that both 𝐻𝐹(𝑌 ) and 𝐻𝐹𝐾(𝐾) are special cases of a more general invariant associated to a sutured 3-manifold. This is a structure developed by Gabai
in the 1970s as a means of keeping track of decompositions of 3-manifolds along embedded surfaces. By studying the behavior of Floer homology for sutured manifolds
under such decompositions, Juhász gave elegant re-proofs
of parts (3) and (4) of Theorem 8, as well as a host of other
applications. Moreover, Juhász’s work has inspired similar
constructions and results in both instanton and monopole
Floer homology, reversing the course of influence between
Heegaard Floer homology and these invariants.

Complements
Knot Floer homology and sutured Floer homology are
two important variations on the construction of Heegaard
Floer homology. Here we report on a few others and their
implications.
Combinatorial Floer homology. In 2006, Sarkar and his
collaborators made the pivotal observation that every knot
and 3-manifold admits a special kind of Heegaard diagram
whose affiliated Floer chain complex can be calculated in
simple terms from the combinatorics of the diagram. Thus,
it is possible to compute Heegaard Floer invariants without passage to symplectic geometry or gauge theory whatsoever, distilling them to their combinatorial essence!
Sarkar and Wang described an algorithm that takes as
input a pointed Heegaard diagram for a 3-manifold 𝑌 and
outputs another pointed Heegaard diagram 𝐻 for 𝑌 with
the property that every region apart from the one containing the basepoint 𝑧 is either 2- or 4-sided. The region
containing 𝑧 will thus be a many-sided polygon. Such a
Heegaard diagram is called a nice diagram. They proved
that if 𝐻 is a nice diagram and 𝑥 and 𝑦 are generators of
𝐶𝐹(𝐻), then 𝜕(𝑥, 𝑦) = ±1 iff 𝑥 and 𝑦 differ in one or two
coordinates, and the intersection points in which they differ are connected by an embedded 2- or 4-gon on 𝐻 that
avoids 𝑧 and the other points comprising 𝑥 and 𝑦. Moreover, 𝜕(𝑥, 𝑦) = 0 otherwise. Thus, 𝜕 simply counts 2- and
28

Figure 11. A grid diagram of 𝑇2,3 . Tic-tac-toe symbols replace
𝑧 and 𝑤.

Manolescu, Ozsváth, and Sarkar developed a particularly satisfying method for producing nice diagrams
adapted to knots in 𝑆 3 . Take the standard genus-1 Heegaard splitting (Σ, 𝛼1 , 𝛽1 ) of 𝑆 3 , and let 𝛼 and 𝛽 denote the
union of 𝑛 parallel copies of 𝛼1 and 𝛽1 , respectively. Place
sets of basepoints 𝑧 = {𝑧1 , … , 𝑧𝑛 } and 𝑤 = {𝑤 1 , … , 𝑤 𝑛 } on
Σ − 𝛼 − 𝛽 in such a way that each component of Σ − 𝛼 and
Σ − 𝛽 contains a single 𝑧𝑖 and a single 𝑤𝑗 . We thereby obtain a multipointed Heegaard diagram 𝐻 of a link 𝐿 ⊂ 𝑆 3 .
If we cut open Σ along 𝛼1 and 𝛽1 into a square, then we
obtain a grid diagram of 𝐿, a representation studied in various guises, dating at least back to Brunn in the 1890s. The
Floer chain complex (𝐶𝐹(𝐻), 𝜕0 ) affiliated with a grid diagram of a link on an 𝑛 × 𝑛 grid thus contains 𝑛! generators, and the differential 𝑑0 counts embedded rectangles
on Σ − 𝑧 − 𝑤. The homology group 𝐻∗ (𝐶𝐹(𝐻), 𝜕0 ) calculates a stabilized version of knot Floer homology. Making
use of grid diagrams, it is possible to define and prove the
invariance of knot Floer homology without any analysis.
Bordered Floer homology and immersed curves. Bordered Floer homology, defined by Lipshitz, Ozsváth, and
D. Thurston, is a cut-and-paste method for calculating the
Heegaard Floer 3-manifold invariant. Thus, it represents a
kind of (2 + 1 + 1)-dimensional TQFT. The idea is familiar: we cut a 3-manifold 𝑌 along a surface into two pieces
and recover 𝐶𝐹(𝑌 ) as a pairing between relative invariants
of the pieces. These invariants possess a deeper layer of
algebraic structure, utilizing the 𝐴∞ -structure of pseudoholomorphic polygon counts. There is a related version for
knots due to Ozsváth–Szabó that recovers 𝐻𝐹𝐾; using it,
we can now quickly calculate the invariant for knots with
dozens of crossings.
Hanselman, Rasmussen, and Watson gave an elegant
description of the bordered Floer invariant of a compact,
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oriented 3-manifold with torus boundary. In place of
an algebraic object, the invariant takes the form of the
regular homotopy class of an immersed multicurve in
a punctured torus. Many topological applications issue
from this description. For instance, the trio re-proved a
theorem of Eftekhary in support of Conjecture 6: any 𝐿space homology sphere is atoroidal.
Khovanov homology. In 1999, Khovanov defined an invariant of links in 𝑆 3 based on the ideas of TQFT and
categorification. It developed out of Kauffman’s state
sum model for Jones’s remarkable polynomial invariant of
links defined in the early 1980s, which initiated the influx
of quantum algebra into low-dimensional topology.
Like its close cousin, the Alexander polynomial, the
Jones polynomial assigns a Laurent polynomial 𝑉(𝐾) ∈
ℤ[𝑞, 𝑞−1 ] to a knot 𝐾 ⊂ 𝑆 3 . It satisfies the skein relation
𝑞−1 𝑉(!) − 𝑞𝑉(") = (𝑞1/2 − 𝑞−1/2 )𝑉(H), and its value on
links is determined by this relation and the value 𝑉(M) = 1.
Kauffman’s construction of 𝑉(𝐿) begins with a planar projection 𝐷 of a link 𝐿 with 𝑛 double points. Each double
point / can be smoothed in one of two ways: H and 1. A
choice of smoothing at each crossing is thus parametrized
by a vertex 𝑣 of the 𝑛-cube [0, 1]𝑛 and results in a collection
𝐷𝑣 of disjoint circles in the plane. In Kauffman’s model,
each complete resolution 𝐷𝑣 contributes a Laurent polynomial in 𝑞 that depends only on the vertex label and the
number of circles in 𝐷𝑣 . Their total sum then calculates
𝑉(𝐿).
Khovanov categorified this construction by applying a
particular (1 + 1)-dimensional TQFT to the cube of resolutions. An edge 𝑒 = (𝑣 1 , 𝑣 2 ) of the 𝑛-cube specifies a pair
of complete resolutions that coincide away from the neighborhood of a single crossing in 𝐷. They thereby cobound a
saddle cobordism 𝑆𝑒 ⊂ ℝ2 × [0, 1]. The TQFT assigns to each
complete resolution 𝐷𝑣 a free abelian group and to each
saddle cobordism 𝑆𝑒 a corresponding map. The sum of
these groups and maps gives a chain complex (𝐶𝐾ℎ(𝐷), 𝑑)
whose (co)homology is an invariant of the link 𝐾ℎ(𝐿).
The invariant comes equipped with an integer bigrading
𝑖,𝑗
𝐾ℎ(𝐿) = ⨁𝑖,𝑗 𝐾ℎ (𝐿), and it categorifies the Jones polyno-

Theorem 11. There exist spectral sequences with 𝐸 2 page isomorphic to 𝐾ℎ(𝐾) abutting to
(1) the Heegaard Floer homology of the branched doublecover, 𝐻𝐹(Σ(𝐾));
(2) instanton knot Floer homology, 𝐼 ♮ (𝐾); and
(3) knot Floer homology, 𝐻𝐹𝐾(𝐾).
Here 𝐾 denotes the mirror image of 𝐾.
Part (1) is due to Ozsváth and Szabó. It was the first explicit bridge between the Floer and Khovanov worlds. A
key fact is that the branched double-covers of an unoriented skein triple of links fit into a triple of Dehn fillings
to which the exact triangle applies. Iterating the triangle
leads to a link surgery spectral sequence that establishes
(1).
Part (2) is due to Kronheimer and Mrowka, who proved
that their invariant 𝐼 ♮ detects the unknot. As a corollary,
Khovanov homology does, too.
Corollary 12. 𝐾ℎ(𝐾) ≈ 𝐾ℎ(M) ⟺ 𝐾 ≃ M.
Part (3) is due to Dowlin, confirming a conjecture of
Rasmussen. The proof involves a cube of resolutions for
𝐻𝐹𝐾 based on singular knots. Combined with Corollary
9, it re-proves Corollary 12.
Remarkably, it remains unknown whether the Jones
polynomial itself detects the unknot.

Topological Applications
Heegaard Floer homology has led to an impressive array of
applications to low-dimensional topology. Here we showcase a few highlights.
Dehn surgery. When does Dehn surgery along a knot in
𝑆 3 yield a lens space, the simplest class of 3-manifold?
Around 1990, Berge described the following elegant construction. Take a knot 𝐾 that lies on a genus-2 Heegaard
surface Σ ⊂ 𝑆 3 and that intersects a belt circle for each handlebody in a single transverse point of intersection. Then

𝑖,𝑗

mial: 𝑉(𝐿) = ∑𝑖,𝑗 (−1)𝑖 rk 𝐾ℎ (𝐿) ⋅ 𝑞𝑗 . Almost by definition, it also comes equipped with a skein exact sequence
⋯ → 𝐾ℎ(/) → 𝐾ℎ(H) → 𝐾ℎ(1) → 𝐾ℎ(/) → ⋯
for an unoriented skein triple of links related by the indicated
crossing and smoothings in some diagram.
Khovanov homology has inspired connections with
Floer theory since its definition. Initially, it offered a clue
to the structural properties of knot Floer homology. Since
then, many direct links have been established, many with
a similar form.
JANUARY 2021

Figure 12. A knot in 𝑆 3 with a lens space surgery.

Dehn surgery along 𝐾, with slope given by a push-off of 𝐾
on Σ, results in a lens space. For instance, all torus knots
admit lens space surgeries, and Berge found many more
examples using this construction. The Berge conjecture,
from 1990, posits that these are all.
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Conjecture 13. Berge’s construction accounts for all of the
ways to obtain a lens space by Dehn surgery along a knot in
𝑆 3 with an integer slope.7
Heegaard Floer homology tells us a lot about a knot
with an integer surgery to a lens space, thanks in large part
to the fact that lens spaces are 𝐿-spaces. We call a knot
𝐾 ⊂ 𝑆 3 an 𝐿-space knot if some (positive) surgery along 𝐾
yields an 𝐿-space.
Theorem 14. The following conditions hold for an 𝐿-space
knot 𝐾 ⊂ 𝑆 3 :
(1) 𝐾 is fibered;
(2) 𝜏(𝐾) = deg Δ(𝐾) = 𝑔(𝐾); and
(3) the non-zero coefficients of Δ(𝐾) = ∑𝑖 𝑐 𝑖 ⋅ 𝑇 𝑖 are ±1
and alternate in sign.
The various parts make use of the surgery formula, the
surgery sequence, and Theorem 8. One application is a
proof of a conjecture of Gordon first proven in 2007 by
Kronheimer, Mrowka, Ozsváth, and Szabó using monopole Floer homology.
Theorem 15. 𝐾(𝑝/𝑞) ≈ 𝐿(𝑝, 𝑞) iff 𝐾 ≃ M.
We also recover an alternate proof of Theorem 7 and so
the knot complement theorem.
A derivative of the Berge conjecture is the realization
problem: which lens spaces 𝐿(𝑝, 𝑞) are realized as an integer surgery 𝐾(𝑝)? Conjecturally, they are just the ones
resulting from Berge’s construction. Every knot surgery
𝐾(𝑝/𝑞) bounds a smooth, definite 4-manifold whose intersection lattice Λ(𝑝/𝑞) depends only on the fraction 𝑝/𝑞.
If 𝐿(𝑝, 𝑞) ≈ 𝐾(𝑝), then Theorem 1 implies that Λ(𝑝/𝑞)
embeds isometrically into the Euclidean lattice 𝐼𝑛 , 𝑛 =
rk Λ(𝑝/𝑞) + 1. This condition translates into a significant
constraint on 𝑝/𝑞, but it does not precisely identify the fractions 𝑝/𝑞 resulting from Berge’s construction. Heegaard
Floer homology offers more. By parlaying Theorem 1 together with properties of the 𝑑-invariant, we arrive at the
following curious combinatorial condition: the orthogonal complement to Λ(𝑝/𝑞) ⊂ 𝐼𝑛 is spanned by a so-called
changemaker vector 𝜎 = (𝜎1 , … , 𝜎𝑛 ). This means that, given
coins with values 𝜎1 , … , 𝜎𝑛 ≥ 0, it is possible to make exact
change from them in any amount up to their total value.
Remarkably, this constraint pinpoints the lens spaces coming from Berge’s construction, as the author showed in
2010.
Theorem 16. The following conditions are equivalent: 𝐿(𝑝, 𝑞)
is integer surgery along a knot 𝐾 ⊂ 𝑆 3 ; Λ(𝑝/𝑞) embeds in 𝐼𝑛 orthogonal to a changemaker vector; and 𝐿(𝑝, 𝑞) is integer surgery
along a Berge knot 𝐵. Moreover, 𝐻𝐹𝐾(𝐾) ≈ 𝐻𝐹𝐾(𝐵).
7Only torus knots have non-integral surgeries to lens spaces, following the cel-

ebrated cyclic surgery theorem of Culler, Gordon, Luecke, and Shalen, from
1987.
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The solution to the realization problem follows.
What further light might Heegaard Floer homology
throw onto Conjecture 13? Call a knot 𝐾 ′ ⊂ 𝐿(𝑝, 𝑞) simple if it is presented by placing a pair of basepoints on the
standard genus-1 Heegaard diagram of 𝐿(𝑝, 𝑞) (cf. Figure
4) and Floer simple if it attains equality in the inequality
rk 𝐻𝐹𝐾(𝐾 ′ ) ≥ rk 𝐻𝐹(𝐿(𝑝, 𝑞)) = 𝑝. Conjecturally, knot
Floer homology detects simple knots.
Conjecture 17. A knot in a lens space is Floer simple iff it is
simple.
This conjecture, due to Baker, Grigsby, and Hedden and
to Rasmussen, generalizes Theorem 8 and, if true, would
imply Conjecture 13.
Contact geometry. A contact form on a 3-manifold 𝑌 is a
1-form 𝛼 ∈ Ω1 (𝑌 ) with the property that 𝛼 ∧ 𝑑𝛼 equals a
positive multiple of the volume form. A contact structure
is the 2-plane field 𝜉 ≔ ker(𝛼) of a contact form 𝛼. Contact structures often arise naturally on the boundaries of
compact symplectic manifolds. They also relate to taut foliations, which are totally integrable 2-plane fields whose
leaves are pierced by a common closed transversal curve.
For instance, Eliashberg and W. Thurston showed how to
perturb a taut foliation into a pair of contact structures 𝜉±
with the property that both (±𝑌 , 𝜉± ) are convex boundaries
of symplectic 4-manifolds.
Heegaard Floer homology assigns an element 𝑐(𝜉) ∈
𝐻𝐹(𝑌 ) to a contact structure 𝜉 on 𝑌 . If 𝑐(𝜉) ≠ 0, then 𝜉 is
tight, meaning that there is no disk in 𝑌 whose boundary
is tangent to 𝜉. Eliashberg showed that contact structures
that are not tight are classified up to isotopy by the homotopy class of the 2-plane field, so the theory is geometrically much richer for tight ones. For example, the contact
structure ker(𝑑𝑧 − 𝑦𝑑𝑥) on ℝ3 is tight, and it extends to a
tight contact structure 𝜉0 on 𝑆 3 . In fact, 𝜉0 is the unique
tight contact structure on 𝑆 3 , and 𝑐(𝜉0 ) generates 𝐻𝐹(𝑆 3 ).
The contact invariant has led to the classification of tight
contact structures on large classes of 3-manifolds. It has
also enabled us to distinguish which kinds of structures on
4-manifolds can fill a given contact structure: weak versus
strong symplectic filling, Stein filling, etc. For instance, if
𝜉 is Stein-fillable, then 𝑐(𝜉) ≠ 0. At present, there is no
characterization of the vanishing of 𝑐(𝜉) in terms of contact
topology alone. For the case of the contact structure 𝜉+
coming from a taut foliation, Ozsváth and Szabó showed
not only that 𝑐(𝜉+ ) is non-zero, it certifies that rk 𝐻𝐹(𝑌 ) >
|𝐻1 (𝑌 )|. Thus, an 𝐿-space does not admit a taut foliation.
There is a version of knot theory in the presence of a
contact structure. A knot in a contact manifold (𝑌 , 𝜉) is
Legendrian if it is everywhere tangent to 𝜉. One reason for
the importance of Legendrian knots is that they are used
to carry out Dehn surgery in the setting of contact geometry. To a Legendrian knot 𝒦 we can associate its smooth
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knot type 𝐾 and a couple of numerical invariants which
capture how the 2-plane field 𝜉|𝐾 twists around it. They define invariants of Legendrian isotopy. Historically, it was
challenging to distinguish pairs of Legendrian knots with
these same classical invariants.
Knot Floer homology, particularly in its combinatorial
form, gives an effective way to distinguish such pairs. Projecting a Legendrian knot 𝒦 in (ℝ3 , 𝜉0 ) onto the 𝑥𝑧-plane
gives its front projection, a picture which closely resembles
a grid diagram. We adapt a grid diagram 𝐻 to the underlying knot 𝐾 from a front projection of 𝒦, and we construct
a generator 𝑥 ∈ 𝐶𝐹𝐾(𝐻) by selecting the intersection point
in the top-right corner of each square containing a 𝑤 basepoint. The element 𝑥 is a cycle, and its homology class defines a Legendrian invariant 𝜆(𝒦) ∈ 𝐻𝐹𝐾(𝐾) by which one
can distinguish pairs of Legendrian knots with the same
classical invariants.
Homology cobordism. Piecewise linear homology
spheres in dimension 𝑛 form a group Θ𝑛 under the relation of homology cobordism: 𝑌0 ∼ 𝑌1 iff there exists a (PL)
cobordism 𝑋 ∶ 𝑌0 → 𝑌1 such that the inclusion of 𝑌 𝑗 into
𝑋 induces an isomorphism on homology for 𝑗 = 0, 1.8 The
abelian group operation on Θ𝑛 is induced by connected
sum, inversion is induced by orientation reversal, and the
zero element is represented by the 𝑛-sphere. In the 1960s,
Kervaire showed that Θ𝑛 = 0 for all 𝑛 ≥ 4. By contrast, in
the 1950s, Rokhlin had already introduced a homomorphism 𝜌 ∶ Θ3 → ℤ2 taking [𝑃3 ] to the non-trivial element.
A major motivation for the study of Θ3 stems from highdimensional topology. In the 1970s, Galewski and Stern
and Matumoto showed that the existence of a closed, nontriangulable, topological manifold in each dimension ≥ 5
is equivalent to the assertion that ker(𝜌) contains all the
2-torsion in Θ3 . This would follow if there were a homomorphism 𝜑 ∶ Θ3 → ℤ that lifts 𝜌, meaning that 𝜑 ≡ 𝜌
(mod 2). This possibility, which is still open, served as one
motivation for Casson, whose invariant 𝜆 lifts 𝜌 but does
not vanish on every null-bordant homology sphere.
In 2013, Manolescu exploited a Pin(2)-symmetry in the
Seiberg–Witten equations to define an equivariant version
of monopole Floer homology.9 Using it, he extracted a
well-defined mapping 𝛽 ∶ Θ3 → ℤ which, while it does
not add under connected sum, lifts 𝜌 and negates under
orientation reversal. These properties suffice to solve the
triangulation problem.
Theorem 18. All 2-torsion in Θ3 is contained in ker(𝜌). Consequently, in every dimension ≥ 5, there exist closed, topological
manifolds that cannot be triangulated.
8The PL and smooth categories coincide in dimensions 3 and 4, so we elide the

distinction there.
9Pin(𝑛) is the Lie group double cover of 𝑂(𝑛). The terminology is wordplay deriving from the fact that Spin(𝑛) is the Lie group double cover of 𝑆𝑂(𝑛).
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Still, the structure of Θ3 remains deeply mysterious: it
is unknown whether it contains any torsion whatsoever or,
for that matter, infinitely divisible elements. All progress
on understanding Θ3 since Rokhlin owes to advances in
gauge theory and Floer homology. For instance, Furuta
showed that Θ3 contains a ℤ∞ subgroup generated by
Brieskorn spheres. The 𝑑-invariant of a homology sphere
in its unique spinc structure descends to a non-trivial homomorphism 𝑑 ∶ Θ3 → ℤ. It follows that Θ3 contains a ℤ
summand, a fact first proven by Frøyshov using instanton
Floer homology. We now know quite a bit more, following work of Dai, Hom, Stoffregen, and Truong, from 2018.
Theorem 19. Θ3 contains a ℤ∞ summand.
The argument involves the involutive Heegaard Floer homology invariant due to Hendricks and Manolescu. The
invariant is designed to recover a part of the Pin(2)equivariant monopole group in the Heegaard Floer setting.10 It is conceivable that Θ3 ≈ ℤ∞ , which would have
further implications for high-dimensional triangulations.
Slice genus. Knots in 3-manifolds probe the topology of
4-manifolds through the surfaces they bound and slice
therein. Consider a smoothly embedded 2-sphere in 𝑆 4 .
Slice it by an equatorial 3-sphere, and assume that the intersection is transverse and connected. We thereby obtain
a slice knot 𝐾 ⊂ 𝑆 3 and a properly embedded slice disk
𝐷 ⊂ 𝐵 4 to either side of the slice. As an example, reconsider the stevedore knot. Figure 13 displays a slice disk for
it in a collar 𝑆 3 × 𝐼 ⊂ 𝐵 4 with three critical points.

Figure 13. A movie reel of a ribbon disk ﬁlling 61 .

This disk has the distinctive feature that the 𝐼-coordinate
restricts to a Morse function on it with no local maxima.
Such a disk is called a ribbon disk, and the famous sliceribbon problem of Fox from the 1960s asks whether every
slice knot bounds a ribbon disk.
Not every knot is slice. Define the slice genus 𝑔∗ (𝐾) as the
minimum value of 𝑔(𝐹) over all smoothly, properly embedded, oriented surfaces 𝐹 ⊂ 𝐵 4 with 𝜕𝐹 = 𝐾. In general,
we have the classical bounds |𝜎(𝐾)|/2 ≤ 𝑔∗ (𝐾) ≤ 𝑔(𝐾). For
instance, 𝑔∗ (𝑇2,3 ) = 1, since |𝜎(𝑇2,3 )|/2 = 𝑔(𝑇2,3 ) = 1. However, the gap between |𝜎|/2 and 𝑔 is typically quite large for
torus knots. Nevertheless, in connection with the study of
surface singularities, Milnor conjectured the following result.
10For technical reasons to do with naturality, it is not (yet) possible to define

Pin(2)-equivariant Heegaard Floer homology.
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Theorem 20. 𝑔∗ (𝑇𝑝,𝑞 ) = 𝑔(𝑇𝑝,𝑞 ) = (𝑝 − 1)(𝑞 − 1)/2.
Kronheimer and Mrowka proved Theorem 20 in 1993
using instanton Floer homology. Subsequently, there have
been very elegant re-proofs using knot homology theories.
Ozsváth and Szabó showed that the 𝜏-invariant bounds the
slice genus: |𝜏(𝐾)| ≤ 𝑔∗ (𝐾). Using Theorem 14(2), Theorem 20 follows. Rasmussen gave a celebrated re-proof by
defining a related invariant in Khovanov homology with
similar properties to 𝜏. The remarkable feature of Rasmussen’s proof is that it avoids the use of any analysis.
Sarkar gave another analysis-free argument by re-proving
the bound involving 𝜏 using grid homology.
Concordance. Concordance bridges the topics of homology cobordism and slice genus. A concordance between a
pair of oriented knots 𝐾0 , 𝐾1 is a smooth, properly embedded annulus in the cylinder 𝑆 3 × [0, 1] with oriented
boundary 𝐾𝑗 ⊂ 𝑆 3 × {𝑗}, 𝑗 = 0, 1. Concordance defines
an equivalence relation on knots, and concordance classes
form an abelian group 𝒞 in the same way as Θ3 , with the
unknot representing zero. Note that a knot represents zero
in 𝒞 iff it is slice. In addition, if two knots are concordant, then Dehn surgeries along them with the same slope
are homology cobordant. Thus, obstructions to homology
cobordism translate into obstructions to concordance.
As with Θ3 , the structure of 𝒞 remains highly elusive,
and it is an object of intense study. The knot signature
descends to a homomorphism 𝜎 ∶ 𝒞 → ℤ. Thus, 𝑇2,3 represents an element of infinite order. An amphichiral knot,
one that is isotopic to its own mirror image, represents an
element of order dividing two in 𝒞. The class of the figureeight knot (not pictured) has order two for this reason. It is
conceivable that 𝒞 ≈ ℤ∞ ⊕ (ℤ/2ℤ)∞ and that amphichiral
knots account for all of the torsion. However, we cannot
rule out the possibility that 𝒞 contains 𝑛-torsion, for any
value 𝑛 > 2, or infinitely divisible elements.
Concordance also exemplifies the distinction between
the smooth and topological categories in dimension four.
A knot 𝐾 is topologically slice if it bounds a locally flat disk
𝐷 ⊂ 𝐵 4 : that is, for each point 𝑥 interior to 𝐷, there
exists a neighborhood 𝑈 ⊂ 𝐵4 of 𝑥 and a continuous

this pretzel. However, it is not smoothly slice, since 𝜏 = 1
for it (Figure 10).
We can probe matters further by restricting attention to
the subgroup 𝒞𝑇𝑆 ⊂ 𝒞 of topologically slice knots modulo
smooth concordance. The invariant 𝜏 defines a homomorphism 𝒞𝑇𝑆 → ℤ that is non-trivial (consider 𝑃(−3, 5, 7)), so
𝒞𝑇𝑆 contains a ℤ summand. In fact, the authors of Theorem 19 showed that it contains a ℤ∞ summand by a similar
argument.
Lastly, concordance leads to a conjectural partial order
on the set of knots. A smooth concordance 𝐴 ∶ 𝐾0 → 𝐾1
is ribbon if the restriction of 𝐼 to 𝐴 has no local maxima.
Write 𝐾0 ≲ 𝐾1 if there is a ribbon concordance from 𝐾0 to
𝐾1 . In the 1980s, Gordon conjectured that if 𝐾0 ≲ 𝐾1 and
𝐾1 ≲ 𝐾0 , then 𝐾0 ≃ 𝐾1 . The following result of Zemke,
from 2019, offers support.
Theorem 21. A ribbon concordance 𝐴 ∶ 𝐾0 → 𝐾1 induces
an injection 𝐹𝐴 ∶ 𝐻𝐹𝐾(𝐾0 ) ↪ 𝐻𝐹𝐾(𝐾1 ) of bigraded groups.
Consequently, 𝐾0 ≲ 𝐾1 ⟹ 𝑔(𝐾0 ) ≤ 𝑔(𝐾1 ). Moreover, if
𝐾0 ≲ 𝐾1 and 𝐾1 ≲ 𝐾0 , then 𝐻𝐹𝐾(𝐾0 ) ≈ 𝐻𝐹𝐾(𝐾1 ).
Unknotting number. What is the fewest number of crossing changes required to convert a diagram of a knot 𝐾 into
the unknot? In spite of its disarming simplicity, the unknotting number 𝑢(𝐾) has proven to be one of the most challenging knot invariants to estimate. For instance, it is unknown
whether it is additive under connected sum. An unknotting sequence in 𝑔 steps for a knot 𝐾 leads to a smooth slice
surface for 𝐾 of genus 𝑔, whence 𝑔∗ (𝐾) ≤ 𝑢(𝐾). The standard diagram of 𝑇𝑝,𝑞 can be unknotted by (𝑝 − 1)(𝑞 − 1)/2
crossing changes. Combining these two facts with Theorem 20, we deduce that 𝑢(𝑇𝑝,𝑞 ) = (𝑝 − 1)(𝑞 − 1)/2.
In a different direction, a knot 𝐾 is alternating if it admits
a planar projection whose crossings alternate over and under as the diagram is traversed. Figure 6 displays two alternating diagrams and three alternating knots. Kohn conjectured the following result in 1990, which McCoy proved
in 2014.
Theorem 22. If an alternating knot 𝐾 has unknotting number
one, then any alternating diagram of 𝐾 displays an unknotting
crossing.

∼

chart 𝜑 ∶ (ℝ4 , 0) → (𝑈, 𝑥) for which 𝜑−1 (𝐷) is a coordinate 2-plane (mutatis mutandis for 𝑥 ∈ 𝜕𝐷). We define
𝑡𝑜𝑝
the topological slice genus 𝑔∗ in a similar way. Classical invariants obstruct topological sliceness: for instance,
𝑡𝑜𝑝
|𝜎(𝐾)/2| ≤ 𝑔∗ (𝐾) ≤ 𝑔∗ (𝐾). The existence of a topologically slice knot that is not smoothly slice was proven following Theorems 1 and 2. In fact, the existence of such a
knot can be used to manufacture an exotic smooth structure on ℝ4 . The pretzel 𝑃(−3, 5, 7) is one example. A celebrated theorem of Freedman related to Theorem 2 asserts
that a knot 𝐾 is topologically slice if Δ(𝐾) = 1, as it is for
32

The argument uses similar techniques to the solution of
the realization problem, Theorem 16.

Challenges
For all their power and computability, there remains much
more we would like to know about Heegaard Floer homology. What do its cycles signify? Does it admit a characterization by a simple set of axioms, like the Eilenberg–
Steenrod axioms for ordinary homology? One major outstanding issue is to relate Heegaard Floer homology directly to the fundamental group 𝜋1 and instanton Floer
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homology. Another is to relate it to the geometry of 3manifolds, such as the existence of a taut foliation or a
hyperbolic structure.
The 𝐿-space conjecture attempts to address the last two
issues by reconciling three different notions of size for a 3manifold, in terms of Heegaard Floer homology, geometry,
and the fundamental group.
Conjecture 23. The following conditions on a closed, orientable, irreducible 3-manifold 𝑌 with 𝑏1 (𝑌 ) = 0 are equivalent:
(1) rk 𝐻𝐹(𝑌 ) > |𝐻1 (𝑌 )| (𝑌 is not an 𝐿-space);
(2) 𝑌 admits a taut foliation; and
(3) 𝜋1 (𝑌 ) ≠ 1 admits a total order invariant under leftmultiplication.
The geometric relationship (1) ⟺ (2) bears a passing
resemblance to fiberedness detection, Theorem 8(3). Of
the six implications posited by Conjecture 23, only the direction (2) ⟹ (1) noted above is known to hold in general. Building on the work of many researchers, Conjecture
23 holds for the class of graph manifolds, those whose geometric decomposition consists of non-hyperbolic pieces.
To come full circle, we close with a conditional “proof”
of the Poincaré conjecture using Heegaard Floer homology.
Suppose that 𝑌 is a simply connected 3-manifold. Thus, 𝑌
is a homology sphere, and by passing to a prime summand,
we may assume that it is irreducible. A closed transversal
to a taut foliation on a manifold has infinite order in its
fundamental group. Hence 𝑌 does not admit a taut foliation, so Conjecture 23 (1) ⟹ (2) implies that it is an
irreducible 𝐿-space homology sphere. Now Conjecture 6
implies that 𝑌 ≈ 𝑆 3 , as 𝜋1 (𝑃3 ) ≠ 1. We invite the reader to
supply the missing parts.
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Determinantal Point Processes
in Randomized Numerical
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1. Introduction
Randomized Numerical Linear Algebra (RandNLA) is an
area which uses randomness, most notably random sampling and random projection methods, to develop improved algorithms for ubiquitous matrix problems. It began as a niche area in theoretical computer science about
fifteen years ago [11], and since then the area has exploded.
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Matrix problems are central to much of applied mathematics, from traditional scientific computing and partial differential equations to statistics, machine learning, and artificial intelligence. Generalizations and variants of matrix
problems are central to many other areas of mathematics,
via more general transformations and algebraic structures,
nonlinear optimization, infinite-dimensional operators,
etc. Much of the work in RandNLA has been propelled
by recent developments in machine learning, artificial intelligence, and large-scale data science, and RandNLA both
draws upon and contributes back to both pure and applied
mathematics.
A seemingly different topic, but one which has a long
history in pure and applied mathematics, is that of Determinantal Point Processes (DPPs). A DPP is a stochastic point process, the probability distribution of which is
characterized by subdeterminants of some matrix. Such
processes were first introduced to model the distribution
of fermions at thermal equilibrium [19]. In the context
of random matrix theory, DPPs emerged as the eigenvalue
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distribution for standard random matrix ensembles, and
they are of interest in other areas of mathematics such
as graph theory, combinatorics, and quantum mechanics [17]. More recently, DPPs have also attracted significant attention within machine learning and statistics as a
tractable probabilistic model that is able to capture a balance between quality and diversity within data sets and
that admits efficient algorithms for sampling, marginalization, conditioning, etc. [18]. This resulted in practical application of DPPs in experimental design, recommendation systems, stochastic optimization, and more.
Until very recently, DPPs have had little if any presence
within RandNLA. However, recent work has uncovered
deep connections between these two topics. The purpose
of this article is to provide an overview of RandNLA, with
an emphasis on discussing and highlighting these connections with DPPs. In particular, we will show how random
sampling with a DPP leads to new kinds of unbiased estimators for the classical RandNLA task of least squares regression, enabling a more refined statistical and inferential understanding of RandNLA algorithms. We will also
demonstrate that a DPP is, in some sense, an optimal
randomized method for low-rank approximation, another
ubiquitous matrix problem. Finally, we also discuss how
a standard RandNLA technique, called leverage score sampling, can be derived as the marginal distribution of a DPP,
as well as the algorithmic consequences this has for efficient DPP sampling.
We start (in Section 2) with a brief review of a prototypical RandNLA algorithm, focusing on the ubiquitous least
squares problem and highlighting key aspects that will put
in context the recent work we will review. In particular,
we discuss the trade-offs between standard sampling methods from RandNLA, including uniform sampling, normsquared sampling, and leverage score sampling. Next (in
Section 3), we introduce the family of DPPs, highlighting
some important subclasses and the basic properties that
make them appealing for RandNLA. Then (in Section 4),
we describe the fundamental connections between certain
classes of DPPs and the classical RandNLA tasks of least
squares regression and low-rank approximation, as well as
the relationship between DPPs and the RandNLA method
of leverage score sampling. Finally (in Section 5), we discuss the algorithmic aspects of both leverage scores and
DPPs. We conclude (in Section 6) by briefly mentioning
several other connections between DPPs and RandNLA,
as well as a recently introduced class of random matrices,
called determinant preserving, which has proven useful in
this line of research.
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2. RandNLA: Randomized Numerical
Linear Algebra
Much of the early work in numerical linear algebra (NLA)
focused on deterministic algorithms. However, Monte
Carlo sampling approaches demonstrated that randomness inside the algorithm is a powerful computational resource which can lead to both greater efficiency and robustness to worst-case data [12, 20]. The success of RandNLA
methods has been proven in many domains, e.g., when
the randomized least squares solvers such as Blendenpik
or LSRN have outperformed the established high performance computing software LAPACK or other methods in
parallel/distributed environments, respectively, or when
RandNLA methods have been used in conjunction with traditional scientific computing solvers for low-rank approximation problems.
In a typical RandNLA setting, we are given a large dataset
in the form of a real-valued matrix, say 𝐗 ∈ ℝ𝑛×𝑑 , and our
goal is to compute quantities of interest quickly. To do so,
we efficiently downsize the matrix using a randomized algorithm, while approximately preserving its inherent structure, as measured by some objective. In doing so, we ob˜ (often called a sketch of 𝐗) which is
tain a new matrix 𝐗
either smaller or sparser than the original matrix. This procedure can often be represented by matrix multiplication,
˜ = 𝐒𝐗, where 𝐒 is called the sketching matrix. Many
i.e., 𝐗
applications of RandNLA follow the sketch-and-solve paradigm: Instead of performing a costly operation on 𝐗, we
˜ (the sketch); we then perform the expenfirst construct 𝐗
˜ (the solve);
sive operation (more cheaply) on the smaller 𝐗
˜
and we use the solution from 𝐗 as a proxy for the solution
we would have obtained from 𝐗. Here, cost often means
computational time, but it can also be communication or
storage space or even human work.
Many different approaches have been established for
randomly downsizing data matrices 𝐗 (see [12, 20] for
a detailed survey). While some methods randomly zero
out most of the entries of the matrix, most randomly
keep only a small random subset of rows and/or columns.
In either case, however, the choice of randomness is
crucial in preserving the structure of the data. For example, if the data matrix 𝐗 contains a few dominant
entries/rows/columns (e.g., as measured by their absolute value or norm or some other “importance” score),
then we should make sure that our sketch is likely to
retain the information they carry. This leads to datadependent sampling distributions that will be the focus of
our discussion. However, data-oblivious sketching techniques, where the random sketching matrix 𝐒 is independent of 𝐗 (typically called a “random rotation” or
a “random projection,” even if it is not precisely a rotation or projection in the linear algebraic sense), have also
proven very successful [16, 24]. Among the most common
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𝑑
˜
𝐗
𝑛

To illustrate the types of guarantees achieved by
RandNLA methods on the least squares task, we will focus on row sampling, i.e., sketches consisting of a small
random subset of the rows of 𝐗, in the case that 𝑛 ≫ 𝑑.
Concretely, the considered meta-strategy is to draw random i.i.d. row indices 𝑗1 , ..., 𝑗 𝑘 from {1, ..., 𝑛}, with each index distributed according to (𝑝1 , ..., 𝑝𝑛 ), and then solve the
subproblem formed from those indices:

𝑑
˜
𝐗
𝑛

Rank-preserving sketch Low-rank approximation
(e.g., Projection DPP) (e.g., L-ensemble DPP)
Figure 1. Two RandNLA settings which are differentiated by
˜ aims to preserve the rank of 𝐗
whether the sketch (matrix 𝐗)
(left) or obtain a low-rank approximation (right). In Section 4
we associate each setting with a different DPP.

examples of such random transformations are i.i.d. Gaussian matrices, fast Johnson-Lindenstrauss transforms and
count sketches, all of which provide different trade-offs between efficiency and accuracy. These “data-oblivious random projections” can be interpreted either in terms of the
Johnson-Lindenstrauss lemma or as a preconditioner for
the “data aware random sampling” methods we discuss.
Most RandNLA techniques can be divided into one of
two settings, depending on the dimensionality or aspect
ratio of 𝐗, and on the desired size of the sketch (see
Figure 1):
1. Rank-preserving sketch. When 𝐗 is a tall full-rank matrix (i.e., 𝑛 ≫ 𝑑), then we can reduce the larger dimension while preserving the rank.
2. Low-rank approximation. When 𝐗 has comparably
large dimensions (i.e., 𝑛 ∼ 𝑑), then the sketch typically has a much lower rank than 𝐗.
The classical application of rank-preserving sketches is
least squares regression, where, given matrix 𝐗 ∈ ℝ𝑛×𝑑 and
vector 𝐲 ∈ ℝ𝑛 , we wish to find:
𝐰∗ = argmin ℒ(𝐰) for ℒ(𝐰) = ‖𝐗𝐰 − 𝐲‖2 .
𝐰

The least squares solution can be computed exactly, using
the Moore-Penrose inverse, 𝐰∗ = 𝐗† 𝐲. In a traditional
RandNLA setup, in order to avoid solving the full problem,
our goal is to use the sketch-and-solve paradigm to obtain
an (𝜖, 𝛿)-approximation of 𝐰∗ , i.e., 𝐰
ˆ such that:
ℒ(𝐰)
ˆ ≤ (1 + 𝜖)ℒ(𝐰∗ ) with probability 1 − 𝛿.

(1)

Imposing statistical modeling assumptions on the vector
𝐲 leads to different objectives, such as the mean squared
error (MSE):
MSE[𝐰]
ˆ = 𝔼 ‖𝐰
ˆ − 𝜷‖2 , given 𝐲 = 𝐗𝜷 + 𝝃,
where 𝝃 is a noise vector with a known distribution, and 𝜷
is fixed but unknown. There has been work on statistical
aspects of RandNLA methods, and these statistical objectives pose different challenges than the standard RandNLA
guarantees (some of which can be addressed by DPPs; see
Section 4).
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˜ − 𝐲‖
˜† 𝐲,̃
𝐰
ˆ = argmin ‖𝐗𝐰
̃ 2=𝐗

(2)

𝐰

where 𝐱̃ ⊤𝑖 =

1

√ 𝑘𝑝𝑗

𝑖

𝐱𝑗⊤𝑖 and 𝑦 ̃𝑖 =

1

√ 𝑘𝑝𝑗

𝑦𝑗𝑖 for 𝑖 = 1, ..., 𝑘

𝑖

˜ and entry of 𝐲,̃ respectively. The
denote the 𝑖th row of 𝐗
rescaling is introduced to account for the biases caused by
nonuniform sampling. We consider the following standard sampling distributions:
1.
2.
3.

Uniform: 𝑝 𝑖 = 1/𝑛 for all 𝑖.
Squared norms: 𝑝 𝑖 = ‖𝐱𝑖 ‖2 /‖𝐗‖2𝐹 , where ‖ ⋅ ‖𝐹 is the
Frobenius (Hilbert-Schmidt) norm.
Leverage scores: 𝑝 𝑖 = 𝑙𝑖 /𝑑 for 𝑙𝑖 = ‖𝐱𝑖 ‖2(𝐗⊤ 𝐗)−1 (𝑖th
leverage score of 𝐗) and ‖𝐯‖ 𝐀 = √𝐯⊤ 𝐀𝐯.

Both squared norm and leverage score sampling are standard RandNLA techniques used in a variety of applications
[11, 14]. The following theorem (which, for convenience,
we state with a failure probability of 𝛿 = 0.1) puts together
the results that allow us to compare each row sampling distribution in the context of least squares. Below, we use 𝐶
to denote an absolute positive constant.
Theorem 1. Estimator 𝐰
ˆ constructed as in (2) is an (𝜖, 0.1)approximation, as in (1), if:
1. 𝑘 ≥ 𝐶(𝜇𝑑 log 𝑑 + 𝜇𝑑/𝜖) for Uniform, where 𝜇 =
𝑛
max𝑖 𝑙𝑖 ≥ 1 is the matrix coherence of 𝐗.
𝑑
2. 𝑘 ≥ 𝐶(𝜅𝑑 log 𝑑 + 𝜅𝑑/𝜖) for Squared norms, where 𝜅 ≥
1 is the condition number of 𝐗⊤ 𝐗.
3. 𝑘 ≥ 𝐶(𝑑 log 𝑑 + 𝑑/𝜖) for Leverage scores.
Recall that (when considering least squares) we typically assume that 𝑛 ≫ 𝑑, so any of the three sample sizes 𝑘
may be much smaller than 𝑛. Thus, each sampling method
offers a potentially useful guarantee for the number of
rows needed to achieve a (1 + 𝜖)-approximation. However,
in the case of both uniform and squared norm sampling,
the sample size depends not only on the dimension 𝑑, but
also on other data-dependent quantities. For uniform sampling, that quantity is matrix coherence 𝜇, which measures
a degree of nonuniformity among the data points, with respect to the canonical axes. For squared norm sampling,
that quantity is the condition number 𝜅 (ratio between the
largest and the smallest eigenvalue) of the 𝑑×𝑑 data covariance 𝐗⊤ 𝐗. Leverage score sampling avoids both of these
dependencies.
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We now briefly discuss a key structural property, called
the subspace embedding, which is needed to show the guarantees of Theorem 1. This important property—first introduced into RandNLA for data-aware random sampling
by [14] and then for data-oblivious random projection by
[23]—is ubiquitous in the analysis of many RandNLA techniques. Remarkably, most DPP results do not rely on subspace embedding techniques, which is an important differentiating factor for this class of sampling distributions.
Definition 1. A sketching matrix 𝐒 is a (1 ± 𝜖) subspace
embedding for the column space of 𝐗 if:
(1 − 𝜖)‖𝐗𝐯‖2 ≤ ‖𝐒𝐗𝐯‖2 ≤ (1 + 𝜖)‖𝐗𝐯‖2 ∀𝐯 ∈ ℝ𝑑 .
˜ used in (2) for constructing 𝐰
The matrix 𝐗
ˆ can be written
˜
as 𝐗 = 𝐒𝐗, by letting the 𝑖th row of 𝐒 be the scaled standard
basis vector

1

𝐞𝑗𝑖 . Relying on established measure

√ 𝑘𝑝𝑗𝑖
concentration results for random matrices, we can show
that 𝐒 is a subspace embedding (up to some failure probability) for each of the i.i.d. sampling methods from Theorem 1. However, only leverage score sampling (or random
projections, which precondition the input to have approximately uniform leverage scores) achieves this for 𝑂(𝑑 log 𝑑)
samples, independent of any input-specific quantities such
as the coherence or condition number.
The least squares task formulated in (1), as well as
the subspace embedding condition, require using rankpreserving sketches. However, these ideas can be naturally
extended to the task of low-rank approximation. In particular, as discussed in more detail in Section 4.3, low-rank
approximation can be reformulated as a set of least squares
problems. Similarly, leverage score sampling has been extended to adapt to the low-rank setting. In Section 4.4, we
discuss one of these extensions, called ridge leverage scores,
and its connections to DPPs.
In the next sections, we show how non-i.i.d. sampling
via DPPs goes beyond the standard RandNLA analysis.
Among other things, this will allow us to obtain approximation guarantees with fewer than 𝑑 log 𝑑 samples and
without a failure probability.

3. DPPs: Determinantal Point Processes
In this section, we define DPPs and related families of distributions (see Figure 2 for a diagram), including some basic properties and intuitions. A detailed introduction to
DPPs can be found in [18]. We focus on sampling over a
discrete domain [𝑛] = {1, ..., 𝑛} (continuous domains are
discussed in [17]).
Definition 2 (Determinantal Point Process). Let 𝐊 be an
𝑛 × 𝑛 positive semidefinite (p.s.d.) matrix with operator
norm ‖𝐊‖ ≤ 1. Point process 𝑆 ⊆ [𝑛] is drawn according
JANUARY 2021

to DPP(𝐊), denoted as 𝑆 ∼ DPP(𝐊), if for any 𝑇 ⊆ [𝑛],
Pr{𝑇 ⊆ 𝑆} = det(𝐊𝑇,𝑇 ).
Here, 𝐊𝑇,𝑇 denotes the |𝑇| × |𝑇| submatrix indexed by
the set 𝑇. Matrix 𝐊 is called the marginal kernel of 𝑆 (it can
be shown that any 𝐊 as in Definition 2 defines a DPP). If
𝐊 is diagonal, then DPP(𝐊) corresponds to a series of 𝑛 independent biased coin flips deciding whether to include
each index 𝑖 into the set 𝑆. A more interesting distribution
is obtained for a general 𝐊, in which case the inclusion
events are no longer independent. Some of the key properties that make DPPs useful as a mathematical framework
are:
1. Negative correlation: if 𝑖 ≠ 𝑗 and 𝐊𝑖𝑗 ≠ 0, then
Pr(𝑖 ∈ 𝑆 ∣ 𝑗 ∈ 𝑆) < Pr(𝑖 ∈ 𝑆).
Cardinality: while the size |𝑆| is in general random,
its expectation equals tr(𝐊) and the variance also has
a simple expression.
3. Restriction: for 𝑅 ⊆ [𝑛], the set 𝑆 ̃ = 𝑆 ∩ 𝑅 is distributed
as DPP(𝐊𝑅,𝑅 ) (after relabeling).
4. Complement: the complement set 𝑆 ̃ = [𝑛]\𝑆 is distributed as DPP(𝐈 − 𝐊).
In the context of linear algebra, a slightly more restrictive
definition of DPPs has proven useful.
2.

Definition 3 (L-ensemble). Let 𝐋 be an 𝑛 × 𝑛 p.s.d. matrix.
Point process 𝑆 ⊆ [𝑛] is drawn according to DPPL (𝐋) and
called an L-ensemble if
det(𝐋𝑆,𝑆 )
Pr{𝑆} =
.
det(𝐈 + 𝐋)
It can be shown that any L-ensemble is a DPP by setting 𝐊 = 𝐋(𝐈 + 𝐋)−1 , but not vice versa. (However, there
are extensions of the L-ensemble parameterization which
cover all DPPs.) Unlike Definition 2, this definition explicitly gives the probabilities of individual sets. These probabilities sum to one as a consequence of a determinantal
identity (see Theorem 2.1 in [18] which is a special case of
the classical formula for the Fredholm determinant). Furthermore, the L-ensemble formulation provides a natural
geometric interpretation in the context of row sampling
for RandNLA. Suppose that we let 𝐋 = 𝐗𝐗⊤ for some 𝑛 × 𝑑
matrix 𝐗. Then, the probability of sampling subset 𝑆 according to DPPL (𝐋) satisfies:
2

Pr{𝑆} ∝ Vol|𝑆| ({𝐱𝑖 ∶ 𝑖 ∈ 𝑆}).
Namely, this sampling probability is proportional to the
squared |𝑆|-dimensional volume of the parallelepiped
spanned by the rows of 𝐗 indexed by 𝑆. This immediately
implies that the size of 𝑆 will never exceed the rank of 𝐗
(which is bounded by 𝑑). Furthermore, such a distribution
ensures that the set of sampled rows will be nondegenerate: no row can be obtained as a linear combination of the
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SR measures
DPPs
L-ensembles

Projection DPPs

𝑘-DPPs

The form of the probability implies that the rows {𝐱𝑖 ∶
𝑖 ∈ 𝑆} sampled from a Projection DPP will with probability 1 capture all directions of the ambient space that
are present in the matrix 𝐗, which is crucial for rankpreserving RandNLA sketches.

4. DPPs in RandNLA

Figure 2. A diagram illustrating different classes of
determinantal distributions within a broader class of Strongly
Rayleigh (SR) measures: DPPs (Deﬁnition 2), L-ensembles
(Deﬁnition 3), 𝑘-DPPs (Deﬁnition 4), and Projection DPPs
(Remark 1).

others. Intuitively, this property is desirable for RandNLA
sampling as it avoids redundancies. Also, all else being
equal, rows with larger norms are generally preferred as
they contribute more to the volume.
While the subset size of a DPP is in most cases a random variable, it is easy to constrain the cardinality to some
fixed value 𝑘. The resulting distribution is not a DPP, in the
sense of Definition 2, but it retains many useful properties
of proper DPPs.
Definition 4 (Cardinality constrained DPP). We will use
𝑘-DPPL (𝐋) to denote a distribution obtained by constraining DPPL (𝐋) to only subsets of size |𝑆| = 𝑘.
While a 𝑘-DPP is not, in general, a DPP in the sense of
Definition 2, both families belong to a broader class of
negatively correlated distributions called Strongly Rayleigh
(SR) measures. See Figure 2.
At the intersection of DPPs and 𝑘-DPPs lies a family of
distributions called Projection DPPs. This family is of particular importance to RandNLA.
Remark 1 (Projection DPP). Point process 𝑆 ∼ 𝑘-DPPL (𝐋)
satisfies Definition 2 iff 𝑘 = rank(𝐋), in which case we call
it a Projection DPP since its marginal kernel 𝐊 = 𝐋𝐋† is an
orthogonal projection (recall that (⋅)† denotes the MoorePenrose inverse).
We chose to introduce Projection DPPs via the connection to L-ensembles to highlight once again the geometric interpretation. In this viewpoint, letting 𝐋 = 𝐗𝐗⊤ for
an 𝑛 × 𝑑 matrix 𝐗 with full column rank, a Projection
DPP associated with the L-ensemble 𝐋 has marginal kernel 𝐊 = 𝐗𝐗† , which is a 𝑑-dimensional projection onto
the span of the columns of 𝐗. Furthermore, the probability of a row subset 𝐗𝑆 under 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ ) is proportional to the squared 𝑑-dimensional volume spanned by
it, i.e., det(𝐗𝑆 )2 . Here, the normalization constant is obtained via the classical Cauchy-Binet formula:
∑ det(𝐗𝑆 )2 = det(𝐗⊤ 𝐗).
𝑆∶|𝑆|=𝑑
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In this section, we demonstrate the fundamental connections between DPPs and standard RandNLA tasks, as well
as the new kinds of RandNLA guarantees that can be
achieved via these connections. Our discussion focuses on
two types of DPP-based sketches (that were illustrated in
Figure 1):
1. Projection DPPs as a rank-preserving sketch;
2. L-ensemble DPPs as a low-rank approximation.
These sketches can be efficiently constructed using DPP
sampling algorithms which we discuss later (in Section 5).
We also discuss the close relationship between DPPs and
the RandNLA method of leverage score sampling, shedding light on why these two different randomized techniques have proven effective in RandNLA. For the summary, see Table 1.
4.1. Unbiased estimators. We now define the least
squares estimators that naturally arise from row sampling
with Projection DPPs and L-ensembles. The definitions
are motivated by the fact that the estimators are unbiased,
relative to the solutions of the full least squares problems.
Importantly, this property is not shared by i.i.d. row sampling methods used in RandNLA.
We start with the rank-preserving setting, i.e., given a
tall full-rank 𝑛 × 𝑑 matrix 𝐗 and a vector 𝐲 ∈ ℝ𝑛 , where
𝑛 ≫ 𝑑, we wish to approximate the least squares solution
𝐰∗ = argmin𝐰 ‖𝐗𝐰 − 𝐲‖2 . To capture all of the directions
present in the data and to obtain a meaningful estimate of
𝐰∗ , we must sample at least 𝑑 rows from 𝐗. We achieve
this by sampling from a Projection DPP defined as 𝑆 ∼ 𝑑DPPL (𝐗𝐗⊤ ) (see Remark 1). The linear system (𝐗𝑆 , 𝐲𝑆 ),
corresponding to the rows of 𝐗 indexed by 𝑆, has exactly
one solution because sets selected by a Projection DPP are
always rank-preserving: 𝐰
ˆ = 𝐗𝑆−1 𝐲𝑆 . Moreover, the obtained random vector is an unbiased estimator of the least
squares solution 𝐰∗ [9].
Theorem 2. If 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ ), then
𝔼 𝐗𝑆−1 𝐲𝑆 = argmin ‖𝐗𝐰 − 𝐲‖2 = 𝐰∗ .
𝐰

This seemingly simple identity relies on the negative correlations between the samples in a DPP, and thus cannot
hold for any i.i.d. row sampling method. It is perhaps no
coincidence that the marginal kernel of this distribution,
i.e., 𝐊 = 𝐗𝐗† = 𝐗(𝐗⊤ 𝐗)−1 𝐗⊤ , coincides with the hat matrix
(as it is known in statistics) of the ordinary least squares estimator.
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Rank-preserving sketch
Projection DPP
subset size
marginal
expectation

𝔼 |𝑆| =
Pr{𝑖 ∈ 𝑆} =
𝔼 𝐗𝑆† 𝐲𝑆 =

dimension
leverage score
least squares

Low-rank approximation

𝑆 ∼ 𝑑-DPPL

(𝐗𝐗⊤ )

𝑑
⊤ −1
𝐱⊤
𝑖 (𝐗 𝐗) 𝐱𝑖
argmin ‖𝐗𝐰 − 𝐲‖2

L-ensemble
effective dim.
ridge lev. score
ridge regression

1

𝑆 ∼ DPPL ( 𝐗𝐗⊤ )
𝜆

tr(𝐗(𝐗⊤ 𝐗 + 𝜆𝐈)−1 𝐗⊤ )
⊤
−1
𝐱⊤
𝑖 (𝐗 𝐗 + 𝜆𝐈) 𝐱𝑖
argmin ‖𝐗𝐰 − 𝐲‖2 + 𝜆‖𝐰‖2

𝐰

𝐰

Table 1. Key properties of the DPPs discussed in Section 4, as they relate to: RandNLA tasks of least squares and ridge
regression; RandNLA methods of leverage score sampling and ridge leverage score sampling.

Theorem 2 has an analogue in the context of low-rank
approximation, where both the dimensions of 𝐗 are comparably large (i.e., 𝑛 ∼ 𝑑), and so the desired sample size
is typically much smaller than 𝑑. When the selected subproblem (𝐗𝑆 , 𝐲𝑆 ) has fewer than 𝑑 rows (i.e., it is underdetermined) then it has multiple exact solutions. A standard way to address this is picking the solution with smallest Euclidean norm, defined via the Moore-Penrose inverse: 𝐰
ˆ = 𝐗𝑆† 𝐲𝑆 . To sample the under-determined subproblem, we use a scaled L-ensemble DPP with the expected sample size controlled by a parameter 𝜆 > 0 [8].
1

Theorem 3. If 𝑆 ∼ DPPL ( 𝐗𝐗⊤ ), then
𝜆

𝔼 𝐗𝑆† 𝐲𝑆 = argmin ‖𝐗𝐰 − 𝐲‖2 + 𝜆‖𝐰‖2 .
𝐰

Thus, the minimum norm solution of the underdetermined subproblem is an unbiased estimator of the
Tikhonov-regularized least squares problem, i.e., ridge regression. Ridge regression is a natural extension of the
standard least squares task, particularly useful when 𝑛 ∼ 𝑑
or 𝑛 ≪ 𝑑.
Theorem 3 illustrates the implicit regularization effect
that occurs when choosing one out of many exact solutions to a subsampled least squares task (see also Section 6). Increasing the regularization 𝜆‖𝐰‖2 in ridge regression is interpreted as using fewer degrees of freedom,
which aligns with the effect that 𝜆 has on the distribution
1
𝑆 ∼ DPPL ( 𝐗𝐗⊤ ): larger 𝜆 means that smaller subsets 𝑆
𝜆
are more likely. In fact, since the marginal kernel of the Lensemble coincides with the hat matrix of the ridge estimator, the expected subset size (trace of the marginal kernel)
captures the notion of effective dimension (a.k.a. effective
degrees of freedom) in the same way as it is commonly
done for ridge regression in statistics [2]:
𝑑𝜆 ∶= tr(𝐗(𝐗⊤ 𝐗 + 𝜆𝐈)−1 𝐗⊤ ) = 𝔼 |𝑆|.

(3)

4.2. Exact error analysis. The error analysis for DPP sampling differs significantly from the standard RandNLA techniques discussed in Section 2. In particular, approximation guarantees are formulated in terms of the expected
error, without relying on measure concentration results.
This means that we avoid failure probabilities such as the
one present in Theorem 1, and the analysis is often much
more precise, sometimes even exact. Furthermore, because
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of the non-i.i.d. nature of DPPs, these guarantees can be
achieved with smaller sample sizes than for RandNLA sampling methods. Of course, this comes with computational
trade-offs, which we discuss in Section 5.
We illustrate these differences in the context of rankpreserving sketches for least squares regression. Consider the
estimator 𝐰
ˆ = 𝐗𝑆−1 𝐲𝑆 from Theorem 2, where the subset 𝑆
is sampled via the Projection DPP, i.e., 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ ).
Recall that the sample size here is only 𝑑, which is less than
𝑑 log 𝑑 needed by i.i.d. sampling methods such as leverage
scores (or random projection methods). Nevertheless, this
estimator achieves an approximation guarantee in terms
of the loss ℒ(𝐰) = ‖𝐗𝐰 − 𝐲‖2 . Moreover, under minimal
assumptions, the expected loss is given by a closed form
expression [9].
Theorem 4. Assume that the rows of 𝐗 are in general position,
i.e., every set of 𝑑 rows is nondegenerate. If 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ ),
then
𝔼 ℒ(𝐗𝑆−1 𝐲𝑆 ) = (𝑑 + 1) ℒ(𝐰∗ ),
and the factor 𝑑 + 1 is worst-case optimal.
This exact error analysis is particularly useful in statistical
modeling, where under additional assumptions about the
vector 𝐲, we wish to estimate accurately the generalization
error of our estimator. Specifically, consider the following
noisy linear model of the vector 𝐲:
𝐲 = 𝐗𝜷 + 𝝃,

where

𝝃 ∼ 𝒩(𝟎, 𝜎2 𝐈).

(4)

Here, 𝜷 is a fixed vector that we wish to recover, and the
2
mean squared error in this context is defined as 𝔼 ‖𝐰−𝜷‖
ˆ
,
where the expectation is taken over both the sampling and
the noise. The full least squares solution 𝐰∗ is an unbiased estimator of 𝜷, with error given by 𝔼 ‖𝐰∗ − 𝜷‖2 =
𝜎2 tr((𝐗⊤ 𝐗)−1 ). The Projection DPP estimator, which observes only 𝑑 noisy measurements from 𝐲, is also unbiased
in this model, and its error scales linearly with that of 𝐰∗
[9].
Theorem 5. Assume that the rows of 𝐗 are in general position,
i.e., every set of 𝑑 rows is nondegenerate, and consider 𝐲 as in
(4). If 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ ), then
𝔼 ‖𝐗𝑆−1 𝐲𝑆 − 𝜷‖2 = (𝑛 − 𝑑 + 1) 𝔼 ‖𝐰∗ − 𝜷‖2 .
A number of extensions to Theorems 4 and 5 have been
proposed, covering larger sample sizes [10] as well as different statistical models [8, 9].
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4.3. Optimal approximation guarantees. As we have
seen above, the non-i.i.d. nature of DPP sampling can lead
to improved approximation guarantees, compared to standard RandNLA methods, when we wish to minimize the
size of the downsampled problem. We next discuss this in
the low-rank approximation setting, i.e., when 𝑛 ∼ 𝑑. Here,
cardinality constrained L-ensembles are known to achieve
optimal (1 + 𝜖)-approximation guarantees.
In Section 4.1, we used low-rank sketches to construct
unbiased estimators for regularized least squares, given
matrix 𝐗 and a vector 𝐲. However, even without introducing 𝐲, a natural low-rank approximation objective for
sketching 𝐗 can be defined via a reduction to least squares.
Namely, we can measure the error in reconstructing the 𝑖th
row of 𝐗 by finding the best fit among all linear combinations of the rows of the sketch 𝐗𝑆 . Repeating this over all
rows of 𝐗, we get:
least squares

𝑛

2

Er(𝑆) ∶= ∑ ⏞⎴⎴⎴⎴⏞⎴⎴⎴⎴⏞
min ‖𝐗𝑆⊤ 𝐰 − 𝐱𝑖 ‖2 = ‖‖𝐗𝐗𝑆† 𝐗𝑆 − 𝐗‖‖ .
𝑖=1

𝐰

𝐹

Note that 𝐗𝑆† 𝐗𝑆 is the projection onto the span of {𝐱𝑖 ∶
𝑖 ∈ 𝑆}. If the size of 𝑆 is equal to some target rank 𝑟, then
Er(𝑆) is at least as large as the error of the best rank 𝑟 approximation of 𝐗, denoted 𝐗(𝑟) (obtained by projecting
onto the top 𝑟 right-singular vectors of 𝐗). However, [15]
showed that using a cardinality constrained L-ensemble
with 𝑘 = 𝑟 + 𝑟/𝜖 − 1 rows suffices to get within a 1 + 𝜖
factor of the best rank 𝑟 approximation error.
Theorem 6. If 𝑆 ∼ 𝑘-DPPL (𝐗𝐗⊤ ), where the sample size satisfies 𝑘 ≥ 𝑟 + 𝑟/𝜖 − 1, then
𝔼 Er(𝑆) ≤ (1 + 𝜖) ‖𝐗(𝑟) − 𝐗‖2𝐹 ,
and the size 𝑟 + 𝑟/𝜖 − 1 is worst-case optimal.
The task of finding the subset 𝑆 that minimizes Er(𝑆) is
sometimes known as the Column Subset Selection Problem (with 𝐗 replaced by 𝐗⊤ ). Similar 1 + 𝜖 guarantees
are achievable with RandNLA sampling techniques such
as leverage scores. However, those require sample sizes 𝑘
of at least 𝑟 log 𝑟, they contain a failure probability, and
they suffer from additional constant factors due to less exact analysis.
Nyström method. The task of low-rank approximation is
often formulated in the context of symmetric positive semidefinite (p.s.d.) matrices. Let 𝐋 be an 𝑛 × 𝑛 p.s.d. matrix.
We briefly discuss how DPPs can be applied in this setting
via the Nyström method, which constructs a rank 𝑘 approximation of 𝐋 by using the eigendecomposition of a small
𝑘 × 𝑘 submatrix 𝐋𝑆,𝑆 for some index subset 𝑆.
Definition 5. We define the Nyström approximation of
𝐋 based on a subset 𝑆 as the 𝑛 × 𝑛 matrix ˜𝐋(𝑆) =
†
𝐋[𝑛],𝑆 𝐋𝑆,𝑆
𝐋𝑆,[𝑛] .
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Originally developed in the context of obtaining numerical solutions to integral equations, this method has found
applications in a number of areas such as machine learning, Gaussian Process regression, and Independent Component Analysis. Theorem 6 can be adapted to the setting
of Nyström approximation, providing the optimal sample
size with respect to the nuclear norm approximation error.
1

We use ‖𝐀‖∗ = tr((𝐀⊤ 𝐀) 2 ) to denote the nuclear norm and
𝐋(𝑟) as the best rank 𝑟 approximation.
Theorem 7. If 𝑆 ∼ 𝑘-DPPL (𝐋), where the sample size satisfies
𝑘 ≥ 𝑟 + 𝑟/𝜖 − 1, then
𝔼 ‖𝐋 − ˜𝐋(𝑆)‖∗ ≤ (1 + 𝜖) ‖𝐋 − 𝐋(𝑟) ‖∗ ,
and the size 𝑟 + 𝑟/𝜖 − 1 is worst-case optimal.
4.4. Connections to RandNLA methods. The natural applicability of DPPs in the RandNLA tasks of least squares
regression and low-rank approximation discussed above
raises the question of how DPPs relate to traditional
RandNLA sampling methods used for this task. As discussed in Section 2, one of the main RandNLA techniques
for constructing rank-preserving sketches (i.e., relative to a
tall matrix 𝐗 with 𝑛 ≫ 𝑑) is i.i.d. leverage score sampling.
(From this perspective, random projections can be seen as
preprocessing or preconditioning the input so that leverage scores are approximately uniform, thereby enabling
uniform sampling—in the randomly-transformed space—
to be successfully used.) Even though leverage score sampling was developed independently of DPPs, this method
can be viewed as an i.i.d. counterpart of the Projection DPP
from Theorem 2.
Theorem 8. Let 𝐗 be 𝑛×𝑑 and rank 𝑑. For 𝑆 ∼ 𝑑-DPPL (𝐗𝐗⊤ )
and any index 𝑖, the marginal probability of 𝑖 ∈ 𝑆 is the 𝑖th
leverage score of 𝐗:
Pr{𝑖 ∈ 𝑆} = 𝐱⊤𝑖 (𝐗⊤ 𝐗)−1 𝐱𝑖 .
Here, the term marginal refers to the marginal distribution
of any one out of 𝑛 binary variables 𝑏1 , ..., 𝑏𝑛 which can
be used to represent the random set 𝑆 via 𝑆 = {𝑖 ∶ 𝑏𝑖 =
1}. Recall that the marginal kernel of the Projection DPP
is the projection matrix 𝐊 = 𝐗(𝐗⊤ 𝐗)−1 𝐗⊤ . The marginal
probabilities of this distribution lie on the diagonal of the
marginal kernel, which also contains the leverage scores of
𝐗.
Thus, leverage score sampling can be obtained as a distribution constructed from the marginals of the Projection
DPP. Naturally, when going from non-i.i.d. to i.i.d. sampling, we lose all the negative correlations between the
points in a DPP sample, and therefore the expectation
formulas and inequalities from the preceding sections no
longer hold for leverage score sampling. Furthermore, recall that to achieve a rank-preserving sketch (e.g., for least
squares) with leverage score sampling for a full rank matrix
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𝐗 we require at least 𝑑 log 𝑑 rows (Theorem 1), whereas
a Projection DPP generates only 𝑑 samples and also provides a rank-preserving sketch (Theorem 4). This shows
that losing the negative correlations costs us a factor of
log 𝑑 in the sample size.
Another connection between leverage scores and Projection DPPs emerges in the reverse direction, i.e., going from
i.i.d. to non-i.i.d. samples. Namely, a leverage score sample of size at least 2𝑑 log 𝑑 contains a Projection DPP with
probability at least 1/2 [7].
Theorem 9. Let 𝑗1 , 𝑗2 , ... be a sequence of i.i.d. leverage score
samples from matrix 𝐗. There is a random set 𝑇 ⊆ {1, 2, ...} of
size 𝑑 s.t. max{𝑖 ∈ 𝑇} ≤ 2𝑑 log 𝑑 with probability at least 1/2,
and:
{𝑗 𝑖 ∶ 𝑖 ∈ 𝑇} ∼ 𝑑-DPPL (𝐗𝐗⊤ ).
Many extensions of leverage scores have been proposed for
use in the low-rank approximation setting (i.e., when 𝑛 ∼
𝑑). Arguably the most popular one is called ridge leverage
scores. [2]. Ridge leverage scores can be recovered as the
marginals of an L-ensemble.
1

⊤

Theorem 10. For 𝑆 ∼ DPPL ( 𝐗𝐗 ) and any index 𝑖, the mar𝜆
ginal probability of 𝑖 ∈ 𝑆 is the 𝜆-ridge leverage score of 𝐗:
Pr{𝑖 ∈ 𝑆} = 𝐱⊤𝑖 (𝐗⊤ 𝐗 + 𝜆𝐈)−1 𝐱𝑖 .
The typical sample size required for low-rank approximation with ridge leverage scores is at least 𝑑𝜆 log 𝑑𝜆 , where
𝑑𝜆 is the ridge effective dimension (3) and also the expected size of the L-ensemble. Once again, the logarithmic
factor appears as a trade-off coming from i.i.d. sampling.
A reverse connection analogous to Theorem 9, i.e., going from i.i.d. to non-i.i.d. sampling, can also be obtained
for ridge leverage scores [5], although only a weaker version, with 𝑂(𝑑𝜆2 ) instead of 𝑂(𝑑𝜆 log 𝑑𝜆 ), is currently known
in this setting.
Theorem 11. Let 𝑗1 , 𝑗2 , ... be a sequence of i.i.d. 𝜆-ridge leverage score samples from matrix 𝐗. There is a random set
𝑇 ⊆ {1, 2, ...} such that max{𝑖 ∈ 𝑇} ≤ 2𝑑𝜆2 with probability
at least 1/2, and:
1

{𝑗 𝑖 ∶ 𝑖 ∈ 𝑇} ∼ DPPL ( 𝐗𝐗⊤ ).
𝜆

5. Sampling Algorithms
One of the key considerations in RandNLA is computational efficiency of constructing random sketches. For example, the i.i.d. leverage score sampling sketch defined in
Section 2 requires precomputing all of the leverage scores.
If done naïvely, this costs as much as performing the singular value decomposition (SVD) of the data. However,
by employing fast RandNLA projection methods, one obtains efficient near-linear time complexity approximation
algorithms for leverage score sampling [13].
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In the case of DPPs, the challenge may seem even more
daunting, since the naïve algorithm has exponential time
complexity relative to the data size. However, the connections between leverage scores and DPPs (summarized in
Table 1) have recently played a crucial role in the algorithmic improvements for DPP sampling. In particular, recent
advances in DPP sampling have resulted in several algorithmic techniques which are faster than SVD, and in some
regimes even approach the time complexity of fast leverage
score sampling algorithms. See Table 2 for an overview.
5.1. Leverage scores: Approximation. We start by discussing fast sketching methods for approximating leverage
scores more rapidly than by naïvely computing them via
the SVD or a QR decomposition. This is a good illustration
of RandNLA algorithmic techniques, and it is also relevant
in our later discussion of DPP sampling.
For simplicity, we focus on constructing leverage scores
for rank-preserving sketches (i.e., for a tall 𝑛 × 𝑑 matrix
𝐗), but similar ideas apply to the low-rank approximation
setup [13]. Recall that the 𝑖th leverage score of 𝐗 is given by
𝑙𝑖 = 𝐱⊤𝑖 (𝐗⊤ 𝐗)−1 𝐱𝑖 , which can be expressed as the squared
−

1

norm of the 𝑖th row of the matrix 𝐗(𝐗⊤ 𝐗) 2 . Assuming
that 𝑛 ≫ 𝑑, the primary computational cost of obtaining this matrix involves two expensive matrix multiplications: first, computing 𝐑 = 𝐗⊤ 𝐗 (or a similarly expensive operation such as a QR decomposition or the SVD);
−

1

and second, computing 𝐗𝐑 2 . While each of these steps
costs 𝑂(𝑛𝑑 2 ) arithmetic operations, [13] showed that both
of them can be approximated using efficient randomized
sketching techniques, such as the Subsampled Randomized Hadamard Transform (SRHT) sketch [1]. The SRHT
is a random sketching matrix 𝐒 that, with high probability,
satisfies the subspace embedding property (Definition 1),
and that admits fast matrix-vector multiplication by exploiting recursive structure of the Hadamard matrix. The
resulting overall procedure returns leverage score approximations in time 𝑂(𝑛𝑑 log 𝑛 + 𝑑 3 log 𝑑), i.e., much faster
than 𝑂(𝑛𝑑 2 ) for the naïve algorithm.
A number of refinements have been proposed for approximating leverage scores, and similar approaches have
also been developed for ridge leverage scores [2], which
are used for low-rank approximation. In this case, we often consider the setting where instead of an 𝑛 × 𝑑 matrix 𝐗,
we are given an 𝑛×𝑛 matrix 𝐊 = 𝐗𝐗⊤ , i.e., the Gram matrix
of the rows of 𝐗 (this is particularly relevant in the context
of DPPs). Here, 𝜆-ridge leverage scores can be defined as
the diagonal entries of the matrix 𝐊(𝜆𝐈 + 𝐊)−1 and can be
approximately computed in time 𝑂(𝑛𝑑𝜆2 poly(log 𝑛)), with
𝑑𝜆 as in (3). When 𝑑𝜆 ≪ 𝑛, this is less than the naïve cost
of 𝑂(𝑛3 ).
5.2. DPPs: Eigendecomposition. In this and subsequent
sections, we discuss several algorithmic techniques for
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Lev. scores:
DPPs:

Exact
Approximate
Eigendecomposition
Intermediate sampling
Monte Carlo sampling

Rank-preserving sketch

Low-rank approximation

Input: 𝑛 × 𝑑 data matrix 𝐗, 𝑛 ≫ 𝑑
Output: Sample of size 𝑘 = 𝑂(𝑑)

Input: 𝑛 × 𝑛 kernel matrix 𝐋
Output: Sample of size 𝑘 ≪ 𝑛

First sample

Subsequent samples

First sample

Subsequent samples

𝑛𝑑 2
𝑛𝑑 + 𝑑 3
𝑛𝑑 2
𝑛𝑑 + 𝑑 4
𝑛 ⋅ poly(𝑑)

𝑑
𝑑
𝑑3
𝑑4
𝑛 ⋅ poly(𝑑)

𝑛3
𝑛𝑘2
𝑛3
𝑛 ⋅ poly(𝑘)
𝑛 ⋅ poly(𝑘)

𝑘
𝑘
𝑛𝑘 + 𝑘3
𝑘6
𝑛 ⋅ poly(𝑘)

Table 2. Comparison of sampling cost for DPP algorithms, alongside the cost of exact and approximate leverage score sampling,
given either a tall data matrix 𝐗 or a square p.s.d. kernel 𝐋. Most methods can also be extended to the wide data matrix 𝐗 setting.
We assume that an L-ensemble kernel 𝐋 is used for the DPPs (if given a data matrix 𝐗, we use 𝐋 = 𝐗𝐗⊤ ). We allow either a 𝑘-DPP
or an L-ensemble with expected size 𝑘, however, in some cases, there are minor differences in the time complexities (in which
case we give the better of the two). For simplicity, we omit the log terms in these expressions.

sampling from DPPs and 𝑘-DPPs. We focus on the general parameterization of a DPP via an 𝑛 × 𝑛 kernel matrix
(either the marginal kernel 𝐊 or the L-ensemble kernel 𝐋),
but we also discuss how these techniques can be applied
to sampling from DPPs defined on a tall 𝑛 × 𝑑 matrix 𝐗,
which we used in Section 4.
We start with an important result of [17], which shows
that any DPP can be decomposed into a mixture of Projection DPPs.
Theorem 12. Consider the eigendecomposition 𝐊 =
∑𝑖 𝜆𝑖 𝐮𝑖 𝐮⊤𝑖 , where 𝜆𝑖 ∈ [0, 1] and ‖𝐮𝑖 ‖ = 1. For each 𝑖, let
𝑠𝑖 be a random variable which is 1 with probability 𝜆𝑖 and 0
otherwise. Then the mixture distribution DPP(∑𝑖 𝑠𝑖 𝐮𝑖 𝐮⊤𝑖 ) is
identical to DPP(𝐊).
Note that ∑𝑖 𝑠𝑖 𝐮𝑖 𝐮⊤𝑖 randomly selects one of 2𝑛 projection
matrices (all their eigenvalues are 0 or 1), which defines
a corresponding Projection DPP. In addition to the mixture decomposition, [17] also gave a simple 𝑂(𝑛𝑘2 ) time
procedure for sampling from this Projection DPP, where 𝑘
denotes the sample size ∑𝑖 𝑠𝑖 . This procedure was recently
accelerated to 𝑂(𝑛𝑘 + 𝑘3 log 𝑘) by [7]. Thus, combining
the mixture decomposition and the Projection DPP algorithm, it became possible to sample from any determinantal point process in low-degree polynomial time, which
significantly broadened the popularity of DPPs in the computer science community.
The overall sampling procedure proposed by [17] is very
efficient, if we are given the eigendecomposition of kernel 𝐊 or of the L-ensemble kernel 𝐋. It can also be easily
adapted to sampling cardinality constrained DPPs. However, obtaining the eigendecomposition itself can be a significant bottleneck: it costs 𝑂(𝑛3 ) time for a general 𝑛 × 𝑛
kernel. If we are given a tall 𝑛 × 𝑑 matrix 𝐗 such that
𝐋 = 𝐗𝐗⊤ , as was the case in Section 4, then the sampling
cost can be reduced to 𝑂(𝑛𝑑 2 ). There have been a number of attempts at avoiding the eigendecomposition in this
procedure, leading to several approximate algorithms. Finally, approaches using other factorizations of the kernel
matrix have been proposed, and these offer computational
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advantages in certain settings.
5.3. DPPs: Intermediate sampling. The DPP sampling
algorithms from Section 5.2 can be accelerated with a recently introduced technique [5, 6], which uses leverage
score sampling to reduce the size of the 𝑛 × 𝑛 kernel matrix, without distorting the underlying DPP distribution.
Recall from Section 4.4 that i.i.d. leverage score sampling
can be viewed as an approximation of a DPP in which
we ignore the negative correlations between the sampled
points. Naturally, in most cases such a sample as a whole
will be a very poor approximation of a DPP. However, with
high probability, it contains a DPP of a smaller size (Theorems 9 and 11).
This motivates a strategy called distortion-free intermediate sampling. To explain how this strategy can be implemented, we will consider the special case of a Projection
DPP of size 𝑘, where this approach was first introduced by
[10]. They showed that an i.i.d. sample of indices 𝑖1 , ..., 𝑖𝑡 of
size 𝑡 = 𝑂(𝑘2 ) drawn proportionally to the leverage scores
contains with high probability a subset 𝑆 distributed according to the desired Projection DPP. Moreover, this subset can be found by downsampling with a DPP restricted to
the smaller sample. This procedure essentially reduces the
task of sampling from a DPP over a large domain {1, ..., 𝑛}
into sampling from a potentially much smaller domain
of size 𝑂(𝑘2 ). Surprisingly, this can be performed without any loss in accuracy, so that the final sample is drawn
exactly from the target distribution. Similar intermediate
sampling methods were later developed by [5, 6] for Lensembles (where ridge leverage scores are used instead
of the standard leverage scores) and 𝑘-DPPs, resulting in
a linear in 𝑛 preprocessing cost (instead of cubic for the
eigendecomposition), and sampling cost independent of
𝑛 (see Table 2).
Theorem 13. Let 𝑆 1 , 𝑆 2 be i.i.d. random sets from DPPL (𝐋),
with 𝑘 = 𝔼[|𝑆|] or from any 𝑘-DPP(𝐋). Then, given access to
𝐋, we can return
1. first, 𝑆 1 in: 𝑛 ⋅ poly(𝑘 log 𝑛) time,
2. then, 𝑆 2 in:
poly(𝑘) time.
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Analogous time complexity statements can be provided
when 𝐋 = 𝐗𝐗⊤ and we are given 𝐗. In this case, the first
sample can be obtained in 𝑂(𝑛𝑑 log 𝑛 + poly(𝑑)) time, and
each subsequent sample takes poly(𝑑) time [5]. Also, extensions of intermediate sampling exist for classes of distributions beyond DPPs, including all Strongly Rayleigh
measures [21].
5.4. DPPs: Monte Carlo sampling. A completely different approach of (approximately) sampling from a DPP
was proposed by [3], who showed that a simple fastmixing Monte Carlo Markov chain (MCMC) algorithm has
a cardinality constrained L-ensemble 𝑘-DPPL (𝐋) as its stationary distribution. The state space of this chain consists
of subsets 𝑆 ⊆ [𝑛] of some fixed cardinality 𝑘. At each step,
we choose an index 𝑖 ∈ 𝑆 and 𝑗 ∉ 𝑆 uniformly at random.
Letting 𝑇 = 𝑆 ∪ {𝑗}\{𝑖}, we transition from 𝑆 to 𝑇 with probability
det(𝐋𝑇,𝑇 )
1
min {1,
},
2
det(𝐋𝑆,𝑆 )
and otherwise, stay in 𝑆. It is easy to see that the
stationary distribution of the above Markov chain is 𝑘DPPL (𝐋). Moreover, [3] showed that the mixing time can
be bounded as follows.
Theorem 14. The number of steps required to get to
within 𝜖 total variation distance from 𝑘-DPPL (𝐋) is at most
poly(𝑘) 𝑂(𝑛 log(𝑛/𝜖)).
The advantages of these sampling procedures over the
algorithm of [17] are that we are not required to perform
the eigendecomposition and that the computational cost
of the MCMC algorithm scales linearly with 𝑛. The disadvantages are that the sampling is approximate and that we
have to run the entire chain every time we wish to produce
a new sample 𝑆.

6. Looking Forward
We have briefly surveyed two established research areas
which exhibit deep connections that have only recently began to emerge:
1. Randomized Numerical Linear Algebra; and
2. Determinantal Point Processes.
In particular, we discussed recent developments in applying DPPs to classical tasks in RandNLA, such as least
squares regression and low-rank approximation; and we
surveyed recent results on sampling algorithms for DPPs,
comparing and contrasting several different approaches.
We expect that these connections will be fruitful more
generally. As an example of this, we briefly mention a recently proposed mathematical framework for studying determinants, which played a key role in obtaining some of
these results.
Determinant-preserving random matrices. A square random matrix 𝐀 is determinant preserving (d.p.) if all of
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its subdeterminants commute with taking the expectation,
i.e., if:
𝔼 det(𝐀𝑆,𝑇 ) = det(𝔼 𝐀𝑆,𝑇 )
for all index subsets 𝑆, 𝑇 of the same size. Not all random
matrices satisfy this property, however there are many nontrivial examples. For instance, consider 𝐀 = 𝑋𝐂, where 𝑋
is a scalar random variable with positive variance and 𝐂 is
a nonzero deterministic square matrix. Then, 𝐀 is d.p. if
and only if 𝐂 is rank 1. More elaborate positive examples,
such as matrices with independent random entries, can be
constructed by taking advantage of the algebraic structure
of the d.p. class: if 𝐀 and 𝐁 are independent and d.p., then
both 𝐀 + 𝐁 and 𝐀𝐁 are also determinant preserving. The
first examples of d.p. matrices where given by [5] (used in
the analysis of the fast DPP sampling algorithm from Theorem 13). Further discussion can be found in [8].
Of course, our survey of the applications of DPPs necessarily excluded many areas where this family of distributions appears. Here, we briefly discuss some other applications of DPPs which are relevant in the context of NLA
and RandNLA but did not fit in the scope of this work.
Implicit regularization. In many optimization tasks (e.g.,
in machine learning), the true minimizer of a desired objective is not unique or not computable exactly, so that
the choice of the optimization procedure affects the output. Implicit regularization occurs when these algorithmic
choices provide an effect similar to explicitly introducing
a regularization penalty into the objective. This has been
observed for approximate solutions returned by stochastic
and combinatorial optimization algorithms, but a precise
characterization of this phenomenon for RandNLA sampling methods has proven challenging. Recently, DPPs
have been used to derive exact expressions for implicit regularization in RandNLA algorithms [8], connecting it to a
phase transition called the double descent curve.
Optimal design of experiments. In statistics, the task of
selecting a subset of data points for a downstream regression task is referred to as optimal design. In this context,
it is often assumed that the coefficients 𝑦 𝑖 (or responses)
are random variables obtained as a linear transformation
of the vector 𝐱𝑖 distorted by some mean zero noise, as in
(4). A number of optimality criteria (such as A-optimality,
which uses mean squared error of the least squares estimator) have been considered for selecting the subsets. DPP
subset selection has been shown to provide useful guarantees for some of the most popular criteria (including A-,
C-, D-, and V-optimality), leading to new approximation
algorithms [7, 22].
Stochastic optimization. Randomized selection of small
batches of data or subsets of parameters has been very
successful in speeding up many iterative optimization algorithms. Here, nonuniform sampling can be used to
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reduce the bias and/or variance in the iteration steps. In
particular, [25] showed that using a DPP for sampling
mini-batches in stochastic gradient descent improves the
convergence rate of the optimizer.
Monte Carlo integration. DPPs have been shown to
achieve theoretically improved guarantees for numerical
integration, i.e., using a weighted sum of function evaluations to approximate an integral. In particular, [4] constructed a DPP for which the root mean squared errors of
Monte Carlo integration decrease as 𝑛−(1+1/𝑑)/2 , where 𝑛
is the number of function evaluations and 𝑑 is the dimension. This is faster than the typical 𝑛−1/2 rate.
In conclusion, despite having been studied for at least
forty-five years, DPPs are enjoying an explosion of renewed
interest, with novel applications emerging on a regular basis. Their rich connections to RandNLA, which we have
only briefly summarized and which offer a nice example
of how deep mathematics informs practical problems and
vice versa, provide a particularly fertile ground for future
work.
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Algebraic geometers study the solution sets to finite collections of polynomial equations in ℂ𝑛 or in the complex
projective space ℙ𝑛 . Often, the goal is to understand the
basic geometric properties of these sets such as connectedness, smoothness, dimension, etc. The most important
and familiar examples are solution sets to finite collections
of linear equations and, in this case, we notice that their
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geometry exhibits many similarities to that of their ambient spaces ℂ𝑛 or ℙ𝑛 .
When one analyzes solution sets of higher degree equations, the situation changes radically. These sets no longer
have an easily recognizable structure, such as that of a vector space or a group. Unlike the linear case, they may have
many connected components and its dimension may be
challenging to compute. Despite all these difficulties, this
article will discuss scenarios in which the geometry of the
solution set is similar to that of the space in which it sits.
Such situations are somewhat unexpected and have had a
profound impact in mathematics.
Our departing point is the influential work of Solomon
Lefschetz started in 1924 [11]. Consider a collection
of finitely many homogeneous polynomials whose solution set in ℙ𝑛 has dimension bigger than one. Lefschetz
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analyzed the following: if one considers an additional
generic linear equation and looks at the resulting solution
set, the so-called hyperplane section, often one finds that
many geometric properties of it are determined by the original solution set.
In what follows, we will look at the hyperplane theorem
of Lefschetz in different contexts. We will revisit its original
formulation in algebraic topology, and build up to recent
developments of it in birational geometry. In doing so, we
will emphasize the main theme of this article: there are
many contexts in geometry in which analogous versions
of the Lefschetz hyperplane theorem hold. Even though it
was originally stated in the context of algebraic topology,
there are versions of it in algebraic geometry, homotopy
theory, complex geometry, and birational geometry. Intuitively speaking, all these results focus on a solution set
(or a submanifold, depending on the context) whose geometric properties are determined by the space in which it
sits.
We have tried to present the development of the ideas
somehow chronologically. We apologize for the omissions we unintentionally made due to our lack of historical
understanding.

Notions from Algebraic Topology
Started in the early 20th century and known as combinatorial topology until the early 1940s, the field of algebraic
topology constructs algebraic invariants in order to distinguish two topological spaces. Homology and cohomology
groups are two such invariants and central notions of this
article. These groups, whose definitions are subtle, turn
out to be accessible to computations and are for this reason commonly used. Let us recall some of their properties.
The 𝑘th homology group of a topological space 𝑋, with
coefficients in a field 𝔽, can be defined in terms of cycles
and boundaries when a triangulation of 𝑋 is available. Indeed, the 𝑘th homology group of 𝑋 is defined as the quotient
𝐻𝑘 (𝑋, 𝔽) = {𝑘-cycles of 𝑋}/{𝑘-boundaries of 𝑋},
where the coefficients in question are in the field 𝔽. In this
case, the group 𝐻𝑘 (𝑋, 𝔽) has the structure of a vector space
over 𝔽 and in the remainder of this article our homology
groups will have ℚ-coefficients.
A key feature of homology is the following: any continuous morphism between topological spaces 𝑓 ∶ 𝑋 → 𝑌
induces a corresponding morphism
𝑓∗ ∶ 𝐻𝑘 (𝑋, ℚ) → 𝐻𝑘 (𝑌 , ℚ)
which is a linear transformation between vector spaces
over ℚ.
Alongside the 𝑘th homology group there is the 𝑘th cohomology group denoted by 𝐻 𝑘 (𝑋, ℚ). If 𝑋 is an oriented
48

manifold, the former is the dual vector space to the latter, but the following property of cohomology is different:
any continuous morphism between topological spaces 𝑓 ∶
𝑋 → 𝑌 induces a corresponding morphism
𝑓∗ ∶ 𝐻 𝑘 (𝑌 , ℚ) → 𝐻 𝑘 (𝑋, ℚ)
which is a linear transformation between vector spaces
over ℚ.
Cohomology has a distinctive advantage over homology: not only can we add cohomology classes, we can multiply them as well. When 𝑋 is an oriented manifold, this
product has a rich geometric meaning which is often given
by the intersection of two submanifolds. (We could do this
in homology, but the labels in cohomology work better.
For one thing, they yield a graded ring: if 𝛼 ∈ 𝐻 𝑘 (𝑋, ℚ)
and 𝛽 ∈ 𝐻 𝑙 (𝑋, ℚ), then 𝛼.𝛽 ∈ 𝐻 𝑘+𝑙 (𝑋, ℚ).) This is the
so-called cup product and will appear a bit later.

Tracing Back the Lefschetz Hyperplane Theorem
In this section we formulate the theorem that sets the
theme of this article: the Lefschetz hyperplane theorem.
We start by describing its context.
Let us consider a smooth complex algebraic surface 𝑆 ⊂
ℙ𝑛 ; such an 𝑆 is a manifold of dimension 4 over ℝ. We
are interested in describing the homology group 𝐻1 (𝑆, ℚ)
of the surface 𝑆 with coefficients in the rationals.
Since the surface 𝑆 lies inside the projective space ℙ𝑛 ,
one may take a smooth hyperplane section of it by throwing in an additional linear equation to the defining equations of 𝑆 such that the result is a smooth algebraic curve
𝐶 ⊂ 𝑆 of genus 𝑔. One can also consider a generic family
of hyperplane sections of 𝑆 containing 𝐶 as follows. Linear polynomials in ℙ𝑛 form a family isomorphic to ℙ𝑛 for
their 𝑛 + 1 coefficients can be thought of as coordinates.
One point 𝑝 in this family gives rise to 𝐶. Pick another
general point 𝑞 of this family and consider the unique line
𝑝𝑞 = 𝐿 that contains them. We now may think of the hyperplane sections of 𝑆 parametrized by 𝑡 ∈ 𝐿 ≅ ℙ1 . That
is, for each value 𝑡 ∈ 𝐿 there is a curve 𝐶𝑡 ⊂ 𝑆.1
The advantage of considering 𝐶 within this family is
that one may try to describe the homology of the surface
𝐻1 (𝑆, ℚ) as a linear combination of the 1-cycles of 𝐶𝑡 . That
is, we may consider a 1-cycle of 𝐶𝑡 and then think of it as a
1-cycle of 𝑆. A result by Lefschetz says this is possible: any
1-cycle of 𝑆 is homologous on 𝑆 to a 1-cycle lying on a generic 𝐶𝑡 .
Since the homology of the generic 𝐶𝑡 is 𝐻1 (𝐶𝑡 , ℚ) ≅ ℚ2𝑔 ,
this yields 𝐻1 (𝑆, ℚ) as a quotient of a well-known space.

1The family {𝐶 } is called a Lefschetz pencil and its key property is that its
𝑡

generic member is smooth and the singular members have all mild singularities.
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description of the strong Lefschetz theorem so the reader
may contrast. Strong Lefschetz will concern the map 𝜙 ̃
while weak Lefschetz will concern the map 𝑖∗ above.
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The previous isomorphism (1) admits a dual formulation
involving cohomology which builds up to the strong Lefschetz theorem. Indeed, the cup product with the cohomology class 𝜔 of the hyperplane section 𝐶𝑡 yields the map
𝜙 ∶ 𝐻 1 (𝑆, ℚ) → 𝐻 3 (𝑆, ℚ)

depicts the generating 1-cycles of 𝐻1 (𝐶, ℚ), where 𝐶 is a
smooth curve of genus 3.
Let us state again the previous result. Let 𝑖 ∶ 𝐶 ↪ 𝑆 be
the inclusion of a smooth hyperplane section of 𝑆. Then
the result above asserts that the induced map

and 𝜙 is an isomorphism. A generalization now may be
formulated as follows. Let 𝑋 be a smooth complex algebraic variety of dimension 𝑛. Then the map defined by the
cup product with the powers 𝜔𝑛−𝑘 ,

𝑖∗ ∶ 𝐻1 (𝐶, ℚ) → 𝐻1 (𝑆, ℚ)

𝜙𝑛−𝑘 ∶ 𝐻 𝑘 (𝑋, ℚ) → 𝐻 2𝑛−𝑘 (𝑋, ℚ),

is surjective. In this setting, this is the Lefschetz hyperplane theorem. In order to fully describe the first homology group of 𝑆 we need to further investigate the kernel of
𝑖∗ , which consists of the so-called vanishing cycles. The necessary information about such cycles can now be extracted
from thinking of 𝐶 in the family {𝐶𝑡 }. From this analysis,
one gets an important theorem: the dimension of 𝐻1 (𝑆, ℚ),
called the first Betti number of 𝑆 and denoted by 𝑏1 (𝑆), is
even.
In general it is quite challenging to deduce properties
of the 1-cycles on 𝑆 from their behavior as 1-cycles on the
curves 𝐶𝑡 . In fact, Zariski points out that such arguments
are the most difficult part of all the topological arguments
by Lefschetz [20, p. 136]. For example, Zariski comments
that Lefschetz’s topological proof of the fact that the Betti
number 𝑏1 (𝑆) is even seems to be incomplete.2
This difficulty, however, can be overcome via Hodge theory in which case the key is the following claim: intersection with the curve 𝐶𝑡 defines an isomorphism
𝜙 ̃ ∶ 𝐻3 (𝑆, ℚ) → 𝐻1 (𝑆, ℚ).
(1)

is an isomorphism [8]. This result by Hodge is carried out
over the field of complex numbers. In characteristic 𝑝 > 0
it was studied by Grothendieck, Artin, and Verdier in [2]
and they called it the strong3 Lefschetz theorem.

The proof that 𝜙 ̃ is an isomorphism was first completed
in [8]. We will come back to this map in the next section.
Notice that 𝜙 ̃ factors through 𝐻1 (𝐶𝑡 , ℚ). In fact, one can
deduce that 𝜙 ̃ is an isomorphism from the surjectivity of
𝑖∗ ,
𝑖∗ ∶ 𝐻1 (𝐶𝑡 , ℚ) → 𝐻1 (𝑆, ℚ),
(2)
by verifying that its kernel consists of vanishing cycles and
is orthogonal to the cycles that generate 𝐻3 (𝑆, ℚ).
The previous discussion is part of Lefschetz’s original
approach to the study of the topology of an algebraic surface 𝑆. In what follows we will examine a generalization of
this discussion which goes under the name of the weak Lefschetz theorem. Before that, we decided to include a brief
2Zariski comments that Lefschetz’s proof is based on an unproven statement of

Picard.

JANUARY 2021

Weak Lefschetz Theorem
Let us keep using cohomology notation in this section so
the contrast between the weak and strong versions of the
Lefschetz theorem becomes clear. The weak Lefschetz theorem, in our context, claims that if 𝑖 ∶ 𝐻 ↪ 𝑋 is the inclusion morphism of a smooth hyperplane section, then the
induced map on the 𝑘th cohomology groups
𝑖∗ ∶ 𝐻 𝑘 (𝑋, ℚ) → 𝐻 𝑘 (𝐻, ℚ)

(3)

is an isomorphism for 𝑘 ≤ 𝑛 − 2 and an injection for 𝑘 =
𝑛 − 1. For complex varieties, the theorem follows from the
exact sequence
𝐻𝑐𝑘 (𝑈, ℚ) → 𝐻 𝑘 (𝑋, ℚ) → 𝐻 𝑘 (𝐻, ℚ) → 𝐻𝑐𝑘+1 (𝑈, ℚ),
where 𝑈 denotes the open set 𝑈 = 𝑋 ⧵ 𝐻 and 𝐻𝑐∗ (𝑈, ℚ)
stands for cohomology with compact support. Since
𝐻𝑐𝑘 (𝑈, ℚ) ≅ 𝐻2𝑛−𝑘 (𝑈, ℚ), the weak Lefschetz theorem is
therefore equivalent to the vanishing of the homology
groups: 𝐻𝑗 (𝑈, ℚ) = 0 for 𝑗 ≥ 𝑛 + 1.
The analogous result in characteristic 𝑝 > 0 was proved
by Grothendieck, Artin, and Verdier [2] in the context of
étale cohomology with ℚ𝑙 -adic coefficients using exact sequences and cohomology vanishing. They called it the
weak Lefschetz theorem.
It is important to mention that the Lefschetz theorems,
as formulated above, bear a close relation to the Weil conjectures. We refer the reader to [6], in particular Kleiman’s
exposé X, for an account about this fascinating part of algebraic geometry.
3This is also known as the “hard Lefschetz theorem.”
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The isomorphism (3) is a crucial ingredient in what follows. In fact, we will exhibit examples where this isomorphism also preserves objects contained in the 2nd cohomology group which encode birational information about
the varieties 𝑋 and 𝑌 . This is the “weak Lefschetz” of our
title. In the following section we will motivate the word
“principle.”

Building up to a Principle
A different approach to study the topology of a smooth
projective variety 𝑋 was developed by Bott [4] and by Andreotti and Frankel [1], both in 1959. These two papers
used Morse theory applied to a nondegenerate real 𝐶 ∞ function 𝑓 which satisfies 𝑓(𝑥) = 0 if 𝑥 ∈ 𝐻 and 𝑓(𝑥) > 0 if
𝑥 ∉ 𝐻, where 𝐻 ⊂ 𝑋 is a smooth hyperplane section. Bott
even describes a cellular structure on 𝑋 by attaching cells
to 𝐻. This decomposition allows him to analyze the topology of 𝑋 in detail. In particular, Bott proves the statement
dual to the weak Lefschetz theorem above: the induced
morphism by the inclusion
𝑖∗ ∶ 𝐻𝑘 (𝐻, ℚ) → 𝐻𝑘 (𝑋, ℚ)
is bijective if 0 ≤ 𝑘 ≤ 𝑛 − 2, and
𝑖∗ ∶ 𝐻𝑛−1 (𝐻, ℚ) → 𝐻𝑛−1 (𝑋, ℚ)
is surjective.
Bott actually proves more. He argues that one may focus on other topological invariants instead of homology or
cohomology. For example, Bott applied this theory to homotopy groups and showed that the inclusion 𝑖 ∶ 𝐻 ↪ 𝑋
yields isomorphisms for the homotopy groups
𝑖∗ ∶ 𝜋𝑘 (𝐻) → 𝜋𝑘 (𝑋).
This result, along with those for homology, starts looking
more like a principle. Indeed, the relationship between the
geometry of a variety 𝑋 and that of a hyperplane section
𝐻 seems to be robust as we are planning to exhibit in the
rest of this article.

The Weak Lefschetz Principle
After the previous sections we have the following situation.
Let 𝑋, 𝑌 be smooth complex projective varieties equipped
with embedding 𝑖 ∶ 𝑌 ↪ 𝑋. This inclusion 𝑖 may induce
an isomorphism on the cohomology, homology, or homotopy groups. It turns out that it may also induce an isomorphism on objects in some other contexts, for example the
Picard groups, étale cohomology, or Hodge structures just
to name a few. One thus may be led to think that the weak
Lefschetz theorem seems to be robust, to the extent of considering it part of a principle. This principle says that often
the geometry of the ambient variety 𝑋 determines that of
the subvariety 𝑌 . Finding the precise conditions for this
principle to hold is a subject of current research.
50

In the rest of the article, we aim to exhibit examples in
the context of birational geometry for which the weak Lefschetz principle holds. The next section contains the precise definitions to this end and is the technical part of the
article. It may be skipped on a first reading.

Notions from Birational Geometry
Now we change gears from topology to birational geometry; that is, we return to studying zeros of polynomials. The
set of all algebraic varieties is vast, so one tries to organize it
into equivalence classes. Birational geometry studies algebraic varieties up to birational equivalence and often seeks
to find the “simplest” representative in each equivalence
class.
From now on, we assume some familiarity with elementary concepts from algebraic geometry such as Cartier
divisor, linear equivalence, blowup, and strict transform.
Since the definitions introduced in this section might be
hard to grasp, we have included an explicit example that
can be read independently in Boxes 1, 2, and 3 below.
Let us consider 𝑋 a smooth projective variety over ℂ. If
𝐷 is a subvariety of codimension 1 in 𝑋, then one can naturally think of the number 𝐷 ⋅ 𝐶, the result of intersecting 𝐷 with a curve 𝐶. Loosely speaking, we should count
the number of points in the intersection between 𝐷 and 𝐶.
However, if 𝐶 is a subset of 𝐷 we need a different description. Let us recall its formal definition so we are on firm
ground. Given a Cartier divisor 𝐷 on a normal variety 𝑋
and a curve 𝐶 ⊂ 𝑋, their intersection number is defined as
𝐷 ⋅ 𝐶 = deg 𝒪𝐶 (𝐷),

(4)

where 𝒪𝐶 (𝐷) is the restriction to 𝐶 of the invertible sheaf
𝒪𝑋 (𝐷) associated to 𝐷. When 𝐷 does not contain 𝐶 the
number 𝐷 ⋅ 𝐶 is the number of points of intersection between 𝐷 and 𝐶 counted with multiplicity. Note that this
definition can be extended by linearity to ℚ-Cartier divisors, that is, Weil divisors having a multiple that is Cartier,
and arbitrary linear combinations of irreducible curves,
which are called 1-cycles of 𝑋.
Now the correct notion of intersection reveals structure
in the set of divisors. Indeed, we say that two Cartier divisors 𝐷, 𝐷′ ⊂ 𝑋 are numerically equivalent if 𝐷 ⋅ 𝐶 =
𝐷′ ⋅ 𝐶 for any irreducible curve 𝐶 ⊂ 𝑋. In this case, we
write 𝐷 ≡ 𝐷′ . The group of all Cartier divisors on 𝑋
modulo numerical equivalence is a finitely generated free
abelian group, called the Neron-Severi group and denoted
by 𝑁 1 (𝑋). Hence, the vector space
𝑁 1 (𝑋)ℝ = 𝑁 1 (𝑋) ⊗ ℝ
is finite dimensional [5, p. 8] and its dimension, denoted
by 𝜌𝑋 , is called the Picard rank of 𝑋.
The study of the Picard rank has deep roots in algebraic
geometry. When 𝑋 is a smooth surface over ℂ, the number
𝜌𝑋 was carefully analyzed by Picard, Severi, and Lefschetz.
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In fact, Lefschetz observed that curves in 𝑋, up to numerical equivalence, can be thought of as elements in the cohomology group 𝐻 2 (𝑋, ℚ). From this he was able to show
that 𝜌𝑋 is less than or equal to the dimension of 𝐻 2 (𝑋, ℚ);
hence finite. This enhances the analysis mentioned earlier
in this article about the first Betti number 𝑏1 (𝑆) of an algebraic surface 𝑆.
So far we have mentioned three equivalence relations
that can be imposed on Cartier divisors: linearly equivalent, numerically equivalent, and cohomologous. These
three relations may coincide, for instance if 𝑋 = ℙ𝑛 , but in
general they are different; for example on a general quartic
surface in ℙ3 . The first two relations give rise to the Picard
group Pic(𝑋) and to 𝑁 1 (𝑋), respectively. Later in this section, we will restrict our study to spaces where linear and
numerical equivalence coincide.
Let us now recall the definition of some cones contained in the space 𝑁 1 (𝑋)ℝ which are important in birational geometry and central for the rest of the article. See
Boxes 1, 2, and 3 for a worked example.
Definition 1. Let 𝐷 ⊂ 𝑋 be a ℚ-Cartier divisor, that is, a
divisor such that 𝑚𝐷 is Cartier for some integer 𝑚 > 0.
- The divisor class is said to be effective if it represents
an actual subvariety of codimension 1. The effective
cone of 𝑋 is the convex cone Eff(𝑋) ⊂ 𝑁 1 (𝑋)ℝ generated by classes of effective divisors.
- 𝐷 is very ample if it induces an embedding, and 𝐷 is
ample if 𝑚𝐷 is very ample for 𝑚 ≫ 0. The ample cone
of 𝑋 is the convex cone Amp(𝑋) ⊂ 𝑁 1 (𝑋)ℝ generated
by classes of ample divisors.
- 𝐷 is nef if 𝐷 ⋅ 𝐶 ≥ 0 for any irreducible curve 𝐶 ⊂
𝑋. Note that if 𝐷 is ample, then 𝐷 ⋅ 𝐶 > 0 for any
curve 𝐶 ⊂ 𝑋. Hence nefness is a mild relaxation of
ampleness. The nef cone of 𝑋 is the closed convex cone
Nef(𝑋) ⊂ 𝑁 1 (𝑋)ℝ generated by classes of nef divisors.
- The stable base locus of 𝐷 is the set of points 𝑝 ∈ 𝑋
such that for all 𝑚 > 0, if 𝑚𝐷 is integral, all the divisors in the linear system of 𝑚𝐷 pass through 𝑝. The
movable cone of 𝑋 is the convex cone Mov(𝑋) generated
by classes of movable divisors; these are divisors whose
stable base locus has codimension at least two in 𝑋.
We have inclusions among the previous cones:
Amp(𝑋) ⊂ Nef(𝑋) ⊂ Mov(𝑋) ⊂ Eff(𝑋) ⊂ 𝑁 1 (𝑋)ℝ .
Box 1: The effective cone and the Mori cone of
curves
Let us work out explicitly the cone of effective divisors and the Mori cone of curves of 𝑋, the blowup of ℙ𝑛 at two points 𝑝, 𝑞 ∈ ℙ𝑛 , with 𝑛 > 1. Let
𝐻, 𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 be the strict transforms, respectively,
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of a hyperplane, a hyperplane passing through 𝑝,
through 𝑞, and through both 𝑝 and 𝑞. Moreover,
let 𝐸𝑝 , 𝐸𝑞 be the exceptional divisors over 𝑝 and 𝑞,
respectively. Note that 𝐻𝑝 ≡ 𝐻 − 𝐸𝑝 , 𝐻𝑞 = 𝐻 − 𝐸𝑞 ,
and 𝐻𝑝,𝑞 ≡ 𝐻 − 𝐸𝑝 − 𝐸𝑞 . Then 𝑁 1 (𝑋) ≅ ℤ[𝐻, 𝐸𝑝 , 𝐸𝑞 ].
We will denote by ℎ the strict transform of a general line in ℙ𝑛 , and by 𝑒𝑝 , 𝑒 𝑞 classes of lines in 𝐸𝑝
and 𝐸𝑞 , respectively. The intersection pairing (5) is
given by 𝐻 ⋅ ℎ = 1, 𝐻 ⋅ 𝑒𝑝 = 𝐻 ⋅ 𝑒 𝑞 = 0, 𝐸𝑝 ⋅ 𝑒 𝑞 =
𝐸𝑞 ⋅ 𝑒𝑝 = 0, 𝐸𝑝 ⋅ 𝑒𝑝 = 𝐸𝑞 ⋅ 𝑒 𝑞 = −1. The last two
intersection numbers might not be obvious from a
geometrical point of view. To compute them one
may reason as follows: the divisor 𝐻 − 𝐸𝑝 represents the strict transform of a general hyperplane
through 𝑝, and ℎ − 𝑒𝑝 represents the strict transform of a general line through 𝑝. In the blow-up
𝑋 these strict transforms do not intersect anymore,
so 0 = (𝐻 −𝐸𝑝 )⋅(ℎ−𝑒𝑝 ) = 𝐻 ⋅ℎ−𝐻 ⋅𝑒𝑝 −𝐸𝑝 ⋅ℎ+𝐸𝑝 ⋅𝑒𝑝
and hence 𝐸𝑝 ⋅ 𝑒𝑝 = −𝐻 ⋅ ℎ = −1.
Now, let 𝐶 ⊂ 𝑋 be an irreducible curve. Then either
𝐶 is contained in an exceptional divisor and then
it is numerically equivalent to a positive multiple
of 𝑒𝑝 or 𝑒 𝑞 , or it is mapped by the blow-down map
to an irreducible curve Γ ⊂ ℙ𝑛 . Let 𝑑, 𝑚𝑝 , 𝑚𝑞 be,
respectively, the degree and the multiplicities of Γ
at 𝑝 and 𝑞. Then 𝐶 ≡ 𝑑ℎ − 𝑚𝑝 𝑒𝑝 − 𝑚𝑞 𝑒 𝑞 . We may
write 𝐶 ≡ 𝑑(ℎ − 𝑒𝑝 − 𝑒 𝑞 ) + (𝑑 − 𝑚𝑝 )𝑒𝑝 + (𝑑 − 𝑚𝑞 )𝑒 𝑞 .
Furthermore, 𝑑−𝑚𝑝 > 0; otherwise by Bézout’s theorem Γ would contain a line through 𝑝 as a component, and similarly 𝑑 − 𝑚𝑞 > 0. Hence NE(𝑋)
is closed and generated by the classes 𝑒𝑝 , 𝑒 𝑞 , and
ℎ − 𝑒𝑝 − 𝑒 𝑞 . Note that the latter is the strict transform of the line in ℙ𝑛 through 𝑝, 𝑞. Similarly, it can
be shown that Eff(𝑋) is closed and generated by the
classes of 𝐸𝑝 , 𝐸𝑞 , and 𝐻𝑝,𝑞 .
Similar to the case of divisors, two 1-cycles 𝐶, 𝐶 ′ ⊂ 𝑋 are
numerically equivalent if 𝐷 ⋅ 𝐶 = 𝐷 ⋅ 𝐶 ′ for any irreducible
Cartier divisor 𝐷 ⊂ 𝑋. We will denote by 𝑁1 (𝑋) the quotient of the group of 1-cycles by this equivalent relation,
and consider the vector space 𝑁1 (𝑋)ℝ = 𝑁1 (𝑋) ⊗ ℝ.
Intersecting curves and divisors according to (4) induce
a nondegenerate pairing
𝑁 1 (𝑋) × 𝑁1 (𝑋) → ℤ

(5)

which implies that 𝑁1 (𝑋)ℝ is finite dimensional.
The following cone is called the Mori cone of curves and
was introduced by S. Mori. Let NE(𝑋) denote the closure
of the convex cone in 𝑁1 (𝑋)ℝ of classes of effective 1-cycles,
that is, classes in 𝑁1 (𝑋)ℝ which represent actual curves in
𝑋.
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Box 2: The Nef cone and movable cone (Box 1
continued)
Let us work out the nef cone of 𝑋 when 𝑛 > 2. This
is the cone of divisors intersecting nonnegatively
all the irreducible curves in 𝑋. Since any curve in
𝑋 can be written as a linear combination with nonnegative coefficients of the generators of NE(𝑋), it
is enough to check when a divisor intersects nonnegatively these generators. Let us write 𝐷 ≡ 𝑎𝐻 +
𝑏𝐸𝑝 +𝑐𝐸𝑞 . Then 𝐷⋅(ℎ−𝑒𝑝 −𝑒 𝑞 ) = 𝑎+𝑏+𝑐, 𝐷⋅𝑒𝑝 = −𝑏,
and 𝐷 ⋅ 𝑒𝑝 = −𝑐, and Nef(𝑋) is defined in 𝑁 1 (𝑋)ℝ ≅
ℝ3 by the inequalities 𝑎 + 𝑏 + 𝑐 ≥ 0, 𝑏 ≤ 0, 𝑐 ≤ 0.
Hence Nef(𝑋) is generated by ⟨𝐻, 𝐻𝑝 , 𝐻𝑞 ⟩.
Finally, we determine the movable cone of 𝑋. The
divisor 𝐻𝑝,𝑞 represents the hyperplanes of ℙ𝑛 passing through 𝑝, 𝑞. Hence the stable base locus of
𝐻𝑝,𝑞 consists of the strict transform of the line
through 𝑝, 𝑞. The stable base locus of all divisors
in the cone generated by ⟨𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 ⟩ is contained
in such a strict transform as 𝐻𝑝 , 𝐻𝑞 have no base
loci. Hence all the divisors in this cone are movable when 𝑛 > 2. On the other hand, all divisors
in the interior of the cone ⟨𝐻, 𝐻𝑝 , 𝐸𝑞 ⟩ contain 𝐸𝑞 , all
divisors in the interior of the cone ⟨𝐻, 𝐻𝑞 , 𝐸𝑝 ⟩ contain 𝐸𝑝 , and all divisors in the interior of the cone
⟨𝐻, 𝐸𝑝 , 𝐸𝑞 ⟩ contain 𝐸𝑝 ∪𝐸𝑞 . Therefore, Mov(𝑋) is the
cone generated by ⟨𝐻, 𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 ⟩.
We now introduce the main notion of this section: Mori
dream spaces in the context of the minimal model program. The goal of the minimal model program is to construct a birational model of any complex projective variety
which is as simple as possible in a suitable sense. This subject has its origins in the classical birational geometry of
surfaces studied by the Italian school. In 1988 S. Mori extended the concept of minimal model to 3-folds by allowing suitable singularities on them [16] and was awarded
the Fields Medal for his contributions on this topic. In
2010 there was another breakthrough in minimal model
theory when C. Birkar, P. Cascini, C. Hacon and J. McKernan proved the existence of minimal models for a suitable class of higher dimensional varieties [3]. C. Birkar was
awarded the Fields Medal in 2018 for his contributions to
birational geometry.
Mori dream spaces, introduced by Y. Hu and S. Keel in
2000 [9], form a class of algebraic varieties that behave very
well from the point of view of the minimal model program. In order to recall their definition, let us first define
ℚ-factorial modifications.
We say that a birational map 𝑓 ∶ 𝑋 99K 𝑋 ′ to a normal projective variety 𝑋 ′ is a birational contraction if its inverse does not contract any divisor. We say that it is a small
52

ℚ-factorial modification if 𝑋 ′ is ℚ-factorial, that is, any Weil
divisor on 𝑋 ′ has a multiple which is Cartier, and 𝑓 is an
isomorphism in codimension one. If 𝑓 ∶ 𝑋 99K 𝑋 ′ is
a small ℚ-factorial modification, then there is pull-back
map
𝑓∗ ∶ 𝑁 1 (𝑋 ′ ) → 𝑁 1 (𝑋)
which sends Mov(𝑋 ′ ) and Eff(𝑋 ′ ) isomorphically onto
Mov(𝑋) and Eff(𝑋), respectively. In particular, we have
𝑓∗ (Nef(𝑋 ′ )) ⊂ Mov(𝑋).
The previous paragraph makes explicit the importance
in birational geometry of the cones defined earlier in this
section. The next definition will restrict our study to spaces
whose birational geometry is encoded in finitely many of
such cones.
Definition 2 ([9, Definition 1.10]). A normal projective
ℚ-factorial variety 𝑋 is called a Mori dream space if the following conditions hold:
Pic(𝑋) ⊗ ℚ = 𝑁 1 (𝑋) ⊗ ℚ,
Nef (𝑋) is generated by the classes of finitely many
semiample divisors, that is, divisors having a multiple
with empty base locus,
- there is a finite collection of small ℚ-factorial modifications 𝑓𝑖 ∶ 𝑋 99K 𝑋𝑖 such that each 𝑋𝑖 satisfies the second condition above and Mov (𝑋) = ⋃𝑖 𝑓𝑖∗ (Nef (𝑋𝑖 )).
-

The collection of all faces of all cones 𝑓𝑖∗ (Nef (𝑋𝑖 )) in
Definition 2 forms a wall-and-chamber decomposition of
Mov(𝑋). If two maximal cones of this fan, say 𝑓𝑖∗ (Nef (𝑋𝑖 ))
and 𝑓𝑗∗ (Nef (𝑋𝑗 )), meet along a facet, then there exist a
normal projective variety 𝑌 , small birational morphisms
ℎ𝑖 ∶ 𝑋𝑖 → 𝑌 and ℎ𝑗 ∶ 𝑋𝑗 → 𝑌 of relative Picard rank
one, and a small modification 𝜑 ∶ 𝑋𝑖 99K 𝑋𝑗 such that
ℎ𝑗 ∘ 𝜑 = ℎ𝑖 . The fan structure on Mov(𝑋) can be extended
to a fan supported on Eff(𝑋) as follows. We refer the reader
to [9, Proposition 1.11] and [17, Section 2.2] for details
and to Box 3 for an example.
Definition 3. Let 𝑋 be a Mori dream space. A wall-andchamber decomposition of the effective cone Eff(𝑋), called
the Mori chamber decomposition and denoted MCD(𝑋), is
described as follows. There are finitely many birational
contractions from 𝑋 to Mori dream spaces, denoted by 𝑔𝑖 ∶
𝑋 99K 𝑌 𝑖 . The maximal cones 𝒞 of the MCD(𝑋) are of the
form: 𝒞𝑖 = 𝑔∗𝑖 ( Nef(𝑌 𝑖 )) ∗ ℝ≥0 Exc(𝑔𝑖 ), where Exc(𝑔𝑖 ) is the
exceptional locus of 𝑔𝑖 . Here 𝐴 ∗ 𝐵 denotes the join of the
cones 𝐴 and 𝐵. We call 𝒞𝑖 a maximal chamber of Eff(𝑋). We
thus have Eff(𝑋) = ⋃𝑗 𝒞𝑗 .
The importance of the previous definition is that it tells
us precisely how the cones in 𝑁 1 (𝑋)ℝ defined earlier encode birational information of a Mori dream space 𝑋. For
one thing, it tells us the behavior of such cones when 𝑋
undergoes a ℚ-factorial modification.
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Box 3: The Mori chamber decomposition
We worked out explicitly the Mori chamber decomposition of the blow-up of ℙ𝑛 at two points 𝑋 =
𝐵𝑙𝑝,𝑞 ℙ𝑛 in Boxes 1 and 2. The following picture is a
two-dimensional cross-section of Eff(𝑋) displaying
its Mori chamber decomposition:
𝐸𝑞

𝐻𝑝
𝐻

𝐸𝑝

𝐻𝑞

𝐻𝑝,𝑞

The divisors 𝐻, 𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 generate Mov(𝑋), and
𝐻, 𝐻𝑝 , 𝐻𝑞 generate Nef(𝑋). The chamber delimited
by 𝐻, 𝐻𝑞 , 𝐸𝑝 corresponds to the contraction of 𝐸𝑝 ,
similarly the chamber delimited by 𝐻, 𝐻𝑝 , 𝐸𝑞 corresponds to the contraction of 𝐸𝑞 , and the chamber
delimited by 𝐻, 𝐸𝑝 , 𝐸𝑞 corresponds to the contraction of both 𝐸𝑝 and 𝐸𝑞 .
In the case 𝑛 ≥ 3, then 𝑋 admits only one small
ℚ-factorial modification 𝑋 ′ corresponding to the
chamber delimited by 𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 . In what follows
(on this and the following page), we will investigate the geometry of 𝑋 ′ .
Consider a divisor lying on the wall delimited by
𝐻𝑝 , 𝐻𝑞 , for instance 𝐷 ≡ 𝐻𝑝 + 𝐻𝑞 ≡ 2𝐻 − 𝐸𝑝 − 𝐸𝑞 ,
and let 𝐿 be the strict transform of the line through
𝑝 and 𝑞. Then 𝐷 ⋅ 𝐿 = 0 and the linear system
of quadrics in ℙ𝑛 through 𝑝 and 𝑞 induces a morphism ℎ𝐷 ∶ 𝑋 → 𝑌 contracting 𝐿 to a point.
On the other hand, a divisor in the maximal chamber delimited by 𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 must be ample on 𝑋 ′ .
We can write such a divisor as 𝑎𝐻𝑝 +𝑏𝐻𝑞 +𝑐𝐻𝑝,𝑞 with
𝑎, 𝑏, 𝑐 > 0 and observe that (𝑎𝐻𝑝 +𝑏𝐻𝑞 +𝑐𝐻𝑝,𝑞 )⋅𝐿 =
−𝑐 < 0.
Note that the curve 𝐿 prevents divisors in the chamber ⟨𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 ⟩ from being ample.
Let 𝑔 ∶ 𝑊 → 𝑋 be the blow-up of 𝑋 along 𝐿 with
exceptional divisor 𝐸𝐿 ⊂ 𝑊. Observe that 𝐸𝐿 is a
ℙ𝑛−2 -bundle over 𝐿.
There is a morphism 𝑔′ ∶ 𝑊 → 𝑋 ′ contracting 𝐸𝐿 ,
in the direction of 𝐿, onto a subvariety 𝑍 ⊂ 𝑋 ′ such
that 𝑍 ≅ ℙ𝑛−2 . Consider the divisor 𝐷′ ≡ 𝐻𝑝 +
𝐻𝑞 + 𝐻𝑝,𝑞 ≡ 3𝐻 − 2𝐸𝑝 − 2𝐸𝑞 . The linear system of
𝐷′ induces a rational map 𝜙𝐷′ ∶ 𝑋 99K 𝑋 ′ , and we
have the commutative diagram
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𝑊
𝑔

𝑔′

𝜑𝐷′

𝑋
ℎ𝐷

𝑋′
ℎ

𝑌
where ℎ ∶ 𝑋 ′ → 𝑌 is a small modification contracting 𝑍 ⊂ 𝑋 ′ to ℎ𝐷 (𝐿). The rational map 𝜙𝐷′ ∶ 𝑋 99K
𝑋 ′ is an isomorphism between 𝑋 ⧵ 𝐿 and 𝑋 ′ ⧵ 𝑍
and replaces 𝐿 with the variety 𝑍 which is covered
by curves having nonnegative intersection with all
divisors in the chamber ⟨𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 ⟩. Concretely,
in the case 𝑛 = 3 for instance, we can fix homogeneous coordinates [𝑥 ∶ 𝑦 ∶ 𝑧 ∶ 𝑤] on ℙ3 , assume
that 𝑝 = [1 ∶ 0 ∶ 0 ∶ 0], 𝑞 = [0 ∶ 0 ∶ 0 ∶ 1], and
consider the rational maps
𝛼 ∶ ℙ3 99K ℙ7
defined by 𝛼([𝑥 ∶ 𝑦 ∶ 𝑧 ∶ 𝑤]) = [𝑥𝑦 ∶ 𝑥𝑧 ∶ 𝑥𝑤 ∶
𝑦2 ∶ 𝑦𝑧 ∶ 𝑦𝑤 ∶ 𝑧2 ∶ 𝑧𝑤], that is induced by the
quadrics of ℙ3 passing through 𝑝 and 𝑞, and
𝛽 ∶ ℙ3 99K ℙ11
defined by 𝛽([𝑥 ∶ 𝑦 ∶ 𝑧 ∶ 𝑤]) = [𝑥𝑦2 ∶ 𝑥𝑧2 ∶
𝑥𝑦𝑧 ∶ 𝑥𝑦𝑤 ∶ 𝑥𝑧𝑤 ∶ 𝑦3 ∶ 𝑦2 𝑧 ∶ 𝑦2 𝑤 ∶ 𝑦𝑧2 ∶ 𝑦𝑧𝑤 ∶
𝑧3 , 𝑧2 𝑤], that is induced by the cubics of ℙ3 having
at least double points at 𝑝 and 𝑞. Then 𝑌 is the
closure of the image of 𝛼 and 𝑋 ′ is the closure of
the image of 𝛽.
Let us give a geometric description of 𝑋 ′ . Let Π ⊂ 𝑋
be the strict transform of a 2-plane through the line
𝑝𝑞. The plane Π is contracted to a point by the map
𝜋𝐻𝑝,𝑞 ∶ 𝑋 99K ℙ𝑛−2 induced by 𝐻𝑝,𝑞 . Indeed, 𝜋𝐻𝑝,𝑞
is induced by the linear projection ℙ𝑛 99K ℙ𝑛−2
with center 𝑝𝑞. Observe that a divisor in the linear
system of 𝐷′ has a base component when restricted
to Π; namely the curve 𝐿.
Therefore, 𝜙𝐷′ |Π is the rational map induced by the
linear system of conics through 𝑝 and 𝑞, hence its
image is a smooth quadric surface 𝑄Π ≅ ℙ1 × ℙ1 .
The quadric 𝑄Π intersects 𝑍 at a point. The morphism 𝜋
˜𝐻𝑝,𝑞 ∶ 𝑋 ′ 99K ℙ𝑛−2 , induced by the strict
transform of 𝐻𝑝,𝑞 on 𝑋 ′ , contracts 𝑄Π to the point
𝜋𝐻𝑝,𝑞 (Π) and maps 𝑍 isomorphically onto ℙ𝑛−2 .
We have the commutative diagram
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𝑋

𝜑𝐷′

𝜋𝐻𝑝,𝑞

ℙ𝑛−2

𝑋′
˜𝐻𝑝,𝑞
𝜋
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and 𝑋 ′ has a structure of a (ℙ1 × ℙ1 )-bundle over
ℙ𝑛−2 .
Summing up, the birational model of 𝑋 corresponding to the chamber ⟨𝐻𝑝 , 𝐻𝑞 , 𝐻𝑝,𝑞 ⟩ is a quadric
bundle over ℙ𝑛−2 and, as we already noticed,
the other chambers ⟨𝐻, 𝐻𝑝 , 𝐸𝑞 ⟩, ⟨𝐻, 𝐻𝑞 , 𝐸𝑝 ⟩, and
⟨𝐻, 𝐸𝑝 , 𝐸𝑞 ⟩ correspond, respectively, to ℙ3 blownup at 𝑞, ℙ3 blown-up at 𝑝, and ℙ3 . The chamber
⟨𝐻, 𝐻𝑝 , 𝐻𝑞 ⟩ corresponds to 𝑋 itself.

Birational Twin Varieties
Our aim in this section is to study the weak Lefschetz principle in the context of birational geometry. In other words,
if we consider two varieties 𝑋, 𝑌 equipped with an embedding 𝑖 ∶ 𝑌 ↪ 𝑋, then we ask about the objects encoding
birational information of 𝑌 which are fully determined
by 𝑋. Such objects may include effective and nef cones,
or finer information such as the Mori chamber decomposition. The following definition focuses on two possible
forms of the weak Lefschetz principle in this context. They
were introduced and explored in [13], [10].
Definition 4. Let 𝑋, 𝑌 be ℚ-factorial projective varieties,
and let 𝑖 ∶ 𝑌 ↪ 𝑋 be an embedding. These varieties are
said to be Lefschetz divisorially equivalent if the pull-back 𝑖∗ ∶
Pic(𝑋) → Pic(𝑌 ) induces an isomorphism such that
𝑖∗ Eff(𝑋) = Eff(𝑌 ),

𝑖∗ Mov(𝑋) = Mov(𝑌 ),

𝑖∗ Nef(𝑋) = Nef(𝑌 ).
We say that 𝑋 and 𝑌 are birational twins if they are Lefschetz divisorially equivalent Mori dream spaces and in
addition 𝑖∗ MCD(𝑋) = MCD(𝑌 ).
Example 1. Consider a linear subspace ℙ𝑘 ⊂ ℙ𝑛 passing
through the points 𝑝, 𝑞. Let 𝑌 ⊂ 𝑋 = 𝐵𝑙𝑝,𝑞 ℙ𝑛 be the strict
transform of such a ℙ𝑘 in 𝑋. Then 𝑌 is isomorphic to the
blow-up of ℙ𝑘 at two points, and via the embedding 𝑖 ∶
𝑌 ↪ 𝑋 all the conditions of Definition 4 are satisfied when
𝑛, 𝑘 > 1. In other words, 𝑋 and 𝑌 are birational twins.
The Grothendieck-Lefschetz theorem implies that a
smooth variety 𝑋 of Picard rank one and dimension at
least four is Lefschetz divisorially equivalent to any of its
effective ample divisors. If the rank of the Picard group is
higher than 1, then B. Hassett, H-W. Lin, and C-L. Wang [7]
exhibited an example of a variety 𝑋 with a divisor 𝐷 such
that the inclusion 𝐷 ↪ 𝑋 induces an isomorphism of Picard groups but does not preserve the nef cone; hence, 𝐷
and 𝑋 are not Lefschetz divisorially equivalent. In other
words, the weak Lefschetz principle fails for the Nef cone
in this example.
In general, we do not know a classification of the varieties that admit a subvariety which is birational twin to it
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nor do we know of natural conditions ensuring that varieties 𝑌 ⊆ 𝑋 are birational twins. There are examples where
the natural choice fails. However, in the next section we
exhibit a series of examples for which the ample cone, the
nef cone, and even the Mori chamber decomposition satisfy the weak Lefschetz principle.

Examples: Complete Quadrics and Collineations
Recently in [12–15] the birational geometry of classical
spaces, called spaces of complete forms, have been studied from the perspective of Definition 4. We finish up the
article by mentioning some of the ingredients of such a
study.
Let 𝑉 be a 𝐾-vector space of dimension 𝑛 + 1 over
an algebraically closed field 𝐾 of characteristic zero. We
will denote by 𝒳(𝑛) and 𝒬(𝑛) the spaces of complete
collineations and complete quadrics of 𝑉, respectively.
These spaces are very particular compactifications of the
spaces of full rank linear endomorphisms and full-rank
symmetric linear endomorphisms of 𝑉, respectively.
In [18], [19], I. Vainsencher showed that these spaces
can be understood as sequences of blow-ups of the projective spaces parametrizing (𝑛 + 1) × (𝑛 + 1) matrices modulo
scalars along the subvariety parametrizing rank one matrices and the strict transforms of their secant varieties in
order of increasing dimension.
Recall that given an irreducible and reduced nondegenerate variety 𝑋 ⊂ ℙ𝑁 , and a positive integer ℎ ≤ 𝑁,
the ℎ-secant variety secℎ (𝑋) of 𝑋 is the subvariety of ℙ𝑁
obtained as the closure of the union of all (ℎ − 1)-planes
spanned by ℎ general points of 𝑋. Spaces of matrices and
symmetric matrices admit a natural stratification dictated
by the rank. Observe that a general point of the ℎ-secant
variety of a Segre, or a Veronese, corresponds to a matrix
of rank ℎ. More precisely, let ℙ𝑁 be the projective space
parametrizing (𝑛 + 1) × (𝑛 + 1) matrices modulo scalars,
ℙ𝑁+ the subspace of symmetric matrices, 𝒮 ⊂ ℙ𝑁 the
Segre variety, and 𝒱 ⊂ ℙ𝑁+ the Veronese variety. Since
secℎ (𝒱) = secℎ (𝒮) ∩ ℙ𝑁+ , the natural inclusion ℙ𝑁+ ↪ ℙ𝑁
lifts to an embedding 𝑖 ∶ 𝒬(𝑛) ↪ 𝒳(𝑛).
We finish up by citing our contribution to the vast
realm of Lefschetz-type theorems: the spaces of complete
quadrics and complete collineations are Lefschetz divisorially equivalent, for all 𝑛 > 1, via the embedding 𝑖 ∶
𝒬(𝑛) ↪ 𝒳(𝑛) [13, Theorem A]. Furthermore, in the case
of complete quadric surfaces, we have that 𝒬(3) and 𝒳(3)
are birational twins [13, Theorem B].
Example 2. The space 𝒳(3) is the blow-up of the projective space ℙ15 along the Segre variety 𝒮 ≅ ℙ3 × ℙ3 ⊂ ℙ15 ,
and also along the strict transform of sec2 (𝒮). We will
denote by 𝐻 the strict transform of a general hyperplane
of ℙ15 and by 𝐸1 , 𝐸2 the exceptional divisors over 𝒮 and
sec2 (𝒮), respectively. Similarly, 𝒬(3) is the blow-up of the
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projective space ℙ9 along the Veronese variety 𝒱 ⊂ ℙ9 , and
also along the strict transform of sec2 (𝒱). We will denote
by 𝐻 + , 𝐸1+ , 𝐸2+ the divisors on 𝒬(3) corresponding to the
strict transform of a general hyperplane of ℙ9 and the exceptional divisors over 𝒱 and sec2 (𝒱), respectively. The
Mori chamber decomposition MCD(𝒳(3)) is displayed in
the following two-dimensional cross-section of Eff(𝒳(3)):
𝐸2

𝐷2
𝐷3

𝐻
𝐷𝑀
𝐸1

𝐸3

where 𝐷𝑀 ≡ 6𝐻 − 3𝐸1 − 2𝐸2 , 𝐷2 ≡ 2𝐻 − 𝐸1 , 𝐷3 ≡ 3𝐻 −
2𝐸1 − 𝐸2 . Here, 𝐸3 ≡ 4𝐻 − 3𝐸1 − 2𝐸2 is the class of the
strict transform of sec3 (𝒮). The movable cone Mov(𝒳(3))
is generated by ⟨𝐻, 𝐷2 , 𝐷3 , 𝐷𝑀 ⟩.
The spaces 𝒳(3) and 𝒬(3) are birational twins. Hence,
the Mori chamber decomposition MCD(𝒬(3)) is obtained
from MCD(𝒳(3)) above by simply replacing 𝐻, 𝐸1 , 𝐸2 with
𝐻 + , 𝐸1+ , 𝐸2+ .
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will
be opportunities for diversity in teaching.
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Your Early Career
and the Pandemic
Angela Gibney
How will 2021 look for mathematicians in their early career? How will these times change our community?
The job market during COVID-19 (and after) will be
tough (and will likely worsen). Those of us with job security
have a vested interest in doing what we can to support our
junior colleagues with advice, creative job solutions, ideas
for new projects, and empathy for the uncertainty they
face. A growing number among us would like to make real
changes in how we operate, including dealing with issues
of diversity and systemic bias.
Angela Gibney is a professor of mathematics at Rutgers University in New
Brunswick and an associate editor at the AMS Notices, in charge of the
Early Career. Her email address is angela.gibney@gmail.com.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
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One small step that you can take is to add your voice to
the Early Career. Do you have an idea for an article? Can
you help out, or do you know someone who might?
In our first two years, 100 articles have appeared in the
Early Career, on topics related to research, teaching, working with students, publishing, funding, information about
jobs, and the job search in business, industry, government,
and in academia. We have addressed mentoring, communicating math, how stuff works, and we have presented a
number of good ideas to emulate.
We’d like to take a moment to draw your attention to
the people who generously contributed in our second year
(their names are listed below). If you haven’t had a chance,
visit the AMS Notices Early Career Collection http://
bit.ly/2lEMeHA to read what they and the first-year authors have said.
Thank you to the contributors to year 2:
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Dan Abramovich
Henry Adams
Alberto Alonso
Jarod Alper
Lindsay Augustyn
Matt Baker
Juliette Benitez
Hanna Bennett
François Bergeron
Julia Bergner
Federico Binda
Jasmine Camero
Alejandra Castillo
Nickolas Castro
Jeneva Clark
Izzet Coskun
Gabrielle Cottraux
Chiara Damiolini
Lisa G. Davis
Mark de Cataldo
Alex Diaz-Lopez
Mary Frances Dorn
Joel Foisy
Steven Frankel
Joseph Gallian
Skip Garibaldi
David Gay
Courtney Gibbons
Martin Guest
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•
•
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•
•
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•
•
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•
•
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•
•
•
•
•
•
•
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Pamela Harris
Julia Hartmann
Deanna Haunsperger
Abbe Herzig
Elaine Hou
David Jensen
Rafe Jones
Reva Kasman
Matt Kerr
Danny Krashen
Noah Kravitz
Greg Kuperberg
Karen Lange
Brian Lehman
Daniel Litt
Christopher Manon
Sarah Mayes-Tang
Kelly McKennie
Andrés Vindas Meléndez
Mona Merling
Anya Michaelsen
Harsha Nagarajan
Daniel O’Malley
Andrew Obus
Ken Ono
Natalia Pacheco-Tallaj
Jennifer Pearl
Robin Pemantle
Harriet Pollatsek
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•
•
•
•
•
•
•
•
•
•
•
•

Alicia Prieto-Langarica
Vanessa Rivera Quiones
Navamita Ray
David Richeson
Sarah Crown Rundell
Robert Schneider
Karen Smith
Andrew Sornborger
Rebecca Swanson
Laura Taalman
Terence Tao
Julianna Tymoczko

•
•
•
•
•
•
•
•
•
•
•
•

Fabrice Ulysse
Luis Sordo Vieira
Isabel Vogt
Judy Walker
Chloe Wawrzyniak
Chuck Weibel
Robin Wilson
Shelby Wilson
Aris Winger
Michael Young
Dan Zaharopol
David Zureick Brown

How to Have Lunch in
the Time of COVID-19
Kristin DeVleming
and Andrew Kobin

What We Do

Life as an early-career mathematician got a lot harder in
2020. While everyone is facing their own personal and
community challenges during a global pandemic, those
of us without tenure or a permanent position face an especially steep climb as the world responds to COVID-19.
In the face of uncertainty, the two of us decided to focus
on preserving something simple: chatting over lunch. Over
an ongoing series of informal discussion panels, entitled
“Lunch in the Time of Covid,” we have explored topics that
affect early-career mathematicians, including the job market, police violence against Black Americans, mentoring,
and staying productive as a researcher. Our intention is to
build community and start conversations, some of which
will last the rest of our careers. We hope to continue this
series even as the world recovers from COVID-19 and have
provided concrete suggestions for those of you interested
in starting your own version of “Lunch.”

How it Started
The idea for “Lunch in the Time of Covid” came from the
“hallway” at a virtual conference in the early days of the
pandemic, where the organizers first met and discussed the
pandemic’s unique affect on early-career mathematicians.
Disillusioned by the lack of voices from our generation
on a Q&A panel, Kristin wrote up a list of tips for young
mathematicians that spoke to the anxieties many of us were
feeling at the time. Several email conversations later, we
 ristin DeVleming is a postdoc at the University of California San Diego.
K
Her email address is kdevleming@ucsd.edu.
Andrew Kobin is a visiting assistant professor at the University of California
Santa Cruz. His email address is akobin@ucsc.edu.
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proposed hosting an informal discussion about these topics
—a “brown bag lunch”—and with that, we set to work.
The actual format of “Lunch in the Time of Covid” has
changed very little since its inception. The conversation
should be informal, possibly changing topics organically
according to what participants have on their minds. For
each topic, we invite three “distinguished panelists” to
lead the discussion and share their experiences with the
audience. We often propose a few initial questions for the
panelists to start with, but the discussion is largely led by
questions and comments from the audience. As the conversation warms up, participants chime in with questions,
offer their own experiences, share links, or just verbally
encourage each other. Once you get people chatting about
something they are passionate about, others feel empowered to add their voices too, and the enthusiasm compounds. In a way, this was always the primary function of
these events: to provide a space for diverse voices on critical
topics for our generation of mathematicians.
Organizing a panel—not to mention a series of panels—
takes work, but if you plan things out ahead of time and
remain flexible about things you cannot control, you will
save yourself unnecessary work later.
Ultimately, we began with a short list of topics to discuss
over lunch. We have volunteer note-takers who keep track
of topics that come up and any resources that are shared
during the meeting, and we save the Zoom chat from each
lunch. We have also found that each discussion organically
yields topics and panelists for future lunches. For example,
during one lunch, participants shared the names of several
impactful mentors and allies, and we were able to reach out
to these people as panelists for a later lunch on allyship.
Between panels, we keep lists of future topics and potential panelists. This makes it easy to start planning events
well ahead of time and match a topic to panelists that have
expertise or have had an impact in that area. About two
weeks out from an intended date, we invite panelists for a
specific topic, and if some decline, we work down our list
until we have the panel chosen. Because these are informal
lunch conversations, we have been able to shift our days/
times to accommodate our speakers, although this may not
always be possible.
After the first lunch, Andrew created and started maintaining a website1 for “Lunch in the Time of Covid,” where
we share information and registration details about upcoming events, as well as the notes, links, and miscellanea
from past events. This has become a great resource in its
own right, featuring calls to action in the mathematics
community (including a letter to the Notices urging the
community to boycott collaboration with the police),
suggestions for further reading (or listening: participants
on June 19 were eager to share their favorite podcasts), and
1https://www.andrewkobin.com/lunch-in-the-time-of-covid.
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a partial list of bridge and post-baccalaureate programs in
math in the United States.
We advertise through a mix of email, social media, and
word of mouth. We maintain a list of participants from past
lunches and are able to email reminders about upcoming
meetings and advertise on online platforms like the Algebraic Geometry Discord channel (as both organizers are
algebraic geometers). Additionally, participants advertise
to their departments and colleagues.

How to Start Conversations
Our primary goal with “Lunch in the Time of Covid” was
(and still is) to start conversations about issues that are
affecting young mathematicians. With this in mind, each
lunch starts as a panel discussion but slowly becomes a
broader discussion where anyone can contribute. No matter
your time constraints as an organizer of an event like this,
it is wise to include time near the end for the audience
to make their voices heard. This can be a formal Q&A,
perhaps with questions collected throughout the panel as
many webinar platforms allow, or a more informal call for
audience members to chime in. (In the spirit of our more
informal format, we opted for the latter with great success.)
Fortunately, all of the lunch topics after the first week were
suggested by past audience members, so we can say with
confidence that our audience is passionate about being
involved and sharing their experiences.
We have been very open about our own limitations—
both organizers are white and have a postdoctoral position.
For this reason, we make extra efforts to invite panelists and
participants that have different experiences than us. Early
on, we began reaching out to trusted mathematicians in
our lives who, in one way or another, are not traditionally
represented at these types of events. We asked them who
would make a good panelist, what topics we should not
neglect, and generally how we were doing so far. We have received valuable advice at every step of the way, and continue
to benefit from the wisdom of these peers and mentors.
Beyond broadening the conversation, we want to send a
clear message that all are welcome in these conversations.
For anyone who is considering planning a similar event in
the future, we encourage you to think early and often about
who your audience is and how you are serving their needs.

How to Keep the Momentum Going
After the first week, all of our topics have been developed
from audience suggestions. Often, a participant shares their
passion and experience for a particular topic and they are
able to serve as a panelist in a future lunch. This is one of
the real strengths of an event series, as opposed to a standalone event: we have been able to dedicate time and future
events to focus on important topics brought up by the audience. However, even with a one-time panel, you can solicit
feedback ahead of time. As with all things organizational,
reach out to people you trust to diversify your perspective
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on what is important and what should be emphasized.
Furthermore, as one participant pointed out, planning an
event like this with someone, particularly someone whose
background or viewpoints are different than your own, is
good experience for the types of collaboration and service
that you will be doing the rest of your career.

In Conclusion
Based on participant and panelist feedback, “Lunch in the
Time of Covid” has been an essential series of conversations
for many early-career mathematicians. Both organizers saw
a need for an online community to discuss what things are
really like during a global pandemic. We encourage anyone
who sees a similar need in their community to follow our
model (or their own path!) as we continue to face the challenges brought on by the COVID-19 pandemic.
One of the unique benefits of going virtual during the
global pandemic has been the ability to host these lunches
for participants across many branches of mathematics and
start conversations and community-building that would be
unlikely to happen otherwise. Even as the world recovers
from COVID-19, we believe in the importance of these
informal discussions and hope to inspire others to start
something similar.

Kristin DeVleming

Andrew Kobin
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Unconscious Bias in
Academic Mathematics
Danny Krashen
In recent years, as a society, we have made significant
progress at reducing explicit sources of bias. We now understand that we cannot explicitly discriminate on the basis
of gender, race, and other protected categories in a range of
situations. On the other hand, it has also become strikingly
Danny Krashen is a professor of mathematics at Rutgers University. His
email address is daniel.krashen@rutgers.edu.
DOI: https://dx.doi.org/10.1090/noti2200
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clear that despite this progress, bias still exists in our society,
and this has highlighted the importance of being aware of
systemic and unconscious (implicit) bias. Here, I would like
to primarily focus on unconscious bias. This is much more
subtle than explicit bias, as it is intrinsically connected to
the ways in which we see the world, and assumptions we
make without knowing it.
Academic life involves fairly constant evaluation of
others, whether it is the grading of student exams, reading
applications to graduate school, peer review of articles,
or evaluation of grant applications, we seem to always be
making judgments, often of great consequence to others.
In each of these situations of evaluation, I have had to
deal with unconscious bias in myself as well as in others. Understanding this bias is important for those of us
whose decisions directly affect those entering our field. It
is equally important for early-career mathematicians to
understand the culture they are entering, with its pitfalls
and complexities.
Unconscious bias can be difficult to deal with because
it is... unconscious.
On the other hand, this statement also highlights the
principal tool we have to mitigate it: making more things
conscious and explicit. While it would be nice to be able
to completely rid ourselves of the tendency towards bias,
I can’t envision any constructive way of moving towards
this. Instead, I would suggest that by making processes
more public and transparent to scrutiny by ourselves and
others, we can make real and substantial progress towards
reducing the negative effects of bias in practice.
How does unconscious bias arise? Let me start with
an example. Let’s imagine how I might evaluate a new
job candidate at my department. While this may not be
the case for many others, from my own experience as a
faculty member at more than one university, I have never
received any particular instructions on evaluation criteria
for new job candidates. Therefore, my typical process used
to be something like this. I would browse through their
job application, letters, and their work online, see them
give a talk, and maybe have lunch with them when they
come for a campus interview. Perhaps the following day,
I would vote in a departmental hiring meeting based on
my “gut” feeling about them as a candidate. This would be
based on a combination of how impressive their work was,
how well I imagined they would fit in with my department,
combined with my ability to visualize them as a colleague.
This internal imagination and visualization carries quite a
lot of weight, and it is, in its nature, unexamined. We are
not well equipped to ask questions such as “Why does this
person feel impressive, while this other person doesn’t?”
More often, we simply look to confirm our intuition, generally using details of the applications or our interactions
with them, or consonant opinions of our colleagues. We
thereby grant ourselves further license to leave our methods
unexamined.
January 2021

The main point here is that there may be a large number
of reasons that a candidate feels “impressive” and these may
have a lot to do with factors such as gender, race, and many
other things, which if made explicit, would be somewhat
horrifying to most of us. I know that I have fallen into this
at various points in the past—making assumptions about
other people based on my “gut feeling,” without realizing
that this feeling was an effect of their gender or racial identity and my own bias.
As a mathematician, I feel that my training has made
me particularly vulnerable to this. In mathematics, we are
trained to hone our intuition and imagination to seek out
pattern and truth, and then use formal logical arguments
to establish what we find. Unfortunately, in the real world,
this often amounts to: go with your gut and then rationalize. Practical problems, such as hiring decisions, require a
different process entirely.
How do we mitigate bias? One useful strategy is to
minimize the unconscious influence by establishing predetermined criteria for our decision making. This need
not be overly formal, and for a job candidate may simply
include such factors as: high quality research contributions,
establishment of a long-term research program, synergy
of research area with departmental interests, and success
mentoring graduate students, postdocs (and probably more
things as well). Of course these are fuzzy concepts, particularly from the point of view of a mathematician; however,
the point is not that we can pretend to accurately “measure”
these things, but rather that these things are what we have
decided are of value to us, and these things should explicitly
guide our discussion and evaluation. When comparing two
candidates, we can then think more about “do they have
high-quality research contributions?” and less about “do I
feel like they seem really smart/strong?”
The National Science Foundation, in its grant reviewing
panels, does a fairly good job at this by presenting criteria
against which applicants are judged. While not perfect,
and perhaps it is the nature of group dynamics that perfect
solutions are not realistic, such a setting still prevents the
more egregious abuses.
We see the same pattern throughout various other evaluations we perform in academia.
When grading an exam, do we first look at the numerical
scores, and then try to “feel” what a passing score is like,
based on our impressions of the students. If so, we are
setting ourselves up for unconscious bias. We can prevent
this by deciding on what criteria we should look for for
particular letter grades, deciding in advance roughly what
kind of a score should correspond to which letter grade.
These can be modified if we realize later that the exam was
not as well written as we wanted, and some problems were
harder or easier than we had assumed, but starting with
some idea of how grades will work is essential.
When accepting students into a graduate program, it is
tempting to focus on numerical scores, such as GRE subject
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exams, the pedigree of schools, and status of letter writers.
While these are not irrelevant data points, in order to prevent bias, it is important to start by asking what kinds of
things we are looking for evidence of. We may be looking
for evidence of strong background knowledge, of ability
to do creative research, and/or intellectual independence
and maturity. We can then consider the various pieces of
evidence within the application towards these ends. For
example, we can ask: what does a particular GRE score tell
us about one’s ability to do creative research? Or about
their general background knowledge? In fact, evidence
seems to show that it only gives very limited information
about these things, and does it in a way which is very
much skewed along gender and racial lines. In using this
for evidence, one therefore needs to take these factors into
account, or, as many are doing, ignore these scores entirely.
Such criteria can also be very helpful in reading letters of
recommendation. Letter writers often exhibit a range of
biases themselves, and as we read such letters, we have to
constantly consider how their narrative helps or doesn’t
help us evaluate a candidate according to our criteria in
order to protect ourselves against their biases.
How do we know these things? While I am compelled
to point out that I am speaking beyond my own expertise,
nevertheless, the questions I’ve sought to address here, on
how to address bias in various aspects of academic life, are
not beyond our ability to answer. These are questions of
social science, which various people have endeavored to
study and provide some answers. Below I’ll point out just
a bit of the literature that I’ve looked at which relates to
some of the assertions I’ve made here.
There are many studies of unconscious bias in hiring, which
suggest the adoption of explicit criteria (evidence-based
approaches to hiring). While not specifically about academia, this article summarizes various studies and points
to explicit and transparent evaluation criteria as a method
to reduce implicit bias in hiring and promotion: https://
doi.org/10.1111/0022-4537.00234.
It does seem to be true that awareness of bias lessens its
effects, as was discussed here: https://doi.org/10.1038
/s41562-019-0686-3. However, we should not imagine
implementing formal training for all of us to “remove
bias” will necessarily solve the problem. To this effect I’d
point out this nice review: https://doi.org/10.1146
/annurev.psych.60.110707.163607, which highlights a
real lack of evidence of efficacy of such programs.
The resistance of people to implement procedures to
reduce bias has also been documented: https://doi
.org/10.1108/02683941111138985.
Gender bias in letters of recommendation is something
which needs to be taken into account. This has been
discussed in a number of places in the literature. I found
these articles informative: https://doi.org/10.1037
/a0016539 and https://doi.org/10.1038/ngeo2819.

As we look for unbiased criteria for graduate students,
GRE subject scores seem problematic. While I haven’t found
data on the math subject score as a predictor of success, the
usefulness of subject tests has been examined in general
as well as in physics in particular. While moderate positive
correlations seem to exist between GRE subject scores and
grades during the first year of graduate school (https://
doi.org/10.1037/0033-2909.127.1.162), it didn’t
seem correlated to other measures of success for physics
graduate students (https://doi.org/10.1126/science
.274.5288.710). Besides this, evidence that GRE subject scores in physics suffer from gender bias is discussed
in various places, for example: https://www.aps.org
/publications/apsnews/199607/gender.cfm.
These studies really just scratch the surface of a literature
in which I am still largely uninitiated; however, I believe
that they do serve to illustrate that these are ideas whose
validity can be reasonably explored, tested, and refined as
we try over time to make the moral arc of our profession
bend towards inclusion.

Danny Krashen
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During the spring of 2020, COVID-19 prompted the nonprofit Bill McCallum cofounded, Illustrative Mathematics
(IM), to put considerable energy into developing resources
Della Dumbaugh is a professor of mathematics at the University of Richmond, and she is an associate editor of Notices. Her email address is
ddumbaugh@richmond.edu.
William McCallum is a university distinguished professor of mathematics
at the University of Arizona, and he is an associate editor of Notices. His
email address is wmc@math.arizona.edu.
DOI: https://dx.doi.org/10.1090/noti2196

60

Notices of the American Mathematical Society

Volume 68, Number 1

Early Career
for K–12 teachers using the IM curriculum in all the different combinations of in-person, virtual, synchronous, and
asynchronous that schools have implemented. It began to
dawn on Bill and his colleagues that amid all the chaos
and anxiety there were real opportunities to rethink the
teaching and learning of mathematics. We wondered about
this at the collegiate level. For this article, Bill interviewed
colleagues at the large public institution where he formerly
served on the faculty, and Della Dumbaugh drew from her
work at a small private institution, particularly her success
with oral exams, to explore the lessons learned for mathematics teaching at the collegiate level.

Large Public Institution: University of Arizona
Bill interviewed two of his former colleagues at the University
of Arizona, Deb Hughes Hallett and Rob Indik, about their
experiences with online learning.
I won’t dwell on all the logistical problems they faced,
which I am sure are familiar to any readers who had to
teach online in the spring of 2020. Rather I’ll highlight a few
things that seem worth developing or that point to changes
in teaching practice even when things return to normal.
Deb found that the structure imposed by screen sharing
led to some good practices. She found that “for people
teaching proofs or computations, where students have to
follow an argument with several lines, online can be very
good because of the animation features of PowerPoint or
Beamer. In theory you can stop and ask ‘what comes next’
at the end of each line of writing on the board, but usually
instructors are so occupied with writing that they don’t. If
you use animation, it’s very easy to do synchronously online. This I would definitely take back into the classroom
with me.”
It works the other way as well, when students share
their screens with instructors. Deb found that the necessity
of students sharing their screens and writing about their
problem enabled her to get a much clearer picture of what
they were thinking.
Both Deb and Rob were teaching a class that had students
working in groups at tables of four, which were replaced
by Zoom breakout rooms. This was not a perfect solution
because it is difficult to know how much discussion is
going on in these rooms simultaneously. It is possible for
instructors to drop into the Zoom rooms, but in practice
this takes more time than wandering around a classroom
eavesdropping. If Zoom made it possible to switch quickly
between observing different breakout rooms, it would be
a big improvement.
Because students were not required to have their cameras
on, it was difficult to know who was really listening. In one
of Rob’s classes almost nobody turned on their cameras. To
mitigate this they instituted multiple-choice questions in
the form of polls for the full-class sessions, which meant
that each student in the class had to commit to an answer.
Of course, instructors have been doing something similar
January 2021

for years, with concept tests and various response systems.
However, the power of multiple-choice questions to ask
deep questions and reveal gaps was made vivid to Rob
when the students were invisible and the responses were
the only thing he could see. He said that one thing he’ll
do differently when he goes back to in-person teaching is
use a lot more of these sorts of multiple-choice questions.
In this case, it’s not so much that the pandemic has led to
a newly developed teaching practice as that it is likely to
make an existing practice more widespread. We will see
another example of this in the next section.
According to Deb, the big challenge for everyone was
exams. It is difficult to stop students getting help, although
they did come up with a way of detecting that: students
were required to take the exams simultaneously on a Zoom
call with their video on and they were scanned constantly.
Questions were presented in randomized order, and for
multiple-choice questions the options were randomized
as well. They caught one student talking to someone else
not present, and were able to listen in. Nonetheless, they
both felt that they probably missed some cheating. Rob
said, “Of course, I strongly suspect there is cheating for our
in-person exams that we don’t catch as well. My inclination
is to avoid focusing on cheating and cheating prevention.”
Maybe this will make us rethink the way we assess students.
Learning from her experience in the spring, Deb asked
everybody in a summer class to turn on their cameras
during class (unless they were having bandwidth problems). And, learning from another colleague’s experience
in the spring, she started cold calling on the students,
beginning with those she thought unlikely to answer on
their own. As a result she got to know everybody and they
all got to know each other.

Small Private Institution: University of Richmond
For Della at the University of Richmond, COVID-19 led to a
revival of the oral exam.
The University of Richmond is a liberal arts institution
with about 3200 undergraduates. Our mathematics classes
have enrollments of about 22–28 students. Although I had
taken oral exams in graduate school (live, in-person oral
exams at the chalkboard in some professor’s office), the oral
exam was not a tool I used in my undergraduate classroom
before March 2020. Teaching mathematics online during
COVID-19, however, inspired me to infuse the seemingly
antiquated tactic of oral exams with fresh purpose.
With solutions and other resources readily available online, I noticed students gained a false sense of security about
their understanding of mathematical concepts and I had a
difficult time assessing what students actually knew themselves. Oral exams provided a way to address these issues
simultaneously. In the process, reviving and updating oral
exams for the online classroom helped students improve
their communication, conquer anxiety, solve problems
quickly, and think creatively. They also gave students an
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opportunity to articulate layers of sophisticated thinking
in an organized fashion, a skill they could take with them
to any workplace.

Secrets for Success with Oral Exams
1. Set clear guidelines about what the exam will cover
and how long it will last. Less is more. By way of an
example, for Calculus, I might limit the oral exam to
questions about what the derivative tells us about a
function. For abstract algebra, I might focus on questions related to Lagrange’s theorem or permutation
groups. Announce the amount of time for the oral
exam in advance and stick to it. I set up a google doc
for students to schedule their oral quizzes and exams.
Listing appointments for exams at 11:00, 11:10, 11:20,
etc., reinforces that these opportunities for assessment
last a prescribed amount of time. It also helps students
understand that they must attend their oral exam on
time.
2. Harness the power of peers watching peers do mathematics. To prepare your students for this type of assessment, record sample oral exams and post them to the
class electronic learning site (Blackboard in my case).
This simple technique is the single most effective tool
to ensure success with oral exams. These students have
grown up with a video camera nearby their entire lives;
they are comfortable making videos. I convinced a couple of students to take their oral exam early and allow
me to record and post it to the class. Naturally, these
“sample” students worked and reworked problems so
they would demonstrate mathematical finesse in their
video. Quite unexpectedly, these videos not only served
as sample oral exams, but they also underscored the
process involved in thinking about problems in mathematics. It was one thing for me to work problems in my
instructional videos, it was quite another for students
to watch their 19-year-old classmate articulate each
step of a problem. “You want me to find where this
function has a horizontal tangent line,” one student
began her sample oral quiz. “This means I need to take
the first derivative and set it equal to zero. This function
is a quotient so I will need to use the quotient rule….”
For whatever reason, students absolutely loved to hear
their peers speak like mathematicians. That motivated
them to learn the same language. And here is the funny
thing. After two weeks of my repeatedly asking for volunteers that I could record taking a sample oral exam,
students became eager to do so.

2.

3.

4.

5.

6.

What Students Gain from an Oral Exam
1. Communication skills. The students were responsible
for communicating sophisticated mathematics in a
timed setting. As one senior put it, “I wish I would have
done this last year. This would have really helped me
prepare for my tech interviews.” One first-year student
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wrote on her Calculus evaluation that “at first I was
afraid of the oral quizzes. After I took one, though, I
realized how much I liked to talk about math. I started
meeting with a friend after that so we could talk about
problems together.” The oral exams required students
to articulate ideas about sophisticated mathematics in
an organized manner. This skill will be useful in any
workplace.
They learned to press through and conquer anxiety.
One 6’7’’ talented basketball player would appear in
his rectangle visibly nervous at the start of his oral
quiz. After I gave him his problem, he would repeat
it back to me and then take a deep breath. Those 17
seconds seemed to help him gain his focus and direction. Then he would begin, “this is a problem about a
derivative….” That he can talk about mathematics with
finesse and successfully aim a 9.5 inch ball into a net
will both serve him well in his future.
Fast-paced problem solving. At times, students had 10
minutes to solve three problems. They used their mastery of the material to answer three different types of
questions in quick succession. They had to identify the
essence of the problem, weigh various approaches, and
act. These are skills that will serve them well in many
professions. Thus oral exams foster skills for a student
who aims to pursue a career as a Wall Street Stock
Exchange trader. In that role, she will have to organize
fast-changing information, determine a best course of
action, and take steps to put decisions in place.
Creativity. Students created elaborate testing environments at home that they could capture with their
computer screen. One student taped paper to the
freezer portion of her refrigerator and presented her
work like a teacher. Later, I gave a telephone reference
for this student. I described my work with her in four
mathematics classes and then relayed this story about
the freezer as a sort of lighthearted addition to the
conversation. The employer went crazy. “What a great
problem solver,” he gushed, “that is just the kind of
spirit we are looking for.”
They dressed for success. These students who regularly
attended our remote class in sweats and t-shirts took
showers, brushed their hair, and put on button down
shirts. I did not include dressing professionally as part
of the instructions. They recognized this was important
and they rose to the occasion.
Students learned how to talk about mathematics, and
in particular, they learned how to talk about mathematics with each other, to do mathematics together.
They met over Zoom and practiced with each other.
Real-time feedback on their work. Usually, students
take some sort of assessment on paper in class and submit it. Even if faculty grade these assessments promptly,
students will still have to wait several days for feedback.
With an oral exam, you can see exactly what a student
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understands and point them to particular areas for
further study. One student worked a derivative problem
beautifully but could not evaluate sin(π) at the end. I
looked at the list of oral quizzes, which ended at 5:30.
I responded along the lines of “you just did beautiful,
sophisticated work that showed a solid understanding
of how a derivative works and what it tells us about
the function. Your last calculation hinges on a solid
understanding of an important trig function, f(x) =
sin x. I’m going to schedule you for a follow-up discussion at 5:30. I’d like for you to have learned the graph
of f(x) = sin x by then and use it to evaluate some basic
x-values.” At 5:30, the student reappeared on Zoom
with a solid understanding of the sin x.

Harnessing the Power of Oral Exams Elsewhere
in the Classroom
The success of the sample oral quizzes and exams led to the
creation of an entirely new approach to studying for the
final exam. I assigned individual students one important
problem to prepare for the final exam. I met with them over
Zoom and recorded each student working their problem. I
collected these individual videos in a folder on our Blackboard site titled “Video Final Exam Review.” I encouraged
students to utilize even three minutes of free time to view
one of the videos and work through a problem that would
help prepare them for the final. Students absolutely loved
this collection of problems and reported that, indeed, in
the moments before dinner, or right before bed, or in an
afternoon lull, they would go the folder, click on a video,
and work a problem. “Sometimes I watched the same video
a few times just so I could get down all the steps,” one
student commented.

What Faculty Gain from Oral Exams
1. First and foremost, faculty gain an accurate assessment
of what your student knows (and does not know)
about the material. It only takes five or ten minutes to
gain insight into a student’s understanding of mathematics. Students cannot hide in an oral exam.
2. More efficient grading. You can grade on the spot. (No
electronic grading!) I purchased a large stack of legal
pads. I wrote out the problems on the paper and used
the margin to keep track of assessment. I used a similar
sort of grading rubric as I did for written exams. For
example, for a Calculus problem worth 10 points that
asks where a function has a horizontal tangent line, I
would allocate three points for translating the problem
into a question about derivatives, four points for doing
the calculation, and three points for determining where
the derivative equals zero. This allowed students to earn
some or all of the possible points, as with a written
exam. I generally did not interrupt students, even if
they were moderately off track. If they were well into
a problem and completely headed in an unfruitful direction, I might suggest they begin the problem again
January 2021

with a different approach and then subtract some
points for this “tip.” I made all of my oral quizzes
worth 10 points. For tests with five problems, I made
each problem worth 10 points and doubled the score.
3. Joy. I had struggled to find the same delight in the
remote setting of a classroom consisting of 1 × 2 inch
rectangles on my computer screen as I did when teaching in a “normal” semester. An oral exam with each
student reminded me of why I got into this business in
the first place—to build and strengthen lives through
mathematics.

Realistic Outcomes for the Future
Taken together, these experiences suggest that the restrictions of the pandemic present an opportunity to give
thought to new and, perhaps, improved ways to teach
mathematics. To be sure, there is confusion and anxiety
in the current moment. Maybe now is not the best time
to completely revamp teaching styles. But now may be the
best time to reconsider seemingly tried and true techniques
from a fresh perspective. The lessons we gather now could
inform meaningful changes for the future.

Della Dumbaugh

William McCallum
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to be effective, inclusive, and equitable—and these days,
probably online. What should you do?
Two years ago we were in this exact position. We knew
how isolating the start of grad school can be, and we wanted
to start a program to help connect first-year grad students
online to combat this isolation. And we knew that this
experience of isolation can be especially acute for students
belonging to groups historically excluded from our mathematical communities.
The resulting work-in-progress is the SUBgroups program, now in its second year (www.gradsubgroups.org).
We’d like to share with you the lessons we learned and the
toolkit we developed as we worked to design an online
program that serves its entire audience—a task that requires
meeting the particular needs of minoritized participants.
We hope our experiences can be useful to you as you plan
and organize your own initiative.

A Year of Change
Two seismic shifts have hit the world this year. In May,
police officers killed George Floyd. The inequalities entrenched in our institutions came into sharp focus during
the national Black Lives Matter protests that followed his
killing. In the wake of the uprising, many mathematicians
are reckoning with the racism pervading our academic institutions and are being energized to effect change within
their departments and research groups. We want to get
involved to make change, to do something!
This renewed focus on racial justice takes place against
the backdrop of a global pandemic that has upended our
lives. We have shifted so many of our academic activities
online in an unprecedented way: teaching, conferences,
seminars, research meetings, thesis defenses, and more.
This collective move of our professional lives to an online
setting, combined with an increased need for virtual connection to combat physical isolation, has stoked interest in
creating new programs, forums, and opportunities.
In this moment, there is a great possibility for positive
change, but our efforts must be accompanied with care and
foresight. Whenever an activity is moved online or a new
online initiative is started, there is a real danger of recapitulating the inequitable and harmful structures that often already exist in our departments and fields. Heightening this
danger is the speed at which our mathematical lives have
shifted to online settings. The ease of starting new online
programs can bring with it a “move fast and break things”
ethos; this can lead to harm, especially to the well-being
and professional lives of our most precarious community
members. We must take steps to create mathematical programs and communities that serve all mathematicians.

A Toolkit
Building a new program of whatever size is a long-term
process. It involves choosing a need to address, designing
the structure of your program, and then carrying out your
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plans. It is important to bring the same care and judgment
to designing your “broader impacts” that you use to craft
your research program: we must choose which problems
to work on, understand the literature, and find some initial
insight on how to tackle the problem—an “edge.”
Here are a few items to reflect on as you get started. Some
of them we had in hand when we began our work together,
while others are lessons that we learned along the way. We
hope you’ll find them to be useful tools for building online
programs with equity in mind. In the next section we’ll use
SUBgroups as a case study to give examples of how to use
this toolkit in practice.
1. Don’t just do “something.” The first step in starting
a new initiative, online or not, is to pause and think
critically about what you are trying to accomplish.
Who are you trying to serve? What explicit need are
you attempting to address? What experience are you
aiming for your participants to have? Remember, your
intentions aren’t what drive outcomes—your decisions
are what drive outcomes. Beliefs need to be turned into
working structures. Because of a sense of urgency, it
is understandable to want to put your first ideas into
action. But it’s important to pace it out and think about
what individuals will be served by your program, and
how. You need an intentional plan—an “if you build
it, they will come” mentality will not suffice!
One pitfall is addressing problems only superficially, rather than at their root. Or providing a resource
but not thinking through how individuals will be able
to access it. Another pitfall is letting the professional
pressure to obtain funding shape your approach. While
funding, prestige, and advancement are all interconnected—and this can be a challenge to navigate—there
are often many ways of addressing a problem that
require little or no funding. Don’t ignore these!
2. Do your homework. It’s possible and even likely that
other people have previously worked to meet the same
need that you wish to address in the math community.
Find out what structures are currently in place. Can you
borrow ideas or structures from these programs? Are
there aspects of the problem that existing structures
don’t yet address? Just as when you are doing math
research, understanding the landscape of a problem
can help you to define and refine your goals and plan
of action. It’s also important to build relationships
with individuals who can give you input based on their
experiences and expertise; they might also become a
part of your team. It can also be useful to search for
programs or approaches that address similar needs in
other STEM fields.
3. Undo harm. In setting up structures and norms for
your program, it is easier to imagine and scope out
the experience of the majority. If you design a program with a “default” user in mind, your program can
appear to function well while excluding or harming
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individuals with less access, prestige, or privilege. To
draw on a familiar aphorism, you may think your
rising tide is lifting all boats, but this same tide may
be sinking some of your participants. There need to
be explicit mechanisms and strategies established to
avoid and mitigate harmful hierarchies and power
structures within your program. For example, in theory
any new platform where anyone can participate and
discuss will benefit everyone equally; but in practice it
will serve and amplify the voices of those who already
have power and privilege unless care is taken in how
the platform is structured.
4. Leverage scale effectively. Creating a program that will
happen online allows for it to scale where the logistics
and resources required for in-person programming
would be prohibitive. This capacity is why there should
be more online activities even in nonpandemic times!
If your online initiative is not local to your institution,
be prepared to take steps to support a bigger audience,
just in terms of logistics, workflow, and technology.
Make sure that you are advertising your program in
ways that reach the wider audience that this new scaling
allows for. On the flip side, the scale of the internet also
means that it’s important to consider who’s listening.
The same language and structures that make sense and
are welcoming in the “local” setting you are used to
might come across as alienating or unwelcoming to
the much larger and more diverse audience that life
on the internet brings. For example, an all-white panel
for graduate students on navigating the job market
isn’t exclusionary if your department doesn’t have any
students of color in it, but it sends a clear message
about who your panel aims to serve if you advertise
more widely.
5. Actively solicit feedback. Once your program is up
and running, it is important to get feedback about
how it’s going, especially from the most marginalized
people that your initiative aims to serve. It is important
to distinguish between feedback that is formative and
feedback that is summative—one provides information
that can help you to modify your program as you go
(candid reactions), the other allows participants to
give more holistic feedback as they reflect on their
experiences with some distance (considered criticism
and deserved praise). It can be useful to solicit them
separately. Avoid asking for “anonymous” feedback
that also collects demographic information. Again,
using multiple feedback instruments can be helpful
here. Finally, remember that opportunities for feedback
don’t have to be uniform, just as the experiences of
your participants will not be uniform; without being
burdensome or tokenizing, reach out to minoritized
participants to better understand their experience of
your program.
January 2021

A Case Study: SUBgroups
SUBgroups is an online peer support program. Each participant is either a first-year math PhD student, a first-year
math master’s student considering a PhD, or a student in
a math post-bacc program. Each SUBgroup is composed of
three to five participants. A group meets regularly over the
course of a semester or quarter for a video chat that lasts
approximately an hour, once every two weeks on a fixed day
and at a fixed time. Ahead of these meetings, participants
are asked to reflect on their week and to come up with a
positive experience, a negative experience, and some math
that they’ve encountered recently and that they might
choose to share in their SUBgroups meeting.
In fall of 2019, SUBgroups had 60 students participate
from a diverse collection of programs across the country
and beyond. As we are writing this, we are just starting our
fall 2020 program, helping to support over 200 first-year
students in what will certainly be a stressful academic term.
This fall we’re also excited to share that a group of junior
physicists is running a program for first-year physics graduate students that is modeled on SUBgroups, called SU(5).
We now give some examples of how we used the five
tools outlined above to help shape SUBgroups.
1. Addressing isolation through virtual community.
We knew we wanted to address the tough experience
of being a first-year grad student—an experience we
both encountered first-hand. We chose as a focus the
isolation that comes with being a beginning graduate
student, when it can feel like no one really understands
what you’re going through. We knew of lots of ways
of finding social connections on a campus or within
a department—and we’d heard all the advice about
joining an intramural league or going to departmental
tea. But the core idea of SUBgroups was that it could be
really powerful to put first-year students in touch with
each other, in a way that a single department couldn’t
coordinate on its own.
2. Programs existed only at the local level. We knew
of attempts to provide support within individual departments, such as pairing beginning and more senior
grad students. This can be a positive support, but the
fact that it is local leaves a worry that any negative
comments or experiences shared with a peer mentor
might “get back” to other people in the program. So
in surveying what kinds of supports were in place for
beginning grad students, we did not find an example
of a program like we had envisioned in SUBgroups.
At the same time, SUBgroups wasn’t designed in a
vacuum; we relied on our many experiences in small
group facilitation. We built into SUBgroups norms
and routines to ensure more equitable participation
in discussions, such as prompting participants to do
some reflective writing ahead of meetings.
3. Disrupting isolation through participant-tailored
groups. We recognized that if we just brought students
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together and randomly assigned them into small
groups we would likely end up reproducing many of
the conditions that led them to feeling isolated in their
programs to begin with. In particular, some students
might once again be the “only one” in their group—the
only woman, the only Black student, the only queer
student—and this experience is compounded for people with multiple minoritized identities. To address
this, we asked for demographic information as part
of registration and also asked students if they had any
requests regarding the composition of their group. This
required extra work and care in order to comply with
privacy laws like the EU’s GDPR, but we knew that
this information would help to make functional and
difference-making group dynamics possible.
When deciding on the structure of the SUBgroups,
we debated whether to provide each group of firstyear students with a more senior grad student mentor
to help facilitate the group meetings and answer any
big-picture questions about math grad school. Ultimately we decided against doing so since it introduced
an unequal power dynamic into the group which we
felt would inhibit honest and open sharing of experiences between participants. This decision wasn’t
without drawbacks. There were a couple of groups
that unraveled after their first meeting or two without
a senior point person to coordinate meetings and help
with rescheduling. This year we are modifying the way
that meetings get scheduled to help build agency and
responsibility for participants up front to avoid this
consequence of our decision about mentors. At the
end of the day, there is no way to ensure a perfect outcome. Still, it’s important to think critically about the
impact that even these (superficially) purely logistical
questions can have on meeting your goals.
4. Advertise! Advertise! Advertise! We believed we could
leverage scale in the online space to help address this
collection of problems: isolation felt by graduate
students, the claustrophobia of the first-year experience, and the compounding “only one” challenge.
Of course, one concern we had during the organizing
phase was that we wouldn’t have a broad enough swath
of students participating to accommodate students’
requests for their group composition. Our solution
was to advertise as extensively as possible. We reached
out directly (with individualized emails) to the graduate directors and chairs at about 200 math graduate
programs in the US and Canada. We also advertised
in community Facebook groups that are focused on
various underrepresented groups in math as well as
advertising through the NAM newsletter and the AMS
grad student newsletter. This fall we also specifically
contacted a number of minority-serving colleges and
universities, to raise awareness about SUBgroups
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among underrepresented minority students who will
be starting graduate programs in the next few years.
In addition to far-reaching advertising, we have
aimed to make SUBgroups as inclusive as possible
while still being focused enough to address the specific
needs we outlined. For instance, we’ve received a number of inquiries about whether applied math students
or students who plan to pursue teaching-focused positions can participate in SUBgroups, as well as inquiries
about whether our program is a good fit for students in
statistics, math education, or bridge-to-PhD programs.
We have added language to our website to clarify that
all of these are within the program’s audience.
5. Disaggregating student feedback. Asking for feedback is one area where we definitely still have room
to grow in running SUBgroups. We asked for feedback
from SUBgroups participants after the first meetings
and again at the end of the program. It was all fully
anonymous. We did get some good early feedback that
reassured us that groups were functioning and that
people were generally having positive experiences. The
response rate was not as high as we would have liked,
however. Our closing survey gave us several choice
quotes that felt good to read and were helpful in further
advertising the program; it also pointed out places in
the program that could use improvement. In addition,
since our surveys were anonymous we had no way to
ensure that we were hearing from minoritized individuals to better understand how our structures were
meeting their needs and expectations. This year we will
gather additional feedback from our underrepresented
participants on their experiences in SUBgroups.
There are lots of social, human, and structural problems
within the math research world that are either unaddressed,
or not widely recognized, or not even clearly identified.
These problems need to be worked on creatively, energetically, and thoughtfully—and it’s never too early (or too
late) in your career to get started! We hope that the toolkit
we’ve outlined can help you to think critically about how
you develop initiatives to meet these needs.

Justin Lanier

Marissa Kawehi
Loving
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The Life and Mathematical
Legacy of Thomas M. Liggett
David Aldous, Pietro Caputo, Rick Durrett,
Alexander E. Holroyd, Paul Jung,
and Amber L. Puha
Remembering Tom
Paul Jung
Thomas Milton Liggett, a world-renowned UCLA probabilist, passed away peacefully on May 12, 2020. He is
survived by his wife, Christina Liggett, his son and daughter, Tim Liggett and Amy Liggett, and two granddaughters,
Amanda Liggett and Jenna Liggett.
Tom, as he was known affectionately to friends and colleagues, was born March 29, 1944, into a missionary family and spent much of his childhood in Argentina. He attended Oberlin College, and after graduating in 1965, he
began his PhD studies in mathematics at Stanford University. His eulogy from the math department webpage at
UCLA, written by colleagues Marek Biskup and Roberto
Schonmann, reads “Liggett’s interest in probability was
spawned by interactions with Samuel Goldberg during his
undergraduate time at Oberlin College. He continued to a
PhD program at Stanford where he was further influenced
by lectures of probabilist Kai Lai Chung. He ultimately
wrote his PhD under the supervision of Samuel Karlin
whom he found a better match personally, but he did not
find probability research exciting and was even readying
himself for a career of a liberal-arts college lecturer, rather
Paul Jung is an associate professor of mathematical sciences at the Korea Advanced Institute of Science and Technology. His email address is pauljung
@kaist.ac.kr.
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Figure 1. Tom Liggett with his two granddaughters.

than a research mathematician. His advisor urged him to
at least call UCLA Math and ask for job application forms.
To his surprise, the letter he received in return contained a
job offer and this is how he ended up moving to Southern
California in 1969.”
Upon arriving at UCLA in 1969, Tom met his future wife
Christina Marie Goodale, who was working as an administrator in the math department. Their courtship began in
1971 and continued through Tom’s first sabbatical visiting
Jacques Neveu at Paris VI. More than one year later, along
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Figure 2. Tom Liggett in 1989 at the graduation ceremony of
his PhD student Dayue Chen.

with forty-four letters (handwritten snail mail of course)
and an academic approval from UCLA (to avoid nepotism), they were married in August of 1972. Together Tom
and Chris had two children. Their first child, Tim, enjoyed
math and science just like Tom and became a high school
physics teacher while their daughter, Amy, emulated her
paternal grandparents to become a minister in the church.
Those of us who knew Tom well, knew him to be both a
serious mathematician and a devoted father. A humorous
account of growing up in the Liggett family was given in
a speech by Tim Liggett at Tom’s 75th birthday conference
which one can listen to by visiting https://celebratio
.org/Liggett_T.
Regarding his mathematics, Tom’s name was practically
synonymous with his famous monograph Interacting Particle Systems. Many of his most important results were related to this subfield of probability theory, starting with his
most cited research paper which is not a result in probability, but rather a result in functional analysis which extends
the Hille-Yosida theorem to nonlinear generators [CL71].
This was a stepping stone which led Tom to prove a general
existence theorem for particle systems on infinite graphs
[Lig72]. This existence result was a fundamental step in
bringing the then burgeoning field to its modern form. A
fuller account of Tom’s enormous impact in the field of interacting particle systems is given later in this article by Rick
Durrett. Let us just highlight two more of Tom’s big results
in this field. In [Lig85], Tom improves upon Kingman’s
well-known subadditive ergodic theorem. These days, this
versatile tool is often called the Kingman-Liggett subadditive ergodic theorem (see for instance, Fristedt and Gray’s
textbook A Modern Approach to Probability Theory). In the
fundamental paper [ABL88], jointly with Enrique Andjel
and Maury Bramson, Tom showed connections between
68

the microscopic structure of shocks and Burgers’ equation
in the framework of hydrodynamic limits, which paved the
way for future research in this direction.
While particle systems were Tom’s bread and butter, he
also proved key results in several other related areas of
probability theory. In [CLR10], Tom was part of a team
which proved the longstanding Aldous Spectral Gap Conjecture in the field of Mixing Times. An account of how
this came to fruition is given later in this article by Pietro
Caputo, with an addendum by David Aldous. A recurring theme of Tom’s work was his keen problem solving
ability. One recounting of this “superpower” of his is
given later in this article by Ander Holroyd in the context of their joint work [HL16] on finitely dependent processes. One of Tom’s several papers on negative dependence [BBL09], while published over a decade ago, is still
considered one of the most important and relevant papers
in this area. An account of Tom’s influence in the area of
negative dependence, by Robin Pemantle, is due to appear
in a volume of Celebratio Mathematica in honor of Tom
Liggett (https://celebratio.org/Liggett_T). Also in
that same volume, one can find Tom’s final (unpublished)
manuscript concerning a family of random variables related to negative dependence, as well as a number of tributes to him written by fellow mathematicians and friends.
In addition to his research Tom cared deeply about
teaching mathematics. Like his books and research papers,
his teaching was crystal clear. When explaining a proof, he
effortlessly pointed out how each assumption in the theorem played its role. Unusual for a top-level mathematician
like Tom, he took great care not only for graduate level
teaching, but also for the teaching of introductory undergraduate level courses. For example, Tom once requested
to teach a three-quarter consecutive sequence of introductory calculus just so that the students could have a continuous learning experience at this foundational level.
It was Tom’s motivational and pedagogical lecture style
that convinced me to pivot from studying analysis to probability, under his guidance, for my PhD dissertation. It was
a decision I have never once regretted. Tom’s guidance was
ever thoughtful—knowing exactly when to nudge, when to
gently admonish, and when and how to encourage. His
advising was selfless, and he remained an ever willing and
open mentor for almost two decades after his advising duties were over. Tom was one of the most influential people
in my life, and I will miss him.
Tom’s mathematical brilliance was recognized by many
awards which include, among others, a membership in the
NAS and AAAS, an invitation to speak at the 1986 ICM,
Sloan and Guggenheim Fellowships, and being named a
Fellow of both the AMS and IMS. Tom’s career was celebrated, on the occasion of his 65th birthday in 2009, at a
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conference in Beijing in his honor. For his 75th birthday,
there was a conference in March 2019 in his honor at IPAM
on the UCLA campus. Unfortunately, Tom developed a severe case of pneumonia right before the conference and
was unable to attend. The toll from the pneumonia eventually led to hospice care until he left us in May of 2020.
While his person may be gone, his spirit, legacy, and outsized influence live on.

Paul Jung

Thomas M. Liggett
the Thesis Advisor
Amber L. Puha
Thomas Milton Liggett was my thesis advisor. Over his
42 years as a faculty member in the UCLA Department
of Mathematics, Tom had nine such students. Norman
Matloff (1975, UC Davis), Diane Schwartz (1975, CSU
Northridge), Enrique Andjel (1981, U. Provence, Marseille), Dayue Chen (1989, Peking University), Xijian Liu
(1991, US Census Bureau), Shirin Handjani (1993, CCR,
San Diego), myself (1998, CSU San Marcos), Paul Jung
(2003, KAIST), and Alexander Vandenberg-Rodes (2011).
I was lucky number 7. To some this might seem a small
number. He once told me that he found such interactions
unnatural. Maybe so. But, he was a perfect thesis advisor
for me, and for eight others. He pushed me, gave me space
to develop, taught me, encouraged me, provided critical
feedback, and befriended me. What more could one ask
for? I never figured out what was “unnatural” for him.
I feel quite inspired by his investment in my development. He helped me find a perfect thesis question, and
gave me the space and support to solve the problem. Eventually, with some good ideas and blue-collar effort, I found
a neat solution, at least for binary trees. A nonuniqueness
issue interfered with a certain construction preventing a

proof for 𝑑-ary trees when 𝑑 ≥ 3. But, as I told Tom, it was
time to graduate. I had a candidate answer for 𝑑 ≥ 3, but
it remained a conjecture.
Tom waited a time after my graduation before inquiring
if I was working on proving the conjecture. When I said
no, he asked if he could take up the quest. I (nervously)
agreed. What did I miss? Was there a simple mechanism
that allowed one to select a “natural” solution and show
that it had the desired nonnegativity property to complete
the construction? Yikes! My thesis advisor is working on
the unsolved part of my thesis. Yes, it was a little scary. I
wondered if this was standard issue.
Tom, with his great prowess at building from case-bycase analysis and using extensive computation and pattern recognition to generalize, ended up proving the conjecture [Lig00]. Fortunately, he needed some clever ideas
related to stochastic monotonicity that ultimately played
into his interest in negative dependence, to circumvent the
nonuniqueness issue. In typical Tom fashion, his final
approach was elegant. Ultimately, I am flattered that he
found this project interesting enough to pursue.
Like he did for so many other former students, postdoctoral scholars, and early career researchers, and even
though my research program had shifted away from his
beloved interacting particle systems, Tom continued to be
a mentor, advocate, and trusted advisor throughout my career. He was not only a great mathematician, he was a
great person. I am forever grateful to have intersected paths
with him in such significant ways on my semirandom walk
through life.

Amber L. Puha

Amber L. Puha is a professor of mathematics at California State University, San
Marcos. Her email address is apuha@csusm.edu.
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Tom Liggett’s Work on
Interacting Particle Systems
Rick Durrett
Tom Liggett received his PhD from Stanford in 1969, writing a thesis with Sam Karlin on “Weak convergence of conditioned sums of independent random vectors.” This was
not a very hot topic in probability (his thesis has been cited
twice) so he was looking for a new topic to work on. At
almost the same time Frank Spitzer began the field of interacting particle systems with his 1970 paper “Interaction
of Markov processes” [Spi70]. Most of these processes take
place on a set 𝑆, e.g., 𝑆 = ℤ𝑑 , and the state of the system at
time 𝑡 is a function 𝜉𝑡 ∶ 𝑆 → 𝐹, where 𝐹 is some finite set.
In words, 𝜉𝑡 (𝑥) gives the state of 𝑥 at time 𝑡. In many examples, 𝐹 is a two-point set so the dynamics are described
by giving the rates 𝑐(𝑥, 𝜉) at which 𝑥 changes its state when
the configuration is 𝜉. In typical examples on ℤ𝑑 the flip
rates are determined by the values of 𝜉 in {𝑥} ∪ 𝑁, where 𝑁
is the set of neighbors of 𝑥.
Spitzer introduced five examples in his paper. By far the
most successful was the simple exclusion process in which
particles perform independent random walks subject to
the restriction that no two particles could occupy the same
site. He also considered the simple exclusion with time
change which is a model of a lattice gas, the zero-range
process in which particles jump at a rate determined by the
number of other particles on the same site, and nearestneighbor models in one dimension. As Benjamin Weiss
said in his summary of the paper in Math Reviews: Results
are complete in the case of finite 𝑆. Not much is proved
for infinite 𝑆 but there are many interesting conjectures.
Two events combined to bring Tom to the field of interacting particle systems: (i) Chuck Stone showed Tom
a copy of Spitzer’s 1970 paper saying “I think you’ll find
something interesting in this.” (ii) He had just completed a paper with Mike Crandall on nonlinear semigroups [CL71]. The rest, as they say, is history. In 1972
Tom wrote a paper proving the existence of interacting particle systems using ideas he had learned working on semigroups [Lig72]. The existence problem is nontrivial when
𝑆 is infinite because there is no first jump. At about the
same time Ted Harris gave a special construction in the finite range case, but Tom’s result was elegant and very general. It has covered almost all of the examples that have
been investigated in the last fifty years.
Rick Durrett is a professor of mathematics at Duke University. His email address is rtd@math.duke.edu.
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Figure 3. Tom Liggett at the 1997 Brazilian Mathematics
Colloquium, IMPA.

Tom’s 1975 paper [HL75] with Dick Holley introduced
the voter model. Here 𝐹 is a two-point set of possible opinions, e.g., Democrat (1) or Republican (0). Their simpleminded voters wake up at times of their personal rate-one
Poisson process and adopt the opinion of a neighbor chosen at random. The key to the analysis of this system is
a duality between the voter model and a system of coalescing random walks (CRW). Intuitively the particles in
the CRW trace back in time, the origins of the opinions
of sites at time 𝑡. The main utility of duality is that it allows us to study the dynamics of the voter model on an
infinite set by running the CRW from any finite initial configurations. Using well-known properties of random walk,
Holley and Liggett proved that (i) in dimensions 𝑑 ≤ 2
the system reached consensus, i.e., the probability of seeing two different opinions in a fixed finite box goes to 0 as
𝑡 → ∞, and (ii) in 𝑑 > 2 there is a one-parameter family of
stationary distributions 𝜈𝜌 , where 𝜌 is the fractions of 1’s
in equilibrium. The last result highlights some of the difficulties and interest of many interacting particle systems:
there is a one-parameter family of stationary distributions
all of which are mutually singular.
In 1978 Holley and Liggett turned their attention to the
contact process, which is perhaps the simplest particle system [HL78]. Each site is in state 1 = occupied or 0 = vacant.
Deaths (1 → 0 transitions) occur at a constant rate, while
births (0 → 1) occur at rate 𝜆 times the number of occupied neighbors. Harris introduced this process in 1974. It
is not hard to show that in the one-dimensional nearest
neighbor case, if 𝜆 < 1, then the process dies out (reaches
the all 0 state) starting from any finite set of 1’s. It is much
harder to find a number Λ so that if 𝜆 > Λ, then the system survives (starting from a single 1 there is a positive
probability of not dying out).
The smallest value of 𝜆 for which survival occurs
is the critical value 𝜆𝑐 .
Harris proved that in the
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one-dimensional nearest neighbor case 𝜆𝑐 < ∞. With a
little work you can prove 𝜆𝑐 < 57 with Harris’ method.
In 1978, Holley and Liggett [HL78] proved 𝜆𝑐 ≤ 2. The
method is ingenious. If a particle system is attractive, that
is, the birth rate is an increasing function of the configuration and the death rate is decreasing, then starting from
all 1’s, the process converges to a limit. If the limit is not a
point mass on the all 0’s state, then the limit is a nontrivial
stationary distribution. If it is, then there is no nontrivial
stationary distribution. While this dichotomy is useful, it
often takes a lot of work to determine which outcome occurs. The brilliant idea of Holley and Liggett was to find
an initial condition that increases in distribution, which
guarantees that there is a nontrivial stationary distribution.
This paper should come with a warning label “don’t try
this at home” because I have never seen anyone else succeed in using this approach. It is not too hard to find a
renewal measure that is a good initial condition but then
one must show that for every increasing function 𝑓, one
has that 𝐄𝑓(𝜉𝑡 ) increases in 𝑡.
In 1992 Robin Pemantle introduced the contact process
on trees 𝑇 𝑑 in which each vertex has the same degree 𝑑.
This process is interesting because it has two phase transitions. If 𝜆 < 𝜆1 , then the process dies out. If 𝜆1 < 𝜆 < 𝜆2 ,
then the process does not die out but the particles wander off to ∞ (i.e., any fixed 𝑥 ∈ 𝑇 𝑑 is not occupied infinitely often). If 𝜆 > 𝜆2 , then when the process does not die
out, any given site is occupied infinitely often. Pemantle
used a number of clever arguments to show that if the degree 𝑑 ≥ 4, then 𝜆1 < 𝜆2 . In 1996 Liggett [Lig96] settled
the final case of 𝑑 = 3 (𝑑 = 2 is just ℤ) by showing that
𝜆1 < 0.605 and 𝜆2 > 0.609. The proof is not pretty. Basically he uses Pemantle’s approach of finding functions of
the configuration that are supermartingles, and then automates the process of improving the bounds. Fortunately
for the rest of us, at about the same time Alan Stacey, who
was a postdoc at UCLA, came up with a soft proof that on
any tree with 𝑑 ≥ 2 the two thresholds were different.
There are many variants on the voter model. In the
threshold-one voter model, the very insecure voters change
their opinion at rate 1 if at least one neighbor has a different opinion. As is often the case in interacting particle systems, not too much interesting happens in the onedimensional nearest neighbor system. In this case, the two
opinions cannot coexist (although it should be mentioned
that the one-dimensional voter model is a setting from
which the Brownian web is defined—an interesting development). In 1994 Tom proved (under natural conditions
on the set of neighbors) that coexistence is possible in all
other cases [Lig94]. Using some simple comparisons, it
is enough to consider the threshold-one contact process
(in which births occur at vacant sites when at least one
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neighbor is occupied) and show that when the neighborhood 𝑁 = {−2, −1, 1, 2} and 𝜆 = 1, then the system survives.
With a little help from his computer he was able to show
there was survival when 𝜆 = 0.985.
In addition to performing intricate computations to
solve concrete problems Tom has developed powerful theoretical results. In the 1980s probabilists were interested
in proving “shape theorems” for randomly growing objects. One of the simplest examples is first passage percolation. In this model there are independent and identically distributed positive times assigned to the edges of
ℤ𝑑 . The passage time 𝑡(𝑥, 𝑦) is the total time on the fastest
path from 𝑥 to 𝑦, and we are interested in the asymptotic
behavior of 𝑊(𝑡) = {𝑥 ∶ 𝑡(0, 𝑥) ≤ 𝑡}, i.e., the points
that can be reached from the origin by time 𝑡. To study
this growing set, one starts with the observation that for
fixed 𝑥 ∈ ℤ𝑑 and positive integers 𝑙, 𝑚, and 𝑛 we have
𝑡(𝑙𝑥, 𝑚𝑥) + 𝑡(𝑚𝑥, 𝑛𝑥) ≥ 𝑡(𝑙𝑥, 𝑛𝑥), and then one uses Kingman’s subadditive ergodic theorem (with some auxiliary
arguments) to show that 𝑊(𝑡)/𝑡 converges to a convex set
that has the same symmetries as those of ℤ𝑑 (that leave the
origin fixed).
Shape theorems have been proved for the contact process, biased voter model, branching random walks, and
many other models. In these examples the subadditivity
condition does not hold when 𝑙 > 0. So, in 1985 Tom
developed an improved version of Kingman’s result that
covers these examples and others such as the right-edge of
the one-dimensional contact process [Lig85]. His result
has assumptions that are easy to check and a very clever
argument for the hardest part of the proof: a lower bound
on lim inf𝑛→∞ 𝑋(0, 𝑛)/𝑛. Here 𝑋(𝑚, 𝑛) is the subadditive
process.
For interacting particle systems like the contact process,
it is easy to prove results when 𝜆 is much smaller than 𝜆𝑐 or
much larger than 𝜆𝑐 . In 1984 I invented a “block construction” that is, in a sense, a rigorous version of the physics notion of renormalization. Intuitively, as you look at the system on larger and larger space scales, the parameter flows
away from the fixed point at 𝜆𝑐 . The result in mathematical
terms is that you can prove results for all 𝜆 > 𝜆𝑐 by proving
results for oriented percolation with 𝑝 close to 1. The bad
news is that the states of the sites in the oriented percolation have a finite range of dependence. The dependence is
a little annoying, but since 𝑝 is close to 1, one can prove the
necessary result by adapting the usual “contour argument”
for proving results in this regime. I don’t think Tom was
ever a big fan of this technique (which I have used repeatedly over the last 35 years), so he, Robert Schonmann, and
Alan Stacey showed [LSS97] that one could find an independent percolation with almost the same density that was
dominated by the 𝑀-dependent percolation, eliminating
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the need to continually reprove things for 𝑀-dependent
oriented percolation.
Tom’s books have done much to advance the field. His
1977 St. Flour lecture notes introduced the world to the
subject. I learned from a preprint of these notes before
I came to UCLA. These notes were made obsolete by his
1985 monograph, but for those who are curious, they are
available with Spitzer’s 1972 notes (in French) and my
1995 notes on the block construction in a Springer book
titled Interacting Particle Systems at St. Flour. For those who
are not familiar with this conference series, it has been
held every summer in the city in the south of France that
appears in its name. Each year it features three speakers
giving a ten-lecture series. Sadly this year, the 50th conference, which featured Ivan Corwin, Sylvie Méléard, and
Allan Sly was canceled due to the Covid-19 pandemic.
Tom’s 1985 book Interacting Particle Systems (IPS)
brought together many of the results that had been proved
since 1970. The first three chapters are still worth reading. They 1. show how to construct the process, 2. explain some useful tools such as coupling, monotonicity,
and duality, and 3. specialize to the case of spin systems
in which only one site changes its state when a jump occurs. With these basics introduced, the remaining chapters turn to specific examples: 4. the Ising model, 5. the
voter model, 6. the contact process, 7. nearest particle systems, 8. the exclusion process, and 9. linear systems in
which sites have nonnegative states. The last topic is a creation of Frank Spitzer for his 1979 Wald lectures. In one
example there is an inner product type duality between the
smoothing process, in which a site is replaced by an average of its neighbors, and the potlatch which is “an opulent
ceremonial feast at which possessions are given away to attendees.” See Holley and Liggett’s 1981 paper [HL81] for
details.
By the time Tom came to write his 1999 book, the field
had become too large to cover, so Tom concentrated his
attention on the contact process, the voter model, and the
simple exclusion process. The book begins with a quick
summary of the background from IPS. At the time of the
1985 book, the contact process was well understood in
𝑑 = 1 but not 𝑑 > 1. The 1999 book describes the work of
Bezuidenhout and Grimmett that solved all of the major
open problems in 𝑑 > 1. Due to the clarity of the exposition, most people learn this material from Tom’s book
rather than the original papers. The 1999 book also has
a detailed account of the contact process on trees. Tom
was the first to prove some of the results, but more importantly synthesized the results in the literature into a
comprehensive treatment.
The voter model chapter contains results for the threshold one and higher thresholds. The chapter on the
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exclusion process has sections on the relationship to
Burger’s equation via hydrodynamic limits, the behavior
of tagged particles, and results for the system on {1, 2, … , 𝑁}.
Each chapter has a set of notes that place the research in
context.
A list of Tom’s publications since 2000 can be found
on his UCLA webpage. There are 48 papers written
with a number of coauthors: Richard Arratia, Phillip
Bonacich, Julius Borcea, Maury Bramson, Peter Branden, Pietro Caputo, Lincoln Chayes, Subroshekhar Ghosh,
Geoffrey Grimmett, Alexander Holroyd, Steve Lippman,
Tom Mountford, Thomas Richthammer, Silke Roles, Dan
Romik, Richard Rumlet, Rinaldo Schinazi, Jason Schweinsberg, Jeff Steif, Wenping Tang, Balint Toth, Yuan Zhang,
and me. Many of these people were his colleagues or postdocs at UCLA, but many others are successful probabilists
who live at various places in the US and around the world.
The 48 papers since 2000 address a diverse set of topics:
finitely dependent colorings, cellular automata, random
graphs, social network formation, Shapley values for market games, phylogenetic trees, hard-core interactions, and
the mysterious: how to find an extra head (in a sequence
of heads and tails). I think many of these collaborations
arose like mine with Tom and Yuan Zhang did. We had
part of the answer and turned to Tom for help with completing the solution.
According to MathSciNet, Tom has 106 papers that have
been cited 3341 times by 2333 authors. His 1985 and
1999 books lead the list, followed by his paper [CL71] on
nonlinear semigroup with Mike Crandall. But even the papers with citations in single digits are interesting and well
written.

Rick Durrett
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Tom Liggett’s Work on Finite
Dependence and Colorings
Alexander E. Holroyd
Every mathematician has their style. One of the thrills of
the subject is learning to appreciate this, and experiencing
how those styles can enhance and complement each other.
I want to explain an astonishing and wonderful facet of
Tom Liggett’s style that was perhaps literally unique—a superpower, one might say. He once explained it to me, with
the candor, directness, and self-awareness that many of us
so cherished, something like this:
“When I approach a problem, I typically have no idea
at all how to solve it. But I do something that, so far as
I know, no one else does: I play around by hand with
small cases, 𝑛 = 1, 𝑛 = 2, and so on, and just look for
patterns.”
It seems to me that Tom’s self-deprecating analysis
wasn’t quite right. The method he described is I think
familiar to almost all mathematicians. The difference is
simply that Tom was thousands of times better at it than
anyone else!
I will try to illustrate this by sharing the story of our collaboration on finite dependence, which turned out to be
one of my favourite pieces of mathematics. A stochastic
process 𝑋 = (𝑋𝑣 )𝑣∈𝑉 indexed by a metric space 𝑉 is called
𝑘-dependent if, for any two sets 𝐴, 𝐵 ⊆ 𝑉 at distance greater
than 𝑘 from each other, the two random vectors (𝑋𝑣 )𝑣∈𝐴
and (𝑋𝑣 )𝑣∈𝐵 are independent. A process is finitely dependent
if it is 𝑘-dependent for some finite 𝑘. Finite dependence
is arguably the strongest and simplest mixing condition,
and has applications in statistical physics, computer science, and probability theory. My own introduction to the
concept (before I knew Tom and the other authors personally) was the extremely useful paper [LSS97] on stochastic
domination. (It has hundreds of citations. I believe I used
the main result seven separate times in my PhD thesis.)
Despite the simplicity of the definition, finite dependence is not so easy to understand, even in the setting of
stationary processes on the integer line 𝑉 = ℤ (the focus henceforth). The obvious way to construct a stationary finitely dependent process 𝑋 is as a block factor: all
the randomness comes from an i.i.d. family 𝑈 = (𝑈𝑣 )𝑣∈ℤ ,
and 𝑋 is given by 𝑋𝑣 = 𝑓(𝑈𝑣+1 , 𝑈𝑣+2 , … , 𝑈𝑣+𝑟 ), where 𝑓
is a fixed function of 𝑟 arguments. Are these the only examples? This question seems to have its origins in the
Alexander E. Holroyd is a professor of mathematics at the University of Bristol.
His email address is a.e.holroyd@bristol.ac.uk.
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Figure 4. Tom Liggett in the early 1990s in his Chair’s ofﬁce at
UCLA.

1960s. It was open for several decades until the first counterexamples were found in the 1990s; see, e.g., [BGM93].
A series of subsequent papers explored the idea further,
but all known counterexamples had the feel of artificial
processes constructed specifically for the purpose. A consensus emerged that perhaps the only “natural” stationary
finitely dependent processes are block factors.
The main question I want to discuss arose in conversations between myself, Itai Benjamini, Oded Schramm, and
Benjamin Weiss in 2008. Motivated in part by distributed
computing and statistical physics, we were interested in the
interaction between mixing properties and hard local constraints on a stochastic process. The canonical constraint
is (proper) coloring: a process 𝑋 = (𝑋𝑣 )𝑣∈ℤ is a 𝑞-coloring
if each 𝑋𝑣 takes values in the finite set of “colors” {1, … , 𝑞},
and almost surely 𝑋𝑣 ≠ 𝑋𝑣+1 for all 𝑣. We quickly realized
that there was a very simple question we couldn’t answer:
Is there a stationary finitely dependent coloring of ℤ?
We all became convinced that the answer must be no,
due in part to several negative results. We established
that if such a process existed, it could not be a block factor (leaving only the “unnatural” finitely dependent nonblock-factors); it could not be Markov or hidden Markov
(with a finite underlying state space); it could not be a 1dependent 3-coloring (the first nontrivial case).
Oded Schramm became particularly interested in the
problem (he told me he was “obsessed” with it). Among
other things, he translated it into a question about existence of a certain exotic Hilbert space, which was passed
around to various experts; he introduced a Fourier transform approach aimed at ruling out all finitely dependent
3-colorings. After Oded’s tragic death in September 2008 I
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continued to work on the problem, sometimes in consultation with others, but I gradually became convinced that
it was extremely difficult, and started to lose hope of ever
knowing the answer.
That feeling changed immediately when I mentioned
the problem to Tom in 2011, and, to my delight, he told
me that it was exactly the kind of question he liked. (This
was by no means a given. Tom was incredibly disciplined
and selective in his focus. If it was not his kind of problem,
he would decide quickly and say so.) Progress was initially
rapid and exciting. After a week or so, Tom had found a
new elegant proof of the impossibility of 1-dependent 3coloring. A week or two later he told me he thought he had
proved the impossibility of 1-dependent 4-coloring, and
that he would start on 1-dependent 5-coloring next. A few
weeks after that he told me there was a mistake in the last
proof, and he now believed that there was a 1-dependent
4-coloring! (Given my prior experience with the problem,
I was skeptical). In fact, a few days later, Tom produced an
extraordinary explicit formula for the cylinder probabilities of a putative stationary 1-dependent 4-coloring.
Here is the formula (after some superficial simplifications from me):
𝑦
∑
𝑃( ) = 2−𝑚
(−1)|𝑤| 𝑐(𝑤, 𝑦, 𝑧) 𝜇(𝑦𝑤 ).
𝑧
𝑤∈DD(𝑚−1)

(1)

Here, the four colors are identified with the binary column vectors of signs, 1, 2, 3, 4 = (+), (+), (−), (−). The
+
−
+
−
left side is the cylinder probability of a proper coloring
𝑥 = (𝑥1 , … , 𝑥𝑛 ) = (𝑦) of length 𝑛, written as a 2-by-𝑛 ma𝑧
trix of signs with rows 𝑦, 𝑧 ∈ {+, −}𝑛 . The variable 𝑚 is the
number of runs of +s and −s in 𝑦. The sum is over the
set DD(𝑚 − 1) of dispersed Dyck words of length 𝑚 − 1, i.e.,
elements of {∘, ⟨ , ⟩}𝑚−1 consisting of a concatenation of ∘’s
and Dyck words (Dyck words are legal bracket-sequences
of equal numbers of ⟨’s and ⟩’s); we think of the symbols of 𝑤 as aligned with the internal run-boundaries of
𝑦, in order; |𝑤| is the number of ⟨’s in 𝑤. The coefficient
𝑐(𝑤, 𝑦, 𝑧) is the product over the internal run-boundaries of
𝑦 of the 𝑧-symbol immediately left or right of the boundary, according to whether the corresponding 𝑤-symbol is
⟨ or ⟩, respectively, or neither if it is ∘. The string 𝑦𝑤 is 𝑦
with some of its internal runs sign-flipped, in such a way
that run-boundaries corresponding to ⟨’s and ⟩’s are eliminated. For example, if 𝑦 = ++−−+++− and 𝑤 = ∘⟨ ⟩,
then 𝑦𝑤 = ++−−−−−−, because the run +++ is flipped
to −−−. Finally, 𝜇(𝑦𝑤 ) is the probability that a uniformly
random permutation of length 𝑛 + 1 has its descents in
exactly the positions of the −’s of 𝑦𝑤 .
How was this obtained? Playing around with small
cases, looking for patterns! Tom told me he could
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probably never fully explain the procedure to anyone
else’s satisfaction, but the idea as I understand it is as
follows. The requirement of a stationary 1-dependent 4coloring imposes various constraints (equalities and inequalities) on the cylinder probabilities. For instance,
𝑃(132) + 𝑃(142) = 𝑃(1∗2) = 𝑃(1)𝑃(2). On their face, the
constraints seem insufficient to uniquely determine the
probabilities, but when there is a choice, one can try to
pick the simplest or most parsimonious possibility, and
then work through the consequences. Tom apparently
played this delicate game, gradually refining the choices,
and eventually guessing an incredibly complicated pattern. I am doubtful whether anyone else could ever have
achieved this.
We were able to check that the formula satisfied all the
requirements, with one important exception. We were unable to prove that 𝑃(⋅) was nonnegative, as required for
a probability. There followed three years of attempts by
Tom and me to prove this. We checked billions of cases
by computer. We constructed more and more elaborate
arguments involving induction, inclusion-exclusion, and
transforms that proved many subcases; we formulated further conjectures about partial sums that also seemed to
be nonnegative; there were tantalizing connections with
completely unexpected entries from the Online Encyclopedia of Integer Sequences; hundreds of pages of LATEX
were exchanged. In another twist, the formula for 𝑃(𝑥)
appeared to be symmetric under the action of all permutations of the four colors. Even symmetry between 𝑦 and
𝑧 is not at all clear, although Tom had expected it from
his construction. We were not able to prove this either.
We knew what the marginal distributions for any choice
of one or two colors had to be: the appearances of one
color are equal in distribution to the locations of 𝐻𝑇 in a
sequence of fair coin flips, while any two colors combined
correspond to the descents in a sequence of i.i.d. uniform
variables. I asked every probabilist who would listen
whether they could think of any process with these properties. I got plenty of fascinating suggestions, but no solution. After three years, we were getting weary, and wondering whether to simply give up and publish (1) as a conjecture.
The eventual breakthrough came in 2014, when we
found that the 𝑃 of (1) appeared to satisfy the remarkably
simple but unusual recursion
1

𝑃(𝑥) =

{ 2𝑛+2

𝑛

∑𝑖=1 𝑃(𝑥𝑖̂ )

0

if 𝑥 is a proper coloring;
otherwise,

(2)

where 𝑥 has length 𝑛, and 𝑥𝑖̂ = 𝑥1 ⋯ 𝑥𝑖−1 𝑥𝑖+1 ⋯ 𝑥𝑛 denotes
𝑥 with the 𝑖th element deleted. This was found initially
by comparing (1) with recursions satisfied by 𝜇, and then
checking cases by computer. Once one has (2), it is not
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too difficult to prove that it is indeed satisfied by the 𝑃
of (1), and of course nonnegativity then follows immediately. In fact one can simply take (2) as the definition of 𝑃,
and prove directly that the resulting process is 1-dependent.
This proof is short but mysterious—we still do not have
good intuition for why it works. The solution to (2) is
clearly symmetric under permutations of the colors, so the
same applies to (1).
So, the answer to the 2008 question is yes! The critical number of colors is four—there is a stationary 1dependent 4-coloring but no 3-coloring. Moreover, coloring distinguishes between finitely dependent processes
and block factors, providing a very satisfying answer to
this much older question (as well as some other questions
from the finite dependence literature). In fact, one can
deduce that any nontrivial local constraint system (suitably defined) distinguishes between the two classes of processes. And Oded’s exotic Hilbert space exists.
Formally, the final proof does not need Tom’s miraculous formula (1), because one can instead work entirely
from the recursion (2). But there is no way I could have
found (2) without (1)—despite its simplicity, the recursion seems so arbitrary, and so unrelated to the problem
it solves.
There is one more miracle. For which (𝑘, 𝑞) does a stationary 𝑘-dependent 𝑞-coloring exist? Not (1, 3), but (1, 4).
We can do (3, 3) as well: starting from our 1-dependent
4-coloring, we can eliminate every 4 by replacing it with
the smallest-numbered color not among its two neighbors,
to get a 3-dependent 3-coloring. The question is trivially
monotone in 𝑘 and 𝑞, and the cases 𝑘 = 0 and 𝑞 = 2 are
easily ruled out, so that only leaves (2, 3). Tom and I were
almost ready to submit our paper, stating that existence of
a 2-dependent 3-coloring seemed to be a very difficult open
question. We decided to check, for completeness, that just
applying the same recursion (2) would not work. Well, it
turns out that it does work. More precisely, one can apply
(2) to construct a stationary 𝑞-coloring for any 𝑞 ≥ 2 (with
a different normalizing constant in place of 1/(2𝑛 + 2) to
maintain a probability measure). With 𝑞 = 4 the resulting process is 1-dependent. With 𝑞 = 3 it is 2-dependent.
For all other values of 𝑞, the process is not finitely dependent. Only 𝑞 = 3 and 𝑞 = 4 work, and they give precisely
the minimal possible cases. (One startling consequence is
that conditioning the 1-dependent 4-coloring to have no
4’s gives a 2-dependent 3-coloring.) There is surely something fundamental and mysterious at work here.
Everything discussed above appears in [HL16]. Subsequent papers (e.g., [HHL20]) have explored and extended the ideas, although many mysteries remain. There
is still essentially only one known construction of a
finitely dependent coloring (or even a finitely dependent
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process satisfying nontrivial hard constraints)—all others
are variations on the same theme. It is unknown whether
automorphism-invariant finitely dependent colorings exist on regular trees or general Euclidean lattices. Motivated
in part by the method that led to the discovery of the formula (1), we conjecture that the 1-dependent 4-coloring is
unique, but currently there is little idea how to prove this.
Perhaps most perplexing and fascinating of all, no one really understands why the construction works, even though
the proof is quite short, and later discoveries have helped
to broaden the context somewhat.
Tom was one of the finest people I have known. He
was an incredible mathematician, mentor, and friend, and
the best collaborator one could hope for. I will miss him. I
will miss his no-nonsense advice whenever I face a difficult
decision. I will miss his brilliance and his mathematical
superpower whenever I encounter a beautiful question.

Alexander E.
Holroyd

Tom Liggett and Aldous’
Spectral Gap Conjecture
Pietro Caputo
The problem. Consider a connected, undirected graph
𝐺 = (𝑉, 𝐸) with 𝑛 vertices. A particle configuration is a
permutation 𝜎 assigning a label to each vertex, with the interpretation that the particle with label 𝜎(𝑖) occupies vertex
𝑖. The interchange process is the continuous-time Markov
chain on the symmetric group 𝑆𝑛 of all 𝑛! permutations
defined as follows: for each edge (𝑖, 𝑗) ∈ 𝐸 independently,
at the arrival times of a rate 1 Poisson process, interchange
the labels at vertex 𝑖 and vertex 𝑗.
The interchange process is reversible, irreducible, and
the stationary distribution, call it 𝜈, is uniform on 𝑆𝑛 . A
classical measure of the speed of convergence to stationarity is the spectral gap 𝜆𝐼𝑃 (𝐺), that is, the smallest nonzero
Pietro Caputo is a professor of mathematics at Roma Tre University. His email
address is pietro.caputo@uniroma3.it.
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eigenvalue of the transition rate matrix. If we follow the
evolution of a single particle, the projected dynamics coincides with the continuous-time simple random walk on
𝐺. This is a reversible irreducible process, and hence has
a positive spectral gap 𝜆𝑅𝑊 (𝐺). The contraction principle
shows that 𝜆𝐼𝑃 (𝐺) ≤ 𝜆𝑅𝑊 (𝐺). Aldous’ conjecture stated
that
𝜆𝐼𝑃 (𝐺) = 𝜆𝑅𝑊 (𝐺)

(3)

for all graphs 𝐺. The conjecture appeared on David Aldous’ webpage and it was mentioned as an open problem
in a well-known online monograph by Aldous and Fill, Reversible Markov Chains and Random Walks on Graphs.
The exclusion process with 𝑘 ≤ 𝑛 particles on 𝐺 is obtained by painting black the particles with labels 1, … , 𝑘
and white the particles with labels 𝑘 + 1, … , 𝑛, so that configurations are now given by the (𝑛) possible positions of 𝑘
𝑘
indistinguishable particles on 𝑛 vertices with at most one
particle per vertex. A consequence of the identity (3) is
that the spectral gap of the exclusion process with 𝑘 particles on 𝐺 is the same for all 𝑘 = 1, … , 𝑛 − 1. At the time
of its formulation in 1992, the conjecture was known to
hold only for complete graphs and for star graphs, where
the special symmetries allow the computation of the spectrum of the interchange process via Fourier analysis on the
symmetric group (see the work of Diaconis and Shahshahani [DS81] and a subsequent work by Flatto, Odlyzko,
and Wales). A natural generalisation suggests that the conjectured identity (3) should extend to any weighted graph,
that is, when the Poisson clock at the edge (𝑖, 𝑗) has rate
𝑐(𝑖, 𝑗), where 𝑐(𝑖, 𝑗) ≥ 0 are arbitrary edge weights or conductances.
Background. Understanding the behaviour of the spectral
gap of the exclusion process and other interacting particle
systems has been a fundamental problem for many years,
with motivations ranging from statistical physics to theoretical computer science. Starting with pioneering work of
D. Aldous and P. Diaconis on random walks on groups
in the 80s the analysis of convergence to stationarity became a central theme in the probability literature. Spectral gap estimates played a key role in the groundbreaking
works of Jerrum, Sincalir, Holley, Stroock, Varadhan, H.T.
Yau, Quastel, Martinelli, and many others on Glauber and
Kawasaki dynamics for lattice spin systems. These works
developed efficient recursive techniques that allowed in
certain cases the determination of the correct scaling of the
spectral gap with the system size. For instance with these
methods one could easily prove that the spectral gap of
the interchange process on cubic boxes of ℤ𝑑 scales diffusively with the linear size, that is, 𝜆𝐼𝑃 (𝐺) ≍ ℓ−2 if 𝐺 is a
lattice cube with side ℓ, which is indeed the scaling of the
spectral gap 𝜆𝑅𝑊 (𝐺) of the lattice Laplacian for any 𝑑 ≥ 1.
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In particular, for certain special families of graphs, with
these methods one could establish the asymptotic equivalence 𝜆𝐼𝑃 (𝐺) ≍ 𝜆𝑅𝑊 (𝐺). The more fundamental and algebraic flavour of the conjecture (3) however seemed to call
for new methods and new ideas. Some progress was obtained for special families of graphs. The conjecture was
shown to hold for all weighted trees by Handjani and Jungreis [HJ96], who discovered a neat recursive argument. A
version of the conjecture in terms of energy levels of onedimensional quantum spin Hamiltonians was proven by
Koma and Nachtergaele. For the case of large lattice boxes
the identity (3) was shown to hold asymptotically as the
side of the box diverges by Conomos, Starr, and Morris.
On the other hand a fully algebraic approach was developed by Cesi who showed the validity of (3) for all complete multipartite graphs.
Working with Tom on the conjecture. As most graduate
students in this field in the 90s I learned about interacting particle systems from Tom Liggett’s book Interacting
Particle Systems. At that time his book was so influential
among us that we often referred to it as the bible. But I had
never met Tom before he invited me for a one-year visit at
UCLA in 2008. That’s also the first time I met with Thomas
Richthammer, then a postdoc in probability at UCLA. After the first semester was over we decided it was time to
work on some project together, the three of us. When
Thomas and I proposed to work on Aldous’ conjecture,
Tom looked at us and said “this is a very hard problem,
you know we’re not going to solve it.” He loved the problem, he had been playing with it, and had already made
a couple of serious attempts at it in the past. He told us
he had convinced himself he would never succeed in solving it. But the smile on his face was clearly saying he was
still intrigued by the challenge. He seemed happy to have
a chance to think about that again.
I had some ideas in the back of my head that I wanted
to try, so I started playing with various kinds of recursions,
but none of that seemed to go anywhere. Tom was more to
the point. He said: let’s write a proof for arbitrary weighted
graphs with 𝑛 = 4 vertices. He did that, in all details. It was
quite elementary in the end and very specific to 𝑛 = 4, but
it inspired us, we discussed it over and over. At the same
time I was looking for a simple interpretation of the recursive technique that allowed the authors of [HJ96] to solve
the problem for arbitrary trees, one that could be modified in order to attack more general graphs. I like to reformulate their argument as follows. Let 𝐺 be a tree with 𝑛
vertices and let ℰ𝐺 (𝑓) denote the Dirichlet form of the interchange process on 𝐺, so that 𝜆𝐼𝑃 (𝐺) is the largest real
number 𝜆 such that
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for any function 𝑓 ∶ 𝑆𝑛 ↦ ℝ, where Var𝑛 (𝑓) denotes the
variance of 𝑓 under the uniform distribution 𝜈. Using orthogonality of eigenfunctions one can reduce the proof of
(3) to showing that (4) holds with 𝜆 = 𝜆𝑅𝑊 (𝐺) for all 𝑓
satisfying
Var𝑛 (𝑓) = 𝜈[Var𝑛 (𝑓|𝜎(𝑖))],
(5)
where Var𝑛 (𝑓|𝜎(𝑖)) denotes the variance of 𝑓 with respect
to the conditional distribution 𝜈(⋅|𝜎(𝑖)) obtained by revealing the label at vertex 𝑖, and 𝜈[ ⋅ ] denotes the expectation
with respect to 𝜈. Here 𝑖 is an arbitrary fixed vertex. If we
choose 𝑖 to be a leaf of the tree 𝐺, then removing it together
with the edge incident to it one obtains a new tree 𝐺𝑖 with
𝑛 − 1 vertices for which, inductively, we may assume the
identity (3) to be true, that is,
ℰ𝐺𝑖 (𝑔) ≥ 𝜆𝑅𝑊 (𝐺𝑖 ) Var𝑛−1 (𝑔)

(6)

for all 𝑔 ∶ 𝑆𝑛−1 ↦ ℝ. Since Var𝑛 (𝑓|𝜎(𝑖)) = Var𝑛−1 (𝑔),
where 𝑔 is the function obtained from 𝑓 by freezing the
label at vertex 𝑖 as 𝜎(𝑖), (5) and (6) imply
𝜆𝑅𝑊 (𝐺𝑖 ) Var𝑛 (𝑓) = 𝜆𝑅𝑊 (𝐺𝑖 ) 𝜈 [Var𝑛−1 (𝑔)]
≤ 𝜈 [ℰ𝐺𝑖 (𝑔)] ≤ ℰ𝐺 (𝑓) ,

(7)

where, in the last step, we have used an obvious monotonicity associated to the removal of 𝑖 and the edge incident to it, namely that
𝜈 [ℰ𝐺𝑖 (𝑔)] ≤ ℰ𝐺 (𝑓) .

(8)

(9)

The inequality (9) is not as obvious as (8) but it is not
difficult to prove. A way to interpret (9) is by viewing the
random walk on 𝐺𝑖 as the trace on 𝑉 ⧵ {𝑖} of the random
walk on 𝐺, so that (9) follows from a suitable contraction.
This ended the proof for trees.
Naive attempts at extending this strategy of proof to
graphs with cycles ran into problems. For instance, if 𝐺𝑖
is obtained by removing a vertex in a cycle together with
all edges incident to it, then (8) is again obviously true but
there is no hope that (9) continues to hold.
The three of us discussed during lunch breaks at the
UCLA faculty lounge, and then tried to combine this point
of view with the details of various specific examples we
could by then solve explicitly. It took several weeks until the first major breakthrough finally arrived: we should
devise a different transformation 𝐺 ↦ 𝐺𝑖 which maps a
graph with vertex set 𝑉 to a graph with vertex set 𝑉 ⧵ {𝑖} in
such a way that both (8) and (9) were satisfied, and the
transformation should be obtained by redistributing the
edge weights in a way that would be natural from the point
of view of electric network theory, that is, when the edge
weights are interpreted as conductances. Namely, if 𝐺 has
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𝑐′ (𝑗, 𝑘) = 𝑐(𝑗, 𝑘) +

𝑐(𝑖, 𝑗)𝑐(𝑖, 𝑘)
,
∑ℓ 𝑐(𝑖, ℓ)

𝑗, 𝑘 ∈ 𝑉 ⧵ {𝑖}.

(10)

For instance, for 3-vertex networks this is the familiar series
reduction of electrical circuits. In 4-vertex networks this is
known as the 𝑌 − Δ or star-triangle transformation. A very
pleasant feature of this transformation is that it is precisely
the one for which the random walk on 𝐺𝑖 can be seen as the
trace on 𝑉 ⧵{𝑖} of the random walk on 𝐺. In particular, one
can check that (9) is always satisfied. If one could prove
that (8) is also satisfied, then the proof would be complete.
We made several tests and everything indicated that this
was the right recursive strategy. We got very excited and
thought that if such an inequality must hold for arbitrary
choices of the weights, then a proof should be simple. It
was not.
For almost two months we mostly worked on our own,
and met two or three times a week for short briefings. During our discussions we drew many pictures of edges emanating from a vertex but the inequality (8) kept escaping us.
The edges became tentacles and we started calling it the octopus inequality—a name that Tom enjoyed very much. The
inequality can be reformulated in more explicit terms as
follows:
∑ 𝑐(𝑖, ℓ) 𝜈 [(𝑓 ∘ 𝜏𝑖ℓ − 𝑓)2 ]

Thus, the identity (3) is proved if one shows that
𝜆𝑅𝑊 (𝐺𝑖 ) ≥ 𝜆𝑅𝑊 (𝐺).

vertex set 𝑉 and edge weights 𝑐(⋅, ⋅), the graph 𝐺𝑖 should
be defined as the weighted graph with vertex set 𝑉 ⧵ {𝑖} and
new weights 𝑐′ (⋅, ⋅) given by:

ℓ

≥

𝑐(𝑖, 𝑘)𝑐(𝑖, 𝑗)
1
∑
𝜈 [(𝑓 ∘ 𝜏𝑗𝑘 − 𝑓)2 ] ,
2 𝑗,𝑘 ∑ℓ 𝑐(𝑖, ℓ)

(11)

where 𝜏𝑗𝑘 denotes the transposition at the edge (𝑗, 𝑘). The
inequality should hold for every fixed 𝑖 ∈ 𝑉, for all functions 𝑓 on 𝑆𝑛 , and for all choices of nonnegative edge
weights 𝑐(⋅, ⋅). In abstract terms, the inequality says that a
certain 𝑛! ×𝑛! matrix 𝐶 is positive semidefinite. The matrix
𝐶 formally looks like a transition rate matrix except that
it involves both positive and negative rates. We agreed at
some point that the octopus had the flavour of a correlation inequality but could not immediately use this analogy
to prove its validity.
One day Tom told us more details about his own attempts at catching the octopus. For small values of 𝑛 he
had found a very useful way of rewriting 𝐶 as a covariance
matrix of some simple random variables, which implied
the desired positivity. This was the last breakthrough we
needed. Thomas quickly understood what had to be tried
to reproduce a similar argument for higher values of 𝑛
and a few more days of hard work finally allowed us to
finish the proof. We were running out of time since
both Thomas and I were getting ready to return to Europe.
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Moreover, in the meantime we had learned that our recursive approach based on electric network reduction had
just been independently discovered by Dieker [Die10],
so we were no longer alone in our hunt for the octopus. The proof of the octopus inequality turned out to
be a somewhat mysterious combination of subtle manipulations combined with some elementary group-theoretic
facts such as properties of cosets of subgroups of even and
odd permutations in 𝑆𝑛 .
Perspective. The result was received with enthusiasm and
got published in the prestigious Journal of the AMS [CLR10].
Later, Tom several times referred to this as one of his best
works. The overall strategy of proof is indeed very pleasant
and it brought to light a new functional inequality, the octopus inequality, which is of interest in its own right. The
proof of the octopus inequality however did not illuminate much on its meaning, and it seemed natural to hope
for an alternative, perhaps simpler proof. An algebraic
approach to the octopus, with some simplifications and
some new insights has been given recently by Cesi. However, after more than ten years we still do not have a substantially more appealing proof of it.
The octopus inequality has been recently used as a tool
to obtain new comparison inequalities in works of Chen,
Alon, Kozma, Hermon, and Salez. It turned out that it is
sufficiently powerful to determine the correct scaling of the
mixing time of the interchange process for certain families
of graphs.
The last time I met with Tom we talked about a conjecture I had since our joint work, that the identity (3)
should extend to a larger class of continuous-time Markov
chains on 𝑆𝑛 , obtained by replacing graphs with hypergraphs. More precisely, assign to each 𝐴 ⊂ 𝑉 a weight
𝛼𝐴 ≥ 0 and for each 𝐴 independently, perform perfect
shuffles of the particles in 𝐴 at the arrival times of a Poisson process with rate 𝛼𝐴 . Call this the 𝛼-shuffle process.
Following just one particle reveals a random walk on 𝑉
with transition rates
𝑐𝛼 (𝑖, 𝑗) =

∑
𝐴⊂𝑉 ∶ 𝐴∋𝑖,𝑗

Pietro Caputo

Postscript
David Aldous
(a) People sometimes ask “how did the spectral gap conjecture arise?”, and it was merely that we couldn’t think of
any function of the process that might relax more slowly
than the single particle process.
(b) It is often asserted that in analysis, there are deep
inequalities, but no deep equalities. I tell students that
“general identities” are almost always best understood as
the same quantity calculated in two different ways (e.g.,
the Parseval relation) or the same diagram interpreted in
two different ways (e.g., duality in Interacting Particle Systems via graphical representations). But even with the simplified approach to the octopus, the argument still seems
deep. So is this result an exception to the general assertion,
or have we all missed a simpler proof?
(c) It is ultimately a result about symmetric matrices,
and of course symmetric matrices arise in many fields
within the mathematical sciences. I had vaguely hoped
that the result would relate to problems in some other field,
but so far no such connection has appeared.

𝛼𝐴
,
|𝐴|

where |𝐴| is the cardinality of the subset 𝐴. I conjectured
that the 𝛼-shuffle process and the random walk with rates
𝑐𝛼 (⋅, ⋅) have the same spectral gap. When the weights 𝛼
are such that 𝛼𝐴 = 0 unless |𝐴| = 2 this coincides with
(3). Indeed, in this case the interchange process with rates
𝑐(𝑖, 𝑗) = 𝛼{𝑖,𝑗} coincides with the 𝛼-shuffle process run at
twice the speed. One hope is to discover a larger octopuslike inequality that would shed some new light on the original octopus. However, a direct approach based on an
analogue of the one-vertex reduction seems to fail. Tom
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liked this conjecture and strongly encouraged me to write
about it.

David Aldous
David Aldous is a professor emeritus of statistics at the University of California,
Berkeley. His email address is aldousdj@berkeley.edu.
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Administration
in the Age of COVID

January 7, 2021
11 am–1 pm EST

How leadership methods have adapted
to the new learning environment.

Description
This will be a 2-hour, interactive online workshop for administrative
leaders who provide management and oversight for department
operations. Topics will include:
• Academic Programs & Academic Integrity
• Communication and Information-Sharing
• Community-Building & Department Morale
• Staff Supervision
Attend this workshop to collaborate with other managers who have
similar responsibilities. Discuss leadership challenges during
COVID-19, share best practices, and build connections with other
math administrators.

Facilitators
Faye Chou, UCSD		
Jenna Sousa, ICERM		

Nicole Maldonado, IAS
Kathleen Applegate, PU

To register for this event, please visit: www.ams.org/profession/adminsworkshop.
In addition to providing your information here, all attendees must register for the 2021 Virtual JMM to be
able to access the exhibits and sessions. Attendees who are not mathematicians are required to register
as a special guest, at no charge. To do so, please email mmsb@ams.org to arrange this registration.
Attendees who are mathematicians are required to register at their applicable registration category.
All registered participants of the 2021 Virtual JMM will receive instructions on how to log on to the JMM
platform in December.

Mikhail Aleksandrovich
Shubin (1944–2020)

Figure 1.

Mikhail Aleksandrovich (Misha) Shubin, an outstanding
mathematician, Fellow of the AMS, and Emeritus Distinguished Professor of Northeastern University passed away
on May 13, 2020, after a long illness. He was born on
December 19, 1944, in Kujbyshev (now Samara) in Russia and was brought up by his mother and grandmother.
His mother, Maria Arkadievna, had graduated from the
Department of Mechanics and Mathematics (mech-mat)
of Moscow State University (MSU), became an engineer,
and later, after completing her PhD, an Associate Professor at a Polytechnic Institute.
As a boy, Misha (who had perfect pitch) was primarily
interested in music, and planned to have a career as a musician. However, in high school he got involved with mathematics, competed successfully in olympiads, and then
For permission to reprint this article, please contact:
reprint-permission@ams.org.

decided to become a mathematician. He was admitted
to mech-mat of MSU in 1961 and became a pupil of a
renowned expert in PDEs, M. I. Vishik. He completed his
PhD in 1969 with a focus on the theory (including index)
of matrix-valued Wiener-Hopf operators. In 1981, he defended his Doctor of Science degree (an analog to the Habilitation of Germany), based on his work in the theory of
operators with almost periodic coefficients, where he was
one of the leaders.
Since then, M. Shubin ventured successfully into a variety of areas of mathematics, demonstrating a remarkable breadth of interests and expertise. In his papers
and books (totaling around 140), he made major influential contributions in a variety of areas, including (but
not limited to) operator theory, spectral theory of differential and pseudodifferential operators (especially operators
with almost periodic and random coefficients), the theory
and applications of pseudodifferential operators and their
discrete analogs, microlocal analysis, geometric analysis
and analysis on manifolds (e.g., spectral theory on noncompact manifolds and Lie groups, index theory, general
Riemann-Roch theorems, and invariants of manifolds), integrable systems, nonstandard analysis, etc. Besides his
many solo publications, he coauthored works with his
students and younger colleagues, as well as with prominent experts, such as M. Gromov, V. Kondratiev, V. Maz’ya,
S. P. Novikov, T. Sunada, and others. For more details, one
can consult the memorial article [2].
Besides his many significant research papers, Misha
coauthored several important survey articles. His book
Pseudodifferential Operators and Spectral Theory [4], first
published in Russian in 1978, went through several
English editions and still remains a popular source for
studying microlocal analysis. Another remarkable book
The Schrödinger Equation [1], which he coauthored with
F. Berezin, is also a well-known and in some ways
unique source. The AMS has just published his textbook
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Invitation to Partial Differential Equations [6], which is a revised and extended (edited by his colleagues M. Braverman, R. McOwen, and P. Topalov) version of lectures he
gave at Moscow State University [5]. He also led the effort to translate the fundamental books by F. Treves and
L. Hörmander into Russian.
Misha had been participating in the famous
I. M. Gel’fand’s seminar from 1964 till his move to the USA
in the early 1990s. His notes from 25 years of attending
this seminar have now been made available on the internet, with the financial support from the Clay Institute [3].
Misha Shubin was a remarkable lecturer and teacher,
who influenced the lives and careers of many young mathematicians (from high school to graduate school and beyond). He was a broadly educated, cheerful, and warmhearted person. In the 90s and 80s he helped several Soviet
mathematician “otkazniks.” He also fought against notorious discriminatory admission practices at the Department
of Mathematics of the MSU.
The memory of Misha Shubin, a mathematician, a
teacher, and a wonderful human being, will stay in the
hearts of his colleagues, students, and friends.

Maxim Braverman
I first met Misha Shubin when I was a graduate student in
Tel-Aviv. While Misha was visiting Israel, I asked him what
I now understand was a very basic question. Misha answered the question and gave me some references. To my
surprise, the next morning he brought me several pages
of neatly handwritten notes with a review of the subject
which even contained some complete proofs! “I looked
through the references I gave you,” said Misha, “and realized that they don’t explain what you need well enough.
So I wrote it down.”
A few days later when we went to the old city of
Jerusalem, I learned that Misha’s thoroughness went far beyond his professional life. I often took our guests on such
tours and considered myself quite a decent amateur guide,
but it turned out that Misha had done his homework. The
guide-tourist relationship was almost completely reversed
and my future tourist friends benefited greatly from the information I learned on this trip.
Several years later we were working together on a paper
about self-adjointness of Schrödinger operators. At some
point I wrote a 12-page draft and presented it to Misha.
He seemed to like it but suggested working on some additions and generalizations. This happened again and again.
Whenever I suggested that we wrap things up and publish the paper, Misha answered: “but it would be such a

service to the mathematical community to analyze this
case as well.” It was not just a phrase, he really cared about
making a difference in the community. Half a year later
we released a 50-page manuscript which became my most
cited paper. Most people who use it cite one of these extra
topics which we added “to serve the community.”
Misha loved books. He had a huge library. The walls
of his apartment were covered with bookshelves. Once
I asked him, how could he find a book among all these
shelves. He suggested that I choose any book in his library
and ask him to find it. Each time I tried, he immediately
went to the right shelf, took out the book, and told me
when and why he bought the book, what was significant
about it, and why it was kept on this particular shelf.
Misha always took very careful notes of every talk he
attended and any mathematical discussion he had. His
notes from the Gel’fand seminar in Moscow are well
known. But there were many more. All of them were
stored in file cabinets in his office. Many times when we
discussed math, he went to these cabinets and produced
his notes from some talk he attended 10 years earlier where
some of the questions we were discussing were addressed.
Sometimes those were the notes from my own talks about
which I had completely forgotten!
Over time, I learned that math was not enough to satisfy
his curiosity. He wrote a very interesting essay about his
visit to Egypt and conducted nearly professional studies of
whether Richard III really killed his nephews and why the
Titanic sank. It was always a pleasure to hear him talking
about music, linguistics, history, and the culture of various
places he had visited.
Misha was always eager to help his colleagues, especially the younger ones. His role in my own career is impossible to overestimate. As an established researcher, I
mostly worked on problems that were not directly related
to Misha’s mathematical interests. Still I often talked to
him about my research. Only when Misha retired and I
could not talk to him anymore did I realize how important
those conversations were for my research and how much
help he was “invisibly” giving me. I know many other
mathematicians who owe a lot to Misha. The help he gave
to others throughout his career is a legacy in the field of
mathematics that rivals his own research.

Maxim Braverman is a professor of mathematics at Northeastern University.
His email address is m.braverman@northeastern.edu.
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Days with Misha
Arnold Dikansky
I knew Misha for more than 50 years. His mathematical knowledge was enormous and his dedication to the
profession—legendary. Misha’s advice to me when I was
working on my PhD dissertation was crucial. In this
memorial tribute, several distinguished mathematicians
describe his mathematical achievements and how he influenced his students and many other researchers. So, I will
speak here only about the cultural dimension of Misha’s
multidimensional personality and about his family, M&M
(Misha and Masha).
We shared with Misha a love for classical music and especially for Richard Wagner’s operas. For many years, we
attended various Ring operas at the Metropolitan Opera
in New York. With the same level of thoughtfulness as
he showed in his professional life, Misha approached upcoming performances, diligently studying librettos. When
a new production of the Ring came out in 2012, I invited
M&M to come to New York, stay with me, and go to the
performance of Die Walküre. This was his last visit to New
York, which he loved and especially appreciated its multicultural character.
It is interesting that many mathematicians enjoy classical music deeply. Maybe the reason is that both music
and mathematics touch something that lies very deep in
human nature. Both demand an enormous amount of
time and effort in order to succeed. In his early life, when
choosing a profession, Misha was torn between mathematics and music. He ended up achieving a professional summit in mathematics and enjoying music and art as an amateur. Besides music, reading was Misha’s love. He read the
complete Shakespeare (in English, as well as in Russian
translations).
I would like to say a few words about Misha’s wife
Masha. I visited them on many occasions in their apartments in Moscow and Boston, and in the last several years,
in a nursing home. The care which Masha gave to him
was beyond what seemed to be possible. It lasted through
many ups and downs in his condition, required tremendous perseverance, control over her own emotions and reactions, and sheer physical strength.

Arnold Dikansky is an emeritus professor at St. Johns University, New York.
His email address is dikanska@stjohns.edu.
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Memories of Misha
Leonid Friedlander
Probably I met Misha for the first time in 1975. I was still
an undergraduate, and I was attending Misha’s lectures on
microlocal analysis. I remember him describing the complete details of the calculus, and then spending some time
on index theory. At first, his style looked too pedantic
to me; only later I appreciated how important the details
were. This was one of the classes that laid the groundwork
for his book Pseudodifferential Operators and Spectral Theory, which is still one of the major textbooks on microlocal
analysis. A bit later, I started going to the Spectral Theory
seminar that he was running at Moscow State University. I
spoke there several times. Quite often, Misha would ask a
question that looked obvious. My first reaction then was:
every idiot knows that; but after a couple of moments, I
realized that I had no idea.
In 1979, I applied to emigrate, and I was finally allowed
to leave the Soviet Union in 1987. Those eight years of my
life were not easy; most of the time I did not have a regular job. What made those years not only bearable but
actually quite good was the enormous moral support that
I received from my colleagues. In Misha’s case, the support
was not only moral. He arranged for me to translate a book
into Russian; he himself edited the translation. Helping a
political undesirable was not a neutral act. Misha could
have big problems as a result of helping me, and he knew
it well. As I learned later, I was not the only person who
got a helping hand from him. The honorarium that I received was substantial enough to solve my financial problems. Actually, when I was finally leaving, I paid the compulsory renouncing-of-citizenship fee from that money.
Translating that book also gave me an opportunity to work
closely with Misha. I was coming to Misha’s apartment regularly, and we would go through the new portion of the
Leonid Friedlander is a professor of mathematics at the University of Arizona.
His email address is friedlan@math.arizona.edu.
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was not a dissident, but showing independence was a way
of fighting the system. As a result of that, he had serious
career problems. On the other hand, he had tolerance to
human weaknesses. I remember well a conversation that
we had in his kitchen in Moscow. We were talking about
one specific case, and I was a hardliner, as most young people are. Misha was trying to convince me that, in the particular situation, one should show more understanding and
be more forgiving. We respectfully disagreed then. Now,
after almost 40 years, I think that he was probably right.
I met Misha many times and in different places. When
I was on sabbatical in MIT in 2004–2005, we talked a lot.
He invited me to give a talk at the Basic Notions Seminar
that he was running at Northeastern University. That seminar was his wonderful invention. I spent much more time
preparing that talk than I would usually spend for a research talk. The last time I saw him was in 2009 at the
conference for his 65th birthday. I was fortunate to have
known Misha and to be his friend.

Figure 2. L. Friedlander and M. Shubin.

translation together (there were no computers, no email,
everything was handwritten). Misha’s motto was that
the translation must be everywhere correct, regardless of
whether or not the original is. If there was a mistake, it
must be corrected, if there was a gap, it should be filled. After two or three hours of work, usually at 10 or 11 p.m., we
would go to the kitchen, and Masha, Misha’s wife, would
put khachapuries (Georgian bread filled with cheese) into
the oven, and sometimes one or two of Misha’s friends
who lived nearby would come, and, with tea and khachapuries, we would talk until after midnight about fiction,
politics, linguistics,.... Misha had unlimited curiosity.
That was true in mathematics, and true in everything else.
Several years later, in May of 1991, Misha came to visit
UCLA, where I was a post-doc at that time. We went together to San Diego. On the way back, after having visited
Anza Borrego, rather late at night, I was driving on an almost empty freeway, with my wife sitting next to me, and
Misha on the back seat. For half an hour or so, Misha was
absolutely silent; we thought that he was sleeping. Then,
he said, “I have been looking at the road and thinking:
how do they manage to maintain it so that all the bulbs
are working?” What bulbs? Turned out that he thought
that reflectors on the road were electric bulbs (there were
no reflectors on roads in Russia, so he was seeing them for
the first time). What he saw did not make sense, and he
was trying to solve the problem.
Misha had a strong moral compass. He believed that
certain things are worth fighting for. Back in the USSR, he
84

Leonid Friedlander

A Few Words about
Misha Shubin
Misha Gromov
What was striking in Misha was his unlimited fearlessness
and his insatiable love for knowledge. His eyes were radiating with light when he came across a new idea, especially
a mathematical one.
His knowledge and his understanding of mathematics
was extraordinary, his sensitivity to everything in the world
was astonishing, and he generously shared his knowledge
and his ideas with everybody.
I cherish the memory of spending time in his company,
I wish there were more people like Misha among us.

Misha Gromov is a permanent member of IHÉS, France, and a professor of
mathematics at New York University. His email address is gromov@ihes.fr.
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My Friend Misha Shubin
Victor Ivrii
I met Misha Shubin for the first time in the early 70s when
I, a graduate student of the Novosibirsk State University,
came to Moscow University to give several talks. Misha
had already defended his dissertation. We instantly became friends. At that time “Vishik’s seminar” was the main
center for Microlocal Analysis in the USSR, and Misha was
a very prominent member of this seminar.
I visited Moscow many times after that, from Novosibirsk and later from Magnitogorsk, often staying in Misha’s
apartment; we also met at several conferences in the Soviet
Union and abroad. In particular, in October of 1981 we
went to the conference “Differential Geometry and Global
Analysis” (Garwitz, GDR=East Germany) together as part
of the Soviet delegation (in the USSR that was the way to
send scientists abroad). After many rejected applications
to go abroad, this was my first actual visit abroad, and one
of Misha’s first such trips, after many rejections as well. At
that time, a simple conference trip abroad required a very
long chain of permissions, and the majority of academics
never ventured abroad. And finally we got the opportunity! We felt like inmates let out from our cell to the inner
yard. It was a kind of a test: were we “politically mature”
and could we be trusted to visit countries which were not
part of the Eastern Block? We failed this test miserably and
due to a report written by two members of the same delegation (one of whom was an official snitch) that would
have been our last trip outside the borders of the USSR, if
not for Perestroika.
That trip was to a large international conference, attended by a number of our colleagues from Western Europe. We had known one another scientifically, but never
met in-person (one should remember that there was no
email available for us, leave alone Skype or Zoom). No
wonder that, unlike some more senior members of our
group who kept their own company and spoke exclusively
in Russian, we talked a lot and not only about mathematics. We spoke English, not understood by our “colleague,”
who asked, “What are you talking about?” We responded,
“It is of no interest to you, it is mathematics.”
In the early 1990s we were roommates at the Institut
des Hautes Études Scientifiques. For both of us this was
the first visit beyond the Eastern Block (which had already
collapsed). Everything was new and very exciting, from
the streets of Paris to museums. Misha’s biggest complaint
Victor Ivrii is a professor of mathematics at the University of Toronto. His email
address is ivrii@math.toronto.edu.
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was, “We will leave before we taste one tenth of the yummy
stuff in the grocery stores!” Later I visited him and his family several times in Boston and stayed at his place. He also
visited me and my family in Toronto, and stayed in our
house.
Misha has played a very important role in my mathematical life: it was he and Boris Levitan who suggested that I
try to prove Weyl’s conjecture in 1978.
Misha was a remarkable mathematician, very broad,
and with great mathematical taste. He collaborated with
many mathematicians on a large variety of topics. His
book Pseudodifferential Operators and Spectral Theory played
a very important role in promoting Microlocal Analysis
and related topics in the Soviet Union, and despite the
availability of other books it has become one of my favorites. This is also the case for his and Felix Berezin’s book
The Schrödinger Equation. In addition, he was an editor of
several volumes of the series Encyclopaedia of Mathematical
Sciences. Modern Directions.
Due to space limitations, I will mention just a couple of
his many results. He and Vladimir Tulovsky developed the
method of the almost spectral projector in the theory of spectral asymptotics, which was in some sense an intermediate
between Weyl’s and Courant’s variational approach and
the Tauberian approach due to T. Carleman. Using this
method, a pseudodifferential operator was directly constructed that was close to the spectral projector.
In his paper with D. Schenk “Asymptotic expansion
of the state density and the spectral function of a Hill
operator” the complete spectral asymptotics was derived
for the integrated density of states for one-dimensional
Schrödinger operators with periodic potential. This result
was much later generalized to the multidimensional case
by L. Parnovski and R. Shterenberg. The most amazing
thing there was that the complete spectral asymptotics did
not contradict the fact that for one-dimensional operators
with generic potentials all spectral gaps are open (but due
to complete asymptotics these gaps are very narrow and
asymptotics itself cannot be differentiated).

Victor Ivrii
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Yuri Kordyukov
I first met Misha Shubin back in 1980, when I was a sophomore in the Department of Mechanics and Mathematics
at Moscow State University (MSU). At that time he was,
of course, not Misha to me, but Mikhail Aleksandrovich.
He became Misha much later, sometime in the late 1990s.
Shubin led the recitations for our ordinary differential
equations course. I had been thinking about choosing a
thesis advisor for a long time, attending lectures of various mathematicians, and in the end my choice settled on
Shubin.
As far as I understand now, at that time Shubin had just
defended his Doctor of Sciences dissertation and was looking for new directions of research. In 1981, he wrote a paper on the spectrum distribution function for transversally
elliptic operators on a compact manifold equipped with
a Lie group action. In 1983, Shubin wrote a paper with
his graduate student Meladze devoted to pseudodifferential calculus on Lie groups. At that time, he had a group
of students working on analysis on noncompact manifolds
and index theory. For instance, Alexander Efremov studied
index theory on coverings of compact manifolds, Dmitry
Efremov studied spectral theory on hyperbolic plane. Brenner worked on analysis on manifolds with boundary. The
weekly seminar led by Shubin met on Fridays. We studied
the classic works by Atiyah-Bott-Patodi, the newly emerging works of Bismut, the book by Guillemin and Sternberg
on geometric asymptotics, etc. I remember Shubin giving
a course on the Atiyah-Singer index theorem. But his research interests were much broader. At the same time, in
the first half of the 1980s, he published his work with Bondareva about solutions of the Cauchy problem for nonlinear integrable equations, a survey with Zvonkin on nonstandard analysis, papers with Schenk on complete asymptotic expansions of the density of states for a periodic Hill
operator, and many others. He also edited the Russian
translations of the two-volume Treve’s monograph, the
four-volume monograph by Hörmander, and the book by
Rempel and Schulze on the index theory for elliptic boundary value problems. I have heard that after writing his
book on pseudodifferential operators, he began writing a
book on Fourier integral operators, and had already written 150 pages. But when he learned about the publication
of Treve’s book, he stopped his own writing on the subject
and with great enthusiasm switched to translating Treve’s
book. Shubin was always very busy and worked hard. It
was his natural state. He expected the same from me.
Yuri Kordyukov is a leading researcher at the Ufa Federal Research Center of
the Russian Academy of Sciences. His email address is yurikor@matem.anrb
.ru.
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As a subject for my research, Shubin suggested that I
study analogs of his results on transversally elliptic operators for the simplest example of a noncompact Lie group—
the group of real numbers. After a while, during our discussions, the idea came up to look at the 1979 paper on noncommutative integration theory by Connes, and I switched
to studying that. Later, manifolds of bounded geometry came into my view. The results on uniformly elliptic
differential operators on manifolds of bounded geometry
formed the basis of the first chapter of my PhD thesis, defended under Shubin’s supervision in 1988. The second
chapter was devoted to tangentially elliptic operators on
foliated manifolds. In 1988, after completing my graduate studies, I left for Ufa, where I found a position at the
Aviation Institute. Shubin was not sure whether I would
continue to work with him, and thus recommended some
mathematicians with whom I could work in Ufa. In the
end, I decided to continue the research that I had started
under Misha’s direction. It was already the beginning of
the 1990s, the period of big changes in Russia. In 1991,
Shubin went to MIT for a year and then found a permanent position at Northeastern University.
After leaving for the United States, Shubin would rarely
come to Moscow. I had met him several times in his
Moscow apartment in the 1990s. In 1998, our collaboration resumed to continue his work with Gromov and
Henkin on 𝐿2 -holomorphic functions on coverings. Regretfully, this project was never finished. In 2001, Shubin
found an opportunity to invite me to Boston for a month.
This was my first acquaintance with the United States, and
Misha was happy to introduce me to various nuances and
peculiarities of American life. In Boston, he invited me to
join his project with Mathai to study the asymptotic behavior of the spectrum of a periodic magnetic Schrödinger
operator in semiclassical limit. During my stay at Boston,
within the framework of this project we managed to solve
a problem that had applications to the quantum Hall effect. These results were published in 2005 in the Crelle’s
Journal. This was our only joint paper with Misha. This
research triggered my continuing interest in the magnetic
Schrödinger operators. Then we parted our ways again.
Shubin was very involved in his collaboration with Kondratiev and Maz’ya on the spectral theory of the magnetic
Schrödinger operator. When I was back in Boston in 2001,
he showed me some parts of these works that involved very
subtle analytical arguments. I last met Shubin in 2009 in
Boston at the conference in honor of his 65th birthday. At
that time he was already seriously ill, and we did not talk
much about mathematics.
Shubin had a great influence on my life, and taught me
a lot. He largely determined my path in mathematics. He
shared with me his vision of mathematics, his criteria for
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the value of mathematical results, his principles for joint
scientific research and interaction with other mathematicians. I remember that in my second year at MSU, when
I was just choosing my path in mathematics, he explained
to me the unity of mathematics. He said that mathematics is one big interconnected area. Therefore, it does not
matter in which part of mathematics you begin your scientific activity. In the future it will be possible, if necessary, to move from one part to another, with the exception of, perhaps, only a few isolated islands, and the main
goal is not to get stuck on one of them. He had a huge
library of mathematics books (about 5000, as far as I remember), which he had collected back in Soviet times. He
managed to move them all to America. When I was in
Boston in 2001, I stayed at Misha’s place sleeping in his
library (which was also his study). I lived for a month in
the midst of all these wonderful books. He told me, “Yura!
Why do you need to go to the university? You have everything here for work—a computer, books, the Internet.” He
was in the habit of working at home, developed through
long years of work at Moscow State University. MSU professors did not have individual offices, and thus they usually worked from home. He taught me the skill of making
presentations (“you should write on the board, starting in
the upper left corner” and so on), explained the cut and
paste techniques for writing mathematical texts in that distant precomputer time. He also helped me with various
life tasks (be it a job search after graduation or choosing
a typewriter). In his turn, he mentioned many times that
he had learned a lot in mathematics from me. He never
raised his voice, always tried to be extremely tactful and
delicate, not to impose his opinion. He was principled,
honest, demanding of himself, very humble, and sincerely
devoted to mathematics. So he will remain in the memory
of many people who knew him.

Yuri Kordyukov

Misha Shubin, Dear Friend
and Colleague
Peter Kuchment
It is hard to believe that Misha Shubin, such a vibrant, brilliant, and friendly person, is not with us anymore.
We met probably somewhat more than a half-century
ago, when I was still an undergraduate, and he a graduate
student. We met at one of the first Voronezh Winter Mathematical Schools, which were famous in the former Soviet
Union. These were unimaginable feasts of mathematics,
involving hundreds of mathematicians (from undergraduate students to the leading experts) from the whole Soviet Union. The discussions among younger participants
like us were very intensive, every lecture being taken apart.
This is where many friendships like mine with Misha and
collaborations started. Ours has lasted throughout half of
a century, different cities, and different countries. Back
in Russia, I visited Moscow and Misha visited Voronezh
with seminar talks and discussions. We never did any joint
work, but our mathematical paths were often closely parallel. For instance, at about the same time when Misha
worked on almost-periodic PDEs, I worked on periodic
ones; then this repeated with us both looking at operators
on homogeneous spaces, discrete problems, etc. His work
has influenced most of mine. His paper on holomorphic
projections on holomorphic sub-bundles of a trivial Banach bundle from his graduate school days, which used
intricate and recent at that time results of SCV going back
to the work of H. Grauert, was used by many operator theorists including me. I learned a lot from his work on almostperiodic PDEs. In 1975, while on sabbatical, I attended his
wonderful lectures on microlocal analysis at Moscow State
University. Later on, these lectures turned into his famous
book [4]. The lectures were so meticulously prepared that
it is no wonder they could be turned into a book rather easily. This was practically my first significant exposure to microlocal analysis, pseudodifferential operators, and such,
which turned out to be crucial for the work I started doing
a couple of years later. I still reap the benefits of his lectures
in most areas of my interest, especially in medical imaging and PDEs. Very recently I worked with a student on
further extending Gromov’s and Shubin’s Riemann-Roch
type results. Moreover, Shubin’s influence on my growth
as a mathematician and on my research extended much
further than the direct links that I have just indicated. Our
Peter Kuchment is a university distinguished professor of mathematics at Texas
A&M University. His email address is kuchment@tamu.edu.
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Peter Kuchment

Figure 3. S. Orevkov, P. Kuchment, V. Lomonosov, M. Shubin,
V. Lin, E. Landis, L. Posicelskii.

discussions, his lectures, and his publications have taught
me a lot (and I do not think I was his best student).
When my family and I were leaving the fSU in 1989 (see
the photo of the farewell party in Figure 3), we all thought
that we were parting forever, with no chance to meet ever
again. Fortunately, times changed, and Misha also moved
to the USA. We kept communicating a lot and visiting each
other, me coming to Boston, and him visiting Wichita, KS,
and College Station, TX, where I was working.
Misha played a very significant role in my life in many
other regards. He was an extremely broadly educated person and was happy to share his knowledge. I have read
quite a few fiction and nonfiction books that he recommended. I had not studied English before 1985 at all (my
foreign language was German). In 1985, during my sabbatical in Moscow, Misha recommended a wonderful English immersion class, which he had taken previously. He
also made sure I could get into it (it required a recommendation). This played a major role in my future life, especially after my immigration to the USA.
In difficult and corrupt Soviet times, he was one of the
staples of moral fortitude, which often did not make his
life any easier, to say the least. He was always ready to help
people in difficult circumstances. I remember once, when I
lived in Kansas and he was on a business trip to Mexico, he
called me from there to give me advice about universities
for my daughter, who was graduating from high school at
that time.
Misha Shubin was a wonderful person in all regards: as
a mathematician, teacher, writer, and most importantly, as
a human being. We all will miss him thoroughly. We are
grateful to the fortune for letting us know him.

Misha Shubin, an Exceptionally
Erudite Mathematician
Vladimir Maz’ya
It was by pure chance that Misha Shubin and I happened
to share a compartment in a night train from Moscow to
Ruse (Bulgaria) in 1975. We both were participants at a
conference and for both of us it was the first trip abroad.
As novices in traveling outside the USSR, we could only be
allowed a trip to a country within the Soviet bloc.
The train trip lasted almost three days and we had plenty
of time to speak about mathematics as well as about our
life in two different mathematical communities. He was
telling me about the Division of Differential Equations
at Moscow University, where he worked, and I told him
about my research position at the Research Institute within
the Math Department of Leningrad University, at the laboratory headed by Solomon G. Mikhlin. I reminded Misha
that I had been present at some of his talks in Moscow.
Seven years younger than me, Misha surprised me by his
broad knowledge in mathematics.
As it often happens, our acquaintance was warmed by
shared food. There was no restaurant on the train and
we offered each other ”delicacies” like cooked eggs, boiled
chicken, tomatoes, and cucumbers. The only thing provided by the train hostess was hot tea in the mornings and
evenings. It is interesting that I remember this train trip
with Misha more vividly than the conference we attended.
Later on, we would meet regularly at the Petrovsky winter conferences in Moscow, at which I regularly participated. However, a close contact became possible only
much later, when we both emigrated.
In 2003, Bob McOwen invited me to spend six months
as a visiting professor at Northeastern University in Boston.
My wife Tanya had a lot of teaching duties, while I was
Vladimir Maz’ya is an emeritus professor at the Lingköping University, Sweden.
His email address is vlmaz@mai.liu.se.
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Figure 4. Left to right: V. Maz’ya, I. Verbitskii, R. McOwen, M.
Shubin.

privileged to give just a special topic course for graduate
students for two hours a week and participate in the seminar, where I gave several talks.
Besides doing research with Bob McOwen, who was the
Chairman at that time, very soon I became involved in the
following interesting mathematical problem. Let −Δ + 𝑉
be the Schrödinger operator in 𝐿2 (ℝ𝑛 ), where 𝑉 ∈ 𝐿1𝑙𝑜𝑐 (ℝ𝑛 )
is bounded from below; 𝑛 ≥ 2. A. M. Molchanov discovered in 1953 that for some constant 𝛾 > 0 the following
condition is equivalent to the discreteness of the spectrum:
for every 𝑑 > 0
inf ∫
𝐹

𝑉(𝑥)𝑑𝑥 → ∞,

𝑄𝑑 → ∞,

(1)

𝑄𝑑 \𝐹

where 𝑄𝑑 are open cubes with edge length 𝑑, and the compact sets 𝐹 ⊂ 𝑄𝑑 are negligible in the sense that 𝑐𝑎𝑝(𝐹) ≤
𝛾 𝑐𝑎𝑝(𝑄𝑑 ). Here 𝑐𝑎𝑝 denotes the Wiener capacity. I. M.
Gel’fand had raised a question about the best possible constant 𝛾. Misha and I answered this question by proving that
𝛾 can be taken arbitrarily in (0, 1). Moreover, we showed
that the negligibility condition can be weakened to
𝑐𝑎𝑝(𝐹) ≤ 𝛾(𝑑) 𝑐𝑎𝑝(𝑄𝑑 )

(2)

resemblance of the article’s title to the famous Marc Kac’s
problem about isospectral drums can be explained as follows. If an eye could filter out sets of “small” capacity, then
one could recover “by looking” for the lowest Dirichlet
Laplacian’s eigenvalue, or at least get its reasonably good
estimate.
When Volodya Kondratiev, who worked at the same division at Moscow State University where Misha used to
work, came for a short visit to Misha in Boston, the three of
us became involved in a problem on spectral properties of
the magnetic Schrödinger operator. The first publication
by the three of us appeared a year later in Communications
in PDEs. The second one was finished later and published
in 2009.
We worked with Misha intensively for six months, meeting both at the Department of Mathematics and at his
place on weekends. My wife Tanya and I rented an apartment within a five-minute walk from Misha’s home. The
proximity to Misha’s place was the only advantage of our
rather modest apartment, which was made tolerable with
the generous help from Masha Shubina (Misha’s wife),
who offered kitchen utensils and other necessities.
The six months in Boston were fruitful. Together with
Misha we wrote four articles. However, when we left
Boston, the distance and the lack of technical means of
communication like Skype made our further collaboration
more difficult. We spent a lot of time on the phone and
exchanging emails, but our contact somehow faded away.
When we discussed possible directions of further collaboration with the starting point being our Annals paper of
2005, it became clear that we were rather different in our
preferences. Misha, being an exceptional erudite, wanted
to widen the scope of our efforts, while I usually prefer going after necessary and sufficient conditions in a problem.
This difference in tastes was difficult to overcome. It is a
pity that we never had an opportunity to work together
since then.

and described all admissible functions 𝛾 ∶ (0, ∞) → (0, 1).
They must satisfy
lim sup 𝑑−2 𝛾(𝑑) = ∞.

(3)

𝑑→0

All conditions (1) with functions 𝛾 satisfying (2)–(3)
are necessary and sufficient for the discreteness of the spectrum of the Schrödinger operator. Our solution of this
fascinating problem appeared in Annals of Mathematics in
2005. Another question we succeeded in answering became the topic of our paper “Can one see the fundamental frequency of a drum?” (Letters in Mathematical Physics,
2005). The main theorem here states that the bottom
of the Dirichlet Laplace spectrum 𝜆(Ω) for an open set
Ω ⊂ (ℝ𝑛 ) is equivalent to 𝑟Ω−2 , where 𝑟Ω is the so-called
interior (Wiener) capacity radius of Ω. The reason for the
JANUARY 2021
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Memories of Misha
Robert McOwen
I first met Misha Shubin in Spring of 1987 at a mathematics conference in Oberwolfach, Germany. Both of us were
giving talks at the conference. I do not remember what
topic Misha talked about, but I remember him most clearly
from one of the evening socials towards the end of the conference. It was his first time out of the Eastern Bloc, and he
had the opportunity to meet in person many mathematicians whom he had only known by their work. I remember him getting very emotional and, with a big smile on
his face, saying “I am so happy!”
It was five years later that Misha joined the Math Department at Northeastern University in Boston. I remember his arrival having a big impact on our research profile and our graduate program. In Fall 1993, he started
the Basic Notions Seminar. Topics of seminar talks varied,
but the rule that Misha enforced relentlessly was that all
stated mathematical results must be proved from elementary principles. Speakers who gave a series of talks were
subject to another rule that Misha also enforced: subsequent talks must review all results from previous talks before proceeding to new material. The third rule that Misha
imposed was that questions were strongly encouraged and
must be answered in full detail. Misha usually set the pace
himself by asking lots of questions that slowed the speaker
down. Needless to say, not a lot of material was covered
in any given talk, but the audience always came away from
the Basic Notions Seminar with a firm understanding of
what they had heard.
In 1995, my colleague Christopher King and I coorganized with Misha a Special Session on “PDEs in Geometry and Mathematical Physics” for an AMS Conference
that was held at NU. Misha had a huge list of names to
suggest as potential speakers, and we had to select carefully: they were all eager to come to NU to give a talk in
a Special Session that he had co-organized. Misha served
as Graduate Director of the Math Department from 1995
to 1997. During this period of time, he introduced many
new courses to our graduate curriculum, like a course on
the Atiyah-Singer index theorem. I think that the course
was only taught once, by Misha himself, but it shows the
ambitious standard that he aspired to for our graduate program.
Misha became a Matthews Distinguished University
Professor at Northeastern in 2001. He was the first
Robert McOwen is a professor of mathematics at Northeastern University. His
email address is r.mcowen@northeastern.edu.
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Distinguished Professor appointed in the Mathematics Department and remained the only one until Andre Zelevinsky was given the honor after his death in 2013. Misha
earned the honor by being a highly respected researcher
and author of many published articles and books. I have
always been impressed by the number of mathematicians
who cited his 1978 book, Pseudodifferential Operators and
Spectral Theory, as having a big impact on their research.
Consequently, I was honored when the AMS asked me to
help bring out the textbook on partial differential equations that Misha had been working on for the last years of
his productive life. I had not seen the book before, but
as I looked through it, I was impressed not just with the
content but with the style of writing: he provided rigorous proofs but written in a friendly way that made them
easily understood. I felt it was important that the book
be published, so enlisted the assistance of my colleagues
Maxim Braverman and Peter Topalov. I was glad that we
were able to complete the editing process and have Invitation to Partial Differential Equations appear in the AMS list
of publications slightly before Misha’s death this year. I
hope it will serve as a lasting reminder of the gentle man
who was an inspirational figure in mathematics.

Robert McOwen

Coincidence or Destiny.
In Memory of Misha
Toshikazu Sunada
For Fortuna, the goddess of destiny in Roman religion,
there is no difference between “coincidence” and “destiny,” but for human beings who cannot judge the appearing spots on a die in advance, their encounter with people
is neither more nor less than a “chance.”
It was in 1993 when I met Misha for the first time,
on the occasion of the Japan-U.S. Mathematics Institute
Toshikazu Sunada is a distinguished professor emeritus at the Meiji University,
Tokyo. His email address is sunada@meiji.ac.jp.
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(JAMI) Conference “Zeta functions in number theory and
geometric analysis” held at Johns Hopkins University. I
already knew him by name as a leading figure in the field
of analysis, especially in elliptic PDEs pertinent to physics
and geometry. One day, in the tea break of the conference,
he approached me, and introduced himself with a gentle
and cordial way of talking. Although I cannot recall exactly
the content of our conversation then, it is certain, however,
that we discussed some mathematics and that his interest in part turned out to have something in common with
mine. According to my poor memory, our common interest was the spectra of “magnetic Schrödinger operators” in
both continuous and discrete cases. His approach was analytical in nature, while mine was geometrical, if anything.
In any event, I was pleased to know that Misha had an interest in my research, for I thought that what I was studying at
that time was isolated in the Japanese mathematical community. Indeed, our conversation gave me a great deal of
motivation and encouragement. But, that is not all; I was
attracted by his personality during the course of the conversation. He really was a caring and warm-hearted person.
My next chance to meet him came in 1996. We both participated in the symposium on “Partial Differential Equations and Spectral Theory” held at Durham University, in
the UK. Taking this opportunity, we discussed not only
mathematics, but also nonmathematical subjects. I was
very much impressed with his broad knowledge of humanities in general. Above all, he showed a keen interest in
Japanese culture. He had read some Japanese contemporary literature, through which he got well acquainted with
Japanese mentality and behaviour.
In 2005, I invited him to Japan to do a joint research
project. At that time, I was trying to make the classical 𝑇 3 law of specific heat rigorous by means of discrete geometric
analysis. During his stay in Tokyo, where he enjoyed his
longed-for Japanese life, we completed a joint project entitled “Mathematical theory of lattice vibrations and specific
heat” that was published in Pure and Appl. Math. Quarterly,
a newly established journal. It was my great honour to be
a collaborator of Misha.
My last chance to meet him was in 2009. I was invited to
the conference in honour of the 65th birthday of Mikhail
Shubin, “Spectral Theory of Geometric Analysis,” held at
Northeastern University, in Boston. There I had the opportunity to meet his beautiful family in the birthday party at
his house. He looked happy and contented surrounded
by his family and many friends. Eleven years since then,
I still remember his warm smiling face. I wanted to see
him again and have a pleasant conversation about a wide
variety of things, but his illness precluded me from doing
this. Last May, I was deeply saddened when I heard that
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he passed away. I really bear a grudge against Fortuna for
not giving me the chance to fulfill my desire.
To conclude this tribute, I would like to add a few statements about his personality. On March 11, 2011, Japan experienced the Great East Japan Earthquake. The tsunami
triggered by the earthquake killed more than 15,000 people along the east coast of Tohoku region. Misha was worried about my family and gave me an international call
from Boston. Fortunately, we were not affected by this disaster since Tokyo is far away from Tohoku. What I wish to
say is that he not only confirmed my family’s safety, but
also made a donation to the Mathematics Institute of Tohoku University to assist a few teaching staff affected by
the disaster (I had been a member of the institute for ten
years). The members of the institute very much appreciated his kind donation and heart-warming message. I, too,
am thankful to Misha for his solicitude.
Well Misha, my friend and collaborator, your sincerity,
kindness, warmness, generosity, caring for others, smiles,
and humor will stay with me forever. May you rest in
eternal peace. I extend my most sincere condolences to
Misha’s family.

Toshikazu Sunada

Misha Shubin, a Few
Personal Memories
Alexander Zvonkin
Misha Shubin was the most important person in my life
after my family—my wife and children.
At a certain point, I was going through a difficult period: I had not done math for almost ten years. As a
rule, it is next to impossible to restart after such a long
interruption—unless you get help from someone. It was a
good fortune for me that Misha and I became neighbors.
It started with small things: while taking the same bus
Alexander Zvonkin is a professor emeritus at the University of Bordeaux. His
email address is zvonkin@labri.fr.
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quite by chance, we discussed various mathematical subjects. Then Misha proposed that I translate a French mathematical paper. Then he lent me a book on nonstandard
analysis, the subject that interested him at that time. In
this way, step by step, we ended up coauthoring quite a
substantial paper. But that was not all: Misha convinced
me to start participating in the weekly seminar headed by
I. M. Gelfand, and my next paper was greatly influenced by
the latter.
Later, while visiting the Institut des Hautes Études Scientifiques in Bures-sur-Yvette, France, Misha recommended
me as one of the possible visitors, and that visit was absolutely crucial for my life and hugely determined it.
I could easily continue with this list but then it would
be about myself, not about Misha.
Misha was a very good person. I really do not know how
to say it in a more elegant way. He was just a very good
person. I remember once talking with a dissident friend
of mine who claimed that in our country of omnipresent
denunciations and the overwhelming power of the KGB
you could not trust a single person: anyone could turn out
to be a snitch. As a counterexample, I told him that Misha
was a person whom one could totally trust. He thought
for a while and then, despite his habit of always insisting
on his point of view, said: “I think you are right this time;
it is impossible to imagine Misha as an informant.”
Misha saw that my way of writing mathematical papers
was unprofessional, and he found a way to let me know
it without hurting my feelings. He asked me whether I
knew Asimov’s stories about robots and then, proceeding
from the famous Three Laws of Robotics, formulated similar laws of good math paper writing:
Three basic principles for writing a mathematical
paper
1. The text of the paper should be mathematically correct.
2. The text should be written as rapidly as possible except when this would conflict with the
First Principle.
3. One should try to make the text as perfect
as possible (comprehensible, accessible, selfcontained and complete) except when this
would conflict with the first two Principles.
It was almost forty years ago, but I still keep the sheet of
paper with these principles written by him.
Our paths have diverged. Misha moved to Boston,
while I moved to Bordeaux. Misha has visited us in France
five times. Those were purely personal visits, though we
could not avoid talking about mathematics. His casual remarks, his questions, or his surprise at certain phenomena
helped me to better understand my own results.
92

He never gave the impression of being in a hurry, yet
worked amazingly fast. However, no matter how fast he
worked, it was never at the expense of meticulousness (remember the first principle: “The text should be mathematically correct”).
When we discussed the translation of the abovementioned French article, he asked me how long I thought
it would take. At that time I had a full-time job at an applied research institute, but hoped to be able to do the
translation in a month. “A month!”—Misha was clearly
disappointed. “In my experience, one can translate three
pages even on a very busy day,” he said. And he immediately started to apologize saying that he did not want to
apply pressure, let it be a month, it’s OK! But I perceived it
as a challenge. I told myself, “24 pages means eight days.”
I did work hard, and eight days later the paper was translated. “Good job!” said Misha, and that was one of the
most cherished praises in my entire life.
I will give just one more example. Misha was the
chief editor of the Russian translation of the famous
four-volume Linear Partial Differential Operators by Lars
Hörmander—more than two thousand pages of a dense
mathematical text. This is what Hörmander wrote in his
Preface to the Russian edition (my translation back from
Russian):
The Russian edition contains several changes, as
compared to the English one. I corrected the errors that I had discovered by myself, while very attentive translators, headed by Professor M. A. Shubin made many important clarifications. I was
greatly impressed by the meticulous work done
by the translating team and I am grateful for their
collaboration—thanks to it we will be able to introduce improvements into further English editions.
So, I was not the only one being impressed by Shubin’s
style and quality of work, it also impressed Lars Hörmander! What more can I say?

Alexander Zvonkin
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WHAT IS. . .

a Hyperpolygon?
Steven Rayan and Laura P. Schaposnik
Part of the spectacular success of the study of quiver representations is the realization that one may construct many
interesting geometries—both old and new—from just the
data of a directed graph. For us, a quiver will simply be a directed graph with nodes labelled by natural numbers and
multiedges permitted. Familiar geometries such as those
of projective space and Grassmannians can be constructed
from a relatively simple graph, consisting of just two nodes
and an arrow from one to the other, which is a so-called
𝐴2 quiver. By increasing the complexity of the quiver, one
can produce more interesting spaces.
Quivers and flag varieties. As suggested by the connection
of projective space and Grassmannians to 𝐴-type quivers,
the ADE Dynkin-type quivers play a fundamental role in
the theory and capture many of its connections to geometry, representation theory, combinatorics, and physics.

Figure 1. Labelled 𝐴𝑚 quiver.

Given an equioriented 𝐴-type quiver of length 𝑚 labelled by an increasing sequence of nonnegative integers
𝑟𝑖 as in Figure 1, one may associate the vector space
𝑚−1

𝑉=

⨁

Hom(ℂ𝑟𝑖 , ℂ𝑟𝑖 +1 )

𝑖=1
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which is subject to the conjugation action of the group
𝑚−1
𝐺 = ∏𝑖=1 GL(𝑟𝑖 , ℂ). Through a suitable notion of quotient furnished either by geometric invariant theory (GIT)
or by symplectic reduction, one may restrict to a subvariety of 𝑉 on which the group action is free. The result of
restricting in this way and then quotienting is typically denoted by 𝑉//𝐺. The quiver variety 𝑉//𝐺 is an example of a
moduli space, a space that keeps track of representations of
the original quiver up to the equivalence furnished by 𝐺.
In the case of the 𝐴-type quiver, the quotient 𝑉//𝐺 is
a partial flag variety ℱ𝑟1 ,…,𝑟𝑚 , from which the Grassmannians are recovered as ℱ𝑟1 ,𝑟2 . In the case of projective space
ℙ𝑟−1 = ℱ1,𝑟 , GIT issues the familiar instruction of deleting the origin from Hom(ℂ, ℂ𝑟 ) before taking the quotient. For economy, we will denote the tuple of labels by
𝑟 = (𝑟1 , … , 𝑟𝑚 ).
The partial flag varieties are prototypical examples of
quiver varieties. One proceeds in essentially the same way
for all quivers: an arrow between vertices labelled 𝑢 and 𝑣
contributes a summand Hom(ℂᵆ , ℂ𝑣 ) to 𝑉 and there is a
corresponding conjugation action by a product of general
linear groups, whose factors act on the left or right of arrows via multiplication. Working over the field of complex
numbers is useful for the correspondences we wish to motivate in this note, but one can choose to work over other
fields.
Nakajima quiver varieties. An upgrade of the theory of
quiver representations is provided by Nakajima, who considered the quaternionic vector space 𝑇 ∗ 𝑉 rather than 𝑉
as the starting point for the quotient. Visually, for each
existing arrow one adds another arrow that points in the
opposite direction. The Nakajima quiver variety construction is symplectic in nature and involves restricting 𝑇 ∗ 𝑉
to the intersection of two level sets, one given by the fiber
of a moment map valued in the Lie algebra of a maximal
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is shown in Figure 2(b). The 𝐴-type quivers are referred
to as the arms of the star. For 𝑛 sufficiently large, we can
allow the group associated to the central node to act and
still have a positive-dimensional quotient.
In order to build the Nakajima quiver variety for the
star, we can use the fact that each 𝐴-type arm gives rise
to 𝑇 ∗ ℱ𝑟𝑖 . The overall Nakajima quiver variety is the quotient of a subvariety inside the product of these cotangent
bundles. This is an example of reduction in stages. From
this point forward, we will adopt the symplectic point of
view, so that the subvariety is an intersection of level sets
of moment maps, and we shall restrict the action to that
of the compact group 𝐺 = SU(𝑟). This subvariety is the set
of simultaneous solutions to the (rescaled) moment map
equations
Figure 2. (a): Afﬁne 𝐷4 Dynkin diagram; (b): general
star-shaped quiver.

compact group in 𝐺 and the other in the Lie algebra of 𝐺
itself.
This quotient by 𝐺 is typically denoted 𝑇 ∗ 𝑉///𝐺. By the
theorem of Hitchin-Karlhede-Linström-Roček, this quotient inherits three quaternionically-commuting complex
structures 𝐼, 𝐽, 𝐾 from 𝑇 ∗ 𝑉 as well as a Riemannian metric 𝑔. Antisymmetrizing 𝑔 by composing it with each of
𝐼, 𝐽, 𝐾 produces respective symplectic forms, 𝜔𝐼 , 𝜔𝐽 , 𝜔𝐾 , giving three Kähler structures intertwined by 𝑔. This data on
𝑇 ∗ ///𝐺 is called a hyperkähler structure. Hyperkähler varieties
hold a special place in geometry: for instance, they are automatically Calabi-Yau. For the case of the 𝐴-type quiver,
the hyperkähler variety 𝑇 ∗ 𝑉///𝐺 is precisely 𝑇 ∗ ℱ𝑟 .
When the quiver is of any affine ADE type and is labelled appropriately, the corresponding Nakajima quiver
variety is a gravitational instanton, in the sense that it is 2dimensional over ℂ and has a complete, asymptotically locally Euclidean (ALE) metric 𝑔. The ALE condition means
that the hyperkähler metric collapses to the Euclidean metric with polynomial order 4 as one goes out to infinity in
any direction. In fact, every such gravitational instanton is
realizable as a Nakajima quiver variety, completing a circle
of ideas that includes the McKay correspondence and the
work of Kronheimer.
Hyperpolygons. The story of hyperpolygons begins by considering a particular quiver, the affine 𝐷4 Dynkin diagram,
and generalizing it to a class of diagrams known as the starshaped quivers. The affine 𝐷4 itself can be thought of as the
interlacing of four copies of the 𝐴2 quiver, as seen in Figure
2(a).
For any individual 𝐴-type quiver, allowing the copy of
GL at the node with the largest label to act leads to a zerodimensional variety as the quotient. By interlacing 𝑛 𝐴type quivers, each with length 𝑚 + 1 and labelled by a tuple 𝑟𝑖 = (𝑟1𝑖 , … , 𝑟𝑚𝑖 , 𝑟) such that there is a common central
node labelled by 𝑟, one obtains a star-shaped quiver. This
JANUARY 2021

𝑛

∑ (𝑥𝑖 𝑥𝑖∗ − 𝑦𝑖∗ 𝑦𝑖 )0

=

0,

(1)

=

0

(2)

𝑖=1
𝑛

∑ (𝑥𝑖 𝑦𝑖 )0
𝑖=1
𝑖

𝑖

for 𝑥𝑖 ∈ Hom(ℂ𝑟𝑚 , ℂ𝑟 ) and 𝑦𝑖 ∈ 𝑇𝑥∗𝑖 Hom(ℂ𝑟𝑚 , ℂ𝑟 ) ≅
𝑖

Hom(ℂ𝑟 , ℂ𝑟𝑚 ), and where the subscript 0 is an instruction
to make the matrix traceless by subtracting a multiple of
the identity. One of the featured connections of these quotients to geometric representation theory is hidden in the
left-hand side of equation (2). When we have just a single 𝐴-type arm, the image of this map is contained in the
nilpotent cone of the dual of the Lie algebra 𝔰𝔩(𝑟, ℂ). When
the flag is complete, (1, 2, … , 𝑟), the map coincides with the
famous Springer resolution.
A hyperpolygon is nothing more than an isomorphism
class [(𝑥1 , … , 𝑥𝑛 ; 𝑦1 , … , 𝑦𝑛 )] in 𝑇 ∗ 𝑉///𝐺 for the star-shaped
quiver. As a solution to the equations above, the data
𝑥1 , … , 𝑥𝑛 ; 𝑦1 , … , 𝑦𝑛 defines a pair of polygons, one in the
(rescaled) Lie algebra 𝔰𝔲(𝑟)∗ and another in 𝔰𝔩(𝑟, ℂ)∗ , with
sides given by (𝑥𝑖 𝑥𝑖∗ − 𝑦𝑖∗ 𝑦𝑖 )0 in the former case and by
(𝑥𝑖 𝑦𝑖 )0 in the latter. For the case of 𝑟 = 2 and the ordinary quotient 𝑉//𝐺 where all of the 𝑦𝑖 ’s are zero, we recover
ordinary 𝑛-gons in Euclidean 3-space.
It is worth noting that, when 𝑇 ∗ ℱ𝑟𝑖 was constructed
for each arm, the corresponding quotient had involved its
own choice of level sets of real and complex moment maps.
When the smallest label on each arm is 𝑟1𝑖 = 1, this level
set is determined by a number 𝛼𝑖 ∈ ℝ, which determines
the fiber of the moment map for the action of the circle
group U(1) on the outermost node of each arm. (All other
moment maps can be set to 0.) The choice of this number
determines the Kähler structure on the underlying flag variety of each arm and determines the length of the 𝑖th side
(𝑥𝑖 𝑥𝑖∗ − 𝑦𝑖∗ 𝑦𝑖 )0 of the real polygon. We will proceed with
the assumption of 𝑟1𝑖 = 1 from now on.
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than an analogy. The earliest work on this relationship
is due to Godinho–Mandini, who considered flags of type
(1, 2). More generally, choose any star-shaped quiver (with
any flag types) and 𝑛 distinct points 𝑧𝑖 ≠ ∞ on the projective line ℙ1 . Then, setting
𝑛

(𝑥𝑖 𝑦𝑖 )0
𝑑𝑧,
𝑧 − 𝑧𝑖
𝑖=1

𝜙(𝑧) = ∑

Figure 3. A hyperpolygon with 𝑠𝑖 = (𝑥𝑖 𝑥𝑖∗ )0 , 𝑡𝑖 = −(𝑦𝑖 𝑦𝑖∗ )0 , and
𝑣𝑖 = (𝑥𝑖 𝑦𝑖 )0 .

Given this geometric interpretation, we refer to 𝑇 ∗ 𝑉///𝐺
for the star-shaped quiver as hyperpolygon space and give it
its own symbol, 𝒳𝑟1 ,…,𝑟𝑛 (𝛼), where 𝛼 is the vector of parameters 𝛼𝑖 ∈ ℝ. Hyperpolygon spaces were first studied by Konno as a hyperkähler extension to the notion of
usual polygon space, and then later studied as a Nakajima
quiver variety by Harada–Proudfoot. In a different vein,
𝑛
one can see in the moment map equation ∑𝑖=1 (𝑥𝑖 𝑦𝑖 )0 = 0
a connection to what is usually called the additive DeligneSimpson problem, which asks whether we can find representatives 𝐶1 , … , 𝐶𝑛 of respective fixed conjugacy classes
𝒞1 , … , 𝒞𝑛 in 𝔤𝔩(𝑟, ℂ) such that
𝐶1 + ⋯ + 𝐶𝑛 = 0.
The conjugacy classes are fixed nilpotent orbits, and a solution to the general additive problem can be obtained
by studying the problem from the point of view of starshaped quivers, as done by Crawley-Boevey.
Higgs bundles. Of particular interest is the connection of
hyperpolygons to Higgs bundles, geometric objects on Riemann surfaces that arise from gauge theory as solutions to
reduced self-dual Yang-Mills equations, now known as the
Hitchin equations. Specifically, a Higgs bundle (𝐸, 𝜙) on a
Riemann surface 𝑋 is a holomorphic vector bundle 𝐸 → 𝑋
with a global holomorphic map 𝜙 ∶ 𝐸 → 𝐸 ⊗𝜔𝑋 , the Higgs
field, where 𝜔𝑋 is the holomorphic cotangent bundle of 𝑋.
Higgs bundles of a fixed rank and Chern class come
with their own moduli space, known as the Hitchin system.
Like the Nakajima quiver varieties, the Hitchin system is
hyperkähler. The term “system” refers to the fact that the
moduli space of Higgs bundles contains the data of a completely integrable Hamiltonian system with respect to one
of the symplectic forms of its hyperkähler structure. Another feature shared by Nakajima quiver varieties and the
Hitchin system is an algebraic ℂ∗ -action whose fixed-point
locus contains all of their nontrivial cohomological information. In a sense, Nakajima quiver varieties are a finitedimensional analogue of the Hitchin system, which arises
from the hyperkähler quotient of an infinite-dimensional
affine space by a gauge group.
For the star-shaped quiver, the relationship between
Nakajima quiver varieties and Hitchin systems is more
96

(3)

one obtains a meromorphic Higgs field, with simple poles
at points 𝑧𝑖 , for the trivial rank-𝑟 holomorphic bundle on
ℙ1 . The moment map condition ∑(𝑥𝑖 𝑦𝑖 )0 = 0 from equation (2) is a condition on the residues of this Higgs field
that forces the Higgs field to be holomorphic at infinity.
For sufficiently generic choices of the Kähler moduli 𝛼𝑖
∈ ℝ, the map sending a hyperpolygon
[(𝑥1 , … , 𝑥𝑛 ; 𝑦1 , … , 𝑦𝑛 )] to the corresponding Higgs field 𝜙(𝑧)
is a well-defined embedding of moduli spaces, where the
target space is a moduli space of so-called parabolic Higgs
bundles on a copy of ℙ1 punctured along the divisor of the
𝑛 points. The parabolic structure—in particular, the parabolic weights—of the target moduli space are determined
by the 𝛼𝑖 ’s.
The construction of the Higgs bundle moduli space requires the restriction to certain Higgs bundles, determined
by GIT or by moment maps (the Hitchin equations themselves). It turns out that hyperpolygons for generic 𝛼𝑖 ’s give
rise to Higgs bundles that satisfy this restriction. The embedding of 𝒳𝑟1 ,…,𝑟𝑛 (𝛼) into a corresponding Higgs bundle
moduli space is not hyperkähler—that is, it respects the 𝐼
complex structures of the two moduli spaces, but not the
𝐽 and 𝐾 ones. It is worth noting that, by convention, the 𝐽
and 𝐾 complex structures on the Hitchin system give it the
interpretation as a moduli space of flat connections or as
a character variety rather than as a space of Higgs bundles.
As an example, consider the affine 𝐷4 quiver with
the flag (1, 2) on each arm. The hyperpolygon space
𝒳(1,2),(1,2),(1,2),(1,2) (𝛼) is a noncompact surface of dimension 2 over ℂ that admits the structure of a gravitational instanton, by the Kronheimer–McKay–Nakajima correspondence. As such, the Nakajima hyperkähler metric 𝑔𝑁 has
the ALE decay rate mentioned above. The corresponding
parabolic Hitchin system on ℙ1 with four simple poles is
also a 2-dimensional space over ℂ. Despite the similarities,
there is a codimension 1 locus in the Hitchin system that
is not present in the hyperpolygon space, and the Hitchin
metric also has a slower decay rate.
Generalized hyperpolygons. Inspired by conjectures of
Hausel–Letellier–Rodriguez-Villegas, the authors of this
note have extended the notion of hyperpolygon to a more
general class of quivers, the comet-shaped quivers of Figure 4.
These are formed by adding 𝑔-many loops to the central
node of a star-shaped quiver. The loops are then doubled
as per the Nakajima convention. A hyperkähler quotient
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Figure 4. A comet-shaped quiver.

𝑇 ∗ 𝑉///𝐺 is constructed as above for this quiver, with the
𝑔
resulting moduli space denoted as 𝒳𝑟1 ,…,𝑟𝑛 (𝛼).
These generalized hyperpolygons can be interpreted again
as a pair of polygons, but now with more sides due to the
data representing the loops. The virtue of this generalization is that it also leads to a construction of an associated
meromorphic Higgs bundle, but on a punctured Riemann
surface of higher genus. In this setting, instead of puncturing the plane ℂ ⊂ ℙ1 𝑛 times, one places either a regular parallelogram lattice on the plane or tessellates the
hyperbolic plane by Poincaré regular 4𝑔-gons. The fundamental cell is then punctured 𝑛 times in either scenario.
The key then is to modify the denominator of the model
Higgs field in equation (3) with an appropriate periodic
function that maps each puncture to the cell in which our
coordinate 𝑧 resides, in order for 𝜙(𝑧) to be well-defined
on the quotient by the lattice or by the Fuchsian group of
the tessellation.
Once compactified, one obtains a Riemann surface of
genus 𝑔 equipped with a meromorphic Higgs field for the
trivial rank-𝑟 bundle. As in the previous setting, one has an
embedding of moduli spaces in the 𝐼 complex structures.
A key piece of data now is that the sum of the residues
𝑔
(𝑥𝑖 𝑦𝑖 )0 is not zero but rather ∑𝑗=1 [𝑎𝑗 , 𝑏𝑗 ], where the 𝑎𝑗 ’s are
matrices in 𝔰𝔩(𝑟, ℂ) that represent the loops and where the
𝑏𝑗 ’s represent the corresponding doubled loops as in Figure
4. This expression is the linearization of a product that
defines the SL(𝑟, ℂ)-character variety of the Riemann surface, and speaks to the manner in which the hyperpolygon
space collapses more rapidly to a Euclidean affine space at
infinity than the Hitchin system.
𝑔
Integrability. Since the space 𝒳𝑟1 ,…,𝑟𝑛 (𝛼) is the quotient of
𝑇 ∗ ℱ𝑟𝑖 (𝛼1 ) × ⋯ × 𝑇 ∗ ℱ𝑟𝑛 (𝛼𝑛 ) × 𝑇 ∗ 𝔰𝔩(𝑟, ℂ)
by SU(𝑟) subject to the appropriate moment map conditions, it inherits its symplectic structures from those of the
hyperkähler varieties in the original product. These symplectic structures are host to integrable systems of Gelfand–
Tsetlin-type and, in the case of complete or minimal flags,
JANUARY 2021

can be written down explicitly in terms of Hamiltonians
given by invariant polynomials of matrices.
The question is whether the integrable system descends
along with the symplectic structures. In the case where every arm is either the minimal one (1, 𝑟) or the complete one
(1, 2, … , 𝑟), then the answer is yes. This can be justified by
working explicitly with the SU(𝑟)-action and carefully tallying the number of such invariants that remain free after
quotienting by the action. This number is exactly half the
𝑔
(complex) dimension of 𝒳𝑟1 ,…,𝑟𝑛 (𝛼). What this establishes
is the existence of explicit subintegrable systems within
parabolic Hitchin systems. These subintegrable systems
are defined using only representation-theoretic data and
not the complex structure on the Riemann surface, which
the Hitchin system relies upon in an intimate way. In a
sense, these are very basic models for Hitchin integrability.
In general, through hyperpolygons we have a testing
ground for various insights and conjectures into Hitchin
systems. Hence, questions about Higgs bundles, such
as explicit realizations of their mirror symmetry, can be
asked about hyperpolygons with the potential for answers
of a very concrete nature. Hyperpolygons emerge elsewhere in mathematics and physics, too, such as in quiver
gauge theories and symplectic duality. Many themes in
mathematics—even very deep and long-brewed ones—
have at their heart examples that are very simple yet illuminating. Hyperpolygons play such a role in these corners of
geometry, representation theory, and physics.
Selected Further Reading
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The Abel Prize 2013–2017
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The Abel Prize 2013–2017
By Helge Holden
and Ragni Piene (eds.)
On the occasion of his 60th birthday in January 1889, King Oscar II of Norway awarded a mathematics prize to Henri Poincaré.
The King’s prize may be considered as a precursor of the Abel
Prize that we know today. News
of the modern prize was unveiled
at the Abel Bicentennial Conference at the University of Oslo in June 2002. At this conference, which was devoted to lectures on themes related to
Abel’s work, the organizers announced that a special Honorary Abel Prize would be awarded to Atle Selberg.Ⴒ The
first Abel Prize was presented to Jean-Pierre Serre in 2003.
Prizes have been awarded annually since then; the most
recent winners were Karen Uhlenbeck (2019), and Hillel
Furstenberg and Grigory Margulis (2020).
The Abel Prize is the subject of three collections of essays, photos, and records of the annual Abel symposia:
The Abel Prize 2003–2007 [HP10], The Abel Prize 2008–
2012 [HP14], and The Abel Prize 2013–2017 [HP19]. All
three volumes can be freely downloaded from the Abel
Prize page https://www.abelprize.no.
While these books focus on the lives and mathematics of the Abel laureates, they contain a wealth of
supplemental information. For example, an essay by Arild
Kenneth A. Ribet is a professor of mathematics at UC Berkeley. His email
address is ribet@berkeley.edu.
Ⴒ Selberg was unable to attend the conference.
Communicated by Notices Book Review Editor Stephan Ramon Garcia.
For permission to reprint this article, please contact:
reprint-permission@ams.org.

Stubhaug [Stu10] in the first book explains how the King’s
prize was a precursor of the Abel Prize that we know today.
A much longer essay, “The Abel Prize—The missing Nobel
in mathematics?” [Hel14] by Kim G. Helsvig is included
in the second of these three volumes.
Here’s a quick history: an international Abel Prize was
contemplated by scientists and politicians in Norway at
the time of Abel’s 100th birthday in 1902. Although a
prize was on the threshold of being announced in 1904,
plans for the prize were shelved because of the dissolution
in 1905 of the union between Sweden and Norway (the
“United Kingdoms”). Apparently there was little further
discussion of an Abel Prize until the publication of the
1996 Abel biography [Stu00] by Stubhaug. After writing
his book, Stubhaug met with a number of key Norwegian
political figures and rallied support for a new prize.
This review concerns the third Abel volume [HP19],
which covers the prizes given to Pierre Deligne (2013),
Yakov Sinai (2014), John Nash and Louis Nirenberg
(2015), Andrew Wiles (2016), and Yves Meyer (2017).
For each prize year, there is a chapter (or “Part”) of the
book for the relevant laureate or laureates. For example,
Part I, which corresponds to 2013, begins with a mathematical autobiography by Deligne and a 140-page report on Deligne’s work by Luc Illusie, and concludes with
Deligne’s publication list and CV. By contrast, the analogous material for Yakov Sinai in Part II includes eight different articles about Sinai’s work in place of a single appreciation.
Over the years, I have been unimpressed by the “coffee
table books” about mathematical and nonmathematical
prizes that publishers have sent my way. Accordingly, I was
surprised to find myself becoming a fan of the book under
review, which I can now recommend to both casual and
committed readers. The volume is a pleasure to explore
for a number of reasons that I will outline briefly below.
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One thing that attracted me immediately to the book is
the collection of wonderful photos of the laureates that are
interspersed with the essays. For example, there are at least
five photos of Pierre Deligne, beginning with a childhood
photo and ranging through a photo of Deligne at his 61st
birthday conference. Andrew Wiles is shown as a child on
the beach; on his wedding day in 1988; and then at the
conclusion of his lecture on June 23, 1993, during which
he announced that he had elaborated a proof of Fermat’s
Last Theorem.2
The laureates were asked to write about their lives and
the development of their work; colleagues of the laureates
were asked to report on the mathematics of the winners.
Both groups did an excellent job.
The stories written by the laureates are compelling and
illuminating—and often deeply personal. A theme in
several of the stories is one of setback and frustration.
Y. G. Sinai provides one example:
Once, when I was about 15 years old, my grandfather decided to teach me mathematics and gave
me a lecture on quaternions. He then asked me to
write a composition on them. I assume my results
were unsuccessful because his attempts were never
repeated. During my school year I participated in
several Olympiads, always without success.
And here is Yves Meyer:
[Jean-Pierre] Kahane thought that my findings
were sufficient for a “thèse d’État.” Elias Stein
was on the way to publishing a much better theorem than the results of my thesis. I was destroyed.
When I presented my dissertation I could not stop
saying “I obtained this theorem but Elias Stein
proved a much better result. . . .” Finally the probabilist Paul André Meyer who belonged to the committee said, “Yves, it is not your role to criticize
your results, it is the role of the committee.” My
defense was a disaster.
While reading the testimonies of the Abel Prize winners,
I thought of the recent book Living Proof [HLPT19], which
teaches us that “people who succeed in mathematics, like
people who learn a musical instrument or a new language,
spend a lot of time not understanding and feeling frustration.”3 We learn from the Abel book that even our superstar colleagues do not glide without impediment from success to success.4
For many readers, the enduring value in the book will
lie in the detailed analyses of the winners’ work.
2
In connection with his marriage, Wiles writes “. . . between 1986 and 1994, I
was not quite the recluse in the attic that some accounts have portrayed.”
3
The quotation is from the book’s preface by Stephen Kennedy. Like the Abel
books, Living Proof can be downloaded for free—from the MAA web site.
4
Terence Tao’s contribution to [HLPT19] is entitled “A close call: How a near
failure propelled me to succeed.”
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As mentioned before, Part I begins with a “mathematical autobiography” by Pierre Deligne and continues with
a comprehensive 140-page survey of Pierre Deligne’s work
by Luc Illusie. The bibliography of Illusie’s article contains
266 items and alone spans almost 11 pages. Despite the
extraordinary breadth of Deligne’s mathematics, Illusie’s
theme is that the theory of motives represents a tent big
enough to cover it all:
Grothendieck’s philosophy of motives permeates
Deligne’s work. No one has made the multiple
voices of arithmetic geometry sing in harmony better than Deligne. Almost every one of his articles
echoes or corresponds to another one, sometimes
far away. I have tried to make this counterpoint
perceptible.
Because I have followed Andrew Wiles’s work for almost
45 years, I was especially appreciative of Christopher Skinner’s detailed article “The mathematical works of Andrew
Wiles.” Skinner, who began his graduate work at Princeton in the mid-1990s, writes knowledgeably about all of
Wiles’s articles, including those that Wiles coauthored with
John Coates in the 1970s.
Skinner’s report is divided into nine main sections,
many of which conclude with a subsection on “Further Developments.” In connection with Wiles’s early work on explicit reciprocity laws, for example, Skinner explains what
was known before Wiles and what Wiles proved in his
articles—and then goes on to give examples and applications of Wiles’s results and to discuss work by others (Coleman, de Shalit, Rubin, Perrin-Riou, Kato and Colmez) that
leveraged Wiles’s work. The seventh of the nine sections,
“Modularity of Elliptic Curves and Fermat’s Last Theorem,”
contains a “Further Developments” subsection that begins
as follows: “Wiles’s proof of his modularity lifting theorem opened the floodgates. . . .” There were quite a few developments to report on, but Skinner includes disclaimers
like: “As of the preparation of this paper, the state of the
art seems to be [30] and [68],5 but that will almost surely
have changed by the time it has gone to press!”
To my mind, this book has something for everyone:
chronicles of the lives of distinguished contemporary
mathematicians, descriptions of key results by their creators, and long thoughtful review articles by close colleagues of the Abel Prize laureates.6 And, as suggested
above, some of the photos are knockouts. If you like mathematics, mathematicians, photos, and stories, this book
definitely belongs on your iPad—and perhaps even on
your bookshelf.
5
The first of these articles is by T. Barnet-Lamb, T. Gee, D. Geraghty, and R.
Taylor; the second is by S. Patrikis and R. Taylor.
6
Each of the three books contains such supplemental information as the composition of the committees for each year’s prize and the titles of lectures that were
given at the annual Abel symposia. One learns, for example, that Nick Katz lectured in 2013 on “Life over finite fields.”
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imaginary quadratic field Q(√–d) has class number one. As
another example, a graffito in a sewer declares “EGA Rules,”
a sly reference to Grothendieck and Dieudonné’s revered
Éléments de géométrie algébrique.

Prime Suspects
The Anatomy of Integers
and Permutations

By Andrew Granville and
Jennifer Granville
Illustrated by Robert J. Lewis

This sharp and beautifully
illustrated graphic novel
presents surprisingly deep
mathematics in the guise of a
forensic investigation of two
seemingly unrelated murders.
The primary discovery unearthed by the investigators
involves the striking similarities between the statistical
properties of integer factorizations and the decompositions
of permutations into disjoint cycles. Toward the end, the
irreducible factors of polynomials over finite fields are also
touched upon. The characters are all named after wellknown mathematicians; for example the leads are Professor Gauss, Detective von Neumann, and graduate student
Emmy Germain. Prime Suspects ends with a more traditional
exposition of the fundamental mathematical ideas behind
the graphic-novel portion of the book, along with a clever
musical piece that appears as a clue in the graphic novel,
and a list of the many subtle references to mathematicians
that occur throughout the book.
The ideal reader is probably someone who has some experience with the analytic side of number theory, although
most mathematicians will find much to appreciate. As a
necessity of the medium, the mathematics is treated in a
somewhat vague fashion, although snippets of research
papers and blackboards visible in the background contain
the genuine article. Readers with sufficient background
in analytic number theory might enjoy puzzling out the
mathematical references and jokes that are hidden in the
“easter eggs” that appear on almost every page. For example,
a fancy car bears the license plate “–163,” a reference to
the fact that 163 is the largest square-free d such that the
The Bookshelf is prepared monthly by Notices Associate Editor Stephan
Ramon Garcia.
Appearance of a book in the Notices Bookshelf does not represent an endorsement by the Notices or by the AMS.
Suggestions for the Bookshelf can be sent to notices-booklist
@ams.org.
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Sleight of Mind
MIT Press, 2020, 368 pages. Cover courtesy of MIT Press.

Princeton, 2019, 232 pages. Cover courtesy of Princeton University
Press.

New and Noteworthy Titles on our Bookshelf
January 2021

75 Ingenious Paradoxes in Mathematics,
Physics, and Philosophy

By Matt Cook

Sleight of Mind presents and discusses a wide range of paradoxes
in mathematics and physics (although the title mentions “philosophy,” one might characterize the
philosophical paradoxes as within
the field of logic).
The initial thirteen chapters of
Sleight of Mind are essentially independent of one another
and concern topics such as the nature of infinity, Zeno’s
paradoxes, probability, self-reference, and classical physics
(several collaborators are credited with coauthoring the
later chapters on physics). A final chapter entitled “Invented
or Discovered?” consists of an essay and poem contributed
by Grant Sanderson of 3blue1brown fame.
Each chapter begins with a brief overview of a general
area along with discussions of related paradoxes. Each paradox is presented with a thorough exposition and several
mutually contradictory claims that could plausibly follow
(of which the final claim is usually the correct choice). A
resolution of the paradox follows with a generous discussion, often aided by black-and-white images. The book discusses seventy-five paradoxes in total and spans over three
hundred fifty pages, so each paradox is given its due. Some
discussions are longer than others, but most are substantial
and have much to offer the studious reader.
Sleight of Mind is suitable for a wide range of readers,
from mathematically intrepid high school students to
professional mathematicians. A small amount of calculus
is needed for some of the paradoxes (infinite series, for
example, arise in the discussion of Zeno’s paradoxes). All
of the paradoxes, however, are presented in a clear and
thorough manner and the accompanying discussions are
frequently enlightening, even for those already familiar
with the general ideas.
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and techniques, the book reflects the authors’ interest in
motivating students to develop problem-solving strategies
that include both abstract thinking and methods for calculations. These important aspects of the book are highlighted
in an accompanying teacher’s guide.
For its pedagogical value and for the role it can play in
fostering curiosity and inclusivity, Matemax is highly recommended both as a textbook and for self-study.

Matemax
Matemax by Dickenstein and
Sabia is a book of mathematical
problems organized around real
life and relatable occurrences
like family vacations and sports
events. The book was originally
published in Argentina as a textbook for middle school students
that emphasizes the utility and
day to day relevance of mathematics to children and young teens.
In this current publication, the authors have added
English translations of each page, arranged so that the
corresponding Spanish and English text can be viewed
simultaneously on facing pages. The authors have also
reworked and updated many of the chapters to make them
more current and to include a variety of settings in English
and Spanish speaking countries.
The reason for publishing the book in a bilingual form
is two-fold. Children who move to a new country in the
middle of their K–8 schooling can face difficulties in simultaneously integrating themselves into a new school
system and absorbing a new language and culture. For these
students, the book can help bring a sense of commonality
and connection between the world that they knew and the
one in which they currently live. At the same time, having
such books available for English speaking students who
have had little exposure to other countries can also have a
valuable eye-opening effect.
Matemax, a charming cartoon figure based on the vessel
common in Argentina for drinking Yerba Mate tea, is a
helpful guide throughout the book giving useful hints and
facts along the way. In this bilingual edition, Matemax’s
comments include information about things like metric
conversions, time zones, and names for popular sports in
one locality that may be unfamiliar in another. Though
organized around scenarios where math can be used rather
than on a sequential presentation of mathematical tools
The AMS Bookshelf is prepared bimonthly by AMS Book Acquisitions Consultant Eriko Hironaka. Her email address is ehironaka@amsbooks.org.
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Knots, Molecules, and
the Universe: An Introduction
to Topology
By Erica Flapan, et al.

MBK/96

MBK/136

By Alicia Dickenstein and Juan Sabia

This undergraduate textbook in
topology eschews the usual starting point of point-set topology
and instead presents the subject
as a way to articulate phenomena that we can see and imagine
in the world around us, and, by
doing so, to build concrete computational techniques with highly useful applications in a
variety of fields.
This timely book brings together the topics and expository innovations in the works of Jeff Weeks (Shape of
Space), Colin Adams (The Knot Book), and Erica Flapan
(When Topology Meets Chemistry) and arranges them in a
coherent narrative. In Part 1, students learn how to visualize and build spaces in a natural way—e.g., from the
interval, to the square, to the torus—using intuitive and
commonly used techniques like “gluing” and “thickening.”
Similarly, geometry is explained not through Riemannian
metrics, but through the notion of “straightest” paths (or
geodesics). Part 2 of the book develops knot theory, with a
focus on topological and geometric invariants and how to
compute them. Part 3 finishes the book with applications
of topology and knot theory to chemistry and the structure
of molecules, DNA, and proteins.
The result is an accessible starting point for undergraduates interested in seeing how topology is done in practice
by both applied and pure mathematicians.

Notices of the American Mathematical Society

103

FAN CHINA
EXCHANGE

PROGRAM
• Gives eminent mathematicians from
the US and Canada an opportunity
to travel to China and interact with
fellow researchers in the mathematical
sciences community.
• Allows Chinese scientists in the early
stages of their careers to come to the
US and Canada for collaborative
opportunities.

Applications received before March 15
will be considered for the following
academic year.
For more information on the Fan China Exchange Program
and application process see www.ams.org/china-exchange
or contact the AMS Programs Department:
TELEPHONE: 800.321.4267, ext. 4096 (US & Canada)
401.455.4096 (worldwide)
EMAIL: chinaexchange@ams.org.

In Praise of Small Data
Nancy Reid
1. Introduction
This paper is based on the Gibbs Lecture presented at the
2020 Joint Mathematical Meetings in Denver, Colorado. I
began the lecture by acknowledging the honour of the invitation and thanking the American Mathematical Society
for their confidence in me. I then gave a brief description
of the use of the Gibbs distribution as a basis for a range
of computational techniques that have been very influential in statistical science. I omit the description here, as it
is well explained in, for example, Casella & George (1992)
and book-length treatments such as Brooks et al. (2011).
The name “Gibbs sampler” was first used in Geman & Geman (1984).
Statistical science has its roots in mathematics, but is
quite a different field, and I am often asked by my mathematical colleagues “What’s new in statistics?” For most of
my career, the answer would likely have been some combination of a description of a particular theoretical problem
I was working on at the time, and a vague statement about
the vast increase in computer power having a big influence
on the application of statistics in various fields. More recently, I would say the biggest news in statistics is that interest in the topic is exploding. Figure 1 shows the enrolment growth in students registered in statistics undergraduate programs at the University of Toronto over the past 25
years, showing a 10-fold growth in enrolments in the past
10 years.1 The University of Toronto is not special in this
respect, just bigger; the news magazine of the American
Statistical Association carried the headline in the December 2019 issue “(Bio)Statistics Bachelor’s Degrees Nearly
Nancy Reid is university professor of statistical sciences at the University of
Toronto. Her email address is reid@utstat.utoronto.ca.
Communicated by Notices Associate Editor Richard Levine.
For permission to reprint this article, please contact:
reprint-permission@ams.org.
DOI: https://doi.org/10.1090/noti2207
A similar plot from 1977, the year of the formation of our department, to 1994
would be essentially flat at or below the level in 1994.
1
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Figure 1. Enrolment in undergraduate programs in statistics
at the University of Toronto, 1994–2018.

Quintuple This Decade,” accompanied by a similar exponential graph.2
As both a consequence and perhaps a cause of this increased interest from students, the field is more than ever
looking outward. Statistical science, both theory and applied, has always been motivated by practical problems,
but the departmental structure at most universities often
led to an artificial distinction between theoretical statistics,
studied in departments of mathematics and statistics, and
applied statistics, developed in cognate departments such
as engineering, psychology, public health, and so on. The
University of Toronto’s Department of Statistical Sciences
has been fortunate to be able to make a broad range of academic appointments in recent years, with joint appointments in sociology, philosophy, astronomy, psychology,
2

Links to websites are live in the digital version of this article, and on the author’s website.
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computer science, information science, and environmental science. As well, in common with most statistics departments, we have a long-standing tradition of joint appointments with biostatistics. I believe our experience reflects
the North American trend of very large increases in undergraduate enrolments and corresponding pedagogical and
curriculum innovations.

2. Statistics and Data Science
I think the beginning of this increased interest in statistical science can be traced to a front-page article in the New
York Times in August 2009. The article quoted Hal Varian, then the chief economist at Google: “I keep saying
that the sexy job in the next 10 years will be statisticians
... and I’m not joking.” In June 2008 the editor-in-chief
at Wired published, with perhaps less prescience, an article with the headline “The end of theory: the data deluge makes the scientific method obsolete.” The media interest in so-called Big Data increased rapidly; the phrase
reached a peak on the Gartner hype cycle in 2013, after
which time it became something less novel and more routine, and has been replaced as a catch-all phrase by the
broader but still vague term Data Science. In 2015, the
Fields Institute for Research in the Mathematical Sciences,
along with the Canadian Statistical Sciences Institute, the
Centre de recherches mathématiques, and the Pacific Institute for the Mathematical Sciences, held a semester-long
program called “Statistical inference, learning and models
for big data”; the retrospective workshop in 2018 was “Statistical inference, learning and models for data science,”
reflecting the change of emphasis in the intervening three
years.3 There are now dozens, if not hundreds, of data science institutes and training programs around the world,
although I don’t think it is quite clear yet if data science is
a field of research, or a set of principles and strategies that
inform other fields of research. The talk and subsequent
paper by Donoho (2017) has been especially influential.
Meng (2019) describes data science as an ecosystem.
Statisticians have spent a good deal of time considering the relationship between statistical science and data
science. For a broad outline of the practice of statistical
science one can hardly do better than to follow Cox &
Donnelly (2011, Ch. 2). One starts with a scientific question,4 assesses how data might shed light on this question,
and plans data collection, considering carefully potential
sources of variation and of bias, and designing the data
collection to minimize their impact. These initial steps
necessarily involve close collaboration with the scientists,
although in point of fact are often carried out very skilfully
3

Talks at both these events are available for viewing at FieldsLive.
I am using “scientific” to mean any field of study, including the social sciences
and, increasingly, the humanities.

4
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by scientists without input from statisticians. However,
statisticians are very well-trained in thinking about how
things might go wrong, so close collaboration between
subject-matter experts and statisticians may well be beneficial. Statistical science provides strategies for analysis
of the data: modelling, computation, inferential methods,
and so on. This is a large part of what is taught in graduate and undergraduate programs, often with less emphasis on the earlier planning stages. The more mathematical
part of statistical science is concerned with the properties
of statistical methods. Sometimes this involves evaluating
methods that have been developed by ad hoc means for use
in particular applications—one goal being to understand
whether or not these methods can be relied upon. Statistical theory develops general principles to guide these assessments, and to study how they may be generalized for
a broader range of applications. In the 1950s there was
a concerted effort to develop optimal statistical methods
from first principles, sometimes described as an attempt
to axiomatize statistics, but this did not turn out to be
very fruitful for the increasing number of application areas
needing statistical methods for their scientific work. Traditional undergraduate and graduate training spends a good
deal more time on the mathematical aspects of the discipline than the full set of applied statistics research components outlined by Cox & Donnelly (2011). While it is recognized that communication of statistical results through
plain-language summaries and high-quality visualizations
is an important part of the discipline, it has not been much
emphasized in many statistics programs.
The emergence of data science is at least partly a reaction to this narrowness of traditional statistical training,
as well as a reaction to the explosion in available data in
nearly every scientific discipline. There are innumerable
charts illustrating “data science workflow,” some helpful
and many hype-full, but the main point is to emphasize
the entire process: from sourcing the data through to a
data-driven policy decision. This includes at least the components in Figure 2, which lists what I think are the main
elements of data science. Most diagrams of this type also
include a series of (circular) arrows to suggest the “flow”
aspect of the work.
The data acquisition element refers to finding (or creating) the data needed to answer a scientific question. Some
aspects of this are core parts of traditional training in statistics, which has long emphasized the importance of reliable and efficient methods for data collection, and the importance of assessing the quality and provenance of data.
Statisticians’ training in skepticism about data sources is
often useful with big data, and is typically absent from
training in computer science. On the other hand, the management and storage of data, especially very large volumes
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Figure 2. Example of a data science workﬂow.

of data, possibly being collected nearly continuously, requires expertise from computer science. Data preservation is commonly associated with information science or
library science, but includes as well data repositories established in various fields of science, and in that case requires
expertise from the subject-matter scientists as well.
A great deal of statistical training and research is concentrated on the modelling and analysis component. Statistical science tends to emphasize interpretable, often simple,
models. In contrast, machine learning tends to be more
concerned about good predictions, and as a result the models can be very complex. A reviewer quite correctly pointed
out that exploration of the data, typically with plots and
simple summaries, could well be included before the modelling and analysis component, and often provides the basis for dissemination and visualization later in the process.
Reproducibility is a relatively new topic, prominent in data
science courses and programs. Dissemination of analytic
results or machine learning predictions, which usually includes some emphasis on visualization, can refer to anything from refereed journal articles to position papers to
blog posts to media for public consumption. The best media outlets publish reasonably clear summaries of scientific results, often with very accomplished statistical graphics. Statistical graphics is somewhat distinct from the more
general topic of information visualization; the latter is
usually associated with computer science and in particular
human-computer interaction. Visualization is an essential
component of data science, whereas in traditional training
it was perhaps construed as a one-hour add-on to a course
in applied statistics. Reproducibility and visualization are
discussed in more detail in §4.
Recognition of security and privacy as critical components of data science is widespread, as people become
aware of how much data about them is routinely collected
from their digital life. Differential privacy, a technical
subject developed in computer science, and comprising
much statistical and mathematical sophistication, is one
approach to enabling secure processing of data (Dwork et
JANUARY 2021

al., 2017; Reiter, 2019). The 2020 US Census has decided
to use differential privacy for the first time in releasing its
data products (Hawes, 2020). Government statistical agencies have for many years used various versions of disclosure
limitation, along with restricted access to data, to ensure
privacy of information collected in censuses and in surveys.
Health records are typically secured using some version of
deidentification or anonymization, although there is disagreement on the effectiveness of this, especially when several data bases can be linked through common elements.
Computer science, statistics, and mathematics are all involved in various aspects of privacy and security.
The two bottom elements in Figure 2 require collaboration with the social sciences and humanities. Although
sketched here as following the other components, this
is inadequate, as they are important in all stages of the
work. Questions about the fairness and transparency
of complex algorithms has emerged as a pressing concern, particularly when these algorithms are used to decide high-impact outcomes for individuals, such as securing a loan, or being released on bail. A very readable popular account is O’Neil (2016). Rudin et al.
(2020) make a compelling case for requiring increased
transparency of black-box algorithms, with special reference to the COMPAS model used in the US for scoring risk of recidivism. The six commentaries to Rudin
et al. (2020) add valuable counterpoints, extensions,
and further references. Professional statistical organizations have codes of conduct for ethical use of statistical methods, but these were developed in the era of small
data, and need adapting to the world of artificial intelligence and machine learning.
The elements of Figure 2 have been described as proceeding linearly in time, but in practice there needs to be
interplay and feedback among the various elements. The
elements in grey are meant to be cross-cutting components
that inform the whole process.
This brief summary of my selection of components of
data science involves much broader collaboration than
was customary in the last century. Success in implementing them requires a combination of expertise in computer
science, statistics, mathematics, the social sciences, and humanities. There is another set of essential collaborators—
the domain scientists whose data is informing progress in
so many areas. Statistics and data science as fields of study
are meaningless without continual interaction with data
that are used to advance knowledge. In this respect they
are quite different from pure mathematics, which can be
and has been very fruitfully developed as a closed system.
This is not to deny the remarkable impact that fundamental mathematical discoveries have had in other sciences—
number theory for example forming a foundation for
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cryptography, or topology for studying astronomical objects. But statistical and data science take their inspiration
from, and register their impact on, scientific collaboration.

3. Statistics in the News
In order to illustrate this fruitful interplay between statistical science, computer science, mathematics, and domain
science, I have selected, quite arbitrarily, examples of news
articles from the past several months in which data collection and analysis played a key role.
3.1. Wildfire and climate change. On January 8, 2019,
the Canadian newspaper The Globe and Mail featured an
article with the headline “B.C. wildfires stoked by climate
change, likely to become worse: study.” The article referred to a study then recently published in the journal
Earth’s Future (Kirchmeier-Young et al., 2019) which used
the theory of attribution analysis to study whether the
severity of the 2017 fire season in British Columbia could
plausibly be attributed to human-induced climate change.
The statistical methods used in the paper drew on a 2016
consensus report from the National Academies, which
described various methods for attribution of individual
weather events to climate change. The description of the
scope of the report notes
The relatively young science of extreme event attribution seeks to tease out the influence of humancaused climate change from other factors, such as
natural sources of variability like El Niño, as contributors to individual extreme events.
While individual extreme events such as hurricanes, wildfires, and flooding are often attributed to climate change
in the popular press, this is rarely a direct connection, and
often difficult to establish rigorously. One of the outcome
measures investigated by Kirchmeier-Young et al. (2019)
was the area burned, and one of their conclusions was that
“anthropogenic climate change increased the area burned
by a factor of 7–11.” The figure accompanying this conclusion is reproduced here in Figure 3. The plot on the left
shows a time series of the predicted size of wildfires in their
study area in southwestern British Columbia, from 1960
to 2020. There are 50 such time series, in grey, constructed
from 50 simulations of a regional climate model. The bold
black line shows the average of the 50 modelled time series.
The area burned in 2017 was 1.2 million hectares, indicated by the dotted line across the top of the left figure. The
decades 1960–1970 and 2010–2020 are highlighted in that
plot with blue and red boxes. From these two 10-year windows a probability density for wildfire size was estimated
using well-established nonparametric techniques for density estimation. The two estimated densities are plotted
on the right, where the size of the fires is now recorded on
108

Figure 3. Part of Figure 5 of Kirchmeier-Young et al. (2019).
The left graph shows 50 simulated climate scenarios (grey),
the mean of these (black) and the observations (green). The
𝑦-axis shows the area burned, as predicted by a regression
model, and the 𝑥-axis shows time. The size of the 2017 ﬁre is
indicated by the dashed line just above 106 . The right graph
shows a probability density estimate based on these
simulations: one for 1960–1970 and a second for 2010–2020.
These decades are marked in blue and red, respectively, on
the left graph. The vertical dashed line shows the ﬁre in 2017,
and the shaded grey line shows that percentile point in the
1960–1970 distribution, assumed to be free of anthropogenic
inﬂuences. The 2017 ﬁre was approximately 9 times larger on
average than the corresponding percentile in the earlier
decade.

the 𝑥-axis and the 2017 value is indicated with a vertical
dashed line. This value is in the 99.1% tail of the 2010–
2020 decade’s probability density estimate. The 99.1 percentile of the 1960–1970 probability density estimate corresponds to a fire 9 times smaller, indicated by the solid
vertical line. The shading around this line indicates the
variability in the estimate, obtained using the bootstrap
simulation method (Efron, 2013), and is the source of the
7–11 conclusion. The increase in the estimated magnitude
of the area burned in the decade 2010–2020 is attributed to
anthropogenic influence, as the earlier decade is assumed
to represent scenarios in the absence of human-induced
warming.
This short summary necessarily omits many details
of the science and methodology, which are carefully described in the paper and supplementary material. The
climate data was obtained from an ensemble of 50 simulated climate series provided by the Canadian Regional
Climate Model, which in turn is derived from the Canadian Earth System Model of climate, downscaled to the
region of British Columbia of interest. Surface measurements of mean air temperature and precipitation anomalies were created from a variety of sources, including the
National Aeronautics and Space Administration, the MultiSourced Weighted Ensemble Precipitation, DataBC, University of East Anglia, BC Hydro, Rio Tinto, and others.
When needed, spatial measures were interpolated across
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the area between weather stations using statistical methods. Area burned was estimated through regression using observational data and published fire weather indices.
The authors also investigated temperature and precipitation anomalies and fraction of risk of fire attributable to
human-induced warming, and discussed thoroughly the
assumptions and potential limitations of their work.
This work exemplifies data science in action: climate
models are built on a sophisticated mix of simulation, climate science, physics, and mathematics. The amalgamation of observational data sets from various sources uses
mathematical and statistical models to create a smooth
field of measurements across the area of interest. Statistical methods include regression models, density estimation, bootstrap inference, spline smoothing, and more. It
is not conceivable that such a study would have been feasible even twenty years ago, yet such studies are now commonplace. At the same time, while there are many sources
of data, and the datasets are complex, they are not really
very big. Their structure is much more interesting and relevant than their size.
In late 2019 and early 2020 the world’s attention was
gripped by a series of bushfires in Australia, some of which
threatened major cities, including Sydney and Canberra.
Many headlines attributed the fires to climate change, noting that during the same period Australia recorded its
hottest ever land temperature. In November 2019 the BBC
noted “the science around climate change is complex—it’s
not the cause of bushfires but scientists have long warned
that a hotter, drier climate would contribute to Australia’s
fires becoming more frequent and more intense.” The article quoted Dr. Richard Thornton, chief executive of the
Bushfires & Natural Hazards Co-operative Research Centre: “We find it very difficult in general to attribute climate change impacts to a specific event, particularly while
the event is running.” In contrast to this, on January 2
2020, the Washington Post wrote: “For the first time, scientists have detected the ‘fingerprint’ of human-induced
climate change on daily weather patterns at the global
scale. ... If verified by subsequent work, the findings ...
would upend the long-established narrative. ... The new
study ... uses statistical techniques and climate model simulations.” The worked referred to is Sippel et al. (2020),
who claimed that climate change could indeed be identified in a single day of global weather. This is not exactly the
same as attribution of a single event, but it does provide
a counterpoint to the distinction made until now between
climate and weather. If this result is verified in other studies, our understanding of the impacts of climate change
will be further refined.
3.2. Art and life. In late 2019 the New York Times ran
an article with the headline “Another Benefit of Going to
JANUARY 2021

Museums? You May Live Longer.” The paper also put out
a tweet with a similar message: “Want to live longer? Try
going to the opera.” The backlash was swift, as it often is
on Twitter, with comments like “Want to live longer? Try
driving a BMW 7,” “Rich people live longer. Who knew?,”
and so on. The mantra of statistical science, correlation is
not causation, seems to have eluded the headline writers, although the text of the news article was more circumspect,
mentioning things like “the study controlled for socioeconomic factors like ... income, education level, and mobility.” The article also stated that “the researchers combed
through the data they had collected to search for patterns”
a sentence that should ring alarm bells with its suggestion
of data-dredging.5
This article was reporting on a study published in the
British Medical Journal (Fancourt & Steptoe, 2019), and it is
noteworthy that the authors used “association” in the title;
often titles of press releases use language that implies causation, even when the article does not. The data used was
collected as part of the English Longitudinal Study on Aging (Steptoe et al., 2013), which started in 2002, and is part
of an international effort.6 Surveys are carried out each two
years and the data for this study came from the 2nd wave
of responses, collected in 2004–2005. It was a prospective
observational study, which followed people over time, so
is not plagued with recall bias. It is however observational,
so any association between arts engagement and longevity
has two potential causal directions. The best that can be established is that the association between the two is not explained away by a more direct cause—income and health
being two obvious candidates.
The response of interest was survival time, recorded up
to March, 2018, and the research question was to investigate any association with “receptive arts engagement,”
which was defined by the authors as “including going to
the theatre, concerts, opera, museums, art galleries, and
exhibitions” (Fancourt & Steptoe, 2019). Participants were
also measured on a large number of demographic, socioeconomic, and health-related variables, including for example sex, age, education, employment status, eyesight,
chronic illnesses, social engagement measures, and more.
The unadjusted data is displayed in Table 1, adapted from
Table 2 in Fancourt & Steptoe (2019), which indeed shows
a strong association between mortality and arts engagement. This does not take into account survival time, nor
other covariates.
The more relevant analysis uses survival time as a response, and arts engagement along with a number of other
explanatory variables in a regression model, to enable
5

In fact there is no evidence of data-dredging in the published paper, although a
cursory glance at the paper might give that impression.
6
The US Health and Retirement study is in the same network.
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Table 1. Receptive Arts Engagement. Summary data from
Fancourt & Steptoe (2019), Table 1. The column categories
refer to engagement with the arts, as described in the
methods section of their paper.

Never

Infrequently

Frequently

837 (47.5%)

809 (26.6%)

355 (18.6%)

Survived 925

2233

1551

Total

3042

1906

Died

1762

adjustment of the observed mortality rates for potential
confounding variables. The proportional hazards model
(Cox, 1972) is widely used for this purpose, and can properly use information from survival times that are censored
because the respondents were still alive at the time of data
analysis. As there were 6,710 people in the dataset, the authors were able to adjust for a large number of potential
confounders.
The authors concluded that even after adjustment for
various socioeconomic and health measurements, infrequent engagement with the arts was associated with a reduction in risk of mortality by 14% (4–23%), and that frequent engagement was associated with a reduction of 31%
(20–41%), both of these relative to the “never engaged”
group. The intervals are 95% confidence intervals, and because these confidence intervals do not include the null
value 1, or 100%, the differences would conventionally be
described as “statistically significant,” as the 𝑝-value is less
than 0.05. Reporting only that 𝑝 < 0.05 has repeatedly
come under considerable criticism; see §4 below. Here
however the authors reported both survivor functions and
confidence intervals, which is much more informative.
The validity of the proportional hazards assumption
in their modelling was checked by analysis of residuals,
which compare the model predictions to the observed data.
The analysis was weighted using techniques of survey sampling, in order to relate the people in the survey to the population of interest. A number of sensitivity analyses were
performed, and a measure of the proportion of the survival discrepancy due to the confounders was calculated:
it was 41%, indicating that nearly 60% of the positive effect of arts engagement was not explained by confounding factors. The study also found a dose-response effect,
as arts engagement was categorized as never, infrequently,
and frequently. The authors were careful to note in the
discussion that their study “suggests that receptive arts engagement could have independent longitudinal protective
associations with longevity” (my emphasis) and that “A
causal relationship cannot be assumed, and unmeasured
confounding factors might be responsible for the association” (Fancourt & Steptoe, 2019).
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Figure 4. Figure 2 of Fancourt & Steptoe (2019), showing the
estimated survival probabilities stratiﬁed by arts engagement.
These were estimated after adjusting for confounding
variables related to health, socioeconomic status, social
engagement, and so on. The relative risk (instantaneous
failure rate) is estimated to be 31% lower in the “frequently
engage” group, and 14% lower in the “infrequently engage”
group, relative to the “never engage” group.

Although I began my reading of the study aligned with
the dismissive comments on Twitter, my conclusion is that
this was an exceptionally careful analysis, built on a carefully collected set of data. The authors were circumspect
in their claims, and were very thorough in assessing their
assumptions and the sensitivity of their conclusions. Dr.
Fancourt herself tweeted “Confounders obviously a big
challenge but results consistent in well adjusted models &
sensitivity analysis.” While undoubtedly not the last word
on the subject, this is a convincing and careful study.
It is also a study firmly in the realm of statistical science
and small data, and is included to emphasize that there is
much to learn from small data sets of high quality, using
an arsenal of well-established statistical methods.

4. Reproducibility and Visualization
These two important pieces of the data science workflow
in Figure 2 are starting to be addressed more systematically in statistics and data science programs and courses.
Reproducibility is emphasized as a model of good practice: with the same data and following the steps outlined
by the original investigators, another investigator should
be able to obtain the same results. This is harder than
it sounds, but there are several software systems available
now, such as RStudio projects and Jupyter notebooks that
are designed to make it easier to ensure reproducibility of
statistical analyses; resources such as Github make it easier to share code and data, and suites of tools have been
developed especially for “data wrangling” (for example,
Wickham & Grolemund, 2016). Replicability is a more demanding standard, that an independent investigation of
the same question, with possibly different data, leads to
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results consistent with the first investigation. This is the
cornerstone of the scientific method, but in the data science context it would normally include a requirement that
the same or very similar statistical analyses were carried out
in both cases.7
The examples above were selected to illustrate highquality statistical analysis on carefully described data, each
making an important contribution to science or social science, respectively, and each setting their work in context
and addressing its limitations. In principle the results
are reproducible, as the methods and sources of data are
clearly delineated, but the effort in doing so would be substantial. Replication of the results on similar data might
entail, for example, an attribution study for the 2018 wildfire season in British Columbia for Example 1, or a comparable analysis of data from one of the consortium partners
for Example 2.
There are unfortunately many further examples of more
dubious quality, and there are even books written on the
topic (Bergstrom & West, 2020). A haphazard sample
of headlines that I collected in preparation for the presentation included “Quitting Facebook could change your
life,” “Claims about a treatment for Alzheimer’s should be
treated with caution,” “Can intermittent fasting reset your
immune system?”
Much discussion has centred around the contribution
of 𝑝-values to a decline in quality. The 𝑝-value itself
is not to blame—it is a well-defined probability that describes how unusual (or not) the observed data is, under assumptions about the underlying processes that generated
the data. These assumptions usually consist of a statistical model (which may or may not be appropriate), and
within that model, a working assumption that the effect
one hopes to find is, in fact, absent—what statisticians call
a “null hypothesis.” In the art appreciation example above,
the null hypothesis is that receptive engagement with the
arts has no association with survival. A small 𝑝-value
indicates that the data are not consistent with the null hypothesis, so has a weak parallel to a proof by contradiction;
either the null hypothesis is incorrect, or we have observed
an event (set of data) of very low probability. In practice
the dataset is typically unusual in only one respect—for
example often the mean value of a response is larger than
would be expected under the null hypothesis.
There are many sources of advice for increasing the
strength of a statistical conclusion by supplementing 𝑝values with estimates of effect size (for example, the 31%
reduction in risk illustrated in Figure 4), for providing confidence intervals for effect sizes (for example, the 7–11fold increase in area burned illustrated in Figure 3), for
7These meanings of “reproducibility” and “replicability” follow the 2017 ASA

guidelines, but usage is not standardized across all fields.
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undertaking sensitivity analyses, and more; see for example Kass et al. (2016). It has been customary, since Fisher
suggested it more than 100 years ago, to use 𝑝 = 0.05 as
an arbitrary dividing line between “statistically significant”
(𝑝 < 0.05) and “not statistically significant” (𝑝 > 0.05),
but any scientific conclusions based on such a simple dichotomy should be regarded with considerable skepticism.
The validity of scientific results is hampered by the rote use
of any tool, and 𝑝-values are just one of these. Unfortunately 𝑝-values are both widely used and widely misunderstood. Alarm bells should ring when a study of particular
interest to you or to society reports a result that was “small,
but statistically significant.” Most science is more complex
than that.
Visualization of statistical analyses and data summaries
has been an under-emphasized sideline in statistical training for many years. Tufte’s classic book (Tufte, 1983) elegantly set out a number of principles for graphical display,
and early work by Cleveland (1985), Wilkinson (1999),
and many others put the construction of statistical graphics on firm intellectual ground. Data visualization is now
a thriving discipline that blends computer science, statistical science, and art, and the advances in the past twenty
years in journalism and on web pages have been stunning.
Several media outlets now have large visualization departments. Among many aggregator sites that emphasize data
visualization, flowingdata.com is a particularly interesting resource. There are also plenty of unhelpful and downright misleading visualizations; for example Lumley’s blog
shows how some circulating maps of the bushfires in Australia in 2020 were misleading.

5. Conclusion
Statistical science and data science are in a phase of very
high public interest and accompanying hype. This tends
to get bound up with the similarly high interest in machine learning and artificial intelligence, which are undoubtedly seeing even more hype. It seems that every
day there are remarkable advances in some aspect of datadriven discovery—improvements in image processing, discoveries in astronomy, identification of genetic signatures,
and so on. One popular pronouncement was “data is the
new oil,” intended one presumes to send the message that
companies that learn how to jump on the data bandwagon
will prosper, and the sooner one jumps, the better.
This paper is entitled “In Praise of Small Data” at least
partly to attempt to dispel the data-deluge description that
is the basis for a great deal of this hype. Scientists have always had more data than they quite knew what to do with,
even when that data was being recorded with pencil and
paper—it is in the nature of scientific discovery to work at
the boundary of what is possible.
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If data science is indeed a new discipline and area of research, and not simply a new program of study and a new
job description, the size of the data will be one of the least
interesting aspects. Even in fields such as high-energy particle physics, where terabytes of data are collected nearly
continuously, the most important scientific questions rely
on the study of a few very rare events. The investigation
of the relationship between climate change and wildfire
described in §3.1 (Kirchmeier-Young et al., 2019) relied
on data from a large number of sources—governments
around the world, data from mining and hydro-electric
companies, and more. But the conclusions were based
on just 500 observations—50 climate simulations in two
10-year periods. The study of art and life (Fancourt & Steptoe, 2019) described in §3.2 relied on responses from 6,710
participants of an ongoing survey, and was able to provide
reasonably confident conclusions about the population of
Britain, thanks to the quality of the survey design and data
collection. Quality is much more important than quantity,
which should be obvious, but bears repeating, especially as
there are many commercial enterprises emphasizing quantity instead.
It is an exciting time to be working with data—there
is more enthusiasm for, and interest in, statistical science
than I have seen in my career. The emerging world of data
science will I hope combine the best of statistics, mathematics, information science, and social science to raise the
bar for scientific advances, social improvements, and policy decisions. Clear understanding of the strengths and
limitations of data-intensive research will be our best resource.
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Don’t Count on It
Edward Dunne
There is a well-known dictum in business: “If you can’t
measure it, you can’t manage it.” You may see it on its own
or as part of SMART Goals (Specific, Measurable, Achievable, Realistic, and Timely). The dictum is very tempting.
For one thing, numbers are seen as being neutral, free
from bias. In a narrow sense, this is true. In the broader
sense, we know that the algorithms and programs used to
produce those numbers are often not free from bias. It is
also tempting because CEOs, managers, and consultants
envision applying all sorts of tools from engineering and
the sciences to optimizing the measured quantities. (I look
forward to the day that a management consultant’s report
includes Euler-Lagrange equations.) There is, however, a
corollary: “You get what you measure.” This is not meant
to be affirming. It is, rather, a refutation. The corollary, in
the context of a school administration that evaluates faculty
based on students’ scores on standardized tests, explains
why a teacher will “teach to the test.” By using student
evaluations to assess teaching faculty, many colleges and
universities inadvertently encourage grade inflation since
positive evaluations correlate with higher course grades.
CEOs will focus intently on stock prices, instead of product
quality or employee relations, because that is the measure
their bosses—the shareholders—apply to them. Since the
metrics drive the rewards systems, the results of the stimulus-response system are not surprising. If the metric is the
Edward Dunne is the executive editor of Mathematical Reviews at the
American Mathematical Society. His email address is egd@ams.org.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
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message, people will learn to game the system. In academia,
the measured quantities are known as “bibliometrics.”
The best-known bibliometrics are Impact Factors for
journals and citation counts for authors. I had originally
planned to discuss both types, but chose to focus on
citation counts for space considerations, leaving journal
bibliometrics for another time. Citation counts are available from multiple sources, including Clarivate’s Web of
Science, Google Scholar, and MathSciNet. When people
refer to “Highly Cited Researchers” (HCRs), though, they
generally mean the list created by Clarivate, which is freely
available [https://recognition.webofsciencegroup
.com/awards/highly-cited/2019/ ]. It is interesting
to consider the list of 89 mathematicians who are Highly
Cited Researchers.

Citation Counts and Influential Researchers
Using the Mathematical Reviews database, which is what
powers MathSciNet, one can identify the primary subject
area of each HCR, as determined by the Mathematics Subject Classification (MSC) in which the majority of their
papers were published. The first thing to notice is that this
group is unrepresentative of mathematics in general. For
instance, there are no algebraists or geometers, and only
one number theorist, in the group. Of the 10 largest subject
classes in the MR database (counting journal articles published from 2008 to 2018), only six are represented as the
primary subjects of the HCRs. Overall, only 16 of a possible
60 subject areas are represented. If we also look at secondary areas of the researchers (defined as an area in which the
researcher has published at least half as many papers as in
the primary area), we reach 21 of the possible 60 subject
areas. The number of HCRs whose primary subject is the
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given area are listed under the header “Count.”
The number of HCRs whose primary or secondary
subject is the given area are listed under “Count+.”
There is a noticeable skewing towards analysis and
certain applications, as can be seen in Table 1.
Looking only at the HCRs’ primary subjects, those
subjects represent 45% of the articles published in
journals from 2008 to 2018 (inclusive). Looking
at the HCRs’ primary and secondary subjects, they
represent 52% of the articles published in journals
from 2008 to 2018 (inclusive). The following chart
compares the distribution of subjects of the HCRs
with the distribution in the full Mathematical
Reviews Database (MRDB). Note: The full MSC
has 63 classes, but I am considering just 60 of
them, as three subject areas are unlikely to show
up as among HCRs or among the prize winners
discussed below: 00=General, 01=History and
biography, 97=Mathematics education.
Here is another way to look at the HCRs in
mathematics. According to the Web of Science
Group at Clarivate Analytics, the list recognizes
“the world’s most influential researchers of the
past decade.” The determination is made based
on citation counts. An alternative list of influential researchers in mathematics may be created by
combining the lists of winners of the AMS prizes,
the SIAM prizes, the EMS prizes, and the IMU
prizes, including the Fields Medal. There are 636
such winners of the 29 such prizes, over all time
for the prizes. As of this writing, only five of the
89 HCRs in mathematics have won any of the
prizes (Franco Brezzi, Luis Caffarelli, Emmanuel
Candès, Stanley Osher, and Terry Tao). Rather
than comparing all 636 prize winners, I looked
instead at the 103 mathematicians who had won
at least two of the prizes. This gives a comparable
number of researchers as in the HCR list. The
primary research areas of these prize winners represent 27 of the 60 classes. Including primary and
secondary research areas, the prize winners represent 36 of the classes. The subjects represented
are more diverse and, in particular, they are not
concentrated in analysis and applications. The two
most frequently occurring subjects are algebraic
geometry and number theory, which hardly show
up among the HCRs. Looking at the prize winners’
primary subjects, those subjects represent 61% of
the articles published in journals from 2008 to
2018 (inclusive). Looking at the prize winners’
primary and secondary subjects, they represent
76% of the articles published in journals from
2008 to 2018 (inclusive).
January 2021

Subject areas for HCRs
MSC

Subject

Rank in
MRDB

Count
in HCR

% in
HCR

Count+
in HCR

35

Partial differential equations

1

20

22.50%

23

62

Statistics

3

14

15.70%

14

34

Ordinary differential
equations

11

13

14.60%

17

65

Numerical analysis

2

13

14.60%

16

47

Operator theory

16

9

10.10%

9

93

Systems theory; control

6

6

6.70%

6

92

Biology and other natural
sciences

13

3

3.40%

5

37

Dynamical systems

20

2

2.20%

4

90

Operations research,
mathematical programming

7

2

2.20%

2

11

Number theory

15

1

1.10%

3

33

Special functions

44

1

1.10%

2

40

Sequences, series,
summability

53

1

1.10%

2

42

Fourier analysis

30

1

1.10%

1

46

Functional analysis

23

1

1.10%

1

49

Calculus of variations and
optimal control; optimization

27

1

1.10%

1

60

Probability theory and
stochastic processes

10

1

1.10%

1

26

Real functions

32

0

0.00%

1

30

Functions of a complex
variable

26

0

0.00%

1

39

Difference and functional
equations

35

0

0.00%

1

41

Approximations and
expansions

42

0

0.00%

1

94

Information and
communications, circuits

9

0

0.00%

1

Totals

89

Table 1. The Rank in MRDB is the relative frequency of the 2-digit MSC
subject area using Math Reviews data for articles published in journals
from 2008 to 2018 (inclusive).The Count is the number of math HCRs for
whom this is the most frequent subject in which they publish.The % in HCR
is the percentage of math HCRs for whom this is the most frequent subject
in which they publish.The Count+ in HCR is the number of math HCRs for
whom this is either the most frequent subject in which they publish, or a
secondary subject for them.To be a secondary subject, the author should
have at least half as many publications in the subject as in their most
frequent subject.
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Subject areas for prize winners
MSC

Short
Description

Rank in
MRDB

Count

% in prize
winners

Count+

MSC

Short
Description

Rank in
MRDB

Count

% in prize
winners

Count+

14

Algebraic
geometry

25

15

14.6%

16

46

Functional
analysis

24

1

1.0%

3

11

Number theory

16

13

12.6%

16

55

52

1

1.0%

3

35

Partial
differential
equations

Algebraic
topology

1

9

8.7%

14
91

6

1

1.0%

2

57

Manifolds and
cell complexes

37

9

8.7%

13

Game theory,
economics, social
and behavioral
sciences

Differential
geometry

19

K-theory

62

1

1.0%

1

53

20

9

8.7%

9
41

1

1.0%

1

3

7

6.8%

8

Approximations
and expansions

43

65

Numerical
analysis

47

Operator theory

17

1

1.0%

1

76

Fluid mechanics

15

4

3.9%

8

68

Computer science

13

1

1.0%

1

20

Group theory and
generalizations

22

4

3.9%

5

92

Biology and other
natural sciences

14

1

1.0%

1

42

Fourier analysis

31

4

3.9%

5

81

Quantum theory

9

0

0.0%

3

58

Global analysis,
analysis on
manifolds

41

3

2.9%

8

49

28

0

0.0%

2

82

Statistical
mechanics,
structure of
matter

Calculus of
variations and
optimal control;
optimization

26

3

2.9%

4

52

Convex and
discrete geometry

44

0

0.0%

2

94

0

0.0%

2

11

Information and
communication,
circuits

10

60

Probability
theory and
stochastic
processes
Dynamical
systems and
ergodic theory

17

39

0

0.0%

1

21

Nonassociative
rings and
algebras

18

Category theory;
homological
algebra

51

0

0.0%

1

22

Topological
groups, Lie
groups

50

0

0.0%

1

70

Mechanics of
particles and
systems

35

0

0.0%

1

90

Operations
research,
mathematical
programming

8

0

0.0%

1

37
62

Statistics

03

2

2

1.9%

1.9%

4

3

4

2

1.9%

3

Mathematical
logic and
foundations

23

2

1.9%

2

05

Combinatorics

5

2

1.9%

2

30

Functions of a
complex variable

27

2

1.9%

2

34

Ordinary
differential
equations

12

2

1.9%

2

32

Several complex
variables and
analytic spaces

42

1

1.0%

5

Total

103

Table 2. The Rank in MRDB is the relative frequency of the 2-digit MSC subject area using Math Reviews data for articles published
in journals from 2008 to 2018 (inclusive).The Count is the number of the prize winners who have won at least two society prizes and
for whom this is the most frequent subject in which they publish.The % in prize winners is the percentage of the prize winners for
whom this is the most frequent subject in which they publish.The Count+ in prize winners is the number of the prize winners for
whom this is either the most frequent subject in which they publish, or a secondary subject for them.To be a secondary subject, the
author should have at least half as many publications in the subject as in their most frequent subject.
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The two lists differ fundamentally in the way they have
been created. Highly Cited Researchers are identified based
on the counts of citations to their papers. This is, essentially,
a one-dimensional process. Such a measure is likely to be
a projection of many characteristics onto one axis. For instance, it is possible for a researcher to publish a few papers,
each of which garners a lot of citations. It is also possible
for a researcher to publish a lot of papers, each of which
garners a few citations. Numerically, it is hard to say who is
the more influential mathematician. Should we instead be
counting citations normalized by number of papers, similar
to the Impact Factor or the MCQ? Should long papers be
weighted more than short papers?
The prize winners are identified by committees of
active researchers who have been chosen by one of the
professional societies to identify noteworthy researchers.
The committees change membership from year to year.
Committees from different societies are likely to draw
from different pools, at least to some extent. Needless to
say, prizes and awards have to contend with biases, both
explicit and implicit.

Self-Referencing/Self-Citing Comparisons
Across Datasets
This column was partially motivated by the paper [SPA]
about self-citing and self-referencing in the sciences, using
data from Clarivate Analytics (creators of Web of Science
and Journal Citation Reports). Here, I use the definitions
of those terms by Szomszor, Pendlebury, and Adams in
[SPA]. The difference between the two terms is subtle, but
meaningful. Self-referencing considers how often an author’s citations (in their own papers) are to their own works,
as compared to citing other authors. Self-citing considers
how many citations to an author’s works come from the
author’s own publications. For example, if your self-referencing score is 11.23 and your self-citing score is 3.57, that
means that 11.23% of the references in your papers are
to your previous papers, and 3.57% of all the papers that
cite your papers are papers that you authored. Szomszor,
Pendlebury, and Adams study similarities and differences
in self-citing and self-referencing across disciplines by examining the self-citing and self-referencing trends among
HCRs by subject area. In setting up their study, they assert
that the behavior of the cohort of HCRs “should serve as a
bellwether for culturally appropriate citation practice.” As
pointed out already, it is not clear that the HCRs in mathematics are typical or exceptionally influential.
MathSciNet uses the data in the Mathematical Reviews
database, which I abbreviate as the “MR database” or as
“MRDB.” The MR database is similar to the Clarivate database that underlies Web of Science and Journal Citation
Reports, but with some significant differences. First of all,
the MR database is limited to information from mathematical research publications, though that includes theoretical physics, mathematical biology, and other areas of
January 2021

applications. Second, the citations in the MR database are
from a select subset of about 650 journals out of our total
coverage of approximately 1800 journals. In our editorial
decisions for coverage of journals, we try to exclude weak
journals. In our decisions for counting citations, we look
for strong journals. This serves to reduce opportunities for
certain types of self-citation and self-referencing.
With the help of Erol Ozil, the IT manager at Mathematical Reviews, I queried the MR database to find the
1000 authors with the highest citation counts, using Mathematical Reviews data from journal articles from 2010 to
2020. Statistics on self-referencing and self-citing rates were
computed for the whole set of 1000 top-cited authors and
for the subset of 100 top-cited authors.
We also compared the statistics from [SPA] with the
statistics for the prize winners. Using the list of prize winners, we matched the names with authenticated names in
the database. We queried the MR database to look at the
self-citing and self-referencing behaviors of the prize winners. Some prize winners did not occur in the database.
Their citation counts and self-referencing/self-citing counts
were left blank. Also, some of the prizes have been around
for a long time, with some prizes having been awarded in
the 1970s. Consequently, some of those prize recipients
had no papers published in recent times, and their work fell
outside the period for which we have citation information.
Therefore, when computing statistics, we restricted the list
of prize winners to those who had received the prize in the
year 2000 through the present. Otherwise, a large number
of zero values would have artificially decreased the statistics.
The first table shows the statistics for self-referencing
for the 89 HCRs in mathematics, the top 100 and top
1000 cited researchers from the MR database, and the 365
mathematicians who had won at least one of the AMS,
EMS, IMU, or SIAM prizes between 2000 and the present.
The second table shows the statistics for self-citing for the
same four cohorts. IQR is the interquartile range, defined
as the difference between the third quartile (Q3) and the
first quartile (Q1). Table 3 is analogous to Table 2 in [SPA];
Table 4 is analogous to Table 3 in [SPA].
Cohort

Distribution
parameters
Q1 Median Q3

HCR
11.81 15.63 22.47
Top 100 cited
6.93 9.08 12.01
Top 1000 cited 5.05 6.96 9.42
Prize Winners
5.68 7.91 11.26

Indicative
outlier thresholds
Lower,
Upper,
+1.5 IQR +3.0 IQR
38.47
19.62
15.99
19.63

54.47
27.24
22.55
29.99

Table 3. Key parameters for rates of self-referencing
percentages (citing to earlier papers).
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Cohort

Distribution
parameters
Q1 Median Q3

HCR
Top 100 cited
Top 1000 cited
Prize Winners

6.02 12.91 20.61
3.77 5.51 7.54
4.94 6.87 9.79
0.00 0.22 2.42

Indicative
outlier thresholds
Lower,
Upper,
+1.5 IQR +3.0 IQR
42.48
13.20
17.06
6.06

64.36
18.86
24.33
9.69

Edward Dunne

Table 4. Key parameters for rates of self-citing percentages
(citing from later papers).

The differences in the statistics are dramatic. For self-referencing, the HCR median is 1.72 times the median of the
top 100 cited authors in the MR Database and nearly twice
the median of the prize winners. Similar ratios hold for
the other statistics. For self-citing, the HCR median is 2.34
times the median of the top 100 cited authors in the MR
Database and 58 times the median of the prize winners.
It is interesting to see the differences between self-referencing and self-citing using the Mathematical Reviews data.
For instance, as the cohort grows from the top 100 to the
top 1000, the amount of self-referencing goes down and
the amount of self-citing goes up. I am also struck by the
extremely low rate of self-citing among the prize winners.
Szomszor, Pendlebury, and Adams use their statistical
analysis of the Clarivate data to draw conclusions from the
data for HCRs about the sociology of science as specialized
to mathematics. I see two reasons to question this. First,
using the HCRs in mathematics as proxies for the entire
cohort of mathematical researchers does not seem right.
The HCRs are not representative by subject areas and were
not selected by a random sampling process. Second, the
comparison with other datasets indicates that drawing
conclusions from the data for HCRs about the sociology
of science as specialized to mathematics is not warranted.
By definition, the HCR identifies people who are good at
accumulating a large number of citations. There are multiple ways to achieve this, and when citations alone are the
measure, they are all rewarded equally.
References

[SPA] M. Szomszor, D. A. Pendlebury, and J. Adams, How
much is too much? The difference between research influence
and self-citation excess, Scientometrics 123 (2020), 1119–
1147. https://doi.org/10.1007/s11192-020-03417-5
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FROM THE AMS SECRETARY

Joint Prizes & Awards
2021 MOS–AMS
Fulkerson Prize
The Fulkerson Prize Committee invites nominations for
the Delbert Ray Fulkerson Prize, sponsored jointly by the
Mathematical Optimization Society (MOS) and the American Mathematical Society (AMS). Up to three awards of
US$1,500 each are presented at each (triennial) International Symposium of the MOS. The Fulkerson Prize is for
outstanding papers in the area of discrete mathematics. The
prize will be awarded at the 24th International Symposium
on Mathematical Programming to be held in Beijing, China
on August 15–20, 2021.
Eligible papers should represent the final publication
of the main result(s) and should have been published
in a recognized journal or in a comparable, well-refereed
volume intended to publish final publications only, during
the six calendar years preceding the year of the Symposium
(thus, from January 2015 through December 2020). The
prizes will be given for single papers, not series of papers
or books, and in the event of joint authorship the prize
will be divided.
The term “discrete mathematics” is interpreted broadly
and is intended to include graph theory, networks, mathematical programming, applied combinatorics, applications
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of discrete mathematics to computer science, and related
subjects. While research work in these areas is usually not
far removed from practical applications, the judging of
papers will be based only on their mathematical quality
and significance.
Previous winners of the Fulkerson Prize are listed here:
www.mathopt.org/?nav=fulkerson#winners. Further
information about the Fulkerson Prize can be found at
www.mathopt.org/?nav=fulkerson and https://www
.ams.org/prizes-awards/paview.cgi?parent_id=17.
The Fulkerson Prize Committee consists of
• Gerard Cornuejols (Carnegie Mellon University)
• Eva Czabarka (University of South Carolina)
• Daniel Spielman (Yale University)
Please send your nominations (including reference
to the nominated article and an evaluation of the work)
by February 15th, 2021 to the chair of the committee.
Electronic submissions to gc0v@andrew.cmu.edu are
preferred.
Gerard Cornuejols
Tepper School of Business
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213, USA
e-mail: gc0v@andrew.cmu.edu
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Grafting Science on Congress
Lucia D. Simonelli
As a theoretical mathematician interested in working on
climate change initiatives, I was unsure how to navigate into
the policy world. I owe the American Mathematical Society
(AMS) a debt of gratitude for sponsoring the Congressional
Fellowship, which served as an invaluable bridge between
academia and public sector engagement.
As the AMS Congressional Fellow, I had the great honor
to work for Senator Sheldon Whitehouse (RI)—a staunch
advocate for science—on his mighty energy and environment team from October 2019 to August 2020. In addition
to learning about the legislative process, I had the opportunity to understand the value of fellowship programs such
as this one, to reflect on how mathematical training can
fit into a broader context, and to experience how scientists
contribute to policy.
Over the course of my fellowship year, I learned about
a very concerning shift in structure and quantity of Congressional staff over recent decades. With this context as
backdrop, I understood more profoundly the importance
of fellowships like this one.
In the past, there were actually more Congressional staff.
There were also substantially more staff serving in the
Congressional support agencies; these support agencies are
essential to the health and function of the legislative branch
as they provide neutral, confidential, and credible resources
to members and staff. Congress even had its own “think
tank” called the Office of Technology Assessment (OTA)
with a mission and capacity to anticipate the scientific,
technological, and medical issues that would eventually
necessitate policy action.
In the mid 1990s, under the guise of an initiative called
“Contract with America,” Congress was stripped of many
of these vital resources. Staff was cut significantly, and the
Lucia D. Simonelli is the 2019–2020 AMS Congressional Fellow.
More information on the AMS Congressional Fellowship can be found
here: https://www.ams.org/ams-congressional-fellowship. The
2021 Congressional Fellowship application deadline is February 1, 2021.
For permission to reprint this article, please contact: reprint-permission
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2210

120

OTA was entirely defunded—targeting the OTA specifically
was a political gesture. As the smallest legislative branch
agency, it was the easiest to eliminate. And, it was a very
powerful symbol to cite the elimination of an entire agency,
especially to bolster a platform founded on budget cuts.
To provide a bit of context, the budget of the OTA was less
than 1% of the legislative branch budget.
Despite it being relatively small, however, there was
something very special about the OTA. The OTA has been
described as Congress’s “trusted intermediary, taking
information, restricting it to fact-based arguments, and
presenting it accordingly.” The staff at OTA, many of whom
were scientists, medical professionals, and experts in other
technical fields, and the network of experts created through
the production of comprehensive reports, served as invaluable, nonpartisan, consultative resources to Congress. The
OTA staff was often integrated directly with Congressional
staff, and they were available to serve as in-house experts.
One of the primary functions of the OTA was to craft
“horizon scanning” reports which included the most cutting-edge findings available, compiled in a form utilizable
by Congress. While not ever making policy recommendations, these reports provided comprehensive analyses of
the policy options and the implications of these options
through a transparent process. These reports laid the foundation for many key pieces of legislation and remain highly
regarded among experts in various technical fields. Princeton University has preserved an archive of these reports:
https://www.princeton.edu/~ota/.
Defunding the OTA and cutting staff and capacities of
other agencies has serious implications, especially as we
face an increasing number of issues that require technical
expertise—pandemics, climate change, cybersecurity and
quantum computing, etc. Congress increasingly relies on
outside stakeholders for expert advice and information.
While stakeholders’ perspectives are invaluable, special
interest and bias inevitably accompany these sources.
Congress also now heavily relies on executive branch
agencies—the very agencies for which Congress is tasked
to provide oversight.
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Fortunately, there are various efforts to increase inhouse science and technology resources for Congress. One
such effort is the Science & Technology Policy Fellowship
program organized by the American Association for the
Advancement of Science (AAAS). This program places PhD
scientists across all branches of government for one or two
years; about 30 of these fellows work in Congress. Funding
for these Congressional fellows comes predominately from
external sources, such as science societies like the AMS.
Congressional fellows are in high demand—last year
around 90 Congressional offices/committees actively requested to have a fellow. After the fellowship year, many
fellows stay in government positions, some return to academia, others join NGOs or think tanks. Over the years,
a powerful network of scientists with experience in policy
has been created.
Looking back to the beginning of the fellowship year,
I remember that it was not immediate how to articulate
which aspects of my training in theoretical mathematics
would transfer to useful skills in the policy world—especially since I was interested in working on climate
change initiatives, an issue far removed from my academic
background. But throughout the year I was able to truly
appreciate that a scientific training provides important
and universally transferrable skills beyond just the more
commonly recognized quantitative and analytic abilities.
Through observing the work of my mentors, I realized
that even in policymaking, creativity can separate the average from the exceptional. Before spending a year in the
Senate, I viewed the law-making process as mechanical and
formulaic—similarly to how math can be perceived from
the outside. One characteristic of a successful legislator
is the ability to creatively craft and formulate policy in
order to capitalize on unconventional opportunities and
unexpected legislative vehicles. The rigor and creativity of
scientific training combined with an understanding of the
legislative process enables fellows to be well-positioned to
grow into powerful policymakers.
A training in science, and especially mathematics, provides the gift of humility to distinguish between profound
understanding and superficial familiarity—I have learned
when I really know something and, of equal importance,
when I don’t. I have become increasingly comfortable with
not knowing, even when thrown into an unfamiliar world,
because a mathematical training equipped me with the
capacity to navigate how and when to learn what I don’t
know. I have not always fully appreciated this versatility,
but it proved invaluable for the high-paced and demanding
work of Congress.
Studying mathematics also demonstrates the importance of learning and using the appropriate “language”
for a given context. Language can change even between
fields, but beautiful results and novel ideas are born from
learning and combining different languages. After being
January 2021

trained for many years to use a very technical type of language, it was an extremely difficult but important exercise
to understand how to successfully convey concepts in varying contexts to diverse audiences. In Congress, language is
based on procedure, politics, protocol, and precedent. To
be effective legislatively, one must learn these axioms, and
they are near to impossible to comprehend independently
or externally; guidance and immersion are necessary. A
fundamental component of the fellowship experience is
learning how to effectively communicate in a new setting,
and I am extremely grateful to Senator Whitehouse and
his staff for the time, energy, and patience they devoted to
teaching me their language.
In short, my experience as a Congressional fellow felt
much like a graft—I was a mathematician coming from
academia, inserted into the United States Senate. This
opportunity exists because of entities like the AMS, it is
nurtured through the guidance and support of Congressional members and staff, and it is sustained by the expertise, skills, and adaptability of scientists. While science and
policy often live in two very different worlds, truly special
things can grow when they coexist.

Lucia D. Simonelli
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Author photo is courtesy of the author.
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Putting the People in Science:
Beginning My Career as a
Science Communicator
Scott Hershberger
My favorite subject in school was always math. I was fascinated by fractals and the Fibonacci sequence, inspired by
infinity and imaginary numbers. In elementary school, I
memorized π to 314 decimal places. As I grew older, I found
more reasons to love math: its structure, its universality,
the astonishing connections between seemingly unrelated
ideas. Coupled with physics, I saw math as a window into
the fundamental nature of the universe, which to me made
it the subject most worth studying. I naively saw science,
especially math, as absolute truth, isolated from the foibles
of humanity.
When I entered college, I confidently declared a double
major in math and physics, eager to learn as much as possible in both areas. I assumed at first that I would pursue
a PhD in one of those fields, but as I advanced through
my undergraduate years, my perspective shifted. I came to
understand that science cannot—and should not—be pursued in isolation from the rest of society. And I resolved to
dedicate my career to building bridges of dialogue between
scientists and mathematicians and the public.
After writing a few news stories about science for my
university’s communications department, I applied to a
host of science writing internships for my first summer
after graduation. To my surprise and delight, I was placed at
Scientific American through the AAAS Mass Media Fellowship
Scott Hershberger is the 2020 AMS Mass Media Fellow.
More information on the AMS Mass Media Fellowship can be found here:
https://www.ams.org/programs/ams-fellowships/media-fellow
/massmediafellow. The 2021 Mass Media Fellowship application deadline

is January 1, 2021.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
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program, joining a class of 28 scientists who spent 10 weeks
as science journalists at media outlets across the country.
The AAAS kicked off the summer with a three-day online orientation that included a crash course in science
journalism, and then we were set loose (remotely) in our
newsrooms. One of only two undergraduates in my cohort
of fellows, I began with an unhealthy dose of imposter
syndrome. Yet as I dove into a story on a new algorithm for
ocean search-and-rescue operations, that feeling quickly
dissolved. My understanding of the mathematical principles underlying differential equations helped me concisely
convey the essence of the highly technical research. I soon
moved on to stories about migrating animals, black holes,
and more.
As I progressed through the summer, I found that studying math in college had prepared me well to report on
dense scientific papers. Digesting unfamiliar jargon in fields
I knew next to nothing about required breaking ideas into
smaller chunks, understanding each chunk individually, and
then seeing how they fit together—the same strategy that
I applied countless times in math classes. Years of writing
proofs had taught me to pay attention to details and to make
implicit assumptions explicit, both invaluable skills in journalism. In fact, while reporting on two published studies, I
spotted subtle mathematical typos that had slipped past the
papers’ authors and editors. But not everything about conducting math research carries over to crafting news stories.
In academia, we are taught to remove ourselves from
our writing, to present our research as impartial and independent of us. In journalism, by contrast, the human
element forms a key part of any story. Details about the
struggles scientists faced during the research process or their
emotional reactions upon seeing their results make science
relatable to a broader audience. This summer I learned how
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to elicit such imagery in interviews and weave it into my
writing. From the physicists who measured the lifetime of
neutrons by cleverly repurposing old spacecraft data to the
archaeologists who “quietly jumped up and down with
excitement” upon receiving a rock sample that would reveal
the origins of Stonehenge’s stones, the story of science is the
story of scientists.
I intentionally sought out a wide range of projects at
Scientific American: fast-turnaround stories on single studies,
longer pieces adding broader context to recent research,
and short podcasts. In addition to writing about math and
physics, I took the opportunity to explore topics including
archaeology, the environment, and biotechnology. My most
ambitious piece was a feature story on society’s collective
memory of the 1918–19 flu pandemic and the implications
for how we will collectively remember (or forget) COVID19 decades from now. After the story was published online,
the editors chose it for publication in the November print
issue of the magazine.
In my 10 weeks at Scientific American, I interviewed about
70 scientists and mathematicians from around the world
and wrote 19 stories totaling more than 16,000 words. Despite never meeting any of my coworkers in person, weekly
videoconferences with the news editors and occasional
virtual happy hours helped me feel connected to them. I got
great mentorship and career advice, and the skills I honed
will serve me for my whole career. I am so grateful to the
AAAS and the AMS for helping me jump-start my journey.
I spent this fall applying my storytelling skills to institutional science communication as a science writing
intern at Fermilab. Now, I am joining the AMS team as the
Communications and Outreach Content Specialist. All my
experiences so far have reaffirmed my decision to apply my
knowledge of physics and math to science communication.
Scientific advances have solved countless societal problems
and created others. Now more than ever, we need to cultivate a society in dialogue with the process of science, and I
am excited to do my part. Math may be a window into the
fundamental nature of the universe—but more importantly,
it is a window into the human world that we all share.
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2021 Breakthrough
Prizes Announced
Breakthrough Prize in Mathematics
The Breakthrough Prizes honor important, primarily recent,
achievements in the categories of fundamental physics, life
sciences, and mathematics.
Martin Hairer of Impe rial College London has been
awarded the 2021 Breakthrough
Prize in Mathematics “for transformative contributions to the
theory of stochastic analysis,
particularly the theory of regularity structures in stochastic
partial differential equations.”
Hairer, who was awarded
the Fields Medal in 2014, was
born in Geneva, Switzerland.
Martin Hairer
He received his PhD from the
University of Geneva in 2001
under the supervision of Jean-Pierre Eckmann. Before
joining Imperial College, he held appointments at the
University of Warwick and the Courant Institute of New
York University. In addition to the Fields Medal, his honors
include the 2008 Whitehead Prize of the London Mathematical Society (LMS); the Philip Leverhulme Prize (2008)
and Leverhulme Research Leadership Award (2012), both
from the Leverhulme Trust; the Wolfson Research Merit
Award of the Royal Society of London (2009); the Fermat
Prize (2013); and the Frölich Prize of the LMS (2014). He
was elected a Fellow of the Royal Society in 2014 and has
been honored with the award of Knight Commander of the
Order of the British Empire. Hairer is a Fellow of the AMS.
Hairer tells the Notices: “Both my wife, Xue-Mei Li, and
my father, Ernst Hairer, are mathematicians (at Imperial
College London and retired from the University of Geneva,
respectively). I do some coding in my spare time. In particular, I have been developing the sound editor Amadeus
For permission to reprint this article, please contact: reprint-permission
@ams.org.

for a very long time (since the end of high school in the
early nineties). While I don't have all that much spare time
to spend on it nowadays, I do still maintain it and make
sure that it runs smoothly on the most current versions of
macOS.”
The Breakthrough Prizes are sponsored by Sergey Brin,
Priscilla Chan and Mark Zuckerberg, Ma Huateng, Jack Ma,
Yuri and Julia Milner, and Anne Wojcicki. The prize carries
a cash award of US$3 million.

New Horizons in Mathematics Prizes
Three New Horizons in Mathematics Prizes were also
awarded for 2021 to promising early-career researchers. The
prizes carry a cash award of US$100,000. The prizes were
awarded to the following.
Bhargav Bhatt of the University of Michigan was honored “for outstanding work
in commutative algebra and
arithmetic algebraic geometry,
particularly on the develop ment of p-adic cohomology
theories.” Bhatt received his
PhD from Princeton University
in 2010 under the direction of
Aise Johan de Jong. He joined
the University of Michigan in
Bhargav Bhatt
2010, where he is now full professor. He spent 2012–2014 on
leave at the Institute for Advanced Study as a member in the
School of Mathematics. He received a Packard Fellowship
for 2015 through 2021. He was awarded the Compositio
Prize in 2016. He held the Eilenberg Chair at Columbia
University in the fall of 2018 and the Chern Professorship
at the Mathematical Sciences Research Institute in spring
2019. He has been named a Simons Investigator for 2019
through 2024.
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Aleksandr Logunov of
Princeton University received a
New Horizons Prize “for novel
techniques to study solutions
to elliptic equations and their
application to long-standing
problems in nodal geometry.”
Logunov received his PhD in
2015 from St. Petersburg State
University under the direction
of Viktor Havin. He has been a
junior research fellow at ChebyAleksandr Logunov
shev Laboratory, St. Petersburg
State University; a postdoctoral
fellow at Tel Aviv University; and a research scholar
(2017–2018) at Princeton, where he is now assistant professor. In 2017 he received a Clay Research Award jointly
with Eugenia Malinnikova. He received the St. Petersburg
Mathematical Society Prize and the Moscow Mathematical
Society Prize, both in 2017. In 2018, he was named a Clay
Research Fellow and was awarded the Salem Prize. He
received a Packard Fellowship in 2019 and the EMS Prize
of the European Mathematical Society in 2020. He was an
invited speaker at the International Congress of Mathematicians in Rio de Janeiro, Brazil, in 2018.
Song Sun of the Univer sity of California, Berkeley, was
honored “for many ground breaking contributions to
complex differential geometry,
including existence results for
Kahler–Einstein metrics and
connections with moduli questions and singularities.” Sun
received his PhD from the University of Wisconsin in 2010,
advised by Xiuxiong Chen. He
Song Sun
has been a research associate
at Imperial College London
and an assistant professor at Stony Brook University. He
joined the faculty at Berkeley in 2018, where he is an associate professor. His honors include a Sloan Foundation
Research Fellowship and the Veblen Prize in Geometry
(with Xiuxiong Chen and Simon Donaldson) in 2019. He
was also an invited speaker at the International Congress
of Mathematicians in Rio de Janeiro in 2018. He tells the
Notices: “I have one hobby—playing badminton. I have
been regularly doing it for about fourteen years, but I have
unfortunately stopped playing for six months for obvious
reasons, and I hope I will be able to continue this safely
in the near future.”
January 2021

Maryam Mirzakhani New Frontiers Prizes
The inaugural Maryam Mirzakhani New Frontiers Prizes
were awarded to three early-career women whose work
involves the mathematical sciences.
Nina Holden of ETH Zurich
was honored “for work in random geometry, particularly on
Liouville quantum gravity as
a scaling limit of random triangulations.” Holden received
her PhD from the Massachusetts Institute of Technology
in 2018 under the direction of
Scott Sheffield. She is a Junior
Fellow at ETH Zurich, working
with Wendelin Werner. In 2021,
she will join the faculty of the
Nina Holden
Courant Institute of Mathematical Sciences as an associate professor. Her honors include
the SwissMPA Innovator Prize (2019) and a Bernoulli
Society New Researcher Award (2020). She is coorganizer,
with Ewain Gwynne and Xin Sun, of an online seminar
on Random Geometry and Statistical Physics. She tells the
Notices: “I grew up in Norway, and in my spare time I like
to do cross-country skiing.”
Urmila Mahadev of the
California Institute of Technology was honored with a
New Frontiers Prize “for work
that addresses the fundamental
question of verifying the output
of a quantum computation.”
She received her PhD from the
University of California, Berkeley, in 2018. She received the
Machtey Award at the 2018
Symposium on Foundations
of Computer Science for her
Urmila Mahadev
work on verification of quantum computing. She expects to concentrate her future
research efforts on exploring problems in the intersection
of theoretical computer science and quantum computing.
Lisa Piccirillo of the Massachusetts Institute of Technology received a New Frontiers Prize “for resolving the classic
problem that the Conway knot is not smoothly ‘slice.’” She
received her PhD from the University of Texas at Austin in
2019 under the direction of John Luecke. Her specialty is
the study of three- and four-dimensional spaces. She was
awarded an NSF Postdoctoral Research Fellowship for
2019–2020. She tells the Notices: “There was a summer in
graduate school during which I bought and repaired two
’70s-era Japanese motorcycles, and at the end of which I
failed all my prelim exams. I love to make things with my
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hands, and I am rarely prouder of myself than when I can
make something instead of buying it.”
The Maryam Mirzakhani New Frontiers Prize was
established in 2019 and named for the famed Iranian
mathematician, Fields Medalist, and Stanford professor
who passed away in 2017. During her exceptionally prolific
career, Mirzakhani made groundbreaking contributions
to the theory of moduli spaces of Riemann surfaces. The
New Frontiers Prize award of US$50,000 will be presented
annually to women mathematicians who have completed
their PhDs within the previous two years.
—Elaine Kehoe
Credits

Photo of Martin Hairer is courtesy of Imperial College London.
Photo of Bhargav Bhatt is courtesy of Katherine Grillaert.
Photo of Nina Holden is courtesy of Nina Holden.
Photo of Urmila Mahadev is courtesy of Urmila Mahadev.
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Evra Receives
SASTRA Ramanujan Prize
Shai Evra of Princeton University
and the Hebrew University of Jerusalem has been selected the recipient of
the 2020 SASTRA Ramanujan Prize,
awarded for outstanding contributions by individuals not exceeding
the age of thirty-two in areas of mathematics influenced by Ramanujan.
The prize citation reads: “Shai Evra
is an extraordinarily gifted matheShai Evra
matician whose research concerns
locally symmetric spaces of arithmetic groups and their
combinatoric, geometric, and topological structure. He
employs deep results from representation theory and
number theory pertaining to the Ramanujan and Langlands
conjectures to establish expander-like properties.
“Expander graphs are remarkable objects with connections to many parts of mathematics and computer science.
Expanders are graphs which are highly connected; to separate them into disconnected pieces, one must remove a
large number of edges. In the last decade, mathematicians
have formulated the notion of expansion to higher dimensional complexes. 2009 Abel Laureate Mikhail Gromov had
introduced the notion of ‘geometric expansion’ in terms of
an affine overlapping property for simplicial complexes.
He showed that complete complexes are such expanders
and that a much stronger topological overlap property
holds for them. He constructed several examples of higher
dimensional expanders with unbounded degree and raised
the question in a very influential 2010 paper in GAFA,
whether bounded degree higher dimensional expanders
exist. In a fundamental paper, ‘Finite Quotients of Bruhat–Tits Buildings’ that appeared in the Journal of Topology
and Analysis in 2015, Evra extended both the combinatorics
and automorphic form theory (specifically the Generalized
Ramanujan Conjectures) and generalized the construction
of Gromov to other Bruhat–Tits buildings. However, the
bounded degree problem of Gromov still remained unresolved. In the case of dimension 2, Gromov’s question
was answered in the affirmative by Kaufman, Kazhdan, and
January 2021

Lubotzky in 2016 by showing that 2-dimensional skeleta of
3-dimensional Ramanujan complexes have the topological
overlap property, but it was unclear how to carry this over
to higher dimensions. Very recently, Shai joined forces with
Tali Kaufmann and spectacularly solved this problem by
showing that d-dimensional skeleta of (d + 1)-dimensional
Ramanujan complexes have the topological overlap property, and thus resolved Gromov’s problem in all dimensions. This seminal paper, which makes use of the work of
Lafforgue on the Generalized Ramanujan Conjectures, is
to appear in the Journal of the AMS. It is expected that the
ideas developed in this paper will find many other important applications. Higher dimensional expansion is related
to questions in the broader field of quantitative geometry
and topology, as well as in coding theory and theoretical
computer science (quantum error correcting codes).
“Another major work of Evra (jointly with Ori Parzanchevski) concerns construction of ‘Golden Gates’ for
three-dimensional unitary groups. The classic work of
Lubotzky, Phillips, and Sarnak (1987, 1988), provides
topological generators for the orthogonal group SO(3)
such that for each , the set of -wise products of generators is distributed in an almost optimal manner on the
two-dimensional and three-dimensional spheres. Among
other things, their proof makes use of the full strength of
the Ramanujan Conjecture for GL(2) as proved by Deligne.
Recently this problem has received renewed interest due to
its importance and relevance for quantum computing. The
3-sphere is isomorphic to SU(2), with the group of logical
gates acting on a single qubit. Considered as elements of
SU(2), the generators provided by Lubotzky–Phillips–Sarnak were given the name ‘Golden Gates’ because the circuits
constructed from these gates approximate any gate in an
optimal manner. Ori Parzanchevski and Sarnak found
Golden Gates for PU(2), but whether one could achieve
such miracles for higher dimensions was far from clear. In
a recent impressive paper, Evra and Parzanchevski show
that this is possible for PU(3) with some striking examples, but this is demonstrated with very delicate analysis.
They employ deep results of Ragowski and James Arthur
(which had important consequences on the Generalized
Ramanujan Conjectures) to show that the optimal covering features are still valid. The Golden Gates for PU(2)
and PU(3) are basic building blocks for the construction
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of universal gate sets in quantum computation (much like
‘not’ and ‘and’ are universal one-bit and two-bit gates for
building the classical logical circuits). It is to be noted that
the Ramanujan Conjectures and their generalizations are
a central piece of the outstanding work of Evra.”
Shai Evra was born in Be’er Yaakov, Israel. He received
his PhD from the Hebrew University of Jerusalem in 2019
under Alexander Lubotzky. He has been a postdoctoral
researcher at the Institute for Advanced Study (2018–2020)
and is an instructor at Princeton University for 2020–2021.
He will take up a permanent position at Hebrew University
in 2021. His recognitions include the 2015 Perlman Prize
and the 2020 Nessyahu Prize.
The 2020 SASTRA Ramanujan Prize Committee consisted of Krishnaswami Alladi, Chair, University of Florida;
William Duke, University of California, Los Angeles; Kevin
Ford, University of Illinois, Urbana-Champaign; Anne
Schilling, University of California, Davis; Robert Tijdeman,
Leiden University; Maryna Viazovska, École Polytechnique,
Lausanne; and Shouwu Zhang, Princeton University.
The previous recipients of the SASTRA Ramanujan Prize
are:
• Manjul Bhargava and Kannan Soundararajan (two
full prizes), 2005
• Terence Tao, 2006
• Ben Green, 2007
• Akshay Venkatesh, 2008
• Kathrin Bringmann, 2009
• Wei Zhang, 2010
• Roman Holowinsky, 2011
• Zhiwei Yun, 2012
• Peter Scholze, 2013
• James Maynard, 2014
• Jacob Tsimerman, 2015
• Kaisa Matomaki and Maksym Radziwill (shared),
2016
• Maryna Viazovska, 2017
• Yifeng Lui and Jack Thorne, 2018
• Adam Harper, 2019

applications, in particular obtaining a characterization of projective
spaces and hyperquadrics; for her
work in the study and classifica tion of Fano varieties; and her study
of algebraic foliations. Araujo has
also played a key role in promoting
women in mathematics and in the
organization of important mathematical activities.”
Carolina Araujo
Araujo specializes in algebraic geometry, including birational geometry and foliations. She
obtained her PhD from Princeton University in 2004 under
the supervision of János Kollár. She has been a Simons
Associate with ICTP since 2015 and is the vice president of
the Committee for Women in Mathematics at the International Mathematical Union. She was both an organizer and
an invited speaker at the 2018 International Congress of
Mathematicians. Araujo tells the Notices: “I am mother of
four-year-old Iago, we love being in nature, and alternate
between our residence in Rio de Janeiro and our cottage
in the countryside, where we have spent most of our time
during the COVID-19 pandemic, enjoying the company of
our pets, growing bananas and vegetables.”
The selection committee consisted of Alicia Dickenstein
(University of Buenos Aires), Lothar Goettsche (ICTP,
chair), Kapil Hari Paranjape (Indian Institute of Science
Education and Research [IISER], Mohali), Philibert Nang
(Ecole Normale Supérieure Libreville, Gabon), and Van
Vu (Yale University). The prize is awarded to a researcher
from a developing country who is under forty-five years of
age on December 31 of the year of the award and who has
conducted outstanding research in a developing country. It
is administered by the Abdus Salam International Center
for Theoretical Physics (ICTP), the Department of Science
and Technology (DST, Government of India), and the International Mathematical Union (IMU).

—Krishnaswami Alladi, University of Florida

Rojo Receives SACNAS Award

—From an ICTP-IMU announcement

Araujo Awarded
ICTP-IMU Ramanujan Prize
Carolina Araujo of the Institute for Pure and Applied Mathematics (IMPA) in Rio de Janeiro, Brazil, has been awarded
the 2020 ICTP-IMU Ramanujan Prize for Young Mathematicians from Developing Countries. She was awarded
the prize “in recognition of her outstanding work in algebraic geometry, in particular in birational geometry and
the theory of extremal rays, of which she gave important

Javier Rojo
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Javier Rojo of Oregon State University has been honored with the 2020
SACNAS Distinguished Scientist
Award from the Society for Advancement of Chicanos/Hispanics and Native Americans in Science (SACNAS).
His work involves survival analysis,
partial orders of distribution functions and related inference problems,
extreme value theory and tail-heaviness of distributions, nonparametric
Volume 68, Number 1

Mathematics People

NEWS
function estimation, statistical decision theory, random
matrices, and dimension reduction techniques.
Rojo is currently the Korvis Professor of Statistics at
OSU. He received his PhD in statistics from the University of California, Berkeley, under the direction of Erich
L. Lehmann. He previously progressed from assistant to
full professor (1990–2000) of statistics at the University
of Texas at El Paso, where he founded the BioStatistical
Laboratory. He then moved to Rice University, where he
created the Research Experience for Undergraduates in
Statistics (RUSIS), which received the 2014 AMS Programs
That Make a Difference Award. He has held the Seneca C.
and Mary B. Weeks endowed Chair of Statistics and Chair
of Mathematics and Statistics at the University of Nevada
at Reno, where he led successful efforts to create two new
PhD programs. He is also an adjunct professor at the MD
Anderson Cancer Center and the Civil Engineering Department at Rice. He has held positions at Sandia Labs, the Rand
Corporation, Pacific Gas and Electric, and El Paso Natural
Gas Company. He is a Fellow of the American Statistical
Association, the Institute of Mathematical Statistics, the
Royal Statistical Society, and the American Association for
the Advancement of Science and is an elected member of
the International Statistical Institute. He received the Etta
Z. Falconer Award for Mentoring and Commitment to Diversity in 2018. Rojo currently serves on SAMSI’s Scientific
Advisory Committee, ICERM’s Education Advisory Board,
and on several editorial boards and committees for various
scientific societies. He has collaborated with faculty at the
Center of Mathematical Research in Guanajuato and has
organized several international conferences in Mexico.
Rojo tells the Notices: “One of my hobbies is listening to
classical music and music from the 60s, 70s, and 80s. My
father was a band director in the years of the big band era.
Another of my hobbies was sports. Growing up in Ciudad
Juárez, Mexico, I dreamt of succeeding Mickey Mantle in
center field for the New York Yankees. I played semi-pro
baseball in Mexico and later played NCAA baseball for UT
El Paso. Although I was selected to play in the Pan-American games representing Mexico, an injury dashed all hopes
of becoming a professional player. I now enjoy jogging and
hiking in the beautiful Pacific Northwest and the ever-expanding family get-togethers (my wife of forty-four years,
Maria Luisa, five children and their families or friends, and
seven wonderful grandchildren).”
—From a SACNAS announcement

January 2021

Packard Fellowships
Awarded
The David and Lucile Packard Foundation has announced
its class of Fellows in Science and Engineering for 2020.
Following are the names of the new Fellows whose work
involves the mathematical sciences.
Lorin Crawford of Brown University works in biostatistics and was
selected for his work in developing
“scalable machine learning algo rithms that uncover how genomic
features affect the architecture of
complex traits and contribute to disease etiology.”
Yin Tat Lee of the University of
Washington
is a computer/infor Lorin Crawford
mational scientist whose research
“combines ideas from continuous
and discrete mathematics to develop
faster optimization algorithms for
basic optimization problems, such
as the maximum flow problem and
linear programming.”
Aviad Rubinstein of Stanford University works in computer/information sciences. His research “focuses
on a core question in theoretical
Yin Tat Lee
computer science: What can be computed efficiently? This is important
for designing better algorithms, and
also for understanding processes
in economics, biology, and physics
that implicitly carry out complex
computations.”
Packard Fellows receive
US$875,000 over five years to pursue their research. The Fellowships
Aviad Rubinstein
are designed to allow maximum
flexibility in how the funding is used.
—From a Packard Foundation announcement
Credits

Photo of Carolina Araujo is courtesy of Carlos Peder.
Photo of Javier Rojo is courtesy of Maria Luisa Rojo.
Photo of Lorin Crawford is courtesy of Elizabeth Burgi.
Photo of Aviad Rubinstein is courtesy of Tselil Schramm.
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geometry and combinatorics

"Do examples! Try to do as much
mathematics as you can standing at
the board, writing things down, and
explaining them to people."

Tara S. Holm

Symplectic geometry and its applications
in other areas of mathematics

"Find collaborators, especially ones
who are close enough to your field
so that you can talk but far enough
that they will teach you some new
mathematics."

Andrea
Nahmod
Nonlinear Fourier and harmonic analysis
and partial differential equations

"Have a broad mathematical culture,
follow your intuition, keep a long
view about research, and love what
you do."

Gigliola
Staffilani
Partial differential equations that
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model nonlinear wave phenomena

"Work with other mathematicians. The
model of the lonely researcher in an ivory
tower does not match with most of the
mathematicians I know. This is a myth that
definitely needs to be busted: it is dangerous and not encouraging."

Chelsea
Walton
Noncommutative algebra and

noncommutative algebraic geometry

"Find, value, and support your
network of people, in math or not,
who can selflessly give you words of
encouragement, because the happier
you are, the more math you will do!"
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"Enjoy the process of discovery,
there’s an infinite zoo of
possibilities to explore
and that’s the joy
of mathematics."
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"Be open to exciting new
opportunities in research."
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Éva Tardos

Algorithms and algorithmic game theory
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"Ultimately, how you want to spend your
time engaging with mathematical ideas is
up to you. Give talks and take on extracurricular writing or teaching projects if this
makes you happier, even if this means less
time for research and other things."
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Emily Riehl
Category theory, particularly as related to homotopy theory

of

and applications of Markov chains

"Attend as many research conferences
as time and money allow, make use of
online resources such as the arXiv
and MathSciNet, and organize a
special session at an annual conference."
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Fern Y. Hunt
Discrete approximation of dynamical systems

of R
an
osemary Guzm

other areas of mathematics

"Form your networks with intent, understanding that the formation of different
kinds of networks—research, mentoring,
and teaching—serve distinct purposes."
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Rosemary
Guzman
Topology and its applications in

Melody
Chan
Tropical geometry, combinatorialalgebraic

Read about the mathematical research,
inspiring stories, and advice of these AMS members
and more women researchers and role models at

www.ams.org/
women-18
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Community Updates
2020 Trjitzinsky Awards
The AMS has made awards to eight undergraduate students
through the Waldemar J. Trjitzinsky Memorial Fund. The
fund is made possible by a bequest from the estate of
Waldemar J., Barbara G., and Juliette Trjitzinsky. The will
of Barbara Trjitzinsky stipulates that the income from the
bequest should be used to establish a fund in honor of
the memory of her husband to assist needy students in
mathematics.
For the 2020 awards, the AMS chose eight geographically
distributed schools to receive one-time awards of US$3,000
each. The mathematics departments at those schools then
chose students to receive the funds to assist them in pursuit
of careers in mathematics. The schools are selected in a random drawing from the pool of AMS institutional members.
Waldemar J. Trjitzinsky was born in Russia in 1901 and
received his doctorate from the University of California,
Berkeley, in 1926. He taught at a number of institutions
before taking a position at the University of Illinois, Urbana-Champaign, where he remained for the rest of his
professional life. He showed particular concern for students
of mathematics and in some cases made personal efforts
to ensure that financial considerations would not hinder
their studies. Trjitzinsky was the author of about sixty
mathematics papers, primarily on quasi-analytic functions
and partial differential equations. A member of the AMS
for forty-six years, he died in 1973.
Following are the names of the selected schools for 2020,
the names of the students receiving the awards, and brief
biographical sketches of the students.
Southeast Missouri State University: Cheyenne Kara Hendershott is
a senior applied mathematics major
at Southeast Missouri State University. She has always had a love for
mathematics, and this love was cultivated primarily in high school and
college. After taking precalculus and
AP calculus in high school, she was
convinced that math was very enjoyCheyenne Kara
able and desired for that to be a skill
Hendershott
she used in the future. She began college as a mechanical engineering major because it utilized
January 2021

math as its foundation, but after taking several math and
engineering classes, she realized that the math classes were
the ones she truly enjoyed. This led to the easy decision to
change to a math major, where she is happily exploring the
world of mathematics.
Howard University: Christina
Alexandria McBean is a senior physics and mathematics double major
from Spanish Town, Jamaica. She has
always loved working with numbers
and learning the different principles and theorems of mathematics.
However, when she was introduced
to physics that brought the theory of
Christina Alexandria mathematics to life through its many
McBean
applications, she decided to further
her studies in physics. In her first year
of university, she struggled with physics. As she sought out
the help necessary to understand these concepts, she realized that she needed a better understanding of the more
advanced concepts in mathematics. Being a STEM major
has given Christina the opportunity to become more aware
of how she can have a positive impact on her community
through research and education. In the future, she hopes
to pursue a career in biomedical engineering while leading
a nonprofit organization geared toward providing students
from poor socioeconomic backgrounds with the opportunity to engage in educational, mentorship, and personal
development programs.
Vassar College: Darling Lupe
Garcia is a junior at Vassar College,
majoring in the Mathematics and Statistics Department’s statistics pathway and minoring in chemistry. She
is a first-generation college student.
Both of her parents lived in the countryside of Oaxaca, Mexico, before
immigrating to California. She sees
mathematics as a beautiful language
Darling Lupe Garcia
that can be used to understand and
change the world. After earning her
undergraduate degree, Darling hopes to further her studies
to obtain her doctorate in dental medicine. Statistics plays
an essential role in evidence-based dentistry practice and
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research; Darling believes her undergraduate degree in
mathematics will provide her with the critical thinking
and communication skills needed in the field. As a dentist,
she hopes to work with underserved communities and
address the disparities found in oral health care. Darling’s
extracurricular activities include coxing for Vassar College’s
rowing team, volunteering as an emergency responder on
Vassar’s campus, serving as the treasurer of Contrast magazine, working as an organizing team member of Vassar’s
Latinx Student Union, and mentoring other first-generation
low-income (FGLI) students as an intern for the Transitions
program at Vassar College.
Wheaton College: Eva Danielson
is a junior majoring in mathematics
at Wheaton College in Massachusetts. She plans to double major
in economics. In high school, she
felt energized by her participation
in the math team, which led her to
major in the subject in college. Math
helped her understand the intricacies
of communication and how to orgaEva Danielson
nize crazy problems into something
manageable; she has found this skill
invaluable. While Eva loves the fun of mathematics, she’s
found that helping people by solving problems brings her
even more fulfillment. This is her personal motivation to
continue her studies in mathematics. At Wheaton, Eva
works for the Campus Life office and serves as a resident
advisor. She enjoys working with and advocating for her
peers as a member of the Student Government, as her
Class Chair, and on the Finance Committee. She is also
on the executive board of the student volunteer group
on campus, CIVIC. This year she will begin an initiative
to create a student advisory board for the STEM division,
ensuring that a diversity of students’ voices are heard and
providing a mechanism by which students will be able to
better advocate for themselves and their educational needs.
After college, Eva hopes to find a people-centered career
in which she can help others prosper; in particular, she is
passionate about finding ways to provide equitable access
to educational and other public resources.
University of Florida: Jack Bryant
Giannetti is a third-year mathematics
major and Spanish and economics
minor. He first realized that he had
a passion for mathematics in middle
school when, bored by his algebra
class, he started studying calculus
on his own with the help of free
recorded online university lectures
Jack Bryant Giannetti … and he simply couldn’t stop. By
the time he could finally take calculus in high school, he had moved on to studying other,

more advanced topics. Since he didn’t have access to dual
enrollment, he directed all his curiosity and mathematical
inquiries to the math teachers at his school, only to be left
disappointed when he discovered that they could neither
help answer his questions nor had the interest to do so. It
is for this reason that, though Jack still feels he has much
left to learn, he hopes to take a break from his studies after
graduation and teach mathematics for a few years at the
high school level. This is not just a personal career choice
for him, but a way of ensuring that all those bright, curious
young minds—and prospective UF students—aren’t left
devoid of a role model who can challenge them and inspire
a deeper appreciation for mathematics, which is so often
neglected in pre-university education.
Seattle University: Kelemua Tesfaye, a senior studying applied mathematics at Seattle University, is deeply
invested in mathematics education and research, as it is a
transformative tool for the liberation of oppressed peoples.
As a tutor, teaching assistant, and teacher, Kelemua enjoys
engaging students who are rarely included as contributors
to the mathematics community and investigating problems
they are curious about with them. This past year Kelemua
did knot theory research and designed the game Knotris, as
well as an NSF REU that used machine learning to improve
electoral district maps, which was so much fun! Currently,
Kelemua is interested in the politics of space, which will
be the focus of their senior capstone. Kelemua plans to do
more research in the future that can contribute to uplifting
people and challenging power dynamics while continuing
to teach others by attending graduate school.
Utah State University: Natasha
Ann Gunderson, born and raised in
Idaho Falls, is the only child of two
loving parents. She grew up loving
animals, sports, and math. Natasha
played volleyball competitively for
nine years, three of which were on
her high school varsity team. She
still plays today, but just for fun.
Natasha also loves to garden. Her
Natasha Ann
family always grows a large garden,
Gunderson
and every year she gets excited to help
harvest. In her spare time, Natasha
likes to read or play a game with friends. Recently, Four
Square has been the game of choice, which involves some
fun calculations to draw a perfect square with some chalk
and string. Natasha hopes that she will be able to teach her
students similar fun math tricks in the future. A committee
of instructors selected Natasha as their recipient of the
Trjitzinsky Award because of her impressive academic performance and the workload she takes on, and also because
of the precocious and well-informed views on math and
teaching she has communicated to Utah State University’s
mathematics and statistics faculty.
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Bradley University: Shaun Cesario is a senior mathematics major
at Bradley University expecting to
graduate in May 2021. During his
three years on campus to date, he
has been active in the academic and
nonacademic components of university life. He is a participant in the
Bradley University Honors Program
Shaun Cesario
and, along with his mathematics
major, is also pursuing majors in
economics and sociology. Shaun is a member of the Bradley
University speech team. He has been active in service to
both the campus community, serving as a tutor for students
taking courses related to all three of his majors, and, more
broadly, in the Peoria, Illinois, community. Shaun credits
his service as a mathematics tutor for sparking his initial
interest in mathematics and remarks that “once I started
taking the more theoretical and abstract classes, I knew I
had to become a math major and keep this interesting, odd,
and frankly fun subject in my life.”
—AMS Trjitzinsky Fund announcement

JMM Activities for Students

JMM Grad School Fair

In conjunction with the virtual Joint Mathematics Meetings, AMS and the Mathematical Association of America
(MAA) will be hosting a virtual graduate school fair. Representatives of graduate programs in the mathematical
sciences will have online exhibits and be available for
online office hours. This activity is a great opportunity for
undergraduates to learn about some of the possibilities
for graduate study, and for master’s students to learn more
January 2021

about possibilities for PhD study. See https://www.ams
.org/gradfair.
MAA is hosting a poster session, a JMM activity showcasing mathematical research undertaken by undergraduates and presenting college and university students
attending JMM an opportunity to learn about what their
peers are discovering. See the MAA page at www.maa.org
/programs-and-communities/member-communities
/students/undergraduate-research/maa-under
graduate-student-poster-session.

Students attending these activities will need to register
for the meeting at www.jointmathematicsmeetings
.org/2247_reg.
—AMS announcement

Deaths of AMS Members
Srishti Dhar Chatterji, of Switzerland, died on September 28, 2017. Born on June 29, 1935, he was a member of
the Society for 59 years.
Roger H. Farrell, professor, Cornell University, died
on September 28, 2017. Born on July 23, 1929, he was a
member of the Society for 58 years.
Kenneth I. Gross, of Burlington, Vermont, died on
September 10, 2017. Born on October 14, 1938, he was a
member of the Society for 54 years.
William L. Hoyt, of Madison, Wisconsin, died on September 14, 2017. Born on September 8, 1928, he was a
member of the Society for 62 years.
James Jantosciak, of New York, New York, died on
September 7, 2017. Born on February 20, 1942, he was a
member of the Society for 46 years.
Martin Orr, of Latham, New York, died on September
26, 2017. Born on September 9, 1929, he was a member
of the Society for 66 years.
Walter A. Rosenkrantz, of Washington, DC, died on
September 19, 2017. Born on March 1, 1938, he was a
member of the Society for 55 years.
Joel A. Smoller, professor, University of Michigan, died
on September 27, 2017. Born on January 2, 1936, he was
a member of the Society for 56 years.
Vladimir Voevodsky, professor, The Institute for Advanced Study, died on September 30, 2017. Born on June
4, 1966, he was a member of the Society for 24 years.
Hans F. Weinberger, professor, University of Minnesota,
died on September 15, 2017. Born on September 27, 1928,
he was a member of the Society for 67 years.
Credits

Photo of Darling Lupe Garcia is courtesy of Vassar Athletics.
Photo from the JMM Grad School Fair is by Kate Awtrey, Atlanta Convention Photography.
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Mathematics Opportunities
Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.
Early Career Opportunity

AMS-Simons Travel Grants
The AMS-Simons Travel Grants are administered by the
AMS with support from the Simons Foundation. Each
grant provides an early-career mathematician with $2,500
funding for two years to be used for research-related travel.
Applicants must be located in the United States (or be US
citizens employed outside the US) and must have completed the PhD within the last four years. The department
of the awardee will also receive a small amount of funding
to help enhance its research environment. Up to seventy
grants will be awarded. The application period is February 1–March 31, 2021. See the website https://www.ams
.org/programs/travel-grants/AMS-SimonsTG.
—From an AMS-Simons announcement

Simons Foundation Collaboration
Grants for Mathematicians
The Simons Foundation invites applications for Collaboration Grants for Mathematicians (US$8,400 per year for
five years). The application deadline is January 28, 2021.
See tinyurl.com/zvoqm5t.
—From a Simons Foundation announcement
Early Career Opportunity

CAIMS/PIMS Early Career Award
The Canadian Applied and Industrial Mathematics Society
(CAIMS) and the Pacific Institute for the Mathematical Sciences (PIMS) award the CAIMS/PIMS Early Career Award in
Applied Mathematics for exceptional research in any area
of applied mathematics. Nominations must be received by
January 31, 2021. See http://www.pims.math.ca/pims
-glance/prizes-awards.
—From a CAIMS/PIMS announcement
134

PIMS Education Prize
The Pacific Institute for the Mathematical Sciences (PIMS)
annually awards a prize to a member of the PIMS community who has made a significant contribution to education
in the mathematical sciences. The deadline for nominations
is March 15, 2021. See www.pims.math.ca/pims-glance
/prizes-awards.
—From a PIMS announcement
Early Career Opportunity

NRC Research
Associateship Programs
The National Research Council (NRC) Research Associateship Programs (RAP) promote excellence in scientific and
technological research conducted by the US government
through the administration of programs offering graduate-,
postdoctoral-, and senior-level research opportunities at
sponsoring federal laboratories and affiliated institutions.
The deadline for applications is February 1, 2021. For more
information, see https://sites.nationalacademies
.org/pga/rap/.
—From an NRC announcement

NSF Algorithms
for Threat Detection
The Algorithms for Threat Detection (ATD) program will
support research projects to develop the next generation of
mathematical and statistical algorithms for analysis of large
The most up-to-date listing of NSF funding opportunities from the Division
of Mathematical Sciences can be found online at www.nsf.gov/dms
and for the Directorate of Education and Human Resources at www.nsf
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe
to the DMSNEWS listserv by following the directions at www.nsf.gov
/mps/dms/about.jsp.
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spatiotemporal datasets with application to quantitative
models of human dynamics. The program is a partnership
between the Division of Mathematical Sciences (DMS) at
the National Science Foundation (NSF) and the National
Geospatial Intelligence Agency (NGA). The deadline for
full proposals is February 17, 2021. See https://www.nsf
.gov/funding/pgm_summ.jsp?pims_id=503427&org=DMS
&sel_org=DMS&from=fund.

—From an NSF announcement

NSF Major Research
Instrumentation Program
The Major Research Instrumentation (MRI) Program serves
to increase access to multiuser scientific and engineering
instrumentation for research and research training in our
nation's institutions of higher education and not-for-profit
scientific/engineering research organizations. An MRI award
supports the acquisition or development of a multiuser
research instrument that is, in general, too costly and/or
not appropriate for support through other NSF programs.
The window for submission of full proposals is January
1–19, 2021. See https://www.nsf.gov/funding/pgm
_summ.jsp?pims_id=5260&org=DMS&sel_org=DMS
&from=fund.

—From an NSF announcement

NSF Secure and Trustworthy
Cyberspace Program
The NSF Secure and Trustworthy Cyberspace (SaTC)
program welcomes proposals that address cybersecurity
and privacy and that draw on expertise in one or more of
these areas: computing, communication, and information
sciences; engineering; education; mathematics; statistics;
and social, behavioral, and economic sciences. Proposals
that advance the field of cybersecurity and privacy within
a single discipline or interdisciplinary efforts that span
multiple disciplines are both welcome. Proposals for small,
medium, and EDU projects may be submitted anytime.
For large proposals, the window for submission is January
21–29, 2021. For more information, see https://nsf
.gov/funding/pgm_summ.jsp?pims_id=504709.
—From an NSF announcement

January 2021

Early Career Opportunity

News from IPAM
The Institute for Pure and Applied Mathematics (IPAM) at
the University of California, Los Angeles (UCLA), is seeking
to recruit up to three Simons Postdoctoral Scholars, funded
by the Simons Foundation. Pending availability of funds,
the appointment will be for one calendar year, beginning
August 1, 2021, and carry a salary of up to US$85,000
annually.
During the 2021–2022 academic year, IPAM will host
two long programs: Mathematical and Computational
Challenges in the Era of Gravitational Wave Astronomy
and Advancing Quantum Mechanics with Mathematics
and Statistics. A successful Simons Postdoctoral Scholar
candidate will pursue a robust program of mathematical
research that connects with at least one of these programs.
A PhD in mathematics, statistics or a related field, received
in May 2016 or later, is required. Women and minorities are
especially encouraged to apply. The application deadline
is January 1, 2021. For details and to apply, see https://
recruit.apo.ucla.edu/JPF05895.
—From an IPAM announcement

Call for Papers
Contributions are now being accepted for inclusion in a
forthcoming volume Research in the Mathematics of Materials
Science to be published by Springer in the AWM Series. The
planned edition aims at showcasing the multidisciplinary
work of women mathematicians in the description of
complex materials.
Overview. In the past decade, the field of materials science has seen rapid development with an impressive level
of success. To provide a rigorous basis for future technological advances, Research in the Mathematics of Materials
Science seeks to develop tools for the accurate modeling of
multiscale phenomena. The planned volume will welcome
contributions which feature topics covering interfaces of
materials science with mathematical analysis, calculus of
variations, partial differential equations, functional analysis, differential geometry and topology, numerical analysis,
and mathematical modeling.
The collected papers will be both original research and
reviews. At least the corresponding author will be female.
As a guideline, the length of contributions should be:
• up to 25 pages for research papers,
• up to 10 pages for review papers exposing relevant
research results and their context to a broader
audience.
In addition to giving a broad and up-to-date panorama
of active research topics, the volume will identify new
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problems, foster future collaborative networks, and promote equal opportunity in mathematics and science.
Deadlines. Contributions received by May 31, 2021,
will receive full consideration for inclusion. All submitted
papers will undergo a refereeing process. Notification of
acceptance will be made by September 30, 2021, and the
volume is expected to go to print in December 2021.
Submission details. Manuscripts should be submitted
to the editors at awmmaterials@awm-math.org.
Please indicate (in the title of the message) whether
your contribution is an original research or a review paper.
Format. Authors should prepare their contributions
using the latex template “authorsample.tex” available
in the folder “contributed-books/author” at https://
www.springer.com/us/authors-editors/book
-authors-editors/your-publication-journey
/manuscript-preparation.

Under “Layout & templates” please open the tab “Latex
template” and choose “contributed books” to download
the compressed style files directories.
Author benefits. Each contributing author will receive
a complimentary copy of the volume plus perpetual free
access to the electronic book, as well as a 40% discount on
Springer books.
Springer AWM Series. Focusing on the groundbreaking
work of women in mathematics, Springer’s Association for
Women in Mathematics Series presents the latest research
topics at the forefront of pure and applied mathematics,
as well as in the areas of mathematical education and history. The list of previous titles in the series can be found at
https://www.springer.com/series/13764?details
Page=titles.
Please direct questions to the editors at awmmaterials@
awm-math.org.

We will be looking forward to your contributions!
—Sent on behalf of:
Malena Espanol (Arizona State University)
Marta Lewicka (University of Pittsburgh)
Lucia Scardia (Heriot-Watt University)
Anja Schloemerkemper (Universitat Wurzburg)
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mathcal/mathcal-submit.pl
Questions and answers
regarding this page can be
sent to mathcal@ams.org.
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Employment Opportunities

NEVADA
Applied Analysis, Assistant Professor

The University of Nevada, Las Vegas invites applications
for Applied Analysis, Assistant Professor, Department of
Mathematical Sciences [R0122914]. This tenure-track position will commence Fall 2021. The successful candidate
is expected to teach effectively at the undergraduate and
graduate levels, publish in refereed research journals, pursue external funding, and supervise graduate students. The
successful candidate will also be expected to provide service
to the department, college, university, and the profession.
For more information, please visit https://www.unlv
.edu/jobs. For assistance with the application process,
please contact UNLV Human Resources at (702) 895-3504
or unlvjobs@unlv.edu. EEO/AA/Vet/Disability Employer
02

CHINA
Tianjin University, China
Tenured/Tenure-Track/Postdoctoral Positions at
the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently
founded Center for Applied Mathematics, Tianjin University, China. We welcome applicants with backgrounds in
pure mathematics, applied mathematics, statistics, computer science, bioinformatics, and other related fields. We
also welcome applicants who are interested in practical

projects with industries. Despite its name attached with
an accent of applied mathematics, we also aim to create a
strong presence of pure mathematics.
Light or no teaching load, adequate facilities, spacious
office environment and strong research support. We are
prepared to make quick and competitive offers to self-motivated hard workers, and to potential stars, rising stars, as
well as shining stars.
The Center for Applied Mathematics, also known as the
Tianjin Center for Applied Mathematics (TCAM), located
by a lake in the central campus in a building protected as
historical architecture, is jointly sponsored by the Tianjin
municipal government and the university. The initiative
to establish this center was taken by Professor S. S. Chern.
Professor Molin Ge is the Honorary Director, Professor
Zhiming Ma is the Director of the Advisory Board. Professor
William Y. C. Chen serves as the Director.
TCAM plans to fill in fifty or more permanent faculty
positions in the next few years. In addition, there are a
number of temporary and visiting positions. We look forward to receiving your application or inquiry at any time.
There are no deadlines.
Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or
contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone:
86-22-2740-6039.
01

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertisers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based
on classified advertisements.
The 2021 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: February 2021—November 25, 2020; March 2021—December 23, 2020; April 2021—January 22,
2021; May 2021—February 24, 2021; June/July 2021—April 26, 2021; August 2021—May 28, 2021; September 2021—June 28, 2021; October 2021—July 23,
2021; November 2021—August 24, 2021; December 2021—September 24, 2021.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to
US laws.
Submission: Send email to classads@ams.org.
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NEW BOOKS

New Books Offered by the AMS
General Interest
An Introduction
to q 
-analysis
Warren P. Johnson, Connecticut
College, New London, CT
Starting from simple generalizations of factorials and binomial
coefficients, this book gives a
-analfriendly introduction to q 
ysis, a subject consisting primarily of identities between certain
kinds of series and products.
This item will also be of interest to those working in number
theory and analysis.
October 2020, 519 pages, Softcover, ISBN: 978-1-47045623-8, LC 2020021142, 2010 Mathematics Subject Classification: 05A30, 05A17, 11P84, 11P81, 33D15, List US$69,
AMS members US$55.20, MAA members US$62.10, Order
code MBK/134
bookstore.ams.org/mbk-134

Martin Gardner’s
Mathematical Games
The Entire Collection of his
Scientific American Columns
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational mathematics, that most people had no idea existed. His playful spirit and inquisitive
nature invite the reader into an exploration of beautiful
mathematical ideas along with him. These columns were
January 2021

both a revelation and a gift when he wrote them; no one—
before Gardner—had written about mathematics like this.
They continue to be a marvel.
This collection of fifteen e-books contains every column Gardner wrote for Scientific American in the years
1956–1986. In each book the columns were updated and
corrected as necessary.
Martin Gardner’s Mathematical Games
Set: October 2020, 4408 pages, ISBN: 978-1-4704-6369-4,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$99, AMS Individual member US$74.25, AMS Institutional member US$79.20, MAA members US$74.25, Order
code GARDNER-SET
bookstore.ams.org/gardner-set

The Last Recreations
Hydras, Eggs, and Other
Mathematical Mystifications
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This is the original 1997 edition and contains columns
published from 1980–1986.
Martin Gardner’s Mathematical Games, Volume 15
October 2020, 392 pages, ISBN: 978-1-4704-6368-7,
2010 Mathematics Subject Classification: 00A08, 00A09,
List US$15, AMS Individual member US$11.25, AMS
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Institutional member US$12, MAA members US$11.25,
Order code GARDNER/15.E
bookstore.ams.org/gardner-15

Fractal Music, Hypercards
and More...
Mathematical Recreations
from Scientific American
Magazine
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This is the original 1992 edition and contains columns
published from 1978–1979.
Martin Gardner’s Mathematical Games, Volume 14
October 2020, 327 pages, ISBN: 978-1-4704-6367-0,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/14.E
bookstore.ams.org/gardner-14

Penrose Tiles to Trapdoor
Ciphers...and the Return
of Dr. Matrix
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when

he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This volume was originally published in 1989 and contains columns published from 1976–1978. This 1997 MAA
edition contains three new columns written specifically for
this volume including the resurrection of the lamented Dr.
Matrix.
Martin Gardner’s Mathematical Games, Volume 13
October 2020, 319 pages, ISBN: 978-1-4704-6366-3, 2010
Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/13.E
bookstore.ams.org/gardner-13

Time Travel and
Other Mathematical
Bewilderments
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This is the original 1988 edition and contains columns
published from 1974–1976.
Martin Gardner’s Mathematical Games, Volume 12
October 2020, 295 pages, ISBN: 978-1-4704-6365-6,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/12.E
bookstore.ams.org/gardner-12
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Knotted Doughnuts
and Other Mathematical
Entertainments
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This is the original 1986 edition and contains columns
published from 1972–1974.
Martin Gardner’s Mathematical Games, Volume 11
October 2020, 278 pages, ISBN: 978-1-4704-6364-9,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/11.E
bookstore.ams.org/gardner-11

Wheels, Life and
Other Mathematical
Amusements
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This is the original 1983 edition and contains columns
published from 1970–1972. It includes three columns on
the game of Life.
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Martin Gardner’s Mathematical Games, Volume 10
October 2020, 261 pages, ISBN: 978-1-4704-6362-5, 2010
Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/10.E
bookstore.ams.org/gardner-10

The Magic Numbers
of Dr. Matrix
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people
had no idea existed. His playful spirit and inquisitive nature
invite the reader into an exploration of beautiful mathematical ideas along with him. These columns were both a
revelation and a gift when he wrote them; no one—before
Gardner—had written about mathematics like this. They
continue to be a marvel.
This volume is a collection of Irving Joshua Matrix columns published in the magazine from 1960–1980. There
were several collections of Dr. Matrix, the first in 1967; they
were revised as Gardner reconnected with the good doctor
over the years. This is the 1985 Prometheus Books edition
and contains all the Dr. Matrix columns from the magazine.
Martin Gardner’s Mathematical Games, Volume 9
October 2020, 326 pages, ISBN: 978-1-4704-6361-8, 2010
Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/9.E
bookstore.ams.org/gardner-9
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Mathematical Circus
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people
had no idea existed. His playful
spirit and inquisitive nature invite the reader into an exploration of beautiful mathematical ideas along with him.
These columns were both a revelation and a gift when he
wrote them; no one—before Gardner—had written about
mathematics like this. They continue to be a marvel.
This volume, first published in 1979, contains columns
published in the magazine from 1968–1971. This 1992
MAA edition contains a foreword by Donald Knuth and
a postscript and extended bibliography added by Gardner
for this edition.
Martin Gardner’s Mathematical Games, Volume 8
October 2020, 279 pages, ISBN: 978-1-4704-6359-5,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/8.E
bookstore.ams.org/gardner-8

Mathematical Magic Show
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people
had no idea existed. His playful
spirit and inquisitive nature invite the reader into an exploration of beautiful mathematical ideas along with him.
These columns were both a revelation and a gift when he
wrote them; no one—before Gardner—had written about
mathematics like this. They continue to be a marvel.
This volume, first published in 1977, contains columns
published in the magazine from 1965–1968. This 1990
MAA edition contains a foreword by Persi Diaconis and

Ron Graham and a postscript and extended bibliography
added by Gardner for this edition.
Martin Gardner’s Mathematical Games, Volume 7
October 2020, 302 pages, ISBN: 978-1-4704-6358-8, 2010
Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/7.E
bookstore.ams.org/gardner-7

Mathematical Carnival
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people
had no idea existed. His playful
spirit and inquisitive nature invite the reader into an exploration of beautiful mathematical ideas along with him.
These columns were both a revelation and a gift when he
wrote them; no one—before Gardner—had written about
mathematics like this. They continue to be a marvel.
This volume, first published in 1975, contains columns
published in the magazine from 1965–1967. This 1989
MAA edition contains a foreword by John H. Conway and
a postscript and extended bibliography added by Gardner
for this edition.
Martin Gardner’s Mathematical Games, Volume 6
October 2020, 297 pages, ISBN: 978-1-4704-6357-1,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/6.E
bookstore.ams.org/gardner-6
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Martin Gardner’s 6th
Book of Mathematical
Diversions from
Scientiﬁc American
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational mathematics, that most people had no idea existed. His playful spirit and inquisitive
nature invite the reader into an exploration of beautiful
mathematical ideas along with him. These columns were
both a revelation and a gift when he wrote them; no one—
before Gardner—had written about mathematics like this.
They continue to be a marvel.
This is the original 1971 edition and contains columns
published in the magazine from 1963–1965.
Martin Gardner’s Mathematical Games, Volume 5
October 2020, 262 pages, ISBN: 978-1-4704-6356-4,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/5.E
bookstore.ams.org/gardner-5

The Unexpected Hanging
and Other Mathematical
Diversions
A Classic Collection of
Puzzles and Games from
Scientific American
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose illuminated corners of
mathematics, especially recreational mathematics, that
most people had no idea existed. His playful spirit and
inquisitive nature invite the reader into an exploration of
beautiful mathematical ideas along with him. These columns were both a revelation and a gift when he wrote them;
no one—before Gardner—had written about mathematics
like this. They continue to be a marvel.

January 2021

This volume, first published in 1969, contains columns
published in the magazine from 1961–1963. This is the
1991 edition and it contains an afterword and extended
bibliography added by Gardner at that time.
Martin Gardner’s Mathematical Games, Volume 4
October 2020, 263 pages, ISBN: 978-1-4704-6355-7,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/4.E
bookstore.ams.org/gardner-4

New Mathematical
Diversions
Revised Edition
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.
This volume, first published in 1966, contains columns
originally published from 1959–1961. This is the 1995
MAA edition and contains an extensive postscript and
bibliography from Gardner updating the columns.
Martin Gardner’s Mathematical Games, Volume 3
October 2020, 268 pages, ISBN: 978-1-4704-6354-0,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/3.E
bookstore.ams.org/gardner-3
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The Second Scientiﬁc
American Book of
Mathematical Puzzles
and Diversions
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational mathematics, that most people had no idea existed. His playful spirit and inquisitive
nature invite the reader into an exploration of beautiful
mathematical ideas along with him. These columns were
both a revelation and a gift when he wrote them; no one—
before Gardner—had written about mathematics like this.
They continue to be a marvel.
This volume, originally published in 1961, contains
columns published in the magazine from 1958–1960.
This is the 1987 edition of the collection and contains an
afterword written by Gardner at that time.
Martin Gardner’s Mathematical Games, Volume 2
October 2020, 254 pages, ISBN: 978-1-4704-6353-3,
2010 Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/2.E

This volume, originally published in 1959, contains
the first sixteen columns published in the magazine from
1956–1958. They were reviewed and briefly updated by
Gardner for this 1988 edition.
Martin Gardner’s Mathematical Games, Volume 1
October 2020, 200 pages, ISBN: 978-1-4704-6352-6, 2010
Mathematics Subject Classification: 00A08, 00A09, List
US$15, AMS Individual member US$11.25, AMS Institutional member US$12, MAA members US$11.25, Order
code GARDNER/1.E
bookstore.ams.org/gardner-1

New in Contemporary
Mathematics
Geometry and Topology
C ONTEMPORARY
M ATHEMATICS
756

Geometry
of Submanifolds
Joeri Van der Veken
Alfonso Carriazo
Ivko Dimitrić
Yun Myung Oh
Bogdan D. Suceavă
Luc Vrancken
Editors

bookstore.ams.org/gardner-2

Hexaflexagons and Other
Mathematical Diversions
The First Scientific American
Book of Mathematical Puzzles
and Games
Martin Gardner
Martin Gardner’s Mathemati cal Games columns in Scientific
American inspired and enter tained several generations of
mathematicians and scientists.
Gardner in his crystal-clear prose
illuminated corners of mathematics, especially recreational
mathematics, that most people had no idea existed. His
playful spirit and inquisitive nature invite the reader into
an exploration of beautiful mathematical ideas along with
him. These columns were both a revelation and a gift when
he wrote them; no one—before Gardner—had written
about mathematics like this. They continue to be a marvel.

Geometry of
Submanifolds
Joeri Van der Veken, KU Leuven, Belgium, Alfonso Carriazo,
University of Seville, Spain, Ivko
Dimitrić, Pennsylvania State University, Fayette, Lemont, PA, Yun
Myung Oh, Andrews University,
Berrien Springs, MI, Bogdan D.
Suceavă, California State University at Fullerton, CA, and Luc
Vrancken, Université Polytech nique Hauts-de-France, Valenciennes, France, Editors

This volume contains the proceedings of the AMS Special
Session on Geometry of Submanifolds, in honor of BangYen Chen’s 75th birthday, held from October 20–21, 2018,
at the University of Michigan, Ann Arbor, Michigan.
The development of contemporary geometry of submanifolds benefited greatly from Bang-Yen Chen’s contributions, as several interesting questions actively pursued
today originate in his work. Chen is known for several
fundamental ideas in differential geometry, including
Chen inequalities, Chen invariants, Chen’s conjectures,
Chen surface, Chen-Ricci inequality, Chen submanifolds,
Chen equality, submanifolds of finite type, and slant submanifolds.
The papers in this volume represent a celebration of the
geometry of submanifolds and its connections with other
areas of mathematics and cover themes rooted in Chen’s
work, from investigations on the spectrum of the Laplacian
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on complete Riemannian manifolds to the geometry of
symmetric spaces. These contributions are written with the
hope to inform and inspire.
Contemporary Mathematics, Volume 756
November 2020, 269 pages, Softcover, ISBN: 978-14704-5092-2, LC 2019059344, 2010 Mathematics Subject Classification: 53A10, 53A55, 53B20, 53B21, 53B25,
53B35, 53C25, 53C40, 53C42, 53C43, List US$120, AMS
members US$96, MAA members US$108, Order code
CONM/756

New AMS-Distributed
Publications
Algebra and Algebraic
Geometry
Joint etTranches Pour les
∞-Catégories Strictes

bookstore.ams.org/conm-756

Dimitri Ara, Aix Marseille University CNRS, France, and Georges
Maltsiniotis, Institut de Mathematiques de Jussieu, Université
Paris 7 Denis Diderot, France

Logic and Foundations
C ONTEMPORARY
M ATHEMATICS
755

Centenary of the
Borel Conjecture
Marion Scheepers
Ondřej Zindulka
Editors

Centenary of the
Borel Conjecture
Marion Scheepers, Boise State
University, OH, and Ondřej Zindulka, Czech Technical University,
Prague, Czech Republic, Editors
The papers in this volume present a broad introduction to the
frontiers of research that has
been spurred on by Borel’s 1919
conjecture and identify fundamental unanswered research

problems in the field.
Contemporary Mathematics, Volume 755
September 2020, 242 pages, Softcover, ISBN: 978-1-47045099-1, LC 2019054325, 2010 Mathematics Subject Classification: 03E17, 03E35, 03E65, 22A10, 22B05, 22C05,
54C50, 54D20, 54H11, 91A44, List US$120, AMS members
US$96, MAA members US$108, Order code CONM/755
bookstore.ams.org/conm-755

The goal of this book is to develop a theory of join and slices
for strict ∞ -categories. To any
pair of strict ∞ -categories, the
authors associate a third one that
they call their join. This operation is compatible with the
usual join of categories up to truncation. The authors show
that the join defines a monoidal category structure on the
category of strict ∞-categories and that it respects connected
inductive limits in each variable. In particular, the authors
obtain the existence of some right adjoints; these adjoints
define ∞-categorical slices, in a generalized sense. They state
some conjectures about the functoriality of the join and the
slices with respect to higher lax and oplax transformations
and they prove some first results in this direction. These
results are used in another paper to establish a Quillen
Theorem A for strict ∞-categories. Finally, in an appendix,
the authors revisit the Gray tensor product of strict ∞-categories. One of the main tools used in this paper is Steiner’s
theory of augmented directed complexes.
A publication of the Société Mathématique de France, Marseilles (SMF),
distributed by the AMS in the US, Canada, and Mexico. Orders from other
countries should be sent to the SMF. Members of the SMF receive a 30%
discount from list.

Mémoires de la Société Mathématique de France, Number 165
September 2020, 213 pages, Softcover, ISBN: 978-285629-921-0, 2010 Mathematics Subject Classification:
18A25, 18D05, 18D20, 18G30, 18G35, 18G55, 55U10,
55U15, List US$67, AMS members US$53.60, Order code
SMFMEM/165
bookstore.ams.org/smfmem-165
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NEW BOOKS
Linear Algebra for
Everyone

Analysis

Gilbert Strang, Massachusetts
Institute of Technology, Cambridge,
MA
This book by Gilbert Strang,
author of the widely-used Introduction to Linear Algebra, presents
a “new start” in teaching and
learning linear algebra, a subject
that is increasingly important
in all quantitative disciplines.
Working with small matrices of integers, students can see
dependent columns and the rank of A and its column space.
This is a big step toward the four fundamental subspaces
— a widespread success in teaching linear algebra. The new
start makes linear algebra more approachable to students
with a wide range of backgrounds.
=
C
R
The next step is the column-row factorization A 
. Combinations of those
with independent columns in C 
columns produce all columns in A — this is matrix multiplication by R
. The text goes on to solve Ax =
b
, to orthogonal bases, to subspaces and linear transformations,
always based on examples. The final steps are eigenvalues
and singular values, with a dedicated code to compress
images. The last chapter is entirely optional: linear algebra
in deep learning and AI. The text features many illustrative
examples and exercises, and video lectures to accompany
the book are available via MIT OpenCourseWare. The
author’s site contains additional sample material and an
instructor’s manual.
A publication of Wellesley-Cambridge Press. Distributed within the
Americas by the American Mathematical Society.

The Gilbert Strang Series, Volume 4
September 2020, 356 pages, Hardcover, ISBN: 978-17331466-3-0, 2010 Mathematics Subject Classification:
15A03, 15A23, List US$85, AMS members US$68, Order
code STRANG/4
bookstore.ams.org/strang-4

Quasi-Periodic Solutions
of Nonlinear Wave
Equations on the
d
-Dimensional Torus
Massimiliano Berti, Scuola Internazionale Superiore di Studi
Avanzati (SISSA), Trieste, Italy,
and Philippe Bolle, Avignon Université, France
Many partial differential equations (PDEs) arising in physics, such as the nonlinear wave
equation and the Schrödinger equation, can be viewed as
infinite-dimensional Hamiltonian systems. In the last thirty
years, several existence results of time quasi-periodic solutions have been proved adopting a “dynamical systems”
point of view. Most of them deal with equations in one
space dimension, whereas, for multidimensional PDEs, a
satisfactory picture is still under construction.
An updated introduction to the now rich subject of KAM
theory for PDEs is provided in the first part of this research
monograph. The authors then focus on the nonlinear wave
equation endowed with periodic boundary conditions. The
main result of the monograph proves the bifurcation of
small amplitude finite-dimensional invariant tori for this
equation, in any space dimension. This is a difficult small
divisor problem due to complex resonance phenomena
between the normal mode frequencies of oscillations. The
proof requires various mathematical methods, ranging
from Nash–Moser and KAM theory to reduction techniques
in Hamiltonian dynamics and multiscale analysis for
quasi-periodic linear operators, which are presented in a
systematic and self-contained way. Some of the techniques
introduced in this monograph have deep connections with
those used in Anderson localization theory.
This book will be useful to researchers who are interested
in small divisor problems, particularly in the setting of
Hamiltonian PDEs and who wish to get acquainted with
recent developments in the field.
This item will also be of interest to those working in differential
equations.
A publication of the European Mathematical Society (EMS). Distributed
within the Americas by the American Mathematical Society.

EMS Monographs in Mathematics, Volume 11
October 2020, 374 pages, Hardcover, ISBN: 978-3-03719211-5, 2010 Mathematics Subject Classification: 37K55,
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37K50, 35L05, 35Q55, List US$75, AMS members US$60,
Order code EMSMONO/11

Number Theory
A Local Trace Formula
for the Gan-Gross-Prasad
Conjecture for Unitary
Groups: The Archimedean
Case

bookstore.ams.org/emsmono-11

Cycles Analytiques
Complexes II:
L’espace des Cycles
Daniel Barlet, Institut Éllie
Cartan (Nancy), Université de
Lorraine, France, and Jón Magnússon, Université d’Islande
(Reykjavik), Iceland
This book is the second volume
of two books aiming to present
results in Complex Geometry
from a firmly geometric point
of view. It begins with the construction of the space of
compact cycles of a given complex space. The chapters
cover a wide variety of topics: (1) Intersection theory; (2)
From Douady morphism to cycles; (3) Chow variety; (4)
Convexity in spaces of cycles; and (5) Cycles and Kählerian
varieties.
A publication of the Société Mathématique de France, Marseilles (SMF),
distributed by the AMS in the US, Canada, and Mexico. Orders from other
countries should be sent to the SMF. Members of the SMF receive a 30%
discount from list.

Cours Spécialisés—Collection SMF, Number 27
September 2020, 567 pages, Hardcover, ISBN: 978-285629-907-4, 2010 Mathematics Subject Classification: 32–01,
32–02, 32Cxx, 32Dxx, 32Exx, 32Fxx, 32Hxx, List US$113,
AMS members US$90.40, Order code COSP/27
bookstore.ams.org/cosp-27

Raphaël Beuzart-Plessis, Aix
Marseille University CNRS, France
In this volume, the author, inspired by earlier work of Waldspurger on orthogonal groups,
proves a sort of local trace formula which is related to the
local Gan-Gross-Prasad conjecture over any local field F of
characteristic zero. As a consequence, the author obtains a
geometric formula for certain multiplicities m(π )appearing in this conjecture and deduces from it a weak form of
the local Gan-Gross-Prasad conjecture (multiplicity one
in tempered L-packets). These results were already known
-adic fields by the author’s previous work and thus
over p
R
. However, the proof presented here
are new only when F =
works uniformly over all local fields of characteristic zero.
This item will also be of interest to those working in geometry
and topology.
A publication of the Société Mathématique de France, Marseilles (SMF),
distributed by the AMS in the US, Canada, and Mexico. Orders from other
countries should be sent to the SMF. Members of the SMF receive a 30%
discount from list.

Astérisque, Number 418
September 2020, 308 pages, Softcover, ISBN: 978-2-85629919-7, 2010 Mathematics Subject Classification: 22E50, 11F85,
20G05, List US$82, AMS members US$65.60, Order code
AST/418
bookstore.ams.org/ast-418
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Meetings & Conferences of the AMS
January Table of Contents
The Meetings and Conferences section of the Notices gives
information on all AMS meetings and conferences approved by press time for this issue. Please refer to the page
numbers cited on this page for more detailed information
on each event. Paid meeting registration is required to submit
an abstract to a sectional meeting.
Invited Speakers and Special Sessions are listed as soon
as they are approved by the cognizant program committee;
the codes listed are needed for electronic abstract submission. For some meetings the list may be incomplete.
Information in this issue may be dated.
The most up-to-date meeting and conference information can be found online at www.ams.org/meetings.
Important Information About AMS Meetings: Potential
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general
information regarding participation in AMS meetings and
conferences.
Abstracts: Speakers should submit abstracts on the
easy-to-use interactive Web form. No knowledge of LATEX
is necessary to submit an electronic form, although those
who use LATEX may submit abstracts with such coding, and
all math displays and similarly coded material (such as
accent marks in text) must be typeset in LATEX. Visit www.ams
.org/cgi-bin/abstracts/abstract.pl . Questions
about abstracts may be sent to abs-info@ams.org. Close
attention should be paid to specified deadlines in this issue.
Unfortunately, late abstracts cannot be accommodated.

Meetings in this Issue
2021
January 6–9
March 13–14
March 20–21
April 17–18
May 1–2
July 5–9
July 19–23
September 18–19
October 9–10
October 23–24
November 20–21

148

p. 149
p. 153
p. 154
p. 155
p. 156
p. 157
p. 159
p. 159
p. 159
p. 160
p. 160

2022
January 5–8
March 11–13
March 19–20
March 26–27
May 14–15
September 17–18
October 15–16
October 22–23

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wisconsin–Madison, Department of Mathematics, 480 Lincoln
Drive, Madison, WI 53706-1388; email: benkart@math
.wisc.edu; telephone: 608-263-4283.
Eastern Section: Steven H. Weintraub, Department of
Mathematics, Lehigh University, Bethlehem, PA 180153174; email: steve.weintraub@lehigh.edu; telephone:
610-758-3717.
Southeastern Section: Brian D. Boe, Department of Mathematics, University of Georgia, 220 D W Brooks Drive,
Athens, GA 30602-7403; email: brian@math.uga.edu;
telephone: 706-542-2547.
Western Section: Michel L. Lapidus, Department of Mathematics, University of California, Surge Bldg., Riverside, CA
92521-0135; email: lapidus@math.ucr.edu; telephone:
951-827-5910.

2021 Virtual JMM
Southeastern Virtual
Eastern Virtual
Central Virtual
Western Virtual
Grenoble, France
Buenos Aires, Argentina
Buffalo, New York
Omaha, Nebraska
Albuquerque, NM
Mobile, Alabama

Seattle, Washington
Charlottesville, Virginia
Medford, Massachusetts
West Lafayette, Indiana
Denver, Colorado
El Paso, Texas
Chattanooga, Tennessee
Salt Lake City, Utah

p. 161
p. 162
p. 163
p. 164
p. 165
p. 165
p. 165
p. 166

2023
January 4–7
May 4–5
May 6–7

Boston, Massachusetts
Atlanta, Georgia
Fresno, California

p. 167
p. 167
p. 167

See www.ams.org/meetings for the most up-to-date
information on the meetings and conferences that we offer.
The AMS strives to ensure that participants in its activities
enjoy a welcoming environment. Please see our full Policy
on a Welcoming Environment at https://www.ams
.org/welcoming-environment-policy.
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Meetings & Conferences
of the AMS
IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print
version of the Notices. However, comprehensive and continually updated meeting and program information with links
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings.
Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.
New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting.
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be
reimbursed.

2021 Virtual Joint Mathematics Meetings
January 6–9, 2021

sessions contributed by the Society for Industrial and Applied
Mathematics (SIAM).
Associate secretary: Brian D. Boe

Wednesday – Saturday

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual
Meeting of the AMS, 104th Annual Meeting of the Mathematical Association of America (MAA), annual meetings of
the Association for Women in Mathematics (AWM) and the
National Association of Mathematicians (NAM), and the winter meeting of the Association of Symbolic Logic (ASL), with

Program first available on AMS website: November 1, 2020
Issue of Abstracts: Volume 42, Issue 1

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/national.html.

Joint Invited Addresses
Linda J. S. Allen, Texas Tech University, Modeling of Viral Zoonotic Infectious Diseases from Wildlife to Humans (AMS-MAA
Invited Address).
Trachette Jackson, University of Michigan, Turning cancer discoveries into effective treatments with the aid of mathematical
modeling (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Amie Wilkinson, University of Chicago, Symmetry and asymmetry in dynamics (AMS-MAA Invited Address).

AMS Invited Addresses
Douglas N. Arnold, University of Minnesota, Structure preservation in the discretization of partial differential equations.
Ryan Hynd, University of Pennsylvania, The Hamilton-Jacobi equation, past and present.
Ciprian Manolescu, Stanford University, Khovanov homology and surfaces in four-manifolds (AMS Maryam Mirzakhani
Lecture).
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Andrea Nahmod, University of Massachusetts Amherst, Propagation of randomness under the flow of nonlinear dispersive
equations.
Lenka Zdeborova, EPFL (Ecole Polytechnique Fédérale de Lausanne), What Physics Teaches us about Computation in
High Dimensions (AMS Josiah Willard Gibbs Lecture).
Xinwen Zhu, California Institute of Technology, Arithmetic and geometric Langlands program.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.
Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of
each listing, where applicable.
ADJOINT (African Diaspora Joint Mathematics Workshop) Research Showcase, Edray Goins, Pomona College, and Helene
Barcelo, MSRI.
Adopt, Adapt, Assign Modeling Activities in Differential Equations, Brian Winkel, US Military Academy, West Point, Janet
Fierson, LaSalle University, Jennifer Garbett, Lenoir Rhyne University, and Therese Shelton, Southwestern University.
Advances and Applications in Integral and Differential Equations, Min Wang, Kennesaw State University, Jeffrey W. Lyons,
The Citadel, and Jeffrey T. Neugebauer, Eastern Kentucky University.
Advances in Computational Biomedicine, Nek Valous and Niels Halama, German Cancer Research Center, and Paul
Macklin, Indiana University.
Advances in Mathematical Biology, Zhisheng Shuai, University of Central Florida, and Yixiang Wu, Middle Tennessee
State University.
Advances in Modeling the Ecology of Infectious Diseases, Lauren M. Childs, Virginia Tech, Julie C. Blackwood, Williams
College, and Suzanne Lenhart and Olivia Prosper, University of Tennessee Knoxville.
Advances in Multivariable Operator and Function Theory in Both Commutative and Non-commutative Settings, Kelly Bickel,
Bucknell University, Paul Muhly, University of Iowa, Rachael Norton, Fitchberg State University, and Ryan Tully-Doyl,
University of New Haven.
Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert,
Embry-Riddle Aeronautical University, and Pieter Spaas, UCLA.
Advances in the Applications of Nonstandard Finite Difference Methods, Talitha M. Washington, Clark Atlanta University
and the Atlanta University Center, Ron Buckmire, Occidental College, Abba Gumel, Arizona State University, and Jean
Lubuma, University of Pretoria.
Agent-Based Dynamics and Self-Organization in Biology, Alexandria Volkening, Northwestern University, and Andrew
Bernoff and Jasper Weinburd, Harvey Mudd College.
Algebraic and Arithmetic Geometry, Tony Shaska, Oakland University, and Marc Hindry, Institut de mathématiques
Jussieu - Paris Rive Gauche Universiteé Paris Diderot.
Algebraic and Geometric Perspectives on Low-Dimensional Topology, Christine Ruey Shan Lee, University of South Alabama,
and Melissa Zhang, University of Georgia.
Algebraic Structures Related to Knot Theory, Sujoy Mukherjee, Ohio State University, Thang Le, Georgia Tech, and Jozef
H. Przytycki, George Washington University.
Analysis and Differential Equations at Undergraduate Institutions, Katharine Ott, Bates College, and William Green, Rose
Hulman Institute of Technology.
Analysis of Fractional, and Stochastic Dynamic Systems with Applications, Aghalaya S. Vatsala, University of Louisiana at
Lafayette, Gangaram S. Ladde, University of South Florida, Tampa, and John R. Graef, University of Tennessee at Chattanooga.
Applied Combinatorial Methods, Stephen J. Young and Sinan G. Aksoy, Pacific Northwest National Lab.
Applied Topology, Alvin Jin, KTH Royal Institute of Technology, and Mikael Vejdemo-Johansson, CUNY College of
Staten Island.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao and Darren Glass, Gettysburg College,
and Holley Friedlander, Dickinson College.
Branching Out: Ramification Invariants in Algebra and Geometry, Andrew Kobin, University of Virginia, and Vaidehee
Thatte, Binghamton University.
Celebrating the Mathematical Legacy of Dr. James A. Donaldson, Naiomi Cameron, Spelman College, Talitha Washington,
Clark Atlanta University and the Atlanta University Center, Caleb Ashley, University of Michigan, and Bourama Toni,
Howard University (AMS-NAM).
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COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team, Kathleen Snook, COMAP, and
Amanda Beecher, Ramapo College of New Jersey.
Combinatorial Approaches to Topological Structures and Applications, Cliff Joslyn and Emilie Purvine, Pacific Northwest
National Laboratory.
Commutative Algebra, Rebecca RG, George Mason University, and Sean Sather-Wagstaff, Clemson University.
Commutative Algebra in Positive Characteristic, I (Associated with AMS Colloquium Lecture), Janet Page, University of
Michigan, and Emily Witt, University of Kansas.
Commutative Algebra Meets Representation Theory, Alessandra Costantini, University of California Riverside, Francesca
Gandini, Kalamazoo College, and Ela Celikbas, West Virginia University.
Commutative Rings: Ideals, Modules, and Factorizations, Bruce Olberding, New Mexico State University, and Alfred Geroldinger, University of Graz, Austria.
Computability Theory and Effective Mathematics, Mariya I. Soskova, Joseph S. Miller, and Jun Le Goh, University of
Wisconsin Madison.
Continued Fractions, James McLaughlin, West Chester University, Geremías Polanco Encarnación, Hampshire College,
Barry Smith, Lebanon Valley College, and Nancy J. Wyshinski, Trinity College.
Creative Teaching Methods That Lead to Student Learning, Michael A. Radin, Rochester Institute of Technology, Natali
Hritonenko, Prairie View A & M University, and Ellina Grigorieva, Texas Woman’s University.
Current Trends in Arithmetic Dynamics, Trevor Hyde, University of Chicago, John R. Doyle, Oklahoma State University,
and Michelle Manes, University of Hawaii and NSF.
Developments in Spatial Graphs, Kenneth Baker, University of Miami, Allison Moore, Virginia Commonwealth University, and Danielle O’Donnol, Marymount University.
Driving Transformation Through Advanced Analytics, Arnie Greenland, Smith School of Business, and Jack Levis, UPS
(AMS-INFORMS).
Eigenvalues, Nonnegative Matrices and Applications, Alan Krinik and Randall J. Swift, California State Polytechnic University, Pomona.
Foundations of Data Science: Mathematical Representation, Computational Modeling, and Statistical Inference, Ivo Dinov,
University of Michigan.
Galois Cohomology in Arithmetic Geometry, Charlotte Ure and Evangelia Gazaki, University of Virginia.
Geometry and Topology in Dimensions 3 and 4, Christian Millichap, Furman University, Neil R. Hoffman, Oklahoma
State University, Matt Stover, Temple University, and Genevieve Walsh, Tufts University.
Geometry in the Mathematics of Data Science, Henry Kvinge, Tegan Emerson, Carlos Ortiz Marrero, and Tim Doster,
Pacific Northwest National Laboratory.
Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational Study, Jing Tian, Towson
University, and Animikh Biswas, University of Maryland Baltimore.
History of Mathematics, Adrian Rice, Randolph Macon College, Deborah Kent, Drake University, Jemma Lorenat, Pitzer
College, and Daniel Otero, Xavier University.
Homological Aspects of Quantum Symmetries and Related Topics, James Zhang, University of Washington, Chelsea Walton,
University of Illinois at Urbana Champaign, and Ellen Kirkman, Wake Forest University.
Hopf Algebras and Tensor Categories, Julia Plavnik, Indiana University, Siu-Hung Ng, Louisiana State University, and
Henry Tucker, University of California Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical
Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry, Van C. Nguyen, US Naval Academy,
Xingting Wang, Howard University, and Sarah Witherspoon, Texas A & M University.
Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, M. Zuhair Nashed, University of Central
Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.
Invariants of Knots and Links, Patricia Cahn, Smith College, Moshe Cohen, State University of New York at New Paltz,
Adam Lowrance, Vassar College, and Casey Necheles, Syracuse University.
Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell, Will Traves, U.S. Naval Academy, and Kerry
Luse, Trinity Washington University.
Low Dimensional Topology, I (Associated with AMS Invited Maryam Mirzakhani Lecture), Jennifer Hom, Georgia Tech,
Ciprian Manolescu, Stanford University, and Juanita Pinzon-Caicedo, University of Notre Dame.
Mathematical Outreach: Engagement Opportunities and Best Practices, Irina Mitrea and Maria Lorenz, Temple University,
and Katharine Ott, Bates College.
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Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School, James J. Madden, Louisiana
State University, Yvonne Lai, University of Nebraska Lincoln, James A.M. Alvarez, University of Texas Arlington, and
Jennifer Whitfield, Texas A&M University.
Mathematics in Security & Defense, Paul Goethals, US Military Academy, Lubjana Beshaj, Army Cyber Institute, and
Cheyne Homberger, Department of Defense.
Mathematics of Cryptography, Angela Robinson, NIST, Gretchen L. Matthews, Virginia Tech, and Travis Morrison,
University of Waterloo.
Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products, Tim Doster, Adam Attarian,
Tegan Emerson, and Henry Kvinge, Pacific Northwest National Laboratory.
Modeling and Data Analytic Techniques for Biological Systems, Erica Rutter, University of California, and Maria-Veronica
Ciocanel, Ohio State University.
Multiobjective Semiinfinite Fractional Programs, Ram Verma, International Publications USA, and Alexander Zaslavski,
Israel Institute of Technology.
Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University, Montgomery AL, and Ratnasingham Shivaji, University of North Carolina.
NSF S-STEM Programs with Mathematical Connections, Oscar Vega, California State University Fresno, Rebekah Dupont,
Augsburg University, Yu-Ju Kuo, Indiana University of Pennsylvania, Perla Myers, University of San Diego, and Susan
Pustejovsky, Alverno College.
Numerical Methods for Solving Polynomial Systems, Dan Bates, US Naval Academy, and Michael Burr, Clemson University.
Operator Theory and Approximation in Spaces of Analytic Functions, William Ross, University of Richmond, Alberto
Condori, Florida Gulf Coast University, Elodie Pozzi, St Louis University, and Alan Sola, Stockholm University, Sweden.
Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & Geometric Function Theory, Ram
Mohapatra, University of Central Florida, Surajit Borkotokey, Dibrugarh University, and Balendu Bhooshan Upadhyay,
Indian Institute of Technology Patna.
Optimization and Algebraic Geometry, Ali Mohammad Nezhad and Saugata Basu, Purdue University.
Partial Differential Equations and Spaces of Holomorphic Functions, Marius Beceanu and Hyun-Kyoung Kwon, University
of Albany SUNY.
PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd), Henok Mawi, Howard
University, and Ryan Hynd, University of Pennsylvania.
Piecewise & Discontinuous Difference Equations & Applications, Vlajko Kocic, Xavier University of Louisiana, and Michael
A. Radin, Rochester Institute of Technology.
Probabilistic Methods in Partial Differential Equations, I (Associated with AMS Invited Address Andrea Nahmod), Yu Deng,
University of Southern California, Andrea Nahmod, University of Massachusetts, and Haitian Yue, University of Southern California.
Quadratic Forms and Theta Functions, Gene S. Kopp, University of Bristol, and Edna Jones, Rutgers University.
Quantization for Probability Distributions and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio
Grande Valley.
Quantum Algebra and Geometry, Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph College,
and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Quaternions, Johannes Familton, Borough of Manhattan Community College, Terrence Blackman, Medgar Evers
College, and Chris McCarthy, Borough of Manhattan Community College.
Recent Advances in Ecological Modeling, Punit Gandhi and David Chan, Virginia Commonwealth University.
Recent Trends in Discrete-Time Ecological and Epidemiological Models, M.R.S. Kulenovic, University of Rhode Island, and
Abdul Aziz Yakubu, Howard University.
Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester
Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University Fresno,
Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University (AMS-MAA-SIAM).
Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, Julius N. Esunge, University of Mary
Washington, See Keong Lee, University of Sciences, Peneng, Malaysia, and Isabelle Kemajou-Brown, Morgan State
University.
The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics Research Communities Session),
Bryan L. Shader, University of Wyoming, and Leslie Hogben, Iowa State University/AIM.
The Legacy of Dick Askey, Howard S. Cohl, National Institute of Standards & Tech, Mourad E.H. Ismail, University of
Central Florida, and George E. Andrews, Penn State University, State College.
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The Mathematics of RNA and DNA, Chris McCarthy and Johannes Familton, Borough of Manhattan Community College.
Topology, Structure and Symmetry in Graph Theory, Lowell Abrams, George Washington University, and Mark Ellingham,
Vanderbilt University.
Understanding COVID-19: Mathematical Models to Address the Global Pandemic, Hwayeon Ryu, Elon University, and
Kamila Larripa, Humboldt State University.
Variational Analysis and Optimization, Hung M. Phan and Sedi Bartz, University of Massachusetts Lowell, and Mau
Nam Nguyen, Portland State University.
Women Advancing Mathematical Biology Through Computational and Analytical Techniques (Associated with MAA-AMS-SIAM
Gerald and Judith Porter Public Lecture Trachette Jackson), Katie Storey and Trachette Jackson, University of Michigan.
Women of Color in Applied Math and Analysis, Mirjeta Pasha, Arizona State University, Nancy Rodriquez, University of
Colorado Boulder, Caprice Stanley, The Johns Hopkins University Applied Physics Lab, and Omayra Ortega, Sonoma
State University (AMS-AWM).
Women of Color in Topology and Algebra, Emille Davie Lawrence, University of San Francisco, Candice Price, Smith
College, and Carmen Wright, Jackson State University (AMS-AWM).

Spring Southeastern Virtual Sectional Meeting
now meeting virtually, EST (hosted by the American Mathematical Society)
March 13–14, 2021
Saturday – Sunday

Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1164

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: Expired
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Yaiza Canzani, University of North Carolina-Chapel Hill, Eigenfunction concentration via geodesic beams.
Jiongmin Yong, University of Central Florida, Time-Inconsistency — A Mathematical Perspective.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advanced Topics in Graph Theory and Combinatorics (Code: SS 2A), Songling Shan, Illinois State University.
Advances in Computational Dynamics (Code: SS 6A), Jorge L Gonzalez, Georgia Institute of Technology, Andrey Shilnikov, Georgia State University, and J.D. Mireles James, Florida Atlantic University.
Celestial Mechanics and Applied Astrodynamics (Code: SS 10A), Bhanu Kumar and Molei Tao, Georgia Institute of Technology.
Commutative Algebra and its Interaction with Algebraic Geometry and Combinatorics (Code: SS 11A), Justin Chen, Georgia
Institute of Technology, and Youngsu Kim, California State University, San Bernardino.
Differential Graded Methods in Commutative Algebra (Code: SS 1A), Saeed Nasseh, Georgia Southern University, and
Adela Vraciu, University of South Carolina, Columbia.
Functional Differential Equations, Theory and Applications (Code: SS 8A), Joan Gimeno, University of Rome Tor Vergata,
and Rachel Kuske and Jiaqi Yang, Georgia Institute of Technology.
Graphs in Data Science (Code: SS 9A), Nicolas Fraiman, University of North Carolina, Chapel Hill, and Soledad Villar,
Johns Hopkins University.
Groups, Geometry, and Topology (Code: SS 4A), Tara Brendle and Maxime Fortier-Bourque, University of Glasgow, and
Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Integrable Nonlocal Systems (Code: SS 14A), Matthew Russo, Florida State University.
Optimization and Real Algebraic Geometry (Code: SS 15A), Saugata Basu and Ali Mohammad Nezhad, Purdue University.
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Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 3A), Dinh-Liem Nguyen, Kansas
State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Stochastic Control and Related Topics (Code: SS 7A), Andrzej Swiech, Georgia Institute of Technology, and Jiongmin
Yong, University of Central Florida.
Superalgebras, Quantum Groups, and Related Topics (Code: SS 13A), Jonas Hartwig and Dwight A. Williams, II, Iowa
State University.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 5A), Siddhi Krishna, Georgia Institute of Technology and Columbia University, Miriam Kuzbary, Georgia Institute of Technology, Beibei Liu, Max Planck Institute for Mathematics
and Georgia Institute of Technology, and JungHwan Park, Georgia Institute of Technology.
Tropical Geometry, F1-connections and Matroids (Code: SS 12A), Kalina Mincheva, Tulane University, and Jaiung Jun,
SUNY at New Paltz.

Spring Eastern Virtual Sectional Meeting
now meeting virtually, EDT (hosted by the American Mathematical Society)
March 20–21, 2021
Saturday – Sunday

Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1165

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

For organizers: Expired
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Abba Gumel, Arizona State University, Title to be announced (Einstein Public Lecture in Mathematics).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Algebraic Geometry in Dynamics (Code: SS 9A), Nguyen-Bac Dang, Stony Brook University, and Nicole Looper, Rohini
Ramadas, and Joseph H. Silverman, Brown University.
Applications and Asymptotic Properties of Discrete Dynamical Systems: A Session in Honor of the Retirement of Orlando Merino
(Code: SS 15A), Elliott Bertrand, Sacred Heart University, Zachary Kudlak, United States Coast Guard Academy, Mustafa
Kulenovic, University of Rhode Island, and David McArdle, University of Connecticut.
Applied Combinatorics (Code: SS 3A), Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, Brown University.
Commutative Algebra (Code: SS 1A), Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.
Current Trends in Combinatorial Commutative Algebra (Code: SS 5A), Kuei-Nuan Lin, Pennsylvania State University,
Greater Allegheny, and Augustine O’Keefe, Connecticut College.
Fractional Calculus and Fractional Differential/Difference Equations (Code: SS 19A), Lyubomir Boyadjiev, City University
of New York, Pavel Dubovski, Stevens Institute of Technology, and Mark Edelman, Yeshiva University and New York
University.
Gauge Theory, Geometry, and Low-Dimensional Topology (Code: SS 17A), Paul Feehan, Rutgers University, and Daniel
Ruberman, Brandeis University.
Geometric and Functional Inequalities and Nonlinear Partial Differential Equations (Code: SS 16A), Joshua Flynn, University
of Connecticut, Nguyen Lam, Memorial University of Newfoundland Grenfell Campus, Jungang Li, Brown University,
and Guozhen Lu, University of Connecticut.
Hopf Algebras, Tensor Categories, and Related Homological Methods (Code: SS 13A), Pablo S. Ocal, Texas A&M University,
and Julia Plavnik, Indiana University Bloomington.
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Metric techniques in Analysis (Code: SS 7A), Vasileios Chousionis and Sean Li, University of Connecticut.
Mirror Symmetry and Enumerative Geometry (Code: SS 4A), Mandy Cheung, Harvard University, and Siu-Cheong Lau
and Yu-Shen Lin, Boston University.
Moduli of Curves, Hilbert Schemes, and Tropical Geometry (Code: SS 10A), Ignacio Barros, Northeastern University, Noah
Giansiracusa, Bentley University, and Rob Silversmith, Northeastern University.
New Applications and Methods in Financial Mathematics (Code: SS 14A), Gu Wang, Worcester Polytechnic Institute, and
Bin Zou, University of Connecticut.
Nonlinear Wave Equations, General Relativity, and Connections to Fluid Dynamics (Code: SS 12A), Stefanos Aretakis,
University of Toronto, Aynur Bulut, Louisiana State University, and Sung-Jin Oh, University of California, Berkeley,.
Probability and Combinatorics (Code: SS 18A), Zhongyang Li, University of Connecticut, and Mei Yin, University of
Denver.
Recent Advances in Schubert Calculus and Related Topics (Code: SS 2A), Cristian Lenart and Changlong Zhong, State
University of New York at Albany.
Recent Developments in Automorphic Representations (Code: SS 8A), Spencer Leslie, Duke University, and Tian An Wong,
University of Michigan-Dearborn.
Recent Developments in Differential Geometry (Code: SS 11A), Megan Kerr, Wellesley College, and Catherine Searle,
Wichita State University.
Stochastic Analysis (Code: SS 6A), Parisa Fatheddin and Aurel Stan, Ohio State University, Marion.

Spring Central Virtual Sectional Meeting
now meeting virtually, CDT (hosted by the American Mathematical Society)
April 17–18, 2021
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 42, Issue 2

Meeting #1166

Deadlines

Central Section
Associate secretary: Georgia Benkart

For organizers: Expired
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Title to be announced.
Malabika Pramanik, University of British Columbia and BIRS, Title to be announced.
Maksym Radziwill, Caltech, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Commutative Algebra (Code: SS 7A), Ayah Almousa, Cornell University, and Sean Sather-Wagstaff, Clemson University.
Graph Theory and Applications (Code: SS 9A), Katherine F. Benson, University of Wisconsin-Stout, Christine A. Kelley,
University of Nebraska-Lincoln, and Esmeralda L. Naăstase, Xavier University.
Interactions between Representation Theory, Poisson Geometry, and Noncommutative Algebra (Code: SS 5A), Jason Gaddis,
Miami University, Padmini Veerapen, Tennessee Technological University, and Xingting Wang, Howard University.
Legendrian Knots and Surfaces (Code: SS 3A), Honghao Gao, Michigan State University, and Dan Rutherford, Ball State
University.
Nonsmooth Analysis and Geometry (Code: SS 1A), Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight
and Nageswari Shanmugalingam, University of Cincinnati.
Numerical Linear Algebra (Code: SS 8A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and
Qiang Ye, University of Kentucky.
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Probabilistic and Diffusion Methods in Analysis and Geometry (Code: SS 4A), Rodrigo Bañuelos and Jing Wang, Purdue
University, and Ju-Yi Yen, University of Cincinnati.
Recent Progress in Analytic Number Theory (Code: SS 6A), Seungki Kim, University of Cincinnati, Xiannan Li, Kansas
State University, and Xuancheng Fernando Shao, University of Kentucky.
Sharp Estimates in Harmonic Analysis (Code: SS 2A), Kabe Moen, University of Alabama, Leonid Slavin, University of
Cincinnati, and Alex Stokolos, Georgia Southern University.

Spring Western Virtual Sectional Meeting
now meeting virtually, PDT (hosted by the American Mathematical Society)
May 1–2, 2021
Saturday – Sunday

Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Meeting #1167

Deadlines

Western Section
Associate secretary: Michel L. Lapidus

For organizers: Expired
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Functional Analysis and Operator Theory (Code: SS 9A), Michel L. Lapidus, University of California, Riverside,
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.
Algebraic and Combinatorial Aspects of Polytopes (Code: SS 14A), Federico Ardila, San Francisco State University and Los
Andes University, Laura Escobar, Washington University in St. Louis, and Raul Penaguiao, University of Zurich.
Algebraic K-theory, Motivic Homotopy Theory, and Perfectoid Spaces (Code: SS 12A), Shanna Dobson, California State
University, Los Angeles.
Analysis, Combinatorics, and Geometry of Fractals (Code: SS 4A), Kyle Hambrook, San Jose State University, and ChunKit Lai, San Francisco State University.
Categorical and Combinatorial Methods in Representation Theory, and Related Topics (Code: SS 19A), Mee Seong Im, U.S.
Naval Academy, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Commutative Algebra (Code: SS 21A), Juliette Bruce, Mathematical Sciences Research Institute, Berkeley, Monica Lewis,
University of Michigan, and Sean Sather-Wagstaff, Clemson.
Connections between homotopical algebra and geometry (Code: SS 6A), Ryan Grady, Montana State University, and Chris
Rogers, University of Nevada, Reno.
Diagrammatic and Combinatorial Methods in Representation Theory (Code: SS 17A), Robert Muth, Washington & Jefferson College, Nick Davidson, Reed College, Peter Tingley, Loyola University Chicago, and Tianyuan Xu, University of
Colorado Boulder.
Differential Geometry and Geometric PDE (Code: SS 1A), Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo
Seto, and Bogdan Suceavă, California State University, Fullerton.
Geodesics in Hyperbolic 2- and 3-Manifolds (Code: SS 10A), Maria Trnkova, University of California, Davis, and Andrew
Yarmola, Princeton University.
Geometric Analysis (Code: SS 22A), Ovidiu Munteanu, University of Connecticut, and David Bao, San Francisco State
University.
Geometric and Categorical Methods in Representation Theory (Code: SS 16A), Ana Balibanu, Harvard University, Daniele
Rosso, Indiana University Northwest, and Jonathan Wang, Massachusetts Institute of Technology.
How do Industry Professionals Use Big Data? (Code: SS 15A), Luella Fu, San Francisco State University.
Localization and delocalization in ergodic quantum systems (Code: SS 2A), Ilya Kachkovskiy, Michigan State University,
and Wencai Liu and Rodrigo Matos, Texas A&M University.
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Nonlinear PDEs and fluid dynamics (Code: SS 13A), Igor Kukavica, Juhi Jang, and Wojciech Ozanski, University of
Southern California.
Quivers, Tensors, and Their Applications (Code: SS 20A), Visu Makam, Institute for Advanced Study, Francesca Gandini,
Kalamazoo College, and Alana Huszar and Robert Cochrane, University of Michigan.
Regularity Theory for Linear and Nonlinear PDEs (Code: SS 11A), Zongyuan Li, Rutgers University, Weinan Wang, University of Arizona, and Xueying Yu, Massachusetts Institute of Technology.
Research in Mathematics by Early Career Graduate Students (Code: SS 8A), Michael Bishop, Marat V. Markin, and Khang
Tran, California State University, Fresno.
Social Change through Mathematics and Education (Code: SS 18A), Federico Ardila and Shandy Hauk, San Francisco
State University, Ashia Wilson, Massachusetts Institute of Technology, and Robin Wilson, California State Polytechnic
University, Pomona.
Topological Perspectives in Graph Theory, Classical and Recent (Code: SS 3A), Jonathan L. Gross, Columbia University,
Timothy Sun, San Francisco State University, and Thomas W. Tucker, Colgate University.
Women in Commutative Algebra - One hundred years of Idealtheorie in Ringbereichen (Code: SS 7A), Eloísa Grifo and
Alessandra Costantini, University of California, Riverside.

Grenoble, France
Université de Grenoble-Alpes
July 5–9, 2021

Issue of Abstracts: Not applicable

Monday – Friday

Deadlines

Meeting #1168

For organizers: Expired

Associate secretary: Michel L. Lapidus
Program first available on AMS website: Not applicable

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/internmtgs.html.

Invited Addresses
Andrea Bertozzi, University of California, Los Angeles, USA
Peter Bühlmann, ETH Zürich, Switzerland
Maria Chudnovsky, Princeton University, USA
Hugo Duminil-Copin, Institut des Hautes Etudes Scientifiques (IHES), Bures-sur-Yvette, France
Alessio Figalli, ETH Zürich, Switzerland
Vincent Lafforgue, Université de Grenoble Alpes & CNRS, France
Peter Sarnak, Institute for Advanced Study (IAS), Princeton, USA
Claire Voisin, Collège de France, Paris, France
Simone Warzel, Technische Universität München (TUM), Munich, Germany

Special Sessions
Advances in Functional Analysis and Operator Theory (Code: SS 25A), Marat V. Markin, California State University,
Fresno, USA, Igor Nikolaev, St. John's University, USA, Jean Renault, Universite d'Orleans, France, and Carsten Trunk,
Technische Universitat Ilmenau, Germany.
Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona
Maclean, Grenoble, France, and Claire Voisin, Paris, France.
Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue) (Code: SS
32A), Jean-François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.
Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras
Vasy, Stanford University, USA.
Combinatorial and Computational Aspects in Topology (Code: SS 26A), Eric Samperton, University of Illinois, USA, Saul
Schleimer, University of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.
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Contact Geometry (Code: SS 3A), David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli
Studi di Cagliari, Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.
Deformation of Artinian algebras and Jordan type (Code: SS 28A), Anthony Iarrobino, Northeastern University, USA,
Pedro Macias Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy,
and Jean Valles, Universite de Pau et des Pays de l'Adour, France.
Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris.
Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.
Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken,
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-deFrance, Valenciennes, France.
Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and
Federico Pellarin, Université Jean Monnet, France.
Fractal Geometry in Pure and Applied Mathematics (Code: SS 19A), Hafedh Herichi, Santa Monica College, USA, Maria
Rosaria Lancia, Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna
Rozanova-Pierrat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology,
Germany.
Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus,
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo,
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North
Carolina State University, Raleigh, USA.
Graph and Matroid Polynomials: Towards a Comparative Theory (Code: SS 20A), Emeric Gioan, LIRMM, France, Johann
A. Makowsky, Israel Institute of Technology-IIT, Israel, and James Oxley, Louisiana State University, USA.
Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.
Groups and Topological Dynamics (Code: SS 30A), Nicolas Matte Bon, University of Lyon, France, Constantine Medynets,
United States Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South Florida, USA.
History of Mathematics Beyond Case-Studies (Code: SS 23A), Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma
Lorenat, Pitzer College, USA.
Integrability, Geometry, and Mathematical Physics (Code: SS 24A), Luen-Chau Li, Pennsylvania State University, USA, and
Serge Parmentier, Universite Claude Bernard Lyon 1, France.
Inverse Problems (Code: SS 21A), Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek,
University of New Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland,
and Piotr Stachura, Warsaw University of Life Sciences-SGGW, Poland.
Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.
Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.
Mathematical Knowledge Management in the Digital Age of Science (Code: SS 31A), Patrick Ion, University of Michigan,
Ann Arbor, USA, Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.
Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Algebra, and Topology (Code: SS 18A), Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris
Saclay, France.
Modular Representation Theory (Code: SS 27A), Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.
Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fribourg, Switzerland.
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Quantitative Geometry of Transportation Metrics (Code: SS 29A), Florent Baudier, Texas A&M University, USA, Dario
Cordero-Erausquin, Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom,
and Eva Pernecka, Czech Technical University in Prague, Czech Republic.
Recent Advances in Diffeology and their Applications (Code: SS 22A), Jean-Pierre Magnot, Université d'Angers, France,
and Jordan Watts, Central Michigan University, USA.
Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.
Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille
University, France, and Emmanuel Russ, Grenoble Alpes University, France.
Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France,
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.
Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin,
University of Connecticut, USA.

Buenos Aires, Argentina
The University of Buenos Aires
July 19–23, 2021

Issue of Abstracts: Not applicable

Monday – Friday

Deadlines

Meeting #1169

For organizers: Expired
For abstracts: To be announced

Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Buffalo, New York
University at Buffalo (SUNY)
September 18–19, 2021
Saturday – Sunday

Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Meeting #1170

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University
October 9–10, 2021
Saturday – Sunday

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Meeting #1171

Deadlines

Central Section
Associate secretary: Georgia Benkart
January 2021

For organizers: March 9, 2021
For abstracts: August 10, 2021
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.

Albuquerque, New Mexico
University of New Mexico
October 23–24, 2021
Saturday – Sunday

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Meeting #1172

Deadlines

Western Section
Associate secretary: Michel L. Lapidus

For organizers: March 23, 2021
For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of
Mining and Technology.
Inverse Problems (Code: SS 1A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico.
Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi,
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Mobile, Alabama
University of South Alabama
November 20–21, 2021
Saturday – Sunday

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Meeting #1173

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: April 20, 2021
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, Title to be announced.
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Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel
January 5–8, 2022

Issue of Abstracts: To be announced

Wednesday – Saturday

Deadlines

Meeting #1174

For organizers: To be announced
For abstracts: To be announced

Associate secretary: Georgia Benkart
Program first available on AMS website: To be announced

Request for Proposals for AMS Special Sessions at the 2022 Joint Mathematics Meetings
The AMS is soliciting proposals for AMS Special Sessions at the Joint Mathematics Meetings (JMM) to be held January
5–8, 2022 in Seattle. Proposals that reflect the full spectrum of interests of the mathematical community are welcome.
A special session is a collection of talks devoted to a single area of mathematics or a single topic, and each special
session proposal must include the following:
1. the title of the session
2. the name, affiliation, and email address of each organizer, with one organizer designated as the contact person for
all communication about the session
3. a brief, one paragraph description of the topic of the proposed special session
4. a sample list of speakers whom the organizers plan to invite (It is not necessary to have received confirmed commitments from these potential speakers.)
5. either the primary two-digit MSC (Mathematics Subject Classification) number that most closely matches the topic
— see the list found here: https://mathscinet.ams.org/mathscinet/msc/msc2020.html
or one of the following new code numbers adopted for topics that may have been included previously in an MAA
session or other organization’s session at the JMM,
• 101: Teaching and learning
• 102: Recreational mathematics
• 103: Professional development and professional concerns
• 104: Wider issues
— see more information here: https://www.ams.org/journals/notices/202010/rnoti-p1602.pdf.
Proposals for AMS Special Sessions should be sent by e-mail to jmmss-requests@ams.org by April 7, 2021.
Late proposals will not be considered. No decisions will be made on proposals until after the submission deadline
has passed.
Organizers are encouraged to consult the AMS Manual for Special Session Organizers which can be located here: https://
www.ams.org/meetings/meet-specialsessionmanual.
Special sessions will be allotted between 5 and 10 hours in which to schedule speakers. To enable maximum movement of participants between sessions, organizers must schedule each session speaker for either (a) a 20-minute talk
with 5-minute discussion and 5-minute break or (b) a 45-minute talk with 5-minute discussion and 10-minute break. A
special session may include any combination of 20-minute and 45-minute talks that fits within the time allotted to the
session, but all talks must begin and end at the scheduled time.
The number of special sessions in the AMS program at the JMM is limited, and because of the large number of
high-quality proposals, not all can be accepted. Please be sure to submit as detailed a proposal as possible for review by
the Committee on Special Sessions and Contributed Paper Sessions. Organizers of proposals will be notified whether
their proposal has been accepted by May 25, 2021. Shortly after that deadline, additional instructions and the session’s
schedule will be sent to the contact organizer of each accepted session.

Call for Proposals for Panels,Workshops, and Other Events at the Joint Mathematics Meetings in
Seattle,WA, January 5–8, 2022
The AMS solicits proposals for panels, workshops, and other events at the 2022 Joint Mathematics Meetings (JMM) to
be held Wednesday, January 5, through Saturday, January 8, 2022 in Seattle, Washington. We also seek proposals for
professional development workshops that will run for 2–6 hours for preregistered attendees. We welcome proposals that
reflect the full spectrum of interests of the mathematical community.
Each proposal must include:
1. Type of event (panel, workshop, other (specify))
January 2021
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2. Title of the event
3. Name, affiliation, and email address of each organizer, with one organizer designated as the contact person for all
communication about the event
4. Information on any sponsoring organizations
5. A brief (no longer than one page) description of the proposed event
6. A sample list of panelists/moderators/speakers/participants whom the organizers plan to invite (It is not necessary to
have received confirmed commitments from those listed.)
7. Duration of time requested for the event
8. Preferred days
9. Conflicts to avoid (where possible)
10. The primary two-digit MSC (Mathematics Subject Classification) number (https://mathscinet.ams.org
/mathscinet/msc/msc2020.html) that most closely matches the topic of the event, or one of the new code numbers
(https://www.ams.org/journals/notices/202010/rnoti-p1602.pdf) adopted for topics that may have been
included previously in an MAA or SPECTRA session or others at the JMM:
• 101: Teaching and learning
• 102: Recreational mathematics
• 103: Professional development and professional concerns
• 104: Wider issues
Proposals for panels, workshops, and other events should be e-mailed to the JMM Program Committee (jmmprog
-requests@ams.org) by April 7, 2021. Decisions will be made on proposals after the submission deadline has passed.
Panels, workshops, and other events approved by the Program Committee will normally be allotted a 60–90-minute
slot, with the exception of professional development workshops that could run for 2–6 hours.
The number of panels, workshops, and other events in the AMS program at the Joint Mathematics Meetings is limited,
and because of the large number of high-quality proposals anticipated, not all can be accepted, nor can all scheduling
requests be honored.
Please be sure to submit as detailed a proposal for your event as possible for review by the JMM 2022 Program Committee. Organizers of proposals will be notified whether their proposal has been accepted by May 25, 2021. Additional instructions and the event schedule will be sent to the contact organizer of each accepted proposal shortly after that deadline.
The Program Committee looks forward to reading your submissions.

Charlottesville, Virginia
University of Virginia
March 11–13, 2022
Friday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1175

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Muhammad Islam and Youssef Raffoul, University of Dayton.
Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and
Omar Saucedo, Virginia Tech.
Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, University of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia,
and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving,
Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clemson University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore,
University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric
Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech,
and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University,
and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia,
and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wisconsin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS)
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of
Waterloo.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner Hoehner, Longwood University, and Mark Meckes
and Elizabeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe
Martone, University of Michigan.
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono,
University of Virginia.

Medford, Massachusetts
Tufts University
March 19–20, 2022
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1176

Deadlines

Eastern Section
Associate secretary: Steven H. Weintraub

January 2021

For organizers: August 24, 2021
For abstracts: January 18, 2022
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida,
México, and Fulton Gonzalez, Tufts University.
Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Broughton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.
Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science
Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M.
Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and
Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University
March 26–27, 2022
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1177

Deadlines

Central Section
Associate secretary: Georgia Benkart

For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Champaign, and Jing Wang, Purdue University.
A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina
Mitrea, Temple University.
Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich
and Aleksandra Sobieska, Texas A&M University.
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Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University,
and Tian Yang, Texas A&M University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma
and Uli Walther, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University,
Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver
May 14–15, 2022
Saturday – Sunday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1178

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

Western Section
Associate secretary: Michel L. Lapidus

El Paso, Texas
University of Texas at El Paso
September 17–18, 2022

Issue of Abstracts: To be announced

Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

Chattanooga, Tennessee
University of Tennessee at Chattanooga
October 15–16, 2022

Issue of Abstracts: To be announced

Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title To Be Announced.
Chad Topaz, Williams College, Title To Be Announced.
Xingxing Yu, Georgia Institute of Technology, Title To Be Announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber,
University of North Georgia.
January 2021
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Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee
at Chattanooga, and Eric Rawdon, University of St Thomas.
Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University,
and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter,
and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and
Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute
of Technology.

Salt Lake City, Utah
University of Utah
October 22–23, 2022
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State
University, and Bangteng Xu, Eastern Kentucky University.
Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, University of Utah.
Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California,
Riverside, and Jennifer Kenkel, University of Michigan.
Extremal Graph Theory (Code: SS 1A), Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M.
Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian,
The College of New Jersey.
Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.
Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan
Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico.
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Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western
Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt,
University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena
Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe,
Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham
Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers,
Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel
January 4–7, 2023

Issue of Abstracts: To be announced

Wednesday – Saturday
Associate secretary: Steven H. Weintraub

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology
May 4–5, 2023

Issue of Abstracts: To be announced

Thursday – Friday
Southeastern Section
Associate secretary: Brian D. Boe

Deadlines

Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno
May 6–7, 2023

Issue of Abstracts: To be announced

Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus

Deadlines

Program first available on AMS website: To be announced

For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

January 2021
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Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.
Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside,
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.
Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson,
Claremont McKenna College.
Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of
California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Sambandham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James
Zhang, University of Washington.
Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf,
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski,
University of Southern California.
Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric
Sedgwick, DePaul University.
Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano
Zambom, California State University, Northridge.
Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.
Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California
State University, Fresno.
Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A),
Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California,
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech University, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang
Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario
Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and
Agnes Tuska, California State University, Fresno.
Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University,
Fresno.
Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.
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NOW AVAILABLE

from the AMS

= Textbook

Martin Gardner’s Mathematical Games
The Entire Collection of His Scientific American
Columns
Martin Gardner
Martin Gardner’s Mathematical Games columns in Scientific
American inspired and entertained several generations of
mathematicians and scientists. Gardner in his crystal-clear
prose illuminated corners of mathematics, especially recreational mathematics, that most people had no idea existed.
This collection of fifteen e-books contains every column
Gardner wrote for Scientific American in the years 1956–
1986. In each book the columns were updated and corrected as necessary.

An Introduction to

q -analysis

Warren P. Johnson, Connecticut College, New London, CT
Starting from simple generalizations of factorials and binomial coefficients, this book gives a friendly and accessible
introduction to q -analysis, a subject consisting primarily
of identities between certain kinds of series and products.
Many applications of these identities to combinatorics and
number theory are developed in detail.
2020; 519 pages; Softcover; ISBN: 978-1-4704-5623-8; List US$69; AMS
members US$55.20; MAA members US$62.10; Order code MBK/134

2020; 4408 pages; ISBN: 978-1-4704-6369-4; List US$99; Individual member US$74.25; MAA members US$74.25; Order code GARDNER-SET
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