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Calculation, tabulation, and experiment have always played
a significant role in number theory. Here we describe the
L-functions and modular forms database (LMFDB) [LMFDB],
https://Imfdb.org, a resource for researchers in number
theory and related areas.

1. Whatis the LMFDB?

The LMFDB is a database of mathematical objects and the
connections between them. A web interface allows visitors
to browse and query the database in a flexible and powerful
way. At the core of the LMFDB is the Langlands program (see
Figure 1), a set of conjectures relating objects from arithme-
tic algebraic geometry (such as number fields, elliptic curves,
and abelian varieties) with modular and automorphic forms
via Galois representations and L-functions (the most basic
of which is the Riemann zeta function). The LMFDB catalogs
these objects and the ways in which they link to one another,
as well as other closely related objects like permutation
groups and p-adic fields. Currently, the LMFDB includes tens
of millions of objects totalling over 4.8 terabytes of data.
Hosted on Google Cloud Platform, in 2020 it was used by
more than 30,000 users in 146 different countries and all
50 states. For further information about the LMFDB (both
mathematical and technical), see [CR21],[Cre21].

2.What is the LMFDB for?

The LMFDB is designed to be useful to a wide range of
mathematicians, from novice to expert.

A novice can easily browse the site by just “clicking
around.” Even if you have no idea what parameters one
might want to use when searching for, say, Hilbert modu-
lar forms, the site offers several options for browsing, a list
of interesting examples, and a link to produce a random
example.

Every object in the LMFDB (whether a number field, an
elliptic curve over Q, or a Dirichlet L-function) has a home-
page. This summarizes all of the data available for the object,
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Figure 1. The LMFDB universe.

and is generally organized so that the most well-known and
commonly used information is at the top of the page, with
more technical details appearing below. Terms that merit
further explanation have a dotted underline. This signals
that the word is a knowl,! and clicking on the word opens
a box on the page with a short explanation or definition.
When no longer needed, the knowl can be closed by clicking
on the term again. This makes explanations of unfamiliar
terms immediately available to those who want them, with-
out getting in the way of an expert looking at the same page.

On the other hand, an expert can use the site to search
for objects based on a selection of invariants and properties
relevant to their research. Once found, data is displayed on
the homepage of the object and can be downloaded using
a link in the right sidebar of the page. In many cases, there
are buttons one can click to get a version of the information
which can be directly copied and pasted into a computer
algebra system such as Magma [Magma], SageMath [Sage],
or PARI/GP [Pari].

Searching the LMFDB can assist the researcher by pro-
ducing a large variety of examples. One can then use these
examples to test conjectures, to look for patterns that may
lead to new conjectures, or to learn how objects are con-
nected by conjectures (and theorems) in the Langlands
program. Searches can also be used to show that the set
of objects satisfying the hypotheses of a theorem you just
proved is actually nonempty—or to check “corner cases.”

In some situations, theoretical considerations may show
that an object of interest satisfies enough properties that
there are only finitely many possibilities, in which case hav-
ing a complete list moves the proof forward. To aid this sort
of application, the homepage of every object in the LMFDB
has links in the right sidebar with information on the source
of the data including links to relevant papers, the level of
rigor used to compute the data (are conjectures or heuristics
being used?), and the extent to which the data is complete.

IThe term knowl was coined by the LMFDB to represent a “little bit of
knowledge.”
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Figure 2. The homepage of the elliptic curve 5077.a1.

3. Example

As mentioned above, every object in the LMFDB has a
homepage. The object has a unique label assigned to it
that provides a permanent URL for its homepage. This
label can be used in papers as a shorthand for referring
to specific objects. For example, the first elliptic curve
over Q of rank 3 (when ordered by conductor) has label
5077.al and URL[TEpS:/7www. Imtdb.org/ETTiptic]
Curve/Q/5077/a/1l Those reading this article online may
wish to try clicking on the label 5077.al. You can include
such links in your papers. The homepage of each object
contains many invariants and data related to the object
that has been computed. For the elliptic curve 5077.a1, you
would see that its Mordell-Weil group of rational points is
isomorphic to Z3, with explicit generators. There is a wealth
of additional information that we will not try to describe
here, but it ranges from basics like the j-invariant to terms
appearing in the Birch and Swinnerton-Dyer conjecture or
arising from Iwasawa theory.

The homepage of every object includes four boxes that
appear on the right of the page. The Properties box pro-
vides a succinct recap of key invariants of the object. Next,
a box containing a list of links to Related Objects appears:
for example, an elliptic curve’s homepage includes links
to the homepages of the associated modular form and the
curve’s L-function. The Downloads box provides links for
downloading data (which may include information too
large to display on the page). Finally, the Learn more box
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This elliptic curve has smallest conductor amongst elliptic curves over Q of rank 3.

(=3,0), (=3,-1), (-2,3), (-2,-4). (-1,3), (-1,-4), (0,2), (0, =3), (1,0), (1,-1), (2,0), (2, 1), (3,3). (3,—4), (4,6), (4,-7), (8,21), (8,-22),
(11,35), (11,—36), (14,51), (14,—52), (21,95), (21, —96), (37, 224), (37, —225), (52,374), (52, —375), (93,896), (93, —897), (342, 6324), (342, —6325),

(no potential complex multiplication)
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Properties
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Label 5077.al

0,2) Conductor 5077
0.76704335533154620579545064655  0.99090633315308797388259855289 Discriminant 5077,
j-invariant e
cM no
Rank 3
Torsion structure trivial
Related objects

Isogeny class 5077.a

Minimal quadratic twist (itself) 5077.a1
All twists

L-function

Modular form 5077.2.a.a

5077
5077

212.3%.7%. 507771
Downloads

g-expansion to text

All stored data to text
Code to Magma
Code to SageMath
Code to GP

Learn more

Source and acknowledgments
Completeness of the data
Reliability of the data

Elliptic curve labels

provides links to pages with more information about how
the data was computed, its level of precision and rigor, and
credits including citations to the literature and those who
contributed to this page.

4. Conclusion

The LMFDB is undergoing continual development: its
databases are being expanded and new search features are
being added. In the near future, we hope to add sections
on hypergeometric motives, lattices, and finite groups.
Changes large and small are overseen by an editorial board
which functions similarly to that of a journal, to ensure the
correctness and consistency of its contents.

We would like to thank all who have contributed to the
LMFDB. Current funding comes through a grant from the
Simons Foundation; previous grants have come from the
NSF and EPSRC. Just as importantly, there are several insti-
tutions and over 100 mathematicians who have contributed
their time and effort. A full list is available at https://
Tmfdb.org/acknowledgment. The LMFDB has already
been cited by almost 400 papers: for information on how to
cite the LMFDB, see https://www.Imfdb.org/citation.

We hope the LMFDB will be a useful resource for you.
We invite everyone to contribute by providing data, writing
code (https://github.com/Imfdb), or just by giving
feedback!
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Collaborative Calculation
in Your Web Browser

William Stein

I greatly appreciate the opportunity to write about online
resources for mathematics in this theme of the Early Career
Section, since such resources are something that I have long
enjoyed sharing with the community. I first started creating
websites for number theorists in the late 1990s when I was a
graduate student at UC Berkeley. I started by creating tables
of modular forms, inspired by a question from Ken Ribet,
then encouraged by other people who told me that my data
inspired their research (e.g., [2b]). I later became involved
with the L-functions and modular forms database (LMFDB)
project [3b], which organized dozens of mathematicians to
make amazing tables of number-theoretic data.

I also created interactive online calculators, in which you
could input the parameters of some mathematical object
(e.g., an elliptic curve) into a web page, and the web server
would compute and display extensive information. Later,
when teaching undergraduate number theory courses at
Harvard, I made similar online calculators that enabled my
students to run calculations using PARI and Magma (see
[4b]), so that they could explore nontrivial computations
in algebraic number theory. I wanted something similar
to Magma that was free and open source, so I started the
Python-based software SageMath in 2004 (see [5b]).

SageMath was difficult to install and only had a com-
mand line interface, so I started working to make it possible
to use in a web browser. At the University of Washington
(UW) in 2006, some students and I undertook the cre-
ation of a web-based interactive notebook interface called
the Sage Notebook, which was inspired by Mathematica’s
desktop notebook. The Sage Notebook was the first serious
web-based computational notebook, and it was challenging
for us to implement because of the primitive Javascript and
HTML technology of the day, and the dangers arising from
running arbitrary user code on my server. I hosted the note-
book publicly for anybody to use starting in 2007, and my
students and others frequently used it in courses, summer
student research programs, and SageMath development
workshops. A few years later the IPython project created a
new notebook called Jupyter that looked and felt similar,
but with a more modern underlying architecture that was
built to work with a wide range of programming environ-
ments. The arrival of the Jupyter notebook was fantastic
news, because by that time the Sage Notebook’s design
began to feel antiquated; moreover, Jupyter benefited from
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