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CORRIGENDUM. The editors and author thank Neil 
Sloane for noting the following correction to “Enu-
merative Combinatorics of Lattice Polymers” by Nathan 
Clisby, which appeared in the April 2021 issue of the 
Notices.

In the equation for P2(x) at the bottom of the right 
column of p. 511, the denominator in the square root 
term should be (1–2x–x2), rather than (1–2x–x3).
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

gained particular attention of mathematicians around the 
world.

All these issues raise the question of how the AMS and 
the US mathematical community should respond to the 
upcoming ICM 2022. There have already been public calls 
for a boycott of the ICM. Personally, I hope that a boycott 
will not become necessary. However, an open discussion of 
the matter in the AMS is certainly needed. In my view, the 
situation cannot be treated as a logistical issue but rather 
should be approached primarily as a question of values 
and principles.

In a January 2021 letter to the International Science 
Council, the Executive Committee of the International 
Mathematical Union wrote: “The IMU rejects all boycotts 
of scientific events (as does the ISC) and all attempts to 
link scientific activities to political and societal issues.” I 
believe the AMS cannot adopt such an absolutist approach. 
The details matter and the circumstances matter.

We need to find a way to balance the desire for free and 
unencumbered exchange of scientific information with our 
commitments to human rights and free and democratic 
society. Ultimately, the former requires the latter, as truly 
free exchange of scientific knowledge is impossible under 
an authoritarian rule. We also need to guard against the 
possibility that the Russian government intends to use the 
ICM as a major propaganda vehicle. Several signs already 
point in that direction. Dmitry Chernyshenko, Deputy 
Prime Minister of Russia, co-chairs the Executive Organiz-
ing Committee of the ICM. The EOC features several other 
members of Putin’s government, including a high-ranking 
FSB official, Dmitry Derevyashkin. This level of involve-
ment by prominent government figures in the ICM orga-
nization is unprecedented in the ICM history.

At a minimum, I believe that the AMS will need to pub-
licly acknowledge valid concerns raised by the mathemat-
ical community about the situation in Russia in relation 
to ICM 2022. The AMS will also need to provide some 
guidance for those American mathematicians who decide 
to attend the ICM regarding how they could support human 
rights and pro-democracy causes, especially as related to 
academia, while in Russia, if they so choose. If the Russian 
government continues to jail its bright young mathematical 
minds like Azat Miftakhov and its preeminent mathemati-
cal figures like Alexander Kuznetsov, it will become harder 
and harder for the AMS and the international mathematical 
community to accept holding ICM 2022 in Russia.

AMS and ICM 2022
The next International Congress of Mathematicians is 
scheduled to take place in Saint Petersburg, Russia in July 
2022. The upcoming ICM represents unique challenges for 
the American Mathematical Society in terms of its commit-
ments to upholding fundamental human rights, promot-
ing free, open, tolerant and democratic society as well as 
ensuring free exchange of scientific information and free 
scientific collaborations across borders and cultures. For 
the last twenty years Russia labored under the increasingly 
oppressive and authoritarian regime of Vladimir Putin. 
Internal opposition has been suppressed and effectively 
purged from political representation. The government 
controls most mass media and, increasingly, the internet 
as well. Opposition leaders, such as Alexei Navalny, have 
been subjected to persecution, murder and assassination 
attempts by government agents, both at home and abroad. 
The state exercises increasingly repressive and discrimina-
tory anti-LGBT policies, including the infamous 2013 “gay 
propaganda” law.

The case of Azat Miftakhov exemplifies Russia’s human 
rights problems. Miftakhov, a mathematics PhD student at 
the Moscow State University, was arrested in February 2019 
in Moscow on a putative vandalism charge related to a po-
litical protest action. The only physical damage during that 
protest was a broken window. Miftakhov, who pleaded not 
guilty to the charges, was held in pretrial confinement for 
almost two years and subjected to significant mistreatment 
and possible torture by the authorities. Numerous math-
ematical and scientific organizations, including the AMS, 
and other groups of academics, both internationally and 
within Russia, spoke in support of Miftakhov. Nevertheless, 
on January 18, 2021 a court in Moscow found Miftakhov 
guilty of hooliganism and handed him a grossly excessive 
sentence of six years in prison.

During the ongoing Navalny protests in Moscow and 
other cities across Russia, numerous scientists, including 
mathematicians, have been arrested, fined and given jail 
sentences. The case of Alexander Kuznetsov, an eminent 
Russian algebraic geometer, an ICM speaker and a corre-
sponding member of the Russian Academy of Sciences, who 
was arrested at a protest in Moscow on January 31, 2021, 
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BSc. and MSc. programs. However, there is no credible or 
detailed proposal for how three (presumably overworked 
and under-qualified) teaching staff can possibly form the 
foundational core of undergraduate and postgraduate 
taught degree programs in mathematics.

Third, this dismantlement will make irreparable dam-
age to the University’s reputation, which has already been 
shaken by the plan’s mere circulation. The University 
wishes to supercharge research and teaching recruitment 
in AI and data science, but what are they signaling to this 
would-be cohort of new hires? That they can move their 
families and their lives to Leicester, give their careers in 
service to the University, and can then expect a pink slip 
if the winds blow the wrong way. That they can strive to 
become world-class researchers, respected teachers, valued 
mentors, and then be laid off, at the anonymous whims of 
a hapless bureaucrat. They are telling the next generation 
of students that coming to Leicester means being taught by 
overworked and unqualified classroom attendants with no 
professional stake in mathematics research.

Finally—and make no mistake—this dismantlement is 
a shot across the bow at job security and simple self-deter-
mination, for all academics in the UK. Academics in Britain 
do not enjoy the protections of tenure bestowed on our US 
counterparts. When I moved to Edinburgh from the US, the 
chorus of assurance I received was that statutory employee 
protections, concern for institutional reputation, and sim-
ple human decency were what stood in place of tenure in 
the UK. The case in Leicester underscores that none of these 
protections can any longer be taken for granted.

I urge you to sign this petition, stating in the comments 
your academic affiliation https://www.ipetitions 
.com/petition/mathematics-is-not-redundant

I further urge you to leverage not only the mathematical 
societies, but scientific societies, government contacts and 
industrial partners, to bombard the misguided adminis-
tration in Leicester with the simple truth that pure and 
applied mathematics sit in a healthy symbiosis, and that 
their future lies together. Finally, I urge you to keep in 
touch with our accomplished and deserving colleagues in 
Leicester, and offer them your professional support in the 
difficult months ahead.

Sincerely, 
David Jordan 

University of Edinburgh

Mathematics at the University of Leicester
The London Mathematical Society has been informed that 
the University of Leicester is consulting over a proposal 
to reduce the size of its Pure Mathematics Group to be 
teaching only, in order to “meet the rising market demand 
of artificial intelligence, computational modelling, digi-
talisation and data science.” The Society strongly opposes 

I am unsure how exactly a public AMS discussion about 
ICM 2022 should be organized. But I am certain that this 
conversation is worth having.

—Ilya Kapovich,1 Professor,
Department of Mathematics and Statistics 

of the Hunter College of CUNY

The End of Pure Mathematics in Leicester
I write to share the outrageous news that pure mathematics 
at the University of Leicester is in the process of being com-
pletely dismantled, effective April 28th. All eight permanent 
members of pure mathematics staff have been threatened 
to be laid off and replaced by three teaching-only staff. Ten 
members of the School of Informatics (Computer Science) 
with a focus on theoretical or foundational topics face the 
same threat. Administrators point to demand for teaching, 
research, and industrial partnerships in AI and data science, 
to justify dismantling theoretical research.

This unprecedented move to dead-end the careers of 
eighteen successful and active mid-career researchers—in 
the midst of a global pandemic and nearly universal hiring 
freezes—is cruel and despicable in a sense that requires 
no elucidation from me. Instead I will focus this letter on 
the broken logic, extreme shortsightedness, and complete 
misunderstanding of academic ecosystems behind these 
heartless moves. I will focus my attention on the case of 
Mathematics; however my points apply equally well to 
Informatics.

First, this dismantlement is a live grenade thrown into 
a thriving and successful research ecosystem. The pure 
and applied groups within the School of Mathematics 
are uniquely tightly woven, both to one another and to 
their counterparts in Informatics. This is due in part to 
the already small size of the School of Maths—with 23 
faculty across both pure and applied groups—and in part 
to numerous successful collaborations and shared grants, 
primarily already in the direction of AI and data science. 
Recent successful proposals for Research Council fund-
ing have explicitly highlighted the depth of fundamental 
mathematics and informatics research as a core strength, 
and this is also a fundamental element the School brings 
to the table when securing industrial partnerships.

Second, this dismantlement is a betrayal to all stu-
dents in the College of Science and Engineering. Ten PhD 
students will lose their supervisor effective in May—the 
University proposes simply to reallocate each to one of 
the three full-time teaching staff. Said staff are yet to be re-
cruited, and will have zero research hours in their contract; 
the circulated job description for these new positions does 
not mention the ability to supervise PhD-level research. 
The University also insists it will continue the Mathematics 

1Former chair of the AMS Committee on the Human Rights of Mathema-
ticians, 02/01/2020–01/31/2021
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Institut Mittag-Leffler in Notices of the AMS
Notices of the American Mathematical Society published in 
March 2021 a letter to the editor that gives a distorted 
and incorrect image of Institut Mittag-Leffler. Institut Mit-
tag-Leffler is the oldest mathematical research institute in 
the world. Its long history as a central part of the sciences 
is the foundation for its present and future important role 
for the development of mathematics internationally, and 
in particular in the Nordic countries. The institute invests 
in both current mathematical research and in preserving 
its unique character and historical resources. Since 2018 
the institute has a new lecture hall on its premises with a 
basement under it for storing older books properly (right 
humidity and air quality, etc.). We are currently developing 
the modern part of the library and, involving professional 
historians of science, making sure our historically inter-
esting material is properly preserved and available for the 
future. Institut Mittag-Leffler will continue as a successful 
hub for mathematical research in a unique historical envi-
ronment, led by mathematicians, for the foreseeable future.

—Tobias Ekholm, Director IML
Kurt Johansson, Chairman of the IML board

this proposal and believes it to be seriously flawed for the 
following reasons.

1. Mathematics is a continuum; what used to be called 
pure mathematics and applied mathematics are these days 
so closely intertwined as to be inseparable. One cannot 
engage in cutting edge applications of mathematics in 
isolation from people working on foundational prob-
lems, and vice versa. Having a research-active group in 
fundamental mathematics is key to attracting the most 
promising academics and students in artificial intelligence, 
computational modelling, etc.—areas in which there is an 
extremely competitive market for both.

2. We consider it to be essential that, in research intensive 
universities, teaching in fundamental mathematics should 
involve mathematicians who do research in that area. We 
believe that this is what students at such universities want.  
We are not aware of a research intensive university where 
core teaching in fundamental mathematics is done solely 
by staff on teaching-only contracts.

3. Fundamental mathematics is central to many of the 
most active and important areas of science and technology. 
In most universities it is considered essential, a key part of 
the STEM ecosystem. It lies at the heart of national strategies 
in several areas. For example, it is at the core of work being 
done at the Alan Turing Institute, and at the Heilbronn 
Institute for Mathematical Research.

4. The importance of fundamental mathematics at the 
moment is hard to overstate. UKRI recently increased fund-
ing to mathematics very substantially, by £300 million over 
five years. The reason for the funding uplift was precisely 
because fundamental mathematics is considered to be 
central to the UK’s long-term strategy in science and tech-
nology, and because it underpins so many other priority 
research programmes.

5. The intellectual case for maintaining both research 
and teaching in fundamental mathematics is compelling. 
Not only does the subject form the foundation of many 
areas of science and technology, its applications to the 
social sciences have also been of the highest significance. It 
has been considered essential in higher education for over 
2,000 years and is widely viewed as a pinnacle of human 
thought. It has never been more prominent in popular 
intellectual culture, especially among young people. For a 
university to cut itself off from this tradition would seem 
to us to be a significant step away from what it means to 
be a seat of academic learning and scholarship, and so to 
risk severe reputational damage.

6. We fully appreciate the difficult situation many uni-
versities are experiencing. However, there are other routes 
through the current situation, both intellectually and finan-
cially, as other universities are demonstrating.

—The London Mathematical Society
(Originally published on the London Mathematical Society 

website at https://tinyurl.com/1dg50rb6.  
Reprinted here with permission from Susan M. Oakes.)
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A WORD FROM...
Freeman A. Hrabowski III, President of the 
University of Maryland, Baltimore County

The opinions expressed here are not necessarily those of the Notices or the AMS.

At this critical moment, America continues to struggle with structural racism exposed over 
the past year by police violence and the most lethal pandemic in a century. Many have been 
searching for ways to address the consequences of racial discrimination, asking “What can 
I do?” As my colleagues and I have recently argued, “Channeling the growing public and 
private support for meaningful change into action requires Americans, in every sector, to 
engage in difficult conversations, and to be honest about our problems and deliberate in 
developing solutions. We in higher education are no exception.”1 And within higher edu-
cation, each discipline—including mathematics—must also engage in these conversations 
and take action.

Mathematics has great international diversity, but its domestic diversity is sorely lacking. 
In 2018, about half (52%) of new recipients of doctorates in mathematics from US univer-
sities were non-US citizens. Meanwhile, of the 935 doctoral recipients in mathematics from 
US universities who were US citizens, just 79 (8%) were underrepresented minorities: As 
reported by the AMS, 754 were White, 81 Asian, 34 (3.6%) Hispanic or Latino, 27 (2.9%) 
Black or African American, and 8 American Indian, Alaska Native, Native Hawaiian, or 

Other Pacific Islander. Another 31 were of unknown race/ethnicity.2 According to the National Science Foundation, 
of 35,200 US-residing mathematicians and statisticians with doctorates, just 800 (2.3%) were Black and 1,250 
(3.5%) were Hispanic or Latino.3

As a field, we have work to do.
When I was a graduate student at the University of Illinois in the 1970s, there were no Blacks among the doctoral 

students or faculty in the mathematics department, and only three others in the master’s program. I was inspired by 
the example of David Blackwell who earned his PhD in mathematics at Illinois in 1941 and eventually moved to 
the University of California, Berkeley, where he was the first Black to earn tenure and the first Black elected to the 
National Academy of Sciences.4 There was only one woman on the faculty who, I could tell by the way she looked 
at me, understood my situation. But despite this, I found the experience lonely. While I did well in the work, no 
one encouraged me to continue on to a PhD. I learned the importance of preparing undergraduate Blacks so they 
would be ready when they would likely be “the only one” in a graduate program.

To ensure that African Americans, Latinos, and Native Americans succeed in graduate mathematics programs, 
we need to start by supporting undergraduates. At the University of Maryland, Baltimore County (UMBC), we have 
done just that through our Meyerhoff Scholars Program which successfully supports students of diverse backgrounds 
in science, mathematics, and engineering.5

As I have argued in a TED Talk, we can prepare underrepresented minority undergraduates for doctoral study 
by emphasizing four things.6

Freeman A. Hrabowski III is president of the University of Maryland, Baltimore County. His email address is hrabowski@umbc.edu.
1https://www.theatlantic.com/ideas/archive/2020/10/higher-education-structural-racism/616754/
2www.ams.org/profession/data/annual-survey/2018Survey-NewDoctorates-Report.pdf
3https://ncsesdata.nsf.gov/doctoratework/2017/html/sdr2017_dst_08.html
4https://math.illinois.edu/david-blackwell
5https://meyerhoff.umbc.edu/
6https://www.ted.com/talks/freeman_hrabowski_4_pillars_of_college_success_in_science
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 • First, we must instill high expectations in promising students. We do this by identifying students who have 
potential, helping them develop a vision of what is possible, providing financial support so they can focus on 
their studies, and urging a commitment to doctoral education. Along the way, we also discuss what is expected 
to succeed in a graduate program.

 • Second, we help these students build community by bringing them in as a cohort, providing them with a summer 
bridge experience, and encouraging group study. Participants in our Meyerhoff program typically say it feels like 
“family,” and this sense of belonging is critical to learning, persistence, and success.

 • Third, we engage the students in research. Our faculty play a key role by pulling students into their laboratories 
where they learn the science, identify with a field, and develop professional networks. As we regularly say, “it 
takes researchers to produce researchers.”

 • Fourth, assessment is critically important. We included an evaluation component in the Meyerhoff Scholars 
Program from its inception to ensure its effectiveness and demonstrate its success to others. 

We have been successful at UMBC in securing funding for Meyerhoff Scholars, particularly in the life sciences, but we 
can also support students in other fields. The National Security Agency (NSA) has funded students majoring in compu-
tational science and mathematics.

We asked Meyerhoff Scholars who earned mathematics PhDs7 to reflect on their experiences in graduate school and 
provide advice for students applying to graduate programs. Underrepresented minority undergraduates, they said, must 
first understand what any prospective graduate student should do to investigate their graduate options. They should 
talk with their faculty and peers about graduate programs, and gather information about program size, reputation, and 
faculty. They should consider the culture of the department, and the academic, social, and financial support that would 
be offered. They should identify faculty whose research interests align with theirs.

For underrepresented minority students that is just step one. The next step is to assess how a program would support 
them as an underrepresented minority. They should visit campuses and talk with faculty and students, especially under-
represented minority students. Questions become more nuanced. Would this program be welcoming? Does it regularly 
enroll other underrepresented minority students? What has been their experience? Will there be someone who will help 
me navigate the graduate experience? Are there faculty of color? Are there White faculty who are open-minded and willing 
to work with someone who looks like me? While students of color are inspired when they see and work with minority 
faculty, majority faculty who are allies are critical because the African American or Latino mentor is rare.

In graduate school, programs and their students have reciprocal obligations to ensure academic and professional suc-
cess. Programs should provide adequate funding and build community for their students and faculty, encouraging study 
groups and social activities. They should also provide students with professional development opportunities, including 
support to attend conferences. Faculty should provide moral as well as academic support. Students should engage in these 
activities, building their knowledge and the professional networks they will need to succeed.

But, again, this is step one. Step two is making this experience work when others might dismiss you. Talithia Williams, 
associate professor of mathematics at Harvey Mudd College and formerly an ACE Fellow in my office, has related how 
she developed a strategy that allowed her to thrive in graduate school despite obstacles. She observed that many majority 
students dismiss their underrepresented minority peers, fearing they would either have little to offer or, worse, be a burden 
during group study. Talithia related to me:

I overcame this by inviting all my cohort out to lunch weekly, followed by homework sessions in a room that 
I had reserved. Setting up the group structure made everyone want to participate and our entire cohort really 
bonded. The first few weeks that we met, I would try to work out all of the problems prior to coming to our 
study session, because I knew most of my peers had not begun the homework sets. I would then share my 
solutions on the board as they struggled through the problems. As the only African American and female in 
our cohort, I needed them to see me as adding value so that they would continue wanting to work with me.8

7The Meyerhoff Scholars alumni who have earned PhDs in mathematics and corresponded with us were Erica Child, William Christian, Sean 
Colbert-Kelly, Delayne Johnson, Zachary Rayfield, and Danielle Robbins-Chukwumah.
8Email, Talithia Williams to Freeman Hrabowski, October 8, 2020.
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This was a creative and successful strategy. Yet, it is frustrating that underrepresented minority students have to be 
“twice as good” like this to thrive.

People are always surprised when I say I love math. I had a transformative experience as a child when I participated in 
a National Science Foundation funded program in mathematics at Tuskegee University for high-achieving high school 
students. We need more efforts like this that inspire students. More to the point, we need faculty to identify and work with 
promising underrepresented undergraduates, engaging them in research or summer programs, building their academic 
preparation, and exposing them to career opportunities. The National Institutes of Health have great programs that ac-
complish this in the life sciences. We need similar efforts in mathematics to build highly visible undergraduate programs 
that become partners with graduate schools in developing and caring for a cadre of diverse, future leaders in mathematics.

There is one last piece to the puzzle. When we launched the Meyerhoff program, I assumed that once underrepresented 
minorities had earned a doctorate, they would easily find academic jobs. This has turned out not to be the case. Many 
underrepresented students, more often than majority students, feel “on their own” at this stage. Having a champion who 
will “knock down doors” to open a career path is critical. This involves coaching students on how to demonstrate their 
knowledge and capability as they apply and interview for faculty positions and making connections between them and 
faculty on search committees. Learning more about careers outside academia would also help. The NSA, for example, 
provides internships to minority students and then hires them after they complete a doctorate.

We must all do more. I challenge our colleagues to identify and encourage underrepresented students to consider 
majoring in math, and to engage in departmental conversations about minority student performance and intervention 
strategies. Finally, we need even more support for research opportunities—such as the National Science Foundation’s Re-
search Experiences for Undergraduates (REUs)—to inspire these students and expose them to the beauty of mathematics.
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The last decades have seen an extremely fruitful interplay
between Riemann surfaces and graphs with a metric. A de-
formation process called tropicalisation transforms the for-
mer into the latter. Under this process, additional struc-
ture on the Riemann surfaces yields additional structure
on the metric graphs. For instance, meromorphic func-
tions on Riemann surfaces yield piecewise linear functions
onmetric graphs. In thismanner, theorems in algebraic ge-
ometry have deep combinatorial consequences; and con-
versely, combinatorial arguments can be used to prove the-
orems in algebraic geometry.
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This interplay has inspired the development of a stand-
alone theory of metric graphs that has strong parallels to
the theory of Riemann surfaces. Milestones are a Riemann-
Roch formula, an Abel-Jacobi theorem, a theory of har-
monic morphisms, and a Riemann-Hurwitz formula for
metric graphs [BN07, GK08,MZ08, BN09], which closely
resemble their classical counterparts for Riemann surfaces.

The purpose of this article is to discuss another beauti-
ful parallel: that of maps where the geometry of the target
space is as simple as possible. We summarise the story for
Riemann surfaces in Section 1, and for metric graphs in
Section 2. In both settings, the number of preimages of
any point of the target space, counted with multiplicities,
is a constant called the degree of the map. The minimal de-
gree of such a map is called the gonality of the source space.
This is a rough measure of the complexity of the space.

The gonality of a Riemann surface is bounded from
above by a function of a topological invariant of the
Riemann surface: its genus. In groundbreaking work
Baker [Bak08] and Caporaso [Cap14] showed that under
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tropicalisation, the gonality either remains constant or de-
creases. This leads to a similar topological upper bound
for the gonality of a metric graph. In Section 3 we outline
how such a tropicalisation process works, and how it inter-
acts with the gonality.

The upper bound on the gonality of metric graphs is a
purely combinatorial statement whose proof, up to now,
depended on algebraic geometry. We have recently com-
pleted a purely combinatorial construction of maps wit-
nessing the gonality bound [DV21, Var20]. The technical
details of our construction are somewhat daunting—and
indeed, we hope that this exposition might incite interest
that leads to a simplification!—but the key ideas are very
simple, and we discuss these in Section 4.

While the notion of gonality for metric graphs was in-
spired by algebraic geometry, it is related to the purely
combinatorial graph notion of treewidth and to spectral
graph theory; we briefly review these connections in Sec-
tion 2.

1. Gonality of Riemann Surfaces
Recall that a Riemann surface is a connected complexman-
ifold of complex dimension one, hence real dimension
two. We restrict our attention to compact Riemann sur-
faces. As a topological space, such a surface is uniquely
determined by its genus, which counts the holes in the sur-
face.

In this setting, the space with the simplest geometry
is the unique Riemann surface of genus 0: the Riemann
sphere ℙ1 = ℂ ∪ {∞}. Any compact Riemann surface 𝑋
admits a branched cover to ℙ1, i.e., a holomorphic map 𝜙
that, near any 𝑝 ∈ 𝑋 , can be expressed as 𝑧 ↦ 𝑧𝑒 for some
choice of local coordinates. The integer 𝑒 is independent
of the choice of local coordinates and is called the ramifi-
cation index of 𝜙 at 𝑝. If 𝑒 > 1, then 𝜙 is called ramified
at 𝑝. The set of points where 𝜙 is ramified is finite.

For a classical example, consider the elliptic curve 𝑋 =
ℂ/Λ, the quotient of ℂ by a lattice Λ ∶= ℤ1+ℤ𝜏 in ℂ. The
Weierstrass ℘-function defined as

℘(𝑧) = 1
𝑧2 + ∑

𝜆∈Λ⧵{0}
( 1
(𝑧 + 𝜆)2 −

1
𝜆2 )

turns out to be holomorphic around all 𝑧 ∉ Λ and has
a pole of order 2 at all 𝑧 ∈ Λ. Furthermore, it is doubly
periodic with periods 1 and 𝜏, and hence factors through
a meromorphic function 𝑋 → ℂ of degree 2 with a dou-
ble pole at 0. This function extends to a holomorphic
map 𝑋 → ℙ1 with four index-two ramification points: the
points {0, 1/2, 𝜏/2, 1/2 + 𝜏/2} + Λ.

The gonality of a compact Riemann surface 𝑋 is the
lowest degree of a surjective holomorphic map from 𝑋
onto ℙ1. A Riemann surface 𝑋 has gonality 1 if and only
if it is isomorphic to ℙ1, and the gonality of any elliptic

curve is 2. The fundamental relation between gonality and
genus is the following.

Theorem 1. The gonality of a compact Riemann surface 𝑋 of
genus 𝑔 is at most 1 + ⌈𝑔/2⌉, with equality if 𝑋 is sufficiently
general. Moreover, if 𝑔 is even and 𝑋 is sufficiently general,
then the number of holomorphic maps to ℙ1 of degree 1 + 𝑔/2
from 𝑋 to ℙ1, counted modulo automorphisms of ℙ1, equals the
𝑔/2th Catalan number 𝐶𝑔/2.

Compact genus-𝑔 Riemann surfaces are parameterised
by a complex algebraic variety of dimension 3𝑔 − 3, called
the moduli space of genus-𝑔 Riemann surfaces, and the pred-
icate “sufficiently general” in Theorem 1 means “for all 𝑋
in an open dense subset of the moduli space.” In fact, a
genus-𝑔 Riemann surface can have gonality much smaller
than 1 + ⌈𝑔/2⌉. For example, for every 𝑔 ≥ 1 there exist
gonality-2 Riemann surfaces of genus 𝑔. These so-called
hyperelliptic curves can be obtained by compactifying the so-
lution set in ℂ2 of an equation 𝑦2 = 𝑓(𝑥), with 𝑓 a square-
free polynomial of degree 2𝑔 + 1 or 2𝑔 + 2. By Theorem 1,
hyperelliptic curves are quite atypical in the moduli space.

The Catalan numbers 𝐶𝑛 =
1

𝑛+1
(2𝑛
𝑛
) appear throughout

mathematics. We will use the fact that 𝐶𝑛 is the number of
Dyck paths: sequences 𝑝0, 𝑝1, … , 𝑝2𝑛 in ℤ2 with 𝑝0 = (0, 1),
𝑝2𝑛 = (2𝑛, 1), 𝑝𝑖−𝑝𝑖−1 ∈ {(1, 1), (1, −1)} (“up” and “down”
steps, respectively), such that 𝑝𝑖 lies strictly above the 𝑥-
axis for all 𝑖.

Theorem 1 is part of Brill-Noether theory, an area of al-
gebraic geometry that has its roots in the late 19th century
and is still very active today. The existence of branched
covers of the given degree was already established by Rie-
mann, and this was later generalised by Kempf [Kem71]
and Kleiman-Laksov [KL72]. The Catalan count was estab-
lished, in the more general setting of Brill-Noether theory,
by Griffiths-Harris [GH80]. Moreover, by [EH87], when 𝑔
is even, there exists an irreducible variety mapping onto
the moduli space of compact genus-𝑔 Riemann surfaces
whose fibre over a sufficiently general Riemann surface
consists of 𝐶𝑔/2 points corresponding to the holomorphic
maps of that surface onto ℙ1. Our construction sketched
in Section 4 yields a metric-graph analogue of this variety.

2. Gonality of Metric Graphs
Now we introduce metric graphs and their maps. Let
𝐺 = (𝑉, 𝐸) be a finite, connected, undirected graph; mul-
tiple edges and loops are allowed, and we require that 𝐺
has at least one edge. For every 𝑒 ∈ 𝐸 choose a length
ℓ(𝑒) ∈ ℝ>0. Construct a topological space by taking a real
interval 𝐼𝑒 ∶= [0, ℓ(𝑒)] for each 𝑒 ∈ 𝐸 and glueing these
together in the manner prescribed by 𝐺. Equipped with
the shortest-path metric, this topological space is what we
call a metric graph Γ. We call the pair (𝐺, ℓ) a model for Γ.
Distinct models may yield isometric metric graphs.
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Figure 1. The map 𝜙 is harmonic near 𝑝. The numbers
indicate slopes and we have 𝑚𝜙(𝑝) = 3.

Every point 𝑝 in Γ has a neighbourhood isometric to
a star of 𝑘 line segments glued along a common center,
where the isometry maps 𝑝 to the center of the star. The
number 𝑘 is called the valency val(𝑝) of 𝑝, and the line seg-
ments are called the directions from 𝑝.

A harmonic map 𝜙 from Γ to another metric graph Σ is
a continuous map that, outside a finite number of points
in Γ, is linear with nonzero integral slopes with respect to
the metrics on Γ and Σ, and which satisfies the following
balancing condition: for each 𝑝 ∈ Γ and each direction 𝑑
from 𝜙(𝑝), the sum of the slopes of 𝜙 along all directions
from 𝑝 that map onto 𝑑 is independent of 𝑑—i.e., replac-
ing 𝑑 by a different direction from 𝜙(𝑝) yields the same
sum of slopes, which we denote 𝑚𝜙(𝑝). See Figure 1 for
an illustration of the balancing condition and see Figures 2
and 3 for examples of harmonic maps.

We will see in Section 3 that harmonic maps between
metric graphs arise as limits of holomorphic maps be-
tween Riemann surfaces. For now, a more direct motiva-
tion for the definition is as follows: for each real-valued
function 𝑓 defined in an open neighbourhood 𝑈 of 𝜙(𝑝)
that satisfies the mean-value property, i.e., whose average
over the points at distance 𝜖 from 𝑞 ∈ 𝑈 equals 𝑓(𝑞) for
any sufficiently small 𝜖 > 0, the pullback 𝑓∘𝜙 also satisfies
the mean-value property.

By an iterative application of the balancing condition,
one finds that 𝜙 is surjective and that, moreover, the num-
ber

∑
𝑝∈Γ∶𝜙(𝑝)=𝑞

𝑚𝜙(𝑝)

is the same for all 𝑞 ∈ Σ. This number is called the degree
𝑑𝜙 of 𝜙. The idea that balancing implies surjectivity with
fibres of equal total multiplicity will reappear in a higher-
dimensional setting in Section 4.

To tighten the analogy with holomorphic maps even
further, one introduces the Riemann-Hurwitz inequality,
which requires that at each 𝑝 ∈ Γ the harmonic map 𝜙
satisfies the condition

val(𝑝) − 2 ≥ 𝑚𝜙(𝑝) ⋅ (val(𝜙(𝑝)) − 2).

Figure 2. Top: a metric graph of genus 2 called the double
lollipop. Bottom: a picture suggesting a tropical morphism of
degree 2 from that graph to a line segment. The edge and
vertex colours match, the slope is 1 on the red edge and the
green edge, and the slope is 2 on the blue edge; to illustrate
this, that edge is depicted fatter in the picture below. These
slopes ensure balancing at the light-blue and red vertices.
The black numbers label edges of the tree below (a path with
three edges), the white numbers label edges of the metric
graph above.

The origin of this inequality is that the left-hand side
minus the right-hand side plus one is the tropical ana-
logue of the ramification index of 𝜙 at 𝑝, which should,
of course, be positive. Note that at all but finitely many
points 𝑝, both sides are equal to zero, and hence 𝜙 has
ramification index 1 there. A harmonic map 𝜙 that sat-
isfies the Riemann-Hurwitz inequality at every point 𝑝 is
called a tropical morphism. The map in Figure 2 is a tropi-
cal morphism—e.g., in the red vertex the inequality reads
3 − 2 ≥ 2 ⋅ (2 − 2)—and so is the map in Figure 3.

Like compact Riemann surfaces, the metric graph Γ has
a genus, defined as the first Betti number of Γ, which equals
|𝐸| − |𝑉| + 1 in any model (𝐺, ℓ) of Γ with 𝐺 = (𝑉, 𝐸). The
simplest metric graphs are those of genus 0. They are the
metric trees and play the role of ℙ1. We now introduce an
equivalence relation under which all metric trees turn out
to be equivalent, so that we may think of them as different
representatives of the tropical analogue of ℙ1.

Pick a point 𝑝 in Γ and attach a new line segment to
Γ at 𝑝; the segment has no other points glued to Γ, and
we therefore call it a dangling segment in the new metric
graph Γ̃. A graph Γ̃′ that can be obtained from Γ by a
sequence of operations consisting of attaching and/or re-
moving dangling segments is called a tropical modification
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Figure 3. A metric graph of genus 4 on the top, and a tropical
morphism of degree 3 from a modification to a tree on the
bottom. The edge and vertex colours match, the slope is 1
everywhere, and the dangling edges in the modification are
depicted in transparent yellow. The black numbers label
edges of the tree below, the white numbers label edges of the
metric graph above.

of Γ. Tropical modification is a ubiquitous operation in
tropical geometry, where two different tropicalisations of
the same algebraic variety often differ only by a tropical
modification.

Every metric graph Γ has a tropical modification Γ̃ that
admits a tropical morphism to a metric tree. Indeed, to
construct a tropical morphism to a line segment pick any
𝑝 ∈ Γ and pin Γ to a pinboard with a thumbtack at 𝑝,
letting the rest of Γ hang down along a vertical line seg-
ment Δ = [0, 𝑏] under the force of gravity. This yields the
map Γ → Δ that sends each 𝑞 ∈ Γ to its distance from 𝑝; it
has slope 1 everywhere. By adding suitable dangling edges,
this map can be made to satisfy the balancing condition,
as well as the Riemann-Hurwitz inequality; see Figure 4.

The tropical morphism to a tree thus constructed typ-
ically does not have the minimal possible degree, but at
least ensures that the minimal degree exists. We therefore
may define the gonality of Γ as

min{𝑑𝜙 ∣ 𝜙 ∶ Γ̃ → Δ} ∈ ℤ≥0,

where Γ̃ ranges over all tropical modifications of Γ, Δ
ranges over all metric trees, and 𝜙 ranges over all tropical
morphisms from Γ̃ to Δ.

The gonality of Γ is equal to 1 if and only if Γ is a metric
tree, and is equal to 2 if and only if a tropical modification

Figure 4. A degree-4 tropical morphism from a modification
of the double lollipop graph to a line segment. The dangling
segments are dashed.

Γ̃ of Γ admits an isometric involution 𝜎 such that Γ̃/𝜎 is a
metric tree; the moduli space of such tropical hyperelliptic
curves is studied in [Cha13].

Over the last years, the gonality of metric graphs has
been the subject of research in combinatorics and com-
puter science: the gonality of Γ is bounded from below
by the treewidth of 𝐺 for any model (𝐺, ℓ) of Γ [vDdBG20],
and also—like for Riemann surfaces [YY80]—by an expres-
sion involving its volume and the smallest positive eigen-
value of the Laplace operator of Γ [AK16]. Moreover, like
treewidth, gonality is NP-complete [Gij15,BvdWvdZ19].

Figure 3 shows that the genus-4 graph on the top has
gonality at most 3. This is predicted by the following ana-
logue of Theorem 1.

Theorem 2. The gonality of a metric graph Γ of genus 𝑔 is at
most 1 + ⌈𝑔/2⌉, with equality if Γ is sufficiently general. More-
over, if 𝑔 is even and Γ is sufficiently general, then the number
of tropical morphisms 𝜙 ∶ Γ̃ → Δ of degree 1 + 𝑔/2, where Γ̃ is
a tropical modification of Γ and Δ is a metric tree, equals 𝐶𝑔/2,
when counted up to simultaneous tropical modification of Γ̃
and Δ, as well as with certain multiplicities.

Genus-𝑔 metric graphs Γ, up to modifications, are pa-
rameterised by a space of real dimension (3𝑔−3), the mod-
uli space of genus-𝑔 metric graphs, and “sufficiently general”
means “for all Γ in some open dense subset of that space.”

For 𝑔 ≥ 2, that moduli space is glued from polyhedral
cones ℝ𝐸(𝐺)

>0 of dimension ≤ 3𝑔 − 3, one for each genus-𝑔
graph 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) in which all vertices have valency
at least 3; see [Cap12], where a genus-𝑔 metric graph is
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called a pure tropical curve. As we move a vector ℓ through
the cone ℝ𝐸(𝐺)

>0 , the metric graph with model (𝐺, ℓ)moves
through the moduli space.

The existence in Theorem 2 of a tropical morphism of
degree 1+⌈𝑔/2⌉ to a tree from somemodification of Γ is due
to Caporaso [Cap14], following work by Baker on the ex-
istence of special divisors on metric graphs [Bak08]. They
deduce this from Theorem 1 via a degeneration process, a
variant of whichwe review in the next section. The fact that
a sufficiently general genus-𝑔 metric graph has gonality
equal to 1 + ⌈𝑔/2⌉ follows from their work combined with
work by Cools-Draisma, who, following ideas from Grig-
ory Mikhalkin, do a careful parameter count in [CD18]. In
Section 4, we sketch our new contribution to this area: a
purely combinatorial proof of Theorem 2, which comes
with the bonus of the Catalan count.

3. Tropicalisation
In this section, we sketch how Theorem 1 implies part
of Theorem 2; more precisely, how the existence of holo-
morphic maps 𝑋 → ℙ1 of degree 1 + ⌈𝑔/2⌉ for compact
Riemann surfaces of genus 𝑔 implies the existence of a
tropical morphism Γ̃ → Δ from a tropical modification
Γ̃ of any genus-𝑔 metric graph Γ to some tree Δ. Instead
of following the more algebro-geometric approaches in
[Bak08, Cap14], we discuss the hyperbolic-geometric ap-
proach taken in [Lan20]. Among other things, the latter
paper gives a new viewpoint on Mikhalkin’s groundbreak-
ing work on phase-tropical curves [Mik06].

First, at the combinatorial level, there is a straightfor-
ward reduction to the case of even 𝑔 ≥ 2 and to metric
graphs Γ that only have points of valency 2 or 3; we assume
this throughout the remainder of this paper.

The metric graph Γ can be realised as a tropical limit of
a family of compact Riemann surfaces that we will con-
struct now; we refer to [Lan20] for details on this notion of
convergence. The Riemann surfaces in the family are built
up from pairs of pants 𝑃2𝛼,2𝛽,2𝛾 as in Figure 5, obtained by
glueing two copies of the unique right-angled hyperbolic
hexagon with three alternating sides of lengths 𝛼, 𝛽, 𝛾 > 0
along the remaining three sides. Such a pair of pants has
a canonical complex structure.

Let (𝐺 = (𝑉, 𝐸), ℓ ∈ ℝ𝐸
>0) be the model of Γ in which

each 𝑣 ∈ 𝑉 has valency 3, and let 𝑐(𝑒) > 0 be a positive
real number for each 𝑒 ∈ 𝐸; the relation between 𝑐 and
ℓ will be explained below. Then we construct a compact
Riemann surface 𝑋𝑐 as follows. For each 𝑣 ∈ 𝑉 , incident
to 𝑒1, 𝑒2, 𝑒3 ∈ 𝐸, take a copy 𝑃𝑣 of 𝑃𝑐(𝑒1),𝑐(𝑒2),𝑐(𝑒3), and glue
these |𝑉| pairs of pants together along their boundary cy-
cles in the manner prescribed by 𝐺: if 𝑒 = 𝑣𝑤 ∈ 𝐸, then
𝑃𝑣 and 𝑃𝑤 are glued along their boundary cycle of circum-
ference 𝑐(𝑒); if 𝑣 = 𝑤 so that 𝑒 is a loop, then we glue two
legs of 𝑃𝑣. There is one (real) degree of freedom in each

Figure 5. The pair of pants 𝑃2𝛼,2𝛽,2𝛾 glued from two geodesic
hyperbolic hexagons.

of these 3𝑔 − 3 glueings, namely, the angle under which
the cycles are glued. These twists and the cycle lengths are
the Fenchel-Nielsen coordinates on Teichmüller space. For
our purposes, however, we ignore the twists.

The resulting structure𝑋𝑐 inherits the structure of a com-
plex manifold from the hexagons, and is hence a compact
Riemann surface. We call 𝐶𝑒 ⊆ 𝑋𝑐 the image of the bound-
ary cycle corresponding to 𝑒 ∈ 𝐸.

Now we choose 𝑐 via the formula

𝑐𝑡(𝑒) ∶=
2𝜋2

ℓ(𝑒) log(𝑡) . (1)

Then, as we let 𝑡 tend to ∞, the 𝑐𝑡(𝑒) tend to zero and the
Riemann surface 𝑋𝑡 ∶= 𝑋𝑐𝑡 tropically converges to the metric
graph Γ in the sense of [Lan20, Definition 1.1]. This con-
vergence is related to, but different from, convergence in
the Gromov-Hausdorff sense; see [Lan20, Remark 3.12].

Next, let 𝜓𝑡 ∶ 𝑋𝑡 → ℙ1 be a holomorphic map of degree
1 + 𝑔/2; these exist by Theorem 1. We sketch how, in the
limit for 𝑡 → ∞, these yield a tropical morphism from Γ
to a tree. For this take 𝑡 ≫ 0. Then the boundary cycles
𝐶𝑒 have disjoint images ̃𝐶𝑒 ∶= 𝜓𝑡(𝐶𝑒) ⊆ ℙ1, 𝑒 ∈ 𝐸. A
priori, each ̃𝐶𝑒 is only an immersed circle in ℙ1. But it
can be shown that after a suitable deformation of the 𝐶𝑒,
their images ̃𝐶𝑒 are disjoint, closed circles on the sphere
ℙ1; we assume this from now on. Note that each ̃𝐶𝑒 may
be covered multiple times by 𝐶𝑒. Make a graph 𝑇 whose
vertices are the connected components of ℙ1⧵⋃𝑒∈𝐸

̃𝐶𝑒 and
two are connected by an edge if they have a common ̃𝐶𝑒 in
their boundary. The fact that ℙ1 has genus 0 implies that
𝑇 is a tree.

For each 𝑒 ∈ 𝐸, 𝜓−1𝑡 ( ̃𝐶𝑒) is a disjoint union of circles
in 𝑋𝑡; one of these is 𝐶𝑒, and the other circles are disjoint
from all boundary cycles. Cut up 𝑋𝑡 along all of these (old
and new) circles and construct 𝐺′ = (𝑉 ′, 𝐸′) from the con-
nected components of the cut-up 𝑋𝑡, like we constructed
𝑇 from the cut-up ℙ1. Then 𝐺′ = (𝑉 ′, 𝐸′) is obtained from
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𝐺 by subdividing edges and attaching dangling trees. Each
edge 𝑒′ ∈ 𝐸′ corresponds to a circle 𝐶𝑒′ in 𝑋𝑡 mapping to
some circle ̃𝐶𝑒; let 𝑚𝑒′ ∈ ℤ≥1 be the topological degree of
the restriction 𝜓𝑡|𝐶𝑒′

∶ 𝐶𝑒′ → ̃𝐶𝑒.
The formula for 𝑐𝑡(𝑒) in (1) guarantees that 𝜓𝑡 tropically

converges to a tropical morphism 𝜙 from a modification
Γ′ of Γ, with underlying graph 𝐺′, to the metric tree (𝑇, ℓ𝑇)
for a suitable edge length vector ℓ𝑇 [Lan20]. The tropical
morphism 𝜙 is linear on the open line segment in Γ cor-
responding to an edge 𝑒′ in 𝐺′, with slope equal to 𝑚𝑒′ .
In particular, the balancing condition and the Riemann-
Hurwitz condition are immediate here.

On the other hand, if a point 𝑝 in Γ′ corresponds to a
vertex 𝑣′ ∈ 𝑉 ′ of 𝐺′ and hence to a connected component
𝑈 of 𝑋𝑡 ⧵⋃𝑒′∈𝐸′ 𝐶𝑒′ , then the balancing condition and the
Riemann-Hurwitz inequality at 𝑝 follow from the fact that
the restriction 𝜓𝑡|𝑈 ∶ 𝑈 → 𝜓𝑡(𝑈) is a branched cover be-
tween Riemann surfaces with boundary.

This concludes our discussion of the relation between
Theorems 1 and Theorem 2.

4. Proof Sketch of Theorem 2
In this section, we sketch our new, purely combinatorial
proof of Theorem 2. As in the previous section, we assume
that 𝑔 is even and that all points in Γ have valency 2 or 3.
Full-dimensional families of morphisms. Consider a
triple (Γ, Δ, 𝜙 ∶ Γ̃ → Δ) of a trivalent genus-𝑔 metric
graph Γ, a metric tree Δ, and a tropical morphism 𝜙 ∶
Γ̃ → Δ, where Γ̃ is a tropical modification of Γ. Let
(𝐺 = (𝑉(𝐺), 𝐸(𝐺)), ℓΓ ∈ ℝ𝐸(𝐺)

>0 ) be the model of Γ for
which each 𝑣 ∈ 𝑉(𝐺) has valency 3. We will say that points
of Γ̃ lie above their images under 𝜙 in Δ. The first key idea
in our proof is to look at such triples that move in a family
of the right dimension, namely, 3𝑔−3—recall from Section 2
that this is the dimension of the moduli space of genus-𝑔
metric graphs, and equal to |𝐸(𝐺)|.

“Moving in a (3𝑔 − 3)-dimensional family” is to be un-
derstood as follows. Call 𝑝 ∈ Δ ordinary if 𝑝 has valency
2 in Δ and a sufficiently small open interval 𝐼 around 𝑝 in
Δ has the property that 𝜙−1(𝐼) is a disjoint union of open
intervals, each mapped bijectively onto 𝐼 with some inte-
ger slope; and call 𝑝 special otherwise. The special points
are those above which the combinatorics of 𝜙 changes. If
we delete from Δ all special points 𝑝, then our first require-
ment is that Δ decomposes into 3𝑔 − 3 open intervals. We
write 𝐸(𝑇) for the set of these intervals; 𝐸(𝑇) is the edge set
of a tree 𝑇, a model of Δ, and we let ℓ∆ ∈ ℝ𝐸(𝑇)

>0 be the
edge length vector for the metric graph Δ.

Now each edge in Γ passes above one or more of the
edges in Δ, possibly multiple times and with different
slopes. Consequently, each edge length in Γ is a non-
negative rational linear combination of the edge lengths
in Δ. We record the coefficients of these combinations in

Figure 6. The edge labelled 2 in the tree in Figure 3 has been
contracted to obtain 𝜙0.

an 𝐸(𝐺)×𝐸(𝑇)-matrix 𝐴𝜙, so that ℓΓ = 𝐴𝜙ℓ∆. Our second
requirement is that 𝐴𝜙 is a nonsingular matrix. If both re-
quirements are fulfilled, then we say that the triple moves
in a family of the right dimension 3𝑔 − 3.

For instance, in Figures 2 and 3, the matrix 𝐴𝜙 equals

[
2 0 0
0 1/2 0
0 0 2

] ,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 0 0 0 0 2 0 0 0
0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

respectively, relative to the labellings of the edges in 𝐺 (in
white) and 𝑇 (in black) indicated there, and both of these
matrices are nonsingular (3𝑔 − 3) × (3𝑔 − 3)-matrices.

Balancing. Aswe vary ℓ∆ in the coneℝ𝐸(𝑇)
>0 , its image ℓΓ =

𝐴𝜙ℓ∆ moves through an open cone 𝐶𝜙 in ℝ𝐸(𝐺)
>0 , which

maps to an open subset of the moduli space of genus-𝑔
graphs. For instance, in Figure 3, one facet of that cone is
given by the condition

ℓΓ(𝑒2) + ℓΓ(𝑒3) − ℓΓ(𝑒1) > 0. (2)

This expresses that, for this combinatorial type of tropical
morphisms, the orange edge with the white label 1, which
is mapped onto the edges of the tree with the black labels
1 and 3, has length less than the sum of the lengths of the
yellow edge (white label 2, mapped onto black 1 and 2)
and the green edge (white label 3, mapped onto black 2
and 3).

The second key ingredient in our proof is a careful anal-
ysis of what happens when a single entry of ℓ∆ becomes
zero. Call the resulting vector ℓ∆0 and set ℓΓ0 ∶= 𝐴𝜙ℓ∆0 ,
and let 𝜙0 ∶ Γ̃0 → Δ0 be the corresponding tropical mor-
phism. See Figure 6.

If the nonzero entries of ℓ∆0 are sufficiently general,
then there are two possibilities: either ℓΓ0 has only positive
entries, or precisely one entry is zero. In the former case,
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Figure 7. 𝜙2 and 𝜙3 with 𝜙0 as limit upon contracting the edge
labelled 2.

the metric graph Γ0 still has the same (trivalent) combina-
torial structure as Γ—this is what happens in Figure 6—
while in the latter case, Γ0 has precisely one vertex of va-
lency 4.

In either case, we construct all combinatorial types of
tropical morphisms 𝜙1, … , 𝜙𝑘, with 𝜙1 equal to 𝜙, that have
𝜙0 as a limit when shrinking one edge of the underlying
tree with 3𝑔−3 edges. This can be done since all the axioms
for a tropical morphism can be checked locally, so we need
only to study local changes in the combinatorics of 𝜙0 near
the vertex corresponding to the shrunk edge. The matrices
𝐴𝜙𝑙 are all equal to𝐴𝜙 except in the column corresponding
to the edge of the tree that needs to be shrunk to arrive
at 𝜙0.

Ideally, from among the 𝜙𝑙, we would like to keep only
those that move in a family of the right dimension. How-
ever, in the first case, where Γ0 is still trivalent, this can-
not be done via local combinatorial arguments: the non-
singularity of the matrix 𝐴𝜙𝑙 depends on the global struc-
ture of the morphism 𝜙𝑙. However, it turns out that this
is irrelevant for our approach: using local combinatorial
arguments and the fact that the matrices 𝐴𝜙𝑙 all agree out-
side one column, we show that there exist positive rational
numbers 𝑞1, … , 𝑞𝑘 > 0 such that the balancing equation

𝑞1 det(𝐴𝜙1) +⋯+ 𝑞𝑘 det(𝐴𝜙𝑘) = 0 (3)

holds; a 𝜙𝑙 that does not move in a family of the right di-
mension contributes zero to this equation. Since det(𝐴𝜙1)
is nonzero, the balancing equation implies that there ex-
ists at least one 𝑙 > 1 for which 𝜙𝑙 moves in a family of the

right dimension, and indeed one for which det(𝐴𝜙1) and
det(𝐴𝜙𝑙 ) have opposite signs.

In our running example, 𝑘 equals 3 and 𝜙2, 𝜙3 are seen
in Figure 7. Furthermore, we have

𝐴𝜙2 = 𝐴𝜙3 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 1 0 0 0 2 0 0 0
0 1 0 0 0 0 2 0 0
0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

and the balancing equation reads

2−6 det(𝐴𝜙1) + 2−6 det(𝐴𝜙2) + 2−6 det(𝐴𝜙3)
= 2 + (−1) + (−1) = 0.

In this example, the matrices 𝐴𝜙2 and 𝐴𝜙3 turn out to be
the same, and indeed the tropical morphisms 𝜙2 and 𝜙3
have the same combinatorics; but they differ whenwe keep
track of the (colours of the) edges of Γ—blue and purple
are swapped—and therefore need to be counted both.

A similar analysis can be done in the second case, where
Γ0 has a four-valent vertex. In that case, around Γ0 there are
precisely three combinatorial types of metric graphs, corre-
sponding to the three different groupings of the four edges
into two pairs. Here we find positive rational numbers 𝑞𝑖
such that 𝑞𝑖 det(𝐴𝜙𝑖 ) is independent of 𝑖.

Finally, in both cases, it turns out that the numbers 𝑞𝑖
can be chosen to depend on the morphism 𝜙𝑖 only (not
on the limit that we are considering), and such that the
𝑞𝑖 det(𝐴𝜙𝑖 ) are certain integers. We call their absolute value
the multiplicity of the morphism 𝜙𝑖. Then our result shows
that the sum of the multiplicities of the morphisms Γ̃′ → Δ′
near 𝜙0 is constant (independent of Γ).

In our running example, these multiplicities are 2 for
𝜙1, where (2) holds; and 1 for both 𝜙2 and 𝜙3, where the
opposite of (2) holds—so we see that the open cone in
ℝ𝐸(𝐺)
>0 parameterised by 𝐴𝜙1 is adjacent to, and “balances

out,” the two (identical) cones parameterised by 𝐴𝜙2 , 𝐴𝜙3 .
Just like the balancing condition for a harmonic mor-

phism between metric graphs ensures that the morphism
is surjective and has fibres of the same total multiplic-
ity, our higher-dimensional balancing condition implies
that each genus-𝑔 metric graph admits the same number
of degree-(1 + (𝑔/2)) tropical morphisms to a tree, when
counted with multiplicities. Note that the multiplicities
are nonzero only for tropical morphisms that move in
a family of the right dimension, so “accidental” tropical
morphisms, for instance those from a hyperelliptic graph
to a tree, will not be counted here.
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Figure 8. Top: a caterpillar of genus 6. Bottom: one of its
𝐶3 = 5 tropical morphisms to a metric tree.

The two remaining ingredients in our proof of Theorem
2 are: first, that the space of such morphisms 𝜙 ∶ Γ̃ → Δ is
connected, and second, that the correct count is the Cata-
lan number 𝐶𝑔/2. The connectedness follows from two
facts: first, that the space of metric graphs of genus 𝑔 is con-
nected through codimension 1 (indeed, this is true even when
restricting to graphs with higher connectivity [Cap12]);
and second, an analysis of a special class of graphs dis-
cussed in the next paragraph.
Caterpillars of loops. Consider a “caterpillar of 𝑔 loops”:
a metric graph ΓCL whose underlying graph 𝐺CL is ob-
tained by taking a path 𝑣0, 𝑒1, 𝑣1, … , 𝑒𝑔−1, 𝑣𝑔−1 of 𝑔−1 edges
and attaching loops to 𝑣0 and 𝑣𝑔−1; and lollipops (bridges
leading to a loop) to the remaining 𝑣𝑖. See Figure 8.

Given a tropical morphism 𝜙 ∶ Γ̃CL → Δ from a trop-
ical modification of Γ to a metric tree, it turns out that
𝜙 is linear on each edge 𝑒𝑖; let 𝑚𝜙(𝑒𝑖) denote its slope.
Then we show that the sequence (0, 1), (1,𝑚𝜙(𝑒1)), … , (𝑔 −
1,𝑚𝜙(𝑒𝑔−1)), (𝑔, 1) is a Dyck path. Conversely, given aDyck
path, there is a unique tropical morphism from amodifica-
tion of ΓCL to a metric tree whose slopes along the edges 𝑒𝑖
are the second coordinates of the points in the Dyck path.

For instance, in Figure 8, if we let 𝑣0 be the red ver-
tex and 𝑣𝑔−1 = 𝑣5 be the orange vertex, then the slopes
along 𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5 are 2, 3, 4, 3, 2, so the Dyck path is
(0, 1), (1, 2), (2, 3), (3, 4), (4, 3), (5, 2), (6, 1).

The multiplicities of all these tropical morphisms turn
out to be 1. So ΓCL admits precisely 𝐶𝑔/2 tropical mor-
phisms from modifications to trees. Furthermore, all 𝐶𝑔/2
Dyck paths are connected to each other via moves that
change an occurrence of up-down into down-up or vice
versa. We show that these moves can be realised via the
type of moves on tropical morphisms discussed in the pre-
vious subsection. Together with the balancing formula (3),
this implies that the space of morphisms from (modifica-
tions of) genus-𝑔metric graphs tometric trees thatmove in
a family of dimension 3𝑔 − 3 is connected, and that a gen-
eral metric graph of genus 𝑔 has precisely 𝐶𝑔/2 such mor-
phisms. This concludes our proof sketch of Theorem 2.

An animation of a random walk through the space of
tropical morphisms in the genus-4 case can be found at
https://mathsites.unibe.ch/jdraisma/Movie
Genus4.mp4.

5. Conclusion
We have given a brief account of classical and recent de-
velopments on gonality for Riemann surfaces and metric
graphs, with a focus on our new combinatorial proof of
Theorem 2.

We conclude this exposition with four questions that
we would very much like to see settled:

1. Our proof, while conceptually very simple, requires
the analysis of a large number of different cases. Does
there exist a more straightforward proof of the balanc-
ing equation (3), which is the core of the proof?

2. What is the algebro-geometric interpretation of the
multiplicities in the balancing condition?

3. Baker conjectured [Bak08], roughly speaking, that
when Γ has integral edge lengths, then 𝜙 ∶ Γ′ → Δ
can also, in a suitable sense, be chosen integral. Can
this be proved or disproved using our methods? Our
intuition is that tropical morphisms of higher multi-
plicity might not always be chosen integral, but we do
not have a precise statement to this effect.

4. If 𝜙 ∶ Γ̃ → Δ is a degree-𝑑 tropical morphism from a
modification of a metric graph Γ to a tree Δ, then the
fibre over any 𝑞 ∈ Δ, with each 𝑝 ∈ 𝜙−1(𝑞) counted
with multiplicity 𝑚𝜙(𝑝), is a divisor of rank at least one
on Γ̃ in the sense of [Bak08], and can be made into
a rank-one divisor on Γ by replacing all 𝑝 on dan-
gling trees to the points where those trees are attached
to Γ. So in particular, our theorem gives a combina-
torial proof of the theorem from [Bak08] that there
exists a divisor on any genus-𝑔 metric graph Γ of de-
gree equal to 1 + ⌈𝑔/2⌉ and rank at least 1. Does there
exist a generalisation of our proof to the existence of
higher-rank divisors on metric graphs?

The last question seems very challenging indeed; we
are not aware of a combinatorial-geometric notion of
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morphisms from metric graphs into higher-dimensional
tropical projective spaces that might facilitate such a gen-
eralisation.
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Contact and Symplectic
Topology: Mastering the Art

of Front Cooking

Roger Casals
A Bird’s Eye View
Classification results are relevant in many areas of mathe-
matics. The initial data is often a set of objects and an iso-
morphism relation—we invite the reader to think of their
favorite classification problem. A few examples are:
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(i) knots 𝐾 ⊆ ℝ3, classified up to smooth isotopy, or
smooth manifolds up to diffeomorphism,

(ii) metric spaces, e.g., Riemannian manifolds, under-
stood up to isometries or quasi-isometries,

(iii) discrete groups, up to (virtual) isomorphism, or
Lie groups and their Lie algebras,

(iv) the classification of integer quadratic forms, clas-
sified up to classes or genera—or the solutions to
a Diophantine equation up to descent,

(v) the (space of) functions solving a partial differen-
tial equation, solutions possibly considered up to
compactly supported smooth functions or gauge
equivalence.
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Classification problems aim to either prove two given
objects 𝑋1 and 𝑋2 are isomorphic, 𝑋1 ≅ 𝑋2, or that they
are not isomorphic. In the former case, an isomorphism
must be constructed, either explicitly or by abstract means.
In the latter, one must argue such an equality cannot exist;
this is frequently achieved by constructing and computing
an invariant 𝐼(𝑋), associated to each object 𝑋 .

Figure 1. Legendrian wavefront 𝜋(Λ1) ⊆ ℝ2 for a (2,4)-torus
link Λ1 ⊆ ℝ3 (left). Legendrian wavefront 𝜋(Λ2) ⊆ ℝ3 for a
2-sphere Λ2 ⊆ ℝ5 (right).

This invariant 𝐼 could be anything: a number, a polyno-
mial, an Abelian group, a category,1 a topological space, or
a kind of potato—as long as it satisfies that 𝐼(𝑋1) ≅ 𝐼(𝑋2)
if 𝑋1 ≅ 𝑋2, it can be used to argue that 𝑋1 ≇ 𝑋2 by showing
that 𝐼(𝑋1) ≇ 𝐼(𝑋2).
Examples. Instances of invariants include the dimension
of a vector space, the index of Fredholm operator, the class
number of a number field, the genus of a surface, curva-
tures in Riemannian manifolds, the Jones polynomial of
a knot, the Poincaré polynomial of a space, the homology
groups of a space, or the category of coherent sheaves on
an algebraic variety.

In general, one still has to show 𝐼(𝑋1) ≇ 𝐼(𝑋2), which
is also a classification problem—the trick is to choose in-
variants 𝐼 which are easily distinguished: most mathemati-
cians would be comfortable telling numbers, polynomials,
and Abelian groups apart, and such invariants are most fre-
quently used (categories, spaces, and potatoes might have
a more niche crowd).

The field of contact and symplectic topology [1,6] has
seen developments on both sides of the aisle: new invari-
ants 𝐼 distinguishing objects, and new techniques to con-
struct isomorphisms.

Developments: Two New Directions
This article will introduce some of the objects studied in
contact and symplectic topology and discuss some of the
results that have been proved.2 We focus on two particular

1E.g., “computing a category” might mean finding a set of generators, or pre-
senting it as the differential graded derived (dg-derived) category of modules
over an algebra we understand.
2The four main protagonists (contact, symplectic, Legendrian, and Lagrangian)
will be defined momentarily and the reader is welcome to skip to the next section
if needed.

developments:

(1) The discovery of a flexible class of contact structures
and symplectic structures.

(2) The study of Legendrian and Lagrangian submanifolds
using microlocal sheaf theory.

In these results, Legendrian wavefronts, which are certain
singular hypersurfaces 𝜋(Λ) ⊆ ℝ𝑛, have played a crucial
role; see Figure 1. These will be discussed in depth in the
upcoming section. The title of this article is a reference to
Mastering the Art of French Cooking. For us, it is the study
of (wave)front diagrams, with all its flavors and different
recipes, that allows us to prove new results and enjoy some
of the wonders of our mathematical kitchen.

Example. For a Legendrian knot Λ ⊆ (ℝ3, 𝜉st), the front
𝜋(Λ) ⊆ ℝ2 is akin to a planar knot diagram, except it allows
for cusps and all planar crossings are overcrossings;3 see
Figure 1 (left) and Figure 4. For a Legendrian surface Λ ⊆
(ℝ5, 𝜉st), the front 𝜋(Λ) ⊆ ℝ3 is a singular surface in ℝ3,
as in Figure 1 (right) or the blue flying saucer in Figure
2. Note that we are drawing surfaces in 5-dimensions by
drawing fronts in 3-space.

Given a Legendrian wavefront 𝜋(Λ), we will build a
symplectic manifold 𝑊(Λ) and two contact manifolds
𝑌±1(Λ), and also construct invariants. Figure 2 schemati-
cally shows these possibilities.

Figure 2. A Legendrian wavefront 𝜋(Λ), from which we can
build geometric manifolds (left) or compute algebraic
invariants (right). 𝑀 is the smooth manifold where the
wavefront lives, typically 𝑀 = ℝ𝑛.

Part (1) above belongs to the realm of ℎ-principles [12].
The theory of ℎ-principles is constructive, a tenet being that
“if certain algebraic obstructions vanish, then a geometric
construction is possible.” (In broad terms, ℎ-principles are
theorems where “algebra implies geometry.”) In our con-
text, ℎ-principles are results allowing one to conclude that,
for certain classes of objects and (actually computable) in-
variants 𝐼, the equality 𝐼(𝑋1) ≅ 𝐼(𝑋2) implies that 𝑋1 ≅ 𝑋2.
By definition, 𝑋1, 𝑋2 are flexiblewith respect to an invariant
𝐼 when 𝐼(𝑋1) ≅ 𝐼(𝑋2) implies 𝑋1 ≅ 𝑋2. Thus, should these
flexible objects exist, the invariant 𝐼 gives a complete clas-
sification! For a given invariant 𝐼, it is interesting to study

3Northwest-Southeast strand above Southwest-Northeast.
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whether a nonempty class of flexible objects exists and, if
so, decide whether a given object is flexible.

In contact and symplectic topology, these flexible
classes are defined by the existence of a local zig-zag in Leg-
endrian wavefronts;4 such a zig-zag is shown in Figure 1
(right). A wavefront with a zig-zag is said to be stabilized.
The following result [2,5,6] summarizes5 three flexible de-
velopments.

Theorem 1. In higher dimensions, i.e., dim(Λ) ≥ 2 for Legen-
drians and dim(𝑊) ≥ 6 for symplectic manifolds, the following
hold:

(i) Let Λ1, Λ2 ⊆ (𝑌, 𝜉) be smoothly isotopic Legendrian
submanifolds, each admitting a stabilized wavefront.
Then Λ1 is Legendrian isotopic to Λ2.

(ii) Let 𝑊1,𝑊2 be diffeomorphic symplectic manifolds,
each admitting a stabilized front handlebody. Then
𝑊1 is symplectic isomorphic to 𝑊2.

(iii) Let 𝑌1, 𝑌2 be diffeomorphic contact manifolds, each ob-
tained by (+1)-surgery on a stabilized wavefront. Then
𝑌1 is contact isomorphic to 𝑌2.

In fact, we also know several equivalent characteriza-
tions [5] of the hypothesis in Theorem 1(iii), e.g., in terms
of contact open books and the existence of overtwisted
disks.

Each of the three statements in Theorem 1 is of the fol-
lowing form: we have two objects 𝑋1, 𝑋2 which we want
to compare. Then if both 𝑋1, 𝑋2 verify a certain topologi-
cal property (being diffeomorphic and “stabilized”), then
𝑋1 ≅ 𝑋2. The notions featured in Theorem 1 will be ex-
plained shortly. The message is that, in contact and sym-
plectic topology, we now have verifiable local properties
(of a wavefront) which globally characterize certain iso-
morphism classes of geometric objects, i.e., if you see a
zig-zag somewhere in your wavefront diagram 𝜋(Λ), this
characterizes completely the symplectic and contact topol-
ogy of Λ, 𝑊(Λ), and 𝑌±1(Λ) given the underlying smooth
data. (This is rather exclusive to contact and symplectic
topology: e.g., for a knot diagram or a Riemannian mani-
fold, no local property near one point will typically be able
to globally characterize the knot or the Riemannian met-
ric.)

In contrast, part (2) above has provided new invariants
to help the classification and study of contact and sym-
plectic structures.6 This relies on new and fruitful connec-
tions to cluster algebras [3,17], differential equations, and

4The importance of zig-zags in ℎ-principles, and in general wrinkled maps, goes
back to Eliashberg-Mishachev (1997).
5For notational simplicity, we write smooth isotopy for a smooth isotopy which
includes the corresponding formal data required by the ℎ-principle; the same for
diffeomorphisms.
6Floer-theoretic invariants date back to the 1980s, the dg-algebras 𝒜 being de-
veloped in the 2000s. The resurgence of microlocal sheaf theory belongs to the
last decade 2010–20.

homological mirror symmetry. A class of invariants that
are shaping the field is given by studying categories of con-
structible sheaves, with appropriate constraints [13–15].

Let 𝑀 be a smooth manifold. These sheaves are intu-
itively given by assigning a finite-dimensional vector space
at each point of 𝑀. The dimensions of the vector spaces
might potentially jump as we vary the point. Legendrian
wavefronts 𝜋(Λ) ⊆ 𝑀 serve as constraint: we only allow
these dimensional jumps to happen when we cross the
wavefront. This is morally what being constructible with
respect to a wavefront means; the set of such sheaves is
denoted by ShΛ(𝑀). In precise terms, let 𝑇∞𝑀 be a unit
cotangent bundle. Then, we have the following.

Theorem 2 ([13, 14, 18]). The category ShΛ(𝑀) of con-
structible sheaves microlocally supported at a Legendrian Λ ⊆
𝑇∞𝑀 is a Legendrian invariant 𝐼(Λ). Furthermore, it can often
be computed combinatorially by using a wavefront for Λ.

The computability is a strong virtue of such categories
ShΛ(𝑀). The result above is remarkably efficient at distin-
guishing Legendrian submanifolds Λ1, Λ2 ⊆ 𝑇∞𝑀 which
are smoothly isotopic but not Legendrian isotopic. Many
interesting results in the field have been discovered or re-
proved thanks to the use of microlocal sheaf theory [13–
15]. Two new examples [3, 17] are given in the following
theorem.

Theorem 3. (i) The moduli space of Lagrangian fillings
of positive Legendrian links Λ ⊆ (ℝ3, 𝜉st) admits a
(partial) cluster structure.

(ii) The Legendrian (max-tb) representatives of (𝑛,𝑚)
torus links, 𝑛 ≥ 3,𝑚 ≥ 6, admit infinitely many dis-
tinct Lagrangian fillings. In fact, most max-tb Legen-
drian representatives of a positive braid admit infinitely
many distinct Lagrangian fillings.

The Hamiltonian isotopy class of an embedded exact
Lagrangian filling specifies a cluster chart in the moduli
space of Theorem 3(i), and it is shown that these cluster
charts can be used to distinguish exact Lagrangian fillings
as in Theorem 3(ii).7

Contact and Symplectic Topology
Let us first introduce the four main characters in the field:
symplectic and contact structures, and Legendrian and La-
grangian submanifolds. In this article, the symplectic and
Lagrangian dimensions will be 2𝑛 and 𝑛, and the contact
and Legendrian dimensions will be 2𝑛 − 1 and 𝑛 − 1, re-
spectively.

Definition 1. A symplectic structure (𝑋, 𝜔) on a real 2𝑛-
dimensional smooth manifold 𝑋 is the choice of a nonde-
generate closed 2-form 𝜔 on 𝑋 .

7This relates to the wall-crossing phenomena present in Morse theory and mirror
symmetry.
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In practice, the integral ∫𝑆 𝜔 ∈ ℝ over a 2-dimensional
surface 𝑆 generalizes the notion of 2-dimensional area to
any surface 𝑆 ⊆ 𝑋 . In contrast to a Riemannian met-
ric, the 2-form 𝜔 is antisymmetric and perceives orienta-
tions. Thus, nonpositive (symplectic) areas are allowed.
Note that the three infinite families of simple Lie alge-
bras are 𝔰𝔩𝑛, corresponding to volume-preserving geom-
etry, 𝔰𝔬𝑛, giving (pseudo)Riemannian geometry, and 𝔰𝔭𝑛,
which yields symplectic geometry.

Example. Consider the 2𝑛-dimensional ball

𝔻2𝑛 ∶= {(𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑛 ∶ ‖𝑥‖2 + ‖𝑦‖2 ≤ 1}.
Then 𝜔st ∶= 𝑑𝑥1 ∧ 𝑑𝑦1 + ⋯ + 𝑑𝑥𝑛 ∧ 𝑑𝑦𝑛 is a symplectic
form. Given an embedded surface 𝑆 ⊆ ℝ2𝑛, the real num-
ber ∫𝑆 𝜔st ∈ ℝ is obtained as follows: for each 𝑖 ∈ [1, 𝑛],
project 𝑆 to the 2-plane ⟨𝑥𝑖, 𝑦𝑖⟩ ⊆ ℝ2𝑛 and compute the
signed area 𝐴𝑖 of this image. Then ∫𝑆 𝜔st ∈ ℝ is the sum
𝐴1 + ⋯ + 𝐴𝑛. See Figure 3 and note that some, even all,
of the 𝐴𝑖 might be zero, e.g., the 2-torus 𝐿 ∶= {𝑥21 + 𝑦21 =
1, 𝑥22 + 𝑦22 = 1, 𝑥𝑗 = 𝑦𝑗 = 0, 2 < 𝑗 ≤ 𝑛} ⊆ ℝ2𝑛 has all 𝐴𝑖 = 0.

Figure 3. A surface 𝑆 ⊆ ℝ4 and the number ∫𝑆 𝜔st given by the
symplectic structure.

Symplectic structures are abundant: complex projective
manifolds, or any manifold 𝑋 = {𝑝1 = ⋯ = 𝑝𝑛 =
0} ⊆ ℂ𝑁 cut out by complex polynomials, are symplec-
tic. The phase space of any physical system on a configura-
tion space 𝑀, i.e., the cotangent bundle (𝑇∗𝑀, 𝜆𝑐𝑎𝑛) and
its reductions, also admits symplectic structures. These
come from the 2-from 𝑑𝜆𝑐𝑎𝑛, where 𝜆𝑐𝑎𝑛 is the canonical
Liouville 1-form on 𝑇∗𝑀. Most interesting aspects of sym-
plectic topology are global: near a point 𝑝 ∈ (𝑋, 𝜔), the
symplectic structure is always given by the above example
(𝔻2𝑛, 𝜔st) [1].

Definition 2. A contact structure on a real (2𝑛 − 1)-
dimensional smoothmanifold 𝑌 is a (locally) generic8 and

8The precise condition is “maximally nonintegrable”; by the Frobenius Integra-
bility Theorem, this is equivalent to the algebraic condition 𝜉 = ker(𝛼) and
𝛼 ∧ (𝑑𝛼)𝑛−1 ≠ 0, where 𝛼 is a 1-form in 𝑌 .

smooth choice of hyperplane 𝜉𝑦 ⊆ 𝑇𝑦𝑌 at each tangent
space.

Example. Consider the sphere 𝕊2𝑛−1 = 𝜕𝔻2𝑛. The kernel
𝜉st ∶= ker(𝜆st) is a contact structure, where 𝜆st is the re-
striction of the 1-form 𝜆st ∶=

1
2
∑𝑛

𝑖=1(𝑥𝑖𝑑𝑦𝑖 − 𝑦𝑖𝑑𝑥𝑖) to the

boundary 𝜕𝔻2𝑛. Removing a point from the sphere yields
a contact structure (ℝ2𝑛−1, 𝜉st).

Contact structures are also bountiful. Inmany cases, the
intersection 𝑌 = 𝑋 ∩ 𝕊2𝑁−1 of a manifold 𝑋 = {𝑝1 = ⋯ =
𝑝𝑛 = 0} ⊆ ℂ𝑁 = ℝ𝑁 ⊕ 𝑖ℝ𝑁 with the unit sphere 𝕊2𝑁−1 ⊆
ℂ𝑁 has a canonical contact structure 𝜉 = 𝑇𝑌 ∩ 𝑖(𝑇𝑌).
Similarly, the energy level sets 𝑇∞𝑀 of phase spaces and
their reductions generically have contact structures coming
from ker(𝜆𝑐𝑎𝑛). Contact topology is also global in nature:
near a point 𝑝 ∈ (𝑌, 𝜉), the contact structure is given by
the example (ℝ2𝑛−1, 𝜉st) above [9].

Remark. É. Cartan classified all distributions 𝐷 ⊆ 𝑇𝑌 that
locally have a unique normal form. There are four classes:
(i) nonvanishing vector fields, which lead to smooth dy-
namics, (ii) Engel structures, which are 4-dimensional,
(iii) even–contact structures, and (iv) contact structures.

A salient relation between a symplectic manifold (𝑋, 𝜔)
and a contact manifold (𝑌, 𝜉) arises when 𝑌 = 𝜕𝑋 is the
boundary of 𝑋 and 𝜔 = 𝑑𝜆 is the differential of a 1-form.
Then the hyperplanes 𝜉𝑦 = {𝑣 ∈ 𝑇𝑦𝑌 ∶ 𝜆𝑦(𝑣) = 0} are
the linear subspaces ker(𝜆), and these often form a contact
structure (𝜕𝑋, 𝜉) if 𝜆 is appropriately chosen. Note that the
two examples (𝕊2𝑛−1, 𝜉st) = 𝜕(𝔻2𝑛, 𝜔st) above fit into this
framework as 𝑑𝜆st = 𝜔st. In general, it is fruitful to think
of contact manifolds (𝑌, 𝜉) = (𝜕𝑋, ker 𝜆) as boundaries of
(exact) symplectic manifolds (𝑋, 𝜔) = (𝑋, 𝑑𝜆).9

Figure 4. A Legendrian trefoil knot Λ ⊆ ℝ3 and its wavefront
𝜋(Λ) ⊆ ℝ2. Legendrian means that the tangent vectors to Λ
belong to the contact 2-plane 𝜉.

A Lagrangian submanifold 𝐿 ⊆ (𝑋, 𝜔) is any sub-
manifold such that the restriction 𝜔|𝐿 = 0 is zero and

9This apparently innocent pairing is strengthened by a tenet in the field: “the
contact boundary (𝜕𝑋, ker 𝜆) knows about the symplectic interior (𝑋, 𝑑𝜆).” For
instance, suppose that (𝑋, 𝑑𝜆) symplectically coincides with (ℝ2𝑛, 𝜔st) away
from a compact set. Then 𝑋 must be diffeomorphic to ℝ2𝑛, and even symplec-
tic isomorphic to (ℝ4, 𝜔st) for 𝑛 = 2.
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dim(𝑋) = 2 dim(𝐿). On the contact side, an isotropic sub-
manifold Λ ⊆ (𝑌, 𝜉) is a submanifold of 𝑌 such that at
each point 𝑝 ∈ Λ, the tangent space 𝑇𝑝Λ is contained in
the hyperplane 𝜉𝑝. An isotropic submanifold Λ ⊆ (𝑌, 𝜉) is
said to be Legendrian if dim(𝑌) = 2 dim(Λ) + 1.

In fact, 𝜔|𝐿 = 0 implies the dimensional inequal-
ity 2 dim(𝐿) ≤ dim(𝑋) and, similarly, 𝑇Λ ⊆ 𝜉 implies
2 dim(Λ) + 1 ≤ dim(𝑌). Thus, Lagrangian and Legendrian
submanifolds have the maximal possible dimension given
their defining (isotropic) constraints. Figure 4 (left) de-
picts a Legendrian knot Λ ⊆ (ℝ3, ker 𝜆).
Example. Lagrangian submanifolds 𝐿 ⊆ (ℝ2𝑛, 𝜔st) gen-
eralize the graphs 𝑔𝑟(𝑑𝑓) ∶= {𝑦 = 𝑑𝑓(𝑥)} ⊆ ℝ2𝑛 of
the derivative 𝑑𝑓 ∶ ℝ𝑛 → ℝ𝑛 of an ℝ-valued function
𝑓 = 𝑓(𝑥) ∈ 𝐶∞(ℝ𝑛), which are indeed Lagrangian for
𝜔st. In fact, any Lagrangian is locally of this form. Sim-
ilarly, Legendrian submanifolds Λ ⊆ (ℝ2𝑛−1, 𝜉st), with
𝜉st = ker{𝑑𝑧−𝑦1𝑑𝑥1−⋯−𝑦𝑛−1𝑑𝑥𝑛−1}, generalize the 1-jet
graphs 𝑗1(𝑓) ∶= {(𝑥, 𝑦, 𝑧) ∶ 𝑦 = 𝑑𝑓(𝑥), 𝑧 = 𝑓(𝑥)} ⊆ ℝ2𝑛−1

of 𝑓 ∈ 𝐶∞(ℝ𝑛−1), containing the information of the func-
tion 𝑓 and its derivatives 𝑑𝑓. Any such 𝑗1(𝑓) is Legendrian
for 𝜉st and, conversely, any Legendrian is locally of this
form.

The relation between 𝐿 and Λ parallels that of 𝑋 and
𝜕𝑋 : in many cases, the boundary 𝜕𝐿 = 𝐿 ∩ 𝜕𝑋 of a prop-
erly embedded Lagrangian submanifold 𝐿 ⊆ (𝑋, 𝑑𝜆) is a
Legendrian submanifold Λ = 𝜕𝐿 ⊆ (𝜕𝑋, 𝑑𝜆).10

Figure 5. A symplectic manifold 𝑊 2𝑛 with contact boundary
𝑌2𝑛−1 = 𝜕𝑊 , and a Lagrangian 𝐿𝑛 ⊆ 𝑊 with Legendrian
boundary Λ𝑛−1 = 𝜕𝐿.

Pictorial conclusion. Figure 5 depicts a rather gen-
eral situation where the four main characters appear at
once. Researchers in the field look at many different ques-
tions; including the classification of all symplectic (or
contact) structures on a smooth manifold, as well as the

10The previous tenet also holds: “the Legendrian boundary Λ = 𝜕𝐿 ⊆
(𝜕𝑋, ker 𝜆) knows about the Lagrangian interior 𝐿 ⊆ (𝑋, 𝑑𝜆).” E.g., if an em-
bedded (exact) Lagrangian surface 𝐿 ⊆ (𝔻4, 𝜔st) bounds a Legendrian knot
Λ = 𝜕𝐿 ⊆ 𝜕(𝔻4, 𝜔st), then 𝐿 must have the minimal 4-genus of the knot
Λ ⊆ 𝕊3.

classification of Lagrangian (or Legendrian) submanifolds.
Theorems 1, 2, and 3 above help us classify some such struc-
tures.

Studying Legendrians: Wavefronts
Symplectic and contact structures are rather hard to visu-
alize: one is a 2-form and the other a hyperplane distri-
bution. We will be able to translate problems on contact
and symplectic structures into Legendrians, which are of-
ten more easily visualized and manipulated. This leads to
some key questions: e.g., given two Legendrian subman-
ifolds Λ1, Λ2, how do we show Λ1 ≅ Λ2 or prove that
Λ1 ≇ Λ2?

At its core, the answer to this question is by drawing
them: by picturing a Legendrian Λ we will be able to both
pin down properties of the drawing that might character-
ize the Legendrian isotopy class of Λ and compute invari-
ants 𝐼(Λ) that distinguish Legendrians. Let us focus on
(𝑌, 𝜉) = (ℝ2𝑛−1, 𝜉st), as this is the local model. The pro-
jection 𝜋 ∶ ℝ2𝑛−1 ⟶ ℝ𝑛, 𝜋(𝑥, 𝑦, 𝑧) = (𝑥, 𝑧), has the fol-
lowing property: the image 𝜋(Λ) ⊆ ℝ𝑛 of any Legendrian
recovers the Legendrian Λ ⊆ (ℝ2𝑛−1, 𝜉st) by setting the 𝑦𝑖-
coordinates to be the 𝑥𝑖-slope of the tangent plane of 𝜋(Λ),
i.e., 𝑦𝑖 ∶= 𝜕𝑥𝑖𝑧(𝑥1, … , 𝑥𝑛−1). Indeed, this is just the analytic
incarnation of the condition 𝑇Λ ⊆ 𝜉st.

The image 𝜋(Λ) ⊆ ℝ𝑛 is known as the wavefront of
Λ. Figures 1, 2, and 4 depict examples of wavefronts.
The wavefront 𝜋(Λ) is typically a singular hypersurface,
despite Λ being embedded: the singularities acquired by
𝜋(Λ) come from the singularities of the restricted projec-
tion 𝜋|Λ. Hence, we can study Legendrians in (ℝ2𝑛−1, 𝜉st)
by studying certain singular hypersurfaces in ℝ𝑛. Build-
ing on the theory of singularities [1], there is a diagram-
matic calculus for wavefronts [1, 4, 11]. In the same way
that one may tackle knots through their diagrams, and
manipulate smooth 4-manifolds with Kirby calculus, con-
tact and symplectic topologists can manipulate Legendri-
ans and Lagrangians using wavefront diagrams.

Two Applications
Sample problems that we can now address with contact
and symplectic techniques include the following two prob-
lems.

Problem 1 (Affine varieties). Let us consider the two sym-
plectic manifolds 𝑊1 = (ℂ3, 𝜔st) and

𝑊2 = {(𝑥, 𝑦, 𝑧, 𝑤) ∈ ℂ4 ∶ 𝑥 + 𝑥2𝑦 + 𝑧2 + 𝑤3 = 0},
where 𝑊2 inherits the symplectic structure from (ℂ4, 𝜔st).
It can be shown that as smooth manifolds𝑊2 ≅ ℝ6, hence
𝑊1 ≅ 𝑊2 smoothly. In contrast, 𝑊1 ≇ 𝑊2 as affine alge-
braic varieties. (This 𝑊2 is an algebraically exotic structure
on ℂ3, known as the Koras-Russell cubic. Being algebraic
isomorphic implies being symplectic isomorphic, but the
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converse may fail.) Now we can study the question: are
𝑊1 and 𝑊2 isomorphic as symplectic manifolds? That is,
does there exist a diffeomorphism 𝑓 ∶ 𝑊1 →𝑊2 such that
𝑓∗(𝜔2) = 𝜔1?

Here is a variation on Problem 1: consider 𝒞𝑚 =
{(𝑥, 𝑦, 𝑧, 𝑤) ∈ ℂ4 ∶ 𝑥𝑚𝑦 + 𝑧𝑤 = 1}. As smooth manifolds
𝒞𝑚 ≅ 𝕊3 × ℝ3 but, for instance, 𝒞1 ≇ 𝒞2 are algebraically
distinct. Are they symplectically isomorphic? Both ver-
sions of this problem will be solved using Legendrian han-
dlebodies, Legendrian wavefronts, and Theorems 1 and 2.

Problem 2 (Propagation of singularities). Consider a pla-
nar wavefront 𝜋 ⊆ ℝ2 in the shape of an ellipse moving
inwards. Imagine an elliptical source of light, or a ellipti-
cal water wave11 propagating inwards, as depicted in Figure
6 (upper-left). As wavefronts evolve in time, they develop
singularities and it is interesting to understand which sin-
gularities are created and how they propagate.12 For in-
stance, the Four Cusps Theorem states that, generically, any
sequence of wavefronts that starts and ends as in Figure 6
must have a wavefront in the middle with at least four cusps.

Figure 6. An eversion of an elliptic wavefront. Fixing the first
and last fronts, we can ask which and how many singularities
must occur for any sequence of intermediate fronts.

In general, given two (possibly singular) wavefronts
𝜋1, 𝜋2 ⊆ 𝑀 in a smooth manifold, one can ask which
(and how many) singularities must appear or persist for
any (generic) sequence of fronts starting at 𝜋1 and ending
at 𝜋2. The invariant ShΛ(𝑀), which studies sheaves con-
strained by a wavefront 𝜋(Λ), will allow us to answer some
such questions.

Legendrian Handlebodies
Consider the situation in Figure 5, focusing on a Legen-
drian sphere Λ ⊆ (𝜕𝑊, 𝜉) in the contact boundary.

From Legendrians to contact and symplectic. We can use
this Legendrian Λ ⊆ 𝜕𝑊 to construct a new symplectic
manifold 𝑊(Λ) ∶= 𝑊 ∪Λ 𝑇∗𝔻𝑛, where 𝑇∗𝔻𝑛 denotes the
(unit disk) cotangent bundle of𝔻𝑛. This𝑊(Λ) is obtained
by attaching the symplectic piece 𝑇∗𝔻𝑛 = 𝔻𝑛×𝔻𝑛, called a

11These are rare in the ocean, but common in round kiddie pools, fish farms, or
a cup of tea.
12These problems already appear in classical geometric optics; this is the theory
of caustics and wavefronts, key to understanding oscillatory integrals.

handle, to (a neighborhood of) the Legendrian Λ along its
boundary 𝜕𝔻𝑛×{0}.13 For the appropriate choice of framing
(cf. [6,20]), A. Weinstein showed that𝑊(Λ) admits a sym-
plectic structure [20] and its boundary 𝑌−1(Λ) ∶= 𝜕(𝑊(Λ))
is a contact manifold [9].

Figure 7. The handle attachment construction of symplectic
manifolds: the cores 𝔻𝑘×{0} of the handles 𝑇∗𝔻𝑘×𝑇∗𝔻𝑛−𝑘 are
attached along (open neighborhoods of) the isotropic spheres
𝐾1, 𝐾2 ≅ 𝕊𝑘−1 ⊆ 𝜕𝔻2𝑛. Differing spheres 𝐾1, 𝐾2 may lead to
different contact and symplectic structures.

Given a 𝑘-dimensional isotropic sphere 𝑆 ⊆ (𝜕𝑊, 𝜉), we
can similarly construct a new symplectic manifold 𝑊(𝑆)
by attaching the handle 𝑇∗𝔻𝑘×𝑇∗𝔻𝑛−𝑘 along its bound-
ary 𝜕𝔻𝑘×{0} to 𝑆. The contact boundary of 𝑊(𝑆) is de-
noted 𝑌−1(𝑆). In either case, the pieces we attach are sim-
ple, as they are standard symplectic disks (𝔻2𝑛, 𝜔st). The
data that most enriches this construction is the choice of
where the piece is attached, which we specify by choosing
an isotropic submanifold. Intuitively, the wealth of Leg-
endrian submanifolds which are smoothly isomorphic (i.e.,
smoothly isotopic), but distinct as Legendrians, accounts for
the additional richness of contact and symplectic topology,
in comparison to differential topology.

Remark. The above construction is a symplectic incarnation
of handlebody decompositions for smooth manifolds; see
Figure 8. The advantage of this technique—exemplified
by 4-dimensional Kirby calculus—is that it translates prob-
lems about smooth manifolds into (a generalization of)
knot theory, where pictorial and combinatorial techniques
can be successfully used to manipulate diagrams.

A key distinction is that isotropic submanifolds of
dim(𝑆) ≤ 𝑛 − 2 are significantly different than Legendrian
submanifolds, i.e., those with dim(𝑆) = 𝑛 − 1.
Theorem 4. Let 𝑆1, 𝑆2 ⊆ (𝑌, 𝜉) be isotropic, dim(𝑆 𝑖) < 𝑛−1,
and 𝑆1 smoothly isotopic14 to 𝑆2. Then 𝑆1 is isotopic to 𝑆2, i.e.,
there exists a 1-parameter family 𝑆𝑡 of isotropic submanifolds,

13The second factor of 𝔻𝑛×𝔻𝑛 is written in a smaller font to emphasize that its
only purpose is to thicken 𝔻𝑛 to the necessary dimension 2𝑛, and make the total
space symplectic.
14For experts, it should read “formal isotropic isotopic” [6], as we use “smoothly
isotopic” for “formally isotopic.”
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Figure 8. The space 𝕊2 × [1, 2] constructed by attaching a
3-dimensional 2-handle ℎ2 (an igloo) to a yellow solid 3-disk.
The attachment is specified by the red circle in 𝜕𝔻3.

𝑡 ∈ [1, 2], starting at 𝑆1 and ending at 𝑆2. In contrast, there
exist pairs of Legendrian submanifolds Λ1, Λ2 ⊆ (𝑌, 𝜉) which
are smoothly isotopic but not Legendrian isotopic.

The message of Theorem 4 is that when we encode
contact and symplectic structures in terms of isotropic
submanifolds, only those of largest dimension, i.e., Leg-
endrian submanifolds, contain any information beyond
smooth topology. In the statement, Λ1, Λ2 are Legendrian
isotopic if there exists a 1-parameter family Λ𝑡 of Legen-
drian submanifolds, 𝑡 ∈ [1, 2], starting at Λ1 and ending at
Λ2. Let us formalize the above construction.

Definition 3. (i) Let (𝑊, 𝜔) be a symplectic mani-
fold. A Legendrian handlebody is a decomposi-
tion of the form 𝑊0 = 𝔻2𝑛 ⊆ 𝑊1 ⊆ ⋯ ⊆ 𝑊𝑠−1 ⊆
𝑊𝑠 = 𝑊, where 𝑊𝑖+1 = 𝑊𝑖(Λ𝑖) and Λ𝑖 ⊆ (𝜕𝑊𝑖, 𝜉𝑖)
is a Legendrian (or isotropic) sphere [6,20].

(ii) Let (𝑌, 𝜉) be a contact manifold. A surgery di-
agram is a sequence (𝑌0, 𝑌1, … , 𝑌 𝑠−1, 𝑌 𝑠), 𝑌0 =
𝕊2𝑛−1, 𝑌 𝑠 = 𝑌 , where 𝑌 𝑖+1 = 𝑌 𝑖

±1(Λ𝑖) and
Λ𝑖 ⊆ (𝑌 𝑖, 𝜉𝑖) is a Legendrian sphere [9, 16] (or an
isotropic sphere if doing 𝑌 𝑖

−1(Λ𝑖)).
The contact manifold 𝑌+1(Λ) is the lower boundary of

the (symplectic) manifold (𝑌 × [0, 1]) ∪Λ 𝑇∗𝔻𝑛. This latter
manifold is obtained by attaching a 𝑇∗𝔻𝑛 symplectic han-
dle, with boundary the Legendrian sphere Λ, to the lower
boundary of the symplectic neighborhood 𝑌 × [0, 1].

From contact and symplectic to Legendrian. An advan-
tage of these decompositions is generality.

Theorem 5 ([10]). Any closed symplectic manifold (𝑋, 𝜔) ad-
mits a codimension-2 symplectic submanifold (𝐶, 𝜔|𝐶) ⊆ (𝑋, 𝜔)
such that 𝑋⧵𝐶 admits a Legendrian handlebody decomposition.

Thus, proceeding inductively, we assume (𝐶, 𝜔|𝐶) is
understood and study any symplectic manifold (𝑋, 𝜔) by
studying the Legendrian submanifolds that describe 𝑋 ⧵ 𝐶.
Similarly, many interesting contact manifolds (𝑌, 𝜉) can be
realized as the boundary of (𝔻2𝑛, 𝑑𝜆st) after having either
attached or deleted symplectic handles along Legendrian

spheres in (𝜕𝔻2𝑛−1, ker 𝜆st) [9, 16]. Legendrian submani-
folds can then be studied using diagrammatic calculus for
their wavefronts.

Flexibility: Recent Developments
Let us address Theorem 1, which pinpoints geometric
properties for𝑋1, 𝑋2 that suffice to conclude isomorphisms
𝑋1 ≅ 𝑋2. Legendrians being the central character, we start
with the following definition.

Definition 4. A Legendrian Λ ⊆ (𝑌, 𝜉) is said to be sta-
bilized if there exist a point 𝑝 ∈ Λ and an open neigh-
borhood 𝒪𝑝(𝑝) = (ℝ2𝑛−1, 𝜉st), such that its wavefront
𝜋(Λ) ⊆ ℝ𝑛 looks like 𝑍 × 𝕊𝑛−2, where 𝑍 is the planar zig-
zag in Figure 9(i). In the lowest dimension 𝑛 = 2, a Leg-
endrian link with one zig-zag 𝑍, instead of two disjoint
zig-zags 𝑍 × 𝕊0, is also considered stabilized.

Figure 9. The zig-zag (left). A slice of a Legendrian wavefront
handlebody for the Koras-Russell cubic 𝑊2, with its zig-zag
emphasized in the dotted green circle (right).

Any smooth submanifold 𝑁𝑛−1 ⊆ (𝑌, 𝜉) can be approx-
imated by a stabilized Legendrian. In contrast, the Legen-
drian 2-sphere whose wavefront is drawn in Figure 2 is not
stabilized. A reason stabilized Legendrians are useful is
the following result, which establishes them as flexible ob-
jects with respect to the property of being stabilized (and
smoothly isotopic).

Theorem 6. Let Λ1, Λ2 ⊆ (𝑌, 𝜉) be smoothly isotopic and each
of them (sufficiently) stabilized. Then there exists a Legendrian
isotopy from Λ1 to Λ2.

For 𝑛 = 2, this is a theorem of D. Fuchs and S. Tabach-
nikov (1997) and the sufficiently hypothesis is required;
that is, there must exist sufficiently many points 𝑝 ∈ 𝑌
with a zig-zag near them. For higher dimensions 𝑛 ≥ 3,
this is the result of E. Murphy’s thesis (2012), and the ad-
verb sufficiently is not needed: one zig-zag is enough. The
stabilization procedure used in Theorem 6 was introduced
by Ekholm-Etnyre-Sullivan (2005).

The strength of this result is that, in general, the exis-
tence of a smooth isotopy is not enough to conclude a
Legendrian isotopy. Nevertheless, if we draw Λ1 and Λ2
and we see zig-zags in their fronts, then we can conclude
that there is a Legendrian isotopy.
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An analogue of Definition 4 for contact and symplectic
manifolds uses the Legendrian handlebodies and surgery
diagrams introduced above.

Definition 5. A symplectic structure (𝑊, 𝑑𝜆) is said to be
flexible if it admits a Legendrian handlebody whose Leg-
endrians are all stabilized.15

A contact structure is overtwisted if it admits a contact
surgery diagramwhere a handle attached along a stabilized
Legendrian has been deleted, i.e., 𝑌 = 𝑌+1(Λ) for Λ a sta-
bilized Legendrian.

It is proven in [5] that this definition of overtwisted
contact structures coincides with the classical definition of
Y. Eliashberg (1989). In line with Theorem 6, we know
uniqueness for these flexible objects, i.e., their diffeomor-
phism type and being stabilized completely characterizes
their contact and symplectic geometry.

Theorem 7. Let (𝑊1, 𝑑𝜆1) and (𝑊2, 𝑑𝜆2) be two flexible sym-
plectic structures and 𝑊1 diffeomorphic16 to 𝑊2. Then 𝑊1 is
symplectomorphic to 𝑊2. Similarly, let (𝑌1, 𝜉1) and (𝑌2, 𝜉2) be
overtwisted contact structures and 𝑌1 diffeomorphic to 𝑌2. Then
(𝑌1, 𝜉1) is contact isomorphic to (𝑌2, 𝜉2).

Fix a smooth manifold. Theorem 7 states that, should
either of these structures exist—flexible symplectic or over-
twisted contact—then they are unique. We also empha-
size that the general existence of contact structures has also
been proved.

Theorem 8 ([2]). Let 𝑌2𝑛−1 be a smooth manifold whose tan-
gent bundle 𝑇𝑌 is an almost-complex vector bundle. Then 𝑌
admits a (overtwisted) contact structure.

Solution to Problem 1. The symplecticmanifold𝑊1 = ℂ3

is tautologically flexible, as it admits the empty handle-
body 𝑊1 = 𝔻6(∅). To study 𝑊2, we use the Legendrian
handlebody 𝑊2 = 𝔻6(Λ), where Λ is the Legendrian sur-
face whose (sliced) wavefront is drawn in Figure 9. Since
thisΛ is stabilized and𝑊2 is smoothly identical to𝑊1, The-
orem 7 implies that𝑊1 is symplectomorphic to𝑊2. In fact,
this same argument shows that 𝑊1 is Stein deformation
equivalent to 𝑊2 [6].

Partial solution to Variation 1. The wavefronts of the
Legendrian handlebodies for 𝒞𝑚 are drawn in Figure 10.
Since they have zig-zags, this proves that 𝒞𝑚 are flexible
for 𝑚 ≥ 2 and thus—by Theorem 7—𝒞𝑙 is symplectomor-
phic (and even Stein equivalent) to 𝒞𝑚 for any 𝑙, 𝑚 ≥ 2.

15Each Legendrian component has to admit a zig-zag in the complement of the
other Legendrians.
16Recall that we use the term diffeomorphic to also mean that the formal ob-
structions distinguishing𝑊1,𝑊2 vanish.

Figure 10. The wavefronts 𝜋(Λ𝑚) for the symplectic manifolds
𝒞𝑚 = 𝔻6(Λ𝑚).

Note that the front for 𝒞1 = 𝔻6(Λ1) does not readily
exhibit a zig-zag: to completely resolve Variation 1, we ei-
ther manipulate Λ1 until a zig-zag appears17 or, if we be-
lieve Λ1 is not equal to the other Λ𝑚, use an invariant such
that 𝐼(Λ1) ≠ 𝐼(Λ𝑚), 𝑚 ≥ 2. This matter is resolved in the
next section. (It turns out that the latter is correct, so an
invariant is needed.)

Rigidity: New Invariants and Results
Let us consider a Legendrian Λ ⊆ (ℝ2𝑛−1, 𝜉st): we would
like to come up with an invariant 𝐼(Λ), i.e., 𝐼(Λ1) = 𝐼(Λ2)
if Λ1, Λ2 are Legendrian isotopic.18 In addition, we want
this invariant 𝐼(Λ) to be effective, in that it is often able to
tell apart distinct pairs of Legendrians Λ1, Λ2 ⊆ (ℝ2𝑛−1, 𝜉st)
which are smoothly equal. Thanks to studying the wave-
front projection 𝜋(Λ) ⊆ ℝ𝑛, such a new invariant has been
constructed and studied recently.

Theorem 9 ([13, 14, 18]). The category ShΛ(ℝ𝑛) of con-
structible sheaves microlocally supported at the Legendrian Λ
is a Legendrian invariant. In addition, it is effective and can
be computed in many cases.

Let us informally explain why we end up considering
such invariant 𝐼(Λ) ∶= ShΛ(ℝ𝑛):

(1) The wavefront 𝜋(Λ) gives a stratification 𝒮(𝜋(Λ))
ofℝ𝑛. The singularities of𝜋(Λ) are responsible for
the richness of these stratifications;19we can then
apply techniques to study stratified spaces, such as
constructible sheaves.20

(2) A Legendrian Λ is recovered from its wavefront
𝜋(Λ) by taking the first partial derivatives: we cap-
ture the information about the first derivatives
with the notion ofmicrolocal support 𝜇supp(𝐹) ⊆
𝑇∞ℝ𝑛 of a sheaf 𝐹.

Intuitively, 𝜇supp(𝐹) ⊆ 𝑇∗ℝ𝑛 encodes points 𝑝 ∈ ℝ𝑛

and (unit) directions 𝑣 ∈ 𝑇𝑝ℝ𝑛 such that there are

17This would prove Λ1 is stabilized.
18The next paragraphs can be generalized to ShΛ(𝑀) for a smooth manifold𝑀
and Λ ⊆ 𝑇∞𝑀 a Legendrian submanifold of the unit cotangent bundle 𝑇∞𝑀.
19If 𝜋(Λ) were smooth, there would only be two strata: 𝜋(Λ) and ℝ𝑛 ⧵ 𝜋(Λ).
Intuitively, the invariant in this case is given by the derived category of local sys-
tems on ℝ𝑛 ⧵ 𝜋(Λ).
20The classical stratified theory developed notions such as stratified Morse the-
ory, perversity, and intersection homology.
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sections of 𝐹 which cannot be extended as we move from
𝑝 in the direction 𝑣. This is a sheaf-theoretic analogue, due
to Kashiwara-Schapira (1982), of Hörmander’s wavefront
set of a function (1971). The category ShΛ(ℝ𝑛) is then
defined as the (dg-derived) category of sheaves 𝐹 on ℝ𝑛

which are both constructible with respect to 𝒮(𝜋(Λ)) and
satisfy 𝜇supp(𝐹) ⊆ Λ. In many instances, this category can
be computed combinatorially, by assigning a local system
to each stratum of 𝒮(𝜋(Λ)) and maps between these local
systems.

Solution to Variation 1. Consider the wavefronts 𝜋(Λ1)
and 𝜋(Λ𝑚), 𝑚 ≥ 2, in Figure 10. The category 𝐼(Λ𝜂) ∶=
ShΛ𝜂(ℝ3) has at least one object for 𝜂 = 1 and none for
𝜂 = 𝑚. By Theorem 9, Λ1 is not Legendrian isotopic to Λ𝑚.
This Legendrian wavefront description of the Stein mani-
folds 𝒞𝑛 also implies that 𝒞1 is not symplectomorphic to
𝒞𝑚, 𝑚 ≥ 2.

Solution to Problem 2. The category ShΛ(ℝ𝑛) also knows
about certain geometric properties for all possible wave-
fronts 𝜋(Λ) of a Legendrian. This is beautifully used by
S. Guillermou21 to prove some of Arnol’d’s Cusps Conjec-
tures [13].

Theorem 10. (4 Cusps) A generic family of wavefronts starting
and ending with the same wavefronts as in Figure 6 must have
an intermediate wavefront with at least four cusps.
(3 Cusps) Any generic wavefront deformation of a cotangent

fiber in ℝℙ2 must have at least three cusps.

The proof of the 3 Cusps Conjecture [13] studies the cat-
egory ShΛ0(𝕊2) for the initial point wavefront Λ𝑖, which
has countably many “simple” objects. Then it is argued
that the category ShΛ𝑓 (𝕊2) associated to any generic wave-
front deformation Λ𝑓 with only one cusp must have un-
countably many such objects. Since ShΛ𝑓 (𝕊2) should be
an invariant under deformation of Λ𝑖, and the number of
cusps is odd, there must be at least three cusps.

Take-home nugget. We can describe contact (𝑌, 𝜉) and
symplectic (𝑊, 𝜔) manifolds with Legendrian submani-
folds Λ via Legendrian handlebodies and surgeries. Leg-
endrians can themselves be studied using a diagrammatic
calculus for their wavefronts: they are completely classi-
fied if they have a zig-zag in their wavefront, and else we
have computable invariants 𝐼(Λ) which both distinguish
them and tell us about their geometric properties. These
Legendrian invariants 𝐼(Λ) can in turn be used to provide
invariants of contact and symplectic manifolds (𝑌, 𝜉) and
(𝑊, 𝜔) and help their classification.

Sins of omission. Floer theory and the study of
(pseudo)holomorphic curves are also pillars of modern

21The 4 Cusps Conjecture was previously proved by Chekanov-Pushkar (2005)
by different means.

contact and symplectic topology. They have been success-
fully applied to obtain groundbreaking results for the last
three decades, preceding the developments presented here.
There is a (currently) conjectural relation between Floer-
theoretical and sheaf-theoretical invariants [8].22

Finally, a few examples of other recent developments
in the field are: results towards “2-or-∞ many Reeb or-
bits,” by M. Hutchings et al., the resolution of the Sim-
plicity Conjecture [7] in 𝐶0-symplectic geometry,23 and
the use of stability conditions in the study of symplectic
mapping class groups and auto-equivalences of Fukaya cat-
egories, after I. Smith et al. Equally interesting, the con-
struction of infinitely many Lagrangian tori by D. Auroux
and R. Vianna, the development of arboreal Lagrangian
skeleta [19] after D. Nadler, L. Starkston, et al., and the
study of Liouville sectors and their invariants [8].
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to the body and the heart itself and to route deoxygenated
blood to the lungs for reoxygenation. In each circulation,
blood travels away from the heart through the larger elas-
tic arteries and smaller muscular arteries and arterioles be-
fore reaching the capillary network; within the capillar-
ies, an exchange of oxygen, carbon dioxide, nutrients, and
metabolites occurs between the blood and surrounding tis-
sue; finally, blood returns to the heart through venules and
veins. The distensibility of the vessels gives rise to the prop-
agation of pressure and flow waves through the fluid at
a finite speed. Importantly, since the diameters of capil-
laries and red blood cells are of the same order, the mul-
tiphase nature of blood must be considered when mod-
eling the microcirculation. In this article, we restrict our
discussion to mathematical modeling of the larger vessels
with a continuum approach. Interested readers may refer
to [QDMV19] for a discussion on mathematical modeling
of the heart.
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The vascular network exhibits complex topological, geo-
metric, physiologic, and material properties that differ
greatly from subject to subject, necessitating a patient-
specific approach to mathematical modeling. Further-
more, blood vessels constitute an intricate biological sys-
tem that dynamically adapts to the body’s changing needs.
In conjunction with the nervous system, the vascular en-
dothelium acutely regulates the vessel tone and thus the
distribution of flow to different tissues. In response to sus-
tained changes in hemodynamic loading, arteries chroni-
cally adapt in the form of growth and remodeling (G&R),
yielding changes in both the geometry and material prop-
erties. Experimental studies have, for example, demon-
strated the tendency of the arterial wall to thicken in re-
sponse to sustained increases in blood pressure and that
of the lumen to enlarge in response to sustained increases
in flow [HR02].

Proper functioning of the cardiovascular system can,
however, be disrupted by either congenital or acquired dis-
eases. These range from structural abnormalities present
at birth (e.g., underdeveloped ventricles, blockages, and
holes) on the congenital front, to structural changes that
develop (e.g., atherosclerotic stenoses and aneurysms) on
the acquired front. Despite profound advances in treat-
ments and medical imaging, cardiovascular diseases re-
main the leading cause of death worldwide, and congen-
ital heart defects remain a leading cause of birth defect-
associated infant illness and death in the United States.
Gold-standard interventions are still met with troubling
complications. In particular, stents are frequently met
with restenosis, bypass grafts experience alarmingly high
rates of failure, and many diseases require a “watch and
wait” treatment strategy. As alternative interventional ap-
proaches are explored, there is a pressing need to quantita-
tively understand and predict disease initiation and pro-
gression as well as failure modes observed in the clinic.
The performance of novel medical device designs and sur-
gical approaches must also be accurately predicted and
evaluated.

It is clear that hemodynamics, vascular wall biomechan-
ics, and cellular biochemical responses are all deeply in-
tertwined, and comprehensive mathematical modeling of
the vascular network on all scales presents tremendous re-
search opportunities. Just asmodern-day aeronautical and
automotive design rely heavily on predictivemathematical
modeling, we envision a future in which patient-specific
modeling of cardiovascular diseases becomes a routine
component of preventive care, diagnostic care, and treat-
ment planning. In this article, we discuss recent research
efforts and our perspectives on the most pressing open re-
search directions in mathematical modeling of the vascu-
lar system.

A Unified Continuum Modeling Framework
Cardiovascular modeling requires consideration of mul-
tiphysics phenomena, including the interaction of fluids,
solids, and other relevant physics, such as electrophysiol-
ogy, active contraction, or the transport of reactive chem-
ical species. Computational modeling of fluid and solid
subproblems has conventionally employed dichotomous
formulations for the two subdomains, creating challenges
and disparities for modeling the coupled system. Unify-
ing the formulations in a single continuum framework
would indeed be ideal. Traditionally, the constitutive re-
lations for finite elasticity have been described in terms of
the Helmholtz free energy (also known as the strain en-
ergy), likely because it is a function of quantities that can
be conveniently measured and controlled in laboratories,
including temperature, specific volume, and the number
of molecules. The Helmholtz free energy, however, ceases
to be a proper potential in the incompressible limit, as
the specific volume becomes constrained as a constant;
accordingly, ill-conditioned matrix problems arise in nu-
merical analyses for incompressible materials. To address
this issue, a Legendre transformation can be performed on
the Helmholtz free energy with respect to the specific vol-
ume (Figure 1). The resulting thermodynamic potential,
namely the Gibbs free energy, can then be used to describe
material behavior in both the incompressible and com-
pressible regimes. For incompressible flows, it yields the
incompressible Navier-Stokes equations; for compressible
flows, the Gibbs free energy leads to the pressure primi-
tive variable formulation, which has been deemed robust
for all-speed flows. Following classical principles of me-
chanics, the governing equations based on the Gibbs free
energy can be written in the arbitrary Lagrangian-Eulerian
(ALE) description as follows:

0 = 𝛽𝜃
𝜕𝑝
𝜕𝑡
|||𝝌
+ 𝛽𝜃 (𝒗 − ̂𝒗) ⋅ ∇𝒙𝑝 + ∇𝒙 ⋅ 𝒗, (1)

𝟎 = 𝜌𝜕𝒗𝜕𝑡
|||𝝌
+ 𝜌 (𝒗 − ̂𝒗) ⋅ ∇𝒙𝒗 − ∇𝒙 ⋅ 𝝈dev + ∇𝒙𝑝 − 𝜌𝒃,

(2)

wherein 𝜌 is the density, 𝑝 is the pressure, 𝛽𝜃 ∶= (𝜕𝜌/𝜕𝑝)/𝜌
is the isothermal compressibility coefficient, 𝝌 represents
the spatial coordinate with respect to a suitable reference
frame that is chosen case by case and that moves with do-
main velocity ̂𝒗, 𝒙 is the spatial coordinate in the Eulerian
domain, 𝒗 is the velocity, 𝝈dev is the deviatoric component
of the Cauchy stress, and 𝒃 is the body force per unit mass.
Whereas the volumetric behavior is completely described
by 𝜌(𝑝) and 𝛽𝜃(𝑝), the isochoric behavior is determined by
𝝈dev. Constitutive modeling refers to the design of an appro-
priate form for the Gibbs free energy, which dictates the an-
alytical forms of 𝜌(𝑝), 𝛽𝜃(𝑝), and 𝝈dev and therefore closes
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Figure 1. (A) Illustration of thermodynamic potentials: the internal energy 𝐼, Helmholtz free energy 𝐴, Gibbs free energy 𝐺, and
enthlapy 𝐻. The blue arrows indicate their relations via Legendre transformations. (B) The infinite slope of the pressure-volume
curve illustrates the inability of the Helmholtz energy to describe incompressible behavior. (C) The Helmholtz free energy can be
transformed into the Gibbs free energy via a Legendre transformation. The resulting system has a saddle-point nature, which
requires special mathematical techniques for analysis.

the system. As will be revealed, equations (1)–(2) prop-
erly describe both viscous fluids and elastic solids, and we
are actively working to extend the framework to inelastic
solids as well. This unified framework bridges the gap be-
tween techniques for computational fluid dynamics (CFD)
and structural dynamics, and further simplifies the analy-
sis of fluid-structure interaction (FSI) coupled problems by
presenting a unified problem requiring only a single solu-
tion strategy [LM18].

Blood Flow Modeling
Vascular flow patterns are strongly influenced by con-
duit geometries. Patient-specific hemodynamic modeling,
which has opened the door to virtual treatment planning
on a patient-by-patient basis, requires accurate geometric
domains to be constructed from clinical image data, which
are commonly acquired from computed tomography an-
giography or magnetic resonance imaging. Until recently,
model construction has been a manual process requiring
extensive user intervention in vessel centerline identifica-
tion on a set of two-dimensional (2D) image slices, 2D
image segmentation, and lofting of the segmentations into
a three-dimensional (3D) anatomic bounded volume. Re-
cent advances in machine learning show promise in accel-
erating the model building workflow [MWM19].

Upon construction of the computational domain, CFD,
which has found extensive application in weather fore-
casting, visual effects in digital media, and aircraft and
automobile design, can be used to simulate blood flow.
The mathematical foundation of CFD is the Navier-Stokes

equations, a set of nonlinear partial differential equations
(PDEs) describing the conservation laws for viscous fluids.
We note that while blood is in fact a suspension of blood
cells in plasma that exhibits shear-thinning behavior, the
Newtonian fluid model is widely accepted to be a good ap-
proximation in the large vessels. Referring back to the uni-
fied governing equations (1)–(2), incompressibility sug-
gests a constant 𝜌 and 𝛽𝜃 = 0, and the Newtonian fluid
model suggests 𝝈dev ∶= 2𝜇𝜺dev, in which 𝜇 is the dynamic
viscosity, and 𝜺dev is the deviatoric part of the rate-of-strain
tensor. Furthermore, the mesh need not be moved for sta-
tionary fluid domains. As a result, the ALE coordinates 𝝌
reduce to the Eulerian coordinates 𝒙, and ̂𝒗 = 𝟎. From
a theoretical perspective, the nonlinear term in equation
(2) presents challenges associated with the existence and
regularity of the solution of the Navier-Stokes equations,
which remains among the ClayMathematics Institute’s un-
solved Millennium Prize Problems [Fef06]. A common
approach has thus been to approximate the Navier-Stokes
equations via high-fidelity numerical methods, such as fi-
nite element, finite volume, or finite difference methods,
and extract physically meaningful information for analy-
sis and prediction. Model reduction techniques, such as
the reduced basis method for solving complex parameter-
ized PDEs in low-dimensional spaces, have also been de-
veloped to reduce the computational cost.

The development of CFD techniques has been a major
research thrust in applied mathematics and fluid mechan-
ics in the past several decades. This subject is rich and
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Figure 2. CFD simulation results of an idealized medical device using the residual-based VMS formulation: instantaneous velocity
magnitude in cm/s for (A) Re = 500, (B) Re = 3500, and (C) Re = 5000. (D) Validation of these results against experimental data.

merits a review article on its own; here we restrict com-
ments to finite element formulations suitable for complex
geometries and coupled problems. In recent years, the vari-
ational multiscale (VMS) formulation has received grow-
ing attention as a powerful technique for simulating 3D
fluid problems. The VMS formulation is a priori consistent
on all scales and can thus robustly achieve higher-order ac-
curacy for both advection- and diffusion-dominated flows.
In addition to its mathematical properties, numerical stud-
ies indicate that VMS properly captures statistical quan-
tities relevant to flow physics, such as the energy spec-
trum and decay of kinetic energy in isotropic and wall-
bounded turbulent flows [HSF18]. Like the classical sta-
bilized methods, VMS further provides a mechanism to
circumvent the Ladyzhenskaya-Babuška-Brezzi (LBB) con-
dition associated with the divergence-free constraint, thus
enabling arbitrary element types to be used for modeling
incompressible flows. In contrast to LBB-stable formula-
tions [BBF13] which require specific element types for ve-
locity and pressure and is often implementationally incon-
venient, these stabilized formulations conveniently enable
equal-order interpolation, largely simplifying both auto-
maticmesh generation and finite element implementation
from a practical standpoint. Indeed, the VMS formula-
tion has been used in patient-specific blood flow simula-
tions since the late 1990s. Figure 2 shows validation of
simulated laminar, transitional, and fully turbulent flows
in an idealized medical device against experimental data,
demonstrating applicability of the VMS formulation for
various flow regimes.

Over the years, the rise in high-performance computing
and high-resolution imaging has been paralleled by signif-
icant advances in mathematical modeling techniques for
flow simulations, and several open-source software pack-
ages are readily available. One representative example is
the SimVascular project. In clinical practice, CFD has al-
ready been translated into decision-making in realms in-
cluding diagnosis, risk stratification, and treatment plan-
ning. As a representative example, HeartFlow, Inc. has

achieved notable commercial success with its fractional
flow reserve-CT technology for evaluating coronary lesions,
which received clearance for clinical use from the US Food
and Drug Administration (FDA) in 2019. By simulat-
ing the normalized pressure gradient through a coronary
artery blockage, HeartFlow has eliminated the need for in-
vasive coronary angiograms in 61% of patient cases.

Arterial Wall Modeling
In addition to blood flow modeling, arterial wall model-
ing is equally critical to understanding the initiation and
progression of cardiovascular diseases. Unlike engineering
materials, biological tissues are highly deformable and be-
have as incompressible anisotropic visco-hyperelastic ma-
terials under physiological loading conditions. Moreover,
biological tissues have been found to chronically adapt
to the biomechanical environment through G&R. From
a modeling perspective, two distinct phenomena must be
captured—the passive nonlinear viscoelasticity and the ac-
tive G&R of the soft tissue.

A Lagrangian framework is commonly adopted for
the solid problem, as it enables accurate prescription of
boundary conditions. Again referring back to the unified
governing equations (1)–(2), the ALE coordinates 𝝌 thus
reduce to the Lagrangian coordinates 𝑿 , and ̂𝒗 = 𝒗. Fur-
thermore, the displacement field𝒖 can conveniently be ob-
tained by the kinematic relation 𝑑𝒖/𝑑𝑡 = 𝒗. Finally, the
constitutive relations for 𝜌 and 𝝈dev are given in terms of
the Gibbs free energy 𝐺 as

𝜌 = (𝜕𝐺𝜕𝑝 )
−1
,

𝝈dev = 𝐽−1𝑭 (2𝜕𝐺𝜕𝑪 )𝑭
𝑇 = 𝐽−1 𝜕𝐺𝜕𝑭 𝑭

𝑇 ,

in which the deformation gradient 𝑭, the Jacobian deter-
minant 𝐽, and the right Cauchy-Green tensor 𝑪 are given
by

𝑭 ∶= 𝜕𝒖/𝜕𝑿 + 𝑰, 𝐽 ∶= det (𝑭) , 𝑪 ∶= 𝑭𝑇𝑭.
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Figure 3. Numerical tensile testing of a 3D collagen-reinforced vascular tissue model in the axial and circumferential directions.
(A) Problem setting. (B) Resulting Cauchy stress distribution in an axially-tested specimen. (C) Resulting Cauchy stress
distribution in a circumferentially-tested specimen. (D) Load-displacement curves demonstrating exponential growth in the
stiffness provided by collagen fibers.

Computational modeling of incompressible nonlinear
elasticity in complex geometries has long been a challenge.
As mentioned above, the unified framework enables ex-
tension of the VMS formulation to the solid problem,
thereby circumventing the LBB condition and enabling
equal-order interpolation for incompressible finite elastic-
ity. We do, however, note that LBB-stable formulations are
equally attractive, as their energy stability can be demon-
strated a priori in the following form:

𝑑
𝑑𝑡 ∫Ω𝑿

1
2𝜌0‖𝑽ℎ‖2 + 𝜌0𝐺ich( ̃𝑪ℎ)𝑑Ω𝑿

= ∫
Ω𝑿

𝜌0𝑽ℎ ⋅ 𝑩𝑑Ω𝑿 +∫
Γ𝑿
𝑽ℎ ⋅ 𝑯𝑑Γ𝑿 ,

in which 𝑽ℎ and ̃𝑪ℎ are discrete approximations to 𝑽 and
̃𝑪 ∶= 𝐽−2/3𝑪; 𝑽 , 𝑩, and𝑯 are the velocity, body force, and

surface traction in the Lagrangian configuration; and 𝐺ich
is the isochoric part of the Gibbs free energy. This energy
stability estimate serves as an “insurance plan” for the nu-
merical scheme, guaranteeing reliability of the numerical
results.

In addition to incompressibility, soft tissues also ex-
hibit directionally dependent, or anisotropic, material
properties as a result of collagen fiber orientations. The di-
rectional effect of a reinforcing fiber can be characterized
by a structural tensor, and we can elegantly represent the
energy potential𝐺 using invariants of the strain tensor and
structural tensors. Figure 3 illustrates the resulting Cauchy
stress distributions of a 3D collagen-reinforced vascular tis-
sue model subjected to numerical tensile testing in the cir-
cumferential and axial directions. Recently, we have addi-
tionally considered the inelastic response of soft tissues in
our modeling of the passive mechanical behavior.

The active G&R can be modeled by the constrained mix-
ture theory, which was proposed to mathematically de-
scribe the evolution of arterial wall composition, morphol-
ogy, and thus stiffness in response to sustained alterations
in hemodynamic loading [HR02]. The theory conceptual-
izes the arterial wall as a mixture of structurally significant
constituents, such as collagen, elastin, and smooth muscle
cells. These constituents continually turnover at different
production and removal rates, engendering the following
set of evolution equations, in which the superscript 𝛼 in-
dexes the constituents:

𝜌𝛼(𝑡) = 𝜌𝛼(0)𝑄𝛼(𝑡) +∫
𝑡

0
𝔪𝛼(𝑠)𝑞𝛼(𝑠, 𝑡)𝑑𝑠.

Here, 𝜌𝛼 is the constituent’s density, 𝑄𝛼(𝑡) is the fraction
of the constituent present at time 𝑡 = 0 that survives to
time 𝑡, 𝔪𝛼(𝑠) is the production rate at time 𝑠 ∈ [0, 𝑡], and
𝑞𝛼(𝑠, 𝑡) is the fraction of the constituent produced at time 𝑠
that survives to time 𝑡. The overall density of the tissue can
then be defined as 𝜌 = ∑𝛼 𝜌𝛼, and we can naturally define
mass fractions as 𝜙𝛼 ∶= 𝜌𝛼/𝜌. These evolution equations
can be considered as an additional set of constitutive laws
that yield source and sink terms for the mass balance equa-
tion (1). To account for each constituent’s contribution
to the overall mechanical behavior, the energy potential
is regarded as a mass-weighted average of the constituent
potentials, 𝐺 = ∑𝛼 𝜙𝛼𝐺𝛼.

Furthermore, the natural (or stress-free) configuration
of each constituent is also allowed to evolve separately,
suggesting that constituents produced at different times
with different natural configurations can coexist. Newly
produced constituents are deposited into the extant tissue
at some prestretch, a process that can mathematically be
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Figure 4. Illustration of the various constrained mixture configurations. A vector 𝒆 on ℬ𝛼
𝑠 is mapped to 𝑮𝛼(𝑠)𝒆 on Ω𝑠

𝒙 and 𝑭𝛼
𝑠 (𝑡)𝒆

on Ω𝑡
𝒙.

described with a constituent-specific mapping 𝜓𝛼𝑠 from the
natural configuration ℬ𝛼

𝑠 to the tissue body Ω𝑠
𝒙 at time 𝑠.

We denote its corresponding tangent map as 𝑮𝛼(𝑠). The
evolution of the tissue body is described with a separate
mapping 𝜑𝑡 from a material point 𝑿 at time 0 to a point
𝒙 ∈ Ω𝑡

𝒙 at time 𝑡, such that all constituents are kinemat-
ically constrained to deform together without any relative
motion among the constituents. We denote the tangent
map of 𝜑𝑡 as 𝑭(𝑡), also known as the deformation gradi-
ent. In practice, computing the tissue body’s elastic stress
requires a measure of the change in geometry from ℬ𝛼

𝑠 at
time 𝑠 to Ω𝑡

𝒙 at a later time 𝑡. This is achieved via a com-
position of the mappings, such that a point 𝒚 ∈ ℬ𝛼

𝑠 is
mapped to a point 𝒙 = 𝜑𝑡 ∘ 𝜑−1𝑠 ∘ 𝜓𝛼𝑠 (𝒚) ∈ Ω𝑡

𝒙. We can
finally represent the tangent map from ℬ𝛼

𝑠 to Ω𝑡
𝒙 as

𝑭𝛼
𝑠 (𝑡) = 𝑭(𝑡)𝑭−1(𝑠)𝑮𝛼(𝑠).

Figure 4 illustrates the kinematics of the constrained tissue
mixture. To close the G&R system, we define the deviatoric
component of the Cauchy stress needed in themomentum
balance equation (2) as

𝝈dev(𝑡) = 𝐽−1(𝑡)∑
𝛼

𝜕 (𝜙𝛼𝐺𝛼)
𝜕𝑭(𝑡) 𝑭𝑇(𝑡),

inwhich the energy 𝜙𝛼𝐺𝛼 is expressed through a hereditary
integral,

(𝜙𝛼𝐺𝛼) (𝑡) =𝜌
𝛼(0)
𝜌(𝑡) 𝑄

𝛼(𝑡)𝐺𝛼(𝑭𝛼
0 (𝑡))

+∫
𝑡

0

𝔪𝛼(𝑠)
𝜌(𝑡) 𝑞𝛼(𝑠, 𝑡)𝐺𝛼(𝑭𝛼

𝑠 (𝑡))𝑑𝑠.

Studies of the constrained mixture theory demonstrate ex-
citing potential for predicting the structural and morpho-
logical evolution observed in cardiovascular diseases, such
as abdominal aortic aneurysms and myocardial hypertro-
phy. However, major challenges still exist for extension of

this theory to 3D applications, as tracking the full evolu-
tionary history may quickly become computationally in-
tractable.

Linear Solver
Spatiotemporal discretization of nonlinear PDEs and the
Newton-Raphson method eventually boil down to repeat-
edly solving a linear system with millions, or even billions,
degrees of freedom. In computational science and engi-
neering, solving linear systems often comprises the most
time-consuming portion of the analysis and thus requires
careful design. The local nature of discrete differential op-
erators yields linear systems of sparse matrices that can be
compactly stored in special representations, such as the
compressed sparse row format. When used in conjunction
with preconditioners, iterativemethods such as Krylov sub-
space methods present the most effective solution proce-
dure for sparse matrix problems on supercomputers. Im-
portantly, the design of a preconditioner also dictates the
overall efficiency, robustness, and scalability. Consider a
fully implicit scheme for the PDEs (1)–(2), which yields a
system of nonlinear algebraic equations that can be solved
with the consistent Newton-Raphson method. The result-
ing linear system is associated with the following matrix
𝓐 of a 2 × 2 block structure:

𝓐 = [𝐀 𝐁
𝐂 𝐃] .

The submatrices 𝐀, 𝐁, and 𝐂 respectively represent the dis-
crete convection-diffusion-reaction operator, gradient op-
erator, and divergence operator, each with additional nu-
merical modeling terms from the VMS formulation. The
submatrix 𝐃 contains a mass matrix scaled by the isother-
mal compressibility coefficient and additional VMS mod-
eling terms. Interested readers may refer to [LM19] for ex-
plicit formulas of the submatrices. Block factorizationmay
be performed on 𝓐 to yield matrices of lower triangular,
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Figure 5. Illustration of the structure of submatrix 𝐀 in cardiovascular FSI problems. The submatrix involves contributions from
the transient term (𝐀𝑚), convection term (𝐀𝑐), viscous term (𝐀𝑣𝑖𝑠), wall stiffness (𝐀𝑠), and boundary traction terms (𝐊𝑙). These
terms are scaled by physical parameters that span several orders of magnitude, reported here in the centimeter-gram-second
units.

diagonal, and upper triangular structure,

𝓐 =𝓛𝓓𝓤 = [ 𝐈 𝐎
𝐂𝐀−1 𝐈 ] [

𝐀 𝐎
𝐎 𝐒] [

𝐈 𝐀−1𝐁
𝐎 𝐈 ] ,

in which 𝐒 ∶= 𝐃 − 𝐂𝐀−1𝐁 is the Schur complement. The
design of a preconditioner for𝓐 therefore reduces to solv-
ing smaller systems associated with 𝐀 and 𝐒. This de-
sign concept is closely related to the Chorin-Teman pro-
jection method and can be considered an algebraic proce-
dure wrapping the projection method within an iterative
solver. Whereas 𝐒 is as an algebraic manifestation of the
pressure Poisson equation, 𝐀 contains several modeling
contributions, as illustrated in Figure 5 for cardiovascular
FSI problems. These contributions in 𝐀 contain physical
parameters that span several orders of magnitude, further
complicating the definition of 𝐒, which involves the in-
verse of𝐀 and is thus dense. The matrix-free technique and
multigridmethod represent two effective strategies that can
be adopted. The matrix-free technique takes advantage of
the fact that iterative methods do not require the algebraic
definition of a matrix and instead only require the matrix’s
action on a vector. The nonsparse contributions therefore
do not need to be explicitly constructed. As an example,
we outline the matrix-free definition of 𝐒 in Algorithm 1.

Algorithm 1 The matrix-free algorithm for the multiplica-
tion of 𝐒 with a vector 𝒙.
1: Compute the matrix-vector
multiplication

�̂� ← 𝐃𝒙.
2: Compute the matrix-vector
multiplication

�̄� ← 𝐁𝒙.
3: Solve for �̃� from the linear system

𝐀�̃� = �̄�.
4: Compute the matrix-vector
multiplication

�̄� ← 𝐂�̃�.
5: return �̂� − �̄�.

The matrix-free method defines how the two subma-
trices can be solved using the Krylov subspace method.
Nonetheless, to further accelerate convergence, precondi-
tioners can be provided by constructing sparse approxi-
mations to the submatrices. Interestingly, both submatri-
ces have significant contributions from elliptic operators.
Their sparse approximations can thus be regarded as dis-
crete elliptic operators and be addressed effectively by the
multigrid method, which scales almost linearly with re-
spect to the degrees of freedom for these types of matrices
[ESW14].

In summary, the matrix𝓐 is solved via an𝓛𝓓𝓤 block
decomposition that reduces the problem to solving the
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Figure 6. Comparison of the WSS magnitude on a patient-specific pulmonary arterial model computed with (A) a rigid-wall
simulation and (B) an FSI simulation. (C) Pressure over one cardiac cycle on the inlet (red) and two selected outlet surfaces
(green and blue). Rigid-wall and FSI results are indicated by dashed and solid lines, respectively.

smaller block matrices 𝐀 and 𝐒, both of which can be
solved iteratively without actual algebraic definitions. To
accelerate convergence, sparse approximations of the two
submatrices can be constructed to generate multigrid pre-
conditioners without losing scalability on supercomput-
ers.

Multiphysics Modeling of FSI
The coupling of biofluids and biosolids is of critical im-
portance in cardiovascular modeling. The Navier-Stokes
equations alone are insufficient for predicting the flow be-
havior, as such a model (sometimes referred to as the rigid-
wall model) neglects the deformation of the vessel wall,
contractions of the heart, and motion of the heart valves,
all of which give rise to a deforming fluid domain. Fur-
thermore, the hemodynamic wall shear stress (WSS) and
pressure are two important mechanical loads dictating the
G&R response of the vessel wall. As an illustrative exam-
ple, Figure 6 compares the WSS magnitude and pressure
computed from rigid-wall and FSI models. When neglect-
ing the vessel wall compliance, hemodynamic quantities
are consistently overpredicted.

As discussed above, the unified continuum modeling
framework enables us to describe both the fluid and solid
subproblems with the same set of governing equations, al-
beit with different forms for 𝝈dev, 𝜌(𝑝), and 𝛽𝜃. Given the
deforming fluid domain in cardiovascular FSI problems,
the fluid subproblem requires an additional set of equa-
tions to describe the ALE mesh motion. Most commonly,
the harmonic extension algorithm or the pseudo-linear-
elasticity algorithm is used to determine ̂𝒗 in equation
(2). A Lagrangian description is maintained for the solid
subproblem. Importantly, the unified framework enables
monolithic coupling of the fluid and solid subproblems
with uniform spatiotemporal discretization via the VMS
formulation and the generalized-𝛼 scheme. We note that
the single resulting linear system for the FSI problem is pre-
cisely of the 2 × 2 block structure discussed above [LM18].

As a result, the data structures and solution methods for
the FSI problem can be constructed in amanner practically
identical to that of CFD (Figure 7). To enable flexible cou-
pling between dimensionally heterogeneous models (see
the next section), a modular approach is adopted within
each Newton-Raphson iteration to communicate informa-
tion between the 3D and reduced models in a fashion sim-
ilar to the Gauss-Seidel method [MVCF+13].

Geometric Multiscale Modeling
Given the computational expense associated with solving
3D problems, modeling the entire cardiovascular system
with 3D models is intractable, even with modern-day com-
puting facilities. In addition, the spatiotemporal resolu-
tion offered by 3D models is not always necessary for prac-
tical problems of interest. It is indeed possible to exploit
the morphology of vessels to derive simplified models of
reduced spatial resolution. These 1D or 0D reduced mod-
els can either be used as standalone models or as models
coupled to a 3D model as boundary conditions.

In the 1D approach, which originated from Leonhard
Euler’s seminal work [Eul62], the 3D Navier-Stokes equa-
tions posed on a compliant axisymmetric tube are inte-
grated over the cross-section, such that the spatial resolu-
tion is collapsed to a single axial dimension along the ves-
sel,

𝜕𝐴
𝜕𝑡 +

𝜕𝑄
𝜕𝑧 = 0,

𝜌𝜕𝑄𝜕𝑡 + 𝜌 𝜕
𝜕𝑧 (𝛼

𝑄2

𝐴 ) + 𝐴𝜕𝑃𝜕𝑧 + 𝐾𝑄𝐴 − 𝜇𝜕
2𝑄
𝜕𝑧2 = 0,

where the three unknowns are the volumetric flow rate 𝑄,
the spatially-averaged pressure 𝑃, and the cross-sectional
area 𝐴. Here, the parameters 𝛼 and 𝐾 depend on the as-
sumed velocity profile over the cross-section. For a par-
abolic profile, for example, the momentum flux correc-
tion coefficient 𝛼 = 4/3, and the friction parameter 𝐾 =
8𝜋𝜇. A constitutive wall model describing the functional
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Figure 7. Illustration of the Newton-Raphson procedure for a monolithically coupled FSI problem. The blue and magenta colors
indicate procedures performed in the solid and fluid subdomains, respectively. The solid displacement can be updated
consistently using a segregated algorithm and subsequently used to determine the ALE mesh motion in the fluid subdomain.

dependence of 𝑃 on 𝐴, such as the following simple alge-
braic relation, is required to close the system:

𝑃(𝑧, 𝑡) = 𝑃ext(𝑧, 𝑡) + 𝜓(𝐴(𝑡, 𝑧)),

𝜓(𝐴) = 𝐸ℎ√𝜋
1 − 𝜈2

√𝐴 −√𝐴0
𝐴0

,

where 𝑃ext is the external pressure, 𝐴0 is the reference area
when 𝑃 = 𝑃ext, 𝐸 is the Young’s modulus, ℎ is the thickness,
and 𝜈 is the Poisson’s ratio. Assuming 𝐴 > 0, the above
system is strictly hyperbolic with the following two distinct
real eigenvalues:

𝜆1,2 = 𝛼𝑄𝐴 ±√𝑐2 + (𝑄𝐴)
2
𝛼(𝛼 − 1),

𝑐 ∶=
√

𝐴
𝜌
𝑑𝜓(𝐴)
𝑑𝐴 = √

𝐸ℎ√𝜋𝐴
2𝜌(1 − 𝜈2)𝐴0

.

Since 𝑐 ≫ 𝛼𝑄/𝐴 in hemodynamic applications, the waves
travel in two distinct directions. To properly capture the
wave propagation phenomena, the Lax-Wendroff scheme
or discontinuous Galerkin method can be used to solve
this set of nonlinear hyperbolic equations.

The spatial resolution can be eliminated altogether by
further integrating the 1D system over a segment of the ves-
sel with length 𝑙 and assuming a small Reynolds number
such that the nonlinear convective term can be neglected.
With the above choice for 𝜓(𝐴), the resulting 0D model

can be derived as follows:

𝐶𝑑𝒫𝑑𝑡 + 𝒬d − 𝒬p = 0,

𝐿𝑑𝒬𝑑𝑡 + 𝑅𝒬 + 𝒫d − 𝒫p = 0,

wherein

𝑅 ∶= 𝐾𝑙
𝐴20

, 𝐶 ∶= 2𝐴0√𝐴0(1 − 𝜈2)𝑙
𝐸ℎ√𝜋

, 𝐿 ∶= 𝜌𝑙
𝐴0

represent the viscous resistance, vessel compliance, and
blood inertance, respectively. Here, the two unknowns are
the longitudinally averaged flow𝒬 and pressure𝒫, and the
subscripts p and d denote the proximal and distal values.
The above equations also arise in electrical circuits or hy-
draulic networks, and it is indeed popular to establish an
electric-hydraulic analogy, in which the current is analo-
gous to flow, and voltage to pressure. The 0D models can
be constructed as arbitrary combinations of resistance, ca-
pacitance, and inductance elements in series and in par-
allel with proper matching conditions. Despite the lack
of any spatial dependence and thus the failure to capture
wave propagation phenomena, 0D models comprised of
compartments representing distinct portions of the vascu-
lature or chambers of the heart are often sufficient for ap-
proximating flow dynamics in the global circulation. Fur-
thermore, the reduction of the 3D governing equations to
ordinary differential-algebraic equations reduces the com-
putational time by several orders of magnitude. As is true
for many modeling techniques, there is a clear trade-off
between accuracy and speed.
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Figure 8. Geometric multiscale modeling of the entire
cardiovascular system as a closed-loop system. (A) 3D-0D
coupling: the aorta and coronary arteries, which are
generated from patient-specific image data, comprise the 3D
domain; the peripheral vasculature and chambers of the heart
(left and right atria and ventricles LA, RA, LV, RV) are modeled
as 0D components serving as boundary conditions at the 3D
inlet and outlets. (B) 3D-1D-0D coupling: the ascending aorta
and coronary arteries are preserved in the 3D domain, while
the remainder of the aorta and its daughter vessels are
replaced with a 1D model generated from the vessel
centerlines.

Regardless of the choice ofmodel, boundary conditions
must be properly assigned. In particular, boundary con-
ditions for a 3D FSI model must be consistent with the
wave propagation dynamics without introducing spurious
reflections into the 3D domain. Reduced models of the
downstream vasculature thus represent an extremely fit-
ting choice. Geometric multiscale modeling, or the cou-
pling of dimensionally heterogeneous models, further of-
fers an efficient approach for modeling the cardiovascular
system, in which the vast majority of computing resources
are reserved for 3D FSI modeling of a localized region of
interest. Figure 8 illustrates both 3D-0D and 3D-1D-0D
coupling. In the latter, a portion of the initial 3D domain
is replaced with a 1D model generated from the vessel cen-
terlines. We note that just as 3D FSI problems require ap-
propriate transmission conditions on the fluid-solid inter-
face, geometric multiscale modeling requires mathemati-
cally and physically sound transmission conditions. Inter-
ested readers may refer to [QDMV19] for an elaboration
on this topic.

Optimization and Uncertainty Quantification
Given reliable solution techniques for the forward prob-
lem of a multiscale multiphysics system, one can further
invoke the mathematical concept of optimization to im-
prove designs for medical devices and surgical interven-
tions (commonly referred to as shape optimization) or
to identify modeling parameters. Conceptually, optimiza-
tion seeks to minimize or maximize an objective func-
tion, given a set of input parameters subject to certain
constraints. Examples of shape optimization include opti-
mization of the radii, attachment angles, and attachment
locations of shunts and grafts in single-ventricle palliation,
such that maximized pulmonary flow and an unskewed
hepatic flowdistribution are achievedwhile preserving low
pressures in the vena cava [YFS+13]. On the other hand,
optimization can also be used as a tool for data assimi-
lation, which seeks to identify modeling parameters that
best reproduce experimental or clinical data. For example,
external tissue support parameters have previously been
identified by minimizing the discrepancy between model
and image contours of the vessel lumen, and G&R mod-
eling parameters have been identified to achieve homeo-
static stress states experimentally observed in the vessel.
In all cases, appropriate objective functions must be de-
termined to measure performance, a process that requires
deep understanding of the clinical disease or mechanobi-
ological system of interest.

Coupling cardiovascular simulations to optimization
algorithms is particularly challenging, as each objec-
tive function evaluation requires a solution of the for-
ward problem. Given the computational cost and com-
plexity, the application of conventional gradient-based
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Figure 9. Flowchart for shape optimization using the
surrogate management framework.

optimization methods, which require numerical determi-
nation of gradients via the finite difference or adjoint-state
method, remains cost prohibitive. The surrogate manage-
ment framework (SMF) has thus emerged as a black-box
derivative-free method robust for solving expensive cardio-
vascular optimization problems. The SMF is comprised of
two essential components. The SEARCH step uses a surro-
gate function, or an approximation of the objective func-
tion with reduced computational cost, to identify design
points that are likely to improve the objective function; the
POLL step evaluates points in a positive spanning set of
directions around the current best point in the parameter
space (Figure 9). It therefore combines the efficiency of
methods based on response surfaces with the convergence
properties of pattern search methods [Mar14]. However,
we note that to date, cardiovascular problems have been
limited to idealized geometries, as automation of the en-
tire modeling, meshing, and simulation pipeline remains
challenging for complex geometries that are difficult to pa-
rameterize.

Given the large number of inputs to cardiovascular sim-
ulations, several sources of uncertainty exist. These pertain
to clinical measurements, image-based geometries, mate-
rial properties, and boundary conditions, just to name a
few. As simulations are increasingly incorporated into the
FDA approval process for medical devices and diagnostic
tools, rigorously assessing the impact of uncertainty on
simulation predictions must be considered a priority. Un-
certainty quantification (UQ) is precisely the mathemati-
cal field that seeks to propagate these input uncertainties
forward, such that simulation outputs are ultimately quan-
tified with probability density functions and confidence
intervals. Monte Carlo (MC) sampling, one of the first ap-
proaches proposed for UQ, is unbiased and flexible with

arbitrary and potentially correlated inputs. Despite these
appealing features, its slow convergence rate makes it cost
prohibitive, especially considering the computational ex-
pense associated with 3D simulations. Recent work has
extended MC to multilevel multifidelity MC, which makes
use of different spatial resolutions (mesh size) and model
fidelities (3D, 1D, 0D), to achieve reduced variance for a
fixed computational cost [FGS+20]. As an alternative to
MC, polynomial chaos expansions describe smooth sto-
chastic responses using interpolating polynomials that are
mutually orthogonal with respect to the probability mea-
sure of the random inputs and can achieve up to exponen-
tial convergence rates with respect to the polynomial order.
Significant research has also focused on adaptive methods
appropriate for applications involving discontinuous sto-
chastic responses. We conclude this section by emphasiz-
ing that optimization and UQ are two important mathe-
matical tools that, when combined, enable identification
of optimal designs and parameters that are robust to fluc-
tuations inmodeling choices and surgical implementation
[SAM10].

Figure 10. The SimVascular pipeline (from left to right):
medical image segmentation, model construction, mesh
generation, and simulation.

The SimVascular Project
To date, SimVascular [simvascular] remains the only fully
open-source software offering a complete pipeline (Figure
10) from medical image segmentation to 3D model con-
struction, meshing, and patient-specific vascular FSI sim-
ulation with either ALE or a reduced linear membrane
formulation [UWM+17]. It was originally developed in
Charles Taylor’s lab at Stanford University and released
in 2007. At the time, however, the integration of sev-
eral licensed commercial components hindered new user
adoption and prevented complete open source release. In
2013, the senior author of this article accordingly launched
a joint revitalization effort with collaborators, aiming to
integrate open-source alternatives and improve computa-
tional techniques for all stages of the pipeline. Nowa-
days, SimVascular has attracted over 4500 domestic and
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Figure 11. Geographical distribution of SimVascular users.

international users (Figure 11). The development team
continues to host conference workshops, Youtube tutori-
als, and a user forum to foster further advances in cardio-
vascular research. It has also proven to be an effective ed-
ucational tool in graduate engineering courses, elucidat-
ing fundamental principles in CFD, FSI, and human phys-
iology. As an active software project with regularly forth-
coming enhancements, it represents the state of the art
in cardiovascular simulation. Current research and devel-
opment efforts span finite element method development
for 3D G&R, automated vessel path identification, model
manipulation, optimization, UQ, and even virtual real-
ity for visualizing simulation results in real time. Impor-
tantly, the motivation underlying these efforts is the ulti-
mate vision of virtual patient-specific treatment planning
on a clinically relevant time frame, in which physicians can
make informed decisions about the optimal intervention
directly from the clinic.

Open Challenges and Future Directions
Having summarized the state of the art in mathematical
modeling of the vascular system, we make use of this final
section to discuss open challenges worthy of further inves-
tigation.
Multiphysics and multiscale modeling. Given the dy-
namic interplay among hemodynamics, vascular wall
biomechanics, and cellular biochemical responses, there
is a compelling need for mathematical models character-
izing the impact of hemodynamics on mechanotransduc-
tion pathways and thus the wall composition and mate-
rial properties. In addition to the deformation induced by
mechanical loads, cell-mediated changes involved in G&R
must also be modeled. Such a mathematical view of all

scales is critical for directly translating disease conditions
into models with quantifiable parameters and outputs.
For example, predictive modeling of thrombus formation
requires the flow-mediated transport phenomena to be in-
tegrated with microscale coagulation kinetics. More re-
fined multiphysics and multiscale mathematical models
are indeed needed for clinical applications.
Geometric parameterization. Despite advances in opti-
mization algorithms for cardiovascular simulations, prac-
tical optimization applications with complex geometries
are still hindered by the lack of geometric parameteriza-
tion and manipulation techniques compatible with exist-
ing computer-aided design (CAD) frameworks. Extending
optimization studies beyond idealized geometries would
require direct manipulation of meshes without introduc-
ing discontinuities or severe mesh distortion. Recent ef-
forts in combining CAD with computer-aided engineering
(CAE) demonstrate great promise for seamless integration
and automation of geometric manipulation and physics-
based simulations [HE10].
Verification and validation. As mathematical models for
multiphysics phenomena become increasingly sophisti-
cated, software implementations correspondingly grow in
complexity. A recent study assessing the variability among
CFD results from several research groups found rather
large discrepancies for a relatively simple clinical test case
[ea18]. The results from this multilaboratory challenge
signified that in the face of wide adoption of medical
simulation technology, there is a pressing need for rigor-
ous verification of numerical techniques and equally rig-
orous validation of mathematical models. A close collab-
oration among applied mathematicians, engineers, exper-
imentalists, and clinicians is essential for establishing an
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accreditation system for mathematical and computational
modeling of the vascular system.
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Rigidity of Transformation
Groups in Differential

Geometry

Karin Melnick
Introduction and Framework
A generic Riemannian manifold has no isometries at all.
But mathematicians and physicists do not really study
such manifolds. The first Riemannian manifolds we learn
about, and the most important ones, are Euclidean space,
hyperbolic space, and the sphere, followed by quotients of
these spaces, and by other symmetric spaces. These spaces
go hand in hand with Lie groups and their discrete sub-
groups.

In this survey, symmetry provides a framework for
classification of manifolds with differential-geometric
structures. We highlight pseudo-Riemannian metrics, con-
formal structures, and projective structures. A range of
techniques has been developed and successfully deployed
in this subject, some of them based on algebra and dynam-
ics and some based on analysis. We aim to illustrate this
variety below.
Historical currents. As with much of modern geometry,
this subject has intellectual foundations in the 1872 Er-
langen Program of F. Klein. He proposed to study ge-
ometries via their transformation groups. Euclidean ge-
ometry thus comprises the properties and quantities in-
variant by translations, rotations, and reflections, while
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conformal geometry is further enriched with dilations
and circle inversions. Klein’s classical geometries are
homogeneous spaces—their transformation groups act
transitively—and the groups are Lie groups.

The concept of Lie group arose from the search for a the-
ory of symmetries of differential equations. In the 1930s,
É. Cartan laid several foundations of differential geometry
with Lie groups: he found a complete set of local differen-
tial invariants for many important and interesting geomet-
ric structures via his method of moving frames. He defined
the notion of 𝐺-structure of finite type and his beautiful the-
ory of Cartan connections, in which a manifold is “infinites-
imally modeled” on one of Klein’s homogeneous spaces.

Several decades later, geometers such as S. Sternberg,
V. Guillemin, and S. Kobayashi proved that the local sym-
metries of any 𝐺-structure of finite type form a finite-
dimensional Lie pseudogroup. This notion was then
greatly extended by Gromov in the 1980s with his rigid
geometric structures, which arose from his theory of partial
differential relations.

Meanwhile, in the study of discrete subgroups of Lie
groups, A. Weil, G. Mostow, and, ultimately, G. Margulis
discovered remarkable rigidity of lattices in semisimple Lie
groups. Among the breakthroughs in these monumen-
tal results was the surprisingly powerful application of er-
godic theory.

Notions of rigid geometric structures will be explained
and partially defined below. The reader could opt to read
that section now, to read it later, or to skip it. The article
can bewell appreciated by just considering the examples of
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geometric structures given. After this introductory section,
the three main sections on isometries, conformal, and pro-
jective transformations could be read separately without
much extra effort, as each is relatively self-contained. The
number of references is limited; readers seeking additional
references may refer to other surveys or contact the author.
Zimmer’s Program. In the 1970s and 80s, R. Zimmer de-
veloped rigidity theory of Lie groups and their lattices in
the context of their actions on manifolds (see [Zim84]). A
lattice in a Lie group 𝐻 is a discrete subgroup Γ such that
the quotient 𝐻/Γ has finite Haar measure.

Let Γ be a lattice in a simple Lie group 𝐻; we assume
for this subsection and the next that𝐻 is noncompact, has
finite center, and is not locally isomorphic to SO(1, 𝑛) or
SU(1, 𝑛), meaning the Lie algebra is not isomorphic to that
of either of these groups. Superrigidity in this case says
that homomorphisms of Γ to linear Lie groups 𝐺 are the
restrictions of homomorphisms 𝐻 → 𝐺, up to some “pre-
compact noise,” and possibly passing to a cover of 𝐻. The
linear manifestations of these complicated andmysterious
objects are thus reduced to those of 𝐻—an elementary al-
gebraic matter, solved by Schur’s Lemma. (Superrigidity
and the remaining results and conjectures of this section
are valid for 𝐻 semisimple, but this entails additional def-
initions and assumptions.)

Zimmer’s Program asserts that, in many cases,
homomorphisms from Γ, or 𝐻, as above to the group of
volume-preserving diffeomorphisms of a compact mani-
fold arise from a short list of algebraic constructions. We il-
lustrate two such actions, along with invariant differential-
geometric structures for each. Let 𝑀 = 𝐺/Λ for 𝐺 a con-
nected Lie group and Λ < 𝐺 a cocompact lattice.

1. A homomorphism Γ → 𝐺 gives an action of Γ on 𝑀,
preserving the volume determined by the Haar mea-
sure.

For 𝐺 semisimple, the Killing form on the Lie alge-
bra 𝔤 is a nondegenerate bilinear form, invariant by
conjugation via the adjoint representation, Ad 𝐺. It
gives rise to a bi-invariant metric on 𝐺, of indefinite
signature when 𝐺 is noncompact. This Cartan-Killing
metric descends to a Γ-invariant pseudo-Riemannian
metric on 𝑀.

2. Any subgroup Γ ≤ AutΛ𝐺, the automorphisms of 𝐺
normalizing Λ, acts on 𝑀. The standard example is
𝐺/Λ = 𝐑𝑛/𝐙𝑛 = 𝐓𝑛, and Γ = SL𝑛(𝐙).

Any Lie group 𝐺 has a bi-invariant affine connec-
tion ∇𝐺, defined by declaring left-invariant vector
fields to be parallel. This connection descends to 𝑀
and is Γ-invariant. Although ∇𝐺 is torsion-free only if
𝐺 is abelian, the existence of a Γ-invariant affine con-
nection on𝑀 implies existence of a torsion-free affine
connection that is also Γ-invariant.

Pseudo-Riemannian metrics and affine connections are
examples of 𝐺-structures of finite type. For Γ a lattice in
a simple Lie group 𝐻 as above, an affine action of Γ is an
action on 𝐺/Λ via a homomorphism to AutΛ𝐺 ⋉ 𝐺. We
can refine the classification claim from Zimmer’s Program
to say, infinite actions of Γ or 𝐻 on a compact manifold 𝑀
preserving a 𝐺-structure of finite type and a volume are affine
actions—up to some additional “precompact noise,” for which
we refer to [Fis11] for details.

A famous conjecture of Zimmer is a dimension bound,
with no invariant rigid geometric structure assumed: Let
𝑁 be the minimal dimension of a nontrivial representation of
𝐻. For any compact manifold 𝑀 of dimension 𝑛 < 𝑁, any ac-
tion of Γ on 𝑀 by volume-preserving diffeomorphisms preserves
a smooth Riemannian metric. Depending on 𝐻, the conclu-
sion can often be strengthened to the action being finite.
Affine actions satisfy this conjecture, which can be proved
with Zimmer’s Cocycle Superrigidity Theorem. Given a
volume-preserving action of Γ on any 𝑛-dimensional man-
ifold, for any 𝑛, cocycle superrigidity gives a nontrivial ho-
momorphism 𝐻 → SL𝑛(𝐑) or a measurable, Γ-invariant
Riemannian metric on𝑀. In the case Γ also preserves a 𝐺-
structure of finite type, Zimmer improved the measurable
Riemannian metric to a smooth one.

For decades, researchers struggled to improve the invari-
ant, measurable Riemannian metric in the general case.
The breakthrough came in 2016, when Brown–Fisher–
Hurtado proved the dimension conjecture for Γ cocom-
pact and 𝐻 any classical simple Lie group, aside from a
few exceptional dimensions for types 𝐵𝑛 and𝐷𝑛. They also
proved a dimension bound for smooth actions not neces-
sarily preserving a volume: in this case, dim 𝑀 ≥ 𝑁 − 1,
or the action is finite. A sharp example to have in mind is
the action of SL𝑛(𝐑), or one of its lattices, on 𝑀 = 𝐑𝐏𝑛−1.
Their proof opens up new avenues for the classification
conjecture of Zimmer’s Program—see below.
Zimmer-Gromov Program. Gromov generalized the 𝐺-
structures of finite type in Zimmer’s earlier work to the
richer rigid geometric structures. Inspired in large part by
Zimmer’s work, he proved results for a wider class of Lie
groups with actions preserving these structures. His vi-
sion to some extent parts ways with another, large branch
of Zimmer’s Program, focused on rigidity of lattices in
semisimple Lie groups, which has been demonstrated for
a breathtaking range of actions.

Gromov attempted to formulate Zimmer’s conjecture
about affine actions more broadly, in particular, without
assuming a finite, invariant volume. In [DG91], he and
D’Ambra state the following.

Vague General Conjecture (VGC). All triples (𝐻,𝑀, 𝜔),
where𝑀 is a compact manifold with rigid geometric structure 𝜔
and H is a “sufficiently large” transformation group, are almost
classifiable.
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“Large” here often means noncompact. It could also
be a transitivity condition, such as having a dense orbit
or an ergodic invariant measure. It could be a geometric
condition of being essential, generally meaning it does not
preserve a finer geometric structure subsidiary to 𝜔. They
note, “we are still far from proving (or even starting) this
conjecture, but there are many concrete results which con-
firm it.” Some such results will be presented below.

Here are examples of actions that join the “almost clas-
sification” for large actions of arbitrary groups not neces-
sarily preserving a volume. For a more complete list, see
[Gro88, 0.5].

3. 𝑀 = 𝐺/𝑃 with 𝑃 closed—that is, an arbitrary homo-
geneous space. Assuming 𝐺 semisimple, an impor-
tant class are the quotients by parabolic subgroups, al-
gebraic subgroups of 𝐺 for which 𝐺/𝑃 is a compact
projective variety. These 𝐺-actions never preserve a fi-
nite volume.

The basic example is projective space 𝐑𝐏𝑛, with
𝐺 = PSL𝑛+1(𝐑), and 𝑃 the stabilizer of a line in 𝐑𝑛+1.
This is a Klein geometry, in which the invariant no-
tions are lines and intersection.

Another important parabolic Klein geometry is the
round sphere 𝐒𝑛, a homogeneous space of PO(1, 𝑛 +
1) ≅ Isom(𝐇𝑛+1). It is the projectivization of the light
cone inMinkowski space𝐑1,𝑛+1. It carries an invariant
conformal structure, for which the invariant notion is
angle.

4. 𝑀 = Γ\𝐺/𝑃, where Γ < 𝐺 acts freely, properly discon-
tinuously, and cocompactly on 𝐺/𝑃.

An example is the unit tangent bundle of a com-
pact hyperbolic manifold, where 𝐺 ≅ PO(1, 𝑛+1) and
𝑃 ≅ O(𝑛) is the stabilizer of a unit vector in 𝑇𝐇𝑛+1.
The image of the holonomy representation of 𝜋1(𝑀)
is Γ. The geodesic flow on 𝑀 is furnished by a one-
parameter subgroup of𝐺 centralizing 𝑃; it is isometric
for a metric obtained by pseudo-Riemannian submer-
sion from the Cartan-Killing metric on Γ\𝐺.

5. 𝑀 = Γ\𝑈, where 𝑈 ⊂ 𝐺/𝑃 is open, and Γ acts freely,
properly discontinuously, and cocompactly on𝑈. The
example of the conformal Lorentzian Hopf manifold
is presented later.

The spaces in examples 4 and 5 both carry (𝐺, 𝐗)-
structures, which are defined in the next section.

Gromov’s first key contribution, based on his theory
of partial differential relations, is known as the Frobenius
Theorem. At points satisfying a regularity condition, it can
produce local transformations of (𝑀, 𝜔) from pointwise,
infinitesimal input. The infinitesimal input corresponds
to points in an algebraic variety. The Rosenlicht Stratifica-
tion for algebraic actions on varieties yields a correspond-
ing stratification by local transformation orbits in 𝑀. A
consequence is the Open-Dense Theorem: if an orbit for

local transformations in (𝑀, 𝜔) is dense, then an open,
dense subset 𝑈 ⊆ 𝑀 is locally homogeneous, meaning
that the pseudogroup of local transformations is transitive
on 𝑈.

The Open-Dense Theorem lends support to the VGC. In
specific cases, researchers can show that 𝑈 = 𝑀 and that
the locally homogeneous structure is a (𝐺, 𝐗)-structure;
some have obtained significant theorems in the Zimmer-
Gromov Program by this route. But 𝑈 may not, in general,
equal 𝑀. Classifying compact (𝐺, 𝐗)-manifolds compati-
ble with a given geometric structure is a challenging sub-
ject unto itself.

A beautiful alternative relating examples 1–2 with ex-
ample 3 is given by results of Nevo–Zimmer on smooth
projective factors. They use Gromov’s Stratification and
his Representation Theorem to prove: given a connected,
simple 𝐻 preserving a real-analytic rigid geometric struc-
ture on a compact manifold 𝑀, together with a stationary
measure, there is (i) a smooth, 𝐻-equivariant projection of
an open, dense 𝑈 ⊆ 𝑀 to a parabolic homogeneous space
𝐻/𝑄; or (ii) the Gromov representation of 𝜋1(𝑀) contains
𝔥 in its Zariski closure. A stationarymeasure is a finite mea-
sure, here assumed of full support, invariant by convolu-
tion with a certain finite measure on𝐻, but not necessarily
under the 𝐻-action.
Notions of rigid geometric structure. The infinitesimal
data of a geometric structure on𝑀 inhabits the frame bun-
dle of 𝑀, of the appropriate order. The frames at a point
𝑥 ∈ 𝑀 are the linear isomorphisms 𝑇𝑥𝑀 → 𝐑𝑛, where
𝑛 = dim 𝑀. These form a principal GL𝑛(𝐑)-bundle, de-
noted ℱ𝑀. For 𝐺 ≤ GL𝑛(𝐑), a 𝐺-structure is a reduction
ℛ of ℱ𝑀 to 𝐺—that is, a smooth 𝐺-prinicipal subbun-
dle. The frames in ℛ determine the structure. For exam-
ple, a (𝑝, 𝑞)-semi-Riemannian metric 𝑔 is a 𝐺-structure for
𝐺 ≅ O(𝑝, 𝑞). The frames ofℛ are the bases of𝑇𝑥𝑀 in which
the inner product 𝑔𝑥 has the form −Id𝑝 ⊕ Id𝑞.

The fiber ℱ𝑥𝑀 comprises the first derivatives of coordi-
nate charts at 𝑥. The order-𝑘 frame bundle has fibersℱ(𝑘)

𝑥 𝑀
comprising 𝑘-jets of coordinate charts 𝜑 at 𝑥with 𝜑(𝑥) = 𝟎.
Here 𝜑 and 𝜓 have the same 𝑘-jet at 𝑥 if 𝐷(𝑖)

𝟎 (𝜑 ∘ 𝜓−1) =
𝐷(𝑖)
𝟎 Id for all 1 ≤ 𝑖 ≤ 𝑘. The 𝑘-jets at 𝟎 of diffeomorphisms

of 𝐑𝑛 fixing 𝟎 form the group GL(𝑘)𝑛 (𝐑). A 𝐺-structure of
order 𝑘 is a reduction ofℱ(𝑘)𝑀 to 𝐺 ≤ GL(𝑘)𝑛 (𝐑). For exam-
ple, a linear connection on 𝑇𝑀 is a reduction ℛ ⊂ ℱ(2)𝑀
to GL𝑛(𝐑) < GL(2)𝑛 (𝐑). Elements ofℛ are 2-jets of geodesic
coordinate charts.

A 𝐺-structure is of finite type if a certain prolongation
process stabilizes, which essentially means there is 𝑘 such
that, at all 𝑥 ∈ 𝑀, the 𝑘 + 𝑖-frames at 𝑥 adapted to the
structure are determined by the adapted 𝑘-frames at 𝑥 for
all 𝑖 ≥ 0 (see [Kob95]). Conformal Riemannian struc-
tures, for example, are CO(𝑛)-reductions of ℱ𝑀, where
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CO(𝑛) ≅ 𝐑∗ × SO(𝑛). The prolongation gives a reduction
ofℱ(2)𝑀 to a bigger group, namely the parabolic subgroup
𝑃 fixing a point of 𝐒𝑛. É. Cartan found, for 𝑛 ≥ 3, the pro-
longation stabilizes here, and thus any conformal transfor-
mation is determined by the 2-jet at a point.

A 𝐺-reduction ofℱ𝑀 is the same as an equivariant map
ℱ𝑀 → GL𝑛(𝐑)/𝐺 (and similarly in higher order). Gro-
mov’s geometric structures of algebraic type are equivariant
maps to algebraic varieties. They are rigid if a similar pro-
longation process stabilizes (see [Gro88]). Some very use-
ful additional flexibility is afforded by varieties which are
not necessarily homogeneous. For example, one may add
to a 𝐺-structure of finite type some vector fields, which cor-
respond to maps to 𝐑𝑛, and the result is again a rigid geo-
metric structure. All rigid geometric structures in this arti-
cle are understood to be of algebraic type.

For 𝐺 a Lie group and 𝑃 < 𝐺 a closed subgroup, a Car-
tan geometry on 𝑀 modeled on (𝐺, 𝑃) comprises a princi-
pal 𝑃-bundle 𝜋 ∶ �̂� → 𝑀 and a 𝔤-valued 1-form 𝜔 on
�̂�, called the Cartan connection. The Lie group 𝐺 carries a
left-invariant 𝔤-valued 1-form, the Maurer-Cartan form 𝜔𝐺,
which simply identifies the left-invariant vector fields on
𝐺 with 𝔤. The Cartan connection is required to satisfy
three axioms, mimicking properties of 𝜔𝐺. One of them
says 𝜔 is an isomorphism on each 𝑇�̂��̂�, so it determines a
parallelization of 𝑇�̂� (see [Sha97]).

Essentially all classical rigid geometric structures canon-
ically determine a Cartan geometry, such that the trans-
formations correspond to automorphisms of the Cartan
geometry—diffeomorphisms of 𝑀 lifting to bundle auto-
morphisms of �̂� preserving 𝜔. A conformal Riemannian
structure in dimension 𝑛 ≥ 3, for example, determines a
Cartan geometrymodeled on 𝐒𝑛, with𝐺 = PO(1, 𝑛+1) and
𝑃 as above. The bundle �̂� in this case is the 𝑃-reduction of
ℱ(2)𝑀 obtained by prolongation of the CO(𝑛)-structure.

Cartan geometries have proven very useful for the study
of transformation groups. Fundamental results of the
Zimmer-Gromov theory of rigid geometric structures have
been translated to this setting. A key asset is the curvature
2-form

Ω = 𝑑𝜔 + 1
2[𝜔, 𝜔] ∈ Ω2(�̂�, 𝔤).

Vanishing of Ω over an open 𝑈 ⊆ 𝑀 is the obstruction to
𝑈 having a (𝐺, 𝐗)-structure with 𝐗 = 𝐺/𝑃.

The notion of (𝐺, 𝐗)-structure was developed by Ehres-
mann and later by Thurston [Thu97]: on a manifold𝑀, it
comprises an atlas of charts to 𝐗 with transitions equal to
transformations in 𝐺 (one 𝑔 ∈ 𝐺 on each connected com-
ponent of the chart overlap). When 𝑀 = Γ\𝐗 for some
Γ < 𝐺, it is called complete; quotients Γ\𝑈 of open subsets
𝑈 ⊂ 𝐗 are called Kleinian.

Isometries of Pseudo-Riemannian Manifolds
By the classical theorems of Myers and Steenrod, the isom-
etry group of a compact Riemannian manifold is a com-
pact Lie group. Isometries of pseudo-Riemannian mani-
folds need not act properly; in particular, when the man-
ifold is compact, this group can be noncompact. In this
section we describe some important results on isometry
groups and illustrate a couple techniques which have been
influential. We focus on compact Lorentzian manifolds,
mostly because there are as yet few answers to the corre-
sponding questions in higher signature. The term semi-
Riemannian means Riemannian or pseudo-Riemannian.
Simple group actions: Gauss maps. Let 𝐺 be a non-
compact, simple Lie group. For Λ < 𝐺 a lattice, the 𝐺-
action on 𝐺/Λ is locally free, meaning stabilizers are dis-
crete. We sketch an argument of Zimmer, using the Borel
Density Theorem, that any isometric 𝐺-action on a finite-
volume pseudo-Riemannian manifold𝑀 is locally free on
an open, dense subset. First suppose that 𝐺 acts ergodi-
cally, meaning that any 𝐺-invariant measurable function
is constant almost everywhere. In fact, any 𝐺-invariant
measurable map to a countably separated Borel space is con-
stant almost everywhere; countably separated means there
is a countable collection of Borel subsets 𝐵𝑖 such that for
any points 𝑥 ≠ 𝑦, some 𝐵𝑖 contains one of {𝑥, 𝑦} and not
the other. This property holds for quotients of algebraic
varieties by algebraic actions. Then we can apply this fact
to 𝐺-equivariant maps from 𝑀 to 𝐺-algebraic varieties,
sometimes called Gauss maps.

Let 𝜎 assign to 𝑥 ∈ 𝑀 the Lie algebra of the stabilizer of
𝑥 in 𝐺, which lies in the disjoint union Gr 𝔤 of the Grass-
mannians Gr(𝑘, 𝔤), 𝑘 = 0, … ,dim 𝔤. Themap 𝜎 satisfies the
equivariance relation 𝜎(𝑔.𝑥) = (Ad 𝑔).(𝜎(𝑥)). We conclude
that there is a single 𝐺-orbit 𝒪 ⊂ Gr 𝔤 containing 𝜎(𝑥) for
almost every 𝑥. The volume on 𝑀 pushes forward to an
Ad 𝐺-invariant finite volume on𝒪. After passing to Zariski
closures, this orbit can be identified with an algebraic ho-
mogeneous space. The Borel Density Theorem says that 𝒪,
hence also the Ad 𝐺-orbit 𝒪, must be a single point. Thus
𝜎(𝑥) is an ideal for almost all 𝑥 ∈ 𝑀, namely, because 𝐺 is
simple, it is 0 or 𝔤.

In general, the metric volume decomposes into ergodic
components, and 𝜎(𝑥) ∈ {0, 𝔤} for almost all 𝑥. The points
with 𝜎(𝑥) = 𝔤 comprise the fixed set of 𝐺0. The fixed set of
any nontrivial isometry has null volume (assuming𝑀 con-
nected). Thus 𝜎(𝑥) = 0, and the stabilizer of 𝑥 is discrete
for all 𝑥 in a full-volume subsetΩ ⊂ 𝑀. It follows from up-
per semicontinuity of dim 𝜎(𝑥) that Ω is open and dense.

By comparable arguments involving ergodicity and the
Borel Density Theorem, Zimmer obtained, for𝑀 compact,
a Lie algebra embedding 𝔤 ↪ 𝔬(𝑝, 𝑞) and concluded that,
in particular, the real-rank—the dimension of a maximal
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abelian, 𝐑-diagonalizable subgroup of Ad 𝐺—satisfies

rk𝐑𝐺 ≤ min{𝑝, 𝑞} = rk𝐑SO(𝑝, 𝑞).
Such an embedding for 𝐺 of real-rank at least two follows
from Zimmer’s Cocycle Superrigidity Theorem; here, with
a pseudo-Riemannian metric, a stronger result is obtained
by a more elementary proof.

A more general embedding theorem for connected
𝐺, not necessarily simple, preserving any rigid geomet-
ric structure, not necessarily determining a volume, was
proved by Gromov [Gro88]. A version of this general-
ity was proved for compact Cartan geometries by Bader–
Frances–Melnick in 2009.
Connected isometry groups of compact Lorentzianman-
ifolds. The group SL2(𝐑) with the Cartan-Killing metric
is a three-dimensional Lorentzian manifold with isom-
etry group SL2(𝐑) ×𝐙2 SL2(𝐑) ≅ SO0(2, 2). This space
has constant negative sectional curvature and is known
as anti-de Sitter space, AdS3. (Together with its higher-
dimensional analogues, this space is important in string
theory and M-theory.)

Let (𝑀, 𝑔) be a compact, connected, Lorentzian mani-
fold and 𝐻 ≤ Isom(𝑀, 𝑔) a noncompact simple group.
Zimmer’s bound is rk𝐑𝐻 ≤ 1; he in fact proved that the
identity component Isom0(𝑀, 𝑔) is locally isomorphic to
SL2(𝐑) ×𝐾, with 𝐾 compact. Gromov improved Zimmer’s
result to conclude

𝑀 ≅ (ÃdS
3
×𝑓 𝑁)/Γ,

where 𝑁 is a Riemannian manifold, 𝑓 ∶ 𝑁 → 𝐑+ is a warp-
ing function, and Γ acts isometrically, freely, and properly
discontinuously on the warped product.

The complete determination of connected isometry
groups of compact Lorentzian manifolds was simulta-
neously achieved by Adams–Stuck [AS97a, AS97b] and
Zeghib [Zeg98a,Zeg98b].

Theorem (Adams–Stuck/Zeghib 1997/8). The identity com-
ponent of the isometry group of a compact Lorentzian manifold
is locally isomorphic to 𝐻 × 𝐾 × 𝐑𝑘, with 𝐾 compact, 𝑘 ≥ 0,
and 𝐻 one of

• SL2(𝐑),
• Heis𝑚, a 2𝑚 + 1-dimensional Heisenberg group,
• an oscillator group, a solvable extension of Heis2𝑚+1

by 𝑆1.

Adams and Stuck proceed by studying the dynamics of
a Gauss map 𝑀 → Sym2𝔤, where 𝔤 is the Lie algebra of
Isom0𝑀. The map sends 𝑥 ∈ 𝑀 to the pullback of the
metric on 𝑇𝑥𝑀 restricted to the subspace tangent to the
𝐺-orbit at 𝑥. It is equivariant for the Ad 𝐺 representation
on Sym2𝔤. Zeghib works with the average over 𝑀 of these
forms on 𝔤.

The geometry of𝑀 when𝐻 is a Heisenberg or oscillator
group has not been completely described.
Dynamical foliations from unbounded isometries. The
anti-de Sitter space AdS3 can be identifiedwith the unit tan-
gent bundle of the hyperbolic plane. For a hyperbolic sur-
face Σ ≅ Γ\𝐇2, the quotient Γ\AdS3 is identified with 𝑇1Σ,
and the geodesic and horocycle flows with the right-action
of the diagonal and upper-triangular unipotent subgroups,
respectively, of SL2(𝐑).

The geodesic flow is an Anosov, Lorentz-isometric flow
on Γ\AdS3. The weak-stable and -unstable foliations are by
totally geodesic surfaces on which the metric is degenerate.
These foliations, 𝒲𝑐𝑠 and 𝒲𝑐ᵆ, are the orbits of the two-
dimensional upper-triangular and lower-triangular sub-
groups, respectively (see Figure 1). The horocycle flow
is not hyperbolic in the dynamical sense. Nonetheless,
it also preserves a foliation by totally geodesic, degener-
ate surfaces, namely 𝒲𝑐𝑠. Zeghib calls this the approxi-
mately stable foliation of the flow. He proved the following
[Zeg99a,Zeg99b].

Theorem (Zeghib 1999). Let 𝑀 be a compact Lorentzian
manifold, and suppose that 𝐺 = Isom 𝑀 is noncompact. Any
unbounded sequence in 𝐺 determines, after passing to a subse-
quence, a foliation by totally geodesic, degenerate hypersurfaces.

The space of all these approximately stable foliations
gives a compactification of 𝐺 and reflects algebraic proper-
ties of 𝐺.

Figure 1. Two-dimensional anti-de Sitter space with
bifoliation by lightlike geodesics.

The construction of such foliations was suggested by
Gromov, who provided the following argument. The
reader may note the significance of the index 𝑝 = 1, a way
in which Lorentzian geometry is “closest” to Riemannian.
Let 𝑓𝑘 → ∞ in 𝐺. For any 𝑥 ∈ 𝑀, we may pass to a sub-
sequence so that 𝑓𝑘.𝑥 converges to a point 𝑦 ∈ 𝑀. Equip
𝑀 × 𝑀 with the pseudo-Riemannian metric 𝑔 ⊕ −𝑔. The
Levi-Civita connection on the product is ∇𝑔 ⊕ ∇𝑔. The
graphs Γ𝑘 of 𝑓𝑘 are totally isotropic and totally geodesic in
(𝑀 × 𝑀, 𝑔 ⊕ −𝑔), and they converge to an 𝑛-dimensional,
isotropic, totally geodesic submanifold Γ near (𝑥, 𝑦).
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Because {𝑓𝑘} does not converge, Γ cannot be a graph
near (𝑥, 𝑦), so it has positive-dimensional intersectionwith
{𝑥}×𝑀. This intersection is isotropic and geodesic in (𝑀, 𝑔),
so coincides with an isotropic geodesic segment 𝛾 near 𝑦.
The projection of 𝑇 (𝑥,𝑦)Γ to 𝑇𝑦𝑀 must be orthogonal to
𝑇𝑦𝛾, so it is contained in the degenerate hyperplane 𝑇𝑦𝛾⟂.
Therefore, 𝑇 (𝑥,𝑦)Γ has nonzero intersection with 𝑇𝑥𝑀 ⊕ 0,
which again must be isotropic; the projection to 𝑇𝑥𝑀 is
contained in a degenerate hyperplane 𝐻. A dimension
count implies that the projection equals 𝐻. Because Γ is
totally geodesic, it projects to the totally geodesic, degen-
erate hypersurface obtained by exponentiation of 𝐻.

A classical theorem of Haefliger says that a compact,
simply connected, real-analytic manifold admits no real-
analytic, codimension-one foliation. Zeghib used his foli-
ations to give another proof of the following theorem of
D’Ambra [D’A88].

Theorem (D’Ambra 1988). Let 𝑛 ≥ 3. For (𝑀𝑛, 𝑔) a
compact, simply connected, real-analytic Lorentzian manifold,
Isom(𝑀, 𝑔) is compact.

D’Ambra’s proof was a tour de force of Gromov’s theory
of rigid geometric structures and belongs to the underpin-
ning of the VGC.
Current questions. After reading about these wonderful
accomplishments of the 1980s and 90s, the reader is likely
to have at least two obvious questions: what about non-
connected groups? and, what about higher signature?

Some progress has been made on compact Lorentzian
manifolds (𝑀, 𝑔) for which 𝐺 = Isom(𝑀, 𝑔) has infinitely-
many components when𝑀 is stationary—that is, it admits
a timelike Killing vector field. The latter property implies
that 𝑀 has closed timelike geodesics, or “time machines.”
Piccione–Zeghib have a nice structure theorem for such
spaces: 𝐺0 contains a torus 𝐓𝑑, and there is a Lorentzian
quadratic form 𝑄 on 𝐑𝑑 such that 𝐺/𝐺0 ≤ O(𝑄)𝐙.

For smooth, three-dimensional, compact Lorentzian
manifolds, Frances recently completely classified those
with noncompact isometry group, topologically and geo-
metrically. The topological classification says that such a
manifold 𝑀 is, up to a cover of order at most four:

• Γ\S̃L2(𝐑) for Γ a cocompact lattice,
• the mapping torus 𝐓3𝐴 of an automorphism 𝐴 of
𝐓2.

In the first case, S̃L2(𝐑) has a left-invariant metric. Geome-
tries of the second type can have infinite, discrete isometry
group. A corollary is an improvement of D’Ambra’s Theo-
rem to smooth metrics, in the three-dimensional case.

For 𝑞 ≥ 𝑝 ≥ 2, it is not known which homogeneous,
compact, (𝑝, 𝑞)-pseudo-Riemannian manifolds have non-
compact isometry group. Much current work focuses on
classifying left-invariant metrics on Lie groups. To il-
lustrate the complexity of higher signature, we indicate

Figure 2. Iterates of a conformal transformation of the sphere
with source-sink dynamics.

Kath–Olbrich’s survey on the classification problem for
pseudo-Riemannian symmetric spaces [KO08]. While Rie-
mannian symmetric spaces were essentially classified by
É. Cartan, and reductive pseudo-Riemannian symmetric
spaces by Berger in 1957, a complete classification is not
really expected, without restricting to a low index 𝑝, or as-
suming some additional invariant structure.

Conformal Transformations
Compact Lorentzian manifolds are marvelous for the
mathematical study of transformation groups, but the pos-
sibility of “time machines” makes them less appealing
to physicists. Conformal compactifications of Lorentzian
manifolds are, on the other hand, quite natural in relativ-
ity.

We have seen above that conformal Riemannian trans-
formations are those preserving angles between tangent
vectors. For arbitrary signature, we define the confor-
mal class of 𝑔 to be [𝑔] = {𝑒2𝜆𝑔}, with 𝜆 ranging over
smooth functions on 𝑀. The conformal transformations
Conf(𝑀, [𝑔]) are those preserving [𝑔]. In higher signa-
ture, these are the transformations preserving the causal
structure—that is, the null cones in each tangent space.

Stereographic projection from a point ̂𝑝 ∈ 𝐒𝑛 is a con-
formal equivalence of 𝐒𝑛\{ ̂𝑝} with Euclidean space. Thus
𝐒𝑛 is conformally flat—locally conformally equivalent to a
flat Riemannian manifold. The higher signature analogue
of 𝐒𝑛 is a parabolic homogeneous space for PO(𝑝+1, 𝑞+1),
called the Möbius space 𝐒𝑝,𝑞. It is a two-fold quotient of
𝑆𝑝 × 𝑆𝑞; the conformal class can be realized by 𝑔𝑝 ⊕ −𝑔𝑞,
where 𝑔𝑝, 𝑔𝑞 are the constant-curvature metrics on the re-
spective spheres. These metrics are also conformally flat.
The conformal structure of a (𝑝, 𝑞)-pseudo-Riemannian
metric, 𝑝 + 𝑞 ≥ 3, determines a Cartan geometry modeled
on 𝐒𝑝,𝑞. It is also a 𝐺-structure of finite type, with order
2. Throughout this section, 𝑛 is an integer greater than or
equal to 3.
The Ferrand-Obata Theorem. While the isometry group
of a compact Riemannian manifold is compact, the con-
formal group need not be. A dilation of Euclidean space
corresponds via stereographic projection to a conformal
transformation of 𝐒𝑛 having source-sink dynamics under
iteration—see Figure 2. A sequence {𝑓𝑘} of transforma-
tions has source-sink dynamics if there are points 𝑝+ and
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𝑝− in 𝑀 such that {𝑓𝑘} converges uniformly on compact
subsets of 𝑀\{𝑝−} to the constant map 𝑝+, and similarly
𝑓−1𝑘 → 𝑝− uniformly on compact subsets of 𝑀\{𝑝+}. The
full conformal group of 𝐒𝑛 is the noncompact simple Lie
group Isom 𝐇𝑛+1 ≅ PO(1, 𝑛+1). This isomorphism comes
from the fact that 𝐒𝑛 is the visual boundary in the confor-
mal compactification of 𝐇𝑛+1. Being the visual boundary
of hyperbolic space is quite a special property. Lichnerow-
icz conjectured the following striking fact.

Theorem (Ferrand/Obata 1971). Let (𝑀𝑛, 𝑔) be a compact
Riemannian manifold. If Conf(𝑀, [𝑔]) is noncompact, then
(𝑀, [𝑔]) is globally conformally equivalent to 𝐒𝑛.

(This theorem is also true for 𝑛 = 2.) Lichnerow-
icz’s original conjecture was actually under the stronger as-
sumption Conf

0(𝑀, [𝑔]) noncompact, and this was proved
by Obata [Oba71], using Lie theory and differential geom-
etry. Ferrand proved the theorem in full generality [LF71],
using quasiconformal analysis and no Lie theory.

In 1994, Ferrand extended her result to noncompact𝑀
and gave a streamlined proof of her original result. She
uses conformal capacities to define a conformally invari-
ant function 𝜇 on pairs of points. Sometimes it gives a
metric on 𝑀; in this case, Conf(𝑀, [𝑔]) acts isometrically
for 𝜇, and, therefore, properly.

When 𝜇 does not define a distance, then Ferrand uses
capacities to construct conformally invariant functions on
distinct quadruples or triples of points, no three of which
are equal, depending on whether 𝑀 is compact or not.
In the former case, this function is essentially a log-cross-
ratio, which can detect whether distinct points are converg-
ing under a sequence of conformal transformations. In
the latter case, the function partly extends to the Alexan-
drov compactification �̂� = 𝑀 ∪ {∞} and detects diver-
gence to infinity, as well. With these functions, she recon-
structs source-sink dynamics for unbounded sequences in
Conf(𝑀, [𝑔])when it acts nonproperly, and ultimately con-
cludes (𝑀, [𝑔]) ≅ Euc𝑛 or 𝐒𝑛.
PDEs proof, CR analogue. When deforming a metric 𝑔 to
one with desirable properties, a natural choice is to restrict
to conformal deformations. The Yamabe Problem is a fa-
mous case: on any compact Riemannian manifold (𝑀, 𝑔),
there is 𝑔′ ∈ [𝑔] with constant scalar curvature.

In 1995, Schoen published a different proof of Ferrand’s
theorem [Sch95], in the wake of his work on the comple-
tion of the Yamabe Problem. Given a Riemannianmetric 𝑔
with scalar curvature function 𝑆𝑔 and Laplace-Beltrami op-
erator Δ𝑔, if 𝑓𝑔 ∈ [𝑔] has constant scalar curvature 𝑐, then
𝑢 = 𝑓

𝑛−2
4 satisfies

−𝐿𝑔𝑢 = 𝑐 𝑛 − 2
4(𝑛 − 1)𝑢

𝑛+2
𝑛−2 ,

where the conformal Laplacian

𝐿𝑔 ∶ 𝑢 ↦ Δ𝑔𝑢 −
𝑛 − 2
4(𝑛 − 1)𝑆𝑔𝑢

is an elliptic operator satisfying a certain conformal invari-
ance. This equation can be applied to 𝑓(𝑥) = |Jac𝑥𝐹|2/𝑛
if 𝑔 has constant scalar curvature and 𝐹 ∈ Conf(𝑀, [𝑔]).
Schoen’s arguments are based on the analytic properties
of the elliptic operator 𝐿𝑔.

CR, or Cauchy-Riemann, structures model real hypersur-
faces in complex vector spaces. On the unit sphere in
𝐂𝑛+1, for example, the tangent bundle carries a totally
nonintegrable, or contact, hyperplane distribution, equal
at each 𝑧 ∈ 𝑆2𝑛+1 to the maximal complex subspace of
𝑇𝑧𝑆2𝑛+1 ⊂ 𝐂𝑛+1. In general, a CR structure (nondegen-
erate, of hypersurface type) on an odd-dimensional mani-
fold𝑀 comprises a contact hyperplane distribution𝒟 and
an almost-complex structure 𝐽 on 𝒟, satisfying a compat-
ibility condition: for any 1-form 𝜆 on 𝑀 with ker 𝜆 = 𝒟,
the Levi form on 𝒟 given by 𝐿𝜆(𝑢, 𝑣) ∶= −𝑑𝜆(𝑢, 𝑣) is re-
quired to obey 𝐿𝜆(𝐽𝑢, 𝐽𝑣) = 𝐿𝜆(𝑢, 𝑣). In this case, 𝐿𝜆 is the
imaginary part of a Hermitian form on 𝒟. The real part
of this Hermitian form is a semi-Riemannian metric 𝐵𝜆 on
𝒟.

A different choice of 𝜆 gives a metric conformal to 𝐵𝜆,
that is, related by a positive function on 𝑀. The CR struc-
ture is strictly pseudoconvex if any 𝐵𝜆 is positive definite.
In this case, there is a subelliptic Laplace operator 𝐿𝜆 on
𝐶∞(𝑀), satisfying a certain CR invariance. Schoen proved,
in analogy with his conformal results, that the automor-
phisms of a strictly pseudoconvex CR manifold 𝑀2𝑛+1 act
properly, unless 𝑀 is CR-equivalent to 𝑆2𝑛+1 ⊂ 𝐂𝑛+1,
or to a Heisenberg group Heis2𝑛+1 carrying a certain left-
invariant CR structure. S. Webster previously proved such
a theorem, in 1977, for 𝑀 compact with noncompact,
connected automorphism group, following some analogy
with Obata’s conformal proof.
Cartan connections proof, rank-one analogues. The CR
sphere can be identified as a conformal sub-Riemannian
space with the visual boundary of complex hyperbolic
space 𝐇𝑛+1

𝐂 . The quaternionic hyperbolic space 𝐇𝑛+1
𝐇

and the Cayley hyperbolic plane 𝐇2
𝐎 have visual bound-

aries diffeomorphic to spheres, with respective differential-
geometric structures invariant by the isometries of the inte-
rior. These boundaries of hyperbolic spaces form a family;
they are parabolic homogeneous spaces 𝐗 = 𝐺/𝑃 with 𝐺
simple of 𝐑-rank 1—see Table 1. Cartan geometries mod-
eled on one of these homogeneous spaces canonically cor-
respond to certain differential-geometric structures. Con-
tact quaternionic and contact octonionic structures were
introduced by O. Biquard in 2000.

Let 𝑀𝑛 be a manifold carrying one of the above struc-
tures, and suppose that a group 𝐻 of transformations acts
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𝐗 𝐺 structure
𝜕𝐇𝑛+1

𝐑 PO(1, 𝑛 + 1) conformal Riemannian

𝜕𝐇𝑛+1
𝐂 PU(1, 𝑛 + 1) strictly pseudoconvex CR

𝜕𝐇𝑛+1
𝐇 PSp(1, 𝑛 + 1) contact quaternionic

𝜕𝐇2
𝐎 𝐹−204 contact octonionic

Table 1. Rank-one parabolic geometries.

nonproperly—that is, there are ℎ𝑘 → ∞ in 𝐻 and points
𝑥𝑘 → 𝑥 in 𝑀 such that ℎ𝑘.𝑥𝑘 → 𝑦. Let 𝜋 ∶ �̂� → 𝑀 be the
Cartan bundle. Choose lifts ̂𝑥𝑘 and ̂𝑥 of 𝑥𝑘 and 𝑥, respec-
tively, to �̂�, such that ̂𝑥𝑘 → ̂𝑥.

Recall that the Cartan connection 𝜔 ∈ Ω1(�̂�, 𝔤) deter-
mines a parallelization of 𝑇�̂�, invariant by the 𝐻-action
on �̂�. It follows that 𝐻 acts properly on �̂�; in particu-
lar, {ℎ𝑘. ̂𝑥𝑘} diverges. This divergence is necessarily “in the
fiber direction”—that is, there exist 𝑝𝑘 → ∞ in 𝑃 such
that {ℎ𝑘. ̂𝑥𝑘.𝑝−1𝑘 } converges to some ̂𝑦 ∈ 𝜋−1(𝑦). Such a
sequence {𝑝𝑘} is called a holonomy sequence for {ℎ𝑘} at 𝑥.
See Figure 3. (For the initiated: holonomy sequences are
related to 𝑃-valued cocycles for the 𝐻-action on �̂�, more
precisely, to placings of 𝐻 into 𝑃.)

𝑥𝑘 𝑥 ℎ𝑘.𝑥𝑘 𝑦

̂𝑥̂𝑥𝑘

ℎ𝑘. ̂𝑥𝑘

̂𝑦

𝑝−1𝑘

�̂�

𝑀

Figure 3. A holonomy sequence for {ℎ𝑘} at 𝑥.

After passing to a subsequence, {𝑝𝑘} has source-sink dy-
namics on the model space 𝐗. Frances used the Cartan
connection to prove that {ℎ𝑘} has the same dynamical be-
havior near 𝑥. This led to his simultaneous proof of Fer-
rand’s and Schoen’s theorems and of the extension to all
structures listed in Table 1: if the automorphism group
acts nonproperly, and 𝑀 is compact, then it is geometri-
cally isomorphic to 𝐗. If 𝑀 is noncompact, then it is iso-
morphic to the complement of a point in 𝐗. This comple-
ment is identified with a maximal connected, unipotent
subgroup of𝐺, contained in 𝑃, via an orbit map. For exam-
ple, the strictly pseudoconvex CR structure on the Heisen-
berg group appearing in Schoen’s theorem can be defined
this way. Frances’ proof was a breakthrough, because his
basic approach can be applied to a very wide range of prob-
lems.
Pseudo-Riemannian analogue? The Ferrand-Obata The-
orem is paradigmatic for the Zimmer-Gromov Program.
In [DG91], D’Ambra and Gromov ask whether there is a
pseudo-Riemannian analogue, in the case 𝑀 is compact.

Given that pseudo-Riemannian isometry groups can act
nonproperly, the suitable hypothesis is that the conformal
group acts essentially, meaning it does not preserve any
metric in the conformal class. Alekseevsky previously con-
structed an infinite family of nonconformally flat Lorentz-
ian metrics on 𝐑𝑛 admitting an essential conformal flow.
The answer to D’Ambra and Gromov’s question is ulti-
mately “no”; nonetheless, we briefly describe here some
positive results holding under substantial assumptions ei-
ther on the metric or on the conformal group.

Let (𝑀𝑛, 𝑔) be a semi-Riemannian Einstein space, mean-
ing the Ricci curvature satisfies

Ric𝑔 =
𝑆𝑔
𝑛 𝑔. (1)

In this case, the scalar curvature 𝑆𝑔 is necessarily constant.
A notable precedent for the Ferrand-Obata Theorem was
a result of Nagano–Yano for Riemannian Einstein mani-
folds. For simplicity, we state the version for 𝑀 compact:
if the conformal group contains a nonisometric flow, then
(𝑀, [𝑔]) ≅ (𝐒𝑛, [𝑔+1]). For 𝑔 Einstein, of any signature, the
divergence 𝜎 of a conformal vector field satisfies

∇2𝜎 = −
𝑆𝑔

𝑛(𝑛 − 1)𝜎𝑔. (2)

When 𝑀 is compact, then 𝜎 has extrema, which forces
𝑆𝑔 = 0 or 𝑔 definite; thus there is a parallel, isometric vector
field, ∇𝜎, or (𝑀, [𝑔]) ≅ (𝐒𝑛, [𝑔+1]). Local normal forms for
metrics admitting nontrivial solutions of the PDE (2), due
to Brinkmann, rule out the first possibility and also give
results for noncompact, complete (𝑀, 𝑔), which were ob-
tained by Kerckhove in 1988 and Kühnel–Rademacher in
2009. Also in 2009, Kiosak–Matveev evaluated (2) along
null geodesics for a clever proof that any conformal rescal-
ing of an indefinite 𝑔 which is also Einstein must be con-
stant, if (𝑀, 𝑔) is compact or complete.

For (𝑀𝑛, 𝑔) a compact, (𝑝, 𝑞)-semi-Riemannian mani-
fold and 𝐻 a simple group of conformal transformations,
Zimmer proved in 1987 that rk𝐑𝐻 ≤ min{𝑝, 𝑞}+1. In light
of his bound for isometry groups, any 𝐻 attaining the con-
formal bound acts essentially. In this case, Bader–Nevo
proved in 2002 that𝐻 is locally isomorphic to PO(𝑝+1, 𝑘),
with 𝑝 + 1 ≤ 𝑘 ≤ 𝑞 + 1. Frances–Zeghib then strength-
ened their conclusion in 2005 to say that (𝑀, 𝑔) is confor-
mally equivalent to 𝐒𝑝,𝑞, up to double cover when 𝑝, 𝑞 ≥ 2,
and up to 𝐙 ⋉ 𝐙2-covers in the Lorentzian case. These
results support a pseudo-Riemannian Lichnerowicz Con-
jecture when a large simple group acts. Frances–Melnick
proved an analogous theorem when a large, connected,
nilpotent group acts in 2010; here, large means of maxi-
mal nilpotence degree.

In a recent advance, Pecastaing proved a similar result
for a cocompact lattice Γ in a simple Lie group 𝐻, ex-
ploiting the proof of Zimmer’s Conjecture. The standard
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approach to a Γ-action on a manifold 𝑀 is via the sus-
pension action of 𝐻 on the diagonal quotient 𝐻 ×Γ 𝑀.
Brown–Fisher–Hurtado proved key relations on the Lya-
punov spectrum of this action in terms of the roots of 𝔥.
When Γ acts conformally on 𝑀, the Lyapunov spectrum
on the vertical distributions, tangent to the𝑀-fibers of the
suspension, must be compatible with the spectrum of the
standard representation of CO(𝑝, 𝑞). This strong restric-
tion leads to the bound rk𝐑𝐻 ≤ min{𝑝, 𝑞} + 1, and to uni-
form contracting behavior around a point for a sequence
in Γ when the bound is attained. Pecastaing then proves
that (𝑀, [𝑔]) is conformally flat; when 𝑝, 𝑞 ≥ 2, he obtains
Frances–Zeghib’s conclusion that (𝑀, [𝑔]) ≅ 𝐒𝑝,𝑞, up to
double covers.

Finally, we come to the counterexamples: in 2012,
Frances constructed nonconformally flat metrics on 𝑆1 ×
𝑆𝑛−1 of all signatures (𝑝, 𝑞) with min{𝑝, 𝑞} ≥ 2, admit-
ting an essential conformal flow. We could still dream
of a classification of compact pseudo-Riemannian mani-
folds with essential conformal group, but not of a Ferrand-
Obata Theorem in higher signature. The CR story has
continued on a parallel course: Case–Curry–Matveev con-
structed compact CR manifolds (𝑀,𝒟, 𝐽) with conformal
metric [𝐵𝜆] of arbitrary higher—that is, non-Lorentzian—
signature, which admit an essential CR flowbut are not CR-
flat. They also constructed a CR analogue of Alekseevsky’s
noncompact, nonconformally flat, essential Lorentzian ex-
amples.
Lorentzian Lichnerowicz Conjecture. We first describe
some interesting examples showing that the global con-
clusion of the Ferrand-Obata Theorem cannot hold in
the Lorentzian case. Let 𝑈 = Min1,𝑛−1\{0}. The group
Λ = {2𝑘Id𝑛}𝑘∈𝐙 acts properly discontinuously and cocom-
pactly on 𝑈, commuting with CO(1, 𝑛 − 1). The compact
quotient𝑀 = Λ\𝑈 is called the conformal LorentzianHopf
manifold and is diffeomorphic to 𝑆1×𝑆𝑛−1. The conformal
group is 𝑆1×O(1, 𝑛−1), which means that𝑀 is not confor-
mally equivalent to the double cover of 𝐒1,𝑛−1. It is, rather,
a quotient of the open, dense image of the conformal em-
bedding of 𝑈 into 𝐒1,𝑛−1, as in example 5. This confor-
mal group is also distinguished from that of the Möbius
space by the property of preserving an affine connection,
descended from the standard affine connection on 𝐑𝑛; the
quotient connection is incomplete.

C. Frances constructed compact, Kleinian
(PO(2, 𝑛), 𝐒1,𝑛−1)-spaces for all 𝑛 ≥ 3 of infinitely many
distinct topological types, admitting an essential confor-
mal flow. They are quotients of the complement of an
infinite lamination by closed isotropic geodesics in 𝐒1,𝑛−1
by the action of a Fuchsian group in SL2(𝐑) embedded in
PO(2, 𝑛).

The following Lorentzian Lichnerowicz Conjecture has,
as yet, neither been proved nor disproved.

Conjecture (LLC). Let (𝑀𝑛, 𝑔) be a compact Lorentzian man-
ifold, 𝑛 ≥ 3. If Conf(𝑀, [𝑔]) acts essentially, then (𝑀, 𝑔) is
conformally flat.

The recent conformal D’Ambra Theorem of Melnick–
Pecastaing verifies the conjecture for (𝑀, 𝑔) real-analytic,
with finite fundamental group [MP19].

Theorem (Melnick–Pecastaing 2019). For (𝑀𝑛, 𝑔) a com-
pact, simply connected, real-analytic Lorentzian manifold with
𝑛 ≥ 3, Conf(𝑀, [𝑔]) is compact.

A compact conformal group always preserves a metric
in the conformal class, the average over the group of the
pullbacks of an initial metric in [𝑔]. Thus there are no
essential conformal groups for (𝑀, 𝑔) as in the theorem,
and the LLC is vacuously true in this case. Conversely, the
LLC together with D’Ambra’s Theorem would imply the
above statement. If 𝐻 = Conf(𝑀, [𝑔]) were noncompact,
D’Ambra’s Theorem would say 𝐻 must be essential. The
LLC would imply that 𝑀 is conformally flat. But there are
no compact, simply connected, conformally flat Lorentz-
ian manifolds. Indeed, for any manifold 𝑀 with a (𝐺, 𝐗)-
structure, there is a developing map from the universal cover
𝛿 ∶ �̃� → 𝐗. If �̃� is compact, then 𝛿 is a covering map, and
the (𝐺, 𝐗)-structure is complete. This is not possible with
𝐗 = 𝐒1,𝑛−1, which has infinite fundamental group.
Other conformal problems. Two basic problems on com-
pact pseudo-Riemannianmanifolds, under the auspices of
the VGC, are to classify the homogeneous spaces with non-
compact conformal group, and to classify the possible con-
nected noncompact conformal groups in general.

In the Lorentzian case, the LLC would indicate that the
first problem comprises the analogous classification of iso-
metrically homogeneous Lorentzian spaces, and the clas-
sification of compact, conformally flat Lorentzian mani-
folds with essential conformal group. The first problem
was solved by Zeghib in [Zeg98b]. The second problem
may be approachable, but we do not currently know that
all such (PO(2, 𝑛 − 1), 𝐒1,𝑛−1)-spaces must be Kleinian. In
higher signature, the first, isometric classification is not
known.

For the second problem, we have the real-rank and
nilpotence degree bounds mentioned above. For compact
Lorentzian manifolds, Pecastaing completed the classifica-
tion of noncompact, semisimple, conformal groups. They
are necessarily of real-rank one or two; symplectic and ex-
ceptional groups do not occur.

With regard to conformal pseudo-Riemannian transfor-
mations, we are still far from proving but we are less far
from starting the VGC since D’Ambra and Gromov’s influ-
ential manuscript of 30 years ago.
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Projective Transformations
Projective structures are geometrizations of systems of
second-order ODEs on 𝑈 ⊂ 𝐑𝑛 of the form

̈𝛾1 + 𝑄1( ̇𝛾)
̇𝛾1

= ⋯ = ̈𝛾𝑛 + 𝑄𝑛( ̇𝛾)
̇𝛾𝑛

, (3)

where 𝑄𝑖 are quadratic forms on 𝐑𝑛. Note that the set
of solutions is invariant under smooth reparametrization.
É. Cartan proved that for such a system, there are torsion-
free connections whose geodesics are the solutions. Two
such connections ∇ and ∇′ have the same geodesics up to
reparametrization. They are related, for vector fields 𝑋 and
𝑌 , by:

∇′
𝑋𝑌 = ∇𝑋𝑌 + 𝜈(𝑋)𝑌 + 𝜈(𝑌)𝑋, (4)

where 𝜈 is a 1-form. A projective structure on a manifold
𝑀𝑛 can thus be defined as an equivalence class [∇] of
torsion-free connections according to (4). For 𝑛 ≥ 2, these
correspond canonically to Cartan geometries modeled on
𝐑𝐏𝑛 and are rigid geometric structures of order 2, formally
quite similar to conformal structures. The projective group
Proj(𝑀, [∇]) comprises the diffeomorphisms of𝑀 preserv-
ing [∇].
Strongly essential projective flows. Consider the para-
bolic subgroup 𝑃 < SL𝑛+1(𝐑) stabilizing a line ℓ ⊂ 𝐑𝑛+1.
It has Levi decomposition 𝑃 ≅ GL𝑛(𝐑) ⋉ 𝑈, where the
unipotent radical𝑈 acts trivially on𝐑𝑛+1/ℓ, and thus with
trivial differentials on 𝑇ℓ𝐑𝐏𝑛. An isomorphism 𝑈 ≅ 𝐑𝑛∗

can be defined as follows: given 𝜉 ∈ 𝐑𝑛∗ ≅ (𝐑𝑛+1/ℓ)∗,
the element 𝑢𝜉 is determined by the action on projective
lines 𝛾𝑣 through ℓ, as 𝑣 ranges over 𝐑𝑛+1/ℓ; it effects the
fractional linear reparametrization

(𝑢𝜉.𝛾𝑣)(𝑠) = 𝛾𝑣 (
𝑠

1 + 𝜉(𝑣)𝑠) . (5)

Nagano–Ochiai considered a projective flow {𝜑𝑡} on an
arbitrary (𝑀, [∇]) having a fixed point 𝑥 with 𝐷𝑥𝜑𝑡 triv-
ial for all 𝑡. For such a strongly essential flow, there is
𝜉 ∈ 𝑇∗𝑥𝑀 such that each geodesic 𝛾𝑣 is reparametrized ac-
cording to (5) with 𝑡𝜉 in place of 𝜉. This can be calcu-
lated from the ODE (3) or can be seen via the Cartan con-
nection. They then compute that, in a suitable framing
along 𝛾𝑣(𝑠), the differential of 𝜑𝑡 is a scalar contraction by
𝜆𝑠(𝑡) = (1 + 𝜉(𝑣)𝑠𝑡)−1. The flow by 𝜑𝑡 contracts the projec-
tive Weyl curvature 𝑊 at 𝛾𝑣(𝑠) by a factor of 𝜆𝑠(𝑡)2. They
conclude that 𝑊𝛾𝑣(𝑠) vanishes for all 𝑣 and all 𝑠. A neigh-
borhood of 𝑥 in𝑀 is thus projectively flat. This 1986 paper
was an early application of Cartan connections for rigidity
of transformation groups. The technique reappears and
evolves in Frances’ influential proof of the Ferrand-Obata
Theorem for rank-one parabolic geometries from above.

Local flatness results in the presence of strongly essen-
tial flows have been proved for other parabolic geometries
by Alekseevsky, Frances, Frances–Melnick, Čap–Melnick,
and Melnick–Neusser.

Riemannian Levi-Civita connections. The projective ana-
logue of the Lichnerowicz Conjecture would posit that a
compact affine manifold (𝑀𝑛, ∇) with essential projective
group is equivalent to 𝐑𝐏𝑛, up to finite covers, with essen-
tial taken tomean not preserving a connection in [∇]. Such
a statement has not yet received strong endorsement.

For (𝑀𝑛, ∇) a Riemannian manifold with Levi-
Civita connection, however, the study of Proj(𝑀, [∇]) is
classical—these are the transformations preserving the set
of unparametrized geodesics. A Lichnerowicz-type conjec-
ture appears in this context in the paper ofNagano–Ochiai;
in fact, they proved that a compact, Riemannian manifold
admitting a strongly essential projective flow is equivalent
up to finite covers to 𝐑𝐏𝑛.

For metrics admitting essential projective deformations,
Levi-Civita found normal forms at generic points. Starting
from these, Solodovnikov proved the following theorem
in 1969 for real-analytic Riemannian manifolds (𝑀𝑛, 𝑔),
with 𝑛 ≥ 3. The full theorem was proved by Matveev in
2007 [Mat07].

Theorem (Matveev 2007). Let 𝐻 ≤ Proj(𝑀𝑛, [∇𝑔]) for 𝑀
a compact, connected Riemannian manifold, 𝑛 ≥ 2, and ∇𝑔

the Levi-Civita connection. If 𝐻 is connected and does not act
by affine transformations of ∇𝑔, then (𝑀𝑛, 𝑔) is isometric to a
sphere of constant curvature, up to finite covers.

The theorem in fact holds for 𝑀 noncompact and
complete. For 𝑀 compact, Yano proved in 1952 that
Aff

0(𝑀,∇𝑔) ≅ Isom0(𝑀, 𝑔). The hypothesis that 𝐻 is es-
sential could thus be replaced with noncompactness. We
have another great examplar of the VGC.

Matveev’s proof uses techniques from integrable sys-
tems as well as the crucial fact, presaged in work of Dini
and Liouville, that the projective class of a Levi-Civita con-
nection is a finite-dimensional space. Any two Riemann-
ian metrics 𝑔 and 𝑔′ are related by a field 𝐿 of self-adjoint
endomorphisms of 𝑇𝑀. The PDEs on 𝐿 corresponding to
∇𝑔 ∼ ∇𝑔′ are not linear. However, a “weighted” version is:
the metric 𝑔′ defined for 𝑢, 𝑣 ∈ 𝑇𝑥𝑀 by

𝑔′𝑥(𝑢, 𝑣) =
1

det 𝐿𝑥
𝑔𝑥(𝐿−1𝑥 𝑢, 𝑣)

is projectively equivalent to 𝑔 if and only if for all 𝑢, 𝑣 ∈
𝑇𝑥𝑀, for all 𝑥 ∈ 𝑀,

𝑔𝑥((∇𝑔
ᵆ𝐿)𝑥𝑣, 𝑤) =

1
2(𝑔𝑥(𝑣, 𝑢)𝑑𝜆𝑥(𝑤) + 𝑔𝑥(𝑤, 𝑢)𝑑𝜆𝑥(𝑣)),

where 𝜆 = tr 𝐿. A BM-structure is a smooth field of self-
adjoint endomorphisms satisfying this equation. This def-
inition was made in 1979 by Sinjukov and was rediscov-
ered by Bolsinov–Matveev in 2003.

In Matveev’s Theorem as stated, 𝐻 must be connected.
He gave a counterexample on the 2-torus, based on a clas-
sification due to Dini: Let 𝑓 be a nonvanishing function
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on 𝑆1. For

𝑔 = (𝑓(𝑥) − 1
𝑓(𝑦)) (√𝑓(𝑥)𝑑𝑥2 + 1

√𝑓(𝑦)
𝑑𝑦2) ,

the involution exchanging 𝑥 and 𝑦 is an essential pro-
jective transformation. The reformulation of Matveev’s
Theorem with 𝐻 assumed noncompact, how-
ever, holds even for 𝐻 disconnected. Zeghib showed that
|Proj(𝑀, [∇𝑔]) ∶ Isom(𝑀, 𝑔)| ≤ 2𝑛, unless𝑀 is isometric to
a sphere, in 2016; this bound was subsequently improved
to 2 by Matveev.
Pseudo-Riemannian Levi-Civita connections. The def-
inition of BM-structure applies as well to pseudo-
Riemannian metrics. In this case, the normal forms for
the projectively related metrics are more difficult to ana-
lyze. Denote ℒ𝑔 the space of BM-structures for a metric 𝑔.
Homothetic metrics are affinely equivalent, so dim ℒ𝑔 ≥ 1
in general.

Let (𝑀𝑛, 𝑔) be a semi-Riemannian Einstein space, not
necessarily compact, with 𝑛 ≥ 3. Kiosak–Matveev proved
in 2009 that if 𝑀 is geodesically complete and admits es-
sential projective transformations, then it is Riemannian
and isometric to the sphere, up to finite covers. They also
proved that essential projective transformations of 𝑀 give
nonconstant solutions of the following Gallot-Tanno equa-
tion:

(∇3𝜎)(𝑋, 𝑌, 𝑍) = 𝑐 (2(∇𝑥𝜎) ⋅ 𝑔(𝑌, 𝑍)
+(∇𝑌𝜎) ⋅ 𝑔(𝑋, 𝑍) + (∇𝑍𝜎) ⋅ 𝑔(𝑌, 𝑋)) , 𝑐 ∈ 𝐑, (6)

where ∇ = ∇𝑔; namely, 𝜎 = tr 𝐿 for 𝐿 the corresponding
BM-structure. Here is a lovely analogy with the divergence
of conformal vector fields and (2).

Now let (𝑀, 𝑔) be any compact, semi-Riemannian man-
ifold. In 2010, Matveev–Mounoud proved that (6) has
nonconstant solutions only if (𝑀, 𝑔) is Riemannian and
isometric to a sphere, up to finite covers. This fact was es-
tablished for Riemannian metrics through work of Gallot,
Tanno, and Hiramatu. These two results combine to prove
the Projective Lichnerowicz Conjecture (PLC) for compact
(𝑀, 𝑔) when 𝑔 is Einstein.

Kiosak–Matveev proved in 2010 that if dim ℒ𝑔 ≥ 3, then
there are nonconstant solutions of (6); this was previously
proved in the Riemannian case by Solodovnikov. Thus the
PLC also holds when (𝑀, 𝑔) is compact and dim ℒ𝑔 ≥ 3.

Bolsinov, Matveev, and Rosemann developed normal
forms for pseudo-Riemannian metrics admitting essential
projective vector fields that led to a proof in 2015 of the
PLC for closed Lorentzian manifolds. The function 𝜎 =
tr 𝐿 and, more generally, the nonconstant eigenvalues of
𝐿 again play an important role. The gradients of the latter
functions are coordinate vector fields in the normal forms.
The conclusion is ultimately reached by showing that 𝜎
satisfies (6). They simultaneously prove the Yano-Obata

Conjecture for c-projective structures on closed manifolds
of dimension at least four. This is the Kähler version of
metric projective structures and the PLC. Lacking the space
for this interesting topic, we refer to the survey [CEMN20],
and, for definite Kähler metrics, to papers of Apostolov–
Calderbank–Gauduchon.
The space ℒ𝑔. Let (𝑀, 𝑔) be a compact pseudo-
Riemannian manifold. Assume dim ℒ𝑔 = 2. The projec-
tive group of [∇𝑔] acts linearly on ℒ𝑔 by a representation
𝜌𝑔. In 2016 Zeghib showed Aff(𝑀,∇𝑔) = Isom(𝑀, 𝑔) =
ker 𝜌𝑔, up to finite index subgroups. The quotient �̄� =
Proj(𝑀, [∇𝑔])/Isom(𝑀, 𝑔) acts by fractional linear transfor-
mations on 𝐏(ℒ𝑔), under a suitable identification with
𝐑𝐏1. He verifies this action has finite kernel, and, by a
beautiful analysis, proves that ̄𝜌𝑔(�̄�) lies in an elementary
subgroup of PGL2(𝐑). Therefore, up to finite index and
finite quotients, �̄� is isomorphic to a subgroup of 𝐑.

Given any torsion-free connection ∇, let ℒ be the space
of semi-Riemannian metrics 𝑔 with ∇𝑔 ∼ ∇. This is the
space of solutions of the metrizability problem for ∇, which
has been studied as early as the 1880s by Liouville. Let ℒ0
comprise the symmetric 2-tensors 𝜂 ∈ Sym2𝑇𝑀 for which
(∇𝜂)0, the trace-free component of ∇𝜂, vanishes. Then ℒ
can be identified with the open set of nondegenerate ele-
ments of ℒ0. If there is one 𝑔 ∈ ℒ, then a neighborhood
of 𝑔 of dimension dim ℒ0 is contained in ℒ.

Eastwood–Matveev prolonged the equation (∇𝜂)0 = 0
and found a nice characterization of the solutions. Let
�̂� be the Cartan bundle, and 𝑃, as usual, the stabilizer
of a line ℓ in 𝐑𝑛+1. The associated vector bundle 𝒱 =
�̂� ×𝑃 Sym2𝐑𝑛+1 is called a tractor bundle. The Cartan con-
nection gives a projectively-invariant connection ∇𝜔 on 𝒱.
Modifications of ∇𝜔 by terms involving the Cartan curva-
ture give othermeaningful, invariant connections. For one
of these, given explicitly by Eastwood–Matveev, the paral-
lel sections are the solutions of the metrizability equation,
via a projection corresponding to Sym2(𝐑𝑛+1/ℓ). Those
satisfying a nondegeneracy condition give metrics in the
projective class.

The PLC for Levi-Civita connections in higher signature
is believed to be true, but has yet to be proved in the case
dim ℒ𝑔 = 2. For nonmetric connections, a wide range of
questions on both projective and affine transformations
are open.
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Sums of Squares:
A Real Projective Story

Grigoriy Blekherman, Rainer Sinn,
Gregory G. Smith, and Mauricio Velasco
Howdowe find theminimumof the function 2(𝑥2−𝑦𝑧) on
the unit sphere? An algebraic way to see that theminimum
equals −1 involves the decomposition

2(𝑥2 − 𝑦𝑧) + 1 − (1 − 𝑥2 − 𝑦2 − 𝑧2) = 3𝑥2 + (𝑦 − 𝑧)2 .
The unit sphere in ℝ3 is the zero-locus of the polynomial
1 − 𝑥2 − 𝑦2 − 𝑧2. This decomposition establishes that the
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function 2(𝑥2 − 𝑦𝑧) + 1 is a sum of squares modulo the
defining equation of the unit sphere, so this function is
nonnegative on the sphere. Thus, we have a certificate that
theminimum of 2(𝑥2−𝑦𝑧) on the unit sphere is at least−1.
This lower bound is optimal because the sum of squares
3𝑥2+(𝑦−𝑧)2 vanishes at the points± 1

√2
(0, 1, 1) on the unit

sphere. Figure 1 illustrates that the unit sphere is tangent
to the zero-locus of 2(𝑥2 − 𝑦𝑧) + 1 at these two points.

This example indicates that nonnegativity is intimately
related to polynomial optimization and sum-of-squares
representations give rise to lower bounds on minima.
Does this approach lead to sharp bounds for all quadratic
polynomials? Does it apply to higher-degree polynomi-
als on the unit sphere? What happens when we replace
the unit sphere with another algebraic variety? This article
examines these basic questions. In the process, we also un-
cover fascinating connections between real and complex al-
gebraic geometry. Remarkably, convex geometry provides
the bridge between these two worlds.
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Figure 1. The unit sphere in red and the zero-locus of
2(𝑥2 − 𝑦𝑧) + 1 in teal.

As a second motivating example, let 𝑋 be the cubic
surface defined as the real zero-locus of the polynomial
𝑞 ≔ 𝑥𝑦𝑧 − 𝑤3 and consider 𝑓 ≔ 𝑥2 + 𝑦2 + 𝑧2 − 3𝑤2. This
quadratic polynomial is not a sum of squares modulo the
defining ideal of 𝑋 because no nonzero polynomial of de-
gree less than 3 vanishes on the algebraic variety 𝑋 and 𝑓
is not globally nonnegative. Nevertheless, we claim that 𝑓
is nonnegative on the algebraic variety 𝑋 . We prove this in
Section 1 by recognizing 𝑓 as the Motzkin polynomial in
disguise. More directly, we certify the nonnegativity of 𝑓
on 𝑋 with the sum-of-squares decomposition

𝑔 𝑓 − 12𝑤 𝑞 = ℎ21 + ℎ22 +⋯+ ℎ26,

where 𝑔 ≔ 𝑥2 + 𝑦2 + 𝑧2 + (√3𝑤)2 is a sum of squares,
and the squares on the right are given by ℎ1 ≔ 𝑥2 − 𝑤2,
ℎ2 ≔ √2(𝑥𝑦 − 𝑧𝑤), ℎ3 ≔ √2(𝑥𝑧 − 𝑦𝑤), ℎ4 ≔ 𝑦2 − 𝑤2,
ℎ5 ≔√2(𝑦𝑧 − 𝑥𝑤), and ℎ6 ≔ 𝑧2 − 𝑤2. The important new
ingredient is the multiplier 𝑔. As 𝑔 is nonnegative and not
divisible by the irreducible polynomial 𝑞, this decomposi-
tion confirms that 𝑓 ⩾ 0 whenever 𝑞 = 0. Equivalently,
the function 𝑓 is the sum ∑𝑖 ℎ2𝑖 /𝑔 of nonnegative rational
functions on the variety 𝑋 . Restricting to 𝑤 = 1, Figure 2
depicts the variety 𝑋 as tangent to the sphere defined by
𝑥2+𝑦2+𝑧2 = 3 at the points (1, 1, 1), (1, −1, −1), (−1, 1, −1),
and (−1, −1, 1). Thus, the restriction of the function 𝑓 to
𝑋 ∩ {𝑤 ≠ 0} has a minimum value equal to zero.

To understand the relationship between nonnegativity
and sums of squares, it suffices to consider homogeneous
polynomials. Indeed, homogenizing any sum-of-squares
decomposition by introducing a new variable produces a
homogeneous sum-of-squares decomposition. It follows
that a polynomial is a sum of squares modulo the ideal of
an affine subvariety 𝑋 ⊆ 𝔸𝑛 if and only if an appropriate
homogenization (having sufficiently high degree) is a sum
of squares modulo the homogeneous ideal of the projec-
tive completion 𝑋 ⊆ ℙ𝑛.

Working with projective varieties has conceptual and
technical advantages, so we concentrate on nonnegative

Figure 2. The real zero-loci of 𝑥𝑦𝑧 − 1 in red and 𝑥2 + 𝑦2 + 𝑧2 − 3
in teal.

functions and sums of squares on real subvarieties of pro-
jective space. We examine three problems:
(1) Identify all of the real projective varieties on which

every nonnegative quadratic function is a polynomial
sum of squares.

(2) Knowing that a nonnegative function is a polynomial
sum of squares on a projective variety, control the
number of squares needed in such a decomposition.

(3) Bound the degree of a sum-of-squares multiplier such
that its product with a nonnegative function decom-
poses into a polynomial sum of squares.

Each of the subsequent sections is devoted to one of these
problems. Sections begin with some historial context be-
fore describing more recent results.

Sums of squares of polynomials are indispensable in
the theory of nonnegative polynomials. Beyond forming
a self-evident subset of nonnegative polynomials, there
are practical algorithms for deciding whether a given poly-
nomial is a sum of squares. The existence of a poly-
nomial sum-of-squares decomposition is equivalent to
the feasibility of a semidefinite programming problem:
a convex optimization problem with a linear objective
function on the intersection of the cone of positive semi-
definite matrices with an affine linear space. There are
robust and efficient software packages, typically based
on interior point methods, for solving these semidefinite
programming problems. More theoretically, polynomial
sums of squares generate an infinite hierarchy of approx-
imations for the set of nonnegative polynomials. The re-
sulting sum-of-squares relaxations (also known as Lasserre
relaxations) play a prominent role in engineering applica-
tions and computer science; see Chapter 7 in [4].

1. Geometry of Sums of Squares
When is every nonnegative polynomial a sum of squares?
For which degrees and in how many variables is there an
equivalence? David Hilbert gave a eulogy [17] in 1910 for
Hermann Minkowski (1864–1909) to the Royal Society of
Sciences in Göttingen. Hilbert explained that the history
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of this question began in 1885 with Minkowski’s thesis de-
fense. Hilbert participated in this defense as an examiner.
Two years prior to the defense, Minkowski made a name
for himself by solving a problem posed by Eisenstein in
a competition for the Academy of Sciences (Paris) about
the number of representations of a positive integer as a
sum of five squares. His doctoral thesis was a continuation
of this prize-winning work. In his defense, Minkowski ar-
gued that there are polynomials with real coefficients that
are nonnegative functions on Euclidean space but cannot
be written as sums of squares of polynomials.

Minkowski never published these insights, but he did
inspire Hilbert’s seminal work in the area. Hilbert [15]
demonstrated, in 1888, that Minkowski’s claim is cor-
rect by completely characterizing when every nonnegative
polynomial is a polynomial sum of squares.

Theorem 1.1 (Hilbert). Every nonnegative homogeneous poly-
nomial on ℝ𝑛 having degree 2𝑑 is a sum of squares of polyno-
mials if and only if
• 2𝑑 = 2, (quadratic forms)
• 𝑛 = 2, or (binary forms)
• 𝑛 = 3 and 2𝑑 = 4. (ternary quartics)

In a second paper, Hilbert [16] also characterized non-
negative polynomials in two variables (or equivalently ho-
mogeneous polynomials in three variables) as sums of
squares of rational functions. These results undoubtably
prompted Hilbert to formulate the 17th problem on his
celebrated list of 23 problems.

For the first two cases in Theorem 1.1, establishing that
all nonnegative polynomials are sums of squares of poly-
nomials is relatively straightforward. The third case is no-
ticeably more challenging. Arguably, the hardest part is
proving that there exist nonnegative polynomials that are
not polynomial sums of squares in all of the remaining
cases. Hilbert accomplished this task with an impressive
nonconstructive argument.

Curiously, TheodoreMotzkin published in 1967, nearly
80 years after Hilbert’s paper, the first explicit example of
a nonnegative polynomial that cannot be expressed as a
polynomial sum of squares. The Motzkin polynomial is
the ternary sextic 𝑥60+𝑥41𝑥22+𝑥21𝑥42−3𝑥20𝑥21𝑥22. By taking suit-
able means of 𝑥20, 𝑥21, and 𝑥22, the nonnegativity of this ho-
mogeneous polynomial on ℝ3 follows immediately from
the arithmetic-geometric mean inequality.
Real projective varieties. As alluded in the preceding sec-
tion, it is advantageous to work with homogeneous poly-
nomials and real projective varieties. Within this broader
framework, we not only generalize Theorem 1.1 but dis-
cover a geometric characterization of the equality between
nonnegative polynomials and sums of squares.

We consider the 𝑛-dimensional projective space ℙ𝑛 to
be the set of lines in ℂ𝑛+1 passing through the origin. The

point 𝑝 ≔ [𝑝0 ∶ 𝑝1 ∶⋯ ∶ 𝑝𝑛] ∈ ℙ𝑛 is the equivalence class

{(𝜆𝑝0, 𝜆𝑝1, … , 𝜆𝑝𝑛)∈ ℂ𝑛+1 ⧵ {𝟎} || for some 0 ≠ 𝜆∈ ℂ}.
The point 𝑝 is real if it has a representative [𝑝0∶𝑝1∶⋯∶𝑝𝑛]
such that 𝑝𝑖 ∈ ℝ for all 0 ⩽ 𝑖 ⩽ 𝑛.

A real subvariety 𝑋 ⊆ ℙ𝑛 is the set of common zeroes
of some homogeneous polynomials with real coefficients
in the variables 𝑥0, 𝑥1, … , 𝑥𝑛. Whenever a homogeneous
polynomial 𝑓 vanishes at 𝑝 ≔ (𝑝0, 𝑝1, … , 𝑝𝑛) ∈ ℂ𝑛+1, it
also vanishes at all scalar multiples because homogeneity
implies that 𝑓(𝜆𝑝) = 𝜆deg(𝑓)𝑓(𝑝) for all nonzero scalars 𝜆.
In other words, the homogeneous polynomial 𝑓 vanishes
at the point [𝑝0 ∶𝑝1 ∶⋯∶𝑝𝑛] ∈ ℙ𝑛 and the set of common
zeroes of a collection of homogeneous polynomials is a
subset of ℙ𝑛. For example, the twisted cubic curve

𝐶 ≔ {[𝑡30 ∶ 𝑡20𝑡1 ∶ 𝑡0𝑡21 ∶ 𝑡31] ∈ ℙ3 || [𝑡0 ∶ 𝑡1] ∈ ℙ1}
is the set of common zeroes of the quadratic polynomials
𝑥0𝑥2 − 𝑥21, 𝑥0𝑥3 − 𝑥1𝑥2, and 𝑥1𝑥3 − 𝑥22.

Throughout, we assume that the subvariety 𝑋 ⊆ ℙ𝑛
is nondegenerate and totally real. The first assumption
means that the subvariety 𝑋 does not lie in a hyper-
plane. This mild hypothesis guarantees that the ambient
projective space ℙ𝑛 is not unnecessarily large. The sec-
ond assumption is more significant—it ensures that 𝑋 has
enough real points. By definition, the subvariety 𝑋 is to-
tally real if the set of real points in 𝑋 , regarded as a subset
of the complex points in𝑋 , is dense in the Zariski topology.
Equivalently, every irreducible component of the algebraic
variety 𝑋 has a nonsingular real point. The twisted cubic
curve in ℙ3 is totally real whereas the zero set of the poly-
nomial 𝑥20+𝑥21+⋯+𝑥2𝑛 is not because it does not contain
a real point in ℙ𝑛.

In this geometric context, polynomials are replaced by
elements in another ring. The homogeneous coordinate
ring 𝑅 of the subvariety 𝑋 ⊆ ℙ𝑛 is the quotient of the
polynomial ring ℝ[𝑥0, 𝑥1, … , 𝑥𝑛] by the ideal generated by
all homogeneous polynomials that vanish on 𝑋 . For any
nonnegative integer 𝑗, let 𝑅𝑗 denote the real vector space
spanned by the homogeneous elements in 𝑅 of degree 𝑗.
Generalizing the concept of a polynomial sum of squares
is not difficult. A homogeneous element 𝑓 ∈ 𝑅2𝑗 is a
sum of squares on 𝑋 if there exist homogeneous elements
ℎ1, ℎ2, … , ℎ𝑟 ∈ 𝑅𝑗 such that 𝑓 = ℎ21 + ℎ22 +⋯+ ℎ2𝑟 .

In comparison, defining nonnegativity requires more
care. A homogeneous element 𝑓 ∈ 𝑅2𝑗 of even degree is
nonnegative on 𝑋 if its evaluation at each real point in 𝑋
is greater than or equal to 0. Since elements in the ring
𝑅 and points in the space ℙ𝑛 may both be thought of as
equivalence classes, the evaluation process involves choos-
ing a polynomial in ℝ[𝑥0, 𝑥1, … , 𝑥𝑛] to represent the ring
element and a point in ℝ𝑛+1 to represent the real point
in 𝑋 ⊂ ℙ𝑛. Although a homogeneous element 𝑓 in 𝑅2𝑗
does not determine a function from 𝑋 to ℝ, evaluating
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its polynomial representative at a representative point in
ℝ𝑛+1 does have a well-defined sign because the degree of
polynomial is even. We recover our original notion of non-
negativity for polynomials when 𝑋 = ℙ𝑛.
Example 1.2. Since we have

𝑥20 − 𝑥0𝑥3 + 𝑥1𝑥2 + 𝑥2𝑥3 = 𝑥20 + 𝑥2𝑥3 − (𝑥0𝑥3 − 𝑥1𝑥3) ,
both 𝑥20 − 𝑥0𝑥3 + 𝑥1𝑥2 + 𝑥2𝑥3 and 𝑥20 + 𝑥2𝑥3 represent
the same element in the homogeneous coordinate ring
of the twisted cubic curve 𝐶. Choosing (1, 0, 0, 0) ∈ ℝ4

or (−2, 0, 0, 0) ∈ ℝ4 as representatives for the real point
[1 ∶ 0 ∶ 0 ∶ 0] ∈ 𝐶, either of the evaluations

(1)2 − (1)(0) + (0)(0) + (0)(0) = 1 > 0
or (−2)2 + (0)(0) = 4 > 0 show that this element in the
homogeneous coordinate ring is positive at this point. ⋄
Sums of squares on real projective varieties. The real vec-
tor space 𝑅2 of quadrics on the real subvariety 𝑋 ⊆ ℙ𝑛 con-
tains two fundamental subsets:
• The set 𝑃𝑋 ⊆ 𝑅2 consists of those elements whose eval-

uations at every real point in 𝑋 is nonnegative;

𝑃𝑋 ≔ {𝑓 ∈ 𝑅2 ∣ 𝑓(𝑥) ⩾ 0 for all real points 𝑥 ∈ 𝑋} .
• The set Σ𝑋 ⊆ 𝑅2 consists of sums of squares;

Σ𝑋 ≔ {∑
𝑖
ℎ2𝑖 ∣ ℎ𝑖 ∈ 𝑅1 for all 𝑖} .

As the square of any real number is nonnegative, we have
the inclusion Σ𝑋 ⊆ 𝑃𝑋 . Following Hilbert [15], we ask the
following question.

Question 1.3. For which subvarieties 𝑋 ⊆ ℙ𝑛 is every non-
negative quadratic element in 𝑅 a sum of squares? Equiv-
alently, when does the equality Σ𝑋 = 𝑃𝑋 hold?

At first glance, focusing on just the quadratic elements
seems to be a limited generalization of Hilbert’s work.
However, the elbow room gained by considering all real
projective subvarieties alleviates this concern. Suppose
that we are interested in the homogeneous elements of de-
gree 2𝑗 on a subvariety 𝑋 ⊆ ℙ𝑛. Set 𝑚 ≔ (𝑛+𝑗

𝑗
) − 1 and

let 𝜈𝑗 ∶ ℙ𝑛 → ℙ𝑚 be the 𝑗th Veronese map that sends the
point [𝑝0 ∶𝑝1 ∶⋯∶𝑝𝑛] ∈ ℙ𝑛 to the point in ℙ𝑚 whose co-
ordinates are all possible monomials of degree 𝑗 evaluated
at (𝑝0, 𝑝1, … , 𝑝𝑛). By re-embedding the subvariety 𝑋 ⊆ ℙ𝑛,
it is enough to understand the quadratic elements on the
image 𝜈𝑗(𝑋) ⊂ ℙ𝑚.

Example 1.4. On the twisted cubic curve 𝐶, the set 𝑃𝐶
may be identified with the homogeneous polynomials in
ℝ[𝑡0, 𝑡1] having degree 6 that are nonnegative on ℙ1. Like-
wise, the set Σ𝑋 may be identified with sums of squares of
homogeneous polynomials inℝ[𝑡0, 𝑡1] having degree 3. By
Theorem 1.1, these sets coincide, so 𝑃𝐶 = Σ𝐶 . ⋄

Example 1.5. A variant of the Veronese map shows that
the Motzkin polynomial 𝑥60 + 𝑥41𝑥22 + 𝑥21𝑥42 − 3𝑥20𝑥21𝑥22 is
not a sum of squares of cubic polynomials. If it were,
then an easy (if somewhat tedious) case study shows that
the cubic polynomials would only involve the monomi-
als 𝑥30, 𝑥21𝑥2, 𝑥1𝑥22, 𝑥0𝑥1𝑥2. Alternatively, one may use New-
ton polytopes (the convex hull of the exponent vectors)
to identify these monomials. The Newton polytope of a
sum of squares contains the Newton polytopes of every
summand, and the Newton polytope of a product is the
Minkowski sum of the Newton polytopes of the factors.
So consider the map ℙ2 → ℙ3 defined by

[𝑥0 ∶ 𝑥1 ∶ 𝑥2] ↦ [𝑥30 ∶ 𝑥21𝑥2 ∶ 𝑥1𝑥22 ∶ 𝑥0𝑥1𝑥2] .

The image of this map is the zero-locus of the polynomial
𝑞 ≔ 𝑥𝑦𝑧 − 𝑤3 where the homogeneous coordinate ring of
ℙ3 is ℝ[𝑥, 𝑦, 𝑧, 𝑤]. Hence, the Motzkin polynomial is the
restriction of the function 𝑓 ≔ 𝑥2+𝑦2+𝑧2−3𝑤2 to the im-
age variety. As explained in the first section, this quadratic
polynomial is not a sum of squares modulo the defining
ideal of the surface because no nonzero polynomial of de-
gree less than 3 vanishes on the image variety and 𝑓 is not
nonnegative on ℙ3. Therefore, the Motzkin polynomial
cannot be a polynomial sum of squares. ⋄

The surprising answer to Question 1.3, restated in the
next theorem, first appeared as Theorem 1.1 in [8]. To for-
mulate this result, recall that a variety is irreducible if it is
not the union of two proper subvarieties. From the alge-
braic point of view, a variety is irreducible if and only if
the ideal of polynomials vanishing on it is prime.

Theorem 1.6 (Blekherman, Smith, and Velasco). Let 𝑋 be
an irreducible nondegenerate totally-real subvariety in ℙ𝑛. Ev-
ery nonnegative quadratic function on 𝑋 is a polynomial sum of
squares, modulo the defining ideal of 𝑋, if and only if we have
deg(𝑋) = codim(𝑋) + 1.

This theorem reveals a remarkable connection between
a semialgebraic property (any nonnegative polynomial be-
ing a polynomial sum of squares) and the fundamental
geometric invariants of the complex variety. For any sub-
variety 𝑋 ⊆ ℙ𝑛, the codimension is a simple numerical
measure of its relative size; codim(𝑋) ≔ 𝑛 − dim(𝑋). The
degree is a second numerical invariant depending on the
embedding of the variety 𝑋 in ℙ𝑛. Geometrically, the
degree, denoted by deg(𝑋), is the number of points in
the intersection of the variety 𝑋 and a general linear sub-
space of dimension codim(𝑋). For instance, if we inter-
sect the twisted cubic 𝐶 = {[𝑡30 ∶ 𝑡20𝑡1 ∶ 𝑡0𝑡21 ∶ 𝑡31]} ⊂ ℙ3
with the generic hyperplane given by the linear equation
𝑎𝑥0 + 𝑏𝑥1 + 𝑐𝑥2 + 𝑑 𝑥3 = 0, then the intersection points
correspond to the three (typically distinct) roots of the bi-
nary cubic 𝑎 𝑡30 +𝑏 𝑡20𝑡1 + 𝑐 𝑡0𝑡21 +𝑑 𝑡31 , so deg(𝐶) = 3. As the
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codimension of the curve 𝐶 in ℙ3 is 2, Theorem 1.6 again
implies that 𝑃𝐶 = Σ𝐶 ; compare with Example 1.4.

The irreducible nondegenerate subvarieties 𝑋 ⊂ ℙ𝑛 sat-
isfying deg(𝑋) = codim(𝑋) + 1 are called varieties of min-
imal degree. As the terminology suggests, these subvari-
eties do have the smallest possible degree. The complete
classification of varieties of minimal degree is one of the
outstanding achievements of the classical Italian school of
algebraic geometry. Pasquale del Pezzo (1886) classified
the surfaces of minimal degree and Eugenio Bertini (1907)
extended it to varieties of any dimension; see [13] for an
account. The next subsection summarizes this result and
highlights links with sums of squares. The remainder of
this subsection is devoted to two ideas: the impact of the
minimal degree condition and the pivotal role played by
convex geometry, which has so far been hidden.

To get a feel for the degree condition, we temporarily
assume that the subvariety 𝑋 is a finite set of real points
in ℙ𝑛. Although this variety is reducible whenever there is
more than one point, this zero-dimensional case neverthe-
less develops some valuable intuition. If 𝑋 is a variety of
minimal degree, then it is a set of 𝑛 + 1 real points which
span the ambient space ℙ𝑛. Hence, we may choose co-
ordinates on ℙ𝑛 such that 𝑋 = {[𝑒0], [𝑒1], … , [𝑒𝑛]}, where
𝑒1, 𝑒2, … , 𝑒𝑛 are the standard basis vectors for ℝ𝑛+1.

Why can we express every nonnegative quadratic form
as a polynomial sum of squares on this zero-dimensional
variety? The answer essentially comes from interpolation.
The coordinate function 𝑥𝑖 vanishes at all points in 𝑋 ex-
cept [𝑒𝑖] for all 0 ⩽ 𝑖 ⩽ 𝑛. It follows that, for any nonnega-
tive quadratic form 𝑞 on 𝑋 , the equality

𝑞 =
𝑛
∑
𝑖=0

(√𝑞(𝑒𝑖) 𝑥𝑖)
2

holds in the homogeneous coordinate ring of 𝑋 , proving
that 𝑞 is a polynomial sum of squares. If the subvariety
𝑋 has more than 𝑛 + 1 real points (which implies that
deg(𝑋) > codim(𝑋)+1), then the interpolation is no longer
possible, because there exists a nontrivial linear relation
between the values of the linear forms at the points on 𝑋 .
These linear relations impose constraints on the possible
values of quadratic sums of squares on 𝑋 allowing us to
separate 𝑃𝑋 and Σ𝑋 .

For the surface 𝑋 = 𝜈3(ℙ2) ⊂ ℙ9, Hilbert [15] already
used these linear relations to prove that the cone Σ𝑋 of
sums of squares is properly contained in the cone 𝑃𝑋 of
nonnegative polynomials. A hyperplane section of the
subvariety 𝑋 corresponds to a cubic curve in the plane.
Cutting 𝑋 with two hyperplanes, one obtains the intersec-
tion of two cubic curves in the plane. By Bézout’s Theo-
rem, two general cubics intersect in 9 = 3 ⋅ 3 points, so
deg(𝑋) = 9 = codim(𝑋) + 2. By choosing the two cubics
appropriately, we can arrange for the intersection points to

all be real. These nine points of intersection lie in ℙ7 and
are therefore linearly dependent. Moreover, the values of
cubic forms on these points are also linearly related. In
classical algebraic geometry, this is known as the Cayley–
Bacharach theorem and is stated as: any cubic passing
through any eight points of the intersection must also pass
through the ninth point. Exploiting this linear relation,
Hilbert showed that sum-of-square cone Σ𝑋 is properly
contained in the nonnegativity cone 𝑃𝑋 . Robinson later
used Hilbert’s technique to construct an explicit nonnega-
tive ternary form that is not a sum of squares; see [23].

What serves as the bridge between complex algebraic ge-
ometry and semialgebraic nonnegativity results? For the
work under discussion, the unifying answer is convex ge-
ometry. Both 𝑃𝑋 and Σ𝑋 are more than just subsets of the
vector space 𝑅2 of quadrics on the subvariety 𝑋 ⊆ ℙ𝑛. They
are closed convex cones. As convex cones, these subsets
are closed under taking linear combinations with nonneg-
ative coefficients. Being closed means that these subsets
are closed sets in the natural Euclidean topology on the
real vector space 𝑅2.

Duality is an intrinsic feature of convex geometry. Ev-
ery closed convex cone is equal to the intersection of the
closed half-spaces that contain it. The linear inequalities
defining these closed half-spaces form a convex cone in the
dual vector space, unimaginatively called the dual cone.
The most accessible convex cones are polyhedral, defined
by finitely many linear inequalities. Neither 𝑃𝑋 nor Σ𝑋 is
a polyhedral cone. Their dual cones can be quite compli-
cated. Fortuitously, the dual cone Σ∗𝑋 belongs to the next
best class of convex cones.

For this part of our story, the cone of positive semidefi-
nite matrices plays a distinguished role. The positive semi-
definite quadratic forms constitute the closed convex cone
𝕊𝑛+1+ inside the real vector space ℝ[𝑥0, 𝑥1, … , 𝑥𝑛]2 of qua-
dratic polynomials. Moreover, the sum-of-squares cone
Σ𝑋 is the image of the cone 𝕊𝑛+1+ under the canonical lin-
ear projection from ℝ[𝑥0, 𝑥1, … , 𝑥𝑛]2 to 𝑅2. It follows that
the dual cone Σ∗𝑋 is spectrahedral—this cone can be repre-
sented as a linear matrix inequality or equivalently as the
intersection of 𝕊𝑛+1+ with a linear affine subspace. Under-
standing the minimal generators of the spectrahedral cone
Σ∗𝑋 underpins our advancements.

Convex duality also produces fruitful connections be-
tween real algebraic geometry and real analysis. The dual
cone 𝑃∗𝑋 consists of the linear functionals that are non-
negative on 𝑃𝑋 . Given a linear functional that evaluates
nonnegatively on nonnegative functions, one hopes that
it may be represented as integration with respect to a mea-
sure supported on 𝑋 . This forecast is often correct. For
example, the equality between nonnegative polynomials
and sums of squares in the univariate leads to a solution
of the Hamburger, Hausdorff, and Stiltjes moment prob-
lems; see Chapters 3 and 9 in [25].
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The classification. Varieties of minimal degree come in
three flavors. The most palatable are quadratic hypersur-
faces. The real quadratic forms satisfying the hypothesis
of Theorem 1.6 are necessarily indefinite. Specializing to
this case, the theorem asserts that, when a quadratic form
is nonnegative on the set of real points at which an indef-
inite quadratic form vanishes, there exists a linear com-
bination of the two forms that is positive semidefinite.
This statement is equivalent to the well-known 𝑆-Lemma
(or 𝑆-procedure) in the optimization community. When
𝑋 = ℙ𝑛, this covers the quadratic forms in Theorem 1.1.

The second flavor is an infinite family of projective vari-
eties called rational normal scrolls. Every member in this
family is a smooth toric variety, but there are infinitely
many in each dimension. The one-dimensional family
members are the rational normal curves arising as the
Veronese embeddings of ℙ1. This family corresponds to
the binary forms in Theorem 1.1.

The third flavor consists of just one variety, namely the
Veronese surface in ℙ5. This projective variety is defined by
{[𝑥2 ∶ 𝑥𝑦 ∶ 𝑥𝑧 ∶ 𝑦2 ∶ 𝑦𝑧 ∶ 𝑧2] ∈ ℙ5 ∣ [𝑥 ∶ 𝑦 ∶ 𝑧] ∈ ℙ2}. This
exceptional variety corresponds to the sporadic case of the
ternary quartics in Theorem 1.1.

The structure of the rational normal scrolls warrants
a closer look. The surfaces in this family are toric va-
rieties corresponding to lattice polygons of the form
conv{(0, 0), (0, 1), (𝑑, 0), (𝑒, 1)}; see Figure 3. This polygon

Figure 3. The polygon of the rational normal scroll when 𝑑 = 4
and 𝑒 = 3.

defines a map from the torus (ℂ∗)2 to ℙ𝑑+𝑒+1 given by
(𝑠, 𝑡) ↦ [1 ∶ 𝑡 ∶ 𝑡2 ∶ ⋯ ∶ 𝑡𝑑 ∶ 𝑠 ∶ 𝑠𝑡 ∶ ⋯ ∶ 𝑠𝑡𝑒], where mono-
mials have exponent vectors equal to the lattice points of
the polygon. The closure of the image is the rational nor-
mal scroll corresponding to the polygon. It is a projective
embedding of the (𝑑 − 𝑒)th Hirzebruch surface. There are
two rational normal curves, one of degree 𝑑 (for 𝑠 = 0) and
one of degree 𝑒 (for 𝑠 = ∞), contained in this surface. The
scroll is swept out by the lines joining the two points on
the rational normal curves for the same values of 𝑡. Assum-
ing that 𝑑 ⩾ 𝑒, one may homogenize and write as the map
ℙ1 × ℙ1 → ℙ𝑑+𝑒+1 sending the pair ([𝑠0 ∶ 𝑠1], [𝑡0 ∶ 𝑡1]) to

[𝑠0𝑡𝑑0 ∶ 𝑠0𝑡𝑑−10 𝑡1 ∶⋯ ∶ 𝑠0𝑡𝑑1 ∶ 𝑠1𝑡𝑑0 ∶ 𝑠1𝑡𝑑−10 𝑡1 ∶⋯ ∶ 𝑠1𝑡𝑑−𝑒0 𝑡𝑒1] .

When 𝑠0 = 1 and 𝑡0 = 1, we recoup the first map.
Higher-dimensional rational normal scrolls are con-

structed in the same way. To obtain a variety of dimension
𝑘, there are 𝑘 rational normal curves in some ℙ𝑁 (whose
spans do not intersect) and the scroll is swept out by the
linear spaces spanned by the 𝑘 points on the curves for the
same value of 𝑡.

More generally, a lattice polytope determines a mono-
mial map by interpreting the lattice points lying in the
polytope as exponent vectors. Toric geometry provides a
dictionary between the properties of the polytopes and the
properties of the (closure of the) image of the correspond-
ing monomial map. A toric surface is a variety of minimal
degree if and only if the polygon does not contain any lat-
tice points in its interior. Excluding the polygons of the
rational normal scrolls that have height one (like the one
in Figure 3), there is only one more example: the trian-
gle conv{(0, 0), (2, 0), (0, 2)} corresponding to the Veronese
surface 𝜈2(ℙ2) ⊂ ℙ5.

Restricting a quadratic form to a rational normal scroll
of dimension 2 yields an element in two variables that has
degree 2 in 𝑠 and degree 2𝑑 in 𝑡 (say 𝑑 ⩾ 𝑒). In the higher-
dimensional cases, it is a form that has degree 2 in vari-
ables 𝑠1, 𝑠2, … , 𝑠𝑘−1 and some degree 2𝑑 in 𝑡. Homogeniz-
ing gives a form that is homogeneous of degree 2 in the
𝑘 variables 𝑠0, 𝑠1, … , 𝑠𝑘−1 and homogeneous of degree 2𝑑
in 𝑡0, 𝑡1. In [11], Man Duen Choi, T. Y. Lam, and Bruce
Reznick called these elements biforms. A biform can also
naturally be thought of as a symmetric matrix with real
polynomial entries that is pointwise positive semidefinite
on ℙ1 as in [14].

From a historical perspective, Theorem 1.6 unites two
fundamental results that developed independently in the
1880s. As we discuss the case of reducible varieties, we will
see that a similar story repeated about 100 years later.
The reducible case. Thus far, we have emphasized sums
of squares on irreducible varieties. However, Theorem 1.6
extends to all varieties including the reducible ones. In this
subsection, we discuss some of the ideas involved in this
generalization as well as some of its applications.

The varieties of minimal degree have the smallest possi-
ble degree among irreducible varieties 𝑋 ⊂ ℙ𝑛 which span
ℙ𝑛. In the reducible case, this inequality no longer holds
(think of two skew lines in ℙ3). The right generalization
of this geometric concept is not immediately clear, but it
turns out to be algebraic and involves syzygies. Consider
homogeneous quadratic polynomials 𝑓 and 𝑔 in three vari-
ables defining two quadratic curves in ℙ2. A syzygy is a lin-
ear relation between 𝑓 and 𝑔 where the coefficients are el-
ements in the polynomial ring ℝ[𝑥0, 𝑥1, 𝑥2]. If at least one
of 𝑓 or 𝑔 is irreducible, then every syzygy between them is
generated by the obvious one: (𝑔)𝑓+(−𝑓)𝑔 = 0. When the
polynomials 𝑓 and 𝑔 have a common linear factor, then
a linear syzygy exists. For example, when 𝑓 = 𝑥0𝑥1 and
𝑔 = 𝑥0𝑥2, we have (𝑥2)𝑓 + (−𝑥1)𝑔 = 0.

For a general set of polynomials, there can be syzygies
among the syzygies. This data is usually organized into
a minimal free resolution. One good way to gauge the
complexity of such a resolution is called the Castelnuovo–
Mumford regularity. A linear space has Castelnuovo–
Mumford regularity 1. Varieties of minimal degree have
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the smallest Castelnuovo–Mumford regularity among the
varieties that are not linear spaces, namely 2. For our pur-
poses, 2-regular varieties are the right generalization for the
concept of minimal degree. The next result first appeared
as Theorem 9 in [6].

Theorem 1.7 (Blekherman, Sinn, and Velasco). Let 𝑋 be a
nondegenerate totally-real projective variety in ℙ𝑛. Every non-
negative quadratic form on 𝑋 is a sum of squares, modulo the
defining ideal of 𝑋, if and only if 𝑋 is a 2-regular variety.

What are all the 2-regular varieties? In 2006, David
Eisenbud, Mark Green, Klaus Hulek, and Sorin Popescu
gave a complete classification and a beautiful geometric
characterization. A subvariety 𝑋 ⊆ ℙ𝑛 is 2-regular if and
only if, for any linear subspace 𝐿 such that 𝑋 ∩ 𝐿 is a finite
set, this finite set is linearly independent (linear indepen-
dence has to be defined carefully when the intersection is
a nonreduced zero-dimensional scheme).

Instead of digging into the details of this classification,
we concentrate on a special case, namely arrangements
of coordinate subspaces. We consider projective varieties
𝑋 = ∪𝑘𝑖=1𝑈 𝑖, where each 𝑈 𝑖 is a linear subspace in ℙ𝑛−1
spanned by some set of standard coordinate vectors 𝑒𝑖,
where 1 ⩽ 𝑖 ⩽ 𝑛. We also assume that corresponding ho-
mogeneous ideals are generated in degree 2. For the com-
binatorially inclined, these subspace arrangements corre-
spond to flag complexes. The definition ensures that each
arrangement is determined by the coordinate lines in ℙ𝑛−1
that it contains.

Alternatively, each such arrangement 𝑋 of coordinate
subspaces is determined by a graph. The graph has 𝑛
vertices corresponding to coordinates in ℙ𝑛−1. There is an
edge between vertex 𝑖 and vertex 𝑗when the coordinate sub-
space spanned by the 𝑖th and 𝑗th variables is contained in
𝑋 . In other words, for each irreducible component𝑈 𝑖 ⊂ 𝑋 ,
we add the clique on all the vertices 𝑗 satisfying 𝑒𝑗 ∈ 𝑈 𝑖.
Hence, the ideal defining the subvariety 𝑋 is generated by
all the monomials 𝑥𝑖𝑥𝑗 such that {𝑖, 𝑗} is not an edge in our
graph; see Figure 4. To stress that the subvariety 𝑋 comes
from a graph 𝐺, we write 𝑋(𝐺).

1
3

2

4

Figure 4. The graph corresponding to the subspace
arrangement in ℙ3 defined by the ideal ⟨𝑥𝑤, 𝑦𝑤⟩ = ⟨𝑤⟩ ∩ ⟨𝑥, 𝑦⟩.

The bijection between these subspace arrangements and
graphs allows us to translate combinatorial properties of
the graph 𝐺 into geometric properties of the subvariety
𝑋(𝐺). For instance, the dimension of 𝑋(𝐺) is one less than
the clique number 𝜔(𝐺) (the size of the largest clique in
𝐺). For which graphs 𝐺 is 𝑋(𝐺) a 2-regular variety?

Theorem 1.8 (Fröberg). The variety 𝑋(𝐺) is 2-regular if and
only if the graph 𝐺 is chordal.

A graph 𝐺 is chordal if it contains no induced cycles of
length at least four. In spite of their seemingly innocuous
definition, chordal graphs are very useful and arise natu-
rally in combinatorics, numerical linear algebra, and semi-
definite programming; see [26]. Theorem 1.7 shows that
chordal graphs determine the only varieties𝑋(𝐺) onwhich
nonnegative quadratic forms are sums of squares.

What does it mean for the quadratic form 𝑞 = 𝑥⊺ 𝐴𝑥,
where 𝑥 ≔ [ 𝑥 𝑦 𝑧 𝑤 ]⊺, to be nonnegative when restricted
to 𝑋(𝐺)? The restriction remembers certain minors of the
matrix 𝐴, but does not know about other entries. For the
graph in Figure 4, the restriction of the quadratic form 𝑞 to
the 3-dimensional linear subspace defined by the ideal ⟨𝑤⟩
corresponds to the upper left (3 × 3)-submatrix in 𝐴. Sim-
ilarly, the restriction of 𝑞 to the 2-dimensional linear sub-
space defined by the ideal ⟨𝑥, 𝑦⟩ corresponds to the lower
right (2 × 2)-submatrix in 𝐴. Hence, the restriction has for-
gotten about the entries 𝑎1,4 and 𝑎2,4 in𝐴. In this sense, the
restriction of the quadratic form 𝑞 to subspace arrangment
𝑋(𝐺) is a partially specified real symmetric matrix. Non-
negativity of the restriction means that the corresponding
submatrices of 𝐴 are positive semidefinite.

What does it mean for a nonnegative quadratic form on
𝑋(𝐺) to be a sum of squares? Our description of the ideal
defining 𝑋(𝐺) implies that restricting the quadratic form
𝑥⊺ 𝐴𝑥 to subvariety 𝑋(𝐺) is the same as erasing the entries
of 𝐴 corresponding to nonedges of 𝐺. To write a quadratic
form as a sum of squares modulo the ideal of 𝑋 is tanta-
mount to choosing the unspecified entries of the matrix so
that the entire symmetric matrix 𝐴 is positive semidefinite.
This problem is known as a positive semidefinite matrix
completion problem. It is well studied with applications
in combinatorics, discrete geometry, and statistics.

We can now reinterpret the equivalence between the
chordality of 𝐺 and 𝑃𝑋(𝐺) = Σ𝑋(𝐺) in terms of matrix com-
pletion, reproving the following theorem.

Theorem 1.9 (Grone, Johnson, Sá, and Wolkowicz). Let
𝑋(𝐺) be the subspace arrangement associated to a graph 𝐺. Ev-
ery nonnegative quadratic form on 𝑋(𝐺) is a sum of squares,
modulo the ideal of 𝑋(𝐺), if and only if the graph 𝐺 is chordal.

Remarkably, Theorem 1.7 proves that Theorems 1.8
and 1.9 are in fact equivalent suggesting a link between
matrix completion problems and commutative algebra.

2. Pythagoras Numbers
In 1770, Joseph-Louis Lagrange proved his four-squares
theorem: every nonnegative integer can be represented
as a sum of four integer squares. Adrien-Marie Legendre
extended this result in 1797 or 1798, proving that three
squares suffice unless the integer has the form 4𝑘(8𝑚 + 7)
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for some nonnegative integers 𝑘 and 𝑚. Pierre de Fermat
had already determined in 1625 the exact conditions for
a nonnegative integer to be expressible as a sum of two
squares. Altogether this work gives a relatively complete
description of the sum-of-squares expressions for integers.
This achievement encourages one to look for analogues for
sums of squares in other rings. This section explores this
line of inquiry for homogeneous coordinate rings of pro-
jective real subvarieties.

Moving away from the relation between nonnegative el-
ements and sums of squares, we endeavor to stratify the
various sum-of-squares decompositions of an element ac-
cording to their size. The length of an element 𝑓 in the
homogeneous coordinate ring of a projective subvariety is
the smallest number of summands needed to express 𝑓 as
a sum of squares.

Example 2.1. The binary quartic 𝑓 ≔ (𝑡20)2 + (2 𝑡21)2 has
length two. It has a second representation as the sum of
two squares, namely 𝑓 = (𝑡20 − 2 𝑡21)2 + (2 𝑡0𝑡1)2. Taking the
average of these expressions, we obtain

𝑓 = ( 1√2 𝑡
2
0)
2
+ (√2 𝑡21)

2
+ ( 1√2 𝑡

2
0 −√2 𝑡21)

2
+ (√2 𝑡0𝑡1)

2
,

and deduce that 𝑓 = (𝐵𝑡)⊺(𝐵𝑡), where

𝐵 ≔ 1
√2

⎡
⎢
⎢
⎣

1 0 0
0 2 0
1 −2 0
0 0 2

⎤
⎥
⎥
⎦

and 𝑡 ≔ [
𝑡20
𝑡21
𝑡0𝑡1

] .

Under the orthogonal change of coordinates given by

𝑄 ≔ 1
6

⎡
⎢
⎢
⎢
⎢
⎣

3√2 0 3√2 0
0 0 0 6

√6 2√6 −√6 0
2√3 −2√3 −2√3 0

⎤
⎥
⎥
⎥
⎥
⎦

,

this sum of four squares becomes a sum of three squares:
𝑓 = (𝑄𝐵𝑡)⊺(𝑄𝐵𝑡) = (𝑡20−𝑡21)2+(√2 𝑡0𝑡1)2+(√3 𝑡21)2. ⋄

Sum-of-squares representations are parametrized by a
convex semialgebraic set. The Gram spectrahedron of an
element 𝑓 in the homogeneous coordinate ring of a real
subvariety 𝑋 ⊆ ℙ𝑛 consists of all positive semidefinite qua-
dratic forms in ℝ[𝑥0, 𝑥1, … , 𝑥𝑛] that restrict to 𝑓. In Exam-
ple 2.1, the subvariety 𝑋 = 𝜈2(ℙ1) is a conic in ℙ2 and the
Gram spectrahedron of the binary quartic is a line segment:
the convex hull of the two quadratic forms of rank 2whose
restriction to 𝜈2(ℙ1) is 𝑓. The Gram spectrahedra of binary
forms grow more interesting as the degree increases. For
binary sextics, Figure 5 visualizes the Zariski closure of the
boundary of this 3-dimensional Gram spectrahedron. In
this case the boundary lies on a Kummer surface and the
spectrahedron is the convex region containing four nodes;
see Subsection 4.2 in [12].

Figure 5. The Gram spectrahedron of a binary sextic.

To see some repercussions of working modulo the ideal
of a subvariety on length, let 𝑋 be the hypersurface in ℙ3
defined by 𝑥2 + 𝑦2 + 𝑧2 − 𝑤2 = 0. Consider the quadratic
element in the homogeneous coordinate ring of 𝑋 deter-
mined by 𝑓 = 2(𝑥2−𝑦𝑧)+𝑤2. Despite 𝑓 having a negative
sign when evaluated at some points on ℙ3, the correspond-
ing element on 𝑋 is a sum of squares; homogenizing the
first equation in this article gives

2(𝑥2−𝑦𝑧) + 𝑤2 + (𝑥2+𝑦2+𝑧2−𝑤2) = 3𝑥2 + (𝑦−𝑧)2 .
What is the length of 𝑓 on 𝑋? The element 𝑓 vanishes at
the real point 𝑝 ≔ [0 ∶ 1 ∶ 1 ∶ √2] ∈ 𝑋 . Since a sum-
of-squares representation of 𝑓 on 𝑋 evaluated at the point
𝑝 is a sum of nonnegative real numbers adding to 0, every
summand also vanishes at the point 𝑝. It follows that every
sum-of-squares representation 𝑓 on 𝑋 is a sum of squares
of linear forms vanishing at 𝑝. In more geometric terms,
the representation for 𝑓 on 𝑋 factors through a projection.
The projection away from the point 𝑝 is the rational map
𝜋𝑝 ∶ ℙ3 99K ℙ2 whose components are given by a basis of
the linear forms vanishing at 𝑝 such as

𝜋𝑝([𝑥 ∶ 𝑦 ∶ 𝑧 ∶ 𝑤]) = [𝑥 ∶ 𝑦 − 𝑧 ∶ √2𝑦 − 𝑤] .
Writingℝ[𝑥0, 𝑥1, 𝑥2] for the homogeneous coordinate ring
of 𝜋𝑝(𝑋) = ℙ2, the element 𝑓 corresponds to 2𝑥20 +𝑥21. We
conclude that 𝑓 has length at least two on 𝑋 .

To control the length of all elements, we introduce a
new invariant. For any real subvariety 𝑋 ⊆ ℙ𝑛, the Pythago-
ras number py(𝑋) is defined to be the smallest nonnega-
tive integer 𝑟 such that any sum of squares of linear ele-
ments in the homogeneous coordinate ring of 𝑋 can be
expressed as the sum of at most 𝑟 squares. Although not
apparent from the definition, this semialgebraic invariant
reflects the underlying geometry of the complex points in
𝑋 . For instance, we will see that having a small Pythago-
ras number characterizes varieties of minimal degree. Ad-
ditionally, this numerical invariant is a crucial parameter
in non-convex approaches to semidefinite optimization,
leading to valuable guarantees for sum-of-squares meth-
ods on varieties; see [10]. Before delving into these results,
we revisit some examples from the previous section.
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The simplest situation occurs when 𝑋 = ℙ𝑛. For any
quadratic form 𝑓 on ℙ𝑛, there is a unique real symmetric
matrix 𝐴 such that 𝑓 = 𝑥⊺ 𝐴𝑥, where 𝑥 ≔ [ 𝑥0 𝑥1 ⋯ 𝑥𝑛 ]⊺.
The finite-dimensional spectral theorem establishes that
the matrix 𝐴 is orthogonally diagonalizable. This means
that there is an orthogonal matrix 𝑄 such that 𝑦 ≔ 𝑄𝑥 and
𝑓 = ∑𝑛

𝑖=0 𝜆𝑖 𝑦2𝑖 , where the real numbers 𝜆0, 𝜆1, … , 𝜆𝑛 are the
eigenvalues of 𝐴. The quadratic form 𝑓 is nonnegative if
and only if these eigenvalues are nonnegative and have real
square roots. Thus, we may pull the coefficients inside the
squares and obtain an expression for 𝑓 as a sum of squares.
The number of squares in this expression equals the num-
ber of nonzero eigenvalues, so the length of the quadratic
form 𝑓 is bounded above by the rank of 𝐴. Conversely, if
𝑓 = (𝑣⊺1𝑥)2+(𝑣

⊺
2𝑥)2+⋯+(𝑣⊺𝑘𝑥)2 is a sumof squares of linear

forms whose coefficient vectors are 𝑣1, 𝑣2, … , 𝑣𝑘 ∈ ℝ𝑛+1,
then the corresponding matrix 𝐴 = 𝑣1𝑣

⊺
1+𝑣2𝑣

⊺
2+⋯+𝑣𝑘𝑣

⊺
𝑘

is a sum of 𝑘 matrices, each having rank 1. Thus, the ma-
trix 𝐴 has rank at most 𝑘. We surmise that the length of 𝑓
is equal to the rank of 𝐴, which proves that py(ℙ𝑛) = 𝑛+1.
The same reasoning implies that py(𝑋) = 𝑛 + 1 whenever
the defining ideal of the real subvariety 𝑋 ⊆ ℙ𝑛 contains
no polynomials of degree less than 3.

Another situation is easy to understand. Consider a
nonnegative bivariate form 𝑓 of degree 2𝑗, corresponding
to a quadratic form on 𝜈𝑗(ℙ1). Dehomogenizing 𝑓 by set-
ting 𝑡1 = 1 yields a univariate polynomial 𝑞 ∈ ℝ[𝑡0]. Since
the coefficients of ̂𝑓 are real, any complex roots come in
conjugate pairs. It follows that 𝑓 factors over the com-
plex numbers as 𝑓 = 𝑞0 𝑞1 𝑞1, where 𝑞0 is the product
of the linear forms corresponding to real roots of ̂𝑓, 𝑞1
is the product of a linear form associated to each pair of
complex roots of ̂𝑓, and 𝑞1 is the complex conjugate of
𝑞1. Since 𝑓 is nonnegative, every real root has even multi-
plicity, so 𝑞0 is automatically a square. From the identity
𝑞1 𝑞1 = Re(𝑞1)2 + Im(𝑞1)2, we see that 𝑓 is a polynomial
sum of two squares. In terms of Pythagoras numbers, this
shows py(𝜈𝑗(ℙ1)) = 2 for all 𝑗 ⩾ 2.

In our third situation, we focus on the appearance of
Pythagoras numbers in matrix completion problems. As
in the previous section, fix a pattern of specified and un-
specified off-diagonal entries in a matrix. This data deter-
mines a graph 𝐺 or square-free quadratic monomial ideal,
whose associated variety 𝑋(𝐺) is a coordinate subspace
arrangement. Rather than looking for conditions that
make a partially-specified matrix completable to a positive
semidefinite matrix, we now ask for low rank completions.
Given amatrix withmissing entries that is known to have a
positive semidefinite completion, what is the lowest rank
among its completions? The smallest nonnegative integer
𝑟, such that any completable partially-specified matrix can
be completed to a positive semidefinite matrix of rank 𝑟,
is precisely the Pythagoras number of variety 𝑋(𝐺). In this

context, the Pythagoras number was called the Gram di-
mension by Monique Laurent and Antonios Varvitsiotis in
[19]. It has applications in distance realization problems
and rigidity theory.

Calculating Pythagoras numbers for the Veronese em-
beddings of projective space is still an open problem. For
all positive integers 𝑑 and 𝑛, what is py(𝜈𝑑(ℙ𝑛))? To date,
the strongest results are due to Claus Scheiderer [24]. He
proves that py(𝜈𝑑(ℙ2)) ∈ {𝑑 + 1, 𝑑 + 2}. Assuming the
validity of conjectures by Anthony Iarrobino and Vassil
Kanev on the Hilbert function of ideals of finite sets of
points [18], he also proves that the asymptotic growth rate
is py(𝜈𝑑(ℙ𝑛)) ∈ 𝑂(𝑑𝑛/2). Our geometric perspective pro-
vides a systematic method for bounding Pythagoras num-
bers. The next lemma is a first step in this direction.

Lemma 2.2. Let 𝑋 ⊆ ℙ𝑛 be a totally-real subvariety.
(i) For any totally-real subvariety 𝑌 ⊆ ℙ𝑛 such that 𝑋 ⊆ 𝑌 ,

we have the inequality py(𝑋) ⩽ py(𝑌).
(ii) If 𝜋𝑝 ∶ ℙ𝑛 99K ℙ𝑛−1 denotes the projection away from a

real point 𝑝 ∈ 𝑋, then we have py(𝑋) ⩾ py(𝜋𝑝(𝑋)). More
precisely, the length of any quadratic element 𝑓 on 𝑋 that
vanishes at the point 𝑝 is bounded below by the length of
an element 𝑔 on 𝑌 satisfying 𝑓 = 𝜋∗𝑝(𝑔).

Part (ii) showcases the importance of convexity. By con-
sidering all elements that vanish at a fixed real point 𝑝 ∈ 𝑋 ,
we identify a face 𝐹 of the sum-of-squares cone Σ𝑋 . For any
element 𝑓 lying on the face 𝐹, every summand in any ex-
pression for 𝑓 as a sum of squares must also lie on 𝐹. It
follows that the length of an element in 𝐹 is determined
by the face alone. Moreover, the face 𝐹 of Σ𝑋 specified by
evaluation at the point 𝑝 ∈ 𝑋 is isomorphic to the cone
Σ𝑍 , where 𝑍 ≔ 𝜋𝑝(𝑋). Hence, the Pythagoras number of
𝑋 is bounded below by the Pythagoras number of 𝜋𝑝(𝑋).

To estimate the Pythagoras number of a totally-real sub-
variety 𝑋 ⊆ ℙ𝑛, Lemma 2.2 suggests that we recognize
a simpler subvariety containing 𝑋 or successively project
away from points to obtain a simpler variety. For either
approach to work, we need a sufficiently large class of va-
rieties having a known Pythagoras number. Corollary 32
in [6] and Theorem 2.1 in [5] demonstrate that varieties of
minimal degree and their reducible generalizations, called
2-regular varieties, form such a class of varieties.

Theorem 2.3 (Blekherman, Sinn, and Velasco). Let 𝑋 be
a nondegenerate totally-real 2-regular subvariety in ℙ𝑛. We
have py(𝑋) = dim(𝑋) + 1. When 𝑋 is irreducible, we have
py(𝑋) = dim(𝑋) + 1 if and only if 𝑋 is a variety of minimal
degree.

We may bound the Pythagoras number of a totally-real
subvariety by embedding it in a 2-regular variety.

This geometric approach applies to matrix completion
problems. Recall that a 2-regular quadratic square-free
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monomial ideal corresponds to a chordal graph𝐻 and the
dimension of the associated variety 𝑋(𝐻) is equal to the
size of the largest clique of 𝐻 minus one. By considering
all chordal graphs that contain a given graph 𝐺, we have
py(𝑋(𝐺)) ⩽ tw(𝐺) + 1, where tw(𝐺) is the tree-width of
graph 𝐺; as in [19], the tree-width is defined to be one
less than the minimum clique number among all chordal
graphs containing 𝐺.
Quadratic persistence. As we have already observed, the
equation py(𝑍) = 𝑚+1 holds whenever the defining ideal
of the real subvariety 𝑍 ⊆ ℙ𝑚 contains no polynomials of
degree less than 3. Using this observation and Lemma 2.2,
wemay bound the Pythagoras number of a totally-real sub-
variety 𝑋 ⊆ ℙ𝑛 by successively projecting it away from
𝑘 real points so that no quadric polynomial vanishes on
the image variety 𝑍 ⊆ ℙ𝑛−𝑘. If it is possible to eliminate
all quadrics using 𝑘 projections, then one would obtain
py(𝑋) ⩾ py(𝑍) = 𝑛 − 𝑘 + 1. The cardinality of a small-
est set of points on 𝑋 which, via projection, eliminate all
quadrics is called the quadratic persistence of 𝑋 and denoted
qp(𝑋). When 𝑋 is irreducible, choosing points at random
will always suffice. This numerical invariant is purely al-
gebraic because it measures vanishing of quadratic forms
(including the complex quadratic forms in the ideal of 𝑋)
on sets of points on the variety.

To become more acquainted with this process, Table 1
catalogues the dimension of the vector space of quadric
polynomials vanishing on various projections of 𝜈𝑑(ℙ𝑛)
for small values of 𝑑 and 𝑛. The 𝑘th row displays the di-
mension of the vector space of quadrics vanishing in the
projection away from 𝑘 generic points. This table shows

Table 1. Dimensions of the space quadrics.

# Points 𝜈2(ℙ2) ⊂ ℙ5 𝜈3(ℙ2) ⊂ ℙ9 𝜈3(ℙ3) ⊂ ℙ19
0 6 27 126
1 3 20 110
2 1 14 95
3 0 9 81
4 0 5 68
5 0 2 56
6 0 0 45

that quadratic persistences of the varieties in the second
and third columns are equal to 3 and 6, respectively. It
follows that py(𝜈2(ℙ2)) ⩾ 3 and py(𝜈3(ℙ2)) ⩾ 4. Both of
these inequalities are, in fact, sharp. The last column only
shows that qp(𝜈3(ℙ3)) ⩾ 7.

How many quadrics do we lose in each step? It is
straightforward to show that, in each projection step, the
number of quadrics that disappear from the ideal is at
most the codimension of the variety. Surprisingly, this
inequality is an equality for each entry in Table 1. If
this pattern were to continue, then we would deduce that

qp(𝜈3(ℙ3)) = 12. The Iarrobino–Kanev conjectures men-
tioned earlier imply that the number of quadrics lost at
every step is maximal for all values of 𝑛 and 𝑑. Thus, they
imply qp(𝜈3(ℙ3)) = 12.

More generally, for an irreducible subvariety 𝑋 ⊆ ℙ𝑛,
the projection away from a set of codim(𝑋) generic points
maps 𝑋 surjectively onto ℙdim(𝑋). Hence, there are no
quadric polynomials vanishing on the image. It follows
that qp(𝑋) ⩽ codim(𝑋) and py(𝑋) ⩾ dim(𝑋) + 1.

Quadratic persistence depends only on the complex al-
gebraic geometry of a variety 𝑋 . It is an algebraic invariant
rather than a semialgebraic one, so tools from commuta-
tive and homological algebra apply. Describing this in de-
tail would take us too far afield. Nevertheless, we want to
state two consequences of these tools, namely the charac-
terizations (modulo a few technical assumptions) of all
irreducible varieties with minimal and next-to-minimal
Pythagoras numbers. The following theorems appear as
Theorems 1.4 and 1.5 in [7].

Theorem 2.4 (Blekherman, Smith, Sinn, and Velasco). Let
𝑋 ⊆ ℙ𝑛 be a nondegenerate totally-real irreducible subvariety.
The following three conditions are equivalent:
(1) py(𝑋) = dim(𝑋) + 1,
(2) deg(𝑋) = codim(𝑋) + 1,
(3) qp(𝑋) = codim(𝑋).
Theorem 2.5 (Blekherman, Smith, Sinn, and Velasco). Let
𝑋 ⊆ ℙ𝑛 be a nondegenerate totally-real irreducible subvariety.
If 𝑋 is arithmetically Cohen-Macaulay, then the following three
conditions are equivalent:
(1) py(𝑋) = dim(𝑋) + 2,
(2) deg(𝑋) = codim(𝑋) + 2 or 𝑋 is a subvariety having codi-

mension 1 in a variety of minimal degree,
(3) qp(𝑋) = codim(𝑋) − 1.

In all these cases and in all cases that we under-
stand, quadratic persistence detects the Pythagoras num-
ber: qp(𝑋) + py(𝑋) = 𝑛 + 1. We have no reason to expect
this behavior, so it would be interesting to find an example
where this equation does not hold.

3. Sum-of-Squares Multipliers
Knowing that there exist nonnegative polynomials that
cannot be represented as a polynomial sum of squares,
we want other effective ways of recognizing nonnegativity.
The 17th problem on Hilbert’s celebrated list proposes a
candidate. Hilbert asks whether every polynomial that is
nonnegative, when regarded as a function from ℝ𝑛 to ℝ,
equals a sum of squares of rational functions.

Emil Artin [1] solved this problem in 1927. Before stat-
ing this result, observe that the intermediate value theo-
rem implies that every real polynomial having odd degree
is negative at some point in ℝ𝑛. Moreover, the homoge-
nization of a polynomial takes only nonnegative values if
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and only if the same is true for the dehomogenized poly-
nomial. Hence, we may restrict our attention to homoge-
neous polynomials of even degree.

Given a nonnegative polynomial 𝑓, Artin demonstrates
that, for some positive integer 𝑟, there exist polynomials
𝑔1, 𝑔2, … , 𝑔𝑟, ℎ1, ℎ2, … , ℎ𝑟 such that

𝑓 = (ℎ1𝑔1
)
2
+ (ℎ2𝑔2

)
2
+⋯+ (ℎ𝑟𝑔𝑟

)
2
.

For instance, the Motzkin polynomial is equal to a sum of
four squares of rational functions:

𝑥60 + 𝑥41𝑥22 + 𝑥21𝑥42 − 3𝑥20𝑥21𝑥22

= (𝑥0𝑥1𝑥2(𝑥
2
1 + 𝑥22 − 2𝑥20)

𝑥21 + 𝑥22
)
2

+ (𝑥
2
1𝑥2(𝑥21 + 𝑥22 − 2𝑥20)

𝑥21 + 𝑥22
)
2

+ (𝑥1𝑥
2
2(𝑥21 + 𝑥22 − 2𝑥20)
𝑥21 + 𝑥22

)
2

+ (𝑥
3
0(𝑥21 − 𝑥22)
𝑥21 + 𝑥22

)
2

.

Artin’s original solution comes from studying sums of
squares in arbitrary fields. The key insight uses total order-
ings that are compatible with field operations to character-
ize the subset of elements in a field that can be expressed
as a sum of squares. Although profoundly influential in
the theory of real-closed fields, this nonconstructive proof
does not bound the number of squares or the degrees of
the polynomials appearing in the rational functions. Al-
brecht Pfister [22] subsequently proved that, for a homo-
geneous polynomial in 𝑛 variables, 2𝑛 squares suffice.

In our search for constructive methods of identifying
nonnegative polynomials, we prefer a slightly different for-
mulation. We abandon the rational functions by finding
a common denominator. Given a homogeneous polyno-
mial 𝑓 that is nonnegative on ℝ𝑛, it follows that, for some
positive integers 𝑠 and 𝑟, there are homogeneous polyno-
mials 𝑔1, 𝑔2, … , 𝑔𝑠, ℎ1, ℎ2, … , ℎ𝑟 such that

(𝑔21 + 𝑔22 +⋯+ 𝑔2𝑠)𝑓 = ℎ21 + ℎ22 +⋯+ ℎ2𝑟 .
Allowing the multiplier 𝑔 ≔ 𝑔21 + 𝑔22 + ⋯ + 𝑔2𝑠 to be any
polynomial sum of squares rather than just the square of a
single homogeneous polynomial enlarges the pool of po-
tential certificates. At the expense of doubling the degree
of the multiplier and, at worst, replacing 𝑟 by 𝑟𝑠, we re-
cover a representation of 𝑓 as a sum of squares of rational
functions from 𝑔2𝑓 = 𝑔(ℎ21 + ℎ22 +⋯ + ℎ2𝑟). To effectively
certify nonnegativity, one seeks to bound the degree on a
multiplier 𝑔.

An explicit bound on multipliers is a recent discovery.
Henri Lombardi, Daniel Perrucci, and Marie-Françoise
Roy [20] prove that, for any nonnegative polynomial 𝑓 of
degree 𝑑 in 𝑛 variables, there exists a sum-of-squares mul-
tiplier 𝑔 of degree less than

22
2𝑑

4𝑛

.

This tower of five exponents arises from bounding the
complexity of a quantifier elimination problem. Roughly
speaking, a cylindrical algebraic decomposition produces
two levels, a constructive version of the fundamental the-
orem of algebra gives one level, and constructions based
on the intermediate value theorem are responsible for the
other two levels in the tower.

In contrast, very little is known about worst-case lower
bounds on the degree of a multiplier. Grigoriy Blekher-
man, João Gouveia, and James Pfeiffer [2] establish that,
for all positive integers 𝑛, there is a nonnegative quartic
polynomial 𝑓 in 𝑛 variables such that any sum-of-squares
multiplier 𝑔 must have degree at least 𝑛. Thus, we see that
there is an embarrassingly large gap between the current
upper and lower bounds on the degree of a multiplier. In
an attempt to redress this issue, we aim to provide much
tighter degree bounds in some situations. We again appeal
to complex projective geometry.

Unlike in the previous sections, we do not limit our-
selves to quadratic functions on a real subvariety 𝑋 ⊆ ℙ𝑛.
As before, let 𝑅 be the homogeneous coordinate ring of
𝑋 . For any nonnegative integer 𝑗, let 𝑃𝑋,2𝑗 denote the
set of homogeneous elements in 𝑅 of degree 2𝑗 that are
nonnegative on 𝑋 . Similarly, let Σ𝑋,2𝑗 denote the set of
homogeneous elements in 𝑅 of degree 2𝑗 that are sums of
squares. Compared with our earlier notation, 𝑃𝑋,2𝑗 and
Σ𝑋,2𝑗 are the same as 𝑃𝜈𝑗(𝑋) and Σ𝜈𝑗(𝑋). Hence, both 𝑃𝑋,2𝑗
and Σ𝑋,2𝑗 are full-dimensional convex cones in the real vec-
tor space 𝑅2𝑗 that contain no line and are closed in the Eu-
clidean topology. Considering higher-degree elements in
𝑅 seems more natural for multipliers.

The existence of a nonnegative multiplier 𝑔 such that
the product 𝑔𝑓 is a sumof squaresmanifestly confirms that
the element 𝑓 is nonnegative when evaluated at any point
for which 𝑔 does not vanish. The consequences for other
points are not immediately as clear. When the comple-
ment of this vanishing set is dense in the Euclidean topol-
ogy, it follows that the element 𝑓 is nonnegative at every
point. This rationale always applies to polynomials onℝ𝑛,
but becomes more complicated when the algebraic variety
𝑋 is reducible or singular.

For real projective curves, we produce sharp degree
bounds on sum-of-squares multipliers in terms of three
fundamental numerical invariants. As in Section 1, the de-
gree of the curve 𝑋 ⊂ ℙ𝑛 is the number of points in the
intersection of the curve and a general (𝑛−1)-dimensional
linear subspace. The (arithmetic) genus of a projective
curve 𝑋 is denoted by pa(𝑋). When 𝑋 is nonsingular over
ℂ, this complex curve may be viewed as a Riemann surface
and this numerical invariant coincides with its topologi-
cal genus. Our third invariantm(𝑋) is the smallest integer
𝑗 such that the Hilbert function and the Hilbert polyno-
mial of 𝑋 agree when evaluated at any integer greater than
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or equal to 𝑗. Using these invariants, Theorem 1.1 in [7]
gives the following bounds.

Theorem 3.1 (Blekherman, Smith, and Velasco). For any
nondegenerate totally-real projective curve𝑋 ⊂ ℙ𝑛, any nonneg-
ative element 𝑓 ∈ 𝑃𝑋,2𝑗, and all nonnegative integers 𝑘 satis-
fying 𝑘 ⩾ max{2 pa(𝑋)/ deg(𝑋),m(𝑋)}, there exists a nonzero
sum of squares 𝑔 ∈ Σ𝑋,2𝑘 such that the product 𝑔𝑓 ∈ Σ2(𝑗+𝑘)
is also a sum of squares.

Conversely, for all integers 𝑛 and 𝑗 greater than 1, there exist
a totally-real smooth curve 𝑋 ⊂ ℙ𝑛 and a nonnegative element
𝑓 ∈ 𝑃𝑋,2𝑗 such that, for all nonnegative integers 𝑘 satisfying 𝑘 <
max{2 pa(𝑋)/ deg(𝑋),m(𝑋)} and all nonzero sum of squares
𝑔 ∈ Σ𝑋,2𝑘, the product 𝑔𝑓 ∉ Σ𝑋,2(𝑗+𝑘) is not a sum of squares.

The uniform degree bound on the multiplier 𝑔 in the
first part of Theorem 3.1 is determined by just the com-
plex geometry of the curve 𝑋 . It is, notably, independent
of both the degree of the nonnegative element 𝑓 and the
topology of the real points in 𝑋 .

Example 3.2. Consider a totally-real complete intersec-
tion curve 𝑋 ⊂ ℙ𝑛 cut out by homogeneous polynomi-
als of degrees 𝑑1, 𝑑2, … , 𝑑𝑛−1. The numerical invariants of
interest are deg(𝑋) = 𝑑1𝑑2⋯𝑑𝑛−1,

pa(𝑋) =
1
2
𝑑1𝑑2⋯𝑑𝑛−1(𝑑1+𝑑2+⋯+𝑑𝑛−1−𝑛−1) + 1,

and m(𝑋) = 𝑑1 + 𝑑2 + ⋯ + 𝑑𝑛−1 − 𝑛 − 1. Theorem 3.1
shows that, for all 𝑘 ⩾ 𝑑1 + 𝑑2 + ⋯ + 𝑑𝑛−1 − 𝑛 and all
nonnegative elements 𝑓 ∈ 𝑃𝑋,2𝑗, there is a nonzero sum of
squares 𝑔 ∈ Σ𝑋,2𝑘 such that the product 𝑔𝑓 ∈ Σ𝑋,2(𝑗+𝑘) is a
sum of squares. ⋄

Example 3.3. Theorem 3.1 is not sharp on every curve. Let
𝑋 be the image of the map ℙ1 → ℙ2 defined by [𝑡0 ∶ 𝑡1] ↦
[𝑡20𝑡1(𝑡0−𝑡1)∶𝑡0𝑡21(𝑡0−𝑡1)∶𝑡40+𝑡41 ]. This planar curve has de-
gree 4, arithmetic genus 3, and m(𝑋) = 2, so Theorem 3.1
would require 𝑘 ⩾ 2. However, one can prove that, for all
nonnegative elements 𝑓 ∈ 𝑃𝑋,2, there exists a nonzero sum
of squares 𝑔 ∈ Σ𝑋,2 such that the product 𝑔𝑓 ∈ Σ𝑋,4 is a
sum of squares. For more information about this analysis,
see Example 5.3 in [7]. ⋄

The proofs for the two parts of Theorem 3.1 are disjoint.
The upper bound on the minimum degree of a multiplier
is derived from a new Bertini theorem in convex algebraic
geometry and the lower bound is obtained by deforming
rational Harnack curves on toric surfaces.

For the first part, we reinterpret the nonexistence of a
sum-of-squares multiplier 𝑔 ∈ Σ𝑋,2𝑘 as asserting that the
convex cones Σ𝑋,2𝑗+2𝑘 and 𝑓⋅Σ𝑋,2𝑘 intersect only at zero. If
a real subvariety 𝑋 ⊆ ℙ𝑛 has a linear functional separating
these cones, then we show that a sufficiently general hyper-
surface section of 𝑋 also does. The phrase “sufficiently gen-
eral” means belonging to a nonempty open subset in the

Euclidean topology of the relevant parameter space. Unex-
pectedly, this convex variant of the Bertini Theorem relies
on a characterization of spectrahedra that has many facets
in a neighborhood of every point. Recognizing this depen-
dency is the main insight. By repeated applications of our
Bertini theorem, we reduce to the case of points.

For the second part, we establish that having a nonneg-
ative element vanish at a relatively large number of iso-
lated real singularities prevents it fromhaving a low-degree
sum-of-squares multiplier. The hypotheses needed to real-
ize this basic premise are formidable. Nonetheless, this
transforms the problem into finding enough curves that
satisfy the conditions and maximizing the number of iso-
lated real singularities. Harnack curves having the maxi-
mal number of connected real components in a prescribed
topological arrangement are natural contenders. We con-
firm that rational singular Harnack curves on toric surfaces
fulfill the technical requirements. By perturbing both the
curves 𝑋 and the nonnegative element 𝑓 ∈ 𝑅2𝑗, we ex-
hibit smooth curves and nonnegative elements without
low-degree sum-of-squares multipliers. Miraculously, for
totally-real projective curves, the upper bounds and lower
bounds on the degree coincide.

This approach also works for surfaces of minimal de-
gree. Recall that a subvariety 𝑋 ⊂ ℙ𝑛 has minimal degree
if it is nondegenerate and deg(𝑋) = 1 + codim(𝑋). Even
when 𝑋 is a variety of minimal degree, its 𝑗th Veronese
embedding 𝜈𝑗(𝑋) rarely is. Hence, multipliers are needed
to certify nonnegativity. Theorem 1.2 in [7] provides the
following bounds.

Theorem 3.4 (Blekherman, Smith, and Velasco). Let 𝑋 be
a totally-real surface of minimal degree in ℙ𝑛. For any nonneg-
ative element 𝑓 ∈ 𝑃𝑋,2𝑗, there exists a nonzero sum of squares
𝑔 ∈ Σ𝑋,𝑗2−𝑗 such that the product 𝑔𝑓 ∈ Σ𝑋,𝑗2+𝑗 is a sum of
squares.

Conversely, for any integer 𝑗 greater than 4, there exists a
nonnegative element 𝑓 ∈ 𝑃𝑋,2𝑗 such that, for any positive in-
teger 𝑘 satisfying 𝑘 < 𝑗 − 2 and any nonzero sum of squares
𝑔 ∈ Σ𝑋,2𝑘, the product 𝑔𝑓 ∉ Σ𝑋,2(𝑗+𝑘) is not a sum of squares.

Unlike for curves, Theorem 3.4 demonstrates that the
minimum degree of a multiplier 𝑔 generally depends on
the degree of the nonnegative element 𝑓. Furthermore, our
techniques do not typically yield sharp bounds.

Even in the special case 𝑋 = ℙ2, our geometric out-
look leads to something new. For example, we reprove
and prove the following two results for ternary octics:
• For all nonnegative elements 𝑓 ∈ 𝑃ℙ2,8, there exists a

nonzero sum of squares 𝑔 ∈ Σℙ2,4 such that the prod-
uct 𝑔𝑓 ∈ Σℙ2,12 is also a sum of squares.

• There exists a nonnegative element 𝑓 ∈ 𝑃ℙ2,8 such that,
for all nonzero sum of squares 𝑔 ∈ Σℙ2,2, the product
𝑔𝑓 ∉ Σℙ2,10 is not a sum of squares.
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Together these observations give the first tight bounds on
the degrees of sum-of-squares multipliers for polynomials
since Hilbert’s 1893 paper [16] where he establishes sharp
bounds for ternary sextics.

Continuing the Story
This is not the end of the story. We have no doubt that
many fascinating new chapters about the connections be-
tween complex algebraic geometry and nonnegativity have
yet to be written. In particular, we would like to see solu-
tions to the following open problems.

Quantifying the discrepancy: How should one measure the
difference between the nonnegative cone 𝑃𝑋 and the
sum-of-squares cone Σ𝑋 when the subvariety 𝑋 ⊂ ℙ𝑛
is not of minimal degree? For some estimates on their
relative volumes, see Chapter 4 in [4].

Pythagoras numbers: Can one clarify the relation between
quadratic persistence and the Pythagoras number? For
instance, is the classification of the real subvarieties
𝑋 ⊂ ℙ𝑛 satisfying qp(𝑋) + py(𝑋) = 𝑛 + 1 in sight?

Sharp degree bounds: Which geometric invariants of the as-
sociated complex projective variety determine the
smallest degree of a sum-of-squaresmultiplier on a sur-
face or higher-dimensional variety?

We recommend the books [4] and [21] to readers inter-
ested in further exploring these questions. The authors
thank the SIAM Activity Group on Algebraic Geometry
whose welcoming and interdisciplinary community has
played an important role in facilitating our collaboration.
Please join us in discovering more intriguing connections!
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be writing.

748    Notices of the AmericAN mAthemAticAl society Volume 68, Number 5

4. Understand your colleagues’ strengths.
5. Try to find someone who knows something that you 

don’t know who is willing to work with you on your 
problem.

This is remarkable advice, so let’s remark on it. (We’ll 
tell you about where it came from later.)

The first two items talk about how to pick problems to 
work on. The recommendation to work on hard problems 
should feel familiar. It’s what the famous people in the 
history books did. If you are paid to do math research, 
then working on hard problems is what you are expected 
to do. If you do math research for personal growth, then 
challenging yourself is a key part of achieving that growth.

The second item, to work on whimsical math, is less 
standard. You may know that Richard Feynman broke 
out of a prolonged lull in his research by thinking about 
a whimsical problem concerning how a thrown plate 
wobbles. The exhortation here is more general. It says to 
do some whimsical math as a matter of course, as part of 
your regular practice, not just to get out of a long-term rut.

The rest of the items are about the human interaction 
side of doing research. Contrast their message against the 
stereotypical story of a lone genius who does solo battle 
against the hard problems and brings back understanding 
(for all) and glory (for themself). These items are focused 
less on individual glory and more on having fun and en-
joying being part of a mathematical community.

We find this advice inspiring because it advocates for a 
way to be a mathematician that we find personally fulfill-
ing. We love the social aspect of doing research with others. 
We love learning from other people, proving theorems 
with them, and ultimately writing papers with them that 
are more fun to read and include stronger theorems than 
anything we could have written on our own. These are the 
personal rewards from following this advice.

We also find this advice inspiring from a different 
perspective, when we think about what it would mean if 
everyone took it. From that perspective, the guidance from 
musty histories seems designed to produce a culture that 
maximizes the glory received by a few individuals. Contrast 
this with the advice here, where the last two items seem 
aimed at improving a culture’s ability to actually solve the 
hard, important open problems. Sharing your ideas also 
helps to solve hard problems faster, and it de-emphasizes 
individual credit. In summary, in comparison with the 
solitary struggles of the lone mathematician, this advice 
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How to Proceed  
in Mathematics

Skip Garibaldi and Daniel M. Gordon

We’d like to share with you the following piece of advice:
How to proceed in mathematics
1. Work on hard problems.
2. Do some whimsical math.
3. Share your ideas.

Skip Garibaldi is director of the IDA Center for Communications Re-
search-La Jolla. His email address is garibaldi@ccrwest.org.

Daniel M. Gordon is a member of the research staff at the IDA Center 
for Communications Research-La Jolla. His email address is gordon@
ccrwest.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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investigate them at the moment—before they get lost in 
the commotion of life. This was my original motivation 
for starting my own problem list, which I’ve since come to 
appreciate for its other benefits as well.

First, how do you keep a problem list? The simple answer 
is to record any potential research idea that comes to you, 
but I’ve found the following habits helpful:
1. Follow the arXiv listings in your subject. When a paper 

appears that interests you, skim through it to get a gen-
eral sense of what is proved. Try to think of questions 
that the paper leaves open, or which could be accessible 
using its methods, and record them in your list. (You 
don’t need to understand all the details of the paper 
at this point—that comes later, if you decide to work 
on the problem.)

2. Attend seminar talks regularly. Again, keep an eye out 
for open questions, or potential new applications. Dis-
cussing with the speaker is a great way to gauge whether 
you’ve come up with a good problem.

3. Actively talk about math with others, whether in 
classes, seminars, conferences, the common room, or 
online. Record interesting problems that arise, as well 
as with whom you discussed them, in case you want 
to resume the conversation later.

4. Every once in a while, do maintenance on your list. This 
includes organizing the list (e.g., by subject or priority), 
following up on recent activity and background, and 
reformulating problems or making them more precise. 
Sometimes, this process will help inspire new ideas too.

Once you have a problem list, what are its uses? There 
are a variety of them, beyond the obvious one of being a 
source of fresh research directions:
1. A problem list’s existence can be psychologically useful 

even if you aren’t ready to start a new project. It’s reas-
suring to have a supply of problems waiting, especially 
in those times when you find yourself stuck on your 
current research. I’ve also learned that simply the act 
of writing down a problem can start ideas percolating 
—by the time you “officially” begin work on the prob-
lem, you may have already subconsciously developed 
an approach to it!

2. A problem list makes grant writing much easier, and 
perhaps even fun. Indeed, you can treat grant writing 
as an opportunity to flesh out approaches to some of 
your favorite problems on the list.

3. A problem list can be a tool for productive math con-
versations. When you attend a conference or visit a de-
partment, ask experts about aspects of your problems. 
Sometimes this will help you refine your questions, or 
even start a collaboration.

4. One day, your problem list will probably contain 
many more problems than you could ever hope to 
investigate. Don’t worry, there is still a great use for 
those problems: they can serve as starting points for 
your students’ research.

suggests a path that is more pleasant for the individuals 
involved and leads to an overall culture that will actually 
solve more hard problems. What’s not to like?

Where This Advice Came From
This advice was part of the last public mathematics talk 
given by Warwick de Launey before succumbing to cancer 
at the young age of 52. Warwick spent most of his career 
working on classified mathematics, first in Australia and 
later in the United States, mostly at the IDA Center for 
Communications Research in La Jolla. He was named a 
Distinguished Member of the Crypto-Mathematics Institute 
for his contributions. He was active in traditional academic 
mathematics, too, especially combinatorics and design 
theory, as you can see in his book [1] or the special issue 
of Cryptography and Communications [2] in his honor. His 
long list of publications and many collaborators attest to 
him having lived his professional life following this advice.
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Keeping a Problem List

Alexander Perry

One of the hardest parts of mathematical research is finding 
good problems, where “good” means some combination 
of interesting and doable. For this reason, I think it’s 
important to document our ideas for good problems as 
they occur to us—especially when we don’t have time to 

Skip Garibaldi Daniel M. Gordon

Alexander Perry is an assistant professor of mathematics at the University 
of Michigan. His email address is arper@umich.edu.
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per year, during which my calendar looks roughly as de-
scribed above. Assuming I take four weeks of vacation per 
year, this leaves 18 weeks available for full-time research, 
parsed approximately as 16 weeks in the summer and two 
weeks over the winter break. At 40 hours per week, I can 
thus manage to collect 720 hours of research time during 
breaks between semesters, but this is still less than half of 
my 1920 annual working hours. To make up the deficit, 
I commit to eight hours per week of research time, 
throughout my 30-week full-time teaching period.

Research Lessons from the Calendar
To cultivate strategies for carving out research time, let’s 
reflect on why my calendar looks as described during the 
academic year. Although I would joyfully do nearly all parts 
of my job without any extra structure or incentives, there are 
simply lots of things which are out of my control: classes 
meet for a specified number of hours per week, advising 
year-long senior theses is part of my annual course load, 
students have certain expectations of my availability, and 
basic functionality requires that regular department and 
college business be conducted. But even shadow items 
which are NOT specifically written into my daily planner 
also manage to get done every single day—why?

As humans, we typically do things today—even those 
phantom to-do items that aren’t scheduled directly in 
our daily calendars—because we face the consequence 
tomorrow: I’m giving a lecture tomorrow so it needs to 
be prepared, I’m meeting a student concerned about their 
performance in the course tomorrow so I need to finish 
grading their midterm, and the deadline for that NSF letter 
of recommendation is 5:00 p.m. tomorrow. On the other 
hand, each of these activities behaves like a gas, expanding 
into any and all available space and time! Here’s a tip to 
change its state of matter:

 • ALWAYS put off until tomorrow what doesn’t 
need to be done today!

That’s right: a license to procrastinate! The more ef-
ficient you’re required to be, the more efficient you’ll 
become. Your students are very unlikely to appreciate the 
additional four hours of effort you poured into making 
your 1:00 p.m. lecture 5% better by preparing the day 
before instead of that morning. To correctly quote several 
relevant adages: done is good, and perfect is the enemy of 
the good! If you plan to be rarely early but never late on 
all teaching and service tasks, you’ll find more openings in 
your schedule today, for research. So leave everything until 
the last possible minute—except your research.

Research is rarely an emergency. That’s not to say that 
pressing research deadlines don’t exist—they occasionally 
do! Examples include having a collaborator on the job mar-
ket, an undergraduate research assistant applying for gradu-
ate school, a coauthor going up for tenure, a grant proposal 
or project report due, or agreeing to submit your article 
to a themed special edition of a journal. You might also 

Above all, I think of a problem list as a dedication to 
creativity. Try keeping your own—you may find, as I have, 
that merely putting a question down on paper can imbue 
even the most whimsical thought with the seriousness 
needed to pursue it further.

Credits
Author photo is courtesy of the author.

My Research is  
DUE Tomorrow!

Elizabeth Milićević

In the heart of most academic semesters at Haverford, my 
daily calendar usually consists of the following items: two 
to four hours of class lectures or problem sessions, one 
office hour, one thesis meeting, two on-demand individual 
student meetings, and one of the following: department 
meeting, colloquium, college committee meeting, or full 
faculty meeting. These daily events typically total four to 
eight hours—and this is only scheduled calendar items! 
Given the vast array of teaching and service demands—
which renew themselves daily—where exactly does research 
fit?!

My goal in this article is to provide concrete suggestions 
for regularly incorporating research into your own incred-
ibly busy academic year, and to help you ensure that even 
limited research time packs a punch. But first, we need to 
figure out how much research time we should realistically 
add to that calendar. I’ll do a simple back-of-the-envelope 
calculation, which you should adjust using your individual 
parameters.

Haverford faculty are expected to split their time ap-
proximately 50/50 between teaching and research, using 
Julianna Tymoczko’s convenient algorithm for partitioning 
100 based on the annual coarse load [Tym20]. The typical 
14-week semester at Haverford is followed by one week of 
exams, totaling 30 weeks of full-time academic instruction 

Alexander Perry

Elizabeth Milićević is an associate professor of mathematics at Haverford 
College. Her email address is emilicevic@haverford.edu.
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Having collaborators is especially useful in creating 
minor frequent research “emergencies.” (For this purpose, 
it can be especially helpful for at least one collaborator to 
be in an academic position in which their personalized 
weekly number of research hours is strictly greater than 
yours!) More specifically:
1. Schedule a weekly meeting with your collaborators 

(which then counts toward your eight research hours!) 
to discuss your current progress.

2. Make sure every collaborator has explicit “home-
work” when the meeting concludes, with a concrete 
assignment deadline.

3. Maintain contact on the collaboration between 
weekly meetings; e.g., raise new questions in a group 
email, or work directly in an online platform which 
syncs to your coauthors’ files and notifies everyone of 
recent changes.

4. Treat your collaborators as you would a student 
whom you’ll see tomorrow in class—prioritize them! 
For example, respond to your collaborators’ email 
messages within 24 hours.

Conversely, if you have a solo project you need to 
prioritize, turn this advice on its head to minimize your 
distraction by time-consuming collaborative projects. In 
this case, you should also be up-front with your collabo-
rators: precisely how long do you expect to put your joint 
project on the back burner, and what can you realistically 
contribute in the interim?

If you’re getting back into that solo project or haven’t 
yet started a collaborative one, you’ll need to create regular 
research emergencies yourself. One method I wholeheart-
edly endorse is converting certain scheduled contact hours 
into stimulating research discussions (students enjoy this 
more, too!). For example, I now frame most of my year-
long undergraduate thesis projects around current research 
problems on which I am momentarily stuck, need more 
data to formulate a conjecture, or otherwise might not have 
time to prioritize in my own eight hours of weekly research. 
But the most effective way to trick myself into picking up 
my research again tomorrow is to leave loose ends:

 • QUIT working smack in the middle of an exam-
ple, before the pattern emerges!

It’s much easier to leave for the day after tomorrow (or 
sadly, even much longer) a research project which is in a 
tidy holding pattern, having thus perhaps lost a bit of its 
luring mystique. Be sure to leave yourself sufficiently many 
breadcrumbs that you’ll be able to quickly resume this 
example tomorrow, however!

Generate a Research Feedback Loop
Even after you’ve scheduled eight effective hours of weekly 
research and you’re faithfully sticking to those calendar 
appointments, how can you make the most of this precious 
time? To deepen the impact of each research session, the 
first thing I suggest is (re)reading the excellent advice that 

feel an acute need to claim ownership of your intellectual 
property by a fixed deadline, such as if you have committed 
to speak about the work at an upcoming conference, or if 
you are in danger of getting scooped. Lean heavily into every 
opportunity to schedule an arXiv submission date on your 
calendar, and treat these deadlines with sacred reverence!

Choose Research Hours Wisely
Many people (including earlier iterations of myself) em-
brace the “research day,” defined as an eight-hour day 
dedicated entirely to research, on which nothing else is per-
mitted to be scheduled; e.g., no pop-up student meetings, 
no discussions with department colleagues, and no dentist 
appointments. While I actually still nominally embrace this 
model to set aside at least one day per week which cannot 
be consumed by the same torrent of daily calendar activ-
ities as on class days, I have since converted to the model 
of scheduling daily research time. In particular, I try to:

 • AVOID clumping all eight hours of weekly re-
search into a single day!

One key reason that I abandoned the “research day” is 
practical: in ordinary times, roughly half of this dedicated 
“research day” is actually consumed by attending my local 
research seminar at the University of Pennsylvania, which 
doesn’t (usually) directly contribute to finishing active 
research projects.

But the most important reason to spread this time 
throughout the calendar is that it benefits me mathematically. 
Keeping daily contact with a problem embeds it sufficiently 
deeply in my brain that random (disjoint) times in the day 
can lead to the critical “aha moment” required to push a 
project forward. Thinking about the same project multiple 
times per week also minimizes the start-up cost required to 
remind myself of what on earth I was thinking whenever 
I pick up the project again (not to mention the incredible 
amount of “cosmic energy” I need to resume a project cold 
turkey after a 15-week hiatus between mid-January and 
May!). Moreover, bingeing on math research just doesn’t 
reliably work—technical writing doesn’t flow as quickly as 
composing an email, and it’s difficult to confine generating 
an original idea to a prescribed narrow window of time.

Even if you insist on adhering to the “research day” 
model, I would strongly encourage you to consider break-
ing it up into one six-hour period on your official “research 
day,” in addition to four 30-minute research sprints on 
the other weekdays, to maintain more consistent mental 
contact with your project(s).

Create Research Emergencies
Once you’ve optimally scheduled your eight hours of 
weekly research, it can still be tempting to let other things 
creep into that time—when else will I ever get the chance to 
go to the dentist? To combat this temptation, I use the same 
trick that makes it so hard to schedule any research time 
in the first place; namely, by creating many intermediate 
research-related deadlines for tomorrow.
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Find a Research Juggling Pattern
There are other global pitfalls which can prevent my eight 
weekly research hours from being productive, in the sense 
that they don’t converge sufficiently quickly into a finished 
paper. One possible obstruction is if you don’t really like 
the problem and/or the chemistry is off in the collabora-
tion. If you’re not in too deep to wonder about falling prey 
to the sunk cost fallacy, you should probably just abandon ship! 
If you can see a path to actually achieving a publication 
out of the project, on the other hand, I suggest you simply 
rip the bandage off as quickly as possible. After the paper 
is done, you can reflect on the experience and apply any 
lessons learned to your future selection of projects and/
or collaborators.

More commonly, my productivity suffers because I am 
simply trying to juggle too many projects simultaneously. 
The formula that works best for me is to focus on exactly 
two projects at a time—any more and I find I’m just “faking 
it” on (at least) one project, cramming the night before my 
“homework” is due, with correspondingly (and noticeably) 
subpar results. To guarantee that there is always something 
in the pipeline to completion, it works best if this pair of 
projects is comprised of:

 • one project where the math is “done” and we’re simply 
trying to write everything up; and

 • one project which is more preliminary, in the explor-
atory (fun!) phase.
During the semester, I try not to work on projects 

which are still rather speculative more than one day per 
week (though limiting time on an exhilarating new idea 
is admittedly difficult!). Conversely, for the one project 
nearing the home stretch, I modify my TeX file five days 
per week—like a freight train!

Overall, I have found that if I maintain an appropriate 
balance in the nature and number of active research proj-
ects, if I work on problems that I find fascinating, and if 
I generally enjoy both the company of my collaborators 
and the solace of working solo, these eight hours of weekly 
research time provide a delightful respite from the daily 
grind imposed on me by my calendar, even during the most 
chaotic points in the academic year.
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David Zureick-Brown has offered on maximizing research 
productivity amidst all of the competing demands of the 
academic year [ZB20].

But I do have some additional concrete recommenda-
tions for working in a manner which will more fully engage 
the emergency feedback loop that helps any research proj-
ect maintain a sense of urgency. In the absence of a more 
brilliant scheme, here’s my recipe:
1. do one more example,
2. share the notes with my collaborators, and
3. immediately TeX it up in the cloud.

In particular, I recommend some implied organizational 
structures. First, keep all of your notes online, easily acces-
sible, with files intuitively labeled for all collaborators to 
immediately view. If you work on a tablet, either enable 
autosync or regularly export your files to a shared cloud 
location. If you work on paper or a board, scan your notes 
religiously, or respectively, export photos of each board 
as you erase. Regular activity in shared folders, photos of 
additional examples, and handwritten notes sketching 
ideas for proofs will spur collaborative dialogue between 
scheduled weekly meetings. As an added bonus, you’re 
always equipped to maximize random cracks of time (e.g., 
waiting in that dentist office on a non-“research day”), 
since you’ll always have the latest research updates at your 
fingertips. Of course, this assumes your notes will actually 
make sense to your collaborators—and your future self—so 
do work as legibly as you can, and include explicit citations 
to references where possible.

Conversely to my suggestion to STOP examples early, 
I also suggest to START typing things up early (but leave 
loose ends between work sessions here, too!). Even before 
you know what the theorem statement is or how the even-
tual proof might go:

 • TeX early and often!
Writing will refine your own ideas and stimulate discus-

sion with your coauthors. Having one central document 
to which everyone is contributing at least once per week 
(ideally more) provides excellent scaffolding to sharply 
focus your precious research time.

More concretely, all of my TeX files—no matter how far 
from the finished product—are vibrantly color-coded with 
clearly articulated to-do lists. Each coauthor is assigned a 
color (for making any comments, but also for requesting 
specific “homework” of other coauthors). Each anticipated 
edit is also assigned a distinct color (red = mathematical 
gap, blue = expository change, orange = missing reference, 
yellow = example needed, and so forth). When all color 
has disappeared from a working TeX file, it’s ready to post 
to the arXiv, by definition. Whenever I open an unfinished 
TeX document, depending both on exactly how long I have 
to work and what state my brain is in at the time, quickly 
skimming for certain colors enables me to immediately dive 
in where I can have the most impact that day.

Elizabeth Milićević



Early Career

mAy 2021  Notices of the AmericAN mAthemAticAl society   753

school I went to, in which we always planned our own 
work, has ruined me forever.) But it gives a very good 
overview which allows you to schedule your time much 
more effectively. I think it is also important to not follow 
your lists blindly. Zoom out every now and then, and check 
whether your goals are realistic and sensible.

Sometimes it is difficult to predict how difficult or 
time-consuming a goal is. Some weeks you just have less en-
ergy. Adjust, don’t just give up! Unexpected things happen, 
and that’s ok. I try to schedule less at the end of the month 
(and week); this leaves more time for finishing things that 
I didn’t manage to fit in before, or for recovery.

Planning Your Week
While working from home, it may feel that there is no 
real structure to any given day; so we will have to create 
that structure ourselves. Writing good to-do lists is already 
half the work—but only half. Once you have your lists of 
things you should be doing, how do you make sure that 
you actually get them done?

The next step (after list-writing) is prioritizing your 
tasks. I put the most weight on my research projects and 
correspondingly allocate the largest chunks of time to re-
search. That is both because it is easy for me to keep doing 
smaller (teaching or service) things all day that have more 
immediate payoffs, and because it takes me a while to get 
into research mode, so smaller blocks of time would not 
lead to anything.

Having ordered your tasks by priority, you then allocate 
time to these tasks in order. For me, sometimes it is enough 
to only schedule time for the most important things. I still 
have my list of less important things on hand; there will al-
ways be a time before, between, or after other things where 
you’ll have a few minutes to do those. Moreover, it doesn’t 
help me to plan my whole day from minute to minute. 
Also, switching between tasks takes time and energy. And 
if something takes less time than expected, you can always 
write some emails (see below).

I think it makes sense to plan according to your strengths, 
i.e., to make sure your best time is free for your best work. 
The concept of “best time” is variable; mine is usually be-
tween 5 p.m. and 7 p.m. in summer and between 10 a.m. 
and noon in winter, so I keep at least these slots free for 
research time. The start or the end of the day is better for 
appointments with students or organizational meetings; 
this then also leaves the rest of the day free for other things.

How you end up planning your day is of course highly 
personal and depends on many factors. You will need to 
find your own strategies to get started, keep going, and 
wind down at the end of each working day. However, some 
general statements apply to everyone. First, stress levels are 
reduced by starting work early (whatever “early” means for 
you), so you will not feel “behind” all day. Second, having 
a routine will mean that you spend less energy on figuring 
out what to do when, and will therefore have more energy 

Time Management

Valentijn Karemaker

In spring 2020, I moved to the Netherlands to start a 
tenure-track position. At the same time as house-hunting 
during a semi-lockdown, I had to get settled at the univer-
sity while working from home. In the subsequent months, 
while I tried to keep working on my research projects, I also 
started teaching an online course and supervising students, 
and joined some committees. With so many things to juggle 
in such strange circumstances, I often found myself a little 
overwhelmed by it all. I can imagine many of you have felt 
the same way. Below I will share my experiences on how to 
manage my time most effectively.

Setting Goals
It sounds obvious, but to plan what to spend your time on, 
it is crucial to first decide what you want to achieve. That 
is, you need to set goals for yourself.

Maybe you have heard of the slogan that goals need 
to be SMART (Specific, Measurable, Achievable, Relevant, 
and Time-bound). For me, this means that they should 
be concrete enough to write on a to-do list, with a clear 
deadline (set by yourself or by others), and that they can 
eventually be ticked off that to-do list. Some things may be 
too nebulous or too big to fit these criteria; they are either 
continuous (committee positions or seminar organization, 
for example), so vague that you don’t know how to write 
them down, or so involved that you never feel you can cross 
them out. Nevertheless, you will often be able to extract 
small, SMART pieces.

Research is not SMART. You cannot write “Have a great 
idea” or “Understand this theory” on your to-do list. The 
only thing you can do there is decide what project(s) you 
want to work on, and allocate enough research time—more 
about that later.

In practice, at the start of every month I write a list of 
my goals for that month. These are numbered according 
to the week of the month I plan to do them in. Then at the 
start of each week, I make a new list containig the subset 
of that week’s goals, and other things that may have come 
up (such as referee requests or follow-up actions from ear-
lier goals). To these weekly goals, I then allocate a day of 
the week. In particularly busy weeks, I repeat the process 
to produce daily to-do lists. At the end of each day, week, 
and month, I go over the corresponding lists and tick off 
what I have done.

This may seem like a lot of list-writing, and in a way it 
is. (A friend of mine always jokes that the Dalton primary 
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for the things you are actually doing. (If I’m enjoying my 
routine, I write it down, for inspiration in times where I feel 
less productive.) Third, after too long a working day, your 
productivity will be down the next day—so it’s really not 
more efficient to work late (whatever “late” means for you).

Emails
Email is such a big thing that it deserves its own section. 
Writing emails is not a goal in itself, and you cannot plan 
when someone will write to you. Emails come in contin-
uously and the more you write, the more you receive. In 
other words, you will never be done with email, but can 
only hope to stay on top of it, without spending too much 
time on it.

I personally don’t allocate time for writing emails, al-
though I typically start and end the day with it. There will 
always be a few minutes between meetings, or when I’m 
taking a short break from thinking about math, in which 
I can write some quick emails. To reduce stress, I do not 
receive work emails on my phone and have turned off 
most notifications, so that I only see emails when I actively 
choose to do so. But strangely, it is less stressful for me to 
check my emails regularly, even outside of working hours, 
so that I know they are not secretly piling up.

COVID Craziness
All of the above applies at any time. But we live in excep-
tional times, and this is reflected in how we manage our 
time. You may be mourning—if not losing someone or 
something specific, then at least a sense of normality. You 
may be very distracted by everything that is going on.

I think we should accept that we may have less energy 
or mental bandwidth than usual, and simply plan to do 
less. Now that everything is all online, a lot of idle time 
has been cut out of our schedules, but we need this time 
to not overexhaust ourselves rather than squeezing in yet 
more work. It helps me to work standing some of the time, 
to keep my body active. I also balance my extra screentime 
with completely different things (socializing, sports, music, 
reading).

Listen to your body and cut yourself some slack. If you 
are working too much, “because there is nothing else to do,” 
maybe the solution is to plan more non-work things that you 
then commit to. (I have put “sitting on the couch” on daily 
to-do lists, to make sure it actually happens.) If you feel like 

you are trying and failing to do some-
thing, take a break and do something 
else. While going on a nice walk, you 
may just suddenly have a great idea. If 
not, then at least you will have taken 
a nice walk.
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Utrecht Centrum.
Valentijn Karemaker

How I Learned to Research 
Like the Incredible Hulk  
(or I’m Always Angry)

Robert W. Vallin
In the early 1990s, jobs were difficult to find, and my job 
search was torturous. I answered more than 100 ads, went 
to the 1992 Joint Mathematics Meetings (that year in Bal-
timore, MD) as a freshly-minted PhD, and participated 
in the cattle call known as the Employment Center. And 
then I waited, and waited, and waited. My first on-campus 
interview was in April. But the fates were kinder to me than 
others. In August, I was bright-eyed, bushy-tailed, and start-
ing a tenure-track job. I landed at what seemed like a good, 
if not great, school for me—a mid-level state school with 
a four-four teaching load and “professional development’’ 
rather than research expectations.

I was okay with the teaching load, despite its heaviness. 
Service would work out—I had been involved in lots of 
service as an undergraduate and graduate student. But there 
was the third part. I did not have to do research per se, but 
I wanted to do it. Since the first time I figured something 
out that had never been figured out before and then saw 
my name in print, I wanted to do it again. I wanted to be 
like my thesis advisor and the bigwigs he knew. But how? 
Yes, I had written a thesis and published it as two papers. 
However, my results had come from meeting with my the-
sis advisor, having him suggest the path I should look at 
for the next week, and seeing him the following Monday. 
Lather, rinse, and repeat. Now I was on my own. To make 
a long story short, I decided I wanted to move away from 
my thesis (but still do research in real analysis), and so I 
started looking through journals for something that inter-
ested me. What I did not realize was that my thesis was not 
just guided research, but pretty heavily-guided research. 
Working on my own was going to be hard.

It’s been long enough that I don’t remember the topic, 
but I do remember trying to find some results and think-
ing I had some small, but clever ideas. In my naive state, I 
thought that even a small thing, whether a positive proof or 
a negative example, would be interesting and publishable. 
I was one of the first in my department to get a desktop 
computer and one of only two who knew LaTeX and could 
typeset mathematics to look nice. So, I typed up my results 
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and sent them to my old advisor so that I could get some 
nice kudos that would keep me going. A quick reply was 
not forthcoming. Finally, he wrote back, and the subject 
line said it all: “Ugh.’’ I’ll skip the sordid details. I thought 
I had results. He said they were obvious, not interesting, 
and not research. But professional development at my in-
stitution was the name of the game, and I thought about 
taking myself in lots of other directions, giving up research, 
and sticking with things I knew I could do. So, what was 
my next move? I moped. Yeah, I felt sorry for myself. Then 
I got better. Then I got mad.

And now I had a goal to focus on. An angry goal, but 
still a goal: to show to my advisor (and others) that I could 
get something done.

I started by reading lots of journal articles. Specifically, 
I was looking for articles with open problems in them. 
This way, I could get my hands on some problems rather 
than determine my own, and I could start to learn what are 
good questions. I got some decent results about the metric 
space of metrics. Boom! Paper. I realized there’s no harm 
in asking others, so at a meeting, I asked an older friend 
if he had anything we could work on together. He did, 
and that was another paper. Boom, again! Then, I lucked 
out. I found a paper on metric-preserving functions that 
had an open question, and one of the authors was at a 
school about an hour away from me. I emailed to ask if the 
question was still open, and it was. It took me over a year, 
but I answered it with a really nice, deep counterexample. 

Getting to know this person gave me the opportunity to 
(a) go to his school to both attend and present at their 
mathematics colloquium, (b) have someone to talk with, 
and (c) have a place to go to when I took a sabbatical. Let 
me point out that this took years. It was a marathon, not a 
foot race. It’s ongoing today.

So, I learned how to ask and answer questions. Some-
times, I’m the only one interested in them. I give talks, and 
nobody has anything to say, but that’s OK. I think they’re 
good. I’ve moved on from my first tenure-track job, but for 
the decades I was there, I averaged a research paper a year 
and have branched out into many topics (analysis, topol-
ogy, number theory, recreational mathematics, etc.). I have 
also written expository and pedagogical papers and a book. 
My perseverance paid off. I’m sure that yours will, too.
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Mitchell Feigenbaum
Konstantin Khanin, Mikhail Lyubich, Eric D. Siggia,

and Yakov Sinai

Preamble
Mitchell Feigenbaum passed away on June 30, 2019. His
profound discoveries opened a new page in mathematics
and physics, in their fascinating intertwining. Volumes can
be already written on this subject. In the notes below we
give a brief retrospective of the impact of Feigenbaum’s
ideas on (mostly) mathematics, flavored with some per-
sonal recollections.

Mitchell Feigenbaum:
Naturphilosoph and a Friend

Konstantin Khanin and Yakov Sinai
About 45 years ago Mitchell Feigenbaum made a beautiful
mathematical discovery. So beautiful and unexpected that
for a while, manymathematicians refused to believe it. His
discovery attracted a lot of public attention. It is quite rare
when a mathematical discovery fascinates the general pub-
lic. In the last 50 years, we can remember only two other
stories: Wiles’s proof of Fermat’s Last Theorem and Perel-
man’s solution to the Poincaré conjecture. With time, the
public interest heated by Mitchell’s enigmatic personality
cooled down. But the mathematical importance of Feigen-
baum’s work has only increased. In these short notes we
will try to reflect on the background of Mitchell’s discovery,
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and recall the story of its early days (the late 1970s and the
early 1980s). We shall also try to remember howMitchell’s
many visits to the Soviet Union in the 1980s and the begin-
ning of the 1990s resulted in our friendship which lasted
almost 40 years.
Beginning. The idea of the Renormalization Group (RG)
originated from condensed matter physics and statistical
mechanics in the 1960s. It was a major breakthrough
made in the context of the theory of phase transitions
and critical phenomena. Initially developed in works by
M. Fisher, L. Kadanoff, V. Pokrovsky, and A. Patashinsky
centered around the ideas of scaling invariance at the point
of phase transition. Later, in work by K. Wilson, it became
a powerful tool in the study of critical phenomena. This
later development brought forward the fundamental ideas
of universality, and later in the early 1970s ideas of confor-
mal invariance proposed by A. Polyakov. There is a huge
physical literature dedicated to RG, but we are not going to
go any further in this direction. However, it is important
to mention that 50 years after the creation of RG theory
there are very few rigorous mathematical results confirm-
ing it. It turns out that this extremely general and concep-
tual theory has proved elusive tomathematical approaches.
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While two beautiful theories, namely 2D conformal field
theory and the theory of SLE, allowed for a lot of progress
in describing the limiting objects, so-called fixed points
of RG, proving convergence to such limits remains out of
reach at present except for a very few concrete models. Any
progress in this direction would be a great achievement.
It is worth noting that one of the 2010 Fields Medals was
awarded to S. Smirnov for a proof of convergence for the
2D Ising model and the critical percolation model on the
planar triangular lattice.

Forgetting for a moment about mathematical rigor, one
can formulate the main renormalization principle in an
extremely general form. So general, that it can probably
apply not only to physical and mathematical systems, but
possibly also to complex systems of another nature, such
as biological and social. Suppose by varying a parameter or
parameters, a complex system passes through a dramatic
change in its structural behavior (phase transition). Then
for parameters corresponding to a point of transition, the
system will exhibit certain scale invariant behavior. More-
over, very often this scaling invariant behavior has strong
universality features. The above principle is formulated
(intentionally) so generally and vaguely that many scien-
tists may say that it makes no sense. We shall argue though
that it has a value as an ideology, as a possible language
and a way to structure our thinking about very complex
phenomena.

Back to physics, by the mid 1970s the RG became a
mainstream part of theoretical physics. Whenever a physi-
cist would see a universal scaling behavior, she or hewould
think about the RG. The above sentence summarizes the
historical physical background of the discovery made by
Mitchell. The mathematical background was also very fer-
tile. The theory of dynamical systems was very active and
on the rise. In the 1960s and the beginning of the 1970s
three major theories were developed and made their way
into the wider mathematical community: the KAM the-
ory dealing with elliptic dynamics (A. N. Kolmogorov, V.
Arnold, J. Moser), the theory of uniformly hyperbolic sys-
tems (S. Smale, D. Anosov, Ya. Sinai, to name a few),
and the thermodynamic formalism and the theory of SRB
measures (Ya. Sinai, D. Ruelle, R. Bowen). It was real-
ized that very simple deterministic systems, like the logis-
tic family of maps 𝑓𝑎(𝑥) = 𝑎𝑥(1 − 𝑥), may exhibit very
complex chaotic dynamical behavior. The ideas of chaos
and dynamical chaos were becoming increasingly popular
among mathematicians and physicists alike. The old idea
of L. Landau to explain turbulence through a sequence of
well understood dynamical bifurcations was reincarnated
in the paper by D. Ruelle and F. Takens. One-dimensional
dynamics was on the rise, remaining largely topological
though. The rich dynamical behavior encoded by the

parameter dependence in the logistic family was studied.
In particular, the sequence of period-doubling bifurca-
tions for an increasing sequence of parameter values 𝑎𝑛
was looked at.

This is a very brief and incomplete description of the
scientific landscape in 1975 when Mitchell made his dis-
covery. It was really a discovery, an unexpected find. A
lot was said about Mitchell playing with a calculator to see
for himself what the bifurcation values of parameter 𝑎𝑛 are
for two different families of maps. He noticed that the ac-
cumulation rate looked the same. That was the moment
which determined all that followed. It was luck, of course.
One has to be in the right place at the right time. But one
also has to be able to recognize the importance of the dis-
covery. Not only to see how amazing it is, but also to put it
into the right context. We want to add that Feigenbaum’s
discovery was one of the first, probably the first, meaning-
ful and remarkable instance of what is now called exper-
imental mathematics. It is fitting that the discovery was
made byMitchell who was working at the Theoretical Divi-
sion of the Los Alamos National Lab. The group of young
brilliant researchers, such as David Campbell and Predrag
Cvitanović shared Feigenbaum’s excitement. From themo-
ment of discovery things moved fast. Predrag contributed
by suggesting the precise neat form of the fixed point equa-
tion. Soon the paper, describing the phenomenon and
providing the Renormalization Group explanation of it,
was ready.

But mathematics was not yet ready to accept it. It was
rejected at least twice until Joel Lebowitz published Feigen-
baum’s seminal paper in his Journal of Statistical Physics.
Mitchell told us a story of his conversation with Jurgen
Moser back then. Feigenbaum was still completely un-
known in the mathematical community. He said some-
thing about period-doubling bifurcations for families of
maps. Yes, it is a well-known bifurcation, Moser replied.
Feigenbaum: “But I am studying sequences, in fact, infi-
nite sequences of such bifurcations.” Moser: “Well, it is
interesting, but not so surprising.” Feigenbaum: “But I
found that bifurcations accumulate with the same expo-
nential rate for different families.” Moser: “What? Metri-
cal invariant? This is impossible.” The idea was still alien
for mathematicians outside of a narrow group of mathe-
matical physicists familiar with RG ideas. This story re-
minds us of the history of the Belousov-Zhabotinsky reac-
tion. Belousovmade his discovery of oscillatory regimes in
chemistry in 1951. It took him almost 10 years to publish
his results. The typical referee report would say: it is well
known that time-periodic oscillatory regimes in chemistry
are impossible. Finally, the paper appeared in 1959 in a
nonrefereed conference proceedings.
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The discovery was fascinating and soon became very
popular. Journalists were writing about universality in
chaos, onset of chaos, universal route to chaos, etc. Exper-
imentalists and numericists were finding more and more
examples of physical systems exhibiting universality pre-
dicted by Feigenbaum’s theory. While the theory is essen-
tially one-dimensional, it was observed in many dissipa-
tive systems described by the finite-dimensional differen-
tial equations, and even infinite-dimensional PDEs. On
the mathematical side O. Lanford started his program on
rigorous computer-assisted proofs of the existence of hy-
perbolic fixed points for renormalization. P. Collet, J.-P.
Eckmann, and H. Koch extended the theory to the multi-
dimensional dissipative case. In a joint paper with E. Vul,
we constructed the thermodynamic formalism describing
universal metrical properties of the Feigenbaum attractor.
One should also mention the papers by M. Feigenbaum,
L. Kadanoff, and S. Shenker and by D. Rand, S. Ostlund,
J. Sethna, and E. Siggia where renormalization was stud-
ied in the context of critical circle maps. R. MacKay in
his thesis applied a renormalization approach to invari-
ant curves for area-preserving twist maps of the cylinder.
The case of smooth invariant curves corresponds to the
KAM regime. The most interesting was the case of critical
invariant curves where MacKay numerically constructed a
highly nontrivial fixed point. Rigorous computer-assisted
results on the existence and the hyperbolicity of MacKay’s
fixed point were only obtained much later by H. Koch. It
is interesting to say a few words about the connection be-
tween the KAM theory and the renormalization. The first
global result on the linearization of smooth circle diffeo-
morphisms with a typical irrational rotation number was
proved by M. Herman around the time when Feigenbaum
discovered the universality of renormalization. In fact, the
linearization result can be viewed as a statement of con-
vergence to the trivial renormalization fixed point given by
linear maps with slope 1. Here one can point at a parallel
between the trivial linear fixed point of renormalization
in dynamics, and trivial Gaussian fixed points in statisti-
cal mechanics. In fact, the linear fixed point is trivial, but
a global convergence to it is a highly nontrivial result of
Herman’s theory. It is worth mentioning that local con-
vergence was proved much earlier by V. Arnold (KAM-type
result). We discuss local vs global convergence of renor-
malization below.

The Feigenbaum theory is based on a construction of
a fixed point of the period-doubling transformation, and
the proof that the linear operator corresponding to the lin-
earization of this nonlinear transformation at the critical
point has only one essential unstable eigenvalue—the fa-
mous Feigenbaum constant 4.6692..., and the rest of the
spectrum lies inside the open unit disk. The construction

of the hyperbolic fixed point proves local universality of
the period-doubling phenomenon. At the same time, it
was clear from numerical experiments that the universality
is, in fact, a much more general and more global phenom-
enon. Mathematical results in this direction only came
much later, in the 1990s. The beautiful and highly non-
trivial theory was developed in the papers by D. Sullivan,
C. McMullen, and M. Lyubich. In fact, their results deal
with a much more general setting than the case consid-
ered by Feigenbaum. A point of accumulation of period-
doubling bifurcations is the simplest instance of infinitely
renormalizable maps. Roughly, it is a situation where one
can precisely describe the combinatorial properties of the
trajectory of the critical point. The map is supposed to be
unimodal, that is, with a unique critical point (maximum)
of order 𝛼 (𝛼 = 2 in the Feigenbaum case). The combina-
torial information specifies, in particular, the sequence of
times 𝑡𝑛 when the trajectory returns closest to the critical
point. In the Feigenbaum case 𝑡𝑛 = 2𝑛. But one can con-
sider a more general situation when 𝑡𝑛 = ∏𝑛

𝑖=1 𝑘𝑖, where
the sequence {𝑘𝑖, 1 ≤ 𝑘𝑖 < ∞} characterizes different com-
binatorial types. The sequence of renormalization 𝑅𝑛(𝑓)
can be naturally defined for any infinitely renormalizable
unimodal map 𝑓. One of the main results of the renormal-
ization theory for unimodal maps can be formulated the
following way. Assume that 𝑓 and 𝑔 are two analytic infin-
itely renormalizable unimodal maps of the same combi-
natorial type, and with critical points of the same order
𝛼 = 2𝑙, 𝑙 ∈ ℕ. Then, the sequence of renormalization
converges exponentially, namely ‖𝑅𝑛(𝑓) − 𝑅𝑛(𝑔)‖ → 0 as
𝑛 → ∞ exponentially fast.

The analyticity requirement can be relaxed. But basi-
cally all existing rigorous results assume that the order of
a critical point is given by an even integer. At the same
time it is largely believed and confirmed by numerical stud-
ies that the above result on exponential convergence of
renormalization should remain true for any order 𝛼 > 1.
Proving such a result is probably the most important open
problem in a general area around the Feigenbaum univer-
sality. The nature of the problem is similar for all 𝛼 > 1
and can be described in the following way. Consider a part
of the trajectory of the critical point in a small neighbor-
hood of the critical point. The order of points in the past
and in the future is determined by the combinatorial type.
The metrical properties are defined by ratios of lengths of
small intervals formed by the trajectory. The dynamics act-
ing on these ratios/scalings consists of one instance of ap-
plying the map |𝑥|𝛼 and then many iterates far away from
the critical point. The first step results in 𝑂(1) changes of
the scalings, and other iterates distort them only slightly.
From this, one can determine new scalings correspond-
ing to extending the trajectory to the future times. The

MAY 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 759



description above is certainly too simplistic since in real-
ity one has to take into account the distortions from a se-
quence of times when a trajectory comes back relatively
close to the critical point. However one can see traces of
universality here. Namely, the process we describe above
does not use any information about the initial map apart
from its combinatorial type and the order of the critical
point. The main problem is to show that for a given infin-
itely renormalizable combinatorial type there exists only
one set of scalings compatible with a given order of the
critical point. In other words, the metrical properties of
trajectories are extremely rigid.

The ideas of renormalization and universality pio-
neered by Mitchell Feigenbaum were hugely influential in
dynamics. These ideas have really transformed and revo-
lutionized the way we think about many dynamical prob-
lems. It is fair to say that renormalization became one
of the most powerful methods of analyzing the asymp-
totic properties of dynamical systems, especially in the low-
dimensional case. The convergence of renormalization is
still a highly nontrivial problem. However, the big differ-
ence between renormalization in the dynamical systems
setting and in statistical mechanics is that in many cases
the dynamical renormalization theory can be developed
rigorously. More examples of such rigorous development
are discussed by M. Lyubich.
Back in the USSR. We turn now to more personal mem-
ories. It was probably in 1982 when Mitchell came to
visit Moscow for the first time. The world was very differ-
ent then. The Soviet Union looked super-stable, no one
would have predicted its total collapse in less than 10 years.
The visit was organized by the Landau Institute which was
at its prime. It was an unbelievable group of physicists
and mathematicians with very broad interests covering the
whole of theoretical and mathematical physics. The atmo-
sphere was extremely inspiring and creative. There was no
pressure other than to do good research. Plus no grant
applications, no committee meetings. Lots of intellectual
freedom—it was really a paradise for young intellectuals.
And young we were. A memorable talk of Sasha Migdal
in 2004 at the meeting dedicated to Mitchell’s 60th birth-
day at Rockefeller University gave a good description of
the atmosphere at the Landau Institute at that time. The
title of the talk—“Paradise Lost”—speaks for itself. Need-
less to say, Mitchell with his finely tuned soul felt very
much at home in such an atmosphere. Many friendships
which started then lasted for many years: L. Bunimovich,
A. Migdal, A. Polyakov, to name a few. Endless discussions
with topics ranging from literature, to history, to music.
And science, of course. It was rewarding for everybody, in-
cluding Mitchell, of course.

His next visit was in 1984 during the traditional Landau-
Nordita meetings. This time Mitchell was part of the
Nordita team which also included his close friend Predrag
Cvitanović. It was awonderfulmeetingwith great personal
interaction. Lots of drinks, lots of laughter, lots of deep
late-night conversations. As Predrag wrote in his notes
about the visit, Mitchell’s diet was centered around caviar
and champagne. This was for breakfast, most likely vodka
was added in the evening. Mitchell had a very sharp eye.
Once he noticed that in the local grocery store all the food
was wrapped in paper rather than plastic. He immediately
came to a conclusion that either all plastic is going to a
military use, or there is no plastic at all. Several years later
he was remembering this observation at the first sign of
the unavoidable collapse of the Soviet Empire. Of course
it was much before the modern times of “paper or plastic.”

Then it was the next visit, perhaps in 1985, when one
of us (KK) joined Mitchell on a very memorable three-day
visit to Leningrad. Visits to the Hermitage Museum are al-
ways special, but going together withMitchell made it even
more unique. Wewent to LOMI (Leningrad’s Branch of the
Mathematical Institute) where Mitchell gave a talk. L. Fad-
deev, who was the director of LOMI, showed with great
pride a beautiful grand piano which belonged to the Insti-
tute. Of course, Mitchell and Ludvig Faddeev both were
great music lovers, and had much to talk about.

Next time we met in New York in December 1988. It
was at a wonderful conference “Frontiers in Mathematics”
organized by Joel Lebowitz and Peter Lax at the New York
Academy of Sciences. Then it was a remarkable series of
five(!) Soviet-USA conferences on chaos. The first (1989),
the third (1991), and the fifth (1993) were organized in
Woods Hole by David Campbell, Ken Ford, and Mitchell.
The second (1990) and the forth (1992) were in the Soviet
Union in Tarusa and Kiev. Well, by the time of the meet-
ing, Kiev was already the capital of independent Ukraine.
One of us (KK) was not able to participate in the last meet-
ing at Woods Hall in 1993. Instead, a greeting message
was sent to the participants which said that the series of
meetings would be discontinued since it had achieved, in
fact overachieved, its main purpose and goal: creating full
and complete chaos in the Soviet Union. It took almost 25
years longer to achieve the same in theUSA. The first of this
series of meetings was really an amazing gathering of al-
most all leading experts in nonlinear dynamics and chaos
theory, both mathematicians and physicists. The journal
Chaoswas the offspring of thismeeting. RemarkablyDavid
Campbell, who founded it, served as the Editor-in-Chief of
Chaos for 25 years.

Mitchell’s wife Gunilla was an important part of his
life. Almost immediately and very naturally she became
a close friend. Gunilla was a talented artist, and Mitchell
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always proudly showed her latest paintings. There were
manymore get-togethers, mostly in their Manhattan apart-
ment, sometimes in nearby restaurants. We remember
many long conversations on different topics, as well as
sometimes fierce arguments. Mitchell was an opinionated
person, but you always had a feeling that he heard what
you had to say.

Watching David Campbell and Mitchell together was
great fun. They were very close, almost brothers, often
arguing, always deeply feeling for each other. For us,
Mitchell and David represented the best qualities of Amer-
ican intelligentsia. Although our life paths were very differ-
ent, we had so much in common, so many things which
attracted us to each other. It is always important to remem-
ber how universal the values which bring us together are.

Mitchell was a singular point. He lived a life of a thinker.
He certainly needed moments of being alone. But he also
loved life and loved his friends. He was deep and broad
at the same time. A Renaissance man, one can say. Sadly,
there are fewer and fewer people with such qualities. Are
they becoming extinct? Mitchell will be always remem-
bered and missed dearly.

Konstantin Khanin Yakov Sinai

Renormalization Ideas in
Dynamics: How Feigenbaum’s
Discovery Changed the World

Mikhail Lyubich
Feigenbaum’s discovery. In the mid 1970s, Feigenbaum
accidentally made a curious observation. Using a hand cal-
culator, he entertained himself by iterating simplest possi-
ble nonlinear maps: quadratic polynomials

𝑓𝑎 ∶ 𝑥 ↦ 𝑎𝑥(1 − 𝑥)

Mikhail Lyubich is a professor of mathematics at Stony Brook University and
the director of the Institute for Math Sciences at Stony Brook. His email address
is mlyubich@math.stonybrook.edu.

Figure 1. Renormalization telescope.

on the interval [0, 1]. He observed that for small 𝑎 > 0, al-
most all orbits converge to an attracting fixed point. Then
at some parameter 𝑎1, the doubling bifurcation happens,
making almost all orbits converge to an attracting cycle of
period 2. This persists for some interval of parameters, un-
til the next doubling bifurcation occurs, making almost all
orbits converge to an attracting cycle of period 4, etc. This
cascade of doubling bifurcation parameters (𝑎𝑛) converges
to a certain parameter 𝑎𝐹 , called now the Feigenbaum point.
Feigenbaumnoticed that the convergence happens rapidly,
namely exponentially fast with rate 𝜆 = 4.6.... He took no-
tice of this number.

Sometime later he played the same game with a similar
family 𝑔𝑏 ∶ 𝑥 ↦ 𝑏 sin 𝑥 and observed a similar cascade
of bifurcations (𝑏𝑛) converging exponentially fast to some
parameter 𝑏𝐹 . He looked at the rate and was struck to dis-
cover that it was the same: 𝜆 = 4.6.... He immediately
realized that there should be a deep reason behind this
seeming coincidence (see [F]).

Ideas coming from physics (quantum field theory and
statistical mechanics) helped him to reveal the underlying
mechanism for this universality phenomenon.1 It is called
renormalization, a machinery relating various scales of a
family of dynamical systems. It has become a powerful
tool of the dynamical system theory, radically changing
the course of its further development, particularly in the
low-dimensional world.
General idea of renormalization. We will give a very gen-
eral idea of renormalization in dynamics. Let us consider
a dynamical system 𝑓 ∶ 𝕏 99K 𝕏 of a certain class 𝒬. To
understand its small-scale structure, let us select a piece
𝑋1 ⊂ 𝕏 and consider the first return map 𝑓1 ∶ 𝑋1 99K 𝑋1.
If we are lucky and careful, this return map may belong to
the original class𝒬, so wemay try to compare the newmap
𝑓1 to the original map 𝑓. To this end, we rescale the small
piece 𝑋1 to the “original size” by some change of variable
ℎ1 ∶ 𝑋1 99K 𝕏1 (which may or may not be linear). Conju-
gating 𝑓1 by ℎ1, we obtain a newmap𝑅𝑓 ∶ 𝕏1 99K 𝕏1 called
the renormalization of 𝑓. This map describes the dynamics
of 𝑓 in scale 𝑋1.

1About at the same time, Coullet and Tresser [TC] realized that there is a simi-
lar Universality phenomenon in the dynamical space: e.g., the postcritical sets
of the Feigenbaum maps 𝑓𝑎𝐹 and 𝑔𝑏𝐹 have the same Hausdorff dimension.
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It may happen that the map 𝑅𝑓 is again renormalizable
in the same sense, yielding the second renormalization 𝑅2𝑓 ∶
𝕏2 99K 𝕏2, which is the rescaled return map 𝑓2 ∶ 𝑋2 99K 𝑋2
in a smaller scale 𝑋2 ⊂ 𝑋1. It describes the dynamics of 𝑓
in that scale.

With some luck, we can continue this process many
times yielding a sequence of renormalizations 𝑅𝑛𝑓 in a
nest of scales. It may even happen that this sequence is in-
finite, giving us a description of the dynamics in all scales.
In this case, the original map is called infinitely renormaliz-
able.

However, this small-scale description is topological at
best, unless we have some uniform geometric control of all
the renormalizations. Such control, called a priori bounds,
amounts to precompactness of the family of renormaliza-
tions 𝑅𝑛𝑓 in 𝒬. To prove such a priori bounds is usually a
difficult technical problem. But it is rewarding as we gain
uniform geometric control of the original system in all scales.

But the renormalization program is even more ambi-
tious. It suggests that under some favorable circumstances
theremay exist a renormalization fixed point 𝑓∗ ∈ 𝒬, 𝑅𝑓∗ = 𝑓∗.
Such a map is homogeneous in all scales, and hence self-
similar. This conjecture does not come from anywhere ex-
cept physical intuition originated in the statistical mechan-
ics and quantum field theory. This explains why physicists
(Feigenbaum, Coullet, Tresser, Cvitanović, Kadanoff,...)
were a driving force in the initial stages of the renormal-
ization theory.

In fact, physical intuition, accompanied with computer
experiments, suggested even more: that this fixed point
𝑓∗ is hyperbolic under the renormalization, in the usual
dynamical sense. This means that there exist two trans-
verse manifolds, stable manifold 𝒲𝑠 and unstable mani-
fold 𝒲ᵆ, with the following properties:
•𝒲𝑠 is forward invariant under𝑅 and the orbits𝑅𝑛𝑓 in𝒲𝑠

converge to 𝑓∗ exponentially fast. (This manifold consists
of infinitely renormalizable maps.)
• 𝒲ᵆ is backward invariant under 𝑅 and the orbits 𝑅−𝑛 in
𝒲ᵆ converge to 𝑓∗ exponentially fast. Moreover, the unsta-
ble manifold is finite-dimensional, with dimension equal
to the number of “essential” parameters in our space 𝒬.

Thus, the small-scale structure of any infinitely renor-
malizable map 𝑓 ∈ 𝒲𝑠 coincides (up to an exponentially
small error) with the fixed point 𝑓∗. In particular, all these
maps are asymptotically self-similar. This phenomenon is
called the dynamical universal self-similarity of the maps of
our class.

On the other hand, the unstable manifold 𝒲ᵆ repre-
sents a nontrivial finite-parameter family of maps invari-
ant under 𝑅−1. If it is one-dimensional, then the bifurca-
tion locus in this family contains a rescaled copy of itself
(in an appropriate coordinate), representing parameter self-
similarity.

Figure 2. Renormalization picture behind self-similarity,
rigidity, and universality.

In the presence of some extra structure, the parame-
ter self-similarity also becomes universal. Namely, imag-
ine that certain topologically defined classes form a
codimension-one lamination ℒ in the space 𝒬 invariant
under the renormalization. Then any one-parameter fam-
ily ℱ = (𝑓𝜆) of maps in 𝒬 which transversely intersects𝒲𝑠

(at some parameter 𝜆∗) will be related to𝒲ᵆ via the holo-
nomy 𝛾 along ℒ. This makes the bifurcation loci in ℱ and
𝒲ᵆ homeomorphic.

Moreover, for general dynamical reasons, 𝛾 is asymptoti-
cally conformal at 𝜆∗, making those bifurcation loci (asymp-
totically) conformally equivalent near the corresponding
points, 𝜆∗ and 𝑓∗. This is the parameter universality we have
alluded to above.

In practical terms, if you observe self-similarity of the
bifurcation picture of some family of dynamical systems
(e.g., the quadratic family), then quite likely it is gener-
ated by some renormalization mechanism. Feigenbaum’s
original observation gave the first glimpse into this funda-
mental phenomenon.
Mathematics that came out of it.
Doubling renormalization. The specific scheme respon-
sible for the Feigenbaum discovery is the period doubling
renormalization in the space of unimodal maps with qua-
dratic criticality (i.e., intervalmaps with a single nondegen-
erate critical point, which we place at 0). If such a map has
a periodic interval 𝐼1 ∋ 0 of period two, then 𝑓2 | 𝐼1 is also
a unimodal map. Rescaling 𝐼1 back to the unit size defines
a renormalization transformation 𝑅 in the space 𝒰 of uni-
modal maps. If a map is infinitely renormalizable, then it
possesses a nest of intervals 𝐼1 ⊃ 𝐼2 ⊃ 𝐼3 ⊃ ⋯ of periods
2𝑛, representing various renormalization scales. In this sit-
uation, the renormalization conjecture suggests that there
exists an infinitely renormalizablemap 𝑓∗ such that 𝑓2𝑛∗ | 𝐼𝑛
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are obtained one from another via scaling by a certain fac-
tor 𝜌 = −2.7.... Moreover, for any infinitely renormaliz-
able map 𝑓, the scaling of the corresponding renormaliza-
tion intervals will asymptotically be the same, and such
maps form a codimension-one submanifold 𝒲𝑠 in 𝒰. In
the transverse direction to 𝒲𝑠, there is a one-dimension
unstable manifold𝒲ᵆ on which 𝑅 acts (in an appropriate
coordinate) as a scaling by some factor 𝜆 = 4.6.... The same
scaling rate is observed in any one-parameter family of uni-
modal maps transverse to𝒲𝑠, e.g., in the quadratic family.
It is the universal rate originally observed by Feigenbaum.

Shortly afterwards, similar universality phenomena
were observed for more general renormalization schemes
in the space of unimodal maps, with various periods.
Then experiments, physical and numerical, indicated that
this phenomenon (sometimes with the same scaling fac-
tors as in the unimodal setting) is also observed in
higher-dimensional situations, including real fluid mo-
tions. Gradually the universality was establishing itself as
a new world paradigm.
Proof of the renormalization conjecture. From the phys-
ical point of view, the unimodal story looked quite com-
plete: there was a coherent theory clearly explaining exper-
imental observations. However, the mathematical mecha-
nism behind this theory and its rigorous justification did
not look so obvious. In 1982, Lanford gave the first rig-
orous proof of the doubling renormalization conjecture,
relying heavily on rigorous computational estimates. Var-
ious pieces of the theory were then supplied, without
appealing to computers, by H. Epstein, J.-P. Eckmann,
K. Khanin, Ya. Sinai, and other people (see [VSK]).

At about the same time (in the early 1980s), similar
phenomena were observed in the holomorphic world. It
manifested itself by self-similar features of the Mandelbrot
set ℳ where one could observe little copies that were in-
distinguishable from ℳ itself (see Figure 3). A mathe-
matical justification for the existence of these copies was
given on a topological level by Douady and Hubbard in
the mid-1980s, and it was based upon an idea of quadratic-
like renormalization. It is a holomorphic counterpart of the
unimodal notion, where the underlying space 𝒬 consists
of holomorphic double branched coverings 𝑓 ∶ 𝑈 → 𝑉
from a smaller topological disk to a bigger one.

In his address to the Berkeley ICM (1986) Dennis Sul-
livan articulated that the holomorphic Douady-Hubbard
quadratic-like setting provides a natural mathematical
frame for the renormalization theory, supplying it with
a wealth of geometric structures and technical tools un-
available in the real world. He specifically outlined an
approach to the construction of the renormalization fixed
point 𝑓∗ and its stable manifold 𝒲𝑠 based upon Teich-
müller theory ideas (see [S, MvS]). Then Curt McMullen

Figure 3. Self-similarity of the Mandelbrot set in several
places. The lower-left corner corresponds to the classical
Feigenbaum parameter that initiated the whole story. The
upper-right corner corresponds to its close relative, the
golden mean Siegel parameter.

had an insight into the problem from the point of view
of hyperbolic 3D geometry, which allowed him to justify
that the renormalization orbits in the stable manifold con-
verge to the fixed point exponentially fast [McM]. The story
was completed in [L1] with a proof of the existence of the
1D unstable manifold 𝒲ᵆ transverse to 𝒲𝑠 which justi-
fied the parameter universality for any unimodal combi-
natorics. Several years later, the Sullivan-McMullen part of
the story was revisited by Artur Avila and the author with
ideas of Carathéodory metric and almost periodicity [AL].
Regular or stochastic theorem. The author went on to
prove the renormalization conjecture for all combinatorial
types simultaneously [L2]. This was a crucial piece of the
Regular or Stochastic Theorem asserting that for almost any
𝑐 ∈ [−2, 1/4], the quadratic polynomial is either regular
(i.e., almost all orbits on the invariant real interval ℐ𝑐 con-
verge to an attracting cycle) or stochastic (i.e., the behavior
of almost all orbits in ℐ𝑐 is governed by an absolutely con-
tinuous invariant measure). This gives a complete dynami-
cal picture in the real quadratic family from the probabilis-
tic viewpoint, and renormalization provided key insights
into the matter.
Impact on 1D holomorphic dynamics. A central prob-
lem of holomorphic dynamics is the MLC conjecture as-
serting that the Mandelbrot set ℳ is locally connected. If
true, it would supply us with a precise topological model
for this tremendously complex fractal set and would re-
solve another outstanding problem, the Fatou conjecture
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asserting that hyperbolic maps2 𝑓𝑐 ∶ 𝑧 ↦ 𝑧2 + 𝑐 are dense
in the Mandelbrot set.

Around 1990, Yoccoz made a breakthrough in the MLC
(related to an earlier work by B. Branner and J.-H. Hub-
bard) by proving that ℳ is locally connected at 𝑐 unless
𝑓𝑐 is infinitely renormalizable. This result tightly linked
the MLC conjecture to renormalization theory. Further ad-
vances in the MLC problem fit perfectly into the renormal-
ization worldview (see work by Lyubich, Shishikura, Kahn,
Cheraghi, and Dudko over the past 25 years).

But the impact of the renormalization ideas on holo-
morphic dynamics goes beyond the Douady-Hubbard
framework. Indeed several other renormalization themes
have been designed that give insight into self-similarity
of various parts of the Mandelbrot set (see Figure 3).
Siegel-Pacman renormalization theory, also originating in
physics, is responsible for the self-similarity near the
goldenmean point on themain cardioid (McMullen, Yam-
polsky, Dudko-Lyubich-Selinger; see [DLS] and references
therein), while the parabolic renormalization theory controls
the geometry of ℳ near the cusp and other parabolic
points (Lavaurs, Douady, Inou-Shishikura; see [IS] and ref-
erences therein).

Without a doubt, all these theories will play an impor-
tant role in the MLC story. And remarkably, they have al-
ready provided a key to other outstanding problems. For
instance, they were crucial for constructing examples of Ju-
lia sets of positive area (Buff-Cheritat, Avila-Lyubich).

It is hard to overestimate the influence that the renor-
malization ideas had on the development of the one-
dimensional dynamics, real and complex.
Other themes. To indicate the scope of the theory, let us
mention in conclusion several other themes greatly influ-
enced by renormalization ideas:
• Circle diffeomorphisms. This theme goes back to

Arnold’s classical work, followed up by M. Herman, J.-C.
Yoccoz, K. Khanin & Ya. Sinai, and many others. A general
renormalization picture was recently described by N. Gon-
charuk and M. Yampolsky [GY]. It also branched off to
the theory of piecewise circle diffeomorphisms with break
points (Khanin, Kocic, and others).
• Critical circle maps. Also initiated by physicists (Feigen-

baum, Kadanoff, Siggia,...), this renormalization picture
turns out to be closer to the unimodal renormalization
than to renormalization of circle diffeomorphisms. It has
been developed by G. Swiatek, M. Herman, E. De Faria,
W. de Melo, M. Yampolsky, and others. Now the theory is
complete; see [Y] and references therein.
• Interval exchange maps and Teichmüller flow. Another di-

rection branched off the renormalization theory of circle

2In this context, they can be defined as maps possessing an attracting cycle.

diffeomorphisms is the Rauzy renormalization for interval
exchange maps and its continuous counterpart, the Teich-
müller flow acting on the space of flat surfaces. It has been
flourishing in the past two decades, withmany remarkable
results by H. Masur, W. Veech, A. Zorich, M. Kontsevich,
G. Forni, C. McMullen, A. Avila, M. Viana, M. Mirzakhani,
A. Eskin, and many others; see [EMM].

• Schrödinger cocycles. This theory arose directly from
quantum mechanical spectral theory for the Schrödinger
operator with almost periodic potential. Mathematically,
it amounts to the study of SL(2, ℝ)-cocycles over circle
rotations. It has also experienced an explosive develop-
ment over the past two decades, with deep contributions
by A. Avila, R. Krikorian, S. Zhitomirskaya, J. Bourgain,
M. Goldstein, W. Schlag, and many others. A complete
global bifurcation picture, in the spirit of the aforemen-
tioned Regular or Stochastic Theorem, was described by
A. Avila [Av]. Renormalization of cocycles fibered over the
circle renormalization played a crucial role in this develop-
ment.
• Dissipative Hénon maps. This renormalization theory

has been developed in the work of H. Koch, S. van Strien,
C. Tresser, A. de Carvalho, M. Lyubich, M. Martens, and
other people as a two-dimensional perturbation of the uni-
modal renormalization theory. In this world the rigidity
and universality phenomena appear in a much more sub-
tle form than in the one-dimensional context; see [CLM].
• Conservative dynamics. This theory includes conserva-

tive Hénonmaps as well as Hamiltonian systems (with the
KAM theory fitting together well with the renormalization
framework). Though the evidence for universality is plen-
tiful, it is much more difficult to justify it rigorously, and
usually it needs substantial computer assistance. The work
by R. McKay, H. Koch, D. Gaidashev, among others, gives
a sample of this important area of research; see [K].

Mikhail Lyubich
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Feigenbaum’s Years at Cornell
and Rockefeller

Eric D. Siggia
There was a fruitful convergence of mathematics and
physics in the late 1970s and 1980s on the question of
how fluids pass from laminar to turbulent flow and in
particular if the transition is discrete. Mitchell’s singular
contribution anticipated this convergence but was not the
only antecedent. A decade prior, the physicists who were
drawn to this question, from both experiment and theory,
studied thermodynamic phase transitions, and the exact-
ing experimental techniques required to uncover the scal-
ing behavior around second-order critical points proved
very useful in the new study of nonequilibrium tran-
sitions ([Ah], https://digitalcommons.rockefeller
.edu/libchaber-laboratory/1/). On the theory side,
it’s fair to say that the subject of critical point scaling was
“solved” by Ken Wilson’s Renormalization Group 1969–
1971, and a certain number of us were looking for other
problems to solve.

A snapshot of the period was the program at the Physics
Institute at the University of California at Santa Barbara
in 1980–81. Mathematical physicists such as Ruelle and
Eckmann were attending, but there was also a strong con-
tingent from experimental physics. Equal time was given
to spatially extended systems that have not attracted any
mathematical attention. I mention this program since it
wasmy first extended exposure toMitchell, and suffice it to
say that he was not happy in the beach culture of Santa Bar-
bara. Our professional lives converged during this period.
With British mathematician David Rand, and two younger
colleagues, we worked out the onset of chaos in circle
maps with arbitrary winding number by renormalization
group methods [ÖRSS]. Completely independently, Leo
Kadanoff in Chicago and a student Scott Shenker (nowUC
Berkeley) with assistance from Mitchell did similar work
[FKS]. Shenker was later a postdoc with Mitchell and me
at Cornell and remains in awe of Mitchell’s aesthetics and
science.

The year after the Santa Barbara meeting, I invited
Mitchell to Cornell, to give a series of lectures on iter-
ated maps and period doubling. The Cornell physics de-
partment has a bipartite structure of two labs: one parti-
cle physics where Mitchell was a postdoc a decade prior,

Eric D. Siggia is the Viola Ward Brinning and Elbert Calhoun Brinning
Professor at Rockefeller University. His email address is siggiae@mail
.rockefeller.edu.

and the other condensed matter. Ken Wilson and Michael
Fisher bridged this institutional divide with famous results
in the 1970s and Mitchell was hired with super-laboratory
status, though his office was in condensed matter. There
he quickly noted the significance of my Cornell extension:
255-4669. Ithaca more than now was a village, and I can
recall lunches with Ken Wilson and numerous dinners at a
local Italian restaurant where rabbit was the specialty. Re-
lations with the campus community who were studying
turbulence in engineering contexts were correct but frosty.

Mitchell’s schedule did not accommodate morning
classes, nor did his work habits tolerate the divided atten-
tions required of university life. His obsession with work-
ing every subject from the ground up consumed a lot of
time, but it was more than many students could appreci-
ate. So by 1987, he was the Toyota Professor at Rockefeller
University in NYC where he moved with his extraordinary
Swedish born wife Gunilla who matched his aesthetics.
She had multiple artistic talents, but her paintings that
evolved through distinct phases were the most enduring
image I retain from their apartment at 450 E 63rd street.

Rockefeller University, founded in 1901, was a biomed-
ical research institute until 1954 when it became a univer-
sity with only graduate students and later broadened its
mandate to include physics, mostly theoretical, and phi-
losophy. There was nomandatory teaching, no defined du-
ties, and no need for grant support if the group was small.
So for Mitchell, this was nirvana. He was hired by the
then president Joshua Lederberg, who had the strongest
claim to polymath status among the founders of molecu-
lar genetics, and Mitchell witnessed the turbulent admin-
istration of David Baltimore. During this period, the fi-
nancial crisis of the 80s caused a retrenchment, and it was
decided to focus on biomedical research. Faculty in other
areas drifted away; the particle theorist A. Pais stayed and
became a noted historian of modern physics.

Rockefeller remained, however, a singular institution.
Only there could Mitchell Feigenbaum forge a distin-
guished career as an administrator. He did so with the aid
of the next president, TorstenWiesel, a neurobiologist who
uncovered the early steps of visual processing inmammals.
Torsten tried to interest Mitchell in animal experiments,
but wrote that Mitchell’s world was elsewhere. Faced with
the institutional disappearance of physics, Mitchell sold to
Wiesel and the trustees the then very novel idea of seeding
the university with a few physical scientists with nascent
interests in biology but above all a strong professional
grounding. The people he recruited, Albert Libchaber in
1996, me in 1997, and finally a junior hire, Marcelo Mag-
nasco, had all passed through nonlinear dynamics. (Lib-
chaber did the precision experiments confirming period
doubling in convection.) In retrospect, our common bond
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was not that we were a clan, but rather those who left con-
ventional physics for nonlinear dynamics were more apt
to move again to biology. It’s fair to say none of us knew
much about biology. The hope for the “Center of Studies
in Physics and Biology” as expressed by Wiesel was to pro-
vide Rockefeller with a toehold in sciences outside of bi-
ology, particularly theory. It has become commonplace to
welcome quantitative methods in biology settings, but too
often the implicit motivation is high-level tech support,
not the intellectual direction, as envisioned by Mitchell
and Torsten.

Mitchell seized the right moment at Rockefeller to im-
plant physics (though his hope to include serious math-
ematics was never realized). His access to the administra-
tion died when Wiesel was replaced by Levine (who added
another physicist, Stan Leiber, with better biological cre-
dentials than the three first hires). Perhaps the strongest
institutional imprint of the Rockefeller center has been
the fellows program. These are three-year appointments
with no implicit attachment to any faculty and a mandate
to find an interesting project in the Rockefeller context.
Mitchell always participated in fellow interviews until he
became ill, though decisions were made by vote of the cen-
ter faculty and current fellows.

It’s fair to say that institutional interest in the physics
center was moribund by the turn of the millennium. As
Libchaber aptly expressed it, we were the “Jews of Rocke-
feller.” But life was good in the ghetto. At Mitchell’s ini-
tiative, residents of the center besides the fellows and itin-
erant visitors to New York grew to include a noted histo-
rian of psychiatry from Cornell, and a cultural anthropol-
ogist from Denmark with UN connections. We enjoyed
ourselves, gradually becoming more biological and forg-
ing collaborations with a subset of labs willing to entertain
our divergent and disruptive questions.

Mitchell had his 60th birthday in 2004 and celebrated
with typical aplomb by a two-day symposium at Rocke-
feller entitled “Numbers and Nature.” The cast of char-
acters was wide: Michael Berry, Leo Kadanoff, Sasha
Polyakov, and others from physics and astronomy, David
Ruelle, Yakov Sinai, and Dennis Sullivan from dynamical
systems and beyond, plus a leavening of humanists with
whom Michell had engaged in the past. The group co-
hered at this event; Mitchell was clearly the sun around
which it revolved, but he in no way dominated the pro-
ceedings. Rather I feel he just observed how the pieces fell
together. Mitchell could be arrogant and opinionated but
was always generous, enjoyed an argument, and never held
a grudge. His diverse circle of friends was a testimony to
his character and charisma, and their devotion was mani-
fest when he became ill.

Mitchell’s final major project was a book on optics,
more precisely, anamorphs and is aptly entitled Reflections
on a Tube. These are planar images viewed reflected in a
cylindricalmirror to recreate a recognized object. But what
is perceived is not the result of geometric optics since the
eye is not a pinhole camera. One has to compute the caus-
tics and the subtle way they influence cognition with addi-
tional connections made to the ophthalmology of vision.
A subject that appears arcane actually requires going to the
base of our visual processing machinery. The project be-
gan in 2006, but the final editorial work necessary for pub-
lication was not completed by Mitchell, and the task has
been assumed by a colleague who taught from the book.

Mitchell burned the candle of life from both ends with
full acceptance of the possible consequences. Smoking en-
hanced focus so he smoked. In his final year after the di-
agnosis of throat cancer, I saw more of him than any time
since our Cornell days. He was divorced from Gunilla by
then but they remained in contact. His friends inNewYork
and beyond saw him through the ordeal. He was ostensi-
bly cured of the cancer, but died from the collateral dam-
age of the treatment. It was an ordeal; Mitchell researched
his condition in typical fashion and would not readily
countenance mushy medical pronouncements. His voice
deteriorated which pained him, he was despondent and
sometimes defiant but never displayed the apathy of de-
pression. He was in a situation from which he could not
think his way out.

Wiesel wrote “Mitch Feigenbaum was a true ge-
nius and his presence as professor at the Rockefeller
University will always be part of its proud heritage.”
An oral history interview from August 2018 is pre-
served in https://digitalcommons.rockefeller.edu
/feigenbaum-laboratory/2/cd.

Eric D. Siggia
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Figures 1 and 2 are courtesy of Lilya Lyubich.
Figure 3 wasmade by Dzmitry Dudko usingW. Jung’s Mandel

program.
Photo of Konstantin Khanin is courtesy of Konstantin

Khanin.
Photo of Mikhail Lyubich is courtesy of Mikhail Lyubich.
Photo of Eric Siggia is courtesy of Eric Siggia.
Photo of Yakov Sinai is courtesy of Yakov Sinai.

MAY 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 767

http://dx.doi.org/10.1007/s11511-015-0128-7
http://dx.doi.org/10.1007/s10955-005-8668-4
http://dx.doi.org/10.1007/s10240-011-0034-2
http://dx.doi.org/10.1090/jams/942
http://dx.doi.org/10.4007/annals.2015.182.2.7
http://dx.doi.org/10.1007/BF01020332
http://dx.doi.org/10.1016/0167-2789(82)90030-6
http://dx.doi.org/10.2307/120968
http://dx.doi.org/10.2307/3597183
http://dx.doi.org/10.1007/s10240-003-0007-1
http://dx.doi.org/10.1016/0167-2789(83)90229-4
http://www.ams.org/mathscinet-getitem?mr=3413976
http://www.ams.org/mathscinet-getitem?mr=2854860
http://www.ams.org/mathscinet-getitem?mr=2192529
http://www.ams.org/mathscinet-getitem?mr=4127901
http://www.ams.org/mathscinet-getitem?mr=3418528
http://www.ams.org/mathscinet-getitem?mr=501179
http://www.ams.org/mathscinet-getitem?mr=680571
http://www.ams.org/mathscinet-getitem?mr=2477427
http://www.ams.org/mathscinet-getitem?mr=1689333
http://www.ams.org/mathscinet-getitem?mr=1935840
http://www.ams.org/mathscinet-getitem?mr=1401347
http://www.ams.org/mathscinet-getitem?mr=1985030
http://www.ams.org/mathscinet-getitem?mr=747790
http://www.ams.org/mathscinet-getitem?mr=512110
http://www.ams.org/mathscinet-getitem?mr=1184622
http://www.ams.org/mathscinet-getitem?mr=719630
http://www.ams.org/mathscinet-getitem?mr=1239171
http://www.arxiv.org/abs/2004.05126


Memorial Article for John Tate
Edited by Barry Mazur and Kenneth A. Ribet

Karen Acquista, Joe Buhler, Dustin Clausen,
John H. Coates, Benedict H. Gross,
Stephen Lichtenbaum, Jonathan Lubin, Barry Mazur,
V. Kumar Murty, Bernadette Perrin-Riou,
Cristian D. Popescu, Kenneth A. Ribet,
Joseph H. Silverman, Karen Uhlenbeck,
and José Felipe Voloch

Barry Mazur and Ken Ribet
John Tate was born on March 13, 1925, and died on Oc-
tober 16, 2019. His mathematical work was fundamental
in forming the shape of modern number theory; we refer
the reader to the book [HP14] for a short curriculum vi-
tae compiled by H. Holden and R. Piene, and to [Mil17]
and [Col17] for detailed discussions of Tate’s work.

John supervised 41 graduate students between 1958
and 1998. TheMathematics Genealogy Project reports cur-
rently that he has 772 mathematical descendants. This
statistic only hints at John’s contribution as a mentor:
John influenced the research of generations of mathemati-
cians who were not formally his students.

Even as John encouraged his students to find their own
problems, hewas always available to hear about their work,

Barry Mazur is a Gerhard Gade University Professor at Harvard University.
His email address is mazur@g.harvard.edu.
Ken Ribet is a professor of mathematics at the University of California, Berkeley.
His email address is ribet@berkeley.edu.
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reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2284

and about the work of his colleagues. He elevated his stu-
dents and postdocs by treating them as colleagues, even
when they were only starting out on their research. As was
discussed in Harvard University’s “Minutes” in memory of
John, an initial meeting with a graduate student who as-
pired to work with Tate

. . .might end with John complaining that he
didn’t know enough to help. A few days later, he
would pass this student in the hall and say that he
had been thinking a bit more about it, and per-
haps understood what they had been telling him.
This would be followed by a complete explanation,
in John’s characteristically lucid style. He would
also encourage his students to communicate with
each other, to work together. This extended to the
sport that John loved: basketball. One year (1977)
an entire basketball team consisting of John’s PhD
students graduated together (they signed a basket-
ball as a gift to John).

We all know of the perfection he demanded of his own
writings—and those of us who coauthored papers with
John have experienced this most keenly. John would con-
tinue to improve and reflect on his writings and letters
as they were freely circulated (sometimes for decades).
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Young John Tate (undated).

His letters represent a vital contribution to our subject.
The 1500 pages of his correspondence with Jean-Pierre
Serre (which spans half a century) exhibit the force and
emotional exuberance of their authors’ new discoveries—
discoveries that shaped much of modern number theory.
In addition, those letters present a portrait of a close friend-
ship.

John Tate had the precious talent of being able to enjoy
personal and mathematical friendships with a large num-
ber of people. Mathematically, John felt comfortable dis-
cussing his own ideas even when they were far from fully
formed; he also enjoyed serving as a sounding board for
the ideas of others that were quite far from mature. John
was consistentlymodest and generous in hismathematical
conversations.

Innumerable mathematicians cherish personal memo-
ries of John’s kindness, his intense love of mathematics
and his way of inspiring all of us to aim high. We thank
the editors of the Notices of the AMS for giving us the op-
portunity to present some personal reflections of a few of
our colleagues.

Barry Mazur Kenneth A. Ribet

Dustin Clausen
When I was a child, John Tate was just my “Texan” grand-
father, with his slow way of talking and his easy, slightly
mischievous smile. But when I started to get interested
in math as a 15-year-old, I remembered that he was also
a mathematician. Actually, I thought I had a proof that
there were no odd perfect numbers, and I sent it to him.
He pointed out my mistake: I had read that 𝜎 was a mul-
tiplicative function and thought that this meant 𝜎(𝑚𝑛) =
𝜎(𝑚)𝜎(𝑛) for all 𝑚 and 𝑛, but actually it only means that
when𝑚 and 𝑛 are relatively prime. He explained that what
I had really proved was that there were no squarefree odd
perfect numbers, a result he said was “at the level of a good
undergraduate exercise in elementary number theory.” He
told me that instead of trying to tackle unsolved problems
I should just focus on learningmath, and to helpme along
he sent me a set of exercises—the first of many—and two
wonderful books, Davenport’s The Higher Arithmetic and
Hardy and Wright’s classic An Introduction to the Theory of
Numbers.

This firstmathematical interactionwith himwas typical.
He was encouraging, generous, and keen to challenge me,
but at the same time very grounded and realistic, making
sure I wasn’t getting ahead of myself. The exercise sets he
sentme over the next two years, composed ad hoc I believe,
were excellent introductions to some beautiful mathemat-
ical ideas which he valued, and many of them are perma-
nently engraved in me, such as the one proving the irre-
ducibility of cylcotomic polynomials via reduction mod 𝑝
and Frobenius, and the one proving the fundamental the-
orem of algebra using a homotopy argument: “if a man
walks around a flagpole with a dog on a leash, then the dog
also walks around the flagpole.” Thanks to his guidance,
I arrived at college well equipped to further study mathe-
matics. (This is an understatement, but he also taught me
to make understatements.)

As I progressed through my mathematical life I of
course kept up contact with him, and he always wanted
to hear what I was doing. He liked to complain that he
was getting too old and slow to follow current develop-
ments, but what really shone through was not this oft-
expressed negativity but rather its underlying cause, which
is itself a thing of positivity and beauty: his remarkable
love of mathematics and his true and simple desire to un-
derstand. There was also a corresponding positivity in how
he viewed others: he was clearly in awe of and had great re-
spect for the many mathematicians of all generations, up
through and even beyond mine, who contributed to the
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development of mathematics and the unraveling of its
mysteries. I’m forever impressed that he seemed to have
completely preserved his childlike sense of wonder at the
marvels of mathematics, and indeed of the whole mathe-
matical enterprise, despite being himself a leading figure in
that enterprise. He was a fantastic mentor, an exceptional
role model, and a wonderfully loving grandfather.

Dustin Clausen

John Coates
I first met John Tate when he came to Cambridge (UK)
fairly early in 1969 for a stay of about a week. At the
time, I had just finished my doctoral thesis, and was look-
ing for a new direction of research which was somehow re-
lated to the arithmetic of elliptic curves, and more specif-
ically to the conjecture of Birch and Swinnerton-Dyer. I
already knew a little of Tate’s enormous reputation as an
arithmetic geometer. His celebrated doctoral thesis had at
last been published in the Proceedings of the Brighton con-
ference [CF10], and his masterful account of global class
field theory was given in the same volume. In addition, his
1966 Bourbaki seminar [Tat95] not only established all of
the basic functorial properties of the conjecture of Birch
and Swinnerton-Dyer for abelian varieties over number
fields, but it also described joint work he had done with
M. Artin which went a remarkably long way towards prov-
ing the function field analogue of this conjecture. Thus
it was with some trepidation that I attended his first lec-
ture in Cambridge, in which he explained the conjecture
he had recently formulated with Birch asserting that the
tame kernel of any totally real number field is finite, and

John H. Coates is an Emeritus Sadleirian Professor of Pure Mathematics at the
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proposing an exact formula for its order in terms of the
value of the zeta function of the field at the point 𝑠 = −1.
Let 𝐽 be any field, and write 𝐽× for the multiplicative group
of 𝐽. The Milnor 𝐾2 of 𝐽 is then defined by

𝐾2𝐽 = (𝐽× ⊗𝐙 𝐽×)/𝑊,

where 𝑊 is the subgroup of the tensor product generated
by all elements 𝑎 ⊗ 𝑏 with 𝑎 + 𝑏 = 1. If 𝑣 is any discrete
valuation of 𝐽 with residue field 𝑗𝑣, the formula 𝜆𝑣(𝑎, 𝑏)
= residue class of (−1)𝑣(𝑎)𝑣(𝑏)𝑎𝑣(𝑏)/𝑏𝑣(𝑎) defines a homo-
morphism 𝜆𝑣 ∶ 𝐾2𝐽𝑣 → 𝑗×𝑣 called the tame symbol at 𝑣.
Suppose now that 𝐽 is a finite extension of 𝐐, and let
𝜙𝐽 ∶ 𝐾2𝐽 → ∏𝑣 𝑗×𝑣 be the map given by the tame sym-
bols at all finite places 𝑣 of 𝐽. The tame kernel 𝑅2𝐽 is then
defined to be the kernel of the map 𝜙𝐽 . Let 𝜁(𝐽, 𝑠) denote
the complex zeta function of 𝐽. When 𝐽 is totally real, old
work of Klingen and Siegel had shown that 𝜁(𝐽, −𝑛) is a
nonzero rational number for all odd positive integers 𝑛,
but nothing was known about the arithmetic significance
of these special values prior to the conjecture of Birch and
Tate. Always assuming that 𝐽 is totally real, Birch and Tate
had conjectured that 𝑅2(𝐽) is finite, and that its order is
given by the absolute value of 𝑤2(𝐽)𝜁(𝐽, −1), where 𝑤2(𝐽)
denotes the largest integer 𝑚 such that the Galois group
of the extension of 𝐽 obtained by adjoining the 𝑚th root
of unity is annihilated by 2. I still vividly remember how
clear and down-to-earth Tate’s first lecture explaining this
conjecture was, as were also the remaining two lectures he
gave on his visit. Moreover, when one posed questions to
him after the lectures, his answers were always very precise
and illuminating.

When I arrived in Cambridge (MA) in September 1969
on a Benjamin Pierce postdoctoral position, Tate had just
returned from his sabbatical in Paris, and was starting
his term as Head of the Harvard mathematics department.
The department at that time was located in very cramped
quarters at 2 Divinity Avenue, above the Harvard-Yenching
Library. In fact, the physical smallness of the location
turned out to be ideal for both postdocs and graduate stu-
dents because every day one met informally many of the
very distinguished senior faculty in the tiny coffee room or
corridors between the offices. Despite being very busy with
his duties as Head of the department, Tate ran a weekly
seminar throughout the academic year 1969–1970 about
his conjecture with Birch, and it turned out to be a golden
opportunity for me. His seminar lectures were a remark-
able mixture of abstract ideas, always illustrated by sub-
tle numerical examples. In addition, he was always very
open to answering questions and having discussions in
his large office at the top of the central stairs in 2 Divin-
ity Avenue. Whenever one came into his office with a
mathematical question, he would take one over to a small
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blackboard where he would carefully explain his answer
using the blackboard, or ask one to explain what one was
saying on the blackboard. I found this method of discus-
sion so effective that I always used it later with my own
graduate students. Sometime in the spring of 1970, Tate
found a proof of the analogue of the Birch–Tate conjec-
ture for curves in one variable over a finite field, which, in
particular, made crucial use of the theorem of Weil assert-
ing that the zeta function of such a curve could be realized
as the characteristic polynomial of the Frobenius automor-
phism acting on the Tate module of the curve, divided by
a simple pole term. At the end of this memorable lecture,
Tate made the comment that he believed that Iwasawa had
recently proven some analogue of Weil’s theorem for the
field obtained by adjoining all 𝑝-power roots of unity to
the rational field 𝐐, and speculated whether this might be
useful in attacking his conjecture with Birch for totally real
number fields. At this point, I knew nothing about Iwa-
sawa’s work. However, his paper [Iwa69] had just been
published, and I spent the whole weekend at home read-
ing it. I was absolutely delighted to find that, when the to-
tally real field 𝐽 is a finite abelian extension of𝐐, themyste-
rious 𝑤2(𝐽) factor appearing in the conjecture of Birch and
Tate had a simple explanation in terms of Iwasawa’s de-
scription of the pole term occurring in his construction in
[Iwa69] of the 𝑝-adic analogue of the Leopoldt–Kubota 𝑝-
adic zeta function for the field 𝐽 using Stickelberger ideals.
I still remember my immense pleasure at explaining this
to Tate in his office on the next Monday morning, and his
warm encouragement to pursue the whole question fur-
ther. However, to do this, it was clear that I had to learn
much more of the background of Iwasawa’s work. One of
the very good conditions of the Benjamin Pierce position
was that one could teach a graduate course each year as part
of one’s teaching duty, and Tate suggested that the best way
to learn about Iwasawa’s work was to teach a course on it
in the coming Fall term. I followed his advice, and grad-
ually began to feel at home with Iwasawa’s ideas, greatly
aided by some beautiful lecture notes which Iwasawa had
kindly sent me. Moreover, Tate himself continued in his
seminar to do fundamental work relating 𝐾2 to Iwasawa
theory [Tat73]. In addition, Tate invited his former doc-
toral student Steve Lichtenbaum to give a seminar talk in
Harvard, and I learnt then that Lichtenbaum had indepen-
dently realized the connexion of the Birch–Tate conjecture
with Iwasawa’s analogue of the Jacobian, and also formu-
lated some striking generalizations of the conjecture to the
values of the zeta function of a totally real number field
at all odd negative integers involving Quillen’s higher 𝐾-
groups of the ring of integers of the number field. How-
ever, it was only some years later, when the deep work of
Mazur–Wiles (for totally real abelian fields) andWiles (for

all totally real number fields) established Iwasawa’s ana-
logue of the Jacobian in general, that one finally was able
to almost prove the original conjecture of Birch and Tate
(the 2-part of the conjecture is still unknown).

All too soon,my three-year post at Harvardwas finished,
and sadly I never was in the same department as Tate for
long periods after that, except for a long visit he made to
Orsay in Paris around 1980. My time at Harvard led me
into mathematical problems and ideas which I have spent
the rest of my life working on. While I benefited greatly
fromdiscussions with BarryMazur, and also Ken Ribet and
Mike Razar whowere both graduate students of Tate, it was
above all manymathematical conversations with Tate him-
self, as well as his lectures, which profoundly influenced
me. I often wondered afterwards how much of Tate’s abil-
ity to mix abstract ideas with concrete numerical examples
came from his teacher Emil Artin. As I left Harvard, I con-
fessed to Tate again my desire to establish some analogue
of Iwasawa’s analogue of the Jacobian for elliptic curves
with complex multiplication, and to use it to prove some
cases of the conjecture of Birch and Swinnerton-Dyer, in a
similar spirit to his work with M. Artin on the function
field analogue. He was, as always, quietly encouraging,
and happily Wiles and I succeeded in doing this several
years later. After leaving Harvard, I occasionally had the
great pleasure of receiving a handwritten letter from Tate
(these were the days before the internet). The one I remem-
ber above all was sent tome inCambridge (UK) in 1976, in
which he asked me to keep an eye on a very gifted young
Harvard undergraduate called Robert Coleman who had
come to Cambridge for a year to do Part III of the Mathe-
matical Tripos. As always, I quickly realised how right Tate
was in his judgement of Coleman.

John H. Coates

Benedict H. Gross
John Tate was a wonderful graduate advisor, but he had
some well-developed defense mechanisms to head off
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potential students. When I arrived at Harvard, John al-
ready had five students working with him and was reluc-
tant to take on any more. “Why are you asking me these
questions about Galois cohomology? I don’t know any-
thing about the subject—go ask Barry!” However, once
we started to work together, he was available at any time
(including off-hour visits to his home) to talk. His enthu-
siasm for number theory was contagious, and he made his
students feel that we were already contributing to it. One
day he showed me how the 𝑞-parametrization of elliptic
curves worked perfectly over the reals, giving a bijection be-
tween the isomorphism classes of real elliptic curves and
the set of real numbers 𝑞 with 0 < |𝑞| < 1. Beautiful (and
very useful too). I would always leave his office thinking—
this is the way mathematics should be done!

I got to know John better in the fall of 1980, when we
were both visiting Paris. He gave a course on Stark’s conjec-
tures at Orsay, and I was thinking about 𝑝-adic analogs of
these conjectures, so we met frequently. One day we were
heading out to Bures to speak with Deligne, and missed
our train at Montparnasse. John suggested that we have a
coffee at a place nearby. When we arrived at the café, he
insisted that we sit at a certain table. When I asked why,
he replied that he had been sitting at that table when he
found the argument in his paper [Tat66]. The isogeny the-
orem was one of John’s favorites, and he returned to the
spot whenever he was in the neighborhood, hoping that
lightning would strike again.

Mathematical lightning struck John many times in his
career—his discoveries have great depth and clarity. He
was always extremely modest about his contributions. We
spent the summer of 2009 as senior scholars at the Park
CityMath Institute, and I had the chance to introduce John
for a talk he gave to an audience consisting largely of high
school teachers and undergraduates. His title was “The 𝐿-
series of Euler and Dirichlet.” I told the audience that just
as we study the ideas of Euler and Dirichlet today, peo-
ple would study John Tate’s work far into the future. John
spent the first ten minutes of his talk protesting this com-
parison: “Dick, that’s just ridiculous!”

John was a kind and generous man. Those of us who
were lucky to study with him will never forget it.

Benedict H. Gross

Jonathan Lubin
I entered the Harvard graduate program in 1957, but John
Tate was visiting in France that year, so my first contact
with him was in 1958. From then on, he gave a string of
courses and seminars at the beginning research level: there
were at least two in the arithmetic of elliptic curves, one
in class field theory, and an informal seminar on group
cohomology. Whenever he lectured, he would throw out
a shower of citations to papers that dealt with matters re-
lated to the topic that he was lecturing on. This and the
clarity of his lecturing attracted a large graduate-student au-
dience. Some who were there with me in 1958 included
Leonard Evens, Andy Ogg, Steve Shatz, Judith Hirschfield
Obermayer, and Steve Lichtenbaum.

Like many of the other graduate students, I found Tate’s
teaching inspiring enough to give me hope that I might
do a thesis under his direction. My memory is clear that I
went into his office one afternoon and asked whether he
could suggest something to work on in class field theory,
and that he responded, “There’s nothing I would like better
than to know a good problem in class field theory.” Ironic,
in light of the fact that my eventual thesis led to John’s and
my paper on that subject.

John was not the kind of advisor who would assign a
problem to a student and tell them how to attack it. In my
case at least, he would instead seize on an interesting fact
I had noticed, and use that as an occasion for putting it in
broader context, which I could use for further exploration.
That was his way of guiding a student’s research: opening
doors, but not pushing anybody through.

He seemed always to be eager to impart mathematical
insight and information. In 1962 I started teaching at Bow-
doin College and working on my thesis, getting partial re-
sults that I reported to John by post. My office-mate there
in Brunswick was a new PhD from another university, who
saw a letter from Tate on my desk and read it. He told me
that there was more mathematics in that one letter than
he had gotten from his own advisor in all the time he had
been working on his research.

John was open and welcoming, did not stand on cere-
mony. In 1968–1969, I was visiting the University of Paris.
I had found myself an apartment that happened to be di-
rectly across Rue de Verneuil from the place where John
and Karin Tate were staying. When I wanted to discuss
some mathematics with him, I would always call and ask
whether I might stop over to talk. He expressed surprise
that I would not just drop in without invitation.
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John Tate was not jolly, not a jokester, not the sort of
person you would go out drinking with. But he was easy-
going, seemed to put people at ease, and had a welcoming
personality. I can’t imagine anyone disliking him, and in
fact he inspired not only universal respect for his mathe-
matics, but universal warmth toward him as a person.

In later years, John and Carol Tate would occasionally
make it to Pasadena, to the annual summer party that my
husband and I give. When the Tates moved back to New
England, I was glad that I was able to visit them once a year
from our summer place in Maine. We saw them in August
2019 for lunch; John had already had a number of serious
health problems, but even though his previous vigor was
gone, he was speaking of going back to France. But that
was not to be, and I will miss him very much.

Jonathan Lubin

Bernadette Perrin-Riou
Les concepts et résultats

Hauteur de Néron-Tate, module de Tate, groupe de
Barsotti-Tate, loi de groupe formel de Lubin-Tate,
théorème de Serre-Tate, groupe de Tate-Shafarevich, al-
gorithme de Tate, décomposition de Hodge-Tate, con-
jecture de Mazur-Tate-Teitelbaum

font partie de ma culture mathématique et m’ont accom-
pagnée tout au long de ces années.

Les articles de John Tate sont une référence. D’autres
ont mieux expliqué que je ne pourrais le faire leur intérêt
mathématique. Je voudrais juste insister sur la manière
dont ses articles sont écrits. Que de fois ai-je dit: “c’est
Tate qui l’a écrit, donc il ne peut pas y avoir d’erreur !”

Il appréciait aussi les mathématiques “concrètes” et
les formules explicites ; son algorithme concernant la
mauvaise réduction des courbes elliptiques a pu être
implémenté tel quel dans Pari/GP et on peut trouver dans
sa correspondance des programmes dans ce logiciel. En
relisant son rapport sur ma thèse d’état, j’ai été amusée de
voir qu’il signalait comme un plus le fait qu’il y avait un
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algorithme pour calculer les hauteurs 𝑝-adiques et des ex-
emples numériques.

Une anecdote: quand j’ai visité Harvard en 1983, nous
cherchions à acheter une voiture. Il se trouve que John Tate
est passé alors que nous étions dans la rue en négociation
avec un vendeur. Quand je lui ai dit qu’avec le contrôle
des changes avec la France, nous aurions du mal à réunir
la somme dans le délai demandé (c’est-à-dire dans les
trois jours . . . ), il nous a immédiatement proposé de nous
prêter la somme le jour même. Ce qui nous a permis de
visiter la région avec notre fils de 2 ans et de profiter de
l’été indien.

Bernadette
Perrin-Riou

V. Kumar Murty
I met John when I arrived as a graduate student at Harvard
in 1977. Personally, he was always friendly, unassuming
and approachable, though it should be quite understand-
able that a new graduate student would be totally in awe
of this mathematical icon! In the weekly number theory
seminar, Barry Mazur and John would be seated in the
front row and graduate students used to sit further back.
In my first year, the topic was automorphic forms and the
adelic generalization of Hecke theory. The running joke
amongst the graduate students who were struggling to fol-
low the talks was “What the Hecke is going on?” When
I started to discuss serious mathematics with John, I was
struck by two things that have remained with me all these
years. The first is that he treated even a beginning graduate
student as a colleague. This meant that he gave the same
level of respect, but also held us to a high standard. He
wasn’t there to hold our hand, but to engage us in a se-
rious, and sometimes blunt, discussion in which we had
to defend our ideas, and in the process, he helped us to
more clearly shape those ideas and move forward. I don’t
think this approach suited everyone, but it was good for
me. At the same time, he had his own way of being very
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encouraging. I met him weekly to report on what I had
been doing, and in one suchmeeting, said that I was study-
ing a paper ofWeil on a proposed “counterexample” to the
Hodge conjecture, but that I had nothing to report. He im-
mediately responded by saying something like studying a
paper is not “nothing,” and for the rest of the meeting, he
asked me to explain what I had read, even though he was
totally familiar with the contents. I often remember this
when I am working with my own students, and take the
same approach. The other thing that impressed me was
his approach to studying interesting problems, and not
backing off because conventional wisdom said that a par-
ticular problem was difficult. It seems to me that he just
pursued themathematics wherever it led him. An example
is the way the Sato-Tate conjecture is formulated almost as
an afterthought following his fundamental conjectures on
Galois invariants in the etale cohomology of varieties. I re-
member a conversationwith himwhere I said that I had an
idea but didn’t feel it could work because a consequence
of this idea would solve a case of one of his conjectures
that had been open for some time. He didn’t say anything
but his expression was of incredulity as if to say “that’s ex-
actly when you pursue an idea.” I had limited contact with
John after graduating, but whenever we met he was always
keen to hear what I was up to. The last time I met him was
in October 2017 when I came to Harvard to give a num-
ber theory seminar talk. He was already over 90 but sat in
the front row and seemed to be paying keen attention, and
expressed appreciation afterwards. John was an extraordi-
nary and unusual mathematician, perhaps a kind of Gauss
who didn’t publish much, but whose every paper has had
profound effect. I consider myself quite fortunate to be
counted amongst his students.

V. Kumar Murty

Karen Acquista
It’s difficult to overstate John Tate’s influence on many
of the mathematicians that I admire and branches of
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mathematics that I find exciting. Because he was the ad-
visor of my advisor Steve Lichtenbaum, my mathematical
perspective is deeply influenced by John Tate. When Steve
introduced me to John at a conference, I was starstruck—
after all, this was the person who had written Class Field
Theory with Emil Artin [AT09], a book I had spent months
poring over in grad school! But on top of all that, he was
genuinely nice, even to tongue-tied grad students. Invari-
ably polite and curious, he seemed to have the ability to
make the people around him feel comfortable.

Mymostmemorable personal encounter with John Tate
happened shortly after I graduated in 2005. I had a post-
doc at Boston University, and he was visiting Harvard that
year. Early in the semester, I was slated to give a talk at
our local number theory seminar. When I walked into the
basement seminar room, I almost fell over in shock—John
Tate was sitting in the audience! I remember feeling a lit-
tle awkward, as there were Tate cohomology groups, Tate
twists, and other Tate-influenced objects in my talk. When
it was over, I thanked him for coming, and explained that
it was very unusual to see anyone from across the river at
our seminar. He waved his hand and simply said, “Well, it
sounded interesting.” Its not something I’ll ever forget; it
was so unpretentious, generous, and encouraging.

I left academia in 2007, and was extremely lucky to find
a nonacademic math research job. Stuck at home during
the pandemic, I’ve spent some time in 2020 reconnect-
ing with my academic research program. Recently, I had
the pleasure of rereading Tate’s classic article “Relations be-
tween 𝐾2 and Galois cohomology” [Tat76], and I was sur-
prised to find that it contained more than one idea that
I now consider to be part of my mathematical toolkit. I
hadn’t remembered learning these ideas at all, they felt like
a natural part of the landscape. But that’s what it’s like
reading one of Tate’s concise, beautifully written articles—
you can finish it in a week, but it can impact your way of
thinking for years to come.

Although the extraordinary man himself is gone now,
and his gentle encouragement will be missed, I have no
doubt that future generations of mathematicians will con-
tinue to be inspired by his fascinating body of work.

Karen Acquista
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Stephen Lichtenbaum
When I was a junior at Harvard in 1958 I wanted to take a
course in algebraic number theory, but such a course was
not being offered at Harvard that academic year. However,
Harvard did have a course then called Mathematics 60 Un-
dergraduate Reading in Mathematics, and I had a friend
who had taken such a course the year before supervised
by George Mackey, so I decided to see if I could enroll in
Mathematics 60 to study algebraic number theory under
Tate’s guidance. I knocked, a little nervously, on Tate’s of-
fice door and explained what I wanted to do. He had never
supervised a Math 60 before and I think was probably not
even aware that there was such a course. But once he de-
termined that I had the necessary background he was very
enthusiastic and agreed to tutor me. It was a marvelous
course. We met once a week and he gave me notes to read
and problems towork out, and then eventually I alsowrote
my undergraduate thesis (on elliptic curves) under his di-
rection. Tate was visiting the institute for Advanced Study
in the Fall term of my senior year, and he even invited me
to visit him for a couple of days to discussmathematics. Of
course eventually I stayed at Harvard to do graduate stud-
ies, and Tate remained my advisor. We stayed in touch for
the next half-century. I very much enjoyed knowing John
Tate and I will miss him greatly.

Stephen
Lichtenbaum

Cristian D. Popescu
I first met John Tate in Burlington, Vermont, at the AMS
Mathfest of August 1995. John attended the meeting as
that year’s awardee of the Steele Prize for Lifetime Achieve-
ment in mathematics. I attended as an unassuming grad-
uate student, giving my very first conference lecture in a
special session on Stark’s conjectures—a research theme in
number theory that had been deeply influenced by John’s
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work during the previous two decades. I gave my lecture
(right after Stark opened the proceedings, a tough act to
follow), and was getting ready to leave the amphitheater
for the break, when I saw John Tate walking towards me. I
had failed to notice him in the audience! He introduced
himself very casually, showed genuine interest in my re-
sults, and asked me a couple of related mathematical ques-
tions. I was deeply moved by his interest in my work, as
I had learned the subject from his 1984 book on Stark’s
conjectures [Tat84], and my lecture was just building on
the foundations he had laid out and the techniques he and
Deligne had developed in the characteristic 𝑝 case of the
conjectures [Tat84, V].

We corresponded via email for the rest of that summer
and early fall. He was kind and generous with ideas and
suggestions. That email exchange gave me an extra boost
of energy and confidence which helped me finish writing
my PhD thesis. A few months later, John offered me via
email my first job, a postdoctoral position at U. Texas at
Austin. Although I replied with an enthusiastic “yes” right
away, John insisted that I visit him in Austin beforemaking
a decision.

I remember our drive down Congress Avenue during
that visit, John talking about mathematics while driving
his white Toyota and making a sudden, screeching U-turn,
realizing that he had just missed the exit to Iron Works,
his favorite BBQ place. I also remember my wondering
how a brilliant man like John could possibly be such an er-
ratic driver! I wound up spending three wonderful years in
Austin during which John and Carol Tate treated both my
wife, Alexandra, andme with true friendship and kindness.
At some point during my stay, I had the audacious idea of
running a learning seminar on Euler systems (and, implic-
itly, on Tate–Poitou duality), with John in the audience.
Lecturing on Tate–Poitou duality in front of John was an
almost religious experience for me—he would catch every
mistake I made (and there were many!), and would walk
up to the board and give intricate examples and counterex-
amples on the spot, whichwas awe-inspiring tome. I came
to realize how truly deep his understanding of Galois coho-
mology was. John had developed part of the subject and
many of its applications to number theory in his youth. He
was now well into his 70s, yet all the technical subtleties
he had discovered as a young man were still crystal clear
in his mind. A true master!

I left Austin in August 2000, first for Johns Hopkins U.
and later for UC San Diego, to face the world and “stand
onmy own feet,” as John himself put it. However, through-
out my career it never felt like I really left Austin, as John
remained a mentor and a friend to whom I would always
turn for advice and support.
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One of my highest career honors was to give back-to-
back lecture series with John at the 2009 IAS–Park City
Math. Institute. John lectured on the classical aspects of
Stark’s conjectures, I on the more modern ones. Our lec-
tures had to be coordinated and we managed to do that
during a memorable eleven-hour drive which John and I
took together in my brand new BMW from San Diego to
Park City, at the end of June 2009. I could tell that John
was tempted to share in the driving excitement, and he
even explicitly offered to do so somewhere near Las Ve-
gas. However, remembering our Austin rides with John
at the wheel, I politely declined. As I was driving and
John did not have to concern himself with speed limits in
Nevada and Utah, he regaled me with delightful stories of
his 1980–1981 lectures in Paris which resulted in his book
on Stark’s conjectures. As we approached Park City, John
went much farther back in time, and talked about his inter-
actions in Princeton with Emil Artin, his “teacher,” as he
called Artin with great deference, while John was writing
his PhD thesis [Tat67]—a landmark document in number
theory.

It was an unforgettable eleven-hour lesson on our sub-
ject’s history for me, painted on the background of the
magical Nevada and Utah deserts, which we both admired
and regretted not having time to stop and explore.

We started lecturing two days later, John striving for
perfection, as usual, and worrying that his lecture notes
would never be in good enough shape to be presented or
distributed. His notes were always crystal clear, as is the
case with all of his published work, but then again, his
mathematical writing standards had always been notori-
ously high.

In 2010, John was awarded the prestigious Abel Prize in
mathematics by the King of Norway. As soon as I heard
the news, I called Carol, thinking that John was busy on
the phone with the media. John was, in fact, sitting next
to Carol, in an airport in Colorado, on their way to visit
family. Carol put John on the phone, I congratulated him,
he thanked me, but immediately added that he did not
think that the Abel Prize committee had made the right
choice, that there were other mathematicians more deserv-
ing of the prize. His modesty rendered me speechless for a
few seconds. Although I was extremely tempted to remind
him of the many mathematical objects and breakthroughs
that bear his name and that shed new light on number the-
ory during the past half a century or so, I did not do that
then. In the end, we all had the chance to express our deep
appreciation for John Tate’s mathematics at the First Abel
Conference celebrating his work, held in Minneapolis, his
birth place, in January 2011.

I was fortunate to spend the academic year 2015–2016
at Harvard, as a Simons visiting scholar, after John had

returned to Harvard as a Professor Emeritus, retired from
UT Austin. His presence there, my having the chance to
spend more time with him, to go to an occasional con-
cert or a museum with him and Carol, made my stay in
Cambridge very special. Although his interest in mathe-
matics was still very much present, he had started avoid-
ing technical mathematical conversations by then. I re-
member bringing up some calculations with adjoints of
Iwasawa modules which I was doing at the time, and he
said “I never really understood adjoints,” trying to take the
conversation in a different direction. “But you discovered
adjoints, John!,” I said. “Really? Who says that?” “Iwa-
sawa says it, right here, in writing. . . .” “Then, I might have
had something to do with it. . . .” The game of bridge was
very much on his mind at that time, and he was getting
good at it, taking lessons and playing with his neighbors
in his retirement community.

I saw John Tate for the last time in May 2017, over din-
ner with Karl Rubin and Carol at Toscano, one of John’s
favorite Italian restaurants in Harvard Square. John was
cheerful that evening. He treated us all, and enjoyed his
usual Martini. We did not discuss mathematics, we talked
about food, family, art events in Boston, and John’s in-
creasing popularity with the bridge players at the retire-
ment community. After dinner, we all walked in Harvard
Square and stopped for a while to admire a tiny magnolia
tree that had just begun blooming. We said goodbye in the
balmy evening.

That is my last image of John—a kind and generous
man, a giant mathematician in his twilight years, standing
next to a tiny, blooming magnolia tree in Harvard Square.
He left behind beautiful mathematics, for the delight and
wonder of generations to come.

Cristian D. Popescu

Joseph H. Silverman
John Tate was an inspiration to generations of mathemati-
cians, for the breadth and depth and originality of his

Joseph H. Silverman is a professor of mathematics at Brown University. His
email address is jhs@math.brown.edu.
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mathematics, and for his mentorship and collegiality with
his students and colleagues. I was fortunate to be one of
his students at Harvard during the late 1970s, and to be
able to see him frequently over the subsequent years.

As it happened, John spent my fourth year of graduate
school on sabbatical in Paris. These being the preinternet
days, communication was by trans-Atlantic snail mail, so I
dutifully sent him periodic updates on my work. In return,
he sent me a mimeographed preprint of a talk by David
Masser whose title was, as it happens, the working title of
my thesis! After briefly panicking, I realized that Masser’s
results were orthogonal to mine, so all was well.

I defended my thesis in December 1981, and the spring
was devoted to writing up results and working on new re-
search. This is when I got to know John best as a mathe-
matician, since we started meeting weekly to discuss prob-
lems related to the variation of the canonical (aka Néron–
Tate) height in families. John and I had each previously
proved limit formulas for 1-dimensional families, with
his being more precise and mine being somewhat more
general, but we struggled to prove anything analogous for
higher dimensional families. I well recall staring at the
blackboard one day when John said “I wish that I under-
stood algebraic geometry.” At the time I was flabbergasted,
since his knowledge of algebraic geometry was so much
greater than mine was, or indeed, has ever been. But in
later years, my interpretation became that John’s statement
was a mix of his natural modesty and an unspoken final
four words that might have been “like David Mumford
does.” We ultimately discovered that the sort of limit for-
mula that we wanted could not exist, which was disap-
pointing; but a further analysis of the counterexamples
yielded a height comparison formula that subsequently
turned out to be quite useful. This was a great lesson to
learn, that even an apparent failure can often be put to
good use.

A decade later I was a professor teaching undergradu-
ate abstract algebra and decided to spend half the semester
covering Tate’s famous Haverford lecture notes on elliptic
curves. These notes were one of the primary sources for
anyone wanting to study the subject, and they were passed
from student to student via increasingly illegible mimeo-
graph or Xerox copies. (Again, for you younger readers,
this was the preinternet world!) So I decided to retype
John’s beautiful lectures using TEX, with some added mate-
rial and exercises. After doing this, I asked John if hewould
be amenable to my adding a couple more chapters and
seeing if there was any interest in publishing the notes as
a textbook. He was very enthusiastic, and even offered to
write an appendix giving an elementary proof of Bézout’s
theorem. As the publisher’s deadline approached, John
was in Texas and started faxing me handwritten material

for the appendix, which I picked up at a local store for dol-
lars per page. (See [Sil17] for more about our experiences
writing Rational Points on Elliptic Curves.)

In his quiet way, John was a very competitive person,
and he retained his competitive spirit up to the end of his
life. After he and Carol moved to a retirement community
in Waltham, John started playing bridge on a regular basis,
and he invited me once to be his partner in a weekly dupli-
cate game when his regular partner was away. This was a
lot of fun, but I was quite rusty and we finished last. John
was very gracious about it, but it was clear that he preferred
not be in that position. I hoped to have an opportunity to
make amends, but unfortunately this was shortly before
he became so ill.

It was a privilege for the mathematical community to
have John Tate amongst us for so many years, yet a source
of sorrow that he is gone. He will be sorely missed, even as
we honor his many achievements as a mathematician and
as a person.

Joseph H.
Silverman

Karen Uhlenbeck
John Tate came to the mathematics department at the Uni-
versity of Texas in 1989, two years after I was hired, the
same year that Dan Freed arrived at the department. John
and I were hired as Sid Richardson Chairs on the endow-
ment money provided to the mathematics department by
Peter O’Donnell. Despite dire predictions in the mathe-
matics community at the outcome over building a depart-
ment in this way, the years that John spent at Texas were the
years in which the department improved noticeably (with-
out in fact increasing in size very much), rising in the rank-
ings of mathematics departments nationwide. The legacy
of R. L. Moore meant there was already a strong topology
group centered around Cameron Gordon. John success-
fully formed a number theory group; we hired in geome-
try, mathematical physics, and analysis; and, most difficult
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of all, the department managed to acquire representation
in applied mathematics. Efraim Armendariz was the chair-
man for most of this period. John, Efraim, and I were able
to work well with the rest of the department to keep things
on an upward trajectory. Johnwas a wonderful elder states-
man: dignified, humorous, wise, and approachable. Not
once did he say “At Harvard we. . . .”

These were good years in the department for all of us.
Department meetings were by and large congenial, we had
regular departmental picnics and a department band, and
the number of research seminars multiplied. It was for-
tuitous that the number theory group had offices on the
ninth floor along with Bob Williams, Dan Freed, and me,
so we got to know each other very well.

Although you would have thought that we had little
mathematical interaction, in those early years, John, Dan,
and I all attended the same seminar that tried to make
sense of the physics coming out of conformal field theory
and string theory. Moreover, I was once brave enough to
sit through a course that John taught on elliptic curves. It
was well into the course that I realized I thought I was un-
derstanding things only because my knowledge base did
not go beyond characteristic zero.

John became my role model as I grew older. It was not
only his presence in departmental life that I tried to emu-
late. It is undeniable that we older mathematicians cannot
lecture the way we did as spring chickens. It takes more
preparation, more notes, and inevitable confusion from
time to time. Also, the level of the classes at UT must be
different from the level at Harvard. John was concise, clear,
and good-natured, and refused to get flustered. It was a
real pleasure to sit in his class, and his example served me
well.

Bob Williams and I became friendly with John and
Carol as couples. Despite our differences in background
and experience, we were well matched in age and opin-
ion. We alternated dinners at each other’s places. As I
recall, John and I both broke bones in biking accidents.
When I consulted Dan, he reminded me how well John
adapted quickly into the local culture: swimming in Bar-
ton Springs, lunching at Las Manitas, becoming a UT bas-
ketball fan, and sporting bolo ties.

It is hard to describe the vibrant Austin scene which
drew us all to Austin in the late 80s and early 90s. Austin
is the capital of Texas, and there was a heady liberalism in
the air. Ann Richards became governor (1991–1995) and
there was a thriving counterculture scene left over from the
60s. Mention could be made of one of Austin’s attractions
for all of us: Whole Foods was founded in 1980 in Austin.
When the Tates arrived, it consisted of two stores, with the
one on Lamar conveniently located for the Tates. That and
the Wheatsville Co-Op were an integral part of the local

color, where one could buy organic produce and meat in
addition to seeing unusual hair, clothing, and body orna-
ments. Ken Ribet recalls that the Tates checked out Whole
Foods and met its founder John Mackey at the recommen-
dation of John Mackey’s uncle George Mackey, who had
been John’s colleague at Harvard. All this and much more
added to the intellectual life surrounding a rapidly devel-
oping public university. Austin was a very special place.

We were sad to see John and Carol move back to Cam-
bridge. Luckily we were able to visit them once more in
May 2019 at their assisted living facility outside Boston.
John was still himself and we will all miss him very much.

Karen Uhlenbeck

José Felipe Voloch
John Tate was looking for a change when the opportunity
arose for him to take up a Sid Richardson Chair at the Uni-
versity of Texas at Austin (UT). After a trial period, he ac-
cepted the chair and moved to Austin in 1990. He and his
wife Carol adapted well to life in Austin. They were regu-
lars at Las Manitas, a traditional Tex-Mex cafe, and became
friends with the owners, local activists Lidia and Cynthia
Perez (alas, their restaurant has since closed). He started
the habit of having seminar dinners at the Iron Works, a
funky Texas BBQ restaurant. He took to wearing a bolo tie
on special occasions. But he and Carol also maintained
friendships in the Northeast, and would spend time there
often. Tate went into phased retirement in 2006, dividing
his time between Cambridge and Austin and fully retired
back to Cambridge in 2009.

He was very important for the UT Math Department for
the nearly twenty years he was there. A few of us, Bill Schel-
ter, myself, and Fernando Rodrı́guez Villegas, were fortu-
nate enough to collaborate with him. Fernando and I were
hired by UT on his advice and came primarily because of
his presence. Together with Jeff Vaaler, we formed the core
of Tate’s UT number theory group. He also attracted many
visitors, postdocs, and graduate students and he became a
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mentor to many of them. He and Carol made everyone
feel welcome. Tate only supervised two PhD students at
UT but helped many of the other students of the group.
His dedication was inspiring. He was in his office from
early in the morning until late in the afternoon and the
door was always open. He welcomed everyone and was al-
ways willing to discuss mathematics. I would often go to
his office to tell him what I was thinking about and, just
by looking at him, I could tell if I was going in the right di-
rection. A couple of times, after he retired, I found myself
almost wandering into his old office only to realize there
was someone else there now. John also gave advice, spar-
ingly, but when he did, we listened. He set a very positive
example.

What is less well known was his love for calculations,
both by hand and by computer. Hewas fond of telling how
once he managed to squeeze literally the last bit out of a
programwritten on an old HP calculator that only allowed
fifty steps in its programs. He came of age mathematically
in a culture that shunned calculations in favor of abstract
thinking and, in his papers, the calculations that went into
shaping the theory are often indiscernible. He taught me
how to use Pari/GP, which was fairly new at the time. It
was clear that he loved to explore number theory with it.
This is just one of the many things I’ve learned from him.

José Felipe Voloch

Joe Buhler
John Tate’s extraordinary impact on mathematics grew out
of the depth, exquisiteness, and mathematical fearlessness
of his work. This influence was magnified by his person-
ality, which had a curious mixture of modesty, openness,
and passion in mathematical as well as social settings. To
illustrate some of this, I’ll describe some of my early math-
ematical interactions with him, and then some of our joint
hiking adventures.

Joe Buhler is an emeritus professor of mathematics at Reed College in Portland,
Oregon. His email address is jpb@reed.edu.

John Tate in 2010.

The Deligne–Serre theorem asserts that suitable modu-
lar forms of weight one give rise to odd two-dimensional
representations of the Galois group of the rational num-
bers. These representations are classified as cyclic, dihe-
dral, tetrahedral, octahedral, or icosahedral according to
their image in the projective linear group 𝐏𝐆𝐋2(𝐂). John
gave a series of lectures on this in the mid 1970s, taking
care to work through examples in detail. At one point I of-
fered to search for possible conductors of modular forms
of weight one that could possibly correspond to odd icosa-
hedral Galois representations, and he immediately sharply
upped the ante and asked me if I wanted to work on the
problem of actually proving that specific cases of such rep-
resentations were modular, in the sense that they arose as
in the Deligne–Serre theorem. How could I refuse such an
offer? All of the other four types of such representations
were either well known to be modular, or were in the pro-
cess of being proved modular by Langlands and Tunnell
using Langlands’ results on base change for automorphic
representations; icosahedral representations seemed com-
pletely immune to these techniques.

This effort turned out to require numerous ancillary re-
sults as well as novel algorithms and a lot of computation.
John was excited by the project, but was especially fasci-
nated by some of the latter.

Like most number theorists, John was fond of well-
chosen examples. Although his work in algebraic number
theory and arithmetic geometry gave few hints of a com-
putational bent, he was fascinated by the explicit computa-
tions sometimes necessary to produce such examples. He
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bought an early HP hand calculator and would, to recep-
tive friends and colleagues, show off his ability to gener-
ate interesting number theory using the device. He was
thoroughly fascinated by my description of what the new
PDP 11/70 computer in the building was going to have to
do in order to find modular icosahedral representations.
One example that I remember vividly was when his eyes
grew larger as we discussed the problem of solving many
systems of linear equations with more than 100 variables
over many finite fields. We decided to predict how much
time one such linear systemwould take. Neither of us were
very confident of our estimates (I think that he guessed
twentyminutes and I guessed oneminute). Wewere happy
to find that we were both way off: it took slightly over a sec-
ond.

After much effort, all of the algebraic number theory
worked, and the linear equations were all solved (which
was overwhelming confirmation that the details had been
nailed). John seemed absolutely thrilled—I had the feel-
ing that some of this was the natural relief when any gradu-
ate student finishes, but a big part of it was the excitement
about success on a project for which complete success had
been anything but certain. John said that he was secretly
delighted that the most onerous part of the work (requir-
ing theory, algorithms, and lots of computational time)
involved generalized class groups in sextic fields. At one
point late on in this effort it dawned onme that cusp forms
had to actually vanish at all cusps (!). John agreed that this
was an issue, and handled it deftly by coming in two days
later and giving me a short and elegant 10-minute talk on
how to think about it that left me wondering why I’d ever
even worried about it.

All of my subsequent mathematical conversations with
him over the years were marked by his insight, subtle prob-
ing, and pure joy in talking about mathematics. Now I’d
like to focus here on another way in which we repeatedly
connected over a span of more than forty years.

John loved hiking. Our first joint hike was in a lava
tube near Mt. St. Helens in Washington (destroyed a few
years later in the eruption). Another was a climb up Three
Fingered Jack in central Oregon (with Bill Casselman and
his mentor Robert Langlands; a satisfactory account of the
hike would take much more space than I am allotted).
There were other joint hikes at math conferences, desert
hikes near San Diego, and, most recently, several walks in
Hawaii.

At John’s 90th birthday conference I left the dinner ta-
ble to talk to people before dessert was served. Upon com-
ing back a while later I learned that John had announced
to his wife Carol and my wife Danalee that he wanted to
do something unrelated to mathematics, that he hadn’t
ever done before, but he wasn’t sure what that should

be. Danalee had suggested Hawaii, which John jumped
at; amazingly, he had never been there. I was more than
a little startled to learn that a nine-day trip to the Big Is-
land of Hawaii was completely set. During that trip several
months later, John insisted on swimming in the ocean ev-
ery day, got up at 2 a.m. to see a meteor shower, tried all of
the Hawaiian food and cocktails, and chose the longest or
hardest optionwhenever a decision had to bemade during
our numerous walks.

In many ways the trip exhibited some of John’s traits—
intense enjoyment of adventure and the outdoors, a fear-
less mentality, and a love of companionship—that cap-
tured so many aspects of his life, intellectual or otherwise.
He was an extraordinarily vivid presence in many people’s
lives, and I miss him greatly.

Joe Buhler
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FILM REVIEW

mathematicians interspersed with footage of Erdős. Next, 
there is a 21-minute video, Something New Every Day, from 
2015, which is about Ron Graham, who managed Erdős’s 
affairs for many years and sent checks to solvers of prob-
lems for which Erdős offered money. Much of the footage 
is from AT&T (formerly Bell) Labs in 1999, when Graham 
was the director of information sciences. To outward ap-
pearances there couldn’t be a greater contrast than between 
Ron Graham, the head of a large division at AT&T Labs, 
and Erdős. But this video shows that the joy of play and 
discovery—or to put an adult face on it, research—connects 
all mathematicians. And the video shows that Graham 
and Erdős are kindred spirits in many ways. One can only 
wish that more academic leaders would embrace Graham’s 
principles for management: people first, discipline second, 
and company third.

Next, there are four shorter pieces on mathematical 
problems of interest. The first is on Erdős-Bacon numbers, 
which is not related to what Erdős ate for breakfast. The 

Erdős 100 Plus is a DVD follow-up to the 1993 movie N is a 
Number: A Portrait of Paul Erdős. Erdős died in 1996 at the 
age of 83 at a combinatorics conference in Warsaw, but his 
legacy and popularity continue to increase. The film N is 
a Number is still popular and its producer-director George 
Csicsery notes in promoting the new DVD: “Perhaps the 
best testament to its durability is the frequency with which 
it is pirated on YouTube.” To celebrate Erdős’s 100th birth-
day, in 2013 Csicsery prepared a half-hour film, Erdős 100, 
which is the first of 10 pieces that comprise the DVD Erdős 
100 Plus. What is not included in this DVD is the original 
movie N is a Number, which should be rented or purchased 
for streaming at the zalafilms.com website.

The first video of this collection is Erdős 100, a half-hour 
film made in 2013 for the centennial of Erdős’s birth. 
The video contains interviews with many well-known  

Erdős 100 Plus
Reviewed by Dan Goldston 

Figure 1. Paul Erdős, Ronald Graham, and Fan Chung Graham 
in Japan (1986).
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lived in the United States for the next 12 years becoming 
a permanent resident. In 1954, he applied for and was re-
fused a re-entry visa to give an invited lecture at the 1954 
International Congress of Mathematicians in Amsterdam. 
This was during the McCarthy period, but for Erdős princi-
ples always came first, “ I don’t let Sam and Joe tell me when 
and where I travel,” so he left and was only able to return 
freely to the US in 1962. Also at this time, Erdős could not 
go to Hungary because he might have not been allowed to 
leave again, thus preventing him from visiting his mother 
who lived in Budapest. By the 1960s, conditions improved 
so that Erdős could travel relatively freely to both the US 
and the rest of the world. His mother (now in her 80s) 
was also allowed to travel, and thus began a period where 
Erdős often traveled with his mother to math conferences 
around the world. Erdős’s life stabilized into what is seen 
in the videos, traveling from math conferences to talks to 
visits with mathematicians all over the world. 

The videos present many personal details of Erdős at 
various stages of his life. We learn that when he first left 
Hungary for Manchester the people there described him as 
eccentric and requiring lots of help, a description often re-
peated throughout his life. Erdős had never had to butter his 
own bread until he was an adult, and it was in England that 
he learned how to do this, and “found it wasn’t so difficult.” 
Later at the Institute for Advanced Study, the teenage Peter 
Lax, also from Hungary, found the now nearly 30-year-old 
Erdős unworldly: “He was the most eccentric person I’ve 
known. He didn’t live in the real world.” Erdős, always 
gregarious, introduced Lax to Einstein. Erdős also tried but 
failed to interest Einstein in prime numbers. Erdős never 
obtained a permanent position at the Institute and spent 
semesters visiting various other universities. According to 
Lax, this was partly because at the time Erdős was viewed as 
too easily distracted by problems which were not significant 
enough for the IAS. Throughout his life, Erdős continued to 
work on these unfashionable pursuits, applying probability 
and randomness to graph theory, combinatorics, and num-
ber theory. Time has shown that some of Erdős’s interests 
have now become fundamental in theoretical computer 
science, and some have led to new fields within mathemat-
ics such as additive combinatorics. While recognizing the 
importance of his work in these areas, Erdős didn’t himself 
appear to attach any importance to the applicability or 
popularity of the mathematics he liked. 

A constant activity of Erdős was fostering mathematical 
talent, especially young prodigies. Bollobas says he was 
“like a hen looking out for other mathematicians.” Before 
email and the internet he traveled the world keeping in-
formed on the latest developments and communicating 
between mathematicians. One aspect of his mentoring is 
his unmatched collaborations with other mathematicians: 
his 1500 publications most of which were collaborative. 
His collaborative spirit is still memorialized in the famous 

second is The Rise of Combinatorics. The third has James 
Maynard talking about the solution to the record $10,000 
Erdős problem on large gaps between primes—solved in 
2014 by Maynard and independently by the team of Ford, 
Green, Konyagin, and Tao, and then improved further by 
all five authors. The fourth is on the probabilistic method. 

Finally, there are four interviews made of Erdős for the 
movie N is a Number, providing almost two hours of view-
ing Erdős close up. These took place in Philadelphia in 
1988, San Francisco in 1988, Budapest in 1989, and Cam-
bridge in 1991. These interviews are fascinating to watch. 
As a bonus, for those interested in the controversy around 
the elementary proof of the Prime Number Theorem, the 
1991 Cambridge interview is must viewing. 

What will you learn from watching these 10 videos? First, 
they provide a fairly complete introduction to Erdős’s life, 
often as told by Erdős or other mathematicians. He was born 
in 1913 in Hungary, his Jewish parents were high school 
math teachers. He had two sisters who at age three and five 
died of scarlet fever within 24 hours of each other just a 
few days before Erdős was born. This horrible tragedy led to 
Erdős growing up in a protective environment at home and 
not going to school. He was recognized as a mathematical 
prodigy at an early age, and he “met” other talented math 
students through solving difficult math problems posed 
in a monthly Hungarian mathematical magazine for high 
school students, where the solver's names were published 
in later editions along with some of the solutions. In 
1930, at age 17, Erdős entered the University of Budapest, 
where he met in person other high school mathematicians 
he knew through problem-solving including Turán and 
Szekeres. Soon he was publishing research with them as a 
teenager. In 1934, when Erdős was 21, he obtained his PhD 
and left Hungary for Manchester, England, to work with 
Davenport and Mordell. The political situation in Europe 
was becoming untenable, and Erdős spent most of the next 
four years in England with yearly trips back to Hungary. In 
1938, the situation in Hungary became hopeless, and he 
left for the Institute for Advanced Study in Princeton. He 

Figure 2. Paul Erdős teaching Terence Tao in 1985.
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evidence for this view can be found in the 233 pages of 
FBI files on Erdős obtained by the Freedom of Informa-
tions Act in 2014. https://www.muckrock.com/news 
/archives/2015/jul/21/nothing-indicate-nothing 
-indicate-subject-had-any-/

FBI agents kept tabs on Erdős from time to time from 
1950 until 1975. From the start the FBI concluded he was 
not a communist agent and harmless. Nevertheless, they 
followed him around to universities reporting on his talks 
and movement even as late as 1975. For example, the 
last FBI report follows Erdős on a trip in September 1975 
giving talks at the University of Wyoming in Laramie, the 
University of Colorado in Boulder, Fort Lewis State College 
in Durango, Colorado, and then returning to UCLA. From 
Fort Lewis State, the FBI reported:

“Source stated the subject arrived on campus on a Friday 
morning and gave a talk to a group of students and pro-
fessors from the Mathematics Department. He then gave 
a talk to another group at noon, and then again on the 
evening of the same day. The subject remained in Durango 
overnight, and the next day, Saturday, the subject visited the 
Mesa Verde National Park. Source further stated he believed 
subject departed Durango, Colorado, Saturday evening, 
but does not recall the mode of transportation. Source 
said that the subject appears to be quite elderly and is very 
obviously an extremely intellectual and highly educated 
person. Source further stated he observed nothing to indi-
cate the subject had any interest in any matter other than 
mathematics, and the subject’s activities were completely 
within the intended scope of the visit.” 

Throughout the FBI files the agents seemed to perceive 
Erdős as a perfectly normal example of a successful and 
renowned mathematician. 

To sum up, the Erdős 100 Plus DVD makes the life of Paul 
Erdős visible and is a time capsule of 20th-century math-
ematics and mathematicians and how the world changed 
during that century. One strong impression it left on me 
was how spending time forgetting the real world and enter-
ing the world of mathematics on a daily basis is similar to 
kindergarteners eagerly going off to play at the playground. 
Erdős lived through both terrible times and wonderful 
times, but neither prevented him from spending many 
hours every day thinking about whatever math questions 
interested him and working with other people all over the 
world to find answers that led to even more questions. To 
do this as an adult is a lot harder than it looks, and there 
is a disciplined nobility in leading such a life. 

References 
[1] Aleksandar Ivić, Remembering Paul Erdős, Nieuw Arch. 

Wiskd. 15 (1997), no. 1-2, 79–89.
[2] Peter Schumer, The Magician of Budapest, Math Hori-

zons, April 1999. https://www.maa.org/sites/default 
/files/pdf/upload_library/22/Evans/april_1999_5 
.pdf

Erdős number which demonstrates his overwhelming in-
fluence in the mathematical world.1 

Unlike the stereotype of introverted mathematicians,  
Erdős was always strongly human-oriented. He allowed 
others to take care of many life details as he navigated the 
world, and no doubt his reputation of being a demanding 
guest was earned. But the videos demonstrate over and 
over that here is a man who always plays well with others. 
For Erdős, each mathematical topic is always also about 
the history and personality of the people who worked on 
the subject. 

The interviews in this collection are fascinating. Here 
we get to see Erdős doing mathematics over the phone and 
making speaking arrangements for upcoming trips. Even 
to us older mathematicians, this appears like a lost histor-
ical age before the internet and cell phones changed our 
lives. One irony is to see AT&T/Bell Labs in 1999, a large 
enterprise previously supported by huge telephone revenue, 
and know that its support of academic-style mathematical 
research was about to become a dispensable luxury. Erdős 
often tells jokes about getting old or dying. To repeat one, 
according to Erdős, the best way for a mathematician to 
leave (die): Prove the Riemann Hypothesis and give a talk 
where you present the proof. After the talk, when asked 
the inevitable question, “Does this proof apply to L-func-
tions?,” say “This is for the younger generation to decide 
because I am dying.” Then fall over dead. The frequent jokes 
and random comments in the videos contradict the general 
public’s notion of mathematicians as boring professors. 
There are the obvious characters like Erdős, Graham, and 
Persi Diaconis, but most of the other mathematicians are 
also interesting people, especially when compared to many 
of our current multimillion-followed social media stars 
who are not very interesting (but rich) people. 

Much has been made of Erdős’s eccentricities: never hav-
ing a house or permanent job, a family or private life. But 
this gave him extraordinary freedom. As mathematicians 
with families to support and careers to build, one often is 
forced to make judgments and rankings of whose work is 
better than whose, and which fields are more important 
than others. This is expected on grant panels, but it can 
easily extend beyond this. Erdős was free to never do this. 
He was quick to like work, and call it very clever or inter-
esting, and he was perfectly able to point out the opposite, 
but his interests were always directed towards improving 
the areas of mathematics he worked in, without judging 
the fields he didn’t work in. 

It seems widely agreed on by most mathematicians that 
Erdős’s eccentricities are so extreme that he is an outlier 
among mathematicians, but I am not so sure the public 
finds Erdős significantly weirder than any other mathema-
tician who spends a lot of time doing mathematics. Some 

1 One also learns in one of these videos how Lax has the seemingly impossible 
Erdős number of 1.5.
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[3] Joel Spencer with Laura Florescu, Asymptopia, Student 
Mathematical Library, vol. 71, American Mathematical So-
ciety, 2014.

Most of Erdős’s publications up to 1989 can be obtained at 
https://www.renyi.hu/~p_erdos/Erdos.html.
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Number Theory is a newly translated and revised edition of the most popular introductory textbook on the subject in Hungary. The book covers the 

usual topics of introductory number theory: divisibility, primes, Diophantine equations, arithmetic functions, and so on. It also introduces several 

more advanced topics including congruences of higher degree, algebraic number theory, combinatorial number theory, primality testing, and 

cryptography. The development is carefully laid out with ample illustrative examples and a treasure trove of beautiful and challenging problems. 

The exposition is both clear and precise.
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A First Course in Enumerative Combinatorics

Carl G. Wagner, University of Tennessee, Knoxville, TN

A First Course in Enumerative Combinatorics provides an introduction to the 

fundamentals of enumeration for advanced undergraduates and beginning grad-

uate students in the mathematical sciences. The book offers a careful and com-

prehensive account of the standard tools of enumeration—recursion, generating 

functions, sieve and inversion formulas, enumeration under group actions—and 

their application to counting problems for the fundamental structures of discrete 

mathematics, including sets and multisets, words and permutations, partitions of 

sets and integers, and graphs and trees. 
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fundamentals of enumeration for advanced undergraduates and beginning grad-

uate students in the mathematical sciences. The book offers a careful and com-

prehensive account of the standard tools of enumeration—recursion, generating 

functions, sieve and inversion formulas, enumeration under group actions—and 

their application to counting problems for the fundamental structures of discrete 
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The Boy Who Dreamed of Infinity  
A Tale of the Genius Ramanujan 

by Amy Alznauer and illustrated by Daniel Miyares 
Candlewick Press, 2020, 48 pages

This lavishly illustrated children’s book focuses on the early 
life of Srinivasa Ramanujan (1887–1920), the enigmatic 
genius whose work has inspired generations of mathema-
ticians. Notices readers will no doubt recall that the fiercely 
independent Ramanujan discovered hundreds of innova-
tive theorems and beautiful formulas before attracting the 
attention of G. H. Hardy in Cambridge. Hardy eventually 
persuaded Ramanujan to join him in England, where they 
(often in collaboration with J. E. Littlewood) wrote a series 
of highly influential papers prior to Ramanujan’s untimely 
death at the age of thirty-two.

The Boy Who Dreamed of Infinity starts with Ramanujan’s 
infancy and focuses on his early life in India. It ends with 
his departure for England in 1914: “As he rocked on the 
steamer and gazed up at the great night sky, so full of stars 
that it looked like a glittering infinity, he never could have 
guessed that someday scientists would use his ideas to help 
explore that sky and that his work would change the course 
of mathematics forever.”

The publisher describes the book as suitable for children 
aged 5–9 and this seems a reasonable recommendation. 
Most of the illustrations span two pages and the text is 
sparse but fluid. The attractive presentation and compelling 
story are sure to kindle the interest of curious young minds, 
who will want to know about the rest of Ramanujan’s 
remarkable life story. Of independent interest is that the 
author is the daughter of the well-known mathematician 
George Andrews, who discovered Ramanujan’s “Lost Note-
book” in 1976.

Pythagoras’ Legacy 
Mathematics in Ten Great Ideas 

by Marcel Danesi

This book is a whirlwind over-
view of what Danesi thinks are 
the ten most significant ideas in 
mathematics. Not surprisingly, 
Pythagoras’ Legacy opens with a 
chapter devoted to the Pythago-
rean theorem and related topics 
such as the irrationality of √2

—
 and 

Fermat’s Last Theorem. Subse-
quent chapters concern the prime numbers, the number 
zero, π, exponents and logarithms, e, the imaginary unit i, 
the nature of infinity, decidability, and algorithms.

This popular science title is suitable for mathematically 
curious laypeople, along with intellectually adventurous 
middle or high school students. Most of the subjects cov-
ered in Pythagoras’ Legacy are approached without calculus, 
although the reader should be familiar with basic algebra 
and analytic geometry. Each of the book’s ten chapters ends 
with several puzzles and problems for further exploration; 
solutions are provided at the back of the book. More so-
phisticated readers may not gain much from Pythagoras’ 
Legacy and there are a number of places in which the book is 
mildly inaccurate. For example, the Riemann zeta function 
(p. 32) is defined as a finite sum, and Danesi states (p. 116) 
that Gödel “proved that within any formal system of logic 
there are propositions (statements) that can be neither 
proved nor disproved” (this applies only to sufficiently 
complex formal systems that can model basic arithmetic). 
Nevertheless, Pythagoras’ Legacy takes the reader on an 
exciting tour of many important mathematical highlights 
from the subject’s long and complex history.

 

O
xf

or
d 

U
n

iv
er

si
ty

 P
re

ss
, 2

02
0,

 2
88

 p
ag

es
. C

ov
er

 im
ag

e 
co

ur
te

sy
 o

f 
O

xf
or

d 
U

n
iv

er
si

ty
 P

re
ss

.



May 2021  Notices of the aMericaN MatheMatical society   787

AMS 
BOOKSHELF

The AMS Book Program serves the mathematical community by publishing books that further mathematical research, awareness, 
education, and the profession while generating resources that support other Society programs and activities. As a professional society of 
mathematicians and one of the world’s leading publishers of mathematical literature, we publish books that meet the highest standards 
for their content and production. Visit bookstore.ams.org to explore the entire collection of AMS titles. 

The AMS Bookshelf is prepared bimonthly by AMS Book Acquisitions Con-
sultant Eriko Hironaka. Her email address is ehironaka@amsbooks.org.

An Introduction to q-analysis  
by Warren P. Johnson

Johnson’s book is a textbook for 
a one- or two-semester capstone 
course, and as such it is a survey 
of important results in mathe-
matics that are accessible to se-
niors with a standard undergrad-
uate mathematics background. 
What makes this book special 
and particularly engaging is that 
it centers itself not around a list 
of major results within a theory, 

but rather around the remarkable uses and properties of 
q-series.

At over 500 pages, the book covers a lot of ground, in-
cluding seminal work of Gauss, Euler, and Ramanujan, yet it 
is anything but encyclopedic in feel. Instead Johnson takes 
us on a journey through classical topics in combinatorics, 
analysis, and number theory, using the ever-present q-se-
ries, not only as a way to count such things as inversions 
in permutations and numbers of partitions, but also as an 
organizational and conceptual centerpiece.

The mental gymnastics involved in translating a count-
ing problem into a manipulation of formal sums can be 
daunting to beginners, and can take time and persever-
ance to master.  To counter this, Johnson avoids using a 
dry definitions-statements-proofs style of pedagogy and 
instead keeps his readers engaged by skillfully employing 
a consistent narrative flow that simultaneously holds aloft 
historical perspectives, running examples, and clearly 
identifiable goals.

Johnson’s book balances unquestionable good taste and 
mathematical relevance with just a tinge of quirkiness of 
topic to make it an attractive basis for a bookend course 
aimed at senior math majors who may or may not be 
contemplating math graduate school. It is also the perfect 
bookshelf item for graduate students and researchers as a 
useful reference on how to use q-series as an elegant and 
powerful problem-solving tool or as a book to have on 
hand for an enjoyable read on a rainy day—it is one of 
those books that one can simply pull down off the shelf, 
open at random, and learn something cool.

Dynamics in One 
Non-Archimedean Variable 

by Robert L. Benedetto

Benedetto’s book is a graduate- 
level introduction to dynamical 
systems over a non-archimedean 
field. Many people may be more 
familiar with the subject of com-
plex dynamical systems, if not 
from groundbreaking work of 
Sullivan, Douady, and Hubbard 
in the 1970s and 80s, then from 
the eye-grabbing computer gen-

erated graphics of fractals produced during the same period 
by Mandelbrot. In his book, Benedetto’s main focus is the 
analogous study where the complex numbers are replaced 
by non-archimedean fields.

One of the attractions of non-archimedean dynamics is 
the beautiful interplay between number theory and dynam-
ical systems, and the analogies and contrasts between the 
p-adic numbers and the complex numbers. For example, 
the Mandelbrot set, whose complicated fractal structure 
has inspired a great deal of research and open problems 
in complex dynamical systems, is quite simple over non- 
archimedean fields. On the other hand, while the dynam-
ical behavior of points on Fatou components is relatively 
controlled for actions of rational maps on the complex 
Riemann sphere, more complicated phenomena occurs for 
analogous actions on the non-archimedean projective line, 
as seen in the existence of so-called “wandering domains.”

With this book, Benedetto develops the foundations 
of the subject in a way that is accessible to the beginning 
graduate student and useful to interested researchers from 
neighboring fields. He begins with a review of the dynam-
ical systems of rational maps acting on both archimedean 
and non-archimedean spaces. He then builds the necessary 
background on p-adic geometry and the Berkovich projec-
tive line before moving on to core topics such as repelling 
density and equilibrium measures for actions on Berkovich 
space. The chapters are written and arranged so that one can 
either pick and choose topics and themes to supplement 
one’s knowledge, or work through the book sequentially, 
absorbing the full overarching narrative.
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make a tower of blocks “as tall as me.” In the process it 
needs to count the blocks up and try to avoid the resulting 
towers from collapsing (the “crash boom!” of the title). 

This book is related to the counting book, a classic genre 
of books for children, and certainly the most mathemati-
cal. Harris is thoughtful in her approach: the numbers are 
always counting the same thing (the blocks) and also serve 
as a key part of the story (trying to build the tower). The vo-
cabulary of counting is thus matched to its meaning. When 
we become comfortable with the abstraction of numbers, 
we happily teach counting by presenting posters and books 
with examples like: one apple, two bananas, three oranges, 
thinking about the numbers and not the fruit. Thinking 
about numbers independent of context is an important 
aspect of learning mathematics, but it can be confusing to 
learners, especially when moving from counting to starting 
arithmetic. One apple and two bananas are certainly not 
three oranges, so the example above does not introduce 
this addition well. Learning the simple progression of the 
number names, without thought about units can thus ob-
scure the ways that numbers relate to each other through 
addition and multiplication. 

In addition to the counting of blocks, the book manages 
to hint at many other mathematical ideas, such as the no-
tion of inequalities (the towers being taller or shorter than 
the elephant). Wooden blocks are also introduced (with 
lots of options of how to build towers) helping to develop 
thinking around a classic toy, which can be a great place 
to explore number and shape in a world of imagination. 

One of the big challenges that faces people who love mathe-
matics is how to pass that love onto our children, especially 
the beauty and creativity of the subject. In the equivalent 
situation, for those who love reading and literature, there 
is some clear advice: read to your children and help them 
find books that inspire. Perhaps that is a good place to start 
for mathematics as well. 

The last decade or so has seen an amazing flow of ac-
cessible math books in general, speaking to quite a hunger 
for mathematical topics in a wide range of audiences. It 
is, therefore, no surprise that there are many possibilities 
aimed at children. MSRI, in collaboration with the National 
Councils for both Mathematics and English and the Chil-
dren’s Book Council, began awarding the Mathical Book 
Prize in 2015 to books written for children that “inspire a 
love of mathematics in the everyday world.” The Mathical 
Book Prize web page (http://www.mathical.org/) 
shows the rich range of books available, but here are some 
highlights, with rough age ranges given, though these are 
quite flexible. Excitement with the material is generally 
the best guide.

CRASH BOOM! A Math Tale  
2019 Mathical winner, Ages 1–4 
Robie H. Harris (Author), Chris Chatterton (Illustrator)
Candlewick 2018

This is the math tale of a slightly clumsy baby elephant 
playing with its wooden blocks. The elephant’s goal is to 

Counting Books and Beyond: 
Some Mathematical  
Books for Children
Edmund Harriss

Edmund Harriss is a clinical assistant professor in mathematical sciences 
at the University of Arkansas. His email address is eharriss@uark.edu. 

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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numbers, as the day slowly passes. It seems that we never 
get to the original story that the narrator was going to tell, 
but there are plenty of other adventures in trying to tell it. 

This approach again places the numbers into a consis-
tent context so their behavior can start to be abstracted. 
In particular the appearance of “one cat” provides drama 
to the story while also showing that numbers can be used 
to count (and do arithmetic on) different objects, not just 
pigeons. 

Which One Doesn’t Belong? 
2017 Mathical winner, Ages 4–10 
Christopher Danielson  
Stenhouse Publishers 2016

With really only one question, which is already given in the 
title, and very few other words, this introduction to math-
ematical thinking is quite different from what you expect 
from most books. It is focused on shape and geometry 
rather than number. On each page the reader is presented 
with four images and the constant question “Which one 
doesn’t belong?” There is no one right answer, and certainly 
no wrong ones, in contrast to most mathematical textbooks 
and the familiar Sesame Street version of this question. The 
challenge is to say why the answer you chose was correct. 
For true masters of the form, a further challenge is to find 
reasons for all four possible answers. This simple idea is a 
work of genius, as the consistent question naturally leads 
to the identification of certain aspects of the images and 
the need for language to discuss the distinctions being 
made. Depending on the patterns these definitions might 
even shift. For example, do the “edges” of a shape have 
to be straight or can they be curved? If counting edges to 
identify three of the images and leave out the fourth, both 
definitions might be useful at different times. 

The importance here is that the mathematical language 
developed must be precise but also creative and flexible. 
The viewer must communicate the ideas that occur to them, 
not something predefined. The precision of the language 
thus becomes part of the act of communication, rather 
than a way for the discussion of an idea to be wrong. As 
the book presents a carefully curated series of challenges, 
there are plenty of examples of geometric vocabulary that 
can be developed and discussed. The ability to present your 
own answers provides an opportunity to model the expos-
itory value of more standard mathematical language. That 
standard language then becomes something agreed upon 
for its utility, rather than simply insisted on. 

This book presents a distinctly mathematical answer 
to the challenge I started with. Danielson has created a 
mathematical equivalent of reading to your child. The great 
number of possible justifications for each answer, and thus 
the repeatability of the book, could easily turn it into a 
regular ritual filled with creativity and the joy of discovery.

Baby Goes to Market  
2018 Mathical winner, Ages 2–5 
Atinuke (Author), Angela Brooksbank (Illustrator) 
Candlewick 2017

Another thoughtful take on early counting is Baby Goes to 
Market, set in a market in Nigeria. The baby of the title is on 
its mother’s back, and at the market is presented with six ba-
nanas, eats one, and places the remaining five into mother’s 
basket. At the next stall there are five oranges, one of which 
is eaten and the remaining four placed in the basket, and 
you can probably see where this is going. The counting here 
is a little more direct, although the numbers are presented 
in the reverse order, with each connected directly to the 
next. The five remaining bananas can be directly compared 
to the five oranges from the next stall. This does present 
differing objects for each number, but the ritual of eating 
one and then noting how many remain demonstrates the 
connection between the numbers counting backwards, thus 
emphasizing the numbers separate from context.

An important aspect of this book is the cultural setting 
in Africa. In addition to helping show the beauty and 
wonder of mathematics to children, it is also essential to 
break down (or avoid creating) the cultural and gender 
barriers that too often keep people away from the subject. 
A part of this context helps those who identify with the 
characters and contexts see themselves in mathematics. 
Another significant part is the stereotypes and identifica-
tion of scientists and mathematicians that all children are 
creating as they learn the subject. It does not matter if you 
identify as a mathematician if you are required to justify 
that identity in ways others (especially White men) are not. 
The introduction of mathematics to all children is perhaps 
the easiest and best time to attack these barriers. A book 
showing a group of African people having fun with count-
ing, while wearing a gorgeous array of patterned clothing, 
is not a bad place to start. 

Pigeon Math  
2020 Mathical winner, 
Ages 3–7 
Asia Citro (Author), 
Richard Watson 
(Illustrator) 
The Innovation Press 
2019

Pigeon Math moves 
beyond counting to 
arithmetic, as the nar-
rator desperately tries 

to start their story about the collection of pigeons on a 
wire. The pigeons are not behaving and keep shifting 
around, leading to a bunch of different calculations of their 
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approaches provide a very interesting model to corrupt 
people into the joys of mathematics.

The Miscalculations of Lightning Girl 
2019 Mathical winner, Ages 7–12 
Stacy McAnulty 
Random House 2018

Unlike the other books discussed so far, this book is more 
about the culture and people of mathematics, rather than 
the mathematics itself. It is a charming story about being 
different and finding the people around you who will 
value you. The hero, Lucy Callahan, both loves and is ex-
ceptional at mathematics, has been home schooled, and is 
ready for college. She faces a new adventure first: spending 
a year in middle school. This produces many challenges, 
especially as, in addition to the mathematical skills, she is 
not neurotypical and has several obvious routines, such as 
needing to sit down three times (the first digit of pi) before 
she can settle. 

There are some nice mentions of mathematics, including 
that the hero should be “dedicating [her] life to solving 
the unsolvable problems of Mathematics like the Riemann 
Hypothesis or Hodge conjecture.” There is perhaps a little 
too much presentation of mathematics as simply doing 
arithmetic fast. The most developed mathematical idea, 
however, is a solid model which both fits the story and does 
not claim to be stronger than it is. It uses the statistics of an 
animal shelter to estimate the length of time for adoption 
of different dogs, and thus which dogs most need support 
to find a home.

There is a lot to admire in this story: the presentation of 
neurodiversity is both gentle and understanding, and the 
hero is a girl proudly capable in mathematics. There is a 
problem, however, in combining the two. Lucy’s nickname, 
“Lightning Girl,” alludes to a time that she was struck by 
lightning, the event that “rewired [her] brain transform-
ing [her] into Lucille Fanny Callahan, math genius.” In 
addition to the mathematical ability, this event was re-
sponsible for her neurodivergence. This is a little troubling 
as it suggests the trope that mathematical ability is some 
sort of compensation for a neurodiverse brain (which is 
problematic for neurodiverse people who do not excel 
at mathematics). The message is also that mathematical 
ability is something inherent (in this case placed essentially 
as a superpower with a superhero origin story) rather than 
something that can be obtained by hard work. 

The book How Many? by the same author has a similar 
format and provides his version of the counting book. It 
presents pictures of different objects (some cut up) again 
with the title providing the only question. The game here is 
to identify something in the image to count, and for anyone 
else involved to try to guess what you are talking about, just 
from the count you give them. Again, a lot of sophisticated 
and creative play can come from what can be considered 
“the same” and thus counted. Repeatedly using the exercise 
can lead to some curious and deeply mathematical places. 

Really Big Numbers 
2015 Mathical winner, 
Ages 6–? 
Richard Schwartz 
AMS 2014

One of the joys of 
talking about mathe-
matics to other math-
ematicians is when 
you glimpse how they 
perceive the simplest 
objects of the subject, 

and how those understandings step up in a single story to 
the boundaries of current understanding. In a way this book 
is a counting book through that mathematician lens. Rich 
Schwartz puts together a ladder (his concept) of numbers 
starting with counting and repeatedly getting to numbers 
so large everything discussed before seems to disappear. 
There are some great facts along the way. Monkeys have 
about 100,000 hairs, but you would need about a trillion 
grains of sand to bury your father at the beach. Further on, 
the number of particles in the universe and the possible 
routes for a travelling salesman are quickly left behind as 
larger numbers are encountered. Even the googolplex is 
passed not much over halfway through the book. 

The content of this book is approachable (and illus-
trated with colorful, engaging, and often surreal images), 
but the way the concepts expand with the numbers means 
that many readers will get stuck on the first read through, 
something the book addresses directly. From a meta point 
of view this introduces the idea that mathematical ideas 
build on mathematical ideas and we all have to some-
times sit with a level before working out how to go further. 
Learning to be comfortable in confusion and slowly sit 
exploring is one of the less-mentioned skills essential to 
many mathematicians. 

This book provides a nice contrast to Which One Doesn’t 
Belong? Both deal with mathematical play, with WODB 
giving a version of open-ended and creative exploration, 
whereas this book provides a map and tour notes from a 
previous traveler to explore deeper. Between them, these 
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Slay  
2020 Mathical winner, Ages 
14–18 
Brittney Morris 
Simon Pulse 2019

Slay is a good contrast to Lightning 
Girl; the hero is presented as a reg-
ular seventeen-year-old Black girl 
with friends, boyfriend (including 
frank but not explicit descriptions 
of sex), and a variety of interests. 
She also happens to be good at 

math, but does need to study. 
In addition to studying, Kiera Johnson (the hero) is also 

finding time to develop and administer “Slay,” a fantastical 
online world of virtual reality in which players can create 
characters and duel in a card game. Games between the best 
players draw huge crowds. The central focus of Slay is as 
a space of Black excellence and acceptance, with the game 
cards each representing some aspect of that culture (both 
US and international) from twist outs and Gabby Douglas 
to Louisiana barbeque and Jimi Hendrix’s “Purple Haze.” 

This world is disrupted when a player of the game is mur-
dered and it comes to public attention. This provides the 
background for examples and discussion of different ideas 
of Black excellence and racism, with Kiera’s mathematical 
and programming ability playing a central role, whether 
she is tutoring her peers, keeping the game balanced with 
the introduction of new cards, or programming an online 
world. 

Like Baby Goes to Market, this shows a more diverse face 
to those who can excel at mathematics, though in this case 
for an older audience. It explores the challenges in the 
clash of ability, identity, and the beliefs and stereotypes 
that others have developed, and the desire to create spaces 
where people can unashamedly be themselves. 

Conclusion
There is a growing literature giving tools to support a path 
to joy and creativity in mathematics. They often help the 
mathematics to exist in a contextual world (whether real 
or pure mathematical imagination), rather than the more 
direct problem-solving approach of school math textbooks. 
This allows anyone to cultivate joy, interest, and motivation 
in mathematics in the young people in their lives. Math-
ematics can find ways to get hard for everyone, and the 
more we approach that as a challenge and not a barrier, 
the easier it is to get through and perhaps even enjoy the 
process of learning. I wish you luck on your path to passing 
on that inspiration.

Edmund Harriss
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Cibercoloquio
Latinoamericano de

Matemáticas
Daniel Campos, Manuel Rivera,

Marı́a Amelia Salazar, José Alejandro Samper,
José Simental, and Soledad Villar

The Cibercoloquio Latinoamericano de Matemáticas is an on-
line colloquium for the global Spanish-speaking mathe-
matical community that began during the COVID-19 pan-
demic. Since June 5, 2020, every Friday we have featured
a one-hour talk in Spanish given by a distinguished Latin
American mathematician followed by a question and dis-
cussion session. The style of the talks is similar to depart-
mental colloquia, where the speaker presents an aspect of
their research to a general mathematical audience, aim-
ing to keep most of the content accessible to advanced
undergraduate students. The initiative has had an over-
whelmingly positive response from the Latin American
mathematical community with more than 2500 registered
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participants from more than twenty countries. In this note
we share how the initiative was born, how it works, and
some lessons learned thus far. We discuss future plans,
and invite Spanish-speaking mathematicians and students
in the United States (US) to join our global community.

1. Motivation and First Steps
The impact of the COVID-19 pandemic has been partic-
ularly disruptive to the academic world, where in-person
group meetings have always been essential for both teach-
ing and research. In a short period of time, we have
completely redesigned the way our main academic activ-
ities are performed. These developments have had both
positive and negative consequences: many inequities and
privileges have been revealed and amplified; hundreds of
events have been made public and accessible to broad au-
diences; we have gained awareness of many necessities
and challenges of our research communities; and we have
learned about novel ways of using existing technology to
communicate and share mathematics. This is the context
that inspired us to organize the Cibercoloquio Latinoameri-
cano de Matemáticas.

The idea for the initiative came about after various in-
formal discussions we had during the quarantine period
regarding the effect of the pandemic on the Latin Amer-
ican mathematical community. We are all early-stage
mathematicians that began their mathematical training
in different parts of Latin America. We found that our
paths, experiences, and careers, as well as our approach to
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mathematics, have strong similarities. For instance, most
of us never had the chance to learn about certain research
areas ofmodern-daymathematics before leaving our coun-
tries. We also greatly enjoy interacting, learning, and col-
laborating with Spanish-speaking colleagues with whom
we share cultural affinity; in fact, many of us have felt
that under these conditions the exchange of mathematical
ideas flows in a particularly effective way.

We decided to take advantage of the situation, now that
everyone is spending most of their time online, to orga-
nize a large-scale event where the Latin American mathe-
matical community could meet periodically to hear about
a research topic presented in Spanish, in a way accessible to
a wide mathematical audience, by a renowned expert from
the community. We also thought that an event of this na-
ture could help in mitigating some of the challenges that
the community faces.

2. The Latin American Mathematical
Community

By the Latin American mathematical community we mean,
very broadly, the global community of mathematicians
that have origins in Latin America. This includes students,
researchers, and professors based in the region as well as
outside the region. This term also includes Hispanic and
Latinx mathematicians in the US who culturally identify
as Latin American.

Spanish is the most spoken language in the Latin Amer-
ican mathematical community. Even more, it is the sec-
ond most-spoken native language in the world, after Man-
darin Chinese, with over 483 million native speakers [4].
It is the official language of twenty countries—nineteen of
which are in the Americas—and is the second most spo-
ken language in the US, with over 38 million Americans
speaking Spanish at home. If we include Portuguese, the
second most-spoken language in Latin America, the num-
ber of native speakers is over 700 million.

Latin America is a fast-growing region in terms of math-
ematical activity and research. Mathematical production
doubled in the lapse of eight years between 1999 and 2007
[2] and more recently many countries have shown an im-
pressive increase in the number of published articles as in-
dexed by MathSciNet.

The international influence of the Latin Americanmath-
ematical community has been particularly notable in the
last decade. There are Latin American mathematicians
leading cutting-edge research programs in institutions all
over the world. Many of them have been recognized inter-
nationally for their work with invitations to plenary talks
at conferences such as the International Congress of Math-
ematicians (ICM) and winning prestigious prizes such as

the Fields Medal (Artur Ávila, 2014). Plenty of interna-
tional research conferences and mathematical events are
organized every year in different cities of Latin America.
In the US, new organizations and initiatives have been
formed to give visibility to the work of Hispanic and Lat-
inx mathematicians, including Lathisms [1] and SACNAS,
among many others.

However, the mathematical community in Latin Amer-
ica still faces many challenges, most of them of socio-
economic nature and, as a consequence, mathematical
events, talks, and meetings are often not accessible to cer-
tain groups and even to entire countries. In particular,
there is a large number of students who rarely have the op-
portunity to discover different fields of modern research,
let alone have any kind of contact with world-renowned
experts. The region is well known for its high inequality in-
dicators and many countries, including those who have a
strong mathematical tradition, are usually heavily central-
ized leaving a vast amount of territories without the basic
resources for high-quality mathematics research. See, for
example, [2], pp. 20–41.

Even with the existing technology and online resources,
it is often difficult to find material accessible to students
who are starting to navigate the complexity of contempo-
rary mathematics (e.g., mathematics students at the ad-
vanced undergraduate level). Furthermore, most of the
accessible material tends to be written in English, which
poses a major hurdle for a significant proportion of the
student body. According to the EF English Proficiency In-
dex [3], Latin America has an English proficiency level be-
low the world average in all age groups, especially in the
18–20 age group [5]. We therefore thought it would be a
good idea to host our event in Spanish and eliminate this
language barrier.

In the US, the Hispanic community faces the challenge
of underrepresentation in the mathematical sciences and
in higher education in general. For example, in 2018 ac-
cording to census numbers, 18.3 percent of the US pop-
ulation were Hispanic [7]. However, only 3.98 percent
of 2018 PhDs in mathematics were Hispanic [6]. Of
course, this is a complex and subtle issue that also has deep
roots in socio-economic and systemic factors and has been
largely documented, studied, and discussed in various fo-
rums of different institutions and organizations, including
the American Mathematical Society.

With all of this in mind, we determined that the Ciber-
coloquio would have the following three main objectives:

1. Celebrate the careers and mathematical achievements
of some of the most outstanding mathematicians of
the Latin American mathematical community.
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2. Expose the Latin American mathematical community
to a wide variety of modern research areas through
high quality, clearly presented, colloquium-style talks
that are accessible to anyone with a good grasp of ba-
sic undergraduate mathematics, but are also interest-
ing to researchers.

3. Promote the interaction between different groups in
the Latin American mathematical community and
create awareness about existing opportunities for
higher education and collaborations that could lead
to strengthening the community.

3. Inviting Speakers
In order to meet the objectives mentioned in the previous
section, we consider the following criteria when inviting
speakers:

1. Mathematical excellence. The Latin American mathe-
matical community includes strong research groups
and researchers who have been greatly influential in
their fields. We aim for this excellence in research to
be reflected in our speaker list and for each talk to be
given by a leading expert in the topic presented.

2. Exposition. We aim for talks to be of high quality, not
only in terms ofmathematical content, but also clearly
presented and accessible to a broad mathematical au-
dience. To achieve this, we carefully identified possi-
ble speakers who were also known for the quality of
their exposition. The initial speakers set a standard,
and, in some sense, defined the style for the subse-
quent talks of the Cibercoloquio.

3. Diversity. Latin American mathematics is as diverse
as Latin America itself and we strive to reflect this in
the Cibercoloquio. Diversity here is meant in a very
broad sense. We aim for the speaker list to be bal-
anced in terms of gender, to feature mathematicians
from different countries and backgrounds, to include
researchers based in institutions in Latin America and
also outside the region, and for a wide variety of re-
search areas to be represented.

With this in mind, we invited the initial set of speakers
for the first month of talks:

• Federico Ardila (San Francisco State University
and Universidad de Los Andes, Colombia)

• Carolina Araujo (IMPA, Brazil)
• Mariel Vázquez (UC Davis)
• Gunther Uhlmann (University of Washington)

For the first talks, we invited researchers that were already
well known in the community. For the subsequent talks,
we tried to keep a balance between young talented mathe-
maticians and more experienced established researchers.

4. El Cibercoloquio and its Future
The first meeting of the Cibercoloquio took place on
June 5, 2020, with Federico Ardila speaking on Geometrı́a
CAT(0), robots, y sociedad (CAT(0) geometry, robots, and
society). The talk had over 350 live attendants, and since
then the YouTube video has had over 1000 views. We
continued the following weeks with talks from other high-
profilemathematicians that quickly established a name for
the event.

Many mathematical societies and departments all over
the world have advertised our event and our social net-
works have grown rapidly. At the time of this writing, we
have had 28 talks in a wide variety of topics both in pure
and applied math. All of these talks have been successful
and highly attended. More than 2500 participants from
over twenty countries have registered in the event’s email
list. The YouTube channel “Cibercoloquio Latinoameri-
cano de Matemáticas” has over 750 subscribers. During
the first fewweeks of the Cibercoloquio, each talk averaged
well over 300 live viewers. Attendance has gone down af-
ter these first few talks, we believe partly due to semesters
starting in different departments and the so-called “Zoom
fatigue.” Still, each weekly talk averages more than 150
live viewers, and usually the YouTube video reaches 400
views within a week of the talk.

The format for each talk is similar to a webinar. Each
talk is transmitted via Zoom and YouTube. The partici-
pants who are registered receive a Zoom link the night be-
fore the event, while the YouTube live streaming is public.
Participants in Zoom are muted, but can send questions
and comments to the organizers, who then ask them out
loud directly to the speaker. We also receive questions in
the YouTube chat and ask some to the speaker. In gen-
eral, it can be complicated to allow direct participation
with such a large audience, but we have tried to be flexible.
For example, in contrast to other webinar talks, we have al-
lowed certain participants to unmute themselves and ask
their questions directly. We have also done this several
times with comments and questions from experts in the
speaker’s field who are in the audience.

We have been able to create a particularly warm and re-
laxed atmosphere that encourages participation. For exam-
ple, we open the session ten minutes earlier while the par-
ticipants log on. During this period, we welcome the par-
ticipants directly through the chat, we ask them to tell us
where they are based, andwe playmusic from the speaker’s
country of origin. We ask each speaker to give a one-hour
talk but we tend to be very flexible with the time; simi-
larly, we do not impose a strict time restriction for the ques-
tion session, many of which have extended for longer than
thirty minutes. We have had questions and comments of
every level and style, including discussions that could lead
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to research collaborations. All of this, together with having
the talks in our native language, has created an atmosphere
where attendees feel comfortable participating and, we be-
lieve, it has had a positive effect in the way the participants
digest the mathematics being presented.

The Cibercoloquio started as an attempt to mitigate the
effects of the pandemic and has evolved into a successful
and popular event that will continue long after the health
crisis is over. At this point, we have decided that starting
in February 2021 the event might be held on a less regular
basis, either monthly or biweekly. The event will keep the
same style and format. Now that the event enjoys some
more recognition, we intend to feature younger mathe-
maticians who have already done interesting and impor-
tant work. Our YouTube channel is becoming an interest-
ing repository to learn about recent trends in mathematics.

Recently, we have started reaching to the Portuguese
speaking community, featuring talks in their language and
translating the webpage. Brazilian mathematicians Um-
berto Hryniewicz and Emanuel Carneiro were the first
ones, and we plan to have more in the future. Brazil has
a large, active, and vibrant mathematical community with
close ties to the rest of Latin America. We hope that this
effort will help bring together mathematicians from both
communities.

We would also like to increase the participation of the
Hispanic and Latinx mathematical community in the US
both in terms of attendees and speakers. We recently fea-
tured Pamela Harris (Williams College) who is a strong
voice in the community. We feel that there is much to be
gained from increasing connections between the Hispanic
and Latinx mathematical communities in the US and the
community based in Latin America.

Furthermore, we are considering complementing the
event with other special topics, including career advice and
opportunities. A large portion of our participants are stu-
dents who might benefit from sessions about applying to
graduate schools, research opportunities, and about find-
ing jobs inmathematics both inside and outside academia.
We are open to suggestions.

We are thankful to the amazing pool of mathematicians
that accepted the invitation to present their work in the
Cibercoloquio and to the participants that have enthusias-
tically participated in the talks. They have made this event
a truly special and unique one. We are also grateful to Pur-
due University, Universidad de Costa Rica, and University
of California, Davis for providing the necessary infrastruc-
ture for the Cibercoloquio to take place.

We invite the Spanish-speaking mathematical commu-
nity in the US to participate, suggest speakers, and com-
ment about ideas that may enhance or improve the event.
More information, including the announcements of future
talks, links to videos of past talks, our email list registra-
tion form, and the organizers’ contact information, may
be found on our website: www.cibercoloquio.com.
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MATH OUTSIDE THE BUBBLE

Traci Jackson looks at sidewalks differently now. She 
evaluates surface texture and estimates foot traffic. She 
anticipates shadows and checks for sprinklers. And when 
she finds a stretch of sidewalk sufficiently smooth, sunlit, 
and in the public eye, Jackson sets to work: on hands 

and knees, she chalks a colorful combination of words, 
numbers, symbols, and diagrams calculated to prompt 
mathematical musings among passersby. Another Math 
Walk—accomplished.

Jackson is not the first to juxtapose the words “math” 
and “walk,” of course, nor the first to exchange a blackboard 
for an expanse of concrete or asphalt. In 2013, educators 
and artists from Lesley University launched the Sidewalk 
Math project (www.sidewalkmath.com) to “engage young 
children in learning mathematical patterns by walking, 

Problems That Feel Like Play: 
Sidewalk Math as 
Pandemic-Era Diversion
Sophia D. Merow

Figure 1. A selection of Traci Jackson’s Math Walk chalkings.



Math Outside the Bubble
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On March 27, armed with some leftover chalk, a vague 
recollection of a #mathgraffiti hashtag, and a Which One 
Doesn’t Belong (see https://wodb.ca/) problem, Jackson 
began the practice she has continued ever since (see Figure 
2).

Jackson has kept up the Math Walk habit as long as she 
has—going on 13 months—because of how successful her 
chalkings have proven at encouraging mathematical discus-
sion. Jackson’s neighbors confer audibly in the street about 
her offerings. They snap photos of the sidewalk math—to 
ponder later, to talk about with their kids after dinner, to 
share via email with far-flung relatives. One woman told 
Jackson that her husband only started joining her on daily 
walks to track down and wrestle with the latest problem.

One day a pedestrian stopped to thank Jackson, wield-
ing a makeshift mega-compass jerry-rigged from a piece of 
string, for her work. She was visiting for her father’s funeral, 
the woman explained, and had found in the sidewalk math 
a welcome if intermittent escape from the grief that oth-
erwise consumed her. “This moved me so much we stood 
six feet away with tears in our eyes making a strong human 
connection,” Jackson recalls.

And because she documents her Math Walks on Twitter 
(@traciteacher), Facebook (www.facebook.com/groups 
/mathwalks), and a dedicated website (https://bit.ly 
/mathwalks2020), Jackson has been able to connect with 
would-be problem posers and solvers from far beyond 
the estimated one-mile radius of her on-foot travels. The 
youngster behind the YouTube channel MSK Coding posted 

hopping, jumping, and skipping through colorful designs 
on the sidewalk.” As part of its 100th anniversary celebra-
tion in 2015, the Mathematical Association of America 
debuted the website MathWalkDC (see https://bit.ly 
/3glFR4b), which guided visitors to the nation’s capital 
through a selection of the city’s more mathematically note-
worthy landmarks—the 19-degree angle on one corner of 
the East Building of the National Gallery of Art, for instance. 
Bronx Center for Science and Mathematics teacher Brian 
Palacios, himself a longtime practitioner of sidewalk math, 
has proposed (see https://bit.ly/3gfPxgy) that math 
education conferences give back to host cities by tagging up 
thoroughfares with thought-provoking problems.

In late March of 2020, however, Traci Jackson was not 
yet aware of the above. On a walk in her southern Cali-
fornia neighborhood, she observed a mom running her 
kids through some drills. “Go to the corner and do five 
jumping jacks,” the parent-turned-PE-instructor directed. 
“Now three windmills.” Might other school subjects be 
integrated into the daily constitutionals staving off stir-cra-
ziness during quarantine? Jackson wondered. A secondary 
math teacher at San Diego’s Poway Unified School District, 
Jackson had been intrigued by the idea of public prob-
lem-solving since reading about Minneapolis math teacher 
Sara VanDerWerf stimulating sometimes heated discussion 
with accessible-to-all problems posted in the hallway out-
side her classroom under a “Can You Solve This?” placard 
(see https://bit.ly/37gfNEW). For a few years pre-pan-
demic Jackson had reposted VanDerWerf’s problems in her 
own school and been gratified to see students, teachers, 
and parents alike engage in spontaneous for-its-own-sake 
problem-solving. 

“If I could leave a little bit of math on daily walks,” Jack-
son wrote in an online account of how she started math 
walking, “I could not only give parents a way to incorporate 
some math, but maybe I could try and change math into 
curiosity, wonder and problem solving, even just a little.”

Figure 2. Jackson’s first Math Walk offering, March 27, 2020.

Figure 3. Jackson’s April 13 chalking.

https://bit.ly/3glFR4b
https://bit.ly/3glFR4b
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who has done some Jackson-inspired chalking (see Figure 
4) as part of Tacoma’s STEAM Learning Collaborative Ac-
tion Network. 

Jackson looks for “problems that feel like play”—see 
the list below for a selection of her go-to sources—and 
has some pro tips for Math Walk novices. Regular chalk 
has more staying power than sidewalk chalk. Purple chalk 
doesn’t show up well and is thus useful for drafting. A scrap 
of old washcloth makes an excellent eraser.

And “take a mask,” Jackson advises, because “people will 
stop to talk to you and it is wonderful.”

Some Sources of Math Walk Inspiration
Art of Problem Solving, https://artofproblemsolving 

.com/keeplearning
Brilliant, https://brilliant.org/
Don Steward, https://donsteward.blogspot.com/
Fraction Talks, www.fractiontalks.com/
Graphing Stories, www.graphingstories.com/index.html
Julia Robinson Mathematics Festival, https://www.jrmf 

.org/
Mathcommunities.org, https://mathcommunities.org/
Mathcurious, https://mathcurious.com/
Math for Love, https://mathforlove.com/lessons/
Math Is Visual, https://mathisvisual.com/
MathsChallenge.net, https://mathschallenge.net/
Open Middle, https://www.openmiddle.com/
Play With Your Math, https://playwithyourmath.com/
Same or Different?, https://samedifferentimages.word 

press.com/
Thinking Mathematics!, www.jamestanton.com/
Visual Patterns, www.visualpatterns.org/
Which One Doesn’t Belong?, https://wodb.ca/
Would You Rather Math, https://www.wouldyourathermath 

.com/
youcubed, https://www.youcubed.org/

Credits
Figures 1–3 are courtesy of Traci Jackson.
Figure 4 is courtesy of Jennifer Quinn.
Author photo is by Igor Tolkov.

a video (see https://bit.ly/2LJP778) about using Py-
thon to explore the fractal-like drawing Jackson chalked 
on April 13 (see Figure 3). Educators across the country 
(and the world: Belgium-based math teacher Clara Huiz-
ink maintains a French version of Jackson’s site) retweet 
Jackson’s posts, replicate her chalkings, and are moved by 
her efforts to undertake math walks of their own. “Started 
using @traciteacher inspired #mathwalks in front of my 
house and just caught an adult and child with flashlights 
scoping them out,” tweeted Massachusetts teacher Lisa 
Beauchemin in September. “At 9pm. On Saturday night. I 
couldn’t love it more.”

Brian Palacios is not surprised that sidewalk math took 
off during the pandemic. Outdoor, inherently local, and 
educational but enjoyably so, sidewalk math is a diversion 
well suited to the COVID era. And, according to Palacios, 
“the more sidewalk math, the better.” A salutary, childlike 
joy awaits the sidewalk chalker, for one thing, and the act 
also furthers a worthy external-to-self cause. “Math des-
perately needs advocacy that goes beyond the classroom,” 
he says. “Inviting, public-facing displays of math—like 
sidewalk math—is a great way to do just that.”

Some problems lend themselves more than others, of 
course. Palacios aims for accessible, “low floor, high ceil-
ing” problems that can be presented simply. “My favorite 
problems are visually appealing, have more than one 
possible answer, and lead to more questions,” says Math-
ematical Association of America president and University 
of Washington Tacoma combinatorialist Jennifer Quinn, 

Figure 4. One of Jennifer Quinn’s chalkings.

Sophia D. Merow 

https://wodb.ca/
https://samedifferentimages.wordpress.com/
https://samedifferentimages.wordpress.com/
https://www.jrmf.org/
https://www.jrmf.org/
https://artofproblemsolving.com/keeplearning
https://artofproblemsolving.com/keeplearning
https://www.wouldyourathermath.com/
https://www.wouldyourathermath.com/
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The Brownian Map
John C. Baez

NinaHoldenwon the 2021MaryamMirzakhaniNew Fron-
tiers Prize for her work on random surfaces and the mathe-
matics of quantum gravity in two dimensions. Here I will
explain just one concept involved in her work: the “Brow-
nian map.” This is a fundamental object in mathematics,
in some sense a 2-dimensional analogue of Brownian mo-
tion.

Suppose you randomly choose a triangulation of the 2-
sphere with 𝑛 vertices. This is defined in a purely topologi-
cal way, but the set of vertices becomes a metric space if we
give each edge length 1. We thus obtain a “random com-
pact metric space”: a probability measure on the space of
all compactmetric spaces. It turns out that if you increase 𝑛
while rescaling the edge lengths to make them equal 𝑛−1/4,
this probability measure converges as 𝑛 → ∞. The limit
is a random compact metric space called the “Brownian
map.”

To make all this precise takes a bit of work, and we turn
to that next. But first, Figure 1, created by Thomas Budzin-
ski, is a rough image to keep in mind. This shows a ran-
domly chosen triangulation of the sphere with 30,000 ver-
tices. While this image gives an impression of the space’s
fractal structure, it is somewhat misleading, since the em-
bedding in 3d space is not isometric. This space is too
spiky to be embedded isometrically inℝ3. Indeed, in 2007
Jean-François Le Gall [3] showed that the Brownian map

John C. Baez is a professor of mathematics at the University of California, River-
side. His email address is baez@math.ucr.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2281

Figure 1.

almost surely—that is, with probability 1—has Hausdorff
dimension 4. Nonetheless, it is almost surely homeomor-
phic to the 2-sphere [4]. For comparison, consider the fa-
mous Koch snowflake curve, which has Hausdorff dimen-
sion log3(4) ≈ 1.26 but is homeomorphic to a 1-sphere.

Now let us make things more precise. First, what do
we mean by “randomly choosing a triangulation of the 2-
sphere with 𝑛 vertices”? A triangulation of the 2-sphere is
a way of gluing together a finite number of triangles along
their edges, matching edges in pairs, so that the resulting
space is homeomorphic to 𝑆2. The key issue is when two
such triangulations count as the same. The edges and ver-
tices of any such triangulation give a graph topologically
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embedded in a surface homeomorphic to 𝑆2, and we say
two such triangulations count as the same if the resulting
embedded graphs are related by an orientation-preserving
homeomorphism between the surfaces containing them.
We obtain a finite set 𝒯𝑛 of triangulations of the 2-sphere
with 𝑛 vertices, and when we speak of choosing one ran-
domly, we are putting a probability distribution on 𝒯𝑛
where each element has the same probability. Each ele-
ment of 𝒯𝑛 gives a compact metric space: namely, its set of
vertices made into a metric space by taking all the edges of
the graph to have length 𝑛−1/4, and defining the distance
between two vertices to be the length of the shortest path
of edges between them.

Second, what is “the space of all compact metric
spaces”? The Hausdorff metric on compact subsets of a
metric space 𝐾 is defined by

𝑑H(𝑋, 𝑌) = inf{𝜖 ≥ 0 ∶ 𝑋 ⊆ 𝑌𝜖 and 𝑌 ⊆ 𝑋𝜖},
where 𝑋𝜖 is the set of all points of 𝐾 that are at distance at
most 𝜖 from some point of 𝑋 . We define the Gromov–
Hausdorff distance 𝑑GH(𝑋, 𝑌) between compact metric
spaces 𝑋 and 𝑌 to be the infimum of 𝑑H(𝑖(𝑋), 𝑗(𝑌)) over
all distance-preserving embeddings 𝑖 ∶ 𝑋 → 𝐾, 𝑗∶ 𝑌 → 𝐾,
where 𝐾 ranges over all compact metric spaces. If there
is an isometry between two compact metric spaces—that
is, a distance-preserving bijection 𝑓∶ 𝑋 → 𝑌—then clearly
𝑑GH(𝑋, 𝑌) = 0. However, the Gromov–Hausdorff distance
defines a metric on the set ℳ of isometry classes of com-
pact metric spaces. The setℳ with its metric 𝑑GH is called
the Gromov–Hausdorff space.

Third, what is a random compact metric space? It is
simply a Borel measure 𝜇 on the Gromov–Hausdorff space
that is a probability measure, meaning that ∫ℳ 𝜇 = 1. In
particular, for each 𝑛, the probability distribution on the
set 𝒯𝑛, together with the way of making each triangulation
of the 2-sphere into a compact metric space, gives a ran-
dom compact metric space 𝜇𝑛.

Fourth and finally, what does it mean to say this se-
quence 𝜇𝑛 of random compact metric spaces converges to
some random compact metric space 𝜇? There are many
concepts of convergence for probabilitymeasures, but here
we want convergence in distribution: we require that for
every bounded continuous function 𝑓∶ ℳ → ℝ we have

lim
𝑛→∞

∫
ℳ
𝑓𝑑𝜇𝑛 →∫

ℳ
𝑓𝑑𝜇.

With these details filled in, it makes precise sense to ask
if the random compact metric spaces 𝜇𝑛 converge as 𝑛 →
∞. Oded Schramm [9] posed this as a problem in 2006,
and Le Gall [5] solved it in 2013: we have 𝜇𝑛 → 𝜇 for
a unique random compact metric space 𝜇, the Brownian
map.

But this result is just a small part of somethingmuch big-
ger: the slow march toward making ideas from quantum

field theory mathematically rigorous. Conformal field the-
ory, a key tool in string theory, is the study of quantum
fields on Riemann surfaces. Any Riemann surface has a
conformal structure, which lets usmeasure angles between
tangent vectors, and a conformal field theory should trans-
form in a simple way under automorphisms of Riemann
surfaces—that is, conformal transformations. The Brow-
nian map arises naturally from a conformal field theory
called “Liouville quantum gravity.”

To quickly get a feeling for this, suppose Σ is a Riemann
surface and 𝑔 a Riemannian metric compatible with the
conformal structure on Σ. Then there is a random distri-
bution on Σ called the Gaussian free field, defined by

𝐺 = ∑
𝑖
𝑔𝑖𝜙𝑖,

where 𝑔𝑖 are independent Gaussian random variables with
mean 0 and variance 1, and 𝜙𝑖 runs over an orthonormal
basis of real eigenfunctions of the Laplacian on Σ with
nonzero eigenvalues—or more precisely, a maximal col-
lection of such eigenfunctions with

1
2𝜋 ∫

Σ
∇𝜙𝑖(𝑧) ⋅ ∇𝜙𝑗(𝑧) 𝑑2𝑧 = 𝛿𝑖𝑗 .

Roughly speaking, Liouville quantum gravity is the study
of the random Riemannian metric on Σ given by

𝑔𝛾 = 𝑒𝛾𝐺𝑔,
where 𝛾 ∈ ℝ. In reality things are not quite so simple.
For starters, 𝐺 is not a random function on Σ, merely a
random distribution, so 𝑔𝛾 is not a random smooth Rie-
mannian metric. Nonetheless, one can construct a ran-
dom compact metric space based on Liouville quantum
gravity—and when 𝛾 = √8/3 and Σ = 𝑆2, this gives the
Brownian map!

This fact has been shown in a number of ways, start-
ing with Jason Miller and Scott Sheffield [8] around 2016.
More recently, Holden and Xin Sun showed how to go
the other way, and recover the Gaussian free field on the
sphere from large uniform triangulations [2].

The explanation of the number √8/3 would take us
deeper into conformal field theory. For other values of
𝛾, we obtain a random metric space that has some other
Hausdorff dimension 𝑑𝛾 (almost surely). No general for-
mula for 𝑑𝛾 is known, but intuitively we expect that 𝑑𝛾 is
an increasing function of 𝛾. In 2018, this was proved by
Jian Ding and Ewain Gwynne [1].

Formore on Liouville quantum gravity and random sur-
faces, Gwynne’s introduction is a good place to start [6].
Sheffield has a nice introduction to the Gaussian free field
[10]. Finally, Gwynne, Holden, and Sun have written a
long review of more recent work [7], including that for
whichHoldenwon theMaryamMirzakhani New Frontiers
Prize.
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APPLICATIONS & NOMINATIONS
Associate Secretaries are appointed by the Council upon recommendation by the Executive Committee and 
Board of Trustees. Please submit your application—including a brief CV and names of three references— through 
www.MathPrograms.org.

Please send nominations or questions to: ssc-chair@ams.org

Applications received by July 1, 2021 will be assured full consideration.

Eastern Section  =
Southeastern Section  =

Central Section  =
Western Section  =

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

AMS Associate Secretaries
of the Central & Western Sections

Guide AMS Scienti� c Meetings and Help Steer the Society.

POSITION
The American Mathematical Society is seeking applications and
nominations of candidates for the posts of Associate Secretary of the
Central Section and of Associate Secretary of the Western Section.

The Council will appoint the two Associate Secretaries to two-year
terms, beginning on February 1, 2022 and ending on January 31, 2024.
Reappointments are possible and desirable. All necessary expenses
incurred by an Associate Secretary in performance of duties for the Society
are reimbursed, including travel and communications. Each Associate Secretary
may request additional � nancial support for their work. The nature of this support
is � exible and can change year to year. It could be, for example, in the form of release time,
administrative support, or a stipend.

QUALIFICATIONS
We welcome applications from any research mathematicians with substantial knowledge of AMS activities.

DUTIES
AMS Associate Secretaries play key roles in creating the scienti� c programs of AMS meetings, as well as providing 
essential input to several AMS committees.
• Each is responsible for two sectional meetings per year in their respective geographic section. This includes overall 

responsibility for the scienti� c program, as well as the responsibility of arranging host institutions and guiding 
local organizers.

• Once every four years an Associate Secretary has primary responsibility for the scienti� c program at the January 
Joint Mathematics Meetings.

• The AMS conducts an active international joint meeting program, and Associate Secretaries are involved in these 
meetings on a rotating basis.

• Associate Secretaries are supported by, and work closely with, the AMS Department of Meetings and Conferences.
• An Associate Secretary is an of� cer of the Society, a member of the AMS Council, and a member of the

Secretariat—a committee consisting of the four Associate Secretaries and the Secretary, which has considerable 
responsibility and authority in the direction of the AMS meetings program.
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late father, John L. Synge, who knew and admired Oswald 
Veblen, Cathleen Synge Morawetz and her husband, Her-
bert, substantially increased the endowment.

The current prize amount of US$5,000 is awarded every 
three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/veblen-prize.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006. 

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/conant-prize.

AMS Prizes & Awards
Ciprian Foias Prize 
in Operator Theory
The Ciprian Foias Prize in Operator Theory is awarded 
for notable work in Operator Theory published during 
the preceding six years. The work must be published in a 
recognized, peer-reviewed venue.

About this Prize
This prize was established in 2020 in memory of Ciprian 
Foias (1933–2020) by colleagues and friends. He was an 
influential scholar in operator theory and fluid mechanics, 
a generous mentor, and an enthusiastic advocate of the 
mathematical community.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/profession/prizes-awards/ciprian-prize.

Oswald Veblen Prize 
in Geometry
The award is made for a notable research work in geometry 
or topology that has appeared in the last six years. The work 
must be published in a recognized, peer-reviewed venue.

About this Prize
This prize was established in 1961 in memory of Professor 
Oswald Veblen through a fund contributed by former stu-
dents and colleagues. The fund was later doubled by the 
widow of Professor Veblen. An anonymous donor gener-
ously augmented the fund in 2008. In 2013, in honor of her 

https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org/veblen-prize
https://www.ams.org/veblen-prize
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Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/moore-prize.

David P. Robbins Prize
The Robbins Prize is for a paper with the following charac-
teristics: it shall report on novel research in algebra, combi-
natorics or discrete mathematics and shall have a significant 
experimental component; and it shall be on a topic which 
is broadly accessible and shall provide a simple statement 
of the problem and clear exposition of the work. Papers 
published within the six calendar years preceding the year 
in which the prize is awarded are eligible for consideration.

About this Prize
This prize was established in 2005 in memory of David P. 
Robbins by members of his family. Robbins, who died in 
2003, received his PhD in 1970 from MIT. He was a long-
time member of the Institute for Defense Analysis Center 
for Communications Research and a prolific mathema-
tician whose work (much of it classified) was in discrete 
mathematics.

The current prize amount is US$5,000 and the prize is 
awarded every 3 years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/robbins-prize.

Award for Distinguished 
Public Service
The Award for Distinguished Public Service recognizes a 
research mathematician who has made recent or sustained 
distinguished contributions to the mathematics profession 
through public service.

About this Prize
The AMS Council established this award in response to a 
recommendation from its Committee on Science Policy.

The US$4,000 award is presented every two years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/public-service-award.

Chevalley Prize 
in Lie Theory
The Chevalley Prize is awarded for notable work in Lie 
Theory published during the preceding six years; a recipient 
should be at most twenty-five years past the PhD.

About this Prize
The Chevalley Prize was established in 2014 by George 
Lusztig to honor Claude Chevalley (1909–1984). Chevalley 
was a founding member of the Bourbaki group. He made 
fundamental contributions to class field theory, algebraic 
geometry, and group theory. His three-volume treatise on 
Lie groups served as standard reference for many decades. 
His classification of semisimple groups over an arbitrary 
algebraically closed field provides a link between Lie’s the-
ory of continuous groups and the theory of finite groups, 
to the enormous enrichment of both subjects.

The current prize amount is US$8,000, awarded in 
even-numbered years, without restriction on society mem-
bership, citizenship, or venue of publication.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/chevalley-prize.

E. H. Moore Research 
Article Prize
The Moore Prize is awarded for an outstanding research 
article to have appeared in one of the AMS primary re-
search journals (namely, the Journal of the AMS, Proceedings 
of the AMS, Transactions of the AMS, Memoirs of the AMS, 
Mathematics of Computation, Electronic Journal of Conformal 
Geometry and Dynamics, and Electronic Journal of Representa-
tion Theory) during the six calendar years ending a full year 
before the meeting at which the prize is awarded.

About this Prize
The prize was established in 2002 in honor of E. H. Moore. 
Among other activities, Moore founded the Chicago 
branch of the American Mathematical Society, served as 
the Society’s sixth President (1901–1902), delivered the 
Colloquium Lectures in 1906, and founded and nurtured 
the Transactions of the AMS.

The current prize amount is US$5,000, awarded every 
three years.

Next Prize: January 2022

https://www.ams.org/chevalley-prize
https://www.ams.org/chevalley-prize
https://www.ams.org/public-service-award
https://www.ams.org/public-service-award
https://www.ams.org/robbins-prize
https://www.ams.org/robbins-prize
https://www.ams.org/moore-prize
https://www.ams.org/moore-prize
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Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked 

directly with pre-college teachers to enhance teach-
ers’ impact on mathematics achievement for all 
students, or

(b) sustainable and replicable contributions by mathe-
maticians to improving the mathematics education 
of students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/impact. 

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 

which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelors degree in mathematical sciences are el-
igible.

Next Award: 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: A letter of nomination may be 
submitted by one or more individuals. Nomination of the 
writer’s own institution is permitted. The letter should de-
scribe the specific program(s) for which the department is 
being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes came about by 1) sys-
tematic, reproducible changes in programs that might be 
implemented by others, and/or 2) have value outside the 
mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages. 

To make a nomination, go to https://www.ams.org 
/department-award.

Mathematics Programs  
that Make a Difference
This Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 

https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/department-award
https://www.ams.org/department-award
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an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is $1,200, awarded annually.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/morgan-prize.

Norbert Wiener Prize 
in Applied Mathematics 
(AMS-SIAM)
The Wiener Prize is awarded for an outstanding contribu-
tion to “applied mathematics in the highest and broadest 
sense.”

About this Prize
This prize was established in 1967 in honor of Professor 
Norbert Wiener and was endowed by a fund from the De-
partment of Mathematics of the Massachusetts Institute of 
Technology. The endowment was further supplemented by 
a generous donor.

Since 2004, the US$5,000 prize has been awarded every 
three years. The American Mathematical Society and the 
Society for Industrial and Applied Mathematics award 
this prize jointly; the recipient must be a member of one 
of these societies.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/wiener-prize.

groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a Selection Com-
mittee appointed by the AMS President and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: The letter of nomination should 
describe the specific program being nominated and the 
achievements that make the program an outstanding 
success. It should include clear and current evidence of 
that success. A strong nomination typically includes a 
description of the program’s activities and goals, a brief 
history of the program, evidence of its effectiveness, and 
statements from participants about its impact. The letter of 
nomination should not exceed two pages, with supporting 
documentation not to exceed three more pages. Up to three 
supporting letters may be included in addition to these 
five pages. Nomination of the writer’s own institution or 
program is permitted. Non-winning nominations will 
automatically be reconsidered for the award for the next 
two years.

To make a nomination, go to https://www.ams.org 
/make-a-diff-award.

Joint Prizes & Awards
Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/wiener-prize
https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
https://www.ams.org/wiener-prize
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Mikhail Gordin Prize  
(AMS-EMS)
The AMS-EMS Mikhail Gordin Prize is established to honor 
the memory of Mikhail Gordin and the tradition of the 
mathematics of Eastern Europe. It is awarded to a mathe-
matician working in probability or dynamical systems, with 
preference given to early career mathematicians from or 
professionally connected to an Eastern European country. 
The recipient is chosen by a committee appointed by the 
EMS with AMS representation on the committee.

About this Prize
The Mikhail Gordin Prize is awarded every four years. It 
consists of a cash prize of US$4,000 and funds of US$1,000 
to cover travel costs to the awards ceremony.

PhD + Epsilon
Early-career mathematicians 
blog about their experiences 
and challenges.

For insights into the career concerns 
of newer mathematical scientists, 
read the PhD + Epsilon blog.

blogs.ams.org/phdplus

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: Nominations for the Mikhail 
Gordin Prize should include a letter of nomination, a 
curriculum vitae of the nominee, and a short citation (up 
to 50 words) to be used in the event that the nomination 
is successful.

To make a nomination, go to https://www.ams.org 
/profession/prizes-awards/gordin-prize.

http://blogs.ams.org/phdplus
https://www.ams.org/profession/prizes-awards/gordin-prize
https://www.ams.org/profession/prizes-awards/gordin-prize
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2021 Award for Impact  
on the Teaching and 
Learning of Mathematics

Citation
The 2021 AMS Award for Im-
pact on the Teaching and Learn-
ing of Mathematics has been 
awarded to Solomon Friedberg 
of Boston College, where he is 
the James P. McIntyre Professor 
of Mathematics. He is hon-
ored for his many significant 
contributions to mathematics 
education locally, nationally, 
and internationally. 

In addition to his exemplary 
research record, Dr. Friedberg devotes an immense amount 
of time and energy to mathematics education and has been 
a strong advocate for improving K–12 mathematics edu-
cation for several decades. His numerous and significant 
contributions include serving on review boards for evaluat-
ing mathematics education at the local and national levels, 
serving on editorial boards related to mathematics educa-
tion, writing blogs, opinion pieces, and essays, all with the 
goal of improving teaching and learning for all students. 
Dr. Friedberg is committed to launching and supporting 
programs that encourage partnerships with universities and 
local schools. For example, he partnered with Boston Col-
lege’s School of Education to start the successful Boston Col-
lege Colloquium in Mathematics Education, a colloquium 
series for math educators, administrators, and mathemati-
cians interested in K–12 education. As written in a letter of 
support for Dr. Friedberg, “This series is an invaluable sup-
port to mathematics educators in the Boston area, and is a 
strong model for other institutions who want to build local  

communities of PK–12 and university mathematics educa-
tors and mathematicians.”

Dr. Friedberg’s service at the national and international 
levels includes his current service as the Chair of the Na-
tional Academy of Science’s U.S. National Commission on 
Mathematics Instruction (USNC/MI). He was the driving 
force behind the timely USNC/MI webinar, “Moving For-
ward in the Midst of a Pandemic: International Lessons for 
Math Teachers” in summer 2020. In addition, he led proj-
ects that focus on improving and disseminating teaching 
and learning techniques, with funding from the Calculus 
Consortium of Higher Education, the US Department of 
Education, and the National Science Foundation. He is the 
co-PI for a new project to advance inclusion and equity 
in math education, funded by the NSF grant “Developing 
Exemplary Mathematics Teacher Leaders for High-Need 
Schools: Content, Equity, and Leadership,” which builds 
on his NSF-funded project “Exemplary Mathematics Edu-
cators for High-Need Schools.” These projects emphasize 
mathematical content and teacher leadership development 
and, at the same time, promote equity and inclusion.

For his many impactful and broad contributions to 
mathematics education, the AMS Committee on Educa-
tion is delighted to award Dr. Solomon Friedberg the 2021 
AMS Award for Impact on the Teaching and Learning of 
Mathematics.

Biographical Sketch
Solomon Friedberg earned his BA from the University of 
California, San Diego, and his MS and PhD from the Uni-
versity of Chicago. His PhD advisor was Harold Stark. He 
was a Benjamin Peirce Lecturer at Harvard University from 
1982 to 1985, then joined the faculty of the University of 
California, Santa Cruz, where he held positions as assistant, 

Solomon Friedberg

Solomon Friedberg of Boston College has been selected as the recipient of the 2021 AMS Award for Impact on the 
Teaching and Learning of Mathematics.
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associate, and full professor. He has been on the faculty of 
Boston College since 1996. 

Dr. Friedberg’s research foci are number theory and rep-
resentation theory, and he has worked extensively on the 
study of Langlands L-functions and on multiple Dirichlet 
series, an area that he helped to found. His passion for re-
search has always been complemented by a deep interest in 
teaching and learning. While at UCSC, he was involved in 
the Monterey Bay Area Math Project. In the 1990s at Bos-
ton College, Dr. Friedberg organized a project to develop 
new training materials—Case Studies—for use in teaching 
assistant development programs for mathematics graduate 
students, and from 2016 to 2020 he served as Chair of the 
AMS–MAA Joint Committee on TAs and Part-Time Instruc-
tors. His involvement with K–12 math education, detailed 
in the award citation, has been extensive. In addition, Dr. 
Friedberg was Chair of the Department of Mathematics 
at Boston College for nine years, from June 2007 through 
May 2016. Under his leadership, the department started a 
PhD program, instituted a new BS degree, hired superb new 
scholars, and dramatically increased its external research 
support. 

Dr. Friedberg has received an NSF Postdoctoral Fel-
lowship, a NATO Postdoctoral Fellowship in Science, an 
Indo-American Fellowship, a Sloan Fellowship, a Simons 
Fellowship, and the MAA Northeastern Section Award for 
Distinguished College or University Teaching. He was also 
Distinguished Visiting Professor of Mathematics at Brown 
University in spring 2002 and Distinguished Ordway Vis-
itor at the University of Minnesota in 2014. He is a Fellow 
of the AMS.

Response from Solomon Friedberg
I am profoundly grateful to the AMS and its Committee 
on Education for selecting me for this award. I’ve learned 
a great deal about teaching and learning from many peo-
ple, from mentors to colleagues to students, and I’d like to 
thank them all. I’ve also been fortunate to encounter people 
who have thought about teaching and learning from many 
different perspectives—mathematicians, math educators, 
scientists, social scientists, policy specialists, teachers—and 
this diversity of views has added greatly to my understand-
ing. Thank you all. Many of my efforts in both research and 
education have been joint, and I am pleased to express my 
deep appreciation to my collaborators for their efforts and 
inspiration. Finally, I’d like to express my sincere gratitude 
to Ken and Mary Lou Gross for establishing this award. It 
means a lot to the profession and a lot to me personally.

About the Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education (COE) in 2013. The award is given annually 
to a mathematician (or group of mathematicians) who 
has made significant contributions of lasting value to 
mathematics education. Priorities of the award include 
recognition of (a) accomplished mathematicians who 
have worked directly with precollege teachers to enhance 
teachers’ impact on mathematics achievement for all stu-
dents, or (b) sustainable and replicable contributions by 
mathematicians to improve the mathematics education 
of students in the first two years of college. The US$1,000 
award is given annually, and the recipient is selected by 
the COE. The endowment fund that supports the award 
was established in 2012 by a contribution from Kenneth 
I. and Mary Lou Gross in honor of their daughters Laura 
and Karen. The award is presented by the AMS COE acting 
on the recommendation of a selection subcommittee. For 
the 2021 award, the members of the subcommittee were: 

 • Susan Loepp
 • Megan Kerr
 • Maggy Tomova
 • Katherine M. Kinnaird

A listing of the previous recipients of the Impact Award 
can be found on the AMS website at: www.ams.org 
/profession/prizes-awards/ams-awards/impact.

Credits
Photo of Solomon Friedberg is courtesy of Lee Pellegrini, 

Boston College.

http://www.ams.org/profession/prizes-awards/ams-awards/impact
http://www.ams.org/profession/prizes-awards/ams-awards/impact
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APPLICATIONS & NOMINATIONS
A Search Committee, with AMS Treasurer Douglas Ulmer as Chair, is seeking and reviewing applications. Direct 
nominations and questions to the Chair of the Search Committee: tsc-chair@ams.org.

Persons wishing to apply may do so through www.MathPrograms.org.

For full consideration, applications and supporting documentation should be received by July 1, 2021.

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

Apply or Nominate Colleagues for

Associate Treasurer
of the American Mathematical Society

Help Guide AMS Fiscal Policy.

The Associate Treasurer helps administer and supervise AMS � scal policies in the interest of 
the mathematical community.

You know � nance and you know the AMS. Now you have the chance to play a leading role in managing AMS policies, 
expenditures, investments, and budgets, while following trends in � nance. The American Mathematical Society seeks 
applications and nominations of candidates for the post of Associate Treasurer. This individual is an of� cer of the
Society appointed by the Council to a two-year term beginning February 1, 2022. All necessary expenses incurred by 
the Associate Treasurer in performance of duties for the Society are reimbursed, including travel and communications.

QUALIFICATIONS
We welcome applications from PhD mathematicians who have substantial knowledge of Society activities.
Although the Associate Treasurer is appointed for a term of two years, candidates willing to make a longer commit-
ment will be preferred, as it is expected that the Associate Treasurer will be reappointed for subsequent terms pending 
successful performance reviews.

DUTIES
The Associate Treasurer has many duties parallel to those of the Treasurer:
• Administering or supervising administration of � scal policies in the interest of the mathematical community, as 

determined by the Trustees.
• Monitoring funds, investments, budgets, and trends of � nance over periods of years, and reviewing salary policy 

for AMS employees and its applications to individuals.
• Serving ex of� cio as a member of the Board of Trustees, Council, and other committees, as well as serving as

Secretary of the Board of Trustees.
• In addition, the Associate Treasurer serves as Secretary of the Mathematical Reviews Corporation, as a member of 

the Retirement Plan Investment Committee, and as a non-voting member of the Mathematical Reviews Editorial 
Committee.
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2021 Award for an 
Exemplary Program 
or Achievement in a 

Mathematics Department

Citation
The American Mathematical Society is pleased to an-
nounce the awarding of the 2021 Award for an Exemplary 
Program or Achievement in a Mathematics Department to 
the Department of Mathematics at Rose-Hulman Institute 
of Technology, Terre Haute, Indiana, for its long-stand-
ing, wide-ranging, and sustained outreach efforts aimed 
at elementary and middle school students, high school 
students, undergraduate students, graduate students, and 
recent PhDs.

For the past four years, faculty have participated in the 
GAIM (Girls’ Adventures in Math) program, a national 
team-based competition for girls in grades 3 through 8 
that takes place in the spring. The competition presents 
challenging and innovative math problems to students in 
this age group, contextualized in a comic book containing 
the stories of pioneering women from history. In addition, 
faculty have done special lessons on cryptography in local 
schools. Every year a regional MATHCOUNTS contest is 
hosted at Rose-Hulman, with at most eighty competitors 
and around eighty alternates who take a test, but not for a 
grade. Every other year, Rose-Hulman hosts State MATH-
COUNTS with at most 200 competitors. MATHCOUNTS 
is a nationwide math contest for middle school students.

Every November since 1967, the Rose-Hulman Math-
ematics Department hosts several hundred high school 
students as they participate in a mathematics contest. To 
date, about 20,000 high school students from across the 
Midwest have participated in the contest. The High School 
Mathematics Contest provides many benefits and much 
value to these students. The contest offers an academic 

The Department of Mathematics at Rose-Hulman Institute of Technology is the recipient of the 2021 AMS Award 
for an Exemplary Program or Achievement in a Mathematics Department.

Figure 1. Rose-Hulman students grading the exam for 
the High School Mathematics Contest.

Figure 2. Rose-Hulman professor Dr. Leanne Holder 
talking to the MATHCOUNTS participants.
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challenge for talented students, a chance to see some 
interesting mathematics problems that go beyond what 
is typically done in the classroom, and a chance to test 
themselves against students outside their home schools. 
Other ancillary benefits of the contest, lunch, and awards 
ceremony include a chance to interact with students from 
other schools, as well as a chance to visit a college.

Every April since 1984, the Rose-Hulman Mathematics 
Department hosts its Undergraduate Mathematics Con-
ference, which provides a venue to highlight and celebrate 
the accomplishments and work of undergraduate mathe-
maticians and statisticians. The conference is put on largely 
by undergraduates for undergraduates. The thirty-seventh 
conference will be held this year.

The Rose-Hulman Undergraduate Mathematics Journal has 
been publishing articles written exclusively by undergrad-
uate students for the past twenty years. In that time, the 
journal has published over 450 articles by undergraduate 
students. The editing, publishing, and a large fraction of 
the refereeing process has been handled by faculty at Rose- 
Hulman, providing a great service for the greater mathe-
matical community.

Their recent outreach to graduate students and recent 
PhDs from universities near Rose-Hulman is the most re-
producible for other departments. In recent years, they have 
shifted to a model that brings in graduate students near the 
end of their degree programs who are interested in teach-
ing. They provide an opportunity for them to give practice 
job talks and receive feedback, hopefully better situating 
them for the competitive market. In addition, they expose 
undergraduate students to a wide swath of mathematical 
topics and ideas they may not see in any coursework.

About the Program
Rose-Hulman Institute of Technology’s Department of 
Mathematics has a long and rich history of outreach pro-
grams and activities that encourage students from elemen-
tary school to graduate school to develop an interest in 
mathematics and problem solving. Beginning with its first 
High School Mathematics Contest in 1967 and continuing 
today with events such as Girls’ Adventures in Mathematics 
(GAIM), MATHCOUNTS, Sonia Kovalevsky Math Day for 
Girls, and both its Undergraduate Mathematics Conference 
and Undergraduate Mathematics Journal, the department 
strives to create enjoyment in mathematics for all students 
of all ages and educational aptitudes from throughout the 
Midwest.

These activities are organized and conducted by a sig-
nificant number of the department’s twenty-six-member 
faculty. More than ten members help organize the annual 
High School Mathematics Contest, which brings together 
students in grades nine through twelve from Indiana, 
Illinois, Iowa, and Tennessee. The yearly Undergraduate 
Mathematics Conference, celebrating its thirty-seventh 
event in 2021, is organized by a committee of three or 
four members, with others assisting throughout the event, 
which attracts students and professors from throughout 
the country. It celebrates the accomplishments and work 
of undergraduate mathematicians both within the institute 
and elsewhere. Outside of the plenary speakers, every talk is 
given by an undergraduate student. In recent years, a data 
science-type competition has been organized within the 
conference. In addition, various preconference workshops 
aimed at both undergraduate students and their faculty 
mentors have occurred, with topics such as an introduction 
to data science and an introduction to LaTeX and LuaLaTeX.

In addition, the department’s Undergraduate Mathe-
matics Journal was founded in 2000 and is one of the few  

Figure 3. Rose-Hulman professor Dr. Tim All giving a workshop at the Rose-Hulman Undergraduate 
Mathematics Conference.
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About the Award
The Award for an Exemplary Program or Achievement in 
a Mathematics Department was established by the AMS 
Council in 2004 and was given for the first time in 2006.

This award recognizes a department that has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Departments 
of mathematical sciences in North America that offer at 
least a bachelor’s degree in mathematical sciences are eligi-
ble. Through the generous support of an anonymous donor, 
the award carries a cash prize of US$5,000. The award is 
presented by the AMS Council acting on the recommen-
dation of a selection committee. The members of the 2021 
selection committee were:

 • George Andrews
 • Maria Margaret Klawe
 • Richard Laugesen
 • Brea Ratliffe
 • Ulrica Wilson (Chair)

Credits
Figure 1 is courtesy of John Rickert.
Figures 2 and 3 are courtesy of Rose-Hulman Institute of 

Technology/Bryan Cantwell.

professional publications extensively highlighting the 
scholarly works of college mathematicians. It is led by a 
team of four coeditors, with others assisting in the review 
of submitted papers. Papers go through a typical review 
process which not only looks at the mathematical content 
but helps teach the authors how to properly communicate 
mathematically. As of January 2021, more than 400 papers 
written by more than 650 students have been published, 
and these papers have been downloaded over 145,000 
times since 2017.

Finally, the seminar series is organized by two faculty 
members, each often reaching out to local PhD programs 
to find speakers and seeking feedback about potential in-
terview talks.  This level of participation and commitment 
from the faculty is essential not only to having successful 
endeavors but also to reducing the workload of any one 
department member.

Each of these outreach programs also requires the 
support of students, faculty from other academic depart-
ments, and Rose-Hulman’s supportive administration in 
order to be successful.  The department’s mathematics and 
biomathematics majors are key contributors as well. The 
Association for Women in Mathematics student chapter, 
along with their advisor, organizes and operates a Sonia 
Kovalevsky Math Day for Girls event, and majors serve as 
both hosts and session chairs for the undergraduate con-
ference. Further, many students from across the institute 
help with registration, proctoring, and grading for GAIM, 
MATHCOUNTS, and the High School Mathematics Con-
test. Finally, the institute’s administration provides support 
in key ways, such as additional faculty and staff support for 
MATHCOUNTS and regular committed financial support 
from the administration to ensure that more students can 
participate. 

Finally, the departmental faculty are actively involved in 
promoting mathematics in other ways.  The department has 
a history of sponsoring a Research Experiences for Under-
graduates program, with external participants, and faculty 
members are often involved in other sponsored summer 
research with their students. Other faculty members rou-
tinely participate as poster judges at local and national 
conferences. In addition, faculty members have been active 
participants and organizers of such programs as the Ross 
Mathematics Program, American Regions Mathematics 
League, MATHCOUNTS, GAIM, and the Research Science 
Institute.



816    Notices of the AmericAN mAthemAticAl society Volume 68, Number 5

FROM THE AMS SECRETARY

2021 Mathematics 
Programs That Make  
a Difference Award

MSRI-UP is a pioneering program that introduces un-
dergraduate students from historically underrepresented 
groups to mathematical research, with the longer-term goal 
of increasing their participation and success in graduate 
programs. Funded by the National Science Foundation and, 
more recently, the Sloan Foundation, MSRI-UP has been 
active since 2007, and over 200 alumni have completed 
the program. During this period, MSRI-UP has forged a 
community for the participants, and many students have 
continued on to success in graduate school and beyond. 
MSRI-UP meets all three criteria for the Mathematics Pro-
grams That Make a Difference Award: It is contributing to 
an increase of students from historically underrepresented 
groups that receive advanced mathematical degrees, has 
had documented success, and is a replicable model.

The MSRI-UP program is centered around a six-week 
immersive summer program designed to expose and 
introduce undergraduate students to mathematical re-
search. Each summer program is focused on an advanced 

topic in mathematics, and activities include lectures and 
colloquium talks by leading researchers, working together 
in small groups on specific research topics, writing a tech-
nical report, and ultimately presenting the findings to the 
group and research staff. To create a strong community, 
the students live together on the University of California, 
Berkeley, campus during the summer program. More infor-
mal activities during the summer program include lunch 
meetings with researchers and alumni for career advice and 
mentoring. After the summer program is over, the students 
are offered an opportunity to attend a national mathemat-
ics or science conference with the possibility of presenting 
their work. MSRI-UP also has a peer mentoring program, 
and alumni of the program are offered the chance to join 
a network of mentors. The students that are selected for 
MSRI-UP often lack role models who are active in mathe-
matical research and would have been unlikely to pursue 
advanced mathematical degrees without their participation 
in the program. MSRI-UP has had remarkable success in 
having their alumni go on to graduate school, with a per-
centage that significantly outperforms the national average.

MSRI-UP, with its inspirational lectures and committed 
research staff and leadership, has had a significant impact 
on its alumni’s career choices and trajectories. Alumni 
comments (from the nomination) include: “My experi-
ence at the MSRI has made an immeasurable impact on 
my career as well as the career of many of my colleagues. 
… I was completely unaware of the opportunities that 
were available to me until I met my mentors at the MSRI.” 
“MSRI-UP has been a career-changing program for me. I 
first participated in it as an undergraduate student and met 
many colleagues and mentors that motivated me to go to 
graduate school and become a professor.” “MSRI-UP was 
a great experience for me. … Being at MSRI made me feel 

The American Mathematical Society, through its Committee on the Profession, is pleased to recognize MSRI-UP with 
the 2021 Mathematics Programs That Make a Difference Award.

MSRI-UP directors Duane Cooper, Suzanne Weekes, 
Federico Ardila, Maria Mercedes Franco, and Rebecca 
Garcia at the Joint Math Meetings 2020.
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like a real mathematician—here I was, doing mathematical 
research at a prestigious math institute where many of the 
greatest minds have done work. The mentorship I received 
there has been invaluable.”

The AMS commends MSRI-UP for its success in bringing 
more persons from historically underrepresented groups 
into graduate programs and the mathematical profession.

About the Program
MSRI-UP is a program designed to increase the repre-
sentation of historically underrepresented groups in the 
mathematical profession. It aims to introduce advanced 
undergraduate students from such groups to advanced top-
ics in mathematics and mathematical research. The main 
component is a six-week fully immersive summer program 
for a cohort of eighteen students. The students form a 
community by living and having their meals together. In 
addition to lectures and research activities during the pro-
gram, there is also ample opportunity for mentoring and 
networking with their peers and research mathematicians. 
In its thirteen-year history, a total of 205 students have 
participated; of these, 88% were from underrepresented 
minorities and 46% were women. Of the alumni that have 
graduated, 85% have continued on to a graduate program, 
a percentage that is well above the national average.

MSRI-UP was started in 2007 by R. Cortez (Tulane 
University), D. Cooper (Morehouse College), H. Medina 
(Loyola Marymount University), I. Rubio (University 
of Puerto Rico), and S. Weekes (Worcester Polytechnic  
Institute). The leadership has remained a total of five co-
directors, but with shifting membership. The program has 
a rotating lead director with a one-year term chosen from 
among the codirectors. The current set of codirectors com-
prises F. Ardila (San Francisco State University), M. Franco 
(Queensborough Community College–CUNY), R. Garcia 
(Sam Houston State University), D. Cooper (Morehouse 
College), and S. Weekes (Worcester Polytechnic Institute). 

About the Award
In 2005, the American Mathematical Society, acting upon 
the recommendation of its Committee on the Profession, 
established the Mathematics Programs That Make a Differ-
ence Award in order to profile those programs that are suc-
ceeding and could serve as a model for others. Specifically, 
the committee seeks to honor programs that:
1. aim to bring more persons from underrepresented mi-

nority backgrounds into some portion of the pipeline 
beginning at the undergraduate level and leading to 
an advanced degree in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are replicable models.

Preference is given to programs with significant partici-
pation by underrepresented minorities.

This recognition includes an award of US$1,000 pro-
vided by the Mark Green and Kathryn Kert Green Fund for 
Inclusion and Diversity.

For a list of previous recipients of the Mathematics Pro-
grams That Make a Difference Award, see the AMS website 
at www.ams.org/make-a-diff-award.

Credits
Photo is courtesy of Suzanne Weekes.
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It’s pretty straightforward—basically another Research 
Experiences for Undergraduates (REU) program, right?

As all who’ve lived through 2020 should know by now, 
things are rarely ever as simple as they seem on the surface. 
And this is no exception.

On the surface, MSRI-UP might sound like the standard 
REU that many universities offer. But Suzanne Weekes, 
mathematics professor at Worcester Polytechnic Institute 
and the executive director of the Society for Industrial and 
Applied Mathematics, cofounded the program in 2007— 
and from her perspective, it’s much more than that. “I’ve 
run REU programs at my university, but it’s not the same 
kind of experience,” she observes, adding that the program 
creates a special, long-term connection between the direc-
tors, the graduate teaching assistants, and the undergradu-
ate participants—regardless of whether the latter go on to 

In the disruption and uncertainty of the time we live in, 
hope and reassurance may be found in looking at the ef-
forts of those who are—and have been—working to build 
a diverse, engaged community. The MSRI-UP program 
selected for the 2021 Mathematics Programs That Make 
a Difference Award by the AMS represents a profoundly 
successful, 14-year-long effort to do exactly that.

The concept underlying the MSRI-UP program seems 
simple: invite a group of 18 promising undergraduate 
math majors from diverse backgrounds—Black, Latinx, 
women, and other historically underserved populations— 
to a six-week-long summer research program with the goal 
of encouraging their interest in mathematics and laying 
a foundation for them to continue in the field after they 
graduate. The program is led by a similarly diverse team of 
dedicated mathematics professors, assisted by graduate stu-
dents (some of whom already passed through the program 
themselves), so that the students have an array of advisors 
and mentors to turn to when they need a sounding board. 
Students spend the first week or two getting an intensive 
background in the mathematics concepts underpinning the 
theme—which changes annually based on the mathematics 
focus of program leaders and contributors—before break-
ing into groups of two or three students plus a graduate 
teaching assistant to address a specific research topic.

MSRI-UP:  
Using Community and 

Connectedness to Increase 
Diversity in Mathematics

Elizabeth Platt Hamblin

Elizabeth Platt Hamblin is a freelance writer and editor. Her email address 
is platthamblin@gmail.com.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2268

Figure 1. MSRI-UP directors Duane Cooper, Suzanne Weekes, 
Federico Ardila, Maria Mercedes Franco, and Rebecca Garcia at 
the Joint Math Meetings 2020.
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place them in a university department comprised entirely 
of white, affluent academics who fail to understand or rec-
ognize the social or economic obstacles these students face. 
Weekes points out that such obstacles may be present even 
for students who are regarded as the best and the brightest 
—even students from highly touted academic institutions. 
“Some of these students will get into these universities, and 
people look at them and say, Damn, you’re all set… but does 
that mean you feel included? That you are made to feel that 
you’re part of the crowd? That you don’t often wonder, what 
am I doing here? It’s one thing to get into the school of your 
dreams, and another to feel welcome there.” She adds, “Not 
to mention there are sometimes financial factors: schools 
can say we think you’re bright, but guess what, you have to 
have a place to live, which means you have to work, and 
then time and finances are an issue.”

Modeling Mathematics for  
Underrepresented Students
Even where that understanding exists, the absence of men-
torship from math professors who’ve themselves lived such 
experiences may give their students of color the impression 
that they don’t belong in the discipline. One MSRI-UP grad-
uate, Dan Eckhardt, who was an undergraduate at Illinois 
Tech when he learned of the program at a mathematics 
conference, notes that until his participation in MSRI-UP in 
2011, “being a person of color, at that point I hadn’t directly 
seen someone like me being a mathematician. My school 
had plenty of people of color who were professors, but not 
in mathematics.” Weekes recounts a similar comment from 
a Latino student in a group she led: “One student made 
a comment to me, ‘This is the first time I’ve had a Latino 
professor.’ Because we’re adults, it’s possible to forget that 
we’ve had that experience long before in our own lives. The 
students are new; these are new experiences.” The absence 
of such role models can be damaging to even the brightest 
and most promising students, says Weekes, noting that “not 
seeing yourself reflected in the world that you inhabit—you 
may unwittingly absorb that this is not the place for me, or 
this is not a goal for me.” 

Rather than lose such students to the strain of “going it 
alone” to pursue their love of mathematics, the MSRI-UP 
program offers them the support and guidance that will 
help them keep going—and expand their view of what a 
career in mathematics actually means. “One point to make 
clear: we’re not necessarily looking for the top students 
according to the standard metrics. A lot of our students, 
when they apply to us, might have been turned down by 
a lot of [REU] programs. We’re especially interested in at-
tracting and supporting students who’ve never even heard 
of grad school,” Ardila explains. Cooper adds that “even 
though individually, students can do what they want to do 
[in their future careers], our job is to make a mathematics 
career seem like something they want to do—and for those 

graduate school. That bond can be a crucial turning point 
for many students who are on the fence about continuing 
into graduate programs when they enter MSRI-UP—or may 
not be thinking about it at all. When it comes to entering a 
career in mathematics, Weekes says, “if you don’t have some 
measure of confidence or fortitude, it can be tough. We’re 
there to give confidence and support.” She adds that many 
of the students coming into this program experience “im-
poster syndrome,” that is, they feel like they don’t belong 
in a university setting or in advanced mathematics research. 
“We let them know they have a right to be in these spaces.”

Removing the Roadblocks
One reason the program goes beyond the standard REU 
is that the program’s directors are intentional about in-
cluding students who may lack such encouragement and 
support in their home, their community, or their academic 
environment. MSRI-UP cofounder and Morehouse College 
mathematics professor Duane Cooper—who had the unen-
viable task of reconfiguring and running the 2020 program 
online through the upheaval of the pandemic—puts it 
this way: when selecting candidates for the program, the 
directors “look for a student who needs us more.” Another 
director, Federico Ardila, a mathematics professor at San 
Francisco State University and an adjunct at the Universi-
dad de Los Andes in Colombia, concurs: when it comes to 
selecting participants, “we look at what distance have they 
traveled—we’re looking to build a community based on the 
personal journey. Who are the students who are not going 
to give up? Some of the students we accept know how to 
overcome hardship, where students who’ve had it easier 
might drop out faster.” 

Students who are the first in their family to attend col-
lege, for example, may feel pressured to leave school and 
get a job or switch to a major with assured employment 
after graduation—even if that direction is not the student’s 
personal goal. Other, subtler pressures also may deter a 
student from pursuing a career in mathematics. Students 
of color may discover that pursuing a math major may 

Figure 2. MSRI-UP 2018 students at work.
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guess I can come back to Puerto Rico and teach. I didn’t have 
a sense that I could do mathematics at the highest level. 
From the program, I got that belief that yes, this can be my 
career, and I love this, and I’m going to push for this, and I have 
a support network.” He considers “the community aspects, 
the connections I’ve made, the sense that I belong in this 
community, that there is a place for me in this community” 
to be some of the most valuable rewards of the MSRI-UP 
experience. 

Even for its leaders, MSRI-UP is a gift that keeps on giv-
ing. Coming back as a graduate TA five years after his un-
dergrad experience, Díaz-López unexpectedly encountered 
a different turning point. “For me, it was a summer where 
I got to be a TA and mentor students and meet all these 
amazing folks. I would’ve never imagined it would be the 
start of a research direction. The topic that we were doing 
research on, particularly one of the projects—we published 
a paper on it a couple of years later—it wasn’t my main 
focus at the time. But then at this conference I’m attend-
ing, a master’s student gives a presentation, and the topic 
is very close to what we covered at MSRI-UP.” Díaz-López 
approached the presenter and introduced himself—and 
as a result, the student’s advisor became one of his closest 
collaborators. That summer’s research topic, originally an 
interesting tangent, became central to his research career. 
He notes that one of the students he supervised that year 
just finished his own PhD from Notre Dame—Díaz-López’s 
own alma mater. “We’ve kept in contact through it all. [MS-
RI-UP] is a place that you never close the doors—it’s such 
a great environment. It was very important for my career. 
Whenever they need me, I’m going to be there.”

Enabling Deeper Learning
The surface impact of the program can be seen through 
its stats. An evaluation developed for MSRI that surveyed 
program alumni from its inception in 2007 through 2018 

[1] found that 88% of respondents were from racial/ethnic 
groups underrepresented in mathematics—most being 
Latino/Hispanic, Black/Afro-Caribbean, or multiethnic. 
Fifty-five percent of respondents identified as male, 42% as 
female, and 1% as transgender. Most (80%) were math ma-
jors, but a few were in allied disciplines, such as computer 
science or economics. At the most basic level, then, the 
program reaches the students it’s trying to help. But here’s 
the critical point in the stats: for 60% of the participants, 
MSRI-UP was their first cohort-based training experience; 
for 41% of them, it was their only such experience. 

This finding hints at a key reason for the program’s 
success: it enables underrepresented students to have an 
opportunity to engage with mathematics and with the 
mathematics community in a deeper, more meaningful way 
than they may have ever experienced before, while at the 
same time providing a space specifically designed to give 
these students a sense of safety and belonging. The format 

who already want to, the goal is to keep them on that 
path.” Some of those benefits are outlined by MSRI-UP 
alum Eckhardt, who says the program gave him “an honest 
perception of grad school—the expectations, the reality, the 
application procedures, what to look out for, and what to 
expect. Also having peers from a similar background—that 
was what really helped me decide that I actually wanted 
to continue down this path and get a graduate degree and 
continue in the field.” 

The program also adds a rich set of experiences that go 
beyond the nuts and bolts of mathematics research to estab-
lish interpersonal connections and a sense of community 
among its participants—all its participants, not simply the 
undergraduates. The math itself is challenging, and the 
research theme changes from year to year, depending on 
who leads a given year’s program; 2021’s program focuses 
on parking functions, while prior years’ programs addressed 
everything from coding theory (2009) to algebraic com-
binatorics (2013) to sandpile groups (2016); see Figure 
3. Most of the students, and indeed some of the graduate 
TAs, lack familiarity with thematic concepts, so the program 
starts with a week (or more) tutorial to bring students up to 
speed and includes presentations from postdocs working in 
the topic area. But the math is not the only factor involved 
in preparing students for a career—and to this end, the 
program offers workshops on professional development 
opportunities, social gatherings, and weekend excursions to 
promote peer connections. These aspects give the students a 
preview of what becoming a professional working in math-
ematics entails—what it feels like to “arrive” after making 
the journey. And it offers the leaders, including a number 
of the program’s alumni, the chance to meet and make 
connections to the next generation coming after them.

Alexander Díaz-López, a 2010 program alum who is 
now an assistant professor of mathematics at Villanova, 
says that when he first came to MSRI-UP as a University 
of Puerto Rico undergrad, “I had done an REU the year 
before, but I was not 100% convinced that I wanted a 
career in mathematics. My idea was well, if this works out, I 

Figure 3. MSRI-UP programs from 2007–2020. 
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argue that the key factor lies in managing and releasing 
people’s energy, and not about being “on” all the time [4]:

We must be physically engaged, emotionally 
connected, mentally focused and spiritually 
aligned with a purpose beyond our immediate 
self-interest. [Full engagement] means being 
able to immerse yourself in the mission you 
are on, whether that is grappling with a creative 
challenge at work, managing a group of people 
on a project, spending time with loved ones, or 
simply having fun. 

The MSRI-UP program walks that fine line between in-
tensity and fun. Eckhardt describes it this way: “It’s intense, 
and it’s a lot of work, but it’s fun, because you have a lot of 
peers from very similar backgrounds who most of the time 
hadn’t had that level of camaraderie that helps everyone 
succeed.” The program’s emphasis on group interactions, 
building relationships, and empowerment—not to men-
tion the weekend excursions around the San Francisco Bay 
Area—provide opportunities (in non-pandemic years) for 
students to recharge even in a highly intensive learning 
environment. 

Seeing and Sustaining Student Outcomes—
Even In a Pandemic
For some students, there’s an immediate impact on how 
they approach their undergraduate mathematics studies. 
Cooper recounts an experience in which a 2015 student’s 
time at MSRI-UP made a noticeable difference in his per-
formance when he returned to the university—so much so 
that his advisor reached out to Federico Ardila, whom he 
knew personally, to remark on it. 

But those benefits can be short-lived. Weekes says it’s 
not unusual for a student to leave the program at the end 
of July feeling “pumped” and full of confidence, “but 
when we all get together a few months later, they say, ‘I’m 
not going to grad school’—their confidence is all gone. 
We encourage them and work on restoring that feeling.” 
Eckhardt notes that this follow-up support is crucial to 
success. “Grad school in math is tough. I went through it, 
and I have friends who dropped out. MSRI-UP prepared 
me mentally and gave me the network of colleagues that 
could help me get through it.”

Students aren’t obligated to go on to graduate studies, 
as Cooper points out. “At our orientation session this past 
summer [2020], on the night before the program began in 
earnest, I was quick to say that the students should not feel 
bad if they didn’t continue,” he says. “Our job is to expose 
[students] to the possibilities, and we’d love to see it, but 
we are not going to be disappointed if they choose some 
other path. We consider ourselves successful by the overall 
number of underrepresented students who do go on to 
advanced graduate learning.” 

is consistent with what education experts call deep learning, 
which education researchers argue is imperative to keeping 
students engaged in the subject matter they’re being taught. 
Educators Linda Darling-Hammond and Jeannie Oakes 
maintain that deep learning is “personalized” and can be 
“applied and transferred” from the academic environment 
to “real-world” settings [2]—which is where the long-term 
mentoring provided by directors and graduate assistants 
becomes essential. Darling-Hammond and Oakes also state 
that deep learning must be “equitable and oriented to social 
justice” through “an awareness of race, class, gender, and 
other social characteristics that shape student experiences” 
[2]. For the students in MSRI-UP, that awareness is ex-
pressed in the persons of the program leaders and assistants 
as well as the mission of the program itself, which is “to 
contribute significantly toward … increasing the number 
of graduate degrees in the mathematical sciences, especially 
doctorates … by cultivating heretofore untapped mathe-
matical talent within the US Black, Hispanic/Latino and 
Native American communities” [3]. Ardila notes that “as a 
program, we’re trusted in the sense that if a professor has 
been mentoring a student of color who wants to participate, 
[the mentors] know we can be a supportive environment 
and the student is going to get the positive reinforcement.” 
He adds, “Who the mentors are is fundamental—we look 
for individuals who are really stellar researchers who are 
prepared to remain engaged long-term” to run the academic 
portion of the program. The bottom line is that having had 
the experience of engagement, of deep learning, it makes 
the students hungry for more—giving them incentive to 
keep going.

A Sense of Balance 
It’s important to bring a sense of balance to any endeavor if 
you want your students to stay engaged. In their 2003 book, 
The Power of Full Engagement, Jim Loehr and Tony Schwartz 

Figure 4. MSRI-UP 2017 students and mentors after their final 
presentations.
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The 2020 program led by Cooper was uniquely chal-
lenged by the emergence of the COVID-19 pandemic. 
When a program is centered around an in-person, inter-
personal connection between people who’d never met, 
how do you establish those relationships and build those 
connections when the students, program directors, and 
graduate TAs must interact in virtual space instead? The 
2020 program organizers—“braver souls than I,” accord-
ing to Weekes—persevered to hold the program remotely, 
solving the technical challenges on the fly. “We persisted 
during this time,” Weekes says. “It wouldn’t have been the 
end of the world if we’d put it off, but they kept students 
engaged, enthusiastic—and 18 students had the opportu-
nity to grow, do math, build a network, and reach all the 
goals. But it was a horribly busy year.” Ardila calls 2020 
“surprisingly successful” despite the obstacles. “I did feel a 
sense of community that I did not expect with no personal 
interaction at all. It seems to work even with everyone in 
their own houses. It was clear that the students had really 
warm relationships and a good sense of community.” 
Cooper agrees, noting that some aspects of 2020 wouldn’t 
have been possible without the pandemic, such as graduate 
and career panels that were composed entirely of program 
alumni.

Structured for Success
A large part of the reason for the program’s effectiveness is 
its leadership structure. The program’s group of directors 
ensures that many hands are available to carry the load; 
although Suzanne Weekes has stepped down for 2021, 
there are still five directors, as new director Candice Price, 
a mathematics professor at Smith College, has stepped up 
to support the program moving forward. Ardila says that 
even though the program itself is six weeks in length, in 
practice, it’s a year-round effort, with long-term follow up 
for all students who move through the program. “In the 
year after the program, we give students the opportunity to 
meet twice—we fly them all to the conferences and talk to 
them about grad school to give them a boost. Long term, 
we’re able to provide letters and professional support.” 
Much of this personalized support is possible only because 
of the rotating leadership model they use, with directors 
taking the lead of the program every five years. “One reason 
for rotating directorship, it makes mentoring more manage-
able for individuals,” says Ardila. “Shared leadership can 
be really powerful. Once every five years, you have to do 
the job with a level of commitment to every single one of 
those students every year—it takes a lot of personal effort 
as well as organizational effort.” 

Cooper notes that this structure is made possible because 
of the mutual respect among the directors. “There was a 
picture of the founding directors, and another one of the 
current group; someone looked at those and remarked, you 
all look like you really like each other—and we do! We have a 

lot of respect for each other and each other’s opinions, and 
that is a special relationship. It’s been a fun working group. 
Some of the decisions we made early, we’ve been very 
pleased with, even just basic structure. We early on knew 
groups of three was the way to go forward. Eighteen is the 
program size—we discussed whether we should increase 
it, because we’ve got the applicants and we can get people 
in, but we felt really good about what we were doing with 
the capacity we had.”

Change Happens at the Speed of Trust
The MSRI-UP program looks beyond helping individuals 
to a larger goal: promoting a sense of community and “pay 
it forward” among its participants—many of whom return 
to the program as graduate teaching assistants, presenters, 
and mentors to a future crop of undergraduate math ma-
jors. Ardila notes that “the impact we want to have—it’s 
not just about them succeeding, it’s about lifting up the 
community. If you’re able to get through the door, you 
leave that door open and support other people coming 
after you. Now that you’ve had this opportunity, pass it 
forward.” Cooper agrees: “The idea is that it’s the global 
impact, not the individual.” 

Ardila sums up the MSRI-UP program as “a long-term, 
ongoing effort. There’s a sense in mathematical programs 
that we have been sleeping on this, and we have to recruit 
diversity. If we’re able to transform mathematical culture in 
this way, it’s not only going to be beneficial for minorities 
and women—it’s going to benefit everyone. But change 
happens at the speed of trust, so we’re constantly reaching 
out.” 
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UCSD. He was awarded a Simons Collaboration Grant for 
Mathematicians in 2018. He intends to use the Centennial 
Fellowship for course release and to visit the University of 
Utah, Columbia University, and ESI Vienna. He says, “I am 
grateful to the AMS for the support the fellowship provides, 
which allows me to have more time to focus on research.”

The stipend for the 2021–2022 Centennial Fellowship is 
US$50,000. The award was made at the recommendation 
of the Centennial Fellows Selection Committee. The pri-
mary selection criterion is the excellence of the candidate’s 
research. 

Please note: Information about the competition for the 
2022–2023 AMS Centennial Fellowship will be published 
in the “Mathematics Opportunities” section of an upcom-
ing issue of the Notices.

—Elaine Kehoe

2021 MAA Annual 
Meeting Prizes
The Mathematical Association of America (MAA) awarded 
several prizes at the 2021 Joint Mathematics Meetings, held 
virtually January 6–9, 2021.

Nathan Carter of Bentley Univer-
sity received the Beckenbach Book 
Prize for Introduction to the Mathemat-
ics of Computer Graphics (Mathemat-
ical Association of America, 2016). 
The prize citation reads in part: “In 
an inviting and readable style, Car-
ter leads us through a cornucopia of 
mathematical tricks and structure, 
illustrating them step-by-step with 
the freeware POV-Ray—an acronym 

for Persistence of Vision Raytracer. Each section of his book 
starts with a natural question: Why is this fun? Of course, 
the answer is a striking image or two—to which a reader’s 
impulsive response is, How might I do that? Whereupon, 
Carter proceeds to demonstrate. He leads us through vec-
tors, geometrical transformations in two and three dimen-
sions, lines of sight and perspective, the theory of color and 
lighting techniques, animation, applications of Bernstein 

Pollack Awarded 
AMS Centennial Fellowship

The AMS has awarded its Centennial 
Fellowship for the academic year 
2021–2022 to Aaron Pollack of the 
University of California, San Diego.

Pollack tells the Notices: “My re-
search centers around automorphic 
forms, specifically automorphic 
forms on exceptional groups and the 
L-functions of automorphic forms. 
Much of my recent work has been 
focused on trying to understand if 

there exists a robust arithmetic theory of modular forms 
on exceptional groups, similar to the arithmetic theory of 
classical holomorphic modular forms.

“In more detail, classical holomorphic modular forms 
occupy a special place in the world of all automorphic 
forms. They have a classical Fourier expansion and Fourier 
coefficients, and through the Fourier coefficients one can 
see connections to other areas of number theory. For ex-
ample, sometimes the Fourier coefficients of holomorphic 
modular forms count arithmetic or geometric objects. The 
arithmeticity properties of the Fourier coefficients also play 
key roles in work on special values of L-functions.

“For reductive groups G for which the associated sym-
metric space is not a complex manifold, one can ask if there 
exists any parallel theory of special automorphic forms 
for G that have the potential to take the place of the holo-
morphic modular forms. Gan, Gross, Savin, and Wallach 
singled out a special class of such automorphic forms on 
the so-called quaternionic exceptional groups. Much of my 
work has been focusing on developing the theory of these 
quaternionic modular forms, including results on their 
Fourier expansion and Fourier coefficients.”

Pollack received his PhD from Princeton University in 
2014 under the direction of Christopher Skinner. He held 
a National Science Foundation Postdoctoral Fellowship at 
Stanford University from 2014 to 2017. He was assistant 
professor at Duke University from 2017 to 2020 and spent 
the academic year 2017–2018 as a member of the Institute 
for Advanced Study. He is currently assistant professor at 

Aaron Pollack
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polynomials and Bezier curves, and finishes with subdi-
vision algorithms. Nathan Carter’s book is a modern-day 
version of the master woodcutter Albrecht Dürer’s 1525 
mathematical and artistic treatise The Art of Measurement 
with Compass and Straightedge.” Carter received his PhD 
from Indiana University in 2004. He uses computer science 
to advance mathematics by writing open-source software 
for university mathematics education in areas including 
mathematical logic and abstract algebra visualization. He 
is a past recipient of several awards from the MAA, includ-
ing the Henry L. Alder Award for Distinguished Teaching 
by a Beginning College or University Mathematics Faculty 
Member (2010), the Beckenbach Book Prize for Visual Group 
Theory (2012), and the Trevor Evans Award (2012). His 
honors from Bentley University include Outstanding Schol-
arly Contribution (2012) and two Innovation in Teaching 
Awards (2014, 2016). Carter tells the Notices: “My hobbies 
are mostly biking to work and playing video games with 
my children. But probably the most important fact about 
me as a person is that I am a Christian.”

Travis Kowalski of the South Dakota School of Mines 
and Technology was awarded the Chauvenet Prize for his 
article “The Sine of a Single Degree,” The College Mathe-
matics Journal 47 (2016). The citation reads in part: “In a 
standard trigonometry course, one typically considers the 
sine of standard angles 30˚, 45˚, and 60˚, but what about 
sine of 1˚? This paper boldly asks if it is possible to find an 
exact value for sin 1˚ in terms of ratios of radicals and inte-
gers, and then takes the reader on a beautiful mathematical 
tour involving geometry, algebra, and complex numbers to 
answer that question.” Kowalski earned his undergraduate 
and graduate degrees from the University of California and 
spent two years as a visiting professor at Colorado Col-
lege. He has been a professor of mathematics at the South 
Dakota School of Mines and Technology since 2004 and 
currently serves as its interim head of mathematics. He is 
a recipient of the MAA’s 2017 George Polya Award and the 
2019 Burton W. Jones Award for Distinguished Teaching. 
His mathematical interests include complex analysis and 
formal power series; mathematical pedagogy; and exploring 
the intersection of mathematics, history, art, and culture. 
He also enjoys creating napkin art, playing tabletop games 
with his family, and panicking at the ever-increasing size 
of his email inbox. 

Francis Su of Harvey Mudd 
College and Christopher Jack-
son were honored with the 
Euler Book Prize for Mathemat-
ics for Human Flourishing, with 
reflections by Christopher Jackson 
(Yale University Press, 2020), 
which presents mathematics 
“as a discipline that has the 
power to transform lives and 

speak to the very core of what it means to be human.” The 
prize citation states: “Su’s writing artfully blends personal 
narrative with scholarly perspectives and mathematical 
problems that challenge the reader to engage in their own 
mathematical journey as the book unfolds. As powerful as 
Su’s narrative is, his thesis is driven home in dramatic fash-
ion through the included writings of Christopher Jackson, 
whose own journey led him to discover the transformative 
power of mathematics from behind prison walls.” Su writes 
about the dignity of human beings and the wonder of 
mathematical teaching. He received his PhD from Harvard 
University. He is a former MAA president and current AMS 
vice president. His research is in geometric combinatorics 
and applications to the social sciences, and he has coau-
thored numerous papers with undergraduates. His awards 
from the MAA include the Haimo Award for distinguished 
teaching of mathematics and the 2018 Halmos–Ford Award 
for mathematical writing. He authors the Math Fun Facts 
website and is the creator of @mathfeed, a math news 
aggregator on Twitter. Christopher Jackson works in the 
education department at the Coleman Federal Prison in 
Florida and has helped more than fifty inmates so far learn 
math to get their General Equivalency Diplomas. His hob-
bies include studying, reading, working out, and keeping 
current with world events. His goal is to use his experiences 
to get people excited about math education in particular 
and also education in general.

Deanna Haunsperger of Carleton 
College was honored with the Gung 
and Hu Award for Distinguished Ser-
vice to Mathematics “for her prolific 
service to mathematics, including 
with the Mathematical Association 
of America; for her influential lead-
ership of women in mathematics; 
for her long focus on inclusion and 
on building inclusive mathematical 
communities; and for a laudable 

career that has been rich in mathematical research, mathe-
matical education, and mathematical exposition.” She has 
been coeditor of Math Horizons, cofounder and codirector 
of the Summer Mathematics Program for Women Under-
graduates (SMP), and a member of many MAA committees. 
The SMP program (which she cofounded with her husband 
Stephen Kennedy) was recognized with the AMS Mathe-
matics Programs That Make a Difference Award in 2014. 
Haunsperger received the M. Gweneth Humphreys Award 
for Mentorship of Undergraduate Women in Mathematics 
from the Association for Women in Mathematics in 2012 
and (with Kennedy) the MAA Meritorious Service Award in 
2016. She helped found and chaired the first committee for 
the MAA Inclusivity Prize. Haunsperger received her PhD in 
mathematics from Northwestern University in 1991. From 
1991 to 1994 she and Kennedy taught at St. Olaf College, 

Francis Su (left) and 
Christopher Jackson (right)

Deanna Haunsperger
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and they joined the Carleton faculty in 1994. She tells the 
Notices: “I’m an avid photographer, and I’ve never met a 
craft I haven’t liked.”

The Deborah and Franklin Tepper Haimo Awards for 
Distinguished College or University Teaching of Mathe-
matics were awarded to Dave Kung of St. Mary’s College 
of Maryland, David Austin of Grand Valley State Univer-
sity, and Elaine Kasimatis of California State University, 
Sacramento.

Dave Kung was recognized “for 
outstanding teaching and mentor-
ship and his leadership in making 
mathematics more inclusive at St. 
Mary’s College of Maryland (SMCM) 
and beyond.” He “integrates mathe-
matics into life experiences through 
both the development of innovative 
and popular courses and diverse 
collaborations with music, athletics, 
labor, and many other components 

of collegiate, public, and private life. His energy is conta-
gious, inspiring passion for mathematics, teaching, fun, 
fairness, and humanism.” He received his PhD from the 
University of Wisconsin–Madison in 2000. At St. Mary’s 
College, he has facilitated outstanding experiences for 
students from groups historically underserved by the 
mathematics community. He cofounded a departmental 
emerging scholars program (ESP), which he then helped 
expand to the other STEM disciplines. He also founded 
the local Southern Maryland Math Circle for 7th–12th 
graders, focusing on the poorest areas of the community. 
Teaming with other mathematicians, he has worked to 
improve mathematics literacy and responsible citizenship 
by developing curriculum materials for a Math for Social 
Justice course. He has initiated college-wide programs 
such as a New Faculty Seminar and a Teaching Excellence 
Workshop on Culturally Sensitive Teaching and has sparked 
the creation of programs for graduate student professional 
development across the nation. He has held leadership 
roles in the Young Mathematicians’ Network and in various 
MAA committees. He currently serves as director of MAA 
Project NExT and director of strategy and implementation 
for Transforming Post-Secondary Education in Mathemat-
ics (TPSE-Math). He has lectured widely on the relationship 
between math and music and presented a twelve-lecture 
series on this subject, released on DVD by the Teaching 
Company. Kung tells the Notices that he is “often spot-
ted around campus running, swimming, playing violin, 
causing ‘good trouble’—and cajoling [my] nine year-old 
daughter to do the same.”

David Austin was honored “for his record of exemplary 
mathematics teaching at Grand Valley State University and 
his support and expansion of programs to build relation-
ships between indigenous communities and the broader 

mathematical community through mathematical creativ-
ity.” Austin received his PhD from the University of Utah 
under Ron Stern. After holding a postdoctoral position at 
the Institute for Advanced Study, he joined the University 
of British Columbia, then moved to Grand Valley State Uni-
versity. He has played a major role in developing his depart-
ment’s applied mathematics courses and its new applied 
mathematics major and has offered annual workshops in 
teaching linear algebra to Project NExT participants. He 
has also run multiple summer schools on mathematical 
graphics and served as a mentor for a local robotics team. 
In his role as a director for the Alliance for Indigenous 
Math Circles (AIMC), he has helped to organize and run 
summer camps for indigenous students and their teachers 
and has nurtured connections between the AIMC and the 
American Institute for Mathematics. While at UBC, he 
helped found a chapter of the American Indian Science and 
Engineering Society. Austin is a long-time contributor to 
the AMS’s online Feature Column. He promotes and writes 
open educational resources to improve access to higher 
education, is a director of the Alliance of Indigenous Math 
Circles, and mentors 7th–12th grade students in math and 
programming within the FIRST robotics program.

Elaine Kasimatis is recognized as a “thoughtful and in-
spiring teacher and a deeply caring mentor whose support 
builds her students’ penchant for persevering to make sense 
of the mathematics they are exploring. Her broad and deep 
work through regional, state, and national efforts has pro-
foundly influenced not only students, but also generations 
of mathematics teachers and, in turn, their students.” She 
received her PhD from the University of California, Davis, 
in 1986 under the direction of Sherman K. Stein. She joined 
the faculty at Cal State, Sacramento, where she developed 
a course to engage future elementary school teachers in 
genuine mathematical processes—exploration, conjecture, 
and proof—that has influenced thousands of teachers and 
mathematics faculty members over the past thirty years. She 
developed a capstone course connecting real analysis and 
abstract algebra content to high school curricula, revamped 
the university’s curriculum for remedial mathematics, 
created professional development programs for faculty 
members teaching remedial mathematics, and developed a 
course to train tutors. Her work on the NSF-funded Access 
to Algebra program increased the success of middle school 
students in Algebra 1 classes around the country. She was 
a cocreator of the College Preparatory Mathematics curric-
ulum for middle and high schools, which was named an 
Exemplary Mathematics Program by the US Department 
of Education in 1999. She has also worked to create a 
new school and develop a teacher preparation program 
in Rwanda. Besides her mathematics and education work, 
she enjoys spending time with her daughter, working in her 
yard, and learning about different cultures.

—From MAA announcements

Dave Kung
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2021 AWM Annual 
Meeting Prizes
The Association for Women in Mathematics (AWM) 
awarded several prizes at the 2021 Joint Mathematics Meet-
ings, held virtually January 6–9, 2021.

Emily Riehl of Johns Hopkins 
University was awarded the 2021 
Joan and Joseph Birman Prize in To-
pology and Geometry “for her deep 
and foundational work in category 
theory and homotopy theory. Riehl 
has proved many fundamental the-
orems in category theory and its re-
lations to homotopy theory and has 
produced a large body of exceptional 
research, as well as expository and 

pedagogical work. Her work is transforming the ways we 
work with higher categorical objects, drawing on classical 
category-theory tools and constructions to illustrate and 
simplify higher categorical constructions. Riehl’s theorems 
and machinery beautifully showcase how these higher 
categorical constructions can often be viewed as intuitive 
generalizations of the ordinary ones. Her books on category 
theory and on homotopical category theory have become 
the standard references, and her draft book on ∞-categories 
is already finding immediate use by researchers. Riehl is 
an internationally recognized scholar for her important 
research works in category theory and her innovative ideas 
about mentorship and communication of mathematics.” 
Riehl received her PhD in 2011 from the University of Chi-
cago under the direction of Peter May. From 2011 to 2015, 
she was a Benjamin Peirce and NSF Postdoctoral Fellow at 
Harvard University. She joined the faculty at Johns Hopkins 
in 2015 and is currently an associate professor. She has held 
visiting positions at the Mathematical Sciences Research 
Institute, the Hausdorff Research and Max Planck Institutes, 
the Centre of Australian Category Theory, and the Centre 
for Advanced Study in Oslo, Norway. In 2020 she received 
the Johns Hopkins President’s Frontier Award, which sup-
ports researchers who break new ground and are likely to 
become leaders in their fields. Riehl tells the Notices: “As a 
postdoc, I was the bassist and a founding member of the 
band Unstraight, who I still play for on occasion. More 
recently, I've followed some of my homotopy theory col-
leagues into trail running and ultramarathons. All of my 
‘races’ so far have been canceled or virtual, but in 2020 I 
managed to run three 50K’s, the first two while based in 
Berkeley at the Mathematical Sciences Research Institute.”

Lynda R. Wiest of the University of Nevada, Reno, 
was awarded the Louise Hay Award for Contribution to 
Mathematics Education for her significant contributions to 

“advancing mathematics education in K–12 across a variety 
of school settings. She has created innovative courses and 
summer programs, addressing gender equity and diversity 
issues.” Before earning her PhD from Indiana University 
in 1996, Wiest taught elementary and middle school stu-
dents in Pennsylvania for eleven years. Her major interests 
are research and classroom applications in K–12 teaching 
and learning, particularly in mathematics and educational 
equity, especially in mathematical problem solving and 
reasoning, geometry and spatial skills, quantitative liter-
acy, gender equity, and preservice and inservice teacher 
education. She is the founder and director of the Northern 
Nevada Girls Math and Technology Program (NNGMTP), 
which hosts girls entering the seventh and eighth grades 
from Nevada’s rural and urban areas at the University of 
Nevada, Reno. The summer camp boosts the girls’ interest 
in mathematics, advances their mathematics education 
and problem-solving skills, and presents participants with 
university campus experience. Many of these students have 
chosen to pursue degrees in math and engineering.

Raegan Higgins of Texas Tech 
University received the M. Gweneth 
Humphreys Award for Mentorship 
of Undergraduate Women in Math-
ematics. Her research interests “re-
volve around time scales—particu-
larly oscillation criteria for certain 
linear and nonlinear second-order 
dynamic equations.” She received her 
PhD in mathematics in 2008 from 
the University of Nebraska. Accord-

ing to the prize citation, “Higgins’ excellence in teaching 
and mentoring and her commitment to diversity have 
consistently shined through.” She cofounded the Young 
Women in Mathematics: Fostering Success program in 
2013. She is also a member of the organizing committee of 
the Emmy Noether High School Mathematics Day and over 
the years has given numerous talks, organized workshops, 
and served as career panelist for the female high school 
and undergraduate students who participate in this annual 
event. From 2014 to 2017, she served as an instructor for 
the Enhancing Diversity in Graduate Education (EDGE) 
program, of which she herself is an alumna. She has been 
a codirector of the program since 2017. She is a cofounder 
of the Network of Minorities in Mathematical Sciences, 
which highlights the contributions and accomplishments 
of blacks in the mathematical sciences through its website, 
Mathematically Gifted and Black. She has also studied the 
impact of professional development on the self-efficacy 
of middle-school mathematics teachers. In 2014, Higgins 
received a Women in STEAM Award from the Center for the 
Integration of STEM Education and Research, and in 2020 
she was recognized as an Integrated Scholar for her syner-
gistic activities at the intersection of teaching, service, and 
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essentially non-oscillatory (ENO) methods, weighted ENO 
(WENO) methods, finite element discontinuous Galerkin 
methods, and spectral methods has had a major impact 
on scientific computing.” Shu received his PhD from the 
University of California, Los Angeles, in 1986. He joined 
Brown University in 1987, where he has been chair of the 
Division of Applied Mathematics (1999–2005) and is 
currently the Theodore B. Stowell University Professor of 
Applied Mathematics. His honors include the First Feng 
Kang Prize of Scientific Computing (1995) and the SIAM/
ACM Prize in Computational Science and Engineering 
(2007). He is a Fellow of the AMS, as well as of SIAM and 
the Association for Women in Mathematics (AWM), and 
he was an invited speaker at the International Congress 
of Mathematicians in 2014. He will deliver the John von 
Neumann Lecture at the SIAM Annual Meeting, currently 
scheduled for July 2021.

—From a SIAM announcement

Clay Research 
Fellows Announced
The Clay Mathematics Institute (CMI) has awarded Clay 
Research Fellowships for 2021 to the following four young 
researchers: Maggie Miller of the Massachusetts Institute 
of Technology, Georgios Moschidis of the University of 
California, Berkeley, Lisa Piccirillo of the Massachusetts 
Institute of Technology, and Alexander Smith of the Mas-
sachusetts Institute of Technology.

Maggie Miller received her PhD in 
2020 from Princeton University, ad-
vised by David Gabai. She is currently 
an NSF Postdoctoral Fellow at MIT. 
According to the citation, “Miller has 
advanced the understanding of man-
ifolds in dimensions 3 and 4 with 
her power and creativity, wielding a 
wide range of techniques—algebraic, 
combinatorial, geometric, and topo-
logical. She has developed a theory 
of singular fibrations in 4-manifolds 

and used it to make significant progress on a thirty-five-
year-old problem of Casson and Gordon: for a large class 
of fibered ribbon knots, she proves that the associated 
fibration of the 3-sphere extends over the closed comple-
ment of the ribbon disc in the 4-ball. Her abundance of 
insight has made Miller a sought-after collaborator, work-
ing with a variety of coauthors to advance different aspects 
of low-dimensional topology: topological versus smooth 
isotopy for genus-1 surfaces in the 4-ball; taut foliations 
in 3-manifolds; concordance; trisections of 4-manifolds; 

research. Also in 2020 she was recognized with a Service 
Award of the AWM. Higgins tells the Notices: “I am from 
Louisiana. I am wife to the handsome and supportive Dr. 
Kamau Oginga Siwatu, professor and department chair 
of Educational Psychology and Leadership in the College 
of Education at Texas Tech University. I am the mother 
to daughter Jalia, an inquisitive ten-year-old who is an 
outstanding goalie, and son, Tendaji, a fun-loving second 
grader who aspires to be a SWAT officer. During the stay-
at-home orders as a result of COVID-19, I began running. 
I reached a milestone of running two miles in less than 
twenty minutes. The ultimate goal is to run 30 minutes 
nonstop. My favorite non-chocolate candy is lemonheads.” 

Bonnie Berger of the Massachusetts Institute of Technol-
ogy was the 2020 Sonia Kovalevsky Lecturer. She delivered 
her lecture, titled “Compressive Genomics: Leveraging the 
Geometry of Biological Data,” at the 2021 SIAM Conference 
on Computational Science and Engineering, held virtually 
in March 2021. The award citation reads: “Bonnie Berger 
has an outstanding record of research contributions in 
the area of computational biology, which have furthered 
our understanding of the structure of proteins and the 
genome. Berger’s work is characterized by its successful 
interdisciplinarity and mathematical depth. In addition to 
theoretical and algorithmic contributions, she has contrib-
uted significantly to the rapid advancement of the fields of 
systems biology and genomics by her numerous software 
developments, which are widely used by researchers in 
other disciplines. Her work has received, and continues 
to receive, numerous accolades and national and interna-
tional awards. In addition to being a highly accomplished 
research leader in bioinformatics and computational biol-
ogy, Berger has an enviable record of mentorship of young 
investigators and service to the profession. Her intellectual 
impact is multifaceted and far reaching.” The Kovalevsky 
Lecture highlights the achievements of women in applied 
and computational mathematics.

—From AWM announcements

Shu Awarded 
von Neumann Lectureship

Chi-Wang Shu of Brown University 
has been chosen the recipient of the 
2021 John von Neumann Prize of the 
Society for Industrial and Applied 
Mathematics (SIAM). Shu was hon-
ored “for fundamental contributions 
to the numerical solution of partial 
differential equations.” The citation 
states: “His work on finite difference 
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Fellow for a term of three years beginning July 1, 2021. She 
will be based at the Massachusetts Institute of Technology.

Alexander Smith obtained his 
PhD in 2020 from Harvard Univer-
sity, advised by Noam Elkies and 
Mark Kisin. He currently holds a Na-
tional Science Foundation Postdoc-
toral Fellowship at MIT. The citation 
reads: “Alexander Smith has already 
solved major problems in number 
theory and forged a novel research 
program that combines ideas from 
combinatorics and probability with 

sophisticated aspects of number theory. Conditional on 
the Birch and Swinnerton-Dyer conjecture, he has largely 
settled an influential conjecture of Goldfeld from 1979 de-
scribing how ranks should be distributed in quadratic twist 
families of elliptic curves. This significantly advances our 
understanding of the ancient problem of deciding which 
numbers are congruent in the sense of being the area of a 
right-angle triangle with rational side lengths. Smith has 
also determined the exact distribution of the Sylow 2-sub-
groups of the class groups of imaginary quadratic fields, 
thereby proving the Cohen–Lenstra–Gerth conjectures 
from the 1980s. In recognition of these achievements, he 
was awarded the inaugural David Goss Prize in Number 
Theory.” Smith has been appointed a Clay Research Fellow 
for a term of four years beginning July 1, 2021. He will be 
based at Stanford University.

Clay Research Fellowships are awarded on the basis of 
the exceptional quality of candidates’ research and their 
promise to become mathematical leaders.

—CMI announcements

Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has awarded 
several prizes for 2021.

Joel Kamnitzer of the University 
of Toronto is the recipient of the 
2021 Jeffery-Williams Prize, which 
recognizes outstanding and sustained 
contributions to mathematical re-
search by a member of the Canadian 
mathematical community.

The prize citation reads in part: 
“The CMS recognizes Dr. Kamnitzer 
as a world leader in the field of geo-
metric representation theory. He has 
had some of the most original and 

diffeomorphisms of nonorientable 3-manifolds; and the 
use of knot Floer homology to give lower bounds on the 
bridge index of knots.” Miller has been appointed a Clay 
Research Fellow for a term of four years beginning July 1, 
2021. She will be based at Stanford University.

Georgios Moschidis obtained his 
PhD in 2018 from Princeton Univer-
sity, advised by Mihalis Dafermos. 
He is currently a Miller Research 
Fellow at Berkeley. According to the 
citation, “Moschidis’s work is focused 
on mathematical problems arising in 
classical general relativity, the theory 
of gravity first formulated by Einstein 
in 1915. In this context, he is par-
ticularly concerned with instability 

phenomena. Moschidis gave the first rigorous account of 
the celebrated Friedman ‘ergo-sphere’ instability, whose ex-
istence was conjectured in the early 1970s. In a remarkable 
series of papers over the last few years, he has also addressed 
the problem of instability for anti-de Sitter (AdS) space-
time, the ground state solution to the Einstein equations 
with a negative cosmological constant. In contrast to the 
Friedman instability, the much-sought-after instability in 
this context (which has been observed in numerical sim-
ulations) is nonlinear in origin. Moschidis’s achievements 
include a rigorous proof of the instability of AdS in the case 
of the Einstein–Vlasov system with spherical symmetry. His 
groundbreaking proof contains ideas that transform the 
understanding of large-data phenomena in solutions of the 
Einstein equations.” Moschidis has been appointed a Clay 
Research Fellow for a term of two years beginning July 1, 
2021. He will be based at Princeton University.

Lisa Piccirillo received her PhD in 2018 from the Univer-
sity of Texas at Austin, advised by John Luecke. She held an 
NSF Postdoctoral Fellowship at Brandeis University before 
moving to MIT. The citation reads: “Piccirillo is renowned 
for her work in low-dimensional topology. Most famously, 
she proved that the Conway knot is not slice, i.e., there is no 
2-disc smoothly embedded in the 4-ball that intersects the 
bounding 3-sphere in the Conway knot. The sliceness of the 
Conway knot had been an open problem for over fifty years, 
gaining iconic status as a test problem. Many sophisticated 
tools were developed in the area to tackle problems of this 
type, drawing on diverse parts of mathematics, including 
gauge theory, representation theory, and symplectic to-
pology. Piccirillo’s proof involves an ingenious fusion of 
these tools with inspired, direct topological constructions. 
In recognition of this achievement, she was awarded the 
inaugural Maryam Mirzakhani New Frontiers Prize in 2020. 
She continues to demonstrate the power of her techniques 
by solving long-standing problems in low-dimensional 
topology.” Piccirillo has been appointed a Clay Research 
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Alexander Smith

Joel Kamnitzer
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they abstracted this by removing any ‘global’ notion of 
color and rather only using a ‘local’ notion, individual 
to each vertex. Such a generalization can actually be used 
for inductive purposes to solve list coloring problems; 
namely, they used the concept to solve a fifteen-year-old 
conjecture that planar graphs without four to eight cycles 
are 3-list-colorable. Correspondence coloring has been 
both used to solve open coloring problems and studied in 
its own right as a natural form of coloring. For example, 
correspondence coloring proved a key ingredient in Luke 
Postle’s research on Reed’s conjecture.” Postle received his 
PhD in 2012 from the Georgia Institute of Technology, 
advised by Robin Thomas. He was an Emory Mathematics 
Fellow (2012–2014) at Emory University before joining the 
University of Waterloo, where he is currently an associate 
professor. He was awarded a Tier 2 Canada Research Chair 
from the Natural Sciences and Engineering Research Coun-
cil of Canada (NSERC; 2015–2020), an Early Researcher 
Award from the Government of Ontario (2016–2021), and 
the Golden Jubilee Research Excellence Award from the 
Faculty of Mathematics at Waterloo (2018).

Chao Zhang was recognized with the 2020 G. de B. 
Robinson Award for his paper “Ekedahl–Oort Strata for 
Good Reductions of Shimura Varieties of Hodge Type,” 
Canadian Journal of Mathematics 70 (2018), no. 1, 451–480. 
His work “is devoted to the study of Shimura varieties. 
These varieties have become a valuable tool in modern 
number theory. Their étale cohomology constitutes one 
of the ways to construct Galois representations. They also 
provide concrete incarnations of automorphic forms re-
alized as modular forms. Zhang introduces stratifications 
of the special fibers of Shimura varieties of Hodge type in 
odd characteristics into spaces that are easier to understand, 
e.g., they are quasi-affine and smooth. His work vastly gen-
eralizes previous work of Frans Oort for moduli spaces of 
principally polarized abelian varieties and of Ben Moonen, 
Torsten Wedhorn, and Eva Viehmann for special classes of 
Shimura varieties (those of PEL type). Zhang’s result has 
been instrumental in recent important developments in the 
construction of torsion Galois representations, e.g., in the 
work of Wushi Goldring and Jean-Stefan Koskivirta, and 
in the study of the tautological ring of Shimura varieties, 
such as in the work of Torsten Wedhorn and Paul Ziegler.” 
Zhang received his PhD in 2018, then held postdoctoral 
positions at Tsinghua University in Beijing and at the Insti-
tute of Mathematics of Academia Sinica in Taipei. He joined 
Southeast University in December 2019 and is currently an 
associate professor.

—From CMS announcements

influential contributions of the past twenty years in his 
field. His field of research can be described as an interface 
between algebra, geometry, and modern mathematical 
physics. Among his recent interests are the categorification 
program and algebraic problems in modern mathematical 
physics. One particular strand of Dr. Kamnitzer’s research is 
a novel approach to knot homology based on the study of 
the affine Grassmannian, an infinite-dimensional manifold 
which is one of the main objects of modern geometric rep-
resentation theory. In particular, he developed a geometric 
approach to categorification of knot homology. Another 
important contribution of Dr. Kamnitzer is his work on 
symplectic duality, which involves the quantization of 
certain slices of the affine Grassmannian.”

Kamnitzer received his PhD in 2005 from the University 
of California in Berkeley under the supervision of Allen 
Knutson. He held postdoctoral positions at the Massachu-
setts Institute of Technology, at the University of California, 
Berkeley, and at the Mathematical Sciences Research Insti-
tute. He joined the faculty of the University of Toronto in 
2008, where he has been full professor since 2016. Among 
his honors are an American Institute of Mathematics (AIM) 
Five-Year Fellowship (2005–2010); the André Aisenstadt 
Prize of the Centre de Recherches Mathématique (2011); 
a Sloan Foundation Research Fellowship (2012–2014); 
several Natural Sciences and Engineering Research Coun-
cil of Canada (NSERC) Discovery Grants and an E.W.R. 
Steacie Memorial Fellowship; and a Simons Fellowship 
(2014–2015) and Simons CRM Professorship (2020). In 
his spare time, he enjoys cycling and cross-country skiing 
with his wife and three daughters.

Luke Postle of the University of Waterloo has been 
awarded the 2021 Coxeter–James Prize for his work in 
the area of graph theory. According to the prize citation, 
he “is an exceptional young researcher in structural graph 
theory… . He quickly earned a strong international repu-
tation by using a broad and innovative range of tools to 
solve old and deep problems in combinatorics.” As a lead-
ing researcher in graph theory, “he made groundbreaking 
progress on many famous conjectures in graph coloring, 
including Hadwiger’s Conjecture, the Goldberg–Seymour 
Conjecture, Reed’s Conjecture, and Jaeger’s Conjecture.

“Luke Postle has launched a new paradigm in graph 
coloring with his introduction of a new generalization of 
coloring. Namely, in 2015, Luke Postle and his collaborator 
Zdenek Dvorak introduced correspondence coloring in an 
article published in the Journal of Combinatorial Theory B, 
now referred to as DP-coloring by the community after 
their surnames. Correspondence coloring is a generaliza-
tion of list coloring. List coloring, itself a generalization of 
coloring, was first introduced by Erdős, Rubin, and Taylor 
in the 1970s and is now the subject of over a thousand 
journal articles. In list coloring, each vertex has its own list 
from which it must be colored. In correspondence coloring,  
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from the Society for Industrial and Applied Mathematics 
(SIAM) in 2008 for his work in solving the Stanley–Wilf 
conjecture. Spielman received his PhD from the Massa-
chusetts Institute of Technology in 1995. He has been a 
recipient of the Gödel Prize (with Shang-Hua Teng) in both 
2008 and 2015; of the Nevanlinna Prize in 2010; and of 
a MacArthur Fellowship (2012). He was named a Simons 
Investigator in 2012 and is an elected member of the NAS. 
Srivastava received his PhD from Yale University in 2010, 
and he gave an invited lecture at the International Congress 
of Mathematicians in 2014.

The Held Prize honors outstanding, innovative, creative, 
and influential research in the areas of combinatorial and 
discrete optimization or related parts of computer science, 
such as the design and analysis of algorithms and complex-
ity theory. It carries a cash award of US$100,000.

—From an NAS announcement

2021 Sloan Fellows 
Announced
The Alfred P. Sloan Foundation has announced the names 
of the recipients of the 2021 Sloan Research Fellowships. 
Each year the foundation awards fellowships in the fields of 
mathematics, chemistry, computational and evolutionary 
molecular biology, computer science, economics, neurosci-
ence, physics, and ocean sciences. Grants of US$75,000 for 
a two-year period are administered by each Fellow’s insti-
tution. Once chosen, Fellows are free to pursue whatever 
lines of inquiry most interest them, and they are permitted 
to employ fellowship funds in a wide variety of ways to 
further their research aims.

Following are the names and institutions of the 2021 
awardees in the mathematical sciences.

• Bhaswar B. Bhattacharya, University of Pennsyl-
vania

• Tamás Darvas, University of Maryland, College 
Park

• Yu Deng, University of Southern California
• Xiumin Du, Northwestern University
• Jessica Fintzen, Duke University
• Pavel Galashin, University of California, Los 

Angeles
• Adel Javanmard, University of Southern California
• Ilya Khayutin, Northwestern University
• Brandon Levin, University of Arizona
• Yevgeny Liokumovich, University of Toronto, 

Mississauga
• Fedor Manin, University of California, Santa 

Barbara
• Alexander Perry, University of Michigan

Waterman Awarded 
Benter Prize
Michael S. Waterman of the University of Southern Cali-
fornia and the University of Virginia has been awarded the 
2020 William Benter Prize in Applied Mathematics for his 
work in computational biology and bioinformatics, which 
concentrates on the creation and application of mathemat-
ics, statistics, and computer science to molecular biology, 
particularly to DNA, RNA, and protein sequence data. He is 
the codeveloper of the Smith–Waterman algorithm for se-
quence comparison and of the Lander–Waterman formula 
for physical mapping. He received his PhD in statistics and 
probability from Michigan State University in 1969, and he 
has held positions at the Los Alamos National Laboratory 
and Idaho State University, as well as many visiting posi-
tions throughout his career. He is a founding editor of the 
Journal of Computational Biology, a Fellow of the American 
Association for the Advancement of Science, the Institute 
of Mathematical Statistics, the Society of Industrial and 
Applied Mathematics (SIAM), the International Society of 
Computational Biology, and the National Academy of In-
ventors. He is an elected member of the American Academy 
of Arts and Sciences, the National Academy of Sciences, 
and the National Academy of Engineering. The prize is 
awarded by the City University of Hong Kong, carries a 
cash award of US$100,000, and recognizes “outstanding 
mathematical contributions that have had a direct and 
fundamental impact on scientific, business, finance and 
engineering applications.”

—From a Benter Prize announcement

NAS Held Prize Awarded
Adam W. Marcus of Ecole Polytechnique Fédérale de Lau-
sanne, Daniel A. Spielman of Yale University, and Nikhil 
Srivastava of the University of California, Berkeley, have 
been awarded the 2021 Michael and Sheila Held Prize of 
the National Academy of Sciences (NAS).

Marcus, Spielman, and Srivastava solved long-standing 
questions on the Kadison–Singer problem and on Ramanu-
jan graphs and, in the process, uncovered a deep new con-
nection between linear algebra, geometry of polynomials, 
and graph theory that has inspired the next generation 
of theoretical computer scientists. Their groundbreaking 
papers on these questions, both published in 2015, solved 
problems that mathematicians had been working on for 
several decades. The three were awarded the Pólya Prize 
in 2014 for this work. Marcus received his PhD from the 
Georgia Institute of Technology in 2008. He was awarded 
the inaugural Dénes König Prize in Discrete Mathematics 
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• Prakash Panangaden, McGill University, for mak-
ing continuous state systems amenable to logical 
and computational treatment.

• Manish Parashar, Rutgers University, for contribu-
tions to high-performance parallel and distributed 
computing and computational science.

• Haesun Park, Georgia Institute of Technology, 
for contributions to numerical algorithms, data 
analytics, and leadership in computational science 
and engineering.

• Michael O. Rabin, Harvard University, for fun-
damental, pioneering contributions to the theory 
of computation, probabilistic algorithms, and 
cryptography.

• Paul Resnick, University of Michigan, for contri-
butions to recommender systems, economics and 
computation, and online communities.

• Steven Salzberg, Johns Hopkins University, for 
contributions to computational biology, including 
software for DNA sequence analysis, alignment, 
and genome assembly.

• Olga Sorkine-Hornung, ETH Zurich, for contribu-
tions to digital geometry processing, computer an-
imation, computer graphics and visual computing.

• Yufei Tao, Chinese University of Hong Kong, for 
contributions to algorithms for large-scale data 
processing.

• Olga Troyanskaya, Princeton University and 
Simons Foundation, for contributions to compu-
tational biology and data integration.

• Cathy H. Wu, University of Delaware, for contri-
butions to bioinformatics, computational biology, 
knowledge mining and semantic data integration.

—From an ACM announcement
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• Lisa Piccirillo, Massachusetts Institute of Tech-
nology

• Brandon Seward, University of California, San 
Diego

• Egor Shelukhin, University of Montreal
• Yakov Shlapentokh-Rothman, Princeton Uni-

versity
• William Slofstra, University of Waterloo
• Nathaniel Stapleton, University of Kentucky
• Laura Starkston, University of California, Davis
• Madeleine Udell, Cornell University

—From a Sloan Foundation announcement

ACM Fellows
The Association for Computing Machinery (ACM) has 
elected its class of Fellows for 2020. Following are the 
names of the new Fellows whose work involves the math-
ematical sciences.

• Yao-Wen Chang, National Taiwan University, for 
contributions to algorithmic electronic design 
automation.

• Moses Charikar, Stanford University, for design 
of efficient algorithmic techniques for big data, 
hashing, approximation algorithms, and metric 
embeddings.

• Graham R. Cormode, University of Warwick, for 
contributions to data summarization and privacy 
enabling data management and analysis.

• Mathieu Desbrun, California Institute of Technol-
ogy, for contributions to geometry processing and 
discrete differential geometry.

• Alan Edelman, Massachusetts Institute of Technol-
ogy, for contributions to algorithms and languages 
for numerical and scientific computing.

• Nicholas Higham, University of Manchester, for 
contributions to numerical linear algebra, nu-
merical stability analysis, and communication of 
mathematics.

• Holger H. Hoos, Leiden University, for contribu-
tions to automated algorithm selection and con-
figuration for optimization and machine learning.

• Ravi Kumar, Google Research, for contributions to 
web science modeling, analytics, and algorithms.

• Kevin Leyton-Brown, University of British Co-
lumbia, for contributions to artificial intelligence, 
including computational game theory, multi-agent 
systems, machine learning, and optimization.

• Jose Meseguer, University of Illinois at Urbana- 
Champaign, for the development of logical meth-
ods for design and verification of computational 
systems.
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Mary r. eMbry-Wardrop, of Flat Rock, North Carolina, 
died on March 18, 2018. Born on August 22, 1933, she was 
a member of the Society for 60 years.

Joseph c. ferrar, of Worthington, Ohio, died on May 
16, 2018. Born on December 10, 1939, he was a member 
of the Society for 54 years. 

d. J. foulis, of Amherst, Massachusetts, died on April 
3, 2018. Born on July 26, 1930, he was a member of the 
Society for 62 years.

david haNdel, of Farmington Hills, Michigan, died on 
March 14, 2018. Born on June 20, 1938, he was a member 
of the Society for 57 years.

chaiM saMuel hoNig, professor, University of Sao Paulo, 
died on March 19, 2018. Born on February 1, 1926, he was 
a member of the Society for 67 years.

aNatole KatoK, professor, Pennsylvania State University, 
died on April 30, 2018. Born on August 9, 1944, he was a 
member of the Society for 33 years.

saroop K. Kaul, of Canada, died on May 10, 2018. He 
was a member of the Society for 53 years.

l. J. laNge, of Custer, South Dakota, died on May 2, 
2018. Born on August 29, 1928, he was a member of the 
Society for 56 years.

Mehrzad MoNzavi, professor, Texas A&M, died on May 
5, 2018. Born on May 25, 1987, he was a member of the 
Society for 2 years.

roNald c. o’Neill, professor, Michigan State University, 
died on April 29, 2018. Born on July 20, 1929, he was a 
member of the Society for 60 years.

ilie popescu, of Romania, died on April 11, 2018. Born 
on March 11, 1928, he was a member of the Society for 
29 years.

herMaN rubiN, professor, Purdue University, died on 
April 23, 2018. Born on October 27, 1926, he was a mem-
ber of the Society for 71 years.

fred K. ruMford, of Vail, Colorado, died on March 
14, 2018. Born on May 9, 1933, he was a member of the 
Society for 41 years.

Maurice sioN, professor, University of British Columbia, 
died on April 17, 2018. Born on October 17, 1927, he was 
a member of the Society for 68 years.

a. p. stoNe, professor, University of New Mexico, died 
on April 7, 2018. Born on June 28, 1928, he was a member 
of the Society for 55 years.

AMS Department 
Chairs Workshop
The AMS held its annual Department Chairs Workshop this 
year on January 14 in a virtual format. Workshop leaders 
were Luca Capogna, professor and head, Department of 
Mathematical Sciences, Worcester Polytechnic Institute; 
Kevin Knudson, professor and chair, Department of Math-
ematics, University of Florida; and Jennifer Zhao, professor 
and former chair, Department of Mathematics and Statis-
tics, University of Michigan-Dearborn.

Like almost every aspect of society, higher education has 
been in a state of turmoil since the COVID-19 pandemic 
hit. The 2021 AMS Department Chairs Workshop provided 
an opportunity to share experiences and reflect on what 
math department chairs, math departments, and colleges 
and universities have been doing to react to the emergency. 
Topics of discussion included Leadership Development 
during Challenging Times; The Logistics of Remote Teach-
ing and Learning; and Diversity, Equity, and Inclusion and 
How COVID is Affecting Efforts. 

The 2021 workshop was attended by sixty-four depart-
ment chairs and leaders from across the country.

—Anita Benjamin
AMS Office of Government Relations

Deaths of AMS Members
edWiN f. beschler, of Jamaica Plain, Massachusetts, died 

on April 29, 2018. Born on December 27, 1931, he was a 
member of the Society for 56 years.

louis r. bragg, of Novi, Michigan, died on May 6, 2018. 
Born on August 5, 1931, he was a member of the Society 
for 64 years.

p. t. church, of Fayetteville, New York, died on July 17, 
2015. Born on March 18, 1931, he was a member of the 
Society for 58 years.

M. do carMo, professor, Institute for Pure-Applied Math-
ematics, died on April 30, 2018. Born on August 15, 1928, 
he was a member of the Society for 57 years.
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and scientific communities for long programs and work-
shops, to be reviewed at IPAM’s Science Advisory Board 
meeting in November. For more information, go to www 
.ipam.ucla.edu/propose-a-program. Proposals should 
also address the inclusion of women and members of 
underrepresented minorities as speakers, organizers, and 
participants.

—IPAM announcement

Early Career Opportunity

NSF Postdoctoral 
Research Fellowships

The National Science Foundation (NSF) awards Mathemat-
ical Sciences Postdoctoral Research Fellowships (MSPRF) 
in all areas of the mathematical sciences, including appli-
cations to other disciplines. Awards are either Research 
Fellowships or Instructorships. The Research Fellowship 
provides full-time support for any eighteen academic-year 
months in a three-year period. The Research Instructorship 
provides either two academic years of full-time support 
or one academic year of full-time and two academic years 
of half-time support. The deadline for proposals is Oc-
tober 20, 2021. See www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5301&org=NSF.

—NSF announcement

Early Career Opportunity

International Mathematics 
Competition for 
University Students

The Twenty-eighth International Mathematics Competition 
for University Students will be held August 2–8, 2021, at 
American University in Blagoevgrad, Bulgaria, if conditions 
allow, or online otherwise. Students completing their first, 
second, third, or fourth years of university education are 
eligible. See www.imc-math.org.uk.

—From an IMC announcement

Early Career Opportunity

NSF Research Training Groups 
in the Mathematical Sciences

The National Science Foundation (NSF) Research Training 
Groups in the Mathematical Sciences (RTG) program pro-
vides funds for the training of US students and postdoctoral 
associates through structured research groups that include 
vertically integrated activities spanning the entire spectrum 
of educational levels from undergraduate through postdoc-
toral. The deadline for full proposals is June 1, 2021. See 
www.nsf.gov/funding/pgm_summ.jsp?pims_id=5732.

—NSF announcement

Early Career Opportunity

NRC Research 
Associateship Programs

The National Academy of Sciences, Engineering, and Med-
icine offers postdoctoral and senior research awards on 
behalf of twenty-three US federal research agencies and 
affiliated institutions with facilities at over 100 locations 
throughout the United States and abroad. Applications 
are sought from highly qualified candidates, including re-
cent doctoral recipients and senior researchers. Upcoming 
deadlines are May 1, 2021, and August 1, 2021. See sites 
.nationalacademies.org/pga/rap.

—NRC announcement

IPAM Call for Proposals

The Institute for Pure and Applied Mathematics (IPAM) 
seeks program proposals from the mathematical, statistical,  

The most up-to-date listing of NSF funding opportunities from the 
Division of Mathematical Sciences can be found online at: 
www.nsf.gov/dms  and for the Directorate of Education and 
Human Resources at www.nsf.gov/dir/index.jsp?org=ehr.   
To receive periodic updates, subscribe to the DMSNEWS listserv by following 
the directions at www.nsf.gov/mps/dms/about.jsp. 

http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301&org=NSF
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301&org=NSF
http://sites.nationalacademies.org/pga/rap
http://sites.nationalacademies.org/pga/rap
http://www.ipam.ucla.edu/propose-a-program
http://www.ipam.ucla.edu/propose-a-program
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forward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

REPUBLIC OF KOREA

Korea Institute for Advanced Study (KIAS) 
Call for Applications: Positions 

in Pure and Applied Mathematics

Founded in 1996, KIAS is committed to the excellence of 
research in basic sciences, namely mathematics, theoretical 
physics, and computational sciences, through high-quality 
research programs and a strong faculty body consisting of 
distinguished scientists and visiting scholars. 

The School of Mathematics boasts of international-
ly-renowned faculty members, including Distinguished 
Professor Efim Zelmanov, a 1994 Fields medalist. Their 
excellent research brings prestigious visitors from diverse 
research areas, nurturing a research environment that en-
courages interaction and collaboration not only on-campus 
but beyond. 

Qualified, outstanding candidates in the field are en-
couraged to frequently check Mathjobs.org and KIAS Jobs 
website (https://jobs.kias.re.kr), where detailed 
information is updated when faculty and postdoctoral 
research fellow positions become available.

04

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look  

http://cam.tju.edu.cn
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General Interest

The Impact and Legacy 
of The Ladies’ Diary 
(1704–1840)
A Women’s Declaration
Frank J. Swetz, Pennsylvania State 
University, Middletown

The Ladies’ Diary was an annual 
almanac published in England 
from 1704 to 1840. It was de-
signed to provide useful infor-
mation to women; the subtitle 
reveals the purpose, Containing 

New Improvements in Arts and Sciences, and Many Enter-
taining Particulars: Designed for the Use and Diversion of 
the Fair Sex. It contained meteorological and astronomical 
information, recipes, health and medical advice, scientific 
information, and mathematical puzzles and problems. 
Readers were encouraged to, and did, send solutions and 
original problems and puzzles of their own for publication 
in the next year’s issue.

Frank Swetz, one of the founding Editors of Convergence, 
the MAA’s online journal of the history of mathematics, 
wondered about the historical and sociological conditions 
that supported The Ladies’ Diary. In this volume he unearths 
the story of the Diary’s creation and of the community 
of people surrounding it. We learn who the editors were 
and something about the contributors and readers. Swetz 
explores the sociological and cultural circumstances that 
made this unique almanac full of mathematics popular for 
over a century. The book includes scores of puzzles from 
the Diary, many in the form of riddles, rebuses, and poems.

Spectrum, Volume 101
May 2021, 169 pages, Softcover, ISBN: 978-1-4704-6266-
6, LC 2020034724, 2010 Mathematics Subject Classification: 
01–XX, 97–XX, List US$55, AMS Individual member 
US$41.25, AMS Institutional member US$44, MAA mem-
bers US$41.25, Order code SPEC/101

bookstore.ams.org/spec-101

Applications

Biology in Time and Space
A Partial Differential Equation 
Modeling Approach
James P. Keener, University of 
Utah, Salt Lake City

How do biological objects com-
municate, make structures, make 
measurements and decisions, 
search for food, i.e., do all the 
things necessary for survival? 
Designed for an advanced un-
dergraduate audience, this book 

uses mathematics to begin to tell that story. It builds on a 
background in multivariable calculus, ordinary differential 
equations, and basic stochastic processes and uses partial 
differential equations as the framework within which to 
explore these questions.

This item will also be of interest to those working in differential 
equations.

Pure and Applied Undergraduate Texts, Volume 50
June 2021, 314 pages, Softcover, ISBN: 978-1-4704-5428-
9, LC 2020041397, 2010 Mathematics Subject Classification: 
92–XX, 35–XX; 34–XX, 60–XX, 65–XX, List US$99, AMS 
members US$79.20, MAA members US$89.10, Order 
code AMSTEXT/50

bookstore.ams.org/amstext-50

http://bookstore.ams.org/amstext-50
http://bookstore.ams.org/spec-101
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Perelman’s Refusal: 
A Novel
Philippe Zaouati, Mirova, Paris, 
France

November 11, 2002: Grigori 
Perelman, a famous mathema-
tician, brilliantly establishes his 
proof of the Poincaré Conjecture. 
A few years later, he is widely 
acclaimed for his research. How-
ever, he declines the prestigious 
Fields Medal and persists in not 

wanting to leave his native city of Saint Petersburg to attend 
the International Congress of Mathematicians in Madrid 
in 2006 where the medal is supposed to be awarded. John 
Ball, the President of the International Mathematical 
Union, decided to visit Russia in an attempt to convince 
Perelman to accept the Fields Medal.

This book contains the story, part real, part fictional, 
of the exchanges between Ball and Perelman. We are im-
mersed in the tormented mind of a person who prefers the 
simple and secluded life to the prestige of his discoveries. 
We already know the final outcome of the story, Perelman’s 
perpetual refusal to be glorified by the public, and yet there 
is still much to learn from this character of astonishing 
complexity.

May 2021, 144 pages, Softcover, ISBN: 978-1-4704-6304-5, 
2010 Mathematics Subject Classification: 01A70, List US$29, 
AMS members US$23.20, MAA members US$26.10, Order 
code MBK/137

bookstore.ams.org/mbk-137

Geometry and Topology

Generalized Ricci Flow
Mario Garcia-Fernandez, Uni-
versidad Autónoma de Madrid, 
Spain, and Instituto de Ciencias 
Matemáticas, Madrid, Spain, and 
Jeffrey Streets, University of Cal-
ifornia, Irvine

The generalized Ricci flow is a 
geometric evolution equation 
which has recently emerged 
from investigations into math-
ematical physics, Hitchin’s gen-

eralized geometry program, and complex geometry. This 
book gives an introduction to this new area, discusses 

recent developments, and formulates open questions and 
conjectures for future study.

The text begins with an introduction to fundamental 
aspects of generalized Riemannian, complex, and Kähler 
geometry. This leads to an extension of the classical Ein-
stein-Hilbert action, which yields natural extensions of 
Einstein and Calabi-Yau structures as ‘canonical metrics’ 
in generalized Riemannian and complex geometry. The 
book then introduces generalized Ricci flow as a tool for 
constructing such metrics and proves extensions of the 
fundamental Hamilton/Perelman regularity theory of Ricci 
flow. These results are refined in the setting of generalized 
complex geometry, where the generalized Ricci flow is 
shown to preserve various integrability conditions, taking 
the form of pluriclosed flow and generalized Kähler-Ricci 
flow, leading to global convergence results and applications 
to complex geometry. Finally, the book gives a purely math-
ematical introduction to the physical idea of T-duality and 
discusses its relationship to generalized Ricci flow.

The book is suitable for graduate students and re-
searchers with a background in Riemannian and complex 
geometry who are interested in the theory of geometric 
evolution equations.

University Lecture Series, Volume 76
May 2021, 256 pages, Softcover, ISBN: 978-1-4704-6258-
1, LC 2020040080, 2010 Mathematics Subject Classification: 
53C55, 53D18, 53E20, 53E30, List US$55, AMS members 
US$44, MAA members US$49.50, Order code ULECT/76

bookstore.ams.org/ulect-76

Math Education

Geometry Transformed
Euclidean Plane Geometry 
Based on Rigid Motions
James R. King, University of 
Washington, Seattle

Many paths lead into Euclid-
ean plane geometry. Geometry 
Transformed offers an expeditious 
yet rigorous route using axioms 
based on rigid motions and dila-
tions. Since transformations are 

available at the outset, interesting theorems can be proved 
sooner; and proofs can be connected to visual and tactile 
intuition about symmetry and motion. The reader thus 
gains valuable experience thinking with transformations, 
a skill that may be useful in other math courses or appli-
cations. For students interested in teaching mathematics 

http://bookstore.ams.org/ulect-76
http://bookstore.ams.org/mbk-137
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The contributions are split into two parts: “Integrable 
Systems” and “Quantum Theories and Algebraic Geom-
etry”, reflecting the areas of main scientific interests of 
Dubrovin. Chronologically, these interests may be divided 
into several parts: integrable systems, integrable systems 
of hydrodynamic type, WDVV equations (Frobenius man-
ifolds), isomonodromy equations (flat connections), and 
quantum cohomology. The articles included in the first part 
are more or less directly devoted to these areas (primarily 
with the first three listed above). The second part contains 
articles on quantum theories and algebraic geometry and 
is less directly connected with Dubrovin’s early interests.

This item will also be of interest to those working in geometry 
and topology.

Proceedings of Symposia in Pure Mathematics, Volume 
103
Set: May 2021, 983 pages, Softcover, ISBN: 978-1-4704-
5590-3, LC 2020043148, List US$249, AMS members 
US$199.20, MAA members US$224.10, Order code 
PSPUM/103

bookstore.ams.org/pspum-103

Integrability, Quantization, 
and Geometry
I. Integrable Systems
Sergey Novikov, University of 
Maryland, College Park, and Stek-
lov Institute of Mathematics, Mos-
cow, Russia, Igor Krichever, Co-
lumbia University, New York, and 
Skoltech, Moscow, Russia, Oleg 
Ogievetsky, Center of Theoreti-
cal Physics, Marseille, France, and 
Lebedev Physical Institute, Moscow, 

Russia, and Senya Shlosman, Center of Theoretical Physics, 
Marseille, France, and Skoltech, Moscow, Russia, Editors

Proceedings of Symposia in Pure Mathematics, Volume 
103.1
May 2021, 516 pages, Softcover, ISBN: 978-1-4704-5591-
0, LC 2020043148, 2010 Mathematics Subject Classification: 
14F05, 14F10, 14G10, 14J10, 14J33, 14J60, 33E05, 53A07, 
53D17, 53D37, List US$137, AMS members US$109.60, 
MAA members US$123.30, Order code PSPUM/103.1

bookstore.ams.org/pspum-103-1

at the secondary school level, this approach is particularly 
useful since geometry in the Common Core State Standards 
is based on rigid motions.

The only prerequisite for this book is a basic understand-
ing of functions. Some previous experience with proofs 
may be helpful, but students can also learn about proofs 
by experiencing them in this book—in a context where 
they can draw and experiment. The eleven chapters are 
organized in a flexible way to suit a variety of curriculum 
goals. In addition to a geometrical core that includes finite 
symmetry groups, there are additional topics on circles and 
on crystallographic and frieze groups, and a final chapter 
on affine and Cartesian coordinates. The exercises are a 
mixture of routine problems, experiments, and proofs.

This item will also be of interest to those working in geometry 
and topology.

Pure and Applied Undergraduate Texts, Volume 51
April 2021, 282 pages, Softcover, ISBN: 978-1-4704-6307-
6, LC 2020044394, 2010 Mathematics Subject Classification: 
51–01, 51M04, 97B50, 51N15, 20H15, List US$99, AMS 
members US$79.20, MAA members US$89.10, Order 
code AMSTEXT/51

bookstore.ams.org/amstext-51

Mathematical Physics

Integrability, Quantization, 
and Geometry
The Set (Parts I and II)
Sergey Novikov, University of 
Maryland, College Park, and Stek-
lov Institute of Mathematics, Mos-
cow, Russia, Igor Krichever, Co-
lumbia University, New York, and 
Skoltech, Moscow, Russia, Oleg 
Ogievetsky, Center of Theoreti-
cal Physics, Marseille, France, and 
Lebedev Physical Institute, Moscow, 

Russia, and Senya Shlosman, Center of Theoretical Physics, 
Marseille, France, and Skoltech, Moscow, Russia, Editors

This two-volume set contains parts I and II.
Each volume is a collection of articles written in mem-

ory of Boris Dubrovin (1950–2019). The authors express 
their admiration for his remarkable personality and for the 
contributions he made to mathematical physics. For many 
of the authors, Dubrovin was a friend, colleague, inspiring 
mentor, and teacher.

Volume 103

Proceedings of Symposia inProceedings of Symposia in

       ATHEMATICS       ATHEMATICSPUREURE M

Integrability, 
Quantization, and 
Geometry 
  

Sergey Novikov
Igor Krichever
Oleg Ogievetsky
Senya Shlosman  
Editors

Volume 103.1

Proceedings of Symposia inProceedings of Symposia in
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Integrability, 
Quantization, and 
Geometry
I. Integrable Systems 
  

Sergey Novikov
Igor Krichever
Oleg Ogievetsky
Senya Shlosman  
Editors
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groups. The theorem is the most difficult step in a two-part 
program. The first part of the program aims to determine 
a large subclass of the class of simple 2-fusion systems, 
while part two seeks to use the result on fusion systems 
to simplify the proof of the theorem classifying the finite 
simple groups.

Contemporary Mathematics, Volume 765
May 2021, 456 pages, Softcover, ISBN: 978-1-4704-5665-
8, 2010 Mathematics Subject Classification: 20D05; 20C20, 
List US$122, AMS members US$97.60, MAA members 
US$109.80, Order code CONM/765

bookstore.ams.org/conm-765

Discrete Mathematics 
and Combinatorics

Polytopes and Discrete 
Geometry
Gabriel Cunningham, University 
of Massachusetts Boston, Mark 
Mixer, Wentworth Institute of 
Technology, Boston, MA, and Egon 
Schulte, Northeastern University, 
Boston, MA, Editors

This volume contains the pro-
ceedings of the AMS Special 
Session on Polytopes and Dis-
crete Geometry, held from April 

21–22, 2018, at Northeastern University, Boston, Massa-
chusetts.

The papers showcase the breadth of discrete geometry 
through many new methods and results in a variety of 
topics. Also included are survey articles on some important 
areas of active research. This volume is aimed at research-
ers in discrete and convex geometry and researchers who 
work with abstract polytopes or string C-groups. It is also 
aimed at early career mathematicians, including graduate 
students and postdoctoral fellows, to give them a glimpse 
of the variety and beauty of these research areas.

This item will also be of interest to those working in geometry 
and topology.

Contemporary Mathematics, Volume 764
May 2021, 272 pages, Softcover, ISBN: 978-1-4704-4897-
4, LC 2020042991, 2010 Mathematics Subject Classification: 
05C10, 05C85, 05E45, 20D06, 51M20, 52A35, 52B10, 
52B11, 52B15, 57M60, List US$122, AMS members 

Integrability, Quantization, 
and Geometry
II. Quantum Theories and 
Algebraic Geometry
Sergey Novikov, University of 
Maryland, College Park, and Stek-
lov Institute of Mathematics, Mos-
cow, Russia, Igor Krichever, Co-
lumbia University, New York, and 
Skoltech, Moscow, Russia, Oleg 
Ogievetsky, Center of Theoretical 
Physics, Marseille, France, and Leb-

edev Physical Institute, Moscow, Russia, and Senya Shlosman, 
Center of Theoretical Physics, Marseille, France, and Skoltech, 
Moscow, Russia, Editors

Proceedings of Symposia in Pure Mathematics, Volume 
103.2
June 2021, 480 pages, Softcover, ISBN: 978-1-4704-
5592-7, LC 2020043148, 2010 Mathematics Subject Clas-
sification: 14J81, 16T20, 20C15, 20C35, 52C07, 53D45, 
53D55, 81T13, 81T30, 81T40, List US$137, AMS mem-
bers US$109.60, MAA members US$123.30, Order code 
PSPUM/103.2

bookstore.ams.org/pspum-103-2

New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Quaternion Fusion Packets
Michael Aschbacher, California 
Institute of Technology, Pasadena

Let p be a prime and S a finite 
p-group. A p-fusion system on S  
is a category whose objects are 
the subgroups of S and whose 
morphisms are certain injec-
tive group homomorphisms. 
Fusion systems are of interest in 
modular representation theory, 

algebraic topology, and local finite group theory.
The book provides a characterization of the 2-fusion 

systems of the groups of Lie type and odd characteristic, a 
result analogous to the Classical Involution Theorem for 
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17B55, 18D10, 20G05, List US$85, AMS members US$68, 
MAA members US$76.50, Order code MEMO/270/1320

bookstore.ams.org/memo-270-1320

Analysis

Hamiltonian Perturbation Theory 
for Ultra-Differentiable Functions
Abed Bounemoura, PSL Research University, Paris, France, 
and Jacques Fejoz, PSL Research University, Paris, France

Memoirs of the American Mathematical Society, Volume 
270, Number 1319
April 2021, 89 pages, Softcover, ISBN: 978-1-4704-4691-
8, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/270/1319

bookstore.ams.org/memo-270-1319

Differential Equations

Local Well-Posedness and Break-Down Criterion 
of the Incompressible Euler Equations 
with Free Boundary
Chao Wang, Peking University, Beijing, People’s Republic 
of China, Zhifei Zhang, Peking University, Beijing, People’s 
Republic of China, Weiren Zhao, Peking University, Beijing, 
People’s Republic of China, and Yunrui Zheng, Peking Uni-
versity, Beijing, People’s Republic of China, and Qufu Normal 
University, People’s Republic of China

This item will also be of interest to those working in mathemat-
ical physics.

Memoirs of the American Mathematical Society, Volume 
270, Number 1318
April 2021, 119 pages, Softcover, ISBN: 978-1-4704-4689-
5, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/270/1318

bookstore.ams.org/memo-270-1318

US$97.60, MAA members US$109.80, Order code 
CONM/764

bookstore.ams.org/conm-764

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Effective Faithful Tropicalizations Associated 
to Linear Systems on Curves
Shu Kawaguchi, Doshisha University, Kyoto, Japan, and 
Kazuhiko Yamaki, Kyoto University, Japan

Memoirs of the American Mathematical Society, Volume 
270, Number 1323
April 2021, 110 pages, Softcover, ISBN: 978-1-4704-4753-
3, 2010 Mathematics Subject Classification: 14T05; 14C20, 
14G22, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/270/1323

bookstore.ams.org/memo-270-1323

Galois and Cleft Monoidal Cowreaths. 
Applications
D. Bulacu, University of Bucharest, Romania, and B. Torre-
cillas, Universidad de Almería, Spain

Memoirs of the American Mathematical Society, Volume 
270, Number 1322
April 2021, 125 pages, Softcover, ISBN: 978-1-4704-4752-6, 
2010 Mathematics Subject Classification: 18D10, 16S34, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/270/1322

bookstore.ams.org/memo-270-1322

Cohomological Tensor Functors on 
Representations of the General Linear 
Supergroup
Thorsten Heidersdorf, Max-Planck Institut für Mathematik, 
Bonn, Germany, and R. Weissauer, Universität Heidelberg, 
Germany

Memoirs of the American Mathematical Society, Volume 
270, Number 1320
April 2021, 106 pages, Softcover, ISBN: 978-1-4704-4714-
4, 2010 Mathematics Subject Classification: 17B10, 17B20, 

http://bookstore.ams.org/conm-764
http://bookstore.ams.org/memo-270-1320
http://bookstore.ams.org/memo-270-1319
http://bookstore.ams.org/memo-270-1323
http://bookstore.ams.org/memo-270-1318
http://bookstore.ams.org/memo-270-1322
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New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Rational Points on Curves 
Over Finite Fields
Jean-Pierre Serre

In 1985 Jean-Pierre Serre gave a 
series of lectures at Harvard Uni-
versity on the number of points 
of curves over finite fields. Based 
on notes taken at that time by F. 
Q. Gouvêa, the present revised 
and completed documents pro-
vide an insightful introduction 
to this beautiful topic and to 

most of the ideas that have been developed in this area 
during the last 30 years.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Documents Mathématiques, Number 18
December 2020, 187 pages, Softcover, ISBN: 978-2-85629-
923-4, 2010 Mathematics Subject Classification: 11G20, 
14G15, 14G05, List US$67, AMS members US$53.60, 
Order code SMFDM/18

bookstore.ams.org/smfdm-18

Séminaire Bourbaki
Volume 2018/2019 Exposés 
1151-1165

This 71st volume of the Bour-
baki Seminar gathers the texts of 
the fifteen survey lectures deliv-
ered during the year 2018/2019. 
Among the topics addressed, 
the reader will find: Euclidean 
lattices and theta series, plurip-
otential theory, random regular 
graphs, non-exact groups and 

spaces, the companion conjecture, C*-simplicity, birational 
geometry of Fano varieties, stable reduction in higher 

Discrete Mathematics 
and Combinatorics

Existence of Unimodular Triangulations–Positive 
Results
Christian Haase, Freie Universität Berlin, Germany, Andreas 
Paffenholz, Technische Universität Darmstadt, Germany, 
Lindsay C. Piechnik, High Point University, NC, and Fran-
cisco Santos, Universidad de Cantabria, Santander, Spain

This item will also be of interest to those working in algebra and 
algebraic geometry.

Memoirs of the American Mathematical Society, Volume 
270, Number 1321
April 2021, 83 pages, Softcover, ISBN: 978-1-4704-4716-
8, 2010 Mathematics Subject Classification: 52B20, 52B11; 
13F20, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/270/1321

bookstore.ams.org/memo-270-1321

Bounded Littlewood Identities
Eric M. Rains, California Institute of Technology, Pasadena, 
and S. Ole Warnaar, The University of Queensland, Brisbane,  
Australia

This item will also be of interest to those working in algebra and 
algebraic geometry.

Memoirs of the American Mathematical Society, Volume 
270, Number 1317
April 2021, 115 pages, Softcover, ISBN: 978-1-4704-4690-
1, 2010 Mathematics Subject Classification: 05E05, 05E10, 
17B67, 33D67, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/270/1317

bookstore.ams.org/memo-270-1317

http://bookstore.ams.org/memo-270-1321
http://bookstore.ams.org/memo-270-1317
http://bookstore.ams.org/smfdm-18
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This item will also be of interest to those working in number 
theory.

Published for the Mathematical Society of Japan by Kinokuniya, Tokyo, 
and distributed worldwide, except in Japan, by the AMS.

Advanced Studies in Pure Mathematics, Volume 86
December 2020, 687 pages, Hardcover, ISBN: 978-4-86497-
092-1, 2010 Mathematics Subject Classification: 11R23, List 
US$95, AMS members US$76, Order code ASPM/86

bookstore.ams.org/aspm-86

Differential Equations

The Role of Metrics in 
the Theory of Partial 
Differential Equations
Yoshikazu Giga, The University 
of Tokyo, Nao Hamamuki, Hok-
kaido University, Hideo Kubo, 
Hokkaido University, Hirotoshi 
Kuroda, Hokkaido University, and 
Tohru Ozawa, Waseda University, 
Editors

This volume is edited as the pro-
ceedings of the 11th Mathemati-

cal Society of Japan, Seasonal Institute (MSJ-SI) “The Role 
of Metrics in the Theory of Partial Differential Equations,” 
held for the period of July 2–13, 2018, in Hokkaido Univer-
sity, Sapporo, Japan. This volume consists of peer-reviewed 
articles written by speakers who actively lead the fields of 
partial differential equations, numerical analysis, harmonic 
analysis, and geometric analysis. It should be underlined 
that three survey articles provided by course lecturers show 
an interesting direction of analysis under various metrics. 
This volume is suitable for any graduate students and young 
researchers to motivate the research on these fields from 
the viewpoint of metrics.

Published for the Mathematical Society of Japan by Kinokuniya, Tokyo, 
and distributed worldwide, except in Japan, by the AMS.

Advanced Studies in Pure Mathematics, Volume 85
December 2020, 543 pages, Hardcover, ISBN: 978-4-86497-
090-7, 2010 Mathematics Subject Classification: 35–06; 
35R01, 42B37, 65N12, 83C05, List US$76, AMS members 
US$60.80, Order code ASPM/85

bookstore.ams.org/aspm-85

dimension, higher rank Teichmüller theories, HOMFLY 
polynomials and Hilbert schemes, Riemann zeta function 
and probability, phase transition in percolation, triangula-
tion conjecture, homology of Hurwitz spaces, and minimal 
hypersurfaces.

This item will also be of interest to those working in geometry 
and topology and number theory.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Astérisque, Number 422
January 2021, 599 pages, Softcover, ISBN: 978-2-85629-
930-2, 2010 Mathematics Subject Classification: 11F27, 
11H31, 94B75, 32U15, 32U20, 32Q15, 32L05, 60G55, 
05C80, 60B20, 20F69, 20F06, 46B85, 20F65, 05C25, 
14F20, 46L35, 37A55, 43A07, 14J45, 14E30, 14C20, 
14E05, 14E07, 14J10, 14D22, 14B05, 53C15, 32G15, 
20J05, 14H10, 49Q05, 53C22, 58E05, 58Exx, 37F30, 
14C05, 14H20, 57M25, 57M27, 11M06, 11–02, 11K99, 
60G70, 60K35, 57Q15, 57R58, 11G20, 11S31, 55R80, List 
US$120, AMS members US$96, Order code AST/422

bookstore.ams.org/ast-422

Development of Iwasawa 
Theory
The Centennial of K. 
Iwasawa’s Birth
Masato Kurihara, Keio Univer-
sity, Kenichi Bannai, Keio Uni-
versity, Tadashi Ochiai, Osaka 
University, and Takeshi Tsuji, 
University of Tokyo, Editors

This volume is edited as the pro-
ceedings of the international 
conference “Iwasawa 2017” 

which was held at the University of Tokyo from July 19th 
through July 28th, 2017, in order to commemorate the 
100th anniversary of Kenkichi Iwasawa’s birth. In total, 
236 participants attended the conference, including 98 
participants from 15 countries outside Japan, and enjoyed 
the talks and the discussions on several themes flourishing 
in Iwasawa theory. This volume consists of three survey 
papers and 15 research papers submitted from the speak-
ers and the organizers of the conference. We also included 
four essays on memories of Iwasawa to celebrate the Cen-
tennial of Iwasawa’s birth. We recommend this volume to 
all researchers and graduate students who are interested in 
Iwasawa theory, number theory, and related fields.

  86
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The Role of Metrics in the Theory 
of Partial Differential Equations
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“A quantum strategy could verify the solutions to 
unsolvable problems—in theory”

Science News
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e “The Promising Math Behind 
‘Flattening the Curve’”

Wired

“Abel Prize Shared by 2 Trailblazers of Probability and Dynamics”

The New York Times

“Topological mechanics 
of knots and tangles”

Science

“The long road to 
fairer algorithms” 

Nature

“Mathematical thinking 
begins in the early years 
with dialogue and real-
world exploration” 

The Conversation

“Why you might be counting in the wrong language”
BBC Future

“How Hands-On Projects Can 
Deepen Math Learning for Teens” 

KQED

”Lunch With Freeman Dyson, in
196,883 Dimensions” 

The New York Times

Review of “HUMBLE PI: 
When Math Goes Wrong 
in the Real World”

KSCJ

The news should start with mathematics, then poetry, and move down from there. 
THE HUMANS, by Matt Haig

“Katherine Johnson, NASA mathematician 
depicted in ‘Hidden Figures,’ dies at 101”

NBC News
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May 6–7 Fresno, California p. 859
September 9–10 Buffalo, New York p. 860

  2024  
January 3–6 San Francisco (JMM 2024) p. 860
May 4–5 San Francisco, California p. 860

See www.ams.org/meetings for the most up-to-date  
information on the meetings and conferences that we offer.

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Spring Central Virtual Sectional Meeting
now meeting virtually, CDT (hosted by the American Mathematical Society)

April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: March 2, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Heat flow and sets of finite perimeter.
Malabika Pramanik, University of British Columbia and BIRS, Got patterns?
Maksym Radziwill, Caltech, Recent progress in analytic number theory.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Commutative Algebra, Ayah Almousa, Cornell University, and Sean Sather-Wagstaff, Clemson University.
Graph Theory and Applications, Katherine F. Benson, University of Wisconsin-Stout, Christine A. Kelley, University of 

Nebraska-Lincoln, and JD Nir, University of Manitoba.
Interactions between Representation Theory, Poisson Geometry, and Noncommutative Algebra, Jason Gaddis, Miami University, 

Padmini Veerapen, Tennessee Technological University, and Xingting Wang, Howard University.

https://www.ams.org/amsmtgs/sectional.html
https://www.ams.org/amsmtgs/sectional.html
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Legendrian Knots and Surfaces, Honghao Gao, Michigan State University, and Dan Rutherford, Ball State University.
Nonsmooth Analysis and Geometry, Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight and Nageswari 

Shanmugalingam, University of Cincinnati.
Cancelled: Numerical Linear Algebra, Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and Qiang 

Ye, University of Kentucky.
Probabilistic and Diffusion Methods in Analysis and Geometry, Rodrigo Bañuelos and Jing Wang, Purdue University, and 

Ju-Yi Yen, University of Cincinnati.
Recent Progress in Analytic Number Theory, Seungki Kim, University of Cincinnati, Xiannan Li, Kansas State University, 

and Xuancheng Fernando Shao, University of Kentucky.
Sharp Estimates in Harmonic Analysis, Kabe Moen, University of Alabama, Leonid Slavin, University of Cincinnati, and 

Alex Stokolos, Georgia Southern University.

Spring Western Virtual Sectional Meeting
now meeting virtually, PDT (hosted by the American Mathematical Society)

May 1–2, 2021
Saturday – Sunday

Meeting #1167
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic and Combinatorial Aspects of Polytopes, Federico Ardila, San Francisco State University and Los Andes University, 
Laura Escobar, Washington University in St. Louis, and Raul Penaguiao, University of Zurich.

Algebraic K-theory, Mathematical Physics, and Perfectoid Spaces, Shanna Dobson, California State University, Los Angeles, 
and Michael Maroun.

Analysis, Combinatorics, and Geometry of Fractals, Kyle Hambrook, San Jose State University, and Chun-Kit Lai, San 
Francisco State University.

Categorical and Combinatorial Methods in Representation Theory, and Related Topics, Mee Seong Im, U.S. Naval Academy, 
Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Commutative Algebra, Juliette Bruce, Mathematical Sciences Research Institute, Berkley, Monica Lewis, University of 
Michigan, and Sean Sather-Wagstaff, Clemson.

Connections between homotopical algebra and geometry, Ryan Grady, Montana State University, and Chris Rogers, Uni-
versity of Nevada, Reno.

Diagrammatic and Combinatorial Methods in Representation Theory, Robert Muth, Washington & Jefferson College, Nick 
Davidson, Reed College, Peter Tingley, Loyola University Chicago, and Tianyuan Xu, University of Colorado Boulder.

Differential Geometry and Geometric PDE, Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo Seto, and Bog-
dan Suceavă , California State University, Fullerton.

Geodesics in Hyperbolic 2- and 3-Manifolds, Maria Trnkova, University of California, Davis, and Andrew Yarmola, 
Princeton University.

Geometric Analysis, Ovidiu Munteanu, University of Connecticut, and David Bao, San Francisco State University.
Geometric and Categorical Methods in Representation Theory, Ana Balibanu, Harvard University, Daniele Rosso, Indiana 

University Northwest, and Jonathan Wang, Massachusetts Institute of Technology.
How do Industry Professionals Use Big Data?, Luella Fu, San Francisco State University.
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Localization and delocalization in ergodic quantum systems, Ilya Kachkovskiy, Michigan State University, and Wencai Liu 
and Rodrigo Matos, Texas A&M University.

Nonlinear PDEs and fluid dynamics, Igor Kukavica, Juhi Jang, and Wojciech Ozanski, University of Southern California.
Quivers, Tensors, and Their Applications, Visu Makam, Institute for Advanced Study, Francesca Gandini, Kalamazoo 

College, and Alana Huszar and Robert Cochrane, University of Michigan.
Regularity Theory for Linear and Nonlinear PDEs, Zongyuan Li, Rutgers University, Weinan Wang, University of Arizona, 

and Xueying Yu, Massachusetts Institute of Technology.
Research in Mathematics by Early Career Graduate Students, Michael Bishop, Marat V. Markin, and Khang Tran, Cali-

fornia State University, Fresno.
Social Change through Mathematics and Education, Federico Ardila and Shandy Hauk, San Francisco State University, 

Ashia Wilson, Massachusetts Institute of Technology, and Robin Wilson, California State Polytechnic University, Pomona.
Topological Perspectives in Graph Theory, Classical and Recent, Jonathan L. Gross, Columbia University, Timothy Sun, 

San Francisco State University, and Thomas W. Tucker, Colgate University.
Women in Commutative Algebra - One hundred years of Idealtheorie in Ringbereichen, Eloísa Grifo and Alessandra Cos-

tantini, University of California, Riverside.

Buenos Aires, Argentina
Mathematical Congress of the Americas 2021 (MCA2021)

The University of Buenos Aires

July 19–24, 2021
Monday – Saturday

Meeting #1169
Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

Due to current uncertainty about the possibility of traveling this year, and in order to make planning ahead possible, the 
Steering Committee of the MCA has decided to make MCA2021 a fully online event.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: Expired
For abstracts: August 10, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Coding, Storage, and Related Applications (Code: SS 5A), Swanand Kadhe, University of California Berkeley, Christine 
Kelley, University of Nebraska-Lincoln, and Gretchen Matthews, Virginia Tech.

Commutative Algebra (Code: SS 3A), Jason McCullough, Iowa State University, and Alexandra Seceleanu, University 
of Nebraska.

Geometric and Topological Combinatorics and Their Applications (Code: SS 7A), Rob Davis, Colgate University, and Bennet 
Goeckner, University of Washington.

Homological Methods in Commutative Algebra (Code: SS 9A), Daniel Erman, University of Wisconsin-Madison, and 
Claudiu Raicu, Notre Dame University.

New Trends in Combinatorics (Code: SS 8A), Steve Butler and Bernard Lidický , Iowa State University.
Progress in Nonlinear Waves (Code: SS 4A), David Ambrose, Drexel University.
Quiver Representations: Bridging Theory and Application (Code: SS 2A), Yariana Diaz, Cody Gilbert, Ryan Kinser, and 

Amrei Oswald, University of Iowa.
Recent Advances in Numerical Methods for Partial Differential Equations (Code: SS 1A), Mahboub Baccouch, University 

of Nebraska at Omaha, and Slimane Adjerid, Virginia Tech.
Theoretical and Applied Aspects of Nonlocal Equations (Code: SS 6A), Animesh Biswas and Petronela Radu, University 

of Nebraska-Lincoln, and Mary Vaughan, The University of Texas at Austin.

Fall Western Virtual Sectional Meeting
now meeting virtually, PDT (hosted by the American Mathematical Society)

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

A Special Session in Combinatorics and Applications to Optimization, Statistics and Machine Learning: In memory of Roger C. 
Entringer and Reuben Hersh. (Code: SS 7A), Joseph R. Barr, Acronis SCS, Peter Shaw, Nanjing University of Info Science 
and Technology, and Faisal Abu-Khzam, American Lebanese University.

Commutative Ring Theory (Code: SS 4A), Louiza Fouli, New Mexico State University, and Janet Vassilev, University of 
New Mexico.

Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of 
Mining and Technology.

Elliptic and parabolic equations on topics arising from models in materials science (Code: SS 5A), Guanying Peng, Worcester 
Polytechnic Institute, and Xiang Xu, Old Dominion University.

Harmonic Analysis (Code: SS 8A), David Beltran, University of Wisconsin-Madison, and José Madrid, University of 
California, Los Angeles.

Hyperplane arrangements in connection with commutative algebra (Code: SS 10A), Kuei-Nuan Lin, Penn State University, 
and Federico Galetto, Cleveland State University.
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Inverse Problems: In Memory of Professor Zbigniew Oziewicz (Code: SS 1A), Hanna Makaruk, Los Alamos National Lab-
oratory, and Robert Owczarek, University of New Mexico.

Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi, 
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Recent development on Statistical Modeling and designs (Code: SS 6A), Guoyi Zhang, University of New Mexico.
Tensor Categories and Applications (Code: SS 9A), Cain Edie-Michell, Vanderbilt University, and Julia Plavnik and Sean 

Sanford, Indiana University.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, Title to be announced.
Scott McKinley, Tulane University, Title to be announced.
Swetlana Roudenko, Florida International University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Combinatorial and Geometric Representation Theory (Code: SS 2A), Mahir Bilen Can, Tulane University, and Joerg Feld-
voss, University of South Alabama.

Recent Progress in Numerical Methods for PDEs (Code: SS 1A), Muhammad Mohebujjaman, Texas A&M International 
University, and Leo Rebholz, Clemson University.

Seattle, Washington (JMM 2022)
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: April 7, 2021
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced.
Daniel Reuben Krashen, Rutgers University, Title to be announced.
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Gaston Mandata N’Guerekata, Morgan State University, Title to be announced.
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures).
Eitan Tadmor, University of Maryland, Title to be announced (AMS Josiah Willard Gibbs Lecture).

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
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Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 
University of Central Florida, and Yixiang Wu, Middle Tennessee State University.

Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-
sin-Madison.

Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.

Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 
University, and Khrystyna Serhiyenko, University of Kentucky.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-
abeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
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Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 
Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
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Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The meeting could not be held as planned in 2021 due to the restrictions on travel and gatherings that are expected to be 
in force at the scheduled time and location. The organizers and the three mathematical societies agreed to postpone the 
meeting to July 18–22, 2022 in Grenoble. This date was chosen to be in synergy with the 2022 International Congress 
of Mathematicians, which will meet July 6–14 in St. Petersburg, Russia. If the pandemic situation is still problematic at 
that time, then the meeting will be held fully online July 18–22, 2022.

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.
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Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris- Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.
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El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate secretary: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate secretary: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate secretary: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate secretary: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
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Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 
Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University.
Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022

For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of 
California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
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Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 
Natalia Komarova and Jesse Kreger, University of California, Irvine.

Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.

Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-
versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.

Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 
Tran, California State University, Fresno.

Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate secretary: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Help Create Opportunity
Donate to AMS Undergraduate Opportunity Awards

Waldemar J. Trjitzinsky Memorial Awards
Edmund Landau Award | William Lockwood Forster Memorial Award

Since 1991, the annual Waldemar J. Trjitzinsky awards have assisted talented un-
dergraduate mathematicians who may be in danger of not completing their degree 
programs for � nancial reasons. Thanks to generous donors, two new awards—the 
Edmund Landau Award and the William Lockwood Forster Memorial Award—will 
expand the Undergraduate Opportunity Awards program and support more stu-
dents in the future.

Your gift to these three Undergraduate Opportunity Awards will support rising 
mathematicians across the country.  Or, create your own named fund to bene� t 
generations of math students in need.

Cheyenne Kara 
Hendershott
Applied Mathematics Major
Southeast Missouri State 
University
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Christina McBean
Mathematics and Physics 
Double Major

Howard University
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Jack Gianetti
Mathematics Major

University of Florida
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Shaun Cesario
Mathematics and Economics 
and Sociology Double Major
Bradley University
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2020 Waldemar J. Tritzinsky award recipients included:

THANK YOU!
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