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The dedication that my fellow minority mathematicians 
have for encouraging minority participation in mathe-
matics-based careers seems natural to me. It is a pattern 
of behavior that should be emulated by all of us in this 
profession. Referring back to Selenne, I exhort my fellow 
mathematicians to make mentoring our students an essen-
tial part of our careers. Society will be better for it.

—William Yslas Vélez 
Emeritus Professor of Mathematics 

The University of Arizona

Letter to the Editor
The AMS recently published the book, Testimonios: Stories 
of Latinx and Hispanic Mathematicians. The book is a cele-
bration of stamina in the face of obstacles. The role that 
mentoring plays in a person’s life takes center stage, both 
as the mentee and the mentor. Selenne Banuelos, in her 
chapter, views “mentoring of underrepresented students 
as an essential part of my career.” In his contribution to 
this book, Ricardo Cortez states, “I made the decision to 
dedicate time to work toward increasing the participation 
of people of color in mathematics at the cost of a reduction 
in research publications and other professional output.”

As a Chicano mathematician in the profession for more 
than 40 years, I devoted many, many hours to increasing 
participation by all students in mathematics-based careers. 
Why did I, as so many of my minority colleagues, devote so 
much time to mentoring minority students? I can provide 
an answer to this question quite easily. I was grateful to 
have had a mathematical career.

Like so many other minority mathematicians, I grew 
up in poverty. Due to Pell grants and loans, I was able to 
complete a bachelor’s degree. My time in the US Navy 
allowed me to use the GI Bill to supplement a Teaching 
Assistantship and complete a doctoral degree. Then I held 
a tenured position at a state university. The US invested 
the tax dollars of our citizens in me and supported me 
for almost six decades. Had there been just a few small 
changes in my life, I would not have had the benefits of 
being a mathematician. How could I not be grateful? This 
gratefulness and my strong belief that mathematical talent 
lives in every community and will flourish if given a chance 
led me down this path of giving back to our communities. 
And not just the minority community, but all communities.

As mathematicians, we have been supported by the 
tax dollars of our citizens. An infrastructure supports our 
faculty positions and allows us the real luxury of having 
that precious time to dream, to carry out our research and 
attend conferences all over the world. Moreover, we must 
recognize that mathematical training provides a way out 
of poverty. Our positions as mathematics faculty makes us 
the guards at the gate of prosperity.



A WORD FROM...
Asamoah Nkwanta, Notices Associate Editor  

The opinions expressed here are not necessarily those of the Notices or the AMS.
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Since 2018, the editorial board of the Notices has dedicated the February issue to highlight-
ing contributions and accomplishments of African American and Black mathematicians. 
The issue coincides with Black History Month (BHM). Initially, BHM was a celebration 
of only a week. It was launched in 1926 by the African American scholar and historian 
Carter G. Woodson and others. The week was originally celebrated the second week of 
February to commemorate Abraham Lincoln, the 16th President of the United States, and 
Frederick Douglass, the 19th century African American leader from Maryland. Douglass 
was an abolitionist, statesman, and writer. His writings and speeches can be seen today 
as essential lessons in American history. Douglass’ work and Woodson’s are about equity 
and inclusiveness and their words continue to resonate. In the late 1960s during the civil 
rights movement, the week evolved into what is now called Black History Month. This 
special issue of the Notices presents articles that touch on the struggles and triumphs of 
Black mathematicians, from their undergraduate days to graduate school to becoming 
professional working mathematicians, researchers, and educators. 

What types of research are Black mathematicians doing? And, how can one inspire and bring up more Black 
mathematicians? The three feature articles in this issue present research topics by Black mathematicians and their 
coauthors concerning discrete fractional calculus, lattice theory, and ergodic theory. The first one, “The ℕ0 Story: 
Discrete Fractional Calculus,” written by Raegan Higgins and Heidi Berger gives an overview of discrete fractional 
calculus followed by a discussion of how a discrete fractional equation has been used to model tumor growth in 
mice. Open problems are presented such as: “How can we extend fractional calculus beyond the real numbers and 
integers, over a certain time scale?” Jonathan D. Farley’s article, “Was Gelfand Right? The Many Loves of Lattice 
Theory,” presents narratives around a smorgasbord of open problems in lattice theory, the theory of ordered sets, 
and combinatorics. Combinatorial connections to McMahon’s formula for counting plane partitions and the 
Narayana numbers that arise when calculating h-vectors of certain posets are mentioned. He concludes his article 
by listing 12 open problems in pure mathematics, such as: “Is the fixed-point property for posets preserved under 
products?” Idris Assani’s article, “Wiener-Wintner Ergodic Theorem, in Brief,” introduces the Birkhoff-Khinchin 
Ergodic Theorem and discusses the key role it played in the study of Furstenberg averages, averages along the cubes, 
and the Return Times Theorem. Open problems are given in his article such as: “Does a polynomial extension of 
the Wiener-Wintner Theorem hold?” This article gives readers an understanding of some mathematical advances 
on ergodic averages and the study of ergodic theory, a branch of mathematics with origins in statistical mechanics.     

In the Early Career section, the article “The David Harold Blackwell Summer Institute: Goals, Experiences, and 
Future Plans,” by Wilfrid Gangbo, Jelani Nelson, and Todd Coleman introduces Notices readers to a new six-week 
undergraduate summer program whose long-term goal is to increase the number of researchers in the mathematical 
and computational sciences who come from underrepresented groups. During their inaugural program in 2021, 
interdisciplinary research topics and projects involving bioengineering, machine learning, theoretical computer 
science, and optimal transportation theory were assigned to students. The coauthors Kagba Suaray, Robin Wilson, 

Asamoah Nkwanta is an associate editor of Notices and a professor of mathematics at Morgan State University. His email address is  
Asamoah.Nkwanta@morgan.edu.
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and Rob Rubalcaba in their article, “The Hesabu Circle,” describe a community-based program started in southern Cali-
fornia. This program, for children of all ages up through college students, builds support that encourages and empowers 
individuals of African descent to envision and achieve excellence in mathematics. The authors assert that “the Hesabu 
Circle is a tangible effort to rebuild the identity of members of the Black community as doers of mathematics.” The article, 
“Reflections on Running an REU (With an Eye towards Equity),” written by Siddhi Krishna and Marissa Loving presents 
an REU program where marginalized students are made to feel welcome and comfortable. The authors conclude their 
article with the following questions: “Are you excluding the students who could use REUs the most? Are you using your 
power to create a space where any student can feel uplifted and affirmed?” The article, “The Road Less Traveled?,” by Lloyd 
Douglas tells the story of the author’s journey from a high school in Brooklyn, NY, to college and then to becoming a 
program officer in the Division of Mathematical Sciences at the National Science Foundation. The author describes some 
challenges, successes, the encouragement he received along the way, and how he is giving back after retirement. 

This issue also includes “Solving for Equity in Practice: New Insights on Advancing College Opportunity and Success,” 
by Rogéair D. Purnell and Pamela Burdman which examines new math policies in California colleges and universities. 
Content delves into how higher educational professionals think about and address the equity implications of redesigned 
math pathways in statistics, data science, and quantitative reasoning. The article explains that teaching during the COVID-
19 pandemic brought more awareness of student needs and reshaped professors’ thinking about equity. They suggest 
that counselors and advisors should work closely with math departments to follow institutional policies and practices on 
how best to support student needs. The report concludes with some recommendations including:  adopt a clear equity 
vision, foster a culture of inquiry, promote inclusive learning environments, and provide effective guidance for students. 

The article, “Dr. Raymond L. Johnson: A Mathematical Journey and Some Reflections on African Americans in Graduate 
Mathematical Sciences Programs in the US,” by Tasha Inniss, Raymond Johnson, and Sherry Scott offers a glimpse into 
the academic journey of Dr. Johnson while at the University of Maryland at College Park. Dr. Johnson is interviewed by 
his coauthors about his career as a research mathematician and mentor and his views and experiences on how to increase 
the number of African American mathematicians. His interview is summed up as follows: “Increasing and graduating 
African Americans in graduate mathematical sciences programs can be done! The recurring theme is that it requires a 
genuine and concentrated departmental and institutional commitment and effort in a positive supportive environment.” 

The article, “The National Research Rating System in South Africa: The Past Impacts the Future,” by Eder Kikianty and 
Loyiso Nongxa discusses a rating system that evaluates the research of South African scientists and mathematicians. The 
system recognizes excellence in research. However, because of the legacy of apartheid, science and math faculty at ethnic 
universities haven’t had the same research training, mentoring, and opportunities as the faculty at other South African in-
stitutions. Thus, it is harder for them to achieve a high rating. Race and gender inequities are also highlighted in the article. 

The article, “From CAARMS25 to CAARMS 2021 and Beyond: Conferences for African-American Researchers in the 
Mathematical Sciences,” by William Massey gives a two-year snapshot of the Conference for African American Research-
ers in the Mathematical Sciences (CAARMS). After 25 years, 120 graduate student poster presenters at CAARMS have 
completed their PhDs in the mathematical sciences, and over 50 CAARMS speakers or poster presenters have become 
tenured faculty members. The author closes his article with the following: “… increasing the number of African-American 
academic researchers adds a strong multiplier effect to increasing the number of African-American PhDs.” On the cover 
of this issue is the CAARMS logo, which serves as a metaphor, depicting a supernova unleashing untapped energies of 
talented Black mathematicians. Finally, the Keystones article, “Uniting Mathematics, Statistics, and Engineering to Help 
Mitigate Sports Injuries,” by Kristin D. Morgan presents an interdisciplinary effort at integrating mathematics, statistics, 
and engineering tools to advance research on challenges in the field of sports biomechanics.

In closing, I am honored to serve as an associate editor for the Notices in order to be able to share with the Notices 
readers these fantastic articles. It is important to mention, over the last year, the passing of seven leading African American 
mathematicians and educators: Gloria Ford Gilmer, Della Bell, Genevieve M. Knight, Janis Oldham, Nathaniel (Nate) 
Dean, Shirley McBay, and Robert P. (Bob) Moses. Future Notices articles are projected to be written about Moses, Gilmer, 
and McBay. Dr. Gilmer was a leader in the field of Ethnomathematics and the first Black female on the board of gover-
nors of the Mathematical Association of America (MAA). Dr. Bell was a longtime member of the National Association of 
Mathematicians (NAM), National Council of Teachers of Mathematics (NCTM), and MAA. She encouraged many women 
and minorities in STEM, especially in mathematics. Dr. Knight was a distinguished mathematics educator, teacher, mentor, 



February 2022  Notices oF the americaN mathematical society   179

and lifetime NAM member. She received numerous teaching awards, including the NCTM's 1999 Lifetime Achievement 
Award. Dr. Oldham was a passionate math mentor and professor, and a dedicated NAM member and supporter of the 
Enhancing Diversity in Graduate Education (EDGE) program. EDGE is a national program that focuses on increasing 
the number of women who enter and successfully complete graduate programs in the mathematical sciences. Dr. Dean 
was a former President of NAM, an early CAARMS organizer, and a Bell Laboratories employee. He published numerous 
papers in graph theory, combinatorics, and discrete mathematics. Dr. McBay was an outstanding mathematics educator, 
leader, and advocate for improving STEM education for minority students. She is the founder and a former president of 
Quality Education for Minorities (QEM) Network. QEM is a nonprofit organization based in Washington, DC. Dr. Moses, 
civil rights leader and educator, directed the Student Non-Violent Coordinating Committee’s (SNCCs) Mississippi Voter 
Registration project, and later became president and founder of the Algebra Project. The Algebra Project uses mathemat-
ics literacy as a tool to guarantee a quality education for all children in America. A fundamental goal of the project is 
enshrined in the project phrase, “Math literacy is the key to 21st century citizenship.”



The ℕ0 Story: Discrete
Fractional Calculus

Raegan Higgins and Heidi Berger
1. Introduction
The derivative is at the heart of science, technology, engi-
neering, and mathematics (STEM) and specifically calcu-
lus. It seems natural, therefore, to extend this idea. What
does it mean to take a half derivative? A √2th derivative?
These are the questions that sparked the creation of frac-
tional calculus. Indeed, L’Hôpital asked this first question
in a 1695 letter to Leibniz. It was not until the 1800s that a
firm theoretical foundation for the fractional calculus was
provided. S. F. Lacroix made the first significant step to
the creation of fractional calculus. In 1812, he defined a
fractional derivative by means of an integral, and he first
mentioned a derivative of arbitrary order in 1819 [Ros77].
Lacroix casually noted without clear practical intent that

Raegan Higgins is an associate professor of mathematics at Texas Tech Univer-
sity. Her email address is raegan.higgins@ttu.edu.
Heidi Berger is a professor of mathematics at Simpson College. Her email ad-
dress is heidi.berger@simpson.edu.

Communicated by Notices Associate Editor Emilie Purvine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2414

for an integer 𝑚, the power rule

𝐷𝑚𝑥𝑝 = 𝑝(𝑝 − 1)(𝑝 − 2)⋯ (𝑝 − 𝑚 + 1)𝑥𝑝−𝑚

can be written as

𝐷𝑚𝑥𝑝 = Γ(𝑝 + 1)
Γ(𝑝 − 𝑚 + 1)𝑥

𝑝−𝑚 (1.1)

even when 𝑚 is not an integer. This formulation relies on
the gamma function, which is defined as follows.

Definition 1.1. The gamma function is defined by

Γ(𝑧) = ∫
∞

0
𝑒−𝑡𝑡𝑧−1 𝑑𝑡

for all complex numbers 𝑧 such that the real part of 𝑧 is
positive.

Integration by parts yields

Γ(𝑧 + 1) = 𝑧Γ(𝑧)
when the real part of 𝑧 is positive. This very important
property allows the domain of the gamma function to
be extended to all complex numbers except zero and the
negative integers. A well-known consequence is that the
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gamma function generalizes the factorial as Γ(𝑛 + 1) = 𝑛!
for 𝑛 ∈ ℕ0.

Several mathematicians worked on fractional calculus
in the 19th century. However, only Riemann and Liou-
ville are known for contributions to both the fractional in-
tegral and fractional derivative. For 𝜈 > 0 and 𝑎 ∈ ℝ, the
Riemann-Liouville fractional integral is

𝐷−𝜈
𝑎 𝑓(𝑡) = 1

Γ(𝜈) ∫
𝑡

𝑎
(𝑡 − 𝜏)𝜈−1 𝑓(𝜏) 𝑑𝜏 (1.2)

provided 𝑓 is locally integrable. The Riemann-Liouville
fractional integral is an area projected with a gamma
function, which generalizes the classical definite integral
[Pod02]. While it is intuitive to replace−𝜈with 𝜈 to get the
fractional derivative operator 𝐷𝜈

𝑎𝑓(𝑡), this approach fails
since the integral ∫𝑡

𝑎 (𝑡 − 𝜏)−𝜈−1𝑓(𝜏) 𝑑𝜏 is generally diver-
gent. So the Riemann-Liouville fractional derivative can
be considered using the secondary construction

𝑅𝐿𝐷𝜈
𝑎𝑓(𝑡)

= 𝑑𝑁
𝑑𝑡𝑁 𝐷

−(𝑁−𝜈)
𝑎 𝑓(𝑡)

= 1
Γ(𝑁 − 𝜈)

𝑑𝑁
𝑑𝑡𝑁 [∫

𝑡

𝑎
(𝑡 − 𝜏)𝑁−𝜈−1𝑓(𝜏) 𝑑𝜏] , (1.3)

where 𝑁 is the unique positive integer satisfying 𝑁 − 1 <
𝜈 < 𝑁.

An alternative, but not equivalent, formulation of the
fractional derivative is the Caputo fractional derivative,
which was introduced in 1967 by Michele Caputo. For
𝜈 ≥ 0, 𝑛 ∈ ℕ, and 𝑎 ∈ ℝ, the Caputo fractional deriva-
tive of order 𝜈 for a function 𝑓 is

𝐶𝐷𝜈
𝑎𝑓(𝑡) = 𝐷−(𝑛−𝜈)

𝑎
𝑑𝑛
𝑑𝑡𝑛𝑓(𝑡)

= 1
Γ(𝑛 − 𝜈) [∫

𝑡

𝑎
(𝑡 − 𝜏)𝑛−𝜈−1𝑓(𝑛)(𝜏) 𝑑𝜏] ,

where 𝑛 − 1 < 𝜈 < 𝑛 and 𝑓 is a real-valued continuous
function that has continuous derivatives up to order 𝑛 − 1
on [𝑎, 𝑏] such that the (𝑛 − 1)st derivative is absolutely
continuous on [𝑎, 𝑏]. Caputo’s formulation has the ad-
vantage over the Riemann-Liouville fractional derivative
in that it is not necessary to define the fractional order
initial conditions when solving differential equations us-
ing Caputo’s definition. While the Riemann-Liouville frac-
tional integral has the semigroup property (for 𝛼, 𝛽 > 0,
𝐷−𝛼
𝑎 𝑓(𝑡) ⋅ 𝐷−𝛽

𝑎 𝑓(𝑡) = 𝐷−𝛼−𝛽
𝑎 𝑓(𝑡)), neither the Riemann-

Liouville nor the Caputo fractional derivative possess it.
The theory of fractional calculus builds around the

Riemann-Liouville definition of the fractional derivative,
often following analogously the theory of continuous
whole-order calculus.

Although the field of fractional calculus has been stud-
ied for over two hundred years, the field of discrete frac-
tional calculus has only gained traction in the past decade
[EGJP16, GP15]. In what follows, we present an under-
standing of monotonicity and convexity through the lens
of discrete fractional calculus. In doing so, we see how the
nonlocal nature of the fractional difference leads to surpris-
ing results that defy the intuition students gain on mono-
tonicity and convexity in an introductory calculus course.
The nonlocal nature of the fractional difference also yields
interesting applications to biological modeling, which is
how our study concludes.

To see the beauty and need of the discrete fractional cal-
culus, we begin with the integer-order calculus. The defini-
tions and theorems presented in this section can be found
in [GP15]. Within the study of discrete fractional calculus,
we study real-valued functions defined on a shift of the nat-
ural numbers, either ℕ𝑎 = ℕ0 + {𝑎} = {𝑎, 𝑎 + 1, 𝑎 + 2, …} or
ℕ𝑏
𝑎 ∶= {𝑎, 𝑎 + 1, … , 𝑏} for fixed 𝑎, 𝑏 ∈ ℝ such that 𝑏 − 𝑎

is a positive integer. Analogous to a whole-order deriva-
tive for real-valued functions, there are two main types of
difference functions: the delta, or forward difference, and
the nabla, or backward difference. This paper focuses on
the delta difference. In doing so, we will see some surpris-
ing results that are counterintuitive to what is seen in the
continuous case.

Consider a map 𝑓 ∶ ℕ𝑎 → ℝ, where 𝑎 is a real number.
The well-known forward difference operator Δ is defined by

Δ𝑓(𝑡) ∶= 𝑓(𝑡 + 1) − 𝑓(𝑡), 𝑡 ∈ ℕ𝑎. (1.4)

Differences of higher order 𝑁 ∈ ℕ are defined iteratively:
Δ𝑁𝑓(𝑡) ∶= Δ(Δ𝑁−1𝑓(𝑡)), 𝑡 ∈ ℝ𝑎. Just as differences general-
ize differentiation, so too can summations generalize defi-
nite integrals. The delta definite integral of 𝑓 ∶ ℕ𝑎 → ℝ is
defined by

∫
𝑑

𝑐
𝑓(𝑠) Δ𝑠 ∶=

𝑑−1
∑
𝑠=𝑐

𝑓(𝑠),

where 𝑐 ≤ 𝑑 are in ℕ𝑎 with the convention∑𝑐−𝑘
𝑠=𝑐 𝑓(𝑠) ∶= 0

whenever 𝑘 ∈ ℕ1. In order to motivate delta fractional
sums and differences, we need to first define the whole-
order delta sum of a function 𝑓 ∶ ℕ𝑎 → ℝ, which requires
the concept of “𝑡 to the 𝑟 falling.”

The generalized falling function is built from the
gamma function. Defined according to the value of 𝑛, the
generalized falling function is given as follows:

1. If 𝑛 ∈ ℕ, then 𝑡𝑛 ∶= 𝑡(𝑡 − 1)(𝑡 − 2)⋯ (𝑡 − 𝑛 + 1).
2. If 𝑛 = 0, 𝑡𝑛 ∶= 1.
3. If 𝑛 = −1,−2,−3, …,

𝑡𝑛 ∶= 1
(𝑡 + 1)(𝑡 + 2)⋯ (𝑡 − 𝑛) .
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4. If 𝑛 ∉ ℤ, then

𝑡𝑛 ∶= Γ(𝑡 + 1)
Γ(𝑡 − 𝑛 + 1) . (1.5)

It is understood that 𝑡𝑛 is given only for the values of 𝑡 and
𝑛 for which these formulae are meaningful. Moreover, in
the case where 𝑡 − 𝑛 + 1 is a pole of the gamma function
but 𝑡 + 1 is not, we declare 𝑡𝑛 ∶= 0. Using (1.4), we see
that Δ𝑡𝑛 = 𝑛𝑡𝑛−1. This notation enables us to generalize
the power rule in a manner consistent with (1.1).

The generalized falling function is used to define the dis-
crete Taylor monomials. These take the place of the Taylor

monomials
(𝑡−𝑠)𝑛

𝑛!
in the continuous calculus.

Definition 1.2. We define the discrete Taylor monomials
(based at 𝑠 ∈ ℕ𝑎) ℎ𝑛(𝑡, 𝑠), 𝑛 ∈ ℕ0, by

ℎ𝑛(𝑡, 𝑠) =
(𝑡 − 𝑠)𝑛
𝑛! , 𝑡 ∈ ℕ𝑎.

Some important properties of the discrete Taylor mono-
mials are given below.

Theorem 1.3. Let 𝑡, 𝑠 ∈ ℕ𝑎 and 𝑛 ∈ ℕ0. Then

1. ℎ0(𝑡, 𝑎) = 1;
2. ℎ𝑛(𝑡, 𝑡) = 0;
3. Δℎ𝑛+1(𝑡, 𝑎) = ℎ𝑛(𝑡, 𝑎);
4. Δ𝑠ℎ𝑛+1(𝑡, 𝑠) = −ℎ𝑛(𝑡, 𝑠 + 1), where Δ𝑠ℎ𝑛(𝑡, 𝑠) denotes
the derivative with respect to 𝑠;

5. ∫ℎ𝜈(𝑡, 𝑎) Δ𝑡 = ℎ𝜈+1(𝑡, 𝑎) + 𝐶;
6. ∫ℎ𝑛(𝑡, 𝑠 + 1) Δ𝑠 = −ℎ𝑛+1(𝑡, 𝑠) + 𝐶

for a constant 𝐶.
The discrete Taylor monomials allow us to establish a

rule for repeated summation.

Theorem 1.4. Let 𝑓 ∶ ℕ𝑎 → ℝ be given. Then

∫
𝑡

𝑎
∫

𝜏1

𝑎
∫

𝜏2

𝑎
𝑓(𝜏𝑛)Δ𝜏𝑛⋯Δ𝜏2 Δ𝜏1

= ∫
𝑡

𝑎
ℎ𝑛−1(𝑡, 𝑠 + 1)𝑓(𝑠)Δ𝑠.

(1.6)

This is proved using induction on 𝑛, integration by parts
(Theorem 1.58 of [GP15]), and Theorem 1.3.5. Motivated
by (1.6), we express the 𝑛th integer sum Δ−𝑛𝑎 𝑓(𝑡) for 𝑛 ∈ ℕ
as

Δ−𝑛𝑎 𝑓(𝑡) ∶= ∫
𝑡

𝑎
ℎ𝑛−1(𝑡, 𝑠 + 1)𝑓(𝑠)Δ𝑠.

However, since ℎ𝑛−1(𝑡, 𝑠 + 1) = 0 whenever 𝑠 = 𝑡 − 1, 𝑡 −
2, … , 𝑡 − 𝑛 + 1, we obtain

Δ−𝑛𝑎 𝑓(𝑡) ∶= ∫
𝑡−𝑛+1

𝑎
ℎ𝑛−1(𝑡, 𝑠 + 1)𝑓(𝑠)Δ𝑠, (1.7)

which is the definition of the 𝑛th integer sum of 𝑓(𝑡). With
(1.7) in hand, we now define the fractional sum, which
parallels (1.2).

Definition 1.5. Let 𝑓 ∶ ℕ𝑎 → ℝ and 𝜈 > 0. Then the
𝜈th-order fractional sum (based at 𝑎) of 𝑓 is given by

Δ−𝜈𝑎 𝑓(𝑡) ∶= ∫
𝑡−𝜈+1

𝑎
ℎ𝜈−1(𝑡, 𝜏 + 1)𝑓(𝜏) Δ𝜏

=
𝑡−𝜈
∑
𝜏=𝑎

ℎ𝜈−1(𝑡, 𝜏 + 1)𝑓(𝜏)

for each 𝑡 ∈ ℕ𝑎+𝜈, where

ℎ𝜈(𝑡, 𝑠) ∶=
(𝑡 − 𝑠)𝜈
Γ(𝜈 + 1)

= Γ(𝑡 − 𝑠 + 1)
Γ(𝑡 − 𝑠 − 𝜈 + 1)Γ(𝜈 + 1) (1.8)

is the 𝜈th fractional Taylor monomial based at 𝑠.
The following formulas about the fractional Taylor

monomials generalize the integer version given in Theo-
rem 1.3.

Theorem 1.6. Let 𝑡, 𝑠 ∈ ℕ𝑎. Then
1. ℎ𝜈(𝑡, 𝑡) = 0;
2. Δℎ𝜈(𝑡, 𝑎) = ℎ𝜈−1(𝑡, 𝑎);
3. Δ𝑠ℎ𝜈(𝑡, 𝑠) = −ℎ𝜈−1(𝑡, 𝑠 + 1);
4. ∫ℎ𝜈(𝑡, 𝑎) Δ𝑡 = ℎ𝜈+1(𝑡, 𝑎) + 𝐶;
5. ∫ℎ𝜈(𝑡, 𝑠 + 1) Δ𝑠 = −ℎ𝜈+1(𝑡, 𝑠) + 𝐶,

whenever these expressions make sense.

Properties 2 and 3 generalize the power rule for the de-
rivative of polynomials, and properties 4 and 5 generalize
the power rule of integration of polynomials.

As in the continuous case (1.3), this leads to the def-
inition of the 𝜈th-order fractional difference. Suppose
𝑓 ∶ ℕ𝑎 → ℝ and 𝜈 > 0. Define 𝑁 ∈ ℕ to be the unique
positive integer satisfying 𝑁 − 1 < 𝜈 < 𝑁. Then the 𝜈th
fractional difference is

Δ𝜈𝑎𝑓(𝑡) ∶= Δ𝑁Δ−(𝑁−𝜈)
𝑎 𝑓(𝑡), 𝑡 ∈ ℕ𝑎+𝑁−𝜈. (1.9)

To illustrate these definitions, we give the following ex-
ample.

Example 1.7. Find the half-derivative of 𝑓(𝑡) = 𝑡 on both
the real numbers and the integers.

Using the Riemann-Liouville definition of the fractional
derivative (1.3) with 𝑎 ∈ ℝ and 𝜈 = 1/2 (𝑚 = 1/2, 𝑝 = 1
in (1.1)), we find that

𝐷1/2
𝑎 𝑡 = 1

Γ(1/2)
𝑑
𝑑𝑡 ∫

𝑡

𝑎

𝜏
(𝑡 − 𝜏)1/2

𝑑𝜏

= 1
√𝜋

[ 𝑎
√𝑡 − 𝑎

+ 2√𝑡 − 𝑎] .

We now calculate the half-derivative of 𝑡 on ℤ. Using (1.9)
with 𝜈 = 1/2, 𝑁 = 1, and any 𝑎 ∈ ℝ, we have

Δ1/2𝑎 𝑡 = Δ1Δ−1/2𝑎 𝑡, 𝑡 ∈ ℕ𝑎+1/2.
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So we need to find Δ−1/2𝑎 𝑡 first. We will do that using the
following form of integration by parts (Theorem 1.58 of
[GP15]):

∫
𝑐

𝑏
𝑢(𝜏)Δ𝑣(𝜏)Δ𝜏=𝑢(𝜏)𝑣(𝜏)||

𝑐

𝑏
−∫

𝑐

𝑏
𝑣(𝜏 + 1)Δ𝑢(𝜏)Δ𝜏.

Above, we choose 𝑢(𝜏) = 𝜏 and Δ𝑣(𝜏) = ℎ−1/2(𝑡, 𝜏 + 1).
Consequently, using Theorem 1.6, we obtain

Δ−1/2𝑎 𝑡 = ∫
𝑡+1/2

𝑎
ℎ−1/2(𝑡, 𝜏 + 1) 𝜏 Δ𝜏

= −𝜏 ℎ1/2(𝑡, 𝜏)||
𝑡+1/2

𝑎

+ ∫
𝑡+1/2

𝑎
ℎ1/2(𝑡, 𝜏 + 1)Δ𝑡

∶= 𝑇1 + 𝑇2.
Using (1.8), we have

𝑇1 =
1

Γ( 3
2
)
[−(𝑡 + 1/2) (−12)

1/2
]

+ 1
Γ( 3

2
)
[𝑎(𝑡 − 𝑎)1/2]

= 2
√𝜋

𝑎(𝑡 − 𝑎)1/2

since (−1/2)1/2 is zero because 𝑡−𝑛+1 = 0 is a nonpositive
integer and 𝑡 + 1 = 1/2 is not a nonpositive integer where
𝑡 = −1/2 and 𝑛 = 1/2 in (1.5). In a similar fashion, one
can show that

𝑇2 =
4

3√𝜋
(𝑡 − 𝑎)3/2,

and so

Δ1/2𝑎 𝑡 = Δ1 [ 2
√𝜋

[𝑎(𝑡 − 𝑎)1/2 + 2
3(𝑡 − 𝑎)3/2]]

= 2
√𝜋

[12𝑎(𝑡 − 𝑎)−1/2 + (𝑡 − 𝑎)1/2] ,

which is analogous to 𝐷1/2
𝑎 𝑡. Figure 1 illustrates the case

𝑎 = 0 for multiple values of 𝜈 on the integers.

2. Monotonicity and Convexity
Early on in calculus, students learn that given a function
𝑓 ∶ 𝑋 ⊆ ℝ → ℝ, with 𝑋 open and 𝑐 ∈ 𝑋 at which 𝑓′ exists,
we have

𝑓′(𝑐) ∶= lim
𝑥→𝑐

𝑓(𝑥) − 𝑓(𝑐)
𝑥 − 𝑐 .

So 𝑓′(𝑐) only considers the local behavior of 𝑓 near the
point 𝑥 = 𝑐.

One very important consequence of the local nature
of the derivative operator is that the operator possesses a
strong connection to the monotonic behavior of 𝑓. In par-
ticular, as every first-semester calculus student learns, given

Figure 1. The fractional derivative of 𝑡 is shown over the
integers for various values of 𝜈.

a differentiable function 𝑓 ∶ 𝑋 ⊆ ℝ → ℝ, if 𝑓′(𝑥) > 0 for
all 𝑥 in some set 𝑈 ⋐ 𝑋 , that is, 𝑈 is compactly contained
in 𝑋 , then it follows that 𝑓 is increasing on 𝑈. The mean
value theorem establishes this connection rigorously.

The situation in the discrete case is even more transpar-
ent. In particular, (1.4) computes the amount of change in
𝑓 as we move the time point from 𝑡 to 𝑡+1. Thus, only the
time points 𝑡 and 𝑡+1 are considered, and so, the behavior
of 𝑓 at any other points is ignored and plays no role what-
soever in the computation of Δ𝑓(𝑡). As in the continuous
case, one consequence of the local structure of the differ-
ence operator is its connection to the monotonicity of 𝑓.
In the integer-order setting, a short string of biconditional
statements proves the connection between Δ𝑓(𝑡) ≥ 0 on
ℕ𝑎 and 𝑓 being increasing onℕ𝑎. A natural follow-up ques-
tion is whether this result holds for the discrete fractional
case.

From the definition of the 𝜈th fractional difference as
given by (1.9), we see there is a certain domain shift. No-
tice that the domain of the map 𝑡 ↦ Δ𝜈𝑎𝑓(𝑡) is different
from that of the map 𝑡 ↦ 𝑓(𝑡). That is, the fractional for-
ward difference shifts the domain of 𝑓 from ℕ𝑎 to ℕ𝑎+𝑁−𝜈.
This happens because the 𝜈th fractional difference is built
from the 𝜈th-order fractional sum.

Here we see the nonlocal structure of the fractional dif-
ference. The map 𝑡 ↦ Δ−𝜈𝑎 𝑓(𝑡) is a linear combination
of the set {𝑓(𝑎), 𝑓(𝑎 + 1), … , 𝑓(𝑡 − 𝜈)}. It is clear that the
fractional difference of 𝑓 at fixed time 𝑡 depends on all
values of 𝑓 at all previous times. The implicit nonlocal
structure of the discrete fractional difference makes it in-
teresting and complex.

The first to consider the connection between the sign
of Δ𝜈𝑎𝑓 and the monotonicity 𝑓 were Dahal and Goodrich,
who provided a partial answer in [DG14]. They concluded
the following.

Theorem 2.1. If 𝑦 is nonnegative on ℕ0 and 𝑦(0) = 0, then
for fixed 𝜈 ∈ (1, 2) with Δ𝜈𝑎𝑦(𝑡) ≥ 0 on ℕ2−𝜈, 𝑦 is increasing
on ℕ0.
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The presence of the restrictions that 𝑦 be nonnegative
and 𝑦(0) = 0 is surprising since they are not required
in the continuous or integer-order setting. Although not
presented here, it is worth noting that the proof is vastly
more complicated than that of its integer-order counter-
part. This is due to the nonlocal structure of the fractional
difference.

We see that Δ𝑦(0) ≥ 0, which is an immediate con-
sequence of the assumptions 𝑦(0) = 0 and 𝑦 being non-
negative. Jia et al. discovered [JEP15] that the condition
Δ𝑦(0) ≥ 0 was necessary to generalize the work of Dahal
and Goodrich. Their refinement states that if 𝑦 ∶ ℕ0 → ℝ
is nonnegative such that Δ𝑦(0) ≥ 0, then for fixed 𝜈 ∈ (1, 2)
with Δ𝜈𝑎𝑦(𝑡) ≥ 0 on ℕ2−𝜈, 𝑦 is increasing on ℕ0.

After this improved result, Goodrich, Jia, et al. pro-
duced another refinement [EGJP17]. The prerequisite that
Δ𝑦(0) be nonnegative is sufficient, but not necessary to the
degree that it can be replaced by a somewhat weaker condi-
tion. Before giving a more up-to-date monotonicity result,
a preliminary result is needed. This was originally proved
by Jia et al. [JEP15] and is necessary to improve the origi-
nal monotonicity result. It is stated as follows.

Lemma 2.2. Assume that Δ𝜈𝑎𝑦(𝑡) ≥ 0 for each 𝑡 in ℕ𝑎+2−𝜈
with 𝜈 ∈ (1, 2). Then

Δ𝑦(𝑎 + 𝑘 + 1) ≥ −ℎ−𝜈(𝑎 + 𝑘 + 2 − 𝜈, 𝑎)𝑦(𝑎)

−
𝑎+𝑘
∑
𝜏=𝑎

−ℎ−𝜈(𝑎 + 𝑘 + 2 − 𝜈, 𝜏 + 1)Δ𝑦(𝜏)

for each 𝑘 ∈ ℕ0, where

ℎ−𝜈(𝑡, 𝜏 + 1) = (𝑡 − 𝜏)−𝜈
(𝑡 − 𝜈 − 𝜏)! (𝑎 + 𝑘 + 2 − 𝜏)! < 0

for ℕ𝑎+2−𝜈, 𝑎 ≤ 𝜏 + 1 ≤ 𝑡 + 𝜈 − 1.

This result establishes a lower bound for Δ𝑦(𝑎 + 𝑘 + 1).
Now we give a more general result for monotonicity theo-
rems when using the delta fractional difference.

Theorem 2.3. If 𝑦 ∶ ℕ𝑎 → ℝ is such that Δ𝜈𝑎𝑦(𝑡) ≥ 0 for
fixed 𝜈 ∈ (1, 2) on ℕ𝑎+2−𝜈 and

𝑦(𝑎 + 1) ≥ 𝜈
𝑘 + 2𝑦(𝑎)

for each 𝑘 ∈ ℕ0, then Δ𝑦(𝑡) ≥ 0 on ℕ𝑎+1.

There are two immediate observations to bemade. First,
𝑦 is not required to be a nonnegative map. This is an im-
provement over Dahal and Goodrich’s result. However, if
𝑦 is nonnegative, one can obtain more information from
this more general result. Secondly, we observe that the hy-
potheses do not require an “initial monotonicity.”

The lower bound on 𝑦(𝑎 + 1) in the theorem and the
lower bound of Δ𝑦(𝑎 + 𝑘 + 1) in the lemma are used to-
gether to conclude that 𝑦 is monotone increasing. It is

worth noting that the lower bound on 𝑦(𝑎+1) is sufficient.
Its necessity is still an open question.

We now turn our attention to the relationship between
the delta fractional difference and the convexity of themap
𝑦. As with monotonicity, the relationships are not straight-
forward and prove to be more complicated than in the
integer-order setting. Erbe et al. [EGJP16] state the fol-
lowing proposition.

Proposition 2.4 ([EGJP16, Prop. 3.1]). Let 𝑦 ∶ ℕ𝑎 → ℝ.
Then Δ2𝑦(𝑡) > 0 for each 𝑡 ∈ ℕ𝑎 if and only if 𝑦 is convex.
Similarly, Δ2𝑦(𝑡) < 0 for each 𝑡 ∈ ℕ𝑎 if and only if 𝑦 is a
concave map on ℕ𝑎.

This can be proved rather easily. However, if we move
to the fractional-order case, the connection ismore compli-
cated. Goodrich [Goo14] initially studied this connection.
Later Jia et al. [BEP15] pointed out that Goodrich’s result
omitted the important hypothesis Δ𝑁−1𝑦(𝑎) ≥ 0. Together
they proved the following theorem.

Theorem 2.5. Assume that Δ𝜈𝑎𝑦(𝑡) ≥ 0 for each 𝑡 ∈ ℕ𝑁+𝑎−𝜈
with 𝑁 − 1 < 𝜈 < 𝑁, 𝑁 ∈ ℕ3. Additionally, suppose that
(−1)𝑁−𝑖Δ𝑖𝑦(𝑎) ≥ 0 for 𝑖 = 0, 1, … , 𝑁 − 2 and Δ𝑁−1𝑦(𝑎) ≥ 0.
Then Δ𝑁−1𝑦(𝑡) ≥ 0 for each 𝑡 in ℕ𝑎.

The proof relies on and complements Theorem 2.1. It
repeatedly applies the result to the map 𝑤 ∶ ℕ → ℝ given
by 𝑤(𝑡) = Δ𝑁−2𝑦(𝑡) to establish that 𝑤 is increasing. From
this result, one has the following corollary.

Corollary 2.6 ([EGJP16]). Fix 𝜈 ∈ (𝑁 − 1,𝑁) with 𝑁 ∈ ℕ3.
Let 𝑦 ∶ ℕ0 → ℝ be a function satisfying Δ𝜈0𝑦(𝑡) ≥ 0 for each
𝑡 ∈ ℕ𝑁−𝜈. In case 𝑁 is odd, assume that

{Δ
𝑗
0𝑦(0) < 0, 𝑗 = 0, 2, … , 𝑁 − 3,

Δ𝑗0𝑦(0) > 0, 𝑗 = 1, 3, … , 𝑁 − 4,
whereas in the case 𝑁 is even, assume that

{Δ
𝑗
0𝑦(0) > 0, 𝑗 = 0, 2, … , 𝑁 − 3,

Δ𝑗0𝑦(0) < 0, 𝑗 = 1, 3, … , 𝑁 − 4.

If, in addition, Δ𝑁−2
0 𝑦(0) ≥ 0 and Δ𝑁−1

0 𝑦(0) ≥ 0, then
Δ𝑁−1
0 𝑦(𝑡) ≥ 0 for each 𝑡 ∈ ℕ0.

In the case 2 < 𝜈 < 3, that is,𝑁 = 3, we see the following
geometrical interpretation of the above result.

Corollary 2.7 ([BEP15]). Assume that 𝑦 ∶ ℕ𝑎 → ℝ satisfies
Δ𝜈𝑎𝑦(𝑡) ≥ 0 for each 𝑡 ∈ ℕ𝑎 with 2 < 𝜈 < 3, and 𝑦(𝑎) ≤
0, Δ𝑦(𝑎) ≥ 0, Δ2𝑦(𝑎) ≥ 0. Then Δ2𝑦(𝑡) ≥ 0 for 𝑡 ∈ ℕ𝑎.

By taking a closer look at the conditions, we see that 𝑦
must be initially nonnegative, increasing, and convex. If
all this happens and Δ𝜈𝑎𝑦(𝑡) is nonnegative, then we have
Δ2𝑦(𝑡) ≥ 0. As a matter of fact, we can deduce 𝑦 is convex
if Δ2𝑦(𝑡) > 0. An improvement on this result follows.
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Theorem 2.8 ([Goo16]). Fix 𝜈 ∈ (2, 3) and suppose that
Δ𝜈𝑎𝑓(𝑡) ≥ 0 for each 𝑡 ∈ ℕ3+𝑎−𝜈. If for each 𝑘 ∈ ℕ−1 we have

1
−𝜈 + 1𝑓(𝑎 + 2) + 𝜈 + 2 + 𝑘

(𝜈 − 1)(𝑘 + 3)𝑓(𝑎 + 1)

− 𝜈
(3 + 𝑘)(4 + 𝑘)𝑓(𝑎)

≤ 0,

(2.1)

then Δ2𝑓(𝑡) ≥ 0 for each 𝑡 ∈ ℕ𝑎+1.

Define a function 𝑓 such that 𝑓(𝑎) = 0, 𝑓(𝑎 + 1) =
1, and 𝑓(𝑎 + 2) = 1.9. Then it satisfies the hypotheses of
Theorem 2.8. If we fix 𝜈 = 5

2
, then inequality (2.1) holds,

but Δ2𝑓(𝑎) = − 1
10

< 0. Thus, Theorem 2.8 does not re-
quire any initial convexity. The sharpness of these results
is an open question. As with the monotonicity results, it
would be interesting to determine the optimal convexity-
type result.

3. Biological Modeling
In recent years, discrete fractional calculus has begun to
be applied in the biosciences. The appeal of discrete frac-
tional calculus is that the fractional difference of a function
depends on its whole time history, and not on its instanta-
neous behavior. Such a characteristic of the fractional dif-
ference operator in biosciences is perfectly suited for the
description of materials with memory. Thus, the nonlo-
cal nature of the fractional difference operator that led to
surprisingly complex results involving monotonicity and
convexity also lends itself to advances in modeling.

In [AAHN15], F. M. Atıcı et al. used discrete fractional
calculus tomodel tumor volume via sigmodial curves. The
chosen curves were Gompertz, Logistics, Richards, and
Weibull, with each curve having a discrete, continuous frac-
tional, and discrete fractional version. As the continuous
version of the curves have the (natural) exponential func-
tion, a description of how to replace it with an appropriate
representation for each form of each curve was given.

The authors accessed tumor volume data for 28 mice
taken over 17 consecutive days. Figure 2 is a plot of the
daily mean tumor volume (𝑦-value denoted by a red dot)
of 28 mice and of the standard deviations of volume (rep-
resented by bars). Using residual sum of squares of the ag-
gregatedmean tumor volume, continuous fractional Gom-
pertz (in yellow), continuous fractional Logistic (in gray),
continuous Richards (in green), and continuous Weibull
(in blue) versions fit the data best and these fits are plot-
ted in Figure 2.

The focus then became how the models fit to the indi-
vidual mice’s data and their predictive performance. To
assess these, residual sum of squares (RSS), standard er-
ror (SE) of the estimate, adjusted coefficient of determina-
tion (ACD), and cross-validation methods were used. The

Figure 2. Mean tumor volume with standard deviation by day
and fits of curves.

authors found that now in the individual case the discrete
versions significantly outperform the continuous ones in
terms of data fitting; they produced the most models with
minimum RSS. This improvement may be seen because
time is measured on a discrete scale. Furthermore, this
difference is insightful because individual mice have dif-
ferent growth curves, and that growth can be quite differ-
ent if the model is applied to mean tumor volume. When
model types were compared across all versions, Richards
curve gave the best fit for the largest number of mice data
sets.

The discrete versions were again better than the contin-
uous ones in producing minimum SE of the estimate and
the max ACD. Although the discrete form of the Richards
curve had the most (20) mice data that best fit with respect
to ACD, the Logistic curve had the most (17) across all ver-
sions. This is thought to be so because max ACD penalizes
models for using more parameters. Logistic curves have
three parameters while Richards and Weibull curves have
four.

Better fit does not necessarily mean a good predictive
performance. In order to gauge the predictive performance
of the models, the authors used the 𝑘-fold cross validation
method and predicted residual sum of squares (PRESS).
A smaller value of PRESS indicates better performance in
predicting a future value of tumor volume. The fractional
models were better predictors than the traditional ones.
The authors observed that there were 32 continuous frac-
tional and 30 discrete fractional models that had the min-
imum PRESS compared to 24 continuous and 26 discrete.

In summary, the traditionalmodels resulted in better fit,
while the fractional models were better at predicting future
outcomes than the traditional ones.

In [AABM17], F. M. Atıcı et al. continue modeling us-
ing fractional calculus. While the goal remained to model
tumor growth in mice, this time only discrete fractional
equations were considered. Starting from the Gompertz

FEBRUARY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 185



Mouse Old method New method Improvement New method Improvement
Identifier of partial of partial with new of partial sums with new

sums in sums in Discrete method in in Discrete- method in
Discrete Discrete Fractional Discrete-

Fractional
1 − 4 0.0733707 0.004505497409094128 93.85% 0.0041820751 7.17%
1 − 5 0.0527466 0.04261294839958312 19.21% 0.0256315825 39.85%
5 − 1 0.0120763 0.010400107799865513 13.88% 0.00932411659 10.34%
5 − 3 0.0161821 0.013243640560150597 18.15% 0.01001867981 24.35%
9 − 1 0.0599209 0.017423882860512472 70.92% 0.01389409623 20.25%
9 − 2 0.0114475 0.014405508857738373 𝑁/𝐴 0.00856935321 40.51%
9 − 4 0.00010619 0.000062307725400199 41.32% 0.00005501819 11.7%
𝐴6 − 1 0.013071 0.020630076592876006 𝑁/𝐴 0.01475519747 28.47%
𝐴6 − 2 0.0154899 0.014043018252413534 9.34% 0.01165751860 16.98%
𝐴6 − 4 0.0273169 0.042661876659798564 𝑁/𝐴 0.04050010184 5.06%
𝐴6 − 5 0.00211683 0.0031591615221599366 𝑁/𝐴 0.00199468791 36.86%
𝐵2 − 1 0.00167148 0.002623607499610515 𝑁/𝐴 0.00173688210 33.79%
𝐵2 − 2 0.0295633 0.020772251406296828 29.73% 0.01496914862 27.93%
𝐵2 − 3 0.174809 0.14893675896412792 14.80% 0.13590911970 8.74%
𝐵2 − 5 0.00495535 0.004895335102352389 1.21% 0.00425793938 13.02%

Table 1. Models with minimum RSS.

differential equation

𝑦′ = (𝑐 − 𝑏 ln 𝑦(𝑡)) 𝑦(𝑡), (3.1)

where 𝑏 and 𝑐 are parameters, the authors described the
process of obtaining a fractional Gompertz difference
equation and developing amethod to estimate parameters
for discrete Gompertz equations. The proposed fractional
Gompertz difference equation is

Δ𝜈𝑦 = (𝑐 − 𝑏 ln 𝑦(𝑡)) 𝑦(𝑡), (3.2)

where 𝜈 ∈ (0, 1.5).
The authors developed a parameter estimation method

which they call the “improved partial sum method.” The
advantage of this method is that it can be used for both
solutions and equations. Using their method does not
require solving the model for data fitting. There are two
reasons for exploring this new approach for data fitting.
The first is to avoid using solutions obtained from approx-
imation techniques, and the second is to keep the num-
ber of parameters as small as possible. They showed that
the improved partial sum method gave better results for
least squares fitting with (3.2) (see Table 1). For a certain
mouse, column 2 gives the RSS value using the oldmethod
of partial sums for the discrete model ((3.2) with 𝜈 = 1),
and column 4 gives the RSS value under the new method
of partial sums for the same discrete model.

When comparing the RSS values in the discrete case for
the improved method of partial sums and the original one,
the RSS values decreased 10 times out of a possible 15 with
the greatest improvement being 93.85% (as seen in col-
umn 3). When using the new method for both discrete
and discrete fractional models, the RSS values decreased
for all 15 mice (when compared to the old method for the
discrete model). In all instances, the SE associated with
the discrete fractional model ((3.2) with 𝜈 ∈ (0, 1.5) ⧵ {1})

improved partial sum method was lower than the SE as-
sociated with the discrete improved partial sum method.
Similarly, the 𝑟2 values for the discrete fractional model
were always higher.

To further solidify the fact that the discrete fractional
Gompertz equation modeled the data well, the authors
compared its RSS using the improved partial sum method
to the RSS of the continuous Gompertz equation (3.1)
with theMarquardt-Levenberg algorithm. The last column
of Table 2 (IMP means improvement) shows data fitting
with the new method for discrete fractional is an improve-
ment over data fitting using theMarquardt-Levenberg algo-
rithm for the continuous Gompertz equation. The greatest
improvement was 93%.

In short, the authors presented a discrete fractional
equation to model tumor growth in mice. For data fitting
purposes, they introduced an algorithm for parameter es-
timations without needing to solve the equations. From
the statistical measures presented, the reader can conclude
that the discrete fractional model offers improved data fit-
ting when compared to its discrete form.

4. Final Words
Fractional equation theory is a rich branch of mathematics
that includes fractional differential equations and discrete
fractional difference equations. This area has gained con-
siderable popularity within the past decade, although it
was initially studied by L’Hôpital in 1695.

A recent paper by Goodrich and Lizama [GL20a] inves-
tigated convolution-type inequalities, i.e., inequalities of
the form

(Δ𝑛(𝑎 ∗ 𝑢))(𝑡) ≥ 0
for some positive integer 𝑛. Here 𝑎 ∗ 𝑢 represents the fi-
nite convolution of 𝑎 and 𝑢. By choosing 𝑎 in a particular

186 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 2



Mouse New method M-L Alg. IMP
Identifier (Discrete- (Gompertz- (%)

Fractional) Curve)
1 − 4 0.00442823 0.00442823 0%
1 − 5 0.0256315825 0.0391794 35%
5 − 1 0.00932411659 0.010066 7%
5 − 3 0.01001867981 0.0154649 35%
9 − 1 0.01389409623 0.0332244 58%
9 − 2 0.00856935321 0.0114397 25%
9 − 4 0.00005501819 0.00008154 33%
𝐴6 − 1 0.01475519747 0.012371 𝑁/𝐴
𝐴6 − 2 0.01165751860 0.1741 93%
𝐴6 − 4 0.04050010184 0.0237391 𝑁/𝐴
𝐴6 − 5 0.00199468791 0.00210743 5%
𝐵2 − 1 0.00173688210 0.00169775 𝑁/𝐴
𝐵2 − 2 0.01496914862 0.0228022 34%
𝐵2 − 3 0.13590911970 0.179615 24%
𝐵2 − 5 0.00425793938 0.00508966 16%

Table 2. Comparing two models.

way we can recover from the abstract convolution inequal-
ity certain fractional difference inequalities and thus ob-
tain various monotonicity- and convexity-type results. An
interesting unresolved question is to what extent this ab-
straction to the convolution setting is useful in answering
these types of qualitative questions regarding fractional dif-
ference operators. The approaches used in [GL20a] are in-
teresting and elegant. But just how far they can be pushed
in the effort to fully understand the qualitative properties
of discrete fractional operators is an open question.

A second open question is one of multiplicity and opti-
mality. There are many different monotonicity-type (sim-
ilarly, convexity-type) results in the literature now. But
how many undiscovered ones are there? Are there better
ones (in some reasonable sense), which have yet to be dis-
covered? For example, comparing the results in Goodrich
[Goo14,Goo16] and Baoguo, Erbe, and Peterson [BEP15]
we see a variety of convexity-type results. But are there oth-
ers which have not been discovered and which would be
interesting for one reason or another?

A third open question concerns extremality. In particu-
lar, it is well known that in calculus a change in the sign
of the derivative indicates the existence of a minimum or
a maximum. But can anything be said in the case of a
fractional difference? This would seem to have a natural
connection to monotonicity- and convexity-type results.
Nonetheless, the only work of which we are aware is a pa-
per by Dahal, Drvol, and Goodrich [DDG17]. This repre-
sents another collection of open problems in the area.

Sequence fractional differences are a final area of cur-
rent research that is worth investigating. The discrete
fractional operator is, in general, noncommutative, i.e.,
Δ𝜇Δ𝜈 ≠ Δ𝜈Δ𝜇 for noninteger 𝜇 and 𝜈. This is in consider-
able contrast to the integer-order setting, wherein the op-
erator action 𝑓 → (Δ ∘ Δ)𝑓 can be unambiguously defined

0.5 1 1.5 2

0.5

1

1.5

2

𝜇

𝜈

Figure 3. Parameter pair (𝜇, 𝜈) and qualitative behavior of 𝑓.
https://www.springer.com/journal/11117.

by

((Δ ∘ Δ)𝑓) (𝑡) ∶= (Δ2𝑓)(𝑡)
∶= 𝑓(𝑡 + 2) − 2𝑓(𝑡 + 1) + 𝑓(𝑡).

This leads to the concept of a “sequential fractional differ-
ence,” which is the composition of two or more fractional
difference operators of (possibly) unequal orders—for ex-
ample,

Δ𝜈1+𝑎−𝜇Δ
𝜇
𝑎𝑓(𝑡).

An interesting question then arises: what sort of connec-
tions (if any) exist between the sign of Δ𝜈1+𝑎−𝜇Δ

𝜇
𝑎𝑓(𝑡) and

the convexity, concavity, or monotonicity of 𝑓 itself? This
study of the connection between sequential fractional dif-
ferences and the monotonicity and convexity of functions
is very much in its infancy. We refer to results in [GL20b].
The study of the fractional sequential inequality

Δ𝜈1+𝑎−𝜇Δ
𝜇
𝑎𝑓(𝑡) ≥ 0 (4.1)

results in a very delicate interplay between the choice of
the parameter pair (𝜇, 𝜈) and whether there is any con-
nection between (4.1) and the qualitative behavior of 𝑓
(e.g., monotonicity and convexity). For example, consider
Figure 3. In this drawing, where we assume (for simplic-
ity) that the admissible parameter space is restricted to
1 < 𝜇 + 𝜈 < 2,
1. the dark grey region is where there is a strong connec-

tion between the sign of (4.1) and the monotone be-
havior of 𝑓;

2. the light grey region is where there is (effectively) no
connection between the sign of (4.1) and the mono-
tone behavior of 𝑓; and

3. the medium grey region is where whether there is any
kind of connection is, at present, unknown.

Note that in this drawing we see that the case (𝜇, 𝜈) ∈
(0, 1) × (0, 2) is completely dispatched, whereas the case
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(𝜇, 𝜈) ∈ (1, 2) × (0, 1), with 𝜇 + 𝜈 ∈ (1, 2), still has some
“gaps” in it. In addition, we notice that

1. in case (𝜇, 𝜈) ∈ (0, 1)× (0, 1) the “good” region is above
the “bad” region; whereas

2. in case (𝜇, 𝜈) ∈ (1, 2)× (0, 1) the “good” region is below
the “bad” region.

Why should this be? This is indeed a very good open ques-
tion.

A final open area of research is to extend fractional cal-
culus beyond the real numbers and integers. That is, to
define the fractional dynamic calculus and fractional dy-
namic equations on an arbitrary, nonempty closed subset
of the real numbers, known as a time scale 𝕋. Georgiev
attempts to do this in [Geo18]. However, when the
time scale is the integers, the definition of the Riemann-
Liouville fractional delta-integral of order 𝛼 > 0 con-
flicts with the standard definition of the discrete Riemann-
Liouville integral of order 𝛼 > 0 as given in [GP15]. Con-
sequently, the unification of the continuous and discrete
fractional calculus is not achieved.

The applications of fractional calculus extend to finance
and economics. The authors of [TPV20] investigate the
economic growth of G20 counties from 1970 to 2018.
While integer-order models gave good estimates of gross
domestic product, they found that fractional-order more
accurately predicted economic growth without increasing
the number of parameters or sacrificing the ability to pre-
dict the progression of gross domestic product in the short-
term.

Furthermore, discrete fractional calculus can be applied
to statistics. In [GG17], the authors introduce two general-
ized random variables. They show the expectation of the
first type requires both the delta Riemann left fractional
sum and difference of the probability function. Similar
results hold between the second type and the nabla frac-
tional sum and difference. These relationships allow for
the development of fractional versions of discrete uniform
distributions.

Even with these successes on the integers, there are still
avenues for future research in discrete fractional calculus,
with the eventual hope of more general applications to
time scales.
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pared this article.
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Was Gelfand Right? The Many
Loves of Lattice Theory

Jonathan David Farley
Gian-Carlo Rota wrote in the Notices, “Never in the history
of mathematics has a mathematical theory been the object of
such vociferous vituperation as lattice theory.” In this article,
we outline some of the exciting open problems in lattice theory
and the theory of ordered sets.

I was surprised when I walked into the office of the per-
son I hoped would be my doctoral advisor. The year be-
fore, I had bought the book coauthored by that person, a
light blue paperback I still have in my possession: Introduc-
tion to Lattices and Order, by B. A. Davey and H. A. Priestley.

Jonathan David Farley is an associate professor of mathematics at Morgan State
University. His email address is lattice.theory@gmail.com.

Communicated by Notices Associate Editor Emilie Purvine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2415

Earlier that summer, there had been a conference in honor
of Professor Garrett Birkhoff, who had beenmy undergrad-
uate thesis advisor. At the conference, Professor Birkhoff
told Dr. Priestley to expect me in the fall at the University
of Oxford, where Dr. Priestley taught.

Dr. Priestley had sent me a handwritten note telling me
we should meet at a particular office at the Mathematical
Institute. The door was open and I walked in and that was
the first time I realized that no one had actually used the
pronoun “he” or “him,” because sitting in a chair wearing
a dress was the woman who would become my doctoral
advisor, H. A. Priestley.

I had been confounded by the British practice of using
initials, like J. R. R. Tolkien, C. S. Lewis, and H. R. High-
ness!

Like me, some mathematicians may have false precon-
ceived notions, even prejudices, about lattice theorists,
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lattice theory, or the theory of ordered sets. I hope that
what you find in these pages will instead surprise—and
delight—and excite—you. Maybe you’ll even find some-
thing you’ll love.

1. The Fixed-Point Property
In the first conversation Dr. Priestley and I had, she de-
scribed this problem:

Is the fixed-point property for posets preserved by products?
A partially ordered set—a.k.a. poset—is a pair (𝑃, ≤𝑃),

where 𝑃 is a set and ≤𝑃 is a relation that is reflexive (𝑝 ≤ 𝑝
for all 𝑝 ∈ 𝑃), transitive (𝑝 ≤ 𝑞 and 𝑞 ≤ 𝑟 imply 𝑝 ≤ 𝑟
for all 𝑝, 𝑞, 𝑟 ∈ 𝑃), and antisymmetric (𝑝 ≤ 𝑞 and 𝑞 ≤ 𝑝
imply 𝑝 = 𝑞). “Let 𝑃 be a poset” means we are considering
(𝑃, ≤𝑃) for some set 𝑃 and relation≤𝑃 on 𝑃with those three
properties.

Let 𝑃 and 𝑄 be posets. A function 𝑓 ∶ 𝑃 → 𝑄 is order-
preserving if 𝑝 ≤𝑃 𝑝′ implies 𝑓(𝑝) ≤𝑄 𝑓(𝑝′). It is an order-
embedding if also the converse holds. We denote the set of
order-preserving maps from 𝑃 to 𝑄 by 𝑄𝑃 . A poset 𝑃 has
the fixed-point property if for every 𝑓 ∈ 𝑃𝑃 there is a 𝑝 ∈ 𝑃
such that 𝑓(𝑝) = 𝑝.

We can define a partial ordering on the direct product
of posets 𝑃 × 𝑄 as follows: (𝑝, 𝑞) ≤𝑃×𝑄 (𝑝′, 𝑞′) if and only
if 𝑝 ≤𝑃 𝑝′ and 𝑞 ≤𝑄 𝑞′. For example, if 𝐧 is the 𝑛-element
totally ordered set, then 𝟐 × 𝟐 × 𝟐 is order-isomorphic to
the power set of a three-element set.

Question 1. If 𝑃 and𝑄 have the fixed-point property, does
𝑃 × 𝑄?

This problem was in circulation before it appeared in
the first volume of the journal Order in 1984.

Roddy came up with the spectacular answer “Yes!”—
for finite posets—in 1994. Roddy sent me a letter saying
that the key idea had been in Roddy’s mind for a year, but
Roddy couldn’t figure out how to make it work until see-
ing an article of mine on “the uniqueness of the core.” (To
this day, I don’t see the connection.) Roddy’s paper is one
of the greatest in the theory of ordered sets [16].

Later, Roddy, Schröder, and Rutkowski proved that the
answer is “Yes” even if just one of 𝑃 and 𝑄 is finite, a far-
reaching extension, but the general problem is still open.
Maybe you will solve it?

Duffus explored fixed points of automorphisms of direct
products of posets when the posets were directly indecom-
posable. (An automorphism is an order-isomorphism from
a poset to itself. A poset 𝑃 with |𝑃| ≠ 1 is directly indecom-
posable if, whenever 𝑃 ≅ 𝐴 × 𝐵 for posets 𝐴 and 𝐵, then
|𝐴| = 1 or |𝐵| = 1.)

An interesting problem is to generalize Duffus’s results.
In particular,

Question 2. Let 𝑃 and 𝑄 be connected posets such that
every automorphism of 𝑃 or 𝑄 has a fixed point. Does every
automorphism of 𝑃 × 𝑄 have a fixed point?

(See §2 for the definition of “connected.” We focus on
connected posets because of a beautiful theorem that we
will see in §2.)

Bonus question. Does a truncated non-complemented
lattice of finite height have the fixed-point property?

I have a dream. . . that one day I will be able to give a
talk about lattices to a general audience without having to
define “lattice.” A lattice is a non-empty poset such that ev-
ery pair of elements 𝑥, 𝑦 has a least upper bound, denoted
𝑥 ∨ 𝑦, and a greatest lower bound, 𝑥 ∧ 𝑦. A poset with a
least element 0 and a greatest element 1 is called bounded.
A bounded lattice is complemented if for every element 𝑥,
there is an element 𝑦 such that 𝑥 ∨ 𝑦 = 1 and 𝑥 ∧ 𝑦 = 0.
(These lattices have high self-esteem.) Examples include
the power set of a set ordered by inclusion and the lattice
of subspaces of a finite-dimensional vector space.

The complemented lattice 𝟐 × 𝟐 has the fixed-point prop-
erty. If 𝑓 ∶ 𝟐 × 𝟐 → 𝟐 × 𝟐 is order-preserving, either
𝑓(0, 0) = (0, 0) or 𝑓(1, 1) = (1, 1) or 𝑓(0, 0) = 𝑓(1, 1) equals
(say) (1, 0) and hence 𝑓(1, 0) = (1, 0). But if you remove
the least and greatest elements, you get a poset without the
fixed-point property, because the function switching (1, 0)
and (0, 1) is order-preserving.

This doesn’t happen with finite non-complemented lat-
tices. Baclawski and Björner proved the following theo-
rem.

Theorem 3. Let 𝐿 be a finite, non-complemented lattice. Then
the truncated lattice 𝐿 ⧵ {0, 1} has the fixed-point property.

Björner, a Pólya Prize winner, conjectured in 1981 that
the theorem remains true even if 𝐿 is infinite, as long as
there is a finite bound on the size of 𝐿’s totally ordered
subsets, called chains. (This is what it means for 𝐿 to have
finite height.) This conjecture has been open since 1981.
See [10].

2. The Arithmetic of Ordered Sets
Let 𝐸 and 𝑋 be posets. The set 𝐸𝑋 can be partially ordered,
where, for 𝑓, 𝑔 ∈ 𝐸𝑋 , 𝑓 ≤𝐸𝑋 𝑔 if 𝑓(𝑥) ≤𝐸 𝑔(𝑥) for all 𝑥 ∈ 𝑋 .

𝑎 𝑏

𝑐 𝑑 0

1

𝑎𝑎

𝑎𝑐

𝑐𝑐

𝑎𝑑 𝑏𝑐

𝑏𝑏

𝑏𝑑

𝑑𝑑

≅

Figure 1. 𝐸𝑋 , where 𝐸 is the 4-element cycle {𝑎, 𝑏, 𝑐, 𝑑} with
𝑎, 𝑏 < 𝑐, 𝑑 and 𝑋 is the 2-element chain {0, 1}; 𝑏𝑐 denotes the
function 𝑓 ∶ 𝑋 → 𝐸 such that 𝑓(0) = 𝑏 and 𝑓(1) = 𝑐.

If 𝐸 and 𝑋 are disjoint, define the disjoint sum 𝐸∐𝑋 of
𝐸 and 𝑋 to be the poset defined on 𝐸 ∪ 𝑋 such that 𝑎 ≤ 𝑏
in 𝐸∐𝑋 if and only if 𝑎, 𝑏 ∈ 𝐸 and 𝑎 ≤𝐸 𝑏 or 𝑎, 𝑏 ∈ 𝑋 and
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𝑎 ≤𝑋 𝑏. A non-empty poset that is not the disjoint sum of
non-empty posets is connected.

In the 1979 Proceedings of the American Mathematical
Society, Duffus and Wille proved that 𝑃𝑃 ≅ 𝑄𝑄 implies
𝑃 ≅ 𝑄 if 𝑃 and 𝑄 are both finite, non-empty, and con-
nected [5, Theorem, p. 14].

Duffus—editor-in-chief of the journal Order from 2007
to 2015 and chair of the Mathematics Department at
Emory University from 1991 to 2005—said in 1984, “It
is still an open problem to show connectedness can be
dropped.” He notes in his 1978 thesis, “It is not obvi-
ous that 𝑃 is connected and 𝑃𝑃 ≅ 𝑄𝑄 imply that 𝑄 is con-
nected.”

I proved that, indeed, if 𝑃 and 𝑄 are finite, non-empty
posets such that 𝑃𝑃 ≅ 𝑄𝑄 and 𝑃 is connected, then 𝑄 is
connected [8].

In other words, I resolved the issue from Duffus’s 1978
thesis in that I have “half-dropped” the connectedness hy-
pothesis used in the 1979 Proceedings of the American Math-
ematical Society paper, whereas the 1984 problem asked if
it could be dropped entirely. That problem is still open for
you to solve.

One of the most beautiful results in the theory of or-
dered sets is Hashimoto’s Refinement Theorem: if 𝑃 is a con-
nected, non-empty poset (finite or infinite!), any two ways
of writing 𝑃 as a direct product (of a finite or infinite fam-
ily of posets) have a common refinement. For example, if
𝑃 ≅ 𝐴 × 𝐵 ≅ 𝐶 × 𝐷, then there exist posets 𝑊,𝑋, 𝑌, 𝑍 such
that 𝐴 ≅ 𝑊 × 𝑋 , 𝐵 ≅ 𝑌 × 𝑍, 𝐶 ≅ 𝑊 × 𝑌 , and 𝐷 ≅ 𝑋 × 𝑍.

We can consider similar issues with respect to the expo-
nentiation operator. If 𝐸, 𝑋 , 𝑌 , and 𝑍 are posets, then

(𝐸𝑋)𝑌×𝑍 ≅ 𝐸𝑋×𝑌×𝑍 ≅ (𝐸𝑌 )𝑋×𝑍 . (♮)
What if we have posets 𝐴, 𝐵, 𝐶, and 𝐷 such that 𝐴𝐶 ≅ 𝐵𝐷?
Can we find “refining” posets 𝐸, 𝑋 , 𝑌 , and 𝑍 such that the
isomorphism is naturally explained (by (♮)), where

𝐴 ≅ 𝐸𝑋 , 𝐵 ≅ 𝐸𝑌 , 𝐶 ≅ 𝑌 × 𝑍, and 𝐷 ≅ 𝑋 × 𝑍?
In 1982, Jónsson (an invited speaker at the 1974 In-

ternational Congress of Mathematicians) and McKenzie, a
professor at the University of California at Berkeley, posed
the following problem. We only quote part of it [12].

“PROBLEM 12.1. Find counter examples (or prove that
none exist) to the refinement of 𝐴𝐶 ≅ 𝐵𝐷 under any of the
following conditions:. . .
(ii) 𝐶, 𝐷, and 𝐴𝐶 are finite and connected.
(iii) 𝐴𝐶 is a directly indecomposable lattice.”

I solved Problem 12.1(ii) [9], but (iii) is still open. (I
solved a problem of Jónsson and McKenzie related to (iii)
in [6]; in that problem, Jónsson and McKenzie allowed
one to assume the exponent was finite.)

Hashimoto’s Refinement Theorem enables you to prove
results like: if 𝑃, 𝑄, and 𝑅 are finite, non-empty posets and
𝑃 × 𝑅 ≅ 𝑄 × 𝑅, then 𝑃 ≅ 𝑄. What if we merely have an

order-embedding? This is a conjecture Birkhoff lists as a
suggestion in a 1942 article.

Question 4. If 𝑃, 𝑄, and 𝑅 are finite, non-empty posets
and 𝑃 × 𝑅 is isomorphic to a subposet of 𝑄 × 𝑅, is 𝑃 iso-
morphic to a subposet of 𝑄?

It is unclear if Lovász’s clever ideas in [13] would be
applicable here.

3. Free Distributive Lattices
A lattice 𝐿 is distributive if for all 𝑥, 𝑦, 𝑧 ∈ 𝐿, 𝑥 ∧ (𝑦 ∨ 𝑧) =
(𝑥 ∧ 𝑦) ∨ (𝑥 ∧ 𝑧). Distributive lattices are beautiful and
wonderful. We will say that (𝐿, 𝜄 ∶ 𝑃 → 𝐿) is a free
bounded distributive lattice generated by the finite poset 𝑃—we
will denote the bounded distributive lattice 𝐿 by FD(𝑃)—
if 𝜄 is order-preserving and, for any order-preserving map
𝜇 ∶ 𝑃 → 𝑀 from 𝑃 to a bounded distributive lattice 𝑀,
there is a unique lattice-homomorphism ℎ ∶ 𝐿 → 𝑀 pre-
serving 0 and 1 such that ℎ ∘ 𝜄 = 𝜇. It turns out that FD(𝑃)
is order-isomorphic to 𝟐𝟐𝑃 [19, p. 369].

Several famous problems in combinatorics can be
rephrased in terms of free distributive lattices. For instance,
the lattice 𝐿(𝑚, 𝑛) appears a lot in combinatorics: it is the
poset {(𝑎1, … , 𝑎𝑚) ∈ ℤ𝑚 ∣ 0 ≤ 𝑎1 ≤ ⋯ ≤ 𝑎𝑚 ≤ 𝑛} and
it is order-isomorphic to FD(𝐦 − 𝟏∐𝐧 − 𝟏). A still-open
problem is to find a combinatorial proof that the polyno-
mial (1+𝑥)(1+𝑥2)⋯ (1+𝑥𝑛) is unimodal (this means that
the coefficients form a unimodal sequence: they weakly
increase, then weakly decrease); Stanley explained to me
that this is tantamount to showing that a certain distribu-
tive lattice is unimodal (where the lattice is unimodal if the
number of elements of each “height” yields a unimodal
sequence of numbers). If one can prove combinatorially
that FD(𝟐×𝐧) is unimodal, one will have solved this open
problem.

If you look at a paper on “lozenge tilings of hexagons,”
you may see MacMahon’s famous formula for counting
“plane partitions in a box.” This is the cardinality of
FD(𝐤∐𝐦∐𝐧):

𝑘
∏
𝑎=0

𝑚
∏
𝑏=0

𝑛
∏
𝑐=0

𝑎 + 𝑏 + 𝑐 + 2
𝑎 + 𝑏 + 𝑐 + 1.

I recall emailing Stanley circa 1992 to ask if there
was a formula for the cardinality of FD(𝐤∐𝐦∐𝐧∐𝐫)
(𝑘,𝑚, 𝑛, 𝑟 ∈ ℕ), and my memory is that he replied
that it was a well-known open problem. It is still open
[19, Chapter 3, Exercise 170(h)]. Stanley wrote in 1972,
“Nothing significant seems to be known in general about”
| FD(𝐤∐𝐦∐𝐧∐𝐫)|.

Dedekind himself found that FD(𝟏∐𝟏∐𝟏∐𝟏) has
168 elements, and the oldest problem in lattice theory
is Dedekind’s: find the cardinality of FD(𝟏∐𝟏∐⋯∐𝟏)
where there are 𝑛 “1’s,” also known as the free distributive
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lattice with 𝑛 generators. This cardinality is known only for
𝑛 ≤ 8. Yamamoto proved that this cardinality is even if 𝑛
is even. What if 𝑛 is odd?

4. Inequalities for h-vectors
Let 𝜎 = 𝜎1𝜎2 …𝜎𝑛 belong to the symmetric group 𝑆𝑛. A
descent (an ascent) is an index 𝑖 ∈ {1, … , 𝑛 − 1} such that
𝜎𝑖 > 𝜎𝑖+1 (resp., 𝜎𝑖 < 𝜎𝑖+1). A natural labeling of an 𝑛-
element poset 𝑃 (also known as a natural labelling [7]) is an
order-preserving bijection from 𝑃 to the chain {1, 2, … , 𝑛}.
Figure 2(a) shows a natural labeling of the fence 𝐹4—𝐹𝑘 is
the 𝑘-element poset {𝑥1, 𝑥2, … , 𝑥𝑘} in which 𝑥1 < 𝑥2 > 𝑥3 <
𝑥4 > ⋯ —but Figure 2(b) does not.

1

3

2

4

1

2

3

4

Figure 2. (a) A natural labeling. (b) An unnatural labeling.

If we fix a natural labeling, the linear extensions of 𝑃—
listings of the elements of 𝑃 where 𝑝 appears to the left
of 𝑞 if 𝑝 < 𝑞 in 𝑃—are permutations. Every listing of
the members of an 𝑛-element set is a permutation if one
lists all the elements without repetition. Let H𝑘(𝑃) be the
set of linear extensions of 𝑃 with exactly 𝑘 descents, and
let h𝑘(𝑃) = |H𝑘(𝑃)| (0 ≤ 𝑘 ≤ 𝑛). When the poset 𝑃 is
understood, we will simply write “h𝑘” and “H𝑘.” One
can have tremendous fun calculating H𝑘. See Figure 3,
where we partially order the linear extensions by saying
that 𝜎1⋯𝜎𝑖𝜎𝑖+1⋯𝜎𝑛 < 𝜎1⋯𝜎𝑖−1𝜎𝑖+1𝜎𝑖𝜎𝑖+2⋯𝜎𝑛 for 𝑖 an
ascent and using transitivity. Note that h𝑛 ≡ 0.

1 2 3

𝑃 123

213 132

231 312

321

h0 = 1 h1 = 4 h2 = 1 h3 = 0
Figure 3(a).

What makes working with h-vectors—the (𝑛+1)-tuples
(h0, h1, … , h𝑛)—sodelightful is when there are two families
of posets differing in structure that mysteriously have the
same h-vectors. See Figures 4, 5, and 6.

It is known that the h-vector of 𝟐 × 𝐧 is the sequence
of Narayana numbers (see [19, Example 3.5.5]). In Ta-
ble 1, we show the h-vectors for the smallest posets of the

1

2

3

𝑃 123

h0 = 1 h1 = 0 h2 = 0 h3 = 0
Figure 3(b).

1

3

2
𝑃 123

213

h0 = 1 h1 = 1 h2 = 0 h3 = 0
Figure 3(c).

123

132

312

1

32

𝑃
h0 = 1 h1 = 2 h2 = 0 h3 = 0

Figure 3(d).

𝟐 × 𝟏 h⃗ = (1)
𝟐 × 𝟐 h⃗ = (1, 1)
𝟐 × 𝟑 h⃗ = (1, 3, 1)
𝟐 × 𝟒 h⃗ = (1, 6, 6, 1)

𝟑 × 𝟏 h⃗ = (1)
𝟑 × 𝟐 h⃗ = (1, 3, 1)
𝟑 × 𝟑 h⃗ = (1, 10, 20, 10, 1)
𝟑 × 𝟒 h⃗ = (1, 22, 113, 190, 113, 22, 1)
𝟑 × 𝟓 h⃗ = (1, 40, 400, 1456, 2212, 1456, 400, 40, 1)

Table 1.

form 𝟐 × 𝐧 and 𝟑 × 𝐧. What properties do the “general-
ized Narayana” numbers h𝑘(𝟑 × 𝐧) have? (See the work of
Robert Sulanke.)
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1

2 3

5 4 6

7 8

9

h0 = 1 h1 = 10 h2 = 20 h3 = 10 h4 = 1
Figure 4(a).

1 2 5

3 6

4 7

8

9

h0 = 1 h1 = 10 h2 = 20 h3 = 10 h4 = 1
Figure 4(b).

An answer should help resolve what Proctor calls “a
complete mystery” [15, p. 555].

Readers will immediately formulate their own conjec-
ture about h-vectors of two families of posets from Figures
5 and 6; MacMahon’s formula, shown earlier, would yield
it, but a bijective proof is lacking.

1

2 4

3 5

6

7

h0 = 1 h1 = 12 h2 = 18 h3 = 4
Figure 5(a).

1 4

2 5

3 6

7

h0 = 1 h1 = 12 h2 = 18 h3 = 4
Figure 5(b).

1

2 4

3 5

6

7

8

h0 = 1 h1 = 21 h2 = 66 h3 = 46 h4 = 6
Figure 6(a).

1

2 3

4

5

6

7

8

h0 = 1 h1 = 21 h2 = 66 h3 = 46 h4 = 6
Figure 6(b).

Can we combinatorially (i.e., with an explicit bijection
or algorithm—in particular, without using the MacMahon
formula) prove, for ℓ = 0, 1, … ,𝑚𝑛 +𝑚 + 𝑛, that

hℓ (((𝐦 + 𝟏)×𝐧)∐𝐦)=hℓ (((𝐧 + 𝟏)×𝐦)∐𝐧)($137)?1

(Professor Vaughan Pratt suggested this symmetric formu-
lation in a discussion that started on the Universal Algebra
Listserv.)

1The reader should be wondering if this is a typo or if the author is offering a
cash prize for a solution to this problem.
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For 𝑚 = 2 and 𝑛 = 3, we are comparing

and

Going back to arbitrary 𝑛-element posets, I conjectured
that, for 𝑖 ≤ 𝑛−1

2
, h𝑛−1−𝑖 ≤ h𝑖. In 1997, Björner was able

to prove the inequality using the 𝑔-Theorem on polytopes,
but, he wrote in a letter to me dated March 2, 1997, “This
seems unnecessarily complicated. There should be a com-
binatorial proof! Namely, an injection from the set of lin-
ear extensions of 𝑃 with [𝑛 − 1 − 𝑖] descents to [the set of
linear extensions of 𝑃 with] 𝑖 descents. It seems nontrivial
however. Can you do it?”

I did it (unpublished), but there are other interesting
inequalities between the entries of the h-vector that remain
to be proved.

At the 1981 Banff Conference on Ordered Sets, Stanley
said, “About ten years ago I proved” the following result.

Theorem 5 (Stanley). Let 𝑃 be a finite naturally labeled poset.
Let ℒ(𝑃) be the set of linear extensions of 𝑃, and, for every
𝜋 ∈ ℒ(𝑃), let d(𝜋) be the number of descents of 𝜋. Let 𝑀 be
max{d(𝜋) ∣ 𝜋 ∈ ℒ(𝑃)}. Then the following are equivalent:

(i) h𝑖 = h𝑀−𝑖 for 0 ≤ 𝑖 ≤ 𝑀.
(ii) Every maximal chain of 𝑃 has the same length.

He went on to pose the following problem:
“Find a combinatorial proof of this theorem. More

precisely, when (ii) holds describe explicitly a bijection

𝑓 ∶ ℒ(𝑃) ≃→ ℒ(𝑃) such that d(𝜋) = 𝑀 − d(𝑓(𝜋)) for all
𝜋 ∈ ℒ(𝑃).”

Stanley added, “It would even be interesting to do this
for the case 𝑃 ≅” 𝐫 × 𝐬.

Stanley reported in his 2012 book [19, p. 454], “A com-
binatorial proof using a complicated recursion argument

was given by J. D. Farley” [7]. A more direct proof might
help us prove that h𝑘 ≤ h𝑀−𝑘 for 𝑘 ≤ 𝑀

2
, part of a conjec-

ture of Hibi, a winner of the Algebra Prize of the Mathe-
matical Society of Japan.

5. The Structure of the Perfect Terrorist Cell
In 2008, policeman Kevin Blake, the former director of
Jamaica’s National Intelligence Bureau, part of Jamaica’s
Ministry of National Security, told the Jamaica Observer
newspaper, “Ordered sets theory allows you to organise
networks, a criminal network or a terrorist cell, and math-
ematically calculate the chances of successfully disrupting
the cell upon capturing a number of those individuals.”
The newspaper went on to say, “Blake’s work has already
contributed to the disruption of one criminal gang.”

Whatever you might think of this work, maybe it played
a role in a former deputy director of the CIA’s calling me
up and having coffee with me. It’s easy to get a big head
when a US Air Force officer (now a colonel) says that your
“thinking has influenced real world decisions of highest
operational importance to the Department of Defense” or
when the Wiener Zeitung does a two-page profile of you
or when Seed Magazine names you one of “15 people
who have shaped the global conversation about science in
2005” (alongside people like Harvard University physics
professor Lisa Randall). Fortunately, I have remainedmod-
est.

Zeinab Bandpey (shown in Figure 7) found the struc-
ture of the “perfect” terrorist cell with a single leader, ac-
cording to certain specific criteria. Mathematically, she

Figure 7. Zeinab Bandpey.
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proved a conjecture about minimizing the number of
cutsets—subsets that intersect all maximal chains—in a fi-
nite poset 𝑃 with a top element such that no element has
more than 𝑏 lower covers [1].

Before Bandpey’s breakthrough, Chvátal and three col-
leagues at McGill University had previously proven a spe-
cial case of the conjecture for trees (the chairman of Stan-
ford University’s Computer Science Department at one
time called Chvátal “one of the two best young combina-
torialists in the world”) and I had proven the 𝑏 = 2 case.

What if 𝑃 has two maximal elements (or more)?

6. “Trying to Reestablish the Cosmic Order by
Riding on a Buffalo”

While I don’t necessarily agree with “Professor Gelfand’s
oft-repeated prediction that lattice theory will play a lead-
ing role in the mathematics of the twenty-first century” (as
Rota said in the Notices [17, p. 1445]), lattice theory and
the theory of ordered sets arise in a variety of applications,
from robotics [4] to imaging to chemistry to linguistics to
economics [20] (see Roth’s Nobel Prize acceptance speech)
to sociology to epidemiology [2] to physics [3] to national
security (the work of Cliff Joslyn at Los Alamos National
Laboratory predates mine) to computer science [14].2 But
I will leave you with a list of 12 problems in pure mathe-
matics:

(0) If 𝑃 and𝑄 are posets with the fixed-point property,
does 𝑃 ×𝑄 have the fixed-point property? If every
automorphism of the connected poset 𝑃 (resp., 𝑄)
has a fixed point, does every automorphism of 𝑃×
𝑄 have a fixed point?

(1) Let 𝑃 and 𝑄 be finite, non-empty posets. If 𝑃𝑃 ≅
𝑄𝑄, is 𝑃 ≅ 𝑄?

(2) Let 𝑃,𝑄, and𝑅 be finite, non-empty posets. If 𝑃×𝑅
embeds in 𝑄 × 𝑅, does 𝑃 embed in 𝑄?

(3) Let 𝐿 be an exponentially and directly indecom-
posable lattice, and let 𝑃 be a connected, non-
empty poset. Is the automorphism group of 𝐿𝑃
isomorphic to the product of the automorphism
group of 𝐿 and the automorphism group of 𝑃? (A
poset 𝑃 is exponentially indecomposable if, whenever
𝑃 ≅ 𝐴𝐵 for posets 𝐴 and 𝐵, then |𝐵| = 1.)

(4) Find a formula for the cardinality of the free dis-
tributive lattice generated by a disjoint sumof four
finite chains.

(5) If 𝑛 is odd, when is the cardinality of the free dis-
tributive lattice with 𝑛 generators odd?

2See the list of talks in the AMS Special Sessions on The Many Lives of Lattice
Theory and the Theory of Ordered Sets for 2002, 2003, and 2004, as well as
the DIMACS Workshop on Applications of Lattices and Ordered Sets to Com-
puter Science and the DIMACS Workshop on Applications of Order Theory to
Homeland Defense and Computer Security.

(6) Without using the MacMahon formula (and
preferably with a bijection), prove that, for ℓ ∈ ℕ,

hℓ (((𝐦 + 𝟏)×𝐧)∐𝐦) = hℓ (((𝐧 + 𝟏)×𝐦)∐𝐧)
($137). (Remember, this is a prelude to explain-
ing combinatorially why the h-vectors of posets in
the classes containing the posets of Figures 4(a)
and (b) are the same.)

(7) Generalize all the results we know about
Narayana numbers to h𝑘(𝐦 × 𝐧).

(8) Let 𝑃 be a finite poset and let𝑀 be the largest inte-
ger such that h𝑀(𝑃) ≠ 0. Is h𝑘 ≤ h𝑀−𝑘 if 𝑘 ≤ 𝑀

2
?

(9) In the class of finite posets with 𝑚 maximal ele-
ments such that no element hasmore than 𝑏 lower
covers, find the poset or posets with the fewest cut-
sets.

And to show that there is more than we could discuss
in this article:

(10) Are 𝑌 and 𝑍(𝑟) the only directly indecomposable
differential lattices? [18, Problem 2]

(11) Is every finite lattice the lattice of congruences of
a finite algebra? [11]

I hope you solve them.
Fin
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Wiener-Wintner Ergodic
Theorem, in Brief

Idris Assani
In 1941, N. Wiener and A. Wintner introduced a strength-
ening of the Birkhoff-Khinchin Ergodic Theorem, which
initiated the study of a general phenomenon in ergodic
theory where samplings are ”good” for an uncountable
number of systems. While this result was interesting on
its own, it took mathematicians a few decades to realize
that these ”good” samplings play key roles in various other
types of ergodic averages.

In this short note, we will briefly introduce the theo-
rem and discuss how it played a key role in the study of
Furstenberg averages, averages along the cubes, and the Re-
turn Times Theorem.
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1. What is Ergodic Theory?
The results that we are presenting here are part of ergodic
theory. We do not pretend to present an exhaustive list
on the topic defined in the introduction. Our goal is to
introduce the interested reader and particularly graduate
students to this topic without requiring extensive back-
ground.1

The word “ergodic,” which was coined by L. Boltzmann,
comes from the Greek words 𝜖𝜌𝛾𝑜𝜈 (energy) and 𝑜𝛿𝑜𝜎
(path). Ergodic theory is a branch of mathematics which
has its origin in statistical mechanics, and can be dated
back to the 1870s when J. C. Maxwell and Boltzmann were
working on formulating an “ergodic hypothesis” which
studied the conditions for which the “time average” of the
system equals the “space average.”

For instance, consider a box with gasmolecules inside it.
We can think of the box as a unit cube in ℝ3. Suppose one

1We will use a ∗ to indicate references which are not listed at the end
of the article. The complete list of references is available at https://
idrisassani.web.unc.edu/wp-content/uploads/sites/21419/2021
/09/Complete-bibliography-WWET.pdf.
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is interested in studying how often these molecules, which
aremoving freely, visit the first octant of the box on average
between a large enough time interval. One could study the
path of each molecule, but that becomes hopeless as soon
as we realize the number of variables are enormous (per-
haps on the order of Avogadro’s number, which is around
6.02 × 1023). But if we assume that the molecules move
freely enough so that they are not particularly trapped in
a certain part of the box, then the frequency of their visit
should equal the proportion of the entire space that our
molecules occupy (if we are correct in the hypothesis that
the time average equals the space average). As long as we
canmake this assumption, we conclude that themolecules
are in the first octant of the box 12.5% of the time on aver-
age. We recommend C. Moore’s note [17] for those inter-
ested in the historical aspect of the initial development of
ergodic theory.

The mathematical formulation of ergodic theory starts
with a measure space (𝑋,𝒜, 𝜇) such that there exists an ac-
tion by a measurable map 𝑇 ∶ 𝑋 → 𝑋. The set (𝑋,𝒜, 𝜇, 𝑇)
is then called a dynamical system. If the underlying 𝜎-
algebra is clear, we sometimes omit it and simply write
(𝑋, 𝜇, 𝑇). Ergodic theory is a subfield of the field of dynam-
ical systems which studies the statistical behavior of such
systems. The map 𝑇 is said to be measure preserving if for
each 𝐴 ∈ 𝒜 we have 𝜇(𝐴) = 𝜇(𝑇−1𝐴). The dynamical
system is then called a measure-preserving system. Measure-
preserving systems are one of the central objects of study
of ergodic theory. Here are some examples of measure-
preserving systems:

a) Rotations on 𝕋, the one-dimensional torus, with
Lebesgue measure 𝜇. They are defined by the map
𝑅𝛼 ∶ 𝕋 → 𝕋, where 𝑅𝛼(𝑥) = 𝑥+𝛼mod 1. Themeasure-
preserving property is a simple consequence of the fact
that Lebesgue measure is invariant under translations.
This makes (𝕋, 𝜇, 𝑅𝛼) a measure-preserving system.

b) The map 𝑇 ∶ 𝕋 → 𝕋 is defined by 𝑇𝑥 = 2𝑥mod 1,
where 𝜇 is again the Lebesgue measure. We sketch
the graph of this map in Figure 1. Here the measure-
preserving property can be derived by checking it on
open intervals (𝑎, 𝑏). The slope of the lines show that
𝜇(𝑇−1(𝑎, 𝑏)) = 𝜇(𝐴1) + 𝜇(𝐴2) = 1

2
(𝑏 − 𝑎) + 1

2
(𝑏 −

𝑎) = 𝑏 − 𝑎, where 𝐴1 = 𝑇−1(𝑎, 𝑏) ∩ [0, 1/2) and
𝐴1 = 𝑇−1(𝑎, 𝑏) ∩ [1/2, 1).

We remark that the map 𝑇 has some properties
quite distinct from the rotation map 𝑅𝛼 above. First
of all, 𝑅𝛼 is invertible, while 𝑇 is not. Second of all,
𝑅𝛼 is forward measure preserving, i.e., 𝜇(𝑅𝛼𝐴) = 𝜇(𝐴),
while 𝑇 is not. Lastly, the system under the map 𝑇
displays more chaotic behavior, in the sense that tra-
jectories between two points in𝕋may differ quite a bit,
no matter how close the original points are, whereas

Figure 1. The doubling map defined by 𝑇𝑥 = 2𝑥(mod 1).

those trajectories under 𝑅𝛼 will always have fixed dis-
tance. The former phenomenon is called sensitivity to
initial conditions, or some may call it the butterfly effect.
While this notion is not too important in this article,
interested readers can learn more details about this in
any textbook on dynamical systems.

c) One can obtain ameasure-preserving system in a fairly
general situation. Let 𝑋 be a compact metric space
and 𝑇 a continuous function from 𝑋 to 𝑋. By a the-
orem of Krylov-Bogoliubov*, there exists a measure
𝜇 defined on the Borel subsets of 𝑋 which makes the
system (𝑋,ℬ(𝑋), 𝜇, 𝑇) measure preserving.

We give now the definition of an ergodic measure-
preserving system.

Definition 1.1. The measure-preserving system
(𝑋,𝒜, 𝜇, 𝑇) is said to be ergodic if 𝑇−1𝐸 = 𝐸 implies
𝜇(𝐸) = 0 or 𝜇(𝑇−1(𝐸)) = 0.

We will discuss the importance of this notion later, but
an intuitive way to describe this is that an ergodic system
contains no nontrivial invariant set (modulo a set of mea-
sure zero).

It is simple to see that if in example a) the number 𝛼 is
rational, then 𝑅𝛼 is periodic. This periodicity prevents the
system (𝑋,𝒜, 𝜇, 𝑅𝛼) from being ergodic. However, if 𝛼 is
irrational this system is ergodic. This can be seen by using
Weyl’s criteria of uniform distribution. Example b) is also
ergodic.

Furthermore, 𝑇 is ergodic if and only if every invariant
function is a.e. constant (i.e., if 𝑓 ∘ 𝑇 = 𝑓 for some 𝑓 ∈
𝐿2(𝜇), then 𝑓 is a constant function a.e.).

We will assume in this paper that 𝜇(𝑋) = 1. In other
words (𝑋,𝒜, 𝜇) is a probability space.

One of the nice things about studying ergodic theory is
that all measure-preserving systems employ valuable statis-
tical properties, including those that display more chaotic
behavior (like the doubling map example above) that are
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Figure 2. G. Birkhoff (left), A. Khinchin (middle), and J. von
Neumann (right).

typically challenging to study at the level of individual or-
bits. Here we present three classical results that demon-
strate these statistical qualities.

We will first discuss possibly the oldest result in ergodic
theory, which is due to Poincaré.

Theorem 1.2 (Poincaré Recurrence Theorem). Let
(𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system where we assume
that 𝜇(𝑋) = 1. Consider 𝐴 ∈ 𝒜 with positive measure. Then
lim sup𝑘 𝜇(𝐴 ∩ 𝑇−𝑘(𝐴)) > 0. Furthermore if the system is er-
godic, then if 𝐵 is another set with positive measure we have
lim sup𝑘 𝜇(𝐴 ∩ 𝑇−𝑘(𝐵)) > 0.

In essence this theorem says that for ”most” points 𝑥 ∈
𝐴, its iterates under 𝑇, namely 𝑇𝑘𝑥, 𝑘 ∈ ℕ, return infinitely
often to the set 𝐴. When the system is ergodic, then for
most points 𝑥 ∈ 𝐴, its iterates 𝑇𝑘𝑥 will ”visit” any other
set 𝐵 with positive measure infinitely often (an intuitive
explanation for this follows from the fact that an ergodic
system lacks nontrivial invariant sets).

The following two classical results are considered to
be the ”heart” of ergodic theory. In particular, the re-
sults by von Neumann and Birkhoff (later reformulated
by Khinchin) from the early 1930s provided a rationale
for the hypothesis that time averages can be equal to space
averages, which was a fundamental problem in statistical
mechanics.

First we discuss the result by von Neumann.

Theorem 1.3 (von Neumann’s mean ergodic theorem).
Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system, with 𝜇(𝑋) = 1.
Let 𝑓 denote a function in 𝐿𝑝(𝜇) for some 𝑝, 1 ≤ 𝑝 < ∞. Then

the averages𝑀𝑁(𝑓) =
1
𝑁
∑𝑁−1

𝑘=0 𝑓 ∘𝑇𝑘 converge in 𝐿𝑝 norm to

a function 𝑓∗ ∈ 𝐿𝑝(𝜇) such that 𝑓∗ ∘ 𝑇 = 𝑓∗. If the system is
ergodic, then 𝑓∗ = ∫𝑓 𝑑𝜇 a.e.

One of the consequences of this theorem is the decom-
position of the space 𝐿𝑝(𝜇) into the sum of two subspaces:
Inv T = {𝑔 ∈ 𝐿𝑝(𝜇) ∶ 𝑔 ∘ 𝑇 = 𝑔}, and the closure of
the set of functions of the form 𝑔 − 𝑔 ∘ 𝑇. Functions of
this form are called coboundaries. Thus we have 𝐿𝑝(𝜇) =
Inv T⊕ {𝑔 − 𝑔 ∘ 𝑇} (see Yoshida-Kakutani* or [3, §1.1] for
more details).

Next we discuss the result by Birkhoff and Khinchin.
Birkhoff originally obtained this result for continuous
flows onmanifolds. Later Khinchin extended that result to
hold for abstract measure-preserving dynamical systems.

Theorem 1.4 (Birkhoff-Khinchin pointwise ergodic theo-
rem). Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system, with
𝜇(𝑋) = 1. Let 𝑓 denote a function in 𝐿𝑝(𝜇) for some 𝑝, 1 ≤
𝑝 < ∞. Then the averages 𝑀𝑁(𝑓)(𝑥) ∶=

1
𝑁
∑𝑁−1

𝑘=0 𝑓 ∘ 𝑇𝑘(𝑥)
converge a.e. to 𝑓∗(𝑥), where the function 𝑓∗ ∈ 𝐿𝑝(𝜇) satisfies
𝑓∗ ∘ 𝑇 = 𝑓∗. If the system is ergodic, then 𝑓∗ = ∫𝑓𝑑𝜇 a.e.

One classical way to prove Theorem 1.4 is by using the
following maximal inequality: for each 𝜆 > 0 and for each
𝑓 ∈ 𝐿1(𝜇) we have

𝜇 {𝑥 ∶ sup
𝑁

|𝑀𝑁(𝑓)(𝑥)| > 𝜆} ≤ 1
𝜆 ∫ |𝑓|𝑑𝜇.

By the Banach principle, this inequality shows that the
set of functions for which pointwise convergence holds is
closed in 𝐿1(𝜇). This reduces the study of the pointwise
convergence to a dense set which is given by Inv T⊕ {𝑔 −
𝑔 ∘ 𝑇; 𝑔 ∈ 𝐿∞(𝜇)}.

Perhaps some readers may have noticed that Birkhoff-
Khinchin’s pointwise result implies that of von Neumann
(on a finite measure space, a.e. convergence and bound-
edness implies norm convergence by the Lebesgue Dom-
inated Convergence Theorem). While that is indeed the
case, it should be noted that von Neumann studied these
averages from an operator theory perspective. We should
also point out some history regarding Birkhoff and von
Neumann, which is nicely summarized in the short note
by C. Moore [17]:

According to Birkhoff and Koopman, von Neu-
mann communicated his result personally to both
of them on October 22, 1931, and pointed out
to them that his result raised the important ques-
tion of whether a pointwise result might be valid.
Birkhoff then went to work and, by different meth-
ods, quickly established his pointwise ergodic the-
orem. He submitted his paper to PNAS onDecem-
ber 1, 1931, for appearance in the December 1931
issue. One presumes that he sent copies to Koop-
man and von Neumann, who would have noticed
that Birkhoff had not given von Neumann ade-
quate credit and recognition for his result. von
Neumann evidently planned to include his er-
godic theorem and its proof in a much longer
paper he was writing for the Annals of Mathemat-
ics, but he then apparently quickly drafted a short
paper for PNAS with his proof of the mean er-
godic theorem and submitted it to PNAS on De-
cember 10, 1931. It appeared in the January 1932
issue. One suspects that these events led Koopman
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Figure 3. Visit times, 𝑛1(𝑥) and 𝑛2(𝑥), to the set 𝐴.

and Birkhoff to write and publish their paper in
PNAS 2 months later, which set matters straight
and clearly acknowledged von Neumann’s prior-
ity. It should also be noted that E. Hopf presented
a slightly different proof of the mean ergodic the-
orem and some improvements on the Birkhoff
theorem in a paper, which appeared in the Janu-
ary 1932 issue of PNAS. For whatever reason, the
Birkhoff paper and its result has over time become
the better known of the two papers, but in light of
these historical details, the von Neumann paper
deserves at least equal billing.

The averages 𝑀𝑁(𝑓)(𝑥) = 1
𝑁
∑𝑁−1

𝑘=0 𝑓(𝑇𝑘𝑥) are called
”time averages” and ∫𝑓𝑑𝜇 is called the space average. An-
other statement of the pointwise ergodic theorem for er-
godic systems is that for almost any point 𝑥 ∈ 𝑋 , the limit
of the time averages is the space average.

Given a set of positive measure 𝐴 the sequence 𝑎𝑘(𝑥) =
𝟙𝐴(𝑇𝑘𝑥) is composed of zeros and ones. By the pointwise

ergodic theorem the averages
1
𝑁
∑𝑁−1

𝑘=0 𝑎𝑘(𝑥) converge a.e.
to 𝜇(𝐴) if 𝑇 is ergodic.

Each time 𝑎𝑘(𝑥) = 1 we have 𝑇𝑘(𝑥) ∈ 𝐴. We introduce
the following definition that we will use later.

Definition 1.5. Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving
system. Given 𝑥 ∈ 𝐴, we denote by 𝑛𝑗(𝑥), 𝑗 ∈ ℕ, the 𝑗th
visit time to the set 𝐴 (see Figure 3). More precisely, we
define 𝑛1(𝑥) ∶= min{𝑘 ∈ ℕ ∶ 𝑇𝑘𝑥 ∈ 𝐴} and, for 𝑗 > 1,
𝑛𝑗(𝑥) ∶= min{𝑘 > 𝑛𝑗−1(𝑥) ∶ 𝑇𝑘𝑥 ∈ 𝐴}.

Due to the Poincaré Recurrence Theorem, we know that
𝑛𝑗(𝑥) is defined for every 𝑗 ∈ ℕ for 𝜇-a.e. 𝑥 ∈ 𝐴. If 𝑇 is
ergodic, the return times can be defined on 𝜇-a.e. 𝑋 .

Figure 4. N. Wiener (left) and A. Wintner (right).

2. Wiener-Wintner Ergodic Theorem
Wewould like to discuss an important strengthening of the
Birkhoff-Khinchin Pointwise Ergodic Theorem, which was
announced by N. Wiener and A. Wintner*. This result will
be central to our discussion.

Theorem 2.1 (Wiener-Wintner Ergodic Theorem). Let
(𝑋,𝒜, 𝜇, 𝑇) be a probability measure-preserving system, and let
𝑓 ∈ 𝐿1(𝜇). Then there exists 𝑋𝑓 ⊂ 𝑋, 𝜇(𝑋𝑓) = 1, such that for
every 𝑡 ∈ ℝ, the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡

converge for every 𝑥 ∈ 𝑋𝑓.

Though the original proof had a gap, fortunately the gap
has been filled, and now there are at least three different
proofs of this theorem [3].

We note that if the value of 𝑡 is fixed, one can show
that the convergence of the averages above is an immedi-
ate corollary of the Birkhoff-Khinchin Theorem. Indeed,
let (𝑋,ℱ, 𝜇, 𝑇) be any measure-preserving system, and let
(𝑌, 𝒢, 𝜈, 𝑅𝑡) be the rotation system on the 1-torus by 𝑡, i.e.,
𝑌 = 𝕋, 𝑅𝑡 = rotation by 𝑡. Let 𝑓 ∈ 𝐿2(𝜇), and let
𝑔 ∶ 𝕋 → ℂ such that 𝑔(𝑦) = 𝑒2𝜋𝑖𝑦. Then

1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑔(𝑅𝑛𝑡 𝑦) =
𝑒2𝜋𝑖𝑦
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡 ,

and these averages converge by applying the Birkhoff-
Khinchin Theorem on the product space (𝑋 × 𝑌,ℱ × 𝒢,
𝜇 × 𝜈, 𝑇 × 𝑅𝑡).

The novelty of the Wiener-Wintner result, however, is
that the set of full measure 𝑋𝑓 is independent of the value
of 𝑡 ∈ ℝ. Since ℝ is uncountable, one cannot simply ap-
ply one of the standard tricks of measure and integration
where we intersect countably many sets of full measure to
show that the result holds.

It appears that the Wiener-Wintner Theorem is of
interest to some applied mathematicians as well, as
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communicated to the author by I. Mezić. See a paper, for
instance, by M. Budišić, R. Mohr, and I. Mezić*.

More can be said about the Wiener-Wintner Ergodic
Theorem if we assume the system to be ergodic. In par-
ticular, it becomes easier to identify the limit of Wiener-
Wintner averages.

For an ergodic measure-preserving transformation
(𝑋,ℱ, 𝜇, 𝑇), we say that 𝑓 is an eigenfunction for 𝑇 if
𝑓 ∘ 𝑇 = 𝜆𝑓 𝜇-a.e. for some 𝜆 ∈ ℂ and 𝑓 ≠ 0. The Kronecker
factor𝒦 is a sub-𝜎-algebra of𝒜 generated by the eigenfunc-
tions of 𝑇 (i.e., the smallest 𝜎-algebra that makes all of the
eigenfunctions of 𝑇 measurable). In this situation, 𝐿2(𝒦)
is the closed linear span of eigenfunctions of 𝑇. We note
that if 𝜆 is an eigenvalue of 𝑇, then |𝜆| = 1 since 𝑇 is mea-
sure preserving.

For example, let 𝑋 = 𝕋2 be a 2-torus, and let 𝛼 ∈ ℝ
be an irrational number. Let 𝑇 ∶ 𝑋 → 𝑋 be a map
such that 𝑇(𝑥, 𝑦) = (𝑥 + 𝛼, 𝑦 + 𝑥). The system (𝑋, 𝜇, 𝑇) is
called the skew-product system (where 𝜇 is the normalized
Lebesgue measure). We consider functions of the form
𝑓𝑝,𝑞(𝑥, 𝑦) = 𝑒2𝜋𝑖𝑝𝑥𝑒2𝜋𝑖𝑞𝑦, where 𝑝, 𝑞 ∈ ℤ. We note that
𝑓(𝑇(𝑥, 𝑦)) = 𝑓(𝑥, 𝑦) if and only if 𝑝 = 𝑞 = 0, or in other
words 𝑓(𝑥, 𝑦) = 1. This fact can be used to show that the
system (𝑋, 𝜇, 𝑇) is an ergodic system (where 𝜇 is the nor-
malized Lebesgue measure).2 Furthermore, if 𝑓𝑝,𝑞 is an
eigenfunction of 𝑇, i.e., 𝑓𝑝,𝑞(𝑇(𝑥, 𝑦)) = 𝑒2𝜋𝑖𝜃𝑓𝑝,𝑞(𝑥, 𝑦) for
some 𝜃 ∈ ℝ, then we must have 𝑞 = 0. This implies that
𝐿2(𝒦) is generated by the set of functions that only depend
on the first coordinate.

We are now ready to state the uniform version of Theo-
rem 2.1. This result was announced in the work of Bour-
gain on the Double Recurrence Theorem [6], and applied
to prove this result (we will discuss this later). A detailed
proof can be found in, for instance, [3, Theorem 2.4].

Theorem 2.2 (Uniform Wiener-Wintner Ergodic Theo-
rem). Let (𝑋,ℱ, 𝜇, 𝑇) be an ergodic measure-preserving sys-
tem, 𝒦 the Kronecker factor, and suppose that 𝑓 ∈ 𝐿2(𝜇) is
orthogonal to 𝐿2(𝒦). Then for 𝜇-a.e. 𝑥 ∈ 𝑋, we have

lim
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
= 0.

To illustrate this theorem, we present the following ex-
ample which shows convergence of averages that are fairly
difficult to prove directly. Recall the skew-product exam-
ple above. By the definition of 𝑇, we have

𝑇𝑛(𝑥, 𝑦) = (𝑥 + 𝑛𝛼, 𝑦 + 𝑛𝑥 + 𝑛(𝑛 − 1)
2 𝛼) .

2A formal proof can be derived using the Fourier expansion of a function 𝑓 in
𝐿2(𝜇). Furthermore, on a topological system like the skew-product one, ergodic-
ity can be demonstrated by showing every 𝑇-invariant continuous function is a.e.
constant.

We also know from the discussion above that the or-
thogonal complement of 𝐿2(𝒦) is spanned by the set {𝑓𝑝,𝑞 ∶
𝑝, 𝑞 ∈ ℤ, 𝑞 ≠ 0}. The Uniform Wiener-Wintner Theorem
asserts that for 𝜇-a.e. (𝑥, 𝑦) ∈ 𝑋 , we have

lim sup
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑝(𝑥+𝑛𝛼)𝑒2𝜋𝑖𝑞(𝑦+𝑛𝑥+
𝑛(𝑛−1)

2 𝛼)𝑒2𝜋𝑖𝑛𝑡
||||
=0,

or equivalently,

lim sup
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑛(𝑞𝑥+(𝑝+
𝑛−1
2 )𝛼+𝑡)||||

= 0 .

The Uniform Wiener-Wintner Theorem tells us about
the limiting behavior of these averages. As a consequence
of this result, one can show that if (𝑋,ℱ, 𝜇, 𝑇) is a separable
ergodic system and 𝑓 ∈ 𝐿2(𝜇), the limit of Wiener-Wintner
averages is a ”projection” onto the eigenspace of 𝑇 if 𝑡 is
one of the eigenvalues of 𝑇 (the averages converge to 0 oth-
erwise).

We remark however that the Uniform Wiener-Wintner
Theorem is false without the assumption of ergodicity.
Let (𝑋,ℱ, 𝜇, 𝑇) be the same skew-product system that we
saw earlier. Then (𝑋2, ℱ2, 𝜇 × 𝜇, 𝜙 ∶= 𝑇 × 𝑇) is a
measure-preserving system that is not ergodic (for instance,
𝑓(𝑥1, 𝑦1, 𝑥2, 𝑦2) = 𝑥2−𝑥1 is invariant under 𝑇, even though
it is not a constant function). The map 𝜙 can be explicitly
written as

𝜙(𝑥1, 𝑦1, 𝑥2, 𝑦2) = (𝑥1 + 𝛼, 𝑥1 + 𝑦1, 𝑥2 + 𝛼, 𝑥2 + 𝑦2).
It is known that the closed linear span of eigenfunctions

for 𝜙 is given by the closed linear span of products of the
characters 𝑒2𝜋𝑖𝑝1𝑥1𝑒2𝜋𝑖𝑝2𝑥2 . In other words, it is given by the
functions depending only on 𝑥1 and 𝑥2.

Consider the functions𝐺(𝑥1, 𝑦1, 𝑥2, 𝑦2)=𝑒2𝜋𝑖𝑝𝑦1𝑒−2𝜋𝑖𝑝𝑦2 ,
where 𝑝 ≠ 0. First, note that 𝐺 is orthogonal to the closed
linear span3 of the eigenfunctions of 𝜙. But the Wiener-
Wintner averages for this function 𝐺 are

𝑀𝑡
𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)

= 1
𝑁

𝑁
∑
𝑛=1

𝐺(𝜙𝑛(𝑥1, 𝑦1, 𝑥2, 𝑦2))𝑒2𝜋𝑖𝑛𝑡

= 1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑝(𝑛𝑥1+
𝑛(𝑛−1)

2 𝛼+𝑦1)𝑒−2𝜋𝑖𝑝(𝑛𝑥2+
𝑛(𝑛−1)

2 𝛼+𝑦2)𝑒2𝜋𝑖𝑛𝑡

= ( 1𝑁
𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑛(𝑡+𝑝𝑥1−𝑝𝑥2)) 𝑒2𝜋𝑖𝑝𝑦1𝑒−2𝜋𝑖𝑝𝑦2 .

Thus,
sup
𝑡
|𝑀𝑡

𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)| = 1

3While we do not discuss the notion of factor here, it may be worth mentioning
that if the system is not ergodic, then the closed linear span of eigenfunctions
does not form a factor. This is why we are not calling this the Kronecker factor.
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Figure 5. Double recurrence to the set 𝐴: 𝑇3(𝑥) and
𝑇6(𝑥) = 𝑇2𝑥3(𝑥) are in 𝐴.

(the supremum is obtained when 𝑡 = 𝑝𝑥2 − 𝑝𝑥1), which
shows that

lim
𝑁→∞

sup
𝑡
|𝑀𝑡

𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)| = 1,

so the uniformity result does not hold.
In the next few sections, we will see some of the appli-

cations of the Uniform Wiener-Wintner Theorem in other
ergodic averages.

3. The Double Recurrence Theorem
Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system. Con-
sider a set 𝐴 with positive measure. The sequence
𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑥) takes the value 1 if 𝑇𝑛𝑥 and 𝑇2𝑛𝑥 both
belong to 𝐴 (see Figure 5). One can observe that the gap
between 𝑛 and 2𝑛 goes to infinity even if 𝑛 itself goes to in-
finity which adds another level of difficulty. The Fursten-
berg averages for the pair of functions (𝟙𝐴, 𝟙𝐴) are equal
to

1
𝑁

𝑁−1
∑
𝑘=0

𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑥).

More generally for 𝐻 functions that are in 𝐿∞(𝜇), we
have the following definition.

Definition 3.1. The Furstenberg averages of the functions
𝑓𝑖 ∈ 𝐿∞(𝜇), 1 ≤ 𝑖 ≤ 𝐻, are defined as

1
𝑁

𝑁−1
∑
𝑘=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇 𝑖𝑘𝑥).

Since the powers of 𝑇 commute, one can generalize this
concept further and define the averages

1
𝑁

𝑁−1
∑
𝑘=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇𝑘𝑖 𝑥)

when 𝑇𝑖 are commuting transformations acting on
(𝑋,𝒜, 𝜇).

It should be noted that the a.e. convergence of Fursten-
berg averages do not follow from the Birkhoff-Khinchin
Theorem; the latter tells us that if

𝐶 ∶= {(𝑥, 𝑦) ∈ 𝑋2 ∶ lim
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑦) exists} ,

then 𝜇 × 𝜇(𝐶) = 1. But this does not guarantee that
(𝑥, 𝑥) ∈ 𝐶 for 𝜇-a.e. 𝑥 ∈ 𝑋 , and this is because the set
of the diagonal elements Δ ∶= {(𝑥, 𝑥) ∈ 𝑋2 ∶ 𝑥 ∈ 𝑋} may
be a 𝜇×𝜇-null set, so the Birkhoff-Khinchin Theorem pro-
vides no information on the convergence of the averages
on Δ. Similarly, the norm convergence of the Furstenberg
averages do not follow from the von Neumann Theorem
either.

The study of Furstenberg averages stems from the proof
of Szemerédi’s Theorem provided by H. Furstenberg in
1977 [14]. Szemerédi’s Theorem is stated as follows: Let
𝐴 ⊂ ℕ be a set with positive upper density, i.e.,

lim sup
𝑁→∞

|𝐴 ∩ {1, 2, … , 𝑁}|
𝑁 > 0,

where |⋅| denotes the cardinality of the set inside. Then the
set 𝐴 has arbitrary long arithmetic progressions, i.e., given
𝑘 ∈ ℕ, there exist 𝑎 ∈ 𝐴 and 𝑙 ∈ ℕ such that 𝑎, 𝑎 + 𝑙, 𝑎 +
2𝑙, … , 𝑎 + (𝑘 − 1)𝑙 are all in 𝐴.

Furstenberg translated this problem in number the-
ory into ergodic theory, and proved the following result,
which can be used to prove Szemerédi’s Theorem: Given
a measure-preserving system (𝑋,ℱ, 𝜇, 𝑇) and a set 𝐵 ⊂ 𝑋
such that 𝜇(𝐵) > 0, we have

lim inf
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝜇(𝐵 ∩ 𝑇−𝑛𝐵 ∩ 𝑇−2𝑛𝐵 ∩⋯ ∩ 𝑇−(𝑘−1)𝑛𝐵) > 0

for every 𝑘 ∈ ℕ. Note that the averages above can be rewrit-
ten as

1
𝑁

𝑁
∑
𝑛=1

∫𝟙𝐵(𝑥)𝟙𝐵(𝑇𝑛𝑥)⋯𝟙𝐵(𝑇 (𝑘−1)𝑛𝑥) 𝑑𝜇(𝑥).

In 1981, Furstenberg asked if the multiple ergodic av-
erages converge pointwise. J. Bourgain [6] proved the fol-
lowing result in 1990.

Theorem 3.2. Let 𝑓1, 𝑓2 be two 𝐿∞(𝜇) functions. Then the
averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥)

converge a.e.
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Figure 6. J. Bourgain (left) and H. Furstenberg (right).

The norm convergence of the averages in this theorem
had been established earlier by Furstenberg. At the time of
Bourgain’s result, not much was known about the conver-
gence of Furstenberg averages, aside from the norm con-
vergence results obtained by J.-P. Conze and E. Lesigne*
in 1994 (for two functions with commuting transforma-
tions and three functions with different powers of a single
transformation). Bourgain’s proof is quite technical and
not easy to read, although one of the key elements of his
proof was the uniform Wiener-Wintner Ergodic Theorem
(Theorem 2.2). To see this, we consider two cases: the first
when 𝑓1 ∈ 𝐿2(𝒦), and the second when 𝑓1 is orthogonal
to 𝐿2(𝒦). The first case essentially narrows down to show-
ing the convergence holds if 𝑓1 is an eigenfunction of 𝑇,
which is quite straightforward to do. We then consider the
second case. Define

𝐴𝑁(𝑓1, 𝑓2)(𝑥) ∶=
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥).

By following strings of simple (yet clever) arguments pre-
sented in the first two pages of Bourgain’s proof, one
can show that, by using the inequalities of Parseval and
Cauchy-Schwarz, for every 1 ≤ 𝑁1 < 𝑁, we have

‖𝐴𝑁(𝑓1, 𝑓2)‖1

≤ 𝐶 (𝑁1𝑁 + ( 𝑁𝑁1
)
1/2 ‖

‖‖‖
sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
)

for some constant 𝐶 > 0 that may depend on 𝑓1 and
𝑓2.4 This estimate gives an upper bound of the 𝐿1-norm in
terms of the Wiener-Wintner averages. The remainder of
Bourgain’s paper gets very technical, but perhaps it would
be nice to work with this estimate directly at the expense of
imposing an additional assumption. And that key assump-
tion is the following rate of convergence on the Wiener-
Wintner averages: let us consider 𝑓1 to be a function for

4The value of the constant 𝐶 may differ in the subsequent lines, but it will al-
ways depend only on 𝑓1 and 𝑓2, and the exact value of 𝐶 will be irrelevant since
we will see that the upper estimate will vanish as 𝑁 → ∞.

which
‖
‖‖‖
sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
≤
𝐶𝑓1
𝑁𝛼

for some 𝛼 ∈ (0, 1/2) and 𝐶𝑓1 a positive constant that may
depend on 𝑓1 (it should be noted that one can use the
Cauchy-Schwarz inequality to show that 1/2 is indeed an
upper bound for the set of possible values of 𝛼 for this es-
timate to hold). If we make this assumption, we get

‖𝐴𝑁(𝑓1, 𝑓2)‖1 ≤ 𝐶 (𝑁1𝑁 + √𝑁
𝑁𝛼√𝑁1

) .

If we set𝑁1 = ⌊𝑁1− 2𝛼
3 ⌋ (where ⌊⋅⌋ is the floor function), one

would get

‖𝐴𝑁(𝑓1, 𝑓2)‖1 ≤ 𝐶𝑁− 2𝛼
3 .

This estimate alone already grants the norm convergence
of 𝐴𝑁(𝑓1, 𝑓2) to zero, but one can go further. Consider the
sequence {⌊𝑀𝛾⌋}∞𝑀=2 , where 𝛾 > 3

2𝛼
is a real number. This

implies that

∫||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 ≤ 𝐶(𝑀 − 1)
−2𝛼𝛾
3

for every 𝑀 > 2. We sum both sides over 𝑀 to get
∞
∑
𝑀=2

∫||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 ≤
∞
∑
𝑀=2

𝐶(𝑀 − 1)
−2𝛼𝛾
3 < ∞.

Following this fact and the Monotone Convergence Theo-
rem, we get

∫
∞
∑
𝑀=2

||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 < ∞ ,

which tells us that the function ∑∞
𝑀=2 ||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)(𝑥)|| is

bounded for 𝜇-a.e. 𝑥 ∈ 𝑋 . This immediately implies that

lim sup
𝑀→∞

||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| = 0

for 𝜇-a.e. 𝑥 ∈ 𝑋 . To show the a.e. convergence of
𝐴𝑁(𝑓1, 𝑓2), first let𝑀 ∈ ℕ such that ⌊𝑀𝛾⌋ ≤ 𝑁 < ⌊(𝑀+1)𝛾⌋.
Then we compute that

𝐴𝑁(𝑓1, 𝑓2)(𝑥)=𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)(𝑥)+
1
𝑁

𝑁
∑

𝑛=⌊𝑀𝛾⌋
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥).

We already know the first term of the right-hand side con-
verges to 0. The second term is bounded above by

‖𝑓1‖∞ ‖𝑓2‖∞ (⌊(𝑀 + 1)𝛾⌋ − ⌊𝑀𝛾⌋)
⌊𝑀𝛾⌋ .

As we let 𝑁 → ∞, we can also let𝑀 →∞, so the above ex-
pression goes to 0. And this proves the Double Recurrence
Theorem for this special case where we can prescribe the
rate of convergence to the Wiener-Wintner averages.
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Based on this observation, we felt it was sensible to de-
fine a class of ergodic dynamical systemswhere one can ob-
tain a rate of convergence in the Uniform Wiener-Wintner
Theorem. In this way, one can prove the a.e. Double Recur-
rence Theorem in a much simpler fashion for this particu-
lar class. We called them Wiener-Wintner dynamical systems
and some of their properties, including the full proof of
the Double Recurrence Theorem on this class of systems,
can be found in [3].

Definition 3.3. Let 𝛼 ∈ (0, 1/2) and 𝑝 ∈ [1,∞]. An er-
godic dynamical system (𝑋,ℱ, 𝜇, 𝑇) is said to be a Wiener-
Wintner dynamical system of power class 𝛼 in 𝐿𝑝 if there exists
a dense class of functions 𝑓 in the orthogonal complement
of its Kronecker factor such that for each one of these func-
tions one can find a finite constant 𝐶𝑓 such that for each
𝑁 ∈ ℕ

‖
‖‖‖
sup
𝑡

||||
1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
≤
𝐶𝑓
𝑁𝛼 .

If a function 𝑓 satisfies the inequality above, we call 𝑓 a
Wiener-Wintner function of type 𝛼.

There are numerous examples of Wiener-Wintner dy-
namical systems. For instance:

Theorem 3.4 (Cf. [3, Proposition 6.1]). Let (𝑋,ℱ, 𝜇, 𝑇𝛽)
be a skew-product system as discussed above, where 𝑇𝛽(𝑥, 𝑦) ∶=
(𝑥 + 𝛽, 𝑦 + 𝑥). There exists a set 𝐼 ⊂ ℝ of irrational numbers
that has full Lebesgue measure such that for each 𝛽 ∈ 𝐼, the
system (𝑋,ℱ, 𝜇, 𝑇𝛽) is a Wiener-Wintner dynamical system of
power type 1/8 in 𝐿∞.

As we saw earlier, the skew-product system is not weakly
mixing, so one may not conclude the pointwise conver-
gence of double recurrence averages by Theorem 3.6.

Another class of examples of Wiener-Wintner dynami-
cal systems are the so-called K-systems, which are dynam-
ical systems with K automorphisms (the letter K stands
for Kolmogorov). For example, let 𝑀 = {1, 2, … , 𝑞} and
𝑚 = ∑𝑞

𝑖=1 𝑎𝑖𝛿𝑖 such that 𝑎𝑖 > 0 and ∑𝑞
𝑖=1 𝑎𝑖 = 1 is a dis-

crete probability measure on 𝑀. Then consider 𝑋 = 𝑀ℤ,
𝜇 = 𝑚ℤ, and if 𝑥 ∶= {𝑥𝑖}∞𝑖=−∞, then we define 𝑇(𝑥) =
{𝑥𝑖+1}∞𝑖=−∞ to be a shift map. Then (𝑋,ℱ, 𝜇, 𝑇) is called
a Bernoulli shift, and one can verify that it is a K-system.
While all Bernoulli shifts are K-systems, not all K-systems
are Bernoulli shifts, which was demonstrated by D. Orn-
stein*.

Theorem 3.5 (Cf. [3, Theorem 6.1]). A K-system is a
Wiener-Wintner dynamical system of power type 𝛼𝑝 in 𝐿𝑝 for
𝑝 ∈ [1,∞) (where the positive constant 𝛼𝑝 may depend on 𝑝).

It should be noted that the pointwise convergence of the
Double Recurrence Theorem on a K-system was proven by
J. Derrien and E. Lesigne in 1995.

Remark. Not all ergodic systems are Wiener-Wintner dy-
namical systems of power class. Examples obtained inde-
pendently by E. Lesigne and the author are mentioned in
the author’s paper* published in 2004.

Using Bourgain’s result and combining it with Host’s*
result on pairwise independent joining we were able to
prove the following result on a weakly mixing system
(we say an ergodic system with additional conditions
(𝑋,ℱ, 𝜇, 𝑇) isweakly mixing if the product space (𝑋2, ℱ2, 𝜇×
𝜇, 𝑇 × 𝑇) is ergodic). A joining of the measure spaces
(𝑋,ℱ, 𝜇) and (𝑌,ℬ, 𝜈) is a measure 𝜔 on (𝑋 × 𝑌,ℱ ⊗ ℬ)
such that its projections on (𝑋,ℱ) and (𝑌,ℬ) are respec-
tively 𝜇 and 𝜈.We refer to Eli Glasner’s* book for more on
the joinings.

Theorem 3.6. Let 𝑇 be a weakly mixing system such that its
restriction to its Pinsker algebra5 has singular spectrum. Then
the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇 𝑖𝑘𝑥)

converge a.e. for every 𝐻 and for each 𝑓𝑖 ∈ 𝐿∞(𝜇), 1 ≤ 𝑖 ≤ 𝐻.
This result was published in 1998. In the same paper we

indicated our belief that the general result for 𝐻 functions
should be true.

We conclude this section by mentioning some results
related to Furstenberg averages and the Wiener-Wintner
Ergodic Theorem. For Wiener-Wintner type results, exten-
sions of the Wiener-Wintner Ergodic Theorem have been
given for the Double Recurrence Theorem by D. Duncan,
R. Moore, and myself*, and for nilsequences indepen-
dently by myself* and P. Zorin-Kranich*.

Furthermore, partial results on the pointwise conver-
gence of the Furstenberg averages have been obtained by
Huang, Shao, and Ye [16] and for commuting transfor-
mations by S. Donoso and W. Sun [13]. More recently
B. Krause, M. Mirek, and T. Tao* have announced the
pointwise convergence of the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑛2𝑥),

while M. Christ, M. Curcik, V. Kovač, and J. Roos [10] an-
nounced a pointwise convergence of a continuous coun-
terpart of these averages. Let us mention that the best pos-
sible result at the pointwise level would be the pointwise
analog of the norm convergence obtained for polynomial
nilpotent actions by M. Walsh [19].

4. Pointwise Convergence of Averages
Along the Cubes

In 2001, another proof of Szemerédi’s Theorem was ob-
tained by T. Gowers*. In his work, he introduced certain

5It is the maximum 𝜎-algebra such that 𝑇 restricted on it has zero entropy.
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seminorms on ℤ/𝑁ℤ. These seminorms were later gener-
alized by B. Host and B. Kra [15] to be defined on arbi-
trary measure-preserving systems, which was used to prove
norm convergence of Furstenberg averages (see §3). Fur-
thermore, their proof developed the concept of averages
along cubes, introduced for the case of three functions by
V. Bergelson*, which we will discuss in this section.

Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system. The av-
erages along the cubes of order 2 are given by

1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑛+𝑚𝑥),

where 𝑓1, 𝑓2, 𝑓3 ∈ 𝐿∞(𝜇).
The averages along the cubes of order 3 are defined as

1
𝑁3

𝑁−1
∑

𝑛,𝑚,𝑝=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑝𝑥)𝑓4(𝑇𝑛+𝑚𝑥)

𝑓5(𝑇𝑛+𝑝𝑥)𝑓6(𝑇𝑚+𝑝𝑥)𝑓7(𝑇𝑛+𝑚+𝑝𝑥).

More generally for functions 𝑓𝑖 all in 𝐿∞(𝜇) the averages
along the cubes of order 𝑘 ≥ 2 are defined as

1
𝑁𝑘

𝑁−1
∑

𝑛1,𝑛2,...,𝑛𝑘=0
∏

𝜖∈{0,1}𝑘,𝜖≠0
𝑓𝜖(𝑇𝑛.𝜖𝑥).

In [15], Host and Kra proved the norm convergence of
these averages. In 2004, we proved the pointwise case.

Theorem 4.1. The averages along the cubes of any order con-
verge a.e.

To our knowledge, this was the first complete pointwise
convergence result obtained in the theory of nonconven-
tional ergodic averages. The paper was published in 2010
[2]. Other proofs of Theorem 4.1 have since been given by
several authors, such as W. Huang, S. Shao, and X. Ye [16],
as well as S. Donoso and W. Sun [13].

Interestingly, we can prove this result by using the
Wiener-Wintner Theorem, as we discuss below. We will
discuss the second-order averages along the cubes for sim-
plicity. In order to make the Wiener-Wintner averages ap-
pear, we have the following estimate on the (deterministic)
averages along the cubes.

Lemma 4.2 ([2, Lemma 5]). Let 𝑎𝑛, 𝑏𝑛, and 𝑐𝑛, 𝑛 ∈ ℕ, be
three complex bounded sequences. Then for each positive integer

𝑁, there exists 𝐶 > 0 such that

||||
1
𝑁2

𝑁−1
∑

𝑚,𝑛=0
𝑎𝑛𝑏𝑚𝑐𝑛+𝑚

||||

2

≤ 𝐶min{sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑞=1

𝑎𝑞𝑒2𝜋𝑖𝑞𝑡
||||

2

,

sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑟=1

𝑏𝑟𝑒2𝜋𝑖𝑟𝑡
||||

2

, sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑝=1

𝑐𝑝𝑒2𝜋𝑖𝑝𝑡
||||

2

} .

In order to prove Theorem 4.1, we utilize the uniform
Wiener-Wintner Theorem. We illustrate this for the case of
order 2. We denote

𝑀𝑁(𝑓1, 𝑓2, 𝑓3) ∶=
1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑛+𝑚𝑥) ,

where 𝑓1, 𝑓2, 𝑓3 ∈ 𝐿∞(𝜇). By Lemma 4.2, we have

|𝑀𝑁(𝑓1, 𝑓2, 𝑓3)(𝑥)|2 ≤ 𝐶 sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑚=0

𝑓3(𝑇𝑚𝑥)𝑒2𝜋𝑖𝑚𝑡
||||

2

,

where 𝐶𝑓1,𝑓2 is a positive constant that depends on 𝑓1 and
𝑓2. Thus, if 𝑓3 is orthogonal to the Kronecker factor 𝐿2(𝒦),
the averages converge to 0 a.e. by the Uniform Wiener-
Wintner Theorem. If 𝑓3 is an eigenfunction of 𝑇 with 𝑒2𝜋𝑖𝜃
the corresponding eigenvalue, one sees that

𝑀𝑁(𝑓1, 𝑓2, 𝑓3)(𝑥)

= 𝑓3(𝑥) (
1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝜃)( 1𝑁
𝑁−1
∑
𝑚=0

𝑓2(𝑇𝑚𝑥)𝑒2𝜋𝑖𝑚𝜃) .

The pointwise convergence follows from the Birkhoff-
Khinchin Theorem applied on the product of 𝑇 and the
rotation by 𝜃 (or the Wiener-Wintner Theorem). The gen-
eral case where 𝑓3 ∈ 𝐿2(𝒦) follows from a relatively simple
approximation argument.

The higher-order case follows from a (not so simple)
induction argument. It uses two main elements. One is
based on the structure of the Host-Kra-Ziegler factors and
the Host-Kra seminorms. The second is based on Wiener-
Wintner estimates derived from the structure of the aver-
ages along the cubes. Both are needed to prove the higher-
order case. Depending on the measure-preserving sys-
tem (𝑋,ℱ, 𝜇, 𝑇) one of these two elements will carry more
weight. For instance, if the measure system (𝑋,ℱ, 𝜇, 𝑇) is
weakly mixing, then the Host-Kra-Ziegler factors are trivial
and the bulk of the proof is based entirely on the second
element.

We proved also in [2] that the pointwise convergence
could be obtained for measure-preserving maps not neces-
sarily commuting and acting on the same measure space.
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More precisely we proved the following result in the same
paper.

Theorem 4.3. Let 𝑇1, 𝑇2, 𝑇3 be measure-preserving transforma-
tions acting on the same measure space (𝑋,𝒜, 𝜇). Consider the
𝐿∞(𝜇) functions 𝑓1, 𝑓2, 𝑓3. Then the averages

1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛1 𝑥)𝑓2(𝑇𝑚2 𝑥)𝑓3(𝑇𝑛+𝑚3 𝑥)

converge a.e.

This theorem can also be proven from Lemma 4.2. In
particular, the lemma shows how weighted averages be-
come useful to bound such averages.

This shows that averages along the cubes behave very
differently from Furstenberg averages, since the averages

1
𝑁

𝑁−1
∑
𝑘=0

𝑓1(𝑇𝑛1 𝑥)𝑓2(𝑇𝑛2 𝑥)

do not converge 𝜇-a.e. in general if 𝑇1 and 𝑇2 are non-
commuting, as it was shown by D. Berend*.

Later, we extended Theorem 4.3 to the averages of six
functions. Q. Chu and N. Frantzikinakis [11] used our
method to extend this result to averages along cubes of
arbitrary order.

5. The Return Times Theorem
We have seen earlier that given a set with positive measure
and 𝑥 off a single null set one could consider the sequence
of return times to the set 𝐴 (see Figure 3). A. Brunel in his
thesis from 1968 introduced the study of the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

with a “twist.” We fix the probability measure-preserving
system (𝑋,𝒜, 𝜇, 𝑇) and a set 𝐴 with positive measure. One
seeks for a universal set of full measure off which, once 𝑥
is fixed in this set, the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

would converge a.e. 𝑦 for all other measure-preserving sys-
tems (𝑌,ℬ, 𝜌, 𝑆) and 𝑔 ∈ 𝐿∞(𝜌).

Return times averages can be classified as weighted er-
godic averages, where one studies the averages of the form

1
𝑁

𝑁
∑
𝑛=1

𝑎𝑛𝑔(𝑆𝑛𝑦) ,

where {𝑎𝑛}∞𝑛=1 is a complex-valued sequence acting as the
“weight.” We refer to a classical survey paper by A. Bellow
and V. Losert* for more on this topic. What makes return
times averages interesting is that the sequence (𝑎𝑛) is ran-
dom as opposed to deterministic.

We also remark that the return times averages above
can be viewed as a problem on averages along a subse-
quence, which can be phrased as follows: given a measure-
preserving system (𝑋,ℱ, 𝜇, 𝑇), 𝑓 ∈ 𝐿1(𝜇), and a strictly in-
creasing sequence of natural numbers {𝑛𝑗}∞𝑗=1, one studies
convergence of the averages

1
𝑁

𝑁
∑
𝑗=1

𝑓(𝑇𝑛𝑗𝑥).

For the case of the return times averages, we can set 𝑛𝑗 =
𝑛𝑗(𝑥) to be the 𝑗th return time as defined in Definition 1.5
so that we have

1
𝑁

𝑁
∑
𝑗=1

𝑔(𝑆𝑛𝑗𝑦) = 1
𝑛𝑁(𝑥)

𝑛𝑁(𝑥)
∑
𝑛=1

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦).

There are also some deep results in the case the sequence
(𝑎𝑛) is deterministic. For instance, suppose that 𝑎𝑛 = 𝑃(𝑛)
for some integer-valued polynomial 𝑃. Then J. Bourgain
[7] showed that for every 𝑓 ∈ 𝐿𝑝(𝜇), 𝑝 ∈ (1,∞], the aver-
ages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑃(𝑛)𝑥)

converge for 𝜇-a.e. However, if 𝑝 = 1 and 𝑃(𝑛) = 𝑛2, the
pointwise convergence need not hold; this result was later
shown by Z. Buczolich and D. Mauldin [8].

Partial results on return times averages were obtained by
A. Bellow and V. Losert*. The problem was solved first by
J. Bourgain in an unpublished paper. Then a shorter proof
was provided in [7], jointly withH. Furstenberg, Y. Katznel-
son, and D. Ornstein (this version of the proof is some-
times called the ”BFKO argument”). This result is called
the Return Times Theorem.

Theorem 5.1 (The Return Times Theorem). Let (𝑋,ℱ, 𝜇, 𝑇)
be a probability measure-preserving system, and let 𝑓 ∈ 𝐿2(𝜇).
Then there exists a set 𝑋𝑓 ⊂ 𝑋 such that 𝜇(𝑋𝑓) = 1 for
every 𝑥 ∈ 𝑋𝑓 and, for any other measure-preserving system
(𝑌, 𝒢, 𝜈, 𝑆) and function 𝑔 ∈ 𝐿2(𝜈), the averages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

converge for 𝜈-a.e. 𝑦 ∈ 𝑌 .

While the BFKO argument was simple in the sense that
it did not require many tools beyond basic ergodic theory,
it was originally written in a very concise matter (it was a 3-
page proof mentioned in an ”appendix” of another paper
by Bourgain). Another fairly accessible proof of the Return
Times Theorem via joinings was provided by D. Rudolph*.

We remark that this result is a generalization of the
Wiener-Wintner Theorem: if we take 𝑌 = 𝕋, 𝒢 the Borel
𝜎-algebra, 𝜈 the (normalized) Lebesgue measure, 𝑆 a rota-
tion by any 𝛼 ∈ ℝ, and 𝑔(𝑦) = 𝑒2𝜋𝑖𝑦, then the Return Times
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Theorem tells us that there exists a set of full measure in 𝑋
that is independent on the value of 𝛼 for which

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦) = 𝑒2𝜋𝑖𝑦
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝛼

converge.
We also note that if we replace ”for 𝜈-a.e. 𝑦 ∈ 𝑌” with

“in 𝐿2(𝜈),” the statement becomes a rather simple corol-
lary of the Wiener-Wintner Theorem and the spectral the-
orem; see [3, Theorem 3.1]. Furthermore, if (𝑋,ℱ, 𝜇, 𝑇) is
a Wiener-Wintner dynamical system, then one can obtain
an even simpler proof. By the Spectral Theorem, there ex-
ists a Borel probability measure 𝜎𝑔,𝑆 on 𝕋 such that

∫
𝑌

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
||||

2

𝑑𝜈(𝑦)

= ∫
𝕋

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

2

𝑑𝜎𝑔,𝑆(𝑡)

≤ sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

2

.

So because 𝑓 is a Wiener-Wintner function of type 𝛼 in 𝐿∞,
we have

∫sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
𝑑𝜇(𝑥) ≤ 𝐶

𝑁𝛼 .

In particular, if 𝛾 > 0 is a number such that 𝛼𝛾 > 1, we
have

∞
∑
𝑀=2

∫sup
𝑡

||||
1

⌊𝑀𝛾⌋
⌊𝑀𝛾⌋
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
𝑑𝜇(𝑥)

≤
∞
∑
𝑀=2

𝐶
(𝑀 − 1)𝛼𝛾 < ∞.

This implies that ∑∞
𝑀=2 sup𝑡

|
|

1
⌊𝑀𝛾⌋

∑⌊𝑀𝛾⌋
𝑛=1 𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡|| <

∞, which implies that there exists a set of full measure
𝑋𝑓 ⊂ 𝑋 that is independent of the other dynamical system
(𝑌, 𝜈, 𝑆) such that

∞
∑
𝑀=2

||||
1

⌊𝑀𝛾⌋
⌊𝑀𝛾⌋
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
||||

2

< ∞

for 𝜈-a.e. 𝑦 ∈ 𝑌 . Therefore, for every 𝑥 ∈ 𝑋𝑓, we have

lim
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦) = 0

for 𝜈-a.e. 𝑦 ∈ 𝑌 , and thus concludes the proof of the Re-
turn Times Theorem for the function 𝑓.One can pass from
Wiener-Wintner functions 𝑓 of power class 𝛼 to general
functions by approximation.

We conclude this section by outlining the development
of the Return Times Theorem. The author raised four ques-
tions in 1990:

(i) Consider the averages
1
𝑁
∑𝑁−1

𝑛=0 𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦); can we
have a multidimensional return times result?

(ii) What is the exact range of the functions for which
such a result would hold? Would the dynamic created
be powerful enough to allow the convergence to hold
beyond the Hölderian inequality?

(iii) In particular what could happen if both functions 𝑓
and 𝑔 are in 𝐿1? (This is called the (𝐿1, 𝐿1)-problem.)

(iv) What could be the characteristic factors for such av-
erages?

Question (i) was solved by D. Rudolph*.
After some partial results with specific random weights

(iid random variables) (see (Assani*, AIHP)), progress for

the question (ii) on the averages
1
𝑁
∑𝑁−1

𝑛=0 𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
was obtained in [12] by C. Demeter, M. Lacey, C. Thiele,
and T. Tao, where they have shown that the Return Times
Theorem holds if 1 < 𝑝 ≤ ∞ and 𝑞 ≥ 2. But some cases
remain open.

As for (iii), Z. Buczolich, D. Mauldin, and myself [5]
proved that the (𝐿1, 𝐿1) problem had a negative answer

even for the tail which is the term
𝑓(𝑇𝑛𝑥).𝑔(𝑆𝑛𝑦)

𝑛
. The current

best result on the space for which the return property for
the tail of the averages holds for the function 𝑓 while 𝑔 ∈
𝐿1(𝜌) has been obtained by Maria Carro and C. Domingo-
Salazar [9]. See also S. Baena-Miret and M. Carro*.

Question (iv) was answered by the author and
K. Presser*.

6. Future Directions
Here we list some open problems regarding the averages
discussed in this paper. For more open problems on the
return times averages, see the survey paper by myself and
K. Presser*.

(1) There are several similarities between the Return
Times Theorem and the Furstenberg averages. They do
have the same characteristic factors, namely the Host-
Kra-Ziegler factors. Are they equivalent? Does one im-
ply the other? For instance, is the Return Times Theo-
rem equivalent to the Double Recurrence Theorem?

(2) Does a polynomial extension of the Wiener-Wintner
Theorem hold? In other words, given a measure-
preserving system (𝑋,ℱ, 𝜇, 𝑇) and 𝑓 ∈ 𝐿2(𝜇), does
there exist a set of full measure 𝑋𝑓 such that for every
𝑥 ∈ 𝑋𝑓 and every integer-valued polynomial 𝑝 and
real-valued polynomial 𝑞, the averages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑝(𝑛)𝑥)𝑒2𝜋𝑖𝑞(𝑛)

converge? E. Lesigne* showed that the case 𝑝(𝑛) = 𝑛
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holds. Beyond that, some partial solutions can be
found in [3, Chapter 8] and a work of T. Eisner and
B. Krause*. A related result was recently obtained by
Z. Buczolich and T. Eisner*.

We also continue to ask if a polynomial extension
of the Return Times Theorem holds (this was asked in
Question 7.2 of the Assani-Presser* survey paper).

(3) We ask if we can show convergence of multiple recur-
rence alongmultiple return times: consider ameasure-
preserving system (𝑋,ℱ, 𝜇, 𝑇) and 𝑓1, 𝑓2, … , 𝑓𝐼 ∈ 𝐿∞(𝜇).
We define a sequence 𝑎𝑛(𝑥) = ∏𝐼

𝑖=1 𝑓𝑖(𝑇 𝑖𝑛𝑥). We ask
if there exists a set of full measure 𝑋 ′ ⊂ 𝑋 such that for
every 𝑥 ∈ 𝑋 ′, for any other measure-preserving system

(𝑌, 𝒢, 𝜈, 𝑆), 𝑔1, … , 𝑔𝐽 ∈ 𝐿∞(𝜈), 𝑏𝑛 = ∏𝐽
𝑗=1 𝑔𝑗(𝑆𝑗𝑛𝑦), the

averages
1
𝑁
∑𝑁

𝑛=1 𝑎𝑛(𝑥)𝑏𝑛(𝑦) converge 𝜈-a.e. The case
𝐼 = 1, 𝐽 = 1 is the classical Return Times Theorem. If
𝐼 = 2, the author and R. Moore* showed that those av-
erages converge in 𝐿2(𝜈) for every 𝐽 ∈ ℕ. Furthermore,
P. Zorin-Kranich* showed the pointwise convergence
for 𝐼 = 2, 𝐽 = 1.
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[18] E. Szemerédi, On sets of integers containing no 𝑘 elements
in arithmetic progression, Acta Arith. 27 (1975), 199–245,
DOI 10.4064/aa-27-1-199-245. MR369312

[19] Miguel N. Walsh, Norm convergence of nilpotent ergodic
averages, Ann. of Math. (2) 175 (2012), no. 3, 1667–1688,
DOI 10.4007/annals.2012.175.3.15. MR2912715

Idris Assani

Credits

Opening image is courtesy of agsan-
drew via Getty.
Figures 1, 3, and 5 and photo of Idris
Assani are courtesy of Idris Assani.
Figure 2 is courtesy of Wikimedia
Commons.
Figure 4 is courtesy of the Library of
Congress.
Figure 6 (left) is courtesy of George M.
Bergman. Licensed under CC-BY-SA
4.0.
Figure 6 (right) is courtesy of Yosef
Adest via Wikimedia Commons.

FEBRUARY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 209

http://www.ams.org/mathscinet-getitem?mr=1613556
http://www.ams.org/mathscinet-getitem?mr=2753294
http://www.ams.org/mathscinet-getitem?mr=199517
http://www.ams.org/mathscinet-getitem?mr=2735039
http://www.ams.org/mathscinet-getitem?mr=2145565
http://www.ams.org/mathscinet-getitem?mr=1037434
http://www.ams.org/mathscinet-getitem?mr=2680382
http://www.ams.org/mathscinet-getitem?mr=2912715
http://www.ams.org/mathscinet-getitem?mr=369312
http://www.ams.org/mathscinet-getitem?mr=3324732
http://www.ams.org/mathscinet-getitem?mr=4041103
http://www.ams.org/mathscinet-getitem?mr=2150389
http://www.ams.org/mathscinet-getitem?mr=498471
http://www.ams.org/mathscinet-getitem?mr=3787561
http://www.ams.org/mathscinet-getitem?mr=2420509
http://www.ams.org/mathscinet-getitem?mr=2995648
http://www.ams.org/mathscinet-getitem?mr=3809026
http://dx.doi.org/10.3934/dcds.2018084
http://dx.doi.org/10.1017/etds.2021.45
http://dx.doi.org/10.1017/S014338571100006X
http://dx.doi.org/10.1016/j.aim.2018.03.022
http://dx.doi.org/10.1007/BF02813304
http://dx.doi.org/10.4007/annals.2005.161.397
http://dx.doi.org/10.1007/s11854-019-0061-3
http://dx.doi.org/10.1073/pnas.1421798112
http://dx.doi.org/10.4064/aa-27-1-199-245
http://dx.doi.org/10.1007/BF02762270
http://dx.doi.org/10.1007/s11854-010-0006-3
http://dx.doi.org/10.1515/crll.1990.404.140
http://dx.doi.org/10.1007/BF02791503
http://dx.doi.org/10.4007/annals.2010.171.1479
http://www.ams.org/mathscinet-getitem?mr=1019960
http://dx.doi.org/10.1142/4538
http://dx.doi.org/10.1007/s11856-010-0077-y
http://dx.doi.org/10.4007/annals.2012.175.3.15
http://dx.doi.org/10.1215/00127094-2008-020


The Mathematics Research Communities program helps early career mathematicians 
develop long-lasting cohorts for collaborative research projects in many areas 
of mathematics. The 2022 summer conferences of the Mathematics Research 
Communities will be held at Beaver Hollow Conference Center, Java Center, NY, 
where participants can enjoy the natural beauty and a collegial atmosphere. 

Women and underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2022 is February 15, 2022. 

TOPICS FOR 2022
Week 1: May 29–June 4, 2022

Applied Category Theory
Organizers:  John Baez, University of California, Riverside
  Simon Cho, Two Six Technologies
  Daniel Cicala, University of New Haven
  Nina Otter, Queen Mary University of London
  Valeria de Paiva, Topos Institute

Data Science at the Crossroads of Analysis, Geometry, and Topology
Organizers:  Marina Meila, University of Washington
  Facundo Mémoli, The Ohio State University
  Jose Perea, Northeastern University
  Nicolas Garcia Trillos, University of Wisconsin-Madison
  Soledad Villar, Johns Hopkins University

Week 2: June 5 –11, 2022
Models and Methods for Sparse (Hyper)Network Science
Organizers:  Sinan G. Aksoy, Paci� c Northwest National Laboratory
  Aric Hagberg, Los Alamos National Laboratory
  Cliff Joslyn, Paci� c Northwest National Laboratory
  Bill Kay, Oak Ridge National Laboratory
  Emilie Purvine, Paci� c Northwest National Laboratory
  Stephen J. Young, Paci� c Northwest National Laboratory
  Jennifer Webster, Paci� c Northwest National Laboratory

Trees in Many Contexts
Organizers:  Miklós Bóna, University of Florida
  Éva Czabarka, University of South Carolina
  Heather Smith, Davidson College
  Stephan Wagner, Uppsala University
  Hua Wang, Georgia Southern University

This program is funded through a generous grant 
from the National Science Foundation, 
the AMS, and private donors.

Learn more at:
www.ams.org/programs/mrc-22

The American Mathematical Society welcomes applications for the 2022
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section assisted by the Early Career 
Intern Katie Storey. Next month’s theme will be in celebration of Women’s History Month. All Early Career articles 
organized by topic are available at https://www.angelagibney.org/the-ec-by-topic.

Celebration of 
Black History 
Month 

The David Harold  
Blackwell Summer Institute: 
Goals, Experiences, and 
Future Plans

Wilfrid Gangbo, Jelani Nelson,  
and Todd Coleman 
Goals
David Harold Blackwell was the first African American 
elected to the National Academy of Sciences and made 
seminal contributions to the fields of statistics, econom-
ics, probability theory, and information theory. African 
Americans comprise 4% of PhDs in engineering and 3% 
of PhDs in mathematics granted from 2010–2020. In 2021, 
we created a six-week summer institute, named after Black-
well, that aims to increase the number of undergraduate 
students who aspire to achieve his level of excellence and 
widen participation of African American men and women 
in obtaining PhDs in the mathematical sciences.

The David Harold Blackwell Summer Research Institute 
is led by Professors Wilfrid Gangbo (UCLA Department 
of Mathematics), Jelani Nelson (UC Berkeley Department 
of EECS), and Todd Coleman (Stanford Department 
of Bioengineering), who mentor the students directly. 
Research topics include, but are not limited to, Optimal 
Mass Transportation, the Calculus of Variations, Machine 
Learning, and Theoretical Computer Science. Students are 
paid to conduct research over the summer. In this process, 
the students obtain the ability to obtain direct research 
guidance from a faculty member, to network amongst 
each other, to receive mentorship from graduate students 
or postdocs working with the faculty member, to learn 

Wilfrid Gangbo is a professor of mathematics at the University of California, 
Los Angeles. His email address is wgangbo@math.ucla.edu.

Jelani Nelson is a professor of electrical engineering & computer science 
at the University of California, Berkeley. His email address is minilek@
berkeley.edu.

Todd Coleman is a professor of bioengineering at Stanford University. His 
email address is toddcol@stanford.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2425
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will be housed at the institution of their faculty mentor, 
thus allowing for more direct mentorship. The final week 
of the program, when students present, will take place at 
the Simons Institute at UC Berkeley. This will allow for 
more face-to-face interaction amongst students working 
with different faculty mentors and for more direct conver-
sations with one another during the week that concludes 
with their write-ups and presentations. Students could have 
applied last year through math programs, for instance by 
following the link https://www.mathprograms.org/db 
/programs/991.

We encourage anyone with knowledge of a talented 
student with interests aligned with the program to apply!

Credits
Photo of Wilfrid Gangbo is courtesy of Wilfrid Gangbo.
Photo of Jelani Nelson is courtesy of Yaphet Teklu.
Photo of Todd Coleman is courtesy of Todd Coleman.

about manuscript preparation and presentation delivery 
through their final project reports and presentations, and 
to learn about applications of these topics from weekly 
guest presentations.

The long-term goal of this initiative is to increase the 
number of talented researchers and teachers in the math-
ematical and computer sciences. With the support of our 
respective campuses, we aim to ensure that the leading 
institutions in the state of California increase their partic-
ipation in training the next generation of students under-
represented in the mathematical sciences. We would like to 
develop a sense of community where mentees feel welcome 
in California and an increasing number of mentors receive 
concrete invitations to participate in changes which tran-
scend group barriers.

Experiences from Summer 2021
The inaugural program took place virtually via Zoom from 
June 21 to July 30, 2021. Each faculty member advised two 
students and had weekly meetings with students. In addi-
tion, students often met as a group as well as with other 
graduate students or postdoctoral scholars working with 
the faculty member. A Slack communication channel was 
used, in addition to email correspondence, to allow for 
rapid communication. Dr. Gangbo’s students worked on 
research pertaining to variations of problems pertaining 
to optimal transportation theory. Dr. Nelson’s students 
worked on research pertaining to theoretical computer 
science, in particular Fourier sparse leverage score bounds 
related to approximate kernel learning, and distribution 
parameter estimation problems when given access to ma-
chine learned advice. Dr. Coleman’s students worked on 
research pertaining to quantitative statistical assessment of 
the electrophysiology and anatomy of the digestive system, 
using tools from regression and autoregressive statistical 
modeling. There were discussions over lunch, multiple 
times each week, where there were opportunities for un-
scripted and natural dialogue with faculty and students 
present. In addition, there was a presentation either by one 
of the undergraduate students or a research presentation 
from a faculty member outside the institute who works in 
an area overlapping with one of the faculty mentors. At the 
concluding meeting, each student gave a presentation on 
their research accomplishments and wrote a research-style 
paper. One challenge we found is that six weeks was on the 
shorter end of an intense research experience. Along with 
anonymous evaluations, two students were interviewed for 
the Simons Institute Polylogues on Algorithms and Race, 
which will soon appear on the Simons Institute channel 
of YouTube.

Future Plans
We aim to continue this program in summer 2022 for a 
duration of six weeks or more. Contingent upon the pan-
demic being more under control, we hope that students 

Wilfrid Gangbo

Todd Coleman

Jelani Nelson

https://www.mathprograms.org/db/programs/991
https://www.mathprograms.org/db/programs/991
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scholars, most notably Gloria Ladson-Billings and Danny 
Martin, among others ([1], [5], [6], [10]). While initiatives 
to support “students of color” or “underrepresented mi-
norities” are critical, there is an important sense in which 
the awareness, acknowledgement, and celebration of Black/
Pan-African heritage as eminently mathematical empowers 
students to see themselves as capable, and fosters a sense of 
belonging to the wider academic community. In addition, 
it has the power to build instructors’ belief in the ability of 
these students, and chip away at the deficit mindset engen-
dered by the systemic evils spoken of earlier. The Hesabu 
Circle is a tangible effort to rebuild the identity of members 
of the Black community as doers of mathematics.

The Hesabu Circle
The Hesabu Circle started in summer 2020 as the inten-
tional response of Black mathematics faculty and admin-
istrative staff at southern California campuses to the dual 
pandemics of COVID-19 and systemic racism. “Hesabu” 
is the Kiswahili word for “Mathematics.” The founding 
members include Dr. Kagba Suaray, professor, California 
State University, Long Beach; Dr. Kyndall Brown, executive 
director of the California Mathematics Project and board 
member of the National Council of Teachers of Mathemat-
ics; Dr. Rob Rubalcaba, associate professor of mathematics 
and Umoja Math Coordinator, San Diego City College; Dr. 
Edray Goins, professor, Pomona College; Dr. Robin Wilson, 
professor, Cal Poly Pomona; Christine Charles, profes-
sor, Long Beach City College; Kekai Bryant, mathematics 
teacher at YouthBuild Charter School, Los Angeles, CA; 
Micki Grayson, director of Trio programs at Moreno Valley 
City College; Pamela Lewis, senior director, Multicultural 
Affairs & Inclusion, CSU Long Beach. The Circle is about 
creating connections for mutual support. We seek to break 
down artificial barriers caused by geography, institution, or 
academic level, and build networks of support that encour-
age and empower individuals of African descent to envision 
and achieve excellence in mathematics. A core piece of our 
mission is rebuilding our self-confidence, identity as doers 
of mathematics, and instilling pride in our potential. We 
endeavor to accomplish this for each individual, and for 
the community. 

How do we make this happen? The two instruments 
implemented to bring about these goals have been our 
monthly culturally relevant virtual mathematical explo-
rations, and the “Math-Is-Me” summer program. Our 
monthly events have connected the Circle with a wide 
range of participants from four continents. Each event 

The Hesabu Circle

Kagba Suaray, Robin Wilson,  
and Rob Rubalcaba 
Introduction
For many in the mathematics community, the aftermath of 
the murder of George Floyd was the first time an awareness 
was sparked of the generational and systemic injustices that 
have stifled the growth and flourishing of Black minds. 
Throughout history examples of these systemic injustices 
include colonial exploitation, slavery, Jim Crow, red lining, 
and rewriting the history of African contributions to civili-
zation. These have been targeted, overt, and acute interven-
tions that had a specific target population, and a particular 
outcome in mind. The consequences and repercussions of 
these are the fabric of the world we live in, with varying 
degrees of expression in the United States and throughout 
the diaspora. As a result, for the majority of Black learners 
in mathematics classrooms at all levels, there has been the 
burden to navigate a space that was not conceived of with 
them in mind, from which their ancestors were excluded, 
and that in various ways can be hostile to their culture. 
Mathematics classrooms rarely intentionally include Black 
or African American students, culture, and contributions. 
Rather, the contributions and ways of engagement of Black 
students in the classroom are often misunderstood and 
have even been criminalized [11]. Couple this with socie-
tal and academic perceptions of mathematics as objective 
truth, with minimal concern for one’s subjective lived ex-
perience, and it should not be surprising at all that Black 
students rank at or near the bottom of test scores in mathe-
matics, and while they represent 13% of the population in 
the United States, they represent less than 1% of students 
in classes with significant advanced math content. A large 
public institution in southern California recently reported 
that of their 274 math majors, only 2% identified as Black/
African American [3]. Further, less than 1% of PhDs are 
awarded to African Americans each year according to the 
New York Times [7].

Educational initiatives to overcome these challenges can-
not be scattershot. They must be just as intentional as the 
interventions that led us here. In fact, the instrument used 
for healing must be even more deliberate than that which 
inflicted pain, as it is always more difficult to rebuild than 
it is to destroy. This point has been underscored by many 
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children. One of our regular attendees stated “Please allow 
me to begin by saying how much I enjoy the Hesabu Circle! 
Learning is fascinating regarding the ways that Mathematics is 
involved in the vast majority of everything that we do in life. 
Some branches of Mathematics have been extremely difficult, 
although it is something that I have always loved. Since con-
necting with the Hesabu Circle, I am learning to say, ‘used to 
be extremely difficult.’”

Building on the strength of the monthly events, the 
Hesabu Circle core team sought to create a summer pro-
gram for more consistent connection and support for 
Black students. Supported by a Tensor SUMMA grant from 
the Mathematical Association of America in spring 2021, 
this program is designed to provide year-round academic 
support in mathematics and mentoring for students across 
educational institutions in the greater Long Beach, CA, area 
and beyond. There are two components of this program: 

• The first is year-round tutoring and mentoring for 
all program participants, with fun projects that 
connect mathematics to our cultural heritage and 
real-world challenges faced in the Black commu-
nity. 

• The second was a summer mentoring and support 
network for girls and young women, which gave 
them direct connection to academic coaches who 
modeled and inspired the greatness within.

During the summer 2021 component, 4th–12th grad-
ers and college students had one-on-one interaction with 
nationally recognized mathematicians and math educa-
tors, and discovered rich expressions of mathematics in 

has drawn 35 participants on average with attendees of 
all ages including K–12 students, college students, Umoja 
students, graduate students, college faculty, teachers, and 
community members. Our first event was during Kwanzaa, 
December 2020, and has set the tone for how we get down 
in the Circle. The event was scheduled to coincide with the 
3rd day of Kwanzaa, Ujima, which means collective work 
and responsibility. Over 70 students, their parents, and 
educators came to the Circle to experience mathematics 
from a culturally responsive lens. Our first meeting went 
well beyond our planned event time due to the interest of 
the parents and educators in having conversations about 
the importance of mathematics education for the Black 
community. It was at this moment that we realized great 
need for this space and its potential impact went beyond 
what we had originally envisioned. 

At our monthly gatherings we open up with a slideshow 
of affirming images of Black excellence in mathematics, 
past, present, and future. From there we extend salutations 
and recite the Kiapo (a liberatory declaration of unity in 
struggle and purpose) in call and response fashion. After 
this, we typically have a distinguished speaker or a panel 
discussion, demonstrating and exploring the mathemati-
cal threads woven throughout Black/Pan-African culture. 
Topics have included Hope and Healing for Black Girls in 
STEM, Fractal Motifs in African Culture, Mathematics of Hip 
Hop, and Math and Money. Next, we commence into an 
interactive portion that draws the participant in to engage 
with what they have just learned in reflective or fun ways. 
Activities include learning and developing strategy in the 
African game Achi, playing Kahoot! games, and creating 
“Birthday Fractals.” Finally, we always conclude with the 
“Family Circle,” an open discussion between academic pro-
fessionals and members of the community. This has led to 
powerful conversations regarding race in the mathematics 
classroom, as well as detailed support offered to individual 
parents seeking to build mathematical confidence in their 

Figure 3. Hesabu Circle Math-Is-Me mentor Tre Willingham 
teaching students at the Compton Comet rocket project.

Figure 2. Hesabu Circle Math-Is-Me mentor Tre Willingham 
teaching students at the Compton Comet rocket project.
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students speak about what is important to them, including 
cultural distinctives, and invite them to think about how 
mathematical reasoning or computation might play a role 
in these things. Find like-minded colleagues and work to-
gether to advocate and support the Black students in your 
program. Acknowledge them, set high standards, provide 
alternative culturally relevant angles to view and explain 
the subject matter, and get ready to experience excellence. 
Request institutional support and find administrators on 
your campus that see Black student success as a priority. For 
administrators, put some weight behind your statements 
regarding racial justice. Many who work in this space do 
so on a volunteer basis, which can be taxing. Release time 
or other forms of institutional support for those invested 
in this work can go a long way. As mathematicians we have 
the subject matter knowledge to assist learning, but it is 
important to involve persons with a knowledge expertise 
in mathematics and STEM education as well as academic 
leadership to participate in changing the narrative. 

Finally, don’t reinvent the wheel. Learn from those 
that have been engaged in this work about how you can 
implement their domain knowledge to your specific con-
text ([2], [4], [8], [9]). We received invaluable assistance 
from the Business of Student Success (B.O.S.S.) program 
(https://www.bossprograms.org/), which had solid 
connections in local districts and assisted with recruitment. 
In addition, CSU Long Beach Sister Friends (https://www 
.instagram.com/csulbsisterfriends49/) is a campus 
organization with a proven track record of mentoring for 
Black women, and graciously shared that wealth of ex-
perience with our participants. In that vein, link up with 
the Hesabu Circle, and tell your students about it. Our 
cultural explorations are a great way to accomplish many 
of the points listed above. Moreover, students will be able 
to find a space where their identities are affirmed, and the 
isolation and imposter syndrome so commonly faced by 
Black students taking STEM courses can be tackled head on. 

Hesabu Circle URL: 
https://the-hesabu-circle.mailchimpsites.com/
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Pan-African culture. Students learned about Egyptian nu-
merals and multiplication, the Ishango Bone and other uses 
of mathematics in ancient Africa, the mathematics involved 
in DeeJaying and music production, two-way tables and 
probability linked to their African ancestry, origami, and 
thinking about the “flat earth theory” critically and mathe-
matically. In addition, there was a field trip to the “Comp-
ton Comet” led by two of our college student mentors. The 
“Compton Comet” is a rocket built by Compton College 
students Manuel Marques, Aarington Mitchell, and Tre 
Willingham that is estimated to reach an altitude of 20,000 
km and will use a 2-parachute dual deployment recovery 
system (https://www.rrs.org/tag/compton-comet/). 
Central to the pedagogy at the Hesabu Circle gatherings is 
a value system best described by the ICUCARE framework 
developed by Dr. Pamela Seda and Hesabu Circle core team 
member Dr. Kyndall Brown [2]:

• Include others as experts
• Be Critically conscious
• Understand your students
• Use Culturally relevant curricula
• Assess, activate, and build on prior knowledge
• Release control
• Expect more

Students and parents have commented on the impact 
the program has made. For many Black students in Amer-
ica, mathematics as typically presented in the classroom is 
understood as foreign, other, disconnected to their lived 
reality. By exposing students to culturally responsive curric-
ulum and engaging them in an unapologetically Afrocentric 
manner, students who initially called math their least favor-
ite subject were asking their parents for extra practice prob-
lems on a random weeknight in the middle of the summer. 
This speaks to the evolution in the students’ minds from 
the idea that mathematics is not for them to the idea that 
“Math-Is-Me” and the formation of a positive mathematics 
identity. The idea that mathematics is “not for me” is one 
that many individuals from underrepresented and minori-
tized groups experience at all educational levels, even post 
PhD. The earlier in one’s academic journey this evolution 
into a “Math-Is-Me” identity takes place, the greater chance 
of enjoyment and enthusiasm for mathematics.

How to Get Involved
The Hesabu Circle is here to uncover and facilitate the latent 
love for mathematics in the Black community. While role 
modeling by exposing young people to professionals that 
look like them and have relatable backgrounds is a critical 
part of what we do, there is an important role that allies can 
play in this work. Learn about the contributions of Africa to 
the growth and development of mathematics. Learn about 
African-descended mathematicians in your field, and give 
brief biographical sketches as part of one of your lectures 
related to a result they have proved (the www.mathad.com 
website is an amazing resource for this). Listen to your 
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Reflections on Running  
an REU (With an Eye  
towards Equity)

Siddhi Krishna  
and Marissa Kawehi Loving

In summer 2021, we designed and ran our first REU. 
From the start, our goal was to create a positive first math 
research experience for students from groups historically 
excluded from academic mathematics. Overall, we had a 
wonderful time, as did our students! In this reflective piece, 
we pose the key questions we asked ourselves throughout 
the process. We hope that readers will not consider our 
guiding questions as prescriptive or exhaustive—they were 
simply what worked for us. This article, structured both 
chronologically and according to some major themes, is 
aimed at other junior faculty who are organizing REUs with 
marginalized students in mind. 

Every REU should be welcoming to every student. 
Whether you succeed at this or not will have a significant 
impact on your students’ perceptions of themselves as 
mathematicians. Because most mathematical research com-
munities are, by default, constructed for white, cis, straight, 
and able-bodied men, it is essential to consciously design a 
space where marginalized students feel equally represented, 
supported, and valued. You have the power to create a pro-
gram where your students have their mathematical talent 
and identities affirmed. 

Why Are You Organizing an REU? 
Before doing any organizing or planning, stop to ask your-
self: Why? You should not be running an REU just to get a 
line on your CV—this is a serious long-term commitment 
to your students. Take the time to ask yourself: What are 
you hoping to accomplish by running a summer REU? What do 
you hope to contribute to your REU students and their mathe-
matical journeys? 

Thus, the first step in designing an REU is to set a goal. 
Who are you trying to serve and why? Outlining a guiding 
principle for your REU will pay off in the short and long 
term by focusing your efforts throughout the program. Our 
guiding intention (of providing a positive first mathemat-
ical research experience for minoritized students) shaped 
how we advertised, recruited, and structured our program; 
we discuss these aspects later in this piece. 

[6] G. Ladson-Billings, It doesn’t add up: African American 
students’ mathematics achievement, Journal for Research in 
Mathematics Education 28 (1997), no. 6, 697–708. 

[7] Amy Harmon, For a Black Mathematician, What It’s Like 
to Be the “Only One”, NY Times, Feb. 18, 2019. URL: 
https://www.nytimes.com/2019/02/18/us/edray 
-goins-black-mathematicians.html

[8] D. B. Martin, Mathematics success and failure among African 
American youth, Lawrence Erlbaum Associates, Mahwah, 
NJ, 2000. 

[9] D. B. Martin (ed.), Mathematics teaching, learning, and lib-
eration in the lives of black children, Routledge, New York, 
NY, 2009. 

[10] D. B. Martin, Equity, inclusion, and antiblackness in mathe-
matics education, Race Ethnicity and Education 22 (2019), 
no. 4, 459–478.

[11] M. W. Morris, Pushout: The criminalization of Black girls in 
schools, The New Press, New York, NY, 2016.

Credits
Figures 1–3 and photo of Kagba Suaray are courtesy of Kagba 

Suaray. 
Photo of Robin Wilson is courtesy of Tom Zasadzinski.
Photo of Rob Rubalcaba is courtesy of Rob Rubalcaba.

Kagba Suaray

Rob Rubalcaba

Robin Wilson

Siddhi Krishna is an NSF Postdoctoral Fellow and Ritt Assistant Professor 
at Columbia University. Her email address is siddhi@math.columbia.edu.

Marissa Kawehi Loving is an NSF Postdoctoral Fellow and Hale Assistant 
Professor at Georgia Tech. Her email address is mloving6@gatech.edu.

DOI: https://dx.doi.org/10.1090/noti2427

https://www.nytimes.com/2019/02/18/us/edray-goins-black-mathematicians.html
https://www.nytimes.com/2019/02/18/us/edray-goins-black-mathematicians.html


Early Career

February 2022  Notices oF the americaN mathematical society   217

would have a range of exposure to college-level math (and 
that their undergraduate trajectories could have been 
disrupted by the COVID-19 pandemic). Accordingly, we 
made the conscious decision to expect a proofs class (or 
equivalent), but nothing more. Our goal was to introduce 
our students to their research project by the third day of 
the REU, and we did it!

The Application
Most REU programs in the US run applications through 
MathPrograms.Org, a service of the AMS similar in form 
and function to MathJobs.Org. This platform streamlines 
the REU application/selection process in many ways, but 
there are components which you can customize. The infor-
mation you ask for, and how you ask for it, signals who you 
consider your default student to be (whether you like it or 
not!). Here are some questions to ask yourself as you de-
cide what information to solicit in your REU’s application:

• Are you able to see the information that you care about? 
For example, although MathPrograms.Org asks 
for information regarding gender, race, and eth-
nicity as part of their cover sheet, this information 
is not accessible to program directors in a disag-
gregated way. To view demographic information 
while selecting students, you can add additional 
demographic questions to the customizable por-
tion of the application. These questions can be 
made optional, in case students prefer not to share 
this information as disaggregated data. 

• Do you provide inclusive options for gender, race, and 
ethnicity? The framing of these questions matter! 
For example, providing the options “male/female/
other” is a red flag as these choices conflate sex and 
gender. Similarly, the sole options of “woman/
man” reinforces a binary view of gender, and ex-
cludes nonbinary and genderfluid students. Our 
application provided the following options for 
gender: “woman/man/non-binary/other/prefer 
not to say.”

• Do you include questions about whether students are 
first-generation college students or veterans? To serve 
these groups, you first have to identify them in 
your applicant pool!

Make these edits to your application before students start 
submitting theirs!

Finally, be sure to have your application up-and-running 
well in advance (i.e., at least five weeks) of your deadline. 
If a student is not already preparing to apply for summer 
programs, a condensed timeline can make it hard to write a 
personal statement, prepare a resume/CV, and solicit faculty 
letters of recommendation.

Advertising and Recruiting
Advertising is a crucial component of running an inclusive 
program: you want to ensure the students who would  

Your goals for the program should influence who you 
ask to co-organize with you. For example, to help serve 
students of color in a holistic way, ask and answer the 
following:

• Do you have the expertise and skills to effectively 
mentor students of color? 

• Can you effectively facilitate conversations about 
navigating racism in mathematical spaces?

• If the answer to any of the previous questions 
is “no” or “I’m not sure,” can you partner with 
someone who can supplement the gaps in your 
knowledge and/or skill set?

The bottom line: anyone can organize an REU that meets 
the needs of all of their students, but not everyone is equipped 
to do so on their own (or with the first few people that might 
come to mind as potential co-organizers). Be intentional 
about collaborating with people whose strengths comple-
ment your own. If your collaborator is bringing expertise 
that you do not have, defer to them and their knowledge 
in these areas; your time can be spent bringing value to 
the REU in other ways (perhaps by taking on more of the 
logistical aspects of organizing).

Mathematical Planning
The next step is to pick a research project for your students. 
The first questions to answer are: What and how much back-
ground knowledge is expected for a student to be able to contrib-
ute to this project? Is the mathematical background required for 
this project consistent with the students you are aiming to recruit? 
For example, if your project requires having taken advanced 
undergraduate courses (or even graduate courses), you are 
almost certainly limiting your pool of potential participants 
to more highly resourced students. 

Here is one strategy for selecting a project: each orga-
nizer individually brainstorms potential projects, and then 
pitches them to their partner. By explaining the motivation, 
techniques needed, and possible proof strategies to each 
other, you can better determine the accessibility of your 
project and identify different entry points for students. 
Are there accessible warm-up problems and exercises to establish 
fundamentals and intuition in the area? Are there computer 
programs that students can use to experiment with examples or 
do computations?

Another question to ask yourself is: How much background 
do the students have to learn before you can introduce them to 
the research problem? The sooner you are able to introduce a 
problem to your students, the better. First and foremost, an 
REU is a research experience, not a topics course! Moreover, 
if your students will need to spend several weeks learning 
background material, then your problem may not be as 
accessible as you intended. This is especially important to 
consider with respect to the length of your program.

Indeed, these were the factors that we used to pick our 
REU project. Since our primary goal was to provide a first 
research experience in mathematics, we knew our students 

http://MathJobs.Org
http://MathPrograms.Org
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After selecting the students you want to accept, ask 
yourself: Have we picked a group of students in line with our 
original program goals? 

For our program, we holistically evaluated applications 
based on first-generation college student status, non-tra-
ditional academic backgrounds, and non-traditional entry 
to the math major, amongst other factors. We also kept in 
mind our goals for the demographics of our final group 
(for example, we did not want women to be minoritized 
within our group). We also looked for students who could 
benefit from mentorship and community external to their 
university, and whose career trajectory would be most im-
pacted by joining our group. 

It may take significant time and energy to build a group 
that satisfies your criteria and feels right—but that does not 
mean you should not undertake the task! For us, the pro-
cess of selecting students (from reviewing applications, to 
hosting interviews, to sending out acceptances) took close 
to five weeks, and was well worth the effort. In fact, part-
way through the process, we reminded our colleagues that 
we were still actively reviewing applications. This helped 
ensure our pool of applicants was broad enough to help 
us reach our overarching goals.

Community Building
To be intentional about how you build community, ask 
yourself: Who am I building a community for? How will I make 
sure the community is comfortable and welcoming for them? 

Building a supportive, people-centered community was 
a priority for us from the start, and extra attention was 
necessary because our REU was virtual. Before the pro-
gram started, we sent out virtual welcome packets, which 
included a tentative schedule for the REU, a selection of 
popular math YouTube videos in geometric topology, 
some introductory (optional!) reading about our research 
area, and a draft of a community agreement. We hoped 
this would help alleviate any preprogram jitters for our 
students.

The community agreement was a key part of the wel-
come packet; it outlined our expectations for the summer, 
our responsibilities to each other, and our intentions to 
hold each other accountable for our behavior. Since this 
was an agreement we were entering into together, our 
students had the agency to add to or modify it as needed, 
before signing it at the end of our first day together.

It is tempting to have a community agreement to sig-
nal that your program is inclusive, welcoming, and safe. 
However, if you are not willing to uphold the standards of 
conduct you have set, then it is not fair to your students 
to imply that your space is safe for them when it may not 
be. Do not have a community agreement just because it is 
fashionable! 

benefit most from your REU actually know that it exists. We 
had two main approaches to advertise our REU:

• Social media—We advertised in Facebook groups 
designed to support and share resources between 
folks who are marginalized in mathematics, such 
as the E-mentoring Network and the Network for 
Minorities in the Mathematical Sciences, as well as 
on our own personal social media accounts (Face-
book, Twitter, and Instagram).

• Personal emails—We directly reached out to 
trusted faculty at a range of institutions who we 
know regularly work with students from various 
marginalized backgrounds, and asked them to 
encourage their students to apply.

In every post and email, we included a general audience 
description of our project, as well as the structure of the 
program (i.e., tentative dates, program length, stipend, and 
planned professional development opportunities).

Evaluating Candidates
Before reviewing applications, ask yourself: What criteria 
will I use to evaluate candidates, and how do these relate back 
to my goal? One important caveat: do not conflate back-
ground knowledge with potential and capacity to excel! It 
is a common pitfall to ask yourself, how do I get the “best” 
students to participate in my REU?, without asking yourself 
what “best” means! Just because a student has significant 
research training and/or background knowledge does not 
mean they are better suited for your REU—it only means 
you will need to do less teaching and training throughout 
your program. In other words, who gets deemed the “best” 
student is not a reflection of an individual student’s ability, 
but simply a result of their previous experiences.

Interviewing students is an invaluable way to evaluate 
applications before sending out acceptances. You will spend 
a lot of time with your students, and they will spend a 
lot of time with each other. In particular, you are not just 
choosing students to advise and mentor, but also choosing 
a group of students who will be each other’s collaborators 
(and hopefully friends!). Investing this time during re-
cruiting can potentially help avoid unnecessary tension or 
conflicts during the program. 

We received nearly 450 applications and interviewed 20 
students individually, each via a 30-minute Zoom call. We 
provided the following interview prompts ahead of time. 
Not only did this relieve some stress for the students, but 
it also gave us the opportunity to evaluate clearly articu-
lated responses and a more robust sense of the student’s 
experiences and goals. 
1. Please share a joyful math experience you have had.
2. Please share a story about a collaborative project you 

have worked on (it does not have to be math related). 
3. What is the number one thing you hope to gain from 

this summer research experience? 
4. What questions do you have for us?
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students a tangible record of their accomplishments within 
a short timeframe. 

In addition to the group interactions, each individual 
student had a set weekly meeting with one or both of us. 
This allowed us to know our students on a more personal 
level, while also hearing about what aspects of the REU 
were going well for them (or not), as well as their per-
spectives on their overall mathematical trajectory. These 
one-on-one meetings were especially crucial for a virtual 
REU, as serendipitous, informal chats are less frequent in 
the virtual setting. 

From the start of the REU, we maintained files for each 
student of things that struck us, whether it was an elegant 
solution or insight into a problem, or a comment on 
things they value in a mathematical environment. These 
notes (available only to us!) have paid off: we have already 
written recommendation letters for each of our students.

Professional Development
While REUs are “about the math,” the professional devel-
opment aspects cannot be overlooked, especially when 
your students are from marginalized groups. It is crucial to 
dedicate time to the aspects of academia which are often 
part of the “hidden curriculum,” e.g., how to build a pro-
fessional network, write a personal statement, craft a title/
abstract for a presentation, or communicate mathematics. 

Weekly visitors were integral to our professional de-
velopment. Rather than giving research talks, our visitors 
participated in informal discussions guided by some initial 
prompts, thereby minimizing their commitment of time 
and energy. Our visitors, who represented a range of career 
stages, were selected to:
1. reflect our students’ identities, 
2. speak honestly about their experiences in mathematics, 
3. share advice for navigating academic spaces as people 

of color, and 
4. discuss mathematics from a human perspective.

Remember: if your students belong to marginalized 
groups, they are likely very observant about things related 
to their own identity! It is not lost on them when they are 
the only students of color in a group, nor when they are 
in a group of only students of color (in fact, a few of our 
students noted how refreshing this was)! Who you choose 
to invite also indicates what and who you value—who are 
you elevating as an expert or potential mentor to your students? 
Just because you feel comfortable in a particular academic 
or mathematical space, does not mean your students will! 
Design the professional development activities with your 
community in mind.

In addition to questions of representation, there are 
also questions of expertise and experience. Most (if not all) 
marginalized students have faced structural barriers (such 
as racism, sexism, ableism, transphobia, amongst others) 
in academic spaces, and often do not have the opportunity 
to talk about these experiences within academic settings. 

Logistics 
One big logistical decision during the planning phase is the 
time frame. How much time, energy, and focus can you dedicate 
to your summer REU? We could commit to meeting with 
our students daily for six weeks, but not longer. This deci-
sion also guided our project choice—namely, we picked a 
project that fit within our time frame, and met our primary 
goal of having an accessible, hands-on project requiring 
minimal background. Had we instead run an eight-week 
program, we would have adjusted the scope of research we 
were hoping to accomplish. Spending less than six weeks 
together during the summer would have been insufficient, 
given our desire to build a strong community within our 
REU group, as well as provide adequate professional de-
velopment opportunities (see more below). 

How much time will you spend with your students on a daily 
basis? The answer likely takes into account many factors, 
including the modality of the REU (in-person vs. online), 
the time zones of your students, and the frequency of the 
other REU-related activities. 

Not only was our REU virtual, but we were split between 
three time zones (from Eastern to Pacific). We set clear ex-
pectations that each student should be doing REU-related 
work for eight hours per weekday. However, in an attempt 
to combat Zoom fatigue, only five of those daily hours were 
blocked off as group coworking time. During this block, we 
would meet with the students as a group (to get updates, 
give short lectures, etc.), they would meet with each other 
(and we would check in periodically), or we would have 
guest visitors (see more below). Additionally, since we had 
two lead organizers for our group, we alternated our “on-
call” days with the students. This system worked well for 
us: the students always had at least one mentor available 
to them, and our “off days” gave us the time to focus on 
our other responsibilities.

We used Overleaf to keep a daily log where our students, 
as a group, wrote entries summarizing their day and accom-
plishments, as well as their goals for the next day. This was 
one of the best practices we implemented, for a few reasons:

• Continuity: since we were alternating our “on-call” 
days, the daily log helped us prepare for our next 
time “on call.” 

• Organization: keeping track of where you are and 
where you are going is an important skill while 
doing research! Since our students were new 
to math research, the Daily Log provided great 
practice. 

• LaTeX practice: some of our students had never 
used LaTeX before, so this gave them a little bit of 
practice every day. This was especially important 
because we wanted our students to write up their 
final results in LaTeX at the end of the summer.

After six weeks together, we had a 20-page document 
summarizing what happened each day, providing our  
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The Road Less Traveled?

Lloyd Douglas

I can’t say that I was always good at math. I remember as a 
child, my father, who had a sixth-grade education, trying 
to explain decimal-to-fraction conversions to my sister and 
me. He may as well have been speaking a foreign language. 
I couldn’t understand what decimals had to do with frac-
tions, much less be able to convert one to another. My fa-
ther eventually got frustrated and gave up trying to explain 
it to us as we had no clue. However, afterwards, I didn’t stop 
trying to figure out what he was talking about. Finally, a 
light went off in my head. I tried one case, and it worked. 
Then I tried several more and they all seemed to work, too. 
I learned two things from the experience. First, although I 
can be inspired by others, I learn better by thinking about 
things myself. Second, if you work hard enough, you can 
figure out some things—though perhaps not all.

After clearing that hurdle, I excelled in math, at least for 
a while. I went to an engineering high school in Brooklyn, 
NY, because I thought I wanted to be an engineer. To be 
honest, I didn’t really know what that meant. My high 
school was very competitive. Only the top junior high 
school students in the city were even allowed to take the 
entrance exam, and only about the top 10% of those were 
admitted. It was here that I faced my next big math road-
block when studying plane geometry. There were these 
“non-math’’ things called theorems and proofs. “Why did 
I have to learn how to prove something that has already 
been proven,’’ I asked myself. I struggled big time. It was 
a feeling similar to when my father was trying to teach us 
decimal-fraction conversions and just seemed completely 
alien to me. I made it through the semester, though, and 
then things returned to “normal’’ when the second half of 
plane geometry was applications of the theorems. I told 
myself that I was glad that I’d never have to prove a theo-
rem again. That couldn’t have been further from the truth!

In college, I wasn’t sure what my major would be. I’ve 
always had broad interests and was dismayed that I had to 
choose one thing. I delayed the decision for as long as I 
could and took courses that majors would take in chem-
istry, German, mathematics, and physics before somehow 
deciding to major in math. I struggled through advanced 
calculus because, as the professor said, this was the course 
where you had to prove the theorems that you used in cal-
culus. So, my nemesis had reared its ugly head again, but it 
seemed worse this time and I didn’t know if I’d get through 
it. But something caused me to stick it out. After an exam 

If they bring these experiences up, are you prepared to have that 
conversation? Are you prepared to acknowledge their experiences 
are real and damaging?  

Finally, explicitly provide opportunities for unofficial 
professional development: a student under-supported 
at their home institution may not know what they are 
missing, what they should be asking for, or what support 
they should expect. For example, we explicitly offered 
to write our students recommendation letters for future 
opportunities, and provided guidance on graduate school 
applications and fellowship opportunities. In general, be 
proactive about sharing information!

Final Questions
Taking on the responsibility of running an REU can feel 
overwhelming—as first-time REU organizers, we certainly 
felt this way many times throughout the process! While our 
guiding questions forced us to be intentional about every 
decision, we know there are many questions that we likely 
failed to consider. Nevertheless, our care and attention to 
detail was affirmed after our program ended—several of our 
students thanked us for “creating a space where [they] did 
not feel like an outsider.” We hope these parting questions 
provide some grounding for your work, regardless of where 
you are in the planning process: Are you excluding the stu-
dents who could use REUs the most? Are you using your power to 
create a space where any student can feel uplifted and affirmed?
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encouragement that I received in college because it wasn’t 
on a one-on-one basis, but what I wanted to do was to be 
able to provide opportunities for as many people as I could 
to pursue mathematics and give them the ability to have 
that one-on-one experience with other mathematicians. 
My career as a program officer was where I received most 
of my federal achievement awards. Even now, more than 
ten years after leaving NSF, people come up to me at con-
ferences and tell me how much I influenced their lives and 
contributed to their career success. I reflect that if I hadn’t 
been encouraged I wouldn’t have been in a position to do 
that. I am glad to have been able to do so.

Credits
Photo of Lloyd Douglas is courtesy of Laurie-Jean Sennott.

where I didn’t particularly do well, my professor called me 
aside and encouraged me to pursue the discipline because 
of something she saw in me. I never figured out what she 
saw in me. She didn’t say, and although I was curious, I 
wasn’t going to ask. That simple phrase of her saying that 
she saw something in me was enough encouragement to 
keep me plugging away, even though every math course I 
took after that was proof based.

Despite my struggles as an undergraduate, I decided to 
apply to graduate school. People told me that graduate 
school was easier than being an undergraduate because you 
only took classes in your major. I did relatively well in my 
first graduate program and earned a master’s degree before 
entering a PhD program elsewhere. I soon decided that I 
didn’t want to be there, so I sought employment. But jobs 
were hard to come by, so I stayed in graduate school until 
I finally got a job working for the US Navy as a mathemati-
cian. In the meantime, I had been in graduate school long 
enough to finish my coursework and pass one qualifying 
exam, but after I left, I never looked back. That job with the 
Navy was the beginning of a federal career which spanned 
over 30 years. I spent 23 years at the National Science 
Foundation, during the last 14 of which I was a program 
officer in the Division of Mathematical Sciences. It was 
there where I found my niche in the profession: enabling 
the careers of others. This wasn’t exactly the same as the 

Lloyd Douglas
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Richard L. Wheeden—
In Memoriam 1940–2020
Sagun Chanillo, Bruno Franchi, Carlos E. Kenig,
and Eric T. Sawyer

1. Introduction

Sagun Chanillo
Richard Wheeden, or Dick Wheeden as he was known to
his many friends, collaborators, and colleagues, passed
away in a tragic accident while walking near his home in St.
Michaels, Maryland, on April 9, 2020. He was 79 years old.
With the passing away of Benjamin “Ben” Muckenhoupt
a few days later on April 13, 2020, at the age of 86, the
curtain fell down on a golden period for analysis at Rut-
gers University. These two important harmonic analysts
along with Richard Gundy, whose works were intertwined,
had brought the Rutgers analysis group to international fo-
cus and contributed immensely to the development of har-
monic analysis. Some of these contributions are discussed
by Bruno Franchi, Carlos Kenig, and Eric Sawyer in subse-
quent sections of this memorial article.

Dick was born in Baltimore and maintained a lifelong
attachment to the waters of the Chesapeake Bay. After re-
tirement from Rutgers in December 2016, he moved to
St. Michaels, a small town on the Chesapeake Bay, where
he even owned a boat. As a student, Dick attended local
area schools, enrolling in the Polytechnic Institute, an en-
gineering high school in Baltimore, beginning in Febru-
ary 1955. There he was part of the demanding A-course,
taking classes in mechanical drawing, machine shop,
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Figure 1. Dick Wheeden working.

mathematics, and chemistry. The mathematics courses in-
cluded solid and analytic geometry and calculus. In ad-
dition he represented his high school in swimming and
gymnastics. In 1958, he enrolled in the pre-med program
at Johns Hopkins University, but switched to mathematics
in his senior year, graduating in the spring of 1961.

Johns Hopkins was well known for algebraic geometry,
centered around W.-L. Chow who had attracted luminar-
ies like S. S. Abhyankar and J. Igusa, and in 1961 the Fields
medallist K. Kodaira. Remarkably enough, in the fall of

222 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 2



1961 Wheeden decided to go to the University of Chicago,
a powerhouse of analysis. In the spring of 1962, after ob-
taining his masters degree, he embarked on his PhD under
the supervision of A. Zygmund. He married the former
Sharon McGlasson in fall 1962 and completed his PhD in
1965 on the subject of hypersingular integrals, of whichwe
will say a bit more later. Dick was totally devoted to Zyg-
mund and one of the important byproducts of this period
is that later Dick transcribed the notes from Zygmund’s
course on real analysis into a book [1]. Shortly before re-
tiring, Dick revised this book and produced a second edi-
tion. Totally dedicated to the viewpoint of Zygmund, one
of the frequent refrains one heard Dick make during the
revision was “Zygmund would not have approved of this
proof.” Thus a certain proof would be out as not fitting
into the style of Zygmund.

1965, the year that Dick finished his PhD, was a mo-
mentous year for harmonic analysis. The 1950s had seen a
significant breakthrough with real-variable methods used
to study classical problems in harmonic analysis by A. P.
Calderón, A. Zygmund, and E. Stein. These results imme-
diately led to opening up the subject to several variables
with powerful consequences and applications to PDEs.
Calderón then applied these ideas in 1958 to the study of
uniqueness in the Cauchy problem. The volume of the
American Journal of Mathematics that contains this paper
contains two other landmark papers, the paper of John
Nash on regularity theory of elliptic PDEs andHarishchan-
dra’s paper on spherical functions. In 1965, a conference
was given in honor of the 65th birthday of Zygmund, and
the papers that were presented (mainly on singular inte-
grals and applications) appear in a volume of the AMS
series Proceedings of Symposia in Pure Mathematics, vol.
10 (1967). These papers reflect the state of the art at the
time. The last paper in this volume is by Dick Wheeden
and is based in part on his thesis on hypersingular inte-
grals. 1965 was the dawn of a new era when new stars on
the horizon were just beginning to emerge. This would
herald a second era of vigorous activity in harmonic anal-
ysis and allied areas with D. Burkholder, R. Coifman, C.
Fefferman, R. Gundy, R. Hunt, B. Muckenhoupt, and R.
Wheeden, among several others, leading the way.

Fortuitously, Wheeden decided to spend the year imme-
diately after obtaining his PhD (1965–1966) at the Uni-
versity of Chicago as an instructor. This coincided with
Richard Hunt arriving there as an instructor. In that period
the two of them embarked on their study of potential the-
ory on Lipschitz domains, which Carlos Kenig describes
admirably in his contribution here.

In 1966–1967, Wheeden moved to the IAS at Prince-
ton. At the end of that year, he had offers from Yale
and Princeton but these were not tenure-track assistant

professorships. Rutgers made a tenure-track offer and,
since Wheeden now had a son, the security of the Rut-
gers offer trumped the other offers. Ben Muckenhoupt
and Richard Gundywere already at Rutgers. Muckenhoupt
had a lifelong interest in classical orthogonal polynomi-
als. Here, like for Jacobi polynomials, the measure that
makes these polynomials orthogonal is a polynomial to
various powers, sometimes fractional powers. Questions
that arise for classical Fourier series get turned into sim-
ilar questions for functions expanded by means of these
orthogonal polynomials, but now the measure involves a
polynomial density instead of standard Lebesgue measure
as in Fourier series. Thus one is naturally led to the study
of weighted norm inequalities for all the classical opera-
tors of analysis arising in the study of Fourier series and
singular integrals like the Hardy-Littlewood maximal func-
tion, singular integral operators like the Hilbert transform,
and so on. Muckenhoupt had already investigated bound-
edness properties on weighted 𝐿𝑝 spaces for the Hardy-
Littlewood maximal function in a seminal paper. Now
together with Wheeden (newly arrived at Rutgers) and
R. Hunt, he turned his attention to the other important
operator in harmonic analysis, the Hilbert transform. The
deep result of R. Hunt, B. Muckenhoupt, and R. Whee-
den which completely solves the weighted norm inequal-
ity problem for the Hilbert transform (the prototype for all
singular integrals) dates to this early period of Wheeden
at Rutgers. This important result on the Hilbert transform
and other results on weighted norm inequalities for other
classical operators which Muckenhoupt and Wheeden es-
tablished in a very vigorous collaboration is discussed in
the contribution by Eric Sawyer, while Bruno Franchi’s con-
tribution lists the many applications that Wheeden discov-
ered of this weighted theory to elliptic PDE. Weighted in-
equalities also have their role in the potential theory for
Lipschitz domains, as in Carlos Kenig’s contribution.

Wheeden remained at Rutgers from1967 until his retire-
ment in December 2016, except for two sabbaticals in the
early 1970s, one to Argentina to the University of Buenos
Aires, where he arrived with his family in the midst of a
military coup, and another to Purdue University to visit
Richard Hunt.

I first met Dick in spring 1978. I was a graduate stu-
dent at Purdue and my advisor was Richard Hunt. Dick
came to Purdue and gave a series of lectures on the proof
of the Calderón commutator theorem. He took time to
talk to me and then encouraged me to attend an AMS
summer school in harmonic analysis at Williams College
in Williamstown, MA, that summer. Two years later I
was a postdoc at Rutgers. The seminars in analysis at
Rutgers were extremely lively with Gundy, Muckenhoupt,
and Wheeden. They were mostly held on Fridays and
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when no external speaker was available, people reported
on somebody’s paper. Dick’s graduate topic courses, many
of which I attended, were characterized by careful presen-
tations of all details. The blackboard would be covered in
equations written in an orderly way in Dick’s neat hand-
writing. In addition, both Sharon andDick took very good
care of me. They were both tremendously warm. In all
my associations with Dick, I seldom have heard him say
anything negative about someone. He was always self-
deprecating with a dry sense of humor at times. Both
Wheeden and Gundy were natural athletes who ran and
took part in the annual May day race between the Rutgers
and Princetonmath departments, now called the Fred Alm-
grenmemorial race. This race is run alternately in opposite
directions between Rutgers and Princeton along the tow-
path of the Delaware and Raritan canal, a distance of 27
miles. Teams participate using a relay system and occasion-
ally some dauntless individual like J.-E. Fornaess runs the
entire course singlehandedly. Muckenhoupt viewed these
activities with a jaundiced eye. Then in 1985, Mucken-
houpt took up running with a gusto that surpassed all. He
would even run in bitter cold only in his running shorts.

Dick and Ben Muckenhoupt had very distinctive styles
of working. Nothing illustrates this better than the year
1984–1985, when I was visiting the IAS. In that year I was
involved with a project with each of them. With Dick, I
wasworking on eigenvalue counting estimates for the time-
independent Schrödinger operator. Once a week, Dick
would come to the IAS early in the morning, spend the
entire day with me and leave after tea time. He liked to
discuss his ideas and listen to what I had to say, and we
would work together for the better part of a day. Sections
written by Dick when the paper was ready would be writ-
ten out on lined paper in a beautiful hand with annota-
tions. Ben and I were working on endpoint estimates on 𝐿𝑝
spaces for what are called Bochner-Riesz operators. Com-
munications with him would be terse and on the phone
and would occasionally involve visits to Rutgers for a brief
meeting. Ideas or germs of computations from Ben would
be written out on paper that had been used before, and
written in a scrawl.

Richard Wheeden maintained a lifelong interest in the
fine properties of functions, that is, their smoothness and
differentiability properties as measured in some scale of
spaces like Sobolev spaces. This stems from his work on
hypersingular integrals. A typical hypersingular integral is
an operator of the type

𝑇𝑓(𝑥) = ∫
𝐑𝑛
(𝑓(𝑥 − 𝑦) − 𝑓(𝑥)) Ω(𝑦)|𝑦|𝑛+𝛼 𝑑𝑦, 0 < 𝛼 < 2,

where Ω(𝑦) is a homogeneous function of degree zero,
smooth on the sphere 𝑆𝑛−1, and having a cancelation

property when 1 ≤ 𝛼 < 2 given by

∫
𝑆𝑛−1

𝑦′𝑗Ω(𝑦′)𝑑𝜎(𝑦′) = 0

∀𝑗 = 1, 2, … , 𝑛, 𝑦′ = (𝑦′1, … , 𝑦′𝑗 , … , 𝑦′𝑛).
𝑑𝜎 is the surface measure on the sphere and the integral
defining 𝑇𝑓(𝑥) is to be taken in a suitable principal value
sense. For the operator to exist in some 𝐿𝑝(𝑅𝑛) sense, one
notices that the difference in the numerator brings the
smoothness of the function into play and this can be used
to ameliorate the singular kernel

1
|𝑦|𝑛+𝛼

. Thus the smooth-

ness of the function assists in obtaining various 𝐿𝑝 bounds
for 𝑇𝑓 and in particular the operator 𝑇𝑓 can be used to
study the smoothness of 𝑓 and characterize it. E. Stein had
studied the case Ω(𝑦′) ≡ 1 earlier in a paper in the Bulletin
of the AMS in 1961. The first systematic treatment of such
operators is due to Wheeden [2].

Another integral that measures the differentiability
properties of a function is the Marcinkiewicz integral [3].
It is a form of what is nowadays called a Littlewood-
Paley-Stein square function. This integral and its bound-
edness properties on 𝐿𝑝 spaces were studied by both
Marcinkiewicz and his advisor A. Zygmund. It is defined
in its global version by

𝑀𝑓(𝑥) = (∫
𝐑𝑛

|𝑓(𝑥 + 𝑦) + 𝑓(𝑥 − 𝑦) − 2𝑓(𝑥)|2
|𝑦|𝑛+2 𝑑𝑦)

1/2
,

and the local version is given by

𝑀𝑓(𝑥) = (∫
|𝑦|<𝛿

|𝑓(𝑥 + 𝑦) + 𝑓(𝑥 − 𝑦) − 2𝑓(𝑥)|2
|𝑦|𝑛+2 𝑑𝑦)

1/2
.

One of the early papers of Wheeden on this subject dates
to 1969 with an article in the Studia Mathematica. It is
quite remarkable that a second difference in the integrand
allows one to study differentiability, which involves a first
difference quotient. This delicate control by symmetric sec-
ond differences over first differences can be seen by means
of a desymmetrization argument found in Chapter 8 of
E. Stein’s seminal textbook on singular integrals [4].

When I arrived at Rutgers in 1980, Wheeden suggested
a problem to me to derive precise quantitative inequal-
ities (known as the Burkholder-Gundy good 𝜆 inequali-
ties stemming from martingale theory) that would yield
the desymmetrization of the Marcinkiewicz integral, and
the equivalence of the differentiability of a function with
the finiteness of the local Marcinkiewicz integral defined
above and the equivalence of the 𝐿𝑝(𝐑𝑛) norm of the
Marcinkiewicz integral with the 𝐿𝑝(𝐑𝑛) norm of the gra-
dient of the function 𝑓. These are involved results; the de-
tails are to be found in [5]. Other facets of Dick Whee-
den’s work that combines his interest in smoothness of
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functions and PDEs are discussed in the contribution by
Bruno Franchi.

Dick Wheeden had a profound influence on me math-
ematically and otherwise. He was encouraging to many
young people and always supported the underdog. His
encouragement not only extended to his own students
and postdocs, but also to the students of other colleagues.
My own student Guozhen Lu benefitted immensely from
Dick’s advice and by working on problems with him.
Dick’s advice was always careful and well thought out and
calmly given. Generous with his ideas and time, he was
the ideal colleague. Nothing prepared me for the phone
call I received from Sharon the morning of April 10th, in-
forming me that Dick was no more.

2. R. L. Wheeden’s
Contributions to Integral
Inequalities on Metric Spaces
and Degenerate Elliptic PDE

Bruno Franchi
In the 80s, Wheeden started to apply weighted norm in-
equalities for classical operators (like the Riesz potential
described in the article by E. Sawyer) to the study of ellip-
tic PDE

∇ ⋅ (𝐴(𝑥)∇𝑢) = 𝑓, (1)

where 𝐴(𝑥) is a symmetric 𝑛 × 𝑛 non-negative matrix with
measurable functions as entries. One imposes an elliptic-
ity condition, that is, the quadratic form associated with
𝐴(𝑥) satisfies, for 𝑐 > 0,

𝑐𝑤(𝑥)|𝜉|2 ≤ ⟨𝐴(𝑥)𝜉, 𝜉⟩ ≤ 𝑐−1 𝑣(𝑥)|𝜉|2

for all 𝜉 ∈ ℝ𝑛, 𝜉 ≠ 0. The functions 𝑤(𝑥) and 𝑣(𝑥) are al-
lowed to vanish in a certain controlled manner. Typically,
one assumes that𝑤 ∈ 𝐴2 (see Sawyer’s contribution for the
definition). Thus the quadratic form does degenerate. Reg-
ularity properties to solutions of these elliptic degenerate
PDE were investigated in the 1970s by Murthy and Stam-
pacchia, Trudinger, and later, when 𝑣 = 𝑤, by Fabes, Kenig,
and Serapioni [7]. The heart of themethods used to under-
stand the regularity of solutions lies in a method known as
the Moser iteration scheme, where successive control is es-
tablished on larger and larger powers of the solution 𝑢. To
implement this method one needs a pair of inequalities
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collectively known as Sobolev-Poincaré inequalities. For a
ball 𝐵 ⊂ ℝ𝑛, of radius 𝑟 > 0, one needs, for all 𝑓 ∈ 𝐶1

0(𝐵)
(or for all 𝑓 ∈ 𝐶1(𝐵) with vanishing average), the inequal-
ity

( 1
𝑣(𝐵) ∫𝐵

|𝑓|𝑞 𝑣𝑑𝑥)
1/𝑞

≤ 𝐶 𝑟( 1
𝑤(𝐵) ∫𝐵

|∇𝑓|𝑝𝑤𝑑𝑥)
1/𝑝

(2)

for suitable 𝑞 > 𝑝 ≥ 1, where

𝑣(𝐵) = ∫
𝐵
𝑣 𝑑𝑥, 𝑤(𝐵) = ∫

𝐵
𝑤𝑑𝑥,

and 𝑐 > 0 is a universal constant. Such inequalities were
obtained by Chanillo and Wheeden in 1985 and applied
to the study of regularity of solutions of degenerate elliptic
PDE ([6]). Wheeden went further with Gutiérrez to study
the heat equation versions of these equations.

The next problem that Wheeden attempted to answer
was to consider (2) when the gradient on the right side
was replaced by vector fields or some first-order differen-
tial operators, and to replace the Euclidean space ℝ𝑛 itself
by some metric space. The metric space setup leads to the
study of what today are called Carnot-Carathéodory (or
control) metrics. These metrics are not Riemannian and
appear in diverse settings of optimal control, Lie group
theory, non-holonomic mechanics, robotics, theoretical
computer science, geometry of Banach spaces, and math-
ematical models in neuroscience. Roughly speaking, the
new metric is given by the minimum time to go from one
point to another point along integral curves of some vector
fields, as in non-holonomic mechanics we move between
two configurations respecting the constraints of the me-
chanical system. The notion of the Carnot-Carathéodory
metric is already implicit in the seminal papers by Hör-
mander [10] and J.-M. Bony, where a key role is played
by the integral curves of a family of vector fields associ-
ated with a differential operator. Later, this approach en-
abled Franchi and Lanconelli to adapt Moser’s technique
to this new metric setting, by proving a suitable form of
the Sobolev-Poincaré inequalities.

In the Euclidean space, the case 𝑝 = 1 in (2) is known
to be equivalent to the isoperimetric inequality. In works
done with Franchi and Gallot [8] and with Franchi and Lu,
Wheeden established via inequalities of type (2) suitable
isoperimetric inequalities for Carnot-Carathéodory met-
rics.

A result that highlights some of Dick’s finesse is a result
of equivalence he obtained with Franchi and Lu ([9]). It
concerns what is called a representation formula. A ver-
sion of this result reads as follows. Assume we have a met-
ric space (𝑋, 𝜌) endowed with a Radon measure 𝜇 that is
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doubling, i.e.,

∫
𝐵(𝑥,2𝑟)

𝑑𝜇 ≤ 𝑐∫
𝐵(𝑥,𝑟)

𝑑𝜇,

where 𝐵(𝑥, 𝑟) denotes any metric ball centred at 𝑥 of radius
𝑟 and 𝑐 is an absolute constant. Assume also that one has
a Poincaré-type inequality for Lipschitz continuous func-
tions 𝑢 with vanishing average in a metric ball 𝐵 = 𝐵(𝑥, 𝑟),
i.e.,

1
𝜇(𝐵) ∫𝐵

|𝑢| 𝑑𝜇 ≤ 𝐶 𝑟 1
𝜇(𝐵) ∫𝐵

|𝑋𝑢| 𝑑𝜇, (3)

where 𝑐 is an absolute constant and |𝑋𝑢| is some version
of the gradient in the metric space. Then (3) is equivalent
to proving

|𝑢(𝑥) − 𝑢𝐵| ≤ 𝑐∫
𝐵(𝑥,𝜏𝑟)

|𝑋𝑢(𝑦)| 𝜌(𝑥, 𝑦)
𝜇(𝐵(𝑥, 𝜌(𝑥, 𝑦))) 𝑑𝜇(𝑦),

where 𝜏 > 1 and

𝑢𝐵 =
1

𝜇(𝐵) ∫𝐵
𝑢(𝑦) 𝑑𝜇(𝑦).

Wheeden and Lu proved subsequently that 𝜏 can be
taken to be 1, and such equivalences are valid for higher-
order derivatives.

Dick had a vast culture and marvelous technical abil-
ity which were not ends in themselves, but served to give
breadth to the general picture he had in his mind. Dick
also had a sort of modesty towards his love of mathemat-
ics, and hid it at times behind a veiled lightness—like a
musician who is almost ashamed of telling of the depths
he goes through with his performances and lingers on par-
ticular minutes.

For me, his understated personality can be summarized
by this small anecdote. One day, we were talking in his of-
fice in front of a blank blackboard. Sharon his wife called,
andDick said “We are looking at the blackboard. Yes, we’re
having fun.” Mathematics was for him an intellectual plea-
sure, not a competition or a gymnastic exercise.

When I met Dick in Berkeley over thirty years ago, I felt
as if I had known him forever. I received so much from
him: not just math, but also many small and great lessons
in life. Dick has been and remains for me amodel scientist
and human being. Finally, let me quote his first e-mail
at the very beginning of our collaboration: “Come si può
vedere, non sono un uomo di questo secolo! (in Italian:
As you can see, I am not a man of this Century!) I had not
checked my mail in some time, but finally received your
note. . . .”

Figure 2. From left to right: Ben Muckenhoupt, Richard
Wheeden, Richard Gundy.

3. The Work of R. Wheeden
on Potential Theory
in Lipschitz Domains

Carlos E. Kenig
I got to know Dick Wheeden very well in the period 1978–
1980, when I was an instructor at Princeton University
(my first job). At that time, there was a flurry of activity
in harmonic analysis at Rutgers, centered around Muck-
enhoupt and Wheeden, and their very active research on
weighted norm inequalities. My own thesis (defended in
1978) had been on weighted Hardy spaces on Lipschitz
domains in the plane, and so I was very interested in the
subject. Thus, every week, I drove to Rutgers to attend the
seminar organized by them. I learned a lot from attending
this seminar, and also from the many mathematical dis-
cussions that I had with Dick during this period. Dick was
extremely friendly and generous with ideas, with a passion
for mathematics that stayed with him his whole life. Dur-
ing this period we became good friends, and this remained
so, even though after I left Princeton we did not see each
other very often. His warmth and generosity will always
stay with me.

To put the work that Wheeden (with R. Hunt) did on
potential theory in Lipschitz domains in perspective, I re-
call that the 1950s saw the beginning of a spectacular de-
velopment of harmonic analysis and its applications in
higher dimensions. This was through the introduction of
new real-variable methods that replaced the classical tools
from complex analysis. This development was in large part
due to the works of Calderon, Zygmund, and Stein, and
their students and collaborators. One of the early results
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in this development, due to Calderon (1950), was the ex-
tension to higher dimensions of the classical theorem of
Fatou (1906) (in the upper half-plane in ℝ2) on the al-
most everywhere existence of finite non-tangential limits
(i.e., limits through cones that are non-tangential to the
boundary) for bounded harmonic functions. Calderon’s
proof highlighted the use of “saw-tooth” domains, ob-
tained as unions of cones, with vertices in a boundary set
𝐸, a basic example of a Lipschitz domain, and the study
of harmonic functions in these domains. Another influen-
tial result in this direction was due to Carleson [11], who
extended Fatou’s theorem and Calderon’s extension of it
to non-negative harmonic functions (one-sided bound-
edness). Carleson obtained this result through a careful
study of “Green’s functions” and “harmonic measure” for
saw-tooth domains. Carleson’s analysis was influenced by
works of Calderon (1950) and Stein (1961) on “square
functions.” This is the background for the very influential
works [13], [14] of Hunt and Wheeden, which initiated
the study of harmonic functions in Lipschitz domains in
higher dimensions. A bounded domain 𝐷 is a Lipschitz
domain if it is locally given as the domain above the graph
of a Lipschitz function. It is not difficult to see that such
domains have, for every point in the boundary, exterior
and interior (truncated) cones, with vertex at the bound-
ary point. The existence of exterior cones implies that Lip-
schitz domains are regular for the Dirichlet problem. This
means that for any continuous function 𝑓, on the bound-
ary of 𝐷, there exists a unique harmonic function 𝑢 in the
domain which is continuous up to the closure of 𝐷 and
which equals 𝑓 on the boundary of𝐷. The “harmonicmea-
sure” of the boundary of𝐷 is the family of measures {𝑑𝜔𝑋},
parametrized by points 𝑋 in 𝐷, which give the values of 𝑢
by integration of 𝑓 on the boundary of 𝐷, against 𝑑𝜔𝑋 , i.e.,
𝑢(𝑋) = ∫𝜕𝐷 𝑓𝑑𝜔𝑋 . The existence of {𝑑𝜔𝑋} is guaranteed by
the maximum principle, the Riesz representation theorem,
and the regularity of the Dirichlet problem in 𝐷. If we fix
a point 𝑋0 ∈ 𝐷, by an abuse of notation, we sometimes
call the harmonic measure at 𝑋0 the harmonic measure
𝑑𝜔, with 𝑑𝜔 = 𝑑𝜔𝑋0 . It is easy to see, as a consequence of
Harnack’s principle, that harmonic measures at different
points are mutually absolutely continuous. The main re-
sult in [13] is that if 𝑢 is a non-negative harmonic function
in a bounded Lipschitz domain 𝐷 in 𝑛-dimensional space,
then, for almost every boundary point (with respect to har-
monic measure) 𝑢 has finite non-tangential limits. Here,
non-tangential limits are well defined, due to the existence
of interior truncated cones with a vertex at each boundary
point. This is the exact analog of Carleson’s result [11], but
the exceptional set, instead of having zero surface measure,
has zero harmonic measure. This is an optimal result be-
cause, given a boundary set of zero harmonicmeasure, one

can construct a non-negative harmonic function which is
infinite on the set. The proof of this result proceeded by
reducing it to the case when 𝐷 is a star-like Lipschitz do-
main and 𝑢 is bounded in 𝐷. This reduction is ingenious,
but not difficult. To prove this last case, if 𝐷 is star-like
with respect to 0, and we choose 𝑋0 = 0, then Hunt and
Wheeden showed that we can obtain a representation for
𝑢 of the form

𝑢(𝑋) = ∫
𝜕𝐷

𝐾(𝑋,𝑄)𝑓(𝑄)𝑑𝜔0(𝑄), (4)

where 𝑓 is a bounded function and 𝐾(𝑋,𝑄) is the Radon-
Nykodym derivative of 𝑑𝜔𝑋 with respect to 𝑑𝜔0. This ex-
ploits the star-like character of 𝐷. The formula (4) reduces
the proof to studying properties of the measure 𝑑𝜔0 and
the analog of the Poisson kernel, the kernel 𝐾(𝑋,𝑄). The
key property of 𝑑𝜔0 is that it is a doubling measure: for
0 < 𝑟 < 𝑟0,

𝜔0(𝐵(𝑄, 2𝑟) ∩ 𝜕𝐷) ≤ 𝐶𝜔0(𝐵(𝑄, 𝑟) ∩ 𝜕𝐷) (5)

for all 𝑄 ∈ 𝐷. This implies that the Vitali covering lemma
can be used to study the maximal function

𝑀𝜔(𝑓)(𝑄) = sup
0<𝑟<𝑟0

1
𝜔0(𝐵(𝑄, 𝑟) ∩ 𝜕𝐷) ∫

𝐵(𝑄,Ω)∩𝜕𝐷

|𝑓|𝑑𝜔0 (6)

and to prove its 𝐿𝑝(𝜕𝐷, 𝑑𝜔0) estimates. The estimates
proved for the kernel 𝐾(𝑋,𝑄) are such that if Γ(𝑄) is a trun-
cated cone with vertex 𝑄, contained in 𝐷, then

sup
𝑥∈Γ(𝑄)

|𝑢(𝑋)| ≤ 𝐶𝑀𝜔(𝑓)(𝑄), (7)

when 𝑢 is given by (4).
Once (4), (5), (6), (7) are shown, the proof can be

concluded as in the classical proof of the Lebesgue differ-
entiation theorem, using the Hardy-Littlewood maximal
theorem. The proofs of (5) and (7) are the crucial steps.
They are inspired by some of the arguments in [11] and
involve clever applications of the Harnack principle, the
maximum principle, and barriers.

In the second paper [14] of Hunt and Wheeden, they
gave an important connection between extensions of the
technical results in [13] and the abstract theory of Mar-
tin, dealing with an “ideal” boundary of 𝐷 and the cor-
responding topology in 𝐷 for the case of bounded Lips-
chitz domains 𝐷. If 𝑄 ∈ 𝜕𝐷 is fixed, a positive harmonic
function in 𝐷, continuous on 𝐷\{𝑄}, 0 on 𝜕𝐷\{𝑄}, and 1 at
𝑋0 ∈ 𝐷, is called a kernel function (at 𝑄). In [14], Hunt
and Wheeden showed that for 𝐷 a bounded Lipschitz do-
main, a kernel function at 𝑄 is unique, and they identi-
fied it with𝐾(𝑋,𝑄), the Radon-Nykodymderivative of 𝑑𝜔𝑋
with respect to 𝑑𝜔𝑋0 . The proofs of these results use the
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methods developed in [13]. As a consequence of these re-
sults, the Martin “ideal” boundary can be identified with
the topological boundary of 𝐷 for bounded Lipschitz do-
mains, and 𝐾(𝑋,𝑄) is a continuous function of 𝑄. Using
also the abstract theory of Martin and the result in [13],
Hunt andWheeden showed that, for any non-negative har-
monic function 𝑢 in a bounded Lipschitz domain 𝐷, there
exists a unique Borel measure 𝑑𝜇 on 𝜕𝐷, such that

𝑢(𝑋) = ∫
𝜕𝐷

𝐾(𝑋,𝑄)𝑑𝜇(𝑄),

which is an important extension of (4) above, which held
for bounded harmonic functions in star-like Lipschitz do-
mains.

The papers [13] and [14] have been extremely influ-
ential and have led to many other important results in a
number of different directions. Here I mention a few sam-
ple results. A natural question that arose from [13], [14],
and which remained open for some time, was whether
harmonic measure and surface measure are mutually ab-
solutely continuous on Lipschitz domains, so that the ex-
ceptional set in the Fatou-type theorem in [13] has zero
surface measure. This was resolved in the affirmative by
B. Dahlberg in [12], an important breakthrough. More-
over, Dahlberg showed that the Radon-Nykodym deriva-
tive of harmonic measure with respect to surface measure,
on a Lipschitz domain, is a weight of the type studied ex-
tensively by Muckenhoupt and Wheeden! This was used
by Dahlberg (1979) to obtain optimal solvability results
for the Dirichlet problem on bounded Lipschitz domains
with data in 𝐿𝑝(𝜕𝐷, 𝑑𝜎).

Another important development that followed from the
work in [13], [14] was the work of Caffarelli, Fabes, Mor-
tola, and Salsa (1981), where they replaced the Lapla-
cian in a bounded Lipschitz domain by a divergence form
second-order elliptic operator with bounded measurable
coefficients in the unit ball. These authors established, in
this setting, results analogous to the ones in [13], [14],
in which the exceptional set has zero “elliptic measure,”
where the “elliptic measure” is the analog of harmonic
measure in this context. A simple change of variables
shows that these results generalize those in [13], [14] for
the Laplacian in a star-like Lipschitz domain. However, ex-
amples due to Caffarelli-Fabes-Kenig (1981) and Modica-
Mortola (1981) show that the “elliptic measure” can be
singular with respect to surface measure. This has led to a
vast, ever-growing literature on determining when the two
measures are mutually absolutely continuous.

The last development motivated by the work of Hunt
and Wheeden that I mention here is the introduction by
Jerison-Kenig [15] of the class of non-tangentially acces-
sible domains (NTA domains) as a very general class of

domains which generalize Lipschitz domains, in which
the results of Hunt-Wheeden still hold, with exceptional
sets having zero harmonic measure. NTA domains need
not have interior or exterior cones, but there is a natural
way to define non-tangential convergence in them. NTA
domains need not have rectifiable boundaries and hence
surface measure plays no role here. The class of NTA do-
mains has proven to be very useful in the study of free
boundary problems, and also in geometric measure the-
ory. As indicated by this small sample of further results
(and even whole new areas of research) that were spawned
by the remarkable works of Hunt and Wheeden, the influ-
ence of these works has been enormous.

Dick Wheeden was an outstanding mathematician
whose works continue to be extremely influential. Dick
had a deep love of mathematics, and a passion for sharing
it with friends, colleagues, and students. Dick was also a
warm, fun-loving person. I miss him greatly.

4. Richard L. Wheeden and His
Influence on Weighted Norm
Inequalities and Degenerate
Elliptic Equations

Eric T. Sawyer
4.1. The Hunt-Muckenhoupt-Wheeden theorem: The
flourishing of weighted norm inequalities. I met Dick
Wheeden in 1987, during my first sabbatical leave from
McMaster University. I spent about six weeks at Rut-
gers University discussing weighted norm inequalities for
maximal functions, fractional integrals, and Calderón-
Zygmund operators withDick and his colleague BenMuck-
enhoupt, who had opened up the theory of 𝐴𝑝 weights
with his fundamental 1972 paper on themaximal function
[18]. This was an exciting time for me as a newly minted
mathematician, and Dick was quick to “take me under his
wing.”

Before commenting more on Dick’s personality, I’d like
to discuss in some detail this new area of research pro-
pelled by the highly cited 1973 signature article of Hunt,
Muckenhoupt, andWheeden [17], in which they extended
the classical theoremofM. Riesz on 𝐿𝑝-boundedness of the
conjugate function on the unit circle 𝕋 (we identify 𝑒𝑖𝜃 ∈ 𝕋
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with 𝜃 ∈ [−𝜋, 𝜋)),

𝑓 (𝜃) ≡ pv 1𝜋 ∫
𝕋

𝑓 (𝜃 − 𝜙)
2 tan 𝜙

2

𝑑𝜙

to weighted spaces 𝐿𝑝 (𝑤). They showed that 𝑓 → 𝑓 is
bounded on 𝐿𝑝 (𝑤) if and only if 𝑤 is an 𝐴𝑝 weight on the
unit circle 𝕋, i.e., 𝐴𝑝 (𝑤) < ∞; more precisely,

∫
𝕋
||𝑓 (𝜃)||

2
𝑤 (𝜃) 𝑑𝜃 ≤ 𝐶∫

𝕋
|𝑓 (𝜃)|2𝑤 (𝜃) 𝑑𝜃

for some 𝐶 < ∞ and all 𝑓 ∈ 𝐿𝑝 (𝕋) if and only if

𝐴𝑝 (𝑤) ≡ ( 1|𝐼| ∫𝐼
𝑤 (𝑥) 𝑑𝑥) ( 1|𝐼| ∫𝐼

1
𝑤 (𝑥)𝑝′−1

𝑑𝑥)
𝑝−1

< ∞

for all intervals 𝐼. The conjugate function 𝑓 arises as the
imaginary part of the boundary values of a holomorphic
function 𝐹 (𝑧) in the unit disk (satisfying a mild growth
condition at the boundary) having real part 𝑓, namely
𝐹 (𝑒𝑖𝜃) = 𝑓 (𝑒𝑖𝜃) + 𝑖𝑓 (𝑒𝑖𝜃), and is thus an important real-
variable link to the theory of holomorphic functions in the
unit disk. Moreover, boundedness of 𝑓 → 𝑓 on 𝐿𝑝 (𝕋) is
the key to establishing the classical inequality

‖𝑆𝑛𝑓‖𝐿𝑝(𝕋) ≤ 𝐶𝑝 ‖𝑓‖𝐿𝑝(𝕋) ,
which gives mean 𝐿𝑝 (𝕋) convergence of the partial sums
𝑆𝑛𝑓 of the Fourier series for 𝑓.

This remarkable characterization deserves some back-
ground context before proceeding. Through the work of
Helson and Szegö [16] in the case 𝑝 = 2, it was known
at the time that the boundedness of the conjugate opera-
tor on 𝐿2 (𝑤) was equivalent to a decomposition log𝑤 =
𝑢 + ̃𝑣, where 𝑢 and 𝑣 are bounded measurable functions
on the circle and 𝑣 satisfies the strict inequality ‖𝑣‖∞ < 𝜋

2
.

While this result reveals a beautiful connection between
two seemingly disparate questions in function theory, it
sheds little light on how to detect if a weight 𝑤 (𝜃), pre-
sented as a function of 𝜃 ∈ [−𝜋, 𝜋), actually satisfies the
weighted norm inequality.

What is most spectacular regarding the above character-
ization of Hunt, Muckenhoupt, and Wheeden is the un-
reasonable simplicity of the 𝐴𝑝 condition, the case 𝑝 = 2
being a bound on the product of averages of 𝑤 and

1
𝑤

uniformly over intervals, amounting to a reversal of the
Cauchy-Schwarz inequality applied to 1 = √𝑤 1

√𝑤
uni-

formly on intervals. Also notable is that while the clas-
sical proof of the Helson-Szegö theorem relied on com-
plex function theory, the proof of the Hunt-Muckenhoupt-
Wheeden theorem exploited the relatively recent transition
to real-variable methods championed by Calderón, Zyg-
mund, and Stein. Moreover, the 𝐴𝑝 condition satisfies a

Figure 3. Richard Wheeden and Vladimir Maz’ya.

large number of surprising and useful properties, foremost
among them being the open-ended nature of dependence
on the index 𝑝—namely 𝑤 ∈ 𝐴𝑝 ⟹ 𝑤 ∈ 𝐴𝑝−𝜀 for some
𝜀 > 0 depending only on the supremum defining 𝐴𝑝 (𝑤).
It is interesting to note that after half a century, there is still
no “direct” proof that𝐴2 is equivalent to the Helson-Szegö
decomposition.

All of this made weighted norm inequalities ripe for in-
vestigation. For example, right after this breakthrough re-
sult characterizing boundedness of the conjugate function
and Hilbert transform on weighted 𝐿𝑝 spaces, Dick turned
from singular integrals to fractional integrals,

𝐼𝛼𝑓 (𝑥) ≡ 𝑐𝛼,𝑛∫
ℝ𝑛
|𝑥 − 𝑦|𝛼−𝑛 𝑓 (𝑦) 𝑑𝑦,

which (isotropically) antidifferentiate a function 𝑓 to frac-
tional order 𝛼, with 0 < 𝛼 < 𝑛. The case 𝛼 = 2 is the New-
tonian potential of 𝑓 which inverts the Laplacian,△𝐼2𝑓 =
𝑓, at least on compactly supported smooth functions 𝑓.
This potential operator plays a key role in constructing the
Green’s function associated to sufficiently nice domainsΩ
inℝ𝑛, which then leads to a solution to the classical Dirich-
let boundary value problem for Ω.

In joint work with Ben [19] in 1974, Dick showed that
the weighted norm inequality

(∫ |𝑤 (𝑥) 𝐼𝛼𝑓 (𝑥)|
𝑞 𝑑𝑥)

1
𝑞
≤ 𝐶∫|𝑤 (𝑥) 𝑓 (𝑥)|𝑝 𝑑𝑥,

where 0 < 𝛼 < 𝑛, 1 < 𝑝 < 𝑛
𝛼
, and

1
𝑞
= 1

𝑝
− 𝛼

𝑛
, holds if and
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only if the 𝐴𝑝,𝑞 condition holds:

( 1
|𝑄| ∫𝑄

𝑤 (𝑦)𝑞 𝑑𝑦)
1
𝑞
( 1
|𝑄| ∫𝑄

𝑤 (𝑦)−𝑝
′
𝑑𝑦)

1
𝑝′

≤ 𝐶.

Their proof used a good 𝜆 inequality relating 𝐼𝛼 to the frac-
tional maximal function 𝑀𝛼, a clever remodeling of an
analogous inequality used earlier that same year by Coif-
man and Fefferman to extend the H-M-W result to a large
class of Calderón-Zygmund operators in Euclidean space.

Turning then to two-weight inequalities for potential
operators 𝐼𝛼,

∫
ℝ𝑛
|𝐼𝛼𝑓𝜎|

𝑝 𝑑𝜔 ≤ 𝐶∫
ℝ𝑛
|𝑓|𝑝 𝑑𝜎,

Dick extended the one-weight theory by establishing, in
joint work with the author [20], a variety of conditions of
𝐴𝑝,𝑞 type on a weight pair sufficient for boundedness of 𝐼𝛼.
4.2. An engaging personality. Returning to my first meet-
ings with Dick in 1987, I found him to be a welcoming re-
searcher who was excited to share his insights with a new-
bie, and moreover, to patiently explain in clear language
his and others’ arguments in detail. I learned early on that
while he was freewheeling in his interpretation of the big
picture in mathematics, his dedication to clear and com-
plete proofs was indispensable to someone likeme starting
out in the field of weighted norm inequalities. I have vivid
memories of attending several of Dick’s talks over the en-
suing decades in which, unlike other presenters who used
either prepared transparencies or Beamer files, Dick would
give a beautiful blackboard presentation with impeccably
written formulas, and just the right amount of explanation
leading from one line to the next. He was a true master
of the vanishing art of blackboard presentations in mathe-
matical research.

Dick was also a charmer. Everyone he met felt com-
fortable around him, and indeed, he always remembered
the tiniest of details about the lives of those he encoun-
tered, and his ensuing enquiries as to how things were
going made everyone feel appreciated and important in
his presence. I spent many days in his office that first year
and for many years after, learning about and solving new
problems with him related to weighted norm inequalities.
Every lunch hour, without fail and despite other respon-
sibilities, he made the time to go swimming, or jogging
with Ben around the campus, and left me the keys to his
office. Then at the end of the day, my family and I were of-
ten invited to his home for dinner, where we experienced
the warm hospitality of Dick and his wife Sharon. My then
preschool daughter still remembers the kind and engaging
man who fussed over her and her brother at his house in
New Brunswick, and never failed to exchange a few words

with them when picking me up from breakfast at the hotel
where we stayed weeks at a time. These are fond memories
that will live with me and my family always.
4.3. Subsequent work in weighted norm inequalities
and degenerate elliptic equations. Here is a sampling of
Dick’s subsequent work in this and related areas, joint with
S. Chanillo, S. Chua, B. Franchi, D. Kurtz, G. Lu, C. Pérez,
C. Rios, J.-O. Strömberg, the author, and far too many oth-
ers to mention all of them here. Topics include:

1. weighted norm inequalities for fractional integrals,
Fourier multiplier operators of Hörmander-Mihlin
type, square functions,

2. Fefferman-Stein inequalities, weighted Peano deriva-
tives, and Harnack’s inequality for solutions to degen-
erate elliptic equations,

3. Sobolev-Poincaré inequalities permitting weights to
vanish to high order,

4. analogues of the classical subrepresentation formula

|𝑓 (𝑥) − 𝑓𝐵| ≤ 𝐶∫
𝐵
|∇𝑓 (𝑦)| |𝑥 − 𝑦|

|𝑥 − 𝑦|𝑛
𝑑𝑦, 𝑥 ∈ 𝐵,

for general vector fields 𝒳𝑓 = (𝑋1𝑓, … , 𝑋𝑚𝑓); these
were shown to be simple corollaries of, and often
equivalent to, appropriate weighted 𝐿1 Poincaré in-
equalities of the form

1
|𝐵|𝜈

∫
𝐵
||𝑓 (𝑥) − 𝑓𝐵,𝜈|| 𝑑𝜈 ≤ 𝐶𝑟 (𝐵) 1

|𝐵|𝜇
∫
𝐵
|𝒳𝑓 (𝑦)| 𝑑𝜇 (𝑦) ,

where 𝜇 and 𝜈 are measures and 𝐵 is a ball of radius
𝑟(𝐵) with respect to the control metric for the vector
fields (this was one of Dick’s favourite results),

5. self-improving properties for Poincaré inequalities,
6. failure of the Besicovitch covering lemma for the

Heisenberg group,
7. a construction of a dyadic grid for spaces of homoge-

neous type,
8. results on regularity of solutions to rough subelliptic

equations,
9. smoothness of solutions 𝑢 to the subelliptic Monge–

Ampère equation

det𝐷2𝑢 (𝑥) = 𝑘(𝑥, 𝑢, 𝐷𝑢), 𝑥 ∈ Ω,

where 𝑢 ∈ 𝐶2 is convex, 𝑘 ≈ |𝑥|2𝑚, and the elementary
(𝑛 − 1)st symmetric curvature 𝑘𝑛−1 of 𝑢 is positive.

The legacy of Dick’s work in all of these areas combined
has continued to grow with subsequent investigations by
many other authors in the world of two-weight norm in-
equalities including,

• investigation of “bumped up” 𝐴𝑝 conditions for
a pair of weights to be sufficient for two-weight
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norm inequalities

∫
ℝ𝑛
|𝑇𝑓𝜎|𝑝 𝑑𝜔 ≤ 𝐶∫

ℝ𝑛
|𝑓|𝑝 𝑑𝜎,

• the introduction of weight-adapted Haar func-
tions and random grids by Nazarov, Treil, and Vol-
berg, and orthogonality in the case 𝑝 = 2,

• the optimal power of the 𝐴𝑝 constant in weighted
norm inequalities,

• matrix-valued analogues of some of the above re-
sults.

All of this activity has cemented Dick’s position as one
of the founding fathers of the theory of weights in analysis.
4.4. A reluctant goodbye. The last email I received from
Dick, on Thursday, April 9, 2020, 10:45 a.m., was typical
of his good-natured determination to press on in the face
of obstacles, and his clear descriptions of them:

Hi Eric. I realized a snag in assuming that
|\partial_1 a_2| satisfies the A_1 condition (on the
line), so I haven’t typed anything while thinking
about it.
⋮
The trouble is that A_1 doesn’t fit together
much at all with a Lipschitz condition. For ex-
ample, if a_2(x_1, x_2) = |x_1|^{alpha}, then
|\partial_{x_1} a_2| is both A_1 and Lip only
when alpha =1.
Darn it! Dick

I can picture Dick saying these latter words to me in per-
son, and it is with a bittersweet heart that I know there will
be no more. I miss you Dick for your math, your outlook
on life, and your kindness.
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Mathematical Sciences
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1. Introduction
Dr. Raymond L. Johnson has had a productive career as
both a research mathematician and as a mentor to African
American students pursuing advanced degrees in themath-
ematical sciences. While he served as chair of the Depart-
ment of Mathematics at the University of Maryland, Col-
lege Park, his bold and transformational efforts resulted in
more than ten African Americans earning doctoral degrees
in themathematical sciences. Because hewas instrumental
in and intentional about recruiting talented African Amer-
ican students for the doctoral program at Maryland, he
was awarded the Presidential Award for Excellence in STEM
Mentoring (see Figure 1).
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Figure 1. President Barack Obama meets with the 2012
winners of the Presidential Award for Excellence in Science,
Mathematics, and Engineering Mentoring (PAESMEM) in the
Oval Office, June 17, 2015.

This article is broken into two parts. The first part, writ-
ten by Johnson himself, highlights his academic andmath-
ematical journey, while the second part is structured as an
interview in which Johnson discusses some of his views
and experiences in the fight to increase the number of
African American mathematicians.
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2. My Career at Maryland
Maryland used a device called the “two-man committee”
to help new assistant professors make their way through
the profession. The committee was supposed to meet with
the new person, advise themon publication strategies, and
present their case when it was time for them to be consid-
ered for promotion. I was told there was such a committee,
but it never met with me. I was surprised then when I got
a letter two years into my appointment pointing out that
I needed to have publications to be considered for promo-
tion a couple of years hence. I had, in fact, published my
thesis and had another paper in the pipeline. One of my
committee members had assumed I was not publishing
and had not asked what I was doing.

My thesis director, Jim Douglas, had written an article
on how to prove backwards continuation in time for solu-
tions of the heat equation. It is known that if you know
the solution 𝑢 of the heat equation at some time 𝑇, you
can calculate it for every time larger than 𝑇 because there
is a representation formula 𝑢(𝑥, 𝑡 + 𝑇) = 𝑊(𝑥, 𝑡) ∗ 𝑢(𝑥, 𝑇),
where 𝑊 is the Gauss-Weierstrass kernel,

𝑊(𝑥, 𝑡) = 1
√4𝜋𝑡

𝑒−𝑥2/4𝑡.

If you are making numerical approximations and make an
error 𝜖 in your computation, the error in future times will
be bounded by some multiple of 𝜖 and you can be sure the
approximation is reasonable.

But you cannot compute 𝑢(𝑥, 𝑡) for 𝑡 ≤ 𝑇. Forward con-
tinuation is stable and straightforward; backward contin-
uation is unstable and requires some a priori assumption.
Douglas had proved that if you assumed the solution had
a nice representation formula, then while you could not
say that the backwards approximation would have an er-
ror bounded by a multiple of 𝜖, you would have Hölder
dependence; it would be bounded by a multiple of 𝜖𝛿 for
some 𝛿 > 0. Numerically this means that an approxima-
tion would not necessarily be of the same order, but you
would lose a fixed number of digits, and so further approx-
imations could be understood.

One way to express all of this is that if ||𝑢(⋅, 𝑇)|| ≤ 𝜖,
then ||𝑢(⋅, 𝑡 + 𝑇)|| ≤ 𝐶𝜖 for forward continuation.

The best you can hope for with backwards continuation
is to make some further assumption on the function 𝑢,
and perhaps you can say that there is a 𝛿 > 0 such that
if ||𝑢(⋅, 𝑇)|| ≤ 𝜖, then ||𝑢(⋅, 𝑡)|| ≤ 𝐶𝜖𝛿 , 0 < 𝑡 < 𝑇.

The a priori assumption Douglas made was that there
was a measure 𝜇 such that 𝑢(𝑥, 𝑡) = ∫𝑊(𝑥 − 𝑦, 𝑡)𝑑𝜇(𝑦).
There were results going back to D. V. Widder that showed
that this could happen if, for example, the solution was
nonnegative.

Avner Friedman’s book on parabolic partial differential
equations was published in 1964 and contained a proof
of the existence and properties of the fundamental solu-
tion Γ(𝑥, 𝑡) of a parabolic second-order equation. My the-
sis extended themethod of Douglas to solutions of general
linear second-order parabolic equations with Γ(𝑥, 𝑡) taking
the place of the Gauss-Weierstrass kernel𝑊 . I showed that
solutions had the same backwards continuation estimates
as solutions of the heat equation had, perhaps with a dif-
ferent value of 𝛿.

Before my last year at Rice, Jim Douglas took a job at
the University of Chicago. I could have stayed at Rice and
chosen a new thesis director, but I thought I could save
time if I went with Douglas. It was somewhat easier be-
cause I had an NSF (National Science Foundation) gradu-
ate fellowship, which would continue to support me. My
wife, Claudette, worked at the Social Security Administra-
tion and secured a transfer to a comparable job in Chicago.
We spent 1967–68 in Chicago. Douglas had to prod me
to finish because life was very enjoyable in Chicago.

In 1968, I was hired as an assistant professor at the Uni-
versity of Maryland at College Park. The first thing I had to
do was get my thesis in a form suitable for publication. I
had my thesis defense in the summer of 1968, before I ar-
rived at College Park, but at the time, Rice did not havewin-
ter graduations. I paid to have it typed and presented it to
Rice University, which awarded my degree in the summer
graduation in 1969. I then wrote it up in a form suitable
for publication in the Transactions of the American Mathe-
matical Society.

I also had to choose a research direction. One possibil-
ity was to consider higher-order parabolic equations, but I
was practically sure the same methods would work in the
same way. Another possibility was to extend my thesis
result to systems of equations, where Eidelman had con-
structed a fundamental solution, but again, I thought little
new work would be needed.

I decided to focus on the question of when solutions
admitted a representation of Widder’s type. My next paper
assumed various mixed 𝐿𝑝,𝑞 bounds on the solution and
showed that there was a distribution 𝑓 such that 𝑢 = 𝑊∗𝑓,
where this means 𝑢 = ⟨𝑊(𝑥 − ⋅), 𝑓⟩ taken in the sense of
distributions, and 𝑓 need not be a measure.

I submitted this paper to the Journal of the London Math-
ematical Society because an editor there, T. M. Flett, had
proved similar results for an elliptic equation and because
I thought I was more anonymous in England.

During the reviewing process for this paper, my two-
man committee was changed. John Benedetto was ap-
pointed to it, and he asked me what I was doing. I ex-
plained the paper in process and what I hoped to do af-
ter it was accepted, if it was. He presented my case to the
tenure committee, and I received tenure soon thereafter.
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I later learned that this type of mixed weight condi-
tion had been considered by many people (Besov, Taible-
son) and the distributions were in a class eventually called
the Besov spaces. They were a generalization of spaces of
Lipschitz- or Hölder-continuous functions. A function is
Hölder continuous of order 𝛼 if |𝑓(𝑥 + ℎ) − 𝑓(𝑥)| ≤ 𝐶ℎ𝛼
for all 𝑥, ℎ > 0. The quantity 𝑓(𝑥+ℎ)−𝑓(𝑥) is a first differ-
ence and is denoted Δℎ𝑓. The Besov spaces are functions
whose higher-order differences divided by various powers
of ℎ belong to 𝐿𝑝 spaces in 𝑥 and 𝐿𝑞 spaces in ℎ with a
modification of Lebesgue measure. They were first studied
using a definition involving these differences, but it had
been discovered that they could also be characterized by
properties of solutions of the Dirichlet problem in the up-
per half-space (Flett) or properties of the solution of the
heat equation (Taibleson). There were papers in Russian
by Besov and papers in English by Flett and Taibleson. I
could read Russian but only learned of the Besov spaces
later. My initial introduction had been from the papers of
Flett, which I had successfully generalized. Taibleson had
also considered the spaces, but I was unaware of his work
at the time I started working on the problem.

I had a slight difference in focus. The earlier authors
had been interested in the properties of functions in the
Besov spaces, using the new approaches to consider ques-
tions like trace theorems (if 𝑢 is in a Besov space of a cer-
tain order and you restrict it to a lower-dimensional sub-
space, is it still in a Besov space and if so, of what order)
and extension theorems (if a function 𝑢 is in a Besov space
on 𝑅𝑛, can you construct an extension of it to 𝑅𝑛+1 and
to what Besov class will it belong?). I wanted to know if
mixed norm conditions characterized uniquely an initial
distribution, gave a representation 𝑢 = 𝑊 ∗ 𝑓 as above,
and determined the Besov class to which it belonged. I
made an assumption, which I never verified, that if there
was such a representation, my results and Douglas’s re-
sults would apply to the backward continuation problem.
However, I thought it would be easier to check the mixed
norm estimates than to know exactly when you had the
type of representation theorem needed to make the theo-
rem apply. There is also an operator-theoretic approach to
these problems; my first student, Alton Wallace, extended
the operator-theoretic approach to parabolic equations. I
later learned that he was the second African American stu-
dent to have an African American thesis director; Albert
Bharucha-Reid directed Tepper Gill’s thesis at Wayne State
University. Tepper and I were later colleagues at Howard
University.

Parenthetically, there was later a great extension of the
Besov spaces to 0 < 𝑝 < 1 and consideration of atomic and
molecular decompositions of the Besov and Hardy spaces.
My second student, Sue Sands, wrote a paper on the

parabolic version of some of these results. I did not work
directly on the extensions, although I used them in some
of my later work.

I realized that work on Besov spaces had brought me to
harmonic analysis, and I began to study uses that could
be made of the Besov spaces. My first application in-
volved the distinction between homogeneous and inho-
mogeneous Besov spaces. The inhomogeneous spaces
are invariant under multiplication by characters (if 𝑓 ∈
𝑋, 𝜒ℎ𝑓(𝑥) = 𝑒−𝑖𝑥ℎ𝑓(𝑥) ∈ 𝑋), the homogeneous spaces
are not. I showed what the character invariant subspaces
of the Besov spaces were. Character invariance becomes
translation invariance on the Fourier transform side; I
wasn’t always precise in my verbal description, but I was
in the mathematical description.

I appropriately focused on producing papers during my
early career. I did not pay enough attention to making
sure people at, e.g., NSF knew what I was doing. I did get
lured into trying to help a group of African American grad-
uate students through the program. I was not successful,
partly because I had not been involved in recruiting them
and did not know their strengths and weaknesses. In hind-
sight, it was not a good use of my time. I did not pursue
any collaborations during this period, but as a new assis-
tant professor and an African American, people were not
exactly beating on the door to work with me.

After I received tenure, I had a sabbatical and applied
to the Mittag-Leffler Institute to participate in their 1973–
74 special year on partial differential equations. It was my
first time in Europe at an institute with many young math-
ematicians who were very friendly, and I had a produc-
tive year. It was not my specialty, and I ended up getting
thrown into the deep end of the pool. Lars Hörmander,
who had just published his paper with Duistermmat on
Fourier integral operators, was the director of the Institute
for the fall semester (Lennart Carleson was on leave), and
he arrived with N papers to be presented by the N individ-
uals visiting the Institute. None of them were really in my
area, so I ended up with the last paper on his list, which
was his paper on pseudodifferential operators presented at
an AMS meeting in about 1968. I had to learn it all from
scratch but succeeded in presenting it in two lectures to the
assembled group, who probably knew it much better than
I did, but who didn’t complain about my report. I kept the
notes and gave a similar talk when I returned to Maryland.

When we returned from Sweden, my wife and I had Jim
Donaldson over for dinner several times, and he showed
me his draft plan for a doctoral program at Howard. I do
not know the plan’s genesis, but it was fully formed when
I read it. After several discussions, he invited me to join
the faculty.
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I went to Howard in 1976 in a class that included James
Curry and Gerald Chachere from Berkeley, James Joseph,
and myself. I can’t speak with great authority on Jim Don-
aldson as chair. He was on sabbatical at NYU the first year,
and George Butcher was acting chair, but Jim came back
by my second year.

My difficulties were always with the administration, not
from the chair’s office. Curry, Chachere, and I wanted to be
able to come into the office on weekends. We would need
a key to the building in order to do that. We had to petition
the administration (we met with a Vice President, whose
name I do not recall). He explained that our safety would
be our responsibility, and allowed us to get a key to the
building (I was younger then). We were not even allowed
to use the Xerox machine (faculty at Maryland could make
their ownXerox copies), and computers were not prevalent
in those days.

I can say that Jim was an excellent judge of mathe-
maticians and made many outstanding appointments. He
seemed to know every graduating doctoral student and
which ones would be a good fit for Howard.

After a year, Curry took a postdoc at MIT, and after two
years, I went back to Maryland. Chachere and Joseph re-
mained on the faculty at Howard.

In our exit interview, I told Jim that I felt that even as
an African American, an associate professor, and one of
80 faculty at Maryland, I would have more influence there
than I would as a full professor and one of 25 faculty at
Howard. Jim tried to reassure me that different people at
Howard had different amounts of influence, and while I
understood that and the reasons for it, I thought the un-
predictability was part of the problem.

I returned to Maryland in 1978, and my path to full
professor was smoother than my path to associate profes-
sor, perhaps because I had shown a willingness to leave,
but more because John Benedetto understood what I was
doing and could explain it to the other faculty. I was pro-
moted to full professor in two years. What motivated me
to pursue this promotion? I believe it was that Howard
thought I was good enough to be a full professor and I
was very invested in my research program at that time. I
had two further opportunities to leave Maryland and can
explain why I turned them down. I was approached about
applying to head the MAA (Mathematics Association of
America) Office of Minority Affairs, later headed by Bill
Hawkins. At the time of the approach, I had been gradu-
ate chair and was contemplating running for chair. I felt
I could do more good for the students I had recruited by
staying at Maryland. The same reason applied when, af-
ter completing my term as chair, I was offered the posi-
tion of Deputy Director at MSRI (Mathematical Sciences
Research Institute). I would have enjoyed working with

William Thurston, Director of the Institute, but I felt that
I needed to be at Maryland to help as many of our recruits
finish as possible.

There aren’t many collaborations on my resume, and
that is one of my disappointments. If I had made more of
an effort, I might have had a more far-reaching resume. Fi-
nally, after I had stepped down as chair and had long been
away from my areas of interest, Bob Warner and I started a
project on spectral synthesis. It had generally been studied
in 𝐿1, but we decided to see if we could get better results by
studying synthesis in 𝐻1, a subspace of 𝐿1 that was known
to give better results for mapping questions. Many opera-
tors that map 𝐿𝑝 into 𝐿𝑝, 𝑝 > 1, do not map 𝐿1 into 𝐿1, but
do map 𝐻1 to 𝐻1. We showed that one could get close to
answering some old open questions in spectral synthesis
and published two papers, one after Bob had died.

For most of my career, if you askme which of my papers
was the most interesting, I would say the last one. That
remains true today.

3. Interview of Dr. Johnson
Q1: Since the world’s viewing of Mr. George Floyd’s murder
on May 25, 2020, there has been a good deal of discussion in
the media about systemic racism. Where do you think we stand
with regards to diversity, inclusion, equality, AND equity in the
mathematical sciences? Has there been any real progress; if so,
in what sense?

Johnson: There continues to be intermittent progress
at intermittent places. Most programs do well when some-
one takes care of them and then wither when there is no
one to propel them forward. I think especially of Maxwell
Reade’s1 recruiting of African American students from His-
torically Black Colleges and Universities (HBCUs) to the
math program at the University of Michigan around the
late 1960s and early 1970s, and Lee Lorch’s2 mentoring
work at Fisk University from 1950 to about 1955 before
he was run out of the country by the House Unamerican
Activities Committee (HUAC).

Q1a: The phrase “when someone takes care of them” implies
that the program depends on one key person?

Johnson: Yes and for this reason, it’s difficult to main-
tain/sustain a program. Phil Kutzko has found a suc-
cessor for the Math Alliance (a national community of
math science faculty)—namely David Goldberg at Purdue
University—so that program should continue. However,
Lee Lorch had six undergrads at Fisk University go on to
graduate school, but Fisk has not had any since his time
there in the 1950s. In general, the key person for lead-
ing the program needs a good group of supporting peo-
ple so that the important second (and subsequent) efforts

1https://record.umich.edu/articles/obituary-maxwell-reade/
2https://www.youtube.com/watch?v=_mcpiVui54w
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are effective and sustained. Also, programs need persons
in positions of power who understand the African Ameri-
can culture. For example, the program head needs to un-
derstand the nuances of covert racism (e.g., racism experi-
ence by African Americans vs. other people of color) and
microaggressions that students might encounter. In addi-
tion, many students will come from HBCUs so the pro-
gram head must understand those institutions and their
academic programs, so they can properly evaluate those
students’ math background (e.g., see response in Q6).

Q2: Many would agree that desire (along with hard work)
is one of the most important ingredients for success with diver-
sifying a graduate mathematical sciences program. Most im-
portantly, we should note that there is no magic formula. That
being said, in your experience and from your observations, what
are some other key common characteristics of a successful pro-
gram?

Johnson: I think there are common elements in all the
programs that have been successful.

One is getting a “large” (the specific number depends
on the institution) body of African American students.
There is always tremendous pressure, partly self-inflicted,
on a single individual or a few minorities in a program.

The second thing is to treat students as individuals. The
best (worst) example of this was in 1998 when, after retir-
ing from an administrative role, Don Lewis worked hard to
recruit a group of African American students to the Univer-
sity of Michigan PhD program. An African American math
transfer student from Michigan told me that at the orien-
tation for new graduate students, the graduate chair told
the African American students that the department knew
the students were not as good as the other students in the
program, but the department would work to help them
succeed. He undid all of Don’s good work with this one
sentence. Many of those students left (the student who
shared the story with me came to Maryland and got her
doctorate with us). This was clearly a different statement
and tone than given byMaxwell Reade to the African Amer-
ican students he recruited to the University of Michigan in
the late 1960s to early 1970s. Reade told them they would
be admitted to the doctoral program, and even if they were
not successful, they could still leave with a master’s degree.
A master’s degree is worth something and was worth con-
siderably more when Reade was making this offer.

The third thing is to encourage the students to form
their own community. The students understand that they
must join the largermathematics community on their cam-
pus as a whole, but some hesitate to form a minority
community. Richard Tapia at Rice University has always
worked to get his recruits to form a community, and we
did the same at Maryland.

Q2a: What are some positive or negative signs/
indicators that a prospective African American student might
consider when looking for a graduate mathematical sciences pro-
gram?

Johnson: If the department currently only has white
students, then this should be a concern. A prospective
African American student should visit the school and de-
partment and gauge if there is a genuine “supportive feel-
ing” during the visit. If the African American student is
treated as just filling a diversity recruitment need or if the
diversity recruitment is not an integral part of the over-
all graduate program, then this is a bad sign. That is,
the program designed to recruit and retain African Ameri-
can students should not be separate from the rest of the
graduate program. A definite positive sign is clear evi-
dence of a group support system in several key positions—
e.g., the graduate school staff, graduate director, depart-
ment chair, department and university administration—
all working together to successfully diversify the program
and make that diversity an essential and fundamental part
of the graduate program, department, and university.

The program should make it easy for the African Amer-
ican student to talk unfiltered to other students, fac-
ulty, and staff other than the recruiters. For example,
the prospective African American student should have a
chance to meet with the student body (not just select stu-
dents) without the recruiters present, so that they can can-
didly discuss the program. The best source of information
comes fromother African American students and other stu-
dents in general.

Also it’s a good sign if the African American student can
begin to identify someone who might want to be their the-
sis advisor, and the African American student should dis-
cuss this process and possible options for advisors with
other students. Another key concrete tell is the type and
amount of financial support that is being offered. If the
monies for the program are primarily based on external
grants this hints of a lack of institutional support. Fund-
ing from the institution attests to the amount of buy in
and support on behalf of the institution. Remember that
funds from the schools can be on the order of 3 trillion vs.
grant funds of 3 billion (see quote in response to Q3a). Re-
gardless of the amount or scale of monies the school has,
if diversifying their program is a priority, then the monies
should be focused accordingly.

Note that data such as retention/graduation rates (ver-
sus just enrollment rates) are good to look for, but such
data can be difficult to obtain and perhaps misleading.
Similarly, retention/support strategies/programs might be
difficult to identify.

Q3: Key supportive leadership, such as the department chair,
can change rather quickly. Moreover, the tenure of these
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leadership positions can be short, e.g., only two or three years.
Hence, a supportive environment can become less supportive
and move more so towards the status quo or might even become
toxic in a matter of two years. What are some ways for address-
ing this “instability point”?

Johnson: Perhaps we were lucky at Maryland because
the department chair’s term was five years, and the pro-
gram was able to run for five years before starting to wither.
The main variable is whether key people and the institu-
tion/department are genuinely interested in recruiting mi-
nority students or giving lip service to the concept of diver-
sity. More often, I see lip service instead of work to imple-
ment change.

Unfortunately, there is no way to be sure leadership is
committed to improving things. You will always hear the
right words, but it can be challenging to detect if theymean
what they’re saying.

It is probably most important for African American stu-
dents to just be aware that the atmosphere can change
quickly and be prepared to leave if necessary. They
should definitely look for written and clear structure, spec-
ifications and objective rules for measuring progress to-
wards completing the program and graduating, so if the
leadership/administration changes, they have some struc-
ture/rules to protect them. For example, details about how
many and which exams are required for PhD students as
well as the doctoral exam procedures and requirements
should be clearly written down. It helps to identify some-
one who will know and be honest about such issues.

Q3a: The idea of “lip service instead of work to implement
change” brings to mind a “quick fix/throw money at the prob-
lem” tactic. In particular, alumni donations and their influence
can be tricky to manage and sustain in a positive and productive
manner especially with regard to diversity. For example, I think
of Bloomberg’s 150 million dollar donation to Johns Hopkins
University (in May 2021) and the opposition by a top alumnus
donor to the tenure of Dr. Nikole Hannah-Jones (an African
American woman) at UNC School of Journalism at Chapel Hill
(in summer 2021). Can you comment on these types of issues?

Johnson: I have seen both sides of issues like these.
I remember at an advisory board meeting at NSF, James
Rosser, President of California State University at Los An-
geles, a very smart man, leaned over to me and whispered,
“Everyone is so interested in NSF funding. NSF has a bud-
get of 3 billion dollars (that lets you know how long ago
this took place), while colleges spend 3 trillion dollars per
year.” I realized that the money was in the universities,
and we largely spent the University of Maryland at College
Park’s ownmoney in our effort. Grants like GANN (Grants
in Areas of National Need) come and go, but university
assistantships and fellowships are there as long as the uni-
versity funds them. It is good for a program to have a lot

of money, but I foolishly turned down a chance to pursue
grants that might have let us get even more African Amer-
ican students at Maryland. I felt like it wouldn’t be good
for mathematics if we had “sucked all the oxygen out of
the room.” We had funded a large proportion of African
American doctorates with univeristy funds and could have
applied for grant funding, but I didn’t think it would be
healthy if most of the African American doctorates came
from our one institution. When I made this decision, I
did not realize how much the program would eventually
wither. We probably should have struck while the iron was
hot and gotten as many people through as possible.

We never had the kind of negative attention an alumnus
brought to UNC, but neither did we have the positive sup-
port Don Lewis told me about at Michigan, where a mem-
ber of the Board of Trustees had engaged with him about
improving their freshman mathematics program. As a re-
sult, Don Lewis expanded Uri Treisman’s freshman prepa-
ration program to the entire freshman program at Michi-
gan. Treisman originally worked with underrepresented
groups; Don’s program at Michigan was for all students
and added other new ideas like involving postdocs and
graduate students in addition to faculty and undergradu-
ate students. In this way, the freshman class instruction
came from a four-person team teaching and collaborating
with the students. Attention from the Board can be help-
ful when it is not used against the university’s long-term
interests as it was at UNC.

Q4: What difficulties/adversities with faculty and leadership
did you experience as department chair? Any particular/specific
backlash?

Johnson: There wasn’t backlash as much as there was
disbelief. Faculty genuinely believed that minority stu-
dents could not succeed in mathematics. I saw this repeat-
edly even after many of our students had graduated (“but
they were exceptional”). I didn’t see it from faculty who
had advised some of our minority students, but I saw it
from most of those who had not.

Q5: What key allies did you have?
Johnson: I started this effort when I was graduate chair.

Many of the students were recruited by my successors: Re-
becca Herb, Karsten Grove, and William Goldman. They
deserve much of the credit for recognizing talented stu-
dents. There were faculty who were supportive, including
most of the thesis advisors of our African American grad-
uate students, such as John Benedetto. Most of the fac-
ulty were indifferent or unaware. This was a priority of the
upper administration, but the indifference applied there
as well. They were happy to brag about our math depart-
ment’s accomplishments, but not enough to provide extra
money.
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Harry Truman supposedly said about Washington, “If
you want loyalty, get a dog.” I felt that the people who
had had minority graduate students were allies; the rest of
the faculty were indifferent. Like I said if you want allies...

Q6: Are there any specific/personal incidents that come to
mind?

Johnson: I have many stories, but I will mention only
one with a name since Karen died almost two years ago.
As graduate chair, I received an application from a very
talented African American student from Spelman College
named Karen King. I could tell she was brilliant, but the
mathematics graduate admissions committee rated her at
a level that would not qualify her for an assistantship or
fellowship.

I suppose I could have just overridden them, but I did
not want to do that. Instead, I took the problem to the
chair, Nelson Markley, and explained my discomfort. He
was also chair of the campus-wide Graduate School Fel-
lowship Committee. He told me to send her folder over to
them because they were used to looking at a broader range
of schools. I did, and the fellowship committee awarded
her a fellowship, which is the holy grail of funding since
it came from the university and did not require teaching,
and ranked her at the highest level possible. Our commit-
tee recognized its mistake, but if Nelson had not been so
placed, we could have lost one of our best students and the
first one of the Spelman to Maryland pipeline.

The second incident came when I was chair and got a
phone call from a colleague. He said he had a brilliant
student; he had encouraged the student to apply to many
highly rated schools, but the student had been turned
down at every school, including Maryland. Being aware
of the calibration problem, I went down to look at the
file (probably the only time I ever did that as chair). I dis-
covered that one of the three letter writers had clearly not
known the student well. The student was a male, but the
letter writer said that “she” was one of the best students
he had ever had. I called my colleague back and asked
if we could get another letter from a different writer. He
arranged it, and the student received an assistantship and
completed his doctorate.

A pure form of the calibration issue (committees that
evaluate students from HBCUs without understanding the
academic programs of those schools) showed up after I
had left the chair’s office and returned to the faculty. An-
other brilliant Spelman student I met on some trips there
while serving on an Advisory Board was completing her
degree a couple of years early with excellent grades. By
then, we had a track record of Spelman students succeed-
ing in the Maryland program. I was astonished when I re-
ceived an email from the student. She said that she wanted
to come to Maryland for the doctoral program but was

offered a Fellowship in Applied Mathematics at Princeton,
yet only an assistantship at Maryland. I passed the infor-
mation on to the appropriate person; she was awarded a
Fellowship and easily completed her degree at Maryland.

Do you have a summary statement or concluding re-
marks/requests?

Increasing and graduating African Americanswith PhDs
in the mathematical sciences can be done! The recurring
theme is that it requires a genuine and concentrated de-
partmental and institutional commitment and effort in a
positive supportive environment. In particular, the pro-
gram needs key persons, faculty or staff, who understand
the specific obstacles encountered by the students, and suc-
cessors who can sustain the work.3

Tasha Inniss Raymond L.
Johnson

Sherry Scott

Credits

Figure 1 is an official White House photo by Pete Souza.
Photo of Tasha Inniss is courtesy of Furery Reid/Spelman Col-

lege.
Photo of Raymond L. Johnson is courtesy of Jason Miccolo

Johnson.
Photo of Sherry Scott is courtesy of Monica Ashery.

3For additional information, consider the following: https://nam-math
.org, http://www.mathad.com, and https://www.math.umd.edu
/~rlj/fineddrft.html as an initial start.
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The National Research Rating
System in South Africa:

The Past Impacts the Future
Eder Kikianty and Loyiso Nongxa

1. Introduction
In the 19th century, mathematics research in South Africa
(SA) grew out of the scientific activities of the Royal Obser-
vatory at the Cape of Good Hope and the mining industry
in the Witwatersrand area. The start of the 20th century
witnessed some prominent South African (SA)mathemati-
cians who made significant contributions in mathematics.
For example, Stanley Skewes, a student of John Edensor
Littlewood, worked on the prime-counting function.

The legalisation of apartheid in 1948 brought racial
segregation to every aspect of life in SA, including educa-
tion and the university system. The Bantu Education Act
of 1953 discouraged the Black population from studying
mathematics. The academic boycott of SA in the 1960s iso-
lated SA mathematicians from international research and
scholarships.

In 1984, the SA national rating system was introduced
to identify and recognise scientists for excellence in re-
search, and to provide them with sufficient financial sup-
port to pursue their own research. It is a peer-reviewed
process and shares some similarities with the Research
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Skewes studied in Cambridge in the 1930s and rowed with Alan Turing. They

later wrote a joint paper, “On a Theorem of Littlewood,” but it was never pub-
lished [Tur92, p. XIV].
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Assessment Exercise/Framework in the United Kingdom,
except that the “rankings/ratings” are focused on individu-
als rather than departments. With this support, the math-
ematics research in SA started to flourish.

We provide a contextual and historical background for
an analysis of the ongoing and long-term influence of
the rating system. Specifically, we highlight the socio-
political circumstances over the last seventy years which
have shaped (and continue to shape) the mathematics re-
search landscape in SA. The outcomes of the rating pro-
cess provide some insights into the strengths, as well as
the glaring gaps, in the SA mathematics2 research profile.
By examining the profile of young researchers who have
been successful in gaining a rating, we identify a worri-
some trend which may not augur well for the future vi-
brancy and strength of mathematics in SA.

2. Apartheid and the Academic Boycott
of South Africa

The National Party came to power in SA in 1948 and le-
galised apartheid. This development had a profound and
enduring impact on mathematics research in SA. Key to
the legislation was the fact that South Africans would have
different rights and privileges based on their race. The
Population Registration Act (No. 30) of 1950 established
mechanisms for determining and registering the race of all
South Africans. Under the terms of this Act, all residents
of SA were to be classified as “White,” “Coloured,”3 or

2Throughout the text, the terms “mathematics” and “mathematics research”
(accordingly, “mathematicians”) include the research areas of pure and applied
mathematics, statistics, and (in some cases) computer science.
3The term “Coloured” refers to the population group that emerged in the Cape
in the 17th and 18th centuries as a result of contact between Africans, Malays,
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“Native” (later called “Bantu”) people. Indians, whom the
National Party refused to recognise as permanent inhab-
itants of SA, were later included in 1959 [CW13, p. 49].
The most damaging legislation [CW13, p. 52] was the
Bantu Education Act (No. 47) of 1953, a segregation law
that enforced racially separate educational facilities. Bantu
education would mould Africans into compliant citizens
and productive workers [CW13, p. 55].

Since then, mathematics education, for Blacks4 in par-
ticular, has not been in a healthy state. The Minister of
Native Affairs at the time, Hendrik Verwoerd, in a speech
delivered on September 17, 1953, on the Second Reading
of the Bantu Education bill, stated [VAK05, p. 310]: “When
I have control over native education I will reform it so that the
Natives will be taught from childhood to realise that equality
with Europeans is not for them. People who believe in equal-
ity are not desirable teachers for Natives . . .What is the use of
teaching the Bantu child mathematics when it cannot use it in
practice? That is quite absurd.”

Apartheid laws created a totally divisive society that em-
phasized the differences between people [Nol91, p. 206].
These policies meant that Black students were discouraged
from taking mathematics as a subject. Many African stu-
dents were never exposed to mathematics because it was
not offered at their schools [VAK05, p. 310]. The situa-
tion was much worse for Black women, who suffer from
lower levels of education and lack of employment oppor-
tunities5 [Nol91, p. 212]. It is often remarked that South
African women suffer a triple yoke of oppression: gender,
race, and class [Nol91, p. 203].

In 1959, the passing of the Extension of University Edu-
cation Act formalised the separation of universities by race
and ethnicity. The university system was thus fragmented
and reflected the apartheid planning: English-medium
and Afrikaans6-medium universities, often grouped as
White universities; new ethnic universities for certain
African groups; and separate universities for Coloured and
Indian students. The Act made it an offence, for exam-
ple, for White universities to admit Black students with-
out the approval of the relevant Government Minister.7 In

and Europeans. Despite partial European heritage, they were subjected to most
apartheid legal restrictions [CW13, Glossary].
4The term “Black” is often used to denote South Africans of non-European an-
cestry, although, under apartheid, some groups had the status of “honorary
White.”
5Black women were mainly employed as agricultural and domestic workers.
6Afrikaans is the language spoken by the (largely) Dutch settlers of the Dutch
Cape Colony, which arose through a gradual divergence from Dutch dialects in
the 18th century.
7For details, see: P. O’Malley, Extension of University Education Act
No. 45, Nelson Mandela Centre of Memory, https://omalley
.nelsonmandela.org/omalley/index.php/site/q/03lv01538
/04lv01828/05lv01829/06lv01898.htm.

addition to racial segregation, there was also a binary sys-
tem of traditional universities versus technikons.8 For
many of the smaller, rural universities and technikons,
mathematics teaching was mainly focused on undergrad-
uate levels and ancillary courses for students whose quali-
fications required one or two years of post-school “applica-
ble” mathematics. At a number of institutions, it was not
uncommon for people to be employed and teach through-
out their careers with only a four-year university qualifica-
tion, and consequently very few of them were engaged in
research. This legacy lingers on up to this day.

SA became a republic in 1961, with Verwoerd, the in-
tellectual architect of apartheid, as the Prime Minister.
SA hoped to remain a member of the Commonwealth,
but because of its apartheid policies, its membership was
strongly opposed by other members. It led to SA leav-
ing the Commonwealth in 1961. Implementation of the
“Separate Development” plan9 was accelerated and, among
other things, led to the creation of self-governing home-
lands for African ethnic groups, some of which opted for
pseudo-independence in the 1970s. The Bantu Home-
lands Citizenship Act of 1970 decreed that all Africanswere
to become citizens of their ethnic homelands and treated
as foreigners inWhite SA. This was even in cases where they
had never lived in those areas.10 Very few other countries
in the world recognised these as independent states and it
made international travel difficult to impossible for many
South Africans of African ancestry.11

The academic boycott12 of SA was part of a broader inter-
national campaign13 aimed at pressuring the SA regime to
dismantle the apartheid system. The objectives of the boy-
cott included: discouraging academics from collaborating
with SA scientists; discouraging scientists from travelling
to SA or refusing SA researchers entry to other countries to
attend international conferences; and discouraging inter-
national academic associations from holding their confer-
ences in SA.14 Those that ignored the call for the academic

8Similar to the polytechnics in the UK in the 1970s.
9The basic principle of this plan was to grant Blacks their rights and free-
doms only within the confines of their designated homeland. For details,
see: https://www.sahistory.org.za/article/history-separate
-development-south-africa.
10For details, see: P. O’Malley, Bantu Homelands Citizen Act No. 26, Nelson
Mandela Centre of Memory, https://omalley.nelsonmandela.org
/omalley/index.php/site/q/03lv01538/04lv01828/05lv01829
/06lv01944.htm.
11The second author was issued with a special travel document in order to enter
the UK and take up the Rhodes scholarship at Oxford University in 1978.
12The African National Congress (ANC) called for an academic boycott in
1958 and British scholars responded with a formal declaration (archived on the
website of the ANC). https://web.archive.org/web/20140107065300
/http://www.anc.org.za/show.php?id=6896
13Other pillars included economic, financial, and cultural sanctions.
14See: https://www.sahistory.org.za/article/south-africas
-academic-and-cultural-boycott.
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boycott visited mainly the White universities; and thus the
boycott created a greater negative impact on the ethnic
universities and Black academics. During this period, a
number of White academics emigrated, especially to the
UK, the USA, Australia, and Israel. The enduring impact
of this boycott is the ongoing intellectual and academic
isolation of SA mathematicians from small and formerly
ethnic universities.15

3. The National Rating System
The rating system was introduced in 1984 by the Council
for Scientific and Industrial Research (CSIR). It was born
out of a necessity to improve the research landscape in SA
which was negatively impacted by, among other things,
the academic boycott. We start this section with a short
background on the CSIR, to better understand the context
in which the rating system was introduced.

In the early 20th century, the Royal Society of South
Africa sought the government’s help to institutionalize the
public funding of research [LM16, p. 2]. The evolution of
the national funding bodies from 1911 is summarized in
Table 1. Between the twoworld wars, there was a high level
of dissatisfaction with the status of research in SA, which
centered around the lack of coordinated research activities
and lack of collaboration among researchers [LM16, p. 4].
This led to the establishment of the CSIR in 1945. The
CSIR aimed to coordinate scientific research in SA, in par-
ticular, to support university scholarship and to place re-
search in industries and national research laboratories in
close contact with the universities. Despite its initial suc-
cess, the CSIR was later affected by the increasing inter-
national isolation brought on by apartheid. The coun-
try was losing highly trained citizens who emigrated else-
where and had difficulties in luring scientists from abroad
[Kri07, p. 10]. The leadership of CSIR identified an issue
which became central to the rating system: developing and
monitoring skilled high-level researchers. They co-opted
Jack de Wet to put the matter of national research funding
on a more sound footing [Kri07, pp. 8–10].

With de Wet’s involvement, the academic rating system
was introduced. The underlying principle of the system16

is identifying good researchers as the most important ele-
ment of good research, and supporting them so that they
could pursue any area they choose. The quality of the re-
searcher is validated through exposure to peer review.

The academic rating system was designed to determine
the level of funding awarded to a researcher. The system

15This issue was highlighted in a report of an international panel commis-
sioned to review mathematics research in SA in 2008/09, available on the NRF
website.
16The historical accounts on the rating system in this subsection are sum-
marised from [Vau15, Chapter 3].

Year Administered by
1911–
1917

Royal Society of South Africa

1918–
1938

Research Grant Board

1938–
1945

National Research Board

1945–
1999

Council for Scientific and Industrial
Research (CSIR)

1999–
present

National Research Foundation
(NRF)

Table 1. Evolution of the national funding bodies.

was introduced in the document entitled “A new look at
the role of the RGD in the promotion of research in the
South African universities” that was sent to research-active
universities on April 8, 1983. These were primarily White
universities: Universities of Cape Town, Free State, Natal,
Port Elizabeth, Pretoria, Witwatersrand, Rhodes, Potchef-
stroom, Stellenbosch, and Rand Afrikaans. Notably ex-
cluded were the ethnic universities: Universities of Fort
Hare, Durban-Westville, and Western Cape.

In this document, de Wet outlined his philosophy that
the greatest single resource lay in the hands of the universi-
ties themselves: in the funds they possessed for the provi-
sion of staff, space, and basic equipment. A large propor-
tion of academic staff did precious little research, while
those who intended to pursue their scholarship lacked the
necessary support and were often overburdened with non-
research duties. Thus, research support should be based on
identifying good researchers. de Wet reiterated his idea17

by making a case for government support for infrastruc-
ture and funds to individual scientists. The latter support
should be based on peer-reviewed evaluation of the re-
searchers since the existing research formula which relied
on publication counts was far too coarse a measure.

In May and June of 1983, de Wet and Reinhard Arndt
visited western Europe, the USA, and Canada to investi-
gate university research funding systems. They argued that
the rating system could only work if the benchmark was
international and not local [Mok20]. These visits resulted
in a framework for the promotion of research in the uni-
versities, while also integrating the research effort between
the CSIR and the universities. Four types of research ac-
tivities were identified: free research, which should be
funded without reference to the subject matter and re-
searchers could work in any field they chose; stimulated
research, which promotes a new field; goal oriented re-
search, which has an additional objective, such as a better

17In a separate document entitled “A view on funding of research at universi-
ties” (title translated from Afrikaans), May 1, 1983.
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understanding of a problem area of national concern; and
commissioned research, which would be done on a con-
tractual basis.

The initial rating system required each candidate to sub-
mit a curriculum vita with a detailed list of publications, a
statement of accomplished research with self-assessment,
identification of the most significant papers, details of
postgraduate students trained, and nominated referees.
Research is then evaluated annually by a peer-review pro-
cess conducted by a subject-specific committee that solicits
reference reports from referees, 50% of which are nomi-
nated by the applicant and the rest independently chosen
by the panel. This evaluation determined into which of
the following categories a researcher would fall:
A: Leading international researchers
B: Internationally acclaimed researchers
C: Established researchers
P: Prestigious researchers (these are young researchers that
have the potential to become international leaders)
Y: Promising young researchers

The funding package associated with ratings A and B
would give researchers enough support for a period of five
years.18 This included a quota of research studentships
at the Masters and doctoral levels. Those with C ratings
would receive “basic support” for studentships plus funds
for short-term assistance. The support packages would be
for five years with a possibility for renewal subject to a
thorough and strict review of what had been achieved. A
solid component of training quality graduate students in
research was an integrated and essential component of all
this activity.

A comparison of the SA rating system with a similar sys-
tem in Mexico is given in “Review of NRF Evaluation and
Rating System.”19 It is reported that the Mexican system
is implemented to encourage their scientists to remain in
the country through salary augmentation. Thus, one may
conclude that the SA rating system is unique.

4. Rating SA Mathematicians
The characteristics of the rating process are similar to
the “generic” features for the evaluation of individual
researchers endorsed by the International Mathematical
Union General Assembly in August 10, 2014, entitled “Rec-
ommendation on the evaluation of individual researchers
in the mathematical sciences.”20 In particular, the special-
ist committee for the mathematical sciences puts a strong

18In present day, the rating is valid for six years.
19Report is available at: https://www.nrf.ac.za/information
-resources/review-reports.
20See: https://www.mathunion.org/fileadmin/CEIC/ICM_2014
_panels/Evaluation_of_individuals__FINAL.pdf

emphasis on the evaluation letters21 solicited from referees
who are assumed to have an intimate knowledge of the
work and the research field of the applicants. Specialist
committees are required to select “an appropriate mix of
national and international reviewers. . . for an A nomina-
tion there should only [own emphasis] be international
reviewers. . . .”22

Information on all successful candidates is publicly
available on the website of the National Research Founda-
tion (NRF) of South Africa. Most of our observations are
drawn from an analysis of this data, as well as additional
data that was requested from the NRF and the Depart-
ment of Higher Education and Training. We have also ob-
tained additional information from three databases: the
AmericanMathematical Society’sMathSciNet, Scopus, and
Web of Science, especially the institutional affiliation of re-
searchers from which one could draw some conclusions
about emigration/immigration and joint appointments.
Research activities before 1984. We present a brief
overview of mathematics research in SA up to the year of
the introduction of the rating system. This has been de-
duced from examining data fromMathSciNet, Scopus, and
Web of Science, as well as private communications with
people who were active in research in the 1980s. There
are no articles in any of these databases for ethnic univer-
sities and technikons. In the 1960s, the staff members at
ethnic universities were predominantly White, many with
no PhDs. By 1984, there were no more than ten Black
SA mathematicians who had completed their PhD at any
SA university.23 The research-active mathematicians were
based mainly at the White universities, predominantly at
the English-medium universities24 and at the CSIR.

The CSIR created an in-house National Research Insti-
tute for Mathematical Sciences25 (NRIMS) in 1961.26 The
mathematics research in the CSIR was predominantly ap-
plied in nature: numerical analysis, optimization, com-
putation, applied statistics, and control theory. It was in
support of projects focused around armaments, energy,
and mining. However, there were mathematicians con-
ducting research in areas of pure mathematics, namely,
operator theory, approximation theory, and algebra. At

21From private communications with past and current chairpersons of the spe-
cialist committee for mathematical sciences.
22Full details available at https://www.nrf.ac.za/document/14
-guidelines-selection-reviewers
23Job reservation legislation meant that none could be employed as academics or
researchers at the White institutions or CSIR without a special permit. Such a
permit was almost impossible to obtain.
24Universities of Natal, Witwatersrand, Cape Town, Rhodes.
25In 1986/7, NRIMS was incorporated into the Centre for Advanced Comput-
ing and Decision Support of the CSIR. See: P. Maritz, The South African Math-
ematical Society 1957–2007, http://www.sams.ac.za/history-sams.
26Further details in [Kin90, pp. 147–149].
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the universities, some of the research in applied mathe-
matics was in collaboration with CSIR scientists within
the same themes. Areas of activity in pure mathemat-
ics included topology (general, categorical, and algebraic
topology), algebra (group theory, associative rings and al-
gebras), functional analysis and operator theory, differen-
tial equations, and statistics. Despite the academic boy-
cott, international academics, mainly from the USA, the
UK, Israel, Canada, and Australia, continued to collabo-
rate with SA mathematicians, visiting the White universi-
ties or as distinguished guests of the South African Mathe-
matical Society.27

Patterns of research production. We highlight some pat-
terns of research productivity in SA over the last three
decades. Some of these are not uncommon in other sci-
ence systems, others can better be understood from the
socio-political perspectives summarized briefly in the pre-
vious sections. The overall population of SA is estimated to
be just under 60 million, based on projections of the latest
data from the United Nation. Of these about 51% are fe-
male, 9% White and 80% of African descent; in particular
Black women constitute around 46% of the population.

Since its inception, there have been 2828 mathemati-
cians who have been awarded an A-rating. Only two of
them are women: one works in graph theory and emi-
grated to Canada; and the other works in mathematics ed-
ucation and is the past president of the International Com-
mission forMathematics Instruction. The areas of research
which have produced more than one A-rated researcher
are topology, combinatorics, mathematical physics, and
mathematics in science and technology.29 International
exposure appears to be a major factor in obtaining an A-
rating. The majority of the A-rated scientists are either im-
migrants or are SA-born but spent time overseas as grad-
uate students or during the early years of their careers.
Among mathematicians of African ancestry, only one has
attained an A-rating and there have never been anywho are
SA-born. Similarly, no mathematicians formerly classified
as Coloured have earned an A-rating.

In terms of the “descriptors” of the rating system, re-
searchers in the A and B categories enjoy “considerable
international recognition” and this is further described as
“researchers that have recently produced research that is in-
ternationally excellent in terms of originality, significance
and rigour and which substantially advances knowledge

27See: P. Maritz, The South African Mathematical Society 1957–2007,
http://www.sams.ac.za/history-sams, Part G: Programs of SAMS.
28One A-rated mathematician, who was awarded the rating in 1989, is from
the University of Delaware and appears to have no connection to an SA
institution.
29Here we are using the terms used for some ICM sessions.

and understanding in the field.”30 Some of the indicators
mentioned in the document specifically for mathemati-
cians refer to someone who has been “invited as a plenary
speaker at international conferences andworkshops; is reg-
ularly invited for research visits or lectures at overseas uni-
versities.” It would be safe to predict that a tenured profes-
sor at a North American university, or someone at the level
of a senior lecturer at a UK university, would be successful
in gaining at least a C-rating under this system, possibly a
B-rating.

A- and B-rated mathematicians are the top researchers
in SA and currently constitute slightly over 10% of mathe-
maticians working within the national science system (in-
cluding science councils). The total number of rated math-
ematicians constitute just over a third of the mathematics
workforce. Over 70% of the A- and B-rated mathemati-
cians are currently concentrated at four of the 26 SA univer-
sities: two formerly English-medium universities and two
formerly Afrikaans-medium universities. Since 1984, no
more than ten women have earned either an A- or B-rating:
three in graph theory, two in mathematics education, and
one each in approximation theory, statistics, mathemati-
cal physics, and computer science. There is only one SA-
born female of African ancestry ever to appear in this list.

We note that women and people of African ancestry
are grossly underrepresented in the list of researchers who
have ever earned a rating. In the first ten years of the rat-
ing system, only two male researchers of African ancestry
were successful. Only ten females of non-European ances-
try have ever received ratings, seven of whom are foreign-
born. The formerly ethnic universities have had very few
rated mathematicians, in many cases no more than five
andmost were educated at other universities. There is only
one (formerly) ethnic university with a B-rated researcher.

Trends in collaborations with researchers in other coun-
tries have changed considerably since the introduction
of the rating system. Prior to 1984, SA mathematicians
were isolated due to the academic boycott. The rating sys-
tem provided generous funding packages for top-rated re-
searchers with no restriction on research projects to under-
take. They received financial resources for postdoctoral fel-
lowships, hosting research visitors, and undertaking over-
seas research visits. After the first democratic elections
in 1994, countries in the developing world that had ob-
served the academic boycott (e.g., India and other African
countries) established ties with the new government of
SA including academic exchanges. These factors enabled
SA mathematicians to work with researchers from coun-
tries in the Middle East, Asia, and South America, which

30Full description in “Considerable International Recognition (CIR): A Guide
for NRF Specialist Committees and Assessment Panels,” https://www.nrf
.ac.za/document/12-considerable-international-recognition.
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previously had no links to SA. The top ten countries whose
citizens have coauthored publications with SA mathemati-
cians are the USA, Germany, China, Canada, Saudi Arabia,
Austria, the UK, France, Pakistan, and Mexico.

The areas of SA mathematics research have been de-
duced from the self-description of research specializations
that rated researchers have provided, as reflected on the
website of the NRF. These are broadly:31 combinatorics,
ordinary and partial differential equations, mathematical
physics (relativity, gravitational theory, quantum theory,
string theory), operator theory and functional analysis,
probability theory, stochastic processes and statistics, nu-
merical analysis, biology and other natural sciences, fluid
mechanics, general topology, and number theory.

It is generally accepted in the mathematics communi-
ties that an invitation to speak at the International Con-
gress of Mathematicians (ICM), either as a plenary speaker
or an invited speaker at one of the sectional sessions, is
a prestigious recognition and an affirmation of the high
esteem in which one is held by one’s peers globally. In
its more than 100-year history, very few SA mathemati-
cians have earned such accolades; the examples we could
find were Jill Adler (Hyderabad, 2010), Batmanathan
Dayanand Reddy32 (Seoul, 2014), and Mamokgethi Phak-
eng (Rio de Janeiro, 2018) though she was unable to at-
tend. In many instances, there are very few common
themes between the specializations of SA mathematicians
and the topics of the Scientific Programme for the ICMs.
One example worth mentioning is the field of topology.
Over the years in the ICMs, at least 14 mathematicians
have received a Fields medal for their work connected to al-
gebraic topology. Algebraic topology is not one of the spe-
cializations of SA topologists, who mainly work in point-
free, categorical, and asymmetric topology. Since 2000,
only 20 papers in algebraic topology are listed in Math-
SciNet with an SA (co)author. However, in areas such as
mathematical physics33 and combinatorics, it is surprising
that no SAmathematicians have been featured as sessional
speakers, let alone plenary speakers.

In 2007, the NRF and Higher Education South Africa34

(HESA) constituted a joint Review Committee, chaired by
the second author, to put forward some recommendations
on the future of the rating system. The committee commis-
sioned five reports on various aspects of the system, and

31More granular information on the subdisciplines or topics of specialization are
reflected on the NRF website.
32Both Adler and Reddy are A-rated.
33An A-rated mathematician is regarded as one of the leading theorists in cos-
mology and one of a handful of SA scientists to be made a Fellow of the Royal So-
ciety. He coauthored with Stephen Hawking the seminal text The Large Scale
Structure of Space-Time.
34This is a voluntary association consisting of all the presidents of all the 26 uni-
versities in SA.

one was “Mapping the Formal and Informal Use of the
Rating System over time by various Institutions.”35 The re-
port noted that some institutions used the rating system,
among other things, for (a) strategic goals: increasing the
number of rated researchers would be a strategic objective;
(b) recruitment: using the NRF list of rated researchers for
headhunting purposes; (c) human resources management:
using the rating as a criterion for appointment, promotion,
and retention, etc.

Among the 28 A-rated mathematicians, five emigrated
and only two have moved internally from one SA institu-
tion to another after receiving the A-rating. By and large
A-rated researchers have remained at the same institutions.
At the B-category, there has been some movement, espe-
cially when people were approaching retirement age at
their home institution or had officially retired.36 However,
one institution lost the bulk of its B-rated mathematicians
to other universities in a short period of time due to inter-
nal institutional conflicts.
The next generation (under 40). There are a very low
number of young mathematicians who have been success-
ful in earning a rating. The 2018 data from the Higher
Education Management Information System shows that
around 40% (or just over 200) of the academics in mathe-
matics at SA universities are 40 years old or younger. These
are the future academics and intellectual leaders of these
disciplines in the country. Only 39% of them have com-
pleted their doctoral degrees; 37% hold a Masters degree
and the rest teach with the equivalent of a 4-year first de-
gree. A PhD is an unofficial minimum requirement for an
applicant to be considered for a rating. Overall, around
25% of all non-PhD holders teachingmathematics are cur-
rently pursuing their PhDs while still working full-time.
Since it usually takes longer for people registered part time
to complete their studies, they would, on average, bemuch
older when they complete their doctoral degrees and un-
likely to have had international exposure. They can ill af-
ford time for focused uninterrupted postdoctoral research.

There have only been nine mathematicians who re-
ceived the P-rating since 1984, five of them emigrated. The
proportion of staff under 40 who have earned a rating by
the NRF is just under 17%; in particular 23 in mathemat-
ics and only ten in statistics. These low numbers of NRF-
rated young academics in mathematics is worrisome when
one reads the descriptors of the rating categories. To put
it differently, only 17% of young researchers are consid-
ered likely to become future international leaders in their
field or are recognised as having the potential to establish

35Reports available at: https://www.nrf.ac.za/information-source
-group/review-reports.
36There is no single retirement age at the different SA universities and some in-
stitutions retain A- and B-rated researchers beyond their official retirement age.
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themselves as researchers within a five-year period after
evaluation. The demographic profile of under 40 math-
ematicians is 42% female and 58% male; 44.9% African,
8.3% Coloured, 10.7% Indian, and 36.1% White.

Observations made for the A- and B-rated mathemati-
cians are replicated in this group. Firstly, they work in
similar research areas. Secondly, none of the rated young
mathematicians are based at the formerly ethnic univer-
sities or technikons, and not a single one of them is SA-
born of African descent. The SA education system, from
high school to university is not producing enough, if any,
youngmathematicians of African descent who have shown
the potential, according to the rating system, to become
future international leaders in their field or who are recog-
nised as having the potential to establish themselves as re-
searchers within a five-year period after evaluation. We are
struggling to address and overcome the legacy of the Bantu
Education.
Mathematics and the rating system. During the early
years of the rating system, research funding was linked
to a researcher’s rating. These researchers were highly
concentrated at the formerly White universities. Conse-
quently, the formerly ethnic institutions received very lit-
tle research funding from this source. Reinhard Arndt,
head of the FRD, recognised that implementing the sys-
tem in the apartheid higher education landscape would
produce racially skewed outcomes. He developed another
excellence-based scheme, the Development Programme
for BlackUniversities, to accelerate the development of eth-
nic institutions and transform the racial demographics of
students and the workforce in science, technology, and in-
novation [Mok20]. We are aware of only one university
which chose mathematics as an institutional priority area
under this scheme. The introduction of a new rating cat-
egory specifically targeting “late entrants” enjoyed mixed
success and yielded rather disappointing results.

Arndt, who was a firm believer in the Humboldt Princi-
ple of the union between teaching and research, also estab-
lished the Technikon Development Programme [Mok20].
Although technikons did not have a researchmandate, this
programme challenged their academic staff to factor re-
search into their mandates. The rating system has trans-
formed the higher education system in SA, as research in-
tensified in the universities. Some SA universities have
fairly high ratings when benchmarked against the rest of
the world [Mok20].

Highly rated researchers received financial support to
attract and host research visitors and postdoctoral fellows.
This led to some diversification of research areas, one
often-cited example being the theory of locales in topol-
ogy. Some of the young researchers are foreigners who
came as postdoctoral fellows and stayed on as full-time

staff, and are among those who have been successful in
gaining a Y-rating and subsequently moving on to the
higher rating categories.

The impact of the NRF rating system was examined in
one of the five (joint HESA/NRF) reports.37 As expected,
the committee reported that a significantly large propor-
tion of publications involving rated researchers were in co-
authorship with international researchers—this was not
the case for non-rated researchers. It was also reported that
researchers preferred to publish in journals indexed by the
Web of Science compared to local journals. Furthermore,
the average per capita publication rates were significantly
higher for rated researchers when compared to non-rated
researchers.

In the 2010s, research funding was gradually delinked
from ratings. However, the NRF often gave preference to
rated researchers in its other funding instruments. An ex-
ample of this was the South African Research Chairs Initia-
tive established in 2006/07 and aimed at “increas[ing] the
number of world-class researchers in South Africa.” The
first quinquennial review38 of the programme reported that
81% of the Chairs were male, 63% were White, and 31.5%
had been allocated to researchers who were immigrants.
The latter were expected to apply for ratings after taking
up the position. Currently, research funding is a mix of
limited unencumbered grants for rated researchers and
project-based funding aligned to South Africa’s national
priorities.39

Since researchers have to be re-evaluated every six years,
and their rating is based on the previous eight years, there
is a view that the rating system discourages researchers
from venturing into new areas of research lest their pro-
ductivity drop [Vau15, p. 123]. This could be one of many
plausible explanations for the remarkmade by the Interna-
tional Panel for the Review of Mathematical Sciences Re-
search in South Africa which states that “In mathematical
sciences, research is not fully distributed across different areas of
mathematics. In particular, there are some contemporary, main-
stream sub-fields that are not represented and some research in
SA is disconnected from areas of contemporary interest.”40

There is, arguably, a potential limitation of the system
as it favors a narrow disciplinary focus. The requirement
of a “coherent stream of research” has been widely inter-
preted to suggest that an applicant’s research should fall
into a largely monodisciplinary stream of research. Deny-
ing a researcher a rating because of changes in trajectory

37Reports available at: https://www.nrf.ac.za/information-source
-group/review-reports.
38Review available at: https://www.nrf.ac.za/division/rcce
/instruments/research-chairs.
39For details, see: https://www.nrf.ac.za/funding.
40Report available at: https://www.nrf.ac.za/information-source
-group/review-reports.
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(interpreted as a lack of coherent focus) could potentially
count as harmful practice, as it can incentivise a lack of
innovation and constrain natural changes in the trajec-
tory of an individual’s research interests [Cal18, p. 2].
There is also a view that this requirement creates an in-
centive to apply for evaluation in very narrowly focused
areas in order to maximize the rank that the researcher
achieves. This creates an ambiguity in the comparison of
ratings, since the wider scholarly significance of very nar-
rowly defined research areas is not always clear [Fed12, p.
9]. There has also been evidence that the system does not
put much value in research outputs generated by multiple
authors. Thus, researchers who tend to collaborate with
others face greater challenges in achieving higher ratings
than researchers who work on their own [Fed12, p. 18].
In the long run, would it be likely that researchers avoid
collaboration in order to obtain a higher rating? As we
learned in Section 3, lack of collaboration had led to unsat-
isfactory research in the early days of research in SA. All of
these factors may harm the future of mathematics research
in SA.

5. Conclusion
This article provides a snapshot of the SA mathematics re-
search landscape and an examination of it through the
prism of the rating system. We conclude with a few obser-
vations about the rating system and its impact on the SA
mathematics research landscape. First, the rating system
was introduced to provide, among other aims, a bench-
mark of the international standing and recognition of
SA researchers. Since no other countries have adopted a
similar system,41 some reviews of the rating system have
raised key questions about a common interpretation and
acceptance of the descriptors, especially for the A- and B-
categories. The mathematicians in these categories consti-
tute the top decile within the SA science system. The ques-
tion would be whether these researchers are rated (or are
recognized as being) the top decile in the world. To recall
Fedderke’s point: “the wider scholarly significance of very nar-
rowly defined research areas is not always clear.”

Second, the list of all rated scientists constitute
“research-active” faculty within the SA sciences system. We
observe that only 35% of academics in SA mathematics
are rated by the system. It means that SA does not have
even half of its mathematicians currently classified as ac-
tive in research. This is very low by international standards,
as in many countries one cannot get tenure without being
“research-active.” It should however be noted that some re-
searchers, although active and possibly well-respected, al-
low their rating to lapse for a variety of reasons, e.g., they
may have branched into new areas of specializations.

41Note the fundamental difference to the Mexican system.

Third, the research strengths of SA mathematicians are
deduced from the NRF’s data.42 This is useful information
for prospective PhD students looking for potential super-
visors, especially given the fact that SA is a destination for
postgraduate studies for students from other African coun-
tries. We note the disconnect between the research spe-
cializations of SA mathematicians from areas of contem-
porary interest.43 This may have been caused by the system
itself which favors a narrow disciplinary focus, and hence
discourages SA mathematicians from venturing into new
areas of research. The system seems to also favor single-
authored publications, which one may interpret as dis-
couraging collaboration. One may argue that these two
factors, in the long run, may bring back academic isola-
tion. Another conclusion that may be drawn here is that
there seems to be a circular nature in how the rating system
has influenced the way research is conducted. Researchers
may shape their researchwith the intention of fulfilling the
criteria for rating, instead of pursuing their own research
agenda, as intended by de Wet.

Fourth, we observe that most rated mathematicians are
at only four or five historically White universities, and they
are predominantly male and White. Research activities, in-
cluding research training, is mainly concentrated at these
universities. They graduate the bulk of postgraduate stu-
dents with international linkages and collaborations. Over
the years the links between ratings and research funding
has varied but, be that as it may, it has led to a concen-
tration of research funding allocated by the NRF at these
historically privileged institutions and therefore has con-
tributed to perpetuating inequities, which can be traced
back to apartheid policies.

Fifth, we note that the highly rated researchers, espe-
cially those in the A-category, are either immigrants from
other countries or SA citizens trained abroad or having had
international exposure in the early years of their careers.
Among the rated, early-career researchers, there is a size-
able proportion who have either held a postdoctoral po-
sition or have been trained outside of SA. This raises the
question about the ability of SA’s university system to pro-
duce significant numbers of world-class mathematicians.
We cannot determine whether this is a reflection of the
postgraduate training in SA and postdoctoral opportuni-
ties available for those that follow an academic career, or
the process inadvertently favors researchers with an inter-
national experience, or both.

Sixth, we highlight the race and gender inequities
reflected in the low numbers of women and Black

42Rated mathematicians provided their areas of specializations on the NRF
website.
43As mentioned in Section 3, this issue was highlighted in the review report by
an International Panel appointed by the NRF in 2008/9.
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mathematics researchers among the rated mathematicians.
Black people and women are shockingly underrepresented
in the higher categories of this system. One could argue
that the gender disparities associated with the SA rating
system are an example of similar trends globally and con-
sistent with the findings in the book A Global Approach to
Gender Gap in Mathematical, Computing and the Natural Sci-
ences.44 One could also argue that racial disparities are not
unique to SA, if one were to examine other science systems
blighted by a history of slavery and/or colonialism. Inter-
sectionality of race and gender is one framework for ex-
amining the gross underrepresentation of Black women in
the rating system in general and their near absence in the
top categories in particular. If one is Black, female, and
working at a historically Black university, the prospects of
a rating have been and continue to be almost non-existent.
There were special interventions that appear to have had
very limited success and brought about negligible change.

It is unlikely that any changes to the rating system will
take place unless such a recommendation comes through
an independent review of the NRF. A meritocratic system
like the rating system implemented in a highly unequal
country like SA is likely to perpetuate or even exacerbate
inequities. With a population which is at least 90% Black
and 51% female, SA has developed an evaluation system
or a benchmarking tool whose outcomes both reflect and
expose the long-term consequences of Hendrik Verwoerd’s
earlier quote “what is the use of teaching a Bantu child mathe-
matics?” Looking more broadly, however, this article aims
to call attention to and provide an understanding of the
rating system in the context of both the history, and the
future, of SA. It serves as a first attempt to help chart a new
course for SA mathematics.
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and university professionals think about and address the 
equity implications of redesigned math pathways. The goal 
is to ensure that students have access to college-level math 
courses, including those that prepare them to enter STEM 
fields. Based on conversations with 27 college professionals 
and 50 students at six institutions, this report is organized 
by four strategies, identified in earlier Just Equations re-
search, Solving for Equity: 

 • Using inclusive notions of rigor and relevance in the 
design of math pathways. 

 • Replacing prerequisite remedial courses with coreq-
uisite courses and other forms of embedded support. 

 • Institutionalizing practices that foster students’ math 
identity and sense of belonging. 

 • Actively recruiting and providing support for Black, 
Latinx, and other historically excluded students to enroll 
and succeed in STEM pathways. 

Starting Point: An Equity Mindset 
As California college and university professionals described 
their efforts to improve math opportunity and success, the 
following four principles illustrated their equity mindset: 
1. The college is committed to proactively understanding 

and meeting each student’s needs, both academic and 
nonacademic, to ensure student success. 

2. The college assumes responsibility for creating and 
sustaining a college culture that is student centered 
and equity driven. 

3. The college prioritizes equitable practices in the 
classroom. 

Initiatives to modernize mathematics pathways through 
high school and college have opened up new opportu-
nities for students to deepen their quantitative literacy 
skills in ways that are relevant to their educational and 
career interests. New pathways in areas such as statistics, 
data science, and quantitative reasoning—together with 
postsecondary reforms to ensure access to college-level1 

courses—can contribute to equitable math outcomes, but 
only if they are implemented in ways that focus on equity. 
In particular, they need to be designed intentionally: rather 
than reinforcing traditional patterns of tracking, they need 
to attract historically excluded groups into STEM and other 
lucrative majors, such as business and economics, that 
require calculus. 

Solving for Equity in Practice2 examines implementation 
of new math policies in California colleges and universi-
ties to delve more deeply into understanding how college 

Rogéair D. Purnell is the president and CEO of RDP Consulting. Her email 
address is rdpconsult@gmail.com.

Pamela Burdman is the executive director of Just Equations. Her email 
address is pamela@justequations.org.
1Unlike in some states, California community colleges offer some col-
lege-level courses that do not transfer to universities. Because this report is 
for a national audience, we use the term “college-level courses” to refer to 
transfer-level courses. When the term “transfer-level” appears in a quotation 
from a college professional or a student, we leave it as is. 
2See https://justequations.org/resource/solving-for-equity 
-in-practice-report-main/.
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4. The college uses data and feedback from students to 
design reforms, assess reform effectiveness, and inform 
future efforts. 

Equity in Context 
Under the new California policies, Assembly Bill 705 and 
Executive Order 1110, both the California community 
colleges and California state university campuses were re-
ducing or eliminating all remedial math sections, placing 
most or all students into college-level math courses. Along 
with new placement practices, the institutions were adopt-
ing concurrent supports, including corequisite courses, to 
ensure that students have the best chance of successfully 
completing quantitative-reasoning requirements early 
in their college career. These strategies, together with a 
de-emphasis on algebra-centric prerequisites for students 
pursuing non-STEM majors, have been tied to stunning 
improvements in outcomes in both systems early in their 
implementation [1, 2]. 

Equity in Practice 
Interviews with college professionals illustrate progress 
as well as challenges in implementing the four Solving for 
Equity strategies. College professionals had the most to say 
about the second strategy, replacing prerequisite reme-
dial courses with corequisite courses and other forms 
of concurrent support, which is also most directly tied to 
the new state policies. 
Using inclusive notions of rigor and relevance to 
design math pathways 
College professionals were aware of the importance of 
having several math pathway options so that irrelevant 
math requirements wouldn’t serve as an obstacle to stu-
dents’ educational progress. They adopted such practices 
as tailoring math course recommendations to students’ 
majors and using corequisite sections to ensure that the 
math courses students enrolled in align with their academic 
objectives. Many institutions designed visuals to help 
students navigate their options. Counselors and advisors 
work closely with the math department to remain current 
on institutional policies and practices and how best to 
support student needs. 
Replacing prerequisite remedial courses with 
corequisite courses and other types of concurrent 
support 
College professionals were enthusiastic about how corequi-
site strategies could support more equitable math outcomes 
for students who previously would have placed into reme-
dial courses. Many pointed to the removal of remedial-level 
courses in and of itself to illustrate their commitment to 
equity. To fulfill that commitment, colleges created mo-
mentum, built capacity, and made a convincing case for 
the new approaches, using research and data to demon-
strate that students can succeed in college-level courses. 

They embarked on collegewide efforts to design their new 
placement processes, as well as the structure and scheduling 
of new supports, such as corequisite classes. Nevertheless, 
students had varying responses to corequisites. While some 
welcomed the additional support, others seemed confused 
about the purpose of the additional class. 

Institutionalizing practices that foster students’ math 
identity and sense of belonging 
Teaching during the COVID-19 pandemic heightened 
professors’ awareness of student needs and reshaped 
their notions of equity. One result was an emphasis on 
humanizing interactions, ranging from how professors 
introduce themselves to the students via a syllabus to how 
they reach out to students who don’t turn in assignments. 
Because student social networks can contribute to success 
in mathematics, some colleges have supported students 
in the creation of peer support systems or recommend 
that students visit the counseling/advising center. Equi-
ty-minded faculty development is also an important way to 
improve students’ math class experiences. Colleges’ faculty 
development efforts often focused on sharing ownership of 
courses through communities of practice or coordination 
across multiple sections of the same course in order to en-
hance equity by limiting variation by section. Collaboration 
between instructional faculty and counseling profession-
als—including having counselors present in corequisite 
courses—also contributes to ensuring students receive the 
support they need. 

Actively recruiting and providing support for students 
traditionally underrepresented in STEM pathways 
Although recruiting Black, Latinx, and other underrepre-
sented students was not explicitly mentioned in interviews 
as an equity strategy, college professionals shared a fun-
damental concern about colleges’ responsibility to ensure 
that all students were accessing counselors and advisors 
effectively. 

Students echoed that concern, with some noting that 
they needed more guidance to understand their math 
pathway options. In fact, the expansion of modernized 
math pathways tied to majors and careers has led college 
professionals to recognize the need to provide more and 
earlier support for students concerning their majors and 
career choices. Some suggested incorporating career ex-
ploration into math classes. In some community colleges, 
these moves align with efforts to build “guided pathways” 
that map programs to career and transfer outcomes to help 
students stay on track and complete their programs effi-
ciently. Having counselors or advisors dedicated to STEM 
majors was considered a positive strategy by both college 
professionals and students. Students, who reported mixed 
experiences with counselors and advisors, also favored the 
idea of having a dedicated counselor or advisor, rather than 
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Recommendations for Colleges
Based on institutions’ work to advance equity through 
math education, as well as their unfinished agendas, col-
leges should do the following (for a complete list, see the 
full report): 

 • Adopt a clear equity vision that incorporates race- 
specific efforts to dismantle structures that impede STEM 
pathway access and success for Black and Latinx students. 

 • Foster a culture of inquiry that includes: 
 ○ Using disaggregated data to track progress toward 

improving outcomes for marginalized students. 
 ○ Gathering and using student voices and perspec-

tives to inform redesign. 
 • Promote inclusive learning environments that foster 

students’ math confidence and math identity by offering 
professional development to support faculty in employ-
ing culturally responsive teaching and recognizing and 
addressing implicit bias.

 • Provide effective guidance for students through: 
 ○ Frequent and transparent communication about 

math pathway options, requirements, and place-
ment processes. 

 ○ Readily accessible counseling, including strategies 
for encouraging or mandating regular check-ins 
with a counselor.
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consulting different professionals each time they needed 
guidance. 

Equity in the Context of COVID-19
Despite the challenges presented by COVID-19 to students 
and college professionals, both groups noted that some 
aspects of remote learning and other responses to the 
COVID-19 pandemic are worth preserving. Colleges have 
become more aware of the hardships their students face and 
are better equipped to help them. Practices interviewees felt 
could remain beneficial to students post-pandemic include:

 • Instructors’ video recordings of lectures.
 • Increased responsiveness of instructors, including online 

office hours at a variety of times.
 • Instructors’ use of engaging and supportive online tools 

and resources.
 • Continued availability of online scheduling and ap-

pointment options to provide easier access to counsel-
ors, advisors, and tutors, including outside of regular 
business hours.

 • A focus on addressing students’ academic and basic 
needs, including technology needs. 

Equity Work in Progress 
Ensuring that math is not a barrier to college success, par-
ticularly for students who historically have been excluded 
from STEM fields, requires an equity-driven culture. To bet-
ter serve students, colleges need to innovate and take risks. 

The institutions that participated in this study exhibited 
a commitment to eliminating barriers to math success. 
While they had taken concrete steps toward implement-
ing all four of the Solving for Equity strategies, they were 
much further along in implementing the first two. All had 
adopted alternatives to the traditional Calculus pathway, 
allowing students to meet their math requirements with 
college-level courses relevant to their program of study. 
They had also eliminated some or all prerequisite remedial 
math courses, providing concurrent support when needed 
to students in college-level courses. 

The colleges all have more work to do, as none have 
completely eliminated racial/ethnic gaps in gateway math 
completion. Going forward, the colleges have the most 
opportunity to deepen their efforts by focusing on strat-
egies three and four. Though professionals supported the 
idea of inclusive practices that cultivate students’ math 
identities and fostering opportunities for traditionally 
excluded students to pursue STEM disciplines, they had 
fewer accomplishments to share in these two areas. 
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BOOK REVIEW

Erasable You
Reviewed by Daniel S. Silver

Do Not Erase
by Jessica Wynne
Princeton University Press, 2021

Photographs can revive our appreciation of common, ev-
eryday things. A bicycle leaning against a fence or a wheel-
barrow left out in the rain might acquire new, unexpected
beauty. So might a blackboard that has been filled with
mathematical symbols, reflecting sunlight from a window
on a late afternoon.

Do Not Erase is an homage to the humble blackboard,
a loving photo essay about those black and green planar
surfaces on which we have all focused our attentions for
so many years, whether in classrooms, lecture halls, com-
mon rooms, or offices. The book’s creator, Jessica Wynne,
is a photographer but not a mathematician. She is simply
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enchanted by the symbols and drawings that she has seen
on blackboards. Wynne’s work has been featured in The
New York Times, Fortune Magazine, The New Yorker, and Na-
tional Geographic. She is a professor at the Fashion Institute
of Technology in New York City.

With guidance and encouragement from friends Amie
Wilkinson and Benson Farb at the University of Chicago,
Wynne recorded images of mathematicians’ blackboards
at institutions around the world. More than a hundred
are presented in the book. Each is preceded by a personal
statement by the mathematician. The result is a unique
book, one that will enhance anyone’s appreciation of this
lowest of all low-tech mathematical tools. When you are
finished, you might even think that you have chalk dust
on your hands and clothes.

Printing and binding of Do Not Erase were done by
Graphicom, S.p.A, in Verona, Italy. The company, noted
for its museum-quality color reproduction, is used regu-
larly by publishers such as Taschen and Rizzoli. They use
100% green energy and engage in sustainable production.
The results we find in Do Not Erase do not disappoint. Col-
ors are rich and seductive. The pages are large (8 by 11
inches). Impressive also is the fact that the book’s price is
only $35.

As low-tech as blackboards are, they were not the first
erasable medium. In the Middle Ages, students wrote on
wax tablets. And long before that, one simply drew on
sand. There is a popular (but doubtful) legend about
Archimedes of Syracuse ordering an approaching Roman
soldier not to disturb his circles in the sand. According to
the story, his warning was met by the sharp end of a Ro-
man sword. It’s a pity that Archimedes didn’t run away,
first placing a sign that read: DO NOT ERASE.

We do not knowwith certainty whenwriting on slate be-
gan. Geoffrey Chaucer mentioned it in his late fourteenth
century Treatise on the Astrolabe. The practice became wide-
spread four centuries later as land and sea transportation
improved and quarried slate fromWales could be obtained
[1].
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Figure 1. Sunlight streaks across the blackboard of Wilfred
Gangbo at the University of California, Los Angeles.

By the early 1800s, blackboards were being introduced
into classrooms. Not everyone was thrilled by the new
technology. In 1830, Yale students refused to go up to
the board, preferring to recite their assignments from their
desks with their geometry textbooks in hand. The dis-
senting students numbered forty-two, almost half of Yale’s
class. The faculty dismissed them all. The episode became
known as the “Conic Sections Rebellion” [2].

Most of the blackboards in Do Not Erase are black. A
few are green. There are no whiteboards. It is difficult to
be sentimental about whiteboards and those dry, some-
what erasable markers, which have been in classrooms
only since themid 1990s. Perhaps a book like this one will
appear one day, waxing nostalgic about the smell of SD-
Alcohol-40 and isopropanol, but don’t hold your breath.
Or maybe, do.

How fond of blackboards can one be? If there were a
prize given, it would go to Étienne Ghys at École Normal
Supérieure in Lyon. Ghys confesses that when he was be-
ginning his career, he convinced his wife to let him hang a
blackboard in their bedroom. He removed it somemonths
later after they both had gotten tired of chalk dust on the
sheets.

While blackboards are usually associated with class-
rooms, most of the boards in Do Not Erase are in offices
or common areas, where they are tools for research. Math-
ematics is a social activity, as we are reminded by Jan Vonk
at the Institute for Advanced Study in Princeton: “We keep
gathering religiously around our blackboards, where we
share our aspirations and doubts, our successes and fail-
ures, our insights and confusions, and most importantly,
our excitement and passion for mathematics.” Vonk’s
board contains ideas from number theory. On one cor-
ner of the chalk rail is a sign that reads “ERASE,” perhaps
a Zen statement to contrast with the book’s title.

Photography can be voyeuristic. We are uninvited
guests. But a photograph can also involve us in the
scene. Looking at the blackboards in Do Not Erase one
might get the impulse to jump up and write something.

Figure 2. Isabelle Gallagher records a “good week’s work” on
her blackboard at Université de Paris. Like many
mathematicians, she uses her board for teaching students
and working with collaborators.

Collaboration in front of a blackboard is an athletic event,
with participants taking turns getting up to add details or
erase mistakes. If nothing substantial is proved, at least we
get some exercise.

Benson Farb has a different perspective. He describes
working at a blackboard with another person as a dance:
“She can jump up and start writing on the board during
my explanation, amending my computations, noting pos-
sible problems, unwrapping some equation into a flurry
of computations of her own. Doing this dance at the
blackboard with someone is an intense, frustrating, ener-
gizing, and sometimes moving experience.” He concludes,
“Chalkboards are a major part of my life. I couldn’t live
without them.” The drawing on Farb’s board describes an
example of the late William Thurston, a pioneer of low-
dimensional topology. Pink and yellow curves are the end
results of circles dragged by points in the plane. Hazy
white bands of chalk left by his eraser give the drawing a
ghostly touch. The hands of a plain clock above are frozen
at 11:20. Like all of the photographs in Do Not Erase, this
one functions in two ways, telling a deep mathematical
story but also offering us a still life that can be enjoyed by
anyone.

Speaking of chalk, without it a blackboard is useless. Ev-
ery mathematician understands good chalk to be a bless-
ing. With it, writing flows easily and can be read from the
back of the room. There appears to be a consensus among
mathematicians that the world’s best chalk is Hagoromoro
Full Touch Chalk, from Japan (now made in Korea). It is
mentioned three times in Do Not Erase.

On the other hand, bad chalk can ruin a blackboard lec-
ture. If the chalk is too long, it can squeak horribly. Years
ago, faculty and students at Yale would be amused by the
angry reaction of the French-American Yalemathematician
Serge Lang whenever the sound of chalk offended his ear.
They could depend on Lang calling out to the speaker, in
a loud voice: “Break zee chalk! Break zee chalk!”
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Figure 3. Philippe Michel displays a chalk-hazy blackboard at
the Swiss Institute of Technology, Lausanne. He describes a
European method for cleaning boards, using water and
wipers. “With a clean board and a clear mind, you’ll be ready
to start anew.”

Many of the contributors to Do Not Erase described the
artistic experience of working on a blackboard. For Boya
Song, a PhD student at MIT, “it is like painting a portrait
of the mathematical problems in my mind.” There is an
awareness of beauty that can appear on the board unex-
pectedly. Others reflect on the sensual nature of writing
on a smooth, hard surface with soft chalk.

Such thoughts might strike some as ludicrous. What is
beautiful about a blackboard? It is an artist’s task to make
us see overlooked beauty around us. “While most people
taking photographs are only seconding received notions of
the beautiful, ambitious professionals usually think they
are challenging them,” wrote Susan Sontag in her famous
essay On Photography [3]. Wynne has expanded our no-
tions of what is beautiful with her photographs of black-
boards.

In addition to reflections on art, perceptive psychologi-
cal observations about blackboards are found in Do Not
Erase. Nathan Dowlin at Columbia University explains
how the impermanence of blackboard writing encourages
risk-taking. “There is no pressure to get it perfect the first
time, or even to get it right, since it’s going to be erased in
an hour or two anyway.”

Michael Harris, his colleague at Columbia, goes even
further. The mathematics we begin to formulate is tenta-
tive, but “making it visible on the board is one way we
give each other permission to continue.” Harris’s board is
a wide expanse of black slate with writing in white chalk.
A note in the upper right-hand corner reminds us of the
impermanence of blackboardwriting: DONOT ERASE BE-
FORE NOON.

Often mathematics graduate students who are learning
to teach are told that when you present a well-known the-
orem in front of a class, you are recreating it. For that
moment, you take possession of it. Hélène Esnault at the
Free University of Berlin understands this. For her, the

Figure 4. The fluid drawings of Nancy Hingston of the College
of New Jersey will surrender to the eraser when her
blackboard is needed again.

ephemeral nature of blackboard writing evokes a note of
poignancy. “A proof, when we hold it, is a moment of
absolute joy. It is also a farewell. Once it has been pro-
duced, it no longer belongs to us: anyone can reproduce it,
and use it further. The blackboard witnesses the privileged
moment when we meet the proof. In today’s isolation, it
feels almost like a souvenir of a past time.” Esnault’s black-
board has the statement and proof of a theorem about pro-
jective varieties, which was joint work with Moritz Kerz. It
is outdoors on grass, in front of trees. It is summer. Natu-
rally, the blackboard is green, not black.

The large size of blackboards is part of their suggestive
power, something that paper does not share. Perhaps that
is the main reason why many mathematicians like to work
with chalk and eraser in hand. Sun-Yung Alice Chang of
Princeton University calls her big blackboard the best part
of her office. She admits, “I often go in to work just to use
it.” Hers is big indeed. In the photograph, it displays the
statement of the theorem of which she is most proud, the
“4-dimensional conformal sphere theorem.” It was joint
work with Matthew Gursky and Paul Yang. The small table
in front is piled high with pads of paper and reprints. It
is difficult not to believe that we are interrupting them at
work.

There is inspiration and optimism to be gained from
blackboards. When stuck on a difficult point, you can al-
ways stand back and gaze at a large blackboard, letting the
symbols and drawings wash over you, mixing together in
your mind. A drawing that you left up on the board in
your office will be there to greet you every day, reminding
you of what you need to think about (or accusing you of
what you haven’t done). Some drawings might remain un-
erased for months or even years.

Virginia Urban of the Fashion Institute of Technology
gets inspiration in another way. She reflects: “. . . there is
the knowledge that I am writing on a surface that has held
the ideas of decades of people that came before me, and
that I am now a part of that legacy.” Musicians speak in a
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similar way about old, historic instruments. Ironically, Ur-
ban’s board is covered with a workaday lesson about IRS
reimbursements for professional travel. A NO SMOKING
sign, glued to the top right-hand corner of the board, at-
tests to its age.

Blackboards make most people think about teaching
rather than research. Despite all of the electronic teaching
devices inmodern classrooms, blackboards continue to be
preferred by many. Paul Apisa at the University of Michi-
gan offers two axioms that help us understand why. First,
mathematics can be complicated. Second, humans think
slowly. Using a blackboard rather than Beamer slides takes
time and effort, and we have time to digest the thoughts
presented. Ronen Mukamel, at Harvard Medical School
and Brigham and Women’s Hospital in Boston, expresses
the idea this way: chalkboard communication occurs at
the speed of thought rather than the speed of light. And
“chalk-covered fingers are the physical reminder of a pre-
sentation well made.”

Computer presentations with their fleeting images are
not only frustrating for many audience members, their
replacement of blackboard lectures can discourage the
healthy skepticism that students need to develop. Writing
that appears to be typeset and professionally rendered dia-
grams look too good to be wrong. In contrast, lectures pre-
sented at a blackboard usually contain many small—one
hopes, trivial—mistakes that encourage questions. Simion
Philip at the University of Chicago sees the blackboard as
an “active space, ready to change and to carry any thought.”
We modify, we erase, we fix our mistakes and improve our
thoughts when we work at the board. Philip’s board, de-
scribing relationships among surface symmetries, has only
the essential features needed for comprehension. It is easy
on the eye, but it also has the white haze of an erasure, the
scars of intellectual battle.

Do Not Erase is being published as the world struggles to
emerge from a grim pandemic. Staying at home for more
than a year has made all of us more mindful of the peo-
ple and things that encourage our work. Colleagues. Stu-
dents. Campuses. And for many, blackboards. (Alas, not
for Lorenzo Diaz of Pontifical Catholic University, Brazil,
who confesses that he has an allergy to chalk.) Change is
the nature of the world, and nothing is permanent. But
those who read Do Not Erase and admire its artful pho-
tographs will share a hope that blackboards remain with
us at least a little bit longer.

SEEDONOT ERASE PRINTS AT AMSOFFICES. If you
visit the AMS headquarters in Providence, RI, or the Of-
fice of Government Relations in Washington, DC, you
can see some of the full-size prints featured in Do Not
Erase along with the mathematicians’ explanations of
their work. Purchase of the prints was made possible
by contributions from an anonymous donor, AMS Ex-
ecutive Director Catherine Roberts, and Edwynn Houk
Gallery.

The photographs in Providence feature blackboards
of the following mathematicians, all of whom have
been actively involved in the AMS community:

• Kasso Okoudjou (Tufts University)
• Sun-Yung Alice Chang (Princeton University)
• Hee Oh (Yale University)
• Bryna R. Kra (Northwestern University)
• Terence Tao (University of California, Los Angeles)

The print on display in Washington, DC, shows the
blackboard of Amie Wilkinson (University of Chicago).
The AMS is proud to showcase this mathematical art
and the work of these mathematicians. Read more
about the AMS installation at https://www.ams.org
/news?news_id=6826.
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Probability and Forensic Evidence 
Theory, Philosophy, and Applications 
by Ronald Meester and Klaas Slooten

We have all heard that no two 
people have the same fingerprints. 
The question is whether or not 
we are guaranteed to find the dif-
ference between two fingerprints 
given our current technological 
limitations. Questions like this 
are best approached with forensic 
science which uses probability 

and statistics to make decisions regarding the implications of 
evidence. The book Probability and Forensic Evidence contains 
a detailed description of forensic science and its relationship 
to mathematics.

The book begins with a philosophical discussion about 
probability, specifically what P(A) means. It presents two 
approaches. The frequentist approach, which most of us are 
familiar with, defines P(A) to be the proportion of times an 
outcome in A occurs out of a large number of independent 
trials. The second approach is the epistemic approach, which 
is subjective and varies according to the individual. Here 
P(A) reflects the extent to which an individual believes that 
event A occurred based on the information that the individ-
ual has. For instance, after being presented with evidence, 
each juror may have a different level to which they are certain 
of the defendant’s guilt. The frequentist view is problematic 
in criminal trials where you cannot assume that repeated, 
independent trials occur since no two legal cases are exactly 
the same. For this reason, we must adopt the epistemic 
definition of probability which requires reassessing some 
probabilistic tools, including those used for hypothesis test-
ing. Topics explored in the book include Bayesian statistics, 
likelihood ratio, measurement error, Bayesian networks, and 
a mathematical dive into DNA matching, with applications 
to existing practices and tried cases interspersed.

This book is accessible to anyone with at least an under-
graduate background in probability and statistics. It provides 
an example of applied math being utilized in the real world 
while being mindful of the gap that can occur between 
practice and theory. The diligent reader will find much to 
learn and enjoy throughout.

Mage Merlin’s Unsolved 
Mathematical Mysteries 
by Satyan Linus Devadoss and 
Matthew Harvey

Mage Merlin’s Unsolved Math-
ematical Mysteries is a fun and 
engaging collection of 16 un-
solved math problems. The prob-
lems are initially presented as 
though encountered by Merlin 
from Camelot. Each problem is 
prefaced by our fictional guide 

Maryam, a descendant of Merlin who developed her love of 
mathematics by working on these, and other, math puzzles. 
She is named after Maryam Mirzakhani.

The problems cover a wide range of mathematical topics 
including number theory, graph theory, and geometry. Each 
problem can be stated simply and yet remains unsolved. 
After the statement of the problem, a couple pages of 
background information or relevant recent progress on 
the problem are given. The problems presented have ori-
gins that span from ancient civilizations to the twentieth 
century. Early in the text, the question of whether there 
are infinitely many twin primes is asked and the histori-
cal discussion traces the roots of studying primes back to 
Euler. The collection ends with a mystery about the fate of 
an iterative algorithm (the Collatz algorithm) which was 
developed in 1937. 

This is a great book for a high school student who loves 
puzzles. One of the goals of the book is to help excite 
mathematical curiosity in young folks and to show them 
that math goes far beyond the algorithmic manipulations 
they often learn in school. Who knows, maybe the next 
Field medalist will begin their mathematical career after 
getting hooked on one of these simply stated, yet long-
open problems! 
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of highest weight modules over a complex semisimple 
Lie algebra. Its proof by Beilinson-Bernstein and Brylins-
ki-Kashiwara spurred powerful generalizations by revealing 
a deep interplay between the topology of singular “geomet-
ric spaces” (in their case, flag varieties and their subvariet-
ies) and its ability to encode intricate algebraic geometric 
data. The lectures in this volume focus on two highly active 
research directions that have been invigorated by this circle 
of ideas. One is the geometric Langlands program, and the 
second is enumerative algebraic geometry. Although the 
two branches are quite distinct in motivation, they have 
deep, philosophical similarities, and strong technical con-
nections, which help to unify the narrative of the volume.

The material in this volume assumes some familiarity 
with advanced notions in algebraic geometry and represen-
tation theory and would be useful for an advanced graduate 
topics course or for self-study. 

The Mathematics of Data 
edited by Michael W. Mahoney, 
John C. Duchi, and Anna C. Gilbert

Interest in “machine learning” 
and “data science” has exploded 
in recent years. The purpose of 
this volume is to present the 
myriad role that mathematics 
plays in the subject, both by sup-
plying techniques and theorems 
and by providing an abstract and 

cohesive framework. The volume conveys the wide range of 
topics that are used in data analysis, ranging from proba-
bilistic methods in linear algebra and stochastic optimiza-
tion algorithms to homological algebra, and is written by 
leading experts in various fields within mathematics, com-
puter science, and statistics. Each lecture is self-contained 
and can be read independently. The program organizers 
have ensured that the chapters together give a sense of the 
diverse and complementary ways that the topics work to-
gether, making the volume as a whole useful as a textbook 
or supplementary text for advanced undergraduates and 
graduate students.

Since the 1990s, the Park City Math Institute (PCMI) has 
held a three-week long residential program centered around 
a cutting-edge mathematical theme. Research leaders in 
the subject, college and university faculty, undergraduate 
and graduate students, and K–12 educators participate in 
intensive parallel workshops and activities that are cen-
tered around the program’s theme. The program is set up 
to allow members of each group to dive deeply with peers 
into subject matter, while allowing time to mingle with 
others and think holistically about research and education.

For graduate students just beginning to specialize, the 
program can be described as a game-changer. Budding re-
searchers have the chance to attend lecture series by world 
experts, work on problem sets guided by the coming gen-
eration of leaders in the subject, and work together with 
peers from other institutions, building friendships and 
professional networks that will last their lifetimes. The IAS/
Park City Mathematics Series (PCMS) (https://bookstore 
.ams.org/PCMS) publishes compendia of notes from the 
graduate lectures, arranged and prefaced by editors from 
the scientific committee. These volumes serve as a valuable 
snapshot of a moment in the evolution of a subject, and as 
a valuable resource for undergraduates, graduate students, 
and researchers beyond those attending the program. 

To illustrate the kinds of treasures that can be found in 
this series, we describe two recent examples.

Geometry of Moduli Spaces and 
Representation Theory 
edited by Roman Bezrukavnikov, 
Alexander Braverman, and  
Zhiwei Yun

Geometric representation the-
ory is a fast-developing area that 
pulls together topics in algebraic 
geometry, topology of algebraic 
varieties, and representation the-
ory. The field is relatively young, 
growing out of a famous conjec-

ture by Kazhdan and Lusztig from the 1970s on characters 

IA
S/

Pa
rk

 C
it

y 
M

at
h

em
at

ic
s 

Se
ri

es
, V

ol
um

e 
24

, 2
01

7,
 4

36
 p

p.
 

(P
C

M
S/

24
).

Volume 24

Geometry of
Moduli Spaces and

Representation
Theory

Roman Bezrukavnikov
Alexander Braverman

Zhiwei Yun
Editors

IA
S/

Pa
rk

 C
it

y 
M

at
h

em
at

ic
s 

Se
ri

es
, V

ol
um

e 
25

, 2
01

8,
 3

25
 p

p.
 

(P
C

M
S/

25
).

Volume 25

The Mathematics
of  Data

Michael W. Mahoney
John C. Duchi

Anna C. Gilbert
Editors

http://bookstore.ams.org
https://bookstore.ams.org/PCMS
https://bookstore.ams.org/PCMS


SPRING CENTRAL SECTIONAL SAMPLER
Knot Theory
and Complex Curves

Matthew Hedden
Topology is often intertwined with analysis and geometry
in unexpected and beautiful ways. A familiar example of
this phenomenon is provided by the Riemann mapping
theorem: if the topology of a domain in the complex plane
is simple enough, then it is analytically simple. In partic-
ular, if it is simply connected and not all of ℂ, then it is
holomorphically equivalent to the unit disk. A variant of
the mapping theorem can be stated as “a loop in the plane
without self-intersections bounds a region that is holomor-
phically equivalent to the unit disk.”

From a topological perspective, loops in ℂ ≅ ℝ2 with-
out self-intersections are quite simple. Indeed, any such
loop can be deformed to any other through a family. If
one allows loops to extend into ℝ3, the situation becomes
far more complicated. Knot theory studies loops in ℝ3

without self-intersections, up to an equivalence defined
by smooth deformation. It is convenient to regard loops
in ℝ3 as living instead in the 3-dimensional sphere 𝕊3
that arises from compactification. This sphere can also be
viewed as the set of unit vectors in ℂ2. From this perspec-
tive one can ask about an analogue of the Riemann map-
ping theorem: which knots in the unit sphere 𝕊3 ⊂ ℂ2

bound holomorphically embedded disks in the interior of
the unit 4-ball?

It turns out that an answer comes from a solution to a
closely related question that will frame my talk at the AMS
Spring Central Sectional Meeting. Recall that a complex
polynomial in two variables 𝑓(𝑧, 𝑤) ∈ ℂ[𝑧, 𝑤] specifies an
algebraic curve 𝑉𝑓 ⊂ ℂ2 through its zero locus. My talk will
address the following question.

Question. Which knots arise as the intersection of an al-
gebraic curve with the unit 3-sphere in ℂ2?

I’ll call such knots ℂ-knots. The connection between
the question above and holomorphically embedded disks
comes from the fact that the part of an algebraic curve
in the interior of the unit 4-ball can be parametrized by
a holomorphic map from a Riemann surface. Because I

Matthew Hedden is a professor of mathematics at Michigan State University.
His email address is mhedden@math.msu.edu.
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meeting was rescheduled. We reprint it here in advance of the Spring Central
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For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2069

Figure 1. The red curve represents the intersection of the unit
3-sphere 𝕊3 ⊂ ℂ2 with the zero locus of the polynomial
𝑓(𝑧, 𝑤) = 𝑧3 − 𝑤4.

work with knots, which are loops up to deformation, I can
smoothly vary the loop in its equivalence class so that the
distinction between a holomorphic map and an algebraic
curve disappears.

Example. A quintessential example of a ℂ-knot is pro-
vided by the polynomial 𝑓(𝑧, 𝑤) = 𝑧3 − 𝑤4. The zero
locus of 𝑓 can be parametrized by the holomorphic map
𝛾 ∶ ℂ → ℂ2 given by

𝑡 𝛾⟶(𝑡4, 𝑡3).
Considering the intersection of the curve with the 3-

sphere of vectors (𝑧, 𝑤) satisfying |𝑧|2 + |𝑤|2 = 1, we ob-
tain the equation |𝑡|8 + |𝑡|6 = 1. As the left-hand side is
an increasing continuous function of |𝑡| ≥ 0, we find there
is a unique solution 𝜆. This shows that the intersection
between the image of 𝛾 and the 3-sphere is an embedded
circle, parametrized by

𝜆𝑒𝑖𝜃 𝛾⟶(𝜆4𝑒4𝑖𝜃, 𝜆3𝑒3𝑖𝜃).
Geometrically, this is a curve that lies on the torus 𝜆4𝕊1 ×
𝜆3𝕊1 ⊂ ℂ×ℂ and that wraps 4 times around the first circu-
lar coordinate while wrapping 3 times around the second.
The knot represented by this curve is called the torus knot of
type (4, 3) and is illustrated in Figure 1. Note that the knot
bounds an embedded disk, holomorphically parametrized
by the restriction of 𝛾 to the disk of radius 𝜆, but that the
mapping is singular at the origin where the gradient of 𝛾
vanishes.

The subject of ℂ-knots lies at the crossroads of a num-
ber of branches of mathematics. These knots play an
important role in low-dimensional topology, where they
have been the subject of guiding conjectures. In alge-
braic geometry they figure prominently in the study of sin-
gular points of algebraic curves (like the origin in the
example above). They are tightly connected to certain
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geometric structures on 3-manifolds called contact struc-
tures and to analogous symplectic structures on smooth 4-
manifolds. They are closely related to braid groups and
mapping class groups, wherein ℂ-knots admit group theo-
retic characterizations. A rich interaction has also beenwit-
nessed between ℂ-knots and topological invariants stem-
ming from the fields of gauge theory, Floer homology, and
categorification. In my talk I will survey the history of ℂ-
knots, discuss a number of the interactions mentioned
above, and highlight some recent advances and general-
izations in their study.

Matthew Hedden

Credits

Figure 1 was created by the author.
Photo of Matthew Hedden is by Harley J. Seeley.

FEATURED TITLES FROM

Titles published by the Hindustan Book Agency (New Delhi, India) 
include studies in advanced mathematics, monographs, lecture notes, 

and/or conference proceedings on current topics of interest.

Discover more books at bookstore.ams.org/hin.
Publications of Hindustan Book Agency are distributed within the Americas by the

American Mathematical Society. Maximum discount of 20% for commercial channels.

Analysis I
Third Edition
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CA
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SPRING CENTRAL SECTIONAL SAMPLER
The Geometry
of Toric Syzygies

Christine Berkesch
To study the invariants of an algebraic variety 𝑌 ⊂ ℙ𝑚 over
an algebraically closed field 𝕜, one can pass to the ideal 𝐼𝑌
in 𝑅 = 𝕜[𝑥0, 𝑥1, … , 𝑥𝑚] consisting of polynomials that van-
ish on the points in 𝑌 . Computing invariants of such an
ideal necessitates a widening of scope to any finitely gen-
erated module 𝑀 over 𝑅 which can be presented in terms
of generators and relations. These relations again have re-
lations, and so on. By successively approximating 𝑀 in
this way, and minimally so, we obtain an acyclic complex,
called the minimal free resolution of 𝑀,

𝐹• ∶ 𝐹0
𝜕1←− 𝐹1

𝜕2←− ⋯ 𝜕𝑚←−− 𝐹𝑚+1 ← 0,
where the𝐹𝑖 are freemodules, which are simply direct sums
of the polynomial ring 𝑅 itself. Note that the article “the”
is appropriate here, as a minimal free resolution is unique
up to isomorphism.

If 𝑀 is graded so it has generators and relations that
are homogeneous, then after fixing bases, each 𝜕𝑖 can be
represented as amatrix of homogeneous forms. One keeps
track of the degrees of these forms by decorating the free
modules with parenthetical integers, which are negated by
convention. For example, with 𝑅 = 𝕜[𝑥0, 𝑥1],

𝑅
[ 𝑥20−𝑥21 𝑥0𝑥21 𝑥31 ]←−−−−−−−−−−−−−

𝑅1(−2)
⨁

𝑅2(−3)

[
𝑥21 0

−𝑥0 𝑥1𝑥1 −𝑥0
]

←−−−−−−−− 𝑅2(−4) ← 0

is the minimal free resolution of 𝑅/⟨𝑥20 − 𝑥21, 𝑥0𝑥21, 𝑥31⟩. By
construction, a minimal free resolution is acyclic or has
no higher homology. Gröbner basis techniques are quite
effective for computing (graded) minimal free resolutions,
and this has been implemented in a variety of computer
algebra software systems.

What geometric information can be recovered from a
minimal free resolution 𝐹•? To begin, there is the cele-
brated Hilbert Syzygy Theorem. Over the polynomial ring,
𝐹• has finite length: above, we see that 𝐹𝑖 = 0 for 𝑖 > 𝑚+ 1.
In fact, if 𝑀 comes from geometry, meaning that it is not
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supported at the graded maximal ideal, then this bound
can be lowered by one, so that its minimal free resolution
has length at most 𝑚 = dim(ℙ𝑚).

Given a variety 𝑌 ⊂ ℙ𝑚, the dimension of 𝑅/𝐼𝑌 in de-
gree 𝑑, or Hilbert function of 𝑅/𝐼𝑌 at 𝑑, is known to even-
tually be a polynomial in 𝑑, called the Hilbert polynomial
of 𝑌 . The leading coefficient of this polynomial encodes
the degree of 𝑌 , which is the number of points obtained
by intersecting 𝑌 with a linear subspace of complementary
dimension. And this is only the beginning. For instance,
if 𝐶 ⊂ ℙ𝑚 is a curve, then the Hilbert polynomial of 𝐶 is

(degree𝐶)𝑑 + (1 − genus𝐶),
whose coefficients topologically classify the embedded
curve.

Finally, detecting when a minimal free resolution in-
volves only linear forms is related to Castelnuovo–Mumford
regularity. This invariant measures the vanishing of sheaf
cohomology, as well as controlling when the Hilbert poly-
nomial and Hilbert function coincide.

With so many spectacular examples of geometry com-
ing from syzygies for projective space, one might look
for an analogous theory for spaces that have a similar
ideal-variety correspondence. However, even for a prod-
uct of projective spaces, minimal free resolutions do not
as closely reflect geometry. For instance, a minimal free
resolution can be much longer than the dimension of the
ambient space. Seeking to remedy this situation, Daniel
Erman, Gregory G. Smith, and I began developing the the-
ory of virtual resolutions for smooth complete toric varieties.
These are complexes that, while they are no longer acyclic
or unique up to isomorphism, better reflect the geomet-
ric theory of syzygies that mirrors the story for projective
space.

Christine Berkesch
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From CAARMS25 to CAARMS
2021 and Beyond: Conferences

for African-American
Researchers in the

Mathematical Sciences
William A. Massey

Introduction
In the early 1990s as a researcher at Bell Laboratories
(then AT&T, later Lucent Technologies, Alcatel-Lucent, and
currently Nokia), I was one of many African-American
mathematicians with an idea for a forum that addressed
the critical issues involving African-American researchers
and graduate students in the mathematical sciences. This
would be a conference that would highlight current re-
search by African-American researchers and graduate stu-
dents in the mathematical sciences. It would serve to
strengthen the mathematical sciences by encouraging in-
creased participation of African-Americans, creating a com-
munity of African-American mathematicians, and provid-
ing assistance to them in cultivating their careers.

The first conference took place in 1995 at the Mathe-
matical Sciences Research Institute (MSRI) in Berkeley, CA,
hosted by the late William Thurston, who was the direc-
tor of MSRI at that time. It was called the Conference for
African-American Researchers in the Mathematical Sciences

William A. Massey is a professor of operations research and financial engineer-
ing at Princeton University. His email address is wmassey@princeton.edu.

Communicated by Notices Associate Editor Asamoah Nkwanta.

For permission to reprint this article, please contact:
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DOI: https://doi.org/10.1090/noti2413

or CAARMS for short. CAARMS has taken place annu-
ally from that first meeting, which is now referred to as
CAARMS1. One year later, CAARMS2 was held in New Jer-
sey at the mathematics institutions of DIMACS, Bell Lab-
oratories, and the Institute for Advanced Study. It was co-
hosted bymyself and the late Nathaniel Dean. As different
people became involved over a 25-year consecutive string
of conferences, my role was always as one of the organizers
and cohosts.

This article is a chronicle of CAARMS during the recent
years of 2019–2021, a time of many expected and unex-
pected CAARMS milestones as we celebrated our 25th an-
niversary in 2019. This is a conference that has all of the
intimacy of a specialized workshop but the mathematical
breadth of a larger conference. One legacy of CAARMS
after 25 years is having over 120 CAARMS poster presen-
ters who have since completed PhDs in the mathematical
sciences. Moreover, over 50 CAARMS speakers or poster
presenters have become tenured faculty in the mathemat-
ical sciences. This has led to the creation of a sustainable
community of African-American mathematicians.

For each of the CAARMS events described in this
article, we note the special relationships between the
new CAARMS attendees and those who attended past
CAARMS conferences. Under the subsection titles of
“Background” we discuss some of these connections that
reveal the history of the earlier ones as well as point to the
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personal-professional relationships that have helped to
sustain a Black mathematical community for all these
years.

We begin by reviewing the speakers and topics pre-
sented at our first day-long special session at the Janu-
ary 2019 Joint Mathematics Meetings in Baltimore, MD.
This session was sponsored by the American Mathemati-
cal Society and informally called “CAARMS times 25” or
“CAARMS×25.” We then summarize the 25th anniversary
CAARMS conference, hosted by the Princeton Department
of Operations Research and Financial Engineering (ORFE),
held in June of 2019. Next, we reflect on the mathemati-
cal adventures of the six CAARMS attendees who partici-
pated in the School of Mathematics Summer Collabora-
tors Program at the Institute for Advanced Study (IAS) for
the month of July 2019.

The global tragedy of the COVID pandemic in 2020,
coupled with the subsequent quarantines and lockdowns,
brought a one-year suspension to our standard, in person
CAARMS event. We discuss some of the achievements and
milestones within the CAARMS community that year.

Finally the year 2021 witnessed a repurposing of
CAARMS as an online conference with a new logo. The
occasion also called for a new numbering system, hence
the successor to CAARMS25 is now CAARMS 2021. We ex-
plore the new conference structure this inspired alongwith
the mathematical topics that were presented. Finally, we
share some of our new-found perspectives onmathematics
and CAARMS events. With our renewed sense of focus and
purpose, we look forward to having face-to-face meetings
again in 2022 and for years to come. More details and in-
formation about the past, present, and future of CAARMS
can be found at our website link caarms.princeton.edu.

Figure 1. From the CAARMS25 logo on the left to the
CAARMS 2021 logo on the right.

Baltimore JMM: CAARMS×25
To celebrate the 25th anniversary of CAARMS, we made
our Joint Mathematics Meetings debut in Baltimore, MD,
by running an American Mathematical Society Special Ses-
sion. The CAARMS×25 speakers were:

1. “The Falconer Distance Set Problem”- Bobby Wilson,
University of Washington.

2. “Queueing Theory in the Age of Technology”- Jamol
Pender, Cornell University.

3. “Algorithms for Computing Tau Signatures” - Alfred G.
Noël, University of Massachusetts, Boston.

4. “Numerical and Analytic Study of Dynamic Materials”
- Suzanne L. Weekes, Worcester Polytechnic Institute.

5. “BPTree: an ℓ2 Heavy Hitters Algorithm Using Con-
stant Memory” - Jelani Nelson, Harvard University.

6. “Correlation Induced by Missing Spatial Covariates:
A Connection Between Variance Components Models
and Kriging” - Monica C. Jackson, American University.

7. “Theory and Applications of Algebraic and Combina-
torial Constructs” - Edinah K. Gnang, Johns Hopkins
University.

8. “Quantum Measurement Problem” - James D. Whit-
field, Dartmouth College.

9. “Dynamic Queueing Transience” - William A. Massey,
Princeton University.

10. “Gabor Frames with Arbitrary Redundancy and Wil-
son Tight Frames in 𝐿2(ℝ)” - Kasso Okoudjou, Tufts
University.

Background.

• BobbyWilson first spoke at CAARMS21, held at the In-
stitute for Computational and Experimental Research
Mathematics (ICERM) located in Brown University.
He is a graduate of Morehouse College and was first
brought to our attention by CAARMS24 speaker Ul-
rica Wilson.

• Jamol Pender first attended CAARMS14 in 2008 as a
University of Pennsylvania graduate about to enter the
Princeton ORFE PhD program, where the author be-
came his PhD adviser. He was introduced to our con-
ferences by Idris Stovall, who first spoke at CAARMS8
and was an inaugural attendee of CAARMS1.

• Alfred Noël first attended CAARMS2 in 1996. He was
invited to CAARMS by his PhD thesis advisor, Donald
King, who spoke at CAARMS4 at Rice University.

• Suzanne Weekes first spoke at CAARMS13 in 2007,
held at Northeastern and the University of Mas-
sachusetts at Boston, hosted by Donald King and Al-
fred Noël.

• Jelani Nelson first spoke at CAARMS21 in 2015. He
is now a tenured professor of computer science at the
University of California at Berkeley.
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• Monica Jackson has been a longtime CAARMS orga-
nizer. She is the Deputy Provost and Dean of Faculty
of American University as well as the codirector of the
Summer Program in Research and Learning (SPIRAL).

• Edinah Gnang first attended CAARMS19 as a Rut-
gers University graduate student in 2013, when it was
hosted by the University of California at San Diego,
and also first spoke at CAARMS21.

• James Whitfield was an undergraduate at Morehouse
College majoring in chemistry and mathematics. He
received his PhD from Harvard University in Chemi-
cal Physics. He first spoke at CAARMS20 in 2014.

• William A.Massey, the author, is both a founder and a
perpetual organizer of CAARMS. He is the first Black
Princeton undergraduate to become a Princeton full
professor. He is an inaugural Fellow of the American
Mathematical Society (AMS) and a Fellow of the In-
stitute for Operations Research and the Management
Sciences (INFORMS).

• Kasso Okoudjou first attended CAARMS8 in 2002,
when it was also hosted by the Princeton ORFE De-
partment. He is one of the first CAARMS poster award
winners. Moreover, his 2016 PhD student Chae Clark
was an award-winning poster presenter at CAARMS21.

CAARMS25 at Princeton

Figure 2. CAARMS25 group photo, June 2019, Princeton
University.

CAARMS25 or the Twenty-Fifth Conference for African-
American Researchers in the Mathematical Sciences was
held at Princeton University, with 100 students and re-
searchers in attendance. The hosts and organizers were
Gelonia Dent of Medgar Evers College, City University of
New York; Monica Jackson of American University; and
William A. Massey of Princeton University.

The primary CAARMS25 sponsors were the National
Security Agency, the Princeton ORFE Department, and
Facebook. Supporting sponsors include the Princeton
University Campus Conversations on Identities (CCI), the

Figure 3. CAARMS25 Organizer Gelonia Dent and poster
presenter Joshua Benjamin III.

Harvard University Center for Nanoscale Systems, and
IvySys Technologies.

CAARMS25 began with the J. Ernest Wilkins Workshop
for Future Researchers, named in memory of the outstand-
ing mathematician J. Ernest Wilkins (1923–2011). In
1944, he was the youngest person to receive a PhD in
mathematics from the University of Chicago. For the first
ten CAARMS conferences, he was a regular attendee, a
CAARMS1 inaugural speaker, and a CAARMS5 keynote
speaker.

Below is the list of speakers for CAARMS25:

1. “Fractional Brownian Stochastic Differential Equa-
tions with Discontinuous Coefficients: Existence,
Uniqueness & Transportation Inequalities” - Ludovic
Tangpi, Princeton University.

2. “Extremals for Morrey’s Inequality” - Ryan Hynd, Uni-
versity of Pennsylvania.

3. “Flexible Regression Models for Dispersed Count
Data” - Kimberly Sellers, Georgetown University.

4. “Recent Advances in Random Projections” - Jelani Nel-
son, University of California, Berkeley.

5. “Correlation Induced by Missing Spatial Covariates” -
Monica Jackson, American University.

6. CAARMS25 Rudy Lee Horne Jr. Speaker in Applied
Mathematics: “A Weaker Notion of Convexity for Ac-
tions beyond Fluid Mechanics” - Wilfrid Gangbo, Uni-
versity of California, Los Angeles.

7. “CODAP: An Action Plan for Decision Making and
Collaboration” - Lincoln Chandler, Chandler Decision
Services.

8. “Understanding Systemic Risk at Large” - Jonathan
Welburn, RAND Corporation.

9. “CAARMS Symposium on Data Science” - Organizer
Otis Jennings, Mathematica with Andrea Watkins
Hairston, Netflix; Karolyn Babalola, Booz Allen; and
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Figure 4. CAARMS25 poster presenter Jasmine Evans and
symposium panelist Sydeka Watson.

Sydeaka Watson, Eli Lilly & Company / Korelasi Data
Insights.

Background.

• Ludovic Tangpi is currently an assistant professor in
the Princeton Department of Operations Research
and Financial Engineering. He is also an alumnus
of the African Institute for Mathematical Sciences
(AIMS).

• Ryan Hynd first spoke in CAARMS17, hosted by the
Institute for Pure and Applied Research (IPAM) at
UCLA. He was mentored as an undergraduate at Geor-
gia Tech by CAARMS25 speaker Wilfrid Gangbo.

• Kimberly Sellers attended the inaugural CAARMS1
conference in 1995 as a graduate student. She and
Monica Jackson have collaborated on joint research
in statistics.

• Jelani Nelson. See Background subsection in Balti-
more JMM: CAARMS× 25.

• Wilfrid Gangbo was our second Rudy Lee Horne
Speaker in Applied Mathematics.

Figure 5. CAARMS25 speaker Wilfrid Gangbo.

This lecture is named after the late Rudy L. Horne
(1968–2017), who was a significant presence at the
first 23CAARMS conferences before his untimely pass-
ing in 2017. In 2018 at CAARMS24, our inaugural
Rudy Lee Horne speaker was Christopher Jones from
the University of North Carolina at Chapel Hill and
postdoctoral advisor to Rudy during the years 2003–
2006. Wilfrid Gangbo was a postdoctoral student vis-
iting MSRI at CAARMS1 when he first met Rudy in
1995.

Figure 6. In memorium: left to right, J. Ernest Wilkins Jr.
(1923–2011), Rudy Lee Horne Jr. (1968–2017), Angela E. Grant
(1973—2010), and David H. Blackwell (1919–2010).

Rudy Horne attended CAARMS1 as a graduate stu-
dent and was one of our first student poster presen-
ters at CAARMS2. He then became one of our in-
vited CAARMS speakers and ultimately became our
CAARMS23 keynote speaker in 2017. He made a last-
ing impact that year as the technical advisor to the
movie Hidden Figures. Many of our CAARMS photos
of Rudy are featured in the memorial article, written
by Della Dumbaugh and published in the Notices [1].

• Lincoln Chandler first attended CAARMS20. He
spoke at CAARMS25 about his new collaborative ef-
forts. His topic has its origins in the uniquely interdis-
ciplinary CAARMS discussions between computer sci-
ence, the data sciences, and data-driven decision sci-
ences.

Figure 7. CAARMS25 speaker Lincoln Chandler.
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• JonathanWelburn first attended CAARMS20 as a grad-
uate student from the University of Wisconsin and is
a former CAARMS poster award winner.

• Otis Jennings of Mathematica, who organized our
CAARMS Symposium on Data Science, first attended
CAARMS1 as a PhD student at Georgia Tech. The sym-
posium began with a series of project-based case stud-
ies. Each one was highlighted by the data science con-
tribution of the speakers.

Otis Jennings was one of the PhD thesis advisors
for Andrea Hairston. Jennings’ PhD lineage goes all
the way back to John Robert Kline, through his PhD
student Donald Flanders. Kline was the PhD advi-
sor to three Black mathematicians. His first Black
PhD student was Dudley Weldon Woodard, the sec-
ond African-American to receive a PhD in mathemat-
ics. This makes Otis Jennings and Andrea Watkins the
most recent Black PhDs with the closest mathematical
lineage to the second African-American mathematics
PhD.

CAARMS25 poster session. Many students stood before
the conference audience and made brief (two minute)
oral presentations about their research in our lightning-
round sessions. This was a prelude to the CAARMS An-
gela Grant Poster Session for Student Researchers held at
the end of the day. At CAARMS17 in 2011, the poster ses-
sion was renamed in memory of the late Dr. Angela Grant
(1973–2010), a longtime active CAARMS participant and
one of the first poster session award winners. In 2019 at
CAARMS25, the poster eventwas preceded by a special trib-
ute to Angela organized by Gelonia Dent and Monica Jack-
son.

Figure 8. CAARMS25 sponsor James Debardelaben and
poster presenter Njuguna Thande.

The student posters were judged by a panel of
CAARMS25 participants. The award winners were:

• Best Theory Award: Joshua Benjamin III, Harvard
University (second from the right in Figure 9), for

“Existence of Kähler-Einstein Metrics on Compact
Manifolds.”

• Best Modelling Award: Nicholas A. Johnson, Prince-
ton University (on the far right of Figure 9), for “Gen-
eral Purpose Monte Carlo Optimisation Engine in
R with Acceptance Ratio Annealing and Replica Ex-
change.”

• Best Presentation Style Award: Jasmine Evans, Mor-
gan State University (center of Figure 9), for “RNA
Combinatorics and Prediction of microRNAs in Can-
cer.”

• Best Algorithm Award: Mourchid Adegbindin, École
Polytechnique de Montréal (second from the left of
Figure 9), for “ANewEfficient Algorithm for the Vertex
Coloring Problem.”

• Outstanding Undergraduate Award: Njuguna
Thande, Princeton University (in Figure 8), for “Find-
ing Repeating Musical Parts with the Matched Filter.”

Figure 9. CAARMS25 speaker Kimberly Sellers (left) with the
poster award winners.

CAARMS25 concluded with the David Blackwell Work-
shop for Future Research, named in memory of the late
Professor David Blackwell (1919–2010), a leading pio-
neer inmathematical statistics and themost accomplished
African-American mathematician of the 20th century. This
is a forum where the CAARMS poster winners give 20-
minute lectures about their work.

In September 2019, our CAARMS poster winner
Nicholas Johnson received the Class of 1939 Princeton
Scholar Award. This is awarded each year to “the Prince-
ton undergraduate who, at the end of junior year, has
achieved the highest academic standing for all preceding
college work at the University.”
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InMay of 2020, he was selected to be the Princeton vale-
dictorian for the class of 2020. This made him the first
Black valedictorian in the 274-year history of Princeton as
well as the first ORFE major valedictorian in the 20-year
history of the department.

In December of 2020, our CAARMS25 poster winner
Jasmine Evans became the first African-American mathe-
matics PhD graduate of Morgan State University. Her PhD
advisor was a CAARMS1 inaugural attendee, Asamoah
Nkwanta, chair of the Morgan State University Mathemat-
ics Department.

2019 IAS Summer Collaborators
Working with the Institute for Advanced Study, six
CAARMS participants participated in the IAS School of
Mathematics Summer Collaborators Program. Organizer
William A. Massey, together with Robert Hampshire, Al-
fred Noël, and Jamol Pender, spent the entire month of
July at IAS working on new research projects centered
around the theme of the Spectral Dynamic Analysis of Sto-
chastic Service Networks. They were joined by CAARMS25
attendees Paul Fomenky, a former PhD student of Alfred
Noël, and PrincetonORFE graduate student Emmanuel Ek-
wedike.

Figure 10. IAS School of Mathematics Summer Collaborators
Program, July 2019.

The synergy of the IAS Summer Collaborators pro-
gram led to the final chapter of the PhD dissertation for
CAARMS25 attendee Emmanuel Ekwedike, who success-
fully defended his thesis in August of 2020.

CAARMS 2021 Online
As mentioned in the Introduction, because of the global
pandemic, there was no CAARMS in 2020 and CAARMS
2021 was reimagined as an online conference. The lec-
tures were organized around four major themes: Machine

Learning and Statistics, Data Driven Decision Making,
Quantum Materials and Quantum Computation, and fi-
nally Transportation and Infrastructure.

The speakers for CAARMS 2021 were:

1. “Estimating Causal Peer Influence in Homophilous
Social Networks by Inferring Latent Locations” - Ed-
ward McFowland III, Harvard Business School.

2. “Leveraging Dataset Structure for Neural Network Pre-
diction” - Christine Blanchette-Allen, Princeton Univer-
sity.

3. “Coming to Grips with the Reality of Data Science - It’s
People All the Way Down - Round 2” - Vukosi Mari-
vate, University of Pretoria.

4. “Comparing a Large Scale Machine Learning System
to Academic ML” - Frederick Campbell, Microsoft.

5. “Beyond Safety Drivers: Staffing a Teleoperations Sys-
tem for Autonomous Vehicles” - Jamol Pender, Cornell
University.

6. “Internet Measurement for the Prevention and Detec-
tion of Internet Surveillance” - Laura Roberts, Prince-
ton University.

7. “TheDevelopment of COVID-19 Vaccine Equity Index
Decision Making Using Conditional Probability with
Future Applications” - Stephen Lockhart MD, former
Chief Medical Officer for Sutter Health.

8. “How to Build a Quantum Computer with Topo-
logical Materials” - Jacob Gayles, University of South
Florida.

9. “Quantum Computing: What’s the Hype?” - James
Whitfield, Dartmouth College.

10. “Research, Data, and Policy at the Department of
Transportation” - Robert Hampshire, United States De-
partment of Transportation.

The CAARMS 2021 events were scheduled to accommo-
date the geographical spread of our participants. In addi-
tion to CAARMS participants on the East Coast, we had
West Coast registrants in the San Francisco Bay Area, like
N. Duru Ahanotu, Harry Bims, and Jean Borgella, and in
the Seattle area, like our speaker Frederick Campbell. In
addition, we had Leonce Mekinda in Hamburg, Germany,
Patrick Tenga in Alexandria, Egypt, and our speaker Vukosi
Marivate in Pretoria, South Africa, all in times zones six
hours later than eastern standard time.
Background.

• Edward McFowland III was invited by Robert Hamp-
shire to attend CAARMS17 as a graduate student
poster presenter.

• Christine Blanchette-Allen has a PhD in Computer
Science from the University of Pennsylvania and cur-
rently has a postdoctoral position in the PrincetonDe-
partment of Mechanical and Aerospace Engineering.
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She will become an assistant professor in the same de-
partment by the Fall of 2022.

• Vukosi Marivate is currently the UP ABSA Chair of
Data Science at the University of Pretoria and Co-
Founder of Deep Learning Indaba. Edinah Gnang
is one of his graduate student classmates from Rut-
gers University. He was a CAARMS20 poster presenter
back in 2014.

• Jamol Pender. See Background subsection in Balti-
more JMM: CAARMS×25.

• Laura Roberts became the second Black person to re-
ceive a Computer Science PhD from Princeton Uni-
versity in 2021. The first is Corey Toler-Franklin, who
presented her work at CAARMS17 in 2011 at IPAM.

• Stephen Lockhart MD also has a PhD in Biostatistics.
Along with the author and Edward McFowland III, he
hails from Saint Louis, Missouri, where he graduated
from Washington University as a Rhodes scholar.

• Jacob Gayles also attended CAARMS17 as a graduate
student poster presenter. Gayles and James Whitfield
jointly gave the Rudy Lee Horne Jr. Applied Mathe-
matics Lectures for CAARMS 2021. The day before
their main lectures, they both gave hour-long tutori-
als on quantum mechanics.

• Robert Hampshire is currently serving as the Deputy
Assistant Secretary for Research and Technology and
Chief Science Officer at the United States Department
of Transportation under the Biden Administration.
The author was his PhD adviser at the PrincetonORFE
Department. He was first a CAARMS7 graduate stu-
dent poster presenter at Duke University in 2001.

Figure 11. CAARMS 2021 Speaker Robert C. Hampshire,
Deputy Assistant Secretary for Research and Technology and
Chief Science Officer at the US Department of Transportation.

CAARMS 2021 Workshop Projects. Along with the
quantum tutorials, CAARMS 2021 included two workshop
presentations:

1. “CAARMS Data from CSV to 3D” - Orville Dillon Jr.,
New Jersey Institute of Technology.

2. “The Hidden Equations behind the Hidden Figures” -
Elisha Emadasu, Medgar Evers College, City University
of New York.

Figure 12. Online CAARMS 2021 Workshop.

The first Workshop Project was to create an infographic
display of mathematical interests of CAARMS 2021 regis-
trants. Here, we borrow from the collaborative culture
of computer science to organize this project as a work-
flow. We begin with Mathematics Subject Classification
System (MSC2020) data collected on the CAARMS 2021
registration form, designed by ORFE Information Technol-
ogy Manager Michael Bino with Drupal. This information
was sent to ORFE Events Coordinator/Communications
Administrator Tabitha Mischler. She forwarded a resulting
Microsoft Excel speadsheet to CAARMS organizer William
Massey. He exported the data as a graphic image and for-
warded it CAARMSWorkshop participant Darryle Merlette.
He applied Unix shell script commands to clean the data
and then handed it off to CAARMS Workshop participant
and presenter Orville Dillon Jr., who used Python to ren-
der the 3-dimensional color plot of the data in Figure 13.

In the figure, 2-digitMSC2020 numbers are displayed in
the 𝑥𝑦-plane using a 10-by-10 array where the first digit is
represented by the row and the second digit is represented
by the column. For example, the number 60 for Proba-
bility and Stochastic Processes corresponds to the 6th row
and the 0th column of the array. The 𝑧-axis gives the
number of CAARMS registrants selecting a givenMSC2020
number as a subject of interest. To make it easier to see
broad areas of mathematics, we use the following color
scheme:

• Red: Algebra, Discrete Mathematics, and Logic
•Orange: Analysis, Differential Equations, Probability,

and Stochastic Processes
• Yellow: Geometry and Topology
• Green: Mathematics of Nature and Science
• Blue: Mathematics of Technology, Computer Science,

Operations Research, and Statistics
• Violet: Biography, Education, and History of Mathe-

matics.
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Figure 13. 3D spectral decomposition of the CAARMS 2021
registrants’ mathematical interests.

This representation shows us that the most popular
CAARMS 2021 subject was statistics, index #62 with 60 out
of 150 CAARMS 2021 registrants. This is followed by a tie
for probability & stochastic processes, index #62 with 53
registrants, along with computer science, index #68 with
53 registrants. In fact, every 2-digit MSC2020 entry was se-
lected by at least one CAARMS 2021 registrant. This speaks
to the breadth of interests of all the attendees.

The second Workshop Project reviewed the numeri-
cal solution techniques (like the Forward Euler method)
suggested by Katherine Johnson to solve the differential
equations for the two-body problem; see Shetterly [2].
CAARMSWorkshop participant Elisha Emadasu presented
this material. He was invited to attend CAARMS 2021
while he was enrolled in a mathematics class at Medgar
Evers College taught by CAARMS organizer Gelonia Dent.

Summary and the Future
Building Black communities to create mathematics.
This is the CAARMS mission. Unpack the word re-
search and you are talking about “creating mathematics.”
CAARMS gives students a sense of the larger world ofmath-
ematical creation and how all of the disparate parts fit to-
gether. This enables them to support each other profes-
sionally.

The CAARMSperspective onmakingmathematicsmore
diverse is by increasing the number of African-American re-
searchers in the mathematical sciences. Increasing these
numbers is the fastest way to diversify contributions to
mathematics. Alongwith adding to the body ofmathemat-
ics, academic researchers produce the next generation of
PhDs. Hence increasing the number of African-American
academic researchers adds a strong multiplier effect to in-
creasing the number of African-American PhDs.

Think outside the hypercube. This has been our closing
tagline at many CAARMS conferences, where we stress the
importance of creative thinking for contributing to mathe-
matics.
Look beyond the silos. Being from an underrepresented
group makes you highly sensitive to the folly of isolating
yourself into a narrow professional silo. Real life is actu-
ally interdisciplinary and we have found that CAARMS at-
tendees walk away more attuned to how various types of
mathematical techniques relate to specific application do-
mains.

In closing, readers can learn more details and informa-
tion about CAARMS at the website caarms.princeton
.edu.
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KS. Hello, Congressman McNerney, good to see you! You’re a 
member of congress and you have a PhD in math; at what point 
did you decide to study math and can you tell us a bit about your 
trajectory from graduate school to your first election to Congress?

JM. I noticed that I had the skills, aptitude, and love for 
math in high school; it kind of kept me out of trouble. I 
started out in engineering in college, but it wasn’t challeng-
ing enough. Of course, as you know—as any mathematician 
knows—mathematics is challenging. Somewhere along 
the line you’re going to run into problems that are messy 
and difficult, and you can really enjoy yourself there, so 
to speak.

My PhD is in differential geometry. I love geometry be-
cause it is visual to me; I could sort of feel it. But, I wanted 
to go into something that was more concrete.

I worked on wind energy. This field had a very dynamic 
feeling in those days because it was just starting in a com-
mercial sense. We were trying to understand the dynamics 
of wind and the interactions between the mechanical de-
vices that were harnessing the wind. We were given a blank 
sheet of paper and we developed brand new technology, 
technology that is now dominant in the field. So, it was a 
really exciting time.

Then, in 2004, my son called me. He had joined the 
service after 9-11 and he said “Dad, I got my absentee ballot 
in the mail and there’s no one running against the incum-
bent. People need to have a choice and I’d like you to run 
for Congress.” I didn’t take it seriously at first. I didn’t have 
any political experience and didn’t really think of politics 
as a career path for me.

A Mathematician in Congress: 
Interview with Representative 

Jerry McNerney
Karen Saxe
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been with the committee for 10 to 20 years studying these 
issues, understanding how best to approach the policy 
aspects. I definitely depend on staff for that expertise. 

Also, we need advocates to come in and inform us about 
what’s on our legislative table, and what’s going to be im-
portant to the community.

We need both of those. I couldn’t do all this on my own. 
It’s just too complicated. There are too many issues coming 
at you all the time, so you need good staff and good advo-
cacy to really help you sort things out.

KS. I think a lot of students who study math in college don’t 
appreciate that they could become congressional staff and that 
their skills would be useful and appreciated. I used to mention 
becoming congressional staff as a postgraduation possibility to 
my students and they would say “oh, I’m not a poli sci major.” 

JM. That is a good point. I get a lot of staff applications and 
I don’t see very many or, really, any applicants coming with 
a math or physics or science background. It would be very 
encouraging to me to see more of that. 

KS. I hope our students read that line in this interview and take 
that to heart!

There are many PhD scientists who have served as congres-
sional fellows—about 35 placed every year just in the program 
the AMS participates in.1 And some of those people stay on the 
Hill. I know, for example, the House science committee has PhD 
scientists on their staff who came through the program.

JM. Certainly there are and they’re very highly valued. I 
would encourage folks who love policy and also are able 
to dig into complicated issues to consider that as a pathway 
forward.

It’s a fun, fun job.

KS. You mentioned staff and advocates who play a role educating 
congressional members. We bring mathematicians to the Hill 
to advocate; what role do you see professional societies like the 
AMS playing in this context?

JM. Well, it is an important question. On the one hand, 
it’s important for mathematicians to advocate for more 
research money—whether it’s for the NSF or the NIH. The 
more members of Congress hear about the need, the more 
likely it is that we’ll be putting money into those programs. 

In my mind, unless we really double down on our 
research investment, we’re going to be falling behind so 
I encourage AMS advocates to make those visits. Also, 
mathematicians making in-person visits can show that a 
mathematician is a real person with real empathy, who 
really understands the problems that people are facing, 

1https://www.ams.org/programs/ams-fellowships/ams 
-congressional-fellowship

But, he insisted, and so I took the bait and I ran in 2004. 
I lost that time around, but I learned a lot about running 
for Congress and so decided to re-up in 2006. That time, we 
had a very spirited campaign, and we won by a good seven 
or so percentage points. I’ve been in Congress ever since.

KS. Your career path shows the opportunities in industry and 
government for people who do theoretical math in graduate 
school. How does your PhD in math help position you in your role 
in Congress, thinking about legislation that you’ve championed 
and other work you’ve done on committees?

JM. Having a PhD in math does put you in a certain light, 
and people do respect that. When it comes to questions on 
artificial intelligence, cryptography, and how we keep our 
data safe, or how technology like broadband works—peo-
ple look to someone like me for answers. I’m glad to take 
the lead on those sorts of issues in Congress. It’s the best of 
both worlds—I get to do science-related work and I also get 
to develop policies that will affect the country in the future.

KS. Are there specific bills that you’ve introduced that have to do 
with these issues? Ones that you are especially proud of?

JM. Yes. For example, the Digital Equity Act. What I want to 
do is make sure that people in the country across all eco-
nomic and social spectrums have access to the broadband. 
If you don’t have broadband you’re going to be left out 
of healthcare, you’re going to be left out of employment 
opportunities, and business opportunities. You will have 
challenges applying for loans and jobs. 

I also had my AI and Government Act signed into law 
last year. This creates a center of excellence so the US gov-
ernment has competence in artificial intelligence and can 
be effective in applying that technology. 

Right now we’re looking at privacy legislation and data 
security, and that involves cryptography.

Those are a few more recent items. I enjoy working on 
these issues and making a difference.

KS. It’s fantastic that your background can truly help in con-
gressional deliberations, but hardly any members of Congress 
have a science background. Where do members of Congress get 
their understanding of scientific issues when they’re considering 
potential laws or, even you, if it’s in some area of science you 
don’t know about?

JM. First of all, staffers. I have a number of staffers who have 
different expertise. Any member of Congress can have staff 
with expertise in a technical field. Also, the expertise you 
have access to is related to the committees that you’re on. 
I am on the Energy and Commerce Committee and on the 
Science, Space, and Technology Committee, and they have 
committee staff that’s really dedicated to those very specific 
issues, and they’re very knowledgeable. Some of them have 

https://www.ams.org/programs/ams-fellowships/ams-congressional-fellowship
https://www.ams.org/programs/ams-fellowships/ams-congressional-fellowship
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KS. Fantastic. Okay, let’s talk about your district a little bit. 
What district do you represent and what is it like, demographi-
cally and geographically speaking?

JM. My district is California’s ninth congressional district. 
It’s south of Sacramento and east of San Francisco. It’s a 
very diverse district with about 60% of it in the Central 
Valley and about 30% of it in the East Bay, Contra Costa 
County. I’m very proud of our diversity. We have people 
from all walks of life, including a large population that 
has immigrated to my district and chosen that region to 
make a home. We also have significant Hispanic and Asian 
populations. 

We have a community college, which is a wonderful 
resource for our community because it gives people a 
chance for college education who wouldn’t have a chance 
otherwise. And it is a gateway into the great universities 
in California and around the world. We also have a small 
private college, the University of the Pacific, which is very 
well respected especially in the fields of dentistry, law, and 
pharmacy. So, there are some high-level educational oppor-
tunities in our district. But our district also has educational 
and economic challenges. Education is going to be the key 
to opening up economic opportunities.

KS. I understand that the community college in your district 
opened its campus to people who needed broadband access during 
COVID, and was used by the public, including students who 
were attending school virtually but lack internet. This is very 
generous. I don’t know if many higher education institutions 
around the country did that, though I did hear about students 
going to McDonald’s and similar places with free wifi so that 
they could access their classes. We all probably read about stu-
dents “attending school” in their cars, in parking lots at places 
like McDonald’s.

JM. Well I think this is an excellent point. Delta College 
is the community college in my district. I had a town hall 
with the Acting Chair of the Federal Communications 
Commission Jessica Rosenworce and the President of Delta 
College. Some of the superintendents of the school districts 
in my district were very clear about how important distance 
education is and how important it is for students to have 
broadband to access that education. In response, Delta 
College has done a lot to provide that access and as far as 
I know students are really taking advantage of it.

One of the things that the pandemic has done is to open 
up Americans to distance interactions. These interactions 
are not a replacement for in-person interactions, by any 
means. In my opinion, in-class education is always prefer-
able but online options open up opportunities for some 
that wouldn’t be there otherwise.

We see this as benefiting society in other contexts as well. 
Telehealth has been an absolute benefit to so many people 
who might not have been able to get off work or didn’t have 

and is trying to advocate for ways to move forward solving 
grand societal problems. That’s exactly what we mathema-
ticians are good at.

To show a face of a mathematician is very important in 
developing relationships, very very important. 

KS. You talked about research and research money. I’d like to 
pivot to talk about education and improving math literacy. As 
a country, we’re thinking a lot about the economy and the job 
market, during and post-pandemic. This includes thinking about 
training a more diverse population to work not only as researchers 
but also as service workers and in critical jobs like healthcare 
analytics, artificial intelligence, and agricultural technology. 
Areas like these really do involve a reasonable amount of math.

JM. There’s a tremendous need for technology throughout 
every sector of the economy. You mentioned agriculture. 
This includes figuring how to use water effectively and 
minimize the use of insecticides and fertilizers. Solutions 
will incorporate mathematics. Protecting crops from in-
vasive species can and needs to be modeled. I spent, as I 
mentioned, my mathematics career in wind energy and I 
had so much fun developing a dynamic model of the wind 
turbine’s control systems. There are transportation issues: 
How can we reduce our reliance on personal automobiles 
and still provide reliable, convenient, and affordable 
transportation to people? How can we build homes that 
are going to be more energy efficient? How can we use 
3d printing as an aid? Artificial intelligence is critical in 
medicine now. There’s a tremendous opportunity for those 
with math backgrounds in all of these fields. Shipping is 
another example; we use blockchains for shipping. If you 
have a degree in math or in another technical field, you 
can contribute. There’s a lot of opportunity out there for 
math majors.

KS. Tangentially, this brings me to the general public’s trust in 
and attitude towards science.

JM. Science was instrumental in developing the vaccines 
that are now so useful in preventing infection or prevent-
ing serious infection and hospitalization. I think people 
are aware of that and gives people the opportunity to see 
the positive influence of science. Because some people are 
afraid of science, scientists need to be more cognizant about 
the effect of their work. We talked earlier about what role 
the American Mathematical Society can play and I men-
tioned that mathematics has a human face and I think that’s 
so important. Scientists are humans—we have emotional 
attachments just like everybody else. We have empathy 
as much as anybody else. I want those qualities to be the 
qualities that people see in mathematicians and scientists.
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JM. It’s a challenge to do redistricting in a way that’s fair, 
and I see the mathematics community taking this challenge 
up with vigor. This is a popular issue in mathematics now 
and I know there’s some really strong experts in this field 
in the mathematics community.

I have long advocated to fund research through the 
National Academy of Sciences on how to best develop 
district-drawing techniques so that the resulting maps are 
fair and give people a fair shake and fair representation, 
without the kind of gerrymandering that we’ve seen. This is 
an exciting field. I can tell you there’s resistance to do this 
in some parts of the country, so we have to move forward 
at a pace that the country will accept.

KS. I want to end with politics. What’s changed in Congress 
since you first joined? What are the big challenges you see facing 
Congress as a whole, over the next decade? 

JM. Big changes in Congress happened in the 90s before 
I got there. We’ve been on a partisan trajectory since that 
time. This has gotten worse since I’ve been there and espe-
cially in the last few years. But there’s still an effort on both 
sides. You know, most members of Congress are there for 
the right reasons. We care about our districts, we care about 
our country. We want to do the best we can. 

But there are big forces that keep us apart. There was a 
Supreme Court decision a few years ago that opened up 
campaign financing to big money. Some of that money is 
untraceable, it could be coming from outside of the United 
States. And I think that’s really warped the system. I’d like to 
see that changed, and one of my biggest issues is campaign 
finance reform.

Since the January 6 uprising or insurrection, there’s 
significant anxiety. We had to put magnetometers to keep 
guns out of the House of Representatives. Working together 
has become a lot more difficult, but again I don’t want that 
to be the overriding concern—there is real desire on both 
sides to work together. 

KS. Thank you, this is certainly a tough situation. I would never 
have asked that last question without following up and asking 
what you’re optimistic about over the next few years.

JM. What’s happening right now is exciting as heck. There’s 
been a real understanding and need for infrastructure 
investment in this country for quite a while. We have de-
veloped a huge infrastructure plan.2 It’s not just for roads 
and bridges, it also has water which is very important to 
my district in California, and also human infrastructure. 
This infrastructure will help us become resilient to climate 
change, and improve healthcare and education. We need 
these investments, they’re overdue. The money spent will 
have a very good return on investment.

2By the time you read this, the infrastructure package may have become law.

transportation or for one reason or another couldn’t make 
it to a doctor’s appointment. This has really transformed 
access to healthcare.  So we want to make sure that we not 
only continue what we have built, but also continue to 
expand. To me, having access to broadband throughout 
the community is absolutely critical because, again, if you 
don’t have access, you’re likely to be left behind. It’s a 
human right now. If you don’t have access to health care 
or jobs or loans or veterans’ benefits, then you’re going to 
be left behind. I don’t want to see that in my district or in 
any district in this country. 

KS. Has your district changed since you’ve been in Congress? 

JM. When I first got elected in 2006, my district included 
more of the Bay Area—we had some of Alameda County 
and more of Contra Costa County. The districts were 
changed after the 2010 census, and my district moved east 
and more into the valley, where we have a thriving agri-
cultural industry. 

Back in 2010, we were—I think—about 70,000 or 80,000 
overpopulated for what was needed in a congressional dis-
trict, and the same thing happened again in 2020. These 
changes have continued to grow the diversity of the district 
and I think that gives us real strength.

KS. California lost a seat in the congressional reapportionment 
that just occurred. Do you expect your district to change again in 
the upcoming redistricting? You and I have spoken before about 
redistricting, and you probably know where I’m going with my 
line of questioning.

JM. It’s always hard to predict. In California, redistricting 
is not a political process. We have an independent com-
mission and it truly is independent. They do a good job 
sorting out districts based on requirements—they have to 
have equal population, and so on, but they do a good job 
with other things like considering communities of interest. 
In my district in particular we have the California, or San 
Joaquin, Delta. Its population forms a community of in-
terest because we depend on the Delta for our livelihood, 
whether it’s for water for agriculture, or for recreational 
fishing.

Yes, California is going to lose a seat in Congress, for 
the first time ever. We’re going to go from 53 congressional 
seats to 52. My district has grown in population, so will 
be geographically smaller, as we shrink down to the size 
needed to achieve equal populations across districts. 

KS. I know you have a personal interest in redistricting and I 
wanted to talk about what—on the national scale—you see as 
the challenges as well as positive ways forward. I’m especially 
interested to hear your view of the role of mathematics and 
statistics and mathematicians and statisticians in the process.



Washington Update

February 2022  Notices oF the americaN mathematical society   273

If we make these kinds of investments, then we’ll have 
a more educated public, physical infrastructure that pro-
motes business and economic opportunity, and we’ll have 
access to broadband so that more people can become 
involved in the economy. 

I’m deeply involved in artificial intelligence work in 
Congress—I’m the chair of the House Artificial Intelligence 
Caucus—and one of our goals is to educate members of 
Congress about AI so people know what it really means 
and what the future might look like. Whether it’s about AI’s 
impact on health care or jobs, we need to get our hands 
around this thing, and make sure that it goes in beneficial 
directions. I’m involved in privacy and in this context it 
is very exciting to be able to put together policies that are 
going to rein in some of the abuses the tech industry is 
involved in. These are all things that are very exciting to me.

KS. Hearing you talk about mathematical expertise and how it 
plays out in your congressional role might have readers wondering 
if they should run for Congress. What advice would you give 
someone considering a run for Congress?

JM. I think we need more people with math or science back-
grounds in Congress. The important things are to develop 
relationships, understand how to speak to people, develop 
public speaking skills. I can tell you that was an enormous 
challenge for me. Understand the political process, and 
where you are going to fit in best. Understand your attri-
butes and qualities that are going to be the most useful. 
You need to be able to walk into a room where you don’t 
know anybody and introduce yourself to people and pick 
up conversations. Personal skills are the most important. 
You have to be able to communicate with people and feel 
their pain. Otherwise potential voters are going to look at 
you as a scientist or mathematician and assume you are 
probably not that empathetic; you need to break through 
that perception barrier.

KS. That’s great advice. I’m getting towards the end of my 
questions and would like to return to an earlier question. What 
would you say to mathematicians about how they can be useful 
to their representatives in Congress, and more generally, how can 
the math community help shape national policy?

JM. Math is a very important part of our national economy. 
If you have issues that need analysis—and we mentioned 
some of these including agriculture, transportation, and 
shipping—mathematicians can help create economic value. 
They can bring jobs to congressional districts and nothing 
is more important to a member of Congress than the idea 
of bringing jobs into their district.

And, again, showing a human face, offering the resources 
of the math community to solve problems that are plaguing 
congressional districts or the nation. Whether it’s national 
defense or climate change, these are issues that people care 

about, and if you can make clear how mathematics is going 
to be part of the solution then members of Congress are 
going to be a lot more interested.

KS. Before we quit is there anything you want to return to, or 
expand on, or bring up that we haven’t talked about?

JM. I used to have a calendar that had a math problem 
for every day of the year. When I flew back and forth from 
California to DC I worked on those. I continue my love of 
mathematics and being in a position where I can some-
times use math and create policies that are beneficial to 
my constituents. It is more than rewarding. So, I encourage 
others, as it would be good to see more science people in 
Congress, at every level of government. 

KS: You know of course that you’re a cherished member of the 
community and we love it when you come to the Joint Mathemat-
ics Meetings. We’re meeting next in Seattle; I’ll follow up about 
this. In the meantime, it’s great to see you, and I look forward 
to seeing you in person in DC sometime soon.

Credits
Photo of Representative McNerney is courtesy of the Energy 

& Commerce Committee Staff.
Author photo is courtesy of Macalester College/David Turner.
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While athletic training and performance is steadily improv-
ing, sports injuries which occur during athletic activities or 
exercising remain a constant bane. These injuries are often 
due to human biomaterial and biomechanical failures that 
are frequently the aftermath of exceedingly high stresses 
experienced during cutting and high-impact movements. 
Such events can be catastrophic or minor. Yet, regardless 
of the severity, injury prevention is a major goal of sports 
biomechanics research. However, the lack of standardized, 
quantifiable metrics to define injurious biomechanics 
makes advancing research on mitigating injury difficult. 
My Human Performance Laboratory research team in the 
School of Engineering at the University of Connecticut has 
undertaken this challenge. We are focused on designing 
studies that best reconstruct scenarios that mirror injurious 
biomechanics to help develop standardized metrics to pre-
dict the likelihood of injury. Our work has been successful 
in integrating mathematics, statistics, and engineering tools 
to advance research on the critical challenges that plague 

sports biomechanics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Our work 
is directed at identifying and tracking noninvasive metrics 
and tools to help enable early injury prediction and also 
to evaluate and accelerate an individual’s return to sport 
after an injury. Thus, the following discussion will high-
light the implementation of autoregressive (AR) modeling, 
bootstrapping, logistic regression, and neuromuscular and 
musculoskeletal modeling in OpenSim, a free open-source 
musculoskeletal software system used to investigate muscu-
loskeletal dynamics during movement, to help characterize 
and mitigate sports injuries due to injurious biomechanics.

Characterizing Injurious Biomechanics 
via Autoregressive Modeling 
The human body generates numerous biomechanical 
signals related to motion and displacement. Injurious 
biomechanics occur when individuals perform outside of 
their “normal” operating ranges. Although previous stud-
ies have revealed there is indeed some variability in these 
signals in healthy individuals, an analysis of physiological 
signals (e.g., cardiac and respiratory signals) has uncovered 
that adverse cardiac and respiratory events can be detected 
from abnormal signal variability [11, 12]. This work was 
significant in highlighting that it was not solely the mag-
nitude of the signal but a change in the underlying signal 
structure variability that often precedes adverse events [4, 
5, 7]. Building on this work, my team has designed a gait 
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to evaluate movement dynamics related to knee patellofem-
oral pain and stress fractures.

Employing Novel Metrics and Logistic 
Regression to Define the Likelihood of Injury
Advanced data analytics are essential to much of what we 
do in sports biomechanics since it allows us to describe, 
diagnose, and predict altered biomechanics from move-
ment data. Machine learning is at the forefront of these 
data-driven analyses; however, the performance of machine 
learning models is dependent on the strength of the input 
metrics. Thus, my laboratory has made a concerted effort to 
develop novel, standardized metrics that provide universal 
ranges and/or thresholds to denote injurious biomechan-
ics [3, 6]. These metrics include a peak force to loading 
rate ratio that functions as an index for assessing healthy 
motor control. More recently, we have developed a model 
that connects muscle torque production and rotational 
energy expenditure. The results yield two dimensionless 
variables that map torque production to injury frequency. 
To optimize the effectiveness of these metrics, we developed 
a logistic regression model to predict the probability of in-
jury as a function of this metric. This allows us to establish 
ranges of injury risk likelihood that are important for the 
early detection and the implementation of early interven-
tion measures that can dramatically decrease injury rates. 

Future Directions
To successfully mitigate sports injuries will require interdis-
ciplinary, new approaches that incorporate mathematics, 
statistics, and engineering. It is unquestionable the impact 
mathematics and statistics have had on the field of sports 
biomechanics engineering research. To maximize the im-
pact of this work, our goal is to transition this work from 
the laboratory to healthcare professions, clinicians, and 
individuals. Our long-term research vision is to uncover 
easily captured noninvasive metrics and develop person-
alized biometric algorithms to be embedded into sensors, 
wearable devices, and apps to alert the user of declines in 
their biomechanics in advance of potential sports injuries. 
This will provide users with wearable, clinical-based diag-
nostic capabilities to bolster injury prediction. The success 
of this goal ultimately hinges upon the combined efforts 
of (1) constructing novel noninvasive metrics to aid the 
early prediction and rapid diagnoses of injury biomechan-
ics; (2) developing subject-specific models for movement 
optimization using the OpenSim engineering modeling 
and simulation of movement software (https://simtk 
.org/); and (3) designing innovative intervention pro-
tocols. 

In summary, the proposed work converges at the in-
tersection of mathematics, statistics, and engineering and 
fosters the development of novel biomedical engineering 
tools to help optimize the health and performance of 
individuals. Additional detailed information about this 

perturbation study to safely destabilize individuals while 
walking [5]. Second-order AR models fit to the stride time 
data captured under three different gait test protocols 
were successful in classifying the healthy and unhealthy 
individuals [5]. Such second-order AR models best capture 
the underlying second-order processes of human move-
ment that are governed by the equations of motion. These 
second-order dynamics were confirmed via the analysis of 
the structure of the autocorrelation and partial autocor-
relation functions that revealed a dominant second-order 
pattern in the stride time data [13]. An added benefit of 
this AR model was that we could exploit the graphical fea-
tures of the models to track and visualize how individuals 
transitioned between low and high gait instability regions 
associated with potential injury. Gait instability is often 
an early indicator of other impending medical conditions. 
Therefore, we have also explored the use of AR modeling to 
characterize both injury risk and cognitive dysfunction. In 
our future work, the AR modeling methods developed to 
characterize injury risk may also be beneficial in fostering 
the early detection of neurodegenerative disorders (e.g., 
Huntington’s and Parkinson diseases) which then leads 
to early intervention and thereby could help slow disease 
progression [4]. Hence, our long-term research goals extend 
beyond sports injuries to other diverse populations.

Utilizing Bootstrapping to Overcome 
Small Sample Sizes
Small sample sizes in the era of big data seems contradic-
tory; however, it is important to distinguish between large 
amounts of data and meaningful data. While wearable de-
vices are valuable for collecting biomechanical data outside 
of the laboratory, their limited in-game use when injuries 
tend to occur have, to date, not resulted in a significant 
increase in biomechanical injury data. Thus, we are reliant 
on studies that can simulate a variety of injury scenarios 
without actually inducing an injury. However, even in 
these well-designed studies, sample sizes often range from 
20 to 40 individuals resulting in broad generalizations 
about injurious biomechanics. Yet, bootstrapping serves 
to enhance the predictive capability of small, restrictive 
datasets [14]. Bootstrapping is a resampling routine that 
improves data efficacy by simulating replicate data sets of 
the original data to estimate the sampling variability and 
other distributional properties [14]. We have integrated 
this technique in our AR modeling approach to magnify 
the underlying gait dynamics associated with individuals 
with an anterior cruciate ligament (ACL) injury [10]. The 
bootstrapping technique was critical in improving the de-
lineation between the injured and healthy populations and 
it led to a rapid classification of an individuals’ potential 
injury risk. Hence, the approach is cost-effective because 
you get the benefits of big data without running a large 
number of trials. Future work will expand this methodology 

https://simtk.org/
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[14] Bradley Efron and Robert J. Tibshirani, An introduction to 
the bootstrap, Monographs on Statistics and Applied Prob-
ability, vol. 57, Chapman and Hall, New York, 1993, DOI 
10.1007/978-1-4899-4541-9. MR1270903

[15] G. W. Colopy [Data & Science with Glen Wright Col-
opy], The Data Science of Sports Injury [Video], Podcast, 
May 10, 2021, https://podofasclepius.podbean.com/e 
/kristin-morgan-the-data-science-of-sports 
-injury/.
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research is available in the referenced articles and the Data 
& Science with Glen Colopy Podcast (May 10, 2021) [15]. 
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FROM THE AMS SECRETARY

Election Results
2021 Election

In the elections of 2021, the Society elected a president, a vice president, a trustee, five members at large of the Council, 
three members of the Nominating Committee, and two members of the Editorial Boards Committee.

Vice President

Jesús A. De Loera 
University of California, Davis 

Term is three years 
(February 1, 2022–January 31, 2025) 

Board of Trustees

Jennifer Taback 
Bowdoin College 

Term is five years 
(February 1, 2022–January 31, 2027) 

President

Bryna Kra 
Northwestern University 

Term is four years: one year as president 
elect, two years as president, and one  
year as immediate past president 
(February 1, 2022–January 31, 2026)
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Members at Large of the Council
Term is three years (February 1, 2022–January 31, 2025)

Svetlana 
Jitomirskaya 
University of  
California, Irvine

Gail Letzter 
National Security 
Agency 

Lily S. Khadjavi 
Loyola Marymount 
University

William Goldman 
University of  
Maryland

Gunnar Carlsson 
Stanford University 

Editorial Boards Committee
Term is three years (February 1, 2022–January 31, 2025)

Irene Fonseca 
Carnegie Mellon  
University 

Panagiota 
Daskalopoulos 
Columbia University 

Nominating Committee
Term is three years (January 1, 2022–December 31, 2024)

Alejandro Adem 
University of British 
Columbia 

Sylvia T. Bozeman
Spelman College 

Melody Chan 
Brown University 
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Vice President or Member at Large
One position of vice president and member of the Council 
ex officio for a term of three years is to be filled in the elec-
tion of 2022. The Council intends to nominate at least two 
candidates, among whom may be candidates nominated  
by petition as described in the rules and procedures below.

Five positions of member at large of the Council for a 
term of three years are to be filled in the same election. 
The Council intends to nominate at least ten candidates, 
among whom may be candidates nominated by petition in 
the manner described in the rules and procedures below.

Petitions are presented to the Council, which, according 
to Section 2 of Article VII of the bylaws, makes the nom-
inations.

Prior to presentation to the Council, petitions in sup-
port of a candidate for the position of vice president or of 
member at large of the Council must have at least fifty valid 
signatures and must conform to several rules and proce-
dures, which are described below. Petitioners can facilitate 
the procedure by accompanying the petitions with a signed 
statement from the candidate giving consent.

Editorial Boards Committee
Two places on the Editorial Boards Committee will be filled 
by election. There will be four continuing members of the 
Editorial Boards Committee.

The president will name at least four candidates for 
these two places, among whom may be candidates nomi-
nated by petition in the manner described in the rules and 
procedures.

The candidate’s assent and petitions bearing at least 100 
valid signatures are required for a name to be placed on 
the ballot. In addition, several other rules and procedures, 
described below, should be followed.

Nominating Committee
Three places on the Nominating Committee will be filled 
by election. There will be six continuing members of the 
Nominating Committee.

The president will name at least six candidates for these 
three places, among whom may be candidates nominated   
by petition in the manner described in the rules and pro-
cedures.

The candidate’s assent and petitions bearing at least 100 
valid signatures are required for a name to be placed on 
the ballot. In addition, several other rules and procedures, 
described below, should be followed.

Rules and Procedures
Use separate copies of the form for each candidate for vice 
president, member at large, or member of the Nominating 
or Editorial Boards Committees.
1. To be considered, petitions must be addressed to 

Secretary, American Mathematical Society, 201 Charles 
Street, Providence, RI 02904-2213, USA, and must 
arrive by 24 February 2022.

2. The name of the candidate must be given as it appears 
in the American Mathematical Society’s membership 
records and must be accompanied by the member 
code. If the member code is not known by the candi-
date, it may be obtained by the candidate contacting 
the AMS headquarters in Providence (amsmem@ams 
.org).

3. The petition for a single candidate may consist of sev-
eral sheets each bearing the statement of the petition, 
including the name of the position, and signatures. 
The name of the candidate must be exactly the same 
on all sheets.

4. On the next page is a sample form for petitions. Peti-
tioners may make and use photocopies or reasonable 
facsimiles.

5. A signature is valid when it is clearly that of the mem-
ber whose name and address is given in the left-hand 
column.

6. When a petition meeting these various requirements 
appears, the secretary will ask the candidate to indicate 
willingness to be included on the ballot. 
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The undersigned members of the American Mathematical Society propose the name of

_________________________________________________  as a candidate for the position of (check one):

   Vice President (term beginning 02/01/2023)
   Member at Large of the Council (term beginning 02/01/2023)
   Member of the Nominating Committee (term beginning 01/01/2023)
   Member of the Editorial Boards Committee (term beginning 02/01/2023)

of the American Mathematical Society.

Return petitions by February 24, 2022 to:  
Secretary, AMS, 201 Charles Street, Providence, RI 02904-2213, USA

Name, address, and AMS member code,  
if available (printed or typed)

Signature

Signature

Signature

Signature

Signature

Signature
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Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Mathemat-
ical Exposition should include a letter of nomination, a 
complete bibliographic citation for the work being nomi-
nated, and a brief citation to be used in the event that the 
nomination is successful. Nominations will remain active 
and receive consideration for three consecutive years.

Leroy P. Steele Prize  
for Seminal Contribution  
to Research

About this Prize
The Steele Prize for Seminal Contribution to Research is 
awarded for a paper, whether recent or not, that has proved 
to be of fundamental or lasting importance in its field, or 
a model of important research.

Special note: The Steele Prize for Seminal Contribution 
to Research is awarded according to the following six-year 
rotation of subject areas:
1. Open (2025)
2. Analysis/Probability (2020)
3. Algebra/Number Theory (2021)
4. Applied Mathematics (2022)
5. Geometry/Topology (2023)
6. Discrete Mathematics/Logic (2024)

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Seminal 
Contribution to Research should include a letter of nom-
ination, a complete bibliographic citation for the work 
being nominated, and a brief citation to be used in the 
event that the nomination is successful.

Leroy P. Steele Prize for 
Lifetime Achievement

About this Prize
The Steele Prize for Lifetime Achievement is awarded for the 
cumulative influence of the total mathematical work of 
the recipient, high level of research over a period of time, 
particular influence on the development of a field, and 
influence on mathematics through PhD students. The 
amount of this prize is US$10,000.

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prize for Lifetime 
Achievement should include a letter of nomination, the 
nominee’s CV, and a short citation to be used in the event 
that the nomination is successful. Nominations will remain 
active and receive consideration for three consecutive years.

Leroy P. Steele Prize for 
Mathematical Exposition

About this Prize
The Steele Prize for Mathematical Exposition is awarded for 
a book or substantial survey or expository research paper. 
The amount of this prize is US$5,000.

Next Prize: January 2023

Nomination Deadline: March 31, 2022

Nomination Procedure: www.ams.org/steele-prize

http://www.ams.org/steele-prize
http://www.ams.org/steele-prize
http://www.ams.org/steele-prize
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Fellows of the American 
Mathematical Society
The Fellows of the American Mathematical Society pro-
gram recognizes members who have made outstanding 
contributions to the creation, exposition, advancement, 
communication, and utilization of mathematics.

AMS members may be nominated for this honor during 
the nomination period which occurs in February and March 
each year. Selection of new Fellows (from among those 
nominated) is managed by the AMS Fellows Selection 
Committee, comprised of 12 members of the AMS who 
are also Fellows. Those selected are subsequently invited 
to become Fellows and the new class of Fellows is publicly 
announced each year on November 1. 

Learn more about the qualifications and process for 
nomination at www.ams.org/profession/ams-fellows.

Membership 
is a powerful way  

to support the 
mathematical sciences.

www.ams.org/membership

http://www.ams.org/profession/ams-fellows


Trees in Many Contexts
Heather Smith Blake, Miklós Bóna, Éva Czabarka,
Stephan Wagner, and Hua Wang

The authors of this piece are organizers of the AMS 2022
Mathematics Research Communities summer conference

Trees in Many Contexts, one of four topical research
conferences offered this year that are focused on

collaborative research and professional development for
early-career mathematicians. Additional information can

be found at https://www.ams.org/programs
/research-communities/2022MRC-Trees.
Applications are open until February 15, 2022.

Trees are one of the most fundamental classes of graphs.
They play a key role in graph theory and combinatorics,
but also occur in many other contexts within mathematics
as well as other sciences, such as biology, chemistry, and
computer science.

Trees have a very simple structure, so many graph-
theoretical problems that are otherwise very difficult can
be solved for trees, and algorithmic questions that are com-
putationally hard for general graphs often have simple ef-
ficient solutions. At the same time, there are also noto-
riously hard problems that specifically concern trees, for
example Ringel’s conjecture, which states that the complete
graph 𝐾2𝑛−1 can be decomposed into 2𝑛 − 1 edge-disjoint
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email address is bona@ufl.edu.
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Hua Wang is a professor of mathematics at Georgia Southern University. His
email address is hwang@georgiasouthern.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2411

copies of any given tree 𝑇 with 𝑛 vertices. This conjecture
was only verified very recently for large 𝑛 [9].

An example of a problem on trees that is completely
open isGraham’s tree reconstruction conjecture: starting from
a tree 𝑇, take the line graph 𝐿(𝑇) (the graph whose vertices
are the edges of 𝑇 and where two vertices are adjacent if
and only if the corresponding edges are adjacent in 𝑇) and
its iterates 𝐿(𝑇), 𝐿(𝐿(𝑇)), 𝐿(𝐿(𝐿(𝑇))), …. Graham’s tree re-
construction conjecture states that the sequence of orders
|𝑇|, |𝐿(𝑇)|, |𝐿(𝐿(𝑇))|, … uniquely determines 𝑇. Not much
is known about this conjecture. Recent progress [3] shows
that the number of trees with 𝑛 vertices that are uniquely
determined is at least 𝑒Ω((log𝑛)3/2), but this is still far from
the number of different trees, which grows exponentially
with 𝑛.

These examples already illustrate the variety of interest-
ing problems that deal with trees, and also show that trees
are only superficially simple and easy to understand.

Trees in Biology
In biology, trees occur prominently as phylogenetic trees that
illustrate the evolutionary relationships among different
species. The species correspond to the leaves of the tree,
and the root (if there is one) to the most recent common
ancestor. Mathematical problems involving phylogenetic
trees are often motivated by computational applications.

A typical example to illustrate the type of questions that
arise in this context concerns maximum agreement subtrees.
Here, one considers leaf-labeled binary trees, where the
leaves are labeled 1, 2, … , 𝑛 (one can think of them as repre-
senting 𝑛 different species). A binary tree can be restricted
to a subset of leaves 𝑆 in a natural way: one takes the
smallest subtree that contains all these leaves, then one
suppresses all vertices of degree 2 to obtain a new binary
tree.

Two leaf-labeled trees 𝑇1 and 𝑇2 with 𝑛 vertices are
said to agree on a subset 𝑆 of {1, 2, … , 𝑛} if the respective
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restrictions to 𝑆 are the same (i.e., there is a label-
preserving isomorphism). For example, the two trees in
Figure 1 agree on the set {1, 3, 5, 6}. The maximum size of
a set 𝑆 on which 𝑇1 and 𝑇2 agree is denoted MAST(𝑇1, 𝑇2).
This quantity is similar, for example, to the longest com-
mon subsequence of two strings or permutations. It was
an open question until recently how small MAST(𝑇1, 𝑇2)
could be in terms of the number of leaves 𝑛. In his recent
paper [6], Markin established that the minimum is in fact
of order Θ(log 𝑛) by improving the previous lower bound
that was of order √log 𝑛 [7].

1

3 6
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25
𝑇1

1

3

4

6

5

2

𝑇2

1

3

5

6
Figure 1. Two trees 𝑇1 and 𝑇2 and their restriction to {1, 3, 5, 6}.

For pairs of random trees, the order of magnitude of the
average size of a maximum agreement subtree is still un-
known. Upper bounds of 𝑂(√𝑛) hold for both standard
models in phylogenetics, the uniform model and the Yule-
Harding model. On the other hand, Bernstein, Ho, Long,
Steel, St. John, and Sullivant [1] provided lower bounds
of Ω(𝑛1/8) (uniform model) and Ω(𝑛0.344) (Yule-Harding).
Simulations suggest that the true exponent is close to

1
2
;

see [2]. For random trees of the same shape (but differ-
ent labels), it was shown recently [8] that the order of the
expected size is Θ(√𝑛).

Trees in Chemistry
Chemistry has influenced combinatorial mathematics for
a long time, an early example being the enumeration of
chemical compounds, which was an explicit motivation in
Pólya’s ground-breaking work [10] on what is now known
as Pólya’s enumeration method. Trees play a prominent role
in this context as models for acyclic molecules. For ex-
ample, there are three skeletal isomers of pentane 𝐶5𝐻12,
which correspond to the isomorphism classes of trees with
five vertices, as shown in Figure 2.

The field of chemical graph theory has seen a lot of growth
in recent years, which is also evidenced by the inclusion of
two newMSC codes in the 2020 edition: chemical graph the-
ory 05C92 and graphical indices 05C09. Graphical indices

Figure 2. The three trees of order 5.

(also called topological indices after an early example that
is now known as Hosoya index) are invariants (usually in-
tegers or real numbers) associated with graphs. In many
instances, it has been observed that these indices are well
correlated with physico-chemical properties of the corre-
sponding molecules.

A prominent instance is the Wiener index of a graph,
which is defined as the sum of the distances between all
pairs of vertices. It was introduced by Harry Wiener in his
1947 paper [13] as the path number in connection with
paraffin boiling points. As Wiener notices in passing, it
can be calculated for trees as follows: for each edge 𝑒, take
the product of the cardinalities of the two components that
result when 𝑒 is removed. Then sum all the resulting prod-
ucts. It is easy to see that the product represents the num-
ber of times 𝑒 occurs on a (shortest) path between two ver-
tices, so this sum is indeed equal to the Wiener index. This
simple—yet elegant and useful—property of the Wiener
index is an early example of a theorem in chemical graph
theory that actually appeared in a chemistry journal.

There are many different aspects to current chemical
graph theory, but most commonly, researchers are inter-
ested in bounds for various indices associated with graphs,
relations between different indices, and extremal ques-
tions where the maximum or minimum of an index for a
specific family of graphs (for instance, all trees with 𝑛 ver-
tices) are sought. Trees traditionally play a prominent role
in this context, as do various types of tree-like graphs that
are relevant in chemistry, e.g., graphs with a limited num-
ber of cycles or cycles of specific lengths such as hexagons.
Certain structures occur repeatedly in this context; unsur-
prisingly, for instance, path and star are typically the trees
for which minimum and maximum of a graphical index
are attained. Another example is greedy trees that frequently
occur when degree restrictions are imposed; see for exam-
ple [12, Sections 2.6.2 and 3.2.1].

Trees in Computer Science
Trees are useful as a data structure and form the basis of
many algorithms; see for example [5, Section 2.3]. For ex-
ample, trees store hierarchical data and can be used for
searching and sorting. Binary search trees are a typical ex-
ample of a tree data structure, and they are also connected
to the well-known Quicksort algorithm. In a binary search
tree, labels in the left root branch are all smaller than
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the root label while labels in the right root branch are all
greater. The same applies to the two branches at all other
vertices.

5

2 6

1 4

3

7

Figure 3. A binary search tree.

Trees have been studied for a long time in the context of
worst-case and average-case analysis of algorithms; see for
example [11, Chapter 6]. Parameters like the height (great-
est distance from the root to a leaf) are measures for the
performance of algorithms. Within this context, enumer-
ative problems concerning trees and tree-like structures as
well as properties of random trees are often of interest, espe-
cially when average-case performance of algorithms is con-
sidered. There are many different ways to generate trees at
random, and the structural properties often differ depend-
ing on the specific model of randomness that is used. The
simplest and most straightforward way to generate trees at
random is perhaps uniform models, in which a tree is se-
lected uniformly at random from all trees with 𝑛 vertices
from a given family.

A classical way to generate trees by a random process
is Galton-Watson trees: these trees start with a root and a
given offspring distribution. In the 𝑘th step, all vertices of
generation 𝑘 independently produce offspring according
to that distribution. Galton-Watson trees and uniformly
random trees aremodels where typical trees with 𝑛 vertices
have height of order √𝑛.

Other models produce trees where the height is typi-
cally only of logarithmic order: examples include random
binary search trees (whose probabilistic model is in fact
equivalent to the aforementioned Yule-Harding model in
phylogenetics) and recursive trees, where one starts with a
single vertex and the 𝑛th vertex is attached to one of the
previous 𝑛 − 1 vertices uniformly at random. The height
is only one of the many structural properties of trees that
have been studied formany different types of random trees.
Very precise results not only on the order of magnitude,
but also the distribution, are often available [4].

Conclusion
This brief introduction aims to show in what different con-
texts trees and tree structures occur and what mathemati-
cal questions around trees are of interest in different fields.

Its intention is also to give a flavor of the type of problems
that will be investigated at the upcoming AMS MRC Trees
in Many Contexts.
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[10] G. Pólya, Kombinatorische Anzahlbestimmungen
für Gruppen, Graphen und chemische Verbindungen
(German), Acta Math. 68 (1937), no. 1, 145–254,
DOI 10.1007/BF02546665. MR1577579

[11] Robert Sedgewick and Philippe Flajolet, An introduc-
tion to the analysis of algorithms, Addison-Wesley-Longman,
1996.

[12] Stephan Wagner and Hua Wang, Introduction to chem-
ical graph theory, Discrete Mathematics and its Applica-
tions (Boca Raton), CRC Press, Boca Raton, FL, 2019.
MR3837106

[13] H. Wiener, Structural determination of paraffin boiling
points, J. Am. Chem. Soc. 69 (1947), 17–20.

286 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 2

http://dx.doi.org/10.1007/BF02546665
http://dx.doi.org/10.1007/BF02546665
http://dx.doi.org/10.1137/18M1213695
http://dx.doi.org/10.1016/j.dam.2013.02.037
http://dx.doi.org/10.1016/j.dam.2013.02.037
http://dx.doi.org/10.4310/JOC.2018.v9.n3.a3
http://dx.doi.org/10.1090/dimacs/061/04
http://dx.doi.org/10.1137/140997750
http://www.ams.org/mathscinet-getitem?mr=3416130
http://www.ams.org/mathscinet-getitem?mr=1982419
http://www.ams.org/mathscinet-getitem?mr=3809644
http://www.ams.org/mathscinet-getitem?mr=2484382
http://www.ams.org/mathscinet-getitem?mr=3077152
http://www.ams.org/mathscinet-getitem?mr=4124794
http://www.ams.org/mathscinet-getitem?mr=3056987
http://www.ams.org/mathscinet-getitem?mr=4036089
http://www.ams.org/mathscinet-getitem?mr=4311581
http://www.ams.org/mathscinet-getitem?mr=1577579
http://www.ams.org/mathscinet-getitem?mr=3837106
http://dx.doi.org/10.1016/j.dam.2020.07.007
http://dx.doi.org/10.1090/dimacs/061/04


Models and Methods for
Sparse (Hyper)Network

Science in Business, Industry,
and Government

Sinan G. Aksoy, Aric Hagberg, Cliff A. Joslyn,
Bill Kay, Emilie Purvine, and Stephen J. Young

The authors of this piece are organizers of the AMS 2022
Mathematics Research Communities summer conference
Models and Methods for Sparse (Hyper)Network Science,
one of four topical research conferences offered this year

that are focused on collaborative research and professional
development for early-career mathematicians. Additional
information can be found at https://www.ams.org
/programs/research-communities/2022MRC
-HyperNet. Applications are open until February 15,

2022.

Sinan G. Aksoy is a senior data scientist at Pacific Northwest National Labora-
tory. His email address is sinan.aksoy@pnnl.gov.
Aric Hagberg is the deputy division leader of the Computer, Computational, and
Statistical Sciences Division at Los Alamos National Laboratory. His email ad-
dress is hagberg@lanl.gov.
Cliff A. Joslyn is the Chief Knowledge Scientist and the Mathematics of Data
Science Team Lead at Pacific Northwest National Laboratory. His email address
is cliff.joslyn@pnnl.gov.
Bill Kay is a data scientist at Oak Ridge National Laboratory. His email address
is kaybw@ornl.gov.
Emilie Purvine is a senior data scientist at Pacific Northwest National Labora-
tory. Her email address is emilie.purvine@pnnl.gov.
Stephen J. Young is a research mathematician and the Applied Mathematical
Modeling Team Lead at Pacific Northwest National Laboratory. His email ad-
dress is stephen.young@pnnl.gov.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2424

The authors are hosting an AMS sponsored Mathematics
Research Community (MRC) focusing on two themes that
have garnered intense attention in networkmodels of com-
plex relational data: (1) how to faithfully model multi-way
relations in hypergraphs, rather than only pairwise inter-
actions in graphs; and (2) challenges posed by modeling
networks with extreme sparsity. Here we introduce and
explore these two themes and their challenges. We hope
to generate interest from researchers in pure and applied
mathematics and computer science.

The Rise of Network Science
Graph theory has been driven by applied questions, from
its apocryphal roots in the Seven Bridges of Königsberg prob-
lem to modern day network analysis. What had been cast
in its infancy as a collection of recreational puzzles has
evolved into an expansive and diverse discipline. Graph
analyses are now common across nearly all areas of science.
Accordingly, modern graph theory has evolved to engage
methods from probability, topology, linear algebra, math-
ematical logic, computer science, and more.

Relational phenomena involving specific patterns of
linkage between entities can afford natural representations
as graphs. Prime examples are network systems, oftenmas-
sive, which arise in fields such as molecular biology, so-
cial systems, cyber systems, materials science, infrastruc-
ture modeling (e.g., Figure 1), and high performance com-
puting. As elucidated by Chung in a 2010 Notices article
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Figure 1. Synthetic Texas power transmission network
generated from publicly available1 test data.

[Chu10], despite coming from disparate domains, such
networks exhibit “amazing coherence” in their shared em-
pirical properties. Such hallmarks include sparsity (the
number of edges is linear in the number of vertices), the
small world phenomenon (any two vertices are connected
by a short path, local neighborhoods are typically dense),
and heavy-tailed degree distributions (the number of de-
gree 𝑘 vertices is roughly 𝑘−𝛽). Researchers have addressed
fundamental questions surrounding these networks—how
they evolve, which structures are critical to their function,
which graph invariants capturemeaningful properties, and
so on—in an area commonly referred to as “network sci-
ence” [NBW06].

Since Chung’s Notices article 12 years ago, the scope
of network science has continued to grow beyond em-
phasizing small-world ubiquity, and into studying richer
classes of mathematical structures that better reflect the nu-
ances of real-world networks. In part due to the increas-
ing widespread availability of complex relational data sets,
researchers have coalesced around a new class of applied
questions where the properties of the relational data are,
in and of themselves, driving the questions.

Relations Beyond Graphs
Over the past several decades, there has been an increas-
ing realization within network science that multi-way in-
teractions can play a critical role in networked systems.
For instance, as highlighted by COVID-19 spread, the

1https://egriddata.org/dataset/activsg2000-2000-bus
-synthetic-grid-geolocated-texas

interactions at group gatherings can have a cumulative ef-
fect that can be obscured when reduced to pairwise interac-
tions. In order to faithfully capture these multi-way inter-
actions, it is valuable to move beyond the standard graph
structure consisting of vertices 𝑉 and edges 𝐸 ⊆ (𝑉

2
), to the

richer framework of hypergraphs, where the edge set 𝐸 is a
subset of 2𝑉 , the power set of 𝑉 .

Where graphs can represent only pairwise relations na-
tively, hypergraphs naturally code for multi-way interac-
tions. Nonetheless, it is routine to resort to analyzing sys-
tems and data exhibiting multi-way interactions via “aux-
iliary graphs” produced from multi-way data, such as the
line graph (which encodes intersections between pairs of
hyperedges) or the 2-section graph (which replaces hy-
peredges with graph cliques). However, as illustrated by
Figure 2, two non-isomorphic hypergraphs may have the
same line graph. Similarly, two non-isomorphic hyper-
graphs may have the same 2-sections as well. Simply
put, these most natural encodings of hypergraphs by auxil-
iary graphs fail to retain some pertinent information. De-
spite hopes that incorporating weights into the auxiliary
graphs would allow faithful representation of hypergraphs
via graphs, recent work by Kirkland [Kir18] shows that this
is not the case.

And while hypergraphs are bijective to bipartite graphs2

in which one of the parts is labeled as vertices and the other
as edges, naive deployment of graph methods against
them will not necessarily reveal the “set”-valued proper-
ties of the original hypergraph. The resulting algorithms
are at best cumbersome to phrase and study in this frame-
work, and at worst simply recapitulate the corresponding
hypergraph-native methods. Thus, it is apparent that hy-
pergraphs require their own analytical tool set to avoid the
information loss inherent to graph reduction or bipartite
approaches.

Figure 2. Non-isomorphic hypergraphs with the same line
graph.

2Technically “bicolored,” there are caveats here in the case of disconnected
hypergraphs.
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While shifting from modeling pairwise to multi-way in-
teractions may seem like a subtle change, the implications
are far-reaching and profound. For example, in a hyper-
graph the natural generalization of a walk of length 𝑘 is a
sequence 𝑒1, … , 𝑒𝑘 of hyperedges 𝑒𝑖 ∈ 𝐸 such that for all
1 ≤ 𝑖 ≤ 𝑘 − 1 we have 𝑒𝑖 ∩ 𝑒𝑖+1 ≠ ∅. However, unlike
in graphs these pairwise intersections have a non-trivial
notion of “width,” i.e., |𝑒𝑖 ∩ 𝑒𝑖+1| . This allows the set of
hypergraph walks to be partitioned by functions of their
width, such as the minimum or mean width of intersec-
tions. In contrast with graphs, these width-based parti-
tions induce non-trivial filtrations on a set of hypergraph
walks. Since walks are foundational to defining many net-
work science concepts, these filtrations in turn induce fil-
trations on component structure, connectivity, diameter,
centrality, etc., which can be used to provide further in-
sight into the network structure [AJM+20].

Building off this increased expressivity, a number of
analytical tools have been developed to study hyper-
graphs, ranging from walk and centrality based meth-
ods [AJM+20, Ben19], motif and subgraph pattern anal-
ysis [LKS20], and dynamical processes on hypergraphs
[dATM21, LR20]. Additionally, hypergraphs interact
strongly with important structures from computational
topology such as abstract simplicial complexes (hypergraphs
that include all possible subedges), and there is a bur-
geoning movement to join network science to analytical
approaches bridging to these higher-order mathematical
fields [BGHS21, IPBL19].

Challenges of (Hyper)Analytics
Rather than attempt a methods survey, here we discuss
thematic challenges associated with hypergraph spectral
methods that reflect common issues facing hypernetwork
science. Hypergraph Laplacians and associated spectral
methods are commonly used to obtain embeddings, rank
entities, and cluster data across domain areas, ranging
from partitioning circuit netlists in VLSI, grouping term-
document data in natural language processing, and per-
forming image segmentation. How to optimally define
hypergraph matrix and tensor representations to better en-
able such analyses has emerged as a central consideration.

Despite a plethora of proposals over the past several
decades, there is little consensus as to which notion of
hypergraph Laplacian is most appropriate. Furthermore,
such proposals are starkly different, depending onwhether
or not one assumes uniformly sized hyperedges. For ex-
ample, in the uniform case, Chung [Chu93] took a ho-
mological approach, Lu and Peng [LP11] introduced a so-
called higher-order generalized Laplacian rooted in hyper-
graph random walks, while Cooper and Dutle [CD12] uti-
lize multilinear-algebraic techniques to study multidimen-
sional arrays they call hypermatrices. Unfortunately, there

appears to be no obvious way to extend these notions
to non-uniform hypergraphs. Accordingly, these meth-
ods likely have limited applicability to hypergraphs aris-
ing from real data, which are almost always naturally non-
uniform.

While proposed non-uniform hypergraph Laplacians
are applicable to real, messy hypergraph data, whether they
effectively capture higher order structure present in hyper-
graphs but absent in graphs is disputed. As shown by Agar-
wal [ABB06], a number of non-uniform hypergraph Lapla-
cians are related, via trivial shifts and scalings, to graph
Laplacians associated with the auxiliary graphs mentioned
above like the two-section (clique expansion). To mitigate
the information loss inherent in such reductions [Kir18],
one approach is to study hypergraph matrices associated
with non-reversible random walks [CR19,HAPP20], while
other recent work advocates non-uniform hypergraph ad-
jacency tensors [BCM17]. However, these and other
“hypergraph-native” approaches often come with caveats,
underscoring the difficulty of devising practical yet faith-
ful hypergraph methods: in this case, the former approach
requires external weights to be effective, while the high-
dimensionality of the tensor suggested in the latter poses
computational challenges.

Modeling Sparsity
In addition to developing hypergraph analytic tools, net-
work science is also grappling with how to developmodels
that capture the unusual combination of extreme proper-
ties exhibited by many complex networks. From the very
first attempts to develop a robust theory of random graphs,
it was recognized that themodels being developed were, at
best, imperfect representations of the real world. Indeed,
Erdős and Rényi pointed this out in [ER61]:

“The evolution of random graphs may be considered as
a (rather simplified) model of the evolution of certain
real communication-nets, e.g. the railway-, road- or
electric network system of a country or some other unit,
or of the growth of structures of anorganic or organic
matter, or even of the development of social relations.
Of course, if one aims at describing such a real situa-
tion, our model of a random graph should be replaced
by a more complicated but more realistic model.”

Since then numerous random graph models have been
developed to capture various underlying structural or
mechanistic properties; including approaches to capture
the degree sequence (either exactly or probabilistically),
network self-similarity, structural restrictions, network evo-
lution based on preferences or biological mechanisms,
and others.

Despite the proliferation of random graph models,
there are significant structural features of data for business,
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industrial, and governmental (BIG) applications that still
are not captured. For instance, while many of the net-
works important in BIG applications exhibit both connec-
tivity and extreme sparsity, random graphmodels typically
require an average degree of Ω(log(𝑛)) (for models with
more edge independence) or at least 3 (for models with
less edge independence) in order to ensure connectivity.
However, for systems such as the power grid (see Figure 1)
or networks built from communication traces, connectiv-
ity is present a priori despite an average degree between 1
and 2.

In addition, many BIG applications are driven by experi-
mental data that are essentially correlational in nature. Ex-
amples include correlated gene expression across multiple
experimental conditions or macroscale structural proper-
ties of novelmaterials across a variety ofmicroscale proper-
ties. These data sources are naturally represented in terms
of a weighted hypergraph, and yet, many of the current
analytical methods applied to these data sources rely on
graph (as opposed to hypergraph)models. While there are
many reasons for this discrepancy, one of the major con-
tributing factors is a relative lack of random hypergraph
models which can be meaningfully parameterized to be
reflective of observed correlational data. While random
bipartite graph models exist, they suffer from the prob-
lems described above. Between the need for connected
randommodels exhibiting extreme sparsity, the increasing
relevance of hypergraph data sources, and other peculiari-
ties of BIG data sources, there is a significant opportunity
to develop novel random hypergraph models driven by a
new class of applications.

An Invitation
The authors of this article are organizing an AMS MRC in
the summer of 2022 on these topics. We will be explor-
ing the way that graphs and hypergraphs can be employed
in real-world scenarios such as those in biology, computer
science, social science, and power engineering. The goal of
this collaborativeworkshop is to bring together researchers
from multiple different domains including mathematics,
computer science, and application domains to develop
and extend graph-theoretical concepts that are rooted in
problems of national significance, including:

• In critical infrastructure systems, such as the
power grid or natural gas distribution system, it is
often necessary to understand the combinatorial
structure of the system to understand macroscale
system behavior.

• Computer network data represents point to point
information exchanges such as emails, network
traffic, or process logs. This type of data is fre-
quently modeled as a rapidly changing dynamic

graph with the goal of discovering behavioral pat-
terns and anomalies in the system.

• In the case of *-omics data from biology, much
of the data is pairwise, or multi-way, rate of ex-
pression under various environmental conditions.
This naturally leads to a variety of graphical struc-
tures, from directed hypergraphs to undirected
graphs, depending on the choice of data represen-
tation.

• A key factor in the understanding of the behavior
of microbial communities is the directed graph of
reinforcing interactions, i.e., the presence of mi-
crobe A increases with the increase of microbe B.

• In blogging and social networks such as Twitter,
users interact with external content by posting
links, thereby forming a user-content hypergraph
whose structure affects information spread.

We invite early-career applicants from all domains to join
us. The most crucial characteristic of the applicants is the
desire to build a community that is willing to teach and
learn about other disciplines and to form true interdisci-
plinary teams. The organizers have identified several deep
theoretical problems and will provide guidance and re-
sources as participants tackle them. In addition to the tech-
nical collaborations, there will be opportunities to learn
about research in the national laboratory system and in
industry, expand networks, and participate in other pro-
fessional development activities. We invite you to apply
and join us in exploring this topic of theoretical interest
and practical significance.
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[ER61] P. Erdős and A. Rényi, On the evolution of random
graphs (English, with French summary), Bull. Inst. Internat.
Statist. 38 (1961), 343–347. MR148055

[HAPP20] Koby Hayashi, Sinan G. Aksoy, Cheong Hee Park,
and Haesun Park, Hypergraph random walks, laplacians, and
clustering, Proceedings of the 29th ACM International Con-
ference on Information & Knowledge Management, 2020,
pp. 495–504.

[IPBL19] Iacopo Iacopini, Giovanni Petri, Alain Barrat, and
Vito Latora, Simplicial models of social contagion, Nature
Communications 10 (2019), 2485.

[Kir18] Steve Kirkland, Two-mode networks exhibiting data
loss, J. Complex Netw. 6 (2018), no. 2, 297–316, DOI
10.1093/comnet/cnx039. MR3801727

[LKS20] Geon Lee, Jihoon Ko, and Kijung Shin, Hy-
pergraph motifs: Concepts, algorithms, and discoveries,
arXiv:2003.01853 (2020).

[LP11] Linyuan Lu and Xing Peng, High-ordered random walks
and generalized Laplacians on hypergraphs, Algorithms and
models for the web graph, Lecture Notes in Comput. Sci.,
vol. 6732, Springer, Heidelberg, 2011, pp. 14–25, DOI
10.1007/978-3-642-21286-4_2. MR2842309

[LR20] Nicholas Landry and JuanG. Restrepo, The effect of het-
erogeneity on hypergraph contagion models, Chaos 30 (2020),
no. 10, 3117. https://doi.org/10.1063/5.0020034.

[NBW06] Mark Newman, Albert-László Barabási, and Dun-
can J. Watts (eds.), The structure and dynamics of networks,
Princeton Studies in Complexity, Princeton University
Press, Princeton, NJ, 2006. MR2352222

Credits

Figures 1 and 2 were created by Sinan Aksoy.

Advertise in the

Connect with an audience of approximately 30,000 subscribers 
through Classified and Display Advertising in the Notices of the 
American Mathematical Society, available in print and online.

As the world’s most widely read magazine aimed at professional 
mathematicians, the Notices is an excellent medium for announc-
ing publications, products, and services, and for recruiting math-
ematical scientists in academia, industry, and government.

Learn more about advertising in the Notices at 
www.ams.org/noticesadvertising.

of the American Mathematical Society

Notices

FEBRUARY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 291

http://dx.doi.org/10.1016/j.laa.2016.12.022
http://dx.doi.org/10.1137/18M1203031
http://dx.doi.org/10.1016/j.laa.2011.11.018
http://dx.doi.org/10.1093/comnet/cnx039
http://dx.doi.org/10.1007/978-3-642-21286-4_2
http://www.ams.org/mathscinet-getitem?mr=3953463
http://www.ams.org/mathscinet-getitem?mr=2900714
http://www.ams.org/mathscinet-getitem?mr=2674816
http://www.ams.org/mathscinet-getitem?mr=1235565
http://www.ams.org/mathscinet-getitem?mr=148055
http://www.ams.org/mathscinet-getitem?mr=3801727
http://www.ams.org/mathscinet-getitem?mr=2842309
http://arxiv.org/abs/2003.01853
https://doi.org/10.1063/5.0020034
http://www.ams.org/mathscinet-getitem?mr=2352222
http://www.ams.org/mathscinet-getitem?mr=3598572
http://arxiv.org/abs/2104.11329


Applied Category Theory
in Chemistry, Computing,
and Social Networks
John Baez, Simon Cho, Daniel Cicala, Nina Otter,
and Valeria de Paiva

The authors of this piece are organizers of the AMS 2022
Mathematics Research Communities summer conference
Applied Category Theory, one of four topical research

conferences offered this year that are focused on
collaborative research and professional development for

early-career mathematicians. Additional information can
be found at https://www.ams.org/programs

/research-communities/2022MRC-Categories.
Applications are open until February 15, 2022.

1. Introduction
Society is increasingly complex and connected through the
internet and social media, planetary climate and ecologi-
cal challenges, transnational organization and global sup-
ply chains. To navigate and thrive in this networked world,
we rely on scientific advances to help us manage this com-
plexity by enabling robust communication, cooperation,
and collaboration.
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Within about the past decade, a growing number of re-
searchers have realized that the aspects of category theory
that make it useful in certain pure mathematical contexts
also make it useful for the study of the underlying struc-
ture of physical and conceptual systems. From this realiza-
tion, a new field has emerged called Applied Category The-
ory (ACT). Some major themes currently found in the ACT
literature include compositionality, functorial semantics,
and implementing these structures into user-friendly soft-
ware. Indeed, engineers and scientists should benefit from
the fruits of ACT, ideally without having to first study cate-
gory theory which is why producing user-friendly software
is a north star of ACT research. In this note, we provide
a bird’s eye view of these major themes, describe a road
map to relevant literature, and highlight the essence and
intuition of the central ideas as well as the payoffs that a
category-theoretic approach can bring. Into this narrative,
we fit a brief description of specific research projects to be
undertaken by participants of the 2022 Mathematical Re-
search Community in Applied Category Theory.

2. Compositionality
To a category theorist, it is not the mathematical objects,
but themorphisms between objects that are held to be fun-
damental. This viewpoint necessarily lifts composition to
the fore of mathematical operations. When considering
examples of a morphism, many may conjure functions be-
tween sets, homomorphisms between rings, or continuous
maps between spaces. These examples are certainly impor-
tant; however, morphisms can truly be anything satisfying
the axioms for a category. One main thread of research
in applied category theory is to model open systems by
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Figure 1. Open Markov process.

Figure 2. Open SIR model as a Petri net.

arranging them as morphisms in some category. “Open”
heremeans that the systems are equippedwith an interface
that can interact with other compatible systems.
2.1. Structured cospans. One method of encoding open
systems asmorphisms is to consider them as “cospans” [3].
The idea is to create a category where we interpret each
object as a system of some sort, and then define a cospan
to be an object 𝑆 with two morphisms into it,

𝑋 → 𝑆 ← 𝑌,
that select which parts of 𝑆 serve as inputs and outputs.
Composition of cospans,

𝑋 → 𝑆 ← 𝑌 followed by 𝑌 → 𝑇 ← 𝑍,
is given by a purely categorical construction known as a
pushout, which connects the outputs of 𝑆 to the inputs
of 𝑇. In applied category theory we often need structured
cospans,

𝑋 → 𝑈(𝐴) ← 𝑌,
where the object 𝐴 lives in a different category from 𝑋 and
𝑌 , related by a functor 𝑈. For example, 𝑋 and 𝑌 could be
sets, and 𝐴 could be a graph.

The structured cospan approach has been applied to
chemical reaction networks, Markov processes (see Figure
1), and electrical circuits. Petri nets, typically found in
chemistry and computer science, are a graphical formal-
ism to describe distributed systems. These too can be real-
ized as structured cospans thus offering a way to categor-
ically build complex processes. Figure 2 shows an open
Petri net as a structured cospan encoding a simple model
of infectious disease. Here 𝑆 stands for a population of
“susceptible” people, 𝐼 stands for “infected,” and 𝑅 stands
for “resistant.”

It turns out that standard ways tomanipulate a system—
for example, connecting outputs of one system to the in-
puts of another, turning an output into an input, con-
sidering multiple systems as a single system—are all real-
ized with purely category-theoretic operations. The pay-
off is that many different systems can be described in the
same language: category theory. With different systems on
equal footing, comparisons aremore readily available. Rig-
orous, not simply heuristic, diagrammatic languages exist
to assist in reasoning about systems of various kinds, and
a structural analysis of systems may commence.
2.2. Open reaction networks. Reaction networks are a
widely used method of describing chemical reactions.
There is a standard method of turning a reaction network
into a collection of differential equations describing the
time evolution of the concentration of various chemicals
in solution. Starting in the 1970s, mathematical chemists
formulated a number of deep theorems [11] and conjec-
tures [1] saying how the qualitative behavior of these dif-
ferential equations depend on topological features of the
reaction network.

More recently, structured cospans have been used to
describe “open” reaction networks—where chemicals can
flow in and out—as morphisms in a category [4]. We can
build larger reaction networks by composing smaller open
ones, and the map sending an open reaction network to
its differential equation is a functor. In the 2022 MRC in
Applied Category Theory, participants will use this frame-
work to study the qualitative behavior of chemical reac-
tions.
2.3. Lenses. Lenses offer another method to connect sys-
tems together and are particularly useful to model a sce-
nario involving a bidirectional flow of information be-
tween connected systems. A helpful, if rough, approxi-
mation of a lens is two interacting systems, each encoded
as a set of states 𝑋 , 𝑌 together with one map 𝑓∶ 𝑋 →
𝑌 that “sends information forward” and a second map
𝑏∶ 𝑋 × 𝑌 → 𝑋 that “sends information backwards.” To il-
lustrate, imagine that𝑋 is the set of behaviors of an individ-
ual named James and 𝑌 is the set of behaviors of the Cate-
gory Cafe, James’ favorite coffee house. The forward func-
tion captures how the Category Cafe behaves, 𝑓(𝑥) ∈ 𝑌 , in
reaction to each of James’ behaviors, 𝑥 ∈ 𝑋 . For instance,
perhaps 𝑥 = “James orders a coffee” maps to 𝑓(𝑥) = “an
employee pours a coffee.” The backwards function cap-
tures how each state of the cafe 𝑦 affects each of James’
behaviors 𝑏(−, 𝑦)∶ 𝑋 → 𝑋 . If 𝑦 = “the cafe is busy,” then
𝑏(−, 𝑦)∶ 𝑋 → 𝑋 might update 𝑥1 = “orders a coffee” to
𝑏(𝑥1, 𝑦) = “leaves the cafe,” hold 𝑥2 = “uses the restroom”
constant so 𝑏(𝑥2, 𝑦) = 𝑥2, and update 𝑥3 = “sit and check
emails” to 𝑏(𝑥3, 𝑦) = “stand in the corner and wait until
customers leave.”
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While this toy example imparts the flavor of a lens, it
does not impart the lens’ full majesty when the appropri-
ate rigor and generality is considered. Indeed, lenses are
so useful that people continue to rediscover them in seem-
ingly unconnected situations. Gödel’s Dialectica interpre-
tation, a model of intuitionistic arithmetic, offers an early
discovery of lenses, though without the term. de Paiva
placed Gödel’s logical framework into a category whose
morphisms are generalized lenses [13]. This Dialectica con-
struction has come to establish much of the current under-
standing about lenses. Contemporary lens applications in-
clude database theory [8], a structural perspective on func-
tional learning [6], domain theory [15], and open game
theory [10] with an emphasis on economic models. This
same structure appearing in so many places excited cate-
gory theorists who in turn began to study lenses on their
own terms, starting with the category of lenses in the cat-
egory of sets. The objects of this category are sets and the
morphisms (𝑓, 𝑏)∶ 𝑋 → 𝑌 are lenses, so a pair of func-
tions 𝑓∶ 𝑋 → 𝑌 and 𝑏∶ 𝑋 × 𝑌 → 𝑋 are subject to several
compatibility laws, that is, commuting diagrams:

𝑋 × 𝑌 𝑋

𝑌

𝑏

𝜋2 𝑓

𝑋 𝑋 × 𝑌

𝑋

⟨id𝑋 , 𝑓⟩

id𝑋 𝑏

𝑋 × 𝑌 × 𝑌 𝑋 × 𝑌

𝑋 × 𝑌 𝑋

𝑏 × id𝑌

𝜋1,3 𝑏

𝑏

A composite of lenses

(𝑓1, 𝑏1)∶ 𝑋 → 𝑌 and (𝑓2, 𝑏2)∶ 𝑌 → 𝑍

comprises the functions

𝑋 → 𝑍 and 𝑍 × 𝑋 → 𝑋,

respectively defined by 𝑥 ↦ 𝑓2(𝑓1(𝑥)) and

(𝑧, 𝑥) ↦ 𝑏1(𝑏2(𝑧, 𝑓1(𝑥)), 𝑥),

and are depicted in Figure 3 using a string diagram. This
category generalizes in various directions, for instance by
taking different permutations of the compatibility laws,
by taking lenses in various categories, or, repeatedly, by
replacing the Cartesian product with another monoidal
product.

𝑋 𝑓1
𝑌 𝑓2 𝑍

𝑋

𝑍 id𝑍

∆𝑋

𝑍

𝑋

𝑋

id𝑍

𝑓1

id𝑋

𝑍

𝑌

𝑋

𝑏2

id𝑋

𝑌

𝑋

𝑏1 𝑋

Figure 3. Lens composition as a string diagram.

2.4. Dialectica interpretation. When combing the above-
cited literature about lenses, one would notice that there
are actually variations of lenses just as there are for any
mathematical object. In fact, one of the variants of the
lenses discussed in both [6] and [10] seems to be a certain
restriction of de Paiva’s Dialectica construction, although
it is not immediately obvious to what degree such a restric-
tion preserves the logical structure of the construction. In
the 2022 MRC for Applied Category Theory, participants
will construct a framework that clarifies in which precise
sense the concept of lens as embodied by the Dialectica
construction generalizes the variations of lenses discussed
above.

3. Functorial Semantics
We have two formal and rigorous methods of building sys-
tems from their constituent parts: structured cospans and
lenses. The categories we build from structured cospans or
from lenses offer a syntax that we can use to reason about
the structure of systems. However, we would also like to
understand their behavior. Given our interest in compos-
ite systems, a natural question to ponder is: how much
of a system’s behavior is explained by the behavior of its
component parts? To answer this question, we can borrow
ideas from one of category theory’s giants.

In his PhD thesis, William Lawvere introduced a
category-theoretic perspective on universal algebra called
functorial semantics. The idea is to encode the theory for
an algebraic object into a category. For example, the cate-
gory for the theory of a group will have its objects gener-
ated by taking all finite products of a single object𝐺, giving
objects

1, 𝐺, 𝐺 × 𝐺, 𝐺 × 𝐺 × 𝐺,
and so on. The morphisms of this category are gener-
ated, via composition and products, by the structure maps
𝑒∶ 1 → 𝐺, (−)−1 ∶ 𝐺 → 𝐺, and ∗∶ 𝐺 × 𝐺 → 𝐺. The re-
sulting morphisms are then quotiented by equations be-
tween morphisms that describe the properties of identity,

294 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 2



invertibility, and associativity. This construction provides
a unique morphism for every possible way to turn a string
of group elements into a single element; for instance,

(𝑔1, 𝑔2, 𝑔3, 𝑔4) ↦ ((𝑔−11 ∗ 𝑔2) ∗ 𝑔3)−1) ∗ 𝑔4
has a dedicated morphism of type

𝐺 × 𝐺 × 𝐺 × 𝐺 → 𝐺.

Note, there are no actual elements here, we are just us-
ing generalized symbols to describe the morphism. The
resulting category 𝐓𝐡(Group) is not a group; it is the syn-
tax for groups. This is directly in line with our categories
constructed using structured cospans or lenses to capture
the syntax of various systems. Then, once we have a syn-
tax, we can use a functor out of that syntax and into an-
other category to realize the semantics. For example, ev-
ery group is a functor 𝐓𝐡(Group) → 𝐒𝐞𝐭 to the category
of sets and set functions. Here 𝐒𝐞𝐭 is the semantics of
the group. By changing the semantics, we can obtain
the many flavors of groups: each topological group is a
functor 𝐓𝐡(Group) → 𝐓𝐨𝐩 to the category of topological
spaces and continuous maps, each Lie group is a functor
𝐓𝐡(Group) → 𝐃𝐢𝐟𝐟 into the category of differential mani-
folds and smooth maps.

Applied category theorists use this idea to study open
systems using two categories. The first category has as mor-
phisms the open systems, for example encoded as struc-
tured cospans. This category serves as the syntax for the
system, governing how we can combine systems to make
larger, more complex systems. The second category cap-
tures the behavior of these systems. This category serves as
the semantics and is typically the category 𝐑𝐞𝐥 whose ob-
jects are sets and morphisms are binary relations, though
a category of stronger relations may be appropriate. Then
a functor 𝐒𝐲𝐧𝐭𝐚𝐱 → 𝐒𝐞𝐦𝐚𝐧𝐭𝐢𝐜𝐬 assigns to each system
(a morphism in the syntax category), the relationship be-
tween behaviors on the system’s inputs and outputs. For
example, there is a functor from the category whose mor-
phisms are passive linear circuits to the category LinRel
whose objects are ℝ𝑛 for each natural number 𝑛 and mor-
phisms ℝ𝑚 → ℝ𝑛 are linear relations, that is, linear sub-
spaces of ℝ𝑚⊕ℝ𝑛. This functor assigns to a passive linear
network

𝑓 ↦ 𝑅 ⊂ ℝ6 ⊕ℝ4,

where 𝑅 comprises the tuples (𝑣𝑘, 𝑖𝑘)5𝑘=1 that represent the
realizable potential-current pairs that can exist on each
port according to Kirchhoff’s Circuit Laws.

In general, these semantics-assigning functors capture
the external behavior of a system as a composite of the sys-
tem’s components. The generality of this approach favors
the structural perspective and, by using category theory as
a common language, allows for a more readily-made com-
parison for systems of different types. In an era of increas-
ing interdisciplinarity, the ability to translate knowledge
across disciplines is crucial. Applied category theory is one
approach towards building such a dictionary.

It is worth noting that functorial semantics as described
above does not capture any behavior that is emergent from
composing systems. Research is underway in this direction
by using so-called lax functors [7].
3.1. Social simplicial complexes. The power of functors
goes beyond their ability to describe the deconstruction
of systems into their syntax and semantics. They are a
powerful organizational tool that encompasses a stagger-
ingly large number of themost famousmathematical oper-
ations. Indeed, computing some free algebraic object on a
set, the fundamental group on a space, the homology and
cohomology of spaces, the tangent or cotangent bundle
of a smooth manifold are all functors. Even a space like a
sheaf or presheaf can be represented as a functor. By think-
ing about a space as a functor, the higher-dimensional fea-
tures can be studied using higher category theory, a per-
spective that offers new tools to classical subjects. In the
field of Topological Data Analysis, functoriality of many
constructions is a key ingredient in the study of their ro-
bustness [5].

In the 2022 MRC, participants will study social systems
using functors and other category-theoretic tools. Many of
the methods currently used in network science were first
developed by social network scientists, who use nodes to
represent agents of a social system, and (un)directed la-
beled edges to represent binary relations between agents
(see Figure 4).

Two of the main properties of social systems that so-
cial scientists are interested in studying are positions and
roles. For networks, positions are defined as equivalence
classes of nodes that are similar, while roles are equiva-
lence classes of compound relations [14]. Since the 1970s
a lot of research has been done to develop these concepts
in a rigorous way [9]. Otter and Porter developed meth-
ods to relate the analyses of roles and positions in social
networks, using a functorial formulation [12]. At the 2022
MRC, we intend to extend this functorial framework to ac-
count for higher-order interactions between social agents
by modeling social systems with simplicial complexes in-
stead of mere graphs.
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Figure 4. An example of social network modeling kinship
relationships.

4. Software Development
A goal of the ACT community is to bridge the gap be-
tween theorists using category-theoretic modeling tools
and those who want to use the models to say something
useful and true about the world. One can cross their fin-
gers and hope that the “users” will simply take it upon
themselves to learn enough category theory to take advan-
tage of ACT-styled models. A more proactive approach
would be to build user-friendly (meaning, no category the-
ory knowledge required) tools. Such tools will likely take
the form of computer software with intuitive graphical in-
terfaces where the category theory is programmed under-
the-hood. A number of researchers are currently work-
ing on building such software tools, though this work is
very much in its infancy. One example includes Globu-
lar,1 a proof assistant that allows one to perform higher-
dimensional calculations in categories via a graphical in-
terface. Structured cospans of Petri nets were implemented
in the software package Julia to develop an SIR model that
is compositional in the sense that various cities can each
have their own model that can be connected together to
form a composite SIR model [2]. Users can set parameters
and all the category theory remains underneath the hood.
Private enterprise is also entering the picture. The organi-
zation Statebox2 is blending an ACT approach to Petri nets
together with blockchain technology to develop a technol-
ogy stack based on a visual programming language. In
addition, they have built a software engine for composi-
tional game-theoretic modeling, a finite state machine ora-
cle. The company Conexus3 uses applied categorical meth-
ods for data integration.

The success of ACT as a discipline largely hinges on its
ability to be accessible and available to scientists and en-
gineers, meaning the building of software is central to the
ACT program.

1http://globular.science/
2https://statebox.org/
3https://conexus.com/

5. Conclusion
The ACT community is continuing to grow and is seek-
ing early-career researchers, programmers, scientists, and
engineers of all stripes to join us at the 2022 Mathemat-
ical Research Community. Those who enjoy a systems-
thinking and structural perspective will find that category
theory provides a rigorous and robust framework for rea-
soning about systems, processes, and relationships. Exper-
tise in category theory is not required to join, just a desire
to learn.
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prop as functor: a compositional perspective on supervised learn-
ing, 2019 34th Annual ACM/IEEE Symposium on Logic
in Computer Science (LICS), IEEE, Piscataway, NJ, 2019,
pp. 1–13. MR4142439

[7] Brendan Fong and David I. Spivak, An invitation to
applied category theory: Seven sketches in compositional-
ity, Cambridge University Press, Cambridge, 2019, DOI
10.1017/9781108668804. MR3966447

[8] J. N. Foster, M. B. Greenwald, J. T. Moore, B. C. Pierce,
and A. Schmitt, Combinators for bidirectional tree transforma-
tions: A linguistic approach to the view-update problem, ACM
Transactions on Programming Languages and Systems 29
(2007), no. 3, 17-es.

[9] L. Freeman, The development of social network analysis, Em-
pirical Press, 2004.

[10] Neil Ghani, Jules Hedges, Viktor Winschel, and Philipp
Zahn, Compositional game theory, LICS ’18—33rd An-
nual ACM/IEEE Symposium on Logic in Computer
Science, ACM, New York, 2018, pp. 472–481, DOI
10.1145/3209108.3209165. MR3883754

[11] F. Horn and R. Jackson, General mass action kinetics,
Arch. Rational Mech. Anal. 47 (1972), 81–116, DOI
10.1007/BF00251225. MR400923

[12] N. Otter and M. A. Porter, A unified framework for equiva-
lences in social networks, arXiv:2006.10733, 2020.

296 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 2

https://statebox.org/
https://conexus.com/
http://www.ams.org/mathscinet-getitem?mr=400923
http://www.ams.org/mathscinet-getitem?mr=3883754
http://www.ams.org/mathscinet-getitem?mr=3966447
http://www.ams.org/mathscinet-getitem?mr=4142439
http://www.ams.org/mathscinet-getitem?mr=2476414
http://www.ams.org/mathscinet-getitem?mr=3694082
http://www.ams.org/mathscinet-getitem?mr=4170469
http://www.ams.org/mathscinet-getitem?mr=2835244
http://dx.doi.org/10.1137/11082631X
http://www.arxiv.org/abs/2105.12282
http://dx.doi.org/10.1142/S0129055X17500283
http://dx.doi.org/10.1090/S0273-0979-09-01249-X
http://dx.doi.org/10.1017/9781108668804
http://dx.doi.org/10.1145/3209108.3209165
http://dx.doi.org/10.1007/BF00251225
http://www.arxiv.org/abs/2006.10733
http://globular.science/


[13] V. C. V. de Paiva, The Dialectica categories, Categories
in computer science and logic (Boulder, CO, 1987),
Contemp. Math., vol. 92, Amer. Math. Soc., Providence,
RI, 1989, pp. 47–62, DOI 10.1090/conm/092/1003194.
MR1003194

[14] S. Wasserman and K. Faust, Social network analysis, Cam-
bridge University Press, 1994.

[15] G. Winskel, Domain theory and interaction, British Com-
puter Science FACS (Formal Aspects of Computer Sci-
ence) Newsletter, British Computer Society. Available
at https://www.bcs.org/media/7577/facs-jul21
.pdf.

Credits

Figures 1 and 2 are courtesy of John Baez.

MathSciNet® is the authoritative gateway 
to the scholarly literature of mathematics. 
Containing information on more than 4 
million articles and books, with direct links 
to over 2.6 million articles in more than 
1,800 journals. MathSciNet includes ex-
pert reviews, customizable author profiles, 
and citation information on articles, books, 
journals, and authors.

MathSciNet’s extensive resources can help 
you throughout your entire math career. 
Use it to:
•  Quickly get up to speed on a new topic
•  Look up a researcher’s body of work
•  Find an article or book and track its  
    reference list
•  Research a math department to prepare  
    for a job interview or when applying to  
    graduate school

mathscinet.ams.org

How to Subscribe

Go to www.ams.org/mathsciprice to 
learn more about MathSciNet, 
including information about 
subscription rates, joining a 

consortium, and a 30-day free trial.
C

re
di

ts
: R

. H
ur

t/C
al

te
ch

-J
PL

FEBRUARY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 297

http://dx.doi.org/10.1090/conm/092/1003194
https://www.bcs.org/media/7577/facs-jul21.pdf
https://www.bcs.org/media/7577/facs-jul21.pdf
http://www.ams.org/mathscinet-getitem?mr=1003194
http://mathscinet.ams.org


AMS COMMUNICATION

298    Notices of the AmericAN mAthemAticAl society Volume 69, Number 2

When I graduated college and started a math PhD, I 
tried to continue blogging, but it was hard to do. I basically 
stopped writing. I was busy with school, and it was difficult 
to write without any sort of structure or peer group. But I 
missed writing about math. When I heard about the AAAS 
Mass Media Fellowship, it sounded amazing. I poured all 
the time I could find into the application.

I was thrilled when I found out that I’d gotten the fel-
lowship and would be sponsored by the AMS. I spent my 
summer working at a nonprofit news website called The 
Conversation, where my role was part writer, part editor.

For my first article, I took a deep dive into the life of 
mathematician Emmy Noether, in honor of the 100th an-
niversary of her landmark paper on ideal theory in rings. I 
learned about her contributions to math and physics, but 
also, how she struggled to get even a basic academic lecturer 
job as a woman in Germany in the early 1900s, how the 
Nazis took away her hard-earned position because she was 
Jewish, and how she taught, until her death at age 53, at 
Bryn Mawr College in Pennsylvania.

The article I wrote was about both Noether’s life and the 
math she developed. The part I had the most fun writing 
was an explanation of ring theory, in which I compared 
mathematical rings to croissants in a bakery. When an 
editor at The Conversation said that she had been telling 
her husband about ring theory in the car that day, it felt 
like a win.

In my editing role, I got involved in stories on a range of 
science topics: teens and empathy, Lyme disease antibodies, 
COVID-19 and schools, and the health effects of racism. 
The Conversation’s articles on any topic are always written by 
researchers on that topic—that’s why, as an algebraist, I was 
qualified to write about Noether’s work—so the authors I 
edited were scientists, not journalists. I found it rewarding 
to guide each person through the process of explaining their 
research to a lay reader. With every round of discussion and 
editing, the articles would get clearer and more engaging, 
until they were ready to publish.

When I meet new people and I tell them that I’m a PhD 
candidate in mathematics, they often tell me about their 
own struggles with math. Sometimes they say things like 
“I’m not a math person” or “I hated math in school.” I get 
the sense that they see math as a test of talent: you can get 
the answer, or you can’t. You’re good at it, or you’re not.

When I started college, I had that kind of perspective 
too—at least at first. Without realizing what I was getting 
into, I registered for a proof-based calculus class, which 
was full of freshmen like me who didn’t know anything 
about proofs. On the first day of class, someone asked the 
professor which calculator we would need. He answered, 
“We aren’t really going to use numbers in this class.” I had 
no idea what that could mean, and certainly not what to 
expect from the course.

It was totally unlike any math class I had taken before. 
I loved it. It showed me something that mathematicians 
know well: that doing math is a creative, puzzle-like, and 
open-ended process, basically the opposite of memorizing 
multiplication tables and reducing fractions. And now that 
I knew about it, I wanted to share that side of math with 
everyone. 

I started writing about math. For three years, as I took 
the classes I needed for the math major, I also wrote a 
“Math in Plain English” column for a school publication. 
I loved breaking down the basics—probability, the integers, 
the meaning of the “=” sign—and tackling more human, 
philosophical questions, like “is math fiction?” and “is 
math art?” I enjoyed illustrating mathematical ideas in a 
way that even a self-proclaimed “not math person” could 
appreciate, and sharing the conceptual kind of math that I 
was learning in my classes.

My Summer at The Conversation
Tamar Lichter Blanks
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My fellowship experience was mostly remote, but I al-
ways felt like I was part of an open, friendly office. Through-
out the summer, the other editors offered lunchtime brown-
bag sessions on topics like fact-checking, choosing images 
to fit a story, and constructing a narrative. As the person 
with the most background in math on The Conversation’s 
editorial team, I gave a talk about how journalists might 
avoid getting fooled by statistical fallacies. I learned how 
to write a science story that’s timely and clearly answers the 
question, “Why is this being published now?” And I learned 
how to write a good lede, or article opening, that grabs a 
reader’s attention and gets them interested in the story.

Now that I’m back in the swing of my PhD work, I’m 
even more grateful for the perspective and skills I gained 
over the summer. Ever since that first calculus class, I’ve 
believed math is something anyone can enjoy. I’m excited 
to keep sharing it. 

Tamar Lichter Blanks
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Esteban Awarded  
Pascal Medal

Maria J. Esteban of the Université 
Paris Dauphine has been awarded the 
Blaise Pascal Medal of the European 
Academy of Sciences for 2021. Her 
work specializes in nonlinear par-
tial differential equations and their 
applications in fluid mechanics and 
quantum physics and chemistry. She 
received her PhD from Université 
Pierre et Marie Curie in 1981 under 
the direction of Pierre-Louis Lions. 

She is director of research at Centre National de la Recher-
che Scientifique (CNRS). She has been president of the In-
ternational Council for Industrial and Applied Mathematics 
and of Société de Mathématiques Appliquées et Industri-
elles and chair of the Applied Mathematics Committee of 
the European Mathematical Society. She is a Fellow of the 
Society for Industrial and Applied Mathematics (SIAM), 
an honorary member of the London Mathematical Society, 
and a member of the European Academy of Sciences and 
the Basque Academy of Sciences, Arts, and Letters. She was 
awarded the SIAM Prize for Distinguished Service to the 
Profession (2019) and the Prix Jacques-Louis Lions of the 
French Academy of Sciences and was an invited speaker at 
the International Congress of Mathematicians in Rio de 
Janeiro in 2018. Esteban tells the Notices: “What I most like 
doing when I am not working is going to the movies and 
visiting museums and art exhibitions. Hiking has always 
been a favorite of mine, too. I had almost stopped doing it, 
but the COVID period has pushed me to walk a lot again.”

—From a European Academy of Sciences announcement

Austin Receives Brin Prize
Tim Austin of the University of 
California, Los Angeles, has been 
awarded the tenth Michael Brin Prize 
in Dynamical Systems. Austin was 
recognized for his innovative proof 
of the weak Pinsker conjecture, for 
his groundbreaking approach to 
nonconventional ergodic theorems 
for multiple averages via the theory 
of pleasant extensions, and for his 
contributions to geometric group 

theory. The work for which he was honored includes the 
following articles: “Measure concentration and the weak 
Pinsker property,” Publications Mathématiques de l’Institut 
Hautes Etudes Scientifiques 128 (2018); “On the norm con-
vergence of non-conventional ergodic averages,” Ergodic 
Theory and Dynamical Systems 30 (2010); and “Amenable 
groups with very poor compression into Lebesgue spaces,” 
Duke Mathematical Journal 159 (2011). 

Austin received his PhD in 2010 from UCLA under the 
supervision of Terence Tao. He was awarded a Clay Math-
ematics Institute Research Five-Year Fellowship in 2010. He 
held a visiting position at Brown University from 2010 to 
2012, then joined the Courant Institute of Mathematical 
Sciences as assistant professor in 2012, rising to associate 
professor in 2015. He joined the faculty at UCLA in 2017, 
where he is now full professor. He was awarded a New 
Horizons in Mathematics Prize in 2020.

The Brin Prize was endowed by Michael Brin of the Uni-
versity of Maryland in 2008 to recognize mathematicians 
who have made substantial impact in dynamical systems 
and related fields at an early stage of their careers. The prize 
is awarded for specific contributions and currently carries a 
cash award of US$18,000. The prize committee consisted 
of Viviane Baladi, Sorbonne University; Giovanni Forni 
(Chair), University of Maryland at College Park; Helmut 
Höfer, Institute for Advanced Studies; Elon Lindenstrauss, 
Hebrew University of Jerusalem; Carlangelo Liverani, Uni-
versità di Roma Tor Vergata; Hee Oh, Yale University; and 
Federico Rodriguez Hertz, Pennsylvania State University.

—Giovanni Forni
Chair, Prize Selection Committee

Tim Austin

Maria J. Esteban
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ICMP Awards Announced 
The International Congress on Mathematical Physics 
(ICMP) was held in August 2021, where a number of prizes 
were awarded.

The Henri Poincaré Prizes are awarded for outstanding 
contributions in mathematical physics and contributions 
that lay the groundwork for novel developments in the 
field. It also recognizes young researchers who have made 
outstanding contributions to mathematical physics. The 
2021 prizes were awarded to the following.

Demetrios Christodoulou of ETH 
Zurich was honored “for pathbreak-
ing contributions to mathematical 
understanding of the Einstein equa-
tions, including fundamental results 
on black hole formation and the 
discovery of a nonlinear memory 
effect in the theory of gravitational 
radiation, and for introducing a pow-
erful geometric point of view for 
the problem of shock formation for 
compressible fluids.” He received 

his PhD from Princeton University in 1971 and has held 
positions at the University of Athens, the International 
Center for Theoretical Physics, the Max Planck Institute, 
Syracuse University, the Courant Institute of Mathematical 
Sciences, and Princeton University. He received the AMS 
Bôcher Prize in 1999 and the Shaw Prize (with Richard 
Hamilton) in 2011, among many honors. He is a Fellow 
of the American Academy of Arts and Sciences, a member 
of the US National Academy of Sciences, and an inaugural 
Fellow of the AMS. He tells the Notices: “I do love to study 
and think about physics. I also have intellectual interests, in 
particular understanding the relation between the empirical 
and the mathematical approach to knowledge.”

Jan Philip Solovej of the Uni-
versity of Copenhagen received a 
Poincaré Prize “for outstanding con-
tributions to the analysis of quantum 
many-body problems ranging from 
the electronic structure of large atoms 
to the Lee–Huang–Yang asymptotics 
of the ground state energy of dilute 
Bose gases.” He received his PhD 
from Princeton University in 1989 
and has been affiliated with the Uni-
versity of Toronto, the Institute for 

Advanced Study, Princeton University, and Aarhus Uni-
versity before joining the University of Copenhagen. He is 
a member of the Royal Danish Academy of Sciences and 
Letters and the Academia Europaea. He was elected a Fellow 
of the AMS for 2022. He tells the Notices: “I enjoy jogging 

Bhatnagar Prizes Awarded
The Shanti Swarup Bhatnagar Prizes 
were awarded to eleven distinguished 
scientists for 2021. Honored in the 
mathematical sciences were Anish 
Ghosh of the Tata Institute of Fun-
damental Research (TIFR), Mumbai, 
and Saket Saurabh of the Institute of 
Mathematical Sciences (IMSc), Chen-
nai. Ghosh specializes in the field 
of ergodic theory and has resolved 
many long-standing problems. He 
received his PhD from Brandeis Uni-
versity in 2006 under the supervision 
of Dmitry Kleinbock. He was a post-
doctoral fellow at the University of 
Texas, Austin, and a lecturer at the 
University of East Anglia before join-
ing the Tata Institute. He is a fellow of 
the Indian Academy of Sciences. He 
tells the Notices: “I enjoy spending 
time with my family, and finding new 

ways to entertain my daughter. From childhood, I've had 
an enduring interest in literature and art. My favourite rec-
reational pastime is browsing bookstores, followed closely 
by visiting museums and galleries.” Saurabh is known for 
his work on parameterized complexity and for leading the 
field by initiating new research directions. He received his 
PhD in 2008 from IMSc, did a postdoctoral fellowship 
at the University of Bergen, and took a faculty position 
at IMSc in 2009. He received the ACM India Early Career 
Researcher Award in 2020 and is a fellow of the Indian 
Academy of Sciences. He tells the Notices: “Besides research 
I also enjoy teaching for public outreach and watch cricket 
and movies to unwind.” The Bhatnagar Prize is given by 
the Council of Scientific and Industrial Research (CSIR) 
to scientists under the age of forty-five for contributions 
across fields, including biological sciences, chemical sci-
ences, engineering sciences, mathematical sciences, medical 
sciences, physical sciences, and earth, atmosphere, ocean, 
and planetary sciences.

—Elaine Kehoe

Anish Ghosh

Saket Saurabh
Demetrios 
Christodoulou

Jan Philip Solovej
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as conservation laws in general relativity, with a recognized 
potential for experimental applications.” Chiara Saffirio of 
the University of Basel was recognized “for her important 
contributions towards the mathematical understanding of 
the dynamics of classical and quantum many-body systems, 
leading to rigorous derivations of effective evolution equa-
tions.” Vincent Tassion of ETH Zurich was honored “for 
his key contributions to the understanding of the stochastic 
properties of representations of classical lattice spin models 
via probabilistic methods, and his analysis of the sharp 
phase transition of the Potts model.”

—Elaine Kehoe from ICMP announcements

TWAS Awards Announced
The World Academy of Sciences 
(TWAS) has announced a number of 
awards for 2020–2022. Helena Nus-
senzveig Lopes of the Federal Uni-
versity of Rio de Janeiro received the 
2022 Award in Mathematics “for her 
contribution to the rigorous math-
ematical analysis of incompressible 
fluid flow models at or near turbulent 
regimes.” She received her PhD from 
the University of California, Berkeley, 
in 1991. She was a member of the 

faculty of the University of Campinas from 1992 to 2012, 
when she moved to Rio de Janeiro, where she headed 
the mathematics department from 2014 to 2016. She is 
a Fellow of the AMS and of the Society for Industrial and 
Applied Mathematics (SIAM). She tells the Notices: “I enjoy 
reading fiction, and I play the recorder, preferably baroque 
music. My husband is also a mathematician and he is my 
main collaborator; together we have two adopted sons, 
ages twenty-five and eighteen.” Abdon Atangana of the 
University of the Free State received the 2020 Mohammad 
A. Hamdan Award “for his contribution to fractal mathe-
matics and partial differential equations.” He received his 
PhD in applied mathematics from the Institute for Ground-
water Studies, University of the Free State. Basant Giri of 
Kathmandu Institute of Applied Sciences, Nepal, received 
the 2020 TWAS-Atta-ur-Rahman Award “for his outstand-
ing work on the development of low-cost analytical tools 
for biological, chemical, environmental, and clinical ap-
plications.” The TWAS Awards are awarded to individual 
scientists from developing countries in recognition of an 
outstanding contribution to scientific knowledge in nine 
fields of sciences and/or to the application of science and 
technology to sustainable development.

—From a TWAS announcement

and classical music. I was brought up with classical music, 
as my father was a professional violinist at the Danish 
Radio Symphony Orchestra. I have been quite involved in 
Danish research politics and was for several years the vice 
chair of the Independent Research Fund Denmark in charge 
of its international affairs and involved in formulating the 
Danish strategy for open access publishing.”

Rodney Baxter of the Australian National University 
was recognized with a Poincaré Prize “for groundbreaking 
contributions to the study of exactly solvable models in 
statistical mechanics, which have led to, and continue to 
inspire, profound developments across a broad spectrum 
of mathematics and physics.” Baxter received his PhD from 
the Australian National University. His honors include the 
Boltzmann Medal (1980), the Dannie Heineman Prize 
(1987), and the Lars Onsager Prize (2006). The Yang– 
Baxter equation is partly named for his work.

Yoshiko Ogata of the University of Tokyo received a 
Poincaré Prize “for groundbreaking work on the mathe-
matical theory of quantum spin systems, ranging from the 
formulation of Onsager reciprocity relations to innovative 
contributions to the theory of matrix product states and of 
symmetry-protected topological phases of infinite quantum 
spin chains.” She received her PhD from the University 
of Tokyo and did postdoctoral research at the University 
of Marseille and the University of California, Davis. She 
held a position at Kyushu University before moving to the 
University of Tokyo in 2009.

The International Association of 
Mathematical Physics Early Career 
Award is given in recognition of a 
single achievement in mathemat-
ical physics to scientists under the 
age of thirty-five. Amol Aggarwal of 
Columbia University received the 
2021 award “for fundamental con-
tributions to the asymptotic analysis 
of two-dimensional lattice models, 
including proving the universality of 
local correlations for dimer models, 

characterizing Gibbs measures and their current fluctu-
ations for the stochastic six vertex model, and providing 
a rigorous framework for the tangent method of finding 
boundaries of frozen regions in planar ice models.” Ag-
garwal received his PhD in 2020 from Harvard University 
under the direction of Alexei Borodin. He is currently a 
Clay Research Fellow. In his spare time, Aggarwal enjoys 
watching movies and eating dim sum.

The Young Scientist Prizes in Mathematical Physics are 
sponsored by the International Union of Pure and Applied 
Physics. Following are the awardees for 2021. Stefanos 
Aretakis of the University of Toronto was honored “for 
his influential contributions to the understanding of the 
dynamics and instability mechanisms of black holes as well 

Amol Aggarwal

Helena Nussenzveig 
Lopes
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Laird Receives Statistics Prize
Nan Laird of the Harvard T. H. Chan School of Public 
Health has been awarded the International Prize in Statis-
tics “in recognition of her work on powerful methods that 
have made possible the analysis of complex longitudinal 
studies.” She received her PhD from Harvard University 
in 1975 and served as a faculty member in biostatistics 
until her retirement. The International Prize in Statistics 
is awarded every two years by a collaboration among five 
leading international statistics organizations. The prize 
recognizes a major achievement by an individual or team 
in the statistics field.

—International Prize in Statistics announcement
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other students to more deeply appreciate how much fun 
math can be with a little change of perspective.  

Zoey Beda is a senior at Maryville 
University. She will be graduating 
with a BS in mathematics with a 
minor in data science. She has always 
loved solving math problems, but it 
was not until her first semester of 
college that she decided to become a 
math major. After taking an introduc-
tory statistics course, she fell in love 
with math. She loved how it could be 
used to solve problems in the world 
around her. Zoey has enjoyed her 

optimization, linear algebra, and differential equations 
courses and plans on obtaining her master’s degree in 
applied math after graduating. 

Northeastern University: Kianna 
Cabral is a second-year mathematics 
and physics double major. She was 
born in Brockton, Massachusetts, 
but her parents relocated back to the 
Cape Verdean Islands. She grew up in 
an “entourage” of teachers, and that 
motivated her to pursue a career in 
education. A dream of hers is to build 
schools in the rural areas of the Cape 
Verdean Islands and to advocate for 
greater presence of STEM programs 

in their curriculum.
University of Mississippi: Joseph 

Bishop is a senior pursuing a bache-
lor of science degree in mathematics. 
He is from the small town of Saltillo, 
which is located in northeastern Mis-
sissippi. He graduated from a class 
of 220 as valedictorian. He began 
his college career at the University of 
Mississippi in 2018 with his major 
undetermined, but soon realized that 
mathematics was far more compel-
ling than any other major. He plans 

to attend graduate school and further his education in 
mathematics. After graduation, Joseph hopes to work in 
data science or another applied mathematics field.  

2021 Trjitzinsky  
and Landau Awards
The AMS has made awards to eight undergraduate students 
through the Waldemar J. Trjitzinsky Memorial Fund. The 
fund is made possible by a bequest from the estate of 
Waldemar J., Barbara G., and Juliette Trjitzinsky. The will 
of Barbara Trjitzinsky stipulates that the income from the 
bequest should be used to establish a fund in honor of 
the memory of her husband to assist needy students in 
mathematics. 

Thanks to a generous anonymous donor, the Edmund 
Landau Award has been initiated to expand the Under-
graduate Opportunity Awards program and support more 
students in the future. One student was given the Landau 
Award for 2021.

For the 2021 awards, the AMS chose eight geographically 
distributed schools to receive one-time awards of US$3,000 
each. The mathematics departments at those schools then 
chose students to receive the funds to assist them in pursuit 
of careers in mathematics. The schools are selected in a ran-
dom drawing from the pool of AMS institutional members.

Following are the names of the selected schools for 2021, 
the names of the students receiving the awards, and brief 
biographical sketches of the students.

Maryville University: Piper Welsh 
is a major in mathematical science 
who used to see math as a necessary 
evil that she needed to complete to 
get her credentials. When she entered 
college, her perception of the subject 
completely changed. Now she sees 
it not only as a fun way to solve ev-
eryday problems, but also as a way 
to better understand the universe 
around us. In the course of changing 
her mind, she was inspired to advo-

cate for restarting the math club at Maryville to help other 
students begin their adventure within this captivating field. 
Piper wishes to foster an interest in mathematics in others 
by showing how math is applied in commonly known 
fields that many do not think relate to math at all and help 

Piper Welsh

Zoey Beda

Kianna Cabral

Joseph Bishop



NEWS

Community Updates

februAry 2022  Notices of the AmericAN mAthemAticAl society   305

enrolled in a self-led AP Calculus BC course. She was not 
deterred by the challenge of this course, but was pulled 
further into the world of mathematics. Needless to say, it 
was never a question that she wanted to major in a STEM 
field in college. She started as an aerospace engineering 
major, but navigated to mathematics after realizing that 
that was her greater passion. Now, she is deep in the world 
of matrices, calculus, and proofs and can’t imagine her life 
being any different. 

Villanova University: Shaniya 
Peart is a senior mathematics major 
with minors in Russian Area Studies 
and economics. She is a first-gener-
ation American and first-generation 
college student whose mother im-
migrated to the United States from 
Kingston, Jamaica, when she was a 
young adult. While she did well in 
math classes in high school, Villa-
nova is where Shaniya realized her 
love for mathematics. Originally a 

chemistry major, she switched to mathematics when she re-
alized how much she enjoyed solving math problems in her 
chemistry courses. In her first two summers at Villanova, 
she acted as a research assistant working in computational 
chemistry. This past summer, she attended the David Har-
old Blackwell Summer Research Institute, where she got a 
chance to conduct pure mathematics research concerning 
optimal mass transport under the mentorship of Wilfrid 
Gangbo (UCLA). These summer research experiences have 
played a large part in her decision to enter a mathematics 
graduate program after graduation. Shaniya hopes she can 
serve as an inspiration for black students, especially black 
female students, to pursue degrees in mathematics and 
be a catalyst for ever increasing representation for black 
mathematicians in the mathematics field.

California State University, 
Chico: Quinten Robinson was se-
lected the recipient of the Landau 
Award for 2021. He is a general math-
ematics major who fell in love with 
math in elementary school. He strug-
gled with math in middle school, 
but his love for mathematics was 
happily revived in high school. He 
is currently contemplating a minor 
or double major in physics, since 
his dream job is to work for NASA 

as a launch coordinator. Quinten plans to pursue a PhD 
in mathematics.

Waldemar J. Trjitzinsky was born in Russia in 1901 and 
received his doctorate from the University of California, 
Berkeley, in 1926. He taught at a number of institutions 
before taking a position at the University of Illinois,  

University of Montana–Mis-
soula: Jordan Jarrell is a junior with 
a concentration in mathematics edu-
cation. She grew up in the tiny town 
of Helmville, Montana, population 
218. As the only student in her eighth 
grade, she was encouraged by her 
teacher to accelerate in the study of 
mathematics, her favorite subject. 
She finished high school earning col-
lege credits for Calculus I, statistics, 

and college algebra. As an undergraduate student, Jordan is 
pursuing coursework that will position her to teach mathe-
matics to students in grades 5–12 in Montana schools and 
engage in undergraduate mathematics research. 

University of Oregon: Rachel 
Hur is a senior with a double major 
in mathematics and physics. She is 
a nontraditional transfer student 
who returned to school with the 
intention of developing an intimate 
understanding of the fundamental 
nature of the universe. However, 
after taking calculus and, especially, a 
proof-based real analysis course, she 
discovered a deep appreciation for 
mathematics independent of its di-

rect application in physics and decided to pursue a double 
major. She has worked on research at her home institution, 
developing a Bayesian algorithm for gravitational wave data 
analysis and, through an NSF REU program, began and is 
continuing work in enhancing software which provides de-
tailed simulations of astrophysical phenomena. Rachel also 
feels strongly about cultivating a supportive and collabora-
tive education and work environment. She has worked as 
an undergraduate representative in the Physics Department 
Diversity Committee and co-led the first Undergraduate 
Town Hall, an event that aimed to voice the thoughts and 
concerns of students, as well as open up dialogue between 
students and faculty. Rachel plans to continue these efforts 
as she transitions to graduate school and, ultimately, to-
ward her dream career as a physics researcher and mentor.

University of Tennessee Knox-
ville: Kristina Wilson is a sophomore 
planning to major in mathematics 
and minor in business. She has en-
joyed math since she was young, 
when her mother motivated her by 
turning word problems and multi-
plication facts into a fun, fast-paced 
game. In high school she enrolled 
in as many mathematics courses as 
were offered. When her high school 
ran out of classes she could take, she 
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Urbana-Champaign, where he remained for the rest of his 
professional life. He showed particular concern for students 
of mathematics and in some cases made personal efforts 
to ensure that financial considerations would not hinder 
their studies. Trjitzinsky was the author of about sixty 
mathematics papers, primarily on quasi-analytic functions 
and partial differential equations. A member of the AMS 
for forty-six years, he died in 1973. 

Edmund Landau (1877–1938) was a Jewish German 
mathematician who taught at the University of Berlin and 
held a chair at the University of Göttingen. He helped es-
tablish the Mathematics Institute at the Hebrew University 
of Jerusalem. Landau’s four problems in number theory, 
presented at the 1912 International Congress of Math-
ematicians, remain unsolved to this day. He also made 
important contributions to complex analysis and is known 
for his publications, including the Handbuch der Lehre von 
der Verteilung der Primzahlen.

—AMS Programs Department

Duchin to Give  
Einstein Lecture
Moon Duchin of Tufts University will deliver the 2020 
Einstein Lecture, titled “How We Divide Ourselves Up to 
Vote and Why It Matters,” at the 2022 Spring Southeastern 
Sectional Meeting at the University of Virginia, Charlottes-
ville, March 11–13, 2022. Duchin’s lecture was originally 
scheduled to be delivered at the 2020 Spring Southeastern 
Sectional Meeting, which was canceled due to COVID-
19 precautions. For more information see www.ams.org 
/meetings/lectures/meet-einstein-lect.

—AMS announcement

AMS Email Support for 
Frequently Asked Questions
A number of email addresses have been established for con-
tacting the AMS staff regarding frequently asked questions. 

The following is a list of those addresses together with a 
description of the types of inquiries that should be made 
through each address:

abs-coord@ams.org for questions regarding a particu-
lar abstract or abstracts questions in general.

acquisitions@ams.org to contact the AMS Acquisi-
tions Department.

ams@ams.org to contact AMS Headquarters in Provi-
dence, Rhode Island.

amsdc@ams.org to reach the AMS Washington Office 
about government relations and advocacy programs.

amsfellows@ams.org to inquire about the Fellows of 
the AMS.

amsmem@ams.org to request information about mem-
bership in the AMS and about dues payments or to ask any 
general membership questions; may also be used to submit 
address changes.

ams-mrc@ams.org for questions about the AMS Math-
ematics Research Communities.

ams-simons@ams.org for information about the AMS 
Simons Travel Grants Program.

ams-survey@ams.org for information or questions 
about the Annual Survey of the Mathematical Sciences or 
to request reprints of survey reports.

bookstore@ams.org for inquiries related to the online 
AMS Bookstore.

classads@ams.org to submit classified advertising for 
the Notices.

com-staff@ams.org to reach the AMS Communica-
tions Department.

consortia@ams.org for information on consortia 
subscriptions and MathSciNet for Developing Countries 
Program.

cust-serv@ams.org for general information about 
AMS products (including electronic products), to send 
address changes, or to conduct any general correspondence 
with the Society’s Customer Service Department.

development@ams.org for information about charita-
ble giving to the AMS.

emp-info@ams.org for information regarding AMS 
employment and career services.

eprod-support@ams.org for technical questions re-
garding AMS electronic products and services.

exdir@ams.org to contact the AMS executive director. 
gradprg-ad@ams.org to inquire about a listing or ad 

in the Find Graduate Programs online service.
mathcal@ams.org for questions regarding posting on 

the Mathematics Calendar.
mathjobs@ams.org for questions about the online job 

application service Mathjobs.org.
mathprograms@ams.org for questions about the online 

program application service Mathprograms.org.
mathrev@ams.org to send correspondence to Mathemat-

ical Reviews related to reviews or other editorial questions.
meet@ams.org to request general information about 

Society meetings and conferences.
mmsb@ams.org for information or questions about reg-

istration, housing, and exhibits for any Society meetings 
or conferences (Mathematics Meetings Service Bureau).

mr-exec@ams.org to contact the executive editor of the 
Mathematical Reviews Division regarding editorial and 
related questions. 

http://www.ams.org/meetings/lectures/meet-einstein-lect
http://www.ams.org/meetings/lectures/meet-einstein-lect
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mr-librarian@ams.org to contact the Mathematical 
Reviews Division regarding the acquisition and cataloging 
of the mathematical literature indexed in MathSciNet®. 

msn-support@ams.org for technical questions regard-
ing MathSciNet®.

mtgs-virtual@ams.org to request assistance during a 
virtual meeting.

notices@ams.org to send correspondence to the man-
aging editor of the Notices.

notices-ads@ams.org to submit paid display ads for 
the Notices.

notices-booklist@ams.org to submit suggestions 
for books to be included in the “Bookshelf” section of the 
Notices. 

notices-letters@ams.org to submit letters and opin-
ion pieces to the Notices.

opportunities@ams.org for questions about submit-
ting to the Opportunities webpage.

outreach@ams.org for questions about AMS outreach 
activities.

president@ams.org to contact the AMS president.
prof-serv@ams.org to send correspondence about 

AMS professional programs and services.
promorequests@ams.org to request AMS giveaway 

materials such as posters, brochures, and catalogs for use 
at mathematical conferences, exhibits, and workshops.

publications@ams.org to send correspondence to the 
AMS Publication Division.

publisher@ams.org to contact the AMS publisher. 
pub-submit@ams.org to submit accepted electronic 

manuscripts to AMS publications (other than Abstracts). 
See www.ams.org/submit-book-journal to electroni-
cally submit accepted manuscripts to the AMS book and 
journal programs.

reprint-permission@ams.org to request permission 
to reprint material from Society publications.

reviewcopies@ams.org to request a book for review.
royalties@ams.org for AMS authors to direct ques-

tions about royalty payments.
sales@ams.org to inquire about reselling or distrib-

uting AMS publications or to send correspondence to the 
AMS Customer Service Department.

secretary@ams.org to contact the AMS secretary.
studchap-staff@ams.org for inquiries about the AMS 

Graduate Student Chapter Program.
student-serv@ams.org for questions about AMS pro-

grams and services for students.
tech-support@ams.org to contact the Society’s type-

setting Technical Support Group.
textbooks@ams.org to request examination/desk cop-

ies or to inquire about using AMS publications as course 
texts.

webmaster@ams.org for general information or for 
assistance in accessing and using the AMS website.

Deaths of AMS Members 
Kim C. Border, of the California Institute of Technology, 

died on November 19, 2020. Born on June 27, 1952, he 
was a member of the Society for 13 years.

Jaume Gudayol, of Spain, died on September 15, 2021. 
Born on June 30, 1965, he was a member of the Society 
for 22 years.

Boris A. Kushner, of Pittsburgh, Pennsylvania, died on 
May 7, 2019. Born on December 10, 1941, he was a member 
of the Society for 27 years.

J. Murzewski, of Poland, died on September 9, 2020. 
Born on May 17, 1928, he was a member of the Society 
for 42 years.

Jacques L. Tits, of France, died on December 5, 2021. 
Born on August 12, 1930, he was a member of the Society 
for 69 years.

Alphonse Thomas Vasquez, of Northampton, Massachu-
setts, died on October 14, 2021. Born on April 19, 1938, 
he was a member of the Society for 61 years.

John H. Walter, of Champaign, Illinois, died on Sep-
tember 20, 2021. Born on December 14, 1927, he was a 
member of the Society for 67 years.
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Sales and Member Services
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Data Science at the Crossroads of Analysis, Geometry, and 
Topology
Organizers:

Marina Meila, University of Washington
Facundo Mémoli, The Ohio State University
Jose Perea, Northeastern University
Nicolas Garcia Trillos, University of Wisconsin- 

Madison
Soledad Villar, Johns Hopkins University

Week 2: June 5–11, 2022
Models and Methods for Sparse (Hyper)Network Science
Organizers:

Sinan G. Aksoy, Pacific Northwest National Laboratory
Aric Hagberg, Los Alamos National Laboratory
Cliff Joslyn, Pacific Northwest National Laboratory
Bill Kay, Oak Ridge National Laboratory
Emilie Purvine, Pacific Northwest National Laboratory
Stephen J. Young, Pacific Northwest National Labora-

tory
Jennifer Webster, Pacific Northwest National Laboratory

Trees in Many Contexts
Organizers:

Miklós Bóna, University of Florida
Éva Czabarka, University of South Carolina
Heather Smith, Davidson College
Stephan Wagner, Uppsala University
Hua Wang, Georgia Southern University

This program is funded through a generous grant from 
the National Science Foundation, the AMS, and private 
donors.

—AMS Programs Department

Early-Career Opportunity

MAA Project NExT

MAA Project NExT (New Experiences in Teaching) is a 
year-long professional development program for new(ish) 
or recent PhDs in the mathematical sciences. The program 
is designed to connect new faculty with expert teachers 

Early-Career Opportunity

Mathematics Research 
Communities 2022 
Call for Applications

The Mathematics Research Communities (MRC) program 
helps early-career mathematicians develop long-lasting 
cohorts for collaborative research projects in many areas 
of mathematics.

The program includes:
 • Intensive one-week, hands-on research conference 

in the summer
 • Special Sessions at the Joint Mathematics Meetings 

the following January
 • Guidance in career building
 • Follow-up small-group collaborations
 • Longer-term opportunities for collaboration

Over time, the participants are expected to provide 
feedback about career development and the impact of the 
MRC program. The 2022 summer conferences will be held 
at Beaver Hollow Conference Center, Java Center, New 
York, where participants can enjoy a private, distraction-free 
environment conducive to research. 

Applications are being accepted on MathPrograms.org. 
The application deadline is February 15, 2022. This pro-
gram is open to individuals within one to two years prior to 
the receipt of the PhD and up to five years after the receipt 
of the PhD. Women and underrepresented minorities are 
especially encouraged to apply. For more information, see 
www.ams.org/mrc-22.

Topics for 2022
Week 1: May 29–June 4, 2022
Applied Category Theory
Organizers:

John Baez, University of California, Riverside
Simon Cho, Two Six Technologies
Daniel Cicala, University of New Haven
Nina Otter, Queen Mary University of London
Valeria de Paiva, Topos Institute
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the National Science Foundation. Deadline dates for Travel 
Grants are February 1, May 30, and October 1, 2022. The 
deadline for Mentoring Travel Grants is February 1, 2022. 
Application sites open approximately forty-five days in 
advance of the deadline. See https://awm-math.org 
/awards/awm-grants/travel-grants.

—From an AWM announcement

NRC Research Associateship 
Programs

The National Research Council (NRC) Research Associ-
ateship Programs promote excellence in scientific and 
technological research conducted by the US government 
through the administration of programs offering graduate-, 
postdoctoral-, and senior-level research opportunities at 
sponsoring federal laboratories and affiliated institutions. 
Application deadlines are February 1, May 1, August 1, 
and November 1, 2022. For details, see http://sites 
.nationalacademies.org/pga/rap/.

—National Research Council announcement

Call for Nominations  
for Traub Prize

The Joseph F. Traub Prize is given for outstanding achieve-
ment in information-based complexity. The deadline for 
nominations is March 31, 2022. Nominations should be 
sent to erich.novak@uni-jena.de. See https://www 
.journals.elsevier.com/journal-of-complexity 
/awards/joseph-f-traub-prize.

—Journal of Complexity announcement

Program on First-Passage 
Percolation and Related Models

ICTS Bengaluru will host a program on first- and last-pas-
sage percolation and other growth/polymer models from 
July 11 through July 29, 2022. First-passage percolation is 
a model in the KPZ universality class describing random 
growth, with relationships to disparate fields such as ran-
dom matrix theory, number theory, and representation 
theory. This workshop will primarily focus on general tech-
niques beyond integrable probability or exact solvability. 
The first week of the program will consist of mini-courses 
giving a broad overview of the topics; these are intended 
primarily for graduate students, postdocs, and others 
new to the field. The other two weeks will be devoted to 

and leaders in the mathematics community and address 
the three main aspects of an academic career: teaching, 
research, and service.

MAA Project NExT Fellows join an active community of 
faculty who have become award-winning teachers, innova-
tors on their campuses, active members of the MAA, and 
leaders in the profession.

MAA Project NExT welcomes applications from new(ish) 
and recent PhDs in postdoctoral, tenure-track, and visiting 
positions. We particularly encourage applicants from un-
derrepresented groups, including women and minorities. 
Applications for the 2022 cohort of MAA Project NExT 
Fellows are due on April 15, 2022, and can be found at 
projectnext.maa.org.

The AMS is one of the sponsors of MAA Project NExT.

—Project NExT announcement

Call for Nominations  
for Aisenstadt Prize

The Centre de Recherches Mathématiques (CRM) solicits 
nominations for the André Aisenstadt Mathematics Prize 
for an outstanding research achievement by a young Ca-
nadian mathematician. The deadline for nominations 
is March 1, 2022. See http://www.crm.umontreal.ca 
/prix/prixAndreAisenstadt/prix_attributionAA 
_an.shtml.

—From a CRM announcement

Early-Career Opportunity

NSF-AWM Travel Grants for Women

The National Science Foundation (NSF) and the Associ-
ation for Women in Mathematics (AWM) offer the NSF-
AWM Mathematics Travel Grants to provide full or partial 
support for travel and subsistence for a meeting or confer-
ence in the applicant’s field of specialization. Mathematics 
Mentoring Travel Grants help junior women to develop 
long-term working and mentoring relationships with senior 
mathematicians. Each grant funds travel, accommodations, 
and other required expenses for an untenured woman 
mathematician to travel to an institute or a department to 
do research with a specified individual for one month. The 
applicant’s and mentor’s research must be in a field that 
is supported by the Division of Mathematical Sciences of 

*The most up-to-date listing of NSF funding opportunities from the Divi-
sion of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe to 
the DMSNEWS listserv by following the directions at www.nsf.gov/mps 
/dms/about.jsp. 

http://projectnext.maa.org
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
https://www.journals.elsevier.com/journal-of-complexity/awards/joseph-f-traub-prize
https://www.journals.elsevier.com/journal-of-complexity/awards/joseph-f-traub-prize
https://www.journals.elsevier.com/journal-of-complexity/awards/joseph-f-traub-prize
http://sites.nationalacademies.org/pga/rap/
https://awm-math.org/awards/awm-grants/travel-grants
https://awm-math.org/awards/awm-grants/travel-grants
http://sites.nationalacademies.org/pga/rap/
http://www.crm.umontreal.ca/prix/prixAndreAisenstadt/prix_attributionAA_an.shtml
http://www.crm.umontreal.ca/prix/prixAndreAisenstadt/prix_attributionAA_an.shtml
http://www.crm.umontreal.ca/prix/prixAndreAisenstadt/prix_attributionAA_an.shtml
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a program of research talks, problem sessions, and other 
research activities loosely built on the AIM model. A main 
goal is to build new collaborations among the participants 
to accelerate progress on challenging open problems. 

Applications may be submitted through the program 
website at fpp2022.org.

The program is currently planned to run in a largely 
in-person modality. India, and Bengaluru in particular, have 
made great strides towards normality in these later days of 
the COVID-19 pandemic. As of November 17, 2021, the 
city of population 12.5 million has been reporting 200–300 
daily cases, down from nearly 20,000 at the peak of the 
epidemic. Over 80% of the adult population has received 
at least one dose of a vaccine, and over 40% are fully vac-
cinated. These numbers continue to steadily grow, and it 
seems very likely that the city will achieve a near universal 
adult vaccination by next summer.

Applications received before March 15 will receive full 
consideration for travel support, and room and board. All 
those selected to participate will receive support for ex-
penses while in Bengaluru (room/board and transportation 

JOIN THE 

AMS 
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SIGN UP AT  www.ams.org/bookstore-email-list.

1
Be the fi rst to 
learn about:

• Publishing highlights

• New titles being released

• Monthly sales

• Special discounts on 
AMS publications

to and from the airport). We have international travel sup-
port from the NSF for participants from US universities. We 
especially encourage applications from junior participants 
(students, postdocs, new faculty), women, and members 
of underrepresented groups.

Bengaluru (Bangalore) is now a major metropolis in 
southern India. The International Center for Theoretical 
Sciences is a new scientific institute in Bangalore. ICTS can 
arrange for transportation to many nearby historical places 
and tourist attractions. A lot of useful information about 
Bengaluru is on the ICTS website https://www.icts 
.res.in/visitors/guidelines.

Please contact one of the organizers (rbasu@icts.res 
.in, arjun.krishnan@rochester.edu, jhanson@ccny 
.cuny.edu) if you have any questions.

Organizers: R. Basu, J. Hanson, A. Krishnan
Scientific Committee: T. Seppalainen, F. Rassoul-Agha, M. 

Damron

—Arjun Krishnan

http://fpp2022.org
https://www.icts.res.in/visitors/guidelines
https://www.icts.res.in/visitors/guidelines
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

07

http://cam.tju.edu.cn
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Maximal Cohen–Macaulay 
Modules and Tate 
Cohomology
Ragnar-Olaf Buchweitz
With appendices by Luchezar 
L. Avramov, Benjamin Briggs, 
Srikanth B. Iyengar, and Janina 
C. Letz

This book is a lightly edited ver-
sion of the unpublished manu-
script Maximal Cohen–Macaulay 
modules and Tate cohomology over 

Gorenstein rings by Ragnar-Olaf Buchweitz. The central 
objects of study are maximal Cohen–Macaulay modules 
over (not necessarily commutative) Gorenstein rings. The 
main result is that the stable category of maximal Cohen–
Macaulay modules over a Gorenstein ring is equivalent 
to the stable derived category and also to the homotopy 
category of acyclic complexes of projective modules. This 
assimilates and significantly extends earlier work of Eisen-
bud on hypersurface singularities. There is also an extensive 
discussion of duality phenomena in stable derived catego-
ries, extending Tate duality on cohomology of finite groups. 
Another noteworthy aspect is an extension of the classical 
BGG correspondence to super-algebras. There are numer-
ous examples that illustrate these ideas. The text includes 
a survey of developments subsequent to, and connected 
with, Buchweitz’s manuscript.

Mathematical Surveys and Monographs, Volume 262
February 2022, 175 pages, Softcover, ISBN: 978-1-4704-
5340-4, LC 2021032204, 2010 Mathematics Subject Classifi-
cation: 13C14, 13Dxx, 13H10, 16Exx, 18G65, List US$125, 
AMS members US$100, MAA members US$112.50, Order 
code SURV/262

bookstore.ams.org/surv-262

Algebra and 
Algebraic Geometry

Diagrammatic Algebra
J. Scott Carter, University of South 
Alabama, Mobile, AL, and Seiichi 
Kamada, Osaka University, Japan

This book is an introduction 
to techniques and results in 
diagrammatic algebra. It starts 
with abstract tensors and their 
categorifications, presents dia-
grammatic methods for studying 
Frobenius and Hopf algebras, 
and discusses their relations with 

topological quantum field theory and knot theory. The text 
is replete with figures, diagrams, and suggestive typography 
that allows the reader a glimpse into many higher dimen-
sional processes. The penultimate chapter summarizes the 
previous material by demonstrating how to braid 3- and 4- 
dimensional manifolds into 5- and 6-dimensional spaces.

The book is accessible to post-qualifier graduate stu-
dents, and will also be of interest to algebraists, topologists 
and algebraic topologists who would like to incorporate 
diagrammatic techniques into their research.

This item will also be of interest to those working in geometry 
and topology.

Mathematical Surveys and Monographs, Volume 264
February 2022, 365 pages, Softcover, ISBN: 978-1-4704-
6671-8, LC 2021035872, 2010 Mathematics Subject Classi-
fication: 18M15, 18M30, 18N25, 55N99, 57K10, 57K16, 
57K45, 57R42, List US$125, AMS members US$100, MAA 
members US$112.50, Order code SURV/264

bookstore.ams.org/surv-264
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The Number Line through 
Guided Inquiry
David M. Clark, SUNY, New 
Platz, NY, and Xiao Xiao, Utica 
College, NY

The Number Line through Guided 
Inquiry is designed to give future 
secondary teachers a deep un-
derstanding of the real numbers 
and functions on the reals. By 
presenting just that part of the 
subject that underlies the high 

school curriculum, this book offers an alternative to a stan-
dard real analysis sequence for advanced undergraduate 
or beginning graduate students. It will give any student a 
much deeper understanding of the mathematics that they 
were taught in high school.

Written in a guided-inquiry format, this book consists 
of a carefully scaffolded sequence of definitions, problems, 
and theorems that guides students through each topic. 
Readers solve the problems and prove the theorems on 
their own and present their results to their peers with the 
instructor as a mentor and a guide. Students will learn not 
only the mathematics, but also how to help others learn 
mathematics. They will learn to think creatively and to 
make compelling arguments to justify their conclusions. 
They will learn to listen critically to others and give con-
structive feedback. Ultimately, they will learn to work as a 
team to answer the bigger questions and build a common 
understanding of the broader subject.

This item will also be of interest to those working in math ed-
ucation.

AMS/MAA Textbooks, Volume 69
February 2022, 124 pages, Softcover, ISBN: 978-1-4704-
6504-9, LC 2021034782, 2010 Mathematics Subject Clas-
sification: 97E50, 97F50, 97I99, 01A65, List US$45, AMS 
Individual member US$33.75, AMS Institutional member 
US$36, MAA members US$33.75, Order code TEXT/69

bookstore.ams.org/text-69

Analysis

Welcome to Real Analysis
Continuity and Calculus, 
Distance and Dynamics
Benjamin B. Kennedy, Gettys-
burg College, PA

Welcome to Real Analysis is de-
signed for use in an introduc-
tory undergraduate course in 
real analysis. Much of the devel-
opment is in the setting of the 
general metric space. The book 
makes substantial use not only 

of the real line and n-dimensional Euclidean space, but 
also sequence and function spaces. Proving and extending 
results from single-variable calculus provides motiva-
tion throughout. The more abstract ideas come to life in 
meaningful and accessible applications. For example, the 
contraction mapping principle is used to prove an exis-
tence and uniqueness theorem for solutions of ordinary 
differential equations and the existence of certain fractals; 
the continuity of the integration operator on the space of 
continuous functions on a compact interval paves the way 
for some results about power series.

The exposition is exceedingly clear and well-motivated. 
There are a wide variety of exercises and many pedagogical 
innovations. For example, each chapter includes Reading 
Questions so that students can check their understanding. 
In addition to the standard material in a first real analysis 
course, the book contains two concluding chapters on dy-
namical systems and fractals as an illustration of the power 
of the theory developed.

AMS/MAA Textbooks, Volume 70
March 2022, approximately 370 pages, Softcover, ISBN: 
978-1-4704-6454-7, LC 2021036922, 2010 Mathematics 
Subject Classification: 26–01, 37–01, 39–01, List US$69, 
AMS Individual member US$51.75, AMS Institutional 
member US$55.20, MAA members US$51.75, Order code 
TEXT/70

bookstore.ams.org/text-70

http://bookstore.ams.org/text-70
http://bookstore.ams.org/text-69
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New AMS-Distributed 
Publications

Algebra and 
Algebraic Geometry

Moduli Spaces and Locally 
Symmetric Spaces
Lizhen Ji, University of Michigan, 
Ann Arbor, MI, and Shing-Tung 
Yau, Harvard University, Cam-
bridge, MA, Editors

This book consists of five expos-
itory papers on moduli spaces 
and locally symmetric spaces 
based on lecture notes given by 
the authors at two instructional 
workshops held at the Morn-

ingside Center of Mathematics, Beijing, in February 2017 
and March 2019. The papers give accessible and systematic 
introductions to moduli spaces of Riemann surfaces, alge-
braic curves, moduli spaces of vector bundles on Riemann 
surfaces, moduli spaces of singularities, and compactifica-
tion of a natural class of locally symmetric spaces.

A publication of International Press of Boston. Distributed worldwide by 
the American Mathematical Society.

International Press of Boston
October 2021, 370 pages, Softcover, ISBN: 978-1-57146-
409-5, 2010 Mathematics Subject Classification: 14G05, 
14G25, 14H25, 11G50, 11G05, 11G30, 11R58, 11–01, List 
US$48, AMS members US$38.40, Order code INPR/101

bookstore.ams.org/inpr-101

Ridge Functions and 
Applications in Neural 
Networks
Vugar E. Ismailov, Azerbaijan 
National Academy of Sciences, 
Baku, Azerbaijan

Recent years have witnessed a 
growth of interest in the special 
functions called ridge functions. 
These functions appear in var-
ious fields and under various 
guises. They appear in partial 

differential equations (where they are called plane waves), 
in computerized tomography, and in statistics. Ridge func-
tions are also the underpinnings of many central models in 
neural network theory. In this book various approximation 
theoretic properties of ridge functions are described. This 
book also describes properties of generalized ridge func-
tions, and their relation to linear superpositions and Kolm-
ogorov’s famous superposition theorem. In the final part 
of the book, a single and two hidden layer neural networks 
are discussed. The results obtained in this part are based 
on properties of ordinary and generalized ridge functions. 
Novel aspects of the universal approximation property of 
feedforward neural networks are revealed.

This book will be of interest to advanced graduate 
students and researchers working in functional analysis, 
approximation theory, and the theory of real functions, 
and will be of particular interest to those wishing to learn 
more about neural network theory and applications and 
other areas where ridge functions are used.

This item will also be of interest to those working in applications.

Mathematical Surveys and Monographs, Volume 263
February 2022, 186 pages, Softcover, ISBN: 978-1-4704-
6765-4, LC 2021035100, 2010 Mathematics Subject Clas-
sification: 26B40, 41A30, 41A50, 41A63, 39B22, 46B28, 
47A05, 65D15, 68T05, 92B20, List US$125, AMS members 
US$100, MAA members US$112.50, Order code SURV/263

bookstore.ams.org/surv-263
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Probability and Statistics

Liouville Quantum Gravity 
as a Mating of Trees
Bertrand Duplantier, Université 
Paris-Saclay, Gif-sur-Yvette, France, 
Jason Miller, University of Cam-
bridge, UK, and Scott Sheffield, 
Massachusetts Institute of Technol-
ogy, Cambridge, MA

There is a simple way to “glue to-
gether” a coupled pair of contin-
uum random trees (CRTs) to pro-
duce a topological sphere. The 

sphere comes equipped with a measure and a space-filling 
curve (which describes the “interface” between the trees). 
The authors present an explicit and canonical way to embed 
the sphere in C∪{∞}. In this embedding, the measure is a 
form of Liouville quantum gravity (LQG) with parameter 
γ ∈(0,2), and the curve is space-filling SLEκ with κ =16/γ2.

Achieving this requires the authors to develop an exten-
sive suite of tools for working with LQG surfaces. They ex-
plain how to conformally weld so-called “quantum wedges” 
to obtain new quantum wedges of different weights. They 
construct finite-volume quantum disks and spheres of var-
ious types and give a Poissonian description of the set of 
quantum disks cut off by a boundary-intersecting SLEκ(ρ) 
process with κ ∈(0,4).

The authors also establish a Lévy tree description of the 
set of quantum disks to the left (or right) of an SLEκ with 
κ ∈(4,8). They show that given two such trees, sampled 
independently, there is a.s. a canonical way to “zip them 
together” and recover the SLEκ.

The law of the CRT pair the authors study was shown in 
an earlier paper to be the scaling limit of the discrete tree/
dual-tree pair associated to an FK-decorated random planar 
map (RPM). Together, these results imply that FK-deco-
rated RPM scales to CLE-decorated LQG in a certain “tree 
structure” topology.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive a 
30% discount from list.

Astérisque, Number 427
November 2021, 258 pages, Softcover, ISBN: 978-2-85629-
941-8, 2010 Mathematics Subject Classification: 60D05, 
82B20, 82B41, 60J67, List US$68, AMS members US$54.40, 
Order code AST/427

bookstore.ams.org/ast-427

Geometry and Topology

Lagrangian Shadows and 
Triangulated Categories
Paul Biran, ETH-Zürich, Switzer-
land, Octav Cornea, University of 
Montreal, Québec, Canada, and 
Egor Shelukhin, University of 
Montreal, Québec, Canada

The authors introduce new met-
rics on spaces of Lagrangian 
submanifolds, not necessarily 
in a fixed Hamiltonian isotopy 
class. These metrics arise from 

measurements involving Lagrangian cobordisms. They also 
show that splitting Lagrangians through cobordism has an 
energy cost and, from this cost being smaller than certain 
explicit bounds, they deduce some forms of rigidity of La-
grangian intersections. The authors also fit these construc-
tions in the more general algebraic setting of triangulated 
categories, independent of Lagrangian cobordisms and, as 
a main technical tool, they develop aspects of the theory 
of (weakly) filtered A∞−categories.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Astérisque, Number 426
October 2021, 133 pages, Softcover, ISBN: 978-2-85629-
940-1, 2010 Mathematics Subject Classification: 53D40, 
53D37, 18E30, List US$52, AMS members US$41.60, 
Order code AST/426

bookstore.ams.org/ast-426

http://bookstore.ams.org/ast-426
http://bookstore.ams.org/ast-427
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The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: January 27, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.
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Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Combinatorics and Category Theory in Topological Data Analysis (Code: SS 30A), Woojin Kim, Duke University, 

Alex McCleary, Ohio State University, Amit Patel, Colorado State University, and Facundo Mémoli, Ohio State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Curves, Jacobians, and Abelian Varieties (Code: SS 38A), Andrew Obus, Baruch College (CUNY), Tony Shaska, Oakland 

University, and Padmavathi Srinivasan, University of Georgia.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, University of Warwick.
Interactions Between Noncommutative Ring Theory and Algebraic Geometry (Code: SS 36A), Jason Gaddis, Miami University 

(Ohio), and Robert Won, George Wasington University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-

ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forest University, and Eric 

Rawdon, St Thomas University.
Large Cardinals and Forcing Axioms (Code: SS 35A), Brent Cody, Virginia Commonwealth University, and Victoria 

Gitman, City University of New York.
Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 28A), Laura Miller, University of North Car-

olina at Chapel Hill, and Nick Battista, The College of New Jersey.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Multiparameter Persistence in Theory and Practice (Code: SS 32A), Håvard Bjerkevik, TU Graz, and Ezra Miller and 

Margaret Regan, Duke University.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Zhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Advances in PDEs and Applications (Code: SS 31A), Khai Nguyen, North Carolina State University, and Loc Nguyen, 

University of North Carolina at Charlotte.
Recent Advances on Wave-based Imaging and Inverse Problems (Code: SS 29A), Yiran Wang, Emory University, and Yang 

Yang, Michigan State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall, University of Wisconsin-Madison, and 

Joris Roos, University of Massachusetts Lowell.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Spectral Theory of Ergodic Quantum Systems (Code: SS 34A), Rui Han, Louisiana State University, and Ilya Kachkovskiy, 

Michigan State University.
Structural and Extremal Graph Theory (Code: SS 33A), Guangming Jing, Augusta University, Zhiyu Wang, Georgia In-

stitute of Technology, and Xingxing Yu, Georgia Insitute of Technology.
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Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

The Role of Mathematics in Computer Vision (Code: SS 37A), Thomas Y. Chen, Academy for Mathematics, Science, and 
Engineering.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Elis-
abeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: January 27, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Analytic Methods in Arithmetic Statistics (Code: SS 19A), Robert Hough, State University of New York at Stony Brook, 
and Robert J. Lemke Oliver, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra (Code: SS 15A), Alessandra Costantini, Oklahoma State University, and 
Gabriel Sosa Castillo, Colgate University.

Crossroads: Ergodic Theory, Harmonic Analysis, and Combinatorics (Code: SS 20A), Daniel Glasscock, University of Mas-
sachusetts Lowell, Andreas Koutsogiannis, Aristotle University of Thessaloniki, Greece, and Joris Roos, University of 
Massachusetts Lowell.

Discrete and Convex Geometry (Code: SS 11A), Undine Leopold and Egon Schulte, Northeastern University, and Pablo 
Soberón, Baruch College, City University of New York.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, Imperial College London, and Loring Tu, Tufts University.
Gauge Theory, Geometric Analysis, and Low-Dimensional Topology (Code: SS 22A), Paul Feehan, Rutgers University, and 

Thomas G. Leness, Florida International University.
Geometric Dynamics and Billiards (Code: SS 10A), Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kath-

ryn Lindsey, Boston College.
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Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 
Foundation, and Oana Veliche, Northeastern University.

Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 12A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems (Code: SS 9A), Daniel Orr, Virginia Tech, 

and Joshua Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine (Code: SS 17A), Arkadz Kirshtein, Tufts University, and Navid Moham-

mad Mirzaei, University of Massachusetts.
Mathematics in Security and Defense (Code: SS 16A), Lubjana Beshaj and Paul Goethals, United States Military Academy.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. Mur-

phy and Abiy Tasissa, Tufts University.
Moduli Spaces in Algebraic and Tropical Geometry (Code: SS 21A), Ignacio Barros Reyes, Université Paris-Saclay, France, 

Noah Giansiracusa, Bentley University, and Montserrat Teixidor i Bigas, Tufts University.
Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 13A), Maxim Derevyagin and Ambar 

Sengupta, University of Connecticut.
Subgroups in Nonpositive Curvature (Code: SS 18A), Carolyn Abbott, Brandeis University, and Ivan Levcovitz, Kim 

Ruane, Lorenzo Ruffoni, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: February 3, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry (Code: SS 17A), Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-

paign, and Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations (Code: SS 13A), John Holmes, Wake Forest University, Ryan Thompson, The 

University of North Georgia, and Feride Tiğlay, The Ohio State University.
Analytical, Computational, and Data-Driven Approaches in Fluid Dynamics (Code: SS 37A), Aseel Farhat, Florida State 

University, Vincent Martinez, CUNY Hunter College, and Ali Pakzad, Indiana University Bloomington.
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A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Combinatorial Techniques in Commutative Algebra (Code: SS 28A), Giulio Caviglia, Purdue University, and Jay Schweig, 
Oklahoma State University.

Combinatorics and Representations of Noncommutative Algebras (Code: SS 23A), Jason Gaddis, Miami University, and 
Daniele Rosso, Indiana University Northwest.

Commutative Algebra and Connections with Algebraic Geometry (Code: SS 19A), Claudia Polini, University of Notre Dame, 
and Bernd Ulrich, Purdue University.

Complex Geometry (Code: SS 18A), Laszlo Lempert, Purdue University, Chi Li, Rutgers University, Sai-Kee Yeung, 
Purdue University, and Yuan Yuan, Syracuse University.

Computational and Applied Algebraic Geometry (Code: SS 38A), Taylor Brysiewicz and Parker Edwards, University of 
Notre Dame.

Fully Nonlinear Partial Differential Equations (Code: SS 32A), Farhan Abedin, University of Utah, and Fernando Charro, 
Wayne State University.

Gaussian and non-Gaussian Stochastic Analysis (Code: SS 44A), Cheng Ouyang, University of Illinois at Chicago, Takashi 
Owada, Purdue Univeristy, and Samy Tindel, Purdue University.

Geometric Topology in the Middle Dimensions (Code: SS 29A), James F. Davis, Indiana University, and Mark Powell, 
Durham University.

Geometry of Measures and Metric Spaces (Code: SS 11A), Matthew Badger, University of Connecticut, Guy C. David, Ball 
State University, and Lisa Naples, Macalester College.

Group Theory and Logic (Code: SS 20A), Meng-Che “Turbo” Ho, California State University, Northridge, Julia F. Knight, 
University of Notre Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 

Czech Academy of Sciences, and Alexander Voronov, University of Minnesota.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Low-dimensional Topology (Code: SS 39A), Matthew Hedden, Michigan State University, Juanita Pinzón-Caicedo, Uni-

versity of Notre Dame, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Foundation of Data Science in Scientific Computing (Code: SS 22A), Senwei Liang, Purdue University, Lizuo 

Liu, Southern Methodist University, and Haizhao Yang, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Mathematics of Complex Systems in Biology (Code: SS 43A), Alexandria Volkening and Ning Wei, Purdue University.
Modeling and Forecasting Complex Turbulent Systems (Code: SS 41A), Nan Chen, University of Wisconsin-Madison, and 

Di Qi, Purdue University.
Model Theory and its Applications (Code: SS 35A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Bonn, and Margaret E. M. Thomas, Purdue University.
Multiplicative Ideal Theory in Honor of the Career of William Heinzer (Code: SS 26A), Evan Houston, University of North 

Carolina - Charlotte, and Alan Loper, Ohio State University.
Nonlinear Algebra with Applications to Statistics (Code: SS 27A), Aida Maraj, University of Michigan, and Sonja Petrović, 

Illinois Institute of Technology.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids (Code: SS 15A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 30A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and 

Qiang Ye, University of Kentucky.
Optimization, Complexity, and Real Algebraic Geometry (Code: SS 31A), Saugata Basu and Ali Mohammad Nezhad, 

Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Random Growth Models (Code: SS 25A), Christopher Janjigian, Purdue University, Firas Rassoul-Agha, University of 

Utah, and Timo Seppalainen, University of Wisconsin - Madison.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
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Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 
and Uli Walther, Purdue University.

Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 14A), Zheng Sun, The 
University of Alabama.

Recent Developments in Operator Algebras (Code: SS 42A), Roy Araiza, University of Illinois, and Rolando de Santiago, 
Thomas Sinclair, and Andrew Toms, Purdue University.

Recent Developments of Variational Methods in Deterministic and Stochastic Systems (Code: SS 16A), Yuan Gao, Purdue 
University, Tao Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.

Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations (Code: SS 12A), Chen Liu and 
Xiangxiong Zhang, Purdue University.

Recent Trends in Graph Theory (Code: SS 40A), Adam Blumenthal, Westminster College, and Katherine Perry, Soka 
University of America.

Spectral Estimation and Optimization (Code: SS 21A), Mark Ashbaugh, University of Missouri, and Richard Laugesen, 
University of Illinois.

Stability in Topology, Arithmetic, and Representation Theory (Code: SS 33A), Jeremy Miller, Purdue University, Peter Patzt, 
University of Oklahoma, and Andrew Putman, University of Notre Dame.

The Interface Between Nonlinear PDEs, Harmonic Analysis, and Quantitative Geometric and Functional Inequalities (Code: 
SS 36A), Emanuel Indrei and Victor Lie, Purdue University.

The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 
Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Topics in Algebraic and Geometric Topology (Code: SS 34A), David Ben McReynolds and Sam Nariman, Purdue University.

Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: March 24, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: March 15, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory (Code: SS 13A), Michel L. Lapidus, University of California, River-
side, Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic, Combinatorial, and Optimization Methods for Kuramoto and Power-flow Equations (Code: SS 14A), Rob Davis, Col-
gate University, Julia Lindberg, University of Wisconsin-Madison, and Tianran Chen, Auburn University at Montgomery.

Algebraic Logic (Code: SS 17A), Nick Galatos, University of Denver, and José Gil Férez, Chapman University.
Commutative Algebra (Code: SS 6A), Tái Huy Há, Tulane University, and Selvi Kara, University of Utah.
Computational Topology and Applications (Code: SS 7A), Hitesh Gakhar and Miroslav Kramar, University of Oklahoma.
Enumerative and Extremal Problems in Chromatic Graph Theory (Code: SS 18A), Stephen Hartke, University of Colorado 

Denver, and Hemanshu Kaul, Illinois Institute of Technology.
Factorization and Arithmetical Properties of Commutative Rings and Monoids (Code: SS 3A), Scott Chapman, Sam Houston 

State University, and Jim Coykendall, Clemson University.
Finite groups, their representations, and related structures (Code: SS 4A), Robert Boltje, University of California Santa Cruz, 

and Alexander Hulpke, Colorado State University.
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Fractal Geometry and Dynamical Systems (Code: SS 10A), Sangita Jha, National Institute of Technology Rourkela, India, 
Mrinal Kanti Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Information 
Technology Allahabad.

Geometric and Functional Inequalities and Applications to PDEs (Code: SS 15A), Joshua Flynn, Guozhen Lu, and Jianx-
iong Wang, University of Connecticut.

Interactions Between Probability and Statistics (Code: SS 16A), Kayvan Sadeghi and Terry Soo, University College London.
Mathematical Advances in Bayesian Statistical Inversion and Markov Chain Monte Carlo Sampling Algorithms (Code: SS 

9A), Nathan Glatt-Holtz, Tulane University, Justin Krometis, Virginia Tech, and Cecilia Mondaini, Drexel University.
Q-series, Number Theory and Quantum Topology (Code: SS 11A), Chris Jennings-Shaffer and Shashank Kanade, Uni-

versity of Denver, and Robert Osburn, University College Dublin.
Ramsey Theory of Infinite Structures (Code: SS 22A), Dana Bartosova, University of Florida, and Natasha Dobrinen, 

University of Denver.
Recent Advances on the Langlands Program (Code: SS 2A), Kwangho Choiy, Southern Illinois University, Melissa Emory, 

University of Toronto, and Ralf Schmidt, University of North Texas.
Recent progress in numerical methods for PDEs (Code: SS 5A), Muhammad Mohebujjaman, Texas A&M International 

University, and Leo Rebholz, Clemson University.
Recent Trends in Semigroup Theory (Code: SS 21A), Michael Kinyon, University of Denver, and Ben Steinberg, City 

College of New York.
Research in Mathematics by Graduate Students (Code: SS 12A), Marat V. Markin and Khang Tran, California State Uni-

versity, Fresno.
Rethinking the Preparation of Mathematics GTAs for Future Faculty Positions (Code: SS 8A), Michael Jacobson, University 

of Colorado, Denver.
Some Modern Developments in the Theory of Vertex Algebras (Code: SS 19A), Florencia Orosz Hunziker, Shashank Kanade, 

and Andrew Linshaw, University of Denver.
Zero-dimensional Dynamics: Algebraic and Topological Aspects (Code: SS 20A), Ronnie Pavlov and Scott Schmieding, 

University of Denver.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.
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Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.
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Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: February 22, 2022
For abstracts: July 26, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Structures in Topology, Logic, and Arithmetic (Code: SS 4A), John Harding, New Mexico State University, and 
Emil D. Schwab, The University of Texas at El Paso.

High-Frequency Data Analysis, Complex Datasets, and Applications (Code: SS 3A), Maria Christina Mariani and Michael 
Pokojovy, The University of Texas at El Paso, Ambar Sengupta, University of Connecticut, Osei K. Tweneboah, Ramapo 
College of New Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Ordered Structures (Code: SS 2A), Piotr Wojciechowski, University of Texas at El Paso.
Topics in Applied Analysis (Code: SS 1A), Behzad Djafari-Rouhini, University of Texas at El Paso, and Gisele Goldstein 

and Jerome Goldstein, University of Memphis.



MEETINGS & CONFERENCES

februAry 2022  Notices of the AmericAN mAthemAticAl society   327

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 1, 2022
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic and Analytic theory of Elliptic Curves (Code: SS 1A), Alina Cojocaru, University of Illinois, Chicago, Seoyung 
Kim, Grand Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Iwasawa Theory (Code: SS 6A), Robert Pollack, Boston University, Anwesh Ray, University of British Columbia, and 
Tom Weston, University of Massachusetts.

Lagrangian and Legendrian Submanifolds (Code: SS 2A), Dani Alvarez-Gavela, Massachusetts Institute of Technology, 
and Mike Sullivan, University of Massachusetts.

Non-Abelian Hodge Theory and Minimal Surfaces (Code: SS 4A), Robert Kusner, Charles Ouyang, and Franz Pedit, 
University of Massachusetts.

Nonlinear waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday (Code: SS 5A), Ricardo Carretero, 
San Diego State University, and Panos Kevrekidis, University of Massachusetts.

Ramsey Theory (Code: SS 3A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 
and Alfréd Rényi Institute of Mathematics.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 15, 2022
For abstracts: August 23, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccã, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of North Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 22, 2022
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.
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Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Emily Evans, Mark Kempton, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe and 

Jia Zhao, Utah State University, and Yunrong Zhu, Idaho State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Volume 44, Issue 1

Deadlines

For organizers: To be announced

For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.
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Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced 

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia (JMM 2026)
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026

Sunday – Wednesday

Associate Secretary for the AMS: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Beginning each February 1st, the AMS will accept applications for 
the AMS-Simons Travel Grants program. Each grant provides an 
early-career mathematician with $2,500 per year for two years 
to reimburse travel expenses related to research. Individuals 
who are not more than four years past the completion of 
their PhD are eligible. The department of the awardee 
will also receive a small amount of funding to help 
enhance its research atmosphere.

The deadline for applications is  
March 31st of each year.

Applicants must be located in the United 
States or be US citizens. For complete 
details of eligibility and application 
instructions, visit: 
www.ams.org/AMS-SimonsTG

AMS-SIMONS 
TRAVEL GRANTS
AMS-SIMONS 
TRAVEL GRANTS
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Free shipping for members 
in the USA (including Puerto Rico) and Canada.

Discover more titles at bookstore.ams.org

NEW RELEASES from the AMS = Textbook

Introduction 
to Differential 
Equations
Second Edition
Michael E. Taylor, University of 
North Carolina, Chapel Hill, NC

This text introduces students to 
the theory and practice of dif-
ferential equations, which are 
fundamental to the mathemati-

cal formulation of problems in physics, chemistry, biol-
ogy, economics, and other sciences.

Pure and Applied Undergraduate Texts, Volume 52; 2022; 388 
pages; Softcover; ISBN: 978-1-4704-6762-3; List US$89; AMS 
members US$71.20; MAA members US$80.10; Order code 
AMSTEXT/52

Complex Analysis 
An Introduction to the 
Theory of Analytic 
Functions of One Complex 
Variable, Third Edition
Lars Ahlfors

The book covers standard top-
ics in an introductory complex 
analysis course. 

AMS Chelsea Publishing, Volume 
385; 2021; 331 pages; Softcover; ISBN: 978-1-4704-6767-8; List 
US$60; AMS members US$48; MAA members US$54; Order 
code CHEL/385

AMS / MAA Press 
Discovering 
Abstract Algebra 
John K. Osoinach, Jr, The 
University of Dallas, Irving, TX

Students will develop skills in 
carefully making statements 
and writing proofs, while they 
simultaneously build a sense of 
ownership over the ideas and 
results.

AMS/MAA Textbooks, Volume 67; 2021; 199 pages; Softcover; 
ISBN: 978-1-4704-6442-4; List US$69; AMS members US$51.75; 
MAA members US$51.75; Order code TEXT/67

Essentials of Tropical 
Combinatorics
Michael Joswig, Technische 
Universität Berlin, Germany, and 
Technische Universität Berlin in 
den Naturwissenschaften, Leipzig, 
Germany

The author covers contempo-
rary research topics that are rel-
evant for applications such as 
phylogenetics, neural networks, 

combinatorial auctions, game theory, and computa-
tional complexity.

Graduate Studies in Mathematics, Volume 219; 2021; approxi-
mately 406 pages; Hardcover; ISBN: 978-1-4704-6653-4; List 
US$125; AMS members US$100; MAA members US$112.50; 
Order code GSM/219

Combinatorial 
Convexity
Imre Bárány, Rényi Institute of 
Mathematics, Budapest, Hungary, 
and University College London, 
United Kingdom

This is an elegant, well written, 
concise treatment of an attrac-
tive and active subject, written 
by an expert who has made 
important contributions to the 
area himself. 

—Noga Alon, Princeton University 
and Tel Aviv University

I think this book is a gem.

—János Pach, Rényi Institute of 
Mathematics, Budapest

As the title indicates, the topic is convexity and geom-
etry and is close to discrete mathematics. 

University Lecture Series, Volume 77; 2021; 148 pages; 
Softcover; ISBN: 978-1-4704-6709-8; List US$55; AMS members 
US$44; MAA members US$49.50; Order code ULECT/77

GRADUATE STUDIES
IN MATHEMATICS 219

Essentials
of Tropical
Combinatorics

Michael Joswig

AMS CHELSEA PUBLISHING

Complex AnalysisComplex Analysis
An Introduction to theAn Introduction to the

Theory of Analytic Functions Theory of Analytic Functions 
of One Complex Variable,of One Complex Variable,

Third EditionThird Edition

Lars AhlforsLars Ahlfors
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