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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

An ICM is a unique meeting place for mathematicians 
from all over the world to assemble, put political and cul-
tural differences aside, and discuss mathematics. As such, 
the ICM in Saint Petersburg offers a unique opportunity to 
promote, stimulate, and support mathematics both within 
Russia and worldwide. 

—The Executive Committee of the IMU
Berlin, 26 February 2021

Harold Seymour Shapiro 1928–2021; 
in memoriam
Harold Seymour Shapiro, Professor Emeritus of the Royal 
Institute of Technology in Stockholm, passed away on 
March 5, 2021.

He was born in 1928 in Brooklyn, NY, and obtained 
his undergraduate degree from City College, NY, where he 
was a prominent member of the “mathematical table” that, 
among others, included D. J. Newman, M. Davis, and J. 
Schwartz. He received his PhD from MIT in 1952 under the 
direction of Norman Levinson. Having spent a few years at 
Bell Labs, Shapiro became a professor at the U. of Michigan. 
In 1970, he moved to Sweden and became a professor at 
the Royal Institute of Technology in 1972.

His main area of interest has been classical analysis and 
its interplay with functional analysis. He has left significant 
imprints in approximation theory, complex and harmonic 
analysis, potential theory, and the theory of functions. 
Shapiro’s 1951 MS thesis introduced special trigonometric 
polynomials with coefficients ±1 as solutions of a certain 
extremal problem. The polynomials, nowadays called 
Rudin-Shapiro polynomials, are systematically used in 
engineering applications.

Harold’s PhD thesis introduced a completely novel 
approach to a wide class of extremal problems in complex 
analysis based on Hahn-Banach duality. (S. Ya. Khavinson 
in the USSR made the same discovery independently.) 
These results appeared as a joint paper with W. Rogosinski 
in Acta Math. in 1953.

In a groundbreaking paper with D. Aharonov in 1976, 
the fruitful subject of quadrature domains in the complex 
plane was introduced. The topic remains a very active field 
to date.

Shapiro has published over 150 research articles and 4 
books, many of which are nowadays standard references 
for mathematicians working in a wide spectrum of fields.

Letter to the editor 
I write to draw attention to a job advertisement for the posi-
tion of Division Director at the NSF Division of Mathemat-
ical Sciences, currently posted at https://www.usajobs 
.gov/GetJob/ViewDetails/600624900, with closing 
date July 7th. Please pass this on to any colleagues who 
may be interested in applying.

—Akshay Venkatesh
Institute for Advanced Study, Princeton, NJ

A statement from the International  
Mathematical Union
The recent detainments and arrests of several members of 
the Russian mathematics community, on the charges of 
participation in a rally, has led to an outpouring of support 
and expressions of solidarity for those detained. The Inter-
national Mathematical Union (IMU) joins those voicing 
their support and calls for the universal right to peaceful 
expression of political views to be respected. Any modern 
society that values science and international cooperation 
should listen to the scientists.

The case of Azat Miftakhov, a graduate student in math-
ematics who has already spent almost 2 years in pre-trial 
detention and who was sentenced, on a charge of hooligan-
ism, to 6 years imprisonment in a penal colony, adds to the 
concerns. The IMU also calls for leniency and compassion 
for Azat Miftakhov as he appeals this sentence.

The IMU strongly believes that the best way to offer 
support to colleagues in Russia is to foster and promote 
international cooperation with them, especially with re-
gard to the next International Congress of Mathematicians 
(ICM) that will be held in Saint Petersburg.

In response to the situation described above, some 
activists have now called for a boycott of the ICM in Saint 
Petersburg in 2022. The IMU as well as the International 
Science Council, of which the IMU is a member, oppose 
all boycotts of scientific events and all attempts to link 
scientific activities to political and societal issues, since 
boycotts are viewed to be harmful for all concerned. Spe-
cifically, the IMU rejects this call for a boycott of the ICM 
in Saint Petersburg in 2022 and any intimidation of the 
ICM organizers or prospective participants. 

https://www.usajobs.gov/GetJob/ViewDetails/600624900
https://www.usajobs.gov/GetJob/ViewDetails/600624900
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In his first years in Stockholm, he launched a special 
problem solving seminar, which has attracted numerous 
students. Many of them graduated with a PhD under Har-
old’s supervision. Shapiro was a model speaker and an 
outstanding expositor. He has given over 70 plenary talks 
at various international and national meetings.

Professor Shapiro was particularly generous with his 
time to his students. As a student, there was never any 
need to make an appointment with him to tell him your 
latest idea. You would simply knock on his door. There he 
was sitting behind his desk, drinking tea, waving for you 
to come in and go to the blackboard and show him what 
the idea was. He was also always honest. If your idea had 
little to no chance of working out, he would let you know 
right away and would explain why that was the case. He 
was usually right. He would also be very excited if he saw 
some potential in the idea. He was a fantastic PhD advisor, 
as many of his students can attest to.

Besides his mathematical and pedagogical input, Harold 
Shapiro will always be remembered by his many students, 
friends and collaborators for his human and scientific 
generosity, his love and enthusiasm for mathematics, un-
matched curiosity, his readiness to discuss mathematics at 
all times with anybody (he always had visitors from the 
KTH Engineering coming to his office with questions), 
his humbleness, gentleness, his erudition in many areas 
outside of mathematics and his kind humor.

—Peter Ebenfelt, Professor of Mathematics, 
UC San Diego, pebenfelt@ucsd.edu

 —Dmitry Khavinson, Professor of Mathematics, 
University of South Florida, dkhavins@usf.edu

Mittag-Leffler Institute
With reference to the letter of Ulf Persson and others, I am 
writing on behalf of the International Commission on the 
History of Mathematics to express appreciation and sup-
port for the magnificent library and archive collection at 
the Mittag-Leffler Institute. For historians of mathematics, 
the Institute is both a treasure trove of material, both in 
manuscript and in print, as well as an inspirational place 
in which to work; while for mathematicians a visit there 
puts them in touch with the history of their subject in a 
way unparalleled elsewhere.

The original library collection of Gösta Mittag-Leffler, 
and in particular the extensive collection of manuscripts 
by leading mathematicians of his time and before, should 
remain available to historical scholars and remain hosted in 
its original setting. This fundamental and unique resource 
should be appropriately conserved under the supervision 
of appropriate professionals in archive and information 
science, who can control its safe access, with an explicit 
program to make it available to researchers.

—June Barrow-Green, Chair of the International 
Commission on the History of Mathematics, 

Professor of History of Mathematics, The Open University

Member
Get A

Member
Program
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A WORD FROM...
Katherine Stevenson, Chair of the AMS Committee on Education

The opinions expressed here are not necessarily those of the Notices or the AMS.

The American Mathematical Society’s role in education policy and practice is evolving 
while remaining faithful to the AMS mission to “advance mathematical research and create 
connections.” Here are the connections I see:

 • Mathematical research benefits when the profession casts the widest possible 
net for talent. The AMS should play a leadership role in thinking about how to 
encourage and engage students from communities traditionally overlooked by, 
underserved by, and underrepresented in mathematics.

 • Among the connections that the AMS seeks to create are those with government 
leaders, funding agencies, and sister societies. Such connections enable the AMS 
to participate in developing policies on the teaching and learning of mathematics 
that support an equitable, well-functioning democracy and economy.

The Committee on Education is one of six policy committees of the AMS. Established 
in August 1990, it created a tradition of discussion on educational matters within the AMS, 
and between our community and other interested national and governmental organiza-
tions. That tradition has helped us rethink our pedagogical approaches to teaching math. 

This spring, for the first time, the Committee on Education brought action items to the 
AMS Council. The first action item established the AMS Lecture on Education. Given annually at the JMM starting 
in 2022, it will address student learning, educational equity, and inclusive practices within the mathematics and 
STEM communities. The second action item elevated the Award for Impact on the Teaching and Learning of Mathematics 
from a Committee on Education Award to an AMS Award. That award, established in 2013 by a generous gift from 
Kenneth I. and Mary Lou Gross, will be presented at the JMM alongside the other AMS awards starting in 2022. Both 
items announce publicly that mathematics education policy and practice are amongst the priorities of the AMS. 

The Committee on Education has reorganized its events to sharpen their focus and widen their reach. The an-
nual October conference in Washington, DC, was scaled back, and the Committee on Education’s JMM panel was 
repurposed to follow up on whatever topic was introduced at the October conference. The fall conference acts as an 
opportunity for mathematicians to interact with those outside of mathematics, including legislative representatives 
and leaders from sister disciplines. That discussion is continued at the JMM with a focus on disseminating ideas 
within the mathematical community. The combined events provide the AMS membership with an opportunity 
to learn how to work towards establishing effective and equitable educational policies at their own institutions. 

The 2019–2020 Committee on Education’s events focused on “Mathematics Departments and the Explosive Growth 
of Computational and Quantitative Offerings in Higher Education.” The October conference focused on computational 
programs which ranged from those entirely within mathematics departments to those done in collaboration with, 
or in opposition to, mathematics departments. External presenters included representatives from NIST and the 
NSF Division of Graduate Education who challenged the way we view graduate education in mathematics. In 
particular, they pointed to a 2018 National Academies Report1 that recommended significant changes to graduate 
STEM education to better prepare graduates for collaborative work in academic research as well as for careers in 
industry and teaching. The government representatives pointed out that unlike other STEM disciplines, mathemat-
ical societies had not sought funds and guidance to implement those recommendations. In January 2020 at the 

Katherine Stevenson is a professor of mathematics at California State University, Northridge. Her email address is katherine.stevenson@csun 
.edu.
1https://www.nap.edu/read/25038/chapter/1
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JMM, we followed up on that theme with a panel discussion on data science programs. Importantly, the panel consisted 
of three faculty members, one each from an R1 university, a Master’s granting university, and a liberal arts college, and 
we had one female and one Latinx among the panelists.

The work of the Committee on Education is now assisted by the AMS’s first Director of Education, Dr. Abbe Herzig. The 
directorship is an AMS staff position with responsibility for the newly created Department of Education within the AMS 
Division of Government Relations. Dr. Herzig oversees the AMS education portfolio with a particular focus on graduate 
education in the mathematical sciences. She has a passion for educational equity, which makes working with her both 
productive and inspiring. I encourage the mathematical community to reach out to her with ideas and questions. 

The coordinated efforts of the AMS Committee on Education, its Department of Education, and the AMS Policy Com-
mittee on Equity, Diversity, and Inclusion (created January 2020) are refining the AMS role in education and providing 
organizational structures to achieve coherent goals consistent with our mission. But there is more to be done. In par-
ticular, the AMS could do more to foster mathematical talent trained outside of elite high schools and R1 institutions. 
Disproportionately, the young mathematicians educated outside these pathways are the colleagues most likely to change 
the complexion, gender, and job descriptions of our profession. My hope is that the AMS will work with sister societies to 
facilitate meaningful educational and research connections between R1 universities, and R2 and R3 universities, Master’s 
granting universities, liberal arts colleges, and community colleges. In this way, our AMS can play its part in ensuring 
equitable access to the opportunities afforded by a deep and relevant mathematics education.

Check program announcements, 

eligibility requirements, and learn more at:

www.ams.org/student-travel

AMS Grad Student 
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Connect with fellow 
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Now providing support for doctoral student travel to the January 

Joint Mathematics Meetings or the AMS Sectional Meetings



Spectral Geometry in
the Presence of Symmetry

Craig Sutton
Let’s play a game! Suppose there is a screen separating us.
On my side of the screen there is a drum and on your side
of the screen there are materials from which you can build
a drum. After listening to me play my drum, your task is
to build one that “sounds” identical to mine. (For the pur-
poses of this thought experiment we’ll assume you have
perfect pitch and are an expert drum maker!) When your
drum is complete, the screen is lifted and we consider the
degree to which the geometry of our drums are necessarily
identical. For instance, in order for your drum to sound
like mine, does it necessarily have the same surface area as
my drum? Or, in order for our drums to sound alike, are

Craig Sutton is an associate professor of mathematics, Director of the E.E. Just
Program, and House Professor of School House at Dartmouth College. His
email address is craig.j.sutton@dartmouth.edu.
This article is dedicated to my parents and written in solidarity with the Black
Lives Matter movement.

Communicated by Notices Associate Editor Chikako Mese.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2294

they required to have the same “curviness”? In brief, we
wonder about the extent to which it is possible to hear the
shape of a drum.

This whimsical question was the basis for Mark Kac’s
highly influential article “Can one hear the shape of a
drum?” [Ka]. Written a little over half a century ago, Kac’s
article helped spark renewed interest in the inverse spec-
tral problem. To formulate Kac’s question in precise math-
ematical terms, let Ω ⊂ ℝ2 be a connected bounded do-
main, which we can think of as a drumhead that vibrates
in the direction orthogonal to the plane. If we let 𝑢(𝑥, 𝑦, 𝑡)
denote the (orthogonal) displacement of the point (𝑥, 𝑦) ∈
Ω at time 𝑡 after the drumhead has been struck, then 𝑢 sat-
isfies the wave equation:

𝜕2𝑢
𝜕𝑡2 + Δ𝑢 = 0 with 𝑢 ↾ 𝜕Ω ≡ 0, (1)

where Δ = −( 𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
) is the Laplace operator (with

the given boundary conditions), a self-adjoint operator on
𝐿2(Ω). The spectrum of Ω is defined to be the eigenvalues
𝜆0 = 0 < 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑘 ↗ +∞ of the associated
Laplace operator on 𝐿2(Ω), and two domains are said to
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Figure 1. Isospectral planar domains of Gordon, Webb, and
Wolpert [GWW].

be isospectral if their spectra agree. Finally, a geometric
property that must be shared by two isospectral domains
is a spectral invariant or, in the spirit of the metaphor, is
said to be audible.

Using separation of variables, the general solution to
equation (1) is given by

𝑢(𝑥, 𝑦, 𝑡) =
∞
∑
𝑘=0

(𝑎𝑘 cos(√𝜆𝑘𝑡) + 𝑏𝑘 sin(√𝜆𝑘𝑡))𝜑𝑘(𝑥, 𝑦),

where 𝑎𝑘, 𝑏𝑘 ∈ ℝ are constants and ⟨𝜑𝑘⟩∞𝑘=0 is an or-
thonormal basis of 𝐿2(Ω) consisting of Δ-eigenfunctions:
Δ𝜑𝑘 = 𝜆𝑘𝜑𝑘. Therefore, the spectrum of Ω is equiva-

lent to knowing the natural frequencies ⟨√𝜆𝑘
2𝜋

⟩∞𝑘=0 at which
the drumhead will freely vibrate: these frequencies are the
overtones of the drumhead. Now, the question posed in
the title of Kac’s article can be phrased as follows.

Problem 1. Are two isospectral bounded domains in ℝ2

necessarily isometric?

Kac has shown that the spectrally determined analytic
function ∑∞

𝑘=0 𝑒−𝜆𝑘𝑡 on ℝ+ ≡ (0, +∞) admits the follow-
ing asymptotic expansion:

∞
∑
𝑘=0

𝑒−𝜆𝑘𝑡 𝑡↘0∼ vol(Ω)
2𝜋𝑡 − 𝐿(𝜕Ω)

4√2𝜋𝑡
, (2)

where vol(Ω) and 𝐿(𝜕Ω) represent the volume and bound-
ary length of Ω, respectively [Ka]. Consequently, volume
and boundary length are audible properties of planar do-
mains, and, recalling that 𝐿(𝜕Ω) ≥ 4𝜋 vol(Ω) with equal-
ity if and only if Ω is a disk, it follows that the disk of
radius 𝑅—the planar domain with the “largest” symme-
try group—is determined up to isometry by its spectrum
(cf. Problem 2). In spite of this evidence in support of
an affirmative answer to Problem 1, Gordon, Webb, and
Wolpert were able to construct examples of isospectral yet
non-isometric bounded planar domains having polygonal
boundaries [GWW].1

1It is still an open question whether there are examples of non-isometric isospec-
tral planar domains with smooth boundaries. See [Ze] for a discussion of recent
results on this question.

While there is more that can be said about the spec-
tral geometry of planar domains (see [Ze], for exam-
ple), the present survey will largely concern itself with
the generalization of Problem 1 to 𝑛-dimensional closed
manifolds with an emphasis on the role symmetry has
played in our understanding of inverse spectral geometry.
In particular, in section 2, we will discuss how symme-
try can be harnessed to construct isospectral manifolds,
emphasizing construction techniques that yield isospec-
tral simply-connected Riemannian manifolds as found in
[Sc, Go2, Sut, AYY]. And, in section 3, we will explore
our ability to “hear” the geometry of spaces with “large”
symmetry groups, focusing on the author’s recent work
with Samuel Lin and Ben Schmidt regarding the audibil-
ity of the Thurston geometries and, more generally, three-
dimensional geometric structures [LSS1,LSS2].

1. The General Setup
The Laplace operator on a Riemannian manifold (𝑀, 𝑔) is
defined to be

Δ𝑔 = −div𝑔 ∘ grad𝑔 ∶ 𝐶∞(𝑀) → 𝐶∞(𝑀),

where grad𝑔 assigns to any smooth function 𝑓 its gradient
vector field grad 𝑓:

𝑑𝑓𝑝(𝑣) = 𝑔𝑝(𝑣, grad 𝑓(𝑝))
for any 𝑝 ∈ 𝑀 and 𝑣 ∈ 𝑇𝑝𝑀, and div𝑔 assigns to each
smooth vector field 𝑋 its divergence div𝑔 𝑋 , a smooth func-
tion that measures the infinitesimal distortion of volume
under Φ𝑡, the flow of 𝑋 :

𝑣′(0) = ∫
𝐾
div𝑔 𝑋 𝑑 vol𝑔,

where 𝑣(𝑡) = ∫Φ𝑡(𝐾) 𝑑 vol𝑔 and 𝐾 is a compact set. As be-
fore, Δ𝑔 is extended to an (essentially) self-adjoint oper-
ator on 𝐿2(𝑀) with a discrete spectrum 𝜆0 = 0 < 𝜆1 ≤
𝜆2 ≤ ⋯ ≤ 𝜆𝑘 ↗ +∞ accumulating only at infinity.
This sequnce of eigenvalues is known as the spectrum of
the manifold (𝑀, 𝑔) and will be denoted Spec∆(𝑀, 𝑔). On
occasion it will be useful to consider the eigenvalue set
of the Laplace operator E∆(𝑀, 𝑔), which is the sequence
𝜇0 = 0 < 𝜇1 < 𝜇2 < ⋯ < 𝜇𝑘 ↗ +∞ consisting of the
eigenvalues of the Laplace operator ignoring theirmultiplic-
ities. And, for any 𝜆 ∈ E (𝑀, 𝑔)we let 𝐿2(𝑀, 𝜈𝑔)𝜆 denote the
corresponding eigenspace. Two manifolds are said to be
isospectral if their spectra agree.

The most fundamental geometric invariant of a Rie-
mannian manifold (𝑀, 𝑔) is sectional curvature, which
measures the rate at which the geodesics at a point spread
relative to geodesics in Euclidean space. The geodesics in
the Euclidean plane 𝔼2 are straight lines and the straight
lines emanating from a fixed point spread linearly, as is re-
flected by the fact that any circle of radius 𝑟 > 0 in 𝔼2 has
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length 2𝜋𝑟. Now, given a point 𝑝 in a Riemannian mani-
fold (𝑀, 𝑔) and a two-dimensional subspace 𝜎 ≤ 𝑇𝑝𝑀, the
sectional curvature of 𝜎, denoted Sec(𝜎), is the scalar de-
fined by the Taylor expansion

𝐿(𝐶𝑟) = 2𝜋𝑟 − Sec(𝜎)
6 𝑟3 + 𝑜(𝑟5), (3)

where 𝐿(𝐶𝑟) is the length of 𝐶𝑟, the circle of radius 𝑟 cen-
tered at 𝑝 and determined by the geodesics 𝛾 with initial
condition 𝛾′(0) in 𝜎. Therefore, if Sec(𝜎) is positive (respec-
tively, zero or negative), then the geodesics determined
by 𝜎 initially spread sublinearly (respectively, linearly or
superlinearly). The sectional curvature of a Riemannian
manifold (𝑀, 𝑔) is conveniently encoded in its Riemann-
ian curvature tensor 𝑅, a (4, 0)-tensor associated to (𝑀, 𝑔).
Other notions of curvature include the Ricci curvature ten-
sor, denoted by Ric, and the scalar curvature function, de-
noted by Scal, which measure the degree to which the
growth of the volume of small cones and balls in (𝑀, 𝑔)
differ from their Euclidean counterparts, respectively.

To find relationships between the geometry of (𝑀, 𝑔)
and its spectrum, it has proven fruitful to examine the sin-
gularities of various spectrally determined distributions by
probing their attendant asymptotic expansions for geomet-
ric data. In particular, it is useful to analyze the singulari-
ties of

1. (Heat Trace) Tr (𝑒−𝑡∆𝑔) ≡ ∑∞
𝑘=0 𝑒−𝑡𝜆𝑘 ,

2. (Wave Trace) Tr (𝑒−𝑖𝑡√∆𝑔) ≡ ∑∞
𝑘=0 𝑒−𝑖𝑡√𝜆𝑘 .

The heat trace is an honest analytic function on the posi-
tive real line that approaches infinity as 𝑡 nears zero, while
the wave trace is a distribution on ℝ whose singularities
(up to sign) can only occur at lengths of smoothly closed
geodesics. This article will only make use of the heat trace.
For a survey that includes applications of the wave trace,
we recommend [Ze].

It is a result of Minakshisundaram and Pleijel (1949,
MR0031145 and 1953, MR0061750)2 that the heat trace
admits an asymptotic expansion as 𝑡 approaches zero:

Tr (𝑒−𝑡∆𝑔) 𝑡↘0∼ (4𝜋𝑡)−𝑛/2
∞
∑
𝑘=0

𝑎𝑘(𝑀, 𝑔)𝑡𝑘, (4)

where 𝑛 is the dimension of 𝑀 and the coefficients
{𝑎𝑘(𝑀, 𝑔)}∞𝑘=0, commonly referred to as the heat invari-
ants of (𝑀, 𝑔), are integrals of universal polynomials
{𝑢𝑘(𝑀, 𝑔)}∞𝑘=0 in the components of the Riemann curvature
tensor and its covariant derivatives:

𝑎𝑘(𝑀, 𝑔) = ∫
𝑀
𝑢𝑘(𝑀, 𝑔)𝑑𝜈𝑔. (5)

2The Notices of the AMS limits the bibliography to 20 references. Works not
contained in the bibliography will be given an in-text citation of the form (Year
of Publication, Mathematical Reviews or ArXiv Identifier).

Therefore, the asymptotics of the heat trace tell us that the
spectrum encodes averages of certain local geometric data
on the underlying manifold. Unfortunately, although use-
ful in obtaining positive results (see section 3), explicit
formulae exist only for the first few heat invariants and
only 𝑎0 and 𝑎1 appear to have natural geometric interpre-
tations. For instance, it is known that 𝑎0(𝑀, 𝑔) = ∫𝑀 1𝑑𝜈𝑔
is the volume of the Riemannian manifold and 𝑎1(𝑀, 𝑔) =
1
6
∫𝑀 Scal 𝑑𝜈𝑔 is a sixth of the total scalar curvature, while

𝑎2(𝑀, 𝑔) can be expressed as follows:

𝑎2(𝑀, 𝑔) = 1
360 ∫𝑀

2(|𝑅|2 − |Ric |2) + 5 Scal2 𝑑𝜈𝑔,

where | ⋅ | is the norm on tensors induced by 𝑔. Therefore,
equation (4) implies the spectrum encodes the dimension,
volume, and total scalar curvature of the underlying Rie-
mannian manifold. And, since scalar curvature equals
Gaussian curvature in dimension two, the Gauss-Bonnet
Theorem implies the Euler characteristic of a closed sur-
face (Σ, 𝑔) is encoded in its spectrum: 𝜒(Σ) = 6

2𝜋
𝑎1(Σ, 𝑔).

In spite of this promising start, it is well known that the
spectrumdoes not fully encode the geometry of its underly-
ing Riemannian manifold. The first non-trivial isospectral
pair is due to Milnor (1964, MR0162204). It consists of
two 16-dimensional flat tori Γ1\𝔼16 and Γ2\𝔼16, where 𝔼16
denotes ℝ16 equipped with a flat metric and Γ1, Γ2 ≤ ℝ16

are a pair of self-dual full-rank lattices discovered by Witt
and having the following properties: (1) they are not conju-
gate via the isometry group of 𝔼16, which ensures the corre-
sponding flat tori are non-isometric (see Example 13), and
(2) for any 𝜆 > 0, Γ1 and Γ2 contain the same number of vec-
tors of length at most 𝜆, which ensures the associated flat
tori have the same spectra.3 It would take two decades for
the mathematics community to begin to realize Milnor’s
isospectral manifolds are an instance of a systematic proce-
dure for producing isospectral pairs that utilizes symmetry
and representation theory.

2. Isospectral Manifolds Via Symmetry
To understand how symmetry enters the picture, first, no-
tice the group of diffeomorphisms Diff(𝑀) of a smooth
manifold 𝑀 has a natural action on 𝐿2(𝑀, 𝑑𝜈𝑔) given by
(Φ ⋅ 𝑓)(𝑥) = 𝑓(Φ−1(𝑥)) for any Φ ∈ Diff(𝑀) and 𝑓 ∈
𝐿2(𝑀, 𝑑𝜈𝑔), where 𝜈𝑔 is the associated Riemannianmeasure.
A diffeomorphism Φ is said to commute with the Laplace
operator Δ𝑔 if Φ ⋅ (Δ𝑔𝑓) = Δ𝑔(Φ ⋅ 𝑓) for any 𝑓 ∈ 𝐿2(𝑀, 𝑑𝜈𝑔).
It is not difficult to see that in the event Φ is actually an
isometry of (𝑀, 𝑔), then Φ commutes with Δ𝑔. In fact,
it is a result of B. Watson (1973, MR0365419) that this

3One can show that the eigenvalue set of a flat torus Γ\𝔼𝑛 is E∆(Γ\𝔼𝑛) =
{4𝜋2‖𝛾∗‖2 ∶ 𝛾∗ ∈ Γ∗}, where Γ∗ is the dual lattice of Γ, and the multiplicity

of 𝜆 ∈ E∆(Γ\𝔼𝑛) is equal to #{𝛾∗ ∈ Γ∗ ∶ ‖𝛾∗‖2 = 𝜆
4𝜋2

}.
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property characterizes the elements of Diff(𝑀) that are
isometries of (𝑀, 𝑔). Consequently, if 𝐺 is a Lie group con-
sisting of isometries of (𝑀, 𝑔), then the Δ𝑔-eigenspaces are
representations of 𝐺 under its natural action on 𝐿2(𝑀, 𝑑𝜈𝑔).

Second, recall that an embedded submanifold 𝐹 of a
Riemannian manifold (𝑀, 𝑔) is said to be totally geodesic
if the geodesics in 𝐹 equippedwith themetric induced by 𝑔
remain geodesics when viewed in the ambient space (𝑀, 𝑔).
For example, since the geodesics in Euclidean 𝑛-space 𝔼𝑛
are straight lines we see that any plane Π ⊂ 𝔼𝑛 is a totally
geodesic submanifold, while the round sphere 𝕊𝑛−1 ⊂ 𝔼𝑛,
whose geodesics are segments of great circles, is not a to-
tally geodesic submanifold. A map 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ) be-
tween two Riemannian manifolds is said to be a Riemann-
ian submersion if 𝜋 is a submersion and for each 𝑞 ∈ 𝑁 and
𝑝 ∈ 𝐹𝑞 ≡ 𝜋−1(𝑞) we have 𝜋∗ ∶ (ℋ𝑝, 𝑔𝑝 ↾ ℋ𝑝) → (𝑇𝑞𝑁, ℎ𝑞)
is an isometry, where 𝑇𝑝𝑀 = 𝑇𝑝𝐹𝑞 ⊕ℋ𝑝 is an orthogonal
direct sum. A Riemannian submersion 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ)
is said to have totally geodesic fibers if for any 𝑞 ∈ 𝑁,
𝐹𝑞 = 𝜋−1(𝑞) is a totally geodesic submanifold of (𝑀, 𝑔).
Under the assumption that 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ) is a Rie-
mannian submersion with totally geodesic fibers, it can
be shown that for any 𝜆 ∈ ℝ and 𝑓 ∈ 𝐶∞(𝑁) we have
Δℎ𝑓 = 𝜆𝑓 if and only if Δ𝑔(𝑓 ∘ 𝜋) = 𝜆(𝑓 ∘ 𝜋).

Putting the previous observations together, we find that
if the Lie group 𝐻 acts freely via isometries on (𝑀, 𝑔)
and with orbits that are totally geodesic submanifolds,
then E∆(𝐻\𝑀, 𝑔𝐻) ⊆ E∆(𝑀, 𝑔) and the multiplicity 𝑚∆(𝜆)
of each 𝜆 ∈ E∆(𝐻\𝑀, 𝑔𝐻) is equal to the dimension of
𝐿2(𝑀, 𝜈𝑔𝐻 )𝐻𝜆 , where 𝑔𝐻 is the quotient metric on 𝐻\𝑀 in-
duced by 𝑔 and for any (unitary) representation 𝜌 ∶ 𝐾 →
U(𝑉) we let 𝑉𝐾 ≡ {𝑣 ∈ 𝑉 ∶ 𝜌(𝑥)𝑣 = 𝑣 for all 𝑥 ∈ 𝐾}.
2.1. A generalized Sunada method. Sunada’s method
and its generalizations are perhaps themost widely known
of the symmetry techniques used to construct non-trivial
isospectral manifolds. In Sunada’s original formulation,
the method exploits an algebraic condition (see equa-
tion (6)) on triples of finite groups that was already
known to F. Gassmann in 1926, who was interested in
constructing non-isomorphic number fields with identical
Dedekind Zeta functions. For our exposition it will be con-
venient to present this algebraic condition in terms of the
so-called “dimension datum” of a group and expand the
groups under consideration to include compact Lie groups;
this is different from the usual presentation of this material as
is found in [Bu], for example.

Definition 1. Let 𝐺 be a compact Lie group, and let 𝐺 de-
note the equivalence classes of irreducible representations
(𝑉𝜌, 𝜌) of 𝐺. Given a closed subgroup𝐻 ≤ 𝐺, its dimension
datum (relative to 𝐺) is the map D𝐺

𝐻 ∶ 𝐺 → ℤ defined by
[(𝑉𝜌, 𝜌)] ↦ dim𝑉𝐻

𝜌 .

A triple of compact groups (𝐺,𝐻1, 𝐻2) is said to be a
Gassmann-Sunada triple or Sunada triple if (1) 𝐻1, 𝐻2 ≤ 𝐺
and (2) D𝐺

𝐻1
= D𝐺

𝐻2
. A Sunada triple (𝐺,𝐻1, 𝐻2) is said to

be non-trivial if 𝐻1 and 𝐻2 are not conjugate in 𝐺. In the
event we have a Sunada triple (𝐺,𝐻1, 𝐻2), where 𝐺 is finite,
one can see that the condition D𝐺

𝐻1
= D𝐺

𝐻2
is equivalent to

the classical Gassmann-Sunada condition

#(𝐻1 ∩ 𝑔𝐺) = #(𝐻2 ∩ 𝑔𝐺) for all 𝑔 ∈ 𝐺, (6)

where 𝑔𝐺 denotes the conjugacy class of a group element
𝑔 within 𝐺.

Our previous observations regarding the interplay be-
tween isometries and the Laplace spectrum allow us to de-
duce the following generalization of Sunada’s method.

Theorem 2 (Sutton [Sut]). Let (𝑀, 𝑔) be a compact Rie-
mannian manifold and (𝐺,𝐻1, 𝐻2) a Sunada triple, where
𝐺 ≤ Isom(𝑀, 𝑔) and, for 𝑗 = 1, 2,𝐻𝑗 acts freely on𝑀 such that
the natural projection 𝜋𝑗 ∶ (𝑀, 𝑔) → (𝐻𝑗\𝑀, 𝑔𝑗) has totally ge-
odesic fibers. Then, the Riemannian manifolds (𝐻1\𝑀, 𝑔1) and
(𝐻2\𝑀, 𝑔2) are isospectral.

We emphasize that Theorem 2 is silent on whether the
resulting spaces are isometric; thatmattermust be handled
separately.4

In Sunada’s seminal paper [Su], the previous theorem
is stated for a Sunada triple of finite groups; in which case,
the requirement that the projection maps have totally ge-
odesic fibers is always achieved and the resulting quotient
spaces are necessarily locally isometric, since they will have
a common Riemannian covering. When invoked with a
Sunada triple of finite groups, we will refer to the method
as the classical Sunada method (see Example 4).5 There
are a number of ways of manufacturing Sunada triples of
finite groups (see [DGS, sec. 7]), many of which predate
Sunada’s paper due to their connections with problems in
group theory and number theory. We now review a pro-
cedure for constructing Sunada triples that disproves Lit-
tlewood’s conjecture (1940, MR0002127) that subgroups
of a finite group 𝐺 possessing the same dimension datum
must be isomorphic.

Example 3 (Todd-Komatsu method). Let 𝐻1 and 𝐻2 be
two finite groups of order 𝑛 such that, for any divisor 𝑑
of 𝑛, the groups 𝐻1 and 𝐻2 have the same number of ele-
ments of order 𝑑. By numbering the group elements and
allowing them to act on themselves via left-multiplication,
𝐻1 and 𝐻2 can be embedded in 𝑆𝑛, the symmetric group
on 𝑛 elements. Under this embedding, each element of
order 𝑑 is sent to a product of 𝑛/𝑑 disjoint cycles of length

4For other variants of Sunada’s method we point the reader to the work
of D. DeTurck and C. Gordon (1989, MR1029118) and H. Pesce (1996,
MR1396675), for example.
5S. Chen (1992, MR1184007) showed that Milnor’s isospectral tori mentioned
in section 1 can be viewed as arising via the classical Sunada method.
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𝑑. Recalling that two elements in 𝑆𝑛 are conjugate if and
only if they have the same cycle decomposition, it follows
that the elements of order 𝑑 in𝐻1 and𝐻2 are pairwise con-
jugate in 𝑆𝑛. Therefore, the triple (𝑆𝑛, 𝐻1, 𝐻2) is a Sunada
triple and it is non-trivial precisely when 𝐻1 and 𝐻2 are
not isomorphic. The first instance of this construction is
found in the work of J. A. Todd (1950) in which the non-
trivial Sunada triple (𝑆16, 𝐻1, 𝐻2) is formed by𝐻1 = ℤ8×ℤ2
and 𝐻2 = ℤ8 ⋊𝜑 ℤ2, where 𝜑 ∶ ℤ2 → Aut(ℤ8) is defined

by 𝜑(1)(𝑥) = 𝑥5. Subsequently, K. Komatsu (1976) found
a family of triples that also fit into this paradigm: let 𝑝 be
an odd prime; then (𝑆𝑝3 , 𝐻1, 𝐻2), where 𝐻1 ≃ ℤ3𝑝 and 𝐻2
is a non-abelian group of order 𝑝3 and exponent 𝑝, is a
non-trivial Sunada triple.

As we noted earlier, Sunada’s method does not guar-
antee the resulting quotients will be non-isometric. In
the case of finite groups, one may obtain non-isometric
spaces by using nowhere locally homogeneous metrics. A
metric 𝑔 on a manifold 𝑀 is said to be nowhere locally
homogeneous if for any pair of distinct open sets 𝑈 and
𝑉 in 𝑀 there is no isometry between (𝑈, 𝑔 ↾ 𝑈) and
(𝑉, 𝑔 ↾ 𝑉), where ↾ denotes restriction. Sunada showed
that if𝑀 is a compact manifold of dimension at least two,
the nowhere locally homogeneous metrics on 𝑀 form a
residual set in R(𝑀), the space of Riemannian metrics on
𝑀 [Su, Prop. 1]. This observation can be combined with
Sunada’s method to produce examples of isospectral, yet
non-isometric, manifolds.

Example 4 (The classical Sunada method). Fix a non-
trivial Gassmann-Sunada triple (𝐺,𝐻1, 𝐻2) of finite groups
and let 𝑀0 be a compact manifold such that there exists
an epimorphism 𝜑 ∶ 𝜋1(𝑀0) → 𝐺. (As every finitely
generated group is the fundamental group of some closed
four-manifold, this step is always possible.) Then, let
𝜋 ∶ 𝑀 → 𝑀0 be the normal covering of 𝑀0 correspond-
ing to ker(𝜑) ⊲ 𝜋1(𝑀0). Next, endow 𝑀0 with a nowhere
locally homogeneous metric 𝑔0 and let 𝑔 = 𝜋∗𝑔0 be the
corresponding Riemannian covering metric on 𝑀. Then,
Isom(𝑀, 𝑔) = 𝐺 and the quotient manifolds (𝐻1\𝑀, 𝑔1)
and (𝐻2\𝑀, 𝑔2) are isospectral manifolds that are not iso-
metric. Indeed, in light of the fact that Isom(𝑀, 𝑔) = 𝐺, an
isometry between (𝐻1\𝑀, 𝑔1) and (𝐻2\𝑀, 𝑔2) would imply
that 𝐻1 and 𝐻2 are conjugate in 𝐺, a contradiction. We
note that, in the event that 𝐻1 and 𝐻2 are non-isomorphic
groups (e.g., Example 3), we can choose any 𝐺-invariant
metric on 𝑀, since 𝐻1\𝑀 and 𝐻2\𝑀 are not homeomor-
phic.

Modern differential geometry has its origins in the study
of surfaces. As such, there has been considerable in-
terest in the existence of isospectral surfaces; especially,
those of constant (negative) sectional curvature. Given
a non-trivial Sunada triple (𝐺,𝐻1, 𝐻2), one can construct

M

H1\M H2\M

M0 = G\M

H1 H2

G

Figure 2. Diagram of covering spaces in the classical Sunada
method (Example 4).

non-trivial pairs of isospectral surfaces (of constant nega-
tive sectional curvature) with the assistance of the Cayley
graphs associated to 𝐺, 𝐻1\𝐺, and 𝐻2\𝐺. Rather than give
the details of this construction, which is described beau-
tifully by Buser [Bu], we pivot to discuss a somewhat sur-
prising application of Sunada’s method: the existence of
simply-connected isospectral manifolds.
2.2. Isospectral simply-connected manifolds via Sun-
ada’s method. A long-standing problem in spectral ge-
ometry was to determine whether isospectral simply-
connected manifolds are necessarily isometric. This was
partially motivated by the fact that it was a feature of the
earliest construction techniques that the resulting isospec-
tral manifolds have non-trivial fundamental groups. The
generalized Sunada method given in Theorem 2 was intro-
duced by the author [Sut] as a means to produce isospec-
tral simply-connected Riemannian manifolds that are not
even homeomorphic.

Given a connected compact Lie group 𝐺 and a closed
subgroup 𝐻 ≤ 𝐺, the coset space 𝐻\𝐺 admits a unique
smooth manifold structure of dimension dim𝐺 − dim𝐻
with respect to which the natural projection map 𝜋 ∶ 𝐺 →
𝐻\𝐺 is a submersion. For any 𝑔 ∈ 𝐺, we let 𝐿𝑔, 𝑅𝑔 ∶
𝐺 → 𝐺 denote left and right multiplication by 𝑔, respec-
tively. Then, a Riemannian metric 𝑚 on 𝐺 is said to be
bi-invariant if 𝐿𝑔 and 𝑅𝑔 are isometries of (𝐺,𝑚) for any
𝑔 ∈ 𝐺, and such metrics always exist on a compact Lie
group. Now, any bi-invariant metric 𝑚 on 𝐺 induces a
Riemannian metric 𝑚′ on 𝐻\𝐺 such that 𝜋 ∶ (𝐺,𝑚) →
(𝐻\𝐺,𝑚′) is a Riemannian submersion with totally geo-
desic fibers. We can examine the topology of the quotient
manifold𝐻\𝐺 through the homotopy long exact sequence

⋯→ 𝜋2(𝐺) → 𝜋2(𝐻\𝐺) → 𝜋1(𝐻) → 𝜋1(𝐺)
→ 𝜋1(𝐻\𝐺) → 𝜋0(𝐻) → ⋯ (7)

and find that, in the event that 𝐺 and 𝐻 are both con-
nected and 𝐺 is simply-connected, the manifold 𝐻\𝐺 is
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simply-connected. To compare the geometry of two such
quotient spaces, suppose 𝐺 is simple and 𝐻1, 𝐻2 ≤ 𝐺 are
not conjugate via an automorphism of 𝐺 (i.e., there is no
automorphism 𝛼 ∈ Aut(𝐺) such that 𝛼(𝐻1) = 𝐻2). Then
one can check that (𝐻1\𝐺,𝑚1) and (𝐻2\𝐺,𝑚2) are not iso-
metric, where𝑚1 and𝑚2 are the quotient metrics induced
by a common bi-invariant metric 𝑚 on 𝐺. Hence, to con-
struct the desired example, it is sufficient to find a Sunada
triple (𝐺,𝐻1, 𝐻2) of connected Lie groups where 𝐺 is sim-
ple and 𝐻1 and 𝐻2 are not conjugate via Aut(𝐺).

Examining the work of Larsen and Pink on dimension
datum [LP], one notices that there is a connected semisim-
ple Lie group 𝐻 such that for infinitely many 𝑛 ∈ ℕ
there are faithful representations 𝜌1, 𝜌2 ∶ 𝐻 → SU(𝑛),
such that 𝐻1 = 𝜌1(𝐻) and 𝐻2 = 𝜌2(𝐻) are not conju-
gate via Aut(SU(𝑛)) and D

SU(𝑛)
𝐻1

= D
SU(𝑛)
𝐻2

. Therefore,
(SU(𝑛), 𝐻1, 𝐻2) is a suitable Sunada triple.

Theorem 5 (Sutton [Sut]). There exist non-trivial Sunada-
isospectral pairs of simply-connected Riemannian manifolds.

These examples were published shortly after Schueth
[Sc] and Gordon [Go2] each constructed their own exam-
ples of simply-connected isospectral manifolds via what
is sometimes referred to as the “torus method” (see sec-
tion 2.3). It is clear that the underlying spaces in the exam-
ples of Schueth and Gordon are homeomorphic; however,
as we noted earlier, the motivation behind our generalized
Sunada technique was to produce non-homeomorphic
simply-connected isospectral pairs. Unfortunately, the
abstract nature of the triple (SU(𝑛), 𝐻1, 𝐻2) employed in
[Sut] and the dimension of the smallest such examples
(approximately 1010) proved to be a barrier at the time.
However, through a more detailed analysis of dimen-
sion datum, An, Yu, and Yu were able to exhibit Sunada
triples of connected Lie groups, as above, where the result-
ing isospectral simply-connected quotient spaces are non-
homeomorphic [AYY].

Specifically, for 𝑛 ≥ 2, let 𝐻1 = 𝑈(𝑛) and 𝐻2 =
Sp(𝑛1) × SO(2𝑛 − 2𝑛1), where 𝑛1 = ⌊𝑛−1

2
⌋. And, let

st1, st2, and st3 denote the standard representations of
𝐻1, Sp(𝑛1), and SO(2𝑛 − 2𝑛1), respectively. Then, 𝐻1
and 𝐻2 can be embedded into SU(2𝑛) via st1⊕st∗1 and
(st2⊗𝟏) ⊕ (𝟏 ⊗ st3), respectively. Under this identifi-
cation they show that (SU(2𝑛), 𝐻1, 𝐻2) is a non-trivial
Sunada triple, where 𝐻1 and 𝐻2 are not isomorphic
(cf. Example 3) and, since ℤ ≃ 𝜋1(𝐻1) ≄ 𝜋1(𝐻2) ≃
ℤ2, the long exact sequence (see equation (7)) allows
us to conclude that the quotient spaces 𝐻1\ SU(2𝑛) and
𝐻2\ SU(2𝑛) are not homeomorphic. Therefore, by The-
orem 2, (𝐻1\ SU(2𝑛),𝑚1) and (𝐻2\ SU(2𝑛),𝑚2) are non-
homeomorphic simply-connected isospectral manifolds,
where 𝑚1 and 𝑚2 are induced by a bi-invariant metric 𝑚

on SU(2𝑛). Andwe conclude that the topological universal
cover of a Riemannian manifold is not a spectral invariant.

Theorem 6 (An, Yu, and Yu [AYY]). There are infinitely
many pairs of simply-connected Sunada-isospectral manifolds
that are not homeomorphic.

Although not mentioned in the article, these examples
also show that, among homogeneous spaces, model ge-
ometries are not spectral invariants, in general (see Prob-
lem 3).

In light of the preceding discussion, it is natural to won-
der whether there are additional non-trivial Sunada triples
(𝐺,𝐻1, 𝐻2) consisting of connected compact Lie groups.
In his engaging doctoral thesis, Jun Yu—the third of the
aforementioned authors—classifies the connected closed
subgroups of a given compact Lie group with identical
dimension datum [Yu]. Although of interest because of
its connection to the inverse spectral problem, Yu’s clas-
sification theorem appears to have been primarily mo-
tivated by Langland’s suggestion that dimension datum
will play a key role in his “Beyond Endoscopy” program
[Yu, p. 2684].
2.3. The Gordon-Schueth method. While its connec-
tions with problems in group theory, number theory, and
geometry make Sunada’s method the most well-known
technique for producing isospectral manifolds, another ef-
fective approach exploits isometric actions by tori. Over
the last three decades this technique has been developed
and refined primarily by Carolyn Gordon and Dorothee
Schueth, with initial inspiration drawn from an earlier ap-
proach of Szabo,6 and it is responsible for a number of no-
table firsts in the spectral geometry canon: (1) isospectral
closed manifolds with distinct local geometries [Go1], (2)
non-trivial isospectral deformations [GoWi], and (3) pairs
of non-trivial isospectral metrics on a simply-connected
manifold [Sc,Go2].

Given a Riemannian manifold (𝑀, 𝑔) and an isometric
free action by a torus 𝑇, let 𝑔𝑇 denote the Riemannian
metric on the quotient space 𝑇\𝑀 such that the natural
projection 𝜋 ∶ (𝑀, 𝑔) → (𝑇\𝑀, 𝑔𝑇) is a Riemannian sub-
mersion. For each irreducible representation 𝜌 ∶ 𝑇 →
Aut(ℂ) of 𝑇, let H𝜌 be the subspace of 𝐿2(𝑀) defined by
H𝜌 = {𝑓 ∈ 𝐿2(𝑀) ∶ 𝑓(𝑔−1 ⋅ 𝑥) = 𝜌(𝑔)(𝑓(𝑥)) for all 𝑔 ∈ 𝑇}.
Then, we have the following decomposition of 𝐿2(𝑀):

𝐿2(𝑀) = H0 ⊕
⎛
⎜
⎜
⎝
⨁
𝑊≤𝑇

⎛
⎜
⎜
⎝

⨁
𝜌∈𝑇

ker(𝜌)=𝑊

H𝜌

⎞
⎟
⎟
⎠

⎞
⎟
⎟
⎠

, (8)

6In 1992, Z. I. Szabó circulated a preprint in which he constructed the first pair
of isospectral manifolds with boundary having different local geometries. These
examples were published in 1999 as [Sz].
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where the sum is taken over closed subgroups 𝑊 ≤ 𝑇
of codimension one. Now, keeping in mind our previ-
ous discussion of the behavior of the spectrum under Rie-
mannian submersions with totally geodesic fibers, one can
deduce the following criteria for isospectrality, which is
sometimes referred to as the “torus method.”

Theorem 7 (Gordon-Schueth method [Sc]). Let (𝑀1, 𝑔1)
and (𝑀2, 𝑔2) be closed Riemannian manifolds, and, for 𝑗 =
1, 2, let 𝛼𝑗 ∶ 𝑇 × 𝑀𝑗 → 𝑀𝑗 be a free isometric action by a
𝑘-dimensional torus 𝑇. Now, suppose that for any 𝑊 ≤ 𝑇 a
closed subgroup that is either 𝑇 or a subtorus of codimension 1
the following hold:

1. For 𝑗 = 1, 2 the fibers of the projection 𝜋𝑗 ∶ 𝑀𝑗 → 𝑊\𝑀𝑗
are totally geodesic in (𝑀𝑗 , 𝑔𝑗).

2. (𝑊\𝑀1, 𝑔𝑊1 ) and (𝑊\𝑀2, 𝑔𝑊2 ) are isospectral.

Then, (𝑀1, 𝑔1) and (𝑀2, 𝑔2) are isospectral.

As is the case with Sunada’s method, the proof of the
Gordon-Schueth method is fairly straightforward. The art
is in finding non-trivial applications.

The Gordon-Schueth method made its debut in the
work of Gordon [Go1], where it was stated for the special
case of nilmanifolds and was applied to produce the first
examples of isospectral closed manifolds with different lo-
cal geometries: the metrics are locally homogeneous met-
rics on an eight-dimensional nilmanifold. Subsequently,
Gordon and Wilson used this technique to construct the
first continuous families of isospectral metrics on mani-
folds with boundary [GoWi]. In 1999, Schueth provided
the more general version of the method stated above and
applied it to construct the first examples of isospectral met-
rics with different local geometries on a simply-connected
space.

Theorem 8 (Schueth [Sc]). Let 𝐺 be a compact simply-
connected Lie group of rank at least two (e.g., SU(2) × SU(2))
and 𝑆𝑛 the 𝑛-sphere. Then, there exists a continuous family 𝑔𝑡
of isospectral, yet non-isometric, metrics on 𝑆𝑛 × 𝐺.

Using a variant of Theorem 7 that only insists the
torus action be free on the principal orbits, while placing
a stronger requirement on the relationship between the
quotient spaces (𝑊\𝑀1, 𝑔𝑇1 ) and (𝑊\𝑀2, 𝑔𝑇2 ), Gordon con-
structed continuous families of isospectral metrics on 𝑆𝑛
(𝑛 ≥ 8).

Theorem 9 (Gordon [Go2]). There exists a continuous fam-
ily 𝑔𝑡 of isospectral, yet non-isometric, metrics on 𝑆𝑛.

The isospectral families of Theorem 8 (respectively, The-
orem 9) can be made to come arbitrarily close to a given
symmetric metric (see section 3) on 𝑆𝑛 × 𝐺 (respectively,
𝑆𝑛).

3. Can One Hear the Geometry of a Riemannian
Manifold with a “Large” Symmetry Group?

If we measure the complexity of a Riemannian manifold
in terms of sectional curvature, we obtain the following
natural classes of spaces presented in order of increasing
complexity:

• a Riemannian manifold (𝑀, 𝑔) is said to be a space of
constant sectional curvature if there is a scalar 𝐾 such
that Sec(𝜎) = 𝐾 for all two-dimensional subspaces 𝜎 ≤
𝑇𝑝𝑀, 𝑝 ∈ 𝑀;

• a Riemannianmanifold (𝑀, 𝑔) is said to be locally sym-
metric if sectional curvature is constant under parallel
transport,7 and if, in addition, (𝑀, 𝑔) is homogeneous
(see below), then we say (𝑀, 𝑔) is (globally) symmetric;

• a Riemannian manifold (𝑀, 𝑔) is said to be locally ho-
mogeneous if the geometry in the neighborhood of
any two points is identical; that is, any two points
𝑝, 𝑞 ∈ 𝑀 have neighborhoods 𝑈 and 𝑉 , respectively,
where (𝑈, 𝑔 ↾ 𝑈) and (𝑉, 𝑔 ↾ 𝑉) are isometric. The
space (𝑀, 𝑔) is said to be (globally) homogeneous if its
isometry group acts transitively on 𝑀.

The notion of a Riemannianmanifold with “large” symme-
try group can be formalized in several natural ways; how-
ever, for our discussion, homogeneous spaces and, more
generally, locally homogeneous spaces will be considered
spaces with “large” symmetry groups.

In dimension two the aforementioned classes are identi-
cal, while in dimension three and higher the containments
are proper. Although these spaces account for a mere slice
of the universe of Riemannian manifolds, they are ubiq-
uitous, in part, because they arise organically as model
spaces and solutions to natural variational problems in
geometry, physics, and other disciplines. Consequently, it
is natural to consider the degree to which these classes and
certain representatives thereof are distinguished via their
spectra.

7Given a Riemannian manifold (𝑀, 𝑔) and a smooth curve 𝑐(𝑡) with 𝑐(0) = 𝑝,
parallel transport along 𝑐 is the linear transformation 𝑃𝑡 ∶ 𝑇𝑝𝑀 → 𝑇𝑐(𝑡)𝑀
such that 𝑡 ↦ 𝑃𝑡(𝐯) moves 𝐯 ∈ 𝑇𝑝𝑀 along 𝑐(𝑡) in a manner that preserves
the magnitude and “direction” of v. For example, in Euclidean space, 𝑃𝑡(𝐯) =
(𝑐(𝑡), 𝑣) for any 𝐯 = (𝑝, 𝑣) ∈ 𝑇𝑝𝔼𝑛 and smooth curve 𝑐(𝑡) with 𝑐(0) = 𝑝.
On the round two-sphere 𝕊2 = {𝑥 ∈ ℝ3 ∶ ‖𝑥‖ = 1}, the parallel trans-
port along the geodesic 𝛾𝜃(𝑡) = (cos 𝜃 sin 𝑡, sin 𝜃 sin 𝑡, cos 𝑡), where 𝜃 ∈ ℝ
is fixed, is given by 𝑃𝜃𝑡 (𝑐1𝑣1 + 𝑐2𝑣2) = 𝑐1 (𝑁𝛾𝜃(𝑡) × ̇𝛾𝜃(𝑡)) + 𝑐2 ̇𝛾𝜃(𝑡), where

𝑣1 = (𝑝;− sin 𝜃, cos 𝜃, 0), 𝑣2 = ̇𝛾𝜃(0) ∈ 𝑇𝑝𝕊2, 𝑐1, 𝑐2 ∈ ℝ, and 𝑁 is
the outwardly pointing unit normal vector field on 𝕊2. Hence, a Riemannian
manifold (𝑀, 𝑔) is locally symmetric if for any smooth curve 𝑐(𝑡) and any two-
dimensional subspace 𝜎 ≤ 𝑇𝑐(0)𝑀 we have Sec(𝑃𝑡(𝜎)) = Sec(𝜎).

Equivalently, a Riemannian manifold (𝑀, 𝑔) is said to be locally symmetric
if for any 𝑝 ∈ 𝑀 there is an 𝑟 > 0 and isometry 𝜎𝑝 of the open ball 𝐵(𝑝; 𝑟) such
that 𝜎𝑝(𝑝) = 𝑝 and 𝑑(𝜎𝑝)𝑝 = − Id. The map 𝜎𝑝 is called the geodesic symme-
try at 𝑝 as it reverses the direction of the geodesics passing through 𝑝. (𝑀, 𝑔) is
globally symmetric if every geodesic symmetry extends to an isometry of the en-
tire manifold.
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Problem 2. To what extent is the property of being of con-
stant sectional curvature, locally symmetric, or, more gen-
erally, locally homogeneous encoded in the spectrum? Are
some of these spaces uniquely characterized by their spec-
tra?

There are several natural ways in which a Riemannian
manifold can be distinguished by its spectrum:

• (𝑀, 𝑔) is said to be spectrally determined if for any
Riemannian manifold (𝑁, ℎ) such that Spec∆(𝑁, ℎ) =
Spec∆(𝑀, 𝑔) we have (𝑁, ℎ) ≃ (𝑀, 𝑔), where we inter-
pret ≃ as meaning “is isometric to”;

• a metric 𝑔0 ∈ R(𝑀) is said to be spectrally isolated if
there is a neighborhood 𝒰 of 𝑔0 such that for any 𝑔 ∈
𝒰 with Spec∆(𝑀, 𝑔) = Spec∆(𝑀, 𝑔0) we have 𝑔 ≃ 𝑔0;

• a metric 𝑔0 ∈ R(𝑀) is said to be spectrally rigid if for
any smooth deformation 𝑔𝑡, −𝜖 < 𝑡 < 𝜖, of 𝑔0 in R(𝑀)
such that Spec∆(𝑀, 𝑔𝑡) = Spec∆(𝑀, 𝑔0) for all 𝑡, then
we have 𝑔𝑡 ≃ 𝑔0 for all 𝑡.

Our discussion of Problem 2 will primarily focus on the
degree to which locally homogeneous spaces are spectrally
determined up to universal Riemannian cover; that is, the
degree to which the local geometry of a locally homoge-
neous space is audible.

It is known that, for each 𝐾 ∈ ℝ and 𝑛 = 2, … , 5, a
closed 𝑛-dimensional Riemannian manifold of constant
sectional curvature 𝐾 is spectrally determined up to uni-
versal Riemannian cover.

Theorem 10 (Berger, Tanno [T1]). Let (𝑀, 𝑔) and (𝑁, ℎ)
be two isospectral closed Riemannian manifolds of dimension
2 ≤ 𝑛 ≤ 5 and fix 𝐾 ∈ ℝ. Then, (𝑀, 𝑔) has constant sec-
tional curvature 𝐾 if and only if (𝑁, ℎ) has constant sectional
curvature 𝐾.

Furthermore, the existence of various low-dimensional
isospectral spaces of constant sectional curvature shows
this is the optimal general statement regarding con-
stant sectional curvature. The two-dimensional case of
the preceding theorem was proven by M. Berger (1968,
MR0239535) and established in dimension three, four,
and five by S. Tanno in 1973 [T1]. Both arguments employ
the heat invariants, which typically requires a fair degree of
finesse. However, the case of surfaces is rather elementary
as we demonstrate next.

Since, for any point in a surface Σ the associated tan-
gent space is two-dimensional, sectional curvature can be
viewed as a smooth function on Σ; in fact, it is just Gauss-
ian curvature. Therefore, letting 𝑥 be a real number, we
may integrate the expression (𝑥 − Sec)2 over Σ to obtain
the following degree two polynomial:

𝑃(Σ,𝑔)(𝑥) ≡ ∫
Σ
(𝑥 − Sec)2

= 𝑎0(Σ, 𝑔)𝑥2 − 6𝑎1(Σ, 𝑔)𝑥 + 18𝑎2(Σ, 𝑔).

Hence, (Σ, 𝑔) is a closed surface of constant sectional curva-
ture 𝐾 if and only if 𝐾 is a root of the polynomial 𝑃(Σ,𝑔)(𝑥).
Berger’s result is now easily deduced from the fact that
isospectral surfaces share the same heat invariants. This is
particularly interesting in light of the Uniformization The-
orem which states that every orientable closed surface Σ
admits a metric of constant sectional curvature, the sign of
which is determined by the genus of the surface.

In summary, metrics of constant sectional curvature are
intimately relatedwith the topology of surfaces via theUni-
formization Theorem and this intimacy is reflected in the
spectrum by Berger’s result (see Figure 3). To extend our
exploration of Problem 2 to higher dimensions it will be
convenient to frame our discussion in terms of geometries.

Uniformization
Theorem

Topology of
Orientable Closed

Surfaces

Spectra of
Closed Surfaces

Figure 3. In dimension two there is an intimate relationship
between the topology of closed orientable surfaces, metrics
of constant sectional curvature, and their spectra.

3.1. Geometries, geometric structures, and the Laplace
spectrum. Intuitively, an 𝑛-dimensional geometry is an
ordered triple (𝑋, 𝐺, 𝛼) that represents an infinite family
of 𝑛-dimensional fabrics with highly symmetric embroi-
dery, where (1) the patterns in the family share a “large”
group of common symmetries and (2) for each fabric in
the family there are certain compact 𝑛-dimensional Rie-
mannian manifolds that are crafted from this material. A
Riemannian manifold is said to be modeled on the geom-
etry (𝑋, 𝐺, 𝛼) if it is constructed from a fabric in this family.
And, in each dimension, there is a collection of distinct
geometries upon which all compact locally homogeneous
Riemannian manifolds are modeled. While each embroi-
dered fabric in a geometry (𝑋, 𝐺, 𝛼) is highly symmetric, we
are particularly interested in the patterns within the fam-
ily that have a maximal amount of common symmetries.
Such a subfamily constitutes what is known as a symme-
trymaximal geometry and consists of themost refined and
preferred embroidered fabrics in the family: these are the
“best” highly symmetric embroidered fabrics.

In precise mathematical terms, a geometry is an or-
dered triple (𝑋, 𝐺, 𝛼), where 𝑋 is a connected and
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simply-connected manifold, 𝐺 is a connected Lie group,
and 𝛼 ∶ 𝐺 × 𝑋 → 𝑋 is a smooth transitive 𝐺-action on 𝑋
via diffeomorphisms with compact point stabilizers (i.e.,
for any 𝑝 ∈ 𝑀 the group 𝐺𝑝 ≡ {𝑔 ∈ 𝐺 ∶ 𝑔 ⋅ 𝑝 ≡ 𝛼(𝑔, 𝑝) = 𝑝}
is compact) and there is a subgroup Γ ≤ 𝐺 (acting freely
and properly discontinuously) so that the quotient mani-
fold Γ\𝑋 is compact. The condition that the 𝐺-action have
compact point stabilizers implies R𝐺(𝑋), the collection
of 𝐺-invariant Riemannian metrics on 𝑋 , is non-empty.8

And, we note that the Riemannian manifolds (𝑋, 𝑔), with
𝑔 ∈ R𝐺(𝑋), are the “embroidered fabrics” referred to in the
metaphor above. When the risk of confusion is minimal
we will abbreviate a geometry (𝑋, 𝐺, 𝛼) as (𝑋, 𝐺).

Two geometries (𝑋1, 𝐺1, 𝛼1) and (𝑋2, 𝐺2, 𝛼2) are said to
be equivalent if there exist a Lie group isomorphism Ψ ∶
𝐺1 → 𝐺2 and a diffeomorphism 𝐹 ∶ 𝑋1 → 𝑋2 such that
𝐹(𝛼1(𝑔, 𝑥)) = 𝛼2(Ψ(𝑔), 𝐹(𝑥)). A geometry (𝑋,𝐻, 𝛽) is called
a subgeometry of (𝑋, 𝐺, 𝛼), denoted by (𝑋,𝐻, 𝛽) ≤ (𝑋, 𝐺, 𝛼),
if 𝐻 ≤ 𝐺 and 𝛼 restricted to 𝑋 × 𝐻 agrees with 𝛽, in which
case we conclude R𝐺(𝑋) ⊆ R𝐻(𝑋). And, a geometry is
said to be symmetry maximal9 if (up to equivalence) it is
not a proper subgeometry of another geometry.10 There-
fore, if (𝑋, 𝐺) is a symmetry maximal geometry, we have
Isom(𝑋, 𝑔)𝑜 = 𝐺 for any 𝑔 ∈ R𝐺(𝑋), and there is no metric
on 𝑋 that enlarges this symmetry group. In our metaphor,
the simply-connected Riemannian manifolds (𝑋, 𝑔) with
𝑔 ∈ R𝐺(𝑋) corresponding to a fixed symmetry maximal
geometry (𝑋, 𝐺) form a minimal family consisting of the
best highly symmetric embroidered fabrics (see Figure 4).

Complementary to the notion of a symmetry maximal
geometry, we will say that a geometry (𝑋, 𝐺) is metrically
maximal if whenever (𝑋,𝐻) ≤ (𝑋, 𝐺) ⪇ (𝑋, 𝐿), we have
R𝐿(𝑋) ⊊ R𝐺(𝑋) = R𝐻(𝑋). In this case, among the ho-
mogeneous Riemannian metrics on 𝑋 that admit compact
quotients, R𝐺(𝑋) is a maximal collection of metrics (pos-
sessing a common connected group of symmetries) and 𝐺
is minimal among Isom(𝑋, ℎ)𝑜 as ℎ ranges over homoge-
neous metrics on 𝑋 admitting compact quotients. There-
fore, up to isometry, the collection of homogeneous met-
rics on 𝑋 covering a compact quotient (abbreviated c.q.)
is precisely

R
cq
hom(𝑋) ≡ ⋃

[(𝑋,𝐺)]
R𝐺(𝑋),

where the union is taken over all equivalence classes of

8Since 𝐺 acts transitively on 𝑋, the metrics in R𝐺(𝑋) are homogeneous and,
therefore, 𝐺 is a “large” group of common symmetries for the metrics in R𝐺(𝑋).
9This is typically referred to simply as “maximal”; however, we have settled on
“symmetry maximal” because it is a bit more descriptive and is more easily dis-
tinguished from our new notion of “metrically maximal,” which we introduce
in the next paragraph.
10It is known that every geometry is a subgeometry of some symmetry maximal
geometry and up through dimension four it is unique. Interestingly, A. Geng
(2016, MR3553586) observed that in dimension five there is a geometry con-
tained in two distinct symmetry maximal geometries.

n-dimensional
“Embroidered Fabric”

{(X, g) : g ∈RGSM
(X)}

︸ ︷︷ ︸

Symmetry Maximal

⊆ {(X, g) : g ∈RGMM
(X)}

︸ ︷︷ ︸

Metrically Maximal

Figure 4. Let (𝑋, 𝐺𝑀𝑀) be a metrically maximal subgeometry
of the 𝑛-dimensional symmetry maximal geometry (𝑋, 𝐺𝑆𝑀).
The diagram shows the relationship between the
𝑛-dimensional simply-connected Riemannian manifolds (or
“embroidered fabrics”) associated to these geometries. The
Riemannian manifolds corresponding to the symmetry
maximal geometry are considered to be “the best” or
“preferred.”

metrically maximal geometries on 𝑋 . In our metaphor,
the simply-connected Riemannian manifolds (𝑋, 𝑔) with
𝑔 ∈ R𝐺(𝑋) corresponding to a fixed metrically maximal
geometry (𝑋, 𝐺) form a maximal family of highly symmet-
ric embroidered fabrics (see Figure 4).

Example 11 (Constant curvature geometries). Let 𝔼𝑛 de-
note 𝑛-dimensional Euclidean space, 𝕊𝑛 the
𝑛-dimensional sphere with the round metric of constant
sectional curvature +1, and ℍ𝑛 hyperbolic 𝑛-space of con-
stant sectional curvature −1. Then we have the following
symmetry maximal geometries:

• (ℝ𝑛, Isom(𝔼𝑛)𝑜 = ℝ𝑛⋊SO(𝑛)), where (up to isometry)
RIsom(𝔼𝑛)𝑜(ℝ𝑛) consists of the unique flat metric on
ℝ𝑛;

• (𝑆𝑛, Isom(𝕊𝑛)𝑜 = SO(𝑛)), where (up to isometry)
RIsom(𝕊𝑛)𝑜(𝑆𝑛) consists of the metrics of constant pos-
itive sectional curvature on 𝑆𝑛;

• (𝐻𝑛, Isom(ℍ𝑛)𝑜), where (up to isometry)
RIsom(ℍ𝑛)𝑜(𝐻𝑛) consists of themetrics of constant neg-
ative sectional curvature on the upper half-space 𝐻𝑛.

That these geometries are symmetry maximal follows from
the fact that, for any complete Riemannian 𝑛-manifold

(𝑀, 𝑔), dim Isom(𝑀, 𝑔) ≤ 𝑛(𝑛+1)
2

with equality if and only
if the space has constant sectional curvature and is either
a simply-connected space or diffeomorphic to real projec-
tive space ℝ𝑃𝑛. In dimension two, these are the only sym-
metry maximal geometries and these geometries are met-
rically maximal.

Example 12 (Symmetry maximal vs. metrically maxi-
mal). Let 𝐻 denote the quaternions. Then, the three-
sphere can be viewed as the space of unit quaternions
𝑆3 = {𝑞 ∈ 𝐻 ∶ 𝑞 ⋅ 𝑞 = 1}, a group under multiplica-
tion. Now, for any 𝑞 ∈ 𝐻, let 𝐿𝑞 and 𝑅𝑞 denote left and
right multiplication, respectively. Then, for any 𝑞 ∈ 𝑆3,
𝐿𝑞 and 𝑅𝑞 are isometries of 𝑆3 equipped with a standard
“round metric.” This leads to the universal Lie group
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Figure 5. A cubical tiling of hyperbolic three-space ℍ3, one of the eight Thurston geometries (see Theorem 14). Spaces modeled
on ℍ3 are determined up to local isometry by their spectra (see Theorem 10).

covering 𝜌 ∶ 𝑆3 × 𝑆3 → SO(4) given by (𝑔, ℎ) 𝜌↦ 𝐿𝑔 ∘ 𝑅ℎ
and having kernel {±(1, 1)}. Then one can see:

• (𝑆3, SO(4)) is a symmetry maximal geometry and
RSO(4)(𝑆3) consists of themetrics of constant sectional
curvature on 𝑆3 (see Example 11); and

• (𝑆3, 𝑆3 ≡ 𝜌(𝑆3×1)) is a subgeometry of (𝑆3, SO(4)) that
is metrically maximal. The associated space of invari-
ant metrics R𝑆3(𝑆3) is the collection of left-invariant
metrics on 𝑆3 and (up to isometry) it is a three-
dimensional space that accounts for all the homoge-
neous metrics on 𝑆3.

[LSS1] contains a complete discussion of the symmetry
maximal and metrically maximal geometries on standard
spheres.11

Finally, a complete locally homogeneous Riemannian
metric 𝑔 on a smooth manifold 𝑀 is called a geomet-
ric structure and it is said to be modeled on a geometry
(𝑋, 𝐺) if its universal Riemannian cover is isometric to 𝑋
equipped with a 𝐺-invariant metric ̃𝑔, in which case we
also say themetric ̃𝑔 induces the geometric structure 𝑔 on𝑀.
And, by a result of I. Singer (1960, MR0131248), every 𝑛-
dimensional compact locally homogeneous Riemannian

11In dimension two and three it can be seen that (1) every metrically maximal
geometry is a subgeometry of a unique symmetry maximal geometry and (2) ev-
ery symmetry maximal geometry has a unique metrically maximal subgeometry.
However, these statements are not true in general. Statement (1) fails in di-
mension five (see footnote 10) and, using Ziller’s classification of homogeneous
metrics on spheres (1982, MR0661203), one can see statement (2) is false in
dimension seven.

manifold is modeled on some 𝑛-dimensional (metrically
maximal) geometry. As we indicated earlier, we can con-
sider the geometric structure 𝑔 as a realization of 𝑀 in the
“embroidered fabric” (𝑋, ̃𝑔). The next example shows a
fixed embroidered fabric might actually give multiple ge-
ometrically distinct realizations of a given smooth mani-
fold.

Example 13 (Flat structures on tori). The (symmetry max-
imal) geometry (ℝ𝑛, Isom(𝔼𝑛)𝑜) accounts for the geomet-
ric structures of constant sectional curvature zero; i.e., the
flat metrics on an 𝑛-manifold 𝑀. And, although there is
a unique flat metric on ℝ𝑛 for 𝑛 ≥ 2, the 𝑛-torus admits
a multidimensional family of flat geometric structures, up
to isometry and scaling. Indeed, let Γ1, Γ2 ≤ ℝ𝑛 be full-rank
lattices. Then, the flat tori Γ1\𝔼𝑛 and Γ2\𝔼𝑛 are diffeomor-
phic, yet isometric if and only if Γ1 and Γ2 are related via
an orthogonal transformation of 𝔼𝑛.12

With the preceding discussion in mind, we proposed
the following variation of Problem 2 in [LSS1].

Problem 3. Determine the degree to which the geometry
of an 𝑛-dimensional geometric structure is encoded in its
spectrum. Specifically, let (𝑀, 𝑔) be a compact locally ho-
mogeneous 𝑛-manifold modeled on the geometry (𝑋, 𝐺).
Now, suppose (𝑁, ℎ) is a compact Riemannian manifold
that shares the same spectrum as (𝑀, 𝑔). Can we conclude
that . . .

12In [LSS2] we classify the geometric structures on elliptic three-manifolds.
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(a) . . . (𝑁, ℎ) is a locally homogeneous Riemannian man-
ifold?

(b) . . . (𝑁, ℎ) is modeled on (𝑋, 𝐺)?
(c) . . . (𝑀, 𝑔) and (𝑁, ℎ) have isometric universal Riemann-

ian coverings?
(d) . . . (𝑀, 𝑔) and (𝑁, ℎ) are isometric?

To what extent do the answers to these questions depend
on the specific choice of geometry (𝑋, 𝐺) or whether the
geometry is symmetry maximal?

Each of these questions has a negative answer in suffi-
ciently large dimension. For instance, Theorem 6 shows
that in dimension 26 and higher the answer to Prob-
lem 3(b) is negative. However, with the exception of part
(d), they are unresolved in dimension three. Moreover,
the positive resolution of the Geometrization Conjecture
shows that in dimension three there is an intimate relation-
ship between the topology of closed three-manifolds and
locally homogeneous three-manifolds; specifically, com-
pact manifolds modeled on the so-called Thurston geome-
tries (see Theorem 14) serve as the “building blocks” for
closed three-manifolds: every oriented prime closed three-
manifold has a canonical decomposition into pieces each
of which admits geometric structuresmodeled on precisely
one of the Thurston geometries. In light of the connection
that exists between topology, constant curvature metrics,
and the spectrum in dimension two (see p. 876), it be-
comes tempting to consider the more difficult question of
the degree to which the spectrum detects the special rela-
tionship that exists between the topology of closed three-
manifolds and locally homogeneous metrics.
3.2. Towards hearing the fundamental building blocks
of three-dimensional space. The three-dimensional sym-
metry maximal geometries have been classified by
Thurston.

Theorem 14 (Thurston). A three-dimensional symmetry max-
imal geometry is equivalent to one of the following geometries:

(T1) (ℝ3, Isom(𝔼3)𝑜),
(T2) (𝑆3, Isom(𝕊3)𝑜),
(T3) (ℍ3, Isom(ℍ3)𝑜),
(T4) (𝑆2 × ℝ, Isom(𝕊2 × 𝔼)𝑜),
(T5) (ℍ2 × 𝔼, Isom(ℍ2 × 𝔼)𝑜),
(T6) (Nil, Isom(Nil, 𝑔max)𝑜),
(T7) (S̃L2(ℝ), Isom(S̃L2(ℝ), 𝑔max)𝑜),
(T8) (Sol, Isom(Sol, 𝑔max)𝑜),
where Nil (respectively, S̃L2(ℝ) or Sol) is a particular three-
dimensional unimodular Lie group and 𝑔max is a left-invariant
metric with the property that Isom(𝑔max)𝑜 is maximal among
all left-invariant metrics on Nil (respectively, S̃L2(ℝ) or Sol).

The preceding geometries are known collectively as the
Thurston geometries and, as we discussed at the end of the

Figure 6. ℍ2 × 𝔼1 is one of the eight Thurston geometries (see
Theorem 14). There are numerous examples of isospectral
manifolds modeled on this geometry and, among locally
homogeneous spaces, Riemannian manifolds modeled on
ℍ2 ×𝔼1 are spectrally determined up to Riemannian cover (see
Theorem 16). Here we see images of a cubical tiling of ℍ2 × 𝕊1.
The first view is along the 𝕊1 factor, the second is half way
between the two factors, and the final image is parallel to the
ℍ2 factor.

previous section, they can be thought of as the fundamen-
tal building blocks of three-dimensional space. Addition-
ally, Sekigawa has classified the simply-connected homo-
geneous spaces that admit compact quotients [Sek] and,
by combining this with the work of Raymond and Vasquez
(1981, MR0612013), we obtain the following classification
of three-dimensional metrically maximal geometries.

Theorem 15 (See [LSS1]). A compact locally homogeneous
three-manifold is modeled on one of the following metrically
maximal geometries:

(MM1) the Ẽ(2)-geometry (Ẽ(2), Ẽ(2)),
(MM2) the 𝑆3-geometry (𝑆3, 𝑆3),
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Figure 7. Spaces modeled on the geometry 𝕊2 × 𝔼 (MM4) are
uniquely characterized by their spectra among all locally
homogeneous spaces (see Theorem 18), which suggests they
are spectrally determined. The first two images depict a tiling
of 𝕊2 × 𝕊1 formed by drawing a dodecahedron on the 𝑆2 factor
and placing a sphere on each face. The first view is along the
𝕊1 factor, while the second is parallel to the 𝕊2 factor. The
third image shows the surface 𝕊2 × {0} in 𝕊2 × 𝔼 as viewed
along the Euclidean factor. The 2-sphere 𝕊2 has been textured
as the earth to enable the viewer to follow where the
geodesics from their eye land on the surface 𝕊2 × {0}.

(MM3) the ℍ3-geometry (ℍ3, Isom(ℍ3)𝑜),
(MM4) the 𝕊2 × 𝔼-geometry (𝑆2 × ℝ, Isom(𝕊2 × 𝔼)𝑜),
(MM5) the ℍ2 × ℝ-geometry (ℍ2 × 𝔼, Isom(ℍ2 × 𝔼)𝑜),
(MM6) the Nil-geometry (Nil, Nil),
(MM7) the S̃L2(ℝ)-geometry (S̃L2(ℝ), S̃L2(ℝ)), or
(MM8) the Sol-geometry (Sol, Sol),
where Ẽ(2) is the universal cover of Isom(𝔼2)𝑜 and for any uni-
modular Lie group 𝐺, the geometry (𝐺, 𝐺) is given by 𝐺 acting
on itself by left multiplication.

Each of the metrically maximal geometries above is
contained in a distinct and unique symmetry maximal

geometry: for 𝑗 = 1, … , 8, (MM𝑗) is contained in (T𝑗) with
equality if and only if 𝑗 = 3, 4, or 5.

The existence of isospectral, yet non-isometric, hyper-
bolic three-manifolds shows the most general result pos-
sible in dimension three is an affirmative answer to Prob-
lem 3(c) for any three-dimensionalmodel geometry (𝑋, 𝐺).
In joint work with S. Lin and B. Schmidt that utilizes the
first four heat invariants (i.e., 𝑎0, 𝑎1, 𝑎2, and 𝑎3), we have
recently provided evidence that this is the case.

Theorem 16 (Lin, Schmidt, and Sutton [LSS1]). Let (𝑀, 𝑔)
and (𝑁, ℎ) be two isospectral compact locally homogeneous
three-manifolds.

1. Suppose (𝑀, 𝑔) is modeled on one of the following met-
rically maximal geometries (MM1) or (MM3)–(MM6).
Then, (𝑀, 𝑔) and (𝑁, ℎ) have isometric universal Riemann-
ian coverings.

2. Suppose (𝑀, 𝑔) is modeled on (MM2). Then, (𝑁, ℎ) is also
modeled on (MM2). Furthermore, if 𝑔 is sufficiently close
to a metric of constant sectional curvature, then (𝑀, 𝑔) and
(𝑁, ℎ) have isometric universal Riemannian coverings.

3. Suppose (𝑀, 𝑔) and (𝑁, ℎ) are both modeled on (MM8).
Then they have isometric universal Riemannian coverings.

Momentarily restricting our attention to symmetrymax-
imal geometries, we have the following corollary suggest-
ing the fundamental three-dimensional “building blocks”
(i.e., Thurston geometries) are audible.

Corollary 17 (Lin, Schmidt, and Sutton [LSS1]). Let (𝑀, 𝑔)
be a compact locally homogeneous three-manifold modeled on
one of the Thurston geometries (T1)–(T6). Then, among locally
homogeneous three-manifolds, (𝑀, 𝑔) is spectrally determined
up to universal Riemannian cover. In particular, among locally
homogeneous spaces, the local geometry of a locally symmetric
three-manifold is audible.

As one expects the most likely candidate to share the
same spectrum as a locally homogeneous three-manifold
is another locally homogeneous three-manifold; our work
indicates certain compact locally homogeneous three-
manifolds are likely spectrally determined.

Theorem 18 (Lin, Schmidt, and Sutton [LSS1]). Among
compact locally homogeneous three-manifolds, a Riemannian
manifold modeled on the 𝕊2 × 𝔼-geometry (MM4) or the Nil-
geometry (MM6) is determined up to isometry by its spectrum.

We note that while there are just four compact mani-
folds that admit geometric structures modeled on the 𝕊2×
𝔼-geometry (MM4) (see Figure 7), namely, 𝑆2 × 𝑆1, ℝ𝑃2 ×
𝑆1, ℝ𝑃3#ℝ𝑃3, and the non-trivial 𝑆1-bundle over ℝ𝑃2,
there are infinitely many compact three-manifolds admit-
ting geometric structures modeled on the Nil-geometry
(MM6).
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Figure 8. Dehn-twisted torus bundles admit geometric structures modeled on the Nil-geometry (MM6) and, by Theorem 18, such
geometric structures are spectrally determined among locally homogeneous spaces, suggesting they are spectrally determined
among all Riemannian manifolds. Here we see a cubical tiling of a Dehn-twisted torus bundle.

Example 19 (Dehn-twisted torus bundles and the
Nil-geometry). Let 𝑇2 = ℝ2/ℤ2 be the two-torus and 𝐴 ∈
SL(2, ℤ). Then the closed three-manifold

𝑀𝐴 ≡ 𝑇2 × [0, 1]/{(𝐱, 0) ∼ (𝐴𝐱, 1)}
is a torus bundle over 𝑆1 and all torus bundles over 𝑆1 arise
in this fashion. 𝑀𝐴 is an example of what is commonly
known as amapping torus. Any three-manifold finitely cov-
ered by some 𝑀𝐴, where 𝐴 ∈ SL(2, ℤ) has | Tr(𝐴)| = 2, ad-
mits a geometric structure modeled on the Nil-geometry
(MM6). Such spaces are precisely the Dehn-twisted torus
bundles over 𝑆1 (see Figure 8).

3.3. Hearing the round sphere. To place Problem 3 and
the preceding results in context, it is worth keeping in
mind that it is still unknown whether the round 𝑛-sphere,
(𝑆𝑛, 𝑔round), is uniquely determined by its spectrum in ev-
ery dimension. Of all compact Riemannian manifolds,
the round 𝑛-sphere is arguably the most symmetric. In-
deed, it is a globally symmetric space and isotropic,13 mod-
eled on a symmetry maximal geometry and the dimension
of its isometry group is the largest possible among all 𝑛-
manifolds. Closely related to this fact, the eigenvalues of
the associated Laplace operator occur with extremely large

13A Riemannian manifold (𝑀, 𝑔) is said to be isotropic if for any 𝑝 ∈ 𝑀 and
𝑣, 𝑤 ∈ 𝑇𝑝𝑀 there is an isometry 𝑓 ∈ Isom(𝑀, 𝑔) such that 𝑓∗(𝑣) = 𝑤. All
isotropic manifolds are homogeneous; therefore, the geometry looks the same at
all points and in all directions. It is known that a connected isotropic Riemann-
ian manifold is either flat or a symmetric space of rank one.

multiplicities. As a consequence, it is widely expected that
the round 𝑛-sphere is determined up to isometry by its
spectrum. In spite of the plausibility of this claim, it is only
known to be true in dimension six or less, as was demon-
strated by Tanno through the use of the heat invariants 𝑎0,
𝑎1, and 𝑎2 [T1]. Subsequently, Tanno used the heat in-
variants to demonstrate that the round metric is spectrally
isolated within R(𝑆𝑛) for all 𝑛 [T2]. As we noted earlier,
Gordon’s examples of isospectral deformations on spheres
of dimension eight or higher (Theorem 9) come arbitrar-
ily close to the round metric, so Tanno’s spectral isolation
result for the round sphere is unstable. Analogous spec-
tral isolation results for flat metrics and metrics of con-
stant negative sectional curvature can be found in the work
of R. Kuwabara (1980, MR0593057) and V. Sharafutdinov
(2009, MR2603860), respectively.

We conclude by remarking that Bettiol, Lauret, and
Piccione (2020, arXiv:2001.08471) have recently pro-
vided additional evidence that the round sphere is
uniquely determined by its spectrum. Through the ex-
plicit computation of the fundamental tone 𝜆1, they have
demonstrated that two homogeneous spheres are isospec-
tral if and only if they are isometric, thus eliminating the
most likely source of counterexamples. Since an even-
dimensional sphere has a unique (up to scaling) homo-
geneous metric (i.e., the metric of constant sectional cur-
vature +1), this result provides no new insight in even
dimensions. However, odd-dimensional spheres admit
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(𝑋, 𝐺) Audible up to Model Geometry Audible up to Universal Riemannian Cover Audible

(𝐸(2), 𝐸(2)) Yes Yes
Yes, if (𝑀, 𝑔) is flat

and not “Tetra” or “Didi”;
otherwise, it is unknown

(𝑆3, 𝑆3) Yes
Yes, if (𝑀, 𝑔) is close to constant sectional

curvature; otherwise, it is unknown

Yes, if (𝑀, 𝑔) has constant
sectional curvature;

otherwise, it is unknown

(ℍ3, Isom(ℍ3)𝑜) Yes Yes
No, many non-trivial

isospectral pairs

(ℍ2 × ℝ, Isom(ℍ2 × 𝔼)𝑜) Yes Yes
No, many non-trivial

isospectral pairs

(𝕊2 × ℝ, Isom(𝕊2 × 𝔼)𝑜) Yes Yes Yes

(Nil, Nil) Yes Yes Yes

(S̃L2(ℝ), S̃L2(ℝ))
Yes, if (𝑀, 𝑔) is symmetry maximal

or under certain conditions
on Ric(𝑔); otherwise, it is unknown

Yes, under further conditions on Ric(𝑔);
otherwise, it is unknown

??

(Sol, Sol) ?? Yes, among spaces modeled on (Sol, Sol) ??

Figure 9. The degree to which a three-dimensional compact geometric structure (𝑀, 𝑔) modeled on (𝑋, 𝐺) can be distinguished
from other compact locally homogeneous three-manifolds via its spectrum (see [LSS1]). We note that “Tetra and Didi” form the
unique (up to scaling) flat isospectral pair in dimension three, an example constructed by Doyle and Rossetti (2004, MR2087082).

homogeneous metrics beside the round metrics. Indeed,
the left-invariant metrics on 𝑆3 ≃ SU(2) and the Hopf fi-
brations 𝑆1 ↪ 𝑆2𝑛+1 → ℂ𝑃𝑛, 𝑆3 ↪ 𝑆4𝑛+3 → ℍ𝑃𝑛, and
𝑆7 ↪ 𝑆15 → 𝑆8 each gives rise to three-parameter, two-
parameter, four-parameter, and two-parameter families of
homogeneous metrics on 𝑆3, 𝑆2𝑛+1, 𝑆4𝑛+3, and 𝑆15, respec-
tively. These families of metrics correspond to the met-
rically maximal geometries (𝑆3, 𝑆3), (𝑆2𝑛+1, SU(𝑛 + 1)) for
𝑛 ≥ 2, (𝑆4𝑛+1, Sp(𝑛+1)) for 𝑛 ≥ 1, and (𝑆15, Spin(9)), respec-
tively. And, it was shown by W. Ziller (1982, MR0661203)
that, up to isometry, the preceding discussion accounts for
all the homogeneous metrics on standard spheres.
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Partially Hyperbolic Dynamics
and 3-Manifold Topology

Rafael Potrie
1. Introduction
The hairy ball theorem implies that the 2-dimensional
sphere cannot admit a vector field without singularities.
This is just an example of a restriction imposed by the
topology of a phase space on the possible dynamics it can
support. In this note we would like to present and relate
two results in this direction. These are about restrictions
imposed by the topology of certain 3-manifolds on the dy-
namics it can support.
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His email address is rpotrie@cmat.edu.uy.

For permission to reprint this article, please contact:
reprint-permission@ams.org.
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The first result we will present corresponds to the theory
of Anosov flows and was proved by Margulis [Mar] when
he was still an undergraduate student. It appears in an ap-
pendix to a paper of Anosov and Sinai [AnS]. The result
was later revisited by Plante and Thurston [PT] who ex-
tended its scope and proposed a different approach that
used some finer properties of foliations.

A flow 𝜙𝑡 ∶ 𝑀 → 𝑀 generated by a (smooth) vector
field𝑋 on a closedmanifold𝑀 is said to be anAnosov flow if
there is a continuous𝐷𝜙𝑡-invariant splitting of the tangent
bundle 𝑇𝑀 = 𝐸𝑠 ⊕ ℝ𝑋 ⊕ 𝐸ᵆ satisfying that there is 𝑡0 >
0 so that for every 𝑣𝜍 ∈ 𝐸𝜍 (𝜎 = 𝑠, 𝑢) a unit vector we
have that ‖𝐷𝜙𝑡0𝑣𝑠‖ < 1 < ‖𝐷𝜙𝑡0𝑣ᵆ‖. This immediately
implies that stable vectors (i.e., those in 𝐸𝑠) are contracted
exponentially by 𝐷𝜙𝑡 while unstable vectors (i.e., those in
𝐸ᵆ) are expanded exponentially fast by 𝐷𝜙𝑡.
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Figure 1. The local aspect of orbits of Anosov flow.

Examples of Anosov flows include geodesic flows in
negative curvature [Ano] as well as suspensions of certain
toral automorphisms. Their definition goes back at least
to the paper of Anosov and Sinai [AnS] where they ex-
tracted the properties from geodesic flows in negative cur-
vature needed to obtain ergodicity. We point out that in
3-manifolds we know that Anosov flows contain the space
of robustly transitive flows (i.e., flows so that every pertur-
bation has some dense orbit); see [Do, BDV]. The result
by Margulis and Plante-Thurston says that if a 3-manifold
admits an Anosov flow, then its fundamental group has ex-
ponential growth (see Theorem 3.1) and implies in partic-
ular that 3-manifolds such as the sphere 𝑆3 or the 3-torus
𝕋3 = ℝ3/ℤ3 do not admit such flows.

The second result is more recent and essentially due
to Burago and Ivanov [BI]. This result gives some obstruc-
tions for some mapping classes of certain 3-manifolds to
admit partially hyperbolic diffeomorphisms. A diffeomor-
phism 𝑓 ∶ 𝑀 → 𝑀 is said to be partially hyperbolic if the
tangent space 𝑇𝑀 splits as a direct sum of non-trivial con-
tinuous subbundles 𝐸𝑠 ⊕ 𝐸𝑐 ⊕ 𝐸ᵆ = 𝑇𝑀 which are 𝐷𝑓-
invariant and satisfy that there is some ℓ > 1 so that for
every 𝑥 ∈ 𝑀, if 𝑣𝜍 ∈ 𝐸𝜍(𝑥) (𝜎 = 𝑠, 𝑐, 𝑢) are unit vectors,
then

‖𝐷𝑓ℓ𝑣𝑠‖ < min{1, ‖𝐷𝑓ℓ𝑣𝑐‖} and

‖𝐷𝑓ℓ𝑣ᵆ‖ > max{1, ‖𝐷𝑓ℓ𝑣𝑐‖}. (1.1)

Naturally, time one maps of Anosov flows (i.e., the dif-
feomorphism 𝑓(𝑥) = 𝜙1(𝑥) where 𝜙𝑡 is an Anosov flow)
are examples where 𝐸𝑐 = ℝ𝑋 . Many homogeneous dy-
namics (namely, those which have positive entropy) are
partially hyperbolic. Some of them are not time one maps
of Anosov flows; for instance, the action of a matrix 𝐴 ∈
SL(3, ℤ) in the 3-torus 𝕋3 with three different real eigenval-
ues is such an example. Being partially hyperbolic is an
open property in the 𝐶1-topology, so it is possible to make
𝐶1-small perturbations to the mentioned examples to
obtain new examples.

In dimension 3, we will explain how the result of
Burago-Ivanov implies that if a diffeomorphism 𝑓 ∶ 𝑀 →
𝑀 is partially hyperbolic and the manifold does not have
fundamental group of exponential growth, then 𝑓 cannot
be homotopic to the identity. See Theorem 5.4 for a pre-
cise statement.

The connection between these two results will al-
low us to briefly comment on the classification of par-
tially hyperbolic diffeomorphisms in 3-manifolds, re-
ferring the interested reader to recent surveys such as
[CHHU, HP, Pot, BFFP, BFP] for a more complete presen-
tation.

2. Anosov Flows and Foliations
Consider an Anosov flow 𝜙𝑡 ∶ 𝑀 → 𝑀 in a closed man-
ifold 𝑀. The definition requires that the differential of
the flow preserves some geometric structure. It could seem
hard to check that a flow is Anosov, but it is important to
remark that the existence of the 𝐷𝜙𝑡-invariant bundles fol-
lows from the existence of a way more flexible structure,
namely that of invariant cone-fields, which we will not de-
fine but just point out that these are objects that are robust
(i.e., if a system has invariant cone-fields, then this is true
in a 𝐶1-open neighborhood) and somewhat easy to check
(i.e., a computer can check whether a system is Anosov).

The importance of this infinitesimal condition is that
it can be pushed into the manifold in a way that one ob-
tains objects whose dynamics mimic the dynamics of the
differential map.

Theorem 2.1 (Stable manifold theorem). The bundles 𝐸𝑠
and 𝐸𝑠 ⊕ℝ𝑋 are uniquely integrable.

We need to say a few words to explain what we mean.
Let 𝐸 ⊂ 𝑇𝑀 be a 𝑘-dimensional subbundle of the tangent
bundle of𝑀. We say that 𝐸 is uniquely integrable if through
every point 𝑥 ∈ 𝑀, there is a 𝑘-dimensional submanifold
𝑆𝑥 everywhere tangent to 𝐸 such that every curve tangent
to 𝐸 through 𝑥 is completely contained in 𝑆𝑥.

The same is true for 𝐸ᵆ andℝ𝑋⊕𝐸ᵆ by applying the the-
orem to 𝜙−𝑡. Notice that even when dim(𝐸𝑠) = 1, showing
its unique integrability is not obvious since these bundles
are typically no better than Hölder continuous; one needs
to appeal to dynamics to get this kind of result.

The proof of this result when dim(𝐸𝑠) = 1 is not com-
plicated and we will now sketch it. Assume for the sake of
contradiction that there are two different curves 𝛾1 and 𝛾2
everywhere tangent to 𝐸𝑠 which separate at a point 𝑥 ∈ 𝑀.
Note that by considering 𝜙𝑡 with large 𝑡 we get that the
curves 𝛾1 and 𝛾2 decrease their length exponentially fast.
However, their transverse distance, measured along the di-
rection ℝ𝑋 ⊕ 𝐸ᵆ, cannot decrease (see Figure 1), which
provides a contradiction. To show unique integrability
of 𝐸𝑠 ⊕ ℝ𝑋 one just needs to flow the integral curves of
𝐸𝑠 by the flow (whose defining vector field is smooth, so
uniquely integrable).
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Figure 2. Flowing forward different curves tangent to 𝐸𝑠
through a given point gives a contradiction.

The curves tangent to 𝐸𝑠 and the surfaces tangent to
𝐸𝑠⊕ℝ𝑋 form what we call the strong stable and weak stable
foliations, which together with their dual strong unstable
and weak unstable foliations are one of the main tools to
understand the dynamics and geometry of Anosov systems.
Let us just state an easy fact about these that we will use
later:

Proposition 2.2. There are no closed submanifolds 𝑁 of 𝑀
tangent to 𝐸𝑠 ⊕ℝ𝑋.

This is a direct consequence of the fact that the time 𝑡0
map 𝜙𝑡0 of the flow would be a diffeomorphism of the
compact manifold 𝑁 whose derivative is everywhere con-
tracting volume, which is impossible.

Recall that a foliation by surfaces of a 3-manifold 𝑀 is a
partition of 𝑀 by injectively immersed 𝐶1-surfaces (called
leaves) that locally look like horizontal planes ℝ2 × {𝑡} sit-
ting inside ℝ3 (i.e., there are charts sending leaves to hori-
zontal planes; see Figure 3). An example of a foliation by
surfaces would be the weak stable foliation of an Anosov
flow in a 3-manifold.

Figure 3. A foliation locally looks as a stack of surfaces.

A transversal to a foliation is an embedded circle which
is everywhere transverse to the leaves ofℱ. Notice that if𝑀
is compact, there are always transversals since a transverse
curve intersecting a foliation box twice can be closed into
a transversal. See Figure 4.

Theorem 2.3 (Novikov). Let ℱ be a foliation by surfaces in
a closed 3-manifold. Assume that there is a transversal 𝛾 to ℱ
which is homotopically trivial. Then ℱ has a closed leaf.

We will not prove this beautiful result which has sev-
eral expositions. In fact, Novikov’s result is much stronger

and implies the existence of what are known as Reeb com-
ponents. One should think that in 3-manifolds compact
leaves (or Reeb components) of foliations play the role
that singularities play in vector fields in surfaces, and there-
fore Novikov’s theorem acts as the Poincaré-Bendixon’s
theorem in this setting.1 We refer the reader to [Ca, Chap-
ter 4] for a friendly account of foliations in 3-manifolds.

3. Margulis/Plante-Thurston’s Result
In the late 60s Margulis showed the following beautiful
result:

Theorem 3.1. Let 𝑀 be a closed 3-dimensional manifold ad-
mitting an Anosov flow 𝜙𝑡; then, the fundamental group of 𝑀
grows exponentially.

A finitely generated group Γ has exponential growth if for
some finite generating set 𝐹 ⊂ Γ it follows that the number
of different group elements that can bewritten as a product
of at most 𝑛 elements of 𝐹 ∪𝐹−1 grows exponentially with
𝑛. This is independent of the finite generating set 𝐹.

In a closed manifold 𝑀 the fundamental group has ex-
ponential growth if and only if the volume of a ball or
radius 𝑅 in �̃�, the universal cover of 𝑀, grows exponen-
tially with respect to 𝑅. This means that if 𝜋 ∶ �̃� → 𝑀 is
the universal covering map, and we consider the metric in-
duced by 𝜋 in �̃�, then there is a point 𝑥 ∈ �̃� and constants
𝑐, 𝛿 > 0 so that

vol(𝐵(𝑥, 𝑅)) > 𝑐𝑒𝛿𝑅, (3.1)

where 𝐵(𝑥, 𝑅) denotes the ball of center 𝑥 and radius 𝑅 in
�̃�. To see the equivalence one just needs to find a com-
pact fundamental domain in the universal cover and note
that its volume must be finite; this way one can cover the
ball of radius 𝑅 by deck transformations of bounded size
and compare the growth of the volume of the ball with the
growth of the fundamental group as a finitely generated
group. This is the definition we will use to prove Theorem
3.1.

It is an easy exercise to show that, up to changing the
constants 𝑐, 𝛿, the definition is independent of the point
𝑥 ∈ �̃� as well as of the metric one pulls back from 𝑀.
Thus this is indeed a topological property of 𝑀 which in
fact only depends on its fundamental group. Under this
assumption we say that 𝑀 has exponential growth of funda-
mental group.

1Even if much deeper, there is a part of the proof of Novikov’s theorem (which
is indeed enough to rule out homotopically trivial transversal loops for Anosov
flows) that is very much modelled in the proof of Poincaré-Bendixon’s theorem.
It is known as Haefliger’s argument: using the transverse loop, one constructs
a disk whose boundary is transverse to the foliation and which is in general po-
sition; studying the induced flow on the disk is enough to find a configuration
which is not compatible with Anosov flows, and such that with much more work
produces a Reeb component. We note that for the partially hyperbolic case to be
treated later, the full version of Novikov’s theorem is important.
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The proof by Margulis [Mar] is direct and independent
of any deep result in foliation theory (even if the foliations
are used crucially). Later, Plante and Thurston [PT] gave
a more conceptual proof that works for general codimen-
sion 1 Anosov flows2 and uses some deeper results in foli-
ation theory. The proof we shall present here has ingredi-
ents from both organized in a way that will lead us natu-
rally to the generalization of these arguments to the classi-
fication problem of partially hyperbolic diffeomorphisms
in dimension 3.

We emphasize the following fact. In dimension 2, the
hairy ball theorem, or the Poincaré-Hopf index theorem,
implies that admitting a continuous subbundle is already
enough to get some topological obstruction (i.e., only the
2-torus and the Klein bottle admit a continuous splitting
of the tangent bundle). However, this is not the case in
dimension 3; up to double cover, every closed 3-manifold
has trivial tangent bundle. That is, 𝑇𝑀 ≅ 𝑀×ℝ3, therefore
the existence of a splitting of the tangent bundle cannot be
an obstruction by itself. It will be finer properties of the
foliations that these bundles integrate, namely, the non-
existence of compact leaves, that will come in handy for
this issue.

Remark 3.2. At the time that Margulis proved this theo-
rem, the only known examples of Anosov flows in closed
3-manifolds were the geodesic flows in negative curvature
(and its finite lifts), and the suspension flows of linear
hyperbolic automorphisms of tori. Later, new examples
started to appear, especially in dimension 3 (see [Bar]).
The study of the geometry and topology of Anosov flows
in dimension 3 has grown tremendously since these pio-
neering results. We refer the reader to [Bar] for a survey of
the main results with several of the key ideas.

Remark 3.3. Theorem 3.1 implies the following result
which also admits a more elementary proof just using the
Lefschetz index. If 𝑓 ∶ 𝕋2 → 𝕋2 is an Anosov diffeomor-
phism3 of a 2-torus, then the action of 𝑓 in homology is
hyperbolic, meaning that it has no eigenvalue of modulus
1. An interesting challenge could be to prove this state-
ment after (or before!) reading the proof below.

4. The Proof
We provide here a quick proof of Theorem 3.1 based on
the original arguments, but probably with a more mod-
ern viewpoint. The goal is motivating tools that provide
an understanding of the interaction between topology and
dynamics.

An easy consequence of Theorem 3.1 is the non-
existence of Anosov flows in the sphere 𝑆3. This can also be

2i.e., those whose stable or unstable bundle is 1-dimensional
3An Anosov diffeomorphism 𝑔 ∶ 𝑀 → 𝑀 is such that 𝐷𝑔 preserves a splitting
𝑇𝑀 = 𝐸𝑠⊕𝐸ᵆ so that vectors in 𝐸𝑠 are uniformly contracted and vectors in 𝐸ᵆ
are uniformly expanded as in §2.

shown quite directly by a shortcut in the same argument:
Assume that 𝜙𝑡 ∶ 𝑆3 → 𝑆3 is an Anosov flow. Consider
ℱ𝑤𝑠, the weak stable foliation of 𝜙𝑡 given by Theorem 2.1.
By Novikov’s compact leaf theorem (see Theorem 2.3) we
know that every foliation by surfaces in 𝑆3 must have a
compact leaf; this contradicts Proposition 2.2.

With these elements in hand, we are ready to give the
proof. The reader not comfortable with the basics of al-
gebraic topology can use as a model the 3-torus 𝕋3 =
𝑆1 × 𝑆1 × 𝑆1 = ℝ3/ℤ3 where integer translations are deck
transformations of the universal cover ℝ3. The theorem
implies that 𝕋3 does not admit Anosov flows, and the dif-
ficulty of proving this case is the same as the general case.
Here, one will have that 𝕋3 = ℝ3 with the Euclideanmetric
(so balls do not have exponential growth of volume by a
direct computation).

Proof of Theorem 3.1. Let 𝜋 ∶ �̃� → 𝑀 be the universal
cover and lift 𝜙𝑡 to a flow ̃𝜙𝑡 ∶ �̃� → �̃�. Let ℱ̃𝑤𝑠 be the
lift of the weak stable foliation to �̃�.

Consider an arc 𝐽 tangent to the bundle ̃𝐸ᵆ (the lift of
𝐸ᵆ). The arc 𝐽 is transverse to ℱ̃𝑤𝑠. Since the foliation is
invariant under ̃𝜙𝑡 and the arc 𝐽 maps to another arc tan-
gent to ̃𝐸ᵆ, we deduce that the arc ̃𝜙𝑡(𝐽) cannot intersect the
same foliation box twice. In particular, this would allow
us to construct a transversal to ℱ𝑤𝑠 which is homotopi-
cally trivial, contradicting Theorem 2.3 and Proposition
2.2. See Figure 4.

Figure 4. If a positively transverse curve intersects a leaf
twice, one can construct a closed transversal.

Foliation boxes have uniform size since they can be
pulled back from 𝑀 which is compact. One deduces that
there exists a uniform constant 𝑐0 > 0 so that

vol(𝐵( ̃𝜙𝑡(𝐽), 1)) > 𝑐0length( ̃𝜙𝑡(𝐽)),

where 𝐵(𝑋, 𝑟) denotes the set of points in �̃� with distance
less than 𝑟 from 𝑋 . Moreover, since 𝐽 is tangent to 𝐸ᵆ
there are positive constants 𝑐1, 𝛿 > 0 so that length( ̃𝜙𝑡(𝐽)) >
𝑐1𝑒𝛿𝑡. Putting this together, one gets

vol(𝐵( ̃𝜙𝑡(𝐽), 1)) > 𝑐0𝑐1𝑒𝛿𝑡.
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We will now show that there is a constant 𝑐2 > 0 so
that if 𝑥0 ∈ 𝐽, then ̃𝜙𝑡(𝐽) is contained in 𝐵(𝑥0, 𝑅𝑡) where
𝑅𝑡 ≤ 𝑐2𝑡 + diam(𝐽). This is obtained by computing, for
𝑥 ∈ 𝐽,
𝑑(𝑥0, ̃𝜙𝑡(𝑥)) ≤ 𝑑(𝑥0, 𝑥)+𝑑(𝑥, ̃𝜙𝑡(𝑥)) ≤ diam(𝐽)+𝑐2𝑡, (4.1)

where 𝑐2 is a bound on the norm for the vector field gener-
ating 𝜙𝑡.

This implies that 𝐵( ̃𝜙𝑡(𝐽), 1) ⊂ 𝐵(𝑥0, 𝑅𝑡 + 1) and there-

fore, taking ̂𝛿 = 𝛿
𝑐2

and 𝑐3 = 𝑒− ̂𝛿(𝑑𝑖𝑎𝑚(𝐽)), we get

vol(𝐵(𝑥0, 𝑅𝑡 + 1)) > 𝑐0𝑐1𝑐3𝑒
̂𝛿(𝑅𝑡+1),

which gives (3.1) and completes the proof. □

Margulis’s proof is more elementary since it does not
use any deep results about foliations; however, it depends
crucially on the fact that the weak stable/unstable foliation
is complete in the sense that a weak stable/unstable leaf is
the union of the strong stable/unstable manifolds through
points of a given orbit. This fact fails when one goes to
the partially hyperbolic setting. This property is used by
Margulis to construct by hand the universal cover of𝑀 and
compute its volume growth.

The proof of Plante and Thurston is similar to the one
we present here; however, instead of computing volume
they construct many loops that they show are pairwise
non-homotopic. For this, they use Haefliger’s argument
(cf. footnote 1). In particular, as in the proof presented
here, in contrast with Margulis’s proof, it only needs one
of the two foliations and hence it extends to codimension
1 Anosov flows. But what is important here is that this line
of reasoning does not depend on understanding the inter-
nal structure of the codimension 1 foliation, and so it is
well suited to be extended in other contexts.

5. Classification of Partially Hyperbolic Systems
We will now come to the problem of understanding
the structure of general partially hyperbolic systems in 3-
dimensional manifolds by modelling the questions and
ideas of the work done in the previous section. Here we
shall concentrate on the following questions of current re-
search interest which can be considered as continuations
of the problem discussed above for Anosov flows:

Question 5.1. Which 3-manifolds admit partially hyper-
bolic diffeomorphisms? Which isotopy classes? Are these
similar in some way to the known examples?

We refer the reader to [CP] for a general exposition of
the basic facts about partially hyperbolic systems as well as
a long list of examples. Here we will concentrate on a few
relevant aspects specific to 3-dimensions.

A main difference which makes studying partially hy-
perbolic diffeomorphismsmuch harder than Anosov flows

is that even if the strong bundles 𝐸𝑠 and 𝐸ᵆ still inte-
grate uniquely into 𝑓-invariant foliations (essentially by
the same argument as in the Anosov flow case), this is no
longer true for the center stable and center unstable bundles
𝐸𝑐𝑠 = 𝐸𝑠 ⊕ 𝐸𝑐 nor 𝐸𝑐ᵆ = 𝐸𝑐 ⊕ 𝐸ᵆ. This makes the study
of partially hyperbolic diffeomorphisms much harder. At
the beginning of its exploration, the topological study of
these systems assumed the existence of such foliations un-
der the concept of dynamical coherence since all the known
examples had them. We say that a partially hyperbolic
diffeomorphism is dynamically coherent if there are 𝑓-
invariant foliations tangent respectively to 𝐸𝑐𝑠 and 𝐸𝑐ᵆ.

A recent breakthrough result by Burago and Ivanov [BI]
provided a tool for avoiding such an undesirable hypothe-
sis.4

Theorem 5.2. Up to finite cover, there is a Reebless foliation
ℱ transverse to the unstable direction 𝐸ᵆ.

This implies by iterating backwards that one can choose
the foliation to be as close to tangent to 𝐸𝑐𝑠 as desired,
but does not imply dynamical coherence, as in the limit
the leaves could merge together forming what is called a
branching foliation. This is an incredibly useful tool for the
study of partially hyperbolic diffeomorphisms, but we do
not discuss it here. We note here that the proof of Theo-
rem 5.2 depends very strongly on the fact that 𝐸𝑐 and 𝐸ᵆ
are 1-dimensional; indeed, one can not expect a similar
result if 𝐸𝑐 has higher dimensions.

In fact, to show the result it is enough to show that there
exists a foliation transverse to 𝐸ᵆ since the non-existence
of Reeb components follows from the fact that there are
no closed curves tangent to 𝐸ᵆ. This just follows from the
fact that a flow transverse to a Reeb component must have
a closed orbit. This beautiful observation from [BI] allows
them to treat the problem locally and obtain this global
information.

Theorem 5.2 has the following consequence which is
the first known topological obstruction for the existence
of partially hyperbolic diffeomorphisms:

Corollary 5.3 (Burago-Ivanov). The sphere 𝕊3 does not ad-
mit partially hyperbolic diffeomorphisms.

The proof of Theorem 3.1 in §4 has as a moral that
to expand a 1-dimensional foliation transverse to a 2-
dimensional foliation in a 3-manifold one needs space.
This moral extends to the diffeomorphism case, only dif-
feomorphisms can wrap the manifold onto itself and then
obtain expansions without much space.

For instance, a matrix in SL(3, ℤ) with real eigenvalues,
at least one of which is larger than 1, induces a partially
hyperbolic diffeomorphism on 𝕋3. The volume growth of

4The reason it is undesirable is that it is not easy to check, and several examples
have appeared where it is known not to hold.
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the universal coverℝ3 of 𝕋3 is just polynomial. The reason
is that the action of 𝑓 itself already gives the foliation space
to expand. In the proof of Theorem 3.1 this appears in the
crucial use of the fact that 𝜙𝑡 is a flow (or equivalently, that
its time one map is homotopic to the identity) which gives
equation (4.1).

With essentially the same proof as for Theorem 3.1 by
replacing the stable manifold theorem with Theorem 5.2,
one can obtain the following result which provides ob-
structions for the mapping classes which admit partially
hyperbolic diffeomorphisms.

Theorem 5.4. If 𝑓 ∶ 𝑀 → 𝑀 is a partially hyperbolic dif-
feomorphism of a closed 3-dimensional manifold and �̂�𝑓 is the
mapping torus of 𝑓, then the fundamental group 𝜋1(�̂�𝑓) of �̂�𝑓
has exponential growth.

Recall that the mapping torus of a map 𝐹 ∶ 𝑋 → 𝑋 is the
space 𝑋 × [0, 1]/∼ where one identifies (𝑥, 1) ∼ (𝐹(𝑥), 0) for
all 𝑥. It depends only on the homotopy class of the map
𝐹, and produces a smooth manifold if 𝑋 is a manifold and
𝐹 a diffeomorphism (so that the equivalence with volume
growth still holds).

But Theorem 5.2 is indeed stronger, since it can also
provide further obstructions thanks to the well-developed
theory of Reebless foliations. There are manifolds with
exponential growth of fundamental group known not to
admit foliations without compact leaves, including some
hyperbolic 3-manifolds (see, e.g., [Ca, Example 4.4.6]).
These also provide obstructions to the existence of partially
hyperbolic diffeomorphisms. Up to recently, these were
more or less all the known obstructions to the existence
of partially hyperbolic diffeomorphisms. At the moment
of this writing, we do not know any manifold with expo-
nential growth of fundamental group which admits a par-
tially hyperbolic diffeomorphism but does not admit an
Anosov flow. But lots of developments have been made
recently that give us hope that understanding partially hy-
perbolic diffeomorphisms is not far from understanding
Anosov flows.

6. Further Discussion
As mentioned, the obstruction given by Theorem 5.4 is
not sharp, so it makes sense to see to what extent one
can characterize the homotopy classes of diffeomorphisms
of 3-manifolds admitting partially hyperbolic diffeomor-
phisms. It turns out that only very recently examples in
new isotopy classes were found [BGHP]. In these examples,
new features of partially hyperbolic systems were exposed;
in particular, the global nature of dynamical coherence is
now better understood.

But somehow, all examples we know build in some way
or the other on some Anosov system. The examples in
[BGHP] are constructed by using the cone-field criterium

to guarantee partial hyperbolicity together with a careful
understanding of the global structure of the invariant bun-
dles. This way, it is possible to construct diffeomorphisms
of the manifold which respect transversalities between the
bundles, and this allows us to create new partially hy-
perbolic diffeomorphisms in new isotopy classes. These
kinds of constructions are still in their infancy, and it is
likely that new examples can be created using these ideas.
Nonetheless, there are somemanifolds and isotopy classes
of diffeomorphismswhere the partially hyperbolic dynam-
ics seem amenable to classification, notably hyperbolic
and Seifert 3-manifolds [BFFP, BFP]. A notion of collapsed
Anosov flow has been proposed recently that may account
for all new examples, and which needs to be tested against
new potential constructions [BFP].

In higher dimensions, Anosov systems are far from be-
ing classified, and new ways to construct partially hyper-
bolic examples have been devised [GHO], which depend
to some extent on Anosov systems, but seem likely to be
more flexible and may be combinable with techniques in
[BGHP]. Even the most basic questions in high dimen-
sions remain quite open.

We refer the reader to [BDV] for a general overview of
smooth dynamics and to [Wil] for a recent account of par-
tial hyperbolicity. In [CHHU] the reader can find a survey
of the dynamics of partially hyperbolic diffeomorphisms
specialized to dimension 3, which also touches upon the
classification problem.

If the reader wishes to know more about the classifica-
tion problem of partially hyperbolic diffeomorphisms in
dimension 3, then the following references could provide
a useful introduction [CHHU,HP,Pot,BFFP,BFP].
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The Morse Index
of a Minimal Surface

Otis Chodosh and Davi Maximo
Introduction
Given a closed curve 𝛾 ⊂ ℝ3 we say that a surface Σ ⊂ ℝ3

spans the curve 𝛾 if 𝜕Σ = 𝛾. A natural question is:

What surface Σ has the least surface area out of all
surfaces spanning 𝛾?

We call this Plateau’s problem after Joseph Plateau, a 19th
century physicist who investigated the behavior of soap
films spanning wire contours. However, the question of
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finding a least area surface spanning a contour dates back
at least to work of Lagrange who considered this problem
for a graphical surface 𝑧 = 𝑢(𝑥, 𝑦) in one of his 1762 foun-
dational works on the calculus of variations.

Lagrange found that the property of having least area
implied that the graphical function 𝑢(𝑥, 𝑦) satisfied a par-
ticular partial differential equation (known today as the
minimal surface equation):

(1 + 𝑢2𝑥)𝑢𝑦𝑦 − 2𝑢𝑥𝑢𝑦𝑢𝑥𝑦 + (1 + 𝑢2𝑦)𝑢𝑥𝑥 = 0. (1)

In Figures 1 and 2 we depict the first known examples of
minimal surfaces after the flat plane.

Observe that surfaces depicted are not graphs, so what
we mean when we say these are minimal surfaces is that
each small piece of the surface is graphical over some plane
and this graph satisfies the minimal surface equation (1).

The First Variation of Area
As discovered by Meusnier, the minimal surface equation
(1) can be geometrically reformulated as the vanishing of
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Figure 1. The catenoid (discovered by Euler in 1744 and
proven to be minimal by Meusnier in 1776) is the unique
axially symmetric minimal surface in ℝ3.

Figure 2. The helicoid (discovered by Meusnier in 1776) is the
unique ruled surface in ℝ3.

the mean curvature of the surface. To define the mean cur-
vature, recall that any surface Σ ⊂ ℝ3 (locally) admits a
smoothly varying unit normal vector. From this, we can
define the Gauss map

𝑁 ∶ Σ → 𝕊2 = {𝑥 ∈ ℝ3 ∶ |𝑥| = 1}
by setting 𝑁(𝑝) to be the unit normal vector to Σ at the
point 𝑝. The mean curvature to Σ is the trace1 (over the
tangent plane 𝑇𝑝Σ) of the derivative of 𝑁, i.e.,

𝐻 = −
2
∑
𝑖=1

𝐷𝑒𝑖𝑁|𝑝 ⋅ 𝑒𝑖,

where 𝑒1, 𝑒2 ∈ 𝑇𝑝Σ ⊂ ℝ3 is any orthonormal basis.
If Σ𝑡 is a smooth family of surfaces2 with Σ0 = Σ and so

that Σ𝑡 has velocity 𝑉 at 𝑡 = 0, the first variation of the area
formula reads

𝑑
𝑑𝑡
||𝑡=0|Σ𝑡| = −∫

Σ
𝐻(𝑁 ⋅ 𝑉).

Thus, we see that the vanishing of the mean curvature is
precisely the first order condition to be area-minimizing,

1Classically, the mean curvature was an average (not just sum) of these deriva-

tives, but most modern references omit the factor of
1
2
here.

2If Σ is non-compact, we assume that Σ𝑡 agrees with Σ outside of a compact set.

𝑁

Figure 3. The Gauss map of the catenoid. One can identify the
catenoid with 𝕊2 ⧵ {𝑁, 𝑆} by “bundling up” both ends. In this
case, the Gauss map becomes 𝑁(𝑥) = −𝑥, an
anti-holomorphic map.

since𝐻 vanishes if and only if
𝑑
𝑑𝑡
||𝑡=0|Σ𝑡| = 0 for any family

Σ𝑡.
If 𝐻 vanishes, then Σ is called a minimal surface. Note

the potentially confusing nomenclature: a minimal sur-
face need not have minimal area, it is simply a critical
point of area. However, a smooth minimal surface is lo-
cally of least area in the sense that any point on a minimal
surface has a neighborhood that minimizes area.

We note that there are several equivalent properties of
minimality. For example, Σ ⊂ ℝ3 is minimal (𝐻 = 0)
if and only if ΔΣ𝑥𝑖 = 0 for 𝑖 = 1, 2, 3, where 𝑥𝑖 are the
coordinate functions on ℝ3. By the maximum principle,
this implies that no closed surface on ℝ3 can be minimal.
Thus, minimal surfaces in ℝ3 either have boundary, such
as solutions of the Plateau problem, or are complete and
non-compact.

For us, the most important equivalent characterization
will be the following: Σ ⊂ ℝ3 is minimal if and only if the
Gauss map 𝑁 ∶ Σ → 𝕊2 is anti-holomorphic. For example,
see the Gauss map of the catenoid in Figure 3.

These facts are the basis of the Weierstrass represen-
tation. Loosely speaking, the Weierstrass representa-
tion is based on the fact that the Gauss map (an anti-
holomorphicmap on Σ) and 𝑑𝑥3 (a harmonic 1-form) can
be used to recover the minimal surface Σ. This relates the
study of minimal surfaces inℝ3 to Riemann surface theory,
and proves to be a fruitful approach to study existence and
uniqueness questions for such surfaces.

The Second Variation of Area
Returning to the variational approach, if minimal surfaces
are critical points of the area functional, it is natural to
study the second derivative of area. This is relevant for sev-
eral reasons. First of all, minimal surfaces are often con-
structed via variational methods and so the second deriv-
ative of area (i.e., the Hessian) plays a central role in the
Morse theoretic point of view. Secondly, the second vari-
ation is a fundamental geometric object associated to the
minimal surface, as we now see.

Suppose that Σ is a minimal surface and Σ𝑡 is a family as
before. Modulo a reparametrization of Σ𝑡, we can assume
that the velocity at 𝑡 = 0 satisfies𝑉 = 𝜑𝑁 for some function
𝜑 along Σ. Then (at least for compactly supported 𝜑) we
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Figure 4. Enneper’s surface is an immersed minimal surface
in ℝ3. Although it is not obvious from the picture, the induced
metric is (intrinsically) rotationally symmetric. Enneper’s
surface has Morse index 1.

can compute that

𝑑2
𝑑𝑡2

||𝑡=0|Σ𝑡| = ∫
Σ
|∇Σ𝜑|2 − |∇Σ𝑁|2𝜑2.

It is common to denote bilinear form on the right hand
side of this equation by 𝒬Σ(𝜑). This formulation of the
second variation of area is due to Fischer-Colbrie [FC85].
She observed that in this form, the second variation 𝒬Σ(𝜑)
is conformally invariant!

In particular, the second variation 𝒬Σ(𝜑) depends only
on (1) the conformal class of Σ and (2) the Gauss map.
Note that (1) and (2) do not necessarily uniquely deter-
mine the minimal surface! For example, the catenoid (Fig-
ure 1) and Enneper’s surface (Figure 4) have (essentially)
the same conformal type and Gauss map, although they
are clearly not the same minimal surface.
The Morse index. Recalling that 𝒬Σ(𝜑) is the second de-
rivative of area in the direction 𝜑 (really in the direction
𝜑𝑁), Morse theory suggests we should study the number
of negative and positive eigenvalues of 𝒬Σ(𝜑) (thought of
as a bilinear form). This is precisely the question of the
Morse index of the critical point of area Σ. It turns out that
𝒬Σ(𝜑) always has an infinite number of positive eigenval-
ues, but may or may not have a finite number of negative
eigenvalues.

If Σ has a finite number of negative eigenvalues, we say
that Σ has finite index, and call the number of such eigen-
values the (Morse) index of Σ (denoted index(Σ)).

Not all minimal surfaces in ℝ3 have finite index. For
example, any periodic minimal surface (other than the
plane) has infinite index (for example, the helicoid has
infinite index). To see that this is plausible, note that if
𝜑 has compact support and 𝒬Σ(𝜑) < 0, then translating 𝜑
by a large number of the periods of symmetries produces
a second function 𝜑′ with disjoint support and 𝒬Σ(𝜑′) < 0.
This can be repeated and the existence of such functions
implies that Σ has infinite index.

In fact, as proven by Fischer-Colbrie [FC85], a com-
plete non-compact Σ having finite index places strong

constraints on the geometry of Σ. She showed that
index(Σ) < ∞ is equivalent to Σ having finite total curva-
ture (FTC), i.e.,

∫
Σ
|𝐾| < ∞,

where 𝐾 = − 1
2
|∇Σ𝑁|2 is the Gaussian curvature. The class

of finite total curvature surfaces had been studied earlier
by Osserman [Oss64] who proved that a finite total curva-
tureminimal surface Σ ⊂ ℝ3 is conformally equivalent to a
punctured compact Riemann surfaceΣ⧵{𝑝1, … , 𝑝𝑟}, and the
Gauss map extends anti-holomorphically across the punc-
tures. The reader can compare this to the example of the
catenoid discussed previously to see that it is a punctured
sphere and the Gauss map extends across the punctures to
𝑁 ∶ 𝕊2 → 𝕊2, 𝑁(𝑥) = −𝑥.

What’s more, Fischer-Colbrie showed that the Morse in-
dex of Σ (if we know that index(Σ) < ∞) is purely an in-
variant of the conformal type of Σ and the extended Gauss
map𝑁. (This is a consequence of the conformal invariance
of 𝒬Σ, combined with a log-cutoff3 argument.)

The Index of the Plane/Catenoid
We note that for the flat plane, 𝑁 is constant, so

𝒬plane(𝜑) = ∫
ℝ2
|∇𝜑|2.

This is always non-negative, so we see that the plane has
index(plane) = 0.

Similarly, for the catenoid, using𝑁(𝑥) = −𝑥, we see that
∇𝑁 = −Id ⇒ |∇𝑁|2 = 2, so

𝒬catenoid(𝜑) = ∫
𝕊2
|∇𝕊2𝜑|2 − 2𝜑2.

Recalling that the first eigenvalue of the Laplace–Beltrami
operator on 𝕊2 is 0 and the second is 2, we thus see that
index(catenoid) = 1.

Finite Total Curvature Minimal Surfaces
The set of finite total curvature minimal surfaces (equiva-
lent to finiteMorse index surfaces) turns out to be very rich.
The class of FTC minimal surfaces is sufficiently restrictive
to allow interesting classification results, while being gen-
eral enough to have a rich set of examples. In large part,
this is due to the fact that Weierstrass representation (as
mentioned above) allows one to lean on complex analysis
when seeking examples of FTC surfaces. Besides the plane,
the catenoid (Figure 1), and Enneper’s surface (Figure 4),
there are many other examples. For example, an immersed
example is found in Figure 5.

3The log-cutoff function uses the Green’s function on ℝ2 to produce a sequence
of functions 𝜑𝑗 ∈ 𝐶∞𝑐 (ℝ2) with 𝜑𝑗 → 1 pointwise but ∫ℝ2 |∇𝜑𝑗 |2 → 0. This
can be used to show that point singularities are “removable” in certain problems.
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Figure 5. The Jorge–Meeks surfaces are immersed FTC
minimal surfaces with 𝑟 ≥ 3 catenoidal ends arranged around
a circle. The Jorge–Meeks surface with 𝑟 ends has index 2𝑟− 3.

Figure 6. Costa’s surface was the first embedded FTC minimal
surface (other than the plane and catenoid) to be discovered.
The Costa surface has index 5.

Figure 7. Hoffman–Meeks discovered how to add more
handles and bend the middle end of the Costa surface.

A famous and important example of a finite total curva-
ture surface was discovered by Costa in the 1980s [Cos84]
(see Figure 6). Costa discovered his surface (conformally a
thrice punctured torus) by providing Weierstrass data, but
was unable to prove that it was embedded. This was ac-
complished by Hoffman–Meeks [HM85] who discovered
that the surface had certain symmetries and used these to
prove embeddedness. They also found generalizations of
the Costa surface, in which the middle end bends into a
catenoidal shape, and also examples with higher genus.
See Figure 7.

The geometry of Costa’s surface is considerably more
complicated than that of the catenoid. As such, the in-
dex of the Costa surface is rather difficult to calculate.
This was achieved by Nayatani [Nay93] who showed that

index(Costa) = 5 by intricate methods relating the geome-
try of the second variation operator to the geometry of the
Gauss map.

Classification Results
The class of finite total curvature surfaces is rigid enough to
hope to classify simple surfaces. Such results mostly take
one of two forms: classification of surfaces of simple topol-
ogy or low Morse index. These results are rare enough that
we can list essentially all of them here.
Classification based on topology. The following results
hold for embedded finite total curvature minimal surfaces
in ℝ3:

• The plane is the unique surface with one end.
• The catenoid is the unique surface with two ends

(Schoen [Sch83]).
• The plane and catenoid are the unique genus zero

surfaces (López–Ros [LR91]).
• The Costa surface (and the deformed version as

constructed by Hoffman–Meeks) are the unique
genus one surfaces with three ends (Costa
[Cos91]).

It would be very interesting to classify embedded genus
one FTC minimal surfaces with more than three ends. Ac-
cording to a famous conjecture of Hoffman–Meeks, such
surfaces should not exist. More generally they conjecture
that

genus ≥ ends − 2. (2)

Classification based on index. The following results hold
for immersed finite total curvature minimal surfaces in ℝ3:

• The plane is the unique index 0 (stable) surface
(Fischer-Colbrie–Schoen [FCS80], do Carmo–
Peng [dCP79], Pogorelov [Pog81]).4

• There is no stable one-sided surface (Ros [Ros06]).
• There is no index 1 one-sided surface (the authors

[CM18]).
• The catenoid and Enneper’s surface are the unique

index 1 surfaces (López–Ros [LR89]).
• There are no index 2 surfaces (the authors [CM16,

CM18]).
• There are no index 3 embedded surfaces (the au-

thors [CM18]).

Based on the known examples, it is tempting to con-
jecture that if Σ ⊂ ℝ3 is an embedded minimal surface
with index(Σ) ≤ 5, then Σ is a plane, catenoid, Costa’s sur-
face, or a member of the Hoffman–Meeks deformation of
the latter. Many aspects of this conjecture remain unre-
solved; in particular it is not known what the precise index

4We remark that this classification result and higher dimensional analogues
lead to fundamentally important curvature estimates for stable minimal hyper-
surfaces in Riemannian manifolds.
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of the Hoffman–Meeks deformation family is, much less
that there is no other surface with index(Σ) ≤ 5.

Relating Index and Topology
Recall that Fischer-Colbrie proved that a minimal surface
Σ in ℝ3 has index(Σ) < ∞ if and only if Σ has finite to-
tal curvature. Using the Gauss–Bonnet formula and Osser-
man’s compactification theorem, one can prove the follow-
ing Jorge–Meeks formula quantizing the total curvature of
Σ in terms of the topology5 of Σ:

∫
Σ
|𝐾| = 4𝜋(genus + ends − 1).

Thus, based on Fischer-Colbrie’s “finite index ⇔ finite to-
tal curvature” result, it is natural to ask if there is such a
formula for the Morse index.

Based on the examples of surfaces with explicitly com-
puted index, it seems unlikely that such an exact formula
would hold. However, it turns out that the index and total
curvature are linearly related:

𝑐1 + 𝑐2∫
Σ
|𝐾| ≤ index(Σ) ≤ 𝐶1 + 𝐶2∫

Σ
|𝐾|.

The upper bound was proved by Tysk [Tys87], while the
lower bound was proved by the authors [CM16, CM18]
(one can obtain explicit values for the constants here).

This provides a quantitative version of Fischer-Colbrie’s
theorem. More importantly, the lower bound for the in-
dex (when stated in a more precise form) allows one to
prove classification results for low-index surfaces. The pre-
cise bound is

1
3(2 genus + 4 ends − 5) ≤ index(Σ) (3)

for Σ an embedded minimal surface in ℝ3.
Applications to low-index surfaces. We explain how (3)
can be used to classify low-index surfaces. For the sake of
clarity, we consider here an embedded minimal surface Σ
with index(Σ) = 0, 1 (these cases were already known by
previous methods as discussed above).

If index(Σ) = 0, then (3) yields

2 genus + 4 ends ≤ 5.
Thus, Σ has at most one end, so it must be a plane (by the
topological classification results listed above).

If index(Σ) = 1, then (3) yields

genus + 2 ends ≤ 4.
We know that Σ has at least two ends (since it is not the
plane). Thus, it has exactly two ends and is genus zero.
Either one of these would suffice to conclude that Σ is
the catenoid (by the topological classification results listed
above).

5One must modify this equation when Σ has non-embedded ends.

The non-existence of index(Σ) = 2, 3 surfaces follows
from similar but more involved arguments.

The Harmonic Form Method
We briefly comment on the proof of the lower bound (3).
There are special methods that can be used to study in-
dex 0 or 1 surfaces, but to go beyond this one needs a
general way of relating the geometry (the index) to the
topology of the surface; this can be accomplished by us-
ing harmonic (holomorphic) 1-forms. This approach was
pioneered by Ros [Ros06], using some test functions con-
structed by Palmer [Pal91], and later extended by the au-
thors [CM16,CM18].

Because the second variation operator takes functions
and not forms, one must turn the 1-forms into functions.
One way to do so, while preserving the vector space struc-
ture of the space of harmonic 1-forms, is to take a 1-form 𝜔
on Σ and form the inner product ⟨𝜔, ⋆𝑑𝑥𝑖⟩, where ⋆ is the
Hodge star operator on Σ. One reason that this is a fruit-
ful choice is that, as we have seen above, the coordinate
functions 𝑥𝑖 are harmonic on Σ.

If the topology of Σ is large, there are a lot of harmonic
1-forms. So, if the index is smaller than expected, we can
find 𝜔 so that ⟨𝜔, ⋆𝑑𝑥𝑖⟩ is 𝐿2-orthogonal to the index. Us-
ing the Bochner formula, Ros proved that this property is
highly constraining (only a linear combination of ⋆𝑑𝑥𝑖,
𝑖 = 1, 2, 3 can satisfy this property, corresponding to an
ambient translation of Σ).

It thus remains to find harmonic 1-forms that are allow-
able in the above argument. Ros used harmonic forms that
are in 𝐿2. Because the 𝐿2 norm of a 1-form on a surface
is conformally invariant, one can show that the space of
𝐿2-harmonic 1-forms on Σ is the same as the space of har-
monic 1-forms on the compactified Σ, i.e., twice the genus.

The key observation in [CM16,CM18] is that by replac-
ing 𝐿2 with an appropriately weighted 𝐿2-space, one can
find more harmonic 1-forms (corresponding to the ends).
This improves the estimate to the point where it can be
used to classify low-index surfaces.
1-forms on the catenoid. If one considers the estimate (3)
for Σ the catenoid, we note that genus = 0, ends = 2 so the
equation reads

1
3(2 × 0 + 4 × 2 − 5)⏟⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⏟

=1

≤ index(catenoid) = 1.

So we can see that (at least in this case) the estimate is
sharp. We now explain the various 1-forms. Recalling that
the catenoid is conformally equivalent to 𝕊2 ⧵ {𝑁, 𝑆}, it is
useful to choose a different representative of the confor-
mal class: ℂ ⧵ {0} (this allows us to make direct contact
with complex analysis). What are the harmonic forms on
ℂ⧵{0}? We know they are the real/imaginary parts of holo-
morphic forms. Some simple forms we can think of are

896 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 6



𝑑𝑧, 𝑑𝑧
𝑧
, 𝑑𝑧
𝑧2

. It turns out that these forms are precisely the
ones that can be used in the weighted spaces described

above (forms such as 𝑧 𝑑𝑧, 𝑑𝑧
𝑧3

turn out to grow too quickly
along the ends). This yields 6 harmonic forms, but we
must ignore 3 of them coming from the coordinate func-
tions. This yields 3 forms, and we divide by 3 correspond-
ing to the way we plug them into the second variation; this
yields 1 as expected!

The Bigger Picture
We conclude by discussing how this fits into the broader
study of the Morse index and Morse theoretic methods for
producing and studying minimal surfaces, as well as point
out several open questions.
The index as a geometric invariant. TheMorse index is an
interesting invariant of a rich class of objects (finite total
curvature minimal surfaces) that have been studied since
the beginnings of differential geometry. This alone moti-
vates its study. From this point of view, one can ask the
following simple question: What is the set

𝐼emb ∶= {index(Σ) ∶ Σ ⊂ ℝ3 emb. minimal surface}
of non-negative integers (one can also replace “embedded”
with “immersed” and ask the same question)? We have
seen that {0, 1, 5} ⊂ 𝐼emb. Moreover, the higher genus Costa
surfaces constructed by Hoffman–Meeks turn out to have
index 2 genus+3 when the middle end is flat.6 Thus, com-
bining these examples with our non-existence results, we
can say that

{0, 1, 2/, 3/, ? , 5, ? , 7, ? , 9, … } ⊂ 𝐼emb.

We don’t know about any of the even numbers bigger than
2, although it seems likely that 4 ∉ 𝐼emb. As we have dis-
cussed above, it would be very interesting to classify Σwith
index(Σ) ≤ 5.

There are many more examples of FTC surfaces in ℝ3

that are constructed using various methods (gluing, Weier-
strass, etc.). However, we do not know the index of any of
them (a wonderful geometric idea of Choe [Cho90] allows
us to estimate the index from below, but it does not seem
like this gives sharp estimates in general). Just to give a
concrete example, we do not know the index of the Costa–
Wohlgemuth surface in Figure 8.
The Morse index in manifolds. As first observed by
Schoen and Yau, the existence of stable minimal hyper-
surfaces of certain topological type poses restrictions on
the scalar curvature of the ambient manifold, and vice-
versa. They used this to prove (among other things) the
celebrated positive mass theorem [SY79]. This, along with

6At present, nobody knows how to compute the index of the surfaces with a bent
middle end.

Figure 8. Wohlgemuth generalized the Costa surface by
adding an extra flat end. This does not contradict the
Hoffman–Meeks conjecture (2), since it has genus two, not
one. The index of this surface is not known.

related work, initiated a more systematic study of the rela-
tionship between the Morse index and topology of a mini-
mal submanifold as it relates to the geometry of the ambi-
ent manifold.

More recently, unstable minimal submanifolds have
been used by Marques and Neves on their solution of the
Willmore conjecture. Since then there has been an explo-
sion of activity towards the study of Morse theoretic prop-
erties of the area functional on submanifolds of Riemann-
ian manifolds. The basic idea here is to find/study mini-
mal surfaces based on the topology of the space of surfaces
in the manifold, and the geometry of the area function on
this space.

This is an intricate and technical field, but it has
had remarkable successes. For example, famous work
of Almgren–Pitts (along with important contributions by
Schoen–Simon) shows that any Riemannian manifold ad-
mits a minimal hypersurface. Thanks to recent work of
Marques–Neves and others, this surface will have Morse
index at most 1. In fact, these ideas have led to the
following result of Song resolving the general case of a
well-known conjecture by Yau: any Riemannian manifold
(𝑀𝑛, 𝑔) (3 ≤ 𝑛 ≤ 7) admits infinitelymany embeddedmin-
imal hypersurfaces. We recommend the recent survey arti-
cle by Marques–Neves [MN20] for an excellent exposition
of these and more exciting results in this direction.

In some cases (although not all), one knows even more:
there is at least one minimal hypersurface of each positive
Morse index in certain manifolds. Thus, to study the prop-
erties of such minimal hypersurfaces, one might place var-
ious restrictions on the index or topology and investigate
this class of surfaces. It turns out that studying the man-
ner in which bounded index minimal hypersurfaces can
degenerate leads to a rather complete and satisfying the-
ory. In particular, bounded index minimal hypersurfaces
degenerate precisely by “bubbling off” bounded index hy-
persurfaces in ℝ𝑛. So, a refined understanding of such sur-
faces can lead to refined results about such degeneration.
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For example, our results [CM16, CM18] have recently
been applied in this direction by Ambrozio–Buzano–
Carlotto–Sharp. In fact, similar work of the same authors
suggested that further investigation of our index bounds
(3) for surfaces with symmetries could have applications
to degeneration of free boundary minimal surfaces; Shuli
Chen has recently obtained a result along these lines.

References
[CM16] Otis Chodosh and Davi Maximo,On the topology and

index of minimal surfaces, J. Differential Geom. 104 (2016),
no. 3, 399–418. MR3568626

[CM18] Otis Chodosh and Davi Maximo,On the topology and
index of minimal surfaces II, arXiv:1808.06572 (2018).

[Cho90] Jaigyoung Choe, Index, vision number and stability
of complete minimal surfaces, Arch. Rational Mech. Anal.
109 (1990), no. 3, 195–212, DOI 10.1007/BF00375088.
MR1025170

[Cos91] C. J. Costa, Classification of complete minimal surfaces
in 𝐑3 with total curvature 12𝜋, Invent. Math. 105 (1991),
no. 2, 273–303. MR1115544

[Cos84] Celso J. Costa, Example of a complete minimal im-
mersion in 𝐑3 of genus one and three embedded ends,
Bol. Soc. Brasil. Mat. 15 (1984), no. 1-2, 47–54, DOI
10.1007/BF02584707. MR794728

[dCP79] M. doCarmo andC. K. Peng, Stable complete minimal
surfaces in 𝐑3 are planes, Bull. Amer. Math. Soc. (N.S.) 1
(1979), no. 6, 903–906, DOI 10.1090/S0273-0979-1979-
14689-5. MR546314

[FC85] D. Fischer-Colbrie, On complete minimal surfaces
with finite Morse index in three-manifolds, Invent. Math.
82 (1985), no. 1, 121–132, DOI 10.1007/BF01394782.
MR808112

[FCS80] Doris Fischer-Colbrie and Richard Schoen, The struc-
ture of complete stable minimal surfaces in 3-manifolds of
nonnegative scalar curvature, Comm. Pure Appl. Math. 33
(1980), no. 2, 199–211, DOI 10.1002/cpa.3160330206.
MR562550

[HM85] David A. Hoffman and William Meeks III, A com-
plete embedded minimal surface in 𝐑3 with genus one and
three ends, J. Differential Geom. 21 (1985), no. 1, 109–127.
MR806705
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[LR91] Francisco J. López and Antonio Ros,On embedded com-
plete minimal surfaces of genus zero, J. Differential Geom. 33
(1991), no. 1, 293–300. MR1085145

[MN20] Fernando C. Marques and Andre Neves, Applications
of min-max methods to geometry, Geometric analysis, 2020,
pp. 41–77.

[Nay93] Shin Nayatani, Morse index and Gauss maps of
complete minimal surfaces in Euclidean 3-space, Com-
ment. Math. Helv. 68 (1993), no. 4, 511–537, DOI
10.1007/BF02565834. MR1241471

[Oss64] Robert Osserman,Global properties of minimal surfaces
in 𝐸3 and 𝐸𝑛, Ann. of Math. (2) 80 (1964), 340–364, DOI
10.2307/1970396. MR179701

[Pal91] Bennett Palmer, Index and stability of harmonic Gauss
maps, Math. Z. 206 (1991), no. 4, 563–566. MR1100840

[Pog81] A. V. Pogorelov, On the stability of minimal surfaces
(Russian), Dokl. Akad. Nauk SSSR 260 (1981), no. 2, 293–
295. MR630142

[Ros06] Antonio Ros, One-sided complete stable minimal sur-
faces, J. Differential Geom. 74 (2006), no. 1, 69–92.
MR2260928

[SY79] Richard Schoen and Shing Tung Yau, On the proof of
the positive mass conjecture in general relativity, Comm. Math.
Phys. 65 (1979), no. 1, 45–76. MR526976

[Sch83] Richard M. Schoen, Uniqueness, symmetry, and embed-
dedness of minimal surfaces, J. Differential Geom. 18 (1983),
no. 4, 791–809 (1984). MR730928

[Tys87] Johan Tysk, Eigenvalue estimates with applications to
minimal surfaces, Pacific J. Math. 128 (1987), no. 2, 361–
366. MR888524

Otis Chodosh Davi Maximo

Credits

Opening image and Figures 1–3 and 5–8 are courtesy of
Matthias Weber. Licensed under Creative Commons At-
tribution Share Alike license 4.0.

Figure 4 is courtesy of Otis Chodosh and Davi Maximo.
Photo of Otis Chodosh is courtesy of Otis Chodosh.
Photo of Davi Maximo is courtesy of Davi Maximo.

898 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 6

http://dx.doi.org/10.1007/BF00375088
http://dx.doi.org/10.1007/BF02584707
http://dx.doi.org/10.1007/BF01394782
http://dx.doi.org/10.1002/cpa.3160330206
http://dx.doi.org/10.1007/BF02564662
http://dx.doi.org/10.1007/BF02564662
http://dx.doi.org/10.2307/1970396
http://www.ams.org/mathscinet-getitem?mr=3568626
http://www.ams.org/mathscinet-getitem?mr=1025170
http://www.ams.org/mathscinet-getitem?mr=1115544
http://www.ams.org/mathscinet-getitem?mr=794728
http://www.ams.org/mathscinet-getitem?mr=546314
http://www.ams.org/mathscinet-getitem?mr=808112
http://www.ams.org/mathscinet-getitem?mr=562550
http://www.ams.org/mathscinet-getitem?mr=806705
http://www.ams.org/mathscinet-getitem?mr=982560
http://www.ams.org/mathscinet-getitem?mr=1085145
http://www.ams.org/mathscinet-getitem?mr=1241471
http://www.ams.org/mathscinet-getitem?mr=888524
http://www.ams.org/mathscinet-getitem?mr=730928
http://www.ams.org/mathscinet-getitem?mr=526976
http://www.ams.org/mathscinet-getitem?mr=2260928
http://www.ams.org/mathscinet-getitem?mr=630142
http://www.ams.org/mathscinet-getitem?mr=1100840
http://www.ams.org/mathscinet-getitem?mr=179701
http://www.arxiv.org/abs/1808.06572
http://dx.doi.org/10.1090/S0273-0979-1979-14689-5
http://dx.doi.org/10.1090/S0273-0979-1979-14689-5


Recent Developments in the
Theory of Linear Algebraic
Groups: Good Reduction
and Finiteness Properties

Andrei S. Rapinchuk and Igor A. Rapinchuk
The focus of this article is on the notion of good reduction
for algebraic varieties and particularly for algebraic groups.
Among the most influential results in this direction is the
Finiteness Theorem of G. Faltings, which confirmed Sha-
farevich’s conjecture that, over a given number field, there
exist only finitely many isomorphism classes of abelian va-
rieties of a given dimension that have good reduction at
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all valuations of the field lying outside a fixed finite set.
Until recently, however, similar questions have not been
systematically considered in the context of linear algebraic
groups.

Our goal is to discuss the notion of good reduction
for reductive linear algebraic groups and then formulate
a finiteness conjecture concerning forms with good reduc-
tion over arbitrary finitely generated fields. This conjecture
has already been confirmed in a number of cases, includ-
ing for algebraic tori over all fields of characteristic zero
and also for some semisimple groups, but the general case
remains open. What makes this conjecture even more in-
teresting are its multiple connections with other finiteness
properties of algebraic groups, first and foremost, with
the conjectural properness of the global-to-local map in
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Galois cohomology that arises in the investigation of the
Hasse principle. Moreover, it turns out that techniques
based on the consideration of good reduction have appli-
cations far beyond the theory of algebraic groups: as an
example, we will discuss a finiteness result arising in the
analysis of length-commensurable Riemann surfaces that
relies heavily on this approach. So, we hope that math-
ematicians working in different areas will find familiarity
with good reduction quite rewarding and potentially use-
ful. We therefore invite the reader to explore with us the
fascinating symbiosis of ideas from the theory of algebraic
groups and arithmetic geometry that lead to conjectures
that are likely to be at the center of current efforts to de-
velop the arithmetic theory of algebraic groups over fields
more general than global.

1. Reduction Techniques in Arithmetic
Geometry: A Brief Survey

It has been known since antiquity that reduction tech-
niques can be used to show the absence of integral or ratio-
nal solutions. For example, taking the equation 𝑥2−7𝑦2 =
−1modulo 7, one easily finds that it does not have any in-
tegral solutions. At the beginning of the 20th century, it be-
came apparent that by reducing a given equation modulo
various primes, one can not only detect the (non)existence
of solutions, but in fact obtain information about the
structure of the solution set. One of the earliest, and per-
hapsmost revealing, examples arose in the study of elliptic
curves. Let us consider an elliptic curve 𝐸 over the field of
rational numbers ℚ given by its affine equation

𝑦2 = 𝑓(𝑥), (1)

where 𝑓(𝑥) = 𝑥3+𝑎𝑥+𝑏 is a cubic polynomial with integer
coefficients without multiple roots, hence having nonzero
discriminant Δ(𝑓) = −4𝑎3 − 27𝑏2. Recall that 𝐸 is the pro-
jective curve obtained by adding one point 𝑂 at infinity to
the solution set of (1), and that the chord-tangent law for
addition of points makes the set 𝐸(ℚ) of rational points
into an abelian group.

In 1922, Louis Mordell showed that the group 𝐸(ℚ) is
finitely generated. One of the key steps in the argument
is the so-called Weak Mordell Theorem, stating that the quo-
tient 𝐸(ℚ)/2𝐸(ℚ) is finite. The proof involves reducing the
original equation (1) modulo rational primes and consid-
ering those primes at which our curve has bad reduction.
More precisely, reducing (1) modulo a prime 𝑝 > 3, we
obtain the equation 𝑦2 = ̄𝑓(𝑥), where ̄𝑓 = 𝑥3 + ̄𝑎𝑥 + ̄𝑏
and ̄𝑎 and ̄𝑏 denote the residues of 𝑎 and 𝑏 modulo 𝑝, re-
spectively. We say that (1) has good reduction at 𝑝 if ̄𝑓 does
not have multiple roots, and bad reduction otherwise. Geo-
metrically, at primes of good reduction, the reduced equa-
tion still defines an elliptic curve (over 𝔽𝑝 = ℤ/𝑝ℤ), while
at primes of bad reduction it defines a singular rational

curve. (Informally, the reduced curve at primes of good
reduction retains the “type” of the original curve, while at
primes of bad reduction it changes the type.) A somewhat
subtle point here is that a change of coordinates does not
essentially change an elliptic curve, i.e., results in an iso-
morphic curve, but may change the defining equation (1).
So, we say that an elliptic curve𝐸 has good reduction at 𝑝 > 3
if after a possible ℚ-defined change of coordinates it can
be given by an equation (1) that has good reduction at 𝑝.
(For example, the equation 𝑦2 = 𝑥3 − 625𝑥 has bad reduc-
tion at 𝑝 = 5, but the elliptic curve it defines is isomorphic
to the elliptic curve given by 𝑦2 = 𝑥3 − 𝑥, which has good
reduction at 𝑝 = 5.) Otherwise, 𝐸 has bad reduction at 𝑝.

For a given 𝐸, the set 𝑆 of primes of bad reduction is con-
tained in the set of prime divisors of the discriminant Δ(𝑓)
for the equation (1) defining 𝐸 in any coordinate system,
and in particular is finite. In the proof of theWeakMordell
Theorem, 𝑆 plays a crucial role. More specifically, in the
case where 𝑓 has three rational roots, the proof yields an
estimate of the order of 𝐸(ℚ)/2𝐸(ℚ), and hence of the rank
of 𝐸, that depends only on the size of 𝑆. We refer the inter-
ested reader to [12] for the details.

One may further wonder if the primes of bad reduction
have an effect not only on the group of rational points, but
on the elliptic curve 𝐸 itself. In his 1962 ICM talk, Shafare-
vich pointed out that if 𝑆 is a finite set of rational primes,
then there are only finitely many isomorphism classes of
elliptic curves over ℚ having good reduction at all 𝑝 ∉ 𝑆.

We note that the proof of the Weak Mordell Theo-
rem can be extended to any number field and to higher-
dimensional analogues of elliptic curves, known as abelian
varieties. On the other hand, while the proof of Shafare-
vich’s theorem can be extended to any number field 𝐾 and
any finite set of places 𝑆, it is very specific to elliptic curves.
However, Shafarevich felt that his theoremwas an instance
of a far more general phenomenon, which prompted him
to formulate the following finiteness conjecture for abelian
varieties:

Let 𝐾 be a number field, and let 𝑆 be a finite set of primes
of 𝐾. Then for every 𝑔 ≥ 1, there exist only finitely many 𝐾-
isomorphism classes of abelian varieties of dimension 𝑔 having
good reduction at all primes 𝔭 ∉ 𝑆.

This conjecture was proved by Faltings in 1982 as a cul-
mination of research on finiteness properties in diophan-
tine geometry over the course of several decades. Due to its
numerous implications, connections, and generalizations
(cf. [3]), the subject remains one of the major themes in
arithmetic geometry.

2. An Overview of Algebraic Groups
To prepare for the discussion of good reduction of (linear)
algebraic groups and their forms, we will now review some
standard terminology. The reader who is familiar with the
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theory of algebraic groups may easily skip most of this sec-
tion.
2.1. Basic notions and examples. An algebraic group is a
subgroup 𝐺 ⊂ GL𝑛(Ω) of the general linear group over a
“large” algebraically closed field Ω (e.g., ℂ in characteris-
tic 0) defined by a set of polynomial conditions; in other
words, 𝐺 is a subgroup that is closed in the Zariski topol-
ogy on GL𝑛(Ω). Given algebraic groups 𝐺 ⊂ GL𝑛(Ω) and
𝐻 ⊂ GL𝑚(Ω), a morphism of algebraic groups 𝜑∶ 𝐺 → 𝐻 is
a group homomorphism that admits a “polynomial” rep-
resentation, i.e., there exist

𝑓𝑘𝑙 ∈ 𝑅𝑛(Ω) ∶= Ω[𝑥11, … , 𝑥𝑛𝑛, (det(𝑥𝑖𝑗))−1] (2)

for 𝑘, 𝑙 = 1, … ,𝑚, such that 𝜑(𝑎) = (𝑓𝑘𝑙(𝑎)) for all 𝑎 ∈ 𝐺.
A morphism that admits an inverse morphism is called an
isomorphism.

Next, let 𝐾 ⊂ Ω be a subfield. When 𝐾 is perfect, an
algebraic group 𝐺 ⊂ GL𝑛(Ω) is 𝐾-defined or is a 𝐾-group
if it can be described by polynomial conditions with co-
efficients in 𝐾. Over general fields, this notion becomes
a bit more technical: one needs to require that the ideal
𝐼(𝐺) ⊂ 𝑅𝑛(Ω) of all functions that vanish on 𝐺 be gener-
ated by polynomials with coefficients in 𝐾.

A morphism 𝜑∶ 𝐺 → 𝐻 between two 𝐾-groups is said
to be 𝐾-defined if the 𝑓𝑘𝑙 in (2) can be chosen in 𝑅𝑛(𝐾) =
𝐾[𝑥11, … , 𝑥𝑛𝑛, (det(𝑥𝑖𝑗))−1]. It may happen that for two 𝐾-
groups 𝐺 and 𝐻, there exists an isomorphism 𝜑∶ 𝐺 → 𝐻
defined over a field extension 𝐹 of 𝐾, but possibly not over
𝐾. These issues are addressed in the theory of 𝐹/𝐾-forms
(see §5) and are of central importance since the structure
of algebraic groups over algebraically closed fields is well
understood (see §2.2 for a brief outline and [1] for a de-
tailed account).

While this basic approach to (linear) algebraic groups
is certainly viable, a key drawback is that a given algebraic
group 𝐺 ⊂ GL𝑛(Ω) may have a multitude of embeddings
𝐺 ↪ GL𝑚(Ω), resulting in many different sets of defining
equations. This obviously creates certain inconveniences
in dealing with notions that may depend on the choice of
these equations (such as good reduction). The object that
remains invariant for all realizations is the Ω-algebra of
regular functions Ω[𝐺] ∶= 𝑅𝑛(Ω)/𝐼(𝐺) in our previous no-
tation. To keep track of the 𝐾-structure when 𝐺 is defined
over a subfield 𝐾 ⊂ Ω, one needs to consider the algebra of
𝐾-regular functions𝐾[𝐺] = 𝑅𝑛(𝐾)/(𝐼(𝐺)∩𝑅𝑛(𝐾)). Without
going into details, we note that the product operation on
𝐺 makes these algebras into commutative Hopf algebras,
leading us to view 𝐺 as a group scheme over Ω and 𝐾, re-
spectively. Although the perspective of the theory of group
schemes is very natural for treating such topics as good re-
duction, in the present article we will minimize the use
of this language. So, for the most part we will work with
concrete defining relations associated with a given matrix
realization of 𝐺. One element that we will borrow from

the schematic approach, though, is the possibility of avoid-
ing the reference to a “large” algebraically closed field Ω,
allowing us to write 𝐺 ⊂ GL𝑛 instead of 𝐺 ⊂ GL𝑛(Ω).

Example 2.1. Standard examples include the special linear
group SL𝑛 = { 𝑎 ∈ GL𝑛 | det(𝑎) = 1} and the symplectic
group Sp2𝑛 = { 𝑎 ∈ GL𝑛 | 𝑡𝑎𝐸𝑎 = 𝐸 }, where 𝐸 = ( 𝑂𝑛 𝐼𝑛

−𝐼𝑛 𝑂𝑛
)

with𝑂𝑛 and 𝐼𝑛 being, respectively, the zero and the identity
(𝑛 × 𝑛)-matrices. Both groups are defined over the prime
subfield (i.e., ℚ in characteristic 0 and 𝔽𝑝 in characteristic
𝑝).

Furthermore, let 𝑞 be a nondegenerate quadratic form
with coefficients in a field 𝐾 of characteristic ≠ 2, and let
𝑄 be its matrix. Then the orthogonal group O𝑛(𝑞) = { 𝑎 ∈
GL𝑛 | 𝑡𝑎𝑄𝑎 = 𝑄 } and the special orthogonal group SO𝑛(𝑞) =
O𝑛(𝑞) ∩ SL𝑛 are 𝐾-defined algebraic groups.

We will also encounter the diagonal group 𝔻𝑛 and the
upper unitriangular group 𝕌𝑛 (both are again defined over
the prime subfield).

2.2. Structure of algebraic groups. For any algebraic
group 𝐺, the connected component of the identity 𝐺∘ for
the Zariski topology is a normal subgroup of finite in-
dex (e.g., SO𝑛(𝑞) is the connected component of O𝑛(𝑞)).
So, the analysis of arbitrary algebraic groups essentially re-
duces to the analysis of connected ones. We will now in-
troduce three disjoint classes of algebraic groups (unipo-
tent groups, algebraic tori, and simple groups), and then
describe how an arbitrary connected group can be con-
structed from these.

Unipotent groups. An algebraic group 𝑈 ⊂ GL𝑛 is called
unipotent if the relation (𝑢 − 𝐼𝑛)𝑛 = 𝑂𝑛 holds on it identi-
cally. Then there exists 𝑔 ∈ GL𝑛(Ω) such that 𝑔𝑈𝑔−1 ⊂ 𝕌𝑛.

Algebraic tori. An algebraic group 𝑇 ⊂ GL𝑛 is diagonal-
izable if there exists 𝑔 ∈ GL𝑛(Ω) such that 𝑔𝑇𝑔−1 ⊂ 𝔻𝑛.
A connected diagonalizable group 𝑇 is called an algebraic
torus; it is isomorphic to 𝔻𝑚, where 𝑚 = dim𝑇. If 𝑇 is de-
fined over 𝐾 and an element 𝑔 conjugating 𝑇 into 𝔻𝑛 can
be chosen in GL𝑛(𝐾), then 𝑇 is said to be 𝐾-split, and there
is an isomorphism 𝑇 ≃ 𝔻𝑚 defined over 𝐾. A 𝐾-torus 𝑇
that does not contain any𝐾-split subtori of positive dimen-
sion is called 𝐾-anisotropic.

Simple and semisimple groups. A connected algebraic
group 𝐺 is called absolutely almost simple if it is noncom-
mutative and does not have any proper connected normal
algebraic subgroups. Then𝐺 automatically has a finite cen-
ter 𝑍(𝐺). To describe the classification of absolutely almost
simple groups, we recall that a central isogeny 𝜋∶ 𝐺 → 𝐻
is a surjective morphism of connected algebraic groups
whose schematic kernel is finite and central (in characteris-
tic 0, this simply means that the usual kernel is finite). An
absolutely almost simple group𝐺 is simply connected (resp.,
adjoint) if there is no nontrivial isogeny 𝜋∶ 𝐻 → 𝐺 (resp.,
𝜋∶ 𝐺 → 𝐻).
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Given an absolutely almost simple group 𝐺, one fixes a
maximal torus 𝑇 ⊂ 𝐺 and then considers the correspond-
ing root system Φ(𝐺, 𝑇) (cf. [1, Ch. IV, §14]) . The latter
turns out to be reduced and irreducible, hence belongs to
one of the types A𝑛,B𝑛, … ,G2. The main result is that over
an algebraically (and even separably) closed field, abso-
lutely almost simple groups are classified up to isogeny by
the type of the root system, and each isogeny class contains
a unique (up to isomorphism) simply connected group 𝐺
and a unique adjoint group 𝐺. While the classification of
general absolutely almost simple groups over a nonclosed
field 𝐾 is a very hard open problem (cf. §5), the classifi-
cation of 𝐾-split groups (i.e., those that contain a maximal
𝐾-torus that splits over 𝐾) is essentially the same as over
the closed fields.

A group 𝐺 is semisimple if there exists a central isogeny
𝜋∶ 𝐺1 ×⋯×𝐺𝑟 → 𝐺, where the 𝐺𝑖’s are absolutely almost
simple groups.

Example 2.2. The groups SL𝑛 and Sp2𝑛 are absolutely al-
most simple simply connected groups defined and split
over the prime field (such groups are also called Chevalley
groups). Next, let 𝐺 = SO𝑛(𝑞), where 𝑞 is a nondegenerate
𝑛-dimensional quadratic form over a field 𝐾 of character-
istic ≠ 2. Then 𝐺 is a 1-dimensional torus for 𝑛 = 2, an
absolutely almost simple group for 𝑛 = 3 and 𝑛 ≥ 5, and
a semisimple but not absolutely almost simple group for
𝑛 = 4. Furthermore, it is adjoint for odd 𝑛, and the cor-
responding simply connected group for all 𝑛 ≥ 3 is the
spinor group Spin𝑛(𝑞). It is 𝐾-split if and only if 𝑞 has the
maximum Witt index, and is 𝐾-anisotropic (i.e., contains
no 𝐾-split tori) if and only if 𝑞 does not represent zero over
𝐾.

Let us now describe the structure of an arbitrary con-
nected algebraic group 𝐺. First, 𝐺 possesses a maximal
connected normal unipotent subgroup 𝑅ᵆ(𝐺) called the
unipotent radical of 𝐺. Then 𝑅ᵆ(𝐻) is trivial for the quo-
tient 𝐻 = 𝐺/𝑅ᵆ(𝐺), i.e., 𝐻 is reductive.

Now let 𝐺 be reductive. Then its connected center
𝑇 = 𝑍(𝐺)∘ is a torus, the derived subgroup 𝐷 = [𝐺,𝐺]
is semisimple, and the natural product map 𝐷 × 𝑇 → 𝐺 is
an isogeny. Moreover, if 𝐺 is defined over 𝐾, then 𝐷 and
𝑇 are also 𝐾-defined.

3. Reduction of Linear Algebraic Groups:
Examples

In this section, we will discuss several concrete examples
of reduction of algebraic groups defined over the fieldℚ of
rational numbers at rational primes. In these examples, we
will just analyze the result of reduction of a set of defining
equations with integer coefficients. These considerations
will motivate the formal and more general definition of
good reduction in the next section.

Example 3.1. The defining equations for the ℚ-groups
SL𝑛, Sp2𝑛, and 𝔻𝑛 from §2.1 have integer coefficients, and
reducing them modulo a prime 𝑝 we obtain the equations
that define the groups of the same type over 𝔽𝑝. Further-
more, let𝐺 = SO𝑛(𝑞), where 𝑞 = 𝑥21+⋯+𝑥2𝑛 (𝑛 ≥ 2). Then
for any prime 𝑝 > 2 the reduced equations define SO𝑛( ̄𝑞),
where ̄𝑞 = 𝑥21 +⋯+ 𝑥2𝑛 over 𝔽𝑝.

We note that all groups considered in this example are
reductive, and so are their reductions. Here is an example
of a different kind of behavior.

Example 3.2. Fix a prime 𝑝 > 2 and consider the binary
quadratic form 𝑞 = 𝑥2 − 𝑝𝑦2. Then 𝐺 = SO2(𝑞) is a 1-
dimensional ℚ-anisotropic torus that consists of matrices
of the form ( 𝑎 𝑝𝑏

𝑏 𝑎 ) having determinant 1. Thus, the equa-
tions in terms of the matrix entries 𝑥𝑖𝑗 that define 𝐺 are

𝑥11 = 𝑥22, 𝑥12 = 𝑝𝑥21, 𝑥211 − 𝑝𝑥221 = 1. (3)

Reducing these equations modulo 𝑝, we obtain the equa-
tions

𝑥11 = 𝑥22, 𝑥12 = 0, 𝑥211 = 1.
The solutions to these equations are matrices of the form
± ( 1 0

⋆ 1 ). Thus, the reduced equations define an algebraic
group over 𝔽𝑝 which is disconnected and whose connected
component is a 1-dimensional unipotent group! At the
same time, reducing the equations (3) modulo any prime
𝑞 > 2 different from 𝑝, we still get a 1-dimensional torus.

The group 𝐺 in this example can also be constructed as
the norm torus associatedwith the extension 𝐿 = ℚ(√𝑝) of
ℚ in the sense that its ℚ-points are precisely the elements
of this extension having norm 1. We will now explore the
noncommutative version of this construction.

Example 3.3. Let 𝑝 > 2 be a prime, and let𝐷 be the quater-
nion algebra over ℚ with basis 1, 𝑖, 𝑗, 𝑘 and multiplication
table

𝑖2 = −1, 𝑗2 = 𝑝, 𝑘 = 𝑖𝑗 = −𝑗𝑖.
We recall that the reduced norm of a quaternion 𝑧 = 𝑎 +
𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘 ∈ 𝐷 is given by

Nrd𝐷/ℚ(𝑧) = 𝑎2 + 𝑏2 − 𝑝𝑐2 − 𝑝𝑑2.
There exists an algebraicℚ-group𝐺, usually denoted SL1,𝐷,
whose ℚ-points correspond to the quaternions 𝑧 ∈ 𝐷×

with Nrd𝐷/ℚ(𝑧) = 1. Using the regular representation of 𝐷
in the chosen basis, one can give an explicit matrix realiza-
tion of 𝐺 and write down a set of defining equations with
integer coefficients. One then proves that (1) over ℚ, the
group SL1,𝐷 is isomorphic to SL2, hence is an absolutely
almost simple group; and (2) the reductions modulo 𝑝
of the defining equations yield a group that has nontrivial
unipotent radical, i.e., is not reductive (see [8, Example 3.5]
for the details).
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Thus, in contrast to Example 3.1, where the reductive
groups had reductive reductions, in the last two examples,
the reductive groups (in fact, a torus and an absolutely al-
most simple group) are defined by equations whose reduc-
tions yield nonreductive groups. This “anomaly” is pre-
cisely what characterizes bad reduction! (We note that in
a broad sense, the situation is analogous to the reduction
of an elliptic curve given by (1) at a prime dividing its dis-
criminant in §1, where the type of the curve changes.)

This discussion motivates the following conceptual ap-
proach to the notion of good reduction for reductive ℚ-
groups. First, to make our notion “local at 𝑝,” instead of ℤ,
we take the localization ℤ(𝑝) of ℤ at the prime ideal (𝑝) as
our base ring (concretely, ℤ(𝑝) is the subring of ℚ consist-
ing of fractions in lowest terms whose denominators are
prime to 𝑝). Then we say that a reductiveℚ-group has good
reduction at a prime 𝑝 if it admits a matrix ℚ-realization
𝐺 ↪ GL𝑚 where it can be defined by a system of polyno-
mial equations with coefficients inℤ(𝑝) such that the reduc-
tion of this systemmodulo 𝑝 still defines a reductive group;
otherwise, we say that 𝐺 has bad reduction at 𝑝. Thus, the
groups in Example 3.1 do have good reduction at the speci-
fied primes. On the other hand, Example 3.2 suggests that
the 1-dimensional torus considered therein does not have
good reduction at𝑝 (which can, in fact, be establishedwith
some extra work), while it does have good reduction at all
odd primes 𝑞 ≠ 𝑝.

For the group 𝐺 = SL1,𝐷 considered in Example 3.3, the
situation is more delicate. We have indicated that the real-
ization of 𝐺 provided by the regular representation of 𝐷 al-
ways results in nonreductive reduction, and one can show
that 𝐺 indeed has bad reduction at 𝑝 if 𝑝 ≡ 3(mod 4). For
𝑝 ≡ 1(mod 4), however, 𝐺 is ℚ-isomorphic to SL2, hence
has a realization that results in good reduction at 𝑝 (cf. the
discussion in §1 of why the elliptic curve 𝑦2 = 𝑥3−625𝑥 ac-
tually has good reduction at 𝑝 = 5). Thus, an adequate def-
inition of good reduction should operate with the objects
independent of the matrix realization of the given reduc-
tive group 𝐺 and the choice of defining equations. As we
explained in §2, such an object is the Hopf algebraℚ[𝐺] of
ℚ-regular functions, and the formal definition of good re-
duction in the next section is formulated precisely in terms
of the existence of a ℤ(𝑝)-structure on the latter whose re-
duction modulo 𝑝 represents a reductive group.

4. Reductive Algebraic Groups
with Good Reduction

Over general fields, one considers the notion of good re-
duction for reductive algebraic groups with respect to dis-
crete valuations. So, we begin with a quick summary of the
relevant definitions and some basic examples.
4.1. Brief review of valuations. First, we recall that a (nor-
malized) discrete valuation on a field 𝐾 is a surjective map

𝑣∶ 𝐾× → ℤ such that
(a) 𝑣(𝑎𝑏) = 𝑣(𝑎) + 𝑣(𝑏);
(b) 𝑣(𝑎 + 𝑏) ⩾ min(𝑣(𝑎), 𝑣(𝑏)) whenever 𝑎 + 𝑏 ≠ 0.

One defines the valuation ring and the valuation ideal, re-
spectively, by 𝒪(𝑣) = {𝑎 ∈ 𝐾× | 𝑣(𝑎) ⩾ 0} ∪ {0} and
𝔭(𝑣) = {𝑎 ∈ 𝐾× | 𝑣(𝑎) > 0} ∪ {0}. Then 𝒪(𝑣) is a local
ring with maximal ideal 𝔭(𝑣). The quotient ring 𝒪(𝑣)/𝔭(𝑣)
is called the residue field and will be denoted 𝐾(𝑣). Further-
more, one considers the completion 𝐾𝑣 of 𝐾 with respect
to the absolute value associated with 𝑣. Then 𝑣 naturally
extends to a discrete valuation on 𝐾𝑣, which we will still
denote by 𝑣. The corresponding valuation ring and valu-
ation ideal in 𝐾𝑣 will be denoted 𝒪𝑣 and 𝔭𝑣, respectively;
we note that the quotient ring 𝒪𝑣/𝔭𝑣 coincides with the
residue field 𝐾(𝑣) defined above.

Example 4.1. (a) To every rational prime 𝑝, there corre-
sponds the 𝑝-adic valuation on ℚ defined as follows: if
𝑎 ∈ ℚ× is of the form 𝑎 = 𝑝𝛼 ⋅ 𝑚

𝑛
, with 𝑚 and 𝑛 relatively

prime to 𝑝, then 𝑣(𝑎) = 𝛼. The corresponding valuation
ring is the localization ℤ(𝑝), and the residue field is 𝔽𝑝. Fur-
thermore, the completion is the field of 𝑝-adic numbers
ℚ𝑝, and the valuation ring of ℚ𝑝 is the ring ℤ𝑝 of 𝑝-adic
integers.

(b) Let𝐾 = 𝑘(𝑥) be the field of rational functions in one
variable over a field 𝑘, and let 𝑝(𝑥) ∈ 𝑘[𝑥] be a (monic)
irreducible polynomial. Then the same construction as in
part (a) enables us to associate to 𝑝(𝑥) a discrete valuation
𝑣𝑝(𝑥) on 𝐾. There is one additional discrete valuation on
𝐾 given by

𝑣∞ (𝑓/𝑔) = deg(𝑔) − deg(𝑓), where 𝑓, 𝑔 ∈ 𝑘[𝑥].
Note that all of these valuations are trivial on the field
of constants 𝑘, and cumulatively they constitute all valu-
ations of 𝐾 with this property. These valuations are often
called “geometric” since they naturally correspond to the
closed points of the projective line ℙ1𝑘.

(c) Again let 𝐾 = 𝑘(𝑥), but now assume that we are
given a discrete valuation 𝑣0 of 𝑘. Then 𝑣0 can be extended
to a discrete valuation 𝑣 on 𝐾 by first extending it to the
polynomial ring 𝑘[𝑥] using the formula

𝑣(𝑓(𝑥)) ∶= min
𝑖=0,…,𝑛

𝑣0(𝑎𝑖)

for 𝑓(𝑥) = 𝑎𝑛𝑥𝑛 + ⋯ + 𝑎0 and then extending 𝑣 to 𝐾 by
multiplicativity.

4.2. Definition of good reduction. We are finally ready
to introduce a formal definition of good reduction for a
reductive algebraic group 𝐺 defined over a field 𝐾 with re-
spect to a discrete valuation 𝑣 of 𝐾. As we explained at the
end of §3, one needs to formulate it in terms of theHopf al-
gebra 𝐾[𝐺] of 𝐾-regular functions, i.e., exercising the point
of view of the theory of affine group schemes. After stating
the formal definition, however, we will exhibit a number
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of situations where good reduction can be characterized in
very concrete terms.

In our discussion, we will use the following standard
notation: given an affine scheme 𝑋 = Spec 𝐴, where 𝐴 is
a commutative algebra over a commutative ring 𝑅, and a
ring extension 𝑅 ⊂ 𝑅′, we will denote by 𝑋 ×𝑅 𝑅′ the affine
scheme Spec (𝐴⊗𝑅 𝑅′) over 𝑅′ (usually referred to as “base
change”).

Definition 4.2. Let 𝐾 be a field equipped with a discrete
valuation 𝑣, and let 𝐺 be a connected reductive 𝐾-group.
We say that 𝐺 has good reduction at 𝑣 if there exists a reduc-
tive group scheme 𝒢 over 𝒪𝑣 with generic fiber 𝒢 ×𝒪𝑣 𝐾𝑣
isomorphic to 𝐺 ×𝐾 𝐾𝑣.

Explicitly, this means that there should exist a Hopf 𝒪𝑣-
algebraℋ such thatℋ⊗𝒪𝑣 𝐾𝑣 ≃ 𝐾𝑣[𝐺] (an “𝒪𝑣-structure”
on 𝐾𝑣[𝐺]) and the algebra ℋ/𝔭𝑣ℋ over the residue field
𝐾(𝑣) represents a connected reductive group (cf. the end
of §2.2).

We conclude this section with several examples of
semisimple groups where the conditions for good reduc-
tion can be described explicitly. These examples will be
sufficient for understanding the rest of the article.

Example 4.3. (a) It follows from the Chevalley construc-
tion that any absolutely almost simple simply connected
𝐾-split group 𝐺 has good reduction at every discrete valu-
ation 𝑣 of 𝐾. (This generalizes the discussion of SL𝑛 and
Sp2𝑛 in Example 2.1.)

(b) The construction of an absolutely almost simple
group 𝐺 = SL1,𝐷 associated with the group of norm 1 ele-
ments in a quaternion algebra 𝐷 can be generalized to any
finite-dimensional central simple algebra 𝐴 over a field 𝐾
using the reduced norm homomorphism Nrd𝐴/𝐾 ∶ 𝐴× →
𝐾×. We will discuss this group in more detail in Example
5.2(b) below, and now only indicate that 𝐺 = SL1,𝐴 has
good reduction at 𝑣 if and only if there exists an Azumaya
𝒪𝑣-algebra 𝒜 such that 𝐴⊗𝐾 𝐾𝑣 ≃ 𝒜⊗𝒪𝑣 𝐾𝑣. This means
that the algebra 𝐴 ⊗𝐾 𝐾𝑣 should have an 𝒪𝑣-structure 𝒜
such that the quotient 𝒜/𝔭𝑣𝒜 is a central simple algebra
over 𝐾(𝑣). Alternatively, the condition on 𝐴 can be ex-
pressed by saying that 𝐴 is unramified at 𝑣.

(c) Assuming that char 𝐾(𝑣) ≠ 2, the spinor group
𝐺 = Spin𝑛(𝑞) of a nondegenerate quadratic form 𝑞 in 𝑛 > 2
variables over 𝐾 has good reduction at 𝑣 if and only if,
over 𝐾𝑣, the form 𝑞 is equivalent to a quadratic form
𝜆(𝑎1𝑥21 + ⋯ + 𝑎𝑛𝑥2𝑛), with 𝜆 ∈ 𝐾×

𝑣 and 𝑎𝑖 ∈ 𝒪×
𝑣 for all

𝑖 = 1, … , 𝑛.

5. Forms with Good Reduction
and Galois Cohomology

5.1. 𝐿/𝐾-forms. The most general question in the spirit
of Shafarevich’s conjecture for reductive linear algebraic
groups over arbitrary fields is the following:

Let 𝐾 be a field equipped with a set 𝑉 of discrete valuations.
What are the reductive algebraic groups of a given dimension
that have good reduction at all 𝑣 ∈ 𝑉? More specifically, what
are the situations in which the number of 𝐾-isomorphism classes
of such groups is finite?

Tomake this questionmeaningful, one needs to special-
ize 𝐾 and 𝑉 , which we will do in §6. However, we would
first like to point out that considering reductive algebraic
groups of a given dimension is far less natural than con-
sidering abelian varieties of the same dimension. Indeed,
in a very coarse sense, all complex abelian varieties of di-
mension 𝑑 “look the same”: they are all analytically iso-
morphic to complex tori ℂ𝑑/Λ, where Λ ⊂ ℂ𝑑 is a lattice
of rank 2𝑑. At the same time, the “fine” structure and clas-
sification of these varieties are highly involved as these va-
rieties have nontrivialmoduli spaces, which leads to infinite
continuous families of nonisomorphic varieties.

On the contrary, reductive algebraic groups of the
same dimension may look completely different; however,
the structure theory (cf. §2.2) implies that over an alge-
braically (or separably) closed field, for each integer 𝑑 ≥ 1,
there are only finitely many isomorphism classes of (con-
nected) reductive groups of dimension 𝑑 (thus, there are
no nontrivial moduli spaces for such groups). So, in the
analysis of finiteness phenomena for reductive groups, it
makes sense to focus on those classes of groups that be-
come isomorphic over a separable closure of the base field;
the main issue then becomes the passage from an isomor-
phism over the separable closure to an isomorphism over
the base field (so-called Galois descent). This brings us to
the following.

Definition 5.1. Let 𝐺 be a linear algebraic group over a
field 𝐾, and let 𝐿/𝐾 be a field extension. An algebraic 𝐾-
group 𝐺′ is called an 𝐿/𝐾-form of 𝐺 if there exists an 𝐿-
isomorphism 𝐺 ×𝐾 𝐿 ≃ 𝐺′ ×𝐾 𝐿.

We will be interested mostly in 𝐾sep/𝐾-forms of a linear
algebraic group 𝐺, where 𝐾sep is a fixed separable closure
of 𝐾; these will often be referred to simply as 𝐾-forms of 𝐺.
Here are some examples of forms of algebraic groups that
we will encounter in the article.

Example 5.2. (a) Let 𝑇 = 𝔻𝑛 be an 𝑛-dimensional 𝐾-split
torus. Any other 𝑛-dimensional𝐾-torus 𝑇 ′ splits over𝐾sep,
hence 𝑇 ×𝐾 𝐾sep ≃ 𝑇 ′ ×𝐾 𝐾sep over 𝐾sep. This means that
all 𝑛-dimensional 𝐾-tori are 𝐾-forms of 𝑇.

Similarly, let 𝐺 be an absolutely almost simple simply
connected split algebraic group over 𝐾, and let 𝐺′ be any
absolutely almost simple simply connected𝐾-group of the
same type as 𝐺. Then 𝐺′ becomes split over 𝐾sep, entailing
the existence of a 𝐾sep-isomorphism 𝐺 ×𝐾 𝐾sep ≃ 𝐺′ ×𝐾
𝐾sep. Thus,𝐺′ is a𝐾-form of𝐺, and hence every absolutely
almost simple simply connected𝐾-group is a𝐾-form of an
absolutely almost simple simply connected split 𝐾-group.
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(b) Let 𝐴 be a central simple 𝐾-algebra of degree 𝑛, and
let 𝐺 = SL1,𝐴 be the algebraic 𝐾-group associated with the
group of elements of reduced norm 1 in 𝐴. There is an iso-
morphism of 𝐾sep-algebras 𝜑∶ 𝐴 ⊗𝐾 𝐾sep ⟶ M𝑛(𝐾sep),
and in terms of this isomorphism, the reduced norm of
𝑎 ∈ 𝐴 is given by Nrd𝐴/𝐾(𝑎) = det(𝜑(𝑎 ⊗ 1)). It follows
that the group 𝐺 ×𝐾 𝐾sep is 𝐾sep-isomorphic to SL𝑛; in
other words, 𝐺 is a 𝐾-form of SL𝑛. In fact, it is an inner
form, and all inner forms are obtained this way; see [5, Ch.
II, §2.3.4] for the details.

(c) Assume that char 𝐾 ≠ 2. Let 𝑞 be a nondegen-
erate quadratic form in 𝑛 ≥ 3 variables over 𝐾, and let
𝐺 = Spin𝑛(𝑞) be the corresponding spinor group. Then
any other nondegenerate quadratic form 𝑞′ over 𝐾 in 𝑛
variables is equivalent to 𝑞 over 𝐾sep, implying that 𝐺′ =
Spin𝑛(𝑞′) is a 𝐾-form of 𝐺. If 𝑛 is odd, then the groups
𝐺′ = Spin𝑛(𝑞′) account for all 𝐾-forms of 𝐺. However,
for 𝑛 even, there may be other 𝐾-forms of 𝐺 defined in
terms of the (universal covers of) unitary groups of (skew)-
hermitian forms over noncommutative central division 𝐾-
algebras with an involution of the first kind (such as, for
example, quaternion algebras).

We can now give a more precise version of the above
question concerning reductive groups with good reduc-
tion.

Question 5.3. Let 𝐾 be a field equipped with a set 𝑉 of
discrete valuations. What are the 𝐾-forms (or even just
inner𝐾-forms; see Example 5.4 below) of a given reductive
algebraic 𝐾-group𝐺 that have good reduction at all 𝑣 ∈ 𝑉?
More specifically, in what situations is the number of 𝐾-
isomorphism classes of such 𝐾-forms finite?

We will return to this question in the next section and
formulate precise conjectures in several situations. First,
however, we would like to review how the forms of alge-
braic groups (and other objects) are classified in terms of
Galois cohomology.
5.2. Classification of forms and Galois cohomology.
Let Γ be a group, and let 𝐴 be a Γ-module, i.e., an abelian
group equipped with a Γ-action. In homological algebra,
one defines the cohomology groups 𝐻𝑖(Γ, 𝐴) for all 𝑖 ≥ 0.
This definition can be extended to a not necessarily abelian
Γ-group 𝐴 for 𝑖 = 0, 1, in which case 𝐻1(Γ, 𝐴) does not
have a natural group structure and is treated as a set with a
distinguished element—the equivalence class of the trivial
cocycle. We refer the reader to [11] for the description of
this construction and its basic properties, and will focus
here on the applications to the classification of forms.

Given a finite Galois extension 𝐿/𝐾 with Galois group
Γ, there are two sources of Γ-groups. First, for any alge-
braic 𝐾-group 𝐺, the group Γ naturally acts on the group
of 𝐿-points 𝐺(𝐿). In this case, instead of 𝐻1(Γ, 𝐺(𝐿)) we
write 𝐻1(𝐿/𝐾, 𝐺). Second, we can look at the group 𝐴𝐿 of
𝐿-defined automorphisms of 𝐺. Then again 𝐴𝐿 receives

a natural action of Γ and we may consider the set
𝐻1(Γ, 𝐴𝐿) = 𝐻1(𝐿/𝐾, 𝐴𝐿). All this generalizes to infinite
Galois extensions, but then one should regard the Galois
group Γ as a profinite group and define 𝐻1 using continu-
ous 1-cocycles on Γ with values in a discrete group. The
most important case here is when 𝐿 = 𝐾sep so that Γ
is the absolute Galois group of 𝐾. We then abbreviate
𝐻1(𝐾sep/𝐾, 𝐺) to just 𝐻1(𝐾, 𝐺).

Now let 𝐿/𝐾 be an arbitrary Galois extension (fi-
nite or infinite). For an algebraic 𝐾-group 𝐺, we let
𝐹(𝐿/𝐾, 𝐺) denote the set of 𝐾-isomorphism classes of 𝐿/𝐾-
forms of 𝐺. One shows that there is a natural bijection
𝛾𝐿/𝐾 ∶ 𝐹(𝐿/𝐾, 𝐺) → 𝐻1(𝐿/𝐾, 𝐴𝐿); in particular, we have a
natural bijection 𝛾𝐾 ∶ 𝐹(𝐾sep/𝐾, 𝐺) → 𝐻1(𝐾, 𝐴𝐾sep). The
examples below demonstrate how this cohomological de-
scription enables one to obtain a classification of forms in
more explicit terms.

Example 5.4. (a) Let 𝑇 = 𝔻𝑛 be the 𝑛-dimensional 𝐾-
split torus. Set Γ = Gal(𝐾sep/𝐾). Then the automorphism
group 𝐴𝐾sep as a Γ-group can be identified with GL𝑛(ℤ)
equipped with the trivial action. Since any 𝑛-dimensional
𝐾-torus is a 𝐾-form of 𝑇 (cf. Example 5.2(a)), it follows
that the 𝐾-isomorphism classes of 𝑛-dimensional 𝐾-tori
are in bijection with the conjugacy classes of continuous
homomorphisms 𝑓∶ Γ → GL𝑛(ℤ).

(b) Let 𝐺 be an absolutely almost simple simply con-
nected 𝐾-split group. Then the 𝐾-forms of 𝐺 are precisely
all absolutely almost simple simply connected 𝐾-groups
of the same type as 𝐺, so their 𝐾-isomorphism classes are
classified by the elements of 𝐻1(𝐾, 𝐴𝐾sep). In the case at
hand, the automorphism group 𝐴𝐾sep is the group of 𝐾sep-
points of an algebraic 𝐾-group 𝐴, which is an extension
of the group of inner automorphisms (typically identified
with the adjoint group 𝐺) by the finite group of all symme-
tries of the Dynkin diagram of 𝐺. Then the 𝐾-forms that
correspond to the cohomology classes lying in the image
of the natural map 𝐻1(𝐾, 𝐺) ⟶ 𝐻1(𝐾, 𝐴𝐾sep) are called
inner forms; all other forms are called outer forms.

A similar approach applies to the classification of 𝐾-
forms of other “objects,” which provides an interpretation
of 𝐻1 in certain situations.

Example 5.5. (a) Let 𝐷 = M𝑛(𝐾) be the matrix algebra
of degree 𝑛 over 𝐾. Then any other central simple alge-
bra 𝐷′ of degree 𝑛 over 𝐾 is a 𝐾-form of 𝐷 in the obvious
sense. It follows from the Skolem-Noether theorem that
for any field 𝐹, the group of 𝐹-automorphisms ofM𝑛(𝐹) is
PGL𝑛(𝐹). Thus, we conclude that the isomorphism classes
of central simple 𝐾-algebras of degree 𝑛 are in bijection
with the elements of 𝐻1(𝐾, PGL𝑛).

(b) Fix a nondegenerate quadratic form 𝑞 in 𝑛 variables
over a field 𝐾 of characteristic ≠ 2. Then any other non-
degenerate quadratic form 𝑞′ in 𝑛 variables over 𝐾 is a 𝐾-
form of 𝑞. So, the equivalence classes of nondegenerate
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quadratic forms in 𝑛 variables over a field 𝐾 are in bijec-
tion with the elements of 𝐻1(𝐾,O𝑛(𝑞)) for the correspond-
ing orthogonal group.

6. The Finiteness Conjecture for Reductive
Groups with Good Reduction

We now return to Question 5.3 about the forms of a reduc-
tive group having good reduction at a given set of discrete
valuations and discuss two natural choices for the field 𝐾
and the set of discrete valuations 𝑉 of 𝐾.
6.1. The Dedekind case. Here, the field 𝐾 is the fraction
field of a Dedekind ring 𝑅 and 𝑉 is the set of discrete
valuations of 𝐾 associated with the maximal ideals of 𝑅.
Early interest in this case can be traced back to the work of
G. Harder (1967) and of J.-L. Colliot-Thélène and J.-J. San-
suc (1979). The basic case where 𝐾 = ℚ and 𝑅 = ℤ, and
hence 𝑉 is the set of all 𝑝-adic valuations of ℚ, was con-
sidered by B. H. Gross [4] and B. Conrad (2014). In partic-
ular, Gross showed that an absolutely almost simple sim-
ply connected ℚ-group 𝐺 that has a good reduction at all
primes 𝑝 necessarily splits over all ℚ𝑝. Furthermore, the
following finiteness result is true over any number field.

Proposition 6.1. Let 𝐺 be an absolutely almost simple sim-
ply connected algebraic group over a number field 𝐾, and let
𝑉𝐾
𝑓 denote the set of all discrete valuations of 𝐾. Then for any

subset 𝑉 ⊂ 𝑉𝐾
𝑓 such that 𝑉𝐾

𝑓 ⧵ 𝑉 is finite, the number of 𝐾-
isomorphism classes of 𝐾-forms of 𝐺 that have good reduction
at all 𝑣 ∈ 𝑉 is finite.

Another basic example of a Dedekind ring is the poly-
nomial ring 𝑅 = 𝑘[𝑥] over a field 𝑘. We let 𝑉 denote the
set of discrete valuations of the field of rational functions
𝐾 = 𝑘(𝑥) associated with monic irreducible polynomials
𝑝(𝑥) ∈ 𝑘[𝑥] (see Example 4.1(b)). We then have the fol-
lowing result, which was first discovered by M. S. Raghu-
nathan and A. Ramanathan (1984).

Theorem 6.2. Let 𝐺0 be a (connected) semisimple simply con-
nected algebraic group over a field 𝑘. If 𝐺′ is a 𝐾-form of the
group 𝐺 = 𝐺0 ×𝑘 𝐾 that has good reduction at all 𝑣 ∈ 𝑉 and
splits over 𝑘sep(𝑥), then 𝐺′ = 𝐺′

0 ×𝑘 𝐾 for some 𝑘-form 𝐺′
0 of

𝐺0.

Yet another case where forms with good reduction have
been considered in full involves the ring of Laurent poly-
nomials 𝑅 = 𝑘[𝑥, 𝑥−1]. Here, the set 𝑉 consists of the
discrete valuations of 𝐾 = 𝑘(𝑥) corresponding to monic
irreducible polynomials 𝑝(𝑥) ∈ 𝑘[𝑥], with 𝑝(𝑥) ≠ 𝑥. In
this case, a description of the 𝐾-forms of the group 𝐺 as
in Theorem 6.2 that have good reduction at all 𝑣 ∈ 𝑉 was
given by V. I. Chernousov, P. Gille, and A. Pianzola (2012),
under some minor restrictions on the characteristic. This
result is too technical to be stated here, so we only indi-
cate that it played a crucial role in the proof of the con-
jugacy of the analogues of Cartan subalgebras in certain

infinite-dimensional Lie algebras (we refer the reader to
[8, §5.1] for precise statements and references).

Generalizing the last two examples, one can consider
the (Dedekind) ring 𝑅 = 𝑘[𝐶] of regular functions of a
smooth geometrically integral affine curve 𝐶 over a field 𝑘,
in which case 𝑉 consists of the discrete valuations of the
function field 𝐾 = 𝑘(𝐶) associated with the closed points
of 𝐶. It seems that no explicit description of the 𝐾-forms
of a given reductive 𝐾-group 𝐺 that have good reduction
at all 𝑣 ∈ 𝑉 is available in most situations. So, we will
instead focus on the qualitative question concerning the
conditions that ensure the finiteness of the number of 𝐾-
isomorphism classes of such forms. We observe that if 𝐺0
is a reductive algebraic 𝑘-group and 𝐺 = 𝐺0 ×𝑘 𝐾 is the
base change of 𝐺0 to 𝐾, then for any 𝑘-form 𝐺′

0 of 𝐺0, the
group 𝐺′ = 𝐺′

0 ×𝑘 𝐾 is a 𝐾-form of 𝐺 that has good reduc-
tion at all 𝑣 ∈ 𝑉 . So, even though nonisomorphic 𝑘-forms
may become isomorphic after base change to 𝐾, in order
to have an affirmative answer to our question in a suffi-
ciently general situation, one needs to assume that over
𝑘, the groups at hand have only finitely many nonisomor-
phic forms. This basically amounts to a hypothesis on the
finiteness of Galois cohomology.

In [11, Ch. III], Serre described a class of fields over
which one does have the required finiteness. For this he
first introduced the following condition (F) on a profinite
group 𝒢:
For every integer 𝑚 ≥ 1, the group 𝒢 has only finitely many
open subgroups of index 𝑚.

He then defined a field 𝐾 to be of type (F) if it is per-
fect and its absolute Galois group Gal(𝐾sep/𝐾) satisfies (F).
Examples of such fields include ℝ and ℂ, finite fields 𝔽𝑞,
and 𝑝-adic fields ℚ𝑝, among many others. The key result
is that if 𝐾 is a field of type (F), then the set 𝐻1(𝐾, 𝐺) is
finite for any linear algebraic 𝐾-group 𝐺. Moreover, if 𝐾 is
of characteristic 0 and of type (F), then any linear algebraic
group has finitely many 𝐾-forms. Based on these results,
we would like to propose the following finiteness conjec-
ture for forms with good reduction.

Conjecture 6.3. Let 𝑘 be a field of characteristic 0 and of
type (F). Suppose 𝐾 = 𝑘(𝐶) is the function field of a smooth
geometrically integral affine curve 𝐶 over 𝑘, and let 𝑉 be the
set of discrete valuations of 𝐾 associated with the closed points
of 𝐶. Then for an absolutely almost simple simply connected
algebraic 𝐾-group 𝐺, the number of 𝐾-isomorphism classes of
𝐾-forms 𝐺′ of 𝐺 that have good reduction at all 𝑣 ∈ 𝑉 is finite.

We refer the reader to [8, §5.2] for a more general form
of this conjecture.
6.2. The finiteness conjecture for arbitrary finitely gener-
ated fields. We now turn to themain finiteness conjecture
for forms with good reduction over arbitrary finitely gener-
ated fields. Let us point out that, unlike the Dedekind situ-
ation discussed above, forms with good reduction had not
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been considered in the higher-dimensional setting prior to
our work.

We first note that an arbitrary finitely generated field 𝐾
possesses natural sets of discrete valuations called divisorial.
In geometric language, such sets consist of the discrete val-
uations associated with prime divisors on a model 𝔛 of 𝐾,
i.e., a normal separated irreducible scheme of finite type
over ℤ (if char 𝐾 = 0) or over a finite field (if char 𝐾 > 0)
such that 𝐾 is the field of rational functions on 𝔛. Alge-
braically, this construction amounts to finding a subring
𝑅 of 𝐾 whose fraction field is 𝐾 and such that 𝑅 is inte-
grally closed (in 𝐾) and a finitely generated ℤ-algebra (or
𝔽𝑝-algebra). For any height one prime ideal 𝔭 ⊂ 𝑅 (i.e.,
a minimal nonzero prime ideal), the localization 𝑅𝔭 is a
discrete valuation ring, hence gives rise to a discrete valu-
ation 𝑣𝔭 of 𝐾. Then 𝑉 consists of such valuations 𝑣𝔭 cor-
responding to all height one prime ideals of 𝑅. Further-
more, we observe that any two divisorial sets 𝑉1 and 𝑉2
associated with two different models of 𝐾 are commensu-
rable, i.e., 𝑉 𝑖 ⧵ (𝑉1 ∩𝑉2) is finite for 𝑖 = 1, 2 (which makes a
divisorial set of places almost canonical), and that for any
finite subset 𝑆 of a divisorial set 𝑉 , the set 𝑉 ⧵ 𝑆 contains
a divisorial set. Here is an example that gives a concrete
illustration of these notions.

Example 6.4. The field of rational functions 𝐾 = ℚ(𝑥) is
the fraction field of 𝑅 = ℤ[𝑥]. It is well known that any
height one prime ideal 𝔭 of 𝑅 is principal with a generator
𝑝 of one of the following two types: (a) 𝑝 ∈ ℤ[𝑥] is an
irreducible polynomial with content 1; or (b) 𝑝 ∈ ℤ is a
rational prime. In the first case, the associated discrete val-
uation of 𝐾 coincides with the one corresponding to the
monic irreducible polynomial in ℚ[𝑥] obtained by divid-
ing 𝑝 by its leading coefficient (cf. Example 4.1(b)). We
will call such discrete valuations geometric and denote the
set of all of these valuations by 𝑉0. In the second case, the
associated discrete valuation coincides with the extension
of the 𝑝-adic valuation described in Example 4.1(c). We
will refer to such valuations as arithmetic and denote the
set of all of these valuations by 𝑉1. Thus, the set of diviso-
rial valuations of 𝐾 associated with the model 𝔛 = Spec 𝑅
is 𝑉 = 𝑉0 ∪ 𝑉1.

We now come to our central conjecture for forms with
good reduction over arbitrary finitely generated fields.

Conjecture 6.5 (Main conjecture for forms with good re-
duction). Let 𝐺 be a (connected) reductive algebraic group
over a finitely generated field 𝐾, and let 𝑉 be a divisorial set
of discrete valuations of 𝐾. Then the set of 𝐾-isomorphism
classes of (inner) 𝐾-forms 𝐺′ of 𝐺 that have good reduction
at all 𝑣 ∈ 𝑉 is finite (at least when the characteristic of 𝐾 is
“good”).

As follows from our discussion, in a broad sense this
conjecture should be viewed as an analogue of Shafare-
vich’s conjecture in the context of reductive algebraic

groups over higher-dimensional fields. It appears to play
a key role in the analysis of other finiteness properties in
this situation, and in §7 we will discuss its connections
with the local-global principle. Due to space limitations,
we will not be able to present its links to the genus problem
(cf. [8, §8]), but in §9 we will describe an application of
this work to length-commensurable Riemann surfaces.

7. Finiteness Aspects of Local-Global Properties
We now discuss connections between Conjectures 6.3 and
6.5 and local-global principles. Historically, one of the
earliest local-global results was the Hasse-Minkowski the-
orem, which states that given a quadratic form 𝑞(𝑥1, … , 𝑥𝑛)
over a number field 𝐾, the equation 𝑞(𝑥1, … , 𝑥𝑛) = 0 has
a nonzero solution in 𝐾𝑛 if and only if it has a nonzero
solution in 𝐾𝑛

𝑣 for all valuations 𝑣 of 𝐾 (including the
archimedean ones). The essence of this result is well en-
capsulated in the general idea of the local-global principle,
which can be formulated as follows:

Suppose 𝐾 is a field equipped with a set 𝑉 of (rank one) valu-
ations, and let 𝒞 be a class of algebraic 𝐾-varieties. One says
that the local-global principle holds for 𝒞 with respect to
𝑉 if any variety 𝑋 ∈ 𝒞 has a rational point over 𝐾 if and only if
it has a rational point over the completion 𝐾𝑣 for every 𝑣 ∈ 𝑉 .

From this perspective, the Hasse-Minkowski theorem
simply states that the class of projective quadrics over any
number field 𝐾 satisfies the local-global principle with re-
spect to the set 𝑉 of all valuations of 𝐾.

In this article, we will focus on the cohomological ap-
proach to the local-global principle, where one consid-
ers an algebraic group 𝐺 defined over a field 𝐾 equipped
with a set 𝑉 of valuations and then analyzes the global-
to-local map in Galois cohomology 𝜃𝐺,𝑉 ∶ 𝐻1(𝐾, 𝐺) →
∏𝑣∈𝑉 𝐻1(𝐾𝑣, 𝐺). One then defines the Tate-Shafarevich set
X(𝐺, 𝑉) as the kernel ker 𝜃𝐺,𝑉 , i.e., the preimage of the
distinguished element. It is easy to see that the validity of
the local-global principle for the class of principal homo-
geneous spaces of 𝐺 (or 𝐺-torsors) is equivalent to the triv-
iality ofX(𝐺, 𝑉), but in fact one is evenmore interested in
the injectivity of 𝜃𝐺,𝑉 which for a noncommutative𝐺 is not
an automatic consequence of this property. The reason is
that the injectivity enables one to give a local-global treat-
ment of various equivalences. For example, it follows from
Example 5.5(b) that the injectivity of 𝜃𝐺,𝑉 for the orthogo-
nal group 𝐺 = O𝑛(𝑞) is equivalent to the well-known con-
sequence of the Hasse-Minkowski theorem that two non-
degenerate quadratic forms 𝑞1(𝑥1, … , 𝑥𝑛) and 𝑞2(𝑥1, … , 𝑥𝑛)
over a number field 𝐾 are equivalent over 𝐾 if and only if
they are equivalent over the completions 𝐾𝑣 for all valua-
tions 𝑣 of 𝐾 (including the archimedean ones). So, one
says that the cohomological local-global principle holds for 𝐺
with respect to 𝑉 if the map 𝜃𝐺,𝑉 is injective. Here is what
this amounts to in the classical situation.
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Example 7.1. (a) The cohomological local-global princi-
ple for the norm torus 𝑇 associated with the group of norm
1 elements in a finite separable extension 𝐿/𝐾 is equivalent
to the statement that an element 𝑎 ∈ 𝐾× is a norm in the
extension 𝐿/𝐾 if and only if it is a norm locally at all 𝑣 ∈ 𝑉 .
According to the famous Hasse Norm Theorem, this is in-
deed the case for all cyclic Galois extensions of number
fields when 𝑉 is the set of all valuations of 𝐾, including
the archimedean ones.

(b) Let 𝐺 = PGL𝑛. It follows from Example 5.5(a) that
the cohomological local-global principle for 𝐺 amounts
to the fact that two central simple algebras 𝐴1 and 𝐴2 of
degree 𝑛 over 𝐾 are isomorphic if and only if the algebras
𝐴1 ⊗𝐾 𝐾𝑣 and 𝐴2 ⊗𝐾 𝐾𝑣 are isomorphic over 𝐾𝑣 for all
𝑣 ∈ 𝑉 . The truth of this for all 𝑛 ≥ 2 makes the natural
map of Brauer groups Br(𝐾) ⟶ ∏𝑣∈𝑉 Br(𝐾𝑣) injective,
which is indeed the case if 𝐾 is a number field and 𝑉 is the
set of all valuations of 𝐾 including the archimedean ones
according to the Albert-Hasse-Brauer-Noether theorem.

Starting with these examples, the study of the cohomo-
logical local-global principle was eventually extended to
arbitrary linear algebraic groups. One of the crowning
achievements of the arithmetic theory of algebraic groups
was the proof of the fact that the cohomological local-
global principle holds for all semisimple simply connected
and adjoint groups over number fields (cf. [5, Ch. 6]).
While the cohomological local-global principle fails for
general semisimple groups (see [11, Ch. III]), it was nev-
ertheless proved by Borel and Serre using reduction the-
ory for adelic groups that when 𝐾 is a number field, the
map 𝜃𝐺,𝑉 is proper (i.e., the preimage of a finite set is fi-
nite) for any linear algebraic group 𝐺 whenever 𝑉 contains
almost all valuations of 𝐾. Informally, these results mean
that while the local-global principle for groups over num-
ber fields may fail, the deviation from it is always of finite
size. It should be noted that the finiteness of the Tate-
Shafarevich group for abelian varieties over number fields
remains one of the major open problems. At the same
time, for linear algebraic groups one expects such finite-
ness properties to hold much more generally.

Conjecture 7.2. Let 𝐺 be a reductive algebraic group defined
over a finitely generated field 𝐾, and let 𝑉 be a divisorial set
of discrete valuations of 𝐾. Then the global-to-local map 𝜃𝐺,𝑉
is proper. In particular, the Tate-Shafarevich set X(𝐺, 𝑉) is
finite.

We note that it also makes sense to formulate an analo-
gous conjecture in the case where 𝑘 is a field of character-
istic 0 and of type (F) (cf. §6.1), 𝐾 = 𝑘(𝐶) is the function
field of a smooth geometrically integral affine curve 𝐶 over
𝑘, and 𝑉 is the set of discrete valuations of 𝐾 associated
with the closed points of 𝐶.

We will discuss some of the available results on these
conjectures in the next section, but to conclude this

section, let us mention the following rather surprising
connection between the analysis of groups with good re-
duction and local-global principles. The truth of Conjec-
ture 6.5 for the inner forms of an absolutely almost sim-
ple simply connected group 𝐺 automatically implies the
properness of the global-to-local map 𝜃𝐺,𝑉 ∶ 𝐻1(𝐾, 𝐺)⟶
∏𝑣∈𝑉 𝐻1(𝐾𝑣, 𝐺) for the corresponding adjoint group𝐺 (cf.
[7]). Thus, Conjectures 6.5 and 7.2 are related.

8. Overview of Results
We will now give a brief overview of some available results
on Conjectures 6.3, 6.5, and 7.2, referring the interested
reader to [8] for a more detailed discussion.

8.1. Algebraic tori. Recently, all these conjectures were re-
solved for algebraic tori [9]. First, it was shown that if 𝐾
is a finitely generated field of characteristic zero and 𝑉 is a
divisorial set of places of 𝐾, then for any 𝑛 ≥ 1 the set of
𝐾-isomorphism classes of 𝑛-dimensional 𝐾-tori that have
good reduction at all 𝑣 ∈ 𝑉 is finite. One should view this
result that settles Conjecture 6.5 for tori as a far-reaching
generalization of the Hermite-Minkowski theorem that a
given number field has only finitely many extensions of a
given degree that ramify only at a given finite set of places.
The proof relies on the description of the isomorphism
classes of 𝑛-dimensional tori given in Example 5.4(a) in
conjunctionwith the fact that the étale fundamental group
of the model 𝔛 of 𝐾 used to define 𝑉 satisfies Serre’s condi-
tion (F). A similar result is also valid in the context of Con-
jecture 6.3: if 𝐾 = 𝑘(𝑋) is the function field of a smooth
irreducible algebraic variety 𝑋 over a field 𝑘 that has charac-
teristic zero and is of type (F) and𝑉 is the set of discrete val-
uations of 𝐾 associated with the prime divisors of 𝑋 , then
for any 𝑛 ≥ 1 there are only finitely many 𝐾-isomorphism
classes of 𝑛-dimensional 𝐾-tori that have good reduction
at all 𝑣 ∈ 𝑉 .

We now turn to the local-global principles for tori, not-
ing that since tori are commutative, the properness of the
global-to-local map for them is equivalent to the finiteness
of the Tate-Shafarevich group. The following theorem con-
firms Conjecture 7.2 for tori.

Theorem 8.1. Let 𝐾 be a finitely generated field, and let 𝑉 be a
divisorial set of discrete valuations of 𝐾. Then for any algebraic
𝐾-torus 𝑇, the Tate-Shafarevich group

X(𝑇, 𝑉) = ker (𝐻1(𝐾, 𝑇) → ∏
𝑣∈𝑉

𝐻1(𝐾𝑣, 𝑇))

is finite.

We recall that the classical proof of the finiteness of
X(𝑇, 𝑉) when 𝐾 is a number field and 𝑉 is the set of all
places of 𝐾 relies on Tate-Nakayama duality, which is not
available in the general situation. One of the proofs of The-
orem 8.1 in [9] systematically uses adelic techniques in the
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context of arbitrary finitely generated fields and their divi-
sorial sets of valuations, which, to the best of our knowl-
edge, have not been previously employed in this general-
ity. In particular, it demonstrates that when 𝐾 is a number
field, the finiteness of the Tate-Shafarevich group can be es-
tablished without Tate-Nakayama duality, and is actually
a consequence of two basic facts: the finite generation of
the group of 𝑆-units and the finiteness of the class number.
The other proof requires an additional assumption on the
characteristic of 𝐾, but applies also to some fields that are
not finitely generated, such as function fields of algebraic
varieties over fields of characteristic zero and having type
(F).

8.2. Absolutely almost simple groups. First, Conjecture
6.5 has been proven completely for inner forms of type 𝖠𝑛.
Theorem 8.2. Let 𝐾 be a finitely generated field, 𝑉 a divisorial
set of discrete valuations of 𝐾, and 𝑛 ≥ 2 an integer prime to
char𝐾. Then the number of 𝐾-isomorphism classes of groups of
the form SL1,𝐴, where 𝐴 is a central simple 𝐾-algebra of degree
𝑛, that have good reduction at all 𝑣 ∈ 𝑉 is finite.

Next, we have resolved Conjecture 6.5 for groups of sev-
eral other types over some special classes of finitely gen-
erated fields, particularly over two-dimensional global fields
[2]. Following Kato, by a two-dimensional global field, we
mean either the function field 𝐾 = 𝑘(𝐶) of a smooth geo-
metrically integral curve 𝐶 over a number field 𝑘, or the
function field 𝐾 = 𝑘(𝑆) of a smooth geometrically integral
surface 𝑆 over a finite field 𝑘.
Theorem 8.3. Let 𝐾 be a two-dimensional global field of char-
acteristic ≠ 2, and let 𝑉 be a divisorial set of discrete valuations
of 𝐾. Fix an integer 𝑛 ≥ 5. Then the set of 𝐾-isomorphism
classes of spinor groups 𝐺 = Spin𝑛(𝑞) of nondegenerate qua-
dratic forms in 𝑛 variables over 𝐾 that have good reduction at
all 𝑣 ∈ 𝑉 is finite.

The proof uses a variety of techniques, including Mil-
nor’s conjecture on quadratic forms (proved by Voevod-
sky). Similar statements are also available for some special
unitary groups of types A𝑛 and C𝑛 and for groups of type
G2. Without going into the details, we should also point
out that the considerations involved in the proof of The-
orem 8.3 lead to analogous results concerning Conjecture
6.3.

As we noted at the end of §7, Conjecture 6.5 automat-
ically implies Conjecture 7.2 for adjoint groups. Thus, it
follows from Theorem 8.2 that if 𝐾 is a finitely generated
field equipped with a divisorial set of discrete valuations
𝑉 , the global-to-local map 𝜃𝐺,𝑉 in Galois cohomology
is proper for 𝐺 = PSL1,𝐴 for any central simple algebra
𝐴 of degree 𝑛 (thus, in particular, for 𝐺 = PSL𝑛) when
𝑛 is prime to the characteristic. Furthermore, for a two-
dimensional global field 𝐾 of characteristic ≠ 2 and its

divisorial set of places 𝑉 , the properness of 𝜃𝐺,𝑉 is known
in the following cases:

• 𝐺 = SL1,𝐴, where 𝑛 is a square-free integer prime
to char 𝐾 and 𝐴 is a central simple 𝐾-algebra of
degree 𝑛;

• 𝐺 = SO𝑛(𝑞), where 𝑞 is a nondegenerate quadratic
form over 𝐾 in 𝑛 ≥ 5 variables;

• 𝐺 is a simple group of type 𝖦2.
(Note that for SO𝑛(𝑞), the above statement follows from
Theorem 8.3 only for odd 𝑛.)

Our recent analysis of the unramified cohomology of
function fields of rational surfaces and certain Severi-
Brauer varieties over number fields has yielded similar
properness statements in these cases as well (cf. [9]). The
investigation of 𝜃𝐺,𝑉 for other groups over arbitrary finitely
generated fields continues.

9. An Application to Riemann Surfaces
Let ℍ be the complex upper half-plane equipped with the
standard hyperbolic metric and the action of SL2(ℝ) by
fractional linear transformations. We are interested in Rie-
mann surfaces of the form 𝑀 = Γ\ℍ, where Γ ⊂ SL2(ℝ) is
a discrete subgroup with torsion-free image in PSL2(ℝ)—
recall that all compact Riemann surfaces of genus 𝑔 > 1
admit such a description. If Γ is an arithmetic Fuchsian
group, then 𝑀 is said to be arithmetically defined. The in-
vestigation of Riemann surfaces proceeds in different di-
rections, one of which (spectral geometry) focuses on char-
acterizing Riemann surfaces (and other types of spaces) in
terms of various spectra. A classical example is the Laplace
spectrum 𝐸(𝑀), leading to M. Kac’s famous question “Can
one hear the shape of a drum?” It is also natural to consider
the length spectrum 𝐿(𝑀), defined as the collection of the
lengths of all closed geodesics in 𝑀.

While neither spectrum determines a Riemann surface
𝑀 up to isometry (cf. [13], [14]), A. Reid [10] established
the following commensurability statement: for two arith-
metically defined Riemann surfaces 𝑀1 and 𝑀2, the condi-
tion of iso-length-spectrality 𝐿(𝑀1) = 𝐿(𝑀2) implies that
𝑀1 and 𝑀2 are commensurable, i.e., have a common finite-
sheeted cover. In fact, in the arithmetic situation, com-
mensurability also follows from the much weaker condi-
tion ℚ ⋅ 𝐿(𝑀1) = ℚ ⋅ 𝐿(𝑀2), which is referred to as length-
commensurability.

To establish commensurability, Reid considers the alge-
bra 𝐴Γ attached to a Riemann surface 𝑀 = Γ\ℍ, defined
as the ℚ-subalgebra of the matrix algebra M2(ℝ) spanned
by Γ(2), the subgroup of Γ generated by the squares of all
elements. It turns out that for any Zariski-dense subgroup
Γ ⊂ SL2(ℝ), 𝐴Γ is a quaternion algebra, whose center is the
trace field 𝐾Γ ∶= ℚ(tr 𝛾 | 𝛾 ∈ Γ(2)). If Γ1 and Γ2 are commen-
surable, then 𝐴Γ1 = 𝐴Γ2 , making 𝐴Γ an invariant of the
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commensurability class of Γ. Moreover, for Γ an arithmetic
group, 𝐴Γ actually determines Γ up to commensurability.
Reid first shows that two iso-length-spectral arithmetically
defined Riemann surfaces 𝑀1 = Γ1\ℍ and 𝑀2 = Γ2\ℍ have
the same trace field 𝐾Γ1 = 𝐾Γ2 =∶ 𝐾, which is a number
field. Then he uses the Albert-Hasse-Brauer-Noether the-
orem (AHBN) to conclude that 𝐴Γ1 ≃ 𝐴Γ2 over 𝐾, which
yields the required result.

“Most” Riemann surfaces, however, are not arithmetic,
and their investigation presents many challenges. In our
setup, while 𝐴Γ remains one of very few available invari-
ants of the commensurability class of Γ, it no longer deter-
mines Γ up to commensurability. What one can prove as-
suming only that the subgroups Γ1, Γ2 ⊂ SL2(ℝ) are Zariski-
dense, is that the length-commensurability of 𝑀1 = Γ1\ℍ
and 𝑀2 = Γ2\ℍ implies that 𝐾Γ1 = 𝐾Γ2 = 𝐾. In contrast
to the arithmetic case, however, this field may be an arbi-
trary finitely generated subfield of ℝ, where no analogues
of ABHN are known or can even be established. Instead,
using good reduction and Theorem 8.2 we were able to
prove the following statement that does not involve any
arithmeticity or even finite volume assumptions.

Theorem 9.1. Let 𝑀𝑖 = Γ𝑖\ℍ (𝑖 ∈ 𝐼) be a family of length-
commensurable Riemann surfaces, with Γ𝑖 ⊂ SL2(ℝ) Zariski-
dense. Then the associated quaternion algebras 𝐴Γ𝑖 (𝑖 ∈ 𝐼)
belong to finitely many isomorphism classes (over the common
center).

This theorem is only one application of the investiga-
tion into the genus problem for algebraic groups and the
finiteness conjecture for the algebraic hulls of weakly com-
mensurable Zariski-dense subgroups that relies on the con-
sideration of good reduction (cf. [7], [8, §§8, 9]). More
geometric applications to locally symmetric spaces (in-
cluding those of infinite volume) can potentially be given
using the approach developed in [6]. This provides rather
encouraging examples of the use in differential geometry
of new techniques based on good reduction that are likely
to be helpful in future research.
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Statistical Analysis of Animal
Movement: Understanding

Behavior Through Hierarchical
Parametric Models

Henry Scharf
Introduction
What are movement data? The movements of people, an-
imals, vehicles, planets, pollen suspended in water, and
other objects are fascinating to observe and study because
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they represent endlessly complex and dynamic relation-
ships in the natural world. The study of motion and tra-
jectories through space and time are relevant for virtually
every scientific discipline, especially in ecology where ob-
servations of animal movement represent one of the pri-
mary opportunities for learning about species’ relation-
ships with their environment and each other. With the
advent of portable, remotely-sensed devices that can trans-
mit time-stamped measurements of position to distant re-
ceivers, it has been possible to track animals’ movements
in remote locations with increasing frequency, duration,
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and precision. The decisions animals make about where
and when to move are motivated by many important so-
cial, physiological, and external drivers that can have im-
portant implications for our understanding of different
ecologies. For example, researchers may be interested in
learning how seals, often in the open ocean for several
days or weeks at a time during foraging excursions, di-
vide their time between searching and feeding behaviors
[SHJ17, MB19]. Or, scientists may seek to understand
what parts of the landscape facilitate/hinder the move-
ment of mountain lions utilizing kill sites in varied moun-
tain terrain [HHA15,HSM19]. Further, insight into behav-
ior gleaned from movement data can inform national and
international policies for responsible management and
conservation.

Movement data have historically been gathered in sev-
eral different ways, but a defining characteristic has been
telemetry. That is, observations of trajectories are generally
made using remote-sensing technology, wherein a trans-
mitter is affixed to a moving individual, and a receiver
records the location of the transmitter at some combina-
tion of predefined and opportunistic times. Some com-
monly used techniques include very/ultra high frequency
(V/UHF) radio telemetry, which requires that the receiver
and transmitter be connected by line-of-sight, and satellite-
based telemetry, in which transmitters can be tracked
through hard-to-access parts of the globe such as polar re-
gions and the open ocean.

Advances in battery life and reductions in the size and
weight of transmitting devices over the past several decades
have brought about a “golden age of animal tracking sci-
ence” [KCJW15]; however, deploying these devices in the
field on wild animals remains a costly and temporarily
intrusive process reliant on careful study designs to pro-
duce informative data. Moreover, it remains a fundamen-
tal challenge to transform raw observations of animals’
positions, usually contaminated with non-ignorable mea-
surement error, into real scientific learning [Nat08]. Thus,
there has been a corresponding surge of interest in devel-
oping quantitative methods to analyze the current influx
of rich movement data. The purpose of this paper is to in-
troduce readers to some of the most common approaches
used in the statistical analysis of movement data. Unfortu-
nately, a complete survey of all existing methodologies is
not feasible, but several included references offer excellent
opportunities for further reading. While the applications
that have motivated the research discussed herein have
come primarily from ecology, the statistical models are
quite flexible and many fundamental mathematical struc-
tures are readily adaptable to the study of trajectories aris-
ing in other fields of study.
Why statistical models for movement? Several
non-statistical methods exist for interpolating observed

locations to produce an estimate of a continuous-time
trajectory, so a natural question to ask is what is gained
by utilizing statistical models for trajectories over simpler,
quicker computational tools. There are three primary ben-
efits.

First, statistical approaches are fundamentally proba-
bilistic and so provide a natural way to quantify uncer-
tainty about inferences made from data.

Second, estimating a trajectory is almost always an in-
termediate goal. Ultimately, the scientifically interest-
ing characteristics of movement are not the path itself,
but what the particular trajectory implies about the in-
teractions between an individual and its environment.
For autonomous objects like animals, these interactions
are driven by biological and ecological mechanisms that
could, for example, be important to understand for the
purposes of management and conservation. Statistical ap-
proaches offer methods for formally coupling these mech-
anisms to observations through the use of parametricmod-
els in which the values of the parameters inform scientific
understanding of animal behavior.

Finally, the statistical models used in the analysis of an-
imal movement are generative, in the sense that it is possi-
ble to sample from a probability distribution for the data
conditioned on parameter values. Generative models pro-
vide a means for checking that relevant mathematical as-
sumptions made in the analysis are compatible with the
observed data. In short, it is possible, at least in princi-
ple, to assess the “fit” of a model and validate the the-
ory underpinning the mechanisms of interest. In prac-
tice, many commonly-used statistical validation methods
such as 𝑘-fold cross validation are impractical for highly pa-
rameterized hierarchical models for movement, but even
when gold standard tools for model checking are not im-
plementable, weaker checks can still be investigated.

This paper focuses primarily on the second advantage,
connecting observations of a trajectory to scientific learn-
ing, and provides some examples of how useful paramet-
ric models have been, and continue to be, developed for
the study of animal movement. For a more thorough treat-
ment of animal movement modeling from a statistical per-
spective, see [HJMM17] and references therein.

Parametric Models
In most cases, the goals of researchers studying animal
movement include inferring important biological features
of behavior for individuals and populations. Statisti-
cal approaches provide one way to achieve these goals
through the specification of parametric models. A para-
metric model is a collection, or family, of probabil-
ity distributions defined by a finite number of parame-
ters. Simple examples of parametric models are location-
scale families, such as the family of univariate Gaussian
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distributions with unknownmean (location) and variance
(scale). This family serves as a parametric model when,
for example, it is assumed that a collection of observed
data, 𝐲 = (𝑦1, … , 𝑦𝑚), are independently and identically
distributed according to a Gaussian distribution with un-
known mean, 𝜇 ∈ ℝ, and variance, 𝜎2 ∈ ℝ+. Conditioned
on this assumption, the data are then used to produce esti-
mates of 𝜇 and 𝜎2 with accompanying measures of uncer-
tainty.

Useful parametric models pose the following qualities:
(i) the parameters represent interpretable quantities such
that specific values have meaningful implications for the
application, (ii) they are flexible enough that, at least for
certain combinations of parameter values, the observed
data could conceivably represent a realization from the cor-
responding probability distribution (i.e., the model has
“good fit”), and (iii) the family of distributions is suffi-
ciently constrained that the observed data contain infor-
mation about which collections of parameters are likely
to have generated the data (i.e., the parameters are “iden-
tifiable”). It is the role of the analyst to specify and “fit” a
useful statistical model to data, and then to interpret the
estimated parameters. Typically, the process of identifying
and fitting a useful parametric model is iterative, and the
analyst will need to make several decisions that balance
natural tensions between (i), (ii), and (iii) to ensure they
are all satisfied.
Likelihood-based inference. Parameters for statistical
models can be estimated from data using a variety of tech-
niques. One large class of estimation, or model fitting,
techniques is based on the likelihood function of the pa-
rameters, 𝜃, given the observed data, 𝐲, defined as

𝐿(𝜃|𝐲) = 𝑝(𝐲|𝜃), (1)

where 𝑝(𝐲|𝜃) denotes the probability density function for
the data evaluated at 𝐲, conditioned on parameter values
𝜃. The functional form of 𝑝(𝐲|𝜃) is specified by the analyst
as part of the model-building process.

In one paradigm, the analyst assumes that a fixed but
unknown set of parameter values, in conjunction with the
specified model, generated the data. Estimates of the pa-
rameters are obtained by maximizing the likelihood func-

tion over the parameter space as �̂�𝑀𝐿 = argmax𝜃 𝐿(𝜃|𝐲).
Another perspective regards the parameters as random

and specifies a probability distribution, 𝑝(𝜃), that repre-
sents the subjective prior beliefs about 𝜃 without consid-
ering the data [GCS+14]. Of interest in this perspective
is the posterior distribution of 𝜃 after considering the data,
𝑝(𝜃|𝐲), which represents the updated beliefs of the ana-
lyst after being confronted with the observed data. The
posterior distribution can be computed using the prior

distribution and likelihood function via Bayes’ Theorem
as

𝑝(𝜃|𝐲) = 𝑝(𝐲|𝜃)𝑝(𝜃)
𝑝(𝐲) (2)

= 𝐿(𝜃|𝐲)𝑝(𝜃)
∫𝑝(𝐲|𝜃)𝑝(𝐲|𝜃)𝑑𝜃 , (3)

from which Bayesian statistics gets its moniker.
The degree to which the prior distribution influences

the posterior compared to the data describes how “infor-
mative” the prior is. Intuitively, as the likelihood compo-
nent of the posterior distribution dominates the product
in the numerator of the expression for the posterior distri-

bution, it will have a mode that coincides with �̂�𝑀𝐿
(pro-

vided the prior probability density is non-zero there). In
some cases, it is possible, though not necessarily desirable,
to specify a “non-informative” prior, 𝑝(𝜃), to align themax-
imum likelihood estimate and the mode of the posterior
distribution. For the vast majority of models, it is also the
case that as the number of observations in 𝐲 grows toward
infinity, the likelihood overwhelms the prior and brings
about the same effect.

Parameter estimation for animalmovementmodels has
been achieved through both maximum likelihood and
Bayesian approaches. While there are meaningful dif-
ferences in the interpretations and implications of maxi-
mum likelihood and Bayesian perspectives, they are united
through their foundational reliance on the specification of
a likelihood function. In many cases, it is possible to pur-
sue either line of inference for the same coremodel. The re-
mainder of the paper is organized around similarities and
differences among movement models, and, where possi-
ble, implementation of each model or class of models is
agnostic with respect to a preferred likelihood-based per-
spective.

Phenomenological Models
Statistical models that describe observed natural phenom-
ena without incorporating scientifically-derived mecha-
nisms, called “phenomenological” models, provide one
approach for estimating the true position process with un-
certainty from observations. Phenomenological models
often have the benefit of requiring only modest assump-
tions about the data-generating process. As mentioned in
the introduction, estimates of a trajectory alone do not gen-
erally offer much scientific learning, and therefore stand-
alone phenomenological models are of little use to re-
searchers. However, phenomenological models can be
used as part of a multistage analytic approach that sep-
arates trajectory estimation from behavioral inference in
mathematically and computationally convenient ways. In
addition, phenomenological models are often a funda-
mental component in hierarchical model specifications
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variable relationship definition
𝐫(𝑡) position at time 𝑡
𝜀(𝑡) measurement error at 𝑡
𝐬(𝑡) 𝐫(𝑡) + 𝜀(𝑡) observed position at time 𝑡 including measurement error
𝐝(𝑡) 𝐫(𝑡) − 𝐫(𝑡 − Δ𝑡) displacement in position between time 𝑡 − Δ𝑡 and 𝑡
𝐯(𝑡) 𝑑𝐫(𝑡)/𝑑𝑡 velocity at time 𝑡
𝑙(𝑡) ||𝐝(𝑡)||2 step length between times 𝑡 and 𝑡 − Δ𝑡
𝜙(𝑡) sign (𝑑1(𝑡)) arccos (

𝐝(𝑡−∆𝑡)′𝐝(𝑡)
𝑙(𝑡−∆𝑡)𝑙(𝑡)

) in a Cartesian plane, the turning angle, or change in bearing,
between times 𝑡 and 𝑡 − Δ𝑡 (note: ′ denotes the transpose of
a matrix or vector such that 𝐝(𝑡 − Δ𝑡)′𝐝(𝑡) is the vector inner
product)

𝐱(𝐫(𝑡)) covariates associated with location 𝐫(𝑡)
𝜃 unknown parameters in movement model
𝜔(𝑡) latent behavior state (HMM)
𝛾𝑖,𝑗,𝑘 probability of transitioning from state 𝑗 to state 𝑘 at time 𝑖

(HMM)

Table 1. Definitions for mathematical notation.

that can be used for joint inference about the true trajec-
tory and the parameters, 𝜃, that enable inference about be-
havior.

A trajectory through space, 𝐫(𝑡), can be represented
mathematically as a multivariate process in time, indexed
by 𝑡, where each variable corresponds to a dimension in
the space of interest. For example, much of animal move-
ment is modeled in the continuous Euclidean plane using
Cartesian coordinates, and therefore 𝐫(𝑡) ∈ ℝ2 is bivari-
ate with variables corresponding to two orthogonal coor-
dinates (e.g., northing and easting). Polar coordinates and
higher dimensional spaces are also used; however, Carte-
sian coordinates indexed by 𝑐 ∈ {1, 2} are assumed in the
remainder of the paper unless otherwise noted. The time
index can be either discrete or continuous. It is most in-
tuitive to think of an animal’s true position existing for
a continuum of times; however discrete-time indices can
also be used, and are often sufficiently good approxima-
tions to reality to allow for reliable behavioral inference.
Measurement error. Observations of animal movement
data are almost always gathered remotely through the use
of transmitters and receivers that introduce measurement
error. The scale of measurement error can vary dramati-
cally depending on themeasurement device, andmay even
vary across observations for a single device depending on
environmental characteristics (e.g., weather, proximity to
Earth’s poles, underwater depth, etc.). In some cases, mea-
surement error can safely be ignored, but when it cannot
be, a hierarchical model is typically constructed in which
the observations are assumed to arise from probability dis-
tributions centered on the true position.

Let 𝐱 ∼ 𝑝(𝐱|𝜃) express that a random vector, 𝐱, is dis-
tributed according to the probability density 𝑝 parameter-
ized by 𝜃. The vertical bar notation is used to define a con-
ditional probability density, with variables appearing to

the right of | taken to be fixed. Denote by N(𝐱|𝜇, Σ) the
probability density function for an 𝑛-dimensional multi-
variate Gaussian (also called normal) random vector, 𝐱,
with mean 𝜇 ∈ ℝ𝑛 and 𝑛 × 𝑛 covariance matrix Σ. Fol-
lowing this notation, the observed data, 𝐬(𝑡), are assumed
to be conditionally independent in time given the true, un-
observed location, 𝐫(𝑡), such that

𝐬(𝑡) = 𝐫(𝑡) + 𝜀(𝑡), (4)

𝜀(𝑡)|𝜎2𝜀 ∼ N(𝜀(𝑡)|𝟎, 𝜎2𝜀 𝐈2). (5)

The measurement error process itself, 𝜀(𝑡), is not typ-
ically of interest, but the measurement error variance 𝜎2𝜀
needs to be estimated, unless it is known a priori. It is
straightforward to show that for the purposes of estimat-
ing 𝜎2𝜀 , the model expressed by (4)–(5) is equivalent to

𝐬(𝑡)|𝜎2𝜀 ∼ N(𝐬(𝑡)|𝐫(𝑡), 𝜎2𝜀 𝐈2). (6)

The likelihood function for the sole parameter 𝜎2𝜀 given ob-
servations 𝐬(𝑡𝑖), 𝑖 = 1, … , 𝑛, is then

𝐿 (𝜎2𝜀 |𝐬(𝑡1), … , 𝐬(𝑡𝑛)) =
𝑛
∏
𝑖=1

2
∏
𝑐=1

N(𝑠𝑐(𝑡𝑖)|𝑟𝑐(𝑡𝑖), 𝜎2𝜀 ), (7)

where the products come from the assumptions of condi-
tional independence in time and across coordinates, 𝑐.

The true position process is assumed known in (6) and
(7), but of course this would be trivially uninteresting in
practice. Thus, a model for 𝐫(𝑡) is required, and its specifi-
cation represents the central challenge to movement mod-
eling.
Generalized additive models. One approach to model-
ing 𝐫(𝑡) is to approximate the processes for each coordi-
nate of the true function, 𝑟𝑐(𝑡), as an element in a linear
space spanned by functions ℎ𝑗,𝑐(𝑡), 𝑗 = 1, … , 𝐽, such that

𝑟𝑐(𝑡) ≈ ∑𝐽𝑐
𝑗=1 𝑎𝑗,𝑐ℎ𝑗,𝑐(𝑡). The characteristics of the basis
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functions and the dimension of the linear space, 𝐽𝑐, can
be specified to ensure the space spans a sufficiently rich
collection of functions to provide a good approximation,
and that the process obeys reasonable constraints. For ex-
ample, requiring ℎ𝑗,𝑐(⋅) to be continuously differentiable
implies that 𝑟𝑐(⋅) will have a continuous first derivative in
time representing velocity. Because the particular choice of
coordinate axes is arbitrary, a common assumption is that
the bases for each spatial coordinate are the same, and so
the index 𝑐 on ℎ𝑗,𝑐(𝑡) and 𝐽𝑐 is usually dropped.

If the collection of positions 𝐫(𝑡) at the finite collection
of time points 𝑡1, … , 𝑡𝑛 is vectorized over time for each spa-
tial coordinate (i.e., 𝐫𝑐 = (𝑟𝑐(𝑡1), 𝑟𝑐(𝑡2), … , 𝑟𝑐(𝑡𝑛))

′
), then its

approximation in the linear space can be written using
matrix notation as 𝐫𝑐 = 𝐇𝐚𝑐, where 𝐇 is a matrix with
ℎ𝑗(𝑡𝑖) in the 𝑖th row and 𝑗th column and 𝐚𝑐 is a column-
vectorization of the linear coefficients for each spatial co-
ordinate (i.e., 𝐚𝑐 = (𝑎1,𝑐, 𝑎2,𝑐, … , 𝑎𝐽,𝑐)′).

To fit this model, the coefficients, 𝐚𝑐, must be estimated
along with 𝜎2𝜀 . If the observations, 𝑠𝑐(𝑡𝑖), are made at times
𝑡1, … , 𝑡𝑛 withGaussian-distributed errors, 𝜀𝑐(𝑡), centered on
the true position with variance 𝜎2𝜀 as in (6), then the statis-
tical model for the observed data is

𝑠𝑐(𝑡) ∼ N(𝑠𝑐(𝑡)|𝑟𝑐(𝑡) =
𝐽
∑
𝑗=1

𝑎𝑗,𝑐ℎ𝑗(𝑡), 𝜎2𝜀 ), (8)

which can be written in a vectorized form as

𝐬𝑐 ∼ N(𝐬𝑐|𝐇𝐚𝑐, 𝜎2𝜀 𝐈𝑛). (9)

The likelihood function for the full parameter vector 𝐚 =
(𝐚′1, 𝐚′2)′ given observations 𝐬 = (𝐬′1, 𝐬′2)′ then is

𝐿(𝐚, 𝜎2𝜀 |𝐬) =
2
∏
𝑐=1

N(𝐬𝑐|𝐇𝐚𝑐, 𝜎2𝜀 𝐈𝑛). (10)

The same independence that allowed the likelihood func-
tion to be computed as the product of 2𝑛 univariate Gauss-
ian densities also applies here. This particular model for
movement is a non-linear function of 𝑡, but linear in the
basis functions. It is therefore an example of multiple lin-
ear regression where the predictors are basis functions in
time evaluated at a finite number of observation times.
Models of this form are known in statistics as generalized
additive models (GAMs) [HT86]. Bases in GAMs may be
defined for general covariate spaces including temporal in-
dices. When the residuals 𝐬(𝑡) − 𝐫(𝑡) are assumed to be
independent and Gaussian-distributed, maximum likeli-
hood estimates are available in a closed form. For most
other models for residual variation, numerical optimiza-
tion techniques are required. More sophisticated GAMs
can be specified by allowing for dependence in 𝐚, either
through explicit hierarchical construction, or implicitly
through penalization (e.g., smoothing splines) [HT86].

In the Bayesian setting, prior distributions are specified
for 𝐚 and 𝜎2𝜀 . The joint posterior distribution of 𝐚 and
𝜎2𝜀 , which has support ℝ2𝐽 × ℝ+, does not, in general,
have a closed-form expression. Bayesian inference pro-
ceeds through one of themost common techniques for im-
plementation called Markov chain Monte Carlo (MCMC).
The basic strategy is to build a Markov chain that has as
its stationary distribution the joint posterior. The Markov
process is then simulated for a sufficiently large number of
iterations that can be considered to have converged to this
stationary distribution, and realizations from the chain
represent draws from the posterior distribution. A large
number of posterior draws are accumulated and used to
represent the posterior distribution. From this large sam-
ple, it is straightforward to summarize marginal distribu-
tions of parameters via a central summary statistic and a
“credible interval,” which is defined to capture a specified
proportion of the total probability mass (e.g., 95%) and
represents the Bayesian analog to a confidence interval in
the frequentist paradigm.

The prior distribution for 𝐚 is usually assumed to be
Gaussian, primarily because of a convenientmathematical
property that facilitates the implementation of MCMC for
model fitting. Namely, a Gaussian prior implies that the
“full-conditional” distribution of 𝐚 given the data and all
other unknown parameters, often denoted 𝑝(𝐚|⋅), is also
Gaussian, a joint property of the prior and model known
as “conjugacy” in Bayesian statistics. Full-conditional dis-
tributions are the central building blocks of the most com-
monly used MCMC algorithms, which require repeated
sampling from these distributions. Conjugate priors have
historically been desirable because it is typically simpler to
sample from distributions with closed-form density func-
tions than for general distributions. A conjugate prior dis-
tribution for 𝜎2𝜀 is the inverse-gamma distribution. In prac-
tice, the benefits realized from using conjugate priors are
typically modest, thanks largely to improvements in com-
putational resources over the past several decades. The
primary consideration when specifying priors should be
that the probability distribution align with reasonable a
priori beliefs about the model parameters, whatever that
might imply about the shape and support of the distribu-
tion [GCS+14].

An example of GAMs used in a Bayesian analysis of an-
imal movement is [BHIS16]. The authors implemented a
two-stage approach to study the dispersal of a reintroduced
population of Canada lynx (Lynx canadensis) in Colorado.
A GAM-based phenomenological model was used to link
models for dispersal behavior to the observed locations of
two Canada lynx over two years.
Application: Fin whales (part I)
Figure 1 shows the observed locations of a fin whale
(Balaenoptera physalus) made at irregular intervals, varying
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from a few minutes to a few hours, during July 17–July 31,
2015, on a map of the California coast from Los Angeles
to San Jose [IWF+20]. Points represent the observed loca-
tions, 𝐬, the line represents the maximum likelihood esti-
mate of the true position, 𝐫, based on (10), and the ellipses
represent pointwise 95% confidence regions at regular one-
hour intervals during the two-week study period based on
the curvature of the likelihood function near its maximum.
The plots in the top right are the marginal positions of
the individual in each spatial dimension. The basis func-
tions, ℎ𝑗(𝑡), are cubic regression splines, which are one of
the most commonly used bases in GAMs [Woo20]. Esti-
mates of the continuously indexed trajectory taken by an
individual provide limited scientific learning on their own,
but can be a useful part of amultistage analysis as shown in
Application: Fin whales (part III). Data for all applications
are freely available online, and code that reproduces all
analyses and figures is available at https://github.com
/henryrscharf/AMS_statistical_movement.

Figure 1. Observed locations (points), estimated path (line),
and associated pointwise 95% confidence ellipses for a fin
whale during July 18–July 31, 2015. The two plots in the
upper right show the marginal observations (points) and
estimated location (line) in the horizontal (easting) and
vertical (northing) coordinates over time.

State-space models. Specifying a collection of basis func-
tions, and corresponding linear space, represents a global
perspective on animal movement in which characteristics
of the entire modeled trajectory are defined by the choice
of ℎ𝑗(𝑡). An alternative is to focus on modeling transitions,
or differences in position over short time intervals, and let

the global properties arise from specifications of the local
behavior.

For continuous-time movement models, a necessary
constraint for an animal’s trajectory is that it be continu-
ous in space. An animal should not be allowed to “jump”
positive distances instantaneously. The Wiener process,
also called Brownian motion, is one of the simplest pro-
cesses that satisfies the continuity constraint. The standard
Wiener process indexed by 𝑡 ∈ [0,∞) is defined such that
each infinitesimal displacement is Gaussian-distributed
with variance 𝑑𝑡, and independent of all other displace-
ments not overlapping in time with the interval (𝑡 − 𝑑𝑡, 𝑡).
Let 𝑑𝐫(𝑡) = 𝐫(𝑡)−𝐫(𝑡−𝑑𝑡) represent the displacement of an
individual over an increment of time 𝑑𝑡. A simple model
for the displacement 𝑑𝐫(𝑡) that ensures continuity can be
written as

𝑑𝐫(𝑡) = 𝜎𝜂𝑑𝐖(𝑡),
𝑑𝐖(𝑡) ∼ N(𝟎, 𝑑𝑡𝐈2),

(11)

where 𝑑𝐖(𝑡) aligns with the conventional notation used
in the literature for increments of a standard Wiener pro-
cess, and 𝜎𝜂 scales the process to the appropriate units for
movement.

A Wiener process model can be paired with the same
measurement error model in (6) to yield a phenomeno-
logical model for imperfectly observed movement param-
eterized by 𝜎2𝜀 and 𝜎𝜂. The variable 𝜎𝜂 has an intuitive in-
terpretation as the typical step length, or magnitude of the
displacement per unit time. One commonly encountered
complication to implementation of a movement model
described by (6) and (11) is difficulty simultaneously esti-
mating 𝜎2𝜀 and 𝜎𝜂. For this reason, it is common in practice
to either fix the measurement error variance, 𝜎2𝜀 , or specify
an informative prior for it based on a priori knowledge
about the telemetry devices used to gather the data.

The model for observations of a Wiener process con-
taminated by Gaussian error is a special case of a collec-
tion of stochasticmodels called state-spacemodels (SSMs).
SSMs have long been used to analyze, interpolate, and pre-
dict trajectories observed using devices that introduce non-
ignorablemeasurement error, so it is no surprise thatmany
hierarchical animal movement models for the unobserved
true trajectory and observation process fit the form of an
SSM [PTW+08]. The Wiener process model with Gaussian
measurement error is special because the conditional dis-
tribution for 𝐫(𝑡2)|𝐫(𝑡1) for any 𝑡1 < 𝑡2 is available in closed
form, and therefore a hierarchical model for observations
𝐬(𝑡1), … , 𝐬(𝑡𝑛) can be written

𝐬(𝑡𝑖) = 𝐫(𝑡𝑖) + 𝜀(𝑡𝑖), 𝜀(𝑡𝑖) ∼ N(𝟎, 𝜎2𝜀 𝐈2), (12)

𝐫(𝑡𝑖) = 𝐫(𝑡𝑖−1) + 𝜂(𝑡𝑖), 𝜂(𝑡𝑖) ∼ N(𝟎, 𝜎2𝜂Δ(𝑡𝑖)𝐈2), (13)

where Δ(𝑡𝑖) = 𝑡𝑖 − 𝑡𝑖−1. Though the model for the latent
position is indexed continuously in time, (12) and (13)
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make it clear that the latent movement process only needs
to be considered at the 𝑛 observation times. Notation is
often simplified slightly by using subscripts for variables
evaluated at one of the 𝑛 time points (e.g., 𝐫(𝑡𝑖) = 𝐫𝑖).

The characteristics of the Wiener process model with
Gaussian measurement error model that enable this rep-
resentation are the Gaussianity of 𝜀𝑖 and 𝜂𝑖, and the linear
relationships between 𝐬𝑖 and 𝐫𝑖 and between 𝐫𝑖 and 𝐫𝑖−1. A
general class of linear Gaussian SSMs can be represented
as

𝐬𝑖 = 𝐙𝑖𝛼𝑖 + 𝜀𝑖, 𝜀𝑖 ∼ N(𝟎, 𝐒𝑖), (14)

𝛼𝑖 = 𝐓 𝑖𝛼𝑖−1 + 𝜂𝑖, 𝜂 ∼ N(𝟎,𝐑𝑖), (15)

where 𝛼𝑖 can represent any general process and is called
the “state” of the system at time 𝑡, and 𝐬𝑖 is the observa-
tion process related to 𝛼𝑖. Equations (14) and (15) are
referred to as the observation and state equations, respec-
tively. For the case of animal movement, it is natural to
think of 𝐬𝑖 as the observed location. The state vector, 𝛼𝑖,
often corresponds to the true location, 𝐫𝑖, but can also be
augmented to include additional state information such
as velocity [JLLD08], hence the change in notation. The
linearity of this model refers to the linear operators 𝐙𝑖 and
𝐓 𝑖, and the Gaussianity refers to the distributions of 𝜀𝑖 and
𝜂𝑖. The matrices 𝐙𝑖, 𝐒𝑖, 𝐓 𝑖, 𝐑𝑖 may all depend on unknown
parameters 𝜃.

In a typical animal movement application, the primary
research objectives are usually to estimate the true trajec-
tory, 𝐫 (potentially at times other than the observation
times), and model parameters, 𝜃, with uncertainty. In
the Bayesian paradigm, this means estimating the poste-
rior distributions 𝛼1∶𝑛|𝐬1∶𝑛 (called the “smoothing” distri-
bution) and 𝜃|𝐲1∶𝑛. In applications of SSMs outside of an-
imal movement (e.g., return series in finance, movements
of autonomous vehicles), there is often an interest in pre-
dicting the state process one time-step beyond the last ob-
servation. The distribution of the state one step into the
future, 𝛼𝑖|𝐬1∶𝑖−1, is called the “filtering” distribution. The
filtering distribution is not commonly of interest in ani-
mal movement studies as data are often analyzed after the
observation process has been terminated. However, one
potential application of the filtering distribution to move-
ment might be for wildlife managers interested in predict-
ing abrupt changes in animal behavior in real time. For
example, managers might be interested in online predic-
tions of when female deer or elk give birth so that they
can intercept and tag the new fawn for future study.

The Kalman filter [Kal60,DK01] and smoother aremeth-
ods for efficiently computing the filtering and smooth-
ing distributions of the latent process 𝛼 conditioned on
𝜃 when the SSM is linear and Gaussian. Because the
likelihood function of an SSM can be decomposed into
the product-filtering distributions, the Kalman filter also

provides efficient calculation of the likelihood, which
can be used to estimate 𝜃. Non-linear SSMs have not
commonly been used for animal movement, although
they are common in other fields. Non-linearity generally
necessitates approximate inferential procedures that use,
for example, the extended Kalman filter, particle filters
[DdFG01], or ensemble Kalman filters.
Application: Fin whales (part II)
While the Wiener process model does satisfy the continu-
ity constraint for the latent position process, in practice,
it is unrealistic for animal movement unless used for very
coarse temporal resolutions. Realizations of the Wiener
process are nowhere differentiable in time, which implies
that the instantaneous velocity process, 𝐯(𝑡) = 𝑑𝐫(𝑡)/𝑑𝑡, is
not well defined. Visually, this lack of analytical smooth-
ness in Wiener process realizations manifests itself as tra-
jectories that are too “rough” to be plausible for the move-
ment of animals.

One way to generate smoother trajectories is to inte-
grate a rough process in time, which explicitly increments
the number of continuous derivatives by 1. Equivalently,
a process too rough to represent position could be spec-
ified for velocity instead. Johnson et al. [JLLD08] devel-
oped a widely used phenomenological model for move-
ment by specifying an Ornstein-Uhlenbeck (OU) process
for the velocity of an animal. The OU process is similar to
the Wiener process, except that it has a “mean reversion”
property that tends to keep realizations near a fixed value,
𝛾. The OU process can be defined by the evolution of the
process over an infinitesimal increment of time as

𝑑𝐯(𝑡) = 𝛽(𝛾 − 𝐯(𝑡))𝑑𝑡 + 𝜎𝜂𝑑𝐖(𝑡), (16)

where 𝛽 ≥ 0 controls the mean reversion behavior. Like
the Wiener process, the differential representation of the
OU process can be solved to yield the following condi-
tional distribution for any time points 𝑡𝑖−1 < 𝑡𝑖 and Δ𝑖 =
𝑡𝑖 − 𝑡𝑖−1:

𝐯𝑖|𝐯𝑖−1 = 𝛾 + 𝑒−𝛽∆𝑖 (𝐯𝑖−1 − 𝛾) + 𝜂𝑖, (17)

𝜂𝑖 ∼ N(𝟎, 𝜎2𝜂 (1 − 𝑒−2𝛽∆𝑖) /2𝛽𝐈2). (18)

The Wiener process arises as a special case when 𝛽 = 𝛾 = 0.
A challenge that arises with specifying a process for

velocity is that the process model and the measurement
model are incompatible, as the measurements are of po-
sition not velocity. In [JLLD08], the authors showed how
this challenge could be met by defining the state of the
system to include both the position and velocity. For
𝛼𝑖 = (𝐫𝑖, 𝐯𝑖)′, the authors derive conditional distributions
for 𝛼𝑖|𝛼𝑖−1, which are also Gaussian and linear in 𝛼𝑖−1.
Thus, by specifying 𝐙𝑖 = (1 0 0 0

0 1 0 0), observations can

be matched to positions implied by the OU velocity pro-
cess.
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par. pt. est. (95% CI)
𝜎3 0.36 (0.001, 100)
𝜎2 1.09 (0.78, 1.53)
𝜎1 1.20 (0.99, 1.44)
𝜎0 1.75 (1.52, 2.01)
𝜎𝐴 0.98 (0.83, 1.16)
𝜎𝐵 1.39 (1.32, 1.46)
𝜏 2.67 (2.39, 2.99)
𝛽 0.31 (0.21, 0.46)

Table 2. Maximum likelihood estimates (and confidence
intervals) for model parameters. Standard deviations, rather
than variances, are reported.

The gray curves in Figure 2 show 32 realizations from
the movement process from [JLLD08] fit to the fin whale
data using maximum likelihood via the Kalman filter. The
blue and yellow curve represents the pointwise mean of
the 32 trajectories, whose colors are discussed in the next
section. The observation error variance, 𝜎2𝜂, was general-
ized slightly to account for the Argos system used to mea-
sure position. Argos data are recorded using polar-orbiting
satellites with associated uncertainty that can vary dramati-
cally across the observations. Locations are reported along
with one of six error classes (from least to most severe: 3,
2, 1, 0, A, B). A separate observation error variance was
estimated for each of the six error classes. Maximum like-
lihood point estimates and 95% confidence intervals for
standard deviations are given in Table 2. The estimates
generally follow Argos’ severity ordering, with the excep-
tion of classes 0 and A.

Figure 2. This is the fit using an OU model for velocity.

Visualization of trajectory uncertainty. A persistent chal-
lenge in the analysis of movement data is the display of
joint uncertainty for the true trajectory. A standard ap-
proach for summarizing position uncertainty is to provide
confidence/credible regions around a point estimate for
the true location of an individual across a grid of times,
where each region is derived marginally, or pointwise, in
time. Figure 1 shows an example of this approach in which
each region is a 95% confidence ellipse produced at one-
hour intervals.

Providing pointwise uncertainty quantification is most
useful when there is interest in estimating locations at well-
separated time points, ideally identified prior to the anal-
ysis. Pointwise uncertainty summaries are less useful for
portions of a trajectory that occur over a substantial dura-
tion of time because they fail to capture dependence be-
tween temporally proximate positions. Ignoring temporal
dependence can lead to incomplete or incorrect intuitions
about what sorts of trajectories are probable because it
masks higher-order aspects of the movement process. For
instance, it might seem intuitively reasonable that a path
constructed by linearly interpolating points chosen at ran-
dom from each confidence region in Figure 1 would be
among the 95% of paths most compatible with the data.
However, such a construction ignores dependence in time
andmight well generate a pathwhose implied velocity pro-
cess was virtually impossible. A better way to graphically
represent uncertainty for trajectories is to plot several real-
izations of plausible trajectories, as in Figure 2, rather than
a single estimate and pointwise uncertainty.

Mechanistic Models
Phenomenological models excel at explaining how an in-
dividual moves and are particularly well-suited to predic-
tive tasks such as interpolation. They are also useful for
multistaged approaches to inference, and one such exam-
ple is explored below. The fundamental limitation of phe-
nomenological models is that they lack any mechanistic
core that could help explain why an individual moves the
way it does. Mechanistic models, in contrast, can provide
specific, scientifically valuable learning about why individ-
uals use space the way they do. However, they necessar-
ily require stronger assumptions about the probabilistic
underpinnings of statistical movement models. These as-
sumptions are typically expressed as behavioral rules that
explain some, but never all, of the biological processes
driving movement.
HMMs: Models for multiple behavior states. One com-
mon example of a simplified, but nevertheless valuable,
and frequently-used animal movement model describes
trajectories conditioned on a sequence of latent behavior
states that manifest themselves in observable characteris-
tics of movement. The sequence of behaviors is modeled

918 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 6



using a discrete-time Markov process, and the movement
process is assumed to be conditionally independent in
time given the latent behaviors. Thus, the approach falls
into the broad class of statistical models known as hidden
Markov models (HMMs), for which robust theory and im-
plementation techniques have been thoroughly developed
[ZML16].

In the context of movement, the position process, 𝐫(𝑡),
is typically reparameterized into step lengths, or the mag-
nitude of the displacement vector between two consecu-
tive times, and turning angles, or the change in bearing,
as it is typically easier to connect these features of a tra-
jectory to particular behaviors than the raw positions. For
example, three behavior states commonly used to summa-
rize movement are “encamped,” which generally refers to
meandering movement with small step lengths and large
variability in turning angle, “transit,” which is character-
ized by large step lengths and small turning angles that
produce directed movement, and “resting,” for which step
lengths are 0. In a Bayesian paradigm, it is possible to spec-
ify priors for the parameters governing the distributions of
step lengths and turning angles that explicitly imbue state
labels with meaning reflecting a priori beliefs about be-
havior. In practice, it is much more common to prescribe
weakly informative priors or adopt a frequentist paradigm,
and assign behavior state labels post hoc.

In conjunctionwith an initial location and bearing, a se-
quence of step lengths, 𝑙(𝑡𝑖), 𝑖 = 1, … , 𝑛, and turning angles,
𝜙(𝑡𝑖) (see Table 1), uniquely defines a trajectory at the 𝑛
time points. The distributions for the step length and turn-
ing angle between two consecutive times are specified con-
ditionally on the unobserved behavior state, 𝜔(𝑡𝑖), which
can take a finite number of possible values corresponding
to different types of activity. The Markov behavior state
process transitions from state 𝑗 to state 𝑗 at time 𝑡𝑖 with
probability 𝛾𝑖,𝑗,𝑘.

Adopting the subscript index notation, the HMM for
step lengths and turning angles conditioned on behavior
𝜔𝑖 can be described mathematically as

𝑙𝑖|𝜔𝑖 = 𝑗 ∼ ℱ 𝑙(𝑙𝑖|𝜃𝑖(𝑗)), (19)

𝜙𝑖|𝜔𝑖 = 𝑗 ∼ ℱ𝜙(𝜙𝑖|𝜃𝑖(𝑗)), (20)

Pr(𝜔𝑖 = 𝑘|𝜔𝑖−1 = 𝑗) = 𝛾𝑖,𝑗,𝑘, (21)

whereℱ 𝑙(𝑙𝑖|𝜃𝑖(𝑗)) andℱ𝜙(𝜙𝑖|𝜃𝑖(𝑗)) are the conditional dis-
tributions of step length and turning angle given the indi-
vidual is in behavior state 𝑗 ∈ {1, … , 𝐽}.

The transition probabilities can be allowed to vary
in time by introducing another layer to the hierarchical
model. Often, it is reasonable to assume that features
of the environment near an individual affect the proba-
bility of transitioning from one behavior state to another.
One model for transition probabilities as functions of en-
vironmental covariates, 𝐱(𝐫𝑖), associated with the spatial

location 𝐫𝑖 is

𝛾𝑗,𝑘(𝐱) =
exp(𝐱′𝛽𝑗,𝑘)

∑𝑘 exp(𝐱′𝛽𝑗,𝑘)
, (22)

which implies 𝛾𝑖,𝑗,𝑘 = 𝛾𝑗,𝑘(𝐱(𝐫𝑖)). Positive elements in the
vector 𝛽𝑗,𝑘 indicate those covariates that increase the prob-
ability of transitioning from state 𝑗 to state 𝑘, and negative
elements indicate covariates that decrease transition prob-
abilities.

For observations made at regular intervals with negligi-
ble measurement error, the sequence of step lengths and
turning angles can be calculated from the observations and
model fitting is straightforward and computationally in-
expensive. However, the introduction of substantial mea-
surement error complicates inference, as the simple addi-
tive noise used in previously described models cannot be
applied directly to step lengths and turning angles. The
time index for the HMM for movement given by (19)–
(21) must necessarily be regular, as irregular time steps
would induce an inconsistent interpretation of the transi-
tion probabilities. However, a discrete-time setting does
not accommodate irregular observations of position. Both
of these limitations of HMMs can be addressed by adopt-
ing a two-stage approximate inferential approach, as out-
lined in the following section. Alternatively, recently de-
veloped continuous-time movement models that incorpo-
rate multiple behavior states have the potential to merge
useful aspects of SSMs and HMMs [MB19].
Multiple imputation
In some cases, observations of animalmovement aremade
at nearly regular intervals with sufficiently small measure-
ment error that a discrete-time HMM can be applied di-
rectly to the data. When this is not true, it is a challenge
to define a data-level model in the hierarchical structure,
𝑝(𝐬|𝐫), that can reconcile a discrete-time HMM with real
data. One approach that has been used with some success
is to employ a two-stage procedure in which a continuous-
time phenomenological model helps bridge the gap be-
tween process and data. In the first stage, a phenomeno-
logical model is fit to the data, which provides a way to
obtain 𝐾 realizations from 𝐫|𝐬 on a regular grid of times.
These realizations are then treated as “data” in the second
stage, where the desired mechanistic model can be used

to infer the values of model parameters, 𝜃(𝑘), conditioned
on each 𝐫(𝑘), and aggregated across 𝐾. Relying on 𝐾 > 1
realizations, 𝐫(𝑘), propagates uncertainty about the true po-
sition process through to the second stage of inference.

The approach is motivated by a decades-old method for
missing data called multiple imputation, which was origi-
nally developed for Bayesian analysis [Rub96]. For animal
movement, the role of “missing data” is played by the true
position process 𝐫. The goal is to estimate the posterior
distribution of 𝜃 given the observations 𝐬, which would
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normally be achieved by specifying distributions for 𝑝(𝐬|𝐫)
and 𝑝(𝐫|𝜃) in a hierarchical model, and using an MCMC
algorithm to approximate the integral required for the like-
lihood

𝑝(𝜃|𝐬) = ∫𝑝(𝜃|𝐫)𝑝(𝐫|𝐬)𝑑𝐫. (23)

This equation makes plain the misalignment between the
data and the latent position process. To admit a density for
𝐬|𝐫, 𝐫must be irregularly spaced in time, but the indexmust
be regular when the model for 𝐫|𝜃 is an HMM. If it were
possible to sample from 𝑝(𝐫|𝐬) on the discrete-time grid,
then Monte Carlo estimates of the integral in (23) could
be obtained by evaluating 𝜃|𝐫(𝑘) for 𝑘 = 1, … , 𝐾 realizations
by

𝑝(𝜃|𝐬) = 𝐾−1
𝐾
∑
𝑘=1

𝑝(𝜃|𝐫 = 𝐫(𝑘)). (24)

To address the mismatch, an alternative “approximate im-
putation distribution” (AID), 𝑝( ̃𝐫|𝐬, 𝜓), is substituted for
𝑝(𝐫|𝐬). To accommodate irregular observations, AIDs are
generally continuously indexed in time. Draws from the
AID, ̃𝐫(𝑘), are then evaluated only at the discrete-time in-
dex required by the HMM and substituted in (24).

AIDs come from a family of distributions parameter-
ized by variables 𝜓 estimated from the data. The process
of first estimating 𝜓 and then using realizations from the
AID to estimate 𝜃 constitutes the two stages in the approxi-
mate inferential procedure. A good AID is able to generate
nearly all realistic trajectories passing sufficiently close to
the observations to be consistent with a realistic amount
of measurement error. The most commonly used AID is
based on the integrated OU process with Gaussian mea-
surement error of [JLLD08], in which case 𝜓 = (𝛽, 𝜏2, 𝜎2𝜀 ).
The integrated OU process model is fit to the data by max-
imizing the likelihood computed using the Kalman filter.
The smoothing distribution for position conditioned on
either the maximum likelihood point estimates of 𝜓, or in-
tegrated over a range of probable values for 𝜓, then serves
as the AID.

The use of an AID has the following heuristic justifica-
tion. In the limit that the observation times align with
the grid implied by 𝑝(𝐫|𝜃), and measurement error dimin-
ishes to 0, the probability density 𝑝(𝐫|𝐬) becomes a point-
mass at 𝐫𝑖 = 𝐬𝑖, 𝑖 = 1, … , 𝑛. For small deviations in ob-
servation times from the regular grid and modest measure-
ment error, 𝑝(𝐫|𝐬) remains highly concentrated around 𝐬.
For any continuous-time AID that is consistent with the
true severity of measurement error, 𝑝( ̃𝐫|𝐬, 𝜓) will also be
concentrated on trajectories that pass close to 𝐬. This will
be true for a wide variety of dependence structures in the
joint distribution for ̃𝐫. For example, both a linear inter-
polation and a functional approximation using infinitely

differentiable basis functions could perfectly interpolate a
finite sequence of observed locations, even though they im-
ply very different behavior for the continuous velocity pro-
cess �̃�(𝑡) = 𝑑 ̃𝐫(𝑡)/𝑑𝑡. Because those differences are not rele-
vant for the discrete-timemodel 𝑝(𝐫|𝜃), the approximation
error introduced by the AID is negligible for nearly regular
observations with low measurement error.

The validity of multiple imputation with an AID dete-
riorates as observations become less regular, and/or mea-
surement error increases. Approximation errors in the two-
stage inferential procedure will manifest themselves to a
greater degree for some AIDs more than others, and will
have a varied impact on each element 𝜃. For example, com-
monly used AIDs implicitly involve a single behavior state,
which could lead to biased inference when paired with a
multistate second stage model. In the few dedicated inves-
tigations into the performance of multiple imputation in
animal movement models, the integrated OU process of
[JLLD08] has generally been seen to perform the best. The
elements of 𝜃 least sensitive to the approximations intro-
duced by multiple imputation tend to be parameters that
depend most directly on the position process, while pa-
rameters related to velocity or acceleration can be highly
sensitive to the choice of AID, and should generally be
interpreted more cautiously [SHJ17]. Finally, it should
be noted that the two stages used in multiple imputation
are not formally generative in that they do not explicitly
define a conditional distribution for the data given the
second-stage parameters, 𝑝(𝐬|𝜃). Recently, promising new
approaches to inferring multistate behavior from irregu-
lar, imperfect observations while avoiding multiple impu-
tation entirely have been proposed [MB19], offering a po-
tential alternative to multiple imputation used in conjunc-
tion with HMMs.
Application: Fin whales (part III)
The realizations from the integrated OU process shown in
Figure 2 were used to approximately fit a HMM to the fin
whale data. Two behavior states, 𝑗 ∈ {1, 2}, were assumed,
and transition probabilities were modeled as functions of
ocean depth [Cen] according to (22). The distributions for
step lengths and turning angles were specified as Gamma
and vonMises distributions, respectively, with different pa-
rameters for each behavior state that were assumed to be
constant in time. The prior distributions for both 𝜃(𝑗 = 1)
and 𝜃(𝑗 = 2)were specified such that themean a priori step
length was 2 kilometers per one-hour time interval with a
standard deviation of 7 kilometers, and turning angles had
uniform probability densities on (−𝜋, 𝜋].

Figure 3 shows summaries of the empirical densities
of step lengths and turning angles (gray histograms), pos-
terior densities conditioned on the two behavior states
(orange and blue curves), and a weighted average of the
conditional distributions based on the proportion of time
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the individual was estimated to have spent in each behav-
ior state (dashed black curves). The two inferred behaviors
appear to correspond to encamped (orange) and transitory
(blue) states.
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Figure 3. Empirical distribution of step lengths (top; gray
histogram) and turning angles (bottom) with posterior
distributions for each behavior state (colored curves) overlaid.
The dashed black line represents a weighted average of the
posteriors based on the proportion of time spent in each state
in the Viterbi-decoded state sequence.

Transition probabilities were modeled as functions of
ocean depth (measured in kilometers) according to (22).
Figure 4 shows the posterior mean of 𝛾𝑗,𝑘(𝑥elev) with
pointwise 95% confidence intervals. The whale appears to

change behaviors infrequently (as evidenced by high val-
ues on diagonal plots), with amoderate increase in the ten-
dency to transition into, and occupy, an encamped state as
ocean depth decreases (i.e., shallower water).
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Figure 4. Transition probabilities for the two behavior states
(see Figure 3) as functions of ocean depth, shown with 95%
confidence intervals.

Once estimates of the parameters in each of the two
state-dependent distributions for step length and turning
angle are made, it is possible to obtain the highest proba-
bility sequence of states for the HMM using the Viterbi al-
gorithm [ZML16]. The most probable sequence of behav-
iors is not necessarily the same as the pointwise mode of
the behavior process 𝝎 = (𝜔1, … , 𝜔𝑛). The blue and yellow
trajectory in Figure 2 represents the pointwise mean of the
32 realizations colored according to the Viterbi-decoded
state sequence using the modes of the posterior distribu-
tions for 𝜃(1) and 𝜃(2).
HMMs for multiple trajectories. HMMs have also been
developed for the joint movement of interacting individ-
uals appropriate for describing social animals such as
reindeer (Rangifer tarandus) and killer whales (Orcinus
orca). Migrating reindeer move in herds driven by seasonal
changes in vegetation, typically staying close together to
remain less vulnerable to predators. Occasionally, indi-
viduals will move independently of the herd in response
to competition for scarce food sources. To capture these
two behavior states, an HMM was developed for regular,
error-free observations of 11 individual reindeer in Sweden
[LHB+14] occupying one of two possible behaviors, sum-
marized as “group” and “individual” movement. Behavior
was individual-specific, in the sense that it was possible for
some portions of the herd to act as individuals while the
rest moved as a group. One way to represent the collection
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of possible behaviors is as dynamic graphical networks
with 11 vertices representing the individuals in the popula-
tion, and edges representing connections between socially-
interacting individuals. Dynamic networks for this behav-
ior model are composed of a single completely connected
subgraph, and a complementary set of unconnected ver-
tices. One conclusion drawn from the analysis of reindeer
movement using this approach was that individuals pri-
marily occupied a group behavior state, sometimes for sev-
eral consecutive days.

More flexible graphical structures have been used in ap-
plications to the movements of killer whales [SHF+16].
The movement of seven whales from three different sub-
types was modeled using an HMM conditioned on a bi-
nary, undirected social network describing the instanta-
neous pairwise connections between individuals in the
group. Given the dynamic latent social network, changes
in individuals’ positions were modeled as the sum of at-
traction and alignmentwith social neighbors. The strength
of the effect of the social network on attraction and align-
ment was parameterized and estimated from the data in
conjunction with the latent dynamic network. A Markov
model for the latent social state of the population ensured
that the social dynamics varied on a reasonable time scale.

One of the primary goals that inspired the HMM for
multiple individuals in [SHF+16] was to infer a dynamic
social network from movement data, as direct observa-
tions of social interactions can be expensive or impos-
sible to record for species in remote locations. It was
shown both in simulation and in an application to killer
whales that the inferred social network based on the HMM
was consistent with scientific knowledge, while alternative
non-statistical approaches to network estimation based on
relative proximity were not.
Continuous-time discrete space. Another class of mech-
anistic models provides useful links between movement
and environmental covariates by adopting a continuous-
time discrete-space (CTDS) formulation for movement
[HHA15]. The motivation for developing CTDS mod-
els comes from the way landscape covariates are typically
recorded. Many commonly studied landscape features are
available as raster images over a discrete space of pixels,
with the value in each pixel representing a value aggregated
over a non-zero area on the landscape. The resolution for
these landscape covariates can vary considerably, and of-
ten it is the case that the granularity of the raster is notice-
able compared to the scale of behavior. Thus, it makes
sense to model an individual’s decision-making process
as a sequence of transitions from pixel to pixel. By mod-
eling expected residence times as a function of the land-
scape characteristics of a given pixel, and transition prob-
abilities between adjacent pixels as a function of both the

current and prospective pixel, CTDS approaches can char-
acterize which landscape types animals prefer, and which
landscape types facilitate/hinder rapid movement. Under-
standing these relationships can reveal landscape features
that may act as potential corridors for long-distance move-
ment, provide insight into the dynamics of disease spread,
and help predict the impact of new human activity and
development on a species’ landscape use. Though not im-
mediately obvious, it can be shown that CTDS models are
examples of generalized linear models (GLMs) [HHA15].
GLMs are a well-established and theoretically rigorous
class of statistical models readily implemented with com-
monly available statistical software.

In a CTDS model, a trajectory through a discrete grid is
represented as a sequence of cell labels, 𝑔𝑖, and associated
residence time, 𝜏𝑖. Continuity of the trajectory requires
that 𝑔𝑖 and 𝑔𝑖+1 be adjacent and 𝜏𝑖 > 0. As with discrete-
time HMMs, there is a misalignment that arises between
observations of position, which are made in continuous
space, and the discrete-space process model. Multiple im-
putation has been used to reconcile this mismatch analo-
gous to the way it has been used in two-stage discrete-time
approaches. Figure 5 shows portions of two of the real-
izations from Figure 2 (red, blue curves) through an arti-
ficially low-resolution bathymetry map. The red and blue
continuous-space trajectories each have corresponding se-
quences of cells and residence times in the discrete space.
Using multiple imputation allows for the propagation of
uncertainty about the true sequence of visited cells and res-
idence times.

Advanced Mechanistic Models
for Animal Movement
HMMs for movement provide inference about hypothe-
sized behavior states that may explain a large amount of
variability in animal trajectories, but there are limitations
to the behavior mechanism implied by a discrete set of
latent behaviors. The meaning of the latent states is usu-
ally determined post hoc, and the interpretation becomes
much less clear as the number of states grows beyond two
or three. The incorporation of environmental covariates
into a model for transition probabilities in (22) offers
some explanation for why an animal is more likely to be in
a particular state at any given time, but the effect of the co-
variate is limited to a local interpretation. If, for example,
an animal changes from an undirected to directed type of
behavior for the purpose of reaching a distant food source
it knows about, it would not be possible to explain this
action with local environmental characteristics.

In light of these limitations, HMMs can be consid-
ered a step in the mechanistic direction along the phe-
nomenological continuum, but there are opportunities for
further development. Recently, novel movement models
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Figure 5. Cell sequences for two continuous-time
continuous-space trajectories selected from the Johnson et al.
[JLLD08] model shown in Figure 2. Purple cells represent
cells visited by both trajectories.

have been proposed that attempt to apply clear a priori
meaning to behavior states, and explain changes in be-
havior through physiology and memory of the landscape.
The framework laid out in [HSM19] allows for behavior
states based on attraction toward/repulsion from impor-
tant landscape features. In addition, changes in behavior
state are explained through a latent “charge” function that
aggregates various physiological conditions such as hunger
and thirst.

For example, the movement of a mountain lion (Puma
concolor) in Colorado over the course of several weeks in
the spring of 2017 was modeled in [HSM19] as a mixture
of two behaviors: an undirected random walk, and a bi-
ased random walk with a direction determined by several
landscape covariates including slope, elevation, rugged-
ness, and distance to a known prey kill area. By fitting
themodel to observationsmade approximately every three
hours, it was concluded that the directed behavior was con-
sistent with a need to return to the vicinity of the prey kill
area, and the probability of entering the directed behavior
state steadily increased as the animal spent time away from
the prey kill area.
Models for new data. New types of data related to animal
movement are now emerging thanks to continued tech-
nological advances. Accelerometers, which provide pre-
cise measurements of acceleration up to several times per
second, are increasingly commonplace in animal move-
ment studies. Coupled with relatively infrequent position

observations, accelerometers offer the potential for ex-
tremely precise position estimates that may obviate the
need to consider measurement error.

Drones are another tool that can provide precise posi-
tion information for many species, and without the need
to affix transmitters to animals. While limited in their abil-
ity to reach remote locations, drones offer a relatively unin-
trusive way to study species such as dolphins that are diffi-
cult for humans to physically follow, but often spend time
in the vicinity of human activity. A single drone is able
to precisely track the positions of several interacting indi-
viduals in near-continuous time, which, coupled with an
appropriate statistical model, could provide information
about social structure and changes to social relationships
in response to exogenous influences such as increased hu-
man interactions.

Methodological development for animal movement
data is a vibrant and active field of ongoing research.
New sources of data and new scientific questions demand
novel statistical models and computationally efficient im-
plementation strategies. In addition, new statistical meth-
ods can expose new information in legacy data, and syn-
thesize historic and modern observations to provide in-
sight into long-term trends in behavior. As human activity
continues to expand interaction with previously isolated
ecologies, and climate rapidly alters habitat around the
globe, increasingly urgent scientific exploration is driving
an immediate need for quantitative methods to study ani-
mal behavior.
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Then you computed some examples, found some appli-
cations, even drew some figures to illustrate them all. The 
proofs are LaTeX’ed, it all looks good, you are happy. Time 
to write a paper. Often, the first question is not “How to 
write a paper?,” but rather “What do I write in the paper?” 
By that I mean what to include, what not, what to empha-
size, in what order, etc. To resolve these questions you will 
need to figure out how to tell a good story about your results.

Perhaps, you think this is straightforward, as in “state 
the main theorem in the introduction, outline the intuition 
behind the proof, then write a proof, and voila!” In that 
case, either you haven’t been around the block, or I am 
very happy for you and your field. In many other cases, 
however, some difficult choices need to be made. This is 
not always a bad thing (having many choices is better than 
having none!), but making these choices can be agonizing 
for a novice mathematician. Let me outline a framework 
which I hope might help resolve some of the issues and 
help you tell a story.

You need a good story! Well, sometimes you don’t, 
e.g., if the storyline writes itself, as in “Graduate student N 
solved a major open problem X.” Otherwise, you need to 
make one. Please remember that the story is never personal. 
For example, you can’t have a story “I was standing on my 
balcony drinking Boba tea, when I suddenly realized that 
....” No, no, no! Your story should always be about your 
area, so it can be easily retold by mathematicians who never 
heard of you, and most likely will never meet you in person.

One way to think about it is to imagine two senior fac-
ulty members having a conversation over lunch. One asks: 
“What’s new?” Another answers: “Oh, I just saw a paper on 
the arXiv which does [your story].” It is your goal to tell 
your story so clearly that the casual reader can pick it up 
and tell others without much effort. Even if such conver-
sations might never happen about your paper, you should 
still strive to have a good enough story to be worthy of one.

What kind of a story? Imagine a nontechnical and 
nondetailed version of the abstract of your paper. It should 
be short, to the point, and straightforward enough to be 
a tweet, yet interesting enough for one person to want to 
tell it, and for the listener curious enough to be asking for 
details. Sounds difficult if not impossible? You are probably 
thinking that way, because distilled products always lack  
flavor compared to the real thing. I hear you, but let me 
give you some examples.
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structure of the paper is convoluted. Do not aim to make 
such stories even shorter—that would be a disservice to 
the reader.

Avoiding weak and unconvincing stories. Let us go 
over some examples:
(5) “We give a new proof of theorem X, which is both 

shorter and more elegant.”
(6) “We aim to resolve an open problem X. In this paper 

we give a new proof of a special case Xʹ which was first 
proved in [M]. In the next paper we hope to prove X 
using this approach.”

(7) “Our goal is to prove a major conjecture Y in the area 
pqr. However, in this paper we are able to resolve only 
a special case Y ʹ. While Y ʹ is of little interest in pqr, by 
using the results in [M] we were able to translate Y ʹ to 
the language of the area abc, where the results appear 
more natural.”

Neither of these stories are especially convincing. For 
example, the use of “elegant” in (5) is entirely subjective. 
More importantly, (5) leaves out a crucial detail about 
the innovation in tools that were able to make the proof 
shorter. Having “simple” as opposed to “short” proofs 
is actually quite important for both teaching and future 
research, but if you are using essentially the same tools 
and tricks as the previous paper, the changes are minor 
perhaps. Perhaps your proof is “shorter” only because 
you omit some easy calculations. Can you use your proof 
to obtain any, even minor, generalization of X, which the 
earlier proofs wouldn’t be able to? Your story needs to 
answer these questions.

Next, the story (6) is even less convincing. On top of 
issues with (5), it begs the questions “Why can’t you just 
wait and write the next paper?” Or perhaps “Can you prove 
at least some new special case Xʺ of X?” If you don’t have 
good answers to these questions, then the reader (or the 
editor, referee, etc.) will simply dismiss the speculative 
nature of the story.

Finally, the story (7) is inherently weak. Are you aiming 
the paper to be read by experts in the area pqr, or in the 
area abc? If it’s the former, then they don’t care about Y ʹ as 
you admit yourself. They don’t care about abc either, which 
is why they are working in pqr. Why should they read the 
paper then? Similarly, the abc people may or may not be 
able to see that these results are really new and interesting. 
Since you don’t seem to care about abc, and are only using 
it as an afterthought to justify your paper, why should they 
care what you have to say? Without doing some legwork 
and deep diving into abc, this story just doesn’t fly.

Let us emphasize that even though the stories are bad, 
the papers with these stories could be very good, and the re-
sults in fact could be very interesting. The authors just need 
to work harder to rewrite them from a different perspective.

How true should your story be? This is a point where 
many novice writers stumble. First, let’s be clear—on facts, 
results, mathematical implications, prior work, references, 

Take Aesop’s fable The Tortoise and the Hare written over 
2500 years ago.1 The story would be “A creature born with 
a gift procrastinated one day, and was overtaken by a very 
diligent creature born with a severe handicap.” The names 
of these animals and the manner in which one lost to an-
other are less relevant to the point, so the story is very dry. 
But there are enough hints to make some readers curious 
to look up the full story.

Now take The Terminator, the original 1984 movie.2 The 
story here is (spoiler alert!) “A man and a machine come 
from another world to fight in this world over the future of 
the other world; the man kills the machine but dies at the 
end.” If you are like me, you probably have many questions 
about the details, which are in many ways much more ex-
citing than the dry story above. But you see my point— this 
story is a bit like an extended tag line, yet interesting enough 
to be discussed even if you know the ending.

How do you come up with a story? That’s usually not 
too hard. Look objectively at your results. Which one is 
the most important? That is, which of the many theorems, 
lemmas, examples, and applications do you want people 
to discuss over lunch? This is your Main Result, which is a 
starting point of the whole story.

Now answer these questions: Why is your Main Result 
so important? What applications does it have? What is the 
history of this problem? What made it possible for you 
to prove that, while nobody else before could? Give the 
most interesting answer to either of these questions, to a 
nonexpert in one or two sentences. Now that’s your story!

Examples of good stories. Sometimes the stories are 
simple:
(1) “We use tools from the field pqr to resolve a major open 

problem X in the field abc.”
(2) “We generalize the results in the recent breakthrough 

paper [M] to work under weaker assumptions.”
(3) “Our recent paper [FGH] provides a theoretical frame-

work for computing [something]. In this paper we go 
over the various special cases, rederiving and gener-
alizing some earlier work [of others] and computing 
[something] in several new special cases.”

(4) “We study the problem X in the field abc. We point out a 
crucial mistake in [M]’s proof of X and show that in fact 
X fails in some cases. In a positive direction, we show 
that [M]’s proof can be salvaged in a special case Xʹ by 
employing a recent tool in our recent paper [FGH]. This 
implies that the classical conjecture Y proved in [M] by 
using X remains true, since Xʹ suffices to prove Y.”

Great! In all these cases nothing else is needed. Some 
stories are not particularly interesting, but that reflects the 
contents of the papers. Note that the stories do not have to 
be short. In fact, they have to get longer when the logical 
1See, e.g., http://read.gov/aesop/025.html and https://w.wiki 
/jkh. 
2See, e.g., https://w.wiki/jkv.
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Remarks, but you need to get this done as well as you pos-
sibly can.3

This is harder than it looks. Some of your results may 
not fit the story. Should you discard them? This is all field 
dependent, but usually the answer is yes. The idea is that 
you don’t want to spoil your story and distract the reader 
from your own main results by cluttering the paper. Some-
times less is more, indeed.

It also depends on the results to some extent. Say, your 
main theorem is great and gives new general bounds which 
improve upon many previous bounds, both general and in 
special cases. At the same time your tools can be strength-
ened in some earlier case of interest to prove an even bet-
ter bound. Should you include this example? This might 
depend on how long the example is and how separable it 
is from the proof.

Say, your example or an application is only a page long, 
and you must use many of the lemmas from the paper. Then 
it’s ok to include it at the end of the paper, once you have 
made your point, so to speak. However, if your example is 
a lengthy technical calculation and uses your main theorem 
as a black box, make it into a separate paper, sort of a fol-
low-up to the main paper. Same if you have many different 
examples and special cases that you analyzed. Unless these 
are really short, they are best published separately. This also 
depends on how tolerant a particular area of mathematics is 
to longer papers, the type of journal you aim to submit, etc.

It often happens that the side example just does not 
stand as a separate paper. Well, tough bananas! If you are 
desperate to make it public you can include it as an appen-
dix to your paper on the arXiv, but definitely do not submit 
it to a journal with the main paper. Let it sit unpublished 
until you get further results in this direction. Once you find 
enough of such results to publish a new paper, update the 
arXiv of the old paper to clearly reflect that.

Sometimes, your paper is between two fields. While you 
aim to tell the story of one field, say abc, which is where 
the main applications are (cf. (1) and (7)), you may still 
want to tell the story of another field pqr at least briefly. 
This is totally OK, and many people do that. In fact, a “story 
within a story” is a routine literary device.4 Just don’t go 
berserk with a “story within a story within a story,” the 
Cloud Atlas style.

To write a story within a story, you write the whole 
paper as if the second story doesn’t exist. Write the main 
story including the main results in abc, but right before the 
proofs insert a separate section outlining the connections 
and applications to pqr. People in abc will skip this section, 
but people in pqr will be grateful. Just make sure to make 
this section as self-contained as possible.

etc., you must be completely, 100% correct. There is no 
room for flexibility here. Yes, this includes historical dis-
cussions. If you don’t know some references, then search 
for them online, ask somebody, or pose a question on 
MathOverflow if you are completely stuck. Figure it out! 
But definitely don’t try to write your guesses and hope for 
the best.

On the other hand, when it comes to the story, you can 
make it up. In fact, if it serves the interests of your field, you 
should do this. Because, remember, the story is not about 
you but about your field! Obviously, made up stories can 
be much more interesting than the real stories. For exam-
ple, nobody over the age of four thinks that the Cinderella 
cartoon is a real story. People watch it for a completely 
different reason—to be entertained. And when it comes to 
math papers, it’s your job as well.

If this sounds abstract and a little confusing, let me give 
you an example. Say, you come up with a clever trick which 
you used in your previous paper [FGH] to prove a minor 
result in your area pqr. You like the trick and hope it applies 
elsewhere. You lament to your colleague U, who suggests 
looking through Chapter 13 in the monograph [Q] on abc. 
You go through the whole chapter and discover that your 
trick remains useless everywhere, with a notable exception 
of an open problem X at the end. To your shock and sur-
prise, your trick completely refutes X in higher dimensions. 
That’s a terrible story with a happy ending. Here is a much 
better story, expanded for the emphasis:
(8) “There is a well-known open problem X in the classical 

area abc. For several decades, various people established 
X in dimensions up to 8; see [Q, §13]. Moreover, [M] 
established weak-X in all dimensions. We prove that 
X fails in dimensions ≥ 12 by using a trick from our 
[FGH] in the area pqr. As a consequence, it follows 
that weak-X is the best possible in full generality. On 
the other hand, there is only so much room to extend 
positive results to dimensions beyond 8. While in di-
mensions 9 to 11 problem X remains open, our tools 
suggest a possibility to completely resolve the problem 
in these dimensions using some heavy computer com-
putations.”

Now that’s a good story! It’s not how it all happened, of 
course. If anything, it’s mildly misleading, but it’s literally 
correct and even somewhat inspiring. Congratulations! Just 
don’t forget to thank U profusely in the Acknowledgments.

Ok, you have a good story, now what? Tell the story! 
Build first the Introduction, and then the rest of the paper 
around your story. Discard everything irrelevant. Go 
through the literature to get the references in support of 
your story. Figure out the exact history of the problem that 
would further highlight your story. When the references 
seem to point in the other direction as in (4) above, take 
pains to carefully explain what’s going on. Some of that 
history will go into the Introduction, some into the Final 

3For more on this, see I. Pak, How to write a clear math paper, J. Hum. 
Math. 8 (2018), 301–328.
4See, e.g., https://w.wiki/jmx.
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Collaborative Writing: 
What, How, and Why 

Margaret Symington and Daniele Sepe

So, you're in a collaboration. You’ve had fun bouncing 
ideas back and forth, trying to jot down precise statements 
on the back of napkins in crowded bars or on your tablet in 
the comfort of your home, staring at collaborators through 
your computer screen. The thrill of working out the main 
arguments is gone, leaving behind a quiet satisfaction. It 
is time to face what is probably your fiercest critic: a blank 
page. In short, it is time to write up. While not exactly the 
most exciting aspect of your mathematical life, it may be 
seen as the necessary cost of turning ideas into publica-
tions, the heavyweights on your CV. What’s more, this 
time you have to do it together with your collaborators, 
each of whom comes with personal views on notation, 
style, presentation, and so forth.5 Writing mathematics 
can feel like a hard, tedious task, but we’re here to say that 
it can be interesting, and when done together can be both 
instructive and fun.

We’re by no means experts on collaborative writing. 
We’re merely sharing thoughts based on our experiences, 
especially a joint multiyear ongoing project with four coau-
thors, and what one of us has learned from Deneen Senasi, 
the Writing Director at Mercer University, while teaching 
(nonmathematical) writing to sophomores.

To discuss writing in the context of collaborations, we 
draw a distinction between coauthoring and cowriting. We 
use the former to refer to the mechanism for producing 
every paper that has more than one author, and the latter 
to refer to collaboration on the complex, multilayered 
process of writing. In what follows, we name and describe 
some aspects of coauthoring and cowriting, in the hopes 
of making the collaborative writing process seem less mys-
terious and more attractive

The “Co” of Coauthoring
Back to that collaboration of yours. You will all, automati-
cally, be coauthors because you all will have contributed to 
the contents and production of the paper. But the flavor of 
your coauthorship may vary significantly. In particular, the 
overarching structure of your coauthorship will probably be 
a mix, sometimes shifting, of the following three:

Note that the same trick applies if in addition to your 
“we prove a new strong result” story, you want to include 
“in a special case our proof simplifies and gives a much 
easier proof of a classical result” story. Do this in exactly 
the same place—after the main results are stated, but before 
the main proof. Even if this creates a little redundancy, so 
what? The simplicity of the self-contained new proof far 
outweighs the extra few pages it occupies. And the reader 
who wishes to finish reading the paper will also be better 
prepared to tackle the proof of the main result having gone 
through the simple proof of an earlier result. Of course, if 
the special case is much too small, elementary, and not re-
ally helpful to understand the main proof, you are better off 
publishing this proof in a popular general audience journal.

Very occasionally, fields abc and pqr are too far apart, 
and both stories are equally valuable. This difficult deci-
sion can be resolved by writing two separate papers aimed 
at two different audiences. Let me emphasize: this is rare 
and ethically dubious unless both papers have some extra 
results the other does not, and you discuss the existence of 
the other paper straight in the introduction of each paper. 
Still, this is better than spoiling your story or making it 
more complicated. In summary, keep it simple!

Final practical advice. As always, the best way is to first 
try consulting with your friends and colleagues, then try 
again. Your writing will probably improve over time. Prac-
tice makes perfect stories. But if such help is unavailable, try 
to emulate others. If you are proving a special case of con-
jecture X in paper [M], search in GoogleScholar for papers 
which cite [M] and mention X. If there are too many, use 
MathSciNet® which tends to have fewer citations. If there 
are still too many, use some keywords, MSC numbers, or 
“From Reviews” link.

Now, go over all these papers to see what stories they 
are telling. Most likely you can frame your paper to tell a 
story along similar lines. As an important side benefit you 
will also learn the state of the art on X, and perhaps find 
some new examples and special cases your results can be 
applied to.

Credits
Author photo is courtesy of the author.

Margaret Symington is a professor of mathematics at Mercer University. 
Her email address is symington_mf@mercer.edu.

Daniele Sepe is a professor of mathematics at Universidade Federal Flu-
minense, Niterói, Brazil. His email address is danielesepe@id.uff.br.
5You’d be surprised by how strongly opinionated some mathematicians are 
on the age-old debate of italics vs. boldface.

DOI: https://dx.doi.org/10.1090/noti2304
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If you and your cowriter(s) come to a common under-
standing about context, audience, and purpose, then you 
are well-positioned to help each other out with all the mi-
crolevel choices, which will be advancing your objectives. In 
turn, thinking about your goals as you make a small-scale 
choice, such as what details to include in a particular proof, 
can change your perspective on big-picture aspects. This can 
cause you to write and rewrite several versions of proofs as 
your thinking about the results and the paper evolve…. But 
wait: this is beginning to sound like one step forward, two 
steps backwards. Why would you want to do that?

What’s in It for You?
There’s no question that a collaborative effort on crafting 
a manuscript takes time—and also runs the risk of feeding 
any tendencies toward perfectionism. But there’s plenty 
to be gained. Shifts in thinking that occur while writing 
are part of understanding the mathematical problem at 
hand. We found that, through our discussions about how 
to frame our results, we learned a lot and deepened our 
understanding of our own work—more than we would 
have if we were writing it up separately. In fact, our co- 
writing also led to ideas for further math projects. The most 
important gain, however, is the likelihood that cowriting 
leads to a final manuscript that tells a mathematical story 
that better enables others to appreciate your ideas, thereby 
increasing your readership and the impact of your paper. 
Along the way, you will have gained skills as a writer (which 
will help you when you’re on your own), and, if you are 
lucky, formed or solidified a friendship.

What kind of collaborative writing you choose on any 
project depends primarily on your circumstances, from 
deadlines to workload to individual personalities and each 
author’s expertise. The key is to establish a working routine 
that plays to the strength of each coauthor and makes ev-
eryone feel comfortable. We hope this piece gave you some 
ideas of options. Final disclaimer: of course, we cowrote 
this piece and, by the end, we realized we’d written a piece 
about collaborative writing, when we had set out to write 
only about cowriting!

Credits
Photo of Margaret Symington is courtesy of Mercer Univer-

sity.
Photo of Daniele Sepe is by María Amelia Salazar.

 • Follow the Leader—one person writes; the others 
follow along, ask questions, and make suggestions;

 • Divide and Conquer—everybody gets their own 
sections to write and the end result is obtained 
by collating;

 • Round and Round—drafts get passed from one of 
you to the next for revision, amending, and pol-
ishing, hopefully converging in finite time.

While Round and Round may sound like the only truly 
collaborative structure, fear not the others. Even if you 
end up leading or following a leader, or are in charge of 
a specific section, there’s plenty of room for everyone to 
have a strong influence on the final product. (Our highly 
collaborative four-way coauthorship largely utilized Follow 
the Leader, though it sometimes felt like Round and Round, 
with a touch of Divide and Conquer.) In our experience, 
the essentials for a constructive and engaging coauthorship 
are listening to each other, never refraining from pitching 
ideas, and always being willing to say “I don’t understand,” 
or ask “What do you mean?” even though doing so may 
feel daunting.

The “Co” of Cowriting
Onward to the write-up of your work. You certainly want 
to produce a manuscript that contains your interesting re-
sults and proofs, presented in a clear and concise fashion. 
But you can do more: as a writer of mathematics, you can 
shape your reader’s understanding. Achieving this goal 
involves making choices upon choices—both big-picture 
and microlevel: how to present and structure the proofs of 
your results; what background material to include and from 
what point of view; notation, terminology, and wording, 
etc. That’s where cowriting comes in: you are cowriting if at 
least one of your coauthors becomes a partner in making 
those choices.

We find that, to make such decisions in a coherent 
manner and with confidence, we need to wrestle with the 
following big-picture aspects of any piece of writing: 

 • Audience—Who are you writing for? What do they 
need to know?

 • Purpose—What is the fundamental message of your 
manuscript? Are you trying to instruct, refine, or 
shift current understanding, fill in a gap, break 
new ground, etc.?

 • Context—How do your results or your perspective 
relate to existing ones? What were your inspira-
tions and what future directions do you envision?

Just like the math that you already sorted out with 
your collaborators, core questions concerning audience, 
purpose, and context are often best addressed in conversa-
tion, which gets your creative juices flowing. Furthermore, 
the push and pull of different perspectives can ultimately 
lead you to a richer understanding of how readers might 
experience your final product.

Margaret Symington Daniele Sepe
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1. Choose an audience
The choices you make when writing your article should 
depend on who you hope will read it. To ground yourself, 
imagine you are writing for a specific person who might 
read your article.6 For example, if you are a graduate stu-
dent, you may want to write for a particular fellow student 
in your area. You can ask yourself:

 • What is your reader’s background?
 • What motivation will they need to put your results 

in context?
 • How much detail would they appreciate seeing in 

an argument?

2. Make a detailed outline
Before writing a longer article, try to begin with a plan for 
the sections, main lemmas, and theorems. You can fill in 
the proofs later. Be aware that when you add detail to your 
proofs, you may discover that you need to reorganize your 
initial outline. You should be ready to ruthlessly revise 
later!

To help you make a detailed outline, explain your work 
to a friend. This forces you to take a step back and think 
about both the big picture and the highlights of your paper.

3. Choose notation well
Bad notation is the easiest way to lose your reader, and also 
the easiest mistake to avoid! To save your reader several 
hours of unnecessary confusion, it is well worth investing 
the time at the beginning to carefully choose externally 
and internally consistent notation. That is, make sure you 
use standard notation in the field and make sure you give 
related names to related objects when you have to introduce 
new notation.

When working on a paper with many coauthors or if 
you have not decided on all of your notation, be prepared 
to change notation later on. Changing notation with “find 
and replace” is time-consuming and error-prone. To save 
yourself unnecessary pain and to ensure that you do not 
overlook any instance of your previous notation, you can 
define a macro in LaTeX.

2. Writing a Good Introduction
The introduction has a unique and important role to play; 
you should think of it as a sales pitch for your article. The 
reality is that most readers will only have time to read your 
introduction. So, it should cater to both casual browsers 
and researchers on the lookout for a specific result. That 
said, a well-written introduction builds confidence that 
reading on will be a pleasurable experience and may en-
tice your audience to invest the time to read the rest of the 
article!

Practical Suggestions for 
Mathematical Writing

Renee Bell, Borys Kadets,  
Padmavathi Srinivasan,  
Nicholas Triantafillou, and Isabel Vogt

Dedicated to our advisor, in gratitude and admiration.

The primary goal of an article is to bring 
the reader on a rewarding mathematical 
journey with the writer. Your role as a 
writer is analogous to that of the leader 
of a hike. You need to gently guide your 
readers through the weeds of a technical 
argument while making sure they fully 

appreciate the highlights of your work.
In this article, our goal is to share some valuable practical 

lessons we have learned from our advisor, Bjorn Poonen, in-
spired by his article [4]. We have found ourselves revisiting 
these ideas from time to time and would like to make them 
more widely known within the mathematical community. 
Many of the suggestions here are directly from [4], and we 
refer readers to the original source for these and many more 
wonderful concrete suggestions.

A short article like the one you are reading now cannot 
hope to be a comprehensive summary of strategies for writ-
ing math well. Many writers we admire have also written 
and spoken about other aspects of clear mathematical writ-
ing. We direct the interested reader to some of our favorite 
resources [2], [4], [5], [6], [7] at the end of this article.

1. Getting Ready to Write
Planning before you begin writing 
can save you time later. In this sec-
tion, we suggest some things to do 
before you start writing.

Renee Bell is a Hans Rademacher Instructor at the University of Pennsyl-
vania. Her email address is rhbell@sas.upenn.edu.

Borys Kadets is a limited term assistant professor at the University of Georgia. 
His email address is kadets@uga.edu.

Padmavathi Srinivasan is a limited term assistant professor at the Univer-
sity of Georgia. Her email address is Padmavathi.Srinivasan@uga.edu.

Nicholas Triantafillou is a postdoctoral research and teaching associate at 
the University of Georgia. His email address is nicholas.triantafillou 
@uga.edu.

Isabel Vogt is an assistant professor of mathematics at the University of 
Washington in Seattle. Her email address is ivogt@uw.edu.
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6Four out of five authors of this article imagine they are writing for Isabel 
Vogt while working on the first draft. Five out of five authors imagine Bjorn 
Poonen when editing.
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When writing your introduction:

1. Get to the point
Showcase your exciting new results as soon as possible 
in the introduction. It is OK to postpone definitions to 
a later “Notation” section (and to refer readers in the 
introduction to this later section) if those definitions are 
standard enough that most readers will be able to read the 
introduction without them.

2. Make your results stand out
It is easy to miss a main result hidden 
in the middle of a paragraph. Use 
theorem environments or separate 
paragraphs so that busy readers can 
quickly scan for your main results.

3. Place your results in context
Explain how your work fits in with and diverges from pre-
vious approaches by highlighting the novel contributions 
while illustrating the broader landscape.

It is worthwhile to use MathSciNet® and/or Google 
Scholar to look through papers which cite the same foun-
dational references as your paper. This can help you find 
recent related work. Be generous in citing related articles.

4. Paint a clear roadmap
Outline the remaining sections in the paper. 
Highlight the main arguments in each sec-
tion and how they all fit together.

This added structure gives a canvas for 
your reader to sketch an outline of the entire 
paper with the main arguments. It is valu-

able to have a good sense of what is to come in a lengthy 
technical article.

3. Building a Clear, Cohesive Narrative
3.1. Guiding text
After you have carefully planned your 
paper, the global structure of your argu-
ment is probably crystal clear to you. But 
for your reader, it might not be so clear. 
Some well-chosen guiding sentences can 
act as landmarks. They can help your 
reader identify where they are on the roadmap you outlined 
in the introduction.

1. Introduce each section
It is good practice to begin every section with a sentence 
indicating what will be done in that section. This serves to 
reorient your reader and will help them contextualize where 
the current section fits into the larger argument.

2. Highlight hypotheses
Make clear in your proofs where each of the hypotheses is 
being used. In addition, you can motivate your hypotheses 
by providing interesting counterexamples to your theorem 
when some assumptions are removed.

3. Include a running example (when possible)
Examples in a paper can

 • help your readers digest new concepts,
 • illustrate the main ideas of a long technical argu-

ment, and
 • anchor readers who are less familiar with the topic.

Using one or two well-chosen running examples 
throughout the article can accomplish these goals cohe-
sively, while saving your reader the time it would take to 
reorient to a new example every time. If you are unsure of 
what example to include, think back to when you were 
proving the result: there is a good chance you worked out 
a minimal interesting example before you discovered the 
full argument!
3.2. Reducing cognitive load
Most people (especially mathematicians!) can hold only a 
few ideas in their head at once. Big-picture ideas, technical 
details, and complicated equations compete for your au-
dience’s brain space as they read your article. Subdividing 
arguments and simplifying notation lets your reader use 
their mental energy to enjoy your mathematics.

1. Break up long arguments
Subdivide long proofs using lemmas. It is OK if you use a 
lemma only once. The goal is to minimize what your reader 
must keep in mind at one time.

2. Say what to remember and what to forget
If a section contains several theorems, propositions, and 
lemmas, but only one of them is needed in subsequent 
sections, mention this. (Again, this can free up memory in 
your reader’s brain!)

3. Keep theorem statements short (within reason)
Cluttered theorems can make it difficult for your reader to 
figure out what you are proving. To reduce clutter, you can:

(a) Define terms before the theorem in which they are 
           used.

(b) Isolate complicated technical hypotheses in a sepa- 
           rate labeled environment.

That said, if your theorem requires a hypothesis which is 
not a standing assumption of your entire paper, you should 
include that hypothesis in or near your theorem statement. 
Do not sacrifice clarity for brevity.

4. Keep sentences simple
Sentences with a single idea are easier to read. Combine 
sentences (with “, and” or with a semicolon) only if it 
helps to clarify the logic or if the sentences are otherwise 
closely related.

It is OK if short sentences make your prose choppy or 
repetitive compared to other forms of writing. Prioritize 
readability and mathematical clarity over flow.

5. Start with a warm-up
If a proof naturally breaks up into parts, do the easier parts 
first. This is especially true if the easy and hard parts of the 
proof use similar ideas.
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justification by writing something like “Combining the 
previous two sentences with Lemma 5 shows that . . . .”

If a sentence contains multiple claims, make clear which 
explanation is the justification for which claim.

3. Declare your variables
Introduce new notation before using it in a formula so 
that your reader does not need to cycle back to the start of 
your sentence. When editing, search your document for “, 
where” and try to rephrase sentences whenever possible. 
For instance, it is better to write “Let x be a real number. 
Then, x2 + 1 ≥ 0.” than to write “We have x2 + 1 ≥ 0, where 
x is any real number.”

4. Avoid unnecessary “Proofs by contradiction”
Proofs by contradiction add temporary hypotheses that 
make it difficult to keep track of which assumptions are 
active. When possible, rephrase proofs by contradiction; 
this is especially easy when you are secretly proving the 
contrapositive. If proof by contradiction is unavoidable, 
consider turning the whole subargument into its own 
paragraph or lemma.

5. Explain the “obvious”
Avoid using the words “clear,” “obvious,” “trivial,” and 
the like as the sole justification for a claim. It rarely takes 
more than a sentence to explain why something is clear. 
Explaining things that you consider trivial also helps you 
to be confident that the results are correct.

One of our other advisors, Joe Harris, likes to recount the 
following cautionary tale. In the final stages of proofreading 
a manuscript, he found a false claim, which, alarmingly, 
was preceded by the word “clearly.” Upon searching for 
other instances of “clearly” and “it is not hard to see that,” 
he found half a dozen other such errors! He concluded that 
he had been using the word “clearly” defensively when he 
did not actually have a solid argument.
3.4. Eliminating ambiguity

Mathematicians are a creative and ex-
ploratory bunch; if you leave open a 
path to an alternative interpretation, 
someone is likely to take it. By choos-
ing a few well-placed words, you can 
add precision and dispel ambiguity, 
protecting your reader from treach-
erous missteps.

To spare your reader a confusing unintended detour, try 
the following practices. They aim to construct mathematical 
guardrails to direct your reader to your results in the most 
efficient fashion.

1. Clarify your quantifiers
Implicit quantifiers can engender a multitude of ambigu-
ities. For example, the end of “We have x2 + 1 ∈ S for x ∈R” 
can be interpreted as “for some x∈R” or “for all x∈R”; this 
ambiguity should be resolved, even if it seems reasonable 
to deduce your intended meaning from context.

6. Anticipate what your readers will forget
If you use a definition for the first time in a while, either 
give a reference or include a notation section.

7. Avoid clutter
Use extra symbols only if they help your reader parse your 
expressions. For example:

(a) Minimize use of parentheses. For instance, log x is 
         better than log(x). It is also traditional to omit pa- 
       rentheses in some expressions like sin 2x. But in 
           sin(x + y), parentheses are necessary.

(b) Usually it is not necessary to use a centered dot or  
           other symbol for multiplication.

8. A picture is worth a thousand words
As appropriate to your discipline, consider supplementing 
your written argument with a schematic or diagram to 
clarify a complicated setup. Some tips for using figures 
effectively:

(a) Be careful with colors. Make your diagrams accessi- 
       ble to color-blind readers or in black-and-white 
         print. For example red/green is bad. These two col- 
        ors are much better. There are many palette guides  
          online, for example [3].

(b) Write a complete argument and then supplement  
            it with figures. It might seem natural to replace part  
       of an argument with a picture, but you should 
           make sure your written argument can stand alone.

3.3. Structuring proofs for maximal clarity
Determining if your own writing is clear can be challenging. 
When you understand your arguments and notation too 
well, you can navigate your proofs in large chunks, step-
ping through several sentences or paragraphs at a time. In 
contrast, your readers may comb through your proof one 
sentence (or less!) at a time. A detail that feels like a peb-
ble to you can become a boulder obstructing your reader’s 
progress. Fortunately, with some good writing and editing 
habits you clear the most common sources of needless 
confusion and frustration from your reader’s path.

1. Don’t leave your reader hanging
When your reader reaches the period of a sentence, they 
should either know why each claim up to that point is 
true or know that an explanation will follow. If a sentence 
contains a claim that will be justified later, end the sentence 
with “, as we now explain.”

2. Clearly connect reasons and their conclusions
When a single assertion takes more than a few sentences 
to explain, consider turning it into a separate lemma. If 
that is not possible, clarify which sentences contain the  
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It is worth noting that looking for these ambiguities 
requires some care. They may not always read or sound 
like ambiguities in a research talk or conversation at the 
blackboard, where writing is supplemented by subtle but 
essential verbal cues. Even cadence and tone of voice can 
indicate meaning, but these are all lost on paper; you 
should ensure your reader will stay on the path when you 
are not there to guide them. It is natural to overlook such 
ambiguities, but another person can easily find them for 
you, so solicit feedback from a friend or mentor!
3.5. Math and grammar
The same general rules of English grammar hold for math-
ematical writing. In this section, we focus on some specific 
grammatical suggestions for clearly integrating technical 
mathematics into your writing.
1. Structure your sentences so that they are easy to parse. 

The main verb of your sentence should be written out 
in words, not in symbols. Avoid splitting the subject of 
a sentence or clause into some words outside a formula, 
together with a portion of the formula. A particularly 
flagrant example illustrating both of these issues is: 
“For an elliptic curve y2 = x3+ax+b, the discriminant ∆ 
= −16(4a3 + 27b2).”
Here the second time the symbol “=” appears, it func-
tions as the verb of the sentence, and the subject “the 
discriminant ∆” is split between the formula and the 
rest of the sentence. If one were to parse the first part 
of the sentence in the manner of the second, y2 would 
be an elliptic curve! An easy fix would be to replace the 
second “=” with the word “equals.”

2. Use the same punctuation in a sentence with a dis-
played equation as in a sentence with an in-line equa-
tion. In particular, the line before a displayed equation 
often does not need to end in a colon. Also remember 
that a displayed equation at the end of a sentence 
should end with a period.

3. Do not use abbreviations like WLOG, iff, and s.t. in 
your writing. Similarly, write out the English words for 
logical symbols (like “for all” instead of ∀) unless you 
are using them in equations in formal logic.

4. Do not start a sentence with a symbol. (Your reader 
may miss that you have begun a new sentence!)

5. Capitalize the word “theorem” (or “definition” or 
“section”) only when you are referring to a theorem 
by number.

There are a few special cases where mathematical writing 
does not follow the standard rules you may have learned 
in an English class.
1. Use numerals for numbers in math papers. A small 

counting number can be spelled out if it is not repre-
senting a mathematical quantity. For example, write: 
“consider two genus 2 curves....”

2. The prefix “non” before a common math word does not 
usually need a hyphen. For example, write nonempty, 
nontrivial, and nonzero.

2. Limit usage of pronouns
Use pronouns, like “it,” sparingly, and make sure you are 
unambiguously designating what your pronoun is referring 
to.

3. Beware of not-quite synonyms
In general, be careful with prepositions: the choice of “so,” 
“for,“ “as,” and the like can be subtle but have serious 
mathematical implications.

(a) For example, the words “so that” should be used to 
       indicate purpose, not impose a condition (for 
           which you use “such that”). Good: We include 0 in  
            N so that N contains the size of every finite set. Bad: 
         An abelian group is a group so that every two ele- 
           ments commute.

(b) Try not to use “as” as a synonym for “since,” since 
           there are many other meanings of “as,” particularly 
         in math. In [4], our advisor provides a particularly  
       egregious example: “As x does not tend to +∞, the 
          expression ex is bounded.”

(c) Similarly, do not use “per” when what you mean is 
          “by.”

4. Avoid misplaced modifiers
The word “only” should be placed as close as possible to 
the word it is modifying. Consider the sentence “This set 
only contains the zero vector.” It can be interpreted to mean 
either that only this set, among many, contains the zero 
vector, or that the only element of this set is the zero vector.

5. State what you actually prove
In your theorem statements, instead of saying two objects 
are isomorphic, specify a map between them and claim 
that it is an isomorphism. This is strictly stronger, is the 
form in which the theorem is more likely to be used, and 
is probably what you mean anyway.

6. Use a single numbering system
To avoid citation issues and make statements easier to find, 
use a single numbering system for all theorems, lemmas, 
etc. Using the amsart document class, put

\newtheorem{theorem}{Theorem}[section]

\newtheorem{lemma}[theorem]{Lemma}

\newtheorem{proposition}[theorem]{Proposition}

in your preamble.

7. Cite precisely
When citing other work, include a precise reference to a 
theorem number or page number (unless you really mean 
to cite the entire work!). This saves your reader the time and 
confusion of wading through an entire reference.

For an arXiv preprint, include the version number or 
precise date. For preprints elsewhere on the web, give the 
URL and date of the manuscript or date downloaded. Sim-
ilarly, cite version numbers of software or computer code. 
This way, even if a new version is uploaded, your reader 
can figure out what you were referring to.
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at https://www.youtube.com/watch?v=ECQyFzzBHlo. Re-
trieved on February 12, 2021.

[6] Francis Su, Some guidelines for good mathematical writing, 
MAA Focus 35 (2015), no. 4, 20–22. Available at https://
scholarship.claremont.edu/hmc_fac_pub/1145. Re-
trieved on February 12, 2021.

[7] Francis Su, Mathematical microaggressions, MAA Focus 35 
(2015), no. 5, 36–37. Available at http://ee.usc.edu 
/stochastic-nets/teaching-resources/documents 
/Su-Mathematical-Microaggressions.pdf. Retrieved on 
February 12, 2021.

Credits
Illustrations and author photo are courtesy of Isabel Vogt.

4. Community Practices
Finally, it is important to remember that our writing en-
ters and influences the canon making up mathematics. As 
such, each of us has a role to play in fostering an open and 
welcoming community of researchers.
1. Announced results which take a very long time to 

appear (or never appear!) are detrimental to progress 
in your field. For this reason, cite “forthcoming work” 
only if a publicly available preprint exists. (This is con-
sistent with the AMS Ethical Guidelines [1, Section I].)

2. At best, it is an unpleasant experience to not be able to 
follow a step of a proof that the author claims is trivial. 
At worst, such unintentional “microslights” can pile up 
and deter those who are prone to doubt themselves [7]. 
Consider using phrases such as “a standard calculation 
involving ... shows...” to convey the degree of novelty 
while pointing your reader in the right direction.

5. Closing Thoughts
Writing and revising can be a lengthy 
and laborious process. It is normal to 
feel stuck. To gain fresh perspective, 
enlist a second pair of eyes or simply 
step away for a while.

Our advisor likes to recount a possi-
bly apocryphal story about how Jean-
Pierre Serre would lock up old drafts in 
a drawer and write several new drafts 

from scratch until his drafts converged!
Writing well requires a significant investment on the 

part of the writer to achieve the golden ratio of clarity and 
length. That said, communicating your excitement to your 
reader is ample reward for this effort. We hope this article 
gives you several practical suggestions that you can use 
for your own writing process to achieve this worthy goal. 
Happy writing!
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The academic family celebrating Isabel’s and Nicholas’ thesis 
defenses in April 2019. (From left to right: Renee Bell, Bjorn 
Poonen, Isabel Vogt, Padma Srinivasan, Borys Kadets, Nicholas 
Triantafillou, Vishal Arul.)
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3. Technology
With the majority of the participants’ time spent in problem 
sessions, we wanted to make sure that they would be able 
to communicate mathematical ideas to each other easily 
and clearly. We were able to get funding-agency approval 
to redirect travel funds to purchase webcams for partici-
pants who needed them, provided they were returned to 
UNCG at the end of the school. We also offered handheld 
whiteboards and markers to participants as a low-tech way 
to present mathematics over the internet.

We settled on Zoom as a medium for the summer 
school. Many people were already familiar with Zoom from 
their home institutions and it satisfied most of our require-
ments. The four lecturers each used their own method to 
present material during their lectures.

 • Writing on a tablet screen that was shared to par-
ticipants.

 • Presenting at a wall-mounted whiteboard via 
webcam.

 • Writing on paper using a webcam as a document 
camera.

 • Screen-sharing a Mathematica notebook to discuss 
its code.

All the methods were reasonably successful, bolstered 
by our posting of complete lecture notes and problem sets 
online daily. Most methods do not allow the lecturer to 
simultaneously monitor the Zoom meeting, so when points 
were raised via the Zoom chat it was the responsibility of 
the other organizers to alert the lecturer if an immediate 
response was needed.

We used the “breakout rooms” feature of Zoom for the 
problem sessions, with the host partitioning participants 
into five breakout rooms at the end of each lecture.

We set up a separate chat in Discord for the organizers to 
discuss matters such as who would help in which breakout 
room, what would be discussed after the problem sessions, 
and hints and solutions to specific exercises. It was very 
helpful to have a place to chat outside Zoom, both to 
keep organizer discussions separate from discussions with 
participants, and because the chatroom persisted beyond 
the current Zoom meeting.

4. Experience
Students enthusiastically engaged with each other during 
the 90 minute breakout room problem sessions, routinely 
forgoing the suggested 15 minute break. In an effort to re-
duce fatigue and avoid settling into a routine, we changed 
the composition of the small groups each session; held a 
special lecture on computational aspects of the material; 
offered a research-level lecture at the end of one day; and 
held a “social hour” in the middle of the week in which 
we shared stories, showed off our pets, and played online 
games.

The online format made monitoring students’ reactions 
to the lectures and problem sessions more of a challenge 

Organizing a Short Online 
Math Program Successfully

Daniel Glasscock, Claire Merriman, 
Donald Robertson, and Clifford Smyth
1. Introduction
Since 2012 the University of North Carolina at Greensboro 
(UNCG) has held an annual summer school in compu-
tational number theory aimed at first- and second-year 
graduate students. In 2020 we were in charge of running 
the school, entitled An Introduction to Ergodic Theory via 
Continued Fractions. Given the ongoing COVID-19 out-
break, we decided, in mid-March 2020, to run the school 
entirely online.

In this article we will describe how we carefully tried to 
preserve as many desirable features of an intensive summer 
school experience as we could online. Since surveys indi-
cated that the participants were uniformly pleased with 
their experiences, we hope that our account will help others 
who wish to organize similar online events.

2. Planning
We decided to organize the summer school around 
mini-lectures and small group problem solving sessions in 
order to promote active engagement with the material and 
each other. Group size was the major factor in determining 
how many participants to accept: five groups of three stu-
dents each enabled us to realistically prevent any student 
from falling behind. We began advertising the summer 
school and soliciting applications six weeks before the start 
date. In a window of three weeks, we received more appli-
cations than spots for the program. Before the program 
began, we wrote detailed lecture notes and problem sets 
to be distributed to the students each day of the school. 
We believe that the lecture notes and the small highly monitored 
and advised problem solving groups we created were the crucial 
factors that made our good results possible.

Daniel Glasscock is an assistant professor in the Department of Mathemat-
ical Sciences at the University of Massachusetts, Lowell. His email address 
is daniel_glasscock@uml.edu.

Claire Merriman is a Ross Assistant Professor at Ohio State University. Her 
email address is merriman.72@osu.edu.

Donald Robertson is Neumann Research Fellow at the University of Man-
chester. His email address is donald.robertson@manchester.ac.uk.

Clifford Smyth is an associate professor in the Department of Mathematics 
and Statistics at the University of North Carolina at Greensboro. His email 
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Virtual Workshop on Ricci 
and Scalar Curvature Draws 
Unexpected Attendance

Christina Sormani 

Every year or two my collaborators and I co-organize a 
workshop about the convergence of manifolds. Sometimes 
the event is held at CUNY but we’ve held them also at IAS 
and SCGP and in Canada, Mexico, and Italy. Each event 
drew a group of 20–40 participants after an open call for 
participants on the geometry listserv. Postdocs would fly 
in from around the world for an opportunity to present 
their work and collaborate. However, due to rising concerns 
about the cost of air travel and its contribution to global 
warming, we decided that in the summer of 2020 we would 
hold a virtual workshop.

We had no idea there would be a pandemic and that our 
workshop would be one of the few conferences in geomet-
ric analysis that wasn’t canceled completely. In the end our 
Virtual Workshop on Ricci and Scalar Curvature in honor 

than usual. In addition to pausing frequently to allow stu-
dents to ask questions, we sent an email after the first day 
asking students about the experience. In response to the 
feedback, we adjusted how much guidance we gave during 
the problem sessions. On a few occasions we changed 
problem session group compositions on the fly to support 
participants who didn’t feel their current group was a good 
fit for them. We felt it important to get feedback on potential 
problems midsession while we could still do something to fix 
them. After the summer school ended, we sent out a survey 
to ascertain how the participants felt about the school as 
a whole. Some of the questions specifically asked for feed-
back on the online organization of the school.

The responses to the surveys were mostly positive: par-
ticipants enjoyed the school, were happy with its organiza-
tion, except for the necessary requirement that they spend 
many hours in front of a computer. Importantly, they did 
not feel that their learning was impacted and said they were 
able to get their questions answered easily in our format.

We sent out a concluding email pointing out additional 
resources and what further steps could be taken to continue 
learning about ergodic theory and continued fractions. Our 
lecture notes also pointed to further results.

5. Conclusions
Our experience indicates that technology makes it possi-
ble to run a summer school such as ours online, and that 
students will participate enthusiastically. While the pos-
sibilities we lost—such as working together at the board, 
informal one-on-one chats, and external social activities—
are valuable, we gained by being able to hold the school 
at all given the current situation, not having to spend very 
much money to run the workshop, and not needing to 
travel away from home to be together. With a few tweaks 
to the technology, and broad access to it, there is no reason 
why online summer schools shouldn’t play a prominent 
role in promoting and disseminating mathematics. Be it 
by choice or necessity, we wish you the best in organizing 
a similar meeting online.

As a service to those who would like to organize a similar 
event, we have collected a list of helpful technology tips and 
tricks here: go.uncg.edu/ergodictheory.

Daniel Glasscock Claire Merriman

Donald Robertson Clifford Smyth

Christina Sormani is a professor at Lehman College and the CUNY 
Graduate Center funded by NSF-DMS-1612049. Her email address is 
sormanic@gmail.com.
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of Misha Gromov attracted over 250 participants and 50 
speakers from Asia to Africa, Europe to South America, and 
a few from Canada and Mexico as well. Due to the success 
of the event, Frank Morgan suggested that I should write 
about how the workshop was designed and implemented.

In some respects the workshop was quite typical: we 
chose a topic and we chose to honor Misha Gromov 
because his recent conjectures have led to significant ac-
tivity in geometric analysis. We brought together a team 
of co-organizers who were experts on various aspects of 
Gromov’s conjectures: Guofang Wei, Lan-Hsuan Huang, 
Pengzi Miao, Paolo Piazza, Hang Chen, Blaine Lawson, 
and Richard Schoen.

Together with Misha Gromov, we chose an initial plenary 
speaker to advertise the meeting. We had an open call for 
participants who might get to speak if they had a relevant 
result to present. We advertised internationally using not 
only Conrad Plaut’s geometry listserv7 but also contacting 
mathematicians around the world by email. We were hop-
ing that people who might not ordinarily be able to afford 
the travel might attend a virtual event. 

Funding that usually went to travel was budgeted instead 
as salaries or research stipends for about 20 postdocs. We 
paid extra for those who had daycare costs or needed to 
purchase equipment. By paying stipends and salaries we 
avoided collecting receipts.

We chose to run the workshop asynchronously because 
we didn’t want to impose a preferred time zone on the par-
ticipants. It also allowed us to avoid dealing with technical 
problems during a talk. We had an open call for submission 
of prerecorded talks, leaving the speaker to handle logistics 
of recording and posting the videos themselves on You-
Tube, bilibili, or on their university server.8

We designed guidelines to ensure all the talks covered 
the relevant background and were generous in citing oth-
ers before presenting their own results. Each selected talk 
would be linked to the workshop webpage and also have 
a link to an online discussion board where questions and 
ideas could be exchanged among participants. We then 
reviewed the videos of the submitted talks to choose the 
most exciting to be listed as additional plenary addresses.

The workshop began with four of the initial plenary 
speakers, all young mathematicians chosen for exciting 
results directly related to Gromov’s Conjectures on Scalar 
Curvature. Chao Li (Princeton University) presented new 
geometric comparison theorems for scalar curvature. Paula 
Burkhardt-Guim (University of California at Berkeley) de-
fined new pointwise lower scalar curvature bounds for C0 
metrics via regularizing Ricci flow. Brian Allen (University 
of Hartford) presented his work contrasting different no-
tions of convergence in geometric analysis. Raquel Perales 
(UNAM Oaxaca) presented new techniques involving con-
vergence with controls on volumes from above and distance 
from below, applying the method to Gromov’s Scalar Torus 
Stability Conjecture in the graph setting.

7geometry@listserv.utk.edu
8Note that bilibili could be viewed by participants in China while YouTube 
is not available there.

Figure 2. Chao Li at IAS in 2018.

Figure 3. Paula Burkhardt-Guim presents her new definition at 
VWRS 2020 on a video posted to bilibili.

Figure 1. Misha Gromov presents his conjectures at the IAS 
Emerging Topics on Scalar Curvature and Convergence in 2018.
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The International Congress 
on Mathematical Software 
Goes Virtual: Experience 
from Organizing an Online 
Conference in Times  
of COVID-19

Michael Joswig and Timo de Wolff

We have been the General and the Local Chair, respectively, 
of the 7th International Congress on Mathematical Soft-
ware (ICMS). This was meant to take place at Technische 
Universität Braunschweig, Germany, in July 2020. Instead, 
it took place as an online conference. Here we report on 
the transition and our experience.

The history of the conference series starts in 2002, when 
the first ICMS was organized in Beijing, China, as a satellite 
event to the International Congress of Mathematicians. 
ICMS’ topic is the development and use of software in all 
areas of mathematics. The conference traveled the conti-
nents, and the initial four-year rhythm was shortened to 
a biannual cycle in 2016. The last traditional ICMS so far 
was located at the University of Notre Dame, South Bend, 
Indiana, in 2018.

Organizing a conference is about a lot of things. The 
scientific program comprises a program committee, its 
chairs, invited speakers, and proceedings to be published as 
a book. Additionally ICMS features topical sessions which 
are largely organized by session chairs, who are also mem-
bers of the program committee. However, for a conference 
to occur physically there is also a need for lecture halls, 
accommodations, catering and/or guides to restaurants, a 
guided tour or excursion, and more. It is worth mentioning 
that some of the above actually require money. So, for us 
summer 2019 started with sketching the budget for three 
plenary talks and about 120 invited or contributed talks 
distributed over about a dozen sessions, possibly with a 
total of 150 participants.

The global pandemic caused by the Sars-Cov-2 virus ar-
rived in Germany, much like everywhere else in the western 
hemisphere, in March 2020. Evaluating our options, we 
quickly decided neither to postpone nor to cancel ICMS 

Soon the discussion board was filled with an incredible 
conversation trying to combine the results to develop a 
deeper understanding of scalar curvature and convergence. 
In the same week we released a group of invited talks on 
Ricci curvature. The second week had only one of our orig-
inal invitees, Yuguang Shi (Peking University), and three 
young people selected from among the submissions. Martin 
Lesourd was selected for submitting a beautiful talk on his 
new joint results with Ryan Unger and Shing-Tung Yau. 
Thomas Richard was selected for his exciting new work on 
systoles. Perhaps most surprising of all was Daniel Stern’s 
new approach to studying scalar curvature using harmonic 
maps to circles. At this point new collaborations among 
participants moved off the discussion board and into pri-
vate email exchanges.

After the first two weeks the workshop grew incredibly 
with over a hundred applications to participate and many 
beautiful talks submitted. We ended up extending the 
original three-week program to five weeks with a break in 
the middle. For a complete list of all the talks with links to 
their videos and to the subsequent discussions, the reader 
can go to the website of the workshop: https://sites 
.google.com/site/professorsormani/2020-virtual 
-workshop-on-ricci-and-scalar-curvature. We hope 
that this website and its mirrors will persist as a resource 
for those who would like an introduction to the field for 
years to come.

Credits
Figures 1 and 2 and the author photo are courtesy of Chris-

tina Sormani.
Figure 3 is courtesy of Paula Burkhardt-Guim.
Figure 4 is courtesy of Brian Allen, Raquel Perales, and Daniel 

Stern.
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Timo de Wolff is an Associate Professor for Applied Algebra at Technische 
Universität Braunschweig, Germany. His email address is t.de-wolff 
@tu-braunschweig.de.

DOI: https://dx.doi.org/10.1090/noti2301

Figure 4. Raquel Perales, Brian Allen, and Daniel Stern were 
plenary speakers at VWRS 2020.

Christina Sormani
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and five software presentations, and other conference 
matters. It enabled a discussion among the participants 
about talks and content of the sessions at any time be-
fore, during, and after the conference. In consequence, 
“the conference never slept.”

Indeed, this third layer contributed greatly to the social 
aspect of the conference. Joint with the live part of the ses-
sions, which covered the discussions that would normally 
occur after a talk, ICMS 2020 became a conference full of 
actual discussions and exchanges of ideas as would nor-
mally happen in a classical conference format.

Despite using the three layers, we expected that a lot of 
the usual “conference feeling,” that we all know and enjoy, 
would get lost. Thus, we decided to move the usual social 
parts online, too. We organized a virtual tour of the Perga-
mon Museum in Berlin. We also transferred the conference 
dinner into an online event. On Slack, we organized joint 
cooking and dining on one evening with the opportunity 
for the participants to upload a picture of their dinner and 
be elected the “Chef du Conference.” The official confer-
ence photo was compiled from Zoom snapshots. These 
small things joint with the Slack environment, the timed 
schedule, and the change of rooms in-between helped, in 
our opinion, significantly to generate the conference feeling 
we referred to before.

This virtual version of ICMS 2020 was the result of a 
crisis and trying to solve the problem of how science can 
go on within the pandemic. The obvious downside of an 
online conference is that the participants do not actually 
meet. However, on the positive side, it is much cheaper, the 
carbon footprint is reduced dramatically, and people can 
attend who could not do so otherwise, e.g., for economical, 
visa, or health reasons. In fact, we had over 200 registered 
participants making ICMS 2020 the largest ICMS so far. 
Thus, we are very happy to conclude that, in the case of 
ICMS 2020, science did go on.

Credits
Photo of Michael Joswig is courtesy of Michael Joswig.
Photo of Timo de Wolff is courtesy of Timo de Wolff.

2020. Since the universities had been closed this meant 
moving everything online.

The first thing we realized was that everything related 
to the proceedings did not need any changes. For the sub-
mission and reviewing process we used EasyChair, and 
thanks to LaTeX and Springer’s infrastructure around their 
series “Lecture Notes in Computer Science” everything was 
handled electronically.

All further plans, which we had made so far, were essen-
tially useless. Luckily, we were able to cancel all reservations 
(rooms, etc.) with little to no cost. Unluckily, we had to 
replan everything within only three months.

If one gives it a quick thought, one realizes that classical 
conferences have one striking advantage: all participants 
meet at the same place at the same time. Our participants, 
however, were located all over the globe from west coast 
USA and Canada to Japan and Australia. Moreover, hav-
ing all participants at the same place has the advantage 
of people actually talking to each other. This is obviously 
less likely to happen when being located in different time 
zones. Therefore, our first decision was that we would 
schedule a core time of only three hours—noon to 3 p.m. 
UTC—each day; only plenary talks and software presenta-
tions were broadcasted live, all other contributed talks had 
to be prerecorded. In hindsight this was a good decision, 
and it worked out pretty well. However, it created the 
issue that the videos had to be stored somewhere. Also, 
we learned that live talks broadcast from home can lead 
to new and interesting challenges as, e.g., Alan Edelman’s 
dog was seeking his attention during his plenary talk and 
Alan’s neighbor was insisting on continuing to mow the 
lawn during the presentation.

Structurally, we hence decided to organize the confer-
ence in three layers:
1. The core layer, being the three hours of live events 

during the days of the conference. Next to the plenary 
talks and the software sessions (both via Zoom), 
this layer included live parts of our 14 sessions. Each 
session was held in its own room using free software 
called BigBlueButton hosted at TU Braunschweig. The 
live part of a session covered only the discussions that 
would normally occur after a talk. That is, the partici-
pants were supposed to watch the offline talks before 
the sessions and then discuss them during the live part.

2. The offline layer, a virtual server donated by Ama-
zon Inc., which was maintained there by Sebastian  
Gutsche, who had been a member of our community 
for many years and who volunteered to support us. 
On this server, we stored the prerecorded talks and the 
conference material like the booklet. All speakers were 
able to choose whether their talk would be available to 
the general public or to registered participants of the 
conference only.

3. The interactive layer, a Slack workspace we created hav-
ing working groups for every one of our 14 sessions 

Timo de WolffMichael Joswig
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Author Ben Orlin gave a presentation of ideas from his next book: 
“Four Mathematical Games That I Can’t Stop Thinking About”. 
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The always popular annual Pi-Day Pie Baking Contest gave the graduate 
students and faculty an opportunity to socialize and eat some great pie.
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Luncheon

“Pi Talks!” Seminars presented by math faculty and graduate students were 
held throughout the school year. A profi table and tasty bake sale was held to 
raise additional funds to support the activities of the UNO chapter of the AMS.

At AMS Chapter meetings throughout the fall semester, professors 
gave talks on research or topics in mathematics they fi nd intriguing 
and students practiced presenting research in front of their peers.

In the spring, the chapter held their recruiting and fundraising event.

The Graduate Research Seminar, held biweekly, 
is an opportunity for graduate students to present, 
share, and get feedback from peers. Topics can 
include research, expository work, coursework, and 
information from conferences attended.  



Remembering Jean Bourgain
(1954–2018)

Introduction

Peter Sarnak and Terence Tao
Jean Bourgain was a major mathematical force through-
out his entire career, from his student days to his untimely
passing on December 22, 2018, at the age of 64. His pro-
found and prolific research achievements in a remarkably
broad array of fields will be studied and written about for
years to come.

Remembrances and volumes in his memory have and
continue to be produced around the world. The website
https://www.ias.edu/events/honoring-bourgain
contains recordings of the mathematical lectures and re-
membrances from the memorial “Honoring the Life and
Work of Jean Bourgain” that took place at the Institute
for Advanced Study in Princeton on May 30 and June 1,
2019, as well as recollections by Jean’s colleagues at IAS,
and letters from his family. A collection of survey arti-
cles on various aspects of Jean’s mathematical impact by
K. Ball, C. Demeter, C. Kenig, and T. Tao appeared in the
Bulletin of the AmericanMathematical Society, vol. 58 (2021),
no. 2, 155–223; we also point to the detailed tribute “Sin-
gular Adventures of Baron Bourgain in the Labyrinth of the
Continuum” by A. Gamburd that appeared in the Notices
of the American Mathematical Society, vol. 67 (2020), no. 11,
1716–1733.

This current article consists of more personal recollec-
tions of Jean by a small set of his collaborators and friends.

Peter Sarnak is a professor of mathematics at Princeton University. His email
address is sarnak@ias.edu.
Terence Tao is a professor of mathematics and the James and Carol Collins
Chair in the College of Letters and Sciences at the University of California, Los
Angeles. His email address is tao@math.ucla.edu.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2290

It is impossible to do full justice towhat Jeanwas as amath-
ematician and as a person, but we hope that the personal
remembrances below, together with the other memorials
in his honor, will at least give some glimpses of Jean’s ex-
traordinary talent and character.

Ingrid Daubechies
My acquaintance with Jean Bourgain goes back a long way:
we met in 1971, when we were both 17, sometime in the
first weeks of our freshman year in college, at the Vrije Uni-
versiteit in Brussel (VUB). As is customary in many Eu-
ropean college systems, we had to declare our major at
enrollment; for Jean this was Mathematics (of course!),
but mine was Physics. The VUB was then a rather small
university that had just fledged as an independent insti-
tution one year earlier—before then, it had existed as the
Dutch-speaking-and-teaching wing of the otherwise fran-
cophone Université Libre de Bruxelles (or ULB; in Eng-
lish the names of both the VUB and the ULB translate to
the Free University of Brussels). The ULB was founded
in the early 19th century, with the explicitly stated goal
to be completely independent from state and church or
any dogma, as reflected by its motto “Scientia vincere tene-
bras,” or “Through Science conquer Darkness”; in more
recent times, the VUB adopted the slogan “Redelijk Eigen-
zinnig” or “Reasonably strong-willed.” This philosophical
stance was important to Jean and me (and our parents)
when the time came to pick among the many excellent col-
lege educations in Belgium.

In those early years at the VUB, students majoring in
physics had many courses in common with the mathemat-
ics majors. In their first year, physics majors had more
stringent courses in physics and chemistry (both of which
were also subjects for math majors!) but we were excused
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Figure 1. Jean Bourgain in spring 1971, cropped from a
picture of his senior class in high school.

from projective geometry. Starting with the second year,
there were a few more differences—in particular, physics
majors had a beautiful course on optics, in which I learned
that a (perfect) lens performs a Fourier transform, and in
the lab of which we made holograms, a fantastic experi-
ence for a sophomore in 1972. This made a profound
impression on me; I had been wondering about switch-
ing to a mathematics major, but this course affirmed my
resolution to major in physics, a decision I never have had
cause to regret (even if later in life I switched anyway and
now pretend to be a mathematician).

Jean’s and my courses of study diverged after the sec-
ond year; nevertheless he and I shared a total of about 10
math classes over the first two academic years, from calcu-
lus and linear algebra to topology and complex analysis.
As a small university, the VUB prided itself on providing
a nurturing experience, with many tutorial sessions and
problem seminars. As the two strongest students in math-
ematics, Jean and I had soon spotted each other. Jean al-
ready knew more mathematics than I did—one day an en-
gineering student challenged us to find the curve in a pur-
suit problem, and he knew tricks to solve differential equa-
tions that I had never heard of. He was the first boy I met
who was at least as good at math as I—and so I promptly
developed a crush on him. In the weekly two-hour

problem sessions held for each of our math courses, stu-
dents were typically handed a sheet with problems at the
start, and would then try to solve them, with help from a
circulating TA. Jean and I would race each other; I earned
his grudging respect by beating him a fair share of the
time—and I am sure he was not letting me win! We hung
out with each other a great deal the first year, talking math
most of the time when we were not in classes, going to
empty classrooms to use the blackboard. When I occasion-
ally proposed that we talk about something else, or play a
game, Jean would be puzzled.

After the separation of the summer (Jean’s hometown
was at the other end of the country, all of 70 miles away
from mine!) my crush had abated, and I acquired a
boyfriend amongmy fellow physicsmajors. He was a great
storyteller, a deft lab partner, and a gifted piano player
and composer—but he was not as good at math. Jean
was taken aback by this peculiar wish of mine, choosing
to spend time with someone for whom math was not the
center of the universe. One incident has stuck in my mind:
at the end of the Fall semester, after a written math exam
that Jean and I had both finished early, we were chatting
in the hallway outside the exam room, discussing how we
had tackled different questions; when my boyfriend came
out, wiping his brow and thanking me for coaching him
beforehand, which he felt had made all the difference for
him, I heard Jean mutter to himself, as he walked away—
he sincerely doubted that guy had managed to deal with
the math subtlety we had been discussing.

In the last two years of college, our paths crossed less
often. After the final “proclamation”—the occasion where
the results and degrees for the VUB ’75 cohort of Mathe-
matics and Physics majors were announced officially—all
of us (not so large a group—fewer than 30 in all) decided
to go out for some beers in one of the cafes on the Brus-
sels Grand-Place. Most of us had jobs lined up; Jean and I
had both gotten PhD fellowships at the VUB (in Belgium,
graduate students then typically remained in the institu-
tion where they had obtained their undergraduate degree),
as had some of the others (including my then-boyfriend,
who recently retired from an academic career as an exper-
imental semiconductor physicist). Yet others went on for
careers in high school teaching, in various companies, or
in the civil service. Although subsets of our group would
reunite again at weddings and other celebrations in the
years after, it was the last time we were all together. We
reminisced and laughed about the previous four years; af-
ter a while, stimulated by the beers we had consumed, we
started playing silly party tricks. At some point an old rid-
dle was proposed: three friends go to a bar, and have dif-
ferent drinks, but decide to split the bill evenly. The total
is for 25 francs; each of the three puts down a coin for 10
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francs, which the waiter picks up, returning five coins of 1
franc to the table top. The friends now take each 1 franc
back, and leave the remaining 2 francs on the table as tip.
Wait a minute—there must be something wrong here—
since they each got 1 franc back, they had effectively paid
9 francs each; together with the 2 francs tip, that makes a
total of 27+ 2 = 29. But we started with 30 francs. . .where
has the missing franc gone? Jean had also drunk quite a
few beers by then, and the stupid riddle had him stumped
for several minutes, to the immense (good-natured) hilar-
ity of everyone else. Even decades later, when some of us
met, the memory of that incident could get us laughing all
over again.

Over the ensuing years, Jean and I often would run into
each other; even though we were not close friends, we al-
ways had the easy relationship of people who have known
each other for a long time; we typically chatted with each
other in Dutch, as we had as college students, no matter
where we found ourselves or how long it had been since
we last spoke that language. I was glad to be at the ICM
in Zurich where he was awarded his Fields Medal, and
pleased to be the first to congratulate him as he walked
down from the podium. At that point he was at IHES,
and I was in the US, transitioning from Bell Labs to Prince-
ton University. Not long after that, we lived for a while
both in the same small town in New Jersey, half a world
away from where we had first met—it is a small world!
Many years later (and many awards for Jean later), it was
with great pleasure that I found myself congratulating him
again, this time in name of the InternationalMathematical
Union, at the ceremony where he was awarded the 2017
Breakthrough Prize in Mathematics. He was already bat-
tling the cancer that took him away; we were all hoping he
would beat it, and are sad that it was not to be.

A fellow student from our college cohort passed on the
picture shown in Figure 1—in those days before smart
phones, we took many fewer photos of our daily lives, and
it is the only picture we found of Jean during this time.
Sadly, he is not the first one of our group to disappear, but
he is clearly the most distinguished and maybe also the
most idiosyncratic member of our group, and we are sorry
he has left us, much too young. We all, and I in particular,
will continue to remember him with great affection.

Freddy Delbaen
Jean started his math studies in 1971. His father was a
well-known professor at the faculty ofmedicine of the VUB
(Vrije Universiteit Brussel, Free University of Brussels).

Freddy Delbaen is a professor of mathematics at ETH Zurich. His email address
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Although the distance between his home in Ostend and
the university was more than 100 km it was normal that
he would study at the VUB. From colleagues I heard that
therewas an extremely gifted student in the first yearmaths.
The same year there was also a gifted student in the physics
program (Ingrid Daubechies). Because I was not yet lectur-
ing in the math department, I did not immediately have
contact with Jean. It was only in 1973 when Jean en-
tered the “licence” (the forerunner of what is now called
master’s degree), that I had him in my probability lectures.
I was just a starting professor and had to prepare my lec-
tures and the exercises. My teaching assistant immediately
noticed that Jean was not just a quick problem solver, he
also found very elegant solutions. It was part of the pro-
gram that students would study something on their own.
I decided to ask Jean to look up the weak sequential com-
pleteness of 𝐿1 and, related to it, the characterization of
weakly compact sets—the so-calledDunford-Pettis and the
Vitali-Hahn-Saks theorems. The techniques used were far
above themathematics that were available in the third year
of the studies but for Jean it was a piece of cake to master
the techniques and to understand them.

In the last year of the math program Jean wrote his mas-
ter’s thesis under my supervision. At that time I was in-
terested in Banach space theory. One of the popular top-
ics was the generalization of the Radon-Nikodym theorem
for vector-valued measures. The theorem describes when
a measure has a density. It is only valid for Banach spaces
in which closed bounded convex sets have a special kind
of extreme points. This property is called RNP. Among
the spaces with the RNP we have separable dual Banach
spaces and their subspaces. Reflexive spaces clearly satisfy
the RNP and therefore weakly compact sets in general have
this special kind of extreme points. Several proofs were
available but a direct geometric proof was missing. In his
master’s thesis Jean managed to give a purely geometric
proof of the fact that every weakly compact convex set in
a Banach space is the closed convex hull of its strongly ex-
posed points. At the same time he discovered that a Ba-
nach space 𝑋 has the RNP if and only if every operator
from 𝑋 into a Banach space 𝑌 can be approximated (for
the norm topology) by an operator that attains its norm
on the unit ball of 𝑋 (the Bishop-Phelps property). That
these two classes of spaces were the same was conjectured
by Diestel and Uhl in their book on vector measures.

For his PhD, Jean looked at compact sets of Baire-1 func-
tions on separable complete metric spaces (Polish spaces).
Baire-1 functions are the pointwise limit of a sequence
of continuous functions and the connection with Banach
space theory comes from Rosenthal’s theorem. This theo-
rem says that for a given uniformly bounded sequence of
functions defined on a set, either there is a subsequence

944 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 6



that converges pointwise or there is a subsequence that is
equivalent to the 𝑙1 basis (for the supremum norm on the
set). Some of the results were published in the Bourgain-
Fremlin-Talagrand paper. During his PhD Jean and I par-
ticipated in several conferences on Banach spaces. Jean
quickly got the reputation that he was easily solving diffi-
cult problems. For some people this was a reason not to
mention their research problems.

One of the most spectacular stories is probably how
Jean solved the ℒ∞ problem. One afternoon (Jean always
came in after lunch) Jean asked what I was working on.
I told him that there was a conjecture of Lindenstrauss
on ℒ∞ spaces. At that time he did not know the def-
inition and properties of these spaces so I explained to
him that such a space 𝑋 was the closure of the union of
finite-dimensional spaces that were uniformly isomorphic
to finite-dimensional 𝑙∞ spaces. There were several conjec-
tures about it. These spaces were introduced by Joram Lin-
denstrauss and one characterization goes as follows. The
space 𝑋 is an ℒ∞ space if and only if every compact oper-
ator defined on a subspace 𝑌 of another Banach space 𝑍
can be extended to a compact operator on 𝑍. This Hahn-
Banach type property can also be asked for weakly com-
pact operators. But for these kinds of operators there were
no characterizations and it was believed that spaces having
this weakly compact extension property would be finite di-
mensional. This conjecture is weaker than the conjecture
that ℒ∞ spaces would contain a subspace isomorphic to
𝑐0. I was mainly interested in the weakly compact exten-
sion property where I had shown (among other things)
that such a space necessarily had the Schur property, say-
ing that weak compactness and norm compactness were
the same. For many people it was counterintuitive that
such a property was possible for spaces that looked like
𝑙∞ or 𝑐0. But there was no proof of this. After I talked
about the definition of the ℒ∞ spaces and some of their
properties Jean returned to his office. After 10 minutes
he came back and said he could make an ℒ∞ space that
would have the Schur property. The next day Jean had
worked out some of the details and indeed he had found
such a space. We then checked whether it had the RNP
property. This took us a couple of minutes and since sepa-
rable dual spaces cannot contain an infinite-dimensional
ℒ∞ subspace, a conjecture on RNP spaces was solved al-
most for free. Later we modified the construction to get
anℒ∞ space such that every infinite-dimensional subspace
of it has an infinite-dimensional subspace that is reflexive.
Many researchers hadworked on theseℒ∞ conjectures and
Jean solved them in 10minutes, unbelievable. When I told
colleagues about the time Jean needed to solve the conjec-
ture they politely said that I exaggerated. Of course I exag-
gerated, he needed more than 10 minutes, probably it was

Figure 2. Freddy Delbaen and Jean, 1979 conference in Kent.

15 minutes but that includes the time to finish his coffee.
How did hemanage? Probably he got the inspiration from
his understanding of the Schauder basis of 𝐶[0, 1]. We had
discussed this topic before and for Jean the imbedding of
the finite-dimensional spaces spanned by the first basis vec-
tors had some geometrical meaning. It was this meaning
that he translated in his construction. The techniques were
later used in different ways and in different problems. The
paper is not the deepest or most difficult result Jean ob-
tained but compared to the number of citations and the
use of the techniques, it certainly has the highest time-
efficiency value.

When colleagues asked how it feels to have a student
like Jean, my response was always the same. Jean was my
student only for a small amount of time. I learned more
maths fromhim than he learned fromme. Pełczyński once
quoted Zygmund: when after five years a professor has
a student who is much better than himself, he can retire.
When he does not have a student who is better, he must
retire. For me it became more and more difficult to follow
Jean’s mathematical progress. By the time I had read one
of his papers, he already had finished two others. When
he saw a problem he quickly understood what was the es-
sential part of it. He had a lot of tricks (called techniques)
to transform the problem to its basics and then solve it.
Sometimes he needed more time to rebuild the original
problem, sometimes new difficulties showed up, but most
of the time he was right.
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After his PhD and habilitation, Jean got more and more
interested in what he considered the real topics in mathe-
matics: number theory and nonlinear partial differential
equations. I got more interested in the mathematics of
insurance and in mathematical finance. Mathematically I
lost contact with him. Each time I visited Princeton Uni-
versity, Jean and I had dinner or lunch; sometimes Ingrid
organized a “Belgian” dinner. We then talked about more
human things.

Many colleagues have asked me if I knew whether Jean
worked on the Riemann hypothesis. I cannot answer this
question, but once—when he was still in Belgium—he
told me that he saw no good idea to tackle the problem
and hence he did not want to concentrate on it. Neverthe-
less he worked on problems related to the hypothesis.

When Jean became ill, he moved to Belgium and stayed
with his sister who is a pathologist. Jean’s health condition
was getting worse and the chemotherapies had an effect on
his working abilities. Mywife Rita and I visited Jean on our
visits to Belgium. Of course he knew that one of these days
the treatment would not be sufficient anymore but as long
as he could do mathematics he could go on. When he did
not answer our emails we realized we were going to lose a
great mathematician and friend.

Larry Guth
I was lucky to get to work with Jean. I learned a huge
amount from him and it changed the direction of my ca-
reer. Most of our work was over email, and we only talked
occasionally in person, but I remember some conversa-
tions vividly. In general, his manner was formal and a lit-
tle conservative, but when he was excited about a piece of
mathematics, his eyes would twinkle. I haven’t seen this
expression captured in a photograph, but it’s the thing I
remember most vividly from talking with him. For in-
stance, discussing a certain analysis estimate, he might first
describe a simple approach, and then he would say, “but
that would be too costly,” and his eyes would twinkle as
he explained how to get a better estimate.

I read some of Jean’s work on restriction theory when
I was a postdoc. It made a big impression on me because
of the mix of analysis, geometry, and combinatorics. I first
met Jean in January 2010 when I visited IAS, and we started
to talk about a question in restriction theory. That conver-
sation led to our first project. In 2010–11, I spent the year at
IAS, working out that project with Jean. He started work-
ing on the project while I was moving. He would write
up his ideas and scan them and send them to me. By the
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time I arrived at IAS, he had sent me fifty-some pages of
notes about our project, and they kept coming. I spent the
whole year trying to catch up with the flow of these notes.
In hindsight, I should probably have gone and asked him
more questions, but I was shy. Those notes became our
joint paper, and it took me two years to read the whole
paper. This experience was a big part of my education in
the field.

At Jean’s memorial conference, Elon Lindenstrauss said
that he was at the same time very generous and very com-
petitive. Jean was always very generous givingme credit for
contributing to our two joint papers. I also saw a little of
his competitive side. Before our paper on restriction the-
ory, the best restriction estimate proven for the sphere in
ℝ3 was for exponents 𝑝 > 10/3. Our approach gave a very
different proof for this same range 𝑝 > 10/3. Jean told me
that he worked “perpetuum mobile” (like a perpetual mo-
tion machine) to beat that bound. He found an intricate
argument, building on our approach but with a lot more
to it, giving the range 𝑝 > 3.3. He included it in our “joint”
paper.

After that, I didn’t talk with Jean for several years. In
2014, Jean and Ciprian Demeter proved a major conjec-
ture in restriction theory called the decoupling conjecture.
This paper came as a complete shock to me. The proof is
to some extent related to the paper that Jean and I wrote
the year I was at IAS, and I didn’t think those kinds of tech-
niques could possibly prove such a result. I’ve spent most
of my research time since then trying to understand that
proof better—extending it in different directions, giving
seminars about it, trying to find alternate proofs, etc.

In the summer of 2015, I learned that Jean had cancer
and that hewas seriously ill. He came to Boston for surgery.
We emailed about meeting before the surgery, but it didn’t
work out.

That fall I was thinking about a problem Jean and
Ciprian had raised about decoupling for the moment
curve, which was connected to Vinogradov’s mean value
conjecture in number theory. I had an idea about the prob-
lem which I was excited to share with them. But on the
other hand it was only a few months since Jean’s surgery,
and I wasn’t sure whether he would want to hear about
math. I was going to Princeton to give a talk. So the
week before my talk, I decided to look on the arXiv to
see whether Jean had done any work since the surgery. It
turned out that, since his surgery, he had put out far more
papers than I had. So I wrote to Jean and Ciprian with my
thoughts about the moment curve, and Jean and I agreed
to meet that Monday in Princeton before my talk.

When I met Jean in the Princeton common room, I
wasn’t sure how he would look after the cancer treatment.
His face looked longer and he was bald. He was friendly
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and sharp, but he also seemed tired. He came to my
talk, and during the talk he was writing something. Af-
ter my talk, we went back to the common room and he
showed me how to get a sharp decoupling estimate for the
3-dimensional moment curve. I believe he worked it out
during my talk. He explained at the blackboard. He wrote
on the board at high velocity, and when he got to the end
of the board, he would erase it with one hand while writ-
ing more with the other hand at the same time. In this
way, he filled ten boards without pausing. At the end of
the argument, he said, “So I can still do a computation on
the board,” and I saw the twinkle in his eyes.

Svetlana Jitomirskaya
As Jean has had very few PhD students, many think his in-
fluence on other mathematicians, enormous as it is, has
been largely through his work. Indeed, on top of all
the ideas and techniques he introduced, simply getting
through even one of Bourgain’s articles can take one to a
different level in math. However, in addition to the super-
human impact of hismath, there is also another, less direct
but very human, dimension to his impact.

For who is a true mentor? This is a person whose role in
your life does not end with your receiving a PhD diploma
or even the approval of tenure, and may even only start
then. Mentors are people who influence us the most, not
just through their work but also through their combina-
tion of high standards and targeted support, shaping what
we work on and how we work on it. A true mentor treats
you as if you are a better mathematician than you are,
and then you actually become that better mathematician.
Somebody, whose “this doesn’t look entirely trivial” may
mean more to you emotionally than an Annals acceptance.
In all these ways, Jean has been a great mentor to many,
often without them or even Jean himself realizing it.

My first encounter with Jean happened in late 1994,
when he, a freshly awarded Fields medalist, visited UCI
along with Mei-Chu and little Eric, a precocious bubbly
two-year-old. I remember being struck by how the matter
of most pride for Jean was clearly Eric, and not anything
else. Yet he left time for math discussions, and people
signed up for brief meetings with him. Definitely not me
though: a recently hired assistant professor, who started
out at UCI as a part-time lecturer, I felt like the lowest per-
son in the department who had no business trying to meet
with famous visitors. It was all the more a true Cinderella
moment, when Jean suddenly requested to meet with me:
he had seen my paper, to appear in CMP, and wanted to
know more details. We talked for maybe 15–20 minutes,
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and had no further contact for the next five years. In the
meantime, my UCI colleagues asked Jean to support my
Sloan application the following fall, after which he also
supported my promotions and likely other things that I
don’t even know about. So generously supporting a per-
son one has hardly met, based essentially on one paper, is
highly unusual, especially if the paper in question is not
obviously prominent. Yet it was typical for Jean.

Moreover, unbeknownst to either of us, our 1994 en-
counter was the start of his lifelong role as mymentor. The
sole fact that he liked the CMP paper encouraged me to
keep developing the same direction. I eventually figured
out the last piece of the puzzle which led to the solution
of a problem that has broughtmemuch recognition. How-
ever, the most important impact of this result for me is in
Jean’s saying that it had influenced his work and inspired
him to enter the field of ergodic operators. His involve-
ment has since been transformative for the field: it has rev-
olutionized it, opened new vistas, and made it a lot more
compelling for others. For me, it also marked the start of
our collaboration and communication.

In the beginning, we talked very little about the papers
we published together. Our first paper resulted from a five-
minute discussion, literally on a napkin. It was as if we
both knew something that felt worthwhile to write up and
were amazingly on exactly the same page. In less than two
weeks, as I was preparing to start working out the details,
Elly Gustaffson sent me the pdf file, and Jean apologized
for the rush explaining that he promised something toMil-
man and this was handy. Our second paper originated
from an even shorter conversation, without even a napkin
to aid. After Jean’s lectures at UCI, he invited some of the
participants to join his family on a fishing trip departing
from the nearby Newport Beach. Despite Jean’s bragging
about huge yellowtails he was regularly scoring on simi-
lar trips, the total catch for the group that day was a sin-
gle small but very spiky rockfish that my daughter then
insisted on setting free. Jean still looked happy: he clearly
was there for the experience. For me it was the opposite:
I spent all four hours suffering from severe sea-sickness,
exacerbated by the realization that I was wasting such a
perfect opportunity to talk with Jean. I was able to col-
lect my strength only when the boat almost returned to
the dock, and we talked for a few minutes, again agree-
ing on something that could also be done. This time I
insisted on writing it myself. Five months later, I finally
sent Jean a draft, admitting that I had to settle for a result
not as good as envisioned in our fishing trip discussion be-
cause I was stuck on not being able to remove an unneces-
sary technical condition. To this Jean immediately replied
with “let me have a look,” and by 1 a.m. the next morn-
ing sent me a lemma that took care of the issue. Once the
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paper was ready, he said he promised it to DCDS. I then
cautiously asked whether we could try Acta or Inventiones
instead. He said “That is OK with me if that’s what you
prefer. I told the DCDS guy he would get it within a week,
but I could send him something else then.” Our third
paper, that later proved very fundamental and influential,
was also promised, this time to JSP. Jean was very gener-
ous to journals, and often published well below where he
could, which is especially true about his solo papers.

Our discussions gradually grew deeper and were not
generally tied to our joint work. Jean had a remarkable
ability to lift his conversation partner up, and subtly en-
courage them. Almost every contact with him left a pro-
found and lasting effect on my confidence. I am not as fast
as many, and was very self-conscious about that, when I
was younger. This had made me especially nervous when
communicating with some senior people; I often felt al-
most as if I was turning stupid in their presence. With Jean,
the effect was miraculously the opposite. From that very
first encounter in 1994, it was always easy for me to talk
to him, as if his subtle encouragement had been making
me instantaneously smarter. My best real-time mathemat-
ical triumph happened when I found a simple counterex-
ample to discrete unique continuation during Jean’s talk
when he claimed he didn’t know if it was true or not. Jean
may have thought I was always like that. Little did he know
it was exclusively in his presence! In general, my growing
communication with him was a big matter of my internal
pride, something that encouraged me almost more than
anything else.

Incidentally, Jean admired those who were fast, but
would say that he himself was slow. “IMO problems? Give
me a week, I can solve them. But in four hours? Forget it!
I have no idea how these people do it.” This is from some-
one who only needed a few hours to produce a lemma that
I had been stuck on for several months. My attempts to ex-
press my admiration of the latter fact would be met with
“When you’ve been in this business for as long as I did, you
know a trick or two.”

In August 2001, during a long connection to a flight to
Rio at theMiami airport, I heard from a loudspeaker: “Jean
Bourgain, your party is waiting at Gate B37.” Naturally, I
went there and met Mei-Chu and Eric who were already
getting nervous. Some more time had passed until Jean ar-
rived, with a big smile (my thought was: “he just proved a
theorem!”) and calmly informed Mei-Chu that he forgot
his medicine in the checked luggage. Apparently this prob-
lem can also be solved, and the medicine was retrieved. I
was struck by how calm Jean was, completely undisturbed
by his misadventures. We happened to be on the same
overnight flight, which was not that much of a coincidence
since we were both traveling to the same conference.

As far as I can tell, the entire night Jean was reading pa-
pers. He had a big pile on his tray table, and was making
notes on the margins. When we arrived in Rio the next
morning, I asked Jeanwhat hewas reading. “Oh, just some
refereeing.” This is another thing about Jean: he was a re-
markable citizen of the community. He knew everything
that was going on in analysis, took his leadership very se-
riously, and was an enormous asset to journal editors and
others seeking unbiased input. He would also read and ap-
preciate the papers of others, independently of refereeing,
something few of us do. In the last few years, confined in
Belgium for medical treatment, he would watch videos of
presentations from all the interesting meetings. I heard of
others calling Jean competitive, but it is not something I
ever observed. He was interested not in himself in math,
but in math itself, and greatly supported others who pro-
duced good math.

My last in-person meeting with Jean was in December
2015, when I visited him for a day in Princeton, and we
started a new collaboration. He was in themiddle of a dev-
astating illness, but was very happy: math was going well.
Indeed, the Vinogradov’s conjecture paper was recently fin-
ished, and he was full of other plans and ideas. His op-
timism was inspirational. Later, even when things got re-
ally bad healthwise, he still projected strength, humor, and
kindness in every conversation. It was overwhelming for
me to learn a few weeks ago that the nomination for the
prize I got recently was initiated by Jean in 2017, when
“treatments,” as he called them, left him with precious lit-
tle time to enjoy what he loved. His selflessness was un-
real.

Jean’s support, influence, and mentorship have funda-
mentally changed my life, and they persist to this day in
many different forms. I keep learning from and being in-
fluenced by his ideas as well as measuring my work by
thinking of howhewould have reacted. I try to emulate his
ways when dealingwith young unconfident people around
me. His memory inspires me to try to be both a better
mathematician and a better person. And I am just one of
many people for whom Jean was a true mentor.

Alex Kontorovich
Jean Bourgain had an immeasurable effect on my life and
career, and our relationship went from postdoc advisor, to
collaborator (on a dozen papers over a decade), to friend.

Many have reminisced about the challenges faced when
embarking on their first reading of a Bourgain paper; my
initiation was not by choice, but by fire. In the fall of 2008,
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a year out of grad school, I applied to IAS for the 2009–
2010 special program in Analytic Number Theory. I’d pro-
posed to inject bilinear forms techniques into the affine
sieve. Apparently Jean read my application, because the
next time I visited Peter Sarnak, I was told that Jean wanted
to see me. Until that point, we had exchanged pleasantries
at conferences, but never talked math.

After working for a few hours with Peter (itself an ex-
hausting event), I went to afternoon tea, and soon there-
after, Jean appeared. He sawme and said, “ah good, you’re
here; come,” and turned and left for Simonyi Hall. I felt
as if summoned to the principal’s office.

As I arrived, Jean launched into a three-hour lecture at
his blackboard; I didn’t understand a word he said, but
dutifully wrote everything down in my notebook. I left
in a complete daze and spent the next three weeks trying
to work out from my chicken scratch what he was getting
at. Eventually I realized that Jean had just explained to
me the solution of the problem I’d planned to work on
for the next year. Since this comprised the bulk of my pro-
posal, I was sure that my membership application would
be denied. Instead it turned out that Jean, in his generosity,
wanted to collaborate!

At first I had a hard time working with Jean. At the
blackboard, I would have an idea, then think it’s stupid
and keep my mouth shut, only to have Jean suggest it five
minutes later. I’m usually lighthearted, so was surprised to
be clamming up in front of Jean. I confided this to Peter,
who instantly diagnosed the issue:

“You’re worried that you’re not as good as him. Let me
alleviate your concerns. You’reNOT!Nobody is!” Hearing
that seemed to do the trick, and henceforth ideas flowed
freely and truly collaboratively.

Fortunately for me, the solution required a stubbornly
technical result from the spectral theory of automorphic
forms, and this was one of the very few areas Jean didn’t
have instantly at his fingertips. So these became our first
two papers, the main theorem, and technical companion
(the latter joint also with Peter).

When these were finished, I’d assumed that would be
it, but as luck would have it, the ideas developed in those
papers turned out to be useful in attacking a number of un-
related problems, from Zaremba’s conjecture, to the local-
global conjecture for Apollonian circle packings, to our
“Beyond Expansion” program.

As our collaboration flourished, our modus operandi
standardized. Once every few weeks, on the prescribed
day, we met around tea time, 3:30 or so, and worked un-
til 8:57 p.m. We then drove to Blue Point Grill on Nassau
St., which closed at 9:30, arriving by 9:05 p.m. You could
see the depressed expressions as the staff saw us coming,
realizing they’d be working late. (If we arrived any later

than 9:05, they would gleefully tell us the kitchen was al-
ready closed, and we would be relegated to Tiger Noodles
next door.) We would finish a bottle of Medoc as tables all
around us saw their chairs inverted. By 10:30, we would
be back in Jean’s office, working until 1:30 a.m., when he
would driveme to Princeton Junction to catch the last train
back to NYC. I would arrive home at 3 a.m., and on check-
ing my email, discover a message from Jean. Attached
would be a scan of a handwritten note solving what mere
hours ago was an impenetrable obstacle.

Many people spoke of receiving suchmiraculous e-faxes
out of the blue in their email. But I had just spent eight
hours struggling with the guy. In those hours, he was a
mere human, and we were totally stuck! What blackmagic
he did in those wee hours I will never know. His wife, Mei,
and son, Eric, were unable recently to find in his office his
Fields Medal; perhaps they should have been searching for
this oracle!

The craziest part was that the solution was never of the
form: “Here is how we should have plowed through that
massive wall.” It was alwaysmuchmore creative: “Yes, that
wall may be impenetrable, but if you take three steps to the
right and start digging, you’ll find a hidden tunnel across.”
It just didn’t seem fair.

On one fateful such dinner in 2014, Jean told me the
biopsy came back positive. He looked me in the eyes and
said that the five-year survival rate was absolute zero. I
was devastated but also incredulous; here was a man full
of vitality telling me his days were numbered. Jean fought
valiantly and courageously, with much credit due to his
extraordinary sister, Claire, a doctor in Belgium. As many
have described, his mathematical output continued if not
increased (if that’s even possible) through all the surgeries
and chemo until the end.

I am so blessed and fortunate to have been afforded the
privilege of knowing and working with one of the greatest
and most generous minds in the history of mathematics. I
miss my friend dearly.

Elon Lindenstrauss
Jean Bourgain was an incredible mathematician and an ex-
ceptional person. I had known Jean already as a teenager,
as he was a close friend and collaborator of my father. In
the 80s and early 90s Jean Bourgainwould come almost ev-
ery year for an extended visit to Jerusalem, and he would
quite often come to join us for an informal dinner. My fa-
ther was tremendously impressed with him and held him
in very high regard.
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Figure 3. Jean, Tomek Szankowski, and Joram Lindenstrauss,
Svendborg 1984.

I got to know Bourgain from a different vantage point
when I came to the IAS in Princeton as a postdoc in 1999.
Bourgain, who was by then a faculty member at the IAS,
was assigned to be my mentor. At least at the time, men-
torship at the IAS was a fairly loose arrangement. Dur-
ing the two years I was at the IAS as a postdoc, Bourgain
was mostly interested in topics that were further from me,
such as the discrete Schrödinger equation and Anderson
localization, and in my first year at the IAS we had only
a few mathematical discussions. Bourgain was, however,
a mathematician with very wide interests, one common
interest being the interactions between ergodic theory and
harmonic analysis in the quantum unique ergodicity prob-
lem, and duringmy second year as a postdoc wemetmuch
more and wrote a paper together on entropy of quantum
limits. This paper gave me a strong initial push in a pro-
gram I was thinking of at the time (and eventually was able
to push through) regarding how to try to prove Arithmetic
Quantum Unique Ergodicity using ergodic-theoretic tools.
During my years as a postdoc at IAS he also mentioned
to me the Erdős Volkmann ring conjecture about the
Hausdorff dimension of Borel-subrings of ℝ, suggesting I
try to think about it. I was quite surprised hewas interested
in this problem, since it did not seem in character with his
main interests at the time, but this turned out to have been
an excellent suggestion (that I have not pursued): two in-
dependent proofs of this conjecture, by Edgar and Miller
and by Bourgain turned out to be both very important for
the subsequent flourishing of the field of arithmetic com-
binatorics.

After leaving the IAS in 2001 I spent three years at Stan-
ford and in New York before returning to Princeton. Dur-
ing this time Bourgain’s interests shifted, and to my de-
light he now became very interested in arithmetic combi-
natorics problems that were much closer to what I was in-
terested in. I started chatting with him on a regular basis
about these problems, learning from him a lot. Typically,

I would come by bike late at night to his office and we
would chat for an hour or two. Between these chats we
would exchange emails, and his emails containing some
mathematical thoughts he had would often end with the
words “more later.” He was always very generous with his
ideas and thoughts. During this time I had the opportu-
nity to watch him domathematics muchmore closely, and
I collaborated with him on a couple of projects. Watching
himwork fromup close was an awe-inspiring, if somewhat
humbling, experience: he was incredibly quick and persis-
tent, driven with an intense passion to achieve his goal.
To him getting to the finish line was the most important,
exactly how he got there, and whether his route was the
optimal one to get to the finish line, was only secondary. I
was also struck by how thorough and hard-working amath-
ematician he was; his fame and incredible achievements
only drove him to work even harder. For instance, a few
times we discussed some dynamics related question that
was new to him and I would convey what I knew on the
topic (typically not much), and then a few days later he
would have studied the literature, read it, and digested it
completely.

After I left Princeton in 2008 I continued to visit there
every year, with a key attraction being the possibility of
spending time discussing mathematics with Bourgain and
learning more from him, sharing ideas, thoughts, hopes,
and insights. Learning of his illness in 2014 was a big
blow to me. It did not slow him down mathematically,
at least not until the last months, and when he came back
in the summer of 2015 he became as animated as always
when discussing mathematics. Ever the optimist, he en-
dured grueling treatments in good spirit withmathematics
keeping him energized.

In some sense I got to know Bourgain twice: once
(mostly) indirectly, from my father’s stories, and then
again on my own after I graduated. When I got to know
him more closely, I could easily see that the superlatives
and remarkable stories I heard about him from my father
were precise factual descriptions of the incredible math-
ematician and great man that Bourgain was, though the
Bourgain I met was probably a bit more mellow than the
brash young mathematician my father met when he first
got to know him. Bourgain was an extremely competitive
man, and sometimes talked about proving a big result as
“scoring.” At the same time, he was also a generous person,
who was particularly sensitive about the need to support
young mathematicians, and went out of his way to help
young mathematicians he thought needed it.

I often think of him, especially when encountering a
piece of mathematics of the kind he liked, thinking how
much fun it would have been to come to his office late at
night when the IAS was quiet and he the most animated,
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Figure 4. Jean and Vitali Milman at a conference in Vancouver,
1999.

and chat about this. He was a remarkable person, and I
miss him a lot, both as a mathematician and as a friend.

Vitali Milman
I first met Jean sometime in 1982/1983 at a conference.
At that time he was involved in all aspects of the classi-
cal (infinite-dimensional) Banach space theory. I noted
his interest in finite-dimensional talks and suggested that I
could “introduce” him to this theory. A quick ironic smile
passed over his face, but he came to Israel in the 83/84
academic year, first to Jerusalem and then to Tel Aviv to
see me, and we started our first discussion and later pub-
lished a paper (on “distances between normed spaces”).
The next academic year 84/85 we spent together at IHES,
Bures-sur-Yvette (near Paris). It was an amazingly produc-
tive time, many open problems were solved and we be-
came very close friends. Later, during our scientific cooper-
ation throughout our lives, I was responsible, as an editor,
for publishing 85 of his papers in two forms: 35 papers in
the journal GAFA and 50 more in the serious GAFA Semi-
nar Notes (Israel Seminar on Geometric Aspects of Functional
Analysis).

In my talk at the conference “Honoring the Life and
Work of Jean Bourgain” on May 31, 2019, I shared some
memories and reflections on Jean’s style of work. I will not
repeat them here—one can find the video of the talk at the
IAS webpage. Many of Jean’s expressions mentioned there
became the standard “dictionary” for my students, who re-
member them and spread them to the next generation of
mathematicians.

Jean was a very nice and open person with the people
he liked, and he had an extremely responsible and strong

Vitali Milman is a professor of mathematics at the Tel Aviv University. His
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personality. When we (my wife and I) visited him in his
sister’s house in Belgium a few months after he was diag-
nosed with cancer, almost the first thing he said was: “Why
should we be sad? Is being sad helpful? It is not, so we are
not going to be sad!” Saying that he brought a bottle of
very good wine, which he could not drink himself, as we
learned after it was opened and served to us. He knew at
that time, as did we, that the expected survival rate with
his diagnosis is between half a year and one year! It was a
miracle that he survived and worked (!) for four and a half
years. The creator of the miracle was, of course, his sister,
Professor of Medicine, Claire Bourgain. We are infinitely
grateful to her.

The very limited space I have in this article allows me
only to recall a couple of stories which may demonstrate
Jean’s character, his human side, that are not on the video
of my lecture at the IAS.

Jean mostly worked during the first part of the night.
This was his way to be isolated, undisturbed, having ab-
solute quietness. However, he also needed, from time
to time, an atmosphere of “white noise.” For that he of-
ten walked along the Champs-Elysees. Sometimes, for the
same goal, he took a metro from Bures-sur-Yvette to Paris
(around 40 minutes), and immediately returned (by the
way, after a while he never bought tickets for both direc-
tions; he told me that when doing so he was constantly
losing the return ticket and had to buy a new one).

Jean actually liked to be in extreme situations. Once we
flew together from the US to Germany to an Oberwolfach
meeting. He did not yet have a driver license (which he re-
ceived quite late, around the age of 33–34). Jean suggested
we rent a very good car, like a Mercedes, at the airport, and
wanted to be driven toOberwolfach at the speed of 200 km
per hour (which is allowed on the highways in Germany).
“Can you do it?”—he asked, and I reacted “of course” (I
am not proud of myself about this). So, we drove. Jean
looked hypnotized at the speedometer all the way, with-
out moving.

Jean hated to teach classes, but liked to give scientific
talks about his very latest results. Once he told me “two
months remain to the conference [to which we were go-
ing together] but I did not yet prove a theorem I plan to
present. Actually, I have not yet decided what theorem I
want to prove.” (Of course, he eventually gave a talk about
the results he obtained in the last month before the meet-
ing). However, about regular classes, even for faculty, the
situation was different. Perhaps, he just could not under-
stand what he should explain in more detail, and what
is obvious or known. One funny story gives the picture.
It was the fall of 1985; Jean just started his job in IHES
and also received the Doob Chair in Urbana-Champaign.
By the regulations of the Chair, he had to start with some
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classes, which were a series of lectures (for faculty). He
askedme to come, to serve, I believe, asmoral support. His
lectures were twice per week and I arrived for the first week.
We had coffee before the first lecture (lectures started, as far
as I recall, at noon) and Jean intensively computed some-
thing on a piece of paper. I asked: “are you computing
something for your talk?”. “No”—he answered—“I am
computing how much I will be paid for the lecture, and
when I see the number I feel easier about delivering it.” I
understood, and in fact found it reasonable. In two days
time, Thursday, we again had coffee at the same place be-
fore his second lecture. Again Jean was computing some-
thing. I asked him “what are you computing now, prepar-
ing your lecture?” “No”—Jean answered—“I am comput-
ing how much I will be paid for the lecture. And when
I see the number I feel more comfortable about going to
deliver it.” “But you did it already on Tuesday”—I reacted
with some surprise. “Yes”—Jean said—“but I need to SEE
it to be able to give a talk.” I think this explains well how
he felt about giving classes.

Generally, in his young years, Jean’s talks were consid-
ered to be nonunderstandable. I think that he just did not
make an effort to realize what the audience may not know.
This worried me very much during the 84/85 years at IHES.
Our joint dreamwas that he would impress the permanent
members there to the level that he would be invited to stay
at IHES at least for the next two years. In the evening be-
fore each of his talks there (and Jean gave a lot of those)
we discussed it. I usually told him:

“When people at conferences don’t understand how
you solved problems they worked on for years, they respect
you even more. However, if the people at IHES, like Gro-
mov, Sullivan, Connes, and others, will not understand
you, they will consider you to be stupid, not themselves!
So, if you want to impress them, they should understand!”
And Jean tried, and succeeded!

In June 1985, he called me to Kiel (I was already in Ger-
many) and said: “Kuiper (the director of IHES) suggested
me to stay in IHES.” I asked with excitement: “For two
years?” “NO,”—Jean answered—“permanently.” Our con-
versation then had a very funny continuation, but this is
for some other occasion.

Unfortunately, later Jean stopped making the effort to
be understandable, and his talks later became again diffi-
cult to follow.

However, in 2016, his video talk on the conference
“Analysis and Beyond: Celebrating Jean Bourgain’s Work
and Impact,” his last, I think, public talk, was truly ex-
cellent, extremely well prepared and delivered. I was so
happy to hear it, and his clear, short, and to the point
answers to some questions from the auditorium. Only
few people in the packed auditorium knew that just a day

earlier he had a very heavy (scheduled) chemo session.
And in such conditions he delivered what I believe was
his best lecture ever! I already passed my space limit and
should stop. I feel I owe Jean a much longer article about
him, trying to explain, in particular, how he got a perma-
nent offer from IHES just nine months after coming there
as an almost unknown visitor, or discuss the epic with
Jean’s Fields Medal which was not a simple story, as most
people think today. Memories of Jean are always with me,
and I still don’t feel he left forever. I still feel his presence
and see him quite alive. There is his portrait on the wall of
the living room in my apartment and I see him every day.
I feel very proud (and lucky) that I had such a friend.

Gilles Pisier
École Polytechnique (Palaiseau) October 7, 1975, 10:30
a.m.: The Maurey-Schwartz seminar speaker is a mathe-
matician from the US who, shortly before that, had done
remarkable work on the Radon-Nikodym property (in
short RNP) for Banach spaces, namely Charles Stegall,
who settled in Austria as a professor at Linz University.
This is a seminar mainly on Banach spaces (their geometry
and operators on them) with primarily a regular audience
including many young mathematicians, PhD students like
myself, mostly in jeans and cultivating post-1968 laid back
appearances. Out of the blue appears a very young (he
was 21) but very straight-looking fellow carrying an attaché
case and wearing a jacket who comes and sits down with-
out talking to anyone. I approach him after the talk to
try to socialize, but cutting short he says he came from
Brussels to talk with the speaker. I play the go-between; of
course Stegall agrees and off they go to his office to discuss
one on one. After what was surely more than an hour, they
come out. Jean leaves immediately and Stegall looks ex-
hausted. Feeling a sense of responsibility as host to the vis-
itor, I worry that he might have been bombarded with too
many questions and to my surprise, he says, no, no, more
like bombarded with answers. He then tells me solemnly
(much to his credit, as I distinctly remember): I am abso-
lutely sure that I just met someone exceptional. Of course
I was a priori skeptical (Descartes’s “doute méthodique”)
but gradually the whole Banach space community (includ-
ing myself) discovered, before many other communities,
that Jean Bourgain was indeed an exceptional mathemati-
cian, head and shoulders above anyone else in the field.

After that initial appearance, Jean came back as a
speaker six times in the subsequent five years of existence
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of the Maurey-Schwartz seminar. He also gave numerous
lectures for Choquet’s “équipe d’analyse” at Paris VI Uni-
versity (now “Sorbonne Université”) and later on in Or-
say’s harmonic analysis seminar, before joining the IHES
in 1985.

Zeev Rudnick
I am here to share some brief memories of Jean. I collab-
orated with him over a stretch of about eight years. Here
are two vignettes from our interactions.
Where is the beef? My first significant interaction with
him came when I was invited to give the colloquium at the
Princeton math department around 2005. I spoke about
lattice points, andwas surprised to see him in the audience,
as he tended to ration the number of talks that he attended.
After the lecture he came up to me, smiled, and said “I was
hoping formore beef”. . .Meaning that he wanted to see the
gory details. I explained that I wanted to keep the audience
awake, which made him laugh. He did not share this ap-
proach. Once after a particularly demanding lecture of his,
observing the audience’s glazed looks, he sheepishly told
me that he clearly did not have enough practice at teach-
ing calculus, or anything else for that matter. As most of
you will know, Jean’s brilliance was recognized early on,
and he did not have to do any real teaching for most of his
career.
What is a draft? We started to work together during a
two-year sabbatical that I spent at the Institute in 2008–10.
Early on in my stay, I had a discussion with Peter Sarnak
and quickly discovered a cute result about a restriction the-
orem for eigenfunctions of the Laplacian on the torus. The
following day Jean showed up in my office, saying that he
heard about it from Peter and wanted to see it, as he had
thought of relatedmatters. I quickly realized that hemeant
that he had already found the result, but was too polite to
say so explicitly. In any case, we started discussing various
variations of the idea, which led to a long collaboration.

When working on a project we quickly settled into a
routine where we would take turns. Jean would come into
the office after lunch and start chewing on the problem.
Around 3 a.m. he would sendme a scan of his handwritten
notes. I would get those uponwaking up, and after putting
my kids on the school bus at Weyl Lane, would go to the
office to face the challenge of understanding the notes and
working on them, sometimes (not often) making my own
little progress, which I would tell him about or send by
email before going to sleep. I found this an exhausting
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process, as it was all I could do to keep up with even a
small proportion of his ideas.

All too quickly, Jeanwould resolve the problem, cut and
paste together his handwritten notes (I mean physically cut
and paste) into a manuscript, complete with hand-drawn
figures, and declare victory. These he would give to his
long-time assistant, Elly Gustafsson, to type. The first time
that I got such a manuscript I blanched, and trying to be
diplomatic, told Jean that this was a good first draft. Jean
looked at me, smiled, and said “What is a draft”? My chal-
lenge became to intercept the notes before Elly got to them,
or at worst ask her for her TeX files, which I would work on
until satisfied with the exposition (top down rather than
bottom up). This process did not interest Jean at all, and
he was quite happy to let me waste my time on polishing
the paper while he turned his attention to other things.

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
Jean was a prince among men. As a mathematician, he

combined sheer strength with an uncanny and enviable
ability tomaintain concentration for long stretches of time.
He is sorely missed.

Peter Sarnak
Like many mathematicians of my generation I became
aware of our contemporary Jean Bourgain, through tales
by others as to his brilliance in solving problems in func-
tional analysis. Over the years as Jean moved into other ar-
eas, some closer to ones that I have worked in, I witnessed
his genius first hand and it is clear to me that such tales
cannot be overstated.

I first got to know Jean thanks to Tom Wolff (whose
mathematics we both admired) when we both visited Cal-
tech in 1989. At some point Jean asked me if I had any
challenging problems so that he could “score in number
theory.” I pointed him to an analytic conjecture of Hugh
Montgomery about 𝐿𝑝 norms of Dirichlet polynomials,
which if true has striking arithmetic applications. It didn’t
take long (but perhaps now that I know Jean much better
it was perhaps long for him) for him to get back to me; not
only did he show that as stated the conjecture was false but
once corrected that it implied the Kakeya conjecture—a fa-
vorite problem of Jean to which he made many profound
contributions over the years. The next year I spent some
time socializing with Jean at the ICM in Kyoto. Jean al-
ways spoke frankly and directly about everything and he
was very disappointed about being overlooked for a Fields
Medal. His analysis was that he wasn’t working in fashion-
able enough fields, and that what he should do is to solve
problems in fields which would attract the attention of
committees for such prizes. The rest is history as they say,
besides settling many further open problems in harmonic
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Figure 5. Jean, Eric, and Mei-Chu, Berkeley, 2009.

analysis and ergodic theory, Jean turned to problems in
nonlinear dispersive partial differential equations, mathe-
matical physics, number theory, and theoretical computer
science. In all cases andwith his golden touch not only did
he resolve longstanding problems in these areas, but his so-
lutions introduced new analytic tools and ideas that have
become standard ones for researchers today. So while he
wasmotivated by problem solving he became just as much
of a theory builder. Looking back it is clear to me that his
missing the Fields Medal in 1990 was a good thing; it re-
sulted in his permanent enrichment and discovery of inter-
connections between the above fields, and also four years
later was recognized with the cherished Fields Medal.

In the 90s Jean moved to the Institute for Advanced
Study in Princeton. His impact was immediate and last-
ing, he attracted many up and coming stars to visit and
to work with him, and his interests and influence broad-
ened substantially. When I later became his colleague at
the Institute we became close friends. He was the head of
the School of Mathematics, a job that to the surprise of
many, he excelled at. Super efficient, fair, and confident in
his well thought out views he led the school from 2000 to
2018. He could not have done so without the help of his
academic assistant Elly Gustafsson. Thanks to her efforts
and understanding of Jean’s commitment to his work, as
well as that of the administrative officer Mary Jane Hayes,
Jean was able to work on his research uninterrupted, head
the School of Math, and commute regularly to California
to be with his wife Mei-Chu Chang and their son Eric, with
everything moving smoothly and ambitious goals being
met continuously.

In 2015 Jean was diagnosed with pancreatic cancer. He
faced it honestly and head-on and with an optimism that
was one of his defining characteristics. His positivity about
everything was infectious; it is what allowed him to tackle

the hardest unsolved mathematical problems and it is also
what allowed him to live a few more very productive years.
Thanks to his sister Claire who is a leading physician in Bel-
gium, Jean was able to get the most promising treatments
and a quality of life that enabled him to devote his re-
maining time to work on some of his pet projects. Among
these are his works with Demeter on 𝑙2 decoupling which
led to the solution of the Vinogradov mean value conjec-
ture (joint with Demeter and Guth), and count as some of
Jean’s finest mathematical achievements and done under
trying conditions. I remember very clearly the joy and ex-
citement when he first presented his ideas to me as to how
to settle the conjecture—there was this sparkle in his eyes
that are captured by many of the photos of Jean.

Like Kolmogoroff before him, Jean was a wizard analyst,
opening and closing doors in the many areas where ana-
lytic/combinatorial reasoning play a central role. He was
taken from us all too soon but his mathematics will live
on in textbooks and research papers. I miss him dearly.

Wilhelm Schlag
I consider it one of the greatest privileges of my math-
ematical life to have had the opportunity to work with
Jean on problems related to Anderson localization of
disordered systems. This started in 1999 and contin-
ued for about two years. Jean wrote a highly influen-
tial paper with Michael Goldstein on nonperturbative lo-
calization for one-dimensional quasi-periodic operators
with positive Lyapunov exponents (Annals of Mathematics,
2000). Shortly thereafter Michael and I wrote a paper on
Hölder continuity of the integrated density of states (An-
nals, 2001). The three of us then collaborated on localiza-
tion for Schrödinger cocycles with large disorder and for
the base dynamics given by the skew shift on the 2-torus.
Jean was extremely interested in the skew shift dynamics at
that time, and remained so ever since. The key problem of
positive Lyapunov exponents for any disorder for the skew-
shift remains open. The skew-shift dynamics involves the
distribution of the fractional parts of 𝑛2𝜔 rather than 𝑛𝜔
as in the case of the standard shift.

Jean had an uncanny intuition which allowed him to go
to the heart of almost anything that he thought about, un-
covering the true essence of the problem. He stated repeat-
edly that he preferred to develop robust methods, which
held the potential to be developed much further. Yet, he
often left the systematic exploration of these further appli-
cations to others. Jean enjoyed the challenge of opening

Wilhelm Schlag is a professor of mathematics at Yale University. His email
address is wilhelm.schlag@yale.edu.

954 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 6



many doors, and was very generous in letting others dis-
cover the riches that lay beyond them.

It was of course no small feat to work with Jean. On
several occasions he would call me to his office at 10 p.m.,
where we remained until 2 a.m. I would then excuse my-
self so as to be able to teach the next morning. Needless to
say, Jean remained and continued working for a few more
hours.

In addition to the aforementioned skew-shift problem,
Jean was keenly interested in the discrete Schrödinger op-
erator on higher-dimensional lattices with quasi-periodic
potentials. Under some natural genericity conditions,
Jean, Goldstein, and I established localization in two di-
mensions for large disorders around 2001. But themethod
partially depended on an arithmetic argument designed
to eliminate small sets of resonant dynamical parameters.
Unfortunately, this piece of the technique does not gener-
alize at all to higher dimensions. In a 2007 GAFA paper,
Jean circumvented this obstruction by replacing it with
semialgebraic arguments of the Bezout type. Once again,
he added an astonishing and deep insight which proved
to be robust. For example, it was of pivotal importance
in work that Goldstein, Voda, and I conducted on multi-
frequency quasi-periodic operators on the line during the
years 2016 and 2017.

I will remain forever grateful to have experienced Jean’s
radiant brilliance, his integrity, fairness, and generosity.

Gigliola Staffilani
I was a beginning graduate student at the University of
Chicago when I first heard of Jean Bourgain. My advi-
sor Carlos Kenig was just developing with Luis Vega and
Gustavo Ponce some techniques involving oscillatory inte-
grals and restriction of Fourier transform, in order to prove
sharp existence and uniqueness results (well-posedness)
for nonlinear dispersive equations. Their techniques could
only be used in ℝ𝑛, and at that time the periodic case was
still completely out of reach. It was Jean who shortly af-
ter presented a proof for certain Strichartz estimates, fun-
damental to prove well-posedness, in the periodic setting.
He used analytic number theory results that in my view
completely revolutionized this part of harmonic analysis
and it paved the way to the connection, that we under-
stand much better today, between solutions to certain Dio-
phantine equations and theorems that deal with the restric-
tion of the Fourier transform on curved surfaces—see for
example the proof of the 𝑙2 decoupling conjecture (Bour-
gain and Demeter) and the Vinogradov conjecture (Bour-
gain, Demeter, and Guth). Going back to my first indirect
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introduction to Jean Bourgain, it was in fact through his
first papers on dispersive equations, a topic on which I de-
cided to work on for my thesis. In 1994, while I was still
a graduate student, Jean received his Fields Medal, which
was also assigned for nonlinear partial differential equations
from mathematical physics, as the citation reads. Less than
two years later, in 1995–96, I had the great privilege to
call Jean my mentor while I spent a year at the IAS. Every-
one who had the chance to interact with Jean at the IAS I
am sure realized that he was completely absorbed by his
mathematics, but he was also an extremely conscientious
person. I was nominally assigned to him and he took this
assignment very seriously. As soon as I arrived at the IAS
he called me into his office, and he described to me some
work of his that according to him I could improve. Dur-
ing that conversation I struggled to pay attention while I
was overwhelmed with a sense of inferiority and gratitude
for the fact that he was spending his precious time with
me. Eventually I proved the result that he had suggested
and that suggestion opened the door to a line of research
that I am still pursuing today. Since that first time I in-
teracted with Jean at the IAS my admiration for him grew
exponentially. Of course, as all of us did, I recognized his
giant stature in mathematics: he could prove in one year
more open conjectures than ten excellent mathematicians
in a life time. . . and I am exaggerating only a little. But I
grew to appreciate sides of Jean that were less known to
people. He had an incredibly original and sharp sense of
humor, which was made even more charming by his un-
equivocal French accent! Let me give you a little taste of it.
During one of my visits at the IAS, Andrea Nahmod and
I were sitting at a seminar by Vadim Kaloshin at the IAS
who was presenting a recent result he had finished with
Jean. At some point Vadim said that it took Jean a cou-
ple of days to figure out part of a certain argument that
was missing. . . and at that point Andrea and I whispered
to each other something along the lines of “I am wonder-
ing how long it would have taken us. . . .” Jean heard, he
looked at us with his disarming and charming smile and
said “Maybe a couple of years”? I would have defined any-
body else who had made this remark an extremely rude
and self-absorbed person, but neither of us thought so at
all about Jean. We knew he was absolutely right in gauging
the time it would have taken us, and by the way he said it
was also clear that he was being humorous.

I had the great opportunity to spend another full year
at the IAS in 2003–4. Kenig was the professor in resi-
dence, and many of the experts in dispersive equations
were present. In spite of the fact that during that year my
twins were turning only one, the set-up of the institute al-
lowed me to take full advantage of the fervent mathemati-
cal activities that were filling the days. Jean’s presence was
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Figure 6. Jean and Rebecca Dolinsky at a birthday party in
March 2003.

crucial, and although by nature he would often shy away
from crowds, when invited to social gatherings he would
happily participate. I remember that for my birthday we
organized a small party and we invited Jean. He showed
up at the door with a huge champagne bottle and he de-
lighted the small gathering with his humorous company.
I found a photo (here included; see Figure 6) that brought
back very special memories from that evening.

Unfortunatelymymore recentmemories of Jean are not
as happy. It is still impressed in my mind the moment he
was giving a talk at the conference I coorganized for Carlos
Kenig in September 2014 and his cell phone started ring-
ing. It took a while for him to stop and for the audience
to stop smiling. There was nothing to smile about. Jean
told me later that the call was the one with which his doc-
tor was trying to tell him he had cancer. The year after,
during one of those gorgeous May days that make spring
in New England a spectacle to see, some of my colleagues
told me that Jean had stopped by my office. I found this
strange so I emailed him. He was in Boston because a cou-
ple of days later he would go through a grueling surgery at
MGH so that his cancer could at least be delayed a little.
Andrea Nahmod was in town as well and we went to visit
him together. I will never forget that meeting in the well-
appointed lobby of one of the apartment buildings used by
patients of MGH and their families. Jean looked scared, in
need of support and reassurance. To distract him from the
incumbent surgery we talked aboutmath and only then he
went back to being the usual Jean, the Jean who can think
ten steps ahead of you even when you believe you know
everything you possibly can about the problem at hand.

In 2015 I was asked to coorganize a conference for
Jean Bourgain to celebrate his monumental work. Putting
this event together gave me the chance to really grasp the

far-reaching influence that he had in mathematics. His in-
fluence in harmonic analysis, PDE, ergodic theory, num-
ber theory, and many other fields of hard analysis is aston-
ishing. His work in each of these fields would have made
him famous, all his work together made him an absolute
star. Jean could not attend the conference in person, but
from Belgium he was listening to most of the talks and he
even gave his own contribution remotely. That was the last
time I heard his voice, his unassuming tone while present-
ing an amazing theorem. In fact in the last five years of his
life, while he was battling an incurable disease, he proved
some of themost influential mathematical results in years!
If this is not amazing, what is?

Terence Tao
When I was a graduate student in Princeton, Tom Wolff
came and gave a course on recent progress on the re-
striction and Kakeya conjectures, starting from the break-
through work of Jean Bourgain in his now famous 1991
paper in Geom. Funct. Anal. I struggled with that paper for
many months; it was by far the most difficult paper I had
to read as a graduate student, as Jean would focus on the
most essential components of an argument, treating more
secondary details (such as rigorously formalising the un-
certainty principle) in very brief sentences. I still have my
physical copy of that paper today; it is covered with ques-
tion marks and frustrated comments such as “I hate Jean
Bourgain.”

Eventually, though, and with the help of Eli Stein and
Tom Wolff, I managed to decode the steps which had mys-
tified me—and my impression of the paper reversed com-
pletely. I began to realise that Jean had a certain collec-
tion of tools, heuristics, and principles that he regarded
as “basic,” such as dyadic decomposition and the uncer-
tainty principle, and by working “modulo” these tools
(that is, by regarding any step consisting solely of an appli-
cation of these tools as trivial), one could proceed much
more rapidly and efficiently. By reading through Jean’s
papers, I was able to add these tools to my own “basic”
toolkit, which then became a fundamental starting point
for much of my own research. Indeed, a large fraction of
my early work could be summarised as “take one of Jean’s
papers, understand the techniques used there, and try to
improve upon the final results a bit.” In time, I started
looking forward to reading the latest paper of Jean. I re-
member being particularly impressed by his 1999 JAMS
paper on global solutions of the energy-critical nonlinear
Schrodinger equation for spherically symmetric data. It’s
hard to describe (especially in lay terms) the experience
of reading through (and finally absorbing) the sections of
this paper one by one; the best analogy I can come up with
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would be watching an expert video game player nimbly
navigate his or her way through increasingly difficult lev-
els of some video game, with the end of each level (or sec-
tion) culminating in a fight with a huge “boss” that was
eventually dispatched using an array of special weapons
that the player happened to have at hand. (I would eventu-
ally end up spending two years with four other coauthors
trying to remove that spherical symmetry assumption; we
did finally succeed, but it was and still is one of the most
difficult projects I have been involved in.)

While I was a graduate student at Princeton, Jean
worked at the Institute for Advanced Study which was just
a mile away. But I never actually had the courage to set
up an appointment with him (which, back then, would
be more likely done in person or by phone rather than by
email). I remember once actually walking to the Institute
and standing outside his office door, wondering if I dared
knock on it to introducemyself. (In the end I lostmy nerve
and walked back to the University.)

I think eventually Tom Wolff introduced the two of us
to each other during one of Jean’s visits to Tom at Caltech
(though I had previously seen Jean give a number of lec-
tures at various places). I had heard that in his younger
years Jean had quite the competitive streak; however, when
I met him, he was extremely generous with his ideas, and
he had a way of condensing even the most difficult ar-
guments to a few extremely information-dense sentences
that captured the essence of the matter, which I invariably
found to be particularly insightful (once I had finally man-
aged to understand it). He still retained a certain amount
of cocky self-confidence though (not to mention an ex-
tremely subtle and clever sense of humour). I remember
posing to him (sometime in early 2002, I think) a prob-
lem Tom Wolff had once shared with me about trying to
prove what is now known as a sum-product estimate for
subsets of a finite field of prime order, and telling him
that Nets Katz and I would be able to use this estimate for
several applications to Kakeya-type problems. His initial
reaction was to say that this estimate should easily follow
from a Fourier analytic method, and promised me a proof
the following morning. The next day he came up to me
and admitted that the problem was more interesting than
he had initially expected, and that he would continue to
think about it. That was all I heard from him for several
months; but one day I received a two-page fax from Jean
with a beautiful handwritten proof of the sum-product es-
timate, which eventually became our joint paper with Nets
on the subject (and the only paper I ended up writing with
Jean). [Sadly, the actual fax itself has been lost despite sev-
eral attempts from various parties to retrieve a copy.]

Péter Varjú
I have often been asked what it was like to be a student of
Jean Bourgain. It was very good, and I feel very lucky and
privileged that I could learn from him.

Jean was very generous with his ideas. I learned a lot
from him and, in fact, I still continue to do so. Reading
his papers is not easy, but very rewarding. Most of my best
work has been inspired by something he did. Recently, I
suggested to a colleague to look at a paper, where amethod
was discussed that we could try in our work. My colleague
replied, he had seen that part of the paper; that is where
the authors write “We thank Jean Bourgain for suggesting
to use this idea. . . ,” and then the paper suddenly becomes
hard.

Jean was very generous with his time. I wrote to him
once on a Tuesday in the early hours with my draft of an
argument that I was working on for a couple of months,
and which later became the main argument in my thesis.
According to Gmail, it took him 17 minutes to get back to
me suggesting we meet on Wednesday after 5 p.m. writing
this would give him enough time to go over it. And indeed,
I received very detailed comments from him even pointing
out all my typos, which I appreciated even more knowing
that he did not do this careful reading with his own papers.

Jean was very generous with problems. In December
2013, there was a very nice conference in Jerusalem that
I especially remember for two things. We had the snow-
stormof the century and that was the last time Imet Jean in
person. He told me there the following problem, which to
the best ofmy knowledge, is still open. Is it possible to find
𝑛 points in the unit square such that the 1/𝑛-neighborhood
of any line contains no more than 𝐶 of them for some ab-
solute constant 𝐶? The motivation for this problem comes
from a possible construction of spherical harmonics as a
combination of Gaussian beams, which would have 𝐿∞
norm bounded by a constant independently of the degree.
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Louis Nirenberg (1925–2020)
Coordinated by Robert V. Kohn and Yanyan Li

Figure 1. Louis Nirenberg, circa 1991.

Introduction
Louis Nirenberg died in Manhattan on January 26, 2020,
at the age of 94. He was among the most influential ana-
lysts of the twentieth century. A leading expert in partial
differential equations, his fundamental contributions had
major impacts in many areas including geometry, com-
plex analysis, and fluid dynamics. Nirenberg’s influence
reflected his success in solving important problems, iden-
tifying fruitful directions, and introducing new techniques.
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He was also a great friend and role model to a worldwide
community of students, colleagues, and collaborators.

The diversity of his contributions makes them difficult
to summarize. Without attempting completeness, some
favorites are: the solution in his PhD thesis of the Weyl
and Minkowski problems, which rested on an a priori esti-
mate for fully nonlinear elliptic PDE in two space dimen-
sions; the Gagliardo-Nirenberg inequality in the 50s; the
Newlander-Nirenberg theorem in the 50s, on the integra-
bility of almost complex structures; his work in the 50s
and 60s with Agmon and Douglis, which achieved a com-
prehensive understanding of regularity up to the bound-
ary for linear elliptic equations and systems; his work in
the 60s with F. John, which introduced the space of func-
tions with bounded mean oscillation (BMO) and estab-
lished the John-Nirenberg inequality for BMO functions;
the concept of a pseudodifferential operator, which he in-
troduced with J. J. Kohn in the mid-60s; his work with
C. Loewner in the 70s, which solved a problem from ge-
ometry by considering nonlinear PDEs invariant under
conformal or projective transformations; the “method of
moving planes” (introduced in the 70s with B. Gidas and
W.-M. Ni) and the “sliding method” (introduced in the
80s with H. Berestycki), which address the symmetry of
positive solutions to nonlinear PDEs using subtle appli-
cations of the maximum principle; his work in the 80s

Figure 2. Louis Nirenberg,
1957.

with H. Brezis, concerning
the existence and nonexis-
tence of solutions to semi-
linear elliptic equations with
critical exponents; and his
work with L. Caffarelli and
J. Spruck in the 80s concern-
ing theMonge-Ampère equa-
tion and other fully nonlin-
ear elliptic equations.

The focus of this Memo-
rial Tribute is, however, not
on Louis’ mathematical

JUNE/JULY 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 959



Figure 3. John F. Nash and Louis Nirenberg receiving the 2015
Abel Prize from His Majesty King Harald at the award
ceremony. Oslo, May 19, 2015.

contributions. They have been reviewed elsewhere, includ-
ing [2–4,9,10,12], and additional articles on his work are
in preparation. Rather, the focus here is on Louis as a men-
tor, collaborator, colleague, and friend.

His mathematical studies began at McGill University,
fromwhich Louis graduated in 1945with a degree inMath-
ematics and Physics. Peter Lax’s contribution to this arti-
cle tells the story of how Louis came to do a Masters de-
gree and then a PhD at New York University. The postwar
years were a remarkable time for mathematics at NYU—
his fellow students included Avron Douglis, Harold Grad,
Eugene Isaacson, Joseph Keller, Martin Kruskal, Peter Lax,
and Cathleen Morawetz. Louis remained at NYU for his
entire career: after completing his PhD in 1949 with guid-
ance from James Stoker and Kurt Friedrichs, he held a two-
year postdoctoral position then joined the faculty in 1951.
His title was Professor of Mathematics from 1957 until
1999, when he retired and became Professor Emeritus.

In recognition of his contributions to mathematics
Louis received many prestigious awards, including the
AMS’s Bôcher Memorial Prize (1959), the Crafoord Prize
(1982), the Canadian Mathematical Society’s Jeffery-
Williams Prize (1987), the AMS’s Leroy P. Steele Prize
for Lifetime Achievement (1994), the National Medal of
Science (1995), the International Mathematical Union’s
Chern Medal (2010), the AMS’s Leroy P. Steele Prize for
Seminal Contribution to Research (2014), and the Abel
Prize (2015). He became a member of the American Acad-
emy of Arts and Sciences in 1965, and a member of the
National Academy of Sciences in 1969.

Additional information on Louis’ career can be found
in his cv [5] and his autobiography [11]. Readers may also
be interested in the oral history available at the Simons
Foundation’s Science Lives website [1] and an extensive in-
terview published in the Notices of the AMS in 2002 [6].

Figure 4. David Dinkins (then Mayor of New York) with Louis
and his wife Susan Nirenberg in the early 90s, when Louis
received the New York City Mayor’s Award for Excellence in
Science and Technology.

Peter Lax
Louis Nirenberg’s parents came from the Ukraine and
settled in Canada where Louis was born and grew up.
Louis got his bachelors degree at McGill University in
Montreal where one of his friends and colleagues was
Sara Courant, who was engaged to be married to Ernest,
Richard Courant’s eldest son. Sara told her father-in-law
about the brilliant young scientist studying in Montreal.
Courant, who was always on the lookout for talented
young scientists, invited Louis to New York City. At that
time Louis planned a career in physics. Courant told Louis
that a Masters degree in mathematics would be a good
preparation for a physicist. Louis took Richard’s advice
and once Louis had embarked on the study of mathemat-
ics his physics career faded.

Jim Stoker was Louis’ thesis advisor and he suggested
an important unsolved problem as a doctoral dissertation,
which is very unusual. Louis solved it, which is even
more unusual. (Kurt Friedrichs made some helpful sug-
gestions.)

Louis and I met in 1946 and soon thereafter we became
best friends. My wife Anneli and I adored both Louis and
his wife Susan. We traveled together, and spent our favorite
holiday, Thanksgiving, together with our families andwith
foreign visitors at the Institute, introducing them to the
unique American celebration which became our favorite.
Louis was an extraordinary host and Sue was a world-class
cook. Our children were close to both Louis and Susan,
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Figure 5. Louis with Peter Lax, 1985.

whom they referred to as their aunt and uncle and we were
all close with Marc and Lisa, their children.

Louis’ interests extended way beyond just mathematics.
He enjoyed worldwide traveling, even into his 90s in a
wheelchair.

He was a film aficionado. When we were young, and
they existed, he much preferred going to double features.
When I would ask him if he was interested in coming to a
filmwithme, he’d reply “What’s with it?” More recently he
recuperated from a medical procedure at a facility on West
Houston Street. I heard my son, Jim, tell him he had cho-
sen it because of it’s proximity to Film Forum. I thought
Jim was joking but later learned that Louis would go to
matinees when the physical therapy got slow. Probably it
was the best PT he could have gotten.

Cuisine was another great interest of Louis. A couple
of months before he passed away, Louis took us to a great
Turkish restaurant which he’d recently discovered on the

Figure 6. Louis with Nanette
Aubin. Rome, 2008.

upper west side. One could
ask him to recommend any
cuisine in any city and ex-
pect a list of suggestions and
recommended dishes and
when best to dine at a given
restaurant.

Louis was extremely witty
and a terrific raconteur; a
grand master of telling Jew-

ish jokes. He repeated an observation made by a linguist
friend who remarked “It’s very strange, but when you tell
jokes you often have a slight Hungarian accent.” I was ex-
tremely proud and flattered.

Louis loved art, and mentioned just a few months ago
that a visit to the Met had restored his mood.

Music, from classical to popular to esoteric world com-
positions, intrigued him. Louis told me that he tried to ap-
preciate modern Japanese music. He bought a record and

played it for Susan, asking for her reaction. Sue replied “It
might be good for speeding departing guests.”

Louis truly loved people, and had more friends than
anyone I know. During a recent visit, the phone was ring-
ing with friends calling from around the world, and others
dropping by. I can’t mention all of his wonderful friends,
but Jalal Shatah is one who epitomized the best Courant
collegiality and who was a close, helpful, wonderful friend
and supporter of Louis over the years.

Of course it was his 20-year relationship with
Nanette (Jeanne Aubin) which wasmost important to him
and gave him the strength to surmount many physical and
medical challenges over the last several years. A few years
ago Louis told me that he attended Nanette’s birthday cel-
ebration in France, hosted by her large and loving family.
Her son acknowledged Louis, calling him a “lucky” man
to have found Nanette. Louis replied, “Yes, and Nanette is
lucky to have found me, because I am a lucky man.”

Shmuel Agmon
I met Louis for the first time in the summer of 1952, in
the old Graduate School of NYU. It was a casual meeting.
Louis was telling me enthusiastically about his visit to Eu-
rope, from which he had just returned. After a while, we
entered an empty room to discuss mathematics. This re-
sulted in a joint paper, together with Protter, the first in a
series of collaborations that Louis was about to have with
many friends and colleagues.

Louis had finished his PhD three years earlier. I was on
my way back to Israel after three years at Rice University.
My knowledge of partial differential equations was scant.
I came to the subject quite late, and was self-taught. For-
tunately, in the summer of 1951, at UCLA, I met Lipman
Bers, who got me interested in the Tricomi problem. He
invited me to spend a few months at NYU on my way to
Israel. This is how I first made contact with Louis.

We met again in the fall of 1954 in Trieste (which was
still under international jurisdiction), where Courant and
Fichera had organized one of the first conferences in PDEs
after the war. But it was mainly in 1955–1956 when our
friendship flourished. I was on leave from theHebrewUni-
versity, at NYU. It was a special year. The math department
had just moved to a new location, and there were many
visitors: Lars Hörmander, at age 25, visited the USA for
his first time, John Nash often joined from Princeton, and
several others. Louis and I, together with Avron Douglis,
discussed a joint project, namely: developing a theory of
elliptic boundary value problems of arbitrary order. The
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Figure 7. Left to right: Shmuel Agmon, Hans Weinberger,
Louis Nirenberg. Minneapolis, around 1980.

time was ripe for that, and we had some vague ideas how
to attack the problem. However, the actual collaboration
started only towards the end of that year, and most of the
work was done in 1957–1958 by correspondence. This
was by far our largest collaboration, and is much cited.

Louis spent 1958–1959 in Italy, where we met again at
a conference in Pisa, attended by Bers, Stampacchia, and
Magenes, among others. Each of the four days of thismem-
orable meeting was held at a different location. Louis was
very fond of Italy, and the Italians reciprocated, and liked
him very much. He was a fantastic speaker, capable of ex-
plaining complicated things in a simple way. The same
impact was felt years later, when he participated in a his-
toric joint US-Soviet conference on PDEs in Novosibirsk,
in 1963.

In 1960 Louis visited Israel for a Symposium on Linear
Spaces, the first international conference to be held in the
young state of Israel. His last visit to Israel was in 2016, to
attend a tribute at the Technion, celebrating his receipt of
the Abel Prize. Despite his age, he was still full of joy of
life.

In 1960–1961 I spent my second sabbatical at the
Courant Institute, and did some more work with Louis. In
later years we maintained close ties, but our work diverged.
Louis turned more to hard problems involving nonlinear
PDEs such as the Navier-Stokes and Monge-Ampère equa-
tions. I, in turn, became interested in problems involving
the Schrödinger equation and scattering theory.

I had many friends, but Louis (and Lipa Bers) were
my closest. Louis was a warm person, who loved his city

Figure 8. A letter from Louis Nirenberg to Djairo Guedes de
Figueiredo, with suggestions and encouragement. Early
1960s.

New York, and enjoyed showing her wonders to the over-
whelmed visitor. He and his wife Sue, the daughter of a
Hebrew writer, were deeply embedded in the cultural life
of New York. When I was staying in their apartment, I al-
ways looked forward to reading the latest issue of the Sat-
urday Review.

Louismentions in his biography [11] his three “Fratelli”:
Guido Stampacchia, Peter Lax, and myself. This distin-
guished title was a great honor. I have deeply cherished
his friendship.

Djairo Guedes de Figueiredo
The hardest part in reminiscing about Louis Nirenberg is
to select amongst so many influential interactions.

As I fondly look back at my graduate years (1957–61)
at New York University, I vividly recall the excitement in
the environment at the Institute of Mathematical Sciences,
shortly afterwards named after Richard Courant, and lo-
cated, at the time, in a charming building onWaverly Place.
As a foreign student, arriving from Brazil where mathemat-
ics was in an embryonic stage, I took all of it in and it in-
delibly marked my career.

My initial goal for my doctoral work was in probability
theory. However, as I like to say metaphorically, Nirenberg
together with his colleagues K. O. Friedrichs, Fritz John,
Peter Lax, and LipmanBers laid amagical spell on students,
attracting them to the area of partial differential equations.
They were, if I may say so, the Wizards of Waverly Place.
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Nirenberg’s enthusiasm and ability to unveil the beauty
of PDEs is, to this day, branded in my mind. You see, this
is what great advisors do. They instill in their advisees this
passion for the subject and win over not only their minds
but their hearts.

Nirenberg was certainly an influential advisor: he
pressed his students to excel in their work and to develop
independently. However, he combined this characteristic
with accompanying them through frequent meetings and
lively interest. Whenever he travelled, which he regularly
did, he would ask someone else to meet with his students.
I recall Martin Schechter following up on my work in such
occasions.

After the conclusion of my doctoral work, inspired by
those years at NYU, I returned to Brazil full of ideals and
determined to consolidate the field of partial differential
equations in my homeland. I was hired in 1962 by the
University of Brasilia, located in the newly founded capital,
where I was entrusted with the project of establishing the
Mathematics Department. In this setting, pursuing math-
ematical research was quite challenging, to say the least,
not only because mathematics, as a field, was just starting
to take root in Brazil, but also on account of the huge load
of administrative duties that ensued.

At this stage, Louis was a great friend andmentor. Aware
of this situation, he took great interest in my mathemati-
cal development and expressed it in a series of letters he
wrote to me at that time, with suggestions of problems to
investigate that were related to my prior work. This was all
the more significant since he once mentioned that he did
not like writing letters. He also encouraged me to strive
in my teaching and advising, inspiring me to establish the
first Mathematics Master’s Degree Program in Brazil. I can
say that this correspondence was always full of encourage-
ment, which was much needed at the time.

In subsequent years, political unrest emerged in Brazil
and shortly thereafter, in 1964, a military coup took place.
Academically, the situation at the University of Brasilia was
precarious and I applied for and was awarded a Guggen-
heim Fellowship to spend a year in the US. At the conclu-
sion of that fellowship, once again, Louis took a great in-
terest in helping me to find a position in the US, since re-
turning to Brazil would have stifled my attempts to pursue
research. This was the kind of person he was! (Eventu-
ally the situation in Brazil improved, and I returned to the
University of Brasilia in 1971.)

Throughout the years, I met Louis on numerous occa-
sions, including at meetings in Europe, where we enjoyed
many pleasant discussions. Now, as I look back, I know I
was privileged to have had him as my advisor and friend.

Figure 9. S. R. Srinivasa Varadhan, Louis Nirenberg,
Vasundara Varadhan. Jardin du Luxembourg, 2017.

S. R. Srinivasa Varadhan
I came to Courant as a visiting member in the fall of 1963.
Soon after that, at a seminar, someone pointed out a dis-
tinguished looking man with a beard and said “That is
Nirenberg.” I was a probabilist, still unfamiliar with the
world of PDEs. While the name was unfamiliar to me, I
was sure anyone looking that distinguished must indeed
be a great mathematician. The Institute was divided be-
tween 4Washington Place and 25Waverly Place and I only
saw Louis at some seminars and had very little contact with
him. But it all changed when Warren Weaver Hall opened
in the spring of 1965.

In the fall of that year, Louis and I met in his office to
discuss some mathematics. I had proved what was really
a PDE result, but by using probabilistic arguments. Louis
told me how I could simplify the proof by using the max-
imum principle. It opened my eyes and taught me how
to exploit this connection both ways. Dan Stroock and I
worked together for some years on problems that straddled
PDEs and probability. Eventually Louis, Henri Berestycki,
and I worked together on a project and have a joint publi-
cation. The lounge at Warren Weaver Hall was the place
where faculty, visitors, postdocs, and graduate students
met informally for lunch, tea, and conversation. Louis, Pe-
ter, Jürgen, Harold, Fritz, and Mony were regulars.

Louis was a movie buff and he loved music. He intro-
duced us to the World Music Institute, which showcased
performers from around the world. Louis and Sue were
excellent hosts and would often invite younger colleagues
for dinner parties at their home on the upper west side.
Vasu and I have spent many evenings at the Nirenbergs’
enjoying Sue’s excellent cooking. Louis loved going out
to restaurants and trying different cuisines and we would
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often join him. Sue passed away and after a few years Louis
and Nanette became companions, splitting their time be-
tween Paris and New York. Louis had retired by this time.
The tradition of having dinner parties and going out to
restaurants continued, however, mostly in New York but
occasionally in Paris as well.

Louis’ health deteriorated and he was confined to a
wheelchair. Although he was in and out of hospitals and
nursing homes, it did not dampen his enthusiasm for life.
He continued to come to the Institute for seminars, enter-
tain at home, and join friends for dinners at their homes
or in restaurants. Vasu and I will miss him dearly.

Joseph J. Kohn
I have known Louis Nirenberg since I was a graduate stu-
dent at Princeton in the 1950s. My thesis advisor, Don
Spencer, frequently consulted Louis in connectionwith his
joint work with Kodaira on the deformation of complex
structures. I was privileged to attend many of their meet-
ings. Louis’ participation was truly remarkable. Very often
he would wade into some seemingly intractable problem,
find its critical PDE component and proceedmasterfully to
prove the estimates which were key to it. His skill and clar-
ity were much admired. Spencer once asked Louis: “How
do you do it?” Louis replied, “It’s just calculus.” Spencer
sighed and said “Louis, I wish I had a copy of your calculus
book.”

In the early 1960s Louis became interested in my work
on the d-bar-Neumann problem and we embarked on a

Figure 10. The domain
described in the text; its
equation is
𝑅𝑒(𝑤) + |𝑧|8 + 15

7
|𝑧|2𝑅𝑒(𝑧6) = 0.

project to apply and ex-
pand it. Collaborating with
Louis was exciting, challeng-
ing, and also very pleas-
ant. After several hours
of work during a weekend
Louis would often suggest
that we go to amovie. (Louis
loved movies; he was a bona
fide film critic; he had seen
an enormous number and
remembered each plot in all

its details, the cinematography, and the names of all the ac-
tors and directors.) If we didn’t find a movie that looked
promising Louis would suggest that we go to a double fea-
ture, as watching two mediocre films for the price of one
would surely make the endeavor worthwhile. Apart from
the work, the movies, and the great conversations, there

Joseph J. Kohn is an emeritus professor of mathematics at Princeton University.
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were many outstanding meals. Louis had a knack for dis-
covering Manhattan’s hidden hole-in-the-wall gems.

A great part of our work was concerned with the study
of systems of subelliptic equations. This work led us
and others to discoveries in various directions: several
complex variables, algebraic geometry, microlocal analy-
sis, harmonic analysis, etc. For example, our work on the
regularity of these equations led us to develop a theory of
pseudodifferential operators. We also discovered an inter-
esting domain in two complex variables, which was illus-
trated on anMSRI T-shirt (see Figure 10). We came upwith
this domain while searching for explicit representations of
solutions to the d-bar-Neumann problem on a domain in
several complex variables. Such representations usually in-
volve local holomorphic functions, defined in a neighbor-
hood of a boundary point which vanish at that point but
not in the domain. We were surprised to find a domain
on which the d-bar-Neumann problem has a solution, but
the boundary of that domain contained a point such that
if any local holomorphic function vanishes on it, then it
must also vanish at some points both inside and outside
of the domain [8].

Louis had an irrepressible sense of humor. His knowl-
edge of jokes (especially Jewish ones) was encyclopedic.
He frequently found the humorous aspect in the most un-
likely situations. We once wrote a paper that included
a rather long and cumbersome calculation; following it
Louis inserted on p. 844: “With these tedious estimates, as
well as some readers, behind us, we may proceed to deal
with . . . ” [7].

Louis had very broad cultural interests and these were
combined with a passion for travel. I was fortunate to ob-
serve this firsthand on many occasions. Before a trip he
took to China in the 1970s, he drew up a list of things that
he wanted to see. In Beijing he asked his guide to take him
to one of them, a renowned building. However, this build-
ing was not on the guide’s list of permitted places and so
he told Louis that he had no idea how to get there. Louis
knew the exact location and instructed the guide to take
him there.

It was my great fortune to be Louis’ friend. I admired
him greatly, not only for his stellar research and his re-
markable talent for teaching and explaining so much so
clearly and at somany different levels, but also for his great
humanity.
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Haim Brezis
I firstmet Louis in Paris at a conference during the spring of
1967. Shortly thereafter he invited me to visit the Courant
Institute for the academic year 1968–69. Since my spoken
English was limited and tainted with a heavy French ac-
cent, one of my first tasks upon arrival in New York was
to register for an English conversation class at NYU. I told
Louis proudly that I was working on my English. To my
surprise he seemed to be disappointed and even discour-
aged me! Louis pointed out that it would be much eas-
ier for me, a 24-year-old bachelor, to date American girls
if I kept my French accent ... I was baffled! No one in
the French academic circles had ever interfered with my ro-
mantic encounters. This was typical Louis! Over the years
he would shape my life much beyond mathematics.

Louis had a great love and admiration for Italy, which
he was always eager to share. In fact, one of our earliest
meaningful meetings took place in Rome in the spring of
1968. At that time, I was visiting Stampacchia in Pisa, and
he suggested that I accompany him to Rome where an in-
ternational conference was taking place. I gladly accepted
since I had never been to Rome. Guido and I reached
Rome late in the evening and immediately met Louis who
had just arrived from New York. I was privileged to wit-
ness an event which has unfortunately disappeared in our
age of emails. Two great mathematicians were excitedly
sharing the latest discoveries from Pisa and New York. Af-
ter about an hour Guido turned to Louis and said, point-
ing to me: “This young man has never been in Rome be-
fore. Where shall we start our tour?” Louis replied without
hesitation: “Piazza del Campidoglio.” It was past mid-
night when the three of us reached this majestic square
and admired the breathtaking view overlooking the Foro
Romano. On the next day, after a long series of lectures,
Louis decided that I should join him to see a painting ex-
hibit at the Villa Borghese, followed by a dinner at a restau-
rant in the ghetto where Guido and Louis introduced me
to the famous “Carciofi alla Giudia.” By the end of the con-
ference I was ready to write a guide book about Rome. This
was just the beginning. Over the years, Louis provided me
with long lists of places I must see or stay in, from London
to Montreal, from Bali to Damascus.

Working with Louis was a unique experience. When we
were stuck on a problem Louis would propose a break, for
coffee, or a stroll in the Village, or a stop at the famous
Strand bookstore. Returning to his office, Louis was again
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Figure 11. Haim Brezis and Louis Nirenberg in a mathematical
discussion. Jerusalem, January 2002.

full of energy and ideas. When I was in Paris and wanted
to urgently discuss a thought with Louis in New York,
I learned to control myself and never call before 5 p.m.
(Paris time). Louis often saw movies in the evenings and
then he could work late into the night. Regularly he would
share his impressions about movies and was disappointed
with my limited cinematographic knowledge.

Louis often complained—even when he was young—
that his memory was fading. I postulate that he was gifted
with an extraordinary “compensation mechanism.” One
day I proposed at some point in our discussion, to apply
the celebrated Sobolev inequality, and I wrote down on
the blackboard how it would impact our problem. Louis
moved to the other end of his huge blackboard and started
scribbling some formulas. After he emerged, Louis con-
fessed that he never remembered the inequality and had
to reconstruct it each time he needed it. It turns out that
in 1959, Louis had discovered the most elegant proof for
the Sobolev inequality; it appears in numerous textbooks
and is often associated with Louis’ name. Can you imag-
ine Einstein unable to remember 𝐸 = 𝑚𝑐2? This may ex-
plain why Louis kept a youthful enthusiasm formathemat-
ics throughout his entire life. He was never blasé and al-
ways eager to gaze with fresh eyes at old problems.

Paul H. Rabinowitz
Louis was one of my heroes. I first met him formally when
I was working on my thesis at NYU under the direction of
JürgenMoser. Louis made some suggestions that were very
helpful to me and later was one of the official readers of
the thesis. Subsequently, in the mid-1970s when Louis
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shifted his research interests to nonlinear PDEs, I met him
frequently at conferences and got to know him well. Louis
was wonderful company. A colorful raconteur and avid
joke teller, Louis had an appropriate story for every occa-
sion. In addition tomathematics, he was a source of useful
information. If you wanted a recommendation for a good
restaurant in New York, Rome, Paris, anywhere, just ask
Louis. If you needed a suggestion for a museum to visit,
a book, a music CD, or especially a movie, just ask Louis.
He was a movie buff. Indeed as the story goes, one day he
came home from the Courant Institute looking a bit tired
and his wife, Sue, asked “Rough day?” He replied “Yes,
there was a double feature at the cinema today.”

In 1982, Louis was awarded the first Crafoord Prize in
Mathematics jointly with Vladimir Arnold. I had the good
fortune of being invited to the symposium attached to the
prize ceremony. The prize was presented by the King of
Sweden. Some of us envisioned a headline in the Svenska
Dagbladet reading “King of Sweden meets King of Calculus
Inequalities.” As I recall it, at the conference or the associ-
ated banquet, Louis was asked to say a few words. Having
learned that research budgets were about to be cut in Swe-
den, he included an impassioned plea on the importance
of supporting research.

When Louis was invited to give a lecture, occasionally
he opted to speak on the work of someone else that in-
trigued him. This gives me an opportunity to illustrate
Louis’ quick wit and story telling. A caveat: I remember
the background a bit differently than Louis did so you will
get my version, but the story is the same. Some time in the
late 1970s, as part of a longer trip, Louis came to Madison
to give a seminar talk. I asked him about the rest of his
trip and he told me he would give a colloquium in Berke-
ley in a couple of days. I replied “That’s a coincidence. I’m
doing the same next week. What are you going to speak
on?” Louis said he planned to give a talk on a recent paper
of mine. Since I had intended to do the same, we had a
dilemma, but discussed matters and arrived at a satisfac-
tory modus operandi. Then Louis told me the following
story:

There is a writers club in Moscow where showing a for-
eign film is a weekly event. The film is the original ver-
sion so it is neither dubbed nor with subtitles. A member
of the club gives a simultaneous translation into English
as the film is shown. One particular week, there was a
French film. The regular French translator was not avail-
able so a volunteer was sought from the audience. Some-
one obliged. In fact he didn’t know much French, but sim-
ply made up a story in a very charming and clever fash-
ion. At one point, a man seemed to be marrying his sister
but somehow the translator got around this. The audience
loved the movie and insisted that it be shown again the

following week. This time the regular translator was
present. It was a disaster; the audience booed him.

Louis then suggested that I begin my talk with this story.
And I did!

Louis, you will be missed!

Charles Fefferman
Like every other analyst, I greatly admired andwas strongly
influenced by Louis. That influence is especially obvious in
the direct line from the John-Nirenberg inequality through
Eli Stein’s result on the boundedness of singular integrals
from 𝐿∞ to BMO, to my work on the duality of 𝐻1 and
BMO.

Even more obvious is the influence on me of Louis’
work with François Trèves on local solvability of linear
PDEs of principal type. Richard Beals and I proved that
the Nirenberg-Trèves condition is sufficient for local solv-
ability; Louis and François came up with the relevant con-
jecture and proved it in many significant cases.

Louis’ indirect influence is less obvious but equally
strong. In some of Louis’ finest work, deep results on
PDEs require basic progress in understanding functions
and their integrals and derivatives; think of the Gagliardo-
Nirenberg inequality. I’ve tried to do the same thing, usu-
ally without success.

Finally, let me mention the Caffarelli-Kohn-Nirenberg
theorem on partial regularity for Navier-Stokes, which
played a role in sparking my interest in fluid mechanics.

So, like so many others, I feel honored to be asked to
pay tribute to Louis Nirenberg. His loss will be keenly felt
for a long time.

Shing Tung Yau
I have known Louis Nirenberg since I was a graduate stu-
dent at Berkeley in 1969. I was in Charles Morrey’s class
on partial differential equations. I was fascinated both by
the story of the Sobolev inequality as well as Louis’ elegant
proof of the inequality inMorrey’s famous book on the cal-
culus of variations. It was not until the summer of 1973
that I met Louis for the first time at a differential geometry
conference in Stanford. My teacher S. S. Chern was a good
friend of his. In fact, they were finishing a paper on the
intrinsic norms of complex manifolds and they needed an
estimate for plurisubharmonic functions. At that time, I
had just finished my work on some gradient estimates for
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harmonic functions on a Riemannian manifold with Ricci
curvature bounded from below. This was the first estimate
I found and I was very excited about it. But I was not sure
whether it was already known to experts or not. Profes-
sor Morrey was not doing well because of health problems.
Naturally, Louis Nirenberg was the person I wanted to talk
to. Chern introduced me to Louis, who, to my surprise,
was very nice and humble. He told me that he did not
know the estimate. And he started to ask me many ques-
tions. His attitude towards a young man reminded me of
my first meeting with Chern. During the conference, he
attended all of the lectures and took notes seriously, an
act that impressed me. Instantly I knew that I had a new
teacher on the subject of analysis.

In fact, throughout most of my career, whenever I
made progress on nonlinear partial differential equations,
I would ask Louis’ opinion, and only after he agreed with
my calculations did I feel comfortable. In 1974, he and
Calabi announced the solvability of the boundary value
problem of the real Monge-Ampère equation at the Inter-
national Congress of Mathematicians in Vancouver. Un-
fortunately a gap was soon found in the proof. Chern told
me the news and suggested that S.-Y. Cheng and I look
into it. We had beenworking on some realMonge-Ampère
equations in affine geometry for a while, hence were con-
fident to solve this problem (later we learned that our ap-
proach was very similar to theirs). However, after telling
him our treatment, he smiled and pointed out a shortfall
in our proof. After some hard work, we eventually suc-
ceeded in proving existence of a solution which is smooth
in the interior of the domain and 𝐶1,1 up to the boundary.
This result was good enough for our application in geome-
try. Seven or eight years later, with Luis Caffarelli and Joel
Spruck, Louis made significant progress on the solvability
of the boundary value problem for fully nonlinear elliptic
equations. We had a lot of fun talking with him in the
process. The ideas I picked up from the study of the real
Monge-Ampère equation became highly valuable when I
tackled the complexMonge-Ampère equation arising from
the Calabi conjecture.

As a matter of fact, when I finally solved the Calabi con-
jecture in 1976, to make sure of its correctness, I flew from
California to see Calabi and Louis. I fondly remember we
spent all of Christmas day together going through details
of the proof in Louis’ office, and having lunch in China-
town as restaurants elsewhere were closed for the holidays.

We were good friends since then. He was full of humor
and cracked jokes all the time. Hewasmore thanwilling to
help budding mathematicians. I always sought his advice
in my career and was deeply grateful for his mentorship.

Figure 12. Left to right: Louis Nirenberg, Wei-Ming Ni, David
Kinderlehrer. Gainesville, FL, 2005.

I was amazed by Louis’ energy and excitement for life
and mathematics, which did not diminish when he got
older and eventually had to travel in a wheelchair. The
last contact I had with him was his request for tickets to
attend the graduation ceremony of his granddaughter at
Harvard. That was easy. In fact, Harvard respected Louis’
contribution to ourmath department and offered VIP seats
for him, but he preferred to stay together with his family.
It was a rainy day. I was happy to hold an umbrella for
him. After the ceremony, I invited him and I. M. Singer to
a nice Chinese dinner. Singer and Louis were good friends.
I was really glad to be with my two great mentors. We took
some photos together. Somehow I had the bad feeling that
this might be the last time we three would meet.

In December 2019, I was told that Louis was critically
ill. H. T. Yau and I took a special trip to New York to see
him. He was in good spirits. It seemed that his cancer did
not bother him much.

After three weeks I received email from him saying that
his cancer was completely gone. Unfortunately, he was not
able to live much longer. Soon I heard the sad news from
Sylvain Cappell that he passed away on January 26, 2020. I
am sure that he left this world peacefully. His contribution
to mathematics and the math community will last forever.

David Kinderlehrer
Louis, first of all we recognize, was an exquisite mentor. I
would stand at the board to explain some idea or some-
thing I had done, to have him revisit it with depth and
understanding. And the manner of it, so gentle and nat-
ural that the “collaboration” was actually a learning expe-
rience in many ways. Our initial collaboration was like
that. After my awkward attempt to approach a free bound-
ary problem, Louis stared at it through his thick glasses,
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repurposed it, and our partial hodograph method took
flight. He then asked if I knew ofHans Lewy’s result on har-
monic functions and the reduced wave equation. Taken
aback, it hadn’t occurred to me that anyone else had read
this paper—well, more a little later.

There are many many memories. I recall especially an
afternoon lunch in the Lewys’ garden, in Berkeley in the
early 1980s, with Mrs. Lewy’s terrific Italian cuisine and
Hans and Louis exchanging (apocryphal) stories and a lot
of Chianti. Louis carried a small agenda to record the wine
he liked. We had a tour of Mrs. Lewy’s atelier. Lewy was
the nodal point of our relationship. Louis and Hans were
very fond of each other. Some of Louis’ work was inspired
by Hans, for example, on the Weyl and Minkowski prob-
lems and his joint work with François Trèves on solvability.
Likewise our discussions of free boundary problems were
enhanced by this relationship. In 1952, Lewy introduced
an elegant way to study boundary behavior of elliptic equa-
tions in two dimensions, which is related to free bound-
ary questions. One consequence is that when a harmonic
function and a solution of the reduced wave equation in
the upper half-plane share Cauchy data on the real axis,
that datamust be analytic. With trickery andmore recently
developed high powered theory, and with Joel Spruck, we
reproduced this result.

Louis loved movies. One of his favorites early in our re-
lationship, in the mid 1970s, which we saw again together,
was To Be or Not to Be, the Ernst Lubitsch black comedy
with the fabulous Carole Lombard and Jack Benny. Later,
when hewas home, we talked frequently of books. He read
Camilleri and Elena Ferrante. I mentioned An Odyssey by
Daniel Mendelsohn and Louis had read Mendelsohn’s ear-
lier work. To know Louis was to eat with Louis, anywhere
in the world. Nothing on his plate went unshared. His
collection of stories was infinite and revealing. How can
we forget the story of the cassoulet; to retell another time.

He cared deeply for us all. He spoke of Peter Lax and
Guido Stampacchia as his brothers. His greatest loss was
Cathleen Morawetz. Louis was an exquisite mentor. He
inspired us to nurture young people and to offer them vi-
sion with warmth and humanity. Remembering Louis is,
for us, a blessing.

Luis Caffarelli
I entered the University of Buenos Aires in 1967. The mil-
itary led the country at that time and many of the top
scientists were abroad. Still, the remaining faculty and
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Figure 13. In a mathematical discussion with Luis Caffarelli.
Courant Institute, 1985.

students at the university were very dedicated. I graduated
in Argentina from the Calderon-Zygmund School of Real
Analysis and obtained a fellowship to the US. I chose Min-
neapolis where my thesis advisor Calixto Calderon had
gone and arrived in Minneapolis in January 1972. At that
time, Minnesota had an exceptional group in harmonic
analysis and PDEs, including Aronson, Littman, Wein-
berger, Serrin, and Fabes; and I also had the opportunity
to meet other great mathematicians like Friedman, Lewy,
and Stampacchia.

From them I got a deep understanding of PDEs and
their applications, and they guided me in their knowledge
of new ideas. In one of his visits, Hans Lewy suggested
I look at the obstacle problem, where he had done early
fundamental work with Stampacchia. It overlapped with
the work of Kinderlehrer, a very good friend and colleague
in Minnesota at the time who was working in collabora-
tion with Nirenberg. I started to exchange ideas with them,
particularly with Louis, through mail, at meetings, and in
occasional visits (there was no internet at the time).

In the spring of 1980 while I was visiting Pavia, I re-
ceived a call from Louis inviting me to stop by Courant
on my way back. It was my first time in Manhattan and
a very warm reception: Louis, of course, took me to the
theater, some museums and, of course, Chinatown where
with time I would develop his taste for Chinese food. Dur-
ing the visit, Louis offered me a Professorship at Courant.
It was a fundamental advance for me.
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The Mentor
Minnesota was an excellent place, but Courant was (is),
in the area of analysis, its ramifications and applications,
an extraordinary place with all the levels and areas inter-
twined around the likes of Morawetz, Lax, Varadhan, and
of course, Louis. Among the younger ones were Papan-
icolaou, Klainerman, Kohn, and visitors like Spruck and
Gidas, all sharing ideas at noon around the lunch table.

Louis, in particular, created an atmosphere of open dis-
cussion and deep creativity, where understanding and ad-
vancement was achieved by an open exchange of ideas.
The wider impact of Louis on all of us was through his gen-
erosity, his love of science, and his sense of community.

Indeed, it is enough to look at his genealogy list of stu-
dents and descendants or his many collaborators to realize
how generous and influential his trajectory has been, how
deep is the mark he has left for many generations to come,
and how his memory is an enticement for us to follow in
his footsteps.

The Scientist
Needless to say, Louis was a deep scientist. He made fun-
damental contributions from geometry to applied mathe-
matics. A remarkable aspect of his work is how often from
a basic property, in a simple context, Louis discovered and
developed an extended fundamental theory.

Figure 14. Robert V. Kohn,
Louis Nirenberg, and Luis
Caffarelli in 2015, about a year
after receiving the Leroy
P. Steele Prize for their work on
the Navier-Stokes equations.

The Agmon, Douglas,
Nirenberg contributions are
examples, as are the collab-
orations with Brezis, with
Berestycki, with Kinder-
lehrer, with Yanyan Li, and
many others.

I had the privilege of
working with him, often as
part of a group and it was
always a remarkable interac-
tion, where A chatting with
B over a cup of coffee, had
some vague ideas or doubts
and they went and asked
about some possible facts to
C (often Louis), who often
had the answer and further

realized that it was part of a wider theory and enticed us
to pursue it. It was a very exciting way of bonding and
working.

The Friend
Anyone who had some personal relation with Louis felt
his congeniality and warmth. Louis and Sue (and later
Nanette) were wonderful companions, enjoying a walk or

a trip or a (great) dinner or any other activity. Furthermore,
Louis was always concerned for a friend or colleague’s well-
being, maybe his health, or beingmistreated in his country
for political reasons, or just not being properly recognized
by his institution. Louis did all that was possible to help.

His loss is of course saddening, but he leaves among us
all a trail of exciting science, warm friendship, and happy
memories. For all that we are deeply grateful.

Sergiu Klainerman
It is hard to say something about Louis which was not al-
ready said. Great mathematician, enormous creative en-
ergy, great sense of humor, love for intellectual pursuits of
all types, etc. I prefer to tell a short story about my interac-
tion with him at a very difficult personal moment.

I met Louis in the fall of 1976, at the beginning of my
second year as a graduate student at the Courant Institute.
For me this was a dream come true. I knew about him
from some of his papers I had read as an undergraduate in
Romania. When I told him I wanted to be his student, he
kindly accepted. As an advisor Louis was extremely profes-
sional. He would listen intently to what I had to say, make
a few comments and suggestions after which, being a very
busy person, he would look at his watch as a sign that our
meeting was over. That forced me to be very prepared to
keep his attention focused and delay that dreadful “look-
ing at his watch moment” as much as possible. With time,
Louis became more and more warm towards me, inviting
me to his home and taking a fatherly interest in my per-
sonal situation.

I had the great fortune to get a problem from Louis, orig-
inating in the work of Fritz John, and to prove a result that
Fritz found surprising. It required a very technical proof,
based on using the Nash-Moser technique in a rather un-
usual situation. After various presentations in front of
Louis, it all seemed correct, though I remember having
this strange feeling that I might find a mistake at any mo-
ment. And, alas, that moment came at a very inopportune
time, a few days before I was supposed to talk about the
result in the famous Analysis Seminar of the Courant In-
stitute in front of an expert audience including F. John,
J. Moser, P. Lax, C. Morawetz, and even L. Hörmander,
whowas spending the year at the IAS. On Friday afternoon,
less than a week before the seminar, I asked Louis to listen
to my rehearsal of the talk and give me his advice. Every-
thing went fine until the moment Louis asked something
that seemed like an absolutely routine question. I remem-
ber the strange feeling of freezing in place as I instantly
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realized that I had forgotten to check some properties of
the norms I introduced, relative to smoothing operators,
in my Nash-Moser scheme. The entire proof seemed to
collapse in that moment. I spent the rest of that afternoon
trying to convince Louis that my proof was dead. He was
very concerned and invited me to his house the next morn-
ing to see if anything could be repaired. It is in moments
like these when you can really take the full measure of a
man. It is hard to describe how supportive Louis was at
a time when I was maximally despondent. After convinc-
ing Louis that my proof could not be resurrected I spent
the rest of the day with him and his wife, Sue, both doing
their best to cheer me up. Louis was at his best with jokes
and funny stories. He also invited me to a piano concert
at Carnegie Hall that evening under the pretext that Sue
did not feel well so I could use her ticket. All through the
concert I was, of course, still thinking about my problem.
It occurred to me that one simple change in the way the
Nash-Moser iteration was implemented could get rid of
the difficulty with my norms. The concert did its magic.
Back home after the concert, I checked the idea and, to my
great relief, it worked. I called Louis first thing next morn-
ing and he was even more elated than me.

Louis Nirenberg lived a meaningful, creative, blessed
life and left a wonderful legacy behind him. We are all
better for it.

Wei-Ming Ni
During my college days back in National Taiwan Univer-
sity, one subject I never touched was PDEs. The first year
after I came to NYU-Courant, I took PDEs, and was just
fascinated by its beauty. My initial adviser, Professor Fritz
John, toldme to go to Louis, and I did. Tomy surprise, this
great master didn’t even ask me any questions (as a “test”
ofmy background knowledge) before he agreed to takeme
as a student. Years later, when some young student came
to me with glitter sparkling in their eyes, I would simply
start preparing them for research, as I realized that interest,
enthusiasm, and dreams are perhaps among the most im-
portant qualities in pursuing truth and beauty in nature.

As a graduate student I had my office next to that of
Louis. The seven cabinets of preprints and reprints in my
office was his treasure. In contrast to today’s USB, it seems
difficult for the young generations to visualize how “incon-
venient” it was to search for relevant work on a specific
topic, and yet, great research was done in those “difficult”
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old days. Over a two-year period, I had the good fortune
to work closely with Louis, learning how he approached a
problem, and how he tolerated my stubbornness. Inciden-
tally, our joint paper on the spherical symmetry of positive
solutions to elliptic equations was a product of that time.

In summer 2002, I spent a week or so with Louis and
Nanette attending a conference in Hanoi, and we took
an excursion to the nearby Ha Long Bay. There were
many cultural sites and historical buildings along the way
with rather detailed descriptions carved in stones at those
places—but in Chinese, so even the two tour guides could
not understand them, as Vietnam changed its written lan-
guage completely after its independence. This seems un-
fortunate as the country literally cut itself off from its long
heritage. I had to serve as the tour guide for the entire
group. As always, Louis was very interested in understand-
ing more of the culture through historical remains, and
Nanette was also very interested, as she was actually born
inHanoi. It was also that summer whenmy sonDavid had
an internship in New York City, and Louis was as kind as
always—allowing David to stay in his apartment.

In spring 2003 I was on sabbatical, and I decided to
spend one month in New York visiting Fanghua. I was
using Louis’ office 802, which brought back many fond
memories. Nanette was in Paris at that time. Louis and
I did many things together—having dinner in the Village,
going to the opera in midtown, … I still remember, after
the show we often walked back to his apartment at 82nd
Street along Broadway, and we stopped at Zabar’s on the
way to pick up some delicacies, … I had never felt so close
to Louis.

The last time I visited Louis was in the fall of 2017, with
Yanyan. Louis was about to go home from Village Cares—
a rehabilitation facility on Houston Street. We brought
Louis his favorite fish-dumplings and shrimp-dumplings
from his favorite restaurant in Chinatown. Every time he
saw me, Louis always updated me with the latest news
from NYU-Courant, and he always wanted me to tell him
what I was working on mathematically. My interests had
gradually turned to mathematical ecology by then, and he
was surprised by what mathematics could do in ecology.

Louis was the single most important person in my ca-
reer, and a friend close to my heart in my life.

Ivar Ekeland
Louis taught me the answer to the question we keep ask-
ing ourselves: “Why do you do mathematics?” “For the
grudging admiration of a few friends.” This was typical
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Figure 15. Left to right: Fang-Hua Lin, Ivar Ekeland, Louis
Nirenberg. Pittsburgh, 2005.

of his sense of humor, steeped in the tradition of Yiddish
jokes and borrowing from his experience of mathemati-
cians. His jokes were always fun, never at the expense of
others, and delivered truth in a self-deprecating way. This
one was no exception.

No one has made more friends than Louis by doing
mathematics. With very few exceptions, all his papers, in-
cluding themajor ones, arose from collaborations, and the
collaborators became friends. He had infinitely many stu-
dents, and he kept in touch with them. The result was
a dense network of friends and admirers, almost a fam-
ily, stretched all over the world around Louis and Nanette,
which was a great comfort to him in later years.

He was intellectually very generous, more interested in
what others were doing than in what he himself had done.
I remember Louis, at the 2015 Abel Prize ceremony, charg-
ing up to the podium in his wheelchair, and taking the
audience by storm. He was honored, he said, to have re-
ceived the prize, but even more to share it with John Nash,
whose fundamental work had inspired him since his early
days, and so on and so forth. There was Louis, full of
enthusiasm, raising the audience, not for himself, but for
someone else! He was totally sincere about it. He loved
mathematics, no matter how much he knew he wanted to
know more, and if someone else found a good result, then
here was a golden opportunity to learn! He went into the
proofs with pen in hand, and could extract ideas and in-
formation from the most minute details.

Louis was a man of culture. He read, enjoyed music,
and loved the movies. During my stay at Courant, New
York movie houses still had “double features,” two movies

in a row. He went with me, and if he could not go, he
sent me, and I had to report the next day. This is how I
discovered Kurosawa: he took me to Ikiru, that absolute
masterpiece, and we went together to the premiere of Ran
in New York. He was kind and warm; his house was always
open, in New York as in Paris, with Sue as with Nanette.
Life held a special taste for him, blending European cul-
ture, the warmth of friendship, and the drive to know. He
died without having exhausted what it could bring him.
But, to quote another of his jokes (the waiter’s epitaph):
“God finally caught his eye.”

Kung Ching Chang
I was not an official student of Professor Nirenberg, but
a visiting scholar at the Courant Institute of Mathemati-
cal Sciences under his supervision at the end of the 1970s.
While there, I listened to his class “Topics in Nonlinear
Functional Analysis,” in which he naturally bridged the
gap between the abstract theoretical approach and works
devoted to the study of specific equations. His style was
very different from any book I had read before. It greatly
changed my approach to doing mathematics. I have ben-
efited a lot from his teaching. He also gave me some new
preprints to read, and as a result some new ideas flashed
into my mind. Under his meticulous guidance, patient
help, and warm encouragement, I renewed my knowledge
and caught upwith new trends at the frontier ofmathemat-
ical research. Probably because I came from an isolated
environment, he took excellent care of me.

Louis was very personable and was very fond of movies
and art museums. When I was at NYU, I used to meet him
once every few weeks. After discussing mathematics, he
would always recommend some movies and exhibitions
to me. He would take out a newspaper and mark in front
of the titles a few stars as assignments for me. Once, when
I left for Italy, he recommended many churches and mu-
seums. Among them he strongly recommended Galleria
degli Uffizi, saying “You have to go!” Chinese film was en-
tering the international stage in the eighties, and he once
asked me for a recommendation. I suggested to him the
movieRed Sorghum. Later I found out, he not only watched
it but also watched the movie Ju Dou, made by the same
director and the same actress afterwards. He was full of
praise of the latter.

Professor Nirenberg loved China. He supervised many
Chinese graduate students and collaborated with many
Chinese mathematicians over the years. He visited Beijing
in 1975, 1980, 1988, and 2000. Early on, he predicted the
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Figure 16. Left to right: Louis Nirenberg, Gabriella Tarantello,
Kung Ching Chang. Cambridge, 2000.

increased international recognition of Chinese mathemat-
ics. He accepted an honorary professorship from Peking
University in 2016, when he was over 90 years old. He did
intend to visit Beijing again, but due to health reasons, the
travel wasn’t possible.

We maintained our friendship for more than 40 years.
From1980 to 2020, the swap of New Year’s cards was never
interrupted. In the beginning, the cards were made of pa-
per, then they became e-cards, and in recent years, due to
his health conditions, they were emails in which we inter-
changed our status with regard to health and daily life. His
mail always came around Christmas time, but in 2019, it
was late. I felt that was an ominous warning that his can-
cer had spread. On January 8, 2020, I finally received his
email, by which I could imagine how difficult it was for
him to type. This was the last communication I received
from him.

Professor Nirenberg was not only a true master of math-
ematics, but also a man of high moral character admired
by our entire community.

Sun-Yung Alice Chang
It is hard to accept that Louis Nirenberg has passed away—
he has been in our thoughts and frequently in our family
conversation since then.

The relation of both Paul Yang (my husband) and I with
Louis started in our early careers—we were educated in
graduate school and early career through his writing and
his lecture notes. He always made the ideas of mathemat-
ics so natural and beautiful and (at least in appearance)
easy to understand, which heavily influenced our view and
our love of the subject—geometric analysis and analysis in
general.

One problem which strongly influenced my early
career—and figures also in my most recent work—is a
question Nirenberg posed around 1970. His penetrating

Sun-Yung Alice Chang is a Eugene Higgins Professor of Mathematics at Prince-
ton University. Her email address is chang@math.princeton.edu.

question was “what are the functions which can be the
Gaussian curvature function for some metric on the 2-
sphere?” This question echoed strongly with the later de-
velopment of “prescribing scalar curvature on the 𝑛-sphere
𝑆𝑛 when 𝑛 ≥ 3.” On a general manifold, when the pre-
scribed scalar curvature is the constant function in a fixed
conformal class, this is the famous “Yamabe problem,”
solved eventually by Yamabe-Trudinger-Aubin-Schoen in
the 1980s. The work of Louis with Haim Brezis in the 80s
on elliptic problems with critical exponents wasmotivated
in part by the Yamabe problem, and it opened awhole new
research area. In 2016, in celebration of Louis Nirenberg as
a recipient of the 2015 Abel Prize, an article in the Notices
of the AMS discussed some of his work and its later conse-
quences [3]. I contributed a section, giving an expository
account of the influence that Nirenberg’s question from
1970 had upon the field of geometric analysis.

I remember vividly how around 1982, as a young math-
ematician at the beginning of my career, without any previ-
ous personal connection, I nervously contacted Louis and
asked for an appointment to present some work Paul and
I had done on his problem—the main idea was to play
with the constant in a sharp inequality of Moser-Onofri,
which allowed us to tackle the problem of prescribing the
Gaussian curvature function without imposing some extra
“symmetry” condition on the function (e.g., when it is an
even function) and which eventually led to an index count
formula for the problem. Louis gave us a generous period
of time and was gracious in listening during our visit. To
our surprise, he asked us to join him for lunch the next
day; and during the lunch, asked us a number of follow-up
questions. Later on he informed us that he was impressed
by our work and thought we had penetrated the problem.
This praise, coming from Louis, was such a strong encour-
agement for us!

Later on in my career, whenever a young person asks to
talk to me presenting his/her work, I always remembered
how I was treated and do my best to arrange the meeting.

We later had frequent contacts with Louis, at Courant,
at various conferences (in particular in Italy, his favorite
country), and later on more often by visiting him and
Nanette at his apartment at New York. Each time he was
eager to knowwhat mathematical problems we were work-
ing on, and we felt it an honor to have the chance to
present to him the ideas we had and the stumbling blocks
we faced. His view was always so global, and his mind so
sharp, that we really benefited from the discussions. Our
meetings usually ended with casual chatting and dinner
at some fantastic local restaurants. Louis knew so much
about food—I would say his knowledge of different types
of Chinese cuisine far exceeded mine and most of my
friends. He was curious about everything in life—he once
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asked me why the leaves of the tea he drank in Taiwan
would open up after pouring in hot water, something I
grew up seeing everyday without ever pondering!

Time spent with him was like the Chinese saying, you
feel that you are “in the gentle breeze in the Spring”
(如沐春⾵). He was such a great mathematician, magnif-
icent teacher, and wonderful human being. One seldom
meets such a person in one’s life. Paul and I feel privileged
to have come under his influence and we truly miss him.

Jalal Shatah
I was fortunate enough to meet Louis during the first week
of my postdoc years at Courant in 1983. We quickly de-
veloped a friendship that lasted until his recent death. My
daughter, when she was 5, told me that since she did not
have a living grandfather that she would like to adopt
Louis as a grandfather. Louis was very flattered and thrilled
by this, and commented that wewere always close like fam-
ily.

When I first met Louis, the thing that struck me was his
kindness and humility. I was expecting the icon of PDEs
to take the role of a master, but instead he took the role of
a friend. His kindness impacted me both mathematically
and personally. I recall very early on Louis inviting me to
dinner (the first of many) where I met his family, Sue, Lisa,
Marc, and later his sister Debby.

Louis was always particularly kind to young mathemati-
cians. He did his best to promote their work. I was one of
those when in the summer of 1987 Louis decided to give
a talk at Collège de France about my work. The audito-
rium was packed when Louis stood up to talk, but instead
of talking about his own work he spoke about my work
on normal forms and my joint work with Henry McKean
on conjugation of flows. I have also seen this happen on
other occasions with Louis. He did it during talks and at
lunch at Courant.

Central to our friendship was a shared love of movies,
world music, and good food and wine. Louis was always
able to find good things to say about a movie, even when
it was bad. When we both agreed that a movie was bad
he would say something like “but there were a couple of
shots that were original.” This was Louis’ nature. He could
always say nice things even aboutmediocre stuff. He could
at the same time be brutally honest. He was no shrinking
violet. By the way Louis had a wicked sense of humor, en-
joyed telling jokes, many of which he attributed to Peter
(Lax).
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Figure 17. With Jalal Shatah, 1991.

As for food, Louis was the master of enjoying a good
meal. For many years Louis, Raghu (Varadhan), Henry
(McKean), Ray (Michalek), and I with our families to-
gether sampled restaurants reviewed in the New York Times
(NYT). Louis always brought with him a clipping of the re-
view and ordered what was recommended, and through-
out the meal we compared what we liked to what was writ-
ten in the review. These were delightful years during which
we discoveredmany gems in NYC. These outings lasted un-
til November of 2019.

Our last two get-togethers occurred in December 2019
and January 2020. After having dinner at his place in De-
cember, and while walking out, I noticed a bunch of math
papers spread out on his dining table. When I inquired
about that, Nanette (Aubin) quickly responded that he
had been working all day long on a problem. I asked him
about the problem and he explained that he was working
on the nonexistence of stationary solutions of the Navier-
Stokes equations with finite energy. I was amazed that af-
ter all that Louis went through physically, he still had a
sharp mind and the drive to spend the whole day work-
ing.

My last visit to see Louis was inmid-January. We chatted
about Courant, our families, and we started making plans
and deciding which restaurant to pick to celebrate his 95th
birthday the following month. Alas he died shortly before.
My wife Deborah commented that New York does not feel
the same without him. It lost part of its attractiveness for
me.

Fang-Hua Lin
I joined the faculty of the Courant Institute in 1985. It is
striking to realize that when I joined the Institute, Louis
was about my current age. Though I was then in my
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20s, it never crossed my mind that he was in his 60s; I
thought not about his age but about his energy. During the
late 1970s and early 1980s, some of his most cited math-
ematical papers of great importance and remarkable in-
fluence were published: Gidas-Ni-Nirenberg on the mov-
ing plane method to study the monotonicity and symme-
try properties of solutions of elliptic equations; Caffarelli-
Kohn-Nirenberg on the existence and partial regularity of
suitable weak solutions of the Navier-Stokes equations;
Kinderlehrer-Nirenberg on the smoothness and analyticity
of free boundaries; Brezis-Nirenberg on nonlinear elliptic
equations involving critical Sobolev exponents; and a long
series of papers with Caffarelli and Spruck (one with J. J.
Kohn as well) on the Dirichlet problem for fully nonlinear
elliptic equations, including the real and complex Monge-
Ampère equations. When I got to Courant, Louis had just
completed work with H. Berestycki and Raghu Varadhan
on the sliding method—a new maximum-principle-based
approach to studying the monotonicity and stability prop-
erties of traveling waves.

I feel very fortunate to have been Louis’ colleague, and it
has certainly helped my career. A special advantage that I
have enjoyed is that my office has always been on the same
floor as his, and I had permission to knock freely at his
door. Through his suggestion I got a chance to read many
classical articles, and sometimes even material that may
never have been published. Once he dug out a manually
typed manuscript by E. Hopf, on which there were hand-
written comments by both Louis and Hopf. One of the
theorems I read there is, I believe, still not widely known.
As a junior colleague of Louis, I constantly experienced his
generosity, care, and love. He was simply a great human
being.

As anyone who has communicated mathematics with
Louis knows, he was especially gifted at catching mistakes
or gaps in “proofs.” Therefore, it was often the case that
when I came up with a new thought, I would discuss
it first with Louis. If he showed hesitation or was puz-
zled about some aspect of the argument, you could be
pretty sure there was a mistake. Sometimes, I would be
really excited to tell him about the solution to a problem
I had been thinking about for a long time, and then at
the end of our conversation Louis would point out a step
that seemed to have a flaw. It could be rather discourag-
ing. But Louis would always find a way to offer encour-
agement and comfort. At one such time he said “. . . I must
tell you about a mathematical review that I once saw. It
read something like this: the author uses very heavy ma-
chinery and provides a very long complex and intriguing
proof of something which is obvious. However, there is
a non-correctable mistake at a key step of the proof, and
the mistake is not new either.” Louis did start to complain

Figure 18. S. R. Srinivasa Varadhan, Louis Nirenberg, Henri
Berestycki. International Conference on Partial Differential
Equations in Celebration of the Seventy-fifth Birthday of Louis
Nirenberg, Taiwan, September 2000.

about 20 years ago that he was no longer as good as he
used to be at finding gaps in proofs. I thought then: he
was still pretty good at it, considering his age!

Louis Nirenberg passed away recently. I miss him! “If
they ever tell our story, let them say that wewere colleagues
and protégés of giants.” He truly was a giant!

Henri Berestycki
There are mathematicians who, to achieve a great result,
make an immense, quasi-athletic effort and succeed by
their remarkable stamina; there are those who as ascetic
hermits, devoted to the cause of mathematical knowledge,
are capable of extraordinary and admirable efforts; some
who even have to suffer to reach their goal. And then, there
are mathematicians who see their work as one of the truly
enjoyable human endeavors. Louis Nirenberg was one of
these. To me, he epitomized the joy of doing mathematics.

All mathematicians enjoy their discoveries and are
happy to talk about their work. What I have in mind is
the attitude during the process of research, the path that
leads to the results, the days of effort, the nights when
nothing converges, yesterday’s seemingly tight proofs that
are shattered the next morning. It is about the anxious
doubt of whether the long and complex calculations will
lead somewhere, worrying that, along the way, one might
have forgotten something, made a tiny and unremarkable
error that will threaten the whole edifice. Louis enjoyed
and loved it all! But then, of course, he made few errors
and his attempts were often successful.

This extraordinary aspect of his personality was conta-
gious. It made the daily experience of working with him
an intense pleasure. He was a seemingly soft driving force,
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not imposing but instead inviting to share a great pleasure.
Even ifmost of the timewewere impressed by the towering
scientist, he was always warmly welcoming and encourag-
ing.

From the mid 1980s to the mid 1990s Louis and I col-
laborated intensely and published 17 articles. The top-
ics range from models in combustion theory to traveling
waves, the moving plane method, eigenvalue problems,
the qualitative theory of elliptic and parabolic nonlinear
equations, and, of course, the maximum principle that
serves as a common thread. He often commented on the
twists and facets of the maximum principles for elliptic
and parabolic PDEs and on how much you could still ex-
plore about it and draw from it. He liked to say “I have
made a living out of the maximum principle.”

When I was visiting the Courant Institute then, the days
followed a routine. We started by reporting on the previ-
ous night’s findings (or on what we had gleaned on the
subway to the Institute). After working in the morning,
we would go for lunch and a special treat was to go to
Chinatown. I remember in particular the restaurant Great
NY Noodletown, where Louis was treated with extreme re-
spect as “the professor” (somehow, they had learned what
an important mathematician he was). Then, we would
stroll back through little Italy, stopping at a coffee house
en route to the Institute. Or, instead of Chinatown, we
would occasionally go to the Second Avenue Deli for a gen-
erous helping of pastrami (although the blissful lethargy
it induced could lead to some of the difficulties in conver-
gence and errors I mentioned).

Mathematical discussions with Louis were enlightening
and not just for the outpouring of great ideas. He shared
all kinds of methodological insights on how to conduct
research. He once explained: “when you want to prove
something, you should look for a counterexample. If you
find one you know you were wrong, and if you don’t, you
gradually understand what it is that makes it work.” I
vividly remember the Sherlock Holmesian “aha!” at the
whiteboard when something became clear, or when he
would approve of a suggestion. Also, the unmistakable
look, from above his spectacles, when he was dubious of
or surprised by what you said, or found something fun.

He was a great practitioner of the art of conversation.
Our mathematical discussions were always intertwined
with other topics. We could start talking about our projects
and often at some point, we would drift into more mun-
dane subjects, such as books, movies, politics, restaurants,
music, the French, Italy … all topics very important for
him. We often diverged, especially on movies, and he ac-
cused me of “French formalism.” But it was great fun and
stimulating to talk with him, advancing viewpoints, and
risking, here too, to get his famous glance from above the

spectacles. And then, at some point, all of sudden, in the
middle of something completely different, he would say:
“I have an idea” and we would get back to our topic of the
day. Mathematics with Louis was interwoven in the fabric
of life.

Louis’ charisma was gentle and seemingly subdued (ex-
cept when ordering in restaurants). Yet this made it all the
stronger not only inmathematics but also in life in general.
He never imposed, but you felt compelled by his example.
He was a man of very strong principles and Louis was very
much inspiring in this respect as well.

His lectures were always a treat. Invariably witty, fun,
and beautiful, they were fascinating and stimulating. They
were also deep and generous—they allowed you to get a
sense of his vision. Even when I heard him talk about
our joint work, not only was it fascinating to hear how
he would stage the problems and mathematical develop-
ments, but I could always also glean something new and
inspiring, like unexpected connections between things.
Later in life, lecturing from a wheelchair, he was still able
to captivate audiences in a unique manner. Louis’ mind re-
mained sharp until the end. A few years ago, as his health
declined, he wrote me in an email: “I am still working on
some problems, and everything I try fails, but it is still fun
to try.”

Gang Tian

Figure 19. Louis Nirenberg
accepts an Honorary
Professorship from Peking
University. Left to right:
Yanyan Li, Louis Nirenberg,
Gang Tian. Manhattan, 2016.

I first heard about Louis
Nirenberg from my former
adviser, K. C. Chang, at
Peking University in early
1982. Professor Chang had
just come back from the
USA where he visited the
Courant Institute of Math-
ematical Sciences and be-
came a friend of Louis. We
studied Louis’ work on non-
linear analysis. In 1983,
we read his breakthrough
joint paper with L. Caffarelli,
J. Kohn, and J. Spruck on
Monge-Ampère equations. I
was immediately attracted to Monge-Ampère equations
and proved a new estimate of high order as a part of my
Masters degree thesis at PKU. His work has influenced me
a lot inmy later work which involvesMonge-Ampère equa-
tions.

Gang Tian is a chair professor of mathematics at Peking University, and an
emeritus professor of mathematics at Princeton University. His email address
is gtian@math.pku.edu.cn.
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I first met Louis in the spring of 1990 when he was giv-
ing a lecture at Princeton University. We chatted and he
invited me to visit the Courant Institute. I felt very hon-
ored and happily accepted. A year later, I took a job offer
from the Courant Institute. I think that it was Louis who
initiated the process of bringing me to Courant. I always
felt fortunate to become a member of the Courant family.
My stay at Courant was one of my best times in my mathe-
matical career, where I established a mathematical theory
for quantum cohomology and introduced the notion of
K-stability.

When I was working at Courant, Louis and I often met
to talk about mathematics and other things. I learned a
lot from him on mathematics, history, restaurants, and
museums. He was always patient to listen to my new re-
search work, even on some topics which were not close to
his research interests, and gave very good advice. When
I proved that the existence of Kähler-Einstein metrics im-
plies the K-stability, I gave him a detailed presentation on
its proof which uses complex Monge-Ampère equations.
He told me some history on the study of complex Monge-
Ampère equations and commented that the proof was not
standard. This result was published in Inventiones and be-
came my most cited work so far. I am very grateful for his
generous support during my career, from which I continue
to benefit.

I also learnedmany things from him besides mathemat-
ics. One day in early 1995, a few friends gathered with
Louis to celebrate his 70th birthday. After dinner, we went
to his home in New York City for drinks. He brought out a
bottle of Grappa from 1904. This was the first time I tried
Grappa, a very exceptional one, and learned that it is an
Italian hard liquor. Since then, I have often had a glass of
Grappa after an Italian dinner.

In 2016, because of his outstanding contributions,
Peking University offered him an honorary professorship
which he accepted. I had the honor of presenting the cer-
tificate to him in New York City. So his passing is not only
a loss for the Courant family but also for Peking University
and the whole mathematical community.

Gabriella Tarantello
It was a quiet Sundaymorning when the phone rang. I was
working and taking advantage of that calm moment, to
check the details of a geometrical inequality I came across
while learning about Teichmuller’s theory of Riemann sur-
faces. I knew with whom I was going to discuss it first.
I anticipated a nice conversation over the phone, getting

Gabriella Tarantello is a professor of mathematics at University of Rome “Tor
Vergata.” Her email address is tarantel@axp.mat.uniroma2.it.

his (always needed) encouragement and the comfort of his
sheer happiness to see me busy and involved in a new re-
search project.

But Louis Nirenberg had passed away a few hours ear-
lier, so I learnt from the colleague who had just called.

My first thought went to Nanette, Louis’ lady friend, in
mourning alone in Paris. Louis had been waiting with
moving eagerness to see her again in New York in a few
weeks.

Then I was overwhelmed with a thousand memories.
It made me smile to recall Louis insisting on the fact

that he had been only a lucky (rather than exceptional)
mathematician. Actually, the lucky ones were all of us, the
great family of students, collaborators, and colleagues who
could always count on his exquisite friendship, availability,
and generosity.

Louis Nirenberg loved Italy. So when I had to make the
crucial decision to move back he provided a thousand ar-
guments why I should not hesitate. But really what I could
not ignore was that every time Louis came back from a trip
to Italy he was rejuvenated and in splendid spirits. Always,
he would come back with fantastic stories to tell. And
indeed he was an extraordinarily funny story teller. For
example, I can still see him describing the struggle to ac-
quire a beautiful set of Italian ceramics from a skilled artist
(also described as an extremely good seller) who would
not bend over the high price. But Louis could not resist
such a challenge and finally got the ceramics after an in-
credibly long but successful negotiation.

There is no doubt that learning and discussing mathe-
matics with Louis Nirenberg has forged my style as a math-
ematician. I admired the collaborative atmosphere that
Louis helped to create among his students and collabo-
rators. There is a strong bond that keeps us close and
connected (mathematically and otherwise) in a very spe-
cial way. From Louis’ teaching we acquired a certain taste
for a “good problem” or a “nice proof,” which makes us
strive to reach far beyond the mere technicalities. Still we
prized Louis’ great ability to carry out involved technical
arguments with elegance till the last detail.

I had only to knock on the door connecting our adja-
cent offices to have the privilege to learn more about many
beautiful inequalities and estimates and the secrets of their
making. Louis was always available for discussions with us
students.

To encourage us in those moments when nothing
seemed to work, Louis would say that a good mathemati-
cian can hope to have (on average) at most two original
ideas in a year. This, translated into the current lingo,
means at most two publications per year. Perhaps it would
be appropriate to reaffirm this principle with the younger
generations.
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Louis loved to eat well and in the company of dear
friends. Chinese cuisine was his favorite. We had a thou-
sand lunches and dinners (often in Chinatown) in search
of the “best” Chinese restaurant in town, following the sug-
gestions and in the company of Louis’ many students from
China. So when I finally confessed to him that my favorite
cuisine was Japanese, he smiled, saying: “nobody is per-
fect!”

Instead, we shared the same passion for movies and
enjoyed going to the cinema. In one of the endless dis-
cussions about the last film we had seen (our tastes often
diverged) I happened to tell him that in my childhood I
spent every Sunday afternoon in the Cinema Hall (held
by the parish) of the small village of Abruzzo where I grew
up, viewing the same film over and over again. Louis’ com-
ment on this story was: “it just proves that you were a born
mathematician!”

Louis’ humor is well known. Amazingly he had a good
joke to tell on any occasion. That includes the very last
time I saw him in New York, when he had yet another Yid-
dish joke to tell. It was so funny I had tears in my eyes
after the big laughter. Different are the tears in my eyes
now, while I recall those unforgettable marking moments
of my life.

I’m not going to talk about Louis’ deep and elegant
mathematical results, which have nourished generations
of analysts over the years and all over the world. For them
Louis has received many prestigious awards. I only wish
to recall that together with Louis and Nanette we watched
(at a hotel in Rome) the video of the Abel Award. This is
my favorite video of Louis. He is irresistible in just being
himself—overwhelmingly funny, sweet, witty, and (above
all) a nice human being. I was so terribly proud of him
and finally I found the courage to tell him right then.

Yanyan Li
Louis was my PhD thesis advisor from 1984 to 1988. It
was my good fortune and privilege to be able to meet him
regularly and work with him closely. He was an excep-
tional mathematician. He influenced my way of thinking
and taught me much mathematics. Over time, Louis and I
developed a father-and-son relationship. On several occa-
sions, he introduced me to his friends saying he regarded
me as his son, and I also looked up to him as a father figure.
Louis had a significant personal impact on my life and the
world is very different for me without him.

Louis was superb in guiding his students. He left
enough time and space for students, and always sought to

Yanyan Li is a Distinguished Professor of Mathematics at Rutgers University.
His email address is yyli@math.rutgers.edu.

Figure 20. Left to right: Yanyan Li, Louis Nirenberg, Marjorie
Lee, Ray Michalek, Nanette Aubin. Flushing, 2006.

encourage and support them. In my case, Louis suggested
problems for me to work on and papers to read, which led
me to discover problems that were to my interest. Having
the office adjacent to his gave me access to the abundant
file cabinets filled with papers he had kept. Furthermore,
Louis had many distinguished visitors with whom I was
able to talk (and often also share a meal). This exposed
me to the state of the art in various research fields, and
created lifelong friendships.

The first problem Louis suggested to me was to define
an integer-valued degree for second order fully nonlinear
elliptic operators. A mod 2 degree for proper Fredholm
maps of index zero was defined by S. Smale in 1965. One
day, after working on it for quite some time without suc-
cess, I presented Louis a number of attempts I had tried.
Then Louis went to the board and made attacks on the
problem with long computations. Within a month of that
day, I successfully solved the problem. Apparently, Louis
had put me on the right track without me even knowing!

During the period from 1998 through 2013, Louis and I
published 13 papers on a number of subjects including el-
liptic systems describing composite materials, Finsler met-
rics and Hamilton-Jacobi equations, extension of a result
of A. D. Alexandrov on embedded constant mean curva-
ture hypersufaces, and, joint with Luis Caffarelli, on singu-
lar solutions of nonlinear elliptic equations. Louis and I
met regularly and discussed mathematics until December
2019. Most of our mathematical discussions were at his
home. For many years, we used to start a routine work-
ing day with a late breakfast of Danish pastry and espresso
fromZabar’s, thenweworked onmathematics. In between
mathematical discussions, we used to have lunch in restau-
rants nearby. We also had many mathematical discussions
when our trajectories to international conferences or visits
to universities overlapped. Among those conferences there
were about ten held in his honor. How much Louis was
loved and respected among mathematicians worldwide!

Talking with Louis was great. His wisdom went far be-
yond mathematics, and he also had wonderful jokes on
almost every occasion. He had a positive and uplifting
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attitude towards life, and each time after meeting him the
world seemed brighter to me, making me happier and
more energetic.

Lastly, Louis loved delicious food. MywifeMarjorie and
I regularly had dinners with him, along with Sue or, later,
Nanette, Louis’ sister Debby, and Ray (Michalek). Louis
was very passionate about discovering new restaurants and
trying them out withmy family, and we always had a pleas-
ant time. We sampled a variety of cuisines and restaurants
— especially many Chinese restaurants, including a num-
ber of them in Flushing, which he liked a lot. Most impor-
tantly, Louis’ consistent optimistic view on life and witty
humor will forever be remembered and will continue to
have a lasting impact on my life. He lived his life to the
fullest and continued to age 94 having a sharp mind that
motivated others around him. We all love and miss Louis
greatly!

Isabeau Birindelli
I was a PhD student at the Courant Institute 1987–1992,
and Louis Nirenberg was my advisor. He was an outstand-
ing advisor—very dedicated to his students. He didn’t as-
sign specific problems, and this was a great source of anx-
iety for us. Rather, he would suggest articles to read—
expecting that problems to be solved would emerge from
the natural questions one should ask oneself while read-
ing good mathematics. When you went to his office with
what you thought was a good but complicated idea, he
would come up with a simple counterexample—one that
didn’t just show you were wrong, but also indicated how
to proceed on the right path. He taught me to study sim-
ple cases in order to solvemore complicated ones. In order
to give a hint of Louis as an advisor, I recall that one day,
for reasons I can’t remember, Louis suggested we work at
his home. I loved going there, it reminded me a bit of my
family home, with memories of his travels, his beautiful
masks, and Sue was extremely welcoming. I was stuck on
a problem; I needed to construct a barrier function and the
natural candidate was the principal eigenfunction of some
operator. He had a whiteboard in his study and I used it
to explain that the eigenfunction was “not enough,” that
I needed some “forcing term,” modifying the equation on
the board accordingly. I said “but then by the maximum
principle the solution would have the wrong sign.” He
looked at me in silence for a couple of seconds, and I froze.
When he looked at you this way there were two possible
causes: either you hadn’t closed the special whiteboard
pen or you just said something wrong. Then I realized that

Isabeau Birindelli is a professor of mathematics at Sapienza Università di Roma.
Her email address is isabeau@mat.uniroma1.it.

Figure 21. Left to right: Louis Nirenberg, Peter Lax, Isabeau
Birindelli, Mila Spani, Fang-Hua Lin, Jalal Shatah. PhD thesis
defense of Isabeau, 1992.

we were not within the hypothesis of the maximum prin-
ciple! That was good, but left me with a great uncertainty.
Suddenly Louis’ expression changed and with a slight ex-
citement, that would require a better writer to describe, he
suggested “it could very well be that the sign of the eigen-
function propagates above the principal eigenvalue, a sort
of anti-maximum principle . . . .” I still had to prove it, but
by the expression on his face I knew that it would be pos-
sible to do it. The anti-maximum principle became one of
the main results of my thesis.

The best lunch I had in my life was with him and Henri
Berestycki, at Katz’s Delicatessen. At the time Louis was
working with Berestycki, who often visited the Courant In-
stitute. Louis invited me to lunch, as an occasion for me
to talk to Berestycki about my PhD problem. But things
turned out completely differently, probably due to the very
special atmosphere at Katz’s Delicatessen. They started
competing in who could be more funny and witty, in a
sort of dialectic “duel” that would have certainly been in-
serted in amovie hadWoody Allen been present. I am very
sorry not to have recorded it.

Louis Nirenberg was a great mathematician, winner of
many of the most important prizes in mathematics. But
he also had another great talent, as every one of us that
had the privilege to know him can confirm—a talent that
doesn’t give prizes but gives friends: he had a terrific sense
of humor. Louis was always ready with a joke, a story, a
witty remark, a punch line, ready to surprise and make you
laugh especially since it was told with great seriousness.

Looking at you above his glasses with eyes that sparkled
with intelligence, he had the capacity to make you feel wel-
come and scrutinized at the same time. He used to say
that the mathematical community was like a large family
which hewas happy tomeet around theworld in all the dif-
ferent conferences and university gatherings. If someone
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from this “family” was not present he would send him/her
a postcard, having everyone signing it. He loved life in
its many aspects, he was fascinated by the feminine world,
he was a great lover of movies and of New York City, he
was always happy to come to Italy where he appreciated
food, art, history and where he had many friends. Until
the very last months of his life, whenever someone sug-
gested a good book, some restaurant, a special movie, a
good show he would take out his little black book and
would take note of the recommendation in his unreadable
script. (I hope these notebooks still exist—they must be
full of suggestions—though I am not sure anyone would
be able to read them.) Curiosity, in the broad sense of the
term, kept his mind young and sharp until the end.

Dear Louis: the world is a little less interesting without
you, and your mathematical family misses you.
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OPINION

Mathematical Art
as a Discipline

Frank A. Farris

Note: The opinions expressed here are not necessarily those of Notices.

Every year, more people become involved in making math-
ematical art. More than a vehicle for outreach or amethod-
ology for discovery, mathematical art has become a disci-
pline in its own right, with community norms, journals,
and conferences. In this article, I explain how our mathe-
matical community will benefit fromdevoting resources to
foster and amplify the lively interdisciplinary interactions
betweenmathematics and art that promise to become even
more exciting in years to come.

The crescendo of energy for mathematical art comes at
a time when many are concerned about access to mathe-
matics, a concern connected to public perception of math-
ematics. The mathematical artist, when recognized as a
distinctive type of interdisciplinary scholar, can help our
community attract the next generation of talent, while also
showing the public that mathematical beauty is available
to everyone. Just as there are ordinary, work-a-day math-
ematicians and the Fields medalists, there will be mathe-
matical artists remembered a century from now and oth-
ers who get credit for modest output. This is the nature
of the academy, but the process of honoring the greatest
accomplishments and acknowledging minor ones begins
by recognizing that there is actually a discipline here.

As with any nascent discipline, mathematical art is still
finding its way. What career path should a next-generation
of mathematical artists pursue? This is not for me to
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say. Instead, I give some history, mentioning many key
mathematical artists whom I admire greatly. Then I out-
line my own path through this landscape, to help readers
see my perspective. With this background, I describe vari-
ous dimensions of the value of mathematical art. I hope
that these observations might have some effect on the
academy, but, more importantly, I hope they will inspire
young mathematicians to consider becoming involved in
the meaningful work of leveraging mathematics to make
art.

Milestones in Mathematical Art
Mathematical art took a wonderful upturn when Reza
Sarhangi and others founded the Bridges Organiza-
tion in 1998 (bridgesmathart.org/reza-sarhangi/).
Running strong as an online event in the summer
of 2021 (bridgesmathart.org/bridges-2021/), the
Bridges Conference brings mathematicians together with
artists from many disciplines. The art exhibition at Bridges
is one of two principal venues for mathematical artists to
share their work and get feedback, the other being the
AMS Mathematical Art Exhibition at the JMM every year
(gallery.bridgesmathart.org/exhibitions/2021
-joint-mathematics-meetings). Though Sarhangi died
in 2016, his energy lives on in the warmth of the Bridges
community.

Another notable development was the founding of
the Mathematical Association of America Special Interest
Group on the Arts (SIGMAA Arts) in 2006. This group
provides opportunities for mathematical artists to present
their work, although neither the organization nor the ses-
sions they organize are exclusively devoted to the subject.
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Each year at the JMM, the seemingly overflowing SIGMAA
Arts sessions include many talks by mathematical artists,
but also a significant number of papers about using vari-
ous kinds of art to support the teaching of mathematics.
Like many other groups, SIGMAA Arts will need to navi-
gate the new relationship between the MAA and the JMM.
Since the art exhibition is sponsored by the AMS, the JMM
is the natural meeting for activities of this MAA-sponsored
group.

On the AMS side, the appointment of Annette Emer-
son as Public Awareness Officer in 2001 turned out to be
quite significant for mathematical artists. Emerson seems
to have been the driving force behind several connected
events. An annual JMM Mathematical Art Exhibit started
small in 2004 and grew steadily. Emerson leveraged this
energy to produce a Mathematical Imagery gallery on the
AMS website, with annual calendars starting in 2011. The
Mathematical Art Exhibition Award was endowed in 2008
to recognize those “whose works demonstrate the beauty
and elegance of mathematics expressed in a visual art
form.” This provided welcome evidence of the value of
mathematical art to the broader mathematical commu-
nity.

Events at ICERM
In 2016, the NSF made a bold move to support visu-
alization and the related discipline of mathematical art
by approving some significant funding: The Institute for
Computational and Experimental Research in Mathemat-
ics (ICERM) held a week-long workshop called Illustrating
Mathematics. The opening three sentences of the descrip-
tive abstract were exactly what I wanted to hear:

Research and outreach are normally thought to di-
vide mathematics in two. This separation is, how-
ever, completely artificial; it is impossible to “find”
a mathematical idea without explaining it. Explo-
ration and exposition are two sides of the same
coin.

The rigors of NSF review probably required the organiz-
ers to explain how this workshop would lead to new the-
orems, but it was refreshing to hear that illustration could
be a research activity, valued in its own right. I have long
questioned the way our community has privileged acts of
discovering the first proof of a theorem over acts of explain-
ing and illustrating it. Shouldn’t finding a novel, or even
an especially beautiful, way to picture something count as
much as finding the first way to prove that it is true?

Perhaps on the strength of my 2015 book [Far15], I
was accepted for the Illustrating Mathematics workshop
in 2016. The company was inspiring. Jeff Weeks told us
about his Geometry Games website; Jesse Louis-Rosenberg
and Jessica Rosenkrantz, principals in an architectural
firm called Nervous System, showed a video of their first

3D-printed dress; Edmund Harriss showed how he had
hacked an industrial router to make mathematical sculp-
tures. Duringmy talk about continuousmethods formath-
ematical art, Mikael Vejdemo Johansson wrote a Twitter-
bot, @symmetric_curve, that uses the formula from
one of my introductory examples [Far96] to spit out a new
animated symmetric curve every four hours. It was a re-
markable workshop.

When ICERM announced a semester-long workshop,
also called Illustrating Mathematics, for Fall 2019, I knew
I had to attend and took steps to be there, against heavy
odds. How fortunate we were to be together in Prov-
idence, before the COVID-19 pandemic set in and the
world changed so! The list of organizers is a who’s who
of experts in visualization: David Bachman, Kelly Delp,
David Dumas, Saul Schleimer, Richard Schwartz, Henry
Segerman, Katherine Stange, and Laura Taalman. Under
their leadership, about 46 of us were able to stay for the
whole semester. Any one of us would tell you that it was a
transformative experience.

About four times during the fall, for week-long special
workshops, our population would approximately double.
Overall, the program hosted 255 visitors! During work-
shops, there would be five hour-long talks each day, most
of which are now available to view through the ICERM
website. Some of the speakers were mainstream mathe-
maticians, focused on using visualization to find the next
theorem to prove. Others were mainstream artists, some
of these more and some less able to articulate their con-
nections to mathematics. Many of us count ourselves as
mathematical artists and it was a good time for everyone
to ponder what that means.

Fortunately, it is not necessary for me to try to mention
all the visitors, because Diana Davis has edited an attrac-
tive volume called Illustrating Mathematics [Dav20] to do
just that. Davis gives each participant a page to describe
their work facing a page to show the work. Two of my fa-
vorites are Silviana Amethyst’s realizations of Barth’s sextic
and Bernat Espigulé’s tree-like 3D prints of families of frac-
tal sets.

Let me relate two stories from the semester at ICERM,
with a preference for reporting events that touched a lit-
tle more on the artistic side than the strictly mathematical
one. I regret that space does not permit me to tell such
stories as how Henry Segerman, Steve Trettel, and others
used virtual reality to explore strange geometries, or how
Aaron Abrams and Stepan Paul made paper with negative
curvature for hyperbolic origami.
WaterFire. If you’ve spent time in Providence, you might
know aboutWaterFire, the recurring nighttime festival that
features fires floating in the two rivers that converge just
upstream from where ICERM is housed at Brown Univer-
sity. It is my favorite public event in the US and I was
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Figure 1. A public art installation by Glen Whitney, shining
some mathematical art from the windows of ICERM.

delighted to learn that the Illustrating Mathematics orga-
nizers planned an evening of public art on a WaterFire
evening early in our term. We reconfigured the lecture hall,
with its ample windows looking out over the festival, into
a public space with display tables all around the perimeter.

As a primarily digital artist, I was short on hands-on
activities, so I offered a couple of movies—vibrating wall-
paper and rotating woven polyhedral shapes—with some
quiet background music. The real energy was provided by
those offering opportunities to interact with things. Ed-
mund Harriss had large polyhedral constructions from his
Curvahedra pieces, which will pop right back into shape if
you compress them. John Edmark had one of his Blooms
machines, creating an illusion of blooming by strobing
a spinning 3D-printed sculpture whose design uses the
mathematics of Fibonacci spirals. Passing by his station, I
marveled at how many times Edmark must have patiently
explained the concept of the golden angle to curious listen-
ers, captivated by the magic of his sculptures, which seem
to grow magically. In one large corner of the room, Glen
Whitney supervised the assembly of a marvelous structure
he had designed, a stellated dodecahedron strung with
lights that could change color according to the instructions
of a microprocessor. Figure 1 shows the assembled struc-
ture, all wired up to flash a dramatic invitation to mathe-
matics above the public festival.

The whole event was outreach at its finest and an artis-
tic creation in its own right. People stayed long after the
scheduled closing, in order towatchWhitney run the lights
in his sculpture through their paces.

Figure 2. The Stanford Bunny realized via mechanical knitting,
by Jim McKann of Carnegie Mellon University.

Computational Textiles Week. Identifying myself primar-
ily as a geometer, I expected the week-long workshop “Il-
lustrating Geometry and Topology,” in the third week of
the semester, to be the high point. It was intense and
did indeed send me off on fruitful investigations, but it
was the “Computational Textiles Working Group” the fol-
lowing week that brought the most unexpected new ideas.
Key organizer Sabetta Matsumoto coordinates an interdis-
ciplinary group at Georgia Tech to study the mechanical
properties of knit fabrics, among other things. I thought it
would be interesting, but not really in my area.

That said, I was intrigued by one of the stated goals of
the working group: “We would like to explore the idea
that knitting and textiles can be a physical embodiment
of ideas in computational geometry.” The first talk, by Jim
McKann of Carnegie Mellon University, was called “The
Future of Knitting Machine Programming.” He outlined
a process whereby a network of knit stitches could be de-
rived from a mesh, which is the fundamental object com-
putational geometers use to describe surfaces. He created
a fine moment of excitement by revealing a mechanically
knitted version of the Stanford Bunny, a staple of graphics
demonstrations, shown in Figure 2.

After a short break, Susan Goldstine of St. Mary’s Col-
lege ofMaryland gave her talk, “Yarn, Stitch, Fabric: Search-
ing for a Theory of Knitted Lace Symmetry.” It became
clear that the question, “What is a stitch?” remains a live
one. Goldstine has won acclaim for her numerous entries
in the Mathematical Art Exhibition and contributions to
Bridges. Exemplifying the mathematical artist who likes
to create a collection of “one of each type,” she has made
various samplers of all frieze and wallpaper patterns that
can be realized in a given medium. Figure 3 shows one
such sampler, where the symmetry diagrams for the friezes
are cleverly knit into the sampler with colored beads
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Figure 3. “The Symmetry Diagrams Themselves,” (Merino/silk
yarn, glass beads, 2018) a sampler of all possible frieze
pattern types, by Susan Goldstine.

(gallery.bridgesmathart.org/exhibitions/2018
-bridges-conference/sgoldstine). Examine Figure 3
to see how beads indicate mirror and glide axes, as well as
centers of 2-fold rotational symmetry.

It was Rebecca Field’s talk, on the “physical properties
of hyperbolic space in relation to the history of clothing
and armor” that set me off on my most fruitful tangent at
ICERM. Field, of JamesMadisonUniversity, passed around
a wonderfully heavy sample of steel chain mail and talked
about her efforts to make a similar 3D-printed material
from collections of linked circles.

All this time, I had been learning to use Grasshopper,
a mathematically friendly plug-in to an architectural de-
sign program called Rhino. (Free versions of some of these
products are available; the interested reader can investigate
Blender and Sverchok.) Dave Bachman had given an intro-
duction to Grasshopper at the 2016 workshop and proved a
patient teacher for anyone who wanted to learn during our
semester in 2019. Before hearing Field’s talk, I had already
implemented the basic knit stitches in Grasshopper; Figure
4 shows ribbing, the pattern obtained by alternating knits
and purls as you proceed along a row. It popped into my
head to ask, “What if I could make wallpaper patterns in

Figure 4. Top: Emulating the ribbing stitch in Rhino with
Grasshopper. Bottom: Mathematical chain mail.

chain mail from rings that aren’t necessarily circles?” Just
a few weeks later, I had printed my first examples, with
helpful assistance from our 3D-printing guru, Laura Taal-
man of James Madison University.

This body of work turned into my paper, “Wallpaper
patterns from non-planar chain mail links,” for the 2020
Bridges conference. I think it’s some of my best work. A
representative example of wallpaper chain mail is shown
in Figure 4.

My Own Experience
How did I enter the world of mathematical art? For per-
sonal reasons, in the mid-’90s, I felt the need to reinvent
myself as a mathematician. My most productive work, es-
pecially a project I began with TomBanchoff during a 1991
sabbatical [BF93], had drawn on my long-time love of vi-
sualization. Indeed, I had taken every computer I had
ever owned to the edges of what it could do in the way
of mathematical graphics. For instance, my Commodore
64 cranked out phase portraits for nonlinear ODEs back
in the mid-’80s.

An accidental encounter with symmetry in plane curves
[Far96] grabbed my attention, and soon I found myself
working out a basis for all the standing waves of a planar
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membrane that had, instead of boundary values, a wall-
paper symmetry condition. Answering that mathematical
question and using it to create images felt like my first real
act as a mathematical artist. As I worked to make the im-
ages more beautiful, and less like diagrams, I felt that I was
doing something new.

Figure 5 shows two wallpaper patterns based on
complex-valued wallpaper functions and photographs, us-
ing the domain coloring algorithm, a term that I coined in
1996. In each case, a particular wave function with wallpa-
per symmetry returns a complex number at each point in
the computed image; that complex number identifies the
content of a pixel in the photograph by assigning a com-
plex coordinate there. Since the functions are smooth, the
features of the pattern appear to be deformations of the
photograph. For instance, the pumpkin pie in the first
inset seems to have morphed into an overly symmetric
carousel horse; the clouds in the second inset lift up as an-
gel wings. My first efforts to make designs like these were
quite primitive by comparison.

In the late ’90s, I gave a colloquium on this work, which
eventually led to my book, Creating Symmery, The Artful
Mathematics of Wallpaper Patterns, published by Princeton
University Press [Far15]. Paul Halmos was in the audience.
He askedme if mywork would have anymeaning indepen-
dent of the images I showed. This is an interesting ques-
tion. My answer at the time was that, yes, it is interesting
to write out bases for the various spaces of functions in-
variant under the action of wallpaper groups on the plane,
but that, no, I probably wouldn’t care about that result if
I didn’t have technology for turning it into images that I
found breathtakingly beautiful. I couldn’t help believing
that my value as a mathematician sank in his assessment.
For me, the potential of these things to become beautiful
gave them significance; for Halmos, not so much.

Just as mathematical publications are appropriately
tested by peer review, so are artworks judged by informed
practitioners. Since I started following my convictions and
pursuing activities like the wallpaper project, I have been
invited to present more than half a dozen academic exhi-
bitions of my artwork, all named as variations of “Sym-
metryScapes.” My artworks have been accepted in juried
shows. I was awarded first prize for Best Photograph, Print,
or Painting in the Mathematical Art Exhibition at the JMM
in 2018.

Working over twenty-five years to learn how to develop
and present artistic works, while also continuing to pur-
sue new mathematical methods in the service of art and
illustration, I now have some credibility as a mathematical
artist. Still, I hope that the next generation of mathemat-
ical artists will not arrive by quite such a strange path as
mine.

Figure 5. Two wallpaper patterns using standing waves and
the photograph shown in the inset. (a) “Carousel Horses from
Pumpkin Pie,” digital print on aluminum, 20” by 20,” 2015. (b)
“Angel Clouds from a Lone Tree,” digital print on aluminum,
20” by 20,” 2016.

The Value of Mathematical Art
What does it matter that I have made lovely patterns and
written careful instructions to show others how to make,
in many cases, every possible example of that type of pat-
tern? The things that I make do indeed delight me and I
have no plans to stop seeking that experience of wonder
that comes when things fall into place just so. But my real
hope is that more institutions support the activity of mak-
ing mathematical art. How far are we from a world where
a department could hire a mathematical artist just as they
would another kind of mathematician? There are several
potential gains when the number of practicing mathemat-
ical artists grows: new entryways to mathematics, a more
positive perception of mathematics as a human activity, a
wealth of creative assignments for our students, and sub-
stantial growth in our understanding of mathematics itself.
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A way into mathematics. Many in ourmathematical com-
munity are awaking to a desperate need to provide better
ways to invite people in, to create more accessible entry-
ways to mathematical activity. I fear that the approach
I saw as a student in the 20th-century, with its emphasis
on manipulating symbols and solving difficult problems
out of context, excludes people whomight thrive inmathe-
matics, solving difficult problems and manipulating those
symbols with joy, if only they had first been able to expe-
rience the beauty of mathematics.

When mathematical artists gain visibility, it helps
young people see that they can become mathematicians
by taking delight in mathematics, whether through visual
art or some other medium.

You may have guessed that I am deeply influenced by
Francis Su’s book, Mathematics for Human Flourishing. I
recommend it highly. Inspired by Su, I have assigned my
geometry students to write essays about Beauty and make
their own artworks. I’ve invited them to engage in Play by
puzzling over some of the charming problems that appear
every few days from Catriona Shearer (now Catriona Agg)
on Twitter, @Cshearer41. If we are looking for one kind
of person, exclusion works fine. Surely, we are looking for
a wide variety of people to become mathematicians, so we
must offer that same wide variety of ways to join in.
Public perception. Apart from the fact that we sometimes
close the door on someone whomight do very well among
us, our community has a problemwith how society at large
tends to perceive us. Even when a young person shows a
conventional talent for mathematics, they could be turned
off if the prejudice of a parent or peer warns them away.
In order to include all who might succeed in mathemat-
ics, our community needs to present to the whole world a
face of mathematics that offers both wonder and welcome.
This is what leads me to say over and over again, “Look
at these beautiful things!” and I am grateful for everyone
who has devoted resources to amplifying this message.

Annette Emerson has retired from the AMS, but her
work to highlight mathematical art to interest and inform
the public will be taken up by others. The recent books
by Stephen Ornes (Math Art: Truth, Beauty, and Equations
[Orn19]) and Lynn Gamwell (Mathematics + Art: A Cul-
tural History [Gam16]) are evidence that publishers see a
demand for information about the topic. I assert, however,
that these efforts will remain a pretty window-dressing un-
less the mathematical community shows that mathemati-
cal artists are authentic, valued participants.
Art for better teaching. Our students engage with the
activities we plan for them, receiving thousands of cues
about what we think mathematics is. Too many genera-
tions of students have been taught that the work-product
of a mathematics class is a set of answers. Online teach-
ing has everyone talking about student cheating. Students

Figure 6. Using compass and straightedge tools to test the
octahedral symmetry of a pattern.

who have been asked to deliver answers may well take
short-cuts to produce them. Suppose our assignments re-
quired more creative engagement?

Here’s one short example of an art-based assignment for
students in my “Survey of Geometry” class, suddenly con-
verted to an online course last spring. We were in the later
chapters of Michael Hitchman’s book, Geometry, with an
Introduction to Cosmic Topology and students already knew
how to create compass-and-straightedge tools in Geogebra
to model spherical geometry, as viewed by stereographic
projection to the complex plane.

Students were asked to use Peter Stampfli’s delightful
Spherical Kaleidoscope [Sta18] to create a pattern with poly-
hedral symmetry, position it correctly in a Geogebra sketch,
and then draw on it in such a way as to show their un-
derstanding of the symmetry of the pattern. My own solu-
tion, in Figure 6, shows a pattern with octahedral symme-
try, created with the kaleidoscope from a photograph of
red cherries in a bowl next to some rainbow chard, viewed
by stereographic projection. The cream-colored circle is
a great circle that passes through four of the vertices of
the octahedron, colored with the deep green of the chard.
(An unseen vertex has been blown away to infinity.) The
various black circles represent small circles on the sphere,
centered at two of the octahedral vertices. Two of them
show that the octahedral face centers—centers of 3-fold ro-
tational symmetry colored red by the cherries—are equidis-
tant from the vertices, as they should be. Another pair
show that the edge centers—centers of 2-fold symmetry
colored by the chard stems—are likewise equidistant from
the vertices.

Students enjoyed creating their own patterns. Those un-
successful in presenting a coherent display like this one
were given the opportunity to try again. It was a popular
assignment during difficult times.
Serving mathematics itself. Mathematical art, like math-
ematical exposition, does something that badly needs do-
ing in mathematics: It helps us see the whole. Twentieth
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century mathematics, in my opinion, looked like a tangle
of branches ever expanding outward, with little effort to
connect back to the original inquiries that sparked inves-
tigation of an area. Since mathematical accomplishments
are valued largely by the experts in narrow fields, it has
been perhaps too easy to lose sight of their value to the
larger community.

Both exposition and art call for us to put things together,
to connect ideas back to the trunk of mathematics. If these
creative endeavors are not valued by the academy, we lose
opportunities to explain and defend our activities to the
rest of humanity. Furthermore, exposition and art both
bring energy to mathematicians of all stripes by creating a
common feeling that, yes, this is a truly beautiful part of
the human experience.

Conclusion
If I have convinced you that mathematical art is a dis-
cipline that deserves recognition, what steps might you
take to promote it? Anyone teaching mathematics at any
level can help their students join the exciting expansion
of mathematical art. You could welcome your students’
artistic expressions into the classroom or ask them to find
an artwork relevant to their classwork at the Bridges gal-
leries (gallery.bridgesmathart.org/). If you had just
a small budget, you could purchase some mathematical
art and invite the artist to give a talk about it.

If youwish to get involved yourself, there aremanyways
to begin and people ready to help. Energized by Bridges
2017 in Waterloo, Vincent Matsko, then at the University
of San Francisco, began to organize monthly meetings for
mathematical artists in the San Francisco Bay Area. This
group continues today as BAAM! (Bay Area Art and Math,
with an exlamation point just because). During the pan-
demic, we began to meet virtually, so that people like
Roger Antonsen (University of Oslo, Norway), who ener-
gized the ICERM semester by his ability to code a tool to
visualize a concept by the time the talk about it ended, can
attend from afar. Our group is just one example of a lo-
cal community that welcomes new participants in the field.
Contact me if you would like to join.

An important step in my own career was the invitation
to serve as Benedict Distinguished Professor at Carleton
College, where I taught the course whose list of topics be-
came the chapters of my book. If your department has
the resources to issue such an invitation, consider how a
mathematical artist would enrich your community. If you
already have amathematical artist in your department, you
can speak up to dispel doubts about the value of their con-
tributions. In other words, you can support the idea that
this work, having passed peer review, is “real” and should
“count” in the evaluation of scholarship.

The highest level of commitment would be to help
create a position in your department for a mathematical

artist. Mathematical artists open doors for potential math-
ematicians who may have been failed by conventional
approaches. We show the public that our world cares
about what they think, see, and know about mathemat-
ics. Mathematical artists can help instructors find engag-
ing challenges that show students that mathematics has
many kinds of beauty. Best of all, mathematical artists,
whether by literal illustration or dreamy imaginings, have
the potential to help everyone to better understand and
enjoy mathematics itself.
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Heard begins his journey through Victorian mathematics 
by giving a wide overview of mathematics in Britain in a 
succinct but unrushed way, starting from John Dee’s math-
ematical preface to Euclid’s Elements of 1570 to the 1850s. 
Central to this overview is the role of “mixed” mathematics 
(“a term for which the modern ‘applied mathematics’ is 
almost, but not quite, a synonym” [p. 2]) as a servant to 
natural philosophy. Another important theme is the rift 
between British and Continental mathematics that began 
with the Newton/Leibniz priority controversy in the late 
seventeenth century. This controversy persisted as a divi-
sive force into the beginning of the nineteenth century, 
with British mathematicians following different research 
paths using different notation, so much so that they could 
barely decipher the work of their Continental counterparts. 
These barriers began to weaken as mathematicians such as 
James Toplis, Robert Woodhouse, and the undergraduate 
members of the Analytical Society introduced Continental 
methods into British mathematics, especially the mathe-
matics of Cambridge. 

Heard pursues themes of mathematical isolation and 
self-styled heroicism in the Victorian period through four 
case studies. He highlights the pure mathematical careers 
of J. W. L. Glaisher, H. J. S. Smith, Henry Baker, and Percy 
MacMahon. At center stage are the frustrations these men 
felt while pursuing pure mathematical research in Britain. 
For example, H. J. S. Smith’s life at Oxford was mathemat-
ically isolating, and he was buried in administrative work. 
Although his work in number theory was in line with what 
was being done on the Continent, it became clear that it 
had been ignored by the mathematicians there when the 
Académie des Sciences set as its 1882 Grand Prix question 
a problem that Smith had published a solution to fifteen 
years earlier. Glaisher experienced great success in his 
teaching duties as a Cambridge lecturer and in his service 
to many learned societies. However, he was held back in his 

From Servant to Queen: A Journey 
through Victorian Mathematics  
by John Heard

What is pure mathematics good 
for? Today’s mathematicians are 
faced with this question on a daily 
basis, especially when applying for 
grants or appealing to university 
administrations. Our STEM-fo-
cused world holds many parallels 
with Victorian Britain, associated 

by many today with usefulness, technical innovation, and 
practicality. Where did pure mathematics fit in that time 
and place, and how was it viewed by the public? In fact, the 
practice of pure mathematics and its public reputation un-
derwent significant change in Britain during Victoria’s more 
than six-decade reign. John Heard’s From Servant to Queen: 
A Journey through Victorian Mathematics seeks to track this 
change. In this concise volume of 267 pages, Heard “stresses 
pure mathematicians in society, rather than the content of 
pure mathematics itself… The actual content of mathemat-
ics is not absent from this story, but it does take a back seat”  
[p. 8]. The central question of the book is how pure math-
ematics, a discipline commonly regarded as having no im-
mediate practical uses, emerged as a respected field of study 
in Britain during an era when utility was so highly prized. 
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mathematics. From its humble beginnings as a student 
organization of University College London, the LMS soon 
cultivated a membership that was heavy with Cambridge 
wranglers (those who had scored highest on the Tripos), 
and “the combination of a Cambridge education and 
membership of the LMS came to dominate the Victorian 
pure mathematical scene” [p. 56]. The Society’s Proceedings 
followed a strict refereeing policy and contained high-level 
content. Using data from the reviews of the Jahrbuch über die 
Fortschritte der Mathematik, Heard gives a general overview 
of pure mathematics journal publications in Britain from 
1868 to 1900 and points out that besides sustaining their 
own journal, LMS members authored the lion’s share of all 
British pure mathematical journal publications. 

Heard argues that Cambridge mathematics came to 
dominate the Society and its Proceedings, and international 
contributions weakened during the century. “Thus the 
Proceedings was ineffective as a means of keeping British 
mathematicians abreast of developments on the Continent, 
and members who relied on it for this purpose would have 
had a very one-sided view of mathematical progress” [p. 
83]. Heard equates “international” with “Continental” in 
this discussion. While not numerous, the number of inter-
national contributions in the Proceedings actually doubled 
from the 1880s to 1890s, due in large part to J. H. Michell 
in Australia and US contributors such as L. E. Dickson, E. 
H. Moore, G. A. Miller, and W. E. Story [1, p. 245]. Again, 
this discussion could have benefitted from recognizing and 
analyzing the ties between British pure mathematicians and 
those in the US and the British Empire. 

Besides its Proceedings, Heard considers other ways the 
LMS defined its mission as a society. Interpreting its “Rule 
1,” which gave as the Society’s goals “the promotion and 
extension of Mathematical knowledge,” [p. 81] as an im-
perative to avoid controversy, the LMS drew strict limits 
on what topics it would consider; for example, it deemed 
all discussion of mathematics education strictly outside of 
its purview. This limited role promoted peaceful meetings 
but limited the potential lobbying power the Society might 
have had for mathematics. Heard also argues that the LMS 
missed an opportunity at forging international ties and 
emerging scholars by awarding its De Morgan medal to old 
guard British members as opposed to younger or foreign 
mathematicians. 

After dismissing the LMS as a legitimizing force for pure 
mathematicians in Victorian Britain, Heard then considers 
two “apologias for pure mathematicians,” one made by 
James Joseph Sylvester in 1869 and another by H. J. S. 
Smith in 1876. Sylvester, in response to a criticism of pure 
mathematics by T. H. Huxley, likened the discoveries of 
pure mathematicians to those of an explorer in the wild. In 
his presidential address to the LMS, Smith defended pure 
mathematics as “a necessary concomitant of a vigorous and 
expanding Empire” [p. 208]. While Heard critiques both of 
these defenses of pure mathematics and then deems them 

analytical research by Cambridge mathematical traditions. 
As the sole editor of the Quarterly Journal of Pure and Applied 
Mathematics and the Messenger of Mathematics for decades, 
he provided financial support for the journals and gave 
young researchers the opportunity to publish mathemat-
ics, but he also struggled to fill these outlets with quality 
content. Baker, also at Cambridge, felt his “old school” 
approach to the theory of functions was losing relevancy 
and made a successful change in his research track to ge-
ometry. Both Glaisher and Baker recognized the importance 
of forming research schools and attracting students. For his 
part, Glaisher advocated reforms to the Cambridge Math-
ematical Tripos examination, and Baker hosted research 
“tea parties” that stoked his school of geometry. However, 
Heard argues that “the British clung to a vision of the math-
ematician as hero, engaged in a personal struggle with his 
symbols and equations” [p. 126]. Moreover, as compared to 
the new German non-constructive proof methods, “British 
mathematicians, many of whom regarded these new forms 
of ‘proof’ with suspicion, clung to the heroic methods of 
constructive proof that had been so productive for Cayley 
and Sylvester” [p. 127]. Such heroic acts of calculation were 
well fitted to Percy MacMahon’s mathematical abilities, 
where he successfully pursued first invariant theory and 
later combinatorics.

Continuing with his theme of mathematical isolation, 
Heard characterizes Victorian Britain generally as an “inter-
national backwater” [p. 145]. It would be helpful to put the 
situation in Victorian Britain into context by contrasting it 
against something more fine-grained than the concept of 
the “Continent.” Moreover, an examination of connections 
with the US and the British Empire would have painted a 
more complete picture. Broad-brush statements such as 
“few British authors published pure mathematics in for-
eign-language journals, with an average annual total output 
of less than 25 pages” [p. 139] miss out on intermittent 
but significant efforts by British pure mathematicians to 
publish abroad [2, p. 85]. Heard is right to say that the 
number of British pure mathematicians who participated in 
print internationally was limited, but averages miss a core 
group of pure mathematicians who did actively participate.

Through several more case studies, Heard puts Victo-
rian applied mathematicians into a much more flattering 
light than their pure mathematical counterparts. James 
Clerk Maxwell, Lord Rayleigh, William Thomson, George 
Gabriel Stokes, W. K. Clifford, and George Biddell Airy 
are presented as men whose work in applied mathematics 
earned them public interest and acclaim. Unifying these 
applied mathematical case studies are the questions that 
surrounded the existence of an ether as opposed to a vac-
uum in the universe. 

In this environment of public approbation for applied 
mathematics, how did pure mathematicians justify their 
practices? Heard first considers the role of the London 
Mathematical Society (LMS) in legitimizing British pure 
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as ineffectual, he does not provide any contemporary evi-
dence of the public’s negative reaction to them. 

Heard’s final chapter presents what he believes was the 
crucial argument pure mathematicians found to legitimize 
their discipline to the Victorian public. He begins with 
Walter Pater’s 1873 Studies in the History of the Renaissance, 
which reframed how one should appreciate art and beauty, 
and the ensuing Aesthetic “tendency” embraced by “a 
flamboyant group of artists and writers led by the painter 
James McNeill Whistler and, later, by the poet, essayist and 
playwright Oscar Wilde” [p. 215]. By 1883, George Salmon 
wrote in the journal Nature an appreciation of Arthur Cay-
ley as “an artist, a maker and contemplator of the beautiful, 
and thereby allied him not with Scientists… but with poets 
and painters” [p. 220]. Heard claims that this reframing 
of the pure mathematician as a creator of beauty “would 
eventually reverse the relative degrees of esteem in which 
pure and applied mathematicians were held. Consequently, 
by the turn of the century pure mathematics in Britain had 
gained a permanent place alongside other disciplines that 
were deemed to be worthy of a lifetime’s study” [p. 226]. As 
evidence of the public’s opinion of pure mathematicians, 
Heard gives the examples of an 1883 poem from Punch, 
a popular satirical magazine, and Miss Cayley’s Stories, a 
series published in the Strand Magazine in the late 1890s 
and subsequently published as a book. More evidence 
of the public’s changing views on pure mathematics and 
mathematicians would have been a welcome addition to 
this chapter.

The Mathematical Tripos eventually abolished ranking 
its wranglers; Heard would do well to follow suit. State-
ments such as “no British pure mathematician could be 
mentioned in the same breath as the greatest of the Conti-
nentals” [p. 245] obscure more useful observations about 
how these mathematicians at the time saw themselves and 
their colleagues.1 

Overall, Heard writes in a very engaging and interesting 
style. He has a knack of taking a “wide-angle-lens” view of 
the history of mathematics that would appeal to the gen-
eral reader, and he makes connections that are interesting 
and unexpected. While this approach has many virtues, it 
artificially straightens some of the curves in the road on the 
journey through Victorian mathematics. Heard’s aesthetic 
argument is compelling, but he seems to attribute the 
entirety of Britain’s acceptance and appreciation of pure 
mathematicians to it. In order to meet that high bar, his 
argument needs more contemporary evidence, interna-
tional context, and attention to the existing literature (for 
example, [3]). 

Sloan Evans 
Despeaux

1For a similar view on what can be lost when placing modern rankings on 
mathematics and mathematicians of the past, see [4]. 

http://www.ams.org/mathscinet-getitem?mr=2885274
http://www.ams.org/mathscinet-getitem?mr=2417934
http://www.ams.org/mathscinet-getitem?mr=2703853
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The Two-Minute Puzzle Book: 
Puzzles to Train Your Brain  

by David Goodman and Ilan Garibi

The Two-Minute Puzzle Book con-
tinues in the tradition of the 
authors’ recent books The Paper 
Puzzle Book: All You Need is Paper! 
(with Yossi Elran) and The Tan-
gram Puzzle Book: A New Approach 
to the Classic Pieces. The book is 
divided into nine chapters, each 
of which is devoted to a number 

that features prominently in all of that chapter’s prob-
lems. For example, the chapter entitled “FOUR Corners of 
the Earth” contains gems such as “In a 4×4×4 cube, how 
many chess queens can you position, such that no queen 
threatens another?” and “Arrange eleven matches to create 
four squares in total. Every edge of a square must be a full 
match.” Each chapter concludes with complete solutions 
to its problems, although subtle hints are also available in 
the appendix.

The puzzles were created for the “Two-Minute Puzzles” 
session of the Israeli version of the “Gathering 4 Gardner” 
conference, which honors the legacy of Martin Gardner 
(1914–2010), the legendary mathematical expositor and 
puzzle connoisseur. Most of the problems have a geometric 
flavor, and concern the placement of matchsticks, coins, 
and cubes, or the folding and cutting of paper. The Two-Min-
ute Puzzle Book features many dozens of illustrations, often 
several per page. As the title implies, the problems can 
be solved quickly (if one has the right perspective!). The 
solutions are full of “a-ha moments.”

The Two-Minute Puzzle Book will delight lovers of mathe-
matical puzzles, particularly those who appreciate puzzles 
of a geometric sort.

Gaming the Metrics:  
Misconduct and Manipulation  
in Academic Research 

Edited by Mario Biagioli  
and Alexandra Lippman 

This edited volume contains twen-
ty-one insightful articles, writ-
ten by a host of scholars from 
various disciplines, about the 
metric-driven, “impact”-obsessed 
approach to the evaluation of 
academic research.  As the econo-
mist Charles Goodhart observed 

back in 1975, once a metric is used for evaluation, those 
being evaluated will quickly learn how to “game” the met-
ric, hence reducing, or completely negating, the metric’s 
effectiveness.

While not all of the articles are directly related to math-
ematics, quite a few are authored by mathematicians or 
academics in closely allied fields. Most are uncomfortably 
relevant to the “impact or perish” model that now domi-
nates the assessment of academic productivity.  The articles, 
each of which is erudite and informative, are organized 
into four main parts: “Beyond and Before Metrics” (five 
articles), “Collaborative Manipulations” (four articles), 
“Interventions: Notes from the Field” (eight articles), and 
“Mimicry for Parody or Profit” (four articles).  It is difficult 
to describe the breadth and variety of these essays here.  
They touch upon the bizarre story of Ike Ankare (the fic-
tional researcher who briefly became, according to “gamed” 
metrics, more “impactful” than Albert Einstein), predatory 
journals and conferences, the widespread publication of 
computer-generated research papers, and a new breed of 
administrators tasked with boosting global rankings by 
any means possible.

This volume, while academic in nature, is highly read-
able and suitable for any professional mathematician 
(or administrator) concerned with, or interested in, the 
increasing ramifications of “impact” and “metrics” in the 
evaluation of faculty productivity.
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makes sense to abandon the simultaneous approach. Even-
tually we get separate chapters devoted to groups (first) and 
rings, but by now the students have developed a degree of 
intuition, they know where the ideas came from, they know 
how those ideas connect to what came before, and they see 
the analogies—they are thinking algebraically.

And, even then, Sibley’s commitment to building intu-
ition comes through in the exercises. There are hundreds 
of get-your-hands-dirty-with-concrete-examples exercises, 
deep project-type exercises, and invitations to undergrad-
uate research. The book is titled perfectly, the student who 
reads it, and works these beautiful intuition-building exer-
cises, is indeed going to be thinking algebraically. 

Combinatorics: The Art of 
Counting 
by Bruce E. Sagan

Sagan, like Sibley, is laser-fo-
cused on building intuition. The 
exposition in this book is wel-
coming and packed with moti-
vating examples and clear-eyed 
descriptions of how to think 
about the concepts and struc-
tures of combinatorics. The book 
is intended for a first-year grad-
uate or advanced undergraduate 

course in combinatorics with an emphasis on counting. All 
the standard things are counted: graphs, trees, partitions, 
paths, patterns, and permutations. And all the standard 
techniques are here, and some uncommon ones as well: 
cyclic sieving, pattern avoidance, combinatorial reciprocity, 
quotient posets. The prerequisite bar is low, requiring only 
a thorough grounding in linear algebra, some exposure to 
abstract algebra, and a modest amount of mathematical 
maturity. The problems are compelling and intriguing. 
The great strength of the book is the effort extended by the 
author not just to show readers the ideas, but to help them 
learn how to think about the structures and see thematic 
strands in the subject. In his preface the author uses the 
word “leisurely” to describe his approach, I think I would 
say “inviting.”

Thinking Algebraically 
by Thomas Q. Sibley

When looking for a textbook 
for the undergraduate abstract 
algebra course probably the first 
thing you ask is groups-first or 
rings-first. Your preference says 
something about your philo-
sophical stance on teaching and 
learning. Groups are simple, 
more fundamental, and ubiqui-
tous. If you value systematically 
building logical structures and 

starting from the simplest possible place, then you do 
groups first. On the other hand, rings have a more com-
plicated algebraic structure but every number system your 
students know and have experience with, starting with the 
integers, is a ring. If you think that building intuition on 
a student’s existing mental conceptions is important and 
pedagogically effective, then you’ll lean towards rings-first. 

So, step one in teaching abstract algebra is to make a 
choice. And, like most choices, it’s a trade-off. To put it 
starkly—either you choose logical purity, mathematical 
elegance, and simplicity, or you choose to allow your stu-
dents to access their already existing deep intuitions about 
familiar algebraic structures. 

At least, that’s what I used to think. Then I read Tom 
Sibley’s Thinking Algebraically. Here groups and rings are 
defined nearly simultaneously and illustrated by a plethora 
of examples starting with examples the students will find 
familiar. Sibley begins by treating groups and rings at the 
same time, introducing and analyzing a variety of structures 
common to both: isomorphisms and homomorphisms, 
direct products, and substructures. The idea is that readers 
are thinking about structures and that this mode of thinking 
has evolved naturally from the rules-based symbol pushing 
of high school algebra. 

At some point, of course, one has to dive in and start 
investigating groups and rings in depth, at which point it 

A
M

S/
M

A
A

 T
ex

tb
oo

ks
, V

ol
um

e 
65

 (
TE

X
T/

65
)

G
ra

du
at

e 
St

ud
ie

s 
in

 M
at

h
em

at
ic

s,
 V

ol
um

e 
21

0 
(G

SM
/2

10
)



COMMUNICATION

992    Notices of the AmericAN mAthemAticAl society Volume 68, Number 6

Professor Margulis, first and foremost we would like to con-
gratulate you on being awarded the Abel Prize 2020, together 
with Professor Furstenberg, for your, and we quote the Abel 
Committee, “pioneering the use of methods from probability and 
dynamics in group theory, number theory and combinatorics.”

It’s a great honour.

We will come back to the background story in a moment, but just 
to place your mathematics: you received the Wolf Prize mostly 
for your contributions to algebra. Your NSF grants emphasise 
analysis, and the Abel Prize focuses on probability and dynamics. 
So where should we place you? What sort of problems attract you?

I mostly consider myself to be a geometer. Once I talked 
to Jacques Tits, and he said “I am a geometer and you are 
a geometer.” Somehow, I am a geometer in the sense that 
my mathematical thinking is mostly based on imagination 
and intuition. There are different types of geometers.

Let’s see if we can get back to geometry as we go along. Jacques 
Tits, of course, is a previous winner—in 2008 actually—of the 
Abel Prize. You were born in Moscow in 1946. When did your 
interest in mathematics begin?

Probably from an early age. My father was also a mathe-
matician, but he was mostly interested in mathematical 
education and didactics, and he wrote his PhD, or can-
didate thesis, under the direction of Aleksandr Khinchin, 
who was a famous probabilist. But my father’s dissertation 
was in didactics. He was, how can I put it, a candidate of 
pedagogical sciences.

You played chess, and you were included in the so-called math-
ematical circles run by the Moscow State University. What was 
life like for you as a kid in Moscow in the 1950s and 1960s?

It was okay. My family was relatively well off. My father 
worked at an educational institute, and his salary was 
relatively high. From the time I was seven or eight, this 
was in 1954, we had our own apartment, which was quite 
exceptional at that time. People usually lived in so-called 
communal apartments. So one family occupied a room, 
and several families lived in one apartment. My family actu-
ally encouraged me to do mathematics. My father probably 
realised that I had some mathematical talent. From an early 
age, I was able to multiply double-digit numbers.

Interview with Abel Laureate 
2020 Gregory Margulis 
Bjørn Ian Dundas and Christian Skau

Bjørn Ian Dundas is a professor of mathematics at the University of Bergen. 
His research interests are within algebraic K-theory, homotopy type theory, 
and algebraic topology.

Christian Skau is a professor emeritus of mathematics at the Norwegian 
University of Science and Technology (NTNU) at Trondheim. His research 
interests are within C*-algebras and their interplay with symbolic dynamical 
systems. He is also keenly interested in Abel’s mathematical works, having 
published several papers on this subject.

This interview originally appeared in the December 2020 issue of the 
Newsletter of the European Mathematical Society and is reprinted here 
with permission of the EMS.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2298
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some excitement, and Armand Borel talked about it in a Bour-
baki seminar. You were in the Dynkin seminar when you wrote 
the paper on positive harmonic functions on nilpotent groups. 
However, your undergraduate and PhD advisor was Yakov Sinai, 
who, by the way, was the Abel Prize Recipient in 2014.

Yes, it was Sinai. I attended the Sinai seminar on dynam-
ical systems. I did actually then publish two works which 
are related to dynamical systems. One of them was about 
Anosov systems on compact 3-manifolds and the condi-
tions on the fundamental groups this entailed. The other 
was about the counting of closed geodesics on compact 
manifolds of negative curvature. And this work was done 
because I attended and was inspired by this seminar. Sinai 
became my advisor in the third year of my undergraduate 
studies, so around 1965. I finished my PhD thesis in 1970.

After you finished your PhD, you began to work at the Institute 
for Problems in Information Transmission. According to Dynkin, 
you had the luxury of spending most of your time there on your 
own research. Is that a fair assessment? 

Yes, that’s quite a fair assessment. I didn’t get a position 
at the Moscow University or the Steklov Institute, but the 
Institute for Problems in Information Transmission was 
one of the institutes of the Soviet Academy of Sciences. By 
Soviet standards at that time, the Institute was relatively 
small, only 200 researchers, but by Western standards it 
would probably be considered a huge institution. My im-
mediate boss was Roland Dobrushin, who was a famous 
probabilist and a mathematical physicist. There was also 
another group there, which was headed by Mark Pinsker. He 
was famous for his work on information theory. In a sense, 
I was lucky to be there, because my most well-known and 
widely cited paper on expander graphs, published in 1973, 
was written under Pinsker’s influence. Expander graphs, 
which incidentally have many applications in computer 
science, were first defined by Pinsker. Their existence was 
first proved by Pinsker in the early 1970s. My paper gave 
the first explicit construction of an infinite family of ex-
pander graphs. The work on expanders was in some sense 
done under pressure or from a sense of duty. But I was 
mostly working on discrete subgroups of Lie groups, on 
arithmeticity and superrigidity, and so on. It was done in 
parallel. All my own independent research was not, to put 
it mildly, quite related to the main direction of the Institute. 

We will get back in more detail to your work on lattices in Lie 
groups. But before that, if you were to rank the people in Mos-
cow who influenced you the most when you embarked on your 
research career, who would you name?

Sinai, of course, and then Piatetski-Shapiro, Kazhdan, and 
Vinberg.

So it was natural that you were included in these mathematical 
circles?

Included is not the right word. Somehow it was no com-
petition. The mathematical circles probably started for me 
around seventh grade when I was 12 or 13 years old.

Was it hard work being in the circles?

No, the circles were okay. It was quite informal. I don’t 
remember many details, but it was run by students, some-
times by graduate students, from Moscow University, and 
we discussed various problems. And we were encouraged 
to solve them. There was also supervision by some more 
senior mathematicians. At that time, the mathematical 
Olympiads were connected to these mathematical circles.

So it was expected that one participate in Olympiads?

Yes, it was. It was in Moscow, I think it was in the so-called 
City Olympiad. A little later it was for the entire country. 
Somehow, there was no competition to enter, but it was 
quite challenging for many.

We can imagine that you actually did quite well in these Olym-
piads, didn’t you?

Yes.

And later, in 1962, at the age of 16, you participated in the 
International Mathematical Olympiad, where you won a silver 
medal.

Yes.

Let us talk about your early career as a research mathematician. 
You wrote your first mathematical paper before you were 20. And 
in 1968 you and your fellow student Kazhdan published a very 
influential paper. How did that play a role in your later life, for 
example, toward arithmeticity of lattices and so forth?

Actually, my first paper was written while I was attending 
the Dynkin seminar. It was about positive harmonic func-
tions on nilpotent groups. Probably it has some influence 
even now. My joint paper with Kazhdan was about the 
existence of unipotent elements in non-uniform lattices, or 
what is also called the non-cocompact case. This was a con-
jecture by Selberg. But our paper was also directed towards 
a proof of the arithmeticity of non-uniform lattices in se-
misimple Lie groups. So, actually, this paper with Kazhdan 
was the starting point towards the proof of arithmeticity.

We will talk more about arithmeticity later. However, we will 
remark that the joint paper you wrote with Kazhdan caused quite 
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Did Piatetski-Shapiro make you aware of Selberg’s and his own 
conjectures about lattices in semisimple Lie groups? Did you get 
the problem from them?

Yes, in a sense. It started with Selberg, and then with Piatets-
ki-Shapiro. Selberg only stated the conjecture for non-uni-
form lattices. For uniform lattices he didn’t actually have the 
definition of an arithmetic subgroup. That was done by Pia-
tetski-Shapiro. So this problem somehow circulated, mostly 
thanks to Piatetski-Shapiro. I first proved the arithmeticity 
for non-uniform lattices by following the strategy which is 
essentially due to Selberg and Piatetski-Shapiro. You start 
with the unipotent elements and do various pieces of quite 
intricate work. For some special cases, the arithmeticity of 
non-uniform lattices had been proved by Selberg. But in 
the general case, the proof is much more complicated and 
requires a lot of additional, non-trivial arguments. For me, 
it took quite a long time, something like two or three years, 
to write a detailed proof. Regarding the case of uniform 
lattices, there was no strategy before my work.

So it is fair to say that your strategies for proving the non-uniform 
case and the uniform case are vastly different?

Yes, they are vastly different. For the non-uniform case there 
are these unipotent elements, and there are some kinds 
of building blocks which allow you to get the structure of 
arithmetic groups. For uniform lattices there are no such 
building blocks. For non-uniform lattices the method of 
proof is of algebraic and geometric nature, but for uniform 
lattices you have to use transcendental methods.

Before we go on, could you explain to us what it means to say 
that a lattice is arithmetic?

First, in Lie group theory a lattice Γ is a discrete subgroup 
of a Lie group G with the property that the quotient space 
G / Γ has finite invariant measure. Or, as we say, Γ has 
finite covolume. A lattice Γ is uniform (or cocompact) 
if the quotient G / Γ is compact, and non-uniform (or 
non-cocompact) otherwise. Consider the group SLn(ℝ) of 
real invertible n × n-matrices with determinant 1, and the 
subgroup SLn(ℤ) of matrices with integral coefficients. This 
is the standard example of an arithmetic subgroup. It’s a 
classical result that SLn(ℤ) has finite covolume in SLn(ℝ). 
It probably goes back to Hermite and Minkowski.

Armand Borel and Harish-Chandra generalised this to 
semisimple Lie groups: G(ℤ) is a discrete subgroup which 
has finite covolume in G(ℝ), where G is a semisimple Lie 
group. I proved that, under certain conditions, any lattice 
in a semisimple (algebraic) Lie group G is arithmetic (pre-
cisely, the lattice must be irreducible and the real rank of 
the group must be greater than 1). However, one needs 
to extend the definition of arithmetic subgroups. One  

extension is that the subgroup Γ is commensurable with 
G(ℤ), i.e., the intersection of Γ and G(ℤ) has finite index 
in both Γ and G(ℤ). Another extension, which was actually 
due to Piatetski-Shapiro, is that, vaguely speaking, there is 
some construction which comes from maybe a bigger group 
that maps onto the original group with compact kernel. 
Selberg probably did not know about this definition.

Can you give us the timeline of your proof of the arithmeticity 
of lattices in higher rank semisimple Lie groups?
 
For non-uniform lattices, the crucial step was an announce-
ment in 1969. I wrote quite a long paper about this crucial 
step, which was finished in 1971, but because of some 
difficulties in getting it published, it did not appear before 
1975. As for getting the arithmeticity result from this crucial 
step, that was finished in 1973.

As for uniform lattices, the initial inspiration came in 
1969 or 1970, when I learned about Mostow’s fundamental 
work on strong rigidity. Thinking about it, I realised at some 
point that it would be possible to prove the arithmeticity of 
uniform higher rank lattices if one could prove a statement 
which is now called superrigidity. I believe, and this was 
confirmed by Mostow, that superrigidity was a new phe-
nomenon which had not been discovered before. The first 
proof of superrigidity was based on a combination of meth-
ods from ergodic theory and algebraic group theory. One 
of the important ingredients was Oseledec’s multiplicative 
ergodic theorem. It involves methods which are actually 
quite far from the original formulation of arithmeticity. 
I was invited to give an address at the ICM Congress in 
Vancouver in 1974, but I was prevented from attending. 
Instead, I sent a report, later published in the Proceedings 
of that Congress, where I outlined a proof of arithmeticity 
in the uniform case.

At the next ICM Congress in Helsinki in 1978 you received the 
Fields Medal, but you were not allowed to attend, mostly due to 
the opposition of the top Soviet mathematical establishment at 
that time. Jacques Tits said in his citation of your work, and we 
quote: “Margulis has completely, or almost completely, solved 
a number of important problems in the theory of discrete sub-
groups of Lie groups, problems whose roots lie deep in the past 
and whose relevance goes far beyond that theory itself. It is not 
exaggerated to say that, on several occasions, he has bewildered 
the experts by solving questions which appeared to be completely 
out of reach at the time. He managed that through his mastery 
of a great variety of techniques used with extraordinary resources 
of skill and ingenuity.”

I am perhaps not the right person to comment on that. 
However, Dennis Sullivan told me that when Jacques Tits 
gave a presentation at Collège de France—or maybe it 
was at IHES at Bures—of my proof of the arithmeticity of 
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other’s work. In retrospect it looks strange, because their 
works looked very closely related. Mostow told me later 
on several occasions that Furstenberg probably could have 
proved superrigidity if he had been aware of the problem. 
I mentioned that in my talk during one of the workshops 
in honour of Furstenberg. Furstenberg was present and he 
immediately said something like: “I would never have been 
able to do that.”

You are on record saying that you consider the proof of the so-
called normal subgroup theorem as your best proof. Could you 
tell us what the normal subgroup theorem says, and also tell us 
why you think this proof is so good?

The normal subgroup theorem says that if G is a connected 
semisimple Lie group of rank at least 2 with no compact 
factors and with finite centre, and if Γ is an irreducible lat-
tice in G, then any normal subgroup N of Γ either belongs 
to the centre of Γ or has finite index in Γ. So a special case 
is, for example, SL3(ℝ) of 3 × 3 matrices of determinant 
1. Take a discrete subgroup Γ which has finite covolume. 
Then any normal subgroup of the lattice Γ is either central 
or has finite index in Γ.

The general proof is divided into two parts. You have this 
irreducible lattice Γ and a normal subgroup N. Consider 
the quotient Γ / N. First consider the case that Γ / N is an 
amenable group. This case can be treated using representa-
tion theory arguments, in particular Kazhdan’s property T. 
Then consider the case when Γ / N is a non-amenable group. 
Somehow I realised that one can use algebras of measurable 
sets. A crucial tool was one of the initial lemmas occurring 
in Furstenberg’s paper on his boundary theory. I cannot 
explain how I came upon the idea behind the second part 
of the proof—it was some sort of intuition. Also, the idea 
of subdividing the proof into two parts was quite new. 
Anyway, I consider it the best proof I have done because it 
is mostly based on intuition.

Were there any precursors, or did the statement of the normal 
subgroup theorem come out of the blue?

The statement of the normal subgroup theorem was 
known to be true in certain cases, for example for SLn(ℤ). 
The proofs were done by algebraic methods. Maybe it was 
natural to assume that the statement was true in general. 
However, the proof in the cocompact—or uniform—case 
was obtained partially by using measure theory, as I alluded 
to above. For example, one of the ingredients in the proof 
is the density point theorem in measure theory. So even 
though the theorem is stated in purely algebraic terms, the 
proof in the general case is mostly non-algebraic.

Another example where you prove results in algebra and Dio-
phantine approximation by your sort of methods, which, to us 

cocompact lattices, Armand Borel was extremely surprised 
that ergodic theory was a crucial ingredient in the proof. 
After all, the theorem was stated in arithmetic terms.

Could you comment on a later and quite different proof of the 
superrigidity theorem and its application to arithmeticity—both 
in the uniform and non-uniform case—using the work on 
boundaries by Furstenberg, with whom you share the Abel Prize?

It seems strange now, but when I worked on superrigidity 
I was not influenced by Furstenberg’s work, because I was 
essentially not familiar with it. It is indeed strange, because 
many ideas and methods introduced by Furstenberg are 
very similar in style to what I used.

As I mentioned before, my proof of the uniform case is 
vastly different from my proof in the non-uniform case. For 
the uniform case, there are actually two parts in the proof. 
The first part is to prove the existence of equivariant mea-
surable maps and the second part is to show the rationality 
of these equivariant measurable maps. I did the first part for 
the uniform case, and using certain integrability estimates 
my argument could be extended to the non-uniform case. 
Actually, for that case I had to use arithmeticity, or at least 
the crucial statement in my proof of arithmeticity, to obtain 
these estimates. For the existence of equivariant measurable 
maps, Furstenberg gave a different proof that is not based 
on the multiplicative ergodic theorem, but is based on his 
boundary theory, which is, in a sense, quite related to the 
multiplicative ergodic theorem. One of the origins of the 
multiplicative ergodic theory of Oseledec was previous 
work by Furstenberg and Kesten on products of random 
matrices dating back to 1960.

Incidentally, let me relate a story which has some bearing 
on your question. Around 1970, Furstenberg visited Yale. 
At that time, Mostow was working on strong rigidity, and 
Furstenberg was working on applications of boundary 
theory to the theory of discrete subgroups of Lie groups. 
Furstenberg and Mostow were good friends, but some-
how at that time they did not pay much attention to each 
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Let’s move on to what we briefly touched upon before, namely 
expander graphs. You said that it was Pinsker who introduced 
you to this topic. Could you be more specific? But first tell us 
what an expander graph is!

Intuitively, an expander graph is a finite, undirected graph 
in which every subset of the vertices that is not “too large” 
has a “large” boundary. This notion was first introduced by 
Mark Pinsker in his work on so-called concentrators. Pins-
ker’s original definition was not the same as the standard 
definition one can find in textbooks today. Vaguely speak-
ing, a regular and undirected finite graph with n vertices is 
an expander graph if for any subset A of m vertices, where m 
is less than n/2, A has m(1 + ϵ) neighbours for some (small) 
ϵ. Actually, the definition is not just for one graph, but for 
an infinite family of graphs. That the graph is d-regular 
means that each vertex has exactly d neighbours.

As I said earlier, this started with the work of Pinsker, 
who proved the existence of expander graphs by probabi-
listic methods. In fact, almost all graphs which come from 
his construction are expander graphs. But there were no 
explicit constructions. I realised that by using some group 
theory, especially involving property (T), I could explicitly 
construct an infinite family of expander graphs. This was 
probably unexpected for people working in computer 
science.

Later on you constructed even more examples of expander graphs, 
isn’t that correct?

Yes, later on there were these graphs that came from using 
quaternions. This was in 1984 and at that time I was mostly 
interested in studying the girths of regular graphs, and find-
ing upper estimates of the girth size. In graph theory, the 
girth of a graph is the length of the shortest cycle contained 
in the graph. There was some probabilistic construction due 
to Erdős and Sachs that gave an upper asymptotic estimate 
2 log p n for the girth of a (p + 1)-regular graph with n vertices 
(this is simple), while the asymptotic lower estimate was 
log p n. Quite surprisingly, my explicit construction gave an 
asymptotic lower estimate 4/3 log p n. I believe that up until 
now there hasn’t been any probabilistic construction which 
goes beyond log p n.

At the same time as I studied these explicitly constructed 
graphs I realised, based on some deep work by Deligne, 
that they were also expander graphs. Slightly later and com-
pletely independently, Lubotzky, Phillips, and Sarnak basi-
cally gave the same construction, but with some variations. 
They also used the work of Deligne, and they called these 
graphs which come from this construction Ramanujan 
graphs, because it is related to some Ramanujan conjecture.

We have to talk about another problem that you solved, this was 
at the very beginning of the 80s, and we quote Mathematical 

at least, seem very surprising, is when you prove the Oppenheim 
conjecture. Could you explain to us what that is, and how we 
should think about it?

The Oppenheim conjecture is actually a quite natural con-
jecture. There is a classical theorem called Meyer’s theorem 
which says that if you have an indefinite rational form Q in 
at least five variables, then it non-trivially represents zero 
over rational numbers. That is, you have a non-zero integral 
vector x such that Q(x) = 0.

Oppenheim—he was British and a student of Dickson’s 
in Chicago—worked on these rational forms in four vari-
ables. He published a paper in the Proceedings of the Na-
tional Academy of Sciences in 1929, and there was a footnote 
where he formulated the conjecture. It can be considered 
as an analogue of Meyer’s theorem for irrational forms: 
if you have an indefinite irrational form Q in at least five 
variables, then for every positive ϵ there exists an integral 
vector x, such that the absolute value of Q(x) is less than ϵ.

So the image of the set of all integral vectors is dense in ℝ, is 
that what you say?

More or less. It was later realised that the conjecture could 
be strengthened. There was a lot of work on using analytic 
number theory methods. I think that the main progress 
had been done by Davenport and his coauthors, starting 
from 1946 up until 1959, where they proved this when the 
number of variables is at least 21. But it was mostly analytic 
number theory methods.

Davenport realised that the conjecture could be stated 
not just for dimension at least 5; for irrational forms it 
could be stated for dimension at least 3. For dimension 
3 and 4 the statement of Meyer’s theorem is not true for 
rational forms, but for its analog for irrational forms it is 
true. Later, in the mid 70s, Raghunathan realised that the 
Oppenheim conjecture can be reformulated as a statement 
in dynamical systems. Let’s say G is SL3(ℝ) and Γ is SL3(ℤ), 
and if you take H to be SO(2,1), then any bounded orbit 
of H in G / Γ should be closed. Actually, the Oppenheim 
conjecture can be stated for a very special case: if you take 
the form Q(x, y, z) = x2 + y 2 – √2

–
 z2, then Q(ℤ3) should be 

dense in ℝ. And the proof of this special case is not any 
simpler than the general case.

You learned about this problem in Bonn, as we understand? 

Yes, I visited Bonn for three months in ’79 from the begin-
ning of July. I met Gopal Prasad, who was a student of Ra-
ghunathan’s, and he is now a well-known mathematician.

The proof was published in 1986, is that right?

Yes, the proof was published in ’86. But I remember that I 
already gave some kind of oral presentation in ’84.
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We noticed that even last year, in 2019, you had a paper together 
with A. Mohammadi. So you are still working with younger 
fellows?

A. Mohammadi was my graduate student, who finished 
more than ten years ago. I had joint papers with him when 
he was a graduate student, and then we had several joint 
papers after that. Another graduate student of mine that I 
would like to mention is Dmitry Kleinbock. We have sev-
eral joint papers. In 1995 I noticed a book in the maths 
department library by Sprindzuk, where he presents his 
proof of the Mahler conjecture on transcendental numbers 
and Diophantine approximations. I asked Dmitry to look 
at it and see if there are relations between the subject of 
Sprindzuk’s book and dynamics. Soon after, Dmitry gave 
a reformulation of the Baker–Sprindzuk conjectures in dy-
namical terms. After that we realised that a modification of 
methods used in the proof of non-divergency for unipotent 
flows can be applied to prove the dynamical reformulation 
of the Baker–Sprindzuk conjectures.

Now I am retired, and I had my last student finish this 
current year.

A final question: How do you rank yourself on a scale from theory 
builder to problem solver?

Probably I am more a problem solver than a theory builder. 
But I find this division rather artificial.

That brings us to the end of the interview. We want to thank 
you on behalf of the Norwegian Mathematical Society and the 
European Mathematical Society. Also, the two of us would like 
to thank you personally for this very interesting interview. Thank 
you very much!

Thank you!

Credits
Photos of Gregory Margulis are courtesy of Dan Renzetti, Yale 

University.
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Photo of Christian Skau is courtesy of Christian Skau.

Reviews: “Although it is not explicitly stated, this paper settles a 
long-standing problem of Banach on the uniqueness of invariant 
means on the n-sphere.” We understand that this came to you 
in a flash, and it involves property (T) again. Could you tell us 
a wee bit about the story behind this?

I believe I was at a conference in Poland in 1980, in May 
or June. I met Rindler, an Austrian mathematician, who 
mentioned this problem by Banach and Ruziewicz about 
invariant means for algebras for measurable sets and the 
reformulation of the problem due to Rosenblatt, who 
explained that it would follow from the statement about 
small almost invariant sets. I immediately realised that this 
statement can be deduced from property (T) for certain 
subgroups.

Okay, if you start in dimension 5, say SO(5), then it con-
tains certain arithmetic lattices, or S-arithmetic lattices, and 
it has property (T). I think—essentially around the same 
time—Dennis Sullivan gave another proof using a slightly 
different subgroup, but also using work by Rosenblatt.

Actually, the proof came to me almost immediately.

Is this typical, does this happen to you from time to time that all 
of a sudden you see the answer?

Maybe I had an answer before I had a question…

Fair enough.

This work became quite famous, but actually I didn’t spend 
much time on it.

Can we ask you about your working style, because there is one 
thing that strikes us. Early in your career, you were the single 
author of nearly all of your papers, and then in the past thirty 
years, almost all of them have been joint papers. How do you 
explain that?

When I was in Moscow, essentially all my papers were writ-
ten by myself. One notable exception was the joint paper 
with Kazhdan. Actually, for me it was quite challenging to 
write up papers, so it took a lot of time. But when I moved 
to the United States and to Yale in 1991, it was a completely 
different environment. I started to work with many mathe-
maticians, mostly younger than me. I also started to work 
with my graduate students.

Was that fun, did you enjoy it?

Yes, working with graduate students was fun. I did not have 
graduate students in Moscow, but after I moved to Yale I 
had several graduate students. It was a rewarding experience 
to work with them.

Bjørn Ian Dundas Christian Skau



Spaces for All:
The Rise of LGBTQ+
Mathematics Conferences
Anthony Bonato, Juliette Bruce, and Ron Buckmire

In the early morning hours of June 28, 1969, police vio-
lently targeted LGBTQ+ people at the Stonewall Inn, and
that led to the beginning of what has become known as
the Stonewall Uprising. These actions, led by trans women
of color, marked a crucial turning point in the LGBTQ+
rights movement in the United States and internationally.
In honor and remembrance of these events, as well as the
struggles and successes of all LGBTQ+ people, June is com-
monly know as LGBTQ+ Pride Month in the United States,
Canada, and other countries. In celebration of this year’s
Pride Month, we are happy to discuss a particular aspect
of the growing visibility of LGBTQ+ mathematicians.

1. Introduction
Mathematicians and the general public often imbue math-
ematics with an air of objectivity, believing that “math is
justmath,” and that “it doesn’tmatter who does themath.”
However, people do mathematics, and the characteristics
of the people who comprise the mathematics community
have great significance. This fact has become increasingly
salient as the principles of equity, diversity, and inclusion
have become more prominent in mathematical circles.

We focus on one aspect of identity that is enormously
significant to many mathematicians, while frequently
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invisible in the mathematics community: being LGBTQ+.
In particular, this article focuses on the rise of gatherings
of mathematicians aimed at promoting and supporting
LGBTQ+ mathematicians. Further, we discuss the ratio-
nale and importance of such events, and how such events
might evolve in the future.

The mathematics community organizes meetings to fa-
cilitate collaboration, networking, and the exchange of
ideas on specific research topics. All people, regardless of
identity, are ostensibly able and invited to attend. How-
ever, due to the long-standing effects of historical discrim-
ination and underrepresentation, coupled with organiza-
tional inertia, these gatherings are not always welcom-
ing to all members of the mathematics community. For
these and other reasons, mathematicians have organized
research conferences for decades to promote the participa-
tion of underrepresented groups.

For example, both the Association forWomen inMathe-
matics (AWM) and theNational Association ofMathemati-
cians (NAM) frequently organize and sponsor research
events at the annual Joint Mathematics Meetings (JMM).
Speakers at these events organized by AWM and NAM
are usually women or African-American, respectively, with
the audience consisting of an overrepresentation of math-
ematicians who are typically underrepresented among
other attendees at the JMM, namely, women and people
of color.

There have long been independent research symposia
organized by and for underrepresented mathematicians.
Arguably the most well-known of these is the Con-
ference of African-American Researchers in the Math-
ematical Sciences (CAARMS), which was founded by
William B. Massey (then AT&T Bell Labs now Princeton
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University), Raymond L. Johnson (University of Maryland,
College Park), and James Turner (then Ohio State Univer-
sity now Virginia Tech) in 1995; CAARMS has been orga-
nized annually every summer since [1]. NAM has held its
Faculty Conference on Research and Teaching Excellence at
various Historically Black Colleges and Universities most
years since 1994 [2]. AWM Research Symposia have been
held every odd year since 2011. The Infinite Possibilities
Conference is specifically geared towards female mathe-
maticians of color and has been held approximately bien-
nially since 2005 [3]. A research conference for Hispanic,
Latino, and Latina mathematicians called “Latinx in the
Mathematical Sciences” was held in 2015 and 2018, and
is scheduled to be held at the Institute for Pure and Ap-
plied Mathematics on March 3–5, 2022. The prestigious
Blackwell-Tapia Prize has been awarded every two years
at a conference aimed at underrepresented minority re-
searchers in mathematics since 2002 [4]. This is not an
exhaustive list of such events, but we include it here to pro-
vide the reader with some sense of the activity in this area.

Until recently, to our knowledge, there were no math-
ematics research conferences devoted to LGBTQ+ mathe-
maticians analogous to those discussed above. Later in
this article, we discuss recent developments in the repre-
sentation of LGBTQ+ individuals in the mathematics com-
munity. However, before that, we provide context for the
increased visibility of LGBTQ+ mathematicians by describ-
ing some of the recent legal, societal, and political devel-
opments that have impacted LGBTQ+ people.

2. Progress and Challenges
In recent years, LGBTQ+ people have made significant
advances in equality under the law, and experienced in-
creasing cultural and social acceptance. For example, in
the summer of 2020, the United States Supreme Court is-
sued a ruling in Bostock v. Clayton County extending some
employment protections for LGBTQ+ people nationwide
[5]. However, many of these recent advances are tenuous,
and numerous barriers, both legal and societal, remain
and actively disadvantage LGBTQ+ people [6]. For exam-
ple, while the US Supreme Court invalidated all remain-
ing sodomy laws in the country in 2003 [7], there are still
eleven states that currently have (and refuse to remove) un-
enforceable statutes on the books that criminalize same-
sex sexual relations.

On a broader scale, twenty-nine countries have legal-
ized marriage equality. However, at least seventy coun-
tries worldwide have national laws targeting or crim-
inalizing LGBTQ+ individuals [8]. For example, in
2013, Russia—the site of the 2022 International Con-
gress of Mathematicians—enacted legislation making it il-
legal to provide information to minors that portrays being

LGBTQ+ in a positive light. This includes providing coun-
seling or therapy to LGBTQ+ children and teens [9].

Furthermore, many countries—including the United
States—have laws and policies that stigmatize, criminal-
ize, or harm transgender and non-binary people. For ex-
ample, many places still make it challenging to update
identity documents, such as driver’s licences and passports,
if they allow such changes at all. Transgender and non-
binary people, especially trans women of color, also face a
much greater chance of violence, especially from the police
[10]. Even within academia transgender and non-binary
people often face discrimination and harassment. For ex-
ample, finding gender-neutral restrooms can often be dif-
ficult on many campuses [11]. As another example, some
health insurance plans offered by universities and colleges
fail to provide coverage for many aspects of gender-related
healthcare needed by some transgender and non-binary
people [12, 13]. Such lack of accessibility to healthcare
often leaves some transgender and non-binary academics
with the horrible choice of (i) delaying much needed med-
ical care, (ii) going into massive medical debt, or (iii) leav-
ing academia.

More specific to the mathematics community, recent
studies have shown that LGBTQ+ people in STEM fields
face significant hurdles. A national longitudinal survey
conducted in the United States found that LGBTQ+ stu-
dents in STEM had lower retention rates than their non-
LGBTQ+ peers. The same study showed these disparities
persisted despite the finding that LGBTQ+ STEM students
are more likely to engage in undergraduate research [14].
Another recent study found LGB people were underrepre-
sented among faculty members in STEM [15] (transgender
or other members of the LGBTQ+ community were not ref-
erenced in this study).

The challenges and discrimination faced by LGBTQ+
people in STEM can be seen more directly in interviews
with LGBTQ+ academics [16]. For example, as one inter-
viewee stated, “I get subtle microaggressions such as, ‘But
you’re too pretty to be gay!’ and questions that are too
personal, such as, ‘When are you going to stop experiment-
ing and start dating men again?’ Black queer women are
sometimes forced to fit into boxes and hide aspects of our
identity. There are somany issues facing Black people, that
we don’t always have the time or energy to get into being
queer, too.”

3. The Landscape So Far
Since its founding, Spectra, the association for LGBTQ+
mathematicians, has organized several informal and for-
mal events for LGBTQ+ mathematicians and our allies.
Spectra draws its roots back to a gathering at the 1995 Joint
Mathematics Meetings (JMM) in San Francisco [17]. Since
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Figure 1. LGBTQ+Math Day took place on November 18, 2020.

then, Spectra has continued to be a frequent organizing
presence at the Joint Meetings, often holding social gath-
erings where LGBTQ+ mathematicians can meet and en-
joy each other’s company. Spectra sponsored JMM panels
on issues related to LGBTQ+ members of the mathematics
community. These panels include:

• Supporting Transgender and Non-binary Stu-
dents, 2020 JMM in Denver, CO.

• Spectra Town Hall Meeting: Identifying Work-
place Best Practices for LGBTQ Mathematicians,
2019 JMM in Baltimore, MD.

• Out in Mathematics: Professional Issues Facing
LGBTQ Mathematicians, 2018 JMM in San Diego,
CA.

• Out in Mathematics: LGBTQ Mathematicians in
the Workplace, 2015 JMM in San Antonio, TX.

Given the desires and needs discussed in Section 1, it is
no surprise that over the last few years, events aimed specif-
ically at LGBTQ+ mathematicians have evolved beyond
panels and informal social gatherings. The last few years
have seen many conferences and workshops aimed at pro-
viding LGBTQ+ mathematicians space to share their work,
network, and develop collaborations. A non-exhaustive
list of such past and future conferences includes:

• LG&TBQ - (June 2019): A five-day conference
organized by Autumn Kent (she/her/hers, Uni-
versity of Wisconsin, Madison) and Harry Bray
(he/him/his, George Mason University), fostering
collaboration and community among LGBTQ+
mathematicians working in geometry, topology,
and dynamical systems.

• LGBTQ+Math Day - (November 2020): A one-day
event highlighting LGBTQ+ people in mathemat-
ics organized by Anthony Bonato (he/him/his,
Ryerson University), Michelle Delcourt (she/
her/hers, Ryerson University), and Lisa Jeffrey
(she/her/hers, University of Toronto).

• TransMathDay - (December 2020): A one-day con-
ference, held virtually due to the COVID-19 pan-
demic, for transgender and non-binary people in
the mathematical community organized by Juli-
ette Bruce (she/her/hers, University of California,
Berkeley).

• Queer and Trans Mathematicians in Combi-
natorics Conference - (June 2021): A three-
day conference for queer and trans mathemati-
cians in combinatorics organized by Rachelle
Bouchat (she/her/hers, Indiana University of
Pennsylvania), Aram Dermenjian (he/him/his,
York University), Ray Karpman (they/them/theirs
or she/her/hers, Otterbein University), and Mike
Zabrocki (he/him/his, York University). Those
who do not identify as LGBTQ+ may attend.

• Spec(ℚ) - (July 2022): A three-day conference
organized by Juliette Bruce (she/her/hers, Uni-
versity of California, Berkeley), Renzo Cava-
lieri (Colorado State University), Tyler Kelly
(he/him/they/them, University of Birmingham),
and John Voight (Dartmouth College) to cele-
brate and promote research advances of LGBTQ+
mathematicians in algebraic geometry, arithmetic
geometry, commutative algebra, number theory,
and related fields.

The rise of conferences aimed at supporting and cel-
ebrating LGBTQ+ people is not limited to mathematics.
For example, seminar series such as LGBTQ+ STEMinar
and LGBTQ+STEM emerged to highlight LGBTQ+ commu-
nities throughout science, technology, engineering, and
mathematics (STEM). Many disciplines within STEM are
ahead of mathematics when it comes to events and initia-
tives promoting LGBTQ+ people. LGBTQ+ STEMinar, for
example, has been running annually since 2016, and the
success and impact of LGBTQ+STEM was recently recog-
nized by the Royal Society.

These conferences were extremely popular, with the or-
ganizers often surprised by the number of people inter-
ested in their event. For example, Trans Math Day—an
event only open to transgender and non-binary people in
mathematics—had over 80 registered participants, with 28
talks. Similarly, LGBTQ+Math Day, which we will discuss
in further detail in the next section, reached the maximum
500-person limit for Zoom registration.

More important than the audience’s size were the effects
of these conferences on both the organizers and partici-
pants. Being surrounded by many other LGBTQ+ mathe-
maticians has frequently been described by participants as
a moving and transformative experience. For example, nu-
merous junior participants at Trans Math Day noted how
this was the first time they were able to see themselves
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Figure 2. The inaugural Trans Math Day occurred on
December 5, 2020, as a space to build community, mentor
networks, and potential collaborations amongst transgender
and non-binary mathematicians.

reflected in more senior math faculty. “I heard and read
so many comments at Trans Math Day saying how many
participants didn’t know that there are so many trans and
non-binary mathematicians out there. Events like this are
so important for us to flourish, because so many of us feel
isolated,” said Sean Sather-Wagstaff1 (they/them/theirs,
Clemson University) who attended both Trans Math Day
and LGBTQ+Math Day.

4. LGBTQ+Math Day
LGBTQ+Math Day took place on November 18, 2020.
What began as an idea discussed over coffee with col-
leagues in 2019 materialized into a one-day conference,
with invited speakers along with a panel discussion. The
meeting was co-chaired by Anthony Bonato and allies
Michelle Delcourt at Ryerson University and Lisa Jeffrey
at the University of Toronto. While the original plan was
to have the day in-person at the Fields Institute in July, the
COVID-19 pandemic lockdown moved the date and the
event was rescheduled to be held over Zoom. The orga-
nizers chose November 18 to coincide with LGBTQ+STEM
Day, the international day dedicated to the work and bar-
riers of LGBTQ+ people working in STEM.

Hosted by the Fields Institute and co-sponsored by Ry-
erson University, LGBTQ+Math celebrated the life and
work of LGBTQ+ mathematicians. Why have such a
day? While LGBTQ+mathematicians are slowly becoming

1Sean Sather-Wagstaff along with others appearing in the article agreed to have
their names or words used.

more prominent in the mathematical community, they of-
ten remain invisible. Visibility is an essential issue for un-
derrepresented groups such as LGBTQ+ folks for several
reasons. An essential feature of a vibrant mathematics cul-
ture is diverse representation; we want our instructors and
colleagues to reflect the diversity we see in our culture. We
want LGBTQ+ people to be at the proverbial table, having
our voices heard.

Visibility is also critically important to the next gener-
ation of mathematicians, as it helps to normalize their
experiences and gives them a network of sympathetic col-
leagues and possible role models. LGBTQ+ people work-
ing in mathematics must know that they are not alone.

An important tenet is that inclusion requires deliberate
action. As the saying goes, “Diversity is a fact. Inclusion
is a choice.” While the organizers chose speakers and pan-
elists who identify as LGBTQ+, they encouraged those who
did not identify as LGBTQ+ to be participants. That deci-
sion reflects two sides of the same coin: on the one side, we
need better representation for LGBTQ+ mathematicians,
and on the other, we need the support of allies to make
progress.

LGBTQ+Math Day was advertised broadly, in the AMS
inclusion/exclusion blog, through e-mail blasts, podcasts,
and social media. While the response was overwhelm-
ingly positive, there were a small number of negative re-
actions. One tweet responding to an announcement of
the day declared that “gay people cannot do math.” While
such posts can be dismissed as coming from random trolls,
many LGBTQ+ mathematicians have heard similar com-
ments first- or second-hand. Such comments underscore
the very reasonwhy LGBTQ+MathDay occurred in the first
place. While the conference ran smoothly with no disrup-
tions, the organizers and Fields Institute staff took extra
precautions to provide and ensure a safe space.

There were over 150 participants for the day. The Fields
Institute Director Kumar Murty gave opening remarks, fol-
lowed by David Cramb, Dean of the Ryerson Faculty of
Science. Talks began after that, starting with Ron Buck-
mire, who spoke of his research in applied mathematics
and numerical analysis. He described his experiences as
a gay, Afro-Caribbean mathematician, and discussed how
hismultiple identities had (or had not) affected his diverse
career path as activist, administrator, educator, and (US
government) employee.

Emily Riehl (she/her/hers, Johns Hopkins University)
spoke on interweaving ∞-category theory and homotopy
theory. Having her do so remotely in front of a chalkboard
was a lovely surprise, and many appreciated her doing so
while wearing an Australian Rules football guernsey with
appropriately rainbow-hued socks (not pictured). Juliette
Bruce began her talk by noting that where she lives and
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Figure 3. Emily Riehl speaking at LGBTQ+Math Day.

works—Berkeley, CA—is close to Compton’s Cafeteria in
San Francisco, where 51 years ago, in the face of transpho-
bia, police violence, and state violence, one of the first
actions in the modern LGBTQ+ movement was led by a
group of trans women of color [18, 19]. She went on to
speak about her work combining high throughput and
high-performance computing to study the syzygies of al-
gebraic varieties.

The final talk was by Anthony Bonato, who spoke on
his research on complex networks and graph searching. He
described his journey as a gay mathematician, the need for
more role models, and the evolution of LGBTQ+ rights in
Canada and beyond. He also called on LGBTQ+ mathe-
maticians to come out if they feel safe to do so.

After each talk, the speakers and participants entered
breakout rooms to chat with participants. There were tech-
nical questions and more personal ones, like what you
would expect in a coffee break at an in-person research con-
ference. The impromptu discussions mixing mathematics
and queerness helped elevate the sense of sharing, listen-
ing, and community building.

After the talks, Imogen Coe (she/her/hers, Ryerson Uni-
versity) moderated a panel that included Buckmire, Bruce,
and Riehl, along with Brian Katz (he/him/his, Califor-
nia State University Long Beach) and Robin Gaudreau
(they/them/theirs, graduated McMaster University). Pan-
elists answered questions from Coe and the audience.
There was a sharing of frank, personal stories woven with
their professional experiences in the academy and beyond.

LGBTQ+Math was, by our reckoning, a success. There
was a tangible sense of community building and an inten-
tional safer place for queer mathematicians, which is all
too rare in our conferences. There were several students
and early-career participants. Many participants spoke ex-
citedly about the number of non-binary participants.

Others discussed the challenges they experienced being
out or contemplating coming out. After the day ended, the

organizers received several messages with incredibly posi-
tive reactions to the conference. Videos of talks from the
conference may be found on the Fields Institute’s YouTube
channel. The URL for the conference is https://math
.ryerson.ca/~abonato/LGBTQ/.

5. Future Work
We are excited to see the ways that events like
LGBTQ+Math Day, Trans Math Day, and the others high-
lighted throughout this article continue to evolve. If there
is one thing that we are certain of it is the amazing ability of
the LGBTQ+ community—often led by the most marginal-
ized among us, trans women of color—to build and create
new types of spaces and events: spaces and events where
the existing hegemony and existing power structures can
be questioned. These are spaces for all where LGBTQ+ peo-
ple can find community. As one participant at Trans Math
Day (Theresa Simon, she/her/hers, University of Bonn)
noted, “It was great to see that there is a real possibility
of building a trans community in mathematics after hav-
ing been under the impression that there are only very few
of us. I hope we will not let this opportunity pass us by,
as community is especially important for those of us who
are still in the closet and/or early in their career.”

The rise of events like those highlighted above show-
cases the growing desire of LGBTQ+ mathematicians to no
longer check their identities at the department door. It is a
sign that when we as LGBTQ+ people bring all of ourselves
and our identities to themathematical community it is not
only better for us, but better for the math community as a
whole.
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New from SIAM in 
Data Science

TO ORDER, VISIT bookstore.siam.org
Visit the SIAM bookstore to see these titles and more. 
Outside North and South America order from Eurospan (www.eurospanbookstore.com/siam).

Mathematics of Data Science  
A Computational Approach to Clustering and 
Classification
Daniela Calvetti and Erkki Somersalo

This self-contained textbook 
provides a solid mathematical basis 
for understanding popular data 
science algorithms for clustering 
and classification and shows that 
an in-depth understanding of the 
mathematics powering these algorithms 
gives insight into the underlying data. 
It presents a step-by-step derivation 
of these algorithms, outlining their 

implementation from scratch in a computationally sound 
way. The book proposes different ways of visualizing high-
dimensional data to unveil hidden internal structures and 
includes graphical explanations and computed examples using 
publicly available data sets.
2020 • x + 189 pages • Softcover • 978-1-611976-36-6   
List $64.00 • SIAM Member $44.80 • DI01

Nonnegative Matrix Factorization 
Nicolas Gillis

Nonnegative matrix factorization 
(NMF) in its modern form has become a 
standard tool in the analysis of high-
dimensional data sets. This book provides 
a comprehensive and up-to-date account 
of the most important aspects of the 
NMF problem and is the first book to 
cover in detail the theoretical aspects of 
NMF, including geometric interpretation, 
nonnegative rank, complexity, and 

uniqueness. It explains why understanding these theoretical 
insights is key to using this computational tool effectively and 
meaningfully. Nonnegative Matrix Factorization is accessible 
to a wide audience and is ideal for anyone interested in the 
workings of NMF. It discusses new results on identifiability 
and complexity and the separable NMF and contains 
MATLAB codes for readers to run numerical examples.
2020 • xxvi + 350 pages • Softcover • 978-1-611976-40-3  
List $87.00 • SIAM Member $60.90 • DI02

Mining Imperfect Data
With Examples in R and Python
Second Edition
Ronald K. Pearson

It has been estimated that as much as 
80% of the total effort in a typical data 
analysis project is taken up with data 
preparation, including reconciling and 
merging data from different sources, 
identifying and interpreting various 
data anomalies, and selecting and 
implementing appropriate treatment 
strategies for the anomalies that 
are found. This book focuses on the 

identification and treatment of data anomalies, including 
examples that highlight different types of anomalies, their 
potential consequences if left undetected and untreated, and 
options for dealing with them. The book also emphasizes 
the range of open-source tools available for identifying and 
treating data anomalies, mostly in R but also with several 
examples in Python.
2020 • x + 481 pages • Softcover • 978-1-611976-26-7  
List $94.00 • SIAM Member $65.80 • MN04

Data Clustering
Theory, Algorithms, and Applications
Second Edition
Guojun Gan, Chaoqun Ma, and Jianhong Wu

Data clustering, also known as cluster 
analysis, is an unsupervised process that 
divides a set of objects into homogeneous 
groups. Development in the area has 
exploded, especially in clustering 
algorithms for big data and open-source 
software for cluster analysis. This second 
edition reflects these new developments, 
covers the basics of data clustering, 
includes a list of popular clustering 

algorithms, and provides program code that helps users 
implement clustering algorithms.
2020 • xxiv + 406 pages • Softcover • 978-1-611976-32-8  
List $94.00 • SIAM Member $65.80 • MN05
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Operads for Designing
Systems of Systems
John C. Baez and John D. Foley

“System of systems” engineering seeks to analyze, design,
and deploy collections of systems that together can flex-
ibly address an array of complex tasks. For example, a
smart phone is a system of systems: it includes a touch
screen, camera, CPU, internet connection, etc., and sup-
ports a wide array of applications perhaps not foreseen,
but nonetheless enabled, by its original design. To unlock
this flexibility, the Defense Advanced Research Projects
Agency launched the Complex Adaptive System Compo-
sition and Design Environment (CASCADE) program to
develop mathematical foundations for composing and de-
signing complex adaptive systems and demonstrate these
foundations in concrete application domains.

We initially anticipated applying existing mathematics
for our CASCADE work: specifically, operads and their al-
gebras. Analogous to how a group abstracts the symme-
tries of an object, an operad abstracts operations that com-
pose many objects into a single object. Each “type” in an
operad defines a kind of thing it is able to compose; each
“operation” defines a specific way to compose a number of

John C. Baez is a professor of mathematics at the University of California, River-
side. His email address is baez@math.ucr.edu.
John D. Foley is a research scientist at Metron, Inc. His email address is foley
@metsci.com.
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For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2295

things of various types into one. Just as a group can act on
a set, an operad can act on something called an “operad
algebra.” When an operad acts on an algebra of this sort,
each type is mapped to an actual set of elements of that
type, while each operation is mapped to an actual func-
tion. This gives a flexible, general method for building sys-
tems of systems from components: operads give the syntax,
while their algebras capture their intended meaning, or se-
mantics, in some concrete situation. Though this general
approach to systems has been applied before [3,5–7], one
of our very first use cases required new mathematics.

2 2

4

Operad for syntax

input types

operation: 𝑓

output type

out of range

↦

Algebra for semantics

input elements

function: 𝛼(𝑓)

output element

Figure 1. The operation 𝑓 in the operad 𝑂 attempts to add two
edges connecting two graphs; in a certain algebra 𝛼 of this
operad, the concrete function 𝛼(𝑓) adds edges only between
vertices that are close enough.

This early application concerned different types of
aircraft employing secure point-to-point communication.
Since an operad was not available “off the shelf” to design
networks with point-to-point links, we constructed one
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directly. Operations in this operad 𝑂 are graphs, such as 𝑓
in Figure 1; types are the number of vertices of a network.
Each operation gives a formal blueprint for combining a
collection of input networks into a single output network
by adding edges.

To model system composition, this operad acts on al-
gebras whose elements describe specific aircraft at specific
locations. One of the first interesting mathematical chal-
lenges was to model range-limited communication as an
algebra of this operad. When an operation 𝑓 acts on this
algebra, each vertex of the graph 𝑓 represents an aircraft.
Each edge of 𝑓 represents a potential communication link.
In the algebra, these are instantiated as actual communica-
tion links only if the two aircraft involved obey a condition,
e.g., being within a certain distance of each other.

Based on this example, we developed a general theory
[1] which lets us efficiently construct “network operads”
and algebras suitable for a wide range of applications. The
operations in a network operad describe ways to combine
several networks to form a larger one. A network operad
acting on an algebra provides a starting point to automati-
cally generate and evaluate candidate system-of-system de-
signs. It lets us explore formally correct blueprints (opera-
tions in that operad) that combine basic systems (elements
of the algebra of that operad) into a system of systems.

In the CASCADE project, we applied network operads
to domains including maritime search and rescue. For ex-
ample, one application problem was inspired by the 1979
Fastnet Race and the 1998 Sydney to Hobart Yacht Race,
in which severe weather conditions resulted in many dam-
aged vessels distributed over a large area. Both events were
tragic, with 19 and 6 deaths, respectively. This sort of dis-
aster remains beyond the scale of current search and rescue
planning.

In the problem we dealt with, various larger assets—
e.g., ships, airplanes, helicopters—could be based at ports
and ferry smaller search and rescue units—e.g., small
boats, quadcopters—to the search area. Network oper-
ads with directed graph operations were customized to de-
scribe allowable nestings of assets and ports. Algorithms
explored designs within budget constraints to achieve
a high capacity for search—known in the literature as
“search effort”—that could be delivered in a timely man-
ner. The most effective designs could ferry a large number
of cheap search and rescue units quickly to the scene.

Such applications raised questions about whether limi-
tations on the degree of vertices in a graph—e.g., limits on
how many quadcopters a helicopter can carry—could be
directly encoded into an operad. This is indeed possible,
and the relevant theorems were proved by the first author’s
graduate student Joe Moeller [4].

Surprisingly, network operads—originally used to de-
sign systems of systems—can also be applied to “task”

them: in other words, specify their behavior. An ele-
gant example of this approach is given in [2] where “cat-
alyst” agents enable behavioral options for a system. For
a search and rescue application to recover downed pilots,
operations were built up from primitive tasks that coor-
dinate multiple agent types—e.g., airplanes together with
helicopters—to a form a coordinated task plan. A direct
translation of primitive tasks to decision variables for a
constraint program—originally a mixed integer linear pro-
gram and later reworked to leverage the scheduling toolkit
of the CPLEX optimization software package—provided
a flexible approach to automatically design task plans.
Though this direct approach facilitated correct and trans-
parentmodeling for complex tasking problems, only small
problems—relative to the demands of applications—were
computationally tractable. So, more research is needed to
develop efficient algorithms for searching in the set of op-
erations of a network operad.

The operad formalism offers new ways to handle chang-
ing levels of abstraction in system-of-system design and
tasking. Both design and tasking are aspects of a multi-
stage process in which the structure and behavior of a
network is specified in increasing detail, starting from a
rough outline. The initial rough description of a network
is typically very abstract. For example, we can describe a
network of boats connected by communication channels
without specifying the type of boats, their positions, or the
type of channels. As we proceed further in the process of
design and then tasking, we can fill in more details and
move to a less abstract description. Each “level of abstrac-
tion” can be described by an algebra of a network operad.
“Changing levels of abstraction” is then described by a ho-
momorphism between operads, or a homomorphism be-
tween their algebras. We hope more researchers explore
the promise of this methodology.
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The Impact and Legacy of 
The Ladies’ Diary (1704–1840)
A Women’s Declaration
Frank J. Swetz, Pennsylvania State University, Middletown, PA

The Ladies’ Diary was an annual almanac published in England from 1704 to 1840. 
Designed to provide useful information to women, it contained meteorological and 
astronomical information, recipes, health and medical advice, scientific information, 
and mathematical puzzles and problems.

This book unearths the story of the Diary’s creation and explores the sociological and 
cultural circumstances that made this unique almanac full of mathematics popular 
for over a century. It includes scores of puzzles from the Diary, many in the form of 
riddles, rebuses, and poems.

Spectrum, Volume 101; 2021; 169 pages; Softcover; ISBN: 978-1-4704-6266-6; List US$55; 
Individual member US$41.25; MAA members US$41.25; Order code SPEC/101

New  from AMS/MAA Press

Visit bookstore.ams.org/spec-101 to purchase the book.
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CALL FOR APPLICATIONS & NOMINATIONS

APPLICATIONS & NOMINATIONS
Associate Secretaries are appointed by the Council upon recommendation by the Executive Committee and 
Board of Trustees. Please submit your application—including a brief CV and names of three references— through 
www.MathPrograms.org.

Please send nominations or questions to: ssc-chair@ams.org

Applications received by July 1, 2021 will be assured full consideration.

Eastern Section  =
Southeastern Section  =

Central Section  =
Western Section  =

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

AMS Associate Secretaries
of the Central & Western Sections

Guide AMS Scienti� c Meetings and Help Steer the Society.

POSITION
The American Mathematical Society is seeking applications and
nominations of candidates for the posts of Associate Secretary of the
Central Section and of Associate Secretary of the Western Section.

The Council will appoint the two Associate Secretaries to two-year
terms, beginning on February 1, 2022 and ending on January 31, 2024.
Reappointments are possible and desirable. All necessary expenses
incurred by an Associate Secretary in performance of duties for the Society
are reimbursed, including travel and communications. Each Associate Secretary
may request additional � nancial support for their work. The nature of this support
is � exible and can change year to year. It could be, for example, in the form of release time,
administrative support, or a stipend.

QUALIFICATIONS
We welcome applications from any research mathematicians with substantial knowledge of AMS activities.

DUTIES
AMS Associate Secretaries play key roles in creating the scienti� c programs of AMS meetings, as well as providing 
essential input to several AMS committees.
• Each is responsible for two sectional meetings per year in their respective geographic section. This includes overall 

responsibility for the scienti� c program, as well as the responsibility of arranging host institutions and guiding 
local organizers.

• Once every four years an Associate Secretary has primary responsibility for the scienti� c program at the January 
Joint Mathematics Meetings.

• The AMS conducts an active international joint meeting program, and Associate Secretaries are involved in these 
meetings on a rotating basis.

• Associate Secretaries are supported by, and work closely with, the AMS Department of Meetings and Conferences.
• An Associate Secretary is an of� cer of the Society, a member of the AMS Council, and a member of the

Secretariat—a committee consisting of the four Associate Secretaries and the Secretary, which has considerable 
responsibility and authority in the direction of the AMS meetings program.
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After the mass shooting in the Atlanta area on March 16, 2021, the AMS released a statement condemning ongoing racism 
and violence against people of Asian and Pacific Islander descent. What follows is the full AMS message, as adopted by 
the Council on April 4 and affirmed at its April 24 meeting.

Message in support of members of the Asian American and Pacific Islander (AAPI) community
The American Mathematical Society (AMS) condemns the recent violent attacks in Atlanta and elsewhere on members of the 
Asian American and Pacific Islander (AAPI) community. While there is a long history of discrimination and racism toward 
the people of AAPI descent, it is extremely disturbing to see this resurgence of racially-motivated hostility and violence.

The AMS is strongly committed to supporting mathematicians of every color, background, and ethnicity. Recently, 
the AMS launched a study of racial discrimination in the Society and created a top-level policy committee on issues of 
diversity and inclusion. Moreover, the AMS continues to work with other STEM-focused organizations to build programs 
that address these issues.

The incident in Atlanta reminds us that many different communities in this country, as well as foreign residents and 
visitors, are subject to aggression and discrimination based on their race, gender identity, or religion. We must all work 
together to ensure such hostilities have no place within the AMS.

According to the Bylaws of the American Mathematical Society, the Council of the AMS has power to speak in the 
name of the Society, and it does so when a statement is approved by two-thirds of the entire membership of the 
Council. If the president and the secretary agree that a statement in the name of the Society is urgently needed, this 
can be accomplished between regular Council meetings, subject to affirmation at the next regular Council meeting.
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2021 Council

MEMBERS EX OFFICIO
 President Ruth Charney (1 Feb 2021 – 31 Jan 2023)
 Immediate Past President Jill C. Pipher (1 Feb 2021 – 31 Jan 2022)
 Vice Presidents  Abigail Thompson (1 Feb 2019 – 31 Jan 2022) 
  Francis Su (1 Feb 2020 – 31 Jan 2023) 
  Hee Oh (1 Feb 2021 – 31 Jan 2024)
 Secretary  Boris Hasselblatt (1 Feb 2021 – 31 Jan 2023)
 Past Secretary Carla D. Savage (1 Feb 2021 – 31 Jan 2023)
 Associate Secretaries Georgia Benkart (1 Feb 2010 – 31 Jan 2022) 
  Brian D. Boe (1 Feb 2013 – 31 Jan 2023) 
  Michel L. Lapidus (1 Feb 2002 – 31 Jan 2022) 
  Steven H. Weintraub (1 Feb 2009 – 31 Jan 2023)
 Treasurer  Douglas L. Ulmer (1 Feb 2021 – 31 Jan 2023)
 Associate Treasurer  Zbigniew H. Nitecki (1 Feb 2012 – 31 Jan 2022)
 Bulletin of the AMS  Susan J. Friedlander (1 Jul 2005 – 31 Jan 2024)
 Colloquium Publications  Mark Kisin (1 Feb 2021 – 31 Jan 2025)
 Executive Committee  Henry Cohn (1 Mar 2018 – 28 Feb 2022) 
  Gigliola Staffilani (1 Mar 2019 – 28 Feb 2023) 
  Kasso A. Okoudjou (1 Mar 2020 – 28 Feb 2024) 
  Francis Su (1 Mar 2021 – 28 Feb 2025)
 Journal of the AMS  Pavel Etingof (1 Feb 2021 – 31 Jan 2025)
 Mathematical Reviews®  Danny C. Calegari (1 Feb 2019 – 31 Jan 2024)
 Mathematical Surveys and Monographs  Robert M. Guralnick (1 Feb 2018 – 31 Jan 2022)
 Mathematics of Computation  Susanne C. Brenner (1 Feb 2012 – 31 Jan 2024)
 Proceedings of the AMS  Matthew A. Papanikolas (1 Feb 2018 – 31 Jan 2022)
 Transactions and Memoirs  Dan Abramovich (1 Feb 2021 – 31 Jan 2025)

MEMBERS AT LARGE
  Dan Freed (1 Feb 2019 – 31 Jan 2022)
  Susan Loepp (1 Feb 2019 – 31 Jan 2022)
  Kasso A. Okoudjou (1 Feb 2020 – 31 Jan 2024)
  Maria Cristina Pereyra (1 Feb 2019 – 31 Jan 2022)
  Melanie Matchett Wood (1 Feb 2019 – 31 Jan 2022)
  Stephan Ramon Garcia (1 Feb 2020 – 31 Jan 2023)
  Rosa C. Orellana (1 Feb 2020 – 31 Jan 2023)
  Dylan P. Thurston (1 Feb 2020 – 31 Jan 2023)
  Maggy Tomova (1 Feb 2020 – 31 Jan 2023)
  Bianca Viray (1 Feb 2020 – 31 Jan 2023)
  Alina Carmen Cojocaru (1 Feb 2021 – 31 Jan 2024)
  Duane Cooper (1 Feb 2021 – 31 Jan 2024)
  Sarah J. Greenwald (1 Feb 2021 – 31 Jan 2024)
  Kiran S. Kedlaya (1 Feb 2021 – 31 Jan 2024)
  Anne Joyce Shiu (1 Feb 2021 – 31 Jan 2024)



FROM THE AMS SECRETARY

AMS Governance

JuNe/July 2021  Notices of the AmericAN mAthemAticAl society   1011

2021 Executive Committee

  Ruth M. Charney, ex officio—President
  Henry Cohn (1 Mar 2018 – 28 Feb 2022)
  Boris Hasselblatt, ex officio—Secretary
  Kasso A. Okoudjou (1 Mar 2020 – 28 Feb 2024)
  Jill C. Pipher, ex officio—Immediate Past President
  Gigliola Staffilani (1 Mar 2019 – 28 Feb 2023)
  Francis Su (1 Mar 2021 – 28 Feb 2025)

2021 Trustees

  Matthew Ando (1 Feb 2019 – 31 Jan 2024)
  Ruth Charney, ex officio—President
  Ralph L. Cohen (1 Feb 2017 – 31 Jan 2022)
  David R. Morrison (1 Feb 2021 – 31 Jan 2026)
  Zbigniew H. Nitecki, ex officio—Associate Treasurer
  Joseph H. Silverman (1 Feb 2015 – 31 Jan 2025)
  Douglas L. Ulmer, ex officio—Treasurer
  Judy L. Walker (1 Feb 2018 – 31 Jan 2023, chair)

Society Governance
The American Mathematical Society has a bicameral governance structure consisting of the Council (created when 
the Society’s constitution was ratified in December 1889) and the Board of Trustees (created when the Society was 
incorporated in May 1923). These bodies have the ultimate responsibility and authority for representing the AMS 
membership and the broader mathematical community, determining how the AMS can best serve their collective needs, 
and formulating and approving policies to address these needs. The governing bodies determine what the Society does 
and the general framework for how it utilizes its volunteer, staff, and financial resources.

The Governance Leadership consists of the Officers (President, President Elect or Immediate Past President, three 
Vice Presidents, Secretary, four Associate Secretaries, Treasurer, and Associate Treasurer), the Council, Executive Com-
mittee of the Council, and Board of Trustees.

The Council1 formulates and administers the scientific policies of the Society and acts in an advisory capacity to the 
Board of Trustees. Council Meetings are held twice a year (January and the spring).

The Board of Trustees receives and administers the funds of the Society, has full legal control of its investments and 
properties, and conducts all business affairs of the Society. The Trustees meet jointly with the Executive Committee of 
the Council twice a year (May and November) at ECBT Meetings.

The Council and Board of Trustees are advised by nearly 100 Committees, including six Policy Committees (Edu-
cation; Equity, Diversity, and Inclusion; Meetings and Conferences; Profession; Publications; and Science Policy) and 
over 20 Editorial Committees for the various journals and books it publishes.

The Council and Board of Trustees are also advised by the Executive Director and the Executive Staff, who are re-
sponsible for seeing that governance decisions are implemented by the Society’s 210 staff members.

Learn more at www.ams.org/about-us/governance.

1Bylaws, Article IV, Section 1. The Council shall consist of fifteen members at large and the following ex officio members: the officers of the Society 
specified in Article I, the chair of each of the editorial committees specified in Article III (committees for the Bulletin, for the Proceedings, for the 
Colloquium Publications, for the Journal, for Mathematical Surveys and Monographs, for Mathematical Reviews; a joint committee for the 
Transactions and the Memoirs; and a committee for Mathematics of Computation), any former secretary for a period of two years following the 
terms of office, and members of the Executive Committee (Article V) who remain on the Council by the operation of Article VII, Section 4.
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TO LEARN MORE ABOUT WHAT YOUR GIFT ACCOMPLISHES, 
VISIT WWW.AMS.ORG/GIVING

AREA OF GREATEST NEED
JOAN & JOSEPH BIRMAN 
FELLOWSHIP FOR WOMEN SCHOLARS

THE NEXT GENERATION FUND

Photo by Steve Schneider/JMM.

MATHSCINET® FOR DEVELOPING COUNTRIES
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HELEN WONG
2021–2022 FELLOW

Thank You FOR SUPPORTING 
MATHEMATICS!

AMS DONORS MAKE A DIFFERENCE

http://WWW.AMS.ORG/GIVING
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FROM THE AMS SECRETARY

2020 Contributors
Dear AMS Members and Friends,

While 2020 was not the year we expected or would have chosen, it was an 
inspiration to see the extraordinary support mathematicians extended to one 
another, and it was an honor for the AMS to be part of such a strong and healthy 
community. I will look back on 2020 as a year when our community was won-
derfully generous, and hope this contributor’s report captures some of that spirit.

Last year the AMS pivoted to offer new virtual conferences and other resources, 
resulting in some of the most accessible events we have ever hosted. In addition, 
our transition to an almost entirely digital workflow for Mathematical Reviews 
(accelerated by the constraints of working remotely) was a monumental effort 
that will make MathSciNet® more efficient and sustainable for years to come. 
The Board and Council joined together in a unanimous statement of support for 
and solidarity with Black mathematicians, acknowledged the difficult and neces-
sary work of addressing the AMS’s historical role in perpetuating inequality and 
racial injustice, and charged a task force with identifying a way forward aligned 
with our mission, vision, and values. We also committed to publishing a new 
research journal, Communications of the American Mathematical Society, using the 
diamond open access model (free to authors and readers). Finally, our dedication 
to supporting AMS members at all stages of their careers resulted in frozen dues 
and publication fees, new networking opportunities, and an expansion of remote 
access to existing and new resources—a powerful testament to our commitment 
to advancing research and creating connections.

All these efforts were supported by donors to the AMS. Fiske Society donors, who 
had included the AMS in their wills, made important gifts last year that supported 
all our programs. Epsilon Fund donors continued to enhance summer enrichment 
programs for young scholars. Newly established endowed funds augmented the 
support for early-career mathematicians pioneered by our successful Next Gen-
eration Campaign. The list goes on: gifts for graduate student chapters, gifts for 
fellowships, and gifts for undergraduates who were at risk of not completing their 
studies. All contributions were especially critical in a year when the AMS stepped 
in to support mathematicians however it could.

On behalf of the whole mathematical community, which has connected and 
supported us all during this challenging year, please accept my heartfelt thanks.

Catherine A. Roberts
Executive Director

Catherine A. Roberts
AMS Executive Director
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Thomas S. Fiske Society
Members of the Thomas S. Fiske Society create a personal legacy supporting mathematics by naming the AMS in their 
will, retirement plan, or other gift vehicle. The AMS celebrates the following people for their thoughtful vision.

* indicates deceased.
Anonymous (6)
Rachel Blodgett Adams*
Roy L. Adler*
Alfred Aeppli*
Douglas Allen
Walter Augenstein*
Richard A. and 
     Melanie L. Baum
Kathleen Baxter*
Barbara Beechler*
Gerald* and 
     Shirley Bergum
Israel Berstein*
Ernest William Brown*
Robert L. Bryant and 
     Reymundo A. Garcia
Ralph L. Cohen and 
     Susan Million
Richard M. Cohn*
Levi L. Conant*
anna cueni and 
     loki der quaeler
Robert J. Daverman
Edward Davis*

Thomas Dietmair*
Peter L. Duren*
Ky and Yu-Fen Fan*
Isidore Fleischer*
Ramesh A. Gangolli
Sidney Glusman*
Ronald L. Graham*
Rosalind J. Guaraldo*
James F. and 
     Bettie C. Hannan*
Robert Henderson*
Geneva Barrett 
     Hutchinson*
Joseph Kist*
Robert T. Kocembo
Steven G. Krantz and 
     Randi Diane Ruden
Andrew Lenard*
Carole B. Lacampagne
Radha G. Laha*
Yanguang Charles Li
Zhaorong Liu
Joseph S. Mamelak
Ralph Mansfield*

Timothy E. McMahon
Trevor J. McMinn*
Eve Menger
Fredric Menger
Helen Abbot Merrill*
Cathleen S. Morawetz*
Kiiti Morita*
Charles C. Morris*
Sidney Neuman*
Carroll Vincent Newsom*
Albert Nijenhuis*
Christos D. 
     Papakyriakopolous*
Charles E. Parker II
Mary K. Peabody*
Marion Reilly*
James G. Renno, Jr.*
Joseph Fels Ritt*
Catherine A. Roberts
Moshe Rosenfeld
T. Benny Rushing*
Arthur Sard*
Paul T. and 
     Barbara Schaefer*

Henry Schaerf*
Josephine M. Mitchell and  
     Lowell I. Schoenfeld*
Steven H. and 
     Joanna Wood Schot*
Rubin Smulin*
Leroy P. Steele*
David M. Sward
B. A. and M. Lynn Taylor
Eugene and Kathryn B. Toll*
Edmond and 
     Nancy Tomastik
Waldemar J. and 
     Barbara Trjitzinsky*
Steven H. Weintraub
Sally Whiteman*
James V. Whittaker*
James K. Whittemore*
Susan Schwartz Wildstrom
Theda and 
     William Salkind*

Endowed Funds
Donors may establish named endowed funds at the AMS. The following named endowed funds were approved by the 
Board of Trustees.

Wendell H. Fleming Fund for the Next Generation
John S. Hsia Fund for the Next Generation

Tom Leighton and Bonnie Berger Fund for 
     the Next Generation
Edmund Landau Award for Undergraduate Opportunity

In Tribute
The following friends, colleagues, and family members are being specially honored by commemorative gifts. The AMS is 
pleased to be the steward of donors’ generosity in their name.

Gifts made in honor of the following individuals:
B. Mitchell Baker by Christine Kamenoff
Bill Barker by Catherine A. Roberts
Jose Barros-Neto by Joan Corbett
Shiferaw Berhanu by Anonymous
E. Bhagyalakshmi by Anonymous
Richard Bishop by Stuart Levy
George Boxer by Daniel Bryant
Maura Cajigan by Marygrace Trousdell

James A. Donaldson by Matthew Ando
Peter Duren by Linda R. Sons
Helen Grundman by Anonymous
Ellen Heiser, Robin Marek, Emily Riley, Sheila Rowland 
     by Donald and Mary McClure
H. Jerome Keisler by Jeffrey Keisler
Harry Kesten by Anonymous
Vadim Komkov by Henry Price Kagey
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Nadine Kowalsky by Timothy Wright
Martin Magid by Noah Mart
Anna Mello by Steven Joel Miller
Smrity Mukhopadhyay by Salilesh Mukhopadhyay
Boyd Z. Palmer by Regeneron Pharmaceuticals 
     and Donald G. Palmer
Gail and Pamela by John Moss Grover

Eugene A. Pflumm by Mollie Pflumm
Henri Poincaré by Cyprien Saito
Devin Serinken by Deniz Serinken
American Mathematical Society by Cyprien Saito
Raj Pal Soni by Suzanne Marie Lenhart
Maria Vulpe by Sophie Vulpe
Natalie Wong by Francis Edward Su

Gifts made in memory of the following individuals:
Family, friends, students and colleagues created a Named Endowed Fund, the John S. 
Hsia Fund for the Next Generation in memory of number theorist John S. Hsia of Ohio 
State University, which will support future generations of early career mathematicians.

Anonymous (4) Christine Gazda Yung-Chen Lu
10X Engineered Materials Jo H. Glover Jane I. Lyons
Ignacia Baeza-Icaza Robert Gold Heather Michalak
James Benham Christine Hsia Maria Icaza Perez
Carol Chester Lynette Wehmeyer Hsia Jenny Rucker
Michael W. Davis Toshiya Kawakubo James H. Saunders
Dr. A. G. Earnest Myung-Hwan Kim Ronald M. Solomon
Sara Ferrar Gordon D. Klein Cheryl Speckl
David Fischer Phyllis Klein Calvin Wohlert
Gary Gardner Roderick Lee

Bennett Mitchell Baker by Randolph Schweickart and 
     Lenora Satin
Richard Bishop by Matthew Kramme
Carol Ann Blackwood by Ellen H. Heiser
George (Greg) Brooks by Regeneron Pharmaceuticals and 
     Donald G. Palmer
Chun-Ting Chen by Jungkai Alfred Chen
Todd A. Drumm by Anonymous (2), Mary Jones-Dilworth, 
     Barbara T. Faires, Kelly Hafertepe, Jane M. Hawkins, 
     Janet and Mark Kammeyer, Josh Kelly, Pamela and 
     William Lutz, Thomas Marnejon and Paul Neuzil
Peter L. Duren by Estate of Peter L. Duren, Professor B. A. 
     and M. Lynn Taylor, Mei Wang, C. David Minda, and 
     Nancy Pfaltzgraff
Clifford J. Earle by Earle Family Fund of the 
     Community Foundation of Tompkins County
Kathryn B. Edward and G. Hopkins, Sr. by Ellen H. Heiser
Peter Fletcher by Aileen Fletcher
Vladimir E. Fortov by Anonymous
Kenneth I. Gross by Jennifer Taback and Thomas Pietraho
Bill Harvey by William Abikoff
Katherine Johnson by Jennifer C. Schultens
Herbert Kamowitz by Elaine Kamowitz
Jane and James Kister by Arthur G. Wasserman

John S. Lagarias by Anonymous
Dana May Latch by John C. Cherniavsky
Cecil E. Leith by Mary Louise Leith
Vincent O. McBrien by Dr. Joseph W. Paciorek
Maryam Mirzakhani by David A. Vogan Jr. and Arash Fahim
G. D. Moscow and R.G. Douglas by Anonymous
Nancy C. Ogden by Joan P. Ogden
Nikhil Patel by Anonymous
Eugene A. Pflumm by Mollie Pflumm
Samuel M. Rankin III by Hans P. Engler, Dr. Graeme 
     Fairweather, William E. Fitzgibbon, Stephen Gillotte, 
     Jane M. Hawkins, Ellen H Heiser, Brian Loggins, Donald 
     and Mary McClure, Linda P. Rosen and J. S. Walker
Paul J. Sally by Judith D. Sally
Pranab Kumar Sarkar by Salilesh Mukhopadhyay
Lori Sprague by Graeme Fairweather
Past American Mathematical Staff by Victoria Ancona
Elias M. Stein by Elly Stein
John T. Tate by Carol Tate
Richard Tondra by Don L. Pigozzi
Tsungming Tu by Loring W. Tu
Emil Vulpe by Sophie Vulpe
Stephen Wildstrom by Susan Schwartz Wildstrom
Pythagoras by Christopher Alan Prewitt

John S. Hsia
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PARTNERS
($10,000 and above)
Anonymous (2)
Adrian D. Banner
Bonnie Berger and 
     Tom Leighton
Joan and Joseph* Birman
Michael I. Brin
Estate of Peter L. Duren
Estate of James V. Whittaker
Michael Forster and 
     Susan Cole
Ann LeVeque
M. Susan Montgomery
The Savage Charitable Fund 
     of the Community 
     Foundation of Broward
Elly Stein

STEWARDS
($5,000 to $9,999)
John D. Brillhart
Henry Cohn
Richard L. Gantos
Stephen & Margaret Gill 
     Family Foundation
Lynette Wehmeyer Hsia
Craig L Huneke
David Jerison
Joan P. Ogden
Andrew P. Ogg
Jill C. Pipher
Glenn H. Stevens
Susan Schwartz Wildstrom

BENEFACTORS 
($2,500 to $4,999)
Anonymous (1)
Ruth M. Charney 
John B. Conway
William G. McCallum
Donald and Mary McClure
Zbigniew H. Nitecki
Kenneth A. Ribet and 
     Lisa Goldberg
Catherine A. Roberts
Lance W. Small and 
     Lynne Barnes Small
Loring W. Tu

PATRONS
($1,000 to $2,499)
Anonymous (2)
Matthew Ando
James G. Arthur
Edward J. Barbeau Jr.
Georgia Benkart
Roger Chalkley
Robert J. Daverman
Peter Der
Harold G. Diamond
Estate of Kathleen Baxter
Arash Fahim
Erica Flapan and 
     Francis Bonahon
Deb Flemin
William Mark Goldman
Ronald* and 
     Fan Chung Graham

Greater Kansas City 
     Community Foundation
Elizabeth Grossman and 
     Joshua Boorstein
Alfred W. Hales
Ellen H. Heiser
John M. Hosack
Paul and Bonnie Humke
Ron and Gail Irving
James E. Keisler
David C. Kelly
Chandrashekhar Khare
Bryna Kra
Soun-Hi Kwon
Jeffrey C. Lagarias
Robert K. Lazarsfeld
Zheindl Lehner
Mary Louise Leith
Albert and Dorothy Marden
Robin Marek and 
     David Beutel
Joseph G. Moser
Salilesh Mukhopadhyay
Walter D. Neumann
M. Frank Norman
anna cueni and 
     loki der quaeler
Eric M. Rains
Peter J. Riemer
Timothy Rupert Riley
Andrew M. Rockett
Marc Roth
Linda Preiss Rothschild
Habib Salehi
Judith D. Sally

Richard M. Schoen
Paul Shneidman
Susan and Joseph Silverman
Gigliola Staffilani
Norton and Irene Starr
T. Christine Stevens
Jennifer Taback and 
     Thomas Pietraho
Carol Tate
Christine Taylor
Mark A. Taylor
Douglas L. Ulmer
David A. Vogan Jr.
Karen Vogtmann and 
     John Smillie
Sophie Vulpe
Steven H. Weintraub
George V. Woodrow III

SPONSORS
($500 to $999)
Anonymous (4)
Joseph A. Ball
Gerald E.* and 
     Shirley Bergum
Peter B. Bjorklund
Leonard John Borucki
Henrik Bresinsky
David M. Bressoud
John Bromback
Charles Allen Butler
Karl E. Byleen
Richard Chandler
Sun-Yung A. Chang
Jungkai Chen
Ralph Cohen and 
     Susan Million
Albert W. Currier
Charles W. Curtis
Everett C. Dade
Michael R. Douglas
Loyal Durand
Robert D. Edwards
Benson Farb and 
     Amie Wilkinson
Sergey Fomin
Stephen S. Gelbart
Jo H. Glover
Google LLC
Frank D. Grosshans

AMS Donors
The people and organizations listed below made gifts to the AMS between January 1–December 31, 2020. The AMS thanks 
every donor on behalf of the beneficiaries for their generosity. Every gift helps advance mathematics.

“Given the AMS’s central place in the mathematical 
community, donations to the AMS are especially 
effective. I support the AMS because I believe in the 
AMS. The AMS serves the mathematics community 
with dedication and experience, and I know that my 
gift to the AMS will make a difference. When com-
bined with gifts from other donors, my gift can have 
a tremendous positive impact on the future of our 
profession.”

—Judy L. Walker, 
Chair of AMS Board of Trustees
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Robert M. and 
     Shelley Guralnick
Audrey Cole Hand
Jon L. Johnson
Seva and 
     Valentina Joukhovitski
Maria Margaret Klawe
Leonid Kneller
Keri A. Kornelson and 
     Noel Patrick Brady
Robert Krasny
Robert J. Lipshutz and 
     Nancy Wong
Albert T. Lundell
Ursula Magaard
David B. Massey
James W. Maxwell
Gregg McCarty
Yiannis N. Moschovakis
Eric A. Nordgren
Kasso A. Okoudjou
Takashi Ono
Gerald J. Porter
Jonathan M. Rosenberg
Ronald C. Rosier
Karen Saxe and Peter Webb
Randolph Schweickart
Keith Paul Smith
Louis Solomon
Margaret W. Taft
Akshay Venkatesh
Judy Leavitt Walker
Jay A. Wood
Tsu C. Wu
Paul C. Yang

ASSOCIATES
($100 to $499)
Anonymous (27)
William P. Abrams
Jose Adachi
William W. Adams
Donald W. Anderson
Michael T. Anderson
Stuart S. Antman
Kendall Atkinson
Catherine C. Aust
Scott E. Axelrod
Allen H. Back
Guillaume Bal
John T. Baldwin
Christopher L. Barrett
Wayne W. Barrett
Frances B. Bauer
Peter H. Baxendale
Jason P. Bell

Wolfgang Bell IV
Jean V. Bellissard
George M. Bergman
Julia Bergner
David R. Berman
Bruce C. Berndt
David S. Berry
Jerome Blackman
David E. Blair
Steven E. Blasberg
Ronald F. Boisvert
Paul Bourgade
Aldridge K. Bousfield
John S. Bradley
Steven B. Bradlow
Michael A. Breen
David Broom
Lawrence G. Brown
Richard K. Brown
Andrew M. Bruckner
Joseph T. Buckley
Danalee Buhler
R. B. Burckel
Ralph Stevens Butcher
L. Lorne Campbell
James C. Cantrell
Corrado Cardarelli
Jon F. Carlson
James Baldwin Carrell
David W. Carter
James R. Case
A. S. Cavaretta Jr.
Thomas E. Cecil
Seth D. Chaiken
Gulbank D. Chakerian
Ronald J. Chase
Scott G. Chastain
Pak Soong Chee
Victoria Hunter Cheney
John C. Cherniavsky
Vladimir V. Chernov
William A. Cherry
Stuart Citrin
Chester Dodge Clark
William Clee
Sandra and Daniel Cohen
Donald L. Cohn
Carolyn Cole
George Cole
Paul Dana Cole
Bruce P. Conrad
Douglas L. Costa
Malcolm A. Coulter
Carl C. Cowen
John S. Cross
Robert J. Currier

Howard Lee Dachslager
David B. Damiano
James N. Damon
Martin P. Dana
Anthony J. D'Aristotile
Ingrid Daubechies
Ian M. Davies
Guillermo Davila-Rascon
Chandler Davis
Donald M. Davis
Paul L. Davis
Clint Dawson
Guy M. De Primo
Herbert A. Dekleine
Dominick J. DelCasale
R. Peter DeLong
Yuanan Diao
Charles R. Diminnie
Peter C. Dolan
Simon Donaldson
M. Anne Dow
Loyal Durand
Matthew J. Dyer
Earle Family Fund of the 
     Community Foundation 
     of Tompkins County
Stanley Mamour 
     Einstein-Matthews
Nathaniel Eldredge
Richard S. Elman
Hans P. Engler
Barbara T. Faires
Graeme Fairweather
Ruth G. Favro
Mark E. Feighn
Burton I. Fein
Marjorie Fitting-Gifford
William E. Fitzgibbon
Wendell H. Fleming
Felix F. Flemisch
Aileen Fletcher
Gerald B. Folland
Julie A. Fondurulia
Andrew Foster
Walden Freedman
Ralph S. Freese
Laszlo Fuchs
William Fulton
John B. Garnett
Murray Gerstenhaber
Stephen Gillotte
Jane Piore Gilman
Maurice Eugene Gilmore
James G. Glimm
Paul Goethals
Daniel A. Goldston

Martin Golubitsky
Kenneth R. Goodearl
David J. Grabiner
Kevin A. Grasse
Larry K. Graves
Albert Groenenboom
Daniel D. Gutierrez
Owen Gwilliam
Jacob Gyntelberg
Gerhard E. Hahne
Mark Haiman
Richard M. Hain
Ursula Hamenstadt
Carsten Hansen
Gerald Hanweck
David Harbater
Stacy Guy Harris
Garry D. Hart
Bill Hassinger Jr.
Jane M. Hawkins
Dennis A. Hejhal
Simon Hellerstein
Francis McVey Henderson
Georg Hetzer
Gerald A. Heuer
Gloria C. Hewitt
Troy L. Hicks
Alexandrou A. Himonas
Peter David Hislop
Jonathan P. E. Hodgson
Christian W. Hoffmann
Hartmut Hoft
R. T. Hoobler
Vernon Howe
Tiao-Tiao Hsu
James G. Huard
Joseph A. Hughes
Mark E. Huibregtse
Birge K. 
     Huisgen-Zimmermann
Karen C. Hunt
Walker E. Hunt
Felice Iavernaro
Yulij Sergeevich Ilyashenko
Ettore Ferrari Infante
Popescu I. Ionela IV
William Jackson
Louise Jakobson
Barbara J. Janson
George A. Jennings
Mary H. Jennings
Hans Joergen Jensen
Robert R. Jensen
Eugene C. Johnsen
Charles N. Johnson
David Copeland Johnson
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Donald G. Johnson
Mary Jones-Dilworth
William B. Jones
Mattias Jonsson
Henry Price Kagey
Thomas Kailath
Masoud Kamgarpour
Janet Kammeyer
Elaine Kamowitz
Jonathan M. Kane and 
     Janet E. Mertz
Kiran S. Kedlaya
William Jonathan Keith
Robert P. Kertz
L. Richardson King
Allan M. Kirch
Roland R. Kneece Jr.
Hai-Ping Ko
Antoni A. Kosinski
Adnah G. Kostenbauder
Robert Edward Kottwitz
George Kozlowski
John E. Krimmel
Robert P. Kurshan
Joanne Ladolcetta
Jeanne LaDuke
Peter S. Landweber
Joseph A. Langsam
Michel L. Lapidus
Peter A. Lappan Jr
Philip and Mary Lavin
Gregory F. Lawler
John M. Lee
David B. Leep
Robert N. Leggett Jr.
J. Larry Lehman
Gerald M. Leibowitz
Estate of Andrew Lenard
H. W. Lenstra
Stuart Levy
Albert C. Lewis
John B. Little
Ming Chit Liu
George W. Lofquist
Brian Loggins
Ling Long
Jonathan D. Lubin
Daniel H. Luecking
Clement H. Lutterodt
Russell D. Lyons
Michael C. Mackey
Joseph Malkevitch
J. J. Malone
Joseph S. Mamelak
Kenneth L. Manders
Pauline Mann-Nachbar

Stefano Marchiafava
Walter Markowitch Jr.
Greg Marks
Charles Michel Marle
Thomas J Marlowe Jr.
Thomas Marnejon
Antonio Marquina
Noah Mart
James Martin
Arthur P. Mattuck
Stephen B. Maurer
John C. Mayer
Raymond A. Mayer Jr.
Jon McCammond
Clint McCrory
J. M. McDonough
O. Carruth McGehee
Francis Oisin McGuinness
William D. McIntosh
Charles McMichael Jr.
Robert C. McOwen
George F. Meierhofer
William Wyatt Menasco
Janet Mertz
Microsoft
Marvin V. Mielke
Arnold W. Miller
Steven Joel Miller
C. David Minda
Stanislav M. Mintchev
Rick Miranda
Norman D. Mirsky
Guido Mislin
Irina Mitrea
Harris Ahmed 
     Mohammed Ismail
Hugh L. Montgomery
Carlos Julio Moreno
Yasuhiro Morita
Larry J. Morley
Joseph R. Morris
Robert A. Morris
Kent E. Morrison
Motohico Mulase
Hans J. Munkholm
David C. Munton
Mircea I. Mustata
Amy Nadine Myers
Shoichi Nakajima
Hayato Nawa
Arnold L. Neidhardt
Csaba Nemethi
Paul Neuzil
Peter E. Ney
Togo Nishiura
Ricardo H. Nochetto

Landon Curt Noll
Andrew M. Odlyzko
Hajimu Ogawa
Andrzej Okninski
John Arthur Oman
Yoshitsugu Oono
Morris Orzech
Mikhail Ostrovskii
Joseph W. Paciorek
Donald G. Palmer
John H. Palmieri
Peter Papadopol
Bozenna Pasik-Duncan
Donald A. Patterson
James M. Peek
John W. Pennisten
Maria Cristina Pereyra
Sanford Perlman
William G. Pertusi
Troels Petersen
Mollie Pflumm
Don L. Pigozzi
Paul P. Pollack
Roman A. Polyak
Vaughan R. Pratt
Jozef Henryk Przytycki
Richard A. Quint

Eric Todd Quinto and 
     Judith Anne Larsen
Paul H. Rabinowitz
Louis B. Rall
James V. Ralston
R. Michael Range
Salvatore Rao
Frank Raymond
Christopher L. Reedy
David E. Reese
Regeneron Pharmaceuticals
Michael Bela Revesz
Robert J. Reynolds
Bruce Reznick
Martin G. Ribe
Barbara Slyder Rice
John F. Richards
Marc A. Rieffel
Robert D. Rigdon
Geoffrey R. Robinson
Vijay K. Rohatgi
Sharon Cutler Ross
Patrice Roussel
Daniel Ruberman
David Ryeburn
Jeffrey R. Sachs
Cyprien Saito
Hector N. Salas
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The Undergraduate Opportunity Awards 
provide support to undergraduate mathemat-
ics majors in financial need, allowing them to 
pursue their passion. In the words of Shaun, a 
Trjitzinsky Award winner, “once I started taking 
the more theoretical and abstract classes, I 
knew I had to become a math major and keep 
this interesting, odd, and frankly fun subject in 
my life.”

—Shaun Cesario, 
2020 Trjitzinsky Award winner
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Matthew Samsel
Chelluri C. A. Sastri
Ken-iti Sato
Richard Schori
Cedric F. Schubert
Jennifer C. Schultens
Alan Chumitzky
Robert J. Schwabauer
Andreas Seeger
Kenichi Sekiya
Mohamed W. I. Sesay
Frances Sexauer
Freydoon Shahidi
Richard J. Shaker
Ellis R. Shamash
Christine and 
     David Shannon
Mark Sheppard
Brooke Shipley
Alan H. Shuchat
Stuart J. Sidney
Kyle T. Siegrist
Allan J. Silberger
Daniel S. Silver
Lucia Simonelli
David B. Singmaster
Walter S. Sizer
John R. Smart
Mikhail Smirnov
Michael J. Sormani
Frank J. Sottile and 
     Sarah J. Witherspoon
John J. Spitzer
David A. Sprecher
Stan Spurrier
Harold M. Stark
Russell Lynn Stead
Paul K. Stockmeyer
Manfred Stoll
Lawrence D. Stone
Howard Straubing
Garrett James Stuck
Francis Edward Su
Kimio Sugita
Kelly John Suman
David M. Sward
Andrzej A. Szymanski
Daniel Joseph Tancredi
Carol Tate
B. A. and M. Lynn Taylor
Laurence R. Taylor
Michael D. Taylor
Edward C. Thoele
John A. Thorpe
Lisa Gail Townsley
Selden Y. Trimble V

Jeremy Taylor Tyson
Masaaki Ue
Antonius J. Van Haagen
Anthony Varilly-Alvarado
Wolmer V. Vasconcelos
Anatoly M. Vershik
Jean-Eudes Villeneuve
Richard A. Vitale
Marie A. Vitulli
John Voight
Stephen Wainger
J. S. Walker
Justin Clement Walker
Roger Walker
John Thomas Walsh
Hans Ulrich Walther
Mei Wang
William Edwin Warren
Max Leon Warshauer
Arthur G. Wasserman
David S. Watkins
Mark E. Watkins
Cary H. Webb
Barnet M. Weinstock
Lloyd R. Welch
Richard A. Wentworth
Ellen Westheimer
John E. Wetzel
Brian D. Wick
M. Hilary Davies
Roberta Williams
Susan Gayle Williams
Bettina Wiskott
Japheth L. M. Wood
Timothy Wright
Hung-Hsi Wu
Bostwick F. Wyman
Masayuki Yamasaki
Michael Yanowitch
Sam Wayne Young
Chevron
Thomas Zaslavsky
Evgeny I. Zelenov

FRIENDS
($1 to $99)
Anonymous (36)
Juan Jose Abad
Martha L. Abell
Raymond Lee Abma
Tadashi Aikou
Akram Aldroubi
Douglas Allen
Bruce N. Allison
Marcia Almeida
Agustin Alonso-Rodriguez

Dale E. Alspach
Vrege Jolfai Amirkahanian
Victoria Ancona
Kurt Munk Andersen
Susan Andima
George E. Andrews
Michael M. Anshel
Tom Armbruster
Edward M. Arnold
Kendall E. Atkinson
Jean-Christophe Aubert
Bernice L. Auslander
Gerard Anthony Azar
Tom Armbuster
Mohammad K. Azarian
Mobeen Azhar
Kiyoshi Baba
Carlo Bardaro
Claude W. Bardos
Amir Barghi
William H. Barker
David J. Barsky
Rana Barua
Patricia Bauman
J. Thomas Beale
David S. Becker
Jacob Philip Bedrossian
Alfred Stefan Beebe
John A. Beekman
Horst Behncke
Robert Beig
Sarah-Marie Belcastro
Robert W. Bell
Abdelatif Bencherif-Madani
Edoardo Beretta
Eugeniy Ivanovich 
     Berezhnoi
Alan E. Berger
James S. Bethel
Bradley Betts
Gautam Bharali
Marilyn S. Bickel
Lydia Bieri
Katalin Bimbo
David Samuel Bindel
Bjorn Birnir
Terrence Paul Bisson
Animikh Biswas
Don Blasius
Dorothee Jane Blum
Gudrun M. Gunnarsdottir 
     Bodvarsson
Gebhard Boeckle
Albrecht Boettcher
Mikhail E. Bogovskii
Jayaraman Boobalan

Grant M. Boquet
Lev A. Borisov
Endre Boros
Jeffrey Howard Boyd
Robert E. Bozeman
Sylvia T. Bozeman
Tom C. Braden
Alberto Branciari
William Branson
Daniel Brearley
John C. Breckenridge
Stewart Brekke
Robert C. Brigham
Gordon E. Brown
Kenneth S. Brown
Russell M. Brown
Claude P. Bruter
Henry Bryan
Daniel Bryant
Daniel Buehler
Jack Bukowski
Stephen S. Bullock
Daniel Willis Bump
Krzysztof Burdzy
Richard Charles Burge
Peter J. Buser
Colin J. Bushnell
Johnny Cadick
Rotraut G. Cahill
Christopher Carbone
Michael E. Carrell
Fabrizio M. E. Catanese
Graham D. Chalmers
Max Chaves
Li Chen
Thomas Chen
Robert Chew
Bhadrachalam Chitturi
Demetrios Christodoulou
Richard C. Churchill
David L. Clampitt
David M. Clark
C. Herbert Clemens
Frederick R. Cohen
Joel M. Cohen
Michael P. Cohen
Floyd B. Cole III
Daniel Comenetz
Daniel Condurache
Thomas A. Cootz
Joan Corbett
Chris Cosner
Alfredo Costa
Ovidiu Costin
Bradley N. Currey
David Scott Cyphers
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Peter Gueorgiev Dalakov
John P. Dalbec
Harrison Garrett Daniels
Jan W. Dash
Boris A. Datskovsky
Kevin Davidsaver
Martin D. Davis
Kenny De Commer
Luquesio Petrola 
     De Melo Jorge
Roberto F. Oliveira
Anthony T. Dean
Margaret Hollis Dean
Stephen Dell
Anastasiya Denisova
Jochen Denzler
Etienne Desquith
Erik Deumens
Oliver Diaz-Espinosa
Jaroslav Dittrich
Ana Nora Donaldson
John E. Doner
Dogan Donmez
Martin J Dowd
Alexander N. Dranishnikov
Thomas L. Drucker
Alex S. Dugas
Neil P. Dummigan
Alexander Duncan
Christopher Dwyer
David H. Easley
Patrick Barry Eberlein
C. Henry Edwards
Bruce E. Eichinger
Soren Eilers
Sylvan H. Eisman
Joseph J. Eiss
G. Griffith Elder
Alberto Elduque
Joanne Elliott
Rod Elsdon
Thomas J. Emerson
Philip G. Engstrom
Kazuyuki Enomoto
Kumar Eswaran
Martha Evens
Pramod Eyyunni
Barbara Fantechi
Frank A. Farris
Ian M. Ferris
David V. Finch
Patrick J. Fitzsimmons
Anne Kathryn Flaherty
Richard J. Fleming
Robert A. Fontenot
Jeff Fossum

Michael Frank
Daniel E. Frohardt
Siqi Fu
John D. Fulton
William E. Gabella
Fernando Galaz-Fontes
Eugene C. Gartland Jr.
Lloyd A. Gavin
Robert A. Gergondey
Stephen R. Gerig
Joseph L. Gerver
Ira M. Gessel
Yoshikazu Giga
Jack E. Girolo
Colin M. Glanville
I. V. Goddard
J. D. Goddard
Michael Colin Godfrey
Dorian Goldfeld
Michael Goldstein
Martin Goldstern
Yasuhiro Goto
Franklin R. Gould
Ryan E. Grady
Sidney W. Graham
Alistair Gavin Gray
Mary W. Gray
Delbert P. T. Greear
William L. Green
Gary R. Greenfield
Frederick P. Greenleaf
Phillip A. Griffith
Yury A. Grigoryev
John Moss Grover
Gerd Grubb
Craig R. Guilbault
Shiv Kumar Gupta
Samuel Gutekunst
Wynne Alexander Guy
Kelly Hafertepe
Mark F. Hagen
R Stanton Hales Jr.
William F. Hammond
Heiko Harborth
Dorothee D. Haroske
Andrew William Harrell
Dennis E. Harrison
Jonas Hartwig
Brian Hayes
David Hayes
Peter Niels Heller
Rohan Hemasinha
Thomas Henningsen
Christopher M. Herald
Ira W. Herbst
Margaret Hermann

Hugh M. Hilden
Gerald N. Hile
Shirley A. Hill
Ronald Hirshon
Chungwu Ho
Gerald H. Hoehn
Michael E. Hoffman
Detlev W. Hoffmann
Dustin Hollingsworth
John M. Holte
Jean MacGregor Horn
Jim E. Hoste
Roger F. House
V. Dwight House
Thomas Hsu
Timothy M. Hsu
Yu-Wen Hsu
Denise Huet
Anne Hughes
James F. Hurley
David E. Hurtubise
Jacques Claude Hurtubise
Carol Hutchins
Joan P. Hutchinson
Andrew D. Hwang
Francesco Iachello
Tomoyuki Ichiba
Pascal Imhof
Ettore Ferrari Infante
Arnold J. Insel
Lynne Kamstra Ipina
Joseph A. Iskra Jr
Alexander J. Izzo
Matthieu Jacquemet
Mirmosadegh Jamali
David M. James
Gabriela Jaramillo
Peter M. Jarvis
Trevor M. Jarvis
David Andrew Jekel
Miaohua Jiang
Sye Jimenez
Trygve Johnsen
Beorn Johnson
Dale Martin Johnson
David L. Johnson
Kenneth Walter Johnson
Robert Jones
Michael Joyce
Jeffry N. Kahn
Yuichiro Kakihara
Aref Kamal
Charles H. Kaman
Christine Kamenoff
Tasso J. Kaper
Trevor Karn

John P. Kavanagh
Jeffrey Keisler 
Edward L. Keller
Josh Kelly
Daniel C. Kemp
John T. Kemper
John F. Kennison
Dmitry Khavinson
Mark and Peggy Kidwell
Michael K. H. Kiessling
Yeansu Kim
Ian Kiming
Paul O. Kirley
Jan Kisynski
Andrew T. Kitchen
Benjamin G. Klein
Robert Matthew Klein
Derek Klinge
Tsuyoshi Kobayashi
Richard M. Koch
Jerzy Kocik
Yoshiharu Kohayakawa
Sadayoshi Kojima
R. J. Kolesar
Ralph D. Kopperman
Yvette 
     Kosmann-Schwarzbach
Eric J. Kostelich
Daniel B. Kotlow
Jurg Kramer
Matthew Kramme
Aleksandr S. Krantsberg
Herbert C. Kranzer
Wei-Eihn Kuan
Keisaku Kumahara
Alexander P. M. Kupers
John Patrick Lambert
Gregory Langmead
Lyle H. Lanier Jr.
David C. Lantz
Philippe Laurencot
Lorraine D. Lavallee
David Law
H. Blaine Lawson Jr
Walter R. Lawson
Jaewoo Lee
Kotik K. Lee
Suzanne Marie Lenhart
James I. Lepowsky
King Shun Leung
Graham J. Leuschke
Edward L. Lever
Michael Levet
Xin Li
Zvie Liberman
Burton B. Lieberman
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Kee-Kean Lim
Eric Mitchell Linn
Tsai-Sheng Liu
John Locker
John M. Long
James M. Lord
Leo Lutchansky Jr.
Norman Y. Luther
Pamela and William Lutz
Zinaida A. Lykova
Thomas Patrick Mack
Oliver Macklin
Yoshiaki Maeda
Mehran Mahdavi
Franz Maier
Leonid G. Makar-Limanov

Peter Malcolmson
Josef Malek
Maryanthe Malliaris
David M. Malon
Alfred P. Maneki
David Imler Marshall
Greg Martin
Ernesto Martinez
Samuel Masih
Makoto Masumoto
H. F. Mattson Jr.
Donald E. Maurer
Ava Mauro
Ellen J. Maycock
Dieter H.J. Mayer
Anna L. Mazzucato
James G. McLaughlin
Cynthia L. McCabe
Gregory L. McColm
Robert M. McConnel
Thomas McConnell
Michael J. McCourt

John G. McDonald
Burnell Thomas McKissick
Andrew M. McLennan
Alberto Medina
David Meier
Raymond Mejia
Anders Melin
Jorma K. Merikoski
Bernhard Joerg Mieck
Ellen Miller
Hugh Miller
Michael J. Miller
William David Miller
Michael William Minic
Dionyssios Mintzopoulos
John A. Mitchem

Marco Modugno
Sally M. Moite
Connor R. Mooney
Douglas Moore
Henri Moscovici
Garrett Selden Moseley
Catherine M. Murphy
Grattan P. Murphy
Erin F. Murray
William O. Murray
Mark Myers
Bruno L. Nachtergaele
Takao Namiki
Anthony C. Nance
Melvyn Nathanson
Miguel Fernando Negron
Christian-Frieder Nelius
Monica Nevins
Juan Neyra
Dr Sedar Ngoma
Alexandra Nichifor
Lance W. Nielsen

Gerhard Niklasch
Tsunekazu Nishinaka
Virginia A. Noonburg
Mohd Salmi Noorani
Rutger Noot
Masatoshi Noumi
Olav Kristian Nygaard
Richard Alan Oberle
Serge Ochanine
Timur Oikhberg
Mogens Norgaard Olesen
Robert F. Olin
Marcel Oliver
David R Olson
Paul D. Olson
Peter J. Olver

Daniel J. Opitz
Edward T. Ordman
Bent Orsted
Bruce Thor Osbo
Brad G. Osgood
Yelin Ou
Judith A. Packer
Victor P. Palamodov
Sethu Palaniappan
Bruce P. Palka
Thomas H. Parker
Alberto Parmeggiani
David A. Pask
Sarah E. Patrick
Nicholas J. Patterson
Peter Paule
Dusko Pavlovic
Siegfried H. R. Pawelke
Daniel Pawlak
Stephen Pennell
Manley Perkel
Peter A. Perry

Charles Samuel Peskin
Emmanuel R. Peyre
Nancy Pfaltzgraff
Mark A. Pierson
Cornelius Pillen
Dan Pirjol
Gilles Pisier
Harriet S. Pollatsek
Malabika Pramanik
Stanley Preiser
Christopher Alan Prewitt
Martin E. Price
Gregory J. Puleo
George S. Quillan
Michael F Quinn
Ashvin Rajan

Dinakar Ramakrishnan
Melapalayam S Ramanujan
A. Prabhakar Rao
A. S. Rapinchuk
James M. Rath
Gary M. Rathbone
S. W. Rayment
Don Redmond
Ernestine Reeves-Hicks
Eugenio Regazzini
Andrew Reiter
Michael Renardy
Jean N. Renault
Stephen J. Ricci
Norman J. Richert
Jose Rio
Thomas W. Rishel
Anne D. and Paul C. Roberts
Pedro Martins Rodrigues
David E. Rohrlich
Judith Roitman
John Sebastian Rojas

Even though many AMS meetings were 
held virtually because of the pandemic, 
the AMS Child Care Grants program, 
thanks to our generous donors, provid-
ed much needed childcare support for 
participants of the JMM and the Eastern, 
Central, Western and Southeastern Sec-
tional Meetings. 
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Raymond H. Rolwing
Guillermo Romero 
     Melendez
Linda Rosen
Kenneth A. Ross
Adrian S. Roth
Bruce L. Rothschild
Ivan Daniel Rothstein
Regina Rotman
Virginia G. Rovnyak
Dimitrios Roxanas
Joachim H. Rubinstein
Robert S. Rumely
Hansklaus Rummler
Bernard Russo
Joshua M. Sabloff
Mikhail Safonov
Mohammad Sajid
Thomas S. Salisbury
Jonathan Winslow Sands
Hanamantagouda 
     Pandappa 
     Sankappanavar
Hiroki Sato
Hidemitsu Sayeki
Giambattista Scarpi
Andre Scedrov
Doris W. Schattschneider
James R. Schatz
Gideon Schechtman
Markus Schmidmeier
Wolfgang M. Schmidt
Christian Schnell
Sam Scholze
R. Martin Schottenloher
Lynn Schreyer
Anthony Karel Seda
Richard Brant Seguin
Howard A. Seid
George B. Seligman
Stuart A. Seligson
Carlo E. Sempi
Deniz Serinken
Francesco Serra Cassano
Mohammad Shakil
Zhongwei Shen
Ching-Kuang Shene
Anastasios Simalarides
Patrick J. Sime
Lloyd D. Simons

Dev P. Sinha
Hardiv H. Situmeang
Irina F. Sivergina
Jon A. Sjogren
Daphne Skipper
Stephen Slack
Brian D. Sleeman
Laurie M. Smith
William F. Smyth
Florian Sobieczky
Bruce Michael Solomon
Anthony E. Solomonides
Boris Solomyak
Linda R. Sons
Alexia Henderson Sontag
Claudia Spiro
Sam Spiro
Emily H. Sprague
Aravind Srinivasan
Thirumalai P. Srinivasan
Ross E. Staffeldt
J. Toby Stafford
Dennis W. Stanton
David Stepleton
John R. Stembridge
Michael Stob
Philip D. Straffin Jr.
Volker Strehl
Hans-Christof Stuwe
William D. Sudderth
William H. Sulis
Richard W. Sullivan
Roman Sznajder
Yoshinori Takei
Jun-Ichi Tanaka
Yoshihiro Tanaka
Xiang Tang
Elliot A. Tanis
Terence Chi-Shen Tao
Timothy Tatar
Leon H. Tatevossian
Keith A. Taylor
Victor E. Terrana
Joseph A. Thas
Ryan Therkelsen
Ben Thomas
Zora Thomova
Jon Thompson
Pham Huu Tiep
Stephen J. Tierney

Scott Tilton
C. Cary Timar
Dan Timotin
Bjarne Toft
Craig A. Tracy
Cedric Travelletti
Jan Trlifaj
Marygrace Trousdell
Spiros Peter Tsatsanis
Joann Stephanie Turisco
Richard J Turyn
Johan Tysk
Tomio Umeda
Frederick William 
     Umminger
Abraham Albert Ungar
Benedek Valko
Johannes A. Van Casteren
Gerard Van der Geer
Joseph C. Varilly
Violeta Vasilevska
Alexander Vauth
Robert Jerome Velazquez
Frank Verhoeven
Alekos Vidras
Thomas I. Vogel
Paul A. Vojta
Yury Volin
Hans W. Volkmer
Jonathan M. Wahl
Sebastian Walcher
Mark J. Waldschmidt
Shawn W. Walker
Hans-Otto Walther
Yunjiao Wang
S. Ole Warnaar
Greg M. Watson
Edward C. Waymire
David L. Webb
Glenn F. Webb
Wolfgang Wefelmeyer
Joel L. Weiner
Michael S. Weiss
John C. Wenger
Elisabeth M. Werner
Ciara Wharton
Denis A. White
Tad P. White
Robert Lee Wilson
Beth A Wingate 

John W. Wingate
F. Wintrobe
Ralf W. Wittenberg
Willie Wai Yeung Wong
Charles Robert Wunsch
Ping Xiao
Marvin Yablon
Deane Yang
Suresh Yegnashankaran
Lynne Yengulalp
J. Michael Yohe
Yosef N. Yomdin
Manchun Yu
Charles T. Zahn
Jean-Claude Zambrini
Ahmed I. Zayed
Joshua Zelinsky
Stephen M. Zemyan
Jose Zero
Gaoyong Zhang
Pavel Zhardetskiy
Jun Zou
John A. Zweibel
Patrick Dylan Zwick

This report reflects contributions from January 1, 2020, through December 31, 2020. Accuracy is important to us and 
we apologize for any errors. Please bring discrepancies to our attention by calling AMS Development at 401.455.4111 or 
emailing development@ams.org. Thank you.

* indicates deceased.
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late father, John L. Synge, who knew and admired Oswald 
Veblen, Cathleen Synge Morawetz and her husband, Her-
bert, substantially increased the endowment.

The current prize amount of US$5,000 is awarded every 
three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/veblen-prize.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006. 

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/conant-prize.

AMS Prizes & Awards
Ciprian Foias Prize 
in Operator Theory
The Ciprian Foias Prize in Operator Theory is awarded 
for notable work in Operator Theory published during 
the preceding six years. The work must be published in a 
recognized, peer-reviewed venue.

About this Prize
This prize was established in 2020 in memory of Ciprian 
Foias (1933–2020) by colleagues and friends. He was an 
influential scholar in operator theory and fluid mechanics, 
a generous mentor, and an enthusiastic advocate of the 
mathematical community.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/profession/prizes-awards/ciprian-prize.

Oswald Veblen Prize 
in Geometry
The award is made for a notable research work in geometry 
or topology that has appeared in the last six years. The work 
must be published in a recognized, peer-reviewed venue.

About this Prize
This prize was established in 1961 in memory of Professor 
Oswald Veblen through a fund contributed by former stu-
dents and colleagues. The fund was later doubled by the 
widow of Professor Veblen. An anonymous donor gener-
ously augmented the fund in 2008. In 2013, in honor of her 

https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/profession/prizes-awards/ciprian-prize
https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org/veblen-prize
https://www.ams.org/veblen-prize
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Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/moore-prize.

David P. Robbins Prize
The Robbins Prize is for a paper with the following charac-
teristics: it shall report on novel research in algebra, combi-
natorics or discrete mathematics and shall have a significant 
experimental component; and it shall be on a topic which 
is broadly accessible and shall provide a simple statement 
of the problem and clear exposition of the work. Papers 
published within the six calendar years preceding the year 
in which the prize is awarded are eligible for consideration.

About this Prize
This prize was established in 2005 in memory of David P. 
Robbins by members of his family. Robbins, who died in 
2003, received his PhD in 1970 from MIT. He was a long-
time member of the Institute for Defense Analysis Center 
for Communications Research and a prolific mathema-
tician whose work (much of it classified) was in discrete 
mathematics.

The current prize amount is US$5,000 and the prize is 
awarded every 3 years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/robbins-prize.

Award for Distinguished 
Public Service
The Award for Distinguished Public Service recognizes a 
research mathematician who has made recent or sustained 
distinguished contributions to the mathematics profession 
through public service.

About this Prize
The AMS Council established this award in response to a 
recommendation from its Committee on Science Policy.

The US$4,000 award is presented every two years.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/public-service-award.

Chevalley Prize 
in Lie Theory
The Chevalley Prize is awarded for notable work in Lie 
Theory published during the preceding six years; a recipient 
should be at most twenty-five years past the PhD.

About this Prize
The Chevalley Prize was established in 2014 by George 
Lusztig to honor Claude Chevalley (1909–1984). Chevalley 
was a founding member of the Bourbaki group. He made 
fundamental contributions to class field theory, algebraic 
geometry, and group theory. His three-volume treatise on 
Lie groups served as standard reference for many decades. 
His classification of semisimple groups over an arbitrary 
algebraically closed field provides a link between Lie’s the-
ory of continuous groups and the theory of finite groups, 
to the enormous enrichment of both subjects.

The current prize amount is US$8,000, awarded in 
even-numbered years, without restriction on society mem-
bership, citizenship, or venue of publication.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/chevalley-prize.

E. H. Moore Research 
Article Prize
The Moore Prize is awarded for an outstanding research 
article to have appeared in one of the AMS primary re-
search journals (namely, the Journal of the AMS, Proceedings 
of the AMS, Transactions of the AMS, Memoirs of the AMS, 
Mathematics of Computation, Electronic Journal of Conformal 
Geometry and Dynamics, and Electronic Journal of Representa-
tion Theory) during the six calendar years ending a full year 
before the meeting at which the prize is awarded.

About this Prize
The prize was established in 2002 in honor of E. H. Moore. 
Among other activities, Moore founded the Chicago 
branch of the American Mathematical Society, served as 
the Society’s sixth President (1901–1902), delivered the 
Colloquium Lectures in 1906, and founded and nurtured 
the Transactions of the AMS.

The current prize amount is US$5,000, awarded every 
three years.

Next Prize: January 2022

https://www.ams.org/chevalley-prize
https://www.ams.org/chevalley-prize
https://www.ams.org/public-service-award
https://www.ams.org/public-service-award
https://www.ams.org/robbins-prize
https://www.ams.org/robbins-prize
https://www.ams.org/moore-prize
https://www.ams.org/moore-prize
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Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked 

directly with pre-college teachers to enhance teach-
ers’ impact on mathematics achievement for all 
students, or

(b) sustainable and replicable contributions by mathe-
maticians to improving the mathematics education 
of students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/impact. 

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 

which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004 by the Council of the 
AMS. For the first three awards (2006–2008), the prize 
amount was US$1,200. The prize was endowed by an 
anonymous donor in 2008, and starting with the 2009 
prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelors degree in mathematical sciences are el-
igible.

Next Award: January 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: A letter of nomination may be 
submitted by one or more individuals. Nomination of the 
writer’s own institution is permitted. The letter should de-
scribe the specific program(s) for which the department is 
being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes came about by 1) sys-
tematic, reproducible changes in programs that might be 
implemented by others, and/or 2) have value outside the 
mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages. 

To make a nomination, go to https://www.ams.org 
/department-award.

Mathematics Programs  
that Make a Difference
This Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/department-award
https://www.ams.org/department-award
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research in mathematics. Any student who was enrolled as 
an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is $1,200, awarded annually.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/morgan-prize.

Norbert Wiener Prize 
in Applied Mathematics 
(AMS-SIAM)
The Wiener Prize is awarded for an outstanding contribu-
tion to “applied mathematics in the highest and broadest 
sense.”

About this Prize
This prize was established in 1967 in honor of Professor 
Norbert Wiener and was endowed by a fund from the De-
partment of Mathematics of the Massachusetts Institute of 
Technology. The endowment was further supplemented by 
a generous donor.

Since 2004, the US$5,000 prize has been awarded every 
three years. The American Mathematical Society and the 
Society for Industrial and Applied Mathematics award 
this prize jointly; the recipient must be a member of one 
of these societies.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

To make a nomination, go to https://www.ams.org 
/wiener-prize.

About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 
groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a Selection Com-
mittee appointed by the AMS President and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: January 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: The letter of nomination should 
describe the specific program being nominated and the 
achievements that make the program an outstanding suc-
cess. A strong nomination typically includes a description 
of the program’s activities and goals, a brief history of the 
program, evidence of its effectiveness, and statements from 
participants about its impact. The letter of nomination 
should not exceed two pages, with supporting documenta-
tion not to exceed three more pages. Up to three supporting 
letters may be included in addition to these five pages. 
Nomination of the writer’s own institution or program is 
permitted. Non-winning nominations will automatically 
be reconsidered for the award for the next two years.

To make a nomination, go to https://www.ams.org 
/make-a-diff-award.

Joint Prizes & Awards
Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/wiener-prize
https://www.ams.org/wiener-prize
https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
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Mikhail Gordin Prize  
(AMS-EMS)
The AMS-EMS Mikhail Gordin Prize was established to 
honor the memory of Mikhail Gordin and the tradition 
of the mathematics of Eastern Europe. It is awarded to a 
mathematician working in probability or dynamical sys-
tems, with preference given to early career mathematicians 
from or professionally connected to an Eastern European 
country. The recipient is chosen by a committee appointed 
by the EMS with AMS representation on the committee.

About this Prize
The Mikhail Gordin Prize is awarded every four years. It 
consists of a cash prize of US$4,000 and funds of US$1,000 
to cover travel costs to the awards ceremony.

Next Prize: January 2022

Nomination Period: March 1–June 30, 2021

Nomination Procedure: Nominations for the Mikhail 
Gordin Prize should include a letter of nomination, a 
curriculum vitae of the nominee, and a short citation (up 
to 50 words) to be used in the event that the nomination 
is successful.

To make a nomination, go to https://www.ams.org 
/profession/prizes-awards/gordin-prize.

EUROPEAN 
MATHEMATICAL 
SOCIETY

NEW FROM THE

t-Motives: Hodge Structures,
Transcendence and

Other Motivic Aspects
Gebhard Böckle, University of Heidelberg, Germany,

David Goss, Urs Hartl, University of Muenster, Germany, and
Matthew Papanikolas, Texas A&M Unversity, College Station,

Editors

This volume contains research and survey articles on Drinfeld 
modules, Anderson t-modules and t-motives. Much material 
that had not been easily accessible in the literature is present-
ed here, for example, the cohomology theories and Pink’s 
theory of Hodge structures attached to Drinfeld modules and 
t-motives. Also included are survey articles on the function 
field analogue of Fontaine’s theory of p-adic crystalline Galois 
representations and on transcendence methods over function 
fields, encompassing the theories of Frobenius difference 
equations, automata theory, and Mahler’s method. In addi-
tion, this volume contains a small number of research articles 
on function field Iwasawa theory, 1-t-motifs, and multizeta 
values.

The book is a useful source for learning important techniques 
and an effective reference for all researchers working in or 
interested in the area of function field arithmetic, from gradu-
ate students to established experts.

EMS Series of Congress Reports, Volume 16; 2020; 473 pages; 
Hardcover; ISBN: 978-3-03719-198-9; List US$99; AMS members 
US$79.20; Order code EMSSCR/16

Explore more titles at
bookstore.ams.org.

Publications of the European Mathematical Society (EMS). 
Distributed within the Americas by

the American Mathematical Society.

https://www.ams.org/profession/prizes-awards/gordin-prize
https://www.ams.org/profession/prizes-awards/gordin-prize
http://bookstore.ams.org
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APPLICATIONS & NOMINATIONS
A Search Committee, with AMS Treasurer Douglas Ulmer as Chair, is seeking and reviewing applications. Direct 
nominations and questions to the Chair of the Search Committee: tsc-chair@ams.org.

Persons wishing to apply may do so through www.MathPrograms.org.

For full consideration, applications and supporting documentation should be received by July 1, 2021.

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

Apply or Nominate Colleagues for

Associate Treasurer
of the American Mathematical Society

Help Guide AMS Fiscal Policy.

The Associate Treasurer helps administer and supervise AMS � scal policies in the interest of 
the mathematical community.

You know � nance and you know the AMS. Now you have the chance to play a leading role in managing AMS policies, 
expenditures, investments, and budgets, while following trends in � nance. The American Mathematical Society seeks 
applications and nominations of candidates for the post of Associate Treasurer. This individual is an of� cer of the
Society appointed by the Council to a two-year term beginning February 1, 2022. All necessary expenses incurred by 
the Associate Treasurer in performance of duties for the Society are reimbursed, including travel and communications.

QUALIFICATIONS
We welcome applications from PhD mathematicians who have substantial knowledge of Society activities.
Although the Associate Treasurer is appointed for a term of two years, candidates willing to make a longer commit-
ment will be preferred, as it is expected that the Associate Treasurer will be reappointed for subsequent terms pending 
successful performance reviews.

DUTIES
The Associate Treasurer has many duties parallel to those of the Treasurer:
• Administering or supervising administration of � scal policies in the interest of the mathematical community, as 

determined by the Trustees.
• Monitoring funds, investments, budgets, and trends of � nance over periods of years, and reviewing salary policy 

for AMS employees and its applications to individuals.
• Serving ex of� cio as a member of the Board of Trustees, Council, and other committees, as well as serving as

Secretary of the Board of Trustees.
• In addition, the Associate Treasurer serves as Secretary of the Mathematical Reviews Corporation, as a member of 

the Retirement Plan Investment Committee, and as a non-voting member of the Mathematical Reviews Editorial 
Committee.
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APPLICATIONS & NOMINATIONS
The Chief Editor is appointed by the Council upon recommendation by a Search Committee. Please submit your 
application—including a CV and letter of interest—through www.MathPrograms.org. At a later stage in the process 
you may be asked for references, i.e., the names of up to three people who are willing to be contacted by us for more 
information.

Please send nominations or questions to Dr. Catherine Roberts, Executive Director, at croberts@ams.org.

Applications received by September 2, 2021 will be assured full consideration.

Chief Editor of the
Bulletin of the American Mathematical Society
Seeking applicants who thrive on communicating contemporary mathematics research
to a broad range of mathematical scientists.

POSITION
Applications and nominations are invited for the position of Chief Editor of the Bulletin of the American Mathematical 
Society. The new editor-designee will be appointed as an Associate Editor beginning February 1, 2022 and will become 
Chief Editor and a member of the AMS Council for a three-year term from February 1, 2024 through January 31, 2027. 
The applicant must demonstrate excellent editorial judgment and communication skills. Although the Bulletin Chief 
Editor is appointed for a term of three years, candidates willing to make a longer commitment will be preferred, as it is 
expected that the Bulletin Chief Editor will be reappointed for subsequent terms pending successful performance reviews.

The Bulletin publishes substantial survey articles on contemporary mathematical research, written in a way that gives 
insight to mathematicians who may not be experts in the particular topic. Many of the expository articles are invited. 
The Bulletin also publishes reviews of selected books in mathematics and short articles in the Mathematical Perspectives 
section, both by invitation only.

The Bulletin of the American Mathematical Society is published quarterly with articles posted individually to the AMS web-
site before appearing in an issue.

QUALIFICATIONS
We welcome applications from individuals with strong mathematical research experience, broad mathematical interests, 
and a commitment to communicating mathematics to a diverse audience. The AMS strives to serve mathematicians of 
all disciplines in an inclusive, equitable, and welcoming fashion. Candidates that share in this approach are strongly 
encouraged to apply.

DUTIES
The Chief Editor has editorial responsibility for the Bulletin within broad guidelines. The Chief Editor is assisted by two 
boards of associate editors (one for Articles and one for Book Reviews), appointed by the Council upon recommenda-
tion of the Chief Editor. The associate editors help to fashion the contents of the Bulletin and solicit material for publica-
tion. The Bulletin also has on its editorial board one person responsible for the popular Current Events Bulletin event at 
the Joint Mathematics Meetings. AMS staff in Providence provide all production and administrative support. The Chief 
Editor will operate from their home institution. Some � nancial support for this work is available, typically in the form 
of release time. In order to begin working on the January 2024 issue, some editorial work would begin early in 2023.

The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.
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more of a validation moment than I even realized,” Law 
says. “You know, ‘You’re a math person. You’re good at this. 
You can do this.’”

I spoke with seven past recipients of Trjitzinsky Awards 
to find out where their mathematical journeys have taken 
them since college. Their inspiring biographies range 
widely: a math teacher who is now a dean of students at 
the same high school she attended, a statistician who has 
snorkeled with sharks as part of her research, a data analyst 
who uses math in the health care industry. All point to the 
award as an important stepping stone in their education. 
And all say that having studied mathematics as undergrad-
uates continues to serve them well, no matter their career.

“All the Stars Aligned”
In 2003, as a junior at the State University of New York 
at Potsdam, Bishal Thapa was on the verge of transferring 
to another school after a tuition hike. For Thapa, known 
among his fellow math majors as a “god of calculus,” win-
ning a Trjitzinsky Award made all the difference. “Because 
of this award, all the stars aligned,” he says. “That was the 

only reason I was able to con-
tinue at [SUNY].”

Thapa grew up in Nepal, 
where he was the eighth-high-
est scorer on the nationwide 
exam for 10th graders. His fa-
ther urged him to become a 
medical doctor, but Thapa was 
“a little rebellious always” and 
found himself drawn to the 
creative process of mathematics 
instead. When he came to the 
United States to study at SUNY, 

Seven Paths in Mathematics
Past recipients of the AMS Trjitzinsky Awards  
share their journeys

Scott Hershberger

When she was growing up, Kara Lavender Law’s definition 
of summertime fun was solving logic puzzles and doing 
math workbooks. In high school, the Chappaqua, New 
York, native would often evaluate integrals while eating 
ramen noodles and watching The Oprah Winfrey Show. So 
once she enrolled as an undergraduate at Duke University 
in 1990, she declared a major in math without hesitation. 

Law enjoyed her classes but soon felt the financial pres-
sure of student loans. Then, in the fall of her sophomore 
year, “I went to my post office box in the student center one 
day and pulled out this envelope,” she recalls. “I opened 
it up, and it was a congratulatory letter that I had won this 
award with a scholarship. And I was looking at it back and 
forth, like, ‘Where did this come from?’”

Law was one of the inaugural recipients of the AMS 
Waldemar J. Trjitzinsky Memorial Awards. The AMS had 
randomly selected four geographically distributed univer-
sities, including Duke, and each in turn chose undergrad-
uate mathematics students to receive the awards on the 
basis of financial need and merit. Since 1991, nearly 200 
promising math students have received Trjitzinsky Awards 
to ensure that financial hardship does not stand in the 
way of completing their degree programs. The colleges and 
universities are randomly selected each year from the AMS’s 
institutional members, and the number of recipients and 
scholarship amount vary (in 2020, eight undergraduates 
each received $3,000).

Along with the monetary support comes a strong sense 
of affirmation that encourages awardees to persevere in 
their studies. Looking back 30 years later, “it was probably 

2003 recipient Bishal Thapa 
works in wireless security. 

Scott Hershberger is the communications and outreach content specialist 
at the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2299
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see how I can use math to contribute to the betterment of 
society,” he says.

Joiner, who won the award as 
a sophomore at the University 
of Cincinnati, also informally 
tutors statistics and algebra, 
striving to dispel the notion 
that math is hard and esoteric. 
Students typically find him by 
word of mouth. 

“I’ve always been of the phi-
losophy that—especially when 
you’re in a good place in life—
you give back and help [oth-
ers],” he says. “Sometimes it’s 
just that little boost that can 
really take someone to that next 
level.”

Algebra, Sharks, and Plastic
Angela Robertson embodies that generous spirit as a dean 
of students at Tulare Western High School—her alma mater. 

Robertson (née Martinho) attended California State 
University, Hayward, as a first-generation college student. A 
2003 Trjitzinsky Award, the largest scholarship she received 
that year, helped her maintain a full course load while 
swimming competitively. 

A public high school with 
about 2,000 students in Cali-
fornia’s Central Valley, Tulare 
Western has a “positive, close-
knit” culture, which motivated 
Robertson to return there as a 
math teacher in 2005. “It was 
a little strange at first” to have 
many of her former teachers as 
colleagues, she says, but “we 
take a lot of pride in our school 
and our community.”

In the following 10 years, 
Robertson relished the breadth 
of experiences that came with 
teaching Algebra I, Algebra 
II, Pre-calculus, and Calculus. 

After getting her administration credential, she spent three 
years as a dean of students at another high school in the 
district before entering that role at Tulare Western in 2018. 
Her numerous responsibilities include overseeing the math 
program, managing support programs and state testing, 
and supervising school events. 

Robertson’s favorite aspect of her work, both as a teacher 
and as an administrator, has been building relationships 
with students. She has stayed connected with many of 
them through their college years and beyond—some have 

he got his first computer and began to explore computer 
science as well. 

Finding that he preferred practical problems to theo-
retical ones, Thapa attended graduate school in computer 
science at Northeastern University. During his PhD research 
on the jamming and anti-jamming of wireless communica-
tion, he spent long nights and weekends gaining hands-on 
experience with communications systems. Now he is a 
research scientist in the research and development division 
of Raytheon. He brings a wide range of mathematical tools 
to bear on wireless security: Abstract algebra, graph theory, 
polynomial interpolation, Galois fields, combinatorics, 
and elliptic curves all show up in his work.

Thapa delights in the challenges of trailblazing new 
product ideas as well as making existing communications 
systems more secure. “I’m doing what I love to do, and I’ve 
been blessed to make a living out of it.”

Two other Trjitzinsky awardees I spoke with also chose 
mathematically-oriented careers in industry. Stephen 
Brazil, a 2015 recipient, works as an actuarial associate at 
Hannover Re, a reinsurance company. Langston Joiner, a 
2010 recipient, is a data analyst at Molina Healthcare. Both 
say their mathematical training cultivated a way of thinking 
that permeates their lives.

“Constructing a logical ar-
gument is probably the most 
invaluable skill I learned,” says 
Brazil. “I’m never going to deal 
with a vector space or the mean 
value theorem in my actuarial 
work, but every day, I have to 
look at problems and construct 
as flawless as possible an argu-
ment as to why I think things 
are the way they are.”

Brazil builds models in C++ 
and R for Hannover Re’s pricing 
unit, figuring out how the com-
pany should invest in life in-
surance deals. He hadn’t heard 

of the actuarial field until his junior year at New Mexico 
State University, and he “got destroyed by” the actuarial 
probability exam the first time he took it. But he perse-
vered, passing that exam the fall after graduation and the 
financial mathematics exam the following spring. Then 
he sold insurance for a year before landing his current 
position in 2018. 

Joiner works in Molina’s corporate pharmacy, where 
he ensures that people get the medications they need 
while weighing factors such as the risk of drug abuse. 
Before that, he analyzed data from the Minority Business 
Enterprise and other programs at the Ohio Department of 
Administrative Services and was a financial analyst at the 
Ohio Environmental Protection Agency. “I always like to 

2015 recipient Stephen 
Brazil, an actuary at a 
reinsurance company. 

2010 recipient Langston 
Joiner, a data analyst, 
continues tutoring math 
students. 

2003 recipient Angela 
Robertson is a dean of 
students at her high school 
alma mater.
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sailing with students in the Pacific and Atlantic Oceans 
quickly expanded into the central focus of her career. She 
co-authored a landmark 2015 paper that provided the 
first estimate of how much plastic enters the ocean each 
year (on the low end, a weight equivalent to all the tuna 
fished from the ocean in a year), as well as a 2017 analysis 
of the quantity and fate of all mass-produced plastics ever 
manufactured. 

Although she does not use heavy-duty statistical tools 
like Leos Barajas, “building that critical thinking and 
quantitative analytical sense has totally formed who I am 
as a scientist,” Law says. “If I hadn’t had the hard math 
and science background, there’s no way I’d be doing what 
I’m doing.”

An Ongoing Legacy
For the past 30 years, the funds for the Trjitzinsky Awards 
have come from a bequest from the estate of Waldemar J., 
Barbara G., and Juliet Trjitzinsky. Beginning in 2021, the 
awards will fall under the umbrella of the AMS’s new Un-
dergraduate Opportunity Award program, through which 
additional donors will contribute to the success of students 
majoring in mathematics. 

Amid the upheaval of the COVID-19 pandemic, the 
financial support offered by the program is more crucial 
than ever. For instance, Darling Garcia, a junior at Vassar 
College, decided to spend the fall 2020 semester at home 
with her family in Los Angeles, making her ineligible to 
hold a work-study job in New York. A Trjitzinsky Award 
filled that gap.

“It really came at the perfect 
time,” Garcia says. “It allowed 
me to get the tools that I needed 
to complete the semester suc-
cessfully.”

Throughout her childhood, 
Garcia spent her Saturday morn-
ings learning math with her dad, 
an immigrant from Mexico. In 
college, she initially declared 
a major in biochemistry. But 
just before the pandemic, she 
switched to math, the subject 
she had always loved. Planning 
to pursue a career in dentistry, 
she looks forward to making 

personal connections with patients and tangibly elevating 
their quality of life.

Of course, financial help alone is not enough to make 
a student successful. For all seven of these recipients, the 
Trjitzinsky Award was just one manifestation of a support-
ive network of mentors who helped them chart their path 
in mathematics and the world. Leos Barajas’s professors 
encouraged her to attend graduate school, a possibility 

even returned to Tulare Western as teachers themselves. In 
fact, the afternoon we spoke, she interviewed a couple of 
former students for a math teacher position. “It’s exciting 
to see that,” she says.

While Robertson found her niche as a high school 
teacher, two Trjitzinsky recipients I met chose to pursue 
PhDs and continue research and teaching as college profes-
sors. Law, one of the inaugural awardees, earned her PhD in 
physical oceanography and has been on the faculty of the 
Sea Education Association since 2003, becoming a research 
professor of oceanography in 2012. Vianey Leos Barajas, 
who in 2010 received the award as a senior at California 
State University, Bakersfield, went on to complete a PhD 
in statistics and recently became an assistant professor at 
the University of Toronto.

Leos Barajas has a joint ap-
pointment in the Department 
of Statistical Sciences and the 
School of the Environment, 
where she harnesses Bayesian 
statistics to study animal move-
ment, construct spatial mod-
els of disease data, and more. 
When she was growing up, see-
ing data of shark movement on 
the Discovery Channel’s Shark 
Week sparked her interest in the 
field. “I was like, ‘There must 
be people with that data, and 
surely I could also be working 
on these projects.’” 

In her graduate and post-
doctoral research, Leos Barajas 
fulfilled that dream, connecting 

with conservation scientists across the world to understand 
the movements and behaviors of animals. On a research 
visit to the Galapagos Islands, for instance, she snorkeled 
with blacktip reef sharks and saw hammerhead sharks. 

She has since published papers 
about both creatures. 

“What I find really rewarding 
about statistics is translating the 
math into the real world,” Leos 
Barajas says. “And we can’t just 
work in isolation. When you 
have a team of people that have 
different domain expertise, you 
can extract more insights from 
these types of models that we 
implement.”

Law researches another topic 
with a tangible real-world con-
nection: ocean plastic. What 
began as a side project while 

2010 recipient Vianey 
Leos Barajas with a tiger 
shark jaw at the North 
Carolina Museum of 
Natural Sciences Research 
Laboratory.

1991 recipient Kara 
Lavender Law on a SEA 
Semester cruise from 
Mexico to Tahiti in 2008. 

2020 recipient Darling 
Garcia, a junior at Vassar 
College. 



JuNe/July 2021  Notices of the AmericAN mAthemAticAl society   1033

AMS COMMUNICATION

she would not have otherwise considered. Robertson’s 
high school pre-calculus teacher inspired her to become 
an educator. And Joiner and others told me about family 
members who cultivated their love for learning. 

Reflecting on his mathematical journey, Brazil says the 
most important thing aspiring math students can do is to 
“stay curious.”

“It’s okay to not have any idea what you want to do,” he 
says. “But if you think you’ve got it, don’t hesitate. Move 
forward as soon as you think you’ve got it, and you won’t 
regret that.”

Read more about the Trjitzinsky Awards and see a list of 
past recipients at www.ams.org/prizes-awards/paview 
.cgi?parent_id=37. If you would like to donate to the 
Undergraduate Opportunity Awards program, email the AMS 
Development Office at dev-staff@ams.org. 

Credits
Photo of Bishal Thapa is courtesy of Bishal Thapa.
Photo of Stephen Brazil is courtesy of Stephen Brazil.
Photo of Langston Joiner is courtesy of James Gormley.
Photo of Angela Robertson is courtesy of Angela Robertson.
Photo of Vianey Leos Barajas is courtesy of Vianey Leos  

Barajas.
Photo of Kara Lavender Law is courtesy of Kara Lavender Law.
Photo of Darling Garcia is courtesy of Darling Garcia.
Author photo is courtesy of Jiyoon Kang.

Scott Hershberger

http://icerm.brown.edu
http://www.ams.org/prizes-awards/paview.cgi?parent_id=37
http://www.ams.org/prizes-awards/paview.cgi?parent_id=37
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several other sciences, leading to new insights therein by 
“employing a computational lens.” Discrete structures 
such as graphs, strings, permutations are central to TCS, 
and naturally discrete mathematics and TCS have been 
closely allied fields. While both these fields have benefited 
immensely from more traditional areas of mathematics, 
there has been growing influence in the reverse direction 
as well. Applications, concepts, and techniques from TCS 
have motivated new challenges, opened new directions of 
research, and solved important open problems in pure and 
applied mathematics.

László Lovász and Avi Wigderson have been leading 
forces in these developments over the last decades. Their 
work interlaces in many ways, and, in particular, they have 
both made fundamental contributions to understanding 
randomness in computation and in exploring the bound-
aries of efficient computation.

Along with Arjen Lenstra and Hendrik Lenstra, László 
Lovász developed the LLL lattice reduction algorithm. 
Given a high-dimensional integer lattice (grid), this algo-
rithm finds a nice, nearly orthogonal basis for it. In addition 
to several applications, such as an algorithm to factorize 
rational polynomials, the LLL algorithm is a favorite tool of 
cryptanalysts, successfully breaking several proposed cryp-
tosystems. Surprisingly, the analysis of the LLL algorithm 
is also used to design and guarantee the security of newer, 
lattice-based cryptosystems that seem to withstand attacks 
even by quantum computers. For some exotic cryptographic 
primitives, such as homomorphic encryption, the only con-
structions known are via these lattice-based cryptosystems.

The LLL algorithm is only one among many of Lovász’s 
visionary contributions. He proved the Local Lemma, a 
unique tool to show existence of combinatorial objects 
whose existence is rare, as opposed to the standard prob-
abilistic method used when objects exist in abundance. 

Citation
Theoretical computer science (TCS) is the study of the 
power and limitations of computing. Its roots go back to 
the foundational works of Kurt Gödel, Alonzo Church, 
Alan Turing, and John von Neumann, leading to the de-
velopment of real physical computers. TCS contains two 
complementary subdisciplines: algorithm design, which 
develops efficient methods for a multitude of computa-
tional problems, and computational complexity, which 
shows inherent limitations on the efficiency of algorithms. 
The notion of polynomial-time algorithms put forward in 
the 1960s by Alan Cobham, Jack Edmonds, and others and 
the famous P ≠ NP conjecture of Stephen Cook, Leonid 
Levin, and Richard Karp had strong impact on the field 
and on the work of Lovász and Wigderson.

Apart from its tremendous impact on broader com-
puter science and practice, TCS provides the foundations 
of cryptography and is now having growing influence on 

Lovász and Wigderson 
Awarded 2021 Abel Prize

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

László Lovász Avi Wigderson

The Norwegian Academy of Science and Letters has awarded the Abel Prize for 2021 to László Lovász of Eötvös 
Loránd University and Avi Wigderson of the Institute for Advanced Study “for their foundational contributions to 
theoretical computer science and discrete mathematics, and their leading role in shaping them into central fields of 
modern mathematics.”
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source of randomness, Ramsey graphs and expander graphs 
that are sparse and still have high connectivity. With Omer 
Reingold and Salil Vadhan, he introduced the zig-zag graph 
product, giving an elementary method to build expander 
graphs, and inspiring the combinatorial proof of the PCP 
Theorem by Irit Dinur and a memory efficient algorithm 
for the graph connectivity problem by Reingold. The latter 
gives a method to navigate through a large maze while 
remembering the identity of only a constant number of 
intersection points in the maze!

Wigderson’s other contributions include zero-knowl-
edge proofs that provide proofs for claims without revealing 
any extra information besides the claims’ validity, and lower 
bounds on the efficiency of communication protocols, 
circuits, and formal proof systems.

Thanks to the leadership of Lovász and Wigderson, 
discrete mathematics and the relatively young field of the-
oretical computer science are now established as central 
areas of modern mathematics.

Biographical Sketch: László Lovász
Note: This biographical information is taken from the Abel Prize 
website: https://www.abelprize.no/c76389/binfil 
/download.php?tid=76360

A mathematical star since he was a teenager, László 
Lovász has more than delivered on his early promise, 
becoming one of the most prominent mathematicians of 
the last half century. His work has established connections 
between discrete mathematics and computer science, help-
ing to provide theoretical foundations, as well as design 
practical applications, for these two large and increasingly 
important areas of scientific study. He has also served his 
community as a prolific writer of books, noted for their 
clarity and accessibility, as an inspirational lecturer, and as 
a leader, spending a term as president of the International 
Mathematical Union (2007–2010).

Born in 1948 in Budapest, Lovász was part of a golden 
generation of young Hungarian mathematicians, nurtured 
by the country’s unique school mathematics culture. He was 
in the first group of an experiment in which gifted students 
at a Budapest high school were given specialist math classes. 
(One of his classmates was Katalin Vesztergombi, whom 
he later married.) Lovász  excelled, winning gold medals 
in the 1964, 1965, and 1966 International Mathematics 
Olympiads, on the latter two occasions with perfect scores. 
He also won a primetime Hungarian TV show in which 
students were placed in glass cages and asked to solve math 
problems.

Perhaps the most important encounter in his teenage 
years, however, was with his mathematical hero, Paul 
Erdős, the nomadic and famously sociable Hungarian 
mathematician. Erdős was an insatiable sharer of problems 
and inspired Lovász to work in “Hungarian-style combi-
natorics,” essentially concerned with properties of graphs. 

Along with Martin Grötschel and Lex Schrijver, he showed 
how to efficiently solve semidefinite programs, leading to 
a revolution in algorithm design. He contributed to the 
theory of random walks with applications to Euclidean 
isoperimetric problems and approximate volume compu-
tations of high-dimensional bodies. His paper with Uriel 
Feige, Shafi Goldwasser, Shmuel Safra, and Mario Szegedy 
on probabilistically checkable proofs gave an early ver-
sion of the PCP Theorem, an immensely influential result 
showing that the correctness of mathematical proofs can 
be verified probabilistically, with high confidence, by 
reading only a small number of symbols! In addition, he 
also solved long-standing problems such as the perfect 
graph conjecture, the Kneser conjecture, determining the 
Shannon capacity of the pentagon graph, and, in recent 
years, developed the theory of graph limits (in joint work 
with Christian Borgs, Jennifer Chayes, Lex Schrijver, Vera 
Sós, Balázs Szegedy, and Katalin Vesztergombi). This work 
ties together elements of extremal graph theory, probability 
theory, and statistical physics.

Avi Wigderson has made broad and profound contribu-
tions to all aspects of computational complexity, especially 
the role of randomness in computation. A randomized 
algorithm is one that flips coins to compute a solution that 
is correct with high probability. Over decades, researchers 
discovered deterministic algorithms for many problems 
for which only a randomized algorithm was known be-
fore. The deterministic algorithm for primality testing, by 
Agrawal, Kayal, and Saxena, is a striking example of such a 
derandomized algorithm. These derandomization results 
raise the question of whether randomness is ever really es-
sential. In works with László Babai, Lance Fortnow, Noam 
Nisan, and Russell Impagliazzo, Wigderson demonstrated 
that the answer is likely to be in the negative. Formally, 
they showed a computational conjecture, similar in spirit 
to the P ≠ NP conjecture, implies that P = BPP. This means 
that every randomized algorithm can be derandomized 
and turned into a deterministic one with comparable 
efficiency; moreover, the derandomization is generic and 
universal, without depending on the internal details of the 
randomized algorithm.

Another way to look at this work is as a tradeoff between 
hardness versus randomness: if there exists a hard enough 
problem, then randomness can be simulated by efficient 
deterministic algorithms. Wigderson’s subsequent work 
with Impagliazzo and Valentine Kabanets proves a con-
verse: efficient deterministic algorithms even for specific 
problems with known randomized algorithms would 
imply that there must exist such a hard problem. This work 
is intimately tied with constructions of pseudorandom 
(random looking) objects. Wigderson’s works have con-
structed pseudorandom generators that turn a few truly 
random bits into many pseudorandom bits, extractors 
that extract nearly perfect random bits from an imperfect 

https://www.abelprize.no/c76389/binfil/download.php?tid=76360
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Not only did this set up an initial research direction, but 
it also paved the way for Lovász’s style of how to do math: 
openly and collaboratively.

Lovász attended Eötvös Loránd University in Budapest. 
He was awarded a PhD (or rather, the Hungarian equiva-
lent, the CSc) at age twenty-two in 1970, by which time he 
had already lectured at international conferences and had 
fifteen papers published. Due to a quirk of the Hungarian 
system, he only graduated in 1971, a year after he got his 
PhD.

Combinatorics is the math of patterns and counting 
patterns. Graph theory is the math of connections, such as 
in a network. Both come under the umbrella of “discrete” 
math, since the objects of study have distinct values, rather 
than varying smoothly like, say, a point moving along a 
curve. Erdős liked to study these areas for purely intellec-
tual pleasure, with no concern for their usefulness in the 
real world. Lovász, on the other hand, became a leader 
of a new generation of mathematicians who realized that 
discrete math had, in computer science, a thrilling new 
area of application.

In the 1970s, for example, graph theory became one of 
the first areas of pure mathematics able to illuminate the 
new field of computational complexity. Indeed, one of the 
major impacts of Lovász’s work has been to establish ways 
in which discrete math can address fundamental theoretical 
questions in computer science.

Among his contributions to the foundational under-
pinning of computer science are powerful algorithms with 
wide-ranging applications. One of these, the LLL algorithm, 
named after Lovász and the brothers Arjen and Hendrik 
Lenstra, represented a conceptual breakthrough in the 
understanding of lattices, a basic geometrical object, and 
which has had remarkable applications in areas including 
number theory, cryptography, and mobile computing. 
Currently, the only known encryption systems that can 
withstand an attack by a quantum computer are based on 
lattices and use the LLL algorithm.

During the 1970s and 1980s, Lovász was based in Hun-
gary, first at Eötvös Loránd University and then at József 
Attila University in Szeged, where he became chair of 
Geometry in 1978. He returned to Eötvös Loránd in 1982 
to be chair of Computer Science. In those early decades 
he solved important and far-reaching problems in many 
areas of discrete mathematics. One of his first major results, 
in 1972, was to resolve the “perfect graph conjecture,” 
a long-standing open problem in graph theory. In 1978 
he settled Kneser’s conjecture, again in graph theory, but 
this time surprising his colleagues by using a proof from 
algebraic topology, a completely different area. In 1979 
he solved a classical problem in information theory, de-
termining the “Shannon capacity” of the pentagon graph.

A major theme of Lovász’s work in both combinatorics 
and algorithm design is the investigation of probabilistic 

methods. The discovery in this area for which he is best 
known is the Lovász Local Lemma, an important and fre-
quently used tool in probabilistic combinatorics used to 
establish the existence of rare objects, as opposed to the 
more standard tools used when objects are more abun-
dant. Lovász also contributed to an early, influential paper 
on probabilistically checkable proofs (PCP), which grew 
into one of the most important areas of computational 
complexity.

In 1993, Lovász was appointed William K. Lanman 
Professor of Computer Science and Mathematics at Yale 
University. In 1999, he left academia to take up a position 
as a Senior Researcher at Microsoft, before returning in 
2006 to Eötvös Loránd University, where he is currently 
a professor.

Lovász has traveled widely. He has held visiting positions 
at the universities of Vanderbilt in Nashville, Tennessee 
(1972–1973), Waterloo (1978–1979), Bonn (1984–
1985), Chicago (1985), Cornell (1985), and Princeton 
(1989–1993), as well as spending a year at the Institute for 
Advanced Study in Princeton (2011–2012). Called “Laci” 
by friends and colleagues, he is known for his modesty, 
generosity, and openness. These qualities have led to po-
sitions on the executive committee of the International 
Mathematical Union (including as president), and at the 
Hungarian Academy of Sciences (where he was president 
from 2014 to 2020).

Lovász has won many awards, including the 1999 Wolf 
Prize, the 1999 Knuth Prize, the 2001 Gödel Prize, and the 
2010 Kyoto Prize.

He has four children with Katalin Vesztergombi, a math-
ematician who is also one of his frequent collaborators, 
and seven grandchildren.

Biographical Sketch: Avi  Wigderson
Note: This biographical information is taken from the Abel Prize 
website: https://www.abelprize.no/c76389/binfil 
/download.php?tid=76359

When Avi Wigderson began his academic career in the 
late 1970s, the theory of “computational complexity”—
which concerns itself with the speed and efficiency of 
algorithms—was in its infancy. Wigderson’s contribution 
to enlarging and deepening the field is arguably greater 
than that of any single other person, and what was a young 
subject is now an established field of both mathematics and 
theoretical computer science. Computational complexity 
has also become unexpectedly important, providing the 
theoretical basis for Internet security.

Wigderson was born in Haifa, Israel, in 1956. He entered 
Technion, the Israeli Institute of Technology, in 1977, and 
graduated with a BSc in computer science in 1980. He 
moved to Princeton for his graduate studies, receiving his 
PhD in 1983 for the thesis Studies in Combinatorial Com-
plexity, for which Richard Lipton was his advisor. In 1986, 

https://www.abelprize.no/c76389/binfil/download.php?tid=76359
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Wigderson returned to Israel to take up a position at the 
Hebrew University in Jerusalem. He was given tenure the 
following year and made full professor in 1991.

In the 1970s, computer theoreticians framed certain 
fundamental ideas about the nature of computation, no-
tably the notions of P and NP. P is the set of problems that 
computers can solve easily, say, in a few seconds, whereas 
NP also contains problems that computers find hard to 
solve, meaning that the known methods can only find the 
answer in, say, millions of years. The question of whether 
all these hard problems can be reduced to easy ones, that 
is, whether or not P = NP, is the foundational question of 
computational complexity. Indeed, it is now considered 
one of the most important unsolved questions in all of 
mathematics.

Wigderson made stunning advances in this area by in-
vestigating the role of randomness in aiding computation. 
Some hard problems can be made easy using algorithms 
in which the computer flips coins during the computation. 
If an algorithm relies on coin flipping, however, there is 
always a chance that an error can creep into the solution. 
Wigderson, first together with Noam Nisan and later with 
Russell Impagliazzo, showed that for any fast algorithm 
that can solve a hard problem using coin flipping, there 
exists an almost-as-fast algorithm that does not use coin 
flipping, provided certain conditions are met.

Wigderson has conducted research into every major 
open problem in complexity theory. In many ways, the field 
has grown around him, not only because of his breadth of 
interests, but also because of his approachable personality 
and enthusiasm for collaborations. He has coauthored 
papers with well over 100 people and has mentored a large 
number of young complexity theorists. 

In 1999, Wigderson joined the Institute for Advanced 
Study (IAS) in Princeton, where he has been ever since. At 
an event to celebrate Wigderson’s sixtieth birthday in 2016, 
IAS director Robbert Dijkgraaf said that he had launched a 
golden age of theoretical computer science at the institute.

Wigderson is known for his ability to see links between 
apparently unrelated areas. He has deepened the connec-
tions between mathematics and computer science. One 
example is the “zig-zag graph product,” which he developed 
with Omer Reingold and Salil Vadhan, which links group 
theory, graph theory, and complexity theory and has sur-
prising applications, such as how best to get out of a maze.

The most important present-day application of com-
plexity theory is to cryptography, which is used to secure 
information on the Internet, such as credit card numbers 
and passwords. People who design cryptosystems, for exam-
ple, must make sure that the task of decoding their system 
is an NP problem, that is, one that would take computers 
millions of years to achieve. Early in his career, Wigder-
son made fundamental contributions to a new concept 
in cryptography, the zero-knowledge proof, which more 

than thirty years later is now being used in blockchain 
technology. In a zero-knowledge proof, two people must 
prove a claim without revealing any knowledge beyond 
the validity of that claim, such as the example of the two 
millionaires who want to prove who is richer without either 
of them letting on how much money they have. Wigderson, 
together with Oded Goldreich and Silvio Micali, showed 
that zero-knowledge proofs can be used to prove, in secret, 
any public result about secret data. Just say, for example, 
that you want to prove to someone that you have proved 
a mathematical theorem, but you don’t want to reveal any 
details of how you did it, a zero-knowledge proof will allow 
you to do this.

In 1994, Wigderson won the Rolf Nevanlinna Prize for 
computer science, which is awarded by the International 
Mathematical Union every four years. Among his many 
other prizes are the 2009 Gödel Prize and the 2019 Knuth 
Prize.

Wigderson is married to Edna, whom he met at the 
Technion, and who works in the computer department of 
the Institute for Advanced Study. They have three children 
and two grandchildren.

About the Prize
The Niels Henrik Abel Memorial Fund was established in 
2002 to award the Abel Prize for outstanding scientific work 
in the field of mathematics. It carries a cash award of 7.5 
million Norwegian krone (approximately US$720,000). 
The prize is awarded by the Norwegian Academy of Science 
and Letters, and the choice of Abel Laureate is based on the 
recommendation of the Abel Committee, which consists 
of five internationally recognized research scientists in the 
field of mathematics. The Committee is appointed for a 
period of two years.

Read more about the recipients’ life and work, as 
well as a list of previous recipients of the Abel Prize, at 
https://www.abelprize.no/c76018/seksjon/vis 
.html?tid=76019&strukt_tid=76018.

—From announcements of the 
Norwegian Academy of Science and Letters
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Juan Sabia) of Matemax (AMS, 2020), a bilingual English/
Spanish mathematics book for ten- to fourteen-year-old 
children. She loves that math “is a very democratic human 
activity, because we all think the same way, regardless of 
race, gender, age, or social status.”

Goldwasser was honored “for her pioneering and funda-
mental work in computer science and cryptography, essen-
tial for secure communication over the Internet, as well as 
for shared computation on private data. Her research has 
a significant impact on our understanding of large classes 
of problems for which computers cannot efficiently find 
even approximate solutions.” Goldwasser received her PhD 
in computer science in 1984 from the University of Cali-
fornia,  Berkeley, under the supervision of Manuel Blum. 
She joined the Massachusetts Institute of Technology in 
1983, and in 1993 she concurrently became a professor at 
the Weizmann Institute. Among her honors are the Gödel 
Prize in theoretical computer science (1993 and 2001), 
the RSA Award for Excellence in Mathematics (1998), the 
Morris L. Levinson Prize in Mathematics (1999), and (with 
Silvio Micali) the 2012 Turing Award. She is a member of 
the National Academy of Sciences, the American Academy 
of Arts and Sciences, and the London Mathematical Society 
and a Fellow of the Association for Computing Machinery. 
She was named director of the Simons Institute for the 
Theory of Computing at Berkeley in 2018.

The L’Oréal-UNESCO for Women in Science Interna-
tional Awards are presented every year to five outstanding 
women scientists—one each in the following regions: 
Africa and the Arab States, Asia and the Pacific, Europe, 
Latin America and the Caribbean, and North America—in 
recognition of their scientific accomplishments.

—From a L’Oréal-UNESCO announcement

Dickenstein and Goldwasser 
Receive International Awards 
for Women in Science

Alicia Dickenstein of the University 
of Buenos Aires and Shafi Goldwas-
ser of the University of California, 
Berkeley, the Massachusetts Institute 
of Technology, and the Weizmann 
Institute of Science have been 
awarded the 2021 L’Oréal-UNESCO 
for Women in Science International 
Awards in Mathematics and Com-
puter Science, respectively.

Dickenstein was recognized “for 
her outstanding contributions at the 
forefront of mathematical innova-
tion by leveraging algebraic geometry 
in the field of molecular biology. Her 
research enables scientists to under-
stand the structures and behavior of 
cells and molecules, even on a micro-
scopic scale. Operating at the frontier 
between pure and applied mathemat-
ics, she has forged important links to 
physics and chemistry and enabled 

biologists to gain an in-depth structural understanding of 
biochemical reactions and enzymatic networks.” Dicken-
stein received her PhD from the University of Buenos 
Aires in 1983 under the direction of Miguel Herrera. She 
has been Eisenbud Professor at the Mathematical Sciences 
Research Institute (MSRI; 2009–2010) and was Simons 
Professor there from 2012 to 2013. In 2016 she was the  
Knut and Alice Wallenberg Professor at KTH Royal Institute 
of Technology. She is currently a Simons Associate at the 
International Centre for Theoretical Physics (ICTP), as well 
as professor at Buenos Aires. She received the TWAS Prize 
of the World Academy of Sciences in 2015. She was vice 
president of the International Mathematical Union from 
2015 to 2018. She was named a Fellow of the AMS in 2019 
and a Fellow of the Society for Industrial and Applied Math-
ematics (SIAM) in 2020. Dickenstein is the coauthor (with 

Alicia Dickenstein

Shafi Goldwasser
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Wong Awarded 
Birman Fellowship

Helen Wong of Claremont McKenna 
College is the recipient of the AMS 
Joan and Joseph Birman Fellowship 
for Women Scholars for 2021–2022.

Wong’s research is in quantum to-
pology and applications of topology.  
Her quantum topology work seeks 
to understand how quantum invari-
ants (like those related to the Jones 
polynomial or Witten–Reshetikhin– 
Turaev quantum field theory) capture 

topological and geometric information about  knots and 
3-manifolds. Recently she has focused on the Kauffman 
bracket skein algebra of a surface, which is closely related 
to the hyperbolic geometry of that surface through the 
Teichmüller space. In particular, with collaborators she dis-
covered unexpected algebraic properties of the skein algebra 
and used them to give an explicit correspondence between 
the representations of the skein algebra and quantizations 
of Teichmüller space. Wong’s applied topology work in-
cludes research in topological quantum computation and 
in the study of entanglement of biopolymers.

Wong was born and raised in the Los Angeles area and 
obtained her BA from Pomona College. While an under-
graduate, she explored many majors, including chemistry 
and music, but fell in love with topology at the Summer 
Institute in Mathematical Sciences for Undergraduate 
Women (SIMS) at the University of California, Berkeley. 
She deferred her enrollment in the PhD program in math-
ematics at Yale University to spend a year at the Budapest 
Semesters in Mathematics program with a Fulbright Schol-
arship. She finished her PhD in 2007 under the direction 
of Andrew Casson. After a two-year postdoctoral fellowship 
at Bowdoin College, she accepted a position as assistant 
professor at Carleton College, where she received tenure 
in 2016. She was the von Neumann Fellow at the Institute 
for Advanced Study in 2017–2018 and became an associate 
professor at Claremont McKenna College in the fall of 2018. 
After a pandemic year juggling work while at home with her 
two young children, Wong is very thankful for the support 
of a Birman Fellowship to be able to have dedicated time 
and space to focus on her research.

The AMS Joan and Joseph Birman Fellowship for 
Women Scholars, established in 2017 with a generous gift 
from Joan and Joseph Birman, seeks to give exceptionally 
talented women extra research support during their mid- 
career years. The primary selection criterion for the Birman 
Fellowship is the excellence of the candidate’s research. 

Read an interview (www.ams.org/giving/honoring 
/the-line-newsletter-fall2017-PDF.pdf) with Joan 
Birman about her decision to create the Fellowship with the 
goal of “helping more women mathematicians to develop 
their creative voices.”

The first three Birman Fellows were Margaret Beck 
(2018–2019), Lillian Pierce (2019–2020), and Karin Mel-
nick (2020–2021). For more information about the Fellow-
ship, see www.ams.org/Birman-Fellowship.

—Elaine Kehoe

Csörnyei Awarded  
Noether Lectureship

Marianna Csörnyei of the University 
of Chicago has been awarded the 
Emmy Noether Lectureship for 2022 
by the Association for Women in 
Mathematics (AWM) and the AMS. 
She will deliver the prize lecture at 
the 2022 Joint Mathematics Meetings 
in Seattle, Washington.

The prize citation reads: “Csörnyei 
has made significant contributions to 
several areas of mathematical analy-

sis, including geometric measure theory, functional analy-
sis, and real analysis. While she was still an undergraduate, 
she established a reputation as a brilliant problem solver, 
continuing her success from high school when she won a 
gold medal at the International Mathematical Olympiad. 
Later, she worked on deep, innovative long-term projects. 
She is known, for example, for her results concerning vari-
ous versions of the Kakeya needle problem and for her work 
on the structure of Lebesgue null sets in Euclidean spaces. 
The latter work is connected to questions concerning the 
possibility/impossibility of strengthening the Rademacher 
Theorem about the almost everywhere differentiability of 
Lipschitz functions, problems in partial differential equa-
tions and the calculus of variations, as well as to some 
combinatorial problems.”

Csörnyei received her PhD from the Eötvös Loránd 
University in Budapest in 1999. Before joining the faculty 
at the University of Chicago, she was a research fellow at  
University College London from 1999 to 2003, a member 
of the Institute for Advanced Study in Princeton during the 
2003–2004 academic year, and a professor of mathematics 
at University College London from 2004 to 2011. She held 
a visiting professorship at Yale University in 2009–2010.

Csörnyei’s honors include the Whitehead Prize of 
the London Mathematical Society and the Royal Society 

Helen Wong 

Marianna Csörnyei
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Wolfson Research Merit Award, both in 2002. In 2008 she 
was awarded the Philip Leverhulme Prize for her work in 
geometric measure theory. In 2019 she was elected an ex-
ternal member of the Hungarian Academy of Sciences. She 
was an invited speaker at the 2010 International Congress 
of Mathematicians and has given lectures at distinguished 
institutions around the world. She tells the Notices: “My fa-
vorite hobbies are hiking, gardening, skiing, and everything 
else that has to do with the outdoors. I also love theater, and 
classical music, and art exhibitions (but these days, these 
possibilities are unfortunately very limited).”

The AWM established the Emmy Noether Lectures in 
1980 to honor women who have made fundamental and 
sustained contributions to the mathematical sciences.

—From an AWM announcement

Girault Awarded 
Kovalevsky Lectureship

Vivette Girault, professor emeritus 
at Sorbonne Université, CNRS, Lab-
oratoire Jacques-Louis Lions, has 
been named the 2021 Sonia Kova-
levsky Lecturer of the Association for 
Women in Mathematics (AWM) and 
the Society for Industrial and Applied 
Mathematics (SIAM). She will deliver 
her lecture (in hybrid or virtual for-
mat) at the SIAM Annual Meeting in 
Spokane, Washington, in July 2021.

The prize citation reads: “Vivette Girault is an out-
standing numerical analyst with a long and distinguished 
career, who continues to have both deep and broad impact 
on computational science. Her work in finite element 
methods, computational fluid dynamics, and mechanics 
is widely known and has been highly cited. The letters in 
support of this nomination suggest that what sets Professor 
Girault apart from others is her ‘uncompromising attitude 
towards making sure that she fully understands the un-
derlying physics of the problems she works on,’ and this 
assessment explains her broad influence within as well as 
outside numerical analysis. Professor Girault has also been 
a fantastic mentor and role model for many junior math-
ematicians, being ‘quick-witted, rigorous, and excellent, 
with a radiant and humble personality.’”

Girault was born in Nice, France, attended high school 
in Caracas, Venezuela, and received her undergraduate 
degree from McGill University in Montreal, Canada. She 
then returned to France to study numerical analysis and 
was appointed assistant professor of applied mathematics 
at the Université de Paris (renamed the Université Pierre 

et Marie Curie (UPMC), and now known as Sorbonne 
Université). Except for two years spent at the University of 
Houston, Girault’s career was spent at UPMC. Since retiring 
from UPMC in 2008, Girault has held visiting positions 
at the University of Pittsburgh, the University of Texas at 
Austin, Texas A&M University, and Rice University. With the 
close connection to Texas, Girault’s research, originally on 
the theory and discretization of Navier-Stokes equations, 
veered mostly to the theory and numerics of problems of 
complex fluids, problems of poroelasticity, and problems 
of nonlinear implicit models introduced by K. R. Rajagopal. 
She served as associate editor of the AMS journal Mathemat-
ics of Computation from 2006 to 2017. In her spare time, she 
enjoys cooking and hiking in the mountains.

—From an AWM–SIAM announcement

Lewis Awarded 2020 
von Neumann Theory Prize

Adrian S. Lewis of Cornell University 
has been awarded the 2020 John von 
Neumann Theory Prize of the Insti-
tute for Operations Research and the 
Management Sciences (INFORMS) 
“for his fundamental and sustained 
contributions to continuous opti-
mization, operations research, and, 
more broadly, computational sci-
ence.”

The prize citation reads: “His work 
has pushed the frontiers of nonlinear optimization and 
convex analysis and developed path-breaking theory that 
has led to much subsequent work. The clarity and elegance 
of his writing is well known and admired. Through schol-
arly papers, research monographs, and mentorship, he has 
influenced several generations of optimization researchers, 
as well as practitioners.

“Professor Lewis has published seminal work on a 
wide range of topics including eigenvalue optimization, 
quasi-Newton algorithms, gradient sampling methods and 
control, activity identification via partial smoothness, alter-
nating projection methods, conditioning and error bounds, 
semi-algebraic variational analysis and the Kurdyka– 
Lojasiewicz inequality, and hyperbolic polynomials. His 
results on convex analysis over Hermitian matrices opened 
the door to the subdifferential analysis of such functions, 
as well as to a duality and sensitivity theory for optimiza-
tion problems with such functions. Together with Burke 
and Overton, he produced a series of papers leading to a 
deep understanding of the variational behavior of spectral 
functions, including the spectral radius. His convergence 

Vivette Girault Adrian S. Lewis
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guarantees for alternating/cyclic projection methods, both 
for convex and nonconvex settings, are used to find a point 
at the intersection of finitely many sets, a prototypical prob-
lem in computational mathematics. A consistent theme in 
Professor Lewis’s work is to bring variational analytic tools 
and computation closer together. For example, his recent 
paper, with Drusvyatskiy and Ioffe, proves that under a 
natural transversality condition, described in variational 
analytic terms, the method of alternating projections con-
verges linearly locally. His more recent work has focused on 
understanding the impact of variational analytic notions 
of stability on linear/quadratic rates of convergence of 
Gauss–Newton type methods for minimizing composi-
tions of convex functions and smooth maps. These results 
have implications for a number of fundamental problems 
including phase retrieval, matrix factorization, and robust 
principal component analysis.”

Lewis received his PhD degree from the University of 
Cambridge. He held positions at the University of Waterloo 
(1989–2001) and Simon Fraser University (2001–2004) 
before joining the faculty at Cornell in 2004 as a professor 
in the School of Operations Research and Information En-
gineering. He served as the School’s director from 2010 to 
2013. He has also held visiting appointments at numerous 
universities internationally. He has authored nearly 100 
refereed publications and a book, is coeditor of the journal 
Mathematical Programming, Series A, and has served on edi-
torial boards of several other journals. His honors include 
the 1995 Aisenstadt Prize, the 2003 Lagrange Prize, a 2005 
Outstanding Paper Prize from the Society for Industrial 
and Applied Mathematics (SIAM), and, with coauthors, 
the 2018 INFORMS Computing Society Prize. He was an 
invited section speaker at the 2014 International Congress 
of Mathematicians in Seoul and is a Fellow of SIAM. Lewis 
tells the Notices: “I’m always eager to share some of my 
favorite things...from Masaaki Suzuki’s Bach cantatas to 
Wynton Marsalis playing ‘Green Chimneys,’ from skate 
skiing in the Gatineau hills to hiking in the Adirondacks, 
from Iberico de Bellota in Seville to pizza slices from the 
Forno Campo de’ Fiori, from Kore-eda’s After Life to...still 
chuckling and chuckling, with my daughter Nia, after some 
years, at Peter Dennis reading Winnie the Pooh.”

—Elaine Kehoe, from an INFORMS announcement

Aldous Awarded 
Brouwer Medal

David Aldous of the University 
of California, Berkeley, has been 
awarded the 2021 Brouwer Medal of 
the Royal Dutch Mathematical Soci-
ety and the Royal Netherlands Acad-
emy of Sciences. Aldous’s research 
involves probability theory and its 
applications, particularly exchange-
ability, weak convergence, Markov 
chain mixing times, continuum ran-
dom trees, stochastic coalescence, 

and spatial random networks. A central theme in his work 
has been the study of large finite random structures, ob-
taining asymptotic behavior as the size tends to infinity via 
consideration of some suitable infinite random structure.

Aldous received his PhD from the University of Cam-
bridge in 1977 under the direction of D. J. H. Garling. He 
joined the faculty at Berkeley in 1979 and retired in 2018. 
He continues to do research activities, particularly a project 
he calls “Probability and the Real World.” He was awarded 
the Rollo Davidson Prize in 1980 and the Loève Prize in 
1993. He was elected a Fellow of the Royal Society in 1994. 
From 2004 to 2010, Aldous was an Andrew Dickson White 
Professor-at-Large at Cornell University. He was an invited 
speaker at the International Congress of Mathematicians 
(ICM) in 1998 in Berlin and a plenary speaker at the ICM 
in 2010 in Hyderabad. He is also a Fellow of the American 
Academy of Arts and Sciences and a foreign associate of the 
National Academy of Sciences. In 2012, he was elected a Fel-
low of the AMS. Aldous tells the Notices: “I play volleyball 
and 4X computer games, read science fiction, participate in 
geopolitical forecasting tournaments, and drink wine….”

—Elaine Kehoe

Browning Awarded  
2021 Balaguer Prize

Timothy Browning of the Institute 
of Science and Technology, Austria, 
has been awarded the 2021 Ferran 
Sunyer i Balaguer Prize for his mono-
graph “Cubic Forms and the Circle 
Method,” to appear in Progress in 
Mathematics (Birkhäuser). Browning 
works in number theory, particularly 
the interface of analytic number the-
ory and Diophantine geometry. He 

David Aldous

Timothy Browning
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The Samsung Ho-Am Prizes are presented to individuals 
of Korean heritage who have contributed to academics, 
the arts and sciences, and social development or who have 
furthered the welfare of humanity through distinguished 
accomplishments in their respective fields.

—From a Ho-Am Foundation announcement

Gracia-Saz Receives 
CMS Teaching Award

Alfonso Gracia-Saz of the Univer-
sity of Toronto has been named the 
recipient of the 2021 Excellence in 
Teaching Award of the Canadian 
Mathematical Society (CMS). The 
prize citation reads in part: “It is said 
that when Dr. Gracia-Saz teaches, he 
reinvents teaching. His work with 
the University of Toronto’s legendary 
MAT137 (Calculus with Proof) is an 
excellent example of his dynamic 

teaching style; his reorganization, his attention to detail, his 
famous problem sets, and his inspiring lectures and videos 
have given this challenging course a new level of energy—
particularly significant in this recent time of pandemic 
challenge. A second example is found in his design of the 
instructor training program at the University of Toronto, a 
program that has now been extended to all teaching assis-
tants in the Mathematics Department.”

Gracia-Saz received his PhD in mathematics from the 
University of California, Berkeley, in 2006 under the super-
vision of Alan Weinstein. He held postdoctoral positions 
at Keio University in Japan and the University of Toronto 
before taking faculty positions at the University of Victoria 
and at Toronto. His research interests are centered in active 
learning, inquiry-based learning, Poisson geometry, and Lie 
algebroids. He has served as an instructor and academic 
coordinator of the Canada/USA Mathcamp. His calculus 
YouTube channel, with 200 videos, has more than 10,000 
subscribers and well over 3 million views. He is active in 
mathematics outreach through competitions, math camps, 
science fairs, and undergraduate research. He has worked 
in a prison university project (currently Mount Tamalpais 
College) and has written a mathematical play. He and his 
partner, Nick, enjoy contra dancing, cooking, and complex 
board games.

—From a CMS announcement

received his PhD from the University of Oxford in 2002 
under the direction of Roger Heath-Brown. After postdoc-
toral work at Université Paris-Sud and the University of 
Oxford, he served as a lecturer and reader in pure mathe-
matics at the University of Bristol (2005–2012), becoming 
a professor there in 2012. He served as the director of the 
Pure Institute at Bristol from 2016 to 2018. He joined IST 
Austria as a professor in 2018. His honors include the 2008 
Whitehead Prize of the London Mathematical Society, the 
2009 Balaguer Prize, and the 2010 Leverhulme Prize. He 
was a Simons Visiting Professor at the Mathematical Sci-
ences Research Institute (MSRI) at Berkeley in 2017. He is 
editor in chief of the Proceedings of the London Mathematical 
Society. Browning tells the Notices: “I enjoy cycling in the 
Vienna woods, brewing beer, and exploring ruined castles 
with my family.”

—Elaine Kehoe

Huh Awarded Ho-Am Prize
June Huh of Stanford University 
has been awarded the 2021 Sam-
sung Ho-Am Prize in Physics and 
Mathematics. According to the 
prize citation, he is “an innovative 
young mathematician. Professor 
Huh used breakthrough methods 
from algebraic geometry to prove the 
long-standing unsolved mathemati-
cal problems of Read’s conjecture and 
the Rota–Heron–Welsh conjecture. 

He has gained global recognition in the world of modern 
mathematics.”

Huh was born in Stanford, California, and earned his 
PhD in mathematics from the University of Michigan in 
2014 under the direction of Mircea Mustata˛˘ . He was a 
Clay Foundation Fellow from 2014 to 2019 and a Veblen 
Fellow from 2014 to 2017. He spent the academic years 
2014–2017 at the Institute for Advanced Study (IAS) and 
Princeton University, then became visiting professor at the 
IAS (2017–2019). He was Fernholz Visiting Professor at 
Princeton University in 2019–2020. He was named profes-
sor at Stanford in 2020. He has been a visiting scholar at the 
Korea Institute for Advanced Study since 2015. His honors 
include the Blavatnik Regional Award for Young Scientists 
of the New York Academy of Sciences (2017) and the New 
Horizons in Mathematics Prize of the Breakthrough Prize 
Foundation in 2019. He has also given a number of lectures 
and invited talks, including at the International Congress 
of Mathematicians in Rio de Janeiro in 2018, the Simons 
Lectures in Mathematics (2019), and the Abraham Robin-
son Memorial Lectures (2020).

June Huh

Alfonso Gracia-Saz



NEWS

Mathematics People

1044    notices of the AmericAn mAthemAticAl society Volume 68, number 6

• Sandra Cerrai, University of Maryland, College 
Park

• Ivan Corwin, Columbia University
• Carina Curto, Pennsylvania State University
• Charles Doering, University of Michigan
• Hongjie Dong, Brown University
• Alexander Elgart, Virginia Polytechnic Institute 

and State University
• Solomon Friedberg, Boston College
• Loukas Grafakos, University of Missouri
• Alan Hammond, University of California, Berkeley
• Kate Juschenko, University of Texas at Austin
• Joel Kamnitzer, University of Toronto
• Konstantin Khanin, University of Toronto
• Chandrashekhar Khare, University of California, 

Los Angeles
• Mikhail Khovanov, Columbia University
• Bryna Kra, Northwestern University
• George Lusztig, Massachusetts Institute of Tech-

nology
• Russell Lyons, Indiana University
• Konstantin Mischaikow, Rutgers, The State Uni-

versity of New Jersey
• Jennifer Morse, University of Virginia
• Grigoris Paouris, Northwestern University
• Benoit Pausader, Brown University
• Kasra Rafi, University of Toronto
• Firas Rassoul-Agha, University of Utah
• Yiannis Sakellaridis, Johns Hopkins University
• Laura Schaposnik, University of Illinois at Chi-

cago
• Christian Schnell, Stony Brook University
• Zhongwei Shen, University of Kentucky
• Katherine Stange, University of Colorado, Boulder
• Hung Tran, University of Wisconsin–Madison
• Gunther Uhlmann, University of Washington
• Jan Wehr, University of Arizona
• Jonathan Wise, University of Colorado, Boulder
• Helen Wong, Claremont McKenna College
• Jared Wunsch, Northwestern University, Chicago 

Campus
• Michael Yampolsky, University of Toronto
• Andrej Zlatoš, University of California, San Diego

—From a Simons Foundation announcement

Prizes of the Mathematical 
Society of Japan
The Mathematical Society of Japan (MSJ) has awarded 
several prizes for 2021. 

Masaki Tsukamoto of Kyushu University has been 
awarded the 2021 MSJ Spring Prize “for his outstanding 
contributions to studies on mean dimension in dynamical 
systems.” The Spring Prize and the Autumn Prize are the 
most prestigious prizes awarded by the MSJ to its members. 
The Spring Prize is awarded to mathematicians under the 
age of forty who have obtained outstanding mathematical 
results.

The Algebra Prizes were awarded to Masanori Asakura 
of Hokkaido University for work on regulators of algebraic 
K-groups and algebraic cycles and to Kazuhiko Yamaki of 
Kyoto University for contributions to the geometric Bogo-
molov conjecture.

The Outstanding Paper Prizes are given for papers pub-
lished in the Journal of the Mathematical Society of Japan. The 
2021 prizes were awarded to the following: Martin Dickson 
(Kings’ College, London), Ameya Pitale (University of 
Oklahoma), Abhishek Saha (Queen Mary University of 
London), and Ralf Schmidt (University of North Texas) for 
their paper, “Explicit Refinements of Böcherer’s Conjecture 
for Siegel Modular Forms of Squarefree Level,” 72 (2020), 
no. 1; to Masami Ohta (Tokai University) for “μ-Type 
Subgroups of J1(N) and Application to Cyclotomic Fields,” 
72 (2020), no. 2; and to Yuzuru Inahama and Setsuo Tan-
iguchi (Kyushu University) for “Heat Trace Asymptotics on 
Equiregular Sub-Riemannian Manifolds,” 72 (2020), no. 4.

—From MSJ announcements

2021 Simons Fellows 
in Mathematics
The Simons Foundation Mathematics and Physical Sci-
ences (MPS) division supports research in mathematics, 
theoretical physics, and theoretical computer science. The 
MPS division provides funding for individuals, institutions, 
and science infrastructure. The Fellows Program provides 
funds to faculty for up to a semester-long research leave 
from classroom teaching and administrative obligations. 
The mathematical scientists who have been awarded 2021 
Simons Fellowships are:

• Mohammed Abouzaid, Columbia University
• Dan Abramovich, Brown University
• Louigi Addario-Berry, McGill University
• Radu Balan, University of Maryland, College Park
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Technion in 2015. He is a recipient of the Alon Fellowship 
and is currently assistant professor.

The Krill Prizes are awarded by the Wolf Foundation to 
faculty members at Israeli universities. Selection is made on 
the basis of the candidate’s excellence and the importance 
of his or her field of research.

—From Wolf Foundation announcements

2020 Sacks Prize Awarded
James Walsh of the University of California, Berkeley, 
has been awarded the 2020 Gerald Sacks Prize of the 
Association for Symbolic Logic for outstanding doctoral 
dissertation in mathematical logic. Walsh received his PhD 
in 2020 from the University of California, Berkeley, under 
the supervision of Paolo Mancosu and Antonio Montalbán. 
His thesis, “Reflection Principles and Ordinal Analysis,” 
presents significant new results on the philosophical and 
conceptual foundations of proof theory. It identifies natural 
classes of theories that rule out pathological behaviors that 
can otherwise arise in ordinal analysis, and it makes import-
ant progress towards explaining why proof-theoretic results 
tend to be robust with respect to the kinds of theories that 
occur naturally in mathematics.

—From a Sacks Prize announcement

Fernandez Awarded 
Guggenheim Fellowship
The John Simon Guggenheim Foundation has awarded 
its Fellowships for 2021. Oscar E. Fernandez of Wellesley 
College was awarded a Fellowship in Applied Mathematics. 
Fernandez received his PhD from the University of Mich-
igan, Ann Arbor. His research is in geometric mechanics, 
which applies advanced mathematical tools and techniques 
to study the dynamics of various types of systems (e.g., 
mechanical systems). He applies these tools and tech-
niques “to shed new light on problems in mathematical 
demography, including how life span inequality changes 
across time and species.” Fernandez is a cofounder of the 
Wellesley Emerging Scholars Initiative (WESI), which pro-
vides underrepresented students of color studying mathe-
matics with a learning community centered on excellence 
in mathematics, and he has written books relating calculus 
to everyday activities and personal life.

—Elaine Kehoe

2020 Krill Prizes Awarded
The Wolf Foundation has awarded 
the 2020 Krill Prizes for Excellence 
in Scientific Research.

Meirav Zehavi of Ben Gurion Uni-
versity was honored for her work in 
parameterized analysis, algorithms, 
complexity, and kernelization. Her 
work is described as follows: “De-
sign and analysis of algorithms lie 
at the heart of computer science. 
Unfortunately, today we know of nu-

merous problems that are NP-hard, believed not to admit 
worst-case efficient (polynomial-time) exact algorithms. 
However, if we take a deeper look, we will observe that the 
nutshell of hardness often lies in either a particular property 
of the instance, or even just a small part of it. Parameterized 
analysis leads to both deeper understanding of intracta-
bility results and practical solutions for many NP-hard 
problems. Informally speaking, parameterized analysis is 
a deep mathematical paradigm to answer the following 
fundamental question: What makes an NP-hard problem 
hard? Specifically, how do different parameters (being 
formal quantifications of structure) of the problem relate 
to its inherent difficulty? Can we exploit these relations 
algorithmically, and to which extent?” Zehavi received her 
PhD in computer science from Technion-Israel Institute of 
Technology in 2015 under the direction of Ron Pinter and 
Hadas Shachnai. She has been a postdoctoral researcher at 
Tel Aviv University, the Simons Institute for the Theory of 
Computing, and the University of Bergen. She joined the 
faculty at Ben-Gurion University in 2017 and is currently 
associate professor. She was awarded the Alon Fellowship 
for Outstanding New Faculty in Israel for 2018 through 
2021. She tells the Notices: “I love animals, and currently 
have a parrot. In the past, I had a large number of other 
pets. I enjoy playing board games and traveling.”

Yuval Filmus of Technion-Israel Institute of Technology 
was recognized for his work in Boolean analysis. According 
to the prize citation, his research “is at the intersection of 
theoretical computer science, specifically computational 
complexity theory, and mathematics. Computational 
complexity theory aims to show that some problems are 
hard to compute. Boolean function analysis is a key tool 
underlying much recent work in computational complexity 
theory. It is a discrete analog of classical Fourier analysis…. 
The work of Filmus has focused on extending the reach of 
Boolean function analysis beyond its classical domain of 
applicability.”

Filmus received his PhD from the University of Toronto 
under the direction of Toni Pitassi. After postdoctoral work 
at the Institute for Advanced Study, he joined the faculty at 

Meirav Zehavi
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• Alejandro Aceves, Southern Methodist University, 
for pioneering contributions to the field of nonlin-
ear waves and its applications to a variety of areas, 
most notably nonlinear optics.

• James V. Burke, University of Washington, for pio-
neering contributions to continuous optimization 
and variational analysis.

• Robert Calderbank, Duke University, for deep 
contributions to information theory.

• Xiaojun Chen, Hong Kong Polytechnic Univer-
sity, for contributions to optimization, stochastic 
variational inequalities, and nonsmooth analysis.

• Edmond Chow, Georgia Institute of Technology, 
for contributions to computational science and 
engineering in the areas of numerical linear algebra 
and high-performance computing.

• Robert D. Falgout, Lawrence Livermore National 
Laboratory, for contributions to the theory, prac-
tice, and large-scale applications of multilevel 
solvers and for widely used parallel software.

• Martín Farach-Colton, Rutgers University, for con-
tributions to the design and analysis of algorithms 
and their use in storage systems and computational 
biology.

• Shmuel Friedland, University of Illinois at Chi-
cago, for deep and varied contributions to math-
ematics, especially linear algebra, matrix theory, 
and matrix computations.

• Gary Froyland, University of New South Wales, for 
contributions to dynamical systems and discrete 
optimization and the advancement of transfer 
operator methods.

• Tryphon T. Georgiou, University of California, 
Irvine, for foundational contributions to the the-
ory of robust control and to spectral analysis of 
time series.

• Jean-Luc Guermond, Texas A&M University, for 
innovative contributions to computational fluid 
mechanics and fundamental contributions to the 
development and teaching of the finite element 
methods.

• Trachette L. Jackson, University of Michigan, for 
innovative contributions to mathematical model-
ing in cancer biology and for the advancement of 
underrepresented minorities in science.

• Jeremy V. Kepner, MIT Lincoln Laboratory, for 
contributions to interactive parallel computing, 
matrix-based graph algorithms, green supercom-
puting, and big data.

• Denise Kirschner, University of Michigan, for 
contributions to modeling pathogen-host inter-
actions and host immune response in infectious 
diseases and training in mathematical biology/
immunology. 

Regeneron Science 
Talent Search
The Regeneron Science Talent Search was held virtually in 
March 2021. The following young scientists, whose work 
involves the mathematical sciences, are among the top 
winners in the 2021 Regeneron Science Talent Search.

Yunseo Choi, eighteen, of Phillips Exeter Academy in 
Exeter, New Hampshire, was awarded first place for her 
project, “On Two-Sided Matching in Infinite Markets,” in 
which she studied matching algorithms that work for a 
finite number of couples and determined which import-
ant properties would still work for an infinite number of 
pairs. Matching theory has numerous real-life applications, 
including matching organ donors to recipients, assigning 
medical school applicants to rotations, and pairing poten-
tial couples in dating apps. Choi received a cash award of 
US$250,000.

Gopal Goel, seventeen, of Portland, Oregon, received 
the fourth-place award for his research project, “Discrete 
Derivative Asymptotics of the β-Hermite Eigenvalues,” 
which made connections between two subjects regarding 
randomness and probability. Goel believes his work can 
be useful to researchers in the fields of nuclear physics, 
quantum field theory, and meteorology and hopes it will 
aid in the search for the true nature of quantum gravity, 
more commonly known as “the theory of everything.” Goel 
received a cash award of US$100,000.

Sam Christian, seventeen, of the Liberal Arts and Science 
Academy in Austin, Texas, took tenth place for research 
looking at computationally modeled data from numerous 
observatories and NASA’s TESS telescope to identify and 
observe movements of planets in sixty-nine wide-binary 
star systems, which are twin-star systems spaced up to a light 
year apart. He showed that the orbits of these exoplanets 
align to a great extent with the orbit of their binary system. 
Christian received a cash award of US$40,000.

The Regeneron Science Talent Search is the United States’ 
oldest and most prestigious science and mathematics com-
petition for high school seniors. It is administered by the 
Society for Science and Regeneron Pharmaceuticals, Inc.

—From a Society of Science announcement

2021 SIAM Fellows Elected
The Society for Industrial and Applied Mathematics (SIAM) 
has elected its class of fellows for 2021. Their names, institu-
tions, and the work for which they were recognized follow.
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• Jack Xin, University of California, Irvine, for pio-
neering work on traveling waves in periodic and 
random media and applications ranging from 
signal processing to finance.

—SIAM announcement

NAE Elections
The National Academy of Engineering (NAE) has elected 
its new members and international members for 2021. 
Following are the newly elected members whose work 
involves the mathematical sciences:

• Glaucio H. Paulino, Georgia Institute of Technol-
ogy, for contributions to topology optimization 
and its applications to medicine and engineering.

• Donald R. Wilton, University of Houston, for 
contributions to computational electromagnetics 
of highly complex structures.

Elected as international members were:
• Sebastian Ceria, Qontigo, New York City, for ap-

plication of optimization tools to advance integer 
programming and financial engineering.

• Mario Veiga Ferraz Pereira, PSR Energy Consult-
ing and Analytics, Rio de Janeiro, Brazil, for con-
tributions to methodology and implementation of 
multistage stochastic optimization in hydroelectric 
scheduling, energy planning, and policy.

 —From an NAE announcement
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• Rachel Levy, Mathematical Association of Amer-
ica, for leadership in applied mathematics educa-
tion, especially in mathematical modeling, across 
the entire educational spectrum.

• Per-Gunnar Martinsson, University of Texas at 
Austin, for contributions to the numerical solu-
tion of partial differential equations and to the 
development of randomized algorithms for matrix 
computations.

• Anna L. Mazzucato, Pennsylvania State University, 
for discerning analysis of fundamental problems 
in partial differential equations and mathematical 
fluid mechanics including boundary layers, trans-
port, and mixing.

• Kirsten A. Morris, University of Waterloo, for 
contributions to modeling, approximation, and 
control design for distributed parameter systems.

• Habib N. Najm, Sandia National Laboratories, for 
pioneering contributions to uncertainty quantifi-
cation and the use of Bayesian methods in physical 
modeling, with applications to combustion and 
far beyond.

• Qing Nie, University of California, Irvine, for 
research and mentoring contributions spanning 
applied and computational mathematics and de-
velopmental cell biology.

• Beatrice M. Riviere, Rice University, for contribu-
tions in numerical analysis, scientific computing, 
and modeling of porous media.

• Jonathan E. Rubin, University of Pittsburgh, 
for contributions to mathematical neuroscience, 
mathematical biology, and dynamical systems 
theory.

• Jennifer Scott, University of Reading and Science 
and Technology Facilities Council, for contribu-
tions to sparse matrix algorithms and software.

• Eitan Tadmor, University of Maryland College 
Park, for original, broad, and fundamental contri-
butions to applied and computational mathemat-
ics, including conservation laws, kinetics, image 
processing, and social dynamics.

• Shang-Hua Teng, University of Southern Califor-
nia, for contributions to scalable algorithm design, 
mesh generation, and algorithmic game theory, 
and for pioneering smoothed analysis of linear 
programming.

• Andreas Wächter, Northwestern University, for 
fundamental contributions to nonlinear optimi-
zation, including algorithm design, theory, and 
software.

• Rebecca M. Willett, University of Chicago, for 
contributions to mathematical foundations of 
machine learning, large-scale data science, and 
computational imaging.
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• Summer Illinois Mathematics Camp, Grace Na-
talie Jaffe, Director

• Summer Institute for Math at University of Wash-
ington (SIMUW), Ron Irving, Director

• Summer Math Program for Young Scholars, Selin 
Kalaycioglu, Director

• TexPREP-Lubbock, Jim Brown, Director

—AMS announcement

Deaths of AMS Members
JohANNes m. AArts, professor, Delft University of Tech-

nology, died on June 14, 2018. Born on April 17, 1938, he 
was a member of the Society for 51 years.

hANs Peter beNckeNdorff, of Germany, died on July 
4, 2018. Born on May 16, 1946, he was a member of the 
Society for 10 years.

terry l. JeNkiNs, professor, University of Wyoming, 
died on July 9, 2018. Born on November 7, 1935, he was 
a member of the Society for 55 years.

bertrAm s. kAbAk, of Bronx, New York, died on May 24, 
2018. Born on September 18, 1942, he was a member of 
the Society for 47 years.

herbert kAmowitz, of Brookline, Massachusetts, died 
on May 28, 2018. Born on December 31, 1931, he was a 
member of the Society for 62 years.

timothy o'meArA, professor, University of Notre Dame, 
died on June 17, 2018. Born on January 29, 1928, he was 
a member of the Society for 67 years.

JANe croNiN scANloN, of Clark, New Jersey, died on June 
19, 2018. Born on July 17, 1922, she was a member of the 
Society for 76 years.

AliciA N. seVillA, of Pennsylvania, died on May 16, 2018. 
Born on May 4, 1948, she was a member of the Society for 
41 years.

iVAr stAkgold, professor, University of California San 
Diego, died on May 29, 2018. Born on December 13, 1925, 
he was a member of the Society for 62 years.

ArNold m. wedel, of North Newton, Kansas, died on 
June 30, 2018. Born on January 31, 1928, he was a member 
of the Society for 67 years.

Epsilon Awards Announced
The AMS has chosen twenty-four summer mathematics 
programs to receive Epsilon grants for 2021. These summer 
programs give students a chance to see aspects of mathe-
matics that they may not see in school and allow them to 
share their enthusiasm for mathematics with like-minded 
students.

The programs that received Epsilon grants for 2021 fol-
low. Some of the programs may be held virtually.

• All Girls/All Math Virtual Summer Camp, Mikil 
Foss, Director

• Bridge to Enter Advanced Mathematics (BEAM), 
Daniel Zaharopol, Director

• Bridge to Calculus Program, Richard Porter, 
Director

• The Calculus Project & Leadership Academy, 
Adrian Mims, Director

• Canada/USA Mathcamp, Marisa Debowsky, Di-
rector

• Creative and Analytical Math Program of the 
Bard Math Circle, Japheth Wood, Director

• Early Identification Program, Kaitlin Cicchetti, 
Director

• GirlsGetMath with Data, Ken Roblee, Director
• Governor’s Institutes of Vermont, Karen Taylor 

Mitchell, Director
• Hampshire College Summer Studies, David C. 

Kelly, Director
• Math an’ Coding, Toussaint Tyson, Director
• Math Circles of Chicago, Eileen Mullini-Gasteier, 

Director
• Math Knights Summer Institute, Zhisheng Shuai, 

Director
• MathILy, sarah-marie belcastro, Director
• MathILy-Er, Alice Mark, Director
• Mathworks Honors Summer Math Camp, Max 

Warshauer, Director
• New York Math Circle, Kovan Pillai, Director
• Programs in Mathematics for Young Scientists 

(PROMYS), Li-Mei Lim, Director
• PROTaSM, Luis Carceres, Director
• Ross Mathematics Program, Jim Fowler, Director
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Mathematics Opportunities

Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.

IMA Prize in Mathematics  
and its Applications

The Institute for Mathematics and its Applications (IMA) 
awards the annual Prize in Mathematics and its Applica-
tions to an individual who has made a transformative im-
pact on the mathematical sciences and their applications. 
See https://www.ima.umn.edu/prize.

—From an IMA announcement

Early Career Opportunity

NSF Mathematical Sciences 
Postdoctoral Research Fellowships

The National Science Foundation (NSF) solicits proposals 
for the Mathematical Sciences Postdoctoral Research Fel-
lowships. The deadline for full proposals is October 20, 
2021. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5301.

—From an NSF announcement

Early Career Opportunity

NSF CAREER Awards

The National Science Foundation (NSF) solicits proposals 
for the Faculty Early Career Development Awards. The 
deadline for full proposals is July 26, 2021. See www.nsf 
.gov/funding/pgm_summ.jsp?pims_id=503214.

—From an NSF announcement

Early Career Opportunity

Call for Nominations for  
the SASTRA Ramanujan Prize

The Shanmugha Arts, Science, Technology, Research Acad-
emy (SASTRA) is seeking nominations for the 2021 SASTRA 
Ramanujan Prize, awarded to a mathematician not over the 
age of thirty-two for outstanding contributions in an area 
of mathematics influenced by the late Indian mathemat-
ical genius Srinivasa Ramanujan. The prize carries a cash 
award of US$10,000. The deadline for nominations is July 
31, 2021. See the website qseries.org/sastra-prize 
/nominations-2021.html.

—Krishnaswami Alladi, University of Florida

Call for Nominations for  
the Hans Schneider Prize

The International Linear Algebra Society (ILAS) is seeking 
nominations for the 2022 Hans Schneider Prize in Linear 
Algebra. The prize is awarded for research, contributions, 
and achievements at the highest level of linear algebra. The 
prize will be awarded at the ILAS 2022 meeting in Galway, 
Ireland. The deadline date for nominations is September 
30, 2021. Nominations should be sent by email to the 
chair, Paul Van Dooren (paul.vandooren@uclouvain 
.be), and should include a brief biographical sketch of 
the nominee and a statement explaining why the nominee 
is considered worthy of the prize, including references to 
publications or other contributions of the nominee which 
are considered most significant in making this assessment. 
The prize guidelines can be found at https://ilasic 
.org/hs-guidelines/.

—Paul Van Dooren, Chair
Hans Schneider Prize Committee

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

http://qseries.org/sastra-prize/nominations-2021.html
http://qseries.org/sastra-prize/nominations-2021.html
http://ilasic.org/hs-guidelines/
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503214
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503214
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
http://ilasic.org/hs-guidelines/
http:///www.nsf.gov/mps/dms/about.jsp
http:///www.nsf.gov/mps/dms/about.jsp
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Director, Conference Board  
of the Mathematical Sciences

The Conference Board of the Mathematical Sciences 
(CBMS) invites applications and nominations for the posi-
tion of CBMS Director. This is a position of up to one-third 
FTE with a target starting date of December 2021.

CBMS is an umbrella organization consisting of nine-
teen professional societies, all of which have as one of their 
primary objectives the increase or diffusion of knowledge in 
one or more of the mathematical sciences. Its purpose is to 
promote understanding and cooperation among these na-
tional organizations so that they work together and support 
each other in their efforts to promote research, improve 
education, and expand the uses of mathematics. For more 
information about CBMS, visit http://cbmsweb.org.

The successful candidate will be a member of one or 
more of the CBMS member societies, and have significant 
administrative experience, demonstrated strong leadership 
ability, outstanding speaking and writing skills, and expe-
rience with seeking, obtaining, and administering external 
grants. Knowledge of the major issues facing member soci-
eties and the profession, the ability to understand, appreci-
ate, and represent the views and perspectives of the different 
member societies, and the ability to communicate with and 
work with diverse individuals and to seek consensus for 
the common good are all essential. National visibility with 
one or more member societies and the mathematics/math-
ematics education professional communities is desirable.

Inquiries, applications, and nominations should be sent 
to the Search Committee Chair, David Levermore, CBMS 
Chair (lvrmr@umd.edu). For best consideration, please 
send all applications, nominations, and inquiries in con-
fidence no later than June 30, 2021.  

CBMS is an equal-opportunity employer committed 
to promoting diversity and inclusion. We welcome appli-
cations and nominations from all qualified individuals 
regardless of race, color, national origin, gender, sexual 
orientation, age, religion, disability, marital status, veteran 
status, or other factors protected by law.

—CBMS announcement

Early Career Opportunity

Research Experiences  
for Undergraduates

The Research Experiences for Undergraduates (REU) pro-
gram supports student research in areas funded by the 
National Science Foundation (NSF) through REU sites 
and REU supplements. The deadline for full proposals is 
August 25, 2021. See www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5517.

—From an NSF announcement

Early Career Opportunity

Fulbright Israel  
Postdoctoral Fellowships

Fulbright Israel welcomes applications from US postdoc-
toral scholars who seek to conduct research in one of Israel’s 
academic institutions. Candidates must be hosted by an 
accredited Israeli institution of higher education. Grants are 
open to researchers in all academic disciplines and support 
programs of research in Israel for up to twenty months (two 
academic years). The deadline for applications is Septem-
ber 15, 2021. See https://awards.cies.org/content 
/all-disciplines-postdoctoral-fellowship-0.

—From a Fulbright announcement

Call for Nominations for the  
Ferran Sunyer i Balaguer Prize 2022 

The prize will be awarded for a mathematical monograph 
of an expository nature presenting the latest developments 
in an active area of research in mathematics. The mono-
graph must be original, unpublished, and not subject to 
any previous commitment edition.

The prize consists of 15,000 euros, and the winning 
monograph will be published in the Birkhäuser series 
“Progress in Mathematics.”

The deadline for nominations is December 3, 2021, at 
1:00 p.m. See http://ffsb.iec.cat. 

—Marta Viñuales
Fundació Ferran Sunyer i Balaguer

https://awards.cies.org/content/all-disciplines-postdoctoral-fellowship-0
https://awards.cies.org/content/all-disciplines-postdoctoral-fellowship-0
http://ffsb.iec.cat
http://cbmsweb.org
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5517
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5517
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The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

http://cam.tju.edu.cn
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The Cremona Group 
and Its Subgroups
Julie Déserti, Université Côte 
d’Azur, Nice, France

The goal of this book is to pres-
ent a portrait of the n-dimen-
sional Cremona group with an 
emphasis on the 2-dimensional 
case. After recalling some cru-
cial tools, the book describes 
a naturally defined infinite di-
mensional hyperbolic space on 

which the Cremona group acts.
This space plays a fundamental role in the study of Cre-

mona groups, as it allows one to apply tools from geometric 
group theory to explore properties of the subgroups of the 
Cremona group as well as the degree growth and dynamical 
behavior of birational transformations.

The book describes natural topologies on the Cremona 
group, codifies the notion of algebraic subgroups of the 
Cremona groups and finishes with a chapter on the dy-
namics of their actions.

This book is aimed at graduate students and research-
ers in algebraic geometry who are interested in birational 
geometry and its interactions with geometric group theory 
and dynamical systems.

Mathematical Surveys and Monographs, Volume 252
July 2021, 187 pages, Softcover, ISBN: 978-1-4704-6012-9, 
LC 2020045532, 2010 Mathematics Subject Classification: 
14E07, 14E05, 20–02, 32M05, List US$125, AMS members 
US$100, MAA members US$112.50, Order code SURV/252

bookstore.ams.org/surv-252

Algebra and 
Algebraic Geometry

Linear Algebra: Gateway 
to Mathematics
Second Edition
Robert Messer, Albion College, 
MI

Linear Algebra: Gateway to Mathe-
matics uses linear algebra as a ve-
hicle to introduce students to the 
inner workings of mathematics. 
The structures and techniques of 
mathematics in turn provide an 

accessible framework to illustrate the powerful and beauti-
ful results about vector spaces and linear transformations.

The unifying concepts of linear algebra reveal the anal-
ogies among three primary examples: Euclidean spaces, 
function spaces, and collections of matrices. Students are 
gently introduced to abstractions of higher mathematics 
through discussions of the logical structure of proofs, the 
need to translate terminology into notation, and efficient 
ways to discover and present proofs. Application of linear 
algebra and concrete examples tie the abstract concepts 
to familiar objects from algebra, geometry, calculus, and 
everyday life.

Readers will gain an understanding of the basic results of 
linear algebra and an appreciation of the beauty and utility 
of mathematics. They will also acquire the mathematical 
maturity required for subsequent courses in abstract alge-
bra, real analysis, and elementary topology.

AMS/MAA Textbooks, Volume 66
July 2021, 434 pages, Softcover, ISBN: 978-1-4704-6295-6, 
LC 2020050432, 2010 Mathematics Subject Classification: 
15–01, 15Axx, 15A03, 15A04, 15A06, 15A09, 15A15, 
15A18, 15A20, List US$89, AMS Individual member 
US$66.75, AMS Institutional member US$71.20, MAA 
members US$66.75, Order code TEXT/66

bookstore.ams.org/text-66

http://bookstore.ams.org/text-66
http://bookstore.ams.org/surv-252
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Analysis and Linear 
Algebra: The Singular 
Value Decomposition and 
Applications
James Bisgard, Central Washing-
ton University, Ellensburg, WA

This book provides an elemen-
tary analytically inclined journey 
to a fundamental result of linear 
algebra: the Singular Value De-
composition (SVD). SVD is a 
workhorse in many applications 

of linear algebra to data science. Four important applica-
tions relevant to data science are considered throughout the 
book: determining the subspace that “best” approximates 
a given set (dimension reduction of a data set); finding 
the “best” lower rank approximation of a given matrix 
(compression and general approximation problems); the 
Moore-Penrose pseudo-inverse (relevant to solving least 
squares problems); and the orthogonal Procrustes problem 
(finding the orthogonal transformation that most closely 
transforms a given collection to a given configuration), as 
well as its orientation-preserving version.

The point of view throughout is analytic. Readers are 
assumed to have had a rigorous introduction to sequences 
and continuity. These are generalized and applied to linear 
algebraic ideas. Along the way to the SVD, several import-
ant results relevant to a wide variety of fields (including 
random matrices and spectral graph theory) are explored: 
the Spectral Theorem; minimax characterizations of eigen-
values; and eigenvalue inequalities. By combining analytic 
and linear algebraic ideas, readers see seemingly disparate 
areas interacting in beautiful and applicable ways.

This item will also be of interest to those working in analysis.

Student Mathematical Library, Volume 94
March 2021, 217 pages, Softcover, ISBN: 978-1-4704-6332-
8, LC 2020055011, 2010 Mathematics Subject Classification: 
15–01, 15A18, 26–01, 26Bxx, 49Rxx, List US$59, AMS In-
stitutional member US$47.20, All Individuals US$47.20, 
Order code STML/94

bookstore.ams.org/stml-94

General Interest

Periodic Orbits: 
F. R. Moulton’s Quest for 
a New Lunar Theory
Craig A. Stephenson

Owing to its simple formulation 
and intractable nature, along 
with its application to the lunar 
theory, the three-body problem 
has since it was first studied by 
Newton in the Principia attracted 
the attention of many of the 
world’s most gifted mathemati-

cians and astronomers. Two of these, Euler and Lagrange, 
discovered the problem’s first periodic solutions. However, 
it was not until Hill’s discovery in the late 1870s of the vari-
ational orbit that the importance of the periodic solutions 
was fully recognized, most notably by Poincaré, but also 
by others such as Sir George Darwin.

The book begins with a detailed description of the 
early history of the three-body problem and its periodic 
solutions, with chapters dedicated to the pioneering work 
of Hill, Poincaré, and Darwin. This is followed by the first 
in-depth account of the contribution to the subject by the 
mathematical astronomer Forest Ray Moulton and his 
research students at the University of Chicago. The author 
reveals how Moulton’s Periodic Orbits, published in 1920 
and running to some 500 pages, arose from Moulton’s 
ambitious goal of creating an entirely new lunar theory. 
The methods Moulton developed in the pursuit of this 
goal are described and an examination is made of both the 
reception of his work and his legacy for future generations 
of researchers.

This item will also be of interest to those working in mathemat-
ical physics.

History of Mathematics, Volume 45
June 2021, 268 pages, Softcover, ISBN: 978-1-4704-5671-
9, LC 2020054078, 2010 Mathematics Subject Classification: 
70–03; 01–02, 01A55, 01A60, 01A73, 70F07, 85–03, List 
US$120, AMS members US$96, MAA members US$108, 
Order code HMATH/45

bookstore.ams.org/hmath-45

http://bookstore.ams.org/stml-94
http://bookstore.ams.org/hmath-45
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Number Theory

A Gateway to 
Number Theory
Applying the Power 
of Algebraic Curves
Keith Kendig, Cleveland State 
University, OH

Challenge: Can you find all 
the integers a, b, c satisfying 
2a2 + 3b2 = 5c2? Looks simple, 
and there are in fact a number of 
easy solutions. But most of them 

turn out to be anything but obvious! There are infinitely 
many possibilities, and as any computer will tell you, each 
of a, b, c will usually be large. So the challenge remains …
Find all integers a, b, c satisfying 2a2+ 3b2= 5c2.

A major advance in number theory means this book can 
give an easy answer to this and countless similar questions. 
The idea behind the approach is transforming a degree-two 
equation in integer variables a, b, c into a plane curve 
defined by a polynomial. Working with the curve makes 
obtaining solutions far easier, and the geometric solutions 
then get translated back into integers. This method morphs 
hard problems into routine ones and typically requires no 
more than high school math. (The complete solution to 
2a2+ 3b2= 5c2 is included in the book.)

In addition to equations of degree two, the book ad-
dresses degree-three equations—a branch of number theory 
that is today something of a cottage industry, and these 
problems translate into “elliptic curves”. This important 
part of the book includes many pictures along with the 
exposition, making the material meaningful and easy to 
grasp.

This book will fit nicely into an introductory course on 
number theory. In addition, the many solved examples, 
illustrations, and exercises make self-studying the book an 
option for students, thus becoming a natural candidate for 
a capstone course.

Dolciani Mathematical Expositions, Volume 57
May 2021, 207 pages, Softcover, ISBN: 978-1-4704-5622-1, 
LC 2020052775, 2010 Mathematics Subject Classification: 11–
XX, 11–01, 11D04, 11D09, 11D25, 11G05, 14H45, 14H52, 
List US$59, AMS Individual member US$44.25, AMS In-
stitutional member US$47.20, MAA members US$44.25, 
Order code DOL/57

bookstore.ams.org/dol-57

Math Education

Transformational 
Change Efforts
Student Engagement 
in Mathematics through 
an Institutional Network 
for Active Learning
Wendy M. Smith, University of 
Nebraska-Lincoln, NE, Matthew 
Voigt, Clemson University, SC, 
April Ström, Chandler-Gilbert 
Community College, AZ, David 
C. Webb, University of Colorado 
Boulder, CO, and W. Gary Mar-

tin, Auburn University, AL, Editors

The purpose of this handbook is to help launch institu-
tional transformations in mathematics departments to 
improve student success. We report findings from the 
Student Engagement in Mathematics through an Insti-
tutional Network for Active Learning (SEMINAL) study. 
SEMINAL’s purpose is to help change agents, those look-
ing to (or currently attempting to) enact change within 
mathematics departments and beyond—trying to reform 
the instruction of their lower division mathematics courses 
in order to promote high achievement for all students. 
SEMINAL specifically studies the change mechanisms that 
allow postsecondary institutions to incorporate and sus-
tain active learning in Precalculus to Calculus 2 learning 
environments.

June 2021, 368 pages, Softcover, ISBN: 978-1-4704-6377-
9, LC 2020046881, 2010 Mathematics Subject Classification: 
97–02, 97B40, 97D10, 97C70, 97B10, List US$79, AMS 
members US$63.20, MAA members US$71.10, Order 
code MBK/138

bookstore.ams.org/mbk-138

http://bookstore.ams.org/mbk-138
http://bookstore.ams.org/dol-57
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Geometry at the Frontier
Symmetries and Moduli 
Spaces of Algebraic  Varieties
Paola Comparin, Universidad 
de La Frontera, Temuco, Chile, 
Eduardo Esteves, IMPA, Rio de 
Janeiro, Brazil, Herbert Lange, 
FAU, Erlangen-Nürnberg, Ger-
many, Sebastián Reyes-Caro-
cca, Universidad de la Frontera, 
Temuco, Chile, and Rubí E. Ro-
dríguez, Universidad de la Fron-
tera, Temuco, Chile, Editors

Articles in this volume are based on lectures given at three 
conferences on Geometry at the Frontier, held at the Univer-
sidad de la Frontera, Pucón, Chile in 2016, 2017, and 2018.

The papers cover recent developments on the theory of 
algebraic varieties—in particular, of their automorphism 
groups and moduli spaces. They will be of interest to any-
one working in the area, as well as young mathematicians 
and students interested in complex and algebraic geometry.

Contemporary Mathematics, Volume 766
June 2021, 294 pages, Softcover, ISBN: 978-1-4704-
5327-5, LC 2020042992, 2010 Mathematics Subject Clas-
sification: 14H55, 30Fxx, 14Kxx, 14K22, 14H40, 14C30, 
14J32, 14H37, 14J50, 14L30, List US$122, AMS mem-
bers US$97.60, MAA members US$109.80, Order code 
CONM/766

bookstore.ams.org/conm-766

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Lectures on Selected 
Topics in von Neumann 
Algebras
Fumio Hiai, Tohoku University, 
Japan

These lecture notes aim to pres-
ent a fast-track study of some 
important topics in classical 
parts of von Neumann algebra 
theory that were developed in 

New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Abelian Varieties 
and Number  Theory
Moshe Jarden, Tel Aviv Univer-
sity, Ramat Aviv, Israel, and Tony 
Shaska, Research Institute of Sci-
ence and Technology, Vlorë, Alba-
nia, Editors

This book is a collection of ar-
ticles on abelian varieties and 
number theory dedicated to 
Gerhard Frey’s 75th birthday. 
It contains original articles by 

experts in the area of arithmetic and algebraic geometry.
The articles cover topics on Abelian varieties and finitely 

generated Galois groups, ranks of Abelian varieties and 
Mordell-Lang conjecture, Tate-Shafarevich group and isog-
eny volcanos, endomorphisms of superelliptic Jacobians, 
obstructions to local-global principles over semi-global 
fields, Drinfeld modular varieties, representations of etale 
fundamental groups and specialization of algebraic cycles, 
Deuring’s theory of constant reductions, etc.

The book will be a valuable resource to graduate students 
and experts working on Abelian varieties and related areas.

This item will also be of interest to those working in number 
theory.

Contemporary Mathematics, Volume 767
June 2021, 210 pages, Softcover, ISBN: 978-1-4704-5207-
0, 2010 Mathematics Subject Classification: 14K05, 14A10, 
14H05, 14H40, 14K15, 14H52, 11G05, 11G09, 14H55, 
List US$122, AMS members US$97.60, MAA members 
US$109.80, Order code CONM/767

bookstore.ams.org/conm-767

http://bookstore.ams.org/conm-767
http://bookstore.ams.org/conm-766
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Number Theory

p-Adic Heights and p -Adic 
Hodge Theory
Denis Benois ,  Inst i tut de 
Mathématiques, Université de Bor-
deaux, Talence, France

Using the theory of (ϕ,Γ)-mod-
ules and the formalism of Selmer 
complexes we construct the 
p-adic height pairing for p-adic 
representations with coefficients 
in an affinoid algebra over Qp. 
For p-adic representations that 

are potentially semistable at p, the author relates this con-
struction to universal norms and compares it to the p-adic 
height pairings of Nekovar and Perrin-Riou.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 167
February 2021, 135 pages, Softcover, ISBN: 978-2-85629-
929-6, 2010 Mathematics Subject Classification: 11R23, 11F80, 
11S25, 11G40, List US$52, AMS members US$41.60, Order 
code SMFMEM/167

bookstore.ams.org/smfmem-167

the 1970s. Starting with Tomita–Takesaki theory, this book 
covers topics such as the standard form, Connes’ cocycle 
derivatives, operator-valued weights, type III structure the-
ory, and non-commutative integration theory.

The self-contained presentation of the material makes 
this book useful not only to graduate students and research-
ers who want to know the fundamentals of von Neumann 
algebras but also to interested undergraduates who have a 
basic knowledge of functional analysis and measure theory.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Series of Lectures in Mathematics, Volume 32
April 2021, 250 pages, Softcover, ISBN: 978-3-98547-004-4, 
2010 Mathematics Subject Classification: 46L10; 46L51, List 
US$45, AMS members US$36, Order code EMSSERLEC/32

bookstore.ams.org/emsserlec-32

Analysis

#operatortheory27
Conference Proceedings, 
Timis̨oara, July 2–6, 2018
Hari Bercovici, Indiana Univer-
sity, Bloomington, Dumitru Gas-
par, West University of Timis̨oara, 
Romania, Dan Timotin, Institute 
of Mathematics, Bucharest, Ro-
mania, and Florian-Horia Va-
silescu, University of Lille, Ville-
neuve d’Ascq, France, Editors

The volume contains the pro-
ceedings of the twenty-seventh International Conference 
on Operator Theory, held in Timişoara between July 2–6, 
2018. It consists of a careful selection of papers authored 
by participants. Most of the papers are expository surveys 
on topics of contemporary research.

A publication of the Theta Foundation. Distributed worldwide, except in 
Romania, by the AMS.

International Book Series of Mathematical Texts
March 2021, 269 pages, Hardcover, ISBN: 978-606-8443-
12-6, 2010 Mathematics Subject Classification: 00B25, 30–06, 
42–06, 46–06, 47–06, List US$68, AMS Individual mem-
ber US$54.40, Order code THETA/26

bookstore.ams.org/theta-26

http://bookstore.ams.org/emsserlec-32
http://bookstore.ams.org/theta-26
http://bookstore.ams.org/smfmem-167
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January 4–7 Boston (JMM 2023) p. 1070
March 18–19 Atlanta, Georgia p. 1070
April 1–2 Spring Eastern Virtual p. 1070
May 6–7 Fresno, California p. 1071
September 9–10 Buffalo, New York p. 1072
October 21–22 Albuquerque, NM p. 1072

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 1072
May 4–5 San Francisco, California p. 1072
October 12–13 Riverside, California p. 1072

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

https://www.ams.org/meetings/meetings-general
https://www.ams.org/meetings/meetings-general
http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Buenos Aires, Argentina
Mathematical Congress of the Americas 2021 (MCA2021)

The University of Buenos Aires

July 19–24, 2021
Monday – Saturday

Meeting #1169
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

Due to current uncertainty about the possibility of traveling this year, and in order to make planning ahead possible, the 
Steering Committee of the MCA has decided to make MCA2021 a fully online event. For more information visit https://
www.mca2021.org/en/.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: Expired
For abstracts: August 10, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.
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Invited Addresses
Daniel Erman, University of Wisconsin–Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Coding, Storage, and Related Applications (Code: SS 5A), Swanand Kadhe, University of California Berkeley, Christine 
Kelley, University of Nebraska-Lincoln, and Gretchen Matthews, Virginia Tech.

Commutative Algebra (Code: SS 3A), Jason McCullough, Iowa State University, and Alexandra Seceleanu, University 
of Nebraska.

Geometric and Topological Combinatorics and Their Applications (Code: SS 7A), Rob Davis, Colgate University, and Bennet 
Goeckner, University of Washington.

Homological Methods in Commutative Algebra (Code: SS 9A), Daniel Erman, University of Wisconsin–Madison, and 
Claudiu Raicu, Notre Dame University.

New Trends in Combinatorics (Code: SS 8A), Steve Butler and Bernard Lidický , Iowa State University.
Progress in Nonlinear Waves (Code: SS 4A), David Ambrose, Drexel University.
Quiver Representations: Bridging Theory and Application (Code: SS 2A), Yariana Diaz, Cody Gilbert, Ryan Kinser, and 

Amrei Oswald, University of Iowa.
Recent Advances in Numerical Methods for Partial Differential Equations (Code: SS 1A), Mahboub Baccouch, University 

of Nebraska at Omaha, and Slimane Adjerid, Virginia Tech.
Theoretical and Applied Aspects of Nonlocal Equations (Code: SS 6A), Animesh Biswas and Petronela Radu, University 

of Nebraska-Lincoln, and Mary Vaughan, The University of Texas at Austin.

Fall Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Advances in Functional Analysis and Operator Theory (Code: SS 14A), Michel L. Lapidus, University of California, River-
side, Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Arithmetic Geometry (Code: SS 25A), Taylor Dupuy, University of Vermont.
A Special Session in Combinatorics and Applications to Optimization, Statistics and Machine Learning: In memory of Roger C. 

Entringer and Reuben Hersh (Code: SS 7A), Joseph R. Barr, Acronis SCS, Peter Shaw, Nanjing University of Info Science 
and Technology, and Faisal Abu-Khzam, American Lebanese University.

Commutative Ring Theory (Code: SS 4A), Louiza Fouli, New Mexico State University, and Janet Vassilev, University of 
New Mexico.

Complex Analysis and Potential Theory (Code: SS 12A), Alex Solynin, Stamatis Pouliasis, Iason Efraimidis, and Brock 
Williams, Texas Tech University.
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Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of 
Mining and Technology.

Elliptic and Parabolic Equations on Topics Arising from Models in Materials Science (Code: SS 5A), Guanying Peng, Worcester 
Polytechnic Institute, and Xiang Xu, Old Dominion University.

Equivariant and Motivic Homotopy Theory (Code: SS 22A), Christy Hazel and Michael Hill, UCLA.
Extremal Polynomials (Code: SS 18A), Maxim Zinchenko, University of New Mexico.
Fractal Geometry and Dynamical Systems (Code: SS 13A), Sangita Jha, National Institute of Technology Rourkela, India, 

Mrinal Kanti Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Technology 
Mandi, India.

Geometry and Geometric Analysis (Code: SS 20A), Charles Boyer, Hongnian Huang, and Junqing Qian, University of 
New Mexico.

Harmonic Analysis (Code: SS 8A), David Beltran, University of Wisconsin–Madison, and José Madrid, University of 
California, Los Angeles.

Harmonic Analysis and Applications (Code: SS 24A), Irina Homes, Texas A & M, and Maria Cristina Pereyra, University 
of New Mexico.

Harmonic Analysis: Geometry, Frames and Sampling (Code: SS 19A), Stephen Casey, American University, Jens Chris-
tensen, Colgate University, and Joseph Lakey, New Mexico State University.

Hyperplane arrangements in connection with commutative algebra (Code: SS 10A), Kuei-Nuan Lin, Penn State University, 
and Federico Galetto, Cleveland State University.

Inverse Problems: In Memory of Professor Zbigniew Oziewicz (Code: SS 1A), Hanna Makaruk, Los Alamos National Lab-
oratory, and Robert Owczarek, University of New Mexico.

Mathematics and Modeling of Phylogenetic Networks (Code: SS 23A), James Degnan and Gleb Zhelezov, University of 
New Mexico.

Recent Advances in Inverse Problems for PDEs (Code: SS 11A), Dinh-Liem Nguyen, Kansas State University, Loc Nguyen, 
University of North Carolina at Charlotte, and Thi-Phong Nguyen, Purdue University.

Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi, 
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Recent Development on Statistical Modeling and Designs (Code: SS 6A), Guoyi Zhang, University of New Mexico.
Research in Mathematics by Graduate Students (Code: SS 15A), Marat V. Markin, California State University, Fresno.
Tensor Categories and Applications (Code: SS 9A), Cain Edie-Michell, Vanderbilt University, and Julia Plavnik and Sean 

Sanford, Indiana University.
Theoretical and Applied perspectives in Machine Learning (Code: SS 17A), Jehanzeb Hameed Chaudhary, University of 

New Mexico, Adam Thomas Rupe, Los Alamos National Laboratory, Simon Tavener, Colorado State University, Dimiter 
Vassilev, University of New Mexico, and Velimir Vesselinov, Los Alamos National Laboratory.

The Role of Mathematics in Computer Vision (Code: SS 21A), Thomas Y. Chen, Academy for Mathematics, Science, and 
Engineering.

Turbulence, Singularities, and Nonlinear Waves in Water Waves, Physics and Plasmas (Code: SS 16A), Alexander Korotkevich 
and Pavel Lushnikov, University of New Mexico, Albuquerque.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, Title to be announced.
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Scott McKinley, Tulane University, Title to be announced.
Svetlana Roudenko, Florida International University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Algebra, Combinatorics, and Topology in Biological Structures (Code: SS 10A), Elena Dimitrova, California Polytechnic 
State University, and Svetlana Poznanovik, Clemson University.

Algebraic Combinatorics in the Southeast (Code: SS 20A), Zachary Hanmaker, University of Florida, and Thomas Mc-
Conville and Andrew Wilson, Kennesaw State University.

Calculus of Variation, Nonlinear Waves and their Numerical Realizations (Code: SS 22A), Xinyang Lu, Lakehead Univer-
sity, Svetlana Roudenko, Florida International University, Chong Wang, Washington and Lee University, and Kai Yang, 
Florida International University.

Cohomology, Representation Theory, and Lie Theory (Code: SS 16A), Christopher Bendel, University of Wisconsin-Stout, 
Christopher Drupieski, DePaul University, Lauren Grimley, Spring Hill College, Paul Sobaje, Georgia Southern Uni-
versity, and Sean Taylor, Spring Hill College.

Combinatorial and Geometric Representation Theory (Code: SS 2A), Mahir Bilen Can, Tulane University, and Joerg Feld-
voss, University of South Alabama.

Current Trends in Combinatorial and Homological Commutative Algebra (Code: SS 6A), Michael DiPasquale, Colorado 
State University, and Selvi Kara, University of South Alabama.

Discrete Geometry and Geometric Optimization (Code: SS 15A), Andras Bezdek, Auburn University, and Woden Kusner, 
University of Georgia.

Enumerative Combinatorics (Code: SS 17A), Miklós Bóna and Vince Vatter, University of Florida.
Experimental Mathematics in Number Theory and Combinatorics (Code: SS 4A), Luis Medina, University of Puerto Rico, 

Eric Rowland, Hofstra University, and Armin Straub, University of South Alabama.
General and Set-Theoretic Topology (Code: SS 9A), Steven Clontz, University of South Alabama, and Ziqin Feng, Auburn 

University.
Geometric and Algebraic Aspects of Quantum Groups and Related Topics (Code: SS 8A), Mee Seong Im, United States Naval 

Academy, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Harmonic Analysis and Spectral Theory (Code: SS 13A), Simon Bortz, The University of Alabama, and Selim Sukhtaiev, 

Auburn University.
Low Dimensional Symplectic and Contact Topology, Their Invariants and Interactions (Code: SS 11A), Samuel Lisi, Univer-

sity of Mississippi, Bulent Tosun, University of Alabama, and Angela Wu, University College of London and Louisiana 
State University.

Mathematical Studies of Biological and Ecological Systems (Code: SS 14A), Xiaoying Han and Jiaqi Cheng, Auburn Uni-
versity.

Models and Inference for Intracellular Transport (Code: SS 23A), Keisha Cook, Clemson University, and Scott McKinley, 
Tulane University.

Recent Advances in Low-dimensional Topology (Code: SS 3A), Christine Ruey Shan Lee and Scott Carter, University of 
South Alabama.

Recent Progress in Numerical Methods for PDEs (Code: SS 1A), Muhammad Mohebujjaman, Texas A&M International 
University, and Leo Rebholz, Clemson University.

Research in Mathematics by Undergraduates (Code: SS 12A), Lauren Grimley, Spring Hill College, Frank Patane, Samford 
University, and Kenneth Roblee, Troy University.

Spatial Graphs (Code: SS 19A), Thomas Mattman, California State University, Chico, Ramin Naimi, Occidental Col-
lege, Ryo Nikkuni, Tokyo Woman’s Christian University, and Andrei Pavelescu and Elena Pavelescu, University of South 
Alabama.

Stochastic Analysis and Applications (Code: SS 7A), Le Chen, Auburn University, Ngartelbaye Guerngar, University of 
North Alabama, and Erkan Nane, Auburn University.

The Role of Mathematics in Computer Vision (Code: SS 21A), Thomas Y. Chen, Academy for Mathematics, Science, and 
Engineering.

Topological Data Analysis and its Applications in Biological Systems (Code: SS 24A), Veronica Ciocanel, Duke University, 
and Scott McKinley, Tulane University.
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Topological Dynamics and Its Applications (Code: SS 18A), Lori Alvin, Furman University, and Joanna Furno, DePaul 
University.

Topological Methods in Discrete Mathematics (Code: SS 5A), Abdul Basit and Shira Zerbib, Iowa State University.

Seattle, Washington (JMM 2022)
Washington State Convention Center and the Sheraton Grand Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate Secretary for the AMS: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/national.html.

Joint Invited Addresses
Marianna Csörnyei, University of Chicago, The Kakeya needle problem for rectifiable sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Title to be announced (MAA-SIAM-AMS Hrabows-

ki-Gates-Tapia-McBay Lecture).
Kavita Ramanan, AAAS, Title to be announced (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).

AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Title to be announced (AMS Lecture on Education).
Daniel Reuben Krashen, Rutgers University, Title to be announced.
Dan Margalit, Georgia Institute of Technology, Title to be announced (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, Title to be announced.
Hee Oh, Yale University, Title to be announced (AMS Erdős Memorial Lecture).
Jill Pipher, Brown University, Title to be announced (AMS Retiring Presidential Address).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Title to be announced (AMS Josiah Willard Gibbs Lecture).

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
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Betsy Stovall, University of Wisconsin–Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-

ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin–Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Waterloo.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-

abeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
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Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin–Madison.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced
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The meeting could not be held as planned in 2021 due to the restrictions on travel and gatherings that are expected to be 
in force at the scheduled time and location. The organizers and the three mathematical societies agreed to postpone the 
meeting to July 18–22, 2022 in Grenoble. This date was chosen to be in synergy with the 2022 International Congress  
of Mathematicians, which will meet July 6–14 in St. Petersburg, Russia. If the pandemic situation is still problematic at 
that time, then the meeting will be held fully online July 18–22, 2022.

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology–IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.
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Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.
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Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of North Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
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Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 
of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
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Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 
Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretaries: Steven H. Weintraub and Hortensia 
Soto
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of 
California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.
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Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Math in the Media
A survey of math in the news:  

See the current Math in the Media & explore the archive at

www.ams.org/mathmedia

“A quantum strategy could verify the solutions to 
unsolvable problems—in theory”
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e “The Promising Math Behind 
‘Flattening the Curve’”

Wired

“Abel Prize Shared by 2 Trailblazers of Probability and Dynamics”

The New York Times

“Topological mechanics 
of knots and tangles”

Science

“The long road to 
fairer algorithms” 

Nature

“Mathematical thinking 
begins in the early years 
with dialogue and real-
world exploration” 

The Conversation

“Why you might be counting in the wrong language”
BBC Future

“How Hands-On Projects Can 
Deepen Math Learning for Teens” 

KQED

”Lunch With Freeman Dyson, in
196,883 Dimensions” 

The New York Times

Review of “HUMBLE PI: 
When Math Goes Wrong 
in the Real World”

KSCJ

The news should start with mathematics, then poetry, and move down from there. 
THE HUMANS, by Matt Haig

“Katherine Johnson, NASA mathematician 
depicted in ‘Hidden Figures,’ dies at 101”

NBC News
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A Partial Differential Equation Modeling Approach
James P. Keener, University of Utah, Salt Lake City, UT

Pure and Applied Undergraduate Texts, Volume 50; 2021; 314 pages; 
Softcover; ISBN: 978-1-4704-5428-9; List US$99; AMS members US$79.20; 
MAA members US$89.10; Order code AMSTEXT/50

Geometry Transformed  
Euclidean Plane Geometry Based on Rigid Motions
James R. King, University of Washington, Seattle, WA

Pure and Applied Undergraduate Texts, Volume 51; 2021; 282 pages; 
Softcover; ISBN: 978-1-4704-6307-6; List US$99; AMS members US$79.20; 
MAA members US$89.10; Order code AMSTEXT/51

AMS / MAA Press 
The Impact and Legacy of 
The Ladies’ Diary (1704–1840)
A Women’s Declaration
Frank J. Swetz, Pennsylvania State University, Middletown, PA

Spectrum, Volume 101; 2021; 171 pages; Softcover; ISBN: 978-1-4704-
6266-6; List US$55; AMS members US$41.25; MAA members US$41.25; 
Order code SPEC/101

Perelman’s Refusal: A Novel
Philippe Zaouati, Mirova, Paris, France

2021; 144 pages; Softcover; ISBN: 978-1-4704-6304-5; List US$29; AMS 
members US$23.20; MAA members US$26.10; Order code MBK/137

Integrability, Quantization, and Geometry
The Set (Parts I and II)
Sergey Novikov, University of Maryland, College Park, MD, and 
Steklov Institute of Mathematics, Moscow, Russia, Igor Krichever, 
Columbia University, New York, NY, and Skoltech, Moscow, 
Russia, Oleg Ogievetsky, Center of Theoretical Physics, Marseille, 
France, and Lebedev Physical Institute, Moscow, Russia, and Senya 
Shlosman, Center of Theoretical Physics, Marseille, France, and 
Skoltech, Moscow, Russia, Editors

Set: Proceedings of Symposia in Pure Mathematics, Volume 103; 2021; 
983 pages; Softcover; ISBN: 978-1-4704-5590-3; List US$249; AMS mem-
bers US$199.20; MAA members US$224.10; Order code PSPUM/103

Generalized Ricci Flow
Mario Garcia-Fernandez, Universidad Autónoma de Madrid, 
Spain, and Instituto de Ciencias Matemáticas, Madrid, Spain, 
and Jeffrey Streets, University of California, Irvine, CA

University Lecture Series, Volume 76; 2021; 256 pages; Softcover; 
ISBN: 978-1-4704-6258-1; List US$55; AMS members US$44; MAA 
members US$49.50; Order code ULECT/76

NOW AVAILABLE
from the AMS

= Textbook

Discover more titles at bookstore.ams.org
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Proceedings of Symposia inProceedings of Symposia in

       ATHEMATICS       ATHEMATICSPUREURE M

Integrability, 
Quantization, and 
Geometry 
  

Sergey Novikov
Igor Krichever
Oleg Ogievetsky
Senya Shlosman  
Editors

white -->

= Applied Mathematics

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc

	June/July 2021 Front Cover
	Position Available--Associative Director of Government Relations
	Position Available--Associate Editor Mathematical Reviews
	Table of Contents
	Masthead
	Letters to the Editor
	A Word From...Katherine Stevenson
	Spectral Geometry in the Presence of Symmetry by Craig Sutton
	2021 CMS 75th Anniversary
	Partially Hyperbolic Dynamics and 3-Manifold Topology by Rafael Potrie
	The Morse Index of a Minimal Surface by Otis Chodosh and Davi Maximo
	Recent Developments in the Theory of Linear Algebraic Groups: Good Reduction and Finiteness Properties by Andrei S. Rapinchuk and Igor A. Rapinchuk
	Statistical Analysis of Animal Movement: Understanding Behavior Through Hierarchical Parametric Models by Henry Scharf
	Early Carrer
	AMS Graduate Student Chapters
	Remember Jean Bourgain (1954-2018) by Peter Sarnak, Terence Tao, Ingrid Daubechies, Freddy Delbaen, Larry Guth, Svetlana Jitomirskaya, Alex Kontorovich, Elon Lindenstrauss, Vitali Milman, Gilles Pisier, Zeev Rudnick, Peter Sarnak, Wilhelm Schlag, Gigiola Staffilani, and Peter Varju
	Transactions of the London Mathematical Society
	Louis Nirenberg (1925-2020) Coordinated by Robert V. Kohn and Yanyan Li
	Mathematical Art as a Discipline by Frank A. Farris
	From Servant to Queen: A Journey through Victorian Mathematics, Reviewed by Sloan Evans Despeaux
	Bookshelf
	AMS Bookshelf
	Interview with Abel Laureate 2020 Gregory Margulis by Bjorn Ian Dundas and Christian Skau
	Spaces of All: The Rise of LGBTQ+ Mathematics Conferences by Anthony Bonato, Juliette Bruce, and Ron Buckmire
	New from SIAM
	Operads for Designing Systems of Systems by John C. Baez and John D. Foley
	Call for Applications & Nominations--AMS Associate Secretaries
	Statement of the AMS
	AMS Governance
	AMS Donors
	2020 Contributors
	Calls for Nominations & Applications AMS Prizes & Awards
	Call for Applications & Nominations--Associate Treasurer
	Call for Applications & Nominations--Chief Editor of the Bulletin of the AMS
	Seven Paths in Mathematics--Past Recipients of the AMS Trjitzinsky Awards Share Theiry Journeys, by Scott Hershberger
	Lovasz and Wigderson Awarded 2021 Abel Prize
	Call for Nominations Benter Prize
	Mathematics People
	Community Updates
	Mathematics Opportunities
	Classified Advertising
	New Books Offered by the AMS
	Meetings & Conferences of the AMS June/July Table of Contents
	Meetings & Conferences
	Math in the Media
	Now Available from the AMS



