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the signers of the letter believe that under the circumstances 
the ICM should be postponed until Azat Miftakhov is re-
leased or at least until his case is reviewed in a transparent 
judicial process that guarantees his rights. Under his current 
sentence Azat is expected to be released on December 5, 
2023, which should make it possible for him to participate 
in the ICM after that date. The letter also calls for the St. 
Petersburg ICM to include a human rights panel about 
political persecutions of mathematicians.

The letter concludes noting that “reluctance to act at this 
critical moment would be a scar upon the good name of 
the IMU as a professional organization committed to the 
values of scientific freedom and political neutrality.”

—Ilya Kapovich
Hunter College of CUNY

The author is one of the signers of the letter.

Letter to the Editor
I very much enjoyed “Prospering Within Mathematics” 
by Della Dumbaugh in the December 2021 Notices. I 
was particularly interested in her discussion of Solomon 
Lefschetz. However, the article omitted Lefschetz’s director-
ship of the mathematics group at RIAS (Research Institute 
for Advanced Study) in Baltimore in the late 1950s and 
1960s which was established by the Martin Company. The 
main research emphasis of the mathematical group was on 
differential equations and dynamical systems. Lefschetz 
commuted to Baltimore twice a week from Princeton. He 
assembled a group of outstanding researchers including J. P. 
LaSalle, Jack Hale, Mauricio Peixoto, and Rudolph Kalman. 
(I was privileged to be a member for several years.) Much 
of this group went to Brown University as the Lefschetz 
Center for Dynamical Systems. 

Lefschetz’s life span was almost identical to that of Igor 
Stravinsky and Pablo Picasso. I have been struck by some 
similarities with Stravinsky. Late in his life Stravinsky turned 
to composition in the twelve tone system initiated by Ar-
nold Schoenberg. Now Lefschetz was the world’s leading 
topologist and it would have been quite appropriate for 
him in his later years just to be an “elder statesman” of to-
pology. But he changed direction to differential equations, 
bringing the attention of American mathematicians to the 
Russian school.

—Joseph Auslander
Professor Emeritus of Mathematics 

University of Maryland

On an open letter of Russian mathematicians to 
the IMU Executive Committee
On December 9, 2021, a group of Russian mathematicians 
sent an open letter to the IMU Executive Committee re-
garding the case of Azat Miftakhov. The letter is currently 
signed by 77 public signatories, as well as by 24 non-public 
signatories whose names are withheld for their safety and 
protection. The public signatories include such prominent 
mathematicians as Boris Feigin (HSE Moscow), Victor 
Kac (MIT), Vladimir Protasov (Moscow State University), 
Anatoly Vershik (Steklov Institute, St. Petersburg), Efim 
Zelmanov (UC San Diego), and others. The full text of the 
letter is available at https://caseazatmiftakhov.org/.

Azat Miftakhov, a PhD student in mathematics at the 
Moscow State University and an anarchist political activist, 
was arrested in Moscow on February 1, 2019, in relation to a 
political protest at the offices of the United Russia Party and 
has been incarcerated ever since. Miftakhov was charged 
and eventually tried on a putative “hooliganism” charge, 
accused of breaking a window during that protest. While 
imprisoned, he was tortured in the attempt to elicit a false 
confession. Miftakhov denied the fabricated charges against 
him. The prosecution’s case against Miftakhov has been 
based entirely on the testimony of government informants 
and “secret witnesses.” Azat Miftakhov and his family 
members have been subjected to threats and intimidation 
by the authorities. Government-friendly jingoist media 
organized a homophobic smear campaign against Miftak-
hov, using some private information that could have only 
been obtained illegally and supplied by the authorities. 
Despite a major show of support of Miftakhov by numerous 
mathematical and scientific organizations, including the 
American Mathematical Society, the political persecution 
against him resulted in a guilty verdict in January 2021, 
with a grotesquely excessive six year prison sentence in a 
labor colony. Miftakhov is currently serving that sentence.

In July 2022 the next International Congress of Math-
ematicians is scheduled to take place in Saint Petersburg, 
Russia. The signers of this letter believe that this premier 
event for the international mathematical community can 
only proceed if the basic rights of all members of the 
mathematical community in Russia are respected. Yet Azat 
Miftakhov remains imprisoned and, moreover, the state 
repression by Russia of other scientists and academics is 
intensifying. While a boycott of the ICM would be harmful, 

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.
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Indigenous Peoples Exist Within Mathematics
When looking at the effects of COVID-19 by race, one is likely to come across a chart de-
picting the impact on four races: White, Black, Hispanic, and Asian. Often omitted from 
these charts are the statistics for Indigenous people. When they are included, the data most 
likely underreports Indigenous people and can be a result of health professionals and 
others misidentifying Indigenous people as Hispanic, Asian, or another ethnicity. This is 
especially alarming since, despite the undercount, Indigenous people still have some of 
the highest death rates.1

Indigenous refers to the people existing on a land as a community prior to contact with 
settler populations. An Indigenous person may choose to identify as Indigenous, Ameri-
can Indian, Native American, First Nations, Alaska Native, Native Hawaiian, Chamorro, 
Samoan, or terms from their Indigenous communities and languages. Since there are 
Indigenous peoples around the world, we recommend using the inclusive term Indigenous. 

We, Indigenous people, exist in mathematics, and reporting needs to change to accu-
rately reflect the actual makeup of the mathematics community who are Indigenous. Too often we are relegated 
to an “asterisk” because our numbers are small. By excluding an entire community from being reported in data, 
one does not have a baseline to begin change. Potential students may see the data (or lack thereof) and be led to 
believe that Indigenous people do not belong in the mathematical sciences. This is far from the truth as Indigenous 
people, like every other society throughout the world, also use mathematics to describe the world around them.

Accurate reporting of Indigenous people matters. In mathematics, the Conference Board of Mathematical Sci-
ences (CBMS) publishes the Survey of Undergraduate Programs every five years. As recently as the 2000 Survey, 
Indigenous faculty were listed in two categories: “American Indian/Alaskan” and “Asian/Pacific Islander.” While the 
former category was listed with 0% of full-time math faculty, the latter fared much better, for example, comprising 
14% of full-time math faculty at PhD-granting institutions. However, this number is misleading because it groups 
Asians with Pacific Islanders, a common issue with data collected about these communities,2 not to mention that 
Asian Americans are also underrepresented in math and should be disaggregated from Asians.3

The 2005 and 2010 Surveys introduced new federal categories but also stated that “in the text of this report, 
some of the more cumbersome federal classifications will be shortened… ‘Native American/Alaskan Native/Native 
Hawaiian/Pacific Islander’ will be shortened to ‘Other/Unknown.’” This is inaccurate because the shortened version 
should be “NAAN & NHPI.” The reports later add that when the race and ethnicity of a faculty were unknown, they 
were listed as “unknown.” In the 2010 Survey, 4% of full-time faculty at PhD mathematics departments were “Other/

Kamuela E. Yong is an associate professor of mathematics at the University of Hawai‘i–West O‘ahu and co-founder of Indigenous Mathematicians. 
His email address is kamuela.yong@hawaii.edu.
1J. Bennett-Begaye, S. Clahchischiligi, and C. Trudeau, A broken system: The number of Indigenous people who died from coronavirus 
may never be known, High Country News (June 8, 2021). https://www.hcn.org/articles/indigenous-affairs-covid19-a-broken 
-system-the-number-of-indigenous-people-who-died-from-coronavirus-may-never-be-known
2K. Vaghul, How data disaggregation matters for Asian Americans and Pacific Islanders, Washington Center for Equitable Growth (Decem-
ber 14, 2016). https://equitablegrowth.org/how-data-disaggregation-matters-for-asian-americans-and-pacific-islanders/
3S. Goel, An Invisible Minority: Asian Americans in Mathematics, Notices of the AMS (2006), 878–882.
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Unknown.” Without knowing which of these faculty are Indigenous and which are unknown, one may be erroneously 
led to believe that Indigenous representation within math faculty is on par with the Indigenous population within the 
total US population. However, looking at the 2015 Survey, we’re finally able to have an accurate understanding of Indig-
enous faculty representation, with the inclusion of the “American Indian or Alaskan Native (AIAN) and Native Hawaiian 
or Other Pacific Islander (NHPI)” categories. The 2015 Survey lists 0% AIAN & NHPI for full-time faculty, meaning less 
than one-half of one percent of full-time faculty were listed as Indigenous.

The CBMS isn’t the only place with incomplete reporting of Indigenous mathematicians. In listing the Science and 
Engineering Degrees, the National Science Foundation will designate “D” if the number is so low it is suppressed to avoid 
disclosure of confidential information. The 2008–2018 NSF data on new PhDs contains only 0’s and D’s for American 
Indian/Alaska Native & Native Hawaiian/Other Pacific Islander.

On the contrary, Indigenous people have long been part of the mathematical community. Edwin Mo‘okini and Thomas 
Storer both earned PhDs in mathematics in 1964, becoming the first Indigenous people to earn such a degree. We also 
have our own Hidden Figure, Mary G. Ross, a Cherokee woman who earned a master’s degree in mathematics in 1938 
and worked as the first female engineer at Lockheed. Despite this history, we only know of 21 people in the United States 
who identify themselves as Indigenous and who have earned a doctoral degree in the mathematical sciences (pure math, 
applied math, math education, statistics, and biostatistics) as well as 15 graduate students. This small number has made 
it difficult to build a community, with some in our community going ten years after receiving their PhD before meeting 
another Indigenous mathematician. Adding to the challenge of building a community, problems with reporting have 
made it difficult to determine how many of us exist in mathematics.

As mathematical scholars and educators, we enrich the entire mathematical community. However, the onus of creating 
spaces for Indigenous people should not fall solely on us. If the American Mathematical Society and other mathematics 
organizations are truly committed to the inclusion and removal of barriers for Indigenous people, they and their members 
need to share the responsibility of supporting this community. You, a member of the mathematical community, can take 
steps to achieve this common goal. Below we present a guideline, adapted from those introduced by Indigenous physicists.4

Start by learning about the Indigenous people whose ancestral lands you currently live in. The Native Land Digital is 
a great tool to use.5 You can attend events held by your university’s Native American resource center or by a community 
cultural center.

In the classroom, you can add an inclusion statement in your syllabus about the Indigenous people whose land your 
university sits on. You may also learn more about Indigenous practices and then incorporate them into lessons with care 
and consultation, such as what has been done in the Ethnomathematics program at the University of Hawai‘i at Mānoa.6 
Finally, you can share the works of Indigenous mathematicians with your students. You can learn about such mathema-
ticians by visiting www.indigenousmathematicians.org/profiles.

Conference organizers can include an acknowledgment of the Indigenous people on whose land the event is being held. 
The Society for the Advancement of Chicanos and Native Americans in Science has published a guide to help institutions 
and organizations in Developing a Land Acknowledgment.7 Organizers can also create a cultural advisory committee to 
have a meaningful relationship with the stewards of the land.

We, Indigenous mathematicians, invite the mathematical community to become an ally and learn more about us by 
visiting www.indigenousmathematicians.org.

ACKNOWLEDGMENTS. I would like to thank members of Indigenous Mathematicians for their thoughtful comments 
and suggestions during the writing of this article. This article was inspired by “Indigenous Peoples Exist Within Physics.”8

4B. Kamai, X. Cid, X. R. Quichocho, A. Little, K. Daniel, C. Gray, … J. Blue Bird, Indigenous Peoples Exist Within Physics, Gazette (2020), 4–9.
5https://native-land.ca/
6https://coe.hawaii.edu/ethnomath/
7https://bit.ly/3KW2P0W
8B. Kamai, X. Cid, X. R. Quichocho, A. Little, K. Daniel, C. Gray, … J. Blue Bird, Indigenous Peoples Exist Within Physics, Gazette (2020), 4–9.
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Contact Geometry and
the Mapping Class Group

Joan E. Licata

Three-manifolds are tantalizing objects. With physical
senses adapted to a three-dimensional physical world, we
might expect to have geometric intuition, yet few of us
can easily visualize how to rotate the Poincaré homol-
ogy sphere or navigate ℝ𝑃3. One trick for making three-
manifolds more accessible is cutting them into pieces: a

Joan E. Licata is an associate professor in the Mathematical Sciences Institute at
the Australian National University. Her email address is joan.licata@anu
.edu.au.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2460

lens space may be hard to imagine, but anyone who’s en-
joyed a donut or two can picture a pair of solid tori. De-
composing large complicated objects into smaller, simpler
pieces is ubiquitous in topology, but ultimately, the infa-
mous Pottery Barn aphorism kicks in: if you break it, you
fix it. Once we cut, we need to be able to glue these pieces
back together.

A map from the boundary of one manifold to another
“glues” the manifolds; more formally, we form the quo-
tient that identifies each point with its image. Surfaces are
only two-dimensional, but they are absolutely central to
the study of three-manifolds because they are the natural
domain and codomain for maps gluing three-manifolds

APRIL 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 515



along their boundaries. As we’ll show shortly, when the
pieces are simple enough, these gluing maps capture the
full complexity of the manifold.

To ensure the result of gluing is again a topologicalman-
ifold, the gluing map must be a homeomorphism, while
in the smooth category, a diffeomorphism is required. Fix-
ing an identification of each boundary component with
some model surface 𝑆 lets us view these gluing maps as
topological automorphisms of 𝑆, so they form a group.
It turns out to be most profitable to study a mutual quo-
tient of Homeo+(𝑆) and Diff

+(𝑆) called the mapping class
group. There are several standard notations for the map-
ping class group of a surface 𝑆, but we’ll stick with the easy-
to-remember “MCG(S).”

For topologists, the mapping class group is a tool to
study manifolds, but it appeals to many flavors of math-
ematicians for many different reasons. Group theorists
study it as an algebraic object, while the geometric inter-
pretation of mapping classes leads to connections with dy-
namics and Teichmüller space.

The mapping class group is well behaved in some ways,
while not so nice in others. For example, it’s finitely pre-
sented, but none of the presentations is particularly in-
tuitive or easy to state. One can’t do justice to such an
interesting object in just a few pages, but this has a sil-
ver lining: since completeness is impossible, I’ll declare
myself free to focus on a narrow but interesting piece of
the picture without guilt. I recommend [FM12] for a far
more thorough treatment, while this article will attempt
three goals: introduce the mapping class group of a sur-
face; describe some specific techniques for building three-
manifolds from mapping classes; and finally, explore a
relationship between algebraic structures in the mapping
class group and some geometric properties of the resulting
manifolds.

1. What is the Mapping Class Group?
Mapping class groups are defined for manifolds of any
dimension, but invoking the prerogative of low dimen-
sions, we’ll focus exclusively on mapping class groups of
surfaces. Given a smooth surface 𝑆, two diffeomorphisms
are isotopic if they are homotopic through a path of diffeo-
morphisms. This gives us a way to identify related func-
tions, and themapping class groupMCG(S) is the group of
isotopy classes of orientation-preserving diffeomorphisms.
There are alternative definitions: isotopy classes of home-
omorphisms form an isomorphic group, and MCG(S) can
also be identified with the 0𝑡ℎ homotopy group of the
space of diffeomorphisms of 𝑆. With an eye to a later ap-
plication, it will bemost useful for us to view each element
of MCG(S) as an equivalence class of diffeomorphisms

We’ll allow both closed surfaces and those with bound-
ary, but we’ll assume all surfaces are compact, orientable,

and connected. In the case that 𝑆 has non-empty bound-
ary, each diffeomorphisms must fix the boundary point-
wise.

An element of the mapping class group of 𝑆 is called
a mapping class, and the identity map on 𝑆 represents the
identity mapping class. With this first example in hand,
we need to find a second—and more interesting—one.
1.1. Dehn twists. Let 𝑆 be an annulus parameterized as

{(𝑡, 𝜙) | 𝑡 ∈ [0, 1], 𝜙 ∈ [0, 1]/0 ∼ 1}.

The map 𝜏(𝑡, 𝜙) = (𝑡, 𝜙 − 𝑡) is called a positive Dehn twist.
To see that 𝜏 is not isotopic to the identity, we consider
how it acts on curves in the surface —this is a technique
we rely on often. Let 𝛾 be the arc given by fixing 𝜙 = 𝜙0
and letting 𝑡 vary. The image of 𝛾 under 𝜏 shares the same
endpoints but wraps once around the annulus in the 𝑆1
direction. See Figure 1. As an oriented loop, 𝛾∪𝜏(−𝛾) gen-
erates𝜋1(𝑆; (0, 𝜙0)) ≅ ℤ, so the two arcs are not homotopic.
There’s no isotopy fixing the boundary that takes 𝜏(𝛾) to 𝛾,
so there’s certainly no isotopy taking 𝜏 to the identity on all
of 𝑆. This shows that a positiveDehn twist is a non-identity
element in the mapping class group of the annulus, and in
fact, it generates the entire group.

Figure 1. Left: 𝛾 connects the two boundary components of
the annulus. Right: the image of 𝛾 under a positive Dehn
twist.

To generalize this example to a more complicated set-
ting, pick a simple closed curve 𝐶 in an arbitrary surface
𝑆. The curve has an annular neighborhood in 𝑆 which
may be parameterized as above. Define a Dehn twist along
C to be a diffeomorphism which restricts to the annulus
as the Dehn twist defined above and extends smoothly to
the identity elsewhere. The mapping class of this diffeo-
morphism depends on the curve 𝐶: if 𝐶 bounds either an
embedded disc or a once-punctured disc in 𝑆, then rotat-
ing the disc defines an isotopy to the identity. We call such
curves inessential, and any Dehn twist along an inessential
curve lies in the trivial mapping class, as seen in Figure 2.

However, Dehn twists along essential curves are the
building blocks for the entire mapping class group:

Theorem ([Lic64], [Deh87]). Dehn twists generate
MCG(S).
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Figure 2. If 𝐶 bounds a disc, then a Dehn twist along 𝐶 is
isotopic to the identity.

This is a wonderful result, because it establishes that any
mapping class factors as a composition of simple maps,
but there’s an even better statement:

Theorem ([Hum79]). If 𝑆 has genus 𝑔 > 1, MCG(S) is gen-
erated by Dehn twists around the set of 2g+1 curves shown in
Figure 3.

Figure 3. The Humphries generators of MCG(S) are the
positive Dehn twists around the indicated curves.

Just as it might seem that mapping class groups are
too accessible to be interesting, we note that the relations
among distinct Dehn twists are many and varied. Some
of these take familiar forms: if 𝐶𝑖 and 𝐶𝑗 intersect exactly
once, then twists around these curves obey the braid rela-
tion: 𝜏𝑖𝜏𝑗𝜏𝑖 = 𝜏𝑗𝜏𝑖𝜏𝑖. Other relations are more surprising.
A Dehn twist around any boundary-parallel curve lies in
the center of themapping class group, but the “lantern rela-
tions” equate certain products of boundary parallel twists
with products of non-commuting Dehn twists. The sim-
plest lantern relation is shown in Figure 4.

a

b c

Figure 4. In the surface formed by removing three open discs
from a closed disc, the product of positive Dehn twists 𝜏𝑎𝜏𝑏𝜏𝑐
around the labeled curves equals the product of Dehn twists
around curves parallel to the four boundary components.

Although we’ve barely scratched the surface, this pro-
vides enough tools to move on to the promised topic of
this article: the relationship betweenmapping class groups
and three-manifolds. In the next section we’ll describe a
first technique for constructing a three-manifold from a
surface mapping class.

2. Building by Gluing
The two constructions coming next—mapping tori and
open book decompositions—each produce a closed, com-
pact, connected three-manifold. The input for each con-
struction is a specificmap, butmanifolds constructed from
diffeomorphisms in the same mapping class are diffeo-
morphic. Since manifolds in three-manifold topology are
often studied only up to diffeomorphism, it’s reasonable
to think of the manifold as the output of a mapping class
rather than its particular representative.
2.1. Construction I: The mapping torus. Using a surface
diffeomorphism to build a mapping torus is a simple way
to promote two-dimensional data to a three-dimensional
object.

Let ℎ be a diffeomorphism of a closed, compact surface
𝑆. The product 𝑆 × 𝐼 has two copies of 𝑆 as its boundary,
and the mapping torus 𝑇ℎ of ℎ is the closed manifold ob-
tained from 𝑆×𝐼 by identifying (𝑥, 1) ∼ (ℎ(𝑥), 0) for all 𝑥 in
𝑆. A manifold that can be constructed as a mapping torus
is said to be fibered, and each surface 𝑆 × {𝑡} in a fibered
manifold is called a fiber. Interestingly, a fibered manifold
may fiber in multiple ways, and there is a rich theory as-
sociated to understanding all possible fiberings of a fixed
manifold. However, we’ll bypass this rabbit hole in order
to begin probing how properties of a mapping class deter-
mine properties of three-manifolds. We’ll start with some
special types of classes known as periodic and reducible, re-
spectively.

a

Figure 5. Rotating the genus two surface by 𝜋 around the
indicated axis is periodic because it has order two, and it’s
reducible because it fixes the curve 𝑎.

The first definition is straightforward and makes sense
in purely group-theoretic terms: a mapping class is peri-
odic if it has finite order. For an easy example, consider
rotating a closed surface by 𝜋 as shown in Figure 5. A map-
ping class is reducible if it fixes the isotopy class of some
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collection of essential simple closed curves. In fact, the
previous example is also reducible, as it fixes the curve on
the surface labeled “a.” Within thismapping class onemay
select a representative that fixes 𝑎 pointwise, and if we cut
along the curve to create two new boundary components,
this diffeomorphism descends to a well defined mapping
class on each component of the new surface.

Mapping classes that are neither reducible nor periodic
are called pseudo-Anosov, and they can be identified inde-
pendently — as opposed to by a process of elimination
— using dynamics. The sorting of mapping classes into
periodic, reducible, and pseudo-Anosov is know as the
Nielsen-Thurston classification, and one of its most strik-
ing applications is the following result of Thurston:

Theorem ([Thu98]). The mapping torus 𝑇ℎ is a hyperbolic
three-manifold if and only if ℎ ∈ MCG(S) is pseudo-Anosov.

Hyperbolic manifolds are those admitting negative cur-
vature metrics, and the classification of three-manifolds in
terms of their supported metrics is one of the huge break-
throughs of modern topology. The program of proving
Thurston’s Geometrization Conjecture was completed by
Perelman in 2003 and included a proof of the infamous
Poincaré Conjecture, the only one of the million-dollar
Millennium Problems solved to date.

As noted above, Thurston’s theorem only tells us some-
thing about the manifolds which can be realized as map-
ping tori, and some three-manifolds simply don’t admit
any fibered structures. In order to relate mapping classes
to all three-manifolds, we need to consider a different con-
struction.
2.2. Construction II: Open books. Not every three-
manifold is fibered, but we’ll now see that every three-
manifold is “almost fibered.” That is, inside every closed,
oriented three-manifold one may find a collection of dis-
jointly embedded loops whose complement is fibered. As
a starting point, we’ll show how to build manifolds that
clearly have this structure.

As before, start by considering a mapping torus, but this
time, let ℎ be a diffeomorphism of a surface 𝑆 with non-
empty boundary. Since ℎ fixes the boundary pointwise,
each component of 𝜕𝑆 becomes a toroidal boundary com-
ponent in the mapping torus 𝑇ℎ. The boundary of 𝑇ℎ in-
herits a natural product structure 𝜕𝑆 × 𝐼/ ∼. To complete
the process of building a closed manifold, collapse the sec-
ond factor of each boundary component. Although the
surfaces 𝑆 × 𝑡 have distinct interiors, they now share the
same copy of 𝜕𝑆. These shared boundary curves form a
link in the manifold, called the binding, and the comple-
ment of the binding is fibered by copies of 𝑆 ⧵ 𝜕𝑆, which
are called the pages.

Although this seems more involved than constructing
the mapping torus of a closed surface, the binding always

pages

binding

Figure 6. Collapsing the binding of an open book.

collapses in the same way; thus, the complexity again lies
only in the choice of mapping class. The data (𝑆, ℎ) is
called an abstract open book, and we say that the manifold
built from this data has an open book decomposition. Not
only canwe constructmanifolds from abstract open books,
but up to diffeomorphism, every three-manifold can be re-
alised this way [Ale23].

It’s said that “classical” mathematics is anything pub-
lished before your own PhD, but open book decompo-
sitions are classical mathematics even by a more restric-
tive standard. The existence result above dates back to
the 1920’s, but the prominence of open book decompo-
sitions in twenty-first century topology stems from their
applications to contact geometry. We’ll begin the next sec-
tion wandering around an apparently new branch ofmath-
ematics before we can make the connection to open book
decompositions and the mapping class group. Be patient,
and enjoy the ride.

3. Contact Geometry
A contact structure on a smooth, orientable three-manifold
is a nowhere integrable oriented two-plane field. That
is, a contact structure is a two-plane field which can’t be
integrated,—even locally—to give a surface. The existence
of such two-dimensional objects stands in sharp contrast
to the one-dimensional case, as integral curves of vector
fields can always be found.

It’s not terribly difficult to imagine an integrable plane
field, as we can construct these directly. For example, on
any fibered manifold 𝑇ℎ we may take the tangent planes
to each of the fibers, and by construction these form an
integrable plane field. However, this is exactly the behavior
we need to exclude: there is no open subset of any surface
where the tangent planes and contact structure coincide.

To illustrate contact structures, we’ll start with an exam-
ple: the standard contact structure on ℝ3 is the kernel of the
one-form 𝑑𝑧 − 𝑦𝑑𝑥. At each point (𝑥, 𝑦, 𝑧), this form van-
ishes on the linearly independent vectors {𝜕𝑦, 𝑦𝜕𝑧 + 𝜕𝑥} in
the tangent space 𝑇 (𝑥,𝑦,𝑧)ℝ3. Notice that these vectors are
independent of the 𝑥- and 𝑧-coordinates, so it suffices to
understand how their span varies along the 𝑦-axis. At the
origin, the contact plane is horizontal, while it makes a
quarter twist as 𝑦 approaches ±∞. Translating this line of
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twisting planes horizontally and vertically exhaustsℝ3 and
completes the contact structure.

x

y

z

Figure 7. The standard contact structure restricted to the
𝑥𝑦-plane.

The technical tool proving the planes of the standard
contact structure are not tangent planes of any surface is
the Frobenius Integrability criterion. Qualitatively, the
twisting seen in this example is the obstruction to inte-
gration and characterizes all contact manifolds. In fact,
the standard contact structure provides a universal local
model, a statement made precise by the contact Darboux
Theorem. Like its symplectic analogue, the Darboux The-
orem states that one may associate to every point in a con-
tact manifold a diffeomorphism taking the contact planes
in a neighborhood of the point to the contact planes in a
neighborhood of the origin in the standard ℝ3. This gives
us a special family of charts to describe a contact manifold
and implies that contact planes always twist along parallel
curves.
3.1. Tight and overtwisted contact structures. Recall
that the planes in the kernel of 𝑑𝑧−𝑦𝑑𝑥make a half twist as
𝑦 varies from negative to positive infinity. In contrast, con-
sider the kernel of the one-form cos 𝑟𝑑𝑧 + 𝑟 sin 𝑟𝑑𝜃. This
contact structure is similarly invariant under translation
in the 𝑧-direction, but it sees the planes spinning count-
ably many times around each horizontal ray from the 𝑧-
axis. Contact structures always exhibit enough twisting to
preclude integrability, but as it turns out, more twisting
makes contact structures less interesting. A central theo-
rem in the field partitions all contact structures into two
classes, called tight and overtwisted.

Although we won’t state the precise definition of an
overtwisted contact structure here, we note that they’re
completely classified by algebraic topology: there’s a
unique overtwisted contact structure in every homotopy
class of two-plane fields [Eli89]. The tight contact struc-
tures — those that twist enough but not too much —
are far more mysterious. Intriguingly, some manifolds
have no tight contact structures, some have a unique tight
contact structure, and some have infinitely many [EH01],
[Eli92], [Kan97]. Tight contact structures are at the heart

of the field, and they tend to be more useful in applica-
tions and have more intriguing ties to other mathematical
objects. When meeting a new contact structure for the first
time, “Tight or overtwisted?” is the first question to ask.
3.2. Contact structure and open books. There are
many approaches to studying contact structures on three-
manifolds, but we’ll focus on the astonishing fact that the
data of an open book not only determines a manifold, but
also an equivalence class of contact structures on that man-
ifold. Before explaining this correspondence, observe that
if we can associate a contact three-manifold to any surface
mapping class we get a new version of themotivating ques-
tion: do structures in the mapping class group determine
phenomena in the world of contact manifolds? In many
cases the answer is yes, and this alchemy turning algebra
into geometry will be our final topic.

As claimed above, contact plane fields are character-
ized by their twisting, and an open book decomposition
localises this rotation in a neighborhood of the binding.
More precisely, we say that an open book decomposition
supports a contact structure on the ambientmanifold when-
ever two properties are satisfied. First, in a neighborhood
of the binding we require a standard model: after param-
eterizing each component of 𝐵 by 𝜗, there exists a neigh-
borhood 𝐷2 × 𝑆1 = {𝑟, 𝜃, 𝜗 | 𝑟 ∈ ℝ+, 𝜃, 𝜗 ∈ 𝑆1} where the
contact structure is the kernel of 𝑑𝜗+ 𝑟2𝑑𝜃 and 𝜕𝜗 induces
the boundary orientation on the page. This neighborhood
is invariant under rotation by 𝜗 and 𝜃, but the planes twist
radially with 𝑟. The second compatibility condition states
that this is “most” of the twisting: away from the binding,
there exists a vector field simultaneously transverse to the
pages and contact planes whose flow preserves the contact
planes. Informally, this prevents the contact planes from
rotating too much with respect to any page.

Theorem ([Gir02], [TW75]). Each open book supports a
unique isotopy class of contact structures.

In addition to making contact structures easier to visu-
alize, we’ll see next that open book decompositions are a
powerful technical tool.

4. Contact Properties and Mapping Classes
With the relationship between mapping classes and con-
tact three-manifolds in hand, it’s time to examine some
examples of structures on both sides of the equivalence.

Positive Dehn twists were defined above, and the in-
verse of a positive Dehn twist is unsurprisingly called a neg-
ative Dehn twist. In terms of coordinates, a negative Dehn
twist maps (𝑡, 𝜙) ∈ 𝐼 × 𝑆1 to (𝑡, 𝜙 + 𝑡). Mapping classes
which can be expressed as a product of Dehn twists of a
fixed sign form amonoid in themapping class group. One
can always associate a monoid to a subset of generators,
but these positive and negative monoids in the mapping
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class group determine fundamental properties of the asso-
ciated contact manifolds: if the mapping class ℎ lies in the
positive monoid in MCG(S), the contact manifold associ-
ated to the open book (𝑆, ℎ) always supports a tight contact
structure, and if ℎ ≠ 1 lies in the negative monoid, the
contact manifold associated to (𝑆, ℎ) always supports
an overtwisted contact structure [Gir02] [AO01] [LP01]
[Pla04].

Here, the contact phenomenon is a consequence of a
structure we could define purely algebraically, but in other
examples the algebraic substructure in the mapping class
group comes from the contact geometry. Just as a topo-
logical three-manifold can arise as the boundary of a four-
manifold, some contact structures are induced by realiz-
ing the ambient manifold as the boundary of a symplec-
tic four-manifold. There are several different notions of
such fillability, and for each flavor of fillability, consider
themapping classes whose associated open book supports
a fillable contact structure. For each surface 𝑆 and each no-
tion of fillability, these mapping classes form a monoid in
MCG(S) [BEVHM12], [EVHM15].
4.1. The Giroux correspondence. In general, the flow of
information from contact geometry back to the mapping
class group is rather subtle, as there are many distinct open
books which support the same contact manifold. Luckily,
the relationship among these open books is understood.
An operation called positive stabilization replaces the pair
(𝑆, ℎ) with a new open book (𝑆′, ℎ′) supporting the same
contact structure. The surface 𝑆′ is built from 𝑆 by attach-
ing a band along two intervals of the boundary. Since 𝑆
embeds into 𝑆′, ℎ naturally extends to a diffeomorphism
on the new, larger surface which we again call ℎ. Then ℎ′
is the composition 𝜏 ∘ ℎ for 𝜏 a positive Dehn twist along
some curve that runs once along the new band and closes
up in the original surface. This sounds complicated, but
the celebrated Giroux Correspondence says this single op-
eration captures the full complexity of the relationship:

Giroux Correspondence [Gir02]. Any two open book
decompositions supporting a fixed contact structure can
be made to agree after a finite sequence of positive stabi-
lizations.

Figure 8. This figure shows distinct stabilizations of an open
book with annular pages. The new monodromy is the
composition of the original monodromy with a postive Dehn
twist around the thin red curve.

Since 𝑆 embeds naturally into 𝑆′, stabilization provides
a framework for relating maps on different surfaces, and
indeed, structures in different mapping class groups. It’s
clear that any product of positive Dehn twists in MCG(S)
must stabilize to a product of positive Dehn twists in
MCG(S’), since stabilization simply adds an extra positive
factor. More interestingly, consider the fillability monoids
introduced in Section 4. Since these are defined by a prop-
erty of the supported contact structure, stabilization must
respect this structure, as well.

The Giroux Correspondence shows us that the relation-
ships between differentmapping class groups are central to
understanding how surface diffeomorphisms dictate con-
tact behavior. However, these relationships are not al-
ways so easy to understand. Another monoid of interest
in the mapping class group, Veer+, consists of right-veering
maps and strictly contains the monoid generated by posi-
tive Dehn twists. Mapping classes in the complement of
Veer+ always produce overtwisted contact structures, but
any mapping class can be promoted to something right-
veering with sufficiently many carefully chosen stabiliza-
tions [HKM07].

Theorem ([HKM07]). A contact structure is tight if and only
if the monodromy of every supporting open book lies in Veer+.

The notion of a right-veering monodromy is rather in-
tuitive, but replacing this condition with a more technical
one known as ‘consistency’ leads to a stronger result:

Theorem ([Wan15]). A contact structure is tight if and only
if the monodromy of any supporting open book is consistent.

Results like these help clarify two general types of ques-
tions we might ask.

1. Given a class of contact manifolds, can one character-
ize all the mapping classes which produce supporting
open books?

2. Can one start with some class of diffeomorphisms and
characterize all the contact structures supported by the
associated open books?

These are difficult questions, and there are interesting re-
sults even if the set ofmapping classes is dictated simply by
the surface. For example, every overtwisted contact struc-
ture can be supported by an open book built from a planar
page, but for an arbitrary tight contact structure it’s an open
question when this is possible [Etn04].

There are still more unknowns than knowns when it
comes to understanding the relationship between map-
ping class groups and contact geometry, which makes this
a wonderful sandbox in which to play.
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Stability Properties
of Moduli Spaces

Rita Jiménez Rolland and Jennifer C. H. Wilson
1. Moduli Spaces and Stability
Moduli spaces are spaces that parameterize topological or
geometric data. They often appear in families; for exam-
ple, the configuration spaces of 𝑛 points in a fixed mani-
fold, the Grassmannians of linear subspaces of dimension
𝑑 in ℝ∞, and the moduli spaces ℳ𝑔 of Riemann surfaces
of genus 𝑔. These families are usually indexed by some
geometrically defined quantity, such as the number 𝑛 of
points in a configuration, the dimension 𝑑 of the linear
subspaces, or the genus 𝑔 of a Riemann surface. Under-
standing the topology of these spaces has been a subject
of intense interest for the last 60 years.

For a family of moduli spaces {𝑋𝑛}𝑛 we ask:

Question 1.1. How does the topology of the moduli
spaces 𝑋𝑛 change as the parameter 𝑛 changes?
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For many natural examples of moduli spaces 𝑋𝑛, some
aspects of the topology get more complicated as the pa-
rameter 𝑛 gets larger. For instance, the dimension of 𝑋𝑛
frequently increases with 𝑛 as well as the number of gener-
ators and relations needed to give a presentation of their
fundamental groups. But, maybe surprisingly, there are
sometimes features of the moduli spaces that ‘stabilize’ as
𝑛 increases. In this survey we will describe some forms of
stability and some examples of where they arise.
1.1. Homology and cohomology. Algebraic topology is
a branch of mathematics that uses tools from abstract alge-
bra to classify and study topological spaces. By construct-
ing algebraic invariants of topological spaces, we can trans-
late topological problems into (typically easier) algebraic
ones. An algebraic invariant of a space is a quantity or alge-
braic object, such as a group, that is preserved under home-
omorphism or homotopy equivalence. One example is
the fundamental group 𝜋1(𝑋, 𝑥0) of homotopy classes of
loops in a topological space 𝑋 based at the point 𝑥0. Ho-
mology and cohomology groups are other examples and
are the focus of this article. Their definitions are more sub-
tle than those of homotopy groups like 𝜋1(𝑋, 𝑥0), but they
are often more computationally tractable and are widely
studied.
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Given a topological space 𝑋 and 𝑘 ∈ ℤ≥0, we can asso-
ciate groups 𝐻𝑘(𝑋; 𝑅) and 𝐻𝑘(𝑋; 𝑅), the 𝑘th homology and
cohomology groups (with coefficients in 𝑅), where 𝑅 is a com-
mutative ring such as ℤ orℚ. These algebraic invariants de-
fine functors from the category of topological spaces to the
category of 𝑅-modules: for any continuous map of topo-
logical spaces 𝑓∶ 𝑋 → 𝑌 there are induced 𝑅-linear maps

𝑓∗ ∶ 𝐻𝑘(𝑋; 𝑅) → 𝐻𝑘(𝑌; 𝑅) (covariant),

𝑓∗ ∶ 𝐻𝑘(𝑌; 𝑅) → 𝐻𝑘(𝑋; 𝑅) (contravariant).
The cohomology groups 𝐻∗(𝑋; 𝑅) = ⨁𝑘𝐻𝑘(𝑋; 𝑅) in fact
have the structure of a graded 𝑅-algebra with respect to the
cup product operation.

The group𝐻0(𝑋; ℤ) is the free abelian group on the path
components of the topological space 𝑋 and 𝐻0(𝑋; ℤ) is
its dual. If 𝑋 is path-connected, 𝐻1(𝑋; ℤ) is naturally iso-
morphic to the abelianization of 𝜋1(𝑋, 𝑥0) with respect to
any basepoint 𝑥0, and its elements are certain equivalence
classes of (unbased) loops in 𝑋 .

For a topological group 𝐺 there exists an associated clas-
sifying space B𝐺 for principal 𝐺-bundles. It is constructed
as the quotient of a (weakly) contractible space E𝐺 by a
proper free action of 𝐺. The space B𝐺 is unique up to
(weak) homotopy equivalence. If 𝐺 is a discrete group,
then B𝐺 is precisely an Eilenberg-MacLane space 𝐾(𝐺, 1), i.e.,
a path-connected topological space with 𝜋1(B𝐺) ≅ 𝐺 and
trivial higher homotopy groups. For example, up to ho-
motopy equivalence, Bℤ is the circle, Bℤ2 is the infinite-
dimensional real projective space ℝP∞, and the Grassma-
nian of 𝑑-dimensional linear subspaces in ℝ∞ is BGL𝑑(ℝ).

Some motivation to study the cohomology of B𝐺: its
cohomology classes define characteristic classes of princi-
pal 𝐺-bundles, invariants that measure the ‘twistedness’
of the bundle. For instance the cohomology algebra
𝐻∗(BGL𝑑(ℝ); ℤ) can be described in terms of Pontryagin
and Stiefel–Whitney classes.

With B𝐺 we can define the group homology and group co-
homology of a discrete group 𝐺 by

𝐻𝑘(𝐺; 𝑅) ≔ 𝐻𝑘(B𝐺; 𝑅), 𝐻𝑘(𝐺; 𝑅) ≔ 𝐻𝑘(B𝐺; 𝑅).
We can refine Question 1.1 to the following:

Question 1.2. Given family {𝑋𝑛}𝑛 of moduli spaces or
discrete groups, how do the homology and cohomology
groups of the 𝑛th space in the sequence change as the pa-
rameter 𝑛 increases?

In this article we discuss Question 1.2 with a particu-
lar focus on the families of configuration spaces and braid
groups. For further reading1 we recommend R. Cohen’s
survey [Coh09] on stability of moduli spaces.

1A version of this note with an extended reference list is available at https://
arxiv.org/abs/2201.04096.

1.2. Homological stability.

Definition 1.3. A sequence of spaces or groups {𝑋𝑛}𝑛≥0
with maps

𝑋0
𝑠0−→ … 𝑠𝑛−2−−−→ 𝑋𝑛−1

𝑠𝑛−1−−−→ 𝑋𝑛
𝑠𝑛−→ 𝑋𝑛+1

𝑠𝑛+1−−−→ …
satisfies homological stability if, for each 𝑘, the induced map
in degree-𝑘 homology

(𝑠𝑛)∗ ∶ 𝐻𝑘(𝑋𝑛; ℤ) → 𝐻𝑘(𝑋𝑛+1; ℤ)
is an isomorphism for all 𝑛 ≥ 𝑁𝑘 for some stability thresh-
old 𝑁𝑘 ∈ ℤ depending on 𝑘. The maps 𝑠𝑛 are sometimes
called stabilization maps and the set {(𝑛, 𝑘) ∈ ℤ2 | 𝑛 ≥ 𝑁𝑘}
is the stable range.

If the maps 𝑠𝑛 ∶ 𝑋𝑛 → 𝑋𝑛+1 are inclusions we define
𝑋∞ ∶= ⋃𝑛≥1 𝑋𝑛 to be the stable group or space. Under
mild assumptions, if {𝑋𝑛}𝑛 satisfies homological stability,
then

𝐻𝑘(𝑋∞; ℤ) ≅ 𝐻𝑘(𝑋𝑛; ℤ) for 𝑛 ≥ 𝑁𝑘.
We call the groups 𝐻𝑘(𝑋∞; ℤ) the stable homology.

2. An Example: Configuration Spaces
and the Braid Groups

2.1. A primer on configuration spaces.

Definition 2.1. Let 𝑀 be a topological space, such as
a graph or a manifold. The (ordered) configuration space
𝐹𝑛(𝑀) of 𝑛 particles on 𝑀 is the space

𝐹𝑛(𝑀) = {(𝑥1, … , 𝑥𝑛) ∈ 𝑀𝑛 | 𝑥1, … , 𝑥𝑛 distinct},
topologized as a subspace of𝑀𝑛. Notably, 𝐹0(𝑀) is a point
and 𝐹1(𝑀) = 𝑀.

Configuration spaces have a long history of study in con-
nection to topics as broad-ranging as homotopy groups of
spheres and robotic motion planning.

Oneway to conceptualize the configuration space 𝐹𝑛(𝑀)
is as the complement of the union of subspaces of 𝑀𝑛 de-
fined by equations of the form 𝑥𝑖 = 𝑥𝑗.

𝐹2([0, 1]) =
Figure 1. The space 𝐹2([0, 1]) is obtained by deleting the
diagonal from the square [0, 1]2.

In other words, we can construct 𝐹𝑛(𝑀) by deleting the
“fat diagonal” of𝑀𝑛, consisting of all 𝑛-tuples in𝑀𝑛 where
two or more components coincide. In the simplest case,
when 𝑛 = 2 and𝑀 is the interval [0, 1], we see that 𝐹2([0, 1])
consists of two contractible components, as in Figure 1.

Another way we can conceptualize 𝐹𝑛(𝑀) is as the space
of embeddings of the discrete set {1, 2, … , 𝑛} into𝑀, appro-
priately topologized. Wemay visualize a point in 𝐹𝑛(𝑀) by
labelling 𝑛 points in 𝑀, as in Figure 2.
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∈ 𝐹4(Σ)

Figure 2. A point in the ordered configuration space of an
open surface Σ.

From this perspective, we may reinterpret the path com-
ponents of 𝐹2([0, 1]): one component consists of all con-
figurations where particle 1 is to the left of particle 2, and
one component has particle 1 on the right. See Figure 3.

𝐹2([0, 1]) =
Figure 3. The path components of 𝐹2([0, 1]).

Any path through [0, 1]2 that interchanges the rela-
tive positions of the two particles must involve a ‘colli-
sion’ of particles, and hence exit the configuration space
𝐹2([0, 1]) ⊆ [0, 1]2. We encourage the reader to verify that,
in general, the configuration space 𝐹𝑛([0, 1]) is the union
of 𝑛! contractible path components, indexed by elements
of the symmetric group 𝑆𝑛. See Figure 4.

∈ 𝐹4([0, 1])
Figure 4. A point in 𝐹4([0, 1]) in the path component indexed
by the permutation 2143 in 𝑆4.

In contrast, if 𝑀 is a connected manifold of dimension
2 or more, then 𝐹𝑛(𝑀) is path-connected: given any two
configurations, we can construct a path through 𝑀𝑛 from
one configuration to the other without any ‘collisions’ of
particles. In this case 𝐻0(𝐹𝑛(𝑀); ℤ) ≅ ℤ for all 𝑛 ≥ 0, and
this is our first glimpse of stability in these spaces as 𝑛 →
∞.

For any space 𝑀, the symmetric group 𝑆𝑛 acts freely
on 𝐹𝑛(𝑀) by permuting the coordinates of an 𝑛-tuple
(𝑥1, … , 𝑥𝑛), equivalently, by permuting the labels on a
configuration as in Figure 2. The orbit space 𝐶𝑛(𝑀) =
𝐹𝑛(𝑀)/𝑆𝑛 is the (unordered) configuration space of 𝑛 particles
on𝑀. This is the space of all 𝑛-element subsets of𝑀, topol-
ogized as the quotient of 𝐹𝑛(𝑀). The reader may verify that
the quotient map (illustrated in Figure 5) is a regular 𝑆𝑛-
covering space map. In particular, by covering space the-
ory, the quotient map 𝐹𝑛(𝑀) → 𝐶𝑛(𝑀) induces an injective
map on fundamental groups.

In the case that 𝑀 is the complex plane ℂ, we can iden-
tify 𝐶𝑛(ℂ) with the space of monic degree-𝑛 polynomials
over ℂ with distinct roots, by mapping a configuration
{𝑧1, … , 𝑧𝑛} to the polynomial 𝑝(𝑥) = (𝑥−𝑧1)⋯ (𝑥−𝑧𝑛). For
this reason the topology of 𝐶𝑛(ℂ) has deep connections to
classical problems about finding roots of polynomials.

𝐹𝑛(𝑀)

𝐶𝑛(𝑀) ≔ 𝐹𝑛(𝑀)/𝑆𝑛
Figure 5. The quotient map 𝐹𝑛(𝑀) → 𝐶𝑛(𝑀).

We will address Question 1.2 for the families {𝐶𝑛(𝑀)}𝑛
and {𝐹𝑛(𝑀)}𝑛, but we first specialize to the case when
𝑀 = ℂ. Although the spaces 𝐶𝑛(ℂ) and 𝐹𝑛(ℂ) are path-
connected, in contrast to the configuration spaces of 𝑀 =
[0, 1], they have rich topological structures: they are classi-
fying spaces for the braid groups and the pure braid groups,
respectively, which we now introduce.
2.2. A primer on the braid groups. Since 𝐹𝑛(ℂ) is path-
connected, as an abstract group its fundamental group is
independent of choice of basepoint. For path-connected
spaces, we sometimes drop the basepoint from the nota-
tion for 𝜋1.

Definition 2.2. The fundamental group 𝜋1(𝐶𝑛(ℂ)) is
called the braid group 𝐁𝑛 and 𝜋1(𝐹𝑛(ℂ)) is the pure braid
group 𝐏𝑛.

We can understand 𝜋1(𝐹𝑛(ℂ)) as follows. Choose a base-
point configuration (𝑧1, … , 𝑧𝑛) in 𝐹𝑛(ℂ), and then we may
visualize a loop as a ‘movie’ where the 𝑛 particles contin-
uously move around ℂ, eventually returning pointwise to
their starting positions. If we represent time by a third spa-
cial dimension, as shown in Figure 6, we can view the par-
ticles as tracing out a braid. Note that, up to homeomor-
phism, we may view 𝐹𝑛(ℂ) as the configuration space of
the open 2-disk.

Figure 6. A visualization of a loop 𝛾(𝑡) in 𝐹5(ℂ) representing an
element of 𝜋1(𝐹5(ℂ)) ≅ 𝐏5.

Loops in 𝐶𝑛(ℂ) are similar, with the crucial distinction
that the 𝑛 particles are unlabelled and indistinguishable,
and so need only return set-wise to their basepoint config-
uration.
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Figure 7. A braid on 3 strands.

It is traditional to represent elements of the group
𝐁𝑛 and its subgroup 𝐏𝑛 by equivalence classes of braid
diagrams, as illustrated in Figure 7. These braid diagrams
depict 𝑛 strings (called strands) in Euclidean 3-space, an-
chored at their tops at 𝑛 distinguished points in a hori-
zontal plane, and anchored at their bottoms at the same 𝑛
points in a parallel plane. The strands may move in space
but may not double back or pass through each other. The
group operation is concatenation, as in Figure 8.

Figure 8. The group structure on 𝐁𝑛.

The braid groups were defined rigorously by Artin in
1925, but the roots of this notion appeared in the earlier
work of Hurwitz, Firckle, and Klein in the 1890s and of
Vandermonde in 1771. This topological interpretation of
braid groups as the fundamental groups of configuration
spaces was formalized in 1962 by Fox and Neuwirth.

Artin established presentations for the braid group and
the pure braid group. His presentation for 𝐁𝑛,

𝐁𝑛 ≅ ⟨𝜎1, 𝜎2 … , 𝜎𝑛−1
|||

𝜎𝑖𝜎𝑗 = 𝜎𝑗𝜎𝑖 if |𝑖 − 𝑗| ≥ 2
𝜎𝑖𝜎𝑖+1𝜎𝑖 = 𝜎𝑖+1𝜎𝑖𝜎𝑖+1 ⟩,

uses (𝑛 − 1) generators 𝜎𝑖 corresponding to half-twists of
adjacent strands, as in Figure 9.

Figure 9. Artin’s generator 𝜎𝑖 for 𝐁𝑛.

Artin also gave a finite presentation for 𝐏𝑛. We will not
state it in full, but comment that there are (𝑛

2
) generators

𝑇𝑖𝑗, (𝑖 ≠ 𝑗, 𝑖, 𝑗 ∈ {1, 2, … , 𝑛}) corresponding to full twists of
each pair of strands, as in Figure 10.

Corresponding to the regular covering space map
𝐹𝑛(ℂ) → 𝐶𝑛(ℂ) of Figure 5, there is a short exact sequence
of groups

1 → 𝐏𝑛 → 𝐁𝑛 → 𝑆𝑛 → 1.

j 

Figure 10. Artin’s generator 𝑇 𝑖𝑗 = 𝑇 𝑗𝑖 for 𝐏𝑛.

The quotient map 𝐁𝑛 → 𝑆𝑛, shown in Figure 11, takes a
braid, forgets the 𝑛 strands and simply records the permu-
tation induced on their endpoints. The generator 𝜎𝑖 maps
to the simple transposition (𝑖 𝑖 + 1). The kernel is those
braids that induce the trivial permutation, i.e., the pure
braid group.

1

1

32

2 3
Figure 11. The quotient map 𝐁𝑛 → 𝑆𝑛.

2.3. Homological stability for the braid groups. Arnold
calculated some homology groups of 𝐁𝑛 in low degree (Ta-
ble 1).

𝑘 0 1 2 3 4 5𝑛
0 ℤ
1 ℤ
2 ℤ ℤ
3 ℤ ℤ
4 ℤ ℤ ℤ2
5 ℤ ℤ ℤ2
6 ℤ ℤ ℤ2 ℤ2 ℤ3
7 ℤ ℤ ℤ2 ℤ2 ℤ3
8 ℤ ℤ ℤ2 ℤ2 ℤ6 ℤ3
9 ℤ ℤ ℤ2 ℤ2 ℤ6 ℤ3

Table 1. The homology groups 𝐻𝑘(𝐁𝑛; ℤ). Empty spaces are
zero groups. Stable groups are shaded.

The 𝑘 = 0 column follows from the fact that 𝐶𝑛(ℝ2) is
path-connected and the 𝑘 = 1 column can be obtained
by abelianizing Artin’s presentation of 𝐁𝑛. Even the low-
degree calculations in Table 1 suggest a pattern: the ho-
mology of 𝐁𝑛 in a fixed degree 𝑘 becomes independent of
𝑛 as 𝑛 increases.

Arnold proved the following stability result, in terms of
the stabilization map 𝑠𝑛 ∶ 𝐁𝑛 ↪ 𝐁𝑛+1 defined by adding
an unbraided (𝑛 + 1)𝑠𝑡 strand as in Figure 12.

Figure 12. The stabilization map 𝑠3 ∶ 𝐁3 ↪ 𝐁4.

APRIL 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 525



Theorem 2.3 (Arnold [Arn70]). For each 𝑘 ≥ 0, the induced
map

(𝑠𝑛)∗ ∶ 𝐻𝑘(𝐁𝑛; ℤ) → 𝐻𝑘(𝐁𝑛+1; ℤ)
is an isomorphism for 𝑛 ≥ 2𝑘.

The family {𝐶𝑛(ℂ)}𝑛 therefore satisfies homological sta-
bility. Arnold in fact proved the result for cohomology,
and Theorem 2.3 follows from the universal coefficients
theorem.

May and Segal proved that the stable braid group 𝐁∞
has the same homology as the path component of the triv-
ial loop in the double loop space Ω2𝑆2. Fuks calculated
the cohomology of braid groups with coefficients in 𝔽2.
F. Cohen and Vaı̆ns̆teı̆n computed the cohomology ring
with coefficients in 𝔽𝑝 (for 𝑝 an odd prime), and described
𝐻𝑘(𝐁𝑛; ℤ) in terms of the groups 𝐻𝑘−1(𝐁𝑛; 𝔽𝑝) (𝑝 prime)
for 𝑘 ≥ 2.
2.4. Homological stability for configuration spaces. For
a 𝑑-manifold 𝑀, it is possible to visualize homology
classes in 𝐹𝑛(𝑀) and 𝐶𝑛(𝑀) concretely. Consider Figure 13.
This figure shows a 2-parameter family of configurations in
𝐹𝑛(𝑀), in fact (because the two loops do not intersect) it
shows an embedded torus 𝑆1 × 𝑆1 ↪ 𝐹5(𝑀). Thus, up to
sign, this figure represents an element of 𝐻2(𝐹5(𝑀)). In
a sense, the loop traced out by particle 3 arises from the
homology of the surface 𝑀, and the loop traced out by
particle 4 arises from the homology of 𝐹𝑛(ℝ𝑑). From the
homology of 𝑀 and 𝐹𝑛(ℝ𝑑), it is possible to generate lots
of examples of homology classes in 𝐹𝑛(𝑀). The problem
of understanding additive relations among these classes,
however, is subtle, and the groups 𝐻𝑘(𝐹𝑛(𝑀); ℤ) are un-
known in most cases.

Figure 13. A class in 𝐻2(𝐹5(𝑀)).

When 𝑀 is (punctured) Euclidean space, the (co)ho-
mology groups of 𝐹𝑛(𝑀) were computed by Arnold and
Cohen. However, even in the case that 𝑀 is a genus-
𝑔 surface, we currently do not know the Betti numbers
𝛽𝑘 = rank(𝐻𝑘(𝐹𝑛(𝑀); ℤ)). Recently Pagaria computed the
asymptotic growth rate in 𝑛 of the Betti numbers in the
case 𝑀 is a torus. In the case of unordered configuration
spaces, in 2016 Drummond-Cole and Knudsen computed
the Betti numbers of 𝐶𝑛(𝑀) for 𝑀 a surface of finite type.

Even though the (co)homology groups of configura-
tions spaces remain largely mysterious, the tools of homo-
logical stability give us a different approach to understand-
ing their structure.

Theorem 2.3 on stability for braid groups raises the
question of whether the unordered configurations spaces

{𝐶𝑛(𝑀)}𝑛 satisfy homological stability for a larger class of
topological spaces 𝑀. Let 𝑀 be a connected manifold. To
generalize Theorem 2.3 we must define stabilization maps

𝐶𝑛(𝑀)⟶ 𝐶𝑛+1(𝑀)
{𝑥1, … , 𝑥𝑛}⟼ {𝑥1, … , 𝑥𝑛, 𝑥𝑛+1}.

Unfortunately, in general there is no way to choose a dis-
tinct particle 𝑥𝑛+1 continuously in the inputs {𝑥1, … , 𝑥𝑛},
and no continuous map of this form exists. To define the
stabilization maps, we must assume extra structure on 𝑀,
for example, assume that 𝑀 is the interior of a manifold
with nonempty boundary. Then, if we choose a boundary
component, it is possible to define the stabilization map
𝑠𝑛 ∶ 𝐶𝑛(𝑀) → 𝐶𝑛+1(𝑀) by placing the new particle in a
sufficiently small collar neighbourhood of the boundary
component. This procedure (illustrated in Figure 14) is
informally described as ‘adding a particle at infinity.’

Figure 14. Stabilization map 𝑠3 ∶ 𝐶3(𝑀) → 𝐶4(𝑀).

In the 1970sMcDuff proved that the sequence {𝐶𝑛(𝑀)}𝑛
satisfies homological stability and Segal gave explicit stable
ranges.

Theorem 2.4 (McDuff [McD75]; Segal [Seg79]). Let 𝑀 be
the interior of a compact connected manifold with nonempty
boundary. For each 𝑘 ≥ 0 the maps

(𝑠𝑛)∗ ∶ 𝐻𝑘(𝐶𝑛(𝑀); ℤ)⟶ 𝐻𝑘(𝐶𝑛+1(𝑀); ℤ)

are isomorphisms for 𝑛 ≥ 2𝑘.

Concretely, this theorem states that degree-𝑘 homology
classes arise from subconfigurations on at most 2𝑘 parti-
cles. Heuristically, these homology classes have the form
of Figure 15.

2k particles n-2k
Figure 15. A homology class after stabilizing by the addition
of 𝑛 − 2𝑘 particles.

Moreover, McDuff related the homology of the sta-
ble space 𝐶∞(𝑀) to the homology of Γ(𝑀), the space of
compactly-supported smooth sections of the bundle over
𝑀 obtained by taking the fibrewise one-point compactifi-
cation of the tangent bundle of 𝑀.
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3. Other Stable Families
We briefly describe some other significant families satisfy-
ing (co)homological stability.

Symmetric groups. In [Nak60] Nakaoka proved that
the symmetric groups {𝑆𝑛}𝑛 satisfy homological stability
with respect to the inclusions 𝑆𝑛 ↪ 𝑆𝑛+1. The Barratt–
Priddy–Quillen theorem states that the infinite symmetric
group 𝑆∞ = ⋃𝑛 𝑆𝑛 has the same homology of Ω∞

0 𝑆∞, the
path-component of the identity in the infinite loop space
Ω∞𝑆∞.

General linear groups. Let 𝑅 be a ring. Consider the se-
quence of general linear groups {GL𝑛(𝑅)}𝑛 with the inclu-
sions GL𝑛(𝑅) ↪ GL𝑛+1(𝑅) given by

𝐴 ↦ [𝐴 0
0 1] .

In the 1970s Quillen studied the homology of these
groups when 𝑅 is a finite field 𝔽𝑞 of characteristic 𝑝 in his
seminal work on the𝐾-theory of finite fields. He computes
𝐻∗(GL𝑛(𝔽𝑞); 𝔽ℓ) for prime ℓ ≠ 𝑝 and determines a vanish-
ing range for ℓ = 𝑝.

In 1980 Charney proved homological stability when 𝑅
is a Dedekind domain. Van der Kallen, building on work
of Maazen, proved the case that 𝑅 is an associative ring
satisfying Bass’s “stable rank condition;” this arguably in-
cludes any naturally arising ring.

These results are part of a large stability literature on
classical groups that warrants its own survey; see the ex-
tended version of this article for further references. Ho-
mological stability is known to hold for special linear
groups, orthogonal groups, unitary groups, and other fam-
ilies of classical groups. There is ongoing work to study
(co)homology with twisted coefficients, and sharpen the
stable ranges.

Mapping class groups andmoduli space of Riemann sur-
faces. Let Σ𝑔,1 be an oriented surface of genus 𝑔 with one
boundary component and let the mapping class group

Mod(Σ𝑔,1) ∶= 𝜋0(Diff
+(Σ𝑔,1 rel 𝜕))

be the group of isotopy classes of diffeomorphisms of Σ𝑔,1
fixing a collar neighbourhood of the boundary. There is a
map 𝑡𝑔 ∶ Mod(Σ𝑔,1) ↪ Mod(Σ𝑔+1,1) induced by the inclu-
sion Σ𝑔,1 ↪ Σ𝑔+1,1 by extending a diffeomorphism by the
identity on the complement Σ𝑔+1,1 ⧵ Σ𝑔,1, as in Figure 16.

There is also a map 𝑐𝑎𝑝∶ Mod(Σ𝑔,1) → Mod(Σ𝑔) in-
duced by gluing a disk on the boundary component of
Σ𝑔,1. Harer proved [Har85] that the sequence {Mod𝑔,1}𝑔 sat-
isfies homological stability with respect to the inclusions
𝑡𝑔 and that for large 𝑔 the map 𝑐𝑎𝑝 induces isomorphisms
on homology. The proof and the stable ranges have been
improved by the work of Ivanov, Boldsen, and others.

{ extend by id
f

Figure 16. The map Mod(Σ3,1) → Mod(Σ4,1) is induced by the
inclusion Σ3,1 ↪ Σ4,1.

Madsen andWeiss computed the stable homology by iden-
tifying the homology of mapping class groups, in the sta-
ble range, with the homology of a certain infinite loop
space.

The rational homology of the mapping class group
Mod(Σ𝑔) is the same as that of the moduli space ℳ𝑔 of
Riemann surfaces of genus 𝑔 ≥ 2. This moduli space
parametrizes:

• isometry classes of hyperbolic structures on Σ𝑔,
• conformal classes of Riemannian metrics on Σ𝑔,
• biholomorphism classes of complex structures on

the surface Σ𝑔,
• isomorphism classes of smooth algebraic curves

homeomorphic to Σ𝑔.
One consequence of Harer’s stability theorem and the

Madsen–Weiss theorem is their proof of Mumford’s conjec-
ture: the rational cohomology ofℳ𝑔 is a polynomial alge-
bra on generators 𝜅𝑖 of degree 2𝑖, the so-called Mumford–
Morita–Miller classes, in a stable range depending on 𝑔. See
Tillman’s survey [Til13].

Homological stability was established for mapping
class groups of non-orientable surfaces by Wahl, for map-
ping class groups of some 3-manifolds by Hatcher–Wahl
and framed, Spin, and Pin mapping class groups by
Randal-Williams.

Automorphism groups of free groups. Let 𝐹𝑛 denote
the free group of rank 𝑛. Hatcher and Vogtmann proved
that the sequence {Aut(𝐹𝑛)}𝑛 satisfies homological sta-
bility with respect to inclusions Aut(𝐹𝑛) ↪ Aut(𝐹𝑛+1).
Galatius computed the stable homology by proving that
𝐻∗(Aut(𝐹∞); ℤ) ≅ 𝐻∗(Ω∞

0 𝑆∞; ℤ) ≅ 𝐻∗(𝑆∞; ℤ). In particular,
for 𝑛 > 2𝑘 + 1,

𝐻𝑘(Aut(𝐹𝑛); ℚ) ≅ 𝐻𝑘(Aut(𝐹∞); ℚ) = 0.
Moduli spaces of high-dimensional manifolds. Let𝑀 be
a smooth compact manifold. The moduli space ℳ(𝑀) of
manifolds of type𝑀 is the classifying space BDiff(𝑀 rel 𝜕).
In the last few years Galatius and Randal-Williams proved
homological stability forℳ(𝑀) for simply connectedman-
ifolds 𝑀 of dimension 2𝑑 > 4, with respect to the 𝑛-fold
connected sum with 𝑆𝑑 × 𝑆𝑑. This generalizes Harer’s
result to higher-dimensional manifolds. They also ob-
tained a generalized Madsen–Weiss’s theorem for simply
connected manifolds of dimension 2𝑑 > 4. Homological
stability with respect to connected sum with 𝑆𝑝 × 𝑆𝑞, for
𝑝 < 𝑞 < 2𝑝 − 2, was established by Perlmutter.
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4. A Proof Strategy
There is a well-established strategy for proving homolog-
ical stability that traces back to unpublished work by
Quillen in the 1970s. We describe a simplified version of
Quillen’s argument for a family of discrete groups with in-
clusions.

Recall that a 𝑝-simplex Δ𝑝 is a 𝑝-dimensional polytope
defined as the convex hull of (𝑝+1) points inℝ𝑝 in general
position, called its vertices. For example, a 0-simplex is a
point, a 1-simplex is a closed line segment, and a 2-simplex
is triangle. A face of a simplex is the convex hull of a subset
of its vertices. A map 𝑓∶ Δ𝑝 → Δ𝑞 is simplicial if it maps
vertices to vertices, and takes the form

𝑓∶
𝑝
∑
𝑖=0

𝑡𝑖𝑣𝑖 ↦
𝑝
∑
𝑖=0

𝑡𝑖𝑓(𝑣𝑖)

with 𝑣0, … , 𝑣𝑝 the vertices of Δ𝑝 and 0 ≤ 𝑡𝑖 ≤ 1, ∑𝑖 𝑡𝑖 = 1.
A triangulation of a topological space 𝑊 is a decompo-

sition of 𝑊 as a union of simplices, such that the intersec-
tion 𝜎∩ 𝜏 of any pair of simplices 𝜎, 𝜏 in𝑊 is either empty
or equal to a single common face of 𝜎 and 𝜏. A triangulated
space is called a simplicial complex. A map 𝑓 of simplicial
complexes is simplicial if it maps simplices to simplices and
its restriction to each simplex is simplicial.

A simplicial complex 𝑊 is called (−1)-connected if it
is nonempty, 0-connected if it is path-connected, and 1-
connected if it is simply connected. More generally, a
nonempty simplicial complex𝑊 is called 𝑑-connected if its
homotopy groups 𝜋𝑖(𝑊) vanish for all 0 ≤ 𝑖 ≤ 𝑑. By the
Hurewicz theorem, 𝑊 is 𝑑-connected (𝑑 ≥ 2) if and only
if 𝑊 is simply connected and 𝐻𝑖(𝑋) = 0 for all 2 ≤ 𝑖 ≤ 𝑑.

With this terminology, we can now describe Quillen’s
argument. The following formulation of Theorem 4.1 is
due to Hatcher–Wahl [HW10, Theorem 5.1].

Theorem 4.1 (Quillen’s argument for homological sta-
bility). Let 0 ↪ 𝐺1 ↪ … ↪ 𝐺𝑛 ↪ … be a sequence of discrete
groups. For each 𝑛 let 𝑊𝑛 be a simplicial complex with a sim-
plicial action of 𝐺𝑛 satisfying the following properties:

(i) The simplicial complexes 𝑊𝑛 are (𝑛−2
2
)-connected.

(ii) For each 𝑝 ≥ 0, the group 𝐺𝑛 acts transitively on the
set of 𝑝-simplices.

(iii) For each simplex 𝜎𝑝 in 𝑊𝑛, the stabilizer 𝑠𝑡𝑎𝑏(𝜎𝑝)
fixes 𝜎𝑝 pointwise.

(iv) The stabilizer 𝑠𝑡𝑎𝑏(𝜎𝑝) of a 𝑝-simplex 𝜎𝑝 is conjugate
in 𝐺𝑛 to the subgroup 𝐺𝑛−𝑝−1 ⊆ 𝐺𝑛. (By convention 𝐺𝑛 =
0 if 𝑛 ≤ 0.)

(v) For each edge [𝑣0, 𝑣1] in𝑊𝑛, there exists 𝑔 ∈ 𝐺𝑛 such
that 𝑔 ⋅ 𝑣0 = 𝑣1 and 𝑔 commutes with all elements of 𝐺𝑛
that fix [𝑣0, 𝑣1] pointwise.

Then the sequence {𝐺𝑛}𝑛 is homologically stable. Specifically,
the inclusion 𝐺𝑛 ↪ 𝐺𝑛+1 induces an isomorphism on degree-𝑘
homology for 𝑛 ≥ 2𝑘 + 1 and a surjection for 𝑛 = 2𝑘.

Theorem 4.1 follows from a formal algebraic argument
involving a sequence of spectral sequences associated to
the complexes𝑊𝑛. We remark, for the readers familiar with
spectral sequences, that for each 𝑛 we obtain a homology
spectral sequence by using𝑊𝑛×𝐺𝑛 E𝐺𝑛 to build an approx-
imation to B𝐺𝑛 from the spaces B𝐺𝑛−𝑝 for 𝑝 > 0. The 𝑛th
spectral sequence has 𝐸1 page

𝐸1𝑝,𝑞 ≅ 𝐻𝑞(𝑠𝑡𝑎𝑏(𝜎𝑝); ℤ) ≅ 𝐻𝑞(𝐺𝑛−𝑝−1; ℤ),
𝐸1−1,𝑞 ≅ 𝐻𝑞(𝐺𝑛; ℤ),

and 𝐸1𝑝,𝑞 = 0 for 𝑝 < −1.
The assumption that the complexes 𝑊𝑛 are highly con-

nected implies that the spectral sequence converges to 0
for 𝑝 + 𝑞 ≤ 𝑛−1

2
. The differential

𝑑1 ∶ 𝐸10,𝑖 = 𝐻𝑖(𝐺𝑛−1; ℤ)⟶ 𝐸1−1,𝑖 = 𝐻𝑖(𝐺𝑛; ℤ)
is the map induced by the inclusion 𝐺𝑛−1 ↪ 𝐺𝑛. Under
the hypotheses of the theorem, we can argue by induction
on 𝑖 that this map is an isomorphism (respectively, a sur-
jection) in the desired range, to complete the proof of The-
orem 4.1.

In practice, given Theorem 4.1, themost difficult step in
a proof of homological stability is usually the proof that
the complexes 𝑊𝑛 are highly connected.

In recent years, the argument that we just outlined
has been axiomatized by Randal-Williams and Wahl
[RWW17] and Krannich [Kra19] to give a very general
framework to prove homological stability results, includ-
ing (co)homology with twisted abelian and polynomial
coefficients. Another axiomatization is due to Hepworth.
4.1. An example: the braid group 𝐁𝑛. Let 𝔻2 be the
closed disk. Fix 𝑛 marked points in its interior and a dis-
tinguished point ∗ ∈ 𝜕𝔻2. Associated to the braid group
𝐁𝑛 is an (𝑛−1)-dimensional simplicial complex𝑊𝑛 called
the arc complex which we define combinatorially.

• vertices: 𝑊𝑛 has a vertex for each isotopy class of
embedded arcs in 𝔻2 joining ∗ with one of the
marked points.

• 𝑝-simplices: A set of (𝑝 + 1) vertices spans a 𝑝-
simplex if the corresponding isotopy classes can
be represented by arcs that are pairwise disjoint
except at their starting point ∗.

v0 v1

*

v0 v1 v0 v1 v0 v1

Figure 17. The action of 𝜎2 ∈ 𝐁𝑛 on a 1-simplex {𝑣0, 𝑣1} of the
arc complex 𝑊𝑛.
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Hatcher and Wahl proved that 𝑊𝑛 is (𝑛−2
2
)-connected

(though it is in fact contractible).
The braid group 𝐁𝑛 is isomorphic to the group

Mod𝑛(𝔻2) of isotopy classes of diffeomorphisms of the
closed disk that stabilize the set of marked points and re-
strict to the identity on 𝜕𝔻2. Thus 𝐁𝑛 has an action on 𝑊𝑛
that is simplicial and satisfies conditions (𝑖)-(𝑣). See Fig-
ure 17. Theorem 4.1 gives a modern proof of homological
stability for 𝐁𝑛 (Theorem 2.3), a result originally due to
Arnold.

5. Representation Stability
5.1. Configuration spaces revisited. Let us address Ques-
tion 1.2 for the ordered configuration spaces {𝐹𝑛(𝑀)}𝑛
when 𝑀 is the interior of a compact connected manifold
with nonempty boundary. As with the unordered configu-
ration spaces, given a choice of boundary component, we
can define a stabilization map 𝐹𝑛(𝑀) → 𝐹𝑛+1(𝑀) that con-
tinuously introduces a new particle ‘at infinity.’ See Fig-
ure 18.

Figure 18. Stabilization map 𝐹3(𝑀) → 𝐹4(𝑀).

This suggests the question: for a fixed manifold 𝑀, do
the spaces {𝐹𝑛(𝑀)}𝑛 satisfy homological stability? The an-
swer is, in contrast to {𝐶𝑛(𝑀)}𝑛, they do not, as we will
verify directly.

Let 𝑀 = ℂ, so the homology 𝐻1(𝐹𝑛(ℂ); ℤ) in degree 1
is the abelianization of the pure braid group 𝐏𝑛. Artin’s

presentation implies that 𝐏𝑎𝑏𝑛 ≅ ℤ(
𝑛
2) is free abelian on the

images 𝛼𝑖𝑗 of the (𝑛
2
) generators 𝑇𝑖𝑗 of Figure 10. Viewed

as a homology class in 𝐹𝑛(ℂ), we can represent 𝛼𝑖𝑗 by the
loop illustrated in Figure 19. Hence, rank(𝐻1(𝐏𝑛; ℤ)) grows
quadratically in 𝑛, and homological stability fails.

i

j

Figure 19. The homology class 𝛼𝑖𝑗 ∈ 𝐻1(𝐹𝑛(ℂ)).

Church and Farb, however, proposed a new para-
digm for stability in spaces like the ordered configuration
spaces 𝐹𝑛(𝑀) of a manifold 𝑀. Because (co)homology
is functorial, the 𝑆𝑛-action on 𝐹𝑛(𝑀) induces an action
of 𝑆𝑛 on the (co)homology groups. Even though the
(co)homology does not stabilize as a sequence of abelian
groups, they proposed, it does stabilize as a sequence of
𝑆𝑛-representations.

There are several ways to formalize the idea of stabil-
ity for a sequence of 𝑆𝑛-representations. One way, which
was initially the primary focus of Church and Farb, is to
consider the multiplicities of irreducible representations
in the rational (co)homology groups. Suppose𝑉 is a finite-
dimensional rational 𝑆𝑛-representation. Because 𝑆𝑛 is a fi-
nite group, 𝑉 is semisimple: it decomposes as a direct sum
of irreducible subrepresentations. Themultiplicities of the
irreducible components are uniquely defined and deter-
mine 𝑉 up to isomorphism.

The irreducible rational 𝑆𝑛-representations are classi-
fied, and are in canonical bijection with partitions of 𝑛. A
partition 𝜆 of a positive integer 𝑛 is a set of positive integers
(called the parts of 𝜆) that sum to 𝑛. It is traditionally en-
coded by a Young diagram, a collection of 𝑛 boxes arranged
into rows of decreasing lengths equal to the parts of 𝜆. For
example, the Young diagram corresponds to the parti-
tion 3+2 of 5. If 𝜆 is a partition of 𝑛 (equivalently, a Young
diagram of size 𝑛), we write 𝑉 𝜆 to denote the irreducible
𝑆𝑛-representation associated to 𝜆.

Church and Farb observed a pattern in the rational ho-
mology of 𝐹𝑛(ℂ), which we illustrate in Figure 20 in homo-
logical degree 1.

H1(F1(C); Q) ∼= 0

H1(F2(C); Q) ∼= V

H1(F3(C); Q) ∼= V ⊕ V

H1(F4(C); Q) ∼= V ⊕ V ⊕ V

H1(F5(C); Q) ∼= V ⊕ V ⊕ V

H1(F6(C); Q) ∼= V ⊕ V ⊕ V

H1(F7(C); Q) ∼= V ⊕ V ⊕ V

...
...

...
...

Figure 20. The decomposition of the homology groups
𝐻1(𝐹𝑛(ℂ); ℚ) for some small values of 𝑛.

For 𝑛 ≥ 4𝑘, we can recover the decomposition of
𝐻𝑘(𝐹𝑛(ℂ); ℚ) into irreducible components simply by tak-
ing the decomposition of 𝐻𝑘(𝐹𝑛−1(ℂ); ℚ) and adding a
single box to the top row of each Young diagram. They
showed that this pattern holds for all 𝑘, and Church
later proved that it holds for the cohomology groups
𝐻𝑘(𝐹𝑛(𝑀);ℚ) of the ordered configuration space of a con-
nected oriented manifold of finite type.

Church, Farb, and others observed the same patterns in
the (co)homology of a number of other families of groups
and spaces. These results raise the question,

Question 5.1. What underlying structure is responsible
for these patterns?

Church, Ellenberg, Farb, Nagpal, and Putman answered
this question by developing an algebraic framework that
brought their work into a broader field, now called the
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field of representation stability. Other pioneers of the field,
who approached it from different perspectives, include
Sam, Snowden, Gan, Li, Djament, Pirashvili, and Vespa.
5.2. 𝖥𝖨-modules. The key to answering Question 5.1 is
the concept of an 𝖥𝖨-module. The theory of 𝖥𝖨–modules
gives a conceptual framework that explains the ubiquity
of the patterns observed in so many naturally arising se-
quences of 𝑆𝑛-representations, and it also provides alge-
braic machinery to prove stronger results with streamlined
arguments.

Definition 5.2. Let 𝖥𝖨 be the category whose objects are
finite sets (including ∅), and whose morphisms are all in-
jective maps. Given a commutative ring 𝑅 (typically ℤ or
ℚ), an 𝖥𝖨-module 𝑉 over 𝑅 is a functor from 𝖥𝖨 to the cate-
gory of 𝑅-modules.

To describe an 𝖥𝖨-module 𝑉 , it is enough to consider the
“standard” finite sets in 𝖥𝖨,

[0] = ∅ and [𝑛] = {1, 2, … , 𝑛}.
For 𝑛 ≥ 0, we write 𝑉𝑛 to denote the image of 𝑉 on [𝑛]. The
endomorphisms of [𝑛] in 𝖥𝖨 are the symmetric group 𝑆𝑛,
so 𝑉𝑛 is an 𝑆𝑛-representation. The data of an 𝖥𝖨-module 𝑉
is determined by the sequence of 𝑆𝑛-representations {𝑉𝑛}𝑛,
along with 𝑆𝑛-equivariant maps 𝜄𝑛 ∶ 𝑉𝑛 → 𝑉𝑛+1 induced by
the inclusion [𝑛] ↪ [𝑛 + 1]. Figure 21 gives a schematic.

Figure 21. An 𝖥𝖨-module 𝑉 .

We refer to (the morphisms of) the category 𝖥𝖨 acting on
an 𝖥𝖨-module 𝑉 in the same sense that a ring 𝑅 acts on an
𝑅-module.

We encourage the reader to verify that the following se-
quences of 𝑆𝑛-representations form 𝖥𝖨-modules.

• 𝑉𝑛 = ℚ the trivial 𝑆𝑛–representations,
𝜄𝑛 the identity map.

• 𝑉𝑛 = ℚ𝑛, 𝑆𝑛 permutes the standard basis,
𝜄𝑛 ∶ ℚ𝑛 ≅ (ℚ𝑛 × {0}) ↪ ℚ𝑛+1.

• 𝑉𝑛 = ℚ[𝑥1, … , 𝑥𝑛] the polynomial algebra with 𝑆𝑛
permuting the variables, 𝜄𝑛 the inclusion.

Applying any endofunctor of 𝑅-modules to an 𝖥𝖨-module
will produce another 𝖥𝖨-module, so we can construct more
examples (say) by taking tensor products or exterior pow-
ers of any of the above.

We leave it as an exercise to the reader to verify that the
following sequences of 𝑆𝑛-representations do not form an

𝖥𝖨-module. A hint to this exercise: first verify that if 𝜎 ∈ 𝑆𝑛
fixes the letters {1, 2, …𝑚}, then 𝜎 must act trivially on the
image of 𝑉𝑚 in 𝑉𝑛 under the map induced by the inclusion
[𝑚] ⊆ [𝑛].

• 𝑉𝑛 = ℚ the alternating representation,
i.e. 𝜎 ⋅ 𝑣 = (−1)𝑠𝑔𝑛(𝜍)𝑣 for 𝑣 ∈ ℚ,
𝜄𝑛 the identity map.

• 𝑉𝑛 = ℚ[𝑆𝑛] the regular representation,
𝜄𝑛 induced by the inclusion 𝑆𝑛 ⊆ 𝑆𝑛+1.

Importantly for present purposes, the (co)homology
groups of ordered configuration spaces form 𝖥𝖨-modules
in many cases. If 𝑀 is any space, there is a contravariant
action of 𝖥𝖨 on its ordered configuration spaces by contin-
uous maps. If we view a point in 𝐹𝑛(𝑀) as an embedding
𝜌∶ [𝑛] → 𝑀, then an 𝖥𝖨 morphism 𝑓∶ [𝑚] → [𝑛] acts by
precomposition,

𝑓∗ ∶ 𝐹𝑛(𝑀)⟶ 𝐹𝑚(𝑀)
𝜌⟼ 𝜌 ∘ 𝑓.

See Figure 22.
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Figure 22. An 𝖥𝖨 morphism and its contravariant action on the
configuration spaces {𝐹𝑛(𝑀)}𝑛.

Composing this 𝖥𝖨 action with the (contravariant) coho-
mology functor gives a covariant action of 𝖥𝖨 on the coho-
mology groups {𝐻𝑘(𝐹𝑛(𝑀))}𝑛.

To obtain a covariant action of 𝖥𝖨 on {𝐹𝑛(𝑀)}𝑛, we need
additional assumptions on the space 𝑀. Let 𝑀 be the in-
terior of a compact manifold of dimension at least 2 with
nonempty boundary. Consider an 𝖥𝖨morphism 𝑓∶ [𝑚] →
[𝑛] and a configuration in 𝐹𝑚(𝑀). We relabel particles by
their image under 𝑓, and apply the stabilization map of
Section 2.4 to introduce any particles not in 𝑓([𝑚]) in a
neighbourhood of a distinguished boundary component.
See Figure 23.
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1

3
2
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d
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Figure 23. An 𝖥𝖨 morphism and its covariant action on the
configuration spaces {𝐹𝑛(𝑀)}𝑛.

This action of 𝖥𝖨 is only functorial up to homotopy, but
this suffices to induce a well-defined 𝖥𝖨-module structure
on the sequence of homology groups {𝐻𝑘(𝐹𝑛(𝑀))}𝑛.
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Modules over the category 𝖥𝖨 behave in many ways like
modules over a ring (technically, they are an abelian cate-
gory). We define a map of 𝖥𝖨-modules 𝑉 → 𝑊 to be a nat-
ural transformation, that is, a sequence of maps 𝑉𝑛 → 𝑊𝑛
that commute with the 𝖥𝖨 morphisms. The kernels and
images of these maps themselves form 𝖥𝖨-modules, and we
can define operations like tensor products and direct sums
in a natural way. This structure allows us to import many
of the standard tools from commutative and homological
algebra to the study of 𝖥𝖨-modules.

Church, Ellenberg, and Farb showed the answer to
Question 5.1 is that the sequences in question are 𝖥𝖨-
modules that are finitely generated.

Definition 5.3. Let 𝑉 be an 𝖥𝖨-module. A subset 𝑆 ⊆
⨆𝑛≥0 𝑉𝑛 generates 𝑉 if the images of 𝑆 under the 𝖥𝖨 mor-
phisms span 𝑉𝑛 for all 𝑛 ≥ 0. Equivalently, the smallest
𝖥𝖨-submodule of 𝑉 containing 𝑆 is 𝑉 itself. The 𝖥𝖨-module
𝑉 is finitely generated in degree ≤ 𝑑 if there is a finite subset
of elements 𝑆 ⊆ ⨆𝑛≤𝑑 𝑉𝑛 that generates 𝑉 .

For example, consider the 𝖥𝖨-module 𝑉 over a ring 𝑅
such that𝑉𝑛 = 𝑅[𝑥1, … , 𝑥𝑛](𝑑) is the submodule of homoge-
neous degree-𝑑 polynomials in 𝑛 variables, 𝑆𝑛 acts by per-
muting the variables, and 𝜄𝑛 ∶ 𝑉𝑛 → 𝑉𝑛+1 is the inclusion
map. We encourage the reader to verify that 𝑉 is finitely
generated in degree ≤ 𝑑. Figure 24 shows a finite generat-
ing set when 𝑑 = 2.

Figure 24. A finite generating set for the 𝖥𝖨-module
𝑅[𝑥1, … 𝑥𝑛](2).

Another example: from our description of the groups
{𝐻1(𝐹𝑛(ℂ); ℚ)}𝑛 in Figure 19, we see that this 𝖥𝖨-module is
generated by the single element 𝛼1,2 ∈ 𝐻1(𝐹2(ℂ); ℚ) shown
in Figure 25. Arnold’s description of the homology groups
of 𝐹𝑛(ℂ)makes it straightforward to verify finite generation
of {𝐻𝑘(𝐹𝑛(ℂ); ℚ)}𝑛 in every degree 𝑘.

Figure 25. The homology class 𝛼1,2 ∈ 𝐻1(𝐹2(ℂ)) generates the
𝖥𝖨-module {𝐻1(𝐹𝑛(ℂ); ℚ)}𝑛.

Church–Ellenberg–Farb and (independently) Snowden
proved that 𝖥𝖨-modules over ℚ satisfy a Noetherian prop-
erty: submodules of finitely generated modules are them-
selves always finitely generated. Using this result, Church–
Ellenberg–Farb proved that, if 𝑉 is a finitely generated
𝖥𝖨-module, then the sequence {𝑉𝑛}𝑛 of 𝑆𝑛-representations
stabilizes in several senses.

Theorem 5.4 (Church–Ellenberg–Farb [CEF15]). Let 𝑉 be
an 𝖥𝖨-module over ℚ, finitely generated in degree ≤ 𝑑. The
following hold.

• Finite generation. For 𝑛 ≥ 𝑑,
𝑆𝑛+1 ⋅ 𝜄𝑛(𝑉𝑛) spans 𝑉𝑛+1.

• Polynomial growth. There is a polynomial in 𝑛 of
degree ≤ 𝑑 that agrees with the dimension dimℚ(𝑉𝑛)
for all 𝑛 sufficiently large.

• Multiplicity stability. For all 𝑛 ≥ 2𝑑 the decompo-
sition of 𝑉𝑛 into irreducible constituents stabilizes (in
the sense illustrated in Figure 20).

• Character polynomials. The character of 𝑉𝑛 is in-
dependent of 𝑛 for all 𝑛 ≥ 2𝑑.

The characters of 𝑉 are in fact eventually equal to a
character polynomial of degree ≤ 𝑑, independent of 𝑛; see
[CEF15, Section 3.3].

The answer of Question 1.2 for the family {𝐹𝑛(𝑀)}𝑛 is
then given by the following result.

Theorem 5.5 (Church [Chu12]; Church–Ellenberg–Farb
[CEF15]; Miller–Wilson [MW19]). Let 𝑀 be the interior of
a compact connected smooth manifold of dimension at least
2 with nonempty boundary. In each degree 𝑘 the homology
and cohomology of ordered configuration spaces {𝐹𝑛(𝑀)}𝑛 of𝑀
are finitely generated 𝖥𝖨-modules. In particular the degree-𝑘
(co)homology groups with rational coefficients stabilize in the
sense of Theorem 5.4.

Heuristically, Theorem 5.5 states that the homology of
𝐹𝑛(𝑀) is spanned by classes of the form shown in Figure 26.

2k particles n–2k
Figure 26. A homology class in the image of 𝐻𝑘(𝐹2𝑘(𝑀); ℤ).

From the 𝑆𝑛-covering relationship (Figure 5) it fol-
lows that dim𝐻𝑘(𝐶𝑛(𝑀);ℚ) is equal to the multiplicity of
the trivial representation in 𝐻𝑘(𝐹𝑛(𝑀);ℚ). Hence Theo-
rem 5.5 implies classical cohomological stability with ℚ-
coefficients for unordered configuration spaces {𝐶𝑛(𝑀)}𝑛.
Church [Chu12] used representation stability techniques
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to prove rational (co)homological stability results for the
unordered configuration spaces {𝐶𝑛(𝑀)}𝑛 even in the case
that 𝑀 is a closed manifold, so the isomorphisms are not
necessarily induced by natural stabilization maps.
5.3. Other instances of representation stability. The def-
inition of a finitely generated 𝖥𝖨-module makes sense for
representations over the integers or other coefficients, even
in situations where the representations are not semisimple
and multiplicity stability is not well-defined. Moreover,
this approach readily generalizes to analogous categories
that encode actions by families of groups other than the
symmetric groups. Some examples that have been studied
are the classical Weyl groups, certain wreath products, var-
ious linear groups, and products or decorated variants of
𝖥𝖨. The term “representation stability” now refers to alge-
braic finiteness results (like finite generation or presenta-
tion degree) for a module over one of these categories. For
further reading on representation stability, see the intro-
ductory notes and article [Wil18,Sno19,Sam20].

The (co)homology of several families of groups and
moduli spaces exhibit representation stability.

Generalized ordered configuration spaces and pure
braid groups. There is a large and growing body of work
on representation stability for the homology of configu-
ration spaces: improving stable ranges, studying configu-
ration spaces of broader classes of topological spaces, or
studying alternate stabilization maps.

Other families generalizing the pure braid groups also
have representation stable cohomology groups, including
the pure virtual braid groups, the pure flat braid groups,
the pure cactus groups, and the group of pure string mo-
tions.

Pure mapping class groups and moduli spaces of sur-
faces with marked points. Given a set of 𝑛 labelled
marked points in a surface Σ, the mapping class group
Mod𝑛(Σ) is the group of isotopy classes of (orientation-
preserving if Σ is orientable) diffeomorphisms of Σ that fix
𝜕Σ and stabilize the set ofmarked points. The pure mapping
class group PMod𝑛(Σ) is the subgroup that fixes the marked
points pointwise. These groups also generalize the braid
groups since Mod𝑛(𝔻2) ≅ 𝐁𝑛 and PMod𝑛(𝔻2) ≅ 𝐏𝑛. There
is a short exact sequence

1 → PMod𝑛(Σ) → Mod𝑛(Σ) → 𝑆𝑛 → 1
that defines an action of 𝑆𝑛 on the (co)homology of
PMod𝑛(Σ). Hatcher and Wahl [HW10] proved that
the sequence {Mod𝑛(Σ)}𝑛 satisfies homological stabil-
ity and Jiménez Rolland [JR19] proved that the groups
𝐻𝑘(PMod𝑛(Σ); ℤ) assemble to a finitely generated 𝖥𝖨-
module.

For 𝑔 ≥ 2 the moduli space ℳ𝑔,𝑛 of Riemann surfaces
of genus 𝑔 with 𝑛 marked points is a rational model of the

classifying space BPMod𝑛(Σ𝑔), and the symmetric group
𝑆𝑛 acts onℳ𝑔,𝑛 by permuting the 𝑛marked points. Hence,
the sequence {𝐻𝑘(ℳ𝑔,𝑛; ℚ)}𝑛 of 𝑆𝑛-representations stabi-
lizes in the sense of Theorem 5.4.

In contrast, for fixed genus 𝑔 the cohomology groups
𝐻𝑘(ℳ𝑔,𝑛; ℚ) of the Deligne-Mumford compactification of
ℳ𝑔,𝑛 can grow exponentially in 𝑛. Thus these se-
quences cannot be finitely generated as 𝖥𝖨-modules.
Tosteson [Tos21] proved, however, that the sequences
{𝐻𝑘(ℳ𝑔,𝑛; ℚ)}𝑛 are subquotients of finitely generated 𝖥𝖲𝑜𝑝-
modules, where 𝖥𝖲𝑜𝑝 is the opposite category of the cat-
egory of finite sets and surjective maps. From this he
deduced constraints on the growth rate and on the irre-
ducible 𝑆𝑛-representations that occur.

Flag varieties. Let 𝐆𝒲
𝑛 be a semisimple complex Lie group

of type 𝐴𝑛−1, 𝐵𝑛, 𝐶𝑛, or 𝐷𝑛, with Weyl group 𝒲𝑛 and 𝐁𝒲𝑛
a Borel subgroup. The space 𝐆𝒲

𝑛 /𝐁𝒲𝑛 is called a generalized
flag variety. Representation stability of these cohomology
groups (as 𝑆𝑛- or𝒲𝑛-representations) has been studied by
Church–Ellenberg–Farb, Wilson, and others.

Complements of arrangements. The cohomology of
hyperplane complements associated to certain reflection
groups 𝒲𝑛 (and their toric and elliptic analogues) sta-
bilizes as a sequence of 𝒲𝑛-representations by the work
of Wilson and Bibby. Representation stability holds for
the cohomology of more general linear subspace arrange-
ments with a wider class of groups actions by the work of
Gadish.

Congruence subgroups. Let 𝐾 be a commutative ring
and 𝐼 ⊆ 𝐾 a proper two-sided ideal. The level 𝐼 con-
gruence subgroups GL𝑛(𝐾, 𝐼) of GL𝑛(𝐾) are defined to be
the kernel of the “reduction modulo 𝐼” map GL𝑛(𝐾) →
GL𝑛(𝐾/𝐼). Representation stability of the sequence of
homology groups {𝐻𝑘(GL𝑛(𝐾, 𝐼); ℤ)}𝑛 (as 𝑆𝑛 or GL𝑛(𝐾/𝐼)-
representations) has been extensively studied; see the ex-
tended version of this article for references.

6. Current Research Directions
Work continues on proving (co)homological stability
for new families or new coefficients systems, improving
stable ranges, and computing the stable and unstable
(co)homology for families known to stabilize.

Recently Galatius, Kupers and Randal-Williams
[GKRW18] identified and proved a new kind of stabi-
lization result, which they describe by the slogan “the
failure of homological stability is itself stable”. They
defined homological-degree-shifting stabilization maps
and use them to prove secondary homological stability
for the homology of mapping class groups and gen-
eral linear groups outside the stable range of (pri-
mary) homological stability. Himes studied secondary
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stability for unordered configuration spaces. Miller–Patzt–
Petersen studied stability with polynomial coefficient sys-
tems. Miller–Wilson, Bibby–Gadish, Ho, and Wawrykow
studied representation-theoretic analogues of secondary
stability for ordered configuration spaces.

For amore in-depth introduction to homological stabil-
ity and these current research directions, we recommend
Kupers’ minicourse notes [Kup21] and references therein.
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Oklahoma State University
Math Seminars:
OSU said their most rewarding result of 2020–2021

was their ability to keep their chapter alive during

a time when many other voluntary campus

organizations folded. OSU continued their math

seminar, which uplifted members both academi-

cally and socially amidst the COVID-19 pandemic.

University of Hawai‘i
Community Outreach:
Despite the pandemic, U Hawai‘i hosted events 

that built camaraderie and furthered education, 

while helping the broader community. Members 

organized “Be a Scientist Day” where they worked 

with Hawai’i’s Institute for Human Services to
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food to local children from an often-underserved 

community. The kids learned about coding and 

other topics, and were encouraged to engage

in science.
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Trapped Surfaces, Topology
of Black Holes, and the
Positive Mass Theorem

Lan-Hsuan Huang and Dan A. Lee
1. Introduction
Albert Einstein’s theory of general relativity, first published
in 1915, successfully unified special relativity with grav-
ity and led to many predictions that have since been veri-
fied, marking one of the greatest triumphs of 20th century
physics. Perhaps one of the most sensational features of
the theory is the concept of a black hole—a region from
which even light cannot escape. But what is a black hole,
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precisely? Do black holes really exist in nature? What do
black holes have to do with mathematics?

These questions and others have been pondered by gen-
erations of researchers. The 2020 Nobel Prize in Physics
was awarded to mathematical physicist Roger Penrose for
his “discovery that black hole formation is a robust pre-
diction of the general theory of relativity,” and to astro-
physicists Reinhard Genzel and Andrea Ghez for their “dis-
covery of a supermassive compact object at the centre of
our galaxy.” Although the very first nontrivial solution to
Einstein’s equations ever discovered—the Schwarzschild
spacetime—describes a black hole, many physicists, in-
cluding Einstein, believed that black hole regions might
only be present in highly symmetric solutions that were
not realistic enough to describe nature. Penrose’s sem-
inal 1965 paper [Pen65] implied that the singular be-
havior associated with black holes persists even without
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Figure 1. This computer-simulated image shows a
supermassive black hole at the center of a galaxy. The black
region represents a snapshot of the event horizon of the black
hole. Light from background stars is stretched and distorted
due to the strong gravity of the black hole.

symmetry, which was enough to convince many that black
hole formation was a real physical phenomenon. But per-
haps just as importantly, Penrose revolutionized the study
of general relativity by introducing global differential geo-
metric and topological methods, in contrast to the more
calculation-based approaches of the past.

Also starting in the 1960s, the study of quasars even-
tually led astrophysicists to hypothesize that there were
black holes at the centers of most galaxies, including our
own galaxy, the Milky Way. It is difficult to directly ob-
serve something that cannot emit light, but starting in the
1990s, separate teams led by Genzel and Ghez began mak-
ing detailed observations of the movements of stars near
the center of the Milky Way, and after decades of collect-
ing increasingly accurate data, we can now be confident
that those movements are consistent with the existence of
a black hole whose mass is 4.3 million times that of our
Sun [EG96,GKMB98]. See Figure 2.

Even more recently, in 2019, the Event Horizon
Telescope—an international collaboration linking radio
telescopes across the globe—treated us to spectacular

Figure 2. The W. M. Keck Observatory is a two-telescope
astronomical observatory near the summit of Mauna Kea in
Hawaii. Starting in the 1990s, Ghez and her team used these
telescopes and adaptive optics systems to track multiple stars
orbiting the center of our galaxy.

Figure 3. This image shows the elliptical galaxy Messier 87.
The right top inset gives a close-up of two shockwaves
created by a jet emanating from the galaxy’s supermassive
black hole. The right bottom inset shows an image of that
black hole produced by the Event Horizon Telescope [Eve19].

pictures of the black hole (or rather, the “shadow” created
by it) at the heart of Messier 87, an elliptical galaxy 55 mil-
lion light-years from Earth. See Figure 3.

In this article we provide an exposition of Pen-
rose’s groundbreaking concepts of trapped surfaces and
marginally outer trapped surfaces (MOTS), and some of
their applications. Specifically, we will discuss Stephen
Hawking’s result on the topology of black holes and some
recent developments on the positive mass theorem that go
back to the work of Richard Schoen and Shing-Tung Yau.
The study of MOTS gives an effective way to understand
some properties of black holes and turns out to have many
analogies with the study of minimal surfaces. The theory
of minimal surfaces is a mathematically rich topic with a
long history that goes back to Lagrange’s work in the 18th
century. Minimal surfaces also have many applications to
such diverse fields as architecture, biology, and engineer-
ing, in addition to general relativity. See Figure 4. Explor-
ing the intriguing connections between MOTS and mini-
mal surfaces has led to fruitful developments in both gen-
eral relativity and differential geometry.

2. Trapped Surfaces
In this article our basic setting is a 4-dimensional space-
time, representing one time dimension and three spatial
dimensions, and since we would like to describe an (ef-
fectively) isolated gravitational system, such as a galaxy,
we assume that this spacetime is asymptotic to the triv-
ial flat spacetime, which is usually called the Minkowski
spacetime, near “infinity.” A rigorous general mathemati-
cal definition of a black hole is quite technical, but roughly
speaking, when we refer to the black hole region of a space-
time, wemean a region that has the property that light rays
emanating from the black hole region can never reach its
complement, while from every point of the complement,
one should be able to “escape to infinity” by following a
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Figure 4. Left: The roof of the Denver International Airport is a
tensioned fabric structure that employs double-curved
minimal surfaces. Right: Triply periodic minimal surfaces are
used in industry as cost-effective functional components to
produce high-complexity customized structures via 3D
printing technology.

light ray. The boundary of the black hole region is called
the event horizon. Given a spatial 3-dimensional “snapshot
in time”𝑀 in our spacetime, we would like to understand
which points in 𝑀 lie inside the black hole, but unfortu-
nately, since the black hole region can only be technically
defined in terms of global properties of the spacetime, it
is impossible to tell whether or not a given point in𝑀 lies
inside the black hole without complete knowledge of the
long-term spacetime future of 𝑀.

Penrose’s concept of a trapped surface offers us an acces-
sible way to understand the location of a black hole with-
out knowing its long-term future: Given a 2-surface Σ in
spacetime, imagine shooting a light ray from each point of
Σ, and then define Σ𝑡 to be the surface obtained by follow-
ing these light rays for parameter-time 𝑡, so that Σ𝑡 can be
thought of as a “shell of light” emanating from Σ. (Note
that we should not think of this 𝑡 as actual “time” since
light does not experience passage of time.) We typically
expect that if we shoot these light rays inward, the area of
Σ𝑡 will decrease in 𝑡, and that if we shoot them outward,
the area of Σ𝑡 will increase, as is the case for a standard
sphere in the Minkowski spacetime. However, in the pres-
ence of strong gravity, it is possible for the family of outgo-
ing light shells to have decreasing area forms at each point
of Σ, and in this case we say that Σ is an (outer) trapped
surface. See Figure 5. Meanwhile, a marginally outer trapped
surface (or MOTS) refers to the borderline case in which the
area forms at each point are unchanging to first-order in 𝑡.

Penrose’s famed singularity theorem states that under
certain physically reasonable assumptions, the existence
of a closed trapped surface implies that there is a light ray
emanating from the trapped surface that eventually runs
into a singularity. Intuitively, the behavior of a trapped

Figure 5. Typically, the outgoing “light shell” has increasing
area form as it exits the surface, as shown for the surface Σ1.
Meanwhile, for the trapped surface Σ2, the area form is
decreasing.

surface feels a bit like saying that even though the light
rays are “directed outward,” they are still “moving inward,”
which vaguely captures the idea of light not being able
to “escape.” Because of this heuristic and Penrose’s singu-
larity theorem, physicists often associate trapped surfaces
with the existence of black holes, and in fact, under cer-
tain global hypotheses, one can even prove that trapped
surfaces must lie inside the black hole region. Because of
this relationship, the (weakly) trapped region of 𝑀, which
we define to be the region of𝑀 enclosed by either trapped
surfaces or MOTS in 𝑀, can be thought of as a simpler
stand-in for the intersection of 𝑀 with the black hole re-
gion, and the apparent horizon of 𝑀, which we define to be
the boundary of the trapped region of 𝑀, can be thought
of as a simpler stand-in for the intersection of 𝑀 with the
event horizon. The advantage of these concepts is that
the trapped region and apparent horizon are entirely deter-
mined by data along the spatial 3-dimensional “snapshot
in time” 𝑀.

3. Spacetime Geometry
Since we want to consider 4-dimensional spacetimes but
without a uniquely determined “time coordinate,” the
natural setting of general relativity is a 4-manifold. A
Lorentzian metric 𝐠 on a 4-manifold 𝑁 defines an inner
product with signature (−,+,+,+) on each tangent space
of 𝑁, smoothly depending on the base point. This means
that at each point of 𝑁, there is an orthogonal basis of
tangent vectors {𝑒0, 𝑒1, 𝑒2, 𝑒3} such that 𝐠(𝑒0, 𝑒0) = −1 and
𝐠(𝑒𝑖, 𝑒𝑖) = +1 for 𝑖 = 1, 2, 3. So if a tangent vector 𝑣 is
given by (𝑣0, 𝑣1, 𝑣2, 𝑣3) when written in this basis, then
𝑔(𝑣, 𝑣) = −(𝑣0)2 + (𝑣1)2 + (𝑣2)2 + (𝑣3)2. If one thinks of
Riemannian geometry as being locally modeled on the Eu-
clidean metric 𝑑𝑠2 = 𝑑𝑥2+𝑑𝑦2+𝑑𝑧2, one can analogously
think of Lorentzian geometry as being locally modeled on
the Minkowski metric 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2. Spe-
cial relativity is essentially the physics of Minkowski geom-
etry, so the reason why a Lorentzian manifold is the natu-
ral setting for general relativity is that the theory should
be locally modeled on special relativity. Moreover, we
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Figure 6. At the tangent space of each point, one can define
the future and past light cones. Two future null vectors 𝑒0 + 𝑒1
and 𝑒0 − 𝑒1 are given. The yellow curve is null as its tangent
vector is null at each point. The submanifold at the
bottom-right is spacelike because its tangent vectors are
spacelike at each point.

will often implicitly assume that 𝐠 is asymptotic to the
Minkowski metric in some sense.

For any tangent vector 𝑣 of 𝑁, we call it timelike if
𝐠(𝑣, 𝑣) < 0, null if 𝐠(𝑣, 𝑣) = 0, and spacelike if 𝐠(𝑣, 𝑣) > 0.
So for example, 𝑒0 is timelike, 𝑒1 is spacelike, and 𝑒0+𝑒1 is
null. The null vectors form a double cone which separates
the timelike vectors from the spacelike ones. A spacetime
is a Lorentzian 4-manifold (𝑁, 𝐠) equipped with a globally
defined unit timelike vector field, which we may select as
our 𝑒0 at every point. This choice allows us to further dis-
tinguish between future null or timelike vectors, which lie
on or above the upper half of the null cone, and past null
or timelike vectors, which lie on or below the lower half of
the null cone.

A submanifold of 𝑁 is called spacelike if all of its tan-
gent vectors are spacelike, or equivalently, if 𝐠 induces a
Riemannian metric on it. In particular, we define a space-
like slice of 𝑁 to be a 3-dimensional spacelike hypersurface
𝑀, which is what we earlier referred to as a “snapshot in
time.” The induced Riemannian metric 𝑔 and the second
fundamental form1 𝑘 of a spacelike slice𝑀 can largely cap-
ture the spacetime geometry along 𝑀, and we will refer to
(𝑀, 𝑔, 𝑘) as an initial data set. A curve is called null (or time-
like) if its tangent vector is null (or timelike) at each point.
See Figure 6. As in Riemannian geometry, a Lorentzian
metric 𝐠 gives us a concept of “straight lines,” which we
call geodesics. The path of a light ray traces out a future
null geodesic in the spacetime, while a massive test parti-
cle will trace out a future timelike geodesic. A test particle
that traces out a spacelike geodesic would travel faster than
the speed of light, and thus it is unphysical.

Einstein’s equations demand that certain “curvatures”
of 𝐠 must be equal to the stress-energy tensor, which

1The second fundamental form of𝑀 ⊂ (𝑁, 𝐠) is defined to be the tangential
part of ∇𝐠𝐧 where 𝐧 is the future unit normal of𝑀.

Figure 7. The Schwarzschild metric in the ingoing
Eddington-Finkelstein coordinates (one space dimension
suppressed). Any light ray that starts at a point where 𝑟 < 2𝑚
will crash into the 𝑟 = 0 singularity. The surfaces Σ𝑣,𝑟 defined
by constant 𝑣, 𝑟 coordinates are trapped surfaces whenever
𝑟 < 2𝑚, and they are MOTS when 𝑟 = 2𝑚.

describes the distribution of energy in the spacetime.2 One
can view these equations as a complicated nonlinear sys-
tem of partial differential equations on 𝐠, with the stress-
energy tensor as a source term. An initial data set (𝑀, 𝑔, 𝑘)
may be regarded as Cauchy data for this system of partial
differential equations, as explicated by the fundamental
work of Yvonne Choquet-Bruhat on well-posedness of the
Einstein equations.

As alluded to earlier, the Schwarzschildmetrics were the
first nontrivial solutions to be discovered with source term
equal to zero. In one particular choice of coordinates, the
Schwarzschild metric of mass 𝑚 can be written as

𝐠𝑚 = −(1 − 2𝑚
𝑟 ) 𝑑𝑣2 + 2𝑑𝑣𝑑𝑟 + 𝑟2𝑑Ω2,

which is a smooth Lorentzian metric on ℝ × (0,∞) × 𝑆2,
where 𝑣 ∈ ℝ, 𝑟 ∈ (0,∞), and 𝑑Ω2 is the standard Rie-
mannian metric on the sphere 𝑆2. In this spacetime, one
can show that a light ray emanating from within the re-
gion 𝑟 ≤ 2𝑚 can never enter the region 𝑟 > 2𝑚, while
any point in the region 𝑟 > 2𝑚 can be connected to “infin-
ity” by a light ray. Or in other words, the region 𝑟 ≤ 2𝑚
is a black hole region, with its boundary 𝑟 = 2𝑚 as the
event horizon. It is also a fact that as 𝑟 approaches zero, the
metric becomes singular there in the sense that the curva-
ture blows up, and moreover, any light ray (or massive test

2Specfically, the curvatures referred to here are the Einstein tensor of 𝐠, defined
to be 𝐆 = 𝐑𝐢𝐜 − 1

2
𝐑𝐠 where 𝐑𝐢𝐜 and 𝐑 are the Ricci and scalar curvatures of

𝐠, respectively.
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Figure 8. Parallel surfaces of distance 𝑡 away from Σ in the
direction 𝜈 are shown. Positive mean curvature of Σ is
characterized by the property that the area of Σ𝑡 increases in 𝑡
for small 𝑡.

particle) starting at a point where 𝑟 < 2𝑚 will inevitably
crash into this singularity. See Figure 7.

4. Variations of Surface Area
Earlier we described trapped surfaces in terms of decreas-
ing area forms of “light shells.” Here we will make that
precise, but first we discuss the simpler concept of varying
the area form of a surface Σ in a Riemannian 3-manifold
(𝑀, 𝑔). Suppose 𝜈 is a unit normal vector on Σ, which
we will regard as the “outward” direction (regardless of
whether Σ separates 𝑀 into an “outside” and “inside”),
and let Φ𝑡 be a family of diffeomorphisms on 𝑀 with Φ0
equal to the identity. Then Σ𝑡 ∶= Φ𝑡(Σ) defines a fam-
ily of surfaces, sometimes called variations of Σ, whose
first-order variation vector field 𝑋 along Σ is defined by

𝑋(𝑝) ∶= 𝜕
𝜕𝑡
||𝑡=0 Φ𝑡(𝑝) for each 𝑝 ∈ Σ. Let us consider out-

ward normal variations, which are those for which 𝑋 = 𝑒ᵆ𝜈
along Σ, for some smooth function 𝑢.

One simple variation of Σ is the family of parallel sur-
faces, obtained by taking Φ𝑡(𝑝) = exp𝑝(𝑡𝜈) for small 𝑡, at
each 𝑝 ∈ Σ, where exp𝑝 is the exponential map at 𝑝. This
just means thatΦ𝑡(𝑝) is obtained by starting at 𝑝, and then
moving along the geodesic pointing in the 𝜈 direction for
𝑡 units of arclength. These are called parallel surfaces be-
cause Σ𝑡 will be exactly a (signed) distance 𝑡 away from Σ
in the 𝜈 direction (for small enough 𝑡). For this family,
the first-order variation 𝑋 is just 𝜈, and this family gives us
one way to define the mean curvature𝐻: It measures the lo-
cal increase (or decrease) in area as we move through the
family of parallel surfaces. Explicitly, if 𝑑𝜎 denotes the in-
duced area form on Σ and 𝑑𝜎𝑡 denotes the induced area
form on Σ𝑡 (and then pulled back to Σ via Φ𝑡), then the
mean curvature 𝐻 is defined to be the unique function on
Σ such that

𝜕
𝜕𝑡
|||𝑡=0

𝑑𝜎𝑡 = 𝐻 𝑑𝜎,

at each 𝑝 ∈ Σ. Note that the sign of 𝐻 will depend on
choice of 𝜈. See Figure 8.

One can then show that for any outward normal
variation with first-order variation 𝑋 = 𝑒ᵆ𝜈, we have
𝜕
𝜕𝑡
||𝑡=0 𝑑𝜎𝑡 = 𝑒ᵆ𝐻 𝑑𝜎. From this we see that if 𝐻 > 0 on

Σ, then all small outward normal variations will increase
area, and if𝐻 < 0 on Σ, then all small outward normal vari-
ations will decrease area. A minimal surface is defined to be
a surface with 𝐻 = 0 everywhere. It is called this because
any surface whose area minimizes area among all small
outward and inward normal variations must have 𝐻 = 0.
(Note that it is a bit of a misnomer since a minimal surface
need not minimize area among variations.)

Now consider a spacelike 2-surface Σ in a 4-dimensional
spacetime (𝑁, 𝐠). Now, instead of having a 1-dimensional
space of normal vectors at each point of Σ, we have a 2-
dimensional space of normal vectors. However, our space-
time geometry picks out exactly two future null directions,
which correspond to two normal directions from which
light rays can originate. Specifically, if 𝜈 is a spacelike unit
vector orthogonal to Σ and 𝑒0 is a future timelike unit vec-
tor orthogonal to both Σ and 𝜈, then those two future null
directions are given by 𝑒0 +𝜈 and 𝑒0 −𝜈. Suppose that ℓ is
a future null vector field defined along Σ which is normal
to Σ at each point. Note that we cannot demand a “unit
length” normalization since ℓ has “length” zero. Multi-
plying ℓ by a positive function yields another future null
normal vector field defined along Σ, but modulo this sort
of rescaling, there can only be two choices of future null
normal, and we may designate one of them as “outward.”
Given a choice of (future) outward null normal ℓ for Σ, we
use it in the following construction:

Define a family Σ𝑡 = Φ𝑡(Σ) in 𝑁 by defining Φ𝑡(𝑝) =
exp𝑝(𝑡ℓ), where exp𝑝 is the exponential map at 𝑝. This is
the family of “light shells” referred to in Section 2, and it
is analogous to the family of parallel surfaces in the Rie-
mannian setting. Now we define the (outward) null expan-
sion analogously to how we defined the mean curvature: It
is the unique function 𝜃 on Σ with the property that

𝜕
𝜕𝑡
|||𝑡=0

𝑑𝜎𝑡 = 𝜃 𝑑𝜎

at each 𝑝 ∈ Σ. Since 𝜃 depends on the exact choice of ℓ,
and there is no natural choice of scaling for ℓ, it turns out
that only the sign of 𝜃 is a physical or geometric property
of Σ. We can now define Σ to be an (outer) trapped surface if
𝜃 < 0, an (outer) untrapped surface if 𝜃 > 0, or a marginally
outer trapped surface (or MOTS) if 𝜃 = 0.

Now suppose that the 2-surface Σ lies in a designated
spacelike slice 𝑀 of the spacetime (𝑁, 𝐠). In this case, a
choice of outward normal 𝜈 to Σ in 𝑀 gives us a choice of
outward null normal ℓ on Σ by taking ℓ = 𝑒0 +𝜈 as above,
where 𝑒0 is the future timelike unit normal to 𝑀. In the
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special case where 𝑀 is totally geodesic in 𝑁, 𝜃 is equal to
𝐻, and hence a MOTS is just a minimal surface. Because
of this, MOTS can be thought of as generalizations of min-
imal surfaces, and therefore any general facts or heuristics
about MOTS arising from physics automatically translate
into statements aboutminimal surfaces. Conversely, some
parts of the highly developed theory of minimal surfaces
can be used to attack questions concerning MOTS. For ex-
ample, the existence theory for minimal surfaces using bar-
riers was adapted by Lars Andersson and Jan Metzger and
by Michael Eichmair to prove a corresponding existence
theorem for MOTS, and they were also able to prove that
an apparent horizon must be a smooth MOTS [AEM11].

5. Topology of Black Holes
Going back to the example of the Schwarzschild spacetime,
each choice of (𝑣, 𝑟) defines a 2-sphere Σ𝑣,𝑟. In this case,
there is a natural choice for which of the two future null
directions is “outward” and we can choose it as our ℓ, and
then we can compute the null expansion 𝜃 of Σ𝑣,𝑟 to see
that Σ𝑣,𝑟 is trapped when 𝑟 < 2𝑚, untrapped when 𝑟 > 2𝑚,
and is a MOTS when 𝑟 = 2𝑚. See Figure 7. In fact, one can
show that for a spacelike slice 𝑀 of Schwarzschild, the ap-
parent horizon in𝑀 is actually equal to the intersection of
𝑀 with the event horizon. More generally, this is true for
any slice 𝑀 of a “stationary” spacetime.3 Using this fact,
Hawking was able to show, under reasonable physical hy-
potheses, that any cross-section (i.e. a spacelike 2-surface)
of an event horizon in a stationary spacetime must be a
topological sphere [Haw72]. Or in simpler terms, the sur-
face of a black holemust be a topological sphere. Based on
a suggestion by Gary Gibbons, Hawking was able to gener-
alize his argument to show that even without the station-
ary hypothesis (which is very strong), apparent horizons
must be topological spheres [Haw73]. We will explain this
result below.

Let𝑀 be a spacelike slice of a spacetime. Given a surface
Σ in𝑀 with a choice of “outward” normal 𝜈, we say that Σ
is a locally outermost MOTS in 𝑀 if it is a MOTS and there
do not exist arbitrarily small outward normal variations of
Σ in 𝑀 with 𝜃 ≤ 0. An apparent horizon in 𝑀 must be a
locally outermostMOTS in𝑀, and this is the relevant prop-
erty used in Hawking’s proof, which is a beautiful combi-
nation of calculus of variations and the Gauss-Bonnet the-
orem.

Theorem 1 (Hawking). Any orientable locally outermost
closed MOTS in an initial data set satisfying the dominant en-
ergy condition must be a topological sphere.

3A spacetime is called stationary if it admits a global Killing vector field that is
asymptotically timelike.

The dominant energy condition is a physically realis-
tic assumption on the stress-energy tensor4, which we will
come back to later. This result was generalized by Gre-
gory Galloway and Schoen, who showed that higher di-
mensional analogues of apparent horizons must be topo-
logically Yamabe positive [GS06].

6. The Locally Outermost Property
Schoen and Yau were the first to notice that minimal sur-
faces could be used to study scalar curvature. The scalar
curvature 𝑅𝑀 of a Riemannian metric (𝑀, 𝑔) is a scalar func-
tion on 𝑀 which is defined to be the full trace of the Rie-
mann curvature tensor of 𝑔, and as its name suggests, it
is the simplest scalar function that can be computed from
𝑔 that is invariant under change of coordinates. In three
dimensions, it has the property that for small 𝑟 > 0, the
volume of the geodesic ball of radius 𝑟 around 𝑝 ∈ 𝑀 is
given by

4
3
𝜋𝑟3− 2𝜋

45
𝑅𝑀(𝑝)𝑟5+𝑂(𝑟7), so 𝑅𝑀(𝑝)measures the

deviation of volumes of small balls around 𝑝 from their
Euclidean comparison balls. A similar formula holds in
other dimensions, and in particular, for a 2-surface Σ, 𝑅Σ
is just twice the more familiar Gauss curvature 𝐾Σ.

While Hawking exploited the relationship between an
outermost MOTS Σ, the dominant energy condition, and
the Gauss curvature of Σ, Schoen and Yau similarly ex-
ploited the relationship between an area minimizing sur-
face Σ, scalar curvature of the ambient Riemannian space,
and the Gauss curvature of Σ. To be more precise, sup-
pose we have a closed orientable surface Σ in a Riemann-
ian 3-manifold with nonnegative scalar curvature. Schoen
and Yau observed that if Σminimizes area compared to all
small variations of Σ, then Σ must be topologically either
a sphere or a torus. By a refined argument, Mingliang Cai
and Galloway showed that if Σ is strictly area-minimizing,
then Σ must be a topological sphere. We will explain a
similar result that is a special case of Hawking’s theorem.

Given a surface Σ with a choice of “outward” normal
𝜈, we will say that Σ is a locally outermost minimal surface if
it is a minimal surface and there are no arbitrarily small
outward normal variations of Σ with 𝐻 ≤ 0.

Theorem 2. Any orientable locally outermost closed minimal
surface Σ in a Riemannian 3-manifold (𝑀, 𝑔) with nonnegative
scalar curvature must be a topological sphere.

Proof. Let Σ𝑡 be an outward normal variation of Σ in 𝑀,
with first-order variation 𝑋 = 𝑒ᵆ𝜈, and let 𝐻𝑡 denote the
mean curvature of Σ𝑡 (pulled back to Σ). One can always

4Explicitly, we say that an initial data set (𝑀, 𝑔, 𝑘) satisfies the dominant en-
ergy condition if the Einstein tensor satisfies 𝐆(𝑒0, 𝑣) ≥ 0 where 𝑒0 is the future
normal to𝑀 and 𝑣 is any future null or timelike vector. The condition can also
be expressed purely in terms of (𝑔, 𝑘).
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Figure 9. Lawson’s minimal surfaces of genus 2, 3, 4, 5, and 6 in 𝑆3, stereographically projected to ℝ3 in two different ways.

find an outward normal variation such that

𝜕𝐻𝑡
𝜕𝑡

|||𝑡=0
= 𝜆𝑒ᵆ (1)

for some constant 𝜆. (More precisely, 𝑒ᵆ is chosen to be the
principal eigenfunction of the linearized mean curvature
operator.) The locally outermost assumption on Σ implies
that 𝜆 ≥ 0, because otherwise, we would have 𝐻𝑡 < 0 for
small 𝑡 > 0.

Routine geometric computations, including use of the
Gauss equation, show that

𝜕𝐻𝑡
𝜕𝑡

|||𝑡=0
= 𝑒ᵆ (−ΔΣ𝑢 − |∇𝑢|2 + 𝐾Σ −

1
2
𝑅𝑀 − 1

2
|𝐴|2)

≤ 𝑒ᵆ (−ΔΣ𝑢 + 𝐾Σ) ,

(2)

where ΔΣ denotes the Laplace-Beltrami operator on Σ, 𝐴
is the second fundamental form of Σ in 𝑀, and we used
the assumption that 𝑅𝑀 ≥ 0. Combining this with (1), we
have

𝜆 ≤ −ΔΣ𝑢 + 𝐾Σ,
and integrating this over Σ and using the Gauss-Bonnet
Theorem, it follows that

0 ≤ 𝜆 ⋅ (Area Σ) ≤ 2𝜋𝜒(Σ).

Therefore Σ is either a torus or a sphere.
To rule out the torus, suppose to the contrary that Σ is

a torus. Then 𝜒(Σ) = 0, and thus 𝜆 = 0. In this case, an in-
verse function theorem argument can be used to construct
an outward normal variation Σ𝑡 with the added property
that each Σ𝑡 has constant mean curvature𝐻𝑡. Let 𝑋𝑡 = 𝑒ᵆ𝑡𝜈𝑡
be the first-order variation of Σ𝑡 at an arbitrary 𝑡. As in (2),
we have

𝜕𝐻𝑡
𝜕𝑡 𝑒

−ᵆ𝑡 ≤ −ΔΣ𝑡𝑢𝑡 + 𝐾Σ𝑡 .

Since Σ𝑡 is a torus and
𝜕𝐻𝑡
𝜕𝑡

is constant over Σ𝑡, integrating
both sides of the above inequality overΣ𝑡 shows that

𝜕𝐻𝑡
𝜕𝑡

≤
0 for all 𝑡 ≥ 0, which contradicts the locally outermost
assumption. □

Without the locally outermost assumption, a minimal
surface can have higher genus. For example, the stan-
dard 3-sphere admits closed minimal surfaces of arbitrary
genus. See Figure 9. Over the last decade Fernando Mar-
ques and André Neves have advanced the study of min-
imal surfaces using min-max methods, and building on
their work, Haozhao Li and Xin Zhou proved that a generic
closed Riemannian 3-manifold with positive Ricci curva-
ture admits closed minimal surfaces with arbitrarily high
genus, and Antoine Song proved Yau’s 1982 conjecture
that all closed Riemannian 3-manifolds admit infinitely
many closed minimal surfaces.

The proof of Theorem 1 is conceptually similar to that
of Theorem 2. In that case, we start with an orientable
locally outermost closed MOTS Σ in an initial data set
(𝑀, 𝑔, 𝑘). We still look at outward normal variations of Σ
in 𝑀, but instead of (2), we obtain

𝜕𝜃𝑡
𝜕𝑡

|||𝑡=0
≤ 𝑒ᵆ (−ΔΣ𝑢 + 𝐾Σ + divΣ𝑊) ,

for some quantity 𝑊 , where this time the inequality fol-
lows from the dominant energy condition rather than non-
negative scalar curvature. The rest of the proof is essentially
the same since the integral of the extra divergence term is

zero. However, dealing with the case where
𝜕𝜃𝑡
𝜕𝑡
||𝑡=0 = 0 re-

quires an additional argument (by Galloway) because the

formula for
𝜕𝜃𝑡
𝜕𝑡

at a general 𝑡 has an extra term involving
𝜃𝑡 (which happens to vanish when 𝑡 = 0).
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7. Positive Mass Theorem
We will now discuss how a version of the topological argu-
ment from the previous section can be used to prove the
celebrated positive mass theorem. Let (𝑀, 𝑔, 𝑘) be an ini-
tial data set and assume that it is asymptotically flat, mean-
ing that in coordinates, the metric 𝑔𝑖𝑗 is asymptotic to the
Euclidean metric 𝛿𝑖𝑗 while the second fundamental form
𝑘𝑖𝑗 is asymptotic to zero, in some precise sense that we will
not describe here. An asymptotically flat initial data set has
a well-defined total ADM energy-momentum5 (𝐸, 𝑃1, 𝑃2, 𝑃3).
Theorem 3 (Positive mass theorem). Let 𝑀 be a complete
asymptotically flat 3-dimensional initial data set satisfying the
dominant energy condition. Then the ADM energy-momentum
(𝐸, 𝑃1, 𝑃2, 𝑃3) satisfies 𝐸 ≥ |𝑃|. Furthermore, the equality 𝐸 =
|𝑃| holds if and only if (𝑀, 𝑔) can be isometrically embedded into
the Minkowski spacetime with second fundamental form 𝑘.

This is called the “positive mass theorem” because an
object with future timelike energy-momentum 𝐸 > |𝑃|
is said to have positive mass. Explicitly, the mass is
√𝐸2 − |𝑃|2. Note that a spacelike slice of the Schwarzschild
spacetime with mass 𝑚 will (unsurprisingly) have ADM
mass equal to 𝑚. Negative mass, which is unphysical,
would correspond to past timelike energy momentum 𝐸 <
−|𝑃|, while spacelike energy momentum |𝐸| < |𝑃|, which
would correspond to “imaginary mass,” is also unphysi-
cal since it is associated with objects moving faster than
the speed of light. Meanwhile, null energy-momentum
|𝐸| = |𝑃| corresponds to zero mass.

The positive mass theorem is highly desirable for phys-
ical reasons. The dominant energy condition can be de-
scribed as the reasonable physical assumption that the
sources for Einstein’s equations cannot travel faster than
light, as measured by any observer. The positive mass the-
orem loosely asserts that as long as these sources cannot
travel faster than light, the entire configuration of sources,
as viewed from far away, should not behave like an ob-
ject traveling faster than light, or as fast as light. An exam-
ple of a violation of the positive mass theorem could be
a configuration of positive mass sources that somehow re-
pels far away objects instead of attracting them. Because of
the nonlinearities of Einstein’s equations, it is highly non-
trivial to prove that such perversities cannot happen.

The study of the positive mass theorem has a long his-
tory. A particularly important special case is when 𝑀 is

5The ADM energy-momentum was formulated by physicists Arnowitt, Deser,
and Misner, and explicitly, the numbers (𝐸, 𝑃1, 𝑃2, 𝑃3) are defined by

16𝜋𝐸 = lim
𝑟→∞

∫
|𝑥|=𝑟

∑
𝑖,𝑗
(
𝜕𝑔𝑖𝑗
𝜕𝑥𝑖

− 𝜕𝑔𝑖𝑖
𝜕𝑥𝑗

)
𝑥𝑗
𝑟 𝑑𝜎,

8𝜋𝑃𝑖 = lim
𝑟→∞

∫
|𝑥|=𝑟

∑
𝑗
(𝑘𝑖𝑗 − (tr𝑘)𝑔𝑖𝑗)

𝑥𝑗
𝑟 𝑑𝜎.

Figure 10. Under the (contradictory) assumption 𝐸 < |𝑃|, two
coordinate planes Π1 and Π2, together with the lateral side of
a cylinder of large radius, provide barriers for the existence of
a MOTS Σ𝑟 with prescribed boundary. A subsequential limit
surface of Σ𝑟 as 𝑟 → ∞ is a complete MOTS satisfying a
stability property.

a totally geodesic slice of the spacetime. In this case, the
positive mass theorem reduces to a statement about Rie-
mannian geometry, which is often called the Riemannian
positive mass theorem: If (𝑀, 𝑔) is a complete asymptoti-
cally flat manifold with nonnegative scalar curvature, then
𝐸 > 0 unless (𝑀, 𝑔) is Euclidean. This special case was
first proved by Schoen and Yau in 1979 using minimal sur-
faces, and soon later they proved that 𝐸 ≥ 0 in the gen-
eral case using the Jang equation [SY79, SY81]. Edward
Witten was able to prove that 𝐸 ≥ |𝑃| using a spinor ar-
gument [Wit81]. This might be more accurately called a
“nonnegative mass theorem” since it does not handle the
second statement about 𝐸 = |𝑃| in Theorem 3, which we
will refer as the equality case of the positive mass theorem. In
a 2015 article with Eichmair and Schoen, we gave an al-
ternative proof of this nonnegative mass theorem by ex-
tending Schoen and Yau’s argument and by replacing the
minimal surfaces by MOTS [EHLS16]. In that article we
also tackled the more technically challenging case of 𝑛-
dimensional slices, for 3 < 𝑛 < 8, by introducing a new
functional that mimics the first variation of the area func-
tional. There are recent results of Schoen and Yau and of
Lohkamp that deal with higher dimensions. One can also
weaken the hypotheses of Theorem 3 to allow 𝑀 to have
a boundary as long as that boundary is a closed trapped
surface or MOTS [GHHP83,LLU21]. Physically, this corre-
sponds to allowing for the possibility of a black hole with-
out having to assume too much about the geometry inside
the black hole.

We outline the proof of the nonnegative mass theorem
for 3-dimensional 𝑀.

Outline of proof. By a subtle density theorem (see Section 6
of [EHLS16]), one can show that without loss of generality,
we can assume that the “strict” dominant energy condition
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holds and that the initial data (𝑔, 𝑘) has especially “nice”
asymptotics at spatial infinity.

The proof proceeds by contradiction. Suppose that
𝐸 < |𝑃|. The “nice” asymptotics imply that there exist non-
intersecting coordinate planes Π1 and Π2 such that Π1 is
trapped and Π2 is untrapped; namely, 𝜃 < 0 on Π1 and
𝜃 > 0 on Π2. See Figure 10. From a PDE perspective, this
means that they provide barriers for the MOTS equation
𝜃 = 0. Using these barriers, an existence theorem due to
Eichmair [Eic09] allows us to construct a MOTS with pre-
scribed boundary that is sandwiched between the planes
Π1 and Π2. By taking that prescribed boundary larger and
larger, we can extract a subsequential limit surface which is
a complete MOTS Σ sandwiched between Π1 and Π2, and
we can show that Σ itself is asymptotically planar. While
this Σ need not be a locally outermost MOTS, it still en-
joys a “MOTS stability” property that, together with the
strict dominant energy condition, can be used to show that
∫Σ 𝐾Σ 𝑑𝜎 > 0 in a manner that is conceptually similar to
the proof of Theorem 2. The “strict” dominant energy con-
dition is what forces this inequality to be strict. Finally, the
Gauss-Bonnet Theorem with boundary implies that this is
impossible for an asymptotically planar surface. □

To prove the equality case of the positive mass the-
orem requires significant extra work. One must show
that if 𝐸 = |𝑃|, then the slice 𝑀 actually sits inside the
Minkowski spacetime, in the sense described in the the-
orem. This actually implies that 𝐸 = |𝑃| = 0 since any
slice of Minkowski has this property. The equality case
was proved for all spin manifolds by work of Robert Beig
and Piotr Chruściel [BC96], and Chruściel and Daniel
Maerten. This covers all 3-manifolds since all 3-manifolds
carry spin structures. More recently, we were able to pro-
vide a separate proof that avoids the use of a spin as-
sumption [HL20b]. Our proof uses a variational argument
among initial data sets satisfying the dominant energy con-
dition, which turns out to have an intriguing connection to
the question of “improving” the dominant energy condi-
tion studied by Justin Corvino and the first author [CH20].
The improvability of the dominant energy condition man-
ifestly relates to the fundamental problem of scalar curva-
ture deformation in differential geometry and was further
explored in our recent work [HL20a].

One curious feature of both our proof and the spinor
proof is that in higher dimensions, the equality case of the
positive mass theorem seems to require a stronger defini-
tion of asymptotic flatness than the standard one needed
for the “nonnegative mass theorem” to be true. Some-
what surprisingly, it turns out that when the spatial dimen-
sion is greater than eight, there do exist counterexamples
to the expected strict inequality 𝐸 > |𝑃|. See Example
7 of [HL20a]. Those examples arise from an important
family of exact solutions to the Einstein equations, called

plane-fronted waves with parallel rays (or pp-waves for
short), whichmodel radiationmoving at the speed of light,
and thus any spacelike slices naturally have 𝐸 = |𝑃| (so
long as these quantities can be defined). The counterex-
amples come from slices of pp-waves which are asymptot-
ically flat enough to satisfy the hypotheses of the nonneg-
ative mass theorem, but not asymptotically flat enough to
satisfy the hypotheses of the equality case of the positive
mass theorem.

While Penrose’s advances were only recently honored
by the Nobel Prize in Physics, the topological and geomet-
ric methods that he introduced helped to build a long, in-
timate relationship between mathematics and general rel-
ativity over the past several decades. We discussed ground-
breaking work of Hawking, Schoen, and Yau as fine ex-
amples of the intriguing interactions between geometry,
topology, analysis, and general relativity. New applica-
tions and interconnections between mathematics and gen-
eral relativity are continually being discovered in more re-
cent developments, as described above. For a more exten-
sive introduction to this field of research, please see the re-
cent graduate-level textbook by the second author [Lee19].
We expect that the exchange of ideas between physics and
mathematics will continue to energize these directions of
inquiry, which we have only lightly touched upon here.
Penrose once stated, “We have a closed circle of consis-
tency here: the laws of physics produce complex systems,
and these complex systems lead to consciousness, which
then produces mathematics, which can then encode in
a succinct and inspiring way the very underlying laws of
physics that gave rise to it.”
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Geometry of
Calabi-Yau Metrics

Song Sun
Introduction
Calabi-Yau metrics are named after two mathematicians:
E. Calabi and S.-T. Yau. They are fundamental objects in
geometry and physics.

Let 𝑀 be a differentiable manifold of dimension 𝑚. A
Riemannian metric 𝑔 defines a smoothly varying family of
inner products on the tangent spaces of 𝑀. We fix a point
𝑝 in 𝑀 and choose an identification Ψ between 𝑇𝑝𝑀 and
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the Euclidean space ℝ𝑚. Then for any piecewise smooth
loop 𝛾 based at 𝑝, parallel transport along 𝛾with respect to
the Levi-Civita connection yields an orthogonal transfor-
mation 𝑃𝛾 ∶ ℝ𝑚 → ℝ𝑚. The holonomy group of 𝑔 is by defi-
nition the subgroup of𝑂(𝑚) consisting of all such transfor-
mations 𝑃𝛾. This is up to conjugation independent of the
choices of 𝑝 andΨ. We say 𝑔 is aCalabi-Yau metric if𝑚 = 2𝑛
and there is a further identification ℝ𝑚 ≃ ℂ𝑛 so that the
holonomy group of 𝑔 is contained in 𝑆𝑈(𝑛) ⊂ 𝑂(𝑚). In
the literature one often uses a weaker notion of local ho-
lonomy group which involves only null-homotopic loops
𝛾. However for our purposes in this article we will take the
above more restrictive definition.

A salient feature of Calabi-Yau metrics is that they
have vanishing Ricci curvature, hence provide solutions to
the Riemannian vacuum Einstein equation. This can be
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deduced as a consequence of the Ambrose-Singer holo-
nomy theorem and the Bianchi identity. In terms of
the Berger classification of Riemannian holonomy groups,
Calabi-Yau metrics are examples of Riemannian metrics
with special holonomy, which play a pivotal role in string
theory.

This article is an expanded version of the notes for some
recent colloquia and mini-school lectures given by the au-
thor. The main goal here is to explain to the readers
some constructions and the geometry of Calabi-Yau met-
rics; in the meantime we aim to selectively discuss several
interesting examples in the field and some recent research
progress. Obviously, this article is by no means supposed
to be a comprehensive historic survey of the subject. The
topics are merely chosen according to the personal taste of
the author, and there are many other related papers em-
phasizing different aspects. Also, for lack of space it is im-
possible to provide precise references to all the resultsmen-
tioned below, but the author hopes that interested readers
can easily look up further details on their own.

The author would like to thank Xuemiao Chen, John
Lott, Holly Mandel, and an anonymous referee for helpful
comments that improved the exposition.

Yau’s Existence Theorem
We first consider the more flexible notion of Kähler met-
rics. A Riemannian metric 𝑔 on a differentiable manifold
𝑀 of dimension 2𝑛 is Kähler if its holonomy group is
contained in 𝑈(𝑛). Since 𝑈(𝑛) = 𝐺𝐿(𝑛; ℂ) ∩ 𝑂(2𝑛), one
can define an almost complex structure on 𝑀, i.e., a ten-
sor field 𝐽 ∶ 𝑇𝑀 → 𝑇𝑀 satisfying 𝐽2 = −𝐼𝑑 that is or-
thogonal with respect to 𝑔 and is parallel under the Levi-
Civita connection. By the Newlander-Nirenberg theorem
it follows that 𝑀 is a complex manifold, that is to say,
near each point one can find complex-valued coordinates
{𝑧𝛼 = 𝑥𝛼 + √−1𝑦𝛼}𝑛𝛼=1 such that the transition functions

are holomorphic and 𝐽 is represented by 𝐽 𝜕
𝜕𝑥𝛼

= 𝜕
𝜕𝑦𝛼

for

𝛼 = 1,⋯ , 𝑛. Furthermore, the associated Kähler form 𝜔 de-
fined by 𝜔(𝑣1, 𝑣2) ≡ 𝑔(𝐽𝑣1, 𝑣2) satisfies 𝑑𝜔 = 0, and it can
be locally written as 𝜔 = √−1𝜕 ̄𝜕𝜙 for a real-valued poten-
tial function 𝜙. In terms of the complex coordinates, the
latter means that

𝜔 = √−1
𝑛
∑

𝛼,𝛽=1

𝜕2𝜙
𝜕𝑧𝛼𝜕 ̄𝑧𝛽

𝑑𝑧𝛼 ∧ 𝑑 ̄𝑧𝛽.

For convenience we also call𝜔 a Kähler metric. Conversely,

any real-valued function 𝜙 such that the matrix ( 𝜕2𝜙
𝜕𝑧𝛼𝜕 ̄𝑧𝛽

) is
positive definite defines a local Kähler metric via the above
formula. If𝑀 is compact, a Kähler metric 𝜔 defines a non-
trivial cohomology class in 𝐻2(𝑀;ℝ). A standard example
is the Fubini-Study metric 𝜔𝐹𝑆 on the complex projective
space ℂℙ𝑁 . In local affine coordinates (𝑧1,⋯ , 𝑧𝑁), one

can take the potential function 𝜙 = log(1+|𝑧1|2+⋯|𝑧𝑁 |2).
Clearly𝜔𝐹𝑆 also restricts to a Kählermetric on any complex
submanifold of ℂℙ𝑁 .

Suppose now 𝜔 is a Kähler metric on a complex mani-
fold 𝑀. Then by definition it is a Calabi-Yau metric if and
only if there exists a non-zero complex-valued 𝑛-form Ω,
locally given as 𝑓𝑑𝑧1∧⋯𝑑𝑧𝑛, which is parallel with respect
to the Levi-Civita connection. This condition is equivalent
to saying that Ω is holomorphic and nowhere vanishing,
i.e., Ω is a holomorphic volume form, and moreover the
following equation holds:

𝜔𝑛 = 𝑐Ω ∧ Ω̄, (1)

where 𝑐 is a constant that can be determined by integrating
over𝑀. A straightforward but crucial computation in Käh-
ler geometry shows that (1) is indeed equivalent to𝜔 being
a Ricci-flat metric on a compact Kähler manifold. This is
related to the remarkable feature of Kähler metrics that the
Ricci curvature is determined locally by a real-valued func-
tion, a huge simplification that does not exist for general
Riemannian metrics.

What we have done in the above is to decouple the defi-
nition of a Calabi-Yaumetric into two ingredients of differ-
ent flavor. First we need 𝑀 to be a complex manifold ad-
mitting a holomorphic volume form Ω and a Kähler met-
ric. For simplicity we will call such a complex manifold a
Calabi-Yau variety. The existence of Ω is a purely complex
analytic condition which, in the case when 𝑀 is compact
and simply connected, is equivalent to the vanishing of
the first Chern class 𝑐1(𝑀). Complex algebraic geometry
provides abundant examples of Calabi-Yau varieties.

The second ingredient we need is a Kähler metric 𝜔 on
𝑀 satisfying (1). For this we have Yau’s celebrated solution
of the Calabi conjecture1, which is the reason for the name
“Calabi-Yau.”

Theorem 0.1 ([Yau78]). Given a compact Calabi-Yau variety
𝑀 with a holomorphic volume form Ω and a Kähler metric 𝜔,
there exists a unique Calabi-Yau metric 𝜔 on𝑀 in the cohomol-
ogy class of 𝜔.

A classical fact is that since 𝑀 is compact, any Kähler
metric on𝑀 cohomologous to𝜔 is of the form𝜔+√−1𝜕 ̄𝜕𝜑
for some globally defined real-valued function 𝜑. Then (1)
becomes a non-linear PDE in 𝜑:

(𝜔 + √−1𝜕 ̄𝜕𝜑)𝑛 = 𝐶Ω ∧ Ω̄. (2)

In terms of local complex coordinates this takes the form
of a complex Monge-Ampère equation. Yau’s proof of The-
orem 0.1 is by solving (2) via a continuity method. Write

1We remark that the original Calabi conjecture was stated in a more general
form, and has led to a far-reaching program in Kähler geometry for the last few
decades, centered around the question of finding canonical Kähler metrics on
complex manifolds.
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𝜔𝑛 = 𝑒𝑓Ω ∧ Ω̄ for a smooth function 𝑓, and consider a
family of equations parameterized by 𝑡 ∈ [0, 1]:

(𝜔 + √−1𝜕 ̄𝜕𝜑𝑡)𝑛 = 𝑒(1−𝑡)𝑓+𝑐𝑡Ω ∧ Ω̄, (∗𝑡)

where again 𝑐𝑡 is a constant determined by integration. Let
𝑇 be the set of 𝑡 ∈ [0, 1] such that (∗𝑡) has a smooth so-
lution 𝜑𝑡 satisfying ∫𝑀 𝜑𝑡𝜔𝑛 = 0. By an integration by
parts argument one sees that such a 𝜑𝑡, if it exists, must
be unique. Obviously 0 ∈ 𝑇 and the goal is to show that
1 ∈ 𝑇. Therefore it suffices to prove that 𝑇 is both open
and closed. The openness follows from a standard implicit
function theorem on Banach spaces, using the fact that the
linearization of (2) is the Laplace equation. The closed-
ness will follow if one can obtain a priori estimates, namely,
if one can show that for any 𝑡 ∈ 𝑇, the unique solution 𝜑𝑡
satisfies the bound |𝜑𝑡|𝐶3(𝑀) ≤ 𝐴 for a constant 𝐴 > 0 in-
dependent of 𝑡, where the norm is defined with respect to
the fixed metric 𝜔. This is the heart of the proof and we
refer interested readers to Yau’s original paper [Yau78].

Theorem 0.1 immediately produces many examples of
non-trivial compact Calabi-Yau metrics from algebraic ge-
ometry.

Example 0.2. Let 𝐹 = 𝐹(𝑍0,⋯ , 𝑍𝑛+1) be a homogeneous
polynomial of degree 𝑛+2 and consider the hypersurface𝑋
in ℂℙ𝑛+1 defined as the zero set of 𝐹. For a generic choice
of 𝐹, 𝑋 is smooth. We claim that it is a Calabi-Yau vari-
ety. Indeed, one may write down an explicit holomorphic
volume formΩwhich, in terms of the homogeneous coor-
dinates, is given by

Ω = ( 𝜕𝐹𝜕𝑍0
)−1𝑑𝑍1 ∧⋯ ∧ 𝑑𝑍𝑛+1

on the open set { 𝜕𝐹
𝜕𝑍0

≠ 0}. Yau’s theorem implies the ex-

istence of a unique Calabi-Yau metric 𝜔 on 𝑋 in the coho-
mology class of the restriction of the Fubini-Study metric.

In the above example, when 𝑛 = 1, we know 𝑋 is an
elliptic curve and themetric𝜔 is a flatmetric on the 2-torus.
In this case one can use elliptic integrals to write down a
formula for 𝜔 in the projective coordinates [𝑍0 ∶ 𝑍1 ∶ 𝑍2].
When 𝑛 ≥ 2, there is no known closed formula for the
metric 𝜔.

In light of this, it is interesting to understand more
precisely the geometry of the Calabi-Yau metrics resulting
from Theorem 0.1. This is the topic that we shall discuss
in the rest of this article.

Calabi-Yau Metrics with Symmetry
By the Bochner technique, having vanishing Ricci curva-
ture implies that a compact Calabi-Yau metric cannot ad-
mit any non-trivial continuous symmetry, i.e., any Killing
vector field must be parallel. But this does not have to be

the case for non-compact manifolds. Indeed, there are ex-
plicit constructions of non-compact Calabi-Yau metrics us-
ing symmetry which, as we shall see later, often provide
models and intuition for understanding the geometry of
compact Calabi-Yau metrics near the degeneration limit.

In the simplest setting when the complex dimension is
2, we recall the well-known Gibbons-Hawking ansatz [GH].
Choose a positive harmonic function 𝑉 defined on a con-
tractible open set 𝑄 in the Euclidean space ℝ3. Then one
can write ∗𝑑𝑉 = 𝑑𝜃 for a 1-form 𝜃, where ∗ denotes the
Hodge star operator. On the product space 𝑃 = 𝑄×𝑆1, we
consider a Riemannian metric given by the formula

𝑔 = 𝑉
3
∑
𝑖=1

𝑑𝑥2𝑖 + 𝑉−1(𝑑𝑡 + 𝜃)2,

where 𝑥𝑖’s are standard coordinates on ℝ3, and 𝑡 denotes
the standard coordinate on 𝑆1 = ℝ/ℤ. This metric is in-
variant under the obvious free 𝑆1 rotation on the second
factor.

We claim that 𝑔 is a Calabi-Yau metric. One way of see-
ing this is to define 3 orthogonal almost complex struc-
tures 𝐽𝑖 (𝑖 = 1, 2, 3) by setting 𝐽𝑖𝑑𝑥𝑖 = 𝑑𝑥𝑖+1 and 𝐽𝑖𝑑𝑥𝑖+2 =
𝑉−1(𝑑𝑡 + 𝜃), where we make the convention to identify
the subscripts modulo 3. They satisfy the quaternionic
relations 𝐽𝑖𝐽𝑖+1 = 𝐽𝑖+2, and it is an exercise to check that
they are all parallel with respect to the Levi-Civita connec-
tion. This means that the holonomy group is given by the
unit quaternions 𝑆𝑝(1), which is isomorphic to 𝑆𝑈(2) if we
identify further ℂ2 with the quaternions ℍ. Notice there
are indeed a whole family of parallel orthogonal almost
complex structures given by ∑3

𝑖=1 𝑎𝑖𝐽𝑖, where (𝑎1, 𝑎2, 𝑎3)
lies in the unit sphere inℝ3. In terms of usual terminology,
the metric 𝑔 is hyperkähler.

Conversely, any Calabi-Yau metric in 2 complex dimen-
sions with a free 𝑆1 action is locally given in the above
form. Indeed, one can recover the coordinates 𝑥𝑖’s as the
moment maps with respect to the Kähler form 𝜔 and the
real and imaginary part of the holomorphic volume form

Ω, the function 𝑉− 1
2 as the length of the corresponding

Killing field
𝜕
𝜕𝑡

, and 𝜃 as the dual 1-form of
𝜕
𝜕𝑡

. Most strik-

ingly, the 𝑆1 symmetry allows us to reduce the non-linear
PDE for Calabi-Yau metrics to the Laplace equation on ℝ3

which is a linear PDE.
The Calabi-Yau metrics constructed this way have little

topology. The situation becomes more appealing if one
makes certain variants of the construction. First we can let
𝑄 be a domain in a general flat 3manifold with a global or-
thonormal frame, which we also allow to have non-trivial
topology. The above procedure goes through if 𝑉 satisfies
an integrality condition that

1
2𝜋
∫𝐶 ∗𝑑𝑉 ∈ ℤ for all 2-cycles

𝐶 ∈ 𝐻2(𝑄; ℤ). Then 𝑃 is replaced by a principal 𝑆1 bundle
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𝜋 ∶ 𝑃 → 𝑄, and 𝑑𝑡 + 𝜃 is replaced by a connection 1-form
on 𝑃 whose curvature is ∗𝑑𝑉 . Next we want to include the
case when the 𝑆1 action has fixed points. This corresponds
to allowing 𝑉 to be ∞ on a discrete subset of 𝑄. The con-
dition for the total space 𝑃 to be smoothly compactified is
that locally the singular term of 𝑉 is given by the Green’s
function

1
2𝑟

on ℝ3.
At this point we can build various examples. To start

with, we can take 𝑄 = ℝ3 and 𝑉 = 1
2𝑟

. Then we recover

the flat metric on ℂ2 with the standard holomorphic vol-
ume form, and with the 𝑆1 action given by 𝜆.(𝑧1, 𝑧2) =
(𝜆−1𝑧1, 𝜆𝑧2). The projection map 𝜋 ∶ ℂ2 → ℝ3 in this case
is the Hopf fibration, explicitly expressed as

(𝑧1, 𝑧2) ↦ (𝑅𝑒(𝑧1𝑧2), 𝐼𝑚(𝑧1𝑧2),
1
2(|𝑧1|

2 − |𝑧2|2)).

If we instead take 𝑉 = 𝑘
2𝑟

for a positive integer 𝑘 > 1, then
we get the flat orbifold given by the quotient of ℂ2 by a
cyclic subgroup of order 𝑘 in 𝑆𝑈(2).

Next we make a small change, and take 𝑉 = 1
2𝑟
+ 1 on

𝑄 = ℝ3. Then one obtains the Taub-NUT metric. It is a
complete Calabi-Yau metric on ℝ4. Since adding the con-
stant 1 does not change 𝑑𝑉 , the projection map 𝜋 is still
the Hopf fibration. As discovered by LeBrun [LeB91], for
any choice of complex structure, one can always identify
the underlying Calabi-Yau variety with ℂ2 equipped with
the standard holomorphic volume form. However, the ge-
ometry of the Kählermetric𝜔 is quite different from that of
the flat metric. For example, near infinity, the Hopf fibers
now have uniformly bounded diameter, and the volume
of a ball of radius 𝑅 around a fixed point grows at the rate
𝑅3 as 𝑅 → ∞.

Now we choose 2 distinct points 𝐱1, 𝐱2 in 𝑄 = ℝ3, and
let

𝑉 = 1
2|𝐱 − 𝐱1|

+ 1
2|𝐱 − 𝐱2|

.

Then we obtain the well-known Eguchi-Hanson space. It
contains an embedded 2-sphere 𝑆 with self-intersection
−2, which can be seen as the inverse image under 𝜋 of the
line segment connecting 𝐱1 and 𝐱2. The space 𝑃 is diffeo-
morphic to the total space 𝑇∗𝑆, but the underlying com-
plex manifold depends on choices of the complex struc-
ture 𝐽. For generic 𝐽, it is bi-holomorphic to the affine
hypersurface {𝑧21 + 𝑧22 + 𝑧23 = 1}; for two special choices
of 𝐽, 𝑆 becomes a complex submanifold and the space is
bi-holomorphic to the total space of the holomorphic line
bundle 𝒪(−2) over ℂℙ1. The Eguchi-Hanson metric is as-
ymptotic to the flat cone given by the quotient of ℂ2 by
the involution 𝑧 ↦ −𝑧. This follows from the observation
that for 𝐱 large, 𝑉 is approximately

2
2𝑟

. The Eguchi-Hanson
space provides amodel for singularity formation of Calabi-
Yau metrics, and we will meet it several times later in this
article.

As a more general example of 𝑄, we consider the prod-
uct of a flat 2-torus 𝕋2 and ℝ, where the area of 𝕋2 is nor-
malized to be 2𝜋. Notice that in this case on 𝑄 there is
no globally positive harmonic function with singularities.
But we can take for example 𝑉 = 𝑏𝑧 for a positive inte-
ger 𝑏, where 𝑧 is the coordinate on ℝ. This is positive on
the subset {𝑧 ≥ 1}, so the Gibbons-Hawking ansatz yields
a Calabi-Yau metric with a boundary and a complete end.
The resulting space 𝑃 exhibits interesting inhomogeneous
Riemannian geometry: as 𝑧 tends to infinity, the size of the
𝑆1 orbits shrinks, whereas the size of the base 𝕋2 expands.
The volume of a ball of radius 𝑅 around a fixed point grows
at the fractional rate 𝑅4/3. See Figure 1.

𝑆1 bundle over 𝕋2

Figure 1. The Calabi model space.

In terms of complex geometry, we can choose a com-
plex structure so that the obvious projection map to the
Riemannian surface 𝕋2 is holomorphic. Then 𝑃 is bi-
holomorphic to a neighborhood of the zero section in a
holomorphic line bundle over 𝕋2, minus the zero section,
and the 𝑆1 action acts by the standard multiplication on
each fiber. Viewed this way, the Calabi-Yau metric on 𝑃
agrees with the metric obtained via the Calabi ansatz. The
latter is a general way of producing a canonical metric on
the total space of a holomorphic vector bundle over a given
Kähler manifold. In our setting, we consider an 𝑛 − 1-
dimensional complex manifold endowed with a Kähler
metric 𝜔𝐷. Suppose the cohomology class of [ 1

2𝜋
𝜔𝐷] is

integral. Then there exists a holomorphic line bundle 𝐿𝐷
over 𝐷 and a hermitian metric ‖ ⋅ ‖ on 𝐿𝐷 whose Chern
connection has curvature form given by −√−1𝜔𝐷. Now if
Ω𝐷 is a holomorphic volume form on 𝐷 and 𝜔𝐷 is Calabi-
Yau, then one canwrite down a holomorphic volume form
Ω on the complement of the zero section 𝟎 in the total
space of 𝐿𝐷: in a local trivialization 𝑈 × ℂ of 𝐿𝐷, Ω is
given by 𝑢−1𝑑𝑢 ∧ Ω𝐷, where 𝑢 is the coordinate on ℂ.
Then one can look for a Calabi-Yau metric on 𝐿𝐷 ⧵ {𝟎} of
the form 𝜔 = √−1𝜕 ̄𝜕𝑓(‖𝜁‖2), where 𝜁 denotes a point in
𝐿𝐷 and 𝑓 is a function of one variable. Equation (1) be-
comes an ODE in 𝑓, and one can find a solution given by
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𝑓(𝑡) = (− log 𝑡)
𝑛+1
𝑛 . It gives a complete Calabi-Yau metric

defined on the manifold with boundary defined by |𝑡| ≤ 1
2
.

We call this a Calabi model space. When 𝑛 = 1 and 𝐷 is the
flat torus 𝕋2, this coincides with the above construction via
the Gibbons-Hawking ansatz (see [HSVZ21]).

In [TY90], Tian-Yau constructed complete Calabi-Yau
metrics asymptotic to the Calabi model space. The under-
lying complex manifold is the complement of a smooth
anti-canonical divisor 𝐷 in a Fano manifold 𝑋 . Exam-
ples include the complement of a smooth hypersurface in
ℂℙ𝑛+1 of degree 𝑛+2. The central point is the fact that𝐷 is
itself a Calabi-Yau variety, and a punctured neighborhood
of 𝐷 in 𝑋 can be approximated by the space 𝐿𝐷 ⧵ {𝟎} as
above, where 𝐿𝐷 is the holomorphic normal bundle of 𝐷
in 𝑋 . The importance of both the Calabi model spaces and
the Tian-Yau metrics has been seen recently in the study of
the degeneration of Calabi-Yau metrics. We will discuss
this later in this article.

Of course one can play with the Gibbons-Hawking
ansatz and generate many more examples of non-compact
Calabi-Yau metrics. Often they have significance in model-
ing singularity formations of Calabi-Yau metrics, just like
the Eguchi-Hanson spaces.

Gluing Construction on K3 Surfaces
Now we describe a very different method of construct-
ing compact Calabi-Yau manifolds, via the gluing tech-
nique. There are many references on this, see for example
[Don12].

Let ℂ2 be endowed with a standard flat Kähler metric
𝜔0 and holomorphic volume form Ω0. Fix a lattice Γ in
ℂ2 and denote by 𝕋 = ℂ2/Γ the corresponding flat torus.
The map 𝜄 ∶ (𝑧1, 𝑧2) ↦ −(𝑧1, 𝑧2) on ℂ2 induces an involu-
tion on 𝕋 with 24 = 16 fixed points. The quotient space
𝑌 = 𝕋/⟨𝜄⟩ is an orbifold with 16 singular points, each of
which is modeled on ℂ2/⟨𝜄⟩. Denote by 𝑌0 the smooth lo-
cus of 𝑌 . Then both 𝜔0 and Ω0 descend to 𝑌0, making it
an (incomplete) Calabi-Yau manifold.

One can easily resolve the singularities of 𝑌 in the sense
of complex geometry, by the well-known Kummer construc-
tion. To see this we consider the local model near each sin-
gularity. Let ℂ̂2 be the blow-up of ℂ2 at the origin. Then
𝜄 has a natural lift to ℂ̂2, and the quotient 𝑄 = ℂ̂2/⟨𝜄⟩ is
a smooth complex surface which can be viewed as a reso-
lution of singularity of ℂ2/⟨𝜄⟩. One can show that Ω0 in-
duces a holomorphic volume form on 𝑄, so that 𝑄 is a
non-compact Calabi-Yau variety. Notice 𝑄 can be identi-
fied with the total space of the line bundle𝒪(−2) overℂℙ1,
so in particular it contains a holomorphically embedded
ℂℙ1 with self-intersection−2. One canmake this construc-
tion at each of the 16 orbifold points of 𝑌 and obtain a
compact Calabi-Yau variety 𝑋 which contains 16 disjoint
exceptional spheres. This is an example of a K3 surface.

We want to construct Calabi-Yau metrics on 𝑋 , by per-
turbing the flat metric on 𝑌0. For this purpose we need to
graft to 𝑌0 certain Calabi-Yaumetrics on𝑄. Notice that un-
like the holomorphic volume form, the Kähler metric 𝜔0
cannot extend smoothly across the exceptional sphere on
𝑄. Conceptually this is because the induced metric space
structure on𝑌0 is intrinsic so its singular behavior does not
depend on the choice of coordinates. Instead one can ex-
plicitly solve the equation (1) again via the Calabi ansatz.
Namely, take a function of one variable 𝐹 = 𝐹(𝜂) for 𝜌 > 0
and consider a Kählermetric of the form𝜔 = √−1𝜕 ̄𝜕𝐹(|𝑧|2)
on ℂ2 ⧵{0}. For 𝜔 to define a smooth and complete Calabi-
Yau metric on 𝑄, we may take

𝐹(𝜂) = √𝜂2 + 1 + log 𝜂
√𝜂2 + 1 + 1

.

This is indeed the Eguchi-Hanson metric in disguise. For
𝛿 > 0, the function 𝐹𝛿(𝜂) = 𝛿2𝐹(𝛿−2𝜂) defines a Kähler
metric isometric to 𝛿2𝜔.

Now given 𝜖 = (𝜖1,⋯ , 𝜖16) such that each 𝜖𝑗 is small
and positive, we choose 16 Eguchi-Hanson spaces, suit-
ably rescaled so that the exceptional spheres have area 𝜖2𝑗
(𝑗 = 1,⋯ , 16), and attempt to glue them to a neighbor-
hood of the 16 singular points on 𝑌 . More precisely, fix
a smooth cut-off function 𝜒 ∶ (0,∞) → [0,∞) which van-
ishes for 𝑡 ≤ 1

2
and equals 1 for 𝑡 ≥ 1. Then we define a

Kähler metric 𝜔𝜖 on 𝑌0, which near each orbifold point 𝑝𝑗
is given by the interpolation √−1𝜕 ̄𝜕(𝜒(𝜖−1𝑗 |𝑧|2)|𝑧|2 + (1 −
𝜒(𝜖−1𝑗 |𝑧|2))𝐹𝜖𝑗 (|𝑧|2)), and agreeswith𝜔0 outside a neighbor-
hood of the orbifold points. By definition it can be viewed
as a smooth Kähler metric on 𝑋 , and it solves Equation (1)
except in a small “transition region” around the orbifold
points.

Now one wants to correct the error and deform 𝜔𝜖 to a

genuine Calabi-Yaumetric of the form 𝜔𝜖 = 𝜔𝜖+√−1𝜕 ̄𝜕𝜙𝜖.
For this we appeal to a quantitative version of the implicit
function theorem on Banach spaces. Notice that to make
the error small, we need to choose 𝜖 very small, but then
the metric is very degenerate (for example, the curvature
at the points on the exceptional spheres is comparable to
𝜖−2𝑗 ), and the usual elliptic estimate for the linearized op-
erator, i.e., the Laplace operator, fails to be uniform in 𝜖.
However, to compensate for this, we can introduce certain
weights into the Banach spaces. This captures the degener-
ate geometry and results in uniform weighted elliptic esti-
mates. This is the crucial technical point of the construc-
tion, and the upshot is that the correction is possible if 𝜖
is sufficiently small.

Compared with Yau’s existence theorem, an obvious
drawback of the gluing construction is that it can only de-
scribe a small open set of the space of all Calabi-Yau met-
rics. On the other hand, the benefit is that it provides a
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more precise geometric description of the metrics. More
importantly, the gluing technique is also a general con-
struction useful formany other geometric PDEs, where it is
impossible to have an analogue of Yau’s existence theorem.
For example, it was used by Joyce to construct compact Rie-
mannianmanifolds with holonomy group𝐺2 and 𝑆𝑝𝑖𝑛(7),
which are other examples of special holonomy metrics.

The gluing construction, viewed in reverse, also yields
examples of geometric degenerations of Calabi-Yau met-
rics, fitting into the general convergence theory of Rie-
mannian metrics with bounded Ricci curvature. The latter,
when applied to our setting, states that given a sequence
of complete Calabi-Yaumetrics (𝑀𝑗 , 𝑔𝑗) of fixed dimension
with a choice of base point 𝑝𝑗 ∈ 𝑀𝑗, after passing to a sub-
sequence, one may always obtain a Gromov-Hausdorff limit,
which is a complete metric space𝑀∞ with a base point 𝑝∞.
The notion of Gromov-Hausdorff convergence is a conve-
nient one when talking about the convergence of metric
spaces. The convergence above is, roughly speaking, ob-
tained by discretizing 𝑀𝑗 using an approximation by a lo-
cally finite set, and controlling uniformly the size of the
latter using the non-negative Ricci curvature together with
the Bishop-Gromov inequality. The main question is to
understand the formation of singularities of 𝑀∞.

The theory is well-developed when one imposes a fur-
ther volume non-collapsing condition. This means that there
exists 𝜖 > 0 such that the volume of the unit geodesic ball
in𝑀𝑗 centered at 𝑝𝑗 has volume bounded below uniformly
by 𝜖. Assuming this, Cheeger-Colding theory implies that
𝑀∞ decomposes into a disjoint unionℛ∪𝒮. The regular set
ℛ is a smoothmanifold endowedwith a Calabi-Yaumetric,
and the singular set 𝒮 is a closed set which is small in terms
of Hausdorff dimension. Near a singular point of𝑀∞, one
can dilate the metric and obtain metric tangent cones. It
is expected that there is always a unique tangent cone at
each singularity, but this has not been proven in general.
Furthermore, one can take a sequence 𝜆𝑗 →∞ and obtain
rescaled Gromov-Hausdorff limits of (𝑀𝑗 , 𝜆𝑗𝜔𝑗). The set
of all rescaled limits encodes more refined information of
the singularity formation of the convergence. In general,
one can attempt to associate to this a bubble tree structure.
Heuristically, this appears in many other areas of geomet-
ric analysis, such as harmonic maps and Yang-Mills con-
nections.

In the above gluing construction, we are in the non-
collapsing situation, and as 𝜖 → 0, the Gromov-Hausdorff
limit of the Calabi-Yaumetrics (𝑋, 𝜔𝜖) is exactly the flat orb-
ifold we start with. There is one non-trivial rescaled limit
at each singular point, given by the Eguchi-Hanson space
(Figure 2 illustrates the picture at one singular point). This
manifests the fact that the Eguchi-Hanson space is a local
model for the singularity formation of Calabi-Yau metrics.

(𝑋, 𝜔𝜖)

𝑌

The Eguchi-Hanson
space𝜖 → 0

𝑆3/ℤ2

Figure 2. Gluing construction of Calabi-Yau metrics.

Moduli Spaces
Let (𝑀, 𝑔) be a compact Calabi-Yau manifold of complex
dimension 𝑛. By Theorem0.1we know that the space of all
Calabi-Yau metrics on 𝑀 can be characterized in terms of
essentially two pieces of algebro-geometric data: the com-
plex structure and the cohomology class of a Kähler metric.
Consequently, the local deformations of the Calabi-Yau
metric are well-understood. First, it is a result of Todorov
and Tian that there is a versal deformation space of com-
plex structures, which is itself an open set in the complex
vector space 𝐻𝑛−1,1(𝑀;ℂ). Then once we fix the complex
structure, the set of cohomology classes of Kähler metrics
form the Kähler cone, which is an open cone in the real
vector space 𝐻1,1(𝑀;ℂ) ∩ 𝐻2(𝑀;ℝ).

It is then natural to study the global structure of the
moduli space of Calabi-Yau metrics. In low dimensions,
we have the classical results. Namely, when 𝑛 = 1, a com-
pact Calabi-Yau variety is simply an elliptic curve. The Käh-
ler cone is a one-dimensional ray, and the moduli space of
complex structures modulo diffeomorphisms is the usual
modular curve, given by the quotient of the upper half-
plane by 𝑆𝐿(2; ℤ).

When 𝑛 = 2, a compact Calabi-Yau variety is either a
complex torus or a K3 surface. Calabi-Yau metrics on a
torus are always flat and their moduli spaces are higher-
dimensional generalizations of the case 𝑛 = 1. Calabi-
Yau metrics on a K3 surface are never flat. It is a fact that
the underlying oriented differentiable manifold of all K3
surfaces is unique, which we denote by 𝒦. It is simply-
connected and the cup product on 𝐻2(𝒦; ℤ) has signature
(3, 19). Denote by ℳ the set of all Calabi-Yau metrics
on 𝒦, normalized to have unit diameter, modulo the ac-
tion of the diffeomorphism group Diff(𝒦). Even though
a single Calabi-Yau metric on 𝒦 does not have an explicit
formula, the space ℳ can be globally understood using
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the Torelli theorem as follows (see for example [KT87]).
Given a Calabi-Yau metric 𝑔 on 𝒦, after choosing a com-
plex structure we have a holomorphic volume formΩ and
a Kähler metric 𝜔, we then associate to this data a three-
dimensional subspace in 𝐻2(𝒦;ℝ) given by the span of
𝜔, 𝑅𝑒(Ω), 𝐼𝑚(Ω). One can see that this subspace does not
depend on the choice of the complex structure. Further-
more, it is positive definite with respect to the intersec-
tion form, so it gives rise to a point in the positive Grass-
mannian 𝐺𝑟+(3, 𝐻2(𝒦;ℝ)) ≃ 𝑂(3, 19)/(𝑂(3) × 𝑂(19)). On
the other hand, the action of Diff(𝒦) is via the homomor-
phism Diff(𝒦) → 𝐴𝑢𝑡(𝐻2(𝒦; ℤ))), and the image is the in-
dex 2 subgroup Γ preserving the orientation of the positive
part of 𝐻2(𝒦; ℤ). In this way we produce a period map

𝒫 ∶ ℳ → 𝒟 ≡ Γ ⧵ 𝐺𝑟+(3, 𝐻2(𝒦;ℝ)).

The Torelli theorem guarantees that 𝒫 is injective and fur-
thermore, the image is surjective onto the complement
of the set of positive three-dimensional subspaces 𝑉 ⊂
𝐻2(𝒦;ℝ) such that there exists 𝛿 ∈ 𝐻2(𝒦; ℤ) with 𝛿2 = −2
and∫𝛿 𝛼 ≠ 0 for all 𝛼 ∈ 𝑉 . This exceptional set can be filled
in if one includes the non-collapsing Gromov-Hausdorff
limits of elements in ℳ, i.e, the Calabi-Yau orbifolds in
complex dimension 2.

The higher-dimensional situation is more challenging
and there are very few general results. The following is a
folklore question.

Question 0.3. Given 𝑛 ≥ 3, are there infinitely many topo-
logically distinct compact Calabi-Yau varieties in dimen-
sion 𝑛?

When 𝑛 = 3, it is known that there exist at least tens
of thousands of topologically distinct compact Calabi-Yau
varieties. On the other hand, there is Reid’s fantasy hoping
that all compact Calabi-Yau varieties can be connected via
geometric transitions, through suitable classes of singular
Calabi-Yau varieties.

A closely related question is to study the compactifica-
tion of a fixed connected component of the moduli space
of all Calabi-Yau metrics. Namely, we want to know the
behavior of a sequence of Calabi-Yau metrics (𝑀, 𝜔𝑖, 𝐽𝑖)
when either 𝜔𝑖 or 𝐽𝑖 do not converge smoothly. The Gro-
mov compactness theorem provides a rough compactifi-
cation by adding certain limit metric spaces. But the lat-
ter do not carry much geometric information since we do
not yet have a satisfactory understanding of the singularity
formation process in general. Nevertheless this question
has already generated many new questions, which are very
much related to complex/algebraic geometry. There are
two main directions, which we distinguish as Kähler degen-
erations and complex structure degenerations, and we will dis-
cuss these in the following sections.

Kähler Degenerations
Fix a compact Calabi-Yau variety 𝑋 of complex dimension
𝑛, and denote by 𝕂 its Kähler cone. By a Kähler degener-
ation we mean a sequence of Calabi-Yau metrics 𝜔𝑖 on 𝑋
whose cohomology classes 𝛽𝑖 ∈ 𝕂 converge to a non-zero
limit 𝛽∞ ∈ 𝜕𝕂. The geometric question is to understand
the metric behavior of 𝜔𝑖 as 𝑖 → ∞. There have been ex-
tensive recent results in this direction, most of whichmake
use of known results from algebraic geometry. Below we
will only loosely describe the expected picture, and refer
to the excellent survey paper of Tosatti [Tos] for references
on the precise results and other recent progress and open
problems on this topic.

We divide the discussion in two cases. First we assume
∫𝑋 𝛽𝑛∞ > 0. This is the volume non-collapsing situation. In
this case, the conjectural geometric picture is that as 𝑖 → ∞,
the Calabi-Yau metrics 𝜔𝑖 perform certain birational con-
traction of the null-locus of 𝛽∞, which is by definition the
union of all subvarieties 𝑉 with ∫𝑉 𝛽

dimℂ 𝑉∞ = 0, and the
Gromov-Hausdorff limit should be a generalized Calabi-
Yau metric on a singular Calabi-Yau variety 𝑌 . For exam-
ple, the gluing construction discussed above fits into this
picture—in that case 𝑌 is the flat orbifold. This conjecture
is known to be true when the class 𝛽∞ is rational. In gen-
eral the question is related to understanding the singular-
ity structure of non-collapsed Gromov-Hausdorff limits of
Calabi-Yau metrics.

Next we assume ∫𝑋 𝛽𝑛∞ = 0. In this case the Gromov-
Hausdorff limits have lower dimensions. A naive hope is
that under suitable conditions the collapsing is along cer-
tain holomorphic directions. The best scenario is when 𝑋
admits a holomorphic fibration 𝑝 ∶ 𝑋 → 𝑌 onto a possi-
bly singular algebraic variety 𝑌 , with generic fiber a lower-
dimensional Calabi-Yau variety. Then one expects that as
𝑖 → ∞, the Calabi-Yau metrics 𝜔𝑖 contract the fibers of
𝑝 and the Gromov-Hausdorff limit should be a general-
ized Kähler metric on 𝑌 whose Ricci curvature character-
izes the variation of complex structures on the fibers of 𝑝.
The existence of the algebraic fibration when 𝛽∞ is ratio-
nal is related to a version of the abundance conjecture in
algebraic geometry. Differential geometrically it is an in-
triguing question to investigate what happens to 𝜔𝑖 near
the singular fibers of 𝑝. The first work in this direction was
by Gross-Wilson [GW00], who studied the case of a K3 sur-
face fibered over ℂℙ1 with 24 nodal fibers. Near a singular
point 𝑝 of a singular fiber 𝐹, the holomorphic fibration is
modeled on the map ℂ2 → ℂ; (𝑧1, 𝑧2) ↦ 𝑧1𝑧2. Geomet-
rically, in a neighborhood of 𝐹 the collapsing Calabi-Yau
metric is modeled on an incomplete Ooguri-Vafa metric,
constructed by applying the Gibbons-Hawking ansatz to
an open set in the flat manifold 𝑆1 × ℝ2. Moreover, when
further restricted to a small neighborhood of 𝑝, it is close
to a rescaling of the Taub-NUT metric. This picture also
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generalizes to higher dimensions; see for example [Li19]
in the case of a holomorphic K3 fibered Calabi-Yau 3-fold
with only nodal singular fibers.

When 𝛽∞ is irrational, wild phenomena can occur. For
example, even on a flat torus, one may see the degen-
eration along a holomorphic foliation with a dense leaf,
whereas the Gromov-Hausdorff limit can be a point.

Complex Structure Degenerations
Discussion of general complex structure degenerations
will necessarily involve some sophisticated terminologies
in algebraic geometry, so to avoid introducing unnecessary
technical jargon, wewill focus on the examples of Example
0.2 as these exhibit the main characteristics of the theory.
Consider a family of degree 𝑛 + 2 homogeneous polyno-
mials 𝐹𝑡(𝑍0,⋯ , 𝑍𝑛+1) parameterized by 𝑡 ∈ ℂ, and denote
by 𝑋𝑡 the corresponding family of hypersurfaces in ℂℙ𝑛+1.
If 𝑋𝑡 is smooth for 0 < |𝑡| ≪ 1 and 𝑋0 is singular, then
this family can often be viewed as a degeneration of com-
plex structures. We would like to understand the behav-
ior of the Calabi-Yau metrics 𝜔𝑡 as 𝑡 → 0. Compared to
the case of Kähler degenerations, the link with algebraic
geometry is less obvious and more transcendental geomet-
ric objects may naturally arise. For example, the algebro-
geometric limit 𝑋0 is in general not canonical. Such a sit-
uation occurs when there is a family of linear transforma-
tion 𝐴𝑡 ∈ 𝐺𝐿(𝑛+2; ℂ) defined for 𝑡 ≠ 0, such that as 𝑡 → 0
the new family of polynomials 𝐹𝑡 ≡ 𝐴∗𝑡𝐹𝑡 converge to a
limit 𝐹0 but 𝐴𝑡 itself diverges. Then, as algebraic varieties,
the corresponding family of hypersurfaces 𝑋 ′

𝑡 are isomor-
phic to 𝑋𝑡 for 𝑡 ≠ 0 but in general 𝑋 ′

0 may not be isomor-
phic to 𝑋0. On the other hand, the Calabi-Yau metrics are
more intrinsic objects and one may hope that they would
yield canonical Gromov-Hausdorff limits. Understanding
the algebro-geometric meaning of these limits could lead
to canonical algebro-geometric invariants of the degenera-
tion. Again there is little general theory known so far, but
there are some examples through which one can already
see interesting geometric phenomena and gain insight for
further development.
Singular Calabi-Yau metrics. Suppose first that we are in
themost generic situation, namely, when 𝑋0 has only coni-
fold singularities. The latter are by definition isolated sin-
gularities locally modeled on the complex hypersurface

𝕊 = {𝑤2
1 +⋯𝑤2

𝑛+1 = 0}
in ℂ𝑛+1. We know there is an explicit “Stenzel metric” on
𝕊 given by

𝜔𝕊 = √−1𝜕 ̄𝜕(
𝑛+1
∑
𝑖=1

|𝑤𝑖|2)
𝑛−1
𝑛 .

Geometrically, this space is a metric cone whose cross sec-
tion is a homogeneous space 𝑆𝑂(𝑛 + 1)/𝑆𝑂(𝑛 − 1). When
𝑛 = 2, one can identify the cone with the flat orbifold

ℂ2/⟨±1⟩, but when 𝑛 ≥ 3 the metric has unbounded curva-
ture near the cone vertex.

The following theorem confirms a folklore conjecture
that goes back to Candelas and de la Ossa [CdlO90] in
1990.

Theorem 0.4 ([HS17]). Suppose 𝑋0 has only conifold singu-
larities. Then

(a) as 𝑡 → 0, the Gromov-Hausdorff limit of (𝑋𝑡, 𝜔𝑡) is a sin-
gular Calabi-Yau metric on 𝑋0, which is smooth away from
the singularities, and near each singularity it is asymptotic
to the Stenzel metric;

(b) for each nodal singularity 𝑞 of 𝑋0, there is a special La-
grangian 𝑛-sphere in 𝑋𝑡 for 0 < |𝑡| ≪ 1, which converges
to 𝑞 as 𝑡 → 0.

The second item requires a little explanation. A
half-dimensional embedded submanifold 𝐿 of an 𝑛-
dimensional Calabi-Yau manifold (𝑀,Ω, 𝜔) is special La-

grangian if 𝜔|𝐿 = 𝐼𝑚(𝑒√−1𝜃Ω)|𝐿 = 0 for some constant
𝜃. Special Lagrangians are examples of calibrated subman-
ifolds in the sense of Harvey-Lawson. In particular they
are globally volume minimizing within a given homology
class. They also play a crucial role in the Strominger-Yau-
Zaslow (SYZ) mirror symmetry [SYZ96]. When 𝑛 = 2, spe-
cial Lagrangians become complex submanifolds for a dif-
ferent choice of complex structure, but in higher dimen-
sions they are genuinely different geometric objects.

The proof of (a) makes use of a variety of techniques.
In particular, it depends essentially on previous work of
S. Donaldson and the author about the complex geome-
try of Gromov-Hausdorff limits, which was motivated by
different reasons.

The proof of (b) follows from understanding the bub-
bles associated to each singularity, which is in turn based
on a gluing construction similar to the case of K3 surfaces.
The point is that there is a complete Calabi-Yau metric on
the smoothing of 𝕊 given by 𝕊𝜖 = {𝑤2

1 +⋯ + 𝑤2
𝑛+1 = 𝜖} ⊂

ℂ𝑛+1 which is asymptotic to the Stenzel cone at infinity.
When 𝑛 = 2 this is again the Eguchi-Hanson metric in dis-
guise.
Collapsing to lower dimensions. We now consider the
family of hypersurfaces 𝑋𝑡 in ℂℙ𝑛+1 defined by the poly-
nomials

𝐹𝑡(𝑍) = 𝑡𝑔(𝑍) + 𝑓0(𝑍)⋯𝑓𝑘(𝑍), 𝑡 ∈ ℂ,
where 𝑔 has degree 𝑛 + 2, and each 𝑓𝑖 has degree 𝑑𝑖 > 0
with ∑𝑘

𝑖=0 𝑑𝑖 = 𝑛 + 2. For a general choice of these poly-
nomials one may ensure that 𝑋𝑡 is smooth for 0 < |𝑡| ≪ 1
and 𝑋0 consists of precisely 𝑘 + 1 irreducible components
intersecting transversally. One can form a dual intersection
complex, which is a CW complex constructed by associat-
ing a point to each component of 𝑋0, and two points are
connected by a segment if two components intersect, etc.
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As a simplemodel case we first suppose that 𝑛 = 1. Here
𝑋𝑡 is a family of elliptic curves. If 𝑘 = 1, then 𝑋0 is a union
of a conic and a line intersecting at two points; if 𝑘 = 2 then
𝑋0 is a cycle of 3 lines. In both cases the dual intersection
complex of 𝑋0 is homeomorphic to the circle 𝑆1 and the
smooth locus of 𝑋0 comprises a disjoint union of ℂ∗’s.

The Calabi-Yau metrics 𝜔𝑡 are obviously flat. Since the
volume is fixed, it is easy to see that anyGromov-Hausdorff
limit of 𝜔𝑡 can only be the infinite lineℝ. However we can
rescale 𝜔𝑡 differently, and obtain two other limits:

• a circle 𝑆1. This corresponds to fixing the diameter
of 𝜔𝑡;

• a flat cylinder 𝑆1×ℝ ≃ ℂ∗. This arises as a rescaled
limit.

One can make some simple observations from this exam-
ple:

• In general when the volume is collapsing the di-
mension of Gromov-Hausdorff limits can be an
odd integer. So one cannot expect a classical
algebro-geometric interpretation.

• With the diameter fixed, the Gromov-Hausdorff
limit is related to the dual intersection complex
of 𝑋0 at the topological level.

• Suitably rescaled Gromov-Hausdorff limits are
quasi-projective algebraic varieties, which are re-
lated to the smooth locus of the algebraic limit
𝑋0.

Small complex structure limits. Now we move to higher
dimensions so that 𝑛 ≥ 2, and focus on the example where

𝐹𝑡(𝑍) = 𝑡𝑔(𝑍) + 𝑓0(𝑍)𝑓1(𝑍), 𝑡 ∈ ℂ,

with 𝑑𝑖 = deg(𝑓𝑖). In this case the dual intersection com-
plex of 𝑋0 is an interval, which has the smallest possible
topological complexity. For simplicity we call this a “small
complex structure limit.”

By making 𝑔, 𝑓0, 𝑓1 generic, we can ensure that 𝑋0 is the
union of two irreducible components 𝑌0 and 𝑌1, which are
transversally intersecting along𝐷 = {𝑓0 = 𝑓1 = 0} ⊂ ℂℙ𝑛+1.
It is also helpful to view the total space of the family as a
subset in ℂℙ𝑛+1 × ℂ. As such it is singular along 𝐻 × {0},
where𝐻 = {𝑓0 = 𝑓1 = 𝑔 = 0} can be assumed to be smooth
in ℂℙ𝑛+1. Notice 𝐻 is contained in each 𝑋𝑡. See Figure 3.

Let 𝜔𝑡 be the rescaling of 𝜔𝑡 to unit diameter. The fol-
lowing theorem characterizes the geometric behavior as
𝑡 → 0. The intuitive picture for the case 𝑛 = 2, 𝑘 = 1,
𝑑0 = 1, 𝑑1 = 3, is described in Figure 4.

Theorem 0.5 ([SZ]). We have

• the Gromov-Hausdorff limit of 𝜔𝑡 as 𝑡 → 0 is the in-
terval [0, 1];

• certain rescaled limits around the end points of the in-
terval give rise to some complete Calabi-Yau metrics on

••• • •

𝑋𝑡

𝐷
𝐻 × {𝑡}

𝑋0 = 𝑌0 ∪ 𝑌1

𝑌0

𝑌1

Figure 3. The algebraic picture for a small complex structure
degeneration.

𝑌 𝑖 ⧵𝐷. Indeed, these metrics are the ones constructed
by Tian-Yau [TY90] mentioned before.

In particular, the simple observations we made in the
case 𝑛 = 1 continue to hold in this case.

Notice that in Figure 4 there is a neck region 𝒩. It
admits a singular fibration ℱ ∶ 𝒩 → (0, 1). For 𝑢 ≠
𝑢∗ ≡ 𝑑0

𝑑0+𝑑1
, ℱ−1(𝑢) is a smooth fiber bundle, and each

fiber itself is an 𝑆1 bundle over 𝐷. The degree of the 𝑆1
bundle undergoes a wall-crossing as 𝑢 crosses 𝑢∗. The
fiber ℱ−1(𝑢∗) is an 𝑆1 bundle over 𝐷 ⧵ 𝐻, and the circle
fibers pinch to a point over 𝐻. In Figure 4, 𝐻 consist of
12 points, illustrated by the ×’s. Appropriately rescaled
Gromov-Hausdorff limits around these points in 𝐻 ⊂ 𝑋𝑡
yield the Taub-NUT metric on ℂ2.

It is worth noticing that most of the topology concen-
trates in the Tian-Yau region, whilst most of the volume
is located in 𝒩. This is also manifested by the fact that
in the Gromov-Hausdorff limit one can define a renormal-
ized limit measure, whose density function with respect to
the Lebesgue measure on [0, 1] vanishes at the end points.

The proof of the above results is via a gluing construc-
tion. For simplicity first assume 𝑛 = 2. The starting point
is that we know each 𝑌 𝑖 ⧵ 𝐷 admits a complete Tian-Yau
metric, which is asymptotic to a Calabimodel space𝒞𝑖 con-
structed via the Gibbons-Hawking ansatz. Then the crux of
the matter is to match the ends of the two Calabi model
spaces. This motivates the construction of the neck region
𝒩. This time we apply the Gibbons-Hawking ansatz to
the Green’s function on 𝕋2 × ℝ with finitely many poles.
One can see this function is asymptotic to a piecewise lin-
ear function, which tends to −∞ at the two ends. Adding
a large positive number we can make it positive over any
fixed large interval, such that the resulting space has two
boundaries that match well with the two Calabi model
spaces. This is the heuristic reason why a gluing construc-
tion is possible. The actual proof in [SZ] is substantially
more involved. One issue is that in higher dimensions
there is a generalization of the Gibbons-Hawking ansatz
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0 𝑢∗ =
𝑑0

𝑑0+𝑑1
1

𝑌0 ⧵ 𝐷 𝑌1 ⧵ 𝐷

𝒩

Figure 4. The metric picture for a small complex structure
degeneration.

by D. Matessi, but the resulting equation is still non-linear
and one cannot write down explicit precise solutions. In-
stead one has to appeal to an adiabatic limit method and
use a certain linearized equation to obtain approximate
solutions. Another issue is that the space 𝒩 cannot im-
mediately be seen from the algebraic degeneration picture.
To make a connection between them we have to design a
birational transformation of the total space of the family.
More general setting. The work of [SZ] leads one to spec-
ulate that the trivial observations in the case 𝑛 = 1 may
indeed hold in general. In other words, the Gromov-
Hausdorff limit of 𝑋𝑡 should be closely related to the dual
intersection complex of 𝑋0. For example, [SZ] conjectured
that they should be homeomorphic as topological spaces,
and they have the same dimension (which is well-defined
for both). More precise geometric relationshipwill involve
the non-Archimedean geometry, which we do not discuss
here, but see [Lia] for example.

For the family of hypersurfaces we considered above,
when 𝑘 = 𝑛 + 1, the dual intersection complex is an 𝑛-
dimensional sphere. These are examples of large complex
structure limits, and the expectation reduces to a limiting
version of the SYZ conjecture [SYZ96], as formulated by
Gross-Wilson [GW00] and Kontsevich-Soibelman [KS06].
In this case, the limit space is conjectured to be a Rie-
mannian metric with singularities on the sphere, and the
collapsing is along a fibration by special Lagrangian tori.
In the generic region the model is given by a product
𝑈 × √−1(ℝ𝑛/𝜖ℤ𝑛), where 𝑈 ⊂ ℝ𝑛 is an open set, and it is
endowed with the standard complex structure. Consider
a Kähler metric 𝜔 = √−1𝜕 ̄𝜕𝜙 for an ℝ𝑛-invariant function
𝜙. Then 𝜔 is a Calabi-Yau metric if and only if 𝜙 solves a
real Monge-Ampère equation det(𝜙𝑖𝑗) = 𝐶. Given such 𝜙,
letting 𝜖 → 0 yields a collapsing along a special Lagrangian

𝕋𝑛 fibration to a Riemannian metric on 𝑈 defined by the
Hessian of 𝜙.

There has been recent progress made by Y. Li in this di-
rection. In particular, for the family of hypersurfaces de-
fined by

𝐹𝑡 = 𝑍0⋯𝑍𝑛+1 + 𝑡(𝑍𝑛+20 +⋯𝑍𝑛+2𝑛+1),

it is shown in [Lib] that for |𝑡| sufficiently small, 𝑋𝑡 has a set
of large volume which is locally close to the above model.
The proof makes heavy use of pluripotential theory on
compact Kähler manifolds (see for example [Koł98]).

Open Calabi-Yau Manifolds
An open Calabi-Yau manifold is by definition a complete
non-compact Calabi-Yaumanifold. We have seen that they
may appear as rescaled limits of degenerations of compact
Calabi-Yau metrics. The study of open Calabi-Yau metrics
also has its own interest, in particular in the case of com-
plex dimension 2 when the curvature tensor is square inte-
grable, they are the same as gravitational instantons and have
long been studied in bothmathematics and physics. There
is a variety of constructions of gravitational instantons in
the literature, which exhibit many non-trivial asymptotic
behaviors.

The underlying complex/algebraic geometry of open
Calabi-Yau metrics is not well-understood in general. For
example, the naive uniqueness as in the compact case can
fail—the Taub-NUT metric on ℂ2 provides an immediate
counterexample.

Optimistically we have the following longstanding com-
pactification conjecture of Yau [Yau82]:

Conjecture 0.6. An open Calabi-Yau manifold is bi-
holomorphic to 𝑀 ⧵ 𝐷, where 𝑀 is a compact Kähler manifold
and 𝐷 is a divisor in 𝑀.

Note this conjecture does not hold on the nose. Us-
ing the Gibbons-Hawking ansatz applied to a harmonic
function on ℝ3 with infinitely many poles, Anderson-
Kronheimer-LeBrun [AKL89] constructed an open Calabi-
Yau manifold with infinite topology, hence provides a
counterexample to the above conjecture. However, one
can still hope it to be true under suitable extra hypothe-
sis, for example, when we assume a condition of curvature
decay or finite topology.

A related question is to develop an existence theory of
Calabi-Yau metrics on non-compact Calabi-Yau varieties
given in the above form 𝑀 ⧵ 𝐷. There are partial results
in this direction (see for example [TY90]) by constructing
a model infinity and adapting Yau’s approach in the com-
pact case. There is much in this field that remains to be
explored.
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Transseries, Model Theory,
and Hardy Fields

Lou van den Dries
1. What Are Transseries?
Transseries are formal series in a variable 𝑥 using exp and
log. Typical example:

7 ee𝑥−𝑥 −3 e𝑥2 +5𝑥√2−log log 𝑥+𝜋+ 1
𝑥 +

2
𝑥2 +

3
𝑥3 +⋯+ 1

e𝑥 .

Think of 𝑥 as positive infinite: 𝑥 > ℝ; alternatively,
transseries are written as series in the positive infinitesimal
variable 𝑡 ∶= 𝑥−1; the 𝑥-notation, however, works bet-
ter. The “monomials” here, called transmonomials, are
arranged from left to right in decreasing order1, with real
coefficients. The leftmost transmonomial in a nonzero
transseries is called its leading transmonomial: ee𝑥−𝑥 in
the example above. A transseries has an infinite part, a con-
stant term (a real number), and an infinitesimal part. In the
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1The order here refers to the ordered field 𝕋 in the next paragraph.

example above these are, respectively,

7 ee𝑥−𝑥 −3 e𝑥2 +5𝑥√2 − log log 𝑥, 𝜋,
1
𝑥 + 2

𝑥2 +
3
𝑥3 +⋯+ 1

e𝑥 .

Transseries form an ordered field extension 𝕋 of ℝ, where
a nonzero transseries is positive if the coefficient of its lead-
ing transmonomial is positive as a real number. Roughly
speaking, this field 𝕋 is obtained by starting with the pow-
ers 𝑥𝑟 (𝑟 ∈ ℝ) as transmonomials and closing off under
(reasonable) infinite sums, exponentiation, and taking log-
arithms. A precise construction of 𝕋 with proofs of basic
facts requires care; see for example [1, Appendix A]. I just
mention some key points:

The transmonomials form a subgroup of themultiplica-
tive group of positive elements of 𝕋, and the set of trans-
monomials occurring in a given transseries with nonzero
coefficient is countable and reverse well-ordered in the order-
ing of 𝕋. (In the example above the corresponding ordinal
is 𝜔 + 1, the +1 due to the last term 𝑒−𝑥.) Sums and prod-
ucts are defined as you would expect with series, the “re-
verse well-ordered” restriction making products possible.
To exponentiate a transseries 𝑓, let 𝑓≻, 𝑐, and 𝑓≺ be its infi-
nite part, its constant term, and its infinitesimal part, so
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𝑓 = 𝑓≻ + 𝑐 + 𝑓≺. Then, naturally,
exp(𝑓) = e𝑓 ∶= e𝑓≻ ⋅ e𝑐 ⋅ e𝑓≺ .

Here e𝑓≻ is a transmonomial (all transmonomials can be
shown to have this form), e𝑐 is just the real number the
notation suggests, and e𝑓≺ ∶= ∑∞

𝑛=0 𝑓𝑛≺ /𝑛!, expanded as a
series in the usual way. To take the logarithm of 𝑓 > 0 we
factor out its leading term, giving 𝑓 = 𝑐 e𝑔(1 + ℎ) with 𝑐 a
positive real number, e𝑔 the leading transmonomial of 𝑓,
and infinitesimal ℎ; then

log 𝑓 ∶= 𝑔 + log 𝑐 +
∞
∑
𝑛=1

(−1)𝑛−1ℎ𝑛/𝑛,

indicating the infinite part 𝑔 of log 𝑓, its constant term log 𝑐,
and its infinitesimal part ∑∞

𝑛=1(−1)𝑛−1ℎ𝑛/𝑛. Exponentia-
tion is an isomorphism of the ordered additive group of
𝕋 onto its multiplicative group of positive elements, with
inverse given by log. Let 𝑒𝑛 be the 𝑛th iterate of 𝑥 under

exp and ℓ𝑛 its 𝑛th iterate under log, for example 𝑒3 = eee
𝑥

and ℓ2 = log(log 𝑥). The 𝑒𝑛 and ℓ𝑛 are exactly the pos-
itive infinite transseries all whose iterated logarithms are
transmonomials. One restriction in forming infinite sums
is that for each transseries there is a finite bound on the
“nesting” of exp and log in its transmonomials: series like

𝑒−10 +𝑒−11 +𝑒−12 +𝑒−13 +⋯ , ℓ−10 +(ℓ0ℓ1)−1+(ℓ0ℓ1ℓ2)−1+⋯
are not in 𝕋; they do belong to a certain natural “spheri-
cal completion” of 𝕋, which however is no longer closed
under exponentiation. It is also worth mentioning that
the strictly increasing sequence 𝑒0, 𝑒1, 𝑒2, … is cofinal in the
positive part 𝕋> of 𝕋, and the strictly decreasing sequence
ℓ0, ℓ1, ℓ2, … is coinitial in the set of positive infinite ele-
ments of 𝕋.

The field 𝕋 is richly endowed with further structure. We
highlight just two items:

• Any 𝑓 ∈ 𝕋 can be differentiated term by term. The
resulting derivation 𝑓 ↦ 𝑓′ on the field 𝕋 satisfies
(e𝑓)′ = 𝑓′ e𝑓. Moreover, 𝑓′ = 0 iff 𝑓 ∈ ℝ, and
all 𝑓 have an antiderivative in 𝕋; these two facts
take some effort to prove because there can be a

lot of cancellation, as in (∑∞
𝑛=0 𝑛! 𝑥−1−𝑛 e𝑥)

′
= e𝑥

𝑥
.

Later in the paper we focus on 𝕋 as a differen-
tial field. Indeed, many transseries, like the ex-
ample we started with, arise naturally as a for-
mal solution 𝑦 of an algebraic differential equa-
tion 𝑃(𝑥, 𝑦, 𝑦′, … , 𝑦(𝑟)) = 0with 𝑃 ∈ ℝ[𝑥, 𝑌0, … , 𝑌𝑟],
𝑃 ≠ 0.

• For 𝑓, 𝑔 ∈ 𝕋 with 𝑔 > ℝ one can make sense
of substituting 𝑔 for the variable 𝑥 in 𝑓 to yield
𝑓 ∘ 𝑔 ∈ 𝕋, also written as 𝑓(𝑔). This composition
operation is associative, and every 𝑔 > ℝ has a
compositional inverse; also (𝑓 ∘ 𝑔)′ = (𝑓′ ∘ 𝑔) ⋅ 𝑔′.

Instructive example: set

Γ𝕋(𝑥) ∶= √2𝜋 ⋅ e𝑥 log𝑥−𝑥−
1
2 log𝑥 ⋅(1 +

∞
∑
𝑛=1

𝑐𝑛𝑥−𝑛) ∈ 𝕋,

the asymptotic series for the Gamma function:
𝑐1 =

1
12
, … . Composing with 𝑥+1 gives Γ𝕋(𝑥+1) =

𝑥Γ𝕋(𝑥), just like the difference equation for the
Gamma function.

Next we turn to the origins of transseries, and then relate
them to model theory.

2. Why Transseries? Some History
Transseries emerged in several situations in the 1980s and
under various names. We mention two of these circum-
stances and briefly explain the context:

(1) Écalle [12], who came up with the name transseries,
used them in his proof of Dulac’s Conjecture.2

(2) Dahn andGöring [8] introduced them in connection
with Tarski’s problem on the real exponential field.

As to (1), Dulac’s remarkable paper [11] from 1923 claims
that a plane polynomial vector field can have only finitely
many limit cycles. Until the 1980s this was the main
(alleged) result about the part of Hilbert’s 16th problem
that concerns plane polynomial vector fields, but then
Il’yashenko called attention to a fundamental gap in Du-
lac’s proof. Next, he [16] and Écalle (independently) were
able to remove this flaw, each by a tour de force of hun-
dreds of pages. With Écalle this involves his deep the-
ory of accelero-summation (too complex to be explained
here; it has a precursor in Borel summation [6]). Applied
to certain transseries—the accelero-summable ones—it pro-
duces real valued functions on halflines (𝑎, +∞); the func-
tions obtained this way are called analysable. The accelero-
summable transseries form a differential subfield 𝕋as of 𝕋
that is closed under composition, and the resulting map
from 𝕋as to the set of germs at +∞ of the analysable func-
tions is injective, and respects the differential ring opera-
tions as well as composition.

Écalle shows that the transition maps of a polycycle of
a plane analytic vector field are analysable, which is key to
closing the gap in Dulac’s proof. In [12] there is much ex-
citingmaterial on transseries; here are two inspiring (trans-
lated) quotes from p. 148, which are in the spirit of model-
theoretic issues I discuss later:

It seems [ . . . ] that the algebra of accelero-summable transseries
is truly the algebra-from-which-one-can-never-exit and that it
marks an almost impassable horizon for “ordered analysis.”
(This sector of analysis is in some sense “orthogonal” to har-
monic analysis.)

2What I say about (1) below can be skipped without harm to understanding the
rest.
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This notion of analysable function represents probably the ulti-
mate extension of the notion of (real) analytic function, and it
seems inclusive and stable to a degree unheard of.

To discuss (2), and for the rest of the paper, we provide in
the next section some basic notions from model theory.

3. Background to Model Theory
and Tarski’s Problem

Model theory considers structures3 like posets, groups,
rings, and more generally any set 𝑀 with relations on 𝑀
(for example, an ordering, but including at least the equal-
ity relation on𝑀) and operations on 𝑀 (like addition, mul-
tiplication, or a derivation); these relations and operations
are called the primitives of the structure, and they typically
also include certain distinguished elements as nullary op-
erations, like 0 and 1 when dealing with rings. A sentence
about such a structure with underlying set𝑀 is a statement
constructed from names for the primitives (including the
symbol = as a name for the equality relation on 𝑀), vari-
ables ranging over the elements of 𝑀, logical connectives
(not; or; and; if..., then...), and quantifiers ∃ and ∀. Any oc-
currence of a variable 𝑦 in a sentence should be bound by
∃𝑦 or ∀𝑦. Here is an example of a sentence in the language
of ordered fields4:

∀𝑦(if 𝑦 > 0, then ∃𝑧(𝑦 = 𝑧 ⋅ 𝑧)).
It is true in ℝ, the ordered field of reals, and false in ℚ, the
ordered field of rationals.

The theory of a structure is the set of all sentences in the
appropriate language that are true in the structure; so for
every sentence 𝜎 in that language the theory contains 𝜎 or
it contains not 𝜎, but not both. An axiomatization of such a
theory is a subset of it from which all sentences of the the-
ory can be derived using some standard system of logical
derivation rules. This leads to what is in practice a funda-
mental and robust dichotomy, very roughly corresponding
to

ARITHMETIC versus GEOMETRY.

No structure encoding enough integer arithmetic has an ex-
plicit axiomatization of its theory (Gödel’s First Incom-
pleteness Theorem, 1931); this holds with various precise
meanings of “encoding enough integer arithmetic” and
“explicit axiomatization.” (The ring of integers encodes
more than enough integer arithmetic.)

On the other hand, there are many vital structures of a
more geometric nature that avoid this kind of incomplete-
ness. The ordered additive group of integers (without multi-
plication) is an early example (Skolem, Presburger, around

3For simplicity I consider here only one-sorted structures, which have a single
underlying set. But what I say holds just as well for many-sorted structures with
a family of underlying sets.
4This language has symbols 0, 1, −,+, ⋅, > naming the natural primitives of an
ordered field.

1930). But we focus for now on Tarski’s theorem [19]: the
theory of the ordered field ℝ is axiomatized by the sen-
tences saying that it is a real closed ordered field: the ordered
field axioms, plus “every positive element is a square” (the
sentence we specified above), plus for each odd 𝑛 ≥ 3
the sentence “every polynomial of degree 𝑛 has a zero.”
This has remarkable consequences: all real closed ordered
fields satisfy exactly the same sentences in the language of
ordered fields, for example, the ordered field of real alge-
braic numbers satisfies exactly the same sentences as ℝ, as
does the ordered field of Puiseux series over ℝ (as does the
ordered field 𝕋). Also, it provides an algorithm to decide
for any given sentence in this language whether it is true
in ℝ. But the complexity of any such general algorithm is
known to be so high as to make the algorithm unfeasible,
dashing one of Tarski’s hopes.

Of real use, however, is the geometric fact behind
Tarski’s axiomatization, the Tarski-Seidenberg theorem.
Analogous facts will apply to the ordered differential field
𝕋, so we go into more detail here. Model theory applied
to a structure ℳ with underlying set 𝑀 tries to gain an
overview of its definable sets: instead of sentences we now
consider more generally formulas 𝜙(𝑦1, … , 𝑦𝑚) where all
variables other than 𝑦1, … 𝑦𝑚 are bound by quantifiers; the
case 𝑚 = 0 corresponds to a sentence. For any 𝑎1, … , 𝑎𝑚
in𝑀 this yields a sentence 𝜙(𝑎1, … , 𝑎𝑚) obtained by replac-
ing the free occurrences of 𝑦1, … , 𝑦𝑚 in 𝜙 by the names of
𝑎1, … , 𝑎𝑚; this is a sentence in the language of the struc-
ture augmented by names for the elements of 𝑀, and we
can also allow 𝜙 to be a formula in this extended language.
So 𝜙(𝑦1, … , 𝑦𝑚) gives rise to an 𝑚-parameter family of sen-
tences; we say 𝜙(𝑦1, … , 𝑦𝑚) defines

𝑋 ∶= {(𝑎1, … , 𝑎𝑚) ∈ 𝑀𝑚 ∶ 𝜙(𝑎1, … , 𝑎𝑚)
is true in ℳ}, a subset of 𝑀𝑚.

This is how we obtain the definable sets ofℳ. Note that for
𝑚 ≥ 1 the formula ∃𝑦𝑚𝜙(𝑦1, … , 𝑦𝑚), viewed as a formula
𝜃(𝑦1, … , 𝑦𝑚−1), defines the set

𝜋(𝑋) ⊆ 𝑀𝑚−1, 𝜋 ∶ 𝑀𝑚 → 𝑀𝑚−1,
𝜋(𝑎1, … , 𝑎𝑚) ∶= (𝑎1, … , 𝑎𝑚−1).

The structure ℳ gives rise to a category of definable sets
and maps: its objects are the definable sets of ℳ, and for
definable 𝑋 ⊆ 𝑀𝑚 and 𝑌 ⊆ 𝑀𝑛 a morphism 𝑋 → 𝑌 is
a definable map 𝑋 → 𝑌 (that is, its graph as a subset of
𝑀𝑚+𝑛 is definable); composition of morphisms is given
by the usual composition of maps. This also gives rise to
the notion of a definable group of ℳ, etc.

In general, formulas with more complex quantifier
structure can define more complicated sets, and this is in-
deed what happens in the arithmetic (Gödelian, wild) case.
What is typical for the geometric (non-Gödelian, tame)
case, however, is the opposite behaviour: for example,
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“Tarski-Seidenberg” says that every formula in the language
of ordered fields is equivalent, simultaneously for all real
closed fields, to a quantifier-free formula in this language.
In particular, the definable sets of ℝ are exactly the semi-
algebraic sets, the subsets of ℝ𝑚 that are finite unions of
sets {𝑎 ∈ ℝ𝑚 ∶ 𝑝(𝑎) = 0, 𝑞1(𝑎) > 0, … , 𝑞𝑘(𝑎) > 0} with
𝑝, 𝑞1, … , 𝑞𝑘 ∈ ℝ[𝑦1, … , 𝑦𝑚]. For 𝑚 = 1 this has an attrac-
tive “dynamic” consequence: for a formula 𝜙(𝑦) in a sin-
gle free variable 𝑦, the truth value of the sentence 𝜙(𝑡) in
ℝ changes only finitely many times as 𝑡 ∈ ℝ runs from
−∞ to +∞; it is this property that characterizes the notion
of an o-minimal structure [9], which in itself is very rich in
consequences.

Tarski [19] asked whether his results about ℝ could be
extended to (ℝ, exp), the ordered field of reals with expo-
nentiation as a further primitive operation. Wilkie [20]
solved the geometric part of Tarski’s problem: if a subset
of ℝ𝑚 is definable in (ℝ, exp), then it is even defined by a
formula

∃𝑦𝑚+1⋯∃𝑦𝑚+𝑛

(𝑝(𝑦1, … , 𝑦𝑚, 𝑦𝑚+1, … , 𝑦𝑚+𝑛, e𝑦𝑚+1 , … , e𝑦𝑚+𝑛) = 0)
with 𝑝 ∈ ℝ[𝑦1, … , 𝑦𝑚+𝑛, 𝑧1, … , 𝑧𝑛]; geometrically, this set
is the image under the projection map ℝ𝑚+𝑛 → ℝ𝑚

of the solution set of the equation following the prefix
∃𝑦𝑚+1 …∃𝑦𝑚+𝑛. Using Khovanskii [17] it follows that
(ℝ, exp) is also o-minimal. (By Macintyre and Wilkie [18],
which depends on [20], the validity of Schanuel’s Conjec-
ture in transcendental number theory would give an ex-
plicit axiomatization of the theory of (ℝ, exp), and a deci-
sion procedure for it.)

Before [20], Dahn and Göring [8] had suggested that
the ordered exponential field of transseries is an elemen-
tary extension of (ℝ, exp), that is, these two structures satisfy
the same sentences in the language of ordered exponential
fields augmented by names for real numbers. This sugges-
tion was confirmed in [10] using a variant of Wilkie’s the-
orem, with consequences for (ℝ, exp) itself: the germ at
+∞ of any function ℝ → ℝ that is definable in (ℝ, exp) is
faithfully represented by a transseries; in particular, such a
function is eventually bounded by some (finite) iterate of
the exponential function.

Since [19], many model theorists have engaged in in-
vestigating fields equipped with gadgets like a valuation,
a derivation, an exponentiation, or an automorphism: 𝑝-
adic fields, the Laurent series fields ℝ((𝑡)) and ℂ((𝑡)), dif-
ferentially closed fields, pseudofinite fields, (ℝ, exp), and
the fieldW(𝔽𝑝) ofWitt vectors equipped with its Frobenius
automorphism, to mention some prominent cases. The
subject of o-minimality also fits into this tradition. The
enriched fields mentioned have a geometric (tame, non-
Gödelian) rather than an arithmetic (wild, Gödelian) na-
ture, and for brevity I just call them tame, without giving a

precise meaning to this term.I hope the reader will get at
least a sense of what this means in practice. For example,
the Laurent series field ℝ((𝑡)) with its natural valuation is
tame in this sense, but not any longer when also equipped
with its derivation 𝑑/𝑑𝑡: it is not hard to show that the sub-
set ℤ of ℝ((𝑡)) is definable in this valued differential field,
which makes it an arithmetic (Gödelian) structure. It is
still unknown whether the fields 𝔽𝑝((𝑡)) are tame. A good
model theory for a structure basically means a model the-
oretic analysis of it that establishes its tameness. 5 The sig-
nificance formany applications of a goodmodel theory for
a structure is that it yields strong and useful restrictions on
what is definable in the structure. (For example, the groups
definable in an algebraically closed field happen to be just
the algebraic groups over that field, up to definable isomor-
phism.) Typically, such a good model theory also leads
to a well-behaved notion of dimension for definable sets,
sometimes a motivic integration theory, and much more.
The “much more” often includes powerful combinatorial
constraints, like stability, NIP, simplicity,. . . , notions that
were discovered and developed (by Shelah and others) in
connection with purely model-theoretic issues, rather dif-
ferent in spirit from the “applied” side of model theory
highlighted above. Fortunately, these different traditions
of model theory are nowadays strongly interactive.

How is it that number theory, while admittedly diffi-
cult, has been so successful despite being concernedwith—
deep down—integer arithmetic, with its Gödelian incom-
pleteness phenomena? Perhaps it is not an accident that
important advances in this area have often come by clever
moves into more geometric or tame settings, like algebraic
geometry. So it may be worth mentioning that one ambi-
tion of model theory is to function as a kind of geography
of tame mathematics.

4. The Differential Field of Transseries is Tame
As an exponential field, 𝕋 is tame (even o-minimal): by [10]
it is covered by Wilkie’s model theory of (ℝ, exp) as men-
tioned in the previous section. But what about 𝕋 as a dif-
ferential field? This problem was taken up in the 1990’s
by Aschenbrenner and myself; independently, van der Ho-
even [14, 15] obtained very suggestive results. The three
of us decided to join forces around 2000 and eventually
solved this problem in 2015; see [1] for the details. Here I
give a brief outline.

First, 𝕋 is a Liouville closed 𝐻-field with small deriva-
tion. To explain this, let 𝐾 be an ordered differential field;
for now we do not require any interaction of the order and
the derivation. Its constant field 𝐶 ∶= {𝑓 ∈ 𝐾 ∶ 𝑓′ = 0}

5Tarski’s explicit quantifier eliminations are unwieldy, and were superseded in
later tameness cases by more conceptual methods inspired by A. Robinson’s no-
tion of model completeness.
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yields the (convex) subring

𝒪 ∶= {𝑓 ∈ 𝐾 ∶ |𝑓| ≤ 𝑐 for some 𝑐 ∈ 𝐶}
of 𝐾, with maximal ideal

O ∶= {𝑓 ∈ 𝐾 ∶ |𝑓| < 𝑐 for all 𝑐 > 0 in 𝐶}6.
These definitions actually exhibit 𝐶, 𝒪, and O as definable
in 𝐾 in the sense of model theory. (For 𝐾 = 𝕋 we have
𝐶 = ℝ, 𝒪 consists of the 𝑓 ∈ 𝕋 whose infinite part is 0,
and O consists of the 𝑓 ∈ 𝒪 with constant term 0.) Now to
say that 𝐾 is an 𝐻-field7 means:

• for all 𝑓 ∈ 𝐾, if 𝑓 > 𝐶, then 𝑓′ > 0;
• 𝒪 = 𝐶 + O (so 𝐶 maps isomorphically onto the

residue field 𝒪/O).
We say that 𝐾 has small derivation if for all 𝑓 ∈ O we have
𝑓′ ∈ O. We call an 𝐻-field 𝐾 Liouville closed if it is real
closed and for every 𝑓 ∈ 𝐾 there are 𝑔, ℎ ∈ 𝐾× such that
𝑔′ = 𝑓 and ℎ′/ℎ = 𝑓.

Now a very strong property: we say 𝐾 has DIVP (the
Differential Intermediate Value Property) if for all 𝑟 ∈ ℕ,
𝑃 ∈ 𝐾[𝑌0, … , 𝑌𝑟], and 𝑓 < 𝑔 in 𝐾 with

𝑃(𝑓, 𝑓′, … , 𝑓(𝑟)) < 0 < 𝑃(𝑔, 𝑔′, … , 𝑔(𝑟)),
there exists 𝑦 ∈ 𝐾 such that 𝑓 < 𝑦 < 𝑔 and
𝑃(𝑦, 𝑦′, … , 𝑦(𝑟)) = 0. Actually, DIVP is an afterthought: in
[1] we considered instead two more robust but rather tech-
nical properties, ω-freeness and newtonianity8 and proved
that 𝕋 is ω-free and newtonian. Later we observed that
“ω-free + newtonian” is equivalent to DIVP, for Liouville
closed 𝐻-fields. For expository reasons I mention DIVP
below where in our book we refer only to “ω-free + newto-
nian.” We define an𝐻-closed field to be a Liouville closed
𝐻-field that has DIVP. With this in mind, [1] gives:

(i) The theory of 𝕋 as an ordered differential field is axiom-
atized by the sentences saying that it is an 𝐻-closed field
with small derivation.

(ii) If 𝐾 is an 𝐻-closed field, then any finite system of alge-
braic differential equations

𝑃(𝑦1, 𝑦2, … , 𝑦𝑚, 𝑦′1, 𝑦′2, … , 𝑦′𝑚, … , 𝑦
(𝑟)
1 , 𝑦(𝑟)2 , … , 𝑦(𝑟)𝑚 ) = 0

over 𝐾 with a solution in any 𝐻-field extension of 𝐾 has a
solution in 𝐾.

(iii) If 𝐾 is an 𝐻-closed field and 𝑦 in an 𝐻-field extension
of 𝐾 with the same constant field as 𝐾 is differentially al-
gebraic 9 over 𝐾, then 𝑦 ∈ 𝐾.

6Think of 𝑓 ∈ 𝑔𝒪 and 𝑓 ∈ 𝑔O as 𝑓 = 𝑂(𝑔) and 𝑓 = 𝑜(𝑔), respectively.
7The capital H is in honor of Hardy, Hausdorff, and Hahn, who pioneered as-
pects of our topic about a century ago, as did Du Bois-Reymond, Veronese, and
Borel even earlier.
8One can think of newtonianity as an upgrade of differential-henselianity.
9An element 𝑦 in a differential field extension of a diffferential field 𝐸 is said to
be differentially algebraic over 𝐸 if 𝑃(𝑦, 𝑦′, … , 𝑦(𝑟)) = 0 for some nonzero poly-
nomial 𝑃(𝑌 0, … , 𝑌𝑟) over 𝐸.

In (ii) we can also include differential inequalities, and
even asymptotic conditions, like requiring, say, 𝑦21 ∈ 𝑦′2𝒪,
or 𝑦′1 ∈ 𝑦2O. Thus we can incorporate initial (or rather fi-
nal) conditions in our systems: for example, 𝑦 − 3 ∈ O can
be interpreted as 𝑦 taking the value 3 at infinity. The ter-
minology “𝐻-closed” seems justified by the results above,
and by the fact that every 𝐻-field (with small derivation)
extends to an𝐻-closed field (with small derivation). As for
ℝ we have decidability: there is an algorithm that on any
sentence from the language of ordered differential fields as
input tells us whether it is true in 𝕋.

Certain natural restrictions on transseries lead to 𝐻-
subfields of 𝕋 which are also known to be 𝐻-closed, and
thus are “as good” as 𝕋 itself. For example, this is the
case for the field 𝕋g of grid based transseries, which is
the focus of [15]; the transmonomials occurring in a grid
based transseries belong to a finitely generated group of
transmonomials. It would be very desirable to show that
Écalle’s 𝐻-subfield 𝕋as of 𝕋 consisting of the accelero-
summable transseries is 𝐻-closed.

Both (i) and (ii) are consequences of an elimination the-
orem for 𝐻-closed fields, which is really the main result of
[1]. This involves the following (definable) subsets of an
𝐻-closed field 𝐾, where 𝑏† ∶= 𝑏′/𝑏 for 𝑏 ∈ 𝐾×:

Λ(𝐾) ∶= {−𝑎†† ∶ 𝑎 ∈ 𝐾, 𝑎 ∉ 𝒪},
Ω(𝐾) ∶= {𝑎 ∈ 𝐾 ∶ 4𝑦″ + 𝑎𝑦 = 0 for some 𝑦 ∈ 𝐾×}.

These sets are downward closed in the ordering of 𝐾; for
example, for 𝐾 = 𝕋,

Λ(𝕋)={𝑓∈𝕋 ∶ 𝑓<ℓ−10 + (ℓ0ℓ1)−1+⋯+ (ℓ0ℓ1⋯ℓ𝑛)−1

for some 𝑛},
Ω(𝕋)={𝑓∈𝕋 ∶ 𝑓<ℓ−20 + (ℓ0ℓ1)−2+⋯+ (ℓ0ℓ1⋯ℓ𝑛)−2

for some 𝑛}.

We now augment the language of ordered differential
fields with symbols 𝒪, Λ, Ω that name in each 𝐻-closed
field the binary relations on 𝐾 given by

𝑎𝒪𝑏 ∶⇔ 𝑎 ∈ 𝒪𝑏, 𝑎Λ𝑏 ∶⇔ 𝑎 ∈ Λ(𝐾)𝑏,
𝑎Ω𝑏 ∶⇔ 𝑎 ∈ Ω(𝐾)𝑏.

The elimination theorem now says that any formula
𝜙(𝑦1, … , 𝑦𝑚) in this extended language is equivalent, uni-
formly for all 𝐻-closed fields, to a quantifier-free formula
𝜙qf(𝑦1, … , 𝑦𝑚) in this language. Here are two consequences
of this elimination result for definability in 𝕋 as an ordered
differential field:

(iv) If the set 𝑌 ⊆ 𝕋 is definable in 𝕋, then for some 𝑓 ∈ 𝕋,
either all 𝑦 > 𝑓 in 𝕋 are in 𝑌 , or all 𝑦 > 𝑓 in 𝕋 are outside
𝑌 : 𝕋 is o-minimal at infinity.

(v) If the set 𝑌 ⊆ 𝕋𝑛 is definable in 𝕋, then 𝑌 ∩ ℝ𝑛 is semi-
algebraic.
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Here are two problems that are still open:
Is the 𝐻-subfield 𝕋log of 𝕋 consisting just of the logarith-

mic transseries tame? A transseries is said to be logarithmic
if every transmonomial in it is of the form ℓ𝑟00 ⋯ℓ𝑟𝑛𝑛 with
𝑟0, … , 𝑟𝑛 ∈ ℝ. (Allen Gehret has partial results in this direc-
tion.) However, the 𝐻-subfield of 𝕋 consisting just of the
exponential transseries, which do not involve log, is known
to be highly Gödelian.

Is the differential exponential field 𝕋 tame? (NB: we in-
clude exponentiation among the primitives.) Elliot Ka-
plan has partial results in this direction; for example, the
differential field 𝕋 with exponentiation restricted to {𝑓 ∈
𝕋 ∶ −1 ≤ 𝑓 ≤ 1} is tame.
A connection to Conway’s Field of surreal numbers.
The next comments are for those familiar with Conway’s
magical ordered exponential Field 𝐍𝐨 of surreal numbers,
which contains both ℝ as an ordered exponential subfield,
and the class of ordinals, ordered as usual, as an ordered
subclass. So it is really too big to be a set, which is why we
call it a Field instead of a field, but never mind.

A few years ago, Berarducci and Mantova [5] con-
structed a derivation ∂BM on 𝐍𝐨, with ∂BM(𝜔) = 1, in some
ways the simplest possible such derivation satisfying some
natural constraints. They show it makes 𝐍𝐨 a Liouville
closed 𝐻-field with small derivation and constant field ℝ.
In fact, 𝐍𝐨 with this derivation is even 𝐻-closed, by [2],
and so elementarily equivalent to the ordered differential
field 𝕋. There is also a canonical 10 embedding of 𝕋 into
𝐍𝐨 sending 𝑥 ∈ 𝕋 to 𝜔 ∈ 𝐍𝐨. This embedding is elemen-
tary as an embedding of ordered exponential fields and as
an embedding of differential fields with𝐍𝐨 equipped with
∂BM.

Van der Hoeven had suggested already in [15, p. 6]
to extend the notion of transseries so as to make an even
closer connection to the surreals. One would like to in-
clude for example transfinitely iterated logarithms and ex-
ponentials, while maintaining “termwise” differentiation
and a natural composition (compatible with the deriva-
tion via the chain rule, Taylor expansion, and the like),
eventually to yield a transserial Field ℍ ⊇ 𝕋 of hyperseries.
This program would also include the construction of a
canonical isomorphism of ℍ onto 𝐍𝐨 agreeing on 𝕋 with
the above embedding. See [4] for the present state of this
program, a large part of which has already been carried
out. However, it seems that the derivation on 𝐍𝐨 corre-
sponding to the “termwise” differentiation of ℍ under this
conjectural isomorphism will be different from ∂BM.

10Here “canonical” signifies: “unique subject to certain natural constraints.”

5. Hardy Fields
The topic of Hardy fields11 is older than that of transseries
but in the same spirit. Until recently there were only
very limited ways of extending a given Hardy field, but
in the last two years the authors of [1] have arrived at an
essentially complete extension theory for Hardy fields,
building on the results from their book. Publications on
this are in preparation. Below I say what this all means.

Notation: 𝒞𝑟 is the ring of germs at +∞ of 𝑟-times con-
tinuously differentiable real-valued functions on halflines
(𝑎, +∞), 𝑎 ∈ ℝ, 𝑟 = 0, 1, 2, … ,∞. We also let 𝒞𝜔 be the ring
of germs at+∞ of real analytic functions on such halflines.
Thus

𝒞<∞ ∶= ⋂
𝑟∈ℕ

𝒞𝑟

is naturally a differential ring with 𝒞∞ and 𝒞𝜔 as differen-
tial subrings. For a germ 𝑓 ∈ 𝒞0 it is convenient to let
𝑓 also denote any real valued function representing this
germ when convenient.

A Hardy field is by definition a differential subfield of
𝒞<∞. Examples:

ℚ, ℝ, ℝ(𝑥), ℝ(𝑥, e𝑥), ℝ(𝑥, e𝑥, log 𝑥), ℝ(Γ, Γ′, Γ,″ … ).

All these are actually analytic Hardy fields, that is, differen-
tial subfields of 𝒞𝜔.

Let 𝐻 be a Hardy field. Then 𝐻 is an ordered differential
field with small derivation: for 𝑓 ∈ 𝐻, either 𝑓(𝑥) > 0
eventually, or 𝑓(𝑥) = 0, eventually, or 𝑓(𝑥) < 0, eventually;
this is because 𝑓 ≠ 0 in 𝐻 implies 𝑓 has a multiplicative
inverse in 𝐻, so 𝑓 cannot have arbitrarily large zeros. Also,
if 𝑓′ < 0, then 𝑓 is eventually strictly decreasing; if 𝑓′ = 0,
then 𝑓 is eventually constant; if 𝑓′ > 0, then 𝑓 is eventually
strictly increasing. If 𝐻 ⊇ ℝ, then 𝐻 is an 𝐻-field. Basic
extension results (Bourbaki, Rosenlicht):

• 𝐻 has a unique algebraic Hardy field extension
that is real closed;

• if ℎ ∈ 𝐻, then eℎ generates a Hardy field 𝐻(eℎ);
• any antiderivative 𝑔 = ∫ℎ of any ℎ ∈ 𝐻 generates

a Hardy field 𝐻(𝑔).
Special cases of the last item: 𝐻(ℝ) and 𝐻(𝑥) are Hardy
fields, and if ℎ ∈ 𝐻, ℎ > 0, then 𝐻(log ℎ) is a Hardy field.
Thus maximal Hardy fields contain ℝ, are real closed, and
closed under exponentiation and integration, and so they
are Liouville closed 𝐻-fields with small derivation. (By
Zorn, any Hardy field extends to a maximal Hardy field.
There are in fact 2continuum many different maximal Hardy
fields; I thank Ilijas Farah for a useful hint on this point.)

11The term Hardy field is from Bourbaki [7], where a striking theorem on
logarithmic-exponential functions due to Hardy [13] is put in an elegant gen-
eral setting.
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Our extension theory forHardy fields goesmuch further
and yields the following:

All maximal Hardy fields have DIVP, and thus are all ele-
mentarily equivalent to 𝕋, that is, have the same theory as 𝕋.
(Conjectured in [3].)

This goes through for maximal Hardy subfields of 𝒞∞
and for maximal analytic Hardy fields. We just finished a
proof of another conjecture from [3]:

Let 𝐻 be a Hardy field and 𝐴, 𝐵 countable subsets of 𝐻 with
𝐴 < 𝐵. Then there exists a 𝑦 in a Hardy field extension of 𝐻
such that 𝐴 < 𝑦 < 𝐵.

This completes the picture, since any two maximal
Hardy fields can now be shown to be “back-and-forth”
equivalent, which is considerably stronger than elemen-
tarily equivalent: under the Continuum Hypothesis it fol-
lows that any two maximal Hardy fields are even isomor-
phic, as ordered differential fields. It also adds to the sur-
real connection: every maximal Hardy field is back-and-
forth equivalent to the field of surreal numbers of count-
able length, equipped with the Berarducci-Mantova deriva-
tion (and isomorphic to it under CH).

It remains to thank the referees and AntonioMontalban
for their suggestions that helped to improve the exposition
in this paper.
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From Liberal Arts Professor 
to Tech-Industry Life

Gwen Spencer

I’m writing to you two years into my industry career, and 
from my second “Scientist” position at a fast-growing  
private technology company. I wanted to start this article by 
naming my favorite aspect of working as a scientist in indus-
try. Mulling it over though, I couldn’t choose just one! So 
first, on a day-to-day basis, what I love most about my job 
is the high rate at which I get to learn new ideas with and 
from the super sharp domain experts I collaborate with. 
On a longer time-scale, what I’ve found most intoxicating 
about working in industry is the opportunity to see my 
models pressure-tested at enormous scale by the complex 
adversary that is the real world.

Some Problems I’ve Worked On
After two years as an interdisciplinary academic postdoc, 
and 4.5 years as Mathematics faculty at a private liberal 
arts college in Massachusetts, I accepted my first industry 
position in Seattle at a long-haul trucking startup called 
Convoy. In my 13 months at Convoy, I worked to automate 
the spatial rebalancing of the national fleet of trailers (each 
53 feet long) that are used to offer a long-haul shipping 
product called “Drop and Hook.” Drop and Hook shipping 
involves pre-positioning trailers so that shippers can load 
trailers in advance of pick up time. This minimizes delays 
for truck drivers who can arrive, hook up to a preloaded 
trailer, and drive off. Enterprise shippers love this shipping 
option because they have highly choreographed routines 
to boost efficiency within their warehouses: with Drop 
and Hook, shippers can operate on their own finely tuned 
warehouse schedules without interruption even if truck 
drivers get stuck in traffic, or arrive late due to a snag with 
a previous job.

Gwen Spencer is a data scientist at Stripe. Her email address is gwen 
spencer@gmail.com.
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What’s Particularly Special About Fast-Growing 
Tech Companies?
In both companies where I’ve worked, scientists have ac-
cess to high-ownership high-impact opportunities. Rather 
than exploring how to tweak a sophisticated system that is 
already functioning well, a scientist at a fast-growing tech 
company will typically have a larger role in formulating 
the problem, iterating on the problem statement, and 
designing a first fundamental approach. My favorite explic-
itly-stated company value at Convoy was, “Love Problems, 
Not Solutions.” At an early stage company, it is critically 
important for all team members to redirect focus to make 
sure we are solving the right problems, and to be wary of 
intriguing but distracting technical rabbit holes: what we 
decide to prioritize can truly have a material impact on the 
success of the company.

Next, in my experience, if a fast-growing company de-
cides that it can afford to allocate a substantial chunk of 
science time to a project, that decision will be paired with a 
sense of urgency and a commitment to resource the project 
so that it moves from model to deployment quickly. In 
conducting interview loops, I’ve frequently chatted with sci-
entists from larger older organizations where large projects 
were shelved, sometimes after years of scientist effort. While 
killing a long-term project to redirect resources may be 
highly rational for a company, it can be very discouraging 
for the individual contributors. Being early in my industry 
career, I want to gain experience on the entire project pipe-
line: from basic formulation to full deployment. Building 
up my sample size on how to make each phase of this 
process run smoothly is both really personally engaging 
and an important aspect of my professional growth as an 
industry scientist.

Last, I’ll mention that as a postdoc, and in a couple of 
subsequent interdisciplinary academic collaborations, I 
absolutely relished having access to collaborators whose 
deep expertise was different from my own. Hashing out 
models on a whiteboard with economists and ecologists 
was so fun it made me wonder: could I be doing Science 
as a full time job? For me, direct access to these different 
highly developed mental models and ways of reasoning is 
really the intellectual spice of life! Lots of factors shape who 
your daily contacts are in an industry position. Working 
at tech companies, my primary collaborators have been 
terrific engineers and super sharp domain experts, which 
I have found to be an awesome learning opportunity. At 
Stripe, the Data Science organization encourages embedded 
scientists to sit with their stakeholders three days a week 
and with our data science colleagues two days a week: this is 
one of the things that makes me most excited about offices 
reopening after Covid.

Rebalancing trailers optimally requires distributing 
thousands of trailers across a network of hundreds of 
shipper sites so that trailers are always onsite when needed 
for outbound jobs, and so that empty trailers don’t have 
to be transported more miles than necessary. By working 
on integer-programming algorithms to reduce the empty 
mileage of the Drop and Hook shipping product, I helped 
to keep costs low for Convoy’s shipper customers while 
also reducing the carbon footprint required to serve their 
long-haul shipping needs. An extremely cool moment 
with my engineering partner was when we started to “take 
our hands off the wheel” and the fully automated system 
took over. As the first Covid-related lockdowns began in 
California, our rebalancing work helped stretch Convoy’s 
Drop and Hook Capacity to accommodate surge demands 
our shippers were facing to restock critical consumer goods. 
Contributing our small part to keep the national supply 
chain moving during this tail event was both inspiring and 
technically fascinating.

One of my favorite aspects of the job at Convoy was 
working closely with the Operations Team to iteratively 
improve and refine the constraints and objectives that 
were informing my algorithm’s automated rebalancing 
decisions. With that as context, I was really excited when 
an opportunity came up to be specifically embedded with 
the Operations Team at Stripe. Stripe is a fintech software 
company that builds economic infrastructure for the in-
ternet. Stripe serves millions of international businesses, 
from small companies that have only a few employees up 
to enterprise-scale customers like Lyft, Instacart, Slack, and 
Amazon. By making it simple for businesses of all sizes 
to securely send and receive payments online (including 
payments that cross international boundaries and curren-
cies), Stripe empowers its customers to focus on their own 
primary businesses. 

Because of the COVID lockdowns, many businesses 
around the world have had to quickly move online or dra-
matically expand the share of their business that operates 
online. 

To support Stripe’s large and diverse user base, we pro-
vide several channels for users to contact Support, includ-
ing chat, email, and requesting a callback. Planning the 
staffing needed to meet rigorous targets for response time 
in each channel requires time series forecasts for a wide 
variety of specialized support offerings. I work on these 
time-series forecasting problems with a special emphasis 
on planning over time. Many choices about staffing and 
hiring must be locked-in months in advance, and so we 
need to think carefully about uncertainty associated with 
different forecast time horizons and make intentional 
tradeoffs. Also, since we typically need to produce forecasts 
for a large number of quantities that evolve very differently 
over time, we need to build automated model training and 
model selection that can provide robust performance with 
minimal human input.
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successful strategy has been to pay close attention to what I 
find personally engaging on a daily basis. If you don’t have 
access to direct experience about a future direction you are 
considering (e.g., an internship), how could you start to 
gather evidence? Seeking out others who have taken paths 
that you are considering (and reading articles online…) is 
a great place to start. Asking concrete questions about how 
someone spent their last 40 hours at work can be illumi-
nating. Don’t worry if you aren’t already sure what path is 
right for you: learning your own preferences and forming 
a vision of the type of exercise you’d like to be giving your 
brain in 2–3 years is a serious investment.

Credits
Author photo is courtesy of Gwen Spencer.

Academia Trained Me 
for a BIG Career

Peter D. Horn

I am honored to share some career advice with the young 
and mathematically inclined. When I fit that description, 
I felt a lack of diversity in the opinions and advice I was 
hearing from my mentors. This wasn’t their fault, but mine. 
Classic case of selection bias, as I only sought advice from 
my professors. My first recommendation is to connect with 
many math folks who have walked a variety of paths to get 
a sense of what is out there (reading the posts on https://
bigmathnetwork.org is a great first step!).

When I was finishing up my math major, I felt there 
was more math for me to learn, and I went on to get a 
PhD in low-dimensional topology. As a grad student, I was 
encouraged to pursue a postdoc. By the time I was deep 
into my postdoc, I had a tenure-track job in my sights. It 
wasn’t until my third year into a tenure-track position that I 

Translatable Skills from Academic Training
At Stripe, my data science colleagues have a wide variety 
of different technical backgrounds: biology, physics, epide-
miology, etc. While I currently work under a general Data 
Scientist title, the problems I’ve worked on in industry are 
mostly related to core concepts from my graduate training 
in Operations Research: algorithms, spatial optimization, 
decision making over time, stochastic processes, queuing, 
statistics, concepts about robustness and quantifying per-
formance, and so on.

Outside of my technical familiarity with certain topics, 
a lot of the value I bring to my team is connected to habits 
of mind from my mathematical training. First, in both pure 
and applied math research, one of the great pleasures is 
inventing language to formalize initially fuzzy ideas. The 
right language, or even, the right evocative name, can set off 
a cascade of useful reasoning, exposing paths forward that 
were initially invisible. This is absolutely a phenomenon in 
industry as well. Inventing the right language can accelerate 
iteration towards the most meaningful questions and can 
unblock teams.

Second, to listen to mathematics talks productively, you 
often can’t rely on understanding each detail in linear order: 
instead you have to practice a kind of “modular ingestion.” 
In real-time this involves listening for the high level struc-
ture of the reasoning, and being able to fluently black-box 
and un-black-box various sub-modules to investigate 
details after the fact. These listening habits are incredibly 
powerful in trying to ingest messy real world settings from 
experts who know countless corner cases, caveats, and lurk-
ing hazards. Another listening skill is habitually building 
an expanding survey of “typical approaches” used to reason 
about major classes of problems. Almost every academic I 
know does this in the background: being sensitive to when 
you are encountering a new mode of reasoning or when a 
problem fits a mode of reasoning you recognize is a huge 
asset in an industry setting.

Finally, in certain ways, the intense specialization of 
mathematical training can be quite good preparation to 
navigate life as a generalist. Mathematical arguments often 
contain long sequences of logical implications. Mathema-
ticians build up strength in an unusual muscle: the ability 
to peel back 80% of their own mental model and rebuild 
implications very quickly based on the introduction of a 
new assumption, or in response to a flaw exposed early 
in the chain of reasoning. In industry, and particularly at 
fast-growing tech companies, data scientists often meet 
new problems, features, and obstacles weekly: the ability to 
quickly iterate and pivot your mental model (and to bring 
others along with you) is like a super power!

Exploration vs. Exploitation
Every career path offers a different collection of rewards. To 
say that we often face large decisions without the benefit 
of full information is an understatement. For me, a really 

Gwen Spencer
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and machine learning, and these courses taught me what 
people in industry care about, how they talk, and what 
tools they use. I also participated in some coding and data 
science competitions online. Since I had a noticeable lack of 
business experience, these competitions were something I 
could point to as proof that I could do data science. I would 
also recommend attending meetups in your area. In my 
experience, meetup people are very friendly and helpful.

Transitioning out of academia was scary, but it has been 
one of my best decisions. At first I was worried I wouldn’t be 
what employers were looking for, but I learned that many 
employers want to build companies with people from 
diverse backgrounds. Don’t worry about trying to fit the 
mold. Reach out to friends, former classmates, and friends 
of friends, and you will find all the support you need.

Credits
Author photo is courtesy of Peter D. Horn.

Threefold Advice: Making 
the Jump from Geometric 
Group Theorist to Computer 
Vision Specialist

Lucas Sabalka

I began my mathematical career as a research mathemati-
cian, but now I work in industry even though my degree is 
not in an applied area. With so few academic jobs available 
recently, transitioning to industry is becoming more com-
mon for mathematics PhDs. So to help any mathematicians 
thinking about that transition, let me tell you how I got 
where I am.

I had always planned on being a professor as I pursued 
my PhD. That’s what I became: after two postdocs and a 

evaluated my career choice and realized I would be happier 
doing something else.

I reached out to a few friends from grad school who 
went into government and industry, as well as a couple 
former academics who transferred to tech and finance jobs. 
I did a little research to see what was out there, and found 
“data science” to be a broad enough field to entertain my 
intellectual curiosities (e.g. machine learning algorithms) 
while providing plenty of opportunities. My first post-ac-
ademic role was data scientist at a non-profit doing R&D 
for various federal agencies. In my first year there, I worked 
on research projects involving machine learning and agent-
based models to drive policy analysis, and I prototyped a 
web-based simulation tool to explore workforce strategies 
for the VA. Since then I have pivoted towards software en-
gineering. Currently I lead a team of software developers 
at Indeed.com, where we are building data analytics and 
pipeline tools used within the company. There are many 
industry roles that are good fits for mathematicians, and it 
is possible to change roles.

While in the transition to industry, I realized that much 
of my academic training and some of my hobbies posi-
tioned me to be an attractive candidate. As a math major/
PhD candidate/professor, I had accrued a ton of experience 
teaching myself complex, abstract concepts. Employers seek 
out job candidates who can demonstrate the ability to pick 
up new things quickly. Working in help centers/recitations/
lectures, I had accrued a ton of experience explaining deep, 
technical material to non-technical audiences. Employers 
like to hire teachers because they can put you in front of 
customers or use you to mentor young staff. As a mathe-
matician, you have surely gained similar experience. Find 
a way to brag about your superpowers!

You’re going to need programming skills. In my journey, 
I was lucky to have learned to code. In college, I learned a 
bit of Java in CS 101. In grad school, the math department 
hired me by the hour to maintain their website. I chose to 
write up my homework in LaTeX. Frequently, I would need 
to do some computations in Mathematica, Maple, Matlab, 
or Sage. As a postdoc, I got bored one summer and wrote a 
couple of card games in Objective-C. For a research paper, I 
needed to diagonalize some matrices over a non-commuta-
tive base ring, and I wrote the code to do this from scratch 
in Python. Before I had even heard of data science, I had 
ten programming/markup languages under my belt, and 
I put all of them on my resumé to show employers that I 
am comfortable writing code. If you don’t have experience 
programming, I recommend you pick up Python. It’s a 
good general purpose language. Pick a project and use 
Python to attack it (e.g., implement matrix multiplication 
from scratch).

The last piece of advice I have is to acquire domain 
knowledge and to network. The biggest hurdle I had in 
my journey was learning to communicate with potential 
employers. I decided to take online courses in data analytics 

Peter D. Horn
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health care costs as well as improve patient outcomes and 
save lives. It is rewarding to feel like this project could help 
improve people’s lives.

My dissertation was in geometric group theory, a topic 
at the intersection of algebra and topology. While my job 
does not call for geometric group theory or really any gradu-
ate-level mathematics, I do use undergraduate-level mathe-
matics concepts extensively, including statistics, probability, 
calculus, Euclidean geometry, various computer science 
algorithms, and linear algebra. We use machine-learned 
algorithms and we also write computer vision algorithms 
by hand. Consider, for example, taking an array of points 
in 3-space representing a single camera frame from a video 
stream of a hospital room, and trying to identify exactly 
those points that represent a bed. What properties of a bed 
are important, and how do you quantify that in a way a 
computer could evaluate? Once you know where the bed 
is, which points in 3-space represent the patient, and which 
the nurse? How will you deal with noisy or missing data? 
I may not be using the tools of my specialization, but I am 
using the problem-solving skills that I developed while 
pursuing my degree. My degree is not applied, but having a 
PhD in mathematics in any subject shows that you’re good 
at problem solving.

My advice to mathematics PhD students considering 
industry for work is threefold. First, remember that your 
degree will mean you are a very good problem solver, 
and have confidence that there are companies that value 
your skills. Second, it’s a good idea to get some classes 
under your belt that could help you in your desired 
fields: computer programming, statistics, probability, 
finance, or any classes that could apply in industry. These 
classes aren’t necessary, but can distinguish you from 
other candidates and help prepare you for the transition. 
Third, if possible, I recommend finding an internship in 
the field you’re looking at. This will give you valuable 
experience, help you know what to expect, show you 
whether you’d like that industry job, and will help you 
on the job market. Even if you don’t take other classes or 
have an internship, companies provide new employees 
training for their new roles.

If you are faced with a career change and decide to leave 
academia, remember: a PhD shows you are a good learner 
and you have the problem-solving skills necessary to suc-
ceed in industry!

Credits
Author photo is courtesy of Lucas Sa-
balka.

decent rate of publication, I got a tenure-track position at 
a research university. A career in academia has significant 
pluses, including the promise of tenure and thinking about 
interesting problems all day. However, through the course 
of these positions, I gradually realized the impact of two 
important minuses of a career in academia. One is that, 
with academic jobs so few and far between, you typically 
do not get to choose where you live. My wife and I are from 
Nebraska, and wanted to end up close to family and friends. 
The second is that research is driven by self-motivation. 
That’s good for someone like me who is highly self-moti-
vated, but it can also add undue stress: I was easily on-track 
for tenure, but found myself pushing hard to make a name 
for myself with little recognition.

The experience that changed my career path from aca-
demia to industry was a consultantship. A co-author and 
good friend of mine, Dr. Josh Brown-Kramer, was working 
as an applied mathematician at a start-up tech company 
called Ocuvera in my home town. I have undergraduate de-
grees in math, computer science, and history, and together 
with Josh, I had competed in and won a few programming 
contests back in the day. I had done very little programming 
in the intervening years, but I had enough knowledge to 
pick up coding quickly. Josh put in a good word for me, 
and got me a full-time consulting position one summer. 
That position turned out to be a good opportunity for the 
company to see that I was a good fit culturally and could 
contribute positively to their products, as well as a good 
opportunity for me to see what working in industry was 
like. A few months after my consultantship ended, the 
company extended me a full-time offer. It was a difficult 
decision to make, but the draw of moving back home and 
(what was for me) the lower stress of working in industry 
led my decision. I took the plunge and switched careers: 
from “mathematician” to “applied mathematician.”

That transition was anxiety-inducing. I had prepared for 
many years to be in academia. It had the promise of tenure, 
and it was familiar. Industry was scary: what if my company 
folded? How would I handle the different stresses? In retro-
spect, I should have had more confidence in myself. I now 
trust that I will be able to find another job if my current job 
were to disappear. The stressors are different, but overall my 
stress levels have decreased. I have more time for hobbies, 
including advocacy and volunteerism (I speak with elected 
officials and thought leaders about climate change and the 
transition to a clean energy economy).

My job is Computer Vision Specialist. I develop algo-
rithms for computers, equipped with 3-dimensional cam-
eras, to automatically monitor patients in hospital settings. 
If the algorithms detect risky behavior from the patient that 
could increase their risk of falling, they automatically alert 
hospital personnel to determine an appropriate course of 
action. Falls cost hospitals and patients billions of dollars 
per year and can result in death. Helping reduce fall risk 
and introducing automated monitoring should reduce 

Lucas Sabalka
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How Did I Become a Data Scientist?
There are plenty of resources online that outline possible 
paths to becoming a data scientist. I will simply describe 
my own experience.

From the moment I realized I would enjoy being a Data 
Scientist to finding my first internship, I spent nine months 
devouring online and free courses on Machine Learning 
and Python, sent out dozens of applications, got two in-
terviews, failed miserably at one of them and lucked out 
with the remaining employer, who was willing to give me a 
chance. It was a small start-up in San Francisco developing 
enterprise software in Natural Language Processing. They 
posted internship positions on their website alone, and I 
daringly emailed the founder directly with my best pitch 
about why I would be a good match. I say daringly because 
it is not standard practice at larger and more established 
companies. But anything goes at start-ups, and this one 
happened to go swimmingly for me.

During the three month internship, I learned intensely. 
My technical knowledge deficit was overwhelming at times. 
But here, my academic training was an asset. Living with 
overwhelming stress without it paralyzing you is arguably 
what “PhD grit” is all about. A harder adjustment was the 
social aspect of the workplace. Like any profession, there are 
jargons and topics, popular and unpopular opinions, the 
latest and meanest blog posts, all exchanged electronically 
in an open, yet entirely silent office. But I found mentors 
and allies who helped me feel at home.

This internship was just the beginning of my journey to 
becoming a data scientist. It took another two years and one 
failed job search cycle before I landed my current position.

How Is Being a Data Scientist Different from 
Being an Academic?
You are no longer alone.
Intellectual isolation was the hardest part of my academic 
research experience. Apart from conferences in my partic-
ular field in mathematics, and research meetings with my 
advisor, I had no peers with whom to engage in frequent 
and technical discussions of the details of my work. That 
is no longer the case in industry. Not only are my cowork-
ers ready to get as nitty-gritty into my project as I wish to 
go, they also possess a wealth of experience dealing with 
similar projects and are happy to share their expertise. 
Learning in such an environment is exponentially faster 
than learning alone.
Project time frames are shorter.
Time frames differ significantly from company to company. 
Larger companies tend to tackle longer-term projects. 
Software teams typically have shorter time frames due to 
the nature of the work. So, the scope and the strategic im-
portance of your day-to-day activities will vary depending 
on where you work. For me, deadlines for large projects 
are on a quarterly basis and smaller ones are weekly. The 
shorter deadlines are oftentimes helpful since they force 

How I Became a 
Data Scientist

Bolor Turmunkh
First Steps
At the beginning of my fifth year of graduate school at the 
University of Illinois, with thoughts of impending gradua-
tion, I started thinking for perhaps the first time in my life 
about who I wanted to be. I had lived happily as an infor-
mation hermit for four years. I had spared little thought 
for anything other than academic research. It would have 
been handy if I had kept up with career trends, sought-after 
skills, or internship opportunities. But as they say, the secret 
of getting ahead is getting started. So, I buckled down and 
got started.

After a quick Google search on trending careers of the 
future and cross-referencing the required skills with my 
own past experiences, I landed naturally on data science. 
In this post, I will recount the path to my current position 
as a data scientist, and describe some differences between 
academic research and industry work—so that if you are 
considering the same options, you might be better in-
formed about the trade-offs.

What Is Data Science?
A famous Venn diagram (Google “data science Venn dia-
gram”) defines data scientists as having skills at the inter-
section of coding, statistics, and domain expertise. They are 
the people who take a business problem, go prospecting 
for available and attainable data, reformulate the question 
in technical terms, design and implement a statistical and 
machine learning task, and reinterpret the results for the 
business client to ultimately answer the original question. 
That makes it sound like to be a data scientist you need 
to be a statistician and a computer scientist with years of 
industry specific experience. That’s not quite true.

The reality is, data science is both vast and new, with 
specializations and sub-fields quickly developing. Highly 
sought-after data scientists are people who are broadly fa-
miliar with all aspects of data science while being experts 
in one or two fields. It is a highly achievable career for 
mathematics graduate students—with some preparation.

When she wrote the article, Bolor Turmunkh was a data scientist at Uptake 
in Chicago. She has since moved to Apple in Cupertino and is working as a 
machine learning engineering manager within an anti-fraud engineering 
field. Her email address is bolor.turmunkh@gmail.com.
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Insights into a Day in 
the Life of an Industrial 
Mathematician: Part I

Sharon Arroyo, William Christian,  
and Rajeev Namboothiri

Students often ask, “What is a typical day when working as a 
mathematician in industry?” Typical days vary across differ-
ent companies, positions, years of experience, and interests. 
Following are insights from our careers in industry that 
allow us to be curious and creative while providing value 
to our companies. In Part I, the focus is on how a day varies 
as we develop a mathematical solution. Part II is focused 
on how typical days change over the years of one’s career.

To appreciate the daily mix of activities you should 
understand the six general steps taken when developing a 
solution to a business problem:
1. Defining requirements
2. Developing a mathematical problem formulation
3. Defining an algorithm
4. Implementing an algorithm
5. Transitioning the solution
6. Analyzing results

Each of these steps can take hours to months depending 
on the type of project. Also, the process is rarely a linear 
one as we describe below and frequently bounces back and 
forth as more is learned about the problem.

When a project starts, there typically will be several 
meetings with the end user, often called the customer, to 
determine the solution requirements. These meetings could 
be in a conference room or, as in our cases, they could be 
on an airplane production line, at an analyst’s desk, or at 
an overseas military installation. The number of meetings 
and time frame needed to develop an initial set of require-
ments depends on the difficulty of the problem and the 
experience of the customer organization in teaming with 
mathematicians. During these meetings, the composition 
of the technical team needed will be considered. Mathema-
ticians are always working in teams with collaborators from 
various departments and with varied backgrounds, which 

you and your managers to clearly define goals and criteria 
for success. On the other hand, short-term goals can some-
times feel short-sighted, if your team’s priorities change 
drastically.
You won’t always get to decide what to work on.
This one is a spectrum. Companies such as Apple prefer to 
set strategic directions and product vision from the top and 
have them permeate downward. More bottom-up compa-
nies such as Facebook prefer a more entrepreneurial feel. 
Most companies lie somewhere in between, which means 
you are somewhat in charge of what you get to work on. My 
team establishes quarterly priorities and project proposals 
together, which then go through a review process to make 
sure the proposals align with company goals.
You have more resources.
As a graduate student, the main resource I had was my own 
time. As such, I was used to solving all my problems on 
my own. But as a team member, your goal is to arrive at a 
good solution in the most efficient manner possible. Doing 
everything yourself is not the most efficient way. Getting 
help is not only highly recommended, but expected of you.
Done is better than perfect.
It is an entirely new skill for most academics to weigh the 
costs and benefits of doing the job perfectly versus doing it 
fast. In industry, one makes this trade-off every day.

Closing Thoughts
The qualifications and projects of a data scientist are quite 
different from those of an academic mathematician, and 
yet the actual work is quite similar in nature. The great 
majority of a data scientist’s time is spent defining and 
redefining an ambiguous problem until it can be clearly 
stated, and then solved.

Once a data scientist finds interesting results, it is crucial 
to communicate them to the end customer. Building a story 
around a complex issue, supporting that story with evi-
dence derived from data, and interpreting the results into a 
concrete recommendation for the customer, are the central 
tasks of the job. From this perspective, your graduate train-
ing in mathematics, statistics, or operations research will 
provide a strong foundation for moving into data science.

Good luck with your career transition and job search!

Credits
Author photo is courtesy of Bolor Tur-
munkh.
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leads to a higher-quality solution and exciting learning in 
new areas.

Once you have gathered the initial requirements, a fun 
part of the solution development is creating a mathematical 
problem formulation (i.e., mathematical equations that 
define the problem and will be used for algorithm devel-
opment). Experienced mathematicians will leverage their 
insights into what approach and tools can be targeted for 
the business requirement (e.g., estimates on problem char-
acteristics and sizes that can be solved within the run time 
requirements) to have a likelier first-time quality solution. 
The step of defining a problem formulation often uncovers 
additional requirements, another benefit of the problem 
formulation step.

With the initial problem formulation defined, another 
engaging and innovative part of the solution development 
is the creation of the algorithm. While the development of 
new algorithms might be a dream task for a mathemati-
cian, the goal is to determine an algorithm approach that 
is the most efficient in terms of development time while 
still meeting all the requirements. As a result, utilizing 
prior algorithms developed in the company, and open 
source or commercial software when possible, are always 
considered first.

Once an algorithm plan is in place, implementation 
begins. A phased plan typically is developed not only as 
good practice, but also to be able to get input from and 
show progress to the customer. During the early steps, 
development languages are considered, where the decision 
depends on many factors including run and development 
time requirements, how the algorithm will be called in-
cluding any system integration plans, and developer skills. 
Insights gathered when testing the algorithm frequently 
lead to changes, including additional requirements.

Because sharing phased results with the customer has 
often taken place, the solution at the end is ready to be 
transitioned. Although training often takes place so the 
customer will know how to run the tool and interpret, 
analyze, and use the results, there is typically additional 
interaction with the customer to analyze results and work 
on requirements for the next extension. Analyzing results 
with the customer and seeing the value the solution pro-
vides can often be the most exciting and rewarding part of 
the entire process.

Typically, mathematicians will work on multiple proj-
ects at a time, and the state of each project will dictate the 
day. If one is involved with requirements and/or solution 
transition and analysis, there will be more meetings than 
if one is involved with implementation.

This overview has been just a glimpse into what the 
typical day of an industrial mathematician might include 
based on the steps for creating a mathematical solution to 
a business problem. In Part II of this article, we will give 
an overview of how typical days in the life of an industrial 
mathematician change over the years.

Insights into a Day in 
the Life of an Industrial 
Mathematician: Part II

In Part I, we talked about what a single day as an industrial 
mathematician might involve. However, a key factor in how 
your day varies is your level of experience in the field and 
with your employer.

Career Progression
Typically, days as an industrial mathematician vary as you 
progress in your career. As you start your career in industry, 
you will be assigned project(s) by your manager, and your 
role may be to develop solution methodologies to problem 
descriptions already provided to you. On a typical day, your 
focus primarily will be on advancing the technical solution 
development and execution, and you will be attending 
technical review meetings, both with your organizational 
team and with customer business teams. Some organiza-
tions choose not to expose early-stage practitioners to the 
end-customer, but this approach will vary from organiza-
tion to organization. This standard practice helps young 
practitioners smoothly transition into the business environ-
ment without needing to address day-to-day operational 
challenges of managing projects.

As you gain experience, you will be provided with addi-
tional responsibilities, starting with direct interaction with 
your stakeholders from the business teams. Your interaction 
with the business customer will become more frequent 
and include presenting your technical solutions directly to 
your customer. Increasingly, you will shape the direction 
of your project through discussions with the end users. 
You will have to start navigating the complexities involved 
in defining business problems of impact and to develop 
skills in converting these into a technical problem that can 
have a mathematical solution. You will be involved in the 
technical solution development and commonly receive 
support from your junior colleagues in the execution phase. 
You will also start managing technical work for your junior 
colleagues (e.g., providing suggestions on which algorithm 
to use to solve a problem).

As you continue to grow in the organization, the ex-
pectation will be for you to advance a technology area for 
the research organization by conceiving and developing 
projects in that space. This will require extensive interaction 
with business customers, potentially at the executive level, 
as you will need to educate the business leadership about 
the potential impact of the solution and convince them to 
invest time and resources from their organization in the 
project. Within the research organization, you will mentor 
and guide the junior researchers and may be less involved 
in the day-to-day execution of the ongoing projects.
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consider how you prefer to spend your time because you 
will have to live it every day.

Summing Up
The job of an industrial mathematician varies by day, per-
son, project, company, and industry, and it evolves along 
with your personal development goals and aspirations and 
supports an exciting career where you can be curious and 
creative while providing value to your organization.

Credits
Photo of Sharon Arroyo is courtesy of Jeff Gordon/Boeing.
Photo of William Christian is courtesy of William Christian.
Photo of Rajeev Namboothiri is courtesy of Rajeev Nam-

boothiri.

Mission Application
At the most basic level, each of us is faced with two options: 
academia or industry.  However, just as there are different 
types of academic institutions, there are different types of 
industry opportunities and some of them overlap with ac-
ademia. Industrial mathematicians, or practitioners, work 
in research, consulting (internal and external), training, 
tool development, or implementation.

What really makes practitioners unique from acade-
micians is that the practitioners need to be business mis-
sion-focused. That is, their work is done toward achieving 
business objectives such as reducing costs and process time 
and improving safety and quality within their organiza-
tion. Also, results need to be measurable in terms of their 
impact to the organization. Of course, what mission-ori-
ented looks like is different depending on the industry, the 
organization, business unit within the organization, and 
the individual’s role.

Even though the focus is mission-driven, in some orga-
nizations and industries, practitioners may be involved in 
what would be considered basic research either to move 
the problem solving forward or because the objectives or 
problem constraints are not addressed in academic liter-
ature. In those cases, the work is typically aligned toward 
a practical implementation of a solution rather than a 
purely theoretical result since the latter does not improve 
the organization’s bottom line.

Overall, industry practitioners must find a balance be-
tween short-term and long-term work.  On the one hand, 
there is the excitement of working with customers to create 
a capability that they really need and are going to use. On 
the other hand, it is important to think about what the 
organization will need 5–10 years in the future. The short 
term feeds the long term in that it helps to keep the prac-
titioner in touch with the organization and the long-term 
research grounded in organizational problems.

Management
The focus in this article has been on technical problem 
solving and leadership in industrial positions. However, 
we want to mention that management is also an option 
for practitioners with experience.

Managers often exchange the day-to-day technical work 
with responsibility for organization strategy and design, 
employee recruitment, providing motivation, evaluations 
and professional development, and obtaining and manag-
ing the financial and other resources needed for the team 
to meet its objectives. That being said, management roles 
at some companies do allow for a portion of the time to be 
devoted to technical problem solving, while others do not. 

Most people will say that the answer to the question 
of becoming a manager depends on whether you believe 
you can have more impact as a manager enabling technical 
work or in a hands-on technical role. It is very important to 

Sharon Arroyo

Rajeev Namboothiri

William Christian



The Man Who Loved Problems:
Richard K. Guy
Andrew Granville and Carl Pomerance

“Richard Kenneth Guy on his hundredth birthday
Working at his figures round the clock non-stop. . . ”

—Andrew Bremner

Introduction
This article celebrates the life of one of the most color-
ful figures in contemporary mathematics. Richard Guy,
popular author, columnist, educator, researcher, and avid
mountain climber, passed away in 2020 at the age of 103.

Richard’s research interests were primarily in number
theory, combinatorics, game theory, and geometry, and
his books on these subjects fascinated, and continue to
fascinate, generations attracted by the lure of solving an
accessible research problem. His extraordinary books not
only appealed to a wide audience but brought readers in,
encouraging them to play with the mathematics and learn
by doing. For many years he ran the Research Problems
column in the American Mathematical Monthly, which each
month invited people to write an essay about an accessi-
ble problem. Besides his research and his inspiring books,
Richard was a mentor to many students, enjoyed outreach,
and was an extraordinary expositor.

Early life. Guy grew up in Warwickshire, England, and,
readingDickson’sHistory of the Theory of Numbers at the age
of 17, discovered his lifelong passion for number theory
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Figure 1. Flight Lieutenant Richard Guy, RAF, in 1942.

problems. As an undergraduate at Cambridge he became
an avid composer of chess problems, which he blamed for
not getting a “first” when he graduated in 1938. He then
trained to become a teacher at the University of Birming-
ham. He married his wife Louise in 1940, bonding over
their mutual passion for mountain climbing and for dan-
cing. They had three children, Elizabeth Anne, Peter, and
computer scientist and mathematician, Michael J. T. Guy.

Moving around. In 1941, Guy trained as a meteorolo-
gist, forecasting for bombers and other aircraft during the
Second World War. Posted to Reykjavik, he was com-
missioned as flight lieutenant in the Royal Air Force in
1942; in Iceland, he did some glacier travel, skiing, and
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Figure 2. On the fire escape at University College London in
1948. (The same one is there today.)

mountain climbing, marking the beginning of another
long love affair, this one with snow and ice. Subsequently
he was posted to Bermuda. After the war, he first taught
mathematics at Stockport Grammar School and then at
Goldsmiths’ College in London. From 1951 to 1962, Guy
taught at the University of Malaya in Singapore, (now
NUS), and then spent a few years at IITDelhi, before finally
moving to the University of Calgary in Alberta, Canada in
1965.

An amateur mathematician. Like others of the WW2 gen-
eration, Guy never went back to do a PhD, priding him-
self on being an “enthusiastic amateur” who enjoyed peo-
ple who did quality research. In 1960, Paul Erdős vis-
ited Singapore and suggested some problems to Guy: “I
made some progress in each of them. This gave me en-
couragement, and I began to think of myself as possibly
being something of a research mathematician, which I
hadn’t done before.”1 He ended up writing four papers
with Erdős, even solving an Erdős problem and develop-
ing his voracious appetite for unsolved problems. From
then on, Guy would collect problems, both for his col-
umn in the Monthly and also for his wonderful book Un-
solved Problems in Number Theory, commonly referred to as
UPINT. Several notable mathematicians got their start try-
ing to solve problems from UPINT.

1Quote from Albers and Alexanderson’s 2011 interview with Richard Guy in
“Fascinating mathematical people.”

Guy published more than 100 research papers in num-
ber theory, geometry, graph theory, combinatorics, and
combinatorial game theory, a subject he helped create, as
well as many articles on “recreational mathematics.” He
worked with luminaries in each of these fields, such as
Elwyn Berlekamp, Béla Bollobás, John H. Conway, Paul
Erdős, Martin Gardner, Ron Graham, Frank Harary, Don-
ald Knuth, Dick Lehmer, Yuri Matiyasevich, John L. Self-
ridge, Dan Shanks, and Neil Sloane.

A doctorate. Guy retired in 1982 and nine years later fi-
nally obtained an (honorary) doctorate from the Univer-
sity of Calgary. In its award they wrote, “his extensive re-
search efforts and prolific writings in the field of number
theory and combinatorics have added much to the under-
pinnings of game theory and its extensive application to
many forms of human activity.” Guy worked on research
for almost another 40 years, in the office five days a week,
even at 100, prolific to the end.

Figure 3. Richard Guy, a Calgary professor in the 1960s.

A teacher. Richard enjoyed involving people in math-
ematics, particularly getting them hooked on unsolved
problems. He taught at the first Canada/USA Mathcamp
for high school students. Even as a centenarian, Richard
would pose suitable problems, some recreational, some
serious, always aiming to gently tempt the student into go-
ing further. Guy’s last PhD student, Jia Shen, graduated
when Richard was 92. He never really stopped, indeed he
supervised undergraduates until he was 101. Participating
in Calgary Math Nites, “an interactive event for students
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in Grades 7 through 12 who want to try more challenging
mathematics,”2 he “discovered” Alex Fink, (now at Queen
Mary University, London) and Julian Salazar (now in ma-
chine learning with Amazon) with whom he published a
paper [16] when Julian was 20 and Richard 98.

Graduate students were always impressed by his open-
ness, and desire to include them, for example inviting stu-
dents to meet with, and be inspired by, famous visiting
mathematicians [19].

The Richard and Louise Guy Lecture Series was en-
dowed as a gift from his wife Louise to Richard for his 90th
birthday. The speakers have included Richard’s collabora-
tors like Conway, Graham, and Berlekamp; students like
Richard Nowakowski; other exciting talents like Manjul
Bhargava, Erik Demaine, Mike Bennett, and Noam Elkies;
as well as mathematics from a different perspective from
Edward Doolittle (from the First Nations University of
Canada) and Eugenia Cheng (Scientist in residence at the
Art Institute of Chicago). The most recent Guy lectures
were given by Terry Tao (2020) and Ben Green (2021).

Figure 4. Richard and his wife Louise, cross-country skiing in
1971 just after arriving in Canada.

A climber. Richard and his wife Louise were well-known
as hikers and climbers. They had learned to love the Hi-
malayas in their time in India, had climbed in the Swiss
Alps, made their way to the summit of Mount Kinabalu
in Northern Borneo and visited the Rhotang Pass and the

2https://science.ucalgary.ca/mathematics-statistics
/engagement/educational-outreach/math-nite.

Kulu Valley in India, so they were familiar with mountains.
But then, at almost 50, they got serious and moved to Cal-
gary, joining the Alpine Club of Canada and the Calgary
Mountain Club. They became two of their most important
members and remained committed to mountain hiking
and environmentalism even in their later years. Indeed in
2016, the Alpine Club opened the Louise and Richard Guy
Hut on the western side of the Wapta Icefield in Yoho Na-
tional Park to house overnight backcountry skiers. There
is even a book celebrating their mountaineering exploits
[20] Young at Heart? The Inspirational Lives of Richard and
Louise Guy. For his 100th birthday, Richard helicoptered
up to Mount Assiniboine Lodge and hiked four miles to
Wonder Pass and then, the next day, hiked to the top of
the Niblet. When Richard died, the headline of Gripped
Magazine read “Canadian Climbing Legend Richard Guy Dies
at 103. He leaves behind a life of inspirational achievements
and amazing accomplishments.”3

A political man. If you had met Richard at a conference at
any time in the last forty years, he would have been wear-
ing a tweed jacket with a button pinned on that read “Peace
is a disarming concept.” He and his wife Louise were out-
spoken pacifists, even during the ColdWar. One of us (CP)
recalls an amusing incident in Edmonton, Alberta, in 1983.
Walking to the conference at the university, I was stopped
by a camera crew interviewing people on the street for the
local television station about their opinions of the US test-
ing cruise missiles in northern Alberta. I said that I was
American, and they said I could still give my opinion. I
said, somewhat inarticulately, that I was opposed to nu-
clear weapons. Arriving at the conference coffee room, I
related the incident to those there. Immediately, Richard
said: “You should have said, I’m American and better to
test them here than in the US!”

Richard was a community builder who believed in help-
ing others: He donated to the Calgary mathematics de-
partment for a lecture series and helped the University of
Calgary acquire the Eugene Strens Recreational Mathemat-
ics collection. He donated time and money to the needs
of hiking communities. Richard and Louise were early
conservationists. They participated in the annual Calgary
Tower climb to raise funds for the Alberta Wilderness Asso-
ciation. Richard continued the tradition after Louise died
in 2010, even climbing at 102 while carrying a photo of
Louise.

We both remember him from conferences in the 1980s
and before, playing the piano while others, led by John Sel-
fridge’s loud baritone, sang songs from a bygone era. He
was a warm and compassionate man, and will be missed.

3https://gripped.com/news/canadian-climbing-legend-richard
-guy-dies-at-103/
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Figure 5. Richard shaking a leg with John Selfridge and Alf
van der Poorten at a NATO Advanced Study Institute in Banff
in 1988.

A mathematical artist. Richard loved the geometric side
of both combinatorics and number theory, and would
hand-draw beautifully inscribed diagrams. Here is one
from a lecture back in 1993:

Figure 6.

In some old notes we found Richard’s hand drawn pic-
ture of the multiples of the point 𝑃 = (2, 2) on the elliptic
curve

𝐸 ∶ 𝑦2 = 𝑥3 − 4𝑥 + 4,
an illustration in his talk Are elliptic curves almost periodic?

The idea is that 11𝑃 = (310, −5458) is not only, rather
miraculously, an integral point, but also has surprisingly
large coordinates. The zero of the group of rational points
on 𝐸 lies at “∞,” so that 11𝑃 is “sufficiently near infinity
that points which differ by a multiple of 11 are quite close
together,” as exhibited by the diagram. Thus the multiples
of 𝑃 are “almost periodic” with period 11.
A computational style. Besides the meticulous artistry of
his rendition of the points, this exhibits Guy’s style of do-
ing extensive calculations and finding examples that attract
the reader to the salient features. For example he goes on
in the same talk to look for multiples of 𝑃 with even larger
coordinates (and therefore even better “pseudo-periods”).
To do this he first calculates the continued fraction [0, 1, 4,
1, 1, 6, 3, 1, 4, …] of 1

2Ω
∫∞
2

𝑑𝑥
𝑦

where 2Ω is the period, He

then identifies the large partial quotients which give good
approximations to the value of the integral, and therefore
Guy found

72𝑃 = (4543.72… , 306279.98… ),
299𝑃 = (1544460, 66… , 60705331.35… ), etc.

In keeping with his self-image as a keen amateur, Guy did
not explain the underlying theory (though he surely knew
it), but rather drew readers (like us) in who wanted to un-
derstand where these extraordinary examples came from.

A man with problems. Richard loved promoting interest-
ing unsolved problems. He wrote books and he ran a
Research Problems column in the American Mathematical
Monthly for many years. He led problem sessions and cre-
ated sheets of problems at conferences, including at the
West Coast Number Theory Conference, often held just
before Christmas in Asilomar, California. At one of these
problem sessions, Erdős was in the front row and appeared
to be sleeping. Richard, who was running the session,
pointedly said in a loud voice “Paul, do you have any prob-
lems?” At which point Erdős roused himself and said “I’ll
be all right in a minute.” This passion for problems plays
out in his research, indeed in Richard’s papers he seems to
be as interested in explaining what intrigues him and what
he does not know, as he is in solving the actual research
question.

Combinatorial Game Theory
When Richard started as a student at Cambridge in 1935,
he “played 24 hours a day bridge, 24 hours chess and 24
hours snooker,” (see [20, p. 6]), whichmight have affected
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his classical mathematical studies but assured, with his an-
alyticmind, that hewould be one of the principal founders
of Combinatorial Game Theory.

Figure 7. Playing a chess match against 1950s British
champion, Harry Golombek.

Richard Guy was the “endings editor” for British Chess
Magazine from 1947 to 1951, giving about 200 endgame
studies. He coinvented the Guy–Blandford–Roycroft
(GBR) code, used for representing chess positions, partic-
ularly for classifying endgames. Inspired by a chess game
with pawns, he developed the Sprague–Grundy theory on
impartial games so that it applied more generally. He dis-
covered octal games, generating many intriguing conjec-
tures; for example, his conjecture that the sequence of val-
ues for every finite octal game is periodic remains open.

To get the field off the ground, Richard helped orga-
nize an AMS Short Course on Combinatorial Games, as
well as the first MSRI and BIRS4 conferences on the sub-
ject. He collected problems and wrote the first four “Un-
solved Problems in Combinatorial Game Theory” articles,
as well as a book with this same title with Nowakowski.
A little-known and hard-to-get gem is Richard’s book Fair
Game: How to Play Impartial Combinatorial Games. Richard
was still pushing the boundaries of game theory at 90 with
[9].

In late 1969, JohnConwaywas investigating hisGame of
Life with a keen group of students and colleagues, includ-
ing Michael Guy. Richard, visiting his son, joined in and
carefully studied some of the “life-forms” emerging from
the central body:

“Guy noticed [something] that no one had ever
seen before. It seemed to be wiggling, skittering,
gliding its way diagonally across the board. He
hollered to the others: ‘Come over here, there’s
a piece that’s walking!’ This was the first step to-
ward proving Life universal. Conway christened
this walking piece the Glider. . . because after two

4MSRI is the Mathematical Sciences Research Institute and BIRS is the Banff
International Research Station.

moves its position differs from the starting posi-
tion by a ‘glide reflection,’ a symmetry operation,
and at generation 4 it looks exactly the same as it
did at generation 0, but it has glided diagonally
downward by a single place.”

From Genius at Play: The Curious Mind of John
Horton Conway

by Siobhan Roberts, 2015.

The Glider is a key object in our understanding of the
Game of Life, exhibiting how information can be transmit-
ted over long distances and contributing to the proof that
the Game of Life is the most elegant universal computing
machine of all (it is Turing complete and can be used to
simulate any other Turing machine).

This work was the beginning of a beautiful friendship
with Conway, Richard appreciating Conway’s work and
developing it in more games-like directions. This culmi-
nated in the well-known Winning Ways for your Mathemat-
ical Plays a four-volume discussion with Berlekamp and
Conway of all sorts of Games and Plays (including word
games) that has by now inspired everyone who works in
Combinatorial Games. Martin Gardner described it in
1998 as “the greatest contribution to recreational mathe-
matics in this century.”

The last few years have seen the passing of a generation
who brought color and rigor to combinatorial and mathe-
matical games, and presented mathematics in a challeng-
ing and compelling manner. In the 15-month span from
April 2019 to July 2020 we lost Elwyn Berlekamp, Richard
Guy, John Horton Conway, and Ron Graham. Richard was
there from the start and encouraged these other giants to
participate.

Number Theory
Richard Guy had a gift for recognizing and appreciating
patterns, separating structure from coincidences. He pro-
posed the “Strong Law of Small Numbers” [11], giving
35 remarkable patterns that seem obvious when we check
small values, but don’t necessarily work for large values,5

concluding that “There aren’t enough small numbers to
meet the many demands made of them.”6 His follow-up
[12] claims “When two numbers look equal it ain’t nec-
essarily so.” This can be inspiring stuff for an aspiring
mathematician (and indeed did inspire the first-named au-
thor as a grad student).

Guy was mainly interested in properties of inte-
ger sequences and their appearance in geometry and
Diophantine problems. His contributions are numerous

5One mathematical confusion in the early Renaissance period was appreciating
the difference between a proof by induction, and a verification for small values!
6A paper that won the 1989 Lester R. Ford award from the MAA for expository
excellence.

578 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 4



so we only discuss a few questions he came back to again
and again:

Aliquot sequences. Let 𝜎(𝑛) denote the sum of the divi-
sors of 𝑛 and 𝑠(𝑛) = 𝜎(𝑛) − 𝑛, so 𝑠(𝑛) is the sum of the
“proper” divisors of 𝑛. Pythagoras noted that on iterating
the function 𝑠(𝑛), occasionally there were fixed points (per-
fect numbers) and he discovered the 2-cycle 𝑠(220) = 284
and 𝑠(284) = 220. Examples such as these stand out from
the apparentlymore ordinary behavior where iterating 𝑠(𝑛)
one arrives at a prime, after which the next value is 1 and
the sequence stops. The iterates 𝑛, 𝑠(𝑛), 𝑠(𝑠(𝑛)), . . . form
an “aliquot sequence” and they have fascinated mathe-
maticians for millennia. The Catalan–Dickson conjecture
claims that they all terminate or become periodic (so are
bounded). The conjecture remains open even for 𝑛 = 276.
Guy spent many years accumulating a vast amount of data
from different perspectives, leading Guy and Selfridge [17]
to speculate that some of these sequences are unbounded!

The current reasoning is that viewed from afar, an
aliquot sequence tends to act like a geometric progression
for long stretches, with the contribution from small primes
staying constant. Although Bosma and Kane showed that
the geometric mean of 𝑠(2𝑛)/2𝑛 is less than 1, Pomer-
ance recently showed that it is greater than 1, for 𝑛 ≡ 0
mod 4. This was more or less predicted by Guy’s calcula-
tions and heuristic models using Markov chains. The the-
ory continues for 𝑠(𝑠(2𝑛))/𝑠(2𝑛), but beyond the second it-
erate we only have these heuristics, [7]. Richard intrigued
bright young minds into working on this problem for
over 40 years, and at one point described it as his favorite
problem.

How to factor a number? In 1976, Richard wrote a sur-
vey of then state-of-the-art integer factorization methods
[10] that became very influential with the advent of the
RSA cryptosystem in 1978. The title though was a play
on words: in the article he exhibited many factoring ideas
by factoring the same number (namely, 1037), again and
again! In the survey he especially developed a discus-
sion of the Pollard rho method, an enigmatic and emi-
nently programmable factorization algorithm that is still
not completely understood.

Linear divisibility sequences. These are linear recurrence
sequences that are also divisibility sequences (that is, 𝑥𝑚
divides 𝑥𝑛 whenever 𝑚 divides 𝑛). For example the Fi-
bonacci numbers have both properties, and so they form a
linear divisibility sequence. Indeed, all sequences derived
from second order linear recurrences with zeroth term 0
are linear divisibility sequences. Moreover, products of
linear divisibility sequences are also linear divisibility se-
quences. In other words, if 𝑛𝑖 and 𝑚𝑖 are two linear divis-
ibility sequences then the sequence 𝑛𝑖 ⋅ 𝑚𝑖 is also a linear

divisibility sequence. Richard was interested in finding
other examples. With Hugh Williams [18] he determined
that 𝑎𝑛, the number of distinct tilings of a 4-by-(𝑛 − 1) rec-
tangle by dominos (1-by-2 tiles), is a linear divisibility se-
quence given by the fourth order linear recurrence

𝑎𝑘 = 𝑎𝑘−1 + 5𝑎𝑘−2 + 𝑎𝑘−3 − 𝑎𝑘−4
with 𝑎0 = 0, 𝑎1 = 1, 𝑎2 = 1, 𝑎3 = 5, 𝑎4 = 11, 𝑎5 = 36, 𝑎6 =
95, etc. This sequence is not a product of second order se-
quences, so how can it be explained? They found a general
pattern, where the recurrence sequence can be given in the
form 𝑎𝑛 = 𝛼𝑛+𝛽𝑛−𝛾𝑛−𝛿𝑛 where 𝛼𝛽 = 𝛾𝛿. Here we note
the alternative representation 𝑎𝑛 = 𝛼−𝑛(𝛼𝑛 − 𝛾𝑛)(𝛼𝑛 − 𝛿𝑛)
which related their construction to what was previously
known. This work led to further understanding, includ-
ing a series of papers with his former doctoral student
Eric Roettger that culminated with a solution to Lucas’ un-
solved problem of generalizing the Lucas sequences to the
setting of higher order recurrences, as well as an idea for
public key cryptography.

Fun combinatorial number theory. In 2003, Elwin
Berlekamp and Richard determined permutations of {1,
. . . , 𝑛} such that the sum of any two neighbors is a Fi-
bonacci number. In 1986, Yuri Matiyasevich and Richard
give the remarkable formula

𝜋 = lim
𝑛→∞√

6log(𝐹1𝐹2⋯𝐹𝑛)
log lcm[𝐹1, 𝐹2, … , 𝐹𝑛]

where 𝐹𝑗 is the 𝑗th Fibonacci number.

Diophantine problems. Richard was also interested in
Diophantine problems; for example, in 1993 Bremner,
Richard, and Nowakowski [5] settled which integers 𝑛 can
be represented as

𝑛 = (𝑥 + 𝑦 + 𝑧)(1/𝑥 + 1/𝑦 + 1/𝑧),
with integers 𝑥, 𝑦, 𝑧. They showed that solutions corre-
spond to non-trivial rational points on the elliptic curve

𝑌2 = 𝑋(𝑋2 + (𝑛2 − 6𝑛 − 3)𝑋 + 16𝑛)
except for when 𝑛 = 0, 1, or 9 (and so if there is one such
representation of 𝑛 there are infinitely many). They then
determined the Mordell–Weil rank of this curve for all 𝑛
with |𝑛| ≤ 1000.
Inspirational books. Richard’s Unsolved Problems in Num-
ber Theory [13] inspired so many mathematicians of dif-
ferent generations. It is a celebration of problems, from
the small to the large, from the famous to the unheralded.
All authors are held in equal esteem (in fact reverence) be
they an amateur who has calculated a few examples or a
Fields’ medalist revolutionizing the area. There is a con-
scious egalitarianism focused on a love of problems (with
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pertinent commentary). It has gone through three editions
and continues to be an inspiration.

Richard’s Book of Numbers, joint with John H. Conway,
is the perfect gift for the aspiring mathematician. It fea-
tures many beautiful examples, proofs, applications, and
all things number theory. It has been translated into at
least eight languages besides English.

Richard Guy never stopped doing research: indeed, the
memorial article by Jacobson, Scheidler, and Williams in
the Sept 2020 CMS Notes focusses on Richard Guy’s many
interesting contributions after the age of 95!

Figure 8. From left to right: Guy, Conway, and Berlekamp and
theirWinning Ways in 2004.

Geometry or Number Theory?
In 2007, Guy remarked on his favorite problems in geom-
etry,

“The combination of geometry and number the-
ory is dear to my heart.”7

Here are a few of his favorites:
Consider the 𝑁-by-𝑁 integer lattice Λ𝑁 ≔ {(𝑥, 𝑦) ∈ ℤ2 ∶

1 ≤ 𝑥, 𝑦 ≤ 𝑁}.
• What is the size of the maximal subset of Λ𝑁 with no

three on a line? Is it < 2𝑁 once 𝑁 is large enough?
• What is the size of themaximal subset ofΛ𝑁 in which

all distances between different points are distinct? Erdős
and Guy [8] showed there can be more than 𝑁2/3−𝜖 such
points.
• The crossing number of a graph 𝐺 is the minimal num-

ber of edges that cross (other than at vertices) when 𝐺 is
drawn on the plane. Guy proved several conjectures on
crossing numbers for different families of graphs. He also

7From an essay of Ted Bisztriczky in a collection of Guy remembrances in the
CMS Notes, September, 2020.

looked at the slimming number, the minimal number of
edges one needs to remove to make 𝐺 planar.
• There are four different candidate configurations of

tilings of the unit square by four triangles with rational
sides. One is conjectured to be impossible, and the others
were carefully considered by Bremner and Guy [2,3].

One special configuration asks for rational sided trian-
gles with vertices at (0, 0), (𝑥, 1), (1, 𝑦)where 𝑥, 𝑦 ∈ ℚ. They
showed [2] that this is equivalent to finding integer solu-
tions to

2𝑚𝑛𝑟𝑠(𝑢2 − 2𝑢𝑣 − 𝑣2) = 𝑢𝑣(𝑚2 − 𝑛2)(𝑟2 − 2𝑟𝑠 − 𝑠2)
which they studied using the theory of rational points on
the resulting elliptic curves. In [3], they consider when all
vertices of the triangles lie on two opposite sides of the
square, which correspond to rational points on the quartic
surface

𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) = 𝑥𝑦 + 𝑥𝑧 + 𝑦𝑧.
Tilings that are symmetric under a 180 degree rotation cor-
respond to an elliptic curve that has rank 1 lying on this
surface, which allows them to get some results on such con-
figurations.
• Morley proved that the trisectors of the angles of a tri-

angle meet at the vertices of an equilateral triangle; there
are actually 18 Morley triangles associated to a triangle, all
equilateral. With Bremner, Goggins, and his son Michael,
Richard [1] described which triangles with all edges of ra-
tional length have a Morley triangle with an edge of ratio-
nal length. Indeed if the triangle is equilateral then 6 of
the 18 have a rational edge, otherwise the triangle belongs
to a one- or two-parameter family of triangles.
• A triangle has eight vertices but only one center—read

[15].
• In [4], Bremner andGuy show that integer right-angle

triangle-rectangle pairs with a common area and a com-
mon perimeter can be parametrized by an elliptic curve
defined over ℚ(𝑡).

We see how Richard Guy’s research in geometry was pri-
marily motivated by connections with number theory (es-
pecially elliptic curves), while focusing on easy-to-state ge-
ometry problems. He made many contributions to prob-
lems columns, and his book Unsolved Problems in Geome-
try with H. Croft and K. Falconer, engages the reader with
many problems in convex, discrete and combinatorial ge-
ometry.

Personal Reminiscences Collected
Andrew Bremner. Our first meeting was in 1973. At that
time, I was a graduate student in Cambridge, and Richard
was in town visiting John Conway. There was a knock
on my office door, and Richard walked in and introduced
himself. This was a trait I recognized over the years: he was
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Figure 9. Richard at his favorite hiking destination, Mt.
Assiniboine in 2006 for his 90th birthday.

always interested in what other people were doing, partic-
ularly those whose interests might overlap with his own.
He was at that time teaching himself about elliptic curves,
and over the next couple of years with his repeated visits
to Cambridge, a bond of friendship formed between us
which resulted many years later in a couple of coauthored
articles. Others will write of Richard’s legacy to mathe-
matics. I prefer here just to tell some tales. Richard’s pro-
found humanity, his generosity, his kindness, his wit, were
a source of inspiration to many over the years.

He was fond of telling the following Erdős story. At
a conference, he encountered Erdős going the other way
down the street. Recognizing Guy, Erdős said, and I
quote,“Reechard, you are eenfinitely reech, you buy me
cup of coffee.” What could I do otherwise but comply, said
Richard. Reminding him of this one day after a long after-
noon in the Department at Calgary illustrates his occasion-
ally impish sense of humor. I ventured a “Reechard, you
are eenfinitely reech, you buy me dinner,” to which the re-
ply was “How can I possibly refuse?” He said there was a
nice restaurant that would break our walk home (Louise
was otherwise engaged that evening); and indeed we had
a very pleasant meal. The bill came. Richard looking a lit-
tle sheepish announced that he did not have his wallet: “I
never need cash on campus, so never bring it.”

Richard’s love of the outdoors was known to all. One
delight of visits to Calgary was the Sunday outing to the
mountains led by Richard and Louise: I became famil-
iar with many of the peaks around Banff and Canmore.
One story comes to mind. An accessible peak in May is
Yamnuska, which we had climbed. While we were eat-
ing lunch at the summit, a twenty-something couple ar-
rived to share our ridge perch, the girl curiously eyeing
our group. “I hope I’m not being rude,” she said to us,
“but just how *old* are you?” Richard proffered the reply:
“Well, our three ages total 200 years. . . ” After a scrunch of

brow, “Wow?, she said, “you must all be at least 60, that’s
amazing!? (For the record, I was 44). “And how old are
you?” said Richard. “Well *we* add up to 45.” “Aha,” said
Richard, “you must both be at least 10!”

Richard loved words and wordplay, as can be seen from
his writings, in particular the alliteration and assonance
to be found throughout Winning Ways. He would pol-
ish off the Globe and Mail cryptic crossword after dinner,
with praise or condemnation for particular clues. He loved
anagrams. A cryptic crossword clue making the rounds
in the UK earlier in 2020 was “Carnivorous bats, cause
of pandemic”—how Richard would have delighted in that
particular anagram.

On the occasion of Richard’s 100th birthday in 2016, I
presented him with an ode inspired by John Masefield’s
“Cargoes,” a poem that every English schoolboy of a cer-
tain vintage (Richard andmyself both included) wasmade
to learn by heart:

“Richard Kenneth Guy on his hundredth birthday
Working at his figures round the clock non-stop. . . ”

He immediately recognized the rhyme and metre, but
topped everything off with the following fortuitous fact.
Masefield had attended the same public school as Richard,
and was guest speaker at the school Speech Day one year,
actually presenting Richard with a book prize for his work
inmathematics. Richard also toldme that on one occasion
at lunch in an Oxford College he had been seated next to
J. R. R. Tolkien; but he couldn’t recall any of the conversa-
tion.

In 2016, the year of his hundredth birthday, the Cana-
dianNumber Theory Associationmeeting in Calgary had a
special session in honor of Richard. One day of the meet-
ing, I noticed that he had slipped out of the auditorium
before the very last talk of the afternoon, so when the pro-
ceedings finished I walked round to his office to see if he
would be found there (and to make sure he was feeling
fine). Indeed he was, at his desk, and marking up a set of
galley proofs! It was then that he insisted I should come
home with him and he would make me dinner. . .

Our last mathematical communications were in Octo-
ber of 2019. He had unearthed a rough draft of some-
thing we had talked about many years ago, involving
Diophantine properties of the geometric configuration
of the Morley triangles of a given triangle and a related
Apollonian packing. This brought together his lifelong in-
terest in classical Euclidean geometry, and his love of el-
ementary number theory. Sadly, a final manuscript was
never produced. His parting email finished: “Try the de-
generate specimen, in which the point (0, −60/13) on the
circumcircle of the (right-angled) triangle A (0, −60/13), B
(−25/13, 0), C (144/13, 0). . . ” and rounded off with “I can’t
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do arithmetic anymore!” Then “See you ere long. ‘air long’
‘air long gone. R.”

Richard, requiesce in pace.

Divakar Bhargava. In July 1962, I had the great privilege
of joining the prestigious Indian Institute of Technology
(IIT), Delhi, as a first year student in the Bachelor’s degree
engineering program. Professor Richard K. Guy was the
head of the mathematics department and taught us curves,
solid geometry, and calculus.

Professor Guy had an exceptional sense of humor. Our
class started at 8:00 AM sharp each weekday, but once in a
while someone would come 5-10 minutes late and would
try to sneak in through the door hoping no one would no-
tice. But Professor Guy always noticed. He would greet the
student by saying “Good afternoon!” This had the desired
effect and the students tried hard not to be late.

Another instance I remember is when he started teach-
ing us integral calculus. He went over the basics of simple
integration in one class. In the very next class, he started by
thoroughly cleaning the blackboard (this was his practice).
Then he wrote on the blackboard simply ∫𝑥𝑑𝑥 = 𝑥2/2,
and turned around facing the class and stood there for 30
seconds or so. There was complete silence—neither he nor
any student spoke. Then he turned around and cleaned
the blackboard some more, including all corners (it was
already clean), but not erasing the equation. He again
turned towards the class and stood there. Again, complete
silence. He had hoped that some student would tell him
that the constant of integration was missing on the black-
board, which he had taught us in the previous class. Clean-
ing the blackboard again was his humorous way of indi-
cating to us that nothing on the blackboard could be con-
strued as the constant of integration. Alas, all of us had
forgotten that part of the previous lesson.

Unfortunately, after teaching at IIT for about two years,
Professor Guy had a disagreement with IIT’s Director and
resigned. It was a huge loss for IIT and its students.

Manjul Bhargava. When I was a boy, my uncle would tell
me stories about his favorite mathematics teacher at IIT
Delhi, a certain “Professor Guy.”

As I was growing up, my love for number theory also
grew. Like many aspiring number theorists, I came upon
the inspirational bookUnsolved Problems in Number Theory,
written by Richard K. Guy, after which I also looked up and
readmany of his wonderful articles inMAA journals. Even-
tually, I became a professional mathematician, and regu-
larly attended the Joint Meetings. At the Joint Meetings, I
had the good fortune of meeting this Professor Richard K.
Guy. I was starstruck, but we also quickly became friends
and spent a lot of time together at the Joint meetings. We
would have meals, and share stories and talk about our

latest and favorite open problems. We attended each
other’s talks, and sat together for others’ talks, often pass-
ing notes to each other like school children (sometimes
about the talk, sometimes not!).

However, it was not until some years later that I some-
how came to the realization that these twoGuys/guysmen-
tioned abovewere in fact the sameGuy/guy!! That was one
of the most amazing surprises I’ve ever had. By chance,
I had been reading a biography of Professor Guy, which
mentioned his time at IIT Delhi. I put two and two to-
gether.

The next time I saw Richard, I told him about this fantas-
tic discovery, and he laughed and loved the story. My uncle
was also so surprised and excited to learn that I knew his
former calculus teacher so well—the same calculus teacher
he used to tell me about when I was a boy!

From then on, it was a running joke with Richard. If
anyone, say, came up to me after my talk to tell me, “Nice
talk,” and he was standing there, he would say, “Well, I
taught his uncle.”

Richard was a true inspiration. He attended so many
mathematics meetings, encouraged generations of scien-
tists andmathematicians (includingmy uncle andmyself),
gave illuminating, humorous, and entertaining lectures,
and was a prolific writer of numerous outstanding books
and articles. How did he stay so consistently productive
for a century?

At the Joint Meetings, we all learned very quickly one of
the reasons why he was so active and doing great mathe-
matics even into his 100s. At the huge convention center
where the Joint Meetings took place, the balcony seats in
the large auditoriums were often accessible only after go-
ing up a several-flight escalator. One time a number of us
were standing and going up the endless escalator to reach
the balcony entrance for the next plenary lecture. Sud-
denly, we noticed someone rapidly passing us by on the
otherwise completely empty staircase next to the escalator.
It was 96-year old Richard putting us all to shame. We con-
cluded that Richard’s regular climbing (of stairs, towers,
mountains, etc.) had to be one of the secrets behind his
long, active, and productive life. A number of us switched
to using the staircase rather than the escalator from that
day forward!

I visited Richard for a few days in Calgary in celebra-
tion of his 99th birthday, which was a true delight. He
came daily to get me at my hotel, and we then walked over
to his office building. On the first day, when we entered
the lobby, he said “My office is on the 5th floor. Are you
okay with taking the stairs, or would you prefer to take
the elevator?” Knowing what I had already learned from
him, I of course chose the stairs. We went up and down
the stairs multiple times each day to and from his office,
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doing mathematics all day with the exception of going
out for lunch and taking walks around campus, when we
would talk about our numerous common favorite subjects
including mountain climbing, music, games, tennis, IITs
in the 1960s, and more.

Richard was such a wonderful friend, mentor, and sup-
porter for so many years. The family connection over two
generations made our bond deeper. I will miss him pro-
foundly.

Ben Green. I was just getting properly interested in maths
when I was around 14 or 15. The internet didn’t exist and
so it was pretty difficult to find accessible and interesting
material. The bookshop at the University of Bristol had a
surprisingly good selection of books, so I used to spend
quite a bit of time there browsing. Eventually I decided
to shell out what seemed like a small fortune (it was at
least 60 pounds) for their copy of UPINT (2nd Ed), which
had been very well thumbed by me by that point. It’s very
clearly the case that the book strongly influencedmymath-
ematical tastes. In fact my first paper was about bounds for
𝐵ℎ[𝑔] sets (a generalisation of Sidon sets) which are cer-
tainly mentioned in the book, and at the start of my PhD I
spent quite a while thinking about a number of other ques-
tions about Sidon sets and related objects mentioned in
the book, though mostly without success. And after that I
started thinking about sum-free sets and sets without arith-
metic progressions, both of which are topics covered quite
extensively inUPINT. A couple of years ago I treatedmyself
to the 3rd Edition and I still browse it quite regularly!

It is often remarked, with good reason, that Paul Erdős
was a master of selecting problems which are easy to state,
but hard to solve and moreover whose study (and, some-
times, eventual solution) reveals deep structure. UPINT
has a lot of problems like this and indeed it features a num-
ber of Erdős problems. However the density of interesting
problems, comments and remarks is perhaps even greater
than in a typical Erdős problem paper.

The first correspondence I hadwith Richard was in April
2004, the day after Tao and I posted our preprint on pro-
gression of primes. He sent me a very nice email of con-
gratulations. I am glad to have had the opportunity, some-
what later, to meet him in person and to tell him what a
positive influence on my development his book had had.8

Mike Bennett. When I startedUniversity, I majored inHis-
tory and dabbled inMathematics. Inmy second year, I had

8I might add that Richard invited me to give the Guy Lecture in 2016 and
suggested a fairly remarkable itinerary of backcountry hiking that he could help
me arrange. I wasn’t quite clear on whether he was planning to come along as
well—he must have been almost 100! Sadly (in one respect, at least) I ended up
having to decline the invitation due to the birth of my son. [Green in fact gave
the 2021 Guy Lecture.]

the good fortune to take a first course in Analysis from Pe-
ter Borwein and, the next year, a course in Number Theory
from a young postdoc by the name of Karl Dilcher. One
of them suggested that I should take a look at a book en-
titled Unsolved Problems in Number Theory (UPINT), then
in its first edition, by Richard Guy. In short order, I was
hooked, switched my major to Mathematics and, eventu-
ally, became a Number Theorist. Some years later, when
the second edition came out (1994), I rushed out to buy a
copy and, to my amazement, found that Richard had even
cited a result of mine (rather kindly, since my result could
hardly have been said to solve a problem of much interest
to anyone else). More recently, I got to know Richard bet-
ter, mathematically and personally, and served with him,
for many years, on the board of the Number Theory Foun-
dation. I was deeply honored to be invited to give the
Louise and Richard Guy Lecture at the University of Cal-
gary in 2017.

Richard and I also had in common, with Louise Guy,
a keen interest in hiking and mountaineering, an interest
they’d shared together since the 1930s, on three continents.
In the 1950s, living in Singapore, they climbed the high-
est point (Lowes Peak) on Mount Kinabalu in Borneo—
Louise was likely the second woman ever to reach its sum-
mit. After moving to Calgary, Louise and Richard were
fixtures in the Alberta mountaineering scene. In 2012, I
ran, together with Nils Bruin, Yann Bugeaud, Bjorn Poo-
nen and Samir Siksek, a summer school at the Banff Inter-
national Research Station (BIRS), in the heart of the Cana-
dian Rocky Mountains. The school was on Contemporary
Methods for solving Diophantine equations and aimed at
advanced PhD students and Postdoctoral Fellows. Rather
surprisingly, Richard asked if he could participate as a stu-
dent (I suspect that the proximity to the mountains was
alluring!). We were happy to have him and he dedicated
himself to the task of learning some new mathematics, at-
tending all the lectures and working with mathematicians
70 years his junior on our problem sets. When the sum-
mer school ended, Richard and I drove down from Banff
to attend the CNTA conference in Lethbridge, Alberta. On
the way, as we passed through the town of Canmore and
admired the stunning Ha Ling peak, he commented that it
had been one of Louise’s favorite mountains and that he’d
likely never stand on its summit again (being then almost
96). I later learned that the very nextmonth, Richard hiked
the notoriously steep trail up Ha Ling and tossed some of
Louise’s ashes from the summit! Richard and Louise were
remarkable people who led remarkable lives. I miss them
very much.
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Figure 10. Richard Guy enjoying a talk at the joint annual
meeting in 2016.

Other Tributes
We mention some other remembrances of Richard Guy:

Very soon after Guy’s passing, the MAA’s April 2020 Fo-
cus collected together personal thoughts from nine people.

A number of essays about Richard, his teaching and his
research, authored by his Calgary colleagues appeared in
the September, 2020 issue of the CMS Notes, see https://
notes.math.ca/wp-content/uploads/2020/06
/September-Notes-1.pdf.

One of Richard’s last projects was a wonderful joint
book with Ezra (Bud) Brown, The Unity of Combinatorics,
published in the MAA’s Carus Mathematical Monographs
series; see [6] for an affectionate review.

Also notable is the column by Joseph Malkevitch.9

Chic Scott has written a fascinating book [20] about
Richard and Louise Guy from the perspective of the Alberta
mountaineering community, and has shared some of his
photos with us. He adds:

“Although my understanding of mathematics is
limited, we connected on an intellectual level (his-
tory, poetry, music) and also through our love of
mountains. I played chess with Richard at Mount
Assiniboine Lodge when he was 100 years old and
managed to give him a good game, but he always
won.”
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Remembrances of
Harold Widom
Estelle Basor, Albrecht Böttcher, Ivan Corwin,
Persi Diaconis, Torsten Ehrhardt, Al Kelley,
Barry Simon, Craig A. Tracy, and Tony Tromba

Estelle Basor
The idea of small Oxford-like colleges, snow free winters,
and views of the ocean appealed to Harold Widom when
he joined the faculty of the University of California at
Santa Cruz in the Fall of 1968. The first course he taught
was a two quarter sequence in undergraduate real analy-
sis, and I was very fortunate to be a student in the class.
He came to class often with only a tiny piece of note pa-
per. With the note paper, chalk, and the blackboard he
would produce the most exquisite and captivating lectures.
Harold taught in a heuristic style. He would map out how
one might arrive at a result and then fill in the details. He
once told me that for him, mathematics was about look-
ing for and finding answers, and in analysis, he could do
that better than anyone.

Harold was born in Newark, New Jersey, on Septem-
ber 23, 1932. His brother Benjamin Widom (Ben) was
born five years earlier. Harold said very little to me about
his early years. I only found out about his childhood
through my recent correspondence with Ben and with
Harold’s daughters Jennifer and Barbara Widom. From
Ben, I learned that Harold was only eight when their
father, Morris Widom, died, but that neither had seen
him in the preceding three years, since their father had
been in a tuberculosis sanitarium in Arizona and then in

Estelle Basor is the deputy director of the American Institute of Mathematics.
Her email address is ebasor@aimath.org.
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Figure 1. A very young Harold.

Colorado. Their father was a dentist who contracted tu-
berculosis while serving in the US army in the First World
War, having been drafted soon after immigrating to the US
from Russia.

In 1939, Harold, Ben, and their mother moved to
Brooklyn. Harold attended Stuyvesant High School in
Manhattan where he was captain of the math team. Other
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team members included Elias Stein and Paul Cohen. Ben
also recalled thatHarold told him thatmeeting Ben’smath-
ematically inclined high-school and college friends, in-
cluding Herman Zabronsky and Melvin Hausner, helped
pave his path to mathematics. After graduating from high
school at the age of 16 in 1949, he attended the City Col-
lege of New York for two years and while there, in 1951 at
the age of 18, was named a Putnam Fellow. (If the dates
do not seem to make sense, it is because the Putnam exam
was given in March of 1951.) Harold then transferred to
a special PhD program at the University of Chicago and
received his Master’s Degree a year later and his PhD un-
der the direction of Irving Kaplansky in 1955 when he was
only 22. Despite the pace of his achievements, he once
said he wasted a whole year of graduate school playing
bridge.

Figure 2. Harold and Ben Widom circa 1938.

In 1955, Harold joined the faculty of Cornell where
much of his fundamental research in operator theory be-
gan. Ben had previously joined the chemistry faculty and
the two brothers lived down the street from each other. In-
fluenced by Mark Kac, he became interested in the proper-
ties of Toeplitz matrices and operators. He proved many
beautiful results including ones about the invertibility of
the operators, index theorems for the operators, the con-
nectedness of the spectrum, asymptotic results for the spec-
tra, and much more. Toeplitz operators are discrete convo-
lution operators and if one traces through his work, they
(or close cousins) are always at its heart. His work included
the study of Wiener-Hopf operators, the continuous ver-
sion of Toeplitz operators. A particular Wiener-Hopf op-

erator is the one whose kernel is the sine kernel,
sin(𝑥−𝑦)
𝑥−𝑦

,
closely tied to the groundbreaking work in random matrix
theory done jointly with Craig Tracy. For a much more
complete description of his work in the area of Toeplitz

operators and random matrix theory, we refer the reader
to two recent articles [4,9].

One day at the end of class in the second half of under-
graduate real analysis at UC Santa Cruz, Harold told me
that the Mathematics Department was starting a graduate
program in the Fall and asked me if I was interested in be-
coming one of the first students. I did not hesitate to agree
to this knowing that there was a possibility that I could
work with him. There were seven students in the firstmath-
ematics graduate student office. Six of us were Santa Cruz
students and one other was Lidia Luquet who was actually
Harold’s student from Cornell, but in residence at Santa
Cruz to finish her work. Lidia and I were two of eventu-
ally eight students who finished their degrees with Harold.
Four of us were women, a remarkable number given the
fact that in the 1970s and 80s, only about 14% of PhDs
in mathematics were awarded to women. Harold’s bril-
liance as a mathematician was clearly a reason the four of
us wanted him as an advisor. But on a deeper level, I think
we knew he would always be encouraging, kind, honest,
and fair.

Figure 3. Harold in 1990, in a favorite place—by a blackboard.

As of now, MathSciNet lists 167 publications by Harold.
He wrote the volume Asymptotic expansions for pseudodiffer-
ential operators on bounded domains which was published
by Springer-Verlag, in 1985, as part of the Lecture Notes
in Mathematics series. He also wrote two beautiful short
books for students. These were Lectures on Integral Equa-
tions and Lectures on Measure and Integration, based on

APRIL 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 587



lectures he gave at Cornell. The notes were written by
David Drazin and Anthony J. Tromba, both students in
his classes at the time. They were first published by Van
Nostrand and later by Dover. At the time of the original
publication, Van Nostrand focused on publishing current
mathematics in an informal and heuristic style, and the
notes clearly display Harold’s ability to convey mathemat-
ics in a most natural and compelling way.

One of the most endearing qualities of Harold is that
he never drew attention to himself or his work. The work
spoke for itself and he received numerous awards. In
2002, he, along with Craig Tracy, shared the George Pólya
Prize for their work on random matrices. In 2006, he was
elected to the American Academy of Arts and Sciences, and
he and Craig received the Norbert Wiener Prize in Applied
Mathematics. Then in 2020, Harold and Craig received the
American Mathematical Society’s Steele Prize for Seminal
Research.

Harold had many interests outside of mathematics. He
played the violin as a child and was part of the UCSC or-
chestra for several years. He loved good mysteries, tennis,
hiking, and chocolate cake. While I am forever grateful
to Harold for being my thesis advisor, I am most grateful
for his friendship. He seemed to have a sixth sense about
getting in touch when I was stuck by either a mathematics
question or some other problem.

In the reminiscences that follow a clear pattern emerges.
For all of us who knew him well and collaborated with
him, he often answered a question we could not answer
ourselves and in the process we became aware of not only
his mathematical insight and power but also his goodness,
kindness, and generosity as a person.

Estelle Basor

Albrecht Böttcher
I encountered the name Harold Widom for the first time
in the late 1970s. I then wrote my diploma paper under

Albrecht Böttcher is a professor emeritus of mathematics at the Technische
Universität Chemnitz. His email address is aboettch@mathematik.tu
-chemnitz.de.

Figure 4. Hiking in 2014.

the guidance of Bernd Silbermann. Its topic was the ex-
tension to block Toeplitz matrices of Silbermann’s new ap-
proach to Szegő’s limit theorem. To approach the problem
he gave me a copy of an article on curled up photocopy
paper that resisted placing it between two books. This arti-
cle was Widom’s 1976 paper [18]. I read it with excessive
appetite, and although I did not understand everything
then, it was one of the papers that paved my way. Both
my diploma paper and my very first publication, jointly
with Silbermann in 1980, are imbued by arguments based
on Widom’s ideas and techniques.

In those years, German authors gradually began to pub-
lish in English. I used that paper by Widom to make a
list of idiomatic phrases I could use in my forthcoming
papers. One of my (and I think also of his) favorites was
the tension-creating “what results is . . . .” Since then I have
used this turn of phrase many times, but, unfortunately,
with rare success: it has usually not been accepted by the
copy-editors and rather been changed into the dry “it re-
sults. . . ” or “the result is. . . .”

In the 1980s, the conjecture of Fisher and Hartwig was
the focus of research on Toeplitz determinants. This con-
jecture predicts the asymptotic behavior of the determi-
nants generated by a large class of so-called singular sym-
bols, that is, by functions with zeros, poles, and discon-
tinuities, and thus in the case where the assumptions of
Szegő’s strong limit theorem are violated. When diving
into this subject, I read further papers by Widom and
learned of the tremendous work he had done in the 1970s
on Toeplitz determinants with singular symbols. The ar-
ticle [4] describes his extraordinary achievements in de-
tail. During the 1980s, Harold became one of my true
mathematical heroes, and so it was a highlight in my life
to meet him in person at an Oberwolfach conference in
1989. At that time, there were many mathematicians I had
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known by name only, but had never met in person. Things
changed with the fall of the Iron Curtain in 1989.

In 1992, I was invited to participate in the conference
dedicated to Harold on his 60th birthday, which was tak-
ing place in Santa Cruz. This was another unforgettable
event in my life. It was my very first trip across the Atlantic
Ocean and I met in person many of my other mathemat-
ical heroes, including Estelle Basor, Ronald Douglas, and
Donald Sarason. I had lots of inspiring discussions with
all the participants, in particular with Harold, who also
took me on a half-day trip to Carmel Bay in the south of
Santa Cruz.

Figure 5. Albrecht Böttcher and Harold Widom at Point Lobos
in 1992.

Since those days, I had many encounters and a good
deal of email correspondence with Harold. I was in partic-
ular happy that he visited me in Chemnitz twice, and each
time combined the visit with a trip around Saxonywithme.
It was always fascinating to learn how he looked at things
and to profit from his ingenious insights and ideas. Here
is a concrete story. The 𝑛 × 𝑛 Toeplitz matrices 𝑇𝑛(𝛼) gen-
erated by the Fourier coefficients of the function |𝑒𝑖𝜃−1|2𝛼
with a positive integer 𝛼 play a distinguished role in sev-
eral problems; see, e.g., [6]. The matrix 𝑇𝑛(𝛼) is a symmet-
ric banded Toeplitz matrix the entries in the first row of
which are the 2𝛼 + 1 numbers

(−1)𝑘( 2𝛼
𝛼 − 𝑘) (0 ≤ 𝑘 ≤ 2𝛼)

followed by zeros. The smallest eigenvalue of 𝑇𝑛(𝛼) has
the asymptotic behavior

𝜆min(𝑇𝑛(𝛼)) ∼
𝑐𝛼
𝑛2𝛼 as 𝑛 → ∞,

where 𝑎𝑛 ∼ 𝑏𝑛 means that 𝑎𝑛/𝑏𝑛 → 1. Kac, Murdock, and
Szegő (1953) proved that 𝑐1 = 𝜋2 ≈ 9.87 and Parter (1961)
showed that 𝑐2 ≈ 500.547, which is the fourth power of
the smallest positive number 𝜇 satisfying cos 𝜇 cosh 𝜇 = 1.

Around 2006, I found that 𝑐3 = (2𝜋)6 ≈ 61 529 and
this made me conjecture that the coefficients 𝑐𝛼 obey the
asymptotics 𝑐𝛼 ∼ ((𝛼 + 1)𝜋/2)2𝛼 as 𝛼 → ∞. The first
three values of the asymptotic expression are 𝜋2, 493, (2𝜋)6,
which is in nearly perfect agreement with the data. I told
Harold about this and he immediately replied that accord-
ing to his intuition this cannot be the right asymptotics.
So we sat down at our desks and after some intense corre-
spondence we were able to prove that actually

𝑐𝛼 ∼ √8𝜋𝛼 (4𝛼𝑒 )
2𝛼

as 𝛼 → ∞;

see [6]. This time the first three values of the asymp-
totic formula are 10.85, 531, 64 269. And what about the
fourth term? Numerical computations indicate that 𝑐4 ≈
14 000 000, the right asymptotics indeed delivers 14 457 978,
whereas the wrong asymptotics gives 1 445 565. Thus, had
I considered the fourth term, I would have seen that my
conjecture was wrong. Harold didn’t need a fourth term.
He felt it immediately!

At the MSRI workshop on random matrix theory in
Berkeley in 2002 which was dedicated to Harold on his
70th birthday, I opened my talk with the words “I am very
sorry, but although related to Harold’s work, the follow-
ing will be an absolutely deterministic talk. However, I
am here to celebrate Harold’s birthday and to profess my
bond of friendship with and my admiration for him, even
at the price that you will rank me as absolutely not belong-
ing to the random matrix community.”

Throughout my life, I have had the fortune to learn
from and to work with many outstanding mathematicians,
those from the generation of my parents, those of my age,
and of course those from the younger generations. All of
these people have strongly influenced my interests and my
way of doing mathematics. Harold Widom is in the top of
the colleagues to whom I owe the most. I am extremely
glad and thankful for having had him as a partner and
friend for decades, for benefitting from his genius and per-
sonality. Now he has left us, but I am consoling myself
with the certainty that his name and achievements will live
on and inspire future generations.

Albrecht Böttcher
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Ivan Corwin
Harold Widom set a wonderful example of what it means
to be a mathematician. On every occasion that I got to
spend time with him, he had a childlike giddiness and ex-
citement about him, and an unmatched fearlessness. Be-
fore witnessing this, I had the impression that every se-
nior mathematician knows every answer (or at least pre-
tends to). In watching Harold think (for instance, when
he, Craig Tracy, and I spent time together at Craig’s house
or at Oberwolfach), it was illuminating to see that he was
willing to struggle with problems, to try new ideas and ar-
eas, and take chances. I had heard stories about Harold
as a teenager and I think Percy Deift had once shown me
a photo of Harold on the Stuyvesant math team. I never
saw Harold as old. He always seemed to have the energy
of that high school math competitor that I imagined from
Percy’s photograph.

I first met Harold in December of 2008 at Joel
Lebowitz’s 100th Statistical Mechanics conference at Rut-
gers. I was a second year graduate student then, and I had
devoted most of that fall to carefully reading his recent
work with Craig Tracy on the asymmetric simple exclusion
process (ASEP). At Courant, I was organizing aweekly read-
ing seminar on this material so I was quite excited when
I saw Harold and Craig for the first time. The specifics of
how I ended up talking to them are hazy for me, but I do
distinctly remember making a claim to them about a cal-
culation I had made which was just plain wrong. Despite
this, I left our brief yet meaningful interaction there feeling
quite positive—two giants of mathematics had been will-
ing to hear me out and help me understand my mistake.

It is difficult to overstate the impact that Harold’s work
has had on my own mathematical development as well as
the whole fields of random matrix theory and integrable
probability. My 2013 survey on “Two ways to solve ASEP”
started with the following statement: “Exact formulas in
probabilistic systems are exceedingly important, andwhen
a new one is discovered, it is worth paying attention. This
is a lesson that I first learned in relation to thework of Tracy
and Widom on the asymmetric simple exclusion process
(ASEP) and through my subsequent work on the Kardar-
Parisi-Zhang (KPZ) equation.” When I sent a draft of this
survey to Harold, he replied (in his characteristically short
and to-the-point style) “I liked your first sentence a lot. I
liked the rest, too, of course, but that requires more con-
centration.”

Looking back at the quote from my survey, I feel like it
missed an important point. It is the hands of a sculptor,
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not the clay, which forms a work of art. Harold had an
amazing ability and tenacity to find newways to shape and
massage formulas until they yielded to him. So that I do
not talk purely in metaphors, let me give an example. This
is the example that I studied for my entire second year of
graduate school.

Start with 𝑘 ∈ ℕ particles inhabiting sites of ℤ. Sites
only have the capacity to hold at most one particle, so the
state of this system can be kept track of by an ordered vector
⃗𝑥 = (𝑥1 < ⋯ < 𝑥𝑘) ∈ ℤ𝑘. Particles evolve in the follow-

ing stochastic manner. Every particle has a propensity to
jump left or right by one site, and these jumps occur inde-
pendently according to exponentially distributed waiting
times. The left jumps occur at rate 𝑞 and the right jumps
at rate 𝑝. We normalize time so 𝑝 + 𝑞 = 1. The only inter-
action between particles comes in the form of an exclusion
rule which states that any attempted jump which would
violate the one-particle-per-site condition, is ignored. The
above is an informal description of the interacting particle
systems known as ASEP.

Despite the simplicity of its definition, ASEP is an in-
credibly rich mathematical system (with connections to
PDEs, algebraic combinatorics, symmetric function theory,
Hecke algebras to just name a few) and also a paradig-
matic model which reveals universal physical phenomena
believed to be present in wide classes of particle systems
(as well as related areas such as interface growth). One of
the most fundamental problems is to understand how the
system behaves when 𝑘 is large.

The starting point for Tracy and Widom’s ASEP work is
the following transition probability formula. For 𝑡 > 0 and
⃗𝑦 = (𝑦1 < ⋯ < 𝑦𝑘) ∈ ℤ𝑘, let 𝑃 ⃗𝑦( ⃗𝑥; 𝑡) denote the probability

that ASEP started at time zero in state ⃗𝑦 is in state ⃗𝑥 at time
𝑡. Then, provided that 𝑝 ≠ 0,

𝑃 ⃗𝑦( ⃗𝑥; 𝑡) = ∑
𝜍∈𝑆𝑘

∫𝐴𝜍
𝑘
∏
𝑗=1

𝜉𝑥𝑗−𝑦𝜍(𝑗)−1𝜍(𝑗) 𝑒𝜖(𝜉𝑗)𝑡
𝑑𝜉𝑗
2𝜋𝑖 . (1)

This formula needs some explanation. The sum 𝜎 ∈ 𝑆𝑘
is over permutations on 𝑘 elements; there are 𝑘 complex
contour integrals in the variables 𝜉1, … , 𝜉𝑘 which are taken
to lie on small circles around the origin with radius small
enough so as not to contain any poles of the 𝐴𝜍 term; this
𝐴𝜍 term is given by the formula

𝐴𝜍 =∏{𝑆𝛼𝛽 ∶ {𝛼, 𝛽} is an inversion of 𝜎} ,

𝑆𝛼𝛽 = −
𝑝 + 𝑞𝜉𝛼𝜉𝛽 − 𝜉𝛼
𝑝 + 𝑞𝜉𝛼𝜉𝛽 − 𝜉𝛽

,

where the product is of terms 𝑆𝛼𝛽 over all pairs 1 ≤ 𝛼 <
𝛽 ≤ 𝑘 such that 𝜎(𝛼) > 𝜎(𝛽). Finally, 𝜖(𝜉) = 𝑝𝜉−1 + 𝑞𝜉 − 1.
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For example, when 𝑘 = 2, this formula reads

𝑃(𝑦1,𝑦2)(𝑥1, 𝑥2; 𝑡) =

∫∫ 𝑑𝜉1
2𝜋𝑖

𝑑𝜉2
2𝜋𝑖 𝑒

𝜖(𝜉1)𝑡+𝜖(𝜉2)𝑡(𝜉𝑥1−𝑦1−11 𝜉𝑥2−𝑦2−12

− 𝑝 + 𝑞𝜉1𝜉2 − 𝜉1
𝑝 + 𝑞𝜉1𝜉2 − 𝜉2

𝜉𝑥1−𝑦2−12 𝜉𝑥2−𝑦1−11 ).

The 𝑘 = 2 formula above was known from 1997 work
of Schütz; the general 𝑘 formula was not proved until
Tracy and Widom’s 2007 work. The structure of the above
formula has some precedent coming from the coordinate
Bethe ansatz in exactly solvable models in statistical me-
chanics. Indeed, the formula can be thought of as a sort of
Plancherel formula for the Fourier transform associated to
the general of ASEP.

What Tracy and Widom were able to do with the above
formula is utterly amazing. First, they used the formula to
extract a formula for the marginal distribution of the 𝑚𝑡ℎ

particle (for 𝑚 ≤ 𝑘). Then, they set 𝑦𝑖 = 𝑖 for 𝑖 ∈ {1, … , 𝑘}
and took 𝑘 → ∞. This infinite initial configuration cor-
responds to having every site to the right of the origin oc-
cupied at time zero, and every other site empty. This is
known as step initial data since the density of particles re-
sembles a step function. At this point, Tracy and Widom
were able to massage their formula for the distribution of
the 𝑚𝑡ℎ particle to yield the following result: If 𝑁0(𝑡) de-
notes the number of particles which are to the left of or at
the origin at time 𝑡, then

Probability(𝑁0(𝑡) = 𝑚) = (2)

− (𝑝/𝑞)𝑚∫
det(𝐼 − 𝜁𝐾)𝐿2(𝐶𝑅)
𝑚
∏
𝑗=0

(1 − 𝜁 (𝑝/𝑞)𝑗)

𝑑𝜁
2𝜋𝑖

where the integral in 𝜁 is over a contour enclosing 𝜁 = 𝑞−𝑘
for 𝑘 ∈ {0, …𝑚 − 1}, and det(𝐼 − 𝜁𝐾)𝐿2(𝐶𝑅) is the Fredholm
determinant of the operator 𝐾 ∶ 𝐿2(𝐶𝑅) → 𝐿2(𝐶𝑅) whose
integral kernel is given by

𝐾(𝜉, 𝜉′) = 𝑞 ⋅ 𝑒𝜖(𝜉)𝑡
𝑝 + 𝑞𝜉𝜉′ − 𝜉 ,

and where 𝐶𝑅 is a sufficiently large circle centered at zero.
In studying probabilistic systems one is often interested

in taking scaling limits where the system size and time di-
verge. This is because, like in the field of statistical me-
chanics, probabilistic systems are often thought of as mi-
croscopicmodels for real world systems; and the real world
is big. Moreover, there is a pervasive and in some cases
demonstrated belief that under such scaling limits, many
different microscopic systems will behave similarly. This is
akin to the ubiquitous occurrence of the bell curve across
many domains of math and science.

For the ASEP with step initial data, the natural question
is to study the behavior of 𝑁0(𝑡) for large 𝑡. This is most in-
teresting when there is a net drift of particles to the left,
meaning that we assume 𝑞 > 𝑝. Under this condition,
Tracy and Widom proved the following asymptotic result:

lim
𝑡→∞

Probability (𝑁0(𝑡/(𝑞 − 𝑝)) − 𝑡/4
2−1/3𝑡1/3 ≥ −𝑠)

= 𝐹GUE(𝑠) (3)

where 𝐹GUE(𝑠) is the GUE Tracy-Widom distribution func-
tion which Tracy and Widom had introduced fifteen years
earlier in the seemingly different study of random matrix
theory. There are various ways to define this distribution
function, though the most relevant for the above result is
in terms of a specific Fredholm determinant. The special
case of this result where 𝑞 = 1 and 𝑝 = 0was known about
a decade earlier due to work of Johansson. In that special
case (known as TASEPwhere the T stands for “totally”), the
transition probability formulas in (1) can be rewritten in
terms of a single determinant. This is a major simplifica-
tion and from that point, the calculation becomes more
“standard” in the context of random matrix theory tech-
niques.

The path from (2) to (3) was, in contrast, quite nonstan-
dard, involving a number of ingeniousmanipulations. For
instance, one readily sees that as 𝑚 and 𝑡 grow in (2) (as
they do in our asymptotic limit), the kernel 𝐾 varies (due
to the factor 𝑒𝜖(𝜁)𝑡), the contour for 𝜁 varies (due to the
condition on enclosing 𝜁 = 𝑞−𝑘 for 𝑘 ∈ {0, … ,𝑚 − 1}) and
the denominator involves more terms. There exist stan-
dardmethods in asymptotic analysis for integrals and Fred-
holm determinants, but none of them apply here. Tracy
and Widom had to extensively manipulate their formula
by various tricks of analysis such as modifying the kernel
without changing the determinant or factoring the deter-
minant and evaluating a resulting resolvent. Even as some-
one who long studied these calculations, it is hard to know
what guided them. My only guess is that Harold could just
feel his way through these calculations, much like how a
master sculptor just knows how the clay should feel and
move.

I will end my foray into mathematical exposition here
and just provide a few final reflections. Tracy andWidom’s
work on ASEP, as with their earlier work in random ma-
trix theory, was trail blazing. Though Tracy and Widom,
themselves, did not seek to develop their work into gen-
eral theory or refined methods, this mantel was taken up
bymany inspired by their work and the connections that it
hinted at. Indeed, it is easy to see Tracy and Widom’s work
at the start of great epochs of mathematical work in both
random matrix theory and interacting particle systems.
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Now in the fall semester of 2021, we are running the
third semester program at MSRI on random matrix theory
and interacting particle systems–the first two having been
in 1999 and 2010. My last email from Harold came on No-
vember 27, 2017. I had written to let him know about the
plan for the MSRI program, hoping that he would allow
me to list him as a potential participant. He wrote back
“Sure, you can put me down as interested in participating
in the proposed program. Hope it goes through.” Though
Harold is not present to participate in person, his math-
ematical contributions and intellectual curiosity have an
unmistakable impact on the program, as it has had on my
whole career. He is sorely missed.

Ivan Corwin

In the Trenches with Harold

Persi Diaconis
About five years ago, I was stuck. I needed to get my hands
on the largest eigenvalue of the matrix

1
4

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 1 ⋯ ⋯ ⋯ ⋯ 1
1 ⋱

⋱ ⋱
1 • 1

⋱ ⋱
⋱ 1

1 ⋯ ⋯ ⋯ ⋯ 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(4)

where • = 2 cos{(2𝜋𝑗)/𝑛}, 0 ≤ 𝑗 ≤ 𝑛−1. Thematrix is a sum
of a diagonal matrix and a circulant, but the usual Weyl
bounds only give that the largest eigenvalue is bounded
above by the sum of the two largest eigenvalues. This gives
a bound of 1; I needed 1 − (𝑐/𝑛).

Persi Diaconis is a professor of mathematics and statistics at Stanford Univer-
sity.

The matrix in (4) is sort of like a Toeplitz matrix,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐0 𝑐1
𝑐1 ⋱ ⋱

⋱ ⋱ ⋱
⋱ ⋱ ⋱

⋱ ⋱ ⋱
⋱ ⋱ 𝑐1

𝑐1 𝑐0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5)

(constant on the diagonals). Harold is the world’s expert
on the eigenvalues of Toeplitz matrices. A famous result,
Szegö’s strong limit theorem, gives the limiting distribu-
tion of the eigenvalues {𝜆𝑗}𝑛𝑗=0 in the bulk: (1/𝑛)∑𝑛

0 𝛿𝜆𝑗
(under conditions on the 𝑐𝑗). The extreme eigenvalues are
harder.

Harold had written the definitive paper [12] showing
that the largest eigenvalue was

1 − 𝑎1
𝑛 + 𝑎2

𝑛2 + 𝑂 ( 1𝑛3 )

(again, under natural conditions on the 𝑐𝑗).
My matrix is of Kac–Murdoch–Szegö type,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑓0(0) 𝑓1 (
1
𝑛 )

𝑓−1 (
1
𝑛 ) 𝑓0 (

1
𝑛 ) 𝑓1 (

2
𝑛 )

𝑓−1 (
2
𝑛 ) 𝑓0 (

2
𝑛 ) ⋱

⋱ ⋱ ⋱
⋱ ⋱ ⋱

⋱ ⋱ 𝑓1(1)
𝑓−1(1) 𝑓0(1)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6)

with “nice” functions on the diagonals. The limiting dis-
tribution of the eigenvalues in the bulk was known, from
the Kac–Murdoch–Szegö theorem. I hoped Harold could
tweak his Toeplitz knowledge to get results formatrices like
(4) and (6).

This turned out to be quite a hard problem. Limiting re-
sults for the general form (6) are unknown. Harold got in-
terested in my special case. He changed variables, rescaled,
threw parts of the matrix away, and announced (for (4)),

𝜆max = 1 − 𝜋
2𝑛 + 𝑜 ( 1𝑛) .

It really was magical. It matched the data, too. How-
ever, several trips between Stanford and Santa Cruz didn’t
enlighten me, so Harold volunteered: “I’ll write down a
proof.” This was a real learning experience for me: see-
ing a master hard (and soft) analyst at work. He found
a topology that allowed convergence of operators to give
refined information on convergence of the spectrum. He
showed that a scaled version of my matrix converges to the
harmonic oscillator

𝐿 = −14
𝑑2
𝑑𝑥2 + 𝜋2𝑥2.

He then got that the 𝑘th largest eigenvalue behaved as

1 − (2𝑘 − 1)𝜋
2𝑛 + 𝑜 ( 1𝑛) .
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He got the eigenfunctions, too. All of this delivered in ten
or so typeset pages.

And then the fun started. “You know, the result is kind
of nice, it deserves a nicer proof. Wait up.” Three versions
later, a book-quality proof emerged. Our work resulted in
two joint papers with Dan Bump, Angela Hicks, and Lau-
rent Miclo [7, 8]. These give the motivation (to random
walk on the Heisenberg group) and include many appear-
ances of the matrix (4): Harper’s operator, Hofstadter’s
butterfly, the FFT, . . . . Various subsets of these coauthors
cooked up quite different proofs — i.e., using the uncer-
tainty principle, with a “pure probability” proof among
them — but the scholarship and brilliance of Harold’s ar-
gument is the clear winner.

Persi Diaconis

Torsten Ehrhardt
Before I even met Harold in person, I learned to appreci-
ate his mathematics. When I was a student in the research
group on Toeplitz operators in Chemnitz (Germany), the
name Harold Widom was highly regarded. It was in the
early 1990s, when I pondered his 1973 paper [17] on the
asymptotics of Toeplitz determinants as I tried to make
some progress on the proof of the Fisher-Hartwig conjec-
ture. I still remember the effort it took me to comprehend
this intricate piece of analysis. As Hirschman pointed out
in his review of this paper, it “represents a jump of sev-
eral quanta in depth and sophistication [. . . ].” While the
Fisher-Hartwig conjecture was raised in 1968, it took sev-
eral decades and the work of several mathematicians until
the conjecture was proved in quite some generality in 2009
[10]. It was Harold who laid out a method and proved the
first important cases of the conjecture.

The work of Harold Widom in the theory of Toeplitz
operators goes of course much further. Admittedly, it was
probably less appreciated by myself at the time because
his results had already entered the textbooks on Toeplitz
operators [5]. Harold Widom was among those who

Torsten Ehrhardt is a professor of mathematics at UC Santa Cruz. His email
address is tehrhard@ucsc.edu.

developed the foundations for the invertibility and Fred-
holm theory for Toeplitz operators in the late 1950s and
1960s. To give some idea, he established an invertibility
criterium for Toeplitz operators in terms of the Wiener-
Hopf factorization of the symbol [13] as well as a criterion
of a different kind, which is now known as the Widom-
Devinatz Theorem [14]. Furthermore, he provided a com-
plete Fredholm theory for Toeplitz operators on the Hardy
space 𝐻𝑝 with piecewise continuous symbols, which fore-
shadowed future developments of the theory in the 1980s.
Let me also highlight the beautiful result that the spectrum
of a Toeplitz operator is always connected [15], which an-
swered a question posed by Paul Halmos.

Circling back to the asymptotics of Toeplitz determi-
nants, Harold’s 1976 paper [18] turned out to be another
milestone. There he proved the block case of the strong
Szegő limit theorem (now referred to as the Szegő-Widom
limit theorem). Most importantly for the future, the main
novelty was the introduction of operator theoretic meth-
ods to prove the determinant asymptotics. The method is
exemplified by what is called Widom’s formula, 𝑇𝑛(𝑎𝑏) =
𝑇𝑛(𝑎)𝑇𝑛(𝑏)+𝑃𝑛𝐻(𝑎)𝐻( ̃𝑏)𝑃𝑛+𝑊𝑛𝐻( ̃𝑎)𝐻(𝑏)𝑊𝑛, a simple but
powerful formula that is the basis for various localization
results. In fact, I have used this formula and its variations
numerous times.

It was at a conference in Winnipeg in 1994 when I
met Harold for the first time, but due to the large set-
ting there was only little time for interaction. Instead,
it was mostly during the programs on Random Matrices
Theory held at MSRI in Berkeley in 1999 and in 2002
that our professional relationship developed. At that time
Harold and Craig Tracy had already made their seminal
contribution to this field by identifying the limits of cer-
tain randommatrix probability distributions, the so-called
Tracy-Widom distributions. These distribution functions
can be expressed as Fredholm determinants, which are of
a similar nature as Toeplitz determinants. This shift in
Harold’s research interest opened up a whole new world
and had a significant impact on me. In fact, certain quan-
tities in Random Matrix Theory can be expressed not only
as determinants of Toeplitz operators, but also in terms
of other kinds of “structured” operators, such as Wiener-
Hopf, Toeplitz+Hankel, and Bessel operators. It was this
path of research that I followed in the subsequent years.

Finally, when I joined the UCSC Mathematics depart-
ment in 2004, he and I became colleagues. Although
Harold had already retired in 1994, he continued to be
active in many ways. He maintained a blackboard both at
his home and at his university office which ought not to
be erased and which captured the problems on which he
was currently working. While he continued to collaborate
with Craig Tracy, he closely followed my research. It was
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a blessing that, for instance, when I was talking with my
PhD students I could always refer to Harold as the source
of deeper knowledge.

Harold was a remarkably nice person to speak to. He
was a person of great integrity, of fair and thoughtful judge-
ment, and an extraordinary character. In my first years at
UCSC, I resorted to his advice many times. I remember
him always being in good spirits and encouraging. I also
relied on him in many personal matters such as housing
in Santa Cruz.

Harold kept teaching until he was 79 years old. He was
known to the students to enter the classroom with at most
a tiny piece of paper and deliver his lecture easily and ele-
gantly on the blackboard. I felt honored to have taken over
his last course in 2011. Throughout the years he frequently
came to the departmental colloquia, and he often gave me
a ride in his old stick-shift (!) car to join the dinner after-
wards.

My wife and I also enjoyed the hospitality of Harold
and his wife Linda. I know that Harold was a good violin
player, but I regret that I never heard him play. He also
loved hiking and nature. I must admit that I really ‘envied’
him that he had made it to the top of the Half Dome in
his younger years.

Harold Widom remained mathematically active until
his last months. When a colleague of ours approached us
in the Fall of 2019 with an intricate asymptotic question, it
was Harold who came up with the correct answer first. He
seemed in good spirits when I congratulated him on his
88th birthday in September 2020. He had recently broken
a hip but had been recovering. Sadly, he fell seriously ill a
few months later.

Harold was a wonderful person, and I will greatly miss
him.

Torsten Ehrhardt

Al Kelley and Tony Tromba
One of us (Tony) first met Harold in 1962 while an un-
dergraduate taking graduate classes at Cornell. Already
a Full Professor, Harold had a reputation as a brilliant
lecturer. He was the only Cornell mathematics professor
whose graduate student audiences could eruptmid class in
spontaneous applause. His John von Neumann-like math-
ematical quickness was legendary; he could answer your
question before you even finished stating it. His Cornell
lectures on Analysis and Operator Theory were beautiful
and inspiring. No wonder that they are still in print more
than 50 years after he gave them.

Harold attended Stuyvesant High School in Manhat-
tan together with two other famous 20th-century math-
ematicians, Elias Stein of Princeton and Paul Cohen of
Stanford, all of whom would ultimately specialize in the
field of mathematical analysis. Elias was one year older
than Harold and Paul two years younger. For several years
Paul, who would go on to win a Fields Medal in Math-
ematics in 1962 in recognition of his path breaking so-
lution to Hilbert’s first problem, was generously tutored
in high school by Harold. All three remained together to
study analysis under the guidance of Antoni Zygmund and
Alberto Calderón in graduate school at the University of
Chicago. Reflecting on his life, Paul, in a speech at Stan-
ford in 2001, thanked Harold for the profound influence
he had on his early mathematical career.

We were both colleagues of Harold at Santa Cruz. One
of us (Al) was already a faculty member when Harold
joined in 1968 as a founding member of the department,
and the other of us (Tony) joined two years later in 1970.
From the time he came, Harold was the most influential
member of our department. In 1994, he jumped at the op-
portunity for early retirement so he could focus his life on
research, especially on his work with Craig Tracy. This was
truly a huge loss for our department. Tony always joked
that when Harold retired, the UCSC mathematics depart-
ment entered a completely new chapter, Chapter 11. How-
ever, for Harold it was the right decision.

His joint and seminal work with Craig Tracy on ran-
dom matrices and their historic discovery of the Tracy-
Widom distribution brought them both enormous fame
and wide international recognition. The densities of the
Tracy-Widom distributions are on the cover of each issue
of the journal Random Matrices: Theory and Applications, a
rare tribute to someone’s work.

Al Kelley is a professor emeritus of mathematics at UC Santa Cruz. His email
address is blufox@ucsc.edu.
Tony Tromba is Distinguished Professor of Mathematics at UC Santa Cruz. His
email address is tromba@ucsc.edu.
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For over 15 years, the three of us hiked almost every
week. We thoroughly enjoyed being together and having
extended conversations on almost any topic, mathemati-
cal, political, or simply campus and departmental issues.

After some time we only hiked every other week or so,
and then finally much less often. One favorite (and most
spectacular) hike was to go from Twin Gates on Empire
Grade down to Wilder Ranch.

Harold was a brilliant mathematician and a truly won-
derful person. It was a great blessing for both of us to have
had him as a colleague and as a close friend for over 50
years. His profound mathematical discoveries places him
among the giants of the University of California.

Al Kelley Tony Tromba

Barry Simon
I have long admired Harold Widom as one of the most
original and talented analysts of the past 50 years. While
my personal contact with Harold was limited, I think that
it is appropriate to say something about his work on or-
thogonal and Chebyshev polynomials, especially his sem-
inal 1969 paper in Advances in Mathematics [16]. There
has been extensive literature motivated by this paper dis-
cussing what has become known as Szegő-Widom asyp-
totics and Widom factors.

While this work is not as extensive as Widom’s large
opus on Toeplitz operators nor his even more extensive
work on asymptotics of certain stochastic processes, he did
have another important paper on OPs and the Advances
paper led him to significant work on the analytic struc-
ture of Riemann surfaces leading to the specification of the
Parreau-Widom condition.

Widom’s work had its roots in the 1919 work of Faber
and the 1920 work of Szegő, which looked at asymptotics,
respectively, of Chebyshev polynomials and of OPUC (or-
thogonal polynomials on the unit circle). This work and
Widom’s relies on the specification of these polynomi-
als via minimization. Given a compact set, 𝔢 ⊂ ℂ, the
Chebyshev polynomial, 𝑇𝑛,𝔢(𝑧), of degree 𝑛 is the monic

Barry Simon is the IBM Professor of Mathematics and Theoretical Physics,
Emeritus at Caltech. His email address is bsimon@caltech.edu.

polynomial that minimizes the 𝐿∞ norm over 𝔢 and, given
a probability measure, 𝑑𝜇, on ℂ with all finite moments,
themonic OP is themonic polynomial that minimizes the
𝐿2(𝑑𝜇) norm.

Faber considered a set, 𝔢, which is a simple, closed ana-
lytic curve plus the area that curve surrounds. If 𝐵𝔢(𝑧) is
the Riemann map of ℂ ∪ {∞} ⧵ 𝔢 to the unit disk with
𝐵𝔢(𝑧) = 𝐶(𝔢)/𝑧 + O(𝑧−2) (where 𝐶(𝔢) > 0) near 𝑧 = ∞,
then Faber proved that as 𝑛 → ∞ for any 𝑧 ∉ 𝔢 one has
that

𝑇𝑛,𝔢(𝑧)𝐵𝔢(𝑧)𝑛
𝐶(𝔢)𝑛 − 1 → 0.

Szegő proved a somewhat analogous result for OPUC lead-
ing to later extensive work on Szegő asymptotics. Before
turning to Widom’s great realization, I should mention
that the Ukrainian mathematician, Akhiezer, had related
ideas although I think Widom only knew of Akhiezer’s
work on the case where 𝔢 is two bounded real intervals,
where exact solutions in terms of elliptic functions obscure
the big picture.

Widom considered the situation where 𝔢 is the union of
a finite number of sufficiently smooth closed Jordan curves
or Jordan arcs. It turns out that there is a natural general-
ization of 𝐵𝔢. In the case of connected 𝔢, − log |𝐵𝔢(𝑧)| is the
unique (real) harmonic function which is 0 on 𝜕𝔢 and as-
ymptotic to log(|𝑧|) at ∞. There is such a function (the
potential theoretic Green’s function, 𝐺𝔢) even when 𝔢 is
not connected so one can attempt to define 𝐵𝔢 by adding
𝑖 times the conjugate harmonic function to 𝐺𝔢 and expo-
nentiating its negative.

The problem is that unlike the case where 𝔢 is connected,
the function 𝐵𝔢 is not single valued—its absolute value is
single valued but if one analytically continues around a
component of 𝔢, there can be a change of phase. Put more
exactly, there is a character of the fundamental group of
ℂ∪ {∞} ⧵ 𝔢, so that 𝐵𝔢 is character automorphic with some
character, call it 𝜒𝔢.

Widom realized that the asymptotics that Faber found
thus couldn’t hold because 1 is a single valued function
while the ratio is character automorphic with a character,
𝜒𝑛𝔢 , which varies with 𝑛. Widom found a suitable replace-
ment for 1—it should be replaced by the character auto-
morphic function that solved a naturalminimumproblem
among the class of all character automorphic functions.
This implies the natural asymptotics is not a limit but ap-
proach to an almost periodic set.

When 𝔢 consists only of smooth closed curves, Widom
proved his ansatz correct for both Chebyshev and orthog-
onal polynomials. For the important class of finite unions
of intervals in ℝ, he solved the OP problem but only
proved asymptotics for the norms of the Chebyshev poly-
nomials but he left their asymptotics open.
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In the 50+ years since, the subject has blossomed
in the hands of (with apologies to those left out) Peher-
storfer-Sodin-Yuditskii, Totik and Christiansen-Simon-
Zinchenko settling, among other things, the above conjec-
ture and extensions to a natural class of infinite gap subsets
ofℝ. SoWidomwas the founder of a subarea of the theory
of special functions of subtlety and great beauty.

In my limited dealing with Harold, I was impressed
with what a nice guy he was and with his obvious sense of
humor. I vividly remember the introduction of his talk at
Percy Deift’s 60th birthday conference given when Harold
was 74. After mentioning some of Percy’s work, he said
It’s remarkable how much Percy has accomplished—perfectly
timed pause—for such a young man. Harold brought the
house down.

Barry Simon

How I Came to Work
with Harold Widom

Craig A. Tracy
How I came to Toeplitz determinants. My interest in
Toeplitz determinants began in graduate school since my
thesis, under the supervision of Barry McCoy, dealt with
the 2D Isingmodel and related statistical mechanical mod-
els. It was well-known by then that the 2D Ising spin-
spin correlation function ⟨𝜎00𝜎0,𝑁 ⟩ could be expressed as
a Toeplitz determinant and an explicit formula for the
spontaneous magnetization 𝑀0 can be obtained from the
strong Szegö limit theorem since 𝑀2

0 = lim𝑁→∞⟨𝜎00𝜎0,𝑁 ⟩
with 𝑇 < 𝑇𝑐 (𝑇 is temperature and 𝑇𝑐 is the critical temper-
ature) [11]. At the critical temperature the symbol of the
Toeplitz matrix is singular.

Somewhat later I became aware of the work of Harold
Widom and Estelle Basor on Toeplitz determinants with
singular symbols [1,9,17].

Craig A. Tracy is Distinguished Professor, Emeritus, at UC Davis. His email
address is tracy@math.ucdavis.edu.

How I came to meet Estelle Basor. In the summer of
1984 I was invited to speak at the University of Wyoming
in a summer school organized by Hermann Flaschka. It
was my good fortune that Estelle attended and I got to
know her and her husband (and fellow mathematician)
Kent Morrison. I lectured on Bethe Ansatz and the XXZ
quantum spin chain. In the spring of 1991, Estelle was on
sabbatical at UC Santa Cruz and she invited me to visit.
On this occasion I was introduced to Harold Widom. We
spoke for a few minutes but it was clear he wanted to get
back to work.
My time at RIMS. In the Fall of 1991 I was on sabbati-
cal at Kyoto University. I got interested in the asymptotics
of a certain tau-function, 𝜏(𝑡; 𝜃, 𝜆), introduced by M. Sato,
T. Miwa, and M. Jimbo in their study of holonomic quan-
tum fields. Here 𝑡 is a distance variable and 𝜃 and 𝜆 are
parameters. The asymptotic problem is to find the short-
distance behavior as 𝑡 → 0+. Jimbo had proved

𝜏(𝑡; 𝜃, 𝜆) ∼ 𝜏0(𝜃, 𝜆)𝑡
1
2 (𝜍(𝜃,𝜆)

2−𝜃2),

but he did not determine the constant 𝜏0(𝜃, 𝜆).
I suspected that the techniques introduced by Widom

[17] could be used to solve this asymptotic problem. But
I needed someone to collaborate with who really under-
stood [17]. The number two world’s expert on [17] is Es-
telle. So I wrote to Estelle suggesting we work together.
Again to my good fortune, she accepted. We proved that
the Widom integral operator1 determined the 𝜏-function
asymptotics and produced an explicit formula for 𝜏0(𝜃, 𝜆)
in terms of the Barnes 𝐺-function.2 This same constant
arises in Toeplitz determinants with a singular symbol. We
concluded the introduction with the statement

Perhaps the most significant aspect of the present
paper is that the short distance asymptotics of
the 𝜏-function are also determined by the Widom
operator. This indicates that the connections
between these various asymptotic formulas take
place on a very fundamental level.

While at RIMS I attended lectures by E. Brézin on ran-
dom matrices. I had learned a little about Dyson’s ran-
dom matrix theory work as a graduate student, but it was
Brézin’s lectures that brought me up to speed. The ques-
tion I asked (myself) was to determine asymptotic formu-
las for the probability of finding exactly 𝑛 eigenvalues in
an interval of length 𝑠, for large 𝑠 and fixed 𝑛 for the three
Gaussian ensembles 𝛽 = 1, 2, 4. Again I turned to Estelle
for help. We made good progress but there was a crucial
constant we could not determine.

1See (1.16) in [2].
2See (1.9) in [2].
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Figure 6. Harold Widom (left) and Craig Tracy (right) in May
2009 as part of MFO’s Research in Pairs program.

Enter the Dragon. As related to me by Estelle, she had
shown Harold our paper [2]. He inquired about what we
were doing now and Estelle said we’re working on a prob-
lem in random matrix theory. She added that we were
stuck with determining a certain constant. Harold asked
if he could take a look at the problem. Estelle and I were
delighted that Harold wanted to work on this problem. A
few days later I received a fax where this constant was eval-
uated. This resulted in our joint publication [3].

Harold and I went on to collaborate continuously for
nearly 30 years. Our major joint work is elegantly sum-
marized in the Bulletin article “Harold Widom’s Work in
Random Matrix Theory” by I. Corwin, P. Deift, and A. Its.

On one of our many visits to Oberwolfach, we were out
for a hike. We had both agreed that at a certain time we’d
turn around so as not to get lost at night in the Black Forest.
As that time approached, we rounded a bend and could
see our goal—still in the distance. We both said simuta-
neously “let’s keep going.” Then Harold turned to me and
said “That’s why we work well together!” (We reached our
goal and we didn’t get lost.)

Craig A. Tracy

ACKNOWLEDGMENT. Estelle Basor is very grateful for
the help she received from Benjamin Widom, Barbara
Widom, and Jennifer Widom in putting her contribu-
tion together.
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education should be a partnership between mathematics 
education and mathematics faculty, I insisted. Education 
policy disconnected from content loses its way, giving rise 
to “school mathematics” rather than “mathematics.” But 
I never thought that failing to involve classroom teachers 
might be a problem.

The Problem
The missing classroom teachers are a problem, of course, 
and for the same reason that missing mathematicians are. 
Talking about education, either policy or practice, without 
actual practitioners is just as nutty as talking about educa-
tion without experts in content. It’s easy to lose perspective, 
to misunderstand the consequences of actions and to mis-
judge the difficulty of success. Why leave out people who 
can provide such perspective?

But the absence of classroom teachers is a symptom of a 
more serious problem: we omit teachers because we do not 
think of teachers as professionals – masters of a discipline 
with special expertise and craft. We don’t think of them in 
the same way we think of, say, medical doctors, engineers, 
or university mathematicians. Indeed, we don’t think of 
teaching as a profession in the way we think about other 
professions. The public often sees classroom teachers as 
workers who follow instructions provided by someone else 
– the real experts. Teachers are like education contractors, 
not education architects. And because we don’t think of 
them as professionals, we don’t treat them that way.

At this point, some readers will be shaking their heads. 
“Not all classroom teachers are professionals,” they protest. 
Of course, they are right, some are not. There are a great 
variety of classroom teachers. In many countries, includ-
ing the United States, most teachers in lower grades are 
generalists, with little specialized training in mathematics. 
While they may be professional teachers, they are hardly 
professional mathematics teachers (or professional X teach-
ers for any value of X). How can they contribute to policy 
discussions about mathematics education? Teachers in the 
upper grades vary as well. Some have only modest back-
grounds in mathematics and often teach routine courses in 

Our Missing Teachers
John Ewing

It was another amiable conference, scheduled over two days 
in a hotel that adjoined the campus of a large university. 
The topic was mathematics education, from elementary 
through to high school. The roughly 30 speakers were 
almost all people I knew well, some for many years. They 
were distinguished mathematics or education faculty from 
universities across the United States, with a few from Eu-
rope and Asia. Their talks and panels covered many topics 
from curriculum to pedagogy, from elementary school to 
high school, and from policy to practice. I had been looking 
forward to the event.

As I settled into my seat near the back of the room, I 
looked at the list of participants. One aspect of the con-
ference was strikingly familiar – the speakers included not 
a single practicing classroom teacher. Only one was on a 
panel and that was because he was connected to a university 
teacher training program.

Something similar happens at most conferences and 
workshops on K-12 mathematics education held in the 
United States (and many, although not all, other countries). 
The speakers are university faculty, education reformers, 
superintendents of districts, CEOs of corporations, even 
politicians – almost anyone other than practicing teach-
ers, the people who carry out the day-to-day work of K-12 
education. When a handful of teachers are included, it’s 
because they also have some other role.

I have spent most of my life in or associated with 
universities. For most of that time, I never saw anything 
unusual about the missing classroom teachers. I worried 
regularly that research mathematicians were often miss-
ing from education events and projects. Reforming K-12 

John Ewing is the president of Math for America, an organization associated 
with and supported by the Simons Foundation in New York City. His email 
address is jewing@mathforamerica.org.

This article originally appeared in the Newsletter of the European Math-
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For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Math for America
Math for America (MƒA) sets out to address these prob-
lems. The idea is embarrassingly simple – find genuinely 
accomplished teachers, give them opportunities modelled 
on professional life in universities, and trust them to take 
advantage of the opportunities. In short, find teachers 
who deserve to be treated as professionals and treat them 
that way.

(“Math for America” is a misnomer in two ways. The 
program includes science teachers as well as mathematics 
teachers, in roughly equal numbers. Also, it is only for 
teachers in New York City rather than all America.)

MƒA offers a 4-year master teacher fellowship for experi-
enced mathematics and science teachers who are currently 
in the classroom (and who continue to teach). Teachers 
apply, are selected, and join a community of math and 
science teachers spanning all the grades, although they are 
predominantly from grades 6-12. The community tries to 
model scholarly life in a vibrant university – workshops, 
seminars, and lectures covering math or science, policy or 
pedagogy, and abstract or practical topics. It also offers the 
opportunity to exchange ideas and information with col-
leagues from a wide range of schools. Fellows participate 
actively and enthusiastically in ways that suit their individ-
ual professional needs. They also receive an annual stipend 
(currently US $15,000), which is meant to recognize their 
achievement and to compensate for their substantial com-
mitment. Teachers can also apply to renew their fellowship.

New York City’s school system is large: 1.2 million 
students in 1800 schools taught by about 75,000 teachers. 
MfA now has over 1000 teachers – about 10% of the math 
and science teachers in the city. Is that the right percentage? 
Perhaps. It seems about right in New York City. The larger 
the number, the greater the effect, of course. On the other 
hand, it is essential to have accomplished teachers to make 
this program work. In New York, 10% seems to strike the 
right balance.

While the basic idea is simple, the details are more 
complicated. They are important! It would be easy to allow 
a program like this to drift into something resembling 

routine ways. Some have lost their edge over the years and 
become dull. Some may be knowledgeable in their subject 
but awful in their craft, unable to unpack ideas that are 
familiar to them. Some may be truly dreadful. Yes, yes, yes.

But some mathematics teachers are professionals. In the 
lower grades, they know their subject in surprisingly deep 
ways and are, in every respect, teachers of mathematics, 
inspiring young students. In upper grades, they are not 
only teachers of mathematics but mathematicians as well, 
with both insight and devotion to their subject. They are 
experts in their craft. They inspire their students. They 
guide and mentor their colleagues. They continue to learn 
both mathematics and pedagogy throughout their careers. 
These teachers have all these characteristics, and they are 
professionals in every sense of the word. They deserve to 
be treated accordingly. When we treat them otherwise, we 
send a message that their professionalism isn’t valued.

If we don’t value our most accomplished teachers, they 
will not stay in teaching. If we don’t treat them as profes-
sionals, the profession itself becomes unattractive and we 
will lose future accomplished teachers as well. If we want 
more high-quality teachers, we had better value the ones 
we have.

A Secondary Problem
This situation illustrates a second problem in education. 
When we look at teachers, we almost always focus on the 
weakest – the ones who are deficient in some way, who 
need repair, who represent some failure. It is hard to think 
of teachers as professionals who can contribute to educa-
tion more broadly because we are focused on that awful 
algebra teacher who barely knew mathematics and ruined 
mathematics for our son or daughter. We may remember a 
few great teachers in our own lives but when we talk about 
education, we think about the teachers who are deficient 
and need repair.

This is an unconscious theme in modern K-12 education. 
Reform has become a simple formula: find what’s broken 
and fix it. Find the weakest teachers, the poorest schools, 
the most troubled students. Expose them, repair them, get 
rid of them and education will get better. This is educational 
reform today.

But it’s a remarkably short-sighted view, strangely pecu-
liar to K-12 education. In the business world, one doesn’t 
only focus on what doesn’t work well. To build a thriving 
business, you fix things to be sure, but you also find things 
that already work well. You build great businesses on those 
things, using them as the cornerstones. Similarly, a univer-
sity president would never arrive on campus and immedi-
ately focus on faculty who are weakest. Great universities 
get built using the most prestigious and accomplished. Why 
do we try to improve education by focusing only on the 
rubble of failure? In life, excellence is built on excellence. 
Education is no different.

Typical evening at MƒA.
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Scholarship
During most evenings, the MƒA teachers swarm throughout 
our New York City offices, which include a lounge, a small 
library, and a number of seminar rooms and breakout areas. 
This is meant to approximate the facilities of a high-quality 
math or science department.

Some might describe what MƒA teachers do during these 
evenings as “professional development”. I avoid that term. 
Traditional professional development is often dull and 
dreary, disconnected from a teacher’s discipline, and aimed 
at fixing deficiencies or providing tips on how to improve 
test scores. MƒA’s workshops, seminars, and minicourses 
are meant to be intellectually engaging. Some are directly 
connected to instruction, but many are about math or sci-
ence – a recent research result or an interesting topic – or 
about education challenges and policies. A few are single 
sessions but most are given in sequences of three or more 
sessions. In the 2017-18 academic year, MƒA offered over 
400 “courses” like this, which took place in nearly 1000 
sessions.

Here is the most important part: two-thirds of these 
courses are created and led by the teachers themselves. MƒA 
provides the infrastructure. We put together the catalogue, 
determine the schedules, and provide the facilities, but the 
teachers themselves drive most of this forward – in the same 
way that faculty and students drive seminars and colloquia 
in a healthy university.

Of course, some workshops are run by people from the 
outside, including mathematicians, scientists, and edu-
cators. But even these workshops are inspired by teacher 
interest and aimed at intriguing, rather than fixing, teachers.

For many teachers, especially those from small schools 
with few colleagues in their field, MƒA’s scholarly commu-
nity serves as their essential connection to their discipline. 
It makes them feel like mathematicians and scientists. It 
makes them feel professional.

traditional education reform, for example, by selecting 
teachers who were not accomplished or by converting the 
workshops into “teacher repair”. The lure of traditional 
reform is powerful and one must safeguard against it. Here 
are some details:
Selection
The selection process is important because MƒA’s success 
depends upon finding accomplished teachers. Selection 
begins with a lengthy application consisting of information 
about a teacher’s education (including transcripts) and 
career. Applicants submit a short essay and a lesson study. 
They have three people write detailed letters of recommen-
dation. They take a standard (undemanding) test of content 
that is specific to their specific discipline. One element is 
notably and deliberately missing from the selection process 
– test scores from a teacher’s students. The application is 
structured in a way that helps teachers decide whether the 
fellowship is right for them and encourages them to stop 
if it’s not. We don’t encourage applications simply so we 
can brag about our low acceptance rates.

Applicants who make it through the first part of the 
process are invited for an interview. At that interview, they 
are first assigned to work in small groups, creating and pre-
senting a piece of mathematics or science they can choose 
themselves (because it’s interesting and not because they 
teach it). Afterwards, they converse about the presentations, 
asking each other questions, answering them and offering 
observations. A three-person team (a mathematician, an 
educator, and an MƒA representative) observe all this. The 
team then interviews each candidate separately, following 
up on what’s been observed. The process allows us to gauge 
with remarkable accuracy a teacher’s mathematical or scien-
tific knowledge, their ability to communicate that knowl-
edge, and their approach to collaborative work. By the end, 
we know each candidate’s strengths and weaknesses.

Final acceptance is carried out by MƒA staff, using the 
complete dossier for each applicant and a set of carefully 
developed rubrics, along with sound judgment.

An MƒA workshop on puzzles. Old fashioned string art.
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Trust
None of this works without one final ingredient: trust. 
MƒA fellows are required to participate in a modest num-
ber of workshops, roughly one session per month. (Most 
participate in far more!) We don’t require them to learn 
any particular content. We don’t ask them to acquire any 
particular skills. We are not fixing any particular deficiency. 
We trust them to decide for themselves how they want to 
grow professionally.

Similarly, we invite teachers to submit proposals for 
workshops and courses based on their own ideas and not 
ours. We vet these proposals, of course, but we trust the 
teachers to come up with good ideas. And they do!

Trust is a crucial ingredient in changing the way we think 
about teachers. It is often confused with education laissez 
faire – the proposition that teachers should do whatever 
strikes their fancy in the classroom. But laissez faire is im-
practical in most settings (including, it should be added, 
in universities!). Professional trust is different and more 
subtle. It means trusting teachers to control their own 
professional lives, deciding what’s most important to them 
and how they want to develop their own careers. Extending 
that trust is important.

For many of our teachers, this is their first experience 
with this kind of trust. Teachers’ careers often progress from 
one mandated professional development experience to the 
next, many of them useless and some of them dreadful. 
They hear public figures proclaim how much they “respect” 

Interaction
Teaching is a lonely job. People are sometimes surprised 
when I say this. They picture teachers surrounded by dozens 
of students and they wonder how anyone can be lonely 
with all those students. But teachers interact professionally 
with teachers and the modern structure of schools makes 
these professional interactions more and more difficult.

One of the benefits of the MƒA community is the 
opportunity to interact with other teachers in new ways: 
mathematics teachers talk to science teachers; middle 
school and elementary teachers talk to high school teachers; 
and teachers at exclusive schools (in NYC they are called 
“exam schools”) talk to those enrolling mainly high-needs 
students. They all come together. This kind of professional 
interaction builds connections, which creates networks 
that teachers can draw on for years to come. It is a kind of 
interaction that seldom happens in the everyday lives of 
teachers. At MƒA, it happens naturally.

We also foster such interaction. Part of our program 
(about 15%) consists of teachers who are in the first few 
years of their teaching careers. We pair them with master 
teachers who serve as mentors, not merely in name but in 
fact. Both junior and senior teachers profit from these rela-
tionships. Many of our workshops are offered in a special 
format – Professional Learning Teams (PLTs) – that bring 
together 15–20 teachers over the course of a semester or 
year. PLTs are always co-led by a pair of teachers and adhere 
to a special format designed to involve all participants in 
the ongoing discussions. We even run workshops on how 
to run workshops, inside and outside of MƒA. We encour-
age MƒA teachers to start their own PLTs in their schools.

University mathematicians are often unaware that such 
routine interaction with their colleagues plays an essential 
role in their professional lives. It is an unremarkable part 
of life in a good university. For classroom teachers, these 
interactions are a new experience that change the way that 
teaching feels.

A 3D printer in the MƒA lounge.

Sample Mathematics Workshops Spring 2018
 • Applying Ideas from Modern Algebra to Secondary 

Teaching (MINI)
 • Combinatorial Game Theory (SSW)
 • Delving Deeper into Fraction Subconstructs and 

Processes (PLT)
 • Dynamic Lesson Planning Using Geometer’s Sketch-

pad (SSW)
 • Exploring Rational Tangles (SSW)
 • Fostering a Growth Mindset in Mathematics (PLT)
 • How to explain hard “Why” questions in Algebra and 

Geometry using Calculus (MINI)
 • Introduction to Category Theory (MINI) 
 • Investigating Calculus Teaching and Learning (PLT) 
 • Islamic Art and Geometry (MINI)
 • The Mathematics of Gerrymandering (MINI)
 • Multi-criteria Decision Analysis for High School 

(SSW)
 • Made You Look – Statistics through Data Visualiza-

tions (TT)
 • Using Mathematical “Magic” to Engage Students in 

Mathematics (MINI)
 • Vertical Alignment in High School Math (IG)
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efficient than creating brand new teachers. The master 
teacher program began to grow in 2012. A similar program 
was created for teachers early in their careers. Science was 
added to broaden the appeal. The scope was extended to 
include math and science elementary teachers. Now, after 
14 years of evolution, MƒA has slightly more than 1000 
teachers in its fellowships – about 10% of the math and 
science teachers in New York City. About half are in math 
and half are in science. Most are master teachers and some 
are early career. Watching them work together each evening 
is inspirational.

MƒA in New York City could serve as a model for other 
programs elsewhere. We have tried to persuade others to 
create similar programs in other locations with limited 
success. A few arose in other cities in the U.S., with the 
largest in Los Angeles (nearly 100 teachers). A large, pub-
licly funded program began several years ago in the rest of 
New York State (which has roughly the same population as 
New York City). It currently has over 900 teachers at nine 
sites around the state. We are working with other states to 
help them create similar publicly funded programs, not 
identical but similar to MƒA.

Advocating is a tough job, however. People sympathize 
with the goal but the approach can be jarring. That we 
focus on excellent teachers seems counter-intuitive to 
many people, especially education reformers. Why waste 
resources on teachers who are already accomplished? Why 
not concentrate on teachers who need help? And many 
people find it hard to trust teachers in this way. They can 
only remember that dreadful teacher they (or their child) 
recently encountered at school. Surely that teacher doesn’t 
deserve a stipend or our trust!

If we really want to improve the quality of mathematics 
and science teachers, however, we need to find a way to 
overcome these obstacles.

teachers, without extending even a modicum of trust in this 
sense. They are controlled, regimented, and evaluated by a 
system designed with the least able teachers in mind. MƒA 
tries to change that, at least in one part of their professional 
lives. It is an important change. One aspect of MƒA is not as 
essential as the previous four but still deserves a mention. 
Master teachers can renew their fellowship after four years.

Renewals are not automatic. They require both an appli-
cation and an interview (each different in nature from the 
initial ones). We expect more from master teachers when 
they renew. They are meant to be leaders, contributing more 
to MƒA, their colleagues, and (possibly) their own schools. 
We make this a requirement but not an overbearing one. 
The renewal itself depends on our assessment of a teacher’s 
ability to take on this role. Not all master teachers choose 
to renew and not all who apply are accepted.

If we did not permit renewals, we could offer fellowships 
to more teachers. But we would lose part of what makes 
MƒA thrive. The senior master teachers who stay on for two 
or more fellowships play a special role in our community. 
They mentor those who are new to MƒA: They take the lead 
in proposing workshops and running them. They model 
what an active professional life looks like, and they often 
carry their MƒA experience outside to their schools and to 
the rest of public education.

While renewals may not be essential, they make MƒA 
more effective.

Advocating
MƒA has evolved over time. The original program was 
conceived by Jim Simons and a group of financial math-
ematicians in 2004. The original implementation created 
a fellowship that enticed mathematically talented indi-
viduals to become teachers – a year of training, four years 
of commitment, substantial stipends, and a community. 
The program was supported by an annual poker benefit 
together with the Simons Foundation. 

Gradually, MfA discovered that many highly accom-
plished mathematics teachers were already in classrooms. 
Many of them were leaving and keeping them seemed more 

A Professional Learning Team (PLT).

MƒA teachers in a breakout.
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Coda
Does MfA work? It’s too early to tell for sure. Unlike tradi-
tional education reform, MƒA is not about fixing teachers. 
There is no “treatment” that can be withheld from a control 
group to see whether the dosage is correct. There is no sim-
ple statistic that measures what we want to achieve. Some 
things are hard to measure with numbers. Professionalism 
is one of them.

In two respects, though, MƒA is already successful:
 • In the U.S. today, experienced teachers leave teach-

ing for other careers at an alarming rate (about 
8% each year). MƒA teachers leave at a far lower 
rate (3%). We want experienced, accomplished 
teachers to stay in teaching even if it is only for 
four additional years.

 • Throughout the world, teachers complain fre-
quently about shallow and useless professional 
development. Teacher-led professional devel-
opment that treats teachers as professionals is a 
welcome change. MƒA teachers thrive in such an 
environment. Even the most accomplished teacher 
wants to grow professionally and in MƒA they do.

But the ultimate goal is to change perceptions – to con-
vince the public and teachers themselves that teaching is 
not merely standing in front of a classroom and that it is 

a profession requiring mastery of content and craft, which 
takes place over many years and is motivated by curiosity, 
ambition, and pride. Teaching is not preparing students for 
tests. It is not following instructions. It is not reciting facts 
or procedures. It is a profession and we should welcome 
its accomplished professionals into the mathematics com-
munity … and treat them like the professionals they are.

Perceptions only change over time, however. Achieving 
this goal will require persistence and patience – qualities 
that are frequently missing from educational reform today. 
Fortunately, MƒA has both.

Credits
All photos are courtesy of Michael Lisnet.
Author photo is courtesy of Tom Stio.

John Ewing
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for Kyoto 1990 were held in European or North American 
cities. Since that final ICM of the twentieth century, only 
Madrid 2008 took place on either of those two continents, 
though for 2022 the planned venue is St. Petersburg, the 
“Venice of the North.” 

Mathematicians today tend to think of the Fields Medal 
ceremonies as the highlight event of the ICMs. Some will 
know that the first awarding of the Fields Medal took place 
in 1936 at the Oslo ICM, where Lars Ahlfors and Jesse 
Douglas received that coveted prize. Those who might be 
curious to know how the first selection committee reached 
its decision (to the extent this can be ascertained at all), 
should pick up a copy of Meeting under the Integral Sign? 
and turn to pages 225–230 for some surprising insights into 
what was clearly a case of negligence. But if that doesn’t 
pique your curiosity, please be assured that there are plenty 
of other, even better, reasons to read this book, beginning 
with the special place occupied by the Oslo ICM within the 
overall history of the international congresses. Moreover, 
Christopher Hollings and Reinhard Siegmund-Schultze 
combine the background and special talents needed for an 
undertaking like this one, as can be seen from some of their 
earlier studies ([Hollings 2014, 2016], [Siegmund-Schultze 
2001, 2002, 2009]). Here they truly take us behind the 
scenes of this extraordinary event by drawing on a rich vari-
ety of documentary sources. They also utilize an interesting 
analytical framework that enables them to take account of 
different national perspectives and agendas.

One of the great merits of this book is that it not only 
tells us about what occurred before, during, and after the 
Oslo congress, it also reports on matters of significance that 

Meeting under the Integral Sign? 
The Oslo Congress of 
Mathematicians on the Eve of  
the Second World War 
by Christopher D. Hollings and 
Reinhard Siegmund-Schultze  
in collaboration with  
Henrik Kragh Sørensen

What goes on behind the scenes 
at an international congress? 
How are venues chosen and who 
issues invitations to prospective 
speakers? And what is it about 

these events that keeps mathematicians looking forward 
to the next one? Insiders will have answers to questions 
like these, but only for the more recent International 
Congresses of Mathematicians (ICMs). My own limited 
personal experience of three (Kyoto 1990, Berlin 1998, and 
Rio de Janeiro 2018) suggests at least one obvious conclu-
sion, namely that mathematics only became a truly global 
affair in the present century. Some thirty years ago, Kyoto 
became the first Asian city to host an ICM, and the ICM in 
Rio was the first ever to take place in South America. If we 
look backward from Berlin 1998, all of the ICMs except 

Meeting under the 
Integral Sign?
The Oslo Congress of Mathematicians 
on the Eve of the Second World War
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moment in time. By attaching a question mark to the title 
and alluding to the political context of that era in their cho-
sen subtitle, Hollings and Siegmund-Schultze rightly place 
this interpretation in doubt. Indeed, their account makes 
clear that contemporary events cast a dark shadow over the 
Oslo Congress, which they describe as “a mathematical 
and political melting pot, standing between the academic 
fallout of the First World War and the further disruptions 
of the Second” (p. xv).

Memories of past ICMs have often been invoked by those 
who speak on ceremonial occasions, but the venerable ideal 
of mathematicians as belonging to one big family—as Olli 
Lehto, Secretary of the International Mathematical Union 
(IMU), proclaimed at the closing of the 1983 Warsaw 
ICM—has never been easy to maintain [Albers et al. 1987, 
p. 43]. Upholding unity was particularly urgent at that 
time in view of prevailing Cold War tensions. Armand 
Borel, who chaired the program committee for the 1978 
Helsinki ICM, faced the same obstacle that had hampered 
planning for the 1974 ICM in Vancouver. Several leading 
Soviet mathematicians had accepted invitations to speak 
at these events, but in many cases, government officials 
withheld permission for them to travel abroad. For those of 
us old enough to remember that era, the isolationist stance 
of Soviet authorities has a familiar ring, but when going 
back further in time we have nothing more than written 
sources that bear witness to events beyond the horizons 
of human memory. For a general overview of the ICMs up 
until Madrid 2006, see [Curbera 2009].

The first 2½ pages of the authors’ Preface recall the 
tumultuous events of the mid-1930s, which had already 
shattered the efforts of internationalists to stabilize foreign 
relations in Europe. Within the community of mathemati-
cians, a handful had promoted this effort, but just as many 
held firmly to their national allegiances, which prevented 
them from extending a friendly hand to those who fought 
for or stood by the other side. Chapter 1 recalls some of 
the relevant prehistory leading up to the Oslo Congress, 
in particular the founding of the IMU in 1920. The IMU 
sponsored the Strasbourg Congress, which took place that 
September. Attendance was low, owing to the IMU’s boycott 
policy barring participation by mathematicians from the 
defeated Axis countries. This was controversial from the 
beginning, as many mathematicians in Britain, Italy, and 
the US, as well as countries that remained neutral during 
the war, had close ties with colleagues in Germany. Support 
for those who had suffered most during the war was also 
strong, but these divided sympathies among mathemati-
cians counted little at a time when the French and Belgians 
were intent on thwarting German scientific influence. In 
fact, the IMU was merely carrying out the general policy 
adopted by the International Research Council (IRC). 
Founded in Brussels in July 1919, the IRC successfully im-
plemented an across-the-board boycott of all cooperation 
with German scientists after the war. By the mid-1920s, 

did not transpire and, in many cases, the authors explain 
why such non-events came about. Thus, topics related to 
number theory were on prominent display in Oslo, as in 
the plenary talks delivered by C. L. Siegel, Helmut Hasse, 
Erich Hecke, Louis Mordell, Johannes van der Corput, and 
Rudolph Fueter (A. O. Gel’fond and Edmund Landau were 
also slated to speak, but were unable to attend). On the 
other hand, none of the 19 plenary lectures dealt directly 
with algebraic geometry, which suffered from a lack of 
Italian participation. Nor was Oscar Zariski on the congress 
program, a striking omission since just one year earlier he 
had published his classic monograph Algebraic Surfaces (Za-
riski 1935). Topology fared little better, even though Jakob 
Nielsen gave a plenary lecture on combinatorial methods 
used in studying mappings between surfaces.

If professional mathematics has something in common 
with the world of sports, then we can easily see how the 
history of its international congresses reflects many of the 
same features that animated the modern Olympic Games. 
Indeed, the first ICM, held in Zurich in 1897, took place 
just one year after Athens hosted the first Olympics. More-
over, the second venue for both was identical: the Paris 
Exposition of 1900, and in both cases these events turned 
out to be flops. Of course, when mathematicians think of 
Paris, they remember David Hilbert’s triumphant lecture on 
unsolved problems for the twentieth century, surely one of 
the greatest moments in the history of the ICMs. For a con-
temporary reaction, one should read what Charlotte Angas 
Scott had to say about Hilbert’s talk and how it was received 
at the time [Scott 1900]. One of the most famous summer 
Olympics took place immediately after the Oslo ICM, when 
Adolf Hitler and his Nazi entourage took in some of the 
festivities at Berlin’s newly built Olympic Stadium. These 
were the first games to introduce the torch relay bringing 
the flame of the Olympic spirit from Athens. The 1936 
Olympics was also the first documented on film, captured 
in Leni Riefenstahl’s famous two-part extravaganza that first 
premiered in cities around the world in 1938. It opened in 
New York City just a few days before the infamous pogrom 
of November 9 that exposed the true barbarity of the Nazi 
movement and the horrific suffering of its victims.

At the very beginning of Chapter 1, the authors explain 
that their inspiration for the book’s title came from an 
article written by G. Waldo Dunnington, best known for 
his biography of C. F. Gauss. His paper was entitled “Oslo 
under the Integral Sign,” a play on the ICM’s logo, a contour 
integral that also appears on the title page of the conference 
proceedings. Dunnington was one of several attendees who 
portrayed the atmosphere at the ICM as harmonious and 
uplifting, perhaps a sign that the Germans who attended 
maintained decorum rather than appearing as Nazi ideo-
logues. From the very first congress in Zurich, organizers 
and commentators have traditionally intoned their lofty 
internationalist purpose, and in this respect, Dunnington 
was merely echoing these sentiments, albeit at a precarious 
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was to have taken place in Stockholm. The outbreak of 
the First World War shattered this plan, but the die had 
been cast for staging a future ICM in the Swedish capital 
or somewhere else in Scandinavia. As described in Chapter 
2, this initiative was by no means forgotten.

The politics and rivalries of the 1920s mark the begin-
ning of competition between national communities over 
the right to hold an ICM in their respective countries. In 
the case of the Oslo congress, financing also played a major 
role. If we go back still further, when the mathematical 
world was very small and Western Europeans showed rel-
atively little interest in other countries, even then, politics 
played a major part in the planning and staging of the ICMs. 
The obvious problem was how to overcome the traditional 
rivalry between France and Germany, remembering that 
the Franco-Prussian War took place less than three decades 
before. Clearly, the neutral soil of Switzerland offered the 
best chance for a smooth launch, though Zurich’s official 
language was German. Once agreement on this initial 
staging ground was reached, the succeeding venues could 
fall almost like dominoes: Paris (1900), Heidelberg (1904), 
Rome (1908), Cambridge (1912), and then came the out-
break of the Great War.

These first ICMs were on a scale similar to national 
conferences today, and they clearly reflected the traditional 
dominance of a handful of Western European nations 
during the pre-war era. The devastation brought on by 
the war and the highly unstable political and economic 
conditions that prevailed afterward, coincided with the 
emergence of young mathematical communities in the 
Soviet Union, Poland, Hungary, the United States, and 
Japan, countries that made their presence felt at the 1932 
ICM held in Zurich.

In view of the still more complicated situation in 1936, 
Hollings and Siegmund-Schultze focus on the strategies 
pursued by their four chosen national communities as well 
as some of their individual members in an effort to under-
stand how they promoted their respective interests at the 
Oslo ICM. This framework makes clear why the 1936 ICM 
was a scientific event whose significance went far beyond 

support for the boycott was waning, and the next IMU pres-
ident, Italy’s Salvatore Pincherle, broke with the IRC’s policy 
at the 1928 Bologna ICM. The authors briefly describe the 
tense atmosphere there (pp. 11–13), especially Hilbert’s 
role as head of a large German delegation.

This book has a three-part structure, beginning with an 
introductory chapter that explains the goals, approach, 
and resources for this project. Part 1 is an introduction, 
while Parts 2 and 3 are its main pillars, comprising ten of 
the eleven chapters. Part 2 analyses the various political 
and academic factors that shaped the participation or 
non-participation of mathematicians from four different 
nations: Norway, Germany, Soviet Russia, and Italy. Part 3 
then takes a close look at the events of the congress itself, 
including a discussion of all 19 plenary lectures delivered 
in Oslo, often by way of general remarks about the speaker 
and/or the topic of his lecture (none were women, and 
it seems only one woman, the Hungarian logician Rózsa 
Péter, appeared on the entire program).

Following this comes a collection of highly interesting 
appendices. The first of these consists of English transla-
tions of nine Norwegian newspaper articles, containing 
information from interviews given by several prominent 
foreign mathematicians who attended the ICM, along with 
reports filed soon after the meeting. These present new doc-
umentary evidence that gives the book’s account of events 
in Oslo an unusually vivid character. Harald Bohr spoke 
about how the ICM had temporarily displaced Princeton 
as the leading center of mathematical activity; during the 
week of 14–18 July, Oslo had assumed this role. He also 
emphasized the importance of heroic figures like Niels 
Henrik Abel and Sophus Lie, whose ideas continued to 
inspire contemporary work. The local press was particu-
larly eager to interview German mathematicians who had 
left the country, including Otto Neugebauer (then living 
in Copenhagen), Fritz Noether (stationed in Tomsk), and 
Emil Julius Gumbel (then in Lyon). The authors also dis-
cuss the contents of these newspaper articles in Chapter 6, 
which contains valuable biographical information about 
the interviewees. Sprinkled throughout the volume are 
photos from the ICM, including several portraits of lead-
ing mathematicians along with images from newspaper 
accounts and other documents, all of which contribute to 
making this an attractive publication.

Chapters 2 through 5 deal with the four national com-
munities in the order mentioned above, drawing on Henrik 
Kragh Sørensen’s prior research on background events in 
Norway leading up to the Oslo ICM (Fig. 1). In accordance 
with tradition, the prominent Norwegian mathematician 
and astrophysicist Carl Størmer was elected president of 
the congress. Størmer had played an active role at earlier 
ICMs, including the 1924 Congress in Toronto organized 
by Fields, and he had supported the IRC’s boycott policy 
(pp. 23–25). Although Norway was the first Scandinavian 
country to host an ICM, twenty years earlier the sixth ICM Figure 1. Group photograph of the Oslo Congress (p. 6).
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Oslo ICM received no forewarning or explanation from 
Soviet authorities, this turn of events left them flat-footed. 
Only at the last minute did they learn that two plenary 
speakers—A. O. Gel’fond and A. Ya. Khinchin—would not 
be able to attend. In fact, no one from the Soviet Union 
visited Oslo with the single except of Fritz Noether, who still 
held a German passport. In November 1937, NKVD agents 
arrested Fritz Noether in Tomsk on charges of spying and 
committing acts of sabotage. His two sons were students at 
the local university, but they were unable to obtain any in-
formation about their father’s whereabouts. In March 1938, 
they were informed that they were to leave the Soviet Union 
within ten days. Only decades later did they learn that their 
father had been incarcerated along with numerous other 
political prisoners in Orel. A few weeks before the prison 
fell to the invading German army, Stalin ordered a mass 
execution of the inmates, among them Fritz Noether, who 
died on 10 September 1941 [Rowe 2021, pp. 267–279].

Reading Lietzmann’s report on the Oslo ICM (see Ap-
pendix D), one immediately grasps how he perceived his 
task, namely to portray the performance of his compatriots 
in the best possible light. Within the Nazi’s worldview, 
mathematics was far down the list of important sciences 
(biology near the top), but Lietzmann’s text certainly hewed 
to the line that the German delegation felt duty-bound to 
defend the special character of their national tradition, a 
view that left room for a strictly racial interpretation. In any 
event, the Nazi government (unlike Mussolini’s regime) 
took no steps to discourage German participation at the 
next congress. On the contrary, in June 1939, the German 
Foreign Ministry authorized sending 15 delegates to the 
Cambridge ICM, after receiving assurances that some of 
its organizers were pro-German.

Amid the political turbulence of these times, the AMS 
tried to calm the waters and maintain friendly relations 
with national societies around the world. The efforts of 
leading American mathematicians to take a neutral posture 
seem remarkably naïve today, in view of the large number 
of Jewish mathematicians who were desperately trying to 
escape what was about to take place in Europe. Even after 
the Second World War broke out, leading mathematicians 
in the United States sought to maintain friendly relations 
with their counterparts in Germany. In this idealistic spirit, 
the AMS Council passed a resolution, approved at the Feb-
ruary 1940 meeting of the society, which appealed to “its 
sister societies in every land … to exert all effort toward the 
conservation of the scientific resources of the world against 
the day when peace shall reign once more” (p. 134).

When AMS secretary R. G. D. Richardson sent this appeal 
to 39 mathematical societies, he apparently only received a 
response from Wilhelm Süss, de facto Führer of the Deut-
sche Mathematiker-Vereinigung (DMV). Süss’s letter from 
30 September 1940 provides a stunning example of how 
a Nazi apologist continued to blame the French even as 
France was under German occupation. Süss wrote that the 

the confines of professional mathematics. Thus, in the case 
of the Norwegians who hosted the event, their strategy as 
newcomers aimed to gain recognition from mathematicians 
in more established national communities.

The German government was eager to choose a delega-
tion of some thirty mathematicians who would show firm 
allegiance to the policies of the Nazi regime. Only in late 
June did the Foreign Ministry issue a list with 30 names, 
a delay that prevented some from attending (following 
one substitution, 22 delegates from Germany ultimately 
attended). The authors note three names that were con-
spicuously absent—Ludwig Bieberbach, Erhard Tornier, 
and Oswald Teichmüller—three of the most outspoken 
proponents of the racial ideology of “Deutsche Mathe-
matik.” They see this omission as a sign of ambivalence 
within Nazi officialdom, mixing expansionist and isolationist 
tendencies. The former had long marked the attitudes of 
leading German mathematicians, going back to the time 
of Felix Klein, who had been a kind of mentor to Walther 
Lietzmann, head of the German delegation in Oslo. The 
latter submitted a report to the government afterward, 
published in German with an English translation in Ap-
pendix D. One sees from this, as well as from the report 
by E. G. Kern, a Nazi functionary stationed in Oslo, that 
Lietzmann was just the kind of apologist for Nazi Germany 
that the regime hoped to enlist. Other Germans without 
government support generally lacked the financial means 
to attend the Oslo congress, whereas those who had the 
finances, probably went out of their way to avoid political 
confrontations.

This ambivalent state of affairs, reflecting the country’s 
conflicting expansionist and isolationist tendencies, con-
trasts sharply with the fast-changing situation in Soviet Rus-
sia, which henceforth adopted a fully isolationist position. 
The topologist Pavel Alexandrov had been a regular visitor 
each summer in Göttingen, beginning in 1923, and he had 
attended the previous two ICMs in Bologna and Zurich. As 
documented in Chapter 4, some 15 Soviet mathematicians 
attended the 1928 ICM in Bologna, whereas only three were 
present in Zurich four years later, a falloff partly attributable 
to currency difficulties. Around this time, however, there 
were already first rumblings against mathematicians, in 
particular Nikolai Luzin, who maintained friendly relations 
with bourgeois colleagues in the West. Less than two weeks 
before the Oslo congress began, a string of articles attacking 
Luzin and other prominent mathematicians came out in 
Pravda. Luzin had long cultivated ties with Parisian math-
ematicians, but he now stood accused of having published 
his major results in foreign journals.

This infamous affair—though it ended with little more 
than a slap on the wrist for Luzin when compared with 
the fate of others—literally paralyzed all scientific contacts 
abroad. Initially, the Soviet Academy of Sciences applied to 
send a delegation of 29 mathematicians to Oslo, but this 
list was later cut back to just 10. Since the organizers of the 
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DMV “confidently hopes that it has been possible to carry 
out peacefully the necessary revision of the Versailles Treaty, 
which brought so much misfortune on the people” (ibid.). 
Even more remarkable, in light of what we now know about 
Süss’s activities during the Nazi period, is the reputation 
he continues to enjoy today as the founding father of the 
Oberwolfach Research Institute for Mathematics.

Historians have occasionally described what transpired 
at various past ICMs, but it is fair to say that nothing 
remotely like this account has ever before been written. 
By focusing on both the divergent strategies of the partic-
ipants at the 1936 Oslo ICM as well as various forms of 
non-participation, Hollings and Siegmund-Schultze reveal 
how this single, in many ways unique, mathematical event 
reflected significant political currents and events of this era. 
The earlier Bologna ICM, though it broke with the boycott 
policy initiated by the IRC, certainly did not solve all the 
various problems that affected international mathematical 
relations after WWI. During the Zurich ICM, many of these 
older conflicts continued to simmer on the back burner, 
before they spilled over into the Oslo Congress. Yet the 
latter event took place within a wholly new political con-
text that carried deep international implications, whereas 
the earlier ICMs largely reflected familiar tensions on the 
European Continent. By viewing the Oslo ICM up close, 
but also from behind the scenes, the authors convincingly 
show how national and international factors shaped not 
only what happened there but also some of the events that 
followed, as mathematicians in the US tried to cope in 
small ways in a world that was spinning out of control. A 
book like this does not make for light reading, but diligence 
has its rewards. What the authors have produced is a truly 
landmark study on the history of the ICMs, one that experts 
will consult and ponder for many years to come.
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An Introduction to 
Probabilistic Number Theory 
By Emmanuel Kowalski

The field of probabilistic number 
theory was cofounded in the 1930s 
by Paul Erdős, Mark Kac, and Aurel 
Wintner. It blends the fields of 
probability and number theory into 
one by addressing questions from 
number theory using probabilistic 
proof techniques. An Introduction 

to Probabilistic Number Theory can be used as a guide for 
anyone interested in learning more about how these two 
fields intersect.

The book begins with a summary page of notation 
and an introductory chapter which gives detailed proofs 
of some foundational theorems in the field. Many of the 
results contained in the text show the convergence in dis-
tribution of a sequence of arithmetic random variables, XN. 
For instance, for a fixed positive integer q, XN(n) could be 
the remainder n mod q, for the integers n in [1, N], under 
the uniform distribution on the integers 1, 2, …, N. The 
book discusses results such as the Erdős-Wintner Theorem, 
the Erdős-Kac Theorem, as well as some results on the dis-
tribution of prime numbers.

A general outline for how proofs showing convergence in 
distribution tend to be structured is given in the introduc-
tory chapter. This practice is repeated throughout the text 
for multi-step arguments. Additionally, after the comple-
tion of a proof, the author often draws the reader’s attention 
to the critical components of the proof. These features help 
make this text an excellent resource for someone trying to 
enter the field of probabilistic number theory as it allows 
them to better understand the prominent proof structures 
and key arguments used.

This text is geared toward graduate students who have 
completed the standard set of introductory graduate classes, 
including a probability course that covered the Central 
Limit Theorem and Brownian motion. It is not meant to 
be a complete guide to probabilistic number theory that 
collects all of the major theorems. Instead, it focuses on 
piquing the reader’s interest, hoping that they will do a 
deeper dive into the field on their own.

How to Get Your PHD 
A Handbook for the Journey 

By Gavin Brown

How to Get Your PHD is a great 
guide to help people troubleshoot 
some of the challenges they may 
face making their way through a 
PhD program. The book is split 
into two parts: The first gives gen-
eral advice from the author and 
the second is a collection of more 
specific advice from other people 

with PhDs. Brown’s book is not specifically geared toward 
people in a math PhD program (he, himself, holds a PhD in 
computer science). However, his advice is certainly relevant 
for students in mathematics.

The book covers topics like the imposter syndrome, 
wanting to quit, advice for working with your advisor, and 
the importance of talking to other people in your field. It 
is written in a conversational tone which makes it a light 
read, despite some of the heavy topics it discusses.

This is a great resource for someone who is considering, 
going to, or already in graduate school. The beginning 
chapters can be used by someone considering graduate 
school to make a more informed decision. They could 
also help someone entering graduate school prepare for 
the emotional and intellectual challenges ahead. The book 
validates the feelings that many graduate students have 
but rarely talk about, and lets readers know that they are 
not alone in their experience. Later chapters, which focus 
on writing, publishing, and adjusting to life after your 
PhD, make the text valuable to senior graduate students. I 
absolutely wish this gem would have been available when 
I was transitioning from a small liberal arts college to life 
as a PhD student!
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Biology in Time and Space 
A Partial Differential Equation Modeling 
Approach 

By James P. Keener

Keener’s book, Biology in Time 
and Space, is an introduction to 
biological modeling for under-
graduates with few prerequisites. 
It nonetheless extends beyond 
simple time-dependent dynam-
ical approaches (e.g. standard 
population models), which as-

sume an even distribution of objects. In the book Keener 
builds mathematical tools to study multivariable dynam-
ical systems that incorporate space dimensions as well as 
time. He does this in the context of biological models, 
particularly diffusion-reaction equations, that study chang-
ing phenomena at both the population and cellular levels.

The book describes diffusion as a discrete process that 
can be pictured variously as a flow between boxes that fill 
space; as a discrete set of points over which objects travel 
in a random walk; and as a system of cells that behaves 
like an electrical circuit governed by what is known as a 
cable equation. After discussing derivations of diffusion 
equations, simulations of diffusion processes, and solution 
techniques, the book turns to models that include the effect 
of reactions to diffusion. From here, the book delves into 
examples modeled by the bistable equation, advection-re-
action equations, diffusion-advection equations, and the 
Ornstein-Uhlenbeck process.

This book is self-contained and does not require any pre-
vious background in partial differential equations. It starts 
with a quick review of tools from multivariable calculus, 
ordinary differential equations, and stochastic processes, 
and gradually adds techniques for finding analytic and 
numerical solutions to the partial differential equations 
that arise. Knowledge of cellular biology is also not a re-
quirement. Examples are a main feature of this book, and 
these are supported by exercises and simulations provided 
by MATLAB codes. By the end of the course, the student 
will have acquired tools for studying partial differential 
equations and a familiarity with key biological processes.

Geometry Transformed 
Euclidean Plane Geometry 
Based on Rigid Motions 

By James R. King

Geometry Transformed is an in-
troduction to geometry that is 
designed for future high school 
teachers and is aligned with 
Common Core State Standards 
in mathematics (CCSSM).

One of the major changes in 
pedagogy brought by the CCSSM 

is a new way of approaching the notion of equality (or 
congruence) of geometric objects. Handed two triangles, a 
toddler will naturally understand that if you can superim-
pose one on the other then they should be the same, but in 
the traditional approach to school geometry, the intuitive 
notion of transformation is delayed and lessons revolve 
around measurable quantities such as lengths and angles 
that apply only in a limited setting.

The CCSSM, adopted widely since 2009, sees transfor-
mations as a fundamental tool that should be introduced 
early. It helps synthesize the natural intuitive understanding 
and formality of classical geometry and introduces students 
to a concept that appears repeatedly in higher mathematics. 
By this scheme, equality would be defined from the start as 
the existence of a rigid motion—a transformation that pre-
serve angles and lengths—that takes one object to another. 
Nonetheless, many modern geometry books still define 
triangle congruence before introducing rigid motions.

In Geometry Transformed, King begins with the concept of 
rigid motions, and incorporates the axiom that given any 
line there is a reflection through it. From this he proves the 
triangle congruence theorems and theorems about circles, 
polygons, and symmetry, building a tool kit of transforma-
tions and exploring their applications to familiar geometric 
results, such as the Pythagorean theorem.

The book contains plenty of exercises, experiments, and 
practice with proofs, and is conducive to project-based 
teaching and learning.
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Mathematics at the Airport?
Why Sure!
David Eisenbud, Nicole Mullen, and Cliff Stoll

Figure 1. Cliff Stoll, with Klein bottle variations.

Passengers traveling through San Francisco International
Airport have long been intrigued and delighted by SFOMu-
seum’s exhibitions. These displays have included cultural
icons like surfboards, wallpapers, and even toasters. An
exhibition of hundreds of typewriters attracted worldwide
accolades. Might there be space for an exhibit on mathe-
matics?

David Eisenbud is the director of the Mathematical Sciences Research Institute
and a professor of mathematics at the University of California, Berkeley. His
email address is de@msri.org.
Nicole Mullen is the curator of the SFO Museum. Her email address is
nicolemmullen249@gmail.com.
Cliff Stoll is a retired planetary astronomer who now makes Klein bottles. His
email address is kleinbottle@kleinbottle.com.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2451

Figure 2. Kokichi Sugihara’s Ambiguous Objects, seen from
two points of view (note the flat mirrors; there is no trickery).

In 2019, one of us (Cliff Stoll—astrophysicist, author,
purveyor of Klein bottles) found himself with some odd-
ball Klein bottles and not enough closet space. Perhaps
the Mathematical Sciences Research Institute might dis-
play them? A chat with David—MSRI director—dashed
any hopes: “Nope, we just don’t have the room, but let’s
check around—perhaps a museum would be interested.”
Emails to local museums, high-tech businesses, and com-
munity centers weren’t answered: it looked like the one-
sided glassware would stay in the closet. But persistence
paid off: David called SFO and eventually reached Nicole
Mullen—then curator of SFO Museum. “Why sure,” she
said. “We’re thinking about displaying some slide rules
and other mathematical objects. Can you help out?”

So began a two-year collaboration amongst the three
of us. At the beginning, David and Cliff learned SFO Mu-
seum’s rules: only vetted artifacts are shown and these
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Figure 3. A Sierpiński curve development, with maker Henry
Segerman.

must be treated as art objects. No computer displays or
videos. Posters were possible, but discouraged. Every-
thing’s behind glass for a year, so no motorized mecha-
nisms. Nicole broadened her view of what the exhibit
might represent.

On the other hand, since SFO Museum adheres to rig-
orous museum rules, it was easy to work with other mu-
seums and galleries, such as the Computer History Mu-
seum and the National Cryptological Museum. Nicole re-
searched mathematical exhibitions, such as Charles and
Ray Eames’Mathematica, and studied the SmithsonianNa-
tional Museum of American History’s mathematical col-
lections, seeking artifacts to attract the attention of airport
visitors. Meanwhile, David and Cliff thought about how
to show modern mathematics, and put out calls to mathe-
matical artists.

Throughout the selection process, there was tension be-
tween what displays well to the public, and what hasmath-
ematical content. A written proof isn’t likely to turn the
head of a harried passenger; a glitzy display of dancing
digits hasn’t much math. The experience of the museum
staff gave insight into what to avoid; commentary from the
math community helped keep us on track.

Figure 4. Knots in DNA, glass and, yes, rope.

Figure 5. Two uses of the term “computer.”

In choosing objects, we tried to reach both the curi-
ous and the indifferent. We wished to include simple ob-
jects as well as some mathematically challenging concepts.
Ideally, we wanted to show a world of mathematics that
stretches the imagination.

With five display cases and thirteen windows, we
thought we’d have plenty of space for the exhibition. Hah!
We quickly realized that the allotted space was far too
small to survey math. We decided to highlight works from
mathematical artists in walk-around display cases. In eye-
level wall cases we focused on mathematical models, cal-
culators, and teaching manipulatives, reflecting the SFO
Museum’s original conception of the exhibit.

To give a sense of history, we devoted several windows
to “computing before computers:” here, passengers see
abacuses, slide rules, adding machines, and calculators
from the past five centuries. Photos help with historical
and cultural context: not long ago, a computer was a hu-
man turning a crank on a calculator.
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Math is taught in every school, so we included numer-
ical toys and manipulatives for elementary arithmetic, to-
gether with models from integral calculus—the method of
disks and washers. An elegant photo (Fig. 6) shows a class
confirming that the ratio of circumference to diameter is
the same for (at least) many circular objects.

Figure 6. What is the value of 𝜋?

Figure 7. Surprising Rubik’s cubes, and friends.

One window is devoted to delicate plaster models that
depict cubic polynomials and the Weierstrass 𝑝-function.
Such models were produced at the end of the 19th century,
and collected by many math departments until World War
I. They have been the subject of art photos by Man Ray
that were exhibited by San Francisco’s deYoung Museum
not long ago.

Other parts of the exhibition focus onmodernmath, in-
cluding topology, prime numbers, and cryptography. The
historic ship rigging supervisor from the San Francisco
Maritime Museum used sisal rope to create mathematical
knots, to complement knots formed by DNA and knots
made from glass tubing. (He was fascinated by mathemat-
ical knot charts and surprised that topological knots don’t
have ends.) We devote a window to Rubik’s cubes, point-
ing out their connection to group theory.

We hand-scribbled “proofs without words” on two large
backlit displays; these show the Pythagorean theorem and
the summation of an infinite series. To indicate that
math research continues we included a blackboard with
syzygies—the Koszul complex—written with Hagoromo
Fulltouch chalk, a box of which is also on view.

We had the good fortune to receive help from many
mathematical artists. Professor Kokichi Sugihara of the
Meiji Institute for Advanced Study of Mathematical Sci-
ence generously lent several of his Ambiguous Objects.
Passengers glance at his exhibit then stop, trying to under-
stand a geometry that looks quite impossible.

Nearby, Scott Kim’s anamorphic ambigram shows re-
flective geometry—the decoding of messages using a cylin-
drical mirror. His playful blend of math, art, and language
brings out a curious and creative side of mathematics.

Chris Hamann contributed many hours of his expertise
in calculator history as well as beautifully reconstructed
calculators and slide rules.

Figure 8. This could be you. . . , and if you can’t come in
person, these links will show you more: https://www
.sfomuseum.org/exhibitions/mathematics
-vintage-and-modern, https://photos.app.goo.gl
/tpL6AEL2X1YfgtfRA.

614 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 4

https://www.sfomuseum.org/exhibitions/mathematics-vintage-and-modern
https://www.sfomuseum.org/exhibitions/mathematics-vintage-and-modern
https://www.sfomuseum.org/exhibitions/mathematics-vintage-and-modern
https://photos.app.goo.gl/tpL6AEL2X1YfgtfRA
https://photos.app.goo.gl/tpL6AEL2X1YfgtfRA


Stacy Speyer built several polyhedra to demonstrate Eu-
ler’s convex polyhedral formula. While surprisingly sim-
ple, this isn’t well known to the public; Stacy’s sculptures
let viewers use an elementary arithmetic relationship to
connect a variety of geometric solids.

Henry Segerman lent two complex 3D printed objects—
a Sierpiński Arrowhead and a Terdragon curve. These
show the complexity of fractals; his sculptures are comple-
mented by several related math puzzles.

Carlo Sequin displayed two sculptures: “Aurora Aus-
tralis,” a convoluted brass Mobius loop inspired by the
earth’s polar aurorae. His (3,5) torus knot attracts atten-
tion with its 5-fold symmetry and slightly triangular shape.

In other displays, passengers can see glass knots, Klein
bottles, and a Thurston tripus made by glassblowers Lucas
Clarke, Tom Adams, George Chittenden, and Xing Wei.

By the end of the exhibition in June 2022, about half a
million passengers will have passed by these displays. Of
course, many will hurry by, hardly noticing. Some will
spend a few minutes; others will invest time understand-
ing the displays and puzzles.

Too often, fascinating mathematics remains in aca-
demic corridors. As mathematicians, we’re responsible for
reaching the public to describe the wonders of both mod-
ern and historical mathematics, their beauty and power,
and the fun to be had from them. As you walk through
your neighborhood, think of ways to show your ideas and
research: perhaps in an editorial, at a math circle, or even
a chalk scribble on the sidewalk. And if you’re flying
through SFO, come visit themathematics exhibition in Ter-
minal 2.

David Eisenbud Nicole Mullen

Cliff Stoll

Credits

Figures 1, 2, 4, 5, and 8 are courtesy of David Eisenbud.
Figures 3 and 7 and photo of Nicole Mullen are courtesy of

SFO Museum.
Figure 6 is courtesy of Scurlock Studio Records, Archives Cen-

ter, National Museum of American History, Smithsonian
Institution.

Photo of David Eisenbud is courtesy of the Simons Founda-
tion.

Photo of Cliff Stoll is courtesy of Cliff Stoll.
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When he entered the courtroom on October 16, 2017, 
mathematician Jonathan Mattingly expected to watch the 
proceedings all morning before being called to give testi-
mony. He would be the fourth or fifth witness for Common 
Cause, an advocacy group working to end gerrymandering. 
But the case was on a tight four-day timeline—one day 
each for the plaintiffs, Common Cause and the League of 
Women Voters, and two days for the defendants, North 
Carolina redistricting officials. Right away, the three-judge 
panel announced that there was no disagreement about the 
facts, so they wanted to jump straight into expert testimony.

“[The lawyers] came over to me and said, ‘Okay, Mat-
tingly, you’re on in 10 minutes.’ So I was the first witness 
of the case, having never ever done this before, and having 
never been in a courtroom in my life,” Mattingly recalls. 
“I used to watch Perry Mason a lot as a kid, but that was 
about it.”

Mattingly’s appearance in federal district court for Com-
mon Cause v. Rucho was the highest-stakes mathematics 
lecture of his life to that point. His goal: to convince the 
judges that North Carolina’s 2016 congressional map was 
a partisan gerrymander and that mathematics offered the 
tools to quantify such maps.

Courts, Commissions, 
and Consultations: 
How Mathematicians 
Are Working to End 
Gerrymandering
Scott Hershberger

Scott Hershberger is the communications and outreach content specialist 
at the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2461

Figure 1.  A version of this figure, showing the S-shape that 
Mattingly refers to as the “signature” of gerrymandering, 
appeared in the district court decision in Common Cause v. 
Rucho. Democratic votes are packed into Districts 12, 4, and 
1, thus making Republicans more likely to be elected in the 
remaining districts. The blue line is the actual North Carolina 
congressional map, the green line is the map drawn during 
the “Beyond Gerrymandering” event at Duke, the box plots 
represent Mattingly’s ensemble of more than 24,000 maps, and 
the yellow line represents the medians of the ensemble. 
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Professor. “This lack of responsiveness, especially at critical 
moments, is anti-democracy.”

Mathematicians Enter the Redistricting Scene
An expert in stochastic systems, Mattingly was among the 
first mathematicians to study gerrymandering using en-
semble methods, starting in late 2013.3 Mattingly and his 
student Christy Vaughn (now Vaughn Graves) examined 
the 2012 congressional elections in North Carolina, in 
which 4 out of the 13 seats went to Democrats. The pair 
found that 95% of their randomly sampled redistrictings 
produced between 6 and 9 Democratic seats with the same 
vote counts, providing the first rigorous mathematical ev-
idence that the map drawn by the Republican legislature 
was an intentional gerrymander [4].

The project was covered by North Carolina Public Radio 
and The Conversation, but it didn’t make waves in mathe-
matical or public policy circles. Mattingly returned to his 
previous lines of research. He might never have studied 
gerrymandering again had it not been for a 2016 policy ad-
vocacy program at Duke called “Beyond Gerrymandering.” 

The event convened 10 retired North Carolina judges as 
a mock nonpartisan redistricting commission to test how 
such a commission might function in the state. Mattingly 
and colleagues analyzed the new, unofficial map using their 
mathematical framework, finding that it was much more 
typical in the universe of possibilities than the actual map 
[5]. This time, the result attracted more attention. Mat-
tingly found himself writing public policy articles, giving 
talks on gerrymandering, and before long, being asked to 
write a court declaration for Common Cause v. Rucho. The 

3Around the same time, political scientists Jowei Chen and Jonathan Rod-
den, as well as a group of statisticians led by Kosuke Imai, began similar 
computational work [2, 3]. Chen also testified in federal district court in 
Common Cause v. Rucho.

The chair of Duke University’s mathematics department 
at the time, Mattingly was one of an emerging group of 
mathematicians using Markov chain Monte Carlo methods 
to sample from the enormous space of possible district 
boundaries available to map-drawers.1 By revealing the 
properties of the underlying distribution, he argued, this 
ensemble method clearly showed that the North Carolina 
map was a statistical outlier intentionally crafted to benefit 
the Republican party.

His testimony stretched through the entire morning ses-
sion and continued after lunch. The judges did have some 
initial confusions: Was he trying to predict the geography 
of future votes? “No, I was using historical votes to ana-
lyze a map and compare it to […] other possible maps.” 
How many maps are there? Trillions upon trillions, but 
“that’s not really the right question,” since the underlying 
distribution matters more than the raw number of maps. 
Eventually, Mattingly’s argument seemed to land home. 
The court ruled that the map drawn by the North Carolina 
General Assembly was indeed an unconstitutional partisan 
gerrymander, citing Mattingly’s testimony extensively in 
its decision.

In the United States, the practice of gerrymandering—
deliberately manipulating the boundaries of voting districts 
to achieve a political end—dates back to the early 19th 
century.2 But mathematicians have turned their attention to 
it only recently. The 2010s saw an explosion of interest and 
the development of sophisticated techniques to study gerry-
mandering. By the end of the decade, mathematicians had 
played prominent roles in all three of the highest-profile 
partisan gerrymandering court cases: those in Pennsylvania, 
Wisconsin, and North Carolina.

Now, in the wake of the 2020 census, all 50 states are in 
the process of drawing, implementing, and in some cases 
litigating the maps that will influence the balance of power 
in state legislatures and the US House of Representatives 
for the next decade. For the first time, mathematicians have 
been embedded in this redistricting cycle from the get-go.

In their shift from the classroom to the courtroom, from 
department committee meetings to redistricting commis-
sion meetings, mathematicians have contributed much to 
legal discussions around map-drawing. Staunchly non-
partisan in their work, these scholars are doing everything 
they can to end gerrymandering—regardless of which party 
benefits. “The most basic tenet of a democracy is however 
many seats you had before, if there’s a substantial change 
in public opinion one way or the other, your seats should 
change. And that doesn’t happen often under our current 
maps,” says Mattingly, now a James B. Duke Distinguished 

1See [1] for a recent survey of the mathematics of gerrymandering.
2Gerrymandering can benefit a specific political party, dilute the voting 
power of a minority group, or protect incumbents on both sides of the aisle. 
This article focuses on the first type, partisan gerrymandering.

Figure 2.  Jonathan Mattingly, a James B. Duke Distinguished 
Professor at Duke University. 
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standard” that courts could use to determine when a map’s 
partisan bias renders it unconstitutional? Put another way, 
is gerrymandering quantifiable?

Mathematicians who study gerrymandering agree that 
the answer is yes. But convincing the courts of that has been 
just as tough as proving an elusive theorem.

Pennsylvania: Expert Testimony and 
a Scramble for Data
Mere months after Pegden published his first gerryman-
dering paper, the League of Women Voters of Pennsylvania 
(LWV) and a group of Democratic Pennsylvanians filed 
suit against the Commonwealth of Pennsylvania. The 
plaintiffs hoped to have the state’s 2011 congressional map 
invalidated as an unconstitutional partisan gerrymander. 
The lawsuit alleged that the map, drawn by a majority Re-
publican legislature and signed into law by a Republican 
governor, was an extreme example of “packing and crack-
ing”: Democratic voters were crammed into five districts 
and spread thinly among the other 13. Lawyers for the LWV 
saw Pegden’s paper and asked him to testify in the case as 
an expert witness. “Certainly, it’s not something I expected 
to happen,” he says.

Despite the unfamiliar venue, years of giving mathe-
matics presentations had prepared Pegden to explain his 
findings in court. The key difference, he says, was that all 
of his testimony had to be drawn out through questions 
asked by the LWV lawyers. Although “there wasn’t a lot of 
rehearsal, […] a lot of the preparation was me explaining to 
the lawyers [the mathematics] I was doing so that they were 
prepared to ask me questions.” In advance of the December 
2017 trial, he also submitted a written report to the court 
so that the defendants would know what to expect [7].

Trial judge Kevin Brobson, who heard League of Women 
Voters v. Commonwealth in the Pennsylvania Common-
wealth Court, is a Republican with a conservative judicial 
philosophy. Trial judges are elected by a partisan process 
in Pennsylvania, so Pegden was “pleasantly surprised by 
how seriously [Brobson] took” his testimony. “There were 
several times when he interrupted me to ask me a direct 
question, because he was concerned about whether he was 
really understanding what I was saying. There was this fun 
part of the trial where we put up the theorem from our 
paper as an exhibit.” The judge, wanting to make sure he 
understood the theorem, asked detailed questions about 
the notation and terminology.

Although Brobson agreed that the map was gerryman-
dered in favor of Republicans, he held that it did not violate 
the state constitution. With the 2018 midterm elections 
looming, the case then went on a fast track to the Penn-
sylvania Supreme Court, which promptly ruled that the 
existing map “clearly, plainly and palpably” violated the 
state constitution. The Republican-majority General Assem-
bly had mere weeks to come up with a new remedial map.

Quantifying Gerrymandering research group at Duke4 has 
been active ever since.

Meanwhile, Moon Duchin, a geometer at Tufts Uni-
versity, began researching gerrymandering through the 
mathematical lens of compactness in 2016. She entered the 
public policy realm more directly than Mattingly, finding 
it helpful that he had paved a path.

“I came to understand that there was a need for more 
people to do expert work specifically in voting rights 
litigation […] on behalf of minority groups, people of 
color,” says Duchin, an associate professor of mathematics. 
She resolved to build a network of subject-matter experts 
trained in advocacy. Starting from an informal Metric Ge-
ometry and Gerrymandering Group, she initiated a series of 
workshops and conferences across the country in 2017 and 
eventually formalized the MGGG Redistricting Lab.5 Re-
gardless of the details of different mathematical methods, 
she says, all reasonable approaches consistently give results 
that agree qualitatively whether a map is gerrymandered.

Wes Pegden, an associate professor at Carnegie Mellon 
University, entered the scene with a background in combi-
natorics and discrete probability. The word “gerrymander-
ing” didn’t even appear in the title of his first paper on the 
topic [6]. The 2017 paper proved a theorem about Markov 
chains, using the district boundaries in Pennsylvania as an 
example application at the end.

The timing of mathematicians’ arrival in the redistricting 
policy world was fortuitous. A flurry of gerrymandering lit-
igation was underway across the country, and voting rights 
advocates sought new ways to argue their cases in court. At 
the heart of these cases was a decades-old question with 
mathematical undertones: Is there a “judicially manageable 

4https://sites.duke.edu/quantifyinggerrymandering/
5https://mggg.org/

Figure 3.  Moon Duchin gives a talk at the first conference 
organized by the Metric Geometry and Gerrymandering Group, 
held at  Tufts University in 2017. In the years since, Duchin 
and her colleagues have mobilized mathematicians to study 
gerrymandering and serve as expert witnesses in court cases.
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elected 9 Republicans and 9 Democrats to the US House 
of Representatives—a stark contrast to the 13 Republicans 
and 5 Democrats elected in 2016.

Wisconsin: Mathematics Reaches 
the Supreme Court
As the drama in Pennsylvania unfolded, another high-
stakes case about partisan gerrymandering was wending 
through the courts. Gill v. Whitford centered on Wisconsin’s 
2011 state house map, drawn by a Republican-majority 
legislature with the intent to cement Republican control. 
In November 2016, a district court declared the map un-
constitutional—the first time in more than 30 years that a 
federal court had struck down a redistricting plan due to 
partisan bias.6

The decision relied heavily on the “efficiency gap,” a 
measure of the vote share wasted by each party in an elec-
tion. First described by a political scientist in 2014 [9, 10], 
the efficiency gap was an early candidate for a quantitative 
test that courts could use to evaluate claims of gerryman-
dering.7

When Gill v. Whitford made its way to the Supreme Court 
in 2017, mathematicians got involved through amicus 
curiae (literally “friend of the court”) briefs. Amicus briefs 
provide a way for people not directly implicated in a case 
to share their expertise with the court. “You’re lending a 
helping hand,” Duchin says. “It’s like, ‘Hey, you guys are 
brilliant, but you’re not experts in everything. Here, let me 
tell you about the thing I know really well.’”

Eric Lander, a mathematician and geneticist who was 
the founding director of the Broad Institute, wrote an am-
icus brief arguing for the adoption of an “extreme outlier 
standard” based on ensemble sampling. Mattingly and 
fellow Duke mathematician Gregory Herschlag provided 
the quantitative analysis for Lander’s brief, showing that 
Wisconsin’s map was more extreme than 99.4% of com-
parable alternatives. Duchin read drafts of the brief and 
offered edits. Meanwhile, Pegden wrote a separate amicus 
brief with Jowei Chen and Jonathan Rodden as coauthors. 
Like Lander, Pegden argued that ensemble methods could 
provide a feasible standard for addressing partisan gerry-
mandering claims.

Pegden found the process of writing an amicus brief 
quite different from writing an ordinary mathematical 
paper. The brief contained no original research, but rather 
had to explain the consequences of existing research to a 
nontechnical audience. And the timeline for writing the 
brief was much shorter than for writing a research article. 
Still, he says, he was able to adjust fairly easily.

6The only previous such case was Davis v. Bandemer in 1982, but that 
district court decision was reversed at the Supreme Court. Claims of racial 
gerrymandering have historically met with more success.
7See [11] for a mathematical discussion of the limitations of the efficiency 
gap.

That’s when Moon Duchin suddenly got involved in the 
case. “Court cases move at this bizarre pace where it’s like, 
‘nothing, nothing, nothing,’ and then everything happens 
really fast,” she says. The Democratic governor, Tom Wolf, 
tapped her to analyze the General Assembly’s remedial 
map and write a report within two and a half weeks. To do 
so rigorously would require detailed data on the precise 
locations of all the precinct boundaries within voting dis-
tricts. There was just one problem: “Nobody knows where 
the precinct boundaries are in most states,” Duchin says.

Duchin found herself in “a wild scramble to get usable 
data.” The state legislature didn’t know the locations of 
the precinct boundaries. The secretary of state didn’t know, 
either. Duchin ended up contacting individual counties to 
compile the information she needed. “Across Pennsylva-
nia, it’s county officials who get to move these precincts 
around—and they don’t have to tell anybody when they 
do so,” she says.

After the frenzy of data-gathering, Duchin compared 
the Assembly’s remedial map to an ensemble of more than 
three billion maps with similar or higher levels of compact-
ness and county preservation. There was a less than 0.1% 
chance that the map was drawn in a non-partisan way, she 
found [8]. The Pennsylvania Supreme Court rejected the As-
sembly’s plan, instead implementing a map drawn for the 
court by Nate Persily, a law professor at Stanford University.

According to Duchin, the court was likely to reject the 
Assembly’s remedial plan even without her mathematical 
analysis. Still, she says, it was important to demonstrate 
quantitatively that the proposed map was just as extreme 
as the one it was supposed to replace. And when she later 
analyzed Persily’s map, she found it to be a good one that 
would be quite responsive to changes in voting patterns.

Pegden’s and Duchin’s work had an immediate impact. 
In the 2018 elections under the new map, Pennsylvanians 

Figure 4.  Moon Duchin delivers the AMS-MAA-SIAM Gerald 
and Judith Porter Public Lecture at the 2018 Joint Mathematics 
Meetings in San Diego. Her talk was entitled “Political 
Geometry: Voting Districts, ‘Compactness,’ and Ideas About 
Fairness.”
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beyond the reach of federal courts. From then on, only 
individual states could address gerrymandering issues.

The outcome frustrated mathematicians. “Trial courts 
around the country had done so much good work in care-
fully digesting […] the factual evidence brought by expert 
witnesses,” Pegden says, “and then the Supreme Court re-
wrote that story.” On top of that, Chief Justice John Roberts’ 
majority opinion miscited Pegden’s amicus brief as if it 
argued for merely protecting traditional districting criteria. 
“And then [the opinion] says, ‘But the natural political ge-
ography can inherently lead to packing […],’ which is our 
whole point,” Pegden explains. Since cities tend to skew 
Democratic, while rural regions tend to skew Republican, a 
truly average map in the ensemble of possibilities generally 
slightly favors Republicans [12].

“Yes, political geography can do all sorts of things,” Peg-
den continues. “And so only by comparing a map to other 
alternative maps of the same state do you really understand 
when it’s been intentionally gerrymandered—but that’s 
exactly what these [mathematical] methods do.”

On the other hand, Justice Elena Kagan authored a scath-
ing dissent that accurately reflected the mathematicians’ 
major points. That Kagan cited the Mathematicians’ Brief 
“was thrilling to see,” Duchin says.

As a result of the landmark ruling, the case in Wisconsin 
was dismissed and the state house map was allowed to 
stand for the 2020 election. The North Carolina congres-
sional map was taken up in a state court, which ordered 
the map redrawn later in 2019.

That same summer, Mattingly and Pegden testified in 
a state court about North Carolina’s legislative maps.8 An 
opposing expert witness, economist Janet Thornton of 
Berkeley Research Group, tried to use binomial distribu-
tions to claim that the differences in seat numbers in the 

8Gregory Herschlag, an assistant research professor of mathematics at 
Duke, wrote a court declaration in collaboration with Mattingly during 
the remedial map-drawing phase of the racial gerrymandering case that 
preceded this partisan gerrymandering case.

In the end, the Supreme Court didn’t even rule on 
whether the map was constitutional. Instead the June 
2018 decision held that the plaintiffs, a dozen Democratic 
Wisconsinites, had not presented sufficient evidence that 
they had been personally harmed by the gerrymandering. 
The Supreme Court sent the case back to district court to 
give the plaintiffs another chance to make their case. In 
the meantime, no new map would be drawn for the 2018 
elections.

Although the court kicked the can down the road on the 
fundamental question, the mathematicians saw “how legit-
imately useful” the amicus briefs were to the justices and 
clerks, Duchin says. “They referenced Lander’s brief, and 
they clearly took it as a quite helpful explanation of how 
[random sampling] could be relevant.” That experience 
served as a dress rehearsal for the next gerrymandering case 
before the Supreme Court, the one whose outcome would 
reverberate throughout the current redistricting cycle.

North Carolina: The Mathematicians’ Brief 
and a Frustrating Outcome
North Carolina’s district boundaries spent most of the 
2010s under scrutiny in court. Both the legislative and 
congressional maps from 2011 were thrown out as racial 
gerrymanders, and the replacement maps were immediately 
challenged as partisan gerrymanders. The resulting case 
about the congressional map, Common Cause v. Rucho, was 
the one that first brought Jonathan Mattingly to the court-
room in 2017. But Mattingly’s successful testimony and the 
district court’s ruling that the map was unconstitutional did 
not end the drama in North Carolina.

While Gill v. Whitford was underway, the North Carolina 
case bounced around in limbo. It was eventually combined 
with a case from Maryland, a state gerrymandered in favor 
of Democrats, and heard by the Supreme Court in early 
2019 as Rucho v. Common Cause. Again, mathematicians ral-
lied in support of voting rights. Eric Lander wrote another 
amicus brief, as did Pegden and two coauthors. Duchin, in 
turn, spearheaded the “Mathematicians’ Brief,” an amicus 
brief coauthored by 11 mathematical scientists, two law 
professors, and three law students. Duchin and her col-
leagues spent about a month writing the brief, culminating 
in what she remembers as a “frantic week” to complete the 
data demonstrations based on the latest scientific advances. 
“In this world, deadlines are hard deadlines,” Duchin says.

As before, the mathematicians argued that the quantita-
tive methods they had developed offered a judicially man-
ageable standard for evaluating gerrymandering claims. 
But the court was not convinced. According to Duchin, all 
nine justices seemed to acknowledge the relevance of the 
mathematics. Yet even given a baseline and a bell curve, 
the majority said that determining a cutoff would be too 
hard. So in a landmark 5–4 decision on June 27, 2019, the 
Supreme Court ruled that partisan gerrymandering was 

Figure 5.  Wes Pegden testifies on July 22, 2019 in Common 
Cause v. Lewis, a partisan gerrymandering case focusing on 
North Carolina’s state legislative maps. As a result of this case, 
new maps were drawn for the 2020 election.
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redistricting policy discussions. For a long time, the pre-
vailing public attitude echoed the pornography test: You 
know it when you see it. Strangely contorted district shapes? 
They must be gerrymandered. Nice round districts? They 
must be fair. Now, according to Mattingly, journalists and 
lawyers have begun to understand that “you need to have 
the microscope” of mathematics to know when a map has 
been rigged.

“The 2012 maps in North Carolina and the 2016 maps 
were equally gerrymandered—and they look completely 
different [in terms of] compactness,” Mattingly says. What’s 
more, “the 2016 maps to the eye look like the 2020 maps, 
but the 2020 maps are much better maps in terms of fair-
ness.”

Similarly, before the advent of ensemble methods, peo-
ple often assumed that a fair map must yield proportional 
representation (for example, if 55% of the votes statewide 
were Republican, Republicans should earn roughly 55% of 
the seats). But as mathematicians have emphasized when 
discussing political geography, this is not an appropriate 
baseline [12]. In addition to contributing these insights, 
researchers empower the public conversation by releasing 
their ensembles of maps publicly so that enterprising 
journalists and citizen data scientists can run their own 
analyses.

As public awareness increases, movements to reform 
redistricting processes state-by-state are gaining steam. 
Here, too, mathematicians have gotten involved, seeking 
to prevent gerrymandered maps from being created in the 
first place. For instance, Wes Pegden was one of two aca-
demics to serve on the Pennsylvania Redistricting Reform 
Commission, created by Governor Tom Wolf in the wake 
of League of Women Voters v. Commonwealth.

Pegden traveled across the state with the commission 
to hear directly from Pennsylvania citizens. At the public 
meetings, Pegden remembers, “one thing that stood out is 
how much it’s not a partisan issue for people.” For example, 
some voters lamented that their town had been cleaved into 
two districts with distant congressional offices, making it 
harder to talk with their elected representatives. Above all, 
“they want a process that is basically fair and transparent,” 
Pegden says.

After nine months of work, the commission released its 
report in August 2019 [14]. It recommended that in future 
redistricting cycles, a politically independent commission 
should submit three maps to the General Assembly (or 
a bipartisan subset) for final selection. But in 2020, the 
Assembly shot down the creation of such a commission. 
An alternative proposal, which would have placed stricter 
guardrails on the process by which the legislature draws 
maps, also failed [15].

Other states have successfully begun implementing 
reforms. In the 2010 cycle, only Arizona and California 
relied on independent redistricting commissions whose 

mathematicians’ ensembles were not statistically signifi-
cant. Pegden spent much of his rebuttal explaining why 
that argument was “bogus.”

Luckily, the three judges paid close attention to Mat-
tingly and Pegden and ultimately threw out the legislative 
maps due to partisan gerrymandering, too. “Their [ruling] 
read like a math term paper,” Mattingly says. “They’ve 
internalized the arguments, and they’ve given them back 
out.” Despite the defeat at the Supreme Court, the math-
ematicians had partially succeeded in North Carolina: All 
of that state’s maps were redrawn more fairly (but still 
imperfectly, accordingly to Mattingly) by the legislature 
for the 2020 election.

A New Redistricting Landscape
As the 2020 census neared, the redistricting landscape 
looked quite different than it had a decade earlier. Gerry-
mandered maps had been successfully challenged in state 
courts and replaced with fairer ones—but only after the 
biased maps were used in multiple elections. The Supreme 
Court had ruled that federal courts were powerless to ad-
dress partisan gerrymandering. And the mathematics of 
analyzing political maps had gone from a novel curiosity to 
a rich tapestry of research widely cited by reform advocates.

With each court appearance, each conversation with an 
advocacy group, mathematicians refined how they com-
municated their analyses. “By the time we got to [2019], 
we were showing movies in court and visualizations that 
were significantly more compelling,” Mattingly says. For 
example, one animation his team has used shows how 
the percentage of Democratic votes statewide determines 
the number of Democrats elected under a given map in 
comparison to an ensemble of possible alternatives [13].

Although their efforts have had mixed results in court, 
mathematicians point out their tangible influence on  

Figure 6.  Jonathan Mattingly testifies on July 19, 2019 in 
Common Cause v. Lewis, a partisan gerrymandering case 
focusing on North Carolina’s state legislative maps.  As a result 
of this case, new maps were drawn for the 2020 election.
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Michigan and many other states take into account when 
drawing district lines. Duchin’s lab teamed up with fellow 
mathematicians Ranthony Edmonds, Parker Edwards, and 
Ari Stern, plus a computer scientist and a political scientist, 
to distill that data into clusters and make it more digestible 
for the commission [19].

“I am a big believer that you can’t do this right if you’re 
not being interdisciplinary,” Duchin says. “It’s not math-
ematicians striding in to fix the mess. It’s mathematicians 
having the humility to figure out what matters and work 
with people on the ground.”

In Wisconsin, Duchin’s lab provided data support to the 
Peoples’ Maps Commission, a nonpartisan group created 
by the governor, by creating collections of maps with re-
quested properties. The commission ended up proposing 
a full set of legislative and congressional maps, but the 
Wisconsin state legislature had no obligation to consider 
them in its own mapmaking process. The ever-growing list 
of states where Duchin has contributed her expertise also 
includes Arizona, Virginia, Maryland, and Massachusetts. 

Mattingly’s Quantifying Gerrymandering group focused 
in 2021 on educating the public and giving them “guard-
rails” on what to expect from new maps in North Carolina 
and elsewhere. Since each state’s laws weigh different cri-
teria in a different order, the notion of what makes a map 
“fair” will vary across the country, he says. And although 
some advocacy groups are already gearing up for battles 
in state courts, “I’m not strategizing to win a trial right 
now—I’m strategizing to help people produce good maps.”

Indeed, this redistricting cycle may mark the beginning 
of a shift to a more rigorous mapmaking process, one in 
which proposed district lines receive the same level of scru-
tiny as the enacted maps that wind up in court. According 
to Duchin, real-time analyses have shown that “you don’t 
necessarily have to sue to get a good map. You can have 
access to all the same insights at the stage of map creation.” 
Although the techniques used by gerrymanderers have in 
some ways grown more sophisticated, Mattingly adds, con-
tinuing advances in analysis methods have made it easier 
to detect gerrymandering.

Pegden similarly planned to analyze proposed maps in 
Pennsylvania and elsewhere as soon as they were released. 
As for the theoretical research undergirding the work on the 
ground, he says that many interesting mathematical ques-
tions remain unresolved. He encourages more mathemati-
cians to join the effort in this redistricting cycle and beyond, 
both on the theoretical side and on the policymaking side.  

“It is satisfying to work on something that has an appli-
cation to something that matters. I think that democracy 
matters,” Pegden says. “To be clear, I think it would be 
better if we didn’t have to do this stuff. […] But in the 
meantime, I think there’s some imperative to not just sit 
on the sidelines.”

members were not political appointees.9 This time around, 
Colorado and Michigan also have such commissions [17]. 
An increasing number of states have adopted a compromise 
approach where an advisory body draws initial maps that 
the legislature then puts to a vote. Even in states like North 
Carolina and Wisconsin where the legislature maintains 
its grip on the pen,10 the current cycle features increased 
transparency overall. But the pandemic-induced delay in 
the 2020 census data, which was released in August 2021 
instead of April, gives states a worryingly small window to 
draw and approve new maps in time for the 2022 primary 
elections—a situation that some legislatures are leveraging 
to ram through their plans with minimal public input.

Scrutinizing Proposed Maps in Real Time
As of this writing, in early November 2021, the redistricting 
cycle is still underway. But already mathematicians are im-
mersed in conversations with advocacy groups, lawmakers, 
independent commissions, and the public.

Duchin’s interdisciplinary MGGG Redistricting Lab is 
fielding upwards of 20 emails daily from groups asking 
for input on various stages of the redistricting process. 
Before any maps were proposed, she helped mapmakers 
in Ohio, Michigan, Alaska, and New Mexico collect the 
public’s suggested district boundaries through Districtr,11 an 
open-source map-drawing tool that her team launched in 
2018. The independent commission in Michigan also used 
Districtr to gather over 1,200 public submissions about 
“communities of interest,” an amorphous criterion that 

9Washington, Idaho, Montana, and Alaska also use non-politician com-
missions, but most of their members are chosen by the legislature [16].
10In most of these states, including Wisconsin but not North Carolina, the 
governor can veto the legislature’s proposed maps [18].
11https://districtr.org/

Figure 7.  Moon Duchin presented this graphic to Michigan’s 
independent redistricting commission in October 2021, 
showing how the commission’s proposed plans (colored 
dots) compare to an ensemble of alternative maps under 
several historical voting patterns. “Without mathematicians 
in the room, they’re just comparing these dots to each other 
and to the blue line [proportionality],” Duchin says. “With 
mathematicians in the room, you get the gray stuff, which is 
100,000 alternatives that are all population-balanced, compact, 
contiguous, and […] preserve counties when possible.”
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Tricky Math, but Trippy 
Graphics: The Quixotic Search 
for the “3D Mandelbrot”
Sophia D. Merow 

From March through October 2021, ARTECHOUSE’s ex-
periential art center in New York City staged an exhibition 
perhaps trippy enough to blow even Benoit B. Mandelbrot’s 
mind. 

Billed as “an immersive audio-visual journey through 

fractal dimensions,” Geometric Properties enveloped visitors 

in the kaleidoscopic creations of self-styled “fractal artist” 

Julius Horsthuis.1 Through thoughtfully choreographed 

1Fractal math is not Horsthuis’s wheelhouse. “The actual math, includ-
ing complex numbers, is still completely alien to me,” he told Vice (see 
https://bit.ly/3Ct7hPn), “but I have gained a feel of their effects, 
and can predict them up to a certain level.”

Figure 1. Geometric Properties invited visitors to “embark upon a cinematic audio-visual journey where the sheer beauty of 
mathematics, nature and architecture coincide to inspire introspection and awe.”

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com. 

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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visuals mirroring elements of the natural world, invoking 
the architecture of sacred manmade spaces, and gesturing 
toward a sci-fi flavored future—all set to ethereal music, 
some of it originally composed for planetarium shows—
Horsthuis hoped to evoke in audiences feelings of connect-
edness, calm, and awe (see https://bit.ly/3zl64b6). 
This mesmerizing meditation on the ideas of iteration and 
self-similarity owed its existence to Horsthuis’s vision and 
ARTECHOUSE’s impressive projection capabilities, yes, 
but also to fractal enthusiasts’ dogged quest for an object 
as infinitely intricate in three dimensions as the iconic 
Mandelbrot set (see Figure 2) is in two.

Computing power constrained twentieth-century at-
tempts to visualize three-dimensional fractals, but that 
didn’t stop mathematician, computer scientist, and “cy-
berpunk transreal novelist” (his words) Rudy Rucker 
from imagining what a three-dimensional version of the 
Mandelbrot set might look like. In his 1987 science-fic-
tion short story “As Above, So Below” (see https:// 
bit.ly/3u4t7pG), Rucker described a root-like object: a 
big sphere with a dimple in the bottom and bulbs on it, 
with further warts on the bulbs. Sketching a three-dimen-
sional Mandelbrot set in prose is one thing, of course, and 
defining one mathematically quite another. Since there 
is no three-dimensional analog of the complex plane, a 
canonical three-dimensional Mandelbrot set does not exist. 

Rucker knew this, but still he and other seekers won-
dered: might it be possible to construct in three dimensions 
something somehow Mandelbrot-esque? One strategy is 
to view the Mandelbrot set as the result of a geometric 
process and try to replicate something akin to it in three 
dimensions. In 2007, fractal fanatic Daniel White pro-
posed to fellow aficionados on the FractalForums.com 
website a formula that replaced complex multiplication’s 
rotation around a circle with rotation around angles 𝜑 and 
θ (see details at https://bit.ly/3ExURrr). The resulting 

graphic was, White admitted, “somewhat disappointing” 
(see Figure 3). Resembling the two-dimensional Man-
delbrot spun around an axis of symmetry, it didn’t quite 
exhibit what White was after: “exquisite detail on all axes 
and zoom levels.”

Enter White’s fellow FractalForums contributor Paul 
Nylander. Nylander experimented with raising the z in 
the Mandelbrot formula to powers other than 2. When 8 
seemed to generate the most visually appealing output, 
the so-called Mandelbulb—an innovation New Scien-
tist trumpeted with its November 2009 headline “first 
‘true’ 3D image of famous fractal” (see https://bit.ly 
/2XMYsRM)—was born (see Figure 4). This elaborately 
lobed orb lent its name to the software Julius Horsthuis 
uses to render his fractal extravaganzas: Mandelbulb3D 
(see https://bit.ly/3kV6SiU).

Figure 2. The Mandelbrot set is the set of complex numbers 
c for which the function fc (z) = z 2 + c does not diverge when 
iterated from z = 0.

Figure 3. Creator Daniel White deemed the above “almost 3D 
Mandelbrot-esque.”

Figure 4. Paul Nylander posted this first rendering of an 8th 
order Mandelbulb in August 2009.

https://bit.ly/2XMYsRM
https://bit.ly/2XMYsRM
http://FractalForums.com
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It’s a different effort to achieve something approaching 
Mandelbrot’s marvels in three-space, however, that under-
lies both the current implementation of Mandelbulb3D 
and much of the other fractal software in use today. Com-
puter scientist Tom Lowe framed his foray into three-di-
mensional fractal creation—inspired by Daniel White’s 
online account of the Mandelbulb’s development (see 
https://bit.ly/3zr5yZ1)—as a search for a formula 
that was continuous, made of shape-preserving transforma-
tions, and neither arbitrary nor overly complicated. In 2010 
Lowe devised what he dubbed the Mandelbox (see Figure 
5). One selling point: the Mandelbox2 does not contain 
the long extruded or squashed shapes (see Figure 6) often 
cited by connoisseurs as shortcomings of the Mandelbulb 
and its ilk. Detail is visible everywhere and at all scales. It 
was a Mandelbox flythrough that first drew Horsthuis down 
the fractal animation rabbit hole.3 

While the Mandelbox—which permits a diversity of vari-
ants—has birthed ample worlds for artists and hobbyists 
to explore, it doesn’t entirely square with their conception 
of the Mandelbrot set’s three-dimensional peer. The Man-
delbox is “characterized by lines and corners more than 

2The interested reader may find details of the Mandelbox’s construc-
tion at https://bit.ly/3uuK2So (Lowe’s website) or https:// 
bit.ly/3mu2gj9. 
3Of the video that hooked Horsthuis (see https://bit.ly/3hphxjB), 
Jesus Diaz wrote in Gizmodo, “This is how I imagine a trip into the 
brain of Hunter S. Thompson after eating a slice of Benoit Mandel-
brot’s brain, sautéed with a bit of pepper, olive oil, and mescal shaves” 
(https://bit.ly/3A2ZmaM).

the organic curves of a theoretical 3D Mandelbrot,” says 
Daniel White. The real 3D Mandelbrot McCoy, he enthuses, 
“would exhibit incredible shapes and designs, the likes of 
which can barely be imagined.” 

Mandelbox creator Lowe agrees that the Holy Grail 
remains elusive. “We haven’t found anything nearly as sig-
nificant as the Mandelbrot set in 3D,” he concedes. Lowe 
has outlined candidates (see, for example, Figure 7) in his 

Figure 5. Do an image search for “3d fractal,” says Tom Lowe, and the graphics you’ll find are almost all Mandelbox variants. Left: a 
Mandelbox; right: a close-up of one corner of a Mandelbox. 

Figure 6. Dan White describes the boxed portion of the above 
graphic as “like taffy.” Rudy Rucker calls such (in his view 
undesirable) features “taffy/whipped-cream/spun-glass 
excrescences” (https://bit.ly/3kossff).

https://bit.ly/3zr5yZ1
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recent book,4 but he isn’t aware of mathematicians seeking 
three-dimensional fractals that might rival Mandelbrot. 
They’re deterred, he figures, by the nonexistence of a divi-
sion algebra in three-space. 

“The FractalForums site has been fun,” he says, “because 
people there don’t worry too much about such incon-
venient facts, and just want to find something amazing 
looking.” 

“So ‘holy grail’ is an apt name,” Lowe replies when, 
adopting language White uses, I liken looking for a three-di-
mensional Mandelbrot to the hunt for that fabled chalice. 
“It is a search for something that doesn’t exist, but you see 
some great things along the way.”

Credits
Figure 1 is courtesy of ARTECHOUSE.
Figure 2 was created by Wolfgang Beyer with the program 

Ultra Fractal 3., CC BY-SA 3.0 (http://creativecommons 
.org/licenses/by-sa/3.0/), via Wikimedia Commons.

Figures 3 and 6 are courtesy of Daniel White.
Figure 4 is courtesy of Paul Nylander.
Figures 5 and 7 are courtesy of Tom Lowe.
Author photo is by Igor Tolkov.

4Thomas Lowe, Exploring Scale Symmetry, World Scientific, 2021; 
see review at https://bit.ly/3EAgwzq.

Figure 7. The 3D Möbius multiset shares more properties with 
the Mandelbrot set than the Mandelbox does.

Sophia D. Merow 

http://icerm.brown.edu


FROM THE AMS SECRETARY

628    Notices of the AmericAN mAthemAticAl society Volume 69, Number 4

The current prize amount of US$5,000 is awarded every 
three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/cole-prize-number-theory.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006.

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/conant-prize.

Mary P. Dolciani Prize 
for Excellence in Research
The AMS Mary P. Dolciani Prize for Excellence in Research 
recognizes a mathematician from a department that does 
not grant a PhD who has an active research program in 
mathematics and a distinguished record of scholarship. 

AMS Prizes & Awards
Bôcher Memorial Prize
The Bôcher Prize is awarded for a notable paper in analysis 
published during the preceding six years. The work must be 
published in a recognized, peer-reviewed venue.

About this Prize
The first to be offered by the AMS, this prize was founded in 
memory of Professor Maxime Bôcher, who served as presi-
dent of the AMS from 1909–1910. The original endowment 
was contributed by members of the Society. A generous 
donor augmented the endowment in 2008.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/bocher-prize.

Cole Prize in 
Number Theory
This prize recognizes a notable research work in number 
theory that has appeared in the last six years. The work 
must be published in a recognized, peer-reviewed venue.

About this Prize
This prize (and the Frank Nelson Cole Prize in Algebra) was 
founded in honor of Professor Frank Nelson Cole upon 
his retirement from the American Mathematical Society; 
he served as AMS secretary for twenty-five years and as edi-
tor-in-chief of the Bulletin for twenty-one years. The original 
fund was donated by Professor Cole from moneys pre-
sented to him upon his retirement, and was augmented by 
contributions from members of the Society. The fund was 
later doubled by his son, Charles A. Cole, and supported 
by family members. It has been further supplemented by 
George Lusztig and by an anonymous donor.

https://www.ams.org/bocher-prize
https://www.ams.org/bocher-prize
https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org/cole-prize-number-theory
https://www.ams.org/cole-prize-number-theory
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The primary criterion for the prize is an active research 
program as evidenced by a strong record of peer-reviewed 
publications.

Additional selection criteria may include the following:
 • Evidence of a robust research program involving 

undergraduate students in mathematics;
 • Demonstrated success in mentoring undergradu-

ates whose work leads to peer-reviewed publica-
tion, poster presentations, or conference presen-
tations;

 • Membership in the AMS at the time of nomina-
tion and receipt of the award is preferred but not 
required.

About this Prize
This prize is funded by a grant from the Mary P. Dolciani 
Halloran Foundation. Mary P. Dolciani Halloran (1923–
1985) was a gifted mathematician, educator, and author. 
She devoted her life to developing excellence in mathe-
matics education and was a leading author in the field 
of mathematical textbooks at the college and secondary 
school levels. 

The current prize amount is US$5,000 and is awarded 
annually.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/dolciani-prize.

Joseph L. Doob Prize
The Doob Prize recognizes a single, relatively recent, out-
standing research book that makes a seminal contribution 
to the research literature, reflects the highest standards of 
research exposition, and promises to have a deep and long-
term impact in its area. The book must have been published 
within the six calendar years preceding the year in which 
it is nominated. Books may be nominated by members of 
the Society, by members of the selection committee, by 
members of AMS editorial committees, or by publishers.

About this Prize
The prize (originally called the Book Prize) was endowed 
in 2005 by Paul and Virginia Halmos and renamed in 
honor of AMS president Joseph L. Doob. Paul Halmos 
(1916–2006) was Doob’s first PhD student. Doob received 
his PhD from Harvard in 1932 and three years later joined 
the faculty at the University of Illinois, where he remained 
until his retirement in 1978. He worked in probability 
theory and measure theory, served as AMS president in 
1963–1964, and received the AMS Steele Prize in 1984 
“for his fundamental work in establishing probability as a 
branch of mathematics.”

The US$5,000 prize is awarded every three years.
Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/doob-prize.

Leonard Eisenbud Prize 
for Mathematics and Physics
The Eisenbud Prize honors a work or group of works, pub-
lished in the preceding six years, that brings mathematics 
and physics closer together. Thus, for example, the prize 
might be given for a contribution to mathematics inspired 
by modern developments in physics or for the development 
of a physical theory exploiting modern mathematics in a 
novel way.

About this Prize
This prize was established in 2006 in memory of the math-
ematical physicist, Leonard Eisenbud (1913–2004), by his 
son and daughter-in-law, David and Monika Eisenbud. 
Leonard Eisenbud was a student of Eugene Wigner. He was 
particularly known for the book Nuclear Structure (1958), 
which he co-authored with Wigner. A friend of Paul Erdős, 
he once threatened to write a dictionary of “English to 
Erdős and Erdős to English.” He was one of the founders 
of the Physics Department at SUNY Stony Brook, where he 
taught from 1957 until his retirement in 1983. In later years 
he became interested in the foundations of quantum me-
chanics and in the interaction of physics with culture and 
politics, teaching courses on the anti-science movement.

The current prize amount is US$5,000 and the prize is 
awarded every three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/eisenbud-prize.

Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked 
directly with pre-college teachers to enhance teachers’ 
impact on mathematics achievement for all students, or

https://www.ams.org/eisenbud-prize
https://www.ams.org/eisenbud-prize
https://www.ams.org//doob-prize
https://www.ams.org/doob-prize
https://www.ams.org/dolciani-prize
https://www.ams.org/dolciani-prize
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is being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes (1) came about by 
systematic, reproducible changes in programs that might 
be implemented by others, and/or (2) have value outside 
the mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages.

To make a nomination go to https://www.ams.org 
/department-award.

Mathematics Programs 
that Make a Difference
The Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 
groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a selection com-
mittee appointed by the AMS president and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: 2023
Nomination Period: March 1–June 30
Nomination Procedure: The letter of nomination 

should describe the specific program being nominated and 
the achievements that make the program an outstanding 
success. It should include clear and current evidence of 
that success. A strong nomination typically includes a 

(b) sustainable and replicable contributions by mathe-
maticians to improving the mathematics education of 
students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Award: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/impact.

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society.  Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 
which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually.  Departments 
of mathematical sciences in North America that offer at 
least a bachelor’s degree in mathematical sciences are 
eligible.

Next Award: 2023
Nomination Period: March 1–June 30
Nomination Procedure: A letter of nomination may 

be submitted by one or more individuals. Nomination of 
the writer’s own institution is permitted. The letter should 
describe the specific program(s) for which the department 

https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/department-award
https://www.ams.org/department-award
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The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is US$1,200, awarded annu-
ally.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/morgan-prize.

JPBM Communications 
Award
This award is given each year to reward and encourage com-
municators who, on a sustained basis, bring mathematical 
ideas and information to non-mathematical audiences.

About this Award
This award was established by the Joint Policy Board for 
Mathematics (JPBM) in 1988. JPBM is a collaborative 
effort of the American Mathematical Society, the Mathe-
matical Association of America, the Society for Industrial 
and Applied Mathematics, and the American Statistical 
Association.

Up to two awards of US$2,000 are made annually.  Both 
mathematicians and non-mathematicians are eligible.

Next Award: January 2023
Nomination Period: Open
To make a nomination go to https://www.ams.org 

/jpbm-comm-award.
Nominations should be submitted on mathprograms 

.org. Note: Nominations collected before September 15th 
in year N will be considered for an award in year N+2.

description of the program’s activities and goals, a brief 
history of the program, evidence of its effectiveness, and 
statements from participants about its impact. The letter of 
nomination should not exceed two pages, with supporting 
documentation not to exceed three more pages. Up to three 
supporting letters may be included in addition to these 
five pages. Nomination of the writer’s own institution or 
program is permitted. Non-winning nominations will 
automatically be reconsidered for the award for the next 
two years.

To make a nomination go to https://www.ams.org 
/make-a-diff-award.

Ruth Lyttle Satter Prize 
in Mathematics
The Satter Prize recognizes an outstanding contribution to 
mathematics research by a woman in the previous six years.

About this Prize
This prize was established in 1990 using funds donated by 
Joan S. Birman in memory of her sister, Ruth Lyttle Satter. 
Professor Birman requested that the prize be established to 
honor her sister’s commitment to research and to encour-
age women in science. An anonymous benefactor added 
to the endowment in 2008.

The current prize amount is US$5,000 and the prize is 
awarded every two years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/satter-prize.

Joint Prizes & Awards
Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 
an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/satter-prize
https://www.ams.org/satter-prize
https://www.ams.org/jpbm-comm-award
https://www.ams.org/jpbm-comm-award
https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
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Lawrence’s faculty, found many opportunities to advance 
his mathematics training. In addition to independent 
studies with Lawrence faculty, he attended summer REUs 
at Texas A&M and Baruch College and spent a year at the 
Budapest Semesters in Mathematics program.

In an independent research project, Dillon studied 
image filtering and wrote two papers based on his research 
work. In his first REU, he examined generalized Dedekind 
sums (number-theoretic functions arising in the theory of 
modular forms), extending an important classical theorem 
while also proving upper and lower bounds on the second 
moments of their generalized sums. These second moments 
are related to fourth moments of Dirichlet L-functions and 
are of considerable interest to number theorists. The result-
ing paper, written with another REU student, appeared in 
the Journal for Number Theory. In his second REU at Baruch, 
Dillon tackled topics in discrete geometry, generalizing 
Helly’s theorem. His work focused on characterizing fami-
lies of convex sets in Rd whose intersection has many points 
from the integer lattice or has large diameter. To obtain his 
results, he cleverly used ideas that were completely different 
from those of previous quantitative Helly-type theorems for 
lattices and diameter. Two articles resulted from his work in 
this area. During his year in Budapest, Dillon worked with 
a faculty member on questions in extremal combinatorics; 
while at Lawrence, his home institution, he worked with 
a member of the mathematics faculty to introduce a new 
class of symbolic dynamical systems and tools with which 
to analyze it, generalizing several classical results in the pro-
cess. Each of the latter two projects resulted in papers, the 
first published and the second currently in preprint form.

Citation
Travis Dillon
The 2022 recipient of the AMS-
MAA-SIAM Frank and Brennie 
Morgan Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student is 
Travis Dillon, a graduate of 
Lawrence University. Dillon 
earns this year’s honor for his 
“significant work in number 
theory, combinatorics, discrete 
geometry, and symbolic dy-
namics, which has been rec-

ognized by publications in top journals and competitive 
awards.” Dillon is described as a young researcher with 
remarkable success across a wide range of mathematical 
topics, a self-starter who has the unique ability to bridge 
ideas and techniques from diverse areas. “His work is not 
confined to one area, nor does it stem primarily from work 
with one principal advisor.” He has applied combinatorial 
ideas to obtain results in number theory, number-theoretic 
ideas to obtain results in combinatorial geometry, and 
combinatorial and number-theoretic ideas to obtain results 
in symbolic dynamics. He has completed seven papers, six 
of them published and four single-authored.

Travis Dillon is only the second student from a non-PhD 
granting institution to be awarded the Morgan Prize since 
its inception in 1995. (The first was Joshua Greene from 
Harvey Mudd College.) To supplement Lawrence’s offer-
ings, he actively pursued and, with the encouragement of 

The AMS-MAA-SIAM Frank and Brennie Morgan Prize for Outstanding Research in Mathematics by an Undergraduate 
Student is awarded annually to an undergraduate student (or students for joint work) for outstanding research in 
mathematics.

The prize recipient’s research needn’t be confined to a single paper. However, the paper (or papers) to be consid-
ered for the prize must be completed while the student is an undergraduate. Publication of research is not required. 

The prize was established in 1995 and is entirely endowed by a gift from Mrs. Frank (Brennie) Morgan. The prize 
is made jointly by the American Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics.

Travis Dillon
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Response from Travis Dillon
It is an incredible honor to be awarded the 2022 Frank 
and Brennie Morgan Prize. I have been fortunate to have 
a large number of mentors, mathematical and otherwise, 
who made this possible. Anita Urmann has been a stead-
fast supporter of mine since long before I was aware of it. 
Matthew Young, Attila Sali, and Pablo Soberón were each 
exceptional research mentors, and I am a better mathema-
tician for working with each of them. Samuel Gutekunst 
has been a fount of knowledge, a sounding board at all 
stages of my mathematical journey, and a true friend. And 
Liz Sattler has been, in more ways than I can count, an 
extraordinary mentor, advisor, and collaborator. I am truly 
grateful to every one of them.

And to my parents: Thank you for supporting me uncon-
ditionally, even when you weren’t entirely sure what I was 
doing or why I was doing it. I wouldn’t be here without you.

Citation
Sophie Kriz
Sophie Kriz is recognized with 
an Honorable Mention for the 
2022 Frank and Brennie Mor-
gan Prize for Outstanding Re-
search in Mathematics by an 
Undergraduate Student. She 
has written seven solo research 
papers and co-authored a text-
book titled Introduction to Alge-
braic Geometry. The papers have 
appeared in journals such as 
Algebraic and Geometric Topology, 

Communications in Algebra, and the Pacific Journal of Math-
ematics. Kriz’s contributions show extraordinary breadth 
and fluency with sophisticated concepts, with results in 
several areas of mathematics, including algebraic topology, 
category theory, and representation theory, and other areas. 
One of her letter-writers notes that she “is essentially at the 
level of a post-doc in terms of mathematical ability, and has 
produced a body of work that would be the envy of most 
post-docs.” Kriz is currently a sophomore undergraduate 
student at the University of Michigan, Ann Arbor.

Biographical Note
Sophie Kriz began wondering about the mathematics of a 
Rubik’s cube and learned the basics of group theory after 
seeing a robot solve the puzzle at the MIT Museum at age 5. 
Soon after, she began reading about other concepts of ab-
stract algebra. The challenge of finding a suitable text even-
tually led Kriz to a project of publishing a widely accessible 
textbook on that subject. She was always fascinated by the 
story of Emmy Noether. After graduating from Community 
High School in Ann Arbor, she became a full-time student 
at Michigan at the age of 14. Kriz has been taking advanced 

As is clear, Dillon’s work is wide-ranging and signifi-
cant. In the words of others, “He has produced research 
and generalizations of interest to the symbolic dynamics 
community that have created an exciting number of new 
questions; he has opened new directions of research in 
discrete geometry, and he has proposed a novel conjecture 
in extremal combinatorics; his work has already led to fol-
low-up work in analytic number theory where he developed 
an identity that vastly generalizes a formula from Walum 
from a classic 1982 paper with about 100 citations.” He is 
a “once-in-a-lifetime student” and “a spectacular student 
among spectacular students.” His work is “remarkable for 
its breadth and independence.”

Beyond his own research accomplishments, Dillon is 
committed to communicating mathematics to a broader 
audience, seeking to lure others into an active engagement 
with the field through his clarity of presentation and sense 
of humor. “He has worked to share mathematics with a 
broader audience—especially students from rural com-
munities and underrepresented minorities... [H]e’s been a 
volunteer tutor or instructor both in Budapest and while 
at Lawrence University; when the pandemic hit, he volun-
teered to be a virtual pen pal for isolated seniors from his 
home community; he developed notes for a one-semester 
course on graphons and graph limits. He [has] also explic-
itly brought his own research into his outreach. At Lawrence 
University, he started a student seminar series and gave 
several engaging talks; he anticipates creating a week-long 
class based partly on his work in symbolic dynamics to help 
advanced high school students understand the research 
process; and most impressively, he has literally written a 
two-hundred-page textbook for a general audience titled 
Graphs, Groups, Infinity: Three Stories in Mathematics.”

Dillon finished his undergraduate work at Lawrence 
University, where he was named a Goldwater Scholar as 
well as a Heidelberg Laureate Forum Young Researcher. In 
addition to those honors, he received a National Science 
Foundation Graduate Research Fellowship. This fall he 
began graduate work at MIT, where he is attending as an 
MIT Presidential Fellow.

Biographical Note
Travis Dillon grew up near Newport, Washington. In high 
school, he spent two summers at Canada/USA Mathcamp, 
which inspired him to pursue mathematics. At Lawrence 
University, Dillon studied mathematics and music theory. 
In Budapest, he learned a little Hungarian and a lot of 
mathematics. This fall he began graduate work at MIT as an 
MIT Presidential Fellow. In the winter, he enjoys skiing; at 
other times, he’s likely to be found curled up with a book, 
experimenting in the kitchen, or, of course, thinking about 
mathematics.

Sophie Kriz
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graduate classes in topology, geometry, and other subjects. 
In addition to mathematics, she is an ardent piano player. 
Recently, Kriz has been adapting lesser-known Bach organ 
pieces for the piano and performing them.

Response from Sophie Kriz
It is a great privilege to receive an Honorable Mention for 
the 2022 Morgan Prize. I want to thank the Morgan family, 
the AMS, MAA, and SIAM for establishing this award to 
recognize and promote undergraduate research in math-
ematics. I want to thank Stephen DeBacker for his advice 
and for making it possible for me to study at the University 
of Michigan at a young age. I want to thank M. C. Kang 
for having the patience to correspond with me, a kid and 
a complete outsider to his subject, and for his important 
advice and guidance on what became my first published 
research project. I want to thank Peter May for introducing 
me to algebraic topology at large, and for encouraging me 
to study the subject systematically. I would especially like 
to thank Andrew Snowden for introducing me to represen-
tation stability and modular representation theory and for 
showing me interesting and highly challenging problems. I 
am incredibly grateful to him and Jennifer Wilson for run-
ning the TAPIRS and OTTERS seminars at the University of 
Michigan, which are so helpful to the community of young 
representation theorists there. Finally, I would very much 
like to thank my parents, who are both mathematicians, for 
their support and encouragement. Please rest assured that I 
know that you could not have ever expected what I would 
be asking of you and that responding to my questions has, 
at times, been anything but easy.

Citation
Alex Cohen
Receiving Honorable Mention 
for the 2022 Frank and Brennie 
Morgan Prize for Outstanding 
Research in Mathematics by an 
Undergraduate Student is Alex 
Cohen. Previously a student at 
Yale University, Cohen is cur-
rently pursuing a doctorate in 
mathematics at the Massachu-
setts Institute of Technology. 
He has completed 8 research 
papers, including publications 
in Symposium on Theory of Com-

puting (STOC), Discrete and Computational Geometry, and 
Journal of Number Theory.

Cohen has solved a number of long-standing open 
problems during his time as an undergraduate. These prob-
lems cover several areas, from combinatorics to analysis 
and partial differential equations. He was instrumental 
in solving the decades-old open question addressing the 

uniqueness of excited states of the Klein-Gordon equation 
with a certain non-linearity.

He has developed the notion of 2k-fold Poisson cor-
relation and its implications for the equidistribution of a 
sequence (xn) on the torus T by refining known discrepancy 
bounds.

Together with Moshkovitz, Cohen has made important 
progress on the study of different notions of the rank of a 
tensor, a topic of central importance in combinatorics and 
theoretical computer science. Cohen has also done out-
standing work in combinatorial geometry, generalizing the 
Sylvester-Gallai theorem about points and lines in the real 
plane in two directions. He gave a surprising application of 
Green’s identity from multivariable calculus to prove sharp 
results about Sylvester-Gallai configurations lying on con-
current lines in the complex plane. Together with de Zeeuw, 
Cohen has resolved the first unknown case of a conjecture 
of Wiseman and Wilson, proving a Sylvester-Gallai theorem 
where lines are replaced by cubic curves.

Biographical Note
Alex Cohen was raised in New York City and graduated 
from Yale in 2021 with a dual BS/MS degree in mathemat-
ics. His mathematical interests include harmonic analysis, 
partial differential equations, additive combinatorics, and 
some related areas. He is currently working toward a PhD 
in mathematics at MIT, where he plans to pursue research 
in these areas. Outside of math, Alex enjoys going on long 
walks, watching movies, and exploring new places. He is 
also engaged in political activism and organizing work, 
especially around the climate crisis.

Response from Alex Cohen
I am very honored to receive an Honorable Mention for 
the 2022 Morgan Prize. I would like to thank the many 
people who have graciously mentored me. To mention just 
a few: Thank you Adam Sheffer for organizing the Baruch 
Combinatorics REU, which provided a wonderful intro-
duction to math research, and to Frank de Zeeuw and Guy 
Moshkovitz, who advised my research projects at the REU 
and continued collaborating with me afterwards. Thank 
you to Stefan Steinerberger, whose infectious enthusiasm 
for open problems spurred me to start my own research. I 
am extremely grateful to Wilhelm Schlag for being a won-
derful advisor, and for showing me the analytical side of 
math which I came to love. I would also like to thank my 
friends and collaborators, who made learning math all the 
more fun, as well as my family for their ceaseless support.

Credits
Photo of Travis Dillon is courtesy of Narmada Varadarajan.
Photo of Sophie Kriz is courtesy of Sophie Kriz.
Photo of Alex Cohen is courtesy of Alex Cohen.

Alex Cohen



FROM THE AMS SECRETARY

Joint Policy Board 
for Mathematics 

Communications Award 

April 2022  Notices of the AmericAN mAthemAticAl society   635

A current MAA Pólya Lecturer, Williams developed a 
24-part college-level lecture series, “Learning Statistics: 
Concepts and Applications in R,” for The Great Courses, 
an online platform for lifelong learners. She is the author 
of Power in Numbers: The Rebel Women of Mathematics, a 
full-color book highlighting the influence of women in the 
mathematical sciences in the last two millennia, and she 
has narrated several science documentary films including 
Hindenburg: The New Evidence, Our Beautiful Planet, Secrets 
in our DNA, and the upcoming joint BBC and NOVA 5-part 
series Universe. 

Williams is currently an associate professor of mathe-
matics at Harvey Mudd College. She is a proud graduate of 
Spelman College (BA in mathematics), Howard University 
(MS in mathematics), and Rice University (MA and PhD 
in statistics). Her research involves developing statistical 
models that emphasize the spatial and temporal structure 
of data and applying them to problems in the environment. 
She has worked at NASA, the National Security Agency, and 
the Jet Propulsion Laboratory and has partnered with the 
World Health Organization on research regarding cataract 
surgical rates in African countries. Faith and family round 
out a busy life that she shares with her husband and three 
amazing boys. Through her research and work in the com-
munity at large, she is helping change the collective cultural 
mindset, rebranding STEM as anything but dry, technical, 
or male-dominated but instead a logical, productive career 
path that is crucial to the future of the country. 

Citation 
Talithia Williams 
Talithia Williams, an associate 
professor of mathematics at 
Harvey Mudd College, has won 
the 2022 Joint Policy Board for 
Mathematics (JPBM) Commu-
nications Award for bringing 
mathematics and statistics into 
the homes and hands of mil-
lions through her work as a TV 
host, renowned speaker, and 
author. 

Biographical Note 
Talithia Williams is a statistician who is an innovative, 
award-winning college professor, a co-host of the PBS 
NOVA series NOVA Wonders, and a speaker whose pop-
ular TED talk, “Own Your Body’s Data,” extols the value 
of statistics in quantifying personal health information. 
She demystifies the mathematical process in amusing and 
insightful ways to excite students, parents, educators, and 
the larger community about STEM education and its possi-
bilities. In 2015, she won the Mathematical Association of 
America’s Henry L. Alder Award for Distinguished Teaching 
by a Beginning College or University Mathematics Faculty 
Member, which honors faculty members whose teaching 
is effective, extraordinary, and extends its influence beyond 
the classroom. 

The Joint Policy Board for Mathematics (JPBM) Communications Award was established by the JPBM in 1988 and 
is given annually to reward and encourage communicators who, on a sustained basis, bring mathematical ideas and 
information to non-mathematical audiences. The JPBM is a collaborative effort of the American Mathematical So-
ciety, American Statistical Association, Mathematical Association of America, and Society for Industrial and Applied 
Mathematics. 

Talithia Williams 
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Response from Talithia Williams 
I recall the day my student, Elly, asked me if I’d consider 
giving a Claremont Colleges TEDx talk. I very politely 
declined. Not one to be easily dismayed, however, she 
kept asking and after about a week, I finally gave in. 
She later told me the topic: Storytelling. Storytelling??  
STORYTELLING?!! What does math have to do with sto-
rytelling? I reached out to my colleague, Arthur Benjamin, 
to get his sage TED advice. Together, we came up with the 
idea of telling stories with data and “Show Me the Data” 
was birthed. This local TEDx talk would eventually go on 
to become a featured TED talk that has been viewed nearly 
2 million times and has opened the door to so many other 
storytelling opportunities. 

I am thrilled to be receiving the JPBM Communications 
Award for 2022. Sharing my enthusiasm for data science 
and mathematics with broad audiences has become one of 
the stories I truly enjoy telling. I’d like to thank the JPBM 
committee, all of my Harvey Mudd College colleagues, 
especially Arthur Benjamin, and my wonderful husband, 
Donald and sons, Josiah, Noah, and Micaiah. And my 
momma, Delores. I can’t forget my momma! 

Credits
Photo of Talithia Williams is courtesy of Talithia Williams.
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Biographical Note 
Eitan Tadmor holds a joint appointment in the Depart-
ment of Mathematics and the Institute for Physical Sciences 
and Technology at the University of Maryland, College 
Park. He received his PhD in mathematics from Tel Aviv 
University in 1978 and began his career as a Bateman Re-
search Instructor at Caltech (1980–1982) before joining 
the faculties of Tel Aviv University (1983–1995) and UCLA 
(1995–2002). In 2002 he was recruited by the University 
of Maryland to lead the Center for Scientific Computation 
and Mathematical Modeling (CSCAMM) and served as 
CSCAMM director (2002–2016). In 2016–2017 he was a 
Senior Fellow at the Institute for Theoretical Studies (ITS) 
at ETH-Zürich. 

Tadmor was a founding co-director of the NSF Insti-
tute for Pure and Applied Mathematics (IPAM) at UCLA 
(1999–2001) and the principal investigator of both an 
NSF Focus Research Group (2008–2012) and the NSF 
Kinetic Research Network (Ki-Net) at the University of 
Maryland (2012–2020). He gave an invited lecture at the 
ICM (Beijing, 2002); the SIAM invited address at the JMM 
(Baltimore, 2014); the 2016 Leçons Jacques–Louis Lions 
(Paris); a Nachdiplom Lecture series at ETH (Zürich, 2017); 
and a plenary address at the ICIAM (Valencia, 2019). He 
is the recipient of the 2015 SIAM-ETH Peter Henrici Prize 
and will be the AMS Gibbs Lecturer in 2022. Tadmor is a 
Fellow of the AMS and SIAM. 

Response from Eitan Tadmor 
I am honored and delighted to receive the 2022 Norbert 
Wiener Prize. I have been mentored by and collaborated 
with many mathematicians who played an indispensable 
role in my career. I mention Gideon Zwas, David Gottlieb, 
and Ami Harten at Tel Aviv University and Björn Engquist 

Citation 
Eitan Tadmor 
Eitan Tadmor, a Distinguished 
University Professor at the 
University of Maryland, Col-
lege Park, will receive the 2022 
AMS-SIAM Norbert Wiener 
Prize in Applied Mathematics 
for his original contributions to 
applied and numerical analysis 
with applications in fluid dy-
namics, image processing, and 
collective dynamics. The prize 
also recognizes the significant 

impact of his fundamental work in theory and computation 
of nonlinear partial differential equations. 

The signature of Tadmor’s work is the interplay between 
analytical theories and computational algorithms for such 
equations. His many outstanding contributions include the 
development of high-resolution central schemes; entropy 
conservative/stable schemes; and the spectral viscosity 
method for nonlinear conservation laws. He collaborated 
in groundbreaking work on the regularization of con-
servation laws and their relation to kinetic formulation. 
He introduced novel ideas of multi-scale hierarchical de-
compositions of images with applications to problems in 
critical regularity spaces. 

Currently, Tadmor is leading a research program in 
collective dynamics, with a series of novel contributions 
which include adaptive alignment; topologically based 
and multi-species dynamics; and development of a gen-
eral paradigm for emergent behavior away from thermal 
equilibrium. 

The Wiener Prize is awarded for an outstanding contribution to applied mathematics in the highest and broadest sense. 
The American Mathematical Society and the Society for Industrial and Applied Mathematics award this prize jointly; 
the recipient must be a member of one of these societies. This prize was established in 1967 in honor of Professor 
Norbert Wiener and was endowed by a fund from the Department of Mathematics of the Massachusetts Institute of 
Technology. The endowment was further supplemented by a generous donor. 

Eitan Tadmor
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and Stanley Osher at UCLA. I was influenced by Heinz-Otto 
Kreiss and Peter Lax as role models, and I am indebted to 
Alexandre Chorin and Ron DeVore for lifelong professional 
friendships. I thank my students and collaborators at Tel 
Aviv University, UCLA, and the University of Maryland, 
who enriched my mathematical world. I feel blessed to be 
part of a worldwide network of mathematicians, which is 
like a home away from home for me. 

My work in mathematics and applications has given 
me great joy. As a language spoken in different scientific 
disciplines, mathematics is constantly engaged with new 
developments in a variety of fields of science and technol-
ogy. The synergy between mathematics and applications 
requires the development of new “dialects” in applied and 
computational mathematics. I am always fascinated by the 
creative tension between imagination and rigor needed to 
develop these dialects and their use in solving concrete 
problems. 

Credits
Photo of Eitan Tadmor is courtesy of Eitan Tadmor.
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(2008–2011, Open Math Journal 1, Communications in Math-
ematical Physics 308), who explained how some aspects 
of Anosov dynamics can be analyzed using microlocal 
methods originating in scattering theory. Dyatlov went 
beyond this by adding radial estimates of Richard Melrose 
(1993) and András Vasy (2013) to this microlocal toolbox 
and that proved useful in the study of dynamical (Ruelle) 
zeta functions and Axiom A flows. Ruelle zeta functions 
were an integral topic of research for hyperbolic flows 
on compact manifolds in the 1960s, their meromorphic 
extension being one of the major problems. In particular, 
in his famous 1967 paper, page 802, Smale asks for the 
meromorphic extension of a suspension over an Axiom A 
diffeomorphism. 

In 2016, Semyon Dyatlov and Maciej Zworski (Ann. Sci. 
Ec. Norm. Supé. 49) gave a microlocal proof of the 2013 
result of Paolo Giulietti, Carlangelo Liverani, and Mark 
Pollicott (Annals of Mathematics 178), who showed mer-
omorphy of Ruelle zeta functions for Anosov flows. That 
led to his joint work with Colin Guillarmou (2016–2018, 
Ann. Henri Poincaré 17, Bulletin of the AMS 55), which 
answered Smale’s question for general Axiom A flows (to 
quote Smale: “I must admit that a positive answer would 
be a little shocking.”). Those works then led to progress 
on Fried’s conjecture relating behavior of dynamical zeta 
functions to topological and analytic invariants (Dyatlov–
Zworski, 2017, Inventiones Mathematicae 210; Dang–Guil-
larmou–Rivière–Shen, 2020, Inventiones Mathematicae 220; 
Cekić–Dyatlov–Küster–Paternain, 2021, arXiv:2009.08558) 
and inverse problems (Guillarmou, 2017, J. of the AMS 30; 
Guillarmou–Lefeuvre, 2019, Annals of Mathematics 190). 

Semyon Dyatlov’s approach to tackle the problems of 
zeta functions embodies Misha Gordin’s view on math-
ematics, as quoted by A. M. Vershik in 2016 (Journal of 

Citation 
Semyon Dyatlov 
The 2022 AMS-EMS Mikhail 
Gordin Prize is awarded to Se-
myon Dyatlov for his work on 
quantum chaos, scattering the-
ory, and, in particular, differen-
tiable dynamical systems. This 
prize is awarded jointly with the 
European Mathematical Society 
(EMS). 

Mathematical quantum 
chaos describes the effects of 
classical dynamics on spectral 

properties of quantized systems. Semyon Dyatlov has been 
the leader in high power collaborations with Jean Bour-
gain (2018, Annals of Mathematics 187), Long Jin (2018, 
Acta Mathematica 220), Stéphane Nonnenmacher (Journal 
of the AMS, to appear), and Joshua Zahl (2016, Geometric 
and Functional Analysis 26), which established the strongest 
results on mathematical quantum chaos in the last decade: 
proof that there are no holes in support of high frequency 
eigenfunctions for negatively curved surfaces and the 
existence of spectral gaps without the Patterson–Sullivan 
condition for hyperbolic quotients by thin groups. 

Dyatlov has also contributed to mathematical theory of 
scattering resonances by providing the most precise results 
on quasinormal modes of black holes and by writing, with 
Maciej Zworski, an already influential book, Mathematical 
Theory of Scattering Resonances. 

In the last few years, he has been the leading force in 
applying microlocal methods to the study of classical 
hyperbolic dynamics. That development started with the 
work of Frédéric Faure, Nicolas Roy, and Johannes Sjöstrand 

This is the inaugural year for the AMS-EMS Mikhail Gordin Prize, which was established to honor the memory of 
Mikhail Gordin and the tradition of the mathematics of Eastern Europe. It is awarded to a mathematician working in 
probability or dynamical systems, with preference given to early career mathematicians from or professionally connected 
to an Eastern European country. The recipient is chosen by a committee appointed by the European Mathematical 
Society with AMS representation on the committee. 

Semyon Dyatlov
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Mathematical Sciences): “(Gordin) was a mathematician 
with wide interests and broad range of vision he applied 
to his problems, notions, and approaches from other 
mathematical fields.” 

Biographical Note 
Semyon Dyatlov was born in Novosibirsk, Russia, in 1987 
and received his BS from Novosibirsk State University in 
2008 and his PhD from UC Berkeley in 2013, under the 
guidance of Maciej Zworski. He held a Clay Research Fel-
lowship from 2013 to 2018 and joined the faculty of MIT 
in 2015. Dyatlov worked at UC Berkeley while on leave 
from MIT from 2017 to 2019. He is currently an associate 
professor at MIT. 

Dyatlov received a Sloan Research Fellowship in 2017, 
the IAMP Early Career Award in 2018, and an NSF CAREER 
grant in 2018. He will be an invited speaker at the ICM in 
2022. 

Response from Semyon Dyatlov 
I am honored and delighted to receive the AMS-EMS 
Mikhail Gordin Prize. I would like to thank several peo-
ple who have introduced me to microlocal analysis and 
hyperbolic dynamics, on the interface of which much 
of my research has happened: my advisor and longtime 
collaborator, Maciej Zworski, for mathematical guidance 
and inspiration; Colin Guillarmou, for our many fruitful 
collaborations; Richard Melrose, Stéphane Nonnenmacher, 
and András Vasy for the many insightful discussions that 
we had over the years; and Kiril Datchev for his mentorship 
during my days in graduate school. 

My recent results in quantum chaos and fractal uncer-
tainty principle would not have been possible without Jean 
Bourgain. He was a force of nature in mathematics and he 
tragically left us so early; I was very lucky to co-author two 
papers with him. I would also like to thank my co-author 
Long Jin for sharing much of my journey in quantum chaos 
and Joshua Zahl and Larry Guth for introducing me to the 
field of additive combinatorics. I am grateful to have had 
many other excellent collaborators, all of whom I wish to 
thank here. 

Last but not least, I would like to thank my parents and 
my brother for introducing me to mathematics and to mi-
crolocal analysis, and my wife Xuwen and my son for their 
unconditional support. 

Credits
Photo of Semyon Dyatlov is courtesy of the MIT Department 

of Mathematics.
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Iwahori-Hecke algebras are extremely important alge-
bras in Lie theory. They first arose in the work of Iwahori, 
when studying the algebra of endomorphisms of certain 
induced modules (principal series modules) for finite re-
ductive groups. They are very similar to group algebras of 
Weyl groups, but one of the relations (the fact that a simple 
reection squares to 1) is deformed in an interesting way. 
Motivated by the representation theory of finite reductive 
groups, it is natural to ask whether one can develop a char-
acter theory for Hecke algebras. This was pursued by several 
authors in the 1990s, most notably Geck and Pfeiffer. A 
crucial observation is that the cocentre has a basis given 
by the images of minimal length representatives in their 
conjugacy class (with respect to the natural length function 
coming from the Coxeter group structure). The proof of this 
fundamental fact was case by case, and used computer for 
exceptional types. 

In a breakthrough result from 2014, He (together with 
Sian Nie, and outside of the time relevant to this prize) es-
tablished a conceptual proof of Geck and Pfeiffer’s result in 
the finite case, and extended it to affine Weyl groups. Thus, 
for the first time we have a good notion of the “character 
table” of an affine Hecke algebra. Just as Iwahori-Hecke 
algebras for Weyl groups are fundamental to the repre-
sentation theory of finite groups of Lie type, affine Hecke 
algebras are fundamental to the representation theory of 
p-adic groups, and capture its tamely-ramified representa-
tions, meaning irreducible and with a vector that is fixed 
under the Iwahori subgroup. 

In “Cocenters of p-adic groups, I: Newton decompo-
sition,” He makes a systematic study of the “big Hecke 
algebra” of a reductive group (which sees all smooth, 
admissible representations), and establishes a remarkable 
description of its cocentre, indexed by “Newton points.” 
As an application he is able to give a very short new proof 

Citation 
Xuhua He 
The 2022 Chevalley Prize is 
awarded to Xuhua He for sub-
stantial contributions to the 
representation theory of p-adic 
groups and the structure the-
ory of affine Deligne-Lusztig 
varieties. 

This award is based on 
three papers of He: “Kottwitz- 
Rapoport conjecture on unions 
of affine Deligne-Lusztig variet-
ies,” published in the Annales 

Scientifiques de l’ École Normale Supérieure, “Cocenters of 
p-adic groups, I: Newton decomposition,” published in 
Forum Math. Pi, and “Cocenters of p-adic groups, III: Elliptic 
cocenter and rigid cocenter” (joint with Dan Ciubotaru), 
published in Peking Math Journal. In these papers, Xuhua 
He has given several striking applications of a breakthrough 
result (established with Sian Nie in 2014) on the cocentre 
of an affine Hecke algebra to classical problems in repre-
sentation theory and arithmetic geometry. 

Fundamental to representation theory is the notion of 
a character, given by the trace of a group element acting 
in a representation. We may also view the character as a 
function on the group algebra, in which case it factors over 
the cocentre of the group algebra. (Recall that the cocentre 
of an algebra is the quotient of A by the subspace of com-
mutators ab−ba for all elements a, b in A. A trace vanishes 
on commutators, and hence factors over the cocentre.) In 
the case of the group algebra, conjugate elements of the 
group become equal in the cocentre, and we recover the 
character table. 

The Chevalley Prize was established in 2014 by George Lusztig to honor Claude Chevalley (1909–1984). It is awarded 
for notable work in Lie Theory published during the preceding six years; a recipient should be at most twenty-five years 
past the PhD. The prize is awarded in even-numbered years, without restriction on society membership, citizenship, 
or venue of publication. 

Xuhua He
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people who have helped me in my career and an opportu-
nity to say a bit about my career in Lie Theory. 

I started my mathematical career as a graduate student 
under the supervision of George Lusztig. It was very fortu-
nate for me to have George as an advisor, who shaped my 
way of thinking about Lie Theory. What attracts me most 
in Lie Theory is the intriguing connections between the 
reductive groups and their Weyl groups. 

A fundamental work in Lie Theory is the Bruhat-Cheval-
ley decomposition: a connected reductive algebraic group 
is a union of the Bruhat cells, indexed by the Weyl group. 
Many questions in Lie Theory are related to understanding 
how the Bruhat-Chevalley decomposition is compatible 
with the conjugation action. For example, the Deligne-Lusz-
tig varieties describe the interaction of the Bruhat cells with 
the Frobenius-twisted conjugation action in a reductive 
group; and the intersection of a Bruhat cell with a conju-
gacy class gives an essential ingredient in Lusztig’s theory 
of character sheaves. 

A major part of my research in the last ten years has 
been to understand the interaction of the Bruhat-Chevalley 
decomposition with the conjugation action for loop groups 
and p-adic groups. I am very glad to make progress on this 
problem, and in turn, make new developments and discov-
eries in the study of cocenters of Hecke algebras of p-adic 
groups and in the study of affine Deligne-Lusztig varieties. 

Lie Theory is a fascinating field, and I am incredibly 
proud and honored to contribute to it. I am very grateful 
to my colleagues and collaborators; four of them, in par-
ticular, I would like to mention by name: Dan Ciubotaru 
for the long-term collaboration on the representations of 
p-adic groups, Sian Nie for his insight on the combinator-
ics of Weyl groups, Michael Rapoport for teaching me the 
Shimura varieties, and Geordie Williamson for explaining 
to me his beautiful work with Elias on the Soergel bimod-
ules. Of course, the list can go on and on for a long time. It 
is great to work with so many brilliant mathematicians. And 
I would like to thank them all for what they have taught 
me and for so many hours working together—struggling, 
failing, and a little better understanding of Lie Theory. 

Credits
Photo of Xuhua He is courtesy of Xuhua He.

of Howe’s conjecture on invariant distributions, which was 
first established by Clozel (1989), and by Barbasch and 
Moy (2000). In “Cocenters of p-adic groups, III: Elliptic 
cocenter and rigid cocenter” (with Ciubotaru), the authors 
establish the trace Paley-Wiener theorem for mod-l repre-
sentations of p-adic groups, extending the work of Bern-
stein-Deligne-Kazhdan (1986) which applied for complex 
representations. 

In a separate line of work, Xuhua He has also applied his 
knowledge of the cocentre to deduce important results con-
cerning the structure of affine Deligne-Lusztig varieties. Af-
fine Deligne-Lusztig varieties were introduced by Rapoport 
and are fundamental to the representation theory of p-adic 
groups, and the theory of Shimura varieties. For example, 
in “Kottwitz-Rapoport conjecture on unions of affine Del-
igne-Lusztig varieties,” He solved a conjecture of Kottwitz 
and Rapoport on the nonemptiness of these varieties. In 
joint work with Zhou (“On the connected components of 
affine Deligne-Lusztig varieties” which appeared in Duke 
Mathematical Journal), He describes the connected compo-
nents of affine Deligne-Lusztig varieties. Combined with 
results of Zhou, this settles a 1987 conjecture of Langlands 
and Rapoport on the rational points of Shimura varieties 
for residually split groups. 

In summary, He’s recent work has had a major impact 
on the applications of Lie theory to number theory and 
beyond. 

Biographical Note 
Xuhua He is the Choh-Ming Professor of Mathematics at 
the Chinese University of Hong Kong. His research inter-
ests include arithmetic geometry, algebraic groups, and 
representation theory. He received his bachelor’s degree in 
mathematics from Peking University in 2001 and a PhD 
degree from MIT in 2005 under the supervision of George 
Lusztig. He worked as a member at the Institute for Ad-
vanced Study during 2005–2006 and as Simons Instructor 
at Stony Brook University during 2006–2008. He worked 
at the Hong Kong University of Science and Technology 
during 2008–2014 as an assistant professor and associate 
professor, and then moved to the University of Maryland 
during 2014–2019 as a full professor of mathematics before 
joining CUHK in 2019. He received the Morningside Gold 
Medal of Mathematics in 2013, the Xplorer Prize in 2020, 
and was an invited sectional speaker of the International 
Congress of Mathematicians in 2018. 

Response from Xuhua He 
It is a great honor to be awarded the 2022 Chevalley Prize 
in Lie Theory. First of all, I would like to thank my family, 
my advisors, my colleagues, and all of my friends for their 
long-time support and encouragement. I would also like 
to take this opportunity to show my appreciation to all the 
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St. Louis as an undergraduate before 
pursuing his PhD in the Algorithms, 
Combinatorics and Optimization 
program at Georgia Tech. He spent 
time as a Gibbs Assistant Professor 
at Yale and an assistant professor at 
Princeton University before coming 
to EPFL in 2019. He also spent three 
years as the chief science officer of 
a small startup called Crisply, from 
which he has many fond memories. 
Marcus is a proud alumnus of the 
Hampshire College Summer Session 
in Mathematics and the Budapest Se-

mesters Program, and his interests lie in all areas of discrete 
mathematics.

Biographical Note
Daniel Spielman double-majored in mathematics and 
computer science at Yale and received his PhD in mathe-
matics from MIT. He spent a year as an NSF Mathematical 
Sciences Postdoctoral Fellow in the computer science de-
partment at UC Berkeley, and then returned to the mathe-
matics department at MIT. He moved to Yale in 2005, where 
he is now the Sterling Professor of Computer Science, a 
professor of statistics and data science, and a professor of 
mathematics. He is an ACM Fellow and a member of the 
National Academy of Sciences, the American Academy of 
Arts and Sciences, and the Connecticut Academy of Science 
and Engineering. Spielman has received the ACM Doctoral 
Dissertation Award, the IEEE Information Theory Paper 
Award, the Gödel Prize, the Fulkerson Prize, the Nevanlinna 
Prize, the Pólya Prize, the Held Prize, a Simons Investigator 
Award, and a MacArthur Fellowship.

Citation
Adam Marcus, Daniel Spielman, and Nikhil Srivastava 
The inaugural Ciprian Foias Prize in Operator Theory is 
awarded to Adam Marcus, Daniel Spielman, and Nikhil 
Srivastava for their highly original work that introduced and 
developed methods for understanding the characteristic 
polynomial of matrices, namely the iterative sparsifica-
tion method (also in collaboration with Batson) and the 
method of interlacing polynomials.

Together, these ideas provided a powerful toolkit that 
has many applications, notably in their important break-
through paper, “Interlacing families II: mixed characteristic 
polynomials and the Kadison–Singer problem” (Annals 
of Mathematics 2015), which solves the famous “paving 
problem” in operator theory, formulated by R. V. Kadison 
and I. M. Singer in 1959.

Biographical Note
Adam Marcus holds the Chair of Combinatorial Analysis 
at the École Polytechnique Fédérale de Lausanne (EPFL) 
in Switzerland. He attended Washington University in 

The Ciprian Foias Prize in Operator Theory is awarded for notable work in operator theory published in a recognized, 
peer-reviewed venue during the preceding six years. The prize, awarded every three years, was established in 2020 in 
memory of Ciprian Foias (1933–2020) by colleagues and friends. He was an influential scholar in operator theory 
and fluid mechanics, a generous mentor, and an enthusiastic advocate of the mathematical community.

Adam Marcus Daniel Spielman Nikhil Srivastava
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my entire academic career on this venture, and that there are 
likely many others who have done the same. I am simply 
one of the fortunate few that can claim to have won the bet 
(eventually). In that respect, I would like to think that some 
small part of this prize is not about a single outcome, but 
a recognition of the efforts of everyone that has dedicated 
a significant part of themselves to an improbable pursuit. 
I share this honor with all of you and will be donating 
our portion of this award to the new “Steve Sigur Fund for 
Young Scholars Programs” at the American Mathematical 
Society in support of the next generation of our ranks.

I [Dan] feel privileged to have been able to work with 
Adam and Nikhil during this time. Adam’s bet provided a 
strong motivation for us to keep working even when success 
seemed distant. I would not have been able to maintain 
this effort without the support of my wife, Donna Marland, 
who asks, “What problem are you going to work on this 
vacation?”

I [Nikhil] was a third-year graduate student advised by 
Dan when we started thinking about this problem as an 
outgrowth of an earlier project on graph sparsification 
with Josh Batson. I remember being stunned the first time 
we computed an expected characteristic polynomial in 
MATLAB and saw that it had real roots. We had very slow 
progress on Kadison–Singer during my years as a postdoc, 
and I am grateful to Dan and Adam for keeping us afloat 
by regularly sending emails with half-baked and sometimes 
crazy ideas in this difficult period. Finally, I thank my col-
leagues at Microsoft Research India for providing a most 
nourishing and enjoyable working environment during the 
last year of this project.

We [all] are grateful to the prize committee and the AMS 
for choosing us for this recognition. It is humbling to be 
told that our work has had an impact worthy of such an 
award.

Credits
Photo of Adam Marcus is courtesy of Adam Marcus.
Photo of Daniel Spielman is courtesy of the John D. and 

Catherine T. MacArthur Foundation.
Photo of Nikhil Srivastava is courtesy of George Bergman.

Biographical Note
Nikhil Srivastava is an associate professor of mathematics 
at UC Berkeley. He double-majored in mathematics and 
computer science and minored in English at Union College, 
advised by Alan Taylor and Peter Heinegg. He received his 
PhD in computer science at Yale in 2010, advised by Dan 
Spielman. After postdocs at the Institute for Advanced 
Study, the Mathematical Sciences Research Institute, and 
Princeton University, Srivastava moved to Microsoft Re-
search India in 2012, where he stayed until 2014 before 
coming to Berkeley. He didn’t like linear algebra as an 
undergraduate but now works almost entirely on problems 
related to eigenvalues and eigenvectors in various contexts.

Response from Adam Marcus, Daniel Spielman, 
and Nikhil Srivastava
We are honored and delighted to be awarded the inaugural 
Ciprian Foias Prize in Operator Theory, and we wish to 
accept it on behalf of the many people whose work con-
tributed to the resolution of the Kadison–Singer problem. 
Our involvement was the final chapter of an amazing story 
we hope will inspire similar solutions of difficult problems 
in the future. Had it not been for a series of works over a 
span of decades, we would likely have never known about 
the Kadison–Singer problem. Gil Kalai’s insight first in-
troduced Dan and Nikhil to the problem. The eventual 
addition of Adam to the effort was, in many ways, due to a 
paper of Nik Weaver that argued (presciently, it turns out) 
that the aforementioned series of papers had revealed a 
combinatorial problem masquerading as an analytic one. 
Our progress came less from stereotypical flashes of bril-
liance, and more from systematic computer experimenta-
tion. The importance of computers in our work cannot be 
understated—while the eventual proofs were constructed 
“the old-fashioned way,” the discovery of “what we should 
try to prove” would likely never have occurred without the 
help of modern technology. Finally, we were fortunate to 
have the groundbreaking work of Julius Borcea and Petter 
Brändén at our disposal, and a revolutionary idea from 
Leonid Gurvits as inspiration.

I [Adam] was in my final year of graduate school when I 
first heard about the Kadison–Singer problem from Dan. I 
knew (and accepted) the risks of dedicating all of my time 
and effort to a single problem when I joined Dan and 
Nikhil, so when I finished four years at Yale without any 
notable results, I decided to forego seeking a tenure-track 
position and look for jobs in other industries. I was for-
tunate to find a startup in the New Haven area, making it 
possible for me to continue working with Dan (in person) 
and Nikhil (remotely) on the problem in my spare time. It 
was during this time that we found our eventual solution, 
and I am grateful for our CEO Ross Kudwitt’s flexibility, 
allowing me to work on the problem and travel to give talks. 
I hope that it does not go unnoticed that I was willing to bet 
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where (x)n := (x + 1) … (x + n –1) is 
the rising factorial. For n = 0,1,2,3 
there are a(n) = 1,2,11,85 returning 
Gessel walks of length n; additional 
terms can be found in sequence 
A135404 (https://oeis.org 
/A135404) in the On-line Encyclopedia 
of Integer Sequences.

One can consider walks with 
steps restricted to other subsets of 
{←,→,↑,↓,↗,↘,↙↖}. The subset 
{←,→,↗,↙} that appears in Gessel’s 
conjecture is notable in that it is the 
only one that cannot be treated in a 
uniform way using methods devel-

oped by Bousquet-Mélou and Mishna.
Gessel’s conjectured formula was confirmed by Kauers, 

Koutschan, and Zeilberger in 2008 using a lengthy com-
puter-aided proof that relies on the verification of a linear 
recurrence of order 32 that spans some 250 pages in printed 
form. At the conclusion of the paper describing this veri-
fication, the authors write “…we believe it is very possible 
that a short human proof does not exist.”

Bostan, Kurkova, and Raschel have answered this chal-
lenge by finding such a proof. They achieve this in a dis-
tinctly non-elementary way, using methods from complex 
analysis to establish a series of identities that allow them 
to relate a hypergeometric function generalizing Gessel’s 
formula to a weighted sum of transcendental functions 
that arise in the theory of elliptic functions.

Let q(i, j; n) count Gessel walks of length n that end at (i, 
j). The integers q(i, j; n) are the coefficients of the complete 
generating function

Q(x, y; z) :=
i, j, n≥0
Σ q(i, j; n)xi yi zn.

Citation
Alin Bostan, Irina Kurkova, and Kilian Raschel 
The David P. Robbins Prize is awarded to Alin Bostan, Irina 
Kurkova, and Kilian Raschel for their paper, “A human 
proof of Gessel’s lattice path conjecture,” published in 
Transactions of the American Mathematical Society in 2017.

This paper proves highly nontrivial enumeration results 
on a family of lattice paths known as Gessel walks. Like 
many of Robbins’ works, these simple-to-describe walks 
have a surprisingly beautiful enumeration, but one which 
withstands standard combinatorial techniques. The proof 
makes an inspired use of experimentation to connect the 
problem with a remarkable identity involving elliptic func-
tions. Unlike previous arguments, this novel proof method 
avoids any reference to large-scale computation.

A Gessel walk is a path contained in the nonnegative 
quadrant of the lattice Z2 that consists of steps in the set 
{←,→,↗,↙}. Around 2000, Ira Gessel observed that the 
number of such walks of length 2n that return to the origin 
appeared to be given by the formula

a(n) := 16n (5/6)n(1/2)n
(2)n(5/3)n

,

This prize was established in memory of David P. Robbins by members of his family. Robbins, who died in 2003, 
received his PhD in 1970 from MIT. He was a long-time member of the Institute for Defense Analysis Center for Com-
munication Research and a prolific mathematician whose work (much of it classified) was in discrete mathematics. The 
Prize is for a paper that reports on novel research in algebra, combinatorics, or discrete mathematics, has a significant 
experimental component, and is on a topic which is broadly accessible. The paper shall provide a simple statement 
of the problem and clear exposition of the work.

Alin Bostan Irina Kurkova Kilian Raschel
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computations; and more importantly, this has been a very 
enriching human experience.

Biographical Note 
Irina Kurkova grew up in the Soviet Union and earned 
her PhD at Moscow State University in 1998. Although 
specializing in probability, she mastered a broad spectrum 
of mathematics: Her thesis developed an analytic approach 
using extensively complex analysis as well as algebra and 
geometry to solve discrete probability problems. Kurkova 
moved to France in 2000 and now works at Sorbonne Uni-
versity (formerly Pierre and Marie Curie University). In the 
2000s, she studied spin glass models in statistical physics. 
Later on, she returned to analytical methods in probability 
and expanded her research to combinatorial problems. She 
divides her time between research, teaching, and the su-
pervision of students of the Master 2 Probability Program.

Response from Irina Kurkova
I am deeply honoured and delighted to have been selected 
for the 2022 Robbins Prize. At Moscow University, my first 
steps in mathematics were guided by Vadim Malyshev, to 
whom I am deeply grateful for transmitting to me a broad 
scientific culture and a burning passion for research. Twen-
ty-five years ago, he introduced me to the analytic approach 
of lattice paths and prompted me to develop it, which 
sowed the seeds of the awarded result.

I would also like to thank the French mathematical 
community, which welcomed me with great hospitality 
in 2000 and offered me excellent working conditions as 
well as complete freedom to choose my research subjects. 
I turned to combinatorics due to the encouragements of 
my colleague Philippe Bougerol.

The result of the awarded article was achieved by joining 
methods coming from very different domains of mathe-
matics. Moreover, it’s a truly common work, where all the 
authors brought their own mathematical skills and their 
personal contributions. I am very much indebted to my 
co-authors for their collaboration.

Last but not least, I would like to thank Ira Gessel for his 
challenging conjecture that was so simply formulated and 
yet so intriguing and so deep. It inspired many beautiful 
contributions in combinatorics.

Biographical Note
Kilian Raschel received his doctoral degree in 2010 from 
Sorbonne University. Between 2011 and 2021, he worked 
as a French National Centre for Scientific Research (CNRS) 
researcher at the University of Tours in France. He is now 
senior researcher at CNRS at the University of Angers in 
France. His research is devoted to enumerative combina-
torics and probability theory, as well as their connections 
with other mathematical fields. In 2017 he received a Eu-
ropean Research Council starting grant to work on a variety 

As observed by Gessel, his conjecture is equivalent to

Q(0,0;z) = 1—
2z2(2F1 ([–1–2,– 1–6],[2–3],16z2)–1),

where

2F1 ([a,b],[c],z) =
n=0
Σ
∞

(a)n(b)n
(c)n

is the Gaussian hypergeometric function.
Bostan, Kurkova, and Raschel are able to prove Gessel’s 

conjecture by establishing a remarkable formula relating 
the algebraic hypergeometric function 2F1([−1/2,−1/6], 
[2/3],16z2) to a sum of values of an associated Weierstrass 
zeta function. The heart of their proof lies in establishing 
this formula via four identities whose verification, while 
not trivial, rests primarily on what are now classical results 
from complex analysis. The real difficulty lies in finding 
their formula and the identities they need to prove it, which 
required some experimentation and inspired guesswork 
that is very much in the spirit of David P. Robbins’ work.

Biographical Note
Alin Bostan is a computer scientist and mathematician at 
the National Institute for Research in Computer Science 
and Automation (Inria) in France. His main research field 
is symbolic computation, notably the design of efficient 
algebraic algorithms. He blends an experimental mathe-
matics approach with fast computer algebra algorithms in 
order to solve problems from enumerative combinatorics, 
statistical physics, and number theory. Bostan received his 
PhD from École Polytechnique in 2003. His doctoral thesis 
was awarded two prizes, one from École Polytechnique and 
one from the French Association for Theoretical Computer 
Science. He joined Inria in 2004, defended his habilitation 
thesis in 2017, and is now a senior researcher.

Response from Alin Bostan
I am very honored to be awarded the David P. Robbins 
Prize together with my coauthors and friends. I view our 
joint paper as the happy ending of a very beautiful story, 
both professionally and personally. In the first years of my 
scientific career, I mostly focused on the design of com-
puter algebra algorithms and started looking for potential 
applications. Shortly after having joined the Algo group at 
Inria, led by Philippe Flajolet, whose influence I would like 
to acknowledge here, I heard about Ira Gessel’s fascinating 
conjectures. Together with Manuel Kauers, I shared the ex-
citement of the computer-aided discovery and proof of the 
algebraic nature of the generating function for Gessel walks.

A few years later, I was lucky enough to be part of the 
mathematical adventure leading to the first computer-free 
proof of Gessel’s conjectures. The techniques we used 
blend complex analysis, special functions, and experi-
mental mathematics, reflecting our various mathematical 
tastes and areas of expertise. This proof is “human” in 
two respects: It is the first that did not require large-scale 
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of exactly solvable models. In 2020 he received the Marc 
Yor Prize in probability theory from the French Academy 
of Sciences.

Response from Kilian Raschel
I am deeply honored to receive the David P. Robbins Prize. 
This prize rewards a collaborative and collective work. 
Indeed, over the past twenty years, many colleagues in the 
enumerative combinatorics community have been (and 
still are!) interested in the model of walks in the quarter 
plane. Some conjectures (in particular Gessel’s lattice walk 
conjecture) and some contributions (such as the 2010 sem-
inal paper by Bousquet-Mélou and Mishna) will remain a 
source of inspiration for future research. This is a collective 
work coauthored with two colleagues who are not only 
collaborators but also friends.

Irina Kurkova was my PhD advisor, and I am delighted 
to have the opportunity to continue working with her. 
Alin Bostan is a very close collaborator, an open-minded 
mathematician with interests in experimental mathematics 
and computer algebra. The combination of our different 
backgrounds and interests was the key to finding the proof 
of Gessel’s conjecture. As a last personal note, I very clearly 
remember having a phone call with Alin and Irina a few 
hours before my second son was born—we had just realized 
a key step in the proof. So this mathematical adventure is 
above all collective and human!

Credits
Photo of Alin Bostan is courtesy of Alin Bostan.
Photo of Irina Kurkova is courtesy of Irina Kurkova.
Photo of Kilian Raschel is courtesy of Kilian Raschel.
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to students at all levels of mathematics, and has served as 
a mentor to many young faculty at Purdue and at other 
institutions in the country. 

For these activities and accomplishments, he has been 
recognized with numerous honors such as the 2004 Black-
well-Tapia Prize and election as a Fellow of the American 
Mathematical Society, the Institute of Mathematical Sta-
tistics, and the Association for Women in Mathematics. 
He has delivered many distinguished lectures at national 
and international meetings such as the 2013 Waldemar 
Trjitzinsky Memorial Lectures, the 2019 MAA-SIAM-AMS 
Hrabowski-Gates-Tapia-McBay Lecture, and the 2021 MAA 
Earle Raymond Hedrick Lectures. 

It should be noted that Dr. Bañuelos built this extraor-
dinary career after beginning his formal education when 
his family moved from Zacatecas, Mexico to southern 
California at the age of 15. His academic trajectory began 
while working at a car wash in Pasadena, CA, when he 
had a chance encounter with a faculty member from 
Pasadena City College (PCC). This faculty member rec-
ognized Dr. Bañuelos’s potential and encouraged him to 
take his courses in Chicano Studies at PCC. From there 
he transferred to UC Santa Cruz, and eventually, obtained 
his PhD in mathematics from the University of California, 
Los Angeles. 

Biographical Note 
Rodrigo Bañuelos was born in a small rural community 
in the state of Zacatecas, Mexico, to a Mexican American 
father and a Mexican mother. When he was 15, his family 
moved to Pasadena, California. After a year and two sum-
mers at Pasadena City College, he transferred to UC Santa 
Cruz, where he received his bachelor’s degree in 1978. He 
received a master’s degree in mathematics education with a 
California high school teaching credential from UC Davis 
in 1980. After earning a PhD from UCLA in 1984, he was 

Citation 
Rodrigo Bañuelos 
The 2022 AMS Award for Dis-
tinguished Public Service is pre-
sented to Rodrigo Bañuelos, 
professor of mathematics at 
Purdue University, in recogni-
tion of his exceptional service 
to the profession, his extensive 
educational and professional 
mentoring, and his prolific 
activities that have advanced 
diversity, equity, and inclusion 
at all levels of the mathematical 
sciences community. 

His service to the profession goes well beyond that 
expected of a research mathematician. In addition to his 
tenure as head of the Purdue University Department of 
Mathematics, he has served on many boards and commit-
tees of national importance, including at the Institute for 
Pure and Applied Mathematics (IPAM), the Mathematical 
Sciences Research Institute (MSRI), the National Science 
Foundation (NSF), and the Simons Foundation. He also 
has been an influential member of many AMS committees. 
In all of these capacities, he has been a tireless, unwavering, 
and fervent advocate for mathematicians from historically 
underrepresented groups. As an influential faculty member 
at Purdue, he has helped recruit a large number of under-
represented faculty to that prestigious institution. 

Dr. Bañuelos’s career combines exceptional service with 
an internationally recognized research program at the inter-
face of probability, harmonic analysis, and spectral theory. 
Embodying the consummate professor, he has more than 
100 research publications, has advised 12 PhD students 
and several postdocs who have gone on to successful ca-
reers of their own, remains a popular teacher and mentor 

The Award for Distinguished Public Service was established by the AMS Council in response to a recommendation 
from their Committee on Science Policy. The award is presented every two years to a research mathematician who has 
made recent or sustained contributions through public service. 

Rodrigo Bañuelos



FROM THE AMS SECRETARY

April 2022  Notices of the AmericAN mAthemAticAl society   649

a Bantrell Research Fellow at Caltech and an NSF Postdoc-
toral Fellow at the University of Illinois, Urbana-Cham-
paign. In 1987 he moved to Purdue, receiving the NSF’s 
Presidential Young Investigator Award two years later. His 
research interests are in probability and its applications 
to harmonic analysis, partial differential equations, and 
spectral theory. 

Bañuelos has served on the editorial boards of many 
journals and was the second recipient of the Blackwell–
Tapia Prize. He is a Fellow of the American Mathematical 
Society, the Institute of Mathematical Statistics, and the As-
sociation for Women in Mathematics. In 2018, he received 
Purdue’s Martin Luther King Jr. Dreamer Award. 

Response from Rodrigo Bañuelos 
I am deeply honored to be the 2022 recipient of the Award 
for Distinguished Public Service. Reflecting on the meaning 
of service and mentoring, I cannot help but think back to 
my years (mid-1970s) as a student at Pasadena City College 
(PCC) and UC Santa Cruz (UCSC), and to my first mentors, 
without whom it is unlikely I would have a college degree, 
much less a career in mathematics. 

I learned Chicano history from Dr. Juan Francisco Lara 
while he was a graduate student at UCLA with a part-time 
teaching job at PCC. Lara’s courses at PCC helped me un-
derstand the historical roots behind the terms Chicano/
Chicana/Chicanx and the pride in them. His support and 
encouragement led me to believe that I could get a college 
degree, my poor preparation at that time notwithstanding. 

Shortly after I transferred (with Lara’s help) from PCC 
to UCSC in 1974, I met Professors Eugene Cota-Robles 
and Frank Talamantes. In addition to their stellar careers 
as biologists, they both played important roles in the 
higher administration at UCSC and the wider University 
of California system. Throughout their careers they worked 
tirelessly to create opportunities and open doors for young 
people. 

The mentorship of Lara, Talamantes, Cota-Robles, and 
Professor Richard Tapia of Rice University had a tremen-
dous influence on the way I think of my responsibilities as 
an academic beyond teaching in the classroom and research 
in my field. In my own way, I have tried to follow their ex-
ample and to devote time and energy to encouraging young 
people to develop their talents and interests, regardless of 
where they are in the infinite spectrum of mathematical 
engagement. 

Mathematically, I did not pull myself up by my boot-
straps. In fact, metaphorically speaking, I had no boots, let 
alone bootstraps to pull. From my student days at Santa 
Cruz—where Professor Edward Landesman was the first 
person to tell me “you’re good at math”—to my position 
as faculty member at Purdue, I have had the great for-
tune to receive the support and encouragement of many 
wonderful mathematicians. Their wise counsel led to  

opportunities to grow mathematically. This, in turn, pro-
vided wider visibility and allowed me to be at the table 
with people of influence for critical conversations about the  
underrepresentation of those who have historically been 
excluded from our profession. It is heartening to think that 
my efforts might have made an epsilon difference. 

I am humbled to receive this award, and I thank the AMS 
and the selection committee for this recognition. 

Credits
Photo of Rodrigo Bañuelos is courtesy of Rodrigo Bañuelos.
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Biographical Note 
Piotr Przytycki comes from a family of mathematicians. 
His mother, Jolanta Słomińska, is an algebraic topologist, 
and his father, Feliks Przytycki, does dynamical systems. His 
husband, Marcin Sabok, is also a mathematician, a logician. 
Przytycki’s research interests are geometric group theory 
and low-dimensional topology. Przytycki received his PhD 
at the Polish Academy of Sciences in 2008 under the super-
vision of Jacek Świa̧tkowski. He stayed at the Academy until 
joining the faculty at McGill in 2014. He also spent a year 
at the University of Illinois at Urbana-Champaign in 2011 
and at Paris Sud University, Orsay in 2013–2014. His great 
passion is theatre: In 2010 he directed David Auburn’s Proof 
in the amateur theatre “Kontrapunkt” in Warsaw, created 
and directed by professional actor and director Zbigniew 
Bogdański. 

Biographical Note 
Daniel Wise grew up in New York and received his BA 
from Yeshiva University. He received his PhD from Princ-
eton University in 1996 under the supervision of Martin 
Bridson. After completing postdocs and visiting positions 
at the University of California, Berkeley, Cornell University, 
and Brandeis University, Wise moved to McGill in 2001. 
His primary research agenda has been to explore and pro-
mulgate the utility and ubiquity of non-positively curved 
cubical geometry in group theory and topology. His wife, 
Yael Halevi-Wise, is a professor of English and Jewish Stud-
ies, and they have raised four children. 

Citation 

Piotr Przytycki and Daniel Wise 
Piotr Przytycki, an associate professor at McGill University, 
and Daniel Wise, a James McGill Professor at McGill, will 
receive the 2022 AMS E. H. Moore Research Article Prize. 

They will be recognized for their deep work on 3-man-
ifolds in their paper, “Mixed 3-manifolds are virtually 
special,” in the Journal of the American Mathematical Society. 
The paper proved that compact, connected, mixed, oriented 
3-manifolds have virtually special fundamental groups. 
Mixed manifolds M are not hyperbolic, but possess an ato-
roidal piece. Resolving a 40-year-old open problem, their 
theorem implies the beautiful fact that M has a finite cover 
that fibers over the circle. This paper is the culmination of 
work by Wise, Agol, and others. The proof is a tour de force 
involving geometric group theory, 3-manifold theory, and 
a deep analysis of cube complexes. 

The Moore Prize is awarded for an outstanding research article to have appeared in one of the AMS primary research 
journals (namely, the Journal of the AMS, Proceedings of the AMS, Transactions of the AMS, Memoirs of the AMS, Mathematics 
of Computation, Electronic Journal of Conformal Geometry and Dynamics, and Electronic Journal of Representation Theory) 
during the six calendar years ending a full year before the meeting at which the prize is awarded. It was established in 
2002 in honor of Eliakim Hastings Moore. Among other activities, Moore founded the Chicago branch of the American 
Mathematical Society, served as the Society’s sixth President (1901–02), delivered the Colloquium Lectures in 1906, 
and founded and nurtured the Transactions of the AMS.

Piotr Przytycki Daniel Wise
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Response from Piotr Przytycki and Daniel Wise 
We are very grateful to the AMS for this commendation 
of our work. We began the project at our initial “meeting 
of minds” when we became good friends. Not long after 
we completed it, Piotr moved to McGill with his husband 
Marcin. Initially, the paper was humorously authored by 
“Przytycki Wishnatzki” to attest to our common heritage, 
and it was only changed to both of our actual names when 
we submitted it to JAMS. So one of us is lucky that the other 
decided that it wouldn’t be a good idea for this joke to 
become permanent. In any case, the paper was exciting to 
complete, and this result and the larger body of work that 
it is part of is still strange to behold. We are grateful to our 
colleagues, students, collaborators, and friends for partic-
ipating in this and related work, and we look forward to 
the many new delights and surprises that geometric group 
theory has to offer mathematics. 

Credits
Photo of Piotr Przytycki is courtesy of Kinga Osajda.
Photo of Daniel Wise is courtesy of Daniel Wise.
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of Missouri-Columbia and at the time was the director of 
graduate studies in the department.

The Grade A Plus program originally relied on under-
graduate students who volunteered for service credit. As 
the children in the program entered middle and high 
school and needed math support from more experienced 
tutors, Dawson-Threat approached Montgomery-Smith to 
collaborate with the graduate math program. Together, they 

Citation

University of Missouri
The University of Missouri Mathematics Department’s out-
reach program under the leadership of Professor Stephen 
Montgomery-Smith has been highly successful in serving 
at-risk and low-income children in Columbia, Missouri by 
partnering with the Grade A Plus Academic Support and 
Enrichment program. Graduate students are recruited as 
tutors, and community students seeking tutorial support 
also are recruited. This experience for the graduate student 
tutors not only provides valuable assistance to the at-risk 
community but also gives the tutors the positive benefits of 
responsible community membership. The at-risk students 
commit to at least two hours a week of tutoring and many 
of them pursue mathematics beyond the basic two course 
minimum. The graduate student tutors are given an award 
at the end of each year by the Mathematics Department for 
their service to the community.

Response from University of Missouri
Stephen Montgomery-Smith and Janice Dawson-Threat 
started their collaboration in 2015. Dawson-Threat is the 
founder and chief executive officer of Grade A Plus, which 
operates an academic support and enrichment program in 
Columbia to help younger children gain academic skills 
and self-confidence in their academic abilities. Montgom-
ery-Smith is a professor of mathematics at the University 

The annual AMS Award for an Exemplary Program or Achievement in a Mathematics Department was established in 
2004 and first given in 2006. This award recognizes a department which has distinguished itself by undertaking an 
unusual or particularly effective program of value to the mathematics community, internally or in relation to the rest 
of society. Departments of mathematical sciences in North America that offer at least a bachelor’s degree in mathe-
matical sciences are eligible.

Left to right: Janice Dawson-Threat, Stephen 
Montgomery-Smith, Thomas Hogancamp, Paul 
Simanjuntak (background, MathUp! team leader in 
2021), and Ian Campbell (team leader in 2019).
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launched MathUp!, a program for tutoring 8th through 
12th grade students experiencing inequities in access to 
academic support outside of school.

To provide math tutors, the University of Missouri 
Mathematics Department established a community service 
program. It quickly became apparent that math graduate 
students were extremely effective tutors. With their deep 
understanding of the subject, they were able to identify the 
weaknesses and gaps in the students’ abilities and knowl-
edge through one-on-one tutoring. Soon, failing students 
were obtaining B or C grades, and B or C students became 
A or A+ students. Many students who previously had no 
love for mathematics suddenly found themselves becoming 
honors students, in some cases taking Advanced Placement 
math classes.

Tutors and tutees also developed cultural competency. 
The graduate students, typically from privileged back-
grounds, began to see that many people in the US do not 
have the same access to academic support. Conversely, 
students who had previously aspired simply to make 
money at part-time jobs now realized that math graduate 
students were regular people just like they were, and that 
perhaps they too might aspire to take math classes beyond 
high school.

Each year, at least one tutor serves as a team leader. In 
that role, they communicate with Dawson-Threat and the 
school system math leaders on any issues that arise. They 
also guide new tutors on working with diverse students 
with various viewpoints and fears about math.

One of the tutors noted, “Through the MathUp! program 
I’ve had the opportunity to tutor middle and high school 
students. Despite the wide differences in topics that any two 
given students might be working on, my tutoring approach 
is basically the same: keep lecture-style presentations to a 
minimum, encourage conversations and questions, and 
periodically inject fun ideas from outside of the standard 
curriculum into our sessions. Working with MathUp! gives 
me an opportunity to contribute something meaningful to 
the local community and develop connections outside of 
the math department.”

The real heroes are the math graduate students. This 
award should be considered a win for the whole math 
graduate program and our community partner, Grade A 
Plus, Inc.

Credits
Photos are courtesy of Janice Dawson-Threat.

A 10th grade student in 2016 with MathUp! tutor 
Stephen Quinn, the program's first team leader.

A 6th grader with graduate tutor Troy Pei in 2016. 
The student taught herself coding with Pei's 
encouragement and is now a 10th grade honor 
student in mathematics.
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problems that make connections between graphical, nu-
merical, algebraic, and verbal representations. 

Collaboration is a hallmark of Professor Hughes Hal-
lett’s work. She has brought together a dynamic, diverse, 
and changing group of educators, including high school 
teachers, community college instructors, and faculty at four-
year colleges and research universities, to work together 
to provide the best possible learning experience for the 
largest number of students. She has also been a beloved 
mentor to hundreds of people including graduate students, 
high school teachers, postdocs, and faculty at all levels of 
mathematics. She has taught thousands of students and 
mentored generations of teaching assistants and postdocs 
at the University of Arizona and Harvard Kennedy School of 
Government. Her mentees describe her as “math educator, 
teacher, mentor, and professor with a magic touch.” 

Professor Hughes Hallett has worked to improve the 
teaching and learning of mathematics and empower mar-
ginalized communities and women all over the world: 
Africa (Senegal, Niger), the Middle East (Lebanon, Oman, 
Qatar, Saudi Arabia, Turkey), and Asia (China, Brunei, 
Bangladesh, Guam). At the same time, her work is also 
cross-cutting in that she has helped to reframe the mission 
of undergraduate mathematics education as central not to 
just the sciences, engineering, and business, but to every 
discipline in which human decisions, empowered by quan-
titative reasoning, have the potential to affect public life. 

For her many sustainable and replicable contributions 
to mathematics and mathematics education, the AMS is 
delighted to award Professor Hughes Hallett the 2022 
AMS Award for Impact on the Teaching and Learning of 
Mathematics. 

Citation 

Deborah Hughes Hallett 
Professor Deborah Hughes 
Hallett, currently professor of 
mathematics at the University 
of Arizona and adjunct pro-
fessor at the Harvard Kennedy 
School of Government, has 
devoted her professional ca-
reer to improving the teaching 
and learning of mathematics 
and promoting international 
cooperation between mathe-
maticians. She has served on 

committees for the National Academy of Sciences and 
organized three international conferences on the teaching 
of mathematics. She is a fellow of the American Associ-
ation for the Advancement of Science and the author or 
coauthor of seven books, which have been translated into 
several languages. 

It is not an exaggeration to claim that Professor Hughes 
Hallett has had a profound impact on the teaching and 
learning of collegiate mathematics. She was one of the 
foundational figures of the calculus reform movement in 
the early 1990s. With Harvard professor Andrew Gleason 
she formed the NSF-funded Calculus Consortium for 
Higher Education that resulted in a series of textbooks from 
algebra through multivariable calculus that have touched 
the lives of millions of students. These books helped in-
structors all over the world reimagine how mathematics 
should be taught and learned, placing greater emphasis 
on mathematical concepts and engaging students with  

The Award for Impact on the Teaching and Learning of Mathematics was established by the AMS Committee on Edu-
cation (COE) in 2013. The award is given annually to a mathematician (or group of mathematicians) who has made 
significant contributions of lasting value to mathematics education. 

Deborah Hughes 
Hallett
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Biographical Note 
Deborah Hughes Hallett is regularly consulted on the 
design of curricula and pedagogy for undergraduate math-
ematics at the national and international level, and she is 
an author of several college-level mathematics texts. With 
Andrew M. Gleason at Harvard, she organized the Calculus 
Consortium, which brought together faculty from a wide 
variety of schools to work on undergraduate curricular 
issues. In 1998, 2002, and 2006, she co-chaired the In-
ternational Conference on the Teaching of Mathematics, 
attended by several hundred faculty from about 50 coun-
tries. She has designed courses in Brunei, Colombia, and 
Niger. Hughes Hallett was awarded the Louise Hay Prize 
and elected a fellow of the American Association for the 
Advancement of Science for contributions to mathematics 
education. She has also received prizes from Harvard, the 
University of Arizona, and the Mathematical Association 
of America. 

Response from Deborah Hughes Hallett 
Mathematics finds its way everywhere and into everything. 
It is an inspiration to me to see the excitement in students’ 
eyes as they see mathematics illuminating something they 
are passionate about—racial justice, economic inequality, 
partisan redistricting, climate change, corruption, spread of 
disease, sports, astronomy, medical science, and language. 
There are still too many students who believe that math-
ematics is only useful “later”—a time that never comes. 
Wanting to challenge this, I taught a linear algebra course 
in which I decided all the discussions of applications 
should be written by people in the corresponding field, 
not mathematics. This quest took me to libraries I hadn’t 
known existed and vividly demonstrated that mathematics 
is everywhere—law, archaeology, anthropology, demogra-
phy, economics, business—ready for us to adapt for stu-
dents. More recently, COVID-19 and climate change have 
provided data and contexts crying out for mathematics. My 
inspiration is to watch students find the courage to spread 
their mathematical wings and fly. 

Who inspired me? Andy Gleason listened to everything 
and directed me not at all; Dan Flath has a breathtaking 
range of experience and equal patience; Bill McCallum sees 
the flaw in any argument, strengthening all of them; my 
Calculus Consortium colleagues invent ever better ways 
to engage students. Most of all, I have been inspired by 
my students, from the one who said “Deb, never do that 
again” to the author of the recent Guardian article “No one 
is born ‘bad at maths’” to the one who said an SIR model 
of COVID-19 made the pandemic much less scary. 

Credits
Photo of Deborah Hughes Hallett is courtesy of Harvard  

Kennedy School/Rasvan Iliescu.
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addresses such readers, and takes them on a guided tour 
through the garden of constructive mathematics. While 
most mathematicians are unlikely to fundamentally change 
the way they do mathematics after reading this article, there 
are very few who will not have their eyes opened to a way 
of thinking they may not have otherwise appreciated—even 
on issues they thought they already understood. This is all 
accomplished with a deft sense of humor and patience. 

Intuitionistic (constructivist) logic is important in type 
theory and programming languages, because it arises nat-
urally there. It would have been easier for Bauer to lean on 
these applications as justification for considering construc-
tivism. But Bauer writes with the confidence of someone 
who knows that ideas coming out of constructivist mathe-
matics are interesting tout court, regardless of the reader’s 
philosophical dispositions. This is an article whose ideas 
will stay with the reader long after it has been read. 

Biographical Note 
Andrej Bauer is a professor of computational mathematics 
at the Faculty of Mathematics and Physics of the University 
of Ljubljana. In 1994 he received his ScB in mathematics 
from Ljubljana, and in 2000 he received his PhD in pure 
and applied logic from Carnegie Mellon University under 
the supervision of Dana S. Scott. In 2001, he spent a semes-
ter at the Mittag-Leffler Institute in Stockholm, Sweden. In 
2012, he was a fellow at the Institute for Advanced Study, 
where he contributed to the development of homotopy 
type theory. Bauer’s work spans foundations of mathemat-
ics, constructive and computable mathematics, type theory, 
homotopy type theory, and mathematical principles of pro-
gramming languages. He is an author of the book Homotopy 
Type Theory: Univalent Foundations of Mathematics and the 
initiator of the HoTT library, an extensive formalization 
of homotopy type theory in the Coq proof assistant. He 

Citation 
Andrej Bauer 
Andrej Bauer, a professor of 
computational mathematics 
at the University of Ljubljana 
in Slovenia, will receive the 
2022 AMS Levi L. Conant Prize 
for the article, “Five stages of 
accepting constructive mathe-
matics,” Bulletin of the AMS, 54 
(2017), 481–498. 

Bauer’s article is an introduc-
tion to constructive mathemat-
ics. He begins by recalling the 

basic premise of constructive mathematics—namely, that 
one gives up the law of excluded middle—then quickly clears 
up several common confusions. He explains Diaconescu’s 
result that the axiom of choice implies excluded middle 
before proving that excluded middle is equivalent to the 
statement that subsets of finite sets (in the constructivist 
sense) are finite. The article gently introduces some of 
the basic ideas of constructivism. Finally, Bauer leads the 
reader on the first few baby steps of doing constructivist 
mathematics, where subtle changes in the statement of a 
theorem (otherwise indistinguishable from a non-construc-
tivist viewpoint) make a significant difference. For example, 
while the usual formulation of the intermediate value theo-
rem is no longer valid, it is true that a continuous function 
ƒ : [0;1] → R such that ƒ (x) < 0 or ƒ (x) > 0 for every x ∈ 
[0,1] is either everywhere positive or everywhere negative. 

Most expository articles in mathematics are written 
under the reasonable assumption that the reader is inter-
ested and receptive to the material under discussion. Many 
mathematicians, however, display a skepticism or even 
hostility towards constructivism. Bauer’s article directly 

This prize was established in 2000 in honor of Levi L. Conant to recognize the best expository paper published in 
either the Notices of the AMS or the Bulletin of the AMS in the preceding five years. Levi L. Conant (1857–1916) was 
a mathematician who taught at Dakota School of Mines for three years and at Worcester Polytechnic Institute for 
twenty-five years. His will included a bequest to the AMS effective upon his wife’s death, which occurred sixty years 
after his own demise. 

Andrej Bauer
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is also known for his seminal work on programming with 
algebraic effects and handlers. Lately he has been working 
on type theory and the design of proof assistants. 

Bauer’s interests outside mathematics include comput-
er-generated art and aikido, in which he holds a master’s 
degree. He is married to Mili Bauer and they have two 
children, Julija and Jure. 

Response from Andrej Bauer 
I am truly honored and grateful to receive the 2022 Levi L. 
Conant Prize. I thank the AMS for recognizing the effort 
invested into the article, and the editor Mark Goresky for 
kind and sustained encouragement that kept me going 
until the article took an acceptable form. This is also a good 
opportunity to state my gratitude to the small but resilient 
constructive mathematics community, which has given me 
far more than I could ever give back. 

I first came into contact with constructive mathematics 
during my graduate years, while studying computability 
in analysis and topology. I still remember how difficult it 
was to learn constructive thinking and to suppress the in-
stincts distilled into me by classical mathematical training. 
When I became a teacher, I enjoyed explaining constructive 
mathematics to students, colleagues, and strangers on the 
Internet. With time, I got better at helping them overcome 
common stumbling blocks and purge misconceptions 
that impeded their intuitions. The article, “Five stages of 
accepting constructive mathematics,” is the synthesis of 
these experiences, as well as an honest disclosure of my 
personal views on constructive mathematics and mathe-
matics in general. 

Credits
Photo of Andrej Bauer is courtesy of Marko Cokan – Foto 

Kozama.
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CSU Fullerton math program also had programs and stu-
dent clubs such as SMART Girls Club, Math Club, Math 
Tutoring Center, and Supplemental Instruction, which 
all went above and beyond to support me as a student of 
mathematics, as a teacher of mathematics, and as a woman 
in mathematics. The CSU Fullerton math program truly 
makes a difference, and I am honored to be an example of 
such difference.” 

Describing the campus’s academic culture, Dean of 
Natural Sciences and Mathematics Marie Johnson noted, 
“We meet our students where they are and take them where 
they want to go. We specifically pay attention to students 
who have never thought of themselves as capable of getting 

Citation 
California State University at Fullerton 
The Department of Mathematics at California State Uni-
versity at Fullerton (CSUF) will receive the 2022 AMS 
Mathematics Programs that Make a Difference Award. The 
department is recognized for its excellent record of mentor-
ing and graduating students from underrepresented groups. 

Response from California State University  
at Fullerton 
At the heart of Cal State Fullerton’s Mission and Goals lies a 
central idea that we aspire to combine the best qualities of 
teaching and research universities, where actively engaged 
students, faculty, and staff work in close collaboration 
to expand knowledge. Subsequently, a central theme in 
CSUF’s philosophy is to enhance scholarly and creative 
activity. This underlying premise is carefully materialized 
by a community of mathematicians serving their profession 
and their scholarly community. As such, the Department of 
Mathematics has directed significant efforts to developing 
a student-faculty research culture, and thus accelerating the 
path towards preparing cohorts of new scholars. 

This is “a program that has undeniably shaped my 
aspirations and continually pushed me to grow as a sci-
entist,” said Isabel Serrano, presently a PhD candidate 
in computational biology at the University of California, 
Berkeley. “As an alum, I can attest to the vital impact this 
department has had in diversifying the mathematical and 
scientific communities.” 

Claudia Gutierrez, a CSUF alum now teaching math-
ematics at Moorpark College, wrote: “In addition to the 
impact that my teachers made in my math journey, the 

CSUF students gather after presenting their research 
at the MAA Student Poster Session at the 2018 
Joint Mathematics Meetings in San Diego. Left to 
right: Cameron Hooper, Freddy Nungaray, Roberto 
Hernandez, Isabel Serrano, Jasmine Camero, Oscar 
Rocha Rocha, Alexandro Luna, and Daniel Zelaya.

In 2005, the American Mathematical Society, acting upon the recommendation of its Committee on the Profession, 
established the Mathematics Programs that Make a Difference Award in order to highlight programs that are succeeding 
and could serve as a model for others. This award recognizes outstanding programs that have successfully addressed 
the issues of underrepresented groups in mathematics. 
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involved with higher-level mathematics. That turns into an 
amazing journey in a very diverse academic setting, serving 
the needs of a vibrant community of learners.” 

Between 2008 and 2020, out of 628 students who com-
pleted a degree from the CSUF programs in pure mathe-
matics, applied mathematics, probability and statistics, 
and teaching mathematics, 198 were underrepresented 
minorities, 300 (48%) were women, and 327 (52%) were 
eligible to receive Pell Grants. In the same span of time, 
340 first-generation students entered the CSUF program in 
mathematics, 192 (31%) of whom were Hispanic. In the 
last decade a large array of papers co-authored by students 
and faculty in the CSUF program appeared in journals such 
as Proceedings of the AMS, Taiwanese Journal of Mathematics, 
Houston Journal of Mathematics, Notices of the AMS, and 
Japanese Journal of Mathematics. 

Another CSUF alum, Lindsay Lewis, who now teaches 
mathematics at Golden West College, wrote, “It is an under-
statement to say that the opportunities at CSUF changed my 
life. Without the talented faculty and variety of programs 
accessible in the CSUF Mathematics Department, I truly do 
not know where I would be today. I am able to inspire other 
females and previously uninterested students to explore 
the STEM fields, and I contribute to my community daily. 
Serving as teacher, a role model, and a mentor is one of 
the most important aspects of my life, and I am grateful to 
the CSUF Mathematics Department for its extensive role 
in my development.” 

One of the important components of the Department of 
Mathematics’s efforts is the Center for Computational and 
Applied Mathematics (CCAM), which serves to encourage 
and facilitate research, education, and outreach in compu-
tational mathematics and science through interdisciplin-
ary collaborations of a diverse group of faculty, students, 
and external partners. Laura Smith Chowdhury, associate 

professor of mathematics and associate director of CCAM, 
wrote, “Our department’s focus on students is evident in the 
plethora of opportunities available for students, including 
research opportunities with faculty, industrial consulting 
projects, teaching apprenticeships, problem-solving semi-
nars, international research experiences abroad, and more. 
To be honored with this recognition is a testament to the 
faculty and students that have invested in these many 
efforts.” 

CSUF mathematics educator Armando M. Marti-
nez-Cruz, a recipient of the Outstanding Latino/a Faculty in 
Higher Education Award from the American Association of 
Hispanics in Higher Education, describes the Cal State Ful-
lerton spirit in the following terms: “We love mathematics, 
students, and teaching mathematics. We aim to infuse this 
love and passion in our teaching graduates since teachers 
will touch every future professional: scientists, engineers, 
lawyers, governors, presidents. At Cal State Fullerton, we 
provide a comprehensive pathway to teaching mathemat-
ics. Our undergraduate and graduate teaching programs are 
nurturing programs that model best practices of teaching 
mathematics, a passion for mathematics, and the belief that 
all students can learn mathematics.” 

Credits
Photos are courtesy of Bogdan Suceavă.

CSUF students participate in the William Lowell 
Putnam Mathematical Competition in December 2017.
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decades, requiring the development 
of substantial technology to support 
subtle computation. Their construc-
tion of new spectra based on new and 
improved foundations for equivariant 
stable homotopy theory opens up a 
new domain to explore. Their “slice 
filtration” provides a powerful new 
vehicle for this exploration. The ap-
plication of these methods to resolve 
the Kervaire invariant one problem 
(above dimension 126) answers a 
well-known and central problem in 
the fertile field between geometric 

topology and algebraic topology, for which no evident 
progress had been made in twenty years.

Biographical Note
Michael Hill earned his PhD from MIT in 2006 under the 
direction of Michael Hopkins. He was first a Whyburn In-
structor and then faculty at the University of Virginia, and 
he is now a professor at the University of California, Los 
Angeles. Hill co-founded the Talbot workshop series for 
early career researchers as well as Spectra: the Association 
for LGBTQ Mathematicians. He received a Sloan Research 
Fellowship in 2010, was an invited speaker at the 2014 
ICM in Seoul, Korea, and was elected a Fellow of the AMS 
in 2021.

Citation
Michael Hill, Michael Hopkins, and Douglas Ravenel
The 2022 Veblen Prize in Geometry is awarded to the paper, 
“On the Nonexistence of Elements of Kervaire Invariant 
One,” by Michael A. Hill, Michael J. Hopkins, and Douglas 
C. Ravenel. This paper both solved a problem in geometric 
topology of fifty years standing by showing that framed 
manifolds with Kervaire invariant one can only exist in 
finitely many dimensions and introduced new ideas and 
techniques in algebraic topology that have been deeply 
influential.

Among the developments brought together in this proof 
are the theory of structured ring spectra, equivariant stable 
homotopy theory, and chromatic homotopy theory. A 
striking feature is the major use of equivariant stable homo-
topy theory when there are no group actions visible in the 
statement of the theorem. The proof is an extremely elab-
orate, beautiful, and surprising combination of principal 
strands of research in homotopy theory over the past two 

The Oswald Veblen Prize in Geometry is made for a notable research work in geometry or topology that has appeared 
in the last six years. The work must be published in a recognized, peer-reviewed venue. This prize was established in 
1961 in memory of Professor Oswald Veblen through a fund contributed by former students and colleagues. The fund 
was later doubled by the widow of Professor Veblen. An anonymous donor generously augmented the fund in 2008. 
In 2013, in honor of her late father, John L. Synge, who knew and admired Oswald Veblen, Cathleen Synge Morawetz 
and her husband, Herbert, substantially increased the endowment.

Michael Hill Michael Hopkins Douglas Ravenel
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The Kervaire invariant problem is extraordinarily rich, 
and I learned as much from the process of giving talks on 
it as from any other mathematical activity I’ve been part of. 
It spans 80 years of revolutionary ideas linking topology 
and geometry, beginning with Pontryagin in the 1930s and 
passing through the hands of mathematical giants such 
as Thom, Milnor, Kervaire, Browder, and many others. To 
be part of this story is to see clearly that mathematics is a 
collaboration of many, many people.

I’d also like to express my admiration and affection for 
my two collaborators. Doug was one of the giants in homo-
topy theory when I was a student and welcomed me with 
great generosity into the field. I continue to be astonished 
and inspired by his many deep ideas.

Mike helps me keep up with a rapidly changing land-
scape in topology, and I have learned a great deal about 
both mathematics and the community of mathematicians 
over the years of our friendship. Finally, and most impor-
tantly, I’d like to thank Mark Mahowald for, well, every-
thing. I am a mathematician because of him.

Biographical Note
Douglas Ravenel received his PhD from Brandeis Univer-
sity under the direction of Edgar Brown in 1972. He is now 
the Fayerweather Professor of Mathematics at the University 
of Rochester. He is the author of roughly 75 journal articles 
and three books on stable homotopy theory and algebraic 
topology, including one coauthored with Hill and Hopkins 
on the Kervaire invariant. His work in the 1980s helped 
establish chromatic homotopy theory as a field of study. 
During his time as department chair (1996–2005), the 
number of students majoring in mathematics at Rochester 
skyrocketed, and it remains high to this day. He is a Fellow 
of the AMS.

Response from Douglas Ravenel 
It is a wonderful and humbling honor to join the company 
of the great mathematicians who have previously won the 
Veblen Prize. Solving the Kervaire invariant problem was 
the biggest surprise of my mathematical life. I had heard of 
it in graduate school, as did everyone in my field at the time, 
but never dreamed that I would have a hand in its solution. 
Mark Mahowald (to whom we dedicated our paper because 
of the enormous insights he shared with us and many of 
our colleagues) named his sailboat “Thetajay” after the 
hypothetical manifolds with Kervaire invariant one. The 
prospect of their existence hovered over homotopy theory 
like a holy grail, dazzling but unattainable.

The discovery that Hill, Hopkins, and I made 40 years 
later felt like hiking in the Alps only to find a shortcut up 
Mount Everest. We were not looking for it, but there it was. 
Astonishingly, it led to a nonexistence theorem rather than 
the long-sought construction. Our friends in the 1970s had 
all been trying to prove the wrong theorem! We are still far 

Response from Michael Hill
I feel profoundly honored and grateful to the AMS for 
this award. This is the award that as a graduate student, 
I dreamed of someday receiving, and I am all the more 
delighted that it is for the theorem that I had dreamed 
of someday proving, working with mathematicians I so 
admired.

The incredible algebraic topology community acted as 
our guides along the way, taking the time to share with us 
their beautiful mathematics, to explain their work, and to 
answer our questions. I feel deeply honored to in turn have 
the chance to work with so many talented and inspiring 
students, postdocs, and other early career researchers in 
the field.

On a personal note, I am grateful to the algebraic topol-
ogy community for always welcoming me as an openly gay 
man. Growing up, I had not thought this would be possible, 
thinking that I would have to hide that part of myself away. 
Instead, I have found only support.

Finally, my deepest gratitude goes to my coauthors, Mike 
and Doug. They shared with me wisdom like “computation 
precedes theory” and “the first few times you do a compu-
tation, it is always wrong.” Collaborating with them beau-
tifully demonstrated how one can have a lot of fun while 
working with friends to prove a shared dream theorem.

Biographical Note 
Michael Hopkins received his PhD in 1984 from North-
western University under the direction of Mark Mahowald 
as well as his DPhil from the University of Oxford under 
the supervision of Ioan James. He is currently department 
chair and the George Putnam Professor of Pure and Applied 
Mathematics at Harvard University. He has supervised some 
40 PhD students. Hopkins received the Oswald Veblen 
Prize in 2001, the National Academy of Sciences (NAS) 
Award in Mathematics in 2012, and the Frederic Esser 
Nemmers Prize in Mathematics in 2014. He is a Fellow of 
the AMS and the American Academy of Arts and Sciences, 
a member of the NAS, and a foreign member of the Royal 
Danish Academy of Sciences and Letters. He delivered an 
invited address at the 1994 ICM and a plenary talk at the 
2002 ICM.

Response from Michael Hopkins
I am delighted and honored to share this prize with my 
close friends and longtime collaborators. I am grateful to 
the committee for recognizing the impact of our work and 
to those who brought it to the attention of the committee. 
The Kervaire invariant problem hung around as “the prob-
lem” for most of my mathematical life. I never would have 
dared to take it on directly, and in many ways the resolution 
was a serendipitous byproduct of other work that Doug, 
Mike, and I were doing.
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from understanding the ramifications of this radical change 
of perspective. That is a challenge for the next generation.

My youthful coauthors saw the answer long before I did 
and were patient enough to bring me along for the ride. 
Working with them has been a joy and a great stroke of 
luck. I am also grateful to be part of the unfailingly amiable 
and friendly group of people that is the algebraic topology 
community.

Credits
Photo of Michael A. Hill is courtesy of Idriss Njike.
Photo of Michael J. Hopkins is courtesy of Michael J. Hop-

kins.
Photo of Douglas C. Ravenel is courtesy of Mathematische 

Forschunginstitut Oberwolfach.
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Biographical Note
Aise Johan de Jong received his PhD in mathematics from 
the University of Nijmegen in the Netherlands in 1992. 
He visited the Max Planck Institute in Bonn, Germany, 
for a year and was a fellow of the Dutch Royal Academy 
of Sciences for three years. He spent a year as a Benjamin 
Pierce Assistant Professor at Harvard University, two years 
as a professor at Princeton University, and seven years as a 
professor at MIT. He has been at Columbia University since 
2005. De Jong works in algebraic geometry, and he spends 
most of his research time advising his graduate students 
and working on the Stacks Project.

Response from Aise Johan de Jong
I am delighted and honored to receive the 2022 Leroy P. 
Steele Prize for Mathematical Exposition for the Stacks Proj-
ect. The project is massively collaborative and I hope that 
everybody who has contributed will also feel appreciated 
and be encouraged to contribute more. With the Stacks Proj-
ect I wanted to continue the tradition in algebraic geometry 
started by Grothendieck and collaborators of gathering a 
large swath of material in one consistent whole. Initially 
conceived as a foundational work on algebraic stacks, it 
now covers most basic topics in algebraic geometry. I was 
also inspired by the work by Linus Torvalds and others on 
the Linux kernel. Indeed, collaborating on the Stacks Project 
is somewhat analogous to working on a free and open-
source software project. To make this work and to make 
the Stacks Project successful as a study and research tool, it 
was essential to develop our own website where researchers 
can browse and search the mathematics online and suggest 
improvements. I am very grateful to Pieter Belmans, who 
wrote and maintains the website code.

Leroy P. Steele Prize for 
Mathematical Exposition

Citation

Aise Johan de Jong
The 2022 Steele Prize for Math-
ematical Exposition is awarded 
to Aise Johan de Jong as the 
originator and maintainer of 
the online textbook, the Stacks 
Project, https://stacks 
.math.columbia.edu. 

The Stacks Project is a gargan-
tuan textbook of modern alge-
braic geometry. It contains basic 
background, advanced material 
(some of which is receiving its 

first expository treatment), and previously unpublished 
results. This makes it a descendant of Grothendieck’s and 
Dieudonné’s Éléments de géométrie algébrique in its role of 
broadly supporting research in algebraic geometry. If one 
were to print out the Stacks Project, it would have over 7,000 
pages, but most users consult it online. 

The Stacks Project is also an important instance of a new 
way of creating expository writing. The project is collabora-
tive—almost 500 people are listed as contributors. De Jong, 
who initiated and advocated for the project, has made a 
large contribution himself, but even more importantly, he 
reviews each submission carefully, both for correctness and 
for coherence with the rest of the text. De Jong has given 
his attention to the Stacks Project for a decade and a half, a 
remarkable contribution to the mathematical community. 

The Leroy P. Steele Prizes were established in 1970 in honor of George David Birkhoff, William Fogg Osgood, and 
William Caspar Graustein and are endowed under the terms of a bequest from Leroy P. Steele. Prizes are awarded in 
up to three categories.

Aise Johan de Jong

The AMS Leroy P. Steele Prize for Mathematical Exposi-
tion is awarded annually for a book or substantial survey 
or expository research paper.

https://stacks.math.columbia.edu
https://stacks.math.columbia.edu
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1/2, achieved by a simple randomized algorithm. It was an 
open problem whether a more favorable approximation 
ratio could be found.

In their seminal work, Goemans and Williamson pre-
sented a new approximation algorithm for the Max-Cut 
problem that yields an approximation ratio of 0.878. The 
algorithm introduced several key innovations that have 
become classic: binary values were replaced with vectors, 
the integer program was relaxed to a semidefinite program, 
and the output of the semidefinite program was randomly 
rounded to a binary solution. This result and the systematic 
analysis procedure had an immediate and major impact—
many related NP-hard problems were studied via relax-
ation to semidefinite programs and approximation ratios 
were established and characterized for many problems. 
Moreover, over time, the result has grown in centrality and 
importance, with connections to complexity theory, cryp-
tography, combinatorics, and algebra. It has been shown 
that the approximation ratio of 0.878 is best in a certain 
sense—an optimality result that carries through to a wide 
class of semidefinite relaxations.

Biographical Note
Michel Goemans is the RSA Professor in the Department of 
Mathematics at MIT and currently head of the department. 
Born in Belgium, he did his undergraduate studies at the 
University of Louvain (Belgium) in applied mathematics 
and his graduate studies at MIT. From 1997 to 1999, he 
held a professorship at UCLouvain while on leave from 
MIT. At MIT, he was the Robert E. Collins Distinguished 
Scholar in Mathematics in 2006–2007 and held the Leigh-
ton Family Professorship in Mathematics from 2007 to 
2017. He has had an adjunct professorship at the University 
of Waterloo, Ontario, Canada, and a visiting professorship 
at RIMS, Kyoto, Japan.

Goemans’s research is in optimization, combinatorics, 
and algorithms. Over the years, he has developed a num-
ber of techniques for the design and analysis of efficient 
approximation algorithms for discrete optimization prob-
lems, with provable guarantees on the quality of the solu-
tion produced. He was a Sloan Fellow and a Guggenheim 
Fellow. For his research he was awarded the SIAM Optimi-
zation Prize (1996 and 1999), the Fulkerson Prize (2000), 
the Farkas Prize (2012), and most recently the Dantzig 
Prize (2021). He is a Fellow of the AMS, SIAM, and ACM. 
He also received an honorary doctorate from UCLouvain.

Response from Michel Goemans
I am delighted and deeply honored to receive the 2022 
Leroy P. Steele Prize for Seminal Contribution to Research, 
together with David Williamson. This marvelous recogni-
tion was totally unexpected, and there are many contribu-
tions by other applied mathematicians who are deserving 
of this prize.

Leroy P. Steele Prize  
for Seminal Contribution  
to Research

Citation

Michel Goemans and David Williamson
The 2022 Steele Prize for Seminal Contribution to Research 
is awarded to Michel Goemans and David Williamson for 
their paper, “Improved Approximation Algorithms for Max-
imum Cut and Satisfiability Problems Using Semidefinite 
Programming,” published in 1995 in the Journal of the ACM 
42, 1115–1145. This paper, which focused on the Max-Cut 
problem, a core problem in combinatorial optimization, 
has had major, sustained impact on the fields of theoretical 
computer science and optimization theory.

The Max-Cut problem, which sits astride mathematics, 
computer science, and operations research, is defined as 
follows: Given a graph G, divide the vertices of G into two 
disjoint sets such that the number of edges between the 
sets is as large as possible. The problem is computation-
ally intractable—it is NP-hard—and it has served as a core 
challenge problem for which computationally efficient 
approximations are sought. In the mid-1970s the best 
known approximation ratio—the ratio of the quality of 
the solution produced by a polynomial-time algorithm 
and the quality of the optimal solution—for Max-Cut was 

The Steele Prize for Seminal Contribution to Research 
is awarded for a paper, whether recent or not, that has 
proved to be of fundamental or lasting importance in 
its field, or a model of important research. The prize is 
awarded according to the following six-year rotation 
of subject areas: Open, Analysis/Probability, Algebra/
Number Theory, Applied Mathematics, Geometry/To-
pology, and Discrete Mathematics/Logic.

Michel Goemans David Williamson
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Response from David Williamson
I’m very honored to be the co-winner of the Leroy P. Steele 
Prize with my PhD advisor, Michel Goemans. Let me ex-
press my gratitude to the selection committee for choosing 
our paper for the prize.

Michel and I worked out the idea of representing a cut 
by vectors and relaxing these to a semidefinite program 
during my years in graduate school. But then we got stuck 
on the question of how to extract a cut from the vectors, 
and we shelved the work for at least a year while I finished 
up my dissertation on an entirely different topic. I turned in 
my thesis and took a two-week vacation. On my return, we 
picked up the pieces again and during a two-hour meeting 
one Friday afternoon we hit on the idea of using a random 
hyperplane to partition the vectors. The analysis of the main 
result quickly followed. I sometimes tell my students (and 
myself) this story to explain why persistence is important 
and why one shouldn’t give up too quickly on one’s ideas.

I’m very grateful to all who helped me on my mathemat-
ical journey. While there are too many to list in this space, 
let me risk naming just a few. A high school math teacher, 
Donald G. McCloskey, inspired me by teaching an amazing 
pre-calculus class whose breadth opened up the mathemati-
cal landscape for me. He also had witty aphorisms that I still 
use with my own students today. My undergraduate advisor 
(now colleague), David Shmoys, involved me in research 
as a sophomore and got me hooked on the area of discrete 
optimization and the joy of discovery. I was extremely for-
tunate to be Michel’s first student; he was generous with 
his time and his friendship, and he taught me by example 
the beauties of simplicity and generality. Finally, my father, 
Jack Williamson, was for several decades a math professor 
at the University of Hawaii; he was supportive of all that I 
did, and I wish he could be here to see this.

Many thanks also to my children, Abigail, Daniel, and 
Ruth, and to my wife, Ann, for their love and encourage-
ment.

I would like to thank Laurence Wolsey, who taught me 
combinatorial optimization when I was an undergrad at 
UCLouvain. He got me passionate about it and explicitly 
encouraged me to pursue a PhD at a top university in the 
US. That’s how I ended up at the “Myth,” as my mom would 
call “MIT” in her Italian accent.

My work over the years has been deeply influenced 
by the many transformative contributions of Laci Lovász 
and Lex Schrijver. When I learned about the so-called 
Lovász-Schrijver matrix cuts (for strengthening binary op-
timization problems) at a DIMACS workshop in 1989, I 
started wondering how tightly semidefinite relaxations can 
approximate various (hard) combinatorial problems. The 
simplest such problem to consider was fairly naturally the 
maximum cut problem. Although easy to state, the journey 
was long and the failures almost uncountable, even after 
enlisting the help of my first PhD student and collaborator, 
David Williamson.

Our aha moment came in September 1993 when David 
and I thought about using a random hyperplane to round 
the solution of our semidefinite relaxation and thereby 
obtain provably good graph cuts in a completely (almost 
embarrassingly) elementary way. Semidefinite optimiza-
tion is now a classical tool in approximating a wide range of 
hard algorithmic problems, and I am delighted that David 
and I had a role in making this happen.

Biographical Note
David Williamson was born in Madison, Wisconsin, but 
grew up in the suburbs of Honolulu, Hawaii. He received 
his PhD in 1993 from MIT. In 1995 he joined IBM Research, 
and from 2000 to 2003 he was the senior manager of the 
Computer Science Principles and Methodologies Depart-
ment at IBM’s Almaden Research Center. In 2004, he joined 
Cornell University as a professor with a joint position in the 
School of Operations Research and Information Engineer-
ing and the Department of Information Science.

Williamson’s research interests lie in the area of discrete 
optimization, in particular approximation algorithms. 
He is a co-author of the book The Design of Approximation 
Algorithms, published by Cambridge University Press, 
which won the 2013 INFORMS Lanchester Prize. His PhD 
dissertation on designing low-cost survivable networks was 
awarded several prizes, including the 1994 Tucker Prize 
from the Mathematical Programming Society. His work 
with Michel Goemans on the uses of semidefinite pro-
gramming has also been awarded several prizes, including 
the 2000 Fulkerson Prize. Williamson has served as an 
associate editor on several journals. He is an ACM Fellow 
and a SIAM Fellow.
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by introducing tools from commutative algebra, such as 
Stanley-Reisner rings and Cohen-Macaulay simplicial com-
plexes. These notions evolved into core topics of algebraic, 
geometric, and topological combinatorics.

Combinatorial applications of the Hard Lefschetz 
Theorem. Stanley introduced into combinatorics the use of 
the Hard Lefschetz Theorem from algebraic geometry. His 
major breakthroughs include the proof of the necessity part 
of McMullen’s g-conjecture for convex polytopes, and the 
proof of a Sperner theorem for certain partially ordered sets 
that resolved a longstanding number theoretic conjecture 
of Erdős and Moser. This and other techniques imported 
by Stanley from algebraic geometry and representation 
theory of sl2 are part of the Kähler package, which continues 
to yield striking combinatorial positivity and unimodality 
results to this day.

Application of the theory of symmetric functions. 
Stanley recognized that the theory of symmetric functions, 
and its classical relation to symmetric group representa-
tions, had far-reaching applications in combinatorics, for 
example, to partition identities, permutation statistics, and 
enumeration of reduced words in Coxeter groups (e.g., the 
symmetric group). He introduced two classes of symmetric 
functions, which have generated an explosion of activity 
in combinatorics and also in algebraic geometry. One now 
known as the Stanley symmetric function is related to the 
Schubert calculus, and the other, his chromatic symmetric 
function, was recently shown to be related to cohomology 
of Hessenberg varieties.

Stanley is a gifted writer. His award-winning books 
Enumerative Combinatorics Vol. I and Vol. II are landmarks 
of inspired and elegant exposition. They are invaluable re-
sources that quickly became bibles in the subject. Their ex-
tensive exercises alone have kindled an enormous amount 
of research in this ever expanding field.

Stanley has supervised 60 MIT and Harvard PhD stu-
dents and mentored an immense number of postdocs 
and visitors. Many of these mathematicians and their 
descendants went on to become influential leaders at top 
universities.

Biographical Note
Richard P. Stanley attended the California Institute of 
Technology as an undergraduate and received his PhD 
from Harvard University in 1971. He originally planned 
to work in algebra or number theory, but under the spell 
of Gian-Carlo Rota, he switched his main research interest 
to combinatorics. After postdocs at MIT and UC Berkeley, 
Stanley returned in 1973 to MIT, where he remained until 
retiring in 2018. He continues as an Arts and Sciences 
Distinguished Professor at the University of Miami during 
spring semesters. He especially likes connections between 
combinatorics and other branches of mathematics.

Leroy P. Steele Prize for 
Lifetime Achievement 

Citation
Richard P. Stanley
Richard P. Stanley, an emeritus 
professor of mathematics at 
the Massachusetts Institute of 
Technology, will receive the 
2022 AMS Leroy P. Steele Prize 
for Lifetime Achievement.

Richard Stanley has been 
a giant in combinatorics and 
related areas for over four de-
cades. He has revolutionized 
enumerative combinatorics, re-
vealing deep connections with 

other branches of mathematics, such as commutative 
algebra, topology, algebraic geometry, probability, convex 
geometry, and representation theory. In doing so, he solved 
important longstanding combinatorial problems, often 
reinvigorating these other fields with new combinatorial 
methods. His pioneering work transformed enumerative 
combinatorics from a disparate collection of clever tricks 
into a well-structured and highly developed central field of 
modern mathematics. To this day, his enormous influence 
on the field continues to grow.

Stanley has repeatedly shown that concrete combinator-
ics problems can give rise to deep underlying theories of 
broad interest. His major contributions are numerous and 
widespread, including the following:

Combinatorial Reciprocity Theorems. Stanley ex-
plained why many enumerative formulas that depend 
polynomially on a positive integer k still have combinato-
rial meaning upon replacing k by −k (e.g., counting subsets 
versus multisets, counting proper graph colorings versus 
acyclic orientations, and Ehrhart-Macdonald Reciprocity 
for counting integer points in polytopes).

He connected reciprocity to the theory of Cohen-Macau-
lay rings, their canonical modules, and local cohomology, 
leading to new examples involving linear homogeneous 
Diophantine equations.

The Upper Bound Conjecture for Spheres. In a cele-
brated paper, Stanley proved this longstanding conjecture 

Presented annually, the AMS Leroy P. Steele Prize for 
Lifetime Achievement is awarded for the cumulative in-
fluence of the total mathematical work of the recipient, 
high level of research over a period of time, particular 
influence on the development of a field, and influence 
on mathematics through PhD students.

Richard P. Stanley
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Stanley is a member of the American Academy of Art 
and Sciences and the National Academy of Sciences and a 
Fellow of the AMS. He was a plenary speaker at the ICM in 
2006 and gave the AMS Colloquium Lectures in 2010. He 
received the SIAM George Pólya Prize in Combinatorics 
in 1975, the Steele Prize for Mathematical Exposition in 
2001, and the Rolf Schock Prize in Mathematics in 2003. 
Sixty students received their PhDs under his supervision. 
In addition to these mathematical progeny, he has two 
biological children and two grandchildren.

Response from Richard P. Stanley
It is a wonderful honor to receive the Leroy P. Steele Prize 
for Lifetime Achievement. When I started working in 
enumerative and algebraic combinatorics around 1967, I 
was greatly attracted to the vision of my thesis adviser Gi-
an-Carlo Rota (recipient of a 1988 Steele Prize), who saw 
glimmerings of deep connections between combinatorics 
and other branches of mathematics. In graduate school, I 
became interested in partially ordered sets and symmetric 
functions. They fortunately turned out to be extremely 
fecund concepts which continue to fascinate me. I have 
described elsewhere how the problem raised by MacMahon 
of enumerating solid (3-dimensional) partitions eventu-
ally led me to find connections with convex polytopes, 
commutative algebra, and algebraic geometry, leading to 
the solution of a number of problems, such as the Upper 
Bound Conjecture for Spheres and the g-conjecture for 
simplicial polytopes, having nothing to do with solid par-
titions. It is interesting how the path to successful research 
can be so circuitous.

Throughout my career it has been gratifying to see many 
highly talented aspiring mathematicians decide to work in 
algebraic and enumerative combinatorics. Thanks to their 
efforts, the field has become vastly more sophisticated and 
intertwined with other areas than when I began my own 
research. This Steele Prize should be regarded not only as 
an individual honor, but also as a testament to the efforts 
of these other researchers who have raised algebraic and 
enumerative combinatorics to its present lofty level. I 
should also express my gratitude to the MIT Department 
of Mathematics for providing a stimulating and nurtur-
ing environment for learning, discovering, and teaching 
mathematics.

Credits
Photo of Aise Johan de Jong is courtesy of Aise Johan de Jong.
Photo of Michel Goemans is courtesy of Michel Goemans.
Photo of David Williamson is courtesy of Frans Schalekamp.
Photo of Richard P. Stanley is courtesy of Atsuko Kida.
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send feedback to authors, and authors can upload revisions 
of their notes.

Fasanella estimates that he has referenced some two 
dozen sets of notes on OMN covering probability, analysis, 
ergodic theory, dynamical systems, Lie groups, and other 
topics. By the time Fasanella enters a PhD program, he 
expects to have learned the content of the entire first year. 
Several of the notes he has studied were written by Michael 
Taylor, the William R. Kenan Professor of Mathematics at 
the University of North Carolina and a prolific contributor 
to OMN.

Taylor has written course notes and textbooks since 
1972. “Whenever I teach a course, the available books do 
not suit me, and so I take matters into my own hands,” he 
says. Taylor has posted eight sets of notes on OMN, four 
of which went on to become textbooks published by the 
AMS. He has not decided if he wants to publish the others 

After earning his bachelor’s degree in mathematics and 
economics in 1993, Todd Fasanella built a career in fi-
nance. He used mathematics to predict loan prepayments 
and defaults, as well as to invest in hotels. But over the 
years, he dreamed of returning to school to earn a PhD in 
mathematics.

To prepare, Fasanella began self-studying graduate-level 
topics using Open Math Notes,1 the American Mathemat-
ical Society’s free repository for lecture notes spanning all 
levels of post-secondary mathematics. “It’s the equivalent 
of bumming notes off of someone when you miss class,” 
he says.

Launched in 2016, Open Math Notes (OMN) is a 
centralized source for notes on standard undergraduate 
courses, topics courses, and graduate courses. Screened by 
an advisory board, these draft works range from textbooks 
in progress to informal lecture notes from unique courses. 
OMN also contains classroom-tested, thoroughly vetted 
notes published in the Journal of Inquiry-Based Learning in 
Mathematics. OMN contributes to the growing Open Edu-
cational Resources movement by helping lower financial 
barriers to university-level mathematics around the world.

OMN was the brainchild of Karen Vogtmann, a professor 
emeritus of mathematics at Cornell University, who served 
for a decade on the board of arXiv. Just as arXiv provides a 
forum to post and download research papers in progress, 
Vogtmann envisioned “a place for people to put their 
notes—whether or not they were planning on publishing 
them—that would be available to everybody.” Readers can 

Scott Hershberger is the communications and outreach content specialist at 
the AMS. His email address is slh@ams.org.
1https://www.ams.org/open-math-notes

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2449

An arXiv for Lecture Notes
Instructors and authors share how they have 
benefited from AMS Open Math Notes

Scott Hershberger

Karen Vogtmann, the founder of Open Math Notes and the chair 
of its advisory board.

https://www.ams.org/open-math-notes
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Then, at the 2017 Joint Mathematics Meetings in Atlanta, 
he met Eriko Hironaka, a consultant for AMS Book Acqui-
sitions and the main point of contact for OMN authors. 
Hironaka suggested that he post the next draft on OMN.

That goal kept Plymen occupied for a year. Preparing the 
notes for OMN clarified how to structure the final book and 
motivated him to include additional historical sources. Two 
years after appearing on OMN, The Great Prime Number Race 
was published in the AMS Student Mathematical Library. 
“If I had never written the Open Math Notes in the first 
place, I would never have written the book,” Plymen says.

OMN’s informal format often allows the personal 
style of authors to shine. In the 1990s, Jane Gilman, John 
Conway, William Thurston, and Peter Doyle team-taught 
“Geometry and the Imagination,” an innovative Princeton 
course with an emphasis on hands-on activities and discus-
sions. Years later, two publishers approached Gilman about 
reworking the notes for formal publication. She wasn’t 
interested: “Part of their charm is their unfinished nature.” 
Yet thanks to OMN, the next generation of mathematicians 
will still be able to learn from them, she says.

When the COVID-19 pandemic prompted mathematics 
instructors to seek out more online resources, many turned 
to Open Math Notes. The repository saw a 29% increase 
in quarterly downloads from the first to second quarter of 
2020. Toward the end of the year, more than four dozen 
sets of notes for inquiry-based learning appeared through 
a partnership with the Journal of Inquiry-Based Learning 
in Mathematics2 (JIBLM). Founded by Ted Mahavier and 
David Clark in 2007, JIBLM contains notes on calculus, real 
analysis, topology, and more, all geared toward instructors 
trying out inquiry-based learning for the first time.

“The thought that you could learn how to be an effective 
educator in the classroom using inquiry-based learning 
strategies at the same time that you are going to write your 
own course materials is the equivalent of saying, ‘I will 

2https://jiblm.org/index.php

as textbooks—but even if Taylor doesn’t, his notes will still 
be useful to Fasanella and others.

“Having libraries like this available is of immense value,” 
Taylor says. In the past, lecture notes rarely circulated be-
yond the walls of an instructor’s classroom. Most were sim-
ply not available to the public, while others could only be 
found on a mathematician’s personal website. Now, Open 
Math Notes provides a way for instructors and students 
alike to discover notes that they might not have otherwise 
been able to access.

At the Indian Statistical Institute, Yogeshwaran Dhan-
dapani taught a master’s course from Dmitry Panchenko’s 
Lecture Notes on Probability Theory in fall 2020. “The 
material was quite perfect for my class,” says Dhandapani, 
an associate professor. This semester, he is teaching a course 
on graph theory using notes by Benny Sudakov.

In Spain, Jerónimo Alaminos Prats, a professor at the 
University of Granada, found new exercises to assign his 
students by browsing the calculus and real analysis notes 
on OMN. Meanwhile in Romania, Ion Mihai teaches differ-
ential geometry courses at the University of Bucharest using 
notes by Theodore Shifrin and Sigmundur Gudmundsson. 
Mihai uses Shifrin’s notes to teach computer science stu-
dents, while Gudmundsson’s match the needs of his pure 
mathematics students.

Dhandapani especially appreciates OMN’s feature that 
allows readers to “follow” certain notes and receive emails 
when authors post revisions. Always in search of new re-
sources for teaching, he takes a look at the site every time 
more notes on probability theory are added.

For some authors, OMN serves as a stepping stone in 
the lengthy process of writing and publishing a textbook. 
Roger Plymen was long fascinated by the Skewes number, 
the smallest number for which the prime number theorem 
undercounts the number of primes. An emeritus professor 
at the University of Manchester, Plymen wrote a rough 
manuscript on the topic but didn’t know what to do next. 

A page from Benny Sudakov’s notes on graph theory, posted 
on OMN in 2019.

Jerónimo Alaminos Prats, a professor in Spain who has used 
Open Math Notes. 

https://jiblm.org/index.php
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Credits 
Photo of Karen Vogtmann is courtesy of Karen Vogtmann.
Photo of Sudakov’s notes is courtesy of Scott Hershberger.
Photo of Jerónimo Alaminos Prats is courtesy of Jerónimo 

Alaminos Prats.
Author photo is courtesy of Scott Hershberger.

build my own boat and get in and sail across the Atlantic,’” 
Mahavier says. “You would do better to buy a well-tested 
boat […] and try to sail that one across.” By making past 
and future JIBLM notes available on OMN, Mahavier hopes 
to encourage more instructors to adopt inquiry-based 
learning strategies.

In just its first five years, Open Math Notes has already 
demonstrated the value of an arXiv-like site for lecture notes 
on topics as ubiquitous as calculus and as specialized as the 
Skewes number. Founder Vogtmann especially encourages 
authors to post notes that introduce current research topics 
with a ground-up approach. As more people publish notes 
on the site, its reach will continue to grow among mathe-
maticians and students—both current and future.

A version of this article that includes direct links to all the 
sets of notes mentioned is available at https://www.ams.org 
/news?news_id=6871.

Scott Hershberger

https://www.ams.org/news?news_id=6871
https://www.ams.org/news?news_id=6871
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Harris is an applied mathematician specializing in 
mathematical biology, with expertise in data analysis, 
modeling, programming, and simulation. She earned her 
PhD in applied mathematics from North Carolina State 
University in 2001 after completing undergraduate studies 
at Spelman College. She finished a postdoc at the National 
Health and Environmental Effects Research Laboratory of 
the US Environmental Protection Agency and went on to 
hold faculty positions at Bennett College, The College of 
New Jersey, Georgetown University, Marymount University, 
and the University of the District of Columbia.

Harris spent 10 years at The College of New Jersey, where 
she was promoted to associate professor of mathematics 
and held several leadership roles. From 2017 to 2020, she 
was an associate professor at the University of the District 
of Columbia, also serving as chair of the Division of Sci-
ences and Mathematics for two years. Most recently, Harris 
worked as a program analyst in the Office of Science at the 
Center for Tobacco Products of the FDA. In this role, she 
led the data strategy, reporting, and analysis efforts for a 
team that implements and supports the Office of Science’s 
strategic planning and process improvement initiatives.

She is a co-founder of the Infinite Possibilities Confer-
ence, which promotes, educates, and supports minority 
women interested in the mathematical sciences. Harris also 
served as a member (2010–2017) and co-chair (2016–2017) 
of the Diversity Committee for the Park City Mathematics 
Institute (PCMI), aiming to increase the participation of un-
derrepresented minorities in PCMI’s programs for students, 
college faculty, and secondary school teachers.

“I am looking forward to rolling up my sleeves and be-
ginning the work with AMS leadership, staff, governance, 
membership, and community to develop and implement 
an agenda that focuses on breaking down barriers that 
hinder success in the profession, creating a more inclusive 
climate in the mathematics community, and moving the 
organization toward full participation,” Harris said.

Harris served as executive director of NAM from early 
2019 through January 2022 and was the organization’s 
interim president from June 2020 through January 2021. A 
two-time instructor in the Enhancing Diversity in Graduate 
Education (EDGE) Summer Program, she co-edited the 
2019 book A Celebration of the EDGE Program’s Impact on 
the Mathematics Community and Beyond.

Leona Harris Named 
AMS Director of Equity, 
Diversity, and Inclusion

Leona Harris has been hired as Direc-
tor of Equity, Diversity, and Inclusion 
(EDI) at the AMS. Harris recently 
concluded a term as executive direc-
tor of the National Association of 
Mathematicians (NAM) as well as a 
position as a program analyst at the 
US Food and Drug Administration 
(FDA). She started at the AMS in 
January 2022, based in the AMS’s 
Washington, DC office.

In her new role, Harris will lead efforts to advance 
equity, diversity, and inclusion at the AMS and within 
mathematics. Reporting to Executive Director Catherine 
Roberts, Harris will oversee the design and implementation 
of EDI initiatives, examine historical trends and data, and 
cultivate relationships and trust within the mathematics 
community. She will also support the AMS Committee on 
Equity, Diversity, and Inclusion.

“Throughout my professional life, I have been an ad-
vocate for underrepresented, underserved, and marginal-
ized populations, and I am deeply honored to have been 
selected to do this extremely important work with the 
AMS and the broader mathematics community,” Harris 
said. “I am passionate about and fully committed to this 
work, and I strongly believe that together we can make 
the mathematics community more diverse, equitable, and 
inclusive through community engagement, collaboration, 
and institutional partnerships.”

The creation of a high-level staff position on EDI was a 
recommendation of the AMS Task Force on Understanding 
and Documenting the Historical Role of the AMS in Racial 
Discrimination. “As evidenced by the Task Force report, rac-
ism is a concern in our mathematics community and true 
inclusion will strengthen the advancement of research,” 
said Roberts. “Clearly, the AMS has a role in addressing 
racism in our profession.”

Leona Harris
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listening, in having difficult conversations, and in strong 
advocacy for diversity, equity, inclusion, and justice.”

Betsy Stovall is the new Associate 
Secretary for the Central Section. 
She is currently director of graduate 
studies in mathematics and a Mary 
Herman Rubinstein Professor in the 
College of Letters & Science at the 
University of Wisconsin–Madison. 
Her research lies in harmonic anal-
ysis, recently focusing on Fourier 
restriction and related topics.

Stovall has organized special ses-
sions at the JMM and at AMS Section-

als, an MSRI semester program, several standalone confer-
ences, graduate seminars, and two undergraduate research 
summer programs, among other efforts. She has served on 
the AMS-Simons Travel Grants Committee (2019–2022).

“I am a believer in the necessity of vibrant intellectual 
communities for the production of good mathematics. The 
scale of the mathematical interaction that takes place at 
AMS meetings means that they provide a huge variety of op-
portunities to engage in mathematical research networks,” 
Stovall said. “The two questions I am most interested in 
are how to retain some virtual tools and opportunities as 
we move back to primarily in-person modes, and how to 
improve the diversity and inclusiveness of these meetings, 
with a goal of impacting the broader profession.”

Manes and Stovall join Brian Boe (Southeastern Section, 
2013–present) and Steven Weintraub (Eastern Section, 
2009–present) as Associate Secretaries on the AMS Council. 
Each Associate Secretary is responsible for the scientific 
program and local logistics of two sectional meetings per 
year in their respective geographic section. Once every four 
years, an Associate Secretary has primary responsibility for 
the scientific program at the JMM. Associate Secretaries are 
appointed by the Council upon recommendation by the 
Executive Committee and Board of Trustees.

“Meetings are at the core of the scientific programs of the 
AMS, and we are fortunate that our Secretariat is joined by 
two outstanding research mathematicians who each bring 
rich experience in scientific organization and an exemplary 
record of mentoring,” said AMS Secretary Boris Hasselblatt.

Manes fills the position previously held by Michel Lapi-
dus, who retired as Associate Secretary of the Western Sec-
tion after 20 years. Stovall takes over for Georgia Benkart, 
who retired as Associate Secretary of the Central Section 
after 12 years. The AMS sends its gratitude to Lapidus and 
Benkart for their service and dedication to the mathematics 
community over the years.

—AMS Communications Department

“Dr. Harris will make an excellent leader of our EDI 
work. She has an extensive and impressive track record of 
addressing educational and professional inequities and 
fostering inclusion in mathematics,” Roberts said. “She 
brings a deep understanding of the challenges we face and 
actionable ideas for how we can do better.”

—AMS Communications Department

Michelle Manes and 
Betsy Stovall Named 
AMS Associate Secretaries
Michelle Manes, a professor at the University of Hawai‘i at 
Mānoa, and Betsy Stovall, a professor at the University of 
Wisconsin–Madison, have been named Associate Secre-
taries of the AMS. They began their initial two-year terms 
on February 1, 2022, with the possibility for subsequent 
reappointment.

Michelle Manes is the new Asso-
ciate Secretary for the Western Sec-
tion. She stepped into this role after 
completing a three-year rotation as 
a program officer in the Division 
of Mathematical Sciences at the 
National Science Foundation. Her 
mathematical research combines 
number theory, algebraic geometry, 
and dynamical systems. She also 
conducts mathematics education re-
search, currently focusing on effective 

content-based professional development for teachers.
Manes has organized special sessions and panels at the 

Joint Mathematics Meetings and AMS Sectionals, major 
number theory meetings at the University of Hawai‘i, 
“Women in Numbers” workshops at Banff International 
Research Station, and other events. She served on the AMS 
Sectional Meetings Travel Grants Committee in 2018–2021. 
An active member of the MAA, the AWM, and NAM, Manes 
also served on the MAA-AIMS (Advancing Inclusion in 
Mathematical Sciences) Task Force in 2020–2021 and is a 
managing editor of La Matematica, the AWM’s new flagship 
journal.

“AMS membership means I am part of something greater 
than my job, my institution, and my own research. I have 
been heartened by the recent work that the AMS has done 
in confronting the racist history of the organization, diver-
sifying the leadership, and working to support everyone 
in the math research community,” Manes said. “I’ve also 
been disappointed by the missteps that have alienated the 
more vulnerable members of our community. I believe in 

Michelle Manes

Betsy Stovall
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Alejandro Adem Named 
Next Chief Editor of 
Bulletin of the AMS

Alejandro Adem, a professor of math-
ematics at the University of British 
Columbia (UBC) in Canada, has been 
named the next Chief Editor of Bulle-
tin of the American Mathematical Soci-
ety. Starting February 1, 2022, Adem 
is serving as an Associate Editor of the 
Bulletin. He will then begin a three-
year term as Chief Editor on Febru-
ary 1, 2024, when Susan Friedlander 
completes her sixth term in that role.

Adem researches topology and algebra, specifically al-
gebraic topology and cohomology of groups. After earning 
his PhD from Princeton University in 1986, he started his 
career as the Szegő Assistant Professor at Stanford Univer-
sity. For 15 years, he was on the faculty of the University 
of Wisconsin–Madison before moving to UBC in 2005. 
Currently president of the Natural Sciences and Engineering 
Research Council of Canada, Adem is a Fellow of the Royal 
Society of Canada and an Inaugural Fellow of the AMS.

“I look forward to building on the important role played 
by the Bulletin of the AMS in disseminating discoveries in 
mathematics and their impact to a broad, international 
audience,” Adem said. “Publishing high-quality arti-
cles explaining the impact and beauty of mathematical 
breakthroughs is an exciting challenge. Given the rapidly 
evolving forms of communication in the mathematical 
sciences, it will be important to hear the views of the AMS 
community on what might be the best format for effectively 
accomplishing this.”

Adem brings extensive editorial experience to the Bul-
letin. He is an associate editor of La Matematica, the new 
flagship journal of the AWM; the editor-in-chief of Research 
in the Mathematical Sciences; and a member of the Editorial 
Advisory Board for Graduate Texts in Mathematics. He was a 
member of the Editorial Board Committee of Transactions 
of the AMS and Memoirs of the AMS from 2004 to 2020, 
serving as managing editor for the last seven of those years. 
A deeply engaged member of the AMS, Adem has served 
on many committees, including currently the Nominating 
Committee.

“Mathematics is written by mathematicians, who also 
happen to be people,” Adem said. “As such, I believe the 
Bulletin should actively encourage submissions from a 
diverse group of authors across all areas of mathematics 
where significant progress is being made.”

Linda Chen Named  
AMS Associate Treasurer

Linda Chen, a professor at Swarth-
more College, has been named Asso-
ciate Treasurer of the AMS. She began 
her initial two-year term on February 
1, 2022, with the possibility for sub-
sequent reappointment.

Chen earned her PhD in mathe-
matics from the University of Chi-
cago in 2000 and has been on the 
faculty of Swarthmore since 2008. 
From 2011 to 2013, she was a pro-

gram director for the Division of Mathematical Sciences 
at the National Science Foundation. Chen’s research is in 
algebraic geometry and algebraic combinatorics, including 
quantum cohomology, K-theory, equivariant cohomology, 
Schubert calculus, degeneracy loci, moduli spaces of curves, 
affine Grassmannians, and other aspects of enumerative 
and combinatorial geometry.

Chen has served the AMS as a member of the Committee 
on Academic Freedom, Tenure, and Employment Security 
(2015–2017), the Nominating Committee (2017–2019), 
and the Committee for the Dolciani Prize for Excellence in 
Research (2018–2022). She also sat on the AWM’s Executive 
Committee (2020–2022).

“I am honored to serve as Associate Treasurer of the 
American Mathematical Society. I welcome the opportu-
nity to help administer the Society’s fiscal policies and to 
ensure the financial well-being of the Society on behalf of 
the membership,” Chen said. “I look forward to joining on-
going efforts of the AMS to promote research and broaden 
participation in the mathematics community.”

The Associate Treasurer has many duties parallel to those 
of the Treasurer, such as administering fiscal policies in 
the interest of the mathematical community; monitoring 
funds, investments, and budgets; and reviewing salary 
policies. The Associate Treasurer also serves ex officio as 
a member of the Board of Trustees, Council, and other 
committees, as well as serving as Secretary of the Board of 
Trustees.

Chen fills the role previously held by Zbigniew Nitecki, 
who stepped down after 10 years as AMS Associate Trea-
surer.

“I look forward to working with Dr. Chen on the Board 
of Trustees. Her breadth of experience, reliability, and 
thoughtful judgment will be real assets to the AMS,” said 
AMS Treasurer Douglas Ulmer, who chaired the search 
committee appointed by AMS President Ruth Charney.

—AMS Communications Department

Linda Chen

Alejandro Adem
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The Chief Editor of the Bulletin is appointed by the 
Council upon a recommendation from a search committee. 
This year, the search committee consisted of:

 • Ruth Charney (President)
 • Boris Hasselblatt (Secretary)
 • Kiran Kedlaya (Council member)
 • Hee Oh (Council member)
 • Catherine A. Roberts (Executive Director/commit-

tee chair).
“Dr. Adem is very well-qualified to lead the Bulletin,” 

said Roberts. “We look forward to seeing the new ideas that 
he will bring to the table during his time as Chief Editor.”

—AMS Communications Department

Deaths of AMS Members 
Anthony A. J. Marley, of Canada, died on June 14, 2021. 

Born on February 15, 1940, he was a member of the Society 
for 55 years.

Vojislav Maric, of Serbia, died on August 1, 2021. Born 
on January 12, 1930, he was a member of the Society for 
58 years.

Assyr Abdulle, of Switzerland, died on September 1, 
2021. He was a member of the Society for 5 years.

G. A. Heuer, of Moorhead, Minnesota, died on Septem-
ber 14, 2021. Born on August 31, 1930, he was a member 
of the Society for 66 years.

George Kozlowski, of Auburn, Alabama, died on Octo-
ber 16, 2021. Born on March 11, 1941, he was a member 
of the Society for 45 years.

Earl E. Lazerson, of Chesterfield, Missouri, died on 
October 29, 2021. Born on December 10, 1930, he was a 
member of the Society for 66 years.

Nicholas R. Baeth, of Lancaster, Pennsylvania, died on 
December 11, 2021. Born on February 24, 1978, he was a 
member of the Society for 20 years.

Arthur Bergmann, of Germany, died on December 22, 
2021. Born on June 13, 1926, he was a member of the 
Society for 65 years.

Edgar H. Brown, Jr., of Newton, Massachusetts, died on 
December 22, 2021. Born on December 27, 1926, he was 
a member of the Society for 66 years.

Guido L. Weiss, of Washington University in St. Louis, 
died on December 25, 2021. Born on December 29, 1928, 
he was a member of the Society for 67 years.

Merritt P. Gardner, of Goshen, Indiana, died on Decem-
ber 30, 2021. Born on April 14, 1934, he was a member of 
the Society for 52 years.

John Selden, of Las Cruces, New Mexico, died on January 
8, 2022. Born on September 28, 1934, he was a member 
of the Society for 64 years.

Frederick Cohen, of Rochester, New York, died on Janu-
ary 16, 2022. Born on August 23, 1945, he was a member 
of the Society for 52 years.

Credits
Photo of Leona Harris is courtesy of Irene Abdou.
Photo of Michelle Manes is courtesy of Dale Meyers.
Photo of Betsy Stovall is courtesy of Betsy Stovall.
Photo of Linda Chen is courtesy of Linda Chen.
Photo of Alejandro Adem is courtesy of Alejandro Adem. 
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conjectures and runs the gamut from 
isoperimetric inequalities to random 
discrete structures.” It comprises five 
papers published in various math-
ematical journals. Teixeira da Costa 
received her PhD from the University 
of Cambridge under the supervision 
of Mihalis Dafermos. Her disserta-
tion, “Frequency space analysis in 
general relativity,” focused on differ-
ential equations arising in general 
relativity and “represents important 
rigorous mathematical progress on 
the celebrated black hole stability 
problem, a central question in the 
subject, at the intersection of math-
ematics, theoretical physics, and as-
tronomy.” Wilber received her PhD 
from Cornell University under the di-
rection of Alex Townsend. Her disser-
tation, “Computing numerically with 
rational functions,” presented new 
numerical methods using rational 
functions for solving Sylvester and 
Lyapunov matrix equations whose 
right-hand sides have decaying sin-
gular values. She has a long-standing 
interest in the links between ecology, 
place, and knowledge and is involved 
with a network of collectives working 
together on carbon sequestration, re-
forestation methods, and other eco-
logically grounded efforts to develop 
more sustainable and humane ways 
of living. She has two children and 
enjoys cycling, hiking, and poetry.

The 2022 AWM Service Awards 
were presented to Ellen Kirkman of 
Wake Forest University and to the 
Notable Women in Math Playing 
Cards Project Management Com-
mittee (EvenQuads PMC). Kirkman 
was honored for her service from 
2012 to 2020 as AWM Treasurer and 

2022 AWM Awards 
The Association for Women in Mathematics (AWM) has 
announced several awards for 2022.

(Carina) Letong Hong of the Mas-
sachusetts Institute of Technology 
has been awarded the 2022 Alice T. 
Schafer Prize for excellence in math-
ematics by an undergraduate woman. 
According to the prize citation, Hong 
“has an impressive track record of 
completed research in many areas, 
including stack-sorting algorithms, 
pattern avoidance in inversion se-
quences, the Monstrous Moonshine 
Conjecture, L-functions of modular 

elliptic curves and K3 surfaces, and Markov chains on edge 
colorings of bipartite graphs.” She has participated in Re-
search Experiences for Undergraduates (REUs) at the Uni-
versity of Minnesota–Duluth and the University of Virginia 
and conducted research at MIT and the Budapest Semesters 
in Mathematics. She is president of MIT’s Undergraduate 
Mathematics Association and the Advocacy Outreach Chair 
of the First Generation and Low Income Students Coali-
tion and the recipient of the Emerging Leader Award and 
Community Building Award. Hong tells the Notices: “I grew 
up in Guangzhou (Canton) China, and my hometown is 
Chaoshan (Teoswa). That broad region is where the Kung 
Fu tea and the lion dance originate from. I like running, 
swimming, and both Chinese and contemporary dance.” 
Faye Jackson of the University of Michigan was named 
runner-up; she has conducted research on Zeckendorf de-
compositions, discrete Erdos distance problems, random 
matrix theory, and more sums than differences sets. Hon-
orable mentions for the prize were awarded to Alexandra 
Hoey of the Massachusetts Institute of Technology, Simran 
Khunger of Carnegie Mellon University, and Lily (Qiao) 
Li of the University of California, Berkeley. 

The AWM Dissertation Prizes for 2022 were awarded 
to Jinyoung Park of Stanford University, Rita Teixeira da 
Costa of Princeton University and Trinity College, Cam-
bridge, and Heather Denise Wilber of the University of 
Texas at Austin. Park’s dissertation, written at Rutgers Uni-
versity under the supervision of Jeff Kahn, “settles major 

Rita Teixeira da Costa

(Carina) Letong Hong

Ellen Kirkman

Heather Denise 
Wilber

Jinyoung Park
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Department of Mathematics at the University of Colorado, 
Boulder. He enjoys spending time with his wife and daugh-
ter and playing board games with friends.

—From an ASL announcement

Kimura Receives IEEE Award
Hidenori Kimura of the University of Tokyo has been cho-
sen as the recipient of the IEEE Control Systems Award of 
the Institute of Electrical and Electronics Engineers (IEEE) 
“for contributions to synthesis theory of control systems 
and its applications to manufacturing devices and systems.” 
He received his PhD in 1970 from the University of Tokyo 
and held positions at Osaka University from 1970 through 
1995. He has been visiting fellow at Warwick University 
and the Imperial College of Science and Technology 
(1974–1975), guest professor at the Technical University 
of Delft (1994), and Springer Professor at the University 
of California, Berkeley (1994). He is a Fellow of the IEEE. 
His research interests are in multivariable control theory 
and its applications, robust control, and signal processing.

—From an IEEE announcement

NSF CAREER Awards 
Announced
The National Science Foundation (NSF) has named a 
number of recipients of its Faculty Early Career Develop-
ment (CAREER) Awards in fiscal years 2021 and 2022. The 
awards support early-career faculty members who have the 
potential to serve as academic role models in research and 
education and to lead advances in the mission of their 
departments or organizations. Following are the names, 
institutions, and proposal titles of the awardees selected by 
the NSF Division of Mathematical Sciences (DMS). The list 
may be updated as additional grants are made.

 • Patricia Alonso Ruiz, Texas A&M University: Heat 
semigroups and Strichartz estimates on fractals

 • David Antieau, Northwestern University: Higher 
Brauer groups and topological Azumaya algebras

 • Benjamin Bakker, University of Illinois at Chi-
cago: Hodge theory and moduli

 • Sayan Banerjee, University of North Carolina at 
Chapel Hill: Network centrality and its applica-
tions in detection, dynamics, and load balancing

 • Christine Breiner, Brown University: Existence 
and regularity of solutions to variational problems 
in geometric analysis

 • Eric Chi, Rice University: Stable and scalable esti-
mation of the intrinsic geometry of multiway data

Chair of the Financial Oversight and Investment Commit-
tee, for her service on the Membership Portfolio Commit-
tee, and for her role as an organizer and research leader 
in the WINART (Women in Noncommutative Algebra 
and Representation Theory) Research Network. She has 
also been a member of the Sylvia Bozeman and Rhonda 
Hughes EDGE Foundation Board of Directors and the 
AMS–ASA–MAA–IMS–SIAM Data Committee (2000–2007 
and 2009–present) and is coauthor of the CBMS 2010 and 
the CBMS 2015 surveys, Statistical Abstract of Undergraduate 
Programs in the Mathematical Sciences in the United States. 
The EvenQuads PMC was recognized for its role in pro-
moting women’s accomplishments in mathematics for the 
purpose of inspiring and encouraging future generations 
of mathematicians. The card decks combine “multifaceted 
text about women who have contributed to mathematics 
in many different ways with beautiful graphic design that 
evokes multiple professional mathematics organizations.” 
The Project Management Committee consisted of sar-
ah-marie belcastro (Chair), Sherli Koshy-Chenthittayil, 
Linda McGuire, Monica Morales Hernandez, Denise A. 
Rangel Tracy, and Oscar Vega.

—From AWM announcements

2021 Gerald Sacks Prize 
Awarded

Marcos Mazari-Armida of Carnegie 
Mellon University has been awarded 
the 2021 Gerald Sacks Prize of the 
Association for Symbolic Logic (ASL) 
for outstanding doctoral dissertation 
in mathematical logic. Mazari-Ar-
mida received his PhD in 2021 from 
Carnegie Mellon University under 
the supervision of Rami Grossberg. 
His thesis, “Remarks on classifica-
tion theory for abstract elementary 

classes with applications to abelian group theory and 
ring theory,” “provides strong evidence that abstract el-
ementary classes can impact traditional mathematics in 
interesting ways. Armida shows various natural classes 
of abelian groups to be AEC and proves a family of theo-
rems characterizing well-known classes of rings (e.g. left 
Noetherian, left perfect) in terms of the superstability of 
an associated AEC of modules. This leads to the solution 
below ℵω of a 1970 question of Fuchs asking in which 
cardinals there is a universal abelian p-group for purity. His 
versatility is indicated by important work on neo-stability 
and categoricity in the context of AEC.” Mazari-Armida 
is currently Burnett Meyer Postdoctoral Fellow in the  

Marcos Mazari-
Armida
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 • Miaoyan Wang, University of Wisconsin, Madison: 
High-dimensional tensor learning: The good, the 
bad, and the pragmatic

 • Anru Zhang, Duke University: Inference for 
high-dimensional structures via subspace learning: 
Statistics, computation, and beyond

 • Ting Zhang, University of Georgia Research Foun-
dation: Statistical inference of tail dependent time 
series

—NSF announcement
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 • Emily Clader, San Francisco State University: 
Combinatorial intersection theory on moduli 
spaces of curves

 • Laura Escobar Vega, Washington University: Com-
binatorial algebraic geometry: Flag varieties, toric 
geometry, and applications

 • Asaf Ferber, University of California, Irvine: Prob-
lems in extremal and probabilistic combinatorics

 • Florian Frick, Carnegie Mellon University: Geo-
metric and topological combinatorics

 • Nestor Guillen, Texas State University, San Mar-
cos: Integrodifferential and transport problems in 
partial differential equations

 • Qiyang Han, Rutgers University: New paradigms 
of estimation and inference in constrained non-
parametric models

 • Boris Hanin, Princeton University: Random neural 
nets and random matrix products

 • Jingwei Hu, University of Washington: Predictive 
simulations of complex kinetic systems

 • Eric Laber, Duke University: Big computation and 
the management of emerging infectious diseases

 • Huan Lei, Michigan State University: Ma-
chine-learning construction of energy-stable 
non-Newtonian fluid hydrodynamics with mo-
lecular fidelity

 • Antonio Linero, University of Texas at Austin: 
Foundations for Bayesian nonparametric causal 
inference

 • Guido Montufar Cuartas, University of Califor-
nia, Los Angeles: Neural networks in the practical 
regime

 • Joanna Nelson, Rice University: Floer theories and 
Reeb dynamics of contact manifolds

 • Sean O’Rourke, University of Colorado at Boul-
der: Beyond independence: Random matrices and 
applications

 • Yumeng Ou, University of Pennsylvania: The ge-
ometry of fractals meets Fourier analysis

 • Stefan Patrikis, Ohio State University: Galois 
representations: Deformation theory and motivic 
origins

 • Ludovic Tangpi, Princeton University: A new 
form of propagation of chaos and its applications 
to large population games and risk management

 • Ian Tobasco, University of Illinois at Chicago: Vari-
ational analysis of elastic patterns and mechanical 
metamaterials

 • Rodrigo Trevino, University of Maryland, College 
Park: Renormalization and higher rank parabolic 
actions 

 • Chunmei Wang, University of Florida: Primal-dual 
weak Galerkin finite element methods
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Website: https://www.ncat.edu/cost/departments 
/mathematics/nsf-cbms-conference/abstract.php.

Dates to be announced: Bayesian Forecasting and 
Dynamic Models. Mike West, Duke University; Hedibert 
Lopes, Insper Brazil; Raquel Prado, University of California, 
Santa Cruz, lecturers. University of California, Santa Cruz. 
Organizers: Juhee Lee, juheelee@soe.ucsc.edu; Raquel 
Prado, raquel@ams.ucsc.edu. Website: https://cbms 
.soe.ucsc.edu/home/cbms-2022.

Dates to be announced: K-Theory of Operator  
Algebras and Its Applications to Geometry and Topology. 
Guoliang Yu, Texas A&M University, lecturer. University 
of Puerto Rico, Rio Piedras, Puerto Rico. Organizer: Gui-
hua Gong, ghgong@gmail.com. Website: https://math 
.uprrp.edu/nfs_cbms_uprrp/.

These conferences are intended to stimulate interest and 
activity in mathematical research. Each five-day conference 
features a distinguished lecturer or team of lecturers deliv-
ering ten lectures on a topic of important current research 
in one sharply focused area of the mathematical sciences. 
Support for about thirty participants is provided, and the 
conference organizer invites both established researchers 
and interested newcomers, including postdoctoral fellows 
and graduate students, to attend. Information about an 
individual conference may be obtained by contacting the 
conference organizer. See http://www.cbmsweb.org 
/regional-conferences/conferences/.

—From a CBMS announcement

AWM Gweneth Humphreys Award

The Association for Women in Mathematics awards the 
Gweneth Humphreys Award annually to a mathematics 
teacher who has encouraged female undergraduates to pur-
sue mathematical careers and/or the study of mathematics 
at the graduate level. The deadline for nominations is May 
15, 2022. See https://awm-math.org/humphreys-award 
or email awm@awm-math.org. 

—From an AWM announcement

Early-Career Opportunity

NSF-CBMS Regional  
Conferences 2022

With National Science Foundation (NSF) support, the 
Conference Board of the Mathematical Sciences (CBMS) 
will hold eight Regional Research Conferences during the 
summer of 2022. Several of these have been rescheduled 
from previous years because of the pandemic. Following are 
the intended dates and information about the conferences; 
some are yet to be scheduled.

May 23–27, 2022: Interface of Mathematical Biology 
and Linear Algebra. Pauline van den Driessche, University 
of Victoria; Stephen Kirkland, University of Manitoba; Mark 
Lewis, University of Alberta, lecturers. University of Cen-
tral Florida, Orlando, Florida. Organizer: Zhisheng Shuai, 
Zhisheng.Shuai@ucf.edu. Website: https://sciences 
.ucf.edu/math/cbms.

May 23–27, 2022: Analysis, Geometry, and Partial 
Differential Equations in a Lower-Dimensional World. 
Svitlana Mayboroda, University of Minnesota, lecturer. 
Florida State University, Tallahassee, Florida. Organizer: 
Aleksandr Reznikov, reznikov@math.fsu.edu. Website: 
cbms2020.math.fsu.edu.

August 1–5, 2022: Parallel Time Integration. Mar-
tin J. Gander, Université de Genève, lecturer. Michigan 
Technological University, Houghton, Michigan. Orga-
nizer: Benjamin Ong, ongbw@mtu.edu. Website: http:// 
conferences.math.mtu.edu/cbms2020/.

August 8–12, 2022: Topological Data Analysis and 
Persistence Theory. Peter Bubenik, University of Florida, 
lecturer. Valdosta State University, Valdosta, Georgia. 
Organizers: Jose Velez, javelezmarulanda@valdosta 
.edu; Shaun Ault, svault@valdosta.edu. Website: blog 
.valdosta.edu/vsu-cbms-conference/. 

Dates to be announced: Nonstandard Finite Dif-
ference Methods: Advances in Theory and Applica-
tions. Ronald E. Mickens, Clark Atlanta University, lec-
turer. North Carolina A&T, Greensboro, North Carolina. 
Organizer: Dominic Clemence, clemence@ncat.edu. 

https://sciences.ucf.edu/math/cbms
http://cbms2020.math.fsu.edu
https://sciences.ucf.edu/math/cbms
http://blog.valdosta.edu/vsu-cbms-conference/
http://blog.valdosta.edu/vsu-cbms-conference/
https://awm-math.org/humphreys-award
http://www.cbmsweb.org/regional-conferences/conferences/
http://www.cbmsweb.org/regional-conferences/conferences/
https://math.uprrp.edu/nfs_cbms_uprrp/
https://math.uprrp.edu/nfs_cbms_uprrp/
https://cbms.soe.ucsc.edu/home/cbms-2022
https://cbms.soe.ucsc.edu/home/cbms-2022
https://www.ncat.edu/cost/departments/mathematics/nsf-cbms-conference/abstract.php
https://www.ncat.edu/cost/departments/mathematics/nsf-cbms-conference/abstract.php
http://conferences.math.mtu.edu/cbms2020/
http://conferences.math.mtu.edu/cbms2020/
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NSF Research Training Groups  
in the Mathematical Sciences

The Research Training Groups program supports efforts 
to improve research training by involving undergradu-
ate students, graduate students, postdoctoral associates, 
and faculty members in structured research groups pur-
suing coherent research programs. The deadline for full 
proposals is June 7, 2022. See the website https:// 
beta.nsf.gov/funding/opportunities/research 
-training-groups-mathematical-sciences-rtg.

—From an NSF announcement

Sabbatical Opportunities at  
the National Security Agency

The National Security Agency’s (NSA) Sabbatical Program 
in Mathematics offers an opportunity for mathematicians, 
statisticians, and other researchers in the mathematical 
sciences to work on a short-term basis with the leading 
employer of mathematicians in the United States. A sab-
batical tour offers a personal challenge to develop skills in 
directions that would be impossible anywhere else.

Sabbatical employees have the choice to work on a 
variety of different mathematical problems during their 
stay at the NSA. Sabbatical work may involve cryptology, 
signals analysis, algebra, probability, statistics, number 
theory, discrete mathematics, or analysis of data sets, 
among other topics. Throughout the course of a one-year 
sabbatical detail, a mathematician would typically have the 
chance to work in one or two different offices at the NSA in 
order to experience the full breadth of work at the Agency. 
Individuals selected for these sabbatical positions will 
receive salary supplement, travel expenses, and a housing 
allowance. For more information, see the website https:// 
www.nsa.gov/Research/Math-Sciences-Program 
/Sabbaticals. 

—From an NSA announcement

Call for Proposals for 2023  
NSF-CBMS Regional Conferences

The NSF-CBMS Regional Research Conferences in the 
Mathematical Sciences are a series of five-day conferences 
that usually feature a distinguished lecturer delivering ten 
lectures on a topic of important current research in one 
sharply focused area of the mathematical sciences. The 
Conference Board of the Mathematical Sciences (CBMS) 
publicizes the conferences and disseminates the resulting 
conference materials. The deadline for proposals is April 
29, 2022. See the Program Description at https://beta 
.nsf.gov/funding/opportunities/nsf-cbms 
-regional-research-conferences-mathematical 
-sciences.

—From an NSF-CBMS announcement

Advertise in the

Connect with an audience of approximately 30,000 subscribers 
through Classified and Display Advertising in the Notices of the 
American Mathematical Society, available in print and online.

As the world’s most widely read magazine aimed at professional 
mathematicians, the Notices is an excellent medium for announc-
ing publications, products, and services, and for recruiting math-
ematical scientists in academia, industry, and government.

Learn more about advertising in the Notices at 
www.ams.org/noticesadvertising.

of the American Mathematical Society

Notices
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.
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Harmonic Analysis
S.R.S. Varadhan, Courant Insti-
tute, New York University, NY

Harmonic Analysis is an import-
ant tool that plays a vital role in 
many areas of mathematics as 
well as applications. It studies 
functions by decomposing them 
into components that are special 
functions. A prime example is 
decomposing a periodic func-
tion into a linear combination 

of sines and cosines. The subject is vast, and this book 
covers only the selection of topics that was dealt with in 
the course given at the Courant Institute in 2000 and 2019. 
These include standard topics like Fourier series and Fourier 
transforms of functions, as well as issues of convergence 
of Abel, Feier, and Poisson sums. At a slightly more ad-
vanced level the book studies convolutions with singular 
integrals, fractional derivatives, Sobolev spaces, embedding 
theorems, Hardy spaces, and BMO. Applications to elliptic 
partial differential equations and prediction theory are 
explored. Some space is devoted to harmonic analysis on 
compact non-Abelian groups and their representations, 
including some details about two groups: the permutation 
group and SO(3).

The text contains exercises at the end of most chapters 
and is suitable for advanced undergraduate students as well 
as first- or second-year graduate students specializing in the 
areas of analysis, PDE, probability or applied mathematics.
Titles in this series are co-published with the Courant In-
stitute of Mathematical Sciences at New York University.

Courant Lecture Notes, Volume 31
May 2022, approximately 105 pages, Softcover, ISBN: 978-
1-4704-6507-0, 2010 Mathematics Subject Classification: 
42–01, 42Axx, 42Bxx, 60G25, List US$40, AMS members 
US$32, MAA members US$36, Order code CLN/31

bookstore.ams.org/cln-31

Analysis

The Calculus of 
Complex Functions
William Johnston, Butler Univer-
sity, Indianapolis, IN

The book introduces complex 
analysis as a natural extension 
of the calculus of real-valued 
functions. The mechanism for 
doing so is the extension theorem, 
which states that any real ana-
lytic function extends to an ana-
lytic function defined in a region 

of the complex plane. The connection to real functions and 
calculus is then natural. The introduction to analytic func-
tions feels intuitive and their fundamental properties are 
covered quickly. As a result, the book allows a surprisingly 
large coverage of the classical analysis topics of analytic and 
meromorphic functions, harmonic functions, contour inte-
grals and series representations, conformal maps, and the 
Dirichlet problem. It also introduces several more advanced 
notions, including the Riemann hypothesis and operator 
theory, in a manner accessible to undergraduates. The last 
chapter describes bounded linear operators on Hilbert and 
Banach spaces, including the spectral theory of compact 
operators, in a way that also provides an excellent review of 
important topics in linear algebra and provides a pathway 
to undergraduate research topics in analysis.

The book allows flexible use in a single semester, full-
year, or capstone course in complex analysis. Prerequisites 
can range from only multivariate calculus to a transition 
course or to linear algebra or real analysis. There are over 
one thousand exercises of a variety of types and levels.

AMS/MAA Textbooks, Volume 71
May 2022, approximately 414 pages, Softcover, ISBN: 978-
1-4704-6565-0, LC 2021044385, 2010 Mathematics Subject 
Classification: 30–01; 30–03, 30B10, 30C35, 30D20, 30E20, 
30E25, 47–01, 47A10, 47B01, List US$85, AMS Individual 
member US$63.75, AMS Institutional member US$68, 
MAA members US$63.75, Order code TEXT/71

bookstore.ams.org/text-71

31
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General Interest

Hex
A Playful Introduction
Ryan B. Hayward, University of 
Alberta, Edmonton, AB, Canada

This book offers a gentle intro-
duction to Hex, the classic board 
game created by Piet Hein and 
popularized by John Nash and 
Martin Gardner. The first three 
chapters cover rules, basic strat-
egy, and history. The remaining 
eight chapters cover a variety of 

topics: mathematical properties (there are no draws, the 
first player can win, the acute corner is a losing first move), 
the related game of Y, winning strategies for small boards, 
how computers play Hex, and analysis of Random-Move 
Hex (where one or both players move randomly) and Dark 
Hex (the imperfect information version of the game, where 
you can’t see your opponent’s moves).

Did we mention puzzles? There are puzzles in every 
chapter, with solutions.

This book is intended for anyone interested in playing 
board games or learning some recreational mathematics. It 
is written for a wide audience and will be enjoyed equally 
by general readers and professional mathematicians. The 
book could be used as a textbook or companion resource 
for a topics course on recreational mathematics or game 
theory or as a source for undergraduate research questions.

Anneli Lax New Mathematical Library, Volume 54
March 2022, 124 pages, Softcover, ISBN: 978-1-4704-6492-
9, LC 2021049630, 2010 Mathematics Subject Classification: 
00A08, 00A09, 91A43, 91A27, List US$35, AMS Individual 
member US$26.25, AMS Institutional member US$28, 
MAA members US$26.25, Order code NML/54

bookstore.ams.org/nml-54

Differential Equations

Partial Differential 
Equations
A First Course
Rustum Choksi, McGill Univer-
sity, Montreal, QC, Canada

While partial differential equa-
tions (PDEs) are fundamental 
in mathematics and throughout 
the sciences, most undergrad-
uate students are only exposed 
to PDEs through the method 
of separation of variations. This 

text is written for undergraduate students from different 
cohorts with one sole purpose: to facilitate a proficiency in 
many core concepts in PDEs while enhancing the intuition 
and appreciation of the subject. For mathematics students 
this will in turn provide a solid foundation for graduate 
study. A recurring theme is the role of concentration as 
captured by Dirac’s delta function. This both guides the 
student into the convolution structure of the solution to 
the diffusion equation and PDEs involving the Laplacian 
and invites them to develop a cognizance for the theory of 
distributions. Both distributions and the Fourier transform 
are given full treatment.

The book is rich with physical motivations and interpre-
tations, and it takes special care to clearly explain all the 
technical mathematical arguments, often with pre-moti-
vations and post-reflections. Through these arguments the 
reader will develop a deeper proficiency and understanding 
of advanced calculus. While the text is comprehensive, the 
material is divided into short sections, allowing particular 
issues/topics to be addressed in a concise fashion. Sections 
which are more fundamental to the text are highlighted, 
allowing the instructor several alternative learning paths. 
The author’s unique pedagogical style also makes the text 
ideal for self-learning.

Pure and Applied Undergraduate Texts, Volume 54
June 2022, approximately 627 pages, Softcover, ISBN: 978-
1-4704-6491-2, LC 2021040894, 2010 Mathematics Subject 
Classification: 35Axx, 35Cxx, 35Dxx, 35Exx, 35Fxx, 35Jxx, 
35Kxx, 35Lxx, 35Pxx, 35Qxx, List US$89, AMS members 
US$71.20, MAA members US$80.10, Order code AM-
STEXT/54

bookstore.ams.org/amstext-54

http://bookstore.ams.org/text-54
http://bookstore.ams.org/nml-54
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New in Contemporary 
Mathematics
Geometry and Topology

Differential Geometry 
and Global Analysis
In Honor of Tadashi Nagano
Bang-Yen Chen, Michigan State 
University, East Lansing, MI, 
Nicholas D. Brubaker, Califor-
nia State University, Fullerton, 
CA, Takashi Sakai, Tokyo Met-
ropolitan University, Japan, Bog-
dan D. Suceavă, California State 
University, Fullerton, CA, Makiko 
Sumi Tanaka, Tokyo University of 

Science, Chiba, Japan, Hiroshi Tamaru, Osaka City University, 
Japan, and Mihaela B. Vajiac, Chapman University, Orange, 
CA, Editors

This volume contains the proceedings of the AMS Special 
Session on Differential Geometry and Global Analysis, 
Honoring the Memory of Tadashi Nagano (1930–2017), 
held January 16, 2020, in Denver, Colorado.

Tadashi Nagano was one of the great Japanese differ-
ential geometers, whose fundamental and seminal work 
still attracts much interest today. This volume is inspired 
by his work and his legacy and, while reminding historical 
results obtained in the past, presents recent developments 
in the geometry of symmetric spaces as well as generaliza-
tions of symmetric spaces; minimal surfaces and minimal 
submanifolds; totally geodesic submanifolds and their 
classification; Riemannian, affine, projective, and confor-
mal connections; the (M+,M−) method and its applications; 
and maximal antipodal subsets. Additionally, the volume 
features recent achievements related to biharmonic and 
biconservative hypersurfaces in space forms, the geometry 
of Laplace operator on Riemannian manifolds, and Chen-
Ricci inequalities for Riemannian maps, among other 
topics that could attract the interest of any scholar working 
in differential geometry and global analysis on manifolds.

Contemporary Mathematics, Volume 777
May 2022, approximately 232 pages, Softcover, ISBN: 
978-1-4704-6015-0, 2010 Mathematics Subject Classifi-
cation: 53B25, 53C05, 53C15, 53C21, 53C35, 53C40, 
53C42, 53C43, 58A05, 58C40, List US$125, AMS mem-
bers US$100, MAA members US$112.50, Order code 
CONM/777

bookstore.ams.org/conm-777

Math Education

A Festival of Mathematics
A Sourcebook
Alice Peters and Mark Saul

This book, inspired by the Julia 
Robinson Mathematics Festi-
val, aims to engage students in 
mathematical discovery through 
fun and approachable problems 
that reveal deeper mathematical 
ideas.

Each chapter starts with a gen-
tle on-ramp, such as a game or 

puzzle requiring no more than simple arithmetic or intui-
tive concepts of symmetry. Follow-up problems and activ-
ities require intuitive logic and reveal more sophisticated 
notions of strategy and algorithms. Projects are designed 
so that progress is more important than any end goal, 
ensuring that students will learn something significant no 
matter how far they get. The process of understanding the 
questions and how they build on one another becomes an 
exhilarating ride, revealing serious mathematics before the 
reader is aware of the transition.

This book can be used in classrooms, math clubs, after 
school activities, homeschooling, and parent/student gath-
erings and is appropriate for students of age 8 to 18, as well 
as for teachers wanting to hone their skills.

In the interest of fostering a greater awareness and ap-
preciation of mathematics and its connections to other 
disciplines and everyday life, MSRI and the AMS are pub-
lishing books in the Mathematical Circles Library series as 
a service to young people, their parents and teachers, and 
the mathematics profession.

June 2022, approximately 188 pages, Softcover, ISBN: 978-
1-4704-5338-1, LC 2021052340, 2010 Mathematics Subject 
Classification: 97–01, 97D50, 97E30, 97U30, 97U40, List 
US$50, AMS members US$40, MAA members US$45, 
Order code MCL/28

bookstore.ams.org/mcl-28
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AwesomeMath Admission 
Tests: The Next Seven 
Years (2015–2021)
Titu Andreescu, University of 
Texas at Dallas, TX, Navid Safaei, 
Sharif University of Technology, 
Tehran, Iran, and Salam High 
School, Milwaukee, WI, and Ales-
sandro Ventullo, University of 
Milan, Italy

Over the years, the Awesome-
Math Summer Program has be-

come prestigious, not only for its rigorous curriculum and 
experienced instructors, but also because of its selective 
admission process. Students who aspire to participate 
in the program need to take one of the three admissions 
tests offered every year. The first fifteen years’ tests and 
solutions are divided in two volumes. Volume I focuses on 
the years since the start of the summer program in 2006 
through 2014. Volume II includes the years 2015 to 2021, 
inclusively. Each volume starts with the statements of the 
test problems. Complete and enhanced solutions to all 
problems are then presented, with numerous problems 
having multiple solutions.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 44
January 2022, 195 pages, Softcover, ISBN: 978-1-7358315-
4-1, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$44.95, AMS members US$35.96, 
Order code XYZ/44

bookstore.ams.org/xyz-44

Number Theory

Automorphic 
Cohomology, Motivic 
Cohomology, and the 
Adjoint L-Function
Kartik Prasanna, University of 
Michigan, Ann Arbor, MI, and 
Akshay Venkatesh, Institute of 
Advanced Study, Princeton, NJ

The authors propose a relation-
ship between the cohomology 
of arithmetic groups, and the 
motivic cohomology of certain 

(Langlands-)attached motives. The motivic cohomology 
group in question is that related, by Beilinson’s conjec-
ture, to the adjoint L-function at s =1. The authors present 

New AMS-Distributed 
Publications
Math Education

AwesomeMath Admission 
Tests: The First Nine 
Years (2006–2014)
Titu Andreescu, University of 
Texas at Dallas, TX, Navid Safaei, 
Sharif University of Technology, 
Tehran, Iran, and Salam High 
School, Milwaukee, WI, and Ales-
sandro Ventullo, University of 
Milan, Italy

Over the years, the Awesome-
Math Summer Program has be-

come prestigious, not only for its rigorous curriculum and 
experienced instructors but also because of its selective 
admission process. Students who aspire to participate 
in the program need to take one of the three admissions 
tests offered every year. The first fifteen years’ tests and 
solutions are divided in two volumes. Volume I focuses on 
the years since the start of the summer program in 2006 
through 2014. Volume II includes the years 2015 to 2021, 
inclusively. Each volume starts with the statements of the 
test problems. Complete and enhanced solutions to all 
problems are then presented, with numerous problems 
having multiple solutions.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 43
January 2022, 227 pages, Softcover, ISBN: 978-1-7358315-
3-4, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$49.95, AMS members US$39.96, 
Order code XYZ/43

bookstore.ams.org/xyz-43

http://bookstore.ams.org/xyz-43
http://bookstore.ams.org/xyz-44
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Stochastic Analysis, 
Random Fields and 
Integrable Probability—
Fukuoka 2019
Yuzuru Inahama, Kyushu Uni-
versity, Fukuoka, Japan, Hirofumi 
Osada, Kyushu University, Fu-
kuoka, Japan, and Tomoyuki Shi-
rai, Kyushu University, Fukuoka, 
Japan, Editors

This volume contains the pro-
ceedings of the 12th Mathemati-

cal Society of Japan, Seasonal Institute (MSJ-SI) “Stochastic 
Analysis, Random Fields and Integrable Probability”, which 
was held at Kyushu University in Fukuoka, Japan from July 
31 to August 9, 2019.

This volume consists of 18 peer-reviewed articles written 
by speakers who lead currently active research fields of 
probability theory such as stochastic analysis, integrable 
probability, random fields and discrete probability.

The editors believe that this volume will be quite useful 
for all researchers and students who are interested in these 
fruitful research fields.

Published for the Mathematical Society of Japan by Kinokuniya, Tokyo, 
and distributed worldwide, except in Japan, by the AMS.

Advanced Studies in Pure Mathematics, Volume 87
November 2021, 429 pages, Hardcover, ISBN: 978-4-86497-
094-5, 2010 Mathematics Subject Classification: 60Hxx, 
60G60, 60K35; 60C05, 82B41, 60D05, 60H15, 60J67, 
60F17, 60G55, List US$66, AMS members US$52.80, 
Order code ASPM/87 

bookstore.ams.org/aspm-87

evidence for the conjecture using the theory of periods of 
automorphic forms and using analytic torsion.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Astérisque, Number 428
December 2021, 132 pages, Softcover, ISBN: 978-2-85629-
943-2, 2010 Mathematics Subject Classification: 11F75, 11F67, 
19E15, List US$53, AMS members US$42.40, Order code 
AST/428

bookstore.ams.org/ast-428

Probability and Statistics

On the Evolution 
by Duality of Domains 
on Manifolds
Koléhè Coulibaly-Pasquier, 
Institut Elie Cartan de Lorraine, 
Vandoeuvre-lés-Nancy, France, and 
L. Miclo, Toulouse School of Eco-
nomics, France

On a manifold, consider an el-
liptic diffusion X admitting an 
invariant measure µ. The goal 
of this paper is to introduce and 

investigate the first properties of stochastic domain evolu-
tions (Dt)t∈[0,τ] which are intertwining dual processes for 
X (where τ is an appropriate positive stopping time before 
the potential emergence of singularities).

This item will also be of interest to those working in differential 
equations.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 171
January 2022, 110 pages, Softcover, ISBN: 978-2-85629-
935-7, 2010 Mathematics Subject Classification: 60J60, 58J65, 
53C21, 53C44, 60J35, 35K59, List US$53, AMS members 
US$42.40, Order code SMFMEM/171

bookstore.ams.org/smfmem-171
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IV
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Collected Works of William P. Thurston 
with Commentary (The Set)
Benson Farb, David Gabai, and Steven P. Kerckhoff, Editors

This set contains the Collected Works of William P. Thurston 
with Commentary, Volumes I–III, and The Geometry and 
Topology of Three-Manifolds.

William Thurston’s work has had a profound influence on 
mathematics. He connected whole mathematical subjects 
in entirely new ways and changed the way mathematicians 
think about geometry, topology, foliations, group theory, 
dynamical systems, and the way these areas interact. His 
emphasis on understanding and imagination in math-
ematical learning and thinking are integral elements of his 
distinctive legacy.

This four-part collection brings together in one place 
Thurston’s major writings, many of which are appearing in 
publication for the first time. Volumes I–III contain com-
mentaries by the Editors. Volume IV includes a preface by 
Steven P. Kerckhoff.

Part 1: Collected Works, Volume 27; 2021; approximately 737 pages; 
Hardcover; ISBN: 978-1-4704-6388-5; Order code CWORKS/27.1
Part 2: Collected Works, Volume 27; 2021; approximately 615 pages; 
Hardcover; ISBN: 978-1-4704-6389-2; Order code CWORKS/27.2
Part 3: Collected Works, Volume 27; 2021; approximately 586 pages; 
Hardcover; ISBN: 978-1-4704-6390-8; Order code CWORKS/27.3
Part 4: Collected Works, Volume 27; 2021; 316 pages; Hardcover; ISBN: 
978-1-4704-6391-5; Order code CWORKS/27.4
Set: Collected Works, Volume 27; 2021; Hardcover; ISBN: 978-1-4704-
5164-6; List US$380; AMS members US$304; MAA members US$342; 
Order code CWORKS/27

Now available at the AMS Bookstore

For more information, including 
the complete table of contents, visit

bookstore.ams.org/cworks-27

http://bookstore.ams.org/cworks-27
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The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.
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MEETINGS & CONFERENCES

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Spring Eastern Virtual Sectional Meeting
Now meeting virtually, EDT (hosted by the American Mathematical Society)

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: January 27, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, On free boundary problems.
Enrique Pujals, Graduate Center-CUNY, From zero to positive entropy.
Chris T. Woodward, Rutgers University, New Brunswick, Disk potentials of Lagrangians and tropical limits.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces, Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, México, and 
Fulton Gonzalez, Tufts University.

Analytic Methods in Arithmetic Statistics, Robert Hough, State University of New York at Stony Brook, and Robert J. 
Lemke Oliver, Tufts University.
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Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics, S. Allen Broughton, Rose-Hul-
man Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra, Alessandra Costantini, Oklahoma State University, and Gabriel Sosa 
Castillo, Colgate University.

Crossroads: Ergodic Theory, Harmonic Analysis, and Combinatorics, Daniel Glasscock, University of Massachusetts Lowell, 
Andreas Koutsogiannis, Aristotle University of Thessaloniki, Greece, and Joris Roos, University of Massachusetts Lowell.

Discrete and Convex Geometry, Undine Leopold and Egon Schulte, Northeastern University, and Pablo Soberón, Baruch 
College, City University of New York.

Equivariant Cohomology, Jeffrey D. Carlson, Imperial College London, and Loring Tu, Tufts University.
Gauge Theory, Geometric Analysis, and Low-Dimensional Topology, Paul Feehan, Rutgers University, and Thomas G. Leness, 

Florida International University.
Geometric Dynamics and Billiards, Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kathryn Lindsey, 

Boston College.
Homological Methods in Commutative Algebra, Janet Striuli, Fairfield University and National Science Foundation, and 

Oana Veliche, Northeastern University.
Inverse Problems and Their Applications, Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry, George McNinch, Tufts University, and Eric Som-

mers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems, Daniel Orr, Virginia Tech, and Joshua 

Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations, Olivia Chu, Princeton University, Daniel 

Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine, Arkadz Kirshtein, Tufts University, and Navid Mohammad Mirzaei, 

University of Massachusetts.
Mathematics in Security and Defense, Lubjana Beshaj and Paul Goethals, United States Military Academy.
Mathematics of Data Science, Anna Haensch, Tufts University, Vasileios Maroulas, University of Tennessee Knoxville, 

and James M. Murphy, Abani Patra, and Abiy Tasissa, Tufts University.
Moduli Spaces in Algebraic and Tropical Geometry, Ignacio Barros Reyes, Université Paris-Saclay, France, Noah Giansir-

acusa, Bentley University, and Montserrat Teixidor i Bigas, Tufts University.
Quantum Probability, Orthogonal Polynomials, and Special Functions, Maxim Derevyagin and Ambar Sengupta, University 

of Connecticut.
Subgroups in Nonpositive Curvature, Carolyn Abbott, Brandeis University, and Ivan Levcovitz, Kim Ruane, Lorenzo 

Ruffoni, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs, Gabe Cunningham, University of Massachusetts Boston, and Mark Mixer, 

Wentworth Institute of Technology.

Spring Central Virtual Sectional Meeting
Now meeting virtually, (hosted by the American Mathematical Society)

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: February 3, 2022
Issue of Abstracts: Volume 43, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Edward Hedden, Michigan State University, Knot theory and complex curves.
Brian Street, University of Wisconsin-Madison, Maximal Subellipticity.



MEETINGS & CONFERENCES

690    Notices of the AmericAN mAthemAticAl society Volume 69, Number 4

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry, Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry, Jeremy Tyson, University of Illinois at Urbana-Champaign, and 

Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations, John Holmes, Wake Forest University, Ryan Thompson, The University of 

North Georgia, and Feride Tiğlay, The Ohio State University.
Analytical, Computational, and Data-Driven Approaches in Fluid Dynamics, Aseel Farhat, Florida State University, Vincent 

Martinez, CUNY Hunter College, and Ali Pakzad, Indiana University Bloomington.
A Women in Analysis Research Network Event, Donatella Danielli, Arizona State University, and Irina Mitrea, Temple 

University.
Combinatorial Algebra and Geometry, Christine Berkesch, University of Minnesota, and Laura Matusevich and Alek-

sandra Sobieska, Texas A&M University.
Combinatorial Techniques in Commutative Algebra, Giulio Caviglia, Purdue University, and Jay Schweig, Oklahoma State 

University.
Combinatorics and Representations of Noncommutative Algebras, Jason Gaddis, Miami University, and Daniele Rosso, 

Indiana University Northwest.
Commutative Algebra and Connections with Algebraic Geometry, Claudia Polini, University of Notre Dame, and Bernd 

Ulrich, Purdue University.
Complex Geometry, Laszlo Lempert, Purdue University, Chi Li, Rutgers University, Sai-Kee Yeung, Purdue University, 

and Yuan Yuan, Syracuse University.
Computational and Applied Algebraic Geometry, Taylor Brysiewicz and Parker Edwards, University of Notre Dame.
Fully Nonlinear Partial Differential Equations, Farhan Abedin, University of Utah, and Fernando Charro, Wayne State 

University.
Gaussian and non-Gaussian Stochastic Analysis, Cheng Ouyang, University of Illinois at Chicago, Takashi Owada, Purdue 

Univeristy, and Samy Tindel, Purdue University.
Geometric Topology in the Middle Dimensions, James F. Davis, Indiana University, and Mark Powell, Durham University.
Geometry of Measures and Metric Spaces, Matthew Badger, University of Connecticut, Guy C. David, Ball State University, 

and Lisa Naples, Macalester College.
Group Theory and Logic, Meng-Che “Turbo” Ho, California State University, Northridge, Julia F. Knight, University of 

Notre Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.
Harmonic Analysis, Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics, Ralph Kaufmann, Purdue University, Martin Markl, Czech Academy 

of Sciences, and Alexander Voronov, University of Minnesota.
Integrability, Symmetry and Physics, E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Low-dimensional Topology, Matthew Hedden, Michigan State University, Juanita Pinzón-Caicedo, University of Notre 

Dame, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Foundation of Data Science in Scientific Computing, Senwei Liang, Purdue University, Lizuo Liu, Southern 

Methodist University, and Haizhao Yang, Purdue University.
Mathematical Methods for Inverse Problems, Isaac Harris and Peijun Li, Purdue University.
Mathematics of Complex Systems in Biology, Alexandria Volkening and Ning Wei, Purdue University.
Modeling and Forecasting Complex Turbulent Systems, Nan Chen, University of Wisconsin-Madison, and Di Qi, Purdue 

University.
Model Theory and its Applications, Saugata Basu, Purdue University, Philipp Hieronymi, University of Bonn, and Mar-

garet E. M. Thomas, Purdue University.
Multiplicative Ideal Theory in Honor of the Career of William Heinzer, Evan Houston, University of North Carolina - Char-

lotte, and Alan Loper, Ohio State University.
Nonlinear Algebra with Applications to Statistics, Aida Maraj, University of Michigan, and Sonja Petrović , Illinois Institute 

of Technology.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids, Tao Huang, Wayne State University, 

and Changyou Wang, Purdue University.
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Numerical Linear Algebra, Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and Qiang Ye, Univer-
sity of Kentucky.

Optimization, Complexity, and Real Algebraic Geometry, Saugata Basu and Ali Mohammad Nezhad, Purdue University.
Quantum Algebra and Quantum Topology, Shawn Cui, Purdue University, Julia Plavnik, Indiana University, and Tian 

Yang, Texas A&M University.
Random Growth Models, Christopher Janjigian, Purdue University, Firas Rassoul-Agha, University of Utah, and Timo 

Seppalainen, University of Wisconsin - Madison.
Recent Developments in Automorphic Forms and Representations of p-adic Groups, David Goldberg, Baiying Liu, and Frey-

doon Shahidi, Purdue University.
Recent Developments in Commutative Algebra, Jennifer Kenkel, University of Michigan, and Linquan Ma and Uli Wal-

ther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations, Zheng Sun, The University of 

Alabama.
Recent Developments in Operator Algebras, Roy Araiza, University of Illinois, and Rolando de Santiago, Thomas Sinclair, 

and Andrew Toms, Purdue University.
Recent Developments of Variational Methods in Deterministic and Stochastic Systems, Yuan Gao, Purdue University, Tao 

Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.
Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations, Chen Liu and Xiangxiong Zhang, 

Purdue University.
Recent Trends in Graph Theory, Adam Blumenthal, Westminster College, and Katherine Perry, Soka University of America.
Spectral Estimation and Optimization, Mark Ashbaugh, University of Missouri, and Richard Laugesen, University of 

Illinois.
Stability in Topology, Arithmetic, and Representation Theory, Jeremy Miller, Purdue University, Peter Patzt, University of 

Oklahoma, and Andrew Putman, University of Notre Dame.
The Interface Between Nonlinear PDEs, Harmonic Analysis, and Quantitative Geometric and Functional Inequalities, Emanuel 

Indrei and Victor Lie, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory, Theresa Anderson, Purdue University, Robert Lemke 

Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
Topics in Algebraic and Geometric Topology, David Ben McReynolds and Sam Nariman, Purdue University.

Virtual JMM 2022
Now meeting virtually, PT (hosted by the American Mathematical Society)

April 6–9, 2022
Wednesday – Saturday

Meeting #1174
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of 
Association for Symbolic Logic (ASL), and sessions/events 
by them and Society for Industrial and Applied Mathematics 
(SIAM), American Statistical Association (ASA), Consortium 
for Mathematics and its Applications (COMAP), International 

Linear Algebra Society (ILAS), Julia Robinson Mathematics 
Festival (JRMF), Mathematical Sciences Research Institute 
(MSRI), Spectra, and Transforming Post-Secondary Education 
in Mathematics (TPSE).
Associate Secretary for the AMS: Georgia Benkart, Univer-
sity of Wisconsin-Madison
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Marianna Csőrnyei, University of Chicago, The Kakeya Needle Problem for Rectifiable Sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Why the Math Community Struggles with Equity 

& Diversity - and Why There’s Reason for Hope (MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture).
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Kavita Ramanan, Brown University, Interacting Stochastic Processes on Random Graphs (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, The positive Grassmannian and amplituhedron (MAA-AMS-SIAM Gerald and 

Judith Porter Public Lecture).
Talithia Ann Williams, Harvey Mudd College, The Power of Talk: Engaging the Public in Mathematics (JPBM Commu-

nications Award Lecture).

AMS Invited Addresses
Anna Gilbert, Yale University, Metric representations: Algorithms and Geometry (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Restoring confidence in the value of mathematics (AMS Lecture on Education).
Daniel Reuben Krashen, University of Pennsylvania, Field patching and algebraic structures.
Dan Margalit, Georgia Institute of Technology, Mixing surfaces, algebra, and geometry (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, An invitation to periodicity.
Hee Oh, Yale University, Euclidean lines on hyperbolic manifolds (AMS Erdő s Memorial Lecture).
Jill Pipher, Brown University, Regularity of solutions to elliptic operators and elliptic systems (AMS Retiring Presidential 

Address).
Karen Smith, University of Michigan, Resolutions of Singularities and Rational Singularities (AMS Colloquium Lectures: 

Lecture I).
Karen Smith, University of Michigan, Measuring Singularities (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Extremal Singularities (AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Emergent behavior in collective dynamics (AMS Josiah Willard Gibbs Lecture).

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The promise of formal mathematics (ASL Invited Address).
Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical viewpoint for examining how power dictates 

policies and reforms in mathematics (NAM Cox-Talbot Address).
Peter Cholak, University of Notre Dame, Ramsey like theorems on the rationals (ASL Invited Address).
Pauline van den Driessche, University of Victoria, B.C., Canada, Sign Patterns Meet Dynamical Systems (ILAS Invited 

Address).
Qiang Du, Columbia University, Analysis and Applications of Nonlocal Models (SIAM Invited Address).
Monica Jackson, American University, Spatial data analysis for public health data (NAM Claytor-Woodard Lecture).
Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian valued fields (ASL Invited 

Address).
Autumn Kent, University of Wisconsin - Madison, Families (Spectra Lavender Lecture).
Xihong Lin, Harvard University, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, 

Health Outcomes, Interventions and Vaccination (ASA Committee of Presidents of Statistical Societies Lecture).
Sandra Müller, Technical University of Vienna, Lower Bounds in Set Theory (ASL Invited Address).
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Erik Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Karl-Dieter Crisman, Gordon College, Mersenne Matters: Mathematics, Music, Monotheism, and More (ACMS Guest 

Speaker).
Nicolas Fillion, Simon Fraser University, Trust but Verify: What Can We Know About the Reliability of a Computer-Generated 

Result? (SIGMAA on the Philosophy of Mathematics (POM SIGMAA) Guest Lecture).
Edray Herber Goins, Pomona College, Addressing Anti-Black Racism in Our Departments (Project NExT Lecture on 

Teaching and Learning).
Heather Price, North Seattle College, Climate Justice Integrated Learning in STEM (SIGMAA Environmental Mathematics 

Guest Speaker).

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.
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Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, Matt Insall, Missouri University of Science 
and Technology, Peter Loeb, University of Illinois at Urbana-Champaign, and Malgorzata Marciniak, City University 
of New York.

Advances in Coding Theory, Katie Haymaker, Villanova University, Hiram Lopez, Cleveland State University, and Beth 
Malmskog, Colorado College.

Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, University of California, Los Angeles.

Advancing Data Privacy-Preserving Methodologies, Claire Bowen, Urban Institute.
Algebraic and Bijective Methods in Permutation Enumeration, Sergi Elizalde, Dartmouth College, Bridget Tenner, DePaul 

University, and Justin Troyka and Yan Zhuang, Davidson College.
A Match Made in the Stacks: Mathematician and Librarian Collaborations, Anya Bartelmann, Princeton University, and 

Samuel Hansen, University of Michigan.
Analysis and Differential Equations at Undergraduate Institutions, John Ross, Southwestern University, Mihai Stoiciu, 

Williams College, and Scott Zimmerman, The Ohio State University at Marion.
Analysis in Metric Spaces (a Mathematics Research Communities Session), Chris Gartland, Texas A & M University, Silvia 

Ghinassi, University of Washington, Ilmari Kangasniemi, Syracuse University, and Ryan Alvarado, Amherst College.
Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with Applications, Raegan Higgins and 

Ozkan Ozturk, Texas Tech University.
Applications of Mathematical Models and Dynamical Systems in Biology, Yang Li, University of Cincinnati, Hongying Shu, 

Shaanxi Normal University, and Xiang-Sheng Wang, University of Louisiana at Lafayette.
Applied Combinatorial Methods, Sinan Aksoy, Pacific Northwest National Laboratory, Bill Kay, Oak Ridge National 

Laboratory, and Stephen Young, Pacific Northwest National Laboratory.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao, Gettysburg College, Lindsay Dever, Bryn 

Mawr College, and Eva Goedhart, Williams College.
Asymptotic Behavior of Evolution Equations, Jin Liang, Shanghai Jiao Tong University, Nguyen Minh, University of Ar-

kansas Little Rock, Gaston N’Guerekata, Morgan State University, and Ti-Jun Xiao, Fudan University.
Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population Models, Arzu Bilgin, Recep 

Tayyip Erdogan University, and Toufik Khyat, Texas Tech University.
Collaborative Undergraduate Research: Experiences with CURM, Kathryn Leonard, Occidental College.
Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics Research Communities Session), 

Stephen Gillen, University of Pennsylvania, and Sam Simon, Simon Fraser University.
Combinatorial Approaches to Topological Structures and Applications, Emilie Purvine and Cliff Joslyn, Pacific Northwest 

National Laboratory.
Commutative Algebra, Eloisa Grifo, University of Nebraska-Lincoln, Keri Sather-Wagstaff, Clemson University, and 

Janet Vassilev, University of New Mexico.
Competing Foundations for Mathematics: How Do We Choose? (Sponsored by POMSIGMAA), Jeff Buechner, Rutgers Uni-

versity, Bonnie Gold, Monmouth University, and Kevin Iga, Pepperdine University.
Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, Jun Chen, Yun Kang, M. Gabriela Navas-Zu-

loaga, and Lucero Rodriguez, Arizona State University.
Current Advances in Computational Biomedicine, Heiko Enderling, H. Lee Moffitt Cancer Center & Research Institute, 

Niels Halama, German Cancer Research Center, Viviana Risca, Rockefeller University, and Nek Valous, National Center 
for Tumor Diseases.

Distance Problems in Continuous Discrete and Finite Field Settings, Abdul Basit, Iowa State University, Steven Miller, 
Williams College, Eyvindur Palsson and Sean Sovine, Virginia Tech, and Charles Wolf, University of Rochester.

Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research Communities Session), 
George Lytle, University of Montevallo, and Zhuolin Qu, University of Texas, San Antonio.

Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic Hypergeometric Series, Christopher 
Jennings-Shaffer, University of Denver, and Ali Uncu, University of Bath.

Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches, Rachel Grotheer, Wofford 
College, Joel Kitty, Centre College, Alison Marr, Southwestern University, Alex McAllister, Centre College, and Stephen 
Walk, St. Cloud State University.
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Evolution Equations and Their Asymptotic Behavior, Gisele Mophou, Universite des Antilles en Guadeloupe, Gaston 
N’Guerekata, Morgan State University, and Mahamadi Warma, George Mason University.

Explicit Methods for Modularity, I (Sponsored by Simons Collaboration on Arithmetic Geometry Number Theory and Computa-
tion), Eran Assaf, Dartmouth, Edgar Costa, Massachusetts Institute of Technology, Brendan Hassett, Brown University, 
and David Roe, Massachusetts Institute of Technology.

Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear Algebra (a Mathematics Research 
Communities Session), Shahla Nasserasr, Rochester Institute of Technology, Emily Olson, Millikin University, and Sam 
Spiro, University of California San Diego.

Fusion Categories and Their Applications in Physics, Colleen Delaney, Indiana University, and Corey Jones, North Car-
olina State University.

Geometric and Topological Combinatorics, Anton Dochtermann, Texas State University, Bennet Goeckner and Gaku Liu, 
University of Washington, and Steven Klee, Seattle University.

Geometric Group Theory, I (Associated with AMS Maryam Mirzakhani Invited Address), Carolyn Abbott, Brandeis University, 
Mladen Bestvina, University of Utah, and Dan Margalit, Georgia Tech University.

Geometric Measure Theory, Theodora Bourni and Vyron Vellis, University of Tennessee, Knoxville.
Geometry in the Mathematics of Data Science, Tim Doster, Tegan Emerson, and Henry Kvinge, Pacific Northwest Na-

tional Laboratory.
Heat Content Exit Time and Geometric Analysis, Patrick McDonald, New College of Florida, and Jeffrey Langford, 

Bucknell University.
History of Mathematics, Sloan Despeaux, Western Carolina University, Deborah Kent, University of St. Andrews, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Hopf Algebras and Tensor Categories, Siu-Hung Ng, Louisiana State University, Julia Plavnik, Indiana University, and 

Henry Tucker, University of California, Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Innovative and Effective Ways to Teach Linear Algebra, Sepideh Stewart, University of Oklahoma, Gil Strang, Massachu-

setts Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
Inquiry-based Teaching and Learning, Volker Ecke, Westfield State University, Parker Glynn-Adey, University of Toronto 

at Scarborough, Mel Henriksen, Wentworth Institute of Technology, Nathaniel Miller, University of Northern Colorado, 
Lee Roberson, University of Colorado-Boulder, Christine von Renesse, Westfield State University, Mami Wentworth, 
Wentworth Institute of Technology, and Nina White, University of Michigan.

Intersections of Geometric Analysis and Mathematical Physics, Xianzhe Dai and A’kos Nagy, University of California, Santa 
Barbara.

Knots, Links, 3-manifolds,... and 4-manifolds, Christopher Davis, University of Wisconsin, Shelly Harvey, Rice University, 
and Carolyn Otto, University of Wisconsin Eau Claire.

Knot Theory in Dimension Four, Jeffrey Meier, Western Washington University, Maggie Miller, Stanford University, and 
Patrick Naylor, Princeton University.

Latinxs in Combinatorics, Laura Escobar, Washington University in St. Louis, Pamela E. Harris, Williams College, and 
Andres R. Vindas Melendez, MSRI & UC Berkeley.

Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, Kimberly Ayers, Carroll College, Han Li, 
Wesleyan University, David McClendon, Ferris State University, Andy Parrish, Eastern Illinois University, and Ami Ra-
dunskaya, Pomona College.

Low-dimensional Manifolds, Catherine Pfaff, Queen’s University, Rachel Roberts, Washington University in St Louis, 
and Jennifer Schultens, University of California, Davis.

Mathematical and Conceptual Foundations of Physics, David Weisbart, University of California Riverside, and Adam 
Yassine, Bowdoin College.

Mathematical Modeling of Biological Processes, Dawit Denu, Georgia Southern University, Sedar Ngoma, SUNY Geneseo, 
and Rachidi Salako, The Ohio State University.

Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to Multilevel Selection, Daniel 
Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.

Mathematical Models for Biomolecular and Cellular Interactions, Daniel Cruz, Georgia Institute of Technology, and Mar-
gherita Ferrari, University of South Florida.

Mathematical Models of Diseases: Analysis and Computation, Xuming Xie and Najat Ziyadi, Morgan State University.
Mathematical Tools for Computer Vision Problems, Anna Grim, Brown University, Patricia Medina, Yeshiva College, and 

Marilyn Vazquez, Ohio State University.
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Mathematics and New Media, Mohamed Omar, Harvey Mudd College, and Michael Penn, Randolph College.
Mathematics and Sports, Russell Goodman, Central College, and Hope McIlwain, Mercer University.
Mathematics and the Arts, Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, and 

Anil Venkatesh, Adelphi University.
Mathematics Through the Informational Lens, Chid Apte, Rachel Bellamy, Charles Bennett, Kenneth Clarkson, John 

Cohn, Payel Das, Lior Horesh, Jon Lenchner, JR Rao, John Smolin, Mark Squillante, Yuhai Tu, and Chai Wah Wu, 
IBM Research.

Modular Forms and Combinatorics, Madeline Dawsey, University of Texas at Tyler, Larry Rolen, Vanderbilt University, 
Robert Schneider, University of Georgia, and Ian Wagner, Vanderbilt University.

New Problems in Several Complex Variables (a Mathematics Research Communities Session), Sean Curry, Oklahoma State 
University, Zhenghui Huo, Duke Kunshan University, Valentin Kunz, University of Manchester, and Kevin Palencia 
Infante, Northern Illinois University.

Noncommutative Algebra and Noncommutative Invariant Theory, Ellen Kirkman, Wake Forest University, and Robert Won 
and James Zhang, University of Washington.

Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, Ezzinbi Khalil, and Gaston N’Guerekata, 
Morgan State University.

Number Theory at Non-PhD Granting Institutions, Harris Daniels, Amherst College, Alia Hamieh, University of Northern 
British Columbia, Steven Miller, Williams College, Naomi Tanabe, Bowdoin College, and Enrique Trevino, Lake Forest 
College.

Numerical Methods and Deep Learning for PDEs, Wei Guo, Texas Tech University, and Chunmei Wang, University of 
Florida.

Partial Differential Equations and Complex Variables, Hyunkyoung Kwon, University at Albany, and Bingyuan Liu, The 
University of Texas Rio Grande Valley.

Partition Theory and Related Topics, Dennis Eichhorn, University of California, Irvine, William Keith, Michigan Tech-
nological University, and Brandt Kronholm, University of Texas, Rio Grande Valley.

Perfectoid Spaces, Shanna Dobson, California State University, Los Angeles.
Polymath Jr: Mentoring and Learning, Kira Adaricheva, Hofstra University, Zhanar Berikkyzy, Fairfeld University, Johanna 

Franklin, Hofstra University, Seoyoung Kim, Queens University, Steven Miller, Williams College, Adam Sheffer, Baruch 
College, and Yunus Zeytuncu, University of Michigan-Dearborn.

Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, Henry Adams, Justin 
O’Connor, Kyle Salois, Brittany Story, and Ciera Street, Colorado State University.

Quadratic Forms, Theta Functions and Modularity, Allison Arnold-Roksandich, United States Department of Defense, 
Gene Kopp, Purdue University, and Kate Thompson, United States Naval Academy.

Quantitative Literacy and Society, Mark Branson, Stevenson University, Catherine Crockett, Point Loma Nazarene 
University, Gizem Karaali, Pomona College, Kathryn Knowles, Texas A&M-San Antonio, and Samuel Tunstall, Trinity 
University, San Antonio TX.

Quantum Categorical Structures in Mirror Symmetry, Nathaniel Bottman, Max Planck Institute for Mathematics, Sheel 
Ganatra, University of Southern California, Alexei Oblomkov, University of Massachusetts, Amherst, and Abigail Ward, 
Massachusetts Institute of Technology.

Quaternions, Terrence Blackman, Medgar Evers College - City University of New York, and Johannes Familton and 
Chris McCarthy, Borough of Manhattan Community College - City University of New York.

Random Matrix Theory and its Applications, Kyle Luh and Sean O’Rourke, University of Colorado Boulder, and Tom 
Trogdon, University of Washington.

Random Polynomials and Related Models, Sean O’Rourke, University of Colorado Boulder, and Noah Williams, Appa-
lachian State University.

Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina Greensboro.

Real World Applications of Mathematics, Vinodh Chellamuthu, Dixie State University, and Darren Narayan, Rochester 
Institute of Technology.

Recent Advances in Fluids and Related Models, Theodore Drivas, Stony Brook, and Hussain Ibdah and Huy Nguyen, 
University of Maryland.

Recent Advances in Mathematical Biology Ecology and Epidemiology, Lale Asik, University of the Incarnate Word, and 
Ummugul Bulut, Texas A&M University San Antonio.

Recent Advances in Packing, Joseph Iverson, Iowa State University, John Jasper, South Dakota State University, and 
Dustin Mixon, The Ohio State University.
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Recent Developments in Nonlocal Modeling and Analysis, James Scott, University of Pittsburgh, Tadele Mengesha, Uni-
versity of Tennessee, and Xiaochuan Tian, University of California, San Diego.

Recent Progress in Function Theory and Operator Theory, Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, 
St Louis University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, Darren Narayan, Rochester In-
stitute of Technology, Christopher O’Neill, San Diego State University, Khang Tran, California State University, Fresno, 
Mark Daniel Ward, Purdue University, and John Wierman, Johns Hopkins University (AMS-SIAM).

Rethinking Number Theory, Heidi Goodson, Brooklyn College City University of New York, Allechar Serrano Lopez, 
Harvard University, Christelle Vincent, University of Vermont, and McKenzie West, University of Wisconsin-Eau Claire.

Scalar Curvature and Convergence, Brian Allen, University of Hartford, Lan-Hsuan Huang, University of Connecticut, 
and Raquel Perales, Universidad Nacional Autonoma de Mexico.

Several Complex Variables Geometric PDE and CR Geometry, Anne-Katrin Gallagher, Gallagher Tool & Instrument, Red-
mond, WA, and Bernhard Lamel and Nordine Mir, Texas A&M University at Qatar.

Skein Theory and Quantum Algebra, Rhea Bakshi, The George Washington University, Wade Bloomquist, Georgia In-
stitute of Technology, and Vijay Higgins, University of California Santa Barbara.

Statistics and Machine Learning Using Topology and Geometry, Austin Lawson and Vasileios Maroulas, University of Ten-
nessee Knoxville, Farzana Nasrin, University of Hawai’i at Mānoa, and Christopher Oballe, University of Notre Dame.

Stochastic Models in Studying Biological Systems, Shusen Pu, Vanderbilt University, and Alexander Strang, University of 
Chicago.

Structured Polynomial Systems In Mathematics and Its Applications, Taylor Brysiewicz, Max Planck Institute for Mathematics 
in the Sciences, and Frank Sottile, Texas A&M University.

The Mathematics of Decisions, Elections and Games, Michael Jones, American Mathematical Society - Mathematical Re-
views, David McCune, William Jewell College, and Jennifer Wilson, Eugene Lang College The New School.

The Mathematics of RNA and DNA, Johannes Familton and Chris McCarthy, Borough of Manhattan Community 
College City University of New York.

The Teaching and Learning of Undergraduate Ordinary Differential Equations, Chris Goodrich, The University of New 
South Wales, Viktoria Savatorova, Central Connecticut State University, Itai Seggev, Wolfram Research, and Beverly 
West, Cornell University.

Topics and Generalizations in Geometric Group Theory, John Bergschneider, Bikash Das, and Opal Graham, University 
of North Georgia.

Topics in Extremal Combinatorics, Cory Palmer, University of Montana, and Amites Sarkar, Western Washington Uni-
versity.

Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, Alan Krinik and Randall Swift, 
Cal Poly Pomona.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy Comar, Benedictine University, 
and Hannah Highlander, University of Portland.

Weave Reality into Your Differential Equations Course with Modeling, Vinodh Chellamuthu, Dixie State University, Rikki 
Wagstrom, Metropolitan State University, Tracy Weyand, Rose-Hulman Institute of Technology, and Brian Winkel, SI-
MIODE.

AAAS Special Sessions
Stochastic Processes on Networks, Oanh Nguyen, University of Illinois at Urbana-Champaign, and Kavita Ramanan, 

Brown University.

ASA Special Sessions
Statistical issues of COVID-19 Data, Xihong Lin, Harvard University and Broad Institute of MIT.

ASL Special Sessions
Model-theoretic Classification Program, Artem Chernikov and Nicholas Ramsey, University of California, Los Angeles.

AWM Special Sessions
Celebrating the Mathematical Contributions of the AWM, Donatella Danielli, Arizona State University, Kathryn Leonard, 

Occidental College, Michelle Manes, University of Hawai’i at Mānoa, and Ami Radunskaya, Pomona College.
Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, California State University, Los An-

geles, and Elizabeth Donovan, Murray State University.
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Women and Gender Minorities in Symplectic and Contact Geometry and Topology, Orsola Capovilla-Searle, Duke University, 
Dahye Cho, Stony Brook University, and Angela Wu, University of College, London.

Women in Computational Topology, Brittany Fasy, Montana State University, and Lori Ziegelmeier, Macalester College.
Women in Geometry, Catherine Searle, Wichita State University, Elizabeth Stanhope, Lewis and Clark University, and 

Guofang Wei, University of California, Santa Barbara.
Women in Mathematical Biology, Christina Edholm, Scripps College, Maryann Hohn, Pomona College, Amanda 

Laubmeier, Texas Tech University, Carrie Manore, Los Alamos National Laboratory, and Heather Zinn-Brooks, Harvey 
Mudd College.

Women in Topology, Kristine Bauer, University of Calgary, Anna Marie Bohmann, Vanderbilt University, Angelica 
Osorno, Reed College, Carmen Rovi, MPIM and University of Heidelberg, and Sarah Yeakel, University of California, 
Riverside.

Women of Color in Combinatorics, Zhanar Berikkyzy, Fairfield University, and Shanise Walker, University of Wisconsin 
Eau Claire.

COMAP Special Sessions
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, Amanda Beecher, Ramapo College of New 

Jersey, Steve Horton, US Military Academy (Emeritus), and Kathleen Snook, COMAP.

ILAS Special Sessions
Matrix Analysis and Applications I, Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-Yau Tam, Uni-

versity of Nevada, Reno.
The Interplay of Matrix Analysis and Operator Theory, Kelly Bickel, Bucknell University, Meredith Sargent, University of 

Arkansas, Ryan Tully-Doyle, California Polytechnic, San Luis Obispo, and Hugo Woerdeman, Drexel University.
The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics, Mary Flagg, University of St. Thomas, 

and Hein Van der Holst, Georgia State University.

MSRI Special Sessions
Combinatorial and Homological Methods in Commutative Algebra, Jennifer Biermann, Hobart and William Smith Colleges, 

and Selvi Kara, University of Utah.
Frame Theory and Applications, Roza Aceska, Ball State University, and Yeon Kim, Central Michigan University.
Lie Group Actions in Differential Geometry, Carolyn Gordon, Dartmouth College, Meera Mainkar, Central Michigan 

University, Tracy Payne, Idaho State University, and Cynthia Will, University of Cordoba (Argentina).
Metric Geometry and Topology, Christine Escher, Oregon State University, and Catherine Searle, Wichita State University.
Resistance Distance and Other Metrics on Graphs and Networks, Emily Evans, Brigham Young University, and Amanda 

Francis, Mathematical Reviews, American Mathematical Society.
Tensor Modeling and Optimization, Anna Ma, University of California, Irvine, Deanna Needell, University of California, 

Los Angeles, and Jing Qin, University of Kentucky.
The MSRI African Diaspora Joint Mathematics Workshop (ADJOINT), Caleb Ashley, Boston College, and Edray Goins, 

Pomona College.
The MSRI Undergraduate Program, Rebecca Garcia, Sam Houston State University, and Pamela E. Harris, Williams 

College.

NSF Special Sessions
Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, Part 1, Michael 

Ferrara, Sandra Richardson, John Haddock, Lee Zia, Mindy Capaldi, and Elise Lockwood, Division of Undergraduate 
Education, National Science Foundation.

SIAM Minisymposium
Advances in Mathematical Biology, Shilpa Khatri, Roummel Marcia, and Erica Rutter, University of California Merced.
Advancing Racial Equity in Applied Mathematics, Ron Buckmire, Occidental College, P. Seshaiyer, George Mason Uni-

versity, and Suzanne Sindi, University of California Merced.
Graduate Research in Industry and in National Laboratory Internships, Nicole Buczkowski and Hayley Olson, University 

of Nebraska-Lincoln.
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Lessons Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM ED session), Manuchehr 
A. Aminian, Cal Poly Pomona, and Alvaro Ortiz, Georgia Gwinnett College.

Mathematics of Complex Systems, Heather Zinn Brooks, Harvey Mudd College, Alexander P. Hoover, University of 
Akron, Mason A. Porter, University of California Los Angeles, Alice Schwarze, University of Washington, and Alexandria 
Volkening, Purdue University.

Nonlocal and Fractional Problems in Analysis and PDEs, Marta Lewicka, University of Pittsburgh, and Petronela Radu, 
University of Nebraska-Lincoln.

Quantum Algorithms, Lin Lin, University of California, Berkeley, and Nathan Wiebe, University of Toronto.
Sensitivity Analysis and Uncertainty Quantification for Scientific and Biological Models, Ralph Smith, North Carolina State 

University.

SIGMAA Special Sessions
Lightning Talks in Environmental Mathematics, Russ deForest, Pennsylvania State University, Gordon Bower, Excelsior 

Statistics, Amanda Beecher, Ramapo College of New Jersey, Jacci White, Saint Leo University, and Eric Marland, Appa-
lachian State University.

Math Circle Outreach Activities that Engage Diverse Audiences, Lauren Rose, Bard College, and James Taylor, Math Circles 
Collaborative of New Mexico.

Mathematical Knowledge for Teaching High School and College Calculus Courses, I (Sponsored by SIGMAA on Mathematical 
Knowledge for Teaching), James Madden, Louisiana State University, Carl Olimb, Augustana University, and Jennifer 
Whitfield, Texas A&M University.

Programs that Support Student Research - SIGMAA on Undergraduate Research, Allison Henrich, Seattle University, Kate 
Kearney, Gonzaga University, and Nicolas Scoville, Ursinus College.

Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: March 24, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: March 15, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic, Combinatorial, and Optimization Methods for Kuramoto and Power-flow Equations, Rob Davis, Colgate University, 
Julia Lindberg, University of Wisconsin-Madison, and Tianran Chen, Auburn University at Montgomery.

Algebraic Logic, Nick Galatos, University of Denver, and José Gil Férez, Chapman University.
Commutative Algebra, Tái Huy Há, Tulane University, and Selvi Kara, University of Utah.
Computational Topology and Applications, Hitesh Gakhar and Miroslav Kramar, University of Oklahoma.
Enumerative and Extremal Problems in Chromatic Graph Theory, Stephen Hartke, University of Colorado Denver, and 

Hemanshu Kaul, Illinois Institute of Technology.
Factorization and Arithmetical Properties of Commutative Rings and Monoids, Scott Chapman, Sam Houston State Univer-

sity, and Jim Coykendall, Clemson University.
Finite groups, their representations, and related structures, Robert Boltje, University of California Santa Cruz, and Alexander 

Hulpke, Colorado State University.
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Fractal Geometry and Dynamical Systems, Sangita Jha, National Institute of Technology Rourkela, India, Mrinal Kanti 
Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Information Technology 
Allahabad.

Geometric and Functional Inequalities and Applications to PDEs, Joshua Flynn, Guozhen Lu, and Jianxiong Wang, Uni-
versity of Connecticut.

Interactions Between Probability and Statistics, Kayvan Sadeghi and Terry Soo, University College London.
Mathematical Advances in Bayesian Statistical Inversion and Markov Chain Monte Carlo Sampling Algorithms, Nathan Glatt-

Holtz, Tulane University, Justin Krometis, Virginia Tech, and Cecilia Mondaini, Drexel University.
Q-series, Number Theory and Quantum Topology, Chris Jennings-Shaffer and Shashank Kanade, University of Denver, 

and Robert Osburn, University College Dublin.
Ramsey Theory of Infinite Structures, Dana Bartosova, University of Florida, and Natasha Dobrinen, University of Denver.
Recent Advances on the Langlands Program, Kwangho Choiy, Southern Illinois University, Melissa Emory, University of 

Toronto, and Ralf Schmidt, University of North Texas.
Recent progress in numerical methods for PDEs, Muhammad Mohebujjaman, Texas A&M International University, and 

Leo Rebholz, Clemson University.
Recent Trends in Semigroup Theory, Michael Kinyon, University of Denver, and Ben Steinberg, City College of New York.
Research in Mathematics by Graduate Students, Marat V. Markin and Khang Tran, California State University, Fresno.
Rethinking the Preparation of Mathematics GTAs for Future Faculty Positions, Michael Jacobson, University of Colorado, 

Denver.
Some Modern Developments in the Theory of Vertex Algebras, Florencia Orosz Hunziker, Shashank Kanade, and Andrew 

Linshaw, University of Denver.
Zero-dimensional Dynamics: Algebraic and Topological Aspects, Ronnie Pavlov and Scott Schmieding, University of Denver.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines

For organizers: Expired

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Invited Addresses
Andrea Bertozzi, University of California, Los Angeles, USA, Title to be announced.
Peter Bühlmann, ETH Zürich, Switzerland, Title to be announced.
Maria Chudnovsky, Princeton University, USA, Title to be announced.
Alessio Figalli, ETH Zürich, Switzerland, Title to be announced.
Vincent Lafforgue, Université de Grenoble Alpes & CNRS, France, Title to be announced.
Peter Sarnak, Institute for Advanced Study (IAS), Princeton, USA, Title to be announced.
Claire Voisin, Collège de France, Paris, France, Title to be announced.
Simone Warzel, Technische Universität München (TUM), Munich, Germany, Title to be announced.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.
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Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Financial Mathematics, Beatrice Acciaio, London School of Economics, UK, Carole Bernard, Grenoble Ecole de Man-
agement, Grenoble, France, and Stephan Sturm, Worcester Polytechnic Institute, USA.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris- Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Ecole 
Normale Supérieure de Lyon and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.



MEETINGS & CONFERENCES

April 2022  Notices of the AmericAN mAthemAticAl society   701

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: July 26, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Structures in Topology, Logic, and Arithmetic (Code: SS 4A), John Harding, New Mexico State University, and 
Emil D. Schwab, The University of Texas at El Paso.

Banach Fixed Point Theorem: 100th year Celebration (Code: SS 5A), Parin Chaipunya, King Mongkut University of Tech-
nology, Thailand, and Mohamed A. Khamsi, Osvaldo Mendez, and Julio C. Urenda, The University of Texas at El Paso.

Eliiptic and Parabolic PDEs in Complex Fluid and Free Boundary Problems (Code: SS 6A), Alaa Haj Ali, Arizona State Uni-
versity, and Hengrong Du, Vanderbilt University.

High-Frequency Data Analysis, Complex Datasets, and Applications (Code: SS 3A), Maria Christina Mariani and Michael 
Pokojovy, The University of Texas at El Paso, Ambar Sengupta, University of Connecticut, Osei K. Tweneboah, Ramapo 
College of New Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Ordered Structures (Code: SS 2A), Piotr Wojciechowski, University of Texas at El Paso.
Topics in Applied Analysis (Code: SS 1A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Gisele Goldstein 

and Jerome Goldstein, University of Memphis.
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Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic and Analytic theory of Elliptic Curves (Code: SS 1A), Alina Cojocaru, University of Illinois, Chicago, Seoyung 
Kim, Grand Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Game-Theoretic and Agent-Based Approaches to Modeling Biological and Social Systems (Code: SS 7A), Olivia Chu, Dart-
mouth College, and Daniel Cooney, University of Pennsylvania.

Iwasawa Theory (Code: SS 6A), Robert Pollack, Boston University, Anwesh Ray, University of British Columbia, and 
Tom Weston, University of Massachusetts.

Lagrangian and Legendrian Submanifolds (Code: SS 2A), Dani Alvarez-Gavela, Massachusetts Institute of Technology, 
and Mike Sullivan, University of Massachusetts.

Latinx and Hispanics in Combinatorics, Number Theory, Geometry and Topology (Code: SS 9A), Iván Contreras, Amherst 
College, Pamela E. Harris, Williams College, Alejandro Morales, University of Massachusetts, and Geremías Polanco 
Encarnación, Smith College.

Non-Abelian Hodge Theory and Minimal Surfaces (Code: SS 4A), Robert Kusner, Charles Ouyang, and Franz Pedit, 
University of Massachusetts.

Nonlinear waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday (Code: SS 5A), Ricardo Carretero, 
San Diego State University, and Panos Kevrekidis, University of Massachusetts.

Ramsey Theory (Code: SS 3A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 
and Alfréd Rényi Institute of Mathematics.

Topics in PDEs and Harmonic Analysis (Code: SS 8A), Zongyuan Li, Rutgers University, Weinan Wang, University of 
Arizona, Xueying Yu, University of Washington, and Zhiyuan Zhang, New York University.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 15, 2022
For abstracts: August 23, 2022
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccã, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Keri Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: March 22, 2022
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.
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Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Emily Evans, Mark Kempton, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe and 

Jia Zhao, Utah State University, and Yunrong Zhu, Idaho State University.
Recent Developments in Inverse Problems for PDEs and Applications (Code: SS 20A), Loc Nguyen, University of North 

Carolina at Charlotte, Dinh-Liem Nguyen, Kansas State University, and Fernando Guevara Vasquez, University of Utah.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Volume 44, Issue 1

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 6A), Chun-Ju Lai, Academia Sinica, Taiwan, Daniel K. Nakano, University of Georgia, and Weiqiang Wang, 
University of Virginia.

Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-
bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
Hosted by the American Mathematical Society

April 1–2, 2023
Saturday – Sunday

Meeting #1185
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.
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Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Auckland, New Zealand
December 4–8, 2023
Monday – Friday
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Palermo, Italy
July 23–26, 2024
Tuesday – Friday
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia (JMM 2026)
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026
Sunday – Wednesday
Associate Secretary for the AMS: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



The Ruth Lyttle Satter Prize recognizes 
an outstanding contribution to mathematics 
research by a woman in the previous six 
years.

Kaisa Matomäki, University 
of Turku, Finland, received 
the 2021 Ruth Lyttle Satter 
Prize for her work (much of it 
joint with Maksym Radziwiłł) 
in the fi eld of multiplicative 
functions.

Previous Ruth Lyttle Satter Prize winners include:

2019 Maryna Viazovska

2017 Laura DeMarco

2015 Hee Oh

The Ruth Lyttle Satter Prize in Mathematics was established in 1990 by Joan S. Birman in memory of her sister, 
botanist Ruth Lyttle Satter. The Joan and Joseph Birman Fellowship for Women Scholars was established in 
2017 by Joan and her husband, Joseph. The AMS is grateful to the Birmans to their commitment to advancing 
women in mathematics.

The Joan and Joseph Birman Fellowship 
for Women Scholars awards exceptionally 
talented women extra research support during 
their mid-career years. 

Helen Wong, Claremont 
McKenna College, 
received the 2021–2022 
Birman Fellowship for her 
exceptional research in 
quantum topology and 
applications of topology. 

Previous Joan and Joseph Birman Fellows:

2020–2021 Karin Melnick

2019–2020 Lillian Pierce

2018–2019 Margaret Beck

Thank You 
To learn more and make a gift, visit www.ams.org/giving

Development Of� ce

 401.455.4111

 development@ams.org

P
h

o
to

 c
o

u
rt

es
y 

o
f 

K
ai

sa
 M

at
o

m
äk

i
P

h
o

to
 c

o
u

rt
es

y 
o

f 
K

ai
sa

 M
at

o
m

äk
i

P
h

o
to

 c
o

u
rt

es
y 

o
f A

n
ib

al
 O

rt
iz

P
h

o
to

 c
o

u
rt

es
y 

o
f A

n
ib

al
 O

rt
iz

WOMEN’S MATHEMATICS RESEARCH
Celebrating



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

P
h

o
to

s 
b

y 
K

at
e 

A
w

tr
ey

, A
tl

an
ta

 C
o

nv
en

ti
o

n
 P

h
o

to
g

ra
p

hy

facebook.com/amermathsoc
@amermathsoc

Free shipping for members 
in the USA (including Puerto Rico) and Canada.

Discover more titles at bookstore.ams.org

NEW RELEASES from the AMS = Textbookwhite -->

= Applied Mathematics

The Number Line through 
Guided Inquiry 
The Number Line through 

David M. Clark, SUNY, New Paltz, NY, 
and Xiao Xiao, Utica College, NY

The Number Line through Guided Inquiry is 
designed to give future secondary teachers 
a deep understanding of the real numbers 
and functions on the reals. By presenting 
just that part of the subject that underlies 
the high school curriculum, this book offers 
an alternative to a standard real analysis 
sequence for advanced undergraduate or 
beginning graduate students. 

AMS/MAA Textbooks, Volume 69; 2022; 124 pages; 
Softcover; ISBN: 978-1-4704-6504-9; List US$45; 
Individual member US$33.75; MAA members 
US$33.75; Order code TEXT/69

Welcome to Real Analysis 
Continuity and Calculus, Distance 
and Dynamics
Benjamin B. Kennedy, Gettysburg College, PA

Welcome to Real Analysis is designed for 
use in an introductory undergraduate course 
in real analysis. Much of the development 
is in the setting of the general metric space. 
The book makes substantial use not only of 
the real line and n-dimensional Euclidean 
space, but also sequence and function 
spaces. 

AMS/MAA Textbooks, Volume 70; 2022; approxi-
mately 370 pages; Softcover; ISBN: 978-1-4704-6454-
7; List US$69; Individual member US$51.75; MAA 
members US$51.75; Order code TEXT/70
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