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In 1941, N. Wiener and A. Wintner introduced a strength-
ening of the Birkhoff-Khinchin Ergodic Theorem, which
initiated the study of a general phenomenon in ergodic
theory where samplings are ”good” for an uncountable
number of systems. While this result was interesting on
its own, it took mathematicians a few decades to realize
that these ”good” samplings play key roles in various other
types of ergodic averages.

In this short note, we will briefly introduce the theo-
rem and discuss how it played a key role in the study of
Furstenberg averages, averages along the cubes, and the Re-
turn Times Theorem.
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1. What is Ergodic Theory?
The results that we are presenting here are part of ergodic
theory. We do not pretend to present an exhaustive list
on the topic defined in the introduction. Our goal is to
introduce the interested reader and particularly graduate
students to this topic without requiring extensive back-
ground.1

The word “ergodic,” which was coined by L. Boltzmann,
comes from the Greek words 𝜖𝜌𝛾𝑜𝜈 (energy) and 𝑜𝛿𝑜𝜎
(path). Ergodic theory is a branch of mathematics which
has its origin in statistical mechanics, and can be dated
back to the 1870s when J. C. Maxwell and Boltzmann were
working on formulating an “ergodic hypothesis” which
studied the conditions for which the “time average” of the
system equals the “space average.”

For instance, consider a box with gasmolecules inside it.
We can think of the box as a unit cube in ℝ3. Suppose one

1We will use a ∗ to indicate references which are not listed at the end
of the article. The complete list of references is available at https://
idrisassani.web.unc.edu/wp-content/uploads/sites/21419/2021
/09/Complete-bibliography-WWET.pdf.
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is interested in studying how often these molecules, which
aremoving freely, visit the first octant of the box on average
between a large enough time interval. One could study the
path of each molecule, but that becomes hopeless as soon
as we realize the number of variables are enormous (per-
haps on the order of Avogadro’s number, which is around
6.02 × 1023). But if we assume that the molecules move
freely enough so that they are not particularly trapped in
a certain part of the box, then the frequency of their visit
should equal the proportion of the entire space that our
molecules occupy (if we are correct in the hypothesis that
the time average equals the space average). As long as we
canmake this assumption, we conclude that themolecules
are in the first octant of the box 12.5% of the time on aver-
age. We recommend C. Moore’s note [17] for those inter-
ested in the historical aspect of the initial development of
ergodic theory.

The mathematical formulation of ergodic theory starts
with a measure space (𝑋,𝒜, 𝜇) such that there exists an ac-
tion by a measurable map 𝑇 ∶ 𝑋 → 𝑋. The set (𝑋,𝒜, 𝜇, 𝑇)
is then called a dynamical system. If the underlying 𝜎-
algebra is clear, we sometimes omit it and simply write
(𝑋, 𝜇, 𝑇). Ergodic theory is a subfield of the field of dynam-
ical systems which studies the statistical behavior of such
systems. The map 𝑇 is said to be measure preserving if for
each 𝐴 ∈ 𝒜 we have 𝜇(𝐴) = 𝜇(𝑇−1𝐴). The dynamical
system is then called a measure-preserving system. Measure-
preserving systems are one of the central objects of study
of ergodic theory. Here are some examples of measure-
preserving systems:

a) Rotations on 𝕋, the one-dimensional torus, with
Lebesgue measure 𝜇. They are defined by the map
𝑅𝛼 ∶ 𝕋 → 𝕋, where 𝑅𝛼(𝑥) = 𝑥+𝛼mod 1. Themeasure-
preserving property is a simple consequence of the fact
that Lebesgue measure is invariant under translations.
This makes (𝕋, 𝜇, 𝑅𝛼) a measure-preserving system.

b) The map 𝑇 ∶ 𝕋 → 𝕋 is defined by 𝑇𝑥 = 2𝑥mod 1,
where 𝜇 is again the Lebesgue measure. We sketch
the graph of this map in Figure 1. Here the measure-
preserving property can be derived by checking it on
open intervals (𝑎, 𝑏). The slope of the lines show that
𝜇(𝑇−1(𝑎, 𝑏)) = 𝜇(𝐴1) + 𝜇(𝐴2) = 1

2
(𝑏 − 𝑎) + 1

2
(𝑏 −

𝑎) = 𝑏 − 𝑎, where 𝐴1 = 𝑇−1(𝑎, 𝑏) ∩ [0, 1/2) and
𝐴1 = 𝑇−1(𝑎, 𝑏) ∩ [1/2, 1).

We remark that the map 𝑇 has some properties
quite distinct from the rotation map 𝑅𝛼 above. First
of all, 𝑅𝛼 is invertible, while 𝑇 is not. Second of all,
𝑅𝛼 is forward measure preserving, i.e., 𝜇(𝑅𝛼𝐴) = 𝜇(𝐴),
while 𝑇 is not. Lastly, the system under the map 𝑇
displays more chaotic behavior, in the sense that tra-
jectories between two points in𝕋may differ quite a bit,
no matter how close the original points are, whereas

Figure 1. The doubling map defined by 𝑇𝑥 = 2𝑥(mod 1).

those trajectories under 𝑅𝛼 will always have fixed dis-
tance. The former phenomenon is called sensitivity to
initial conditions, or some may call it the butterfly effect.
While this notion is not too important in this article,
interested readers can learn more details about this in
any textbook on dynamical systems.

c) One can obtain ameasure-preserving system in a fairly
general situation. Let 𝑋 be a compact metric space
and 𝑇 a continuous function from 𝑋 to 𝑋. By a the-
orem of Krylov-Bogoliubov*, there exists a measure
𝜇 defined on the Borel subsets of 𝑋 which makes the
system (𝑋,ℬ(𝑋), 𝜇, 𝑇) measure preserving.

We give now the definition of an ergodic measure-
preserving system.

Definition 1.1. The measure-preserving system
(𝑋,𝒜, 𝜇, 𝑇) is said to be ergodic if 𝑇−1𝐸 = 𝐸 implies
𝜇(𝐸) = 0 or 𝜇(𝑇−1(𝐸)) = 0.

We will discuss the importance of this notion later, but
an intuitive way to describe this is that an ergodic system
contains no nontrivial invariant set (modulo a set of mea-
sure zero).

It is simple to see that if in example a) the number 𝛼 is
rational, then 𝑅𝛼 is periodic. This periodicity prevents the
system (𝑋,𝒜, 𝜇, 𝑅𝛼) from being ergodic. However, if 𝛼 is
irrational this system is ergodic. This can be seen by using
Weyl’s criteria of uniform distribution. Example b) is also
ergodic.

Furthermore, 𝑇 is ergodic if and only if every invariant
function is a.e. constant (i.e., if 𝑓 ∘ 𝑇 = 𝑓 for some 𝑓 ∈
𝐿2(𝜇), then 𝑓 is a constant function a.e.).

We will assume in this paper that 𝜇(𝑋) = 1. In other
words (𝑋,𝒜, 𝜇) is a probability space.

One of the nice things about studying ergodic theory is
that all measure-preserving systems employ valuable statis-
tical properties, including those that display more chaotic
behavior (like the doubling map example above) that are
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Figure 2. G. Birkhoff (left), A. Khinchin (middle), and J. von
Neumann (right).

typically challenging to study at the level of individual or-
bits. Here we present three classical results that demon-
strate these statistical qualities.

We will first discuss possibly the oldest result in ergodic
theory, which is due to Poincaré.

Theorem 1.2 (Poincaré Recurrence Theorem). Let
(𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system where we assume
that 𝜇(𝑋) = 1. Consider 𝐴 ∈ 𝒜 with positive measure. Then
lim sup𝑘 𝜇(𝐴 ∩ 𝑇−𝑘(𝐴)) > 0. Furthermore if the system is er-
godic, then if 𝐵 is another set with positive measure we have
lim sup𝑘 𝜇(𝐴 ∩ 𝑇−𝑘(𝐵)) > 0.

In essence this theorem says that for ”most” points 𝑥 ∈
𝐴, its iterates under 𝑇, namely 𝑇𝑘𝑥, 𝑘 ∈ ℕ, return infinitely
often to the set 𝐴. When the system is ergodic, then for
most points 𝑥 ∈ 𝐴, its iterates 𝑇𝑘𝑥 will ”visit” any other
set 𝐵 with positive measure infinitely often (an intuitive
explanation for this follows from the fact that an ergodic
system lacks nontrivial invariant sets).

The following two classical results are considered to
be the ”heart” of ergodic theory. In particular, the re-
sults by von Neumann and Birkhoff (later reformulated
by Khinchin) from the early 1930s provided a rationale
for the hypothesis that time averages can be equal to space
averages, which was a fundamental problem in statistical
mechanics.

First we discuss the result by von Neumann.

Theorem 1.3 (von Neumann’s mean ergodic theorem).
Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system, with 𝜇(𝑋) = 1.
Let 𝑓 denote a function in 𝐿𝑝(𝜇) for some 𝑝, 1 ≤ 𝑝 < ∞. Then

the averages𝑀𝑁(𝑓) =
1
𝑁
∑𝑁−1

𝑘=0 𝑓 ∘𝑇𝑘 converge in 𝐿𝑝 norm to

a function 𝑓∗ ∈ 𝐿𝑝(𝜇) such that 𝑓∗ ∘ 𝑇 = 𝑓∗. If the system is
ergodic, then 𝑓∗ = ∫𝑓 𝑑𝜇 a.e.

One of the consequences of this theorem is the decom-
position of the space 𝐿𝑝(𝜇) into the sum of two subspaces:
Inv T = {𝑔 ∈ 𝐿𝑝(𝜇) ∶ 𝑔 ∘ 𝑇 = 𝑔}, and the closure of
the set of functions of the form 𝑔 − 𝑔 ∘ 𝑇. Functions of
this form are called coboundaries. Thus we have 𝐿𝑝(𝜇) =
Inv T⊕ {𝑔 − 𝑔 ∘ 𝑇} (see Yoshida-Kakutani* or [3, §1.1] for
more details).

Next we discuss the result by Birkhoff and Khinchin.
Birkhoff originally obtained this result for continuous
flows onmanifolds. Later Khinchin extended that result to
hold for abstract measure-preserving dynamical systems.

Theorem 1.4 (Birkhoff-Khinchin pointwise ergodic theo-
rem). Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system, with
𝜇(𝑋) = 1. Let 𝑓 denote a function in 𝐿𝑝(𝜇) for some 𝑝, 1 ≤
𝑝 < ∞. Then the averages 𝑀𝑁(𝑓)(𝑥) ∶=

1
𝑁
∑𝑁−1

𝑘=0 𝑓 ∘ 𝑇𝑘(𝑥)
converge a.e. to 𝑓∗(𝑥), where the function 𝑓∗ ∈ 𝐿𝑝(𝜇) satisfies
𝑓∗ ∘ 𝑇 = 𝑓∗. If the system is ergodic, then 𝑓∗ = ∫𝑓𝑑𝜇 a.e.

One classical way to prove Theorem 1.4 is by using the
following maximal inequality: for each 𝜆 > 0 and for each
𝑓 ∈ 𝐿1(𝜇) we have

𝜇 {𝑥 ∶ sup
𝑁

|𝑀𝑁(𝑓)(𝑥)| > 𝜆} ≤ 1
𝜆 ∫ |𝑓|𝑑𝜇.

By the Banach principle, this inequality shows that the
set of functions for which pointwise convergence holds is
closed in 𝐿1(𝜇). This reduces the study of the pointwise
convergence to a dense set which is given by Inv T⊕ {𝑔 −
𝑔 ∘ 𝑇; 𝑔 ∈ 𝐿∞(𝜇)}.

Perhaps some readers may have noticed that Birkhoff-
Khinchin’s pointwise result implies that of von Neumann
(on a finite measure space, a.e. convergence and bound-
edness implies norm convergence by the Lebesgue Dom-
inated Convergence Theorem). While that is indeed the
case, it should be noted that von Neumann studied these
averages from an operator theory perspective. We should
also point out some history regarding Birkhoff and von
Neumann, which is nicely summarized in the short note
by C. Moore [17]:

According to Birkhoff and Koopman, von Neu-
mann communicated his result personally to both
of them on October 22, 1931, and pointed out
to them that his result raised the important ques-
tion of whether a pointwise result might be valid.
Birkhoff then went to work and, by different meth-
ods, quickly established his pointwise ergodic the-
orem. He submitted his paper to PNAS onDecem-
ber 1, 1931, for appearance in the December 1931
issue. One presumes that he sent copies to Koop-
man and von Neumann, who would have noticed
that Birkhoff had not given von Neumann ade-
quate credit and recognition for his result. von
Neumann evidently planned to include his er-
godic theorem and its proof in a much longer
paper he was writing for the Annals of Mathemat-
ics, but he then apparently quickly drafted a short
paper for PNAS with his proof of the mean er-
godic theorem and submitted it to PNAS on De-
cember 10, 1931. It appeared in the January 1932
issue. One suspects that these events led Koopman
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Figure 3. Visit times, 𝑛1(𝑥) and 𝑛2(𝑥), to the set 𝐴.

and Birkhoff to write and publish their paper in
PNAS 2 months later, which set matters straight
and clearly acknowledged von Neumann’s prior-
ity. It should also be noted that E. Hopf presented
a slightly different proof of the mean ergodic the-
orem and some improvements on the Birkhoff
theorem in a paper, which appeared in the Janu-
ary 1932 issue of PNAS. For whatever reason, the
Birkhoff paper and its result has over time become
the better known of the two papers, but in light of
these historical details, the von Neumann paper
deserves at least equal billing.

The averages 𝑀𝑁(𝑓)(𝑥) = 1
𝑁
∑𝑁−1

𝑘=0 𝑓(𝑇𝑘𝑥) are called
”time averages” and ∫𝑓𝑑𝜇 is called the space average. An-
other statement of the pointwise ergodic theorem for er-
godic systems is that for almost any point 𝑥 ∈ 𝑋 , the limit
of the time averages is the space average.

Given a set of positive measure 𝐴 the sequence 𝑎𝑘(𝑥) =
𝟙𝐴(𝑇𝑘𝑥) is composed of zeros and ones. By the pointwise

ergodic theorem the averages
1
𝑁
∑𝑁−1

𝑘=0 𝑎𝑘(𝑥) converge a.e.
to 𝜇(𝐴) if 𝑇 is ergodic.

Each time 𝑎𝑘(𝑥) = 1 we have 𝑇𝑘(𝑥) ∈ 𝐴. We introduce
the following definition that we will use later.

Definition 1.5. Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving
system. Given 𝑥 ∈ 𝐴, we denote by 𝑛𝑗(𝑥), 𝑗 ∈ ℕ, the 𝑗th
visit time to the set 𝐴 (see Figure 3). More precisely, we
define 𝑛1(𝑥) ∶= min{𝑘 ∈ ℕ ∶ 𝑇𝑘𝑥 ∈ 𝐴} and, for 𝑗 > 1,
𝑛𝑗(𝑥) ∶= min{𝑘 > 𝑛𝑗−1(𝑥) ∶ 𝑇𝑘𝑥 ∈ 𝐴}.

Due to the Poincaré Recurrence Theorem, we know that
𝑛𝑗(𝑥) is defined for every 𝑗 ∈ ℕ for 𝜇-a.e. 𝑥 ∈ 𝐴. If 𝑇 is
ergodic, the return times can be defined on 𝜇-a.e. 𝑋 .

Figure 4. N. Wiener (left) and A. Wintner (right).

2. Wiener-Wintner Ergodic Theorem
Wewould like to discuss an important strengthening of the
Birkhoff-Khinchin Pointwise Ergodic Theorem, which was
announced by N. Wiener and A. Wintner*. This result will
be central to our discussion.

Theorem 2.1 (Wiener-Wintner Ergodic Theorem). Let
(𝑋,𝒜, 𝜇, 𝑇) be a probability measure-preserving system, and let
𝑓 ∈ 𝐿1(𝜇). Then there exists 𝑋𝑓 ⊂ 𝑋, 𝜇(𝑋𝑓) = 1, such that for
every 𝑡 ∈ ℝ, the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡

converge for every 𝑥 ∈ 𝑋𝑓.

Though the original proof had a gap, fortunately the gap
has been filled, and now there are at least three different
proofs of this theorem [3].

We note that if the value of 𝑡 is fixed, one can show
that the convergence of the averages above is an immedi-
ate corollary of the Birkhoff-Khinchin Theorem. Indeed,
let (𝑋,ℱ, 𝜇, 𝑇) be any measure-preserving system, and let
(𝑌, 𝒢, 𝜈, 𝑅𝑡) be the rotation system on the 1-torus by 𝑡, i.e.,
𝑌 = 𝕋, 𝑅𝑡 = rotation by 𝑡. Let 𝑓 ∈ 𝐿2(𝜇), and let
𝑔 ∶ 𝕋 → ℂ such that 𝑔(𝑦) = 𝑒2𝜋𝑖𝑦. Then

1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑔(𝑅𝑛𝑡 𝑦) =
𝑒2𝜋𝑖𝑦
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡 ,

and these averages converge by applying the Birkhoff-
Khinchin Theorem on the product space (𝑋 × 𝑌,ℱ × 𝒢,
𝜇 × 𝜈, 𝑇 × 𝑅𝑡).

The novelty of the Wiener-Wintner result, however, is
that the set of full measure 𝑋𝑓 is independent of the value
of 𝑡 ∈ ℝ. Since ℝ is uncountable, one cannot simply ap-
ply one of the standard tricks of measure and integration
where we intersect countably many sets of full measure to
show that the result holds.

It appears that the Wiener-Wintner Theorem is of
interest to some applied mathematicians as well, as
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communicated to the author by I. Mezić. See a paper, for
instance, by M. Budišić, R. Mohr, and I. Mezić*.

More can be said about the Wiener-Wintner Ergodic
Theorem if we assume the system to be ergodic. In par-
ticular, it becomes easier to identify the limit of Wiener-
Wintner averages.

For an ergodic measure-preserving transformation
(𝑋,ℱ, 𝜇, 𝑇), we say that 𝑓 is an eigenfunction for 𝑇 if
𝑓 ∘ 𝑇 = 𝜆𝑓 𝜇-a.e. for some 𝜆 ∈ ℂ and 𝑓 ≠ 0. The Kronecker
factor𝒦 is a sub-𝜎-algebra of𝒜 generated by the eigenfunc-
tions of 𝑇 (i.e., the smallest 𝜎-algebra that makes all of the
eigenfunctions of 𝑇 measurable). In this situation, 𝐿2(𝒦)
is the closed linear span of eigenfunctions of 𝑇. We note
that if 𝜆 is an eigenvalue of 𝑇, then |𝜆| = 1 since 𝑇 is mea-
sure preserving.

For example, let 𝑋 = 𝕋2 be a 2-torus, and let 𝛼 ∈ ℝ
be an irrational number. Let 𝑇 ∶ 𝑋 → 𝑋 be a map
such that 𝑇(𝑥, 𝑦) = (𝑥 + 𝛼, 𝑦 + 𝑥). The system (𝑋, 𝜇, 𝑇) is
called the skew-product system (where 𝜇 is the normalized
Lebesgue measure). We consider functions of the form
𝑓𝑝,𝑞(𝑥, 𝑦) = 𝑒2𝜋𝑖𝑝𝑥𝑒2𝜋𝑖𝑞𝑦, where 𝑝, 𝑞 ∈ ℤ. We note that
𝑓(𝑇(𝑥, 𝑦)) = 𝑓(𝑥, 𝑦) if and only if 𝑝 = 𝑞 = 0, or in other
words 𝑓(𝑥, 𝑦) = 1. This fact can be used to show that the
system (𝑋, 𝜇, 𝑇) is an ergodic system (where 𝜇 is the nor-
malized Lebesgue measure).2 Furthermore, if 𝑓𝑝,𝑞 is an
eigenfunction of 𝑇, i.e., 𝑓𝑝,𝑞(𝑇(𝑥, 𝑦)) = 𝑒2𝜋𝑖𝜃𝑓𝑝,𝑞(𝑥, 𝑦) for
some 𝜃 ∈ ℝ, then we must have 𝑞 = 0. This implies that
𝐿2(𝒦) is generated by the set of functions that only depend
on the first coordinate.

We are now ready to state the uniform version of Theo-
rem 2.1. This result was announced in the work of Bour-
gain on the Double Recurrence Theorem [6], and applied
to prove this result (we will discuss this later). A detailed
proof can be found in, for instance, [3, Theorem 2.4].

Theorem 2.2 (Uniform Wiener-Wintner Ergodic Theo-
rem). Let (𝑋,ℱ, 𝜇, 𝑇) be an ergodic measure-preserving sys-
tem, 𝒦 the Kronecker factor, and suppose that 𝑓 ∈ 𝐿2(𝜇) is
orthogonal to 𝐿2(𝒦). Then for 𝜇-a.e. 𝑥 ∈ 𝑋, we have

lim
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
= 0.

To illustrate this theorem, we present the following ex-
ample which shows convergence of averages that are fairly
difficult to prove directly. Recall the skew-product exam-
ple above. By the definition of 𝑇, we have

𝑇𝑛(𝑥, 𝑦) = (𝑥 + 𝑛𝛼, 𝑦 + 𝑛𝑥 + 𝑛(𝑛 − 1)
2 𝛼) .

2A formal proof can be derived using the Fourier expansion of a function 𝑓 in
𝐿2(𝜇). Furthermore, on a topological system like the skew-product one, ergodic-
ity can be demonstrated by showing every 𝑇-invariant continuous function is a.e.
constant.

We also know from the discussion above that the or-
thogonal complement of 𝐿2(𝒦) is spanned by the set {𝑓𝑝,𝑞 ∶
𝑝, 𝑞 ∈ ℤ, 𝑞 ≠ 0}. The Uniform Wiener-Wintner Theorem
asserts that for 𝜇-a.e. (𝑥, 𝑦) ∈ 𝑋 , we have

lim sup
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑝(𝑥+𝑛𝛼)𝑒2𝜋𝑖𝑞(𝑦+𝑛𝑥+
𝑛(𝑛−1)

2 𝛼)𝑒2𝜋𝑖𝑛𝑡
||||
=0,

or equivalently,

lim sup
𝑁→∞

sup
𝑡∈ℝ

||||
1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑛(𝑞𝑥+(𝑝+
𝑛−1
2 )𝛼+𝑡)||||

= 0 .

The Uniform Wiener-Wintner Theorem tells us about
the limiting behavior of these averages. As a consequence
of this result, one can show that if (𝑋,ℱ, 𝜇, 𝑇) is a separable
ergodic system and 𝑓 ∈ 𝐿2(𝜇), the limit of Wiener-Wintner
averages is a ”projection” onto the eigenspace of 𝑇 if 𝑡 is
one of the eigenvalues of 𝑇 (the averages converge to 0 oth-
erwise).

We remark however that the Uniform Wiener-Wintner
Theorem is false without the assumption of ergodicity.
Let (𝑋,ℱ, 𝜇, 𝑇) be the same skew-product system that we
saw earlier. Then (𝑋2, ℱ2, 𝜇 × 𝜇, 𝜙 ∶= 𝑇 × 𝑇) is a
measure-preserving system that is not ergodic (for instance,
𝑓(𝑥1, 𝑦1, 𝑥2, 𝑦2) = 𝑥2−𝑥1 is invariant under 𝑇, even though
it is not a constant function). The map 𝜙 can be explicitly
written as

𝜙(𝑥1, 𝑦1, 𝑥2, 𝑦2) = (𝑥1 + 𝛼, 𝑥1 + 𝑦1, 𝑥2 + 𝛼, 𝑥2 + 𝑦2).
It is known that the closed linear span of eigenfunctions

for 𝜙 is given by the closed linear span of products of the
characters 𝑒2𝜋𝑖𝑝1𝑥1𝑒2𝜋𝑖𝑝2𝑥2 . In other words, it is given by the
functions depending only on 𝑥1 and 𝑥2.

Consider the functions𝐺(𝑥1, 𝑦1, 𝑥2, 𝑦2)=𝑒2𝜋𝑖𝑝𝑦1𝑒−2𝜋𝑖𝑝𝑦2 ,
where 𝑝 ≠ 0. First, note that 𝐺 is orthogonal to the closed
linear span3 of the eigenfunctions of 𝜙. But the Wiener-
Wintner averages for this function 𝐺 are

𝑀𝑡
𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)

= 1
𝑁

𝑁
∑
𝑛=1

𝐺(𝜙𝑛(𝑥1, 𝑦1, 𝑥2, 𝑦2))𝑒2𝜋𝑖𝑛𝑡

= 1
𝑁

𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑝(𝑛𝑥1+
𝑛(𝑛−1)

2 𝛼+𝑦1)𝑒−2𝜋𝑖𝑝(𝑛𝑥2+
𝑛(𝑛−1)

2 𝛼+𝑦2)𝑒2𝜋𝑖𝑛𝑡

= ( 1𝑁
𝑁
∑
𝑛=1

𝑒2𝜋𝑖𝑛(𝑡+𝑝𝑥1−𝑝𝑥2)) 𝑒2𝜋𝑖𝑝𝑦1𝑒−2𝜋𝑖𝑝𝑦2 .

Thus,
sup
𝑡
|𝑀𝑡

𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)| = 1

3While we do not discuss the notion of factor here, it may be worth mentioning
that if the system is not ergodic, then the closed linear span of eigenfunctions
does not form a factor. This is why we are not calling this the Kronecker factor.
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Figure 5. Double recurrence to the set 𝐴: 𝑇3(𝑥) and
𝑇6(𝑥) = 𝑇2𝑥3(𝑥) are in 𝐴.

(the supremum is obtained when 𝑡 = 𝑝𝑥2 − 𝑝𝑥1), which
shows that

lim
𝑁→∞

sup
𝑡
|𝑀𝑡

𝑁(𝐺)(𝑥1, 𝑦1, 𝑥2, 𝑦2)| = 1,

so the uniformity result does not hold.
In the next few sections, we will see some of the appli-

cations of the Uniform Wiener-Wintner Theorem in other
ergodic averages.

3. The Double Recurrence Theorem
Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system. Con-
sider a set 𝐴 with positive measure. The sequence
𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑥) takes the value 1 if 𝑇𝑛𝑥 and 𝑇2𝑛𝑥 both
belong to 𝐴 (see Figure 5). One can observe that the gap
between 𝑛 and 2𝑛 goes to infinity even if 𝑛 itself goes to in-
finity which adds another level of difficulty. The Fursten-
berg averages for the pair of functions (𝟙𝐴, 𝟙𝐴) are equal
to

1
𝑁

𝑁−1
∑
𝑘=0

𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑥).

More generally for 𝐻 functions that are in 𝐿∞(𝜇), we
have the following definition.

Definition 3.1. The Furstenberg averages of the functions
𝑓𝑖 ∈ 𝐿∞(𝜇), 1 ≤ 𝑖 ≤ 𝐻, are defined as

1
𝑁

𝑁−1
∑
𝑘=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇 𝑖𝑘𝑥).

Since the powers of 𝑇 commute, one can generalize this
concept further and define the averages

1
𝑁

𝑁−1
∑
𝑘=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇𝑘𝑖 𝑥)

when 𝑇𝑖 are commuting transformations acting on
(𝑋,𝒜, 𝜇).

It should be noted that the a.e. convergence of Fursten-
berg averages do not follow from the Birkhoff-Khinchin
Theorem; the latter tells us that if

𝐶 ∶= {(𝑥, 𝑦) ∈ 𝑋2 ∶ lim
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝟙𝐴(𝑇𝑛𝑥)𝟙𝐴(𝑇2𝑛𝑦) exists} ,

then 𝜇 × 𝜇(𝐶) = 1. But this does not guarantee that
(𝑥, 𝑥) ∈ 𝐶 for 𝜇-a.e. 𝑥 ∈ 𝑋 , and this is because the set
of the diagonal elements Δ ∶= {(𝑥, 𝑥) ∈ 𝑋2 ∶ 𝑥 ∈ 𝑋} may
be a 𝜇×𝜇-null set, so the Birkhoff-Khinchin Theorem pro-
vides no information on the convergence of the averages
on Δ. Similarly, the norm convergence of the Furstenberg
averages do not follow from the von Neumann Theorem
either.

The study of Furstenberg averages stems from the proof
of Szemerédi’s Theorem provided by H. Furstenberg in
1977 [14]. Szemerédi’s Theorem is stated as follows: Let
𝐴 ⊂ ℕ be a set with positive upper density, i.e.,

lim sup
𝑁→∞

|𝐴 ∩ {1, 2, … , 𝑁}|
𝑁 > 0,

where |⋅| denotes the cardinality of the set inside. Then the
set 𝐴 has arbitrary long arithmetic progressions, i.e., given
𝑘 ∈ ℕ, there exist 𝑎 ∈ 𝐴 and 𝑙 ∈ ℕ such that 𝑎, 𝑎 + 𝑙, 𝑎 +
2𝑙, … , 𝑎 + (𝑘 − 1)𝑙 are all in 𝐴.

Furstenberg translated this problem in number the-
ory into ergodic theory, and proved the following result,
which can be used to prove Szemerédi’s Theorem: Given
a measure-preserving system (𝑋,ℱ, 𝜇, 𝑇) and a set 𝐵 ⊂ 𝑋
such that 𝜇(𝐵) > 0, we have

lim inf
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝜇(𝐵 ∩ 𝑇−𝑛𝐵 ∩ 𝑇−2𝑛𝐵 ∩⋯ ∩ 𝑇−(𝑘−1)𝑛𝐵) > 0

for every 𝑘 ∈ ℕ. Note that the averages above can be rewrit-
ten as

1
𝑁

𝑁
∑
𝑛=1

∫𝟙𝐵(𝑥)𝟙𝐵(𝑇𝑛𝑥)⋯𝟙𝐵(𝑇 (𝑘−1)𝑛𝑥) 𝑑𝜇(𝑥).

In 1981, Furstenberg asked if the multiple ergodic av-
erages converge pointwise. J. Bourgain [6] proved the fol-
lowing result in 1990.

Theorem 3.2. Let 𝑓1, 𝑓2 be two 𝐿∞(𝜇) functions. Then the
averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥)

converge a.e.
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Figure 6. J. Bourgain (left) and H. Furstenberg (right).

The norm convergence of the averages in this theorem
had been established earlier by Furstenberg. At the time of
Bourgain’s result, not much was known about the conver-
gence of Furstenberg averages, aside from the norm con-
vergence results obtained by J.-P. Conze and E. Lesigne*
in 1994 (for two functions with commuting transforma-
tions and three functions with different powers of a single
transformation). Bourgain’s proof is quite technical and
not easy to read, although one of the key elements of his
proof was the uniform Wiener-Wintner Ergodic Theorem
(Theorem 2.2). To see this, we consider two cases: the first
when 𝑓1 ∈ 𝐿2(𝒦), and the second when 𝑓1 is orthogonal
to 𝐿2(𝒦). The first case essentially narrows down to show-
ing the convergence holds if 𝑓1 is an eigenfunction of 𝑇,
which is quite straightforward to do. We then consider the
second case. Define

𝐴𝑁(𝑓1, 𝑓2)(𝑥) ∶=
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥).

By following strings of simple (yet clever) arguments pre-
sented in the first two pages of Bourgain’s proof, one
can show that, by using the inequalities of Parseval and
Cauchy-Schwarz, for every 1 ≤ 𝑁1 < 𝑁, we have

‖𝐴𝑁(𝑓1, 𝑓2)‖1

≤ 𝐶 (𝑁1𝑁 + ( 𝑁𝑁1
)
1/2 ‖

‖‖‖
sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
)

for some constant 𝐶 > 0 that may depend on 𝑓1 and
𝑓2.4 This estimate gives an upper bound of the 𝐿1-norm in
terms of the Wiener-Wintner averages. The remainder of
Bourgain’s paper gets very technical, but perhaps it would
be nice to work with this estimate directly at the expense of
imposing an additional assumption. And that key assump-
tion is the following rate of convergence on the Wiener-
Wintner averages: let us consider 𝑓1 to be a function for

4The value of the constant 𝐶 may differ in the subsequent lines, but it will al-
ways depend only on 𝑓1 and 𝑓2, and the exact value of 𝐶 will be irrelevant since
we will see that the upper estimate will vanish as 𝑁 → ∞.

which
‖
‖‖‖
sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
≤
𝐶𝑓1
𝑁𝛼

for some 𝛼 ∈ (0, 1/2) and 𝐶𝑓1 a positive constant that may
depend on 𝑓1 (it should be noted that one can use the
Cauchy-Schwarz inequality to show that 1/2 is indeed an
upper bound for the set of possible values of 𝛼 for this es-
timate to hold). If we make this assumption, we get

‖𝐴𝑁(𝑓1, 𝑓2)‖1 ≤ 𝐶 (𝑁1𝑁 + √𝑁
𝑁𝛼√𝑁1

) .

If we set𝑁1 = ⌊𝑁1− 2𝛼
3 ⌋ (where ⌊⋅⌋ is the floor function), one

would get

‖𝐴𝑁(𝑓1, 𝑓2)‖1 ≤ 𝐶𝑁− 2𝛼
3 .

This estimate alone already grants the norm convergence
of 𝐴𝑁(𝑓1, 𝑓2) to zero, but one can go further. Consider the
sequence {⌊𝑀𝛾⌋}∞𝑀=2 , where 𝛾 > 3

2𝛼
is a real number. This

implies that

∫||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 ≤ 𝐶(𝑀 − 1)
−2𝛼𝛾
3

for every 𝑀 > 2. We sum both sides over 𝑀 to get
∞
∑
𝑀=2

∫||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 ≤
∞
∑
𝑀=2

𝐶(𝑀 − 1)
−2𝛼𝛾
3 < ∞.

Following this fact and the Monotone Convergence Theo-
rem, we get

∫
∞
∑
𝑀=2

||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| 𝑑𝜇 < ∞ ,

which tells us that the function ∑∞
𝑀=2 ||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)(𝑥)|| is

bounded for 𝜇-a.e. 𝑥 ∈ 𝑋 . This immediately implies that

lim sup
𝑀→∞

||𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)|| = 0

for 𝜇-a.e. 𝑥 ∈ 𝑋 . To show the a.e. convergence of
𝐴𝑁(𝑓1, 𝑓2), first let𝑀 ∈ ℕ such that ⌊𝑀𝛾⌋ ≤ 𝑁 < ⌊(𝑀+1)𝛾⌋.
Then we compute that

𝐴𝑁(𝑓1, 𝑓2)(𝑥)=𝐴⌊𝑀𝛾⌋(𝑓1, 𝑓2)(𝑥)+
1
𝑁

𝑁
∑

𝑛=⌊𝑀𝛾⌋
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇2𝑛𝑥).

We already know the first term of the right-hand side con-
verges to 0. The second term is bounded above by

‖𝑓1‖∞ ‖𝑓2‖∞ (⌊(𝑀 + 1)𝛾⌋ − ⌊𝑀𝛾⌋)
⌊𝑀𝛾⌋ .

As we let 𝑁 → ∞, we can also let𝑀 →∞, so the above ex-
pression goes to 0. And this proves the Double Recurrence
Theorem for this special case where we can prescribe the
rate of convergence to the Wiener-Wintner averages.
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Based on this observation, we felt it was sensible to de-
fine a class of ergodic dynamical systemswhere one can ob-
tain a rate of convergence in the Uniform Wiener-Wintner
Theorem. In this way, one can prove the a.e. Double Recur-
rence Theorem in a much simpler fashion for this particu-
lar class. We called themWiener-Wintner dynamical systems
and some of their properties, including the full proof of
the Double Recurrence Theorem on this class of systems,
can be found in [3].

Definition 3.3. Let 𝛼 ∈ (0, 1/2) and 𝑝 ∈ [1,∞]. An er-
godic dynamical system (𝑋,ℱ, 𝜇, 𝑇) is said to be a Wiener-
Wintner dynamical system of power class 𝛼 in 𝐿𝑝 if there exists
a dense class of functions 𝑓 in the orthogonal complement
of its Kronecker factor such that for each one of these func-
tions one can find a finite constant 𝐶𝑓 such that for each
𝑁 ∈ ℕ

‖
‖‖‖
sup
𝑡

||||
1
𝑁

𝑁−1
∑
𝑛=0

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

‖
‖‖‖1
≤
𝐶𝑓
𝑁𝛼 .

If a function 𝑓 satisfies the inequality above, we call 𝑓 a
Wiener-Wintner function of type 𝛼.

There are numerous examples of Wiener-Wintner dy-
namical systems. For instance:

Theorem 3.4 (Cf. [3, Proposition 6.1]). Let (𝑋,ℱ, 𝜇, 𝑇𝛽)
be a skew-product system as discussed above, where 𝑇𝛽(𝑥, 𝑦) ∶=
(𝑥 + 𝛽, 𝑦 + 𝑥). There exists a set 𝐼 ⊂ ℝ of irrational numbers
that has full Lebesgue measure such that for each 𝛽 ∈ 𝐼, the
system (𝑋,ℱ, 𝜇, 𝑇𝛽) is a Wiener-Wintner dynamical system of
power type 1/8 in 𝐿∞.

As we saw earlier, the skew-product system is not weakly
mixing, so one may not conclude the pointwise conver-
gence of double recurrence averages by Theorem 3.6.

Another class of examples of Wiener-Wintner dynami-
cal systems are the so-called K-systems, which are dynam-
ical systems with K automorphisms (the letter K stands
for Kolmogorov). For example, let 𝑀 = {1, 2, … , 𝑞} and
𝑚 = ∑𝑞

𝑖=1 𝑎𝑖𝛿𝑖 such that 𝑎𝑖 > 0 and ∑𝑞
𝑖=1 𝑎𝑖 = 1 is a dis-

crete probability measure on 𝑀. Then consider 𝑋 = 𝑀ℤ,
𝜇 = 𝑚ℤ, and if 𝑥 ∶= {𝑥𝑖}∞𝑖=−∞, then we define 𝑇(𝑥) =
{𝑥𝑖+1}∞𝑖=−∞ to be a shift map. Then (𝑋,ℱ, 𝜇, 𝑇) is called
a Bernoulli shift, and one can verify that it is a K-system.
While all Bernoulli shifts are K-systems, not all K-systems
are Bernoulli shifts, which was demonstrated by D. Orn-
stein*.

Theorem 3.5 (Cf. [3, Theorem 6.1]). A K-system is a
Wiener-Wintner dynamical system of power type 𝛼𝑝 in 𝐿𝑝 for
𝑝 ∈ [1,∞) (where the positive constant 𝛼𝑝 may depend on 𝑝).

It should be noted that the pointwise convergence of the
Double Recurrence Theorem on a K-system was proven by
J. Derrien and E. Lesigne in 1995.

Remark. Not all ergodic systems are Wiener-Wintner dy-
namical systems of power class. Examples obtained inde-
pendently by E. Lesigne and the author are mentioned in
the author’s paper* published in 2004.

Using Bourgain’s result and combining it with Host’s*
result on pairwise independent joining we were able to
prove the following result on a weakly mixing system
(we say an ergodic system with additional conditions
(𝑋,ℱ, 𝜇, 𝑇) isweakly mixing if the product space (𝑋2, ℱ2, 𝜇×
𝜇, 𝑇 × 𝑇) is ergodic). A joining of the measure spaces
(𝑋,ℱ, 𝜇) and (𝑌,ℬ, 𝜈) is a measure 𝜔 on (𝑋 × 𝑌,ℱ ⊗ ℬ)
such that its projections on (𝑋,ℱ) and (𝑌,ℬ) are respec-
tively 𝜇 and 𝜈.We refer to Eli Glasner’s* book for more on
the joinings.

Theorem 3.6. Let 𝑇 be a weakly mixing system such that its
restriction to its Pinsker algebra5 has singular spectrum. Then
the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝐻
∏
𝑖=1

𝑓𝑖(𝑇 𝑖𝑘𝑥)

converge a.e. for every 𝐻 and for each 𝑓𝑖 ∈ 𝐿∞(𝜇), 1 ≤ 𝑖 ≤ 𝐻.
This result was published in 1998. In the same paper we

indicated our belief that the general result for 𝐻 functions
should be true.

We conclude this section by mentioning some results
related to Furstenberg averages and the Wiener-Wintner
Ergodic Theorem. For Wiener-Wintner type results, exten-
sions of the Wiener-Wintner Ergodic Theorem have been
given for the Double Recurrence Theorem by D. Duncan,
R. Moore, and myself*, and for nilsequences indepen-
dently by myself* and P. Zorin-Kranich*.

Furthermore, partial results on the pointwise conver-
gence of the Furstenberg averages have been obtained by
Huang, Shao, and Ye [16] and for commuting transfor-
mations by S. Donoso and W. Sun [13]. More recently
B. Krause, M. Mirek, and T. Tao* have announced the
pointwise convergence of the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑛2𝑥),

while M. Christ, M. Curcik, V. Kovač, and J. Roos [10] an-
nounced a pointwise convergence of a continuous coun-
terpart of these averages. Let us mention that the best pos-
sible result at the pointwise level would be the pointwise
analog of the norm convergence obtained for polynomial
nilpotent actions by M. Walsh [19].

4. Pointwise Convergence of Averages
Along the Cubes

In 2001, another proof of Szemerédi’s Theorem was ob-
tained by T. Gowers*. In his work, he introduced certain

5It is the maximum 𝜎-algebra such that 𝑇 restricted on it has zero entropy.
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seminorms on ℤ/𝑁ℤ. These seminorms were later gener-
alized by B. Host and B. Kra [15] to be defined on arbi-
trary measure-preserving systems, which was used to prove
norm convergence of Furstenberg averages (see §3). Fur-
thermore, their proof developed the concept of averages
along cubes, introduced for the case of three functions by
V. Bergelson*, which we will discuss in this section.

Let (𝑋,𝒜, 𝜇, 𝑇) be a measure-preserving system. The av-
erages along the cubes of order 2 are given by

1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑛+𝑚𝑥),

where 𝑓1, 𝑓2, 𝑓3 ∈ 𝐿∞(𝜇).
The averages along the cubes of order 3 are defined as

1
𝑁3

𝑁−1
∑

𝑛,𝑚,𝑝=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑝𝑥)𝑓4(𝑇𝑛+𝑚𝑥)

𝑓5(𝑇𝑛+𝑝𝑥)𝑓6(𝑇𝑚+𝑝𝑥)𝑓7(𝑇𝑛+𝑚+𝑝𝑥).

More generally for functions 𝑓𝑖 all in 𝐿∞(𝜇) the averages
along the cubes of order 𝑘 ≥ 2 are defined as

1
𝑁𝑘

𝑁−1
∑

𝑛1,𝑛2,...,𝑛𝑘=0
∏

𝜖∈{0,1}𝑘,𝜖≠0
𝑓𝜖(𝑇𝑛.𝜖𝑥).

In [15], Host and Kra proved the norm convergence of
these averages. In 2004, we proved the pointwise case.

Theorem 4.1. The averages along the cubes of any order con-
verge a.e.

To our knowledge, this was the first complete pointwise
convergence result obtained in the theory of nonconven-
tional ergodic averages. The paper was published in 2010
[2]. Other proofs of Theorem 4.1 have since been given by
several authors, such as W. Huang, S. Shao, and X. Ye [16],
as well as S. Donoso and W. Sun [13].

Interestingly, we can prove this result by using the
Wiener-Wintner Theorem, as we discuss below. We will
discuss the second-order averages along the cubes for sim-
plicity. In order to make the Wiener-Wintner averages ap-
pear, we have the following estimate on the (deterministic)
averages along the cubes.

Lemma 4.2 ([2, Lemma 5]). Let 𝑎𝑛, 𝑏𝑛, and 𝑐𝑛, 𝑛 ∈ ℕ, be
three complex bounded sequences. Then for each positive integer

𝑁, there exists 𝐶 > 0 such that

||||
1
𝑁2

𝑁−1
∑

𝑚,𝑛=0
𝑎𝑛𝑏𝑚𝑐𝑛+𝑚

||||

2

≤ 𝐶min{sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑞=1

𝑎𝑞𝑒2𝜋𝑖𝑞𝑡
||||

2

,

sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑟=1

𝑏𝑟𝑒2𝜋𝑖𝑟𝑡
||||

2

, sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑝=1

𝑐𝑝𝑒2𝜋𝑖𝑝𝑡
||||

2

} .

In order to prove Theorem 4.1, we utilize the uniform
Wiener-Wintner Theorem. We illustrate this for the case of
order 2. We denote

𝑀𝑁(𝑓1, 𝑓2, 𝑓3) ∶=
1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛𝑥)𝑓2(𝑇𝑚𝑥)𝑓3(𝑇𝑛+𝑚𝑥) ,

where 𝑓1, 𝑓2, 𝑓3 ∈ 𝐿∞(𝜇). By Lemma 4.2, we have

|𝑀𝑁(𝑓1, 𝑓2, 𝑓3)(𝑥)|2 ≤ 𝐶 sup
𝑡

||||
1
𝑁

2(𝑁−1)
∑
𝑚=0

𝑓3(𝑇𝑚𝑥)𝑒2𝜋𝑖𝑚𝑡
||||

2

,

where 𝐶𝑓1,𝑓2 is a positive constant that depends on 𝑓1 and
𝑓2. Thus, if 𝑓3 is orthogonal to the Kronecker factor 𝐿2(𝒦),
the averages converge to 0 a.e. by the Uniform Wiener-
Wintner Theorem. If 𝑓3 is an eigenfunction of 𝑇 with 𝑒2𝜋𝑖𝜃
the corresponding eigenvalue, one sees that

𝑀𝑁(𝑓1, 𝑓2, 𝑓3)(𝑥)

= 𝑓3(𝑥) (
1
𝑁

𝑁−1
∑
𝑛=0

𝑓1(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝜃)( 1𝑁
𝑁−1
∑
𝑚=0

𝑓2(𝑇𝑚𝑥)𝑒2𝜋𝑖𝑚𝜃) .

The pointwise convergence follows from the Birkhoff-
Khinchin Theorem applied on the product of 𝑇 and the
rotation by 𝜃 (or the Wiener-Wintner Theorem). The gen-
eral case where 𝑓3 ∈ 𝐿2(𝒦) follows from a relatively simple
approximation argument.

The higher-order case follows from a (not so simple)
induction argument. It uses two main elements. One is
based on the structure of the Host-Kra-Ziegler factors and
the Host-Kra seminorms. The second is based on Wiener-
Wintner estimates derived from the structure of the aver-
ages along the cubes. Both are needed to prove the higher-
order case. Depending on the measure-preserving sys-
tem (𝑋,ℱ, 𝜇, 𝑇) one of these two elements will carry more
weight. For instance, if the measure system (𝑋,ℱ, 𝜇, 𝑇) is
weakly mixing, then the Host-Kra-Ziegler factors are trivial
and the bulk of the proof is based entirely on the second
element.

We proved also in [2] that the pointwise convergence
could be obtained for measure-preserving maps not neces-
sarily commuting and acting on the same measure space.
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More precisely we proved the following result in the same
paper.

Theorem 4.3. Let 𝑇1, 𝑇2, 𝑇3 be measure-preserving transforma-
tions acting on the same measure space (𝑋,𝒜, 𝜇). Consider the
𝐿∞(𝜇) functions 𝑓1, 𝑓2, 𝑓3. Then the averages

1
𝑁2

𝑁−1
∑

𝑛,𝑚=0
𝑓1(𝑇𝑛1 𝑥)𝑓2(𝑇𝑚2 𝑥)𝑓3(𝑇𝑛+𝑚3 𝑥)

converge a.e.

This theorem can also be proven from Lemma 4.2. In
particular, the lemma shows how weighted averages be-
come useful to bound such averages.

This shows that averages along the cubes behave very
differently from Furstenberg averages, since the averages

1
𝑁

𝑁−1
∑
𝑘=0

𝑓1(𝑇𝑛1 𝑥)𝑓2(𝑇𝑛2 𝑥)

do not converge 𝜇-a.e. in general if 𝑇1 and 𝑇2 are non-
commuting, as it was shown by D. Berend*.

Later, we extended Theorem 4.3 to the averages of six
functions. Q. Chu and N. Frantzikinakis [11] used our
method to extend this result to averages along cubes of
arbitrary order.

5. The Return Times Theorem
We have seen earlier that given a set with positive measure
and 𝑥 off a single null set one could consider the sequence
of return times to the set 𝐴 (see Figure 3). A. Brunel in his
thesis from 1968 introduced the study of the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

with a “twist.” We fix the probability measure-preserving
system (𝑋,𝒜, 𝜇, 𝑇) and a set 𝐴 with positive measure. One
seeks for a universal set of full measure off which, once 𝑥
is fixed in this set, the averages

1
𝑁

𝑁−1
∑
𝑛=0

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

would converge a.e. 𝑦 for all other measure-preserving sys-
tems (𝑌,ℬ, 𝜌, 𝑆) and 𝑔 ∈ 𝐿∞(𝜌).

Return times averages can be classified as weighted er-
godic averages, where one studies the averages of the form

1
𝑁

𝑁
∑
𝑛=1

𝑎𝑛𝑔(𝑆𝑛𝑦) ,

where {𝑎𝑛}∞𝑛=1 is a complex-valued sequence acting as the
“weight.” We refer to a classical survey paper by A. Bellow
and V. Losert* for more on this topic. What makes return
times averages interesting is that the sequence (𝑎𝑛) is ran-
dom as opposed to deterministic.

We also remark that the return times averages above
can be viewed as a problem on averages along a subse-
quence, which can be phrased as follows: given a measure-
preserving system (𝑋,ℱ, 𝜇, 𝑇), 𝑓 ∈ 𝐿1(𝜇), and a strictly in-
creasing sequence of natural numbers {𝑛𝑗}∞𝑗=1, one studies
convergence of the averages

1
𝑁

𝑁
∑
𝑗=1

𝑓(𝑇𝑛𝑗𝑥).

For the case of the return times averages, we can set 𝑛𝑗 =
𝑛𝑗(𝑥) to be the 𝑗th return time as defined in Definition 1.5
so that we have

1
𝑁

𝑁
∑
𝑗=1

𝑔(𝑆𝑛𝑗𝑦) = 1
𝑛𝑁(𝑥)

𝑛𝑁(𝑥)
∑
𝑛=1

𝟙𝐴(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦).

There are also some deep results in the case the sequence
(𝑎𝑛) is deterministic. For instance, suppose that 𝑎𝑛 = 𝑃(𝑛)
for some integer-valued polynomial 𝑃. Then J. Bourgain
[7] showed that for every 𝑓 ∈ 𝐿𝑝(𝜇), 𝑝 ∈ (1,∞], the aver-
ages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑃(𝑛)𝑥)

converge for 𝜇-a.e. However, if 𝑝 = 1 and 𝑃(𝑛) = 𝑛2, the
pointwise convergence need not hold; this result was later
shown by Z. Buczolich and D. Mauldin [8].

Partial results on return times averages were obtained by
A. Bellow and V. Losert*. The problem was solved first by
J. Bourgain in an unpublished paper. Then a shorter proof
was provided in [7], jointly withH. Furstenberg, Y. Katznel-
son, and D. Ornstein (this version of the proof is some-
times called the ”BFKO argument”). This result is called
the Return Times Theorem.

Theorem 5.1 (The Return Times Theorem). Let (𝑋,ℱ, 𝜇, 𝑇)
be a probability measure-preserving system, and let 𝑓 ∈ 𝐿2(𝜇).
Then there exists a set 𝑋𝑓 ⊂ 𝑋 such that 𝜇(𝑋𝑓) = 1 for
every 𝑥 ∈ 𝑋𝑓 and, for any other measure-preserving system
(𝑌, 𝒢, 𝜈, 𝑆) and function 𝑔 ∈ 𝐿2(𝜈), the averages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)

converge for 𝜈-a.e. 𝑦 ∈ 𝑌 .
While the BFKO argument was simple in the sense that

it did not require many tools beyond basic ergodic theory,
it was originally written in a very concise matter (it was a 3-
page proof mentioned in an ”appendix” of another paper
by Bourgain). Another fairly accessible proof of the Return
Times Theorem via joinings was provided by D. Rudolph*.

We remark that this result is a generalization of the
Wiener-Wintner Theorem: if we take 𝑌 = 𝕋, 𝒢 the Borel
𝜎-algebra, 𝜈 the (normalized) Lebesgue measure, 𝑆 a rota-
tion by any 𝛼 ∈ ℝ, and 𝑔(𝑦) = 𝑒2𝜋𝑖𝑦, then the Return Times
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Theorem tells us that there exists a set of full measure in 𝑋
that is independent on the value of 𝛼 for which

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦) = 𝑒2𝜋𝑖𝑦
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝛼

converge.
We also note that if we replace ”for 𝜈-a.e. 𝑦 ∈ 𝑌” with

“in 𝐿2(𝜈),” the statement becomes a rather simple corol-
lary of the Wiener-Wintner Theorem and the spectral the-
orem; see [3, Theorem 3.1]. Furthermore, if (𝑋,ℱ, 𝜇, 𝑇) is
a Wiener-Wintner dynamical system, then one can obtain
an even simpler proof. By the Spectral Theorem, there ex-
ists a Borel probability measure 𝜎𝑔,𝑆 on 𝕋 such that

∫
𝑌

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
||||

2

𝑑𝜈(𝑦)

= ∫
𝕋

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

2

𝑑𝜎𝑔,𝑆(𝑡)

≤ sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||

2

.

So because 𝑓 is a Wiener-Wintner function of type 𝛼 in 𝐿∞,
we have

∫sup
𝑡

||||
1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
𝑑𝜇(𝑥) ≤ 𝐶

𝑁𝛼 .

In particular, if 𝛾 > 0 is a number such that 𝛼𝛾 > 1, we
have

∞
∑
𝑀=2

∫sup
𝑡

||||
1

⌊𝑀𝛾⌋
⌊𝑀𝛾⌋
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡
||||
𝑑𝜇(𝑥)

≤
∞
∑
𝑀=2

𝐶
(𝑀 − 1)𝛼𝛾 < ∞.

This implies that ∑∞
𝑀=2 sup𝑡

|
|

1
⌊𝑀𝛾⌋

∑⌊𝑀𝛾⌋
𝑛=1 𝑓(𝑇𝑛𝑥)𝑒2𝜋𝑖𝑛𝑡|| <

∞, which implies that there exists a set of full measure
𝑋𝑓 ⊂ 𝑋 that is independent of the other dynamical system
(𝑌, 𝜈, 𝑆) such that

∞
∑
𝑀=2

||||
1

⌊𝑀𝛾⌋
⌊𝑀𝛾⌋
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
||||

2

< ∞

for 𝜈-a.e. 𝑦 ∈ 𝑌 . Therefore, for every 𝑥 ∈ 𝑋𝑓, we have

lim
𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦) = 0

for 𝜈-a.e. 𝑦 ∈ 𝑌 , and thus concludes the proof of the Re-
turn Times Theorem for the function 𝑓.One can pass from
Wiener-Wintner functions 𝑓 of power class 𝛼 to general
functions by approximation.

We conclude this section by outlining the development
of the Return Times Theorem. The author raised four ques-
tions in 1990:

(i) Consider the averages
1
𝑁
∑𝑁−1

𝑛=0 𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦); can we
have a multidimensional return times result?

(ii) What is the exact range of the functions for which
such a result would hold? Would the dynamic created
be powerful enough to allow the convergence to hold
beyond the Hölderian inequality?

(iii) In particular what could happen if both functions 𝑓
and 𝑔 are in 𝐿1? (This is called the (𝐿1, 𝐿1)-problem.)

(iv) What could be the characteristic factors for such av-
erages?

Question (i) was solved by D. Rudolph*.
After some partial results with specific random weights

(iid random variables) (see (Assani*, AIHP)), progress for

the question (ii) on the averages
1
𝑁
∑𝑁−1

𝑛=0 𝑓(𝑇𝑛𝑥)𝑔(𝑆𝑛𝑦)
was obtained in [12] by C. Demeter, M. Lacey, C. Thiele,
and T. Tao, where they have shown that the Return Times
Theorem holds if 1 < 𝑝 ≤ ∞ and 𝑞 ≥ 2. But some cases
remain open.

As for (iii), Z. Buczolich, D. Mauldin, and myself [5]
proved that the (𝐿1, 𝐿1) problem had a negative answer

even for the tail which is the term
𝑓(𝑇𝑛𝑥).𝑔(𝑆𝑛𝑦)

𝑛
. The current

best result on the space for which the return property for
the tail of the averages holds for the function 𝑓 while 𝑔 ∈
𝐿1(𝜌) has been obtained by Maria Carro and C. Domingo-
Salazar [9]. See also S. Baena-Miret and M. Carro*.

Question (iv) was answered by the author and
K. Presser*.

6. Future Directions
Here we list some open problems regarding the averages
discussed in this paper. For more open problems on the
return times averages, see the survey paper by myself and
K. Presser*.

(1) There are several similarities between the Return
Times Theorem and the Furstenberg averages. They do
have the same characteristic factors, namely the Host-
Kra-Ziegler factors. Are they equivalent? Does one im-
ply the other? For instance, is the Return Times Theo-
rem equivalent to the Double Recurrence Theorem?

(2) Does a polynomial extension of the Wiener-Wintner
Theorem hold? In other words, given a measure-
preserving system (𝑋,ℱ, 𝜇, 𝑇) and 𝑓 ∈ 𝐿2(𝜇), does
there exist a set of full measure 𝑋𝑓 such that for every
𝑥 ∈ 𝑋𝑓 and every integer-valued polynomial 𝑝 and
real-valued polynomial 𝑞, the averages

1
𝑁

𝑁
∑
𝑛=1

𝑓(𝑇𝑝(𝑛)𝑥)𝑒2𝜋𝑖𝑞(𝑛)

converge? E. Lesigne* showed that the case 𝑝(𝑛) = 𝑛
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holds. Beyond that, some partial solutions can be
found in [3, Chapter 8] and a work of T. Eisner and
B. Krause*. A related result was recently obtained by
Z. Buczolich and T. Eisner*.

We also continue to ask if a polynomial extension
of the Return Times Theorem holds (this was asked in
Question 7.2 of the Assani-Presser* survey paper).

(3) We ask if we can show convergence of multiple recur-
rence alongmultiple return times: consider ameasure-
preserving system (𝑋,ℱ, 𝜇, 𝑇) and 𝑓1, 𝑓2, … , 𝑓𝐼 ∈ 𝐿∞(𝜇).
We define a sequence 𝑎𝑛(𝑥) = ∏𝐼

𝑖=1 𝑓𝑖(𝑇 𝑖𝑛𝑥). We ask
if there exists a set of full measure 𝑋 ′ ⊂ 𝑋 such that for
every 𝑥 ∈ 𝑋 ′, for any other measure-preserving system

(𝑌, 𝒢, 𝜈, 𝑆), 𝑔1, … , 𝑔𝐽 ∈ 𝐿∞(𝜈), 𝑏𝑛 = ∏𝐽
𝑗=1 𝑔𝑗(𝑆𝑗𝑛𝑦), the

averages
1
𝑁
∑𝑁

𝑛=1 𝑎𝑛(𝑥)𝑏𝑛(𝑦) converge 𝜈-a.e. The case
𝐼 = 1, 𝐽 = 1 is the classical Return Times Theorem. If
𝐼 = 2, the author and R. Moore* showed that those av-
erages converge in 𝐿2(𝜈) for every 𝐽 ∈ ℕ. Furthermore,
P. Zorin-Kranich* showed the pointwise convergence
for 𝐼 = 2, 𝐽 = 1.
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