Spectral Geometry in
the Presence of Symmetry

Craig Sutton
Let’s play a game! Suppose there is a screen separating us.
On my side of the screen there is a drum and on your side
of the screen there are materials from which you can build
a drum. After listening to me play my drum, your task is
to build one that “sounds” identical to mine. (For the purposes of this thought experiment we’ll assume you have
perfect pitch and are an expert drum maker!) When your
drum is complete, the screen is lifted and we consider the
degree to which the geometry of our drums are necessarily
identical. For instance, in order for your drum to sound
like mine, does it necessarily have the same surface area as
my drum? Or, in order for our drums to sound alike, are
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they required to have the same “curviness”? In brief, we
wonder about the extent to which it is possible to hear the
shape of a drum.
This whimsical question was the basis for Mark Kac’s
highly influential article “Can one hear the shape of a
drum?” [Ka]. Written a little over half a century ago, Kac’s
article helped spark renewed interest in the inverse spectral problem. To formulate Kac’s question in precise mathematical terms, let Ω ⊂ ℝ2 be a connected bounded domain, which we can think of as a drumhead that vibrates
in the direction orthogonal to the plane. If we let 𝑢(𝑥, 𝑦, 𝑡)
denote the (orthogonal) displacement of the point (𝑥, 𝑦) ∈
Ω at time 𝑡 after the drumhead has been struck, then 𝑢 satisfies the wave equation:
𝜕2 𝑢
+ Δ𝑢 = 0 with 𝑢 ↾ 𝜕Ω ≡ 0,
𝜕𝑡2
where Δ = − (

𝜕2
𝜕𝑥2

+

𝜕2
𝜕𝑦2

(1)

) is the Laplace operator (with

the given boundary conditions), a self-adjoint operator on
𝐿2 (Ω). The spectrum of Ω is defined to be the eigenvalues
𝜆0 = 0 < 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑘 ↗ +∞ of the associated
Laplace operator on 𝐿2 (Ω), and two domains are said to
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Figure 1. Isospectral planar domains of Gordon, Webb, and
Wolpert [GWW].

be isospectral if their spectra agree. Finally, a geometric
property that must be shared by two isospectral domains
is a spectral invariant or, in the spirit of the metaphor, is
said to be audible.
Using separation of variables, the general solution to
equation (1) is given by

1. The General Setup

∞

𝑢(𝑥, 𝑦, 𝑡) = ∑ (𝑎𝑘 cos(√𝜆𝑘 𝑡) + 𝑏𝑘 sin(√𝜆𝑘 𝑡))𝜑𝑘 (𝑥, 𝑦),
𝑘=0

where 𝑎𝑘 , 𝑏𝑘 ∈ ℝ are constants and ⟨𝜑𝑘 ⟩∞
𝑘=0 is an orthonormal basis of 𝐿2 (Ω) consisting of Δ-eigenfunctions:
Δ𝜑𝑘 = 𝜆𝑘 𝜑𝑘 . Therefore, the spectrum of Ω is equiva√𝜆
⟨ 𝑘 ⟩∞
2𝜋 𝑘=0

at which
lent to knowing the natural frequencies
the drumhead will freely vibrate: these frequencies are the
overtones of the drumhead. Now, the question posed in
the title of Kac’s article can be phrased as follows.
Problem 1. Are two isospectral bounded domains in ℝ2
necessarily isometric?
Kac has shown that the spectrally determined analytic
∞
function ∑𝑘=0 𝑒−𝜆𝑘 𝑡 on ℝ+ ≡ (0, +∞) admits the following asymptotic expansion:
∞

𝑡↘0

∑ 𝑒−𝜆𝑘 𝑡 ∼
𝑘=0

vol(Ω)
𝐿(𝜕Ω)
,
−
2𝜋𝑡
4√2𝜋𝑡

(2)

where vol(Ω) and 𝐿(𝜕Ω) represent the volume and boundary length of Ω, respectively [Ka]. Consequently, volume
and boundary length are audible properties of planar domains, and, recalling that 𝐿(𝜕Ω) ≥ 4𝜋 vol(Ω) with equality if and only if Ω is a disk, it follows that the disk of
radius 𝑅—the planar domain with the “largest” symmetry group—is determined up to isometry by its spectrum
(cf. Problem 2). In spite of this evidence in support of
an affirmative answer to Problem 1, Gordon, Webb, and
Wolpert were able to construct examples of isospectral yet
non-isometric bounded planar domains having polygonal
boundaries [GWW].1
1It is still an open question whether there are examples of non-isometric isospec-

tral planar domains with smooth boundaries. See [Ze] for a discussion of recent
results on this question.
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While there is more that can be said about the spectral geometry of planar domains (see [Ze], for example), the present survey will largely concern itself with
the generalization of Problem 1 to 𝑛-dimensional closed
manifolds with an emphasis on the role symmetry has
played in our understanding of inverse spectral geometry.
In particular, in section 2, we will discuss how symmetry can be harnessed to construct isospectral manifolds,
emphasizing construction techniques that yield isospectral simply-connected Riemannian manifolds as found in
[Sc, Go2, Sut, AYY]. And, in section 3, we will explore
our ability to “hear” the geometry of spaces with “large”
symmetry groups, focusing on the author’s recent work
with Samuel Lin and Ben Schmidt regarding the audibility of the Thurston geometries and, more generally, threedimensional geometric structures [LSS1, LSS2].
The Laplace operator on a Riemannian manifold (𝑀, 𝑔) is
defined to be
Δ𝑔 = − div𝑔 ∘ grad𝑔 ∶ 𝐶 ∞ (𝑀) → 𝐶 ∞ (𝑀),
where grad𝑔 assigns to any smooth function 𝑓 its gradient
vector field grad 𝑓:
𝑑𝑓𝑝 (𝑣) = 𝑔𝑝 (𝑣, grad 𝑓(𝑝))
for any 𝑝 ∈ 𝑀 and 𝑣 ∈ 𝑇𝑝 𝑀, and div𝑔 assigns to each
smooth vector field 𝑋 its divergence div𝑔 𝑋, a smooth function that measures the infinitesimal distortion of volume
under Φ𝑡 , the flow of 𝑋:
𝑣′ (0) = ∫ div𝑔 𝑋 𝑑 vol𝑔 ,
𝐾

where 𝑣(𝑡) = ∫Φ𝑡 (𝐾) 𝑑 vol𝑔 and 𝐾 is a compact set. As before, Δ𝑔 is extended to an (essentially) self-adjoint operator on 𝐿2 (𝑀) with a discrete spectrum 𝜆0 = 0 < 𝜆1 ≤
𝜆2 ≤ ⋯ ≤ 𝜆𝑘 ↗ +∞ accumulating only at infinity.
This sequnce of eigenvalues is known as the spectrum of
the manifold (𝑀, 𝑔) and will be denoted Spec∆ (𝑀, 𝑔). On
occasion it will be useful to consider the eigenvalue set
of the Laplace operator E∆ (𝑀, 𝑔), which is the sequence
𝜇0 = 0 < 𝜇1 < 𝜇2 < ⋯ < 𝜇𝑘 ↗ +∞ consisting of the
eigenvalues of the Laplace operator ignoring their multiplicities. And, for any 𝜆 ∈ E (𝑀, 𝑔) we let 𝐿2 (𝑀, 𝜈𝑔 )𝜆 denote the
corresponding eigenspace. Two manifolds are said to be
isospectral if their spectra agree.
The most fundamental geometric invariant of a Riemannian manifold (𝑀, 𝑔) is sectional curvature, which
measures the rate at which the geodesics at a point spread
relative to geodesics in Euclidean space. The geodesics in
the Euclidean plane 𝔼2 are straight lines and the straight
lines emanating from a fixed point spread linearly, as is reflected by the fact that any circle of radius 𝑟 > 0 in 𝔼2 has
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length 2𝜋𝑟. Now, given a point 𝑝 in a Riemannian manifold (𝑀, 𝑔) and a two-dimensional subspace 𝜎 ≤ 𝑇𝑝 𝑀, the
sectional curvature of 𝜎, denoted Sec(𝜎), is the scalar defined by the Taylor expansion
Sec(𝜎) 3
𝑟 + 𝑜(𝑟5 ),
(3)
6
where 𝐿(𝐶𝑟 ) is the length of 𝐶𝑟 , the circle of radius 𝑟 centered at 𝑝 and determined by the geodesics 𝛾 with initial
condition 𝛾′ (0) in 𝜎. Therefore, if Sec(𝜎) is positive (respectively, zero or negative), then the geodesics determined
by 𝜎 initially spread sublinearly (respectively, linearly or
superlinearly). The sectional curvature of a Riemannian
manifold (𝑀, 𝑔) is conveniently encoded in its Riemannian curvature tensor 𝑅, a (4, 0)-tensor associated to (𝑀, 𝑔).
Other notions of curvature include the Ricci curvature tensor, denoted by Ric, and the scalar curvature function, denoted by Scal, which measure the degree to which the
growth of the volume of small cones and balls in (𝑀, 𝑔)
differ from their Euclidean counterparts, respectively.
To find relationships between the geometry of (𝑀, 𝑔)
and its spectrum, it has proven fruitful to examine the singularities of various spectrally determined distributions by
probing their attendant asymptotic expansions for geometric data. In particular, it is useful to analyze the singularities of
𝐿(𝐶𝑟 ) = 2𝜋𝑟 −

∞

1. (Heat Trace) Tr (𝑒−𝑡∆𝑔 ) ≡ ∑𝑘=0 𝑒−𝑡𝜆𝑘 ,
−𝑖𝑡√∆𝑔

2. (Wave Trace) Tr (𝑒

∞

) ≡ ∑𝑘=0 𝑒−𝑖𝑡√𝜆𝑘 .

The heat trace is an honest analytic function on the positive real line that approaches infinity as 𝑡 nears zero, while
the wave trace is a distribution on ℝ whose singularities
(up to sign) can only occur at lengths of smoothly closed
geodesics. This article will only make use of the heat trace.
For a survey that includes applications of the wave trace,
we recommend [Ze].
It is a result of Minakshisundaram and Pleijel (1949,
MR0031145 and 1953, MR0061750)2 that the heat trace
admits an asymptotic expansion as 𝑡 approaches zero:
∞

𝑡↘0

Tr (𝑒−𝑡∆𝑔 ) ∼ (4𝜋𝑡)−𝑛/2 ∑ 𝑎𝑘 (𝑀, 𝑔)𝑡𝑘 ,

(4)

𝑘=0

where 𝑛 is the dimension of 𝑀 and the coefficients
{𝑎𝑘 (𝑀, 𝑔)}∞
𝑘=0 , commonly referred to as the heat invariants of (𝑀, 𝑔), are integrals of universal polynomials
{𝑢𝑘 (𝑀, 𝑔)}∞
𝑘=0 in the components of the Riemann curvature
tensor and its covariant derivatives:
𝑎𝑘 (𝑀, 𝑔) = ∫ 𝑢𝑘 (𝑀, 𝑔)𝑑𝜈𝑔 .

(5)

𝑀
2The Notices of the AMS limits the bibliography to 20 references. Works not

contained in the bibliography will be given an in-text citation of the form (Year
of Publication, Mathematical Reviews or ArXiv Identifier).
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Therefore, the asymptotics of the heat trace tell us that the
spectrum encodes averages of certain local geometric data
on the underlying manifold. Unfortunately, although useful in obtaining positive results (see section 3), explicit
formulae exist only for the first few heat invariants and
only 𝑎0 and 𝑎1 appear to have natural geometric interpretations. For instance, it is known that 𝑎0 (𝑀, 𝑔) = ∫𝑀 1𝑑𝜈𝑔
is the volume of the Riemannian manifold and 𝑎1 (𝑀, 𝑔) =
1
∫ Scal 𝑑𝜈𝑔 is a sixth of the total scalar curvature, while
6 𝑀
𝑎2 (𝑀, 𝑔) can be expressed as follows:
𝑎2 (𝑀, 𝑔) =

1
2
∫ 2(|𝑅|2 − | Ric |2 ) + 5 Scal 𝑑𝜈𝑔 ,
360 𝑀

where | ⋅ | is the norm on tensors induced by 𝑔. Therefore,
equation (4) implies the spectrum encodes the dimension,
volume, and total scalar curvature of the underlying Riemannian manifold. And, since scalar curvature equals
Gaussian curvature in dimension two, the Gauss-Bonnet
Theorem implies the Euler characteristic of a closed sur6
face (Σ, 𝑔) is encoded in its spectrum: 𝜒(Σ) = 𝑎1 (Σ, 𝑔).
2𝜋
In spite of this promising start, it is well known that the
spectrum does not fully encode the geometry of its underlying Riemannian manifold. The first non-trivial isospectral
pair is due to Milnor (1964, MR0162204). It consists of
two 16-dimensional flat tori Γ1 \𝔼16 and Γ2 \𝔼16 , where 𝔼16
denotes ℝ16 equipped with a flat metric and Γ1 , Γ2 ≤ ℝ16
are a pair of self-dual full-rank lattices discovered by Witt
and having the following properties: (1) they are not conjugate via the isometry group of 𝔼16 , which ensures the corresponding flat tori are non-isometric (see Example 13), and
(2) for any 𝜆 > 0, Γ1 and Γ2 contain the same number of vectors of length at most 𝜆, which ensures the associated flat
tori have the same spectra.3 It would take two decades for
the mathematics community to begin to realize Milnor’s
isospectral manifolds are an instance of a systematic procedure for producing isospectral pairs that utilizes symmetry
and representation theory.

2. Isospectral Manifolds Via Symmetry
To understand how symmetry enters the picture, first, notice the group of diffeomorphisms Diff(𝑀) of a smooth
manifold 𝑀 has a natural action on 𝐿2 (𝑀, 𝑑𝜈𝑔 ) given by
(Φ ⋅ 𝑓)(𝑥) = 𝑓(Φ−1 (𝑥)) for any Φ ∈ Diff(𝑀) and 𝑓 ∈
𝐿2 (𝑀, 𝑑𝜈𝑔 ), where 𝜈𝑔 is the associated Riemannian measure.
A diffeomorphism Φ is said to commute with the Laplace
operator Δ𝑔 if Φ ⋅ (Δ𝑔 𝑓) = Δ𝑔 (Φ ⋅ 𝑓) for any 𝑓 ∈ 𝐿2 (𝑀, 𝑑𝜈𝑔 ).
It is not difficult to see that in the event Φ is actually an
isometry of (𝑀, 𝑔), then Φ commutes with Δ𝑔 . In fact,
it is a result of B. Watson (1973, MR0365419) that this
3One can show that the eigenvalue set of a flat torus Γ\𝔼𝑛 is E (Γ\𝔼𝑛 ) =
∆
{4𝜋2 ‖𝛾∗ ‖2 ∶ 𝛾∗ ∈ Γ∗ }, where Γ∗ is the dual lattice of Γ, and the multiplicity

of 𝜆 ∈ E∆ (Γ\𝔼𝑛 ) is equal to #{𝛾∗ ∈ Γ∗ ∶ ‖𝛾∗ ‖2 =
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property characterizes the elements of Diff(𝑀) that are
isometries of (𝑀, 𝑔). Consequently, if 𝐺 is a Lie group consisting of isometries of (𝑀, 𝑔), then the Δ𝑔 -eigenspaces are
representations of 𝐺 under its natural action on 𝐿2 (𝑀, 𝑑𝜈𝑔 ).
Second, recall that an embedded submanifold 𝐹 of a
Riemannian manifold (𝑀, 𝑔) is said to be totally geodesic
if the geodesics in 𝐹 equipped with the metric induced by 𝑔
remain geodesics when viewed in the ambient space (𝑀, 𝑔).
For example, since the geodesics in Euclidean 𝑛-space 𝔼𝑛
are straight lines we see that any plane Π ⊂ 𝔼𝑛 is a totally
geodesic submanifold, while the round sphere 𝕊𝑛−1 ⊂ 𝔼𝑛 ,
whose geodesics are segments of great circles, is not a totally geodesic submanifold. A map 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ) between two Riemannian manifolds is said to be a Riemannian submersion if 𝜋 is a submersion and for each 𝑞 ∈ 𝑁 and
𝑝 ∈ 𝐹𝑞 ≡ 𝜋−1 (𝑞) we have 𝜋∗ ∶ (ℋ𝑝 , 𝑔𝑝 ↾ ℋ𝑝 ) → (𝑇𝑞 𝑁, ℎ𝑞 )
is an isometry, where 𝑇𝑝 𝑀 = 𝑇𝑝 𝐹𝑞 ⊕ ℋ𝑝 is an orthogonal
direct sum. A Riemannian submersion 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ)
is said to have totally geodesic fibers if for any 𝑞 ∈ 𝑁,
𝐹𝑞 = 𝜋−1 (𝑞) is a totally geodesic submanifold of (𝑀, 𝑔).
Under the assumption that 𝜋 ∶ (𝑀, 𝑔) → (𝑁, ℎ) is a Riemannian submersion with totally geodesic fibers, it can
be shown that for any 𝜆 ∈ ℝ and 𝑓 ∈ 𝐶 ∞ (𝑁) we have
Δℎ 𝑓 = 𝜆𝑓 if and only if Δ𝑔 (𝑓 ∘ 𝜋) = 𝜆(𝑓 ∘ 𝜋).
Putting the previous observations together, we find that
if the Lie group 𝐻 acts freely via isometries on (𝑀, 𝑔)
and with orbits that are totally geodesic submanifolds,
then E∆ (𝐻\𝑀, 𝑔𝐻 ) ⊆ E∆ (𝑀, 𝑔) and the multiplicity 𝑚∆ (𝜆)
of each 𝜆 ∈ E∆ (𝐻\𝑀, 𝑔𝐻 ) is equal to the dimension of
𝐿2 (𝑀, 𝜈𝑔𝐻 )𝐻
𝜆 , where 𝑔𝐻 is the quotient metric on 𝐻\𝑀 induced by 𝑔 and for any (unitary) representation 𝜌 ∶ 𝐾 →
U(𝑉) we let 𝑉 𝐾 ≡ {𝑣 ∈ 𝑉 ∶ 𝜌(𝑥)𝑣 = 𝑣 for all 𝑥 ∈ 𝐾}.
2.1. A generalized Sunada method. Sunada’s method
and its generalizations are perhaps the most widely known
of the symmetry techniques used to construct non-trivial
isospectral manifolds. In Sunada’s original formulation,
the method exploits an algebraic condition (see equation (6)) on triples of finite groups that was already
known to F. Gassmann in 1926, who was interested in
constructing non-isomorphic number fields with identical
Dedekind Zeta functions. For our exposition it will be convenient to present this algebraic condition in terms of the
so-called “dimension datum” of a group and expand the
groups under consideration to include compact Lie groups;
this is different from the usual presentation of this material as
is found in [Bu], for example.
ˆ deDefinition 1. Let 𝐺 be a compact Lie group, and let 𝐺
note the equivalence classes of irreducible representations
(𝑉𝜌 , 𝜌) of 𝐺. Given a closed subgroup 𝐻 ≤ 𝐺, its dimension
𝐺
ˆ → ℤ defined by
datum (relative to 𝐺) is the map D𝐻
∶𝐺
𝐻
[(𝑉𝜌 , 𝜌)] ↦ dim 𝑉𝜌 .
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A triple of compact groups (𝐺, 𝐻1 , 𝐻2 ) is said to be a
Gassmann-Sunada triple or Sunada triple if (1) 𝐻1 , 𝐻2 ≤ 𝐺
𝐺
𝐺
and (2) D𝐻
= D𝐻
. A Sunada triple (𝐺, 𝐻1 , 𝐻2 ) is said to
1
2
be non-trivial if 𝐻1 and 𝐻2 are not conjugate in 𝐺. In the
event we have a Sunada triple (𝐺, 𝐻1 , 𝐻2 ), where 𝐺 is finite,
𝐺
𝐺
one can see that the condition D𝐻
= D𝐻
is equivalent to
1
2
the classical Gassmann-Sunada condition
#(𝐻1 ∩ 𝑔𝐺 ) = #(𝐻2 ∩ 𝑔𝐺 ) for all 𝑔 ∈ 𝐺,

(6)

𝐺

where 𝑔 denotes the conjugacy class of a group element
𝑔 within 𝐺.
Our previous observations regarding the interplay between isometries and the Laplace spectrum allow us to deduce the following generalization of Sunada’s method.
Theorem 2 (Sutton [Sut]). Let (𝑀, 𝑔) be a compact Riemannian manifold and (𝐺, 𝐻1 , 𝐻2 ) a Sunada triple, where
𝐺 ≤ Isom(𝑀, 𝑔) and, for 𝑗 = 1, 2, 𝐻𝑗 acts freely on 𝑀 such that
the natural projection 𝜋𝑗 ∶ (𝑀, 𝑔) → (𝐻𝑗 \𝑀, 𝑔𝑗 ) has totally geodesic fibers. Then, the Riemannian manifolds (𝐻1 \𝑀, 𝑔1 ) and
(𝐻2 \𝑀, 𝑔2 ) are isospectral.
We emphasize that Theorem 2 is silent on whether the
resulting spaces are isometric; that matter must be handled
separately.4
In Sunada’s seminal paper [Su], the previous theorem
is stated for a Sunada triple of finite groups; in which case,
the requirement that the projection maps have totally geodesic fibers is always achieved and the resulting quotient
spaces are necessarily locally isometric, since they will have
a common Riemannian covering. When invoked with a
Sunada triple of finite groups, we will refer to the method
as the classical Sunada method (see Example 4).5 There
are a number of ways of manufacturing Sunada triples of
finite groups (see [DGS, sec. 7]), many of which predate
Sunada’s paper due to their connections with problems in
group theory and number theory. We now review a procedure for constructing Sunada triples that disproves Littlewood’s conjecture (1940, MR0002127) that subgroups
of a finite group 𝐺 possessing the same dimension datum
must be isomorphic.
Example 3 (Todd-Komatsu method). Let 𝐻1 and 𝐻2 be
two finite groups of order 𝑛 such that, for any divisor 𝑑
of 𝑛, the groups 𝐻1 and 𝐻2 have the same number of elements of order 𝑑. By numbering the group elements and
allowing them to act on themselves via left-multiplication,
𝐻1 and 𝐻2 can be embedded in 𝑆𝑛 , the symmetric group
on 𝑛 elements. Under this embedding, each element of
order 𝑑 is sent to a product of 𝑛/𝑑 disjoint cycles of length
4For other variants of Sunada’s method we point the reader to the work

of D. DeTurck and C. Gordon (1989, MR1029118) and H. Pesce (1996,
MR1396675), for example.
5S. Chen (1992, MR1184007) showed that Milnor’s isospectral tori mentioned
in section 1 can be viewed as arising via the classical Sunada method.
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𝑑. Recalling that two elements in 𝑆𝑛 are conjugate if and
only if they have the same cycle decomposition, it follows
that the elements of order 𝑑 in 𝐻1 and 𝐻2 are pairwise conjugate in 𝑆𝑛 . Therefore, the triple (𝑆𝑛 , 𝐻1 , 𝐻2 ) is a Sunada
triple and it is non-trivial precisely when 𝐻1 and 𝐻2 are
not isomorphic. The first instance of this construction is
found in the work of J. A. Todd (1950) in which the nontrivial Sunada triple (𝑆 16 , 𝐻1 , 𝐻2 ) is formed by 𝐻1 = ℤ8 ×ℤ2
and 𝐻2 = ℤ8 ⋊𝜑 ℤ2 , where 𝜑 ∶ ℤ2 → Aut(ℤ8 ) is defined
by 𝜑(1)(𝑥) = 𝑥5 . Subsequently, K. Komatsu (1976) found
a family of triples that also fit into this paradigm: let 𝑝 be
an odd prime; then (𝑆𝑝3 , 𝐻1 , 𝐻2 ), where 𝐻1 ≃ ℤ𝑝3 and 𝐻2
is a non-abelian group of order 𝑝3 and exponent 𝑝, is a
non-trivial Sunada triple.
As we noted earlier, Sunada’s method does not guarantee the resulting quotients will be non-isometric. In
the case of finite groups, one may obtain non-isometric
spaces by using nowhere locally homogeneous metrics. A
metric 𝑔 on a manifold 𝑀 is said to be nowhere locally
homogeneous if for any pair of distinct open sets 𝑈 and
𝑉 in 𝑀 there is no isometry between (𝑈, 𝑔 ↾ 𝑈) and
(𝑉, 𝑔 ↾ 𝑉), where ↾ denotes restriction. Sunada showed
that if 𝑀 is a compact manifold of dimension at least two,
the nowhere locally homogeneous metrics on 𝑀 form a
residual set in R(𝑀), the space of Riemannian metrics on
𝑀 [Su, Prop. 1]. This observation can be combined with
Sunada’s method to produce examples of isospectral, yet
non-isometric, manifolds.
Example 4 (The classical Sunada method). Fix a nontrivial Gassmann-Sunada triple (𝐺, 𝐻1 , 𝐻2 ) of finite groups
and let 𝑀0 be a compact manifold such that there exists
an epimorphism 𝜑 ∶ 𝜋1 (𝑀0 ) → 𝐺. (As every finitely
generated group is the fundamental group of some closed
four-manifold, this step is always possible.) Then, let
𝜋 ∶ 𝑀 → 𝑀0 be the normal covering of 𝑀0 corresponding to ker(𝜑) ⊲ 𝜋1 (𝑀0 ). Next, endow 𝑀0 with a nowhere
locally homogeneous metric 𝑔0 and let 𝑔 = 𝜋∗ 𝑔0 be the
corresponding Riemannian covering metric on 𝑀. Then,
Isom(𝑀, 𝑔) = 𝐺 and the quotient manifolds (𝐻1 \𝑀, 𝑔1 )
and (𝐻2 \𝑀, 𝑔2 ) are isospectral manifolds that are not isometric. Indeed, in light of the fact that Isom(𝑀, 𝑔) = 𝐺, an
isometry between (𝐻1 \𝑀, 𝑔1 ) and (𝐻2 \𝑀, 𝑔2 ) would imply
that 𝐻1 and 𝐻2 are conjugate in 𝐺, a contradiction. We
note that, in the event that 𝐻1 and 𝐻2 are non-isomorphic
groups (e.g., Example 3), we can choose any 𝐺-invariant
metric on 𝑀, since 𝐻1 \𝑀 and 𝐻2 \𝑀 are not homeomorphic.
Modern differential geometry has its origins in the study
of surfaces. As such, there has been considerable interest in the existence of isospectral surfaces; especially,
those of constant (negative) sectional curvature. Given
a non-trivial Sunada triple (𝐺, 𝐻1 , 𝐻2 ), one can construct
JUNE/JULY 2021
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Figure 2. Diagram of covering spaces in the classical Sunada
method (Example 4).

non-trivial pairs of isospectral surfaces (of constant negative sectional curvature) with the assistance of the Cayley
graphs associated to 𝐺, 𝐻1 \𝐺, and 𝐻2 \𝐺. Rather than give
the details of this construction, which is described beautifully by Buser [Bu], we pivot to discuss a somewhat surprising application of Sunada’s method: the existence of
simply-connected isospectral manifolds.
2.2. Isospectral simply-connected manifolds via Sunada’s method. A long-standing problem in spectral geometry was to determine whether isospectral simplyconnected manifolds are necessarily isometric. This was
partially motivated by the fact that it was a feature of the
earliest construction techniques that the resulting isospectral manifolds have non-trivial fundamental groups. The
generalized Sunada method given in Theorem 2 was introduced by the author [Sut] as a means to produce isospectral simply-connected Riemannian manifolds that are not
even homeomorphic.
Given a connected compact Lie group 𝐺 and a closed
subgroup 𝐻 ≤ 𝐺, the coset space 𝐻\𝐺 admits a unique
smooth manifold structure of dimension dim 𝐺 − dim 𝐻
with respect to which the natural projection map 𝜋 ∶ 𝐺 →
𝐻\𝐺 is a submersion. For any 𝑔 ∈ 𝐺, we let 𝐿𝑔 , 𝑅𝑔 ∶
𝐺 → 𝐺 denote left and right multiplication by 𝑔, respectively. Then, a Riemannian metric 𝑚 on 𝐺 is said to be
bi-invariant if 𝐿𝑔 and 𝑅𝑔 are isometries of (𝐺, 𝑚) for any
𝑔 ∈ 𝐺, and such metrics always exist on a compact Lie
group. Now, any bi-invariant metric 𝑚 on 𝐺 induces a
Riemannian metric 𝑚′ on 𝐻\𝐺 such that 𝜋 ∶ (𝐺, 𝑚) →
(𝐻\𝐺, 𝑚′ ) is a Riemannian submersion with totally geodesic fibers. We can examine the topology of the quotient
manifold 𝐻\𝐺 through the homotopy long exact sequence
⋯ → 𝜋2 (𝐺) → 𝜋2 (𝐻\𝐺) → 𝜋1 (𝐻) → 𝜋1 (𝐺)
→ 𝜋1 (𝐻\𝐺) → 𝜋0 (𝐻) → ⋯

(7)

and find that, in the event that 𝐺 and 𝐻 are both connected and 𝐺 is simply-connected, the manifold 𝐻\𝐺 is
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simply-connected. To compare the geometry of two such
quotient spaces, suppose 𝐺 is simple and 𝐻1 , 𝐻2 ≤ 𝐺 are
not conjugate via an automorphism of 𝐺 (i.e., there is no
automorphism 𝛼 ∈ Aut(𝐺) such that 𝛼(𝐻1 ) = 𝐻2 ). Then
one can check that (𝐻1 \𝐺, 𝑚1 ) and (𝐻2 \𝐺, 𝑚2 ) are not isometric, where 𝑚1 and 𝑚2 are the quotient metrics induced
by a common bi-invariant metric 𝑚 on 𝐺. Hence, to construct the desired example, it is sufficient to find a Sunada
triple (𝐺, 𝐻1 , 𝐻2 ) of connected Lie groups where 𝐺 is simple and 𝐻1 and 𝐻2 are not conjugate via Aut(𝐺).
Examining the work of Larsen and Pink on dimension
datum [LP], one notices that there is a connected semisimple Lie group 𝐻 such that for infinitely many 𝑛 ∈ ℕ
there are faithful representations 𝜌1 , 𝜌2 ∶ 𝐻 → SU(𝑛),
such that 𝐻1 = 𝜌1 (𝐻) and 𝐻2 = 𝜌2 (𝐻) are not conjuSU(𝑛)
SU(𝑛)
gate via Aut(SU(𝑛)) and D𝐻
= D𝐻
. Therefore,
1
2
(SU(𝑛), 𝐻1 , 𝐻2 ) is a suitable Sunada triple.
Theorem 5 (Sutton [Sut]). There exist non-trivial Sunadaisospectral pairs of simply-connected Riemannian manifolds.
These examples were published shortly after Schueth
[Sc] and Gordon [Go2] each constructed their own examples of simply-connected isospectral manifolds via what
is sometimes referred to as the “torus method” (see section 2.3). It is clear that the underlying spaces in the examples of Schueth and Gordon are homeomorphic; however,
as we noted earlier, the motivation behind our generalized
Sunada technique was to produce non-homeomorphic
simply-connected isospectral pairs. Unfortunately, the
abstract nature of the triple (SU(𝑛), 𝐻1 , 𝐻2 ) employed in
[Sut] and the dimension of the smallest such examples
(approximately 1010 ) proved to be a barrier at the time.
However, through a more detailed analysis of dimension datum, An, Yu, and Yu were able to exhibit Sunada
triples of connected Lie groups, as above, where the resulting isospectral simply-connected quotient spaces are nonhomeomorphic [AYY].
Specifically, for 𝑛 ≥ 2, let 𝐻1 = 𝑈(𝑛) and 𝐻2 =
𝑛−1
Sp(𝑛1 ) × SO(2𝑛 − 2𝑛1 ), where 𝑛1 = ⌊
⌋. And, let
2
st1 , st2 , and st3 denote the standard representations of
𝐻1 , Sp(𝑛1 ), and SO(2𝑛 − 2𝑛1 ), respectively. Then, 𝐻1
and 𝐻2 can be embedded into SU(2𝑛) via st1 ⊕ st∗1 and
(st2 ⊗𝟏) ⊕ (𝟏 ⊗ st3 ), respectively. Under this identification they show that (SU(2𝑛), 𝐻1 , 𝐻2 ) is a non-trivial
Sunada triple, where 𝐻1 and 𝐻2 are not isomorphic
(cf. Example 3) and, since ℤ ≃ 𝜋1 (𝐻1 ) ≄ 𝜋1 (𝐻2 ) ≃
ℤ2 , the long exact sequence (see equation (7)) allows
us to conclude that the quotient spaces 𝐻1 \ SU(2𝑛) and
𝐻2 \ SU(2𝑛) are not homeomorphic. Therefore, by Theorem 2, (𝐻1 \ SU(2𝑛), 𝑚1 ) and (𝐻2 \ SU(2𝑛), 𝑚2 ) are nonhomeomorphic simply-connected isospectral manifolds,
where 𝑚1 and 𝑚2 are induced by a bi-invariant metric 𝑚
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on SU(2𝑛). And we conclude that the topological universal
cover of a Riemannian manifold is not a spectral invariant.
Theorem 6 (An, Yu, and Yu [AYY]). There are infinitely
many pairs of simply-connected Sunada-isospectral manifolds
that are not homeomorphic.
Although not mentioned in the article, these examples
also show that, among homogeneous spaces, model geometries are not spectral invariants, in general (see Problem 3).
In light of the preceding discussion, it is natural to wonder whether there are additional non-trivial Sunada triples
(𝐺, 𝐻1 , 𝐻2 ) consisting of connected compact Lie groups.
In his engaging doctoral thesis, Jun Yu—the third of the
aforementioned authors—classifies the connected closed
subgroups of a given compact Lie group with identical
dimension datum [Yu]. Although of interest because of
its connection to the inverse spectral problem, Yu’s classification theorem appears to have been primarily motivated by Langland’s suggestion that dimension datum
will play a key role in his “Beyond Endoscopy” program
[Yu, p. 2684].
2.3. The Gordon-Schueth method. While its connections with problems in group theory, number theory, and
geometry make Sunada’s method the most well-known
technique for producing isospectral manifolds, another effective approach exploits isometric actions by tori. Over
the last three decades this technique has been developed
and refined primarily by Carolyn Gordon and Dorothee
Schueth, with initial inspiration drawn from an earlier approach of Szabo,6 and it is responsible for a number of notable firsts in the spectral geometry canon: (1) isospectral
closed manifolds with distinct local geometries [Go1], (2)
non-trivial isospectral deformations [GoWi], and (3) pairs
of non-trivial isospectral metrics on a simply-connected
manifold [Sc, Go2].
Given a Riemannian manifold (𝑀, 𝑔) and an isometric
free action by a torus 𝑇, let 𝑔𝑇 denote the Riemannian
metric on the quotient space 𝑇\𝑀 such that the natural
projection 𝜋 ∶ (𝑀, 𝑔) → (𝑇\𝑀, 𝑔𝑇 ) is a Riemannian submersion. For each irreducible representation 𝜌 ∶ 𝑇 →
Aut(ℂ) of 𝑇, let H𝜌 be the subspace of 𝐿2 (𝑀) defined by
H𝜌 = {𝑓 ∈ 𝐿2 (𝑀) ∶ 𝑓(𝑔−1 ⋅ 𝑥) = 𝜌(𝑔)(𝑓(𝑥)) for all 𝑔 ∈ 𝑇}.
Then, we have the following decomposition of 𝐿2 (𝑀):
⎛
⎛
⎞⎞
⎜
⎜
𝐿 (𝑀) = H0 ⊕
H𝜌 ⎟⎟ ,
⨁⎜ ⨁
⎜𝑊
⎟⎟
ˆ
≤𝑇
𝜌∈𝑇
⎝
⎝ker(𝜌)=𝑊
⎠⎠
2

(8)

6In 1992, Z. I. Szabó circulated a preprint in which he constructed the first pair

of isospectral manifolds with boundary having different local geometries. These
examples were published in 1999 as [Sz].
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where the sum is taken over closed subgroups 𝑊 ≤ 𝑇
of codimension one. Now, keeping in mind our previous discussion of the behavior of the spectrum under Riemannian submersions with totally geodesic fibers, one can
deduce the following criteria for isospectrality, which is
sometimes referred to as the “torus method.”

3. Can One Hear the Geometry of a Riemannian
Manifold with a “Large” Symmetry Group?

Theorem 7 (Gordon-Schueth method [Sc]). Let (𝑀1 , 𝑔1 )
and (𝑀2 , 𝑔2 ) be closed Riemannian manifolds, and, for 𝑗 =
1, 2, let 𝛼𝑗 ∶ 𝑇 × 𝑀𝑗 → 𝑀𝑗 be a free isometric action by a
𝑘-dimensional torus 𝑇. Now, suppose that for any 𝑊 ≤ 𝑇 a
closed subgroup that is either 𝑇 or a subtorus of codimension 1
the following hold:

• a Riemannian manifold (𝑀, 𝑔) is said to be a space of
constant sectional curvature if there is a scalar 𝐾 such
that Sec(𝜎) = 𝐾 for all two-dimensional subspaces 𝜎 ≤
𝑇𝑝 𝑀, 𝑝 ∈ 𝑀;
• a Riemannian manifold (𝑀, 𝑔) is said to be locally symmetric if sectional curvature is constant under parallel
transport,7 and if, in addition, (𝑀, 𝑔) is homogeneous
(see below), then we say (𝑀, 𝑔) is (globally) symmetric;
• a Riemannian manifold (𝑀, 𝑔) is said to be locally homogeneous if the geometry in the neighborhood of
any two points is identical; that is, any two points
𝑝, 𝑞 ∈ 𝑀 have neighborhoods 𝑈 and 𝑉, respectively,
where (𝑈, 𝑔 ↾ 𝑈) and (𝑉, 𝑔 ↾ 𝑉) are isometric. The
space (𝑀, 𝑔) is said to be (globally) homogeneous if its
isometry group acts transitively on 𝑀.

1. For 𝑗 = 1, 2 the fibers of the projection 𝜋𝑗 ∶ 𝑀𝑗 → 𝑊\𝑀𝑗
are totally geodesic in (𝑀𝑗 , 𝑔𝑗 ).
𝑊
2. (𝑊\𝑀1 , 𝑔𝑊
1 ) and (𝑊\𝑀2 , 𝑔2 ) are isospectral.
Then, (𝑀1 , 𝑔1 ) and (𝑀2 , 𝑔2 ) are isospectral.
As is the case with Sunada’s method, the proof of the
Gordon-Schueth method is fairly straightforward. The art
is in finding non-trivial applications.
The Gordon-Schueth method made its debut in the
work of Gordon [Go1], where it was stated for the special
case of nilmanifolds and was applied to produce the first
examples of isospectral closed manifolds with different local geometries: the metrics are locally homogeneous metrics on an eight-dimensional nilmanifold. Subsequently,
Gordon and Wilson used this technique to construct the
first continuous families of isospectral metrics on manifolds with boundary [GoWi]. In 1999, Schueth provided
the more general version of the method stated above and
applied it to construct the first examples of isospectral metrics with different local geometries on a simply-connected
space.
Theorem 8 (Schueth [Sc]). Let 𝐺 be a compact simplyconnected Lie group of rank at least two (e.g., SU(2) × SU(2))
and 𝑆 𝑛 the 𝑛-sphere. Then, there exists a continuous family 𝑔𝑡
of isospectral, yet non-isometric, metrics on 𝑆 𝑛 × 𝐺.
Using a variant of Theorem 7 that only insists the
torus action be free on the principal orbits, while placing
a stronger requirement on the relationship between the
quotient spaces (𝑊\𝑀1 , 𝑔𝑇1 ) and (𝑊\𝑀2 , 𝑔𝑇2 ), Gordon constructed continuous families of isospectral metrics on 𝑆 𝑛
(𝑛 ≥ 8).
Theorem 9 (Gordon [Go2]). There exists a continuous family 𝑔𝑡 of isospectral, yet non-isometric, metrics on 𝑆 𝑛 .
The isospectral families of Theorem 8 (respectively, Theorem 9) can be made to come arbitrarily close to a given
symmetric metric (see section 3) on 𝑆 𝑛 × 𝐺 (respectively,
𝑆 𝑛 ).
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If we measure the complexity of a Riemannian manifold
in terms of sectional curvature, we obtain the following
natural classes of spaces presented in order of increasing
complexity:

The notion of a Riemannian manifold with “large” symmetry group can be formalized in several natural ways; however, for our discussion, homogeneous spaces and, more
generally, locally homogeneous spaces will be considered
spaces with “large” symmetry groups.
In dimension two the aforementioned classes are identical, while in dimension three and higher the containments
are proper. Although these spaces account for a mere slice
of the universe of Riemannian manifolds, they are ubiquitous, in part, because they arise organically as model
spaces and solutions to natural variational problems in
geometry, physics, and other disciplines. Consequently, it
is natural to consider the degree to which these classes and
certain representatives thereof are distinguished via their
spectra.
7Given a Riemannian manifold (𝑀, 𝑔) and a smooth curve 𝑐(𝑡) with 𝑐(0) = 𝑝,

parallel transport along 𝑐 is the linear transformation 𝑃𝑡 ∶ 𝑇𝑝 𝑀 → 𝑇𝑐(𝑡) 𝑀
such that 𝑡 ↦ 𝑃𝑡 (𝐯) moves 𝐯 ∈ 𝑇𝑝 𝑀 along 𝑐(𝑡) in a manner that preserves
the magnitude and “direction” of v. For example, in Euclidean space, 𝑃𝑡 (𝐯) =
(𝑐(𝑡), 𝑣) for any 𝐯 = (𝑝, 𝑣) ∈ 𝑇𝑝 𝔼𝑛 and smooth curve 𝑐(𝑡) with 𝑐(0) = 𝑝.
On the round two-sphere 𝕊2 = {𝑥 ∈ ℝ3 ∶ ‖𝑥‖ = 1}, the parallel transport along the geodesic 𝛾 𝜃 (𝑡) = (cos 𝜃 sin 𝑡, sin 𝜃 sin 𝑡, cos 𝑡), where 𝜃 ∈ ℝ
is fixed, is given by 𝑃𝑡𝜃 (𝑐 1 𝑣 1 + 𝑐 2 𝑣 2 ) = 𝑐 1 (𝑁𝛾𝜃 (𝑡) × 𝛾 𝜃̇ (𝑡)) + 𝑐 2 𝛾 𝜃̇ (𝑡), where
𝑣 1 = (𝑝; − sin 𝜃, cos 𝜃, 0), 𝑣 2 = 𝛾 𝜃̇ (0) ∈ 𝑇𝑝 𝕊2 , 𝑐 1 , 𝑐 2 ∈ ℝ, and 𝑁 is
the outwardly pointing unit normal vector field on 𝕊2 . Hence, a Riemannian
manifold (𝑀, 𝑔) is locally symmetric if for any smooth curve 𝑐(𝑡) and any twodimensional subspace 𝜎 ≤ 𝑇𝑐(0) 𝑀 we have Sec(𝑃𝑡 (𝜎)) = Sec(𝜎).
Equivalently, a Riemannian manifold (𝑀, 𝑔) is said to be locally symmetric
if for any 𝑝 ∈ 𝑀 there is an 𝑟 > 0 and isometry 𝜎𝑝 of the open ball 𝐵(𝑝; 𝑟) such
that 𝜎𝑝 (𝑝) = 𝑝 and 𝑑(𝜎𝑝 )𝑝 = − Id. The map 𝜎𝑝 is called the geodesic symmetry at 𝑝 as it reverses the direction of the geodesics passing through 𝑝. (𝑀, 𝑔) is
globally symmetric if every geodesic symmetry extends to an isometry of the entire manifold.
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Problem 2. To what extent is the property of being of constant sectional curvature, locally symmetric, or, more generally, locally homogeneous encoded in the spectrum? Are
some of these spaces uniquely characterized by their spectra?
There are several natural ways in which a Riemannian
manifold can be distinguished by its spectrum:
• (𝑀, 𝑔) is said to be spectrally determined if for any
Riemannian manifold (𝑁, ℎ) such that Spec∆ (𝑁, ℎ) =
Spec∆ (𝑀, 𝑔) we have (𝑁, ℎ) ≃ (𝑀, 𝑔), where we interpret ≃ as meaning “is isometric to”;
• a metric 𝑔0 ∈ R(𝑀) is said to be spectrally isolated if
there is a neighborhood 𝒰 of 𝑔0 such that for any 𝑔 ∈
𝒰 with Spec∆ (𝑀, 𝑔) = Spec∆ (𝑀, 𝑔0 ) we have 𝑔 ≃ 𝑔0 ;
• a metric 𝑔0 ∈ R(𝑀) is said to be spectrally rigid if for
any smooth deformation 𝑔𝑡 , −𝜖 < 𝑡 < 𝜖, of 𝑔0 in R(𝑀)
such that Spec∆ (𝑀, 𝑔𝑡 ) = Spec∆ (𝑀, 𝑔0 ) for all 𝑡, then
we have 𝑔𝑡 ≃ 𝑔0 for all 𝑡.
Our discussion of Problem 2 will primarily focus on the
degree to which locally homogeneous spaces are spectrally
determined up to universal Riemannian cover; that is, the
degree to which the local geometry of a locally homogeneous space is audible.
It is known that, for each 𝐾 ∈ ℝ and 𝑛 = 2, … , 5, a
closed 𝑛-dimensional Riemannian manifold of constant
sectional curvature 𝐾 is spectrally determined up to universal Riemannian cover.
Theorem 10 (Berger, Tanno [T1]). Let (𝑀, 𝑔) and (𝑁, ℎ)
be two isospectral closed Riemannian manifolds of dimension
2 ≤ 𝑛 ≤ 5 and fix 𝐾 ∈ ℝ. Then, (𝑀, 𝑔) has constant sectional curvature 𝐾 if and only if (𝑁, ℎ) has constant sectional
curvature 𝐾.
Furthermore, the existence of various low-dimensional
isospectral spaces of constant sectional curvature shows
this is the optimal general statement regarding constant sectional curvature. The two-dimensional case of
the preceding theorem was proven by M. Berger (1968,
MR0239535) and established in dimension three, four,
and five by S. Tanno in 1973 [T1]. Both arguments employ
the heat invariants, which typically requires a fair degree of
finesse. However, the case of surfaces is rather elementary
as we demonstrate next.
Since, for any point in a surface Σ the associated tangent space is two-dimensional, sectional curvature can be
viewed as a smooth function on Σ; in fact, it is just Gaussian curvature. Therefore, letting 𝑥 be a real number, we
may integrate the expression (𝑥 − Sec)2 over Σ to obtain
the following degree two polynomial:
𝑃(Σ,𝑔) (𝑥)

≡

∫(𝑥 − Sec)2
Σ

= 𝑎0 (Σ, 𝑔)𝑥2 − 6𝑎1 (Σ, 𝑔)𝑥 + 18𝑎2 (Σ, 𝑔).
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Hence, (Σ, 𝑔) is a closed surface of constant sectional curvature 𝐾 if and only if 𝐾 is a root of the polynomial 𝑃(Σ,𝑔) (𝑥).
Berger’s result is now easily deduced from the fact that
isospectral surfaces share the same heat invariants. This is
particularly interesting in light of the Uniformization Theorem which states that every orientable closed surface Σ
admits a metric of constant sectional curvature, the sign of
which is determined by the genus of the surface.
In summary, metrics of constant sectional curvature are
intimately related with the topology of surfaces via the Uniformization Theorem and this intimacy is reflected in the
spectrum by Berger’s result (see Figure 3). To extend our
exploration of Problem 2 to higher dimensions it will be
convenient to frame our discussion in terms of geometries.

Uniformization
Theorem

Topology of
Orientable Closed
Surfaces

Spectra of
Closed Surfaces

Figure 3. In dimension two there is an intimate relationship
between the topology of closed orientable surfaces, metrics
of constant sectional curvature, and their spectra.

3.1. Geometries, geometric structures, and the Laplace
spectrum. Intuitively, an 𝑛-dimensional geometry is an
ordered triple (𝑋, 𝐺, 𝛼) that represents an infinite family
of 𝑛-dimensional fabrics with highly symmetric embroidery, where (1) the patterns in the family share a “large”
group of common symmetries and (2) for each fabric in
the family there are certain compact 𝑛-dimensional Riemannian manifolds that are crafted from this material. A
Riemannian manifold is said to be modeled on the geometry (𝑋, 𝐺, 𝛼) if it is constructed from a fabric in this family.
And, in each dimension, there is a collection of distinct
geometries upon which all compact locally homogeneous
Riemannian manifolds are modeled. While each embroidered fabric in a geometry (𝑋, 𝐺, 𝛼) is highly symmetric, we
are particularly interested in the patterns within the family that have a maximal amount of common symmetries.
Such a subfamily constitutes what is known as a symmetry maximal geometry and consists of the most refined and
preferred embroidered fabrics in the family: these are the
“best” highly symmetric embroidered fabrics.
In precise mathematical terms, a geometry is an ordered triple (𝑋, 𝐺, 𝛼), where 𝑋 is a connected and
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simply-connected manifold, 𝐺 is a connected Lie group,
and 𝛼 ∶ 𝐺 × 𝑋 → 𝑋 is a smooth transitive 𝐺-action on 𝑋
via diffeomorphisms with compact point stabilizers (i.e.,
for any 𝑝 ∈ 𝑀 the group 𝐺𝑝 ≡ {𝑔 ∈ 𝐺 ∶ 𝑔 ⋅ 𝑝 ≡ 𝛼(𝑔, 𝑝) = 𝑝}
is compact) and there is a subgroup Γ ≤ 𝐺 (acting freely
and properly discontinuously) so that the quotient manifold Γ\𝑋 is compact. The condition that the 𝐺-action have
compact point stabilizers implies R𝐺 (𝑋), the collection
of 𝐺-invariant Riemannian metrics on 𝑋, is non-empty.8
And, we note that the Riemannian manifolds (𝑋, 𝑔), with
𝑔 ∈ R𝐺 (𝑋), are the “embroidered fabrics” referred to in the
metaphor above. When the risk of confusion is minimal
we will abbreviate a geometry (𝑋, 𝐺, 𝛼) as (𝑋, 𝐺).
Two geometries (𝑋1 , 𝐺 1 , 𝛼1 ) and (𝑋2 , 𝐺 2 , 𝛼2 ) are said to
be equivalent if there exist a Lie group isomorphism Ψ ∶
𝐺 1 → 𝐺 2 and a diffeomorphism 𝐹 ∶ 𝑋1 → 𝑋2 such that
𝐹(𝛼1 (𝑔, 𝑥)) = 𝛼2 (Ψ(𝑔), 𝐹(𝑥)). A geometry (𝑋, 𝐻, 𝛽) is called
a subgeometry of (𝑋, 𝐺, 𝛼), denoted by (𝑋, 𝐻, 𝛽) ≤ (𝑋, 𝐺, 𝛼),
if 𝐻 ≤ 𝐺 and 𝛼 restricted to 𝑋 × 𝐻 agrees with 𝛽, in which
case we conclude R𝐺 (𝑋) ⊆ R𝐻 (𝑋). And, a geometry is
said to be symmetry maximal9 if (up to equivalence) it is
not a proper subgeometry of another geometry.10 Therefore, if (𝑋, 𝐺) is a symmetry maximal geometry, we have
Isom(𝑋, 𝑔)𝑜 = 𝐺 for any 𝑔 ∈ R𝐺 (𝑋), and there is no metric
on 𝑋 that enlarges this symmetry group. In our metaphor,
the simply-connected Riemannian manifolds (𝑋, 𝑔) with
𝑔 ∈ R𝐺 (𝑋) corresponding to a fixed symmetry maximal
geometry (𝑋, 𝐺) form a minimal family consisting of the
best highly symmetric embroidered fabrics (see Figure 4).
Complementary to the notion of a symmetry maximal
geometry, we will say that a geometry (𝑋, 𝐺) is metrically
maximal if whenever (𝑋, 𝐻) ≤ (𝑋, 𝐺) ⪇ (𝑋, 𝐿), we have
R𝐿 (𝑋) ⊊ R𝐺 (𝑋) = R𝐻 (𝑋). In this case, among the homogeneous Riemannian metrics on 𝑋 that admit compact
quotients, R𝐺 (𝑋) is a maximal collection of metrics (possessing a common connected group of symmetries) and 𝐺
is minimal among Isom(𝑋, ℎ)𝑜 as ℎ ranges over homogeneous metrics on 𝑋 admitting compact quotients. Therefore, up to isometry, the collection of homogeneous metrics on 𝑋 covering a compact quotient (abbreviated c.q.)
is precisely
cq
R𝐺 (𝑋),
Rhom (𝑋) ≡
⋃
[(𝑋,𝐺)]

where the union is taken over all equivalence classes of
8Since 𝐺 acts transitively on 𝑋, the metrics in R (𝑋) are homogeneous and,
𝐺
therefore, 𝐺 is a “large” group of common symmetries for the metrics in R𝐺 (𝑋).
9This is typically referred to simply as “maximal”; however, we have settled on
“symmetry maximal” because it is a bit more descriptive and is more easily distinguished from our new notion of “metrically maximal,” which we introduce
in the next paragraph.
10It is known that every geometry is a subgeometry of some symmetry maximal
geometry and up through dimension four it is unique. Interestingly, A. Geng
(2016, MR3553586) observed that in dimension five there is a geometry contained in two distinct symmetry maximal geometries.
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n-dimensional
“Embroidered Fabric”
{(X, g) : g ∈ R GSM (X)} ⊆ {(X, g) : g ∈ R GM M (X)}






Symmetry Maximal

Metrically Maximal

Figure 4. Let (𝑋, 𝐺 𝑀𝑀 ) be a metrically maximal subgeometry
of the 𝑛-dimensional symmetry maximal geometry (𝑋, 𝐺 𝑆𝑀 ).
The diagram shows the relationship between the
𝑛-dimensional simply-connected Riemannian manifolds (or
“embroidered fabrics”) associated to these geometries. The
Riemannian manifolds corresponding to the symmetry
maximal geometry are considered to be “the best” or
“preferred.”

metrically maximal geometries on 𝑋. In our metaphor,
the simply-connected Riemannian manifolds (𝑋, 𝑔) with
𝑔 ∈ R𝐺 (𝑋) corresponding to a fixed metrically maximal
geometry (𝑋, 𝐺) form a maximal family of highly symmetric embroidered fabrics (see Figure 4).
Example 11 (Constant curvature geometries). Let 𝔼𝑛 denote 𝑛-dimensional Euclidean space,
𝕊𝑛 the
𝑛-dimensional sphere with the round metric of constant
sectional curvature +1, and ℍ𝑛 hyperbolic 𝑛-space of constant sectional curvature −1. Then we have the following
symmetry maximal geometries:
• (ℝ𝑛 , Isom(𝔼𝑛 )𝑜 = ℝ𝑛 ⋊SO(𝑛)), where (up to isometry)
RIsom(𝔼𝑛 )𝑜 (ℝ𝑛 ) consists of the unique flat metric on
ℝ𝑛 ;
• (𝑆 𝑛 , Isom(𝕊𝑛 )𝑜 = SO(𝑛)), where (up to isometry)
RIsom(𝕊𝑛 )𝑜 (𝑆𝑛 ) consists of the metrics of constant positive sectional curvature on 𝑆 𝑛 ;
• (𝐻 𝑛 , Isom(ℍ𝑛 )𝑜 ),
where
(up
to
isometry)
𝑛
RIsom(ℍ𝑛 )𝑜 (𝐻 ) consists of the metrics of constant negative sectional curvature on the upper half-space 𝐻 𝑛 .
That these geometries are symmetry maximal follows from
the fact that, for any complete Riemannian 𝑛-manifold
𝑛(𝑛+1)
(𝑀, 𝑔), dim Isom(𝑀, 𝑔) ≤
with equality if and only
2
if the space has constant sectional curvature and is either
a simply-connected space or diffeomorphic to real projective space ℝ𝑃𝑛 . In dimension two, these are the only symmetry maximal geometries and these geometries are metrically maximal.
Example 12 (Symmetry maximal vs. metrically maximal). Let 𝐻 denote the quaternions. Then, the threesphere can be viewed as the space of unit quaternions
𝑆 3 = {𝑞 ∈ 𝐻 ∶ 𝑞 ⋅ 𝑞 = 1}, a group under multiplication. Now, for any 𝑞 ∈ 𝐻, let 𝐿𝑞 and 𝑅𝑞 denote left and
right multiplication, respectively. Then, for any 𝑞 ∈ 𝑆 3 ,
𝐿𝑞 and 𝑅𝑞 are isometries of 𝑆 3 equipped with a standard
“round metric.” This leads to the universal Lie group
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Figure 5. A cubical tiling of hyperbolic three-space ℍ3 , one of the eight Thurston geometries (see Theorem 14). Spaces modeled
on ℍ3 are determined up to local isometry by their spectra (see Theorem 10).
𝜌

covering 𝜌 ∶ 𝑆 3 × 𝑆 3 → SO(4) given by (𝑔, ℎ) ↦ 𝐿𝑔 ∘ 𝑅ℎ
and having kernel {±(1, 1)}. Then one can see:
• (𝑆 3 , SO(4)) is a symmetry maximal geometry and
RSO(4) (𝑆 3 ) consists of the metrics of constant sectional
curvature on 𝑆 3 (see Example 11); and
• (𝑆 3 , 𝑆 3 ≡ 𝜌(𝑆 3 ×1)) is a subgeometry of (𝑆 3 , SO(4)) that
is metrically maximal. The associated space of invariant metrics R𝑆3 (𝑆 3 ) is the collection of left-invariant
metrics on 𝑆 3 and (up to isometry) it is a threedimensional space that accounts for all the homogeneous metrics on 𝑆 3 .
[LSS1] contains a complete discussion of the symmetry
maximal and metrically maximal geometries on standard
spheres.11
Finally, a complete locally homogeneous Riemannian
metric 𝑔 on a smooth manifold 𝑀 is called a geometric structure and it is said to be modeled on a geometry
(𝑋, 𝐺) if its universal Riemannian cover is isometric to 𝑋
equipped with a 𝐺-invariant metric 𝑔,̃ in which case we
also say the metric 𝑔̃ induces the geometric structure 𝑔 on 𝑀.
And, by a result of I. Singer (1960, MR0131248), every 𝑛dimensional compact locally homogeneous Riemannian
11In dimension two and three it can be seen that (1) every metrically maximal

geometry is a subgeometry of a unique symmetry maximal geometry and (2) every symmetry maximal geometry has a unique metrically maximal subgeometry.
However, these statements are not true in general. Statement (1) fails in dimension five (see footnote 10) and, using Ziller’s classification of homogeneous
metrics on spheres (1982, MR0661203), one can see statement (2) is false in
dimension seven.
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manifold is modeled on some 𝑛-dimensional (metrically
maximal) geometry. As we indicated earlier, we can consider the geometric structure 𝑔 as a realization of 𝑀 in the
“embroidered fabric” (𝑋, 𝑔).
̃ The next example shows a
fixed embroidered fabric might actually give multiple geometrically distinct realizations of a given smooth manifold.
Example 13 (Flat structures on tori). The (symmetry maximal) geometry (ℝ𝑛 , Isom(𝔼𝑛 )𝑜 ) accounts for the geometric structures of constant sectional curvature zero; i.e., the
flat metrics on an 𝑛-manifold 𝑀. And, although there is
a unique flat metric on ℝ𝑛 for 𝑛 ≥ 2, the 𝑛-torus admits
a multidimensional family of flat geometric structures, up
to isometry and scaling. Indeed, let Γ1 , Γ2 ≤ ℝ𝑛 be full-rank
lattices. Then, the flat tori Γ1 \𝔼𝑛 and Γ2 \𝔼𝑛 are diffeomorphic, yet isometric if and only if Γ1 and Γ2 are related via
an orthogonal transformation of 𝔼𝑛 .12
With the preceding discussion in mind, we proposed
the following variation of Problem 2 in [LSS1].
Problem 3. Determine the degree to which the geometry
of an 𝑛-dimensional geometric structure is encoded in its
spectrum. Specifically, let (𝑀, 𝑔) be a compact locally homogeneous 𝑛-manifold modeled on the geometry (𝑋, 𝐺).
Now, suppose (𝑁, ℎ) is a compact Riemannian manifold
that shares the same spectrum as (𝑀, 𝑔). Can we conclude
that . . .
12In [LSS2] we classify the geometric structures on elliptic three-manifolds.

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

VOLUME 68, NUMBER 6

(a) . . . (𝑁, ℎ) is a locally homogeneous Riemannian manifold?
(b) . . . (𝑁, ℎ) is modeled on (𝑋, 𝐺)?
(c) . . . (𝑀, 𝑔) and (𝑁, ℎ) have isometric universal Riemannian coverings?
(d) . . . (𝑀, 𝑔) and (𝑁, ℎ) are isometric?
To what extent do the answers to these questions depend
on the specific choice of geometry (𝑋, 𝐺) or whether the
geometry is symmetry maximal?
Each of these questions has a negative answer in sufficiently large dimension. For instance, Theorem 6 shows
that in dimension 26 and higher the answer to Problem 3(b) is negative. However, with the exception of part
(d), they are unresolved in dimension three. Moreover,
the positive resolution of the Geometrization Conjecture
shows that in dimension three there is an intimate relationship between the topology of closed three-manifolds and
locally homogeneous three-manifolds; specifically, compact manifolds modeled on the so-called Thurston geometries (see Theorem 14) serve as the “building blocks” for
closed three-manifolds: every oriented prime closed threemanifold has a canonical decomposition into pieces each
of which admits geometric structures modeled on precisely
one of the Thurston geometries. In light of the connection
that exists between topology, constant curvature metrics,
and the spectrum in dimension two (see p. 876), it becomes tempting to consider the more difficult question of
the degree to which the spectrum detects the special relationship that exists between the topology of closed threemanifolds and locally homogeneous metrics.
3.2. Towards hearing the fundamental building blocks
of three-dimensional space. The three-dimensional symmetry maximal geometries have been classified by
Thurston.
Theorem 14 (Thurston). A three-dimensional symmetry maximal geometry is equivalent to one of the following geometries:
(T1)
(T2)
(T3)
(T4)
(T5)
(T6)
(T7)
(T8)

(ℝ3 , Isom(𝔼3 )𝑜 ),
(𝑆3 , Isom(𝕊3 )𝑜 ),
(ℍ3 , Isom(ℍ3 )𝑜 ),
(𝑆2 × ℝ, Isom(𝕊2 × 𝔼)𝑜 ),
(ℍ2 × 𝔼, Isom(ℍ2 × 𝔼)𝑜 ),
(Nil, Isom(Nil, 𝑔max )𝑜 ),
𝑜
˜
˜
(SL
2 (ℝ), Isom(SL2 (ℝ), 𝑔max ) ),
(Sol, Isom(Sol, 𝑔max )𝑜 ),

˜
where Nil (respectively, SL
2 (ℝ) or Sol) is a particular threedimensional unimodular Lie group and 𝑔max is a left-invariant
metric with the property that Isom(𝑔max )𝑜 is maximal among
˜
all left-invariant metrics on Nil (respectively, SL
2 (ℝ) or Sol).
The preceding geometries are known collectively as the
Thurston geometries and, as we discussed at the end of the
JUNE/JULY 2021

Figure 6. ℍ2 × 𝔼1 is one of the eight Thurston geometries (see
Theorem 14). There are numerous examples of isospectral
manifolds modeled on this geometry and, among locally
homogeneous spaces, Riemannian manifolds modeled on
ℍ2 × 𝔼1 are spectrally determined up to Riemannian cover (see
Theorem 16). Here we see images of a cubical tiling of ℍ2 × 𝕊1 .
The ﬁrst view is along the 𝕊1 factor, the second is half way
between the two factors, and the ﬁnal image is parallel to the
ℍ2 factor.

previous section, they can be thought of as the fundamental building blocks of three-dimensional space. Additionally, Sekigawa has classified the simply-connected homogeneous spaces that admit compact quotients [Sek] and,
by combining this with the work of Raymond and Vasquez
(1981, MR0612013), we obtain the following classification
of three-dimensional metrically maximal geometries.
Theorem 15 (See [LSS1]). A compact locally homogeneous
three-manifold is modeled on one of the following metrically
maximal geometries:
˜
˜ E(2)),
˜
(MM1) the E(2)-geometry
(E(2),
(MM2) the 𝑆 3 -geometry (𝑆3 , 𝑆 3 ),
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geometry: for 𝑗 = 1, … , 8, (MM𝑗) is contained in (T𝑗) with
equality if and only if 𝑗 = 3, 4, or 5.
The existence of isospectral, yet non-isometric, hyperbolic three-manifolds shows the most general result possible in dimension three is an affirmative answer to Problem 3(c) for any three-dimensional model geometry (𝑋, 𝐺).
In joint work with S. Lin and B. Schmidt that utilizes the
first four heat invariants (i.e., 𝑎0 , 𝑎1 , 𝑎2 , and 𝑎3 ), we have
recently provided evidence that this is the case.
Theorem 16 (Lin, Schmidt, and Sutton [LSS1]). Let (𝑀, 𝑔)
and (𝑁, ℎ) be two isospectral compact locally homogeneous
three-manifolds.
1. Suppose (𝑀, 𝑔) is modeled on one of the following metrically maximal geometries (MM1) or (MM3)–(MM6).
Then, (𝑀, 𝑔) and (𝑁, ℎ) have isometric universal Riemannian coverings.
2. Suppose (𝑀, 𝑔) is modeled on (MM2). Then, (𝑁, ℎ) is also
modeled on (MM2). Furthermore, if 𝑔 is sufficiently close
to a metric of constant sectional curvature, then (𝑀, 𝑔) and
(𝑁, ℎ) have isometric universal Riemannian coverings.
3. Suppose (𝑀, 𝑔) and (𝑁, ℎ) are both modeled on (MM8).
Then they have isometric universal Riemannian coverings.
Momentarily restricting our attention to symmetry maximal geometries, we have the following corollary suggesting the fundamental three-dimensional “building blocks”
(i.e., Thurston geometries) are audible.

Figure 7. Spaces modeled on the geometry 𝕊2 × 𝔼 (MM4) are
uniquely characterized by their spectra among all locally
homogeneous spaces (see Theorem 18), which suggests they
are spectrally determined. The ﬁrst two images depict a tiling
of 𝕊2 × 𝕊1 formed by drawing a dodecahedron on the 𝑆2 factor
and placing a sphere on each face. The ﬁrst view is along the
𝕊1 factor, while the second is parallel to the 𝕊2 factor. The
third image shows the surface 𝕊2 × {0} in 𝕊2 × 𝔼 as viewed
along the Euclidean factor. The 2-sphere 𝕊2 has been textured
as the earth to enable the viewer to follow where the
geodesics from their eye land on the surface 𝕊2 × {0}.

(MM3) the ℍ3 -geometry (ℍ3 , Isom(ℍ3 )𝑜 ),
(MM4) the 𝕊2 × 𝔼-geometry (𝑆2 × ℝ, Isom(𝕊2 × 𝔼)𝑜 ),
(MM5) the ℍ2 × ℝ-geometry (ℍ2 × 𝔼, Isom(ℍ2 × 𝔼)𝑜 ),
(MM6) the Nil-geometry (Nil, Nil),
˜
˜ ˜
(MM7) the SL
2 (ℝ)-geometry (SL2 (ℝ), SL2 (ℝ)), or
(MM8) the Sol-geometry (Sol, Sol),
˜ is the universal cover of Isom(𝔼2 )𝑜 and for any uniwhere E(2)
modular Lie group 𝐺, the geometry (𝐺, 𝐺) is given by 𝐺 acting
on itself by left multiplication.
Each of the metrically maximal geometries above is
contained in a distinct and unique symmetry maximal
880

Corollary 17 (Lin, Schmidt, and Sutton [LSS1]). Let (𝑀, 𝑔)
be a compact locally homogeneous three-manifold modeled on
one of the Thurston geometries (T1)–(T6). Then, among locally
homogeneous three-manifolds, (𝑀, 𝑔) is spectrally determined
up to universal Riemannian cover. In particular, among locally
homogeneous spaces, the local geometry of a locally symmetric
three-manifold is audible.
As one expects the most likely candidate to share the
same spectrum as a locally homogeneous three-manifold
is another locally homogeneous three-manifold; our work
indicates certain compact locally homogeneous threemanifolds are likely spectrally determined.
Theorem 18 (Lin, Schmidt, and Sutton [LSS1]). Among
compact locally homogeneous three-manifolds, a Riemannian
manifold modeled on the 𝕊2 × 𝔼-geometry (MM4) or the Nilgeometry (MM6) is determined up to isometry by its spectrum.
We note that while there are just four compact manifolds that admit geometric structures modeled on the 𝕊2 ×
𝔼-geometry (MM4) (see Figure 7), namely, 𝑆 2 × 𝑆 1 , ℝ𝑃2 ×
𝑆 1 , ℝ𝑃3 #ℝ𝑃3 , and the non-trivial 𝑆 1 -bundle over ℝ𝑃2 ,
there are infinitely many compact three-manifolds admitting geometric structures modeled on the Nil-geometry
(MM6).
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Figure 8. Dehn-twisted torus bundles admit geometric structures modeled on the Nil-geometry (MM6) and, by Theorem 18, such
geometric structures are spectrally determined among locally homogeneous spaces, suggesting they are spectrally determined
among all Riemannian manifolds. Here we see a cubical tiling of a Dehn-twisted torus bundle.

Example 19 (Dehn-twisted torus bundles and the
Nil-geometry). Let 𝑇 2 = ℝ2 /ℤ2 be the two-torus and 𝐴 ∈
SL(2, ℤ). Then the closed three-manifold
𝑀𝐴 ≡ 𝑇 2 × [0, 1]/{(𝐱, 0) ∼ (𝐴𝐱, 1)}
is a torus bundle over 𝑆 1 and all torus bundles over 𝑆 1 arise
in this fashion. 𝑀𝐴 is an example of what is commonly
known as a mapping torus. Any three-manifold finitely covered by some 𝑀𝐴 , where 𝐴 ∈ SL(2, ℤ) has | Tr(𝐴)| = 2, admits a geometric structure modeled on the Nil-geometry
(MM6). Such spaces are precisely the Dehn-twisted torus
bundles over 𝑆 1 (see Figure 8).
3.3. Hearing the round sphere. To place Problem 3 and
the preceding results in context, it is worth keeping in
mind that it is still unknown whether the round 𝑛-sphere,
(𝑆𝑛 , 𝑔round ), is uniquely determined by its spectrum in every dimension. Of all compact Riemannian manifolds,
the round 𝑛-sphere is arguably the most symmetric. Indeed, it is a globally symmetric space and isotropic,13 modeled on a symmetry maximal geometry and the dimension
of its isometry group is the largest possible among all 𝑛manifolds. Closely related to this fact, the eigenvalues of
the associated Laplace operator occur with extremely large
13A Riemannian manifold (𝑀, 𝑔) is said to be isotropic if for any 𝑝 ∈ 𝑀 and

𝑣, 𝑤 ∈ 𝑇𝑝 𝑀 there is an isometry 𝑓 ∈ Isom(𝑀, 𝑔) such that 𝑓∗ (𝑣) = 𝑤. All
isotropic manifolds are homogeneous; therefore, the geometry looks the same at
all points and in all directions. It is known that a connected isotropic Riemannian manifold is either flat or a symmetric space of rank one.
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multiplicities. As a consequence, it is widely expected that
the round 𝑛-sphere is determined up to isometry by its
spectrum. In spite of the plausibility of this claim, it is only
known to be true in dimension six or less, as was demonstrated by Tanno through the use of the heat invariants 𝑎0 ,
𝑎1 , and 𝑎2 [T1]. Subsequently, Tanno used the heat invariants to demonstrate that the round metric is spectrally
isolated within R(𝑆 𝑛 ) for all 𝑛 [T2]. As we noted earlier,
Gordon’s examples of isospectral deformations on spheres
of dimension eight or higher (Theorem 9) come arbitrarily close to the round metric, so Tanno’s spectral isolation
result for the round sphere is unstable. Analogous spectral isolation results for flat metrics and metrics of constant negative sectional curvature can be found in the work
of R. Kuwabara (1980, MR0593057) and V. Sharafutdinov
(2009, MR2603860), respectively.
We conclude by remarking that Bettiol, Lauret, and
Piccione (2020, arXiv:2001.08471) have recently provided additional evidence that the round sphere is
uniquely determined by its spectrum. Through the explicit computation of the fundamental tone 𝜆1 , they have
demonstrated that two homogeneous spheres are isospectral if and only if they are isometric, thus eliminating the
most likely source of counterexamples. Since an evendimensional sphere has a unique (up to scaling) homogeneous metric (i.e., the metric of constant sectional curvature +1), this result provides no new insight in even
dimensions. However, odd-dimensional spheres admit
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(𝑋, 𝐺)

Audible up to Model Geometry

Audible up to Universal Riemannian Cover

Audible

˜ 𝐸(2))
˜
(𝐸(2),

Yes

Yes

Yes, if (𝑀, 𝑔) is flat
and not “Tetra” or “Didi”;
otherwise, it is unknown

(𝑆3 , 𝑆 3 )

Yes

Yes, if (𝑀, 𝑔) is close to constant sectional
curvature; otherwise, it is unknown

Yes, if (𝑀, 𝑔) has constant
sectional curvature;
otherwise, it is unknown

(ℍ3 , Isom(ℍ3 )𝑜 )

Yes

Yes

No, many non-trivial
isospectral pairs

(ℍ2 × ℝ, Isom(ℍ2 × 𝔼)𝑜 )

Yes

Yes

No, many non-trivial
isospectral pairs

(𝕊2 × ℝ, Isom(𝕊2 × 𝔼)𝑜 )

Yes

Yes

Yes

(Nil, Nil)

Yes

Yes

Yes

˜
˜
(SL
2 (ℝ), SL2 (ℝ))

Yes, if (𝑀, 𝑔) is symmetry maximal
or under certain conditions
on Ric(𝑔); otherwise, it is unknown

Yes, under further conditions on Ric(𝑔);
otherwise, it is unknown

??

(Sol, Sol)

??

Yes, among spaces modeled on (Sol, Sol)

??

Figure 9. The degree to which a three-dimensional compact geometric structure (𝑀, 𝑔) modeled on (𝑋, 𝐺) can be distinguished
from other compact locally homogeneous three-manifolds via its spectrum (see [LSS1]). We note that “Tetra and Didi” form the
unique (up to scaling) ﬂat isospectral pair in dimension three, an example constructed by Doyle and Rossetti (2004, MR2087082).

homogeneous metrics beside the round metrics. Indeed,
the left-invariant metrics on 𝑆 3 ≃ SU(2) and the Hopf fibrations 𝑆 1 ↪ 𝑆 2𝑛+1 → ℂ𝑃 𝑛 , 𝑆 3 ↪ 𝑆 4𝑛+3 → ℍ𝑃 𝑛 , and
𝑆 7 ↪ 𝑆 15 → 𝑆 8 each gives rise to three-parameter, twoparameter, four-parameter, and two-parameter families of
homogeneous metrics on 𝑆 3 , 𝑆 2𝑛+1 , 𝑆 4𝑛+3 , and 𝑆 15 , respectively. These families of metrics correspond to the metrically maximal geometries (𝑆 3 , 𝑆 3 ), (𝑆2𝑛+1 , SU(𝑛 + 1)) for
𝑛 ≥ 2, (𝑆4𝑛+1 , Sp(𝑛+1)) for 𝑛 ≥ 1, and (𝑆15 , Spin(9)), respectively. And, it was shown by W. Ziller (1982, MR0661203)
that, up to isometry, the preceding discussion accounts for
all the homogeneous metrics on standard spheres.
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