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A WORD FROM...
Kirsten Bohl, Project Lead, National Math Festival 

and David Eisenbud, Director, MSRI                                            

The opinions expressed here are not necessarily those of the Notices or the AMS.

How can we promote the public understanding of math-
ematics without meeting the public? We’ve been exper-
imenting, especially since we had planned a wonderful 
National Math Festival (NMF) for April 2021, and then the 
Washington Convention Center became a field hospital! 
Here are some of our experiments—perhaps you have 
made similar efforts or seen ways we haven’t; we’d love 
to know! The good news is that, even during a pandemic 
year, math is bringing us together.

In August, MSRI launched a new National Math 
Festival Facebook group, Math Moms and Math Dads 
(https://www.facebook.com/groups/mathmomsand 
mathdads). The group quickly drew membership among 
parents and caregivers home with their offspring, looking 
for ways to connect with others in the same boat: How 

do I support my child to love math, when maybe I never had a chance to do so myself? The group has grown to 
303 members in just four months. 

In September, led by James Tanton and with the support of the Global Math Project and the Young People’s 
Project, MSRI launched a new NMF Weekly Puzzle Newsletter, steered by kids’ questions. Among the topics so 
far: math and cats, math and mirrors, math and negative numbers, math and desserts, and more. (We hope you’ll 
play along: https://globalmathproject.org/nmf-weekly/.)

In December, MSRI premiered the NMF Live Mathical Readings, the first dimension of the 2021 National 
Math Festival (which not surprisingly, reinvented itself online). Partnering with the National Council of Teachers 

Kirsten Bohl is project lead of the National Math Festival. Her email address is kbohl@msri.org.

David Eisenbud is the director of the Mathematical Sciences Research Institute (MSRI). His email address is de@msri.org.
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Figure 1. Puzzling! NMF 2019 Figure 2. We Love Math, NMF 2017
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of Mathematics (NCTM) and the National Council of Teachers of English (NCTE), we reached dozens of classrooms full 
of kids (and their teachers!) who were exploring math-inspiring literary works for both little ones and tweens and teens.

With NMF funding, NCTM and NCTE made grants to teachers in Title I schools to purchase copies of the Mathical 
titles being featured. The books are being taught in math and language arts classrooms, and kids have copies of their 
own. Teachers are also purchasing other books from the Mathical List, https://www.mathicalbooks.org (spanning 
ages 2–18), which now comprises 60+ titles. 

In January through March, MSRI hosted the NMF Live Online Performance Series, including a Math Rap (Double 
Feature) with Music Notes and Professor Lyrical; “The Witches of Agnesi”, a play and panel on women in math; the 
Mathical Book Prize announcement; a live game show hosted by the Young People’s Project; and a split bill with Rhys 
Thomas (juggler) of Science Circus and Brady Haran of the 
YouTube channel Numberphile.

We hope you’ll join the next bit of the action, which ramps 
up during the weekend of April 16–18, 2021. The NMF Live 
Online will feature six math talks for a general audience (see 
box). We are excited about film panels on some films that are 
already familiar (Hidden Figures, The Man Who Knew Infinity) 
and less so (The Bit Player, Secrets of the Surface).

Most of all, with NMF Live Online, we are looking for-
ward to the hands-on interactive math activities courtesy 
of roughly two dozen math organizations…including many 
of you! We will be in a new platform called Hopin, which 
mimics the ability to bring casual conversations, meandering 
from table to table, and live video chats in a way we hope all 
will find compelling (and as enjoyable as anything else right 
now, screen-bound as we are…). Please invite your friends, 
neighbors, families…no need to come to Washington, DC, 
for this year’s event (https://www.nationalmathfestival 
.org/2021-festival). We will bring it right to your living room. 

For those who miss part of the fun along the way, we are recording many of the sessions, especially the Live Performance 
Series and the Live Game Show with the Young People’s Project.

Other NMF activities are on pause for the moment, as of this writing, or on “slow cook” at the very least. We have been 
deepening our partnership with the DC public schools; many planned activities have been transformed as a result of 
the pandemic. One that is only postponed is support for the Young People’s Project (https://www.typp.org) to found 
a Flagway League (Flagway is a mathletic event involving factoring of integers—and running! https://www.typp.org 
/about_flagway) in the DC schools. We look forward to updating you on progress in the coming months and years.

Figure 3. Mark Mitton's Magical Math, NMF 2017
Figure 4. Holly Krieger, NMF 2019

Robbert Dijkgraaf: The End of Space and Time:  
The Mathematics of Black Holes and the Big Bang

Erica Graham, Raegan Higgins, Candice Price, 
Shelby Wilson: Changing the “Face” of Mathematics

Emille Davie Lawrence: Math Is Play!

Jesus De Loera: Numbers through Pictures: A Taste 
of the Geometry of Numbers

Steven Strogatz: Infinite Powers: The Story of Cal-
culus

Joseph Teran: Math and the Movies

Public Talks, NMF 2021

https://www.typp.org/about_flagway
https://www.typp.org/about_flagway


470    Notices of the AmericAN mAthemAticAl society Volume 68, Number 4

Racial unity was already an underlying theme of the 2021 NMF even before the pandemic arrived—and with it, a 
national awakening to the centrality and urgency of the cry for social justice. While it is too soon as of this writing in 
December 2020 to say exactly what will emerge, there is a plan in the works to invite youth to “practice aloud together” 
at the intersection of mathematics, imagination, courage, and social change. Please tune in and join us for this commu-
nity-building part of the festival.

Looking ahead to Spring 2022, we are extending the scope of the 2021 National Math Festival to include face-to-face 
events as part of the North Carolina Science Festival in the Research Triangle. This is part of a new model in which we hope 
to “graft math” onto eager science festivals…one festival at a time. Please visit us in person if you’re in the neighborhood!

We couldn’t do all this alone! We have some devoted key partners (https://www.nationalmathfestival.org 
/who-we-are), the Institute for Advanced Study and the National Museum of Mathematics (MoMath), and sponsors that 
include the Simons Foundation, the Alfred P. Sloan Foundation, the National Science Foundation, Schmidt Futures, the 
Kavli Foundation, and the American Mathematical Society.

The Festival could not exist without those who offer their time, labor, and financial support; those who send kids 
and adults our way to participate in events; those who enthusiastically join in the community you and we are seeking 
to build in public mathematics, one where more kids, of all backgrounds, see themselves in math, and see math in the 
world around them.

Credits 
Figure 1 is courtesy of Allison Shelley/MSRI.
Figures 2 and 5 are courtesy of Amanda Kowalski/MSRI.
Figures 3, 4, and 6 are courtesy of Lexey Swall/MSRI.

Figure 6. Stephon Alexander, NMF 2017
Figure 5. Flagway game in progress, NMF 2017
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1. Introduction
Imagine there is a 3×3 grid of bushes, labeled𝐺1, 𝐺2, ..., 𝐺9,
from top to bottom and left to right (the bunny example
in the opening figure). There is a fluffy little bunny hid-
ing in the middle bush, starving and ready to munch on

Zixuan Wu is an undergraduate student at the University of Toronto. His email
address is zx.wu@mail.utoronto.ca.

Communicated by Notices Associate Editor Richard Levine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.
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some grass around it. Assume the bunny never gets full
and the grass is never depleted. Once each minute, the
bunny jumps from its current bush to one of the nearest
other bushes (up, down, left, or right, not diagonal) or
stays at its current location, each with equal probability.
We can then ask about longer-term probabilities. For ex-
ample, if the bunny starts at𝐺5, the probability of jumping
to 𝐺7 after two steps is

Prob𝐺5(at 𝐺7 after two steps)
= Prob(𝐺5 → 𝐺4 → 𝐺7) + Prob(𝐺5 → 𝐺8 → 𝐺7)

= 1
5 ×

1
4 +

1
5 ×

1
4 =

1
10 .

But what happens to the probabilities after three steps? ten
steps? more?

This paper investigates the convergence of such proba-
bilities as the number of steps gets larger. As we will dis-
cuss later, such bounds are not only an interesting topic
in their own right, they are also very important for reli-
ably using Markov chain Monte Carlo (MCMC) computer
algorithms [1–3] which are very widely applied to nu-
merous problems in statistics, finance, computer science,
physics, combinatorics, and more. After reviewing the
standard eigenvalue approach in Section 3, we will concen-
trate on the use of “coupling,” and specifically on the use
of “minorization” (Section 4) and “drift” (Section 6) con-
ditions. We note that coupling is a very broad topic with
many different variations and applications (see, e.g., [9]),
and has even inspired its own algorithms (such as “cou-
pling from the past”). And, there are many other meth-
ods of bounding convergence of Markov chains, including
continuous-time limits, different metrics, path coupling,
non-Markovian couplings, spectral analysis, operator the-
ory, and more, as well as numerous other related topics,
which we are not able to cover here.

2. Markov Chains
The above bunny model is an example of a Markov chain
(in discrete time and space). In general, a Markov chain is
specified by three ingredients:

1. A state space 𝒳, which is a collection of all of the
states theMarkov chainmight be at. In the bunny example,
𝒳 = {𝐺1, 𝐺2, ..., 𝐺9}.

2. An initial distribution (probability measure) 𝜇0(⋅),
where 𝜇0(𝐴) is the probability of starting within 𝐴 ⊂ 𝒳 at
time 0. In the bunny example, 𝜇0(𝐺5) = 1, and 𝜇0(𝐺𝑖) =
0 ∀𝑖 ≠ 5.

3. A collection of transition probability distributions 𝑃(𝑥, ⋅)
on 𝒳 for each state 𝑥 ∈ 𝒳. The distribution 𝑃(𝑥, ⋅) repre-
sents the probabilities of the Markov chain going from 𝑥
to the next state after one unit of time. In a discrete state
space like the bunny example, the transition probabilities
can be simply written as 𝑃 = {𝑝𝑖𝑗}𝑖,𝑗∈𝒳 , where 𝑝𝑖𝑗 is the

probability of jumping to 𝑗 from 𝑖. Indeed, in the bunny
example:

For example, in the second row, 𝑝21 = 𝑝22 = 𝑝23 =
𝑝25 =

1
4
because from 𝐺2, the probabilities of jumping to

each of 𝐺1, 𝐺2, 𝐺3, or 𝐺5 are each
1
4
.

We write 𝜇𝑛(𝑖) for the probability that the Markov chain
is at state 𝑖 after 𝑛 steps. Given the initial distribution 𝜇0
and transition probabilities 𝑃(𝑥, ⋅), we can compute 𝜇𝑛 in-
ductively by

𝜇𝑛(𝐴) ≔ ∫
𝑥∈𝒳

𝑃(𝑥, 𝐴) 𝜇𝑛−1(𝑑𝑥) , 𝑛 ≥ 1 .

On a discrete space, this formula reduces to 𝜇𝑛(𝑗) =
∑𝑖∈𝒳 𝑝𝑖𝑗 𝜇𝑛−1(𝑖). In matrix form, regarding the 𝜇𝑛 as row-
vectors, this means 𝜇𝑛 = 𝜇𝑛−1 𝑃. It follows by induction
that 𝜇𝑛 = 𝜇0 𝑃𝑛, where 𝑃𝑛 is the 𝑛th matrix power of 𝑃,
also called the 𝑛-step transition matrix. Here (𝑃𝑛)𝑖𝑗 is the
probability of jumping to 𝑗 from 𝑖 in 𝑛 steps. Indeed, if
we take 𝜇0 = (0, 0, … , 1, … , 0), so 𝜇0(𝑖) = 1 with 𝜇0(𝑗) = 0
for all 𝑗 ≠ 𝑖, then 𝜇𝑛(𝑗) = ∑𝑟=0 𝜇0(𝑟)(𝑃𝑛)𝑟𝑗 = (𝑃𝑛)𝑖𝑗. This
makes sense since if we start at 𝑖, then 𝜇𝑛(𝑗) is the proba-
bility of moving from 𝑖 to 𝑗 in 𝑛 steps.

Onemain question inMarkov chain analysis is whether
the probabilities 𝜇𝑛 will converge to a certain distribution,
i.e., whether 𝜋 ≔ lim𝑛→∞ 𝜇𝑛 exists. If it does, then letting
𝑛 → ∞ in the relation 𝜇𝑛+1 = 𝜇𝑛𝑃 indicates that 𝜋must be
stationary, i.e., 𝜋 = 𝜋𝑃. On a finite state space, this means
that 𝜋 is a left eigenvector of the matrix 𝑃 with correspond-
ing eigenvalue 1.

In the bunny example, by solving the system of linear
equations given by 𝜋𝑃 = 𝜋, the stationary probability dis-
tribution can be computed to be the following vector:

𝜋 = ( 111 ,
4
33 ,

1
11 ,

4
33 ,

5
33 ,

4
33 ,

1
11 ,

4
33 ,

1
11) .

In fact, the bunny example satisfies general theoretical
properties called irreducibility and aperiodicity, which guar-
antee that the stationary distribution 𝜋 is unique, and that
𝜇𝑛 converges to 𝜋 as 𝑛 → ∞ (see, e.g., [8]). However, in
this paper we shall focus on quantitative convergence rates,
i.e., how large 𝑛 has to be to make 𝜇𝑛 sufficiently close to
𝜋.
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(𝜆0, 𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, 𝜆7, 𝜆8) = (1, 0.702, 0.702, −0.467, 0.333, 0.25, 0.25, 0.119, 0.119)

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑣0
𝑣1
𝑣2
𝑣3
𝑣4
𝑣5
𝑣6
𝑣7
𝑣8

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0.091 0.121 0.091 0.121 0.152 0.121 0.091 0.121 0.091
0.489 0.361 0 0.361 0 −0.361 0 −0.361 −0.489
0.055 −0.318 −4.863 0.399 0 −0.399 4.863 0.318 −0.055
−0.224 0.358 −0.224 0.358 −0.537 0.358 −0.224 0.358 −0.224
0.500 0 −0.500 0 0 0 −0.500 0 0.500
0.002 −0.500 0.002 0.499 −0.007 0.499 0.002 −0.500 0.002
0.256 −0.043 0.256 −0.043 −0.854 −0.043 0.256 −0.043 0.256
−0.436 0.394 0 0.394 0 −0.394 0 −0.394 0.436
0.018 0.377 −0.425 −0.410 0 0.410 0.435 −0.377 −0.018

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

Figure 1.

3. Eigenvalue Analysis on Finite State Spaces
When the state space is finite and small, it is sometimes
possible to obtain a quantitative bound on the conver-
gence rate through direct matrix analysis (e.g., [6]). We
require eigenvalues 𝜆𝑖 and left-eigenvectors 𝑣𝑖 such that
𝑣𝑖𝑃 = 𝜆𝑖𝑣𝑖. For example, for the above bunny process, we
compute (numerically, for simplicity) the eigenvalues and
left-eigenvectors in Figure 1.

To be specific, assume that the bunny starts from the
center bush 𝐺5, so 𝜇0 = (0, 0, 0, 0, 1, 0, 0, 0, 0). We can ex-
press this 𝜇0 in terms of the above eigenvector basis as the
linear combination:

𝜇0 = 𝑣0 − 0.4255𝑣3 − 0.7259𝑣6 .
(Here 𝑣0 = 𝜋, corresponding to the eigenvalue 𝜆0 = 1.)
Recalling that 𝜇𝑛 = 𝜇0𝑃𝑛 and that 𝑣𝑖𝑃 = 𝜆𝑖 𝑣𝑖 by definition,
we compute that, e.g.,
𝜇𝑛(𝐺5) = (𝜆0)𝑛𝑣0(𝐺5) − 0.4255(𝜆3)𝑛𝑣3(𝐺5) − 0.7259(𝜆6)𝑛𝑣6(𝐺5)

= 𝜋(𝐺5) − 0.4255(−0.4667)𝑛(−0.537) − 0.7259(0.25)𝑛(−0.854) .

Since |0.25| < |0.4667| and |0.4255 ⋅ (−0.537)| + |0.7259 ⋅
(−0.854)| < 0.85, the triangle inequality implies that

|𝜇𝑛(𝐺5) − 𝜋(𝐺5)| < 0.85 (0.4667)𝑛 , 𝑛 ∈ ℕ .
This shows that 𝜇𝑛(𝐺5) → 𝜋(𝐺5), and gives a strong bound
on the difference between them. For example, |𝜇𝑛(𝐺5) −
𝜋(𝐺5)| < 0.01 whenever 𝑛 ≥ 6, i.e., only six steps are
required to make the bunny’s probability of being at 𝐺5
within 0.01 of its limiting (stationary) probability. Other
states besides 𝐺5 can be handled similarly.

Unfortunately, such direct eigenvalue or spectral anal-
ysis becomes more and more challenging on larger and
more complicated examples, especially on nonfinite state
spaces. So, we next introduce a different technique which,
while less tight, is more widely applicable.

4. Coupling and Minorization Conditions
The idea of coupling is to create two different copies of a
random object, and compare them. Coupling has a long
history in probability theory, with many different appli-
cations and approaches (see, e.g., [9]). A key idea is the

coupling inequality. Suppose we have two random variables
𝑋 and 𝑌 , each with its own distribution. Then for any sub-
set 𝐴, we can write

||Prob(𝑋 ∈ 𝐴) − Prob(𝑌 ∈ 𝐴)||
= ||Prob(𝑋 ∈ 𝐴, 𝑋 = 𝑌) + Prob(𝑋 ∈ 𝐴, 𝑋 ≠ 𝑌)
− Prob(𝑌 ∈ 𝐴, 𝑋 = 𝑌) − Prob(𝑌 ∈ 𝐴, 𝑋 ≠ 𝑌)|| .

But here Prob(𝑋 ∈ 𝐴, 𝑋 = 𝑌) = Prob(𝑌 ∈ 𝐴, 𝑋 = 𝑌),
since they both refer to the same event, so those two
terms cancel. Also, each of Prob(𝑋 ∈ 𝐴, 𝑋 ≠ 𝑌) and
Prob(𝑌 ∈ 𝐴, 𝑋 ≠ 𝑌) are between 0 and Prob(𝑋 ≠ 𝑌),
so their difference must be ≤ Prob(𝑋 ≠ 𝑌). Hence,

||Prob(𝑋 ∈ 𝐴) − Prob(𝑌 ∈ 𝐴)|| ≤ Prob(𝑋 ≠ 𝑌) .
Since this upper bound is uniform over subsets 𝐴, we can
even take a supremum over 𝐴, to also bound the total vari-
ation distance:

‖ℒ(𝑋) − ℒ(𝑌)‖𝑇𝑉 ≔ sup
𝐴⊆𝒳

||Prob(𝑋 ∈ 𝐴) − Prob(𝑌 ∈ 𝐴)||

≤ Prob(𝑋 ≠ 𝑌) .
That is, the total variation distance between the probability
laws ℒ(𝑋) and ℒ(𝑌) is bounded above by the probability
that the random variables 𝑋 and 𝑌 are not equal. To apply
this fact to Markov chains, the following condition is very
helpful.

Definition. A Markov chain with state space𝒳 and transi-
tion probabilities 𝑃 satisfies aminorization condition if there
exists a (measurable) subset 𝐶 ⊆ 𝒳, a probability measure
𝜈 on 𝒳, a constant 𝜖 > 0, and a positive integer 𝑛0, such
that

𝑃𝑛0(𝑥, ⋅) ≥ 𝜖𝜈(⋅), 𝑥 ∈ 𝐶 .
We call such 𝐶 a small set. In particular, if 𝐶 = 𝒳 (the entire
state space), then the Markov chain satisfies a uniform mi-
norization condition, also referred to as Doeblin’s condition.

For a concrete example, suppose the state space is the
half-line𝒳 = [0,∞), with transition probabilities given by

𝑃(𝑥, 𝑑𝑦) = (𝑒−2𝑦 + 1
√2𝜋(𝑥 + 1)

𝑒−
𝑦2

2(𝑥+1)2 ) 𝑑𝑦 . (1)

APRIL 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 473



Figure 2. The example satisfying the minorization condition.

That is, from a state 𝑥, the chain moves to an equal mix-
ture of an Exponential(2) distribution and a half-normal
distribution with mean 0 and standard deviation 𝑥+1. In
this case, 𝑃(𝑥, 𝑑𝑦) ≥ 𝑒−2𝑦 𝑑𝑦 for all 𝑥 (see Figure 2), so
the chain satisfies a uniform minorization condition with
𝑛0 = 1, 𝜈(𝑦) = 2𝑒−2𝑦, and 𝜖 = 1

2
.

The uniform minorization condition implies that there
exists a common overlap of size 𝜖 between all of the transi-
tion probabilities. This allows us to formulate a coupling
construction of two different copies {𝑋𝑛} and {𝑋 ′

𝑛} of a
Markov chain, as follows. Assume for now that 𝑛0 = 1.
First, choose 𝑋0 ∼ 𝜇0(⋅) and 𝑋 ′

0 ∼ 𝜋(⋅) independently.
Then, inductively for 𝑛 = 0, 1, 2, …:

1. If 𝑋𝑛 = 𝑋 ′
𝑛, choose 𝑧 ∼ 𝑃(𝑋𝑛, ⋅) and let 𝑋 ′

𝑛+1 =
𝑋𝑛+1 = 𝑧. The chains have already coupled, and they will
remain equal forever.

2. If 𝑋𝑛 ≠ 𝑋 ′
𝑛, flip a coin whose probability of Heads is

𝜖. If it showsHeads, choose 𝑧 ∼ 𝜈(⋅) and let 𝑋 ′
𝑛+1 = 𝑋𝑛+1 =

𝑧. Otherwise, update 𝑋𝑛+1 and 𝑋 ′
𝑛+1 independently with

probabilities given by

Prob(𝑋𝑛+1 ∈ 𝐴) = 𝑃(𝑋𝑛, 𝐴) − 𝜖𝜈(𝐴)
1 − 𝜖 ,

Prob(𝑋 ′
𝑛+1 ∈ 𝐴) = 𝑃(𝑋 ′

𝑛, 𝐴) − 𝜖𝜈(𝐴)
1 − 𝜖 .

(The minorization condition guarantees that these “resid-
ual” probabilities are nonnegative, and hence are
probability measures since their total mass

equals
𝑃(𝑋𝑛,𝒳)−𝜖𝜈(𝒳)

1−𝜖
= 1−𝜖

1−𝜖
= 1.) This construction en-

sures that overall, Prob(𝑋𝑛+1 ∈ 𝐴|𝑋𝑛 = 𝑥) = 𝑃(𝑥, 𝐴) and
Prob(𝑋 ′

𝑛+1 ∈ 𝐴|𝑋 ′
𝑛 = 𝑥) = 𝑃(𝑥, 𝐴) for any 𝑥 ∈ 𝒳: indeed,

if the two chains are unequal at time 𝑛, then
Prob(𝑋𝑛+1 ∈ 𝐴 | 𝑋𝑛 = 𝑥)

= Prob(𝑋𝑛+1 ∈ 𝐴, Heads | 𝑋𝑛 = 𝑥)
+ Prob(𝑋𝑛+1 ∈ 𝐴, Tails | 𝑋𝑛 = 𝑥)

= Prob(Heads) Prob(𝑋𝑛+1 ∈ 𝐴 | 𝑋𝑛 = 𝑥, Heads)
+ Prob(Tails) Prob(𝑋𝑛+1 ∈ 𝐴 | 𝑋𝑛 = 𝑥, Tails)

= 𝜖 𝜈(𝐴) + (1 − 𝜖) 𝑃(𝑥, 𝐴) − 𝜖 𝜈(𝐴)
1 − 𝜖 = 𝑃(𝑥, 𝐴) .
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Figure 3.

If 𝑛0 > 1, then we can use the above construction for
the times 𝑛 = 0, 𝑛0, 2𝑛0, …, with 𝑛 + 1 replaced by 𝑛 + 𝑛0,
and with 𝑃(⋅, ⋅) replaced by 𝑃𝑛0(⋅, ⋅). Then, if desired, we
can later “fill in” the intermediate states 𝑋𝑛 for 𝑗𝑛0 < 𝑛 <
(𝑗+1)𝑛0, from their appropriate conditional distributions
given the already-constructed values of 𝑋𝑗𝑛0 and 𝑋(𝑗+1)𝑛0 .

Now, since 𝑋 ′
0 ∼ 𝜋(⋅) and 𝜋 is a stationary distribution,

therefore 𝑋 ′
𝑛 ∼ 𝜋(⋅) for all 𝑛. And, every 𝑛0 steps, the two

chains probability is at least 𝜖 of coupling (i.e., of the coin
showing Heads). So, Prob(𝑋𝑛 ≠ 𝑋 ′

𝑛) ≤ (1 − 𝜖)⌊𝑛/𝑛0⌋, where
⌊⋅⌋means floor. The coupling equality then implies the fol-
lowing.

Theorem 1. If {𝑋𝑛} is a Markov chain on 𝒳, whose transition
probabilities satisfy a uniform minorization condition for some
𝜖 > 0, then for any positive integer 𝑛 and any 𝑥 ∈ 𝒳,

‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (1 − 𝜖)⌊𝑛/𝑛0⌋.

For the above Markov chain (1), we showed a uniform
minorization condition with 𝑛0 = 1 and 𝜖 = 1/2. So,
Theorem 1 immediately implies that ‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤
(1 − 𝜖)⌊𝑛/𝑛0⌋ = (1 − (1/2))𝑛 = 2−𝑛, which is < 0.01 if 𝑛 ≥ 6,
i.e., this chain converges within six steps.

Assume𝒳 is finite, and for some 𝑛0 ∈ ℕ there is at least
one state 𝑗 ∈ 𝒳 such that the 𝑗th column of 𝑃𝑛0 is all
positive, i.e., (𝑃𝑛0)𝑖𝑗 > 0 for all 𝑖 ∈ 𝒳. Then we can set 𝜖 =
∑𝑗∈𝒳min𝑖∈𝒳(𝑃𝑛0)𝑖𝑗 > 0, and 𝜈(𝑗) = 𝜖−1 min𝑖∈𝒳(𝑃𝑛0)𝑖𝑗, so
that (𝑃𝑛0)𝑖𝑗 ≥ 𝜖 𝜈(𝑗) for all 𝑖, 𝑗 ∈ 𝒳, i.e., an 𝑛0-step uniform
minorization condition is satisfied with that value of 𝜖.
4.1. Application to bunny example. The bunny example
does not satisfy a one-step minorization condition, since
every column of 𝑃 has some zeros, so we instead consider
its two-step transition probabilities, 𝑃2, in Figure 3.

In this two-step transition matrix, the fifth column only
contains positive values, since no matter where the bunny
starts, there will always be at least a

9
80

chance that it will
jump to the center bush (𝐺5) in two steps. Thus, we can
satisfy a two-step minorization condition by taking

𝜖 = ∑
𝑗∈𝒳

min
𝑖∈𝒳

(𝑃2)𝑖𝑗 = 0 +⋯+ 0 + 9
80 + 0 +⋯+ 0 = 9

80

and 𝜈(𝑗) = 𝜖−1 min𝑖∈𝒳(𝑃𝑛0)𝑖𝑗 as above. Then, we can apply
Theorem 1, with 𝑛0 = 2 and 𝜖 = 9/80, to conclude that

‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (1 − 9
80)

⌊𝑛/2⌋
= (7180)

⌊𝑛/2⌋
.

For example, if we want the distribution of the bunny’s
location to be within 0.01 of the stationary distribution
𝜋, this is achieved within 𝑛 = 78 steps. This bound is
not nearly as tight as our previous result 𝑛 = 6, but it is
uniform over all states (not just 𝐺5), plus it was derived
using a much more general method (without the need to
compute eigenvalues and eigenvectors). Of course, such
bounds might be more difficult to obtain on larger, more
complicated examples.
4.2. Pseudo-minorization conditions. The coupling
construction used to prove Theorem 1 was a pairwise con-
struction, i.e., it only considered two chain locations 𝑥 and
𝑦 at a time. If we replace the distribution 𝜈(⋅) with 𝜈𝑥𝑦(⋅),
allowing it to depend on 𝑥 and 𝑦, then 𝐶 is called a pseudo-
small set, and Theorem 1 continues to hold [4]. It then
follows that on a finite state space, if we instead choose

𝜖 = min
𝑖,𝑗∈𝒳

∑
𝑧∈𝒳

min{(𝑃𝑛0)𝑖𝑧, (𝑃𝑛0)𝑗𝑧} > 0,

𝜈𝑖𝑗(𝑧) =
min{(𝑃𝑛0)𝑖𝑧, (𝑃𝑛0)𝑗𝑧}

∑𝑤∈𝒳min{(𝑃𝑛0)𝑖𝑤, (𝑃𝑛0)𝑗𝑤}
,

then the chain will satisfy an 𝑛0-step pseudo-minorization
condition, i.e., for all 𝑖, 𝑗, 𝑧 ∈ 𝒳, (𝑃𝑛0)𝑖𝑧 ≥ 𝜖 𝜈𝑖𝑗(𝑧) and
(𝑃𝑛0)𝑗𝑧 ≥ 𝜖 𝜈𝑖𝑗(𝑧). Hence, exactly as above, we will again
have ‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (1 − 𝜖)⌊𝑛/𝑛0⌋.

We now apply this pseudo-minorization idea to the
bunny example, with 𝑛0 = 2. Examining the ma-
trix 𝑃2 above, we see that the minimum values of
∑𝑧∈𝒳min{(𝑃2)𝑖𝑧, (𝑃2)𝑗𝑧} occur at (𝑖, 𝑗) = (3, 7) or (1, 9), cor-
responding to opposite corners of the 3 × 3 grid (which
makes sense since opposite corners will have the least
amount of transitional overlap). We then calculate the
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minorization constant

𝜖 = ∑
𝑧∈𝒳

min{(𝑃2)3𝑧, (𝑃2)7𝑧}

= 1
12 + 0 + 0 + 0 + 1

6 + 0 + 0 + 0 + 1
12 = 1

3 .

Therefore, ‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (1 − 𝜖)⌊𝑛/2⌋ = ( 2
3
)⌊𝑛/2⌋. For

instance, this bound is < 0.01 if 𝑛 = 24, i.e., if the bunny
jumps 24 times. This is a significant improvement over
the previous minorization result of 𝑛 = 78, though it is
still not as tight as the specific eigenvalue bound of 𝑛 = 6.

5. Continuous State Space:
Point Process MCMC

The above analysis was primarily focused on finite state
spaces, such as the bunny example. We now extend to con-
tinuous examples on subsets of ℝ𝑑.

To be specific, consider a point process consisting of three
particles each randomly located within the closed rectan-
gle [0, 1]2 ⊂ ℝ2, with positions denoted by 𝑥 = (𝑥𝑖)𝑖=1,2,3 =
(𝑥𝑖1, 𝑥𝑖2)𝑖=1,2,3, so the state space 𝒳 = [0, 1]6. Suppose
these particles are distributed according to a probability
distribution with unnormalized density (meaning that the
actual density is a constant multiple of so it integrates to
1) given by

𝜋(𝑥) ≔ 𝜋(𝑥1, 𝑥2, 𝑥3) = exp [−𝐶
3
∑
𝑖=1

||𝑥𝑖||−𝐷∑
𝑖<𝑗

||𝑥𝑖−𝑥𝑗||−1] ,

where 𝐶 and 𝐷 are fixed positive constants, and || ⋅ || is
the usual Euclidean (𝐿2) norm on ℝ2. In this density, the
first sum pushes the particles towards the origin, and the
second sum pushes them away from each other.

We now create aMarkov chainwhich has𝜋 as its station-
ary distribution. To do this, we use a version of the Metrop-
olis Algorithm [3]. Each step of the Markov chain proceeds
as follows. Given 𝑋𝑛 = 𝑥, we first “propose” to move the
particles from their current configuration 𝑥 to some other
configuration 𝑦, chosen from the uniform (i.e., Lebesgue)

measure on𝒳. Then, with probabilitymin[1, 𝜋(𝑦)
𝜋(𝑥)

], we “ac-

cept” this proposal and move to the new configuration by
setting 𝑋𝑛+1 = 𝑦. Otherwise, we “reject” this proposal and
leave the configuration unchanged by setting 𝑋𝑛+1 = 𝑥.

This Metropolis Algorithm is a well-known procedure
which can easily be shown [1,3] to create a Markov chain
which has 𝜋 as its stationary distribution. It is the most
common type of Markov chain Monte Carlo (MCMC) algo-
rithm. Such algorithms are a very popular and general
method of generating samples from complicated proba-
bility distributions, by running the corresponding Markov
chain for many iterations. They are used very frequently
in a wide variety of fields, ranging from Bayesian statis-
tics to financial modeling to medical research to machine

learning and more. For further background, see, e.g., [1]
and the many references therein.

However, to get reliable samples, it is important to
know how many iterations are required to approximately
converge to 𝜋, i.e., to establish quantitative convergence
bounds. The above Markov chain has an uncountably infi-
nite state space𝒳, so the eigenvalue analysis of Section 3 is
not easily available (though there have been some efforts
to use spectral analysis on general state spaces; see, e.g.,
[2] and other papers). On the other hand, the uniform
minorization condition of Section 4 can still be applied.
Indeed, in the web appendix [10], we prove the following
lemma.

Lemma 1. The Markov chain constructed above satisfies a
uniform minorization condition with 𝑛0 = 1 and 𝜖 =
(0.48) 𝑒−𝐶(4.25)−𝐷(9.88).

For example, if 𝐶 = 𝐷 = 1/10, then we may take 𝜖 =
0.117. It then follows from Theorem 1 that we have the
convergence bound

‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (1− 𝜖)𝑛 = (1− 0.117)𝑛 = (0.883)𝑛 .

This shows that after 𝑛 = 38 steps, the total variation dis-
tance between our Markov chain and the stationary distri-
bution will be less than 0.01.

6. Unbounded State Space: Drift Conditions
In the previous section, the uniform minorization condi-
tion gave us a good quantitative convergence bound. How-
ever, in many cases, especially on unbounded state spaces,
the minorization condition cannot be satisfied uniformly,
only on some subset 𝐶 ⊆ 𝒳. In such cases, we have to ad-
just our previous 𝑛0 = 1 coupling construction, as follows.
We first choose 𝑋0 ∼ 𝜇(⋅) and 𝑋 ′

0 ∼ 𝜋(⋅) independently,
and then inductively for 𝑛 = 0, 1, 2, …:

1. If 𝑋𝑛 = 𝑋 ′
𝑛, we choose 𝑋𝑛+1 = 𝑋 ′

𝑛+1 ∼ 𝑃(𝑋𝑛, ⋅).
2. Else, if (𝑋𝑛, 𝑋 ′

𝑛) ∈ 𝐶 × 𝐶, we flip a coin whose proba-
bility of Heads is 𝜖, and then update 𝑋𝑛+1 and 𝑋 ′

𝑛+1 in the
same way as in step 2 of our previous (uniform minoriza-
tion) construction above.

3. Else, if (𝑋𝑛, 𝑋 ′
𝑛) ∉ 𝐶 × 𝐶, then we just conditionally

independently choose 𝑋𝑛+1 ∼ 𝑃(𝑋𝑛, ⋅) and 𝑋 ′
𝑛+1 ∼ 𝑃(𝑋 ′

𝑛, ⋅),
i.e., the two chains are simply updated independently.

The above construction provides good coupling bounds
provided that the two chains return to 𝐶×𝐶 often enough,
but this last property is difficult to guarantee. Thus, to ob-
tain convergence bounds, we also require a drift condition.
Basically, the drift condition guarantees that the chains
will return to𝐶×𝐶 quickly enough that we can still achieve
a coupling.

Definition. A Markov chain with a small set 𝐶 ⊆ 𝒳 sat-
isfies a bivariate drift condition if there exists a function
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ℎ ∶ 𝒳 × 𝒳 → [1,∞) and some 𝛼 > 1, such that

̄𝑃ℎ(𝑥, 𝑦) ≤ ℎ(𝑥, 𝑦)/𝛼, (𝑥, 𝑦) ∉ 𝐶 × 𝐶 ,
where

̄𝑃ℎ(𝑥, 𝑦) ≔ 𝐄[ℎ(𝑋𝑛+1, 𝑌𝑛+1) | 𝑋𝑛 = 𝑥, 𝑌𝑛 = 𝑦]
is the expected (average) value of ℎ(𝑋𝑛+1, 𝑌𝑛+1) on the next
iteration, when the chains start from 𝑥 and 𝑦, respectively
(and proceed independently).

Such bivariate drift conditions can be combined with
nonuniformminorization conditions to produce quantita-
tive convergence bounds. To state them, we use the quan-
tity 𝐵𝑛0 = max{1, 𝛼𝑛0(1 − 𝜖) sup𝐶×𝐶 �̄�ℎ}, where

�̄�ℎ(𝑥, 𝑦) = ∫
𝒳
∫
𝒳
(1 − 𝜖)−2 ℎ(𝑧, 𝑤)

× [𝑃𝑛0(𝑥, 𝑑𝑧) − 𝜖𝜈(𝑑𝑧)][𝑃𝑛0(𝑦, 𝑑𝑤) − 𝜖𝜈(𝑑𝑤)] .
This daunting expression represents the expected value of
ℎ(𝑋𝑛+𝑛0 , 𝑋 ′

𝑛+𝑛0) given that 𝑋𝑛 = 𝑥, that 𝑋 ′
𝑛 = 𝑦, and that

the two chains fail to couple at time 𝑛 (i.e., the correspond-
ing coin shows Tails). We can simplify �̄�ℎ in certain situ-
ations. For example, if 𝐷 is a set such that 𝑃𝑛0(𝑥, 𝐷) = 1
for all 𝑥 ∈ 𝐶, then since the expected value of a random
variable is always less than the maximal value it could take,
we have

sup
(𝑥,𝑦)∈𝐶×𝐶

�̄�ℎ ≤ sup
(𝑥,𝑦)∈𝐷×𝐷

ℎ(𝑥, 𝑦) .

With all that in mind, we have the following result.

Theorem 2. Consider aMarkov chain on𝒳, with 𝑋0 = 𝑥, and
transition probabilities 𝑃. Suppose the above minorization and
bivariate drift conditions hold for some 𝐶 ⊆ 𝒳, ℎ ∶ 𝒳 × 𝒳 →
[1,∞), probability distribution 𝜈(⋅), 𝛼 > 1, and 𝜖 > 0. Then
for any integers 1 ≤ 𝑗 ≤ 𝑛, with 𝐵𝑛0 as above,

‖ℒ(𝑋𝑛) − 𝜋‖𝑇𝑉 ≤ (1 − 𝜖)𝑗 + 𝛼−𝑛𝐵𝑗−1𝑛0 𝐄𝑍∼𝜋[ℎ(𝑥, 𝑍)] .
Here we give a basic idea of the proof; for more details,

see [5, 7]. We create a second copy of the Markov chain
with 𝑋 ′

0 ∼ 𝜋, and use the above coupling construction. Let
𝑁𝑛 be the number of times the chain (𝑋𝑛, 𝑋 ′

𝑛) is in 𝐶 × 𝐶
by the 𝑛th step. Then by the coupling inequality,

‖ℒ(𝑋𝑛) − 𝜋‖𝑇𝑉
≤ 𝑃[𝑋𝑛 ≠ 𝑋 ′

𝑛]
≤ 𝑃[𝑋𝑛 ≠ 𝑋 ′

𝑛, 𝑁𝑛−1 ≥ 𝑗] + 𝑃[𝑋𝑛 ≠ 𝑋 ′
𝑛, 𝑁𝑛−1 < 𝑗] .

The first term suggests that the chains have not coupled
by time 𝑛 despite visiting 𝐶 × 𝐶 at least 𝑗 times. Since
each such time gives them a chance of 𝜖 to couple, the first
term is ≤ (1 − 𝜖)𝑗. The second term is more complicated,
but from the bivariate drift condition together with a mar-
tingale argument, it can be shown to be no greater than
𝛼−𝑛𝐵𝑗−1𝑛0 𝐄𝑍∼𝜋[ℎ(𝑥, 𝑍)].

Sometimes it could be hard to directly check the bivari-
ate drift condition. We now introduce the more easily-
verified univariate drift condition, and give a way to derive
the bivariate condition from the univariate one.

Definition. A Markov chain with a small set 𝐶 satisfies a
univariate drift condition if there are constants 0 < 𝜆 < 1
and 𝑏 < ∞, and a function 𝑉 ∶ 𝒳 → [1,∞], such that

𝑃𝑉(𝑥) ≤ 𝜆𝑉(𝑥) + 𝑏𝟏𝐶(𝑥), 𝑥 ∈ 𝒳 ,
where 𝑃𝑉(𝑥) ≔ 𝐄[𝑉(𝑋𝑛+1) | 𝑋𝑛 = 𝑥].

This univariate drift condition can be used to bound
𝐄𝜋(𝑉). Indeed, assuming 𝐄𝜋(𝑉) < ∞, stationarity then
implies that 𝐄𝜋(𝑉) ≤ 𝐄𝜋(𝑉) + 𝑏, whence 𝐄𝜋(𝑉) ≤
𝑏/(1 − 𝜆). But also, univariate drift conditions can imply
bivariate drift conditions, as follows.

Proposition. Suppose the univariate drift condition is satisfied
for some 𝑉 ∶ 𝒳 → [1,∞], 𝐶 ∈ 𝒳, 0 < 𝜆 < 1, and 𝑏 <
∞. Let 𝑑 = inf𝑥∈𝐶𝑐 𝑉(𝑥). If 𝑑 > [𝑏/(1 − 𝜆)] − 1, then
the bivariate drift condition is satisfied for the same C, with
ℎ(𝑥, 𝑦) = 1

2
[𝑉(𝑥) + 𝑉(𝑦)] and 𝛼−1 = 𝜆 + 𝑏/(𝑑 + 1) < 1.

Proof. Assume (𝑥, 𝑦) ∉ 𝐶 × 𝐶. Then either 𝑥 ∉ 𝐶 or
𝑦 ∉ 𝐶, so ℎ(𝑥, 𝑦) ≥ (1 + 𝑑)/2. Then, our univariate drift
condition applied separately to 𝑥 and to 𝑦 implies that
𝑃𝑉(𝑥) + 𝑃𝑉(𝑦) ≤ 𝜆𝑉(𝑥) + 𝜆𝑉(𝑦) + 𝑏. Therefore

̄𝑃ℎ(𝑥, 𝑦) = 1
2[𝑃𝑉(𝑥) + 𝑃𝑉(𝑦)]

≤ 1
2[𝜆𝑉(𝑥) + 𝜆𝑉(𝑦) + 𝑏]

= 𝜆ℎ(𝑥, 𝑦) + 𝑏/2
≤ 𝜆ℎ(𝑥, 𝑦) + (𝑏/2)[ℎ(𝑥, 𝑦)/((1 + 𝑑)/2)]
= [𝜆 + 𝑏/(1 + 𝑑)]ℎ(𝑥, 𝑦) ,

which gives the result. □

We now apply these nonuniform quantitative conver-
gence bounds to a Markov chain on an unbounded state
space. Let the state space be 𝒳 = ℝ, the entire real line,
with unnormalized target density 𝜋(𝑥) = 𝑒−|𝑥|.

To create a Markov chain which has 𝜋 as its stationary
distribution, we use another version of the Metropolis Al-
gorithm [1,3]. Each step of the Markov chain proceeds as
follows. First, we propose tomove from the state 𝑥 to some
other state 𝑦, chosen from the uniform (i.e., Lebesgue)
measure on the interval [𝑥−2, 𝑥+2]. Then, with probabil-

ity min[1, 𝜋(𝑦)
𝜋(𝑥)

], we accept this proposal and move to the

new state 𝑦, otherwise we reject it and remain at 𝑥. Once
again, this procedure creates a Markov chain which has 𝜋
as its stationary distribution.

To apply Theorem 2, we need to establish minorization
and drift conditions. In the web appendix [10], we prove
the following lemmas.
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Lemma 2. The above Markov chain satisfies a minorization
condition with 𝐶 = [−2, 2], 𝑛0 = 2, 𝜖 = 1

8𝑒2
, and 𝜈(𝐴) =

1
2
Leb(𝐴 ∩ [−1, 1]), where Leb is Lebesgue measure on ℝ.

Lemma 3. The above Markov chain satisfies a univariate drift
condition with 𝑉(𝑥) = 𝑒−|𝑥|/2, 𝐶 = [−2, 2], 𝜆 = 0.916, and
𝑏 = 0.285.

We can then apply the above Proposition to derive a bi-
variate drift condition. Note that here 𝑑 = inf𝑥∈𝐶𝑐 𝑉(𝑥) =
𝑒 and [𝑏/(1−𝜆)]−1 = 2.39 < 𝑒. So, ℎ(𝑥, 𝑦) ≔ 1

2
(𝑉(𝑥)+𝑉(𝑦))

satisfies a bivariate drift condition with 𝛼−1 = 𝜆 + 𝑏/(𝑑 +
1) = 0.916 + 0.285/(𝑒 + 1) ≐ 0.993.

We also need to bound the above quantity 𝐵𝑛0 = 𝐵2. Let
𝐷 = [−6, 6]. Then clearly 𝑃2(𝑥, 𝐷) = 1 for any 𝑥 ∈ 𝐶. Thus

sup
(𝑥,𝑦)∈𝐶×𝐶

�̄�ℎ(𝑥, 𝑦) ≤ sup
(𝑥,𝑦)∈𝐷×𝐷

ℎ(𝑥, 𝑦)

= sup
𝑥∈𝐷

𝑉(𝑥) = 𝑒3 < 20.1 .

So

𝐵2 ≡ max[1, 𝛼2(1 − 𝜖) sup �̄�ℎ]

< (0.993)−2(1 − 1
8𝑒2 )(20.1) ≐ 20.04.

Let 𝑋0 = 0. Then

𝐄𝑍∼𝜋[ℎ(0, 𝑍)] = 𝐄𝑍∼𝜋[
1
2(𝑉(0)+𝑉(𝑍))] =

1
2 +

1
2𝐄𝜋(𝑉)

= 1
2 +

1
2
∫𝑦∈𝒳 𝑒

1
2 |𝑦|𝑒−|𝑦|𝑑𝑦

∫𝑦∈𝒳 𝑒−|𝑦|𝑑𝑦
= 1

2 +
1
2 ×

2
1 = 2 .

(If this specific calculation were not available, then we
could instead use the bound 𝐄𝜋(𝑉) ≤ 𝑏/(1 − 𝜆) =
0.285/(1 − 0.916) = 3.393 as discussed above.) Therefore,
by Theorem 2, with 𝑋0 = 0, we have

‖ℒ(𝑋𝑛) − 𝜋‖𝑇𝑉 ≤ (1 − 𝜖)𝑗 + 𝛼−𝑛𝐵𝑗−12 𝐄𝑍∼𝜋[ℎ(0, 𝑍)]
≤ (0.983)𝑗 + (0.993)𝑛(20.04)𝑗−1[2] .

For example, setting 𝑛 = 120, 000 and 𝑗 = 274 = 1 +
𝑛/439.56, this becomes ‖ℒ(𝑋𝑛) − 𝜋(⋅)‖𝑇𝑉 ≤ (0.983)274 +
[(0.993)(20.04)1/439.56]120000[2] < 0.01, i.e., the Markov
chain is within 0.01 of stationarity after 120,000 iterations.
This is quite a conservative upper bound. Nevertheless, we
have obtained a concrete quantitative convergence bound
for an unbounded Markov chain.

7. Conclusion
This paper has discussed Markov chains and their con-
vergence rates, and why they are important for MCMC
algorithms. We introduced the eigenvalue method, the
coupling method, and minorization and drift conditions,
and applied them to examples on state spaces ranging
from finite to compact to unbounded. For the bunny

example, we showed several possible methods of obtain-
ing convergence bounds. Indeed, bounding a Markov
chain’s convergence rate is not a one-time, definitive pro-
cess; for various Markov chains, it is possible to strengthen
the bound through careful and creative new constructions.
The bounds presented in this paper all have their imperfec-
tions, and will certainly not give tight or realistic bounds
for all examples. There is plenty of room for new and
tighter and more flexible bounds, which can help us to
understand Markov chains better, and also run MCMC al-
gorithms more confidently and reliably.
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AMS Chapter at University of Hawaii at Manoa
“Be a Scientist Night is a night where the math “Ohana” 
gets to go out, interact with the community, and show the 
community why math and other sciences are so awesome. 
In this event we chose a location working with members of 
the Institute of Human Services to have the most profound 
impact on the local youth. This year it was held at Kahauiki 
Village, and allowed for children and their families to come 
talk to and learn from real life scientists and mathematicians. 
Living on the island of O’ahu in the state of Hawai’i, we 
have come to realize how important the land, resources and 
especially the community are to survival, and this is our way 
of giving back our expertise to those who have been so kind 
and generous with us.”

AMS Chapter at Duke
“Our chapter collaborated with SIAM Duke on organizing the 
Triangle Area Graduate Mathematics Conference (TAGMaC). 
Our speakers were fantastic and the food was awesome too!”

AMS Chapter at Boston University
“For the Distinguished Speaker Lecture, Jill Pipher came to 
speak to an audience of graduate students, undergrads, and 
faculty in the Mathematics and Statistics department. Jill spoke 
about her career trajectory through academia, giving advice for 
those looking to pursue a career in the field. She also spoke 
about her research in cryptography, and about larger objectives 
for the AMS. Her talk was followed by a Q&A session, along 
with a dinner for interested students and faculty.”

AMS Chapter at Ohio University
“Some of our AMS Graduate Chapter members visited a school 
in Wellston, OH, a rural location and one of the poorest 
communities in Ohio where there are limited resources in 
the schools. We led 6 after-school activities combining Art 
& Math, all related to the Islamic Geometric Pattern. All the 
Grad members facilitating the activity were from different 
countries: Iraq, Iran, KSA, USA, Mexico, Ghana and Nepal 
with very diverse cultures. Each table was represented by 
a Grad Student from one of these countries, showing the 
students that even people that are from a different country, 
culture and background learn the same mathematics. We also 
wanted to show them that Math is fun! The students went 
from table to table participating in the activities and really 
enjoyed themselves.” 

AMS Chapter at University of Southern Florida
“The Hasse-Weil Theorem/The Riemann Hypothesis student 
presentation served as an introduction to many different topics, 
as it was an example of a problem that combines algebra, 
geometry, topology and number theory. The presenters got 
feedback on how to manage time for the different slides 
and use the available board space for examples. This was 
an opportunity for a graduate student to practice for an 
academic presentation. The audience consisted of advanced 
undergraduate students and graduate students.” 

How do AMS Graduate Student Chapters support 
the mathematical community and beyond?



AMS Chapter at UC Berkeley
“We had noticed that Berkeley students had very little interaction 
with students from the other schools nearby, so we developed 
a one-day conference; The Bay Graduate Math Conference 
(BYGMAC) as an opportunity to increase communication and 
to create connections between graduate student researchers 
from different schools. The BYGMAC’s schedule consisted 
mainly of eight nonoverlapping talks: seven half-hour talks 
by students and one hour-long talk by a Berkeley professor. 
The talks were all about recent research while still being 
accessible to a general graduate-level audience. The talks were 
well received, there was a lot of interaction during the breaks, 
and people were in good spirits throughout the day. We look 
forward to hosting this again!” 

AMS Chapter at Brown University
“We organized three day-long conferences, consisting of six 
50min talks given by graduate students aimed at graduate 
students. The talks focused on three different targeted 
areas of Mathematics: Analysis/PDE/Probability, Geometry/
Topology, and Algebraic Geometry/Number Theory. The 
first of our conferences was the AMS Graduate Student 
Conference in Analysis, PDE and Probability at Brown. This 
conference featured six graduate student speakers from 
various universities in the Boston area (MIT, Harvard, BU and 
Brown). The conference was well received, and many of the 
attendees participated in mathematical discussions during 
the short breaks and dinner.”

AMS Chapter at Southern Illinois University
“The AMS Graduate Student Chapter at SIUC completed several 
outreach activities directed at undergraduate, high school, 
and even younger students. These included mathematics 
hands-on workshops and demonstrations for the Illinois state 
science fair, Math Field Day at SIUC, and for younger groups. 
The chapter members developed, directed, and staffed the 
presentations which were plugged into larger activities.”

“The chapter planned and hosted its 2nd annual Integration 
Bee. Most of the chapter members participated in some 
way: in planning logistics for the day-long activity of 
the Integration Bee, developing advertising and outreach, 
preparing the integration questions and answer keys, and 
marking the qualifying papers of participants. Several 
faculty members judged the one-on-one rounds of the 
elimination tournament, final rounds of the competition 
and observed firsthand the smooth and orderly operation of 
the competition.” 

For information about starting an AMS  
Graduate Student Chapter, please visit: 
www.ams.org/studentchapters

Photos courtesy of their respective universities.



The Structure of
Homeomorphism and
Diffeomorphism Groups

Kathryn Mann
My favorite opening to amath talk is from a 2014 lecture of
Etienne Ghys. Part of a minicourse for young researchers
in geometric group theory, he begins the lecture with “My
second favorite group [dramatic pause...] is the group of
all diffeomorphisms of a compact manifold.” Beyond the
obvious question what is your first favorite, then? (for this,
one should see the rest of the lecture series), this line has
another hook that I like even better. Ghys’ statement is
a bit like answering the question “what is your favorite
food” with “my favorite food is dessert!” That’s a great
response, I couldn’t agree more, but didn’t you just cheat
there by naming an infinite class of things in place of a
single thing? For it has been known since the 1980s that
varying the manifold 𝑀 and even varying what you mean
by diffeomorphism (smooth, 𝐶1, 𝐶2,...) produces an infinite
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family of pairwise nonisomorphic groups. In other words,
manifolds are completely classified by the algebraic struc-
ture of their diffeomorphism groups.

However, to Ghys’ credit, many of the tools we have to
approach the study of these groups are broad principles
that can be applied to large classes of examples. In fact, sev-
eral structural results about diffeomorphism groups also
hold for groups of homeomorphisms, although the ab-
sence of differentiability typically necessitates a different
toolkit for the proof. My goal here is to give you a quick
tour of what we know of the structure theory of home-
omorphism and diffeomorphism groups and highlight a
few recent developments both in this theory and in its rela-
tionship with the modern study of dynamical systems. To
keep this piece within a reasonable scope, I have chosen
to focus on the algebraic and dynamical structural prop-
erties, leaving absent the equally fascinating world of the
topology, especially the homotopy type, of such groups.
I recommend Hatcher’s A 50-year View of Diffeomorphism
Groups [Hat12] as an introduction to what is known, and
not known, in this direction.
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Why Study Diffeomorphism Groups?
We understand mathematical objects by understanding
their symmetries—this is the essence of Felix Klein’s
Erlangen Program and a guiding principle in many ar-
eas of mathematics. Following this principle, any-
one who studies topological or smooth manifolds
should seek to understand the groups Homeo(𝑀) and
Diff(𝑀) of self-homeomorphisms and, respectively, self-
diffeomorphisms of a manifold 𝑀. Topologists are also
interested in these groups for many other reasons, includ-
ing the role they play in surgery theory, 𝐾-theory, and the
theory of fiber bundles. To give a concrete and relatively
elementary example, the group cohomology ofHomeo(𝑀)
and Diff(𝑀) (that is to say the cohomology of their clas-
sifying spaces) gives the characteristic classes of topolog-
ical and smooth 𝑀-bundles, respectively, while their co-
homology as discrete groups gives characteristic classes for
flat bundles, or bundles with a foliation transverse to the
fibers. Thus, both the homotopy type and the algebraic
structure of these groups play a crucial role in classifying
fiber bundles over an arbitrary base space.

Another source of motivation for the study of diffeo-
morphism groups comes from dynamical systems. In its
most general sense, dynamics is simply the study of trans-
formations under iteration. Classically, dynamicists stud-
ied the behavior of a single transformation and its iterates,
that is to say a cyclic subgroup of Homeo(𝑀) or of Diff(𝑀).
In the past fifty years, the field has widened to encom-
pass the study of larger systems of transformations obey-
ing some algebraic laws, i.e., very general (typically infi-
nite but finitely generated) subgroups of homeomorphism
or diffeomorphism groups. A major motivating question
is to understand to what extent the algebraic structure of
a subgroup 𝐺 ⊂ Homeo(𝑀) influences or constrains the
possible dynamics of actions of 𝐺 on 𝑀. In this way we
can start to build a dictionary between algebraic proper-
ties such as nilpotency, torsion, subgroup distortion, amenabil-
ity, and so on, and dynamical properties such as entropy,
existence of fixed points, or stability under perturbation.

To give one further perspective, one can also (somewhat
tautologically) view the groups Homeo(𝑀) and Diff(𝑀) as
examples of automorphism groups of a locally homoge-
neous space—namely, the manifold𝑀 itself, with its topo-
logical or smooth structure. But these groups also act tran-
sitively on many natural objects associated with 𝑀, espe-
cially in the case where 𝑀 is connected. These include
the space of labeled or unlabeled 𝑛-tuples of points in the
case where the manifold has dimension at least two, the
space of ordered tuples in the 1-dimensional case, spaces
of embedded discs, of simple closed curves (nonseparat-
ing simple closed curves when 𝑀 is a surface), and so on.
As such, they are also groups of automorphisms of the con-
figuration spaces of points, curves, discs, etc. The standard

Figure 1. A local chart for Diff(𝑀) to the space of vector fields
on 𝑀.

compact-open or 𝐶∞ topology makes Homeo(𝑀) and
Diff(𝑀) examples of Polish (completely metrizable)
spaces, fostering some recent interactions with descriptive
set theory, which has a rich toolkit to study Polish groups
and automorphism groups of a wide class of structures.

A Guiding Principle: Analogies with Simple
Lie Groups
The main barrier to understanding the groups Homeo(𝑀)
andDiff(𝑀) is the fact that these groups are just intractably
huge, even when𝑀 itself is low-dimensional or otherwise
of low complexity. For instance, fix some manifold 𝑀 of
dimension at least 2. It is an open question whether there
exists a finitely generated, torsion-free group that is not iso-
morphic to some subgroup of Homeo(𝑀). This question
has only recently been answered if you replace Homeo(𝑀)
withDiff(𝑀); this is the solution to Zimmer’s conjecture of
Brown, Hurtado, and Fisher as explained in Fisher’s recent
article in this series [Fis20].

A helpful organizing principle is to think of homeo-
morphism and diffeomorphism groups as loose analogs
of simple Lie groups. The group Diff(𝑀) is in fact, in
a precise sense, an infinite-dimensional Lie group with
a Fréchet manifold structure, locally modeled on the
infinite-dimensional vector space of smooth vector fields
on 𝑀. A local chart from a neighborhood of the identity
in Diff(𝑀) to the space of vector fields is given by mapping
a diffeomorphism 𝑔 to the vector field 𝑋(𝑝) ≔ exp−1𝑝 𝑔(𝑝),
where exp𝑝 is the Riemannian exponentialmap on a neigh-
borhood of the identity in the tangent space 𝑇𝑝(𝑀). Charts
based at other points than the identity element may be ob-
tained by composing with left multiplication. This gives
Diff(𝑀) a smooth structure for which left multiplication
and inverses are smooth maps, and its “Lie algebra” is the
Lie algebra of vector fields on 𝑀.

However, the local chart above is not the usual Lie alge-
bra exponentialmap! In fact, the Lie algebra exponential—
assigning to a vector field the time-onemap of the flow gen-
erated by this vector field—is not surjective onto any neigh-
borhood of the identity, even in the simple case where
𝑀 = 𝑆1. (It is a pleasant exercise to identify some such dif-
feomorphisms that are not the time-one map of any flow.
In the circle case these are diffeomorphisms with some,
but not all, points being periodic with finite period greater
than one. See alsoMilnor’s wonderful survey [Mil84].) For
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this reason, the Lie group structure onDiff(𝑀) is—perhaps
counterintuitively—not usually the source of analogy with
finite-dimensional simple Lie groups. Additionally, the
group Homeo(𝑀) has no natural smooth structure or Lie
algebra, but many of the known parallels between diffeo-
morphism groups and simple Lie groups also hold here.
Rather, I believe that the important feature shared by all
of these groups is the fact that they are the automorphism
groups of highly homogeneous structures.

The remainder of this article is organized to illustrate
specific instances of this analogy between simple (and oc-
casionally semisimple) Lie groups and diffeomorphism
groups, beginning with simplicity itself. To keep things
within a reasonable scope, I have chosen to focus primar-
ily on the identity components Homeo0(𝑀) and Diff0(𝑀)
of the homeomorphism and diffeomorphism groups of
a manifold 𝑀, as discussion of the mapping class groups
Homeo(𝑀)/Homeo0(𝑀) (and analogously forDiff) would
take us much further afield.

Simplicity
Recall that a Lie group is simple if its Lie algebra is non-
abelian and has no nontrivial proper ideals. The best ana-
log of this for topological groups is to ask whether the
identity component of the group has no nontrivial proper
normal subgroups. When 𝑀 is a noncompact manifold,
the subgroup of compactly supported homeomorphisms or
diffeomorphisms—those which pointwise fix the comple-
ment of some compact set—is an obvious normal sub-
group, so the relevant object of study is its identity compo-
nent, denoted Homeo𝑐(𝑀) or Diff𝑐(𝑀). Of course, when
𝑀 is compact, these are just the groups Homeo0(𝑀) and
Diff0(𝑀) themselves.

In both the smooth and topological cases, simplicity (in
the algebraic sense described above) was established in the
1970s by Edwards, Kirby, Thurston, and others1 as a con-
sequence of the following three general properties:

1. Fragmentation. Let 𝒪 be an open cover of 𝑀. Then
Diff𝑐(𝑀) and Homeo𝑐(𝑀) are generated by homeomor-
phisms supported on elements of 𝒪.

2. Localized perfectness. Let 𝐵 be an open ball in𝑀. Any
element ofDiff𝑐(𝐵) orHomeo𝑐(𝐵) can be written as a prod-
uct of commutators.

3. Simplicity of the commutator group. Let 𝑔 ≠ 𝑖𝑑 in
Diff𝑐(𝑀), and let 𝐵 ⊂ 𝑀 be an open ball. Then any com-
mutator in Diff𝑐(𝐵) lies in the normal closure of 𝑔. The
same holds replacing Diff with Homeo.

While I have deliberately stated these in parallel for Diff
and Homeo, the proofs of 1 and 2 are entirely different
in the smooth and 𝐶0 case. Fragmentation is easy for

1This being an expository note, the number of citations in the text is limited. A
version of this article with an extended reference list is available at https://e
.math.cornell.edu/people/mann/homeo.pdf.

Figure 2. Schematic for the simplicity argument. The
commutator [𝑎, 𝑏] can be written as [[𝑎, 𝑔], [𝑏, ℎ𝑔ℎ−1]].

diffeomorphisms: an element of Diff𝑐(𝑀) is always the
time-one map of a compactly supported time dependent
vector field, and cutting that vector field off by smooth
bump functions is the only tool required for fragmenta-
tion. No such strategy works for homeomorphisms; rather,
the proof is a deep result of Edwards and Kirby using the
same machinery that goes into proving the annulus theo-
rem.

Similarly, perfectness of Homeo𝑐(𝐵) is an old trick (per-
haps first appearing in this form in a paper of R. D. An-
derson in 1958) but for Diff𝑐(𝐵) it is a hard theorem of
Thurston tied to the cohomology of classifying spaces, and
it uses results of Herman for diffeomorphisms of the circle
and the torus that rely heavily on KAM theory.

The common point is that localized perfectness implies
simplicity. This is a short argument which uses a clever
trick of “displacing supports.” Given a homeomorphism
𝑔 (other than the identity), one wishes to show that any
other homeomorphism 𝑓 can be written as a product of
conjugates of 𝑔. I’ll give the essence of the argument here,
in the special case where 𝑓 has support on some small ball
𝐵 such that 𝑔(𝐵) ∩ 𝐵 = ∅. If 𝑔 is not the identity, such a
ball is guaranteed to exist, and stepping from here to the
general case is not too difficult.

So suppose 𝑓 is such a homeomorphism, and that 𝑓
can be written as a commutator 𝑓 = 𝑎𝑏𝑎−1𝑏−1 (the ar-
gument is essentially the same if 𝑓 is a product of sev-
eral commutators—this is where we are using local perfect-
ness). Going forward, I’ll use the standard notation [𝑎, 𝑏]
for the commutator 𝑎𝑏𝑎−1𝑏−1. Recall that 𝑔(𝐵) ∩ 𝐵 = ∅.
Take any homeomorphism ℎ that pointwise fixes 𝐵 and
moves 𝑔(𝐵) disjoint from 𝐵 ∪ 𝑔(𝐵). One now checks by
hand that 𝑓 = [[𝑎, 𝑔], [𝑏, ℎ𝑔ℎ−1]] which, if you write it
out and unpack all the commutators, is easily seen to be
a product of conjugates of 𝑔. The trick to showing that 𝑓
agrees with this nested commutator is the elementary fact
that homeomorphisms with disjoint support commute.
The conjugate 𝑔𝑎−1𝑔−1 has support on 𝑔(𝐵), so [𝑎, 𝑔] has
support on 𝐵 ∪ 𝑔(𝐵) and agrees with 𝑎 on 𝐵. Similarly,
[𝑏, ℎ𝑔ℎ−1] agrees with 𝑏 on 𝐵 and has support on 𝐵∪ℎ𝑔(𝐵).
Thus, on 𝑔(𝐵) and on ℎ𝑔(𝐵) these two commutators com-
mute, so [[𝑎, 𝑔], [𝑏, ℎ𝑔ℎ−1]] is supported on 𝐵 and agrees
with [𝑎, 𝑏] there. Variations, some quite sophisticated, of
this trick of displacing supports to produce commuting el-
ements appear throughout the literature cited below.
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Indicative of the subtleties involved in the question of
simplicity, there is one case which we still do not know
how to treat. In between Homeo𝑐(𝑀) and Diff𝑐(𝑀) lie the
groups Diff𝑟𝑐(𝑀) of 𝐶𝑟 diffeomorphisms for 𝑟 = 1, 2, 3, ….
Mather, also in the 1970s, showed with yet a different strat-
egy that the groupsDiff𝑟𝑐(𝑀) are also perfect—except in the
case 𝑟 = dim(𝑀) + 1, where it remains open! To this day,
whether Diff20(𝑆1) is a simple group remains an open ques-
tion; the sticking point here is exactly the problem of lo-
cal perfectness. Further references and discussion can be
found in [Ban97].

Automatic Continuity
Abroad question, applicable to any topological group, is to
what extent does the algebraic structure of the group determine
its possible group topologies?

Along this line, in the 1930s and 40s, Cartan, van
der Waerden, Freudenthal, and others studied abstract ho-
momorphisms between simple (and also semisimple) Lie
groups. A sample consequence of their work is the follow-
ing.

Theorem 0.1. An abstract algebraic isomorphism between
compact semisimple Lie groups, or between absolutely simple
real Lie groups, is necessarily continuous.

Further notable work in this direction was done by
Borel and Tits in the 1970s. Muchmore recently, L. Kramer
removed the hypothesis that the target group be a Lie
group, showing the following.

Theorem 0.2 (Kramer [Kra11]). An abstract isomorphism be-
tween an absolutely simple real Lie group and a locally compact,
𝜎-compact group is necessarily continuous.

As a consequence of this, one can show that the stan-
dard Lie group topology is the unique locally compact, 𝜎-
compact group topology on such a group (a result proved
earlier for compact Lie groups by Kallman). The hypothe-
sis “absolutely simple” prevents such counterexamples as
a discontinuous algebraic automorphism of ℝ obtained
from a linear transformation of ℝ as a vector space over
ℚ, or a discontinuous algebraic automorphism of SL𝑛(ℂ)
induced by a wild automorphism of ℂ. But these are, in a
sense made precise by Kramer, the only kinds of patholo-
gies that can occur.

Theorems 0.1 and 0.2 are instances of automatic conti-
nuity results, promoting an algebraic morphism to a topo-
logical one. While their proofs rely on Lie-theoretic tech-
niques, Hurtado recently showed that a form of automatic
continuity holds for diffeomorphism groups as well.

Theorem 0.3 (Hurtado [Hur15]). Let 𝑀 be a com-
pact manifold, and 𝑁 any manifold. Any homomorphism
Φ ∶ Diff0(𝑀) → Diff0(𝑁) is necessarily continuous.

Homeomorphism groups satisfy an even stronger ver-
sion of automatic continuity, analogous to Kramer’s result.

Theorem 0.4 (Rosendal, Solecki [RS07], Mann [Man16]).
Let 𝑀 be a manifold, compact or homeomorphic to the interior
of a compact manifold with boundary, and𝐺 any separable topo-
logical group. Then any homomorphism Φ ∶ Homeo(𝑀) → 𝐺
is necessarily continuous.

This says the algebraic structure of the group “remem-
bers” the topology, in a very strong way. Separability of
the target 𝐺 is needed as a hypothesis to eliminate obvi-
ous counterexamples such as the (discontinuous) identity
map from Homeo(𝑀) (with its usual compact-open topol-
ogy) to Homeo(𝑀) equipped with the discrete topology.

Other examples of groups recently found to satisfy
strong forms of automatic continuity include the group of
an infinite-dimensional, separable, complex Hilbert space
with the strong operator topology, the isometry group
of the Urysohn universal metric space, and automorphism
groups of Lebesgue probability spaces. (These are results
of Tsankov, Sabok, and Ben Yaacov–Berenstein–Melleray,
respectively.) Many of these results rely on the technique
of ample generics in Polish groups developed by Kechris
and Rosendal. Rosendal’s survey [Ros09], though by now
slightly out of date, is a good invitation to the subject.

While the statements of Theorems 0.3 and 0.4 mirror
each other—taking 𝐺 = Homeo(𝑁) for some other mani-
fold 𝑁 in the statement of Theorem 0.4 gives the 𝐶0 coun-
terpart of Hurtado’s smooth version—as was the case for
simplicity, the proofs of these two results are essentially
different. The 𝐶0 case, with the exception of the line and
the circle, relies on a kind of diagonal argument common
in these proofs for other automorphism groups, together
with commutator tricks like the one in the proof of sim-
plicity explained above. The smooth case uses the idea of
averaging a metric under a sequence of diffeomorphisms to
show that any sequence tending to the identity inDiff0(𝑀)
converges along a subsequence to an isometry in Diff0(𝑁).
This is then improved to convergence to the identity, from
which one concludes continuity. Establishing such con-
vergence requires maintaining control on derivatives of
diffeomorphisms, motivating ideas that would later lead
Hurtado to work on the Burnside problem for diffeomor-
phisms of the sphere, and the Zimmer program explained
in the last section of this article.

Interestingly, automatic continuity (either in Hurtado’s
sense with a restricted target, or the very general sense) for
the groups Diff𝑟0(𝑀) when 0 < 𝑟 < ∞ remains open. As
some positive evidence towards this, a result of Kallman
from the 1980s states that the 𝐶𝑟 topology is the unique
Polish topology on Diff𝑟(𝑀). This implies in particular
that there can be no discontinuous automorphisms of such
a group. But in fact, a much stronger statement about
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automorphisms was known even earlier: any automor-
phism of Diff𝑟(𝑀) is inner. This kind of rigidity of the
group structure is best framed as a “reconstruction” result,
which brings us to our next topic.

Reconstruction Theorems
While automatic continuity says that the algebraic struc-
ture of a homeomorphism group “remembers” its group
topology, it was known decades earlier that the algebraic
structure remembers the underlying manifold. This is a
1963 result of Whittaker, which states that the existence of
an abstract isomorphism Φ ∶ Homeo0(𝑀) → Homeo0(𝑁)
implies that𝑀 is homeomorphic to𝑁 andΦ is induced by
conjugation by a homeomorphism.

Whittaker’s work also applies to more general topolog-
ical spaces, and does not require that manifolds be com-
pact. However, some care is needed in the hypotheses be-
cause (for example) Homeo0(ℝ) is abstractly isomorphic
to the homeomorphism group of a closed interval—one
simply forgets the endpoints of the closed interval and re-
stricts the homeomorphisms to the interior—but of course
the line and the interval are not homeomorphic.

Nearly twenty years later, Filipkiewicz extended this to
diffeomorphism groups, showing that in this case the alge-
braic structure of the group also remembers the regularity
of the diffeomorphisms. This gives us the “infinite family
of desserts” advertised above.

Theorem 0.5 (Filipkiewicz [Fil82]). Let 𝑀 and 𝑁 be
compact manifolds and suppose there is an isomorphism
Φ ∶ Diff𝑟0(𝑀) → Diff𝑠0(𝑁). Then 𝑟 = 𝑠, the manifolds 𝑀
and 𝑁 are 𝐶𝑟 diffeomorphic, and Φ is induced by a 𝐶𝑟 diffeo-
morphism.

In both this and Whittaker’s theorem, the basic strat-
egy is to promote an isomorphism between transforma-
tion groups to a bijection between manifolds by associat-
ing subgroups of Diff𝑟(𝑀) or Homeo0(𝑀) to subsets of 𝑀,
eventually showing that the isotropy (point stabilizer) sub-
group 𝐺𝑥 of a point 𝑥 ∈ 𝑀 is mapped under an isomor-
phism Φ to the isotropy subgroup of some point of 𝑁. A
key tool is commutation relations. To give a toy example,
note that 𝐺𝑥 is characterized by the following property. A
nontrivial diffeomorphism 𝑔 lies in 𝐺𝑥 if and only if, for any
open set 𝐵 containing 𝑥, the subgroup of diffeomorphisms sup-
ported on 𝐵 does not commute with its conjugate by 𝑔. Though
this is far from a proof that point stabilizers are mapped
to point stabilizers, it is a hint that one might be able to
pick out such subgroups by algebraic relations (in this case,
commutation).

The relationship between point stabilizers in 𝑀 and
those in𝑁 gives a point-to-point map 𝜏 ∶ 𝑀 → 𝑁. Further-
more, this map is compatible with the group action in the
sense that, for any 𝑓 ∈ Diff𝑟0(𝑀), we have𝐺𝑓(𝑥) = 𝑓(𝐺𝑥)𝑓−1

from which it follows that 𝜏(𝑓(𝑥)) = Φ(𝑓)𝜏(𝑥)Φ(𝑓)−1. This
compatibility allows one to show fairly easily that 𝜏 is a
homeomorphism; Filipkiewicz then appeals to deep re-
sults of Montgomery and Zippin [MZ55] to conclude that
it is a 𝐶𝑟 diffeomorphism.

Analogous theorems for groups of symplectomor-
phisms, contact diffeomorphisms, and volume-preserving
diffeomorphisms were later obtained by Banyaga. An ex-
pository account of this and Filipkiewicz’s theorem can be
found in [Ban97]. M. Rubin [Rub89] generalized Whit-
taker’s results in a different direction, extending it to more
general classes of topological spaces and subgroups of
their automorphism groups using a more model-theoretic
framework. Both show that the algebraic structure of the
automorphism group is sufficient to recover the underly-
ing manifold or space.

Such reconstruction results can be interpreted as in-
stances of the broad principle that any sufficiently rich ob-
ject can be recovered, within its class, from its automorphism
group. To give a sense of the breadth of this principle, let
me mention two other recent examples (with a geomet-
ric topological flavor; apologies for my bias). The first is
the folklore theorem that the homeomorphism class of
a compact surface 𝑆 can, with a few low-complexity ex-
ceptions, be completely recovered from the mapping class
group Homeo(𝑆)/Homeo0(𝑆) of homeomorphisms up to
isotopy. This was recently extended by Bavard–Dowdall–
Rafi to infinite-type noncompact surfaces as well. The sec-
ond example that comes to mind is a recent result of Can-
tat that Cremona groups of projective spaces determine the
dimension of the space. Surely the reader can draw a few
examples from their own field of study!

Optimal Regularity
Filipkiewicz’s theorem says that Diff𝑟0(𝑀) and Diff𝑠0(𝑀) are
nonisomorphic when 𝑟 ≠ 𝑠. But it leaves no practical way
to distinguish them algebraically. As a concrete step in this
direction, one could ask:

For a given manifold 𝑀, can the groups Diff𝑟0(𝑀) and
Diff𝑠0(𝑀) be distinguished by their finitely generated subgroups?

Navas posed this question explicitly for one-
dimensional manifolds in a 2017 problems list [Nav18].
As he notes, questions of distinguishing regularity have a
long history among dynamicists that can be traced back to
work of Denjoy on the relationship between regularity and
topological dynamics. Denjoy showed that, while there
are many 𝐶1 counterexamples, if 𝑓 is any 𝐶2 diffeomor-
phism of the circle without periodic or fixed points, then
for every point 𝑥, the orbit {𝑓𝑛(𝑥) ∶ 𝑛 ∈ ℤ} is a dense subset
of the circle. A typical 𝐶1 counterexample is illustrated in
Figure 3: there is an invariant Cantor set (red in the figure)
on which the diffeomorphism behaves like a rotation. To
visualize the dynamics, the figure shows the mapping torus

486 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 4



Figure 3. Dynamics of a 𝐶1 “Denjoy counterexample”
diffeomorphism of the circle.

of such a homeomorphism, with points on the leftmost
circle connected to their images on a copy of the circle to
the right. Dense orbits and existence or nonexistence of
periodic points are both properties invariant under conju-
gation by homeomorphisms, so Denjoy’s theorem implies
that there exist 𝐶1 diffeomorphisms which cannot be topo-
logically conjugate to any 𝐶2 diffeomorphism, an observa-
tion later generalized by Harrison to higher dimensional
manifolds and higher regularity.

Denjoy’s theorem takes as input a weak dynamical as-
sumption (no periodic points) and a regularity hypothe-
sis (twice continuously differentiable), and gives as out-
put the strong dynamical conclusion that all orbits are
dense. Thus, it reveals something about the interplay be-
tween topological dynamics and regularity. When one has
a group action rather than a single diffeomorphism, the
algebraic structure of the group can also enter the picture.
A well-known and early instance of a result along these
lines is Thurston’s generalization of the Reeb stability theo-
rem. Thurston’s theorem says that a group of𝐶1 diffeomor-
phisms of a manifold with a common fixed point at which
the diffeomorphisms are all first order equal to the iden-
tity map (that’s a regularity + dynamical assumption) nec-
essarily has the (algebraic) local indicability property that
every finitely generated subgroup surjects to ℤ. The search
for similar theorems of the form

[dynamical assumptions] + [regularity]
⇒ [algebraic conclusion]

(or any permutation thereof) remains an active and excit-
ing area. This is the context for Navas’ question above.

Several results along these lines are known to hold
when 𝑀 is one-dimensional, and a positive answer to
Navas’ question was given by Kim and Koberda not long
after the appearance of his problems list. Their proof uses
a highly refined version of the diffeomorphisms with disjoint
supports commute line of tricks to encode the regularity of a
diffeomorphism by the rate at which it moves, and there-
fore contracts, small subintervals (forced to be supports of
group elements) towards a fixed point. Obtaining enough
control on supports to pull off this argument from purely

algebraic hypotheses is quite a technical feat, and even so,
in low regularity they use some additional dynamical in-
put from earlier work of Bonatti, Monteverde, Navas, and
Rivas. A different approach to this question, inspired by
work of Ghys, was pursued by the author and Wolff, with
the aim of eventually addressing the question for higher di-
mensionalmanifolds. While we found a short proof some-
what complimentary in technique to that of Kim–Koberda,
the higher dimensional case is still out of reach!

Structure Theorems for Group Actions
The reconstruction results of the previous sections came
out of a classification of isomorphisms between large trans-
formation groups. Classifying homomorphisms between
them is a significantly harder problem. A homomorphism
Homeo0(𝑀) → Homeo(𝑁) is simply a group action of
the group Homeo0(𝑀) on the space 𝑁, so going forward
I will use the language of group actions to describe such
maps. (Again, we are restricting to the identity component
Homeo0(𝑀) to avoid actions that factor through an action
of the mapping class group.)

There are many natural examples of such actions. The
groups Homeo0(𝑀) and Diff0(𝑀) obviously act on the
product manifold 𝑀 ×𝑊 for any manifold 𝑊 . They also
have a natural action on

Conf𝑘(𝑀) = ((𝑀 ×⋯ ×𝑀) −△)/Sym𝑛,

the “configuration space” of 𝑘 distinct, unlabeled points
in 𝑀. In some instances, such as when 𝑀 is a Riemann-
ian manifold of negative curvature, or more generally
when 𝜋1(𝑀) has trivial center, the action of Homeo0(𝑀)
or Diff0(𝑀) on𝑀 can also be shown to lift to an action on
covers of 𝑀. Finally, to give some examples special to the
differentiable case, Diff0(𝑀) also acts naturally on the tan-
gent bundle of 𝑀, the projectivized tangent bundle of 𝑀,
and various jet bundles over𝑀. With the exception of the
product action on𝑀×𝑊 and the tangent bundle action, all
of the examples above have a single orbit, indicating that
even a classification of transitive actions is a nontrivial and
potentially difficult problem.

This classification problem has been posed, in vari-
ous forms, at least since the time of Whittaker’s work.
Part of the challenge in the problem is simply stating
a clear conjectural picture. Rubin, in the 1989 arti-
cle [Rub89] briefly mentioned above, asks “Are there
any reasonable assumptions on the type of the em-
beddings so that the embeddability of Homeo(𝑋) in
Homeo(𝑌) will imply that 𝑋 is some kind of continuous
image of 𝑌?” (emphasis mine). Embeddability here is
meant in the algebraic sense of the existence of an in-
jective homomorphism Homeo(𝑋) → Homeo(𝑌), and
Rubin is speaking not just of manifolds, but of quite
general topological spaces. Two years after that, Ghys
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asked whether embeddability of Diff0(𝑀) into Diff0(𝑁)
implies that the dimension of 𝑁 must be at least as large
as that of 𝑀. This was answered positively by Hurtado in
2015 using his automatic continuity result [Hur15], im-
proving on a very low-dimensional case I had proved ear-
lier (but that case did not have automatic continuity!).
Hurtado also gives a more precise picture of what a clas-
sification might look like. Although he does not give an
explicit conjecture, he notes that Diff0(𝑀) acts naturally
on the tangent bundle of𝑀 (as well as various Grassmani-
ans, etc.) and remarks that all known examples of actions
of Diff0(𝑀) on other manifolds are built from pieces that
have the form of natural bundles over 𝑀 or configuration
spaces of points on 𝑀. If one believes this is an exhaus-
tive list, then one could refine Rubin’s question to ask for
a stratification of the target manifold into understandable
pieces that map continuously either to 𝑀 or to tuples of
points on 𝑀.

Pursuing the analogy between large transformation
groups and Lie groups, one could frame the problem of
classifying morphisms between such groups as the ana-
log of representation theory for these groups—a perspective
which I myself have advertised. But a more useful framing
is to draw parallels with the classical theory of compact (or
locally compact) transformation groups pursued by Bre-
don, Conner, Floyd, Montgomery, Zippin, and others in
the 1950s–70s. Montgomery and Zippin [MZ55] frame
one aspect of this program as a search for the similarities be-
tween actions of a compact group on a manifold and standard
linear or other model geometric actions. Years later, Bredon
[Bre72], in broad terms, says that he views theory of com-
pact transformation groups as “a generalization of the the-
ory of fiber bundles.”2 Indeed, the general starting point
for this theory is typically to first show that only finitely
many orbit types may occur, then to understand and clas-
sify orbits, and then to say that the neighborhood of any
orbit looks something like a direct product, giving a local
bundle-like structure. However, complete solutions to the
classification problem for compact group actions are gen-
erally only attainable with some restriction on the types
of orbits that appear, whether by explicit assumption, or
by restricting the dimension of the space and the group.
A comprehensive introduction to such problems can be
found in Bredon’s book [Bre72].

That one might similarly be able to classify actions of
homeomorphism or diffeomorphism groups is a compar-
atively recent idea, perhaps first advocated for by Ghys,
although I personally learned this question from Benson
Farb. However, it was automatic continuity theorems that

2While [MZ55, Bre72] are old references, the study of transformation groups
has fractured into many different directions since then. Terry Tao’s Hilbert’s
Fifth Problem and Related Topics covers a good deal of the classical material
from a modern perspective, and is another good starting point.

Figure 4. The configuration space of two labeled points on 𝑆1
is an open annulus, that of two unlabeld points is
topologically a mobius band. Both inherit an action of
Homeo0(𝑆1).

provided the catalyst needed to make major progress in
this direction. Using automatic continuity for actions of
Homeo(𝑆1), in 2012 E. Militon gave a complete classifica-
tion of actions ofHomeo0(𝑆1) on the closed annulus and 2-
torus. His classification gives a decomposition of the torus
or annulus into orbits, each homeomorphic to either the
circle with the standard action, or to an open annulus with
the action coming from identifying the annulus with the
configuration space of two (labeled) points in 𝑆1. See Fig-
ure 4. These two types of orbits may be glued together in
a multitude of different ways, leading to an uncountable
family of nonconjugate examples which Militon describes
completely.

Recent work of Lei Chen and the author gives a general
classification of orbit types in all dimensions.

Theorem 0.6 (Chen–Mann [CM]). Suppose that
Homeo0(𝑀) acts on a manifold 𝑁. Then each orbit is the
continuous, injective image of a cover of a configuration space
Conf𝑛(𝑀).

While locally embedded, such orbits are not necessarily
globally embedded. The simplest example where this fails
is the following bundle construction.

Example 0.7. Suppose Σ is a surface of genus at least two.
Then Homeo0(Σ) lifts to act continuously, by homeomor-
phisms on the universal cover Σ̃, which is topologically an
open disc, and this action commutes with the action of the
deck group. Extend this to an action on Σ̃ × 𝑆1 by homeo-
morphisms that are constant on the second factor. Orbits
of this action are embedded open discs, but we can change
this by passing to a quotient of the product space by an ac-
tion of 𝜋1(Σ) that is nontrivial on the second factor. To
be precise, the fundamental group 𝜋1(Σ) admits many ac-
tions by homeomorphisms on the circle—for instance, any
hyperbolic structure on the surface gives a discrete, faith-
ful representation of 𝜋1(Σ) into PSL(2, ℝ) which acts nat-
urally on ℝ𝑃1 ≅ 𝑆1 by fractional linear transformations.
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Figure 5. A quotient of Σ̃ × 𝑆1 by a diagonal action of 𝜋1(Σ) is a
circle bundle over Σ which inherits an action of Homeo0(Σ).
The trivial action on 𝑆1 gives a product bundle with closed
orbits as shown, while typical actions have dense orbits.

Fix such an action, and take the quotient of Σ̃ × 𝑆1 by the
diagonal action of 𝜋1(Σ) by deck transformations on the
first factor, and homeomorphisms of 𝑆1 on the second.
The result is an 𝑆1 bundle over Σ with a continuous action
of Homeo0(Σ) by homeomorphisms. Provided the action
of 𝜋1(Σ) on 𝑆1 doesn’t factor through that of a finite group,
the orbits of the Homeo0(Σ) action on this quotient space
will accumulate on themselves.

Interestingly, if one takes the representation of 𝜋1(Σ)
into PSL(2, ℝ) described above, then the resulting circle
bundle over Σ is, topologically, the unit tangent bundle
(or projectivized tangent bundle) of the surface. While the
group of diffeomorphisms of the surface has an obvious ac-
tion on this space, I find it quite surprising that the group
of homeomorphisms also does since a homeomorphism has
no obvious induced action on the tangent space to a point!

Because of automatic continuity, Theorem 0.6 reduces
to the problem of classifying certain closed subgroups of
Homeo0(𝑀). (In the case where 𝑀 is noncompact, auto-
matic continuity does not quite apply and a little more
work is needed, so for simplicity I’ll assume here that𝑀 is
compact.) If 𝜌 ∶ Homeo0(𝑀) → Homeo(𝑁) is any action,
then the stabilizer

𝐺𝑦 ≔ {𝑔 ∈ Homeo0(𝑀) ∶ 𝜌(𝑔)(𝑦) = 𝑦}

of some point 𝑦 ∈ 𝑁 is a closed subgroup, and the or-
bit map gives a continuous, injective map of the coset
space Homeo0(𝑀)/𝐺𝑦 into 𝑁. Thus, Theorem 0.6 be-
comes equivalent to determining which closed subgroups
ofHomeo0(𝑀) are “large enough” so that their coset space
can be locally embedded in a finite-dimensional mani-
fold. Classical invariance of domain says that ℝ𝑛 is not lo-
cally embeddable in a manifold of dimension less than
𝑛, so no ℝ𝑛 subgroup of Homeo0(𝑀), that is to say no
𝑛-many commuting flows, can survive the quotient map
to Homeo0(𝑀)/𝐺𝑦 if dim(𝑁) < 𝑛. Applying this ob-
servation to subgroups of Homeo0(𝑀) with disjoint sup-
ports, and quoting local simplicity, with enough work we
eventually conclude that 𝐺𝑦 contains the identity compo-
nent of the stabilizer of a finite set of points in 𝑀, hence
Homeo0(𝑀)/𝐺𝑦 is (up to taking a cover) identified with the
configuration space of those points.

The example ofDiff0(𝑀) acting on the projectivized tan-
gent bundle of 𝑀 shows that a similar classification for
actions of diffeomorphism groups, even for actions on
compact manifolds, must account for more kinds of or-
bit types. Remarkably, this kind of construction—taking
quotients of jets of diffeomorphisms up to 𝑟th-order—is
the only kind of new phenomenon that occurs: we show
in [CM] that if Diff0(𝑀) acts on a manifold by smooth dif-
feomorphisms, then every orbit is the continuous, injec-
tive image of a fiberwise quotient of the 𝑟-jet bundle over
a cover of a configuration space of points on 𝑀.

Theorem 0.6 confirms the picture suggested by Hurtado
[Hur15] that 𝑁 should be “built from pieces” that look
like bundles—the pieces are simply the orbits of the action.
Classifying all actions now amounts to understanding how
such pieces can be glued together. We obtain some prelim-
inary results under restrictions on dimension that simplify
the types of orbits that may occur. (Such hypotheses are
commonplace in the classical literature on compact trans-
formation groups.) A sample theorem, paralleling classi-
cal “slice” or local product theorems for the compact group
case, is as follows.

Theorem 0.8 (Chen–Mann [CM]). If 𝑀 and 𝑁 are con-
nected manifolds with dim(𝑁) < 2 dim(𝑀) and Homeo𝑐(𝑀)
acts on 𝑁 without global fixed points, then 𝑁 has the structure
of a generalized flat bundle over 𝑀, i.e., there is a homol-
ogy manifold 𝐹 such that 𝑁 ≅ (�̃� × 𝐹)/𝜋1(𝑀), where 𝜋1(𝑀)
acts diagonally by deck transformations on �̃� and on 𝐹 by some
representation to Homeo(𝐹).

In fact, we can also describe the possible actions on 𝑁
up to conjugacy: they are all obtained by a construction
as in Example 0.7. A related result for diffeomorphism
groups of compact manifolds can be obtained without the
hypothesis that the action has no global fixed points; one
shows directly that in this setting no orbits can be single-
tons. This line of work also allows one to complete the
classification of Homeo0(𝑆1) actions on surfaces that was
initiated by Militon, filling in the case of the 2-sphere and
open annulus. However, it appears we have only yet seen
the tip of the iceberg, and I hope to seemuch exciting work
in this direction in the near future.

Local and Global Rigidity of Lattices
Having advocated for the analogy between Lie groups and
diffeomorphism or homeomorphism groups, this survey
would be incomplete without a discussion of the role of
lattices in these groups.

A lattice Γ in a Lie group 𝐺 is a discrete subgroup such
that 𝐺/Γ has finite volume with respect to the natural left-
invariant volume form on 𝐺 giving Haar measure. A lat-
tice is called cocompact or uniform if 𝐺/Γ is additionally
compact. In one sense, lattices are small subgroups, be-
ing discrete and, under appropriate hypotheses on 𝐺, they
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are also always finitely generated groups. At the same
time, that 𝐺/Γ is finite volume means that lattices are
also large and this gives them some remarkable rigidity
properties, constraining the ways they may be embedded
into 𝐺 and into other Lie groups. The paradigm example
of such a result is Margulis’ superrigidity theorem, which es-
sentially says that the representation theory of a lattice Γ in
a semisimple Lie group 𝐺 is the same as the representation
theory of 𝐺 itself: with a few technical caveats, any repre-
sentation of Γ to a finite-dimensional linear group extends
to a continuous representation of 𝐺.

Infinite-dimensional linear representations of lattices
have no such rigidity property. Remarkably, nonlin-
ear representations—that is, representations of lattices to
groups of diffeomorphisms—do. That this might be true
was an idea first suggested by R. Zimmer in the late 1970s.
Zimmer generalized other work of Margulis (specifically,
on cocycle rigidity for group actions) to actions of lattices
by measure-preserving diffeomorphisms of manifolds. He
followed this with a series of broad conjectures about
how lattices should act—or fail to act!—on manifolds, giv-
ing rise to what is now known as the Zimmer program.
This program is often summarized by the catchphrase “big
groups don’t act on small manifolds” meaning that lat-
tices in semisimple Lie groups that are large (specifically,
of high rank) should not act faithfully onmanifolds of low
dimension.

More broadly, the Zimmer program aims to classify all
actions of higher rank semisimple Lie groups and their
lattices on compact manifolds, the idea being that they
should be constrained to a collection of natural or obvi-
ous examples (such as, but not exclusively, those coming
from actions of the ambient Lie group as is the case in
Margulis’ theorem). While a complete classification is a
lofty and probably unattainable goal, there have been a
number of remarkable recent advances, for which I refer
the reader to [Fis20] and Fisher’s other survey articles ref-
erenced there. Here I will only very briefly highlight one
feature of this program, namely rigidity of geometric exam-
ples. This is distinct from the “big groups don’t act on small
manifolds” tagline, looking instead for examples of groups
that do act on spaces, but whose possible actions are highly
constrained. Of course, one expects techniques that an-
swer this problem to apply to the “groups that don’t act”
program as well, and vice versa.

As one such example, consider the special linear group
SL(𝑛, ℤ), a nonuniform lattice in SL(𝑛, ℝ). Since the ac-
tion of SL(𝑛, ℤ) on ℝ𝑛 preserves the points with integer
coordinates, it descends to an action on the torus ℝ𝑛/ℤ𝑛,
which preserves both Lebesgue measure and the natural
affine structure on the torus—instances of what I mean
by a “geometric example.” These linear actions also have
a strong dynamical property called Anosov dynamics: for

Figure 6. The action of ( 2 1
1 1 ) ∈ SL(2, ℤ) on ℝ2/ℤ2. The figure

shows a fundamental domain and its image, translated back
onto the fundamental domain.

any element with all eigenvalues off the unit circle, the
tangent space of the manifold splits globally into invari-
ant directions (here, eigendirections) that are contracted
or expanded by iterates of the map.3

The most famous Anosov diffeomorphism is probably
( 2 1
1 1 ) ∈ SL(2, ℤ), also known as Arnold’s “cat map” after

an illustration in Arnold’s Ergodic Problems in Classical Me-
chanics in which he applies themap to a cartoon image of a
cat. After several iterations, the cat’s face is unrecognizably
stretched and distributed around the torus. This is a ba-
sic property of Anosov maps. Formally speaking, volume-
preserving Anosov diffeomorphisms are ergodic. One con-
sequence of this is what one might call chaotic behavior:
nearby points in the domain have vastly different trajecto-
ries under iterates of the map.

Despite this chaos on the level of trajectories of indi-
vidual points, Anosov diffeomorphisms exhibit remark-
able global stability, in the sense that if you nudge the
whole system, the result is a system that is qualitatively
exactly the same—typically (depending on the regularity
involved) conjugate to the original system. These rigidity-
type results for diffeomorphisms and 1-parameter families
of diffeomorphisms date back to work of Anosov himself
in the 1960s.

In the context of group actions, for groups other than ℝ
or ℤ, in many cases Anosov dynamics of a single group ele-
ment can be promoted via an understanding of the group
structure to not only local rigidity but global rigidity for
the whole action. One important and influential instance
of this is in the work of Katok, Lewis, Zimmer, and others,
starting in the 1990s. To give a sample result, Katok, Lewis,
and Zimmer showed that any measure-preserving action
of SL(𝑛, ℤ) on ℝ𝑛/ℤ𝑛 such that a single diffeomorphism
has Anosov dynamics is (up to passing to a finite index
subgroup) smoothly conjugate to a linear action. Some
mild hypothesis is required on the measure, although in

3I am sweeping a few things under the rug here; the precise definition of Anosov
is a formalization of this idea of invariant splitting.

490 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 4



other work this hypothesis has been replaced with other
hypotheses such as the existence of a finite orbit or a fixed
point. See Spatzier’s survey [Spa04] for a nice introduction
to the history of such results.

Rigidity of lattices remains an active and exciting area.
Recently, Brown, Rodriguez-Hertz, and Wang proved a
much broader theorem along the lines of that of Katok–
Lewis–Zimmer described above, but applicable to a much
wider class of lattices and with weaker hypotheses. As well
as obtaining global rigidity for actions of SL(𝑛, ℤ) on tori
ℝ𝑚/ℤ𝑚 (note that 𝑚 is not required to equal 𝑛 here!) un-
der suitable hypotheses, they obtain rigidity of cocompact
lattices on nilmanifolds, a class which includes tori.

Theorem 0.9 (Brown–Rodriguez-Hertz–Wang [BRHW17]).
Suppose Γ is an irreducible cocompact lattice in a semisimple Lie
group acting on a nilmanifold𝑀 by smooth diffeomorphisms. If
some element has Anosov dynamics, then (up to possibly passing
to a finite index subgroup) this action is smoothly conjugate to
a group of linear automorphisms of 𝑀.

Without passing to a finite index subgroup, one obtains
conjugacy to an affine action—still a geometric example.
Their work also covers nonirreducible and many nonuni-
form lattices, but in the interest of simplicity of the state-
ment I have restricted to this case. However, differentiabil-
ity is an essential component of this result. While Brown,
Rodriguez-Hertz, and Wang can reduce the hypotheses
from smooth to 𝐶1 or even Lipschitz actions at the cost of
a weaker conclusion, the machinery going into the regular-
ity of the conjugacy is essentially a smooth phenomenon.

That said, there are also a few known instances of “rigid-
ity of geometric examples” for groups acting by homeo-
morphisms. Although the definition of Anosov is in terms
of the induced action of a diffeomorphism on the tangent
bundle, and hence requires an action to be 𝐶1, there are
topological analogs of Anosov flows; the idea being that
you can quantify the rate of expansion and contraction
of continuous trajectories even if you cannot meaningfully
speak of a splitting of the tangent space. These topological
flows have many of the same dynamical properties, and
𝐶0 perturbations of Anosov diffeomorphisms also exhibit
similar stability properties.

However, Zimmer’s conjecture that there should be “no
actions of large groups on small manifolds,” speaking here
of discrete groups, is wide open in the 𝐶0 case, except when
the manifold is very small: dimension one. These one-
dimensional results rely on the total ordering of points
on the line, or cyclic ordering of points on the circle, a
property that can actually be promoted to a left-invariant
total ordering on any group of homeomorphisms of the
line or circle. As you might expect, such a total order
on a group imposes strong algebraic constraints, and this
has been successfully leveraged to show certain groups,

including lattices, do not act. Morris’ paper [Mor11] is a
nice introduction; the state of the art can be found in a
very recent paper of Deroin and Hurtado, who show non-
orderability of all higher rank lattices.

There are also a few instances of 𝐶0 rigidity of geometric
examples in low dimension, even without Anosov dynam-
ics. It is less clear what “geometric” should mean for a
group acting by homeomorphisms, but one possible defi-
nition, in the style of a model geometry in the sense of Felix
Klein, is that the action should be conjugate to that of a co-
compact lattice in a Lie groupwhich acts transitively on the
manifold. With this definition, classifying geometric sub-
groups ofHomeo0(𝑆1) is an easy exercise: any group acting
geometrically is (up to taking a finite, cyclic extension) the
fundamental group 𝜋1(Σ𝑔) of a higher genus surface, act-
ing on the circle via a discrete, faithful representation into
PSL(2, ℝ) or a finite, cyclic extension of PSL(2, ℝ). Wolff
and I showed these are precisely the rigid examples.

Theorem 0.10 (Mann, Mann–Wolff [MW]). All geometric
actions of 𝜋1(Σ𝑔) are rigid, in the sense that every continuous
deformation of such an action is semiconjugate to the original
action. Conversely, any action of 𝜋1(Σ𝑔) on the circle that is
rigid under all continuous deformations is necessarily semicon-
jugate to a geometric example.

Semiconjugate here means that there is a continuous,
surjective, degree one map ℎ ∶ 𝑆1 → 𝑆1 intertwining
the geometric action with its deformation. Deformation is
meant in the large or global sense, in fact the whole con-
nected component of a geometric action in the space of all
homomorphisms of 𝜋1(Σ𝑔) into Homeo0(𝑆1) consists pre-
cisely of the representations semiconjugate to it. The rea-
son I mention this here is the suspicion that rigidity of geo-
metric examples—perhaps with a different definition of geo-
metric; I am not convinced we have the right one—should
continue to be a fruitful future direction.

One phenomenon at play in the rigidity of geometric
actions on the circle is a weak topological replacement of
the rigidity of Anosov diffeomorphisms mentioned above.
In the Anosov case, a single diffeomorphism has a global
expansion/contraction property coming from a splitting of
the tangent space at every point. Geometric actions of sur-
face groups on the circle exhibit a contrasting notion of “ex-
pansion/contraction everywhere” that can be phrased in
purely topological terms: each homeomorphism 𝑓 in the
action has a finite set of attractors (points 𝑥 with a neigh-
borhood 𝑈 such that the intersection of iterates 𝑓𝑛(𝑈),
𝑛 ≥ 0, is equal to 𝑥), and the union of attractors, taken
over all group elements, forms a dense subset of the circle.
That local dynamics of many group elements can stand in
place of global dynamics of a single group element is far
from a new idea, but is still a fruitful one. J. Bowden and
I recently extended some of the ideas to prove a weaker,
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local 𝐶0 rigidity for other geometrically motivated group
actions on higher dimensional spheres, but how far this
idea can be pushed is completely up in the air. I suspect, as
many others do, that our guiding analogy with Lie groups
holds true and Zimmer’s philosophy applies quite broadly
to actions of lattices by homeomorphisms on manifolds,
butwe are very far fromunderstanding how thismight play
out.
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On the Mathematics
of Swarming

Emergent Behavior in Alignment Dynamics

Eitan Tadmor
Introduction
The starting point of our discussion is the celebrated
Cucker-Smale (CS) model, [CS07a, CS07b], which de-
scribes the dynamics of 𝑁 entities, referred to as
agents, with time-dependent positions and velocities
(𝐱𝑖(𝑡), 𝐯𝑖(𝑡)) ∶ ℝ+ → (Ω,ℝ𝑑) governed by

⎧⎪
⎨⎪
⎩

�̇�𝑖(𝑡) = 𝐯𝑖(𝑡),

�̇�𝑖(𝑡) =
𝜅
𝑁

𝑁
∑
𝑗=1

𝜙𝑖𝑗(𝑡)(𝐯𝑗(𝑡) − 𝐯𝑖(𝑡)),
(1)
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and subject to prescribed initial conditions, (𝐱𝑖(0), 𝐯𝑖(0)) =
(𝐱𝑖0, 𝐯𝑖0) ∈ (Ω,ℝ𝑑). The ambient space of positions Ω ⊂
ℝ𝑑 will refer to one of two main scenarios—eitherΩ = ℝ𝑑

or Ω = 𝕋𝑑. System (1) is a canonical model for alignment
dynamics in which pairwise interactions steer towards av-
erage heading. Alignment originated in pioneering works
[Rey87, VCBCS95, CS07a, CS07b], as a key ingredient in
self-organization—a unity from within which leads to the
emergence of higher-order, large-scale patterns. It is found
in ecology—from flocking of birds and schooling of fish
to swarming bacteria and insects; in social dynamics of
human interactions—from alignment of pedestrians and
emerging consensus of opinions to markets and market-
ing; and in sensor-based networks—from swarming ofmo-
bile robots and control of UAVs to macromolecules and
metallic rods.
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Figure 1. Flocking of birds.

Figure 2. Alignment of pedestrians.

The dynamics (1) governs pairwise interactions,
𝜙𝑖𝑗(𝑡) ≔ 𝜙(𝐱𝑖(𝑡), 𝐱𝑗(𝑡)), dictated by a scalar communica-
tion kernel, 𝜙(⋅, ⋅) with amplitude 𝜅 > 0. We assume that
𝜙(⋅, ⋅) ∈ 𝐿∞(Ω × Ω) is a nonnegative symmetric kernel,
properly normalized,

∫
Ω
𝜙(𝐱, 𝐱′) 𝖽𝐱′ ≡ 1, 𝜙(𝐱, 𝐱′) = 𝜙(𝐱′, 𝐱) ≥ 0. (2)

The role for the kernel 𝜙 is context-dependent: its ap-
proximate shape is either derived empirically, deduced
from higher-order principles, learned from the data, or
postulated based on phenomenological arguments, e.g.,
[Bal08, CFTV10, CDMBC07, CS07a, KTIHC11, ST21, VZ12]
and the references therein. The specific structure of 𝜙, how-
ever, is not necessarily known. Instead, we ask how differ-
ent classes of communication kernels affect the emergent
behavior of (1). Here are a few examples for different com-
munication protocols.

A major part of current literature is devoted to the
generic class of metric-based kernels, 𝜙(𝐱, 𝐱′) = 𝜑(|𝐱 − 𝐱′|).
Another example is the class of topologically-based kernels,

Figure 3. Swarming of drones.

[Bal08, ST20], where 𝜙(𝐱, 𝐱′) = 𝜑(𝜇(𝐱, 𝐱′)) is dictated by
the size of the crowd in an intermediate domain of com-
munication 𝒞(𝐱, 𝐱′) enclosed between 𝐱 and 𝐱′,

𝜇(𝐱, 𝐱′) ≔ 1
𝑁#{𝑘 ∶ 𝐱𝑘 ∈ 𝒞(𝐱, 𝐱′)}. (3)

In particular, if the domain of communication 𝒞 is
shifted to an 𝑅-ball centered at 𝐱, one ends up with
the nonsymmetric topological kernel [MT11] 𝜙(𝐱, 𝐱′) =
𝜑(|𝐱 − 𝐱′|)/𝜇(𝐵𝑅(𝐱)). A still larger class of pairwise interac-
tions consists of symmetricmatrix communication kernels,
e.g., [ST21]. Other important protocols of communication
which will not be analyzed here include the class of singu-
lar kernels,

𝜙(𝐱, 𝐱′) = 1
|𝐱 − 𝐱′|𝛽 , 0 < 𝛽 < 𝑑 + 2, (4)

in which communication heavily emphasizes near-by
neighbors over those farther away, e.g., [MMPZ19] and
the references therein, and communication based on vari-
ous random-based protocols found in chemo- and photo-
tactic dynamics, the Elo rating system, voter and related
opinion-based models, a random-batch method, and
consensus-based optimization, to name but a few.1

In addition to alignment, pairwise interactions may in-
clude repulsions and attractions,

�̇�𝑖 =
𝜅
𝑁

𝑁
∑
𝑗=1

𝜙𝑖𝑗(𝐯𝑗 − 𝐯𝑖) −
1
𝑁

𝑁
∑
𝑗=1

∇𝑈(|𝐱𝑗 − 𝐱𝑖|), (5)

which are encoded here by a radial potential 𝑈. A gen-
eral protocol for rules of engagement, with pairwise in-
teractions driven by alignment, repulsion, and attraction
which are dominant in three different zones of proxim-
ity, was proposed in [Rey87]. We shall focus here on

1In view of the limited bibliographic scope available for this article, we refer the
reader to [Tad21] for a complementary bibliography source.
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the emergent behavior of alignment dynamics, and refer
to [CFTV10, CDMBC07, ST21, Tad21] and the references
therein for results related to more general protocols. To
date, we still lack a mathematical theory which analyzes
the emergent behavior of the general class of 3Zone mod-
els for collective dynamics.
Connectivity. The large-time behavior of (1) depends on
the time-dependent weighted graph with agents at the 𝑁
vertices 𝖵(𝑡) = {𝑖 | 𝐱𝑖(𝑡)} and time-dependent edges 𝖤(𝑡) =
{(𝑖, 𝑗) | 𝑖 ≠ 𝑗 ∶ 𝜙𝑖𝑗(𝑡) > 0}. The energy fluctuations associ-
ated with (1),

𝛿E (𝑡) ≔ 1
𝑁2

𝑁
∑
𝑖,𝑗=1

|𝐯𝑖(𝑡) − 𝐯𝑗(𝑡)|2,

satisfy

𝖽
𝖽𝑡𝛿E (𝑡) = − 2𝜅

𝑁2 ∑
(𝑖,𝑗)∈𝖤(𝑡)

𝜙𝑖𝑗(𝑡)|𝐯𝑖(𝑡) − 𝐯𝑗(𝑡)|2

≤ −𝜆2(𝑡)
2𝜅
𝑁2

𝑁
∑
𝑖,𝑗=1

|𝐯𝑖(𝑡) − 𝐯𝑗(𝑡)|2.
(6)

The first equality follows directly from (1) and the as-
sumed symmetry of the adjacency matrix Φ(𝑡) = {𝜙𝑖𝑗(𝑡)}.
The second inequality is a sharp bound in terms of the
spectral gap, 𝜆2(𝑡) ≔ 𝜆2(ΔΦ(𝑡)), of the graph Laplacian as-
sociated with Φ(𝑡). Here the graph Laplacian, (ΔΦ)𝛼𝛽 ≔
(∑𝛾≠𝛼 𝜙𝛼𝛾)𝛿𝛼𝛽 − 𝜙𝛼𝛽(1 − 𝛿𝛼𝛽), and its spectral gap coin-
cide with the Fiedler number which encodes the connec-
tivity properties of the weighted graph of agents (𝖵(𝑡), 𝖤(𝑡)),
e.g., [CS07a]. Indeed, (6) tells us that energy fluctuations
are depleted as long as the graph remains (algebraically)
connected,

𝛿E (𝑡) ≤ exp {−2𝜅∫
𝑡
𝜆2(𝜏)𝖽𝜏} 𝛿E (0). (7)

Connectivity, and hence the large time emergence of flocks
or swarms, is guaranteed with long-range kernels. In
many realistic configurations, however, the communica-
tion among “social particles” takes place in local neighbor-
hoods induced by short-range kernels.

Long- and short-range communication kernels will be
the topic of the next two sections. Long-range kernels
maintain connectivity which in turn imply decay of fluc-
tuations around an emergent cluster. The large-time
dynamics with short-range kernels is considerably more
complicated—in particular, algebraically connected initial
configurations, 𝜆2(𝑡 = 0) > 0, may break down into
two or more disconnected clusters at a finite time so that
𝜆2(𝑡𝑐) = 0. That is, the dynamics with short-range ker-
nels may or may not be stable, which makes it difficult
to trace its flocking behavior. Instead, we study here the
flocking/swarming behavior with large crowds: large-crowd

dynamics tends to stabilize the large-time behavior. As al-
ready noted by Immanuel Kant in 1784 “what seems com-
plex and chaotic in the single individual may be seen from the
standpoint of the human race as a whole to be a steady and
progressive though slow evolution of its original endowment.”
Hydrodynamic description. The large-crowd dynamics
of (1) can be encoded in terms of the empirical distribu-

tion 𝑓𝑁(𝑡, 𝐱, 𝐯) ≔
1
𝑁
∑𝑁

𝑖=1 𝛿𝐱𝑖(𝑡)(𝐱)⊗ 𝛿𝐯𝑖(𝑡)(𝐯), which is gov-
erned by the kinetic equation in state variables (𝑡, 𝐱, 𝐯) ∈
ℝ+ × Ω × ℝ𝑑, e.g., [HT08,HL09,CFTV10],

𝜕𝑡𝑓𝑁 + 𝐯 ⋅ ∇𝐱𝑓𝑁 = −𝜅∇𝐯 ⋅ 𝑄𝜙(𝑓𝑁 , 𝑓𝑁). (8)

It is driven according to the pairwise communication pro-
tocol2 on the right of (1)2,

𝑄𝜙(𝑓, 𝑓) ≔∬𝜙(𝐱, 𝐱′)(𝐯′ − 𝐯)𝑓𝑓′ 𝖽𝐯′ 𝖽𝐱′. (9)

For 𝑁 ≫ 1, the dynamics of 𝑓𝑁(𝑡, 𝐱, 𝐯) is captured by its
first two moments which we assume to exist—the density
𝜌(𝑡, 𝐱) ≔ lim𝑁→∞ ∫ℝ𝑑 𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯, and the momentum
𝜌𝐮(𝑡, 𝐱) ≔ lim𝑁→∞ ∫ℝ𝑑 𝐯𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯. They admit the hy-
drodynamic description in state variable (𝑡, 𝐱) ∈ (ℝ+ × Ω),

{
𝜌𝑡 + ∇𝐱 ⋅ (𝜌𝐮) = 0,

(𝜌𝐮)𝑡 + ∇𝐱 ⋅ (𝜌𝐮 ⊗ 𝐮 + 𝐏) = 𝜅𝐀𝜙(𝜌, 𝐮).
(10a)

Here, the pressure 𝐏 on the left of (10a)2 is a symmetric
positive-definite stress tensor,

𝐏 ≔ lim
𝑁→∞

∫(𝐯 − 𝐮)(𝐯 − 𝐮)⊤𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯, (10b)

and 𝐀𝜙 on the right of (10a)2 is the communication pro-
tocol associated with 𝜙, corresponding to (9),

𝐀𝜙(𝜌, 𝐮)(𝑡, 𝐱) ≔ ∫
Ω
𝜙(𝐱, 𝐱′)(𝐮′ − 𝐮)𝜌𝜌′ 𝖽𝐱′. (10c)

Observe that system (10) is not a purely hydrodynamic de-
scription at the macroscopic scale: while the density and
velocity, 𝜌 = 𝜌(𝑡, 𝐱) and 𝐮 = 𝐮(𝑡, 𝐱), are governed by the
macroscopic balances (10a),(10c), the pressure in (10b),
𝐏 = 𝐏(𝑡, 𝐱), still requires a closure of the 𝐯-dependent
second-order moments of 𝑓𝑁 . We recall that in the case
of physical particles, one encounters the canonical clo-
sure imposed by Maxwellian equilibrium and expressed in
terms of the density, velocity, and temperature, 𝜌, 𝐮, and
𝑇,

𝑀{𝜌,𝐮,𝑇}(𝑡, 𝐱, 𝐯) =
𝜌

(2𝜋𝑇)𝑑/2 exp (−
|𝐯 − 𝐮|2
2𝑇 ) .

We mention in this context the special cases of monokinetic
closure, 𝐏 ≡ 0, associated with the vanishing temperature
𝑀{𝜌,𝐮,𝑇↓0}(𝑡, 𝐱) = 𝜌𝛿(|𝐯 − 𝐮|), [FK19], as well as examples
of an entropic-based closure with measured data and the

2We abbreviate 𝑓 = 𝑓(𝑡, 𝐱, 𝐯), 𝑓′ = 𝑓(𝑡, 𝐱′, 𝐯′) and likewise □ = □(𝑡, 𝐱),
□′ = □(𝑡, 𝐱′), etc.
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isothermal closure 𝐏 = 𝜌𝕀𝑑×𝑑 (corresponding to constant
temperature 𝑇); see [Tad21].

The general case of “social particles,” however, is differ-
ent: there is no universal closure. The question of closure
for the hydrodynamic description of alignment in (10) is
therefore left open. We shall revisit this question in the
last section of the article. At this stage, we highlight the
fact that the decay of energy fluctuations quantified in the
next section applies to general mesoscopic pressure stress
tensors (10b).
Fluctuations. The total energy of the large-crowd dynam-
ics associated with (1) is given by the second moment
(which is assumed to exist)

𝜌𝐸(𝑡, 𝐱) ≔ lim
𝑁→∞

∫
ℝ𝑑

1
2 |𝐯|

2𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯.

It satisfies the energy equation

(𝜌𝐸)𝑡 + ∇𝐱 ⋅ (𝜌𝐸𝐮 + 𝐏𝐮 + 𝐪)

= −𝜅∫𝜙(𝐱, 𝐱′)(2𝐸(𝑡, 𝐱) − 𝐮 ⋅ 𝐮′)𝜌𝜌′ 𝖽𝐱′.
(11)

The energy flux on the left of (11) is computed as the sec-
ond moment of (8),

lim
𝑁→∞

∫ |𝐯|2
2 𝐯𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯

= 𝐮 lim
𝑁→∞

∫ |𝐯|2
2 𝑓𝑁 d𝐯 + lim

𝑁→∞
∫ |𝐯|2

2 (𝐯 − 𝐮)𝑓𝑁 d𝐯

= 𝜌𝐸𝐮 + lim
𝑁→∞

∫[|𝐮|
2

2 + (𝐯 − 𝐮) ⋅ 𝐮

+ |𝐯 − 𝐮|2
2 ](𝐯 − 𝐮)𝑓𝑁 d𝐯

= 𝜌𝐸𝐮 + 𝐏𝐮 + 𝐪,

expressed in terms of the pressure 𝐏 and the heat flux
𝐪(𝑡, 𝐱) ≔ lim𝑁→∞

1
2
∫(𝐯 − 𝐮)|𝐯 − 𝐮|2𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯. The en-

ergy production on the right of (11) is driven by the enstro-
phy

∭𝜙(𝐱, 𝐱′)𝐯 ⋅ (𝐯 − 𝐯′)𝑓𝑓′ 𝖽𝐯′ d𝐯 𝖽𝐱′

= ∫𝜙(𝐱, 𝐱′)(2𝐸(𝑡, 𝐱) − 𝐮 ⋅ 𝐮′)𝜌𝜌′ 𝖽𝐱′.

The energy can be decomposed as the sum of kinetic
and internal energies, 𝜌𝐸 = 𝜌𝑒𝐾 + 𝜌𝑒, corresponding to
the first two terms in the decomposition of kinetic velocity
1
2
|𝐯|2 ≡ 1

2
|𝐮|2 + 1

2
|𝐯 − 𝐮|2 + (𝐯 − 𝐮) ⋅ 𝐮,

𝜌𝑒𝐾 (𝑡, 𝐱) ≔
1
2𝜌|𝐮|

2(𝑡, 𝐱),

𝜌𝑒(𝑡, 𝐱) ≔ lim
𝑁→∞

1
2 ∫ |𝐯 − 𝐮(𝑡, 𝐱)|2𝑓𝑁(𝑡, 𝐱, 𝐯) d𝐯.

Let 𝛿E (𝑡) denote the total energy fluctuations at time3 𝑡,

𝛿E (𝑡) ≔ 1
2𝑚0

∬[12|𝐮(𝑡, 𝐱) − 𝐮(𝑡, 𝐱′)|2

+ 𝑒(𝑡, 𝐱) + 𝑒(𝑡, 𝐱′)]𝖽𝗆𝜌(𝐱, 𝐱′).
The first integrand on the right quantifies local fluctuations
of macroscopic velocities, 𝐮(𝑡, ⋅), while the last two inte-
grands quantify microscopic fluctuations, |𝐯 − 𝐮(𝑡, ⋅)|2. Its
decay rate is given by

𝖽
𝖽𝑡𝛿E (𝑡)

= −𝜅∬𝜙(𝐱, 𝐱′)[12 |𝐮(𝑡, 𝐱) − 𝐮(𝑡, 𝐱′)|2

+ 𝑒(𝑡, 𝐱) + 𝑒(𝑡, 𝐱′)]𝖽𝗆𝜌(𝐱, 𝐱′).

(12)

This follows by integration of the energy equation
(11) and using the assumed symmetry of 𝜙(⋅, ⋅) hence
𝖽
𝖽𝑡
∫𝜌𝐮(𝑡, 𝐱) 𝖽𝐱 ≡ 0 on the left, and the symmetric part of

the enstrophy on the right,

2𝐸 − 𝐮 ⋅ 𝐮′ ≡ 1
2|𝐮 − 𝐮′|2 + 𝑒+ 𝑒′ + 1

2(|𝐮|
2 − |𝐮′|2) + (𝑒 − 𝑒′).

Equation (12) quantifies the decay of energy fluctuations
on the left in terms of the total enstrophy on the right and
is a key ingredient in studying the emergent behavior of
(10).
Flocking/swarming. A main feature of the large-crowd
hydrodynamics (10) is flocking—modeled after the self-
organization of birds, as a prototype for swarming behav-
ior, characterized by the following two properties:

(i) Finite diameter—the “continuum” crowd supported
in 𝒮(𝑡) ≔ supp{𝜌(⋅, 𝑡)} forms a “flock”with a finite diameter

𝐷(𝑡) ≔ sup
𝐱,𝐱′∈𝒮(𝑡)

|𝐱 − 𝐱′| ≤ 𝐷+ < ∞. (13a)

(ii) Alignment—velocity fluctuations inside the flock
vanish for 𝑡 ≫ 1,

∬|𝐮(𝑡, 𝐱) − 𝐮(𝑡, 𝐱′)|2𝖽𝗆𝜌(𝐱, 𝐱′)
𝑡→∞⟶0. (13b)

Remark that one can combine (13b) with global time in-
variant of the momentum 𝜌𝐮(𝑡) ≔ ∫Ω 𝜌𝐮(𝑡, 𝐱) 𝖽𝐱 and mass
𝑚(𝑡) ≔ ∫Ω 𝜌(𝑡, 𝐱) 𝖽𝐱, to deduce emergence towards the av-

erage velocity 𝐮0 ≔
(𝜌𝐮)0
𝑚0

,

𝛿E (𝑡) = ∫[12 |𝐮(𝑡, 𝐱) − 𝐮0|2

+ 𝑒(𝑡, 𝐱)]𝜌(𝑡, 𝐱) 𝖽𝐱
𝑡→∞⟶0.

(14)

Thus, the large time decay of fluctuations takes place while
the dynamics is asymptotically aligned along straight par-
ticle paths 𝐱𝑐(𝑡) ∼ 𝐮0𝑡. We mention in passing that the

3Here and below we abbreviate 𝖽𝗆𝜌(𝐱, 𝐱′) ≔ 𝜌(𝑡, 𝐱)𝜌(𝑡, 𝐱′) 𝖽𝐱 𝖽𝐱′.
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Figure 4. Emergence of flocking as agents concentrate along a harmonic oscillator.

decay of fluctuations in the presence of more general pro-
tocol of interactions—repulsion, attraction, and external
forcing—leads to emergent behavior with different and
more “interesting” patterns. For example, when alignment
is augmented by pairwise attraction induced by quadratic
potential (5), it implies flocking of agents which are spa-
tially concentrated along a particle path of harmonic os-
cillators, (𝐱𝑐(𝑡), 𝐮𝑐(𝑡), depicted in Figure 4, as 𝜌𝐮(𝑡, 𝐱)−
𝑚0𝐮𝑐(𝑡)𝛿(𝐱 − 𝐱𝑐(𝑡))

𝑡→∞⟶0, [ST21]. A rich gallery of emerg-
ing swarming patterns is found in [CFTV10,CDMBC07].

We shall continue with the notion of flocking. It is dic-
tated by the enstrophy on the right of (12), which in turn is
determined by the two types of fluctuations—the internal
energy and kinetic fluctuations. We shall discuss the large-
time behavior of these fluctuations in two separate cases
of long-range and short-range communications kernels.

Long-Range Interactions
Long-range kernels maintain global communication so
that each part of the crowd with mass distribution
𝜌(𝑡, 𝐱) 𝖽𝐱 communicates directly with every other part with
mass distribution 𝜌(𝑡, 𝐱′) 𝖽𝐱′. Global communication is
quantified in terms of Pareto-type tail4

𝜙(𝐱, 𝐱′) ≳ 1
⟨|𝐱 − 𝐱′|⟩𝜃 . (15)

According to (12), the decay of energy fluctuations re-
quires that the diameter, 𝐷(𝑡) ≔ diam supp{𝜌(⋅, 𝑡)}, does
not spread too fast.

Corollary 1 (Flocking with long-range kernels). Let
(𝜌(𝑡, ⋅), 𝐮(𝑡, ⋅), 𝐏(𝑡, ⋅)) be a strong solution of (2),(10), driven

4Denoting ⟨𝑟⟩ ≔ (1 + 𝑟2)1/2.

by long-range kernel (15). There holds

𝛿E (𝑡) ≲ exp { − 𝜅∫
𝑡

0
⟨𝐷(𝜏)⟩−𝜃𝖽𝜏}𝛿E (0). (16)

The flocking behavior of dynamics driven by long-range
kernels is determined by two factors: (i) the assumed “fat-
tail” behavior (15); and (ii) the spread of supp{𝜌(𝑡, ⋅)}.
Corollary 1 implies that

if 𝐷(𝑡) ≲ ⟨𝑡⟩𝛽, then flocking follows for 𝜃𝛽 < 1.

“Fat-tailed” kernels. A prototype example encountered
with uniformly bounded velocity fields, in which case
⟨𝐷(𝑡)⟩ ≲ 2|𝐮|∞𝑡 and hence 𝛽 = 1, implies unconditional
flocking for fat-tailed kernels satisfying (15)with 𝜃 ∈ (0, 1),
which in turn implies fluctuations decay rate of order ≲
exp{−𝑡1−𝜃}. This is the typical scenario for monokinetic clo-
sure 𝐏 ≡ 0. In this case, the momentum equation (10a)2
decouples into 𝑑 scalar transport equations for the compo-
nents of 𝐮,

(𝜕𝑡 + 𝐮 ⋅ ∇𝐱)𝑢𝑖 = ∫𝜙(𝐱, 𝐱′)(𝑢′𝑖 − 𝑢𝑖)𝜌(𝑡, 𝐱′) 𝖽𝐱′, (17)

each satisfying themaximum principle in supp{𝜌(⋅, 𝑡)}, e.g.,
[Tad21]. In fact, in this pressureless scenario, (17) implies
the uniform decay of velocity fluctuations is tied to the size
of supp{𝜌(⋅, 𝑡)},

𝖽
𝖽𝑡𝑉 𝑖(𝑡) ≤ −𝜅⟨𝐷(𝑡)⟩−𝜃𝑉 𝑖(𝑡), 𝑉 𝑖(𝑡) ≔max

𝐱,𝐱′∈𝒮(𝑡)
|𝑢𝑖 − 𝑢′𝑖|,

𝖽
𝖽𝑡𝐷(𝑡) ≤ max

𝑖
𝑉 𝑖(𝑡).

It follows that the functional, [HL09], 𝐻(𝑡) ≔ 𝜅⟨𝐷(𝑡)⟩1−𝜃 +
(1 − 𝜃)max𝑖 𝑉 𝑖(𝑡) is nonincreasing; hence the spread of
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supp{𝜌(⋅, 𝑡)} is, in fact, kept uniformly bounded in time,

𝐷(𝑡) ≤ 𝐷+, (18)

which in turn implies exponential flocking ≲ exp{−𝜅𝐷+𝑡}.
This flocking result for fat-tailed metric-based kernels
𝜙(𝐱, 𝐱′) = 𝜑(|𝐱−𝐱′|) (with monokinetic closure) goes back
to Cucker-Smale [CS07a,CS07b,HT08,HL09], and here we
observe that it extends to general fat-tailed symmetric ker-
nels.

Another example for flocking occurs with long-range
matrix-valued kernels, corresponding to fat-tailed dynam-
ics (16) of order 𝜃 < 2/3: in this case, the diameter of
supp{𝜌(⋅, 𝑡)} grows no faster than 𝐷(𝑡) ≲ ⟨𝑡⟩𝛽 with 𝛽 < 2

2−𝜃
,

[ST21], leading to flocking decay rate of fractional order
≲ exp{−𝑡1−𝜃𝛽}.
Remark (Internal energy). Let 𝜌𝜙 denote the averaged den-
sity

𝜌𝜙(𝑡, 𝐱) ≔ ∫𝜙(𝐱, 𝐱′)𝜌(𝑡, 𝐱′) 𝖽𝐱′ ≥ 𝑚0𝜙−(𝑡), (19)

where 𝜙−(𝑡) ≔ min𝐱,𝐱′∈𝒮(𝑡) 𝜙(𝐱, 𝐱′). We observe that the
contribution of the internal energy to the decay of fluctua-
tions in (12) admits the lower bound

∬𝜙(𝐱, 𝐱′)(𝑒 + 𝑒′)𝖽𝗆𝜌(𝐱, 𝐱′)

≥ 1
𝑚0

min
𝐱

𝜌𝜙(𝑡, 𝐱)∬(𝑒 + 𝑒′)𝖽𝗆𝜌(𝐱, 𝐱′).
(20)

Hence the decay of the internal energy portion of the fluc-
tuations is independent of the specifics of the closure rela-
tionship: any nonnegative internal energy is dissipated by
fat-tailed kernels𝜙−(𝑡) ≳ ⟨𝐷(𝑡)⟩−𝜃 such that∫⟨𝐷(𝜏)⟩−𝜃𝖽𝜏 =
∞.

Short-Range Interactions
We focus our attention on the more realistic scenario
of short-range communication kernels, and in particular,
when 𝜙(𝐱, 𝐱′) is compactly supported in the vicinity of di-
agonal |𝐱−𝐱′| < 𝑅0. Thismeans that alignment takes place
in local neighborhoods of size < 𝑅0, which is assumed
much smaller than the diameter of the ambient space Ω.
We consider the case of 2𝜋-periodic torus Ω = 𝕋𝑑.
Spectral analysis. We revisit the two ingredients involved
in the decay rate of the energy fluctuations stated in (12).

(i) Internal energy. We replace the lower bound (19)
with 𝜌𝜙(𝑡, 𝐱) ≥ 𝜌−(𝑡) (recall the normalization (2)). The
decay bound of the internal energy portion in (12) for non-
vacuous flows then reads

∬
𝕋𝑑×𝕋𝑑

𝜙(𝐱, 𝐱′)(𝑒 + 𝑒′)𝖽𝗆𝜌(𝐱, 𝐱′)

≥ 𝜌−(𝑡)
𝑚0

∬
𝕋𝑑×𝕋𝑑

(𝑒 + 𝑒′)𝖽𝗆𝜌(𝐱, 𝐱′).
(21)

(ii) Kinetic energy. It remains to bound the contribu-
tion of the kinetic energy fluctuations to the enstrophy on
the right of (12),

∬
𝕋𝑑×𝕋𝑑

𝜙(𝐱, 𝐱′)|𝐮 − 𝐮′|2𝖽𝗆𝜌(𝐱, 𝐱′).

Given the symmetric communication kernel 𝜙(𝐱, 𝐱′) =
𝜙(𝐱′, 𝐱) we set the weighted Laplacian as the Hilbert-
Schmidt operator L𝜌 ∶ 𝐿2(𝕋𝑑) → 𝐿2(𝕋𝑑),

L𝜌𝐰(𝐱) ≔ ∫
𝕋𝑑
𝜙(𝐱, 𝐱′)[√𝜌(𝐱′)𝐰(𝐱)

−√𝜌(𝐱)𝐰(𝐱′)]√𝜌(𝐱′) 𝖽𝐱′.

Let 𝜆𝑘(𝑡) be the discrete eigenvalues of L𝜌(𝑡) starting with
the eigenpair 𝜆1 = 0 (corresponding to eigenfunction
√𝜌(𝑡, 𝐱)𝐜, where 𝐜 is any constant vector in 𝕋𝑑). The de-
sired lower bound on the kinetic energy fluctuations part
of the enstrophy is given by the spectral gap, 𝜆2(L𝜌(𝑡)),

∬
𝕋𝑑×𝕋𝑑

𝜙(𝐱, 𝐱′)|𝐮 − 𝐮′|2𝖽𝗆𝜌(𝐱, 𝐱′)

≥
𝜆2(L𝜌(𝑡))

𝑚0
∬

𝕋𝑑×𝕋𝑑
|𝐮 − 𝐮′|2𝖽𝗆𝜌(𝐱, 𝐱′).

(22)

This corresponds to the decay of discrete energy fluctu-
ations, in (6)2, quantified in terms of the spectral gap
𝜆2(ΔΦ(𝑡)). The proof is outlined in the end of this section.

Remark. The spectral gap bound (22) generalizes the spec-
tral bound derived in [ST20, Theorem 1.1] which required
the spurious condition 𝜌(𝑡, ⋅) ≳ ⟨𝑡⟩−1/2. Instead, (22) en-
codes the behavior of 𝜌 through the weighted Laplacian
L𝜌(𝑡).

Inserting (21) and (22) into (12) yields the following.

Theorem 2 (Flocking with positive spectral gap). Let
(𝜌(𝑡, ⋅), 𝐮(𝑡, ⋅)) be a strong solution of the hydrodynamic system
(2),(10) with a mesoscopic pressure 𝐏(𝑡, ⋅), subject to nonvacu-
ous initial data, (𝜌0 > 0, 𝐮0, 𝐏0). Then the following flocking
decay estimate holds:

𝛿E (𝑡) ≤ exp {− 2𝜅∫
𝑡

0
min {𝜆2(L𝜌(𝜏)), 𝜌−(𝜏)}𝖽𝜏}𝛿E (0).

Thus, if 𝜆2(L𝜌(𝑡)) and 𝜌−(𝑡) have fat-tailed decay in time,
then they “communicate” strong enough alignment to im-
ply the flocking behavior sought in (14),

𝛿E (𝑡) = ∫
𝕋𝑑
[12 |𝐮(𝑡, 𝐱) − 𝐮0|2 + 𝑒(𝑡, 𝐱)]𝜌(𝑡, 𝐱) 𝖽𝐱 → 0.

It comes with the additional decay of the internal energy.

Proof of the spectral gap bound (22). Given the symmetric
communication kernel 𝜙(𝐱, 𝐱′) = 𝜙(𝐱′, 𝐱) ∈ 𝐿∞(𝕋𝑑 × 𝕋𝑑)
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and the positive weight function 𝜌 > 0, we set the weighted
Laplacian operator,

L𝜌 ≔ Λ𝜌 −A𝜌,

where Λ𝜌 ∶ 𝐿2𝜌(𝕋𝑑) → 𝐿2𝜌(𝕋𝑑) is a multiplication operator
and A𝜌 ∶ 𝐿2𝜌(𝕋𝑑) → 𝐿2𝜌(𝕋𝑑) is a Hilbert-Schmidt operator

on 𝐿2𝜌(𝕋𝑑) ≔ {𝐰 ∶ ∫𝕋𝑑 |𝐰|2𝜌 𝖽𝐱 < ∞},

Λ𝜌𝐰(𝐱) ≔ 𝜌𝜙(𝐱)𝐰(𝐱),

A𝜌𝐰(𝐱) ≔ √𝜌(𝐱)∫
𝕋𝑑
𝜙(𝐱, 𝐱′)𝐰(𝐱′)√𝜌(𝐱′) 𝖽𝐱′.

The Laplacian L𝜌 is a symmetric nonnegative5 operator in
𝐿2𝜌(𝕋𝑑):

(L𝜌√𝜌𝐰,√𝜌𝐰)

=∬
𝕋𝑑×𝕋𝑑

𝜙(𝐱, 𝐱′)𝜌(𝐱′)𝜌(𝐱)|𝐰(𝐱)|2 𝖽𝐱 𝖽𝐱′

−∬
𝕋𝑑×𝕋𝑑

√𝜌(𝐱)𝜙(𝐱, 𝐱′)√𝜌(𝐱′)

× ⟨√𝜌(𝐱′)𝐰(𝐱′),√𝜌(𝐱)𝐰(𝐱)⟩ 𝖽𝐱 𝖽𝐱′

≡ 1
2∬𝕋𝑑×𝕋𝑑

𝜙(𝐱, 𝐱′)|𝐰(𝐱) − 𝐰(𝐱′)|2𝖽𝗆𝜌(𝐱, 𝐱′).

Let (𝜆𝑘 ≥ 0,𝐰𝑘(𝐱)) be the sequence of discrete eigenpairs
of L𝜌 starting with the zero eigenvalue 𝜆1 = 0 associated

with𝐰1(𝐱) = √𝜌(𝐱)𝐜, where 𝐜 is any constant vector in 𝕋𝑑,

L𝜌𝐰1 = Λ𝜌(√𝜌(𝐱)𝐜) −A𝜌(√𝜌(𝐱)𝐜)

= √𝜌(𝐱)

×∫
𝕋𝑑
𝜙(𝐱, 𝐱′)(𝜌(𝐱′) −√𝜌(𝐱′)√𝜌(𝐱′)) 𝖽𝐱′ × 𝐜

= 0.

We then have

𝜆2(L𝜌) = inf
√𝜌𝐰⟂√𝜌𝐜

(L𝜌√𝜌𝐰,√𝜌𝐰)
(√𝜌𝐰,√𝜌𝐰)

= inf
∫𝜌𝐰=0

1
2
∬𝜙(𝐱, 𝐱′)|𝐰 −𝐰′|2𝖽𝗆𝜌(𝐱, 𝐱′)

1
2𝑚0

∬|𝐰 −𝐰′|2𝖽𝗆𝜌(𝐱, 𝐱′)
.

(23)

The desired lower bound of the kinetic energy fluctuations
(22) follows. □

5In agreement with the standard convention of keeping positive graph Lapla-
cians, as opposed to the usual Laplacians being negative.

Metric-based kernels. The main difficulty with Theorem
2 is access to the spectral gap 𝜆2(L𝜌(𝑡)). To this end,
we restrict attention to the radial communication kernel,
𝜙(𝐱, 𝐱′) = 𝜑(|𝐱−𝐱′|). Short-range communication refers to
“thin-tailed” kernels and in particular to kernels with finite
support—much smaller than the diameter of the nonvac-
uous “crowd,” diam supp{𝜑(⋅)} < diam supp{𝜌(⋅, 𝑡)}, and
therefore lack direct global communication. Instead, de-
cay of energy fluctuations (and hence flocking) persists for
nonvacuous configurations quantified below. We denote

𝑐𝜌(𝑡) ≔
𝜌−(𝑡)
𝜌+(𝑡)

, 𝜌±(𝑡) ≔ max𝐱
min𝐱𝜌(𝑡, 𝐱).

Theorem 3 (Flocking with short-range kernels). Consider
the hydrodynamic system (10) over the 2𝜋-periodic torus
𝕋𝑑, driven by a nonnegative radial communication kernel,
𝜙(𝐱, 𝐱′) = 𝜑(|𝐱 − 𝐱′|), with unit mass ∫𝕋𝑑 𝜑(|𝐱|) 𝖽𝐱 = 1. Let
(𝜌, 𝐮, 𝐏) be a strong solution subject to nonvacuous initial data
(𝜌0 > 0, 𝐮0, 𝐏0). There exists a constant 𝜎𝜑 > 0,

𝜎𝜑 ≔ 1 −max
𝐤≠{𝟎}

∫
𝕋𝑑
𝜑(|𝐱|) cos (𝐤 ⋅ 𝐱) 𝖽𝐱,

such that

𝜆2(L𝜌(𝑡)) ≥
1
2𝜎𝜑𝑐𝜌(𝑡)𝜌−(𝑡), (24)

and the following bound on the decay of energy fluctuations
holds:

𝛿E (𝑡) ≤ exp{ − 𝜅 𝜎𝜑∫
𝑡

0
𝑐𝜌(𝜏)𝜌−(𝜏)𝖽𝜏}𝛿E (0). (25)

Remark (Optimality of the spectral gap bound?). The ob-
vious bound

𝜆2(L𝜌(𝑡)) ≥ 𝑚0 ⋅ min 𝜙(𝐱, 𝐱′)
implies that when 𝜙 is a long-range communication ker-
nel, namely, when (15) holds with 𝜃 < 1, then it in-
duces an unconditional flocking. The question of flocking
for short-range kernels is more subtle: Theorem 3 shifts
the burden of proving flocking in this case, to a question
of nonvacuous bounded density, 𝜌−(𝑡) ≳ ⟨𝑡⟩−1/2 (in which
case 𝑐𝜌(𝑡) ≳ ⟨𝑡⟩−1/2 and hence 𝛿E (𝑡) → 0). We raise the
question whether an improved bound of the spectral gap
holds—independent of the aspect ratio 𝑐𝜌, 𝜆2(L𝜌(𝑡)) ≳
𝜌−(𝑡). This would imply flocking for ”fat-tailed” density
such that 𝜌−(𝑡) ≳ ⟨𝑡⟩−1.
Proof of Theorem 3. We begin with the following Poincaré
inequality, corresponding to the bound of discrete energy
fluctuations in (6): for all 2𝜋-periodic 𝐰 ∈ 𝐿2(𝕋𝑑) there
holds

∬
𝕋𝑑×𝕋𝑑

𝜑(|𝐱 − 𝐱′|)|𝐰(𝐱) − 𝐰(𝐱′)|2 𝖽𝐱 𝖽𝐱′

≥
𝜎𝜑

(2𝜋)𝑑 ∬𝕋𝑑×𝕋𝑑
|𝐰(𝐱) − 𝐰(𝐱′)|2 𝖽𝐱 𝖽𝐱′.

(26)
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Indeed, expressed in terms of the Fourier expansion

𝐰(𝐱) = (2𝜋)−
𝑑
2 ∑

𝐤
�̂�(𝐤)𝑒𝑖𝐤⋅𝐱

with �̂�(𝐤) ≔ (2𝜋)−
𝑑
2 ∫𝕋𝑑 𝐰(𝐱)𝑒−𝑖𝐤⋅𝐱 𝖽𝐱, the integral on the

right of (26) amounts to

1
2∬𝕋𝑑×𝕋𝑑

|𝐰(𝐱) − 𝐰(𝐱′)|2 𝖽𝐱 𝖽𝐱′

= (2𝜋)𝑑∫
𝕋𝑑
|𝐰(𝐱)|2 𝖽𝐱 − ||∫

𝕋𝑑
𝐰(𝐱) 𝖽𝐱||

2

= (2𝜋)𝑑 ∑
𝐤≠𝟎

|�̂�(𝐤)|2.

(27)

Computing the convolution terms on the left of (26),

ˆ⟨𝜑∗𝐰⟩(𝐤) = (2𝜋)
𝑑
2 ⟨𝜑(𝐤), �̂�(𝐤)⟩, and using the assumed

unit mass 𝜑(0) = (2𝜋)−
𝑑
2 , yields for the left of (26),

1
2∬𝕋𝑑×𝕋𝑑

𝜑(|𝐱 − 𝐱′|)|𝐰 −𝐰′|2 𝖽𝐱 𝖽𝐱′

= ∫
𝕋𝑑
|𝐰(𝐱)|2 𝖽𝐱 − R𝑒∫

𝕋𝑑
⟨𝐰(𝐱), (𝜑 ∗ 𝐰)(𝐱)⟩ 𝖽𝐱

= ∑
𝐤≠𝟎

(1 − R𝑒∫
𝕋𝑑
𝜑(|𝐱|)𝑒𝑖𝐤⋅𝐱 𝖽𝐱) |�̂�(𝐤)|2

≥ 𝜎𝜑 ∑
𝐤≠𝟎

|�̂�(𝐤)|2.

Using (26) we compute the lower bound

∬
𝕋𝑑×𝕋𝑑

𝜑(|𝐱 − 𝐱′|)|𝐮 − 𝐮′|2𝖽𝗆𝜌

≥ 𝜌2−(𝑡)∬
𝕋𝑑×𝕋𝑑

𝜑(|𝐱 − 𝐱′|)|𝐮 − 𝐮′|2 𝖽𝐱 𝖽𝐱′

≥
𝜎𝜑

(2𝜋)𝑑 𝜌
2
−(𝑡)∬

𝕋𝑑×𝕋𝑑
|𝐮 − 𝐮′|2 𝖽𝐱 𝖽𝐱′

≥
𝜎𝜑

(2𝜋)𝑑
𝜌2−(𝑡)
𝜌+(𝑡)

∬
𝕋𝑑×𝕋𝑑

|𝐮 − 𝐮′|2𝜌(𝑡, 𝐱) 𝖽𝐱 𝖽𝐱′

≥
𝜎𝜑

(2𝜋)𝑑
𝜌2−(𝑡)
𝜌+(𝑡)

(2𝜋)𝑑∫
𝕋𝑑
|𝐮 − 𝐮|2𝜌(𝑡, 𝐱) 𝖽𝐱

≥ 𝜎𝜑
𝜌2−(𝑡)
𝜌+(𝑡)

1
𝑚0

∬
𝕋𝑑×𝕋𝑑

|𝐮 − 𝐮|2𝖽𝗆𝜌

= 𝜎𝜑
𝜌2−(𝑡)
𝜌+(𝑡)

1
2𝑚0

∬
𝕋𝑑×𝕋𝑑

|𝐮 − 𝐮′|2𝖽𝗆𝜌.

(Recall 𝐮 = 𝜌𝐮
𝑚0

so the fourth inequality follows from

∫ |𝐮−𝐜|2𝜌 ≥ ∫ |𝐮−𝐮|2𝜌 for all constant vectors 𝐜.) We now
deduce (24) from the optimality of 𝜆2(L𝜌) in (23); ob-
serve that the eigenspace associated with 𝜆2(L𝜌(𝑡)) remains
uniformly bounded away from the eigenspace of constants
associated with 𝜆1(L𝜌(𝑡)) = 0. Moreover,

1
2
𝜎𝜑𝑐𝜌𝜌−(𝑡) ≤

𝜌−(𝑡) ≤ 𝜌𝜙(𝑡) and (25) follows from Theorem 2. □

Let 𝑚0 denote the average mass 𝑚0 ≔
𝑚0
(2𝜋)𝑑

. Theorem

3 tells us that as long as the density fluctuations remain
below the threshold,

𝜌+(𝑡) − 𝜌−(𝑡) ≤ (1 − 𝑐)𝑚0, 𝑐 < 1, (28)

then 𝑐𝜌(𝑡) ≥ 𝑐 and hence 𝜌−(𝑡) ≥ 𝑚0𝑐. We end up with the
exponential flocking bound

𝛿E (𝑡) ≤ exp{−𝛿𝜎𝜑𝑡}𝛿E (0), 𝛿 ≔ 𝜅𝑚0𝑐2. (29)

This echoes a similar result for first-order consensus dy-
namics encoded in terms of positions, {𝐱𝑖}, corresponding
to transported density 𝜌: if the variation of the density
remains below a specified 𝜑-dependent threshold, then
smooth solutions approach a consensus, [GPY17]. In both
cases, the threshold, quantified in terms of the Fourier
transform of 𝜑, dictates flocking/consensus for short-range
kernels.

We close the section with two examples.

Example 1. Consider the 1D dynamics over the 2𝜋-
torus 𝕋 driven by the communication kernel6 𝜙(𝑥, 𝑥′) =
1
2
11(|𝑥 − 𝑥′|). The corresponding threshold is given by

𝜎𝜑 = 1 − sin(1) ∼ 0.158. It follows that if the density
has a finite variation so that (28) holds, then the 1D CS
dynamics (10) admits exponentially converging flocking
≲ 𝑒−0.158𝛿𝑡. In fact, in a recent work of Dietert and Shvy-
dkoy (cf. [Tad21]) it was shown that in the special 1D
case, any discrete CS dynamics (1) with nontrivial commu-
nication kernel admits flocking rate of order ≲ (ln(𝑡)/𝑡)1/5.
Here, by restricting attention to large-crowd dynamics with
slowly varying density, we improve the flocking result to
exponential rate.

Example 2. Consider the 2D dynamics over the 2𝜋-
periodic torus 𝕋2 driven by the communication kernel
𝜙(𝐱, 𝐱′) = 1

𝜋
11(|𝐱 − 𝐱′|). The Fourier coefficients of the

radial 𝜙 are given by 2𝜋𝜑(𝐤) = 2
|𝐤|
𝐽1(|𝐤|) and hence

𝜎𝜑 = 1 − 𝐽1(1)
𝜋 ∼ 0.86.

It follows that if the density variation remains with the
range (28), then the 2D CS dynamics (10) admits expo-
nentially converging flocking ≲ 𝑒−0.86𝛿𝑡.

Global Smooth Solutions
The hydrodynamics (10) is driven by two competingmech-
anisms: a generic effect in Eulerian dynamics of steepen-
ing local fluctuations which may lead to finite-time blow-up
when lim(𝑡,𝐱)↑(𝑡𝑐,𝐱𝑐)∇𝐱⋅𝐮(𝑡, 𝐱) = −∞, and alignment which
prevents the formation of shock discontinuities,

∇𝐱 ⋅ 𝐮(𝑡, ⋅) ≥ −𝐶0 > −∞, (30)

6With 1𝑅 denoting the characteristic function 1𝑅(𝑟) ≔ { 1, 0 ≤ 𝑟 ≤ 𝑅,
0, 𝑟 > 𝑅.
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as ∬|𝐮 − 𝐮′|2𝖽𝗆𝜌(𝐱, 𝐱′)
𝑡→∞⟶ 0. The outcome of this com-

petition determines whether (10) admits strong solutions
sought in Theorems 2 and 3. The global existence results
available in current literature are almost exclusively de-
voted to monokinetic closure 𝐏 ≡ 0,

𝜌𝑡 + ∇𝐱 ⋅ (𝜌𝐮) = 0,
(𝜌𝐮)𝑡 + ∇𝐱 ⋅ (𝜌𝐮 ⊗ 𝐮)

= 𝜅∫𝜙(𝐱, 𝐱′)(𝐮′ − 𝐮)𝜌𝜌′ 𝖽𝐱′.
(31)

Although the repulsive forcing of pressure is missing,
system (31) is still driven by a competition between non-
linear advection and alignment. Indeed, the alignment hy-
drodynamics with or without pressure, (10) or (31), may
form finite-time shock-discontinuities, coupled with the
emergence of Dirac masses, which requires their interpre-
tation as weak solutions. A proper notion of weak solutions
which enforces uniqueness within an admissible class of
solutions is still missing.7 Existence of global strong solu-
tions, on the other hand, depends on certain critical thresh-
olds in the space of initial configurations.
Critical thresholds. To motivate our choice for initial
thresholds, we turn to discuss the thermodynamics of the
general alignment system (10). The entities governed by
collective description (1) are fundamentally different than
physical particles. While physical particles are driven by
forces induced by the environment of other particles, the
“social particles” we consider here are driven by probing
the environment—living organisms, human interactions,
and sensor-based agents have senses and sensors with
which they actively probe the environment. In particu-
lar, such social agents are often driven by outside pro-
cesses. This is particularly apparent in self-organization
of biological agents that receive energy from the outside,
thus forming thermodynamically open systems. Accord-
ingly, the mesoscopic description for flocking cannot be
expected to provide a self-contained notion of thermody-
namic closure sought in (10), and as such, there is no
universal Maxwellian for thermal equilibrium. As noted
in [VZ12, §1.1], “The source of energy making the motion
possible ... are not relevant.” Nevertheless, we argue that
lack of thermal equilibrium in the form of certain closure
equalities can be substituted with certain inequalities, which
are compatible with the decay of internal energy fluctua-
tions in (12). To this end, we trace the separate contribu-
tions of the kinetic and internal energies. Multiplying the

7We mention in this context related works (see [Tad21]) on dissipative and
measure-valued solutions with a weak-strong uniqueness principle.

momentum (10a)2 by 𝐮, we find

𝜕𝑡(𝜌𝑒𝐾 ) + ∇𝐱 ⋅ (𝜌𝐮
|𝐮|2
2 + 𝐏𝐮) +∑

𝑖,𝑗
𝑃𝑖𝑗

𝜕𝑢𝑖
𝜕𝑥𝑗

= −𝜅∫𝜙(𝐱, 𝐱′)(|𝐮|2 − 𝐮 ⋅ 𝐮′)𝜌𝜌′ 𝖽𝐱′.

Subtracting the portion of kinetic energy from the bal-
ance of total energy in (11) we find the dynamics for the
internal energy, expressed in terms of the average density
(19), 𝜌𝜙 = ∫𝜙(𝐱, 𝐱′)𝜌(𝑡, 𝐱′) 𝖽𝐱′, and the 𝑑 × 𝑑 velocity gra-

dient matrix ∇𝐮 ≔ { 𝜕ᵆ𝑖
𝜕𝑥𝑗

},

𝜕𝑡(𝜌𝑒) + ÷(𝐮𝜌𝑒 + 𝐪) = −trace(𝐏∇𝐮) − 2𝜅𝜌𝑒𝜌𝜙(𝑡, 𝐱).

Since trace(𝐏) = ∫ |𝐯 − 𝐮|2𝑓(𝐯) d𝐯 = 2𝜌𝑒 > 0, we find that
the equation governing the internal energy can be put into
a relaxation form,

𝜕𝑡(𝜌𝑒) + ÷(𝐮𝜌𝑒 + 𝐪) = −2𝒥𝜌𝑒, (32)

with 𝒥 = 𝒥(𝑡, 𝐱) given in terms of the normalized pressure
𝐏 = 1

trace(𝐏)
𝐏,

𝒥(𝑡, 𝐱) ≔ trace(𝐏∇𝐮)(𝑡, 𝐱) + 𝜅𝜌𝜙(𝑡, 𝐱). (33)

We do not enforce any specific form for closure of the in-
ternal energy. Instead, we explore the flocking dynam-
ics subject to a rather general set of thermodynamic con-
figurations with the minimal assumption that the total
amount of internal energy is nonincreasing, in agreement
with (12). Integration yields

∫𝜌𝑒(𝑡, 𝐱) 𝖽𝐱 ≤ exp {−2∫
𝑡
𝒥−(𝜏)d𝜏}∫(𝜌𝑒)0(𝐱) 𝖽𝐱,

where 𝒥−(𝑡) ≔ min𝐱 𝒥(𝑡, 𝐱). Thus, a nonincreasing total
energy is tied to the inequality 𝒥−(𝑡) ≥ 0 (and in fact, if
there is no heat flux, 𝐪 ≡ 0, then (32) would yield a uniform
decay of internal energy in this case). A simple exercise
shows that since 𝐏 is a symmetric positive definite matrix
with trace 1, then trace(𝐏𝑀) ≥ 𝜆min(𝑀𝑆) for any matrix 𝑀
with symmetric part 𝑀𝑆 ≔ 1

2
(𝑀 + 𝑀⊤). In particular we

have the following lower bound in terms of the symmetric
gradient ∇𝑆𝐮 ≔

1
2
(𝜕𝑗𝑢𝑖 + 𝜕𝑖𝑢𝑗):

trace (𝐏∇𝐮) ≥ 𝜆min(∇𝑆𝐮). (34)

In summary, in view of (33),(34) we are motivated to pos-
tulate the following critical threshold requirement: there
exists 𝜂𝑐 ≥ 0 such that

𝜂(𝜌, 𝐮)(𝑡, 𝐱) ≔ 𝜆min(∇𝑆𝐮)(𝑡, 𝐱) + 𝜅𝜌𝜙(𝑡, 𝐱) ≥ 𝜂𝑐. (35)

Observe that the threshold (35) is independent of the ther-
modynamic state of the system and it will guarantee the
decay ∫𝜌𝑒(𝑡, 𝐱) 𝖽𝐱 ≲ 𝑒−2𝜂𝑐𝑡. The key question is whether
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such threshold persists in time. At this point it is instruc-
tive to compare (35) with the known results of global reg-
ularity in dimension 𝑑 = 1, 2. A global smooth solution in
the 1D case, and in the more general setup of unidirectional
flows, exists if and only if the initial configuration satisfies
the threshold 𝑢′0(𝑥) + 𝜅𝜑 ∗ 𝜌0(𝑥) ≥ 0, [LS20]; this corre-
sponds to (35)𝑡=0 with 𝜂𝑐 = 0. A sufficient threshold for
2D regularity (consult [Tad21]) requires a lower bound on
the initial divergence and an upper bound on the spectral
gap (recall (18)),

∇𝐱 ⋅ 𝐮0 + 𝜅𝜑 ∗ 𝜌0 > 0,

(𝜆2 − 𝜆1)(∇𝑆𝐮0) ≤ 𝛿0, 𝛿0 ≕
1
2𝑚0𝜙(𝐷+),

which imply that (35)𝑡=0 holds with

𝜂𝑐 =
1
2(min𝐱 𝜑 ∗ 𝜌0 − 𝛿0).

Existence of strong solutions in 𝑑 ≥ 3 dimensions for
“small data” can be found in [Shv19]. The next result set-
tles the open question of existence of strong solutions in
𝑑 ≥ 3 dimensions.

Theorem 4 ([Tad21] Existence of global strong solutions
of multiD Euler alignment system). Consider the Euler
alignment system (31) subject to nonvacuous initial data,
(𝜌0, 𝐮0) ∈ 𝐻𝑚 × 𝐻𝑚+1, with initial velocity of finite variation
max𝐱 |𝐮′0−𝐮0| ≤ 𝐶𝜙. If the initial conditions satisfy the thresh-
old condition

𝜆min(∇𝑆𝐮0)(𝐱) + 𝜅(𝜌0)𝜙(𝐱) ≥ 𝜂𝑐, 𝜂𝑐 =
1
2(𝜌0)− > 0,

then this threshold persists in time,

𝜆min(∇𝑆𝐮)(𝑡, 𝐱) + 𝜅𝜌𝜙(𝑡, 𝐱) ≥ 𝜂𝑐, 𝑡 > 0,
and (31) admits global smooth solution (𝜌, 𝐮) ∈
𝐶([0, 𝑇]; 𝐻𝑚 × 𝐻𝑚+1).

The main feature here is that the initial threshold,
𝜂(𝜌0, 𝐮0)(𝐱) ≥ 𝜂𝑐, forms an invariant region in (𝜌, 𝐮)-
configuration space,

𝜂(𝜌0, 𝐮0)(𝐱) ≥ 𝜂𝑐 ⇝ 𝜂(𝜌, 𝐮)(𝑡, 𝐱) ≥ 𝜂𝑐,
and therefore

∇𝐱 ⋅ 𝐮(𝑡, 𝐱) = ∑
𝜆
𝜆(∇𝑆𝐮) ≥ 𝑑𝜆min(∇𝑆𝐮)(𝑡, 𝐱)

≥ 𝑑(𝜂(𝜌, 𝐮)(𝑡, 𝐱) − 𝜅𝜌𝜙(𝑡, 𝐱)).
It follows that (30) holds with a constant lower bound

𝐶0 = 𝑑(𝜅(𝜌0)𝜙 − 𝜂𝑐) which in turn implies the Sobolev

regularity of (𝜌(𝑡, ⋅), 𝐮(𝑡, ⋅)) by standard energy estimates.

Singular kernels. We conclude by mentioning existence
results for the important class of singular kernels 𝜑𝛽(𝑟) ≔
𝑟−𝛽 with 𝛽 < 𝑑+2: in this case, the communication frame-
work emphasizes short-range interactions over long-range
interactions, yet their global support still reflects global

communication. For the regularity for 1D weakly singu-
lar kernels, 𝜑𝛽 with 𝛽 < 1, and strongly singular kernels
with 1 ≤ 𝛽 < 3 we refer to [MMPZ19] and the references
therein. Here, alignment is structured as fractional diffu-
sion which was shown, at least in the one-dimensional
case, to enforce unconditional flocking behavior, indepen-
dent of any initial threshold. A typical result asserts that
(31) with strongly singular kernel, 𝜑1+𝛼 with 0 < 𝛼 < 2
on 𝕋, any non-vacuous initial data evolves into a unique
global solution, (𝜌, 𝑢) ∈ 𝐿∞([0,∞);𝐻𝑠+𝛼 × 𝐻𝑠+1), 𝑠 ≥ 3,
which converges to a flocking traveling wave,

‖𝑢(𝑡, ⋅) − 𝑢0‖𝐻𝑠 + ‖𝜌(𝑡, ⋅) − 𝜌∞(⋅ − 𝑡𝑢0)‖𝐻𝑠−1 ≲ 𝑒−𝜂𝑡.

Existence of strong solutions for multiD problems with
strongly singular kernels 𝜑(𝑟) = 𝑟−(𝑑+𝛼), 1 < 𝛼 < 2, in
𝑑 ≥ 2 dimensions is open, except for “small data” results
for small initial data results forHölder spaces, |𝐮0−𝐮∞|∞ ≲
(1+‖𝜌0‖𝑊3,∞ +‖𝐮0‖𝑊3,∞)−𝑑 with 0 < 𝛼 < 2, and for Besov
data

‖𝐮0‖𝐵2−𝛼𝑑,1
+ ‖𝜌0 − 1‖𝐵1𝑑,1 ≤ 𝜖, 𝛼 ∈ (1, 2).

There are fewer results on the existence of strong solu-
tions with short-range interactions and in particular, com-
pactly supported 𝜑’s. This include the class of strongly
singular kernels, 𝜑𝛽, 𝑑 < 𝛽 < 𝑑 + 2, with “thin tails,”
∫∞
1 𝜑𝛽(|𝐱|) 𝖽𝐱 < ∞—thinner than those sought for long-

range communication (16). Wemention the 1D dynamics
driven by short-range topological kernels with singular pair-
wise interactions restricted to finite balls, (4), where com-
munication within the balls is dictated by the density in
the intermediate communication range, 𝜇𝜌(𝐱, 𝐱′), a con-
tinuum analogue of the discrete case (3), [ST20],

𝜙(𝐱, 𝐱′) =
1𝑅0(|𝐱 − 𝐱′|)
|𝐱 − 𝐱′|𝛽−𝛾 × 1

𝜇𝛾𝜌(𝐱, 𝐱′)
, 0 < 𝛾 < 𝛽,

where 𝜇𝜌(𝐱, 𝐱′) ≔ (∫𝒞(𝐱,𝐱′) 𝜌(𝑡, 𝐳) d𝐳)
1/𝑑

is the rescaledmass
in a communication region 𝒞(𝐱, 𝐱′) enclosed between 𝐱
and 𝐱′.
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Enumerative Combinatorics
of Lattice Polymers

Nathan Clisby
Why Study Lattice Polymers?
There are three principal reasons to study lattice poly-
mers. For physicists (and mathematicians interested in
applications), the miraculous phenomenon of “universal-
ity” means that exact information about real-world poly-
mer systems can be obtained by studying highly idealized
models such as lattice polymers. For mathematicians (and
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physicists who appreciatemathematical beauty), the physi-
callymotivatedmodels aremathematically appealing, and
have rich combinatorial structure. The third reason is that
it is just a really fun research topic.1

The most fundamental model is the self-avoiding
walk [Flo49,MS93], which is a walk that starts at the ori-
gin of a lattice and moves successively to neighboring sites,
with the rule that self-intersections are forbidden. An
example of a self-avoiding walk on the square lattice is
shown in Figure 1, together with a self-avoiding polygon,
which is a walk that returns to the origin but is otherwise
self-avoiding.

Formally, an 𝑛-step self-avoiding walk on ℤ𝑑 is a map-
ping 𝜔 ∶ {0, 1, … , 𝑛} → ℤ𝑑 with 𝜔(0) at the origin, steps of

1It’s possible that the author is somewhat biased.
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Figure 1. A self-avoiding walk (left) and a self-avoiding
polygon (right) on the square lattice.

unit Euclidean length so that |𝜔(𝑖+1)−𝜔(𝑖)| = 1 for each 𝑖,
and the self-avoidance constraint enforced by 𝜔(𝑖) ≠ 𝜔(𝑗)
for all 𝑖 ≠ 𝑗. We are interested in the number of walks of
length 𝑛, which we denote by 𝑐𝑛, the number of polygons
of length 𝑛, which we denote by 𝑝𝑛, and other properties
such as the mean squared distance of the end of an 𝑛-step
walk from the origin,

𝔼𝑛(|𝜔(𝑛)|2) = 𝑐−1𝑛 ∑
|𝜔|=𝑛

|𝜔(𝑛)|2,

which measures the typical size of a walk.
It is widely believed that the following asymptotic be-

havior occurs for the self-avoiding walk on a regular lattice
in any dimension:

𝑐𝑛 ∼ 𝐴𝜇𝑛𝑛𝛾−1,
𝔼𝑛(|𝜔(𝑛)|2) ∼ 𝐷𝑛2𝜈,

where 𝜇 is a lattice-dependent growth constant, and 𝛾 and
𝜈 are universal critical exponents that only depend on the
dimension of the lattice. Simple random walks undergo
Brownian motion, and have 𝛾 = 1 and 𝜈 = 1

2
, while

walks that move at a steady speed, that is “ballistically,”
have 𝜈 = 1. For self-avoiding walks there are exact con-
jectures for 𝑑 = 2 of 𝛾 = 43

32
and 𝜈 = 3

4
, and precise nu-

merical estimates from Monte Carlo simulations for 𝑑 = 3
of 𝛾 = 1.156953(1) and 𝜈 = 0.5875970(4) (the numbers
in parentheses indicate the uncertainty in the final digit),
while for 𝑑 ≥ 4 the self-avoidance constraint is sufficiently
weak that critical exponents assume their randomwalk val-
ues 𝛾 = 1 and 𝜈 = 1

2
, with logarithmic corrections when

𝑑 = 4.
Self-avoiding walks are self-similar fractal objects, with

fractal dimension 1/𝜈. As
1
2
< 𝜈 < 1 for 𝑑 = 2, 3, self-

avoiding walks are visibly more spread out than simple
random walks, but do not move ballistically. This can be
observed in the image at the start of the article that shows
a self-avoiding walk of 1 billion steps on the square lattice,
generated using a Markov chain Monte Carlo procedure
known as the pivot algorithm.

The self-similarity of two-dimensional self-avoiding
walks can be observed in Figure 2. Starting at the top left

corner there is a walk of one billion steps. Then, by follow-
ing the arrows one has a sequence of subwalks of length
108, 107, … , 10 steps that are obtained by zooming into the
original walk. It is impossible (at least to the author) to
distinguish between different length scales until the under-
lying lattice becomes apparent. This image also serves as
a striking “proof by picture” that 𝜈 = 3

4
, as subwalks of

length 𝑘 are scaled by 𝐴𝑘−3/4, where 𝐴 is a fixed constant.
If 𝜈 was even slightly different from the conjectured value
of

3
4
, then the size of the images of these subwalks would

noticeably change as 𝑘 is varied from 10 to 109.
The self-avoiding walk is intimately related to other

models in lattice statistical mechanics, as it is the 𝑛 → 0
limit of the so-called 𝑛-vector model; the famous Ising
model corresponds to 𝑛 = 1.

Remarkably, self-avoiding walks can be used to gain ex-
act information about real-world polymer systems due to
the phenomenon of universality. Universality is the ob-
servation that when a change of state, or phase transition,
with a diverging correlation length occurs for a model in
statistical mechanics, that sufficiently similar systems in
the same “universality class” will have exactly the same
kind of behavior in the limit of large system size, and the
fine-grained details of the model do not matter.

The key feature that determines the behavior of real
polymer chains in a good solvent is the excluded volume
constraint, and this property is exactly captured by the self-
avoiding walk model. Thus, real polymers, self-avoiding
walks on any three-dimensional lattice, weakly avoiding
walks that penalize but do not forbid self-intersections,
and various semirealistic models of polymers in ℝ3 all
have the same value of 𝜈. Self-avoiding walks also capture
other universal properties, such as the fact that knots are
ubiquitous in long polymers; as 𝑛 → ∞ the probability of
a self-avoiding polygon being knotted approaches 1 expo-
nentially rapidly.

Much is known about self-avoiding walks, but rather
less has been proved. Two stand-out results are the proof
by Hara and Slade [HS92], via the lace expansion, that
for 𝑑 ≥ 5 the critical exponents exist and assume ran-
dom walk values, and the proof by Duminil-Copin and
Smirnov [DCS12], via the introduction of a parafermionic
observable that satisfies a remarkable discrete holomor-

phicity condition, that 𝜇 = √2 +√2 for the honeycomb
lattice. But, although there is overwhelming numerical ev-
idence in favor of the correctness of the asymptotic forms
for 𝑐𝑛 and 𝔼𝑛(|𝜔(𝑛)|2) given above, there is as yet no proof
of this for 𝑑 = 2 and 𝑑 = 3.

For 𝑑 = 2, it is believed that in the scaling limit,
where 𝑛 → ∞ and the appropriately scaled lattice spacing
approaches zero, that the two-dimensional self-avoiding
walk model converges to Schramm-Loewner Evolution
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Figure 2. Zooming in to a self-avoiding walk with 109 steps on the square lattice. Starting from the top left, subwalks have
109, 108, … , 10 steps, with each successive subwalk appearing as a red section in the larger walk. The scale factor for the length-𝑘
subwalk is 𝐴𝑘−3/4, where 𝐴 is a fixed constant.

(SLE) with parameter 𝜅 = 8
3
. A proof of this would im-

mediately confirm the conjectured exponent values for the
two-dimensional self-avoiding walk, and much else, and
would surely be worthy of a Fields Medal.

For 𝑑 = 3, the situation is even more challenging, and
the prospects of proving any strong results seem remote.
Therefore, current efforts to improve our understanding of
three-dimensional lattice polymer systems are focused on
experimental mathematics efforts in computer enumera-
tion andMonte Carlo simulation to deepen our qualitative
and quantitative understanding of the behavior of these
systems.

Despite the large gaps in what has been proved about
self-avoiding walks, it has been an extraordinarily rich
model in inspiring progress in combinatorics, mathemati-
cal physics, probability, and polymer science. Going into
detail on these topics would require rather more space
than I have available (see [MS93, JvR15] for more of these
details) and in this article I will instead narrowly focus on
aspects of lattice polymers related to enumerative combi-
natorics. Although the self-avoiding walk model has not
been solved, it has inspired a fabulously diverse ecosys-
tem of combinatorially interesting solvable models. With-
out even the slightest pretense at comprehensiveness, I
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will concentrate on enumerative combinatorial aspects of
a select few models of lattice polymers to convey some
of the goals and methods of this research area. In addi-
tion, one of the most powerful experimental mathemat-
ics approaches to the quantitative understanding of self-
avoiding walks and related models is to perform exact enu-
merations on the computer. I will briefly explain the com-
binatorial and geometric insights that are at the heart of
the most efficient known algorithms for the enumeration
of self-avoiding walks in two and three dimensions.

I will now give a brief overview of the use of generating
functions in the study of lattice polymers.

Generating Functions
For any combinatorial sequence 𝑐𝑛, with 𝑛 ≥ 0, we may
associate a generating function

𝐶(𝑥) = ∑
𝑛≥0

𝑐𝑛𝑥𝑛.

For lattice models of polymers, typically 𝑐𝑛 is the number
of walks of length 𝑛, and we say that 𝑥 is the parameter
that is conjugate to the length of the walk. Stealing a vivid
metaphor from Wilf [Wil94], “a generating function is a
clothesline on which we hang up a sequence of numbers
for display.” This generating function may be purely for-
mal, but often we can study the behavior of 𝑐𝑛 via the ana-
lytic properties of 𝐶(𝑥); this is the domain of analytic com-
binatorics.

We may want to keep track of additional properties be-
sides length, in which case we will construct a multivariate
generating function. For example, for Dyck paths (defined
later) we construct a generating function that weights con-
tacts with a surface

𝐷(𝑎, 𝑥) = ∑
𝑚,𝑛≥0

𝑑𝑚,𝑛𝑎𝑚𝑥𝑛,

with 𝑑𝑚,𝑛 the number of Dyck paths with 𝑚 contacts and
of length 𝑛. We can treat 𝑎 and 𝑥 as purely formal param-
eters, or we can give them particular values. In particular,
𝐷(1, 𝑥) is the generating function for Dyck paths counted
by length alone. If we treat 𝑎 as a fixed constant, then
𝐷(𝑎, 𝑥) is a function of 𝑥, and we can consider the walks
to be weighted objects. In this case, there is a direct corre-
spondence between 𝑎 and so-called Boltzmann weights in
statistical mechanics that determine how the lattice poly-
mer will behave as a function of temperature.

Whenmodels in statistical mechanics have a phase tran-
sition from one state to another, this will manifest as a
singularity in the generating function at a critical point.
For the generating functions of lattice polymers that we
will discuss, this critical point is also the leading singular-
ity of the generating function. For single variable generat-
ing functions, such as 𝐶(𝑥), the leading singularity, 𝑥𝑐, is
a constant, while for multivariate generating functions the

location and nature of the critical point may be a function
of the other parameters.

If the leading behavior of the generating function 𝐶(𝑥)
at 𝑥𝑐 is a power-law singularity with exponent −𝛾, that is,

𝐶(𝑥) ∼ 𝐴(𝑥) (1 − 𝑥
𝑥𝑐
)
−𝛾

with 𝐴(𝑥) analytic in the vicinity of 𝑥𝑐, then
𝑐𝑛 ∼ ̄𝐴𝑛𝛾−1𝑥−𝑛𝑐 = ̄𝐴𝑛𝛾−1𝜇𝑛,

where 𝜇 = 1/𝑥𝑐 is the growth constant for the sequence 𝑐𝑛
and ̄𝐴 = 𝐴(𝑥𝑐)/Γ(𝛾).

Thus, there is a correspondence between the leading
power-law singularity in the generating function and the
power-law factor of the asymptotic behavior of the associ-
ated sequence. In particular, a pole in the generating func-
tion with 𝛾 = 1 will mean that the sequence will grow as a
pure exponential with no power-law correction.

More complicated analytical forms and associated as-
ymptotic behavior are possible, including confluent expo-
nents and the occurrence of multiple leading singularities,
both of which result in additive power-law corrections for
the sequence. Still more exotic behavior may occur, such
as stretched exponential asymptotics like

𝑐𝑛 ∼ 𝐴𝑛𝛾−1𝜇𝑛𝜍1 𝜇𝑛,
with 𝜎 ≠ 1.

Generating functions may have a wide variety of analyt-
ical properties. In order of increasing generality, they may
be:

• Polynomial, in the case where there are only
a finite number of objects. For example, self-
avoiding walks in a 4 by 4 grid.

• Rational, where the only singularities are poles.
• Algebraic, so that the generating function is a so-

lution of a polynomial equation.
• Differentiably finite (D-finite), or holonomic, so

that the generating function is a solution of a lin-
ear differential equation with polynomial coeffi-
cients.

• Differentiably algebraic (D-algebraic), so that the
generating function is a solution of a polynomial
equation involving 𝑥, the function, and its deriva-
tives.

• None of the above!

For solvable models, the goal is to find an explicit ex-
pression for the generating function—perhaps as an al-
gebraic expression, or as the solution of a higher order
ODE—or at least to find a polynomial-time algorithm for
generating coefficients.

The anisotropic generating function for self-avoiding
polygons on the square lattice, for which vertical steps
have different weights than horizontal steps, is not D-
finite [Rec06]. If one then sets the vertical and horizontal
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weights to be equal one obtains the standard model for
self-avoiding polygons on the square lattice. Therefore, in
the absence of a miraculous and unexpected cancellation
of singularities, the generating function for self-avoiding
polygons is not D-finite. This strongly suggests that it will
be, at best, extremely challenging to find exact solutions
for self-avoiding walks and self-avoiding polygons on the
square lattice.

In this case, our goal is to learn as much about the
model as possible by finding efficient algorithms to enu-
merate the objects, so as to determine as many as possible
terms of the sequence 𝑐𝑛.

Consequently, we seek to determine the properties of
this sequence via series analysis techniques. Themost pow-
erful general technique is the method of differential ap-
proximants [Gut89], which takes the finite approximation
of the generating function and finds a linear ordinary dif-
ferential equation with polynomial coefficients that repro-
duces these initial terms. Features of the model such as 𝑥𝑐
and the associated critical exponent can then be estimated
by analyzing the singularities of the differential equation.

The application of sophisticated computer enumera-
tion and series analysis techniques to problems in lattice
statistical mechanics was pioneered from the late 1950s by
Domb and Sykes (see, e.g., [DS61]) and their many collab-
orators including Fisher, Essam, and Gaunt.

It can be extremely powerful to apply series analysis
techniques to series expansions for problems that are sus-
pected of being solvable, or more precisely to have D-finite
generating functions. If, for example, it is found that a
differential equation involving 100 coefficients is able to
exactly reproduce 1000 terms of a sequence that has been
found by other means, one would be very confident that
the true generating function is in fact the solution of the
differential equation. Such a discovery does not constitute
a proof, but once the solution is known it is usually much
easier to prove that it is correct! Furthermore, when the
generating function can be proved to beD-finite, with a pri-
ori upper bounds available for the order and degree of the
associated differential equation, then this guessing proce-
dure can be made fully rigorous [Zei90].

The Model Spectrum
One characteristic that distinguishes different models of
walks is howmuch informationmust bemaintained about
thewalk as it gets longer, so as to correctly calculateweights
and avoid self-intersections.

Variants of directed walks can on occasion completely
forget about their past behavior, while so-called “prudent”
walks (defined later) can never completely forget about
their past behavior, but can condense that information to
a finite set of parameters. In contrast, the most physically
relevant model, self-avoiding walks, requires that the walk

remember its entire past behavior. Indeed, each step of a
self-avoiding walk of length 𝑛 depends on every other step,
and it is incorrect to think of a self-avoiding walk as being
generated step-by-step as it is a truly non-Markovian pro-
cess.

This makes it straightforward to solve simple variants of
directed models, challenging to solve models such as pru-
dent walks that require more information to be retained,
and extremely difficult—perhaps even impossible—to
solve variants of the self-avoiding walk model.

A unifying principle for exact solutions and efficient
enumeration algorithms is that a geometric or combinato-
rial insight must be gained that allows for independence
between different parts of the walk, where the dependence
between different parts is mediated by a finite (for solu-
tions) or reduced (for algorithms) set of parameters.

Our goal is to find as much information as possible
about the sequences and generating functions of lattice
polymer models. In particular, we wish to understand the
functional form of the generating function and to deter-
mine features such as critical exponents exactly, or to es-
timate them as accurately as possible. In this way we can
gain insight into the phase transitions of themodel, and by
universality thesemodels may also tell us about real-world
systems.

The tools we have at our disposal in this endeavor are, in
order of preference, exact solutions, polynomial time algo-
rithms for enumeration, exponential algorithms for exact
enumeration, and finally Monte Carlo methods of approx-
imate enumeration. We will touch on each of the exact
methods in this article, starting with the exact solution of
directed walk models.

Directed Walks
We begin by considering the simplest model of all: di-
rected walks on the square lattice. Walks start at the ori-
gin, and are able to move either to the north or east with
each step. See Figure 3 for example configurations. The di-
rected nature of the walkmeans that there is never any pos-
sibility for self-intersection, and so choices are completely
unrestricted. By convention, we take the number of walks

Figure 3. Directed walks on the square lattice of 100 steps
(left) and 1000 steps (right).
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Figure 4. Example of a directed self-avoiding walk on a
cylinder of circumference 𝑤 = 4.

with zero steps to be 1, and then there will be two walks
of length 1, and in general

𝑎𝑛 = 2𝑛.
The associated generating function is

𝐴(𝑥) = ∑
𝑛≥0

𝑎𝑛𝑥𝑛 = ∑
𝑛≥0

(2𝑥)𝑛 = 1
1 − 2𝑥 .

We can see that the only singularity of the generating func-
tion is a simple pole, that 𝛾 = 1, and the growth constant
𝜇 = 2. Rather than enumerating the walks directly, an al-
ternative approach is to find a functional equation for the
generating function. We recognize that either a directed
walk has zero steps (corresponding to 𝑥0 = 1), or has a
step to the north or east (weight 𝑥 + 𝑥 = 2𝑥) followed by
another directed walk. So

𝐴(𝑥) = 1 + 2𝑥𝐴(𝑥),
and rearranging gives the same answer as the direct ap-
proach.

One notable feature of directed walks is that they are
anisotropic: although they are self-similar fractal objects,
their scaling behavior depends on the direction. As can be
observed in Figure 3, in the SW-NE direction, the directed
walk is moving ballistically with constant speed away from
the origin so that 𝜈 = 1, whereas in the NW-SE direction
the walk is performing a one-dimensional random walk.

We next determine the generating function 𝐹(𝑤)(𝑥) for
a simple modification of directed walks with periodic
boundary conditions in the north direction, so that self-
intersections may occur when the walk winds around the
cylinder of circumference 𝑤. We show an example of
these directed walks with 𝑤 = 4 in Figure 4. Playing
around with small configurations shows that the num-
ber of cylinder walks when 𝑤 = 2 with 𝑛 ≥ 0 steps is
𝑓(2)𝑛 = 1, 2, 3, 5, 8, 13, …, which is suspiciously reminiscent
of the Fibonacci sequence. By partitioning the set of walks
into those that end in an east step, and those that end in a
north step, it is straightforward to show that the recurrence
relation for the Fibonacci sequence is indeed satisfied, that
is, 𝑓(2)𝑛 = 𝑓(2)𝑛−2 + 𝑓(2)𝑛−1 for 𝑛 ≥ 2.

Instead of obtaining an expression for 𝑓(𝑤)𝑛 for arbi-
trary 𝑤 directly, we will derive a functional equation. We

recognize that either the walk never takes an east step, in
which case it can take either 0, 1, 2, … , 𝑤−1 north steps, or
it does take at least one east step, in which case it can take
0, 1, 2, … , 𝑤−1 north steps, then one east step, followed by
another walk. Thus,

𝐹(𝑤)(𝑥) = (1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑤−1)
+ (1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑤−1)𝑥𝐹(𝑤)(𝑥)

⇒ 𝐹(𝑤)(𝑥) = 1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑤−1
1 − 𝑥 − 𝑥2 − 𝑥3 −⋯− 𝑥𝑤 .

If we take 𝑤 = 2, then the generating function is

𝐹(2)(𝑥) = 1 + 𝑥
1 − 𝑥 − 𝑥2 .

To determine an explicit expression for 𝑓(2)𝑛 , we need to
perform a partial fraction decomposition and observe that

1 − 𝑥 − 𝑥2 = (1 − 𝜙𝑥)(1 + 𝜙∗𝑥),

where 𝜙 = (1 + √5)/2 is the golden ratio, and 𝜙∗ = 1/𝜙 =
(−1 + √5)/2. With a bit of algebra we find that

𝐹(2)(𝑥) = 𝜙 + 1
𝜙 + 𝜙∗

1
1 − 𝜙𝑥 + 𝜙∗ − 1

𝜙 + 𝜙∗
1

1 + 𝜙∗𝑥

= ∑
𝑛≥0

( 𝜙 + 1
𝜙 + 𝜙∗𝜙

𝑛 + 𝜙∗ − 1
𝜙 + 𝜙∗ (−𝜙

∗)𝑛) 𝑥𝑛

⇒ 𝑓(2)𝑛 = 𝜙 + 1
𝜙 + 𝜙∗𝜙

𝑛 + 𝜙∗ − 1
𝜙 + 𝜙∗ (−𝜙

∗)𝑛

= (𝑛 + 1)th Fibonacci number.
Thus we have 𝛾 = 1, 𝜇 = 𝜙 = 1.618033…, and as a bonus
we have an explicit expression for the Fibonacci numbers
in terms of the golden ratio. Note that 𝜇 is less for cylin-
der walks than for directedwalks; the additional restriction
placed on the walks makes them less numerous. General-
izations of Fibonacci numbers are obtained for higher 𝑤,
for example the so-called Tribonacci numbers for 𝑤 = 3;
the On-Line Encyclopedia of Integer Sequences (https://
oeis.org) is an amazing resource for discovering interest-
ing sequences.

Dyck Paths
The final directed model we will consider is Dyck paths
with contact weights. Dyck paths are directed paths on
the rotated square lattice with allowed steps being north-
east and south-east, with the extra conditions that the path
must always have 𝑦 ≥ 0 but start and end with 𝑦 = 0; see
Figure 5 for an example. The boundary is a mathematical
abstraction of an impenetrable surface. We weight each
step taken by 𝑥, and associate an additional weight 𝑎 with
each return to the surface. If we set 0 < 𝑎 < 1, then con-
tacts are penalized, if we set 𝑎 = 1, then the weights have
no effect on the generating function at all, and if we set
𝑎 > 1, then contacts are reinforced.
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Figure 5. Example of a Dyck path with 10 steps, and two
returns to the surface. The associated weight is 𝑎2𝑥10.

We are introducing this model both because it has inter-
esting combinatorics, and also because it is an extremely
simple model of polymer adsorption. We shall see that
there is a special value of 𝑎 where the Dyck path will
transform from being typically far from the surface, or
“desorbed,” to typically being close to the surface, or “ad-
sorbed.” That is, a phase transition will occur. The contact
weight 𝑎 can be related to experimental quantities used to
induce adsorption such as temperature and solvent qual-
ity.

To find a functional equation we condition on the
first return to the surface. Either a Dyck path has
zero steps (contributing weight 1), or it consists of a
step above the surface (weight 𝑥), then a Dyck path
above the surface (where the contact weights are ig-
nored, hence set to 1), then a step down to the sur-
face (weight 𝑎𝑥), followed by another Dyck path. This
functional equation can be represented pictorially as

= +

𝐷(𝑎, 𝑥) = 1 + 𝑥𝐷(1, 𝑥)𝑥𝑎𝐷(𝑎, 𝑥)
= 1 + 𝑎𝑥2𝐷(1, 𝑥)𝐷(𝑎, 𝑥).

If we let 𝑎 = 1 we obtain a quadratic functional equation
for 𝐷(1, 𝑥):

𝐷(1, 𝑥) = 1 + 𝑥2𝐷(1, 𝑥)2

⇒ 𝐷(1, 𝑥) = 1 − √1 − 4𝑥2
2𝑥2 ,

where the appropriate branch is chosen to ensure that the
solution corresponds to the physical model, which has
positive coefficients. We point out that 𝐷(1, 𝑥) has the ex-
pansion

𝐷(1, 𝑥) = 1 + 𝑥2 + 2𝑥4 + 5𝑥6 +⋯+ 𝐶𝑛𝑥2𝑛 +⋯ ,

where 𝐶𝑛 is the 𝑛th Catalan number, one of the most fa-
mous of all sequences. Thus

𝑑2𝑛 = 𝐶𝑛 =
1

𝑛 + 1(
2𝑛
𝑛 ) ∼

4𝑛

√𝑛3𝜋
,

and by comparing 𝑛𝛾−1 with 𝑛−3/2 we observe that 𝛾 = − 1
2

and 𝜇 = 2 (the same as directed walks) for unweighted
Dyck paths.

Now, we can write 𝐷(𝑎, 𝑥) in terms of 𝐷(1, 𝑥) to obtain
the full solution:

𝐷(𝑎, 𝑥) = 1
1 − 𝑎𝑥2𝐷(1, 𝑥) =

2
2 − 𝑎(1 − √1 − 4𝑥2)

.

Note that 𝐷(𝑎, 𝑥) is a function of 𝑥2, and therefore any co-
efficients involving an odd power of 𝑥 must be identically
zero. This reflects the fact that there must be an even num-
ber of steps to return to the surface.

Our expression for 𝐷(𝑎, 𝑥) has strikingly different qual-
itative behavior depending on the value of the weight 𝑎,
which may be identified with two different universality
classes. For 𝑎 ≤ 2, the leading singularity is an algebraic
singularity at 𝑥𝑐 = ± 1

2
, so 𝜇 = 2 and the rate of expo-

nential growth is thus independent of 𝑎; this is the de-
sorbed phase. For 𝑎 > 2, the leading singularity is a pole
at 𝑥𝑐 = ± 1

𝑎
√𝑎 − 1; this is the adsorbed phase.

Dyck paths with contact weights thus provide a qualita-
tive model of the physical adsorption phase transition that
is observed with real polymers.

With some extra work [RvR04], it is possible to show
that the mean number of contacts for a 2𝑛-step weighted
Dyck path is to leading order given by

𝔼2𝑛(contacts) =
⎧
⎨
⎩

2
2−𝑎

+ 𝑜(1), 𝑎 < 2,
√𝜋√𝑛 + 𝑂(1), 𝑎 = 2,
𝑎−2
𝑎−1

𝑛 + 𝑂(√𝑛), 𝑎 > 2.

This conforms with what we might expect: when the
polymer is desorbed with 𝑎 < 2, there are on average a fi-
nite number of contacts as we would expect the polymer to
only approach the surface in the vicinity of the ends. When
𝑎 > 2, the number of contacts is proportional to 𝑛, which
is consistent with the polymer being adsorbed or stuck to
the surface. Finally, precisely at 𝑎 = 2, we have a critical
phase where the system changes from being desorbed to
adsorbed, and in this case there are 𝑂(𝑛𝜙) contacts, with
𝜙 = 1

2
.

For real polymers in two dimensions, it is believed that
the exponent 𝜙 is in fact exactly the same as for weighted
Dyck paths, while in three dimensions the question is not
fully settled, but the best available evidence is that 𝜙 =
0.484(4) [BOP18].

There is an enormous zoo of directed walk models that
are studied for reasons of mathematical interest and phys-
ical relevance. These models can be fiendishly difficult to
solve, unlike the simple examples presented here. But, for
now we move on to a family of models for which steps in
all directions are allowed, and thus is closer to the physi-
cally relevant self-avoiding walk model.
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Prudent Walks
Prudent walks are walks that make prudent choices to
avoid the possibility of self-intersection, by never taking
a step towards a site they have previously visited. A short
example of a prudent walk is shown in Figure 6, with the re-
gion that currently cannot be stepped towards highlighted
on the right.

Figure 6. A prudent walk on the square lattice (left), and on
the right the shaded rectangle shows the region that the walk
cannot step towards.

This method of avoidance is significantly less crude
than was the case for directed walks, but does not require
the arbitrarily long memory of detailed structure that is
characteristic of self-avoiding walks. This is illustrated in
Figure 6, where on the right the details of the structure of
the walk in the shaded region are completely irrelevant to
the future choices that may be available—it is safe to for-
get everything except for the dimensions of the shaded re-
gion. The rules for self-avoidance can be encoded by keep-
ing track of the direction of motion, and the bounding rec-
tangle of previously visited sites.

One consequence of the prudent rule is that at each step
the end of the walk lies on its bounding rectangle,2 and
this leads to four natural subcategories of prudent walks: 1-
sided prudent walks that are always on the eastern bound-
ary of the rectangle, 2-sided prudent walks that always lie
on the northern or eastern boundaries, 3-sided prudent
walks that lie on the western, northern, or eastern bound-
aries, and finally 4-sided prudent walks (or, just prudent
walks) that can lie on any boundary. Note that 2-, 3-, and
4-sided prudent walks are not time-reversible.

Two random 4-sided prudent walks are shown in Fig-
ure 7. The short walk of 100 steps could almost be mis-
taken for a self-avoiding walk (compare with the subwalk
of 100 steps in Figure 2), but longer walks are very clearly
directed.

1-sided prudent walks are more commonly known as
partially directed walks, and can move either north, east,
or south. We recognize that either the walk never takes an

2The converse is not true—there are walks for which every step lies on the
bounding rectangle that are imprudent.

Figure 7. 4-sided prudent walks of 100 steps (left) and 1000
steps (right).

east step, in which case it can take an arbitrary number of
north or south steps, or it does take at least one east step,
in which case it can take an arbitrary number of north or
south steps, then one east step, followed by another walk.
Thus,

𝑃1(𝑥) = (1 + 2𝑥 + 2𝑥2 +⋯)
+ (1 + 2𝑥 + 2𝑥2 +⋯+)𝑥𝑃1(𝑥)

= 1 + 𝑥
1 − 𝑥 + (1 + 𝑥)𝑥

1 − 𝑥 𝑃1(𝑥)

⇒ 𝑃1(𝑥) =
1 + 𝑥

1 − 2𝑥 − 𝑥2 .

The leading singularity is a pole at 𝑥𝑐 = −1+√2, and so the
growth constant is 𝜇 = 1/𝑥𝑐 = 1+√2 = 2.4142…. Partially
directedwalks aremore numerous than directedwalks, but
qualitatively they behave in exactly the same way.

2-sided prudent walks are considerably more interest-
ing, as walks can move in all four directions and more
information needs to be retained to find a suitable func-
tional equation. The principal insight that allows a func-
tional equation to be constructed is that with each step
the 2-sided walk may either take a step along either the
northern or eastern boundaries, or the walk may inflate the
boundary by taking an east step from the eastern bound-
ary, or a north step from the northern boundary. When
this inflation step occurs the walk can forget about its past
behavior, with the exception of the relative location of the
north-east corner. The resulting generating function is

𝑃2(𝑥) =
1

1 − 2𝑥 − 2𝑥2 + 2𝑥3

× (1 + 𝑥 − 𝑥3 + 𝑥(1 − 𝑥)√
1 − 𝑥4

1 − 2𝑥 − 𝑥3 ) .

Despite their increased freedom as compared to 1-sided
walks, 2-sided walks nonetheless behave as directed walks
moving in the north-east direction. This is reflected in
the fact that the leading singularity is a pole at 𝑥𝑐 =
0.4030317… that is a solution of 1 − 2𝑥 − 2𝑥2 + 2𝑥3 = 0.
This corresponds to a growth constant of 𝜇 = 1/𝑥𝑐 =
2.4811943…. As this growth constant is strictly larger than
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the value for 1-sided prudent walks, we see that 2-sided
prudent walks are exponentially more numerous.

3-sided prudent walks are much more challenging still,
but Bousquet-Mélou [BM10] in a tour de force was able to
find an appropriate functional equation using the condi-
tional independence after an inflationary step occurs, and
then to obtain a closed form expression for the generat-
ing function as an infinite sum. Bousquet-Mélou explains
that besides the length, information about additional “cat-
alytic” parameters must be retained in the construction of
the functional relation. For 2-sidedwalks, a single catalytic
variable that tracks the distance of the end to the north-
east corner of the bounding rectangle suffices, while for 3-
and 4-sided walks it is necessary to retain two and three
catalytic variables, respectively. These catalytic variables
contain all of the necessary information about the past be-
havior of a walk so that the future behavior can be correctly
modeled.

3-sided walks asymptotically have the same growth rate
as 2-sided walks, and after some extra freedom in their ini-
tial stage behave in the same manner as 2-sided walks by
settling down to follow the diagonal in either the north-
east or north-west directions.

Interestingly, in contrast to the other models we have
seen, the generating function for 3-sided prudent walks is
not D-finite. Bousquet-Mélou showed that the generating
function is meromorphic in the disk |𝑥| < √2 − 1, but
with infinitely many poles occurring in the disk. The strik-
ing feature is that 3-sided prudent walks have a straightfor-
ward, natural definition, but nonetheless have a wickedly
complicated solution. Perhaps there is another, more nat-
ural, formulation of the solution that captures the simplic-
ity of the underlying problem?

Finally, no explicit expression has been obtained for
4-sided prudent walks. There is a functional equa-
tion [BM10] for 𝑃4, the generating function for prudent
walks ending on the northern edge of the bounding rec-
tangle, involving three catalytic variables:

(1 − 𝑥𝑢𝑣𝑤(1 − 𝑥2)
(𝑢 − 𝑥𝑣)(𝑣 − 𝑥𝑢)) 𝑃4(𝑥; 𝑢, 𝑣, 𝑤)

= 1 + 𝑥𝑢𝑃4(𝑥; 𝑤, 𝑥𝑤, 𝑢) + 𝑥𝑣𝑃4(𝑥; 𝑤, 𝑥𝑤, 𝑣)

− 𝑥2𝑣𝑤
𝑢 − 𝑥𝑣𝑃4(𝑥; 𝑣, 𝑥𝑣, 𝑤) −

𝑥2𝑢𝑤
𝑣 − 𝑥𝑢𝑃4(𝑥; 𝑢, 𝑥𝑢, 𝑤),

where the desired generating function is obtained by set-
ting the catalytic variables to one, 𝑃4(𝑥) = 𝑃4(𝑥; 1, 1, 1).
There is a polynomial-time algorithm based on the func-
tional equation to generate series coefficients, and it was
recently proved that the limiting large 𝑛 behavior is exactly
the same as 2- and 3-sided prudent walks [PST17].

It is arguable that this means that the model has been
“solved,” in the sense that we exactly know the limiting
large 𝑛 behavior, and can quantitatively understand any

features of the model to arbitrary precision. But, it would
be far more satisfying to have an explicit solution, and
preferably one that captures the simplicity and elegance
of the model itself.

A key question is: can the generating function 𝑃4(𝑥) be
written in a convenient or illuminating form, or as the so-
lution of a natural equation without catalytic variables?

If progress could be made on this problem it would
perhaps give hints as to how to make progress on other
difficult lattice polymer problems. And, just maybe, this
would also give some information about what a solution
of the full two-dimensional self-avoiding walk problem
might look like.

We also note that, disappointingly, each of the prudent
walk models has 𝜈 = 1, and thus behave as directed walks.
It is not clear how to devise a solvable model that has

1
2
<

𝜈 < 1.
This takes us to the boundary of lattice polymer models

that can be considered solvable, and we now jump to the
other side of the fence.

Self-Avoiding Walks on ℤ3
The simplest method of computer enumeration of combi-
natorial objects is to generate each of the objects that are
being counted, which I will refer to as brute force enumer-
ation. Then, the computational complexity of the algo-
rithm is determined completely by the asymptotic growth
in number of the objects.

The secret to inventing an effective enumeration algo-
rithm is to find a combinatorial or geometric insight that
will allow one to count less numerous objects instead.

The length-doubling algorithm [SBB11], the fastest
known method for counting three-dimensional self-
avoiding walks, uses a brilliant insight involving inclusion-
exclusion to get an exponential improvement in computa-
tional complexity.

We start with the observation that every walk of length
2𝑛 can be uniquely split into two 𝑛-step self-avoidingwalks
at the midpoint. Therefore, 𝑐2𝑛 is the number of pairs of
nonintersecting 𝑛-step self-avoiding walks.

We generate the set 𝑆𝑛 of all self-avoiding walks of 𝑛
steps starting at the origin. By definition, 𝑐𝑛 = |𝑆𝑛|, so this
requires CPU time 𝑂(𝑛𝛾−1𝜇𝑛). We label all of the sites that
the walks visit (there will be 𝑂(𝑛3) sites), and we let 𝐵𝑖 be
the set of walks that pass through site 𝑖, and 𝐴𝑖 be the set of
pairs of walks that pass through site 𝑖. Finally, we count 𝑐2𝑛,
first through the observation that the number of mutually
avoiding pairs is the same as the number of all pairs (𝑐2𝑛)
minus the number of pairs with at least one intersection:

𝑐2𝑛 = number of mutually avoiding pairs from 𝑆𝑛
= 𝑐2𝑛 − | ∪𝑖 𝐴𝑖|.

We then apply the standard inclusion-exclusion formula
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for | ∪𝑖 𝐴𝑖|, summing over all subsets 𝑉 = {𝑣1, … , 𝑣𝑘} of the
set of visited sites, and partitioning by the size of |𝑉|:

𝑐2𝑛 = 𝑐2𝑛 −∑
𝑘

∑
|𝑉 |=𝑘

(−1)𝑘+1|𝐴𝑣1 ∩ 𝐴𝑣2 ∩⋯ ∩ 𝐴𝑣𝑘 |.

Finally, we recognize that the number of pairs of walks that
pass through a particular set of sites is the square of the
number of individual walks that pass through the set. Thus
we obtain the final formula:

𝑐2𝑛 = 𝑐2𝑛 −∑
𝑘

∑
|𝑉 |=𝑘

(−1)𝑘+1|𝐵𝑣1 ∩ 𝐵𝑣2 ∩⋯ ∩ 𝐵𝑣𝑘 |2.

Most sets are empty, because each walk has 𝑛 steps, and
so any collection of more than 𝑛 sites must be empty. The
powerset for each walk has 2𝑛 elements, so this means that
there are at most 2𝑛𝑐𝑛 nonempty sets in the sum.

Heuristically speaking, via the magic of the inclusion-
exclusion formula the length-doubling algorithm trans-
forms the problem of counting all possible ways that the
half-walks can avoid each other to counting all possible
ways that the half-walks can intersect.

This transformation results in a significant reduction in
computational complexity: neglecting power-law factors,
we have changed the computational effort to enumerate
𝑐2𝑛 from 𝑂(𝜇2𝑛) to 𝑂((2𝜇)𝑛). The computational complex-
ity per step decreases from 𝜇 (≈ 4.68) for brute force enu-
meration to √2𝜇 (≈ 3.06) for the length-doubling algo-
rithm.

This method has been used to enumerate 𝑐𝑛 up to 𝑛 =
36 [SBB11].3 Then, series analysis gives estimates of 𝛾 =
1.1570(3) and 𝜇 = 4.684040(5), which are very accurate, but
less so than values available fromMonte Carlo simulations
using the pivot algorithm.

Self-Avoiding Polygons on ℤ2
The finite lattice method is the most powerful known
method for enumerating self-avoiding walks and polygons
in two dimensions. We will not go into the details of how
it is applied [CJ12], but instead will concentrate on com-
municating the central idea.

For Dyck paths and prudent walks, earlier parts of the
walk are independent of later ones. But, this is not a good
strategy for self-avoiding walks or polygons, as each step
depends on all others. Instead, we use spatial indepen-
dence, by dividing configurations with a boundary which
ensures that the two sides are independent of each other
modulo topological information on how the boundary
edges can join up. Thus we build configurations site-by-
site, instead of step-by-step.

We will describe the simpler case of self-avoiding poly-
gons on the square lattice, but the same method can be ap-
plied to self-avoiding walks with minor technical tweaks.

3𝑐36 = 2 941 370 856 334 701 726 560 670.

We start by observing that each polygon has a unique
minimum bounding rectangle. Therefore, if we wish to
enumerate all self-avoiding polygons of 𝑛 steps, we can
enumerate all polygons that touch each side of a partic-
ular rectangle, and then sum over all possible rectangles.
(This is where the moniker “finite lattice method” comes
from.)

Next, if we build up this set of polygons in a particular
rectangle site-by-site, we do not need to remember all of
the details of the polygons that are being generated. In-
stead, we can enumerate all partial configurations to the
left of the boundary of the built-up region that are com-
patible with a given future topology that specifies how oc-
cupied edges on the boundary must be joined up. See Fig-
ure 8, which shows two configurations that are compatible
with a given boundary; the details of the configurations
can be safely forgotten, and it is only necessary to keep
track of the boundary state.

Figure 8. Two partial configurations to the left of the boundary
that are compatible with the same boundary topology to the
right.

Partial configurations are built up bymoving the bound-
ary through the rectangle site-by-site, as shown by themov-
ing boundary in Figure 9.

Thus, the problem of enumerating self-avoiding poly-
gons of 𝑛 steps has been converted to the problem of
enumerating boundary configurations that are compatible
with self-avoiding polygons of 𝑛 steps. The efficiency of the
method is determined by the number of boundary config-
urations, which in turn is determined by the maximum
number of occupied edges on the boundary. The occur-
rence of bad configurations, such as in Figure 9, with 𝑂(𝑛)
edges concentrated on a particular column means that the
number of boundary configurations grows exponentially
with 𝑛. It can be shown that the algorithmic complexity
per step is at most 31/4 ≈ 1.316, but the method of prun-
ing [JG99,CJ12] brings this down to about 1.20.

This is a dramatic improvement over the exponential
complexity for the brute forcemethod, which has complex-
ity 𝜇 ≈ 2.638, and consequently far longer sequences can
be generated.

On the square lattice, the finite lattice method has
been used to enumerate self-avoiding polygons of up to
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Figure 9. The arrow shows how the boundary is deformed so
that a particular site (shown as a solid circle) that is initially on
the right-hand side of the boundary ends up on the left-hand
side of the boundary. The example configuration is a “bad”
polygon configuration with many boundary edges, while a set
of good columns is shown in green.

130 steps [CJ12],4 and self-avoiding walks of up to 79
steps [Jen13].5

Series analysis methods thence allow for spectacu-
larly accurate estimates of critical parameters. For
example, analysis of the polygon series gives 𝜇 =
2.63815853035(2). Note that a recently developed transfer-
matrix method [JSG16], which involves calculation of
eigenvalues of the transfer matrix for different topologi-
cal sectors, gives an estimate that is even more accurate,
of 𝜇 = 2.63815853032790(3).

A major breakthrough was made in a recent pa-
per [Zba19], which combines the transfer matrix method
with inclusion-exclusion to derive a subexponential algo-
rithm for enumeration of self-avoiding walks and poly-
gons. The key insight was the recognition that every con-
figuration must have at least one set of “good” columns,
each with only 𝑂(√𝑛) occupied edges, that are spaced at
regular intervals in the bounding rectangle; see Figure 9.
Then, inclusion-exclusion can be applied to convert the
problemof enumerating all polygons to enumerating poly-
gons with any combination of good columns.

Remarkably, the computational effort to enumerate all
𝑛-step self-avoiding polygons (or walks) is now 𝑂(𝑟√𝑛),
which is subexponential! The new algorithm has not yet
been implemented. Whether it proves to be more efficient
in practice for achievable lengths depends crucially on the
value of 𝑟, which is as yet unknown.

4𝑝130 = 17076613429289025223970687974244417384681143572320.
5𝑐79 = 10 194 710 293 557 466 193 787 900 071 923 676.

Future Paths
The study of lattice polymers continues to be a vibrant re-
search area.

On the physics side, there is much interest in gaining
deeper understanding of the adsorption transition, the col-
lapse transition (where a polymer changes from an ex-
tended state to a scrunched up globule), the behavior of
confined polymers, and the influence of knots in the poly-
mer chain.

On the mathematical side, the zoo of combinatorially
interesting, solvable models continues to grow.

The biggest open problem in the field is the hoped-
for proof that self-avoiding walks converge to Schramm-
Loewner Evolution with parameter

8
3
in the scaling limit.

The search for a better mathematical description of the
solutions of models like 4-sided prudent walks is ongoing.

It is an open question as to whether it is possible to
invent a natural solvable model for which

1
2
< 𝜈 < 1.

And the quest continues for new combinatorial insights,
and improved algorithms, for the enumeration of as-yet-
unsolvedmodels like self-avoidingwalks and self-avoiding
polygons.
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Designing Stable Elections

Steven Heilman
1. Introduction
Suppose votes have been cast in an election between two
candidates, and then an adversary can select a fixed num-
ber of votes to change. Which voting method best pre-
serves the outcome of the election? A majority vote does,
among all voting methods where both candidates have an
equal chance of winning the election.

Now, suppose votes have been cast in an election be-
tween two candidates, and then each vote is randomly
changed with a small probability, independently of the
other votes. It is desirable to keep the outcome of the elec-
tion the same, regardless of the changes to the votes. It is
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well known that the US Electoral College system is more
than four times more likely to have a changed outcome
due to vote corruption, when compared to a majority vote.
In fact, Mossel, O’Donnell, and Oleszkiewicz proved in
2005 that themajority votingmethod ismost stable to this
random vote corruption, among voting methods where
each person has a small influence on the election. Below,
we survey the design of elections that are resilient to at-
tempted interference by third parties. We discuss some re-
cent progress on the analogous result for elections between
more than two candidates. In this case, plurality should
be most stable to corruption in votes. We briefly discuss
ranked choice voting methods (where a vote is a ranked
list of candidates).
1.1. Condorcet’s paradox. Applications of mathematics
to the analysis of elections perhaps began with Marquis
de Condorcet in the 1700s. Condorcet’s famous paradox
demonstrates that an election method that uses ranked
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preferences of voters might not have a sensible winner.
Consider the ranking of three candidates 𝑎, 𝑏, and 𝑐 be-
tween three voters 1, 2, and 3 as shown in Table 1.

Voter Rank 1 Rank 2 Rank 3

1 𝑎 𝑏 𝑐
2 𝑏 𝑐 𝑎
3 𝑐 𝑎 𝑏

Table 1. Three voters (one for each row of the table) provide
rankings of three candidates 𝑎, 𝑏, and 𝑐. For example, voter 1
most prefers candidate 𝑎.

If we ignore candidate 𝑏, then voters 2 and 3 prefer 𝑐 over
𝑎, while voter 1 prefers 𝑎 over 𝑐 (see Table 2). So, using a
majority rule for these preferences, the voters prefer 𝑐 over
𝑎.

Voter Rank 1 Rank 2

1 𝑎 𝑐
2 𝑐 𝑎
3 𝑐 𝑎

Table 2. If candidate 𝑏 is ignored in Table 1, the remaining
rankings of candidates 𝑎 and 𝑐 indicate that 𝑐 is preferred by
the majority of voters.

If we ignore candidate 𝑐 in Table 1, then voters 1 and 3
prefer 𝑎 over 𝑏, while voter 2 prefers 𝑏 over 𝑎. So, using a
majority rule again, the voters prefer 𝑎 over 𝑏.

Finally, if we ignore candidate 𝑎 in Table 1, then voters
1 and 2 prefer 𝑏 over 𝑐, while voter 3 prefers 𝑐 over 𝑏. So,
using a majority rule, the voters prefer 𝑏 over 𝑐.

𝑎

𝑐 𝑏

𝑎 is preferred
over 𝑏

𝑏 is preferred
over 𝑐

𝑐 is pre-
ferred
over 𝑎

In conclusion, the voters prefer 𝑎 over 𝑏, they prefer 𝑏
over 𝑐, and they prefer 𝑐 over 𝑎. So, no one has won the elec-
tion! This observation is known as Condorcet’s paradox.
The simplest way to use rankings of candidates might lead
to no one winning the election.

In fact, if we compare pairs of candidates using some-
thing other than a majority rule, then some analogue of

Condorcet’s paradox must still occur, unless we ignore all
voters except for one (a dictatorship). This statement can
be formalized as Arrow’s Impossibility Theorem.
1.2. Voting power. Game theorists such as Shapley, Shu-
bik, and Banzhaf in the 1950s and 1960s further devel-
oped the mathematical and economical analysis of voting
methods. As an illustrative example, we consider the 1965
restructuring of the UN Security Council.

Voting method 1 (Pre-1965 UN Security Council). In pre-
1965 rules, the UN Security Council had five permanent
members and six nonpermanent members. A resolution
passes in the Security Council only if:

• all five permanent members want xit to pass, and
• at least two nonpermanent members want it to

pass.

In particular, a single permanent member can effec-
tively veto a resolution by voting “no” on that resolution.
This voting method was called unfair for the nonperma-
nent members, so it was restructured in 1965. After the
restructuring, the council had the following form (still in
use today).

Voting method 2 (Post-1965 UN Security Council). The
UN Security Council has five permanent members and
now ten nonpermanent members. A resolution passes in
the council only if:

• all five permanent members want it to pass, and
• at least four nonpermanent members want it to

pass.

A rather vague question is then the following.

Question 1.1. Are the post-1965 rules more equitable for
nonpermanent members of the UN Security Council than
pre-1965 rules?

There are various ways to answer this question. One
answer, provided by Banzhaf, is to consider the power
of a voter in each voting method, i.e., the relative ability
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of a voter to cause a resolution to pass by changing their
vote. Suppose we label the post-1965 UN Security Coun-
cil members by the integers 1 through 15, where the num-
bers 1, 2, 3, 4, 5 represent the five permanent members of
the council, and the numbers 6, 7, … , 15 represent nonper-
manent members. Then, for any integer 𝑖 between 1 and
15, let 𝑏𝑖 be the number of combinations of votes of mem-
bers of the council (other than voter 𝑖), such that when
voter 𝑖 changes their vote from “no” to “yes,” the resolu-
tion changes from not passing to passing. The Banzhaf
power index of a voter 𝑖 is defined to be the following ra-
tio:

𝑏𝑖
𝑏1 + 𝑏2 +⋯+ 𝑏15

.

For example, in the post-1965 rules, what would it take
for a nonpermanent member to cause the resolution to
pass? First, all permanent members would have to vote
“yes.” Then, exactly three other nonpermanent members
out of nine would vote yes. So, the number of combina-
tions of votes other members would make is: the number
of ways to select three members from a set of nine, i.e.,
(9
3
) = 9⋅8⋅7

3⋅2
= 84. So, 𝑏6 = 𝑏7 = ⋯ = 𝑏15 = 84.

In the post-1965 rules, what would it take for a perma-
nent member to cause the resolution to pass? First, all
other permanentmembers would have to vote “yes.” Then,
at least four nonpermanent members out of 10 would
vote yes. So, the number of combinations of votes other
members would make is: the number of ways to select
at least four members from a set of 10. This number is
(10
4
) + (10

5
) +⋯+ (10

10
) = 848. So, 𝑏1 = 𝑏2 = ⋯ = 𝑏5 = 848.

Similar considerations apply for pre-1965 rules. We
summarize the Banzhaf power indices in Table 3.

In summary, the post-1965 rules give more power to
nonpermanent members, and less power to permanent
members of the UN Security Council. So, according to
Banzhaf’s definition of voting power, the answer to Ques-
tion 1.1 is: yes.

Voting Method Banzhaf Power Index for
Non-Permanent Member

Banzhaf Power In-
dex for Permanent
Member

Pre-1965 Rules
5

6⋅5+5⋅57
≈ .0159 57

6⋅5+5⋅57
≈ .181

Post-1965 Rules
84

10⋅84+5⋅848
≈ .0165 848

10⋅84+5⋅848
≈ .167

Table 3. Banzhaf power indices for UN Security Council voting
methods.

1.3. Voting methods as functions. Suppose we run an
election between two candidates with 𝑛 voters, where 𝑛 is
a large integer. For convenience, we denote the two candi-
dates as +1 and −1 rather than 𝑎 and 𝑏. If person 𝑖 votes
for candidate 1, we define 𝑥𝑖 = 1, and if person 𝑖 votes for
candidate −1, we define 𝑥𝑖 = −1. We can then make a list
of votes as

𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛).

A voting method is a function 𝑓 whose input is the votes 𝑥
and whose output is the winner of election. That is, 𝑓(𝑥) =
1 denotes candidate 1winning the election when the votes
are 𝑥, and 𝑓(𝑥) = −1 denotes candidate −1 winning the
election when the votes are 𝑥.

Some examples of voting methods appear below.

Example 1.2. The majority function is the function

𝑓(𝑥) = sign(𝑥1 + 𝑥2 +⋯+ 𝑥𝑛).
If there are more +1 votes than −1 votes, then 𝑓(𝑥) = 1.
And if there are more −1 votes than +1 votes, then 𝑓(𝑥) =
−1. That is, 𝑓 agrees with our usual notion ofmajority: the
candidate receiving the most votes wins the election. (To
guarantee that someone wins the election, we could just
assume that 𝑛 is odd, so that 𝑓 never takes the value 0.)
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Figure 1. An iterated majority function with 𝑚 = 3 “states.”

Example 1.3. A dictator function is a function of the form

𝑓(𝑥) = 𝑥1.
That is, the vote of the first person is the winner of the elec-
tion. In this way, 𝑓 agrees with our usual notion of dicta-
tor: all votes are ignored, except for one. More generally,
if 1 ≤ 𝑖 ≤ 𝑛, a dictator is a function of the form

𝑓(𝑥) = 𝑥𝑖.

Example 1.4. If 𝑤1, … , 𝑤𝑛 are fixed real numbers, a
weighted majority function on 𝑛 voters is a function of
the form

𝑓(𝑥) = sign(𝑤1𝑥1 + 𝑤2𝑥2 +⋯+𝑤𝑛𝑥𝑛).
If 𝑤𝑖 is large for some 1 ≤ 𝑖 ≤ 𝑛, this corresponds to as-
signing more “weight” (i.e., more voting power, or more
“say”) to the 𝑖th voter. And if 𝑤𝑖 is small, this corresponds
to assigning less “weight” (i.e., less voting power, or less
“say”) to the 𝑖th voter.

Example 1.5. A two-layer iterated majority function is a
function of the form

𝑓(𝑥) = 𝑔(𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑚(𝑥)),
where 𝑓1, 𝑓2, … , 𝑓𝑚 are each weightedmajority functions on
𝑛 voters, and 𝑔 is a weighted majority function on𝑚 voters.

A two-layer iterated majority function is similar to an
Electoral College system with 𝑚 states. The US Electoral
College system then corresponds to 𝑚 = 51.

Remark 1.6. In learning theory, the iterated majority func-
tion is sometimes called a two-layer neural network with
boolean activation function. The lines and nodes in Figure
1 are then interpreted as axons and neurons, respectively.

In the ensuing discussion, it is more convenient to re-
place the Banzhaf power index of a voter with the (almost
identical) notion of influence of a voter.

Definition 1.7 (Influences). Let 𝑓∶ {−1, 1}𝑛 → {−1, 1} be
a voting method. Let 1 ≤ 𝑖 ≤ 𝑛 be an integer. Define the
influence of the 𝑖th voter on 𝑓, denoted Inf𝑖(𝑓), as

Inf𝑖(𝑓)

= # of combinations of votes where the 𝑖th voter can change the election’s outcome
# of combinations of votes of all voters

= #{(𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛 ∶ 𝑓(𝑥1, … , 𝑥𝑛) ≠ 𝑓(𝑥1, … , 𝑥𝑖−1,−𝑥𝑖 , 𝑥𝑖+1, … , 𝑥𝑛)}
#{(𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛} .

That is, Inf𝑖(𝑓) is the probability that the 𝑖th voter can
change the outcome of the election, when other voters are
equally likely to vote for either candidate.

Example 1.8. The numbers 𝑏1, … , 𝑏𝑛 used to define the
Banzhaf power indices are just the influences, multiplied
by 2𝑛. For example, in the post-1965 UN Security Council
voting method 𝑓∶ {−1, 1}15 → {−1, 1} with 𝑛 = 15 voters,

Inf1(𝑓) = ⋯ = Inf5(𝑓) =
848
215 ≈ .0259,

Inf6(𝑓) = ⋯ = Inf15(𝑓) =
84
215 ≈ .00256.

Put another way, the Banzhaf power indices are the influ-
ences, multiplied by a number causing them to sum to 1.

Voting Method Influence for Non-
Permanent Member

Influence for Perma-
nent Member

Pre-1965 Rules
5
211

≈ .00244 57
211

≈ .0278

Post-1965 Rules
84
215

≈ .00256 848
215

≈ .0259

Table 4. Influences for UN Security Council voting methods.
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As above, we observe that a nonpermanent member has
a higher probability of affecting the outcome of a resolu-
tion in post-1965 rules.

Example 1.9. When 𝑓 is a dictator function of the form
𝑓(𝑥) = 𝑥1, then the first voter can always change the out-
come of the election, and the other voters cannot, so

𝐼1(𝑓) = 1, 𝐼2(𝑓) = ⋯ = 𝐼𝑛(𝑓) = 0.
When 𝑓 is a majority function 𝑓(𝑥) = sign(𝑥1 +⋯ + 𝑥𝑛),
then an application of Stirling’s formula implies that for

all 1 ≤ 𝑖 ≤ 𝑛, lim𝑛→∞√𝑛𝐼𝑖(𝑓) = √
2
𝜋
, i.e.,

𝐼1(𝑓) = 𝐼2(𝑓) = ⋯ = 𝐼𝑛(𝑓) = (1 + 𝑜(1))√
2
𝜋

1
√𝑛

.

To see this, note that if 𝑛 is even, recall that Stirling’s for-
mula implies that

( 𝑛
𝑛/2) =

𝑛!
[(𝑛/2)]!

= (1 + 𝑜(1)) 1
√2𝜋

√𝑛
𝑛/22

𝑛 = (1 + 𝑜(1))2𝑛 1
√𝑛√

2
𝜋.

Therefore, lim𝑛→∞√𝑛𝐼𝑖(𝑓) = lim𝑛→∞(1 + 𝑜(1)) 1
√2𝜋

2𝑛

2𝑛
=

1
√2𝜋

for all 1 ≤ 𝑖 ≤ 𝑛.

Perhaps it is a compelling reason to vote in a majority
election with one hundred million voters when your prob-
ability of changing the election’s outcome is around 1 in
ten thousand.

2. Adversarial Corruption in Voting
2.1. Two candidates. Suppose 𝑛 people cast their votes
in an election between two candidates. Then, suppose
an adversary found a way to change several of the votes.
By changing some votes, the adversary attempts to change
the outcome of the election. Suppose also that the voting
method 𝑓∶ {−1, 1}𝑛 → {−1, 1} is balanced in the following
sense.

Definition 2.1 (Balanced voting method). Let
𝑓∶ {−1, 1}𝑛 → {−1, 1} be a voting method. We say 𝑓 is bal-
anced if each of the two candidates has an equal chance of

winning the election. That is, the number of combinations
of votes where candidate 1 wins is equal to the number of
combinations of votes where candidate −1 wins.

For example, dictator functions and the majority func-
tion are balanced.

Question 2.2. What balanced voting method is most re-
silient to adversarial changes to votes?

That is, if 𝑘 ≥ 1 votes can be changed by the adversary,
what is the least number of combinations of votes (of all
voters) such that the adversary can change the election’s
outcome?

In a dictatorship, e.g., 𝑓(𝑥1, … , 𝑥𝑛) = 𝑥1, changing the
first vote changes the outcome of the election, so this vot-
ing method is not at all resilient to adversarial changes.
Similarly, a voting method that is only a function of a
small set of voters (sometimes called a junta) will prob-
ably not be resilient to adversarial changes to votes. It
turns out that the majority function is the balanced vot-
ingmethodmost resilient to adversarial changes; we thank
Daniel Kane for telling us the following argument.

Proposition 2.3 (Adversarial optimality of majority). Let
𝑛 be an odd positive integer, and let 𝑘 be an integer satisfying
1 ≤ 𝑘 ≤ 𝑛. After the votes have been cast, suppose an adversary
can change 𝑘 votes in an election between two candidates with 𝑛
voters. Then among all balanced voting methods, the majority
function has the least number of combinations of votes where
the election’s outcome can be altered by the adversary.

Before beginning the proof, we introduce some nota-
tion. For any 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ ℝ𝑛, denote the ℓ0 “norm”
of 𝑥 by ‖𝑥‖0 = #{1 ≤ 𝑖 ≤ 𝑛∶ 𝑥𝑖 ≠ 0}. (This quantity is not
a norm since ‖𝑡𝑥‖0 = ‖𝑥‖0 for any 𝑡 ≠ 0.) Let 𝑆 ⊂ {−1, 1}𝑛.
For any integer 𝑘 ≥ 1, we denote the distance 𝑘 neighbor-
hood of 𝑆 by

Γ𝑘(𝑆) = {𝑥 ∈ {−1, 1}𝑛 ∶ ∃ 𝑦 ∈ 𝑆 such that ‖𝑥 − 𝑦‖0 ≤ 𝑘}.
(1)

Then Γ𝑘(𝑆) is the set of possible votes that can be obtained
by changing at most 𝑘 votes from a given 𝑦 ∈ 𝑆. For any
𝑘 ≥ 0, let 𝐵𝑘 ⊂ {−1, 1}𝑛 be a distance 𝑘 neighborhood of
one “half” of the hypercube:

𝐵𝑘 = Γ𝑘({(𝑦1, … , 𝑦𝑛) ∈ {−1, 1}𝑛 ∶ 𝑦1 +⋯+ 𝑦𝑛 ≥ 0}). (2)

The key geometric fact used to prove Proposition 2.3 is
the following theorem.

Theorem 2.4 (Harper’s inequality/hypercube vertex
isoperimetric inequality). Let 𝑆 ⊂ {−1, 1}𝑛. Let 𝑘 ≥ 0. As-
sume that

|𝑆| ≥ |𝐵𝑘| .
Then

|Γ1(𝑆)| ≥ |Γ1(𝐵𝑘)| .
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Proof of Proposition 2.3. We induct on 𝑘. Let 𝑓∶ {−1, 1}𝑛 →
{−1, 1} be the majority function, and let 𝑔∶ {−1, 1}𝑛 →
{−1, 1} be another balanced voting method. Let 𝑆 = {𝑥 ∈
{−1, 1}𝑛 ∶ 𝑔(𝑥) = 1} be the set of votes where candidate 1
wins the election, when 𝑔 is the voting method used to
run the election. Note that 𝐵0 = {𝑥 ∈ {−1, 1}𝑛 ∶ 𝑓(𝑥) = 1}.
Since 𝑓 and 𝑔 are balanced, |𝑆| = |𝐵0| = 2𝑛−1. So, Harper’s
inequality, Theorem 2.4, implies that

|Γ1(𝑆)| ≥ |Γ1(𝐵0)| , (3)

|Γ1(𝑆)| − |𝑆| ≥ |Γ1(𝐵0)| − |𝐵0| . (4)

The same inequality holds also when 𝑆 = {𝑥 ∈
{−1, 1}𝑛 ∶ 𝑔(𝑥) = −1}. Taken together, we conclude that
the number of combinations of votes for which the out-
come of the election can be altered with one adversarial
vote change is smallest for the majority vote 𝑓 (since 𝑓 cor-
responds to the right side of (4)). The case 𝑘 = 1 therefore
follows by (4).

We now proceed with the inductive step. By the induc-
tive hypothesis, if 𝑆 = {𝑥 ∈ {−1, 1}𝑛 ∶ 𝑔(𝑥) = 1} or if
𝑆 = {𝑥 ∈ {−1, 1}𝑛 ∶ 𝑔(𝑥) = −1}, we have

|Γ𝑘(𝑆)| − |𝑆| ≥ |Γ𝑘(𝐵0)| − |𝐵0| .

That is, |Γ𝑘(𝑆)| ≥ |Γ𝑘(𝐵0)| = |𝐵𝑘|. We need to prove the case
𝑘 + 1. This again follows by Harper’s inequality, Theorem
2.4, since

|Γ𝑘+1(𝑆)|
(1)= |Γ1(Γ𝑘(𝑆))| ≥ |Γ1(𝐵𝑘)|

(2)= |𝐵𝑘+1| .

Therefore, when 𝑆 = {𝑥 ∈ {−1, 1}𝑛 ∶ 𝑔(𝑥) = 1} or 𝑆 = {𝑥 ∈
{−1, 1}𝑛 ∶ 𝑔(𝑥) = −1},

|Γ𝑘+1(𝑆)| − |𝑆| ≥ |𝐵𝑘+1| − |𝐵0| . (5)

That is, the number of votes for which the outcome of the
election can be altered with 𝑘 + 1 adversarial vote changes
is smallest for the votingmethod 𝑓 (since themajority vote
𝑓 corresponds to the right side of (5)). The inductive step
and the proof are complete. □

For some related observations for ranked choice voting,
see, e.g., [MPR13, Lemma 3.3].

Proposition 2.3 can easily be extended to unbalanced
voting methods. To state such a result, let 𝑡 be a real num-
ber and define a majority function with threshold 𝑡 to be
a function of the form

Maj𝑛,𝑡(𝑥) = sign(𝑥1 + 𝑥2 +⋯+ 𝑥𝑛 − 𝑡)
∀ 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛.

Also, we say that two voting methods 𝑓, 𝑔∶ {−1, 1}𝑛 →
{−1, 1} have the same balance if the number of combina-
tions of votes resulting in candidate 1winning are the same
for each voting method, i.e.,

#{(𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛∶ 𝑓(𝑥) = 1}
= #{(𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛∶ 𝑔(𝑥) = 1}.

For example, the majority function with threshold 𝑡 = 0
and the majority function with threshold 𝑡 = 1 do not
have the same balance.

Proposition 2.5 (Adversarial optimality of majority, un-
balanced case). Let 𝑛 be an odd positive integer, and let 𝑘 be
an integer satisfying 1 ≤ 𝑘 ≤ 𝑛. After the votes have been cast,
suppose an adversary can change 𝑘 votes in an election between
two candidates with 𝑛 voters. Let 𝑓 be a majority function with
threshold 𝑡, where 𝑡 is an even integer. Let 𝑔 be another voting
method such that 𝑓 and 𝑔 have the same balance. Then the
number of combinations of votes where the election’s outcome
can be altered by the adversary is lesser for 𝑓 than for 𝑔.
2.2. More than two candidates. It would be desirable to
have an analogue of Proposition 2.3 for voting methods
with more than two candidates. Such a result might re-
quire a version of Harper’s inequality, Theorem 2.4, for
multiple sets. It is unclear if such an inequality can be
proven.
2.3. Additional comments. Proposition 2.3 can be
strengthened slightly, so that a voting method that is
“close” to being as resilient as majority must itself be
“close” to majority. Instead of applying Theorem 2.4, one
instead uses a stronger version, such as [KL20].

The majority function is known to be optimal in vari-
ous senses. For example, the majority function maximizes
the number of votes that agree with the outcome of the
election [O’D14, Theorem 2.33]. Apparently Rousseau ar-
gued this was an ideal choice for a voting method in 1762
in “Du contrat social.” Theorem 3.6 below, the Majority is
Stablest Theorem, also characterizes the majority function
as being the most stable to random corruption in votes,
among a reasonable class of voting methods.

For more background on social choice theory, see, e.g.,
[O’D14, Chapter 2], [O’D], [Kal18, Section 3].

3. Independent Random Corruption of Votes
In Proposition 2.3, we showed that the majority function
is the most stable voting method to adversarial corruption.
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The majority function is also most stable when votes are
corrupted randomly, as shown below.

Theorem 3.1 (Majority is stablest, informal version,
[MOO10, Theorem 4.4]). Suppose we run an election with
a large number 𝑛 of voters and two candidates. In this election,
voters are modelled to have the following random behavior:

(i) Voters cast their votes randomly, independently, with
equal probability of voting for either candidate.

(ii) Each voter has a small influence on the outcome of the
election. (That is, all influences from Definition 1.7
are small.)

Then the majority function is the balanced voting method that
best preserves the outcome of the election, when votes have been
corrupted independently.

The definition of “best” here is intentionally vague. We
will define “best” to mean: maximizing noise stability, as
defined below in Definition 3.4. Also, the probability of
each vote being changed (corrupted) should be less than
1/2 in Theorem 3.1. Otherwise the majority preferences of
the electorate are reversed upon corruption.

Some remarks concerning the sensibility of the assump-
tions of Theorem 3.1 now follow:

• Suppose we completely ignore the votes, and just
declare that the first candidate wins. This voting
method is as stable to vote corruption as one can
imagine, since any amount of corruption in votes
cannot change the outcome of the election. Since
this voting method is certainly undemocratic and
uninteresting, some assumption in Theorem 3.1
must eliminate it. And indeed, this votingmethod
is not balanced, so Theorem 3.1 ignores it. This
votingmethod corresponds to a constant function
𝑓.

• As we saw in Example 1.9, a dictator function has
one large influence, and the remaining voters have
no influence on the election’s outcome. Conse-
quently, the dictator voting method is quite sta-
ble to independently random changes to votes,
since changing the votes of the nondictators has
no effect on the election’s outcome. So, as in the

previous example, the dictator function is rather
stable to vote corruption for a rather uninteresting
reason. We therefore eliminate dictator functions
from consideration by imposing the democratic
assumption (ii) that each voter has a small influ-
ence on the outcome of the election.

3.1. Two candidates. In this section, we will formalize
the assumptions in Theorem 3.1, resulting in the formal
version of the Majority is Stablest Theorem 3.6.

Assumption 1 (Voter assumptions).

• There are 𝑛 voters denoted {1, … , 𝑛}. There are two
candidates denoted −1 and 1.

• For any 1 ≤ 𝑖 ≤ 𝑛, the 𝑖th voter casts a single ran-
dom vote𝑋𝑖 taking the value−1 or 1. (In particular,
we are not dealing with ranked voting methods.)

• The votes (𝑋1, … , 𝑋𝑛) are independent, identically
distributed (i.i.d.) random variables. That is, vot-
ers are modelled as independent decision makers
with the same probabilities of voting for either
candidate.

The voting method 𝑓 is a function 𝑓∶ {−1, 1}𝑛 → {−1, 1}.
If the votes are (𝑋1, … , 𝑋𝑛), then the winner of the election
is 𝑓(𝑋1, … , 𝑋𝑛).
Remark 3.2. One could argue that the voter assumptions
are not realistic, since, e.g., a small group of friends will
most likely share similar views, read similar news items,
etc., so that their decisions are not truly independent. On
the other hand, modeling a large number of voters to be
independent individuals is somewhat plausible, from an
aggregate perspective.

Assumption 2 (Voter corruption assumptions). Let 0 ≤
𝜌 ≤ 1. Suppose we are given the votes 𝑋1, … , 𝑋𝑛 of 𝑛 vot-
ers choosing between two candidates. The corrupted votes
𝑌1, … , 𝑌𝑛 are defined as follows:

• The corrupted votes 𝑌1, … , 𝑌𝑛 are independent,
identically distributed (i.i.d.) random variables.

• For each 1 ≤ 𝑖 ≤ 𝑛, if 𝑋𝑖 = 𝑥𝑖 ∈ {−1, 1}, then
with probability 1 − 𝜌, 𝑌𝑖 is a uniformly random
element of {−1, 1}, and with probability 𝜌, 𝑌𝑖 = 𝑥𝑖.

Remark 3.3. When 𝜌 = 1, 𝑌𝑖 = 𝑋𝑖 for all 1 ≤ 𝑖 ≤ 𝑛, i.e., no
vote corruption has occurred. When 𝜌 is close to 1, 𝑌1 is al-
most the same as 𝑋1, i.e., 𝑋1 and 𝑌1 are strongly correlated,
and a small amount of vote corruption has occurred.

When 𝜌 = 0, the votes (𝑋1, … , 𝑋𝑛) and (𝑌1, … , 𝑌𝑛)
are independent of each other, i.e., the corrupted votes
(𝑌1, … , 𝑌𝑛)have been so scrambled that they have no depen-
dence (or correlation) with the original votes (𝑋1, … , 𝑋𝑛).
Notation. We denote the original (random) votes cast in
the election as 𝑋 = (𝑋1, … , 𝑋𝑛), and we denote the cor-
rupted votes as 𝑌 = (𝑌1, … , 𝑌𝑛).
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Recall that the voting method 𝑓 takes the value 1 or −1,
according to which candidate (1 or −1) won the election.
So, if the winner of the election 𝑓(𝑋) is the same as the
winner of the election with corrupted votes 𝑓(𝑌), then

𝑓(𝑋)𝑓(𝑌) = 1.
On the other hand, if the winner of the election 𝑓(𝑋) is
different than the winner of the election with corrupted
votes 𝑓(𝑌), then

𝑓(𝑋)𝑓(𝑌) = −1.
So, the voting method that has the largest average value of

𝑓(𝑋)𝑓(𝑌)
will be the most stable on average to random vote corrup-
tion. This observation motivates the following definition.

Definition 3.4 (Noise stability). Let 𝑓∶ {−1, 1}𝑛 → {−1, 1}
be a voting method. The noise stability of 𝑓 with correla-
tion parameter 0 ≤ 𝜌 ≤ 1 is

𝑆𝜌(𝑓) = 𝔼𝑓(𝑋)𝑓(𝑌).
Here 𝔼 denotes expected value, or average value, with
respect to the random variables 𝑋 = (𝑋1, … , 𝑋𝑛), 𝑌 =
(𝑌1, … , 𝑌𝑛) defined in Assumptions 1 and 2.

Remark 3.5. The probability that the election’s outcome
stays the same after vote corruption has occurred is
1
2
(1 + 𝑆𝜌(𝑓)).

3.1.1 Unbiased case. Theorem 3.1 can be restated as: the
majority function maximizes noise stability, among a rea-
sonable class of voting methods.

In the theorem below, we denote the majority function
as Maj𝑛 ∶ {−1, 1}𝑛 → {−1, 1}, so that

Maj𝑛(𝑥1, … , 𝑥𝑛) = sign(𝑥1 +⋯+ 𝑥𝑛)
for all (𝑥1, … , 𝑥𝑛) ∈ {−1, 1}𝑛.

For simplicity, we first state the balanced case of the the-
orem. That is, we make the assumption that the random
votes 𝑋1, … , 𝑋𝑛 are each uniformly distributed in {−1, 1}.
So, e.g., 𝑋1 = 1 with 1/2 probability, and 𝑋1 = −1 with
1/2 probability.

Theorem 3.6 (Majority is stablest, formal version,
[MOO10, Conjecture 1.1]). Let 0 ≤ 𝜌 ≤ 1, and let 𝜖 > 0.
Then there exists 𝜏 > 0 such that, if 𝑓∶ {−1, 1}𝑛 → {−1, 1}
satisfies 𝔼𝑓(𝑋) = 0 and Inf𝑖(𝑓) ≤ 𝜏 for all 1 ≤ 𝑖 ≤ 𝑛, then

𝑆𝜌(𝑓) ≤ lim
𝑛→∞

𝑆𝜌(Maj𝑛) + 𝜖 = 2
𝜋 sin−1(𝜌) + 𝜖.

The assumption 𝔼𝑓(𝑋) says that 𝑓 is balanced according
toDefinition 2.1, and the assumptionmax1≤𝑖≤𝑛 Inf𝑖(𝑓) ≤ 𝜏
corresponds to part (ii) of Theorem 3.1.
3.1.2. Biased case. The assumption in Theorem 3.6 that the
votes are uniformly distributed in {−1, 1} can be relaxed,

Figure 2. The proof of Theorem 3.6 is related to the fact that
soap bubbles take a spherical shape. A soap bubble1

encloses a fixed volume of air, and it minimizes its surface
area. The majority function has an analogous optimality
property. We will discuss this connection more in Section 5.

as we now describe. Let 0 < 𝑝 < 1. Let 𝑋1, … , 𝑋𝑛 be in-
dependent identically distributed random variables where
ℙ(𝑋𝑖 = 1) = 1 − ℙ(𝑋𝑖 = −1) = 𝑝 for all 1 ≤ 𝑖 ≤ 𝑛.

Theorem 3.7 (Majority is stablest, formal, biased case,
[MOO10, Theorem 4.4]). Let 0 ≤ 𝜌 ≤ 1. Let −1 ≤
𝜇 ≤ 1. Let 𝑡 = 𝑡𝑛 ∈ ℝ such that ||𝔼Maj𝑛,𝑡(𝑋) − 𝜇|| =
min𝑡′∈ℝ ||𝔼Maj𝑛,𝑡′ − 𝜇||. Let 𝜏 > 0, and let 𝑓∶ {−1, 1}𝑛 →
{−1, 1} satisfy 𝔼𝑓(𝑋) = 𝜇 and Inf𝑖(𝑓) ≤ 𝜏 for all 1 ≤ 𝑖 ≤ 𝑛.
Then

𝑆𝜌(𝑓) ≤ lim
𝑛→∞

𝑆𝜌(Maj𝑛,𝑡𝑛) + 𝑂𝑝,1−𝜌(
log log(1/𝜏)
log(1/𝜏) ).

For an even more general version of Theorem 3.7, see
[MOO10, Theorem 4.4].
3.2. More than two candidates. In this section, we con-
sider elections between 𝑘 ≥ 3 candidates, where each of 𝑛
voters casts a single vote for a single candidate.

Theorem 3.7 (and its generalizations such as
[MOO10, Theorem 4.4]) essentially completely character-
ize majority functions as the most stable to independently
random corruption of votes, when the election has only two
candidates. Unfortunately, analogous statements for three
or more candidates seem harder to prove. With more than
two candidates, a suitable replacement for the majority is

1Picture taken from https://commons.wikimedia.org/wiki
/File:Reflection_in_a_soap_bubble_edit.jpg
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Figure 3. Generalizing Theorem 3.7 to elections with three
candidates is related to: proving that two joint soap bubbles
take the pictured “double-bubble” shape. Two soap bubbles
enclose two separate and fixed volumes of air, and they
minimize their total surface area [HMRR02]. The plurality
function should have an analogous optimality property. We
will discuss this connection more in Section 5.

the plurality function. In a plurality election, the candi-
date with the most votes wins the election.

It was conjectured [KKMO07, IM12] that the plurality
function is the balanced voting method that is most stable
to independent, random vote corruption.

Conjecture 3.8 (Plurality is stablest, informal version,
[KKMO07], [IM12, Conjecture 1.9]). Suppose we run an
election with a large number 𝑛 of voters and 𝑘 ≥ 3 candidates.
In this election, voters are modelled to have the following ran-
dom behavior:

• Voters cast their votes randomly, independently, with
equal probability of voting for each candidate.

• Each voter has a small influence on the outcome of the
election.

Then the plurality function is the balanced voting method that
best preserves the outcome of the election, when votes have been
corrupted independently.

In the case that the probability of vote corruption is
small (𝜌 is close to 1), we proved the first known case of
Conjecture 3.8 in [Hei19], culminating a series of previ-
ous works. Conjecture 3.8 for all parameters 0 < 𝜌 < 1
is still open. Unlike the case of the Majority is Stablest
Theorem (Theorem 3.7), Conjecture 3.8 cannot hold when
the candidates have unequal chances of winning the elec-
tion [HMN16]. This realization is an obstruction to prov-
ing Conjecture 3.8. It suggested that proof methods for
Theorem 3.7 cannot apply to Conjecture 3.8. Indeed, cal-
culus of variations methods have emerged as a promising
avenue for proving Conjecture 3.8, when the candidates
have equal chances of winning the election.
3.3. Additional comments. Discrete Fourier analysis of-
ten plays a prominent role in noise stability and voting.
The surveys [O’D,Kho10] and book [O’D14] describe the
interconnectedness of these topics.

We have not focussed much on ranked choice voting
methods. For more on this topic, see, e.g., [MPR13] or the
comprehensive works [ASS02,BCE+16].

Figure 4. Three soap bubbles that have collided take the
shape shown here.

Figure 5. Three soap bubbles that have collided take the
shape shown here.2

Question 3.9. Is it possible to state a sensible version of
the Plurality is Stablest Conjecture 3.8 for ranked choice
voting methods?

In ranked choice voting, each voter provides a ranked
list of the candidates. Suppose a voting method is then a
function only of the pairwise comparisons of each candi-
date, as in Table 2. Suppose then that each of these pair-
wise comparisons is independently corrupted. Then one
possible answer to Question 3.9 says that the plurality of
the pairwise comparisons ismost stable to this kind of vote
corruption. Taking the plurality of pairwise comparisons
is known as the Second Order Copeland voting method.
So, one could argue that this method is most stable to vote
corruption. However, under other models of vote corrup-
tion, it is not clear what the “best” ranked choice voting
method should be.

4. Brief Discussion of the US Electoral College
The US Electoral College system is similar but not identi-
cal to the two-tier majority function described in Example
1.5 with 𝑚 = 51 equal-sized “states.” Suppose we run an
election between two candidates, where 𝑔 is a two-tier ma-
jority function with 𝑚 = 51, and 𝑓 is the usual majority
function with 𝑛 a large odd number of voters. We already

2Picture taken from https://www.flickr.com/photos/sm/2603411754
/sizes/o/.
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know from Theorem 3.7 that themajority function ismore
stable to vote corruption than the Electoral College system.
But how much more stable is it?

Figure 6. The partition of Euclidean space with three regions
of fixed Gaussian volume and minimal total Gaussian surface
area takes this shape [MN18,Hei19].

We consider the noise stability 𝑆𝜌 of each of these vot-
ing methods where 𝜌 = 1 − 2𝜖 and 𝜖 > 0 is small with
51 < 1/𝜖 < 𝑛. That is, the probability of each vote being
corrupted is small. Then [O’D08, p. 9]

𝑆1−2𝜖(𝑓) ≈ 1 − 4
𝜋√𝜖, 𝑆1−2𝜖(𝑔) ≈ 1 − 2( 2𝜋)

3/2√51√𝜖.

So, by Remark 3.5, the probability that vote corruption
changes the election’s outcome is about 5.7 times greater
for the Electoral College than for majority. Here we used

2(2/𝜋)3/2√51
4/𝜋 ≈ 5.698035… .

Computer simulation similarly shows that, when the
size of each “state” defining the two-tier majority function
agrees with their size from the 2010 census, then the proba-
bility that vote corruption changes the election’s outcome
is more than four times greater for the Electoral College
than for majority.

Strictly speaking, the US Electoral College system is not
a two-tier majority function. Each state (except for Maine
and Nebraska) runs its own plurality vote, so that the can-
didate winning the most votes in that state wins that par-
ticular state. Then each state’s winner is entered into a na-
tionwide weighted majority vote. If no candidate wins this
weighted majority vote, then the House of Representatives
chooses the president, with one vote for each of the 50
states. In an election between two candidates, a perfect
tie in the Electoral College is unlikely, i.e., it is unlikely
for the House of Representatives to choose the president.
Moreover, since Maine and Nebraska are small states, their
chance of changing the outcome in the Electoral College is
small. So, the probability that vote corruption changes the
US presidential election’s outcome is still more than four
times greater for the Electoral College than for majority.

The integer weight of each state in the nationwide ma-
jority vote is equal to the number of national congres-
sional representatives in each state (with a weight of three
given to Washington, DC). Consequently, each state has
a minimum weight of 3 in the nationwide majority vote
(i.e., the Electoral College vote). The apportionment of
members to the House of Representatives is a nontrivial
task, since the ratios of state populations should somehow
closely match the ratios of their numbers of electoral votes.
Apportionment methods were hotly debated over the na-
tion’s history; for more on this history see, e.g., [BY75].

As noted by Banzhaf in 1968, the probability of one
single voter changing the election’s outcome, if all other
voters cast their votes randomly, tends to be higher for vot-
ers in larger states. However, the assumption that all other
voters cast their votes uniformly at random is unrealistic.
Despite our similarly unrealistic assumptions of voter be-
havior, i.e., Assumption 1, actual data for presidential elec-
tions in the US (in Table 5) demonstrates that it is much
more likely for a small number of vote changes to change
the Electoral College’s outcome than a plurality vote.

5. Other Applications
As mentioned above, majority is stablest and plurality is
stablest are closely related to geometric optimization prob-
lems involving soap bubbles. For a general introduction
to minimal surfaces, see the surveys [CM19,CM11] or the
book by the same authors. For more discussion on the
connections between voting and geometry, see the surveys
[O’D,Kho10].

In 2002, it was proven that the two regions of fixed vol-
ume that minimize their total surface area are those pic-
tured in Figure 3 [HMRR02]. The analogous result for
three regions, as in Figure 4, is still open. This problem
is only solved in the plane by Wichiramala. Surprisingly,
the Gaussian versions of these problems were recently re-
solved in [MN18], and then strengthened in [Hei19].

The initial motivation for the Majority is Stablest The-
orem 3.7 and the Plurality is Stablest Conjecture 3.8
came from theoretical computer science. These inequal-
ities imply sharp computational hardness for MAX-CUT
and its generalizations. That is, we can efficiently, ap-
proximately solve this computational problem, and im-
proving on this approximation is impossible to do effi-
ciently, assuming the Unique Games Conjecture, a stan-
dard complexity-theoretic assumption. Formore on the re-
lation between voting and computer science applications,
see [Kho10,KKMO07, IM12].

The noise stability of functions, as used in the Majority
is Stablest Theorem 3.7, has developed into a subject of
its own. Various references exist on the subject, such as
[DHK+10].
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US Presidential Election Vote Margins
Elec- Popular Vote Vote Changes Percent Electoral State where votes would
tion Margin, Sufficient to of Popular Vote be changed (corresponding
Year Rounded Sway Election Vote Margin electoral votes)
1844 40,000 2,554 .09% 65 New York (36)
1848 140,000 6,669 .23% 36 Pennsylvania (26)
1856 500,000 11,155 .28% 60 Illinois, Tennessee, Kentucky (35)
1876 -250,000 445 .005% 1 South Carolina (7)
1880 2,000∗ 8,416 .09% 59 OR, CT, CO, NH, IN (32)
1884 60,000 575 .006% 37 New York (36)
1888 -90,000 7,187 .06% 65 NY (36)
1892 400,000 25,362 .21% 132 CA, IN, ND, KA, WI, WV, IL (68)
1896 600,000 18,602 .13% 95 KY, CA, OR, IN, WV, DE (50)
1916 600,000 1,887 .01% 23 California (13)
1948 2,200,000 29,294 .06% 114 OH, CA, IL (78)
1960 110,000 14,265 .02% 84 HI, IL, MO, SC (59)
1968 500,000 41,971 .06% 110 Missouri, New Jersey, Alaska (32)∗∗

1976 1,700,000 12,791 .02% 57 Ohio and Mississippi (32)
2000 -500,000 269 .0003% 5 Florida (25)
2004 3,000,000 59,301 .05% 35 Ohio (20)
2008 10,000,000 495,310 .38% 192 NC, IN, FL, OH, VA, IA, NH (97)
2012 5,000,000 214,764 .17% 126 FL, OH, VA, NH (64)
2016 -3,000,000 38,875 .03% 77 MI, PA, WI (46)

Table 5. In 17 of the country’s 58 elections between 1788 and 2016, the popular vote was so narrow that changing a relatively
small number of votes in just a few states would have shifted the result of the national election. In some years, the person
elected president lost the popular vote. In one year, 1880, the Electoral College vote was just about as close as the popular vote.
∗Historians disagree about the popular vote margin in the 1880 election. ∗∗In 1968, the House of Representatives was controlled
by a different party than won the presidential election, so changing the election’s outcome would have only required the winner
to fail to receive a majority in the Electoral College.

Besides the applications of voting mentioned above,
voting is also used as a subroutine in various machine
learning algorithms, such as “boosting” algorithms of
Freund and Schapire. In a “boosting” algorithm, one has
access to several “weak” learning algorithms (or “weak” ex-
perts) who can each correctly classify, e.g., an email as
spam or not spam, with 51% probability. (The experts
are called “weak” since it is easy to correctly classify an
email as spam or not spam with 50% probability, just by
randomly choosing either spam or not spam, with equal
probability.) Using an appropriately chosen weighted ma-
jority vote among all of the classifications of these experts,
their aggregate classification of the email can be correct
with close to 100% probability. So-called “boosting” al-
gorithms combine “weak” expert opinions to “boost” the
probability of correct classification in this way.
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toré, and Antonio Ros, Proof of the double bubble conjec-
ture, Ann. of Math. (2) 155 (2002), no. 2, 459–489, DOI
10.2307/3062123. MR1906593

[IM12] Marcus Isaksson and Elchanan Mossel, Maximally
stable Gaussian partitions with discrete applications, Israel
J. Math. 189 (2012), 347–396, DOI 10.1007/s11856-011-
0181-7. MR2931402

[Kal18] Gil Kalai, Three puzzles on mathematics, computation,
and games, Notices Amer. Math. Soc. 65 (2018), no. 7, 782–
784.

[KL20] Peter Keevash and Eoin Long, Stability for ver-
tex isoperimetry in the cube, J. Combin. Theory Ser. B
145 (2020), 113–144, DOI 10.1016/j.jctb.2020.04.009.
MR4102766

[Kho10] Subhash Khot, Inapproximability of NP-complete prob-
lems, discrete Fourier analysis, and geometry, Proceedings of
the International Congress of Mathematicians. Volume IV,
Hindustan Book Agency, NewDelhi, 2010, pp. 2676–2697.
MR2827989

[KKMO07] Subhash Khot, Guy Kindler, Elchanan Mos-
sel, and Ryan O’Donnell, Optimal inapproximabil-
ity results for MAX-CUT and other 2-variable CSPs?,
SIAM J. Comput. 37 (2007), no. 1, 319–357, DOI
10.1137/S0097539705447372. MR2306295

[MN18] Emanuel Milman and Joe Neeman, The Gaussian
multi-bubble conjecture, preprint, arXiv:1805.10961, 2018.

[MOO10] Elchanan Mossel, Ryan O’Donnell, and Krzysztof
Oleszkiewicz, Noise stability of functions with low influences:
invariance and optimality, Ann. of Math. (2) 171 (2010),
no. 1, 295–341, DOI 10.4007/annals.2010.171.295.
MR2630040

[MPR13] Elchanan Mossel, Ariel D. Procaccia, and Miklós
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A Mathematician’s Field 
Guide to Jobs in the Finance 
Industry: Practical Advice 
for Those Far from Home

Thomas Fleming
1. Terra Incognita
To outsiders, the finance industry can appear as an amor-
phous mass of companies whose business is somehow 
related to “the market.” In fact, there are a variety of firms, 
engaged in a variety of types of activity, offering a variety 
of jobs to the mathematically inclined. The companies are 
often broken into broad categories. The sell side or broker/
dealers refers to investment banks who execute financial 
transactions mainly at the request of their clients. Sell-side 
firms tend to be large companies, such as the big-name 
banks you may have heard of, and their clients tend to 
be large industrial corporations, as well as the investment 
managers and hedge funds mentioned below. Investment 
managers are companies that collect money from individ-
uals, university endowments, pension funds, or other in-
stitutional investors, and then make investments in stocks, 
bonds, or other assets on behalf of their clients, for example 
by managing a mutual fund. These include large well-
known mutual fund and insurance companies, as well as 
smaller boutique managers. Alternative investment managers 
or hedge funds work similarly to investment managers, but 
typically pursue more complex investment strategies and 
are subject to fewer regulations. Some hedge funds are quite 
large, others have only a handful of employees, but few of 
them are household names. Hedge funds and investment 
managers are often collectively referred to as the buy side. 
Proprietary trading companies work similarly to hedge funds, 
but typically only manage the capital of their employees or 
private owners. They tend to be small companies that are 
not well known outside of the finance industry, but include 
many of the companies engaged in high-frequency trading. 
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The word “office” may conjure images of a room with 
a door that closes, but this is not the typical working envi-
ronment in finance. The general rule is a large, open-plan 
space, with seating in cubicles or at bench desks, which are 
essentially long tables with a computer and chair every 
few feet. The sound level can vary from busy coffee shop 
to major sporting event, depending on the firm and the 
day. While COVID-19 has led to increases in remote work, 
how much the work environment will change remains to 
be seen.

Another important difference is the time scale of the 
work. It may take months or even years of grappling with 
a mathematical research problem to yield publishable re-
sults. In finance, projects typically need to show results in 
weeks to a few months at most. Even projects with longer 
durations need to show incremental progress. Further, in 
mathematics, the work dictates the time frame. That is, you 
spend however much time is needed to prove the result 
you are after. In finance, the time frame often dictates the 
work. When an answer is needed quickly, you need to find 
an approximation or make assumptions to get an answer, 
rather than spending the longer time needed to find the 
fully correct result.

Also, as a mathematician, you probably have a great deal 
of freedom to choose the problems you think about. When 
working at a financial firm, as in any industrial job, the 
topics you work on will likely be dictated by your manager, 
especially during your first few years.

Math departments are populated by math professors and 
math students. Financial firms require a much broader mix 
of skills and expertise from their employees. As a result, 
many of your colleagues may not have analytical back-
grounds and may approach the world in a very different 
way than you do.

Finally, it is important to remember that while interrupt-
ing a mathematician’s talk by saying “That can’t be right!” 
is generally viewed as an invitation to a friendly discussion 
of the idea at hand, for nonmathematicians such direct 
disagreement, particularly from someone junior in the 
hierarchy, can be offensive.

3. Getting the First Job
Mathematics is in the realm of ideas, and many theorems 
can be proven using nothing more than a pencil, some 
paper, and a great deal of cleverness. Problems in finance 
are generally attacked by analyzing data, and that data 
lives in computers. Thus, fluency in programming and data 
manipulation is crucial. While there are many languages 
in use, some of the most common tools are the scripting 
languages Python and R, the query language SQL, and C++.

Financial firms hire mathematicians as much for what 
they are able to learn as for what they already know. How-
ever, some of the material covered in a graduate mathemat-
ics education is directly applicable to the world of finance. 
Here is an incomplete list of some of the most useful topics. 

Fintechs are companies that are attempting to use new soft-
ware or business approaches to replace or improve aspects 
of the traditional financial system. These are typically more 
similar to a technology start-up than a traditional finance 
company. This taxonomy is not complete; there are numer-
ous other types of businesses that operate in or adjacent to 
the finance industry.

Firms in the financial industry are often informally di-
vided into areas known as the front office, which refers to the 
groups engaged in the primary revenue generating business 
of the firm, such as trading, portfolio management, or 
interacting with customers; the back office, which refers to 
support functions such as accounting, human resources, 
or technology groups; and the middle office, which, while 
more vaguely defined, generally encompasses support 
functions that interact closely with the front office, such as 
risk, treasury, or certain operational functions.

Within a single firm, mathematicians can be found 
throughout all three areas, doing many different jobs. Here 
are a few of the most common. Desk quants are often found 
at sell-side firms, and they provide data analysis, pricing 
models, and other technical support to a group of traders. 
Desk quants have a mix of mathematical backgrounds, but 
need strong communication skills. Researchers at quanti-
tative investment managers often develop signals, which 
are predictions of future asset price movements based on 
data. Thus, researchers generally have strong statistics and 
machine learning backgrounds. Other researchers with 
deep knowledge of optimization techniques might work 
on portfolio construction, combining signals into investment 
holdings, or on determining the optimal method of exe-
cuting trades. Risk managers model the movement of asset 
prices and attempt to quantify the potential losses the 
company may face. They often use linear algebra in their 
work. Quant developers build software tools, and as such 
typically have expertise in programming languages and 
working with large data sets.

2. Culture Shock
Much like spending a sabbatical in a foreign country, there 
will be some differences between your life in finance and 
your life before. Every firm in finance is different, and some 
will be exceptions to the generalities below; however, here 
are a few of the changes to expect.

Academic work has a great degree of flexibility in both 
time and space; work in the finance industry generally 
has little of either. That is, while grading homework at a 
coffee shop or proving theorems after midnight may be 
normal habits for an academic, those working in finance 
often have an inflexible schedule driven by market hours. 
There is preparation before the start of trading, activity 
while the market is open, and then work to respond to the 
day’s events after the market closes. This typically means 
spending 10+ hours per day in the office, during standard 
working hours.
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what you don’t know” and may answer less confidently 
than someone with less expertise. When asked a question, 
avoid phrases like “I’m not an expert” or “That isn’t really 
my area.” Simply begin discussing what you do know about 
the topic, and you may surprise the interviewer (and your-
self) with how much you know about it.

Interviewers usually leave some time for the candidate 
to ask questions at the end of the interview. This is your 
chance to get some sense of what the job really is and 
what doing it every day will actually be like. Since you are 
changing careers, moving from an academic environment 
to a corporate one, it is important to make good use of this 
opportunity. Questions like “What is a typical day like?”, 
“What are some examples of projects that the person you 
hire will work on?”, “How does this group contribute to 
the overall business?” and “What do you like best about 
this firm, and what could be better?” will at least give you 
some hints as to what you are getting yourself into.

4. Keys to Success
In mathematics, following your interests is often the key 
to victory—it’s much easier to prove theorems on topics 
you enjoy. In finance, getting distracted by intriguing 
problems of limited use for the business is considered to 
be the classic personality flaw of a quant. It certainly can 
be career limiting.

A quant who understands how the business works, 
and how their work can contribute to the business being 
better, is a valuable part of the team. Choosing the right 
problems—the ones you can solve and that will have an 
impact—is often called being commercial, a phrase that is 
deployed as a high complement.

These skills are particularly important as there are gen-
erally more problems to be addressed than you will have 
time to solve. It is critical to be able to prioritize between 
competing demands, both from managers and your own 
sense of importance. Similarly, the problems will almost 
always be time-sensitive, so effective time management is 
necessary to squeeze the most productivity possible out 
of a day.

Any large organization develops politics, and financial 
firms are larger than any mathematics department. Gaining 
the confidence of senior people is important to a successful 
career. Double checking to avoid errors in work that will 
be presented to senior managers and preparing answers for 
potential follow-up questions are early steps to becoming 
a trusted advisor. Working in an area where technical ex-
pertise is valued will help you stand out as well. Finally, 
you may have skills or expertise that your boss does not. It 
is important that they see you as a partner in their success, 
and not as a threat to their career.

In the end, businesses in the finance industry are fo-
cused on making money, and the surest route to success is 
to help the business make more money, more effectively. 
This is why people often prefer to work in a front office 

Much of the work in finance is computational, so facility 
with the practical application of both calculus and linear 
algebra is important, and experience with computational 
simulations is helpful. Probability and statistics often 
appear in interviews, and regression and point estimation 
are widely used on the job. Nonparametric statistics and 
machine learning are used in roles where forecasting is 
important, as is econometrics, including factor models, 
filtering, and time-series techniques. Stochastic calculus is 
used in some pricing models. Knowledge of optimization 
algorithms and how to apply them in practice is valuable, 
as the goal of nearly every finance business is to make as 
much revenue as possible, subject to some constraints.

The best, if most labor intensive, way to find jobs is 
to network. This means searching through your friends, 
acquaintances, alumni of any institution you’ve been af-
filiated with, or anyone else who might plausibly talk to 
you, to find someone who works in finance, or who can 
introduce you to someone who does.

When you find someone in the industry to talk to, tell 
them a little bit about yourself, but mostly ask the person 
about their career, the kinds of things their firm does, and 
what mathematicians do at their firm. Don’t explicitly ask 
for a job—that will be clear from your interest. Do ask if 
they can recommend anyone else for you to talk to.

Most companies in the finance industry work with re-
cruiters, also known as head hunters, which are independent 
companies whose sole business is finding job candidates 
for specialized roles, including most quantitative jobs. 
There are a large number of recruiting firms, some better 
than others. Ask the people you network with, or your 
university career center, to recommend a good recruiter.

If you are in a university setting, attending career fairs 
or information sessions is a good chance to get face-to-
face interaction with a firm that is hiring. These may be 
campus-wide affairs, or they may be organized by a single 
program or department. Finding them may take some 
detective work.

Applying for jobs directly through a company’s website, 
or through a job listing site, is a relatively quick process, 
but most listings attract many applicants, and the chance 
of standing out from the field is low. Low, but not zero.

Cast a wide net. Your first job may not be your ideal 
job, but moving within the industry is often easier than 
transitioning into it.

The jobs for which mathematicians are hired usually 
require technical knowledge, so the interviews will usually 
contain at least some technical questions. That is, you will 
often be asked to think through a problem or write some 
code. Sitting silently and staring at a blank sheet of paper 
may be a good way to prove theorems, but it is not a good 
interview strategy. In an interview, it is much better to 
think out loud and communicate your thought process, 
even when you are uncertain or take a wrong turn. Also, as 
a highly trained mathematician, you are likely to “know 
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A Mathematical Experience 
in a BIG Career

Kelly B. Yancey

“Intellectual growth should commence at birth and cease only 
at death.”

—Albert Einstein

Research staff members at the Institute for Defense Anal-
yses–Center for Computing Sciences (CCS) are life-long 
learners. We continue to become proficient in new areas of 
mathematics and computer science and apply that knowl-
edge to the National Security Agency’s mission-research 
endeavors. It is an exciting and highly collaborative place 
to work. In addition to high-performance computing for 
cryptography, CCS’s work includes cryptography itself, 
extensive projects in network security and related cyber 
issues, signal processing, and emerging algorithmic and 
mathematical techniques for analyzing extremely complex 
data sets.

In a 2019 article in the Early Career section of the Notices 
[Yan19] I discussed some of the benefits of working as a re-
search staff member at CCS, a career that I began in August 
2016 after I finished a research postdoc at the University of 
Maryland, College Park (UMD). As I shared in that article, 
having an open mind about what it means to be a research 
mathematician has been crucial to my success in finding a 
satisfying career that works for me and my family.

In 2015, after the second year of my postdoc at UMD, 
I participated in SCAMP at CCS to learn about a research 
environment outside of academia. SCAMP is a 10-week 
summer workshop, hosted every summer by CCS, where 
researchers tackle difficult problems in support of the 
National Security Agency’s mission. I loved several things 
about this opportunity: the research environment, my 
collaborators, and the hard problems that needed to be 
solved. SCAMP, which brings together mathematicians 
from a variety of backgrounds and careers, is the subject 
of a different article in this issue by David Saltman [Sal21].

In my earlier piece and in David Saltman’s article, there 
is advice on how to decide if a career in support of the 
NSA’s mission is right for you. In my 2019 article I also 
discussed how the chances of being hired by government 
and industry greatly increase if you prepare ahead of time 
by participating in summer internships in graduate school 
or during a postdoc, by taking a few courses in data science 
or machine learning or statistics, and by learning to pro-
gram. In this article I highlight the kind of mathematics 

function—the more clearly and directly your work impacts 
the bottom line, the better.

5. Getting the Second Job
There are a lot of different types of jobs within the finance 
industry, and your first job is unlikely to be your dream 
job. However, once in the finance industry, you will quickly 
meet a lot of other people within the industry. Talk to them 
and to people in other areas at your firm. Ask them about 
what they do and what their job is like.

If you discover an area that seems more appealing than 
the track you are on, moving into it takes some preparation. 
Figure out what skills are needed for that job and learn 
them. Even better, find a project in your current role that 
uses those skills so that you have experience applying them. 
The timing of the job change is important, too. Moving out 
of a job too quickly after starting will raise eyebrows, but 
taking a new job after 2–3 years in your first one is generally 
seen as acceptable.

Finally, there is no tenure in finance. Turnover is high, 
and layoffs are common. Every year is a new test, a new 
chance to prove you can contribute, innovate, and succeed. 
Good luck!

Credits
Author photo is courtesy of Thomas Fleming.
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The distance functions that are related to Jaccard distance 
are different from prior work by Cui et al. [CDFI13]. In 
particular, the Cesáro Jaccard distance in [PYY19] is shown 
to provide a representation of the distance between regular 
languages that matches intuition and is also proven to be 
defined for any pair of regular languages. This is in con-
trast to other Jaccard-type distances for regular languages, 
including the work by Cui et al., where distances between 
some pairs of regular languages do not exist.

The distance functions that we define in [PYY19] based 
on topological entropy are mostly disjoint from Cesáro 
Jaccard in what they measure. Both types of distance func-
tions can be useful, and for the remainder of this article we 
focus on a topological entropy-based distance function to 
highlight the connection between formal language theory 
and symbolic dynamics.
Background

Regular languages and DFA. Regular languages are ex-
actly those families of words that can be recognized using 
a finite amount of memory as a proposed word streams 
by. These languages can be represented by a graphical 
structure called a deterministic finite automaton (DFA). 
A DFA is a directed graph where the edges are labeled by 
elements from a finite alphabet A such that there is at 
most one outgoing edge from each vertex with a given 
label, together with an initial state and a set of final states, 
which are special vertices in the graph. A word is accepted 
by a DFA if there is a path in the graph associated to that 
word that begins at the initial state and terminates at a final 
state. Given this structure, the associated regular language 
L is the set of words that are accepted by the DFA [HU79]. 
Figure 1 provides an example of a DFA over the alphabet 
A= {a,b} whose associated regular language L consists 
of words that contain an even number of a’s and an even 
number of b’s. In the parity DFA state 1 is the initial state 
(indicated by a bold arrow) and the final state (indicated 
by double circles), and the words aabb, ababbb ∈ L .

Performing operations on DFA, including symmetric 
difference, is a well-studied area; see [HU79] for more infor-
mation. To measure the complexity of a regular language, 
we turn to the topological entropy of sofic shifts, a subject 
in dynamical systems.

Sofic shifts and topological entropy. Sofic shifts, objects 
in symbolic dynamics, are related to DFA from computer 
science; see [BP97]. The full shift is the set of all bi-infinite 
sequences over the finite alphabet A (i.e., AZ ={(xi)i∈Z : 
xi∈A}) together with the shift map σ :AZ→AZ  defined by 
(σ(x))i = xi+1. A shift space (X,σ) is a subset of the full shift 
that is closed (in the product topology on AZ) and shift-in-
variant. A sofic shift is a shift space that can be represented by 
a directed graph where the edges are labeled by elements of 
A. We assume that all shift spaces are right-solving, which 
means that there is at most one outgoing edge from each 
vertex with a given label. A point in a sofic shift space is a 
bi-infinite walk on the graph.

that one can do in a BIG career (Business, Industry, and/
or Government career) by describing a subset of the results 
that were unclassified from my SCAMP 2015 experience.

A Collaborative Experience
CCS employs mathematicians trained in a variety of areas: 
dynamical systems, graph theory, number theory, harmonic 
analysis, topology, geometry, probability theory, and com-
binatorics, to name a few. During SCAMP 2015, I worked 
with mathematicians from a diverse set of backgrounds, 
and we each brought a unique perspective to the problems 
at hand. In particular, the work from SCAMP discussed in 
this article was carried out by Austin Parker (a theoretical 
computer scientist), Matthew Yancey (an extremal graph 
theorist), and me (a dynamicist); this research is a blend 
of all three fields.

During SCAMP 2015, my colleagues and I made precise 
the problem we wanted to solve, studied literature related 
to the problem, wrote algorithms and proved related the-
orems, coded our algorithms, and wrote a paper on our 
results. The rest of this article is an overview of the parts of 
that project that were unclassified, as well as research that 
continued after SCAMP. For more detailed information, 
see [PYY17, PYY19].

Entropy of a Regular Language
Symbolic dynamics is a field within dynamical systems 
that has connections with theoretical computer science. In 
both symbolic dynamics and theoretical computer science, 
we often analyze infinite languages L which are composed 
of finite words over a finite alphabet A. The mathematics 
discussed in this article illuminates and makes precise the 
connection between sofic shifts (from symbolic dynamics) 
and deterministic finite automata (from computer science), 
and uses that connection to develop a distance between 
regular languages involving topological entropy.

Regular languages are used in designing programming 
languages and in many applications such as pattern match-
ing. Do you need to search a document for a keyword? Your 
computer uses regular languages to accomplish this task 
via regular expressions. There are many motivations for 
developing a good distance function to measure similarity 
between regular languages. Activities in bioinformatics, 
copy-detection, and network defense sometimes require 
that large numbers of regular expressions be managed. 
Metrics aid in indexing and management of those regular 
expressions.

Given two sets A and B, the symmetric difference A∆B is 
defined as (–A∩B)∪(A∩B–) and can be used to think about 
how different the two sets A and B are. In fact, the Jaccard 
distance between two finite sets A and B is the symmetric 
difference normalized: 

|A∆B|
|A∪B| . In the case of regular languages 

L1,L2, the symmetric difference L1∆L2 is usually infinite.
In [PYY19] we introduce distance functions based on 

generalizations of Jaccard distance and topological entropy. 
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be computed by taking the maximum of the topological 
entropies of sofic shifts corresponding to irreducible com-
ponents of G.

Topological Entropy vs. Language Entropy
In their foundational paper on regular languages [CM58], 
Chomsky and Miller define the entropy of a regular lan-
guage L as Shannon’s channel capacity:

where Wn(L) is the set of words in L of length exactly n. 
Chomsky and Miller’s technique was to develop a recursive 
formula for the number of words accepted by a regular lan-
guage. That recursive formula comes from the characteristic 
polynomial of the adjacency matrix for an associated au-
tomaton. The eigenvalues of the adjacency matrix describe 
the growth of the language. However, Chomsky and Miller 
incorrectly applied the Perron-Frobenius theorem in their 
proof of convergence; this limit does not always exist for 
regular languages, as seen in the language consisting of 
even length words.

The formal language community has adopted the con-
vention of defining the entropy of a regular language as

lim sup =
log|Wn(L)|

   n→∞              n
to address the issue of convergence. Much of the analysis in 
[PYY19] is devoted to constructing a definition of entropy 
of a regular language that describes the overall growth 
of the language while still being rigorous and matching 
existing intuition. We prove that the upper limit in the 
channel capacity is realized by the topological entropy of 
the corresponding sofic shift and define another notion 
of entropy, which is preferable since an upper limit is not 
necessary. We use similar techniques to those employed by 
Chomsky and Miller; however, we apply generalizations of 
Perron-Frobenius theory that were discovered by Rothblum 
several decades after the work of Chomsky and Miller on 
entropy [Rot81]. For a regular language L define the lan-
guage entropy to be

h(L) = lim
log|W≤n(L)|

              n→∞         n
where W≤n(L) is the set of words in L of length at most n. 
Given a DFA, the associated sofic shift will be defined in 
the next section.

The underlying graphical structure of a sofic shift is sim-
ilar to a DFA; however, there are no initial and final states 
in a sofic shift. As an example, consider the Golden Mean 
Shift displayed in Figure 2. In this case, A= {a,b} and the 
shift space consists of bi-infinite sequences of a’s and b’s 
where no two b’s are adjacent.

Topological entropy is a concept meant to describe the 
exponential growth of distinguishable orbits of the dy-
namical system up to arbitrary scale. A positive quantity for 
topological entropy reflects chaos in the system. Let (X,σ) 
be a shift space. We call a finite block admissible if there is 
a point in X where the block appears as a subword. Denote 
the set of admissible blocks of length n in X by Bn(X). The 
topological entropy of (X,σ) is given by

ht(X)= lim
log|Bn(X)|

.
                n→∞        n

While topological entropy can be difficult to compute 
in general, it is an easy calculation for sofic shifts. Given a 
directed graph G on m vertices, the corresponding adjacency 
matrix A is an m×m matrix where the ijth entry A(ij) is the 
number of edges from vertex i to vertex j. Using generaliza-
tions of Perron-Frobenius theory, it has been proven that 
the topological entropy of a sofic shift represented by a 
labeled graph G is equal to the log of the spectral radius of 
the adjacency matrix of G. That is, the topological entropy 
is given by the log of the adjacency matrix’s largest modulus 
eigenvalue. Algorithms for computing eigenvalues are well 
known and run in polynomial time in the width of the 
matrix. For more information on the topological entropy 
of sofic shifts, see [LM95].

As an example, we will compute the topological entropy 
of the Golden Mean Shift, X, in Figure 2. The adjacency 
matrix for this shift is given by ( 1  1

1  0 ). The eigenvalues of this 
matrix are 1±√5

2 , which means that ht(X) = log( 1+√5
2

) (hence 
the name Golden Mean Shift).

An irreducible component of a directed graph G is a max-
imal subgraph H of G such that for every pair of vertices u 
and v in H, there is a directed path from u to v. Irreducible 
components can be computed in linear time. The topolog-
ical entropy of a sofic shift X represented by a graph G can 

Figure 1. Parity automaton.
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leads us to the following definition: the entropy sum distance 
between two regular languages L1 and L2 is defined as

HS(L1,L2) = ht(L1∩L2
—

) + ht(L1
—
∩ L2).

The entropy sum distance is a good candidate for mea-
suring the distance between regular languages because, as 
we proved, it is a pseudometric and we give conditions on 
when it is granular (i.e., for any two points in the space 
you can find a point between them) [PYY19], and it can 
be efficiently computed. For more information on this 
distance function and its relationship with Jaccard-based 
distances, see [PYY19].
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Theorem 1. Let L be a nonempty regular language, and let X 
be the associated sofic shift. Then

h(L) = lim sup
log|Wn(L)|

= ht(X).
                   n→∞           n

Using Topological Entropy to Compute Distance
To use topological entropy to measure the complexity of 
L1∆L2, which is a regular language, we must first recast a 
DFA into a sofic shift that represents similar information. 
The common method to turn a DFA into a sofic shift is to 
simply forget the information regarding initial and final 
states. In that case, you can easily construct a single sofic 
shift that represents two very different regular languages 
[PYY19].

To deal with the issue of a single sofic shift representing 
different languages, we define another method to transform 
a DFA into a sofic shift. To explain this method, we first 
describe two additional operations that can be performed 
on DFA, trimming and computing the essential subgraph. 
The operation of trimming a DFA is to remove any state that 
is not included in some accepting path for that DFA. This 
operation does not change the language represented. A 
state q is removed during trimming if and only if q satisfies 
at least one of two properties: (1) there is no path from 
the initial state to q, or (2) there is no path from q to any 
final state. These conditions can be tested using a simple 
depth-first search. The second operation is computing the 
essential subgraph. Given a representation G of a sofic 
shift, the essential subgraph is the largest subgraph of G 
such that each vertex has at least one incoming edge and 
at least one outgoing edge. The essential subgraph of G 
can be calculated by iteratively deleting vertices that have 
no directed edge entering that vertex or no directed edge 
leaving that vertex.

Given a regular language L, we define the associated sofic 
shift to be the sofic shift with representation G, where G is 
constructed from the DFA representing L by (1) trimming 
the DFA, (2) ignoring initial and final states, and (3) com-
puting the essential subgraph.

As discussed previously, we believe that topological 
entropy is a good candidate for measuring the complexity 
of the symmetric difference between two regular languages 
(now that we can convert each regular language to a sofic 
shift), and here we use this concept to define a distance 
between regular languages. We call this distance function 
the entropy sum distance. It was inspired by first consid-
ering the topological entropy of the symmetric difference 
directly, i.e., ht(L1∆L2). However, since topological entropy 
only captures the irreducible component of highest com-
plexity and does not account for the rest of the irreducible 
components, more information is gathered by computing 
the topological entropy of each summand of the symmet-
ric difference directly and then summing the results. This 
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and what I prefer to call academic mathematics. Like any 
research mathematicians, we prove deep theorems and 
solve hard problems by applying cleverness and novel 
approaches. As with any mathematics, problems can be 
impossible. The best researchers have to have the judgment 
and intuition to choose the “impossible” problem that is 
actually approachable, or the ridiculously long computer 
calculation that is just barely in reach, and also, at the same 
time, have to be important. Of course, the best researchers 
judge or intuit that some problems will be important in 
the future, if not necessarily knowing exactly why. While 
important to us might be a bit different from important to 
academic mathematics, my experience as director suggests 
that individuals with a knack for one kind of judgment are 
usually good at the other.

Like academic researchers, we need to balance our efforts 
between short-term results and the long-term development 
of the various fields. Once again finding this balance in 
academic research is similar to the balance we need to 
find, and again it seems that being good at one is related 
to being good at the other.

If the reader of the above finds our work attractive, there 
are relatively well-established ways to get involved and learn 
more. The NSA has a number of summer programs for un-
dergraduate and graduate students, and information about 
them is on the NSA website. The IDA hires academics, both 
early career and established, for our summer ”SCAMP,” 
which is actually three summer research programs, one at 
each of CCR–Princeton, CCR–La Jolla, and CCS–Bowie. 
Let me add that we and the NSA want to hire talented in-
dividuals who will work in our problem space, not experts 
focused in a particular area.

Let me strongly urge interested individuals to START 
EARLY. All these programs require a clearance, and clear-
ances take a really significant amount of time. November 
is probably too late for the following summer.

Maybe I will see you at SCAMP!

Credits
Author photo is courtesy of Jennifer Saltman.

Careers in Classified 
Research Mathematics

David Saltman

I am a research staff member of, and until recently director 
of, the Center for Communications Research–Princeton, 
a unit of the Institute for Defense Analyses. Along with 
people at the center for Communications Research–La 
Jolla, and the Center for Computing Sciences–Bowie, we 
attack problems, usually classified, for the National Security 
Agency (NSA). Since we work very closely with the NSA, 
I hope to present some of my thoughts about working in 
and belonging to the classified NSA research mathematics 
community. Let me say at the outset that here “mathemat-
ics” is understood very broadly. At CCR–Princeton, we 
have researchers with doctorates in mathematics, computer 
science, engineering, and more, and I think of them all as 
mathematicians.

First, the question is whether someone would like to 
work in our community. To begin with, one must be a US 
citizen as that is a requirement for the security clearance. 
The clearance also means it takes more effort to “try us 
out,” since getting a clearance is an involved process. One 
needs to have a polygraph “interview,” fill out a significant 
amount of paperwork, and then there is a background in-
vestigation. Thus there is some “up front” work required 
before one can learn, in any detail, what we do.

However, let me see if I can state a few impressions of 
the work without a lot of details. Of course, this is “applied” 
mathematics but this is more a matter of attitude rather 
than subject. The work here involves a surprising variety 
of types of mathematics. Our goal is to provide answers to 
the people who directly acquire intelligence. If the answer 
involves deep hard mathematics, we love it. We also love 
it if the answer is easy but the question is important. We 
tend to work collaboratively, because we need to use what-
ever methods are required to succeed. Collaboration gives 
us the ability to take advantage of the varied talents and 
knowledge from within the group. We are broadly focused 
as mathematicians, and have an expansive view of mathe-
matics, because we do what is needed to solve the problem. 
Sometimes the first challenge is to find the problem. The 
person or office we try to help has a mission, and we need 
to find the math problem hidden in their situation, and 
then solve it.

While the above comments make us seem different, I 
would like to emphasize the similarities between our work 
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particularly know what a database was, but I suspected 
it was rather easier to understand than say gaining an in-
tuition about Noetherian schemes. Moreover, I liked the 
people I interviewed with. They were curious and had fun 
brain teasers—so I joined up. I certainly had to scramble 
to learn enough to teach useful courses to our customers, 
but I also used my spare time to work on side projects that 
I thought would help the company. It started with some 
simple tricks to catch erroneous lab values entered in the 
chart. Slowly, I progressed to more complex pieces of R&D. 
By year three, I had led the development of an algorithm 
that notifies clinicians of early patient deterioration. It is 
currently in use in over 100 hospitals. Looking back on my 
work so far, I feel very proud and fulfilled, but I can still 
remember the puzzled expressions and nervous conver-
sations when I told my professors that I would be using 
that fancy degree to … teach database administration for 
a software company.

As is often said, the story arc of your career only makes 
sense looking back. It’s very difficult to construct a story and 
then bring it into existence in exactly the way you envision. 
That said, there are things you can do to shape your story 
into something that makes you feel proud. With that in 
mind, I will share five questions that I frequently ask myself 
as I navigate my data science career. 

Five Questions to Ask Yourself as You 
Transition from Academia to Business
How will you show that you can connect the dots from 
business opportunity to abstract technical problem?
We’re all familiar with the trope of the mathematician 
with mismatched socks and her head in the clouds. Sure 
she’s brilliant, but she isn’t able to translate that brilliance 
into a meaningful contribution to the bottom line. She’s 
so focused on living on the cutting edge that she misses 
solutions that are simple, easy to build and maintain, and 
easy to integrate within the existing business process. I 
think the physical manifestations of this caricature are not 
as common as television would have us believe, but it is a 
real risk when it comes to landing a job—especially your 
first. The fact is, your degree presents a strong signal of 
technical proficiency, but also presents a risk of being seen 
as “not business savvy.” Luckily, it is easy to put your hiring 
committee at ease by stressing the importance of working 
with business stakeholders to understand the opportunity 
and how the technology meets it. Be prepared to provide 
examples of times your work had real impact—even better 
if you selected a simpler solution because it was a better fit 
for the process or users.
How will you cover the “last mile” challenges from 
prototype to solution in production?
Many aspiring data scientists I meet from math PhD pro-
grams will have above average capabilities when it comes 
to problem solving and ability to work with algorithms. It 
is much more rare to meet such candidates that have the 

How to Start Your Story 
in Data Science

Joe Tenini

My experience working in business and more specifically 
in data science has not been like writing a proof. When 
you write a proof, you start with where you want to end. 
You start with the statement you will prove—the finished 
product. From there, you put in place all of the little lem-
mas, calculations, supporting observations, and relevant 
definitions until you’ve built a beautiful bridge from where 
you are, all the way to where you’d like to go. I even hear 
people talk about their careers like this: “I always knew I 
wanted to be an astronaut, so I spent my whole life going 
after it and here I am.” I suppose one big difference is that 
I didn’t grow up dreaming of being a data scientist wading 
through piles of messy data, trying to figure out how these 
eight lines of code could be so confusing, and casually 
asking life’s eternal question: “how early is too early to 
start lunch?” I didn’t grow up dreaming about being a data 
scientist because that wasn’t really a job when I was a kid. 
It’s also quite likely that the job I’ll be doing in twenty years 
does not exist now. So what can we do in times of such 
rapid change? How can we prepare ourselves for a career 
leveraging our technical skills outside of academia? I very 
likely don’t have a good answer to that, but I can give you 
my story of transitioning from algebraic geometry to ap-
plied data science. In this article, I’ll give my perspective on 
approaching a career in data science as well as five questions 
every aspiring data scientist should be able to answer for 
themselves about their new career. If you can answer these 
questions confidently when evaluating a new or current 
opportunity, then you will avoid many of the common 
pitfalls of the data science career track that I see.

Where I Am and How I Got Here
My final semester of graduate school was a full one: I had 
twins, defended my thesis, and applied to jobs in a wide 
variety of industries. I dedicated a huge amount of effort 
to making my mathematical expertise seem relevant and 
tailor-made to each job I applied for. For a particular fi-
nancial position, I even took the first two actuary exams. 
However, the job that excited me most was with a large 
medical software company—a job that didn’t necessarily 
match perfectly with my formal training. In fact, they 
didn’t really care about the math at all, but they did value 
my teaching experience. You see, they needed someone 
to teach their customers about how to leverage their vast 
databases of health records to improve patient care. I didn’t  

Joe Tenini is a senior data scientist at Red Ventures. His email address is 
jtenini@gmail.com.

DOI: https://dx.doi.org/10.1090/noti2265



Early Career

April 2021  Notices of the AmericAN mAthemAticAl society   537

How will you enjoy working with your manager?
In many roles, you may spend more time during the week 
with your manager than with your best friend. It’s very 
likely—though not universal—that you will meet your 
manager during your interview process. Managers that treat 
you with respect, are invested in your development, have 
skills to teach you, and will advocate for you are much more 
likely to lead to a happy day at work. However, also note 
that a great manager cannot help you find fulfillment in the 
work you do or make you feel proud of your contributions, 
but a poor manager can certainly ensure that you finish 
your day feeling frustrated and ready to head back onto the 
job market. When you’re being interviewed, it is also your 
chance to interview them. Be sure to ask about things like 
company culture (how people are treated), values, mentor- 
ing, and the expectations of managers.
Will your contributions be made by leveraging old 
skills or new ones?
When I finished my degree and headed into the workforce, 
I was very eager to “apply what I had learned.” I would sit 
down to think about the company’s biggest problems and 
say to myself “if only I could view this data as a sheaf, the 
interoperability question would be so natural to consider!” 
In short, I was a hammer in search of nails, seeking to apply 
my mastery of algebraic geometry to the problems in front 
of me. I became much more successful when I realized that 
my real skill was rigorously mastering new techniques—
often known in the business world as “learning agility.” In 
my more recent work, I helped develop a personalization 
engine that optimizes traffic for a handful of high-volume 
websites. The solution required a great degree of familiarity 
with something called the contextual multi-armed bandit 
problem, which comes up in reinforcement learning. Prior 
to the project, I knew very little about this problem, but as 
researchers we are capable (and not afraid!) to dive deeply 
into the literature to get a feel for the problem, the available 
solutions, and generally what we should do to leverage this 
knowledge.

If you do elect to begin a career in data science, it’s very 
likely that the career will look quite different year to year. 
Capabilities that once elevated you above the competition 
are now commonplace. Resources that were once precious 
and expensive are now so cheap you don’t even count 
the cost. And sometimes the thing you worked so hard to 

develop was just released as a free 
service. No matter what comes your 
way, if you can answer the above five 
questions, you will be well on your 
way to being a happily employed 
practitioner of data science.

Credits
Author photo is courtesy of Joe Tenini.

industry skills to deploy and maintain the software that 
represents the final product of that reasoning and algorith-
mic magic. Such data scientists who can translate a business 
problem to a technical one, solve the technical problem, 
and then do the software development, deployment, and 
monitoring to provide consistent value are often referred 
to as “full-stack” data scientists. If you are not a full-stack 
data scientist, then you will likely need help in reaching 
the value delivery step of your projects. If you are not fluent 
in these technologies, you will want to ask—during the 
interview process—what support exists for the data science 
role within the company. You will likely be particularly 
interested in their development operations (commonly 
“devops”) and engineering support, without which you 
may be stuck with a great idea that is frustratingly difficult 
to implement. A great way to get at this question is to ask 
about the current pipeline and infrastructure for deploying 
solutions within the company.
Where do you sit in the company’s value chain and 
how will you grow?
My manager loves to do the exercise of pretending you 
have just invented the automobile. What sort of things 
need to be in place for this to be a valuable invention? 
That is, what needs to also exist, besides the automobile, 
for this invention to make the life of the consumer better? 
Let’s name a few: You need dealerships to market and sell 
the cars—so that you can buy one. You need someone to 
build a network of roads and gas stations so that you can 
get to your destination. You also need service shops to pop 
up to help when you need repairs. This network of moving 
pieces that add value to the consumer’s life is called a value 
chain. The point is that just because something is a great 
idea or an amazing achievement, it does not mean that it is 
immediately valuable to the consumer. Businesses exist be-
cause they play an important role in the global value chain, 
and within a business you—the employee—will serve a 
purpose within that chain. Generally, you will be valued 
more highly if that place in the chain requires your differ-
entiated and unique skills. Also, your career will become 
more valuable if this chain allows you to develop more 
skills and take greater and greater responsibility within the 
chain. For example, if you work for Stitchfix, then a large 
portion of the value generated to the consumer is in rec-
ommending outfits that the client will love. If your role in 
the company is developing the recommender systems used 
to fuel this process, then this is a great sign. Moreover, if 
the company were to expand into recommending personal 
items like books or home decor, the responsibility of your 
recommender system would also grow. It’s even better if 
your expertise in these algorithms is rare and difficult to 
reproduce. All of this would mean that you are playing a 
central role in the value chain, and you are hard to replace. 
In your job you will need to demonstrate value and then 
take over more and more of the value chain.

Joe Tenini



In Memoriam:
Peter L. Montgomery
(1947–2020)
Joppe W. Bos and Kristin E. Lauter

Peter Lawrence Montgomery passed away on February 18,
2020. Peter was a brilliant mathematician whose inven-
tions found their way into the everyday life of billions of
people on a daily basis. If you have visited a webpage,
made an electronic payment, or used a messaging app,
then chances are high that one of the mathematical tech-
niques proposed by and named after Peter Montgomery
was used to ensure your security in a time and memory ef-
ficient way. Peter’s main contributions are in the field of
computational number theory. Peter was largely motivated
by the desire to improve integer factorization algorithms al-
though he also wrote papers about many other techniques
ranging from extremely clever low-level computer algo-
rithms to cryptosystems built on top of algebraic number
theory. His contributions end up being useful to speed
up the arithmetic in virtually all public-key cryptographic
systems used around the globe to protect our information
today.

1. His Life
Peter was born in San Francisco, California, on Septem-
ber 25, 1947. He attended UC Berkeley and received a BA
with Honors in Mathematics in 1969 and an MA in 1971.

Joppe W. Bos is a senior principal cryptographer at NXP Semiconductors. His
email address is joppe.bos@nxp.com.
Kristin E. Lauter is a principal researcher and partner research manager at Mi-
crosoft Research, and affiliate professor at the University of Washington. Her
email address is klauter@microsoft.com.

Communicated by Notices Associate Editor William McCallum.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2258

Peter’s undergraduate advisor was Derrick H. Lehmer, an
excellent match given Peter’s research interest since high
school: integer factorization.

In 1967, Peter was among the five highest-ranking par-
ticipants in the William Lowell Putnam Mathematical
competition, and was named a Putnam Fellow. In 1972,
Peter started working as a junior programmer for System
Development Corporation (later called Unisys Corpora-
tion) in Huntsville, Alabama, and became the expert on
the Cray CDC 7600 supercomputer.

During this time Peter remained active in the mathe-
matical community. This is illustrated by a series of pa-
pers with Erdős, Graham, Rothschild, Spencer, and Strauss
(see [EGM+73] and related work) in the mid-1970s on Eu-
clidean Ramsey theorems. When implementing textbook
multiprecision multiplication in assembler on a PDP se-
ries computer, he noticed there were unused registers and
wanted to find a way to exploit them [BL17]. He managed
to do so by interleaving the multiplication with the modu-
lar reduction. This led to arguably one of his most widely-
used results: Montgomery multiplication.

About twenty years after his time in Berkeley, David G.
Cantor supervised Peter’s PhD dissertation on his favorite
topic in computational number theory. He received his
PhD in mathematics from UCLA in 1992. Peter held a
position in the mathematics department at Oregon State
University in 1993. He was active in his factoring research
while at OSU, but he found teaching in the classroom chal-
lenging.

In 1998 Peter accepted a position with the Cryptogra-
phy and Anti-Piracy group at Microsoft Research in Red-
mond, WA. Peter’s contributions to Microsoft products
were focused around public-key cryptography. Bignum
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Figure 1. Peter L. Montgomery at age 15 (left), in 1980 (middle), and in 2009 (right).

was the library he wrote for modular arithmetic which was
used as the foundation for his internal implementation of
the RSA cryptosystem. The second author worked closely
with Peter from 1999–2010 on optimizing and deploying
Microsoft’s Elliptic Curve Cryptography library across all
platforms; it was exposed through CNG, the Crypto Next
Generation API, which started shipping in Windows Vista
in 2005.

Peter retired from Microsoft in 2014.

2. Kristin E. Lauter
Peter was one of only a few PhD mathematicians at Mi-
crosoft Research in 1999 when I arrived, and he was my
closest colleague and only collaborator for my first few
years there. We published four papers and numerous
patents on elliptic curve and hyperelliptic curve cryptogra-
phy together, optimizing for efficiency of operations for
different machine instruction sets, introducing algorith-
mic improvements, and alternative approaches to point
compression.

Peter did not like to go anywhere in a car because he said
“it is good for the individual, but not for society.” This is
also highlighted in the letter Peter wrote for his 1995 high
school reunion.

The environmental movement blossomed while I
was at Berkeley, and I vowed in 1972 never to drive
again. But Huntsville lacked sidewalks between
home and work. For one year, I walked with large
placards “WE NEED SIDEWALKS” and “WHERE’S
MY LANE,” until the City Council voted to install
sidewalks near schools and to fund bike lanes and
paths.

When Peter was interviewed for a job at AT&T/Bell Labs in
the 1990s, he was distressed because there were no side-
walks on campus when he went for the interview, so he
turned down the job. He said he had also taken part in
campus demonstrations during his time as a student at UC
Berkeley in the 60s, for various progressive causes.

At Microsoft Research (MSR), Peter took the city bus
to team dinners and events (and knew the schedules by
heart). He always walked or took the shuttle around Mi-
crosoft campus, and I did not like to drive either, so we of-
ten walked or took the shuttle together to the other side of
campus for meetings with Windows developers. I learned
many number-theoretic algorithms from him while riding
the shuttle and walking around together. He explained the
algorithms using small numerical examples. For example,
he always wanted to factor the room number for the meet-
ing we were going to. With the building number, it was
a 6- or 7-digit number, which gave him a chance to figure
out or explain many factoring tricks to me.

Peter also loved children, and he often bought presents
for my twin daughters, such as blinking tennis shoes for
their third birthday (see Figure 2 (left)). He was in Europe
when my daughters were born and so he collected and
brought back to me the newspapers from three or four ma-
jor European cities from the day of their birth. On several
occasions he brought presents for them to work, wrapped
in store packaging, which he carried around campus to
meetings until he had a chance to give them to me. He
was happy to help me watch them at the number theory
conference in Banff in 2003 when they were 3 (see Figure 2
(right)). On an outing up the Banff gondola, he thought
that all their requests were perfectly reasonable and that we
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Figure 2. Peter Montgomery with Kristin Lauter’s daughters at the Conference in Number Theory in Honour of Professor H.C.
Williams, Banff, Alberta, Canada, 2003.

should accommodate all of them, which was not always
possible due to safety concerns!

Peter insisted on taking the Greyhound bus back and
forth from Seattle to Banff for the conference, which was
an overnight trip with some delays on the road and so
he arrived a little late (and with some funny stories to
tell). He took the bus or train to many other conferences
as well, such as the biannual West Coast Number Theory
conferences in Asilomar outside of Monterrey, California.
He loved the problem session at the biannual West Coast
Number Theory conference, interacting with people and
submitting and solving problems. He also loved the prob-
lems in the MAA American Mathematical Monthly publica-
tion, and often wrote up solutions to those problems.

Peter was very generous, and he always wanted to con-
tribute something so he often bought watermelons and
made brownies for Crypto group meetings and parties. He
didn’t shy away from taking part in activities and one year
we almost lost him when he attempted to go out on a ca-
noe on Lake Sammamish during a team picnic.

He also knew that I liked to play bridge, so for many
years he would cut out the bridge column from the news-
paper on a daily or weekly basis and leave it on my desk
in the morning so we could discuss it at lunchtime. He al-
ways liked to have two cans of grape juice and a chocolate
milk in the Microsoft cafeteria with his lunch, and he did
not like spicy food so he often got fried chicken.

Before he moved up to Redmond he telecommuted
from Marin County. He lived there with his mother and
her caregiver until his mother passed away. When he
needed to come to Redmond for a visit he would wake
up early so he could take public transportation to the San
Francisco airport in time for his flight. When he moved
to Redmond he lived in various apartments by himself. I

became concerned about the access and the uneven side-
walks he could trip on in the darkness. When I talked to
him about moving into an assisted care facility close to
campus, he told me that would not work while he was
working, because they served lunch at the facility and he
would not be there for lunch if he was at the office.

Peter had a true passion for mathematics and loved
Techfest (the annual Microsoft internal research 2.5-day
fair) even though most people could not understand his
explanations of our Elliptic Curve Cryptography software.
See Figure 3 for “Evening Destinations,” a puzzle Peter cre-
ated for Techfest to explain the Number Field Sieve. He
gave the names of 40 US States in a list, and the puzzle
was to find the subset of them such that each letter (with
capitalization) appeared an even number of times, in the
amalgamated set of letters. If you work on this puzzle, you
will get a good idea of what it was like to learn number-
theoretic algorithms from Peter.

Peter was a funny and fun-loving person, a gentle and
generous soul.

3. Joppe W. Bos
During his time at MSR, Peter continued collaborations
with researchers world-wide and was a regular long-term
guest at various universities and research institutes in Eu-
rope. I have fond memories of Peter’s visit during my PhD
at the laboratory for cryptologic algorithms at the École
Polytechnique Fédérale de Lausanne (EPFL) in Switzer-
land. When bringing Peter to his hotel it was always a chal-
lenge to bring his considerable suitcase on the Lausanne
metro since regular cabs were simply not up to the task.

During this time we worked on computational ap-
proaches to compute a 112-bit elliptic curve discrete log-
arithm (at the time a computational new record) using a
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Figure 3. Peter’s Techfest puzzle to explain the Number Field
Sieve.

cluster of 215 PlayStation 3 game consoles with an interest-
ing instruction set [BKK+12]. This was an effort which is
equivalent to about 14 full 56-bit DES key searches. In or-
der to utilize all computational power one had to compute
using the single-instruction, multiple data (SIMD) para-
digm: performing identical steps on multiple streams of
data. During the computation of the binary version of
the Euclidean algorithm one needs to compute the trailing
zero bit count of a positive integer 𝑘 (or stated differently,
determining the maximum 𝑖 such that 2𝑖 divides 𝑘). This
can be done efficiently using a loop but does not work well
with SIMD. Peter loved these type of puzzles and studied
the instruction set manual of the Cell processor (the one
used in the gaming console) and quickly presented an ele-
gant SIMD-friendly solution that the trailing zero bit count
of a positive integer 𝑘 can be computed using the popula-
tion count of ̄𝑘 ∧ (𝑘−1) (where ̄𝑘 is the one’s complement
of 𝑘). These beautiful computational gems contributed to
the overall performance of the project.

The collaboration continued when I was a research in-
tern at Microsoft Research in 2011 under the supervision
of Peter. The topic was (of course) related to integer factor-
ization and Peter would make sure “his” student would be

welcome at MSR and attend all the social events in order
to make the most out of his stay.

A typical example of Peter’s ability with numbers was
when we were investigating some divisibility properties of
the cardinality of elliptic curve groups modulo primes. A
curve which seems to have favorable properties was de-

fined using a curve parameter 𝑑 = − ( 77
36
)
4
. One morning

Peter entered my office and casually remarked on how in-

teresting it was that one could write 𝑑 as −(𝑔
2−1
2𝑔

)
4
(which

is indeed true for 𝑔 = 9
2
). Spotting this pattern in a series

of a single element turned out to be the key to prove this
particular curve property [BBB+13, Corollary 3.5].

In 2012 I joined MSR’s Cryptography Research Group
as a post-doctoral researcher and had the opportunity to
work with Peter on a daily basis. Over time my wife and
I started to assist Peter with weekly chores such as grocery
shopping: he always insisted on paying for our lunch that
Saturday or Sunday to “even things out.”

Peter started weekly bridge lessons to teach me and sev-
eral other MSR crypto colleagues the basics of the game
and the various bidding conventions. It was clear from the
start that the ability and experience of Peter playing bridge
was well beyond what I could ever hope to achieve. He
was a very patient teacher.

Peter was a great mentor, colleague, and friend and I
will miss his practical jokes.

4. Betty Montgomery
Peter Lawrence Montgomery was my brother-in-law. He
was the oldest of three boys and grew up in a quiet suburb
of north San Rafael, California, called Terra Linda. Pete
and I were the same age, and I met him when we were 21
when I started dating his younger brother, John. There was
no mistaking that Peter was “different.” On first meeting,
people might have mistakenly thought he was intellectu-
ally disabled, but if you took the time to get to know him,
you would discover one of the keenest minds imaginable,
and one of the kindest people you could ever meet. Pete
was childlike in many ways: his language skills, both ver-
bal and written, were like those of a young child, so he was
handicapped to some degree in that regard. But, of course,
that was balanced by the fact that he was to become one
of the greatest mathematical geniuses of our time. He was
clearly a savant.

His early life was troubled as he tried to come to terms
with a world that didn’t understand him, nor did he under-
stand the world. Once he got past his teen years, however,
he found his niche in the mathematical world where he
was accepted and appreciated. Many years later I would
read an article that articulated a condition on the autism
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spectrum called Asperger’s. It was clear that this condition
matched Peter’s symptoms, and it gave us an understand-
ing of his condition.

Peter adored my children—his niece Heather and his
nephew Page. Whenever we would visit each other, we
spent hours on jigsaw puzzles and complicated card games
like Liverpool. He would take the kids on long walks
around town until he wore them out, and I would get a
phone call from some store to come pick them up because
the kids were too tired to walk home. No one seemed to
mind, though. One thing he liked to do was name all of
the states that had a particular letter in their names. When
the kids would quickly tire of this, Peter was understanding
and would find another way to connect with them. With
the adults, he loved to play bridge. It was difficult to play
bridge with him, however, because he would memorize
each card as it was played and calculate who had what
cards. Then, if you were his partner and lost, he would
critique what mistakes you made one by one. He didn’t
really care what people were doing. As long as he was in
your company, Peter seemed content.

Pete loved a good joke and had a good sense of hu-
mor. Every St. Patrick’s Day he would cook breakfast—
always the same—scrambled eggs and milk—both dyed
green with food coloring, and toast with green mint jelly.
He enjoyed practical jokes, and always kept people on their
toes. When he received his doctorate from UCLA, the pre-
senter was shorter than Pete, so Pete walked squatted down
the length of the stage to receive his diploma at eye level
to the presenter.

Peter had a very practical mind and he was eccentric. He
never wore glasses but used amagnifying glass instead. We
had to encourage him to wear a belt because he thought a
rope did just as well. He didn’t appreciate entertainment.
We took him to Disneyland, but he couldn’t understand
why people wasted electricity on the opening and closing
of the eye on Geppetto’s whale. Pete couldn’t understand
why people needed aquariums, or museums. Nor did he
watch any TV or go tomovies. His world, his language, was
math, and in that world he was in his element and he was
happy.

He also had attachments to things. When he moved to
the Seattle area, he had a huge collection of nickels that
filled a backpack. He couldn’t take them on the plane
for some reason, so rather than cash them in, he took a
bus holding that backpack the entire time. He hoarded ev-
erything, even a sandwich sign he once wore every day as
he walked to work in an area of Huntsville, Alabama, that
didn’t have sidewalks. The sign said: “Where’s my lane?”
He had an article written up about him in the local news-
paper where he was fondly spoken of as a well-known and
beloved eccentric while living there.

Then came the time some years back when Peter had a
seizure and he was left brain damaged. It seemed such a
cruel thing to happen to a person with his superior capac-
ity for knowledge. My daughter, who is a clinical neuropsy-
chologist, did what she could to get him the right help in
Seattle where she did her residency, but there wasn’t much
they could do. Pete went to live with his two brothers after
that, and he needed 24-hour care for the rest of his life. I
mourned for Peter then, I mourned for Peter during those
years of incapacity, and I mourn for Peter still. Yet in spite
of everything that limited him, Peter did what all of us
hope to do, what all of us wish we could say at the end
of our days. Peter made a difference.

5. Mathematical Contributions
Peter has made significant contributions to computational
number theory which are described in detail in the book
dedicated to this topic [BL17]. Let us highlight a subset of
Peter’s contributions here.

Integer factorization algorithms can be divided into two
categories: 1) general purpose integer factorization algo-
rithms where the run-time depends on the size of the in-
teger to be factored; 2) algorithms where the run-time
mainly depends on the size of the unknown prime divisor
of the integer to be factored. Peter was heavily involved in
optimizations, from both amathematical and an engineer-
ing perspective, to obtain new integer factoring records for
both categories. Many of his techniques were specifically
designed to speed up integer factorization but turned out
to have much larger implications in the field of cryptogra-
phy.
Algebraic-group factorization algorithms. One of the ap-
proaches where the run-time depends mainly on the size
of the unknown prime divisor was proposed in the 1970s
by John Pollard. The idea behind Pollard’s 𝑝−1 integer fac-
torization method is to find prime factors 𝑝 of the integer
𝑛 for which the groups (𝐙/𝑝𝐙)∗ have 𝐵1-powersmooth or-
der, so that 𝑝 can be found in time mostly linear in the
largest prime factor of 𝑝 − 1. Similarly, Hendrik Lenstra’s
elliptic curvemethod (ECM) for integer factorization is the
asymptotically fastest method to find relatively small fac-
tors of large integers. ECM works analogously to Pollard’s
method, but replaces the fixed group (𝐙/𝑝𝐙)∗ of order 𝑝−1
by elliptic curve groups with orders behaving like random
integers close to 𝑝.

For these algorithms, one can extend the computation
to a second stage by selecting a bound 𝐵2 > 𝐵1 and look-
ing for a factor 𝑝 of 𝑛 for which the largest prime factor of
𝑝−1 is ≤ 𝐵2 and the second largest prime factor of 𝑝−1 is
≤ 𝐵1. Pollard already suggested that one could use a cir-
cular convolution to evaluate a polynomial along a geo-
metric progression to do this efficiently without providing
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further details. These details were made explicit by Mont-
gomery and Silverman in [MS90] for the Pollard 𝑝 − 1
method, but they posed an open problem as to how the
method could bemade to work for ECM. Enabling this fast
second stage for the ECM method was the topic of Peter’s
PhD thesis [Mon92]. Almost 16 years after his dissertation
he returned to this topic with Kruppa and looked into fur-
ther space-efficient optimization techniques [MK08].
Montgomery curves. Inspired by the use of elliptic curves
in cryptography for the ECM integer factoring, Koblitz and
Miller independently proposed using the group of points
on an elliptic curve defined over a finite field as the ba-
sis for discrete logarithm cryptosystems, now known as
elliptic curve cryptography (ECC). Peter proposed mul-
tiple techniques [Mon87] to optimize the ECM method
which turned out to have a significant impact on the prac-
tical deployment of ECC as well. Peter writes, “The au-
thor later discovered an alternative parametrization that re-
quires no inversions.” This parametrization, now known
as the Montgomery curve, in combination with the pro-
posed scalar multiplication algorithm, now known as the
Montgomery ladder, allows scalar multiplication on the el-
liptic curve without using both of the curve coordinates.
This omission of one coordinate results in record-setting
arithmetic counts to implement this scalar multiplication.
This resulted in a constant-time speed-up of both ECM
and ECC, since for themost commonly used cryptographic
schemes, only one coordinate is needed as the outcome of
the key-exchange method.

Much later, an efficient and secure Montgomery curve
was proposed by Bernstein in [Ber06] and has become the
de facto standard in public-key cryptography: it is used
to secure your internet connection and your social mes-
saging applications. The regular structure of the Mont-
gomery ladder also turned out to be one of the fundamen-
tal tools used to harden cryptographic implementations
against side-channel attacks: attacks which use physical fea-
tures of an implementation, such as the elapsed time or
power consumption, to break its security.
General factorization algorithms. General purpose inte-
ger factorization methods all follow Maurice Kraitchik’s
variation of Pierre de Fermat’s method by looking for a
congruence of squares. The idea is to construct pairs of
integers 𝑥, 𝑦 such that 𝑥2 ≡ 𝑦2 mod 𝑛. Since 𝑛 divides
𝑥2−𝑦2 = (𝑥−𝑦)(𝑥+𝑦) it follows that if 𝑛 ≠ ±𝑦 mod 𝑛, then
gcd(𝑥 − 𝑦, 𝑛) is a nontrivial factor of 𝑛. For the (General)
Number Field Sieve (NFS), one needs to find good poly-
nomials satisfying certain conditions and with an above-
average probability of resulting in smooth integers. Pe-
ter played a significant role in polynomial selection and
distinguishing more effective parameters for the Number

Field Sieve. This has grown into an active area of research
(cf. [Cox15] and related work). Next, these polynomials
are used to generate a large number of outputs which need
to be checked for smoothness. In the early days of the
NFS, Peter’s optimizations to the line-siever implementa-
tion were broadly used in a number of integer factoriza-
tions [BMtR+96]. After collecting relations, one needs to
find a subset such that their product is a square. This is
done by looking at the exponents of the prime factorsmod-
ulo two and finding dependencies. These exponent vectors
are very sparse, and straightforwardmethods like Gaussian
elimination do not take advantage of this sparseness. For
example, in the RSA-768 factorization, the exponent vec-
tors had 144 nonzero coefficients out of the 2 ⋅ 108 in total.
Peter introduced a sequence of subspaces of dimension
larger than one for the Lanczos algorithm; this resulted in
the block Lanczos method [Mon95] which is very efficient
on modern computers and has been used in many factor-
ization records. The final step in the Number Field Sieve is
the square root computation of a huge algebraic number
given as a product of a lot of small ones. A general effi-
cient solution to compute this in practice was provided by
Montgomery in [Mon94].
Montgomery multiplication. Peter is probably most well
known for his technique to compute modular multiplica-
tion on modern computer architectures without using ex-
pensive divisions. Multiplication and division algorithms
have significantly different performance characteristics on
almost all computer architectures. Multiplication can be
up to ten times faster depending on the target architec-
ture. This was the motivation for Montgomery to devise
specific code sequences to performdivision by invariant in-
tegers usingmultiplication [GM94]. These code sequences
are applied in compilers to create faster compiled binaries.
Similar motivation gave rise to his arguably most famous
work: in order to accelerate modular multiplication on
modern computer platforms, andmotivated to put unused
registers to work [BL17], Montgomery introduced a mod-
ular reduction technique now known as Montgomery reduc-
tion in his seminal 2.5 page article [Mon85]. The main
idea behind this approach is to change the representatives
of the residue classes and change the modular multiplica-
tion accordingly. This change of residue class ensures that
the multiplication of two inputs in Montgomery form cor-
responds to the desired result in Montgomery form. The
main idea is to choose a Montgomery radix 𝑟 larger than
and coprime to the modulus 𝑚. Then 𝑐𝑟−1 mod 𝑚 can be
computed with

𝑑 = (𝑐 + 𝑚 (𝜇𝑐 mod 𝑟)) /𝑟
which uses the precomputed value 𝜇 = −𝑚−1 mod 𝑟.
Whenever 0 ≤ 𝑐 < 𝑚2, then 0 ≤ 𝑑 < 2𝑚. The division
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by 𝑟 is an exact division, and when 𝑟 = 2𝑤, this division
by 𝑟 is a simple right shift by 𝑤 bits and reduction modulo
𝑟 is extracting the 𝑤 least significant bits: both operations
are essentially for free on modern computer architectures.
This essentially computes a multiplication modulo 𝑚 at
the cost of two multiplications. Due to the overhead of
changing representations, Montgomery arithmetic is best
when used to replace a sequence of modular multiplica-
tions, since this overhead is amortized. A typical use-case
scenario is for example when computing a modular expo-
nentiation as required in the widely used RSA cryptosys-
tem.
Cryptographic pairings. When Peter came to Microsoft
in the late 1990s, he worked on writing bignum, to pro-
vide an implementation of RSA-based cryptosystems. He
implemented several approaches to modular multiplica-
tion and reduction, includingMontgomerymultiplication.
Starting in 1999, working together with the second au-
thor, Peter focused on building and optimizing the Ellip-
tic Curve Library for Microsoft, which started shipping in
Windows Vista in 2005. From there it was ported to many
other products and we worked on optimizations for dif-
ferent platforms. For example, he wrote optimized assem-
bly code for the ECC library on the ARM platform, which
we transferred to the Windows CE mobile division. Al-
though he had enabledMontgomerymultiplication as one
option, in some of the main instances we chose not to use
it based on performance comparisons with other options.
Although (weighted) projective coordinates were a com-
mon choice at the time due to the highly specialized NIST
primes, we often chose configurations with affine coordi-
nates because Peter had implemented an extremely fast
modular inversion, and modular multiplication was not
that fast for general primes. The ratio ofmodular inversion
to multiplication in his code was more like 5 ∶ 1 instead
of 80 ∶ 1 which was reported in external publications at
the time.

Just as the Montgomery ladder does not need the 𝑦-
coordinate of the elliptic curve point for scalar multiplica-
tion, in [ELM03] we introduced the double-and-add trick
for affine coordinates which saves a multiplication in com-
bined elliptic curve operations by not computing the inter-
mediate 𝑦-coordinate. Peter was interested in optimizing
scalar multiplication using different bases (such as base-
2 or base-3 expansions of a scalar), and in [CJLM06] we
presented a combined ternary/binary method to perform
efficient scalarmultiplication using a variant of the double-
and-add trick which is faster whenever a field inversion is
more expensive than six field multiplications.

In 2001, new cryptographic applications of pairings on
elliptic curves were introduced. Pairings on elliptic curves
are bilinear maps from the group of points on an ellip-

tic curve to the multiplicative group of a finite field, most
notably the Weil and Tate pairings. Initial applications in-
cluded one-round tripartite Diffie-Hellman key exchange,
identity-based encryption, and short signatures, and ad-
ditional constructions followed, such as attribute-based
encryption, functional encryption, and partial homomor-
phic encryption. All cryptographic applications of pair-
ings rely on the ability to construct suitable elliptic curves,
to compute in the groups involved, and algorithms for
the pairing computation itself. In [ELM04] we introduced
the squared Weil and Tate pairings for elliptic and hyper-
elliptic curves, which achieve cancellation of vertical line
function contributions because they only depend on the 𝑥-
coordinates, which are equal for a point and its negative.
Simultaneous inversion. Several other ideas from Peter’s
work played a role in optimizing algorithms for pairing
computation. In addition to fast modular inversion, Peter
also introduced the widely used simultaneous inversion
trick, which can be applied to pairing computation as ex-
plained in [LMN10]. Inversion-sharing for pairing compu-
tation can be advantageous for computing multiple pair-
ings or for computing products of pairings, which is use-
ful for batch verification of signatures, for example. Finite
field extension arithmetic is required for pairing compu-
tation, since the torsion points involved are often defined
over an extension of the base field. In [LMN10], we also
proposed to compute inverses in extension fields by using
towers of extension fields and successively reducing inverse
computation to subfield computations via the norm map.
This technique drastically reduces the ratio of the costs of
inversions to multiplications in extension fields. This tech-
nique tips the scales in favor of affine coordinates when
the extension degree is large, which is now increasingly the
case in the era of quantum computers. Peter wrote the first
version of the elliptic curve pairing library for Microsoft.

Peter worked on the IEEE 1363 Elliptic Curve Standard,
and we proposed alternate point compression techniques
for elliptic curves and Jacobians of hyperelliptic curves for
the 1363a 2004 version of the standard. Peter often car-
ried around to meetings his printed out and marked-up
versions of the IEEE 1363 Elliptic Curve Standard and/or
his printout of the bignum code.

Peter liked to use Maple to experiment, and he had ex-
perimented with searching through many possibilities to
find advantageous formulas for 5-, 6-, and 7-term Karat-
suba formulas ([Mon05]) which were useful for polyno-
mial multiplication and extension field arithmetic.

Peter was well known for his great sense of humor, prac-
tical jokes, and his talent with numbers. With his positive
attitude he was an example to visiting students and interns.
As a mentor, colleague, and friend he was always liked. We
will miss him.
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Elias M. Stein (1931–2018)
Lillian B. Pierce
with contributions by William Beckner, Galia Dafni,
Charles Fefferman, Alexandru Ionescu, Vickie Kearn,
Carlos E. Kenig, Anthony W. Knapp,
Steven G. Krantz, Loredana Lanzani,
Alexander Nagel, Duong H. Phong, Fulvio Ricci,
Linda Rothschild, Rami Shakarchi,
Christopher Sogge, Jeremy Stein, Karen Stein,
Terence Tao, Stephen Wainger, and Harold Widom

Elias M. Stein (1931–2018) had a profound influence on
the field of analysis. He developed tools that are now in-
dispensable, expanded and clarified major theories, and
introduced new classes of questions that continue to stim-
ulate research today. In addition, his singular skills as a
mentor and expositor left a legacy of dozens of PhD stu-
dents, hundreds of mathematical descendants, and thou-
sands of loyal readers.

Elias Menachem Stein was born in Antwerp, Belgium,
on January 13, 1931. His parents, Elkan Stein and Chana
Goldman, both Polish citizens, fled Belgium with their
children after the German invasion in 1940. Nine-year-
old Elias made part of the journey with diamonds in the
soles of his shoes, where Elkan, a diamond merchant, had
concealed them.

Lillian B. Pierce is the Nicholas J. and Theresa M. Leonardy Professor of Math-
ematics at Duke University. Her email address is pierce@math.duke.edu.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
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DOI: https://doi.org/10.1090/noti2264

Figure 1. Elias M. Stein in his office in Fine Hall, Princeton
University, 2017.

The family arrived in the United States in the spring of
1941, and settled in New York. Stein attended Stuyvesant
High School, where he served as captain of the math team,
and graduated in 1949. He then attended the University
of Chicago, where he earned a Bachelor’s degree in 1951, a
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Master’s in 1953, and a PhD in 1955, with a thesis advised
by Antoni Zygmund, titled Linear operators on 𝐿𝑝 spaces.
Stein was then an Instructor for two years at MIT, before
taking up in 1958 an assistant professorship at the Univer-
sity of Chicago, where he was swiftly promoted.

After a year at the IAS in 1962–1963, Stein joined the
Department of Mathematics at Princeton University as a
full professor in 1963. From 1975–2012 he was the Albert
Dod Professor of Mathematics at Princeton University. In
2012, he transferred to emeritus status, although he contin-
ued to teach popular courses at Princeton. Stein died on
December 23, 2018 at 87 years old, from complications
related to mantle cell lymphoma.

Elias Stein is survived by Elly, his wife of 59 years. Their
son Jeremy is the Moise Y. Safra Professor of Economics
and Chair of the Economics Department at Harvard Uni-
versity. Their daughter Karen is an architecture critic and
a former member of the jury of the Pritzker Architecture
Prize.

Over the course of his long career, Elias Stein devel-
oped many powerful tools used widely in harmonic anal-
ysis today—as just a few examples, Stein’s interpolation
theorem, the Stein maximal principle, the Cotlar-Stein
lemma. In addition, Stein had remarkable intuitions for
the interactions between wide-ranging fields: Fourier anal-
ysis, complex function theory, partial differential equa-
tions, real analysis, geometry, number theory. When Stein
was awarded the Wolf Prize in 1999, the citation empha-
sized the role of such connections in his work [3]: “EliasM.
Stein has made fundamental contributions in mathemat-
ical analysis understood in a very broad sense. He devel-
oped (jointly with G. Weiss and C. Fefferman) the theory
of Hardy spaces in several real variables; in particular, this
emphasized the role of duality between the Hardy spaces
and the BMO spaces introduced earlier by F. John and
L. Nirenberg. In the representation theory of Lie groups,
Stein discovered, with R. Kunze, the so-called Kunze-Stein
phenomenon, classical by now, regarding harmonic anal-
ysis and certain nonunitary representations of semisimple
Lie groups. Stein also made profound contributions to the
̄𝜕-problem of several complex variables. He is one of the

creators of multidimensional Euclidean Fourier analysis,
having shaped classical analysis by recognizing the role of
singular integrals, Radon transforms, and maximal opera-
tors obtained by integration on lower-dimensional mani-
folds in Euclidean spaces.”

Stein asked questions that opened new areas. For ex-
ample, his questions about the interaction of the Fourier
transform and curvature continue to stimulate research
in the broad and fascinating area surrounding restriction
problems. He initiated the study of polynomial Carleson
operators. And his late-career investigation of discrete

operators, at the intersection of harmonic analysis and
number theory, popularized a young area of analysis.

A full perspective on Stein’s immense research program
can be found in the retrospective appreciation [2].

In 2011, Princeton University honored Stein’s 80th
birthday with the event “Analysis and Applications—A
Conference in Honor of Elias M. Stein.” In addition to
a full slate of research talks, this conference featured a dis-
cussion titled Mentoring, Collaborating, and Writing Books.
In each of these three areas, Stein excelled.

Stein was a prolific advisor, mentoring at least 52 PhD
students, including the Fields medalists Charles Fefferman
and Terence Tao. The Mathematics Genealogy Project lists
approximately 550 descendants. At the time of Stein’s
transfer to emeritus status in 2012, his colleagues at Prince-
ton University stated: “Eli’s combined influence as a re-
searcher, collaborator, teacher and expositor is unmatched.
His lectures are characterized by perfect clarity, concentra-
tion on essentials and impeccable taste. In his interaction
with students and coworkers he hasmanaged to convey the
strong sense of optimism that is essential formathematical
discovery. He has been a major influence on many lives.”

Stein was also well-loved as an instructor of undergrad-
uate courses at Princeton. This was recognized by Prince-
ton University’s Award for Distinguished Teaching in 2001,
and he continued to teach undergraduate courses with cult
status until he was 86.

Stein’s bibliography comprises 234 publications, in-
cluding 15 books and monographs. He worked with over
60 collaborators, many of whom have contributed recol-
lections to this memorial.

The “Stein school” expands far beyond collaborators
and direct descendants, to mathematicians all over the
world who treasure his books upon their shelves. Stein’s
books are prized for their clear and far-ranging treatments
of foundational topics in harmonic analysis. These in-
clude Singular Integrals and Differentiability Properties of
Functions (1970), which won the Leroy P. Steele Prize in
1984, Fourier Analysis on Euclidean Spaces (1971), coau-
thored with Guido Weiss, and the iconic Harmonic Anal-
ysis: Real Variable Methods, Orthogonality, and Oscillatory In-
tegrals. These vivid accounts of the field of harmonic anal-
ysis are animated by the central role that Stein played in
the field’s development. As he wrote in the preface to Har-
monic Analysis, “...I cannot deny that this book is in part au-
tobiographical: as the narrator of the story, I have chosen
to recount those matters I know best by virtue of having
first-hand knowledge of their unravelling.” Finally, in his
70s, Stein collaboratedwith Rami Shakarchi onwriting The
Princeton Lectures in Analysis, a celebrated four-book series
on Fourier analysis, complex analysis, real analysis, and
functional analysis.
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Figure 2. The Stein family at the White House, for the
National Medal of Science ceremony in 2002. From left to
right, Karen, Elly, Eli, Jeremy, and Anne, with grandchildren
Carolyn, Jason, and Alison in the front.

Stein was chosen as a Sloan Fellow in 1961 and was
invited three times to speak at the ICM (1962, invited
speaker; 1970, 1986, plenary speaker). He was a Guggen-
heim Fellow in both 1976–1977 and 1984–1985 and in
1989 he was awarded a von Humboldt Award. Stein was a
Member at the IAS in 1962–1963, 1976–1977, and 1984–
1985.

In recognition of his profound influence on the field
of analysis, Stein was awarded the Schock Prize from the
Royal Swedish Academy of Sciences (1993), the Wolf Prize
inMathematics from theWolf Foundation in Israel (1999),
the Leroy P. Steele Lifetime Achievement Award from the
AMS (2002), the Stefan Bergman Prize of the AMS (2005),
and a National Medal of Science (2002).

Stein was a member of the National Academy of Sci-
ences (1974), a member of the American Academy of Arts
and Sciences (1982), and an inaugural Fellow of the AMS
(2013). He was awarded honorary degrees from Peking
University (1988) and the University of Chicago (1992).

At Princeton, Stein served twice as chair of the Mathe-
matics Department, in 1968–1971 and 1985–1987. He
was also the editor of the Annals of Mathematics Stud-
ies book series at Princeton University Press for nearly 40
years. David Gabai, the Hughes-Rogers Professor of Math-
ematics and Chair of the Mathematics Department at the
time of Stein’s death, stated: “By so many different mea-
sures Elias Stein was truly an incredible and extraordinary
mathematician. As a research mathematician, he did in-
credible and influential work. He was an extraordinary
mentor; many of his PhD students have become extraordi-
nary leaders in mathematics. As an undergraduate teacher,
he was extremely popular with students. And as a citizen,
he was an essential figure in all aspects of the math depart-
ment for many years.”

Stein will be remembered for his delight in good prob-
lems, generosity, and perpetual optimism. As he wrote in
his response to the Leroy P. Steele Lifetime Achievement
Award, “We can be confident that we are far from the end
of this enterprise and that many exciting and wonderful
theorems still await our discovery.”

Harold Widom
Eli was a class ahead of me at Stuyvesant High School, cap-
tain of the math team, and far ahead of the rest of us math-
ematically. It was amazing how much mathematics he
knew at the time. I thought of him as my mentor. He rec-
ommended Titchmarsh’s Theory of Functions which I was
lucky enough to find at the local Barnes and Noble (for
five dollars). I still have my tattered copy. I’m quite sure
it was because of this that I eventually went into analysis.
Eli graduated before I did and although we never worked
jointly our paths crossed several times. First, whenwewere
both graduate students at the University of Chicago. He
was a student of Antoni Zygmund (in analysis, of course)
and although I thought I might follow in his footsteps
I eventually wrote my thesis in functional analysis with
Irving Kaplansky. We were together again at Chicago in
1962–1963 when he was on the faculty and I was a visitor
the year they had a program in analysis. (I’m sure he was
instrumental in getting me invited.) We met several times
at conferences and again in 1987 when I was at the Prince-
ton Institute and Eli was on the Princeton faculty. By then
our mathematical interests had diverged but he and Elly
were generous with their time and hospitality. He was a
fine person and great mathematician, and will be missed.

Stephen Wainger
When I was a graduate student, I learned a great deal from
Eli both from courses he taught and from informal con-
versations. All of this had a tremendous influence on my
career. Before I met Eli, I just memorized proofs of theo-
rems. Eli emphasized to me the importance of trying to
understand the ideas behind proofs. Also in informal con-
versations he taught me the method of stationary phase,
and in his course on analytic number theory, I learned the
circle method. These techniques were basic in my research
work.

Eli also suggested problems for us to work on together.
At a meeting in Chicago, he suggested we work on the
problemof finding bounds for theHilbert transform along

Harold Widom is a professor emeritus of mathematics at the University of Cal-
ifornia Santa Cruz. His email address is widom@math.ucsc.edu.
Stephen Wainger is a professor emeritus of mathematics at the University of
Wisconsin at Madison. His email address is wainger@math.wisc.edu.
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curves. Work on operators along curves became one of my
central areas of research, and of course the method of sta-
tionary phase is a basic tool in this study. Another subject
that Eli suggested we work on was that of discrete prob-
lems. This also became a central theme of my work, and
the circle method which I had learned in his class was a
basic tool here.

In summary, I owe my career to Eli’s influence.

William Beckner
I met Eli Stein inMay 1969—I drove out to Princeton from
our farm in Missouri to look over the campus and meet
faculty. This was the last term that the department would
be in Fine Hall—the new Fine Hall would open in Septem-
ber so there was still an opportunity to see the magnificent
common room and sit in the windowed nooks in Fine Li-
brary. I can still recall walking through the darkened lower
floor to find Eli’s office—as he threw open the door, the
warm light in his eyes, and his enthusiasm for mathemat-
ics would in part inspire the course of my future study.

That year would be memorable as new Fine Hall
opened, Eli’s classic book on Singular Integrals would go to
press, his term as department chair would initiate a new
sense of community within Princeton mathematics, and I
would take the best math class of my life, an introduction
to Fourier analysis and topics in analysis as only Eli Stein
could present that subject. In this class, Eli told many sto-
ries about his years at Chicago which now I wish so much
that they had been recorded. A familiar theme in his lec-
tures was that the key step in an argument is to knowwhen
to make an estimate. Eli lectured in a casual manner, but
he prepared carefully—always looking for the “right way”
to explain essential points.

I found the department to be particularly warm toward
grad students, an atmosphere perhaps inspired by the ear-
lier return of Don Spencer to Princeton—and Eli in par-
ticular had a very generous spirit as I found myself often
invited to have dinner at his home on Dodds Lane with
Elly, and math parties too. Before starting grad school,
I had met Steve Wainger in Madison and Charlie Feffer-
man at a conference in Montreal—both pushed strongly
that Eli Stein was the best adviser. I did finish my dis-
sertation in 1975, but I had no expectation of attending
the formal ceremony in June on the lawn facing Nassau
Hall. Eli had four students graduating that spring so he
asked if we could all participate so that he could march
with us. Somehow I was able to rent a gown, but Eli lack-
ing a Chicago gown had to borrow Fred Almgren’s gown

William Beckner is the Montgomery Professor of Mathematics at the University
of Texas at Austin. His email address is beckner@math.utexas.edu.

from Brown. A special moment occurred for me with the
arrival in the math office of a telegram from J-P. Kahane
with news about the Salem Prize. In his typical style Eli
immediately said “we must celebrate” so together with Joe
Kohn and Si Kochen we drove to a favorite Chinese restau-
rant in Princeton Junction for an extended mid-day lunch.

On the personal side there was an immediate connec-
tion which was always present. Eli was broadly appre-
ciative of design and setting—from the blackboard to the
world at large—Siena was one of his favorite spots in Italy,
he couldwith ease discuss Renaissance art and architecture,
and at one point he suggested that I read Sartre’s essay on
Tintoretto. On the math side Eli bridged so much of analy-
sis in quick understanding that he often seemed to his stu-
dents and collaborators to be a monumental force of na-
ture. Eli’s mathematics has been a constant source of inspi-
ration for me where I continually recognize mechanisms
in his work that percolate through contemporary analy-
sis, especially his characterization of functional smooth-
ness using potentials, the identification of the Heisenberg
group as the intrinsic manifold past Euclidean space that
exemplifies the interconnection of analysis and geometry
on a Lie group, the role of Kunze-Stein phenomena as a
signpost for understanding convolution on a Lie group,
and the surprising breadth of application for Stein-Weiss
integrals. We enjoyed many wonderful travel adventures
together, starting with a conference in the Villa Monas-
tero in Varenna on Lago di Como and most recently the
Tony Carbery birthday celebration in Edinburgh—always
involving excellent dinners with good conversation and
good mathematics.

Eli Stein was a vivid presence in my life and I miss him
greatly.

Figure 3. Peter Greiner, Eli Stein, Gerald Folland, and Linda
Rothschild in Cortona, 1976.
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Linda Rothschild
When I received an email message telling me that Eli had
died, I was incredulous; I had thought he was immortal.
I met him for the first time at a conference in 1972, just
two years after I had finished my PhD at MIT and was
still wandering through different research directions. I
had heard much about him from young mathematicians
recently trained in Princeton, who spoke of the amazing
Professor Stein in almost reverential terms. To them, Eli
was not only a great mathematician, but also the most re-
markable teacher and expositor that ever lived. When I
finally met Eli he did not seem like the godlike figure I
had expected, but rather a youthful, modest, and friendly
mathematician with a keen interest in everyone and their
ideas. I was soon to learn that the secret of his success was
to use his powerful intellect and depth of mathematical
insight not to toil alone and vanquish others, but to edu-
cate, collaborate, and bring out the best from themany stu-
dents, postdocs, and younger mathematicians with whom
he worked.

In the course of writing a long paper with Eli I learned
not only how to think like a mathematician, but also how
to work and behave like one. When I was ready to give
up on some aspect of a problem, he would gently urge me
to try again. When I tended to be careless and sloppy in
my thinking, he told me to work through every detail and
understand the basis of any theorem I tried to use. After
our paper was finished, Eli said that this problem had been
ripe for solving and that one must carefully choose what
problems to tackle. (Some people divide great mathemati-
cians into problem solvers and theory builders and clas-
sify Eli in the latter group. Presumably the former choose
problems that are hard and important but not necessar-
ily ripe.) Eli also taught me to take a positive view. He
never ranked mathematicians; he would just offer praise
for people whose work he admired. Eli was also very con-
scious that mathematicians were human. If I said some-
thing he disapproved of, he had a way of indicating this
without making me feel upset or humiliated. In later years
he treated me with the courtesy and friendship accorded
to the respected mathematician that he had helped me be-
come.

Eli’s commitment and loyalty to his students, coauthors,
and mathematics itself were extraordinary. If I could have
one last conversation with him, I would thank him for ev-
erything and express my regret that he was not immortal.

Linda Rothschild is a professor emerita of mathematics at the University of Cal-
ifornia at San Diego. Her email address is lrothschild@ucsd.edu.

Steven G. Krantz
Eli Stein was my teacher, my mentor, and my friend. He
taught me a lot of good mathematics, but he also taught
me how to think about mathematics and how to function
as a mathematician. Part of the reason that the Princeton
mathematics graduate program is so successful is that the
faculty are mathematical paradigms for the students. Stein
filled that role beautifully.

When I first met Eli Stein he took me to lunch and then
we sat down to talk about what I wouldwork on formy the-
sis. He asked me what I was interested in and I said, “The
multiplier problem for the ball.” He immediately said that
was too hard, and he gave me three other problems. Those
other three problems turned out to be just as hard. One of
them (the Hilbert transform along curves) was ultimately
solved by Nagel, Riviere, and Wainger. Another (Cauchy
integrals on Lipschitz curves) was solved by Calderón. The
third one had to do with group representations and I never
really understood it.

At some point I went to Stein dejectedly and told him
that I couldn’t make any headway on any of these three
problems, and I didn’t know what to do. He very gener-
ously reached into his filing cabinet and gave me a prob-
lem that he was planning to work on himself. It turned
out to be just the right problem for me, I understood it
immediately, and I solved it rather quickly.

Even though I was only a student and Stein was a leg-
endary mathematician, when we worked together it was as
though we were equals. We stood side-by-side at the black-
board and slugged things out together. It was wonderful
and formative and made me the mathematician that I am
today. I still remember when, at the end of one of these
sessions, he told me to go home and try to prove a certain
convexity theorem. I thought about it and realized that
the proposed convexity theorem was false. But it got me
thinking in the right direction and I ended up getting the
result I needed and solving the problem. To this day I do
not know whether Stein knew in advance that this was the
way it was going to work out.

In 1973 Bob Fefferman and I asked Stein to teach a
course on 𝐻𝑝 spaces. He readily assented, and the course
he created was amazing. Of course it was a huge effort for
him, but he did the job with elegance and grace. My notes
from the course are still valuable to me.

Elias M. Stein was a great inspiration for myself and for
many others. He will be missed in ways too myriad to
describe.

Steven G. Krantz is a professor of mathematics and statistics at Washington
University in St. Louis. His email address is sk@wustl.edu.
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Figure 4. Elly and Eli Stein in Beijing, China, 1988.

Alexander Nagel
In the fall of 1970 I was a new Instructor at the University
of Wisconsin-Madison, and one afternoon while brows-
ing in the University Book Store I happened upon a book,
Singular Integrals and Differentiability Properties of Functions,
by Elias M. Stein. At that time I knew essentially noth-
ing about singular integrals, but since the price was only
eleven dollars I bought it, and it changed my life. For me
the book was an elegant exposition of the living, evolv-
ing field of harmonic analysis, with beautiful theory de-
veloped in the service of concrete problems. The writ-
ing style was friendly, and seemed to encourage even out-
siders to engage with open questions. For example on
pages 28–29 there is the following invitation: “The anal-
ogous study of kernels whose singularities are situated on

Alexander Nagel is a professor emeritus at the University of Wisconsin in Madi-
son. His email address is nagel@math.wisc.edu.

varieties more general than isolated points is an important
problem which it seems must be left to a future theory.”
Who could resist? I couldn’t, and was lucky to be able to
start working with Steve Wainger, Stein’s first student, who
was my colleague at Madison.

I first met Eli Stein in the fall of 1975 when he invited
me to spend a sabbatical year at Princeton. He had recently
published two fundamental papers, which dealt with 𝐿𝑝,
Lipschitz, and Sobolev space regularity of certain nonellip-
tic partial differential operators. The first paper with Jerry
Folland dealt with the boundary Laplacian □𝑏 on strictly
pseudoconvex domains, and the second paper with Linda
Rothschild dealt with more general hypoelliptic operators
ℒ = 𝑋0 + ∑𝑝

𝑗=1 𝑋2
𝑗 studied by Hörmander. By locally ap-

proximating the given operator by an invariant differen-
tial operator on an appropriate nilpotent Lie group, one
can use harmonic analysis on the group to construct a
parametrix which is modeled by group convolution. This
is a beautiful extension of the technique of freezing coef-
ficients used in the study of elliptic operators. When I ar-
rived in Princeton, Eli suggested, along these lines, that
we try to develop a class of pseudodifferential operators
which was broad enough to include some of these para-
metrices, and yet narrow enough so that operators of de-
gree zero would still be bounded on interesting function
spaces. Eli’s clear enjoyment of talking and doing mathe-
matics soon overcame my initial nervousness, and during
that first year I came to appreciate his instinct for knowing
profitable directions for research and his talent for finding
key problems to work on. He was able to see the mathe-
matical forest, not just the trees.

Eli enjoyed working with people, and in 1984 he or-
ganized a summer school in analysis held at Peking Uni-
versity. I was invited, along with Rafi Coifman, Bob Fef-
ferman, Carlos Kenig, Steve Krantz, Steve Wainger, and
Eli himself, to deliver a series of lectures on recent de-
velopments in harmonic analysis. China had opened up
after the Cultural Revolution, and I think Eli saw this
as an opportunity to promote younger American mathe-
maticians as well as to establish contact with and encour-
age a younger generation of Chinese mathematicians who
might rebuild the profession after a decade of repression.
In any case it was a great and successful adventure. We
spent three weeks lecturing in Beijing, where we saw streets
filled only with bicycles and horse-drawn carts. We then
toured the country, spending a night in a military hospital
in Xian, boating on the Li river, and ending at the luxuri-
ous White Swan Hotel in Guangzhou.

Eli enjoyed working with several people at the same
time, and one of my most enjoyable collaborations in-
volved Fulvio Ricci and Steve Wainger. Eli introduced
me to Fulvio at an Oberwolfach meeting in 1989, and in
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the mid-1990s we began to think about problems involv-
ing multiparameter harmonic analysis. Eli had for a long
time been interested in situations and problems in which
there are more than one natural dilation structure. Jointly
with Peter Greiner he constructed a parametrix for the
𝜕-Neumann problem for strictly pseudoconvex domains,
which is the composition of standard isotropic operators
and nonisotropic operators coming from the Heisenberg
group. He pursued these ideas in work with D. H. Phong
and later with Fulvio Ricci and Detlef Müller. The joint
work with Fulvio, Eli, and Steve led to a study of flag ker-
nels on nilpotent groups and most recently to the intro-
duction of a class of singular integral operators controlled
by multiple norms. The pleasure of the collaboration was
enhanced by the setting, which was a long-running series
of annual or semiannual meetings that rotated between
Van Vleck Hall in Madison, Eli’s office and the new Lewis
Science Library designed by Frank Gehry at Princeton, and
the elegant Palazzo della Carovana at the Scuola Normale
Superiore di Pisa.

I cannot end this brief reminiscence without mention-
ing some nonmathematical memories. After my first visit
to Princeton in 1975, my wife and I became good friends
with Eli and his wife Elly. They helped us get settled with
our very young children on our first visit to Paris in 1982
and they visited us in Madison and at our family vaca-
tion home in Vermont. During a summer visit to MSRI
we toured the Napa Valley with them. When my older
daughter was deciding where to go to college, she visited
the Steins, and Eli talked about the beauty of the Prince-
ton campus and its distinguished faculty. But when asked
about his own college experience, he began to sing the
praises of the University of Chicago where as an under-
graduate he enjoyed literature, social science, history, and
politics in addition to mathematics. My daughter ended
up at Chicago, and I think Eli was pleased.

I knew Eli Stein for more than forty years as mentor,
collaborator, and friend. To think about his passing brings
pain and sadness but also brings good memories. I am
sure it does for the many people who knew him.

Anthony W. Knapp
Eli Stein arrived in Princeton for the Fall 1963 semester as
I was beginning my second year in graduate school. I at-
tended his course, which began by introducing the Fourier
transform in Euclidean space and taking it from there. I
enjoyed it. Sometimes I would call out a remark in class,
and he would whirl around and say “What!” I would ask
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Figure 5. Eli Stein, Alex Nagel, and Elly Stein in Vermont,
2016.

my question or make my point, and he would continue.
That kind of exchange established our relationship.

There was never a question of my becoming a student
of his, since I was already on a track to become a student of
Bochner or Feller. But in four semesters I took five courses
from him. One of the courses was a general introduction
to group representations, the kind of course that has been
made into books by various authors over the years. I grad-
uated and came back to Princeton as a member of the In-
stitute for Advanced Study for the 1968–1969 year. Hav-
ing learned about Lie groups in the meantime, I resolved
to absorb more Stein mathematics. This time I followed
him to his office after class quite often and asked him ques-
tions. I had realized that the orthogonal projection from
the space of square integrable functions on the unit sphere
in two complex variables to the subspace of functions that
extend to be holomorphic in the ball had a group-theoretic
interpretation with a certain Lie group and that the associ-
ated involution appeared to be similar to the operators of
Calderón and Zygmund in Eli’s courses. The new feature
was that the underlying group was a nilpotent Lie group,
not Euclidean space. Meanwhile in his research earlier
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with Ray Kunze, Eli had investigated some singular inte-
grals that arise in representation theory, and he tried to in-
terest me in them. We soon realized that the two problems
were the same, and there began a collaboration on “inter-
twining operators for semisimple groups” that continued
for a dozen years.

Early on, he made it clear that we were doing this work
as colleagues, not as a teacher and student. He laid out
certain expectations, such as that I not bring a third per-
son into the project without consulting him. I had no il-
lusions that it would be an equal partnership. But it was a
good collaboration: Eli had perspective and a knowledge
of what other people had done, and I had patience and
available time. He was very quick. The ten years’ age dif-
ference between us was an advantage.

We worked intensively on what turned out to be a prob-
lem for “principal series representations” for the first year.
Several times he came up with an important idea in an
oversimplified context, and he left it to me to dress up the
result in terms of our setting with Lie groups. Together
we gained control of so many examples that results were
transparent even when general proofs were not.

The work continued through 1971, but Eli was losing
interest and said as much, the work having become too
algebraic for his taste. For Spring 1972 he was to be on
leave in France at the IHES twenty miles from Paris, and
he arranged for the university at nearby Orsay to invite me
as an exchange professor for one month.

During that month Eli undertook to educate me about
a style of living. I had never been to Europe before. Al-
though he and his wife Elly were staying in the housing
for the IHES, he put me in a modest Paris hotel. The two
of them had me buy the book of maps Paris par Arrondisse-
ment, and they armed me with advice about eating, about
manners and dress inside and outside of Paris, about tip-
ping, about using the Métro, and about sightseeing. They
took me for dinner one evening at the Paris restaurant
Chez La Mère Michel, which had two Michelin stars at the
time, and we went for lunch one day at a famous bistro
named Chez Allard; Eli said that on a visit some years be-
fore, he had been eating at Chez Allard and saw Charlie
Chaplin sitting at a nearby table. Elly took me shopping
at two Paris department stores, so that I could buy presents
for my family at home. One evening Eli and Elly took me
to a piano recital in a university lecture room, the pianist
being a young Vladimir Ashkenazy. Another evening they
took me to a movie theater, so that I could see the system
with ushers. Eli arranged that on one day Jacques Dixmier
and his wife would take the three of us by train to Amiens
north of Paris, where Mme. Dixmier was a professor, so
that we could be given a private tour of the cathedral. On
the train in one direction, I sat with Dixmier, and we had a

conversation about the algebra that Eli and I had been led
to. Except for that conversation, the mathematics that Eli
and I did in Paris was not memorable, but the education
about living was priceless.

Back in theUnited States Eli and I tried tomake progress
with understanding other series of representations besides
the principal series. We made little progress until we
learned at the International Congress in Vancouver in Au-
gust 1974 that Bill Casselman had proved a certain result
known as the “subrepresentation theorem.” We quickly
saw that this was the tool we needed to get started. One
further discovery was needed, and this came while we were
walking on a street in Salt Lake City during a conference in
January 1975.

Our project was completed by early 1976, and we had
published seven announcements. But publication of the
details was delayed while I did a three-year stint in politics
with the Ithaca public school system. Afterward we wrote
a long paper explaining everything, and we got together in
Ithaca once more to investigate a mysterious new kind of
integral operator that was convergent only by coincidence,
or so it seemed. We published remarks about that in the
volume for a conference in June 1980 but were never able
to handle more complicated examples.

Eli took pride in the students he had. Charles Feffer-
man was a student during the year I began work with Eli,
and it was clear to Eli and me that the “multiplier problem
for the ball,” essentially whether spherical truncations of
the Fourier transform converge in 𝐿𝑝 norm for any 𝑝 other
than 2, had Charlie’s name written on it. After Charlie’s
remarkable thesis included an improvement in what was
known about the multiplier problem, I asked Eli how he
had dealt with Charlie as a thesis student. Eli explained
that he first gave Charlie two warm-up problems in suc-
cession that he was fairly sure Charlie could do, and then
he set him to work on Riesz summability for themultiplier
problem. This approach had led to a success. A lesser advi-
sor might have given Charlie the multiplier problem out-
right, leaving him to flounder. Parenthetically, Charlie a
few years later gave a negative answer to the full multiplier
problem.

As Eli’s reputation grew in the late 1960s and early
1970s, I became conscious that our conversations in his
office were being interrupted more and more often by tele-
phone calls from other mathematicians, perhaps five min-
utes per call. In fact, what he was doing was free high-level
consulting, moving from one topic to another without a
break. It occurred to me later that he had found an unusu-
ally efficient way to keep abreast of several areas of mathe-
matics at once.

In the early 1970s when Eli was department chairman,
we were working in his office one day when a knock came
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Figure 6. Eli Stein in Madison, Wisconsin, 1998.

at the door, and someone came in and asked a question
about representation theory. After the person left, Eli
askedme, with a twinkle in his eye, “What did you think of
that?” “Not bad for an instructor,” I allowed. Eli replied,
“He’s a first-year graduate student.” It was Gregg Zucker-
man, who became one of Eli’s PhD students and later a
professor at Yale.

Fulvio Ricci
The mark left by Eli Stein in the development of analy-
sis is impressive. His intuitions and results, as well as the
methods he introduced, have shaped, expanded, and rev-
olutionized entire chapters of harmonic analysis and trig-
gered the impressive development that this field has seen
and is still going on. Much has been said about this in
the Bulletin of the American Mathematical Society [2], and
I don’t need to add anything else in this regard. I would
rather say a few words about some aspects of his personal-
ity which also contributed, in my opinion, to making him
so influential and charismatic.

Harmonic analysis is a very large and articulated field.
It also provides important tools for many other parts of
mathematics. Through his work and his more general
mathematical activity, Eli has constantly promoted a uni-
tary view of the field and cross-relations among his follow-
ers. “We have to reach out” is an expression that I like
to remember, and that he used during the organizational
meeting of a conference.

Eli lived through old and glorious periods of harmonic
analysis. He was a graduate student in the early days of
Calderón-Zygmund theory, and Littlewood was still active
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at that time. He was a source of historical details, such as
stories of breakthrough ideas, connections among works
by different people, controversies over priority. Such is-
sues could also emerge during a casual conversation. His
reconstructions were always rigorous and precise (as well
as in conversations on politics, his other favorite topic). It
is very sad for us to lose these opportunities to be in closer
contact with our scientific forefathers.

Eli was a very sociable person, capable of creating a posi-
tive atmosphere aroundhimself. I believe that this has also
contributed, to some extent, to the progress of harmonic
analysis.

Christopher Sogge
I was very fortunate to be a student of Elias Stein during a
time when he was proving a number of pioneering results
that highlighted the important role that curvature plays in
harmonic analysis. This theme has continued to this day
and has led to a number of major results in areas such as
linear and nonlinear partial differential equations, num-
ber theory, and, of course, Fourier analysis. He had an
amazing ability to not only prove beautiful results, but,
again and again, to formulate problems that would shape
the direction of analysis for decades.

Stein influenced an amazing number of people through
collaborations and mentoring. He was the PhD advisor
of over fifty students, including two Fields Medalists. He
was also a very generous mentor who had an enormous
impact on so many of us through all stages of our careers.
Personally, I learned from him the importance of striving
to develop a “big picture” and tell a story, as opposed to
just solving individual problems. He was able to do this
in many ways, not the least of which is through the many
wonderful books that he wrote that have profoundly in-
fluenced generations of undergraduates, graduate students,
and researchers.

Duong H. Phong
It is with great sadness and regret that I write these few
lines in memory of my late teacher Elias M. Stein. To his
many students, he taught not just advanced mathematics,
but many lessons in life that fundamentally shaped us all.
His monumental achievements and mathematical legacy
have been described in detail in the article of Charles Fef-
ferman et al. published earlier in the Bulletin of the AMS
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Figure 7. Eli Stein in discussion with Alex Nagel in Madison,
Wisconsin, 2006.

[2], so I shall reminisce here only on the more personal
souvenirs.

One of the greatest privileges of my life is to have collab-
oratedwith Eli throughoutmy career. Eli toldme once that
mathematicians would inevitably drift apart unless they
collaborate. So even though there may be periods with
very little progress or when our interests may evolve, we
tried hard to keep our collaboration going. It was all to
my advantage of course, but I sensed also his efforts, and
I was all the more grateful to him, as he certainly did not
need me. We ended up spending a lot of time together,
and it was humbling for me to witness first-hand such an
established figure not accept any half-truth, struggle with
his own confusion at times, and strive always for correct-
ness and clarity. I still follow his more practical advice:
try and select a good note at which to end the day, so as
to give oneself a better rest and better chance for the long
haul. And I remember well his understated expression “I
have got the feeling that. . . ,” when he hadmore often than
not seen how to solve the problem at hand. I shall forever
miss this expression.

Over the years, we developed a routine of meeting alter-
natively at Princeton and at Columbia. Many of our meet-
ing places have now a special meaning for me, including
Princeton’s Prospect and Woodrow Wilson school cafete-
ria and several Italian restaurants in New York, as Eli had
a predilection for Italian cuisine. We also met at many
conferences. I recall conferences at Cortona, Paris, Pisa,
Prague, and many others. The research that we did there,

Figure 8. Alexandru Ionescu, Stephen Wainger, Elias Stein,
Charles Fefferman, and Duong Phong at Eli’s 80th birthday
conference in Princeton, 2011.

particularly at a bistro near St Sulpice, adds another dimen-
sion to the beauty of these places. Another cherishedmem-
ory is a drive with Eli and several fellow Fourier analysts
to Riquewihr during a free afternoon at an Oberwolfach
workshop. But perhaps most vivid are for me occasions
when Eli would come to New York City, and I would get
integrated in his kind and wonderful family: sometimes
Eli’s wife Elly or his daughter Karen would join us for din-
ner, or often, he and I would go pay his mother a visit, as
she lived at that time in an apartment in the Upper West
Side. Even though there will be no more such occasions,
their memories will stay with me always.

Carlos E. Kenig
Eli Stein was an outstanding mathematician whose influ-
ence will be felt for generations to come. He was also
a great teacher, mentor, and friend. I have had the im-
mense good fortune to have personally benefited from all
of these attributes. My first (and defining) close interac-
tions with Eli took place in the period 1978–1980, when
I was an instructor at Princeton. Eli was extremely busy at
the time, with a large number of graduate students, post-
docs, and collaborators, working on a large array of topics.
In spite of this he taught masterful, crystal clear graduate
classes, which I attended, on curvature in harmonic anal-
ysis, singular integrals in several complex variables, and
multiparameter Hardy spaces. Eli made these very diffi-
cult topics appear deceivingly simple! During this time,
I looked forward to my weekly meetings with him, which
were truly amazing. Given the large number of people that
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he had to meet on a regular basis, we had a fixed sched-
ule, and we were allocated half an hour each. But what
a half hour this was! I prepared for this extremely care-
fully, to be able to get to the heart of the matter as quickly
as possible. Eli would immediately grasp the essence of
the issue and invariably (no matter what the topic was) he
was able to make incisive and helpful suggestions. It was
truly amazing! Over the years, after I left Princeton, Eli re-
mained a steadfast mentor and unconditional supporter,
and we had many more happy interactions. He also be-
came a friend, offering his help, advice, and personal sup-
port through difficult times.

In the last few years, we met less frequently, but I re-
member clearly and with great admiration, a conversation
that we had the last time we met. He expressed his great
love for mathematics, and his enduring desire to continue
doing mathematics, which he carried out to the very end.
Eli Stein will be long remembered because of his com-
mitment and contributions to mathematics, and also, by
those of us who had the opportunity to have known and
loved him, because of his great human qualities.

Alexandru Ionescu
Elias Stein was a brilliant mathematician and an inspiring
teacher and adviser.

My initial plan going to Princeton in the fall of 1995
was to study topology. This changed however after taking
a beautiful class with Eli in the following Spring semes-
ter. Together with a fellow graduate student in my year
(Ken Koenig, currently at Ohio State University) we started
studying analysis and we both continued on as Eli’s doc-
toral students.

Eli was a broad mathematician, who made fundamen-
tal contributions to many areas in analysis. As an adviser,
his experience and vast knowledge made all the difference.
There were many instances in my graduate studies when a
few minutes of talking to him significantly improved my
understanding of certain ideas, as Eli knew better than any-
one how to place ideas in the right framework to make
them natural and clear.

Eli was a very special person and generous mathemati-
cian. He will be missed by the entire analysis community.

Galia Dafni
I was very fortunate to have been a PhD student of Eli
Stein’s, and to have been given the chance to collaborate
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with him. His mathematical influence on me, which en-
dures to this day in all aspects of my work, started even
before I met him, during my first year at Princeton, when
he was on sabbatical. I was introduced to his book, Singu-
lar Integrals, by one of my fellow first-year students, who
had read it in Poland, in Russian, and I heard it referred
to as the bible by Jean-Lin Journé. Everyone knows Stein’s
books: those classics and slim bright orangemonographs I
learned from, the big tome I refer my students to, and the
recent undergraduate textbooks that initiated my daugh-
ter to analysis. Stein’s courses at Princeton, which covered
more advanced material and his current research interests,
were as if those books had come to life. Even now, when
I read the phrase “the heart of the matter” in one of his
books or papers, I can still hear him saying it in that class-
room in Fine Hall. I kept all my notes from those courses,
but they do not do justice to the clarity, careful construc-
tion, and beauty of his lectures. Someone once told me,
in a slightly accusing way, that Stein made things seem too
simple. If only more people had that “defect!”

I cannot describe Eli Stein as a supervisor in general, be-
cause I only knew how he interacted with me, and to me
this is what was great about his supervision: it was com-
pletely focused on the mathematics in question, not on
anything or anyone else. He let me proceed at my own
pace, which was quite slow, but there was no criticism,
just an occasional “So?,” said loudly and accompanied by
a slight tilt of the head, when I met him in the elevator,
to prompt me to report on my progress (or lack thereof).
He always seemed to know how things were going to turn
out—I recall on occasion him saying “that’s the way the
cookie crumbles.” We continued to meet, but less fre-
quently, after I left Princeton and we were collaborating
on a paper, joint with Der-Chen Chang, on Hardy spaces
on domains. I remember, on a visit to Princeton, I made
the mistake of convincing Eli to avoid waiting in line at
the Small World Coffee, and instead go down the street to
an ice cream place where one could get an espresso for $1.
He was quite unhappy when he was handed his espresso
in a paper cup.

In subsequent years we met more rarely. I recall in par-
ticular how generous hewaswith his time and ideas during
somemeetings Andrea Fraser and I hadwith him in Prince-
ton. I also saw him at conferences, some of them in his
honor. On every occasion he greeted me with a big smile
and was interested in talking about mathematics. This was
especially true in Bonn in the summer of 2014. Our last
meeting was in Wrocław in 2017. I realize now, to my re-
gret, that I never took the opportunity to say to him: thank
you.
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Terence Tao
Eli was an amazingly effective advisor; throughout my
graduate studies I think he never had fewer than five grad-
uate students, and there was often a line outside his door
when he was meeting with students such as myself. (The
Mathematics Genealogy Project lists 52 students of Eli, but
if anything this is an under-estimate.) My weekly meetings
with Eli would tend to go something like this: I would re-
port on all the many different things I had tried over the
past week, without much success, to solve my current re-
search problem; Eli would listen patiently to everything I
said, concentrate for a moment, and then go over to his
filing cabinet and fish out a preprint to hand to me, say-
ing “I think the authors in this paper encountered simi-
lar problems and resolved it using Method X.” I would
then go back to my office and read the preprint, and in-
deed they had faced something similar and I could often
adapt the techniques there to resolve my immediate obsta-
cles (only to encounter further ones for the next week, but
that’s the way research tends to go, especially as a graduate
student). Amongst other things, these meetings impressed
upon me the value of mathematical experience, by being
able to make more key progress on a problem in a hand-
ful of minutes than I was able to accomplish in a whole
week. (There is a well-known story about the famous engi-
neer Charles Steinmetz fixing a broken piece of machinery
by making a chalk mark; my meetings with Eli often had
a similar feel to them.)

Eli’s lectures were always masterpieces of clarity. In one
hour, he would set up a theorem, motivate it, explain the
strategy, and execute it flawlessly; even after twenty years
of teaching my own classes, I have yet to figure out his
secret of somehow always being able to arrive at the nat-
ural finale of a mathematical presentation at the end of
each hour without having to improvise at least a little bit
halfway during the lecture. The clear and self-contained
nature of his lectures (and his many books) were a large
reason why I decided to specialize as a graduate student
in harmonic analysis (though I would eventually return
to other interests, such as analytic number theory, many
years after my graduate studies).

Looking back at my time with Eli, I now realize that
he was extraordinarily patient and understanding with the
brash and naive teenager he had to meet with every week.
A key turning point in my own career came after my oral
qualifying exams, in which I very nearly failed due to my
overconfidence and lack of preparation, particularly in my
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Figure 9. Eli Stein with many students, collaborators, and
colleagues at his 80th birthday conference in Princeton in 2011.

chosen specialty of harmonic analysis. After the exam, he
sat down with me and told me, as gently and diplomati-
cally as possible, that my performance was a disappoint-
ment, and that I seriously needed to solidify my mathe-
matical knowledge. This turned out to be exactly what I
needed to hear; I got motivated to actually work properly
so as not to disappoint my advisor again.

So many of us in the field of harmonic analysis were
connected to Eli in one way or another; the field always
felt to me like a large extended family, with Eli as one of
the patriarchs. He will be greatly missed.

Charles Fefferman
Rather than recapitulate generalities in praise of Eli, I’d like
to recall a few anecdotes, one of which I’ve adapted from
an article in the Bulletin of the AMS [1].

Let me set the stage for my first anecdote.
In 1967, Eli returned to Princeton from a year’s leave

at the University of Paris. He gave an inspiring graduate
course on the topics that would later appear in his won-
derful book Singular Integrals and Differentiability Properties
of Functions. I followed that course as a second-year grad
student, interested in analysis but otherwise without direc-
tion. Eli’s course was a revelation to me. The topics were
simple, elegant, and fundamental. The explanations were
flawless and unforgettable.

I asked Eli to be my thesis advisor. He gave me three
selections from his seemingly infinite collection of inter-
esting open problems, and I’ve never looked back.

The relevant point here is that Eli lectured with a style
unlike that of any other mathematician I ever met. Many
top researchers give clear, beautiful lectures; but Eli did
more. Each Eli lecture began by posing a problem in the
first few minutes. Eli then devoted almost the whole lec-
ture to an explanation of how the problem fit into a big-
ger picture, and how to see the problem from exactly the
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right viewpoint. The last few minutes gave the complete
solution. Thanks to the preparation in the preceding 45
minutes, the solution was completely obvious. After the
lecture it would have taken great effort to realize that only
an hour before, the listener would have had no clue how
the problem might be attacked.

My first anecdote is set in the spring of 1970. The Viet-
nam war was raging and the Princeton campus erupted in
student protest. Angry undergraduates discovered that the
Princeton math department was receiving financial sup-
port from the hated Department of Defense. They de-
manded an explanation.

Please bear in mind that at about the same time, Prince-
ton’s Institute for Defense Analyses was surrounded by stu-
dent demonstrators, and a few months later the Math Re-
search Center at the University of Wisconsin would be de-
stroyed by a bomb.

Eli was then serving as the chairman of the Princeton
math department, and he gave a public lecture on the de-
partment’s budget, in the common room of the then new
Fine Hall. He presented a complete, honest, dispassionate
account of the math department budget for the academic
year 1969–1970. He made clear that DOD funding wasn’t
tied to military applications.

The students must have been satisfied, because there
was no further incident at Fine Hall. I heard Eli’s Lecture
on the Budget with particular pleasure, because I recog-
nized it as a quintessential Eli lecture. Eli spent almost the
whole time placing the problem in context and explain-
ing how to view it properly. The details fell into place in
the last fewminutes, and themath department budget was
clear to all.

I hope these remarks will bring a smile to the face of
anyone who has had the privilege of hearing Eli explain
mathematics.

For my next story, I’ll fast-forward a few years. Eli and I
were working on our paper on 𝐻𝑝 spaces. I visited Prince-
ton from the University of Chicago, staying as a guest in
Eli’s home. While we were deep in thought, Eli’s 11-year-
old son Jeremy approached and asked “Dad, can I smoke
marijuana?” Eli nonchalantly replied “When you’re older,”
and returned to pondering the mysteries of the Lusin area
integral.

Today, Jeremy is the chairman of the Harvard Econom-
ics Department, having previously served on the Board of
Governors of the Federal Reserve. I don’t know what use
he made of his father’s advice.

During that same visit, Eli and I needed a particular in-
equality for harmonic functions. Eli remembered reading
the result in Hardy’s Collected Works. We looked in Fine
Library, but the book had been checked out. I thought to
myself “checkmate,” but Eli said to me, “Never mind. If

Hardy and Littlewood could prove it, so can we!” We re-
turned to Eli’s office, and an hour later we had a proof.

Optimism is a necessary condition for the hard business
of proving theorems, and Eli taught optimism to me and
to many others.

My final story took place about 20 years ago. I had oc-
casion to meet with a promising Princeton undergraduate
who was seriously considering dropping her study of math
because she thought she wasn’t smart enough. I knew that
she had taken a first course in analysis from Eli, so I sug-
gested to her that I put the question to Eli: Is this student
smart enough to succeed as a mathematician? I assured
the student of my great confidence in Eli’s judgment.

The student sat outside my office while I put in a quick
phone call to Eli. His answer was an unambiguous “YES!”
The rest is history. The student stayed in mathematics,
graduated as Princeton’s valedictorian, and went on to do
important work on the boundary between harmonic analy-
sis and number theory. For many years, Eli was her mentor
and dear friend.

That promising undergraduate was Lillian Pierce, the
lead author of this article in the Notices.

Lillian B. Pierce
In 1998 I started college at Princeton, taking the first-year
course on 𝛿’s and 𝜀’s. I had to fly to California right before
the midterm, to perform a concerto with an orchestra. I
went to the professor’s office, nervous and apologetic, to
explain that I would miss a couple classes. The professor
was unconcerned about this. Instead, he was immediately
interested: Whowas I?Which orchestra was I playingwith?
What was my favorite recording of the concerto? That was
the first time I met Eli. His warmth, genuine interest, and
admiration of music were unforgettable.

I took every class Eli taught during the next four years.
I had an odd background before college. It would have
been easy forme to fall through the cracks when I landed at
Princeton. Eli, and the courses he taught, played a crucial
role in making me feel at home in mathematics, and at the
university.

I’ll never forget a particular sequence of four undergrad-
uate courses he taught during that time. On the first day of
class, he would explain that he was going to ask us to work
very hard, and that in return he would work very hard too.
The lectures were beautiful, pragmatic, step-by-step expla-
nations: Fourier analysis, complex analysis, real analysis,
functional analysis. The problem sets were a full-time job,
but the exams were kind; they checked we knew how to
state and prove the key theorems, and then there was one
elegant problem. After a couple semesters of such exams,
you knew The Problem could be solved in a few lines if

558 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 4



you could just arrange the core results from the course cor-
rectly. . .

These four courses became the volumes of the Prince-
ton Lectures in Analysis. The small but devoted cohort of
Princeton math majors who attended the first iteration of
the courses will never forget Professor Stein, or the weekly
generosity of the TA’s, Rami Shakarchi and Adrian Banner.

In the world of Stein mathematics, everything made
sense. This was irresistible. I wrote an undergraduate the-
sis under his advice, then a PhD thesis, then made it as
far as the IAS for a postdoc, and later came back for many
visits. Gradually over two decades I realized that the un-
usual transparency of the math I learned from Eli was not
inevitable but a consequence of work he did: thinking in-
tensively in order to reveal the essential workings of a the-
orem in the simplest possible way. What would it be like
to work in harmonic analysis without his perspective, and
his books?

I learned to listen very carefully to everything Eli said.
One sentence could hold a lesson I’d want to keep. On
research: after I returned from a summer undergraduate
research program, I lamented that I hadn’t proved what I
hoped. Eli: “But did you tell them something they didn’t
know?” On teaching: when I started a faculty job, Eli
wanted to know what I was teaching. I started talking
about definitions. Eli: “What is the first main theorem
you want to reach?” On life: we sat together in my office
at the IAS in 2018, and talked about his illness. Eli: “Life
is a long adventure, with other adventures along the way.”

Most recently, we were working on a book together.
This was a true delight for me.

I was interested to find out what it took to attain Stein-
quality clarity. I noticed that Eli thought it was important
to explore, without worrying whether the explanation we
liked at that moment might need to change again later as
the final perspective emerged. Another aspect I noticed
was a refusal to feel rushed. Eli conveyed the feeling that if
we were doing something very well, it would not have an
expiration date. I always wondered if this was another ex-
ample of his characteristic kindness, because during those
years I gave birth to three children, and rushing was impos-
sible for me. In any case, I gratefully took it to heart.

Now, formost of us, it won’t be possible to emulate how
Eli thought and worked. He was singular.

But other practices I think we can try to sustain. His
courtesy, generosity, and personal warmth. His interest in
people and the world. His optimism and vigor. His en-
couragement to start with an example, the simplest one
that captures an essential difficulty. His attitude that con-
fusion is simply a sign that there is something interesting
afoot, and an opportunity to really dig in. His insistence
on knowing why a proof works, the real reason, which

should be simple and memorable. His patience for reach-
ing a finished product, combined with unyielding high
standards once you reach it.

I’m also going to remember how much I enjoyed talk-
ing to Eli. I’ll remember the wonderful dinner parties Eli
and Elly hosted, and their many kindnesses to me and my
family. And sometimes I will take a walk and an espresso
after lunch, just to remember Eli’s great enjoyment in this
tradition.

Rami Shakarchi
Eli Stein approached me in 1998 with his bold vision of
producing a series of books that would present core areas
of analysis in an integrated manner and accessible to a
wide audience. He wanted to emphasize the beauty and in-
terconnections of many subjects, and take readers on a spe-
cial journey. At the time, I was a first-year graduate student
at Princeton University. I had finished reading Eli’s book
Singular Integrals and Differentiability Properties of Functions,
and started work on my thesis with Charlie Fefferman.

My meeting with Eli was short. I accepted his offer to
collaborate on the spot. His vision, ideas, and enthusiasm
made for an easy decision. This was the beginning of my
deep and long-lasting friendship with Eli.

Our professional collaboration lasted thirteen years dur-
ing which we wrote the four-book series Princeton Lectures
in Analysis. We quickly produced a broad outline of his
vision which we agreed Eli would teach in his undergradu-
ate classes. Eli’s master plan was in motion. The classes
and immediate feedback from students would make us
fine tune our work and ensure that the material and its pre-
sentation would be captivating for our audience. Eli was
a careful listener who judged criticism fairly. He also had
an incredible gift of extracting and presenting ideas simply
whilst still maintaining the right amount of technical de-
tails. Eli was fully committed to teaching the classes and
the advancement of our project, which he balanced so well
with his many other responsibilities.

Eli and I met every day of the week almost without fail,
during the last four years that I was in graduate school. I
have many fond memories of working with Eli, some of
themost special ones being our lunches together. Our con-
versations would start as we walked toNassau Street or one
of the university dining halls, pen and notepad in hand,
and pondering some particular points we were working on.
Being both creatures of habit, we would often eat the same
meal at the same place many days in a row, but fortunately
our conversations were always varied, fun, and engaging.

Rami Shakarchi obtained his PhD in mathematics from Princeton University
in 2002.
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Figure 10. Rami Shakarchi with Eli Stein at Eli’s 80th birthday
conference in Princeton, 2011.

Although mathematics dominated our early lunches, Eli
and I developed a friendship that extended beyond our
collaboration. We could talk about anything, and like a
father would to his son, he gave me advice on so many as-
pects of life, advice that I still use and cherish to this day. A
coffee (for Eli) and ice cream (for me) were de rigeur before
returning to our offices or the Fine Hall library.

Eli and his loving wife Elly never failed to showme their
friendship. On my trips back to Princeton we would al-
ways have dinner together creating wonderful memories.
Eli would make me laugh so much. We could talk about a
theorem oneminute and about politics the next. I miss his
insights, humor, and gentle nature. Eli was an incredible
person who shaped my life in more ways than one. The
results of our collaboration sit proudly on my bookshelf,
but his support, advice, friendship, and laughter will live
in my heart forever.

Vickie Kearn
Eli Stein was the editor of the Annals of Mathematics Stud-
ies book series for Princeton University Press for almost 40
years. As the math editor for Princeton University Press, I
had the privilege of meeting with Eli once a month for 17
of those years. We usually met in my office so Eli could
browse over all of the newbooks (math and everything else
that was newly published). He would suggest just the right
referees for each manuscript we were considering for the
book series and advise me on all of the great young math-
ematicians he knew who were emerging on the math hori-
zon. I would chat with him about the graduate students I
had met on my campus trips and why I thought it would
be good to keep an eye on them as future authors. He
would follow up with them and encourage them to work
hard. He would also follow up with referees who were
delinquent with reports. He put his heart into making this
an outstanding book series for generations to come.

He was not all work and no play, however. We had won-
derful discussions about politics, social injustice, and our
favorite, the right-hand rule. There wasn’t much we could
do to solve most of the world’s problems but the last topic
was in our control. Quite simply, we used the traveling
salesman problem and the rule of only making right-hand
turns to run all of our errands.

Eli loved teaching and was very proud of his graduate
students—all 52 of them! He loved to write, and along
with one of his students, Rami Shakarchi, he wrote four
of the most amazing textbooks that cover a wide range of
topics in analysis. I often asked him about his own accom-
plishments but he would just smile in his magnificent way
and wave his hand like they were nothing. There was one
award that did touch him in a big way, I believe. He was
very moved when he received the Steele Lifetime Achieve-
ment Award in 2002 for his work in analysis. He told me
“This is a really big deal.”

I think of him often because I picture him smiling every
time I make a right-hand turn.

Loredana Lanzani
It is sometimes the case that an exceptionally gifted sci-
entist or artist has a limited awareness of the humanity
in the people that surround them: this was not the case
for Eli Stein. Among Eli’s gifts was the ability to give

Vickie Kearn was the executive editor of mathematics and computer science at
Princeton University Press during 2001–2019. Her email address is kearnv
@gmail.com.
Loredana Lanzani is a professor of mathematics at Syracuse University. Her
email address is llanzani@syr.edu.
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Figure 11. Eli Stein with his mathematical family tree, in
Princeton, 2011.

his undivided attention to anything his friends or collab-
orators needed to say: whether the chef at a Princeton
crêperie expounding on the challenge of maintaining culi-
nary integrity while making a profit, or my young self just
out of graduate school trying to articulate a mathematical
thought. Eli would not just listen to you: he would be
absorbed in what you had to say.

I miss talking with Eli, exchanging ideas and hearing his
thoughts; I miss it to an extent that I am unable to describe.
But I have recently made a wonderful discovery: Eli’s voice
is right there in his writings. I used to read Eli’s books for
their mathematical content; now I also read them to hear
his voice whenever I miss him most.

Karen Stein
I’ve often joked that I was Eli’s worst student. In fact, I was
never actually his student. Like many high school kids, I
needed help with my math homework and he was the ob-
vious parent for that task. What I remember most about
that frustrating—for us both—exchange was our vastly dif-
ferent expectations. My motivation was expediency. What
teenager, I thought, wants to linger over their homework,
especially if the subject is precalculus? All I wanted to

Karen Stein, daughter of Eli and Elly Stein, is an architecture critic and a for-
mer member of the jury of the Pritzker Architecture Prize. Her email address is
karenstein@karenstein.net.

know was which formulas I should memorize and how
and when to apply them. Needless to say, Eli had differ-
ent ideas. As my disinterest in the underlying principles
became increasingly evident, he blurted out in exaspera-
tion that if I really understood the mathematical concepts
I wouldn’t need to memorize anything as I could derive
the formulas on my own. Well, that brought a swift end to
his tutoring; clearly, to me, he was out of his mind. Why
would I need to go to all that trouble?

I now know that what I was doing was like asking some-
one for the last line of a novel when it’s the story—in form
and content—that matters, but, at the time, it made me
wonder if my father understood who I was and what I
cared about. Of course, later I came to understand that
it was a perfect encapsulation of who he was and what
he cared about—not just mathematics, but, overall, his
nearly religious reverence for learning and teaching. The
artist Josef Albers, another European emigrant who fled
theNazis and eventually arrived at Yale where he taught for
decades, saw his mission as a teacher was “to open eyes”
and the same could be said for Eli.

Like Albers, Eli had in essence two careers—as an in-
novator in his field (though, as has been established, I
didn’t study enough mathematics to truly understand in
what way) and as an educational impresario. And, also
like Albers, Eli was not just a guide into a hermetic world,
he was the total manifestation of that world. Perhaps my
disinterest in mathematics as a subject made me keenly
attuned to its symbolic significance as a private language
and allowed me to just observe how happy it made him to
talk about mathematics with his three grandchildren. As
I wasn’t distracted by the content of their conversation, I
could focus on the effect it had on him. That they from
their early teens leaned into math, each in their own way,
gave him a singular, quiet joy, though he wouldn’t have
said that much about it as he wouldn’t have wanted them
to feel any pressure from him. But it mattered to him, not
because deep down he wanted them to follow in his foot-
steps but because mathematics had given so much to his
life—shaped his life, even—and, I believe, he wanted his
grandchildren to know some of its pleasures.

Over the years, Jeremy and I often marveled at how
much our father knew about so many different subjects—
mathematics, obviously. But also classical music, the Yan-
kees, Shakespeare, European history, poetry, espresso, and
anything and everything having to dowith politics, govern-
ment, and current events. And whatever he learned, when-
ever he had learned it, it stayed in his head as if arranged
in orderly files that he could consult and refile at will. As
long as I can remember it was accepted fact that he was
exceptionally smart, but what was always something of a
mystery about Eli, especially if you knew a bit about his
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Figure 12. Eli Stein in Florence, Italy, 2004.

family history, is where did that mind come from? From
what I know, his father, Elkan Stein, didn’t go to college
and didn’t seem particularly inclined toward intellectual
pursuits. He was in the diamond business, first in Antwerp,
where Eli was born, and later in New York City, where
the family arrived in 1941. From what I remember, my
grandfather was a sweet, generous man somewhat befud-
dled by the interests of his middle son. At some point in
my teenage years Eli explained to me that his father didn’t
consider him particularly successful, going on to say that
my grandfather would have preferred if he had been a dia-
mond merchant like him—a steady and reliable business,
his father argued—and drive an Oldsmobile. At the time,
Eli was a tenured Princeton professor who drove around
in a maroon Peugeot. As little as I knew about math-
ematics, I considered myself worldly enough to believe
my dear grandfather was sorely misguided in this, realiz-
ing then that I understood who my father was far better
than my grandfather did. What struck me about how Eli
conveyed all this to me is that there was no resentment on

his part—only resignation. By then, he had long accepted
something he had sensed from his boyhood, his alien sta-
tus in his own family, fostering a not entirely secret pride
in the fact that, inwardly, he was different from his par-
ents and brothers, entirely of his own making. What three
or five year old is captivated by a spinning wheel—a ma-
chine used to polish diamonds—and fantasizes that the
vision is a possible proof of perpetual motion except one
that sees science as the ultimate calling? Even if that sup-
posedly early proof proved to be a youthful illusion, his
allegiance to mathematics as the path to his true self was
stunningly real. His biography is the story of the flowering
of his mind—a mind that forever propelled him forward,
searching and questioning, until the moment it stopped.

Jeremy Stein
I will miss my father terribly. I will miss his voice when I
call on the phone, always very enthusiastic: JEREMY! But
this sadness is tempered by the fact that he had a great and
grand life. Hemost definitely did not get cheated. He lived
exactly the life he wanted to live, did exactly the work he
always wanted to do, and did it all with great enthusiasm
and optimism.

Any long successful life has its share of good luck, and
my father’s life hadmore than its fair share. Think about it:
when he’s four years old, he decides he wants to be a world-
famous scientist. Strange kid. But he’s growing up Jewish
in Hitler’s Europe, which is a bit of a stumbling block. Yet
somehow fortune deposits him and his family on Ellis Is-
land in 1941. And then it’s on to Stuyvesant HS, and U of
Chicago—it’s like the yellow brick road for somebodywith
his talents and dreams. It’s the world of ideas just opening
itself up to him and embracing him. One of the things I
am most thankful for is the opportunity that this country
gave him to be precisely what he was born to be, to be his
best self.

Even more than that, I am most grateful for the exam-
ple he set for the rest of us—by living it, not by preaching
it—of how to be a certain kind of person. He was totally
nonreligious and yet he had an extremely well-developed
personal code. Here is what I have inferred to be his own
personal set of Eli 10 commandments:

1. Do your own thing; don’t be driven by money or what
other people think. Work at it like a craft, not a job.

2. Be interested in everything: politics, music, movies,
books, people’s personal lives. Sometimes too much
of the last one.

Jeremy Stein, the son of Eli and Elly Stein, is the Moise Y. Safra Professor of
Economics and Chair of the Economics Department at Harvard University. His
email address is jeremy_stein@harvard.edu.
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3. Ask questions. A lot of questions. Sometimes too
many.

4. Be positive, and optimistic. And spread that positivity
to others.

5. Don’t get into petty professional feuds. Stuff will sort
itself out.

6. Share ideas and credit generously.
7. Treat everybody the same, with kindness and a gen-

uine interest in their lives.
8. It’s OK to be confident when you’re good at some-

thing. Just don’t let it show too much.
9. Read the NY Times every day.
10. Most important: do not ever find yourself forced to

make a left turn in heavy traffic. Plan ahead and be
prepared to take an alternate route that involves four
extra miles and three right turns instead.

I love you dad, and I will miss you. But all of you will stay
with me for the rest of my life. And I have Google maps
now, so I’m good on the left turns. Rest easy.

THE ELIAS M. STEIN FUND FOR THE NEXT GEN-
ERATION. To honor Eli Stein’s legacy as a mentor
and teacher, Dr. Adrian Banner established the Elias
M. Stein Fund for the Next Generation at the AMS.
The Fund resides within the Next Generation Fund,
which supports doctoral and postdoctoral mathemati-
cians each year at modest but impactful levels, with
funding for AMS programs such as travel grants, collab-
oration support, mentoring, and more.

In Dr. Banner’s words, “Eli was passionate about
helping graduate students and young mathematicians
early in their careers. His wonderful teaching and text-
books have influenced thousands of budding math-
ematicians directly, and he genuinely cared about
the mathematical and professional development of
young mathematicians in general. This fund will
help to continue his worthy legacy.” To make a
gift to the Elias M. Stein Fund for the Next Gen-
eration, please visit www.ams.org/giving/ways-to
-give/named-endowed-funds. The AMS offers donors
the opportunity to establish named endowed funds to
commemorate a family member, colleague, or men-
tor. For more information, please contact Douglas
Allen, AMS Director of Development, at dha@ams.org
or (401) 455.4126.
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OPINION

The Dawning of a New Era
in Applied Mathematics
Weinan E

Note: The opinions expressed here are not necessarily those of Notices.

1. The Keplerian and Newtonian Paradigms
Ever since the time of Newton, there have been two differ-
ent paradigms for doing scientific research: the Keplerian
paradigm and the Newtonian paradigm. In the Keplerian
paradigm, or the data-driven approach, one extracts scien-
tific discoveries through the analysis of data. The classical
example is Kepler’s laws of planetarymotion. Bioinformat-
ics provides a compelling illustration of the success of the
Keplerian paradigm in modern times. In the Newtonian
paradigm, or the first-principle-based approach, the objec-
tive is to discover the fundamental principles that govern
the world around us or the things we are interested in. The
best example is theoretical physics through the work of
Newton, Maxwell, Boltzmann, Einstein, Heisenberg, and
Schrödinger. It is still a major playground for some of the
best minds today.

The data-driven approach has become a very powerful
tool with the advance of statistical methods and machine
learning. It is very effective for finding the facts, but less
effective for helping us to find the reasons behind the facts.

The first-principle-based approach aims at understand-
ing at the most fundamental level. Physics, in particular,
is driven by the pursuit of such first principles. A turn-
ing point was in 1929 with the establishment of quantum
mechanics: as was declared by Dirac [2], with quantum
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mechanics, we already have in our hands the necessary
first principles for much of engineering and the natural sci-
ences except physics at exceptional scales.

However, as was also pointed out by Dirac, the mathe-
matical problem that describes the laws of quantum me-
chanics is exceptionally complicated. One of the difficul-
ties is that it is a many-body problem: with the addition
of one electron, the dimensionality of the problem goes
up by 3. This is the dilemma we often face in the first-
principle-based approach: it is fundamental but not very
practical. Consequently in practice we often have to aban-
don the rigorous and elegant theories and resort to ad hoc
and nonsystematic approximations. The price we pay is
not just the lack of rigor and elegance, but also the reliabil-
ity and transferability of the results.

Applied math has developed along a similar line. Since
the first principles of physics are formulated in terms of
partial differential equations (PDEs), the analysis and nu-
merical algorithms for PDEs has occupied a central role
in applied math, particularly during the period from the
1950s to the 1980s. The objective is three-fold: solv-
ing practical problems, understanding themathematics be-
hind them, providing physical insight into these practical
problems. A very compelling success story is fluidmechan-
ics. Not only has fluid mechanics been a major driving
force for the study of PDEs, the fact that fluid mechanics
research has largely become a computational discipline is
also testimony to the success of the numerical algorithms
that have been developed. The study of these PDEs and
the numerical algorithms have been a central theme in ap-
pliedmath formany years and it is still an active area today.

APRIL 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 565



Opinion

When I was a graduate student at UCLA, we were
proudly told that we belonged to the camp of “Courant-
style applied math.” This term was coined to make a
distinction with the “British-style applied math.” Both
focused on fluid mechanics. The British-style champi-
oned physical insight and asymptotics. The leaders, Taylor,
Batchelor, C. C. Lin, Lighthill, et al., were not only great ap-
plied mathematicians but also leading theoretical fluid dy-
namists. It is also known that they generally did not hold
numerics and rigorous analysis in very high regard. The
Courant-style championed numerics and theorems (“the-
orem provers”). Its philosophy was that as long as the un-
derlying PDEs and numerical algorithms are solid, much
can be learned through computing. After all, the physi-
cal processes are very complicated; one cannot go very far
without computing. Some of their leaders, such as von
Neumann, Courant, Friedrichs, and Lax, are not only great
applied mathematicians, but also great pure mathemati-
cians. The fact that the feud between these two schools was
considered the main animosity in applied math speaks for
the dominance of fluid mechanics during those times.

The card-carrying data-driven research community has
been statistics. For whatever reason, until quite recently,
statistics has developed pretty much independently of ap-
plied math, and in fact, independently of mathematics. It
was very rare that a math department or applied math pro-
gram contained statistics. It is only in recent years that
there has been a call for change.

This does not mean that the applied math community
has not been interested in the data-driven approach. To
the contrary, since the late 1980s, with research work on
wavelets and compressed sensing, signal and image pro-
cessing has taken a center stage in applied math. In fact,
this applied math version of a data-driven approach has
been among the most productive areas of applied math in
the last thirty years.

Neither does it mean that fluid mechanics was the only
successful area for applied mathematicians interested in
PDEs. In fact, some would argue that solid mechanics was
equally successful: after all it was from solid mechanics
that the finite element method, one of the most impor-
tant success stories in appliedmathematics, was originated.
Another success story is numerical linear algebra: one just
has to look at how popular Matlab is to appreciate its wide-
spread impact. This list goes on.

2. Crisis for the “Courant-style Applied Math”
Unfortunately for my generation of “Courant-style” ap-
plied mathematicians, the dominance and success in fluid
mechanics presentedmore of a challenge than an opportu-
nity. The ground work for PDEs and fluid mechanics was
already laid down by the generations before us. We were
left to either address the remaining problems, such as tur-
bulence, or conquer new territory. Both have proven to be

difficult, not to mention reproducing the kind of success
that applied math had before in fluid mechanics.

Indeed after fluid mechanics, the Courant-style applied
math has spread to many other scientific and engineer-
ing disciplines, such as material science, chemistry, biol-
ogy, neuroscience, geoscience, and finance, with a lot of
success. But generally speaking, the degree of success in
these areas has not matched what we saw in fluid me-
chanics. Our contributions are welcomed, but they tend
to be incremental rather than transformative. As a result,
to deal with the central issues that they face, scientists or
practitioners often have to resort to ad hoc approxima-
tions which are both unreliable and unpleasant. This situa-
tion is found in quantum mechanics, molecular dynamics,
coarse-grained molecular dynamics, studies of chemical
reactions, complex fluids models, plasticity models, pro-
tein structure and dynamics, turbulencemodeling, control
problems, dynamic programming, etc.

The central difficulty for most, if not all, of these prob-
lems is that they are intrinsically high-dimensional prob-
lems, and we are haunted by the curse of dimensionality.

For most of the problems listed above, the high dimen-
sionality is the result of the multiscaled nature of the prob-
lem, and one glimpse of hope was brought by the idea of
multiscale, multiphysics modeling. By lumping together
the inessential degrees of freedom at small scales, one
should be able to directly use the more reliable microscale
models to come up with much more efficient algorithms
for the macroscale process we are interested in. Although
very promising, so far the success of multiscale modeling
has been limited due to the following:
1. The microscale models themselves are often not that

reliable. For example when studying crack propa-
gation, we often use molecular dynamics as the mi-
croscale model. But the accuracy of these models for
processes that involve bond breaking is often ques-
tionable.

2. Even though multiscale modeling can drastically re-
duce the size of the microscale simulation required, it
is still beyond our current capability.

3. Machine Learning Comes to the Rescue
The heart of the matter for the difficulties described above
is our limited ability to handle functions ofmany variables,
and this is exactly where machine learning can make a dif-
ference. By providing the ability to approximate functions
of many variables, things that were considered impossible
before become highly likely now.

Before machine learning, the one area in which func-
tions of many variables were handled quite routinely was
numerical integration. In statistical physics, we almost
take for granted our ability to compute integrals of func-
tions of millions of variables and forget to notice how re-
markable this actually is. This is made possible by the

566 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 4



Opinion

Monte Carlo algorithm and the variance reduction tech-
niques that have been developed throughout the years. For
one thing, in contrast with the grid-based algorithms such
as Simpson’s rule, the rate of convergence of the Monte
Carlo algorithm is independent of the dimension.

Approximating functions in high dimensions is a much
more difficult task, and the success of machine learning
did not come easy [6]. Although neural networks models
were discovered a long time ago, it was only recently that
their full potential in approximating functions of many
variables was recognized. However, during a short pe-
riod of time, we have already seen a number of remark-
able achievements made on several long-standing prob-
lems with the help of machine learning, with many more
that promise to come in the near future.

The integration of machine learning into applied math
will change both disciplines in a fundamental way. In
the following, we will discuss some specific examples to
illustrate the impact this will have on scientific computing,
modeling, machine learning, and pure mathematics.

4. Control Theory and PDEs in High Dimension
One of the first successful applications of machine learn-
ing in scientific computing is a deep-learning-based algo-
rithm for high-dimensional control problems [5]. To be-
gin with, it is interesting to note that the term “curse of di-
mensionality” was first coined by Richard Bellman in the
context of dynamic programming [1]. Indeed, the dimen-
sionality of the Bellman equation is the same as that of the
state space of the control problem: if we are interested in
controlling a PDE, the Bellman equation is infinite dimen-
sional. This has severely limited the application of “first-
principle-based” control theory and many practical prob-
lems have to be solved using ad hoc ansatz, just like what
is done for quantum many-body problems.

Within the framework of closed loop control, the op-
timal policy function is a function of the state. If one
parametrizes this policy function by a neural network,
then there is a very nice similarity between stochastic con-
trol and deep learning: the cost function of the control
problem is the loss function; the dynamical system for the
control problem plays the role of the deep residual net-
work; the noise in the dynamical system plays the role of
training data that allows us to use the stochastic gradient
descent algorithm for training. With this deep-learning-
based algorithm, one can handle quite routinely stochas-
tic control problems in hundreds and even higher dimen-
sions [5]. It has also been extended to deterministic con-
trol problems [7] and general nonlinear parabolic PDEs.

These algorithms have opened the door to dealing with
real-world control problems and high-dimensional PDEs.
This is an exciting new possibility that should impact (and
to some extent has already impacted) economics, finance,
operational research, and a host of other disciplines.

5. Machine Learning Assisted Modeling
In physics we are used to first-principle-based models.
These models are not only widely applicable but also sim-
ple and elegant. Schrödinger’s equation is a good example.
Unfortunately as was pointed out earlier, solving practical
problems using these models can be an exceedingly diffi-
cult task. For this reason, seeking simplified models has
been a constant theme in physics, and science in general.
However, as we have experienced with turbulence models,
it is often very hard to come up with such simplified mod-
els if we do not resort to ad hoc approximations.

Machine learning is poised to provide a major boost to
our ability to develop such physics-basedmodels. This can
happen and is already happening in three different ways.
First, it provides the missing tool that can help to turn the
dreams of multiscale modeling into reality. Secondly, it
provides a framework for developing models directly from
data. Thirdly, it may provide a very powerful tool for inte-
grating physical models with observations, along the lines
of data assimilation.

However, fitting data is one thing, constructing inter-
pretable and truly reliable physical models is a quite dif-
ferent matter. Let us first discuss the issue of interpretabil-
ity. It is well known that machine learning models carry
a reputation of being “black boxes,” and this has created
a psychological barrier for using machine learning to help
develop physical models. To overcome this barrier, note
that interpretability should also be understood in relative
terms. Take Euler’s equation for gas dynamics as an ex-
ample. The equations themselves are clearly interpretable
since they represent nothing but the conservation of mass,
momentum, and energy. But it is less critical whether the
details of the equation of state can be interpreted. In-
deed for complex gases, the equation of state might be
in the form of a code that comes from interpolating ex-
perimental data using splines. Whether the coefficients of
these splines are interpretable is not our real concern. The
same principle should apply for machine-learning-based
models. While the fundamental starting point of these
models should be interpretable, just like the conservation
laws in gas dynamics, the detailed form of the functions
that enter into these models do not all have to be inter-
pretable. These functions often represent some constitu-
tive relations just like the equation of state for gas dynam-
ics.

Turning now to the issue of reliability. Ideally we want
ourmachine-learning-basedmodel to be as reliable as gen-
eral physical models such as the Navier-Stokes equation,
for all practical purposes. Tomake this happen, two things
are crucial. The first is that the machine-learning-based
model has to satisfy all physical constraints such as the
ones coming from symmetries and conservation laws. The
second is that the data we use to train the model has to be
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rich enough to adequately represent all the physical situ-
ations encountered in practice. Since labeling the data is
almost always very expensive, selecting a good dataset that
is both small and representative is a very important compo-
nent for developing such models. We will say more about
this in the next section.

These ideas have already been successfully applied to a
number of problems, including molecular dynamics and
rarefied gas dynamics [4]. In the case of molecular dynam-
ics, machine learning, combined with high performance
computing, has made it possible to simulate systems with
hundreds of millions of atoms with ab initio accuracy, an
improvement of five orders of magnitude (see [4] for refer-
ence).

These new developments are already quite exciting. But
the impact of machine learning assisted modeling will be
felt themost in areas such as biology and economics where
first-principle-based modeling is difficult. Some exciting
progress is already underway in these areas.

6. A New Frontier in Machine Learning
The integration of machine learning with applied math
also leads to some new opportunities in machine learning.
Here we discuss a couple.
6.1. Concurrent machine learning. In most traditional
machine learning settings, the training data is either gener-
ated beforehand or passively observed. This is usually not
the case when machine learning is applied to solving prob-
lems in scientific computing or computational science. In
these situations, the training data is often generated on
the fly. To make an analogy with multiscale modeling, in
which one distinguishes sequential multiscale modeling
with concurrentmultiscalemodeling according towhether
the multiscale models are generated beforehand or on the
fly, we call this style of machine learning concurrent ma-
chine learning. As was observed earlier, generating a mini-
mal but representative dataset is a key issue in concurrent
machine learning.

To this end, one needs an efficient procedure for explor-
ing the state space and a criterion for deciding whether a
new state encountered should be labeled or not. One ex-
ample is the EELT algorithm suggested in [4].
6.2. “Well-posed” formulation of machine learning. Be-
sides being surprisingly powerful, neural-network-based
machine learning is also quite fragile—its performance de-
pends sensitively on the hyperparameters in the model
and the training algorithm. In many situations, parameter
tuning is still quite an art even though with accumulated
experience, this situation is steadily improving.

Part of the reason is that in machine learning, mod-
els and algorithms are constructed before the formulation
of the problem is carefully thought out. Just imagine
what would happen if we try to model physical processes

without constructing the PDE models beforehand. Indeed
having a PDE model to begin with and making sure that
PDE model is well-posed is one of the most important
lessons that we learned in the Courant-style applied math.

This motivates the question: can we formulate “well-
posed” models of machine learning? The expectation is
that if we begin with nice continuous formulations and
then discretize to obtain practical models and algorithms,
the performance would be more robust with respect to the
choice of the hyperparameters. Some initial attempts have
been made in [3] along this line. Interestingly, a byprod-
uct of the work in [3] is that neural network models are
quite natural and inevitable, since the simplest continu-
ous models and discretizations always lead to nothing but
neural network models in one form or another. Despite
this, this way of approaching machine learning does gen-
erate new models and algorithms. More importantly, it
encourages us to look for first principles and allows us to
think outside the box of neural network models.

A close analogy is found in image processing, say de-
noising. The standard way of denoising is to directly apply
carefully designed filters to the image and see what hap-
pens. This approach has been very effective, particularly
with advanced wavelet-based filters. Another approach is
to write down a mathematical model for denoising, typ-
ically in the form of a continuous variational problem,
then discretize and solve the discretized model with opti-
mization algorithms. Thewell-knownMumford-Shah and
Rudin-Osher-Fatemi models are examples of such mathe-
matical models. One may question the validity of these
mathematical models, but having a well-defined mathe-
matical model to begin with clearly has its advantage. For
one thing, it has helped to turn image processing into in-
teresting PDE problems. It has also motivated people to
think about the fundamental principles behind image pro-
cessing, even though not much progress has been made
along this line.

The hope is that this new mathematical understanding
and formulation will not only help to foster the current
success of machine learning but also extend its success to
a broad spectrum of other disciplines. After all, machine
learning is about function approximation, a very basic is-
sue in mathematics. Having new ways to represent and ap-
proximate functions that are particularly effective in high
dimension should surely have a significant and broad im-
pact.

7. High-Dimensional Analysis
It is not just the application areas that will experience the
impact, mathematics itself will also feel the impact, partic-
ularly analysis.

Machine learning has brought out a host of new anal-
ysis problems in high dimensions, from approximat-
ing functions to approximating probability distributions,
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dynamical systems, and solving PDEs and Bellman-like
equations. Studying these problems will inevitably give
rise to a new subject in mathematics: high-dimensional
analysis.

In this direction, the one area that has already received
serious attention in mathematics is high-dimensional in-
tegration. The analysis of Monte Carlo methods, particu-
larly Markov chain Monte Carlo, has been an active area
in probability theory and mathematical physics for quite
some time.

Integration is the most elementary problem in analysis.
One can ask many more advanced questions about func-
tions, probability distributions, dynamical systems, calcu-
lus of variations, and PDEs. For example, an important
question is to characterize the complexity of these objects.
At an abstract level, complexity should be defined by the
difficulty with which the given object is approximated by
simple elementary objects. For example, for functions, the
elementary objects can be polynomials, piecewise polyno-
mials, or neural networks. For probability distributions,
the elementary objects can be mixtures of Gaussians.

Take for example the complexity of functions. Classi-
cally, this is done through smoothness, namely, howmany
times the function can be differentiated. Many hierarchies
of function spaces have been defined along this line, such
as the 𝐶𝑘 spaces, Sobolev spaces, and Besov spaces. In
low dimensions, this makes perfect sense. Indeed one can
show that functions in these spaces are characterized by the
rate of convergence when they are approximated by some
classes of elementary functions such as piecewise polyno-
mials or trigonometric functions.

Results of this type suffer from the curse of dimen-
sionality. Indeed it has become increasingly clear that
smoothness-based concepts are not the right way for
measuring the complexity of functions in high dimen-
sions. Rather one should measure the complexity of high-
dimensional functions by whether they can be efficiently
approximated by a particular neural network-like model.
In this way, one obtains the reproducing kernel Hilbert
space (RKHS), Barron space, multilayer spaces, and flow-
induced space, each of which is naturally associated with
a particular class of machine learning models.

What about PDEs in high dimensions? A natural ques-
tion is whether we can develop a regularity theory for cer-
tain classes of PDEs in the function spaces mentioned
above. If we can, this means that one should be able to
efficiently approximate the solutions of these PDEs using
the correspondingmachine learningmodel. This problem
is particularly important for the Hamilton-Jacobi-Bellman
equation.

8. Applied Math as a Mature
Scientific Discipline

Can applied math become a unified subject with a small
number of major components, like pure math? Can we
have a reasonably unified curriculum to educate applied
mathematicians? These questions have long been difficult
to address. Looking back, it is clear that the situation just
wasn’t ripe. On one hand, applied math is truly very di-
verse, touching upon almost every discipline in science
and engineering. Seeking unity and a unified curriculum
is undoubtedly a difficult task. On the other hand, the
fact thatmajor components such asmachine learning were
missing from the core of applied math means that it just
wasn’t ready. Just imagine what pure math would be like
without algebra.

The situation has changed. Withmachine learning com-
ing into the picture, allmajor components of appliedmath
are now in place. This means that applied math is finally
ready to become a mature scientific discipline. Yes new
directions will continue to emerge, but there are reasons
to believe that the fundamentals will more or less stay
the same. These fundamentals are: (first-principle-based)
modeling, learning, and algorithms.
8.1. The main components of applied math. Algebra,
analysis, geometry, and topology constitute the main com-
ponents of pure math. For physics, they are classical
mechanics, statistical mechanics, electromagnetism, and
quantum mechanics. What are the main components of
applied math? The following is a proposal. It is not meant
to be the final word on the subject, but a starting point for
further discussion.

Applied math has three major components.
1. First-principle-based modeling, which includes the

(physical) models themselves and the analytical tools for
these models. To put it simply, the former is about physics
and the latter is about differential equations.

The principles behind the physical models are the fun-
damental laws and principles of physics: the physical setup
(e.g., classical vs. quantum, inertia dominant vs. over-
damped), the variational principles, the conservation laws,
etc.

These first principles are formulated in terms of varia-
tional problems or differential equations. Therefore we
need analytical tools for dealing with these mathematical
problems. Asymptotic methods can quickly capture the
essence of the problem and give us much needed insight.
Rigorous theorems can help to put things on a solid foot-
ing, in addition to shedding light on the problem.

2. Data-drivenmethods. By far themost important part
of data-driven methods is machine learning. But also in-
cluded are statistics and data (e.g., image) processing.

3. Algorithms. Here we have in mind both algorithms
for first-principle-based applications and data-driven
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applications. Luckily, there is a lot in common for the
algorithms in both areas. One example is optimization
algorithms. Not only have they played a pivotal role be-
hind the success of machine learning, many first-principle-
based models are formulated as variational problems for
which optimization algorithms are needed.
8.2. Curriculum and education. Most, if not all, leading
universities have rather mature pure math undergraduate
and graduate programs. Very few have mature applied
math programs. Worse than that, in some cases, applied
math courses are taught as a set of tricks, not a unified sub-
ject. One example is the “Mathematical Modeling” course.
Although this is meant to be a basic introductory course
for applied math, it is often taught as a set of examples,
without a coherent big picture. The lack of mature applied
math undergraduate programs is the one single most im-
portant obstacle for applied math, because it hinders our
ability to attract young talents.

With the major components of applied math being
clear, we can now design a unified curriculum for applied
math. Naturally this curriculum centers on the threemajor
components discussed above. We briefly discuss each.

Modeling has two parts: The physical principles for the
models, and the mathematical tools for analyzing these
models. The former is like the fundamentals of physics,
taught to mathematicians. The latter is applied analysis,
including ODEs and PDEs, calculus of variations, analy-
sis of probability distributions, asymptotics, and stochas-
tic analysis. Each can be covered by a year-long course.

Learning really means data analysis. It consists of ma-
chine learning, data processing, and statistics. There are
already mature courses for data processing and statistics
suitable for applied mathematicians. The situation for ma-
chine learning is different. It is routinely taught in a style
suited for computer scientists. We need a way to teach
this to mathematicians. At this point, the mathematical
perspective of machine learning is not yet a mature sub-
ject, but this situation is improving very quickly. We be-
lieve that a reasonable mathematical introduction to a ma-
chine learning course will be developed soon and it can be
taught as a one-semester course.

Algorithms has two parts: Algorithms for continuous
objects and algorithms for discrete objects. The former
is covered by the numerical analysis course offered in
math departments. The latter is covered by the algo-
rithms/discrete math course, typically taught in computer
science departments. With machine learning, these two
parts are coming together so it is important to teach them
in a more unified fashion.

Developing all these courses will take a huge amount of
effort, but we should and can make it happen.

9. Applied Math as the Foundation
for Interdisciplinary Research

With such a program in place, applied math will become
the foundation for interdisciplinary research. After all,
modeling, learning, and algorithms are the fundamental
components of all theoretical interdisciplinary research.
The applied math program described above will help to
systematize the training of students as well as the organi-
zation of interdisciplinary research programs. Should this
become reality, it will be a turning point in the history of
interdisciplinary research.

All this will take time. For one thing, we need to start
from the basics, the training of young students. But before
we have a chance to train them, we have to be able to at-
tract them to applied math. The one thing that I have been
very impressed by, being a faculty member at Princeton for
over twenty years, is how number theory has been able to
attract talent. I now believe, to my own surprise, that ap-
pliedmath has the potential to do the same. Appliedmath
shares all the major features that are particularly appealing
to young students: the simplicity and elegancy of the prob-
lems (e.g., machine learning) and the challenge that these
problems pose (e.g., turbulence), with the added bonus
that it is one of the main avenues towards the most excit-
ing new developments in science and technology. We are
beginning to see this change at the graduate level.

In the history of science, there were two periods of time
that made the most impact for applied mathematics. The
first was the time of Newton, during which it was estab-
lished that mathematics should be the language of science.
The second was the time of von Neumann, during which
it was proposed that numerical algorithms should be the
main bridge between mathematics and science. Now the
third time is at the horizon, a timewhen all themajor com-
ponents of applied math are in place, to form the foun-
dation of not only interdisciplinary scientific research but
also exciting technological innovation. This is truly an ex-
citing time. Let us all work together to make this a reality!

ACKNOWLEDGMENTS. I am very grateful to Profes-
sors Engquist and Osher for their suggestions on an
earlier draft, as well as the inspirations they provided
over the years which greatly influenced my career and
my view of applied mathematics. I also want to thank
Professor Reza Malek-Madani for his effort to run this
opinion piece.

References
[1] Richard Bellman, Dynamic programming, Princeton Uni-

versity Press, Princeton, N. J., 1957. MR0090477
[2] Paul A. Dirac, Quantum mechanics of many-electron systems,

Proc. Roy. Soc. London Ser. A 123 (1929), no. 792.

570 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 4

http://www.ams.org/mathscinet-getitem?mr=0090477


Opinion

[3] Weinan E, Chao Ma, and Lei Wu, Machine learning from
a continuous viewpoint, I, Sci. China Math. 63 (2020),
no. 11, 2233–2266, DOI 10.1007/s11425-020-1773-8.
MR4170870

[4] Weinan E, Jiequn Han, and Linfeng Zhang, Machine learn-
ing assisted modeling, to appear in Physics Today.

[5] Jiequn Han and Weinan E, Deep learning approximation
of stochastic control problems, NIPS Workshop on Deep Re-
inforcement Learning, 2016. https://arxiv.org/pdf
/1611.07422.pdf

[6] Yann LeCun, Yoshua Bengio, and Geoffrey Hinton, Deep
learning, Nature 521 (2015), 436–444.

[7] Tenavi Nakamura-Zimmerer, Qi Gong, and Wei Kang,
Adaptive Deep learning for high dimensional Hamilton-Jacobi-
Bellman equations, 2019. https://arxiv.org/pdf
/1907.05317.pdf

Linear Algebra for Everyone
Gilbert Strang, Massachusetts Institue of Technology, Cambridge, MA

This book by Gilbert Strang, author of the widely-used Introduction to Linear Algebra, 
presents a “new start” in teaching and learning linear algebra, a subject that is 
increasingly important in all quantitative disciplines. Working with small matrices 
of integers, students can see dependent columns and the rank of A and its column 
space. This is a big step toward the four fundamental subspaces — a widespread 
success in teaching linear algebra. The new start makes linear algebra more approach-
able to students with a wide range of backgrounds. The text features many illustrative 
examples and exercises, and video lectures to accompany the book are available via 
MIT OpenCourseWare. The author’s site contains additional sample material and an 
instructor’s manual.

A publication of Wellesley-Cambridge Press. Distributed within the Americas by the American Mathematical 
Society.

The Gilbert Strang Series, Volume 4; 2020; 356 pages; Hardcover; ISBN: 978-1-7331466-3-0; List 
US$85; AMS members US$68; Order code STRANG/4

To see other books published 
by Gilbert Strang visit

bookstore.ams.org/STRANG

Weinan E

Credits

Photo of Weinan E is courtesy of Yiming Fu.

APRIL 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 571

http://dx.doi.org/10.1007/s11425-020-1773-8
http://www.ams.org/mathscinet-getitem?mr=4170870
https://arxiv.org/pdf/1907.05317.pdf
https://arxiv.org/pdf/1907.05317.pdf
https://arxiv.org/pdf/1611.07422.pdf
https://arxiv.org/pdf/1611.07422.pdf


WHAT IS. . .

the VC-Dimension?
Samuel C. Tenka

Wetzel’s Cake Problem
Combinatorists and bakers alike know the sequence
1, 2, 4, 8, 16, … by heart. It continues, of course, with 31, for
its 𝑛th element 𝑐(𝑛) counts the pieces obtained from a disk-
shaped cake by cutting along all (𝑛

2
) lines determined by 𝑛

generic points on the cake’s boundary.

Figure 1. Cakes for 𝑛 = 1 through 6. The 𝑛 = 4 cake (bottom
left) has 𝑐(4) = 8 pieces. Using colors to ease counting, we see
that 𝑐(6) is odd: the pieces besides the central yellow triangle
partition into sets of six.

In fact, 𝑐(𝑛) is a polynomial [3]. We may compute 𝑐(𝑛)
by regarding a sliced cake as a planar graph, noting that
two cuts (and hence four boundary vertices) determine
each interior vertex, and applying Euler’s formula. One
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finds that 𝑐(𝑛) is (𝑛−1
0
) + ⋯ + (𝑛−1

4
), which explains why

𝑐(𝑛) initially coincides with 2𝑛−1.
Patterns do not always generalize. But then, how is

learning from data possible at all? That is, if from a col-
lection ℋ of possible patterns we find some 𝑓 ∈ ℋ that
matches or performswell on𝑁 observed data points, when
should we expect that 𝑓 matches unseen data? This ques-
tion motivates machine learning’s theory and guides its
practice.

Learning and Generalization
Let us explicitly frame a simple case of the problem. Say
that 𝒳 is a space of images, {±1} = {Cow,Dog} is a set of
labels, and we seek a classifier 𝑓 ∶ 𝒳 → {±1} that accords
with nature. More precisely, we model nature as a prob-
ability distribution 𝒟 over the space {±1} × 𝒳 of labeled
images and we fix a set ℋ ⊆ {±1}𝒳 of candidate classifiers.
With 𝒮 ∼ 𝒟𝑁 denoting 𝑁 samples drawn i.i.d. from 𝒟,
the training error of 𝑓 ∈ ℋ averages over the empirical
distribution 𝒮:

trn𝒮(𝑓) = ℙ(𝑦,𝑥)∼𝒮[𝑓(𝑥) ≠ 𝑦],

and the testing error averages over 𝒟:

tst(𝑓) = ℙ(𝑦,𝑥)∼𝒟[𝑓(𝑥) ≠ 𝑦].

To learn well is to map an 𝒮 to an 𝑓 with low testing er-
ror. We call amapℒ ∶ ({±1}×𝒳)𝑁 →ℋ a learning rule. ℒ
might be defined by an approximate minimization of the
training error over ℋ. Then the testing error decomposes
into the failures of trn𝒮 to estimate tst (generalization), of
ℒ to minimize trn𝒮 (optimization), and of ℋ to contain
nature’s truth (approximation):

tst(ℒ(𝒮)) = tst(ℒ(𝒮)) − trn𝒮(ℒ(𝒮)) gener.

+ trn𝒮(ℒ(𝒮)) − infℋ(trn𝒮(𝑓)) optim.

+ infℋ(trn𝒮(𝑓)) approx.
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Focusing on the top term, we wonder when we may
bound the generalization gap

gap𝒮(ℒ) = tst(ℒ(𝒮)) − trn𝒮(ℒ(𝒮)).
When ℒ(𝒮) and 𝒮 are independent (e.g., if |ℋ| = 1),
trn𝒮(ℒ(𝒮)) is an unbiased estimate of tst(ℒ(𝒮)), so the
Weak Law controls gap𝒮. However, to reduce the approxi-
mation error we typically choose |ℋ| large; can we bound
the gap in this case, too? Wewill use the techniques of con-
centration and symmetrization to show that the answer is
YES for “finite-dimensional” ℋ.

Concentration
Lemma (Chernoff). The fraction of heads among𝑁 i.i.d. flips
of a biased coin exceeds its mean 𝑝 by 𝑔 with chance at most
exp(−𝑁𝑔2) for 0 ≤ 𝑝 < 𝑝 + 𝑔 ≤ 1.

Figure 2. We sample points uniformly at random on 𝑁 sticks,
each with three parts: green with length 1 − 𝑝, red with length
𝑝, and blue with length 𝑔. We call nonblue points boxed and
nongreen points hollow.

Proof. Let our coin flips arise from sampling points on
sticks (Figure 2), where green means tails, red means
heads, and we condition on the event that blues do not
occur. To show that less than (𝑝 + 𝑔)𝑁 = 𝑝′𝑁 flips are
heads is to show—given that all points are boxed—that
less than 𝑝′𝑁 points are red. For any 𝑀:

ℙ[𝑀 are red ∣ all are boxed]

= ℙ[all hollows are red ∣ 𝑀 hollow] ⋅ ℙ[𝑀 are hollow]
ℙ[all are boxed]

= (1 − 𝑔/𝑝′)𝑀 ⋅ (1 + 𝑔)𝑁 ⋅ ℙ[𝑀 are hollow].
We sum over 𝑀 ≥ 𝑝′𝑁, bound ℙ[⋯𝑝′𝑁⋯] ≤ 1, then in-
voke (𝑥 ↦ 𝑥𝑝′)’s concavity and exp’s convexity:

ℙ[at least 𝑝′𝑁 are red ∣ all are boxed]
≤ (1 − 𝑔/𝑝′)𝑝′𝑁 ⋅ (1 + 𝑔)𝑁 ⋅ ℙ[at least 𝑝′𝑁 are hollow]
≤ (1 − 𝑔)𝑁 ⋅ (1 + 𝑔)𝑁 = (1 − 𝑔2)𝑁 ≤ exp(−𝑁𝑔2). □

The Chernoff bound gives us the control over tails we
would expect from the Central Limit Theorem, but for fi-
nite instead of asymptotically large 𝑁. In particular, when
we learn from much but finite data, the training error will
concentrate near the testing error.

Indeed, for any 𝑓 ∈ ℋ, trn𝒮(𝑓) is the average of 𝑁 in-
dependent Bernoullis of mean tst(𝑓). So for finite ℋ, the
gap is probably small:

ℙ𝒮∼𝒟𝑁 [gap𝒮(ℒ) ≥ 𝑔]
≤ ∑

𝑓∈ℋ
ℙ𝒮∼𝒟𝑁 [tst(𝑓) ≥ trn𝒮(𝑓) + 𝑔]

≤ |ℋ| ⋅ exp(−𝑁𝑔2).
For example, ifℋ is parameterized by 𝑃 numbers, each

represented on a computer by 32 bits, then |ℋ| ≤ 232𝑃 and,
with probability 1 − 𝛿, the gap is less than

√(log(1/𝛿) + 32𝑃)/𝑁.
This bound’s sensitivity to the description length 32𝑃 may
seem artificial. Indeed, the various ℋ used in practice—
e.g., linear models or neural networks—depend smoothly
on their parameters, so the parameters’ least significant
bits barely affect the classifier. In other words, ℋ’s cardi-
nality is not an apt measure of its size. The VC-dimension
measures ℋ more subtly.

Symmetrization
Though ℋ may be infinite, the restriction ℋ𝑆 = {𝑓|𝑆 ∶
𝑓 ∈ ℋ} is finite for finite 𝑆. If we train and test on finitely
many points total, we may treat ℋ as finite. Thus, let us
estimate tst(𝑓), an expectation over all of𝒟, by trn ̌𝒮(𝑓), an
expectation over fresh samples ̌𝒮 ∼ 𝒟𝑁 independent of
the 𝒮 from which we learn.

To show that trn𝒮 + 𝑔 ≥ tst when evaluated at ℒ(𝒮), we
simply show that trn𝒮+𝑔/2 ≥ trn ̌𝒮 and that trn ̌𝒮+𝑔/2 ≥ tst.
The former usually holds, since |ℋ𝒮⊔ ̌𝒮| is finite; the latter
usually holds, since 𝒮 and ̌𝒮 are independent. Quantifying
with Chernoff, one finds that gap𝒮(ℒ) exceeds 𝑔 (provided

𝑔 ≥ 2/√𝑁) with chance at most

max
|𝒮|=| ̌𝒮|=𝑁

|ℋ𝒮⊔ ̌𝒮| ⋅ 2 exp(−𝑁𝑔2/16).

Thus we may control the gap by bounding 𝐻(𝑛) ≔
max|𝑆|=𝑛 |ℋ𝑆|. We have achieved this reduction by putting
the training and testing data on equal footing, hence the
name symmetrization [8].

To progress, we bound 𝐻(𝑛). It is clear that 𝐻(𝑛) ≤ 2𝑛.
In fact, when this bound is loose, it is very loose.

Lemma (Sauer and Shelah). Unless 𝐻(𝑛) = 2𝑛 for all 𝑛,
𝐻(𝑛) is bounded by a polynomial.

Proof. Consider ℋ𝑆 for |𝑆| = 𝑛. Ordering 𝑆, let us write
each 𝑓 ∈ ℋ𝑆 as a string of plus (+) and minus (−) signs.
We will count these strings by translating them from the
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What is. . .

alphabet {+, −} to the alphabet {■,□}. Intuitively, ■ rep-
resents “surprisingly +.” More precisely, we work from
left to right; whenever two (partially translated) strings dif-
fer only in their leftmost untranslated coordinate we over-
write the + in that coordinate with ■. Otherwise, we over-
write with □. See Figure 3.

+−−− □−−− □□−− □□□− □□□□
−+−− □+−− □■−− □■□− □■□□
−−+− □−+− □□+− □□■− □□■□
−−−+ → □−−+ → □□−+ → □□□+ → □□□■
−−++ □−++ □□++ □□■+ □□■■
−+++ □+++ □■++ □■□+ □■□■
++++ ■+++ ■□++ ■□□+ ■□□□

Figure 3. Translating elements of 𝐻𝑆 (left) to strings of choice
points (right). Each row corresponds to one of seven
classifiers and each column corresponds to one of four data
points. We color pairs of strings that differ in-and-only-in their
leftmost untranslated coordinate.

Each step of translation keeps distinct strings distinct.
Moreover, whenever some 𝑘 indices 𝑇 ⊆ 𝑆 of a translated
string are ■’s, |ℋ𝑇 | = 2𝑘. This is because ■’s mark choice
points where the classifiers attain both + and −. Now, ei-
ther 𝐻(𝑛) = 2𝑛 for all 𝑛 or there is a greatest 𝑘 for which
𝐻(𝑘) = 2𝑘. In the latter case, no translated string may have
more than 𝑘 ■’s. So ℋ𝑆 contains no more strings than
there are subsets in 𝑆 of size ≤ 𝑘. In turn, we may encode
each nonempty subset as the image of a function with a
size-𝑘 domain:

𝐻(𝑛) ≤ (𝑛0) +⋯+ (𝑛𝑘) ≤ 𝑛𝑘 + 1.

As with Wetzel’s Cake, what might have grown like 2𝑛
grows only polynomially. □

Since ℋ𝑆 grows no faster than the volume of a 𝑘-
dimensional solid of diameter |𝑆|, we call 𝑘 a dimension.

Definition. The Vapnik-Chervonenkis dimension
dim(ℋ) ofℋ ⊆ {±1}𝒳 is the supremal 𝑘 for which 𝐻(𝑘) ≔
max|𝑆|=𝑘 |ℋ𝑆| = 2𝑘.

Then gap𝒮(ℒ) exceeds 𝑔 with chance at most

(polynomial in 𝑁 of degree dim(ℋ))
⋅ (exponential decay in 𝑁𝑔2).

When 𝑁 ≫ dim(ℋ) log(𝑁), the gap is probably small and
generalizing from data is possible.

For example, if 𝒳 is a 𝑑-dimensional real vector space
and ℋ is a set of “linear classifiers,”

ℋ ⊆ {sign ∘ 𝜃 ∶ 𝜃 ∈ 𝒳∗},
then dim(ℋ) is at most 𝑑, because any 𝑑 + 1 points
𝑥0, 𝑥1, … , 𝑥𝑑 ∈ 𝒳 engage in a linear relation ∑𝑖∈𝐼 𝑐𝑖𝑥𝑖 =
∑𝑗∈𝐽 𝑐𝑗𝑥𝑗 with each 𝑐 positive, so no 𝑓 ∈ ℋ classifies every
𝑥𝑖 as + and every 𝑥𝑗 as −. A learned linear classifier will
hence generalize when 𝑁 ≫ 𝑑 log(𝑁).

Statistical Learning Theory
We’ve seen that finite VC-dimension implies that learning
will generalize. A converse also holds.

Theorem (Vapnik and Chervonenkis). The VC-dimension
ofℋ is finite if and only if for all distributions𝒟, learning rules
ℒ, and gap bounds 𝑔 > 0, the chance that gap𝒮(ℒ) exceeds 𝑔
tends to 0 as 𝑁 grows.

The VC theorem is but one result in statistical learning
theory, which abounds with variations on the theme that
gap𝒮 ≤ √log(|ℋ|/𝛿)/𝑁. For instance, viewing log(|ℋ|) as
the maximum entropy of ℒ(𝒮) ∈ ℋ, one may seek im-
provements given information-theoretic hypotheses. Re-
cent progress [6] uses themutual information between 𝒮 and
ℒ(𝒮). Or, absent prior knowledge of𝒟, one may seek post
hoc bounds by estimating properties of 𝒟 from 𝒮. For ex-
ample, margin bounds detect when 𝒟’s two classes are geo-
metrically well-separated and hence generalization is prob-
able [7].

Other work specifically analyzes deep neural networks
(nets). The VC bound is empirically very loose for nets:
though nets have nearly exponential 𝐻(𝑛) for typical data
sets [5], they achieve state-of-the-art testing errors onmany
real-world tasks [4]. A large 𝐻(𝑛) allows nets to model
complex patterns yet—in a phenomenon invisible to VC
theory—seems not to hinder generalization. Thus, the
mystery of modern learning: with deep neural networks,
may we continually halve our cake and eat it, too?

ACKNOWLEDGMENTS. We thank Arthur Ozga and
Joe Trate for testing this exposition in a high school
class. We believe the use of three-segment sticks and
{■,□}-encoding to present the VC bound in elementary
terms is new. For simplicity, we stated suboptimal con-
stants and neglected to distinguish sampling with and
without replacement.

The textbooks [7] and [8] both further explore con-
centration and symmetrization. As symmetrization en-
ables restriction to finite data sets, we may study it
via finite-dimensional geometry, whether through [7]’s
Rademacher complexities or [8]’s Gaussian widths.
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Hilbert as follows. Is there an algorithm (or a computer 
program) taking as input coefficients (assumed to be in-
tegers) of a polynomial equation in several variables, and 
outputting a “yes” or “no” answer to the question: “Does 
this equation have solutions in Z?“? (At the time Hilbert 
formulated the problem, the modern notion of algorithm 
did not yet exist. So, the problem was phrased differently; 
Hilbert’s original text is reproduced in the book.) The 
problem was not completely solved until 1968, when Yuri 
Matiyasevich [Mat68] showed that exponentiation over 
integers can be rewritten in a polynomial form. This result, 
together with the results obtained earlier by Martin Davis, 
Hilary Putnam, and Julia Robinson [DPR61], completed 
the proof of the statement that the algorithm requested 
by Hilbert did not exist. In fact, a lot more was shown. 
The theorem proved by the four authors showed that any 
recursively enumerable set is Diophantine.

Recursively enumerable sets (r.e. sets) are the sets that 
can be listed by a program allowed to run for a possibly 
infinite amount of time. A Diophantine subset of Z is de-
fined as follows. A set A⊂Zk is called Diophantine if there 
exists a polynomial

p(T1,…,Tk,X1,…,Xm)∈Z[T1,…,Tk,X1,…,Xm]

such that for any k -tuple (t 1,…, tk)∈Zk, the statement 

“(t 1,…, tk)∈A”

is equivalent to the statement 

“There exist x1,…,xm∈Z with p(t 1,…, tk,x1,…,xm) = 0.”

The polynomial p(T1,…,Tk,X1,…,Xm) is called a Diophan-
tine definition of A over Z.

One could say that this is a number-theoretic version of 
the definition of a Diophantine set. Diophantine sets can 
also be described as sets existentially definable over Z in 

Hilbert’s Tenth Problem 
An Introduction to Logic, Number Theory, 
and Computability 

by M. Ram Murty and 
Brandon Fodden

Before proceeding with this 
review, we note, in the spirit 
of disclosure that has become 
a requirement in many fields, 
that the reviewer has also writ-
ten a book on Hilbert’s Tenth 
Problem [Sh2007]. The scope 
and goals of that book differ 

substantially from the book reviewed here, but, of course, 
there is a nonempty intersection.

The book under review was conceived as a textbook for 
advanced undergraduates and graduate students. Its subtitle 
is An Introduction to Logic, Number Theory, and Computability. 
Besides basic facts concerning first-order logic, number 
theory, and recursive functions, the text also covers some set 
theory, model theory, and a few other topics. At first glance, 
a course covering so many topics would seem unnecessar-
ily ambitious, especially if it is aiming at undergraduates. 
However, there is a reason for touching on all of these areas 
of mathematics. This reason is a proof of the unsolvability 
of Hilbert’s Tenth Problem, described in detail in the book, 
as well as some extensions of the problem, requiring fairly 
sophisticated number-theoretic tools. 

Hilbert’s Tenth Problem was the tenth problem on the 
list of 23 problems presented by David Hilbert to an In-
ternational Congress of Mathematicians in 1900. Using a 
modern rewording, one can phrase the question posed by 

Hilbert’s Tenth Problem
Reviewed by Alexandra Shlapentokh
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If F-1 = P and F(z)=(L(z),R(z)), then P(L(z),R(z)) = z,  
L(P(x,y)) = x, and R(P(x,y)) = y. Observe that P(x,y),L(z),R(z) 
are Diophantine. Indeed,

z = P(x,y)⇔2z = (x+y)(x+y+1)+2x,
x=L(z)⇔∃y :2z=(x+y)(x+y+1)+2x,
y = R(z)⇔∃x :2z=(x+y)(x+y+1)+2x.

It is also important to note that L(z)≤ z and R(z)≤ z.
The function β(i,u) is defined to be the remainder from 

the division of L(u) by 1+(1+ i)R(u). One of the important 
theorems in the section shows that given an enumeration 
of all finite sequences of positive integers, for every finite 
sequence a1,…,aN, there exists a positive integer u, such 
that β(u,i)=ai. Furthermore, given that L(z)≤z and R(z)≤z, 
one can show that β(u,i)≤u. This fact is crucial for defining 
bounded universal quantifiers later. From the definition 
of β(u,i) it is not hard to show that the function is Dio-
phantine.

Section 2 is devoted to the equation that has become in-
separable from Hilbert’s Tenth Problem and its extensions, 
even though it was not present in the original proof. We 
are talking about the Pell equation, x2–dy2=1, of course. 
The authors of the book note that an Indian mathemati-
cian Brahmagupta discovered this equation long before it 
came to the attention of Western mathematicians. Thus, 
they refer to it as Brahmagupta-Pell. For reasons of brevity 
and habit, we will continue to refer to the Pell equation. If 
x,y,d∈Z, and d is not a square of an integer, then, using a 
bit of algebraic number theory, one can easily see that the 
Q-norm of the element

(x–√dy)∈Q(√d )

is in fact x2–dy2, and the Pell equation tells us that this 
element is a unit. If d>0, then the unit group is a group 
of rank 1, with –1 and 1 being the only torsion elements. 
Therefore, when d>0, solutions to the Pell equation form 
a cyclic group modulo the subgroup {–1,1}. If we assume 
additionally that d=a2–1 with a∈Z, then we can identify 
a generator of the group as a–√d , and all solutions of the 
equation will arise from powers of this generator. The book 
proves this using strictly elementary methods.

The interest in the Pell equation in connection with 
Hilbert’s Tenth Problem stems from the fact that solutions 
to this polynomial equation grow exponentially and there-
fore can be used to define exponential function in terms 
of polynomial equations. A Diophantine definition of 
the exponential function obtained via the Pell equation is 
discussed in Section 3 of the chapter.

The fact that exponentiation over integers is definable via 
polynomial equations was discovered by Yuri Matiyasevich. 
Instead of the Pell equation he used Fibonacci numbers, 
but his method was essentially the same. Shortly after Ma-
tiyasevich announced his solution, Martin Davis, Gregory 

the language of rings or as projections of algebraic sets over 
Z. Thus, one can immediately see that this notion is on the 
boundary of several disciplines: number theory, algebraic 
geometry, computability theory, and model theory. The 
notion of recursively enumerable set belongs to comput-
ability theory, and the question of which quantifiers we are 
allowed to use is related to the first-order logic.

The connection between the fact that Diophantine sets 
and r.e. sets are the same and the unsolvability of Hilbert’s 
Tenth Problem depends on a classical theorem from re-
cursion theory stating that there are nonrecursive r.e. sets. 
(The book is using a somewhat out-of-date terminology 
with respect to certain objects in computability theory. 
Some time ago, the word “recursive” was replaced by the 
word “computable” by mathematicians working in the area. 
However, since the book is using the term “recursive,” we 
will continue to use this term also in our review.)

A set is recursive if there is an algorithm (or a program) 
to determine whether a given integer belongs to the set. So, 
let U⊂Z be an r.e. set that is not recursive. Let q(t,x1,…,xm) 
be a Diophantine definition of U over Z. Now assume we 
had the algorithm requested by Hilbert. Then, given t∈ Z, 
we could determine whether q(t,x1,…,xm) = 0 has integer 
solutions. Therefore, we could determine whether t∈U. 
Since U is not recursive, we have a contradiction.

Keeping the above in mind, it is now clear that any 
text attempting to present a proof of the unsolvability of 
Hilbert’s Tenth Problem and other problems arising from 
Hilbert’s question has to start with a fairly broad base. This 
book meets the challenge of presenting all these topics in 
the first four chapters quite well. It hews to essential things 
and does not overload the reader.

The discussion of Hilbert’s Tenth Problem itself starts 
in Chapter 5. As is usually the case, the solution is not 
presented chronologically, in the order in which it was 
obtained, but in a manner that would make it easier to 
understand. In Section 1 of the chapter the discussion 
is started noting that we can replace the search for inte-
ger solutions of polynomial equations by the search for 
natural number solutions via the Lagrange Four Squares 
Theorem. Next the section provides a few examples of 
easy-to-understand Diophantine sets, and explains that 
the book will concentrate on the problem of constructing 
a Diophantine definition for a given set, as opposed to 
trying to determine the elements of the set from a given 
Diophantine definition. The section ends with a discussion 
of Diophantine functions, i.e., functions with Diophantine 
graphs. Cantor’s pairing function and Goedel’s β function 
are shown to be Diophantine.

Cantor’s pairing function P(x,y): N×N→N is a bijection 
defined by the formula

P(x,y) =
(x+y)

2
(x+y+1)

+x.
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Section 5.7 completes the proof of unsolvability of Hil-
bert’s Tenth Problem using the argument we described at 
the beginning of this review.

Chapter 6 describes improvements of the original result 
and some of its consequences. Here is a partial list:
1. If A=N∪ℵ0 and k∈A, k≠0, then there is no algorithm 

to determine whether an arbitrary equation has exactly 
k solutions [Dav72].

2. Any Diophantine set has a definition with a poly-
nomial of degree at most 4. It is known that not all 
Diophantine sets can be described by a polynomial of 
degree 2 [Sie72], but it is an open question whether it 
can be done with polynomials of degree 3.

3. There exists a natural number m such that every Dio-
phantine set of natural numbers can be described with 
a polynomial with at most m+1 variables. It is known 
that m≤9 [Jo78], [Jo82].

4. There exists a polynomial such that the positive part 
of its range consists of precisely the positive prime 
numbers [JSWW76].

Among the more surprising facts concerning Diophan-
tine definitions, described in detail in Chapter 6 devoted to 
applications of Hilbert’s Tenth Problem, are the following:
1. There exists a Diophantine equation such that it has no 

solutions if and only if Goldbach’s conjecture is true.
2. There exists a Diophantine equation such that it has 

no solutions if and only if the Riemann hypothesis is 
true [DMR76].

3. There exists a Diophantine equation such that it has 
no solutions if and only if ZFC set theory is consistent.

4. There exists a Diophantine equation such that it has no 
solutions if and only if Peano arithmetic is consistent.

These connections between Diophantine definability 
and some of the most interesting questions in mathematics 
tell us that the existential language of rings, i.e., the existen-
tial language of polynomial equations, has an enormous 
expressive power, and so, in some sense, it is not a surprise 
that we cannot algorithmically determine whether an arbi-
trary statement of this language is true.

The last chapter of the book is devoted to extensions of 
Hilbert’s Tenth Problem. In principle, one can pose Hil-
bert’s question for any recursively presentable ring R, i.e., 
a ring where we have an algorithmic way of listing all the 
elements and executing the ring operations. Arguably, the 
two most important unresolved questions in the subject 
are Hilbert’s Tenth Problem for R=Q and R being the ring 
of integers of an arbitrary number field. The book does 
not discuss the question related to Q, but does have a 
discussion concerning Hilbert’s Tenth Problem over rings 
of integers. 

The discussion of necessity becomes rather technical, 
but the authors of the book again manage to reduce the 
technical details to a minimum. It seems that their intent 
is to explain definitions and present relevant facts, rather 
than to develop a complete picture of some small parts of 

Chudnovsky, and Nikolai Kosovskii independently of each 
other realized that one can use the Pell equation in place 
of the Fibonacci numbers.

In Section 5.4 more examples of Diophantine functions 
are described. In particular, there is a proof that the bino-
mial coefficients have a Diophantine definition. This proof 
depends on the fact that exponentiation is Diophantine.

In Section 5.5 the fact that the exponential function 
and the binomial coefficients are Diophantine is used to 
define bounded universal quantifiers. While the use of 
the universal quantifier itself is forbidden in this world of 
existential definitions, for natural numbers y,x1,…,xn and 
a polynomial P(y,k,x1,…,xn,y1,…,ym), one can define the 
statement 

∀k≤y∃y1,…,ym P(y,k,x1,…,xn,y1,…,ym) = 0,

using polynomial equations.
In Section 5.6, the book returns to the discussion of 

recursive functions initiated in Chapter 4. In that chapter re-
cursive functions are defined as functions one can construct 
from some basic functions (constant functions, successor 
function, projections, etc.) using ring arithmetic operations, 
composition, primitive recursion, and bounded minimi-
zation. Note that earlier, we talked about recursive sets as 
sets with an algorithm to determine whether a given integer 
is an element of the set. Following this line of thought, it 
would be natural to define a recursive function as a func-
tion with a recursive graph. Is there a conflict between the 
two definitions? Not according to Church’s Thesis, stating 
that any function with an algorithm to compute its value 
on a given input is in fact recursive. Therefore, we can also 
say that a set is r.e. if and only if it is the range of some 
recursive function.

Using the identification of algorithmically computable 
(sometimes called effectively computable) functions with 
recursive functions, the book completes the proof of the 
assertion that all r.e. sets are Diophantine. It is pretty easy to 
see that any Diophantine set is r.e. Let p(T1,…,Tk,X1,…,Xm) 
be a Diophantine definition of a set A⊂Nk. Using any effec-
tive enumeration of k+m-tuples of natural numbers, start 
substituting these tuples into p(T1,…,Tk,X1,…,Xm). Each 
time the result is 0, record the k-tuple T1,…,Tm as being in A.

The converse, saying that every r.e. set is Diophantine 
is much more difficult. This is the statement that requires 
most of the work done so far. In this section, the book first 
shows that every recursive function is Diophantine. Here 
β(u,i) plays an important role in the proof of the assertion 
that primitive recursion applied to a Diophantine function 
results in a Diophantine function. To show that bounded 
minimization applied to a Diophantine function results in 
a Diophantine function, we use the fact that the bounded 
universal quantifier is Diophantine, and thus use the fact 
that exponentiation is Diophantine.



Book Review
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the subjects involved, as was done in Chapters 1–4. The 
main goal of the chapter is to explain the statement of a the-
orem proved by Ram Murty and Hector Pasten [MP2018] 
connecting Hilbert’s Tenth Problem for rings of integers 
of number fields to several well-known number-theoretic 
conjectures.

Section 7.1 provides the necessary background from 
algebraic number theory, including the definition of alge-
braic numbers, Dedekind zeta function, unit groups, field 
discriminants, the generalized ideal class group, L -series 
L(s,χ), valuations, the adele ring AK of a field K, GLn(AK), 
the group of ideles, and grossencharacters. A student who 
has never seen these notions before is unlikely to derive 
much benefit from this section. However, for someone who 
has seen at least a part of this material, possibly having 
forgotten some details, this section would be a very nice 
refresher.

This comment applies to Sections 7.2 and 7.3 also. 
Section 7.2 contains a discussion of the zeta function and 
L-functions. A sequence of definitions and facts contin-
ues through Section 7.3, where elliptic curves and their 
L-functions are introduced. Within the three pages of the 
section, the reader is introduced to, among other things, 
elliptic curves, their conductors, and their L -series, the 
Taniyama-Shimura conjecture, the Mordell-Weil Theorem, 
the Birch and Swinnerton-Dyer conjecture, the parity con-
jecture, and the Shafarevich-Tate group.

By the time we reach Section 7.4, we have seen all the 
definitions and facts necessary for a discussion of Hilbert’s 
Tenth Problem over rings of integers of number fields. The 
section provides a quick tour of the existing results and 
concentrates on the connection between elliptic curves and 
Hilbert’s Tenth Problem over rings of integers. It leads the 
reader from a result of Bjorn Poonen [Po2002] through re-
sults of Gunther Cornelissen, Thanases Pheidas, and Karim 
Zahidi [CPZ2006], Alexandra Shlapentokh [Sh2006], and 
Barry Mazur and Karl Rubin [MR2010] to the theorem of 
Hector Pasten and Ram Murty described above.

As mentioned at the beginning, this book was conceived 
as a textbook. All sections come with exercise sets. Chapters 
1–6 are accessible to any student, requiring a minimal level 
of mathematical maturity. If one is to include Chapter 7 
in a syllabus, then we recommend that it is designated as 
“extra credit.” Altogether it is a very nice introduction to the 
subject, illuminating its connection to very recent results 
and unsolved problems in number theory.
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Fourier-analytic expressions that may be unfamiliar to a 
first-year calculus student. It would help the reader to be 
familiar at least with multivariable calculus and perhaps a 
bit of differential equations. The ideal reader is someone 
keenly interested in engineering-oriented mathematics or 
physics, or simply a scientifically curious mathematician 
who likes to see results explained in their historical context.

 
Beautiful Symmetry  
A Coloring Book about Math  

by Alex Berke  
with a Foreword by Alex Bellos

Beautiful Symmetry is a mathemat-
ical coloring book that introduces 
the reader to basic group theory 
in a jargon-free manner by illus-
trating fundamental symmetries 
of visually appealing figures and 
patterns in the Euclidean plane. To 

further heighten the experience, a link to a digital version 
permits the readers to explore and enjoy the material in an 
interactive manner. 

Berke illustrates cyclic, dihedral, frieze, and wallpaper 
groups through a series of black-and-white illustrations that 
the reader is invited to color (some of the details are rather 
small and coloring them will require a delicate hand). 
However, the explicit mathematical content does not delve 
much more deeply than the definitions and geometric 
realizations of a few classes of groups. The author poses 
some challenges regarding the more complicated images 
in the latter half of the book. These problems require a 
careful study of the corresponding images. For example, 
one asks “[t]here are 3 different 1/3 turn rotation points. 
Can you see them?” 

Overall Beautiful Symmetry is a lighthearted and playful 
introduction to elementary group theory in the form of a 
coloring book. It is suitable for mathematically inclined 
coloring enthusiasts, inquisitive children, and adults in 
need of an intellectually stimulating diversion.

Hot Molecules, Cold Electrons 
From the Mathematics of Heat to the 
Development of the Trans-Atlantic  
Telegraph Cable 
by Paul J. Nahin

Hot Molecules, Cold Electrons inter-
weaves several important themes 
in mathematics, physics, and 
electrical engineering through a 
historically inspired account of 
the development of the famed 
trans-Atlantic telegraph cable. The 
first two chapters describe the 

birth and early years of Fourier analysis, while the next 
two chapters concern the derivation of and solution to 
the heat equation on various domains. The discussions 
are lively and well motivated, with many clever identities 
and equations derived in their historical context. There are 
countless treatments of the heat equation and the founda-
tions of Fourier analysis, so what sets this book apart? The 
chapter in which Hot Molecules, Cold Electrons begins to truly 
distinguish itself is Chapter 5: “William Thomson and the 
Infinitely Long Telegraph Cable Equation.” The reader may 
be surprised to learn that a significant amount of mathe-
matics and electrical engineering was required to model the 
trans-Atlantic telegraph cable. For example, Nahin explains 
the dissipation of energy along the cable and how engineers 
managed to increase the maximum transmission rate for 
later cables. From a mathematical and scientific perspective, 
the project was about much more than simply laying an 
extraordinarily long cable upon the ocean floor!

Although the author promises on the first page that  
“[i]n this book there is no mathematics that exceeds that 
of a college freshman,” it would be a strong first-year stu-
dent indeed who could work through all of the details and 
derivations in Hot Molecules, Cold Electrons. Many of the 
pages in the first two chapters are dominated by lengthy 
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time, was similarly underrepresented with just one plenary 
by Oystein Ore. On the other hand, the lectures by leading 
lights such as Cartan (Lie theory), Fréchet (analysis and 
probability), Ahlfors (complex analysis), Banach (func-
tional analysis), Birkhoff (quantum mechanics), Veblen 
(projective geometry), and Wiener (harmonic analysis) did 
present a broad picture of recent developments. The con-
gress also featured the awarding of the first Fields Medals 
to Lars Ahlfors and Jesse Douglas. The book is a detailed 
and insightful story of a mathematical community poised 
on the brink of chaos struggling vainly to preserve inter-
national cooperation.

A First Course in  
Enumerative Combinatorics 
by Carl G. Wagner

A First Course in Enumerative 
Combinatorics provides an in-
troduction to the fundamentals 
of enumeration for advanced 
undergraduates and beginning 
graduate students in the math-
ematical sciences. The prereq-
uisites are modest, familiarity 
with linear algebra and power 

series, but the coverage is substantial. The book offers 
a careful and comprehensive account of the standard 
tools of enumeration—recursion, generating functions, 
sieve and inversion formulas, enumeration under group 
actions—and their application to counting problems for 
the fundamental structures of discrete mathematics. The 
author’s exposition—readable, approachable, but concise 
and to the point—has been strongly influenced by the work 
of Rota and Stanley. It highlights bijective proofs, partially 
ordered sets, and an emphasis on organizing the subject 
under various unifying themes, including the theory of 
incidence algebras. There are distinctive chapters on the 
combinatorics of finite vector spaces, a detailed account 
of formal power series, and combinatorial number theory. 
Many of the chapters contain collections of challenging 
related problems, organized as “Projects,” that could be 
used as take-home examinations or as launching points to 
extensive student investigation.

Meeting Under  
the Integral Sign?  
The Oslo Congress of Mathematicians  
on the Eve of the Second World War 

by Christopher D. Hollings and 
Reinhard Siegmund-Schultze

The integral sign of the title re-
fers to the official emblem of 
the 1936 ICM in Oslo, a con-
tour integral symbol. The title 
might just as well have been 
“Meeting Under the Swastika?” 

as the turbulent political events of the 1930s loomed over 
the entire event. The official German delegation excluded 
many prominent but politically (or racially) ‘’unreliable” 
mathematicians. The collection of political refugees from 
Germany in attendance was nearly equal in number (19) 
to that of the German delegation (22). The Italians didn’t 
come in protest over the League of Nations sanctions im-
posed on Italy to punish it for its occupation of Ethiopia. 
The Russians stayed home as part of the general inward 
turn in Russian science imposed by Stalin starting in the 
late 1920s. The US delegation contained several of the Ger-
man refugees and—reflecting America’s new preeminence 
in mathematics (built, in part, by those refugees)—was 
by far the largest. The first half of the book details the 
political push and pull between countries and within the 
international mathematical community in, and leading up 
to, the Oslo Congress.

The second half details some of the mathematical hap-
penings and their significance. There is particular attention 
given to the plenary lectures which were intended to give a 
representative picture of current progress in mathematics; 
they only partially succeeded. Number theory, with six of 
the nineteen plenaries, was overrepresented. Topology, 
which was in the middle of an explosive flowering of 
new methods and approaches, was represented only by 
Jakob Nielsen—the absence of the Russians was likely a 
factor here, as it also was in the neglect of probability. The 
absence of the Italians meant that algebraic geometry was 
underrepresented. Algebra, another dynamic area at the 
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SPRING CENTRAL SECTIONAL SAMPLER
Heat Flow and Sets
of Finite Perimeter

Fabrice Baudoin
A basic motivating question is: what is a good mathematical
structure on a space that will allow us to define an intuitively
reasonable  and useful notion of perimeter for “good” sets?  The
question is, of course, a little vague but thinking about it
from different viewpoints is certainly fruitful and yields an
interesting mathematical adventure.

Wewill argue that Dirichlet spaces provide a convenient
framework in which we can define sets of finite perimeter
and prove theorems generalizing classical results from Eu-
clidean space, like the classical isoperimetric inequality, in
an elegant way.
The isoperimetric inequality in the plane. Dido was, ac-
cording to ancient Greek and Roman sources, the founder
and first Queen of Carthage (in modern-day Tunisia). The
legend says that whenDido arrived in 814 BCE on the coast
of Tunisia, she asked for a piece of land. Her request would
be satisfied provided that the land could be encompassed
by an oxhide. This land became Carthage and Dido be-
came the queen. But: what is the shape of the land chosen
by Queen Dido? Mathematically, we can first simplify and
rephrase this problem as: in the Euclidean plane, what is
the curve which encloses the maximum area 𝐴 for a given
perimeter 𝑃?

This is the isoperimetric problem in the plane. If we
restrict ourselves to smooth closed curves and understand
the perimeter of a set as the length of its boundary, then the
problem can be solved using basic calculus: the method
of Lagrange multipliers. As is intuitively clear, the curve
which encloses the maximum area 𝐴 for a given perimeter
𝑃 is the circle and one has the isoperimetric inequality

𝐴 ≤ 1
4𝜋𝑃

2.

So the city limits of Carthage formed a (half) circle.
 We can still visit the ruins of Carthage today, and a small
museum there  explains the isoperimetric story of Queen
Dido.
Modern footprints. As mathematicians, we like to formu-
late problems at different levels of generality and in a form
that can be generalized to different settings. To formulate
the isoperimetric problem in the 𝑛-dimensional Euclidean
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space 𝑅𝑛, one needs a notion of volume of a set and a
notion of perimeter of a set.  The rigorous and deep un-
derstanding of these two notions has motivated many of
the spectacular developments in geometric measure the-
ory throughout the 20th and beginning of the 21st cen-
turies. Our modern understanding of the notion of vol-
ume is largely based on the seminal works (1901–1902)
by H. Lebesgue. Nowadays,  one  understands volume in
the category of measure spaces. The notion of perime-
ter is more elusive and can be understood from different
viewpoints, yielding different generalizations. The Italian
school in geometric measure theory played a major role in
advancing the theory.

The first idea for how to define the perimeter of a Borel
set 𝐸 ⊂ 𝑅𝑛 is due to R. Caccioppoli (1904–1959) and is
based on a generalization of the notion of rectifiability for
a curve. Essentially, the perimeter of a set is the limit of
the surface areas of polyhedra approximating 𝐸. This is
a perfectly reasonable take on what quantity the perime-
ter of a set should represent. However, this definition is
somehow rigid. It makes strong use of the Euclidean struc-
ture of the space, using the notion of a polyhedron and its
area. Also, this definition is difficult to reconcile with the
variational interpretation of perimeter that is given by the
calculus of variations (the Gauss-Green formula). A some-
how dual, more flexible and easier to work with, definition
of the perimeter of a set is also due to R. Caccioppoli. It
coincides with the previous one and is given by

𝑃(𝐸) = sup∫
𝐸
𝐝𝐢𝐯(𝜙)𝑑𝑥,

where the supremum is taken over the set of smooth and
compactly supported vector fields in 𝑅𝑛 such that ‖𝜙‖∞ ≤
1. We note that this definition only requires a differen-
tial structure and a Riemannian metric to define the diver-
gence of vector fields; it can therefore be extended to any
Riemannian manifold.

More recently, following works by E. De Giorgi (1928–
1996) and M. Ledoux, a characterization of sets with finite
perimeter in 𝑅𝑛 that uses very little structure was discov-
ered. If 𝐸 is a Borel set in 𝑅𝑛, then 𝐸 has finite perimeter if
and only if

lim inf
𝑡→0

√𝜋
2√𝑡

∫
𝑅𝑛
∫
𝑅𝑛
|1𝐸(𝑥) − 1𝐸(𝑦)|𝑝𝑡(𝑥, 𝑦)𝑑𝑥 𝑑𝑦 < +∞,

where 𝑝𝑡(𝑥, 𝑦) =
1

(4𝜋𝑡)𝑛/2
𝑒−

‖𝑦−𝑥‖2
4𝑡 is the Euclidean heat ker-

nel. Moreover, in that case

𝑃(𝐸) = lim
𝑡→0

√𝜋
2√𝑡

∫
𝑅𝑛
∫
𝑅𝑛
|1𝐸(𝑥) − 1𝐸(𝑦)|𝑝𝑡(𝑥, 𝑦)𝑑𝑥 𝑑𝑦.

This characterization of sets of finite perimeter, which is
due to M. Ledoux for balls and in 2007 to M. Miranda Jr.,
D. Pallara, F. Paronetto, and M. Preunkert in the general
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case, only requires a heat semigroup and is therefore ap-
pealing since heat semigroups might be defined in the
large category of Dirichlet spaces. Thus, at least formally,
sets of finite perimeter may be perfectly well defined in any
Dirichlet space andwe do not need a gradient or a distance.
This is the point of view we will take and will explain the
associated theory. A key point is understanding the nor-
malizing factor

1
√𝑡

which, in Euclidean space, reflects its

”smooth” structure, but which has to be modified to un-
derstand sets of finite perimeter in nonsmooth spaces like
fractals.

Fabrice Baudoin
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SPRING CENTRAL SECTIONAL SAMPLER
On Sets and Patterns

Malabika Pramanik
The study of patterns has long been a focal point in geo-
metric measure theory, combinatorics, and number the-
ory. Equally relevant in discrete and continuous regimes
(ℤ𝑑 and ℝ𝑑, though often with startlingly disparate con-
sequences), these problems are often deceptively simple
in their formulation and attractive in their visual appeal.
Here are a few prototypical examples that have spear-
headed the development of the subject:

1. A set occupying a positive proportion of the natural num-
bers contains arbitrarily long arithmetic progressions. This
affirmative answer by Szemerédi to the famous Erdős-
Turán conjecture is one of themasterpieces of modern
mathematics, and a trendsetter in this field. More gen-
erally, given a set 𝐴 ⊆ ℤ𝑑 with positive density, i.e.,

lim sup
𝑁→∞

# (𝐴 ∩ [−𝑁,𝑁]𝑑)
# ([−𝑁,𝑁]𝑑) = 𝑑(𝐴) > 0,

where #(𝐴) = cardinality of 𝐴,

and any finite configuration 𝑆 ⊆ ℤ𝑑 (say a polytope),
𝐴 contains infinitely many ℤ-affine copies of 𝑆. In
other words, there are infinitelymany pairs (𝑚, 𝛼)with
𝑚 ∈ ℤ𝑑 and 𝛼 ∈ ℤ ⧵ {0} such that 𝑚+ 𝛼𝑆 ⊆ 𝐴.

2. Contrast this with a problem in the Euclidean setting.
A set 𝑆 ⊂ ℝ is said to be universal if every set of posi-
tive Lebesgue measure contains an affine copy of 𝑆. A
classical theorem of Steinhaus shows that all finite sets
are universal. A famous question of Erdős asks: does
there exist an infinite universal set? Despite its superfi-
cial analogy with Szemerédi-type questions in ℤ𝑑, this
problem remains unsolved. All results to date merely
establish that certain infinite structures are nonuniver-
sal. In particular, we do not know if {2−𝑛 ∶ 𝑛 ≥ 1} is
universal.

In general, a typical pattern recognition problem goes as
follows. “Given a set and a pattern, find outwhether the set
contains the pattern.” In Szemerédi’s theorem (example 1
above), the pattern is an arithmetic progression; the set
is one of positive density in the integers. In Steinhaus’s
theorem (example 2 above), the set is of positive Lebesgue
measure on the real line; the pattern is an affine copy of
a finite set. Needless to say, one would like a definitive
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answer to the problem without an exhaustive search, and
with limited information about the set.

Stated in this level of generality, the problem lacks
mathematical precision. Is the set discrete or in the con-
tinuum? How large is it? What additional properties does
it have? What does a “pattern” mean? Is a pattern visual
or abstract? Does it have to be geometric, analytical, or
algebraic? What types of sets are guaranteed to contain
certain patterns? Can a set be “rigged” to avoid a pattern?
Finding a few different answers to such questions will be
the content of my talk at the AMS Spring Sectional Meet-
ing. An important consideration in a precise formulation
of the above problem is the notion of size. “Large” could
be interpreted in terms of cardinality, nontrivial measure,
positive density, or large dimension, notions that we will
discuss and compare in the talk. “Patterns” could be arith-
metic or geometric progressions, equilateral triangles, par-
allelograms, or solutions of certain equations. Regardless
of the numerous possible variants of such problems, it
would seem natural that large sets ought to contain many
patterns. Indeed there is a large body of work, drawing
upon tools in harmonic analysis, number theory, and ad-
ditive combinatorics, that support this intuition. Surpris-
ingly, however, there are also results that challenge this
intuition, especially when slight variations in size lead to
very different conclusions regarding the existence of pat-
terns.

Part of the talk will be devoted to a discussion of results
that address issues of existence, abundance, or avoidance
of patterns in sets of varying sizes and structural proper-
ties. While the goal is to survey the current research in the
area, we will also spend some time on the different proof
techniques, ranging from classical andmodern analysis, to
probability, number theory, and ergodic theory, that have
been used to tackle such problems.

Malabika Pramanik
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Modeling and Forecasting
COVID-19

Li Wang, Guannan Wang, Xinyi Li, Shan Yu,
Myungjin Kim, Yueying Wang, Zhiling Gu,

and Lei Gao

Background
The severe acute respiratory syndrome coronavirus 2
(SARS-CoV-2) outbreak started in December 2019, and it
has expanded to impact nearly every corner of the world.
On New Year’s Eve of 2019, the World Health Organi-
zation (WHO) was informed of mysterious pneumonia
cases in Wuhan, China. On January 3, 2020, 44 cases
were reported to WHO, among whom 11 were severely ill.
By February 4, confirmed cases had been reported in 24
countries outside China. The US confirmed its first case
in Washington State on January 21—a man who returned
to the US from Wuhan. On January 30, the US Centers
for Disease Control and Prevention (CDC) confirmed the
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person-to-person spread of coronavirus in the US. On the
same day, the WHO declared the coronavirus outbreak as
a Public Health Emergency of International Concern.1

Many nonpharmaceutical interventions (NPIs) were im-
plemented to prevent the spread of COVID-19. For exam-
ple, Wuhan implemented screening measures for travelers
leaving the city at airports, railway stations, and other pas-
senger terminals, and eventually closed off Wuhan City on
January 22. The US started screening at twenty airports
at the end of January. On February 25, San Francisco
became the first US city to declare a state of emergency
over COVID-19, followed by the states of Washington and
Florida. On March 13, President Donald Trump declared
a national COVID-19 emergency, and sixteen states an-
nounced school closures by then. On March 19, Califor-
nia issued a “stay-at-home” order for all of its 40 million
residents, and within two weeks, the majority of the states
had taken similar actions. By the end of March, more than
91% of the world’s population lived in countries with re-
strictions for nonresident travelers from abroad.

Even with all the control measures taken in place, the
spread of COVID-19 is still dramatic. From February 7
to 14, 2020, both the total cases confirmed and deaths
worldwide almost doubled within one week. Meanwhile,
COVID-19 kept spreading globally, and over 50 countries
reported confirmed cases by the end of February. During
mid-March, COVID-19 presented in all 50 states in the US.
Starting fromMarch 26, the US led the world in COVID-19
cases. On May 28, the US COVID-19 death count passed
one hundred thousand, and then in the middle of June,

1The number of references is limited to twenty. Please refer to the background
and introduction section of [WWG+20] for the detailed references.
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the number of confirmed cases of COVID-19 hit two mil-
lion in the US. The confirmed and death cases kept increas-
ing rapidly in the following months. By the beginning of
September, the US surpassed six million confirmed cases
and hit seven million on September 25. On October 16,
the US surpassed eight million confirmed cases and 218
thousand deaths.

The effect of COVID-19 is profound. The World Bank
estimated that the coronavirus pandemic could push an
additional 16 million people into extreme poverty. On
April 14, 2020, the International Monetary Fund warned
that the world is facing its worst economic downturn as
coronavirus lockdowns continue to wreak havoc on the
global economy. Due to the immense pressure of the crip-
pled economy and an anxious public amid a pandemic,
the US started to loosen lockdown measures in late April
and backtracked after reopening for a few weeks and see-
ing a surge in cases. As the pandemic progresses, there
are broader interests from the public in answering ques-
tions such as how far the SARS-CoV-2 virus will spread,
how many lives it will eventually claim, how effective in-
tervention strategies will be, as well as whether and when
the pandemic will resurge.

Epidemic modeling is an essential scientific tool to an-
swer these questions by aiding people to understand the
pandemic data, make predictions, and help the medi-
cal professionals and decision-makers allocate resources
and design/evaluate intervention strategies to fight against
COVID-19. In this paper, we first discuss two main mod-
eling frameworks in epidemiology studies: mathematical
and statistical modeling. Next, we overview the difficulties
and challenges of forecasting COVID-19 under the enor-
mous uncertainty and introduce some forecasting meth-
ods. Borrowing the strength of mathematical and statis-
tical modeling, we propose a novel space-time epidemic
modeling framework to study the spatial-temporal pattern
in the spread of COVID-19. Based on this framework, we
provide both short-term and long-term forecasts of the in-
fected and death counts at the county level in the US. We
also discuss various new perspectives on how to select an
appropriate model for COVID-19 data analyses.

Epidemic Modeling:
Mathematical and Statistical Perspectives
Epidemic modeling has three main aims [DG99]: (1)
to understand better the mechanisms by which diseases
spread; (2) to identify which factors contribute to the
spread of the epidemic, and therefore how we may con-
trol it; (3) to predict the future course of the epidemic.
Although there are many epidemic modeling methods,
mathematical and statistical models have played impor-
tant roles in COVID-19 studies. As illustrated in Figure 1,

Figure 1. Mathematical and statistical perspectives on
epidemic modeling.

mathematical and statistical approaches are complemen-
tary, but their starting points are different, and the corre-
sponding models tend to incorporate different details.

As mentioned above, the fundamental concept of in-
fectious disease epidemiology is investigating how the
diseases spread. Mathematical models are undeniably
useful in understanding the dynamics of infectious dis-
ease spread (e.g., when the peak will occur and whether
resurgence will happen) and the effects of control mea-
sures [KR08]. An essential type of mathematical model is
the class of mechanistic models such as the Susceptible-
Infectious-Removed (SIR) compartmental model or the
Susceptible-Exposed-Infectious-Recovered model (SEIR)
as illustrated in Figure 2; see details in [BCCF19,LBHU16].
Mechanisticmodelsmake explicit hypotheses about the bi-
ological mechanisms that drive the dynamics of infection,
and they function well if the aim is to evaluate the effec-
tiveness of hypothetical NPIs in controlling disease spread
[LC16].

Figure 2. An illustration of SIR and SEIR models.

In the literature, statistical modeling has given the sci-
entific field many successes in analyzing data and getting
information about the mechanisms producing the data.
Statistical modeling is a powerful tool for extracting in-
formation about the disease spread in epidemic studies
[HHOW20]. Statistics starts with data, and statistical mod-
eling allows data to speak for themselves. There are two
cultures in statistical modeling [Bre01]: the data modeling
culture and the algorithmicmodeling culture. The first one
assumes that the data are generated by a given stochastic
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data model, and it is usually designed for inference about
the relationships between variables whilst also catering to
prediction. Algorithmic models treat the data mechanism
as unknown and are usually designed to make the most
accurate predictions possible.

When analyzing the spread of infectious diseases, other
factors, such as demographic characteristics, socioeco-
nomic status, and control policies, may also be responsible
for temporal or spatial patterns. For example, the spread of
the disease varies considerably across different geographi-
cal regions. Local area-features, like socioeconomic factors
and demographic conditions, can dramatically influence
the course of the epidemic. These data are usually sup-
plemented with the population information at the county
level. Moreover, the capacity of the health care system and
control measures, such as government-mandated social
distancing, also have a significant impact on the spread of
the epidemic. Regression is a widely used statistical model-
ingmethod in epidemic studies because it produces a com-
bination of the variables with weights indicating the im-
pact of the variable [Jew03]. It can help determine which
factors matter most, which can be ignored, and how those
factors interact with each other. The benefit of regression
analysis is that it can be used to understand different pat-
terns in data. These insights may often be very valuable in
understanding which factors contribute to the spread of
COVID-19.

Predicting the spread speed and severity of COVID-19
is crucial to resourcemanagement, developing strategies to
deal with the epidemic, and ultimately assisting in preven-
tion efforts. Mathematical models are able to mimic the
way disease spreads and can be used to project or simulate
future transmission scenarios under various assumptions.
Statistical models are more oriented towards predictions
[HHOW20]. In fact, predictions are at the heart of sta-
tistical modeling. For example, time series analysis, one
commonly used statistical forecasting approach, works by
taking a series of historical observations and extrapolating
the patterns into the future. Machine learning makes pre-
dictions based on known properties learned from the train-
ing data. However, purely statistical models only describe
the observed data and give little information about the
mechanism since they do not account for how transmis-
sion occurs. Therefore, they are generally not well suited
for long-term predictions, and a few weeks is usually close
to being the ultimate prediction limit. Another advantage
of statistical modeling is its ability to quantify uncertainty
in the prediction, especially at an early phase of an epi-
demic with limited data. For example, statistical models
can provide a prediction interval to understand the uncer-
tainty surrounding the forecast [BD16]. See more discus-
sion in the following section.

In summary, mathematical models are usually con-
structed in a more principle-driven manner, while statis-
tical models are more data-driven. Although both math-
ematical and statistical models can be used to study the
effect of NPIs and make predictions, the implementation
details are different, and an understanding of the corre-
sponding limitations is crucial. For maximal effective-
ness, researchers working to advance epidemic modeling
will need to appreciate and exploit the complementary
strengths of mathematical and statistical models.

Forecasting COVID-19
under Enormous Uncertainty
Several quantities are of interest in COVID-19 forecast-
ing, such as the timing of and incidence in the peak
week, cumulative incidence, and weekly incidence. The
policy/decision-makers are also interested in evaluating
outbreak size and duration, and employing the epidemic
curve to identify the mode of transmission of the disease
and measure its prevalence of the disease.

Forecasting goals can also be classified as long-term or
short-term forecasts. Long-term disease forecasts can pre-
dict COVID-19 peak or severity, while short-term forecasts
can be used to guide resource allocation in the short term
by local agencies or to anticipate the case burden by hos-
pitals in the coming week; see [ABD+20]. The projection
can be made at different resolution levels, for example, na-
tional, regional, or local. National-level or state-level long-
term forecasts are of interest to policymakers regulating in-
tervention strategies and deciding how much funding to
allocate for resources. Prediction models with a finer res-
olution are needed to assess the local risk of COVID-19.
Knowing more about the vulnerable communities and the
reasons for those communities that are more likely to be
infected are crucial for the policy and decision-makers to
assist in prevention efforts [ABD+20,WWG+20].
Challenges of forecasting COVID-19. The difficulty de-
pends on the forecasting target. The short-term forecast is
relatively easy since we observe a clear time series trend.
Moreover, there is less uncertainty about what is observed.
By capturing underlying intricate patterns and relation-
ships, many statistical methods can be used for short-term
forecasts, such as time series analysis and machine learn-
ing methods. The long-term forecast is much more dif-
ficult than many people think. There are three contribut-
ing factors that may affect the accuracy of forecasts [HA18]:
(1) how well we understand the factors that contribute to
the forecasting target; (2) how much high-quality data are
available; (3) whether the outcome of forecasts can affect
the spread of COVID-19.

Firstly, the accuracy of the forecast is constrained by
what we know about the disease. With an emerging
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new disease such as COVID-19, many biologic features of
transmission are hard to measure and remain unknown.
More work is necessary to better understand the risk fac-
tors for severe illness or complications, for example, age,
race/ethnicity, gender, and medical conditions. Com-
pared to the meteorologic forecasting method often used
in weather forecasting, epidemic forecasting is still at an
early stage of development, and the human component
makes it particularly challenging [MFG+16].

Secondly, we don’t have a wholly accurate picture of
how widespread COVID-19 is. In forecasting, we have to
deal with incomplete and inaccurate data. The number
of confirmed cases might be vastly underreported due to
the limited availability of testing. Moreover, the size of
underreported cases varies enormously by countries or re-
gions. COVID-19 hospitalizations and deaths data might
be more reliable; however, the official numbers of people
who have died of COVID-19 are not consistent with the
number of observed fatal cases on the front lines. There
might be a lag in reporting in some cases due to delays and
possible breakdowns in logging positive tests and making
them public. The lack of reliable data sources becomes a
severe problem for forecasting the dynamic course of the
crisis and where resources are most urgently needed.

Lastly, the forecast may influence NPIs and human so-
cial behavior because the latter are likely to be based on
the outcome of the forecast. The changes in human social
behavior can further affect the transmission dynamics and
shape the future of an epidemic; see Figure 3. Thus, to ac-
curately forecast an emerging epidemic, we need to foresee
individuals’ behavior, potential changes in the pathogen,
as well as their interactions as they relate to the transmis-
sion dynamics.

Figure 3. COVID-19 forecast.

Figure 4. National total fatal cases forecast. (Source with full
name for each group: https://www.cdc.gov
/coronavirus/2019-ncov/covid-data/forecasting
-us.html.)

Furthermore, the forecast of COVID-19 is amid a signifi-
cant amount of uncertainty. There are at least four sources
of uncertainty. Firstly, there is uncertainty due to the lack
of knowledge of the biological features of transmission.
Most medical parameters are unknown or enormously un-
certain; for example, due to mutation of the virus, some
parameters might change during the development of the
disease. It may take years to understand the complexity
of the spread of SARS-CoV-2 fully. Secondly, the afore-
mentioned missing or incomplete data is another source
of uncertainty in model forecasting. Thirdly, health-policy
support for COVID-19 requires some knowledge of social
patterns not only under physical distancing policies but
also in various reopening scenarios. Last but not least, the
source of uncertainty may also come from the measure-
ment error, modeling procedure, and the sampling error.

As mentioned above, there are many types of factors
potentially influencing the evolution of an epidemic. A
single point prediction is usually not enough, and the un-
certainty of that prediction must also be estimated, espe-
cially when a forecast is made at an early phase of an epi-
demic with sparse data. Furthermore, accurate quantifica-
tion of the uncertainty is essential when determining how
much emphasis to put on them, for instance, when mak-
ing policy decisions. Measuring uncertainty is usually an
integral part of statistical models, where the uncertainty
of the prediction is generally presented as prediction in-
tervals around a prediction; see an example of projection
band for the national-level or state-level COVID-19 death
count in the next four months by a team from the Institute
for Health Metrics and Evaluation (IHME) [M+20]. There
are also many useful uncertainty analysis techniques for
mathematical models, such as sensitivity analysis, separate
simulations, and many others.
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How can we forecast COVID-19? The rise of COVID-19
has triggered novel forecasting methods. Since the be-
ginning of the pandemic, several models have been re-
leased, including works from the IHME, the Los Alamos
National Laboratory, the Massachusetts Institute of Tech-
nology, and Iowa State University. Instead of relying on
just a single forecast, the CDCworks with partners to bring
together several forecasts for COVID-19 infected and death
counts in one place; see Figure 4. These forecasts have been
developed independently from different teams and shared
publicly. The complete set of forecasts is referred to as the
ensemble and individual forecasts within it as ensemble
members. Collecting and combining forecasts of cumula-
tive deaths for US jurisdictions in standardized, probabilis-
tic formats one to four weeks ahead [R+20] generates real-
time, publicly available ensemble forecasts. The ensemble
forecast is constructed as an equally-weighted average of
forecasts from all eligible models. Ensemble forecasts are
provided by Nicholas Reich and coworkers at the ReichLab
(https://viz.covid19forecasthub.org/).

In Table 1, we summarize the teams who are forecast-
ing the spread of COVID-19 and the methods they are
using. Many teams start with SIR and SEIR models and
develop new models to analyze COVID-19 data. For in-
stance, FRED is open-source software for modeling infec-
tious diseases. The COVID-19 Simulator uses a validated
compartment model to simulate the trajectory of COVID-
19 at the state level in the US. Statistical tools and ma-
chine learningmethods are also considered by some teams.
For example, Columbia-UNC considers the forecast of
COVID-19 in the survival data analysis framework; and
DDS utilizes time series analysis to predict the spread of
COVID-19. Several other teams develop hybrid methods
by combiningmathematicalmodels and statisticalmodels.
In Google-HSPH, the authors consider the standard SEIR
model and use their end-to-end modeling framework to
infer meaningful estimates for undocumented cases. ISU-
STEM [WWG+20] incorporates the underlyingmechanism
of disease spread in mathematical models and nonpara-
metric statistical tools to study the spatiotemporal struc-
ture and the effects of covariates as well as future predic-
tion and uncertainty quantification.

Spatiotemporal Epidemic Models
It is well known that the S(E)IR models with random
mixing assumptions can overestimate the health service
needed by not taking into account the behavioral change
and government-mandated action. Spatiotemporal mod-
els are able to bring in more information to the epi-
demic study [LBHU16]. Borrowing the mechanistic rules
from the compartment models, we develop a class of
new epidemicmodels based on the flexible nonparametric

Figure 5. An illustration of the infection model based on SIR.

techniques to reconstruct the spatiotemporal dynamics of
the disease transmission. Below, we introduce a novel spa-
tiotemporal epidemicmodel (STEM) tomodel and predict
the spread and severity of COVID-19 at the area level. For
a simple illustration, we describe the STEM-based on the
parsimonious SIR models, but it can be extended to the
SEIR models with an “exposed” compartment for infected
but not infectious individuals.
Modeling the number of incident cases. As illustrated
in Figure 2, the SIR model consists of three compart-
ments: susceptible individuals, infectious individuals, and
removed (and immune) or deceased individuals. Let 𝑆(𝑡),
𝐼(𝑡), and 𝑅(𝑡) represent the number of individuals in each
compartment at time 𝑡. Traditional SIR models [KM27]
capture the dynamical mechanism of the disease spread
under the assumption that the rates of people getting in-
fected are proportional to the number of infectious people
and susceptible people in a given population, specifically,
𝑑𝑆(𝑡)/𝑑𝑡 = −𝛽𝐼(𝑡)𝑆(𝑡). Between 𝐼(𝑡) and 𝑅(𝑡), the transi-
tion rate is assumed to be proportional to the number of
infectious individuals, which is 𝛾𝐼(𝑡). We refer to this type
of models as the SIR model with bilinear incidence rates; see
Figure 5.

However, this assumption may not necessarily hold in
reality. For example, given the strict social distancing and
self-quarantine policies, the number of effective contacts
between infectious individuals and susceptible individu-
als may decrease at a high infection level. Then, the inci-
dence rate will be lower than a linear rate. Therefore, in our
study, we consider a more general SIR model introduced
by [LHL87] with two additional parameters 𝛼1 and 𝛼2. We
refer to this type of models as the SIR model with nonlinear
incidence rates. Let 𝑌𝑡 be the new cases at 𝑡, and let 𝑁 be the
total population. In mathematics, this system is typically
solved by ordinary differential equations. From a statisti-
cal point of view, we can treat this system as a generalized
linear regression problem and solve it using the maximum
likelihood approach.
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Group Category Spatial Covariates Unreported Control
Scale Included Cases Measure

Columbia University (Columbia)  Hybrid N,S,C
Columbia University and University of North Carolina at Chapel
Hill (Columbia-UNC) 

Statistical N,S

COVID-19 Simulator (Covid19Sim)  Mathematical N,S
COVIDhub - Ensemble (Ensemble)  Hybrid N,S,C
Discrete Dynamical System (DDS)  Statistical N,S
Framework for Reconstructing Epidemiological Dynamics (FRED)


Agent-based N,S,C

Georgia Institute of Technology (GT-DeepCOVID)  Machine Learning N,S
Google and Harvard School of Public Health (Google-HSPH)  Hybrid N,S,C
Institute for Health Metrics and Evaluation (IHME)  Statistical N,S
Iowa State Univeristy (ISU)  Hybrid N,S,C
Johns Hopkins University Applied Physics Lab (JHU-APL)  Mathematical N,S,C
Los Alamos National Lab (LANL)  Statistical N,S,C
Massachusetts Institute of Technology, Laboratory of Computa-
tional Physiology (MIT-LCP) 

Machine Learning N,S,C

Massachusetts Institute of Technology, Operations Research Center
(MIT-ORC) 

Mathematical N,S

Northeastern University, Modeling of Biological and Socio-
technical System Lab (MOBS) 

Hybrid N,S

Oliver Wyman  Mathematical N,S,C
Rensselaer Polytechnic Institute and University of Washington
(RPI-UW) 

Mathematical N,S

Texas Tech University, Hussain Lab (TTU)  Hybrid N,S
University of California, Los Angeles (UCLA)  Hybrid N,S,C
University of California Merced MESA Lab (UCM)  Mathematical N,S
University of Michigan (UM)  Hybrid N,S
University of South California (USC)  Hybrid N,S,C
University of Texas COVID-19 Modeling Consortium (UT)  Mathematical N,S
Youyang Gu (YYG)  Hybrid N,S

Note. Spatial Scale: Prediction is available at National (N), State (S), and County (C) level. (Source: https://www.cdc
.gov/coronavirus/2019-ncov/covid-data/forecasting-us.html.)
Table 1. A subset of COVID-19 models used in the CDC’s ensemble forecast.

Nowwe considermultiple areas. For area 𝑖, let 𝑌𝑖𝑡 be the
number of new cases, and let 𝐼𝑖𝑡, 𝐷𝑖𝑡, 𝑅𝑖𝑡, and 𝑆 𝑖𝑡 be the
number of accumulated active infectious cases, accumu-
lated death cases, accumulated recovered cases, and sus-
ceptible population at time 𝑡, respectively. Let 𝑁 𝑖 be total
population for the 𝑖th area, and denote 𝑍𝑖𝑡 = log(𝑆 𝑖𝑡/𝑁 𝑖).
Note that the data observed are heterogeneous and time-
varying. A simple “global” model cannot explain the re-
lationships well due to the local features, referred to as
spatial nonstationarity. To address such nonstationarity
or variability, we need to have sufficiently flexible models
to reflect the spatially varying structure within the data. We
assume that the determinants of the daily new cases of a
particular area can be explained not only by the features
of that area but also by the characteristics of the surround-
ing areas. We use deterministic smooth surface functions
in our models to describe the variations and connections
among values at different locations. Let 𝑋𝑖1, … , 𝑋𝑖𝑝 be a
set of covariates of area 𝑖, such as socioeconomic factors,
health service resources, and demographic conditions as
illustrated in Figure 6.

Figure 6. An illustration of the infection model with endemic
components.

Let 𝐴𝑖𝑗𝑡 be the 𝑗th dummy variable of actions or mea-
sures taken for area 𝑖 at time 𝑡 and further denote 𝐔𝑖 =
(Lon𝑖, Lat𝑖) be the GPS coordinates of the geographic cen-
ter of area 𝑖. With the rich data released every day, we
can consider the nonparametric method to model the
covariates and coefficient functions. The nonparametric
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Figure 7. An illustration of the evolution of the spatiotemporal
model.

structure offers flexibility in assessing the dynamics of the
spread at different time points and locations and avoid
model misspecification. We assume that the conditional
mean value of daily new incident cases 𝜇I𝑖𝑡 in an area can
be modeled as follows:

log(𝜇I𝑖𝑡) =𝛽I𝑡(𝐔𝑖) + 𝛼I1𝑡(𝐔𝑖) log(𝐼𝑖,𝑡−1) + 𝛼I2𝑡𝑍𝑖,𝑡−1

+
𝑝
∑
𝑗=1

𝜃I𝑗𝑡𝐴𝑖𝑗,𝑡−𝑟 +
𝑞
∑
𝑘=1

𝑓I𝑘𝑡(𝑋𝑖𝑘), (1)

where the 𝜃I𝑗𝑡’s and 𝛼I2𝑡 are unknown constant coefficients.
The bivariate surface functions, 𝛽I𝑡(⋅) and 𝛼I1𝑡(⋅), are un-
known coefficient functions, which are used to describe
the variations and connections among different locations
𝐔𝑖. The univariate functions, 𝑓I𝑘𝑡(⋅), 𝑘 = 1, … , 𝑞, are used
to describe the effect of explanatory variables on the new
cases, and the parameter 𝑟 in the 𝐴𝑖𝑗,𝑡−𝑟’s denotes a small
delay time allowing for the control measure to be effective
(here we take 𝑟 = 7). For model identifiability, we assume
E(𝑓I𝑘𝑡) = 0, 𝑘 = 1, … , 𝑞. See Figure 7 for an evolution of the
modeling process.

In model (1), exp{𝛽I𝑡(𝐔𝑖)} represents the transmission
rate, and 𝛼I1𝑡(𝐔𝑖) and 𝛼I2𝑡 are the mixing parameters of the
contact process at location 𝐔𝑖 and time point 𝑡. By in-
cluding spatially varying coefficients, the determinants of
the daily new cases of a certain area involve both the fea-
tures of this area and the characteristics of its surrounding
areas. The above-proposed epidemic model incorporates
the nonlinear incidence rates and represents a much wider
range of dynamical behavior than the models with bilin-
ear incidence rates [LHL87]. These dynamical behaviors
are determinedmainly by 𝛽I𝑡(⋅) and 𝛼I1𝑡(⋅). When 𝛼I1𝑡(⋅) and
𝛼I2𝑡 are both 1, it corresponds to the standard assumption
of homogeneous mixing in [DJDH95].
Modeling the number of fatal and recovered cases. One
obstacle in the fitting of the model (1) is the lack of di-
rect observations for the number of active cases (𝐼𝑖𝑡). In-
stead, the most commonly reported number is the count

Figure 8. An illustration of the death model and recovery
model. 𝑌D

𝑡 is the number of new fatal cases and 𝑌R
𝑡 is the

number of new recovered cases.

of total confirmed cases (𝐶𝑖𝑡) and fatal cases (𝐷𝑖𝑡). Some
public health organizations also release information on re-
covered cases (𝑅𝑖𝑡). Note that 𝐼𝑖𝑡 = 𝐶𝑖𝑡 − 𝑅𝑖𝑡 − 𝐷𝑖𝑡, so we
can obtain the information of 𝐼𝑖𝑡 from the data of reported
cases. We propose to model 𝐷𝑖𝑡, 𝑅𝑖𝑡, and 𝑌𝑖𝑡 alternatively
in a system. As illustrated in Figure 8, there are two out-
comes for infected patients: recovery or death. According
to theCDC (https://www.cdc.gov/coronavirus/2019
-ncov/hcp/planning-scenarios.html/), the median
number of days from symptom onset to death is around
13 ∼ 17 days. Therefore, to model the death count, we
borrow the information of the previous active cases 𝐼𝑖,𝑡−𝛿,
where 𝛿 (here 𝛿 = 14) is the time delay between illness
and death; see Figure 8. We can also introduce the covari-
ates of local features to the model to improve the accuracy.
For modeling the number of recovery cases, ideally, if suf-
ficient data for recovered cases can be collected from each
area, a similar model can be fitted to explain the growth of
the recovered cases.

Although there have been regional, national, and global
data on confirmed cases and deaths, not much has been
officially reported on recovery. Furthermore, for the states
that regularly update the number of recovered patients, the
counts can seldom be mapped to counties. Due to the lack
of data, we are no longer able to use all the explanatory
variables discussed above to model daily new recovered
cases; see Figure 9. Instead, we mimic the relationship be-
tween the number of recovered and active cases from some
compartmental models in epidemiology [SR13].

Therefore, we assume that the conditional mean value
of daily fatal cases (𝜇D𝑖𝑡) and recovery (𝜇R𝑖𝑡) in an area can
be modeled as follows:

log(𝜇D𝑖𝑡) =𝛽D𝑡 (𝐔𝑖) + 𝛼D𝑡 (𝐔𝑖) log(𝐼𝑖,𝑡−𝛿)

+
𝑝
∑
𝑗=1

𝜃D𝑗𝑡𝐴𝑖𝑗,𝑡−𝑟′ +
𝑞
∑
𝑘=1

𝑓D𝑘𝑡(𝑋𝑖𝑘), (2)

𝜇R𝑖𝑡 =𝜈R𝑡 𝐼𝑖,𝑡−𝛿′ , (3)

APRIL 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 591

https://www.cdc.gov/coronavirus/2019-ncov/hcp/planning-scenarios.html/
https://www.cdc.gov/coronavirus/2019-ncov/hcp/planning-scenarios.html/


where the 𝜃D𝑗𝑡 ’s and 𝜈R𝑡 are unknown constant coefficients,
𝛽D𝑡 (⋅) and 𝛼D𝑡 (⋅) are unknown bivariate coefficient func-
tions, 𝑓D𝑘𝑡(⋅), 𝑘 = 1, … , 𝑞, are univariate functions to be esti-
mated, and 𝛿 and 𝛿′ are the time delay between illness and
death or recovery. For model identifiability, we assume
E(𝑓D𝑘𝑡) = 0, 𝑘 = 1, … , 𝑞. The recovery rate 𝜈R𝑡 enables us to
make reasonable predictions for future recovered patients
counts and provide researchers with the foresight of when
the epidemic will end.

Figure 9. An illustration of the death model with endemic
components.

The above equations (1), (2), and (3) together form our
STEM, which is based on the foundation of epidemicmod-
eling, but it is able to provide a rich characterization of dif-
ferent types of covariates of local features. Moreover, it ac-
counts for both spatiotemporal nonstationarity and area-
level local features simultaneously. It also offers more flex-
ibility in assessing the dynamics of the spread at different
times and locations than various parametric models in the
literature.

We refer the interested readers to [WWG+20] for the de-
tails about how to fit the STEM. Furthermore, the STEM ap-
proach enables one to examine the effect of county-level
predictors on the spread of COVID-19. In this analysis,
we consider the integrated data from 3,104 counties from
the 48 mainland US states and the District of Columbia.
The epidemic component of the data contains infected,
death, and recovered cases from January 21 to September
3, 2020. Our analysis shows that, after controlling for
social-economic factors, the percent of persons under 65
years without health insurance has a significant impact on
the COVID-19 breakout in the community. We can ob-
serve a significant positive relationship between the non-
healthy-coverage rate and the infection rate of COVID-19.
An under-covered population is much easier to be infected
with the virus. Meanwhile, the population density is often
considered to have a linear relationship with COVID-19

Figure 10. An illustration of prediction band.

infection cases in most studies and news reports. Our re-
sults are consistent with the intuition. The local healthcare
expenditure has a similar impact on COVID-19 infections.

STEM-based Prediction
Based on the STEM, we propose an ℎ-step ahead predic-
tion method. The basic idea is that we alternatively up-
date the daily incidence and the total number of cases in
each compartment using the proposed STEMmethod. The
computation algorithms are given in [WWG+20]. Specifi-
cally, we start with an initial estimation of models (1) and
(2). Based on the current number of infected and suscep-
tible people, we can predict the number of new incidence
cases, death, and recovery the next day. Then, we update
the number of susceptible, dead, recovered, and infectious
people. Repeating these steps for ℎ times, we can obtain
our ℎ-step ahead prediction.

To evaluate the projection uncertainty, we use the boot-
strap method to establish the prediction band. As illus-
trated in Figure 10, the prediction uncertainty comes from
two parts: the estimation variation and the variance from
bootstrap paths. In the first part, we generate a bootstrap
sample from our estimated model at time points up to 𝑡.
Based on this sample, we obtain the bootstrap estimator.
After repeating for 𝐵 times, say 1000 times, we could ob-
tain the bias-corrected estimator. In the second part of
the bootstrap, we simulate an ℎ-step ahead path based
on the bootstrap estimators. The daily incidences follow
from Poisson distribution. After the first two steps, we
have 𝐵 paths. By leaving 𝛼𝐵 paths out, we can obtain the
100(1 − 𝛼)% prediction band.

Using themethods proposed in [WWG+20], we provide
the long-term forecast for both the infection and death
count, and this forecast can help us predict the timing of
the outbreak peak and the number of health resources re-
quired at the peak. Given the lack of reliable recovered
data, we treated the daily recovery rate as another variable
and considered the values from 0.05 to 0.15. To better
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Figure 11. The number of observed and predicted cumulative
fatal cases in Orange County, California.

illustrate our research findings, we launched a COVID-
19 dashboard (https://covid19.stat.iastate.edu/)
with multiple R shiny apps embedded. The main map
provides the county, state, and national level 7-day fore-
cast together with the related risk analysis. In the Long-
term Project tab of our dashboard, we illustrate a long-
term forecast of COVID-19 infected and death count up
to the county level. Figure 11 shows the reported cumula-
tive fatal cases of COVID-19 and the corresponding one-
month-ahead prediction for Orange County, California.
The forecast for other states or counties can be found on
our dashboard, which is updated constantly. The perfor-
mance of the proposed forecasting methods is evaluated
in [WWG+20].

Conclusions and Discussion
Epidemic modeling holds the key to understanding the
course of the epidemic. This paper selectively overviews
two main epidemic modeling approaches: mathematical
and statistical modeling. Besides, we discuss the chal-
lenges of forecasting COVID-19 and discuss some forecast-
ing methods. We also present a novel spatiotemporal epi-
demic model to quantify the accuracy of forecasts and un-
certainty in forecasts.

Nowadays, the number of epidemic models is over-
whelming, so how to choose the most appropriate model
becomes an essential question, especially under such a
pandemic. Unfortunately, there is no one model to work
for all the problems, and the model selection can be very
complicated, as illustrated in Figure 12. We would like to
close this paper with some discussions on how to choose
the right model.
Mathematical models or statistical models? The two
modeling approaches are complementary but with differ-
ent starting points and implementation details. The choice
of a model is intimately tied to the specific research goal.

Figure 12. Model selection.

The two approaches can go hand in hand in epidemicmod-
eling formaximum effectiveness. In COVID-19 studies, we
have seen a growing number of hybrid methods combin-
ing characteristics of traditional mathematical and statisti-
cal models.
A more complex or simpler model? One crucial factor
that can significantly affect the accuracy of predictions is
the complexity of the model to describe the epidemic. It
is reasonable to choosemodels with different complexities
during different periods of the pandemic. For example, to
model the disease spread at the early stage of the pandemic,
a simple model is usually preferred due to the sparsity of
the cases. As the disease processes, we gain more knowl-
edge of the transmission and disease progression. There
is also confounding heterogeneity in the spread, such as
spatiotemporal variation and age-specific risk of severe
disease. A complex model with a significant amount of
flexibility can capture the heterogeneities and complexity
of the underlying process; therefore, it may show advan-
tages by incorporatingmore information about the disease
transmission and local features that might affect the dis-
ease’s spread. Even within the same modeling framework,
we can adjust the complexity of the model used. For ex-
ample, we can consider different types (i.e., varying or con-
stant) of intercept and slope in the proposed STEM. How-
ever, a complex model includes more parameters than a
simpler one, and the estimation of many unknown param-
eters can lead to a greater degree of uncertainty in model
predictions.
Stability. The stability (robustness, or in a broad sense
includes replicability and repeatability) principle requires
that each step in estimation and prediction is stable con-
cerning appropriate perturbations, such as small changes
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in the model or data [Yu13]. In epidemiology studies, sta-
bility has been shown to be essential to draw reliable con-
clusions when interpreting results from models. Stability
can help evaluate interpretation methods and is manda-
tory for reliable interpretations.
Interpretability. More complex models can embed more
features to capture exciting patterns in the dataset if trained
appropriately. Meanwhile, this usually makes them convo-
luted andmore challenging to explain. This issue is usually
due to their “black-box” nature, i.e., people do not know
how or why the model came up with a particular output.
It is challenging to understand what caused it to arrive at
this prediction. A good balance between the model’s inter-
pretation and underlying trend extraction is another key to
picking a model. Governments have been using statistical
models to assist in health system adjustment as the virus
spreads in the communities. Model interpretability is cru-
cial for them to understand the underlying process. Com-
plex models without clear interpretation make it hard for
the decision-makers to extract useful information and take
effective NPIs.
Resources. Different models require different types of re-
sources that are available. For example, modern complex
machine learning techniques are usually more computa-
tionally expensive than traditional models. To realize suc-
cessful training of the models, the state of the art machine
learning algorithm may require a computer cluster, and it
may take several weeks to train entirely from scratch. By
contrast, traditional simple models can be implemented
on a traditional personal computer (PC), and they usu-
ally take much less time to train. Therefore, knowing the
type of device we could deploy the models, such as the
distributed system over the cloud, PCs, or mobile devices,
can be crucial in choosing a suitable model. To provide
timely updated COVID-19 data analysis results and pre-
dictions, we need accurate and (computationally) efficient
methods.
Data. Data has always been important tomodeling. Some
epidemic models make particular assumptions about the
structure of the data or the desired results. The choice of
the model also depends on the size of good quality data.
In general, machine learning models typically need more
data than mathematical and statistical models to perform
well. To achieve the desired prediction accuracy, neural
networks and random forests usually require thousands
or millions of observations. In contrast, statistical mod-
els often allow inference and make decent predictions on
dozens or hundreds of observations. However, if there
are very few observations, inference from statisticalmodels
can be problematic as well. For example, when analyzing
COVID-19, early in a disease outbreak, infected and death

cases are rare, and thus, a simple exponential growth curve
may bemore accurate and stable thanmany complexmod-
els. As the epidemic evolves, surveillance data become
abundant and have a higher spatiotemporal resolution. A
simplemodel using the available datamight bemisleading
unless it can incorporate the various steps being taken
to slow transmission. A more complex model, such as
the spatiotemporal models, can benefit understanding the
spread of disease and improve the prediction accuracy.

While epidemic models can be useful tools for track-
ing and forecasting COVID-19, they also have limitations.
Models are only as accurate as of the input assumptions,
which depend on continually changing data. Many un-
expected scenarios will or may happen in the future. For
evidence-based decision making, it is essential to under-
stand the basic model assumptions and limitations before
drawing conclusions. The performance of the model is
constrained by our knowledge of the virus. We hope the
discussions in this paper stimulate new methodological
developments in epidemic modeling and forecasting as
the pandemic progresses.
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Mathematics, like any of the sciences or any scholarly activ-
ity, is international. The international aspect shows itself in 
multiple ways. Our penchant for naming theorems or ideas 
after people1 encodes this via a broad cast of characters, 
including al-Khwarizmi (Persia), Diophantus of Alexandria 
(Egypt), Euclid (Greece), Laplace and Poincaré (France), 
Gauss and Riemann and Noether (Germany), Abel and Lie 
(Norway), Euler and Bernoulli—with multiplicity (Swit-
zerland), Ricci and Levi-Civita (Italy), Lobachevsky and 
Kovalevskaya (Russia), Jones (New Zealand), Harish-Chan-
dra and Ramanujan (India), Chern and Chow (China), 
Nakayama and Kodaira (Japan), Calderón (Argentina), 
Birkhoff and Whitney (United States), and so on. In this 
column, I look at three ways to explore the geographic 
distribution of mathematics using the information in the 
Mathematical Reviews Database (MR Database), which is 
what underlies MathSciNet. 

Before diving into the analysis, let me point out that 
place names are inherently political, meaning that they 

can be complicated. Many publishers now include dis-
claimers about locations provided by authors and editors. 
Elsevier’s disclaimer for editors reads, “All members of the 
Editorial Board have identified their affiliated institutions 
or organizations, along with the corresponding country or 
geographic region. Elsevier remains neutral with regard to 
any jurisdictional claims.” On articles, Springer Nature’s 
disclaimer reads, “Springer Nature remains neutral with 
regard to jurisdictional claims in published maps and 
institutional affiliations.” In this article, I will be repeat-
ing places as named by the organization or person. For 
reviewers, the place names are what they have given us as 
their mailing addresses. For authors, they come from the 
institutional addresses that the authors list on the papers 
or in the books. For journals, they are the addresses given 
to us by the publisher. 

Reviewers
A key part of MathSciNet, and the original Mathematical 
Reviews, is that we publish reviews of articles and books. In-
deed, Mathematical Reviews has an eighty-year tradition of 
reviewing the mathematical literature. As a result, we have 
direct contact with the more than 24,000 active reviewers. 
In particular, we have mailing addresses for them. 

Looking at counts from November 2020, Table 1 shows 
the top 20 countries in terms of reviewers.

Geography and MathSciNet® / 
Mathematical Reviews

Edward Dunne

Edward Dunne is the executive editor of Mathematical Reviews at the 
American Mathematical Society. His email address is egd@ams.org.
1Naming of things in science and mathematics is, to say the least, inexact. 
It is helpful to bear in mind the following principles:  

The Arnold Principle: If a notion bears a personal name, then this name 
is not the name of the discoverer.

The Berry Principle: The Arnold Principle is applicable to itself.
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The number of reviewers per million population. The top three 
countries in terms of numbers of reviewers also happen 
to be the top three countries in terms of population. If we 
normalize by population, counting the number of review-
ers per million people in the country, a different picture 
emerges (see Table 3). For me, it gives a picture of the degree 
of engagement with reviewing in the country. 

The countries with large populations have all disap-
peared. These numbers are quotients. As mathematicians 
we know that there are two ways to make a quotient large: 
increase the numerator or decrease the denominator. I 
suspect that a little of both is happening with these twenty 
countries. 

Publications by Country
Counting papers per country is tricky. Multi-authored pa-
pers are quite frequent in mathematics, though not quite 
at the level of the laboratory sciences. Moreover, interna-
tional teams of authors are not uncommon. I queried the 
MR Database twice, each time looking at all items (journal 

Just two years earlier, in November 2018, the United 
States had the greatest number of reviewers, with China 
second. For obvious reasons, large countries dominate the 
top spots, but even so, there is a fair amount of dispersion 
around the globe. Looking at all countries, the distribution 
of reviewers by continents is given in Table 2. 

Table 1. Reviewer counts by country, as of November 29, 2020.

Rank Country Reviewers % of Reviewers

1 China 4,110 17.0%

2 United States 3,736 15.4%

3 India 1,336 5.5%

4 Italy 1,111 4.6%

5 France 984 4.1%

6 Germany 961 4.0%

7 Spain 876 3.6%

8 United Kingdom 755 3.1%

9 Japan 709 2.9%

10 Iran 702 2.9%

11 Brazil 661 2.7%

12 Turkey 570 2.4%

13 Poland 530 2.2%

14 Russia 483 2.0%

15 Canada 472 2.0%

16 Romania 332 1.4%

17 Mexico 292 1.2%

18 South Korea 291 1.2%

19 Australia 263 1.1%

20 Portugal 243 1.0%

Table 2. Reviewer counts by continent, as of November 29, 
2020.

Region Reviewers % of Reviewers

Asia 9,314 38.5%

Europe 8,171 33.8%

North America 4,500 18.6%

South America 1,111 4.6%

Africa 779 3.2%

Australia + Oceania 315 1.3%

Total 24,190 100%

Table 3. Number of reviewers per 1 million population, as of 
November 29, 2020. Population counts are from Wikipedia.

Rank Country Pop. in 2019
Reviewers 

per 1M pop.

1 Slovenia 2,078,654 39.45

2 Austria 8,955,102 26.13

3 Luxembourg 615,729 25.99

4 Portugal 10,226,187 23.76

5 Israel 8,519,377 21.72

6 Croatia 4,130,304 20.58

7 Czech Republic 10,689,209 19.55

8 Spain 46,736,776 18.74

9 Italy 60,550,075 18.35

10 Greece 10,473,455 18.14

11 Finland 5,532,156 17.71

12 Montenegro 627,987 17.52

13 Romania 19,364,557 17.14

14 Cyprus 1,179,551 16.11

15 Malta 440,372 15.90

16 Guadeloupe 447,905 15.63

17 France 65,129,728 15.11

18 Estonia 1,325,648 15.09

19 Norway 5,378,857 15.06

20 Sweden 10,036,379 14.75
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Table 4. Counts are of publications in the MR Database with at least one author in the country. The year is the year of publication. 
Country abbreviations are expanded in the table at the end of the article. The percentages are the country’s percentage of the total 
number of publications. The total was obtained by adding up the total for each country, making it larger than the actual number of 
papers published. 

Rank Country 1985 1985 as % Country 1999 1999 as % Country 2019 2019 as %

1 USA 10,642 26.4% USA 15,042 19.4% CN 23,688 16.2%

2 USSR 2,937 7.3% CN 7,389 9.5% USA 23,238 15.8%

3 FRG 2,687 6.7% DE 5,200 6.7% FR 7,357 5.0%

4 FR 2,163 5.4% FR 4,835 6.2% DE 7,347 5.0%

5 JP 2,084 5.2% RU 4,497 5.8% UK 7,016 4.8%

6 CN 2,068 5.1% JP 3,983 5.1% IN 6,281 4.3%

7 UK 2,032 5.0% UK 3,661 4.7% IT 5,899 4.0%

8 CA 1,741 4.3% IT 3,226 4.2% RU 5,219 3.6%

9 IT 1,731 4.3% CA 3,005 3.9% JP 4,819 3.3%

10 PL 1,223 3.0% ES 2,429 3.1% CA 4,095 2.8%

11 IN 1,099 2.7% IN 2,040 2.6% IR 3,895 2.7%

12 ES 753 1.9% PL 1,734 2.2% ES 3,650 2.5%

13 GDR 658 1.6% AU 1,499 1.9% BR 3,635 2.5%

14 NL 640 1.6% UA 1,374 1.8% TR 2,819 1.9%

15 AU 631 1.6% IL 1,350 1.7% AU 2,477 1.7%

16 IL 604 1.5% RO 1,334 1.7% PL 2,413 1.6%

17 RO 589 1.5% NL 1,099 1.4% KR 2,176 1.5%

18 HU 493 1.2% KR 1,074 1.4% IL 2,155 1.5%

19 ČSSR 462 1.1% BR 1,048 1.4% NL 1,837 1.3%

20 BE 441 1.1% BE 868 1.1% CH 1,681 1.1%

Figure 1. Publications, by country and year of publication, in the MR Database for the ten countries with highest output in 2019.
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articles, proceedings papers, books, and so on) from 1985 
through 2019. The first query looked at the countries of 
all the authors and added them up. Thus, if a paper had 
3 authors from the United States, 2 authors from Mexico, 
and 1 author from Canada, the United States would get a 
count of 3 papers, Mexico a count of 2 papers, and Canada 
a count of 1 paper. The second query just looked to see what 
countries were involved. In the example just mentioned, the 
United States would get a count of 1 paper, Mexico a count 
of 1 paper, and Canada a count of 1 paper. I considered, 
but did not do, a fractional count whereby in the example, 
the United States would have had 3*(1/6) = 1/2, Mexico 
2*(1/6) = 1/3, and Canada 1*(1/6) = 1/6. I call the first 
count “Authors with multiplicity” and the second count 
“Authors without multiplicity.” The third count is often 
called “fractional authorship.” In what follows, I only dis-
cuss the counts without multiplicity. There are some slight 
differences in the results obtained from different counts, 
but the general picture is the same. 

There are lots of data over 35 years. Let’s look more 
closely at three of these years: 1985, 1999, and 2019. 
The top twenty countries in each of these years, counting 
without multiplicity, are given in Table 4. Country codes 
are used to save space. A table of expansions is at the end 
of the article. 

The dominance of the United States in 1985 is remark-
able. I was surprised that the count for the Soviet Union in 
1985 wasn’t higher. In the data for 2019, however, the sum 
of output from the fifteen countries that came from the 
Soviet Union is 7,122, which would be fifth in the list. Be-
tween 1985 and 1999, the FRG and GDR unified to become 
a single Germany. In 1999, the United States continued to 
be dominant, but with a much smaller fraction of the total 
output. Meanwhile, China moved up considerably. Among 
the top 20 countries, many of their percentages of the total 
changed, as did their ranks. By 2019, things had changed 
again. China passed the United States, though the counts 
and percentages are close. (The two countries actually 
traded places three times from 2013 to 2019.) There was 
some relative rearranging of positions in the rest of the list. 
India, for instance, increased its percentage of publications 
by nearly two thirds. Interestingly, from 1999 to 2019, the 
combined share of the top two countries stayed roughly 
the same. 

It may be easier to see trends from the chart (Figure 1) 
of the publications of the top ten countries in 2019 over 
the full 35-year span. 

The output for the United States grew at about 2.2% per 
year over this period. Several of the countries in the lower 
graphs had growth rates of about 4.0%. China’s output, 
however, grew at about 7.4%.

Table 5 gives a look at the distribution of publications 
by UN statistical region for 2019.

Table 5. Percentages of publications in the MR Database for 
2019, by UN statistical region. The regions are defined here: 
https://unstats.un.org/unsd/methodology/m49/. 

UN statistical region % of 2019 Pubs

Eastern Asia 22.5%

Northern America 19.7%

Western Europe 13.8%

Southern Europe 8.5%

Eastern Europe 8.2%

Southern Asia 8.1%

Western Asia 5.2%

South America 3.5%

Northern Europe 2.7%

Australia and New Zealand 2.0%

South-eastern Asia 1.8%

Northern Africa 1.7%

Central America 0.9%

Southern Africa 0.5%

Western Africa 0.3%

Central Asia 0.3%

Eastern Africa 0.1%

Middle Africa 0.1%

Caribbean 0.1%

Melanesia 0.0%

Polynesia 0.0%

Micronesia 0.0%

As with reviewers, it is possible to normalize the number 
of publications per country by population. Table 6 shows 
the twenty countries that had the most publications in 2019 
in the MR Database per one million population. 

Once again, the top of the normalized list consists 
mostly of smaller countries. The exceptions are Germany, 
France, and Italy, which are 18th, 23rd, and 24th largest 
by population. 
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Society. The headquarters for Elsevier is in the Netherlands. 
A selection of their mathematical journals with geographic 
affiliations outside the Netherlands includes Annales de l’In-
stitut Henri Poincaré (C) Analyse Non Linéaire, Journal of the 
Korean Statistical Society, and Journal de Mathématiques Pures 
et Appliquées. In a similar fashion, Cambridge University 
Press publishes the Journal of the Australian Mathematical 
Society, the Canadian Journal of Mathematics, the Journal of 
the Institute of Mathematics of Jussieu, and the Nagoya Math-
ematical Journal. Even smaller publishers demonstrate this 
international phenomenon. For instance, the non-profit 
Mathematical Sciences Publishers (MSP), who publish 
Moscow Journal of Combinatorics and Number Theory and the 
Tunisian Journal of Mathematics, is based in Berkeley in the 
United States. Globalism in publishing has its advantages, 
but it can make data analysis complicated. 

With that proviso, let’s take a look at the geography of 
mathematics journals. The distribution is more concen-
trated than the other two we have looked at. For reviewers 
(respectively, publications), it takes the top 15 (respectively, 
16) countries to get to 75% of the total. With journals, the 

Journals
There is more than one way to attach journals to places. 
At Mathematical Reviews, we know the location of the 
publisher, but not necessarily the location of the editorial 
office, which is often different. This disconnect between 
place of publication and the “home” of the journal has be-
come particularly pronounced as journals associated with 
societies and institutions have moved to publishing houses, 
both commercial and non-profit. Thus, a journal from a 
Korean society may be listed in my data as being from 
the Netherlands. Here are a few examples, by publisher, 
of journals associated with a country different from the 
country of the publisher’s headquarters. Mathematicians 
have historically identified Springer, now Springer Nature, 
with its offices in Germany and the United States, though 
its business headquarters are now in Switzerland and they 
have offices in 50 countries. Meanwhile, a few of their jour-
nals normally associated with places other than the place 
of publication include Publications mathématiques de l'IHÉS, 
Vietnam Journal of Mathematics, Vestnik St. Petersburg Uni-
versity (Mathematics), the Journal of the Operations Research 
Society of China, and the Journal of the Egyptian Mathematical 

Rank by 
Pub per Pop

Country Population in 2019 2019 count 2019 Papers / 1M pop

1 Israel 8,519,377 1837 215.6

2 Luxembourg 615,729 123 199.8

3 Switzerland 8,591,365 1624 189.0

4 Austria 8,955,102 1419 158.5

5 Slovenia 2,078,654 324 155.9

6 Singapore 5,804,337 737 127.0

7 Norway 5,378,857 662 123.1

8 Denmark 5,771,876 694 120.2

9 Iceland 339,031 40 118.0

10 Sweden 10,036,379 1173 116.9

11 France 65,129,728 7357 113.0

12 Canada 37,411,047 3895 104.1

13 Finland 5,532,156 565 102.1

14 Belgium 11,539,328 1120 97.1

15 Australia 25,203,198 2413 95.7

16 Czech Republic 10,689,209 979 91.6

17 Portugal 10,226,187 934 91.3

18 Germany 83,517,045 7347 88.0

19 Italy 60,550,075 5219 86.2

20 Ireland 4,882,495 388 79.5
Table 6. Publications in 2019 per 1 million population. Population counts are from Wikipedia. 
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I find this useful. I pointed out earlier that many journals 
are affiliated with institutions or national societies with 
definite locations. But the editors of those journals are 
not always in those locations. For example, both the Tuni-
sian Journal of Mathematics and the Journal of the Institute 
of Mathematics of Jussieu have globally dispersed editorial 
boards. I have not tried to compile lists of authors per 
country, mostly because I am not sure what basis to use. 
Many mathematicians move around, making location time 
dependent. It is not uncommon for a mathematician to 
be born in one country, to be educated in another, and to 
be currently working in yet a third. There are also exam-
ples of mathematicians with simultaneous, international 
appointments, a sort of Schrödinger’s cat phenomenon. 
In other words, the data in these analyses are inherently 
imprecise. That imprecision, however, reinforces the point 
that mathematics is decidedly international. 

References
Country & region data. 
Wikipedia
https://en.wikipedia.org/wiki/List_of_countries 

_and_dependencies_by_population
https://en.wikipedia.org/wiki/United_Nations 

_geoscheme 
United Nations 
https://unstats.un.org/unsd/methodology/m49/ 

Country Abbreviations 

top 10 countries already represent about 75% of the jour-
nals. With journals, it takes 22 countries to get to 90%. For 
reviewers (respectively, publications), it takes 35 (respec-
tively, 34) countries to get to 90%. The top 21 countries for 
journals are given in Table 7. Note, 21 countries are listed 
because of the tie in the 20th spot. 

I don’t have counts for journals over time, which is 
unfortunate. There are multiple important trends taking 
place in scientific publishing, such as consolidation at big 
publishing houses and open access. It would be interesting 
to look at the geographical changes that have occurred at 
the same time. 

Some Final Thoughts
The example of journals points out at least one of the 
limitations of compiling geographical data as I have done. 
What does it mean for a journal to be associated with a 
country? I have chosen the location of the publisher. As 
someone who has been involved in the publishing world, 

Table 7. Journals, by country of the publisher, in the MR 
Database as of November 2019.

Rank Country # Journals

1 United States 366

2 United Kingdom 208

3 Germany 182

4 Netherlands 140

5 China 82

6 Russia 71

7 Japan 61

8 Singapore 58

9 Poland 53

10 Switzerland 49

11 India 45

12 France 37

12 Romania 37

14 Italy 26

15 Canada 19

15 Ukraine 19

17 Iran 17

17 Hungary 17

17 Spain 17

20 Turkey 12

20 South Korea 12

Abbrev Country

AU Australia

BE Belgium

BR Brazil

CA Canada

CH Switzerland

CN China

ČSSR Czechoslovakia

DE Germany

ES Spain

FR France

FRG Federal Republic of Germany

GDR German Democratic Republic

HU Hungary

IL Israel

IN India

IR Iran

IT Italy

* Table continues on next page.

https://en.wikipedia.org/wiki/List_of_countries_and_dependencies_by_population
https://en.wikipedia.org/wiki/List_of_countries_and_dependencies_by_population
https://en.wikipedia.org/wiki/United_Nations_geoscheme
https://en.wikipedia.org/wiki/United_Nations_geoscheme
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JP Japan

KR South Korea

NL The Netherlands

PL Poland

RO Romania

RU Russia

TR Turkey

UA Ukraine

UK United Kingdom

USA United States

USSR Soviet Union

Edward Dunne
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APPLICATIONS & NOMINATIONS
Associate Secretaries are appointed by the Council upon recommendation by the Executive Committee and 
Board of Trustees. Please submit your application—including a brief CV and names of three references— through 
www.MathPrograms.org.

Please send nominations or questions to: ssc-chair@ams.org

Applications received by July 1, 2021 will be assured full consideration.

Eastern Section  =
Southeastern Section  =

Central Section  =
Western Section  =

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

AMS Associate Secretaries
of the Central & Western Sections

Guide AMS Scienti� c Meetings and Help Steer the Society.

POSITION
The American Mathematical Society is seeking applications and
nominations of candidates for the posts of Associate Secretary of the
Central Section and of Associate Secretary of the Western Section.

The Council will appoint the two Associate Secretaries to two-year
terms, beginning on February 1, 2022 and ending on January 31, 2024.
Reappointments are possible and desirable. All necessary expenses
incurred by an Associate Secretary in performance of duties for the Society
are reimbursed, including travel and communications. Each Associate Secretary
may request additional � nancial support for their work. The nature of this support
is � exible and can change year to year. It could be, for example, in the form of release time,
administrative support, or a stipend.

QUALIFICATIONS
We welcome applications from any research mathematicians with substantial knowledge of AMS activities.

DUTIES
AMS Associate Secretaries play key roles in creating the scienti� c programs of AMS meetings, as well as providing 
essential input to several AMS committees.
• Each is responsible for two sectional meetings per year in their respective geographic section. This includes overall 

responsibility for the scienti� c program, as well as the responsibility of arranging host institutions and guiding 
local organizers.

• Once every four years an Associate Secretary has primary responsibility for the scienti� c program at the January 
Joint Mathematics Meetings.

• The AMS conducts an active international joint meeting program, and Associate Secretaries are involved in these 
meetings on a rotating basis.

• Associate Secretaries are supported by, and work closely with, the AMS Department of Meetings and Conferences.
• An Associate Secretary is an of� cer of the Society, a member of the AMS Council, and a member of the

Secretariat—a committee consisting of the four Associate Secretaries and the Secretary, which has considerable 
responsibility and authority in the direction of the AMS meetings program.
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nominations and questions to the Chair of the Search Committee: tsc-chair@ams.org.

Persons wishing to apply may do so through www.MathPrograms.org.

For full consideration, applications and supporting documentation should be received by July 1, 2021.

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

Apply or Nominate Colleagues for

Associate Treasurer
of the American Mathematical Society

Help Guide AMS Fiscal Policy.

The Associate Treasurer helps administer and supervise AMS � scal policies in the interest of 
the mathematical community.

You know � nance and you know the AMS. Now you have the chance to play a leading role in managing AMS policies, 
expenditures, investments, and budgets, while following trends in � nance. The American Mathematical Society seeks 
applications and nominations of candidates for the post of Associate Treasurer. This individual is an of� cer of the
Society appointed by the Council to a two-year term beginning February 1, 2022. All necessary expenses incurred by 
the Associate Treasurer in performance of duties for the Society are reimbursed, including travel and communications.

QUALIFICATIONS
We welcome applications from PhD mathematicians who have substantial knowledge of Society activities.
Although the Associate Treasurer is appointed for a term of two years, candidates willing to make a longer commit-
ment will be preferred, as it is expected that the Associate Treasurer will be reappointed for subsequent terms pending 
successful performance reviews.

DUTIES
The Associate Treasurer has many duties parallel to those of the Treasurer:
• Administering or supervising administration of � scal policies in the interest of the mathematical community, as 

determined by the Trustees.
• Monitoring funds, investments, budgets, and trends of � nance over periods of years, and reviewing salary policy 

for AMS employees and its applications to individuals.
• Serving ex of� cio as a member of the Board of Trustees, Council, and other committees, as well as serving as

Secretary of the Board of Trustees.
• In addition, the Associate Treasurer serves as Secretary of the Mathematical Reviews Corporation, as a member of 

the Retirement Plan Investment Committee, and as a non-voting member of the Mathematical Reviews Editorial 
Committee.
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late father, John L. Synge, who knew and admired Oswald 
Veblen, Cathleen Synge Morawetz and her husband, Her-
bert, substantially increased the endowment.

The current prize amount of US$5,000 is awarded every 
three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/veblen-prize.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006. 

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/conant-prize.

AMS Prizes & Awards
Ciprian Foias Prize  
in Operator Theory
The Ciprian Foias Prize in Operator Theory is awarded 
for notable work in Operator Theory published during 
the preceding six years. The work must be published in a 
recognized, peer-reviewed venue.

About this Prize
This prize was established in 2020 in memory of Ciprian 
Foias (1933–2020) by colleagues and friends. He was an 
influential scholar in operator theory and fluid mechanics, 
a generous mentor, and an enthusiastic advocate of the 
mathematical community.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/profession/prizes-awards/ciprian-prize.

Oswald Veblen Prize 
in Geometry
The award is made for a notable research work in geometry 
or topology that has appeared in the last six years. The work 
must be published in a recognized, peer-reviewed venue.

About this Prize
This prize was established in 1961 in memory of Professor 
Oswald Veblen through a fund contributed by former stu-
dents and colleagues. The fund was later doubled by the 
widow of Professor Veblen. An anonymous donor gener-
ously augmented the fund in 2008. In 2013, in honor of her 

https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org//veblen-prize
https://www.ams.org//veblen-prize
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Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/moore-prize.

David P. Robbins Prize
The Robbins Prize is for a paper with the following charac-
teristics: it shall report on novel research in algebra, combi-
natorics or discrete mathematics and shall have a significant 
experimental component; and it shall be on a topic which 
is broadly accessible and shall provide a simple statement 
of the problem and clear exposition of the work. Papers 
published within the six calendar years preceding the year 
in which the prize is awarded are eligible for consideration.

About this Prize
This prize was established in 2005 in memory of David P. 
Robbins by members of his family. Robbins, who died in 
2003, received his PhD in 1970 from MIT. He was a long-
time member of the Institute for Defense Analysis Center 
for Communications Research and a prolific mathema-
tician whose work (much of it classified) was in discrete 
mathematics.

The current prize amount is US$5,000 and the prize is 
awarded every 3 years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/robbins-prize.

Award for Distinguished 
Public Service
The Award for Distinguished Public Service recognizes a 
research mathematician who has made recent or sustained 
distinguished contributions to the mathematics profession 
through public service.

About this Prize
The AMS Council established this award in response to a 
recommendation from its Committee on Science Policy.

The US$4,000 award is presented every two years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/public-service-award.

Chevalley Prize 
in Lie Theory
The Chevalley Prize is awarded for notable work in Lie 
Theory published during the preceding six years; a recipient 
should be at most twenty-five years past the PhD.

About this Prize
The Chevalley Prize was established in 2014 by George 
Lusztig to honor Claude Chevalley (1909–1984). Chevalley 
was a founding member of the Bourbaki group. He made 
fundamental contributions to class field theory, algebraic 
geometry, and group theory. His three-volume treatise on 
Lie groups served as standard reference for many decades. 
His classification of semisimple groups over an arbitrary 
algebraically closed field provides a link between Lie’s the-
ory of continuous groups and the theory of finite groups, 
to the enormous enrichment of both subjects.

The current prize amount is US$8,000, awarded in 
even-numbered years, without restriction on society mem-
bership, citizenship, or venue of publication.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/chevalley-prize.

E. H. Moore Research 
Article Prize
The Moore Prize is awarded for an outstanding research 
article to have appeared in one of the AMS primary re-
search journals (namely, the Journal of the AMS, Proceedings 
of the AMS, Transactions of the AMS, Memoirs of the AMS, 
Mathematics of Computation, Electronic Journal of Conformal 
Geometry and Dynamics, and Electronic Journal of Representa-
tion Theory) during the six calendar years ending a full year 
before the meeting at which the prize is awarded.

About this Prize
The prize was established in 2002 in honor of E. H. Moore. 
Among other activities, Moore founded the Chicago 
branch of the American Mathematical Society, served as 
the Society’s sixth President (1901–1902), delivered the 
Colloquium Lectures in 1906, and founded and nurtured 
the Transactions of the AMS.

The current prize amount is US$5,000, awarded every 
three years.

Next Prize: January 2022

https://www.ams.org/chevalley-prize
https://www.ams.org/chevalley-prize
https://www.ams.org/public-service-award
https://www.ams.org/public-service-award
https://www.ams.org/robbins-prize
https://www.ams.org/robbins-prize
https://www.ams.org/moore-prize
https://www.ams.org/moore-prize
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Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked 

directly with pre-college teachers to enhance teach-
ers’ impact on mathematics achievement for all 
students, or

(b) sustainable and replicable contributions by mathe-
maticians to improving the mathematics education 
of students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/impact. 

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 

which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelors degree in mathematical sciences are el-
igible.

Next Award: 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: A letter of nomination may be 
submitted by one or more individuals. Nomination of the 
writer’s own institution is permitted. The letter should de-
scribe the specific program(s) for which the department is 
being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes came about by 1) sys-
tematic, reproducible changes in programs that might be 
implemented by others, and/or 2) have value outside the 
mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages. 

To make a nomination, go to https://www.ams.org 
/department-award.

Mathematics Programs  
that Make a Difference
This Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 

https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/department-award
https://www.ams.org/department-award
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an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is $1,200, awarded annually.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/morgan-prize.

Norbert Wiener Prize 
in Applied Mathematics 
(AMS-SIAM)
The Wiener Prize is awarded for an outstanding contribu-
tion to “applied mathematics in the highest and broadest 
sense.”

About this Prize
This prize was established in 1967 in honor of Professor 
Norbert Wiener and was endowed by a fund from the De-
partment of Mathematics of the Massachusetts Institute of 
Technology. The endowment was further supplemented by 
a generous donor.

Since 2004, the US$5,000 prize has been awarded every 
three years. The American Mathematical Society and the 
Society for Industrial and Applied Mathematics award 
this prize jointly; the recipient must be a member of one 
of these societies.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/wiener-prize.

groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a Selection Com-
mittee appointed by the AMS President and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: The letter of nomination should 
describe the specific program being nominated and the 
achievements that make the program an outstanding 
success. It should include clear and current evidence of 
that success. A strong nomination typically includes a 
description of the program’s activities and goals, a brief 
history of the program, evidence of its effectiveness, and 
statements from participants about its impact. The letter of 
nomination should not exceed two pages, with supporting 
documentation not to exceed three more pages. Up to three 
supporting letters may be included in addition to these 
five pages. Nomination of the writer’s own institution or 
program is permitted. Non-winning nominations will 
automatically be reconsidered for the award for the next 
two years.

To make a nomination, go to https://www.ams.org 
/make-a-diff-award.

Joint Prizes & Awards
Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/wiener-prize
https://www.ams.org/wiener-prize
https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
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FROM THE AMS SECRETARY

2021 George David 
Birkhoff Prize

Citation
The 2021 George David Birk-
hoff Prize in Applied Mathe-
matics is awarded to Gunther 
Uhlmann for his fundamental 
and insightful contributions 
to inverse problems and par-
tial differential equations, as 
well as for his incisive work on 
boundary rigidity, microlocal 
analysis, and cloaking. Gun-
ther’s work is distinguished by 
its mathematical beauty and 
relevance to many significant 

applications, especially in medical imaging, seismic pros-
pecting, and general inverse problems.

Biographical Sketch
Gunther Uhlmann was born in Quillota, Chile, in 1952. 
He studied mathematics as an undergraduate at the Univer-
sidad de Chile in Santiago, gaining his Licenciatura degree 
in 1973. He continued his studies at the Massachusetts 
Institute of Technology, where he received a PhD in 1976 
under the direction of Victor Guillemin. He held postdoc-
toral positions at MIT, Harvard University, and the Courant 
Institute of Mathematical Sciences. In 1980 he became 
assistant professor at MIT and then moved in 1985 to the 
University of Washington, where he was appointed Walker 
Family Endowed Professor in 2006. From 2010–2012 he 
also held the Endowed Excellence in Teaching Chair at the 
University of California and was appointed the Si-Yuan 
Professor at the Institute for Advanced Study, Hong Kong 
University of Science and Technology in 2014. 

Uhlmann received a Sloan Research Fellowship in 1984 
and a Guggenheim Fellowship in 2001. Also in 2001, he was 
elected a corresponding member of the Chilean Academy 
of Sciences and, in 2013, a Foreign Member of the Finnish 

Academy of Sciences. He was elected to the American Acad-
emy of Arts and Sciences in 2009 and became a Fellow of 
the Society for Industrial and Applied Mathematics (SIAM) 
in 2010. He was an invited speaker at the International Con-
gress of Mathematicians in Berlin in 1998 and a plenary 
speaker at the International Conference on Industrial and 
Applied Mathematics (ICIAM) in Zurich in 2007. He gave 
the AMS Einstein Lecture in 2012, a plenary lecture at the 
International Congress of Mathematical Physics in 2015, 
and a plenary lecture at the 2016 Latin American Congress 
of Mathematics. He was Clay Senior Scholar at MSRI in 
2010 and 2019 and Chancellor Professor at University of 
California, Berkeley, in 2010. Uhlmann was awarded the 
AMS Bôcher Prize in 2011, the SIAM Kleinman Prize in 
2011, and the Solomon Lefschetz Medal by the Mathemat-
ical Council of the Americas in 2017.

Response from Gunther Uhlmann
I would like to thank the AMS and SIAM for the great honor 
of being named the recipient of the 2021 George Birkhoff 
Prize in Applied Mathematics. Several of the previous recip-
ients of the award are some of my mathematical heroes. I 
would like to also thank my collaborators and my graduate 
students and postdocs who have enriched my life both 
professionally and personally. 

Many people were very influential early in my career, 
and I can mention only a few. Nicolas Yus was my under-
graduate mentor in Chile, and I owe him my thanks for 
his great support and teaching. Warren Ambrose made it 
possible for me to go to graduate school at MIT, and he 
was a continuous source of support and encouragement, 
especially in my early years in the United States. Herbert 
Clemens also helped me to come to the United States, and 
he has been an example to emulate in my life. My PhD 
advisor Victor Guillemin taught me so much—he has a 
contagious enthusiasm for mathematics. Richard Melrose 
shared with me many times his great insight, and he has 

Gunther Uhlmann was awarded the 2021 George David Birkhoff Prize at the Annual Meeting of the AMS, held  
virtually January 6–9, 2021.

Gunther Uhlmann
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been a true friend. I met Alberto Calderón during my grad-
uate studies at MIT; he is one of my mathematical heroes, 
such an original mathematician. Norberto Kerzman was 
also very supportive and encouraging during my graduate 
studies, and we became friends. The year I was at Courant, 
I had the great fortune of meeting Louis Nirenberg. He 
taught me many things in mathematics and is one of the 
kindest people I have ever met—a wonderful role model for 
anybody to follow. I also treasured the friendship I started 
with Cathleen Morawetz during my stay at Courant. Most 
of all, I have had the unwavering support of my family, my 
late wife Carolina, my daughter Anita, and my son Eric. 
Without them this would not have been possible. Carolina 
would have been so proud. This prize is dedicated to our 
five grandchildren, Thomas, Eli, Louis, Charlie, and little 
Carolina. They are my joy.

About the Prize
The Birkhoff Prize recognizes outstanding contributions 
to applied mathematics in the highest and broadest sense 
and is awarded every three years. Established in 1967, the 
prize was endowed by the family of George David Birk-
hoff (1884–1944), who served as AMS President during 
1925–1926. The prize is given jointly by the AMS and the 
Society for Industrial and Applied Mathematics (SIAM). 
The recipient must be a member of one of these societies 
and a resident of the United States, Canada, or Mexico. The 
prize carries a cash award of US$5,000.

The recipient of the Birkhoff Prize is chosen by a joint 
AMS-SIAM selection committee.  For the 2021 prize, the 
members of the selection committee were:

 • Douglas N. Arnold
 • Aaron L. Fogelson
 • Irene M. Gamba (Chair)

The complete list of recipients of the Birkhoff Prize 
can be found at https://www.ams.org/prizes-awards 
/pabrowse.cgi?parent_id=9. 

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=9
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=9
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FROM THE AMS SECRETARY

2021 Frank Nelson Cole 
Prize in Algebra

Citation
The Cole Prize in Algebra is 
awarded to Chenyang Xu. Xu 
is the leader of a group devel-
oping an algebraic theory of 
moduli for K-stable Fano varie- 
ties and working out a radically 
new approach to the singu-
larities of the minimal model 
program using K-stability. The 
prize is awarded in particular 
for the following papers: (1) 
C. Hacon, J. McKernan, and C. 
Xu, “Boundedness of Moduli of 

Varieties of General Type,” Journal of the European Mathemat-
ical Society 20 (2018); (2) C. Li, X. Wang, and C. Xu, “On 
the Proper Moduli Spaces of Smoothable Ka̋hler-Einstein 
Fano varieties,” Duke Mathematical Journal 168 (2019); (3) 
H. Blum and C. Xu, “Uniqueness of K-Polystable Degener-
ations of Fano Varieties,” Annals of Mathematics 190 (2019); 
(4) C. Xu, “A Minimizing Valuation Is Quasi-Monomial,” 
Annals of Mathematics 191 (2020); and (5) J. Alper, H. 
Blum, D. Halpern-Leistner, and C. Xu, “Reductivity of the 
Automorphism Group of K-Polystable Fano Varieties,” 
Inventiones Mathematicae 222 (2020).

Xu’s single-authored paper, “A Minimizing Valuation Is 
Quasi-Monomial,” proves a conjecture of Jonsson and Mus-
tată on log canonical thresholds and also a conjecture of 
Li on normalized volumes. In a series of papers with many 
different coauthors (in particular, the papers “Boundedness 
of Moduli of Varieties of General Type” with Hacon and 
McKernan and “Uniqueness of K-Polystable Degenerations 
of Fano Varieties” with Blum), new, powerful methods were 
introduced, and they established a general framework for 
moduli of K-stable Fano varieties and gave detailed de-
scriptions in many cases. This opens up a completely new 
area of moduli theory, which earlier was assumed to apply 

only to general type and Calabi–Yau varieties. This can be 
viewed as a vast expansion of the minimal model program 
initiated by Mori.

Biographical Sketch
Chenyang Xu was born in Chongqing, China, in 1981. He 
did his undergraduate studies at Peking University and his 
graduate studies at Princeton University with János Kollár. 
He held a postdoctoral position at the Massachusetts Insti-
tute of Technology. Xu was hired as a junior faculty member 
of the University of Utah in 2011. Then he joined the Beijing 
International Center for Mathematical Research at Peking 
University in 2012 and was promoted to a professor there 
in 2013. In 2018, he moved to the Massachusetts Institute 
of Technology, and in 2020 he became a professor at Prince-
ton University. Xu’s main research area is the birational 
geometry of higher dimensional algebraic varieties, and he 
also likes to explore its connections to other fields.

Response from Chenyang Xu
Constructing moduli spaces to parametrize objects has 
always been one of the most powerful tools in algebraic 
geometry. D. Mumford settled the case in dimension 
one for curves. This was later vastly generalized to higher 
dimension to parametrize varieties with a negative Chern 
class, via the Kollár–Shepherd–Barron program, which has 
been an intellectual engine in higher dimensional geometry 
since the late 80s, whose development intertwines with the 
minimal model program started by S. Mori.

It has been mysterious to algebraic geometers for a very 
long time how to construct a moduli space for varieties 
with a positive Chern class. Such varieties are called Fano 
varieties, named after the Italian mathematician G. Fano. 
After a period of experimental searching, it has eventu-
ally become clear that one can investigate the notion of  
K-stability defined by G. Tian and S. Donaldson to cap-
ture the existence of Kähler–Einstein metric, using the  

Chenyang Xu was awarded the 2021 Frank Nelson Cole Prize in Algebra at the Annual Meeting of the AMS, held 
virtually January 6–9, 2021.

Chenyang Xu
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machinery from higher dimensional geometry, and build 
up a new field—the algebraic K-stability theory of Fano 
varieties. Then the moduli space of Fano varieties comes out 
of the theory, as the best reward. Under the local-to-global 
philosophy, one could expect a local K-stability theory for 
singularities, and such expectation is fulfilled by studying 
the geometry of the minimizer of the normalized volume 
function on the valuation space of a singularity, a picture 
far outside the scope of the traditional higher dimensional 
geometry.

I’m very glad that the committee recognized the field, 
and I feel profoundly honored that they chose me to 
represent the area. It is still a relatively new area, and I 
am very happy to see that there have been a number of 
young brilliant mathematicians working on it. I hope that 
the recognition by the Frank Nelson Cole Prize will spur 
further activities.

The Cole Prize gives me the precious opportunity to 
acknowledge the invaluable aid I have received from 
others. I would like to thank my advisor J. Kollár, who 
shaped my thinking of the moduli of higher dimensional 
varieties. I would like to thank C. Hacon and J. McKernan; 
through our collaborations I learned tremendously about 
the minimal model program. I also want to thank all my 
collaborators on this topic whom the recognition should 
also be associated with, especially C. Li and X. Wang, for 
suffering the pain together earlier when it was not clear to 
which direction the subject would move; as well as J. Alper, 
H. Blum, D. Halpern-Leistner, Y. Liu, and Z. Zhuang, for 
their energy and ideas in our joint works. I want to thank 
Peking University, MIT, and Princeton University for pro-
viding me a wonderful environment to accomplish the 
research. Finally, I want to thank my family, especially my 
wife Xiaoyu, for her constant support. 

About the Prize
The Cole Prize in Algebra is awarded every three years for 
a notable research memoir in algebra that has appeared 
during the previous six years. The awarding of this prize 
alternates with the awarding of the Cole Prize in Number 
Theory, also given every three years. 

These prizes were established in 1928 to honor Frank 
Nelson Cole (1861–1926) on the occasion of his retirement 
as secretary of the AMS after twenty-five years of service. He 
also served as editor-in-chief of the Bulletin for twenty-one 
years. The Cole Prize carries a cash award of US$5,000. 

The Cole Prize in Algebra is awarded by the AMS Council 
acting on the recommendation of a selection committee. 
For 2021 the members of the selection committee were:

 • Alex Eskin
 • Robert M. Guralnick, Chair
 • Karen Vogtmann

A list of the past recipients of the Cole Prize in Algebra 
can be found at https://www.ams.org/prizes-awards 
/pabrowse.cgi?parent_id=14.

Credits
Photo of Chenyang Xu is by Allegra Boverman.

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=14
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=14
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2021 Levi L. Conant  
Prize

Citation
The 2021 Levi. L. Conant prize 
is awarded to Dan Margalit for 
the article “The Mathematics 
of Joan Birman,” Notices of the 
American Mathematical Society 
66 (2019), 341–353. 

Joan Birman’s work spans 
several interconnected areas of 
algebra, low-dimensional ge-
ometry, topology, and dynam-
ics. She has made key contribu-
tions and opened up new areas 
of research in many directions, 

from braid groups to geometrization and Lorenz attrac-
tors. Her work underpinned two Fields medals (Jones and 
Mirzakhani) and set the stage for the acclaimed work of 
Johnson (on Torelli groups) and Ghys (on Lorenz knots). 
Her work continues to be hugely influential to this day.

Margalit’s article, in just ten pages, conveys the breadth 
and depth of her mathematics. It starts with basic objects 
in low-dimensional topology (knots, braids, surfaces, and 
3-manifolds), introducing them in an accessible man-
ner and using elementary motivating problems (how to 
distinguish two knots) as a vehicle for introducing larger 
questions and more advanced areas of research (e.g., the 
subtleties of the conjugacy problem for braid groups). The 
author identifies the common themes and interconnections 
among these objects.

Birman’s best known and most cited works are included 
here, along with interesting yet often overlooked details 
about them, such as the fact that her classic text Braids, 
Links, and Mapping Class Groups contains the first complete 
proof of what is known as Markov’s Theorem. The article 
also highlights some of Birman’s key contributions that are 
perhaps less widely known, such as her work with Williams 
on Lorenz attractors and its connections with Thurston’s 

theory of 3-manifolds. The illustrations (by David Dumas, 
Shane Scott, and Thierry Dugnolle) are well chosen, help-
ful, and intuitive.

Margalit’s portrait of Birman shows a visionary math-
ematician who was often ahead of her time, forged her 
own paths, and followed “her own vision, interests, and 
curiosity” while simultaneously building bridges across 
disciplines through highly productive collaborations. The 
author takes a long view, highlighting the significance of 
Birman’s work in ways that are only possible in a major 
retrospective. He chooses to provide an overview of Bir-
man’s career that focuses exclusively and deservedly on 
her mathematics rather than on her nontraditional career 
trajectory. He tells a coherent and engaging mathematical 
story, offering a broad perspective on these topics, but also 
bringing a highly detailed knowledge of them to the front 
as needed. Readability and accessibility are never compro-
mised, so that the article could also serve as an excellent 
introduction to a wide variety of topics in these areas of 
mathematics.

Biographical Sketch
Dan Margalit grew up in Flanders, New Jersey, the son of 
two Israeli immigrants. He received his ScB in Mathematics 
from Brown University in 1998 and his PhD in Mathemat-
ics from the University of Chicago in 2003 under the direc-
tion of Benson Farb. He was on the faculty at the University 
of Utah and Tufts University before coming to Georgia 
Institute of Technology, where he became professor in 2016. 
Margalit’s mathematical interests generally fall under the 
heading of geometric group theory, with particular focus 
on surfaces, braids, and complex dynamics.

Margalit is on the editorial boards at Algebraic and Geo-
metric Topology and Advances in Mathematics. He has written 
a book, A Primer on Mapping Class Groups, with Benson Farb, 
has coedited a book, Office Hours with a Geometric Group 

Dan Margalit was awarded the 2021 Levi L. Conant Prize at the Annual Meeting of the AMS, held virtually  
January 6–9, 2021.
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FROM THE AMS SECRETARY

April 2021  Notices of the AmericAN mAthemAticAl society   615

Theorist with Matt Clay, and has written an online textbook, 
Interactive Linear Algebra, with Joe Rabinoff.

Margalit received a Sloan Research Fellowship in 2009 
and a National Science Foundation CAREER Award in 
2010. In 2016, he was the inaugural recipient of the Leddy 
Family Faculty Fellowship in the Georgia Tech College of 
Sciences. Margalit was elected as a Fellow of the Ameri-
can Mathematical Society in 2019 “for contributions to 
low-dimensional topology and geometric group theory, 
exposition, and mentoring.”

Margalit’s interests outside of mathematics include gui-
tar, hiking, and juggling. He is married to Kathleen Margalit 
and they have two children, Lily and Simon. 

Response from Dan Margalit
I am honored to receive the 2021 Levi L. Conant Prize. I 
would like to thank the AMS for recognizing my article 
with this award. I would also like to thank Dorothy Buck 
and Erica Flapan for inviting me to write the article for the 
Notices.

I am grateful to David Dumas and Shane Scott for the 
illustrations that they made. I would also like to thank Tara 
Brendle, Benson Farb, Justin Lanier, and Kevin Wortman 
for their invaluable feedback and suggestions, which greatly 
improved the quality of the article.

I first met Joan Birman in March 2002 at an AMS Spe-
cial Session at the University of Michigan. She introduced 
herself and told me that she had missed my talk. She said 
that she heard it was good, and so she wanted to know if I 
would like to visit her at Columbia to speak in their topol-
ogy seminar. This was a pivotal moment in my career. That 
such an esteemed mathematician took interest in my work 
gave me confidence and hope that I did not have before.

I met Joan at many conferences afterward, and often I 
spotted her encouraging another young mathematician 
during the breaks between talks. While my article was about 
the impact of Joan’s mathematical work, her humanity to-
ward the younger generations of mathematicians has had 
an equally important and far-ranging impact.

Eventually, Joan and I became close colleagues and fre-
quent travel partners, sharing a train to Aarhus, an airport 
shuttle to Banff, a car ride to the University of Georgia, 
and on and on. Through our conversations about family, 
politics, our careers, our shared religion, and (of course) 
mathematics, we developed a deep kinship. As a close 
friend, I am especially honored and grateful to have been 
able to shed more light on her remarkable career.

I have been lucky to have had mentor/friends like Joan 
throughout my journey as a mathematician. Thomas Ban-
choff, my undergraduate mentor, showed me the beauty 
and wonder of mathematics. Benson Farb, my graduate ad-
visor, is a constant source of inspiration, mathematical and 
otherwise. Mladen Bestvina, my postdoc advisor, expanded 
my abilities and horizons in many ways. I am grateful to 
all of my mentors for believing in me, caring for me, and 
investing in me.

To close, I would like to thank my family. My parents, 
Batya and Zamir, sacrificed endlessly so their children could 
realize their dreams. My brother, Ron, and my sister, Thalia, 
are constant sources of love, support, and direction. Finally, 
my wonderful wife, Kathleen, and our two beautiful chil-
dren, Lily and Simon, support me with love and provide 
me with purpose. I love you and am grateful to you all.

About the Prize
The Levi L. Conant Prize is awarded annually to recognize 
an outstanding expository paper published in either the 
Notices of the AMS or the Bulletin of the AMS in the preced-
ing five years. 

Established in 2001, the prize honors the memory of 
Levi L. Conant (1857–1916), who was a mathematician 
at Worcester Polytechnic Institute. The prize carries a cash 
award of US$1,000. 

The Conant Prize is awarded by the AMS Council acting 
on the recommendation of a selection committee. The 
selection committee members for the 2021 Conant Prize 
were:

 • Frank Calegari
 • Izabella J. Laba, Chair
 • Rafe Mazzeo 

A list of the past recipients of the Levi L. Conant Prize 
can be found at https://www.ams.org/prizes-awards 
/pabrowse.cgi?parent_id=29.

Credits
Photo of Dan Margalit is courtesy of Joseph Rabinoff.

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=29
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=29
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2021 Mary P. Dolciani 
Prize

Citation
The Mary P. Dolciani Prize 
for Excellence in Research is 
awarded to Amanda L. Folsom, 
professor of mathematics at 
Amherst College, for her out-
standing record of research in 
analytic and algebraic number 
theory, with applications to 
combinatorics and Lie theory, 
for her work with undergradu-
ate students, and for her service 
to the profession, including her 
work to promote the success of 

women in mathematics.
Folsom’s research centers around the theory of mock 

modular forms and their relatives. Classical modular forms 
are complex functions on the upper half plane that have an 
invariance property under the action of the modular group; 
it was a profound study of their relationship to number 
theory that led to the proof of Fermat’s Last Theorem. Mock 
modular forms have their roots in the work of Ramanujan, 
who proposed a number of functions that were “almost” 
invariant like a “real” modular form, but not quite. While 
Ramanujan didn’t formally define “mock modular forms,” 
over the past few decades, the work of many mathemati-
cians has clarified the relationship of mock modular forms 
to more classical objects, while at the same time general-
izing them and highlighting the important combinatorial 
implications of the theory. Folsom has played a key role 
in this program, showing, with a variety of collaborators, 
how the theory of mock modular forms and their general-
izations yields insights in situations as diverse as the rep-
resentation theory of vertex algebras and Lie superalgebras, 
convex geometry, and a variety of combinatorial problems 
such as counting unimodal sequences of integers.

Folsom is an active collaborator with undergraduates, 
successfully bringing students into her research field, and 
has coauthored five papers with thirteen undergraduate 
coauthors. Folsom is also a dedicated expositor, working 
to explain her research field as well as aspects of the math-
ematical profession to a more general audience through 
articles in journals such as the Notices of the American Math-
ematical Society and Philosophical Transactions of the Royal 
Society A. She has twice been a research advisor and coedited 
a volume for the Women in Numbers workshops at Banff. 
She currently serves as Department Chair of Mathematics 
and Statistics at Amherst. 

Biographical Sketch
Amanda L. Folsom received her PhD in mathematics in 
2006 from the University of California at Los Angeles under 
the supervision of William Duke. She held postdoctoral 
positions at the Max Planck Institute for Mathematics and 
the University of Wisconsin-Madison between 2007 and 
2010 and joined the mathematics faculty at Yale University 
in 2010. Folsom has been a mathematics faculty member 
at Amherst College since 2014. She has held temporary 
visiting positions at the Max Planck Institute for Mathe-
matics and the Institute for Advanced Study. She was the 
recipient of an NSF Career Award from 2013–2019, and 
in 2018–2019, she was named a Simons Fellow in Math-
ematics. She has published over forty research articles on 
different aspects of the theory of modular forms, most 
notably on harmonic Maass forms, mock modular forms, 
and quantum modular and Jacobi forms. These papers have 
appeared in some of the most important international jour-
nals in number theory, including Compositio Mathematica, 
Acta Arithmetica, Crelle’s Journal, and the Journal of Number 
Theory. Her book Harmonic Maass Forms and Mock Modular 
Forms: Theory and Applications, written with Kathrin Bring-
mann, Ken Ono, and Larry Rolen, won the PROSE Award 
from the Association of American Publishers as the Best 

Amanda L. Folsom

Amanda L. Folsom was awarded the 2021 Mary P. Dolciani Prize at the Annual Meeting of the AMS, held virtually 
January 6–9, 2021.
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Scholarly Book in Mathematics of 2018. She serves on the 
editorial boards of the Proceedings of the American Mathe-
matical Society, the Journal of Number Theory, and Research in 
Number Theory. She has twice been a von Neumann Fellow 
at the Institute for Advanced Study in Princeton, received 
a Simons Fellowship, and has received multiple NSF in-
dividual investigator awards, including a CAREER award.

Response from Amanda L. Folsom
I am truly honored and grateful to receive the 2021 Mary P. 
Dolciani Prize for Excellence in Research. Thank you to the 
American Mathematical Society and to the Mary P. Dolciani 
Halloran Foundation for establishing this prize and for 
recognizing mathematics research at non-PhD-granting 
institutions. There are many mathematicians deserving 
of this recognition. I sincerely thank all of my wonderful 
colleagues in the Mathematics and Statistics Department at 
Amherst College. I am very grateful to work both at a college 
and in a department that are supportive in general and of 
research specifically. There are many people in the profes-
sion who have helped me throughout my career, and I am 
thankful to all of them. In particular, I would like to thank 
my PhD advisor Bill Duke and my postdoctoral mentor 
Ken Ono for years of mentorship, teaching, support, and 
advice. Thank you to all of my coauthors, including my 
student coauthors, who I am always learning from. I am 
also grateful for support provided by the National Science 
Foundation during my career. Finally, thank you to my 
family for their constant support.

About the Prize
The Mary P. Dolciani Prize is awarded by the AMS Council 
acting on the recommendation of a selection committee. 
The members of the committee to select the 2021 winner 
of the Mary P. Dolciani Prize were: 

 • Linda Chen
 • Jeremy T. Teitelbaum
 • Ismar Volic

The AMS Mary P. Dolciani Prize for Excellence in Re-
search recognizes a mathematician from a department that 
does not grant a PhD who has an active research program 
in mathematics and a distinguished record of scholarship. 
It is funded by a grant from the Mary P. Dolciani Halloran 
Foundation. Mary P. Dolciani Halloran (1923–1985) was 
a gifted mathematician, educator, and author. She devoted 
her life to developing excellence in mathematics education 
and was a leading author in the field of mathematical text-
books at the college and secondary school levels.

The winner of the inaugural Dolciani Prize (2019) was 
Stephan Ramon Garcia. 

Credits
Photo of Amanda L. Folsom is © Amherst College.
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FROM THE AMS SECRETARY

2021 Ulf Grenander  
Prize

Citation
The Ulf Grenander Prize in Sto-
chastic Theory and Modeling is 
awarded to Michael I. Jordan 
for foundational contributions 
to machine learning, especially 
unsupervised learning, proba-
bilistic computation, and core 
theory for balancing statistical 
fidelity with computation.

Machine learning (ML) has 
emerged as one of the high-
est-impact areas of computer 
science in the 21st century, and 

it has become nearly synonymous with modern artificial 
intelligence (AI). Michael I. Jordan has played a significant 
role in bringing ML from infancy to where it is today. Since 
the 1990s, he has been one of the foremost intellectual 
leaders of the field, developing numerous important new 
theories and methods that link AI, statistics, optimization, 
and computation. His work has provided the foundational 
building blocks for modern machine learning and has 
paved the way for both its current successes and its future. 

One of Jordan’s core contributions to ML is the devel-
opment of the field of unsupervised learning. In his hands 
it has moved from a collection of unrelated algorithms 
to an intellectually coherent field—one largely based on 
probabilistic inference—that can be used to solve real- 
world problems. Unsupervised learning dispenses with 
the labels and reinforcement signals of the other main 
branches of machine learning, developing algorithms that 
reason backward from data to the patterns that underlie 
its generative mechanisms. Working from the general per-
spective of stochastic modeling and Bayesian inference, 
Jordan augmented the classical analytical distributions 
of Bayesian statistics with computational entities having 
graphical, combinatorial, temporal, and spectral structure. 

Furthermore, making use of ideas from convex analysis 
and statistical physics, he developed new methods for 
approximate inference that exploited these structures. The 
resulting algorithms, which are called variational inference, 
are now a major area of ML and the principal engine behind 
scalable unsupervised learning. Jordan’s general approach 
to unsupervised learning gave birth to latent Dirichlet allo-
cation, hierarchical Dirichlet processes, kernel independent 
component analysis, factorial hidden Markov models, 
multiple kernel learning, DP-means, and distance metric 
learning—all topics developed by Jordan and his students, 
and all topics which have become textbook material in 
unsupervised learning, with thousands of applications in 
science and technology.

Jordan has also made significant contributions to many 
of the other important methodologies of ML, such as neural 
networks, reinforcement learning, and dimensionality re-
duction. He is known for prescient early work on recurrent 
neural networks, for the first rigorous theory of convergence 
of Q-learning (the core dynamic-programming-based 
framework that underlies reinforcement learning), and for 
his work on “classification-calibrated loss functions,” which 
provides a general theory of classification that encompasses 
boosting and the support vector machine. In more recent 
years, Jordan has turned his attention to optimization 
theory and Monte Carlo sampling, focusing on nonconvex 
optimization and sampling in high-dimensional spaces. 
Overall, the research accomplishments of Michael I. Jordan 
have been broader than any specific technique; rather, they 
go to the core of what it means for a real-world system to 
learn, and they herald the emergence of machine learning 
as a science. 

Michael I. Jordan has been an intellectual leader in 
machine learning for more than twenty years. Throughout 
his career, he has pursued a general agenda of reworking 
core statistical theory to encompass computational con-
cepts, reworking core computational theory to encompass 

Michael I. Jordan

Michael I. Jordan was awarded the 2021 Ulf Grenander Prize in Stochastic Theory and Modeling at the Annual Meeting 
of the AMS, held virtually January 6–9, 2021.
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statistics, and bringing both these concepts to bear on the 
study of the foundations of machine learning. 

Biographical Sketch
Michael I. Jordan is the Pehong Chen Distinguished Pro-
fessor in the Department of Electrical Engineering and 
Computer Science and the Department of Statistics at the 
University of California, Berkeley. He received his PhD in 
cognitive science in 1985 from the University of California, 
San Diego. His research interests bridge the computational, 
statistical, cognitive, and  biological sciences. He is known 
for his work on variational inference, topic models, Bayes-
ian nonparametrics, reinforcement learning, convex and 
nonconvex optimization, distributed computing systems, 
and game-theoretic learning. He is a member of the Na-
tional Academy of Sciences and a member of the National 
Academy of Engineering. He has been named a Neyman 
Lecturer and a Medallion Lecturer by the Institute of Math-
ematical Statistics, and he has given a Plenary Lecture at the 
International Congress of Mathematicians. He received the 
IEEE John von Neumann Medal in 2020, the IJCAI Research 
Excellence Award in 2016, the David E. Rumelhart Prize 
in 2015, and the ACM/AAAI Allen Newell Award in 2009.

Response from Michael I. Jordan
My career had its origins in the fields of cognitive psy-
chology and philosophy, where, inspired by logicians 
such as Bertrand Russell, I was drawn to the problem of 
finding mathematical expression for aspects of human 
intelligence, including reasoning and learning. Eventually 
my work began to take mathematical shape in the study 
of relationships between computation and inference, 
where again I found myself in debt to pioneers of the past 
century, including von Neumann, Kolmogorov, Neyman, 
Wald, Turing, Blackwell, and Wiener. The problems that 
have fascinated me have revolved around how humans and 
machines can make good decisions based on uncertain data 
and do so in a computationally efficient, real-time manner. 
In studying such problems, I’ve made use of a wide range 
of mathematics, including convex analysis, variational 
analysis, stochastic differential equations, symplectic in-
tegration, partial differential equations, graph theory, and 
random measures. It’s been exciting to uncover some of the 
algorithmic consequences of the mathematical structures 
studied in these fields, while working within the overall 
framework of inferential statistics. 

My first decade as a professor took place at MIT, and 
I was well aware of the nearby presence at Brown of Ulf 
Grenander and his “pattern theory” school, including 
the friendly and stimulating welcome to be found in that 
school from mathematicians such as Stuart Geman and 
David Mumford. In accepting this award, I wish to indicate 
my delight and honor to be associated with such individ-
uals and with the intellectual tradition of Grenander’s 
pattern theory.

 About the Prize
The Grenander Prize, established in 2017 in honor of Ulf 
Grenander (1923–2016), recognizes exceptional theoret-
ical and applied contributions in stochastic theory and 
modeling. It is awarded for seminal work, theoretical or 
applied, in the areas of probabilistic modeling, statistical 
inference, or related computational algorithms, especially 
for the analysis of complex or high-dimensional systems. 
Grenander was an influential scholar in stochastic pro-
cesses, abstract inference, and pattern theory. He published 
landmark works throughout his career, notably his 1950 
dissertation, Stochastic Processes and Statistical Inference, at 
Stockholm University, Abstract Inference, his seminal Pattern 
Theory: From Representation to Inference, and General Pattern 
Theory. A long-time faculty member of Brown University’s 
Division of Applied Mathematics, Grenander was a Fellow 
of the American Academy of Arts and Sciences and the 
National Academy of Sciences and was a member of the 
Royal Swedish Academy of Sciences.

The members of the 2021 Committee to Select the Win-
ner of the Ulf Grenander Prize were:

 • Guillaume Bal
 • Paul G. Dupuis
 • Gitta Kutyniok 

The winner of the inaugural Grenander Prize (2018) 
was Judea Pearl.

Credits
Photo of Michael I. Jordan is courtesy of Justin Bettman.
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FROM THE AMS SECRETARY

2021 Frank and Brennie 
Morgan Prize for 

Outstanding Research 
in Mathematics by an 

Undergraduate Student

Citation
The recipients of the 2021 AMS-
MAA-SIAM Frank and Brennie 
Morgan Prize for Outstand-
ing Research in Mathematics 
by an Undergraduate Student 
are Ashwin Sah and Mehtaab 
Sawhney, both of the Massa-
chusetts Institute of Technol-
ogy. The award recognizes the 
duo’s groundbreaking results 
across a broad range of top-
ics in combinatorics, discrete 
geometry, and probability. 
Working alongside one an-
other, Sah and Sawhney set-
tled long-standing conjectures 
and improved results by estab-
lished mathematicians. They 
have “solved several significant 
open problems and developed 
new techniques while working 
on exciting and central areas 
in the field.” Combined, they 
have authored thirty papers 
(eleven of these together) and  

published in top journals, including Inventiones Mathemati-
cae, Advances in Mathematics, Mathematical Proceedings of the 
Cambridge Philosophical Society, the Journal of Combinatorial 
Theory Series B, and Combinatorica. This is the first award to 
coauthors of joint work in the Morgan Prize history. The 
two were chosen from an especially strong slate of candi-
dates due to the “quality and quantity [of their] collective 
work.” The committee considered that, while each inde-
pendently would be top contenders for the prize, as a team 
they have contributed significantly more to mathematical 
scholarship, which should be lauded. Their expansive list 
of coauthors, including many other impressive young 
mathematicians, is an excellent example of the enormous 
benefit of collaboration in mathematics.

The pair were recognized with Honorable Mention last 
year (along with D. Stoner). Since then, they have produced 
numerous additional significant results, including the “re-
cent improvement of Sah of the best known upper bound 
for the diagonal Ramsey numbers,” making progress on 
what is “arguably the most famous problem in extremal 
combinatorics.” Their joint work on “local limit theorems 
for subgraph counts” extends the previous results of Gilmer, 
Kopparty, and Berkowitz and provides counterexamples to 
the conjectures of Fox, Kwan, and Sauermann. This is an 
“important and technically challenging problem, which 
was not even solved [in the simplest case] until about five 
years ago.” 

Ashwin Sah

Ashwin Sah and Mehtaab Sawhney were awarded the AMS-MAA-SIAM Frank and Brennie Morgan Prize for Outstand-
ing Research in Mathematics by an Undergraduate Student at the 2021 Annual Meeting of the AMS, held virtually 
January 6–9, 2021.

Mehtaab Sawhney
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Duluth REU, who have each been instrumental in our 
mathematical endeavors. Professor Yufei Zhao has been 
an exceptionally kind and generous mentor for both of us 
for the past three years, and it has truly been a pleasure to 
interact with him closely over this time period. In partic-
ular, he has spent a great deal of time teaching us how to 
become better mathematicians and how to communicate 
our results. Professor Gallian introduced us to an amazing 
community of peers and mentors, informally known as 
“Duluthians,” and the summers we each spent at the Du-
luth REU were incredibly enjoyable due in large part to his 
passion and expert guidance.

We would further like to thank a number of joint col-
laborators, including David Stoner, Vishesh Jain, and Ross 
Berkowitz.

Ashwin Sah would like to thank his older brother Varun 
for support in all his pursuits and to thank Dr. John Gor-
man for playing a key role in guiding him toward higher 
mathematics. He also thanks Professor Ken Ono and Pro-
fessor Jesse Thorner for their mentorship and support at 
the 2019 Emory REU.

Mehtaab Sawhney would like to thank Mr. Robert 
Minott, Mrs. Barbara Gerson, and Mr. Richard Kurtz for 
helping cultivate an interest in mathematics and research 
more broadly. He also thanks Dr. Per Alexandersson and 
Professor Jonathan Weed for their mentorship in his initial 
steps into research, especially in their guidance regarding 
how to broadly approach mathematical research.

Finally, and most importantly, we would each indi-
vidually like to thank our parents for their incredible 
support and encouragements along all our mathematical 
adventures.

Citation for Honorable Mention: Noah Kravitz
Noah Kravitz of Yale University is recognized with an 
Honorable Mention for the 2021 Frank and Brennie Mor-
gan Prize for Outstanding Research in Mathematics by an 
Undergraduate Student. He has nine papers published, 
many single authored, in top journals such as the Journal 
of Number Theory, Discrete Mathematics, the Journal of Fourier 
Analysis and Applications, and Integers. He has made signifi-
cant progress on “very central and well-studied problems,” 
including the Small Ball Inequality—where he improved 
upon the current understanding of the problem by lead-
ing experts in the field—and the Lonely Runner Conjec-
ture—where he “discovered an unexpected rigidity in the 
problem.” Additionally, he has developed an asymptotic 
theory of difference bases and shown that the problem is 
completely equivalent to a problem in Real Analysis using a 
“very sophisticated mixture of combinatorial, probabilistic 
and analytical arguments.”

In a joint paper with Zhao on “Cayley Graphs without 
a Bounded Eigenbasis,” they extend a result from Naor in 
spectral graph theory from abelian groups to “not neces-
sarily abelian” groups. In the study of graph limits (with 
Tidor and Zhao), they found a counterexample to several 
conjectures of Bollobás and Riordan aimed toward extend-
ing the theory of graph limits to the sparse regime. 

These “appealing conjectures had stood open for more 
than ten years, but their short, elegant counterexample had 
escaped many of the leading researchers in the area.” The 
research of Sah and Sawhney is both deep and broad, “tack-
ling questions at the very forefront of current research, yet 
extending across the entire gamut of modern combinator-
ics,” with significant contributions to extremal graph the-
ory, graph limits, additive combinatorics, Ramsey theory, 
algebraic combinatorics, combinatorial geometry, random 
graphs, and random matrix theory. They have demonstrated 
a “significant amount of ingenuity, originality and technical 
ability,” resulting in a research record which is “extremely 
rare for undergraduate students.”

Biographical Sketch: Ashwin Sah
Ashwin Sah was born and raised in Portland, Oregon. In 
high school, he won a gold medal at the 2016 International 
Mathematical Olympiad as a member of the winning US 
team. Ashwin is currently a graduate student studying 
mathematics at the Massachusetts Institute of Technology. 
Other than combinatorics, Ashwin is also interested in 
pursuing analytic number theory, Fourier analysis, and 
random matrix theory. Beyond math, Ashwin spends his 
time helping organize math contests and participating in 
the effective altruism community. He is also interested in 
economics, game theory, and artificial intelligence.

Biographical Sketch: Mehtaab Sawhney
Mehtaab Sawhney grew up in Commack, New York.  
Mehtaab is currently a graduate student studying mathe-
matics at the Massachusetts Institute of Technology. In ad-
dition to combinatorics, Mehtaab is interested in statistics, 
probability, and random matrix theory. Outside of math, 
Mehtaab enjoys playing table tennis, playing Texas Hold 
’Em and Pot Limit Omaha, and watching classic movies. 
He is also interested in economics, theoretical machine 
learning, and finance.

Response from Ashwin Sah 
and Mehtaab Sawhney
It is a tremendous honor to receive the 2021 Frank and 
Brennie Morgan Prize. We extend our deepest gratitude 
toward Mrs. Morgan and the AMS, MAA, and SIAM for 
promoting and supporting undergraduate mathematical 
research. We would also like to sincerely thank two of 
our research mentors, Professor Yufei Zhao from the MIT 
math department and Professor Joseph Gallian from the 
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Biographical Sketch
Noah Kravitz was born and raised in Washington, DC, 
where he attended Georgetown Day School. In 2020, he 
graduated from Yale University summa cum laude and ju-
nior Phi Beta Kappa with Exceptional Distinction in both 
of his majors, Mathematics and Near Eastern Languages 
and Civilizations. His two senior theses treated the Lonely 
Runner Problem and the development of medieval Arabic 
number theory, respectively. Noah is now pursuing a PhD 
in mathematics at Princeton University. He has broad in-
terests in combinatorics and adjacent fields, and recently 
he has been particularly drawn to combinatorial problems 
with an additive or number-theoretic flavor. 

Noah was interested in mathematics from a young age 
and participated in local mathematics competitions in high 
school. His first foray into mathematical research came 
during his freshman year at Yale, and he learned more about 
the research process when he attended the Research Experi-
ences for Undergraduates (REU) program at the University 
of Minnesota, Duluth, in the summer after his sophomore 
year. At Yale, Noah was an organizer and the chief problem 
writer for the Math Majors of America Tournament for High 
Schools and Girls in Math at Yale annual competitions for 
high school students. Noah is a US Presidential Scholar, a 
Goldwater Scholar, a National Science Foundation Gradu-
ate Research Fellow, and the winner of Yale’s Warren Prize 
(for high scholarship in the humanities). His nonmathe-
matical academic interests include languages, philology, 
philosophy, literary translation, and the history of science. 
Outside of academics, Noah plays the piano and the caril-
lon and enjoys long-distance running.

Response from Noah Kravitz
It is a great privilege to receive an Honorable Mention for 
the Morgan Prize. I would like to thank a few (but neces-
sarily not all) of the many people who helped me reach 
this point: Andy Lipps, my high-school calculus teacher, 
for teaching me about the possibilities of math beyond 
the classroom and taking the time to challenge me with 
a near-constant stream of interesting problems; Stefan 
Steinerberger, my adviser at Yale, for introducing me to 
mathematical research and providing sage advice, steady 
encouragement, and insightful ideas for research projects; 
Joe Gallian, for running a wonderful REU program and 
supporting me through my subsequent endeavors; Gil 
Kalai, for giving me the confidence to try my hand at hard 
open problems; my parents, for patiently listening to me 
talk about math, even at inopportune times; and my peers 
and research collaborators, for spending hours poring over 
problems and attempted solutions.

About the Prize
The Morgan Prize is awarded annually for outstanding 
research in mathematics by an undergraduate student (or 
students having submitted joint work). Students in Canada, 
Mexico, or the United States or its possessions are eligible 
for consideration for the prize. Established in 1995, the 
prize was endowed by Mrs. Frank (Brennie) Morgan of 
Allentown, Pennsylvania, and carries the name of her late 
husband. The prize is given jointly by the AMS, the Mathe-
matical Association of America (MAA), and the Society for 
Industrial and Applied Mathematics (SIAM) and carries a 
cash award of US$1,200.

Recipients of the Morgan Prize are chosen by a joint 
AMS-MAA-SIAM selection committee. For the 2021 prize, 
the members of the selection committee were:

 • Giuliana P. Davidoff
 • Tamas Forgacs
 • Nathan L. Gibson (Chair)
 • Wei Ho
 • Nathan Kaplan
 • Candice Price

A list of previous recipients of the Frank and Brennie 
Morgan Prize can be found at https://www.ams.org 
/prizes-awards/pabrowse.cgi?parent_id=39.

Credits

Photo of Ashwin Sah is courtesy of Ashwin Sah.
Photo of Mehtaab Sawhney is courtesy of Mehtaab Sawhney.

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=39
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=39
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2021 Bertrand Russell 
Prize

Citation
The 2021 Bertrand Russell Prize 
is awarded to Michel Wald-
schmidt in recognition of his 
outstanding contribution to 
graduate schools and mathe-
matical research in developing 
countries in all continents and 
of his sustained commitment 
to building bridges between 
mathematical communities 
around the world. Throughout 
his career, Waldschmidt has 

worked tirelessly to [aid] the development of graduate 
schools in tens of countries, both through lecturing and 
on advisory committees. Waldschmidt is a world expert in 
transcendental number theory and Diophantine approx-
imation. 

The Centre International de Mathématiques Pures et 
Appliquées (CIMPA), founded in France in 1978, is a 
nonprofit organization that promotes research in math-
ematics in developing countries. Located in Nice, it is a 
UNESCO Category 2 center. It organizes schools, courses, 
and funds fellowships for young researchers. This is exactly 
the mission to which Waldschmidt devoted an impressive 
portion of his time and professional life. Waldschmidt is 
an inspiring lecturer, and he mixes well with students and 
researchers wherever he goes. He understands very well the 
daily problems faced by researchers in developing countries 
and is able to deal with delicate situations in a positive 
and human way. Waldschmidt is very helpful and very 
dedicated. He is able to push and help local mathematical 
communities improve their research environment. As an 
example, he played an important role in making the Insti-
tut de Mathématiques et de Sciences Physiques (IMSP) in 
Benin an Emerging Regional Centre of Excellence (ERCE). 

The endless list of countries where Michel Waldschmidt 
gave service in the form of courses, series of lectures,  
organization of events, and work on advisory committees 
is truly impressive and the best testimony of his dedication:

 • Africa: Algeria, Benin, Cabo Verde, Congo, Ethio-
pia, Ghana, Ivory Coast, Kenya, Mali, Mauritania, 
Morocco, Senegal, South Africa

 • South America: Brazil
 • Asia: Bangladesh, Bhutan, Cambodia, India, Indo-

nesia, Iran, Iraq, Korea, Laos, Malaysia, Mongolia, 
Myanmar, Nepal, Pakistan, Philippines, Taiwan, 
Thailand, Vietnam

 • Middle East: Saudi Arabia, Syria, Turkey
 • Oceania: Papua New Guinea

Biographical Sketch
Michel Waldschmidt was born in 1946 in Nancy, France. He 
was Assistant in Bordeaux from 1968 until 1972, when he 
submitted his doctoral dissertation under the supervision 
of Jean Fresnel. He was appointed at Université Paris Sud 
for the academic year 1972–1973, and he taught at Univer-
sité Pierre et Marie Curie (Paris-VI, now Sorbonne Univer-
sity) from 1972 until 2012. He gave the Cours Peccot at the 
Collège de France (1976–1977). He was awarded the silver 
medal from Centre National de la Recherche Scientifique 
(CNRS) in 1978, the Marquet Prize of the French Academy 
of Science in 1980, and the 1986 Distinguished Award from 
the Hardy–Ramanujan Society, of which he has been an 
honorary fellow since 2006. He served as President of the 
Société Mathématique de France from 2001 to 2004 and 
as Deputy President of CIMPA from 2005 to 2009. He has 
been a member of the Committee for Developing Coun-
tries of the European Mathematical Society since 2011 and 
served as chair in 2013–2015. He is currently a member of 
the Commission for Developing Countries of the Interna-
tional Mathematical Union and chair of the Committee for 
Graduate Research Assistantships in Developing Countries 

Michel Waldschmidt was awarded the 2021 Bertrand Russell Prize at the Annual Meeting of the AMS, held virtually 
January 6–9, 2021.

Michel Waldschmidt
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(GRAID). He has published more than 190 research papers 
and has advised twenty-one PhD students. He is presently a 
member of the Commission of Developing Countries of the 
International Mathematical Union. He is Doctor Honoris 
Causa from Ottawa University. 

Response from Michel Waldschmidt
To succeed Christiane Rousseau, who received the inau-
gural 2018 Bertrand Russell Prize of the AMS, is an honor 
and a privilege for me. Among the various ways which are 
recognized with this prize are our understanding of climate 
change, which was the topic of the first prize related with 
Mathematics of Planet Earth, and education in developing 
countries, which is the topic of the second one. I am very 
grateful to the AMS for attracting attention to this issue. 

As a member of the CIMPA, of the EMS CDC (Com-
mittee for Developing Countries of the European Mathe-
matical Society), and of the IMU CDC (Commission for 
Developing Countries of the International Mathematical 
Union), I meet many colleagues who are committed to 
the improvement of mathematics in the least developed 
regions of the world. This prize is an encouragement for 
all of us to pursue.

There were mathematicians in ancient civilizations in 
many places. There are talents all over the world. It is unfair 
that, because of the location of their birth, so many bright 
young people are not able to develop their skills. Even if 
programs like the IMU Program for Graduate Research 
Assistantships in Developing Countries (GRAID) may be 
a drop of water to put out the fire, like in the Legend of the 
Hummingbird, let us do our bit.

 About the Prize
The Bertrand Russell Prize of the AMS was established in 
2016 by Thomas Hales. The prize looks beyond the con-
fines of the profession to research or service contributions 
of mathematicians or related professionals to promoting 
good in the world. It recognizes the various ways that math-
ematics furthers fundamental human values. Mathematical 
contributions that further world health, our understanding 
of climate change, digital privacy, or education in develop-
ing countries are some examples of the type of work that 
might be considered for the prize.

The members of the committee to select the winner of 
the Bertrand Russell Prize for 2021 were:

 • Melvyn B. Nathanson
 • Christiane Rousseau, Chair
 • David A. Vogan, Jr.

The inaugural Bertrand Russell Prize was awarded in 
2018 to Christiane Rousseau.

Credits
Photo of Michel Waldschmidt is courtesy of Michel  

Waldschmidt.
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2021 Ruth Lyttle 
Satter Prize

Citation
The 2021 Ruth Lyttle Satter 
Prize is awarded to Kaisa Ma-
tomäki for her work (much of 
it joint with Maksym Radziwiłł) 
opening up the field of mul-
tiplicative functions in short 
intervals in a completely un-
expected and very fruitful way, 
and in particular in their break-
through paper, “Multiplicative 
Functions in Short Intervals” 
(Annals of Mathematics 183 
2016, 1015–1056).

The Möbius function µ is a function from positive inte-
gers to 0, ±1 which sends n to (−1)k, where k is the number 
of prime factors of n if n is square free, and to 0 otherwise. 
It is a basic example of a multiplicative function, i.e., a 
function f on the positive integers satisfying f(ab) = f(a)
f (b) whenever a and b are coprime. The Möbius function 
is intimately connected to the Riemann zeta function and 
to the distribution of prime numbers. For example, the 
prime number theorem (giving the asymptotic distribu-
tion of prime numbers) is equivalent to the nonvanishing 
of the Riemann zeta function on the line Re(s) = 1, which 
in turn is equivalent to the fact that the Möbius function 
asymptotically has mean zero on intervals of the form 
[x, 2x]. It is important to understand whether this mean 
zero behavior remains true on shorter intervals [x, x + h(x)], 
even for “most x”. In their 2016 Annals paper, described as a 
“stunning surprise” going well beyond what was commonly 
thought to be currently possible, Matomäki and Radziwiłł 
showed that for most x this was true as long as h(x) grew 
with x, however slowly. (Moreover, they proved a general 
result that holds for any real-valued bounded multiplicative 
function, not only for the Möbius function.) Previously, 
even assuming the Riemann hypothesis, such a result 

was only known for h growing like a power of log x. Their 
result has had a transformative effect on analytic number 
theory, opening up new lines of research and leading, for 
instance, to important progress on the Chowla conjecture 
and to Tao’s resolution of the Erdős discrepancy problem.

Biographical Sketch
Kaisa Matomäki was born in Nakkila, Finland, in 1985. 
She received her master’s degree at the University of Turku, 
Finland, in 2005 and her PhD at Royal Holloway, Univer-
sity of London, in 2009. Since 2008 she has worked at the 
University of Turku in different positions. Currently she 
is an Academy Research Fellow there. Matomäki received 
an EMS Prize in 2020, and together with her collaborator 
Maksym Radziwiłł she received the SASTRA Ramanujan 
Prize in 2016 and the New Horizons Prize in Mathemat-
ics in 2019. Matomäki and Radziwiłł were jointly invited 
speakers at ICM in 2018.

Response from Kaisa Matomäki
I am very honored and delighted to receive the Ruth Lyttle 
Satter Prize. It would not have been possible without my 
mentors and collaborators, to whom I am extremely grate-
ful. In early years my teachers Harri Ketamo and Merikki 
and Esa Lappi, as well as math contest trainers, made me ex-
cited about mathematics. My PhD supervisor Glyn Harman 
helped me to get a good start in my research career. Andrew 
Granville has helped and advised me in various ways. I want 
to thank all my collaborators—together one can do much 
more than alone. Special thanks go to Maksym Radziwiłł, 
with whom we have had several successful projects. Finally, 
I would like to thank my family, in particular my husband 
Pekka for all the love and support, and my children Touko, 
Lotta, and Ilmari for all the joy they bring to my life.

Kaisa Matomäki

Kaisa Matomäki was awarded the 2021 Ruth Lyttle Satter Prize at the Annual Meeting of the AMS, held virtually 
January 6–9, 2021.
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About the Prize
The Satter Prize is awarded every two years to recognize 
an outstanding contribution to mathematics research by a 
woman in the previous six years. Established in 1990 with 
funds donated by Joan S. Birman, the prize honors the 
memory of Birman’s sister, Ruth Lyttle Satter. Satter earned 
a bachelor’s degree in mathematics and then joined the 
research staff at AT&T Bell Laboratories during World War 
II. After raising a family, she received a PhD in botany at 
the age of forty-three from the University of Connecticut 
at Storrs, where she later became a faculty member. Her 
research on the biological clocks in plants earned her rec-
ognition in the United States and abroad. Birman requested 
that the prize be established to honor her sister’s commit-
ment to research and to encourage women in science. The 
prize carries a cash award of US$5,000.

The Satter Prize is awarded by the AMS Council acting 
on the recommendation of a selection committee. For the 
2021 prize, the following individuals served as members 
of the selection committee:

 • Carolyn Gordon
 • Marianne Korten
 • Richard Taylor (Chair)

A list of previous recipients of the Ruth Lyttle Satter 
Prize in Mathematics may be found on the AMS website 
at https://www.ams.org/prizes-awards/pabrowse 
.cgi?parent_id=35. 

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=35
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=35
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FROM THE AMS SECRETARY

2021 Leroy P. Steele Prizes

Citation for Mathematical 
Exposition: Noga Alon 
and Joel Spencer
The 2021 Steele Prize for Math-
ematical Exposition is awarded 
to Noga Alon and Joel Spencer 
for the book The Probabilistic 
Method, published by Wiley 
and Sons, Inc., in 1992.

Now in its fourth edition, 
The Probabilistic Method is an 
invaluable toolbox for both 
the beginner and the experi-
enced researcher in discrete 
probability. It brings together 
through one unifying perspec-
tive a head-spinning variety of 
results and methods, linked to 
applications in graph theory, 
combinatorics, number theory, 
and geometry.

This enduring book has been 
used around the world. Much 
cited by important papers in 
leading journals, it functions 
as both on-ramp and toolbox. 
The Probabilistic Method has its 
roots in the work of Paul Erdős, 

and this volume brought together a dizzying array of ideas, 
methods, and applications, using them to prove deter-
ministic properties of combinatorial systems and typical 
properties of random discrete systems.

Applications presented are frequently state-of-the-art 
bounds, and Alon and Spencer have synthesized their 
various proofs and at times offer alternative proofs of their 
own. As is often the case for books that help to seed a field, 
the material brought together here into a unified fabric was 
previously unavailable in one place. The style of the book 
is both crystalline and engaging.

Biographical Sketch: Noga Alon
Noga Alon is a Professor of Mathematics at Princeton 
University and a Professor Emeritus of Mathematics and 
Computer Science at Tel Aviv University, Israel. He received 
his PhD in Mathematics at the Hebrew University of Jeru-
salem in 1983 and had visiting and part-time positions in 
various research institutes, including the Massachusetts 
Institute of Technology, Harvard University, the Institute 
for Advanced Study in Princeton, IBM Almaden Research 
Center, Bell Laboratories, Bellcore, and Microsoft Research 
(Redmond and Israel). He joined Tel Aviv University in 
1985, served as the head of the School of Mathematical 
Sciences in 1999–2001, and moved to Princeton in 2018. 
He supervised more than twenty PhD students. He serves 
on the editorial boards of more than a dozen international 
technical journals and has given invited lectures in numer-
ous conferences, including plenary addresses in the 1996 
European Congress of Mathematics and in the 2002 Inter-
national Congress of Mathematicians. He has published 
one book and more than 500 research papers.

His research interests are mainly in combinatorics, graph 
theory, and their applications in theoretical computer 
science. His main contributions include the study of ex-
pander graphs and their applications, the investigation of 
derandomization techniques, the foundation of streaming 
algorithms, the development and applications of algebraic 
and probabilistic methods in discrete mathematics, and the 
study of problems in information theory, combinatorial 
geometry, and combinatorial number theory.

Alon is a Fellow of the AMS and of the Association for 
Computing Machinery (ACM). He is a member of the Israel 
Academy of Sciences and Humanities, of the Academia 
Europaea, and of the Hungarian Academy of Sciences. His 
honors include the Erdős Prize, the Feher Prize, the Polya 
Prize, the Bruno Memorial Award, the Landau Prize, the 
Gödel Prize, the Israel Prize, the EMET Prize, the Dijkstra 
Prize, the Nerode Prize, and the Kanellakis Prize. He holds 
honorary doctorates from ETH Zürich and the University 
of Waterloo.

Noga Alon

The 2021 Leroy P. Steele Prizes were presented at the Annual Meeting of the AMS, held virtually January 6–9, 2021. 
Noga Alon and Joel Spencer received the Steele Prize for Mathematical Exposition. Murray Gerstenhaber was awarded 
the Prize for Seminal Contribution to Research. Spencer Bloch was honored with the Prize for Lifetime Achievement.

Joel Spencer
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to try to cover all the significant applications of the method, 
and with all the beautiful results and techniques developed 
since then, this is a totally impossible task now. The em-
phasis in the book is on methodology and ideas, with an 
attempt to explain those in a precise and yet intuitive and 
readable manner. As is often the case, the work often led us 
to find new arguments and proofs, and this has been one 
of the main satisfying aspects of the project.

The book, and the probabilistic method itself, would not 
exist without the immense contributions of the superb re-
searchers working in the area, starting with the fundamental 
contributions of the giant founders and continuing with the 
beautiful results of numerous others. We are indebted to 
all of them, including our many colleagues, collaborators, 
and students. It is rewarding to see that the resulting text 
is used extensively by researchers and students, and it is a 
great honor to thank the prize committee and the American 
Mathematical Society for the recognition.

Finally, it is a special pleasure to thank our wives, Nurit 
and MaryAnn. Their understanding and encouragement 
have been crucial in the successful writing enterprise.

Citation for Seminal 
Contribution to Research: 
Murray Gerstenhaber
The 2021 Steele Prize for Sem-
inal Contribution to Research 
is awarded to Murray Gersten-
haber for “The Cohomology 
Structure of an Associative 
Ring,” Annals of Mathematics 
78 (1963), 267–288, and “On 
the Deformation of Rings and 
Algebras,” Annals of Mathemat-
ics 79 (1964), 59–103. These 
two remarkable Annals of Math-
ematics papers established the 

foundations of algebraic deformation theory, developing 
a rich structure on the Hochschild cohomology. These 
papers have had and continue to have a huge impact on 
many areas of mathematics and physics, including “higher 
algebra” and deformation quantization.

In these two seminal and much-cited papers, Gersten-
haber laid the foundation of algebraic deformation theory, 
discovering that formal deformations of an algebraic struc-
ture are governed by an appropriate cohomology theory 
and the existence and classification of such deformations by 
a graded Lie algebra structure on the cohomology. The ideas 
initiated in these papers have permeated a multiplicity of 
subjects. Gerstenhaber’s theory of deformations of associa-
tive algebras has been extended to commutative Lie, Hopf, 
Poisson, Leibniz, and other classes of algebras. Algebras 
carrying a structure like the one introduced by Gerstenhaber 
are now called Gerstenhaber algebras, with examples the 

Biographical Sketch: Joel Spencer
Joel Spencer is a Silver Professor of Mathematics and 
Computer Science at the Courant Institute, New York 
University. He works in the fecund intersection of discrete 
mathematics, probability, and logic. He is cofounder of the 
journal Random Structures and Algorithms. He has served on 
the AMS Executive Committee, chaired the Meetings and 
Conferences Committee, and, most proudly, helped found 
and chaired the Epsilon Fund for High School Math Camps. 
He is a Fellow of the AMS and the Society for Industrial and 
Applied Mathematics (SIAM). He has authored over 200 
research publications and seven books. His latest book, As-
ymptopia, was published by the AMS. His Erdős number is 1.

Response from Noga Alon and Joel Spencer
We are delighted and honored to receive the Steele Prize 
for Mathematical Exposition. Already, when we started 
writing the first edition of the book, there had been a sub-
stantial number of known impressive applications of the 
probabilistic method in the study of problems in discrete 
mathematics, as well as in other areas, including infor-
mation theory, number theory, geometry, and theoretical 
computer science. Three decades later, after four editions 
of the book have been published, it is now clear that the 
method is one of the most powerful and widely used tools 
in combinatorics and its applications. We believe and hope 
that our book contributed to the success and popularity of 
the subject. 

I [Noga] personally first learned about the probabilistic 
method when I was still in high school. I read a version of 
one of the earliest results established using it: the proof of 
the lower bound for Ramsey numbers discovered in 1947 
by Paul Erdős, the founder of the method. I still recall the 
admiration I felt going through the concise and elegant 
argument, an admiration that only increased when I kept 
following the profound impact of other applications of 
the method on the development of discrete mathematics.

I [Joel] began working with Paul Erdős while still a 
graduate student. Uncle Paul, as we all called him, was, is, 
and forever will be the center of my professional life. He 
combined brilliance with a powerful personality—pushing 
us always to new heights with his admonition “prove and 
conjecture.” Erdős’s style was to prove specific individual 
results. A mathematician once said “Erdős only gives us 
corollaries of the great metatheorems which remain unfor-
mulated in the back of his mind.” It was my hubris that the 
theorems could be made into a theory, that the methods 
could be made into a methodology. I was so fortunate 
to find Noga, who shared my passion and surpassed my 
abilities. To my great joy, the probabilistic method is now a 
basic element of combinatorial and probabilistic thinking. 
This award is surely icing on the cake.

Our book was never meant to be an encyclopedic treat-
ment of the subject. Even in the late ’80s, it looked difficult 

Murray Gerstenhaber
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exterior algebra of a Lie algebra, the multivector fields on 
a manifold using the Schouten–Nijenhuis bracket, and 
differential forms on a Poisson manifold.

Gerstenhaber’s homological approach to deformation 
theory has been taken up by the physics community, be-
ginning with looking at special relativity as a deformation 
of Newtonian mechanics. Work of Bayen, Flato, Fronsdal, 
Lichnerowicz, and Sternheimer studied quantization in 
terms of a deformation of the algebra of functions on a 
Poisson manifold, initiating the subject of deformation 
quantization. This led to applications to particle physics, 
string theory, and gauge theory, including remarkable work 
of Kontsevich that settled the deformation quantization 
of Poisson manifolds. The continued use of the methods 
pioneered in these two papers is testimony to their endur-
ing influence.

Biographical Sketch
Murray Gerstenhaber was born in 1927 in Brooklyn to a 
family that lost much during the Great Depression, includ-
ing their brownstone home. They survived on the earnings 
of his hardworking seamstress mother. Gerstenhaber 
attended the Speyer School and the Bronx High School of 
Science. A scholarship allowed him to enter Yale Univer-
sity in March 1944. There, his encounter with student and 
institutional anti-Semitism was considerably mitigated by 
Einar Hille and Deane Montgomery, both later presidents 
of the AMS. Gerstenhaber was drafted in May 1945. In Feb-
ruary 1946, he was sent to OMGUS, the Office of Military 
Government, US, in Berlin for 10 months. There he was 
assigned first to the Transportation Division and then to a 
small Army university run for soldiers on leave.

With the support of the GI Bill, Gerstenhaber returned 
in March 1947 to a Yale transformed by war veterans, ma-
tured by their experiences and driven to make up for time 
lost during the war. Gerstenhaber graduated in June 1948 
and then entered the University of Chicago. He received a 
PhD in 1951 with A. Adrian Albert; his mentor at Chicago 
was André Weil. With Frank B. Jewett Fellowships from Bell 
Laboratories, Gerstenhaber engaged in postdoctoral study 
at Harvard University in 1951–1952 and at the Institute for 
Advanced Study in 1952–1953, where he was an assistant 
to Hermann Weyl.

In 1953, Gerstenhaber joined the faculty of the Uni-
versity of Pennsylvania, from which he retired in 2011. At 
Penn, Gerstenhaber served as chair of the Mathematics 
Department and subsequently as chair of the Faculty Sen-
ate. He earned a JD in 1973 at Penn’s Law School and was 
admitted to the Pennsylvania bar. At the Law School he 
taught a course on Statistics for Law, using Supreme Court 
cases as illustrations—a first for this country.

At the AMS, Gerstenhaber served on the Committee on 
Human Rights, the Committee on Academic Freedom and 
Tenure, and the Council of the Society. He helped draft 

the Code of Ethics of the Society. As a Regional Secretary 
of the Society, Gerstenhaber reconnected the AMS with 
the American Association for the Advancement of Science 
(AAAS) by instituting a series of annual symposia on “Some 
Mathematical Questions in Biology,” the proceedings of 
which were published by the Society until those symposia 
were discontinued.

Gerstenhaber served as an editor of the Bulletin of the 
American Mathematical Society from 1966 to 1971 and as 
managing editor from 1968 to 1971. As first chair of the 
Steele Prize committee, he nominated Solomon Lefschetz 
for the first award, given in 1970. Gerstenhaber is a Fellow 
of the AAAS and an Inaugural Fellow of the AMS. He was 
also one of the founders of the Association of Members of 
the Institute for Advanced Study (AMIAS), its alumni orga-
nization, which he served for many years as treasurer. As a 
member of an advisory committee of the National Science 
Foundation, Gerstenhaber moved to fund the Mathemati-
cal Sciences Research Institute at Berkeley and the Institute 
for Mathematical Analysis at Minnesota. 

Response from Murray Gerstenhaber
Thank you for this honor. It has been a wonderful journey 
learning of Riemann surfaces from Weyl’s Die Idee der 
Riemannschen Fläche, to Teichmüller’s attempt to define 
their infinitesimal deformations, to the correct definition 
by Frölicher and Nijenhuis of infinitesimal deformations 
of complex manifolds of arbitrary dimension, to seeing 
Kodaira and Spencer develop the deformation theory of 
complex manifolds. My own Annals of Mathematics papers 
of 1963 and 1964 creating algebraic deformation theory, 
for which you are now honoring me, were but the next step.

Even more wonderful has been seeing later the work 
of Bayen, Flato, Fronsdal, Lichnerowicz, and Sternheimer, 
who, with algebraic deformation theory, were able to 
deduce the spectrum of hydrogen without using either 
Schrödinger or wave mechanics. They also recognized 
that Einstein’s special relativity can be viewed as a defor-
mation of Newtonian mechanics, with the speed of light 
(more precisely, its inverse) as the deformation parameter. 
A polynomial algebra in two variables can deform, with 
Planck’s constant as deformation parameter, to the first 
Weyl algebra, which expresses the quantum relationship 
between position and momentum. Weyl algebras allow no 
further deformations; they are “rigid” or “stable,” which 
may suggest that physical laws deform toward stability, but 
the laws themselves do not change; only our understanding 
of them continues to evolve.

Acknowledging with gratitude those before who brought 
us to our present level of understanding, and with the firm 
belief that those who come after us will see much farther 
than we have, I gratefully accept this honor you have given 
me.
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Response from Spencer Bloch
I am honored (humbled, actually) to have been awarded 
the Steele Prize for Lifetime Achievement from the AMS. 
Surely, if the committee had asked me, I could have come 
up with any number of more suitable candidates. Some 
thoughts on 50+ years in mathematics:
1. As a math teacher, I am moved to cry out “Behold, the 

infinite variety of human intelligence!” For are we math 
people not the best placed to observe? All the modern 
emphasis on STEM. Surely it is for naught. What will 
happen to the LEAVES and FLOWERS and ROOTS and 
the other 22 letters, constituting acronyms we cannot 
even imagine? And STEM seems such a rigid thing. We 
must avoid rigidity at all costs. Science is expensive, and 
it changes rapidly. People find themselves stuck in an 
outdated technology. By good fortune, I was able to focus 
on excellence. We should insure that many students 
have that chance. I was also blessed with an extremely 
supportive intellectual atmosphere at the University of 
Chicago. If the current political environment is allowed 
to fester, we risk losing such support.

2. How has math changed over the years? I am fascinated 
by the jujitsu wrestling match currently playing out be-
tween math and physics. Modern ideas like string theory 
and mirror symmetry were introduced in physics. People 
thought they would lead to mathematical domination 
of physics. In fact, it is the reverse. Mathematicians 
are confronted with amazing conjectures, sometimes 
admitting mathematical proofs, but totally lacking in 
mathematical motivation or intuition.

3. Is it possible for a seventy-six-year-old to continue to do 
math? Yes but... It is difficult to “multi-task,” and one 
has to acknowledge there are ideas out there one will 
never grasp.

About the Prizes
The Steele Prizes were established in 1970 in honor of 
George David Birkhoff, William Fogg Osgood, and William 
Caspar Graustein. Osgood was president of the AMS during 
1905–1906, and Birkhoff served in that capacity during 
1925–1926. The prizes are endowed under the terms of a 
bequest from Leroy P. Steele. Up to three prizes are awarded 
each year in the following categories: (1) Lifetime Achieve-
ment: for the cumulative influence of the total mathemati-
cal work of the recipient, high level of research over a period 
of time, particular influence on the development of a field, 
and influence on mathematics through PhD students; (2) 
Mathematical Exposition: for a book or substantial survey 
or expository research paper; (3) Seminal Contribution to 
Research: for a paper, whether recent or not, that has proved 
to be of fundamental or lasting importance in its field or a 
model of important research. The Prize for Seminal Contri-
bution to Research is awarded on a six-year cycle of subject 
areas. The 2021 prize was given in algebra/number theory. 

Citation for Lifetime 
Achievement: 
Spencer Bloch
The Steele Prize for Lifetime 
Achievement is awarded to 
Spencer Bloch for his seminal 
contributions linking algebraic 
geometry, algebraic K-theory, 
arithmetic, and Hodge theory. 
Bloch’s ideas pervade modern 
thinking on these subjects and 
laid the groundwork in both 
techniques and framework for 
many of the most exciting de-

velopments in these subjects.
A striking feature of Bloch’s work is its combination 

of extraordinary results with its seminal nature. Starting 
with his remarkable work linking algebraic K-theory and 
algebraic cycles, leading to the Bloch–Quillen formula, a 
body of visionary work emerged. Bloch’s conjecture on 
rational equivalence on surfaces, the Bloch–Beilinson 
conjectures, the Bloch–Kato conjecture, the Bloch–Srinivas 
theorem on decomposition of the diagonal, Bloch’s recast-
ing of the Birch–Swinnerton-Dyer conjecture as a volume 
computation, Bloch’s work on motivic cohomology, his 
development of higher Chow groups and the Bloch–Suslin 
theorem, and his work on the link between K2 and the 
dilogarithm function have energized entire fields and been 
remarkably productive of great mathematics.

More recently, his work with a variety of collaborators on 
“irregular differential equations” and on Feynman motives 
and mathematical physics continues to reflect the innova-
tive nature of Bloch’s mathematical work. It is difficult to 
imagine algebraic geometry, algebraic K-theory, arithmetic, 
and Hodge theory without Bloch’s contributions.

Biographical Sketch
Spencer Bloch was born in 1944 in New York City. He grew 
up in Ossining, New York, a suburb of New York City. He 
was educated at Scarborough School and Deerfield Acad-
emy, graduating from high school in 1962. He attended 
Harvard University, graduating in 1966, and earned a 
PhD in mathematics from Columbia University under the 
direction of Steve Kleiman in 1971. He held nontenured 
positions at Princeton University and the University of 
Michigan, moving to a tenured post at the University of 
Chicago in 1976.

Bloch was a speaker at the International Congress of 
Mathematicians (ICM) in Helsinki, Finland, in 1978 and 
an ICM plenary speaker in Kyoto, Japan, in 1990. He was 
elected to the National Academy of Science in 1994. Over 
the years, he has held temporary research positions in En-
gland, France, Germany, India, Japan, and China.

Spencer Bloch
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The list of previous recipients of the Steele Prize may 
be found on the AMS website at https://www.ams.org 
/prizes-awards/palist.cgi.

Credits
Photo of Noga Alon was taken by Nurit Alon.
Photo of Joel Spencer is courtesy of Maryann Spencer.
Photo of Murray Gerstenhaber is courtesy of Ruth P. Gersten-

haber.

The 2022 prize will be given in applied mathematics, the 
2023 prize in geometry/topology, and the 2024 prize in 
discrete mathematics/logic.

The Steele Prizes for Mathematical Exposition and 
Seminal Contribution to Research carry a cash award of 
US$5,000; the Prize for Lifetime Achievement, a cash award 
of US$10,000.

The Steele Prizes are awarded by the AMS Council act-
ing on the recommendation of a selection committee. The 
members of the committee for the 2021 Steele Prizes were:

 • Sun-Yung A. Chang
 • Charles Fefferman
 • Eric M. Friedlander
 • Mark L. Green (Chair)
 • Alice Guionnet
 • Michael I. Jordan
 • Dusa McDuff
 • Sylvia Serfaty
 • Marie-France Vigneras

https://www.ams.org/prizes-awards/palist.cgi
https://www.ams.org/prizes-awards/palist.cgi
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FROM THE AMS SECRETARY

2021 Albert Leon 
Whiteman Memorial Prize

Citation
The 2021 Albert Leon White- 
man Memorial Prize is awarded 
to Judith Grabiner for her out-
standing contributions to the 
history of mathematics, in 
particular her works on Cau-
chy, Lagrange, and MacLaurin; 
her widely recognized gift for 
expository writing; and a dis-
tinguished career of teaching, 
lecturing, and numerous pub-
lications promoting a better 
understanding of mathematics 

and the significant roles it plays in culture generally.

Biographical Sketch
Judith Victor Grabiner earned her BS in Mathematics in 
1960 at the University of Chicago, where she discovered 
that history, philosophy, and literature could be just as 
interesting and intellectually challenging as science. A 
chance look at a Harvard catalogue revealed the existence 
of an interdisciplinary field called History of Science, so 
she decided to study it. She received her MA in 1962 from 
Radcliffe and her PhD in the History of Science in 1966 
from Harvard, with thesis advisors I. Bernard Cohen and 
Dirk Struik. Her thesis was the beginning of her research 
program on eighteenth-century analysis. She focused on the 
use of algebraic inequalities in bounding approximations 
that revealed the key properties of the derivative, especially 
in the mean-value theorem, the theory of maxima and 
minima, power series, and the fundamental theorem of 
calculus.

After one-year jobs at the University of California, Santa 
Barbara, and California State University, Los Angeles, she 
became a professor of history at California State Univer-
sity, Dominguez Hills, where she received the Outstanding  

Professor award in 1975. She was copresident of the West 
Coast History of Science Society (1973–1975), Book 
Review Editor of Historia Mathematica (1976–1988), and 
Chair of the Southern California Section of the Mathemati-
cal Association of America (MAA; 1982–1983). In 1985 she 
joined the mathematics faculty at Pitzer College in Clare-
mont, California, where she held the Flora Sanborn Pitzer 
Chair in Mathematics until retiring in 2016. She has been a 
Visiting Scholar at the University of Leeds, the University of 
Edinburgh, Cambridge University, the Australian National 
University, and the University of Copenhagen. In 2013 she 
became a Fellow of the American Mathematical Society.

Grabiner’s publications include three books: The Origins 
of Cauchy’s Rigorous Calculus (1981), The Calculus as Algebra 
(1990), and A Historian Looks Back: The Calculus as Algebra 
and Selected Writings (2010), which won the Beckenbach 
Book Prize from the MAA in 2014. She has also published 
over forty refereed articles, three of which have won Carl 
Allendoerfer awards for articles of expository excellence 
in the Mathematics Magazine: “The Changing Concept of 
Change” (1984); “The Centrality of Mathematics in the 
History of Western Thought” (1988); and “Descartes and 
Problem-Solving” (1990). Four of her papers have won the 
MAA’s Paul R. Halmos–Lester R. Ford award for articles of 
expository excellence in the American Mathematical Monthly: 
“Who Gave You the Epsilon? Cauchy and the Origins of 
Rigorous Calculus” (1984); “Was Newton’s Calculus a Dead 
End?” (1998); “Newton, Maclaurin, and the Authority of 
Mathematics” (2005); and “How Did Lagrange ‘Prove’ 
the Parallel Postulate?” (2010). Her other articles include 
“Computers and the Nature of Man: A Historian’s Perspec-
tive on Controversies about Artificial Intelligence” (1986), 
“‘Some Disputes of Consequence’: Maclaurin among the 
Molasses Barrels” (1998), and “The Role of Mathematics 
in Liberal Arts Education” (2014).

Grabiner has given invited talks about her work in many 
international and national meetings, and she has been 

Judith Victor Grabiner

Judith Victor Grabiner was awarded the Whiteman Memorial Prize at the Annual Meeting of the AMS, held virtually 
January 6–9, 2021.
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both a Sigma Xi National Lecturer and an MAA National 
Lecturer. She is also the author of a highly rated course, 
“Mathematics, Philosophy, and the ‘Real World,’” in the 
Teaching Company’s Great Courses series. She received 
the national Deborah and Franklin Tepper Haimo Award 
for Distinguished College or University Teaching from the 
MAA in 2003.

Since retiring, she has been tutoring at-risk elementary 
school students in mathematics, working in voter outreach, 
still doing research though at a slower pace, and reading far 
too many detective novels than is good for her.

Response from Judith Victor Grabiner
A response is a way to say thank you, and I shall do so. It 
is also the place to reflect on how extraordinarily lucky I’ve 
been to get where I’ve gotten and therefore on how import-
ant it is for the mathematics profession, for education in 
general, and for society as a whole to enhance opportunities 
for all to learn mathematics, regardless of wealth, ethnicity, 
religion, gender, sexual orientation, or disability.

So thanks to so many. My parents and high school 
teachers got me started. A National Merit Scholarship made 
it possible for me to attend the University of Chicago. 
At Chicago, Professor Saunders Mac Lane was the best 
mathematics teacher I ever had, and Humanities Professor 
Herman Sinaiko opened my eyes to the intellectual rigor 
of the humanities.

My fellow graduate students from different backgrounds 
at Harvard taught me about their worlds. Uta Merzbach 
was a great female role model for me at a crucial time. Dirk 
Struik of MIT taught me that a mathematician is a social 
being even when thinking about lines in hypercones in 
7-dimensional space, and my mentor I. Bernard Cohen 
taught me to think like a historian.

The experimental college at Cal State Dominguez Hills 
gave me the freedom to design my own courses. The Asso-
ciation for Women in Mathematics provided a supportive 
community. The MAA has not only given me personal 
honors, it has been crucial to advancing the teaching of 
university-level mathematics. Barbara Beechler, the founder 
of Pitzer College’s math program, figured out that I would 
be a good fit there and encouraged me to apply for their 
job. My Pitzer colleagues were willing to listen to my ideas 
about teaching mathematics and about the role of mathe-
matics in liberal arts education.

My husband, Sandy Grabiner, has supported me in my 
career from the beginning, since our first date, when he en-
joyed learning that Descartes, Newton, Maclaurin, Cauchy, 
and Weierstrass were more than just the names of theorems. 
And my students taught me how to teach and how to al-
ways be open to questions. They also gave me insights from 
their differing backgrounds, both into history and into the 
variety of ways people think about mathematics.

Above all, I thank the AMS and the Whiteman prize 
committee for admitting me to the august company of 
past recipients Tom Hawkins, Harold Edwards, Jeremy 
Gray, Joe Dauben, Umberto Bottazzini, and Karen Parshall, 
and for giving me this chance to say how important it is 
to open more doors for more people to enter the world of 
mathematics.

About the Prize
The Whiteman Prize is awarded every three years to recog-
nize notable exposition and exceptional scholarship in the 
history of mathematics. The prize was established in 1998 
using funds donated by Mrs. Sally Whiteman, in memory 
of her husband, the late Albert Leon Whiteman. The prize 
carries a cash award of US$5,000.

The Whiteman Prize is awarded by the AMS Council 
acting on the recommendation of a selection committee. 
The members of the 2021 prize selection committee were:

 • Dave Bayer
 • Kim L. Plofker
 • John Colin Stillwell (Chair)

A list of the past recipients of the Albert Leon White- 
man Memorial Prize can be found at https://www.ams 
.org/prizes-awards/pabrowse.cgi?parent_id=4.

Credits
Photo of Judith Victor Grabiner is courtesy of Pitzer College.

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=4
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=4
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2021 Joint Policy Board 
for Mathematics 
Communications Award

Citation: John Bailer, Richard Campbell, 
and Rosemary Pennington
The 2021 JPBM Communications Award is presented to 
John Bailer, Richard Campbell, and Rosemary Pennington 
for their engaging, entertaining, and enlightening Stats + 
Stories podcast that, for over six years, has brought “the 
statistics behind the stories and the stories behind the 
statistics” to public radio and a broad podcast audience.

Biographical Sketch: John Bailer
John Bailer is a University Distinguished Professor and 
founding chair of the Department of Statistics at Miami 
University in Oxford, Ohio. He is also an affiliate member 
of the Departments of Biology, Media, Journalism, and 
Film, and Sociology and Gerontology and the Institute 
for the Environment and Sustainability. He received un-
dergraduate degrees in mathematics and statistics and in 
psychology from Miami University and pursued his grad-
uate studies at North Carolina, where he received a PhD 
in biostatistics from the University of North Carolina at 

Chapel Hill. He was a staff fellow at 
the National Institute of Environmen-
tal Health Sciences before joining the 
faculty at Miami University in 1988.

He is president of the International 
Statistical Institute (2019–2021), and 
he previously served on the Board of 
Directors of the American Statistical 
Association. He is a Fellow of the 
American Statistical Association, the 
Society for Risk Analysis, and the 
American Association for the Ad-
vancement of Science.

His research has focused on quan-
titative risk estimation, but he has also collaborated on 
research addressing problems in toxicology, environmental 
health, and occupational safety. Promoting quantitative 
literacy and enhancing connections between statistics and 
journalism are more recent passions. The Stats + Stories 
podcast he developed with journalism colleagues grew out 
of that interest.

Bailer has taught twenty-six different courses since 
arriving at Miami, including a few that he designed. 
Team-teaching a course with a journalism colleague (News 
and Numbers) and another with a graphic design colleague 
(Advanced Data Visualization) are two of his favorite teach-
ing experiences, and he is happiest when connecting his 
students to problems posed by external clients and helping 
his students effectively communicate work to clients and 
the public. He enjoys hanging out with his family and kids, 
walking his dog, reading fun fiction, traveling internation-
ally, or working on his Butler County donut trail passport.

John Bailer

John Bailer, Richard Campbell, Rosemary Pennington, and Erica Klarreich were presented the 2021 Joint Policy 
Board for Mathematics Communications Award at the Annual Meeting of the AMS, held virtually January 6–9, 2021.

Rosemary PenningtonRichard Campbell
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University in the Radio-Television-Film department. He 
also worked as a print reporter and broadcast news writer 
in Milwaukee. In his forty-eight-year teaching career, he 
has also worked at Mount Mary College, the University of 
Wisconsin, Milwaukee,  Middle Tennessee State University, 
and the University of Michigan. In addition to the Stats + 
Stories podcast, his most recent projects include the digital 
Oxford Observer and Report for Ohio—initiatives aimed at 
getting more young journalists real-world experience and 
hired to cover underreported areas in both rural and urban 
communities. He is also the executive producer of Training 
for Freedom: How Ordinary People in an Unusual Time and Un-
likely Place Made Extraordinary History, a 2019 documentary 
on Oxford’s role in the historic events of Freedom Summer 
in 1964. A former high school English teacher and girls’ 
basketball coach in the Milwaukee Public School system, 
Campbell grew up in Dayton, Ohio, where in 2015 he 
served on the city’s planning committee for the twentieth 
anniversary of Dayton Peace Accords. In 2019, Campbell 
received Miami’s Benjamin Harrison Medallion Award “for 
Outstanding Contribution to the Education of the Nation.”

Response from Richard Campbell
I am stunned. I thought my numerical literacy prowess had 
peaked during my Dayton, Ohio, high school days when 
I served as president of the sophomore math club. But to 
the point: It has been an absolute pleasure working with 
our team on Stats + Stories. So much so that I keep doing it 
in retirement, still learning from the terrific guests we have 
had on the podcast over the years. At Miami, John Bailer 
and I had worked together to get a quantitative literacy 
requirement into our college’s curriculum. As part of that 
initiative, we team-taught an honors class called News and 
Numbers in 2009 and developed the podcast in 2013. As 
a one-time reporter and long-time journalism educator 
(with some math phobia issues), I remember how nervous 
I was in that first class with John. But when he put up a 
data graph culled from a national newspaper and asked the 
students, “What’s the story here?”, I relaxed. Storytelling 
is something I knew about, and to realize this renowned 
statistician expected a good data chart to tell a story put me 
at ease. John and I had common ground. I do recommend 
that every journalism student take statistics courses and 
that every math and stats major take journalism courses 
(plus, all our high schools should be  requiring quantitative 
literacy classes). The ability for a mathematician or scientist 
to translate the complexities of her work into a story for a 
general audience is key to challenging the anti-science and 
anti-evidence strains running through our mediated cul-
ture. John, Rosemary, and I are grateful for this prestigious 
award ... and proud of our S + S work. Thank you, MAA.

Response from John Bailer
I am deeply honored and delighted to be a recipient of this 
award. The notification was a complete surprise. It is truly 
humbling to have our work in the company of outstanding 
communicators who previously won this prize, including 
John Allen Paulos, whose books A Mathematician Reads the 
Newspaper and Innumeracy influenced my thinking about 
communicating mathematical and statistical concepts to 
a general audience. Joint Policy Board for Mathematics—
thank you for recognizing the Stats + Stories team with this 
tremendous honor.

One of my first reactions to hearing about this award 
was the recognition of the importance of partnering with 
good people. I’ve been blessed to collaborate with Rich-
ard Campbell for more than a decade and with Rosemary 
Pennington during the last six years. These colleagues are 
tremendous professionals, and I’ve learned much from 
our work together. It really isn’t accurate to refer to this 
as “work”—the podcast has been a vocational avocation.

Coteaching a course on News and Numbers with Rich-
ard in 2009 provided a connection with an amazing jour-
nalism colleague and provided the proof-of-concept that 
viewing ideas through the lens of statistics and the lens of 
journalism was a worthwhile endeavor. The emergence of 
the podcast from this connection seemed natural, and the 
addition of a moderator, first Bob Long and then Rosemary 
Pennington, completed our panel for the podcast. Thanks 
are due to the many colleagues who helped make the “on 
air” panel sound and look good (sound and recording en-
gineers, web page support, and podcast/show production) 
and to the College of Arts and Science at Miami University 
for facilities and other resources contributing to the pod-
cast. Sponsorship and other support from the American 
Statistical Association allowed the podcast to go to a weekly 
release schedule, and the connection with Significance 
magazine provided a means to connect to a larger pool of 
potential guests with interesting stories.

During times when allegations of false news are com-
mon and trust in science varies, there continues to be a call 
for a forum to consider the statistics behind the stories and 
the stories behind the statistics, and I hope that our podcast 
can continue in this role.

Biographical Sketch: Richard Campbell
Richard Campbell is a professor emeritus and founding 
chair of the Department of Media, Journalism, and Film 
at Miami University. He is the author of 60 Minutes and 
the News: A Mythology for Middle America and coauthor of 
Cracked Coverage: Television News, the Anti-Cocaine Crusade 
and the Reagan Legacy. For Bedford/St.Martin’s Press, he is 
the lead author of three textbooks, including Media and 
Culture: Mass Communication in a Digital Age, now in its 
12th edition. Campbell earned his BA in English from 
Marquette University and his PhD from Northwestern 
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Biographical Sketch: Rosemary Pennington
Rosemary Pennington is an assistant professor of journal-
ism in Miami University’s Department of Media, Journal-
ism, and Film. Her research focuses on media representa-
tions of marginalized groups, with a  specific focus on the 
representations of Muslims. She is the coeditor of the books 
The Media World of ISIS and On Islam: Muslims and the Media 
from Indiana University Press. Pennington received her 
PhD in mass communication from Indiana University in 
2015. In her pre-academic life, she worked as a broadcast 
journalist in the newsrooms of public broadcasters WOUB 
and WBHM. While working at WBHM, Pennington’s sci-
ence and medical reporting helped her win the Alabama 
Associated Press’s Best Specialized Reporter award two years 
in a row and the Douglas L. Cannon Broadcast Award for 
Excellence in Medical Reporting three years in a row.

Response from Rosemary Pennington
This is perhaps the most surprising thing to have happened 
to me in my professional life! Thank you, Joint Policy Board 
for Mathematics, for this honor and for the recognition of 
our work. I once counted myself among those who pro-
fessed to hate math—born more out of frustration with 
how it was taught than any real feelings about the subject 
itself. As a working journalist, I carved out a niche as a 
science and medical reporter, which helped me develop a 
deep appreciation for all that math can help us understand 
about our world; it was an appreciation that only grew 
during my graduate studies. Sometimes, all it takes is the 
right story, or the right storyteller, to unlock the beauty of 
math for someone who may have struggled with it in the 
past. (That was certainly the case for me.) One of the things 
I have loved about my work with Stats + Stories is that I learn 
so much with each interview. Hearing our guests tell the 
stories of their research, field, or methodology has made a 
subject that, in my youth, felt very abstract feel very acces-
sible. It’s really been a privilege to be part of this program, 
and I am truly honored that our work on Stats + Stories has 
been recognized in this way.

Citation: Erica Klarreich
The 2021 JPBM Communica-
tions Award is presented to 
Erica Klarreich for her work as a 
writer and popularizer of math-
ematics and science. She writes 
about mathematics and theo-
retical computer science, and 
her writing has been chosen for 
and reprinted in Best Writing on 
Mathematics in four different 
years. Her work has appeared 
in Quanta, The Atlantic, New 

Scientist, Science News, Wired, and other publications for a 
general audience.

Biographical Sketch: Erica Klarreich
Erica Klarreich has been writing about mathematics and 
science for a popular audience for more than twenty years. 
She received a PhD in mathematics in 1997 from Stony 
Brook University and was a postdoc at the University of 
Michigan for three years. She is a graduate of the science 
communication program at the University of California, 
Santa Cruz.

As a freelance journalist based in Berkeley, California, 
she has written hundreds of articles for a wide range of 
publications, including Quanta Magazine, Nature, New 
Scientist, Science News, and Nautilus. Her articles for Quanta 
have been syndicated in Wired, The Atlantic, and Scientific 
American and have been translated into many languages. 
Her work has been reprinted in the 2010, 2011, 2016, and 
2020 volumes of The Best Writing on Mathematics and 
in the Quanta Magazine anthology “The Prime Number 
Conspiracy.”

She was the journalist in residence at the Mathematical 
Sciences Research Institute in Berkeley in 2002 and at the 
Simons Institute for the Theory of Computing at the Uni-
versity of California, Berkeley, in 2016. She has appeared 
on the Numberphile YouTube series and was the narrator for 
two mathematics documentaries by ZALA Films: Secrets of 
the Surface, about the life and work of Maryam Mirzakhani, 
and Counting from Infinity, about Yitang Zhang’s work on 
the twin primes conjecture.

Response from Erica Klarreich
It is a great honor to join the ranks of the previous recip-
ients of this prize, whom I deeply admire. It has been my 
privilege to tell the stories of mathematics over the past 
two decades, and I look forward to the stories the coming 
years will bring. Many people helped me reach the point 
where I could share these stories, and I’d like to mention 
a few: my parents, Emily and Paul Klarreich, both math 
teachers, who taught me the family trade from my ear-
liest days; my PhD adviser, Yair Minsky, who introduced 
me to one of the most beautiful areas of mathematics, 
three-dimensional hyperbolic geometry; my professors at 
UC Santa Cruz (especially Robert Irion), who helped turn 
me from a mathematician into a journalist; and my editor 
at Quanta Magazine, Thomas Lin. When he feels that one 
of my drafts needs improvement, he sends me a list of 
suggestions that always contains at least three impossible 
tasks. Then I figure out how to do them, and my article 
is immeasurably better. It’s been more than twenty years 
since I did any mathematics research of my own. But I am 
in constant conversation with research mathematicians, 
and sharing in their excitement about their work is one of 
the most delightful parts of my job.

Erica Klarreich
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About the Prize
The JPBM Communications Award is presented annually 
to reward and encourage journalists and other communi-
cators who, on a sustained basis, bring mathematical ideas 
and information to nonmathematical audiences. JPBM 
represents the American Mathematical Society, the Amer-
ican Statistical Association, the Mathematical Association 
of America, and the Society for Industrial and Applied 
Mathematics. The award carries a cash prize of US$2,000.

A list of past recipients of the JPBM Communications 
Award can be found at https://www.ams.org/prizes 
-awards/pabrowse.cgi?parent_id=20.

Credits
Photos of John Bailer, Richard Campbell, and Rosemary Pen-

nington are courtesy of Miami University.
Photo of Erica Klarreich is courtesy of Erica Klarreich.

I have found over the years that the stories that resonate 
the most with readers are those with a powerful human 
element. My readers want to understand mathematics, but 
they also want to understand you: the people who have 
dedicated your lives to the pursuit of mathematical beauty 
and discovery. They want to know about your struggles and 
your triumphs, your disappointments and your flashes of 
joy.

I believe that even those readers who found their own 
math education mind-numbing or traumatic still feel, on 
some level, that mathematics is an inextricable component 
of the human experience. And when the human element 
in a story is compelling, my readers are willing to dive 
into the hardest research areas at the frontiers of modern 
mathematics.

Many of my most successful stories have come about 
because some mathematician told me about something 
amazing that was happening in their field. So I’d like to 
end with an invitation: When you hear about a beautiful 
new advance, please share it with me or other mathematics 
communicators, so that we can share it in turn with the 
broader public. Reading about your stories gives people 
an opportunity to see the world through your eyes, catch 
a glimpse of the mathematical beauty that motivates you, 
and emerge with an enlarged sense of human potential.

https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=20
https://www.ams.org/prizes-awards/pabrowse.cgi?parent_id=20
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FROM THE AMS SECRETARY

Fellows of the AMS
2021 Class of

Forty-six mathematical scientists from around the world have been named Fellows of the American Mathematical Society 
(AMS) for 2021.

The Fellows of the American Mathematical Society program recognizes members who have made outstanding con-
tributions to the creation, exposition, advancement, communication, and utilization of mathematics. Among the goals 
of the program are to create an enlarged class of mathematicians recognized by their peers as distinguished for their 
contributions to the profession and to honor excellence.

Names of the individuals who are in this year’s class, their institutions, and citations appear below.
The nomination period for Fellows is open each year from February 1 to March 31. For additional information about the 

Fellows program, as well as instructions for making nominations, visit the web page https://www.ams.org/ams-fellows.
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Michael Hopkins, Harvard University
For contributions to algebraic topology and related areas of alge-
braic geometry, representation theory, and mathematical physics.

James Allen Isenberg, University of Oregon
For contributions to mathematical general relativity and geom-
etry flows.

Lionel Levine, Cornell University
For contributions to research and exposition in probability theory 
and combinatorics.

Marta Lewicka, University of Pittsburgh
For contributions to partial differential equations, calculus of 
variations, and continuum mechanics.

Hanfeng Li, State University of New York at Buffalo
For contributions to algebraic dynamics and operator algebras.

Kening Lu, Brigham Young University
For contributions to infinite-dimensional and stochastic dynamics 
and their applications to partial differential equations.

G. Robert Meyerhoff, Boston College
For contributions to hyperbolic geometry including work on 
Chern-Simons theory and volumes of hyperbolic 3 manifolds.

Juan C. Meza, University of California, Merced
For contributions to the mathematical profession through lead-
ership at the national level and to scientific computing and 
applications.

Yair Nathan Minsky, Yale University
For contributions to hyperbolic 3-manifolds, low-dimensional 
topology, geometric group theory and Teichmüller theory.

Rick Miranda, Colorado State University
For contributions to algebraic geometry, especially the study of 
degenerations, and for high-quality exposition.

Marius Mitrea, Baylor University
For contributions to partial differential equations and related 
subjects.

Jennifer Morse, University of Virginia
For contributions to algebraic combinatorics and representation 
theory and service to the mathematical community.

Volodymyr Nekrashevych, Texas A&M University
For contributions to group theory, dynamics, and operator al-
gebras.

Denis Osin, Vanderbilt University
For contributions in geometric group theory, specifically groups 
acting on hyperbolic spaces.

Gang Bao, Zhejiang University
For contributions to applied mathematics, in particular to inverse 
problems and wave propagation.

Jason P. Bell, University of Waterloo
For contributions to noncommutative algebra and arithmetic 
dynamics.

Bhargav Bhatt, University of Michigan
For contributions to algebraic and arithmetic geometry in mixed 
and positive characteristic.

Dan Boneh, Stanford University
For contributions to cryptography.

Jonathan Brundan, University of Oregon
For contributions to Lie theory and representation theory.

Rene Carmona, Princeton University
For contributions to probability theory and its applications to 
mathematical physics, image processing and financial mathe-
matics.

Raymond Hon-fu Chan, City University of Hong Kong
For contributions to computational mathematics, in particular to 
numerical linear algebra and applications to imaging sciences.

Michael Christ, University of California, Berkeley
For contributions to harmonic and complex analysis, and linear 
partial differential equations.

Ricardo Cortez, Tulane University
For contributions in numerical methods for fluid dynamics and 
leadership in promoting opportunities in mathematical sciences 
for underrepresented groups.

Daniel A. Goldston, San Jose State University
For contributions to analytic number theory.

John Greenlees, University of Warwick
For contributions to commutative algebra and algebraic topology, 
in particular to equivariant stable homotopy theory.

Jean-Luc Guermond, Texas A&M University
For contributions to computational mathematics, in particular 
to the theory of finite element methods in partial differential 
equations.

Boris Hasselblatt, Tufts University
Eleventh Secretary of the American Mathematical Society.

Michael A. Hill, University of California, Los Angeles
For contributions to algebraic topology, in particular equivariant 
stable homotopy theory.
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Alexander L. Volberg, Michigan State University
For contributions to harmonic analysis and its relations to geo-
metric measure theory.

Talitha M. Washington, Clark Atlanta University and At-
lanta University Center
For contributions to broadening the participation of underrepre-
sented groups, and service to the mathematical profession.

Tong Yang, City University of Hong Kong
For contributions to hyperbolic conservation laws and kinetic 
equations.

Laurent Younes, Johns Hopkins University
For contributions to graphical model identification and shape 
analysis with applications to machine learning, medical imaging 
and computational anatomy.

Eric Zaslow, Northwestern University
For contributions to mathematical physics and mirror symmetry.

Credits
Photo of Bhargav Bhatt is by Katherine Grillaert.
Photo of Ricardo Cortez is courtesy of Kathy Kozar.
Photo of Daniel A. Goldston is courtesy of Ryoko Goldston.
Photo of Boris Hasselblatt is courtesy of Alonso Nichols, 

Tufts University.
Photo of Michael A. Hill is courtesy of Idriss Njike.
Photo of Lionel Levine is courtesy of the Institute for Ad-

vanced Study.
Photo of Marta Lewicka is courtesy of Justart-studio Justyna 

Chrzanowska.
Photo of Juan C. Meza is courtesy of Veronica Adrover.
Photo of Yair Minsky is courtesy of Ada Fenick.
Photo of Jennifer Morse taken by Scarlett Morse.
Photo of Lillian B. Pierce is courtesy of Duke Photography.
Photo of Richard Tapia is courtesy of Tommy LaVergne, Rice 

University.
Photo of Anthony Várilly-Alvarado is by Joe Rabinoff.
Photo of Bianca Viray is by Joe Rabinoff.

Duong H. Phong, Columbia University
For contributions to analysis, geometry, and mathematical 
physics.

Lillian B. Pierce, Duke University
For contributions to number theory and harmonic analysis.

Cristian D. Popescu, University of California, San Diego
For contributions to number theory and arithmetic geometry.

Siddhartha Sahi, Rutgers, The State University of New 
Jersey, New Brunswick
For contributions to harmonic analysis and representation theory 
of real reductive groups, algebraic combinatorics, probability, 
mathematical physics and statistics.

Karl Schwede, University of Utah
For contributions to birational geometry in positive and mixed 
characteristic, in particular in the context of the minimal model 
program.

Mikhail Shapiro, Michigan State University
For contributions to enumerative algebraic geometry and to the 
theory of cluster algebras.

Valeria Simoncini, Università di Bologna
For contributions to computational mathematics, in particular 
to numerical linear algebra.

Yannick Sire, Johns Hopkins University
For contributions to analysis and geometry, in particular Kolm-
ogorov-Arnold-Moser theory and nonlocal diffusion processes.

Andrew V. Sutherland, Massachusetts Institute of Tech-
nology
For contributions to number theory, both on the theoretical and 
computational aspects of the subject.

Richard A. Tapia, Rice University
For contributions in optimization theory and computational 
methods and for sustained efforts in fostering diversity and ex-
cellence in mathematics and science at the national level.

Anthony Várilly-Alvarado, Rice University
For contributions to algebraic and arithmetic geometry, in par-
ticular to the study of rational points on varieties.

Jeffrey A. Viaclovsky, University of California, Irvine
For contributions to differential geometry and geometric analysis.

Bianca Viray, University of Washington
For contributions to arithmetic geometry, in particular to the 
subject of rational points on varieties, and for sustained efforts 
to support underrepresented groups in mathematics.
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AMS COMMUNICATION

part of what’s happening in our own mathematical com-
munity. We don’t all have the same understanding of the 
world, and in certain cases, we find that we aren’t even 
starting from the same premises. Navigating the tension 
and the misunderstandings and the righteous anger around 
racial discrimination and Black Lives Matter has been truly 
challenging. I think the AMS is rising to that challenge in 
many ways that I’m proud of, and we have a lot of work to 
do in the future to get where we want to go.

Notices: We’re talking in December 2020, at the end of what 
has been a very challenging year for pretty much everybody. What 
kinds of challenges has the AMS faced this year, and how have 
you and the organization responded?

Pipher: Where do I start? First of all, there’s the challenge 
of being able to do our jobs—as mathematicians, as ed-
ucators, as researchers—in a global pandemic. The thing 
that was affected most within the organization itself was 
MathSciNet, which was basically down for a couple of 
months and then came back. The sheer efforts to go paper-
less and, at the same time, to support the AMS community 
with its challenges by providing information and changing 
meetings to remote meetings, and so forth, were pretty 
extraordinary. I think we’re past the worst of that, thanks 
to a lot of incredible teamwork and good leadership from 
the executive director.

Besides the challenges we’re all familiar with, there are 
things that emerged from this and turned out to be really 
significant: the disproportionate effect of the illness on 
people of color, the disproportionate effect of the pandemic 
on research for women in the sciences, who have still borne 
the brunt of childcare. What that means for the careers 
of women, and especially women of color, and how that 
shapes their opportunities down the road, is yet to be seen. 

Finally, the overarching social issues, the political and 
cultural polarization of this country, certainly have been 

Evelyn Lamb is a freelance writer in Salt Lake City, UT. Her email address 
is rootsofunityblog@gmail.com.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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An Interview with  
Jill Pipher
Evelyn Lamb

Every other year, when a new AMS president takes office, the Notices publishes interviews with the outgoing and 
incoming presidents. What follows is an edited version of an interview with Jill Pipher, whose two-year term as pres-
ident ended on January 31, 2021. Pipher is Vice President for Research and Elisha Benjamin Andrews Professor of 
Mathematics at Brown University. The interview was conducted in December 2020 by freelance writer Evelyn Lamb.
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community in spite of all the organizational, social, public 
health, and political challenges that we all were facing this 
year. It was a very difficult year.

Not every initiative that I had ambitiously planned at 
the beginning of my presidency reached fruition because 
about halfway through it, the world just fell apart. A lot has 
been happening at the AMS in spite of that. For one thing, 
some of our sectional meetings have been held remotely 
and seem to be going well. The Joint Mathematics Meetings 
will be very scaled-back, but we will be having major invited 
addresses, special sessions, and panels. It’s very hard to 
re-create something as wonderful as the JMM remotely, but 
it will certainly be better than not having anything at all.

Our newest journal was finalized, the Communications 
of the AMS. I just had the honor and delight of approving 
its inaugural editorial board, which looks terrific. It has 
two very dedicated editors-in-chief. This is going to be a 
donor-funded, open-access journal. 

In addition to the work through the task force and 
Board of Trustees fund to support Black Lives Matter, the 
AMS Council created a sixth policy committee, the Com-
mittee on Equity, Diversity, and Inclusion. The five policy 
committees that existed were formed in the mid-90s to 
help create policy to be approved by Council in areas that 
represented the main mission of the AMS. So the AMS has 
made it clear that equity, diversity, and inclusion are part 
of its main mission by creating this sixth policy committee.

In other work, we’ve been looking at the structure and 
processes regarding our prizes and formed a new commit-
tee, the Prize Oversight Committee, to ensure we have a 
robust and diverse set of nominations for prizes, that our 
protocols make it easy to nominate people, and that the 
prizes are regularly reviewed and continue to meet the 
standards of the AMS. I think that all in all, there’s been a 
lot going on at the organization. 

One of the other things that was really on my mind 
was advocacy for research, and mathematical research in 
particular, with general audiences and our representatives 
in Washington. One of the things I was fortunate to have 
been asked to take part in was a congressional briefing 
last year that brought all of my Rhode Island delegates to 
the room. We had a really great conversation around the 
importance of government funding and federal funding, in 
particular for fundamental research that leads to solutions 
like public-key cryptography.

Notices: How has your role as Vice President for Research at 
Brown synergized (or not) with being the AMS president?

Pipher: One of the things I get to do as part of the Vice 
President for Research job is learn about issues in Wash-
ington in terms of government policies that affect higher 
education and universities, so I’ve learned quite a bit about 
issues that are important to every aspect of the research 

Notices: Can you elaborate on that, talk a little bit about the 
ways that the AMS has been responding to the Black Lives Matter 
movement this year?

Pipher: One of the things the AMS did on June 10 [joining 
many other societies and organizations in a show of sup-
port for Black Lives Matter] was to close its offices in order 
to have some day-long meetings of the Executive Council 
and the Board of Trustees, followed by a Council meeting 
that evening. A couple of important things emerged. First 
of all, the Council endorsed the creation of a task force 
called Understanding and Documenting the Historical Role 
of the AMS in Racial Discrimination. The co-chairs of that 
task force, Kasso Okoudjou and Francis Su, started work 
on filling out the rest of the committee. The committee was 
charged to produce a report in a very rapid timeframe, and 
we now have a summary to present and discuss at the next 
Council meeting in January, with a set of recommendations 
that will be discussed and digested. Hopefully many of 
these will be turned into action items for the AMS. 

The second thing was the creation of the 2020 Fund. If 
the Council approves, it will support a fellowship specif-
ically for Black mathematicians and will demonstrate the 
AMS’s commitment to Black mathematicians in this organi-
zation. I look forward to discussing the recommendations 
of the task force in future meetings.

Notices: When we talked in 2018, one of the priorities you 
mentioned was supporting early-career mathematicians, whether 
they were going into research and academic careers or not. Do 
you have any updates on how that has progressed over the past 
two years?

Pipher: The AMS has continued to invest in its graduate 
student chapters and recognizes the importance of sup-
porting that work. The Math Research Communities, which 
bring graduate students and researchers together for an 
immersive experience in the summer, were only able to be 
carried out remotely [in 2020], but the financial support 
has continued and will continue and even expand. It’s a 
tremendously successful program, according to the partic-
ipants. The graduate students end up working on projects, 
producing papers, and forming networks and communities 
that are long-lasting. The Epsilon Fund, which supports 
math activities for pre-college kids, has been growing over 
the years and continues to provide funds to support math 
camps and summer schools.

Notices: Is there a single thing you’re most proud of about your 
tenure as president of the AMS?

Pipher: I would not point to one single thing. I would just 
say I’m proud that all of this important work continued and 
that we were able to continue to support the mathematics 
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Notices: Is there anything else you’re excited to get to do as your 
role as AMS president ends?

Pipher: I’ve been helping to run a virtual informal learning 
seminar in analysis here while we’re in the pandemic, and 
I’ve also started working remotely with a newly-admitted 
graduate student. So I’m looking forward to taking on 
some new projects and helping her find some fun things 
in harmonic analysis to work on.

Notices: What do you think are the biggest challenges facing the 
AMS in the next few years?

Pipher: One challenge is going to be in meetings and 
conferences. I think we’ll all still want to go to meetings in 
person; I think we’re craving it. At the same time, we’re not 
going to be traveling in the same way that we were. There are 
going to be changes that are going to be hard to predict in 
the way we run meetings and conferences. Not being able to 
predict what those changes look like in people’s travel and 
conference participation is something that an organization 
like AMS, which has so many activities geared toward travel 
and meetings, will find challenging.

I think the other challenge is going to be universities 
and colleges. Institutions of higher education have faced 
extraordinary budget cuts. They’ve gone into debt. Some 
of them will probably close. I think the near-term future 
of universities and colleges is going to make everything 
that the AMS and other professional societies have relied 
on from these institutions challenging, including library 
subscriptions for books and journals and membership 
support from the general community. Higher education 
has been one of the biggest victims of the pandemic, and 
the consequences have still not played out. We’re not really 
sure how that’s going to affect the future of our work, and 
how that’s going to change university education overall.

Creating a truly inclusive and diverse society member-
ship and community is a challenge. I think the AMS recog-
nizes that it’s a challenge and is looking for solutions and 
help from its members. It’s a challenge for any institution, 
any organization, to look at itself and say “this needs to be 
done better, this needs to be done differently” and to get 
everybody on board with that. 

At the same time, all three of the things I mentioned are 
opportunities. They are all opportunities to do something 
different, to do something better, to make the necessary 
changes in how we serve and support mathematical re-
search. Mathematics is so important to the future of this 
world that the support of mathematics research is, I think, 
truly a noble thing. This organization has a huge part to 
play in that, and that’s what makes people dedicated mem-
bers and makes the staff at AMS dedicated to their job. They 
know that it’s truly a noble cause.

environment. Much of what I learn is relevant even for 
research that is not carried out in a lab. It affects all of our 
research. So with that knowledge and discussions that take 
place, both with my peers at other universities and with our 
senior administration at Brown, I gain insights into things 
that I can translate into how to help mathematicians too.

The thing that was most stressful these past eight months 
was trying to figure out how we were going to reopen re-
search labs safely after the lockdown because we had to 
get our researchers back to work. That work was incredibly 
time-consuming and confusing and involved solving a lot 
of new problems. We approached it very methodically. I 
chaired a large committee of experts that discussed what to 
do and how to do it several times a week for many weeks as 
we were unfolding this process. It wasn’t necessarily related 
to what I do for AMS, but maybe it was sort of synergistic 
because during this time, I read a number of papers about 
modeling infectious diseases that I was able to understand 
pretty quickly because of my background.

Notices: When we talked the last time, you mentioned that time 
to actually do your own research was at a premium. Is there 
anything you’re excited about being able to work on, or new 
directions in your own research you want to pursue, after your 
tenure as president ends?

Pipher: I was on a path where I was able to balance two 
pretty consuming jobs—my job at the research office at 
Brown and the AMS  —with spending some time each week 
on a regular basis doing my research. But honestly, after 
March, that pretty much came to an end. The things that 
I had to deal with at Brown, shutting down research labs 
and figuring out how to reopen them again, suddenly 
doubled my workload. I have been able to keep up with 
a few things and finished one paper with my collaborator 
and postdoc. But honestly, if I can just get back into my old 
research habits, I will be very grateful because it’s been the 
thing that slid away during these last eight or nine months.

Figure 2. Jill Pipher at a US Senate briefing in Washington, DC
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Notices: What are you most optimistic about with respect to the 
future of the AMS?

Pipher: I’m most optimistic about the fact that it does seem 
to me that more and more people in a general audience, 
in positions in government, in leadership positions, are 
understanding how central mathematics is to everything. 
Understanding the importance, the centrality of mathe-
matics, that makes me very optimistic. It means that the 
organization should be able to continue to thrive.

Credits
Figures 1 and 2 are courtesy of Jill Pipher and Brown Uni-

versity.
Author photo is courtesy of Evelyn Lamb.

Evelyn Lamb

PhD + Epsilon
Early-career mathematicians 
blog about their experiences 
and challenges.

For insights into the career concerns 
of newer mathematical scientists, 
read the PhD + Epsilon blog.

blogs.ams.org/phdplus

http://blogs.ams.org/phdplus
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Biographical Sketch: Aline Bonami
Aline Bonami is an emeritus professor at the University of 
Orléans in France. She received her PhD degree in 1970 at 
the University of Paris-Sud, in Orsay, under the direction 
of Yves Meyer. In her thesis she studied Fourier multipliers 
and, particularly, hypercontractivity inequalities. During 
the first years of her career, she was a full-time researcher 
at the National Center for Scientific Research (CNRS) in 
Orsay, where she benefited from an exceptional environ-
ment in the team of harmonic analysis directed by Jean-
Pierre Kahane. Visitors from abroad spent long periods 
there. She was in particular deeply influenced by the courses 
of E. Stein, R. Coifman, and G. Weiss. 

Since 1973 Bonami has been a professor at the University 
of Orléans. During the years 2003–2006, she served as the 
scientific director for mathematics in charge of evaluation 
in the French Ministry of Research. She also served as pres-
ident of the French Mathematical Society in 2012–2013. 
She has received the Prix Petit d’Ormoy, Carrière, Thébault 
from the French Academy of Sciences (2001), the Prize of 
the Polish Ministry of National Education for Research 
in Collaboration (2005), the Commandeur des Palmes 
Académiques (2005), and the Chevalier de la Légion 
d’Honneur (2010). She has served as coordinator of the 
IHP network of the European Commission on Harmonic 
Analysis and Related Problems (2002–2006), as a member 
of the Scientific Committee of the Simons Foundation for 
its African program (2012) and of the Scientific Committee 
for European Prizes for Young Researchers (2016), and she 
was a co-organizer of CIMPA schools in Argentina (2008) 
and Cameroon (2011). She has served in editorial positions 
of several mathematics journals.

Even though her studies and career kept her in a radius 
of 100 kilometers around Paris, Bonami always liked to 
collaborate with colleagues from all over the world. She 
was the coordinator of a European project in 2002–2006 
and had long-standing collaborations in faraway countries, 
such as Cameroon, India, Venezuela, Ivory Coast, China, 
and Tunisia. She has written some memories of her first 
steps in mathematics in the collection I, Mathematician, 
edited by Peter Casazza, Steven Krantz, and Randi Ruden. 

Bonami and Ebenfelt 
Awarded 2020 Bergman 
Prizes

The 2020 Bergman Prizes have been 
awarded to Aline Bonami of Uni-
versité d’Orléans and Peter Ebenfelt 
of the University of California, San 
Diego. 

Citation: Aline Bonami
Aline Bonami is awarded the Berg-
man Prize for her highly influential 
contributions to several complex 
variables and analytic spaces. She is 
being especially recognized for her 
fundamental work on the Bergman 
and Szegö projections and their cor-
responding spaces of holomorphic 
functions. In her seminal collabo-
ration with D. Bèkollè, they have 
developed an elegant and compre-
hensive weighted theory of the Berg-
man projection and have discovered 
a new class of weights whose rele-

vance in complex function theory can only be compared 
to the essential role played by the Muckenhoupt weights 
in the analysis of the Calderòn–Zygmund operators. In 
addition, her contributions to the study of the ∂-prob-
lem in the setting of weak pseudoconvexity have deeply 
influenced our understanding of this very important but 
extremely difficult problem. For instance, her work with 
N. Sibony brings to the fore the domain’s smoothness as 
a critical requirement for the existence of solutions with 
prescribed Lebesgue-space regularity. Bonami’s work has 
had a long-lasting impact on the theory of several complex 
variables, operator theory, and harmonic analysis, and it 
continues to be a strong influence on present-day research 
in all these fields.

Aline Bonami

Peter Ebenfelt
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a master’s degree in engineering physics in 1990. He went 
on to study for his PhD at KTH under the supervision of 
Harold S. Shapiro and received his degree in 1994. He 
received a postdoctoral fellowship from the Natural Sci-
ences Research Council of Sweden to visit the University 
of California, San Diego (UCSD), for two years under the 
mentorship of M. Salah Baouendi and Linda P. Rothschild. 
Ebenfelt then took a position at KTH in 1996, but returned 
to UCSD in 2001 for a tenured associate professor position. 
Before joining the faculty at UCSD and becoming a full 
professor in 2002, he was promoted to full professor at 
KTH in 2001 and was selected for the first five-year research 
fellowship in mathematics of the Royal Swedish Academy 
of Sciences in 2000. He served as chair of the Mathematics 
Department at UCSD in 2010–2016 and is currently (since 
2017) the associate dean of research in the Division of 
Physical Sciences.

Ebenfelt is the author of a Princeton University textbook 
on CR geometry and numerous research articles in complex 
analysis and geometry and CR geometry. He received the 
Wallenberg Prize from the Swedish Mathematical Society 
in 1996. He is a Fellow of the AMS and a foreign member 
of the Royal Norwegian Society of Arts and Sciences. His 
research has been continuously supported by the National 
Science Foundation since he came to the United States in 
2001.

Response from Peter Ebenfelt
I am honored and humbled by the award of the 2020 Stefan 
Bergman Prize. When I started out at KTH (Royal Institute 
of Technology) in Stockholm as an undergraduate engi-
neering student in 1986, I had no aspirations of becoming 
a mathematician, but rather planned a career in business/
industry. After taking a graduate course in Fourier analysis 
with Jan-Erik Bjork in my second year, however, I started to 
see the beauty of mathematics and was hooked from there 
on. I had the good fortune of getting a truly inspiring PhD 
thesis advisor, Harold S. Shapiro, and after I graduated, 
two amazing postdoctoral advisors, M. Salah Baouendi and 
Linda P. Rothschild. This award renews my enthusiasm for 
mathematical research and affirms that the ups and downs 
of research are worth the effort. On this occasion, I want 
to take the opportunity to share the honor of the Bergman 
Prize with all of my collaborators through the years. My 
mathematical journey has not been a solo effort, but rather 
more like a team sport.

About the Prize
The Bergman Prize honors the memory of Stefan Bergman, 
best known for his research in several complex variables, 
as well as the Bergman projection and the Bergman ker-
nel function that bear his name. A native of Poland, he 
taught at Stanford University for many years and died in 
1977 at the age of eighty-two. He was an AMS member for 

Response from Aline Bonami
It is a great surprise to me to be awarded the Bergman Prize. 
I feel very honored and happy about it. I have spent a lot 
of time working on Bergman kernels, Bergman projections, 
and Bergman spaces, and it is like a dream to see the name 
of Bergman appearing in my life in such a way.

My interest in this subject started at the end of the 
seventies: my original specialty, which I never left, is har-
monic analysis, and I am proud to have been the first PhD 
student of Yves Meyer. But I like to travel, both in real life 
and in mathematics, and I like sharing mathematics with 
other researchers. In the seventies I was attracted by a small 
group of researchers in complex analysis which met every 
week in Orsay at the University of Paris-Sud. This also had 
a large influence on my further interests. I cannot name all 
colleagues with whom I collaborated. But certainly David 
Bèkollè, Philippe Charpentier, Sandrine Grellier, and Noël 
Lohoué are particularly present in my mind when recalling 
all this time passed around Bergman kernels or spaces.

Today, while I write these few lines, traveling is not 
possible because of the coronavirus. But the passion of 
mathematics may still be present, which is quite a gift!  

Citation: Peter Ebenfelt
Peter Ebenfelt is awarded the Bergman Prize for his many 
important contributions to several complex variables, CR 
geometry, and partial differential equations. He is being 
recognized for his foundational and innovative results on 
mappings in CR geometry, his study of rigidity problems, 
and new insights into the Bergman kernel function. In his 
work on CR maps, he solved long-standing problems con-
cerning their regularity, opened up new avenues of research, 
and introduced new powerful ideas, e.g., the technique of 
iterated Segre sets, which has become a fundamental tool 
for understanding holomorphic mappings between CR 
manifolds.

In addition, his pioneering results on rigidity problems, 
algebraicity, and convergence of formal maps have im-
pacted the entire field of CR geometry. His contributions 
to the field range from the rigidity of sphere embeddings 
to the unexpected phenomenon of superrigidity. Moreover, 
his recent research has led to new insights into old unsolved 
problems about the Bergman kernel function. In particular, 
he characterized as locally spherical certain boundaries of 
domains in ℂ2 for which the log term of the Fefferman 
asymptotic expansion vanishes on the boundary. 

Ebenfelt’s work has had deep influence on the theory 
of several complex variables, CR geometry, and geometric 
analysis and serves as an inspiration for a generation of 
junior mathematicians.

Biographical Sketch: Peter Ebenfelt
Peter Ebenfelt was born in Sweden in 1965. He went to KTH 
(Royal Institute of Technology) in Stockholm and earned 
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chair at the University of Strasbourg Institute for Advanced 
Study (USIAS), which became a permanent position. She 
is currently a member of the Institute for Advanced Math-
ematical Research (IRMA) at the University of Strasbourg.

In 2011 she was awarded the Salem Prize for work asso-
ciated with Laplace eigenvalues and the Jacques Herbrand 
Prize from the French Academy of Sciences. In 2012, with 
Freeman Dyson, Barry Simon, and Sylvia Serfaty, she re-
ceived the Henri Poincaré Prize for mathematical physics 
“for her original contributions to the area of quantum 
chaos, dynamical systems and Schrödinger equations, 
including a remarkable advance in the problem of quan-
tum unique ergodicity.” Other honors include the CNRS 
Silver Medal (2013) and the Infosys Prize (2018). She was 
elected a member of the Academia Europaea in 2015 and 
was elected to the French Academy of Sciences in 2019. She 
was plenary speaker at the 2018 International Congress of 
Mathematicians. Anantharaman’s research interests include 
quantum chaos, dynamical systems, the Schrödinger equa-
tion, and harmonic analysis on large graphs. Apart from 
mathematics, she is a musician who plays classical piano 
and occasionally organ and flute.

—From a Northwestern University announcement

Terracini Awarded  
Schauder Medal

Susanna Terracini of the Univer-
sity of Turin has been awarded the 
Schauder Medal  “in recognition of 
her significant achievements in de-
velopment of variational methods 
and contributions to dynamics of 
differential equations, in particular 
for 𝑛-body problems, nonlinear re-
action diffusion equations, as well 
as Schrödinger systems.”

Terracini earned her PhD from the 
Scuola Internazionale Superiore di Studi Avanzati (SISSA) 
under the supervision of Ivar Ekeland. In 1988–1989 she 
held a research fellowship at Université Paris IX. She joined 
the Department of Mathematics at Polytechnic University 
of Milan in 1990. In 2001 she became full professor at the 
University of Milano-Bicocca and has been at the University 
of Turin since 2012. 

Terracini was awarded the Calogero Vinti Prize of the 
Italian Mathematical Union in 2002 and the Bruno Finzi 
Prize for Rational Mechanics in 2007. She was also the con-
venor of the association European Women in Mathematics 
(EWM) from 2013 to 2015. Her research interests include 
different directions in the field of nonlinear analysis with 

thirty-five years. When his wife died, the terms of her will 
stipulated that funds should go toward a special prize in 
her husband’s honor. The prize recognizes mathematical 
accomplishments in the areas of research in which Stefan 
Bergman worked. The 2020 prize carries a cash award of 
US$24,000, the 2020 income from the Stefan Bergman 
Trust. The prize is evenly split between recipients.

The AMS was asked by Wells Fargo Bank of California, 
the managers of the Bergman Trust, to assemble a commit-
tee to select recipients of the prize. In addition, the Society 
assisted Wells Fargo in interpreting the terms of the will 
to ensure sufficient breadth in the mathematical areas in 
which the prize may be given. Awards are made every one 
or two years in the following areas: (1) the theory of the 
kernel function and its applications in real and complex 
analysis and (2) function-theoretic methods in the theory 
of partial differential equations of elliptic type with atten-
tion to Bergman’s operator method.

A list of the past recipients of the Bergman Prize can 
be found at www.ams.org/prizes-awards/pabrowse 
.cgi?purl=bergman-prize&parent_id=36. 

The members of the selection committee for the 2020 
Bergman Prize were: 

 • Donatella Danielli (Chair)
 • Shiferaw Berhanu
 • Loredana Lanzani

—Elaine Kehoe

Anantharaman Awarded 
Nemmers Prize

Nalini Anantharaman of the Uni-
versity of Strasbourg and CNRS was 
awarded the 2020 Frederic Esser 
Nemmers Prize in Mathematics. She 
was selected “for her profound con-
tributions to microlocal analysis and 
mathematical physics, in particular 
to problems of localization and de-
localization of eigenfunctions.”

Anantharaman received her PhD 
from the Université Pierre et Marie 

Curie in 2000 under the supervision of François Ledrappier. 
She held lecturer positions at the Ecole Normale Supérieure 
(ENS) in Lyon and at the French National Centre for Sci-
entific Research (CNRS) and the Ecole Polytechnique in 
Paris. She was Visiting Miller Professor at the University 
of California, Berkeley, in 2008 and became professor at 
the University of Paris-Sud in 2009. From January to June 
2013, she worked at the Institute for Advanced Study in 
Princeton. Between 2014 and 2016, she held a temporary 

Nalini Anantharaman 

Susanna Terracini

http://www.ams.org/prizes-awards/pabrowse.cgi?purl=bergman-prize&parent_id=36
http://www.ams.org/prizes-awards/pabrowse.cgi?purl=bergman-prize&parent_id=36
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Photo of Peter Ebenfelt is courtesy of Ann-Sofie Ebenfelt. 
Photo of Nalini Anantharaman is courtesy of Noel Tovia Ma-

toff, Berlin.
Photo of Susanna Terracini is courtesy of Marcello Cellina.

application to the variational approach to chaotic and 
complex trajectories in Hamiltonian dynamical systems, 
especially in celestial mechanics, including the 𝑛-body  
problem, and pattern formation mechanisms for non-
linear reaction diffusion and Schrödinger systems. She is 
the author of more than 100 papers published in major 
international mathematical journals and of five books 
and is on the editorial board of a number of national and 
international journals.

The Schauder Medal is awarded by the J. P. Schauder 
Center for Nonlinear Studies at the Nicolaus Copernicus 
University in Toruń, Poland, to individuals for their sig-
nificant achievements related to topological methods in 
nonlinear analysis.

 —Elaine Kehoe

Introducing
an AMS Member

Photo courtesy of Atlanta Convention Photography.

Jennifer Schultens
Math Professor, University of California, Davis

 AMS Member since: 1988

 Primary Field Low Dimensional
 of Research: Topology

 Dissertations Advisor: Martin Scharlemann 

 Undergrad Institution: Bryn Mawr College

 PhD Institution: University of
  California,
  Santa Barbara

 Favorite Number: 23 

 Favorite Color: Blue

 Favorite Food: Scones

 Erdős Number: 3

 Favorite Hobby: Hiking

What do you think is the most important thing the AMS offers?
AMS Publishing, Math Reviews/MathSciNet® supports the mathematical 
community in fundamental ways.

What is your favorite memory from an AMS event?
I will never forget the post conference celebration after the AMS-SMM 
meeting in Guanajuato in 1999.

Describe the situation when you fi rst fell for math.
As a 6-year-old, I rediscovered a specialized version of Gauss’ summation 
formula. (I didn’t yet know how to multiply, I was just playing around with 
numbers.)
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department chair, for the event, titled “Moving Mathemat-
ics Forward: Twenty Years Since the Historic Graduation of 
Drs. Inniss, Scott, and Weems.” Dr. Johnson interviewed the 
panelists over thirty minutes and included fifteen minutes 
for questions from the audience. Drs. Inniss, Scott, and 
Weems discussed their graduate school experience, their 
subsequent mathematics journeys, and equitable oppor-
tunities in mathematics higher education.

Dr. Tasha Inniss: “I am hopeful about the future of equity 
in mathematics! There have been many strides in the last 
twenty years, including a shift from ‘fixing the students’ 
to ‘transforming structures’ to create more positive insti-
tutional cultures that promote the success of all students, 
particularly students of color. It was an honor to be the first 
with my math sisters, Kim and Sherry, back in 2000. We 
were very fortunate to be part of a supportive community 
of Black graduate students and mathematicians, including 
our mentor Dr. Raymond Johnson and members of NAM.”

In 1999–2000, the year that Drs. Inniss, Weems, and 
Scott received their PhDs, only fifteen African American/
Black US citizens received PhDs in the mathematical sci-
ences, of whom five were women. In 2017–2018, the most 
recent year for which we have data, twenty-seven African 
American/Black US citizens received PhDs in the mathe-
matical sciences, of whom fifteen were women. 

Dr. Kimberly S. Weems: “I am honored and humbled 
to celebrate this milestone with my friends and colleagues.  
I think of the Black women who came before me—those 
who forged the path to study math at every level at every 
institution. Their efforts opened doors and made it possi-
ble for us to achieve our goals. This anniversary celebrates 

Virtual Mathematical 
Congress of the Americas 
(MCA 2021) Grants
There is still time to apply for funding support to attend 
the Virtual MCA 2021, scheduled for July 19–24, 2021. 
With funding from the National Science Foundation (NSF), 
the AMS is administering the grant program to provide 
support for US-based mathematicians to attend the Math-
ematical Congress of the Americas. Priority will be given 
to early-career mathematicians whose participation in 
MCA 2021 is not supported with other funding. Funding 
will cover the MCA registration fee plus a stipend of up to 
$250; the stipend is intended to assist in offsetting confer-
ence-related expenses that will allow the awardee a more 
focused meeting participation, which otherwise would 
not be possible. For more information, see www.ams.org 
/programs/travel-grants/mca. The application dead-
line is April 30, 2021.

—AMS Programs Department

AMS and NAM Cosponsor 
Celebration of December 21 
Milestone
On December 21, 2020, the National Association of 
Mathematicians (NAM) and the AMS cosponsored an 
online twentieth anniversary celebration of the historic 
PhD graduation of Tasha R. Inniss, Sherry E. Scott, and  
Kimberly S. Weems from the University of Maryland 
(UMD) Mathematics Department. Drs. Inniss, Scott, and 
Weems were the first Black female mathematicians to earn 
PhDs from the University of Maryland; their graduation to-
gether marked the continuation of a legacy of Black women 
in the field whose STEM achievements helped create a 
culture of more equitable graduate studies in mathematics.

Dr. Duane Cooper, a postdoc at UMD at the time, in-
troduced Dr. Raymond Johnson, their mentor and former 

http://www.ams.org/programs/travel-grants/mca
http://www.ams.org/programs/travel-grants/mca
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stANcho DimieV, professor, Bulgarian Academy of Sci-
ence, died on January 30, 2018. Born on May 12, 1932, he 
was a member of the Society for 46 years.

roNAlD G. DouGlAs, professor, Texas A&M, died on 
February 27, 2018. Born on December 10, 1938, he was a 
member of the Society for 55 years.

JoNAthAN GleAsoN, of Berkeley, California, died on  Janu-
ary 16, 2018. Born on December 3, 1989, he was a member 
of the Society for 4 years.

seymour hAyDeN, of Miami Beach, Florida, died on 
February 18, 2018. Born on February 12, 1924, he was a 
member of the Society for 69 years.

h. heyer, professor, University Tubingen, died on Febru-
ary 8, 2018. Born on September 7, 1936, she was a member 
of the Society for 51 years.

ADAm KleppNer, of Wardsboro, Vermont, died on January 
25, 2018. Born on June 5, 1931, he was a member of the 
Society for 60 years.

Gilles lAchAuD, of France, died on February 21, 2018. 
Born on July 26, 1946, he was a member of the Society 
for 37 years.

JohN W. mArViN, of Turlock, California, died on January 
29, 2018. Born on November 3, 1931, he was a member of 
the Society for 60 years.

NicK metAs, professor, Queens College, died on February 
16, 2018. Born on May 12, 1936, he was a member of the 
Society for 55 years.

JAmes c. oWiNGs Jr, of Riderwood, Maryland, died on 
January 12, 2018. Born on February 8, 1940, he was a 
member of the Society for 54 years.

stiG ANDur peDerseN, of Denmark, died on February 16, 
2018. Born on January 18, 1943, he was a member of the 
Society for 33 years.

richArD p. pembroKe, of Baltimore, Maryland, died on 
February 6, 2018. Born on February 8, 1951, he was a mem-
ber of the Society for 20 years.

JohN roe, of State College, Pennsylvania, died on March 
9, 2018. Born on October 6, 1959, he was a member of the 
Society for 31 years. 

clAreNce f. stepheNs, of Conesus, New York, died on 
March 5, 2018. Born on July 24, 1917, he was a member 
of the Society for 75 years.

freDeriK VAN Der bliJ, of the Netherlands, died on January 
27, 2018. Born on May 13, 1923, he was a member of the 
Society for 53 years.

elbert A. WAlKer, of Las Cruces, New Mexico, died on  
February 11, 2018. Born on March 11, 1930, he was a mem-
ber of the Society for 64 years.

herbert hArolD WAthAN, of Baton Rouge, Louisiana, 
died on February 25, 2018. Born on July 22, 1926, he was 
a member of the Society for 54 years.

JAmes V. WhittAKer, of British Columbia, Canada, died 
on February 6, 2018. Born on August 1, 1931, he was a 
member of the Society for 68 years.

them, too. I hope our accomplishments help other women 
of color in a similar manner.”

Approximately 300 people attended the event. View the 
recording at www.ams.org/education/webinars.

—AMS Communications Department
com-staff@ams.org

Mathematical Art Awards
The 2021 Mathematical Art Exhibition Awards were made 
at the virtual Joint Mathematics Meetings in January 2021 
“for aesthetically pleasing works that combine mathematics 
and art.” The three chosen works were selected from the 
exhibition of juried works in various media by 135 math-
ematicians and artists from around the world.

Best photograph, painting, or print: “Eight-Ring Circus” 
by Margaret Kepner

Best textile, sculpture, or other medium: “Laura's Flower-
pot” by Debora Coombs and Duane Bailey

Honorable Mention: “Madar-i-Shah Reconstruction” by 
Phillip Webster

The Mathematical Art Exhibition Award was established 
in 2008 through an endowment provided to the AMS by 
an anonymous donor who wishes to acknowledge those 
whose works demonstrate the beauty and elegance of 
mathematics expressed in a visual art form.

—AMS Programs Department

Deaths of AMS Members
ZVi ArAD, professor, Bar-Ilan University, died on February 

4, 2018. Born on April 16, 1942, he was a member of the 
Society for 45 years.

AlAN bAKer, professor, University of Cambridge, died 
on February 4, 2018. Born on August 19, 1939, he was a 
member of the Society for 47 years.

floriN N. DiAcu, professor, University of Victoria, Can-
ada, died on February 13, 2018. Born on April 24, 1959, 
he was a member of the Society for 27 years.
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Mathematics Opportunities

Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.

2021, dates to be announced: K-Theory of Operator 
Algebras. Guoliang Yu, Texas A&M University, lecturer. Uni-
versity of Puerto Rico, Rio Piedras, Puerto Rico. Organizer: 
Guihua Gong, ghgong@gmail.com. Website: https://
math.uprrp.edu/nfs_cbms_uprrp/.

August 16–20, 2021: Analysis, Geometry, and Partial 
Differential Equations in a Lower-Dimensional World.
Svitlana Mayboroda, University of Minnesota, lecturer. 
Florida State University. Organizer: Aleksandr Reznikov, 
reznikov@math.fsu.edu. Website: cbms2020.math 
.fsu.edu.

For more information and updates, see the individual 
conference websites or www.cbmsweb.org/regional 
-conferences/2019-conferences.

—From a CBMS announcement

Call for Proposals for 2022 
NSF-CBMS Regional Conferences

The NSF-CBMS Regional Research Conferences in the 
Mathematical Sciences are a series of five-day conferences 
that usually feature a distinguished lecturer delivering ten 
lectures on a topic of important current research in one 
sharply focused area of the mathematical sciences. The 
Conference Board of the Mathematical Sciences (CBMS) 
publicizes the conferences and disseminates the resulting 
conference materials. Support is provided for about thirty 
participants at each conference. The deadline for proposals 
is April 30, 2021. For details, see the Program Descrip-
tion at https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=504930.

—From an NSF-CBMS announcement

Early Career Opportunity

NSF-CBMS Regional 
Conferences 2021

With National Science Foundation (NSF) support, the 
Conference Board of the Mathematical Sciences (CBMS) 
will hold six Regional Research Conferences during the 
summer of 2021. Due to the pandemic, the conferences 
scheduled for 2020 will take place in 2021 instead. The 
tentative new dates for each conference for which they are 
available are given below. 

June 7–11, 2021: Parallel Time Integration. Martin J. 
Gander, Université de Genève, lecturer. Michigan Tech-
nological University, Houghton, Michigan. Organizer: 
Benjamin Ong, ongbw@mtu.edu. Website: conferences 
.math.mtu.edu/cbms2020/.

July 2021, exact dates to be announced: Nonstandard 
Finite Difference Methods: Advances in Theory and Ap-
plications. Ronald E. Mickens, Clark Atlanta University, 
lecturer. North Carolina A&T, Greensboro, North Carolina. 
Organizer: Dominic Clemence, clemence@ncat.edu. Web-
site: www.ncat.edu/cost/departments/mathematics 
/nsf-cbms-conference/abstract.php.

August 2–6, 2021: Gaussian Random Fields, Fractals, 
Stochastic Partial Differential Equations, and Extremes.
Yimin Xiao, Michigan State University, lecturer. Univer-
sity of Alabama, Huntsville. Organizer: Dongsheng Wu, 
dongsheng.wu@uah.edu. Website: www.uah.edu/math 
/cbms2020.

2021, dates to be announced: Bayesian Forecasting and 
Dynamic Models. Mike West, Duke University, lecturer. 
University of California, Santa Cruz. Organizer: Raquel 
Prado, raquel@ams.ucsc.edu. Website: https://cbms 
.soe.ucsc.edu/home/cbms-2021.

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at: www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

http://conferences.math.mtu.edu/cbms2020/
http://conferences.math.mtu.edu/cbms2020/
http://www.ncat.edu/cost/departments/mathematics/nsf-cbms-conference/abstract.php
http://www.ncat.edu/cost/departments/mathematics/nsf-cbms-conference/abstract.php
http://www.uah.edu/math/cbms2020
http://www.uah.edu/math/cbms2020
https://cbms.soe.ucsc.edu/home/cbms-2021
https://cbms.soe.ucsc.edu/home/cbms-2021
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=504930
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=504930
http://www.cbmsweb.org/regional-conferences/2019-conferences
http://www.cbmsweb.org/regional-conferences/2019-conferences
http://cbms2020.math.fsu.edu
http://cbms2020.math.fsu.edu
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Mathematics Opportunities

Early Career Opportunity

Project NExT 2021–2022

MAA Project NExT (New Experiences in Teaching) is 
a year-long professional development program of the 
Mathematical Association of America (MAA) for new or 
recent PhDs in the mathematical sciences. The program 
is designed to connect new faculty members with master 
teachers and leaders in the mathematics community and 
to address the three main aspects of an academic career: 
teaching, research, and service. We welcome and encourage 
applications from new(ish) and recent PhDs in postdoc-
toral, tenure-track, and visiting positions. We particularly 
encourage applicants from underrepresented groups 
(including women and minorities). Applications for the 
2021 cohort are due April 15, 2021. For applications and 
further information, see www.maa.org/programs-and 
-communities/professional-development/project 
-next. The AMS is a sponsor of MAA Project NExT.

—MAA announcement

AWM Gweneth Humphreys Award

The Association for Women in Mathematics awards the 
Gweneth Humphreys Award annually to a mathematics 
teacher who has encouraged female undergraduates to  
pursue mathematical careers and/or the study of mathe-
matics at the graduate level. The deadline for nominations 
is May 15, 2021. See https://awm-math.org/humphreys 
-award or email awm@awm-math.org. 

—From an AWM announcement

Call for Nominations 
for Rosenthal Prize

The National Museum of Mathematics (MoMath) is seeking 
nominations for the 2021 Rosenthal Prize for Innovation 
and Inspiration in Math Teaching in upper elementary and 
middle school classes. The deadline is May 15, 2021. See 
rpz.momath.org for more information.

—From a MoMath announcement

Sabbatical Opportunities at 
the National Security Agency

The National Security Agency’s (NSA) Sabbatical Program 
in Mathematics offers an opportunity for mathematicians, 
statisticians, and other researchers in the mathematical 
sciences to work on a short-term basis with the leading 
employer of mathematicians in the United States. A sab-
batical tour offers a personal challenge to develop skills in 
directions that would be impossible anywhere else.

Sabbatical employees have the choice to work on a vari-
ety of different mathematical problems during their stay at 
NSA. Sabbatical work may involve cryptology, signals anal-
ysis, algebra, probability, statistics, number theory, discrete 
mathematics, or analysis of data sets, among other topics. 
Throughout the course of a one-year sabbatical detail, a 
mathematician would typically have the chance to work in 
one or two different offices at the NSA in order to experi-
ence the full breadth of our work at the Agency. Individuals 
selected for these sabbatical positions will receive salary 
supplement, travel expenses, and a housing allowance. 
For more information, see the website https://www.nsa 
.gov/What-We-Do/Research/Math-Sciences-Program 
/Sabbaticals/.

—From an NSA announcement

www.ams.org/authors

AMS AUTHOR 
RESOURCE CENTER
The Author Resource Center is a collection of 
information and tools available to assist you to 
successfully write, edit, illustrate, and publish 
your mathematical works.

To begin utilizing 
these important 
resources, visit:

https://awm-math.org/humphreys-award
https://awm-math.org/humphreys-award
http://rpz.momath.org
https://www.nsa.gov/What-We-Do/Research/Math-Sciences-Program/Sabbaticals/
https://www.nsa.gov/What-We-Do/Research/Math-Sciences-Program/Sabbaticals/
https://www.nsa.gov/What-We-Do/Research/Math-Sciences-Program/Sabbaticals/
http://www.maa.org/programs-and-communities/professional-development/project-next
http://www.maa.org/programs-and-communities/professional-development/project-next
http://www.maa.org/programs-and-communities/professional-development/project-next
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Employment Opportunities

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2021 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: June/July 2021—April 26, 2021; August 2021—May 28, 2021; September 2021—June 28, 2021; 
October 2021—July 23, 2021; November 2021—August 24, 2021; December 2021—September 24, 2021.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.
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The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

http://cam.tju.edu.cn
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Invitation to
Nonlinear Algebra
Mateusz Michałek, Max Planck 
Institute for Mathematics in the 
Sciences, Leipzig, Germany, and 
University of Konstanz, Germany, 
and Bernd Sturmfels, Max 
Planck Institute for Mathematics 
in the Sciences, Leipzig, Germany

Nonlinear algebra provides 
modern mathematical tools to 
address challenges arising in the 

sciences and engineering. It is useful everywhere, where 
polynomials appear: in particular, data and computational 
sciences, statistics, physics, optimization. The book offers 
an invitation to this broad and fast-developing area. It is 
not an extensive encyclopedia of known results, but rather 
a first introduction to the subject, allowing the reader to 
enter into more advanced topics. It was designed as the next 
step after linear algebra and well before abstract algebraic 
geometry. The book presents both classical topics—like the 
Nullstellensatz and primary decomposition—and more 
modern ones—like tropical geometry and semidefinite 
programming. The focus lies on interactions and applica-
tions. Each of the thirteen chapters introduces fundamental 
concepts. The book may be used for a one-semester course, 
and the over 200 exercises will help the readers to deepen 
their understanding of the subject.

This item will also be of interest to those working in applications, 
number theory, discrete mathematics and combinatorics, and 
geometry and topology.

Graduate Studies in Mathematics, Volume 211
April 2021, 226 pages, Hardcover, ISBN: 978-1-4704-5367-
1, LC 2020032321, 2010 Mathematics Subject Classification:
05E40, 13A50, 13P15, 14N07, 14Q15, 14T10, 15A69, 
20G05, 52B20, 90C22, List US$125, AMS members 
US$100, MAA members US$112.50, Order code GSM/211

bookstore.ams.org/gsm-211

Algebra and
Algebraic Geometry

The Classification of the
Finite Simple Groups,
Number 9
Part V, Chapters 1-8: Theorem 
C5  and Theorem C6 , Stage 1
Inna Capdeboscq, University of 
Warwick, Coventry, United King-
dom, Daniel Gorenstein, Rich-
ard Lyons, Rutgers University, 
Piscataway, NJ, and Ronald Sol-
omon, The Ohio State University, 
Columbus, OH

This book is the ninth volume in a series whose goal is to 
furnish a careful and largely self-contained proof of the 
classification theorem for the finite simple groups. Having 
completed the classification of the simple groups of odd 
type as well as the classification of the simple groups of 
generic even type (modulo uniqueness theorems to appear 
later), the current volume begins the classification of the 
finite simple groups of special even type. The principal 
result of this volume is a classification of the groups of bi-
characteristic type, i.e., of both even type and of p-type for 
a suitable odd prime p. It is here that the largest sporadic 
groups emerge, namely the Monster, the Baby Monster, the 
largest Conway group, and the three Fischer groups, along 
with six finite groups of Lie type over small fields, several 
of which play a major role as subgroups or sections of these 
sporadic groups.

Mathematical Surveys and Monographs, Volume 40
April 2021, 534 pages, Softcover, ISBN: 978-1-4704-6437-
0, LC 94-23001, 2010 Mathematics Subject Classification:
20D05, 20D06, 20D08; 20E25, 20E32, 20F05, 20G40, 
List US$97, AMS members US$77.60, MAA members 
US$87.30, Order code SURV/40.9

bookstore.ams.org/surv-40-9

GRADUATE STUDIES
IN MATHEMATICS 211

Invitation to 
Nonlinear 
Algebra

Mateusz Michałek
Bernd Sturmfels

http://bookstore.ams.org/surv-40-9
http://bookstore.ams.org/gsm-211
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General Interest

Mathematics via Problems
Part 1: Algebra
Arkadiy Skopenkov, Moscow 
Institute of Physics and Technology, 
Russia, and Independent University 
of Moscow, Russia

This book is a translation from 
Russian of Part I of the book 
Mathematics Through Problems: 
From Olympiads and Math Circles 
to Profession. The other two parts, 
Geometry and Combinatorics, will 
be published soon.

The main goal of this book is to develop important parts 
of mathematics through problems. The author tries to put 
together sequences of problems that allow high school 
students (and some undergraduates) with strong interest in 
mathematics to discover and recreate much of elementary 
mathematics and start edging into the sophisticated world 
of topics such as group theory, Galois theory, and so on, 
thus building a bridge (by showing that there is no gap) 
between standard high school exercises and more intricate 
and abstract concepts in mathematics.

The book is based on classes taught by the author at 
different times at the Independent University of Moscow, 
at a number of Moscow schools and math circles, and at 
various summer schools. It can be used by high school 
students and undergraduates, their teachers, and organizers 
of summer camps and math circles.

In the interest of fostering a greater awareness and ap-
preciation of mathematics and its connections to other 
disciplines and everyday life, MSRI and the AMS are pub-
lishing books in the Mathematical Circles Library series as 
a service to young people, their parents and teachers, and 
the mathematics profession.

Titles in this series are co-published with the Mathematical Sciences 
Research Institute (MSRI).

MSRI Mathematical Circles Library, Volume 25
March 2021, 196 pages, Softcover, ISBN: 978-1-4704-4878-
3, LC 2020030058, 2010 Mathematics Subject Classification: 
00–01, 00A07, 11–01, 12–01, 20–01, 26–01, 40–01, 97H20, 
97H30, 97H40, List US$45, AMS members US$36, MAA 
members US$40.50, Order code MCL/25

bookstore.ams.org/mcl-25

New in Contemporary 
Mathematics
Mathematical Physics

Singularities, Mirror 
Symmetry, and the 
Gauged Linear Sigma 
Model
Tyler J. Jarvis, Brigham Young 
University, Provo, UT, and Na-
than Priddis, Brigham Young 
University, Provo, UT, Editors

This volume contains the pro-
ceedings of the workshop Cross-
ing the Walls in Enumerative 
Geometry, held in May 2018 at 

Snowbird, Utah. It features a collection of both expository 
and research articles about mirror symmetry, quantized 
singularity theory (FJRW theory), and the gauged linear 
sigma model.

Most of the expository works are based on introduc-
tory lecture series given at the workshop and provide an 
approachable introduction for graduate students to some 
fundamental topics in mirror symmetry and singularity 
theory, including quasimaps, localization, the gauged linear 
sigma model (GLSM), virtual classes, cosection localiza-
tion, p-fields, and Saito’s primitive forms. These articles 
help readers bridge the gap from the standard graduate 
curriculum in algebraic geometry to exciting cutting-edge 
research in the field.

The volume also contains several research articles by 
leading researchers, showcasing new developments in the 
field.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Contemporary Mathematics, Volume 763
April 2021, 203 pages, Softcover, ISBN: 978-1-4704-5700-
6, LC 2020042993, 2010 Mathematics Subject Classification: 
14J33, 14N35, 14J32, 14B05, 14D23, 14H10; 53D37, 
53D45, 32Q25, 32S05, 32S30, List US$122, AMS mem-
bers US$97.60, MAA members US$109.80, Order code 
CONM/763

bookstore.ams.org/conm-763

ONTEMPORARY
ATHEMATICS

C
M

763

Tyler J. Jarvis 
Nathan Priddis

Singularities, 
Mirror Symmetry, 
and the Gauged 

Linear Sigma Model

http://bookstore.ams.org/mcl-25
http://bookstore.ams.org/conm-763
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readers from all over the world. Students and instructors 
alike will broaden their horizons and be introduced to 
material outside the scope of most classes and, because 
problems are submitted from all over the world, offer 
a global view of problem solving leading to invaluable 
moments of discovery. This book is a great resource for 
students training for advanced national and international 
mathematics competitions such as USAMO and IMO.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 40
January 2021, 551 pages, Hardcover, ISBN: 978-0-9993428-
9-3, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$59.95, AMS members US$47.96, 
Order code XYZ/40

bookstore.ams.org/xyz-40

New, Newer, and 
Newest Inequalities
Titu Andreescu, University of 
Texas at Dallas, TX, and Marius 
Stanean, INDECO Software

Inequalities are often found in 
mathematics competitions, but 
their beauty and applications 
go well beyond that. This book 
delves into elementary tech-
niques but also powerful meth-
ods and generalizations for con-

strained optimization in the theory of inequalities. The 100 
examples featured in the first part of the book were chosen 
in such a way as to contribute to a thorough exposure and 
insightful analysis of the concepts presented. Many of the 
problems presented, from introductory to advanced levels, 
were created by the authors and presented with multiple 
solutions.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 39
January 2021, 335 pages, Hardcover, ISBN: 978-1-7358315-
0-3, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$59.95, AMS members US$47.96, 
Order code XYZ/39

bookstore.ams.org/xyz-39

Number Theory

Periods of Quaternionic 
Shimura Varieties. I.
Atsushi Ichino, Kyoto University, 
Japan, and Kartik Prasanna, Uni-
versity of Michigan, Ann Arbor, MI

This book formulates a new con-
jecture about quadratic periods 
of automorphic forms on qua-
ternion algebras, which is an 
integral refinement of Shimura’s 
algebraicity conjectures on these 
periods. It also provides a strat-

egy to attack this conjecture by reformulating it in terms 
of integrality properties of the theta correspondence for 
quaternionic unitary groups. The methods and construc-
tions of the book are expected to have applications to other 
problems related to periods, such as the Bloch-Beilinson 
conjecture about special values of L-functions and con-
structing geometric realizations of Langlands functoriality 
for automorphic forms on quaternion algebras.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Contemporary Mathematics, Volume 762
March 2021, approximately 222 pages, Softcover, ISBN: 
978-1-4704-4894-3, 2010 Mathematics Subject Classifi-
cation: 11F41, 11F27, 11G18, List US$122, AMS mem-
bers US$97.60, MAA members US$109.80, Order code 
CONM/762

bookstore.ams.org/conm-762

Math Education

Mathematical Reflections: 
Two Beautiful  Years 
(2018–2019)
Titu Andreescu, University of 
Texas at Dallas, TX, and Maxim 
Ignatiuc, University of Texas at 
Dallas, TX, Editors

The Mathematical Reflections se-
ries is a compilation of prob-
lems, solutions, and articles 
submitted to the online journal 
of the same name by passionate 

ONTEMPORARY
ATHEMATICS

C
M

762

Atsushi Ichino 
Kartik Prasanna

Periods 
of Quaternionic 

Shimura Varieties. I.

http://bookstore.ams.org/conm-762
http://bookstore.ams.org/xyz-39
http://bookstore.ams.org/xyz-40
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The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Spring Southeastern Virtual Sectional Meeting
Now meeting virtually, Eastern Time (hosted by the American Mathematical Society)

March 13–14, 2021
Saturday – Sunday

Meeting #1164
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: January 28, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Yaiza Canzani, University of North Carolina-Chapel Hill, Eigenfunction concentration via geodesic beams.
Jiongmin Yong, University of Central Florida, Time-Inconsistency — A Mathematical Perspective.

Special Sessions
Advanced Topics in Graph Theory and Combinatorics, Songling Shan, Illinois State University.
Advances in Computational Dynamics, Jorge L Gonzalez, Georgia Institute of Technology, Andrey Shilnikov, Georgia 

State University, and J.D. Mireles James, Florida Atlantic University.
Celestial Mechanics and Applied Astrodynamics, Bhanu Kumar and Molei Tao, Georgia Institute of Technology.
Commutative Algebra and its Interaction with Algebraic Geometry and Combinatorics, Justin Chen, Georgia Institute of 

Technology, and Youngsu Kim, California State University, San Bernardino.
Differential Graded Methods in Commutative Algebra, Saeed Nasseh, Georgia Southern University, and Adela Vraciu, 

University of South Carolina, Columbia.

https://www.ams.org/amsmtgs/sectional.html
https://www.ams.org/amsmtgs/sectional.html
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Functional Differential Equations, Theory and Applications, Joan Gimeno, University of Rome Tor Vergata, and Rachel 
Kuske and Jiaqi Yang, Georgia Institute of Technology.

Graphs in Data Science, Nicolas Fraiman, University of North Carolina, Chapel Hill, and Soledad Villar, Johns Hop-
kins University.

Groups, Geometry, and Topology, Tara Brendle and Maxime Fortier-Bourque, University of Glasgow, and Dan Margalit 
and Yvon Verberne, Georgia Institute of Technology.

Optimization and Real Algebraic Geometry, Saugata Basu and Ali Mohammad Nezhad, Purdue University.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs, Dinh-Liem Nguyen, Kansas State Uni-

versity, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Stochastic Control and Related Topics, Andrzej Swiech, Georgia Institute of Technology, and Jiongmin Yong, University 

of Central Florida.
Superalgebras, Quantum Groups, and Related Topics, Jonas Hartwig and Dwight A. Williams,II, Iowa State University.
Topology and Geometry of 3- and 4-Manifolds, Siddhi Krishna, Georgia Institute of Technology and Columbia University, 

Miriam Kuzbary, Georgia Institute of Technology, Beibei Liu, Max Planck Institute for Mathematics and Georgia Institute 
of Technology, and JungHwan Park, Georgia Institute of Technology.

Tropical Geometry, F1-connections and Matroids, Kalina Mincheva, Tulane University, and Jaiung Jun, SUNY at New Paltz.

Spring Eastern Virtual Sectional Meeting
Now meeting virtually, EDT (hosted by the American Mathematical Society)

March 20–21, 2021
Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Abba Gumel, Arizona State University, Mathematics of Infectious Diseases (Einstein Public Lecture in Mathematics).

Special Sessions
Algebraic Geometry in Dynamics, Nguyen-Bac Dang, Stony Brook University, and Nicole Looper, Rohini Ramadas, and 

Joseph H. Silverman, Brown University.
Applications and Asymptotic Properties of Discrete Dynamical Systems: A Session in Honor of the Retirement of Orlando Merino, 

Elliott Bertrand, Sacred Heart University, Zachary Kudlak, United States Coast Guard Academy, Mustafa Kulenovic, 
University of Rhode Island, and David McArdle, University of Connecticut.

Applied Combinatorics, Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, 
Brown University.

Commutative Algebra, Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed 
Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.

Current Trends in Combinatorial Commutative Algebra, Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny, 
and Augustine O’Keefe, Connecticut College.

Fractional Calculus and Fractional Differential/Difference Equations, Lyubomir Boyadjiev, City University of New York, 
Pavel Dubovski, Stevens Institute of Technology, and Mark Edelman, Yeshiva University and New York University.

Gauge Theory, Geometry, and Low-Dimensional Topology, Paul Feehan, Rutgers University, and Daniel Ruberman, Brandeis 
University.

Geometric and Functional Inequalities and Nonlinear Partial Differential Equations, Joshua Flynn, University of Connecticut, 
Nguyen Lam, Memorial University of Newfoundland Grenfell Campus, Jungang Li, Brown University, and Guozhen Lu, 
University of Connecticut.
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Hopf Algebras, Tensor Categories, and Related Homological Methods, Pablo S. Ocal, Texas A&M University, and Julia Plavnik, 
Indiana University Bloomington.

Metric techniques in Analysis, Vasileios Chousionis and Sean Li, University of Connecticut.
Mirror Symmetry and Enumerative Geometry, Mandy Cheung, Harvard University, and Siu-Cheong Lau and Yu-Shen 

Lin, Boston University.
Moduli of Curves, Hilbert Schemes, and Tropical Geometry, Ignacio Barros, Northeastern University, Noah Giansiracusa, 

Bentley University, and Rob Silversmith, Northeastern University.
New Applications and Methods in Financial Mathematics, Gu Wang, Worcester Polytechnic Institute, and Bin Zou, Uni-

versity of Connecticut.
Nonlinear Wave Equations, General Relativity, and Connections to Fluid Dynamics, Stefanos Aretakis, University of Toronto, 

Aynur Bulut, Louisiana State University, and Sung-Jin Oh, University of California, Berkeley.
Probability and Combinatorics, Zhongyang Li, University of Connecticut, and Mei Yin, University of Denver.
Recent Advances in Schubert Calculus and Related Topics, Cristian Lenart and Changlong Zhong, State University of New 

York at Albany.
Recent Developments in Automorphic Representations, Spencer Leslie, Duke University, and Tian An Wong, University of 

Michigan-Dearborn.
Recent Developments in Differential Geometry, Megan Kerr, Wellesley College, and Catherine Searle, Wichita State Uni-

versity.
Stochastic Analysis, Parisa Fatheddin and Aurel Stan, Ohio State University, Marion.

Spring Central Virtual Sectional Meeting
Now meeting virtually, CDT (hosted by the American Mathematical Society)

April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Title to be announced.
Malabika Pramanik, University of British Columbia and BIRS, Title to be announced.
Maksym Radziwill, Caltech, Title to be announced.

Special Sessions
Commutative Algebra, Ayah Almousa, Cornell University, and Sean Sather-Wagstaff, Clemson University.
Graph Theory and Applications, Katherine F. Benson, University of Wisconsin-Stout, Christine A. Kelley, University of 

Nebraska-Lincoln, and JD Nir, University of Manitoba.
Interactions between Representation Theory, Poisson Geometry, and Noncommutative Algebra, Jason Gaddis, Miami University, 

Padmini Veerapen, Tennessee Technological University, and Xingting Wang, Howard University.
Legendrian Knots and Surfaces, Honghao Gao, Michigan State University, and Dan Rutherford, Ball State University.
Nonsmooth Analysis and Geometry, Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight and Nageswari 

Shanmugalingam, University of Cincinnati.
Numerical Linear Algebra, Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and Qiang Ye, Univer-

sity of Kentucky.
Probabilistic and Diffusion Methods in Analysis and Geometry, Rodrigo Bañuelos and Jing Wang, Purdue University, and 

Ju-Yi Yen, University of Cincinnati.
Recent Progress in Analytic Number Theory, Seungki Kim, University of Cincinnati, Xiannan Li, Kansas State University, 

and Xuancheng Fernando Shao, University of Kentucky.
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Sharp Estimates in Harmonic Analysis, Kabe Moen, University of Alabama, Leonid Slavin, University of Cincinnati, and 
Alex Stokolos, Georgia Southern University.

Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 1–2, 2021
Saturday – Sunday

Meeting #1167
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
Advances in Functional Analysis and Operator Theory (Code: SS 9A), Michel L. Lapidus, University of California, Riverside, 

Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.
Algebraic and Combinatorial Aspects of Polytopes (Code: SS 14A), Federico Ardila, San Francisco State University and Los 

Andes University, Laura Escobar, Washington University in St. Louis, and Raul Penaguiao, University of Zurich.
Algebraic K-theory, Mathematical Physics, and Perfectoid Spaces (Code: SS 12A), Shanna Dobson, California State Uni-

versity, Los Angeles, and Michael Maroun.
Analysis, Combinatorics, and Geometry of Fractals (Code: SS 4A), Kyle Hambrook, San Jose State University, and Chun-

Kit Lai, San Francisco State University.
Categorical and Combinatorial Methods in Representation Theory, and Related Topics (Code: SS 19A), Mee Seong Im, US 

Naval Academy, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Commutative Algebra (Code: SS 21A), Juliette Bruce, Mathematical Sciences Research Institute, Berkley, Monica Lewis, 

University of Michigan, and Sean Sather-Wagstaff, Clemson.
Connections between homotopical algebra and geometry (Code: SS 6A), Ryan Grady, Montana State University, and Chris 

Rogers, University of Nevada, Reno.
Diagrammatic and Combinatorial Methods in Representation Theory (Code: SS 17A), Robert Muth, Washington & Jeffer-

son College, Nick Davidson, Reed College, Peter Tingley, Loyola University Chicago, and Tianyuan Xu, University of 
Colorado Boulder.

Differential Geometry and Geometric PDE (Code: SS 1A), Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo 
Seto, and Bogdan Suceavă, California State University, Fullerton.

Geodesics in Hyperbolic 2- and 3-Manifolds (Code: SS 10A), Maria Trnkova, University of California, Davis, and Andrew 
Yarmola, Princeton University.

Geometric Analysis (Code: SS 22A), Ovidiu Munteanu, University of Connecticut, and David Bao, San Francisco State 
University.

Geometric and Categorical Methods in Representation Theory (Code: SS 16A), Ana Balibanu, Harvard University, Daniele 
Rosso, Indiana University Northwest, and Jonathan Wang, Massachusetts Institute of Technology.

How do Industry Professionals Use Big Data? (Code: SS 15A), Luella Fu, San Francisco State University.
Localization and delocalization in ergodic quantum systems (Code: SS 2A), Ilya Kachkovskiy, Michigan State University, 

and Wencai Liu and Rodrigo Matos, Texas A&M University.
Nonlinear PDEs and fluid dynamics (Code: SS 13A), Igor Kukavica, Juhi Jang, and Wojciech Ozanski, University of 

Southern California.
Quivers, Tensors, and Their Applications (Code: SS 20A), Visu Makam, Institute for Advanced Study, Francesca Gandini, 

Kalamazoo College, and Alana Huszar and Robert Cochrane, University of Michigan.
Regularity Theory for Linear and Nonlinear PDEs (Code: SS 11A), Zongyuan Li, Rutgers University, Weinan Wang, Uni-

versity of Arizona, and Xueying Yu, Massachusetts Institute of Technology.
Research in Mathematics by Early Career Graduate Students (Code: SS 8A), Michael Bishop, Marat V. Markin, and Khang 

Tran, California State University, Fresno.
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Social Change through Mathematics and Education (Code: SS 18A), Federico Ardila and Shandy Hauk, San Francisco 
State University, Ashia Wilson, Massachusetts Institute of Technology, and Robin Wilson, California State Polytechnic 
University, Pomona.

Topological Perspectives in Graph Theory, Classical and Recent (Code: SS 3A), Jonathan L. Gross, Columbia University, 
Timothy Sun, San Francisco State University, and Thomas W. Tucker, Colgate University.

Women in Commutative Algebra - One hundred years of Idealtheorie in Ringbereichen (Code: SS 7A), Eloísa Grifo and 
Alessandra Costantini, University of California, Riverside.

Buenos Aires, Argentina
Mathematical Congress of the Americas 2021 (MCA2021) 

The University of Buenos Aires

July 19–24, 2021
Monday – Saturday

Meeting #1169
Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

Due to current uncertainty about the possibility of traveling this year, and in order to make planning ahead possible, the 
Steering Committee of the MCA has decided to make MCA2021 a fully online event.

Buffalo, New York
University at Buffalo (SUNY)

September 18–19, 2021
Saturday – Sunday

Meeting #1170
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: Expired
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 9, 2021
For abstracts: August 10, 2021
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Coding, Storage, and Related Applications (Code: SS 5A), Swanand Kadhe, University of California Berkeley, Christine 
Kelley, University of Nebraska-Lincoln, and Gretchen Matthews, Virginia Tech.

Commutative Algebra (Code: SS 3A), Jason McCullough, Iowa State University, and Alexandra Seceleanu, University 
of Nebraska.

Progress in Nonlinear Waves (Code: SS 4A), David Ambrose, Drexel University.
Quiver Representations: Bridging Theory and Application (Code: SS 2A), Yariana Diaz, University of Iowa, Cody Gilbert, 

University of Iowa, Ryan Kinser, University of Iowa, and Amrei Oswald, University of Iowa.
Recent Advances in Numerical Methods for Partial Differential Equations (Code: SS 1A), Mahboub Baccouch, University 

of Nebraska at Omaha, and Slimane Adjerid, Virginia Tech.

Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: September 2, 2021

Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: March 23, 2021

For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Commutative Ring Theory (Code: SS 4A), Louiza Fouli, New Mexico State University, and Janet Vassilev, University of 
New Mexico.

Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of 
Mining and Technology.

Elliptic and parabolic equations on topics arising from models in materials science (Code: SS 5A), Guanying Peng, Worcester 
Polytechnic Institute, and Xiang Xu, Old Dominion University. 

Inverse Problems: In Memory of Professor Zbigniew Oziewicz (Code: SS 1A), Hanna Makaruk, Los Alamos National Lab-
oratory, and Robert Owczarek, University of New Mexico.

Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi, 
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Recent development on Statistical Modeling and designs (Code: SS 6A), Guoyi Zhang, University of New Mexico. 
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Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, Title to be announced.

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: April 7, 2021
For abstracts: September 21, 2021

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.
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Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Waterloo.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-

abeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 

College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 

University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina 
Mitrea, Temple University.
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Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

Grenoble, France
Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The meeting could not be held as planned in 2021 due to the restrictions on travel and gatherings that are expected to be 
in force at the scheduled time and location. The organizers and the three mathematical societies agreed to postpone the 
meeting to July 18–22, 2022 in Grenoble. This date was chosen to be in synergy with the 2022 International Congress 
of Mathematicians, which will meet July 6–14 in St. Petersburg, Russia. If the pandemic situation is still problematic at 
that time, then the meeting will be held fully online July 18–22, 2022.

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.
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Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869–1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology-IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.
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Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of North Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023

Wednesday – Saturday

Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (SS 1A), Songling Shan, Illinois State University. 
Groups, Geometry, and Topology (SS 4A), Dan Margalit, Georgia Institute of Technology, and Yvon Verberne, Georgia 

Institute of Technology.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (SS 2A), Dinh-Liem Nguyen, Kansas State 

University, Loc Nguyen, University of North Carolina at Charlotte, and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (SS 3A), Siddhi Krishna, Georgia Institute of Technology and Columbia 

University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics and 
Georgia Institute of Technology.

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of 
California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
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Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

San Francisco, California
Moscone West Convention Center and Marriott Marquis San Francisco

January 3–6, 2024
Wednesday – Saturday
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Mathematical Congress of the Americas

MCA 20
21

All information currently 
available about the 

Virtual MCA 2021 program, 
organization, and registration 

procedure is located on 
the MCA 2021 website: 

www.mca2021.org

Grants for 
Virtual MCA 2021 
Buenos Aires, Argentina
July 19–24, 2021

With funding from the NSF, the AMS is administering the 
selection and award process for partial support for US based 
mathematicians attending the Virtual Mathematical Congress 
of the Americas (MCA), scheduled for July 19 – 24, 2021, in 
Buenos Aires, Argentina.

Instructions on how to apply are available on the 
AMS website at  www.ams.org/mca.

This grant program is being run by the AMS Programs 
Department, 201 Charles Street, Providence, RI  02904-2213.

For questions or more information, contact 
Kim Kuda by email at mca-info@ams.org or 
by phone at 800.321.4267, ext. 4096 
or 401.455.4096.



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Call for Submissions
Communications of the American Mathematical Society (CAMS)

is now accepting submissions.

Designed to provide a home for the very best research and review articles across all areas of mathematics, CAMS will be a 

natural home for both pure and applied mathematics, presenting a window into a holistic view of mathematics and its appli-

cations to a wide range of disciplines. It is a diverse and inclusive home for mathematicians around the world in support of

emerging research. CAMS uses a Diamond Open Access model,

meaning that there are no article processing charges for authors

and that all published articles will be freely available to read

without charge to individuals or institutions.

CAMS is led by a stellar group of mathematicians across all

aspects of mathematics, under the leadership of

Ralph Cohen (Stanford University) and Qiang Du

(Columbia University) as Co-managing Editors.

For more information, including the complete

editorial board and submissions instructions,

visit www.ams.org/CAMS.

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
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