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1. Introduction
The angle defined by

𝜃𝑚 = arctan(√2) = arcsin(√2/3)

= arccos(1/√3) = 54.74∘ (1.1)

arises in a surprising number of diverse application areas
in science and engineering which seem to have very little
connection to one another. Its ubiquitous nature has led
to it being called a “magic angle.” In this expository short
article, we provide an outline of why such nomenclature
is warranted and hope to draw the attention of the mathe-
matics and science communities to this intriguing concept.

One of the earliest findings regarding a “magic angle”
concept arose in connection with hydrostatic skeletons or
muscular hydrostats such as the common worm, octopus
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arm, or elephant trunk. Such hydrostats are characterized
by cylindrical lattice structures composed of families of in-
extensible helically wound fibers (modeling fibers of stiff
collagen arranged in alternate left- and right-handed ge-
odesic helices). Special angles also occur in analysis of
the mechanical behavior of fiber-reinforced incompress-
ible nonlinearly elastic soft solids. In this context, the
magic angle concept occurs most commonly in structural
elements composed of circular cylindrical tubes or solid
cylinders reinforced by helically wound fibers, but also oc-
curs in flat thin sheets reinforced by fibers in the plane.
The fibers can be inextensible as in reinforced rubber or
extensible such as collagen fibers in soft tissue. Fibers ori-
entated at the magic angle give rise to special mechanical
responses. Magic angles also arise in the field of soft ro-
botics in connection with artificial muscles as well as in
nuclear magnetic resonance. In this short exposition, we
highlight some of the most interesting results on magic
angles. The interested reader is directed to the references
cited for details.
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Figure 1. Geometry of magic angle.

2. Geometry
The magic angle is defined by (1.1) and is often character-
ized in various applications as the smallest angle for which

2 cos2 𝜃 − sin2 𝜃 = 0, (2.1)

or equivalently, by

3 cos2 𝜃 − 1 = 0 or 2 − 3 sin2 𝜃 = 0. (2.2)

Sometimes the “magic angle” terminology is used for the
complement 𝜃𝑚𝑐 of this angle (90∘ − 54.74∘ = 35.26∘ ) so
that

𝜃𝑚𝑐 = arctan(1/√2) = arccos(√2/3)

= arcsin(1/√3) = 35.26∘ (2.3)

and in this case the analogs of (2.1) and (2.2) are

cos2 𝜃 − 2 sin2 𝜃 = 0 (2.4)

and
3 sin2 𝜃 − 1 = 0, 2 − 3 cos2 𝜃 = 0, (2.5)

respectively. We will call the angle (2.3) the “complemen-
tary magic angle.”

The angle (1.1) can be given a direct geometric charac-
terization. An obvious one is that depicted in the right an-
gle triangle shown on the right in Figure 1. Moreover, from
Figure 1, we see that 𝜃𝑚 is the angle between the space di-
agonal of a unit cube and any of its three connecting edges.
It is also half of the opening angle formed when a cube is
rotated from its space diagonal axis, which may be repre-
sented as arccos(−1/3) or 2 arctan(√2) = 109.4712∘. This
double magic angle is directly related to tetrahedral molec-
ular geometry and is the angle from one vertex to the exact
center of a tetrahedron (the tetrahedral angle).

A nongeometric way of characterizing the angle (1.1) is
as the first zero of the function

𝐹(𝜃) = 𝑃2(cos 𝜃) =
1
2(3 cos

2 𝜃 − 1), (2.6)

where 𝑃2(cos 𝜃) is the second-order Legendre polynomial.

3. Biology
The paper by Goriely and Tabor [1] and the book by
Goriely [2] provide an informative summary of the var-
ious contexts in biology where the magic angle concept
arises. As pointed out there, apparently one of the first
studies where the special angle (1.1) was encountered was
in a seminal paper in 1952 by Cowey [3] concerned with

the locomotion and flattening of worms. For a circular
cylindrical lattice structure reinforced by a double family
of inextensible helically wound fibers, it was shown there
that the volume enclosed by a single turn of the helical
system is

𝑉 = 𝐷3 sin2 𝜃 cos 𝜃
4𝜋 , (3.1)

where 𝐷 denotes the constant length of one fiber turn and
𝜃 is the pitch angle. See Goriely [2] and Horgan and Mur-
phy [4], [9] for further details. The maximum volume

occurs when
𝑑𝑉
𝑑𝜃

= 0 which yields equation (2.1), i.e.,
the maximum volume occurs at the magic angle 𝜃𝑚. This
classic result for hydrostats was obtained based solely on
geometric considerations. Further developments are de-
scribed in Clark and Cowey [5] who considered the case
of collagen fiber extensibility when now the volume of soft
tissue enclosed is constant. In this case, (3.1) can be rear-
ranged to give

𝐷 = (4𝜋𝑉)1/3 sin−2/3 𝜃 cos−1/3 𝜃 (3.2)

and it is easy to verify that 𝐷 has a minimum at the magic
angle 𝜃𝑚.

The paper by Kim and Segev [6] describes how the in-
triguing mechanics of an octopus arm also give rise to a
magic angle. The octopus arm, like the elephant trunk, is
an example of a muscular hydrostat. As pointed out in [1],
[2], another example in biology where the magic angle oc-
curs is in the study of elongation of notochords of verte-
brate embryos. The magic angle also arises in the field of
soft robotics in connection with McKibben actuators that
can serve as artificial muscles (see [1], [2] for pertinent ref-
erences).

4. Mechanics of Elastic Fibrous Soft Materials
There has been considerable recent interest in the role
played by magic angles in the mechanics and physics of
fiber-reinforced nonlinearly elastic materials. The appli-
cations involving such materials have classically been in
connection with rubber and in particular in the design
of reinforced rubber tubes and hoses. It has also been
demonstrated in recent years that concepts from contin-
uummechanics havewidespread application in the biome-
chanics of soft tissues where the fiber reinforcement is now
due to collagen fibers in a matrix of elastin. The work
of Demirkoparan and Pence [7] is concerned with circu-
lar cylindrical hyperelastic tubes reinforced by a symmet-
ric doubly helically wound family of extensible fibers. See
Figure 2 for a typical layout.

The tubes are subject to the combined effects of internal
pressure and interior wall swelling. A more general frame-
work for fiber reinforcement, but one that does not include
wall swelling, was also considered in [1] where nonsym-
metric fiber families were treated as well as the effect of
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Figure 2. A doubly helically wound fiber-reinforced
hyperelastic tube.

prestretch of the fibers. Both papers use a theory of non-
linear elasticity for orthotropic materials. It is shown how
the magic angle separates different response modes in the
fiber-reinforced body. In particular, a pressurized tube rein-
forced by a doubly symmetric family of helically wound fibers
contracts in length and expands radially if the fibers are wound
at an angle smaller than the magic angle while the tube in-
creases in length and contracts radially if the fibers are wound
at an angle greater than the magic angle. As was pointed out
in [7], [4], in thin-walled closed cylindrical pressure ves-
sels, the maximum strength is obtained when the ratio of
the hoop (circumferential) stress to axial stress is 2:1which
occurs at the magic angle. The magic angle is the optimal
winding angle for the design of filament-wound structures
and is often derived in the composites structures literature
by what is known as “netting analysis.” Further results
with applications to soft robots are described in [15]. It
was pointed out in [7] that the synthetic fibers in fire hoses
are aligned at the magic angle to minimize sudden jerk as
the hose is suddenly turned on. Similarly, the spray hoses
in kitchen sinks and the common garden hose are gener-
ally reinforced with helical fibers orientated at this angle
(see Figure 3).

Figure 3. The common garden hose.

Several further results in the mechanics of fibrous in-
compressible elastic materials are described in [4], [8], [9]
and references cited therein. It was shown in [4] that fibers

orientated at the magic angle result in quasi-isotropic me-
chanical response of fiber-reinforced composites. Further-
more, a generalization of the magic angle concept is given
as the angle for which the fiber stretch is zero. For both
transversely isotropic and orthotropic fiber-reinforced ma-
terials, it is shown that fiber compression can occur at the
magic angle resulting in material instability. A general-
ization of the magic angle to the nonlinear deformation
regime is also proposed in [4] where the characterization
given in (2.2) is generalized to

cos2 𝜃 = 1
1 + 𝜆 + 𝜆2 , (4.1)

where 𝜆 ≥ 1 denotes a stretch. The specialization to infini-
tesimal deformations is obtained on letting 𝜆 → 1 in (4.1)
so that one recovers the classical magic angle (1.1) in this
limit.

The potential occurrence of a magic angle in the colla-
gen fiber orientation of the coronary arterial wall has also
received some previous attention in the literature (see the
discussion in [9]).

5. Other Applications
As was remarked in [1], the term “magic angle” was in-
troduced there to reflect the appearance “as if by magic”
in several different settings in biology, mechanics, and
physics. Furthermore, as was pointed out there and in [2],
it turns out that this terminology was also proposed inde-
pendently much earlier in a completely different context,
namely in solid-state nuclear magnetic resonance. As de-
scribed in [10], [11], in nuclear magnetic resonance (NMR)
spectroscopy, the orientation of the interaction tensor with
the external magnetic field plays a major role. By spinning
the sample around a given axis, the average angular depen-
dence has a simple expression in terms of the angle of the
axis of rotation relative to the magnetic field (see [9], [11]
for details). When this angle, which is at the experimen-
talist’s disposal, is set equal to the magic angle (1.1), then
the average angular dependence vanishes (see Figure 4). It
is in this context that the characterization of the magic an-
gle in terms of the first zero of the second-order Legendre
polynomial (2.6) arises.

Magic angle spinning is a technique in solid-state NMR
spectroscopy which employs this principle to remove or
reduce the influence of anisotropic interactions, thereby
increasing spectral resolution (see, e.g., Hennel and Kli-
nowski [10], Alia et al. [11] for details). The review article
[10] provides numerous illustrations of magic angle imag-
ing. According to Hennel and Klinowski [10], the name
“magic angle spinning” in NMR was originally suggested
by the late Professor Gorter of Leiden at the AMPERE con-
gress in Pisa in 1960. A recent article in Skeletal Radiol-
ogy [12] is concerned with clarifying common misconcep-
tions among practicing radiologists regarding magic angle
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Figure 4. Magic angle spinning in NMR (𝐵0 is the magnetic
field vector).

imaging. Novel applications of magic angle spinning
in the field of food science are described by Jensen and
Bertram [13].

We conclude by pointing out yet another application of
the magic angles (1.1) and (2.3) in a completely different
physical context, namely in the analysis of plasticity ofmet-
als. In tensile testing of wide flat bars, it has long been es-
tablished that localized necking (a sudden rapid decrease
in the lateral dimension) occurs along a line orientated at
the angle arctan(√2) with respect to the tensile axis. This
angle is precisely the magic angle defined in (1.1). More-
over, as described in [14], at a crack tip in thin sheets of
ductile metals, ligament lines of localized necking to the
free edges are inclined at the complementary magic angle
(2.3)with respect to the crack line (see Figure 1.2.8 on page
15 of [14]).
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