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CORRIGENDUM. The editors thank James Stankewicz 
for noting the following correction to “Prospering 
Within Mathematics” by Della Dumbaugh, which ap-
peared in the December 2021 issue of the Notices.

On p. 1969, a reference is made to “the Joint Math-
ematics Meetings in January 2019 in Denver, Colorado.” 
The Denver JMM took place in January 2020.
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should be an exercise in hyperempathy with potential 
readers. Complacency with authors would be a disservice to 
readers, since the less work for an author, the more work for 
their readers. Following Paul Halmos [1], as a reviewer you 
should make this maxim yours: Many things that ease the 
life of an author are as many pebbles for readers to stumble 
over. Reviewing is a precarious balance, since the interests of 
the author and of the readers are almost always divergent, 
at least when these interests are superficially understood. If 
the reviewer has to choose, they should side with readers, 
the silent majority.

A final plea. Reviewers, please write reviews as if you 
were an authentic, self-motivated, and innocent reader. 
Every review should be an exercise in hyperempathy with 
readers, who are, after all, on the receiving end in case of 
publication. Don’t be afraid that your hyperempathy with 
readers comes across as an hypercriticality against authors. 
What comes across as hypercriticality from the author’s 
perspective can simply originate from an hyperempathy 
siding with the best interests of future readers. Actually, 
a lack of empathy with readers often drapes itself in the 
sheep’s clothing of hypocriticality. Be critical, but be fair. 
Be fair, but be critical. Authors, please do not forget that 
writing should be an act of hyperempathy in the first place 
and that your reviewers are your first readers.

—Anthony Bordg 
University of Cambridge, UK

References
[1] Paul R. Halmos, How to write mathematics, Enseign. Math. 

16 (1970), no. 2, 123–152.
[2] William P. Thurston, On proof and progress in mathematics, 

New Directions in the Philosophy of Mathematics (re-
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A Tale of Duality
The phenomenon of harsh reviewing has often been de-
nounced in the mathematical community. In a letter, the 
mathematician and computer scientist Moshe Vardi [3], 
then editor-in-chief of the Communications of the ACM, 
coined the term hypercriticality to call our collective at-
tention to the issue of harsh reviewing. Vardi offers two 
explanations for this harshness, witnessed many times as 
editor-in-chief but also supported by data according to 
him. The first explanation relates to the intrinsic rigor of 
the scientific endeavor and in his own mathematical field 
to the intrinsic rigor of computer systems. The mathema-
tician William Thurston would certainly agree. He wrote 
“Mathematics as we practice it is much more formally 
complete and precise than other sciences, but it is much 
less formally complete and precise for its content than 
computer programs” [2]. Nonetheless, with or without 
computers, mathematics is well known for its standards of 
rigor and for its demanding journal reviewers who have to 
judge not only the formal correctness but also the novelty of 
mathematical results. Vardi’s second explanation mentions 
rejection as a default mode, alluding to acceptance rates 
that incentivize reviewers to “pounce on every weakness, 
finding justification for a decision that, in some sense, has 
already been made” [3].

I will not dispute the phenomenon of harsh reviewing, 
I shall simply address the other side of the coin and what 
is at stake. As the saying goes, the road to hell is paved with 
good intentions. If unfair, or worse malevolent, criticism 
should be banished, we should keep in mind that hyper-
criticality is part of the scientific ethos, at least if the prefix 
hyper is understood with respect to more mundane matters. 
In the age of publish or perish we need gatekeepers to avoid 
journals and grant funding schemes to be flooded with 
questionable writings. Given that reviewers are put under 
pressure and loaded with many reviewing tasks, the “three 
positives for every negative” rule of thumb is unrealistic.

Most importantly, there is a duality at work here that the 
hackneyed “do unto others as you would have them do to 
you” or its problematic modern avatar “write a review as if 
you are writing it to yourself” [3] is missing. Denouncing 
hypercriticality takes implicitly the authors’ side. What 
about the readers’ side? Avoiding hypercriticality could 
become a refuge for hypocriticality. Instead, reviewing 

ACKNOWLEDGMENTS. The author thanks Jasmin 
Blanchette, André Hirschowitz, and Lawrence Paulson 
for interesting discussions.
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Letter to the Editor
Dear Editor,

I am disappointed in the quality of some of the research 
survey articles in the Notices. Is there a policy about the 
intended audience? The Notices is the primary journal of 
the AMS for disseminating mathematics news to its entire 
membership, yet many of these survey articles are incom-
prehensible to me after a few sentences.

A random example: the first mathematical sentence 
of the introduction to a recent article is “A flow φt: M 
→M generated by a (smooth) vector field X on a closed 
manifold M is said to be an Anosov flow if there is a con-
tinuous Dφt-invariant splitting of the tangent bundle  
TM = Es ⊕ℝX ⊕Eu satisfying that there is t0 > 0 so that 
for every vσ ∈Eσ (σ = s, u) a unit vector we have that  
||Dφt0v

s || < 1 < ||Dφt0v
u||.” After reading this sentence, I 

have no idea what is an Anosov flow or why anyone should 
care about them. Many readers of the Notices will not even 
know the definition of a flow on a manifold.

I think that the Notices should be more accessible. The 
gist of a survey paper should be understandable by some-
one who has passed a graduate school qualifying exam, as 
that is the highest level for which it is reasonable to suppose 
that most readers have in common. A paper could have a 
more advanced final section or appendix, but all the main 
points should come before this. Completely rigorous defi-
nitions and statements of results may not be possible, but 
they can still be explained at an appropriate level.

How to insure that this criterion is met? Here is one 
scheme. There could be a committee consisting of a rep-
resentative cross-section of AMS members, including say a 
graduate student, a senior researcher, a teacher at a non-
research-oriented college, a nonacademic mathematician, 
and a retired professor. The committee members can dis-
cuss how much of a submitted article they have understood 
and proceed from there.

The more advanced survey articles in the Notices cer-
tainly serve a valuable purpose, but the articles should 
appear elsewhere, perhaps in the Bulletin or a new journal 
of mathematical exposition.

Sincerely,
Richard Stanley

Department of Mathematics 
Massachusetts Institute of Technology

rstan@math.mit.edu
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Advancing the Mathematical Sciences in Policy Making:  
The Board on Mathematical Sciences and Analytics at  
the National Academies of Sciences, Engineering, and Medicine
Mathematics does not operate in a vacuum. Although many mathematical discoveries 
were motivated by internally generated questions, mathematicians have had a tremendous 
impact on our world. Some of this impact happens almost automatically, but some of it 
happens because of efforts within the mathematical sciences community to reach out to 
policy makers to ensure that the benefits of mathematical discoveries make their way into 
national policy. The Board on Mathematical Sciences and Analytics (BMSA) within the 
National Academies of Sciences, Engineering, and Medicine exists to increase the involve-
ment of mathematical scientists and their perspectives in policy decisions that depend on, 
or affect the practice of, mathematical research.

The National Academies is a non-profit organization that advises the federal government 
on science and technology issues of national importance. National Academies’ activities 
fall into two broad categories: (1) those that bring scientific knowledge to bear on policy 
making (i.e., activities that gather and synthesize different scientific perspectives relevant 
to a particular national policy or priority with the goal of informing the decision process) 
and (2) those that seek to inform the scientific enterprises (i.e., activities that provide expert 
advice to guide the federal government’s support of the scientific enterprise).

BMSA was established in 1984 and leads activities in the mathematical sciences at the 
National Academies. BMSA draws expertise from diverse domains and application areas of 
mathematics to organize studies, workshops, and other activities that provide mathematical 
science and statistical advice to help inform major government programs. (A list of current 
members appears at the end of this article.) Through these activities, BMSA helps a range 
of federal organizations engage with and make better use of the mathematical sciences and 
increase the ties between government programs and the mathematical sciences. Over the 
long term, these steps influence policy, increase appreciation for what mathematics can 
do among policy makers, expand research funding for mathematical scientists, and create 
long-lasting partnerships in specific application areas.

In many cases, BMSA interacts with federal agencies that neither fund the mathematical 
sciences nor have substantive expertise in these areas. Through these interactions, BMSA 

broadens the influence of and appreciation for the mathematical sciences. This is done by emphasizing topics in 
which a strong mathematical or statistical foundation is necessary outside of core mathematical and statistical 
research—for example, in topics such as computational science and engineering, modeling and simulation, risk 
analysis, systems analysis, design of experiments, data analysis, and operations research. Many federal agencies 
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Mark L. Green is a Distinguished Research Professor of Mathematics at the University of California, Los Angeles. His email address is mlg@math 
.ucla.edu.

Michelle Schwalbe is the Director of the Board on Mathematical Sciences and Analytics at the National Academy of Engineering. Her email 
address is mschwalbe@nas.edu.
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rely on such approaches yet may not have strong connections to mathematical and statistical expertise. Enhancing those 
ties provides many benefits including:

 • the best mathematical and statistical research is brought to the subject of the study or workshop, which improves 
policy and government decision making;

 • the value of mathematical and statistical research is demonstrated, both to non-specialists involved in the activity 
and to those impacted by the resulting report; and

 • research questions and opportunities of interest to federal agencies can be identified by BMSA (e.g., through a 
report or follow-on presentations) that can promote the growth of mathematical science and statistics as well as 
contribute to advances in other fields.

BMSA also raises the profile of mathematical sciences within other research communities, initiating discussions that 
could lead to new cross-disciplinary collaborations and potentially new sources of funding for mathematics and statistics 
research. Through their relationship with the National Academies, BMSA members and staff have access to leading research-
ers across the fields of science, engineering, education, and medicine. This provides opportunities for top mathematical 
scientists to work closely with top scientists and engineers from other communities to influence policy and priorities 
at the national level. BMSA staff regularly engage with other National Academies’ groups to recommend mathematical 
scientists for their projects, which increases representation of mathematical and statistical scientists in important policy 
discussions. BMSA is of course just one part of an ecosystem that consists of the professional societies, universities, national 
labs, national research institutes, industry, funding agencies, etc., with overlapping missions, all of which contribute to 
the development and impact of the mathematical sciences.

What Does BMSA Do?
BMSA organizes studies, workshops, and other activities that provide mathematical advice that informs major govern-
ment programs. When BMSA identifies an opportunity to provide value, staff and members work with the organization 
to which the activity is directed to define a clear statement of goals and tasks, garner funding for the activity, and identify 
and nominate a committee of experts to be responsible for the project, with BMSA providing oversight. Typically, mul-
tiple activities are under way at any given time, with a normal duration of 1–2 years. BMSA sets annual priority themes 
for program development. These themes are selected through an iterative process where board members are asked to 
identify pressing issues, challenges, and opportunities for the mathematical sciences. The 2021 themes are shown below:

 • Education and Careers in the Mathematical Sciences. The mathematical sciences workforce plays an essential 
and growing role in both national competitiveness and career opportunities for individuals.

 • The Mathematical Sciences Driving Machine Learning and Artificial Intelligence. The role of the mathemat-
ical sciences in the foundations underpinning advances in machine learning and artificial intelligence is often 
underestimated by policy makers and the public at large. The body of relevant mathematics is rapidly evolving. 
The realms where machine learning and artificial intelligence are applied are expanding, and with this expansion 
comes a need for heightened scrutiny of unintended side effects.

 • How the Mathematical Sciences are Changing Medicine. This theme highlights the important historical con-
tributions of mathematics to biology, population health, and individual care, but also addresses future impacts 
that the mathematical sciences can make in these areas.

 • Mathematics and Inequality. This cross-cutting theme is represented in each of the preceding themes, but BMSA 
will also pursue this theme individually, as the mathematical sciences can make important contributions to our 
understanding and ability to address racial, economic, and health inequality.

As just a snapshot of BMSA and its activities, some current and recent activities include the following:
 • Illustrating the Impact of the Mathematical Sciences. BMSA is conducting a graphics-first consensus study to 

illustrate the impact of the mathematical sciences on the US economy, national security domains, and other 
science and engineering fields, creating graphics that visually represent the flow and interrelations of impactful 
discoveries. This study is sponsored by the National Science Foundation and will be published early in 2022.

 • Mathematical Approaches to Optimize Infrastructure Investments for Sustainability. This workshop will ex-
plore ways that mathematical modeling and statistical techniques can help inform the infrastructure planning 
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and budgeting process within cities. This activity is sponsored by the National Academy of Sciences’ Thomas 
Lincoln Casey Fund and the Environmental Protection Agency.

 • Forecasting Costs for Preserving, Archiving, and Promoting Access to Biomedical Data. BMSA recently com-
pleted a consensus study and workshop for the National Library of Medicine examining issues associated with 
forecasting long-term costs for preserving, archiving, and promoting access to biomedical data and developing a 
framework drawing on ideas from the mathematical sciences that researchers could use to help estimate lifetime 
costs. The framework and tools are applicable to a multiplicity of domains beyond medicine.

 • Envisioning the Data Science Discipline: The Undergraduate Perspective. In partnership with the National 
Academies’ Computer Science and Telecommunications Board and the Board on Science Education, BMSA pro-
duced a study report for NSF to envision how the data science discipline should be presented at an undergraduate 
level. This study highlighted the various roles of mathematics, statistics, computer science, and other domains 
in the emerging data science discipline; described considerations for current and future data science programs; 
and recommended steps for academic institutions.

 • Enhancing Urban Sustainability with Data, Modeling, and Simulation. BMSA organized a workshop on En-
hancing Urban Sustainability with Data, Modeling, and Simulation on January 30–31, 2019, in collaboration with 
the National Academies’ Committee on Applied and Theoretical Statistics, Board on Energy and Environmental 
Systems, and Computer Science and Telecommunications Board. This workshop brought together urban sustain-
ability researchers, mathematicians, data scientists, statisticians, computer scientists, and other stakeholders to 
highlight urban sustainability research efforts and programs under way, discuss challenges and opportunities to 
advance urban sustainability research, and explore case studies that may help advance data-driven urban sustain-
ability science. This workshop was sponsored by the George and Cynthia Mitchell Endowment for Sustainability 
Sciences at the National Academies of Sciences, Engineering, and Medicine.

BMSA also hosts regular webinars and conference sessions on a variety of topics, and organizes video competitions to 
engage with the mathematical sciences communities.

Get Involved
BMSA is always looking for suggestions of topics and individuals to serve on the board of its activity committees. If you 
have an idea or nomination, please contact BMSA Director Michelle Schwalbe at mschwalbe@nas.edu.

BMSA Mission and Membership
Mission: BMSA consists of approximately 20 pro bono experts from a broad range of quantitative fields with experience in 
academia, industry, and national laboratories. BMSA strives to do the following: provide actionable mathematical advice 
to policy makers; strengthen connections between scientific and engineering domains and mathematics, statistics, and 
data science; support the health of the mathematical sciences ecosystem and a robust educational pipeline; and increase 
public awareness of the expanding role of the mathematical sciences.
Membership, 2020–21 Academic Year:
Mark L. Green, University of California, Los Angeles (chair)
Hélène Barcelo, Mathematical Sciences Research Institute
Russel E. Caflisch (NAS), New York University
David Chu, Institute for Defense Analyses
Ronald R. Coifman (NAS), Yale University
James Curry, University of Colorado Boulder
Ron Fricker, Virginia Tech
Shawndra Hill, Facebook
Trachette Jackson, University of Michigan
Lydia Kavraki (NAM), Rice University

Tamara Kolda (NAE), MathSci.ai
Peter Koumoutsakos (NAE), Harvard University
Rachel Kuske, Georgia Institute of Technology
Jill Pipher, Brown University
Yoram Singer, WorldQuant
Tatiana Toro, University of Washington
Lance Waller, Emory University
Amie Wilkinson, University of Chicago
Karen E. Willcox, University of Texas at Austin



Organized by David Eisenbud, University of California, Berkeley

4:00 pm  Anup Rao
University of Washington

Sunflowers: From soil to oil
A beautiful way in which order appears out of randomness.

3:00 pm  Elena Giorgi
Columbia University

The stability of black holes with matter
The “ringing” and the “pictures” of black holes are exciting;
mathematics has the potential to unlock the secrets.

Current Events Bulletin Friday, January 7, 2022
2:00–6:00 pm

A M E R I C A N  M A T H E M A T I C A L  S O C I E T Y

2:00 pm  Thomas Scanlon
University of California, Berkeley

Tame geometry for Hodge theory
How can it be that deep analytic questions can be attacked from 
model theory?

Co
ur

te
sy

 o
f J

on
ny

 E
va

ns

5:00 pm  Elamin Elbasha
Merck & Co., Inc.

Mathematics and the quest for vaccine-induced 
herd immunity threshold
Will this be the way we finally emerge from the pandemic?
This lecture is supported by a generous donation from Salilesh Mukhopadhyay
in honor of Satyendra Nath Bose, Mahadev Dutta, and Pranab K. Sarkar, to
bring appreciation for mathematics to a broader audience. Co

ur
te

sy
 o

f E
la

m
in

 E
lb

as
ha

2022
Seattle  •  January 5–8



An Invitation to
Categorification

Aaron D. Lauda and Joshua Sussan
1. What is Categorification?
Categorification is the process of promoting an algebraic
object to one with more structure. All of the structure of
the original object is retained and can be accessed via a
decategorification procedure that forgets this new higher-
level structure. Originally this term indicated the replace-
ment of set-based constructions with categorical notions,
where equalities are replaced by explicit isomorphisms.
However, over the years, the term categorification has been
used in a variety of different contexts, making its precise
definition somewhat nebulous. In most cases, one speci-
fies a rigorous “decategorification” procedure that forgets
some type of structure. Categorification is then the inverse
process of trying to find the more sophisticated structure
that would decategorify to some specified object of interest.
Within this broad framework are some guiding principles

Aaron D. Lauda is a professor of mathematics at the University of Southern
California. His email address is lauda@usc.edu.
Joshua Sussan is a professor of mathematics at CUNY Medgar Evers and the
CUNY Graduate Center. His email addresses are jsussan@mec.cuny.edu
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For permission to reprint this article, please contact:
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DOI: https://doi.org/10.1090/noti2399

one usually has in mind when pursuing categorification:

• enhancement of algebraic structure,
• precise but context-dependent notion of decate-

gorification,
• richer structure not seen in the original object—

leading to a deeper understanding of the original
object.

In this article we will give a variety of examples to help
illustrate these points. We begin with some fairly trivial
examples of categorification, building up to more sophis-
ticated ones.

Example 1 (Categorification of natural numbers). The cat-
egory of finite-dimensional vector spaces over a field 𝕜 can
be viewed as a categorification of the natural numbersZ≥0.
In this case, decategorification is the dimension map that
sends a finite-dimensional vector space to its dimension.
A natural number 𝑛 is categorified by a choice of an 𝑛-
dimensional vector space.

Z≥0 Vect𝕜

dim
ww

𝑛 ⇝ 𝑛-dimensional vector space
Categorification

77
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The operations of addition and multiplication lift as fol-
lows:

• dim(𝑉 ⊕𝑊) = dim𝑉 + dim𝑊 ,
• dim(𝑉 ⊗𝑊) = dim𝑉 ⋅ dim𝑊 .

Example 2 (Categorification of Laurent polynomials).
The category of finite-dimensional Z-graded vector spaces
can be used to categorify Laurent polynomials 𝑓 ∈
Z≥0[𝑞, 𝑞−1]. Recall that a Z-graded vector space decom-
poses into a direct sum, so that its graded dimension is
given by:

𝑉 =⨁
𝑛∈Z

𝑉𝑛, gdim𝑉 ∶= ∑
𝑛∈Z

𝑞𝑛 dim𝑉𝑛.

In this case, decategorification is taking the graded dimen-
sion. Then, 𝑓 ∈ Z≥0[𝑞, 𝑞−1] is categorified by a graded vec-
tor space 𝑉 , where the coefficient of 𝑞𝑛 is the dimension
of 𝑉𝑛, and 𝑓 is realized as the graded dimension gdim𝑉 .

Z≥0[𝑞, 𝑞−1] GrVect𝕜

gdim
vv

Categorification

77

𝑓 ⇝ graded vector space 𝑉
Note that in these two examples, we cannot realize a

negative coefficient of 𝑞𝑛 using graded vector spaces, since
the dimension of a vector space is never negative. If we
want to include negative coefficients, we need a more so-
phisticated categorification.

Example 3. Suppose we are given a complex of graded vec-
tor spaces

𝑉• = ⋯ 𝑉 𝑖 𝑉 𝑖+1 𝑉 𝑖+2 ⋯𝑑 // 𝑑 //// // .
Then decategorification is defined to be the graded Euler
characteristic

𝜒(𝑉•) ∶= ∑
𝑖∈Z

(−1)𝑖gdim𝑉 𝑖.

Note that a Laurent polynomial 𝑓 ∈ Z[𝑞, 𝑞−1] can be lifted
to a chain complex in many ways. Indeed, we can always
find a lifting with trivial differentials. However, in practice,
the naturally occurring examples usually have nontrivial
differentials, indicating a richer structure.

Z[𝑞, 𝑞−1]

𝜒 = Euler characteristic

Categorification

Chain complexes of
graded vector spaces

zz

55

The examples given above illustrate some of the features
of categorification, but they fail to illustrate how categorifi-
cation can bring in new information. The idea of categori-
fication is actually very classical, going back to the origins

of algebraic topology. For example, singular homology
groups provide a categorification of the Euler characteris-
tic. There is more topological information contained in
homology groups, and these invariants are functorial with
respect to continuous maps between spaces.

Example 4. For an 𝑛-dimensional CW complex 𝑋 given by
gluing 𝑘𝑖 𝑖-cells for 𝑖 ≤ 𝑛, the Euler characteristic is defined
as

𝜒(𝑋) = 𝑘0 − 𝑘1 + 𝑘2 − 𝑘3 +⋯ =
∞
∑
𝑖=0

(−1)𝑖𝑘𝑖.

For example, consider the sphere decomposed as a CW
complex:

𝜒( • • ) = 2.

For any cell decomposition of the 2-sphere (such as the
one depicted above), we have

#(vertices) − #(edges) + #(faces) = 2.
The Euler characteristic is categorified by the homology

groups 𝐻𝑖(𝑋).

H• ( ) ≅ Z⊕ 0⊕ Z

𝜒 ( ) = 2

Categorification

𝜒(𝑋) =
∞
∑
𝑖=0

(−1)𝑖 dim𝐻𝑖(𝑋)

What are the advantages of homology over the Euler
characteristic?

• Homology groups are better invariants of spaces.
(More spaces can be distinguished by homology
groups than by Euler characteristic.)

• Homology is functorial: given 𝑓 ∶ 𝑋 → 𝑌 we get
maps between homology 𝑓𝑖 ∶ 𝐻𝑖(𝑋) → 𝐻𝑖(𝑌).
This functoriality has many important applica-
tions, such as a proof of Brouwer’s fixed-point the-
orem.

Looking at the examples above, the reader may be won-
dering where the categories appear in “categorification.”
The next example helps illustrate how all of these exam-
ples above fit into a unified picture.

Example 5 (Grothendieck group of a category). Let 𝐶 be
an additive category. This just means that the category has
direct sums and an object 𝟎 with the expected properties.
The Grothendieck group is a way to decategorify, reducing
a category to a set. In this case, the set has the additional
structure of an abelian group. The (split) Grothendieck
group of 𝒞 is defined to be the free abelian group on the
isomorphism classes [𝑋] of objects 𝑋 , modulo the rela-
tions [𝑋 ⊕ 𝑌] = [𝑋] + [𝑌]. If the category has a monoidal
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structure, then the Grothendieck group inherits a mul-
tiplicative structure and we thus obtain a Grothendieck
ring. For example, since every finite-dimensional 𝕜-vector
space is isomorphic to some 𝕜𝑛, the Grothendieck group
𝐾0(Vect𝕜) is the free abelian group on the generator [𝕜],
and for a general vector space we have [𝑉] = dim𝑉[𝕜]. In
particular, the decategorification of a vector space by tak-
ing its dimension is just a special case of 𝐾0.

Similarly, if the category 𝒞 is graded, so that it is
equippedwith a grading shift autoequivalence ⟨1⟩∶ 𝒞 → 𝒞
(such as the category of graded vector spaces), then the
Grothendieck group can be equipped with the structure
of a Z[𝑞, 𝑞−1]-module by declaring that [𝑋⟨1⟩] = 𝑞[𝑋]. Ap-
plying 𝐾0 to the graded additive category of graded vec-
tor spaces, we now see that 𝐾0(GrVect𝕜) is generated as a
free Z[𝑞, 𝑞−1]-module by [𝕜] and that for a general graded
vector space [𝑉] = gdim𝑉 ⋅ [𝕜]. The example of taking
the graded Euler characteristic of a complex of graded vec-
tor spaces from Example 3 can also be understood as the
Grothendieck group applied to an appropriate category of
complexes of graded vector spaces.

Categorifying other rings, such as cyclotomic rings or
Z[ 1

𝑁
], is a very difficult problem. We will mention later

on the importance of categorifying cyclotomic rings and
progress in this direction. Khovanov and Tian constructed
monoidal categories whose Grothendieck rings are iso-
morphic to Z[ 1

2
], and offer some perspectives on the more

general question.

2. Origins of the Categorification Philosophy
In this section we see how state-sum TQFTs inspired Crane
and Frenkel’s categorification program [CF94].
2.1. TQFTs. An 𝑛-dimensional topological quantum field
theory (TQFT) is a (symmetric monoidal) functor 𝐹 from
the category 𝑛Cob of 𝑛-dimensional cobordisms to the
category of vector spaces. This amounts to a rule asso-
ciating a vector space to each (closed, oriented) (𝑛 − 1)-
manifold and a linear map to each 𝑛-manifold with
boundary (a cobordism between the boundary (𝑛 − 1)-
manifolds). Functoriality ensures that composing cobor-
disms by gluing along common boundaries gets mapped
to the composition of the associated linear maps. The
monoidal property of the functor means that the rule must
send disjoint unions of (𝑛−1)-manifolds 𝑋∐𝑌 to tensor
products 𝐹(𝑋) ⊗ 𝐹(𝑌) of vector spaces, and the disjoint
union of cobordisms to the tensor product of the associ-
ated linear maps; it also means that the empty manifold
must get mapped to the trivial vector space.

For example, a 2-dimensional TQFT assigns to each
closed, oriented, 1-manifold (i.e., a disjoint union of cir-
cles) a vector space. Because the TQFT must preserve
disjoint unions, its value on 1-manifolds is completely

determined by the vector space 𝑉 assigned to a circle.
Then a disjoint union of 𝑛 circles must get mapped to
𝑉⊗𝑛. To any oriented 2-dimensional cobordism between
1-manifolds, the TQFT assigns a linear map.

1-manifolds ↦ vector spaces
𝑉 ⊗ 𝑉 ⊗ 𝑉

2-manifolds with boundary ↦ linear maps

𝑀 𝑉

𝑉 ⊗ 𝑉
��

𝐹(𝑀)

Using Morse theory, any 2-dimensional cobordism can be
decomposed into elementary cobordisms (pair of pants,
birth and death of a circle). This makes the algebraic de-
scription of 2D TQFTs much easier because we can give a
generators and relations description of 2Cob by classify-
ing critical points of the Morse function and then writing
down all handle slides and cancellations. For example, we
could decompose the 2-dimensional cobordism:

mmmmmmmmmmmm

mmmmmmm

QQQ
QQQ

QQQ
QQQ

QQQ
QQQ

Q

mmmmmmmmmmmm

mmmmmmmmmmmm

QQQ
QQQ

QQQ
QQQ

QQQQQQQQQQQQ

mmmmmmmmmmmm

llllllll

QQQ
QQQ

QQQ
QQQ

RRR
RRR

RR

𝑀1

𝑀2

��

��

𝑉

𝑉 ⊗ 𝑉

𝑉

��

𝐹(𝑀1)

��

𝐹(𝑀2)

Beyond dimension 2, constructing nontrivial examples
of TQFTs can be very challenging. Dimension 4 has proven
particularly challenging. Crane and Frenkel’s idea was
to observe how the algebraic structures needed to con-
struct invariants change as one increases the dimension.
Observing that passing from 2-dimensional TQFTs to 3-
dimensional ones requires moving from algebras (or vec-
tor spaces with multiplicative structure) to monoidal cate-
gories (or categories with multiplicative structure), Crane
and Frenkel realized that the passage from dimension 3 to
dimension 4 could similarly be achieved by increasing the
categorical complexity of the algebraic inputs.

The focus on 4-dimensions in the Crane and Frenkel
program stems from the goal of constucting new alge-
braic invariants sensitive to exotic smooth structures in
4-dimensions. The hope was that categorification could
produce news tools, beyond gauge theory, for proving
(or disproving) the smooth 4-dimensional Poincaré con-
jecture, arguably the most prominent open problem in
topology. In Section 4.2 we give some indications that
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Figure 1. A triangulation of a 2-dimensional cobordism with
1-manifold boundary circles and its Poincaré dual graph.

categorification can produce new invariants that behave
differently than their gauge-theoretic analogues.
2.2. State-sum 2D TQFTs. This increase in categorical
complexity with increasing dimension could be under-
stood in the context of certain local constructions of TQFTs
from triangulations, or what are sometimes called state-
sum TQFTs. To construct local 2D TQFTs, we decompose
the surface into triangles, and assign algebraic data to the
triangulation. The algebraic data should be invariant un-
der local change of triangulation.

In order to verify that the invariant is independent of
triangulation, one simply needs to check invariance under
the following 2D Pachner moves that relate any two trian-
gulations of the same 2-manifold:

↔

↔

To construct an algebraic invariant from a triangulation,
consider the Poincaré dual of the triangulation.

• Label each edge of the dual graph by a basis vector
of a vector space 𝑉 .

• Regard each triangle as a multiplication of basis
vectors and associate to each triangle the structure
constant of this multiplication.1

𝑚

• Sum over all ways of assigning basis vectors to
edges, noting that the contribution of a given state
of edge assignments may be zero if any one of the
multiplicative structure constants associated to a
triangle is zero.

1The reader may be wondering how to decide which edges are the input and
which is the output. It turns out that the choice does not matter, as we will be
required to fix an isomorphism 𝑉 ≅ 𝑉∗ which can be used to turn inputs into
outputs and vice versa; see [BL11] and the references therein for more details.

Invariance under triangulation requires

𝑚 𝑚 ↔
𝑚

𝑚

or

𝑚
𝑚 =

𝑚
𝑚 .

This is the axiom of associativity. It requires that the vector
space labelling edges has an associative algebra structure.
The other Pachner move implies that the algebra must be
semisimple.2

State sums in 3-dimensions work similarly to the 2-
dimensional case. Now, we need to assign data to each
tetrahedron of a triangulated 3-manifold. We again take
Poincaré duals, but in 3-dimensions these dual graphs pro-
duce 2-complexes (or 2-dimensional graphs).

Going from the back to the front of this picture we can
think of the tetrahedron as supplying a map from the
graph on one side to the graph on the other:

or
𝑚

𝑚 ⇒
𝑚

𝑚 .

Associativity is no longer an equation; it is now an isomor-
phism.

2Technically, the algebra must be strongly separable. These two notions are
equivalent over fields of characteristic 0.
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Invariance under triangulation in 3-dimensions is en-
sured by 3D Pachner moves, one of which is the 2-3 Pach-
ner move:

= .

It is called the 2-3 move because it changes from a triangu-
lation involving two tetrahedra into one involving three.

=

Viewing each tetrahedron as a process of changing a 2-
dimensional triangulation, we can view each tetrahedron
appearing in the 2-3 move as a “movie” depicting a se-
quence of 2-dimensional Pachner moves changing the tri-
angulation as we pass through each tetrahedron. The 2-
3 move can then be viewed as an equality between two
sequences of 2-dimensional triangulation changes as in
Figure 2. But this equation is exactly the associator con-
dition used in the definition of monoidal categories. The
other 3D-Pachnermove imposes additional constraints on
the category that can be viewed as categorifications of the
semisimple criteria of an algebra. For further details the
reader is referred to the exposition in [BL11].

(𝑤 ⊗ (𝑥 ⊗ 𝑦)) ⊗ 𝑧

((𝑤 ⊗ 𝑥) ⊗ 𝑦) ⊗ 𝑧

(𝑤 ⊗ 𝑥) ⊗ (𝑦 ⊗ 𝑧)

𝑤 ⊗ (𝑥 ⊗ (𝑦 ⊗ 𝑧))𝑤 ⊗ ((𝑥 ⊗ 𝑦) ⊗ 𝑧)

wwppp
pp
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!!
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��
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Figure 2. The associator as change of triangulation.

2.3. Observations. State-sum TQFTs suggest that one
needs to increase the categorical complexity, or categorify,
as one increases the dimension. In 3-dimensions, to as-
sign data to a triangulation we need a categorical analog

of an algebra, i.e., a monoidal (or tensor) category.

2-dim
Algebra +

extra structure

3-dim
Category with

multiplication

+ extra structure

4-dim
2-Category with

multiplication

+ extra structure

Crane and Frenkel’s idea is to bootstrap up the dimen-
sional ladder of 𝑛-dimensional TQFTs by categorifying the
relevant algebraic structures. Baez and Dolan then ex-
tended these ideas to formulate the cobordism hypothesis
relating 𝑛-dimensional TQFTs to certain 𝑛-categories with
extra structure. These ideas where later verified in the work
of Lurie.

This then raises the question of where to find good ex-
amples of the relevant structures in each dimension. In
dimension 3, Reshetikhin, Turaev, and Viro showed that
the theory of quantum groups provides such examples
connecting to Witten’s work in Chern-Simons gauge the-
ory. Part of what made Crane and Frenkel’s proposal so
compelling is that they not only suggested increasing the
categorical complexity as one raises the dimension of the
TQFT, they also gave convincing evidence that it should be
possible to categorify the theory of quantum groups using
various Lie theoretic and geometric methods, giving rise to
new 4-dimensional TQFTs. These ideas birthed the field of
categorification.

3. Quantum Groups
Quantum groups provide an algebraic input that can be
used to define a 3-dimensional TQFT. Relatedly, represen-
tations of quantum groups give rise to invariants of links.
We begin with a combinatorial description of one such
link invariant, before connecting it to quantum group the-
ory.
3.1. The Jones polynomial. The Jones polynomial is an
invariant of oriented links. This invariant can be com-
puted from a simple recursive algorithm, called the Kauff-
man bracket, defined on link diagrams as follows:

1. ⟨∅⟩ = 1
2. ⟨ 𝐿∐ ⟩ = (𝑞 + 𝑞−1)⟨𝐿⟩
3. ⟨ ⟩ = ⟨ ⟩ − 𝑞 ⟨ ⟩

An example of how to implement this recursive algorithm
on a knot is illustrated in Figure 3.

The Jones polynomial is a rescaling of the Kauffman
bracket 𝐽(𝐿) = 𝑐⟨𝐿⟩, where 𝑐 is determined from an ori-
entation of the knot. This invariant is a special case of a
vastly more general set of invariants associated to quan-
tum groups.
3.2. What are quantum groups? A quantum group refers
to a Hopf algebra with some extra structure which makes
its category of representations useful for studying knots.
Important examples of quantum groups are Hopf algebras
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1 −𝑞

1 −𝑞 1 −𝑞

(𝑞 + 𝑞−1)2 − 𝑞(𝑞 + 𝑞−1) − 𝑞(𝑞 + 𝑞−1) + 𝑞2(𝑞 + 𝑞−1)2
= 𝑞4 + 𝑞2 + 1 + 𝑞−2

Figure 3. Implementing the Kauffman bracket algorithm on a
Hopf link.

𝑈𝑞(𝔤) associated to simple Lie algebras 𝔤:
• Their representations behave much like represen-

tations of the corresponding Lie algebra.
• They have very nice categories of representations

(braided monoidal + duals).
• They can be described explicitly using generators

and relations.

One of the simplest examples of a quantum group is the
quantum group associated to 𝔤 = 𝔰𝔩2. The quantum group
𝑈𝑞(𝔰𝔩2) is the associative algebra over ℂ(𝑞)with generators
𝐸, 𝐹, 𝐾, 𝐾−1 and relations

• 𝐾𝐾−1 = 1 = 𝐾−1𝐾,
• 𝐾𝐸 = 𝑞2𝐸𝐾, 𝐾𝐹 = 𝑞−2𝐹𝐾,
• 𝐸𝐹 − 𝐹𝐸 = 𝐾−𝐾−1

𝑞−𝑞−1
.

3.3. Reshetikhin-Turaev invariants. We now outline
how quantum groups give rise to link (and more gener-
ally tangle) invariants. Start with a tangle diagram 𝑇 and
a Lie algebra 𝔤:

𝑉 𝜆′1⊗𝑉 𝜆′2⊗𝑉 𝜆′3⊗𝑉 𝜆′4⊗𝑉 𝜆′5

𝑉 𝜆1 ⊗𝑉 𝜆2 ⊗𝑉 𝜆3

𝜙(𝑇)

��

• Label the strands of the tangle by irreducible rep-
resentations of 𝑈𝑞(𝔤). This induces a labelling of
the endpoints.

• The Reshetikhin-Turaev invariant gives a mor-
phism of 𝑈𝑞(𝔤)-representations associated to the

tangle diagram. One decomposes the tangle dia-
gram into elementary pieces so that each piece is
either a single crossing, cup, or cap. To the cross-
ings one associates the braiding in the category,
while cups and caps correspond to duality struc-
tures in the category.

• Reshetikhin and Turaev show that the morphism
does not depend on the planar projection of the
tangle.

For a knot, the resulting morphism is a map from the
ground field to itself. Such maps correspond to elements
of the ground field.

𝑉⊗0
𝜆 ≅ ℂ(𝑞)

𝑉⊗0
𝜆 ≅ ℂ(𝑞)

𝜙(𝑇)

��

It turns out that these invariants always land in
Z[𝑞, 𝑞−1], so we get a Laurent polynomial. For 𝔤 = 𝔰𝔩2, we
obtain the Jones polynomial, and more generally colored
Jones polynomials. If 𝔤 = 𝔰𝔩𝑛, we obtain specializations
of the colored HOMFLYPT polynomial.
3.4. Connections to TQFTs. There are two related ways
of using representations of quantum groups to define 3-
dimensional TQFTs. Both constructions require specializ-
ing the quantum parameter 𝑞 to be a root of unity to en-
sure certain finiteness properties, so that the sums involved
converge.

Any closed 3-manifold may be obtained by performing
surgery on a link in 𝑆3. By assigning sums of (colored)
Jones polynomials of the link, Reshetikhin and Turaev ob-
tained an invariant of the 3-manifold. This could then be
extended to a 3-dimensional TQFT.

Turaev and Viro defined an invariant of 3-manifolds by
assigning quantum 6𝑗 symbols to the tetrahedra of a tri-
angulation, and summing over all such assignments. This
state-sum invariant has also been extended to a TQFT.

4. Examples of Categorification
4.1. Categorification of representations. Given the im-
portant role that quantum groups and their representa-
tions play in constructing topological invariants, following
Crane and Frenkel, it was expected that categorifying these
algebraic structures would lead to invariants of topological
objects in higher dimensions.

One of the first examples of a categorification was a
categorification of the 𝑛th tensor power of the natural
two-dimensional 𝔰𝔩2-representation 𝑉1 due to Bernstein,
Frenkel, and Khovanov [BFK99]. This was generalized to
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arbitrary tensor products of irreducible representations of
𝔰𝔩2, and extended to the quantum setting by Frenkel, Kho-
vanov, and Stroppel [FKS06]. These tensor products were
used in Section 3.3 in the Reshetikhin-Turaev approach to
the Jones polynomial and its extensions to colored Jones
polynomials.

We will summarize the Lie theoretic categorification de-
scribed in [BFK99] to give a high-level overview of the cat-
egorification procedure before expanding upon a concrete
example that can be easily understood without Lie theo-
retic notions. This construction uses infinite-dimensional
representations of the Lie algebra 𝔤𝔩𝑛. Let 𝒪(𝔤𝔩𝑛) denote
the full subcategory of 𝑈(𝔤𝔩𝑛)-modules which are

• finitely generated,
• locally finite under the action of 𝑈(𝔟), where 𝔟 is

the Lie subalgebra of upper-triangular matrices,
• diagonalizable under the algebra 𝔥 of diagonal

matrices.

The category 𝒪(𝔤𝔩𝑛) decomposes into a direct sum of sub-
categories according to the action of the center𝒵 of𝑈(𝔤𝔩𝑛).
For 𝑖 = 0, … , 𝑛, let 𝒪𝑖(𝔤𝔩𝑛) denote the subcategory for
which𝒵 acts via a generalized central character correspond-
ing to an integral dominant weight 𝜆𝑖 which has stabilizer
𝑆 𝑖×𝑆𝑛−𝑖 under the dot action of the Weyl group (𝑆𝑛 in this
case).

There are functors

𝖤∶ 𝒪𝑖(𝔤𝔩𝑛) → 𝒪𝑖+1(𝔤𝔩𝑛)

given by tensoring with the natural representation of 𝔤𝔩𝑛
along with projection onto the subcategory.

Similarly, there are functors

𝖥∶ 𝒪𝑖(𝔤𝔩𝑛) → 𝒪𝑖−1(𝔤𝔩𝑛)

given by tensoring with the dual of the natural representa-
tion of 𝔤𝔩𝑛 along with projection onto the subcategory.

It was proved in [BFK99] that as a vector space,
⨁𝑛

𝑖=0 𝐾0(𝒪𝑖(𝔤𝔩𝑛)) ≅ 𝑉⊗𝑛
1 , and there are isomorphisms of

functors on the category 𝒪𝑖(𝔤𝔩𝑛):

𝖤𝖥 ≅ 𝖥𝖤 ⊕ 𝟣⊕2𝑖−𝑛, if 2𝑖 − 𝑛 ≥ 0,

𝖤𝖥 ⊕ 𝟣⊕𝑛−2𝑖 ≅ 𝖥𝖤, if 2𝑖 − 𝑛 ≤ 0.
This endows ⨁𝑛

𝑖=0 𝐾0(𝒪𝑖(𝔤𝔩𝑛)) with the structure of an
𝔰𝔩2-representation isomorphic to 𝑉⊗𝑛

1 . Note that we are
implicitly complexifying the Grothendieck groups by ten-
soring with ℂ to obtain complex vector spaces (or vector
spaces overℂ(𝑞)) tomatch the representation theory of the
quantum group from earlier.

We will now explore the case of 𝑛 = 2, where the Lie
theoretic ideas above can be described in a more down-
to-earth algebraic fashion. Let 𝐶 = ℂ[𝑥]/(𝑥2). Let 𝐴 be
the quotient of the path algebra of (4.1) by the two-sided

ideal generated by (1|2|1).

(1) (2)
&&

ff
(4.1)

Then we consider categories 𝒱−2 ∶= ℂ−mod, 𝒱0 ∶=
𝐴−mod, 𝒱2 ∶= ℂ−mod. It is easy to check that the cen-
ter of the algebra 𝐴 is isomorphic to 𝐶 and can be identi-
fied with the subalgebra (2)𝐴(2). Now we construct some
functors between these categories.

Let 𝐵1 = (2)𝐴 and 𝐵2 = 𝐴(2) regarded as (ℂ, 𝐴) and
(𝐴, ℂ)-bimodules, respectively. Then there are exact func-
tors

𝒱−2 𝒱0 𝒱2

𝖤
%%

𝖤
&&

𝖥
ff

𝖥

ee

𝖤∶ ℂ−mod → 𝐴−mod, 𝖤∶ 𝐴−mod → ℂ−mod
given by

𝐵2 ⊗ℂ •, 𝐵1 ⊗𝐴 •.
Similarly, there are exact functors

𝖥∶ ℂ−mod → 𝐴−mod, 𝖥∶ 𝐴−mod → ℂ−mod
given by

𝐵2 ⊗ℂ •, 𝐵1 ⊗𝐴 •.
We also define 𝖤 to be zero on 𝒱2 and 𝖥 to be zero on 𝒱−2.

Since the functors 𝖤 and 𝖥 are exact, they induce an ac-
tion on the Grothendieck groups:

𝐾0(𝒱−2) 𝐾0(𝒱0) 𝐾0(𝒱2)
[𝖤]

))

[𝖤]
))

[𝖥]
ii

[𝖥]
ii

.

The Grothendieck groups 𝐾0(𝒱 𝑖) of the categories
above are easy to calculate. Bases of these vector spaces are
given by the classes of indecomposable projectivemodules.
Since𝐴 ≅ 𝐴(1)⊕𝐴(2) is a decomposition of𝐴 as a leftmod-
ule over itself into indecomposable projective modules,
one has 𝐾0(𝐴−mod) ≅ ℂ2, while clearly 𝐾0(ℂ−mod) ≅ ℂ.
We may then compute the action of [𝖤] and [𝖥] on these
basis elements. For example, on 𝐾0(𝒱−2) = 𝐾0(ℂ−mod)
we compute

[𝖥] ∘ [𝖤]([ℂ]) = [𝖥]([𝐴(2)]) = [ℂ] + [ℂ],
[𝖤] ∘ [𝖥]([ℂ]) = 0.

So on 𝐾0(𝒱−2) we see that

[𝖤][𝖥] − [𝖥][𝖤] = −2Id.
Similarly, on 𝐾0(𝒱2) = 𝐾0(ℂ−mod) we have

[𝖤][𝖥] − [𝖥][𝖤] = 2Id.
We could also compute on 𝐾0(𝒱0):

[𝖤] ∘ [𝖥]([𝐴(2)]) = [𝖤]([ℂ] + [ℂ]) = 2[𝐴(2)],
[𝖤] ∘ [𝖥]([𝐴(1)]) = [𝖤]([ℂ]) = [𝐴(2)].
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Similar calculations for [𝖥] ∘ [𝖤] on 𝐾0(𝒱0) = 𝐾0(𝐴−mod)
yield the equality of operators

[𝖤] ∘ [𝖥] = [𝖥] ∘ [𝖤].
Putting all of this information together, we have now con-
structed the 𝔰𝔩2-representation𝑉1⊗𝑉1 on theGrothendieck
groups of these categories.

In fact, we have done something stronger. Without too
much effort, one could see that these equalities of opera-
tors really come from isomorphisms of functors. For ex-
ample, on 𝒱0, there are isomorphisms

𝖥 ∘ 𝖤 ≅ 𝟣 ⊕ 𝟣, 𝖤 ∘ 𝖥 ≅ 𝟣 ⊕ 𝟣,
which imply 𝖤 ∘ 𝖥 ≅ 𝖥 ∘ 𝖤. This is referred to as a weak cat-
egorification of the 𝔰𝔩2-representation 𝑉⊗2

1 . For a stronger
notion we study the transformations between these func-
tors.

The functors 𝖤 and 𝖥 are given by tensoring with bimod-
ules 𝐴(2) or (2)𝐴. These bimodules have endomorphisms
𝑥 given by multiplication by the path (2|1|2).

The functor 𝖤 ∘ 𝖤 is given by tensoring with the (ℂ, ℂ)-
bimodule (2)𝐴(2). This functor has an endomorphism 𝜓
defined by mapping (2|1|2) ↦ (2) and sending all other
basis elements to zero. On the functor 𝖤 ∘ 𝖤, consider the
natural transformations 𝑥1 = 𝑥⊗ 1 and 𝑥2 = −1⊗ 𝑥 com-
ing from the bimodule endomorphism 𝑥. Then one could
check that

𝑥1𝜓 − 𝜓𝑥2 = Id𝖤∘𝖤 = 𝜓𝑥1 − 𝑥2𝜓. (4.2)

There is a diagrammatic calculus which describes these nat-
ural transformations where 𝜓 is represented as a crossing
and 𝑥 by a dotted strand. Some of the relations that these
natural transformations satisfy can then be expressed as
follows:

= = 0

− = = −
The last line encodes (4.2). This diagrammatic calculus is
a graphical description of an example of a nilHecke algebra.
In general, nilHecke algebras describe natural transforma-
tions in categorifications of 𝑉⊗𝑛

1 .
The importance of controlling the isomorphisms of

functors goes back to the original ideas of categorification,
but the first explicit form of some of these isomorphisms
were discovered by Chuang and Rouquier [CR08] who ap-
plied these results to prove the Broué abelian defect con-
jecture for symmetric groups. They emphasized the role of
the affine Hecke algebra (an algebra closely related to the nil-
Hecke algebra) in 𝔰𝔩2-categorification. The first signs that
this algebra plays a categorical significance goes back to

work of Ariki and Grojnowski who showed that one could
recover halves of universal enveloping algebras by consid-
ering Grothendieck groups of affine Hecke algebras over
all ranks, extending earlier work of Lascoux, Leclerc, and
Thibon.

Building upon this, Lauda constructed a 2-category
whose Grothendieck group is quantum 𝔰𝔩2. Higher rank
versions of this construction were then given by Khovanov
and Lauda [KL10] and Rouquier [Rou12] based on a new
class of algebras. A remarkable isomorphism between al-
gebras introduced by Khovanov, Lauda, and Rouquier and
versions of the affine Hecke algebra was then constructed
by Brundan and Kleshchev, and independently Rouquier
[BK09,Rou12].

Beyond its role in proving integrality and positivity
properties for ordinary quantum groups, one of the main
advantages of categorified representation theory has been
its role in defining categorical braid group actions. The
equivalences introduced by Chuang and Rouquier can be
interpreted as the action of elementary generators for a
braid group action. Cautis, Kamnitzer, and Licata proved
that these equivalences satisfy braid relations in an appro-
priate category of complexes, showing that any time the
categorified quantum group acts on a category, one ob-
tains a categorical action of the braid group. These braid
group actions control the categorifications of knot invari-
ants introduced in Section 3.3 and give a representation-
theoretic explanation for the existence of Khovanov’s cate-
gorification of the Jones polynomial discussed in the next
section.

Just as quantum groups give rise to especially nice cat-
egories of representations, it is expected that categorified
quantum groups will have analogously nice 2-categories
of representations with themultiplicative structure needed
for Crane and Frenkel’s approach to 4-dimensional TQFTs.
Currently, there is still much work to be done to under-
stand a categorical operation that inputs two categorified
representations and outputs a tensor product of categori-
fied representations. Rouquier has developed machinery
to define tensor product categorifications, and recent work
of Manion and Rouquier connect these ideas to Heegard-
Floer theory.
4.2. Khovanov homology. The success in categorifying
representations used in the Reshetikhin-Turaev construc-
tion from Section 3.3 was strong indication that these link
invariants themselves might admit categorification. Kho-
vanov gave the first such construction by lifting the Jones
polynomial to a homology theory. The Khovanov ho-
mology of a link 𝐿 is the homology of a chain complex
of graded vector spaces 𝐾ℎ𝑖(𝐿). The complex 𝐾ℎ•(𝐿) has
graded Euler characteristic equal to the Jones polynomial.

The definition of Khovanov homology of a link follows
very closely to the definition of the Kauffman bracket of
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the link. Each crossing of a link has two possible resolu-
tions. Thus, for a linkwith 𝑛 crossings, there are 2𝑛 states of
collections of circles. Instead of assigning a factor of 𝑞+𝑞−1
to each circle in a fixed state, Khovanov assigned the 2-
dimensional Frobenius algebra 𝐶 = Z[𝑥]/(𝑥2), where the
degrees of 1 and 𝑥 are −1 and 1, respectively. Multiplica-
tion of the factors 𝑞 + 𝑞−1 in a particular state is replaced
by a tensor product of the algebras 𝐶. Rather than taking
a signed sum of these quantities over all the states, Kho-
vanov organized the tensor products of 𝐶 into a complex
with differentials coming from multiplication and a dual
comultiplication on 𝐶.

We next show how to calculate the Khovanov homology
of a Hopf link (ignoring some overall grading shifts).

𝑚

−𝑚

Δ

Δ𝐶 ⊗ 𝐶

𝐶

𝐶 𝐶 ⊗ 𝐶

In the leftmost homological degree, we calculate that the
kernel is spanned by {𝑥 ⊗ 1 − 1 ⊗ 𝑥, 𝑥 ⊗ 𝑥}. There is no
homology in the middle degree and the homology in the
rightmost degree is spanned by {1⊗1, 𝑥⊗1−1⊗𝑥}. There-
fore the graded Euler characteristic is equal to 𝑞2(1 + 𝑞2) −
0+ (1+ 𝑞−2), where the factor of 𝑞2 in the front of the first
term comes from a grading shift built into the theory. This
matches up with the calculation of the Kauffman bracket
in Figure 3.

• This invariant is strictly stronger than the Jones
polynomial. (It can distinguish more knots.)

• This invariant is functorial; i.e., it extends to cobor-
disms between knots.

• Utilizing functoriality and a deformation of Kho-
vanov homology discovered by Lee, Rasmussen
constructed what is known as the 𝑠-invariant
[Ras10] which led to a new proof of the Milnor
conjecture and many other recent novel results in
low-dimensional topology. This includes work
of Lambert-Cole, Manolescu, Marengon, Piccir-
illo, Sarkar, andWillis who have proven genuinely
new topological results, showing that Khovanov
homology can lead to topological applications
beyond those coming from gauge-theoretic tech-
niques.

Bar-Natan gave a more topological description of Kho-
vanov homology [BN05]. The role of cobordisms between
circles is emphasized and this is really in the spirit of

Crane and Frenkel’s categorification philosophy. Strop-
pel constructed a knot homology coming from category 𝒪
[Str05], and later proved it is equivalent to Khovanov ho-
mology. Another early categorification of the Jones poly-
nomial was Cautis and Kamnitzer’s knot homology using
categories of sheaves on the affine Grassmannian [CK08].
Later, Webster used higher representation theory to cate-
gorify all Reshetikhen-Turaev invariants [Web17]. In par-
ticular, Khovanov homology can be understood from the
categorified representation theory of 𝔰𝔩2, analogous to the
Reshetikhin-Turaev construction.

Jones polynomial Rep theory of quantum 𝔰𝔩2

Khovanov homology
Categorified rep
theory of 𝔰𝔩2

oo //

oo //
��

��

5. Perspectives
While the categorification program has led to important
applications in group theory, representation theory, and
topology, the most ambitious goals laid out by Crane and
Frenkel still remain open. The invariants of 3-manifolds
and their resulting TQFTs described earlier use representa-
tion theory of quantum groups at roots of unity. While
categorification of quantum groups and their representa-
tions at a generic value of the quantum parameter have
been nearly fully developed, the root of unity case remains
largely open.

Khovanov proposed studying homological algebra
where the role of the differential is replaced by a finite-
dimensional Hopf algebra as a means of categorification
at prime roots of unity [Kho16]. Over a field 𝕜 of charac-
teristic 𝑝, the stable category of modules of the Hopf al-
gebra 𝕜[𝜕]/(𝜕𝑝) categorifies the cyclotomic ring 𝒪𝑝. Quan-
tum groups where the quantum parameter is specialized
to a prime 𝑝th root of unity are algebras over 𝒪𝑝, and us-
ing this framework Elias, Khovanov, and Qi have categori-
fied quantum 𝔰𝔩2 at prime roots of unity. Building upon
this, Khovanov, Qi, and Sussan set up machinery to cate-
gorify tensor products of representations of this quantum
group. In another direction, Qi and Sussan categorified
the Jones polynomial evaluated at a prime root of unity
[QS20]. These results bring the prospect of categorifying
quantum 3-manifold invariants within reach.

There are still many open interesting questions about
𝔰𝔩2 knot homology when the quantum parameter is
generic. Cooper and Krushkal [CK12] and Rozansky
[Roz14] categorified the colored Jones polynomial by
categorifying a Jones-Wenzl projector in the set up of
Khovanov homology. This homology turns out to be
infinite-dimensional and there are many interesting con-
jectures about these homologies and connections to
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representation theory of infinite-dimensional Lie algebras
[GOR13]. Hogancamp made some progress towards cal-
culations of these homologies [Hog19] that has led to in-
teresting ideas about categorical idempotents due to Elias
and Hogancamp.

We have omitted many other important perspectives
on categorification such as Khovanov and Rozansky’s cat-
egorification of the HOMFLYPT polynomial. This con-
struction extends Soergel’s pioneering work on algebraic
categorifications of Hecke algebras using categories of bi-
modules which are now known as Soergel bimodules.
Rouquier used Soergel bimodules to construct categorical
braid group actions that were then used by Khovanov and
Rozansky in their construction of HOMFLYPT homology.
Soergel bimodules have played a large role in representa-
tion theory in the last several years including Elias and
Williamson’s new proof of the Kazhdan-Lusztig conjecture
[EW14]. This field has many exciting directions including
connections with Hilbert schemes, mathematical physics,
and the combinatorics of symmetric functions.

It is clear that the fundamental ideas of categorification
envisioned by Crane and Frenkel have now become inte-
grated into many areas of modern mathematics and theo-
retical physics and have been leveraged in many directions
to make new advances. We hope that this invitation to cat-
egorification has encouraged the reader to similarly seek
higher structure in their mathematical pursuits.
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On an Angle with
Magical Properties

Cornelius O. Horgan and Jeremiah G. Murphy
1. Introduction
The angle defined by

𝜃𝑚 = arctan(√2) = arcsin(√2/3)

= arccos(1/√3) = 54.74∘ (1.1)

arises in a surprising number of diverse application areas
in science and engineering which seem to have very little
connection to one another. Its ubiquitous nature has led
to it being called a “magic angle.” In this expository short
article, we provide an outline of why such nomenclature
is warranted and hope to draw the attention of the mathe-
matics and science communities to this intriguing concept.

One of the earliest findings regarding a “magic angle”
concept arose in connection with hydrostatic skeletons or
muscular hydrostats such as the common worm, octopus
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arm, or elephant trunk. Such hydrostats are characterized
by cylindrical lattice structures composed of families of in-
extensible helically wound fibers (modeling fibers of stiff
collagen arranged in alternate left- and right-handed ge-
odesic helices). Special angles also occur in analysis of
the mechanical behavior of fiber-reinforced incompress-
ible nonlinearly elastic soft solids. In this context, the
magic angle concept occurs most commonly in structural
elements composed of circular cylindrical tubes or solid
cylinders reinforced by helically wound fibers, but also oc-
curs in flat thin sheets reinforced by fibers in the plane.
The fibers can be inextensible as in reinforced rubber or
extensible such as collagen fibers in soft tissue. Fibers ori-
entated at the magic angle give rise to special mechanical
responses. Magic angles also arise in the field of soft ro-
botics in connection with artificial muscles as well as in
nuclear magnetic resonance. In this short exposition, we
highlight some of the most interesting results on magic
angles. The interested reader is directed to the references
cited for details.
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Figure 1. Geometry of magic angle.

2. Geometry
The magic angle is defined by (1.1) and is often character-
ized in various applications as the smallest angle for which

2 cos2 𝜃 − sin2 𝜃 = 0, (2.1)

or equivalently, by

3 cos2 𝜃 − 1 = 0 or 2 − 3 sin2 𝜃 = 0. (2.2)

Sometimes the “magic angle” terminology is used for the
complement 𝜃𝑚𝑐 of this angle (90∘ − 54.74∘ = 35.26∘ ) so
that

𝜃𝑚𝑐 = arctan(1/√2) = arccos(√2/3)

= arcsin(1/√3) = 35.26∘ (2.3)

and in this case the analogs of (2.1) and (2.2) are

cos2 𝜃 − 2 sin2 𝜃 = 0 (2.4)

and
3 sin2 𝜃 − 1 = 0, 2 − 3 cos2 𝜃 = 0, (2.5)

respectively. We will call the angle (2.3) the “complemen-
tary magic angle.”

The angle (1.1) can be given a direct geometric charac-
terization. An obvious one is that depicted in the right an-
gle triangle shown on the right in Figure 1. Moreover, from
Figure 1, we see that 𝜃𝑚 is the angle between the space di-
agonal of a unit cube and any of its three connecting edges.
It is also half of the opening angle formed when a cube is
rotated from its space diagonal axis, which may be repre-
sented as arccos(−1/3) or 2 arctan(√2) = 109.4712∘. This
double magic angle is directly related to tetrahedral molec-
ular geometry and is the angle from one vertex to the exact
center of a tetrahedron (the tetrahedral angle).

A nongeometric way of characterizing the angle (1.1) is
as the first zero of the function

𝐹(𝜃) = 𝑃2(cos 𝜃) =
1
2(3 cos

2 𝜃 − 1), (2.6)

where 𝑃2(cos 𝜃) is the second-order Legendre polynomial.

3. Biology
The paper by Goriely and Tabor [1] and the book by
Goriely [2] provide an informative summary of the var-
ious contexts in biology where the magic angle concept
arises. As pointed out there, apparently one of the first
studies where the special angle (1.1) was encountered was
in a seminal paper in 1952 by Cowey [3] concerned with

the locomotion and flattening of worms. For a circular
cylindrical lattice structure reinforced by a double family
of inextensible helically wound fibers, it was shown there
that the volume enclosed by a single turn of the helical
system is

𝑉 = 𝐷3 sin2 𝜃 cos 𝜃
4𝜋 , (3.1)

where 𝐷 denotes the constant length of one fiber turn and
𝜃 is the pitch angle. See Goriely [2] and Horgan and Mur-
phy [4], [9] for further details. The maximum volume

occurs when
𝑑𝑉
𝑑𝜃

= 0 which yields equation (2.1), i.e.,
the maximum volume occurs at the magic angle 𝜃𝑚. This
classic result for hydrostats was obtained based solely on
geometric considerations. Further developments are de-
scribed in Clark and Cowey [5] who considered the case
of collagen fiber extensibility when now the volume of soft
tissue enclosed is constant. In this case, (3.1) can be rear-
ranged to give

𝐷 = (4𝜋𝑉)1/3 sin−2/3 𝜃 cos−1/3 𝜃 (3.2)

and it is easy to verify that 𝐷 has a minimum at the magic
angle 𝜃𝑚.

The paper by Kim and Segev [6] describes how the in-
triguing mechanics of an octopus arm also give rise to a
magic angle. The octopus arm, like the elephant trunk, is
an example of a muscular hydrostat. As pointed out in [1],
[2], another example in biology where the magic angle oc-
curs is in the study of elongation of notochords of verte-
brate embryos. The magic angle also arises in the field of
soft robotics in connection with McKibben actuators that
can serve as artificial muscles (see [1], [2] for pertinent ref-
erences).

4. Mechanics of Elastic Fibrous Soft Materials
There has been considerable recent interest in the role
played by magic angles in the mechanics and physics of
fiber-reinforced nonlinearly elastic materials. The appli-
cations involving such materials have classically been in
connection with rubber and in particular in the design
of reinforced rubber tubes and hoses. It has also been
demonstrated in recent years that concepts from contin-
uummechanics havewidespread application in the biome-
chanics of soft tissues where the fiber reinforcement is now
due to collagen fibers in a matrix of elastin. The work
of Demirkoparan and Pence [7] is concerned with circu-
lar cylindrical hyperelastic tubes reinforced by a symmet-
ric doubly helically wound family of extensible fibers. See
Figure 2 for a typical layout.

The tubes are subject to the combined effects of internal
pressure and interior wall swelling. A more general frame-
work for fiber reinforcement, but one that does not include
wall swelling, was also considered in [1] where nonsym-
metric fiber families were treated as well as the effect of
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Figure 2. A doubly helically wound fiber-reinforced
hyperelastic tube.

prestretch of the fibers. Both papers use a theory of non-
linear elasticity for orthotropic materials. It is shown how
the magic angle separates different response modes in the
fiber-reinforced body. In particular, a pressurized tube rein-
forced by a doubly symmetric family of helically wound fibers
contracts in length and expands radially if the fibers are wound
at an angle smaller than the magic angle while the tube in-
creases in length and contracts radially if the fibers are wound
at an angle greater than the magic angle. As was pointed out
in [7], [4], in thin-walled closed cylindrical pressure ves-
sels, the maximum strength is obtained when the ratio of
the hoop (circumferential) stress to axial stress is 2:1which
occurs at the magic angle. The magic angle is the optimal
winding angle for the design of filament-wound structures
and is often derived in the composites structures literature
by what is known as “netting analysis.” Further results
with applications to soft robots are described in [15]. It
was pointed out in [7] that the synthetic fibers in fire hoses
are aligned at the magic angle to minimize sudden jerk as
the hose is suddenly turned on. Similarly, the spray hoses
in kitchen sinks and the common garden hose are gener-
ally reinforced with helical fibers orientated at this angle
(see Figure 3).

Figure 3. The common garden hose.

Several further results in the mechanics of fibrous in-
compressible elastic materials are described in [4], [8], [9]
and references cited therein. It was shown in [4] that fibers

orientated at the magic angle result in quasi-isotropic me-
chanical response of fiber-reinforced composites. Further-
more, a generalization of the magic angle concept is given
as the angle for which the fiber stretch is zero. For both
transversely isotropic and orthotropic fiber-reinforced ma-
terials, it is shown that fiber compression can occur at the
magic angle resulting in material instability. A general-
ization of the magic angle to the nonlinear deformation
regime is also proposed in [4] where the characterization
given in (2.2) is generalized to

cos2 𝜃 = 1
1 + 𝜆 + 𝜆2 , (4.1)

where 𝜆 ≥ 1 denotes a stretch. The specialization to infini-
tesimal deformations is obtained on letting 𝜆 → 1 in (4.1)
so that one recovers the classical magic angle (1.1) in this
limit.

The potential occurrence of a magic angle in the colla-
gen fiber orientation of the coronary arterial wall has also
received some previous attention in the literature (see the
discussion in [9]).

5. Other Applications
As was remarked in [1], the term “magic angle” was in-
troduced there to reflect the appearance “as if by magic”
in several different settings in biology, mechanics, and
physics. Furthermore, as was pointed out there and in [2],
it turns out that this terminology was also proposed inde-
pendently much earlier in a completely different context,
namely in solid-state nuclear magnetic resonance. As de-
scribed in [10], [11], in nuclear magnetic resonance (NMR)
spectroscopy, the orientation of the interaction tensor with
the external magnetic field plays a major role. By spinning
the sample around a given axis, the average angular depen-
dence has a simple expression in terms of the angle of the
axis of rotation relative to the magnetic field (see [9], [11]
for details). When this angle, which is at the experimen-
talist’s disposal, is set equal to the magic angle (1.1), then
the average angular dependence vanishes (see Figure 4). It
is in this context that the characterization of the magic an-
gle in terms of the first zero of the second-order Legendre
polynomial (2.6) arises.

Magic angle spinning is a technique in solid-state NMR
spectroscopy which employs this principle to remove or
reduce the influence of anisotropic interactions, thereby
increasing spectral resolution (see, e.g., Hennel and Kli-
nowski [10], Alia et al. [11] for details). The review article
[10] provides numerous illustrations of magic angle imag-
ing. According to Hennel and Klinowski [10], the name
“magic angle spinning” in NMR was originally suggested
by the late Professor Gorter of Leiden at the AMPERE con-
gress in Pisa in 1960. A recent article in Skeletal Radiol-
ogy [12] is concerned with clarifying common misconcep-
tions among practicing radiologists regarding magic angle
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Figure 4. Magic angle spinning in NMR (𝐵0 is the magnetic
field vector).

imaging. Novel applications of magic angle spinning
in the field of food science are described by Jensen and
Bertram [13].

We conclude by pointing out yet another application of
the magic angles (1.1) and (2.3) in a completely different
physical context, namely in the analysis of plasticity ofmet-
als. In tensile testing of wide flat bars, it has long been es-
tablished that localized necking (a sudden rapid decrease
in the lateral dimension) occurs along a line orientated at
the angle arctan(√2) with respect to the tensile axis. This
angle is precisely the magic angle defined in (1.1). More-
over, as described in [14], at a crack tip in thin sheets of
ductile metals, ligament lines of localized necking to the
free edges are inclined at the complementary magic angle
(2.3)with respect to the crack line (see Figure 1.2.8 on page
15 of [14]).
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Random Metric Geometries
on the Plane and
Kardar-Parisi-Zhang
Universality

Shirshendu Ganguly
A central object featuring in a significant aspect of modern re-
search in probability theory is a random metric space obtained
by distorting Euclidean space using some form of random noise.
A topic of fundamental importance in this regard is then how
the geodesics behave in the presence of noise.

While examples of random metric spaces occur natu-
rally in various physical situations, a few things have to
be made precise before formulating concrete mathemati-
cal questions. For simplicity, we will work in a “discrete”
setting, i.e., instead of ℝ𝑑, consider the lattice ℤ𝑑 with the
usual nearest neighbor graph metric. In the latter, the dis-
tance between two points is the smallest number of edges
on any path connecting the same, i.e., this is simply the
well-known ℓ1 metric.

We can now describe a canonical model of random ge-
ometry introduced in 1965 by Hammersley and Welsh.
The description is deceptively simple! For each edge
𝑒 ∈ ℤ𝑑, let 𝑋𝑒 be an i.i.d. (independent and identically
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distributed) copy of a non-negative random variable with
a fixed distribution, say 𝐹. Thus, the “edge weight” 𝑋𝑒 can
be thought of as the random length of the edge 𝑒, which
was previously simply one, and this leads to a new (ran-
dom) shortest path metric on ℤ𝑑. Let 𝑇(𝑥, 𝑦) and Γ(𝑥, 𝑦)
denote the random distance and the corresponding short-
est path(s) between 𝑥 and 𝑦, respectively.

Originally this was suggested as a model of fluid flow
through a porous but random medium where for any edge
𝑒 its weight 𝑋𝑒 denotes the time taken by the fluid to cross
it, often termed as the passage time. Hence the model is
called First Passage Percolation (FPP). Subsequently this
has been of interest in many areas of physics and biol-
ogy as well as computer science, modeling various natural
phenomena including spreading of bacteria and infection,
propagation of forest fires and flame fronts, flow of current,
and more.

Itmight be instructive to begin by listing a series of ques-
tions for FPP that one might wish to answer (for several
more, see [ADH17]).

1. How does the metric ball centered at any point, say 𝑥, i.e.,
ℬ𝑥(𝑟) = {𝑦 ∈ ℤ𝑑, 𝑇(𝑥, 𝑦) ≤ 𝑟}, grow?

2. The above question can be broken down into two broad
subparts. The first is about comparing the macroscopic
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behavior to the ℓ1 metric on ℤ𝑑. How does 𝑇(𝑥, 𝑦) behave
compared to ‖𝑥 − 𝑦‖1?

3. The next question is more refined and is about the order of
fluctuations. How does 𝑇(𝑥, 𝑦)−𝔼(𝑇(𝑥, 𝑦)) (𝔼 denotes the
expectation) behave? More generally, how does the bound-
ary of the metric ball fluctuate?

4. Moving on from 𝑇(𝑥, 𝑦), the next thing to investigate is
Γ(𝑥, 𝑦), the geodesic(s) between 𝑥 and 𝑦. What is its fluc-
tuation? In particular, how much does it deviate from the
straight line joining 𝑥 and 𝑦?

5. Finally, is there any sense in which one can take the limit
of the entire metric space? Is the limit universal, i.e., it
does not depend on the edge weight distribution 𝐹, as long
as it is “sufficiently nice”?

Perhaps a bit surprisingly, it turns out that this simple
mathematical model is notoriously hard to analyze with
most of the above questions in full generality still remain-
ing open. Nonetheless, impressive, though somewhat lim-
ited, advances have been made over the years giving birth
to key new ideas and techniques in mathematics, statisti-
cal physics, and probability theory. Recent years have also
seen an explosion of activity around related models of ran-
dom geometry admitting certain “exact formulas.”

In this article we will review some of the general ideas,
followed by themore recent developments around the spe-
cialized exactly solvable examples.

1. Limiting Shape and Fluctuations
Starting with questions 1 and 2 about the growth rate
of the metric, the classical law of large numbers result
(LLN) states that for any i.i.d. sequence of random vari-
ables 𝑋1, 𝑋2, … with finite mean, i.e., 𝔼(|𝑋1|) < ∞, the
long-term average of the sequence converges to 𝔼(𝑋1), i.e.,
∑𝑛

𝑖=1 𝑋𝑖/𝑛 → 𝔼(𝑋1). This in particular implies that the sum
of i.i.d. variables grows linearly if 𝔼(𝑋1) ≠ 0.

Given the above, it is natural to wonder if a counterpart
result exists for FPPwhere the randommetric is also driven
by i.i.d. variables, albeit in a complicated way. This was an-
swered by Richardson and further refined by Cox, Durrett,
and Kesten in the form of the following shape theorem (see
Figure 1).

Theorem 1.1 (Informal). For any 𝐹, sufficiently nice, there
exists a deterministic compact convex set 𝒮 (which depends on
𝐹) such that for any 𝜖 > 0,

ℙ ((1 − 𝜖)𝒮 ⊂ ℬ0(𝑡)
𝑡 ⊂ (1 + 𝜖)𝒮 for all large 𝑡) = 1.

Thus, in words, the above says that the metric ball
around the origin (or for that matter around any point)
essentially looks like a dilated version (by a factor of 𝑡)
of 𝒮. In particular it says that for each unit ⃗𝑣 ∈ ℝ𝑑, the
passage time has an asymptotic speed 𝜇�⃗� depending on

the geometry of 𝒮, i.e., 𝑇(0,𝑛�⃗�)
𝑛

→ 1/𝜇�⃗�. This answers the

question about growth rate in full generality. Note that
this is a non-universal result, as the limiting shape 𝒮 de-
pends on the details of the edge weight distribution 𝐹, al-
though, perhaps surprisingly, the precise description is not
explicitly known in any case.

We now arrive at question 3, about fluctuations, i.e., say
for 𝑒1 = (1, 0, 0, …), how does

𝑇(0, 𝑛𝑒1) − 𝔼(𝑇(0, 𝑛𝑒1))
behave? This seemingly innocuous question is one of the
key problems in probability theory!

To begin, let us start with a classical fluctuation coun-
terpart of the above law of large numbers result. Under
the additional assumption 𝕍(𝑋) < ∞ (where 𝕍 denotes
the variance), the well-known central limit theorem (CLT)
states that

∑𝑛
𝑖=1 𝑋𝑖 − 𝑛𝔼(𝑋1)
√𝑛𝕍(𝑋1)

→ 𝑁(0, 1),

where 𝑁(0, 1) is a standard Gaussian random variable and
the convergence is in distribution. Note that unlike the
LLN result, the above is universal, yielding the Gaussian
distribution in the limit regardless of the distribution of
the variables 𝑋𝑖.

Beyond weak convergence, often in applications, it is
useful to obtain concentration bounds of the following
kind (which need further assumptions that we will not
spell out). There exists a universal constant 𝐶 > 0 such
that for all 𝑡 ≥ 0

ℙ(
||||
∑𝑛

𝑖=1 𝑋𝑖 − 𝑛𝔼(𝑋1)
√𝕍(𝑋1)

||||
≥ 𝑡) ≤ 𝐶 exp (− 𝑡2

𝐶𝑛) . (1.1)

Concentration of measure for linear functions of i.i.d.
variables as above is very well understood. However in
many natural examples, such as FPP, the observables of
interest are complicated non-linear functions of i.i.d. vari-
ables. Proving concentration bounds for such random
variables poses a major challenge in probability theory
with diverse applications. Over the years the theory has
seen major advances. In the context of FPP, concentration
results have been proven in landmark results of Kesten fol-
lowed by Talagrand, further by Benjamini, Kalai, Schramm,
and then subsequently improved across various works (see
e.g., [ADH17]). Below we record a somewhat informal
statement which captures the flavor of some of these re-
sults.

Theorem 1.2 (Informal and for simplicity stated only in
the 𝑒1 direction). For FPP on ℤ𝑑, under certain “tail” condi-
tions on the edge-weight distribution, the following Gaussian
tail bound holds:

ℙ (|𝑇(0, 𝑛𝑒1) − 𝔼(𝑇(0, 𝑛𝑒1))| ≥ 𝑡√𝑛) ≤ 𝐶 exp(−𝑡2/𝐶).
(1.2)
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Figure 1. Left: The ℓ1 ball around the origin in ℤ2. Middle: The metric ball in FPP around the origin with noise formed by i.i.d.
exponential variables. Right: Zooming in on the boundary fluctuation behavior. The colors denote the level curves, i.e., points at
the same distance from the origin.

Subsequently, the following improved variance bound was estab-
lished:

𝕍(𝑇(0, 𝑛𝑒1)) ≤ 𝐶 𝑛
log 𝑛 .

Above, 𝐶 is a universal constant.

Note that the above concentration result for 𝑇(0, 𝑛𝑒1) at
scale √𝑛 is similar to the case of the sum of i.i.d. variables
in (1.1). However, it is easy to verify that the minimum
of a family of i.i.d. random variables is more concentrated
than each of the individual variables. Thus we should ex-
pect 𝑇(0, 𝑛𝑒1), being the minimum over the lengths of all
paths between 0 and 𝑛𝑒1, to be more concentrated than
the length of any individual path which is a sum of i.i.d.
random variables!

Towards this, observe that while the Gaussian tail
bound immediately implies an order 𝑛 bound on the vari-
ance, the second result above has a logarithmic improve-
ment. Though perhaps not apparent, even this seem-
ingly small improvement involves completely novel break-
through ideas around the notion of hypercontractivity, and
is the best known bound in any generality currently! More
recently, corresponding improvements of (1.2) at scale
√𝑛/log 𝑛 have been established.

Nonetheless, using non-rigorous methods one can in
fact predict that 𝑇(0, 𝑛𝑒1) is concentrated at scale 𝑛1/3 in-
stead of 𝑛1/2. Verifying the same mathematically is a driv-
ing force behind much of the advance in this area of prob-
ability. Most of the discussion in the remainder of the ar-
ticle will be focussed on this and related issues, eventually
addressing questions 4 and 5 as well.

2. Kardar-Parisi-Zhang Universality
As indicated in the discussion following Theorem 1.1,
while the growth rate is non-universal in the shape theo-
rem, the fluctuation theory is expected to be universal and
one might wonder what the counterpart object for FPP is,

analogous to the Gaussian distribution appearing in the
CLT. It turns out, in dimension 2 (recall we have been con-
sidering FPP on ℤ𝑑 for a general 𝑑 so far) there is a very
precise description of the predicted fluctuation behavior.
Thus we will subsequently focus on the special case of the
plane. The general predictions are expected to hold for a
large class of examples modeling random growth beyond
metric balls in random metric spaces.

To begin, we first introduce another model of stochastic
growth which is closely related to FPP, but with some key
differences, and with a similar name, Last Passage Percola-
tion (LPP). Although expected to behave similarly, it turns
out that the latter exhibits some extremely useful and sur-
prising properties absent in FPP, which will be apparent
soon.

Last Passage Percolation. Consider the lattice upper
half-plane ℍ2

+ = {((𝑥 − 𝑦)/21/2, (𝑥 + 𝑦)/21/2) ∶ (𝑥, 𝑦) ∈
ℤ2, 𝑥 + 𝑦 ≥ 0}, formed by rotating ℤ2 by 45∘ as shown
in Figure 2 (it will be convenient later to work with this
orientation). Equip each vertex 𝑣 (instead of edges as in
FPP) with a non-negative i.i.d. variable 𝑋𝑣 with a common
distribution, say 𝐹. Further, unlike FPP, given two points
𝑥, 𝑦 ∈ ℍ2

+, we will only consider oriented paths from 𝑥 to
𝑦 which only move northeast or northwest as in Figure 2.
For any such path 𝛾, associate to it the weight 𝐿(𝛾) by sum-
ming up the random variables 𝑋𝑣 along the same. Finally,
instead of considering minimum passage times as in FPP,
we consider maximum ones, i.e., define the last passage
time 𝐿(𝑥, 𝑦) as sup𝛾∶𝑥→𝑦 𝐿(𝛾).

This slight alteration of the setting, i.e., considering ori-
ented paths and maximum passage times, along with cer-
tain special choices of the vertex weights, will lead to quite
remarkable algebraic properties which form the central
underpinning of most of the significant advances in our
understanding of such examples. Going forward, abus-
ing terminology, we will call the maximizing path(s) the
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Figure 2. Left: Last passage percolation on the upper
half-plane ℍ2

+, with the horizontal direction as “space” and
vertical direction as “time.” The cone emanating from the
origin denotes the set of points which can be connected to the
origin using oriented paths. Right: Growth cluster of the
origin, where the boundary, properly scaled, converges to a
“truncated” hyperbola. A geodesic between the origin and a
point on the boundary of the cluster is illustrated.

geodesic(s) between 𝑥, 𝑦. Note that owing to length max-
imization, the LPP weights 𝐿(⋅, ⋅) don’t form a metric but
rather an antimetric, i.e., it satisfies the reverse triangle in-
equality, 𝐿(𝑥, 𝑦) + 𝐿(𝑦, 𝑧) ≤ 𝐿(𝑥, 𝑧). The reader is encour-
aged to review the concept of directed metric introduced
by Dauvergne and Virág which unifies the notions of met-
ric and antimetric.

As in FPP, one considers the growing cluster around
any point, say the origin (to be denoted throughout by 0),
𝒰𝑟(0) = {𝑥 ∈ ℍ2

+ ∶ 𝐿(0, 𝑥) ≤ 𝑟}. The arguments of the
shape theorem for FPP go through to show the existence
of a limiting function 𝒮 ∶ ℝ → ℝ such that with high prob-
ability the boundary of 𝒰𝑟(0) is sandwiched between the
graphs of 𝒮 scaled by 𝑟(1 ± 𝜖), respectively.

On simulating either FPP or LPP on the computer,
one observes that the boundary of the growing cluster
around the origin exhibits certain key features (it will be
useful to view 2 dimensions as one “spatial” direction
and one “time” direction; see Figure 2). This includes a
global smoothening phenomenon involving faster growth
in rougher portions on the boundary than smoother parts.
Further, crucially, the growth rate is expected to depend
non-linearly on the local gradient. Finally, as is obvious
from the descriptions of the models, the local fluctuations
are driven by i.i.d. noise.

In 1986, physicists Kardar, Parisi, and Zhang (KPZ)
[KPZ86] put forward a unified fluctuation theory predict-
ing that the behavior of stochastic growth exhibiting the
above features, e.g., the boundary of the growth cluster in
LPP, should be the same as that of a canonical non-linear
stochastic PDE (the KPZ equation). For more on the KPZ
equation, see, e.g., [Qua11,Cor16].

While several models are expected to be in the KPZ uni-
versality class, keeping with our theme of random metric

Θ(n2/3)

n

Figure 3. Illustrating the transversal fluctuation of Θ(𝑛2/3) of
the geodesic connecting 0 and (0, 𝑛).

spaces and geometry of geodesics, we will simply be fo-
cussing on FPP and LPP throughout the article, as they en-
joy special geometric properties missing in the other exam-
ples.
2.1. Characteristic exponents governing fluctuation.
Much of the predictions about the fluctuation theory for
such models can be summarized in the triple of “critical”
exponents (1/3 ∶ 2/3 ∶ 1). To describe this, consider the
LPP value 𝐿(0, (0, 𝑛)). This grows at linear speed, as evident
from the shape theorem, and hence is of order 𝑛 (explain-
ing the exponent 1). However, as emphasized before, the
most interesting aspect is its fluctuation!

Answering this and explaining the 1/3 exponent, it is
predicted that

||𝐿(0, (0, 𝑛)) − 𝔼(𝐿(0, (0, 𝑛)))|| ≈ 𝑛1/3,
confirming the intuition that this is much more concen-
trated than the weight of any given path joining the points,
which has 𝑂(𝑛1/2) fluctuations.

The exponent 2/3 is related to both correlation and ge-
odesic behavior. Firstly, 𝐿(0, (𝑥1, 𝑛)) and 𝐿(0, (𝑥2, 𝑛)) ex-
hibit non-trivial correlation as long as |𝑥1 − 𝑥2| ≈ 𝑛2/3. In
particular, 𝐿(0, (𝑥1, 𝑛)) and 𝐿(0, (𝑥2, 𝑛)) are asymptotically
(as 𝑛 → ∞) same if |𝑥1 − 𝑥2| ≪ 𝑛2/3 and independent if
|𝑥1−𝑥2| ≫ 𝑛2/3.Moreover, the exponent 2/3 also shows up
rather nicely in terms of geodesic behavior answering ques-
tion 4 stated at the beginning, about its transversal fluctu-
ations (see Figure 3). Namely, the geodesic 𝛾 between say
0 and (0, 𝑛) fluctuates by Θ(𝑛2/3) away from the straight
line joining its endpoints. As the reader might already be
aware, a “uniformly” chosen path between the same end-
points fluctuates byΘ(𝑛1/2). Thus the geodesic has a bigger
fluctuation than a random path, which at a very informal
level is explained by the fact that it is inclined to fluctuate
more on its quest to find vertices of high weights.
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However, despite these intriguing predictions being
around for multiple decades, the rigorous literature is lag-
ging behind significantly as we have seen in FPP, where
the best known bound on fluctuations is still 𝑂(√𝑛) up to
a non-trivial logarithmic improvement, a far cry from the
conjectured 𝑂(𝑛1/3) behavior!

Nonetheless, while the general situation is admittedly
somewhat disappointing, a handful of examples possess
certain special properties that have opened the door to
various external mathematical tools leading to spectacular
progress over the last twenty years. This brings us into the
world of integrable probability.

3. Integrable Probability
A class of models remarkably exhibit additional algebraic
structure, though often quite difficult to discern, which
can be exploited to obtain exact expressions for the observ-
ables of interest. The formulas can then be analyzed to ex-
tract information about their asymptotic behavior. These
include connections to representation theory, algebraic
combinatorics, and in particular to permutations, random
matrices, and their eigenvalues, quantum integrable sys-
tems, and so on. To convey the basic idea, we will discuss
a particular example of how a certain special choice of the
vertex weights in LPP makes it integrable or exactly solvable.
For more examples, see [BG16].
• Exponential LPP. This is a model of LPP when the ver-
tex weights 𝑋𝑣 are i.i.d. exponential variables, i.e., with
distribution ℙ(𝑋𝑣 ≥ 𝑦) = 𝑒−𝑦 for 𝑦 ≥ 0.

To describe a key consequence of the algebraic proper-
ties of this model, we need to recall a classical random ma-
trix ensemble.
• Laguerre Unitary Ensemble (LUE). For any positive inte-
gers 𝑛,𝑚, consider the 𝑛×𝑚matrix𝑋 with each entry being
complex and i.i.d. with 𝑋𝑖𝑗 = 𝑋1

𝑖𝑗 +√−1𝑋2
𝑖𝑗, where 𝑋1

𝑖𝑗 , 𝑋2
𝑖𝑗

are i.i.d. standard Gaussian variables of variance 1/2. The
LUE with parameters (𝑚, 𝑛) is then given by 𝑊 = 𝑋∗𝑋.

We now discuss Johansson’s breakthrough observation:
Exponential LPP is related to LUE and this can be used to
verify KPZ predictions!
3.1. 1/3 exponent guiding weight fluctuations via ran-
dom matrix theory. The following remarkable identity
for Exponential LPPwas established by Johansson [Joh00]:

𝐿(0, 21/2(𝑚 − 𝑛,𝑚 + 𝑛)) 𝑑= 𝜆1, (3.1)

where 𝜆1 is the largest eigenvalue of the LUE with parame-
ters𝑚, 𝑛. He then analyzed the latter relying on the theory
of orthogonal polynomials to prove the following seminal
result:

𝐿(0, (0, 21/2𝑛)) − 4𝑛
24/3𝑛1/3

𝑑→ 𝐹𝐺𝑈𝐸 , (3.2)

where 𝐹𝐺𝑈𝐸 is the well-known Tracy-Widom distribu-
tion. This describes the limiting fluctuation behavior of

the largest eigenvalue of the Gaussian unitary ensemble
(GUE), which analogous to LUE is another classical Her-
mitian random matrix whose entries are, up to conjuga-
tion, i.i.d. complex Gaussians. Interestingly, 𝐹𝐺𝑈𝐸 has the
following non-Gaussian tail behavior: as 𝜆 → ∞,

𝐹𝐺𝑈𝐸((𝜆,∞)) ≈ 𝑒−(4/3+𝑜(1))𝜆3/2 ,
𝐹𝐺𝑈𝐸((−∞,−𝜆)) ≈ 𝑒−(1/12+𝑜(1))𝜆3 .

Thus this surprising turn of events connecting random pla-
nar growth and random matrices not only rigorously es-
tablishes the predicted 1/3 exponent for the weight fluctu-
ation for Exponential LPP, but also tells us that 𝐹𝐺𝑈𝐸 is
the universal counterpart of the Gaussian distribution to
be expected in this context, which no one has found a way
to predict by other means.

The first such result was proven by Baik, Deift, and Jo-
hansson in the context of a different model of LPP which
is naturally connected to the well-known problem of the
longest increasing subsequence in a random permutation
formulated by Ulam. We point the reader to the beautiful
book [Rom15] discussing in depth the above problem.

Having established the 1/3weight fluctuation exponent,
the next natural goal is to obtain multipoint correlation
information with the goal of verifying the 2/3 exponent.
This will also allow us to predict how the boundary of the
metric ball in FPP behaves, addressing question 3 listed at
the beginning. Again, wewill see the power and usefulness
of the surprising random matrix connections!
3.2. 2/3 exponent and spatial correlation structure.
Continuing from Section 2.1, to understand the correla-
tion structure of 𝐿(0, ⋅), at scale 𝑛2/3, it will be convenient
to consider the scaled geodesic weight profile,

ℒ𝑛(𝑥) ∶= 2−4/3𝑛−1/3[𝐿(0, 21/2(𝑥25/3𝑛2/3, 𝑛)) − 4𝑛], (3.3)

which encodes the properly centered and scaled last pas-
sage times from 0 as the second endpoint is varied along
the line 𝑦 = 𝑛, generalizing the one-point expression ap-
pearing in (3.2).

Again, it might be instructive to draw analogy with the
classical case of a sequence of i.i.d. variables. Towards this,
we recall Donsker’s invariance principle, a process version
of the CLT result. Namely, if one considers the random
function 𝒲𝑛(⋅) ∶ [0, 1] → ℝ obtained by setting

𝒲𝑛(0) = 0, 𝒲𝑛(𝑗/𝑛) =
𝑗
∑
𝑖=1
[𝑋𝑖 − 𝔼(𝑋𝑖)]/√𝑛𝕍(𝑋1)

for 1 ≤ 𝑗 ≤ 𝑛, and linearly interpolating for other points,
then the process𝒲𝑛 converges to a one-dimensional Brow-
nian motion. The latter is a random process with indepen-
dent increments, whose one-point distributions are Gaus-
sians. It is not an overstatement to claim that Brownian
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motion is the most universally occurring process in proba-
bility theory and is often the first guess for what the scaling
limit of a random process in nature should be!

However, we have already seen from (3.2) that ℒ𝑛(0)
converges to 𝐹𝐺𝑈𝐸 , which is not Gaussian, and hence the
process ℒ𝑛(⋅) cannot converge to Brownian motion. In
fact, it was shown using analysis of exact formulas (see,
e.g., [BF08, Joh03]), that the finite-dimensional distribu-
tions of ℒ𝑛 converge to that of a new process which has
been termed as the Parabolic Airy2 process, which we will
denote as (see Figure 4)

𝒫𝒜 ∶= 𝒜2(𝑥) − 𝑥2.

This is the central object in the KPZ universality class ex-
pected to arise as the universal scaling limit of fluctuations
in a large class of stochastic planar growth models includ-
ing random metric spaces!

Here, 𝒜2(𝑥), called the Airy2 process (without the par-
abolic correction), is a stationary ergodic process, whose
one-point distribution is the Tracy-Widom distribution. A
key feature of 𝒜2 is that it is determinantal which admits
usage of algebraic tools. Without dwelling much on this,
we simply mention that the latter means that the joint dis-
tribution of the values taken at different points is given by
determinants of certain matrices. This in particular tells us
how the correlation of the geodesic weight behaves at scale
𝑛2/3, establishing mathematically the exponent 2/3 in the
triple (1/3 ∶ 2/3 ∶ 1).

The Airy2 process was first constructed in the context of
polynuclear growth, by Prähofer and Spohn [PS02] who
analyzed its spatial correlations using methods from the
statistical mechanics of Fermionic systems.

Finally, despite all the above acting as evidence that the
first naive guess of every scaling limit being Brownian mo-
tion does not hold in this case, as we will now see, it wasn’t
too far!
3.3. Local Brownianity of the Airy2 process. Though the
Airy2 process is not literally Brownianmotion, the fact that
the LPP models are driven by i.i.d. variables indicates that
the Airy2 process ought to exhibit certain Brownian char-
acteristics. In fact this is a theme at the forefront of current
research with major applications. In particular, this allows
one to transfer our geometric knowledge of Brownian mo-
tion developed over a century to the Airy2 process.

The first result in this direction was proven by Hägg.
Subsequently, Corwin and Hammond showed that for the
Parabolic Airy2 process 𝒫𝒜, a single sample of the incre-
ment process on any compact interval [𝑐, 𝑑], i.e., the pro-
cess 𝒫𝒜(𝑥+ 𝑐)−𝒫𝒜(𝑐) on the interval [0, 𝑑 − 𝑐], is indistin-
guishable from a single sample of a properly scaled Brow-
nian motion (see Figure 4). However one cannot hope to
have such an indistinguishability result on the whole real
line since Airy2 is a stationary process while Brownian mo-
tion is diffusive, i.e., it is approximately √𝑥 at location 𝑥.

The key tool in the proof? Again remarkable connec-
tions to random matrices. The argument in the Corwin-
Hammond work relied on a gorgeous identity proved by
O’Connell-Yor [OY02] which states that for Brownian LPP
(a variant of Exponential LPP, where instead of sums of
exponential variables one has Brownian motions) the geo-
desic weight profile, also known to converge to𝒫𝒜, admits
an embedding as the top line in an ensemble of 𝑛 lines,
such that the joint law of the 𝑛 lines is what is known as
Dyson Brownian motion, or 𝑛 Brownian motions condi-
tioned to avoid each other! This is a central object in ran-
dom matrix theory, denoting the evolution of the eigen-
values of an 𝑛 × 𝑛 GUE whose entries evolve with time as
independent Brownian motions.

As an immediate application, since the same is true for
Brownian motion, one concludes that the Airy2 process is
almost surely nowhere differentiable and in fact is Hölder
1/2-continuous! A fact that could be rather complicated to
establish via different means.

Thus, for certain models of LPP we have seen that
the geodesic weight profile, scaled using KPZ exponents,
converges to the Parabolic Airy2 process which is locally
Brownian like. This information can be used to analyze
the boundary of the growth clusters in the corresponding
models.

As the reader might have noticed, in all the results out-
lined so far, connections to random matrices play a major
role, and these highly non-obvious features only exist be-
cause of certain special choices made while defining the
models, such as using exponential variables or Brownian
motions. There are other cases which are not directly con-
nected to matrices but to other objects such as permuta-
tions but in the interest of brevity we will not be reviewing
them and instead point the reader to [BG16].

We now come to question 5 about the scaling limit of
the metric space itself. Towards this, so far we have seen
that when one point is fixed to be the origin, the distance
to another point as the latter varies along a straight hori-
zontal line scales to 𝒫𝒜. One is naturally led to wonder
if one can take a similar scaling limit of the entire metric
space itself, when one freely varies both the endpoints. A
recent breakthrough addresses this.
3.4. The Directed Landscape. To talk about such scaling
limits, we need to first upgrade our notation ℒ𝑛 used in
(3.3), i.e., for 𝑥, 𝑦 ∈ ℝ and 0 < 𝑠 < 𝑡, let
ℒ𝑛(𝑦, 𝑠, 𝑥, 𝑡) ∶= 2−4/3𝑛−1/3

⋅ [𝐿 (21/2(𝑦25/3𝑛2/3, ⌊𝑛𝑠⌋), 21/2(𝑥25/3𝑛2/3, ⌊𝑛𝑡⌋)) − 4𝑛(𝑡 − 𝑠)] ,
which encodes the scaled geodesic weight between scaled
points (𝑦, 𝑠) and (𝑥, 𝑡). (Note that the 4𝑛 term in (3.3) got
replaced by 4𝑛(𝑡 − 𝑠).) As mentioned in Figure 2, we will
view the vertical coordinates 𝑠, 𝑡 as time and the horizontal
coordinates 𝑥, 𝑦 as space.
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Figure 4. Left: The stationary Airy2 process minus a parabola gives 𝒫𝒜, the Parabolic Airy2 process. Middle: Zooming in on a
compact interval, the latter shows Brownian behavior. Right: Illustrates Dyson Brownian motion, whose suitable edge scaling
limit yields 𝒫𝒜.

In 2018, Dauvergne, Ortmann, and Virag [DOV] con-
structed theDirected Landscape: a four-parameter random
energy field ℒ(𝑦, 𝑠, 𝑥, 𝑡) ∶ ℝ4 → ℝ, which the prelimiting
field ℒ𝑛(𝑦, 𝑠, 𝑥, 𝑡) is expected to converge to. The conver-
gence to the same for ℒ𝑛 and their counterparts in other
integrablemodels have been proved across [DOV] and sub-
sequent work by Dauvergne and Virág, making it conjec-
turally the universal scaling limit of such models of ran-
dom geometry in two dimensions. Further, importantly, it
was also shown that the geodesics in the prelimiting mod-
els converge to their limiting counterparts in the Directed
Landscape.

Having obtained the Directed Landscape ℒ as the scal-
ing limit of the antimetric structure in LPP, which is a rich
universal object exhibiting intricate geometric features, un-
earthing the latter is in fact a topic of massive current inter-
est. Before reviewing some of the recent advances in this
direction, we begin by recording a few of its key properties:
• Translation invariance: ℒ(𝑦, 𝑠; 𝑥, 𝑡) = ℒ(0, 0; 𝑥 − 𝑦, 𝑡 − 𝑠) in
law.
• Invariance under KPZ (1/3 ∶ 2/3 ∶ 1) scaling: ℒ(𝑦, 𝑠, 𝑥, 𝑡) =
𝑞−1/3ℒ(𝑞2/3𝑦, 𝑞𝑠, 𝑞2/3𝑥, 𝑞𝑡) in law, for 𝑞 > 0.
• Independence of increments: for any time points 𝑠1 < 𝑡1 <
𝑠2 < 𝑡2 < ⋯ < 𝑠𝑘 < 𝑡𝑘, the processes ℒ(⋅, 𝑠𝑖, ⋅, 𝑡𝑖) are inde-
pendent across 𝑖.

Note thatℒ contains several embeddings of the process
𝒫𝒜. For instance, for any 𝑦, ℒ(𝑦, 0, 𝑦 + ⋅, 1)=𝒫𝒜(⋅) in law.
This should be interpreted as the scaled geodesic weight
profile which starts from 𝑦 instead of 0. In fact the random
two-dimensional field 𝒜(𝑦, 𝑥) ∶= ℒ(𝑦, 0, 𝑥, 1) is termed as
the Parabolic-Airy sheet, providing a coupling of all the
Parabolic Airy2 processes rooted at the different starting
points. A lot has been recently proved about this coupling
structure.

4. Geodesic Geometry and Its Consequences
Recall that the article started by indicating that one of its
main motivations was to study geodesics in random dis-
tortions of the Euclidean metric. All of the previous prepa-
ration now allows us to dive into geodesic geometry in

integrable models of LPP, an area that has seen an explo-
sion of activity recently. We start by recording some basic
but fundamental properties.
• Transversal fluctuations. Recall that the transversal fluc-
tuation of the geodesic from the straight line was men-
tioned to be governed by the exponent 2/3. In fact, more
can be said in terms of the process 𝒫𝒜. To see this consider
Exponential LPP and the geodesic Γ2𝑛 from 0 to (0, 2𝑛) and
say we are interested in the typical location of the point 𝑣∗
where Γ intersects the line 𝑦 = 𝑛.Now such a 𝑣∗ maximizes
𝑇(0, 𝑣) +𝑇(𝑣, (0, 2𝑛)) over all 𝑣 ∈ {𝑦 = 𝑛}. Now using inde-
pendence of the noise field, it follows that, properly scaled,
𝑇(0, ⋅) and 𝑇(⋅, (0, 2𝑛)) converge to two independent 𝒫𝒜
processes. Thus 𝑣∗ typically behaves as (1 + 𝑜(1))𝑛2/3𝑥∗,
where

𝑥∗ = argmax𝑥 𝒫𝒜(1)(𝑥) + 𝒫𝒜(2)(𝑥)
and 𝒫𝒜(1), 𝒫𝒜(2) are two independent Parabolic Airy2 pro-
cesses. (That transversal fluctuations are dictated by the
KPZ exponent of 2/3 was first rigorously established by Jo-
hansson.)
• Coalescence of geodesics. We now come to perhaps the
most striking feature of the random metric spaces being
discussed, standing sharply in contrast to Euclidean geom-
etry. This is the phenomenon of coalescence. As the name
suggests, this means that geodesics between pairs of points
that are not very far away from each other tend to meet
and share a non-trivial amount of their journey (see, e.g.,
the figure on the first page which illustrates a network of
geodesics!). This is very different fromEuclidean geometry
where geodesics are straight lines andmeet at a single point
or not at all. In very brief, the reason for the above is that
geodesics are weight maximizing paths, and hence each
path, regardless of its endpoints, prefers to pass through
the vertices whose random weights are the highest, lead-
ing them to meet each other, i.e., coalesce.

While the initial progress in understanding properties
of random antimetrics arising in LPP, such as their fluctua-
tions, was mostly through algebraic methods, the past few
years have seen several advances with a focus on geodesic
behavior, based primarily on geometric and probabilistic
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Figure 5. Unique or multiple disjoint geodesics between
points.

analysis. While it is impossible to review all of them, we
include a sample list below to provide the reader a flavor.
4.1. Applications.
• Fractal geometry. Fractals are self-similar sets; they look
the same at all scales. They are ubiquitous in nature and
in mathematics, with the famous Cantor set being a clas-
sical example. Random fractal sets are also commonly oc-
curring in probability. A good way is to think of them as
rather sparse random subsets of ℝ𝑑, say, whose distribu-
tion as you zoom in or zoom out stays the same. Given
such a set, a natural mathematical problem is to quantify
how sparse it is. This is where the notion of the “dimen-
sion” of such a set comes in. Without going into precise
definitions, informally it measures how many balls of size
𝜖 (for some small 𝜖) in the underlying metric space (which
will be ℝ𝑑 for us) is needed to cover it. For example, the
unit cube [0, 1]𝑑 ⊂ ℝ𝑑 requires roughly (1/𝜖)𝑑 balls of size
𝜖 indicating that its dimension is 𝑑.

The scale invariance satisfied by the Directed Landscape
makes it a rich source of intricate fractal behavior. We now
describe a particular example related to the behavior of
geodesics. It turns out that for any two fixed points (𝑦, 0)
and (𝑥, 1), almost surely, the geodesic between the two
points in ℒ is unique. Nonetheless, on account of there
being uncountably many possible endpoints, a natural set
to consider is the set of points (𝑥, 𝑦) such that there are
two disjoint geodesics between the points (𝑦, 0) and (𝑥, 1).
A sequence of recent articles (see, e.g., [GH21] and the ref-
erences therein) study this and related sets and in particu-
lar shows that this random set has dimension 1/2 almost
surely! More recently, there have been results comparing
such sets to a canonical 1/2-dimensional set, namely the
set of zeros of a one-dimensional Brownian motion.
• Temporal correlation. It is of much interest to un-
derstand how values at different points in space and
time in the Directed Landscape are correlated. While
determinantal formulas have provided a reasonable

understanding of the spatial correlation observables such
as corr(ℒ(0, 0, 0, 1), ℒ(0, 0, 𝑥, 1)), i.e., the geodesic weights
with one end fixed and the other end moving in the spa-
tial direction, formulas for similar quantities in the tem-
poral direction, say corr(ℒ(0, 0, 0, 1), ℒ(0, 0, 0, 𝑡)), aremuch
less amenable to asymptotic analysis. Predictions about
the behavior of the latter as a function of 𝑡 were made in
[FS16]. These have a clear interpretation in terms of geo-
desic coalescence and we outline below the simplest case
of corr(ℒ(0, 0, 0, 1), ℒ(0, 0, 0, 𝑡)) for short times, i.e., when
𝑡 ≪ 1. Consider the geodesics Γ𝑠 going from 0 to (0, 𝑠).
When 𝑡 ≪ 1, the geodesic Γ1 overlaps with a macroscopic
fraction of Γ𝑡. Since the weight of Γ1 beyond height 𝑡 de-
pends on independent noise (recall the independence of
increments of the Directed Landscape), for heuristic pur-
poses one can assume that the latter contributes negligibly
to the covariance. Thus the entire covariance comes from
the overlap and hence is expected to have the same order
as the variance of ℒ(0, 0, 0, 𝑡). Arguments of this type have
been made precise recently (see, e.g., [BGZ21] and the ref-
erences therein).
• Non-existence of bigeodesics. As we have seen,
geodesics behave very differently in these types of ran-
dom metric spaces compared to Euclidean spaces. An-
other related notion in which they are expected to differ
pertains to the existence of bigeodesics, i.e., a bi-infinite
path such that every finite segment of it is a geodesic. Note
that any straight line is a bigeodesic in Euclidean space,
whereas a central problem in FPP on ℤ2, first posed by
Furstenberg, is to show that almost surely there are no
bigeodesics. The question has gained fame through its
connection to the existence of non-trivial ground states of
the two-dimensional Ising ferromagnet with random ex-
change constants. To see, roughly, why bigeodesics are
implausible, let us simply consider the possibility that a bi-
geodesic passes through the origin (0, 0). The latter implies
that, for any large 𝑛, there exist points 𝑥𝑛 and 𝑦𝑛 such that
|𝑥𝑛|, |𝑦𝑛| ≈ 𝑛 with the geodesic Γ(𝑥𝑛, 𝑦𝑛) passing through
the origin. Now because of transversal fluctuation of the
latter being expected to be of order 𝑛2/3, the intersection
of the geodesic with the line 𝑦 = 0 should be roughly uni-
formly distributed on an interval of size 𝑛2/3 and hence
it containing the origin should have probability approxi-
mately 𝑛−2/3. Since 𝑛 can be arbitrarily large, this shows
the probability that a bigeodesic passing through 0 has
probability 0. Tomake this precise, one has to observe that,
by coalescence, effectively one has only finitely many such
choices for 𝑥𝑛, 𝑦𝑛. Recently the above strategy, suggested
by Newman, was implemented rigorously for Exponential
LPP by Basu-Hoffman-Sly (a separate argument was also
provided by Balázs, Busani, and Seppäläinen using differ-
ent methods). It must also be pointed out that despite
the lack of a comparable understanding of geodesics, the
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problem for FPP has also seen some impressive progress.
We point the reader to [ADH17] for more on this.
• Large deviations. While we have discussed various typi-
cal features of random metric spaces, such as fluctuations
of the metric and geodesics, guided by KPZ exponents and
so on, there is still a non-trivial probability they behave
very strangely. This is in fact an important topic in proba-
bility, i.e., to study the occurrence of rare events or, as it is
commonly called, large deviations. In the context of LPP,
for instance, this amounts to considering when the geo-
desic weight is atypically large or small. For example, for
Exponential LPP, since typically 𝑇(0, (0, 𝑛)) = 4𝑛 + 𝑂(𝑛1/3)
(recall from (3.2)) one studies the events 𝑇(0, (0, 𝑛)) ≥
5𝑛 (upper tail) or ≤ 3𝑛 (lower tail) (moderate deviation
events such as 𝑇(0, (0, 𝑛)) ≥ 4𝑛 + 𝑛1/2 have also been stud-
ied). These probabilities were very precisely computed first
by Seppäläinen using connections to particle systems and
subsequently by Johansson using bijections to eigenvalues.
However, often in the study of large deviations, it is of in-
terest to understand how the system behaves conditioned
on being atypical. It was shown recently that in contrast to
the typical behavior of 𝑂(𝑛2/3), the transversal fluctuation
of the corresponding geodesic becomes𝑂(𝑛1/2) (localized)
for the upper tail by Basu-Ganguly, and 𝑂(𝑛) (delocalized)
for the lower tail by Basu-Ganguly-Sly, respectively.

At a very intuitive level, the discrepancy between the two
behaviors is rooted in the fact that the upper tail simply
demands one single path of high weight, while the lower
tail forces all paths to have low weight.
• Chaos. The final topic we touch upon relates to how
a random system behaves as the underlying randomness
gets perturbed over time. In many complex disordered
systems this leads to the phenomenon of chaos. Without
providing formal definitions, let us just mention that this
means that severalmodels in statisticalmechanics are char-
acterized by intricate energy landscapes where the ground
state, the configuration with the lowest energy, is expected
to alter profoundly when the disorder of the model is
slightly perturbed (see [Cha14]).

In the context of FPP or LPP, very informally this
amounts to saying that while given any fixed endpoints
there is typically a unique geodesic between them, there
are many “near” geodesics whose weights are very close to
that of the geodesic. Now a slight perturbation of the un-
derlying noise variables causes the geodesic to jump from
its current position to one of these competing candidates.

There have been conjectures about how models in KPZ
should react to dynamical perturbation in the physics lit-
erature, but it was only recently that the understanding
of a particular model of LPP was rich enough to be able
to undertake a mathematical investigation of its dynami-
cal aspects. In [GH20], a phase transition was established
which, very informally, asserts that perturbation smaller

than a certain threshold does not alter the geodesic signif-
icantly while beyond that the geodesic exhibits very little
similarity to its initial state.

5. Major Research Directions
Having reviewed some of the recent and not so recent
progress in understanding properties of random distor-
tions of the Euclidean lattices using probabilistic and geo-
metric ideas and often relying on crucial integrable inputs,
we end with a brief discussion on some major research di-
rections in this area.
• Fluctuation bounds. While it seems rather difficult to
verify the KPZ predictions without any algebraic structure,
a major goal is to significantly improve the current state
of the art for FPP. While there have been several impres-
sive results under certain unproven assumptions (see in
particular work of Chatterjee verifying the so-called “KPZ-
relation” between the weight and transversal fluctuation
exponents under the assumption that they exist in some
strong sense), the set of completely unconditional results
is somewhat limited. Let us just state the following repre-
sentative question in this direction pertaining to the vari-
ance bounds for the passage times in FPP:
Show that for FPP in ℤ2, under “reasonable” assumptions, 𝑛𝜖 ≤
𝕍(𝑇(0, 𝑛𝑒1)) ≤ 𝑛1−𝜖 for some 𝜖 > 0.

It is worth pointing out that while the general known
upper bound as stated earlier is𝑂(𝑛/log 𝑛), the best known
lower bound is only 𝑂(log 𝑛)!
• High dimensions. While the shape theorem and con-
centration results from Section 1 hold in any dimensions,
the KPZ exponent triple (1/3 ∶ 2/3 ∶ 1) prediction holds
only in 2 = 1 + 1 (one space and one time) dimensions.
Thus, while there has been significant progress on the
plane, at least for the integrable examples, the situation
for higher dimensions is much less advanced with lack of
consensus about what to expect even in the non-rigorous
literature. In the three-dimensional case, certain special
growth models (anisotropic growth) admit projections to
two-dimensional growth which were analyzed in work of
Borodin and Ferrari. More recently, the KPZ equation in
2 + 1 dimensions was analyzed in certain regimes of the
parameter space (see, e.g., [CSZ20]).
• Non-i.i.d. disorder. One of the key features of a model
that leads to KPZ universal behavior is that growth is
driven by noise that decorrelates fast in space and time
and so throughout the article we have considered examples
where the underlying disorder distorting the Euclidean ge-
ometry is independent in space-time. While certain results
known for FPP with i.i.d. disorder carry over to the setting
where the noise is simply ergodic and translation invari-
ant, the fluctuation theory is expected to heavily depend
on the correlation structure of the noise. There has recently
been an explosion of activity in the planar case (see, e.g.,
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[Gwy19]), when the noise comes from the exponential of
the Gaussian free field, a canonical two-dimensional log-
correlated Gaussian process, which can be considered as
the natural higher dimensional analogue of Brownian mo-
tion.

Summary. While this article attempted to review the re-
cent and past advances in understanding random planar
metric spaces with a focus on geodesic geometry, there
are several other aspects of this theory, and stochastic
growth in general, that were overlooked. We strongly
encourage the reader to refer to the excellent surveys
[ADH17,Cor16,Qua11] and the references therein to gain
a more comprehensive insight about this fascinating area
of modern research.
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The Many Faces of
Information Geometry

Frank Nielsen
Information geometry [Ama16, AJLS17, Ama21] aims at
unravelling the geometric structures of families of proba-
bility distributions and at studying their uses in informa-
tion sciences. Information sciences is an umbrella term re-
grouping statistics, information theory, signal processing,
machine learning and AI, etc. Information geometry was
born independently from econometrician H. Hotelling
(1930) and statistician C. R. Rao (1945) from the math-
ematical curiosity of considering a parametric family of
probability distributions, called the statistical model, as
a Riemannian manifold equipped with the Fisher metric
tensor [Nie20]. Information geometry tackles problems by
using the concepts of differential geometry (like curvature)
with tensor calculus. In his pioneer work, Rao considered
the Riemannian geodesic distance and geodesic balls on
the manifold to study classification and hypothesis testing
problems in statistics.

Let (𝒳,ℱ, 𝜇) denote a probability space [Kee10] (with
sample space 𝒳, 𝜎-algebra ℱ, and finite positive measure
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𝜇, usually chosen as the Lebesgue mesure 𝜇𝐿 or the count-
ing measure 𝜇𝑐), and consider a parametric family 𝒫 =
{𝑃𝜃 ∶ 𝜃 ∈ Θ} of probability distributions, all dominated

by𝜇. Let𝑝𝜃(𝑥) ≔
𝑑𝑃𝜃(𝑥)
𝑑𝜇

denote the Radon-Nikodymderiv-

ative, the probability density function of random variable
𝑋 ∼ 𝑝𝜃. By definition, the Fisher Riemannian metric 𝑔𝐹
expressed in the 𝜃-coordinate system is the Fisher informa-
tion matrix (FIM) of the random variable 𝑋 : [𝑔𝐹]𝜃 ≔ 𝐼𝑋(𝜃)
with

𝐼𝑋(𝜃) ≔ 𝐸𝑝𝜃 [𝑠𝜃(𝑥)𝑠𝜃(𝑥)⊤] ,
where 𝑠𝜃(𝑥) ≔ ∇𝜃 log 𝑝𝜃(𝑥) is called the score func-
tion [Kee10]. The Fisher metric is also referred to as
the Shahshahani metric in mathematical biology. Be-
cause the FIM is the covariance matrix of the score (since
𝐸𝑝𝜃 [𝑠𝜃(𝑥)] = 0), 𝐼𝑋(𝜃) is necessarily positive semidef-
inite, and positive-definite for regular statistical mod-
els [Ama16]. The FIM is covariant under reparameteriza-
tion: for any smooth invertible mapping 𝜂(𝜃) with invert-

ible Jacobian matrix [𝜕𝜃𝑗
𝜕𝜂𝑗

]
𝑖𝑗
, we have

𝐼𝜂(𝜂) = [𝜕𝜃𝑖𝜕𝜂𝑗
]
⊤

𝑖𝑗
× 𝐼𝜃(𝜃(𝜂)) × [

𝜕𝜃𝑖
𝜕𝜂𝑗

]
𝑖𝑗
.
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The Riemannian Fisher length element induced by the
Fisher metric

d𝑠𝜃 = √d𝜃⊤ × [𝑔𝐹]𝜃 × d𝜃

is invariant under any smooth invertible reparameteriza-
tion: d𝑠𝜃 = d𝑠𝜂 with d𝑠2𝜂 = d𝜂⊤ × [𝑔𝐹]𝜂 × d𝜂. Nowadays,
the Riemannian manifold (𝒫, 𝑔𝐹) is commonly called the
Fisher-Rao manifold [Nie20], and its induced Riemannian
geodesic length distance 𝜌𝑔(𝜃1, 𝜃2) is called the Fisher-Rao
distance 𝜌Rao(𝑝𝜃1 , 𝑝𝜃2) ≔ 𝜌𝑔𝐹 (𝜃1, 𝜃2) with

𝜌𝑔𝐹 (𝜃1, 𝜃2) ≔ ∫
1

0
d𝑠𝛾(𝑡) d𝑡,

where 𝛾(𝑡) denotes the Riemannian geodesic [GN14] with
the boundary conditions 𝛾(0) = 𝜃1 and 𝛾(1) = 𝜃2. Thus the
Fisher-Rao distance used to evaluate the dissimilarities be-
tween probability distributions is invariant under reparam-
eterization. For example, the Fisher-Rao distance remains
the same whether the family of normal distributions are
parameterized by 𝜆 = (𝜇, 𝜎), 𝜆′ = (𝜇, 𝜎2), or 𝜃 = ( 𝜇

𝜍2
, − 1

2𝜍2
):

𝜌Rao(𝑝𝜆1 , 𝑝𝜆2) = 𝜌Rao(𝑝𝜆′1 , 𝑝𝜆′2) = 𝜌Rao(𝑝𝜃1 , 𝑝𝜃2).

This parameterization invariance property of statistical dis-
tances highlights the power of modeling geometrically sta-
tistical models. The Fisher-Rao manifolds may have differ-
ent constant sectional curvatures 𝜅: for example, the curva-
tures of the Fisher-Rao manifolds of univariate normal dis-
tributions, univariate zero-centered multivariate normal
distributions, and categorical distributions are 𝜅 = − 1

2
< 0,

𝜅 = 0, and 𝜅 = 1
4
> 0, respectively. Information geometry

elucidates the role played by curvature in statistics. Since
any Riemannianmanifold of dimension𝐷 can be isometri-
cally embedded in a Euclidean space of dimension at most
𝐷𝐸 = 1

2
𝐷(𝐷 + 1)(3𝐷 + 11) using Nash’s embedding theo-

rem, we may visualize the Fisher-Rao manifold (𝒫, 𝑔𝐹) as
a 𝐷-dimensional surface of ℝ𝐷𝐸 . This extrinsic view of ge-
ometry is helpful to intuitively grasp the notion of tangent
planes 𝑇𝑝𝜃 and tangent vectors 𝑣 ∈ 𝑇𝑝𝜃 at any 𝑝𝜃 ∈ 𝒫 and
allows one to visualize geodesics on surfaces. However, let
us point out that differential geometry defines intrinsically
these notions [GN14].

Using the Fisher metric can be justified from several the-
oretical viewpoints [Ama16]:

• First, the FIM occurs when locally approximating
the Kullback-Leibler (KL) divergence [Kee10]. In
statistics, estimating densities using theMaximum
Likelihood Estimator (MLE) or the maximum en-
tropy principle under moment constraints (Max-
Ent) can be interpreted as KL divergence mini-
mization problems [Kee10] (to be detailed below).
The KL divergence between densities 𝑝𝜃1 and 𝑝𝜃2

is defined by:

𝐷KL[𝑝𝜃1 ∶ 𝑝𝜃2] ≔ ∫
𝒳
𝑝𝜃1(𝑥) log

𝑝𝜃1(𝑥)
𝑝𝜃2(𝑥)

d𝜇(𝑥).

The delimiter “:” indicates that the divergence is
oriented: 𝐷KL[𝑝𝜃1 ∶ 𝑝𝜃2] ≠ 𝐷KL[𝑝𝜃2 ∶ 𝑝𝜃1]. The
KL divergence can be expressed as

𝐷KL[𝑝𝜃1 ∶ 𝑝𝜃2] = ℎ×[𝑝𝜃1 ∶ 𝑝𝜃2] − ℎ[𝑝𝜃1],
where ℎ×[𝑝𝜃1 ∶ 𝑝𝜃2] denotes the cross-entropy
ℎ×[𝑝𝜃1 ∶ 𝑝𝜃2] ≔ −∫𝑝𝜃1 log 𝑝𝜃2d𝜇(𝑥) and
ℎ[𝑝𝜃1] ≔ −∫𝑝𝜃1 log 𝑝𝜃1d𝜇(𝑥) is Shannon en-
tropy. Hence, the KL divergence is also called rel-
ative entropy in information theory. The second-
order Taylor approximation of the KL divergence
yields

𝐷KL[𝑝𝜃 ∶ 𝑝𝜃+𝑑𝜃] =
1
2𝑑𝜃

⊤ × 𝐼𝜃(𝜃) × 𝑑𝜃 ≈
1
2d𝑠

2
𝜃.

More generally, the FIM is used in the local ap-
proximations of 𝑓-divergences [Ama16]:

𝐼𝑓[𝑝𝜃 ∶ 𝑝𝜃+𝑑𝜃] =
1
2𝑓

″(1) 𝑑𝜃⊤ × 𝐼𝜃(𝜃) × 𝑑𝜃,

where

𝐼𝑓[𝑝𝜃1 ∶ 𝑝𝜃2] ≔ ∫
𝒳
𝑝𝜃1(𝑥)𝑓 (

𝑝𝜃2(𝑥)
𝑝𝜃1(𝑥)

) d𝜇(𝑥)

for a convex function 𝑓(𝑢) satisfying 𝑓(1) = 0,
and strictly convex at 1. The KL divergence is an
𝑓-divergence obtained for 𝑓(𝑢) = − log(𝑢) with
𝑓″(𝑢) = 1. The 𝑓-divergences are said to be sep-
arable because they can be written as integrals of
scalar divergences:

𝐼𝑓[𝑝 ∶ 𝑞] = ∫
𝒳
𝑖𝑓[𝑝(𝑥) ∶ 𝑞(𝑥)]d𝜇(𝑥)

with 𝑖𝑓[𝑎 ∶ 𝑏] ≔ 𝑎𝑓(𝑏/𝑎). The 𝑓-divergences enjoy
the following monotonicity property:

𝐼𝑓[𝑝𝑌 ∶ 𝑞𝑌 ] ≤ 𝐼𝑓[𝑝𝑋 ∶ 𝑞𝑋],
where 𝑝𝑌 and 𝑞𝑌 are the densities induced by
a Markov kernel from measurable space (𝒳,ℱ)
to measurable space (𝒴, 𝒢) [Ama21]. To give
a concrete example, consider the 𝑓-divergences
between two (normalized) histograms 𝑝 =
(𝑝1, … , 𝑝2𝑛) and 𝑞 = (𝑞1, … , 𝑞2𝑛) with 2𝑛 bins
representing multinomial probability laws. Then
𝐼𝑓[𝑝′ ∶ 𝑞′] ≤ 𝐼𝑓[𝑝 ∶ 𝑞], where 𝑝′ = (𝑝′1, … , 𝑝′𝑛)
and 𝑞′ = (𝑞1, … , 𝑞′𝑛) with 𝑝′𝑖 = 𝑝2(𝑖−1)+1 + 𝑝2𝑖
and 𝑞′𝑖 = 𝑞2(𝑖−1)+1 + 𝑞2𝑖 reduced histograms ob-
tained by merging consecutive bins (a very spe-
cial deterministic Markov kernel from measurable
space ([2𝑛], 2[2𝑛]) to measurable space ([𝑛], 2[𝑛])
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where [𝑠] ≔ {1, … , 𝑠}). The only separable statisti-
cal divergences satisfying this monotonicity prop-
erty are 𝑓-divergences when 𝑛 > 2 [Ama16].

• A sufficient statistic [Kee10] 𝑌 = 𝑇(𝑋) for the pa-
rameter 𝜃 of a random variable𝑋 ∼ 𝑝𝜃 is such that
the conditional probability of 𝑋 given 𝑌 = 𝑇(𝑋)
does not depend on 𝜃. That is, all statistical in-
formation concerning parameter 𝜃 is contained in
𝑌 = 𝑇(𝑋). For example, 𝑇(𝑋) = (𝑇1(𝑋), 𝑇2(𝑋))
with 𝑇1(𝑋) = ∑𝑛

𝑖=1 𝑋𝑖 and 𝑇2(𝑋) = ∑𝑛
𝑖=1 𝑋2

𝑖 is
a sufficient statistic for the parameter 𝜃 = (𝜇, 𝜎)
of a random vector (𝑋1, … , 𝑋𝑛) of 𝑛 independent
and identically distributed (i.i.d.) random vari-
ables 𝑋1, … , 𝑋𝑛 ∼ 𝑝𝜃 following a normal distri-
bution 𝑝𝜇,𝜍. In general, we have 𝐼𝑌 (𝜃) ≤ 𝐼𝑋(𝜃)
with equality if and only if (iff) 𝑌 is a sufficient
statistic [Kee10]. Let us observe that for 𝑛 i.i.d.
random variables 𝑋𝑖 ∼ 𝑝𝜃, we have 𝐼𝑋1,…,𝑋𝑛(𝜃) =
𝑛𝐼𝑋(𝜃) with 𝑋 ∼ 𝑝𝜃. Sufficiency also character-
izes the equality in the monotonicity inequality
of 𝑓-divergences: 𝐼𝑓[𝑝𝑌 ∶ 𝑞𝑌 ] ≤ 𝐼𝑓[𝑝𝑋 ∶ 𝑞𝑋] with
equality iff 𝑌 = 𝑇(𝑋) is a sufficient statistic.

• Let ̂𝜃𝑛 be an unbiased estimator of 𝜃 of an i.i.d.
random vector (𝑋1, … , 𝑋𝑛) ∼ 𝑝𝜃. Then the follow-
ing Cramér-Rao lower bound (CRLB) on the vari-
ance of ̂𝜃𝑛 holds:

Var[ ̂𝜃𝑛] = 𝐸 [( ̂𝜃𝑛 − 𝐸[ ̂𝜃𝑛])
2] ⪰ 1

𝑛𝐼
−1
𝜃 (𝜃),

where 𝐴 ⪰ 𝐵 iff matrix 𝐴 − 𝐵 is positive semidef-
inite. The notation ⪰ indicates the comparison
with respect to (w.r.t.) the Loewner partial order-
ing of positive semidefinite matrices. Thus the in-
verse of the FIM provides a lower bound on the ac-
curacy of any unbiased estimator. An estimator is
said to be Fisher efficient when its variance asymp-
totically matches the CRLB when 𝑛 → ∞.

The Fishermetric is the only invariantmetric underMar-
kovian morphisms of statistical models [Ama16]. How-
ever, let us point out that there are infinitely many coun-
terparts of the FIM in quantum information geometry,
and that other alternative Riemannian information met-
rics can be explored (e.g., theWasserstein informationmet-
ric [Li21]).

In statistics, two special types of statistical models,
called the exponential families and the mixture families,
are often handled:

• An exponential family [Kee10] is a set of paramet-
ric densities ℰ ≔ {𝑝𝜃(𝑥)d𝜇} such that

𝑝𝜃(𝑥) ≔ exp (
𝐷
∑
𝑖=1

𝑡𝑖(𝑥)𝜃𝑖 − 𝐹(𝜃)) ,

where the (𝑡1(𝑥), … , 𝑡𝐷(𝑥)) form the minimal

sufficient statistic. Function 𝐹(𝜃) is used to nor-
malize the densities:

𝐹(𝜃) = log (∫
𝒳
exp (

𝐷
∑
𝑖=1

𝑡𝑖(𝑥)𝜃𝑖) d𝜇(𝑥)) ,

and called the cumulant function (or log-partition
in statistical physics). 𝐹(𝜃) is strictly convex for
(full regular) exponential families [Kee10]. For
example, the family of 𝑑-variate normal distri-
butions is an exponential family of order 𝐷 =
𝐷(𝐷+3)

2
w.r.t. the Lebesgue measure 𝜇𝐿, and the

family of Poisson distributions is a discrete expo-
nential family of order 𝐷 = 1 w.r.t. the counting
measure 𝜇𝑐. Exponential families have all finite-
dimensional minimal sufficient statistics.

• A mixture family [Nie20] is a set of parametric
densities ℳ ≔ {𝑚𝜃(𝑥)d𝜇} such that 𝑚𝜃(𝑥) =
∑𝐷

𝑖=1 𝜃𝑖𝑝𝑖(𝑥)+(1−∑
𝐷
𝑖=1 𝜃𝑖)𝑝0(𝑥), where functions

1, 𝑝0(𝑥), 𝑝1(𝑥), … , 𝑝𝐷(𝑥) are linearly independent
functions. Statistical mixtures such as Gaussian
mixture models with prescribed component den-
sities are examples of mixture families. Mixture
families are closed under convex combinations. It
can be shown that the negentropy of mixture den-
sities is a strictly convex function [Nie20]: 𝐹(𝜃) =
−ℎ[𝑚𝜃].

For these two types of statistical models, the Fisher
metric is a Hessian metric [Shi07] since the FIM is the
Hessian of some strictly convex potential function 𝐹(𝜃):
𝐼(𝜃) = ∇2𝐹(𝜃). This is easily checked for exponential fami-
lies as the FIM can be written under mild regularity condi-
tions [Ama16] as 𝐼𝑋(𝜃) = −𝐸𝑝𝜃 [∇2 log 𝑝𝜃(𝑥)].

In general, calculating in closed-form the Fisher-Rao
distances may be difficult since it requires to solve the
Riemannian geodesic equation with boundary conditions,
and to integrate the length elements along geodesics. For
example, although the Fisher-Rao distance between uni-
variate normal distributions is available in closed-form, we
do not have a closed-form formula for the Fisher-Rao dis-
tance between multivariate normals [Nie20]. Thus in prac-
tice, the Fisher-Rao between multivariate normals is nu-
merically approximated. We shall now explain that the
Fisher-Rao manifolds with Hessian metrics carry another
beautiful geometric dual structure which is well suited
for computation in applications: namely, these exponen-
tial/mixture families can be modeled as Hessian mani-
folds [Shi07], and are commonly called dually flat spaces
in information geometry [Ama21].

In the second half of the 20th century, information
geometry gained a momentum with the pathbreaking
work of N. Chentsov. Chentsov shared statistician A.
Wald’s viewpoint that all problems in statistics can be
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viewed as decision problems, and therefore investigated
a theoretical framework for characterizing optimal deci-
sion rules in statistics using category theory and Markov-
ian morphisms [Čen82]. A family of probability distri-
butions should be invariant both under smooth one-to-
one transformations of its parameter 𝜃 and under trans-
formations of the corresponding random variables by
sufficient statistics. This precisely defines the statistical
invariance. Chentsov’s breakthrough consisted in sepa-
rating the metric tensor 𝑔 (used to measure angles be-
tween vectors and lengths of vectors in a tangent plane)
from its induced Levi-Civita connection 𝑔∇ used by de-
fault on a Riemannian manifold for obtaining (locally)
length minimizing geodesics. This novel insight allowed
Chentsov to model statistical models as differentiable
manifolds equipped with affine connections ∇ more gen-
eral than the Levi-Civita connection of Fisher-Rao mani-
folds. More precisely, Chentsov discovered the existence of
a unique totally symmetric third-order tensor fulfilling the
statistical invariance which is nowadays called the Amari-
Chentsov tensor or skewness tensor, and used that ten-
sor to build invariant affine connections. A. Kolmogorov
called Chentsov’s field of research “geometrostatistics” in
Russian (translated as “geometrical statistics” in the eng-
lish monograph [Čen82]).

In short, an affine connection ∇ [GN14] defines the fol-
lowing:

• A way to differentiate a vector field 𝑋 on a man-
ifold (or more generally a tensor field 𝑇) by an-
other vector field 𝑌 : namely, the covariant deriva-
tives denoted by ∇𝑌𝑋 (or ∇𝑌𝑇).

• The parallel transport ∏∇
𝑐(𝑡) 𝑣 for a tangent vector

𝑣 ∈ 𝑇𝑐(0) along any smooth curve 𝑐(𝑡). An affine
connection allows to parallel transport vectors of
different tangent planes onto a common tangent
plane in order to measure their subtended angles
using the metric tensor in that common tangent
plane.

• ∇-geodesics 𝛾 defined as autoparallel curves:
∇�̇� ̇𝛾 = 0. Geodesics 𝛾∇(𝑡) are calculated by solving
the second-order non-linear ordinary differential
equation (ODE):

̈𝜃𝑖 +
𝑛
∑
𝑗,𝑘=1

Γ𝑖𝑗𝑘 ̇𝜃𝑗 ̇𝜃𝑘 = 0, 𝑖 ∈ {1, … , 𝐷},

where 𝜃 = (𝜃1, … , 𝜃𝐷), ̇𝜃𝑙 ≔ 𝑑
d𝑡
𝜃𝑙, and Γ𝑖𝑗𝑘 are

the Christoffel symbols [GN14] (𝐷3 smooth func-
tions) defining the affine connection. In physics,
geodesics represent free particle trajectories.

The curvature tensor 𝑅∇ and the torsion tensor 𝑇∇ of
a manifold (𝑀, 𝑔, ∇) are induced by the chosen connec-
tion ∇ [GN14]. The fundamental theorem of Riemannian

γ
gF ∇
θ1θ2

(t)

Pθ1

Pθ2

ρRao(Pθ1, Pθ2) = ρgF
(θ1, θ2)

Pθ1

Pθ2

∇α=(∇−α)∗

∇−α=(∇α)∗

Fisher-Rao geometry
→ Fisher-Rao geodesic distance

Dual α-geometry
→ No default divergence

versus

g∇ = ∇α+∇−α

2

γ∇−α

θ1θ2
(t)

γ∇α

θ1θ2
(t)

Figure 1. Fisher-Rao geometry vs. dual 𝛼-geometry.

geometry [GN14] states that there exists a unique torsion-
free affine connectionwhich preserves themetric, meaning
that for any two vectors 𝑣1 and 𝑣2 of the tangent plane 𝑇𝑝,
and a smooth curve 𝑐(𝑡) with 𝑐(0) = 𝑝, we have for any
𝑡: 𝑔(𝑣1, 𝑣2) = 𝑔 (∏∇

𝑐(𝑡) 𝑣1,∏
∇
𝑐(𝑡) 𝑣2). This unique torsion-

free affine connection is called the Levi-Civita metric con-
nection. Historically, affine connections were studied by
É. Cartan in the 1920s, and used in the Einstein-Cartan
theory of gravity. Chentsov considered regular exponen-
tial families in hismonograph, and by considering their in-
variance, discovered the so-called exponential connection
∇𝑒.

The field of information geometry was shaped by
S.-i. Amari who dreamt of a mathematical theory of
neuroscience. Amari pioneered the dualistic statisti-
cal structures of information geometry: that is, Amari
showed that given any torsion-free affine connection ∇,
there exists a dual torsion-free affine connection ∇∗ such
that the mid-connection

∇+∇∗

2
corresponds to the Levi-

Civita connection. This duality ensures that the pri-
mal and dual parallel transports are metric compatible:

𝑔(𝑣1, 𝑣2) = 𝑔 (∏∇
𝑐(𝑡) 𝑣1,∏

∇∗

𝑐(𝑡) 𝑣2). Notice that the lengths
of dually parallel-transported vectors by ∇ and ∇∗ may
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vary along 𝑐(𝑡) but their inner product is kept constant. For
parametric statistical models 𝒫 = {𝑝𝜃}, Amari reported the
𝛼-geometry (for 𝛼 ∈ ℝ) which is amanifold equippedwith
the Fisher metric and a pair of dual connections (∇−𝛼, ∇𝛼)
coupled to the Fisher metric 𝑔𝐹 :

∇−𝛼+∇𝛼

2
= ∇0 = 𝑔𝐹∇.

Amari’s 𝛼-connections ∇𝛼 are defined by their Christoffel
symbols Γ𝛼𝑘𝑖,𝑗:

Γ𝛼𝑘𝑖,𝑗(𝜃) = 𝐸𝑝𝜃 [(𝜕𝑘𝜕𝑖𝑙𝜃(𝑥) +
1 − 𝛼
2 𝜕𝑘𝑙𝜃(𝑥)𝜕𝑖𝑙𝜃(𝑥)) 𝜕𝑗𝑙𝜃(𝑥)] ,

where 𝑙𝜃(𝑥) ≔ log 𝑝𝜃(𝑥) is the log-likelihood function and

𝜕𝑠 ≔ 𝜕
𝜕𝜃𝑠

. Chentsov’s exponential connection ∇𝑒 corre-

sponds to Amari’s ∇1 connection. The 𝑒-connection was
also studied by Efron who defined geometrically the no-
tion of statistical curvature to study the higher-order as-
ymptotic theory of statistical estimators in a landmark pa-
per [Efr75] which has been recognized as one of the first
successful applications of differential geometry to statisti-
cal inference. The dual connection of ∇𝑒 is ∇𝑚 ≔ (∇𝑒)∗ =
∇−1, and called the mixture connection. This connec-
tion was proposed by P. Dawid, a discussant of Efron’s
paper [Efr75]. Thus the Fisher-Rao geometry can be in-
terpreted as the 0-geometry enhanced with the Fisher-Rao
geodesic distance (Figure 1). The Riemannian geodesics
are 𝑔∇-autoparallel and have the property to locally min-
imize the geodesic lengths [GN14]. In general, the 𝛼-
geometry is not associated with any statistical divergence
when 𝛼 ≠ 0. But the 𝛼-geometry may be recovered from
the divergence geometry of invariant 𝑓-divergences on the
probability simplex [Egu83] (to be detailed below).

A connection ∇ is said to be flat [GN14,Shi07] when it
has zero torsion and when there exists a local coordinate
system 𝜃 such that the Christoffel symbols Γ𝑘𝑖𝑗 defining ∇
expressed in that coordinate system vanish: Γ𝑘𝑖𝑗(𝜃) = 0. The
coordinate system 𝜃 is called a ∇-affine coordinate system.
In general the parallel transport of 𝑣 ∈ 𝑇𝑝 to 𝑇𝑞 is curve

dependent: ∏∇
𝑐1(𝑡) 𝑣 ≠ ∏∇

𝑐2(𝑡) 𝑣 for smooth curves 𝑐1 and
𝑐2 with endpoints 𝑐1(0) = 𝑐2(0) = 𝑝 and 𝑐1(1) = 𝑐2(1) = 𝑞.
One can visualize locally the presence of curvature of a
connection or not at a point 𝑝 by considering the paral-
lel transport of a vector 𝑣 along a closed infinitesimal loop
𝑙 encircling 𝑝 (with 𝑙(0) = 𝑙(1)): if there is an angle defi-

ciency between 𝑣 and ∏∇
𝑙(1) 𝑣, then the manifold has non-

zero curvature at 𝑝 [Nie20]. However, the parallel trans-
port is independent of the curves linking the point 𝑝 to
the point 𝑞 for flat connections. It is a fundamental result
of information geometry that if (𝑀, 𝑔, ∇) is flat, then so is
(𝑀, 𝑔, ∇∗) with ∇∗ = 2𝑔∇ − ∇. We get the so-called dually
flat spaces of information geometry [Ama16] (𝑀, 𝑔, ∇,∇∗)
which are special Hessian manifolds [Shi07] admitting a
single chart atlas. Notice that in a dually flat space, the
Levi-Civita connection is usually not flat.

In information theory, a statistical divergence like the
KL divergence is loosely speaking a potentially asymmet-
ric dissimilaritymeasure between probability distributions
which may fail the triangle inequality of metric distances.
In information geometry, a divergence (historically called
a contrast function [Egu83]) is a smooth dissimilaritymea-
sure 𝐷(𝜃 ∶ 𝜃′) between parameters 𝜃 and 𝜃′ that satisfies
the following conditions:

1. 𝐷(𝜃 ∶ 𝜃′) ≥ 0 for all 𝜃, 𝜃′ with equality iff 𝜃 = 𝜃′.
2. 𝜕𝑖 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃 = 𝜕′𝑗 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃 = 0 for all 𝑖, 𝑗,

where 𝜕𝑙 ≔
𝜕
𝜕𝜃𝑙

and 𝜕′𝑙 ≔
𝜕
𝜕𝜃′𝑙

.

3. − [𝜕𝑖𝜕′𝑗 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃]𝑖𝑗 is a positive-definite matrix.

The (parameter) divergence 𝐷(𝜃 ∶ 𝜃′) can also be
interpreted as a function on the manifold defined by
the single chart equipped with the 𝜃-coordinate system.
Eguchi [Egu83] reported a method to build a dualistic
structure (𝑀, 𝑔, ∇,∇∗) from any divergence 𝐷(⋅ ∶ ⋅) as fol-
lows:

𝑔𝑖𝑗(𝜃) = −𝜕𝑖𝜕′𝑗 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃 ,
Γ𝑖𝑗,𝑘(𝜃) = −𝜕𝑖𝜕𝑗𝜕′𝑘 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃 ,
Γ∗𝑖𝑗,𝑘(𝜃) = −𝜕𝑘𝜕′𝑖𝜕′𝑗 𝐷(𝜃 ∶ 𝜃′)|𝜃′=𝜃 .

It can be shown that the connections∇ and∇∗ induced re-
spectively by Γ𝑖𝑗,𝑘 and Γ∗𝑖𝑗,𝑘 are torsion-free and dual. This
geometry is called the divergence geometry of 𝐷 [Ama16].
Let 𝐷∗(𝜃 ∶ 𝜃′) ≔ 𝐷(𝜃′ ∶ 𝜃) denote the dual or reverse di-
vergence, and (𝑀,𝐷𝑔,𝐷∇,𝐷∇∗) the information-geometric
space induced by𝐷. Then we have 𝐷∗∇ = 𝐷∇∗ and 𝐷∗∇∗ =
𝐷∇. Thus symmetric divergences 𝐷(𝜃 ∶ 𝜃′) = 𝐷(𝜃′ ∶ 𝜃)
yield self-dual connections coinciding with the Levi-Civita
connection. Many different divergences may yield the
same divergence geometry. The divergence geometry of 𝑓-
divergences on the𝐷-dimensional probability simplex cor-

responds to Amari’s 𝛼-geometry for 𝛼 = 3+2𝑓
‴(1)
𝑓″(1)

, and the

divergence geometry of 𝐷Rao(𝜃1 ∶ 𝜃2) ≔
1
2
𝜌2Rao(𝑝𝜃1 , 𝑝𝜃2)

yields the 0-geometry.
In a dually flat space, we can build a canonically

Fenchel-Young (non-metric) divergence 𝐴(𝜃1 ∶ 𝜂2):

𝐴(𝜃1 ∶ 𝜂2) ≔ 𝐹(𝜃1) + 𝐹∗(𝜂2) − 𝜃⊤1 𝜂2,

where 𝐹∗(𝜂) denotes the convex conjugate obtained by the
Legende-Fenchel transform:

𝐹∗(𝜂) = sup
𝜃
{𝜃⊤𝜂 − 𝐹(𝜃)}.

Legende-Fenchel transform yields a dual coordinate sys-
tem 𝜂 = ∇𝐹(𝜃), and the Fenchel-Young inequality 𝐹(𝜃1) +
𝐹∗(𝜂2) ≥ 𝜃⊤1 𝜂2 ensures that 𝐴(𝜃1 ∶ 𝜂2) ≥ 0 with equality iff
𝜂2 = ∇𝐹(𝜃1). This divergence is shown to be equivalent to
a Bregman divergence [Ama16]: 𝐴(𝜃1 ∶ 𝜂2) = 𝐵𝐹(𝜃1 ∶ 𝜃2)
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Figure 2. Dually flat space (𝑀, 𝑔, ∇,∇∗) with ∇-affine coordinate system 𝜃 and dual ∇∗-affine coordinate system 𝜂. Primal
geodesics 𝛾∇ and dual geodesics 𝛾∇∗

are linear when plotted in the 𝜃-coordinate system and 𝜂-coordinate system, respectively.

with 𝜃2 = ∇𝐹∗(𝜂2), where

𝐵𝐹(𝜃1 ∶ 𝜃2) ≔ 𝐹(𝜃1) − 𝐹(𝜃2) − (𝜃1 − 𝜃2)⊤∇𝐹(𝜃2)
is the Bregman divergence 𝐵𝐹(𝜃1 ∶ 𝜃2) between parame-
ters 𝜃1 and 𝜃2 induced by a smooth strictly convex function

𝐹(𝜃) and ∇𝐹(𝜃) ≔ [𝜕𝐹(𝜃)
𝜕𝜃𝑖

]
⊤

𝑖
denotes the gradient of 𝐹(𝜃).

Bregman divergences are widely used in machine learning
and originated from mathematical programming. Recip-
rocally, given a Bregman divergence, we can build a dually
flat space (the Bregman divergence geometry) with Hes-
sian metric [Shi07] [𝑔𝑖𝑗(𝜃)]𝑖𝑗 = ∇2𝐹(𝜃) (positive-definite
because 𝐹 is strictly convex) from its divergence geometry.
The dual affine connections are ∇ and ∇∗ with Christoffel
symbols Γ𝑖𝑗𝑘(𝜃) = 0 and Γ∗𝑖𝑗𝑘(𝜂) = 0, respectively. It fol-
lows that in the 𝜃-coordinate system, the primal geodesics
𝛾∇ are linear since the∇-geodesic ODE simplifies to ̈𝜃𝑖 = 0,
and in the dual 𝜂-coordinate system, the dual geodesics
are linear since the ∇∗-geodesic ODE simplifies to ̈𝜂𝑖 = 0
(Figure 2). The 𝜂-coordinate system is said to be ∇∗-affine.
We have [𝑔𝑖𝑗(𝜃)]𝑖𝑗 = ∇𝜃∇𝜃𝐹(𝜃) = ∇𝜃𝜂 and the dual Rie-
mannian metric [𝑔𝑖𝑗(𝜂)]𝑖𝑗 = ∇𝜂∇𝜂𝐹∗(𝜂) = ∇𝜂𝜃. It fol-
lows that [𝑔𝑖𝑗(𝜃)]𝑖𝑗 [𝑔𝑖𝑗(𝜂)]𝑖𝑗 = 𝐼𝐷×𝐷, the identity matrix.
The Bregman divergence construction from a dually flat
space is defined up to affine dual coordinate transforma-
tions 𝜃′ = 𝐴𝜃 + 𝑏 and 𝜂′ = 𝐴−1𝜂 + 𝑐.

Amari’s ±1-geometry for the exponential and mixture
families yields dually flat spaces. Their corresponding
Bregman divergences yield the following statistical diver-
gences:

• For an exponential family [Kee10] with density

𝑝𝜃(𝑥) = exp(∑𝐷
𝑖=1 𝑡𝑖(𝑥)𝜃𝑖 − 𝐹(𝜃)), the Legendre-

Fenchel conjugate function of the cumulant func-
tion 𝐹(𝜃) corresponds to Shannon negentropy,
𝐹∗(𝜂) = −ℎ[𝑃𝜃], and the Bregman divergence
𝐵𝐹(𝜃1 ∶ 𝜃2) yields the reverse Kullback-Leibler di-
vergence 𝐷∗

KL (or reverse relative entropy):

𝐵𝐹(𝜃1 ∶ 𝜃2) = 𝐷∗
KL[𝑝𝜃1 ∶ 𝑝𝜃2] = 𝐷KL[𝑝𝜃2 ∶ 𝑝𝜃1].

• For a mixture family [Ama16,Nie20]ℳ with den-

sity 𝑚𝜃 = ∑𝐷
𝑖=1 𝜃𝑖𝑝𝑖(𝑥) + (1 − ∑𝐷

𝑖=1 𝜃𝑖)𝑝0(𝑥), the
Bregman generator 𝐹(𝜃) = −ℎ[𝑚𝜃] is strictly con-
vex with Θ = Δ∘𝐷, the open 𝐷-dimensional proba-
bility simplex. The canonical Bregman divergence
amounts to calculating the Kullback-Leibler diver-
gence [Nie20]: 𝐵𝐹(𝜃1 ∶ 𝜃2) = 𝐷KL[𝑚𝜃1 ∶ 𝑚𝜃2].

In a dually flat space (𝑀, 𝑔, ∇,∇∗), a generalized
Pythagorean theorem holds: Let 𝑃, 𝑄, 𝑅 be three points. A
primal geodesic 𝛾𝑃𝑄 intersects a dual geodesic 𝛾∗𝑄𝑅 orthogo-
nally w.r.t. to themetric 𝑔 at point𝑄, written as 𝛾𝑃𝑄 ⟂𝑔 𝛾∗𝑄𝑅,
iff

(𝜃(𝑃) − 𝜃(𝑄))⊤ × (𝜂(𝑅) − 𝜂(𝑄)) = 0.
In that case, the following Pythagorean equality holds:

𝐵𝐹(𝜃(𝑃) ∶ 𝜃(𝑄)) + 𝐵𝐹(𝜃(𝑄) ∶ 𝜃(𝑅)) = 𝐵𝐹(𝜃(𝑃) ∶ 𝜃(𝑅)).

When 𝐹(𝜃) = 1
2
𝜃⊤𝜃, we recover the usual Euclidean geome-

try (a self-dual flat space) with 𝜃 = 𝜂 (since 𝜂 = ∇𝐹(𝜃) = 𝜃
and 𝜃 = ∇𝐹∗(𝜂) = 𝜂 with 𝐹∗(𝜂) = 1

2
𝜂⊤𝜂), and we have
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𝐵𝐹(𝜃1 ∶ 𝜃2) =
1
2
‖𝜃1 − 𝜃2‖22, where ‖ ⋅ ‖2 denotes the Eu-

clidean norm. The canonical ∇-divergence is 𝐷∇(𝑃 ∶ 𝑄) =
𝐵𝐹(𝜃(𝑃) ∶ 𝜃(𝑄)) and the dual ∇∗-divergence is

𝐷∇∗(𝑃 ∶ 𝑄) = 𝐵𝐹∗(𝜂(𝑃) ∶ 𝜂(𝑄))
= 𝐵𝐹(𝜃(𝑄) ∶ 𝜃(𝑃)) = 𝐷∇(𝑄 ∶ 𝑃).

A 𝜃-flat is a submanifold 𝑀′ ⊂ 𝑀 such that 𝜃(𝑀′) ≔
{𝜃(𝑃) ∶ 𝑃 ∈ 𝑀′} is an affine subspace of Θ (𝑀′ is a ∇-
autoparallel submanifold). Similarly, an 𝜂-flat is a sub-
manifold 𝑀″ such that 𝜂(𝑀″) ≔ {𝜂(𝑃) ∶ 𝑃 ∈ 𝑀″} is
an affine subspace of 𝐻 ≔ {∇𝐹(𝜃) ∶ 𝜃 ∈ 𝜃}. Define the
∇-projection of a point 𝑃 ∈ 𝑀 onto a submanifold 𝑀′ as

Proj∇𝑀′(𝑃) ≔ {𝑄 ∈ 𝑀′ ∶ 𝛾∇𝑃𝑄 ⟂𝑔 𝑀′}.
Then the ∇-projection of 𝑃 is guaranteed to be a unique
point when𝑀′ is an 𝜂-flat. Moreover, we have Proj∇𝑀′(𝑃) =
argmin𝑄∈𝑀′ 𝐷∇(𝑄 ∶ 𝑃) in a dually flat space.

These information projections can be used in statisti-
cal inference as follows. Consider the probability space
(𝒳, 2𝒳 , 𝜇𝑐) with finite discrete sample space 𝒳 = {1, … ,𝑚}
and 𝜇𝑐 the counting measure. The categorical distribu-
tions form both an exponential family and a mixture fam-
ily [Ama16]. A categorical probability mass function can
be viewed as a point lying on the (𝑚−1)-dimensional open
standard simplex Δ𝑚−1.

• The Maximum Likelihood Estimator (MLE) of 𝑛
i.i.d. observations 𝑥1, … , 𝑥𝑛 sampled from an ex-
ponential family density 𝑝𝜃 ∈ ℰ is ̂𝜂 = ∇̂𝐹(𝜃) =
1
𝑛
∑𝑛

𝑖=1 𝑡(𝑥𝑖). Since theMLE is equivariant [Kee10],

we have ∇̂𝐹(𝜃) = ∇𝐹( ̂𝜃), and it follows that
̂𝜃 = (∇𝐹)∗( ̂𝜂) since (∇𝐹)−1 = ∇𝐹∗. The MLE

can be interpreted as a divergence minimization
problem: min𝜃∈Θ 𝐷KL[𝑝𝑒 ∶ 𝑝𝜃], where 𝑝𝑒(𝑥) =
1
𝑛
∑𝑛

𝑖=1 𝛿𝑥𝑖 (𝑥) is the empirical distribution with
the 𝛿𝑥𝑖 ’s denoting the Dirac distributions 𝛿𝑥𝑖 (𝑥) =
1 iff 𝑥 = 𝑥𝑖, and 0 otherwise. The MLE can be
geometrically interpreted as an 𝑚-projection (i.e.,
with respect to ∇𝑚) of 𝑝𝑒 onto the 𝑒-flat expo-
nential family: 𝑝 ̂𝜃 = Proj∇

𝑚

ℰ (𝑝𝑒). Thus the MLE
̂𝜃 is unique since ℰ is 𝜃-flat. This result holds

more generally for estimations on curved expo-
nential families 𝒞 = {𝑝𝜃(𝑐)} ⊂ ℰ [Ama16]: for ex-
ample, the family of normal distributions 𝑝𝜇,1+𝜇2
with 𝜃(𝜇) = (𝜇, 1 + 𝜇2) is a 1D curved exponen-
tial family. By viewing the MLE as a KL diver-
gence minimization problem, we may consider
other divergence-based estimators. A divergence
𝐷 yields a 𝐷-estimator by asking to solve the min-
imization problem min𝜃∈Θ 𝐷[𝑝𝑒 ∶ 𝑝𝜃]. The MLE
is the 𝐷KL-estimator. Then we study the prop-
erties of various 𝐷-estimators. For example, the

𝐷𝛾-estimator induced by the 𝛾-divergence 𝐷𝛾 for
𝛾 > 0 is proven to be robust to noise contamina-
tion [Ama16] but not the MLE which is based on
the KL divergence. The 𝛾-divergences tend to the
KL divergence in the limit 𝛾 → 0.

• The Maximum Entropy (MaxEnt) principle of
E. Jaynes [Kee10] asks for the probability density
𝑝(𝑥) which maximizes the Shannon entropy un-
der 𝐷 moment constraints 𝐸𝑝[𝑡1(𝑋)] = 𝑚1, . . . ,
𝐸𝑝[𝑡𝐷(𝑋)] = 𝑚𝐷, i.e., 𝐸𝑝[𝑡(𝑥)] = 𝑚 with 𝑡(𝑥) =
(𝑡1(𝑥), … , 𝑡𝐷(𝑥)) and 𝑚 = (𝑚1, … ,𝑚𝐷). It can be
shown that the MaxEnt distribution 𝑝∗ is a den-
sity belonging to an exponential family ℰ = {𝑝𝜃}
with sufficient statistics 𝑡(𝑥). Namely, we have
𝑝∗ = 𝑝𝜃∗ME

with 𝜂∗ME ≔ ∇𝐹(𝜃∗ME) = 𝑚. The
MaxEnt problem can be rewritten as the following
minimization problem: min𝑝∈ℳ 𝐷KL[𝑝 ∶ 𝑢] =
min𝑝 𝐷∗

KL[𝑢 ∶ 𝑝], where 𝑢 denotes the uniform
distribution on the probability simplexΔ𝑚−1, and
ℳ ≔ {𝑝 ∈ Δ𝑚−1 ∶ 𝐸𝑝[𝑡(𝑥)] = 𝑚} is an 𝑚-
flat defined by the moment constraints. By in-
troducing any other prior density ℎ(𝑥), we can
thus generalize MaxEnt by the following mini-
mization problem: min𝑝∈ℳ 𝐷KL[𝑝 ∶ ℎ] under
the moment constraint 𝐸𝑝[𝑡(𝑥)] = 𝑚. The Max-
Ent solution 𝑝∗ belongs to an exponential family
ℰ ≔ {𝑝𝜃(𝑥) = exp(∑𝑖 𝑡𝑖(𝑥)𝜃𝑖 − 𝐹(𝜃))ℎ(𝑥)}, and we
have 𝑝∗ = 𝑝𝜃∗ME

such that 𝜂∗ME ≔ ∇𝐹(𝜃∗ME) = 𝑚.
We interpret the MaxEnt distribution 𝑝𝜃∗ME

as the
unique 𝑒-projection point (with respect to ∇𝑒) of
ℎ onto ℳ w.r.t. ∇𝑒: 𝑝∗ = Proj∇

𝑒

ℳ (ℎ).
Wong [Won18] recently generalized the Legendre-Fenchel
transformation used in dually flat spaces, and obtained a
new kind of Pythagorean theorem expressed w.r.t. Rényi
divergences.

Finally, let us mention that instead of using the invari-
ant 𝑓-divergences of information geometry, we can use
the theory of optimal transport [PC19] to measure the
distance between any two probability measures. Optimal
transport requires defining a ground distance between ele-
ments of the sample space to model the elementary cost of
mass transportation, and measures the deviation between
two probabilitymeasures by forward pushing onemeasure
to another by a transportation plan. Although the optimal
transport problems between discrete probability measures
encountered in practice (i.e., finite weighted point sets) are
computationally costly to solve (amount to solve linear
programs), fast entropic-regularized methods [PC19] and
various heuristics like the slicedWasserstein distances have
contributed to its huge success in machine learning and
computer vision. Optimal transport does not require the
probability measures to have coinciding supports, and can
even measure the distance between a discrete measure and
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Figure 3. Genesis of the dual structure of information geometry.
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a continuous measure. Many fruitful interactions between
information geometry and optimal transport are investi-
gated [AKO18], and counterpart notions of the FIM and
Bregman divergences have been proposed in the probabil-
ity density space equipped with the 𝐿2-Wasserstein met-
ric [Li21].

To summarize, the problem of geometrically model-
ing a family of probability distributions (the statistical
model) is at the heart of information geometry. The
Fisher-Rao geometry considers a Riemannian manifold
equipped with the Fisher information metric, and uses the
Riemannian geodesic length as a measure of dissimilarity
between distributions: the Fisher-Rao distance. Amari’s
dual ±𝛼-geometry of information geometry has revealed
the dualistic structure of affine connections coupled to the
Fisher metric. This key dualistic structure is purely geo-
metric and therefore can be used beyond the realm of
statistics (for example, when studying optimization algo-
rithms with convex barrier functions [Ama16]). Dually
flat spaces are Hessian manifolds [Shi07] with a single-
chart atlas where the Legendre-Fenchel transformation
plays an essential role to define dual coordinate systems
and dual potential functions. Dually flat spaces generalize
Euclidean geometry and enjoy a generalized Pythagorean
theorem [Ama16]. Many pioneers have contributed to the
now well-established classical dual structure of informa-
tion geometry: Figure 3 displays historically the main ac-
tors who contributed to the genesis of the dual structure
of information geometry with achieved milestones.

Recent advances in information geometry studies the
geometry of deformed exponential families and their
use in thermostatistics [Nau11], the geometry of non-
parametric models, the quantum information geometry,
the Lie group thermodynamics, and the interactions of
geometric mechanics with information geometry via sym-
plectic and contact structures. Information geometry has
found many applications beyond statistics. We refer to
the textbook [Ama16] for applications in signal processing,
data science, and machine learning. To conclude with an
application in machine learning, consider training a neu-
ral network 𝑦 = NN𝜃(𝑥) parameterized by weights 𝜃. The
neural network is typically trained by using the method of
gradient descent to minimize a loss function

𝐿(𝜃) ≔ 1
𝑛

𝑛
∑
𝑖=1
(𝑦𝑖 − NN𝜃(𝑥𝑖))2

defined by a supervised training set of 𝑛 labeled pairs
{(𝑥𝑖, 𝑦𝑖)}, where 𝑦𝑖 denotes the label of 𝑥𝑖: initialize 𝜃0
and iteratively update 𝜃𝑡+1 ≔ 𝜃𝑡 − 𝛽∇𝐿(𝜃𝑡), where 𝛽 de-
notes the step size. The ordinary gradient ∇𝜃𝐿(𝜃) de-
pends on the chosen parameterization, i.e., ∇𝜃𝐿(𝜃) ≠
∇𝜂𝐿(𝜃(𝜂)) for a smooth invertible parameter transforma-
tion 𝜂 = 𝜃(𝜂). A better parameter-invariant gradient

has been proposed in information geometry for optimiza-
tion on Riemannian manifolds (𝑀, 𝑔): the natural gra-
dient [Ama16] ∇̃𝜃𝐿(𝜃) ≔ [𝑔𝑖𝑗(𝜃)]−1𝑖𝑗 ∇𝜃 𝐿(𝜃). The nat-
ural gradient ensures that ∇̃𝜃𝐿(𝜃) = ∇̃𝜂𝐿(𝜃(𝜂)). The
natural gradient descent is used to train stochastic neu-
ral networks with parameter space modeled as a Fisher-
Rao manifold, called a neuromanifold [Ama16]. Since
2018, an eponymous journal devoted to information
geometry (INGE, https://www.springer.com/journal
/41884) is published by Springer which reports the latest
advances in the field.
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academ-
ics of all types, and those who mentor them. Angela Gibney serves as the editor of this section assisted by the Early 
Career Intern Katie Storey. Next month’s theme will be in celebration of Black History Month. All Early Career articles 
organized by topic are available at https://www.angelagibney.org/the-ec-by-topic.

Looking Back
Our Early Career, 
Looking Back

Angela Gibney

Since the beginning of the Early Career Section, mathema-
ticians from all walks of life have given their perspectives 
on various aspects of the profession aimed at helping early- 
career people and their mentors. While the topics we cover 

are not always new, our readers have told us of being drawn 
to the voices and the stories they tell, as authors look back. 

In 2021, we started a new subseries, Advice from Our 
Advisor, sharing guidance and anecdotes, passed on by the 
students of influential advisors. In 2022, we will continue 
this series, and in addition to thoughts about a variety of 
topics from new voices, we will also feature This Mathe-
matical Life, edited selections of audio interviews of a wide 
range of mathematicians by myself, Daniel Krashen, and 
Max Lieblich. Full interviews will be available as part of a 
community page in the story core archive, and in the Library 
of Congress. More information to come!

Also new in 2022: We have enlisted the help of our first 
intern Katie Storey, who has recently become an assistant 
professor in the math department at Lafayette College. 
Previously she was a postdoctoral assistant professor at the 
University of Michigan, after earning a PhD in Mathematics 
from the University of Minnesota and a BA in Mathematics 
from Carleton College. Katie’s research interests lie in the 
field of mathematical biology. In particular, her research 
focuses on evolutionary cancer modeling using stochastic 
processes, probability theory, and dynamical systems.

The year 2021 was one of the most challenging for all of 
us with the realities and uncertainties of the raging global 
pandemic. I would like to thank those who managed, with 
all the extra work, to contribute to the Early Career in 2021 
(their names are listed below). If you would like to take a 
look, you can find their contributions, with the other Early 
Career articles, on the Early Career Collection1 page. 

This month we are reprinting three articles that appeared 
long ago in the Notices. Later in the year we will similarly 
reprint some interviews from the collection Limitless Minds 
[Bon18], selections by authors in the BIG Math Network,2 
and excerpts from Testimonios [Tes21]. And while the No-
tices Book Reviews are about recent books, keeping to our 
theme of looking back, early-career mathematicians will 
review books that were published some time ago, on topics 
germane to their lives.

We hope that you are looking forward to the 2022 Early 
Career, and the new year, as much as we are.

1https://www.ams.org/cgi-bin/notices/amsnotices.pl?article 
_id=career&article_type=gallery&gallery_type=career
2https://bigmathnetwork.org

Angela Gibney is a professor of mathematics at the University of Pennsyl-
vania and associate editor at the Notices, managing the Early Career. Her 
email address is agibney@math.upenn.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Interviewing for a 
Job in Academia

Thomas Hull, Michael A. Jones, 
and Diana M. Thomas

All three of us have been on the job market repeatedly over 
the last few years searching for positions at schools which 
emphasize teaching. We put extensive time and effort into 
our job searches, and our preparation led to on-campus 
interviews and job offers. The experience and insights 
obtained in our job searches may help other candidates 
on the market.

In our opinion, the AMS Employment Register is a valu-
able tool for making contacts that can lead to on-campus 
interviews. We provide suggestions on how to make the 
most out of your interviews at the Joint Meetings and at 
prospective schools. To understand our backgrounds, we 
begin with a short biographical section that contains details 
on our job qualifications and requirements. 

Biographical Information 
Thomas Hull, PhD (Graph Theory), University of Rhode 
Island, 1997. When I started graduate school, I heard about 
the tough academic job market. I was determined to learn 
as much about the job application process as possible 
while still in graduate school. I attended many conferences, 
learned to network, updated my vita regularly, and received 
plenty of good advice. Preparing for the job market was as 
much a part of my daily graduate student career as teaching 
and performing research.

My efforts paid off: I had 14 interviews at the Winter 
Meetings in 1997 (either through the Employment Regis-
ter or on the side), went on 5 on-campus interviews, and 
received 2 job offers. I accepted a tenure-track assistant 
professorship at Merrimack College. During my first year 
at Merrimack I served on a search committee; my duties 
included interviewing candidates at the Winter Meetings 
in Baltimore.

Thanks to our authors from 2021:
 • Henry Adams
 • Kira Adaricheva
 • Asher Auel
 • Renee Bell
 • Pieter Belmans
 • Ben Brubaker
 • Dick Canary
 • Emily Clader
 • John Cremona
 • Kristin DeVleming
 • Pat Devlin
 • Mine Dogucu
 • Colleen Duffy
 • Della Dumbaugh
 • Ranthony Edmonds
 • Thomas Fleming
 • Tom Gannon
 • Skip Garibaldi
 • Robert Ghrist
 • Noah Giansiracusa
 • Daniel Glasscock
 • Daniel M. Gordon
 • Christopher Hacon
 • Stacey Hancock
 • Teresa Heiss
 • John Jones
 • Michael Joswig
 • John H. Johnson, Jr.
 • Borys Kadets
 • Valentijn Karemaker
 • Jesse Leo Kass
 • Andrew Kobin
 • Hana Kouřimská
 • Danny Krashen
 • Justin Lanier
 • Max Lieblich
 • Kuei-Nuan Lin
 • Marissa K. Loving
 • William McCallum
 • Peter McNamara
 • Claire Merriman
 • Elizabeth Milićević
 • Steven J. Miller

 • Susan Morey
 • Augustine O’Keefe
 • Martin Olsson
 • Yumeng Ou
 • Igor Pak
 • Sarah Percival
 • Alexander Perry
 • Arlie O. Petters
 • Candice Price
 • Vic Reiner
 • Donald Robertson
 • David Saltman
 • Fadil Santosa
 • Jennifer Schaefer
 • Alexandra Seceleanu
 • Daniele Sepe
 • Adam Sheffer
 • Jessica Sidman
 • Neil Sloane
 • Clifford Smyth
 • Christina Sormani
 • David Speyer
 • Daniel Spirn
 • Padmavathi Srinivasan
 • Susan Staples
 • William Stein
 • Andrew Sutherland
 • Margaret Symington
 • Joe Tenini
 • Nicholas Triantafillou
 • Bena Tshishiku
 • John Urschel
 • Robert W. Vallin
 • Isabel Vogt
 • John Voight
 • Ismar Volić
 • Chuck Weibel
 • Reggie Wilson
 • Timo de Wolff
 • Jesse Wolfson
 • Kelly B. Yancey
 • Yunus Zeytuncu
 • Lori Ziegelmeier
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TH: By attending the Joint Meetings, you can see how the 
ER and Interview Center work; this should make you more 
comfortable and confident when you are on the market.

DT: Remember to talk to the graduate students who are 
ahead of you and participating in the ER; ask them ques-
tions about their interview experiences.

 • Contact schools before the meetings.
MJ: Apply for jobs as early as possible so that employers 

receive your application materials before the end of the fall 
semester. Also, you may want to e-mail schools that are 
going to be at the Meetings (determine this from the ER 
List of Employers) to let them know that you are interested 
in meeting with them.

TH: Many schools do interviews outside of the ER. They 
e-mail their candidates beforehand and schedule interviews 
on their own. These interviews are usually longer and can be 
more valuable. Do not worry that these outside interviews 
may conflict with interviews you might get through the ER, 
as you will be able to reschedule any conflicts.

 • Sign up for the ER List of Candidates.
MJ: Even if you are not attending the Meetings, by sub-

mitting a shortened vita to the ER List of Candidates, a pos-
sible employer may see your information and contact you. 

 • Stay at one of the central hotels.
MJ: In between interviews, I found it helpful to retreat 

to the serenity of my hotel room to prepare for the next 
interview. Staying at one of the main hotels means that you 
do not have to travel as far to get to your room.

 • Take the interview seriously.
MJ: The interview is an opportunity for you to put a 

face with your name, to make a good impression, and to 
demonstrate your ability to communicate.

TH: Having a personality associated with your résumé 
makes a big difference. Even a 15-minute interview can be 
enough for a search committee to remember you and make 
your résumé stand out when they are back home flipping 
through several hundred applications.

 • Bring copies of your application materials.
MJ: Even if you have applied to a position previously, 

offer the interviewers copies of your application materials. 
Since schools typically have two interviewers, providing 
an additional copy means that both interviewers can look 
over your materials.

 • Bring a teaching portfolio.
DT: If an interviewer was tired or could not think of 

questions to ask me, I brought out my teaching material. 
Crannell [Cra92] provides suggestions about what a teach-
ing portfolio could contain.

 • Research the school before the interview. Do not use 
the interview as a get-to-know the school chat.
MJ: Although the ER provides college guides, consider 

bringing your own; these guides provide brief descriptions 
of the schools and useful data (e.g., SAT scores, class size, 
library funding, etc.).

Michael A. Jones, PhD (Game Theory), Northwestern 
University, 1994. Applying for jobs is just like any other 
activity: practice makes perfect. I have had plenty of prac-
tice over the last five years. My first post-PhD position was 
a three-year position at the US Military Academy at West 
Point. Although I tested the academic job waters while at 
West Point, I completed my three-year position and took a 
one-year visiting position at Loyola University, Chicago. I 
applied to approximately 80 positions with no restrictions 
to geographical area. After being on the market four out 
of the last five years, I was starting to feel pretty confident 
about the application process, yet my lack of success in 
previous years had left me nervous about actually receiv-
ing an offer. All of the experience finally paid off: I had 17 
interviews at the Winter Meetings in Baltimore, went on 
4 on-campus interviews, and received 1 job offer. In fall 
1998 I began a tenure-track position at Montclair State 
University of New Jersey. 

Diana M. Thomas, PhD (Dynamical Systems), Georgia 
Tech, 1996. My first post-PhD job was a three-year position 
at the US Military Academy at West Point. When I went on 
the market again, I restricted my search to the New York 
City metropolitan area. Since my job search was selective, 
I decided to send out only 30 applications tailored to each 
school. I let prospective schools know that I had colleagues 
in the area that I collaborated with and that I attended 
seminars at other local schools. I felt that this showed the 
schools that I was already very active in this geographical 
location. I also made an effort to try to meet people from 
the schools at conferences and seminars. In my opinion, 
such a detailed and focused approach creates an advantage 
in a selective job search. My results were 6 interviews at the 
Winter Meetings, 7 on-campus interviews, and 3 job offers. 
Four of the schools from the Joint Meetings invited me for 
an on-campus interview. I accepted a position for a ten-
ure-track assistant professor at New Jersey City University, 
which I began in fall 1998.

The Employment Register
By now you probably have some preconceived notions 
about the Employment Register (ER). For those who are 
unfamiliar with the ER, 15-minute interviews are conducted 
every 20 minutes in a large room where interviewers from 
schools sit at numbered tables. Some candidates are disap-
pointed with their interviews and/or with the number of 
interviews received through the matching program. How-
ever, taking the ER seriously helped us make job contacts 
that led to on-campus interviews and job offers. Here are 
some pointers on how to make the most out of your ER 
interviews and other contacts you have with prospective 
schools at the Joint Math Meetings.

 • Attend the Joint Meetings at least once before you are 
on the market.



Early Career

50    notices of the american mathematical society Volume 69, number 1

questions to ask the interviewers. For each school I made 
a list of items that I wanted to mention.

 • Send “thank you” notes after the meeting.
TH: Keep the notes short (e-mail is fine), but let them 

know that you appreciated their time and you are interested 
in their position.

Typical Interview Questions
You will be asked many questions. Because your time will 
be limited, you should have answers prepared ahead of 
time. Practice answering the following questions with your 
adviser or fellow job seekers. 

 • Tell us about your dissertation.
Give a 2–3 sentence response understandable by a math-

ematician in any field. If requested, go into further detail. 
 • What kinds of courses do you want to teach?

Be specific and honest. Remember, you may end up 
working there and having to teach the courses you claimed 
you wanted to teach!

 • How would you approach teaching basic-level math 
courses?
Realize that many math departments service other de-

partments. Teaching lower-level courses well is important 
for their livelihood. Even if you do not have experience 
teaching, prepare yourself for these types of questions.

 • What do you think of calculus reform and/or teaching 
technology (e.g., graphing calculators)?
Do not come across as too opinionated. The safe thing 

to do is say that there are good points to calculus reform, 
but there are problems too. Stress your experiences with 
calculus reform and technology usage in the classroom.

 • How would you describe your teaching style?
This is a tough question that you need to prepare well. 

Looking through your student evaluations may help you 
develop an answer. You could also ask a colleague to sit in 
on your class and provide you with information on your 
teaching style.

 • What distinguishes your teaching from that of your 
peers?
Try to come up with something original that will stick 

in their minds.
 • What type of salary are you looking for?

Even though this question may seem unfair, be prepared 
to deal with it.

 • What are your research plans beyond your disserta-
tion?
Be clear on what your research plans are. You are not 

expected to have a crystal ball and know what you will work 
on in the future. But interviewers want to be reassured that 
you have ideas beyond your dissertation that you can work 
on after you leave graduate school.

 • What do you see yourself doing in the next five years?
Be honest with these questions. If you have a specific 

research plan, outline it briefly. If you would rather spend 
your time focusing on teaching, say so. There are schools 

DT: I used the computer facilities at the meetings to 
examine schools’ Web sites. I noted the professors who 
have research interests that matched mine and kept track 
of special programs, software usage, etc.

 • Contact schools through the message boards and 
message boxes.
DT: I did not get matched to interview with some of 

the schools in which I was really interested. I left notes in 
their boxes at the ER. One school was able to squeeze me 
into their schedule, and our meeting led to an on-campus 
interview.

MJ: When contacting a school, provide a copy of your 
vita and give explicit reasons why they should see you and 
why you are serious about their position. Interviewers are 
extremely busy at the meetings; do not waste their time 
unless you fit their position.

 • Give a talk at the meeting.
TH: Send in an abstract for a general 10-minute talk, 

preferably on your dissertation research. Schools that are 
interested in you will come to your talk, providing you 
with another chance to make an impression. Keep the talk 
clear and fun, especially if you are trying to attract liberal 
arts schools.

MJ: Let your interviewers know when and where you 
will be speaking.

 • Give your interviewers an opportunity to get to know 
you better.
DT: I told interviewers about a senior thesis student who 

was presenting a poster in a student session. The schools 
had an opportunity to talk firsthand about my in-class 
performance with one of my students.

MJ: If your letter writers are at the meetings, ask them 
if you can refer interviewers to them to talk about your 
background and abilities.

 • Dress well.
TH: It is better to err on the side of overdressing. Go with 

whatever makes you feel comfortable, but look nice. Try to 
dress professionally.

 • Be happy!
TH: The interviewers are tired, perhaps talking with 

thirty candidates in one day. They have as much desire as 
you do to make this process easier. Try to put yourself in 
their shoes. They want to meet someone happy and fun. 
Take a minute to chat about the talk you just saw. Make 
them think that talking with you is a pleasure, not a chore, 
and they will remember you.

 • Take notes.
TH: If you are successful, you will be interviewing with 

many different schools and meeting many different people. 
Keep a notebook and scribble down impressions after each 
interview.

MJ: I prepared a standard form which I used for all of 
my interviews. Before the interview I filled in as much of 
the form as possible. Filling in the gaps provided me with 
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DT: I was asked to teach a class for one interview. I had 
the students break into groups. The students did not have 
time to warm up to me and did not feel comfortable inter-
acting with me. Teaching a class on an interview is almost 
like teaching on the first day of class, only with faculty 
watching. If you are required to do this for your interview, 
give a well-prepared clear lecture with periodic questions 
thrown at the class.

 • Be yourself.
DT: Do not try to be every member’s ideal candidate. 

Most faculty have probably looked at many applications 
and served on search committees for previous job searches. 
They will know if you are trying too hard to tailor yourself 
for their position.

TH: I know of one job seeker who openly told schools 
that she did not want to do any research after her disser-
tation. And what do you know? At one of the schools she 
interviewed with, this was exactly what they wanted to hear. 
You help everyone, including yourself, by being honest.

 • Ask for feedback.
DT: If you do not receive an offer from a school, contact 

them and ask for feedback on your interview. They may be 
able to provide insights on the search process and how you 
came across. You can use the information to determine how 
to interview better next time.

Questions to Ask the Search Committee 
While on an interview you will have many opportunities to 
ask questions. We suggest that you come prepared with a 
list of questions, because you may forget to ask a particular 
question if you are nervous or anxious about the interview. 
Moreover, good questions will help engage faculty mem-
bers in discussion and reflect well on your personality. Ask 
questions to help determine if you would be happy and 
successful at the institution. Below are a few questions to get 
you started, which we have divided into different categories. 
Life Issues

 • Can you provide specific information about the health 
insurance and retirement packages?

 • Is there affordable housing in the area? Where do the 
other faculty live?

 • What types of childcare facilities are available, and where 
do faculty send their children to school?

 • Would my children be able to attend the college for free 
or for reduced tuition?

Teaching Environment
 • Typically, how many contact hours and separate prepa-

rations will I have per term?
 • Are there course reductions for junior faculty and for 

faculty to pursue research?
 • What kind of computer facilities are available for the stu-

dents? How, if ever, is technology used in the classroom? 
Does this include access to a network with standard 
mathematical software packages?

out there that are looking for both of these answers, so do 
not be afraid to be honest and true to yourself.

On-Campus Interviews
Most on-campus interviews follow a script that reads some-
thing like: fly in, go on a campus tour, meet the faculty 
and administration, give a talk, and return home. Realize 
that different schools have different methods of searching 
for and ranking a candidate. Typically, a search committee 
decides on which top three or four applicants to interview; 
they also rank their top candidates before the interview. 
From personal conversations it seems that the rankings did 
not change after the interviews were conducted. This may 
seem surprising at first, but rank is typically determined 
by substantial criteria like publication record, teaching 
experience, field of expertise, letters of recommendation, 
etc. Most likely your publication list or teaching experience 
will not change drastically from the time you send in your 
application to the time you interview at the school. Here are 
some suggestions that may help in the interview process. 

 • Know your audience.
MJ: Some schools will require a talk at the undergraduate 

level, while others want a more high-powered talk. Make 
sure you are informed at what level to pitch the talk.

 • Prepare multiple versions of your talk.
DT: Typically, schools will ask you to prepare a talk 

aimed at an advanced undergraduate mathematics major. 
Since the job talk is the one time most of the faculty are 
able to see you in action, you also want to show you do 
solid and interesting research. It is difficult to determine 
how to strike a balance. I eventually had three versions of 
my talk prepared (nontechnical, advanced undergraduate, 
and technical). Job talks are usually given in the afternoon, 
so after spending the day with the faculty I got a feel for 
which version of the talk to present. You could also ask 
the school in advance if you can give two half-hour talks 
instead of one hour-long talk. The first talk would be geared 
toward students, while the second talk would be for faculty. 

 • Bring and leave a portfolio with all of your accom-
plishments.
DT: Individual committee members may be looking for 

specific information. Your portfolio provides information 
that the faculty want to know and did not have time to ask 
you during your interview. Make sure it is well organized 
and tabbed so your interviewers can quickly find relevant 
information. My portfolio contained: (1) AMS Cover Sheet 
and vita; (2) classroom exercises, handouts, and projects/
samples of student work; (3) completed research papers; 
(4) papers in progress; (5) grants received; (6) student 
evaluations. Leave the portfolio behind for faculty who 
were unable to make your acquaintance.

MJ: It is also a good idea to keep this portfolio up-to-
date for departmental reviews and to help organize your 
materials for tenure.

 • When teaching a course, do not do anything fancy.
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Giving a Talk

Bryna Kra

No one likes to sit through a bad talk, but unfortunately 
everyone does it much too frequently. No one sets out to 
give a bad talk, but probably all of us have done so. Paul 
Halmos [Hal74a] wrote a beautiful article on how to give 
a talk, and his advice remains apt today (and some of it 
is repeated here). But new technology, varying audiences, 
and different venues force modifications in how we give 
talks. This is subjective advice on how to give a good talk 
and, especially, how to avoid giving a bad talk. Of course, 
not all of it applies to everyone or to every situation, but 
my hope is that anyone reading this article is provoked into 
thinking a bit more when preparing a talk.

What Kind of Talk? 
Think about the purpose of the talk: Is it a seminar? Collo-
quium? Conference? Job talk? What is the target audience: 
is it a survey talk? Is it aimed at graduate students? Is it 
meant for experts? The answers affect all aspects of the 
talk, starting with the format: an “old fashioned” chalk 
talk? Projecting via a document camera or overhead? A 
computer presentation?

There are no right or wrong answers, but before making 
a decision, think about the audience and the venue. For a 
survey talk with many references, a computer presentation 
might be appropriate. For a large conference, boards might 
not be available. For a small seminar, one can include de-
tails of a proof that can only be done on a board (or perhaps 
more accurately, should only be done on a board). Find out 
if the room is appropriate for using the board, particularly 
if it is a large room. When using technology, find out if 
the screen is easily visible, if it can be combined with use 
of a board, and if a computer is provided. These decisions 
depend on the culture of the venue for the talk, but with 
proper planning, any presentation method available can 

 • Will I be able to teach a variety of courses ranging in 
levels?

 • Is summer teaching available? expected?
 • Is there an undergraduate colloquium series? Is there 

an undergraduate math club and/or chapter of Pi Mu 
Epsilon? 

Research Environment
 • Are there start-up funds available for your research? 

What computer equipment do individual faculty mem-
bers receive?

 • Are there opportunities for a research-based leave or 
early sabbatical (before tenure)?

 • Does the library have CD-ROM abstracts like Mathemat-
ical Reviews, an online subscription to MathSciNet, or 
subscription to document retrieval services? How is the 
library at getting interlibrary loan materials? Will I have 
input in future acquisitions to the collection?

 • Is there a department colloquium or seminar series?
 • Is there travel money to attend and/or present at con-

ferences? Are there funds for undergraduate research?
Service Responsibilities

 • Will I be responsible for advising students? And if so, 
how many students?

 • How are the committee assignments made? Will I have 
an opportunity to serve on campuswide as well as de-
partmental committees?

 • Are the service requirements less for junior faculty?
Assessment of Performance

 • How is teaching evaluated for tenure and promotion?
 • What are the research expectations to receive tenure?
 • Is there a yearly review? Is there a three-year review?
 • How many people have come up for tenure in the past 

ten years? How many have received tenure?

Conclusion
Our best advice is to prepare well for your interview. Un-
fortunately, you will encounter situations that will take you 
by surprise. Minimize this by talking to young faculty and 
fellow graduate students about their experiences. Further, 
consult Web pages, like the Young Mathematicians Network 
[YMN] or the AMS Web site [Emp], to glean tips from the 
advice of job market veterans.

There is no set formula for a successful job search. There 
is an infinite number of factors that come into play when 
a department hires a new faculty member, and many will 
have nothing to do with you! But the interview is an aspect 
that you can partially control to prove that you will be a 
cherished addition to their department. Do not let the 
things that are in your control work against you. An ounce 
of preparation is worth a ton of good impressions.
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be a very simple fact or a much simplified toy version of 
the real problem. If the talk is a seminar, it might be an 
outline of steps in a long proof or the proof of a crucial, 
technical lemma. If the statement or proof can be given in 
a simple case, do it. The audience does not need to hear the 
details of the most general setting in which the theorem 
can be proven and can instead be directed to the paper(s) 
concerning it. By avoiding the most general possible state-
ment, much heavy (and incomprehensible) notation is also 
avoided. More important than the details is the motivation 
of the subject, an overview of the ideas, and the intuition 
behind them.

Talks are meant to convey something that is not in the 
literature and not just to be a repetition of the introduction 
of a recent article. A useful exercise is to think back to how 
the result was proven: what were false steps? What were 
examples used to test the ideas? Explaining such steps can 
be instructive components of a talk.

For a seminar or typical conference talk, one theorem or 
a few related theorems are usually enough material. If the 
theorems covered naturally split into two different papers, 
then this is probably material for two separate talks. This 
does not mean that any result from another article ought 
to be omitted, but rather it should be used to bolster the 
main focus of the talk. Surveys are different: they should 
go slowly and have a goal but likely include many more 
(interrelated) topics.

The last step of preparing a talk, particularly for inex-
perienced speakers, is practice. Practice the talk out loud 
and time it. Frequently, people are surprised to find that 
what they thought would be easy to fit into twenty minutes 
really takes forty-five minutes, or vice versa. Even experi-
enced speakers benefit by saying all the words before the 
actual talk, even if each iteration is somewhat different. I 
still write every word that I plan to say, though I rarely refer 
to these extensive notes during the talk—just the exercise 
of thinking through the words improves the presentation.

Citations and  Thanks
Make it clear which results are yours and which are in the 
literature. Give citations for any results used or previous 
results on the same topic; there is no need to give com-
plete bibliographic listings, just the author(s) and year of 
publication suffice.

Always thank the host or hosts for the invitation. Re-
member to cite any coauthors and anyone else who helped 
with the work.

Computer  Talks
The biggest change over the past ten years has been the pro-
liferation of computer talks, leading to a host of self-created 
problems. The most basic problem is unreadable slides: the 
computer is not set up correctly for projection, the type is 
too small, or a slide is too crowded.

be used to give an excellent talk geared to the appropriate 
target audience.

Plan and Scope
The first piece of advice is obvious, but still needs stating: 
plan the talk. The talk should be a cohesive narrative, tell-
ing a story from the beginning to the end. Overall, plan to 
keep it simple. The whole audience should follow at least 
half of the talk, and most of the audience should be able 
to follow most of the talk. Do not just address the experts; 
save any comments meant for them until the last few min-
utes of the talk.

How does one go about planning? Perhaps the best 
advice is a negative piece of advice: do not try to cover 
too much! This especially applies to computer talks—just 
because it is easy to flash many theorems and explanations 
on a screen does not mean that anyone can follow. Instead, 
pick a focus. Do not set out to tell the audience every the-
orem in a subject or every theorem from a paper, but take 
the time to delve into a particular aspect.

Start with a hook: a general problem or subject likely to 
be of interest to the audience. By providing background, 
history, and placing the subject in a greater context, one can 
pique the audience’s interest before delving into any details. 
The exact type of motivation depends, as always, on the 
purpose of the talk and the target audience. For example, 
a colloquium on patterns in the primes might start with 
the Twin Prime Conjecture and one on the wave equation 
might start with a picture or graphic, whereas for a talk 
in a number theory or PDE seminar, one should assume 
familiarity with these topics.

Take time in giving the definitions or stating a theorem, 
and make sure that the audience has the time to digest it. 
If at all possible, use examples or pictures. Speakers, espe-
cially young speakers, believe that the audience knows the 
subject better than they actually do. But even when this is 
true, introducing the basic definitions and statements is a 
time to set notation and to give the flavor of how the basics 
are used and how these notions fit into the topic. In spite 
of what many people believe, the reality is that the speaker 
has probably thought more about the topic than anyone 
else in the room, and even experts do not always remember 
all the definitions and basic theorems. Of course, one can 
go too far by including too many basics for the particular 
audience: for a talk in a dynamics seminar, there is no need 
to define the word ergodic, but one should in a colloquium. 

A good rule of thumb (other than for expository talks) 
is that at least half the talk should be devoted to the speak-
er’s own work. One should get to one’s own work as early 
as is practical—the earlier the better. If left to the last five 
minutes, the audience does not have time to absorb the 
material and pose questions.

Everyone likes coming out of a talk having learned 
something, and the speaker should try to include some 
sort of proof, even in a general audience talk. It might 



Early Career

54    notices of the american mathematical society Volume 69, number 1

rear projection screens. When in doubt, try the colors in ad-
vance on a real screen, not just on a small computer screen. 

On the other hand, when all the talks look the same, 
the audience begins to glaze over. Judicious use of color on 
slides can break up the monotony without being distract-
ing. Pictures and graphics can enhance a talk, and when 
appropriate, animation is an excellent tool for explaining 
an idea or a proof. The animations should be embedded 
in the file and tested in advance—no one enjoys watching 
a speaker search through hundreds of files on a computer.

Short Talks
Many conferences include short (twenty minutes or less) 
talks. Although one might think that these are easier to 
prepare, in some sense they are even harder. In twenty 
minutes, there is no time to present all the history, give a 
complete proof, or enter into the details of a construction. 
The goal is to convey a single result or several very closely 
related results, and this requires stripping out all other 
elements from the talk. Usually six to seven slides is more 
than enough for twenty minutes. Think of a twenty-minute 
talk as an extended movie trailer for the results: get the 
audience interested in finding out more.

Most advice for short presentations is the same as that 
for longer ones, just compressed: the results should be 
placed in context, important earlier results should be cited, 
and there should be a hint as to the ingredients that enter 
the proof. Heavy notation and long statements should be 
avoided, even if this means that the general statement is 
omitted or the statements are less precise (so long as the 
imprecisions are made clear to the audience).

Language Issues
For nonnative English speakers, giving a talk in English can 
often be a significant hurdle, but there are several ways to 
make it easier. The first is to practice the talk, even multi-
ple times, with or without an audience. It may be easier to 
use a computer for the presentation and use the slides as 
a memory tool for difficult words or phrases. If it is more 
appropriate to give a chalk talk, a handout can help by 
summarizing key points. Always remember to speak in full 
sentences and try to explain everything as much as possible. 

Pet Peeves
This is a personal list of egregious errors that I have wit-
nessed. Having said that, I am sure that I have committed 
each of these violations at some point, but these errors can 
be easily avoided:

 • Do not number your theorems. To refer back to a theo-
rem, give it a memorable name, like the “Comparison 
Theorem” or the “Main Estimate.” No one can remember 
what Theorem 2 was, much less Theorem 8!

 • Do not use the same letter for two different purposes, 
even if this seems entirely natural. For example, if there is 
a map that is C2 and a constant c, use k for the constant. 

The first of these problems is easily corrected with a few 
minutes of planning. Check in advance that the file works 
in full screen mode and know how to put the computer into 
this mode. If at all possible, try the file on the computer to 
be used during the talk. Before the talk begins, make sure 
to close any other programs running in the background, 
especially anything that might interrupt the presentation 
with a pop-up.

The other two issues need to be addressed during the 
preparation of the talk. Simply put, computer talks do not 
work if the slides are too crowded. The type size has to be 
large, and it should be readable at the back of the room. 
This means that there is plenty of space between the lines 
and a maximum of about ten lines per slide (fewer is even 
better). Leave out as many words as possible and do not 
write full paragraphs. Beamer [Bea], a commonly used 

 class for creating slides, as with most other presen-
tation programs, comes with preset margins and spacings. 
They are designed so that one cannot put too much on a 
single slide, and there is no reason to override the settings. 

There is also no reason to put every word on the slide 
and then do nothing more than read it aloud—if that is 
the plan, just post the slides on a website and forget about 
giving the talk. It is better to have less on the slides and then 
use many words to explain what it all means. You should 
be able to state everything on a slide in less than a minute, 
but spend at least two to three minutes per slide fleshing 
out the explanations. Many excellent speakers spend five 
to six minutes per slide.

A pointer or the mouse is useful for highlighting what 
the audience should focus on, but do not overdo it. Use it 
to highlight a particular object for a few seconds and then 
let the audience continue to look (or not) themselves. A 
bouncing laser pointer is a sure way to make the audience 
dizzy.

Some speakers like to reveal the lines of a presentation 
one line at a time. But this means that the last line is visible 
for only a few seconds before it is replaced by a new page. 
It is often better to show the whole slide at once and let 
the audience see what is coming. To draw the audience’s 
attention to a particular statement, use the pointer, high-
light the particular statement in another color (easy to do, 
for example, in Beamer), or use a lighter color to show the 
lower portions of the slide (again, easy in Beamer).

Slides are great for repeating something that is needed 
more than once. But that does not mean scrolling back to 
an earlier slide out of order. Instead, include another slide 
that repeats the result, instantly reminding the audience 
exactly what is needed—this is one of the benefits of a 
computer presentation.

Background graphics are almost always distracting. To 
get the audience to focus on the math, leave out the back-
ground of a beautiful sunset that obscures the equations 
and theorems. Some colors do not project well and should 
be avoided; particularly, many light colors do not work on 
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network. What follows is a rough guide to how you can use 
graduate school to build the professional relationships that 
will shape your career.

The Hungry Caterpillar
Stepping into the mathematical social network begins by 
getting to know your graduate student cohort. It’s likely that 
some of the friendships you form during graduate school 
will be among the closest in your life, and even those fellow 
students who aren’t your best friends are likely to be pro-
fessional colleagues long after you’ve received your degree. 
It’s worth the investment of time and energy to foster these 
relationships as your first semester begins.

When arriving on campus to start your graduate career, 
you’ll likely convene with the new graduate students in 
your department and a handful of the faculty for a kind of 
informal orientation. PhD programs often draw students 
from a wide variety of backgrounds, so don’t be surprised 
to find people whose professional experience, familial sta-
tus, or country of origin doesn’t match your own. Despite 
any differences you might notice at first, this group has a 
common bond with you that you’ve probably never expe-
rienced: shared professional passion and the dedication to 
pursue an advanced degree over the course of several years. 
Use this commonality to bridge social or cultural gaps that 
your classmates might settle into upon arrival. Fortunately 
your busy class schedule will leave you with plenty of ex-
cuses for convening en masse: to tackle lengthy homework 
assignments, to review topics covered in class, to prepare 
for qualifying exams. As you work toward your degree, you 
will rely on the various skills and perspectives that your 
fellow classmates can offer, so it is in your best interest to 
meet and spend some time with as many in your incoming 
class as possible. As you progress through the program, you 
might be surprised to find your ideal study partner, your 
favorite office mates, and your mathematical siblings aren’t 
the people you might have guessed when you first arrived.

Although mathematics and the novelty of graduate 
school are convenient starting points for meeting other 
incoming graduate students, don’t rely on math to be the 
only tie that binds you: meet people for pizza at the end 
of a long week; organize a hike at a local nature preserve; 
or set up an informal, weekly grad student happy hour. 
Chances are good that graduate students who are further 
along in the program will be organizing various social 
events to which you’ll be invited, and these will provide 
you with a good opportunity for meeting people whose 
experience can be of great benefit to you, both within the 
program and in your extra-mathematical life. Again, it is 
to your benefit to meet as many of the graduate students 
in your department as possible, so band together with 
a few first-year students and jump into this wider social 
pool. This larger community will also give you a chance 
to find people whose nonacademic interests match your 
own, and your department’s graduate student email list 

Instead of using both a capital and lowercase version 
of a letter, such as 𝜙 and Φ, use different letters unless 
they are very closely linked. Otherwise, it is too hard to 
distinguish the two while talking, leading to awkward 
statements like “little 𝜙” and “capital Φ.”

 • Do not introduce new definitions or a new topic in 
the last five minutes (the exception being a short talk). 
Instead, use this time to sum up main points, describe 
future directions, or address the experts.

 • Do not reveal your own insecurities with comments such 
as “my result is trivial” or “I would extend the result to 
case X, but I don’t understand X” or “I am sure everyone 
in the audience knows more about this.” Never belittle 
your own work, as there are many other people who 
would be happy to do this for you.

Finishing Up
Do not rush the talk, but do not go over. It is better to finish 
with a minute or two left rather than keep impatient people 
in their seats for extra time. Be prepared for questions at the 
end and leave time for the audience to ask them.

Keep in mind that you, the speaker, know more about 
your work than the audience does. So relax, good luck, and 
enjoy yourself.
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Meta-Morphism: 
From Graduate Student to 
Networked Mathematician

Andrew Schultz

While the stereotypical mathematician is a hermit locked 
alone in their office, the typical mathematician is far from 
a solitary explorer. A great amount of the mathematics 
produced today is created collaboratively, spurred into ex-
istence during those quintessentially mathematical social 
interactions: on chalkboards following a seminar talk, on 
napkins during a coffee break at a conference, on the back 
of a coaster at a pub. Though it often isn’t clear to those 
wading through graduate programs, one of the key meta-
mathematical skills one should develop while working on 
a master’s or PhD is the ability to participate in this social 
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spend time bringing nonspecialists up to speed. As a grad-
uate student who might have limited background in the 
discipline, you could very well find that many (if not all) 
of the seminars you attend are mostly incomprehensible to 
you. Not only is this okay, but it’s the experience of nearly 
every graduate student who attends a seminar; it’s hard to 
drink from a fire hose. Don’t let this discourage you from 
attending future seminars, and don’t turn the seminar into 
your personal fifty-minute nap session.

Your job when attending seminars is to focus on un-
derstanding as much of the talk as you can. Bring along a 
notepad and write down any questions you think of. Don’t 
expect that your questions will sound as fancy as those 
being asked by the senior faculty member you’re sitting 
next to; you’re just starting in the area, and you’re not ex-
pected to be making esoteric connections. Instead, bullet 
point the big ideas of the talk: what were the basic objects 
under investigation? What qualitative information did the 
stated theorems give about these objects? How do the stated 
theorems depend on or diverge from each other? When 
the talk is over, you should feel free to participate in the 
question-and-answer session even if your questions don’t 
sound as sophisticated as others. Afterward you should 
certainly speak with an experienced faculty member—if 
at all possible, the seminar speaker—about some of the 
questions you had. This adds an additional ten minutes 
to your seminar experience but can put the fifty minutes 
you’ve already invested into perspective. What’s more, by 
attending seminars you’ll be training yourself to learn 
mathematics in an important way: contrary to the founda-
tion-building, semester-long methodology used in teaching 
known mathematics, this result focused, hour-long seminar 
approach is how you’re most likely to hear about (and 
personally disseminate) new developments in your area 
for the rest of your career. For this reason, it’s important to 
keep attending seminars even if you feel as though you’re 
not understanding all of the talks. Each additional seminar 
will fill out your understanding of the discipline as a whole, 
and soon you’ll find that a talk you’ve just attended reminds 
you of another talk you heard two months before; you’ll 
be weaving your own mathematical tapestry.

The other benefit of attending seminars is that they are 
occasionally preceded by a seminar lunch or followed by a 
seminar dinner. Graduate students are always encouraged 
to attend these informal gatherings, and oftentimes their 
meals are subsidized. What graduate student doesn’t like a 
cheap meal? These get-togethers are a golden opportunity 
to interact with faculty members outside of your depart-
ment (think “future postdoc mentors,” “future coauthors,” 
etc.), so you should make a regular habit of attending. Strik-
ing up conversations in these settings is usually very easy. 
Questions like “Where did you attend graduate school?” 
and “What made you start researching…?” seem obvious, 
but they are great places to begin. As always, don’t feel 
obliged to stay within the bounds of mathematics when 

can be a boon for collecting people together to join in your 
favorite sport, play your favorite game, or take in a local 
theatrical performance. You can also consider broadening 
your social circle outside the math department by looking 
for university-wide student groups organized around your 
particular interests; being a mathematician certainly doesn’t 
oblige you to spend time only with other mathematicians, 
and the break from an otherwise mathematically centered 
life could be a welcome respite.

Once you’ve established yourself among the graduate 
students,you’ll next want to get to know your local faculty. 
Departments typically have a number of social activities 
planned through the course of the year, from annual 
get-togethers like a fall barbecue to weekly afternoon tea 
breaks. These give you a good opportunity for interacting 
with faculty members outside of the classroom, and you 
should take advantage of this opportunity. Chat with your  
algebra professor about where the course is going, talk to 
your analysis professor about the REU project you worked 
on, or try to find some nonmathematical interests you share 
with other faculty. These conversations will give you an in-
dication of which professors you most easily relate to, and 
this is an important factor to keep in consideration when 
choosing your thesis adviser. If you don’t give yourself the 
chance to interact with a faculty member who is a candidate 
for becoming your PhD supervisor, you might find yourself 
spending an hour each week with someone you can’t talk 
to. Also, when considering a candidate for your supervisor, 
you will want to take advantage of the connections you’ve 
made with older graduate students by asking them about 
experiences they may have had in working with this person; 
for obvious reasons, it is particularly helpful if you can get 
an honest assessment from a current advisee. 

Pupal Growth 
Once you’ve gotten through your first year of graduate 
school, you are likely to have gravitated toward one research 
group or another within your department, and it’s import-
ant that you become an active part of this community. Some 
of this will happen in the traditional classroom, where you 
already know the rules of engagement, though seminars 
will play an increasingly important role as you develop as 
a mathematician. Generally speaking, a seminar talk is a 
fifty-minute presentation to mathematicians in a specific 
discipline about recent developments in their field; often, 
but not always, the speaker at a seminar will be visiting 
from another mathematics department.

Once you’ve decided on your dissertation topic, you 
should start attending local seminars in your research 
area. Before attending, though, you’ll need to adjust your 
expectations from those you have of a typical class. Seminar 
speakers have a limited time in which to introduce their 
topics, discuss connections to larger problems in the area, 
and then present specific results. Since the target audience 
is almost always specialists in the field, speakers often don’t 
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support the seminar, and use the money to entice student 
attendance with that siren song of graduate life: free food. 
Presenting in such a seminar will force you to boil your 
technical results down into an understandable form, and 
you’ll reap the benefits of seeing how your classmates 
perform this same reduction. As you go on to present in 
seminars with faculty attendees or with a more specialized 
focus, you’ll rely on this same skill (though you’ll need 
to adjust the parameters of “understandable” depending 
on your target audience). Even if you don’t plan to keep 
research as an active part of your professional life after you 
finish graduate school, this skill remains applicable for the 
many times you have to talk about mathematics to non-
mathematicians: when explaining the importance of a sub-
ject to a class of undergraduates, or when justifying some 
mathematical program to administrators at your college.

After you’ve had a chance to present work locally, you’ll 
want to take advantage of any opportunities which arise 
for presenting talks at nearby meetings or at far-flung con-
ferences. There is often support for graduate student travel, 
either from your department or the conference’s organizing 
body, so don’t assume that an empty bank account will 
prevent you from participating. Occasionally you can also 
receive support even when you aren’t presenting at a given 
conference, or you might have the opportunity to attend a 
conference which won’t require outside support (if it’s at a 
local university, say). If you are given financial backing, or 
if the out-of-pocket expenses are manageable, it’s always a 
good idea to attend conferences which cover mathematics 
of interest to you when you have the opportunity. Don’t feel 
obliged to limit your participation to conferences organized 
around your specific research area; your mathematical in-
terests are likely varied, and your professional life will be 
richer by fostering this breadth.

Once you’ve arrived at a conference, don’t forget that 
there’s more to do than simply attend talks (or deliver your 
own). Conferences represent an opportunity to further your 
social sphere and make contacts with some of the movers 
and shakers in your field, or at least a handful of mathe-
maticians who are a bit further along in their mathematical 
careers than you. This will likely be the first time in a while 
that you’ve felt like you truly know no one around, but 
don’t let that be an excuse for making a quick retreat to 
your room at the end of each talk. Don’t be shy about in-
troducing yourself to people during coffee breaks or in the 
ten-minute pauses between talks or presentations. Again, 
basic introductions can take you very far, so feel free to 
start with your name and institution and see where things 
go. At the beginning of a conference, you can always ask 
if the person will be presenting later in the week; if you’ve 
already seen their talk, you can ask them something you 
didn’t get a chance to ask during the question-and-answer 
period (you’re still writing questions down during talks, 
right?). Take advantage of this opportunity to establish 

making conversation; after a long day of focusing on 
work, a nonmathematical topic of conversation could be a  
welcome change. Without prying or excluding others from 
the conversation, explore connections that you might have: 
perhaps the speaker hails from somewhere you’ve been 
meaning to visit, or one of your undergraduate professors 
went to the speaker’s graduate school. Remember that these 
meals are meant to be fun; relax, be yourself, and make a 
good-faith effort at participating in the conversation.

The Emerging Butterfly
As you progress in your graduate career, you’ll likely have 
the opportunity to speak about mathematics to an audi-
ence of mathematicians, either on your own work or on 
some theory you’ve been studying for your dissertation. 
If you are offered such an opportunity, take advantage of 
it. One doesn’t develop the ability to give an interesting 
mathematics talk without experience, and you’ll want to 
give yourself as many opportunities as possible to hone 
this critically important craft.

There are a number of excellent guides for how you can 
give a good mathematics talk (flip a few pages back to read 
the preceding article, or see [BS99, Hal74b, McC99, Swa09], 
or talk to someone whose presentation style you admire), 
but don’t forget the interpersonal component of talking to 
an audience. Do the basics well: make eye contact regularly, 
gauge the audience’s understanding and make necessary 
adjustments. The audience will sense and respond to 
your attitude, so you can help encourage an enthusiastic 
response by projecting your own interest when describing 
your results. Along these same lines, avoid self-deprecating 
humor and resist the urge to downplay the importance of 
your results because they don’t seem as profound as topics 
you might have heard while attending past seminars. The 
increased accessibility you detect in your talk comes from 
the fact that you have spent a lot of time developing the 
mathematics which bolsters it, and most of your audience 
won’t have the benefit of this prolonged exposure to your 
topic. In other words: what seems obvious to you is often 
not immediately obvious to those in attendance. Help the 
audience follow your talk by providing them with inter-
pretations of the results you present, such as how a certain 
lemma will be used in developing a later theory, or why a 
particular result is connected to previous work in the area.

Don’t feel that you need to give your first talk in a 
research seminar filled with faculty. Instead, see if the 
graduate students in your department have a student-run, 
general-interest seminar that you can speak in. If no such 
seminar exists, take the lead and start one. Graduate-student  
colloquia can be a tremendous opportunity for you and 
your cohort to sharpen a critical professional skill in a low-
stakes, friendly environment, and your department will be 
stronger for the introduction of such a seminar. Approach 
your department chair or the director of your graduate 
program and see if you can get some nominal funding to 
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yourself as an inquisitive, approachable person to a large 
group of people outside your home institution.

Life as a Pollinator
Life as a professional mathematician requires participation 
in a social network, and graduate school represents an 
ideal setting for you to gradually develop the skills and 
connections which will help you thrive in this web: first 
with your classmates, then local faculty, and later with the 
wide mathematical world. Regardless of where you end up 
after graduate school, continue to take advantage of the 
opportunities you have to further your own connections, 
and do your part to help budding mathematicians at your 
institution join this network: foster their interest in explor-
ing and presenting their own mathematical questions, en-
courage their attendance in colloquia or seminars (or help 
organize a student-targeted colloquium), and convince 
your department to set aside funds so they can attend con-
ferences to meet other mathematicians. By placing value on 
the interpersonal aspects of practicing math, we ultimately 
increase the quality of mathematical content and discourse 
for those we seek to serve: our institutions, our students, 
our colleagues, and ourselves.
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The Legacy of Dick Askey
(1933–2019)

Howard S. Cohl, Mourad E. H. Ismail,
and Hung-Hsi Wu

1. History, by Paul Terwilliger
Richard Allen (Dick) Askey, who devoted his life’s work to
mathematics and mathematics education, died on Octo-
ber 9, 2019 at the age of 86.

Dick was born on June 4, 1933, in St. Louis, Missouri.
In 1955, he earned a BA from Washington University in
St. Louis, and in 1956 an MA from Harvard. He then pur-
sued a doctorate at Princeton, and finished his course work
in 1958. During 1958–1961, while completing his thesis,
Dick was an instructor back at Washington University. In
1961, he earned a PhD from Princeton; his advisor was
Salomon Bochner. After a two-year instructorship at the
University of Chicago, Dick was appointed assistant pro-
fessor in the department of mathematics at the University
of Wisconsin, where he served for the remainder of his
career. He became associate professor (1965–1968), pro-
fessor (1968–1986), Gábor Szegő Professor (1986–1995),
John Bascom Professor (1995–2003), and professor emer-
itus (2003–2019).

Dick advised 14 PhD students and five postdoctoral fel-
lows, all of whom thrived under his guidance. Later in this
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Figure 1. Dick Askey, Oberwolfach, March 1983.

article, we will hear from his former PhD student Dennis
Stanton (see §2.5), and his informal student/mentee Tom
Koornwinder (see §2.8), who tell of their deep bond with
Dick and his profound influence over them. Epic work
with his former PhD student James Wilson is also featured.
Dick’s later PhD students Shaun Cooper and Warren John-
son, and his later postdoc Frank Garvan, shared Dick’s in-
terest in 𝑞-series, number theory, and the mathematics of
Srinivasa Ramanujan. Mourad Ismail (see §2.6) was one
of Dick’s postdocs, and they developed a profound collab-
oration that continued throughout their careers. Dick also
had a strong collaboration with George Gasper (see §2.7),
who spent a year (1967–1968) at the University of Wis-
consin as a visiting lecturer. Early in his career, Dick’s
interest in the mathematics of Ramanujan brought him
into contact with George Andrews (see §2.1), and they be-
came lifelong collaborators. A shared interest in Ramanu-
jan also brought Dick into contact with Bruce Berndt (see
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§2.3) who greatly benefited from Dick’s guidance for over
four decades. Dick had collaborations with a large num-
ber of other mathematicians. For lack of space, we men-
tion only a few: Mizan Rahman, Ranjan Roy, Paul Nevai,
Deborah Haimo, Samuel Karlin, Natig Atakishiyev, Sergeı̆
Suslov and Stephen Wainger.

Figure 2. Dick Askey, University of Minnesota, March 1988.

Dick was a preeminent mathematician of his gener-
ation, as the following awards and distinctions suggest.
Dick was a Guggenheim Fellow (1969–1970); invited
speaker at the International Congress of Mathematicians
(1983); Vice President of the American Mathematical So-
ciety (AMS) (1986–1987); Honorary Fellow of the Indian
Academy of Sciences (1988); Fellow of the American Acad-
emy of Arts and Sciences (1993); Member of the National
Academy of Sciences (1999); Fellow of the Society for In-
dustrial and Applied Mathematics (2009); and Fellow of
the AMS (2012). Dick received an honorary doctorate
from SASTRA University in Kumbakonam, India (2012),
and a Distinguished Mathematics Educator Award from
the Wisconsin Mathematics Council (2013). Dick won a
Lifetime Achievement Award at the International Sympo-
sium on Orthogonal Polynomials, Special Functions and
Applications in Hagenberg, Austria, on July 24, 2019.

Dick’s primary research interest was Special Functions;
many of these are extensions of the functions on your sci-
entific calculator. When asked why do research on special
functions, Dick emphasized that one studies special func-
tions not for their own sake, but because they are useful.
Roughly speaking, special functions are the functions that
have acquired a name after repeated use.

It took some courage for Dick to start his research career
on the topic of special functions. During the period 1950–
1970, it was widely believed that the existence of large, fast

computing machines would minimize the value of special
functions. This belief was wrong. Taking a broad view of
the relationships between special functions and the rest
of mathematics and physics, Dick and a small group of
like-minded researchers resurrected the field and attracted
many young, talented, and ambitious mathematicians to
the area.

Dick was an author or coauthor of over 180 research
articles. We mention two that had a profound influence.
An inequality in his 1976 paper coauthored with George
Gasper [AG76] was used by Louis de Branges to prove the
Bieberbach conjecture in 1985. In a Memoir published
by the AMS in 1985 [AW85], Dick and his former doc-
toral student, James Wilson, introduced the Askey–Wilson
polynomials, which have become indispensable in com-
binatorics, probability, representation theory, and mathe-
matical physics. The importance of these polynomials is
suggested by the fact that the previously known families
of hypergeometric and basic hypergeometric orthogonal
polynomials, 43 families in total, are all special or limit-
ing cases of the Askey–Wilson polynomials. The Askey–
Wilson polynomials are viewed by many mathematicians
as a sublime gift to their community.

Dick wrote two books, and he edited four more. His
book, Orthogonal Polynomials and Special Functions [Ask75]
focused on classical orthogonal polynomials, related ques-
tions about positivity, and inequalities. His book, Special
Functions [AAR99], coauthored with George Andrews and
Ranjan Roy, has become the standard text on the subject.

The elegance of Dick’s mathematical writing brings to
mind the following quotation of Sun Tzu in The Art of War:
The supreme art of war is to subdue the enemy without fighting.
Many of Dick’s proofs have this quality.

Figure 3. First DLMF Editorial Board meeting, NIST, January
2000.

Dick lent his expertise to several projects that pro-
duced reference materials on special functions. In one
project the National Institute of Standards and Technology
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(NIST) created the Digital Library of Mathematical Func-
tions (DLMF); see [NIST:DLMF]. The DLMF is the 21st
century successor to a classic text by Abramowitz and Ste-
gun called the Handbook of Mathematical Functions (1964,
MR167642). Dick served as an associate editor for the
DLMF project. In this capacity, Dick gave advice on all
aspects of the project, from its conception around 1995 to
the initial release in 2010. In addition to his advising work,
Dick coauthored the chapters on Algebraic and Analytic
Methods, the Gamma Function, and Generalized Hyperge-
ometric Functions & Meijer 𝐺-Function. In another effort,
Dick was involved in updating the Bateman Manuscript
Project. The result is the Askey–Bateman Project in the
Encyclopedia of Special Functions, edited by Mourad Is-
mail and Walter Van Assche, and published by Cambridge
University Press. Volumes 1 and 2 have recently appeared,
and they cover univariate/multivariate orthogonal polyno-
mials along with some multivariate special functions that
Dick was interested in (see §§2.2, 2.4, 2.5, 2.6, 2.8).

Dick was passionate about the history of mathematics,
and he emphasized this topic in his lecturing and writing.
Dick helped to edit A Century of Mathematics in America
[Ask89]. Dick never tired of bringing to the world’s atten-
tion the genius of themathematician Srinivasa Ramanujan
(1887–1920). As part of this effort, in 1983 Dick commis-
sioned the sculptor Paul Granlund to create a bronze bust
of Ramanujan. Four copies were originally made, one of
which is now in London at the headquarters of the Royal
Society.

Early in his career, Dickmade a commitment to improv-
ing K–12 mathematics education (see §§3.1, 3.2, 3.3). He
wrote several dozen articles on this subject; for instance
“Good intentions are not enough” [Ask01]. Dickwas an ad-
vocate for the Singapore primary mathematics textbooks,
and helped to create some of their Teacher Guides. Dick
served on the AMS Education Committee (1998–2001)
and the US National Committee for Mathematics (1999–
2004). At the state level Dick consistently engaged in
reviews and discussions concerning Wisconsin state stan-
dards, assessment documents, and professional resources.
Dick’s mathematical credentials and common sense made
him an effective critic of various fads in school mathemat-
ics education. Concerning his position, we will give him
the last word:

Like a stool which needs three legs to be sta-
ble, mathematics education needs three compo-
nents: good problems, with many of them being
multi-step ones, a lot of technical skill, and then
a broader view which contains the abstract nature
of mathematics and proofs. One does not get all
of these at once, but a good mathematics program
has them as goals and makes incremental steps to-
wards them at all levels.

Figure 4. Persi Diaconis and Dick Askey, 80th Birthday
Conference, Madison, Wisconsin, December 2013.

2. Askey’s Contribution to Mathematics
Research

Dick’s lifelong devotion to the study of special functions
is summed up by this quote from Persi Diaconis:

Dear Friend Dick, You are one of my heroes. Not
just because of your wonderful work but because
of your bravery under fire. As we both know, there
was a long time when our math world just didn’t
know what to think about orthogonal polynomi-
als: was it appliedmath, a corner of representation
theory, or numerical analysis? Just what was it??
Anyway, it got “no respect.” You kept soldiering
on and beat the ... at their own game.

In order to motivate and describe some of Askey’s deep
mathematical contributions, it will be helpful to delve into
the subject of 𝑞-analysis and 𝑞-series. As we will see, some
𝑞-series serve as generating functions for statistics on par-
titions and also extend classical sums and integrals. The
importance of looking at 𝑞-series in a new and modern
way started with Andrews and Askey’s work on orthogonal
polynomials in the 1970s and suddenly many mathemati-
cians quickly joined in. The spread of interest in 𝑞-series
was so fast that some called it “the 𝑞-disease” because it was
“highly contagious.” We are glad to see that the 𝑞-disease
is here to stay.

As Askey was one of the first to recognize, the subject
of 𝑞-series started with Fermat’s evaluation of ∫𝑎

0 𝑓(𝑥) d𝑥,
where he replaced it by the infinite Riemann sum using
the mesh points 𝑎𝑞𝑛, that is,

∫
𝑎

0
𝑓(𝑥) d𝑞𝑥 =

∞
∑
𝑛=0

(𝑎𝑞𝑛 − 𝑎𝑞𝑛+1)𝑓(𝑎𝑞𝑛),

JANUARY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 61

http://www.ams.org/mathscinet-getitem?mr=167642


which is now referred to as a 𝑞-integral. When 𝑓(𝑥) =
𝑥𝑚 the sum is a geometric progression and equals
𝑎𝑚+1(1 − 𝑞)/(1 − 𝑞𝑚+1), which tends to 𝑎𝑚+1/(𝑚 + 1) as
𝑞 → 1. This suggests considering the (1−𝑞𝑛)/(1−𝑞), 𝑛 ∈ ℕ,
as analogues of the natural numbers and we are naturally
led to the 𝑞-shifted factorials

(𝑎; 𝑞)0 ∶= 1, (𝑎; 𝑞)𝑛 =
𝑛−1
∏
𝑘=0

(1 − 𝑎𝑞𝑘), 𝑛 ∈ ℕ ∪ {∞}, (1)

and the 𝑞-binomial coefficients

[𝑛𝑘]𝑞
= (𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘

,

respectively. We assume 0 < 𝑞 < 1. One can then write
(𝑎; 𝑞)𝑛 = (𝑎; 𝑞)∞/(𝑎𝑞𝑛; 𝑞)∞, which then defines (𝑎; 𝑞)𝑛 for
𝑛 ∈ ℂ.

The 𝑞-binomial coefficient [𝑛𝑘]𝑞
has many combinato-

rial interpretations. If 𝑞 is a prime power, it is the num-
ber of 𝑘-dimensional subspaces of an 𝑛-dimensional space
over a field with 𝑞 elements. It is a polynomial in 𝑞 which
is unimodal. It is also a generating function with power
series variable 𝑞 of the number of partitions of integers
which are of length 𝑘 and have at most 𝑛 − 𝑘 parts. Many
partition-theoretic identities have an analytic equivalence
of the type “an infinite series involving 𝑞-shifted factori-
als equals an infinite product.” For example the analytic
forms of the famous Rogers–Ramanujan identities are:

∞
∑
𝑛=0

𝑞𝑛2

(𝑞; 𝑞)𝑛
= 1
(𝑞; 𝑞5)∞(𝑞4; 𝑞5)∞

,

∞
∑
𝑛=0

𝑞𝑛(𝑛+1)
(𝑞; 𝑞)𝑛

= 1
(𝑞2; 𝑞5)∞(𝑞3; 𝑞5)∞

.
(2)

To see the connection with partitions the reader should ob-
serve that the powers of 𝑞 on the right-hand side of the first
equation are sums of terms of the form 5𝑘 + 1 or 5𝑘 + 4,
that is, partitionswhose parts are≡ 1, 4 (mod 5). Although
the partition-theoretic interpretation of the left-hand side
is not obvious, it can be thought of as the number of par-
titions into parts where any two parts differ by at least 2.

A basic hypergeometric function is a power series whose
coefficients are quotients of products of 𝑞-shifted factori-
als. The subject of 𝑞-series studies evaluations of certain
𝑞-series as quotients of infinite products, transformations
connecting different 𝑞-series, and orthogonal polynomials
which arise as 𝑞-series.

There are two divided difference operators associated
with 𝑞-analysis. The first,

(𝐷𝑞𝑓)(𝑥) =
𝑓(𝑥) − 𝑓(𝑞𝑥)

𝑥 − 𝑞𝑥 ,

has been used since the 19th century. The second is the
Askey–Wilson operator 𝒟𝑞. We write 𝑥 as (𝑧 + 1/𝑧)/2 and
denote 𝑓(𝑥) by ̆𝑓(𝑧). Then

(𝒟𝑞𝑓)(𝑥) =
̆𝑓(𝑞1/2𝑧) − ̆𝑓(𝑞−1/2𝑧)

(𝑞1/2 − 𝑞−1/2)(𝑧 − 1/𝑧)/2 .

We note that if we think of the numerator as Δ𝑓, then the
denominator will be exactly Δ𝑥.

There are many 𝑞-deformed physical models in which
the Hamiltonian is a second-order linear operator in 𝒟𝑞.
One case is the 𝑈𝑞(𝑠𝑙2(ℂ))-quantum invariant Heisenberg
XXZ model of spin 1/2 of a size 2𝑁 with the open (Dirich-
let) boundary condition. The Bethe ansatz equations of
this model are

(
sin (𝜆𝑘 +

1
2
𝜂)

sin (𝜆𝑘 −
1
2
𝜂)
)

2𝑁

=
𝑛
∏

𝑗≠𝑘,𝑗=1

sin (𝜆𝑘 + 𝜆𝑗 + 𝜂) sin (𝜆𝑘 − 𝜆𝑗 + 𝜂)
sin (𝜆𝑘 + 𝜆𝑗 − 𝜂) sin (𝜆𝑘 − 𝜆𝑗 − 𝜂)

,

where 1 ≤ 𝑘 ≤ 𝑛. The solution of this system is identified
with the zeros of a polynomial solution to a second-order
equation in𝒟𝑞 using a major modification of a technique
which Stieltjes initiated to solve a one-dimensional elec-
trostatic equilibrium problem. For details see §16.5 and
§3.5 in Ismail (2009, MR2542683).

Although many 𝑞-identities become hypergeometric
identities as 𝑞 → 1, there are many 𝑞-results which exist
only when 𝑞 ≠ 1. For example, the analytic form of the
Rogers–Ramanujan identities (2) are genuine 𝑞-series re-
sults and there is no 𝑞 → 1 limit.
2.1. Askey’s monographs, by George E. Andrews. Dick
edited many proceedings of conferences and collaborated
with Madge Goldman and others on mathematics books
for elementary school. He wrote two books for research
mathematicians: Orthogonal Polynomials and Special Func-
tions [Ask75] (stemming from his 1974 Conference Board
of the Mathematical Sciences (CBMS) lecture series at Vir-
ginia Tech), and Special Functions [AAR99] (joint with Ran-
jan Roy and George Andrews). Dick’s editing and com-
ments on Gábor Szegő’s collected papers in three separate
volumes [Sze82] has been immensely valuable.

Orthogonal Polynomials and Special Functions is an elegant
introduction to Dick’s early achievements, but more im-
portantly, also to the topics that he viewed as most signif-
icant. He and I had been in correspondence since 1970,
and he invited me as one of the participants in the CBMS
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conference. It was about then that our two quite differ-
ent fields of interest converged. I recall saying to Dick that
before I met him, I didn’t know an orthogonal polyno-
mial from a perpendicular one. He responded, “I’d hate
to tell you what I thought a partition was!” The conflu-
ence of our interests led Dick to invite me to Wisconsin
for the 1975–1976 academic year. Thus began the long
path leading to the book, Special Functions. We decided
to run a seminar on our joint interests. As a topic, we
chose Wolfgang Hahn’s paper, Ueber Orthogonalpolynome,
die 𝑞-Differenzengleichungen genuegen (1949, MR0030647).
Here was the world of 𝑞 and orthogonal polynomials tied
neatly together. We decided we should definitely write a
book. I set to work to produce three chapters, and Dick
was collecting notes from our seminar to supplement his
contribution. Each of us got enmeshed in other projects
after the glorious year of 1975–1976. Cambridge Univer-
sity Press continued to nudge us over the decades, and we
intended, over and over again, to put everything together.
As time wore on, it seemed this book would never happen.
The late Ranjan Roy was entirely responsible for rescuing
it from oblivion. Ranjan attended subsequent lectures by
Dick and realized that the long-awaited book would never
come about unless someone took over the onerous task
of taking the rough notes and ideas from both of us and
putting them into a coherent and readable text. It was clear
from Ranjan’s other singly authored books that he was an
excellent mathematical expositor, and hence he was the
perfect choice for our book. Both Dick and I were grate-
ful beyond words that Ranjan was able to turn our 1976
dream into a 1999 reality.

Figure 5. Andrews, Askey, and Roy, Baltimore, 2003.

2.2. Askey and Ramanujan, by Krishnaswami Alladi.
Richard Askey was widely acknowledged as a leader in the
field of special functions. He was also a major figure in the
world of Ramanujan, for he was instrumental, along with
George Andrews and Bruce Berndt, in making the mathe-
matical world aware of the wide-ranging and deep contri-
butions of Ramanujan. Indeed, he, George Andrews, and
Bruce Berndt have been jocularly referred to as “the gang
of three” in the Ramanujan world. Here I shall share some
personal recollections, but in doing so, I shall focus on
Askey’s role in educating us about the remarkable contri-
butions of Ramanujan pertaining to special functions, and
in his efforts to foster the legacy of Ramanujan.

I first met Askey at the Joint Summer Meeting of the
AMS and MAA at the University of Michigan, Ann Arbor,
in August 1980. At that time, I was a Hildebrandt Research
Assistant Professor there just after having completed my
PhD. He was giving the J. Sutherland Frame Lecture on
“Ramanujan and some extensions of the gamma and beta
functions” which I attended. I was charmed by his con-
versational, yet engaging, lecturing style. A vast panorama
of the area of special functions unfolded in his lecture, re-
vealing his encyclopedic knowledge of the subject. He dis-
cussed some of Ramanujan’s startling discoveries and ex-
horted everyone in the audience to study the work of the
Indian genius. In particular, he emphasized Ramanujan’s
important 𝑞-analog of the beta integral. He also discussed
Selberg’s multidimensional extension of the beta integral,
and spoke about his conjectured 𝑞-analog of the Selberg
integral, which provided an extension of the integrals of
both Ramanujan and Selberg. He concluded his lecture
by pointing out that in physics there are incredible formu-
las in several variables that are being analyzed and that a
genius like Ramanujan would be of invaluable help. As
Askey put it:

The great age of formulae may be over, but the age
of great formulae is not!

Askey’s paper under the same title as the lecture had just
appeared in the May 1980 issue of the American Mathe-
matical Monthly. I was working in analytic number theory
at that time, but before the end of that decade, owing to
the lectures of Andrews, Askey, and Berndt that I heard at
the Ramanujan Centennial in India in 1987, I entered the
world of 𝑞, or as Askey would say, I was smitten with the
𝑞-disease!

Around the time of that Summer Meeting, Askey sent
letters to academicians and persons with an interest
in fostering scientific legacies to contribute towards the
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creation of busts of Ramanujan. I received one such let-
ter. Responding to a plea from Janaki, Ramanujan’s 80-
year-old widow who was living in poverty in Madras, In-
dia, Askey had contacted the famous American sculptor
Paul Granlund and commissioned him to produce busts
based on the famous passport photograph of Ramanujan.
The response to Askey’s letter of request was overwhelm-
ing, and so it was possible for Granlund to produce ten
bronze busts, and these were ready by 1983, well in time
for the Ramanujan Centennial in 1987.

The Ramanujan Centennial was an occasion when
mathematicians around the world gathered in India to pay
homage to the Indian genius, and take stock of the influ-
ence his work has had and the impact it might have in the
future. Askey was one of the stars of the centennial cele-
brations. There were several conferences in India during
December 1987–January 1988, and Askey was a speaker
in almost all of them. I organized a one-day session dur-
ing a conference at Anna University, Madras, in December
1987. He graciously accepted our invitation to inaugurate
that conference and to speak inmy session. Mrs. Janaki Ra-
manujan was present at the inauguration, and she thanked
Askey profusely for his effort in getting the busts of Ra-
manujan made. After the inauguration, Askey delivered
a magnificent lecture on “Beta integrals before and after
Ramanujan” in my session. We were also honored to have
him give a public lecture entitled “Thoughts on Ramanu-
jan” at our family home in Madras under the auspices of
the Alladi Foundation that my father, the late Prof. Alladi
Ramakrishnan, had created in memory of my grandfather
Sir Alladi Krishnaswami Iyer.

With my research focused on the theory of partitions
and 𝑞-series since 1990, we have had a series of confer-
ences at the University of Florida emphasizing this area.
Professor Askey has visited Gainesville several times both
as a lead speaker at these conferences, and for History Lec-
tures and talks on mathematics education during the regu-
lar academic year. I have enjoyed every one of his lectures
in Gainesville and at meetings elsewhere. I want to share
with you one interesting episode.

In 1995, there was a two-week meeting on special func-
tions, 𝑞-series, and related topics at the Fields Institute in
Toronto. The first week was an instructional workshop,
and the second week was a research conference. I attended
the second week. The great I. M. Gel’fand was scheduled
to be the Opening Speaker for the research conference. I
was looking forward to Gel’fand’s lecture since I had heard
so much about the Gel’fand Seminar he had conducted in
Moscow, and how he would dominate the seminar and cut
people down to size. It turned out that Gel’fand could not
come to Toronto due to ill health (he was 82 years old).
So Askey got up and said that he was the one who had

invited Gel’fand, and if the person you had invited is un-
able to come, then you should give a talk in his place. So in
his imitable style, Askey gave a masterly lecture on special
functions that I thoroughly enjoyed.

His insight and critical comments have been immensely
useful to me in various ways. Starting from the Ramanu-
jan Centennial, I wrote articles annually for Ramanujan’s
birthday for The Hindu, India’s National Newspaper, com-
paring Ramanujan’s work with that of various mathemat-
ical luminaries in history. I benefited from Askey’s com-
ments and (constructive) criticism in preparing these arti-
cles. A collection of these articles appeared in a book that
I published with Springer in 2012 for Ramanujan’s 125th
birthday.

By the time the Ramanujan 125 celebrations came
around in 2012, I was firmly entrenched in the Ramanu-
jan World, and so was involved with the celebrations in
various ways. In particular, owing to my strong associa-
tion with SASTRA University, I organized a conference at
their campus in Kumbakonam, Ramanujan’s hometown.
We felt that Askey, Andrews, and Berndt had to be recog-
nized in a special way in Ramanujan’s hometown for all
they had done to help us understand the plethora of identi-
ties that Ramanujan had discovered. So The Trinity (Askey,
Andrews, and Berndt)—as I like to refer to them in com-
parison with the three main Gods, Brahma, Vishnu, and
Shiva of the Hindu religion (!)—were awarded Honorary
Doctorates by SASTRA University in a colorful ceremony
at the start of which they entered the auditorium with tra-
ditional South Indian Carnatic music being played on the
Nadaswaram, a powerful wind instrument. Askey enjoyed
the ceremony but felt that the music was too loud; in fact,
that is how theNadaswaram is, since it is played in festivals
attended by a thousand people or more!

There is much that can be said of Dick Askey. But I will
conclude by emphasizing that, in spite of his eminence,
he was a very friendly and helpful person. It is rare to
find eminence combined with humanity, and Askey had
this precious combination which has been beneficial to so
many of us. In particular, we owe a lot to him for helping
us understand some aspects of Ramanujan’s fundamental
work on special functions, and for his efforts in fostering
the legacy of the Indian genius.
2.3. Askey and Ramanujan’s notebooks, by Bruce C.
Berndt. Although I was a graduate student at Wisconsin,
and Richard Askey was a close friend and strong supporter
of my work for over 50 years, one of my life’s biggest re-
grets is that I never took a course from him. My first
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experiences with number theory came in the spring semes-
ter of my third year and fall semester of my fourth year at
Wisconsin when I enrolled in courses in modular forms,
taught, respectively, by Rod Smart and Marvin Knopp. Per-
haps surprisingly, modular forms led me to a doctoral dis-
sertation in which Bessel functions played a leading role.
My association with Dick and his advocacy of my research
for the next 53 years began at this time.

While on my first sabbatical leave at the Institute for
Advanced Study in February 1974, I discovered that the-
orems that I had proved on Eisenstein series at the Insti-
tute enabled me to prove some formulas from Ramanu-
jan’s notebooks. Starting in May 1977, I began devoting
all of my research efforts for the next forty years to proving
the claims made by Ramanujan in his (earlier) notebooks
and later, with George Andrews, in his lost notebook. It is
unfortunate that there is not sufficient space here in which
to express my appreciation and indebtedness to my many
doctoral students who enormously aided me in this long
endeavor. By far, the most important and strongest advo-
cate of not only my work, but also that of my students,
during these several decades was Dick Askey.

During my efforts to find proofs of Ramanujan’s claims
in his notebooks [Ram57], Askey provided many insights,
references, and proofs. In my five volumes (abbreviated
by Parts I–V), devoted to Ramanujan’s claims, I referred to
Askey’s help a total of 31 times, more than any other math-
ematician. (For brevity of the present exposition, com-
plete references to Askey’s several relevant papers can be
found in [Ber85].) We now provide a sampling of Askey’s
contributions to our editing of Ramanujan’s notebooks
[Ram57].

Already in Part I, published in 1985, Askey read in detail
most of the chapters, and, in particular, supplied many im-
portant references. In generalizing a result of Ramanujan
[Ber85, p. 302], Askey showed that a more general integral

∫
∞

0

𝑡𝑛−1(−𝑎𝑡; 𝑞)∞
(−𝑡; 𝑞)∞

d𝑡, |𝑎| < 𝑞𝑛,

using (1), 𝑛 = 𝑥, 𝑎 = 𝑞𝑥+𝑦, is a 𝑞-analogue of the beta
integral (3).

As most friends of Askey are aware, he had a prodigious
knowledge of the literature, especially that from the 19th
century and earlier. The chapters in Part II are significantly
richer because of Askey’s historical observations. In Chap-
ter 11, which features hypergeometric series, Askey’s influ-
ence is most pronounced, as he supplied several proofs
and observations. For example, in Entry 29(ii) of Chap-
ter 11 in his second notebook [Ram57, pp. 86–87], Ra-
manujan offered an identity for hypergeometric functions,

namely,

3𝐹2[
−2𝛼,−2𝛽, −𝛾
−𝛼−𝛽+ 1

2
, 𝛿 ; 1]=4𝐹3[

−𝛼,−𝛽,−𝛾, 𝛾 + 𝛿
−𝛼−𝛽+ 1

2
, 1
2
𝛿, 1

2
(𝛿+1); 1] ,

where 𝛼, 𝛽, or 𝛾 is a nonnegative integer. Askey and Wil-
son showed that this identity leads to an orthogonal set of
polynomials on (−∞,∞)with respect to a weight function
involving a product of gamma functions.

The Rogers–Ramanujan identities (2) appear in Part
III [Ber85, pp. 77–79], where a lengthy discussion of all
known proofs up to 1991, including a new proof from
Askey, can be found. On page 284 in his second notebook,
Ramanujan writes,

The difference between
Γ(𝛽−𝑚+1)

Γ(𝛼+𝛽−𝑚+1) and

Γ(𝛽+1)
Γ(𝛼+𝛽+1) +

𝛼𝑚
1!

Γ(𝛽+𝑛+1)
Γ(𝛼+𝛽+𝑛+2)

+𝛼(𝛼+1)2! 𝑚(𝑚+2𝑛+1) Γ(𝛽+2𝑛+1)
Γ(𝛼+𝛽+2𝑛+3)

+⋯
but he does not tell us what the difference is. We might
guess that it is 0, and it is in some cases. Askey provided
the answer, which you can find in [Ber85, Part IV, pp. 344–
346].

Two of the most intriguing entries in the 100 pages of
unorganized material in Ramanujan’s second notebook
pertain to Gaussian quadrature. On pages 349 and 352 of
[Ram57, Vol. 1] [Ber85, Part V, pp. 549–560], Ramanujan
provides theorems on Gaussian quadrature with respect to
a discrete measure in which orthogonal polynomials play
a central role. We provide a portion of one example. Let

𝑆(𝑥, 𝑛) ∶=
𝑛−1
∑
𝑘=0

𝜑(𝑥 − 𝑛 + 1 + 2𝑘).

(Ramanujan did not provide any hypotheses for 𝜑.) Ra-
manujan then gives four successive approximations to
𝑆(𝑥, 𝑛), the first of which is simply 𝜑(𝑥), and the second
is

1
2 {𝜑 (𝑥 +√

𝑛2 − 1
3 ) + 𝜑(𝑥 −√

𝑛2 − 1
3 )} .

Askey pointed out that an application leads to Hahn poly-
nomials, which were introduced by Chebyshev in 1875
and are constant multiples of

3𝐹2 [
−𝑘, 𝑘 + 𝛼 + 𝛽 + 1,−𝑡

𝛼 + 1,−𝑁 ; 1] .

The proofs are due to Askey and do not apparently appear
elsewhere. As Askey pointed out, it was surprising to learn
of these theorems, because nowhere else in Ramanujan’s
work is there any indication that he knew about Gaussian
quadrature and orthogonal polynomials.
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Although he would not acknowledge such an acclama-
tion during his time, Askey was generally recognized as
the world’s leading authority on 𝑞-series, which flow abun-
dantly throughout Ramanujan’s lost notebook [Ram88].
The advice and comments on 𝑞-series that Askey kindly
gave to George Andrews and this writer in preparing our
five volumes on Ramanujan’s lost notebook [AB05] can-
not be overemphasized.

Ramanujan and Dick Askey would have immensely en-
joyed having long conversations with each other.
2.4. Askey and algebra, by Luc Vinet and Alexei
Zhedanov. Even though an algebra now bears his name,
Askey himself was not very involved with algebraic studies.
In fact, he often told us that the nomenclature to which we
shall refer should be changed so as to not mention him. It
is however a striking manifestation of his legacy that his
work has led to constructs which are becoming more and
more important in Algebra and Mathematical Physics.

Empirically, it is observed that the possibility of solving
physical models rests on the underlying presence of sym-
metries that can be somewhat hidden. Their mathematical
description has led to the identification of structures such
as Lie algebras, superalgebras, quantum algebras, and their
representation theory. The special functions that appear
in the solutions must thus offer a lead as to what are the
algebraic entities poised to account for the symmetries of
the systems in question. This relates to the long tradition
championed by Wigner, Gel’fand, Vilenkin among others
of interpreting special functions algebraically.

What is then the algebra encoded in 𝑝𝑛(𝑥; 𝑎, 𝑏, 𝑐, 𝑑|𝑞),
the Askey–Wilson polynomials [AW85], and their corre-
sponding finite set, the 𝑞-Racah polynomials? The answer
(to which we have contributed) is rooted in the bispec-
tral properties of the Askey–Wilson polynomials which are
eigenfunctions of a 𝑞-difference operator ℒ(𝑎,𝑏,𝑐,𝑑)

𝑞 in addi-
tion to satisfying, as required for orthogonal polynomials,
a three-term recurrence relation where the variable 𝑥 can
be viewed as the eigenvalue of an operator acting on the
discrete degree variable. Focusing on these two operators
and setting 𝐾0 = ℒ(𝑎,𝑏,𝑐,𝑑)

𝑞 + (1+𝑞−1𝑎𝑏𝑐𝑑) and 𝐾1 = 𝑥, the
following relations are found:

[𝐾0, 𝐾1]𝑞 = 𝐾2,
[𝐾1, 𝐾2]𝑞 = 𝜇𝐾1 + 𝜈0𝐾0 + 𝜌0,
[𝐾2, 𝐾0]𝑞 = 𝜇𝐾0 + 𝜈1𝐾1 + 𝜌1,

where [𝐴, 𝐵]𝑞∶=𝑞1/2𝐴𝐵−𝑞−1/2𝐵𝐴 and𝜇, 𝜈, and 𝜌 are related
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to the parameters 𝑎, 𝑏, 𝑐, 𝑑 of the polynomials 𝑝𝑛. Since
the realization is not affected by the truncation, the alge-
bra is also the one associated to the 𝑞-Racah polynomials.
Focusing on generators and relations, this can be taken to
define the Askey–Wilson algebra abstractly. It is remarkable
that this algebra encapsulates the properties of the Askey–
Wilson polynomials which can indeed be obtained from
the construction of representations. An interpretation of
the polynomials as overlaps between the eigenbases of 𝐾0
and 𝐾1 follows. This relates to the theory of Leonard pairs
and to 𝑃- and 𝑄-polynomial association schemes, both al-
ready mentioned (see §2.5).

Thus, whenever the Askey–Wilson or 𝑞-Racah polyno-
mials are present, the Askey–Wilson algebra is lurking.
Now it is known that the 𝑞-Racah polynomials are basically
the 6𝑗-coefficients of the quantum algebra𝒰𝑞(𝔰𝔩(2)). Such
coefficients arise in the recouplings of three irreducible
representations. This suggests, as is the case, that the
Askey–Wilson algebra occurs as the centralizer of the diag-
onal action in representations of the three-fold product of
𝒰𝑞(𝔰𝔩(2)). Here the generators are realized as the interme-
diate Casimir elements and the parameters are related to
the values of the initial and total Casimir operators. The
Askey–Wilson algebra is ubiquitous: it is a coideal subal-
gebra of 𝒰𝑞(𝔰𝔩(2)), a truncation of the 𝑞-Onsager algebra,
it is connected to double affine Hecke algebras (DAHA),
it identifies with the Kauffmann bracket skein algebra of
a four-punctured sphere, offers a framework to extend
Schur–Weyl duality, and so on. We are much endebted
to Askey for all that.

The bispectral properties of the Racah polynomials can
similarly be packaged in an algebra to which the name of
Racah has been attached. It can be obtained as the 𝑞 → 1
limit of the Askey–Wilson algebra after an affine transfor-
mation of the generators has been performed to revert to
ordinary commutators. This Racah algebra is the central-
izer of the diagonal action of 𝔰𝔩(2) in its three-fold tensor
product and is the symmetry algebra of the generic super-
integrable model in two dimensions.

In their classification of 𝑃- and 𝑄- polynomial associ-
ation schemes, Bannai and Ito found a case that corre-
sponds to the 𝑞 → −1 limit of the 𝑞-Racah polynomials
which are now referred to as the Bannai–Ito polynomials.
We observed (with S. Tsujimoto) that these are eigenfunc-
tions of a certain Dunkl shift operator. The corresponding
eponymous algebra proved to be the centralizer of three
copies of the superalgebra 𝔬𝔰𝔭(1|2). This led to the char-
acterization of a “−1 scheme” complementing the Askey
tableau. Askey took an interest in these studies, and on
numerous occasions, he expressed the view that it should
be possible to extend this to other roots of unity.
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There is much more that Askey has generated in Alge-
bra with the introduction of the Askey–Wilson polynomi-
als. For instance, a noteworthy conduit has been their
multivariate generalizations. Two directions have been fol-
lowed in this respect. One, in the framework of symmet-
ric functions, led to the Macdonald–Koornwinder polyno-
mials corresponding to the 𝐵𝐶𝑛 root lattice. DAHAs are
in this case the associated algebraic structures. The other
took the recoupling path with Tratnik, Gasper, and Rah-
man providing different generalizations of the Racah and
Askey–Wilson orthogonal polynomials in many variables.
The extensions of the Askey–Wilson, Racah, and Bannai–
Ito algebras that these last classes of polynomials entail are
currently being developed.

The influence of Askey on Algebra will endure. To
make clear that there are many more dimensions to this
impact, we may add that the other Askey polynomials,
those defined on the circle which are biorthogonal (see
[Sze82, Vol. 1]), have been connected to the Heisenberg
group and it is expected that more algebraic advances
will arise from the exploration of these functions. This
is another illustration that Askey’s results will keep cross-
fertilizing areas of representation theory, special functions,
and mathematical physics in ways that have not yet been
fully imagined.
2.5. Askey and combinatorics, by Dennis Stanton.
Askey considered enumerative questions on Laguerre
polynomials with Ismail (1976, MR0406808) and also
Ismail–Koornwinder (1978, MR0514623). Some integrals
could be evaluated by counting certain permutations, and
weighted versions with parameters also existed. Even–
Gillis (1976, MR0392590) had considered similar ques-
tions. One of their methods was the MacMahon Master
Theorem in enumeration. At the same time, Foata (1978,
MR0498167) had used the exponential formula in enu-
meration to give a beautiful proof of Mehler’s formula for
Hermite polynomials

∞
∑
𝑛=0

𝐻𝑛(𝑎)𝐻𝑛(𝑏)
𝑢𝑛
𝑛!

= (1 − 4𝑢)−
1
2 exp (4𝑎𝑏𝑢 − 4(𝑎2 + 𝑏2)𝑢2

1 − 4𝑢2 ) .

This began a good deal of work in enumeration and
specific orthogonal polynomial systems, orchestrated by
Askey and Foata. They were instigators for important
conferences in Columbus, Oberwolfach, and Tempe for
researchers in both areas. At this time 𝑞-analogues
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of classical polynomials were intensely studied, lead-
ing to connections to partition theory and quantum
groups. The philosophy of using weighted objects to rep-
resent analytic statements carried over to general orthog-
onal polynomials, and was developed by Flajolet (1980,
MR0592851) using continued fractions, and by Vien-
not (1985, MR0838979) using combinatorial techniques.
This combinatorial philosophy was used by Zeilberger–
Bressoud (1985, MR0791661) to prove the 𝑞-Dyson con-
jecture.

Askey realized that a finite set of orthogonal polynomi-
als with a finite discrete orthogonality always has a dual
orthogonality. He reorganized the orthogonality relation
as row or column orthogonalities of an orthogonal ma-
trix. The 6𝑗 symbols had such orthogonalities. Askey and
Wilson (1979, MR0541097) showed these symbols, once
rescaled, were orthogonal polynomials in one variable.
They are part of the classical scheme of hypergeometric or-
thogonal polynomials, namely 4𝐹3(1) functions with four
free parameters. Both 6𝑗 orthogonalities could be refor-
mulated for polynomials. Askey made a partially ordered
set which organized the classical hypergeometric polyno-
mials (e.g., Hermite, Laguerre, Charlier, Jacobi, Meixner,
Krawtchouk, Racah), the tableau d’Askey. The Hasse dia-
gram of this poset (partially ordered set), drawn and dis-
tributed by J. Labelle (1984, MR0838967), became a focus
of study. The 𝑞-Racah polynomials, defined by basic hy-
pergeometric series, were the top element of the discrete
part of this diagram, and would be key polynomials in al-
gebraic graph theory.

A distance regular graph 𝐺 (see Bannai–Ito, 1984
MR0882540) has very regular properties. Among them is
that the |𝐺| × |𝐺| indicator matrix 𝐴𝑗 for vertices (𝑣1, 𝑣2)
at distance 𝑗 in the graph is a polynomial of degree 𝑗
in the distance one matrix 𝐴1. If this polynomial is de-
noted 𝑝𝑗(𝐴1), the polynomials 𝑝𝑗(𝑥) have a discrete orthog-
onality relation using the values of 𝑝𝑗(𝜆𝑘), where 𝜆0, 𝜆1, …
are the eigenvalues of 𝐴1. Delsarte (1973, MR0384310)
studied a special case of these graphs called 𝑃- and 𝑄-
polynomial association schemes, for which there are poly-
nomials 𝑞𝑘 and real numbers 𝜇𝑗 satisfying 𝑝𝑗(𝜆𝑘) = 𝑞𝑘(𝜇𝑗).
These have two sets of orthogonalities, one for 𝑝𝑗 and one
for 𝑞𝑘, just as the Racah polynomials did. Askey knew
that all of the known infinite families of such schemes
had eigenmatrices given by special or limiting cases of
the 𝑞-Racah polynomials. Leonard (1982, MR0661597)
proved the surprising result that the eigenmatrices are al-
ways special or limiting cases of the 𝑞-Racah polynomi-
als. Wang (1952, MR0047345) classified the two-point
homogeneous spaces, whose spherical functions, the con-
tinuous versions of 𝑝𝑗(𝜆𝑘), are classical orthogonal poly-
nomials. This gives some hope to classify such association
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schemes. Terwilliger (2001, MR1826654) has developed
a detailed study of the linear algebra behind the pair of
matrices (𝐴1, 𝐴∗1) for 𝑝𝑗 and 𝑞𝑘.

Askey (1975, MR0481145) promoted the study of lin-
earization and connection coefficient problems for or-
thogonal polynomials. The linearization coefficients had
graph- and group-theoretic interpretations, which could
be restated as an enumeration problem. Rogers’ original
proof of the Rogers–Ramanujan identities (2) used a con-
nection relation for the 𝑞-Hermite polynomials to the 𝑞−1-
Hermite polynomials. Rogers had these polynomials, but
did not know their orthogonality relation.

Askey considered as crucial the integrals or sums for the
total mass of the weight function for orthogonal polyno-
mials. For the Jacobi polynomials, this integral is a beta
function. The Askey–Wilson integral (1985, MR0783216)
(5) is the evaluation for the continuous weight at the top
of the tableau d’Askey. Askey was keenly interested in mul-
tivariable and root system versions (1980, MR0595822),
and organized work in this area. His student Walter Mor-
ris (1982, MR2631899) wrote a thesis withmany such con-
jectured integrals for root systems, concurrent with Mac-
donald (1981, MR0633515). These became important as
measures for orthogonal polynomials in several variables;
Macdonald (1989, MR1100299) and Koornwinder (1992,
MR1199128).
2.6. Askey and beta integrals, by Mourad E. H. Ismail.
One of Dick Askey’s contributions is the insight to see
that many 𝑞-series identities, old and new, are different
𝑞-analogies of the beta integral

∫
1

0
𝑥𝑎−1(1 − 𝑥)𝑏−1 d𝑥 = Γ(𝑎)Γ(𝑏)

Γ(𝑎 + 𝑏) . (3)

We require ℜ(𝑧, 𝑎, 𝑏) > 0. One remarkable example is the
Ramanujan 1𝜓1 sum

∞
∑

𝑛=−∞

(𝑎; 𝑞)𝑛
(𝑏; 𝑞)𝑛

𝑧𝑛

= (𝑏/𝑎; 𝑞)∞(𝑞; 𝑞)∞(𝑞/𝑎𝑧; 𝑞)∞(𝑎𝑧; 𝑞)∞
(𝑏; 𝑞)∞(𝑏/𝑎𝑧; 𝑞)∞(𝑞/𝑎; 𝑞)∞(𝑧; 𝑞)∞

(4)

for |𝑏/𝑎| < |𝑧| < 1; see [AAR99, §10.5] for details.
The Selberg integral

∫
[0,1]𝑛

𝑛
∏
𝑠=1

𝑡𝛼−1𝑠 (1−𝑡𝑠)𝛽−1∏
1≤𝑗<𝑘≤𝑛

|𝑡𝑗−𝑡𝑘|2𝛾 d𝑡1⋯d𝑡𝑛

=
𝑛−1
∏
𝑗=0

Γ(𝛼 + 𝑗𝛾)Γ(𝛽 + 𝑗𝛾)Γ(1 + (𝑗 + 1)𝛾)
Γ(𝛼 + 𝛽 + (𝑛 + 𝑗 − 1)𝛾)Γ(1 + 𝛾)

is the 𝑛-dimensional version of the beta integral, which
corresponds to the case 𝑛 = 1. Dick recognized that the
Selberg integral is the key to the development of a deep

theory of multivariate special functions. He also formu-
lated 𝑞-analogues of this integral and of Aomoto’s gen-
eralization of the Selberg integral. Askey also promoted
the work of I. G. Macdonald and others on root systems.
The last forty years saw great progress in this area spear-
headed by Dick’s tireless promotion and encouragement.
This eventually led to the theory of Macdonald and Koorn-
winder polynomials. The interested reader may consult
the beautiful survey of the Selberg integral, its applications,
and significance by Peter Forrester and Ole Warnaar (2008,
MR2434345).

Another important contribution is the Askey–Wilson
integral

∫
𝜋

0

(e2𝑖𝜃, e−2𝑖𝜃; 𝑞)∞
4
∏
𝑗=1

(𝑡𝑗e𝑖𝜃, 𝑡𝑗e−𝑖𝜃; 𝑞)∞

d𝜃 = 2𝜋 (𝑡1𝑡2𝑡3𝑡4; 𝑞)∞
(𝑞; 𝑞)∞ ∏

1≤𝑗<𝑘≤4
(𝑡𝑗𝑡𝑘; 𝑞)∞

(5)

for |𝑡𝑗| < 1. The orthogonality of the Askey–Wilson poly-
nomials follows from (5) in a standard way. This again can
be interpreted as a 𝑞-beta integral. After a certain scaling
and letting 𝑞 → 1 it becomes the Wilson integral

∫
∞

0

∏4
𝑗=1 Γ(𝑎𝑗 + 𝑖√𝑥)
Γ(2𝑖√𝑥)

d𝑥 =
2𝜋 ∏4

𝑗=1 Γ(𝑎𝑗)
Γ(𝑎1 + 𝑎2 + 𝑎3 + 𝑎4)

,

valid for 𝑎𝑗 ≥ 0.
The Wilson integral and the Wilson polynomials ap-

peared first in Wilson’s dissertation written under Askey’s
supervision. The Askey–Wilson integral is a fundamental
result that led to a better understanding of 𝑞-special func-
tions, their transformations, and analytic properties.
2.7. Askey, positivity, inequalities, and applications, by
George Gasper. In the spring of 1967, shortly after accept-
ing a visiting lecturer position at the Mathematics Depart-
ment of the University ofWisconsin inMadison, I received
a package from Professor Richard Askey containing several
interesting reprints and preprints of his papers (partially
joint work with Isidore Hirschman, Jr., Steve Wainger, and
Ralph Boas) and a letter encouraging me to attend his
graduate-level special functions course at the university
during the 1967–1968 academic year. So, in addition
to teaching the graduate complex variables course and at-
tending analysis seminars, talks, and Wainger’s harmonic
analysis course, I also attended Askey’s special functions
course.

Dick’s course covered gamma and beta functions,
generalized hypergeometric functions and series, Bessel
functions, (mostly classical) orthogonal polynomials
(and their three-term recurrence relations, differential/

George Gasper is a professor emeritus of mathematics at Northwestern Univer-
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difference equations, asymptotic expansions, etc.), summ-
ability, fractional integrals, infinite products, etc. You
can now study most of the topics covered in the course
by reading the corresponding material in the 1999 An-
drews, Askey, and Roy Special Functions book [AAR99].
Dick was an excellent, knowledgeable lecturer who com-
municated enthusiastically with his audiences and was
able to get them involved in the discussions. With his
prodigious memory he could lecture on several mathe-
matical topics and rapidly write complicated formulas on
the blackboards without referring to his notes. At the be-
ginning of classes he would frequently pass out stapled
piles of blue mimeographed sheets containing the formu-
las, definitions, theorems, etc., that he was going to dis-
cuss. Also, in his classes and talks he would point out re-
lated open problems that he and others had tried to solve,
and strongly encouraged his audience to try to solve them.
It was Askey’s encouragements to solve interesting and im-
portant open problems that led to many significant papers.

Via the positivity of the generalized translation op-
erator for Jacobi series in Gasper (1971, MR0284628),
Askey (1972, MR0340672) proved that if 𝛼, 𝛽 ≥ − 1

2
and

∑𝑛
𝑘=0 𝑃

(𝛼,𝛽)
𝑘 (𝑥)/𝑃(𝛽,𝛼)𝑘 (1) ≥ 0, where −1 ≤ 𝑥 ≤ 1, 𝑛 ∈ ℕ0,

then in order for all of the partial sums of the Poisson ker-
nel in powers of 𝑟, 0 ≤ 𝑟 < 1, for Jacobi series to be non-
negative for 𝑥, 𝑦 ∈ [−1, 1], it is necessary and sufficient that
0 ≤ 𝑟 ≤ 1/(𝛼 + 𝛽 + 3). He applied Bateman’s fractional in-
tegral and some identities and inequalities for Jacobi poly-
nomials to show that the inequality displayed above holds
when −1 < 𝛼 ≤ 𝛽 + 1, 𝛼 + 𝛽 > 0. In (1972, MR0301897)
and (1979, MR0539375) he applied this inequality and
an inequality for sums of Jacobi polynomials in Gasper
(1977, MR0432946) to prove that the Cotes numbers for
Jacobi abscissas are positive if 𝛼, 𝛽 ≥ 0, 𝛼 + 𝛽 ≤ 1, or
−1 < 𝛼 ≤ 3

2
, 𝛽 = 𝛼 + 1, or if −1 < 𝛽 ≤ 3

2
, 𝛼 = 𝛽 + 1. He

also stated that it should be possible to fill in the convex
hull of these (𝛼, 𝛽) points and those in an earlier paperwith
Fitch (1968, MR0228166) and that it is possible that the
Cotes numbers are positive on the rectangle −1<𝛼, 𝛽≤ 3

2
,

which would be the best possible rectangle, both of which
are still open problems.

In a paper [AG76] that was submitted for publication in
1973 and published in 1976, Askey andGasper used a sum
of squares of ultraspherical polynomials and Bateman’s
fractional integral to prove that the sum of Jacobi polyno-
mials displayed above is nonnegative for 𝛽 ≥ 0, 𝑥 ∈ [−1, 1],
𝑛 ∈ ℕ0, if and only if 𝛼 + 𝛽 ≥ −2. Unexpectedly, several
years later the special cases {(𝛼, 𝛽) ∶ 𝛽 = 0, 𝛼 = 2, 4, 6, …}
of the above inequality turned out to be the inequalities
that de Branges (1985, MR0772434) needed in February
1984, to complete his proof of the Bieberbach conjecture,

and of the more general Robertson and Milin conjectures.
For additional information, see the Askey and Gasper pa-
per, Askey’s personal account, and the other papers and
personal accounts in [DDM86].

Askey’s papers (1973, MR0315351) and (1974,
MR0372518) helped lead to the conjecture in Askey &
Gasper [AG76] that if 0≤𝜆≤𝛼 + 𝛽, 𝛽 ≥ − 1

2
, then

𝑛
∑
𝑘=0

(𝜆 + 1)𝑛−𝑘(𝜆 + 1)𝑘
(𝑛 − 𝑘)! 𝑘!

𝑃(𝛼,𝛽)𝑘 (𝑥)
𝑃(𝛽,𝛼)𝑘 (1)

>0,

where −1< 𝑥 ≤ 1, 𝑛 ∈ ℕ0, except when 𝜆= 0, 𝛼 =−𝛽 = 1
2
,

when the sum is nonnegative and there are cases of equal-
ity. They proved several special cases of this conjecture (see
Theorems 1, 2, 7, 8, and 11 in [AG76]) and showed that
a proof of it for the special case 0 ≤ 𝜆 = 𝛼 + 𝛽, 𝛽 ≥ − 1

2
,

would prove Askey’s conjecture in (1973, MR315351) that
the Cesàro (𝐶, 𝛼 + 𝛽 + 2) means of the Poisson kernel for
Jacobi series are positive for 𝛼, 𝛽 ≥ − 1

2
, and hence, equiva-

lently, that the (𝐶, 𝛼 + 𝛽 + 2) means of the Jacobi series of
a nonnegative function are nonnegative when 𝛼, 𝛽 ≥ − 1

2
.

Eventually, Gasper (1977, MR1535644) proved these con-
jectures and some other related conjectures via a sum of
squares of Jacobi polynomials.

See [GIK+00] for detailed comments on more of Dick’s
work on orthogonal polynomials, orthogonality, inequal-
ities, and other topics.

The last open problem that Dick encouraged me to
solve was to prove an inequality involving hypergeomet-
ric functions that arose in a paper that Brown and Davies
were writing entitled “Financing efficiency of securities-
based crowdfunding.” In order tomake the proofs of some
of their main theorems mathematically rigorous, they
needed a proof of their conjecture that certain quotients
of quotients of hypergeometric functions were bounded
above by one. For my subsequent proof and comments,
see Addendum 1 in the Supplementary Data for the re-
cently published Brown and Davies paper (2020, in The
Review of Financial Studies 33(2020), 3975–4023) with the
above title.

We will miss Dick, his phone calls, emails, papers, talks,
and encouragements to solve interesting and important
open problems.
2.8. Very positive memories about Dick Askey, by Tom
H. Koornwinder. I got acquaintedwithDick Askey during
1969–1970 when he spent a sabbatical at the Mathemati-
cal Centre (now CWI) in Amsterdam. He was young and
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energetic, full of ideas, very stimulating for us young PhD
students. The lectures he gave there already essentially con-
tained the material for his NSF Regional Conference Lec-
tures [Ask75] at Virginia Polytechnic Institute. These lec-
ture notes consider four canonical problems for systems
{𝑝𝑛} and {𝑞𝑛} of orthogonal polynomials (see also the In-
troduction in [AG71]):

(i) (product formula) 𝑝𝑛(𝑥)𝑝𝑛(𝑦) as integral of 𝑝𝑛(𝑧);
(ii) (linearization) 𝑝𝑚(𝑥)𝑝𝑛(𝑥) as sum of 𝑝𝑘(𝑥);
(iii) (transmutation) 𝑞𝑛(𝑥) as integral of 𝑝𝑛(𝑧);
(iv) (connection formula) 𝑞𝑛(𝑥) as sum of 𝑝𝑘(𝑥).
Note the dualities (i)↔(ii) and (iii)↔(iv). In these prob-
lems, Dick was particularly interested in positivity results,
i.e., cases with a nonnegative integration or summation ker-

nel. For instance in (i), 𝑝𝑛(𝑥)𝑝𝑛(𝑦) = ∫𝑏
𝑎 𝑝𝑛(𝑧)𝐾(𝑥, 𝑦, 𝑧)d𝑧

with 𝐾(𝑥, 𝑦, 𝑧) ≥ 0. At such positivity results, one might
arrive either by an explicit expression of the kernel or by
a general theorem. Jacobi polynomials 𝑃(𝛼,𝛽)𝑛 (𝑥), orthogonal
on (−1, 1) for weight function (1 − 𝑥)𝛼(1 + 𝑥)𝛽 (𝛼, 𝛽>−1),
were always the most prominent examples and objects of
study.

We use the normalization

𝑅(𝛼,𝛽)𝑛 (𝑥) ∶= 𝑃(𝛼,𝛽)𝑛 (𝑥)/𝑃(𝛼,𝛽)𝑛 (1).

The product formula for ultraspherical polynomials 𝑅(𝛼,𝛼)𝑛 (𝑥)
(𝛼>− 1

2
) is classical:

𝑅(𝛼,𝛼)𝑛 (𝑥)𝑅(𝛼,𝛼)𝑛 (𝑦)=𝑐∫
1

−1
𝑅(𝛼,𝛼)𝑛 (𝑧) (1 − 𝑡2)𝛼−

1
2 d𝑡,

where 𝑧 = 𝑧(𝑥, 𝑦, 𝑡) = 𝑥𝑦 + 𝑡√1 − 𝑥2√1 − 𝑦2 and

𝑐 ∫1
−1(1 − 𝑡2)𝛼−

1
2 d𝑡 =1. Passing to the integration variable

𝑧 gives the kernel form. Expansion of 𝑅(𝛼,𝛼)𝑛 (𝑧(𝑥, 𝑦, 𝑡)) in

terms of 𝑅
(𝛼− 1

2 ,𝛼−
1
2 )

𝑘 (𝑡) gives the addition formula.

For 𝛼 = 1
2
(𝑑 − 3) these formulas can be interpreted in

terms of spherical harmonics on 𝑆𝑑−1; see [AAR99, Ch. 9].
Formulated even more smartly, the ultraspherical polyno-
mials are then spherical functions 𝜙 for theGel’fand pair (see
Gel’fand (1950, MR0033832)) (𝐺, 𝐾)=(SO(𝑑), SO(𝑑 −1)),
and thus satisfy Gel’fand’s product formula 𝜙(𝑥)𝜙(𝑦) =
∫𝐾 𝜙(𝑥𝑘𝑦)d𝑘 (𝑥, 𝑦 ∈ 𝐺; d𝑘 normalized Haar measure on
𝐾). For any Gel’fand pair (𝐺, 𝐾) harmonic analysis for 𝐾-
bi-invariant functions, including (positive) convolution,
can be equivalently described as harmonic analysis on the
double coset space 𝐾\𝐺/𝐾 in terms of special functions
coming from the spherical functions. Usually these special
functions depend on parameters, and only a few discrete
choices of them come from a Gel’fand pair. If positive
convolution is still available for other parameter values,

for instance by a product formula with nonnegative ker-
nel, and if certain further axioms hold, then things fit into
a so-called hypergroup, independently developed by Dunkl
(1973, MR0320635), Jewett (1975, MR394034), and Spec-
tor (1975, MR0447974).

While Askey was in Amsterdam, George Gasper (who
had started an intensive collaboration with Dick while he
was a visiting lecturer in Madison) found a product for-
mula for Jacobi polynomials (𝛼 > 𝛽 > − 1

2
) with explicit

nonnegative kernel. Thus the positive convolution struc-
ture was settled. Then Askey asked me to find a (different
looking) product formula and corresponding addition for-
mula for Jacobi polynomials from a group-theoretic con-
text. I could tackle this by starting with decomposition of
spherical harmonics on the unit sphere in ℂ𝑑 with respect
to the unitary group. Slightly earlier and independently
the same approach was followed by Vilenkin and Šapiro
(1967, MR0219662; 1968, MR0230955).

Concerning item (ii) the linearization coefficients for
𝑝𝑚(𝑥)𝑝𝑛(𝑥) are nonnegative if 𝑝𝑛(𝑥) can be interpreted
as a spherical function; see [AB76, p. 141]. More gener-
ally, Gasper showed nonnegativity for Jacobi polynomials
if 𝛼 ≥ 𝛽>−1 and 𝛼 + 𝛽>−1.

In his conference lectures Askey often made the follow-
ing point. Just as a product formula suggests an expan-
sion called an addition formula, there should be a dual
addition formula suggested by an explicit linearization for-
mula. In a 2018 publication (MR3791629), I solved this
for ultraspherical polynomials by observing that the lin-
earization coefficients are the orthogonality weights for
special Hahn polynomials.

A very useful thing I learnt from Dick is about the oc-
currence of fractional integrals [Ask75, §2.9] in special func-
tions. Transmutation formulas (item (iii)) are often (gen-
eralized) fractional integrals. Item (iv) (connection coeffi-
cients) gave rise to Dick’s most explicit contact with analy-
sis on groups. He considered isometric imbeddings of pro-
jective spaces to get positivity of connection coefficients
for the spherical functions being Jacobi polynomials (see
[Ask68,AB76]).

In 1975, George Andrews raised Dick’s interest in 𝑞-
theory, and throughDick we all became enthusiastic about
𝑞. The work of Dick and his student Jim Wilson cul-
minated in the introduction of the Askey–Wilson polyno-
mials [AW85], being on top of the 𝑞-Askey scheme. I
have been happy to bring these polynomials to quantum
groups (1993, MR1215439) and to several variables (1992,
MR1199128), two areas in which Dick did not work him-
self, but whose importance he always emphasized.

We will miss Dick’s wise lessons such as: “Study the old
masters”; “Look for interactions with and applications to

70 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 1

http://www.ams.org/mathscinet-getitem?mr=0033832
http://www.ams.org/mathscinet-getitem?mr=0320635
http://www.ams.org/mathscinet-getitem?mr=394034
http://www.ams.org/mathscinet-getitem?mr=0447974
http://www.ams.org/mathscinet-getitem?mr=0219662
http://www.ams.org/mathscinet-getitem?mr=0230955
http://www.ams.org/mathscinet-getitem?mr=3791629
http://www.ams.org/mathscinet-getitem?mr=1215439
http://www.ams.org/mathscinet-getitem?mr=1199128


Figure 6. Doron Lubinsky, Paul Nevai, Dick Askey, Tom
Koornwinder attending OPSFA1 Polynômes Orthogonaux et
Applications, Bar-le-Duc, France, October 1984.

other fields”; and Paul Turán’s “Special functions are useful
functions!”

3. Askey’s Contribution to Mathematics
Education

3.1. Askey’s contributions to school mathematics edu-
cation, by Hung-Hsi Wu. Most professional mathemati-
cians who get involved in school mathematics education
do so late in their careers for some external reason. Dick
Askey was an exception. He seemed to have been inter-
ested in education all his life. When he was only in his
thirties, he was already on record as having voiced his dis-
pleasure with some of the New Math’s excesses in formal-
ism as manifested in the textbooks.

I got to know Dick entirely by accident. In 1992, I was
inadvertently drawn into theMathWars by innocentlywrit-
ing a critique of one of the new reform curricula. For that,
I immediately came under fire from the reform crowd. For
a month or two, I was completely at sea. It was Serge Lang
who suggested that I write to Dick because Serge had read
one of Dick’s comments on school mathematics and Serge
approved. So I did, and Dick provided the advice and sup-
port I had sought. Years later when Dick and I had be-
come close friends, he told me with a chuckle that when
he first got my email, he was highly suspicious because
he couldn’t be sure whether I was a nut or not. Happily,
he decided in due course that I was not, and that marked
the beginning of a friendship that was to last for the next
twenty-seven years until his passing.

As it happened, both Dick and I had the same diagnosis
of the most important issue in the ongoing education cri-
sis: our teachers have not been provided the needed math-
ematical knowledge to discharge their duties. He fought to
the very end of his life for ways to improve teachers’ con-
tent knowledge, and I believe we found some comfort in
each other’s support in those often lonely battles.

Dick told me that he was proudest of his ability to work
behind the scenes to get results in education. I think the
reason he could do that was because of his stature as a
mathematician; many in education still value a mathe-
matician’s input. For example, he had friends in the Madi-
son school district and, because they consulted him often,
he managed to have a voice in some of the local educa-
tional decisions. He also maintained a good working rela-
tionship with many in the reform effort. Not infrequently,
the latter turned to Dick for advice on mathematical issues.
They sent him book manuscripts for informal inspection,
and his suggestions sometimes resulted in major revisions
of the manuscripts or even changes in the organization’s
policies. Understandably, these efforts of Dick’s would go
unnoticed by the general public. In his last years, Dick was
the consultant for the Dimension Math series of http://
singaporemath.com for grades K–6. The publisher, Jef-
fery Thomas, told me that he would not have tackled this
series without Dick’s participation.

Dick wrote some quite influential articles on school
mathematics education. Comments on these articles to-
gether with his overall contributions to education are the
subject of the following articles by Al Cuoco and Roger
Howe.
3.2. Remembering Dick Askey, by Al Cuoco. My first en-
counter with Dick Askey was over 20 years ago, when I
called him to complain about some of his public state-
ments tied to the National Council of Teachers of Math-
ematics (NCTM) Standards.

I launched into a tirade about how his criticisms—
essentially about missing topics, “mangled” (his word)
treatments of other topics, and lack of rigor and high
expectations—needed be taken seriously, about how cru-
cial it was for mathematicians to play key roles in mathe-
matics education, and about how his caustic tone would
cause people to dismiss his criticism and that of other
mathematicians.

Dick listened to all this without saying a word. Then,
in a very quiet and almost faltering voice, he said that he
wanted young people in this country to have the best edu-
cation possible, and he wanted to make sure that our chil-
dren were not subjected to untested ideas about education.
In the ensuing hour, I listened to Dick’s detailed descrip-
tion of his worries about the sorry state of school algebra,
the poor mathematical preparation of teachers, the con-
centration on low-level details in school geometry and trig,
and what he considered the overall mathematical short-
changing of our children. I realized that Dick Askey was

Al Cuoco is a distinguished scholar at Education Development Center, Waltham,
Massachusetts.
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simply a person who loved mathematics—especially clas-
sical mathematics—and who thought that young people
can and should develop a passion for it.

Since then, right until he moved to assisted living, I had
hundreds of discussions withDick aboutmathematics and
education. He continued to be an advocate for mathemat-
ical integrity in school mathematics. He continued to be
skeptical about anything in education he perceived as fad-
dish or untested, he tirelessly criticized texts and materials
that he found mathematically flawed, and he continued to
make public proclamations about this or that curriculum
or educational theory in ways that often made my blood
boil.

I’ve experienced Dick’s education criticism first hand.
I’d often ask Dick to comment on early drafts of our mate-
rials. In addition to pointing out resources and historical
references, Dick provided dozens of ideas about how to
improve the presentations (“I prefer not to use L’Hôpital’s
rule when the addition formula for sine will work just as
well”), many suggestions for “the right way” to develop
a topic, detailed edits, and, of course, heavy doses of per-
sonal opinion (“to be brutally frank, I don’t like your treat-
ment of this topic”). Much of this work was pro bono, and,
if Dick couldn’t find time to help us out, he’d always find
a colleague ready to pitch in, with just the right expertise.

There are many stories to tell about Dick’s work in edu-
cation. I want to tell two.

Early in 2019, I asked Dick to tell me about the (read
“his”) important ideas in trigonometry. Shortly after that,
I received sixty pages of handwritten notes. I have no idea
whether he wrote them for us or had them in his back
pocket. But they are brilliant. So typically Askey, they
were simple and direct, no fancy detours or applications
(Dick loved the word “parsimonious”), full of connections
among topics, and plenty of the kind of advice that I came
to expect from him:

The theorem of Pythagoras is so important that
you should know more than one proof. “Know”
is a word which can mean different things to dif-
ferent people. Some settle for a memorized proof.
That may be necessary as a first step, but one wants
to go beyond that to understand the idea behind
the proof. Once this is done, then it is usually easy
to recall the proof. Also, the ideas can frequently
be used in other settings.

I showed the notes to a few folks on the MathEd1 list that

1Anyone wishing to join MathEd can send a request to Jim Madden with the
subject line “Request to join MathEd.” They should include: (1) name; (2)
email address; (3) affiliation; (4) a statement of their willingness to be iden-
tified to other users as a new subscriber; and (5) an acknowledgment that
MathEd is intended to enable patient, well-informed discussion among pro-
fessional mathematicians and mathematics teachers concerning mathematics
education.

Roger describes. Shaun Cooper, one of Dick’s PhD stu-
dents and now at Massey University in New Zealand,
looked at them and immediately saw their importance.
Shaun agreed to edit them, add solutions, and TEX themup.
These turned into a wonderful contribution to the field, es-
pecially for teachers at every level who want a blueprint
for a trig course that highlights the essence of the subject.
The monograph is now available at http://go.edc.org
/askey-trig-2021.

Dick was not always a harsh critic of efforts to im-
prove K–12 mathematics education. For example, Dick
published several articles in the NCTM journal, Mathemat-
ics Teacher, all aimed at helping teachers see the innards
of Fibonacci numbers and recursively defined functions
[Ask04]. And Dick’s relationship with the Common Core
State Standards for Mathematicswas quite different from his
reaction to the NCTM Standards. Although he was initially
skeptical that they would be useful, he consented to join
the feedback group. Dick’s work here was characteristically
sincere and based on careful reading and reasoning. He
would argue strongly for his viewpoint, but did not insist
on winning every time. His focus was steadily on the in-
tegrity of the mathematics. He ended up being a strong
advocate for CCSSM.

My second example is from 2010. Dick and I were
invited to a conference at the University of Santiago in
Chile, which was devoted to all aspects of mathematics
textbooks. Just before he was about to travel, he devel-
oped a kidney stone and couldn’t go. We talked about al-
ternatives for his talk (someone could read his notes, for
example), but he decided that he was going to deliver it
himself. So, he taped the presentation and attached it to
an email (!). The file was 1.5 GB, and this was 2010, so it
took all night and part of the next morning to download.
With great help from the tech folks at the university, we
got it to load and run on what had to be a wimpy Mac. It
still plays, and it’s worth viewing at https://go.edc.org
/Askey-Santiago.

It’s a perfect example of Dick’s unadorned style, his criti-
cism of textbooks at the time, and his taste in trigonometry.
You can also see how he stops every now and then, grimac-
ing in pain from the stone. But he pulled it off in his usual
way, and the talk was a big hit.

In the end, it’s Dick’s love for mathematics that drove
his involvement in education. This love shows through
in many of his actions and activities, but never so well as
in his interview with a BBC radio program devoted to the
life of Ramanujan. Dick speaks of beautiful and amaz-
ing formulas and of the kind of genius that “you can’t
imagine yourself being, no matter how much smarter you
could be.” I’ve used this tape with my high school classes
many times, and my students always leave with a better
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understanding of how mathematics, even very technical
mathematics, can be a thing of beauty. Every time I hear
it, I’m struck by how this very mild mannered Dick Askey,
a mathematician so in love with his discipline that when
he speaks of it, his voice softens, could cause such a stir in
mathematics education.
3.3. Askey and mathematics education, by Roger Howe.
I got to knowDick Askey through ourmutual involvement
in mathematics education. An important part of our in-
teraction was through MathEd, an email discussion group
aboutmathematics education, which Dick, in cooperation
with Hung-Hsi Wu of UC Berkeley and Chi Han Sah of
SUNY Stony Brook, founded in the early to mid-1990s. In
the more than two decades since it was first created, it has
been a rich source of information and food for thought for
me, and I believe for many of its several dozen members.

The most important aspect of MathEd was its members,
recruited by Dick and Wu and Han, who included many of
the US mathematicians most concerned about K–12 edu-
cation during the 1990s, and several from other countries,
also some excellent high school teachers and mathematics
educators of various kinds. The range of views and experi-
ence represented by the members led to rich and thought-
provoking exchanges.

Another important feature of MathEd is one of its
ground rules, which can be paraphrased as “What happens
on MathEd stays on MathEd.” This means that no mes-
sages on MathEd should be shared with people outside
the group, without permission from the sender. This re-
striction promotes stimulating exchanges, with members
not having to worry that a provocative or partially thought
out position might result in the kind of punitive attacks
for which the internet has become notorious.

Dick also helped me learn about math education in
other ways. He read extensively, and recommended items
that he found valuable. He pointed me to the work
of Harold Stevenson, studying mathematics education in
Asia, especially Japan. This is where I first learned how
Japan does amuch better jobwithmath education thanwe
do, partly due to their valuable practice of “Lesson Study.”

When Han Sah died in 1997, Dick and Hung-Hsi both
attended his memorial gathering in Stony Brook. I also
went, since I had known Han since the 1970s, when we
were both in the Math Department there. I had met Wu
when I was a graduate student and he was on the faculty
in Berkeley in the 1960s, but this was the first time I met
Dick in person.

Roger Howe is the William Kenan Jr. Professor of Mathematics, Emeritus, at
Yale University, and the Curtis D. Robert Professor of Mathematics Education
and Distinguished Professor at Texas A&M University. His email address is
roger.howe@yale.edu.

After Han Sah’s passing, Dick arranged for the MathEd
discussion group to be hosted at the University of Wiscon-
sin, and served as its moderator from then almost until he
passed away. Now LSU, home of three long-time MathEd
contributors, has assumed the hosting task. The longevity
of the group, and especially the continuity after the succes-
sive passing of hosts, testifies to the value the group finds
in the discussions.

Both Dick and I were involved in the “math wars” of the
1990s, when the NCTM Standards promoted a new vision
of mathematics education, heavily influenced by construc-
tivism, the then dominant paradigm in education. I think
we shared similar reservations about constructivism as a
complete theory for education, but Dick was much more
forthright than I was about expressing his reservations, and
more specifically, how they were embodied in the NCTM
Standards. Quite possibly as a result, he was less sought
after for the various committees that were formed to deal
with mathematics education. This was not for the best, be-
cause his insights and keen analytical skills could have im-
proved the reports of any committees he served on.

Despite this, Dick was able to reach a broad public
through several significant articles. One was a review for
the American Educator [Ask99], of Liping Ma’s highly in-
fluential book, Knowing and Teaching Elementary Mathemat-
ics. This was a report on the responses that a group of
Chinese elementary math teachers gave to a set of ques-
tions designed (by Deborah Ball and colleagues at the Na-
tional Center for Research on Teacher Education) to inves-
tigate teachers’ understanding of mathematical issues in
the elementary curriculum. It revealed a dramatic gap be-
tween the understanding of Chinese teachers and Amer-
ican teachers. Despite the large impact this book made
in the US mathematics education community, its lessons
were unfortunately not absorbed by policy makers.

Dick’s review is incisive, and shows his skill at making
points by close analysis and careful discussion. He gives a
detailed and insightful discussion of the responses of the
Chinese teachers to one of the questions, about construct-
ing a word problem whose answer requires a division of
fractions. He then uses this to make larger points. A major
one (which indeed is made also in the book), is that “ele-
mentary” mathematics in fact has substantial depth. This
means that elementary teachers need commensurate op-
portunities to master it.

However, as Dick pointed out in some detail, our edu-
cational system did not afford those opportunities. As ev-
idenced here and elsewhere, Dick was deeply aware of the
need to increase the mathematical understanding of the
teaching corps, and it was a continuing theme of his writ-
ing over several decades. I believe that this perspective was
shared by many of the mathematicians who got involved
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in mathematics education in the 1990s. This message has
been echoed strongly by Wu, and I hope by me, and it has
been featured in a number of studies of high standing, no-
tably Adding It Up (the NRC review of research in math ed-
ucation, commissioned with the hope of ending the math
wars of the 1990s), and the report of the National Math-
ematics Panel [NMAP08] (see findings 17, 18, and espe-
cially 19, pages xx, xxi). Unfortunately, these recommen-
dations have had little effect on US educational policy.

Dick’s article “Good intentions are not enough” [Ask01]
connects the need for greater teacher understanding to the
NCTM Standards. Released in 1989, and supplemented
and revised throughout the 1990s, the Standards was the
central document of that period for efforts to reform math-
ematics education. It advocated for novel, highly interac-
tive approaches to teaching. However, it ignored the is-
sue of the mathematical understanding of teachers that
has been holding back mathematics learning in the US for
many decades. As Dick correctly pointed out in his arti-
cle, the kind of mathematics teaching envisioned in the
Standards required considerably more understanding than
traditional methods, and so would exacerbate this issue.

One of the most enjoyable activities I participated in
with Dick was the workshop, which he and Patsy Wang-
Iverson of Research for Better Schools (RBS) cooperated
in organizing, in the summer of 2004 at the Wingspread
Estate, nestled in the beautiful Wisconsin countryside. Its
main building was designed by Frank Lloyd Wright. It is
now run by the Johnson Foundation as a conference cen-
ter, with meals and social events arranged by a full-time
staff. Dick was one of the moderators of the introductory
session, and an active contributor throughout. Here, and
whenever I met him, his careful thinking and somewhat
ironic sense of humor always made for interesting and en-
joyable conversation.

The primary activity of the Wingspread meeting was to
study and discuss the videos of math lessons from Trends
in International Mathematics and Science Study, the com-
parative study of mathematics achievement in countries
around the world done in the late 1990s. We viewed
videos of 8th grademath lessons from Australia, the Czech
Republic, Hong Kong, Japan, Netherlands, Sweden, and
the US, and tried to analyze them from the point of view of
promoting student thinking, and in particular, of making
connections between different aspects of the lesson. Our
conclusions were posted on the RBS website.

Another project I worked on with Dick was the report
No Common Denominator, put out by the National Center
for Teacher Quality. This was a survey and evaluation of
themathematical education and training given to students
in schools of education across the country. The picture it
painted was rather dismal. There was little uniformity in

the amount of mathematics covered or the topics, or the
entrance or graduation requirements. There was little evi-
dence inmost programs that prospective elementary teach-
ers gained a “deep understanding” of themathematics they
would need to teach, or in many programs, even that this
was a focus of instruction. Out of 77 studied, only 10 were
found to give adequate preparation in mathematics. This
was published in 2008, seven years after the Conference
Board on the Mathematical Sciences (CBMS) had pub-
lished The Mathematical Education of Teachers, containing
its strong recommendations for content courses in teacher
preparation programs, and Adding It Up had made parallel
recommendations. CBMS revisited and republished its rec-
ommendations in 2011, after the release of the Common
Core Standards. It is too late for Dick, but I will continue
to hope that these ideas eventually have an impact on US
mathematics education.

References
[AAR99] George E. Andrews, Richard Askey, and Ranjan

Roy, Special functions, Encyclopedia of Mathematics and
its Applications, vol. 71, Cambridge University Press,
Cambridge, 1999, DOI 10.1017/CBO9781107325937.
MR1688958

[AB05] G. E. Andrews and B. C. Berndt, Ramanujan’s lost note-
books. Parts I-V, Springer Nature, Melbourne, Fla., 2005,
2009, 2012, 2013, 2018.

[AB76] R. Askey and N. H. Bingham, Gaussian processes on
compact symmetric spaces, Z. Wahrscheinlichkeitstheorie
und Verw. Gebiete 37 (1976/77), no. 2, 127–143, DOI
10.1007/BF00536776. MR423000

[AG71] Richard Askey and George Gasper, Jacobi polynomial
expansions of Jacobi polynomials with non-negative coefficients,
Proc. Cambridge Philos. Soc. 70 (1971), 243–255, DOI
10.1017/s0305004100049847. MR296369

[AG76] Richard Askey and George Gasper, Positive Jacobi poly-
nomial sums. II, Amer. J. Math. 98 (1976), no. 3, 709–737.
MR430358

[Ask04] Richard A. Askey, Fibonacci and related sequences, The
Mathematics Teacher 97 (2004), no. 2, 116–119.

[Ask01] Richard Askey, Good intentions are not enough, The
Great Curriculum Debate: How Should We Teach Read-
ing and Math? (Tom Loveless, ed.), Mathematical Surveys
and Monographs, Brookings Institution Press, Washing-
ton, D.C., 2001.

[Ask68] Richard Askey, Jacobi polynomial expansions with posi-
tive coefficients and imbeddings of projective spaces, Bull. Amer.
Math. Soc. 74 (1968), 301–304, DOI 10.1090/S0002-9904-
1968-11931-7. MR220987

[Ask75] Richard Askey, Orthogonal polynomials and special
functions, Society for Industrial and Applied Mathematics,
Philadelphia, Pa., 1975. MR0481145

74 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 1

http://dx.doi.org/10.1090/S0002-9904-1968-11931-7
http://dx.doi.org/10.1090/S0002-9904-1968-11931-7
http://dx.doi.org/10.1017/s0305004100049847
http://dx.doi.org/10.1007/BF00536776
http://dx.doi.org/10.1017/CBO9781107325937
http://www.ams.org/mathscinet-getitem?mr=1688958
http://www.ams.org/mathscinet-getitem?mr=423000
http://www.ams.org/mathscinet-getitem?mr=296369
http://www.ams.org/mathscinet-getitem?mr=430358
http://www.ams.org/mathscinet-getitem?mr=220987
http://www.ams.org/mathscinet-getitem?mr=0481145


[Ask89] Richard Askey, Handbooks of special functions, A
Century of Mathematics in America, Part III, American
Mathematical Society, Providence, RI, 1989, pp. 369–391.
MR1025353

[Ask99] Richard Askey, Knowing and teaching elementary math-
ematics, American Educator 23 (1999), no. 3, 1–8.

[AW85] Richard Askey and James Wilson, Some basic hyper-
geometric orthogonal polynomials that generalize Jacobi polyno-
mials, Mem. Amer. Math. Soc. 54 (1985), no. 319, iv+55,
DOI 10.1090/memo/0319. MR783216

[Ber85] B. C. Berndt, Ramanujan’s notebooks. Parts I-V,
Springer Verlag, New York, 1985, 1989, 1991, 1994, 1998.

[DDM86] David Drasin, Peter Duren, and Albert Marden
(eds.), The Bieberbach conjecture, Mathematical Surveys
and Monographs, vol. 21, American Mathematical Society,
Providence, RI, 1986. MR875226

[NIST:DLMF] NIST Digital Library of Mathematical Functions.
F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier,
B. I. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller,
B. V. Saunders, H. S. Cohl, and M. A. McClain,
eds. https://dlmf.nist.gov/, Release 1.1.3 of 2021-
09-15.

[GIK+00] George Gasper, Mourad E. H. Ismail, Tom Koorn-
winder, Paul Nevai, and Dennis Stanton, The mathemati-
cal contributions of Richard Askey, 𝑞-Series from a Contem-
porary Perspective, Contemporary Mathematics, vol. 254,
American Mathematical Society, Providence, RI, 2000,
pp. 1–18. MR1768919

[NMAP08] National Mathematics Advisory Panel, Founda-
tions for Success: The Final Report of the National Mathematics
Advisory Panel, U.S. Department of Education, Washington,
DC, xxvii+90 pp., 2008.

[Ram57] Srinivasa Ramanujan, Notebooks. Vols. 1, 2, Tata
Institute of Fundamental Research, Bombay, 1957.
MR0099904

[Ram88] Srinivasa Ramanujan, The lost notebook and other un-
published papers, Springer-Verlag, Berlin; Narosa Publishing
House, New Delhi, 1988. With an introduction by George
E. Andrews. MR947735
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Remembering David
Buchsbaum
David Eisenbud and Jerzy Weyman

1. Career and Mathematical
Accomplishments

David Buchsbaum earned his PhD at Columbia University
in 1954 under Samuel Eilenberg. After postdoctoral so-
journs in Chicago and Princeton, David spent most of his
career at Brandeis University, and was very much engaged
in building its mathematics department. He was elected
to the American Academy of Arts and Sciences in 1995.

Though many PhD theses are forgotten or subsumed,
the material in David’s thesis [Buc55] remains essential
knowledge. It contained the definition and an exploration
of abelian categories, laying a general foundation for ho-
mological algebra. It was soon noticed by Grothendieck1

and his colleagues, and employed in algebraic geometry.
Now the notion of an abelian category is used in a vast
area of modern mathematics.

David was famous early for his work with Maurice Aus-
lander, who had been a fellow graduate student. Along
with Serre’s work on multiplicities, their work in commu-
tative algebra was the first to show the power of homologi-
cal algebra in that domain. Among their notable results
was a formula relating depth and projective dimension
and the characterization of regular local rings in terms of

David Eisenbud is the director of the Mathematical Sciences Research Institute
and a professor of mathematics at the University of California, Berkeley. His
email address is de@msri.org.
Jerzy Weyman is a professor of mathematics at Jagiellonian University. His
email address is jerzy.weyman@gmail.com.
1David called them exact categories; Grothendieck is responsible for the adjec-
tive “abelian.”
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Figure 1. David in Berkeley, 2007.

homological invariants [AB56], [AB57], [AB58], leading
to the proofs that localizations of regular rings are regular
and that regular local rings are factorial [AB59].

Also highly influential was David’s work with Dock
Sang Rim on generic complexes [BR63], [BR64], [BR65].

David’s love of Italy and close friendship with the
Italian algebraic geometer/commutative algebraist Paolo
Salmon had major repercussions for the Brandeis mathe-
matics department; for a long time the department was en-
riched by a constant flow of bright young mathematicians
from Italy to Boston who considered a year at Brandeis to
be a normal and necessary part of their postdoctoral train-
ing.

David Eisenbud came to Brandeis in 1970 and soon
started to collaborate with Buchsbaum on the structure
of free resolutions. Their most quoted results were a
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Figure 2. David in Tuscany, 2005.

characterization of the acyclicity of finite free resolutions
[BE73] and a structure theorem for Gorenstein ideals of
codimension 3 [BE77].

Nearly from the beginning of his career, David was in-
terested in computing explicit minimal resolutions of de-
terminantal ideals of generic grade. The “Buchsbaum–
Rim” complex [BR63], [BR64], [BR65], later generalized
by Buchsbaum and Eisenbud, extended work of Eagon
and Northcott for maximal minors in an important direc-
tion. Alain Lascoux produced resolutions in characteris-
tic 0 of all sized minors, using representation theory, but
left some aspects vague. David and his students Kaan
Akin and Jerzy Weyman systematized and completed the
project [ABW82], also giving a characteristic-free version in
the case of submaximal minors [ABW81]. Soon after that,
Hashimoto proved that characteristic-free minimal resolu-
tions for ideals of lower-order minors generally do not ex-
ist!

The Akin–Buchsbaum–Weyman approach to the sub-
maximal minors was based on a characteristic-free version
of Schur functors, and David subsequently became inter-
ested in the resolutions of Weyl modules in terms of ten-
sor products of divided powers, which are projective mod-
ules over the Schur algebra. He continued to work on this
project with Kaan Akin and they proved that the Schur alge-
bra for general linear groups has finite global dimension—
in particular, such resolutions exist [AB88]. The problem

Figure 3. David in New York, 1955.

of finding explicit resolutions of Schur functors occupied
David until the end of his mathematical activity, and re-
mains unsolved to this day.

David formally supervised 24 PhD students, but an
even larger group considered him a mentor, even a father-
figure. We asked a number of these people to contribute
memories for this article, and we hope you’ll get a flavor
of David’s personal warmth by reading them. Aside from
mathematics, David wrote many “letters to the editor” of
The New York Times, which he collected in [Buc07b] and
two collections of poetry, Selected Poems and Algebra and
Fire. He also wrote a memoir, partly in poetry, [Buc07a]
(Figure 2 is the cover picture of the memoir, half explain-
ing its title Through A Glass). All are available on Amazon.

Figure 4. With Paolo Salmon in Turin, Italy, 2005.
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Figure 5. With Mario Fiorentini and Giuseppe Valla in Turin,
Italy, 2005.

David married his college sweetheart Betty, a writer and
later a professor of English and published poet, when they
were both 20. Betty and their three daughters, Helen, Su-
san, and Marion, have all contributed to this memorial.
David was a devoted father, and got great pleasure from
his grandchildren as well; one of them, Susan’s sonGabriel
Frieden, became a mathematician.

Figure 6. David and Betty in New York City, 1950.

2. Family

Betty Buchsbaum
David and I were married for 71 years. A marriage of op-
posites inmanyways—he amathematician, I a writer/poet.
Yet a union that worked amazingly well. Many years ago,
at a conference in David’s honor, I attended one of the lec-
tures. Unable to understand a word, I nevertheless was fas-
cinated by the language. Whatever significance the terms
had as metaphors in math, they had such different mean-
ings in plain speaking English. The following poem was
the result.

YOUR OTHER COUNTRY

Remember, years ago, a woman on a N.Y. train
turned on two young men talking math

non-stop—You foreigners, she fumed

either speak english or go back to your own country!
We thought it sad and funny, her discomfort

with math carried to xenophobic heights.

And I a young bride married to one of those!
But in truth I, too, found math forbidding.

It took years of living with you to see

your day in day out affair as close kin
to my passion as a poet. You’d work in a tent,

on a beach or train. All you needed

was pen and paper. In a pinch you’d do
with less, perfecting the skill of easing in

and out of solitude. Our daughters understood.

If you showed up early to drive them home
from parties, they’d say Not yet Dad,

you won’t mind, just sit in the car and think!

Then the way you push the limits of the known.
For days, months, you play with a hunch,

let a premise lead you, without forcing it,

towards the as yet unseen, unheard . . . Face flushed,
you look for me in the house to say

you’ve got it and it’s beautiful! By morning

you see flaws, try to simplify, make it elegant;
you, like a poet, speaking in metaphor.

Numbers intertwine like arms, legs, hearts;

78 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 1



a theory tilts, perhaps at risk; loci, sadly,
are of the degenerate kind; ideals tainted

by duplicity; and quivers can be infinite.

In-finite qui-vers—that titillates
my tongue. I’m not surprised you spawned

good work along those lines.

At a conference in your honor you summed up
your life in math: I’m a man,

you smiled, of unresolved resolutions.

Colleagues laughed, aware of problems
you hope to solve in the field of resolutions.

But I liked your deft way of saying

you’re an ongoing paradox;
true, I might add, of our long marriage—

deeply familiar, yet strangely tantalizing.

Figure 7. David and Betty in Westin, Massachusetts, 2016.

Figure 8. Betty and David in Newton, Massachusetts, 2016.

Helen Buchsbaum
Being intuitive and empathic may be antithetical to the
stereotype of a mathematician’s personality—yet captures
my father. Early on he taught me the actual value of a
numeric symbol depends on one’s framework. Observing
years of black squiggles on yellow pads, I witnessed sym-
bolic representations of worlds I’d never see. I admired
his passion seeking connections between systems not visi-
ble to the naked eye. And always felt seen by my dad for
the person I am, not the one I might appear to be.

Susan Buchsbaum Frieden
Sometimes deep into the night when I was young, waking
from a dream, I would make my way into my father’s tiny
study and onto his lap where he would cradle me in his
left arm while scratching mathematics on a long yellow
pad with his right. Lulled to sleep by the gentle motion
of his fountain pen’s squiggles, his pipe’s floating smoke
rings, his concentrated pleasure, I realise now that my fa-
ther loving math was often my evening’s lullaby.

Marion Buchsbaum
Growing up, I would sit inmy father’s treehouse-like office
on the second floor of our home and discuss math with
him at all hours of the night. I was a mathmajor in college
and my dad even came to my dorm the day before my first
linear algebra midterm to help me prepare. His car got
towed and he good-naturedly told me this gave us more
time to discuss thematerial as wewalked to the Cambridge
Tow lot to rescue the impounded car. No memory of the
exam, just of the bond we shared, and I treasure.

3. Students and Colleagues

Maria Artale
I met David Buchsbaum in Boston during my doctoral ca-
reer as a graduate student. He was the advisor and guide
for my doctoral thesis at Brandeis. During my stay there,
and afterwards, I was able to appreciate his extraordinary
humanity, his deep sensitivity, and his generous affection
as a strong and benevolent father. Having an outstanding
teacher like himwas a precious gift that left a deepmark on
my professional and human history, an experience shared
by many of his students and colleagues. David was often a
Visiting Professor at the University “Tor Vergata” of Rome.
Many conferences and seminars in his honor have been

Maria Artale is an associate professor at the University Roma 2 “Tor Vergata”.
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organized in Italian universities. I will always remember
him.

Giandomenico Boffi
I met David for the first time in 1977. It was at the Univer-
sity of Rome, during one of his frequent visits to Italy. It
was before I went to Brandeis for a PhD program in Math-
ematics. I was impressed by his gentle manners and his
fluency in Italian, as well as in several other languages. At
that time I did not realize the special feeling between him
and my country. Perhaps this feeling was partly based on
the memory of Italian American children with whom he
was friends in New York in the 1930s, as he told me many
years later.

My strong bond with David was forged when he was
my PhD adviser at Brandeis University. This bond also ex-
tended to cultural and personal issues. In addition to talk-
ing about resolutions of determinantal ideals and Schur
and Weyl modules or complexes, we used to discuss the
characteristics of our two countries, politics and religion.

After I got my PhD in 1984, David and I kept in reg-
ular contact for mathematical and non-mathematical rea-
sons. Our families became friends and for my children he
was like a dear relative living a bit far away. However, we
did not write any mathematics together until 2004. David
and I had a language arrangement: we would speak in Ital-
ian when in Italy, in English elsewhere; when exchanging
emails, each one would write in his own language.

In the first half of 1998 I organized (with Alfio Ragusa,
Elisabetta Strickland, and Giuseppe Valla) a two-month re-
search event in David’s honor, a very special event! It was
mainly sponsored by INdAM, the Italian national institute
of higher mathematics. The event attracted distinguished
mathematicians from all over the world and took place in
Catania, Rome, and Genoa. It was a tribute to David both
as a mathematician and as a man, a tribute by the Italian
mathematical community in recognition of the contacts
David had maintained since the late 1960s.

The article David and I published in 2004 led to a larger
project: a joint book that summarized a significant por-
tion of David’s mathematical interests. Partly based also
on some lecture notes I had written at Brandeis University
prior to my PhD, the book was published by Oxford Uni-
versity Press in 2006. We published another short paper
two years later.

In the last dozen years we were not in contact as regu-
larly as before, althoughwemet a few times and exchanged
occasional emails, and David gave me useful advice on
some sensitive family matters.

Giandomenico Boffi is a professor at the University of International Studies,
Rome.

Figure 9. Antony Geramita and Betty Buchsbaum.

I cannot say that David’s passing came as a total surprise,
given his age. But my children, my wife, and I have been
deeply saddened. Forever grateful for all that he gave me
and my loved ones, we offer our sincere prayers for him,
for Betty, and for his entire family.

Corrado DeConcini
David Buchsbaum invitedme to spend the spring semester
of 1978 at Brandeis. In those years I worked in Pisa, but
I was a frequent visitor to the department “Guido Castel-
nuovo” of the Univeristà di Roma (now called Sapienza
Univeristà di Roma), where Buchsbaum was a familiar
face; I must have met him in Rome when I was an under-
graduate. He loved the city; he was “always in Rome.”

I also spent the academic year at Brandeis in 1980–81.
My recollections tend tomix up the two periods; the reader
should forgive the confusion.

David told me that sometime at the beginning of the
sixties Aldo Andreotti, a professor in Pisa, had invited him
to spend some time there. On the way to Pisa, Buchsbaum
passed through Rome to give a talk. He fell in love with the
city, and Rome became an important part of his life.

The trip to Brandeis was my first visit to the United
States. When my wife and I arrived in Boston, the city was
covered by a couple of meters of snow, a lunar view for
us since in Roma it snows only once every ten years. We
lived in Cambridge and every morning I took the Boston
and Maine train to reach the university. The first few days I
was a bit lost, but with the help of the two Davids (Buchs-
baum and Eisenbud) I very quickly felt at home.

At that time, David and his two students Akin and Wey-
man were working on the resolutions of determinantal

Corrado DeConcini is a professor at the University Rome 1 “La Sapienza”.
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Figure 10. With Betty Buchsbaum and Mitsuyasu Hashimoto.

ideals. Lascoux’s thesis, which introduced plenty of combi-
natorial stuff into the subject, had just appeared, and they
were trying to extend Lascoux’s work to a characteristic-free
setting. They eventually succeeded for the submaximal mi-
nors but, as we now know from Hashimoto’s counterex-
ample, there is no characteristic-free minimal resolution
of determinantal ideals in general.

I vividly remember going to Buchsbaum’s office, which
was impregnated by the aroma of the tobacco of his pipe.
I learned from him (and from David Eisenbud) the secrets
of the so-called Buchsbaum–Eisenbud multipliers and the
properties of the variety of complexes. I never really col-
laborated with Buchsbaum, though I wrote some papers
with Eisenbud. The visits to Brandeis provided very great
enrichment for my mathematics.

But there was not only mathematics. Buchsbaum was,
in my eyes, the typical New York liberal intellectual. I
learned a lot from him about American politics and lit-
erature. For example he gave me the book A River Runs
Through It and Other Stories by Norman Maclean, a long
time before it was published in Italy. Dining at the Buchs-
baums’ with Betty and David and some Italian commuta-
tive algebraist passing through Boston, and a 1990 Thanks-
giving party with all of the Buchsbaum family andmy baby
son Guglielmo are memories I cherish.

In 1998, I went to three different conferences to cele-
brate David’s birthday, two in Rome and Genoa and one
in Boston.

Both my wife and I were born in Rome and lived all of
our lives there. We passionately love our city, but this is
nothing compared with the passion and love David, and
later Betty, felt for Rome. When the spring came, David
came. In the first years he came alone and stayed in a ho-
tel near the Pantheon. I walked to see him sometimes with
Giandomenico Boffi, one of his two Roman students (the

other was Maria Artale). We would pick David up and take
a walk discussing the characteristic-free representation the-
ory of 𝐺𝐿(𝑛).

Later he started coming with Betty and the mathemati-
cal discussions decreased. They rented some of the most
peculiar apartments in the centre of Rome—one of them
was part of an abandoned church. The pleasure of tak-
ing a walk with David or having dinner in a small square
in Trastevere or Campitelli did not go away and even in-
creased over the years.

I have tried to communicate how dear and important
David has been in my life. I shall miss him enormously.

David Eisenbud
David and I met in 1968 at the first conference I ever at-
tended. I was a wide-eyed graduate student, and my advi-
sor, Saunders MacLane, told me beforehand that I should
pay special attention to the series of lectures that David
was scheduled to give. At the conference I volunteered to
be his scribe and write up his lectures, which began with
the Koszul complex and the characterization of regular lo-
cal rings. (I reused the ideas of that exposition in my own
book on commutative algebra.) At the end of the series,
David spent a couple of lectures riffing on his more re-
cent work, related to resolutions of determinantal ideals.
I found his exposition impressionistic, and brashly pro-
posed a different organization. We finally agreed to leave
that material out entirely!

By that time I knew that I would like to work with David
again. When I got my PhD, I chose Brandeis over Yale be-
cause of his magnetism.

At Brandeis, David was my mentor, and eventually my
collaborator in a particularly productive and happy period
of my life. He also became a dear friend. We met Satur-
days at Brandeis, or in the basement of his house, and over
many hours we worked on free resolutions. Schur functors
were just beginning to be important to us then, and at one
point we decorated the wooden frame of the blackboard in
David’s basement with a formula for them, to help (mostly
me) remember the notation.

David nursed and protected me through the stress of
the tenure process. He remains for me a model of good
mentoring!

David introduced me not only to mathematical ideas,
but also to department and university politics, which he
took very seriously. I learned a lot about the tensions
within the department and their origins, and also about
the efforts by David and others that had led to the re-
markable rise of the Brandeis department between 1960
and 1970 (when I joined). What I learned from him
in this way has been very helpful to me in navigating
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Figure 11. With Bernd Ulrich, Luchezar Avramov, Frank-Olaf
Schreyer, and David Eisenbud at Berkeley, 2007.

administrative tasks, first at Brandeis and then at MSRI.
David loved to travel, most of all to Rome. He was a men-
tor to students and postdocs from all over the world, but
especially in Italy. Many Italians arranged to spend time
at Brandeis to be near him. Through his connections, a
small area of Brandeis was even (briefly) declared to be
a part of Italy, so that an important collection of Italian
manuscripts could be housed there without violating Ital-
ian law. In honor of his contribution to Italian mathe-
matics, David’s birthday was celebrated in 1998 with a six-
week conference spread over three Italian cities.

David communicated his great love of mathematics as
an integral part of his life and culture. He shared deep in-
tellectual interests with Betty, his wife for more than 70
years, a poet and professor of English, who survives him.
David and Betty were very close to their three daughters,
Helen, Susan, and Marion, and their warm family life has
always seemed to be a shining example. David told me
with great pleasure of his conversations about mathemat-
ics with Susan’s son, Gabriel Frieden. Gabriel has followed
David into mathematics, and is currently a postdoctoral
student in Montreal, thinking about some of the same sort
of mathematical problems that fascinated his grandfather.

Gabriel Frieden
For me, mathematics will always be intertwined with the
memory of my grandfather. One of my earliest mathemat-
ical memories is from second or third grade, when I told
him that “zero is not a number, but a place holder,” as I’d

Gabriel Frieden is a postdoctoral fellow at LaCIM at l’Université du Québec à
Montréal (UQAM).

been taught in school. He took exception to this, insisting
that zero is just as good a number as one, two, or three. Al-
though it would be several years before I understood why
he felt so strongly about this, the idea that numbers have
their own identity and intrinsic value made an immediate
impression on me. This idea was reinforced through birth-
days: when he turned 72, he excitedly explained that this
is the only age in a human’s lifetime with a prime factor-
ization of the form 𝑎𝑏 ⋅ 𝑏𝑎.

After I moved away for college, one of the highlights of
each trip home to Boston was meeting with Grandpa to
discuss the new ideas that I was most excited about. Dur-
ing graduate school, our mathematical relationship slowly
shifted towards me being the teacher, with exact sequences
and complexes giving way to Young tableaux and crystal
graphs on the pages of his yellow legal pads. When I
started to make progress in my research, his interest gave
me confidence, as well as the first opportunity to shape my
results into a coherent story. His infectious enthusiasm for
mathematics will always remain with me.

Mel Hochster
I have many memories of David Buchsbaum over the
decades—he was a kind, gentle man to whom family was
very important. He was always ready to help junior math-
ematicians progress with their work. His terrific research
has always been a source of great inspiration for me. But
I will focus here on three personal interactions with him
that have stayed with me for decades.

When I was going through a period (which admittedly
lasted for a good chunk of my life) when I was constantly
giving incorrect proofs of the direct summand conjecture
(or the existence of big Cohen–Macaulay modules) in
mixed characteristic, on several occasions I called David
to tell him my latest fable. Even when I interrupted his
dinner, he always listened graciously, and when I eventu-
ally called back (this was before the advent of email) to
tell him that the idea was wrong, he managed to keep me
from feeling bad about wasting his time.

His mathematics was wonderful, and his mental agility
was amazing. On one occasion I was giving a talk in the
Boston area about work which was not fully written up yet.
Someone in the audience asked a question about a rather
important detail that I had not thought through. I went
numb. David rescued me—even though he was hearing
about what I was doing for the first time, he immediately
saw the needed explanation of the missing detail, a subtle
variation on a homotopy argument, and gave an eloquent
explanation.

Mel Hochster is the Jack E. McLaughlin Distinguished University Professor at
the University of Michigan.
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On the way back from a conference in England, David
and I spent a day together in London. We had dinner in a
mediocre Chinese restaurant and then went to see the play
Amadeus. Our seats, obtained at the last minute, may have
been the worst in the theater. But with David’s company
I remember this as one of the most enjoyable evenings I
have ever spent.

I will miss him greatly.

Craig Huneke
My first contact with David was when I visited Brandeis in
the winter and spring of 1977. There I sat in my first (and
only) commutative algebra class as a graduate student. The
instructor was David Buchsbaum, and the course was on
homological algebra. I was in awe of him, after having al-
ready studied many of his classic papers, particularly his
papers with Maurice Auslander, and his (at that time re-
cent) work with David Eisenbud. I still remember some
of the topics in the course, which influenced me a great
deal, particularly his discussion of Koszul complexes, and
questions about their homology. Another strong memory
from that class was him writing a huge multilinear com-
plex across the entire blackboard, covering one wall of the
room, and then saying something to the effect of “This
is what we all learned in high school.” (Not in my high
school!!)

I got to know David much better when we both stayed
in the same dorm in Bonn during a several-month visit in
the spring and summer of 1980. It was a real joy to listen
to his many insights and his history during our dinners
and pub visits. It was a great time for me.

After Bonn, it was easy for me to speak with him, and
we interacted quite a bit for several years. This had one
drawback—at that time he was an editor for the Journal of
Algebra, and I received many, many referee requests from
him! (He once sent me a hand-drawn card for the “referee
of the year” because I had refereed so much.)

Commutative algebra would not be the same without
him, but I miss most his easy-going friendship, and how
great he was to be around.

Daniel Ruberman
When I arrived at Brandeis in themid-eighties, I met David
as part of the group of distinguished mathematicians on
the faculty at the time. David was in his mid-fifties, still
very active in studying representation theory, and very
much a part of department life. David felt intense pride in
the department that he and others had built from scratch

Craig Huneke is a professor at the University of Virginia.
Daniel Ruberman is a professor at Brandeis University.

in the late 1950s and early 1960s, and took pains to in-
culcate me and others of succeeding generations into this
recent but strong tradition. He often talked about the his-
tory of the department and about colleagues over the years,
hoping to convey the deep sense of commitment to the
enterprise that kept him and others at Brandeis in spite of
opportunities to go elsewhere.

In quiet ways, David tookme under his wing and taught
me much about being a department citizen and how to
fight for our interests in a university that was still working
on how to match its ambitions and finances. I became
chair as he was preparing to retire, and I found him to be a
generous mentor and great resource in dealing with issues
both inside and outside of the department. He had strong
principles, and coupled those with great empathy and in-
sight into other people. David’s interest in the growth of
his junior colleagues was noted by many of us who came
of age in the department.

In addition to the great impact his mentorship had on
me, I also have a lasting impression of David’s infectious
sense of humor and irony. His eyes would light up at a
good line, even (or especially) if it was one of his. Once,
when I was chair, I came to the department over Christmas
break and found David in his office. I proudly told him
that I’d seen the Dean at the gym, and sealed the deal on a
long-sought approval for a new position. With a twinkle in
his eyes, David gestured to an old wooden squash racquet
gathering dust in a corner. “Yes,” he said, “that’s the way it
gets done. You didn’t think we really liked playing squash
all those years,” and burst into laughter.

Our mathematical interests didn’t overlap much—
David would say that while he’d made his mark in alge-
bra, he had always wished to “do something geometric.”
But he taught me a great deal about being a mathemati-
cian, and about how to stay active in research by keeping
an open mind for new ideas. I admired his zest for life
(and his enthusiasm for all things Italian) as much as I ad-
mired his mathematics, and very much miss his presence.

Rafael Sanchez
I knew aboutDavid Buchsbaum long before I went to Bran-
deis in the summer of 1982. I had read several articles writ-
ten by him and had decided to domy PhD at Brandeis Uni-
versity under his guidance. Being his student, and later a
colleague and friend, was a great life experience. Not only
did I learn mathematics from him, I also learned about
life, especially the importance of friends and family. David
had a passion for Italy, which we shared and enjoyed dur-
ing several work internships in Rome. At the time of the

Rafael Sanchez is a professor at the Universidad Antonio Nariño, Bogotá.
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Figure 12. With Rafael Sanchez and Hema Srinivasan.

celebration of his 70th birthday in Genoa, in addition to
an excellent conference in his honor, we walked through
Le Cinque Terre, with a previous day of beach and gastron-
omy in Camogli. His visits to Caracas, the Central Univer-
sity of Venezuela, and the Venezuelan Institute for Scien-
tific Research were varied and very productive. David was
a teacher and a friend and I will always carry his memory
and his teachings with me. He will be present every time I
enjoy a glass of Barolo with gorgonzola cheese.

Hema Srinivasan
The most important thing I learnt from David was not
mathematics but the attitude towards mathematics and
what it is, and a clearer understanding of how one enjoys it.
The hours I spent in David’s office at Brandeis discussing
problems, trying to do them on the board, andmost of the
time not getting anywhere, were some of the happiest mo-
ments for me. It has been many years since I left Brandeis,
but our discussions of mathematics, politics, and philoso-
phy have remained as cherished memories.

Hema Srinivasan is a professor at the University of Missouri.

Figure 13. With Dale Cutkosky and Hema Srinivasan.

Richard Stanley
I started to be interested in the connections between com-
mutative algebra and combinatorics around 1972 when I
was at Berkeley. In 1973 I moved to MIT. Fortunately at
that time, the world center for commutative algebra was
just a stone’s throw upstream at Brandeis University.

Among the luminaries at Brandeis was David Buchs-
baum. It was a great pleasure to have David as a mathe-
matical resource. He was always upbeat and enthusiastic
about any topic we discussed, mathematical or not. I had
regarded homological algebra as an excessively formal and
dry subject until I was exposed to David’s work (much of it
joint withMaurice Auslander) on the connections between
commutative algebra and homological algebra. I was es-
pecially enthralled by the famous Auslander–Buchsbaum
formula pd(𝑀) + depth(𝑀) = depth(𝑅), where 𝑅 is a
commutative noetherian local ring and 𝑀 is a nonzero
finitely-generated𝑅-module of finite projective dimension.
This fundamental result (in the context of graded algebras
rather than local rings) plays a key role inmy ownwork, for
example in the characterization of Cohen–Macaulay face
rings by Gerald Reisner.

In 1985, both David and I paid our first visit to Asia to
attend the US-Japan Joint Seminar on Commutative Alge-
bra and Combinatorics in Kyoto. We were on the same
flight to Osaka. I sat further to the front of the plane than
David, so I could boast to him thatmy first time in Asia was
about 0.03 seconds earlier than his. We were both greatly
impressed by the legendary Japanese hospitality.

The main direct connection between David’s work and
combinatorics concerns his characteristic-free approach

Richard Stanley is a professor emeritus at the Massachusetts Institute of Tech-
nology.
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Figure 14. With Hideyuki Matsumura.

to the representation theory of GL(𝑛). Kaan Akin was
his primary collaborator in this work, but it also in-
cluded a nine-year collaboration with Gian-Carlo Rota on
the characteristic-free projective resolutions of Weyl mod-
ules. Nowadays much of this work can be regarded as
a characteristic-free categorification of some fundamental
identities, such as the Jacobi–Trudi identity, from the the-
ory of symmetric functions. It shines an interesting light
on a major topic within algebraic combinatorics.

Elisabetta Strickland
David Buchsbaum had a real penchant for Italy, as if some-
thing in his bloodwas absolutely in tunewith it. He visited
Rome so many times that, at my University “Tor Vergata,”
we called him “our permanent visitor.”

The first time I had the pleasure of listening to one of his
talks was in 1978: my enthusiasm for his ideas in represen-
tation theory was overflowing and the first chance I had I
went to Boston to spend a semester at Brandeis University
where David was. I arrived in the States just after a bliz-
zard, and the mornings of my first days were difficult: To
go to Brandeis I first had to clean the path from the snow in
front of the house my husband (Corrado DeConcini) and
I rented from Barry Mazur in Cambridge. We then took
the Boston and Maine railway to Waltham. It smelled of

Elisabetta Strickland is a professor at the University Rome 2 “Tor Vergata”.

lobsters, as its main activity during the day was to carry
huge containers of the crustaceans.

When I finally reached my office, I spent pleasant hours
working in a nice room close to David’s. Time passed very
quickly, listening to the seminars at the “Fellowship of the
ring” or watching David walk up and down in front of the
blackboard in his room, explaining his ideas and filling
the space with complicated complexes. He loved to write
down incredible numbers of arrows that represented the
maps that he had created overnight!

Once I visited him at home on Thanksgiving: I’ll never
forget what he and Betty, his wonderful wife, had invented
to help us understand what that day represented for Amer-
icans. That was my first encounter with cranberry sauce
and sweet potatoes, and I loved them. Betty wrote fasci-
nating poetry: over the years I collected the lovely books
she wrote, which came to Rome in David’s suitcase; each
time it was a wonderful gift.

When I asked David to read my mathematics his com-
ments were precise and useful, and he was always inter-
ested and patient. He loved art, music, and literature. In
Rome, he visited the museums and enjoyed the beauty of
the city. Among the apartments where he stayed was a de-
consecrated church transformed into a flat, where he slept
in the apse. We often walked the narrow streets near Piazza
Navona and Campo dei Fiori, his favourite spots. New
complexes took form in his mind just watching the blue
sky over the roofs.

At one time there was an Iraqi student at my university
in Rome. This was during the war in Iraq, and he occasion-
ally disappeared to Baghdad because someone in his fam-
ily had been hit by a bomb and lost an arm or a leg or had
died. Maria Artale and I were his mentors. I asked David
to be his external advisor. The case was desperate, but with
David’s help the student obtained his doctorate and now
is a professor in the University of Baghdad. Thank you
David, I’ll never forget your patience and generosity.

The last time I saw David, he was crossing Piazza S.
Maria in Trastevere, helping himself with a walking stick.
I saw that the end of an era was near—our wonderful per-
manent visitor would soon have to give up.

Paolo Valabrega
I was introduced to David Buchsbaum in 1971 by my advi-
sor, Paolo Salmon, a very close friend of David’s. Salmon
strongly recommended that his students visit Brandeis for
a period of at least one year after completing their Italian
degrees. I took that advice. While I was at Brandeis, I had
a chance to attend David’s beautiful homological algebra

Paolo Valabrega is a professor emeritus at Politecnico di Torino, Italy.
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Figure 15. With Paolo Valabrega and Eugene Gover.

class. The perspectives that he provided opened my eyes.
Before that time, I had studied commutative algebra, but
without homological methods. The usefulness of the new
approach was made very clear to me in discussions with
David on a variety of homological and commutative top-
ics. This led me to interests that, while new, were still con-
nected to what I had learned before from Paolo Salmon.

Our relationship was mainly mathematical at the be-
ginning, but over the years it developed into a truly close
friendship, which included our wives and also Paolo
Salmon. We shared many interests: politics, current
events, poetry, Judaism and the State of Israel, languages,
and letters to newspapers (which he often wrote, some-
times with a copy to me). He had a great love for Italy,
for its artistic beauties, its food, cuisine, and its language.

I remember many occasions when we got together in
Boston, Torino, or Catania, but especially in Rome where
we used to have dinner together with our wives at the
restaurant Monserrato, next to Piazza Navona. I also re-
member a pleasant trip to Camogli with a final stop at a
wonderful “focaccia” bakery. David’s favorite cheese was
gorgonzola, which my wife and I were ready to provide
each time he visited us in Torino.

The famous theorem of Auslander–Buchsbaum is very
well known (at least among algebraists), but not many
know that before they had found their final proof, Nagata
was working to find a counterexample. Commenting on
this situation, David said: “Auslander and I worked very
hard at the proof, in order to arrive before Nagata’s coun-
terexample!”

After 2014 our health prevented us from meeting and
we switched to email. We agreed that he would write in
English and I would write in Italian, thereby giving each
of us the opportunity to practice the other’s language. But
three or four years ago, David, who at the time was taking
an advanced Italian language class, asked me to allow him
to write in Italian, with the supplementary request that I
correct his style and usage. This was really quite easy be-
cause his Italian was exceptionally good, even elegant, and
sometimes very sophisticated.

His knowledge of Italian was quite surprising, and he
was proud of it. For example, the word “ammiccare”
(winking) appeared with an odd definition in an Italian
crossword puzzle many years ago in Genova. At a roadside
picnic, several Italian mathematician friends were strug-
gling with the clue. David overheard what was going on
and, smiling, casually gave the answer.

Our common languages includedHebrew aswell as Ital-
ian and English, and we discussed words and idioms in all
three, thus combining politics and linguistics. I also recall
David’s (incomprehensible tome) conversation in Yiddish
at our dining room table with a Polish friend of ours.

Paolo Salmon rejected the use of the internet, and after
he retired in 2000, he stopped having direct contact with
David. Thereafter, he and David used my emails in order
to communicate with each other.

David’s passing is a big loss for me and for all of his
friends.

Jerzy Weyman
David was my mentor, in many ways a role model, and a
very dear friend.

I met David in January 1978 when I arrived as a gradu-
ate student at Brandeis. We immediately started discussing
problems related to determinantal ideals and Schur func-
tors. I was extremely lucky because at that time David was
getting interested in representation theory and I had the
opportunity to learn it from him. Kaan Akin was another
of David’s students and the three of us spent the next two
exciting and enjoyable years thinking about these subjects.
The three of us wrote two papers: one on the construction
of Schur complexes and one on characteristic-free resolu-
tions of ideals of submaximal minors of generic matrices.
This collaboration became a model for me.

After leaving Brandeis I diverged mathematically from
David: I turned to more geometric problems, while David
went on working with Kaan. They wrote some beautiful
papers, and proved that the Schur algebra of the general
linear group has finite global dimension. This result was
later extended to other classical groups by Donkin. The
characteristic-free resolutions of Schur functors became
the main focus of David’s later work, which included a col-
laboration with Gian-Carlo Rota.

Five years aftermy thesis I was back in the Boston area at
Northeastern University. I went to Brandeis every Wednes-
day to attend the Fellowship of the Ring seminar. Before
or after the seminar I would talk with David about math-
ematical and non-mathematical subjects: US and interna-
tional politics, science, music, art, and life in general. This
continued for many years.

Later, when I moved to Connecticut, I would visit the
Boston area often and every time I would stop at David’s
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Figure 16. With Jerzy Weyman and Steven Sam.

place for some nice conversation. Some of these visits
coincided with my dentist appointments, so often David
would ask me jokingly by email about my next dentist ap-
pointment, to make sure the date was available. He did
not do mathematics at that time but he was still interested
in new developments in the area of free resolutions.

In 2016, David and Betty invited me and my girlfriend
to visit, and we spent a wonderful weekend at their place.
At that time I met all his daughters and some grandchil-
dren.

In the fall of 2019, I was invited to Betty and David’s
90th birthday celebration. It was a great opportunity to
see his family, and to learn many new things about him.

In the fall of 2020, there was a small seminar on free
resolutions run remotely by David Eisenbud and myself.
David (Buchsbaum) would sometimes connect to listen
to our discussions of recent progress, and sent me some
comments. He seemed to enjoy it very much.
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summarize or highlight the authors’ findings. Information 
about methodology, response rates, and other statistical 
matters appear in the appendices along with tables giving 
fuller breakdowns on responses. 

“Online Synchronous” Was Most Commonly 
Used Format
The first question on the survey was designed to get at de-
partments’ choice of instructional delivery method under 
pandemic conditions. Figure 1 shows how various types of 
departments addressed class formats through the question, 
“Based on your current plans for the fall 2020 term, what 

The following report is a summary of results from a survey 
of undergraduate mathematical and statistical sciences 
programs in two-year and four-year institutions in the US 
about how the COVID-19 pandemic has affected these 
programs, and what changes to future instruction might 
occur as a result of the experience. Administered on behalf 
of the Conference Board of the Mathematical Sciences 
(CBMS) in October and November 2020 by the American 
Mathematical Society in conjunction with Westat, Inc., and 
with funding from the National Science Foundation, the 
survey consists of six multiple-choice questions, a request 
for enrollments, and two free response questions. The sur-
vey instrument is located at www.ams.org/profession 
/data/cbms-survey/cbms2020, where response data is 
also available, broken down by department type, highest 
degree offered, institutional size, and institutional control 
(public/private). The Appendix is also available at that site.

In this report, the headings generally indicate take-
away messages from the responses, and they generally 
follow the sequence of the survey instrument questions. 
Within the headings, the discussion, figures, and tables  
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 • The responses to these questions were quite similar 
for four-year and two-year college mathematics de-
partments. In statistics departments there were few 
departments reporting changes in numbers of faculty 
hired, fired, or full-time faculty asked to teach additional 
courses.

Training for Teaching in the Pandemic:  
Emphasis on Online over In-person
Approximately two-thirds of respondents indicated that 
“more than half” or “almost all” of their staff received train-
ing in online instruction, and much smaller numbers cited 
similar training for in-person/socially-distanced teaching. 
Figure 3 shows these percentages across the three groups 
of departments. 

 • At all departments combined “almost all” plus “more 
than half” of their faculty received training in online 
instruction at 68% of departments and training in  

proportion of your department’s mathematical sciences 
sections are taught in the following formats?”

 • Considering the total of all respondents and combining 
the two categories of “almost all” and “more than half 
of courses,” the format “only online synchronous” was 
the most frequently used option (50%), followed by 
“a mixture of online and face-to-face sessions” (26%; 
Figure 1).

 • “Only online and asynchronous” and “only online 
synchronous” together accounted for the responses 
from 53% of the mathematics departments at four-year 
institutions, 77% of the statistics departments, and 76% 
of the mathematics departments at two-year colleges. 

 • The least used format in all the departments combined 
was “only face-to-face” (10%).

 • There was more frequent use of the “only online only 
asynchronous” format at two-year colleges (24%) and 
in statistics departments (19%) than at four-year math-
ematics departments (7%).

 • Private four-year mathematics departments reported 
offering “almost all” or “more than half” of their courses 
in “face-to-face” or a “mixture” format (60%) than de-
partments at public universities (30%).

Schedule and Staff Changes: Class Sizes 
Reduced, Part-timers Released, and Full-timers 
Teach More
In light of pandemic conditions, many departments may 
have changed their fall 2020 term length, number of 
sections offered, enrollment limits, and assignments to 
instructional staff, and the second question on the survey 
was designed to elicit information about these changes. Fig-
ure 2a gives insight to schedule changes that departments 
made. The percentages shown are of “yes” responses to the 
indicated changes. Note that these numbers are not meant 
to sum together. Figure 2b also shows “yes” responses to 
statements regarding staffing changes. The results indicate 
that the most frequently utilized personnel changes—ex-
cept in the statistics group—were reductions in part-time 
faculty numbers and more sections assigned to full-time 
faculty. Table 2 in the Appendix gives further breakdowns 
for these two figures. 

 • Among the total of all responses, terms were subdivided 
at few (7%) departments, and the terms were shortened 
at 19% of departments (31% of four-year mathematics 
departments). 

 • Thirty-three percent of all departments cancelled some 
classes. Classes were more likely to be cancelled at two-
year college mathematics departments (43%).

 • Changes in the number of faculty hired or fired were 
most likely for part-time faculty (Figure 2b). 

 • Full-time faculty were asked to teach additional classes 
at 20% of all departments.
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“Students’ learning outcomes from a face-to-face learn-
ing experience are better in an online experience”: 72% of 
all respondents agreed (i.e., “agreed” or “strongly agreed”), 
and this response was relatively consistent over the three 
types of institutions (Figure 4a). 

 • “Students have a choice of which mode of instruction 
they receive”: 47% of all respondents agreed and 38% 
disagreed, but this percentage was different across dif-
ferent types of institutions.

 ○ In four-year college mathematics departments, 
the percentage of those “(strongly) agreeing” 
was about the same as the percentage as those 
“(strongly) disagreeing.” 

 ○ A larger percentage of statistics departments 
“(strongly) disagreed” than “(strongly) agreed.”

 ○ More two-year college mathematics departments 
“(strongly) agreed” than “(strongly) disagreed.” 

 • “Students taking courses online have the equipment and 
internet connections required for taking courses online”: 
across the total of all respondents, 52% (strongly) agreed 
and 30% (strongly) disagreed.

 ○ In two-year college mathematics departments, 
there were about the same percentage of depart-
ments (strongly) agreeing (42%) as departments 
(strongly) disagreeing (43%). 

 ○ In four-year college mathematics departments, 
more departments (strongly) agreed (59%) than 
(strongly) disagreed (20%).

 ○ In statistics departments, almost all departments 
(strongly) agreed (69%) as opposed to those that 
(strongly) disagreed (4%).

Instructional Staff Have Adequate Technology, 
Prefer to Teach Face-to-face, and Have a Choice 
of Teaching Mode
Figure 4b provides insight to faculty experiences teaching 
under pandemic conditions. Very broadly, respondents 
felt that instructional staff (1) have access to adequate  

face-to-face instruction with social distancing at 16% of 
departments (Figure 3).

 • The percentages in the table above were relatively 
consistent over all three types of institutions. More 
mathematics departments at four-year private colleges 
and universities provided instruction than at public 
institutions.

Face-to-face is Better, and Not Because  
Students are Ill-equipped
Department respondents voiced opinions on the effective-
ness of face-to-face instruction, students’ ability to choose 
their mode of instruction, and students’ equipment. Fig-
ure 4a gives a breakdown of responses on these questions 
across the three main department types. Overwhelmingly, 
respondents felt that face-to-face outcomes are better. Their 
responses showed a mix of opinion regarding whether stu-
dents have a choice of modality. While mathematics and 
statistics respondents felt that students were adequately 
equipped for online learning, there was disagreement 
among two-year respondents about how well students 
were equipped. 
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equipment for online teaching, (2) prefer face-to-face 
teaching, and (3) have choices about teaching modality.

 • “Instructional staff teaching online have access to ade-
quate equipment and technology for teaching online”: 
96% of statistics departments, 76% of four-year college 
mathematics departments, and 69% of two-year college 
mathematics departments (strongly) agreed.

 • “Instructional staff prefer to teach face-to-face classes”: 
across all respondents combined 73% (strongly) agreed 
and 13% (strongly) disagreed, and this percentage was 
relatively consistent across all three types of depart-
ments. 

 • “Instructional staff have a choice of which mode of 
teaching they provide”: across all respondents combined 
55% (strongly) agreed and 35% (strongly) disagreed. 
These percentages were about the same over four-year 

and two-year college mathematics departments, with 
the percentages in statistics departments showing 
more agreement (75% (strongly) agreeing and 15% 
(strongly) disagreeing). When data from Tables 1 and 4 
are combined, we see that at departments where almost 
all sections were in a particular format, there was less 
agreement with the statement that the instructor could 
choose their mode of instruction because choice was 
not possible. 

Training for Online Teaching Increased 
Dramatically with the Pandemic
Figure 5 shows a dramatic shift in preparedness to teach 
online between the winter/spring 2020 and fall 2020 terms. 
Chairs were asked the question, “During the terms listed 
below, what proportion of your department’s instructional 
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teaching online courses and possibly more sections of on-
line courses will be offered. Figure 6 summarizes. 

 • “We are considering offering a greater number of dis-
tance learning mathematical sciences classes.” Com-
bining all respondents, 47% (strongly) agreed while 
31% (strongly) disagreed. The percentage of two-year 
college mathematics departments (strongly) agreeing 
was 61%, while at four-year mathematics departments 
the percentage was 35%. 

 • Private mathematics departments at four-year colleges 
had the lowest (strongly) agreed percentage of depart-
ments considering offering more online courses in the 
future (25%).

 • “We are considering offering a broader range of distance 
learning formats in mathematical sciences classes (e.g., 
more types of mathematics courses).” Overall, 37% 
of respondents (strongly) agreed and 37% (strongly) 
disagreed. Across all types of departments, a larger 
percentage (strongly) disagreed than (strongly) agreed, 
except for statistics departments and two-year college 
mathematics departments. 

 • “Additional faculty are showing interest in participat-
ing in distance learning.” Across all respondents 45% 
(strongly) agreed and 30% (strongly) disagreed, with 
52% of two-year college mathematics departments 
(strongly) agreeing. The percentage of departments 
(strongly) disagreeing was greater at smaller four-year 
college mathematics departments and at private four-
year college mathematics departments.

Falls 2019 to 2020, a Third of Departments 
Experienced Small Enrollment Changes,  
but Almost as Many Had Decreases of  
More than 10%
Departments were asked, “What are the total Fall en-
rollments in mathematics and statistics courses in your 
department for 2019 and 2020? If your Fall term has been 

staff were/are adequately prepared to teach online?” and 
by fall, it was quite rare for instructors to be unprepared 
for online teaching. 

 • At each of the three types of department, the largest 
percentage was “less than half” of the faculty were ade-
quately prepared to teach online prepandemic. Faculty 
were better prepared prepandemic at two-year college 
mathematics departments than at statistics departments 
or at four-year college mathematics departments, as the 
percentage of “almost none” were adequately prepared 
was 9% at two-year college mathematics departments, 
31% at statistics departments, and 36% at four-year 
college mathematics departments.

 • Twenty-five percent of all departments combined had 
“almost all” or “more than half” of their faculty ade-
quately prepared prepandemic. Ninety percent of all 
departments had “almost all” or “more than half” of 
their faculty adequately prepared after the pandemic—a 
dramatic change. 

 • The percentage of departments with “almost all” or 
“more than half” of their faculty adequately prepared 
in fall 2020 was relatively consistent across all types of 
institutions. In fall 2020 statistics departments had the 
largest percentage of “almost all” adequately prepared 
to teach online (73%), followed by two-year college 
mathematics departments (65%), and then by four-year 
college mathematics departments (54%).

Two-year Departments Most Interested in 
Expanded Online Offerings 
Faculty and leaders in departments in two-year institutions 
overall show the strongest interest in more and broadened 
online course offerings, and smaller four-year mathemat-
ics and private institutions showed the least interest in 
these sorts of future changes. Overall, though, a majority 
of departments believe that more faculty are interested in 
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key challenges and opportunities presented by pandemic 
conditions. First, the challenge question was, “What stands 
out to you as the greatest difficulty your department has 
faced with relation to the COVID-19 pandemic? Describe 
only one.”

In the free responses to this question from two-year 
college mathematics departments, student assessment and 
making connections with students emerged as frequent-
ly-cited challenges. 

In connection with assessment, respondents mentioned 
both academic integrity and faculty time and expertise with 
online testing:

 • Increase number of academic dishonesty incidents on 
exams. “Rampant cheating online, inability to stop it.” 
“Continual struggle how to ensure academic integrity 
of exams.”

 • Proctoring exams: faculty felt online test proctoring 
software was an equity issue or an invasion of student 
privacy.

 • Grades not a reflection of student learning and grade 
inflation.

 • “Determining how to effectively do testing.”
 • Additional time required by instructor to enforce show-

ing all workspace during tests to “ensure students are not 
using cell phone online solvers.”

 • “Providing students with annotate corrections on tests 
and quizzes.”
Regarding the theme of making connections to students, 

respondents addressed the motivation of students, engag-
ing students, and employing active learning strategies:

 • “Interactions between students and faculty have reduced 
in quality and quantity to a point where students feel 
that they have issues with comprehension, mentorship, 
and competitiveness.” Faculty and students feel isolated. 

 • “Online communication is a poor substitute for in-per-
son.”

 • “Students are choosing to join class remotely out of 
convenience. It is difficult to connect with these students 
and they have various distractions at home.”

split into shorter blocks, combine enrollments for all of the 
blocks in the term.” Overall, more departments reported 
essentially no change in enrollment between the two fall 
terms than any other size change. That said, nearly a third 
of departments reported enrollment decreases of more than 
10%. The department group with the largest percentage 
citing enrollment increase was statistics. Figure 7 provides 
details.

 • The three types of departments each reported the largest 
percentage of departments had some decrease in enroll-
ment (i.e., both categories of decrease added together). 
Generally, the next largest percentage of departments 
had little change in enrollment, and the lowest percent-
age of departments had some increase in enrollment 
(both categories of increase added together). Over all 
departments combined these percentages were 31% of 
all departments reported a decrease at least 10%, 16% 
a decrease of 5–10%, 26% less than 5% change (either 
increase or decrease), 5% an increase of 5–10%, and 
12% an increase of at least 10%.

 • Statistics was the only type of department reporting a 
larger percentage of departments with some increase 
(both categories of increase added together) than some 
decrease (both categories of decrease added together).

 • In most of the types of departments, the largest single 
category was a change of under 5% (i.e., little change) 
in enrollment—except at two-year college mathematics 
departments (where the largest percentage is a decrease 
of at least 10% in enrollment).

 • Statistics departments are the type of department with 
the highest percentage of departments (21%) reporting 
at least 10% increase in enrollment—the next largest 
percentage occurs at two-year college mathematics de-
partments, where 16% of departments reported at least 
a 10% increase in enrollment. 

Challenges: Student Engagement, Assessment, 
and Integrity; Institutional and Faculty Inertia
The survey incorporated two free-response questions, 
designed respectively to get at the respondents’ sense of 
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access, and good working environments; accommodat-
ing students abroad in different time zone.

 • Addressing student and parent complaints.
 • Pressure to offer face-to-face courses, and faculty reluc-

tance to teach face-to-face.

Opportunities: Learning New Teaching Methods 
and Styles, Greater Faculty Sympathy for 
Students, and More Inclusiveness
The second free-response question was, “What is the 
greatest benefit, if any, that you see as arising because of 
the COVID-19 pandemic? Describe only one.” Among 
responses from two-year college department chairpersons, 
the chief benefit cited was the opportunity to learn new 
methods and styles of teaching, learn new technology, 
and engage in professional development. 

 • “Faculty have learned online teaching strategies and 
technology that will help them in their future classes.” 

 • “Potential development of web sections for courses that 
were not under consideration before.” 

 • “We are learning to use tools that we’ve had access to for 
a long time but sat dormant for lack of perceived need.” 

 • “Instructors have learned many things; using Zoom, 
using drawing tablets, e.g., to help the learning environ-
ment in different situations.” 

 • “More students and instructors were educated on the 
use of technology.” 

 • “More instructors are aware of technology that can be 
used to enhance their traditional classes.” 
Two-year college chairs also mentioned the following:

 • Faculty became more creative about instructional de-
livery. 

 • Meetings were streamlined and more convenient.
 • Faculty realization that students are able to learn math-

ematics remotely. 
 • “More students are realizing they can succeed in online 

sections.”
Almost ten percent of respondents felt there was no 

benefit: 
 • “None. It has been an excruciating and problematic 

transition with no upside.”
 • “None—too many changes and knee jerk reactions, 

enrollment down 13%.”
The following list is illustrative of the benefits cited by 

four-year mathematics and statistics program respondents: 
 • Faculty and students now are better equipped to teach 

and learn remotely (e.g., instead of cancelling class on 
hurricane or snow days classes might continue remotely, 
some office hours might occur online), and some depart-
ments might offer online courses in the future.

 • Faculty are now familiar with new technologies (e.g., 
making videos, using learning management systems, 
having students submit assignments electronically) that 
will be used in the return to normal instruction.

 • Keeping students engaged and working on new materials 
and assignments.

 • Replicating active learning in a virtual environment and 
how to do group activities online.
Other difficulties reported by two-year college respon-

dents included: 
• Ensuring the integrity and quality of instruction.
• Lack of bandwidth and technology equipment. 

Students not technically prepared for online classes. “Access 
to adequate equipment. Most technology in faculty hands 
are centered around face-to-face classes.”

 • Converting to/from face-to-face instruction to remote 
instruction. 

 • Training faculty.
Among respondents in four-year mathematics and sta-

tistics programs, a wide variety of difficulties were reported. 
Indeed, one response was: “that there are SO MANY chal-
lenges at once.” 

 • Students and faculty rapidly pivoting to new modalities 
(including online, face-to-face with distancing, and 
mixed) for which they were initially unprepared, for 
which they had little training and without established 
departmental norms. 

 • Maintaining quality instruction: “the median quality 
of teaching is lower, and the variation is bigger.” Repli-
cating active learning, group work, and office hours in 
online courses. 

 • Institutions using “HyFlex” modalities, where students 
could choose their modalities, and accommodating 
quarantined students, forced faculty to teach in different 
modalities in the same section.

 • Supervising TAs and inexperienced faculty. 
 • Maintaining the usual course content.
 • Engaging students in the new modalities and helping 

students who were struggling. 
 • Designing appropriate assessments and problems with 

student cheating was a frequently mentioned greatest 
difficulty in online courses. 

 • Building and maintaining community: among faculty, 
among students, and between students and faculty were 
frequently mentioned greatest difficulties. 

 • Finding adequate classrooms for face-to-face classes, 
given social distancing requirements; the inability to use 
computer labs compromised instruction.

 • The administration’s uncertain and changing plans, cuts 
in budgets, poor communication, and lack of faculty 
involvement in decision-making.

 • Cuts in numbers of faculty and increasing teaching 
loads. The new modalities required more faculty time 
resulting in low morale and burn-out. 

 • Concern that other responsibilities of faculty such as 
research were compromised 

 • A lack of equipment and technical support for faculty. 
Remote students having inadequate equipment, internet 
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 • Faculty found teaching techniques such as “flipped” 
classes, new assessments, additional materials for stu-
dents, and new ways of capturing student attention (e.g., 
putting course content into modules) effective. These 
techniques are likely to be used in normal times. 

 • Faculty are now more open to trying new teaching meth-
ods and to rethinking course content. 

 • Learning Centers provided remote tutoring that may 
continue and serve more students.

 • Faculty have become more sympathetic to the problems 
of students and colleagues, which may help inclusive-
ness and response to underrepresented groups.

 • Faculty discovered online instruction has some advan-
tages over face-to-face instruction, including breakout 
groups that worked better than some face-to-face group 
work settings, that some students were more willing to 
write questions in the Zoom chat than to ask a question 
in class, that online classes solved some space problems 
on campus, that online courses may be more convenient 
for non-traditional students, and they can provide stu-
dents from around the world expanding enrollments. 

 • Teaching remotely saved time that was usually lost 
commuting. 

 • Recordings of class sessions provided students the ability 
to watch class sessions again. 

 • Students have learned skills such as scanning and turn-
ing in assignments online. 

 • Some respondents stated that students spent more time 
on their classes due to lack of conflicting activities.

 • Some chairs stated that videos of class sessions provided 
good ways of assessing teaching. 

 • Some departments were able to host and to participate 
in more seminars and colloquia with remote speakers, 
and faculty found it easier and cheaper to participate in 
some conferences.

 • Some departments found enrollments increased due to 
the greater availability of courses, and that it was easier 
to find adjunct instructors for classes that were taught 
remotely. 

 • Technology resources in some departments increased 
because of the pandemic. 
Virtual meetings were seen by some as more efficient and 

easier to schedule than face-to-face meetings, and virtual 
honor ceremonies and teas allowed alumni, donors, and 
parents to participate. 

Similar to the two-year group, eight percent of four-
year departments responded that there was no benefit. To 
some departments the pandemic provided confirmation 
that remote instruction is not effective, and it helped them 
understand the limitations of online instruction better. The 
pandemic experience made students and the public appre-
ciate the privilege and value of face-to-face instruction. If 
nothing else, as one responded noted, the pandemic has 
provided some good modeling problems.

CBMS Surveys: Tracking the Mathematical 
and Statistical Sciences in Higher Education 
Since 1965
This survey was supported by the National Science 
Foundation under grant #DUE-1916764. Any opin-
ions, findings, and conclusions or recommendations 
expressed in this material are those of the authors and 
do not necessarily reflect the views of the National 
Science Foundation.

This COVID-focused survey has been possible 
through the flexibility of the NSF, which has been the 
underwriter of the CBMS Surveys of Undergraduate 
Mathematical Sciences Programs every five years since 
1965. Like many regularly-occurring activities, the full 
2020 Survey has been postponed to 2021, and this 
targeted COVID survey has been incorporated into the 
overall CBMS Survey project. 

Examining programs at two- and four-year institu-
tions, these national surveys are sponsored by the Con-
ference Board of the Mathematical Sciences (CBMS), 
a consortium of nineteen professional associations. 
The project is administered by the American Mathe-
matical Society, and survey reports can be downloaded 
from www.ams.org/profession/data/cbms-survey 
/cbms-survey. See www.ams.org/profession/data 
/cbms-survey/cbms2020 for further information 
about the survey to be conducted in the fall of 2021.

Ellen Kirkman Richelle Blair

Tom Barr
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institutions of higher education in the USA since 1920. 
The SED is currently a joint effort of the National Science 
Foundation (NSF), National Institute of Health (NIH), 
Department of Education (DoE), and the National En-
dowment for the Humanities (NEH). It reports doctorates 
awarded over a 12-month academic year. For example, the 
report for 2019 includes doctorates awarded from July 1, 
2018, to June 30, 2019. Figure 1 shows the annual number 
of PhDs in mathematics awarded from 2000 to 2019. 

Figure 1. SED data reporting the number of PhDs in 
mathematics awarded annually from 2000 to 2019.

Over the last 20 years the number of PhDs awarded in 
mathematics has nearly doubled, from 1050 in 2000 to over 
2000 in 2019. During this period, PhDs in mathematics 
were awarded by nearly 250 different institutions of higher 
education, with over 60% awarded by the 54 institutions 
in Table 1. 

Over the years, the Notices has provided data related to 
new doctorates in mathematics. This includes the names 
of graduates, their dissertation titles, and the institutions 
awarding the degree [1]. There are also reports providing 
profiles and data characterizing new doctorates [2]. 

This article provides a different perspective on new PhDs 
in mathematics and the institutions that produced them. 
In addition to reporting the annual number of PhDs in 
mathematics over the last 20 years, we report institutions 
producing the most PhDs overall and in specific fields, such 
as applied mathematics and number theory.

All data are from the Survey of Earned Doctorates (SED). 
Prior research on doctorates in mathematics education has 
reported some issues regarding the validity of the SED data 
[3]. Nevertheless, the SED is the most comprehensive re-
port of earned doctorates available in the USA. It has been 
reporting annual summaries of doctorates from accredited 

Some Patterns of PhDs in 
Mathematics Awarded Annually 
by Institutions of Higher 
Education in the United States 
over the Last Two Decades
Robert Reys, Barbara Reys, and Jeffrey Shih

Robert Reys is a Curators Distinguished Professor Emeritus of mathemat-
ics education at the University of Missouri. His email address is ReysR 
@missouri.edu.

Barbara Reys is a Curators Professor Emerita of mathematics education at 
the University of Missouri. Her email address is ReysB@missouri.edu.

Jeffrey Shih is a professor of mathematics education at the University of 
Nevada, Las Vegas. His email address is jshih@unlv.nevada.edu.

Communicated by Notices Associate Editor William McCallum.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2401



EDUCATION

JANuAry 2022  Notices of the AmericAN mAthemAticAl society   97

What Institutions are Producing the Most PhDs 
in Mathematics?
From 2000 to 2019, a total of 30,076 doctorates in math-
ematics were awarded. Table 1 shows the 54 institutions 
that awarded at least 200 doctorates during this period and 
provides the range of the number of graduates per year for 
each institution. Two institutions, UC Berkeley and North 
Carolina State University, produced over 600 graduates, 
with a consistently large number each year. In fact, only in 
the years 2010, 2012, and 2017 did UC Berkeley graduate 
fewer than 30 PhDs per year. The minimum annual number 
from UC Berkeley (25) is greater than the maximum annual 
number from more than 200 institutions.

There is considerable variability in the annual number 
of graduates, with Florida State University having the 

Table 1. Institutions awarding a total of at least 200 doctorates in mathematics from 2000 to 2019.

Institution
Number 
of PhDs 

awarded

Range of number of 
graduates per year

University of Iowa 324 9 to 28

Brown University 314 9 to 23

University of North Carolina 305 5 to 24

University of California, San Diego 296 9 to 22

University of Florida 296 3 to 27

Michigan State University 291 8 to 26

Rice University 291 9 to 21

Northwestern University 274 8 to 20

University of Pennsylvania 264 6 to 31

University of Illinois, Chicago 272 3 to 23

Carnegie Mellon University 271 5 to 24

University of Pennsylvania 264 6 to 31

University of Colorado 258 7 to 26

University of Pittsburgh 255 5 to 22

Duke University 254 3 to 25

Indiana University 249 5 to19

Virginia Polytechnic Institute & State University 249 3 to 21

Georgia Institute of Technology 243 5 to 22

University of Connecticut, Storrs 237 4 to 21

University of California, Santa Barbara 230 5 to 20

University of Missouri 229 3 to 17

University of Arizona 226 5 to 17

University of California, Irvine 225 2 to 21

University of Kentucky 224 4 to 21

University of Georgia 221 5 to 17

University of Nebraska 211 2 to 20

Arizona State University 205 3 to 22

Institution
Number 
of PhDs 

awarded

Range of number of 
graduates per year

University of California, Berkeley 709 25 to 49

North Carolina State University 683 19 to 52

University of California, Los Angeles 570 13 to 44

University of Wisconsin 555 14 to 39

Stanford University 539 14 to 50

University of Michigan 534 13 to 39

University of Illinois, Urbana-Champaign 520 13 to 48

Purdue University 498 10 to 40

Massachusetts Institute of Technology 491 16 to 40

Stony Brook University 489 12 to 34

University of Maryland 470 12 to 40

University of Washington 447 11 to 37

Cornell University 429 9 to 31 

Ohio State University 429 7 to 34

Texas A & M University 410 8 to 30

University of Minnesota 408 9 to 39

University of Chicago 403 9 to 26

Penn State University 387 10 to 30

Columbia University 381 8 to 27

Princeton University 380 9 to 27

University of Texas, Austin 377 8 to 30

Harvard University 368 10 to 29

Rutgers University 368 9 to 27

Iowa State University 366 5 to 38

New York University 366 10 to 32

University of California, Davis 348 8 to 29

Florida State University 342 3 to 43

greatest range of 3 to 43. During the 20-year period, 43 
institutions awarded 100–199 PhDs, 48 awarded 50–99, 
and 100 awarded fewer than 50. Of the latter group, 36 
awarded only 1–2.  

Table 2 gives the top 20 institutions in each decade.  The 
two lists share 16 institutions, with Berkeley and North Car-
olina State topping the list in each decade. Also, there are 
significant increases for these common institutions across 
decades. Another indicator of growth is that the minimum 
number of graduates in the top 20 producers was 157 for 
2000–09 and 227 for 2010–19.  
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Table 2. The 20 institutions graduating the most doctorates in mathematics over two decades according to the SED.

Institution # graduated 
2000–09 Institution # graduated 

2010–19
University of California, Berkeley 355 North Carolina State University 401

North Carolina State University 282 University of California, Berkeley 354

University of Wisconsin 246 University of California, Los Angeles 341

Massachusetts Institute of Technology 234 University of Michigan 315

Stanford University 230 Stanford University 309

University of California, Los Angeles 229 University of Wisconsin 309

University of Michigan 219 University of Illinois, Urbana-Champaign 306

University of Illinois, Urbana-Champaign 214 Purdue University 298

University of Maryland 214 Stony Brook University 296

Purdue University 200 University of Washington 279

University of Chicago 199 Florida State University 260

Cornell University 197 Ohio State University 258

Stony Brook University 193 Massachusetts Institute of Technology 257

University of Minnesota 179 University of Maryland 256

Ohio State University 171 Texas A & M University 247

New York University 168 Iowa State University 246

University of Washington 168 Penn State University 237

Texas A & M University 163 Cornell University 232

Harvard University 158 University of Minnesota 229

Princeton University 157 University of Texas 227

How Many PhDs Were Awarded in  
Specific Fields?
The SED asks respondents to choose one field from the list 
in Table 3 that “best matches the primary field of study for 
your research doctoral degree.” The totals at the bottom of 
the table show a more than 50% increase between the first 
decade and the next, from 11,920 during 2000–2009 to 
18,156 during 2010-19. Applied mathematics (SED 420) 
was the biggest field in both decades, accounting for nearly 
one-quarter of the PhDs in mathematics. Except for Logic, 

all fields produced more graduates during 2010–19 than 
during 2000–09. The number of PhDs in “Mathematics, 
General” (code 499) more than doubled over the two 
decades, while fields (Applied Mathematics and Statistics) 
each showed significant increases of about 40 percent 
from one decade to the next. There is also an increase in 
the number of institutions awarding degrees in every field 
except logic.
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Table 3. SED field codes for 30,076 PhDs awarded in mathematics from 2000 to 2019.

SED field 
code 

number
SED field code description # graduates 

2000–09

# of 
institutions 
producing 
graduates 
2000–09

# graduates 
2010–19

# of 
institutions 
producing 
graduates 
2010–19

Total # of 
graduates 
2000–19

420 Applied Mathematics1 2880 178 4511 196 7391

425 Algebra1 980 135 1303 144 2283

430 Analysis & Functional Analysis2 1000 151 1227 152 2227

435 Geometry & Geometric Analysis3 757 112 948 122 1705

440 Logic1 224 49 200 39 424

445 Number Theory1 499 76 681 103 1180

450 Statistics4 2563 142 3587 165 6150

455 Topology/Foundations5 561 111 662 119 1223

460 Computing Theory & Practice6 158 75 167 78 325

461 Computational Mathematics7 No data No data 186 78 186

465 Operations Research8 236 60 326 78 562

498 Mathematics, General9 1339 167 3569 186 4908

499 Mathematics/Statistics, Other10 723 152 857 154 1512

Total 11,920 215 18,156 230 30,076

The footnotes to Table 3 indicate when and how the 
titles of various fields provided by the SED for PhDs in 
mathematics have changed over the past twenty years. For 
example, prior to 2004 SED 435 was labeled “Geometry” 
while after that time it was labeled “Geometry and Geomet-
ric Analysis.” The remainder of this article will focus only 
on the fields in Table 3 that had at least 1000 graduates 
over the two decades. Below we give tables for each field, 
showing the 20 institutions producing the most PhDs in 
that field.  

What Institutions Are Producing the Most PhD 
Graduates in Applied Mathematics?
Applied Mathematics (SED 420) grew from 2880 graduates 
at 178 different institutions during 2000–09 to 4511 at 196 
institutions during 2010–18, a nearly 60% increase in the 
number of graduates.

The top five institutions are the same in both decades, 
but in a different order, with North Carolina State Univer-
sity showing the greatest growth. Twelve institutions were 
common to both decades, each showing an increase. An-
other indicator of growth is that an institution graduating 
40 was in the top 20 in 2000–09, while it took 56 graduates 
during the next decade to be included in Table 4.

1Denotes fields constant since 1958.
2Denotes field constant since 1968.
3Denotes field constant since 2004—previously Geometry.
4Denotes field constant since 2003—previously Statistics, Math Probability 
& Statistics and Mathematical Statistics.
5Denotes field constant since 2004—previously Topology.

6Denotes field constant since 1960.
7Denotes field started in 2018.
8Denotes field constant since 1974.
9Denotes field constant since 2004.
10Denotes field constant since 2004—previously Mathematics, Other.

What Institutions Are Producing the Most PhD 
Graduates in Statistics?
The SED has two different codes for statistics, Statistics 
(SED 450), and Mathematics/Statistics Other (SED 499).  
The footnotes to Table 3 show that while these fields have 
evolved over time, they have remained unchanged since 
2004. Statistics (SED 450) was the second largest field with 
6150 graduates over two decades, growing from 2563 at 
142 institutions in 2000–2009 to 3587 at 165 institutions 
in 2010–2019, a more than 75% increase in graduates and 
15% increase in the number of institutions.  

Table 5 for SED 450 shows that the top three producers 
of PhDs in 2000–09 are among the top four in 2010–19, 
and nine of the top ten in 2000–09 remain there in 2010–
19. Overall, 15 institutions are common to both decades.
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Table 5. The 20 institutions reported by the SED to graduate the most mathematics PhDs in Statistics (450).

Institution # graduated 
2000–09 Institution # graduated 

2010–19
North Carolina State University 124 North Carolina State University 134

University of Wisconsin 100 Iowa State University 121

Stanford University 74 University of Wisconsin 101

University of California, Berkeley 73 Stanford University 98

Texas A & M University 67 Penn State University 86

Iowa State University 64 Ohio State University 82

Purdue University 60 Purdue University 82

Ohio State University 59 Texas A & M University 82

Penn State University 59 University of Michigan 82

University of Michigan 54 Florida State University 79

University of Minnesota 53 Duke University 75

University of North Carolina 51 University of California, Los Angeles 72

University of Washington 49 Harvard University 67

University of Florida 47 University of Washington 66

University of Chicago 46 Carnegie Mellon University 60

University of California, Davis 45 University of North Carolina 60

Rice University 42 University of California, Berkeley 58

University of California, Los Angeles 42 University of Florida 58

Virginia Polytechnic Institute & State University 42 Columbia University 57

Columbia University 41 University of Connecticut, Storrs 56

Table 4. The 20 institutions reported by the SED to graduate the most PhDs in Applied Mathematics (420).

Institution # graduated 
2000–09 Institution # graduated 

2010–19
Brown University 91 North Carolina State University 123

University of Maryland 87 Stony Brook University 115

New York University 83 University of Maryland 115

North Carolina State University 81 New York University 95

Stony Brook University 78 Brown University 93

Cornell University 66 University of California, Los Angeles 87

University of California, Los Angeles 58 Florida State University 84

University of Southern California 56 University of Colorado 81

University of Arizona 55 Arizona State University 73

Northwestern University 52 Cornell University 69

University of Colorado 52 University of Washington 68

University of California, Davis 50 University of California, Irvine 63

California Institute of Technology 46 University of Michigan 62

University of Texas 45 University of Houston 62

Massachusetts Institute of Technology 44 University of Arizona 61

University of Washington 42 Purdue University 60

Michigan State University 41 University of Texas 57

Princeton University 41 Rensselaer Polytechnic Institute, Troy 57

Rice University 41 University of California, Davis 57

University of Minnesota 40 Texas A & M University 56
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UC Berkeley was the top producer in both decades. Overall, 
there were more graduates in 2010–19, although generally 
this institutional growth was modest. One exception is the 
University of Michigan, which grew 40%. Another excep-
tion is Northeastern University, which was not in the top 
20 in 2000–09 but made a dramatic change from 8 in that 
decade to 22 in 2010–19. On the other hand, the University 
of Chicago had a noticeable decline from 43 to 25 between 
the two decades.

Table 6. The 20 institutions reported by the SED to graduate the most mathematics PhDs in Mathematics/Statistics/Other (499).

Institution #graduated 
2000-09 Institution # graduated 

2010-19
University of California, San Diego 24 Auburn University 29

Carnegie Mellon University 18 University of California, San Diego 25

Emory University 17 University of Illinois, Urbana-Champaign 25

University of California, Los Angeles 17 Florida State University 21

Georgia Institute of Technology 16 Georgia Institute of Technology 17

Massachusetts Institute of Technology 16 University of Nebraska 17

Auburn University 15 University of Washington 16

University of California, Berkeley 15 Iowa State University 16

University of Illinois, Urbana-Champaign 15 Rutgers University 15

University of Washington 14 University of Connecticut, Storrs 15

Ohio State University 13 University of California, Davis 14

Cornell University 12 Louisiana State University 14

Rutgers University 12 University of Pennsylvania 14

North Carolina State University 11 Ohio State University 13

University of Memphis 11 Carnegie Mellon University 12

University of Wisconsin 11 University of Memphis 12

Boston University 10 University of Michigan 12

New York University 9 Arizona State University 11

Stanford University 9 University of California, Santa Barbara 11

University of Michigan 9 New York University 10

University of Minnesota 9 University of Mississippi 10

Princeton University 10

Table 6 for SED 499 shows 11 institutions were com-
mon to both decades. The number of graduates in Table 
6 pales in comparison to Table 5. The two tables have six 
institutions in common in the second decade. It would be 
interesting to learn how the graduates from these six insti-
tutions decided to choose SED 499 vs. SED 450.

What Institutions Are Producing the Most PhD 
Graduates in Algebra?
Algebra PhDs grew from 980 at 135 institutions in 2000–09 
to 1303 at 144 institutions in 2010–19, which is about a 
one-third increase in the number of PhDs and a slight 
increase in the number of institutions. As Table 7 shows, 
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2010–19 than they did in 2000–09. During 2010–19 the 
institutions listed in Table 9 produced about one-half of 
the PhDs overall in Geometry and Geometric Analysis. 
An examination of other institutions revealed that 65 
institutions produced less than a total of ten graduates in 
Geometry and Geometric Analysis during 2010–19, and 20 
institutions produced only one graduate in Geometry and 
Geometric Analysis during the last decade.  

Most institutions in Table 9 reflected modest changes 
over the two decades. Two exceptions were the University 
of Chicago that went from 33 graduates in 2000–09 to 13 
the next decade and consequently appeared only once in 
Table 9, while the University of Michigan more than dou-
bled the number of their graduates over these two decades.  

Table 7. The 20 institutions reported by the SED to graduate the most mathematics PhDs in Algebra (425).

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
University of California, Berkeley 55 University of California, Berkeley 50

University of Chicago 43 North Carolina State University 46

University of Michigan 31 University of Michigan 46

University of Oregon 29 University of Nebraska 32

North Carolina State University 27 University of Wisconsin 28

University of Wisconsin 27 University of Chicago 25

Massachusetts Institute of Technology 26 University of Washington 25

University of Kentucky 24 Texas A & M University 23

Purdue University 22 Northeastern University 22

Graduate Center, City University of New York 21 University of Iowa 22

Yale University 21 University of California, Riverside 21

University of Iowa 20 University of Illinois, Urbana-Champaign 21

University of Virginia 18 Rutgers University 20

Cornell University 17 University of Virginia 20

University of Illinois, Urbana-Champaign 17 Massachusetts Institute of Technology 19

University of Nebraska 17 University of Oregon 19

Iowa State University 15 Cornell University 18

Northwestern University 15 University of California, Los Angeles 18

Rutgers University 15 Louisiana State University 18

University of Pennsylvania 15 University of Kentucky 17

Purdue University 17

University of Pennsylvania 17

Yale University 17

What Institutions Are Producing the Most PhD 
Graduates in Analysis and Functional Analysis?
Table 3 shows a more than 20 percent increase in PhDs in 
Analysis and Functional Analysis between the two decades. 
Table 8 shows four institutions common to the top five in 
both decades, and twelve institutions common to the top 
20 in both decades. 

During 2010–19 the 22 institutions in Table 8 produced 
over 40 percent of the PhDs in the field. Out of the 152 
institutions producing PhDs in the field in 2010–19, over 
100 produced fewer than 10, and 25 graduated a total of 
one during the entire decade.

What Institutions Are Producing  
the Most PhD Graduates in Geometry  
and Geometric Analysis?
Table 3 shows the number of graduates in Geometry and 
Geometric Analysis increased about 25% between the two 
decades. Table 9 shows that 15 institutions were common 
to both decades, but only Stony Brook University was 
common among the top five producers. Four of the top 
five institutions from 2000–09 produced fewer PhDs in 
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Table 8. The 20 institutions reported by the SED to graduate the most mathematics PhDs in Analysis and Functional 
Analysis (430).

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
University of California, Berkeley 38 Purdue University 40

University of California, Los Angeles 32 University of California, Los Angeles 37

University of Illinois, Urbana-Champaign 30 New York University 33

University of Missouri 30 University of Illinois, Urbana-Champaign 33

Purdue University 24 University of California, Berkeley 32

University of Iowa 23 Princeton University 26

New York University 22 University of Houston 26

University of Minnesota 22 Texas A & M University 24

Texas A & M University 21 University of Missouri 22

University of Maryland 20 University of Washington 20

University of Wisconsin 20 University of Texas 19

Washington University, St. Louis 18 Indiana University 18

Cornell University 17 University of Iowa 18

Kent State University 17 University of Nebraska 18

Rutgers University 17 University of Wisconsin 18

Princeton University 16 Vanderbilt University 18

University of Michigan 16 University of Chicago 17

Louisiana State University 15 University of Kentucky 17

Indiana University 14 Georgia Institute of Technology 16

Penn State University 14 Ohio State University 16

Penn State University 16

University of Virginia 16

Table 9. The 20 institutions reported by the SED to graduate the most PhDs in Geometry and Geometric Analysis (435).

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
Massachusetts Institute of Technology 36 Stony Brook University 38

Stony Brook University 36 University of Michigan 37

Stanford University 34 University of California, Berkeley 32

University of Chicago 33 University of Illinois, Urbana-Champaign 28

Harvard University 28 Columbia University 27

University of California, Berkeley 28 Princeton University 25

Columbia University 27 University of Pennsylvania 23

Penn State University 24 Harvard University 22

University of Washington 21 Penn State University 22

Princeton University 20 University of Texas 22

University of Pennsylvania 19 University of Wisconsin 22

University of Illinois, Urbana-Champaign 18 Stanford University 19

University of Michigan 17 Massachusetts Institute of Technology 19

Rice University 15 University of California, San Diego 18

University of Texas 14 New York University 16

University of Wisconsin 14 Purdue University 16

University of California, Los Angeles 13 Rutgers University 16

University of Illinois, Chicago 13 University of California, Riverside 16

New York University 11 Cornell University 15

University of Maryland 11 Graduate Center, City University of New York 15

University of Washington 15
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Table 10. The 20 institutions reported by the SED to graduate the most PhDs in Topology/Foundations (455).  

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
Stanford University 21 University of Chicago 23

University of California, Berkeley 21 University of Texas 23

Massachusetts Institute of Technology 18 University of California, Santa Barbara 22

University of Chicago 16 University of Iowa 20

Stony Brook University 14 Louisiana State University 17

University of California, Davis 14 Stanford University 17

Binghamton University, SUNY 13 Michigan State University 16

Columbia University 12 University of Illinois, Urbana-Champaign 16

Princeton University 12 Ohio State University 15

University of California, Santa Barbara 12 Princeton University 15

University of Iowa 12 University of Virginia 15

University of Texas 12 Columbia University  14

Rice University 11 Massachusetts Institute of Technology 13

University of California, Los Angeles 11 Rice University 13

Indiana University 10 University of California, Davis 13

University of Michigan 10 Graduate Center, City University of New York 12

Graduate Center, City University of New York 9 Auburn University 11

Northwestern University 9 Stony Brook University 11

Notre Dame University 9 University of California, Berkeley 11

Auburn University 8 University of Illinois, Chicago 11

George Washington University 8 University of Tennessee 11

Michigan State University 8

University of California, San Diego 8

University of Illinois, Urbana-Champaign 8

University of Oregon 8

What Institutions Are Producing the Most PhD 
Graduates in Topology/Foundations?
Table 3 shows nearly a 20 percent growth in the total 
number of PhD graduates in Topology/Foundations over 
the two decades. About three-fourths of the institutions 
shown in Table 10 are common to both decades, but there 
was shuffling among the larger producing institutions 
from 2000–09 to 2010–19. For example, Michigan State, 
UC Santa Barbara, UIUC, and Texas about doubled their 
number of graduates in Topology/Foundations.

The institutions in Table 10 graduated about one-half of 
the PhDs in Topology/Foundations each decade. Over half 
the 116 institutions producing PhDs in this field graduated 
fewer than five in 2010–19, and over 20 had a total of one 
for the decade. 

What Institutions Are Producing the Most PhD 
Graduates in Number Theory?
Table 3 shows a more than one-third increase over the two 
decades. Table 11 shows that UIUC was the largest pro-
ducer of PhDs in Number Theory each decade and there 
was consistency across the decades with eight of the top 

ten producers in 2000–09 also in the top ten in 2010–19. 
About one-half of the institutions showed growth, with 
Princeton and Purdue showing the greatest growth, from 
17 to 30 and 11 to 19, respectively.

The top 20 in 2000–09 graduated almost two-thirds of 
the PhDs in Number Theory, and the top 20 in 2010–19 
graduated about 60 percent. While the number of institu-
tions increased dramatically from 76 to 103, most insti-
tutions graduated only a few PhDs over each decade, 24 
graduating a total of one each decade.

What Institutions Are Producing the Most PhD 
Graduates in Mathematics/General (498)?
Table 3 shows more than twice as many graduates iden-
tified Mathematics/General as their research field during 
the second decade. Table 12 shows there are 12 institutions 
common to both two decades, with 18 institutions increas-
ing their production. Many institutions, including MIT, 
Minnesota, and Texas A & M, doubled their numbers, while 
Stanford University more than tripled. Another growth in-
dicator is that 18 was the minimum number of graduates 
to be listed in 2000–09 compared to 44 graduates to be in 
the top 20 in 2010–19.
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Table 11. The 20 institutions reported by the SED to graduate the most PhDs in Number Theory (445).  

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
University of Illinois, Urbana-Champaign 43 University of Illinois, Urbana-Champaign 38

Harvard University 31 Princeton University 30

University of California, Berkeley 31 Columbia University 27

Brown University 21 University of Wisconsin 26

Columbia University 21 Harvard University 25

University of Wisconsin 20 Purdue University 19

University of California, Los Angeles 18 University of Michigan 19

Princeton University 17 University of California, Los Angeles 18

University of Michigan 16 Brown University 17

University of Texas 15 Ohio State University 17

California Institute of Technology 13 Stanford University 17

University of Pennsylvania 13 University of Chicago 17

Dartmouth College 11 Graduate Center, City University of New York 16

Purdue University 11 University of Arizona 16

University of Maryland 11 Penn State University 15

Brandeis University 10 Rutgers University 13

Ohio State University 10 University of California, Irvine 13

Stanford University 9 University of Washington 13

University of Arizona 9 University of California, Berkeley 12

University of Georgia 9 University of Texas 12

California Institute of Technology 11

University of Maryland 11

Table 12. The 20 institutions reported by the SED to graduate the most PhDs in Mathematics/General (498).

Institution # graduated 
2000– 09 Institution # graduated 

2010–19
Ohio State University 46 Massachusetts Institute of Technology 116

Massachusetts Institute of Technology 40 University of California, Berkeley 74

Purdue University 37 University of Minnesota 73

University of Maryland 37 Stanford University 73

University of California, Berkeley 30 University of California, Los Angeles 70

University of Minnesota 30 University of Illinois, Urbana-Champaign 60

Princeton University 29 North Carolina State University 60

University of Texas 29 Indiana University 57

Indiana University 28 Texas Tech University 56

University of Michigan 28 University of Wisconsin 56

New York University 26 Ohio State University 53

University of California, San Diego 25 University of Maryland 53

University of Chicago 25 University of Texas 51

University of Georgia 24 Purdue University 49

University of Illinois, Chicago 23 Iowa State University 47

Johns Hopkins University 21 Stony Brook University 45

Stanford University 21 Texas A & M University 45

Cornell University 19 University of Utah 45

Texas A & M University 19 Cornell University 44

Michigan State University 18 University of Illinois, Chicago 44
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learn more about the evolution of these fields or niches 
at these institutions. 

 • There is always some variability in the annual produc-
tion of doctoral graduates at an institution. However, a 
look at Table 1 shows that several institutions, such as 
Florida State, Purdue, Stanford, and UIUC, had ranges of 
30 or more graduates a year during the last two decades. 
It would be interesting to learn what factors contributed 
to this wide variance. 

 • To learn more about ways departments of mathematics 
have grown their PhD programs in mathematics we con-
tacted chairs of several mathematics departments that 
have experienced significant growth [4], [5]. Here are 
some of the things they and some other mathematicians 
reported doing that helped increase their graduation of 
PhDs in mathematics.

 ○ Conducted a self-examination of their doctoral 
program and initiated new emphasis areas in the 
changing discipline of mathematics. For example, 
changing from a focus on pure mathematics to 
include more interdisciplinary areas such as bio-
mathematics.

 ○ Lobbied successfully for additional internal fi-
nancial support to hire new faculty members with 
specific expertise.

 ○ Established a track record of success in securing ex-
ternal funding that helped support faculty research 
as well as fund doctoral students.

 ○ Improved methods to track the progress of PhD 
students more closely by the graduate director and 
provided annual feedback to each student. 

 ○ Organized mentoring of PhD students by faculty 
members that began upon admission and was 
maintained throughout the duration of their 
program. 

 ○ Shortened the time typically required to complete 
the PhD.

 ○ Strengthened their Master’s degree program, which 
had a positive impact on the PhD program as 
more Masters students decided to enter the PhD 
program.

 ○ Intensified efforts to help place PhD graduates in 
jobs that were aligned with their career goals. 

While no two departments followed the same path, each 
of them implemented some of the above initiatives to 
strengthen and grow their PhD program in mathematics. 

 • The SED provided different field codes to identify spe-
cial areas of mathematics. Some fields, such as Algebra 
and Number Theory, are clearly identified. However, 
other field codes, such as SED code 498, Mathematics, 
General, seem much less clear. Is there such a thing as 
a PhD in Mathematics, General? Would this field code 
only be used by PhD graduates in mathematics that 
did not find any other field code appropriate? The fact 

Some Observations on the Overall Growth of 
PhDs in Mathematics
Here are some issues of particular interest to discuss and 
explore further. 

 • Almost 250 institutions of higher education have grad-
uated one or more doctorates in mathematics since 
2000. It would be interesting to examine the nature of 
these PhD programs. Do graduates from different peer 
institutions complete similar courses? If so, what are 
those core courses? How does the depth and variety of 
the research done for their PhD in mathematics differ 
among the more than 200 different institutions? 

 • Table 2 showed some consistency of program produc-
tion, such as the University of California, Berkeley, 
and North Carolina State University. Forty institutions 
graduated over one-half of all PhDs awarded in math-
ematics. Yet over 100 institutions graduated a total of 
25 or fewer doctorates in mathematics over this 20-year 
period. In fact, over 20 institutions graduated only one 
PhD over 20 years. An examination of the coursework 
patterns for these large and smaller producers of PhDs 
in mathematics would be interesting. 

 • While over 100 different institutions produced PhDs 
in each of the specific codes addressed in this paper, 
about 20 institutions produced the lion’s share of PhDs 
in these fields. More specifically, the top 20 producers 
graduated between one-third and two-thirds of the PhDs 
in each field from 2000 to 2019. On the other hand, 
many institutions graduated fewer than a total of 25 
PhDs in a given field over two decades. Furthermore, 
there were typically 15 to 25 institutions that graduated 
a total of one PhD in a given field. While some of these 
programs are new and getting established, those with 
only a few graduates over 20 years raise some questions. 
Does the large number of institutions that graduate only 
a few PhDs in a given field over several decades raise 
questions or concerns? Does a quality PhD program in 
mathematics require a critical mass of annual graduates 
in at least a few fields? If so, what is the critical mass? 

 • Most institutions graduating the greatest number of 
PhDs in a field from 2000–09 also graduated the most 
PhDs in that field during 2010–19. While there were 
changes among the top producers across the two decades 
in every field, the fact that most institutions remained 
common documents consistency of these programs over 
time. In three research fields, Algebra (UC Berkeley), 
Number Theory (UIUC), and Statistics (NC State), 
the institution producing the most PhDs in that field 
remained constant over two decades. Their consistency 
in being the largest producer of these PhDs is impressive 
and likely provides an advantage in the recruitment of 
new faculty members as well as future doctoral students 
interested in pursuing a PhD in mathematics with a par-
ticular area of specialization. It would be interesting to 
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that over one thousand PhD graduates in mathematics 
selected this option in 2000–09 and then the number 
more than doubled to over 3500 in 2010–19 documents 
that this is a popular field code. Further investigation 
to identify more clearly what constitutes SED code 498 
Mathematics, General in the minds of recent PhD grad-
uates seems appropriate.
Hopefully this report provides information that stimu-

lates thinking and promotes discussion among mathema-
ticians, faculty members in PhD programs in mathematics, 
as well as potential doctoral students. The latter group may 
find this information useful in considering institutions 
where they might pursue a PhD in a given field.
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The Unity of Combinatorics
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The Unity of Combinatorics
The Carus Mathematical Monographs

By Ezra Brown and
Richard K. Guy

In his famous 1906 “white suit”
speech, Mark Twain recalled
a meeting before the House
of Lords committee, where he
argued in favor of perpetual
copyright. According to Twain,
the chairman of the committee
with “some resentment in his
manner,” countered:

“What is a book? A book is just built from base to roof
on ideas, and there can be no property in it.” [10]

Sidestepping the copyright issue, the unnamed chairman
had a point. In the year 2021, in the middle of the pan-
demic, books are ideas. They come in a variety of elec-
tronic formats and sizes, they can be “borrowed” from the
“cloud” for a limited time, and are more ephemeral than
long-lasting. Clinging to the bygone era of safety and sta-
bility, we just keep thinking of them as sturdy paper vol-
umes.

When it comes to math books, the ideas are fundamen-
tal. Really, we judge them largely based on the ideas they
present, and we are willing to sacrifice both time and ef-
fort to acquire these ideas. In fact, as a literary genre,
math books get away with a slow uninventive style, dull
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technical presentation, anticlimactic ending, and no plot
to speak of.

The book under review is very different. As math books
go, it is extraordinarily well written, permeated with sev-
eral intertwining ideas we are about to untangle. It is also
founded on a somewhat dated idea worth discussing.

The authors are Ezra Brown (b. 1944), a Distinguished
Professor Emeritus at Virginia Tech, and Richard Guy
(1916–2020), a British-born mathematician who until his
death was a Professor Emeritus at the University of Calgary.
To say they are famous is an understatement. They are both
mathematical celebrities, winners of numerous awards for
their mathematical exposition.

As the authors helpfully explain in the beginning, the
book began as a talk by Richard Guy titled “The unity of
combinatorics.” The talk was later published as an arti-
cle [4] with the same title. As an enterprising MAA editor,
Don Albers wanted to turn this article into a book. Twenty-
five years later, this task was accomplished. Yep, you read
that right—sometimes it takes a quarter of a century to get
things done.

The original article is an exquisite piece of mathemati-
cal art. It is written in a highly unusual style of many very
short sections, each of which is but a glimpse at some con-
nections between nice problems in different areas of com-
binatorics. Like the ubiquitous SciFi “space portals,” these
connections are far-reaching and appear seemingly out of
nowhere as neither is the background explained nor is the
extent of the connections clarified. You can easily see the
case for the book: curious readers want to know what’s
really going on....

It would be cool if the publishers had ignored the oc-
casional overlap and included the original article in the
beginning of the book, as a sort of “treasure map” to the
full thrill of a story. Here is a quote from the introduction
of both the book and the article:
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“One reason why Combinatorics has been slow to be-
come accepted as part of mainstream Mathematics is
the common belief that it consists of a bag of isolated
tricks, a number of areas: [very long list – IP] with lit-
tle or no connection between them. We shall see that
they have numerous threads weaving them together
into a beautifully patterned tapestry.” [4]

We will come back to the “bag of isolated tricks” part,
but for now let us concentrate on the “tapestry” line and
the long list of areas we hid in that quote.

The kind of combinatorics the authors have in mind is
the study of configurations, which are certain finite arrange-
ments of elements. The reader can be forgiven for not
knowing the exact meaning of a “configuration,” as it was
an abstraction popular back in the 1960s and 70s, before
modern ideas, methods, and applications shifted combi-
natorics in many other directions. It was best described by
Claude Berge:

“A configuration arises every time objects are dis-
tributed according to certain predetermined con-
straints. [..] The concept of configuration can be
made mathematically precise by defining it as a map-
ping of a set of objects into a finite abstract set with a given
structure [..] Nevertheless, one is only interested in
mappings satisfying certain constraints.” [1]

If you are still unclear about what thesemysterious “con-
figurations” are, you are in good company. Bear with me.
This is what the book is about.

The authors are largely concerned with the existence of
many different types of configurations, such as discrete ge-
ometries, Steiner systems, magic squares, error-correcting
codes, Hadamard matrices, packings of graphs, aperiodic
tilings, graph embeddings, winning positions in combina-
torial games, etc. If this looks like a random list, that’s
completely intentional. These are the kind of items the au-
thors included in the “very long list” in the quote above.

The configurations in the book tend to be combina-
torial objects, whose existence is hard to prove directly.
Sometimes, the best (or the only) way to give an explicit
construction is by assuming a large degree of symmetry
of such configurations. That makes constructions intu-
itively convoluted, but technically easier to describe. This
is where the authors come in.

The main idea of the book is to give a very clean and el-
egant construction of rather delicate and technical config-
urations by stating them in a more natural language, or by
reducing them to simpler configurations constructed ear-
lier. This is done at an astonishing level of engagement
with the readers, who are left wondering if they are reading
“real” or “recreational” mathematics. Clearly, it is both.

The book chapters are unevenly split into several back-
ground chapters and many more advanced chapters. The
early chapters are mostly introductory and have some

obligatory discussions of Fibonacci and Catalan numbers,
graphs, codes, projective spaces, etc. The presentation here
is no better and no worse than any other good combina-
torics textbook. Advanced readers who feel confident with
things like the size of GL(𝑛, 𝔽𝑞) may wish to skip most of
this material.

The more advanced chapters are largely copied from se-
lected articles in the Mathematics Magazine and The Ameri-
can Mathematical Monthly, written by the authors and other
people. These chapters are largely independent of each
other and some are pure gems. Several chapters cover vari-
ous aspects of the unique (7, 3, 1) block design and its con-
nections to the Fano plane, Nim positions, Heawood’s par-
titions of the torus, Hamming codes, etc. The automor-
phism group of this block design is PSL(2, 𝔽7) ≃ GL(3, 𝔽2),
and an explanation of this group isomorphism is an inter-
esting separate chapter.

Other luminaries which make major appearances are
Kirkman’s (15, 3, 1) block design, often called Kirkman’s
schoolgirl problem, and the Steiner system 𝑆(5, 8, 24) leading
to a construction of the Mathieu group 𝑀24. This material
is largely classical, even if presented in a novel and inter-
esting way. I was especially curious to learn about a non-
trivial embedding of 𝑆5 into 𝑆6, leading to an exceptional
outer automorphism of 𝑆6 (Chapter 17). While I always
knew this fact, I never bothered to look up the construc-
tion, which turned out to be related to a curious game-15
style puzzle. The final Chapter 19 covers the Miracle Octad
Generator (MOG) describing multiplication in 𝑀24. This
chapter was written by Robert T. Curtis and remained un-
published until now.

The results in the book largely involve elementary com-
binatorics, linear algebra, and group theory, and can be
understood by any math major who has taken introduc-
tory courses in all three subjects. It is similar in difficulty
to other group theory “puzzle books” such as [5], but is
both broader and covers some more advanced material. I
would argue that the book can be accessible to all students,
including advanced highschoolers willing to read some ad-
ditional background material on the web or elsewhere.

So, who should buy the book? The beginners, I think.
Seeing and understanding a lot of fun math can be inspir-
ing. It doesn’t really matter if the math is old fashioned or
cutting edge. If a student likes puzzles and is algebraically
curious, this book might be the best summer reading they
can get. And they will need all the introductory chapters
to get ready for the advanced articles.

On the other hand, I would not recommend that people
in the area buy The Unity of Combinatorics, since almost all
advanced chapters are available online from journal web-
sites. While it’s convenient to have all of these articles to-
gether in the same place, some readers might prefer to save
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money and download them all individually for free.1 Even
if you want to teach the MOG, you might still be better off
using a more standard exposition in [2, §11], which you
probably already own. Making this book largely a collec-
tion of previously published short stories may not have
been the best idea, in my opinion.

Now, back to The Unity of Combinatorics question. What
gives? Is combinatorics really a “bag of isolated tricks,”
or is it united in some sort of “patterned tapestry”? The
answer is emphatically No and No, this being an ultimate
false choice.

As I see it, the whole idea of combinatorics as a “slow to
become accepted” field feels like a throwback to the long-
forgotten era. This attitude was unfair but reasonably com-
mon back in 1970, outright insulting and relatively un-
common in 1995, and was utterly preposterous in 2020.
Take it from Richard Stanley who wrote this in 1971:

“The current resurgence of combinatorics [..] is by
now recognized by all mathematicians. Scoffers re-
gard combinatorics as a chaotic realm of binomial co-
efficients, graphs, and lattices, with a mixed bag of ad
hoc tricks and techniques for investigating them. In
reality, there has been a tremendous unifying drive to
combinatorics in recent years.” [9]
Compare this quote with Richard Stanley’s views from

last year:

“There has been fantastic development since I started
doing combinatorics in the 1960s. Algebraic com-
binatorics by definition involves the relationship be-
tween combinatorics and algebra. It is now a major
subarea of combinatorics [..] Of course areas of com-
binatorics beside algebraic combinatorics also have
a deep relationship with other parts of mathematics.
[..] All these connections are great examples of the
unity of mathematics.” [7]
What happened to combinatorics in the past few

decades is not much different from what happened to al-
gebra some decades earlier: it rapidly developed until it
became highly technical and highly specialized. Some ar-
eas such as algebraic combinatorics advanced to the point
of a near complete separation from the rest of the field,
as major results and technical tools became inaccessible
to outsiders. To continue with the tapestry analogy, there
is no longer a need for weaving loose threads together as
each area is now its own intricate Gobelin carpet.

In fact, whenever a bridge between two areas of com-
binatorics is built, this is now viewed as a major break-
through, not unlike bridges between combinatorics and
other fields such as commutative algebra, computational
complexity, number theory, etc. Most relevant to the book,
an example of such a bridge is Peter Keevash’s amazing

1To such readers and Mark Twain detractors, I prepared a full list here:
https://bit.ly/38KCQI9.

proof of the existence of large enough designs via the proba-
bilistic method [6]. You wouldn’t find that work mentioned
in this book full of designs, and you can guess why: the
powerful but messy probabilistic arguments can spoil the
simple elegance of algebraic constructions.

Same with the Ringel conjecture on packing complete
graphs 𝐾2𝑛+1 with (2𝑛 + 1) isomorphic trees on 𝑛 vertices,
recently resolved for large 𝑛 in a fantastic development by
Richard Montgomery, Alexey Pokrovskiy, and Benny Su-
dakov [8]. By comparison, the book opted for a nice ob-
servation on how to use Steiner triple systems to pack 100
triangles into 𝐾25 (see §6.5). There are many other exam-
ples of well-intentioned omissions of this type, as the au-
thors’ primary goal is to entertain and clarify, rather than
to survey the state of the art.

Note that there is nothing especially mysterious about
this phenomenon of disappearing elegance. As combi-
natorial objects get large, they get more complicated and
chaotic in a way that can no longer be captured with fairly
rigid algebraic constructions. A prime example of this is
the Ramsey graphswhose existence was famously proved by
Paul Erdős in a few lines by a probabilistic argument, but
no explicit constructions are known to this day. The same
pattern can be observed in many other configurations in
the book.

For example, the above-mentioned (7, 3, 1) design is
nicely related to the quaternions and the octonions, but
as the authors discuss in §13.3, the string of normed divi-
sion algebras stops here (this result is called Hurwitz’s theo-
rem). Similarly, the linear group isomorphism mentioned
above is a notable coincidence which does not generalize.
Nor does the exceptional automorphism of 𝑆6, as we have
Aut(𝑆𝑛) = 𝑆𝑛 for all 𝑛 ≥ 7. In fact, if you squint hard
enough, all these examples can be seen as further mani-
festations of the “strong law of small numbers” memorably
coined by Richard Guy in [3].

To finish this line of thought, it gives me no pleasure
to conclude that the case for the unity of combinatorics
is too weak to be taken seriously. Perhaps, the unity of
mathematics as a whole is an easier claim to establish, as
evident from Stanley’s back-to-back quotes. On the other
hand, this lack of unity is not necessarily a bad thing, as
we would be amiss without the rich diversity of cultures,
languages, open problems, tools, and applications of dif-
ferent areas.

The book by Brown and Guy is a nostalgic trip to the
time when this illusory unity seemed within reach. It is an
unusual idea and an interesting lesson in the alternative
history of combinatorics, of “what could have been” if the
field hadn’t advanced as far as it did. It is also a good read
to sweeten the deal.
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as those interested in history. The vivid historical picture 
it paints would make it an excellent choice for a history 
of math class or even a first-year seminar geared toward 
math majors. 

Everyday Chaos: The Mathematics 
of Unpredictability, from the 
Weather to the Stock Market 
by Brian Clegg

Have you ever wondered why 
bringing a microphone too close 
to a speaker results in that high 
pitched screech or why fireflies 
seem to synchronize and all light 
up at the same time? These situ-
ations, and many others that we 
encounter on a routine basis, are 

linked to chaos and complexity. Everyday Chaos explores 
these ideas from the ground up. Chaotic behavior occurs 
when the outcome of an event is deterministic, yet unpre-
dictable. Newton first stumbled on chaotic behavior when 
he attempted to consider the impact of movement in a 
system comprised of the Earth, the Moon, and the Sun. 
Throughout the book, we are given examples where a slight 
change, such as the outcomes in billiards versus pinball, 
shifts from a system that nicely adheres to Newtonian 
physics to one that is highly chaotic.

Within the text, Clegg describes how chaotic systems 
arise in physics, astronomy, probability, and fractals, 
and then uses them to explain the chaos within everyday 
occurrences such as feedback loops, weather forecasting, 
gambling, the butterfly effect, artificial intelligence, and 
climate change, among many others.

This book does not require much mathematical back-
ground and makes for a light and enjoyable read for any-
one interested in learning more about chaos and where 
it occurs. The text doesn’t dwell on mathematical details; 
nonetheless, mathematicians can find enjoyment in this 
book and all it has to offer if they are interested in learning 
about chaos at a non-mathematical level. It keeps a con-
versational tone and has threads that run throughout the 
entire book to help the reader follow the story and gain a 
better recognition of chaos. It is also packed with stunning 
pictures that illustrate each topic being discussed.

The Secret Formula: How a 
Mathematical Duel Inflamed 
Renaissance Italy and Uncovered 
the Cubic Equation 
by Fabio Toscano

Imagine yourself in a world where 
people held (and excitedly at-
tended!) day-long math duels, 
where mathematical rivalries were 
born and thrived over handwrit-
ten letters filled with traps aimed 
to trick your correspondent into 

revealing what they wished to keep secret, and where re-
spected medical professionals were also at the forefront of 
developing cutting-edge mathematics. If you are anything 
like me, you might be thinking such a place does not exist. 
I encourage you to pick up Toscano’s The Secret Formula and 
enjoy being proven wrong. 

The Secret Formula tells the story of the discovery of the 
general solution to cubic equations, which took place in 
Italy just before the Renaissance. This breakthrough, the 
first in roughly 3,000 years, would reinvigorate the field 
of algebra. Niccolo Tartaglia found the solution after being 
challenged to a math duel during a time when solving a 
specific cubic equation was nothing to be laughed at. Inter-
estingly, Tartaglia refused to publish his solution. Instead, 
he kept it a secret for years, only sharing it, via a poem, with 
two people who were sworn to secrecy. His unwillingness to 
share his discovery made him the target of many plots at-
tempting to trick him into unveiling the solution. Toscano 
beautifully weaves his own narration with words written by 
Tartaglia and his contemporaries and those of historians, 
allowing the book to transport the reader directly into the 
scenes and mental battles Toscano describes. 

This book does not require any formal mathematical 
training, so it can be appreciated by mathematicians and 
general readers alike. The book is an engrossing and de-
lightful read for people with a mathematical interest as well 
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Count Me In: Community and Belonging in Mathematics  
by Della Dumbaugh and Deanna Haunsperger 
MAA Classroom Resource Materials

Oswald Veblen in his role as President of the 1950 ICM 
said to the assembled mathematicians: “Every human 
being feels the need of belonging to some sort of a group 
of people with whom he has common interests. Otherwise 
he becomes lonely, irresolute, and ineffective.” Social sci-
ence research has since verified Veblen’s intuition, feeling 
a sense of belonging diminishes the effects of stress, in-
creases motivation and persistence, and leads to measur-
able improvements on IQ tests. Unfortunately, Veblen’s 
instincts were not infallible; he continued, “The more 
one is a mathematician the more one tends to be unfit or 
unwilling to play a part in normal social groups.” In this, 
he was absolutely wrong, and he supported myths that 
have damaged, and continue to damage, our profession. 
The truth is that mathematicians are humans and humans 
flourish in social groups.

The authors of the 26 essays in this volume deeply un-
derstand the value of community and belonging and each 
has worked to create a community of mathematicians. 
They have valuable lessons to teach us about strategies we 
can use to make our personal mathematical communities 
more welcoming. Many of the communities described in 
this book were founded to address the problem of the lack 
of diversity in mathematics and many of them report im-
pressive progress on that problem. But there are additional, 
often unforeseen, benefits of making your department, your 
program, your profession more open. Federico Ardila, in 
his essay in the volume on ECCO (Encuentro Colombiano 
de Combinatoria), draws an illuminating parallel with 
universal design. When cities, in response to the Americans 
with Disabilities Act, added curb cuts it wasn’t just wheel-
chair users who benefited—bicyclists, parents with strollers, 
delivery people with heavy loads were all helped. A similar 
phenomenon is visible in these essays. When we welcome 
and encourage people into mathematics, they come joyfully 
and they advance and enrich our community in ways that 
we cannot, and did not, anticipate. 

Mathematics for Social Justice: 
Focusing on Quantitative 
Reasoning and Statistics 

by Gizem Karaali and  
Lily S. Khadjavi

This is the second volume by 
these editors of classroom-tested 
modules that focus on the uses of 
mathematics in issues of social 
justice. This volume comprises 
seventeen modules designed to 
be used, primarily, in courses on 

elementary statistics, quantitative reasoning, and liberal 
arts mathematics. The social justice issues discussed include 
income distribution, gentrification, poverty, racial justice, 
and environmental justice.

Each module presents an activity or assignment that 
could be immediately implemented in a class. In addition 
to the activity, the chapters contain information on the rel-
evant social justice issue including extensive references for 
background reading by faculty and students. There are also 
detailed practical teaching notes and instructions for faculty 
new to these pedagogical practices. As an example, one of 
the modules on income inequality begins by providing 
links to Internal Revenue Service data on tax-filer income. 
Since that data is reported categorically in eighteen bins 
of different width, students are immediately confronted 
with questions about reporting descriptive statistics and 
computing summary statistics for such data. These data 
are also, of course, not normally distributed and, at least 
in theory, unbounded above. Students are introduced to 
log-transformations of the data and the computation of the 
Gini index as technical tools. The pedagogical notes suggest 
beginning the module by asking students to decide what a 
“fair” income distribution would look like and to draw a 
histogram of what they think income distribution should 
be before presenting them with the actual data. One can 
imagine the lively classroom discussion that must result. 
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YouTube channel—“all about [his] love for makeup and 
costumes and hair and art”—probably realized. But it 
wasn’t until his final year as an undergraduate, during the 
pandemic-upended spring of 2020, that the University of 
Waterloo mathematical finance major devised a way to knit 
together the theretofore disparate sides of himself—the 
drag-donning producer of wig and sewing tutorials and 
the math whiz keen to share the subject’s beauty and utility 
with others.

Math aficionado Santos credits contests with exposing 
him to the discipline’s more alluring aspects. The contests 
he sat for at his teachers’ prodding showed Santos that 
math was more problem solving than rote execution of al-
gorithms, more elegant proofs and rigorous reasoning than 
repetitious computations. His standout performance—he 
tied for third out of 15,796 participants—on the Univer-
sity of Waterloo’s Fermat Contest2 as a high school junior 
earned Santos an invitation to the university’s math camp. 
After that week of lectures and logic puzzles, he was sold: 
when he landed one of the prestigious, full-ride Schulich 
Leader Scholarships3 in 2016, he enrolled at Waterloo to 
study math. 

Enthralled as he was by the mathematics he encoun-
tered at university—measure theory was a favorite—Santos 
simultaneously poured time and energy into a parallel pur-
suit: drag. After coming out as gay in high school, Santos 

2See the 2021 contest at https://bit.ly/2S4ItvK.
3The Schulich Leader Scholarships is a Canadian and Israeli undergraduate 
award program that provides scholarships for students enrolled in STEM 
areas of study. 

“A Combination No One’s Used 
to Seeing”: Math and ... Drag
Sophia D. Merow 

Kyne Santos’s early attempts at merging his two passions 
did not go over well. 

For instance: In a February 2018 YouTube video,1 
Kyne—a vision in platinum blonde curls, full makeup, 
and holographic gold lycra—offers step-by-step instruc-
tions for transforming a few yards of stretch fabric into a 
curve-caressing evening gown. The gown in question flares 
out at the bottom in a “mermaid tail,” and Santos opted to 
include in the how-to the bit of math involved in creating 
this element. “2πr = 40” Kyne jots in a spiral notebook on 
camera. Then r = 40—2π

 and = 6.36. “We get that our radius is 
40 divided by six-ish,” says the voiceover, “which is a little 
over six inches.”

Effusive about Kyne’s loveliness and videography and 
skill with a sewing machine, viewers generally did not ap-
preciate Kyne’s use of the circumference formula. “i didnt 
come here for math girl,” griped one. “You lost me at 2 pi 
r,” protested another. One of the more emphatic comments 
garnered 112 likes: “You KILL me when you do the math 
part! We didn’t all go to college kyne!”

Santos was himself still in college in 2018, and more 
mathematically inclined than fans of the onlinekyne 

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com.
1See https://bit.ly/3xfgs3x (the math starts around the nine-minute 
mark).

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2402

https://bit.ly/3xfgs3x
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began experimenting with makeup. In 2013 he launched a 
YouTube channel,4 posting instructional videos about how 
to create a silver smoky eye, style a wig into a big updo, sew 
a sequin dance costume (with fringe!). While in college, 
Santos saw his first drag show, started performing under 
the mononym Kyne, and even appeared as a contestant on 
the inaugural season of Canada’s Drag Race. Santos didn’t 
actively conceal his drag personality from his classmates 
and professors, but he didn’t flaunt it either. “I wouldn’t 
come to school in full faces of makeup,” he told Sidenote by 
AsapSCIENCE podcasters Mitch and Greg.5 Academia and 
flamboyance seemed incompatible to Santos, so he kept 
the math and the makeup studiously separate.  

Until quarantine. 
On April 24, 2020, Kyne made her TikTok6 debut. Sport-

ing big hair and sparkly purple eye shadow, she7 posed a 
“Riddle of the Day”: “I’ve got a dress and pair of shoes that 
together cost $100. If the dress is $99 more expensive than 
the shoes, how much are the shoes? You can pause here 
to figure it out.” 

Over the next month—in sequins and feathers, bedaz-
zled jackets and revealing gowns, chandelier earrings and 
eyelash extensions and French tips—Kyne offered min-
ute-long takes on Russell’s paradox and the pigeonhole 
principle, on Cantor’s diagonalization argument and imag-
inary numbers and fair cake-cutting. She sang the quadratic 
formula to the tune of Adele’s “Rolling in the Deep” and 
raised the alarm about sensational headlines, misleading 
graphs, mistaking correlation for causation. By July Kyne 
had more than half a million followers. 

Santos attributes the unexpected popularity of his Tik-
Toks—initially his strategy for combating the listlessness  

4See https://www.youtube.com/c/onlinekyne.
5See https://bit.ly/3xr3HD2.
6TikTok is an app that allows users to create and share short videos.
7Santos uses she/her pronouns when in character and he/him pronouns 
otherwise.

and detachment of lockdown—to the novelty of the 
mash-up: “Drag and math is just a combination no one’s 
used to seeing,” he wrote in an April 2021 email. “And 
people tell me I’m just really good at explaining math, with 
or without the drag…which is very flattering!”

In combining math and drag as he has, Santos hopes to 
lessen people’s hang-ups about both. He wants to help the 
math-phobic recognize the elegance of mathematics and to 
counter the association of drag only with things unsavory 
or salacious. Viewers have told Santos that his videos have 
positively impacted their parents’ impressions of drag, 
which gives him hope that the skeptical can be swayed. “If 
they think drag is really a gross, perverse thing,” he told 
Math Therapy podcaster Vanessa Vakharia,8 “you can show 
them this video of a drag queen talking about functions 
and they’ll say, ‘Oh, maybe it isn’t so bad.’”

Santos’s ongoing efforts—he posts a TikTok every few 
days, has added some longer-form math content to his 
YouTube channel, hosted (with Math Therapy’s Vakharia) 
perhaps the first ever Pi Day Drag Brunch—are also moti-
vated by a drive to be the sort of role model that would have 
heartened his teenage self: someone expressing himself 
freely and living his life truthfully, unfazed by stereotypes 
or perceived contradictions. “In blending my two passions 
together,” Santos wrote in the spring 2021 issue of University 

of Waterloo Magazine,9 “I can be the 
flouncy, flamboyant professional that 
younger Kyne needed to see.” 

To find Kyne online, visit https://
www.onlinekyne.com.

Credits
TikTok stills used with permission of 

Kyne Santos.
Author photo is by Igor Tolkov.

9See https://bit.ly/3iNKJ5k.

Sophia D. Merow 
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Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Mathemat-
ical Exposition should include a letter of nomination, a 
complete bibliographic citation for the work being nomi-
nated, and a brief citation to be used in the event that the 
nomination is successful. Nominations will remain active 
and receive consideration for three consecutive years.

Leroy P. Steele Prize  
for Seminal Contribution  
to Research

About this Prize
The Steele Prize for Seminal Contribution to Research is 
awarded for a paper, whether recent or not, that has proved 
to be of fundamental or lasting importance in its field, or 
a model of important research.

Special note: The Steele Prize for Seminal Contribution 
to Research is awarded according to the following six-year 
rotation of subject areas:
1. Open (2025)
2. Analysis/Probability (2020)
3. Algebra/Number Theory (2021)
4. Applied Mathematics (2022)
5. Geometry/Topology (2023)
6. Discrete Mathematics/Logic (2024)

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Seminal 
Contribution to Research should include a letter of nom-
ination, a complete bibliographic citation for the work 
being nominated, and a brief citation to be used in the 
event that the nomination is successful.

Leroy P. Steele Prize for 
Lifetime Achievement

About this Prize
The Steele Prize for Lifetime Achievement is awarded for the 
cumulative influence of the total mathematical work of 
the recipient, high level of research over a period of time, 
particular influence on the development of a field, and 
influence on mathematics through PhD students. The 
amount of this prize is US$10,000.

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Lifetime 
Achievement should include a letter of nomination, the 
nominee’s CV, and a short citation to be used in the event 
that the nomination is successful. Nominations will remain 
active and receive consideration for three consecutive years.

Leroy P. Steele Prize for 
Mathematical Exposition

About this Prize
The Steele Prize for Mathematical Exposition is awarded for 
a book or substantial survey or expository research paper. 
The amount of this prize is US$5,000.

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

http://www.ams.org/steele-prize
http://www.ams.org/steele-prize
http://www.ams.org/steele-prize
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Fellows of the American 
Mathematical Society
The Fellows of the American Mathematical Society pro-
gram recognizes members who have made outstanding 
contributions to the creation, exposition, advancement, 
communication, and utilization of mathematics.

AMS members may be nominated for this honor during 
the nomination period which occurs in February and March 
each year. Selection of new Fellows (from among those 
nominated) is managed by the AMS Fellows Selection 
Committee, comprised of 12 members of the AMS who 
are also Fellows. Those selected are subsequently invited 
to become Fellows and the new class of Fellows is publicly 
announced each year on November 1. 

Learn more about the qualifications and process for 
nomination at www.ams.org/profession/ams-fellows.

American Mathematical Society 
Policy on a Welcoming 
Environment
(as adopted by the January 2015 AMS Council  
and modified by the January 2019 AMS Council)

The AMS strives to ensure that participants in its 
activities enjoy a welcoming environment. In all 
its activities, the AMS seeks to foster an atmo-
sphere that encourages the free expression and 
exchange of ideas. The AMS supports equality 
of opportunity and treatment for all partici-
pants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, 
religion or religious belief, age, marital status, 
sexual orientation, disabilities, veteran status, or 
immigration status.

Harassment is a form of misconduct that 
undermines the integrity of AMS activities and 
mission.

The AMS will make every effort to maintain an 
environment that is free of harassment, even 
though it does not control the behavior of third 
parties. A commitment to a welcoming envi-
ronment is expected of all attendees at AMS 
activities, including mathematicians, students, 
guests, staff, contractors and exhibitors, and par-
ticipants in scientific sessions and social events. 
To this end, the AMS will include a statement 
concerning its expectations towards maintain-
ing a welcoming environment in registration 
materials for all its meetings, and has put in 
place a mechanism for reporting violations. 
Violations may be reported confidentially  
and anonymously to 855.282.5703 or at  
www.mathsociety.ethicspoint.com. The report-
ing mechanism ensures the respect of privacy 
while alerting the AMS to the situation.

For AMS policy statements concerning  
discrimination and harassment, see the  
AMS Anti-Harassment Policy.

Questions about this welcoming environment 
policy should be directed to the AMS Secretary.
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Bridge to Calculus
Bridge to Calculus is a free six-week summer program in 
which teachers from Boston Public Schools help incoming 
juniors and seniors gain the math skills needed to take 
calculus the following school year. Since most student 
attendees have jobs or other responsibilities during the 
day, classes run 7:30–9:30 a.m. Monday through Thursday. 
The program is typically held on the Northeastern campus, 
though it met online in 2020 and 2021. 

Christopher Suplice is among the curious and motivated 
students to benefit from the program. Suplice immigrated 
to the US from Haiti in 2016 to seek treatment for a rare, 
inherited form of vision loss. Attending Bridge to Calculus 
the following year gave him the skills and confidence to 
take calculus in high school, and activities after class intro-
duced him to coding.

“The program can be life-changing, because it’s more 
than just a precalculus program,” Suplice says. “It gives you 
this different perspective into what you might want to do 

In the early 1990s, calculus classes were routinely available 
for high schoolers in suburban schools outside Boston. 
In the city—where more Black, Latinx, and economically 
disadvantaged students lived—few schools offered calculus, 
citing a lack of student preparedness.

Bob Case, a professor at Northeastern University and an 
alum of Boston Public Schools, knew that students in the 
city had an untapped potential to thrive in calculus, if only 
given the chance. So he founded Bridge to Calculus in 1994 
with the goal of closing the gap in preparedness and access.

In the years since, “it’s impacted Boston Public Schools 
to the point that schools have opened up AP Calculus 
because the students are ready,” says Rajini Jesudason, a 
lecturer at Northeastern and current program director of 
Bridge to Calculus, which was one of 24 summer math-
ematics programs to receive Epsilon Awards for Young 
Scholars Programs from the AMS in 2021. Funded by AMS 
donors, the Epsilon Awards aid and promote programs 
that support and nurture mathematically talented youth 
in the United States. 

Despite last summer’s challenging circumstances due 
to the COVID-19 pandemic, students attending programs 
across the country were able to meet virtually to find in-
spiration, community, and joy in mathematics. As a result, 
they gained confidence in their own abilities and explored 
topics beyond what they could learn in school. Here’s a 
look at three of the programs that received Epsilon Awards 
in 2021.

Epsilon Summer Programs 
Cultivate Students’ Joy and 
Confidence in Mathematics
Scott Hershberger

Scott Hershberger is the communications and outreach content specialist at 
the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2394

Figure 1. Rajini Jesudason (third from left) and Bridge to 
Calculus co-founder Donald King (second from right) with a 
group of students who learned coding after classes in 2017.
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in life. It has that family feeling.” Now studying computer 
science at Northeastern, he returned as a program mentor in 
2021 to give back and help other students reach their goals.

Some Boston Public Schools teachers have been in-
volved in Bridge to Calculus for a decade or longer. Juan 
Tapia, a math teacher at John D. O’Bryant School of Mathe-
matics and Science, has been both a mentor and teacher at 
Bridge to Calculus. For students and teachers alike, “there’s 
something to being in a room full of kids who want to do 
math and are asking questions that can be motivating,” 
Tapia says.

During the pandemic, Jesudason says, demand for the 
program has increased as more students have struggled in 
online classes. In response, she launched an evening “ques-
tion center” where attendees could ask the mentors about 
math, college, and life in general. The virtual space quickly 
became a community hub, so Jesudason kept it running 
throughout the school year. And the Epsilon Award, which 
Bridge to Calculus received for the first time in 2021, went 
toward raising the number of mentors to give students more 
individualized attention.

The 2021 program included experiential education ac-
tivities on Fridays inspired by two brothers’ 1956 bicycle 
trip from Mexico to Canada. A conversation with the one 
living brother, visits by Boston Debate League teachers, and 
tours (both virtual and in-person) of the Isabella Stewart 
Gardner Museum encouraged students to discuss contem-
porary social issues related to the journey. Plus, it provided 
real-world examples of concepts that underpin calculus, 
such as average rate of change and periodic functions.

By design, Bridge to Calculus has positively impacted 
the education system as a whole rather than giving special 
treatment to certain students. “It’s this circle that feeds itself: 
The students are getting stronger, [so] the [public school] 
classes improve. When the classes improve, the students 
get stronger,” Jesudason explains. She has no doubt that 

students in urban schools have just as much potential as 
those in suburban ones. This underscores the importance 
of access to high-quality math classes and “showcases how 
inquisitive minds can flourish given the right atmosphere,” 
Jesudason says.

Joaquin Bustoz Math-Science Honors Program
When Gabriela Perez Barrales found out about a college 
transition program at Arizona State University (ASU), she 
thought it was too good to be true. As a high school stu-
dent, could she really take summer classes taught by ASU 
professors and receive college credit—all for free?

The Joaquin Bustoz Math-Science Honors Program 
(JBMSHP) offers high school sophomores, juniors, and 
seniors from underrepresented backgrounds the chance 
to be a college student with a safety net. In addition to 
taking a college class (last year College Algebra, Pre-Calcu-
lus, Calculus for Engineers, or Principles of Programming 
with Java), each student receives invaluable mentorship, 
building community with current ASU students and each 
other. JBMSHP has received Epsilon Awards in 2015, 2020, 
and 2021.

“It’s an amazing support system, and I’ve gotten so many 
other opportunities that I wouldn’t have gotten [other-
wise],” Perez Barrales says. A first-generation student from 
Phoenix, she attended JBMSHP in 2020 and 2021. She is 
now a first-year student at ASU studying computer systems 
engineering—a field that she discovered while talking with 
ASU students at last summer’s camp.

Founded in 1985, JBMSHP draws students from across 
Arizona. Normally a residential program with weekend 
activities and excursions, the camp has adapted to an on-
line format during the pandemic. “Success coaches” filled 
the roles of residential advisors through both one-on-one 
and group meetings. Aside from the camp coordinators 
and professors, all the staff are ASU students. Many are 
themselves alumni of JBMSHP.

Figure 2. Boston Public Schools students at Calculus Field Day, 
an outreach event associated with Bridge to Calculus. Each 
April, students compete in groups of three in preparation for 
the AP Calculus exam.

Figure 3. Students at the 2019 JBMSHP make the “Fork ‘em 
Devils” hand sign, symbolizing the ASU Sun Devils mascot.
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their potential. “Anyone who’s in this program is going to 
make it through college if they put their mind to it,” he 
says. DiFranco exemplifies the camp’s success: He attended 
the program in 2015–2017, earning 11 university credits. 
This year he graduated from ASU with a degree in chemical 
engineering and a minor in mathematics.

New York Math Circle  
High School Summer Program

Proof-writing, the pigeonhole principle, graph theory—
these important mathematical tools are rarely taught 
in high school math classes. For students proficient in 
school math, the New York Math Circle (NYMC) offers a 
collaborative environment to explore concepts beyond the 
standard curriculum.

Although NMYC operates year-round, the Epsilon Award 
specifically funds the high school summer program, which 
runs four hours a day for three weeks. Classes are divided 
into four levels, ranging from an introduction to proofs and 
problem-solving to a taste of college-level topics. Nearly all 
the NYMC instructors are full-time teachers in area schools 
who bring strong mathematics skills as well as a pedagogi-
cal view of the subject.

“It’s a very open space, so you can always share what 
you’re thinking,” says Sage Lappas, a high school sopho-
more who has attended NYMC during the past two sum-
mers as well as the 2019–2020 school year. “Even if you’re 
unsure about your answer, it’s always encouraged that you 
share it so that the group can talk you through it.” The 
Math Circle helped her prepare for math competitions, 
also giving her the opportunity to participate in contests 
that weren’t previously on her radar.

NYMC is so highly regarded that even before the pan-
demic, the in-person summer program drew attendees from 
across the United States and countries such as South Africa, 
the United Kingdom, Singapore, and Canada. Now, with 

“I can’t stress enough how much this program has 
impacted my career,” says Claudia Rivera Garcia, who 
attended JBMSHP in 2014. Working there for five sum-
mers has contributed to her desire to bolster diversity and 
inclusion in a variety of fields. She is beginning a master’s 
degree as a Thomas R. Pickering Fellow in International 
Affairs Policy and Analysis at American University, after 
which she hopes to work in government. “It’s one thing to 
look at the major from the outside and just see the major 
classes, but it’s a whole other playing field to see […] how 
someone that looks like you, thinks like you, and has the 
same background as you navigates that major in college.”

While JBMSHP provides a launchpad to colleges around 
the county, about 60% of recent attendees have gone on 
to attend ASU. A resource center at the university connects 
JBMSHP alumni with tutors, also serving as a community 
hub where friendships formed over the summer continue 
to thrive.

Those friendships can last a lifetime, according to Cindy 
Barragán Romero, the JBMSHP program manager, and 
Ciera Duran, the JBMSHP coordinator. Both are alumni of 
the program who went on to attend college as first-genera-
tion students from small rural towns. “All my best friends I 
met that first summer in the program, and we’ve been best 
friends ever since,” Barragán Romero says. Duran originally 
planned to attend community college, but JBMSHP showed 
her that she could be successful at a four-year institution 
like ASU, so she enrolled there.

Epsilon support “has been instrumental for us to be 
able to continue the program at the quality level that we’re 
expecting,” Barragán Romero says. She noted that expenses 
like housing and tuition continue to rise, while budget 
cuts have forced the program to decrease the number of 
attendees.

For tutor and success coach Ryan DiFranco, the most 
rewarding part of working at JBMSHP is seeing students 
who think they won’t succeed in college come to realize 

Figure 4. Students at the 2019 JBMSHP.

Figure 5. Students at the 2019 NYMC Summer Program 
collaborate on a math problem.
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In addition to its programs for high schoolers, NYMC 
runs academic-year programs for middle schoolers. Just 
before the pandemic, it introduced one-off elementary 
school workshops. In the future, Pillai hopes to offer 
academic-year programs for elementary schoolers, thus 
rounding out NYMC’s enrichment opportunities for stu-
dents of all ages.

Pillai says the most rewarding part of his work is culti-
vating students’ joy and confidence in math, a sentiment 
echoed by the leaders and teachers of JBMSHP and Bridge 
to Calculus. As for Lappas and Jun, both intend to use math 
throughout their lives. Jun plans to study computer science 
in college, applying what he has learned about logic and 
graph theory; Lappas has yet to pinpoint a college major, 
but she knows that math will play a central role in whatever 
she decides to study.

Credits
Figure 1 is courtesy of Rajini Jesudason.
Figure 2 is courtesy of Northeastern University.
Figures 3 and 4 are courtesy of Luxium Creative.
Figures 5 and 6 are courtesy of Kovan Pillai.
Author photo is courtesy of Jiyoon Kang.

classes online in 2020 and 2021, that reach has continued 
to expand to India and elsewhere. Post-pandemic, NYMC 
will shift to a mix of in-person and online offerings.

NYMC teachers have devised creative ways to keep 
students engaged online. Misha Shklyar, a teacher of the 
intermediate level, introduced new concepts with TED Ed 
riddles. He also led his class in a game called “King of the 
Hill” where students raced to solve problems and accrue 
points. Lappas says these friendly competitions were a 
highlight of the summer program for her, as does Jaywu 
Jun, another sophomore.

“I’m one of the only ‘math people’ in my school right 
now, [so NYMC] is a place where I can enjoy math while 
not being alone in it,” Jun says.

As the number of high schools with math teams dwin-
dles, the demand for math circles is rising, according to 
Kovan Pillai, the executive director of NYMC. The New 
York Math Circle is particularly attractive because “we’re 
not ultra-competitive at the bottom end, so people can 
get into our program relatively easily,” he says. “Giving the 
experience of problem-solving to a wide range of students 
is part of our mission.”

NYMC began its summer program in 2008 and has re-
ceived an Epsilon Award seven times. The award funds the 
attendance of lower-income students for whom the full cost 
would be prohibitive. Students often attend NYMC mul-
tiple times, both over the summer and during the school 
year, as they advance through the levels.

“It’s not only the financial support that is useful, but 
also the acknowledgement that we have a strong summer 
program increases our visibility” nationally and interna-
tionally, Pillai says.

Scott Hershberger

About the Epsilon Fund
In 1999 the American Mathematical Society established 
the Epsilon Fund endowment to help support summer 
mathematics programs for mathematically talented 
high school students. The name for the fund was chosen 
in remembrance of the late Paul Erdős, who was fond of 
calling children “epsilons.” The goal of the program is 
to aid and promote programs that support and nurture 
mathematically talented youth in the United States and 
to make these opportunities available to the broad pool 
of all mathematically talented high school students 
living in the United States. 

See a list of past recipients of Epsilon Awards at 
https://www.ams.org/prizes-awards/paview 
.cgi?parent_id=3 and learn how to donate to the Ep-
silon Fund at https://ebus.ams.org/ebus/Giving 
/MakeAGift.aspx?gift=EPSILON.Figure 6. A student at the 2019 NYMC Summer Program holds 

an origami truncated icosahedron.

https://www.ams.org/prizes-awards/paview.cgi?parent_id=3
https://www.ams.org/prizes-awards/paview.cgi?parent_id=3
https://ebus.ams.org/ebus/Giving/MakeAGift.aspx?gift=EPSILON
https://ebus.ams.org/ebus/Giving/MakeAGift.aspx?gift=EPSILON
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contexts—and you are connected to many other Fellows 
and Hill staffers forever more. In addition, you become 
connected with the larger cohort of Executive Branch Fel-
lows which grows by hundreds each year who serve across 
government and many other sectors.

I must admit that I had always fantasized about par-
ticipating in an Executive Branch Fellowship, serving in a 
government agency that was familiar to me, such as the NSF, 
NOAA, USAID, NIH, or NIST. I should also admit that I 
was not the most attentive in my 8th grade civics course or 
my 11th grade US history course, which are the only times 
I can remember learning about how the US government 
functions. But I was convinced to pursue the AMS Congres-
sional Fellowship because former Fellows spoke so highly 
of the experience, calling it a once in a lifetime opportunity. 
Although most of them did not choose to stay on the Hill to 
work as a regular staffer in the House or Senate, they all felt 
the experience was transformative in their careers. I agree. 

The fellowship taught me that every House and Senate 
office is run similarly to a small business, with its own 
culture and working practices. I loved learning about how 
to communicate in the language of Congress from my col-
leagues, most of whom are younger than my adult children! 
In these difficult times, I wanted to learn how Congress 
could get things done in a bipartisan way amidst so much 
polarization. People who have worked on the Hill for de-
cades say it comes down to the positive relationships that 
have been built behind the scenes (which are often much 
warmer than you might see on the news), though recently 
they have been some of the most strained in their careers. 

During my fellowship year, I worked on healthcare and 
education policy in the context of COVID-19. I was able 
to listen in on meetings with Dr. Anthony Fauci, help my 
office write questions for hearings on a variety of topics, 

People often think of the AMS Congressional Fellowship 
as a postdoctoral opportunity. Yet only half of the 30 
Congressional Fellows in my cohort were right out of their 
PhDs. Some were early in their career trajectories while 
others were making a career transition, were on a sabbat-
ical, or were in retirement. I was almost the most senior 
in my group. 

The opportunity to form a close, multiage and mul-
tidiscipline cohort was part of what I was seeking, and 
we went through a lot together. We were the first cohort 
to start during the pandemic. We also worked during a 
transition in presidential party and control of the Senate, 
and experienced the trauma of the January 6 insurrection. 
On January 6, 2021, some Fellows were on site on the Hill 
and some were not, but all of us were concerned for our 
colleagues and our nation. This experience and our many 
more positive ones have helped to form lifelong bonds that 
I look forward to maintaining.

When you become an AMS Congressional Fellow, you 
join an incredible alumni network of PhDs in a variety 
of fields and professions. My cohort loved helping the 
incoming Fellows this year during their placement process 
through lunches, resume review, online socials, and one-
on-one phone calls. At the beginning of my fellowship, 
the former AMS Fellows got together online to welcome 
me, and I look forward to being part of this group going 
forward. The cohort of Congressional Fellows sponsored 
by a variety of professional societies pop up in all kinds of 

Not Only a Postdoc: The AMS 
Congressional Fellowship in 
Mid- and Late-Career
Rachel Levy

Rachel Levy is the executive director of Data Science Academy and a  
professor of mathematics at North Carolina State University. Her email 
address is rachel.levy@gmail.com.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2395
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raise issues about accessibility of testing sites and websites 
for people needing accommodations such as a personal 
assistant or screen reader, and request a Governmental 
Accountability Office Report on higher education accom-
modations during COVID-19. I was able to meet weekly 
for six months with an external policy group to model the 
cost of a proposed bill. I even helped my boss introduce 
a bipartisan and bicameral bill (which means it had four 
cosponsors—a Democrat and a Republican in each of the 
House and the Senate). My eighth-grade civics teacher 
would be so proud!

I would encourage mathematicians at all phases of their 
careers to consider the AMS Congressional Fellowship as 
an extraordinary opportunity, one for which I am grateful. 
The networking and skills I gained were important in my 
job search and serve me each day in my new position. The 
stipend for the fellowship may be a challenge for mid- to 
late-career professionals, but I recommend the experience 
in any case. If you are interested in the fellowship, don’t 
hesitate to reach out to former Fellows to learn about their 
experiences. And don’t discount yourself if, like me, you 
have never experienced this type of work. The fellowship 
provides a public policy learning experience for PhD math-
ematicians to serve Congress and for us to bring knowledge 
of Congress back into our world. 

Information on the AMS Congressional Fellowship 
can be found at https://www.ams.org/programs/ams 
-fellowships/ams-congressional-fellowship.

Credits
Photo of Rachel Levy is courtesy of Sam Kome.

Rachel Levy
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The Mathematics Research Communities program helps early career mathematicians 
develop long-lasting cohorts for collaborative research projects in many areas 
of mathematics. The 2022 summer conferences of the Mathematics Research 
Communities will be held at Beaver Hollow Conference Center, Java Center, NY, 
where participants can enjoy the natural beauty and a collegial atmosphere. 

Women and underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2022 is February 15, 2022. 

TOPICS FOR 2022
Week 1: May 29–June 4, 2022

Applied Category Theory
Organizers:  John Baez, University of California, Riverside
  Simon Cho, Two Six Technologies
  Daniel Cicala, University of New Haven
  Nina Otter, Queen Mary University of London
  Valeria de Paiva, Topos Institute

Data Science at the Crossroads of Analysis, Geometry, and Topology
Organizers:  Marina Meila, University of Washington
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  Jose Perea, Northeastern University
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  Soledad Villar, Johns Hopkins University
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  Bill Kay, Oak Ridge National Laboratory
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to an individual making significant accomplishments in 
mathematics. It carries a cash award of US$3 million.

New Horizons in Mathematics Prizes
The New Horizons in Mathematics Prizes are awarded to 
promising early-career researchers. The prizes carry a cash 
award of US$100,000. The 2022 prizes were awarded to the 
following young mathematicians.

Aaron Brown of Northwestern 
University and Sebastian Hurtado of 
the University of Chicago were hon-
ored for “contributions to the proof 
of Zimmer’s conjecture.” Brown re-
ceived his PhD from Tufts University 
in 2011, advised by Boris Hasselblatt. 
He held a postdoctoral instructor 
position at Pennsylvania State Uni-
versity from 2011 to 2014. He moved 
to the University of Chicago in 2014, 
rising to the position of assistant pro-
fessor, and in 2019 became associate 
professor at Northwestern. He has 
held an NSF Postdoctoral Research 
Fellowship and an NSF CAREER 
Grant. He gave an invited address 
at the AMS Spring Central Sectional 
Meeting in March 2018. Hurtado 
was born in Colombia and received 
his PhD from the University of Cal-
ifornia, Berkeley, in 2014 under the 

supervision of Ian Agol. He held postdoctoral positions at 
the Institut de Mathématiques de Jussieu (2014–2015) and 
at the University of Chicago as an L. E. Dickson Instructor 
(2015–2018) before becoming assistant professor at Chi-
cago. He currently holds a Sloan Fellowship (2020–2022). 
Hurtado tells the Notices: “I love playing sports, and right 
now I am very much into swimming. I am also a strong 
believer in the health benefits of meditation.”

Jack Thorne of the University of Cambridge was recog-
nized for “transformative contributions to diverse areas of 
algebraic number theory, and in particular for the proof, in 
collaboration with James Newton, of the automorphy of all 

The 2022 Breakthrough Prize, New Horizons Prizes, and 
Maryam Mirzakhani Prizes have been awarded to the fol-
lowing mathematicians.

Breakthrough Prize in Mathematics
Takurō Mochizuki of Kyoto Uni-
versity was selected the recipient 
of the 2022 Breakthrough Prize in 
Mathematics “for monumental work 
leading to a breakthrough in our un-
derstanding of the theory of bundles 
with flat connections over algebraic 
varieties, including the case of irreg-
ular singularities.” The prize citation 
reads: “Mochizuki works at the inter-
face of algebraic geometry—where 

solutions to systems of equations appear as geometric 
objects—and differential geometry—where smooth sur-
faces unfold in multiple complex dimensions. Mochizuki 
overcame immense technical and conceptual challenges to 
extend the boundaries of knowledge deep into new terrain, 
extending the understanding of objects called holonomic 
D-modules to include varieties with singularities—points 
where the equations under study no longer make sense. 
In the process, he has given a complete foundation to the 
field, solving all basic long-standing conjectures.” Mo-
chizuki received his PhD in 1999 from the University of 
Kyoto. After serving as a teaching associate at Osaka City 
University, he joined the faculty at Kyoto in 2004. He was 
awarded the Japan Academy Prize (2011) for research on 
D-modules in algebraic analysis. He was a plenary speaker 
at the International Congress of Mathematicians in Seoul, 
Korea, in 2014.

The Breakthrough Prizes were founded in 2012 by Yuri 
and Julia Milner, Sergey Brin, Priscilla Chan and Mark Zuck-
erberg, and Anne Wojcicki. They are sponsored by personal 
foundations established by Brin, Chan, Zuckerberg, the 
Milners, Wojcicki, Ma Huateng, and Jack Ma. The Prizes 
honor important, primarily recent, achievements in the 
categories of fundamental physics, life sciences, and mathe-
matics. The Breakthrough Prize in Mathematics is awarded 

2022 Breakthrough Prizes in 
Mathematics Announced

Takurō Mochizuki

Aaron Brown

Sebastian Hurtado
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of the Association for Women in 
Mathematics in 2014 and has held an 
NSF Graduate Research Fellowship, 
an EDGE-STEM Fellowship, and a 
Mayfield Fellowship. She tells the 
Notices: “My main hobby is running. 
I ran on the cross country and track 
and field teams while I was in college 
at the University of Chicago. I grew 
up in the Chicago suburbs and am a 
diehard Cubs fan.”

Hong Wang of the University of 
California, Los Angeles, was hon-
ored for “advances on the restriction 
conjecture, the local smoothing con-
jecture, and related problems.” Wang 
received her PhD from the Massachu-
setts Institute of Technology in 2019, 
under the direction of Larry Guth. 
She held a postdoctoral membership 
at the Institute for Advanced Study 
from 2019 to 2020. She is currently 

assistant professor of mathematics at UCLA. She tells the 
Notices: “I grew up in Guilin, China, and I enjoy playing 
table tennis and fencing.”

Yilin Wang of the Massachusetts 
Institute of Technology was recog-
nized for “innovative and far-reach-
ing work on the Loewner energy 
of planar curves.” She grew up in 
Shanghai, China, and received her 
PhD from ETH Zurich in 2019 under 
the direction of Wendelin Werner. 
She is C. L. E. Moore Instructor at 
MIT. She was awarded the 2020 ETH 
Medal for outstanding PhD thesis 

and currently holds an NSF research grant (2020–2023). 
She was awarded a Strauch Postdoctoral Fellowship of the 
Mathematical Sciences Research Institute for 2022. 

The Maryam Mirzakhani New Frontiers Prize was estab-
lished in 2019 and named for the famed Iranian mathema-
tician, Fields Medalist, and Stanford professor who passed 
away in 2017. During her exceptionally prolific career, 
Mirzakhani made groundbreaking contributions to the 
theory of moduli spaces of Riemann surfaces.

—Elaine Kehoe

Credits
Photo of Jack Thorne is courtesy of Lucinda Price, Cambridge 

Photographers.
Photo of Jacob Tsimerman is courtesy of Jacob Tsimerman.
Photo of Sarah Peluse is courtesy of Evita Nestoridi.
Photo of Hong Wang is courtesy of Vishesh Jain.

symmetric powers of a holomorphic 
modular newform.” Thorne received 
his PhD from Harvard University in 
2012 under the direction of Benedict 
Gross and Richard Taylor. He was a 
Junior Fellow of the Society of Fel-
lows at Harvard from 2012–2014. He 
has been affiliated with Cambridge 
since 2013 and is currently profes-
sor of number theory. He has been 
a Clay Research Fellow, and other 

honors include the Whitehead Prize (2017) of the Lon-
don Mathematical Society, the SASTRA Ramanujan Prize 
(2018, with Yifeng Liu), and the EMS Prize of the European 
Mathematical Society (2020). He was an invited speaker 
at the International Congress of Mathematicians in Rio 
de Janeiro, Brazil, in 2018 and was elected a Fellow of the 
Royal Society in 2020.

Jacob Tsimerman of the Uni-
versity of Toronto was honored for 
“outstanding work in analytic num-
ber theory and arithmetic geometry, 
including breakthroughs on the An-
dré-Oort and Griffiths conjectures.” 
Tsimerman was born in Kazan, Rus-
sia, and received his PhD from Prince- 
ton University in 2011 under the 
direction of Peter Sarnak. He held 
a postdoctoral position at Harvard 
University as a junior fellow of the 

Harvard Society of Fellows and was a recipient of a Sloan 
Fellowship. He joined the University of Toronto in 2014. 
His honors include the SASTRA Ramanujan Prize (2015), 
the Ribenboim Prize for distinguished research in number 
theory (2016), the André Aisenstadt Prize of the Centre 
de Recherches Mathématiques (2017), the Coxeter–James 
Prize of the Canadian Mathematical Society (2019), and 
the MCA Prize of the Mathematical Congress of the Amer-
icas (2021). 

Maryam Mirzakhani New Frontiers Prize
The Maryam Mirzakhani New Frontiers Prize is awarded 
to women mathematicians who have completed the PhD 
within the preceding two years. The prize carries a cash 
award of US$50,000. The following young mathematicians 
were honored for 2022.

Sarah Peluse of the Institute for Advanced Study and 
Princeton University was honored for “contributions to 
arithmetic combinatorics and analytic number theory, 
particularly with regards to polynomial patterns in dense 
sets.” Peluse received her PhD from Stanford University 
in 2019, advised by Kannan Soundararajan. She holds 
an NSF Mathematical Sciences Postdoctoral Fellowship 
(2019–2023) and is currently Veblen Research Instructor 
at Princeton. She was awarded the Alice T. Schafer Prize 

Jack Thorne

Jacob Tsimerman

Sarah Peluse

Hong Wang

Yilin Wang
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and other contributions of Sawin are having far-reaching 
consequences in various branches of mathematics.

“Will Sawin was born in Malden, Massachusetts, in Oc-
tober 1993. He was a child prodigy who finished learning 
the high school mathematics curriculum by the age of eight. 
The famous mathematician Serge Lang of Yale University 
came to Sawin’s elementary school to meet him, following 
which Sawin started taking BSc classes at Yale University at 
the tender age of ten. He was concurrently working on his 
high school and Yale University curricula, and in 2011, at 
the age of seventeen, he simultaneously received both his 
high school diploma and his undergraduate degree from 
Yale, majoring both in mathematics and economics. He 
was awarded the George Beckwith undergraduate prize 
at Yale for proficiency in mathematics or astronomy. He 
then joined Princeton University and worked under the 
guidance of Professor Nick Katz for his PhD, which was 
when he gained mastery over techniques of both number 
theory and algebraic geometry. Shortly after his PhD, he 
started making these major advances by studying notori-
ously hard number theoretic problems in algebraic and 
geometric settings. After holding a postdoctoral position as 
Junior Fellow at the Institute for Theoretical Studies at ETH 
in Zurich (2016–2018), he joined the faculty at Columbia 
University, where he held the prestigious Clay Research 
Fellowship until July 2021.”

Sawin tells the Notices: “I currently live in New York City 
with my wife and daughter. In fact, I found out about the 
prize three days after the birth of my daughter (making 
it the second-best news I got that week). I enjoy playing 
Dungeons and Dragons and Exalted.”

The 2021 SASTRA Ramanujan Prize Committee com-
prised: Krishnaswami Alladi, Chair, University of Florida; 
William Duke, University of California, Los Angeles; Dan 
Goldston, San Jose State University; Alex Lubotzky, Hebrew 
University, Jerusalem; Ken Ono, University of Virginia; 
Anne Schilling, University of California, Davis; and Cam 
Stewart, University of Waterloo.

The previous recipients of the SASTRA Ramanujan Prize 
are:

 • Manjul Bhargava and Kannan Soundararajan (two full 
prizes), 2005 

 • Terence Tao, 2006
 • Ben Green, 2007

Sawin Awarded 2021 
SASTRA Ramanujan Prize

Will Sawin of Columbia University 
has been chosen the recipient of 
the 2021 SASTRA Ramanujan Prize, 
awarded for outstanding contribu-
tions by individuals not exceeding 
the age of thirty-two in areas of math-
ematics influenced by Ramanujan.

The prize citation and biographi-
cal information read as follows.

“The 2021 SASTRA Ramanujan 
Prize is awarded to Dr. Will Sawin 

of Columbia University for his many path-breaking con-
tributions at the interface of number theory and algebraic 
geometry utilizing a variety of powerful methods from 
different areas of mathematics. The prize recognizes his rev-
olutionary recent joint work with Mark Shusterman, which 
establishes analogues of the celebrated prime twins and 
Goldbach conjectures in the function field context, and the 
proof in a function field setting of the analogue of Chowla’s 
conjecture on the correlations of the Moebius function and 
Landau’s conjecture that there are infinitely many primes 
of the form N2 + 1. In addition, the prize recognizes his 
joint paper with Emmanuel Kowalski and Philippe Mi-
chel (Annals of Mathematics, 2017) on bilinear forms with 
Kloosterman sums, where a long-standing problem on 
moments of L-functions is solved by combining techniques 
from automorphic forms, analytic number theory, and 
ℓ-adic cohomology. The prize is also for his fundamental 
joint work with Tim Browning on a geometric version of 
the Hardy–Littlewood–Ramanujan circle method (Annals 
of Mathematics, 2020), which has vastly increased our un-
derstanding of spaces of rational curves of a given degree 
on a smooth hypersurface and also enabled us to perform 
enumerative geometry on such surfaces in situations that 
were beyond the reach of traditional geometric methods. 
Finally, the prize notes the impact of his work in the res-
olution of the mixing conjecture of Philippe Michel and 
Akshay Venkatesh in the function field setting, and in par-
ticular his paper in Inventiones Mathematicae (2020), where 
he settled the conjecture in positive characteristic. These 

Will Sawin
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Award from the Royal Society of London in 2015. Granville 
is the coauthor, with Jennifer Granville and Robert Lewis, 
of a graphic novel, Prime Suspects: The Anatomy of Integers 
and Permutations (Princeton University Press, 2019), based 
on the mathematical play MSI: The Anatomy of Integers and 
Permutations by Andrew and Jennifer Granville, which has 
been performed at the Institute for Advanced Study, the 
Mathematical Sciences Research Institute at Berkeley, and 
in Montreal. He is also a keen soccer player and cricketer.

The André Aisenstadt Prize in 
Mathematics was awarded to Giulio 
Tiozzo of the University of Toronto 
and Tristan C. Collins of the Mas-
sachusetts Institute of Technology. 
The prize recognizes outstanding 
research achievement by young Ca-
nadian mathematicians and consists 
of a monetary award and a medal. 
Tiozzo’s work involves the develop-
ment of the theory of core entropy 
in complex dynamics, as well as the 
study of random walks on hyper-
bolic spaces and Teichmuller space 
and the discovery of a dictionary 
between continued fractions and 
the Mandelbrot set. Tiozzo was born 
in Turin, Italy, and received his PhD 
from Harvard University in 2013 
under the supervision of Curtis T. 
McMullen. He was an ICERM Post-
doctoral Institute Fellow at Brown 

University (2013–2014) and Gibbs Assistant Professor at 
Yale University before joining Toronto. His honors include 
the Connaught New Researcher Award (2017), the On-
tario Early Researcher Award (2019–2024), and an Alfred 
P. Sloan Fellowship (2018–2020). His field of research is 
dynamical systems and ergodic theory, with applications to 
complex analysis, probability, and geometric group theory. 
He tells the Notices that his hobbies include playing the 
piano, traveling, and drinking (too much) espresso. As 
part of the award, he presented a talk titled “Entropy along 
the Mandelbrot set” at the Quebec Mathematical Sciences 
Colloquium in October 2021. 

Collins received his PhD from Columbia University 
under the direction of D. H. Phong. He was a Benjamin 
Peirce Assistant Professor at Harvard University (2014–
2018) and is currently assistant professor at MIT. He does 
research in geometry and analysis. He is particularly in-
terested in geometric flows and applications of algebraic 
geometry to analysis, and vice versa. Collins grew up hiking, 
climbing, and skiing around British Columbia. He now 
lives in Somerville, Massachusetts, where he enjoys biking 
and gardening. He presented his prize talk, “Exploring 

 • Akshay Venkatesh, 2008 
 • Kathrin Bringmann, 2009 
 • Wei Zhang, 2010 
 • Roman Holowinsky, 2011 
 • Zhiwei Yun, 2012
 • Peter Scholze, 2013 
 • James Maynard, 2014 
 • Jacob Tsimerman, 2015 
 • Kaisa Matomaki and Maksym Radziwill (shared), 2016 
 • Maryna Viazovska, 2017
 • Yifeng Lui and Jack Thorne, 2018
 • Adam Harper, 2019
 • Shai Evra, 2020

—SASTRA Ramanujan Prize announcement

2021 Prizes of the CRM
The Centre de Recherches Mathématique (CRM) has 
awarded several prizes for 2021.

The 2021 CRM–Fields–PIMS Prize 
was awarded to Andrew Granville 
of the University of Montreal by the 
CRM, the Fields Institute, and the 
Pacific Institute for the Mathematical 
Sciences (PIMS). Granville was hon-
ored for outstanding achievements in 
the mathematical sciences. According 
to the prize citation, his “influence is 
measured only in part by his import-
ant research and mentoring contribu-
tions; just as essential are his love for 

his subject matter, his boundless energy and creativity, and 
his enthusiasm in communicating the beauty of mathemat-
ics to others.” His work involves arithmetic geometry, Di-
ophantine approximation, algorithmic and cryptographic 
aspects, and analytic number theory. Granville received his 
PhD from Queens University in 1987. He was a postdoc-
toral fellow at the University of Toronto (1987–1989), a 
member of the Institute for Advanced Study (1989–1991), 
and an assistant and associate professor at the University 
of Georgia (1991–1995), where he held the David C. Bar-
row Chair of Mathematics (1995–2002). He joined the 
University of Montreal as a senior Canada Research Chair 
in 2002. He held a Sloan Fellowship in 1992–1995. He is 
a recipient of the Ribenboim Prize of the Canadian Num-
ber Theory Association (1999) and the Jeffery–Williams 
Prize of the Canadian Mathematical Society (2006). His 
honors also include the Hasse Prize (1995), the Lester R. 
Ford Prize (2007, 2009), and the Chauvenet Prize (2008), 
all from the Mathematical Association of America. He is 
a Fellow of the AMS and of the Royal Society of Canada, 
and he received the Royal Society Wolfson Research Merit 

Andrew Granville

Giulio  Tiozzo

Tristan C. Collins
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Society (2015), the Eureka Prize for Outstanding Mentoring 
of Young Researchers (2018), a Bragg Membership of the 
Royal Institution of Australia (2019), the NSW Premier’s 
Prize for Excellence in Mathematics, Chemistry, Physics 
and Geosciences (2019), and the Szekeres Medal of the 
Australian Mathematical Society (2020). She is a vice pres-
ident of the International Mathematical Union (IMU). The 
ANZIAM Medal is awarded for research achievements, for 
activities enhancing applied or industrial mathematics or 
both, and for contributions to ANZIAM.

Lewis Mitchell of the University 
of Adelaide was awarded the J. H. 
Michell Medal for “significant con-
tributions to the emerging field of 
computational social science and 
uses [of] mathematical modelling, 
computational and statistical tech-
niques to assess real-world social 
phenomena.” According to the prize 
citation, he has “successfully collab-
orated with a number of groups to 
investigate ‘the geography of hap-

piness,’ ‘the shapes of stories’ in novels in different lan-
guages, body image on social media, and monitoring of 
the wildlife trade.” Mitchell received his PhD in 2012 from 
the University of Sydney. He has been awarded grants from 
the Australian Research Council to study social networks, 
from the National Health and Medical Research Council 
of Australia to study the safety of implantable medical 
devices, from the Centre for Invasive Species Solutions to 
study illegal trade in non-native species, and from Data to 
Decisions CRC for work on predicting disease outbreaks 
and on predicting civil unrest and election outcomes using 
Bayesian network models. Mitchell lives in Adelaide with 
his wife, eight-year-old daughter, and two-year-old son; he 
tells the Notices: “I play very, very amateur jazz piano.” The 
medal is awarded annually by ANZIAM to an outstanding 
new researcher who has undertaken distinguished research 
in applied and/or industrial mathematics, in which a sig-
nificant proportion of the research has been carried out in 
Australia and/or New Zealand.

—From ANZIAM announcements

Szölgyenyi Receives 
IBC Award
Michaela Szölgyenyi of the University of Klagenfurt, 
Austria, has been selected the recipient of the 2021 Joseph 
H. Traub Information-Based Complexity (IBC) Young Re-
searcher Award. Her work involves the modeling of random 
phenomena. She received her PhD in mathematics in 2015 
from Johannes Kepler University.

string vacua through geometric transitions,” at the Quebec 
Mathematical Sciences Colloquium in November 2021. 

The 2021 CRM–SSC Prize in Sta-
tistics of the CRM and the Statistical 
Society of Canada (SSC) was awarded 
to Jiguo Cao of Simon Fraser Uni-
versity. He was honored for “out-
standing developments in modeling 
and analysis of functional data and 
dynamic systems; for broad work in 
numerous applications with special 
focus on statistical genetics; and for 
remarkable aptitude for creating and 
nurturing productive collaborations, 

particularly involving students and postdoctoral fellows.” 
Cao received his PhD from McGill University under the 
supervision of James O. Ramsay, then spent a year as a 
postdoctoral fellow at Yale University. He taught at Simon 
Fraser University and Western University before returning 
permanently to Simon Fraser, where he is a full professor. 
Cao is particularly grateful to his wife, Liangliang Wang, 
an associate professor at SFU, for extensive collaborations 
and personal support. He enjoys outdoor activities with his 
family and friends, such as hiking, skiing, and bicycling.

—From CRM announcements

ANZIAM Prizes Awarded
Australia and New Zealand Industrial and Applied Mathe-
matics (ANZIAM), a division of the Australian Mathemati-
cal Society, has awarded prizes to the following mathemat-
ical scientists for 2021.

Nalini Joshi of the University of 
Sydney received the 2021 ANZIAM 
Medal. According to the prize cita-
tion, she “is a world leader in the 
theory and applications of differen-
tial equations that form the basis of 
understanding the effects of random 
behaviour in fields as diverse as par-
ticle physics, quantum mechanics, 
large prime-number distributions, 
and wireless communications. She 
has made unparalleled contributions 

to applied mathematics in leadership, gender equity, and 
promotion of mathematics.” Joshi received her PhD from 
Princeton University in 1987 under the direction of Martin 
Kruskal. She is currently Payne–Scott Professor and Chair 
of Applied Mathematics at Sydney. Her honors include a 
Fellowship of the Australian Academy of Sciences (2008), 
an Australian Research Council (ARC) Laureate Fellowship 
(2012), a Hardy Fellowship of the London Mathematical 

Jiguo Cao

Nalini Joshi

Lewis Mitchell
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Pi Mu Epsilon 
Awards Announced
Pi Mu Epsilon, the student mathematics honor society, 
awards outstanding student presentations given at the Pi 
Mu Epsilon National Conference, held in conjunction with 
the Mathematical Association of America’s (MAA) annual 
MathFest. In 2021 the conference was held virtually.

The AMS, the American Statistical Association, and 
the Budapest Semesters in Mathematics for Excellence in 
Student Exposition or Research funded the Pi Mu Epsilon 
Speaker Awards. The awardees, along with their institutions 
and the titles of their presentations, are:

 • Nicholas Adduci, Youngstown State University, “An 
investigation into visual and geometric representations 
of prime numbers”

 • Ben Gobler, Worcester Polytechnic Institute, “Listing the 
rationals using continued fractions”

 • Hanna Noelle Griesbach, Elon University, “When is a 
polynomial isomorphic to an even polynomial?”

 • Luke Hetzel, Youngstown State University, “Using agent 
based modeling in NetLogo to visualize game theory”

 • Jonathan Homan, Andrews University, “Classifying 
pretzel links obtained by strong fusion”

 • Bandita Karki, University of Idaho, “Modeling the 
therapeutic potential of defective interfering particles”

 • Johnathan Koch, Youngstown State University, “Defin-
ing the cycle within the permutation group”

 • Nathan LeRoy, St. Norbert College, “Probabilities of the 
game of Labyrinth”

 • Rebecca Odom, University of Texas at Tyler, “Identifying 
self-conjugate partitions”

 • Chase Reiter, Youngstown State University, “Using trig-
onometry to make spirographs with parametrizations”

 • Tyler Russell, University of Texas at Tyler, “Polynominals 
associated to integer partitions”

 • Hannah Scanlon, Wake Forest University, “Modeling the 
spread of infectious diseases on an adaptive network”

 • Ella Wilson, Kenyon College, “Using circle packings to 
approximate harmonic measure distribution functions”

 • Katie Yan, Skidmore College, “Modeling the plague in 
Eyam”

 • Yifan Zhang, University of Illinois at Urbana- 
Champaign, “Subsums of random numbers”

—Pi Mu Epsilon announcement

Credits
Photo of Will Sawin is courtesy of Yihe Dong.
Photo of Andrew Granville is courtesy of Marci Babineau.
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Photo of Nalini Joshi is courtesy of Annie Fenwicke.

The Traub Award is given for significant contributions 
to information-based complexity by a researcher who has 
not reached his or her thirty-fifth birthday by September 
30 the year of the award. The award consists of US$1,000 
and a plaque.

—Journal of Complexity announcement

Sabitov Awarded 
Lobachevsky Medal
Idzhad Sabitov of Moscow State University has received 
the 2021 Lobachevsky Medal for outstanding achievements 
in geometry. Sabitov studied at Tajik State University and 
with N. V. Efimov at Moscow State University at both grad-
uate and postgraduate levels. He completed his doctoral 
thesis in 1997 and became a full professor in 2005. His 
work involves Riemann’s generalized problem, isometric 
immersions and regularity of surfaces and metrics, and 
theories of bending of surfaces and bending polyhedra. 
His best-known work, Sabitov’s theorem, shows that every 
bending polyhedron in three-dimensional Euclidean space 
retains its volume in the process of bending. The prize is 
awarded by Kazan Federal University for outstanding works 
in fundamental and applied mathematics. It consists of a 
medal and cash award of US$75,000.

—Elaine Kehoe

Fellows of the AWM
The Association for Women in Mathematics (AWM) has 
announced its new class of Fellows for 2022. The Fellows 
program recognizes individuals who have demonstrated a 
sustained commitment to the support and advancement 
of women in the mathematical sciences. The new Fellows 
for 2022 are:

 • M. Carme Calderer, University of Minnesota 
 • Debra Carney, Colorado School of Mines 
 • Daniela Ferrero, Texas State University, San Marcos 
 • Pamela E. Harris, Williams College
 • Anita Layton, University of Waterloo
 • Teri Perl, The Learning Company 
 • Jennifer J. Quinn, University of Washington, Tacoma 
 • Beatrice Riviere, Rice University 
 • Lauren L. Rose, Bard College 
 • Mary Beth Ruskai, University of Vermont 
 • Renate Scheidler, University of Calgary 
 • Bianca Viray, University of Washington
 • Elizabeth (Betsy) Yanik, Emporia State University

—AWM announcement
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AMS Government 
Relations Moves into 
New Office Space in DC
The AMS Office of Government Relations has a new home. 
For almost three decades, our DC-based team rented space 
from the Mathematical Association of America. In February 
2020, a few weeks before in-person work shut down due to 
the COVID-19 pandemic, we moved to a new office space 
of our own. In June 2021, we were finally able to settle in 
as we began transitioning back to in-person work. 

The space works well for us and is close to the US Capitol 
and congressional buildings. We look forward to welcom-
ing the volunteer members of the AMS Committees on 
Education and Science Policy, the two policy committees 
that meet annually in Washington, DC. We also look for-
ward to hosting meetings of the various coalitions we work 
with in our advocacy efforts.

If you come visit us, you’ll see two pieces of mathe-
matical art: a photo of the blackboard of Amie Wilkinson 
(University of Chicago) and a digital print titled “Mirrored 
Metamorphoses” by Frank Farris (Santa Clara University). 

The blackboard photo is part of artist Jessica Wynne’s 
series “Do Not Erase: Mathematicians and Their Chalk-
boards.” Five other works from the series are on display at 
the AMS headquarters in Providence, Rhode Island. Read 
more about the installation at https://www.ams.org 
/news?news_id=6826.

Farris’s piece illustrates the five possible pattern types 
consistent with the hexagonal grid, morphing one to an-
other by linear interpolation of complex-valued functions. 
Well known for his work on “Seeing Symmetry,” Farris has 
shown his art regularly at the Bridges Festival and at the 
Joint Mathematics Meetings.

—AMS Office of Government Relations

https://www.ams.org/news?news_id=6826
https://www.ams.org/news?news_id=6826
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One Teen’s Journey 
from Local Math Club 
to Professional Publication

On a long flight from Boston to At-
lanta, eighth grader Milena Harned 
was pondering a geometry problem 
involving perimeter bisectors and 
angle bisectors of quadrilaterals. As 
she looked at some examples, she 
noticed an intriguing pattern. By the 
time the plane landed, Harned had 
made a breakthrough that would 
lead not to an “A” on a homework 
assignment, but to her first publica-
tion in a professional, peer-reviewed 

mathematics journal. “Perimeter bisectors, cusps, and kites” 
appeared in the International Journal of Geometry in Sep-
tember 2021. Harned reached this milestone after years of 
writing for the Girls’ Angle Bulletin, a bimonthly magazine 
printed by the AMS at a subsidized cost as a service to the 
community. Read the feature story at https://www.ams 
.org/news?news_id=6739 to learn more about Harned’s 
new theorem and her mathematical journey so far.

—AMS Communications Department

AMS Erdős Lecture 
for Students
The Paul Erdős Lecture for Students is an annual invited 
address given at the Joint Mathematics Meetings (JMM). 
The next lecture will be given by Hee Oh of Yale University 
at the JMM in Seattle, Washington, on January 5, 2022. 
The title of her lecture is “Euclidean lines on hyperbolic 
manifolds.”

—AMS announcement

Departments Coordinate 
Job Offer Deadlines
For the past twenty-one years, the American Mathematical 
Society has led the effort to gain broad endorsement for 
the following proposal:

That mathematics departments and institutes agree not 
to require a response prior to a certain date (usually around 
February 1 of a given year) to an offer of a postdoctoral 
position that begins in the fall of that year.

Milena Harned

This proposal is linked to an agreement made by the 
National Science Foundation (NSF) that the recipients of 
the NSF Mathematical Sciences Postdoctoral Fellowships 
would be notified of their awards, at the latest, by the end 
of January.

This agreement ensures that our young colleagues enter-
ing the postdoctoral job market have as much information 
as possible about their options before making a decision. It 
also allows departmental hiring committees adequate time 
to review application files and make informed decisions. 
From our perspective, this agreement has worked well and 
has made the process more orderly. There have been very 
few negative comments. Last year, more than 180 mathe-
matics and applied mathematics departments and institutes 
endorsed the agreement.

Therefore, we propose that mathematics departments 
again collectively enter into the same agreement for the 
upcoming cycle of recruiting, with the deadline set for 
Monday, January 31, 2022. The NSF’s Division of Math-
ematical Sciences has already agreed that it will complete 
its review of applications and notify all applicants no later 
than Friday, January 21, 2022.

The American Mathematical Society facilitated the pro-
cess by sending an email message to all doctoral-granting 
mathematics and applied mathematics departments and 
mathematics institutes. The list of departments and in-
stitutes endorsing this agreement was widely announced 
on the AMS website beginning December 1, 2021, and is 
updated weekly until mid-January.

We ask that you view this year’s formal agreement at 
https://www.ams.org/employment/postdoc-offers 
.html along with this year’s list of adhering departments.

lmportant: To streamline this year’s process for all 
involved, we ask that you notify the AMS (postdoc 
-deadline@ams.org) if and only if:

(1) your department is not listed and you would like 
to be listed as part of the agreement; or

(2) your department is listed and you would like to 
withdraw from the agreement and be removed from the 
list.

Please feel free to email us with questions and concerns. 
Thank you for consideration of the proposal.

—Catherine A. Roberts, AMS Executive Director
Torina Lewis, AMS Associate Executive Director

Credits
Photos of AMS Government Relations office in DC are cour-

tesy of Karen Saxe.
Photo of Milena Harned is courtesy of Tony Capozzi.
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Miriam P. Cooney, of Notre Dame, Indiana, died on De-
cember 16, 2020. Born on May 6, 1925, she was a member 
of the Society for 66 years.

Derrick S. F. Crothers, of Queen’s University of Belfast, 
died on January 15, 2021. Born on June 24, 1942, he was 
a member of the Society for 44 years.

Dennis F. Cudia, of Rockford, Illinois, died on December 
26, 2020. Born on November 22, 1934, he was a member 
of the Society for 59 years.

U. D'Ambrosio, of Sao Paulo, Brazil, died on May 12, 
2021. Born on December 8, 1932, he was a member of the 
Society for 60 years.

Klaus Deimling, of Germany, died on October 12, 2020. 
Born on July 18, 1943, he was a member of the Society for 
33 years.

Aristide Deleanu, of Syracuse, New York, died on May 
13, 2020. Born on April 12, 1932, he was a member of the 
Society for 48 years.

Charles G. Denlinger, of Lititz, Pennsylvania, died on 
December 24, 2020. Born on January 1, 1940, he was a 
member of the Society for 55 years.

Hendrik de Vries, of the Netherlands, died on May 13, 
2021. Born on November 5, 1932, he was a member of the 
Society for 59 years.

R. M. Dudley, of Newton, Massachusetts, died on Feb-
ruary 19, 2020. Born on July 28, 1938, he was a member 
of the Society for 60 years.

John R. Durbin, of the University of Texas at Austin, died 
on August 9, 2021. Born on November 18, 1935, he was a 
member of the Society for 60 years.

Harold M. Edwards, professor, New York University, died 
on November 10, 2020. Born on August 6, 1936, he was a 
member of the Society for 60 years.

Stanley C. Eisenstat, professor, Yale University, died on 
December 17, 2020. Born on November 25, 1944, he was 
a member of the Society for 53 years.

Leonard Evens, of Evanston, Illinois, died on November 
12, 2020. Born on June 28, 1933, he was a member of the 
Society for 66 years.

Jens E. Fenstad, of Norway, died on April 13, 2020. 
Born on April 15, 1935, he was a member of the Society 
for 60 years.

Holland C. Filgo, Jr., of Newton, Massachusetts, died on 
May 1, 2020. Born on March 18, 1926, he was a member 
of the Society for 66 years.

Peter C. Fishburn, of Wind Point, Wisconsin, died on 
June 10, 2021. Born on September 2, 1936, he was a mem-
ber of the Society for 40 years.

Lucien P. Foldes, of the United Kingdom, died on Feb-
ruary 10, 2021. Born on November 19, 1930, he was a 
member of the Society for 42 years.

Gloria Gilmer, of Milwaukee, Wisconsin, died on August 
25, 2021. She was a member of the Society for 50 years.

Deaths of AMS Members 
Harry P. Allen, of Austin, Texas, died on November 5, 

2019. He was a member of the Society for 58 years.
Steve Armentrout, of Berkeley, California, died on Oc-

tober 18, 2020. Born on June 19, 1930, he was a member 
of the Society for 67 years.

Donald G. Babbitt, of Pasadena, California, died on 
October 10, 2020. Born on February 24, 1936, he was a 
member of the Society for 59 years.

Lida K. Barrett, of Knoxville, Tennessee, died on January 
28, 2021. Born on May 27, 1927, she was a member of the 
Society for 71 years.

Theodore J. Barth, of Riverside, California, died on 
March 17, 2020. Born on May 30, 1939, he was a member 
of the Society for 54 years.

Richard A. Baum, of Santa Barbara, California, died on 
March 22, 2021. Born on August 18, 1952, he was a member 
of the Society for 25 years.

Gerald E. Bergum, of Brookings, South Dakota, died 
on January 17, 2021. Born on October 19, 1931, he was a 
member of the Society for 51 years.

Christian Blatter, of Switzerland, died on May 31, 2021. 
Born on July 25, 1935, he was a member of the Society 
for 58 years.

J. M. Boardman, of Johns Hopkins University, died 
on March 18, 2021. Born on February 13, 1938, he was a 
member of the Society for 56 years.

William M. Boothby, of Nashville, Tennessee, died on 
February 14, 2021. Born on April 1, 1918, he was a member 
of the Society for 75 years.

David Borwein, of the University of Western Ontario, 
died on September 3, 2021. Born on March 24, 1924, he 
was a member of the Society for 56 years.

Aldridge K. Bousfield, of Chicago, Illinois, died on Oc-
tober 4, 2020. Born on April 5, 1941, he was a member of 
the Society for 54 years.

Thomas R. Brahana, of Athens, Georgia, died on March 
28, 2021. Born on June 26, 1926, he was a member of the 
Society for 67 years.

John E. Burroughs, of Annapolis, Maryland, died on July 
26, 2020. Born on February 20, 1941, he was a member of 
the Society for 54 years.

Colin J. Bushnell, of King’s College London, died on 
January 1, 2021. Born on August 22, 1947, he was a member 
of the Society for 47 years.

Bruce L. Chalmers, of Riverside, California, died on De-
cember 11, 2015. Born on July 29, 1938, he was a member 
of the Society for 47 years.

Hubert E. Chrestenson, of Sublimity, Oregon, died on 
January 2, 2021. Born on October 21, 1927, he was a mem-
ber of the Society for 68 years.
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Robert P. Kurshan, of New York, New York, died on 
March 10, 2021. Born on November 3, 1943, he was a 
member of the Society for 53 years.

Carole B. Lacampagne, of Portland, Oregon, died on 
August 5, 2021. Born on September 12, 1933, she was a 
member of the Society for 39 years.

Larry A. Lambe, of Bloomingdale, Illinois, died on De-
cember 20, 2020. Born on November 21, 1949, he was a 
member of the Society for 2 years.

Alan C. Lazer, of Miami, Florida, died on October 6, 
2020. Born on May 3, 1938, he was a member of the So-
ciety for 53 years.

John P. Lediaev, of Coralville, Iowa, died on August 21, 
2020. Born on September 8, 1940, he was a member of the 
Society for 55 years.

Andrew Lenard, of Bloomington, Indiana, died on 
March 17, 2020. Born on July 18, 1927, he was a member 
of the Society for 48 years.

Raymond E. Lewkowicz, of Yellow Springs, Ohio, died 
on June 25, 2021. Born on June 2, 1930, he was a member 
of the Society for 63 years.

Eduardo A. Luna, of Doral, Florida, died on April 26, 
2019. He was a member of the Society for 32 years.

John E. Mack, of Greenville, Ohio, died on November 
7, 2020. Born on August 31, 1932, he was a member of the 
Society for 62 years.

Andrew J. Majda, of New York University–Courant In-
stitute, died on March 12, 2021. Born on January 30, 1949, 
he was a member of the Society for 33 years.

Arthur P. Mattuck, of the Massachusetts Institute of Tech-
nology, died on October 8, 2021. Born on June 11, 1930, 
he was a member of the Society for 70 years.

C. J. Maxson, of College Station, Texas, died on Septem-
ber 1, 2021. Born on April 19, 1936, he was a member of 
the Society for 56 years.

Louis F. McAuley, of Apalachin, New York, died on 
November 18, 2020. Born on August 21, 1924, he was a 
member of the Society for 65 years.

Elizabeth S. Meckes, professor, Case Western Reserve 
University, died on December 16, 2020. Born on June 23, 
1980, she was a member of the Society for 18 years.

Robert A. Melter, of Southampton, New York, died on 
April 11, 2021. Born on March 20, 1935, he was a member 
of the Society for 62 years.

E. P. Merkes, professor, University of Cincinnati, died on 
April 25, 2021. Born on April 14, 1929, he was a member 
of the Society for 70 years.

B. Muckenhoupt, of Branchburg, New Jersey, died on 
April 13, 2020. Born on December 22, 1933, he was a 
member of the Society for 64 years.

Brian H. Murdoch, of Ireland, died on December 9, 
2020. Born on April 3, 1930, he was a member of the So-
ciety for 67 years.

Edmond E. Granirer, of Canada, died on August 31, 
2020. Born on February 19, 1935, he was a member of the 
Society for 57 years.

Victor S. Grinberg, of Pittsburgh, Pennsylvania, died on 
July 19, 2019. Born on May 31, 1942, he was a member of 
the Society for 32 years.

Richard K. Guy, professor, University of Calgary, died 
on March 9, 2020. Born on September 30, 1916, he was a 
member of the Society for 55 years.

Nathan Habegger, professor, University of Nantes, died 
on October 10, 2020. Born on December 9, 1951, he was 
a member of the Society for 44 years.

A. Glen Haddock, of Rolla, Missouri, died on July 2, 
2021. Born on May 29, 1935, he was a member of the 
Society for 60 years.

Nicholas Hanges, of New York, New York, died on July 
20, 2019. Born on October 5, 1949, he was a member of 
the Society for 45 years.

John Paul Helm, of Saint Charles, Missouri, died on 
September 30, 2019. Born on December 29, 1941, he was 
a member of the Society for 51 years.

Lester L. Helms, of Urbana, Illinois, died on April 15, 
2021. Born on December 29, 1927, he was a member of 
the Society for 71 years.

Robert Hermann, of Cambridge, Massachusetts, died 
on February 10, 2020. Born on April 28, 1931, he was a 
member of the Society for 46 years.

Arthur M. Hobbs, professor, Texas A & M University,  
died on October 25, 2020. Born on June 19, 1940, he was 
a member of the Society for 49 years.

L. I. Holder, of Gettysburg, Pennsylvania, died on Sep-
tember 28, 2012. Born on November 30, 1923, he was a 
member of the Society for 43 years.

Robin Hudson, of the United Kingdom, died on January 
12, 2021. Born on May 4, 1940, he was a member of the 
Society for 42 years.

James E. Humphreys, professor, University of Massachu-
setts, died on August 27, 2020. Born on October 12, 1939, 
he was a member of the Society for 57 years.

Richard Isaac, of Mount Vernon, New York, died on Jan-
uary 10, 2020. Born on January 2, 1934, he was a member 
of the Society for 61 years.

William D. Jackson, of Houghton, Michigan, died on 
November 5, 2021. Born on October 3, 1938, he was a 
member of the Society for 59 years. 

H. Jurgensen, of Canada, died on August 19, 2019. Born 
on March 13, 1942, he was a member of the Society for 
36 years.

Daniel S. Kahn, of Northwestern University, died on 
November 19, 2012. Born on November 20, 1935, he was 
a member of the Society for 52 years.

Ralph D. Kopperman, of Peark River, New York, died 
on February 6, 2021. Born on February 17, 1942, he was a 
member of the Society for 57 years.
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George Springer, of Newton, Massachusetts, died on 
February 18, 2019. Born on September 3, 1924, he was a 
member of the Society for 73 years.

Lalitha Swetharanyam, of Lake Charles, Louisiana, died 
on December 17, 2019. Born on July 11, 1932, she was a 
member of the Society for 49 years.

Choy-Tak Taam, of Bethesda, Maryland, died on August 
4, 2020. Born on December 22, 1917, he was a member of 
the Society for 70 years.

Elliot A. Tanis, of Holland, Michigan, died on July 22, 
2021. Born on April 23, 1934, he was a member of the 
Society for 59 years.

George N. Trytten, of Boise, Idaho, died on October 18, 
2020. He was a member of the Society for 66 years.

Jaak Vilms, of Chestnut Hill, Massachusetts, died on July 
28, 2021. Born on January 30, 1937, he was a member of 
the Society for 60 years.

C. Vinsonhaler, of the University of Connecticut, died 
on October 24, 2020. Born on March 29, 1942, he was a 
member of the Society for 53 years.

Frank R. Wadleigh, of Coronado, California, died on 
January 13, 2021. Born on May 25, 1933, he was a member 
of the Society for 30 years.

Lynne H. Walling, of the United Kingdom, died on May 
28, 2021. Born on October 9, 1958, she was a member of 
the Society for 37 years.

C. Robert Warner, of Canada, died on August 7, 2017. 
Born on August 24, 1931, he was a member of the Society 
for 55 years.

Herbert Harold Wathan, of Baton Rouge, Louisiana, 
died on February 25, 2018. Born on July 22, 1926, he was 
a member of the Society for 54 years.

Carl M. Weinbaum, of El Dorado Hills, California, died 
on November 4, 2015. Born on January 16, 1937, he was a 
member of the Society for 52 years.

H. Widom, of the University of California Santa Cruz, 
died on January 20, 2021. Born on September 23, 1932, he 
was a member of the Society for 70 years.

Thomas W. Wieting, of Reed College, died on July 19, 
2021. He was a member of the Society for 27 years.

Arthur Wouk, of Boulder, Colorado, died on November 
7, 2020. Born on March 25, 1924, he was a member of the 
Society for 72 years.

Chao-Hui Yang, of Sunnyvale, California, died on No-
vember 8, 2020. Born on August 20, 1928, he was a member 
of the Society for 56 years.

Michael Yanowitch, of Waterbury, Vermont, died on 
February 20, 2021. Born on February 1, 1923, he was a 
member of the Society for 69 years.

John M. Zerzan, of Tracy, California, died on July 3, 
2020. Born on November 11, 1949, he was a member of 
the Society for 31 years.

J. W. Neuberger, of Denton, Texas, died on December 
12, 2020. Born on August 14, 1934, he was a member of 
the Society for 63 years.

Paul J. Nikolai, of Brevard, North Carolina, died on 
March 24, 2021. Born on March 2, 1931, he was a member 
of the Society for 55 years.

Togo Nishiura, of Southampton, Pennsylvania, died on 
February 12, 2021. Born on November 10, 1931, he was a 
member of the Society for 63 years.

Edward J. O’Neill, of Fairfield University, died on August 
16, 2020. Born on February 15, 1942, he was a member of 
the Society for 49 years.

Diethard Pallaschke, professor, Karlsruhe Institute of 
Technology, died on July 8, 2020. Born on June 3, 1940, 
he was a member of the Society for 44 years.

Michael R. Penkava, professor, University of Wiscon-
sin-Eau Claire, died on September 6, 2020. Born on Sep-
tember 15, 1953, he was a member of the Society for 29 
years.

Jean-Paul Pier, of Luxembourg, died on December 14, 
2016. Born on July 5, 1933, he was a member of the Society 
for 48 years.

Vera Pless, of the University of Illinois at Chicago, died 
on March 2, 2020. Born on March 5, 1931, she was a mem-
ber of the Society for 66 years.

K. W. Roggenkamp, of Germany, died on July 23, 2021. 
Born on December 24, 1940, he was a member of the 
Society for 55 years.

George M. Rosenstein, of Lancaster, Pennsylvania, died 
on July 21, 2021. Born on February 27, 1937, he was a 
member of the Society for 59 years.

Martin Schechter, of Brooklyn, New York, died on June 
7, 2021. Born on March 10, 1930, he was a member of the 
Society for 65 years.

Paul J. Schillo, of Buffalo, New York, died on October 
6, 2019. Born on November 3, 1920, he was a member of 
the Society for 65 years.

Raymond T. Shepherd, of Chicago, Illinois, died on June 
13, 2021. Born on May 12, 1939, he was a member of the 
Society for 52 years.

Stanley R. Shubsda Jr., of Liverpool, New York, died on 
December 31, 2017. Born on September 23, 1941, he was 
a member of the Society for 47 years.

Isadore M. Singer, of the Massachusetts Institute of Tech-
nology, died on February 11, 2021. Born on May 3, 1924, 
he was a member of the Society for 72 years.

V. P. Snaith, of the United Kingdom, died on July 3, 
2021. Born on March 15, 1944, he was a member of the 
Society for 45 years.

Jonathan Sondow, of New York, New York, died on Jan-
uary 16, 2020. Born on January 5, 1943, he was a member 
of the Society for 59 years.
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Classroom Concepts from Current EventsClassroom Concepts from Current Events

This free resource is great for 
teachers, students, and anyone 
curious about how math crops 
up in today’s headlines.

New posts each month include:
• Summaries of news stories

that involve mathematics
• Classroom activities

connected to the math
concepts in the news

• A deeper dive into
developments in the world
of mathematics

See the current Math in the Media
and subscribe to receive email updates at 

www.ams.org/mathmedia
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Data Science at the Crossroads of Analysis, Geometry, and 
Topology
Organizers:

Marina Meila, University of Washington
Facundo Mémoli, The Ohio State University
Jose Perea, Northeastern University
Nicolas Garcia Trillos, University of Wisconsin- 

Madison
Soledad Villar, Johns Hopkins University

Week 2: June 5–11, 2022
Models and Methods for Sparse (Hyper)Network Science
Organizers:

Sinan G. Aksoy, Pacific Northwest National Laboratory
Aric Hagberg, Los Alamos National Laboratory
Cliff Joslyn, Pacific Northwest National Laboratory
Bill Kay, Oak Ridge National Laboratory
Emilie Purvine, Pacific Northwest National Laboratory
Stephen J. Young, Pacific Northwest National Labora-

tory
Jennifer Webster, Pacific Northwest National Laboratory

Trees in Many Contexts
Organizers:

Miklós Bóna, University of Florida
Éva Czabarka, University of South Carolina
Heather Smith, Davidson College
Stephan Wagner, Uppsala University
Hua Wang, Georgia Southern University

This program is funded through a generous grant from 
the National Science Foundation, the AMS, and private 
donors.

—AMS Programs Department

MAA Project NExT

MAA Project NExT (New Experiences in Teaching) is a 
year-long professional development program for new(ish) 
or recent PhDs in the mathematical sciences. The program 
is designed to connect new faculty with expert teachers 
and leaders in the mathematics community and address 

Early-Career Opportunity

Mathematics Research 
Communities 2022 
Call for Applications

The Mathematics Research Communities (MRC) program 
helps early-career mathematicians develop long-lasting 
cohorts for collaborative research projects in many areas 
of mathematics.

The program includes:
 • Intensive one-week, hands-on research conference 

in the summer
 • Special Sessions at the Joint Mathematics Meetings 

the following January
 • Guidance in career building
 • Follow-up small-group collaborations
 • Longer-term opportunities for collaboration

Over time, the participants are expected to provide 
feedback about career development and the impact of the 
MRC program. The 2022 summer conferences will be held 
at Beaver Hollow Conference Center, Java Center, New 
York, where participants can enjoy a private, distraction-free 
environment conducive to research. 

Applications are being accepted on MathPrograms.org. 
The application deadline is February 15, 2022. This pro-
gram is open to individuals within one to two years prior to 
the receipt of the PhD and up to five years after the receipt 
of the PhD. Women and underrepresented minorities are 
especially encouraged to apply. For more information, see 
www.ams.org/mrc-22.

Topics for 2022
Week 1: May 29–June 4, 2022
Applied Category Theory
Organizers:

John Baez, University of California, Riverside
Simon Cho, Two Six Technologies
Daniel Cicala, University of New Haven
Nina Otter, Queen Mary University of London
Valeria de Paiva, Topos Institute
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Applied Mathematics for exceptional research in any area 
of applied mathematics. Nominations must be received 
by January 31, 2022. See http://www.pims.math.ca 
/pims-glance/prizes-awards.

—From a CAIMS/PIMS announcement

Early-Career Opportunity

NRC Research 
Associateship Programs

The National Research Council (NRC) Research Associate-
ship Programs (RAP) promote excellence in scientific and 
technological research conducted by the US government 
through the administration of programs offering graduate-, 
postdoctoral-, and senior-level research opportunities at 
sponsoring federal laboratories and affiliated institutions. 
Application deadlines are February 1, May 1, August 1, and 
November 1, 2022. For more information, see https:// 
sites.nationalacademies.org/pga/rap/.

—From an NRC announcement

Early-Career Opportunity

NSF Mathematical Sciences 
Graduate Internship

The National Science Foundation (NSF) Division of Math-
ematical Sciences (DMS) and the Oak Ridge Institute for 
Science and Education (ORISE) fund a summer research 
internship program for graduate students pursuing doctoral 
degrees in the mathematical sciences. The deadline for 
applications is January 31, 2022. See https://beta.nsf 
.gov/funding/opportunities/nsf-mathematical 
-sciences-graduate-internship.

—From an NSF announcement

NSF Mathematical Sciences 
Infrastructure Program

The National Science Foundation (NSF) Mathematical 
Sciences Infrastructure Program invites projects that sup-
port core research in the mathematical sciences, including 
novel projects supporting research infrastructure across 

the three main aspects of an academic career: teaching, 
research, and service.

MAA Project NExT Fellows join an active community of 
faculty who have become award-winning teachers, innova-
tors on their campuses, active members of the MAA, and 
leaders in the profession.

MAA Project NExT welcomes applications from new(ish) 
and recent PhDs in postdoctoral, tenure-track, and visiting 
positions. We particularly encourage applicants from un-
derrepresented groups, including women and minorities. 
Applications for the 2022 cohort of MAA Project NExT 
Fellows are due on April 15, 2022, and can be found at 
projectnext.maa.org.

The AMS is one of the sponsors of MAA Project NExT.

—Project NExT announcement

Simons Foundation Grants

The Simons Foundation’s Mathematics and Physical Sci-
ences (MPS) Division invites applications for Collaboration 
Grants for Mathematicians to stimulate collaboration in the 
field primarily through the funding of travel and related 
expenditures. The deadline for applications is January 26, 
2022. See https://www.simonsfoundation.org/grant 
/collaboration-grants-for-mathematicians/.

The MPS Division also invites applications for Targeted 
Grants in the Mathematical Sciences. The program is 
intended to support high-risk theoretical mathematics, 
physics, and computer science projects of exceptional 
promise and scientific importance on a case-by-case basis. 
Applications are accepted on a rolling basis. See https:// 
www.simonsfoundation.org/funding-opportunities.

—From Simons Foundation announcements

PIMS Education Prize

The Pacific Institute for the Mathematical Sciences (PIMS) 
annually awards a prize to a member of the PIMS commu-
nity who has made a significant contribution to education 
in the mathematical sciences. The deadline for nomina-
tions is March 15, 2022. See www.pims.math.ca/pims 
-glance/prizes-awards.

—From a PIMS announcement

Early-Career Opportunity

CAIMS/PIMS Early Career Award

The Canadian Applied and Industrial Mathematics Society 
(CAIMS) and the Pacific Institute for the Mathematical Sci-
ences (PIMS) award the CAIMS/PIMS Early Career Award in 

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

https://www.simonsfoundation.org/grant/collaboration-grants-for-mathematicians/
https://www.simonsfoundation.org/grant/collaboration-grants-for-mathematicians/
http://www.pims.math.ca/pims-glance/prizes-awards
http://www.pims.math.ca/pims-glance/prizes-awards
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov//mps/dms/about.jsp
http://www.nsf.gov//mps/dms/about.jsp
https://beta.nsf.gov/funding/opportunities/nsf-mathematical-sciences-graduate-internship
https://beta.nsf.gov/funding/opportunities/nsf-mathematical-sciences-graduate-internship
https://beta.nsf.gov/funding/opportunities/nsf-mathematical-sciences-graduate-internship
http://www.pims.math.ca/pims-glance/prizes-awards
http://www.pims.math.ca/pims-glance/prizes-awards
http://projectnext.maa.org
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the mathematical sciences community; training projects 
complementing the Workforce Program; and confer-
ence, workshop, and travel support requests that include 
cross-disciplinary activities or have an impact at the na-
tional scale. Deadline dates for full proposals are February 
1, 2022, and August 2, 2022. See https://beta.nsf 
.gov/funding/opportunities/mathematical 
-sciences-infrastructure-program.

—From an NSF announcement

NSF Algorithms for 
Threat Detection

The Algorithms for Threat Detection (ATD) program will 
support research projects to develop the next generation 
of mathematical and statistical algorithms for analysis 
of large spatiotemporal datasets with application to 
quantitative models of human dynamics. The program 
is a partnership between the Division of Mathematical 
Sciences (DMS) at the National Science Foundation (NSF) 
and the National Geospatial Intelligence Agency (NGA). 

• Gives eminent mathematicians from the US and Canada an opportunity
to travel to China and interact with fellow researchers in the
mathematical sciences community.

• Allows Chinese scientists in the early stages of their careers to come to 
the US and Canada for collaborative opportunities.

Applications received before March 15 will be considered for the
following academic year.

For more information on the Fan China Exchange Program and application process see
www.ams.org/china-exchange or contact the AMS Programs Department: 

TELEPHONE: 800.321.4267, ext. 4096 (US & Canada)  EMAIL: chinaexchange@ams.org
                        401.455.4096 (worldwide)

FAN CHINA 
EXCHANGE PROGRAM

The deadline for full proposals is February 16, 2022. See 
https://www.nsf.gov/funding/pgm_summ.jsp?pims 
_id=503427&org=DMS&sel_org=DMS&from=fund.

—From an NSF announcement

NSF–CBMS Regional Research 
Conferences in the 
Mathematical Sciences

The National Science Foundation (NSF) and the Confer-
ence Board of the Mathematical Sciences (CBMS) seek 
proposals for the Regional Research Conferences in the 
Mathematical Sciences, a series of five-day conferences that 
usually feature a distinguished lecturer delivering ten lec-
tures on a topic of important current research in one sharply 
focused area of the mathematical sciences. The deadline 
for full proposals is April 29, 2022. See https://beta 
.nsf.gov/funding/opportunities/nsf-cbms 
-regional-research-conferences-mathematical 
-sciences.

—From an NSF announcement

https://beta.nsf.gov/funding/opportunities/mathematical-sciences-infrastructure-program
https://beta.nsf.gov/funding/opportunities/mathematical-sciences-infrastructure-program
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https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503427&org=DMS&sel_org=DMS&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503427&org=DMS&sel_org=DMS&from=fund


Classified Advertising
Employment Opportunities

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2022 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: March 2022—December 23, 2021; April 2022—January 21, 2022; May 2022—February 25, 2022; 
June/July 2022—April 22, 2022; August 2022—May 20, 2022; September 2022—June 24, 2022; October 2022—July 22, 2022; November 2022—August 26, 
2022; December 2022—September 23, 2022.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.

140    Notices of the AmericAN mAthemAticAl society Volume 69, Number 1

ALABAMA

Assistant Professor – Non-Tenure  Track

The Department of Mathematics at the University of Ala-
bama Birmingham invites candidates to apply for the po-
sition of Assistant Teaching Professor beginning August 15, 
2022. PhD is required, experience with teaching Calculus 
is preferred. Review of applications begins January 3, 2022.

More information about the position: https://uab 
.peopleadmin.com/postings/9723.

UAB is an Equal Opportunity Employer committed to 
fostering a diverse, equitable and family-friendly environ-
ment in which all faculty and staff can excel and achieve 
work/life balance irrespective of race, national origin, age, 
genetic or family medical history, faith, gender identity and 
expression as well as sexual orientation.

04

Assistant Professor (Tenure-Track)

The Department of Mathematics at the University of Ala-
bama Birmingham invites applications for a tenure-track 
assistant professor position beginning August 15, 2022. 
Applicants whose research is focused on probability and 
statistics are encouraged to apply. More information for 
this search: https://uab.peopleadmin.com/postings 
/9719. Review of applications begins December 15, 2021.

UAB is an Equal Opportunity Employer committed to 
fostering a diverse, equitable and family-friendly environ-
ment in which all faculty and staff can excel and achieve 

work/life balance irrespective of race, national origin, age, 
genetic or family medical history, faith, gender identity and 
expression as well as sexual orientation.

05

MASSACHUSETTS

Department of Mathematics 
at Northeastern University

Northeastern University invites applications for a ten-
ure-track/tenure Assistant/Associate Professor position, in 
the field of Mathematical Foundations of Modeling and 
Optimization in Science and Engineering. The primary 
appointment will be in the Department of Mathematics 
with joint appointments in other Colleges including 
Khoury College of Computer Sciences and the College of 
Engineering. Appointments will have the opportunity to 
collaborate in cross-disciplinary teams across the University 
and will complement existing strengths.

Relevant fields of study include Applied Analysis, Par-
tial Differential Equations, Imaging, Discrete and Com-
putational Mathematics, Probability, Optimization, and 
Network Science. We seek individuals to make research 
contributions at the interface between Mathematics and the 
Life Sciences, Engineering, or Computer Sciences.

Applications are invited for positions at the rank of 
Assistant Professor (tenure-track) beginning in academic 
year 2022–2023. Exceptional senior candidates will be 
considered for appointment at higher ranks.

https://uab.peopleadmin.com/postings/9723
https://uab.peopleadmin.com/postings/9723
https://uab.peopleadmin.com/postings/9719
https://uab.peopleadmin.com/postings/9719
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UTAH

University of Utah — Department of Mathematics

The Department of Mathematics at the University of Utah 
invites applications for the following positions:

 • Full-time tenure-track or tenured appointments at 
the level of Assistant Professor, Associate Professor, 
or Professor in applied mathematics. Outstanding 
candidates in all areas of applied mathematics will 
be considered.

 • Full-time tenure-track or tenured appointments at 
the level of Assistant Professor, Associate Professor, 
or Professor in pure mathematics. Outstanding 
candidates in all areas of pure mathematics will 
be considered.

 • Non-tenure-track appointments at the level of 
Assistant Professor (Lecturer) or Research Assistant 
Professor. These are 3-year, termed [postdoctoral] 
positions.

 • Instructor (Lecturer) positions. These are 3-year 
termed non-tenure-track teaching positions.

Please see our website at www.math.utah.edu 
/positions for information regarding available posi-
tions and application requirements. Applications must be 
completed through http://www.math.utah.edu/about 
/faculty-hiring.php.

Review of complete applications for tenure-track posi-
tions will begin on November 1, 2021. Completed appli-
cations for postdoctoral positions received before January 
1, 2022, will receive full consideration. Completed appli-
cations for the Instructor positions submitted on or before 
December 15, 2021, will receive full consideration. Review 
of applications can continue beyond these deadlines until 
the positions are filled.

The University of Utah is an Affirmative Action/Equal 
Opportunity employer and does not discriminate based 
upon race, national origin, color, religion, sex, age, sexual 
orientation, gender identity/expression, status as a person 
with a disability, genetic information, or Protected Veteran 
status. Individuals from historically underrepresented 
groups, such as minorities, women, qualified persons with 
disabilities and protected veterans are encouraged to apply. 
Veterans’ preference is extended to qualified applicants, 
upon request and consistent with University policy and 
Utah state law. Upon request, reasonable accommodations 
in the application process will be provided to individuals 
with disabilities. To inquire about the University’s non-
discrimination or affirmative action policies or to request 
disability accommodation, please contact: Director, Of-
fice of Equal Opportunity and Affirmative Action, 201 S. 
Presidents Circle, Rm 135, (801) 581-8365. Additional 
information can be found at http://www.utah.edu 
/nondiscrimination/.

03

At Northeastern University, we embrace a culture of 
respect, where each person is valued for their contribution 
and is treated fairly. We oppose all forms of racism. We 
support a culture that does not tolerate any form of dis-
crimination and where each person may belong. We strive 
to have a diverse membership, one where each person is 
trained and mentored to promote their success.

Responsibilities will include teaching undergraduate and 
graduate courses, conducting an independent and exter-
nally funded research program, and participating in depart-
mental, college, and university service. Qualified candidates 
must have experience in, or a demonstrated commitment 
to, working with diverse student populations and/or in a 
culturally diverse work and educational environment.

Applicants must have a PhD in Mathematics or a field 
closely related to one of the above-listed areas of expertise 
by the appointment start date. Postdoctoral research expe-
rience, while recommended, is not required. All applicants 
should have a strong record of scholarly accomplishment 
that demonstrates research productivity and the ability 
to perform cutting edge research. Candidates seeking 
appointment at the Associate Professor level should have 
substantial research productivity and an established history 
of grant support and academic service. Research excellence 
is the top-most priority. Depending on the research profile 
and expertise, a joint or affiliate appointment in another 
department(s) within the University is possible.

Interested candidates should apply at the North-
eastern University Career Site (https://careers.hrm 
.northeastern.edu/en-us/job/508108/open-rank 
-assistantassociate-professor) or to MathJobs 
(https://www.mathjobs.org/jobs/list/18732). Ap-
plications will be reviewed beginning on December 15, 
2021.

Northeastern University is an equal opportunity em-
ployer, seeking to recruit and support a broadly diverse 
community of faculty and staff. Northeastern values and 
celebrates diversity in all its forms and strives to foster an 
inclusive culture built on respect that affirms inter-group 
relations and builds cohesion.

All qualified applicants are encouraged to apply and 
will receive consideration for employment without regard 
to race, religion, color, national origin, age, sex, sexual 
orientation, disability status, or any other characteristic 
protected by applicable law.

Learn more about Northeastern University’s commit-
ment and support of diversity and inclusion (https:// 
northeastern.edu/diversity/).

06

https://careers.hrm.northeastern.edu/en-us/job/508108/open-rank-assistantassociate-professor
https://careers.hrm.northeastern.edu/en-us/job/508108/open-rank-assistantassociate-professor
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include two Chinese Academy of Sciences members, six 
National Talents Distinguished Scholars, and four Junior 
National Talents Distinguished Scholars. Almost all faculty 
members have had multiple years of teaching and research 
experience in top Universities outside of China, and a large 
percentage of them held tenured positions in the West 
before joining SUSTech. Research interests of the faculty 
members cover a broad array of Mathematics including 
Pure Mathematics, Computational and Applied Mathemat-
ics, Probability and Financial Mathematics.

More information about the department can be found 
at math.sustech.edu.cn.

01

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

07

CHINA

Faculty Positions in the Department of Mathematics

The Department of Mathematics of Southern University of 
Science and Technology (SUSTech) invites applications and 
nominations for multiple tenured or tenure-track faculty 
positions (Assistant Professor, Associate Professor, Full Pro-
fessor and Chair Professor) in all areas of Pure Mathematics, 
Computational and Applied Mathematics, Probability and 
Financial Mathematics, with an anticipated starting date of 
August 2023. Candidates should have demonstrated excel-
lence in research and a strong commitment to teaching. 
A doctoral degree is required at the time of appointment. 
Candidates for senior positions must have an established 
strong record of research and leadership in their research 
area. The language of instruction can be either Chinese or 
English. Salary and start-up fund are highly competitive and 
will be commensurate with experience and qualifications. 
Regular faculty members (tenured and on tenure track) will 
be provided with generous housing subsidy.

To apply, please send curriculum vitae, description of 
research interests and statement on teaching to mathjobs 
.org. The teaching statement should include evidences 
of effective teaching. Candidates should also arrange for 
at least three letters of recommendation sent directly to 
MathJobs. Complete applications received before Nov. 30, 
2021 will receive full consideration. Late applications will 
also be considered until the positions are filled.

Established in 2012, the Southern University of Science 
and Technology (SUSTech) is a public institution funded 
by the municipal government of Shenzhen, a special eco-
nomic zone in China. Shenzhen, a major city located in 
Southern China and situated immediately north of Hong 
Kong, is the high-tech and manufacturing hub of China. A 
picturesque coastal city, Shenzhen is also a popular tourist 
destination and was named one of the world’s 31 must-see 
tourist destinations in 2010 by The New York Times.

The Southern University of Science and Technology is a 
pioneer in higher education reform in China. The mission 
of the University is to become a globally recognized insti-
tution, emphasizing academic excellence, and promoting 
innovation, creativity and entrepreneurship. Set on five 
hundred acres of wooded landscape in the picturesque 
South Mountain area, the new campus offers an ideal 
environment for learning and research. The University 
currently has 800 faculty members in seven faculties: Fac-
ulty of Science, Faculty of Engineering, Faculty of Life and 
Health Science, Faculty of Business, Faculty of Medicine, 
Faculty of Humanities and Social Sciences, and Faculty of 
Innovation and Entrepreneurship.

The Department of Mathematics at SUSTech was founded 
in 2015 with the mission of conducting first-class research 
and mathematical education. The department offers bach-
elor, master and doctoral degrees. Current faculty members 

http://cam.tju.edu.cn
http://math.sustech.edu.cn
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1. University Junior Fellow for young scholars with strong 
performance in research receives additional 30K-40K 
NTD monthly for up to three years. 

2. Grant and stipend from government: Outstanding ap-
plicants can apply for special programs of the Ministry 
of Science and Technology. See https://www.most 
.gov.tw/?l=en.

3. Yushan Fellow Program: In addition to the statutory 
salary, an exceptional candidate can apply for Yushan 
(Young) Fellowship which once granted can receive 
at most 5 (1.5) million NTD from the Ministry of 
Education each year for up to 3 (5) years. Addition-
ally, an administrative supportive grant of up to 1.5 
million NTD per year are provided for 3 (5) years. See 
https://yushan.moe.gov.tw/TopTalent/EN.

Applicants should submit the following:
1. Cover letter including a statement of the applicant’s re-

search interest, teaching experience and qualifications.
2. Curriculum vitae that includes (if any) applicant’s 

record of teaching, publications, grants, advising, and 
administrative and leadership experience.

3. Three letters of recommendation.
4. A copy of PhD diploma.

Position Location: Hsinchu, Taiwan
Application Deadline/Address: February 15, 2022.
By e-mail to: committee@math.nctu.edu.tw

02

TAIWAN

Department of Applied Mathematics, NYCU, Taiwan 
Call for  Applications: 

Positions in Pure and  Applied Mathematics

The Department of Applied Mathematics at the National 
Yang Ming Chiao Tung University (NYCU) invites appli-
cations for a number of tenure-track or tenured positions 
at all levels. The candidate’s expertise is expected to com-
plement departmental strength in the following areas: 
1. Partial differential equations and dynamical systems;
2. Discrete mathematics and optimization;
3. Number theory, analysis, and geometry;
4. Probability and financial mathematics;
5. Mathematical modeling and scientific computing;
6. Machine Learning, data science.

Position Description: Candidates must have an earned 
doctorate and have a strong record of scientific accomplish-
ments, commensurate to the level of experience. Proficiency 
in Mandarin teaching is not required. Teaching load is up 
to 3 courses per year, possibly reduced to 2 courses for 
outstanding candidates, and at least one course should be 
taught in English.

Salary: In addition to the statutory annual salary, ranged 
from 1 million to 1.5 million NTD depending on the rank, 
it may also include the following possible stipends and 
benefits for outstanding candidates.
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www.ams.org/use-ams-free-math-content
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JMM CHILD CARE GRANTS

JMM Child Care Grants help early career scholars attend 
the Joint Mathematics Meetings at a critical time in their 

professional lives. These modest grants give mathematicians 
� exibility in arranging care for their children.

To learn more or give online: 
www.ams.org/child-care-grants
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Analysis

Asymptotic Geometric 
Analysis, Part II
Shiri Artstein-Avidan, Tel Aviv 
University, Israel, Apostolos Gi-
annopoulos, University of Athens, 
Greece, and Vitali D. Milman, Tel 
Aviv University, Israel

Among the topics covered in 
the book are measure concen-
tration, isoperimetric constants 
of log-concave measures, thin-
shell estimates, stochastic lo-

calization, the geometry of Gaussian measures, volume 
inequalities for convex bodies, local theory of Banach 
spaces, type and cotype, the Banach-Mazur compactum, 
symmetrizations, restricted invertibility, and functional 
versions of geometric notions and inequalities.

Mathematical Surveys and Monographs, Volume 261
January 2022, approximately 686 pages, Softcover, ISBN: 
978-1-4704-6360-1, 2010 Mathematics Subject Classifica-
tion: 52Axx, 46–02, 46Bxx, 60Dxx, 46B09, 46B20, 52A20, 
52A21, 52A23, 52A40, List US$125, AMS members 
US$100, MAA members US$112.50, Order code SURV/261

bookstore.ams.org/surv-261

Algebra and 
Algebraic Geometry

Hopf Algebras and 
Galois Module Theory
Lindsay N. Childs, University 
at Albany, NY, Cornelius Grei-
ther, Universität der Bundeswehr 
München, Neubiberg, Germany, 
Kevin P. Keating, University of 
Florida, Gainesville, Alan Koch, 
Agnes Scott College, Decatur, GA, 
Timothy Kohl, Boston Univer-
sity, MA, Paul J. Truman, Keele 
University, Staffordshire, United 

Kingdom, and Robert G. Underwood, Auburn University at 
Montgomery, AL

The book is divided into two parts. Part I is more algebraic 
and focuses on Hopf-Galois structures on Galois field 
extensions, as well as the connection between this topic 
and the theory of skew braces. Part II is more number 
theoretical and studies the application of Hopf algebras 
to questions of integral module structure in extensions of 
local or global fields.

This item will also be of interest to those working in number 
theory.

Mathematical Surveys and Monographs, Volume 260
January 2022, 311 pages, Softcover, ISBN: 978-1-4704-6516-
2, LC 2021021477, 2010 Mathematics Subject Classification: 
16T05, 11R33; 11S15, 12F10, 20B35, 16T25, List US$125, 
AMS members US$100, MAA members US$112.50, Order 
code SURV/260

bookstore.ams.org/surv-260

http://bookstore.ams.org/surv-260
http://bookstore.ams.org/surv-261
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AMS/MAA Textbooks, Volume 68
January 2022, approximately 339 pages, Softcover, ISBN: 
978-1-4704-6514-8, 2010 Mathematics Subject Classifica-
tion: 00–01, 00A05, List US$85, AMS Individual member 
US$63.75, AMS Institutional member US$68, MAA mem-
bers US$63.75, Order code TEXT/68

bookstore.ams.org/text-68

General Interest

Collected Works of 
William P.  Thurston 
with Commentary 
(The Set)
Benson Farb, David Gabai, and 
Steven P. Kerckhoff, Editors

This set contains the Collected 
Works of William P. Thurston with 
Commentary, Volumes I–III, and 
The Geometry and Topology of 
Three-Manifolds.

William Thurston’s work has had a profound influence 
on mathematics. He connected whole mathematical sub-
jects in entirely new ways and changed the way mathema-
ticians think about geometry, topology, foliations, group 
theory, dynamical systems, and the way these areas interact. 
His emphasis on understanding and imagination in math-
ematical learning and thinking are integral elements of his 
distinctive legacy.

This four-part collection brings together in one place 
Thurston’s major writings, many of which are appearing 
in publication for the first time. Volumes I–III contain 
commentaries by the Editors. Volume IV includes a preface 
by Steven P. Kerckhoff.

Collected Works, Volume 27
Part 1: February 2022, approximately 733 pages, Hard-
cover, ISBN: 978-1-4704-6388-5, 2010 Mathematics Subject 
Classification: 57K20, 57R30, 57K32, 53C15, Order code 
CWORKS/27.1 

Part 2: February 2022, approximately 615 pages, Hardcover, 
ISBN: 978-1-4704-6389-2, 2010 Mathematics Subject Classi-
fication: 20F65, 57K32, 53C15, Order code CWORKS/27.2 

Part 3: February 2022, approximately 586 pages, Hardcover, 
ISBN: 978-1-4704-6390-8, 2010 Mathematics Subject Classi-
fication: 20F10, 37F15, 68P05, Order code CWORKS/27.3

Applications

Mean Field Games
François Delarue, Université 
Côte d’Azur, Nice, France, Editor

Mean field game theory offers a 
robust methodology for study-
ing large systems of interacting 
rational agents. It has been ex-
traordinarily successful and has 
continued to develop since its 
inception. The six chapters that 
make up this volume provide an 
overview of the subject, from the 

foundations of the theory to applications in economics and 
finance, including computational aspects.

Proceedings of Symposia in Applied Mathematics, Vol-
ume 78
February 2022, 284 pages, Softcover, ISBN: 978-1-4704-
5586-6, LC 2021034943, 2010 Mathematics Subject Classi-
fication: 35Q89, 49N80, 91A16, 93E20, List US$120, AMS 
members US$96, MAA members US$108, Order code 
PSAPM/78

bookstore.ams.org/psapm-78

Discrete Mathematics 
and Combinatorics

Proofs and Ideas
A Prelude to 
Advanced Mathematics
B. Sethuraman, California State 
University, Northridge, CA, and 
Krea University, Sri City, India

Proofs and Ideas serves as a gentle 
introduction to advanced math-
ematics for students who pre-
viously have not had extensive 
exposure to proofs. It is intended 
to ease the student’s transition 

from algorithmic mathematics to the world of mathematics 
that is built around proofs and concepts.

This item will also be of interest to those working in logic and 
foundations.

http://bookstore.ams.org/psapm-78
http://bookstore.ams.org/text-68
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New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Mexican Mathematicians 
in the World
Trends and Recent 
Contributions
Fernando Galaz-García, Durham 
University, United Kingdom, Ce-
cilia González-Tokman, Uni-
versity of Queensland, St. Lucia, 
Australia, and Juan Carlos Pardo 
Millán, Centro de Investigación en 
Matemáticas, Guanajuato, Mexico, 
Editors

Articles in this volume are based on presentations given 
at the IV Meeting of Mexican Mathematicians Abroad 
(IV Reunión de Matemáticos Mexicanos en el Mundo), 
held from June 10–15, 2018, at Casa Matemática Oaxaca 
(CMO), Mexico. This meeting was the fourth in a series 
of ongoing biannual meetings bringing together Mexican 
mathematicians working abroad with their peers in Mexico.

This book features surveys and research articles from 
five broad research areas: algebra, analysis, combinatorics, 
geometry, and topology. Their topics range from general 
relativity and mathematical physics to interactions be-
tween logic and ergodic theory. Several articles provide a 
panoramic view of the fields and problems on which the 
authors are currently working on, showcasing diverse re-
search lines complementary to those currently pursued in 
Mexico. The research-oriented manuscripts provide either 
alternative approaches to well-known problems or new 
advances in active research fields.

This item will also be of interest to those working in analysis, 
discrete mathematics and combinatorics, and geometry and 
topology.

Contemporary Mathematics, Volume 775
January 2022, 319 pages, Softcover, ISBN: 978-1-4704-6536-
0, LC 2021019776, 2010 Mathematics Subject Classification: 
53Cxx, 83Cxx, 46Lxx, 37Axx, 55Pxx, 35Cxx, 47Axx, 17Bxx, 
11Fxx, 22Exx, List US$122, AMS members US$97.60, MAA 
members US$109.80, Order code CONM/775

bookstore.ams.org/conm-775

Part 4: February 2022, 316 pages, Hardcover, ISBN: 978-
1-4704-6391-5, 2010 Mathematics Subject Classification: 
57K32, 57R30, 53C15, Order code CWORKS/27.4 

Set: February 2022, Hardcover, ISBN: 978-1-4704-5164-
6, 2010 Mathematics Subject Classification: 57K20, 57R30, 
57K32, 53C15, 20F65, 20F10, 37F10, 68P05, List US$380, 
AMS members US$304, MAA members US$342, Order 
code CWORKS/27

bookstore.ams.org/cworks-27

Probability and Statistics

A First Course in 
Stochastic Calculus
Louis-Pierre Arguin, Baruch Col-
lege, City University of New York, 
NY, and Graduate Center, City 
University of New York, NY

A First Course in Stochastic Cal-
culus is a complete guide for ad-
vanced undergraduate students 
to take the next step in exploring 
probability theory and for mas-
ter’s students in mathematical 

finance who would like to build an intuitive and theoretical 
understanding of stochastic processes.

This item will also be of interest to those working in applications.

Pure and Applied Undergraduate Texts, Volume 53
February 2022, 270 pages, Softcover, ISBN: 978-1-4704-
6488-2, LC 2021032211, 2010 Mathematics Subject Classi-
fication: 60G07, 60H05, 91G20, 91G60, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
AMSTEXT/53

bookstore.ams.org/amstext-53

http://bookstore.ams.org/cworks-27
http://bookstore.ams.org/amstext-53
http://bookstore.ams.org/conm-775
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Analysis

Dyadic-Probabilistic Methods 
in Bilinear Analysis
Henri Martikainen, University of Helsinki, Finland and Emil 
Vuorinen, University of Helsinki, Finland

Memoirs of the American Mathematical Society, Volume 
274, Number 1344
November 2021, Softcover, ISBN: 978-1-4704-5028-1, 2010 
Mathematics Subject Classification: 42B20, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
MEMO/274/1344

bookstore.ams.org/memo-274-1344

Differential Equations

Elliptic Theory for Sets with 
Higher Co-Dimensional Boundaries
Guy David, University of Paris-Sud, Orsay, France, Joseph 
Feneuil, Temple University, Philadelphia, PA, and Svitlana 
Mayboroda, University of Minnesota, Minneapolis, MN

This item will also be of interest to those working in analysis.

Memoirs of the American Mathematical Society, Volume 
274, Number 1346
November 2021, Softcover, ISBN: 978-1-4704-5043-4, 2010 
Mathematics Subject Classification: 28A75, 28A78, 31B05, 
35J25, 35J70, 42B20, 42B25, 42B37, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
MEMO/274/1346

bookstore.ams.org/memo-274-1346

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Cell Complexes, Poset Topology and the 
Representation Theory of Algebras Arising in 
Algebraic Combinatorics and Discrete Geometry
Stuart Margolis, Bar Ilan University, Ramat Gan, Israel, 
Franco Saliola, Université du Québec à Montréal, Canada, 
and Benjamin Steinberg, City College of New York, NY

This item will also be of interest to those working in geometry 
and topology.

Memoirs of the American Mathematical Society, Volume 
274, Number 1345
November 2021, Softcover, ISBN: 978-1-4704-5042-7, 2010 
Mathematics Subject Classification: 20M30, 16G10, 05E10, 
52C35, 52C40, 16S37, 20M25, 52B05, 16E10, List US$85, 
AMS members US$68, MAA members US$76.50, Order 
code MEMO/274/1345

bookstore.ams.org/memo-274-1345

Non-Kissing Complexes and 
Tau-Tilting for Gentle Algebras
Yann Palu, Université Picardie Jules, Amiens, France, Vincent 
Pilaud, École Polytechnique, Palaiseau, France, and Pierre-
Guy Plamondon, Université Paris Sud, Orsay, France

Memoirs of the American Mathematical Society, Volume 
274, Number 1343
November 2021, Softcover, ISBN: 978-1-4704-5004-5, 2010 
Mathematics Subject Classification: 16G10, 16G20, 05E10, 
05E45, 06B10, 52B11, List US$85, AMS members US$68, 
MAA members US$76.50, Order code MEMO/274/1343

bookstore.ams.org/memo-274-1343

http://bookstore.ams.org/memo-274-1345
http://bookstore.ams.org/memo-274-1343
http://bookstore.ams.org/memo-274-1346
http://bookstore.ams.org/memo-274-1344
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New AMS-Distributed 
Publications
Math Education

120 Awesome Algebra 
Problems + 20 Bonus 
Problems
Titu Andreescu, University of 
Texas at Dallas, TX and Adrian 
Andreescu, University of Texas at 
Dallas, TX

This book has 13 chapters of 
problems. Chapters 14 through 
26 comprise of the solutions to 
the previous 13 chapters. The 
authors also present several solu-

tions for a large part of the problems in order to provide 
a full picture of these essential algebraic techniques and 
their accompanying theorems. The authors really strived 
to illustrate the beauty and interconnectedness of algebra 
by including these problems, all of which they created, and 
delicately arranging the chapters. Whether you are prepar-
ing for Olympiad level competitions such as USA(J)MO, are 
formally studying mathematics, or if algebra simply piques 
your interest, we are confident that you will appreciate these 
topics and awesome problems.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 42
September 2021, 184 pages, Softcover, ISBN: 978-1-
7358315-2-7, 2010 Mathematics Subject Classification: 
00A05, 00A07, 97D50, 97U40, List US$44.95, AMS mem-
bers US$35.96, Order code XYZ/42

bookstore.ams.org/xyz-42

Awesome Polynomials 
for Mathematics 
Competitions
Titu Andreescu, University of 
Texas at Dallas, TX, Navid Safaei, 
and Alessandro Ventullo

This book casts light on the topic 
of polynomials from numer-
ous angles. The authors present 
important theoretical facts in 
harmony with their showcased 
applications. There are 8 chap-

ters, 252 solved examples, 105 end-of-chapter problems, all 
with detailed solutions, as well as 77 additional problems 
that further enhance the book’s exposition.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 41
August 2021, 530 pages, Softcover, ISBN: 978-1-7358315-1-
0, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$59.95, AMS members US$47.96, 
Order code XYZ/41

 
bookstore.ams.org/xyz-41

http://bookstore.ams.org/xyz-42
http://bookstore.ams.org/xyz-41
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Meetings & Conferences of the AMS
January Table of Contents

Meetings in this Issue
  2022  

January 5–8 Seattle, Washington 
 (JMM 2022) p. 151
March 11–13 Charlottesville, Virginia p. 158
March 19–20 Medford, Massachusetts p. 160
March 26–27 West Lafayette, Indiana p. 161
May 14–15 Spring Western Virtual p. 163
July 18–22 Grenoble, France 
 (AMS-SMF-EMS) p. 164
September 17–18 El Paso, Texas p. 166
October 1–2 Amherst, Massachusetts p. 167
October 15–16 Chattanooga, Tennessee p. 167
October 22–23 Salt Lake City, Utah p. 168

  2023  
January 4–7 Boston, Massachusetts 
 (JMM 2023) p. 169
March 18–19 Atlanta, Georgia p. 169
April 1–2 Spring Eastern Virtual p. 170
May 6–7 Fresno, California p. 170
September 9–10 Buffalo, New York p. 171
October 21–22 Albuquerque, NM p. 171

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 171
May 4–5 San Francisco, California p. 172
October 12–13 Riverside, California p. 172

  2026  
January 4–7 Washington, DC
 (JMM 2026) p. 172

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Seattle, Washington (JMM 2022)
Washington State Convention Center and the Sheraton Grand Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of 
Association for Symbolic Logic (ASL), and sessions/events 
by them and Society for Industrial and Applied Mathematics 
(SIAM), American Statistical Association (ASA), Consortium 
for Mathematics and its Applications (COMAP), International 
Linear Algebra Society (ILAS), Julia Robinson Mathematics 

Festival (JRMF), Mathematical Sciences Research Institute 
(MSRI), Spectra, and Transforming Post-Secondary Education 
in Mathematics (TPSE).
Associate Secretary for the AMS: Georgia Benkart, Univer-
sity of Wisconsin-Madison
Program first available on AMS website: To be announced
Issue of Abstracts: Volume 43, Issue 1

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Marianna Csörnyei, University of Chicago, The Kakeya Needle Problem for Rectifiable Sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Why the Math Community Struggles with Equity 

& Diversity - and Why There’s Reason for Hope (MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture).
Kavita Ramanan, Brown University, Title to be announced (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Talithia Ann Williams, Harvey Mudd College, Title to be announced (JPBM Communications Award Lecture).

https://www.ams.org/amsmtgs/nationa.html
https://www.ams.org/amsmtgs/nationa.html
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AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Restoring confidence in the value of mathematics (AMS Lecture on Education).
Daniel Reuben Krashen, Rutgers University, Title to be announced.
Dan Margalit, Georgia Institute of Technology, Mixing surfaces, algebra, and geometry (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, An invitation to periodicity.
Hee Oh, Yale University, Euclidean lines on hyperbolic manifolds (AMS Erdős Memorial Lecture).
Jill Pipher, Brown University, Regularity of solutions to elliptic operators and elliptic systems (AMS Retiring Presidential 

Address).
Karen Smith, University of Michigan, Resolutions of Singularities and Rational Singularities (AMS Colloquium Lectures: 

Lecture I).
Karen Smith, University of Michigan, Measuring Singularities (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Extremal Singularities (AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Emergent behavior in collective dynamics (AMS Josiah Willard Gibbs Lecture).

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The promise of formal mathematics (ASL Invited Address).
Omer Ben-Neria, Einstein Institute of Mathematics, Jerusalem, Diamonds compactness and ultrafilters in set theory (ASL 

Invited Address).
Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical viewpoint for examining how power dictates 

policies and reforms in mathematics (NAM Cox-Talbot Address).
Peter Cholak, University of Notre Dame, Ramsey like theorems on the rationals (ASL Invited Address).
Pauline van den Driessche, University of Victoria, B.C., Canada, Sign Patterns Meet Dynamical Systems (ILAS Invited 

Address).
Qiang Du, Columbia University, Analysis and Applications of Nonlocal Models (SIAM Invited Address).
Monica Jackson, American University, Spatial data analysis for public health data (NAM Claytor-Woodard Lecture).
Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian valued fields (ASL Invited 

Address).
Autumn Kent, University of Wisconsin - Madison, Families (Spectra Lavender Lecture).
Xihong Lin, Harvard University, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, 

Health Outcomes, Interventions and Vaccination (ASA Committee of Presidents of Statistical Societies Lecture).
Sandra Müller, Technical University of Vienna, Lower Bounds in Set Theory (ASL Invited Address).
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Erik Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Karl-Dieter Crisman, Gordon College, Mersenne Matters: Mathematics, Music, Monotheism, and More (ACMS Guest 

Speaker).
Nicolas Fillion, Simon Fraser University, Trust but Verify: What Can We Know About the Reliability of a Computer-Generated 

Result? (SIGMAA on the Philosophy of Mathematics (POM SIGMAA) Guest Lecture).
Edray Herber Goins, Pomona College, Addressing Anti-Black Racism in Our Departments (Project NExT Lecture on 

Teaching and Learning).
Heather Price, North Seattle College, Climate Justice Integrated Learning in STEM (SIGMAA Environmental Mathematics 

Guest Speaker).
Adrian Rice, Randolph-Macon College, Beyond the Strength of a Woman’s Physical Power: Mathematics, Machines, and the 

Mind of Ada Lovelace (SIGMAA on the History of Mathematics (HOM SIGMAA) Guest Speaker).

AMS Special Sessions
Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 

each listing, where applicable.
Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, Matt Insall, Missouri University of Science 

and Technology, Peter Loeb, University of Illinois at Urbana-Champaign, and Malgorzata Marciniak, City University 
of New York.
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Advances in Coding Theory, Katie Haymaker, Villanova University, Hiram Lopez, Cleveland State University, and Beth 
Malmskog, Colorado College.

Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, University of California, Los Angeles.

Advancing Data Privacy-Preserving Methodologies, Claire Bowen, Urban Institute.
Algebraic and Bijective Methods in Permutation Enumeration, Sergi Elizalde, Dartmouth College, Bridget Tenner, DePaul 

University, and Justin Troyka and Yan Zhuang, Davidson College.
A Match Made in the Stacks: Mathematician and Librarian Collaborations, Anya Bartelmann, Princeton University, and 

Samuel Hansen, University of Michigan.
AMS Special Session on Geometric Group Theory, I (Associated with AMS Maryam Mirzakhani Invited Address), Carolyn 

Abbott, Brandeis University, Mladen Bestvina, University of Utah, and Dan Margalit, Georgia Tech University.
Analysis and Applications of Fractional Stochastic and Dynamic Systems, John Graef, University of Tennessee at Chattanooga, 

Gangaram Ladde, University of South Florida, and Aghalaya Vatsala, University of Louisiana at Lafayette.
Analysis and Differential Equations at Undergraduate Institutions, John Ross, Southwestern University, Mihai Stoiciu, 

Williams College, and Scott Zimmerman, The Ohio State University at Marion.
Analysis in Metric Spaces (a Mathematics Research Communities Session), Chris Gartland, Texas A & M University, Silvia 

Ghinassi, University of Washington, Ilmari Kangasniemi, Syracuse University, and Ryan Alvarado, Amherst College.
Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with Applications, Raegan Higgins and 

Ozkan Ozturk, Texas Tech University.
Applications of Mathematical Models and Dynamical Systems in Biology, Yang Li, University of Cincinnati, Hongying Shu, 

Shaanxi Normal University, and Xiang-Sheng Wang, University of Louisiana at Lafayette.
Applied Combinatorial Methods, Sinan Aksoy, Pacific Northwest National Laboratory, Bill Kay, Oak Ridge National 

Laboratory, and Stephen Young, Pacific Northwest National Laboratory.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao, Gettysburg College, Lindsay Dever, Bryn 

Mawr College, and Eva Goedhart, Williams College.
Asymptotic Behavior of Evolution Equations, Jin Liang, Shanghai Jiao Tong University, Nguyen Minh, University of Ar-

kansas Little Rock, Gaston N’Guerekata, Morgan State University, and Ti-Jun Xiao, Fudan University.
Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population Models, Arzu Bilgin, Recep 

Tayyip Erdogan University, and Toufik Khyat, Texas Tech University.
Collaborative Undergraduate Research: Experiences with CURM, Kathryn Leonard, Occidental College.
Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics Research Communities Session), 

Stephen Gillen, University of Pennsylvania, and Sam Simon, Simon Fraser University.
Combinatorial Approaches to Topological Structures and Applications, Emilie Purvine and Cliff Joslyn, Pacific Northwest 

National Laboratory.
Commutative Algebra, Eloisa Grifo, University of Nebraska-Lincoln, Keri Sather-Wagstaff, Clemson University, and 

Janet Vassilev, University of New Mexico.
Competing Foundations for Mathematics: How Do We Choose? (Sponsored by POMSIGMAA), Jeff Buechner, Rutgers Uni-

versity, Bonnie Gold, Monmouth University, and Kevin Iga, Pepperdine University.
Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, Jun Chen, Yun Kang, M. Gabriela Navas-Zu-

loaga, and Lucero Rodriguez, Arizona State University.
Current Advances in Computational Biomedicine, Heiko Enderling, H. Lee Moffitt Cancer Center & Research Institute, 

Niels Halama, German Cancer Research Center, Viviana Risca, Rockefeller University, and Nek Valous, National Center 
for Tumor Diseases.

Distance Problems in Continuous Discrete and Finite Field Settings, Abdul Basit, Iowa State University, Steven Miller, 
Williams College, Eyvindur Palsson and Sean Sovine, Virginia Tech, and Charles Wolf, University of Rochester.

Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research Communities Session), 
George Lytle, University of Montevallo, and Zhuolin Qu, University of Texas, San Antonio.

Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic Hypergeometric Series, Christopher 
Jennings-Shaffer, University of Denver, and Ali Uncu, University of Bath.

Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches, Rachel Grotheer, Wofford 
College, Joel Kitty, Centre College, Alison Marr, Southwestern University, Alex McAllister, Centre College, and Stephen 
Walk, St. Cloud State University.

Evolution Equations and Their Asymptotic Behavior, Gisele Mophou, Universite des Antilles en Guadeloupe, Gaston 
N’Guerekata, Morgan State University, and Mahamadi Warma, George Mason University.
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Explicit Methods for Modularity, I (Sponsored by Simons Collaboration on Arithmetic Geometry, Number Theory and Computa-
tion), Eran Assaf, Dartmouth, Edgar Costa, Massachusetts Institute of Technology, Brendan Hassett, Brown University, 
and David Roe, Massachusetts Institute of Technology.

Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear Algebra (a Mathematics Research 
Communities Session), Shahla Nasserasr, Rochester Institute of Technology, Emily Olson, Millikin University, and Sam 
Spiro, University of California San Diego.

Fusion Categories and Their Applications in Physics, Colleen Delaney, Indiana University, and Corey Jones, North Car-
olina State University.

Geometric and Topological Combinatorics, Anton Dochtermann, Texas State University, Bennet Goeckner and Gaku Liu, 
University of Washington, and Steven Klee, Seattle University.

Geometric Measure Theory, Theodora Bourni and Vyron Vellis, University of Tennessee, Knoxville.
Geometry in the Mathematics of Data Science, Tim Doster, Tegan Emerson, and Henry Kvinge, Pacific Northwest Na-

tional Laboratory.
Heat Content Exit Time and Geometric Analysis, Patrick McDonald, New College of Florida, and Jeffrey Langford, 

Bucknell University.
History of Mathematics, Sloan Despeaux, Western Carolina University, Deborah Kent, University of St. Andrews, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Hopf Algebras and Tensor Categories, Siu-Hung Ng, Louisiana State University, Julia Plavnik, Indiana University, and 

Henry Tucker, University of California, Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Innovative and Effective Ways to Teach Linear Algebra, Sepideh Stewart, University of Oklahoma, Gil Strang, Massachu-

setts Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
Inquiry-based Teaching and Learning, Volker Ecke, Westfield State University, Parker Glynn-Adey, University of Toronto 

at Scarborough, Mel Henriksen, Wentworth Institute of Technology, Nathaniel Miller, University of Northern Colorado, 
Lee Roberson, University of Colorado-Boulder, Christine von Renesse, Westfield State University, Mami Wentworth, 
Wentworth Institute of Technology, and Nina White, University of Michigan.

Intersections of Geometric Analysis and Mathematical Physics, Xianzhe Dai and A’kos Nagy, University of California, Santa 
Barbara.

Knots, Links, 3-manifolds,... and 4-manifolds, Christopher Davis, University of Wisconsin, Shelly Harvey, Rice University, 
and Carolyn Otto, University of Wisconsin Eau Claire.

Knot Theory in Dimension Four, Jeffrey Meier, Western Washington University, Maggie Miller, Stanford University, and 
Patrick Naylor, Princeton University.

Latinxs in Combinatorics, Laura Escobar, Washington University in St. Louis, Pamela E. Harris, Williams College, and 
Andres R. Vindas Melendez, MSRI & UC Berkeley.

Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, Kimberly Ayers, Carroll College, Han Li, 
Wesleyan University, David McClendon, Ferris State University, Andy Parrish, Eastern Illinois University, and Ami Ra-
dunskaya, Pomona College.

Low-dimensional Manifolds, Catherine Pfaff, Queen’s University, Rachel Roberts, Washington University in St Louis, 
and Jennifer Schultens, University of California, Davis.

Mathematical and Conceptual Foundations of Physics, David Weisbart, University of California Riverside, and Adam 
Yassine, Bowdoin College.

Mathematical Modeling of Biological Processes, Dawit Denu, Georgia Southern University, Sedar Ngoma, SUNY Geneseo, 
and Rachidi Salako, The Ohio State University.

Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to Multilevel Selection, Daniel 
Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.

Mathematical Models for Biomolecular and Cellular Interactions, Daniel Cruz, Georgia Institute of Technology, and Mar-
gherita Ferrari, University of South Florida.

Mathematical Models of Diseases: Analysis and Computation, Xuming Xie and Najat Ziyadi, Morgan State University.
Mathematical Tools for Computer Vision Problems, Anna Grim, Brown University, Patricia Medina, Yeshiva College, and 

Marilyn Vazquez, Ohio State University.
Mathematics and New Media, Mohamed Omar, Harvey Mudd College, and Michael Penn, Randolph College.
Mathematics and Sports, Russell Goodman, Central College, and Hope McIlwain, Mercer University.
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Mathematics and the Arts, Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, and 
Anil Venkatesh, Adelphi University.

Mathematics Through the Informational Lens, Chid Apte, Rachel Bellamy, Charles Bennett, Kenneth Clarkson, John 
Cohn, Payel Das, Lior Horesh, Jon Lenchner, JR Rao, John Smolin, Mark Squillante, Yuhai Tu, and Chai Wah Wu, 
IBM Research.

Modular Forms and Combinatorics, Madeline Dawsey, University of Texas at Tyler, Larry Rolen, Vanderbilt University, 
Robert Schneider, University of Georgia, and Ian Wagner, Vanderbilt University.

New Problems in Several Complex Variables (a Mathematics Research Communities Session), Sean Curry, Oklahoma State 
University, Zhenghui Huo, Duke Kunshan University, Valentin Kunz, University of Manchester, and Kevin Palencia 
Infante, Northern Illinois University.

Noncommutative Algebra and Noncommutative Invariant Theory, Ellen Kirkman, Wake Forest University, and Robert Won 
and James Zhang, University of Washington.

Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, Ezzinbi Khalil, and Gaston N’Guerekata, 
Morgan State University.

Number Theory at Non-PhD Granting Institutions, Harris Daniels, Amherst College, Alia Hamieh, University of Northern 
British Columbia, Steven Miller, Williams College, Naomi Tanabe, Bowdoin College, and Enrique Trevino, Lake Forest 
College.

Numerical Methods and Deep Learning for PDEs, Wei Guo, Texas Tech University, and Chunmei Wang, University of 
Florida.

Partial Differential Equations and Complex Variables, Hyunkyoung Kwon, University at Albany, and Bingyuan Liu, The 
University of Texas Rio Grande Valley.

Partition Theory and Related Topics, Dennis Eichhorn, University of California, Irvine, William Keith, Michigan Tech-
nological University, and Brandt Kronholm, University of Texas, Rio Grande Valley.

Perfectoid Spaces, Shanna Dobson, California State University, Los Angeles.
Polymath Jr: Mentoring and Learning, Kira Adaricheva, Hofstra University, Zhanar Berikkyzy, Fairfeld University, Johanna 

Franklin, Hofstra University, Seoyoung Kim, Queens University, Steven Miller, Williams College, Adam Sheffer, Baruch 
College, and Yunus Zeytuncu, University of Michigan-Dearborn.

Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, Henry Adams, Justin 
O’Connor, Kyle Salois, Brittany Story, and Ciera Street, Colorado State University.

Quadratic Forms, Theta Functions and Modularity, Allison Arnold-Roksandich, United States Department of Defense, 
Gene Kopp, Purdue University, and Kate Thompson, United States Naval Academy.

Quantitative Literacy and Society, Mark Branson, Stevenson University, Catherine Crockett, Point Loma Nazarene 
University, Gizem Karaali, Pomona College, Kathryn Knowles, Texas A&M-San Antonio, and Samuel Tunstall, Trinity 
University, San Antonio TX.

Quantum Categorical Structures in Mirror Symmetry, Nathaniel Bottman, Max Planck Institute for Mathematics, Sheel 
Ganatra, University of Southern California, Alexei Oblomkov, University of Massachusetts, Amherst, and Abigail Ward, 
Massachusetts Institute of Technology.

Quaternions, Terrence Blackman, Medgar Evers College - City University of New York, and Johannes Familton and 
Chris McCarthy, Borough of Manhattan Community College - City University of New York.

Random Matrix Theory and its Applications, Kyle Luh and Sean O’Rourke, University of Colorado Boulder, and Tom 
Trogdon, University of Washington.

Random Polynomials and Related Models, Sean O’Rourke, University of Colorado Boulder, and Noah Williams, Appa-
lachian State University.

Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina Greensboro.

Real World Applications of Mathematics, Vinodh Chellamuthu, Dixie State University, and Darren Narayan, Rochester 
Institute of Technology.

Recent Advances in Fluids and Related Models, Theodore Drivas, Stony Brook, and Hussain Ibdah and Huy Nguyen, 
University of Maryland.

Recent Advances in Mathematical Biology, Ecology and Epidemiology, Lale Asik, University of the Incarnate Word, and 
Ummugul Bulut, Texas A&M University San Antonio.

Recent Advances in Packing, Joseph Iverson, Iowa State University, John Jasper, South Dakota State University, and 
Dustin Mixon, The Ohio State University.
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Recent Developments in Nonlocal Modeling and Analysis, James Scott, University of Pittsburgh, Tadele Mengesha, Uni-
versity of Tennessee, and Xiaochuan Tian, University of California, San Diego.

Recent Progress in Function Theory and Operator Theory, Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, 
St Louis University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, Darren Narayan, Rochester In-
stitute of Technology, Christopher O’Neill, San Diego State University, Khang Tran, California State University, Fresno, 
Mark Daniel Ward, Purdue University, and John Wierman, Johns Hopkins University (AMS-SIAM).

Rethinking Number Theory, Heidi Goodson, Brooklyn College City University of New York, Allechar Serrano Lopez, 
Harvard University, Christelle Vincent, University of Vermont, and McKenzie West, University of Wisconsin-Eau Claire.

Scalar Curvature and Convergence, Brian Allen, University of Hartford, Lan-Hsuan Huang, University of Connecticut, 
and Raquel Perales, Universidad Nacional Autonoma de Mexico.

Several Complex Variables, Geometric PDE and CR Geometry, Anne-Katrin Gallagher, Gallagher Tool & Instrument, Red-
mond, WA, and Bernhard Lamel and Nordine Mir, Texas A&M University at Qatar.

Skein Theory and Quantum Algebra, Rhea Bakshi, The George Washington University, Wade Bloomquist, Georgia In-
stitute of Technology, and Vijay Higgins, University of California Santa Barbara.

Statistics and Machine Learning Using Topology and Geometry, Austin Lawson and Vasileios Maroulas, University of Ten-
nessee Knoxville, Farzana Nasrin, University of Hawaii at Manoa, and Christopher Oballe, University of Notre Dame.

Stochastic Models in Studying Biological Systems, Shusen Pu, Vanderbilt University, and Alexander Strang, University of 
Chicago.

Structured Polynomial Systems In Mathematics and Its Applications, Taylor Brysiewicz, Max Planck Institute for Mathematics 
in the Sciences, and Frank Sottile, Texas A&M University.

The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors, Ziva 
Myer, Duke University, Laurel Ohm, Courant Institute, New York University, and Shanise Walker, University of Wiscon-
sin-Eau Claire.

The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and Combinatorics, Zeinab 
Bandpey, Northern Virginia Community College, and Jonathan Farley, Morgan State University.

The Mathematics of Decisions, Elections and Games, Michael Jones, American Mathematical Society - Mathematical Re-
views, David McCune, William Jewell College, and Jennifer Wilson, Eugene Lang College The New School.

The Mathematics of RNA and DNA, Johannes Familton and Chris McCarthy, Borough of Manhattan Community 
College City University of New York.

The Teaching and Learning of Undergraduate Ordinary Differential Equations, Chris Goodrich, The University of New 
South Wales, Viktoria Savatorova, Central Connecticut State University, Itai Seggev, Wolfram Research, and Beverly 
West, Cornell University.

Topics and Generalizations in Geometric Group Theory, John Bergschneider, Bikash Das, and Opal Graham, University 
of North Georgia.

Topics in Extremal Combinatorics, Cory Palmer, University of Montana, and Amites Sarkar, Western Washington Uni-
versity.

Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, Alan Krinik and Randall Swift, 
Cal Poly Pomona.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy Comar, Benedictine University, 
and Hannah Highlander, University of Portland.

Weave Reality into Your Differential Equations Course with Modeling, Vinodh Chellamuthu, Dixie State University, Rikki 
Wagstrom, Metropolitan State University, Tracy Weyand, Rose-Hulman Institute of Technology, and Brian Winkel, SI-
MIODE.

AAAS Special Sessions
Stochastic Processes on Networks, Oanh Nguyen, University of Illinois at Urbana-Champaign, and Kavita Ramanan, 

Brown University.

ASA Special Sessions
Statistical issues of COVID-19 Data, Xihong Lin, Harvard University and Broad Institute of MIT.

ASL Special Sessions
Model-theoretic Classification Program, Artem Chernikov and Nicholas Ramsey, University of California, Los Angeles.
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AWM Special Sessions
Celebrating the Mathematical Contributions of the AWM, Donatella Danielli, Arizona State University, Kathryn Leonard, 

Occidental College, Michelle Manes, University of Hawaii at Manoa, and Ami Radunskaya, Pomona College.
Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, California State University, Los An-

geles, and Elizabeth Donovan, Murray State University.
Women and Gender Minorities in Symplectic and Contact Geometry and Topology, Orsola Capovilla-Searle, Duke University, 

Dahye Cho, Stony Brook University, and Angela Wu, University of College, London.
Women in Computational Topology, Brittany Fasy, Montana State University, and Lori Ziegelmeier, Macalester College.
Women in Geometry, Catherine Searle, Wichita State University, Elizabeth Stanhope, Lewis and Clark University, and 

Guofang Wei, University of California, Santa Barbara.
Women in Mathematical Biology, Christina Edholm, Scripps College, Maryann Hohn, Pomona College, Amanda 

Laubmeier, Texas Tech University, Carrie Manore, Los Alamos National Laboratory, and Heather Zinn-Brooks, Harvey 
Mudd College.

Women in Topology, Kristine Bauer, University of Calgary, Anna Marie Bohmann, Vanderbilt University, Angelica 
Osorno, Reed College, Carmen Rovi, MPIM and University of Heidelberg, and Sarah Yeakel, University of California, 
Riverside.

Women of Color in Combinatorics, Zhanar Berikkyzy, Fairfield University, and Shanise Walker, University of Wisconsin 
Eau Claire.

COMAP Special Sessions
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, Amanda Beecher, Ramapo College of New 

Jersey, Steve Horton, US Military Academy (Emeritus), and Kathleen Snook, COMAP.

ILAS Special Sessions
Matrix Analysis and Applications I, Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-Yau Tam, Uni-

versity of Nevada, Reno.
The Interplay of Matrix Analysis and Operator Theory, Kelly Bickel, Bucknell University, Meredith Sargent, University of 

Arkansas, Ryan Tully-Doyle, California Polytechnic, San Luis Obispo, and Hugo Woerdeman, Drexel University.
The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics, Mary Flagg, University of St. Thomas, 

and Hein Van der Holst, Georgia State University.

MSRI Special Sessions
Combinatorial and Homological Methods in Commutative Algebra, Jennifer Biermann, Hobart and William Smith Colleges, 

and Selvi Kara, University of Utah.
Frame Theory and Applications, Roza Aceska, Ball State University, and Yeon Kim, Central Michigan University.
Lie Group Actions in Differential Geometry, Carolyn Gordon, Dartmouth College, Meera Mainkar, Central Michigan 

University, Tracy Payne, Idaho State University, and Cynthia Will, University of Cordoba (Argentina).
Metric Geometry and Topology, Christine Escher, Oregon State University, and Catherine Searle, Wichita State University.
Resistance Distance and Other Metrics on Graphs and Networks, Emily Evans, Brigham Young University, and Amanda 

Francis, Mathematical Reviews, American Mathematical Society.
Tensor Modeling and Optimization, Anna Ma, University of California, Irvine, Deanna Needell, University of California, 

Los Angeles, and Jing Qin, University of Kentucky.
The MSRI African Diaspora Joint Mathematics Workshop (ADJOINT), Caleb Ashley, Boston College, and Edray Goins, 

Pomona College.
The MSRI Undergraduate Program, Rebecca Garcia, Sam Houston State University, and Pamela E. Harris, Williams 

College.

NSF Special Sessions
Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, Part 1, Michael 

Ferrara, Sandra Richardson, John Haddock, Lee Zia, Mindy Capaldi, and Elise Lockwood, Division of Undergraduate 
Education, National Science Foundation.

SIAM Minisymposium
Advances in Mathematical Biology, Shilpa Khatri, Roummel Marcia, and Erica Rutter, University of California Merced.
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Advancing Racial Equity in Applied Mathematics, Ron Buckmire, Occidental College, P. Seshaiyer, George Mason Uni-
versity, and Suzanne Sindi, University of California Merced.

Graduate Research in Industry and in National Laboratory Internships, Nicole Buczkowski and Hayley Olson, University 
of Nebraska-Lincoln.

Lessons Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM ED session), Manuchehr 
A. Aminian, Cal Poly Pomona, and Alvaro Ortiz, Georgia Gwinnett College.

Mathematics of Complex Systems, Heather Zinn Brooks, Harvey Mudd College, Alexander P. Hoover, University of 
Akron, Mason A. Porter, University of California Los Angeles, Alice Schwarze, University of Washington, and Alexandria 
Volkening, Purdue University.

Nonlocal and Fractional Problems in Analysis and PDEs, Marta Lewicka, University of Pittsburgh, and Petronela Radu, 
University of Nebraska-Lincoln.

Quantum Algorithms, Lin Lin, University of California, Berkeley, and Nathan Wiebe, University of Toronto.
Sensitivity Analysis and Uncertainty Quantification for Scientific and Biological Models, Ralph Smith, North Carolina State 

University.

SIGMAA Special Sessions
Lightning Talks in Environmental Mathematics, Russ deForest, Pennsylvania State University, Gordon Bower, Excelsior 

Statistics, Amanda Beecher, Ramapo College of New Jersey, Jacci White, Saint Leo University, and Eric Marland, Appa-
lachian State University.

Math Circle Outreach Activities that Engage Diverse Audiences, Lauren Rose, Bard College, and James Taylor, Math Circles 
Collaborative of New Mexico.

Mathematical Knowledge for Teaching High School and College Calculus Courses, I (Sponsored by SIGMAA on Mathematical 
Knowledge for Teaching), James Madden, Louisiana State University, Carl Olimb, Augustana University, and Jennifer 
Whitfield, Texas A&M University.

Programs that Support Student Research - SIGMAA on Undergraduate Research, Allison Henrich, Seattle University, Kate 
Kearney, Gonzaga University, and Nicolas Scoville, Ursinus College.

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: January 27, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.
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Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Combinatorics and Category Theory in Topological Data Analysis (Code: SS 30A), Woojin Kim, Duke University, 

Alex McCleary, Ohio State University, Amit Patel, Colorado State University, and Facundo Mémoli, Ohio State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Curves, Jacobians, and Abelian Varieties (Code: SS 38A), Andrew Obus, Baruch College (CUNY), Tony Shaska, Oakland 

University, and Padmavathi Srinivasan, University of Georgia.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Interactions Between Noncommutative Ring Theory and Algebraic Geometry (Code: SS 36A), Jason Gaddis, Miami University 

(Ohio), and Robert Won, George Wasington University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-

ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Large Cardinals and Forcing Axioms (Code: SS 35A), Brent Cody, Virginia Commonwealth University, and Victoria 

Gitman, City University of New York.
Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 28A), Laura Miller, University of North Car-

olina at Chapel Hill, and Nick Battista, The College of New Jersey.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Multiparameter Persistence in Theory and Practice (Code: SS 32A), Håvard Bjerkevik, TU Graz, and Ezra Miller and 

Margaret Regan, Duke University.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Advances in PDEs and Applications (Code: SS 31A), Khai Nguyen, North Carolina State University, and Loc Nguyen, 

University of North Carolina at Charlotte.
Recent Advances on Wave-based Imaging and Inverse Problems (Code: SS 29A), Yiran Wang, Emory University, and Yang 

Yang, Michigan State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall, University of Wisconsin-Madison, and 

Joris Roos, University of Massachusetts Lowell.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Spectral Theory of Ergodic Quantum Systems (Code: SS 34A), Rui Han, Louisiana State University, and Ilya Kachkovskiy, 

Michigan State University.
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Structural and Extremal Graph Theory (Code: SS 33A), Guangming Jing, Augusta University, Zhiyu Wang, Georgia In-
stitute of Technology, and Xingxing Yu, Georgia Insitute of Technology.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

The Role of Mathematics in Computer Vision (Code: SS 37A), Thomas Y. Chen, Academy for Mathematics, Science, and 
Engineering.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-
abeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: January 27, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Analytic Methods in Arithmetic Statistics (Code: SS 19A), Robert Hough, State University of New York at Stony Brook, 
and Robert J. Lemke Oliver, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra (Code: SS 15A), Alessandra Costantini, Oklahoma State University, and 
Gabriel Sosa Castillo, Colgate University.

Crossroads: Ergodic Theory, Harmonic Analysis, and Combinatorics (Code: SS 20A), Daniel Glasscock, University of Mas-
sachusetts Lowell, Andreas Koutsogiannis, Aristotle University of Thessaloniki, Greece, and Joris Roos, University of 
Massachusetts Lowell.

Discrete and Convex Geometry (Code: SS 11A), Undine Leopold and Egon Schulte, Northeastern University, and Pablo 
Soberón, Baruch College, City University of New York.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, Imperial College London, and Loring Tu, Tufts University.
Gauge Theory, Geometric Analysis, and Low-Dimensional Topology (Code: SS 22A), Paul Feehan, Rutgers University, and 

Thomas G. Leness, Florida International University.
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Geometric Dynamics and Billiards (Code: SS 10A), Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kath-
ryn Lindsey, Boston College.

Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 
Foundation, and Oana Veliche, Northeastern University.

Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 12A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems (Code: SS 9A), Daniel Orr, Virginia Tech, 

and Joshua Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine (Code: SS 17A), Arkadz Kirshtein, Tufts University, and Navid Moham-

mad Mirzaei, University of Massachusetts.
Mathematics in Security and Defense (Code: SS 16A), Lubjana Beshaj and Paul Goethals, United States Military Academy.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. Mur-

phy and Abiy Tasissa, Tufts University.
Moduli Spaces in Algebraic and Tropical Geometry (Code: SS 21A), Ignacio Barros Reyes, Université Paris-Saclay, France, 

Noah Giansiracusa, Bentley University, and Montserrat Teixidor i Bigas, Tufts University.
Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 13A), Maxim Derevyagin and Ambar 

Sengupta, University of Connecticut.
Subgroups in Nonpositive Curvature (Code: SS 18A), Carolyn Abbott, Brandeis University, and Ivan Levcovitz, Kim 

Ruane, Lorenzo Ruffoni, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: February 3, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry (Code: SS 17A), Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-

paign, and Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations (Code: SS 13A), John Holmes, Wake Forest University, Ryan Thompson, The 

University of North Georgia, and Feride Tiğ lay, The Ohio State University.
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Analytical, Computational, and Data-Driven Approaches in Fluid Dynamics (Code: SS 37A), Aseel Farhat, Florida State 
University, Vincent Martinez, CUNY Hunter College, and Ali Pakzad, Indiana University Bloomington.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Combinatorial Techniques in Commutative Algebra (Code: SS 28A), Giulio Caviglia, Purdue University, and Jay Schweig, 
Oklahoma State University.

Combinatorics and Representations of Noncommutative Algebras (Code: SS 23A), Jason Gaddis, Miami University, and 
Daniele Rosso, Indiana University Northwest.

Commutative Algebra and Connections with Algebraic Geometry (Code: SS 19A), Claudia Polini, University of Notre Dame, 
and Bernd Ulrich, Purdue University.

Complex Geometry (Code: SS 18A), Laszlo Lempert, Purdue University, Chi Li, Rutgers University, Sai-Kee Yeung, 
Purdue University, and Yuan Yuan, Syracuse University.

Computational and Applied Algebraic Geometry (Code: SS 38A), Taylor Brysiewicz and Parker Edwards, University of 
Notre Dame.

Fully Nonlinear Partial Differential Equations (Code: SS 32A), Farhan Abedin, University of Utah, and Fernando Charro, 
Wayne State University.

Gaussian and non-Gaussian Stochastic Analysis (Code: SS 44A), Cheng Ouyang, University of Illinois at Chicago, Takashi 
Owada, Purdue University, and Samy Tindel, Purdue University.

Geometric Topology in the Middle Dimensions (Code: SS 29A), James F. Davis, Indiana University, and Mark Powell, 
Durham University.

Geometry of Measures and Metric Spaces (Code: SS 11A), Matthew Badger, University of Connecticut, Guy C. David, Ball 
State University, and Lisa Naples, Macalester College.

Group Theory and Logic (Code: SS 20A), Meng-Che “Turbo” Ho, California State University, Northridge, Julia F. Knight, 
University of Notre Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 

Czech Academy of Sciences, and Alexander Voronov, University of Minnesota.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Low-dimensional Topology (Code: SS 39A), Matthew Hedden, Michigan State University, Juanita Pinzón-Caicedo, Uni-

versity of Notre Dame, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Foundation of Data Science in Scientific Computing (Code: SS 22A), Senwei Liang, Purdue University, Lizuo 

Liu, Southern Methodist University, and Haizhao Yang, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Mathematics of Complex Systems in Biology (Code: SS 43A), Alexandria Volkening and Ning Wei, Purdue University.
Modeling and Forecasting Complex Turbulent Systems (Code: SS 41A), Nan Chen, University of Wisconsin-Madison, and 

Di Qi, Purdue University.
Model Theory and its Applications (Code: SS 35A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Bonn, and Margaret E. M. Thomas, Purdue University.
Multiplicative Ideal Theory in Honor of the Career of William Heinzer (Code: SS 26A), Evan Houston, University of North 

Carolina - Charlotte, and Alan Loper, Ohio State University.
Nonlinear Algebra with Applications to Statistics (Code: SS 27A), Aida Maraj, University of Michigan, and Sonja Petrović ,  

Illinois Institute of Technology.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids (Code: SS 15A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 30A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and 

Qiang Ye, University of Kentucky.
Optimization, Complexity, and Real Algebraic Geometry (Code: SS 31A), Saugata Basu and Ali Mohammad Nezhad, 

Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Random Growth Models (Code: SS 25A), Christopher Janjigian, Purdue University, Firas Rassoul-Agha, University of 

Utah, and Timo Seppalainen, University of Wisconsin - Madison.
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Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 
Liu, and Freydoon Shahidi, Purdue University.

Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 
and Uli Walther, Purdue University.

Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 14A), Zheng Sun, The 
University of Alabama.

Recent Developments in Operator Algebras (Code: SS 42A), Roy Araiza, University of Illinois, and Rolando de Santiago, 
Thomas Sinclair, and Andrew Toms, Purdue University.

Recent Developments of Variational Methods in Deterministic and Stochastic Systems (Code: SS 16A), Yuan Gao, Purdue 
University, Tao Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.

Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations (Code: SS 12A), Chen Liu and 
Xiangxiong Zhang, Purdue University.

Recent Trends in Graph Theory (Code: SS 40A), Adam Blumenthal, Westminster College, and Katherine Perry, Soka 
University of America.

Spectral Estimation and Optimization (Code: SS 21A), Mark Ashbaugh, University of Missouri, and Richard Laugesen, 
University of Illinois.

Stability in Topology, Arithmetic, and Representation Theory (Code: SS 33A), Jeremy Miller, Purdue University, Peter Patzt, 
University of Oklahoma, and Andrew Putman, University of Notre Dame.

The Interface Between Nonlinear PDEs, Harmonic Analysis, and Quantitative Geometric and Functional Inequalities (Code: 
SS 36A), Emanuel Indrei and Victor Lie, Purdue University.

The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 
Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Topics in Algebraic and Geometric Topology (Code: SS 34A), David Ben McReynolds and Sam Nariman, Purdue University.

Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: March 24, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: March 15, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory (Code: SS 13A), Michel L. Lapidus, University of California, River-
side, Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic, Combinatorial, and Optimization Methods for Kuramoto and Power-flow Equations (Code: SS 14A), Rob Davis, Col-
gate University, Julia Lindberg, University of Wisconsin-Madison, and Tianran Chen, Auburn University at Montgomery.

Algebraic Logic (Code: SS 17A), Nick Galatos, University of Denver, and José Gil Férez, Chapman University.
Commutative Algebra (Code: SS 6A), Tái Huy Há, Tulane University, and Selvi Kara, University of Utah.
Computational Topology and Applications (Code: SS 7A), Hitesh Gakhar and Miroslav Kramar, University of Oklahoma.
Enumerative and Extremal Problems in Chromatic Graph Theory (Code: SS 18A), Stephen Hartke, University of Colorado 

Denver, and Hemanshu Kaul, Illinois Institute of Technology.
Factorization and Arithmetical Properties of Commutative Rings and Monoids (Code: SS 3A), Scott Chapman, Sam Houston 

State University, and Jim Coykendall, Clemson University.
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Finite groups, their representations, and related structures (Code: SS 4A), Robert Boltje, University of California Santa Cruz, 
and Alexander Hulpke, Colorado State University.

Fractal Geometry and Dynamical Systems (Code: SS 10A), Sangita Jha, National Institute of Technology Rourkela, India, 
Mrinal Kanti Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Information 
Technology Allahabad.

Geometric and Functional Inequalities and Applications to PDEs (Code: SS 15A), Joshua Flynn, Guozhen Lu, and Jianx-
iong Wang, University of Connecticut.

Interactions Between Probability and Statistics (Code: SS 16A), Kayvan Sadeghi and Terry Soo, University College London.
Mathematical Advances in Bayesian Statistical Inversion and Markov Chain Monte Carlo Sampling Algorithms (Code: SS 

9A), Nathan Glatt-Holtz, Tulane University, Justin Krometis, Virginia Tech, and Cecilia Mondaini, Drexel University.
Numerical Semigroups and Applications (Code: SS 1A), Elie Alhajjar, West Point Military Academy, and Christopher 

O’Neill, San Diego State University.
Q-series, Number Theory and Quantum Topology (Code: SS 11A), Chris Jennings-Shaffer and Shashank Kanade, Uni-

versity of Denver, and Robert Osburn, University College Dublin.
Ramsey Theory of Infinite Structures (Code: SS 22A), Dana Bartosova, University of Florida, and Natasha Dobrinen, 

University of Denver.
Recent Advances on the Langlands Program (Code: SS 2A), Kwangho Choiy, Southern Illinois University, Melissa Emory, 

University of Toronto, and Ralf Schmidt, University of North Texas.
Recent progress in numerical methods for PDEs (Code: SS 5A), Muhammad Mohebujjaman, Texas A&M International 

University, and Leo Rebholz, Clemson University.
Recent Trends in Semigroup Theory (Code: SS 21A), Michael Kinyon, University of Denver, and Ben Steinberg, City 

College of New York.
Research in Mathematics by Graduate Students (Code: SS 12A), Marat V. Markin and Khang Tran, California State Uni-

versity, Fresno.
Rethinking the Preparation of Mathematics GTAs for Future Faculty Positions (Code: SS 8A), Michael Jacobson, University 

of Colorado, Denver.
Some Modern Developments in the Theory of Vertex Algebras (Code: SS 19A), Florencia Orosz Hunziker, Shashank Kanade, 

and Andrew Linshaw, University of Denver.
Zero-dimensional Dynamics: Algebraic and Topological Aspects (Code: SS 20A), Ronnie Pavlov and Scott Schmieding, 

University of Denver.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.
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Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology-IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.
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Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: February 22, 2022
For abstracts: July 26, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

High-Frequency Data Analysis, Complex Datasets, and Applications (Code: SS 3A), Maria Christina Mariani and Michael 
Pokojovy, The University of Texas at El Paso, Ambar Sengupta, University of Connecticut, Osei K. Tweneboah, Ramapo 
College of New Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Ordered Structures (Code: SS 2A), Piotr Wojciechowski, University of Texas at El Paso.
Topics in Applied Analysis (Code: SS 1A), Behzad Djafari-Rouhini, University of Texas at El Paso, and Gisele Goldstein 

and Jerome Goldstein, University of Memphis.
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Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 1, 2022
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic and Analytic theory of Elliptic Curves (Code: SS 1A), Alina Cojocaru, University of Illinois, Chicago, Seoyung 
Kim, Grand Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Lagrangian and Legendrian Submanifolds (Code: SS 2A), Dani Alvarez-Gavela, Massachusetts Institute of Technology, 
and Mike Sullivan, University of Massachusetts.

Non-Abelian Hodge Theory and Minimal Surfaces (Code: SS 4A), Robert Kusner, Charles Ouyang, and Franz Pedit, 
University of Massachusetts.

Nonlinear waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday (Code: SS 5A), Ricardo Carretero, 
San Diego State University, and Panos Kevrekidis, University of Massachusetts.

Ramsey Theory (Code: SS 3A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 
and Alfréd Rényi Institute of Mathematics.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 15, 2022
For abstracts: August 23, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Sacca, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of North Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 22, 2022
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.
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Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Emily Evans, Mark Kempton, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Jia Zhao, Utah State University, and Yunrong Zhu, Idaho State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Volume 44, Issue 1

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.
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Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.
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Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



MEETINGS & CONFERENCES

172    notices of the american mathematical society Volume 69, number 1

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia (JMM 2026)
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026
Sunday – Wednesday
Associate Secretary for the AMS: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



The Mathematical Moments program promotes  
appreciation and understanding of the role mathematics  
plays in science, nature, technology, and human culture.

www.ams.org/mathmoments

MM/159

Pinpointing How  
Genes Interact

Your DNA—the biological instruction manual 

in all of your cells—contains a mind-boggling 

amount of information represented in roughly 

20,000 genes that encode proteins, plus a similar 

number of genes with other functions. As the 

cost of analyzing an individual’s DNA has plum-

meted, it has become possible to search the 

entire human genome for genetic variants that 

are associated with traits such as height or 

susceptibility to certain diseases. Sometimes, 

one gene has a straightforward impact on the trait. But in many cases, the effect of one 

gene variant depends on which variants of other genes are present, a phenomenon 

called “epistasis.” Studying such interactions involves huge datasets encompassing the 

DNA of hundreds of thousands of people. Mathematically, that requires time-intensive 

calculations with massive matrices and a good working knowledge of statistics.

Statisticians and computer scientists are developing a variety of methods to more 

efficiently analyze the interactions between variants across the entire genome. For 

instance, rather than testing all possible pairs of gene variants for epistasis, researchers 

might pick a single variant and examine the combined effects of all other genes. Not 

only does this speed up the computation time, it also improves researchers’ ability to 

distinguish true genetic effects from random chance. And just as important as using the 

right statistical tools is gathering a dataset that reflects the full diversity of humanity. 

Recent research drawing upon the genomes of people from many ancestral groups 

revealed examples of epistasis that had not previously been found when studying only 

people of self-identified European ancestry.

For More Information: “Detecting epistasis with the marginal epistasis 
test in genetic mapping studies of quantitative traits,” L. Crawford, P. Zeng, S. 
Mukherjee, X. Zhou, PLOS Genetics 13(7), e1006869.

Watch an interview 
with an expert!

©Getty
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@amermathsoc

Free shipping for members 
in the USA (including Puerto Rico) and Canada.

Discover more titles at bookstore.ams.org

NEW RELEASES from the AMS = Textbook

A Conversation on 
Professional Norms 
in Mathematics
Mathilde Gerbelli-Gauthier, 
Institute for Advanced Study, 
Princeton, NJ, Pamela E. Harris, 
Williams College, Williamstown, 
MA, Michael A. Hill, University 
of California, Los Angeles, 
Dagan Karp, Harvey Mudd 

College, Claremont, CA, and Emily Riehl, Johns Hopkins 
University, Baltimore, MD, Editors

The articles in this volume grew out of a 2019 work-
shop, held at Johns Hopkins University, that was 
inspired by a belief that when mathematicians take 
time to reflect on the social forces involved in the 
production of mathematics, actionable insights 
result. Topics range from mechanisms that lead to an 
inclusion-exclusion dichotomy within mathematics to 
common pitfalls and better alternatives to how math-
ematicians approach teaching, mentoring and commu-
nicating mathematical ideas.

2021; approximately 157 pages; Softcover; ISBN: 978-1-4704-
6713-5; List US$60; AMS members US$48; MAA members 
US$54; Order code MBK/140

Integral Domains 
Inside Noetherian 
Power Series Rings
Constructions
and Examples
William Heinzer, Purdue 
University, West Lafayette, IN, 
Christel Rotthaus, Michigan State 
University, East Lansing, and 
Sylvia Wiegand, University of 
Nebraska, Lincoln

Power series provide a technique for constructing 
examples of commutative rings. In this book, the 
authors describe this technique and use it to analyse 
properties of commutative rings and their spectra. 

Mathematical Surveys and Monographs, Volume 259; 2021; 
426 pages; Softcover; ISBN: 978-1-4704-6642-8; List US$125; 
AMS members US$100; MAA members US$112.50; Order code 
SURV/259

Math Out Loud
An Oral Olympiad 
Handbook
Steven Klee, Seattle University, 
WA, Kolya Malkin, Yale 
University, New Haven, CT, and 
Julia Pevtsova, University of 
Washington, Seattle

This book recounts the authors’ 
experiences from the first ten 
years of running a Math Hour 

Olympiad at the University of Washington in Seattle. 
The major part of the book is devoted to problem sets 
and detailed solutions, complemented by a practical 
guide for anyone who would like to organize an oral 
olympiad for students in their community.

Titles in this series are co-published with the Mathematical 
Sciences Research Institute (MSRI).

MSRI Mathematical Circles Library, Volume 27; 2021; 243 pages; 
Softcover; ISBN: 978-1-4704-6693-0; List US$45; AMS members 
US$36; MAA members US$40.50; Order code MCL/27

Perverse Sheaves 
and Applications 
to Representation 
Theory  
Pramod N. Achar, Louisiana State 
University, Baton Rouge

Since its inception around 1980, 
the theory of perverse sheaves 
has been a vital tool of funda-
mental importance in geomet-

ric representation theory. This book aims to make this 
theory accessible to students and researchers �-adic 
sheaves, D-modules, and algebraic stacks.

The last four chapters of the book show how to put 
this machinery to work in the context of selected 
topics in geometric representation theory: Kazhdan-
Lusztig theory; Springer theory; the geometric Satake 
equivalence; and canonical bases for quantum groups. 
Recent developments such as the p-canonical basis 
are also discussed.

Mathematical Surveys and Monographs, Volume 258; 2021; 
562 pages; Softcover; ISBN: 978-1-4704-5597-2; List US$125; 
AMS members US$100; MAA members US$112.50; Order code 
SURV/258
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Surveys

and 
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Inside Noetherian 
Power Series Rings
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