
of the American Mathematical Society

ISSN 0002-9920 (print)
ISSN 1088-9477 (online)

Volume 69, Number 5May 2022

The cover design is based on imagery from “Conservation 
Laws and Gluing Constructions for Constant Mean 

Curvature (Hyper)Surfaces,” page 762.

of the American Mathematical Society



THE AMS IS HIRING!
The AMS offers a wide range of opportunities to support the mathematical community from publishing to 
programs and much more! Explore our open positions and join the AMS today!

WHY WORK AT THE AMS
At the AMS we value excellence, inclusivity, and teamwork. We work at the forefront of advancing and con-
necting the diverse mathematical community worldwide, and we are seeking curious, innovative, collaborative 
individuals to join our team.

 • Hybrid work policy and excellent work-life balance
 • Generous benefit offerings including:

 ○ 9.5% contribution to employees’ 403b with minimum 2% employee contribution
 ○ $2,000-$4,000 contribution into employees’ personal HSA accounts to cover majority of plan 

deductible
 ○ 12 paid holidays 
 ○ Paid time off starting at 21 days/ year
 ○ 100% employer paid Life and AD&D and Long-Term Disability
 ○ $500 Computing benefit to be used for set up of home office 
 ○ Tuition Reimbursement

 • Commitment to equity, diversity, inclusion and a welcoming environment
 • Opportunities for professional and personal growth
 • Social activities to connect with your co-workers and give back to the community

Come be part of an extraordinary collection of talent who support the Society’s extensive activities. Apply today!

*Benefit rates subject to change based on yearly renewals and budget allocations.

The American Mathematical Society is committed to creating a diverse environment and is  
proud to be an equal opportunity employer. The AMS supports equality of opportunity and  
treatment for all individuals, regardless of sex, gender identity or expression, race, color,  
national or ethnic origin, religion or religious belief, age, marital status, sexual  
orientation, disability status, economic background, veteran or immigration status, 
or any other social or physical component of their identity.

LEARN MORE AT:  
WWW.AMS.ORG/AMS-JOBS

http://WWW.AMS.ORG/AMS-JOBS


May 2022
Cover Credit: The image used in the cover design appears in “Conservation  

Laws and Gluing Constructions for Constant Mean Curvature  
(Hyper)Surfaces,” p. 762, and is courtesy of Dr. Nicholas Schmitt.  

FEATURES

A Survey of Non-Archimedean Dynamics ..................................715
Robert L. Benedetto

Breaking the Kolmogorov Barrier with Nonlinear  
Model Reduction ..........................................................................725
Benjamin Peherstorfer

The Weingarten Calculus .............................................................734
Benoît Collins, Sho Matsumoto, and Jonathan Novak

From Zero to Positive Entropy ....................................................748
Sylvain Crovisier and Enrique Pujals

Conservation Laws and Gluing Constructions for Constant  
Mean Curvature (Hyper)Surfaces ................................................762
Christine Breiner, Nikolaos Kapouleas, and Stephen Kleene

Letters to the Editor .................................................... 712

A Word from... Jennifer Chayes .................................. 713

Early Career: Book Reviews for Summer Reading .... 775
Active Learning: Advice for Starting a 
Movement in Your Department ............................ 775
Matthew Voigt, Molly Williams, Rachel Funk, 
Karina Uhing, and Wendy M. Smith
Review of the BIG Jobs Guide ................................. 781
Jake Levinson
Review of Professor Mommy: Finding 
Work-Family Balance in Academia .......................... 783
Maria Gillespie
Review of The Unwritten Rules of Professional 
Etiquette .................................................................. 784
Catherine M. Hsu and Allison N. Miller

Memorial Tribute: Masatake Kuranishi  
(1924–2021) ............................................................... 788
Duong H. Phong and Yum-Tong Siu

Education: Report on a US-Canadian Faculty  
Survey on Undergraduate Linear Algebra: Could  
Linear Algebra Be an Alternate First Collegiate  
Math Course? ............................................................. 806
Christine Andrews-Larson, Jason Siefken, and Rahul Simha

Education: The Linear Algebra Curriculum Study  
Group (LACSG 2.0) Recommendations ................... 813
Sepideh Stewart, Sheldon Axler, Robert Beezer,  
Eugene Boman, Minerva Catral, Guershon Harel,  
Judith McDonald, David Strong, and Megan Wawro

Book Review: Games for Your Mind ......................... 821
Reviewed by Steven Clontz

Bookshelf .................................................................... 826

AMS Bookshelf ........................................................... 827

Communication: Abel Interview 2021:  
László Lovász and Avi Wigderson ............................. 828
Bjørn Ian Dundas and Christian F. Skau

Congressional Briefings: Fields Medalist and  
French Politician Cédric Villani Visits Congress ...... 845
Karen Saxe

Math Reviews News: Exploring Mathematical  
Scholarship through the Mathematics  
Collaboration Graph ................................................. 849
Jonathan Gryak

AMS Communication: From Barth Sextics to  
Minimal Surfaces: Printing Mathematics in  
3 Dimensions ............................................................. 861
Scott Hershberger

News: AMS Updates ................................................... 867

News: Mathematics People ........................................ 868

News: Mathematics Opportunities ........................... 872

Classified Advertising ..................................................874

New Books Offered by the AMS ................................ 875

Meetings & Conferences of the AMS ......................... 879



FROM THE 
AMS SECRETARY

Calls for Nominations & Applications ........................ 856
Bôcher Memorial Prize .......................................... 856
Cole Prize in Number Theory ............................... 856
Levi L. Conant Prize .............................................. 856
Mary P. Dolciani Prize for Excellence 
in Research ............................................................. 856
Joseph L. Doob Prize ............................................. 857
Leonard Eisenbud Prize for Mathematics 
and Physics............................................................. 857
Award for Impact on the Teaching and 
Learning of Mathematics....................................... 857
Award for an Exemplary Program or 
Achievement in a Mathematics Department ........ 858
Mathematics Programs that Make a Difference ... 858
Ruth Lyttle Satter Prize in Mathematics ............... 859
Frank and Brennie Morgan Prize for 
Outstanding Research in Mathematics by an 
Undergraduate Student (AMS-MAA-SIAM) ......... 859
JPBM Communications Award ............................. 859

The AMS is Hiring ............................. inside front cover

See Yourself in AMS Governance ............................... 724

INVITATIONS 
FROM THE AMS

If you are searching for a job but are not 
yet employed*, you can still be an AMS
member. Choose the rate option that is 
comfortable for your budget. Then use
your benefi ts to assist your search.

$0    $20†    $51†

†Apply up to 20 AMS points to these rates.
One point = $1 discount.

New to the AMS: www.ams.org/join

Current eligible members who have not yet
paid 2022 dues: www.ams.org/account
*Annual statement of unemployed status is required.

Your
member
benefi ts

do not
have to be

out of reach.



SUBSCRIPTION  INFORMATION
Subscription prices for Volume 69 (2022) are US$720 list; US$576 in-
stitutional member; US$432 individual member; US$648 corporate 
member. (The subscription price for members is included in the an-
nual dues.) A late charge of 10% of the subscription price will be im-
posed upon orders received from non-members after January 1 of the  
subscription year. Add for postage: Domestic—US$6.50; International—
US$24. Surface delivery outside the US and India—US$27; in India—
US$40; expedited delivery to destinations in North America—US$35; 
elsewhere—US$120. Subscriptions and orders for AMS publications should 
be addressed to the American Mathematical Society, PO Box 845904, Boston, 
MA 02284-5904 USA.  All orders must be prepaid.

ADVERTISING
Notices publishes situations wanted and classified advertising, and display 
advertising for publishers and academic or scientific organizations. Advertis-
ing requests, materials, and/or questions should be sent to: 

classads@ams.org (classified ads) 
notices-ads@ams.org (display ads)

PERMISSIONS
All requests to reprint Notices articles should be sent to:  

reprint-permission@ams.org.

SUBMISSIONS
The editor-in-chief should be contacted about articles 

for consideration after potential authors have reviewed 
the “For Authors” page at www.ams.org/noticesauthors.

The managing editor should be contacted for additions 
to our news sections and for any questions or corrections. 

Contact the managing editor at: notices@ams.org.

Letters to the editor should be sent to: notices-letters@ams.org

To make suggestions for additions to other sections, 
and for full contact information, see www.ams.org/noticescontact.

© Copyright 2022 by the American Mathematical Society. All rights reserved.

Printed in the United States of America. The paper used in this journal is acid-free and  
falls within the guidelines established to ensure permanence and durability.

Opinions expressed in signed Notices articles are those of the authors and do not necessarily  
reflect opinions of the editors or policies of the American Mathematical Society.

[Notices of the American Mathematical Society (ISSN 0002-9920) is published monthly except bimonthly in June/July by the American Mathematical Society 
at 201 Charles Street, Providence, RI 02904-2213 USA, GST No. 12189 2046 RT****. Periodicals postage paid at Providence, RI, and additional mailing offices. 
POSTMASTER: Send address change notices to Notices of the American Mathematical Society, PO Box 6248, Providence, RI 02904-6248 USA.] Publication 
here of the Society’s street address and the other bracketed information is a technical requirement of the US Postal Service.

EDITOR IN CHIEF

Erica Flapan

ASSOCIATE EDITORS

 Daniela De Silva  Angela Gibney 
 Boris Hasselblatt, ex officio Katelynn Kochalski 
 Richard A. Levine  Reza Malek-Madani 
 William McCallum  Chikako Mese 
 Antonio Montalbán  Asamoah Nkwanta 
 Emilie Purvine  Steven Sam 
 Scott Sheffield  Laura Turner

ASSISTANT TO THE EDITOR IN CHIEF
Masahiro Yamada

CONSULTANTS

 Jesús De Loera  Bryna Kra   Hee Oh  
 Ken Ono  Kenneth A. Ribet Francis Su          

MANAGING EDITOR

Meaghan Healy

CONTRIBUTING WRITER

Scott Hershberger

COMPOSITION, DESIGN, and EDITING
 Brian Bartling John F. Brady  Craig Dujon  
 Anna Hattoy Elaine Kehoe   Lori Nero  
 Dan Normand John C. Paul  Courtney Rose-Price 
 Miriam Schaerf  Mike Southern  Peter Sykes

Supported by the AMS membership, most of this publication, including the 
opportunity to post comments, is freely available electronically through the 
AMS website, the Society’s resource for delivering electronic products and 
services. Use the URL www.ams.org/notices to access the Notices on the 
website. The online version of the Notices is the version of record, so it may 
occasionally differ slightly from the print version.

The print version is a privilege of Membership. Graduate students at member 
institutions can opt to receive the print magazine by updating their individual 
member profiles at www.ams.org/member-directory. For questions regard-
ing updating your profile, please call 800-321-4267.

For back issues see www.ams.org/backvols. Note: Single issues of the 
Notices are not available after one calendar year. 

Notices
of the American Mathematical Society

The American Mathematical Society is committed to promoting and facilitating equity, diversity and inclusion throughout the mathematical sciences. For 
its own long-term prosperity as well as that of the public at large, our discipline must connect with and appropriately incorporate all sectors of society. We 
reaffirm the pledge in the AMS Mission Statement to “advance the status of the profession of mathematics, encouraging and facilitating full participation of 
all individuals,” and urge all members to conduct their professional activities with this goal in mind. (as adopted by the April 2019 Council)



LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

712    Notices of the AmericAN mAthemAticAl society Volume 69, Number 5

Letter to the Editor
The president of the AMS recently asked me to serve on a 
prize committee. The e-mail also said that as part of my 
acceptance, I “attest to the following statement: I have not 
been the subject of a finding of professional misconduct, 
nor am I currently under investigation for professional 
misconduct.”

In general I am against forcing people to “attest” to 
various sweeping and ill defined claims, but let me just 
explain 2 concrete reasons why I could not “attest” to the 
literal reading of the claims.

When I was an undergraduate, I organized a student sem-
inar. One day there was a physics professor in our seminar 
room. When I told him that we have the room, he said that 
he needs it and he is a professor so it is his. I called him 
something like a puffed up bully, and left. Then I was called 
to the dean’s office, told that my conduct was inexcusable, 
received a reprimand and was ordered to apologize at a 
physics faculty meeting. Although I was a student, I acted 
in the capacity of a seminar organizer, and the dean found 
that I committed professional misconduct. While for me 
this was only a joke, many fellow mathematicians from 
repressive countries faced charges that resulted in official 
“findings” and serious consequences.

I also learned recently by accident that 20 years ago 
my current university investigated me. I still do not know 
what the charges were. I also do not know whether the in-
vestigation is closed, or was put in a filing cabinet marked 
“Pending” and forgotten, but still officially open. From 
what I have heard, it is common that an accused is not 
told that there is an investigation, so none of us can truly 
“attest” that we are not “currently under investigation for 
professional misconduct.”

—János Kollár
Department of Mathematics, Princeton University

Response from AMS Secretary Boris Hasselblatt
The AMS is implementing best practices across the board 
to ensure a welcoming environment for everyone. A brief 
conversation with the AMS Secretary can resolve any issues 
if you are not comfortable attesting to the required state-
ment. We apologize and will draft some new language for 
invitations to help address this concern going forward.

Letter to the Editor
I would like to echo the sentiments of Richard Stanley in 
his letter on research survey articles that appeared in the 
January 2022 issue of the Notices. It appears I am not alone 
in wondering who these articles are supposed to serve. On 
the whole, these articles seem to be well-written, and they 
apparently discuss important mathematics. However, they 
seem pitched towards individuals who are already fairly 
expert in the area. In many cases they assume a background 
that is beyond the training on many in the membership. 
Professor Stanley makes a good point when he mentions 
that papers should be understandable by someone who 
has passed qualifying exams, I would add in a “typical” 
PhD program, not just an elite one. I don’t ask to be able to 
understand an entire article, merely that I be able to follow 
the general train of thought, so that I can appreciate what’s 
being discussed. Good basic introductions to these articles 
would be a step in the right direction.

There are two main things I want to get at the beginning 
of an article. Why should I care about what you are going 
to discuss, and where does it fit in the bigger picture of 
the area in which you work. For those of us who got our 
degrees a long time ago and have spent years working 
in undergraduate institutions, much of what one might 
assume of someone who passed qualifiers might now be 
somewhat of a distant memory. A bit of a refresher after 
luring us into the article would be appreciated, indeed is 
probably necessary.

Many of the same remarks can be directed at the memo-
rial articles on famous mathematicians. I read these to learn 
about the person behind the mathematics. It might be ad-
visable in certain instances to have separate appreciations, 
one for the individual's mathematics, another for personal 
remembrances. This does not preclude some mention of 
the mathematics, in a general way, in remembrances, just 
that these personal reflections should not get into the weeds 
of the mathematics.

Best regards,
Francis Christian Leary,

St. Bonaventure University (retired)



A WORD FROM...
Jennifer Chayes, University of California, Berkeley

The opinions expressed here are not necessarily those of the Notices or the AMS.
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Mathematics, interpreted broadly, includes not just fundamental and applied math and 
statistics but also increasingly aspects of computer science and data science. How do we 
support students who haven’t been exposed to quantitative reasoning in their K-12 edu-
cation or family experiences to find their inner mathematicians, enabling them to make 
mathematics a part of their lives? How do we give students the confidence to discover and 
embrace their quantitative talents?

I approach these questions as a mathematician with an unconventional background: my 
mother, though brilliant in most respects, could not add fractions. Yet, for some strange 
reason, I was doing math problems in my head as far back as I can remember – certainly 
before attending school. I became very excited when I heard my next-door neighbors dis-
cussing ideas that sounded like the problems in my head; specifically, they were talking 
about projective geometry, which seemed like a magical world to me. I feel tremendously 
lucky to have found people who encouraged me to think like a mathematician. And yet, 

when I went off to college, I had no intention of doing mathematics. I thought it was a wonderful pastime, but I 
needed “a real profession.”

I eventually did become a mathematical physicist and was a tenured associate professor of mathematics at UCLA. 
I am constantly haunted by the realization that many people never have the chance to develop this beautiful part 
of themselves or the opportunity to make it central to their careers and their lives.

I continued to take a winding path because I loved the connection between math and other areas. I left UCLA 
for Microsoft and co-founded the theory group at Microsoft Research, which was the birthplace of some wonder-
ful mathematics. These developments included Oded Schramm’s Stochastic Loewner Equation and subsequent 
breakthroughs in conformal invariance, as well as the invention and development of graphons around 2004 by 
Christian Borgs, Laci Lovasz, Vera Sos, Kati Veztergombi, and me, and subsequent breakthroughs in graph theory, 
combinatorics, and machine learning.

I realized in the late 1990s that many mathematically talented young grad students were going into theoretical 
computer science, which was developing at that time in its use of increasingly sophisticated and beautiful math-
ematics. I went on to found Microsoft Research Labs in New England, New York City, and Montreal and a group 
in Herzliya, Israel, with phenomenal mathematics and mathematicians. Over 23 years at Microsoft, I mentored 
hundreds of graduate student interns and post-docs, and many of them are now distinguished faculty members 
at top institutions.

Recently, I returned to academia to make sure that others can have these opportunities. In January 2020, I 
joined UC Berkeley as the associate provost of the Division of Computing, Data Science, and Society (CDSS), and 
dean of the School of Information, as well as professor of Electrical Engineering and Computer Sciences (EECS), 
Information, Mathematics, and Statistics. CDSS, which comprises EECS, Statistics, the School of Information, and 
centers in Computational Biology and Computational Precision Health, is on its way to becoming the first new 
college at UC Berkeley in over half a century.

Jennifer Chayes is the associate provost of the Division of Computing, Data Science, and Society, and dean of the School of Information, at the 
University of California, Berkeley. Her email address is jchayes@berkeley.edu.
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Our research agenda1 at CDSS focuses on both the fundamentals of computing, probability and statistics, information, 
and data science, and the connection to other disciplines on campus and beyond. We are committed to working together 
with other academics and people in the field to address some of the most urgent societal problems in biomedicine and 
health, climate and sustainability, and human welfare and social justice.

Computing, Data Science, and Society at UC Berkeley has three aspirations: educating a cross-section of society, 
enabling ground-breaking research, and making profound social impacts. We began this journey with an educational 
program in data science for undergraduates, and our educational mission remains central to all that we do. The data 
science major includes computing, statistics, human context and ethics, and a disciplinary emphasis (with over 25 from 
which to choose). After starting the data science major only three years ago, we graduated 740 students in the spring of 
2021, making data science by far the fastest growing major in UC Berkeley’s history. The major attracts a cross-section 
of students, with a broad range of socioeconomic backgrounds and ethnic, racial, and gender identities. Fifty percent of 
our majors are women.

Most of our students are what we call “discoverers” – people who enter Berkeley with other passions and goals who 
discover their aptitude and ability for data science. They realize that, with this quantitative framing, and a deep under-
standing of the possible biases that a naïve quantitative framing could exacerbate, they are able to achieve their educational 
goals and so much more. I like to think they have discovered and empowered their inner mathematician, the one who 
constructed new worlds for me as far back as I can remember. 

I'm inspired by work at my university and others to welcome diverse students, which increases social mobility and 
broadens perspective. We are working to find the resources to provide access to every student who wants this education, 
including increasing opportunities for non-traditional students and those transferring to Berkeley from community col-
leges. I am deeply committed to empowering every student to find and nurture their inner mathematician.

1Jennifer Chayes, Data Science and Computing at UC Berkeley, Harvard Data Science Review (2021), issue no. 3.2, DOI:10.1162/99608f92.12c8533a. 
https://hdsr.mitpress.mit.edu/pub/wzhgxmcc/release/3

http://dx.doi.org/10.1162/99608f92.12c8533a


A Survey of Non-Archimedean
Dynamics

Robert L. Benedetto
1. Introduction
In complex dynamics, one considers a rational function
𝑓 ∈ ℂ(𝑧) as a map from the Riemann sphere ℙ1(ℂ) ∶=
ℂ ∪ {∞} to itself. One then studies the iterates of 𝑓, given
by

𝑓𝑛 ∶= 𝑓 ∘⋯ ∘ 𝑓⏟⎵⏟⎵⏟
𝑛 times

as they act on the sphere. A rich theory follows — see, for
example, the expositions in [CG93,Mil06] — with famous
fractal pictures that exemplify beautiful theorems.

In the past few decades, a younger, parallel theory has
developed for the case that we replace ℂ with 𝑝-adic and,
more generally, non-archimedean fields. Three princi-
pal motivations have driven the non-archimedean theory:
seeking dynamical phenomena for comparison and con-
trast with the complex theory, as in [HY83, RL03]; apply-
ing local field results to number-theoretic questions, as
in [BR10, Sil07]; and analyzing families of complex dy-
namical systems, especially at degeneration points, as in
[DMF14,Kiw15].

Some of these motivations involve the Laurent series,
Puiseux series, and Levi-Civita fields we will discuss in Ex-
amples 1.2 and 1.5, while others focus more on the 𝑝-adic

Robert L. Benedetto is Walker Professor of Mathematics at Amherst College. His
email address is rlbenedetto@amherst.edu.

Communicated by Notices Associate Editor William McCallum.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2472

fields we will discuss in Examples 1.3 and 1.6. The unify-
ing theme is to work over non-archimedean fields, which
we now describe.
1.1. Absolute values. A field is a set equipped with two
binary operations + and ⋅ satisfying all the usual algebraic
axioms; the prototypical example is the field ℚ of rational
numbers. In analysis, one works with the real line ℝ, a
completion of ℚ, formed by adjoining limits of all Cauchy
sequences. To do so, however, one first needs the abso-
lute value function | ⋅ |, since the definitions of limits and
Cauchy-ness of sequences both use the absolute value. But
the familiar absolute value is only one example of a real-
valued function that satisfies many properties important
in analysis proofs, as follows.

Definition 1.1. Let 𝐾 be a field. An absolute value on 𝐾 is
a function | ⋅ | ∶ 𝐾 → ℝ such that for all 𝑥, 𝑦 ∈ 𝐾,

• |𝑥| ≥ 0, with equality if and only if 𝑥 = 0,
• |𝑥𝑦| = |𝑥| ⋅ |𝑦|,
• |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|.

We say that | ⋅ | is non-archimedean if in fact

|𝑥 + 𝑦| ≤ max{|𝑥|, |𝑦|} for all 𝑥, 𝑦 ∈ 𝐾. (1.1)

The trivial absolute value on 𝐾 is given by |𝑥| = 1 for all
𝑥 ∈ 𝐾× ∶= 𝐾 ∖ {0} (and |0| ∶= 0 by the first axiom above).
We will restrict our attention to nontrivial absolute values,
i.e., those for which there is some 𝑥 ∈ 𝐾 with |𝑥| ≠ 0, 1.

The familiar absolute value onℝ is an archimedean abso-
lute value, because it does not satisfy the non-archimedean
triangle inequality (1.1). Our focus in this article will

MAY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 715



concern fields equipped with a non-archimedean (and
nontrivial) absolute value.

Example 1.2. Let ℂ(𝑇) be the field of rational functions
with complex coefficients. Let ord0(𝑓) denote the order of
vanishing of 𝑓 ∈ ℂ(𝑇)× at 𝑇 = 0. (If 𝑓(0) ≠ 0,∞, we set
ord0(𝑓) = 0; if 𝑓 has a pole at 𝑇 = 0, we set ord0(𝑓) =
−ord0(1/𝑓).) Define | ⋅ |0 ∶ ℂ(𝑇) → ℝ by

|𝑓|0 = {𝑒
−ord0(𝑓) if 𝑓 ≠ 0,
0 if 𝑓 = 0.

It is an exercise to check that | ⋅ |0 is a non-archimedean
absolute value on ℂ(𝑇) according to Definition 1.1. If 𝑓
has a zero at 𝑇 = 0, it is “small” — and the greater the
order of the zero, the smaller |𝑓|0 is — and if 𝑓 has a pole
there, it is “big.”

Example 1.3. Fix a prime number 𝑝 ≥ 2. The 𝑝-adic abso-
lute value on ℚ is defined by

|||
𝑟
𝑠𝑝

𝑛|||𝑝
∶= 𝑝−𝑛 for 𝑟, 𝑠 ∈ ℤ not divisible by 𝑝,

with |0|𝑝 ∶= 0. Thus, a rational number whose numerator
is divisible by 𝑝 is 𝑝-adically small — the higher the power,
the smaller the 𝑝-adic absolute value — and one whose
denominator is divisible by 𝑝 is 𝑝-adically big. Thus, 13
and 389/5 are very close together 3-adically, because:

|||
389
5 − 13|||3

= |||
324
5
|||3
= |||

4
5 ⋅ 3

4|||3
= 1
34 =

1
81 .

As foreign as | ⋅ |𝑝 may seem at first, it is again an exercise
to show that it is a non-archimedean absolute value on ℚ.

1.2. Non-archimedean fields. Given a field 𝐾 equipped
with an absolute value | ⋅ |𝑣, we can mimic basic definitions
from real analysis. We say that a sequence {𝑎𝑛}𝑛≥0 ⊆ 𝐾:

• is Cauchy if for every real 𝜀 > 0, there exists 𝑁 ≥ 0
such that for all 𝑚, 𝑛 ≥ 𝑁, we have |𝑎𝑚 − 𝑎𝑛|𝑣 < 𝜀,

• converges to 𝑎 ∈ 𝐾 if for every real 𝜀 > 0, there
exists 𝑁 ≥ 0 such that for all 𝑛 ≥ 𝑁, we have |𝑎𝑛 −
𝑎|𝑣 < 𝜀.

We say that 𝐾 is complete if every Cauchy sequence con-
verges. If 𝐾 is complete with respect to a non-archimedean
absolute value, we say 𝐾 is a non-archimedean field. It is
another exercise to prove the following series convergence
test that many calculus students wish were true for ℝ.

Proposition 1.4. Let 𝐾 be a (complete) non-archimedean
field with absolute value | ⋅ |𝑣. Then for any sequence {𝑎𝑛}𝑛≥0 ⊆
𝐾, we have

∞
∑
𝑛=0

𝑎𝑛 converges if and only if lim
𝑛→∞

𝑎𝑛 = 0,

where in both cases, convergence is with respect to | ⋅ |𝑣.

Even if 𝐾 is not complete, we can construct a completion
𝐾𝑣 ⊇ 𝐾 by adjoining limits of all Cauchy sequences.

In archimedean analysis, one proceeds from ℚ to ℝ by
completion, and then to ℂ by algebraic closure. Curiously,
the algebraic closure 𝐾𝑣 of 𝐾𝑣 often fails to be complete,
but fortunately we may complete once more, and the re-
sulting field ℂ𝑣 is, like ℂ, both complete and algebraically
closed.

Example 1.5. The completion of ℂ(𝑇) with respect to | ⋅ |0
is the field

ℂ((𝑇)) = { ∑
𝑛≥𝑛0

𝑎𝑛𝑇𝑛 and 𝑎𝑛 ∈ ℂ}

of formal Laurent series with complex coefficients. (That
is, we do not worry about convergence issues, andwe allow
at worst a pole at 𝑇 = 0, not an essential singularity.) The
completion 𝕃 of the algebraic closure ℂ((𝑇)) is the Levi-
Civita field. (Elements of ℂ((𝑇)) are called Puiseux series,
and sometimes elements of 𝕃 are informally also called
Puiseux series.)

The field 𝕃 consists of all formal sums

∑
𝑖≥0

𝑎𝑖𝑇𝑞𝑖

with 𝑎𝑖 ∈ ℂ and 𝑞𝑖 ∈ ℚ for which the sequence 𝑞0 < 𝑞1 <
⋯ is an unbounded, strictly increasing sequence of ratio-
nal numbers. We say that 𝕃 is infinitely ramified overℂ((𝑇))
because of the introduction of arbitrarily large denomina-
tors in the rational powers 𝑇𝑚/𝑛 that appear.

Example 1.6. The completion of ℚ with respect to | ⋅ |𝑝
is the field ℚ𝑝 of 𝑝-adic rationals. Since lim𝑛→∞ 𝑝𝑛 = 0
with respect to | ⋅ |𝑝, any power series in 𝑝 with integer
coefficients will converge in ℚ𝑝. Combining this idea with
base-𝑝 expansion of positive integers, it is not difficult to
characterize ℚ𝑝 as the set of all formal Laurent series in 𝑝
with coefficients in the set {0, 1, … , 𝑝 − 1}, i.e.,

ℚ𝑝 = { ∑
𝑛≥𝑛0

𝑎𝑛𝑝𝑛 and 𝑎𝑛 ∈ {0, 1, … , 𝑝 − 1}}.

In contrast to the Laurent series of Example 1.5, addition
and multiplication in ℚ𝑝 involve carrying digits as in base-
𝑝 arithmetic.

When we pass to the completion ℂ𝑝 of the algebraic clo-

sure ℚ𝑝, then besides increasing ramification by allowing
rational powers 𝑝𝑚/𝑛 as in Example 1.5, we also see an
infinite extension of the residue field. Roughly speaking,
this means that we go from the original set of coefficients
{0, 1, … , 𝑝−1}, which may be identified with the 𝑝-element
field 𝔽𝑝, to an infinite set corresponding to the algebraic

closure 𝔽𝑝. Unfortunately, there is no explicit description
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of the elements of ℂ𝑝 as there was for 𝕃, because the exis-

tence of the algebraic closure ℚ𝑝 relies on the use of non-
constructive tools such as the Axiom of Choice.

Throughout this paper, we declare that

ℂ𝑣 denotes an algebraically closed and
complete non-archimedean field

with absolute value | ⋅ |𝑣

We remark that the set |ℂ×
𝑣 |𝑣 of absolute values attained

by nonzero elements of ℂ𝑣 is a dense subgroup of the pos-
itive real line (0,∞) under multiplication, but it is usually
not the whole of (0,∞). Indeed, in Example 1.5, we have
|𝕃×|0 = 𝑒ℚ, and in Example 1.6, we have |ℂ×

𝑝 |𝑝 = 𝑝ℚ.
1.3. Non-archimedean disks. For any point 𝑎 ∈ ℂ𝑣 and
any positive real number 𝑟 > 0, we define the open and
closed disks of radius 𝑟 centered at 𝑎 by

𝐷(𝑎, 𝑟) ∶= {𝑥 ∈ ℂ𝑣 ∶ |𝑥 − 𝑎|𝑣 < 𝑟},
𝐷(𝑎, 𝑟) ∶= {𝑥 ∈ ℂ𝑣 ∶ |𝑥 − 𝑎|𝑣 ≤ 𝑟},

respectively. That is, we define disks according to the met-
ric given by 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|𝑣, which induces a topology
on ℂ𝑣. Observe that if 𝑟 ∈ |ℂ×

𝑣 |𝑣, then 𝐷(𝑎, 𝑟) ⊊ 𝐷(𝑎, 𝑟),
in which case we call these two disks rational open and ra-
tional closed, respectively. On the other hand, if 𝑟 ∉ |ℂ×

𝑣 |𝑣,
then 𝐷(𝑎, 𝑟) = 𝐷(𝑎, 𝑟), and we call this disk irrational. Non-
archimedean disks, and the topology on ℂ𝑣, have several
properties not shared by their archimedean cousins, but
which are easy to prove:

a. Any point of a disk is its center. That is, if 𝑏 ∈ 𝐷(𝑎, 𝑟),
then𝐷(𝑏, 𝑟) = 𝐷(𝑎, 𝑟); and if 𝑏 ∈ 𝐷(𝑎, 𝑟), then𝐷(𝑏, 𝑟) =
𝐷(𝑎, 𝑟).
However, the radius of a disk 𝐷 is well-defined, as 𝑟 =
sup{|𝑥 − 𝑦|𝑣 ∶ 𝑥, 𝑦 ∈ 𝐷}.

b. If two disks have nonempty intersection, then one con-
tains the other.

c. All disks are both open and closed topologically. But
any disk is exactly one of the three types: rational open,
rational closed, or irrational.

d. ℂ𝑣 is not locally compact.
e. ℂ𝑣 is totally disconnected. That is, the only nonempty

connected subsets of ℂ𝑣 are singletons.

Properties (c), (d), and (e) above follow from the fact that
any rational closed disk may be written as a disjoint union
of open disks. For example, in the Levi-Civita field 𝕃, it is
easy to check that

𝐷(0, 1) = ⋃
𝑎∈ℂ

𝐷(𝑎, 1) (1.2)

and that the union in (1.2) is a disjoint union, partitioning
the set of Levi-Civita series in 𝐷(0, 1) according to constant

term. Thus, speaking in very loose terms, ℂ𝑣 topologically
resembles an infinite disjoint union of Cantor sets.

Lest you think thatℂ𝑣 is all pathology, here is one lovely
property of non-archimedean disks. Let 𝐷 ⊆ ℂ𝑣 be a disk,
and let 𝑓 ∈ ℂ𝑣[𝑧] be a nonconstant polynomial. Then the
image 𝑓(𝐷) is also a disk — not just homeomorphic to a
disk, but actually equal to a disk.

2. Basic Dynamics on ℂ𝑣
As in complex dynamics, a rational function 𝑓(𝑧) ∈ ℂ𝑣(𝑧)
maps the projective line ℙ1(ℂ𝑣) ∶= ℂ𝑣 ∪ {∞} to itself, and
we wish to study the iterates 𝑓𝑛. For any point 𝑥 ∈ ℙ1(ℂ𝑣),
the sets

Orb+𝑓 (𝑥) ∶= {𝑓𝑛(𝑥) ∶ 𝑛 ≥ 0},
Orb−𝑓 (𝑥) ∶= {𝑦 ∈ ℙ1(ℂ𝑣) ∶

𝑓𝑛(𝑦) = 𝑥 for some 𝑛 ≥ 0}

are called the forward orbit and the backward orbit of 𝑥, re-
spectively.

Writing 𝑓 ∈ ℂ𝑣(𝑧) as 𝑓 = 𝑔/ℎ for relatively prime poly-
nomials 𝑔, ℎ ∈ ℂ𝑣[𝑧], we define the degree of 𝑓 to be

deg 𝑓 ∶= max{deg 𝑔, deg ℎ}.

It is often convenient to change coordinates on ℙ1(ℂ𝑣) via
a degree-one rational function, i.e., via a Möbius transfor-
mation 𝜃 ∈ PGL(2, ℂ𝑣), given by

𝜃(𝑧) = 𝑎𝑧 + 𝑏
𝑐𝑧 + 𝑑 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℂ𝑣, 𝑎𝑑 − 𝑏𝑐 ≠ 0.

If we change coordinates by 𝜃 on both the domain and
range of the map 𝑓 ∶ ℙ1(ℂ𝑣) → ℙ1(ℂ𝑣), then 𝑓 becomes
the conjugated map 𝜃 ∘ 𝑓 ∘ 𝜃−1.

Naturally, we aremost interested in dynamical phenom-
ena that are not specific to a particular choice of coordinate.
For instance, a point 𝑥 ∈ ℙ1(ℂ𝑣) is

• fixed by 𝑓 if 𝑓(𝑥) = 𝑥.
• periodic under 𝑓 if there is some 𝑛 ≥ 1 such that
𝑓𝑛(𝑥) = 𝑥. In that case, we say 𝑥 has period 𝑛; and
if 𝑛 is the smallest such integer, we say 𝑥 has exact
period 𝑛.

• preperiodic under 𝑓 if there are integers 𝑛 > 𝑚 ≥ 0
such that 𝑓𝑛(𝑥) = 𝑓𝑚(𝑥), i.e., if some 𝑓𝑚(𝑥) is peri-
odic, or equivalently, if the forward orbit Orb+𝑓 (𝑥)
is finite.

• exceptional if the backward orbit Orb−𝑓 (𝑥) is finite.
• a critical point, or ramification point, if 𝑓′(𝑥) = 0.

(At least for 𝑥, 𝑓(𝑥) ≠ ∞.)

All of these properties are coordinate-independent, in the
sense that 𝑥 has the given property for 𝑓 if and only if 𝜃(𝑥)
has the same property for 𝜃 ∘ 𝑓 ∘ 𝜃−1.

If 𝑥 is periodic under 𝑓 of exact period 𝑛, then the
multiplier of 𝑥, defined to be 𝜆 ∶= (𝑓𝑛)′(𝑥), is also
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coordinate-independent. Locally near 𝑥, we have

𝑓𝑛(𝑧) ≈ 𝑥 + 𝜆(𝑧 − 𝑥). (2.1)

If |𝜆|𝑣 < 1, we say 𝑥 is attracting, because (2.1) implies that
nearby points in ℙ1(ℂ𝑣) approach 𝑥 under iteration of 𝑓𝑛.
Similarly if |𝜆|𝑣 > 1, we say 𝑥 is repelling. If |𝜆|𝑣 = 1, we
say 𝑥 is indifferent, in which case one can show that 𝑓𝑛 is
an isometry on a neighborhood of 𝑥. This last fact may
surprise readers familiar with complex dynamics, where
indifferent periodic points exhibit more intricate behavior;
but the isometry here is a simple consequence of (2.1) and
the non-archimedean triangle inequality (1.1).

3. The Berkovich Line
As observed by Rivera-Letelier in [RL03], the appropriate
setting for non-archimedean dynamics is not the classical
projective line ℙ1(ℂ𝑣), but rather the Berkovich projective
line ℙ1an, which is a topological space that contains ℙ1(ℂ𝑣)
as a dense subset, first described in [Ber90]. The Berkovich
line ℙ1an is both compact and path-connected, in stark con-
trast with ℙ1(ℂ𝑣).

The precise definition of ℙ1an involves multiplicative
seminorms on the polynomial ring ℂ𝑣[𝑧] — for details,
see Chapter 6 of [Ben19] or Chapters 1–2 of [BR10] — but
here we describe the space more intuitively. In particular,
there are four types of points in ℙ1an:

• The points in the classical projective lineℙ1(ℂ𝑣) =
ℂ𝑣 ∪ {∞} are of Type I.

• Each closed disk 𝐷 = 𝐷(𝑎, 𝑟) ⊆ ℂ𝑣 gives a point
of ℙ1an, which we denote 𝜁(𝑎, 𝑟). If 𝐷 is a rational
closed disk, then 𝜁(𝑎, 𝑟) is of Type II; if 𝐷 is irra-
tional, then 𝜁(𝑎, 𝑟) is of Type III.

• Type IV points correspond to decreasing chains
of disks 𝐷1 ⊋ 𝐷2 ⊋ ⋯ with empty intersection,
a perhaps surprising phenomenon that occurs in
some complete non-archimedean fields, includ-
ing 𝕃 and ℂ𝑝.

Figure 1 is a rough sketch of ℙ1an. The line segments you
see are truly line segments, i.e., homeomorphic copies of
the real interval [0, 1]. For example, the points on the line
segment running between the two type I points 0 and ∞
are the points 𝜁(0, 𝑟) of types II and III, for 0 < 𝑟 < ∞.
These include the type II point 𝜁(0, 1), corresponding to the
closed unit disk𝐷(0, 1), which is called theGauss point. Em-
anating from the Gauss point, or indeed from any type II
point, are infinitely many branches, corresponding to the
infinitely many elements of the residue field (plus one ex-
tending towards ∞), or equivalently corresponding to the
infinitely many open disks in the disjoint union (1.2).

Thus, for example, we may proceed along the line seg-
ment from 0 to 𝜁(0, 1), which consists of points of the
form 𝜁(0, 𝑟), by increasing 𝑟 from 0 to 1. Then, because
𝐷(0, 1) = 𝐷(1, 1), we may proceed from 𝜁(0, 1) = 𝜁(1, 1) to

𝜁(0, 1)

𝜉

∞

𝑏

𝑐 1

0
Figure 1. The Berkovich projective line.

the type I point 1 via the line segment consisting of points
of the form 𝜁(1, 𝑟), with 𝑟 decreasing from 1 back down to
0. Similarly, the type I points 𝑏, 𝑐 ∈ ℂ𝑝 in Figure 1 satisfy
0 < |𝑏| < |𝑐| = 1, and we can travel from one to the other
as follows. First, proceed along the line segment from 𝑏 to
𝜉 ∶= 𝜁(𝑏, |𝑏|) = 𝜁(0, |𝑏|) via points of the form 𝜁(𝑏, 𝑟) with
0 < 𝑟 ≤ |𝑏|; then from there to 𝜁(0, 1) = 𝜁(𝑐, 1) via points
of the form 𝜁(0, 𝑟) = 𝜁(𝑏, 𝑟) with |𝑏| ≤ 𝑟 ≤ 1; and finally to
𝑐 via points of the form 𝜁(𝑐, 𝑟), with 𝑟 decreasing back to 0.
The tracing of such paths illustrates, at least conceptually,
that ℙ1an is path-connected.

Along any segment, there is a dense collection of type II
points, because as noted earlier, |ℂ×

𝑣 | is dense in (0,∞), and
each radius 𝑟 ∈ |ℂ×

𝑣 | gives a type II point. Moreover, as we
have just seen, there is infinite branching at each type II
point. Thus,ℙ1an has the structure of an infinitely-branched
tree: along each segment, there are infinitely many points
of branching, each with an infinite number of branches.
The type I points, which may be viewed as lying around
the outer rim of the figure, sit at the ends of many of the
branches. (The type IV points, which we will mostly brush
under the rug here, lie at the ends of other branches.)

Figure 1 may appear to conflict with our earlier claim
that the set ℙ1(ℂ𝑣) of Type I points is dense in ℙ1an. How-
ever, the topology on ℙ1an is weaker than the picture might
suggest. In particular, for any Type II point 𝜁 and any open
set 𝑈 containing 𝜁, all but finitely many of the branches
emanating from 𝜁 must be completely contained in 𝑈.

Any rational function 𝑓 ∈ ℂ𝑣(𝑧) has a unique exten-
sion from ℙ1(ℂ𝑣) to a continuous map 𝑓 ∶ ℙ1an → ℙ1an. If 𝑓
is nonconstant, this map is surjective, preserving types of
points. For example, if 𝑓 ∈ ℂ𝑣[𝑧] is a nonconstant poly-
nomial and 𝜁 is a point of Type II or III corresponding to a
disk 𝐷, then 𝑓(𝜁) is the point of the same type correspond-
ing to the disk 𝑓(𝐷). For a fully general description of 𝑓(𝜁)
for 𝑓 ∈ ℂ𝑣(𝑧) and 𝜁 ∈ ℙ1an, see Chapter 7 of [Ben19].

Each open disk 𝐷(𝑎, 𝑟) ⊆ ℂ𝑣 has a Berkovich version
𝐷an(𝑎, 𝑟) whose set of type I points is precisely 𝐷(𝑎, 𝑟).
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Similarly, a closed disk 𝐷(𝑎, 𝑟) has a Berkovich version
𝐷an(𝑎, 𝑟). Moreover, we define an open disk in ℙ1an con-
taining ∞ to be the complement of a (Berkovich) closed
disk, and a closed disk in ℙ1an containing∞ to be the com-
plement of a (Berkovich) open disk. Through the rest of
this paper, a “disk” will refer to a Berkovich disk in this
sense, i.e., a disk in ℙ1an, possibly containing the point ∞.

4. Dynamics on ℙ1an
Throughout this section, let 𝑓 ∈ ℂ𝑣(𝑧) be a rational func-
tion of degree 𝑑 ≥ 2, and consider its iterates 𝑓𝑛 as func-
tions from ℙ1an to itself.
4.1. Periodic points. As in Section 2, points ofℙ1an may or
may not be fixed, periodic, or preperiodic under 𝑓. More-
over, Berkovich points of types II, III, or IV that are peri-
odicmay be classified as indifferent or repelling, as follows.
Suppose 𝜁 ∈ ℙ1an ∖ℙ1(ℂ𝑣) is periodic of period 𝑛. If 𝜁 has a
small neighborhood𝑈 thatmaps into itself, then 𝜁 is indif-
ferent; otherwise 𝜁 is repelling, although the reader should
be cautioned that even in that case, 𝜁 does not generally
“repel” individual nearby points. (On the other hand, pe-
riodic points of types II–IV cannot be considered attracting,
because it turns out that if ⋂𝑖≥1 𝑓𝑛𝑖(𝑈) = {𝜁}, then 𝜁 must
be of type I.) It would take us too far afield to define this
classification formally — although in practice it is straight-
forward — so we will settle for an example.

Example 4.1. Let 𝑓(𝑧) = 𝑎0 + 𝑎1𝑧 + ⋯ + 𝑎𝑑𝑧𝑑 be a poly-
nomial with |𝑎𝑖|𝑣 ≤ 1 for all 𝑖. Suppose that |𝑎𝑚|𝑣 = 1
for some 𝑚 ≥ 1, with |𝑎𝑖|𝑣 < 1 for 𝑖 > 𝑚. Then 𝑓 fixes
the Gauss point 𝜁(0, 1), which is indifferent if 𝑚 = 1, but
repelling if 𝑚 ≥ 2.

Indeed, if𝑚 = 1, then there is some small enough 𝑟 > 1
such that 𝑓maps the open disk 𝐷an(0, 𝑟) into itself. On the
other hand, if 𝑚 ≥ 2, then for any 𝑟 > 1, we have

𝑓(𝐷an(0, 𝑟)) ⊇ 𝐷an(0, 𝑟𝑚) ⊋ 𝐷an(0, 𝑟),

and hence ⋃𝑛≥0 𝑓𝑛(𝐷an(0, 𝑟)) = ℙ1an ∖ {∞}.

4.2. Fatou and Julia sets. The two qualitatively different
behaviors in Example 4.1 inspire the following definition.

Definition 4.2. Let 𝑓 ∈ ℂ𝑣(𝑧). The Julia set of 𝑓 is the set
𝒥an,𝑓 of points 𝜁 ∈ ℙ1an with the following property: for ev-
ery neighborhood𝑈 of 𝜁, the union of iterates⋃𝑛≥0 𝑓𝑛(𝑈)
omits only finitely many points of ℙ1an. Its complement
ℱan,𝑓 ∶= ℙ1an ∖ 𝒥an,𝑓 is the Fatou set of 𝑓.

The properties of the Fatou and Julia sets of a rational
function 𝑓 ∈ ℂ𝑣(𝑧) of degree 𝑑 ≥ 2 include the following:

a. The Fatou set ℱan,𝑓 is open in ℙ1an, and the Julia set
𝒥an,𝑓 is closed.

b. All attracting andmost indifferent periodic points of 𝑓
lie in the Fatou set. (Certain indifferent periodic points

of type IImay be in the Julia set; this can be determined
easily.)

c. All repelling periodic points of 𝑓 lie in the Julia set.
d. Both sets are invariant under 𝑓, meaning that

𝑓−1(𝒥an,𝑓) = 𝑓(𝒥an,𝑓) = 𝒥an,𝑓, and 𝑓−1(ℱan,𝑓) =
𝑓(ℱan,𝑓) = ℱan,𝑓.

e. Both sets are nonempty.
f. For any Julia point 𝜁 ∈ 𝒥an,𝑓, the backward orbit

Orb−𝑓 (𝜁) is dense in 𝒥an,𝑓.
g. The repelling periodic points are dense in 𝒥an,𝑓.

(For proofs of these facts, see, for example, Chapter 8 and
Section 12.2 of [Ben19].) The easy determination for indif-
ferent points in property (b), as well as the nonemptiness
of the Fatou set in property (e), contrast with the situa-
tion in complex dynamics. In addition, the proofs of prop-
erty (g) and of the nonemptiness of the Julia set in prop-
erty (e) both require significantly more work than their
complex counterparts. Otherwise, however, the above
properties exactlymatch corresponding statements in com-
plex dynamics.

The invariance under 𝑓 means that non-archimedean
Julia sets, like their complex analogues, have a self-similar
structure, and most are fractals. On the other hand, as
they are subsets of the inherently undrawable space ℙ1an,
there is no knownway to drawmeaningful pictures of non-
archimedean Julia sets, outside of trivial cases.
4.3. Good reduction. In Example 1.6, we made refer-
ence to the residue field of ℂ𝑝. In general, every non-
archimedean field ℂ𝑣 has a residue field 𝑘𝑣, and our ratio-
nal function 𝑓(𝑧) ∈ ℂ𝑣(𝑧)has a reduction ̄𝑓(𝑧) ∈ 𝑘𝑣(𝑧). This
is a simple construction; for example, for the Levi-Civita
field ℂ𝑣 = 𝕃 of Example 1.5, the residue field is 𝑘𝑣 = ℂ,
and the reduction ̄𝑓(𝑧) ∈ ℂ(𝑧) ∪ {∞} is obtained simply by
setting the parameter 𝑇 to 0 in all the coefficients of 𝑓, after
clearing any negative powers of 𝑇. However, the reduced
map ̄𝑓 may have smaller degree than 𝑑 = deg 𝑓, either be-
cause coefficients of higher powers of 𝑧 were reduced to
0, or because formerly coprime factors now cancel from
numerator and denominator. We say 𝑓 ∈ ℂ𝑣(𝑧)

• has explicit good reduction if deg ̄𝑓 = deg 𝑓,
• has good reduction if after some coordinate change
𝜃 ∈ PGL(2, ℂ𝑣), the map 𝜃 ∘ 𝑓 ∘ 𝜃−1 has explicit
good reduction, or

• has bad reduction otherwise.

Example 4.3. Let 𝑓(𝑧) = 𝑇𝑧2 + 𝑧
𝑧2 + 𝑇𝑧 + 1 ∈ 𝕃(𝑧). Then ̄𝑓(𝑧) =

𝑧
𝑧2 + 1 ∈ ℂ(𝑧) has deg ̄𝑓 = 2 = deg 𝑓, so 𝑓 has explicit

good reduction.

Example 4.4. Let 𝑔(𝑧) = 𝑧2 + 𝑇𝑧 − 1
𝑇𝑧2 + 𝑧 + 1 ∈ 𝕃(𝑧). Then

̄𝑔(𝑧) = 𝑧2 − 1
𝑧 + 1 = 𝑧 − 1
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has deg ̄𝑔 = 1 < 2 = deg 𝑔, so 𝑔 does not have explicit good
reduction. In fact, 𝑔 has bad reduction; see Example 4.7
below.

Example 4.5. Let ℎ(𝑧) = 𝑇𝑧3+𝑧+1 ∈ 𝕃(𝑧). Then ̄ℎ(𝑧) = 𝑧+
1 has smaller degree than ℎ. However, with 𝜃(𝑧) = 𝑇1/2𝑧,
we have

𝐻(𝑧) ∶= 𝜃 ∘ ℎ ∘ 𝜃−1(𝑧) = 𝑧3 + 𝑧 + 𝑇1/2,
so that �̄�(𝑧) = 𝑧3 + 𝑧, which satisfies deg �̄� = 3 = deg𝐻.
Thus, 𝐻 has explicit good reduction, so ℎ has good reduc-
tion.

Good reduction corresponds to having a one-point Julia
set, as the following result shows.

Theorem 4.6. Let 𝑓 ∈ ℂ𝑣(𝑧) with deg 𝑓 = 𝑑 ≥ 2. Let 𝒥an,𝑓
be the Julia set of 𝑓.

a. 𝑓 has explicit good reduction if and only if 𝒥an,𝑓 =
{𝜁(0, 1)}.
b. 𝑓 has good reduction if and only if 𝒥an,𝑓 = {𝜁} consists
of a single point. In that case, 𝜁 is of type II, and for any
𝜃 ∈ PGL(2, ℂ𝑣), the map 𝜃 ∘ 𝑓 ∘ 𝜃−1 has explicit good
reduction if and only if 𝜃(𝜁) = 𝜁(0, 1).

c. 𝑓 has bad reduction if and only if 𝒥an,𝑓 is a perfect set.

(A perfect set is a nonempty closed set that has no iso-
lated points. Such a set is necessarily uncountable.) The
“trivial cases” referred to at the end of Section 4.2 are pre-
cisely the one-point Julia sets of maps of good reduction.
The undrawable fractals are the Julia sets of maps of bad
reduction.

Example 4.7. Let 𝑔(𝑧) = 𝑧2 + 𝑇𝑧 − 1
𝑇𝑧2 + 𝑧 + 1 ∈ 𝕃(𝑧) as in Exam-

ple 4.4. Then 𝑔(−1) = −1, so the type I point −1 is a fixed
point of 𝑔. A simple computation shows

||𝑔′(−1)||0 =
|||
−𝑇 − 1
𝑇

|||0
= 𝑒 > 1,

so that −1 is a repelling fixed point and hence lies in the
Julia set 𝒥an,𝑔 of 𝑔. Thus, 𝒥an,𝑔 does not consist solely of a
type II point, so by Theorem 4.6.b, the map 𝑔 cannot have
good reduction, as claimed in Example 4.4.

As suggested by equation (1.2) and Section 3, the in-
finitely many branches of ℙ1an emanating from the Gauss
point 𝜁(0, 1) — each of which is an open disk in ℙ1an —
correspond to the infinitely many points of ℙ1(𝑘𝑣). If 𝑓
has explicit good reduction, then 𝑓 maps these branches
to one another, and more precisely, it maps them in ex-
actly the way that the reduced map ̄𝑓 ∈ 𝑘𝑣(𝑧) maps the
corresponding points of ℙ1(𝑘𝑣).

5. Fatou Components
Even when 𝑓 ∈ ℂ𝑣(𝑧) has bad reduction, its Fatou setℱan,𝑓
may be partitioned into connected components, although

they may be arranged in a more complicated fashion than
in the good reduction case. These Fatou components map
onto one another; that is, if 𝑈 is a connected component
of ℱan,𝑓, then so is 𝑓(𝑈). It therefore makes sense to talk
about fixed, periodic, or preperiodic Fatou components. If
a Fatou component is not preperiodic, we say it is a wan-
dering domain.
5.1. Rivera-Letelier’s classification. Rivera-Letelier gave
a fundamental classification of dynamics on periodic Fa-
tou component in [RL03]. (More precisely, [RL03] con-
cerned only the 𝑝-adic field ℂ𝑝, but his results could be
extended to other non-archimedean fields. For a fully gen-
eral exposition, see Chapter 9 of [Ben19].) To present his
classification, we define a rational open connected affinoid in
ℙ1an to be a rational open disk with finitely many rational
closed disks removed. Such a region is indeed both open
and connected, and moreover its boundary is a finite set
of type II points.

Theorem 5.1. Let 𝑈 be a periodic Fatou component of exact
period 𝑛 ≥ 1. Then exactly one of the following two possibilities
holds:

a. 𝑈 is attracting, meaning that there is a type I point
𝑎 ∈ 𝑈 such that for all 𝜁 ∈ 𝑈, we have lim

𝑖→∞
𝑓𝑛𝑖(𝜁) = 𝑎.

In this case, 𝑓𝑛 ∶ 𝑈 → 𝑈 is 𝑚-to-1 for some 𝑚 ≥ 2, and
either
(i) 𝑈 is a rational open disk, or
(ii) 𝑈 is a domain of Cantor type, as defined below.

b. 𝑈 is indifferent, meaning that 𝑓𝑛 ∶ 𝑈 → 𝑈 is a bjiec-
tive mapping, and in fact 𝑓𝑛 is an isometry on the type I
points of 𝑈. In this case, 𝑈 is a rational open connected
affinoid.

In part (a)(ii) above, a domain of Cantor type is a nested
union 𝑈 = ⋃𝑖≥0 𝑉 𝑖 of rational open connected affinoids
with 𝑉0 ⊊ 𝑉1 ⊊ ⋯, such that the boundary of 𝑈 is homeo-
morphic to a Cantor set.

Example 5.2. Any quadratic polynomial is conjugate to
one of the form 𝑓(𝑧) = 𝑧2 + 𝑎𝑧. (Complex dynamicists
traditionally use 𝑧2 + 𝑐, but for fields of characteristic 2,
that form does not cover all possibilities.)

If |𝑎|𝑣 ≤ 1, then 𝑓 has explicit good reduction, so that its
Fatou components are the open disks𝐷an(𝑥, 1) for |𝑥|𝑣 ≤ 1,
as well as the disk𝐷∞ ∶= ℙ1an∖𝐷an(0, 1) containing∞. This
disk 𝐷∞ is an attracting fixed component, as it maps 2-to-
1 to itself, and lim𝑖→∞ 𝑓𝑖(𝜁) = ∞ for all 𝜁 ∈ 𝐷∞. Some
of the other disks 𝐷an(𝑥, 1) are periodic, and such a disk
of period 𝑛 is indifferent if |(𝑓𝑛)′(𝑥)|𝑣 = 1, or attracting if
|(𝑓𝑛)′(𝑥)|𝑣 < 1. Other disks are preperiodic but not peri-
odic, and depending on the residue field 𝑘𝑣, others may
be wandering. (In particular, if ℂ𝑣 = ℂ𝑝, then all of these
components are preperiodic, but if ℂ𝑣 = 𝕃, then some of
them are wandering domains.)
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𝐷(0, |𝑎|𝑣)

𝐷(0, 1) 𝐷(−𝑎, 1)

Figure 2. 𝑉0, 𝑉1, and 𝑉2 in Example 5.2.

On the other hand, if |𝑎|𝑣 > 1, then 𝑓 has bad reduc-
tion, and the Julia set is a Cantor set consisting entirely
of type I points. The Fatou set consists of a single attract-
ing fixed component 𝑈 of Cantor type, and all points of
𝑈 = ℱan,𝑓 are attracted to ∞ under iteration. More pre-
cisely, define 𝑉0 to be the rational open disk that is the
complement of the closed disk 𝐷an(0, |𝑎|𝑣), and iteratively
define 𝑉 𝑖+1 ∶= 𝑓−1(𝑉 𝑖) ⊋ 𝑉 𝑖. It can be shown that each
resulting rational open connected affinoid 𝑉 𝑖 is the com-
plement of 2𝑖 closed disks, each of radius |𝑎|1−𝑖𝑣 . Thus,
𝑈 ∶= ⋃𝑖≥0 𝑉 𝑖 is the entire Fatou set, and the Julia set 𝒥an,𝑓
is contained in two disks, then contained in four smaller
disks, then contained in eight still smaller disks, and so on.
See Figure 2, showing the (type I versions of) the disk that
is the complement of 𝑉0, the two disks forming the com-
plement of 𝑉1, and the four disks forming the complement
of 𝑉2. Since the radii of the disks decrease to 0, we are left
with a Cantor set for 𝒥an,𝑓, and a domain of Cantor type
for its complement.

Example 5.3. Let 𝑔(𝑧) = 𝑏𝑧3 + 𝑧2 with 0 < |𝑏|𝑣 < 1. Sim-
ilar to the |𝑎|𝑣 > 1 case of Example 5.2, we may define
𝑉0 to be the complement of 𝐷an(0, |𝑏|−1𝑣 ) and then itera-
tively define 𝑉 𝑖+1 ∶= 𝑓−1(𝑉 𝑖) ⊋ 𝑉 𝑖. The number of disks
in the complements of the rational open connected affi-
noids 𝑉 𝑖 again increase, and their radii decrease, but in
more complicated fashion. This is because the comple-
ment of 𝑉1 consists of two disks of different sizes, the larger
of which maps 2-to-1 onto𝐷an(0, |𝑏|−1𝑣 ), and the smaller of
which maps 1-to-1 onto the same disk. (See Figure 3.) In
particular, not all of the radii approach zero, so although
𝑈∞ ∶= ⋃𝑖≥0 𝑉 𝑖 is again an attracting fixed Fatou compo-
nent of Cantor type, it is not the whole Fatou set.

Indeed, 𝑔maps the closed unit disk 𝐷an(0, 1) into itself,
and on this disk we have 𝑔(𝑧) ≈ 𝑧2, so that 𝑔 behaves much
like the good reduction case of Example 5.2 on the disk. In
particular, the open unit disk 𝑈0 ∶= 𝐷an(0, 1) is an attract-
ing fixed Fatou component, with 𝑔𝑛(𝜁) → 0 for all 𝜁 ∈ 𝑈0.
Its boundary point is the Gauss point 𝜁(0, 1), which is a re-
pelling fixed point of 𝑔 and hence lies in the Julia set 𝒥an,𝑔.

0 1
𝑏

𝐷(0, |𝑏|−1𝑣 )

2

1

Figure 3. 𝑉0, 𝑉1, and 𝑉2 in Example 5.3.

The other open disks of the form𝐷an(𝑥, 1)with |𝑥|𝑣 = 1 are
also Fatou components, again mapping to one another as
they would for the good reduction case of Example 5.2.

5.2. Comparisons and contrasts with complex dynam-
ics. Much of the foregoing theory of the dynamics of non-
archimedean Fatou components is similar in outline to
that of complex dynamics. Indeed, Sullivan’s classifica-
tion [Sul83] shows periodic complex Fatou components
have one of a short list of possible behaviors and struc-
tures. Each may be described as either attracting (with ev-
ery point in the component approaching an attracting peri-
odic point under iteration) or indifferent. However, there
are crucial differences in the details, including the follow-
ing:

• Complex attracting components include para-
bolic domains, where the limit point of the at-
traction lies on the boundary of the compo-
nent. No such phenomenon occurs in the non-
archimedean setting.

• Complex indifferent domains are homeomorphic
either to a disk or an annulus, with dynamics con-
jugate to rotation by an irrational multiple of 2𝜋.
A non-archimedean indifferent domain can be a
disk with any finite number of subdisks removed;
and although there may be local conjugacies to a
simple normal form, such conjugacies do not ex-
tend to the whole Fatou component.

• Every periodic cycle of complex attracting com-
ponents contains a critical point. In the non-
archimedean case, this statement may fail if the
characteristic 𝑝 of the residue field 𝑘𝑣 satisfies 2 ≤
𝑝 ≤ 𝑑, where 𝑑 is the degree of the map.

• A complex rational function 𝑓 ∈ ℂ(𝑧) has only
finitely many periodic cycles of Fatou compo-
nents. But in non-archimedean dynamics, 𝑓 ∈
ℂ𝑣(𝑧) may have infinitely many such periodic
component cycles. On the other hand, there can
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only be finitely many cycles of periodic attracting
components that are not disks. The same appears
to be true about periodic indifferent components,
but there is still no complete proof that there can
only be finitely many cycles of periodic indfferent
components that are not disks.

• A complex indifferent component contains at
most one periodic point, necessarily of the
same period as the component itself. A non-
archimedean indifferent component usually con-
tains infinitely many periodic points of type I,
most of which are of much longer period than
the component. In fact, over some fields like the
𝑝-adic field ℂ𝑝, any indifferent component neces-
sarily contains infinitely many periodic points of
type I.

Another contrast is that (again by work of Sullivan
[Sul85]), complex rational functions have no wandering
domains. However, as noted in Examples 5.2 and 5.3,
wandering domains are actually quite common in non-
archimedean dynamics when working over the Levi-Civita
field 𝕃. In particular, for certain fields including 𝕃 —
for which the residue field is not algebraic over a finite
field — there are always wandering domains attached to
any repelling periodic type II point, just like the wander-
ing domains attached to the Gauss point in Examples 5.2
and 5.3.

So the real question about non-archimedeanwandering
domains is whether they can occur in other circumstances.
The answer is: it depends, but we don’t yet know the full
details. That is, there are some known constructions for
some choices of the field ℂ𝑣, and there are also some No
Wandering Domains theorems assuming mild hypotheses.
For more details, see Chapter 11 of [Ben19].

6. The Equilibrium Measure
The results described in Section 5 concern dynamics on
non-archimedean Fatou sets; we now turn to the Julia
sets. In 2004, three different pairs of mathematicians an-
nounced the existence of an important measure on ℙ1an
that is supported exactly on the Julia set 𝒥an,𝑓 of a non-
archimedean rational function 𝑓 ∈ ℂ𝑣(𝑧), as described
in [BR10, CLT09, FRL10]. Analogous measures had been
constructed in complex dynamics [Bro65, FLM83, Lju83]
using classical (complex) potential theory, and the non-
archimedean constructions use potential theory on the
Berkovich line ℙ1an, developed in [BR10,FJ04].

The central object of non-archimedean potential theory
is a Laplacian operator Δ that inputs certain real-valued func-
tions onℙ1an and outputs signed Borelmeasures onℙ1an. Al-
though we will not make any attempt to define Δ formally,
we can give two simple examples:

Δ(𝜁 ↦ log |𝜁|𝑣) = [0] − [∞]

and

Δ(𝜁 ↦ logmax{1, |𝜁|𝑣}) = [𝜁(0, 1)] − [∞],
where [𝑎] denotes the delta measure at the point 𝑎. With
the operator Δ in hand, one can construct a function 𝐺𝑓
that satisfies a certain invariance property under our map
𝑓 ∈ ℂ𝑣(𝑧), and then take the Laplacian of 𝐺𝑓. After can-
celling a certain auxiliary factor, the result is a measure 𝜇𝑓
on ℙ1an, called the equilibrium measure for 𝑓, which has the
following properties:

a. 𝜇𝑓 is a probability measure, i.e., it takes real values in
[0, 1], with 𝜇𝑓(ℙ1an) = 1.

b. 𝜇𝑓 is invariant under 𝑓, i.e., for any Borel measurable
set 𝑉 ⊆ ℙ1an, we have 𝜇𝑓(𝑓−1(𝑉)) = 𝜇𝑓(𝑉).

c. The support of 𝜇𝑓 is precisely 𝒥an,𝑓.
d. 𝜇𝑓 is mixing for the map 𝑓 ∶ 𝒥an,𝑓 → 𝒥an,𝑓.

Property (d), proven in Section 3.3 of [FRL10], implies that
𝑓 is ergodic with respect to 𝜇𝑓. (Mixing and ergodic are two
properties that formally describe the intuitive idea that 𝑓
acts chaotically on 𝒥an,𝑓, the support of the measure.)

The first main application of the equilibrium measure
in [BR10, CLT09, FRL10] was to prove certain number-
theoretic results known as equidistribution theorems. Such
statements concern a rational function 𝑓 that is defined
over a global field likeℚ, ormore generally over a “product
formula” field likeℂ(𝑇), for which there aremany different
absolute values whose (infinite) product is the trivial ab-
solute value. A product formula field allows the construc-
tion of height functions in the sense of Weil, including the
canonical height ̂ℎ𝑓 associated with the dynamics of 𝑓. (See
Section 3.4 of [Sil07] for a discussion of canonical heights
in this context.) In that setting, the dynamical equidistri-
bution results of [BR10,CLT09, FRL10] say that the Galois
conjugates of points of small canonical height must accu-
mulate on the associated Berkovich Julia sets. More pre-
cisely, they say that the appropriately weighted sums of
delta measures at those Galois conjugates converge, in the
weak-* sense, to the equilibrium measure 𝜇𝑓.

Since 2004, when those equidistribution results were
first announced, the equilibriummeasure has been used to
study other aspects of the dynamics of 𝑓 ∈ ℂ𝑣(𝑧), mirror-
ing the use of such measures in complex dynamics. When
𝑓 has good reduction, its equilibrium measure is simply
a delta mass at the one point of the Julia set; but when 𝑓
has bad reduction, 𝜇𝑓 is far more intricate, like its complex
analogue.

Once equipped with the equilibrium measure 𝜇𝑓, one
can define and study the entropy of 𝑓, its Lyapunov ex-
ponent, and more. Similar sorts of measures can also
be constructed on moduli spaces of rational maps, with
support on the bifurcation locus, where the dynamics of a
map in the family undergoes a qualitative change. Non-
archimedean dynamics today thus continues the themes
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that spawned the subject: exhibiting a broad class of dy-
namical systems for analysis, enabling the study of degen-
erations of complex dynamical systems, and providing es-
sential local tools for number-theoretic questions arising
in arithmetic dynamics.
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Breaking the Kolmogorov
Barrier with Nonlinear

Model Reduction

Benjamin Peherstorfer
Introduction. Model reduction is ubiquitous in computa-
tional science and engineering. It plays a key role in mak-
ing computationally tractable outer-loop applications that
require simulating systems for many scenarios with dif-
ferent parameters and inputs. Typical outer-loop applica-
tions are control, uncertainty quantification, inverse prob-
lems, and optimal design [RHP08,BGW15]. With reduced
models, one numerically solves the differential equations,
which describe the physical system of interest, in problem-
dependent, low-dimensional reduced spaces, in contrast
to traditional, full models that are formulated in generic,
high-dimensional full spaces with, e.g., finite-element/
-volume methods. Reduced spaces are constructed in a
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one-time high-cost training (offline) phase from data and
then are leveraged in an online phase to provide approxi-
mate solutions often in a fraction of the computation time
required for full models, which can greatly speed up the
repeated simulations of systems at different scenarios in
outer-loop applications.

Model reduction hasmany attributes of what today is re-
ferred to as physics-informed machine learning and scien-
tific machine learning because model reduction simulates
physical systems by combining learning from data to con-
struct reduced spaces with traditional numerical methods
to solve equations from first principles and physical laws
in the learned reduced spaces.

Much progress has been made on deriving reduced
models for diffusion-dominated problems governed by
specific elliptic/parabolic equations that induce smooth
solution manifolds [RHP08, BGW15]. Smooth means
that the Kolmogorov 𝑛-width decays rapidly so that so-
lutions can be approximated well in low-dimensional
spaces [CD16]. However, the important class of prob-
lems given by hyperbolic equations, conservation laws,
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and transport-dominated phenomena—where a coherent
structure such as a wave or a phase transition travels
through the domain—typically induces rough solution
manifolds with slowly decaying Kolmogorov 𝑛-widths
[OR16, GU19]. Even though lower bounds of the decay
of the Kolmogorov 𝑛-width are available only for solution
manifolds of a limited number of equations, empirical
evidence of slowly decaying Kolmogorov 𝑛-widths is ob-
served in many applications in science and engineering
from pattern formation in biology to storm-surge forecast-
ing in weather modeling to solidification in additive man-
ufacturing to combustion processes in fluid mechanics.

Over the last several years, nonlinear model reduc-
tion has started to emerge that seeks nonlinear re-
duced approximations on manifolds rather than linear
approximations in reduced spaces as in classical lin-
ear model reduction. The goal of nonlinear model
reduction is breaking the Kolmogorov barrier which
means achieving a fast error decay even if solution
manifolds are not smooth and the Kolmogorov 𝑛-
width decays slowly as in transport-dominated prob-
lems [OR13,PW15,TPQ15,GU19,Peh20,ELMV20,LC20].
There are nonlinear methods that adapt the reduced space
explicitly, such as dynamic decompositions [SL09] and the
adaptive empirical interpolation method [PW15, Peh20]
that will be described in more detail below. Other non-
linear model reduction methods apply transformations to
recover (linear) low-rank structures. Examples of such ap-
proaches are the method of freezing [OR13] and shifted
POD [RSSM18] as well as methods motivated by machine
learning such as the approach introduced in [ELMV20]
based on Wasserstein spaces and the method proposed in
[LC20] that builds on deep autoencoders.

This note describes the Kolmogorov barrier of linear
model reduction and then outlines how nonlinear meth-
ods can overcome the barrier. A numerical example of
simulating combustion instabilities in a single-injector el-
ement of a rocket engine demonstrates adaptive empirical
interpolation [PW15, Peh20] as one example of a nonlin-
ear model reduction method.
Outer-loop applications. Consider a parametrized par-
tial differential equation (PDE)

𝜕𝑡𝑞(𝑥; 𝑡, 𝜇) +𝒩(𝑞; 𝜇) = 0 (1)

with operator𝒩 and appropriate initial and boundary con-
ditions. The function 𝑞 ∶ Ω × 𝒯 × 𝒟 → ℝ depends on
the spatial coordinate 𝑥 ∈ Ω ⊂ ℝ𝑑, time 𝑡 ∈ 𝒯 = [0, 𝑇]
and a parameter 𝜇 ∈ 𝒟. The parameter 𝜇 describes
properties such as conductivity in heat-transfer problems
and viscosity and Reynolds number in fluid-mechanics
problems. Traditional numerical methods such as finite-
difference, finite-element, and finite-volume methods

numerically solve (1) by approximating the solution1 𝑞 of
(1) in finite-dimensional vector spaces 𝒰. Let the space 𝒰
be 𝑁-dimensional. Further, let 𝜑1, … , 𝜑𝑁 be a basis of 𝒰,
which means that the solution function 𝑞 is approximated
as

𝑞𝑁(𝑥; 𝑡, 𝜇) = ∑𝑁
𝑖=1 𝛽𝑖(𝑡, 𝜇)𝜑𝑖(𝑥) ,

with 𝑁 coefficients 𝛽1(𝑡, 𝜇), … , 𝛽𝑁(𝑡, 𝜇) ∈ ℝ. Numerically
solving the PDE (1) for a given parameter 𝜇 ∈ 𝒟 means
solving for the 𝑁 coefficients 𝛽1(𝑡, 𝜇), … , 𝛽𝑁(𝑡, 𝜇) via a sys-
tem of equations such as

𝑟(𝑞𝑁(⋅; 𝑡𝑘, 𝜇), 𝑞𝑁(⋅; 𝑡𝑘−1, 𝜇), 𝜑𝑖) = 0 , (2)

for 𝑖 = 1, … , 𝑁 and 𝑘 = 1, … , 𝐾, where 𝑟 is an appro-
priate residual function that includes the time discretiza-
tion with 𝐾 time steps 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝐾 = 𝑇.
Thus, the computational costs of numerically solving the
PDE (1), i.e., computing the coefficient vector 𝛽(𝑡, 𝜇) =
[𝛽1(𝑡, 𝜇), … , 𝛽𝑁(𝑡, 𝜇)]𝑇 ∈ ℝ𝑁 , scale with the dimension 𝑁
of the space𝒰 and the number of time steps 𝐾. If 𝑁 and 𝐾
are large, then computing a solution even for a single pa-
rameter 𝜇 ∈ 𝒟 can already be computationally demand-
ing. Thus, it can quickly become infeasible to compute so-
lutions for a large number𝑀 ≫ 1 of parameters 𝜇1, … , 𝜇𝑀
as needed in outer-loop applications such as optimization,
control, inverse problems, and uncertainty quantification.
Model reduction via projection. Model reduction via
projection seeks reduced spaces 𝒰𝑛 of low dimension 𝑛 ≪
𝑁 so that reduced solutions in 𝒰𝑛 can be rapidly com-
puted for a larger number of parameters [RHP08,BGW15].
The computational procedures of model reduction are typ-
ically split into a training (offline) phase, in which a re-
duced space 𝒰𝑛 is constructed, and an online phase, in
which the PDE is numerically solved in the reduced space
for parameters 𝜇1, … , 𝜇𝑀 ∈ 𝒟 as part of an outer-loop ap-
plication. The training phase is a one-time, high-cost pre-
processing step that is compensated if reduced PDE solu-
tions are computed for a large number 𝑀 of parameters
in the online phase as, for example, in outer-loop applica-
tions.

Reduced spaces are problem dependent in the sense
that they are constructed to approximate well the elements
of the specific solution manifold

ℳ = {𝑞(⋅; 𝑡, 𝜇) | 𝑡 ∈ 𝒯, 𝜇 ∈ 𝒟}
corresponding to the PDE of interest. A solution manifold
ℳ is visualized in Figure 1, where the manifold ℳ is de-
picted as a spiral.

A classical method to numerically construct a reduced
space is based on the principal component analysis: first,

1Typically, one considers, e.g., the weak form of the PDE in specific, appropri-
ate spaces; however, to ease exposition and to avoid heavy notation, we refer to
𝑞 simply as the solution of the PDE in the following.
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q(·; t, µ)

M = {q(·; t, µ) | t ∈ T , µ ∈ D}

Figure 1. Classical (linear) model reduction seeks to
approximate solutions of parametrized PDEs in
low-dimensional spaces, which corresponds to a linear
approximation of the potentially nonlinear structure of the
solution manifold ℳ. In this figure, the spiral depicts a
nonlinear solution manifoldℳ, which would be approximated
by a straight line with classical model reduction methods.

snapshots are computed, which are numerical PDE solu-
tions at a few training parameters 𝜇1, … , 𝜇𝑀train

∈ 𝒟 ob-
tained with standard numerical methods that solve in 𝒰.
Then, the first 𝑛 corresponding principal components of
the snapshots are computed to span the reduced space 𝒰𝑛.
The principal components depend on a metric that has
to be chosen adequately, which leads to weighted princi-
pal components; see, e.g., [BGW15]. In model reduction,
computing basis vectors via principal component analysis
is often referred to as proper orthogonal decomposition
(POD) [BGW15].

Numerically, a basis of a POD reduced space can be
computed, for example, with the singular value decompo-
sition: For 𝑡1, … , 𝑡𝐾 and 𝜇1, … , 𝜇𝑀train

, let

𝑞𝑁(𝑡𝑖, 𝜇𝑗) = [𝛽1(𝑡𝑖, 𝜇𝑗), … , 𝛽𝑁(𝑡𝑖, 𝜇𝑗)]𝑇 ∈ ℝ𝑁 , (3)

be a snapshot and let

𝑄 = [𝑞𝑁(𝑡1, 𝜇1), … , 𝑞𝑁(𝑡𝐾 , 𝜇𝑀train
)] ∈ ℝ𝑁×𝐾𝑀train (4)

be the snapshot matrix. Computing the singular value de-
composition of𝑄 and taking the 𝑛 left-singular vectors cor-
responding to the largest singular values as columns of the
basis matrix 𝑈𝑛 leads to the reduced space 𝒰𝑛 spanned by
the columns of 𝑈𝑛. The error of projecting a snapshot, i.e.,
a column of 𝑄, onto the space 𝒰𝑛 is bounded by the sum
of the squared singular values with index greater than 𝑛

𝐾
∑
𝑖=1

𝑀train

∑
𝑗=1

‖
‖𝑞𝑁(𝑡𝑖, 𝜇𝑗) − 𝑈𝑛𝑈𝑇

𝑛𝑞𝑁(𝑡𝑖, 𝜇𝑗)
‖
‖
2

2
=

𝑟
∑

𝑖=𝑛+1
𝜎2𝑖 ,

where 𝑟 > 𝑛 is the rank of the snapshot matrix 𝑄 and 𝜎1 ≥
𝜎2 ≥ ⋯ ≥ 𝜎𝑟 > 0 are the singular values. Thus, the decay
of the singular values of the snapshot matrix 𝑄 indicates
how well the snapshots can be approximated in 𝒰𝑛.

There is a large number of other methods for construct-
ing reduced spaces, such as greedy methods and interpola-
tory methods; we refer to the surveys [RHP08,BGW15] for
more details. All these methods have in common that re-
duced spaces 𝒰𝑛 are constructed in the training phase and
the approximate PDE solutions are then sought in the re-
duced space for different parameters and initial conditions
in the online phase.
Two motivating numerical experiments. Let us apply
projection-based model reduction, as described above, to
a diffusion problem such as the heat equation with a forc-
ing term

𝜕𝑡𝑞(𝑥; 𝑡, 𝜇) − 𝜇𝜕2𝑥𝑞(𝑥; 𝑡, 𝜇) = 1 , 𝑥 ∈ Ω , (5)

with spatial domain Ω = (0, 1) ⊂ ℝ. We impose ho-
mogeneous Dirichlet boundary conditions on the left and
right boundary. The initial condition is 0. The parameter
𝜇 ∈ 𝒟 = [0.1, 10] ⊂ ℝ is the heat conductivity coefficient
and we set it to 𝜇 = 1 in this experiment. The equation
(5) is discretized with 𝑁 = 1024 linear finite elements in
space and implicit Euler in time with time-step size 10−3.
The numerical solution up to time 𝑇 = 0.4 is show in Fig-
ure 2a.

We collect snapshots (3) over time for parameter 𝜇 = 1
and assemble the snapshot matrix (4). Recall that the sin-
gular values of the snapshot matrix indicate how well the
snapshots can be approximated in the reduced space con-
structed with the POD procedure. Let 𝜎1 ≥ ⋯ ≥ 𝜎𝑛 be the
first 𝑛 = 150 singular values of the corresponding snapshot
matrix. Figure 2b shows the normalized singular values,
where normalized means that the first normalized singu-
lar value is one. The decay of the singular values shows
that the first 15 left-singular vectors span a reduced space in
which the snapshots can be approximated up to machine
precision, which results in a dimensionality reduction of a
factor of almost 70, namely from dimension 𝑁 = 1024 of
the finite-element approximation to 𝑛 = 15 dimensions of
the reduced model. The decay of the singular values does
not tell us anything about the approximation quality of
the space 𝒰𝑛 for solutions of the PDE at other parameters
than the ones used for creating the snapshots. However,
the decay of the singular values often serves as a useful em-
pirical heuristic for how much reduction can be achieved;
a more formal description follows in the next section.

Let us now consider a transport-dominated problem
given by the linear advection equation

𝜕𝑡𝑞(𝑥; 𝑡, 𝜇) + 𝜇𝜕𝑥𝑞(𝑥; 𝑡, 𝜇) = 0 , 𝑥 ∈ Ω , (6)

withΩ = (0, 1) and periodic boundary conditions. The pa-
rameter 𝜇 is the transport speed and fixed to 𝜇 = 0.8 in this
experiment. The initial condition is a Gaussian probabil-
ity density function with mean 0.1 and standard deviation
1.5 × 10−2. The linear advection equation propagates the
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Figure 2. For the heat equation, which describes diffusion-dominated problems, the decay of the singular values indicates that a
reduced space of dimension 𝑛 = 15 is sufficient to approximate the snapshots up to machine precision in this example. In
contrast, the singular values decay orders of magnitude slower in the case of the linear advection equation, which indicates that
classical model reduction that derives linear approximations in spaces can be inefficient for such transport-dominated problems.

initial condition to the right as shown in Figure 2c. We col-
lect snapshots for this problem and compute the normal-
ized singular values, which are shown in Figure 2d. The
decay of the singular values is orders of magnitude slower
than for the diffusion problem.

In this numerical experiment, the transport-dominated
problem requires a higher-dimensional reduced space
than the diffusion-dominated problem to achieve a com-
parable error of approximating the snapshots in the
reduced space. Thus, the experiment indicates that
projection-basedmodel reduction that computes linear ap-
proximations of solutions in a reduced space 𝒰𝑛 obtained
with POD, as described above, is less efficient for transport-
than for diffusion-dominated problems. In fact, as we
will see in the next section, this observation holds more
generally and shows that different model reduction meth-
ods are needed for diffusion-dominated than for transport-
dominated problems.
Limitations of model reduction based on linear approxi-
mations. Let us now formalize the numerical observation
of the previous section. The key is to understand the low-
est error that can be achieved when approximating ele-
ments of a PDE-solution manifold ℳ in vector spaces of
dimension 𝑛; independent of how the reduced space is
constructed. The best-approximation error is given by the
Kolmogorov 𝑛-width, see, e.g., [MPT02,CD16],

𝑑𝑛(ℳ) = inf
𝒰𝑛

dim(𝒰𝑛)=𝑛

sup
𝑞(⋅;𝑡,𝜇)∈ℳ

inf
̃𝑞∈𝒰𝑛

‖𝑞(⋅; 𝑡, 𝜇) − ̃𝑞‖ , (7)

which is the lowest error that any 𝑛-dimensional space 𝒰𝑛
can achieve over all elements in ℳ with respect to the
norm ‖⋅‖. Other types of Kolmogorov 𝑛-widths have been
proposed that look at the average error over all elements
inℳ and that are formulated directly via a metric; see, e.g.,
[MPT02,CD16,ELMV20]. If 𝑑𝑛(ℳ) decays quickly with 𝑛,
then there exist low-dimensional spaces 𝒰𝑛 that approxi-
mate well the elements of ℳ. For example, the authors of
[MPT02] have shown that the Kolmogorov 𝑛-width of the
solution manifold of a specific elliptic PDE in an appro-
priate norm decays exponentially fast in the dimension 𝑛;
more general results for elliptic problems have been de-
rived in [CD16]. In Figure 2a-b, we also observe numer-
ically an exponential decay of the projection error of the
snapshots. However, it is important to note that the singu-
lar values do not, in general, correspond to the Kolmogorov
𝑛-width, because, e.g., the singular values depend on the
snapshots and only lead to a bound on the projection er-
ror corresponding to the POD space. In contrast, the Kol-
mogorov 𝑛-width gives the best-approximation error over
all possible spaces and is not tied to a specific way of con-
structing reduced spaces. It can be exceedingly difficult to
construct spaces that achieve the best-approximation error
given by the Kolmogorov 𝑛-width; however, sequences of
spaces that obtain the same error rate can be constructed
with greedy methods in certain situations [RHP08].
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Let us now consider the linear advection equation (6)
with a Heaviside step initial condition

𝑞0(𝑥) = {1 , 𝑥 ≤ 0 ,
0 , otherwise .

It has been shown in [OR16] that the corresponding solu-
tion manifold has a Kolmogorov 𝑛-width that cannot de-
cay faster than 1/√𝑛,

𝑑𝑛(ℳ) ≥ 𝑐 1
√𝑛

,

where 𝑐 > 0 is a constant independent of 𝑛. Even though
the decay of the singular values is insufficient to draw con-
clusions about lower bounds on the Kolmogorov 𝑛-width,
see comment above, in our numerical experiments, the
projection error of the snapshots also decays slower for
the transport-dominated problem than for the diffusion-
dominated problem. In general, lower bounds on the
Kolmogorov 𝑛-width of solution manifolds of transport-
dominated problems suggest a slow decay. For example,
the authors of [GU19] show similarly slow decays for prob-
lems governed by the wave equation.

Kolmogorov barrier. A slow decay of the Kol-
mogorov 𝑛-width is sometimes referred to as the
Kolmogorov barrier because it limits the decay of the
error that can be achieved with projection-based
model reduction methods that seek linear approxi-
mations in spaces.

Nonlinear approximations and model reduction. Non-
linear model reduction methods seek to overcome the Kol-
mogorov barrier via nonlinear approximations. Let us first
consider a linear reduced approximation ̃𝑞 ∈ 𝒰𝑛, whichwe
can write as a linear combination

̃𝑞(𝑥; �̃�(𝑡, 𝜇)) = ∑𝑛
𝑖=1

̃𝛽𝑖(𝑡, 𝜇)𝜙𝑖(𝑥) (8)

that makes the dependence on the
coefficients �̃�(𝑡, 𝜇) = [ ̃𝛽1(𝑡, 𝜇), … , ̃𝛽𝑛(𝑡, 𝜇)]𝑇 explicit. The
coefficients ̃𝛽1(𝑡, 𝜇), … , ̃𝛽𝑛(𝑡, 𝜇) enter linearly in the approx-
imation ̃𝑞. Stated differently, the space 𝒰𝑛 spanned by the
set of basis functions {𝜙𝑖}𝑛𝑖=1 is fixed independent of which
element of 𝑞(⋅; 𝑡, 𝜇) ∈ ℳ is to be approximated—changing
the coefficients �̃�(𝑡, 𝜇) based on the to-be-approximated el-
ement 𝑞(⋅; 𝑡, 𝜇) does not change the basis functions. This
means that the Kolmogorov 𝑛-width applies and it lower
bounds the best-approximation error that can be achieved
with any reduced space of dimension 𝑛.

In contrast, consider now a nonlinear approximation of
the form

̃𝑞(𝑥; �̃�(𝑡, 𝜇), �̃�(𝑡, 𝜇)) = ∑𝑛
𝑖=1

̃𝛽𝑖(𝑡, 𝜇)𝜙𝑖(𝑥; �̃�(𝑡, 𝜇)) , (9)

where �̃�(𝑡, 𝜇) enters nonlinearly in the basis functions
𝜙1, … , 𝜙𝑛. Thus, there is a nonlinear dependence of ̃𝑞 on
�̃�(𝑡, 𝜇), which is in stark contrast to the linear approxima-
tion (8) that depends on �̃�(𝑡, 𝜇) alone and where the coef-
ficients �̃�(𝑡, 𝜇) enter linearly. Stated differently, the nonlin-
ear approximation (9) is a linear combination with func-
tions {𝜙𝑖(⋅; �̃�(𝑡, 𝜇))}𝑛𝑖=1 that depend through �̃�(𝑡, 𝜇) on the
element 𝑞(⋅; 𝑡, 𝜇) ∈ ℳ that is to be approximated, which
is different from the linear approximation (8) where the
basis functions are fixed independent of which element of
ℳ is approximated.

Even though nonlinear approximations of the form (9)
have been studied from a theoretical perspective for a long
time, we want to note that they are closely related to deep
neural networks, where �̃�(𝑡, 𝜇) are typically referred to as
features, which are learned together with the coefficients
�̃�(𝑡, 𝜇). Another class of nonlinear approximation meth-
ods selects basis functions from a large dictionary based on
the to-be-approximated element. These dictionary-based
methods are typically formulated via sparse regression and
compressed sensing. In the context of model reduction,
dictionary-based methods are sometimes referred to as lo-
calizedmodel reduction because reduced spaces are locally
varied depending on time, parameters, and/or spatial co-
ordinates [BGW15].

Nonlinear approximations (9) aremore expressive than
linear approximations (8) in the sense that nonlinear
approximations can lead to lower errors than the Kol-
mogorov 𝑛-width for the same number of degrees of free-
dom; thus, nonlinear approximations can break the Kol-
mogorov barrier. To see this, consider the linear advection
problem (6). In the case of this simple example, the an-
alytic solution can be obtained with the method of char-
acteristics 𝑞(𝑥; 𝑡, 𝜇) = 𝑞0(𝑥 − 𝑡𝜇) , where 𝑞0 is the initial
condition. Building on the nonlinear approximation (9),
set 𝑛 = 1 and the function 𝜙1 to

𝜙1(𝑥; 𝜃) = 𝑞0(𝑥 − 𝜃) .
Then, the nonlinear reduced model

̃𝑞(𝑥; �̃�(𝑡, 𝜇), �̃�(𝑡, 𝜇)) = ̃𝛽1(𝑡, 𝜇)𝜙1(𝑥; �̃�1(𝑡, 𝜇)) (10)

with fixed coefficient �̃�(𝑡, 𝜇) = [ ̃𝛽1(𝑡, 𝜇)] = [1] and feature
�̃�(𝑡, 𝜇) = [�̃�1(𝑡, 𝜇)] = [𝑡𝜇] exactly represents the solution.
Thus, for this example, the nonlinear reduced model (10)
breaks the Kolmogorov barrier of linear approximations
(8), for which the error cannot decay faster than 1/√𝑛,
where 𝑛 is the number of degrees of freedom.
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Stability and online efficiency. Increasing the ex-
pressiveness by breaking the Kolmogorov barrier
with nonlinear approximations is only a first step
towards nonlinear model reduction of transport-
dominated problems. Just as in numerical analy-
sis in general, increasing expressiveness alone is in-
sufficient. Rather, nonlinear reduced models and
their underlying nonlinear approximations have to
be stable to be useful for numerical computations.
Additionally, the goal of model reduction is achiev-
ing speedups compared to solving the original, full
model, which means that the computational com-
plexity of solving the reduced model online has to
scale independently of the dimension 𝑁 of the full-
model approximation space. Thus, a truly practi-
cal nonlinearmodel reduction approach breaks the
Kolmogorov barrier in a numerically stable and on-
line efficient way.

Adaptive empirical interpolation: Nonlinear approxima-
tions via adaptive spaces. Formulation (9) of nonlinear
approximations is typically too general to work with nu-
merically; see also the previous remark on stability and
online efficiency. For example, there are no restrictions on
the basis functions and their dependence on the features
�̃�(𝑡, 𝜇). We now describe a concrete numerical method for
nonlinear model reduction: the adaptive empirical inter-
polation method (ADEIM) introduced in [PW15, Peh20],
where the basis of the reduced space is adapted with low-
rank updates.

Consider a time-discrete spatially discretized systems of
nonlinear equations

𝑞(𝑘)𝑁 = 𝑓(𝑞(𝑘+1)𝑁 ; 𝜇) , 𝑘 = 0, … , 𝐾 − 1 ,

that arises from (2) via, e.g., an implicit Euler discretiza-
tion. The state vector 𝑞(𝑘)𝑁 at time step 𝑘 is of dimen-
sion 𝑁 and the dynamics are given by the function 𝑓 ∶
ℝ𝑁 × 𝒟 → ℝ𝑁 . Recall that 𝑈𝑛 ∈ ℝ𝑁×𝑛 is a basis matrix
with columns that span the reduced space 𝒰𝑛. Consider
first linear model reduction with empirical interpolation
[BMNP04,CS10] to obtain the approximation

�̃�(�̃�; 𝜇) = (𝑃𝑇𝑈𝑛)−1𝑃𝑇𝑓(𝑈𝑛�̃�; 𝜇)

where 𝑃 = [𝑒𝑖1 , … , 𝑒𝑖𝑛] ∈ {0, 1}𝑁×𝑛 is a selection ma-
trix with 𝑁-dimensional canonical unit vectors 𝑒𝑖1 , … , 𝑒𝑖𝑛
that have 1 at components 𝑖1, … , 𝑖𝑛 ∈ {1, … , 𝑁}, respec-
tively. This means 𝑃𝑇𝑓(𝑈𝑛�̃�; 𝜇) requires evaluating only
the 𝑛 component functions of 𝑓 corresponding to the
components 𝑖1, … , 𝑖𝑛 selected by 𝑃. The selection matrix
is obtained from 𝑈𝑛 typically with greedy approaches
[BMNP04,CS10]. The corresponding linear, static reduced

model is

�̃�(𝑘) = �̃�(�̃�(𝑘+1); 𝜇) , 𝑘 = 0, … , 𝐾 − 1 . (11)

In adaptive empirical interpolation [PW15,Peh20], the
basis matrix depends on the time step 𝑘 and is adapted via
low-rank updates as

𝑈(𝑘+1)
𝑛 = 𝑈(𝑘)

𝑛 + 𝛼𝑘𝛽
𝑇
𝑘 ,

where 𝛼𝑘 ∈ ℝ𝑁×𝑧 and 𝛽𝑘 ∈ ℝ𝑛×𝑧 and 𝑧 is the rank of
the update, which is in contrast to static (linear) empirical
interpolation (11) where the space is independent of the
time step. The update 𝛼𝑘𝛽

𝑇
𝑘 is obtained via an optimiza-

tion problem

min
𝛼∈ℝ𝑁×𝑧,𝛽∈ℝ𝑛×𝑧

‖
‖𝑆

𝑇
𝑘 ((𝑈(𝑘)

𝑛 + 𝛼𝑘𝛽
𝑇
𝑘 )𝐶𝑘 − 𝐹𝑘)‖‖

2

𝐹

where 𝑆𝑘 ∈ {0, 1}𝑁×𝑚 is a sampling matrix that selects
𝑚 components, similarly to the selection matrix in static
empirical interpolation. The coefficient matrix is 𝐶𝑘 =
(𝑃𝑇𝑘𝑈(𝑘)

𝑛 )−1𝑃𝑇𝑘𝐹𝑘 and 𝐹𝑘 ∈ ℝ𝑁×𝑤 is the right-hand sidema-
trix of window size 𝑤. The update 𝛼𝑘𝛽

𝑇
𝑘 can be obtained

via a singular value decomposition of an 𝑛×𝑤matrix. The
selection matrix 𝑃𝑘 also depends on the time step 𝑘 and
is adapted by either re-running the greedy selection pro-
cedures [BMNP04,CS10] or via low-rank updates [PW15].
The right-hand side matrix 𝐹𝑘 = [�̂�(𝑘−𝑤−1), … , �̂�(𝑘)] is as-
sembled by evaluating the full-model right-hand side func-
tion 𝑓 at the𝑚 components selected by 𝑆𝑘 and approximat-
ing all other components as

𝑆𝑘�̂�(𝑘) =𝑆𝑘𝑓(𝑈(𝑘)
𝑛 �̃�(𝑘); 𝜇),

�̆�𝑘�̂�(𝑘) =�̆�𝑘𝑈(𝑘)
𝑛 (𝑃𝑇𝑘𝑈(𝑘)

𝑛 )−1𝑃𝑇𝑘𝑓(𝑈(𝑘)
𝑛 �̃�(𝑘); 𝜇) ,

where �̆�𝑘 is the complementary sampling points matrix
that selects the components not selected by 𝑆𝑘. The sam-
pling points 𝑆𝑘 are adapted via greedy strategies, for which
several strategies have been proposed, including a compu-
tationally efficient strategy in [Peh20].

In summary, the process of the adaptive empirical inter-
polation method is to adapt the space 𝒰(𝑘)

𝑛 at time step 𝑘
to the space 𝒰(𝑘+1)

𝑛 at time step 𝑘 + 1. The adaptation is
achieved by applying a low-rank update to the basis ma-
trix 𝑈(𝑘)

𝑛 to obtain the basis matrix 𝑈(𝑘+1)
𝑛 of the adapted

space 𝒰(𝑘+1)
𝑛 . The update is computed from sparse eval-

uations of the full-model right-hand side function 𝑓 at a
few selected components; we refer to [Peh20] for technical
details.
Adaptive empirical interpolation: Nonlinear model re-
duction for predicting limit cycle oscillations in a com-
bustor. We apply the adaptive empirical interpolation as a
nonlinear model reduction approach to a quasi-1D model
of a single-element rocket combustor, which is described
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Figure 3. Top: Numerically predicting the growth of the amplitude of pressure oscillations at the monitoring point in the
combustor chamber helps to derive designs that prevent combustion instabilities. Bottom: Pressure field of a 2D version of the
quasi-1D model combustor considered in this experiment. Pressure waves traveling through the combustion chamber make this
problem transport dominated, which motivates the reduction with nonlinear methods such as adaptive empirical interpolation
[PW15,Peh20].

in [XD17]. The goal is to predict the growth of the ampli-
tude of pressure oscillations at a monitoring point, which
provides critical insights for designing engines that avoid
combustion instabilities that are caused by unbounded
growth of the amplitude of the pressure oscillations. The
pressure oscillations lead to waves traveling through the
combustion chamber that make this problem transport
dominated and thus linear model reduction methods fail
for this problem; cf. [XD17,Peh20].

Figure 3 shows the setup of the problem. The oxidizer
is induced and meets the fuel at the back-step, where it
reacts instantaneously. The combustion products exit the
chamber through the nozzle. The combustion follows a
one-step reaction model,

CH4 + 2O2 → CO2 + 2H2O ,
where the fuel is gaseousmethane and the oxidizer is amix-
ture of oxygen and water. The parameter 𝜇 of the problem
controls the heat release. The governing equations of the
model combustor are described in detail in [XD17]. The
following numerical results summarize the experiments
conducted in [Peh20]. Figure 4(top) shows the pressure
at a monitoring point for heat release 𝜇 = 3.0, where the
combustor enters a steady state. In contrast, for heat re-
lease parameter 𝜇 = 3.8, the system enters a limit cycle os-
cillation as shown in Figure 4(bottom). In both cases, the
adaptive reduced model faithfully approximates the full
model while achieving a speedup of a factor 6–8 over var-
ious heat-release parameters. Thus, the nonlinear reduced
model enables quickly sweeping over a large range of pa-
rameters for informing early design decisions to prevent
an unbounded growth of the pressure amplitude.

Conclusions and open questions. There is a clear need
for nonlinear model reduction methods to derive effi-
cient reduced models of transport-dominated problems
in science and engineering. This note focused on increas-
ing expressiveness compared to linear model reduction to
break the Kolmogorov barrier. However, increasing expres-
siveness alone is insufficient for truly practical nonlinear
model reduction methods. Rather, nonlinear model re-
duction methods also have to be numerically stable, just
as traditional methods in scientific computing, which has
received little attention in nonlinear model reduction. Ad-
ditionally, the purpose of model reduction is to obtain
speedups: First, constructing nonlinear reduced models in
the training phase has to be cheaper in terms of, e.g., data
volume and training time than solving the outer-loop task
with the original, full model in the first place. This can be
challenging to achieve with data-hungry machine learning
methods. Second, it is paramount that solving nonlinear
reduced models at new parameters in the online phase is
computationally cheaper than solving the full model. The
ultimate goal is to achieve online efficiency in nonlinear
model reduction in the sense that the cost complexity of
solving the nonlinear reduced model at new parameters
scales independently of the dimension of the full approxi-
mation space. An often overlooked aspect is that nonlinear
model reductionmethods have to be easy to use for achiev-
ing wide acceptance in the domain sciences and engineer-
ing communities, which is getting increasingly more atten-
tion via nonintrusive methods that learn reduced models
from data [IA14,PW16,HU18].
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Figure 4. The nonlinear reduced model based on adaptive empirical interpolation faithfully predicts the pressure oscillation in
this model combustor for low (top) and high (bottom) heat release, which enables quickly sweeping over parameters to support
decision-making in early design stages.

Nonlinear model reduction is at its early stages. It
will require considerable progress of mathematical theory
and computational methods—bringing together machine
learning and scientific computing—to advance nonlinear
model reduction into a similarly rigorous, reliable, flexible,
and ubiquitous tool of science and engineering as linear
model reduction is today.

This manuscript contains only a limited number of
references because journal rules restrict the maxi-
mum number of references to 20; additional refer-
ences to other nonlinear model reductionmethods
are cited in the manuscript [Peh20].
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The Weingarten Calculus

Benoît Collins, Sho Matsumoto, and Jonathan Novak
1. Introduction
Every compact topological group supports a unique trans-
lation invariant probabilitymeasure on its Borel sets— the
Haar measure. The Haar measure was first constructed for
certain families of compact matrix groups by Hurwitz in
the nineteenth century in order to produce invariants of
these groups by averaging their actions. Hurwitz’s con-
struction has been reviewed from a modern perspective
by Diaconis and Forrester, who argue that it should be re-
garded as the starting point of modern random matrix the-
ory [DF17]. An axiomatic construction of Haar measures
in the more general context of locally compact groups was
published by Haar in the 1930s, with further important
contributions made in work of von Neumann, Weil, and
Cartan; see [Bou04]. The existence of recent works on the
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Haar measure, see, e.g., [DS14] or [Mec19], can be seen
as a token of the timeliness of this object as a modern re-
search topic.

Given a measure, one wants to integrate. The Bochner
integral for continuous functions 𝐹 on a compact group
G taking values in a given Banach space is called the Haar
integral; it is almost always written simply

∫
G
𝐹(𝑔) d𝑔,

with no explicit notation for the Haar measure. While inte-
gration on groups is a concept of fundamental importance
in many parts of mathematics, including functional analy-
sis and representation theory, probability, and ergodic the-
ory, etc., the actual computation of Haar integrals is a prob-
lem which has received curiously little attention. As far as
the authors are aware, it was first considered by theoretical
physicists in the 1970s in the context of nonabelian gauge
theories, where the issue of evaluating — or at least ap-
proximating — Haar integrals plays a major role. In partic-
ular, the physics literature on quantum chromodynamics,
the main theory of strong interactions in particle physics,
is littered with so-called “link integrals,” which are Haar
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integrals of the form

∫
U(𝑁)

𝑈 𝑖(1)𝑗(1) …𝑈 𝑖(𝑑)𝑗(𝑑)𝑈 𝑖′(1)𝑗′(1) …𝑈 𝑖′(𝑑)𝑗′(𝑑)d𝑈,

where U(𝑁) is the compact group of unitary matrices 𝑈 =
[𝑈𝑥𝑦]𝑁𝑥,𝑦=1. Confronted with a paucity of existing mathe-
matical tools for the evaluation of such integrals, physi-
cists developed their own methods, which allowed them
to obtain beautiful explicit formulas such as

∫
U(𝑁)

𝑈11𝑈22𝑈33𝑈12𝑈23𝑈31d𝑈 = 2
𝑁(𝑁2 − 1)(𝑁2 − 4) ,

an evaluation which holds for all unitary groups of rank
𝑁 ≥ 3. Although exceedingly clever, the bag of tricks for
evaluating Haar integrals assembled by physicists is ad hoc
and piecemeal, lacking the unity and coherence which are
the hallmarks of a mathematical theory.

The missing theory of Haar integrals began to take
shape in the early 2000s, driven by an explosion of
interest in random matrix theory. The basic Hilbert
spaces of random matrix theory are 𝐿2(H(𝑁),Gauss) and
𝐿2(U(𝑁),Haar), where H(𝑁) is the noncompact abelian
group of Hermitian matrices 𝐻 = [𝐻𝑥𝑦]𝑁𝑥,𝑦=1 equipped
with aGaussianmeasure ofmean𝜇 = 0 and variance 𝜎 > 0,
and U(𝑁) is the compact nonabelian group of unitary ma-
trices𝑈 = [𝑈𝑥𝑦]𝑁𝑥,𝑦=1 equipped with the Haarmeasure, just
as above. Given a probability measure on some set of ma-
trices, the basic goal of random matrix theory is to under-
stand the induced distribution of eigenvalues, which in the
selfadjoint case form a random point process on the line,
and in the unitary case constitute a random point process
on the circle. The moment method in random matrix theory,
pioneered by Wigner ([Wig58]) in the 1950s, is an alge-
braic approach to this problem. The main idea is to adopt
the algebra 𝒮 of symmetric polynomials in eigenvalues as
a basic class of test functions, and integrate such functions
by realizing them as elements of the algebra 𝒜 of polyno-
mials in matrix elements, which can then (hopefully) be
integrated by leveraging the defining features of the ma-
trix model under consideration. The canonical example
is sums of powers of eigenvalues (elements of 𝒮), which
may be represented as traces of matrix powers (elements
of 𝒜); more generally, all coefficients of the characteristic
polynomial are sums of principal matrix minors.

It is straightforward to see that, in both of the above 𝐿2-
spaces, the algebra 𝒜 of polynomial functions in matrix
elements admits the orthogonal decomposition

𝒜 =
∞

⨁
𝑑=0

𝒜[𝑑], (1)

where 𝒜[𝑑] is the space of homogeneous degree 𝑑 polyno-
mial functions in matrix elements. Thus, modulo the alge-
braic issues inherent in transitioning from 𝒮 to𝒜, linearity

of expectation reduces implementation of the method to
computing scalar products of monomials of equal degree,
which are expressions of the form

⟨
𝑑
∏
𝑥=1

𝐻𝑖(𝑥)𝑗(𝑥),
𝑑
∏
𝑥=1

𝐻𝑖′(𝑥)𝑗′(𝑥)⟩
𝐿2(H(𝑁),Gauss)

and

⟨
𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑗(𝑥),
𝑑
∏
𝑥=1

𝑈 𝑖′(𝑥)𝑗′(𝑥)⟩
𝐿2(U(𝑁),Haar)

.

In the Gaussian case, monomial scalar products can be
computed systematically using a combinatorial algorithm
which physicists call the “Wick formula” and statisticians
call the “Isserlis theorem.” This device leverages indepen-
dence together with the characteristic feature of centered
normal distributions— vanishing of all cumulants but the
second — to compute Gaussian expectations as polynomi-
als in the variance parameter 𝜎. The upshot is that scalar
products in 𝐿2(H(𝑁),Gauss) are closely related to the com-
binatorics of graphs drawn on compact Riemann surfaces,
which play the role of Feynman diagrams for selfadjoint
matrix-valued field theories. We recommend ([Zvo97]) as
an entry point into the fascinating combinatorics of Wick
calculus.

The case of Haar unitary matrices is a priori more com-
plicated: the randomvariables {𝑈𝑥𝑦 ∶ 𝑥, 𝑦 ∈ [𝑁]} are identi-
cally distributed, thanks to the invariance of Haarmeasure,
but they are also highly correlated, due to the constraint
𝑈∗𝑈 = 𝐼. Moreover, each individual entry follows a com-
plicated law not uniquely determined by its mean and vari-
ance. Despite these obstacles, it turns out that, when pack-
aged correctly, the invariance of Haar measure provides ev-
erything needed to develop an analogue of Wick calculus
for Haar unitary matrices. Moreover, once the correct gen-
eral perspective has been found, one realizes that it applies
equally well to any compact group, and even to compact
symmetric spaces and compact quantum groups. The re-
sulting analogue of Wick calculus has come to be known
as Weingarten calculus, a name chosen by Collins [Col03]
to honor the contributions of Donald Weingarten, a
physicist whose early work in the subject is of foundational
importance.

The Weingarten calculus has matured rapidly over the
course of the past decade, and the time now seems right
to give a pedagogical account of the subject. The authors
are currently preparing a monograph intended to meet
this need. In this article, we aim to provide an easily di-
gestible and hopefully compelling preview of our forth-
coming work, emphasizing the big picture but still provid-
ing some of the important details.

First and foremost, we wish to impart the insight that,
like the calculus of Newton and Leibniz, the core of
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Weingarten calculus is a fundamental theorem which con-
verts a computational problem into a symbolic problem:
whereas the usual fundamental theorem of calculus con-
verts the problem of integrating functions on the line into
computing antiderivatives, the fundamental theorem of
Weingarten calculus converts the problem of integrating
functions on groups into computing certain matrices asso-
ciated to tensor invariants. The fundamental theorem of
Weingarten calculus is presented in detail in Section 2.

We then turn to examples illustrating the fundamental
theorem in action. We present two detailed case studies:
integration on the automorphism group S(𝑁) of a finite
set of size 𝑁, and integration on the automorphism group
U(𝑁) of 𝑁-dimensional Hilbert space. These are natural
examples, given that the symmetric group and the unitary
group are model examples of a finite and infinite compact
group, respectively. The S(𝑁) case, presented in Section 3,
is a toy example chosen to illustrate how Weingarten cal-
culus works in an elementary situation where the integrals
to which it applies can easily be evaluated from first prin-
ciples. The U(𝑁) case, discussed in Section 4, is an exam-
ple of real interest, and we give a detailed workup showing
howWeingarten calculus handles the link integrals ofU(𝑁)
lattice gauge theory.

Section 5 gives a necessarily brief discussion of Wein-
garten calculus for the remaining classical groups, namely
the orthogonal group O(𝑁) and the symplectic group
Sp(𝑁), both of which receive a detailed treatment in a book
in preparation by the authors. Finally, Section 6 extols the
universality of Weingarten calculus, briefly discussing how
it can be transported to compact symmetric spaces and
compact quantum groups, and indicating applications in
quantum information theory.

2. The Fundamental Theorem
Given a compact group G, a finite-dimensional Hilbert
space ℋ with a specified orthonormal basis 𝑒1, … , 𝑒𝑁 , and
a continuous group homomorphism 𝑈∶ G → U(ℋ) from
G to the unitary group of ℋ, let 𝑈𝑥𝑦 ∶ G → ℂ be the corre-
sponding matrix element functionals,

𝑈𝑥𝑦(𝑔) = ⟨𝑒𝑥, 𝑈(𝑔)𝑒𝑦⟩, 1 ≤ 𝑥, 𝑦 ≤ 𝑁.
The Weingarten integrals of the unitary representation
(ℋ,𝑈) are the integrals

𝐼𝑖𝑗 = ∫
G

𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑗(𝑥)(𝑔)d𝑔,

where 𝑑 ranges over the set ℕ of positive integers, and the
multi-indices 𝑖, 𝑗 range over the set Fun(𝑑, 𝑁) of functions
from [𝑑] = {1, … , 𝑑} to [𝑁] = {1, … , 𝑁}. Clearly, if we
can compute all Weingarten integrals 𝐼𝑖𝑗, then we can inte-
grate any function on G which is a polynomial in the ma-
trix elements 𝑈𝑥𝑦. This is the basic problem of Weingarten

calculus: compute the Weingarten integrals of a given uni-
tary representation of a given compact group.

The fundamental theorem of Weingarten calculus ad-
dresses this problem by linearizing it. The basic observa-
tion is that, for each 𝑑 ∈ ℕ, the 𝑁2𝑑 integrals 𝐼𝑖𝑗, 𝑖, 𝑗 ∈
Fun(𝑑, 𝑁), are themselves the matrix elements of a linear
operator. Indeed, we have

𝐼𝑖𝑗 = ∫
G
𝑈⊗𝑑
𝑖𝑗 (𝑔)d𝑔,

where

𝑒𝑖 = 𝑒𝑖(1) ⊗⋯⊗ 𝑒𝑖(𝑑), 𝑖 ∈ Fun(𝑑, 𝑁) (2)

is the orthonormal basis ofℋ⊗𝑑 corresponding to the spec-
ified orthonormal basis 𝑒1, … , 𝑒𝑁 in ℋ, and

𝑈⊗𝑑
𝑖𝑗 (𝑔) = ⟨𝑒𝑖, 𝑈⊗𝑑(𝑔)𝑒𝑗⟩, 𝑖, 𝑗 ∈ Fun(𝑑, 𝑁),

are the matrix elements of the unitary operator 𝑈⊗𝑑(𝑔) in
this basis. We thus have that

𝐼𝑖𝑗 = 𝑃𝑖𝑗 , 𝑖, 𝑗 ∈ Fun(𝑑, 𝑁),
where 𝑃𝑖𝑗 = ⟨𝑒𝑖, 𝑃𝑒𝑗⟩ are the matrix elements of the selfad-
joint operator

𝑃 = ∫
G
𝑈⊗𝑑(𝑔)d𝑔

obtained by integrating the unitary operators 𝑈⊗𝑑(𝑔)
against Haar measure. The basic problem of Weingarten
calculus is thus equivalent to computing the matrix ele-
ments of 𝑃 ∈ Endℋ⊗𝑑, for all 𝑑 ∈ ℕ.

This is where the characteristic feature of Haar measure,
the invariance

∫
G
𝐹(𝑔0𝑔)d𝑔 = ∫

G
𝐹(𝑔𝑔0)d𝑔 = ∫

G
𝐹(𝑔)d𝑔, 𝑔0 ∈ G,

comes into play: it forces 𝑃2 = 𝑃. Thus 𝑃 is a selfadjoint
idempotent, and as such 𝑃 orthogonally projects ℋ⊗𝑑

onto its image, which is the space of G-invariant tensors
in ℋ⊗𝑑,

(ℋ⊗𝑑)G = {𝑡 ∈ ℋ⊗𝑑 ∶ 𝑈⊗𝑑(𝑔)𝑡 = 𝑡 for all 𝑔 ∈ G}.
Thus, we see that the basic problem ofWeingarten calculus
is in fact very closely related to the basic problem of invari-
ant theory, which is to determine a basis for the space of
G-invariant tensors in ℋ⊗𝑑 for all 𝑑 ∈ ℕ.

Indeed, suppose we have access to a basis 𝑎1, … , 𝑎𝑚 of
(ℋ⊗𝑑)G. Then, by elementary linear algebra, we have ev-
erything we need to calculate the matrix

𝐏 = [𝐼𝑖𝑗]𝑖,𝑗∈Fun(𝑑,𝑁)

of degree 𝑑 Weingarten integrals. Let 𝐀 be the 𝑁𝑑 ×𝑚 ma-
trix whose columns are the coordinates of the basic invari-
ants in the desired basis,

𝐀 = [⟨𝑒𝑖, 𝑎𝑥⟩]𝑖∈Fun(𝑑,𝑁),𝑥∈[𝑚].
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Then we have the matrix factorization

𝐏 = 𝐀(𝐀∗𝐀)−1𝐀∗,
familiar frommatrix analysis as themultidimensional gen-
eralization of the undergraduate “outer product divided by
inner product” formula for orthogonal projection onto a
line. The𝑚×𝑚matrix𝐀∗𝐀 is nothing but the Grammatrix

𝐀∗𝐀 = [⟨𝑎𝑥, 𝑎𝑦⟩]𝑥,𝑦∈[𝑚]

of the basic G-invariants in ℋ⊗𝑑, whose linear indepen-
dence is equivalent to the invertibility of the Gram matrix.
Let us give the inverse Gram matrix a name: we call

𝐖 = (𝐀∗𝐀)−1

the Weingarten matrix of the invariants 𝑎1, … , 𝑎𝑚. Extract-
ing matrix elements on either side of the factorization
𝐏 = 𝐀𝐖𝐀∗, we obtain the Fundamental Theorem of Wein-
garten Calculus.

Theorem 2.1. For any 𝑑 ∈ ℕ and 𝑖, 𝑗 ∈ Fun(𝑑, 𝑁), we have

𝐼𝑖𝑗 =
𝑚
∑

𝑥,𝑦=1
𝐀𝑖𝑥𝐖𝑥𝑦𝐀∗

𝑦𝑗 .

Does Theorem 2.1 actually solve the basic problem of
Weingarten calculus? Yes, insofar as the classical funda-
mental theorem of calculus solves the problem of com-
puting definite integrals: it reduces a numerical problem
to a symbolic problem. In order to apply the fundamen-
tal theorem of calculus to integrate a given function, one
must find its antiderivative, and as every student of calcu-
lus knows this can be a wild ride. In order to use the fun-
damental theorem of Weingarten calculus to compute the
Weingarten integrals of a given unitary representation, one
must solve a souped-up version of the basic problem of in-
variant theory which involves not only finding basic tensor
invariants, but computing their Weingarten matrices. Just
like the computation of antiderivatives, this may prove to
be a difficult task.

3. The Symmetric Group
In this Section, we consider a toy example. Fix 𝑁 ∈ ℕ, and
let S(𝑁) be the symmetric group of rank 𝑁, viewed as the
group of bijections 𝑔∶ [𝑁] → [𝑁]. This is a finite group,
its topology and resulting Haar measure are discrete, and
all Haar integrals are finite sums. We will solve the basic
problem of Weingarten calculus for the permutation rep-
resentation of S(𝑁) in two ways: using elementary combi-
natorial reasoning, and using the fundamental theorem of
Weingarten calculus. It is both instructive and psycholog-
ically reassuring to work through the two approaches and
see that they agree.

The permutation representation of S(𝑁) is the unitary
representation (ℋ,𝑈) in which ℋ is an 𝑁-dimensional

Hilbert space with orthonormal basis 𝑒1, … , 𝑒𝑁 , and
𝑈∶ S(𝑁) → U(ℋ) is defined by

𝑈(𝑔)𝑒𝑥 = 𝑒𝑔(𝑥), 𝑥 ∈ [𝑁].
The corresponding system of matrix elements
𝑈𝑥𝑦 ∶ S(𝑁) → ℂ is given by

𝑈𝑥𝑦(𝑔) = ⟨𝑒𝑥, 𝑈(𝑔)𝑒𝑦⟩ = 𝛿𝑥𝑔(𝑦), 𝑥, 𝑦 ∈ [𝑁].
We will evaluate the Weingarten integrals of (ℋ,𝑈),

𝐼𝑖𝑗 = ∫
S(𝑁)

𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑗(𝑥)(𝑔)d𝑔.

Each Weingarten integral 𝐼𝑖𝑗 is a finite sum with 𝑁! terms,
each equal to zero or one:

𝐼𝑖𝑗 =
1
𝑁! ∑

𝑔∈S(𝑁)

𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑗(𝑥)(𝑔)

= 1
𝑁! ∑

𝑔∈S(𝑁)

𝑑
∏
𝑥=1

𝛿𝑔−1𝑖(𝑥),𝑗(𝑥).

Thus, 𝑁! 𝐼𝑖𝑗 simply counts permutations 𝑔 ∈ S(𝑁) which
solve the equation 𝑔−1𝑖 = 𝑗. This is an elementary counting
problem, and a good way to solve it is to think of the given
functions 𝑖, 𝑗 ∈ Fun(𝑑, 𝑁) “backwards,” as the ordered lists
of their fibers:

𝑖 = (𝑖−1(1), … , 𝑖−1(𝑁))
𝑗 = (𝑗−1(1), … , 𝑗−1(𝑁)).

The fiber fingerprint of the composite function 𝑔−1𝑖 ∈
Fun(𝑑, 𝑁) is then

𝑔−1𝑖 = (𝑖−1(𝑔(1)), … , 𝑖−1(𝑔(𝑁))),
and so we have 𝑔−1𝑖 = 𝑗 if and only if

(𝑖−1(𝑔(1)), … , 𝑖−1(𝑔(𝑁))) = (𝑗−1(1), … , 𝑗−1(𝑁)).
Clearly, such a permutation exists if and only if the fibers
of 𝑖 and 𝑗 are the same up to the labels of their base points,
which is the case if and only if

𝗍𝗒𝗉𝖾(𝑖) = 𝗍𝗒𝗉𝖾(𝑗),
where 𝗍𝗒𝗉𝖾(𝑖) is the partition of [𝑑] obtained by forgetting
the order on the fibers of 𝑖 and throwing away empty fibers.
The permutations we wish to count thus number

𝛿𝗍𝗒𝗉𝖾(𝑖)𝗍𝗒𝗉𝖾(𝑗)(𝑁 − #𝗍𝗒𝗉𝖾(𝑖))! (3)

in total, where #𝜋 denotes the number of blocks of the set
partition 𝜋. We conclude that the integral 𝐼𝑖𝑗 is given by

𝐼𝑖𝑗 = 𝛿𝗍𝗒𝗉𝖾(𝑖)𝗍𝗒𝗉𝖾(𝑗)
(𝑁 − #𝗍𝗒𝗉𝖾(𝑖))!

𝑁!

=
𝛿𝗍𝗒𝗉𝖾(𝑖)𝗍𝗒𝗉𝖾(𝑗)

𝑁(𝑁 − 1)… (𝑁 − #𝗍𝗒𝗉𝖾(𝑖) + 1) .
(4)

Let us now evaluate 𝐼𝑖𝑗 using the Fundamental Theorem
of Weingarten Calculus. The first step is to solve the basic
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problem of invariant theory for the representation (ℋ,𝑈).
This is again straightforward. Fix 𝑑 ∈ ℕ, let 𝖯𝖺𝗋𝑁(𝑑) denote
the set of partitions of [𝑑] with at most 𝑁 blocks, and to
each 𝗉 ∈ 𝖯𝖺𝗋𝑁(𝑑) associate the tensor

𝑎𝗉 = ∑
𝑖∈Fun(𝑑,𝑁)
𝗍𝗒𝗉𝖾(𝑖)=𝗉

𝑒𝑖,

where 𝑒𝑖 = 𝑒𝑖(1) ⊗ ⋯ ⊗ 𝑒𝑖(𝑑) ∈ ℋ⊗𝑑. It is apparent that
the set {𝑎𝗉 ∶ 𝗉 ∈ 𝖯𝖺𝗋𝑁(𝑑)} is a basis of (ℋ⊗𝑑)S(𝑁). Indeed,
taking the unit tensor

𝑒𝑖 = 𝑒𝑖(1) ⊗⋯⊗ 𝑒𝑖(𝑑)

corresponding to a function 𝑖 ∈ Fun(𝑑, 𝑁) and symmetriz-
ing it using the action of permutations on multi-indices
produces the tensor

𝑎𝑖 = ∑
𝑔∈S(𝑁)

𝑒𝑔𝑖(1) ⊗⋯⊗ 𝑒𝑔𝑖(𝑑),

which is clearly S(𝑁)-invariant, and moreover it is clear
that every S(𝑁)-invariant tensor in ℋ⊗𝑑 is a linear com-
bination of tensors of this form. Furthermore,

𝑎𝑖 = 𝑎𝑗 ⟺ 𝗍𝗒𝗉𝖾(𝑖) = 𝗍𝗒𝗉𝖾(𝑗),

so that the distinct invariants produced by symmetrization
of the initial basis in ℋ⊗𝑑 are

𝑎𝗉 = ∑
𝑖∈Fun(𝑑,𝑁)
𝗍𝗒𝗉𝖾(𝑖)=𝗉

𝑒𝑖, 𝗉 ∈ 𝖯𝖺𝗋𝑁(𝑑).

These tensors are pairwise orthogonal: for any 𝗉, 𝗊 ∈
𝖯𝖺𝗋𝑁(𝑑), we have

⟨𝑎𝗉, 𝑎𝗊⟩ = ⟨ ∑
𝑖∈Fun(𝑑,𝑁)

𝛿𝗍𝗒𝗉𝖾(𝑖)𝗉𝑒𝑖, ∑
𝑗∈Fun(𝑑,𝑁)

𝛿𝗍𝗒𝗉𝖾(𝑗)𝗊𝑒𝑗⟩

= ∑
𝑖∈Fun(𝑑,𝑁)

∑
𝑗∈Fun(𝑑,𝑁)

𝛿𝗍𝗒𝗉𝖾(𝑖)𝗉𝛿𝗍𝗒𝗉𝖾(𝑗)𝗊𝛿𝑖𝑗

= 𝛿𝗉𝗊 ∑
𝑖∈Fun(𝑑,𝑁)

𝛿𝗍𝗒𝗉𝖾(𝑖)𝗉

= 𝛿𝗉𝗊𝑁(𝑁 − 1)… (𝑁 − #(𝗉) + 1).

So, theGrammatrix of the basis {𝑎𝗉 ∈ 𝖯𝖺𝗋𝑁(𝑑)} is diagonal,
and the corresponding Weingarten matrix 𝐖 has entries

𝐖𝗉𝗊 =
𝛿𝗉𝗊

𝑁(𝑁 − 1)… (𝑁 − #(𝗉) + 1) .

We can now apply the fundamental Theorem of Wein-
garten calculus to obtain

𝐼𝑖𝑗 = ∫
S(𝑁)

𝑈 𝑖(1)𝑗(1) …𝑈 𝑖(𝑑)𝑗(𝑑)d𝑔

= ∑
𝗉,𝗊∈𝖯𝖺𝗋𝑁(𝑑)

⟨𝑒𝑖, 𝑎𝗉⟩𝐖𝗉𝗊⟨𝑎𝗊, 𝑒𝑗⟩

= ∑
𝗉,𝗊∈𝖯𝖺𝗋𝑁(𝑑)

𝛿𝗍𝗒𝗉𝖾(𝑖),𝗉𝛿𝗉𝗊𝛿𝗊,𝗍𝗒𝗉𝖾(𝑗)
𝑁(𝑁 − 1)… (𝑁 − #(𝔭) + 1)

=
𝛿𝗍𝗒𝗉𝖾(𝑖)𝗍𝗒𝗉𝖾(𝑗)

𝑁(𝑁 − 1)… (𝑁 − #𝗍𝗒𝗉𝖾(𝑖) + 1) .

4. The Unitary Group
In this section we consider a case of real interest: inte-
gration on the unitary group U(𝑁) of an 𝑁-dimensional
Hilbert spaceℋ. The most obvious unitary representation
of this group is the tautological representation (ℋ,𝑈), in
which𝑈(𝑔) = 𝑔. Relative to an orthonormal basis 𝑒1, … , 𝑒𝑁
ofℋ, the resulting system of matrix elements𝑈𝑥𝑦 ∶ G → ℂ
is simply

𝑈𝑥𝑦(𝑔) = ⟨𝑒𝑥, 𝑔𝑒𝑦⟩, 1 ≤ 𝑥, 𝑦 ≤ 𝑁,

and it turns out that all corresponding Weingarten inte-
grals

𝐼𝑖𝑗 = ∫
U(𝑁)

𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑗(𝑥)(𝑔)d𝑔

vanish. To see this, let 𝜆0 be an arbitrary complex number
of modulus one, and let 𝑔0 ∈ U(𝑁) be the scalar opera-
tor with eigenvalue 𝜆0. We then have 𝑈𝑥𝑦(𝑔𝑔0) = 𝜆0𝑈𝑥𝑦(𝑔),
so invariance of Haar measure implies 𝐼𝑖𝑗 = 𝜆𝑑0𝐼𝑖𝑗 , which
forces 𝐼𝑖𝑗 = 0.

The basic problem of Weingarten calculus becomes
much more interesting when when we replace the tauto-
logical representationwith the adjoint representation. The
carrier space of the adjoint representation is the algebra
Endℋ of all linear maps 𝐴∶ ℋ → ℋ equipped with the
Hilbert-Schmidt scalar product

⟨𝐴, 𝐵⟩ = Tr𝐴∗𝐵,

and the action 𝑉 of U(𝑁) on this Hilbert space is conjuga-
tion,

𝑉(𝑔)𝐴 = 𝑔𝐴𝑔−1.
The orthonormal basis 𝑒1, … , 𝑒𝑁 inℋ induces an orthonor-
mal basis in Endℋ consisting of the 𝑁2 matrix units de-
fined by

𝐸𝑥𝑥′𝑒𝑧 = 𝑒𝑥⟨𝑒𝑥′ , 𝑒𝑧⟩, 𝑥, 𝑥′, 𝑧 ∈ [𝑁].

The matrix units relate the scalar product on Endℋ to that
on ℋ via

⟨𝐸𝑥𝑥′ , 𝐴⟩ = ⟨𝑒𝑥, 𝐴𝑒𝑥′⟩.
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The matrix elements of the adjoint representation are thus
related to those of the tautological representation by

𝑉𝑦𝑦′𝑥𝑥′(𝑔) = ⟨𝐸𝑦𝑦′ , 𝑉(𝑔)𝐸𝑥𝑥′⟩
= ⟨𝑔−1𝑒𝑦, 𝐸𝑥𝑥′𝑔−1𝑒𝑦′⟩
= ∑

𝑧
⟨𝑔−1𝑒𝑦, 𝐸𝑥𝑥′𝑒𝑧⟩⟨𝑒𝑧, 𝑔−1𝑒𝑦′⟩

= ∑
𝑧
⟨𝑔−1𝑒𝑦, 𝑒𝑥⟩⟨𝑒𝑥′ , 𝑒𝑧⟩⟨𝑒𝑧, 𝑔−1𝑒𝑦′⟩

= 𝑈𝑥𝑦(𝑔)𝑈𝑥′𝑦′(𝑔−1).
So, the Weingarten integrals

𝐼𝑗𝑗′𝑖𝑖′ = ∫
U(𝑁)

𝑑
∏
𝑥=1

𝑉 𝑗(𝑥)𝑗′(𝑥)𝑖(𝑥)𝑖′(𝑥)(𝑔)d𝑔,

of the adjoint representation of U(𝑁) are exactly the link
integrals

𝐿𝑖𝑖′𝑗𝑗′ = ∫
U(𝑁)

𝑑
∏
𝑥=1

𝑈 𝑖(𝑥)𝑖′(𝑥)(𝑔)𝑈𝑗(𝑥)𝑗′(𝑥)(𝑔−1)d𝑔

of U(𝑁) lattice gauge theory.
4.1. The Gram matrix. In order to calculate Weingarten
integrals of the adjoint representaiton of U(𝑁), we first
need to solve the basic problem of invariant theory for this
representation. A partial solution to this problem is well-
known, and part of a classical circle of ideas, commonly
known as Schur-Weyl duality, which relate the representa-
tion theory of U(𝑁) to representations of the symmetric
groups S(𝑑), 𝑑 ∈ ℕ. In particular, it is known that, after
identifying (Endℋ)⊗𝑑 with Endℋ⊗𝑑, the space of U(𝑁)-
invariants is spanned by the operators which act by per-
muting tensor factors,

𝐴𝜋𝑣1 ⊗⋯⊗ 𝑣𝑑 = 𝑣𝜋(1) ⊗⋯⊗ 𝑣𝜋(𝑑), 𝜋 ∈ S(𝑑).
Moreover, it is not difficult to compute the scalar product
of any two of these operators: given 𝜌, 𝜎 ∈ S(𝑑), one finds
that

⟨𝐴𝜌, 𝐴𝜍⟩ = 𝑁#𝖼𝗒𝖼𝗅𝖾𝗌(𝜌−1𝜍),
where #𝖼𝗒𝖼𝗅𝖾𝗌(𝜋) is the number of factors in any factor-
ization of 𝜋 into disjoint cyclic permutations, so that the
Gram matrix of these invariants is the 𝑑! ×𝑑! matrix

𝐀∗𝐀 = [𝑁#𝖼𝗒𝖼𝗅𝖾𝗌(𝜌−1𝜍)]
𝜌,𝜍∈S(𝑑)

.

The reason we refer to this as a partial solution to the
basic problem of invariant theory for the adjoint represen-
tation of U(𝑁) is that, although {𝐴𝜋 ∶ 𝜋 ∈ S(𝑑)} is a span-
ning set of invariants, it is only a basis in the stable range,
where 1 ≤ 𝑑 ≤ 𝑁. In the unstable range, 𝑑 > 𝑁, the op-
erators 𝐴𝜋 are linearly dependent, and their Gram matrix
is singular. A satisfactory patch for this issue was found
relatively recently by Baik and Rains [BR01], who showed
that {𝐴𝜋 ∶ 𝜋 ∈ S𝑁(𝑑)} is always a basis, where S𝑁(𝑑) ⊆ S(𝑑)

is the set of permutations of [𝑑] with no decreasing subse-
quence of length𝑁+1. Thus, the Grammatrix which needs
to be inverted in order to calculate the degree 𝑑Weingarten
integrals of the adjoint representation is actually

𝐀∗𝐀 = [𝑁#𝖼𝗒𝖼𝗅𝖾𝗌(𝜌−1𝜍)]
𝜌,𝜍∈S𝑁(𝑑)

.

In the unstable range, the Gram matrix 𝐀∗𝐀 must be
computed numerically, but in the stable range we can
view 𝑁 as a parameter, so that the Weingarten matrix
𝐖 = (𝐀∗𝐀)−1 is a 𝑑! ×𝑑! matrix whose entries are rational
functions of 𝑁. To get a handle on what these functions
might be, it turns out to be a good idea to reinterpret the
Gram matrix from the viewpoint of geometric group the-
ory. More precisely, let us identify S(𝑑)with its (right) Cay-
ley graph as generated by the conjugacy class of transposi-
tions; then, the geodesic distance between permutations
𝜌, 𝜎 ∈ S(𝑑) is given by |𝜌−1𝜎|, where

|𝜋| = 𝑑 − #𝖼𝗒𝖼𝗅𝖾𝗌(𝜋)
is the word norm corresponding to the generating set of
transpositions. Let 𝑞 be a complex parameter, and consider
the 𝑑! ×𝑑! matrix

Γ = [
⋮

… 𝑞|𝜌−1𝜍| …
⋮

]
𝜌,𝜍∈S(𝑑)

,

the 𝑞-distance matrix of the symmetric group S(𝑑). The 𝑞-
distancematrix Γ is a deformation of the Grammatrix𝐀∗𝐀
— to recover the latter from the former, simply multiply by
𝑞−𝑑 and then set 𝑞 = 1

𝑁
.

Thus, the problem we face is that of understanding the
𝑞-distance matrix of the symmetric group sufficiently well
that we can invert it. This may be addressed via harmonic
analysis on S(𝑑). The basic observation is that Γ is the ma-
trix of the group algebra element

𝛾 = ∑
𝜋∈S(𝑑)

𝑞|𝜋|𝜋

acting in the right regular representation of ℂS(𝑑). More-
over, 𝛾 is a central element in S(𝑑): in fact, we have

𝛾 =
𝑑−1
∑
𝑟=0

𝑞𝑟𝐿𝑟,

where 𝐿𝑟 is the sum of all points on the sphere of radius
𝑟 centered at the identity permutation 𝜄 ∈ S(𝑑), or equiva-
lently the sum of all permutations on the 𝑟th level of the
Cayley graph. Clearly, every such sphere/level is a disjoint
union of conjugacy classes. The plan is thus to take the
Fourier transform of 𝛾, i.e., its image under the algebra iso-
morphism

ℱ∶ ℂS(𝑑)⟶⨁
𝜆⊢𝑑

EndV𝜆, (5)
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Figure 1. Biane-Stanley labeling of S(4).

where (V𝜆, 𝑅𝜆) is the irreducible representation of S(𝑑) in-
dexed by a given Young diagram 𝜆 with 𝑑 cells, and

ℱ(𝑎) =⨁
𝜆⊢𝑑

𝑅𝜆(𝑎), 𝑎 ∈ ℂS(𝑑).

Since 𝛾 ∈ ℂS(𝑑) is central, Schur’s Lemma guarantees that
ℱ(𝛾) will be a direct sum of scalar operators, which can
then easily be inverted. In particular, the computation re-
duces to calculating the Fourier transforms of the levels 𝐿𝑟
of the Cayley graph.

The computation of the Fourier transform of 𝐿𝑟 rests on
a pair of remarkable discoveries in algebraic combinatorics
made by the Lithuanian physicist Algimantas Adolfas Jucys
(not to be confused with his father, the Lithuanian physi-
cist Adolfas Jucys). The first of Jucys’ discoveries is a unique
factorization theorem for permutations. Let us call a fac-
torization

𝜋 = (𝑖1 𝑗1) … (𝑖𝑟 𝑗𝑟)
of a permutation 𝜋 ∈ S(𝑑) into transpositions (𝑖 𝑗), where
1 ≤ 𝑖 < 𝑗 ≤ 𝑑, a strictly monotone factorization if 𝑗1 < ⋯ < 𝑗𝑟.
Theorem 4.1. Every permutation 𝜋 ∈ S(𝑑) admits a unique
strictly monotone factorization, and the number of factors in
this factorization is |𝜋|.

This result may be visualized as follows. Let us mark
each edge of the Cayley graph of S(𝑑) corresponding to the
transposition (𝑖 𝑗) with 𝑗, the larger of the two symbols it
interchanges. We call this the Biane-Stanley labeling of the
symmetric group, since a version of it was considered first
by Stanley and later by Biane in connection with the com-
binatorics of noncrossing partitions. Figure 1 depicts the
Biane-Stanley labeling of S(4), with 2-edges drawn in blue,
3-edges in yellow, and 4-edges in red. Call a walk on S(𝑑)
a strictly monotone walk if the labels of the edges it traverse
form a strictly increasing sequence. Jucys’ result says that
if we trace out all strictly monotone walks on S(𝑑) issuing
from the identity permutation 𝜄, we get a presentation of
the symmetric group as a starlike tree.

Jucys’ result gives us a new combinatorial description
of the sphere 𝐿𝑟: it is the set of all permutations admitting
a strictly monotone factorization of length 𝑟, i.e., the set
of all points at distance 𝑟 from 𝜄 on the Jucys tree. This in
turn gives us a new algebraic description of 𝐿𝑟: it may be
written as

𝐿𝑟 = 𝑒𝑟(𝐽1, … , 𝐽𝑑),
where

𝑒𝑟(𝑥1, … , 𝑥𝑑) = ∑
𝑗∈Fun(𝑟,𝑑)

𝑖 strictly increasing

𝑥𝑗(1) …𝑥𝑗(𝑑)

is the elementary symmetric polynomial of degree 𝑟, and
𝐽1, … , 𝐽𝑑 ∈ ℂS(𝑑) are the transposition sums

𝐽𝑗 = ∑
𝑖<𝑗
(𝑖 𝑗), 1 ≤ 𝑗 ≤ 𝑑.

These sums are nowadays known as the Jucys-Murphy ele-
ments of S(𝑑). Although they are clearly non-central, it is
not difficult to see that they commute with one another; in
fact, they generate a maximal abelian subalgebra of ℂS(𝑑)
known as the Gelfand-Tsetlin subalgebra, whose role in the
representation theory of S(𝑑) is analogous to the role of
maximal tori in Lie theory [OV96].

This brings us to Jucys’ second discovery. First, accord-
ing to a classical result of Newton, the elementary symmet-
ric polynomials are algebraically independent and gener-
ate the ring of symmetric polynomials. Thus, 𝑓(𝐽1, … , 𝐽𝑑)
lies in the center of S(𝑑) for any symmetric polynomial
𝑓, hence 𝑓(𝐽1, … , 𝐽𝑑) acts as a scalar operator in any irre-
ducible representation (V𝜆, 𝑅𝜆) of S(𝑑). What is its eigen-
value? This question was answered by Jucys in terms of the
so-called “contents” of Young diagrams: if □ ∈ 𝜆 is a cell
of the diagram 𝜆, drawn according to the English conven-
tion, its content 𝑐(□) is simply its column index minus its
row index.

Theorem 4.2. For any symmetric polynomial 𝑓 and any Young
diagram 𝜆 ⊢ 𝑑, we have

𝑅𝜆(𝑓(𝐽1, … , 𝐽𝑑)) = 𝜔𝜆(𝑓)𝐼V𝜆 ,
where

𝜔𝜆(𝑓) = 𝑓(𝑐(□) ∶ □ ∈ 𝜆)
is the evaluation of 𝑓 on the multiset of contents of 𝜆 and 𝐼V𝜆

is the identity operator in EndV𝜆.
The above results allow us to compute the Fourier trans-

form of 𝛾: by Jucys’ first theorem, letting 𝜄 ∈ S(𝑑) denote
the identity permutation, we have the factorization,

𝛾 =
𝑑
∑
𝑟=0

𝑞𝑟𝑒𝑟(𝐽1, … , 𝐽𝑑) =
𝑑
∏
𝑘=1

(𝜄 + 𝑞𝐽𝑘),

and hence by Jucys’ second theorem we have

ℱ(𝛾) =⨁
𝜆⊢𝑑

𝜔𝜆(𝛾)𝐼V𝜆 ,
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where
𝜔𝜆(𝛾) = ∏

□∈𝜆
(1 + 𝑞𝑐(□)).

This leads immediately to the conclusion that 𝛾 ∈ ℂS(𝑑) is
invertible for |𝑞| < 1

𝑑−1
, and that the Fourier transform of

its inverse is

ℱ(𝛾−1) =⨁
𝜆⊢𝑑

𝜔𝜆(𝛾−1)𝐼V𝜆 ,

where the eigenvalue of 𝛾−1 acting in V𝜆 is

𝜔𝜆(𝛾−1) = ∏
□∈𝜆

(1 + 𝑞𝑐(□))−1

=
∞
∑
𝑟=0

(−𝑞)𝑟ℎ𝑟(𝑐(□)∶ □ ∈ 𝜆),

where

ℎ𝑟(𝑥1, … , 𝑥𝑑) = ∑
𝑗∈Fun(𝑟,𝑑)

𝑖 weakly increasing

𝑥𝑗(1) …𝑥𝑗(𝑑)

is the complete homogeneous symmetric polynomial of
degree 𝑟.
4.2. The Weingarten matrix. The preceding Fourier anal-
ysis of the 𝑞-distance matrix of S(𝑑) allows us to make a
number of powerful statements about the Weingarten ma-
trix𝐖 of theU(𝑁)-invariants 𝐴𝜋 ∈ Endℋ⊗𝑑, in the stable
range 1 ≤ 𝑑 ≤ 𝑁.

The first such statement says that we can calculate the
entries of the 𝑑! ×𝑑! matrix 𝐖 explicitly provided we have
access to the character table of S(𝑑).
Theorem 4.3. For any 𝜌, 𝜎 ∈ S(𝑑), we have that

𝐖𝜌𝜍 = ∑
𝜆⊢𝑑

𝜒𝜆(𝜌−1𝜎)
∏□∈𝜆(𝑁 + 𝑐(□))

dimV𝜆
𝑑! ,

where 𝜒𝜆 is the character of V𝜆.
Note that, since 𝜒𝜆(𝜌−1𝜎) depends only on the cycle

type 𝛼 of the product 𝜌−1𝜎, i.e., the Young diagram whose
row lengths encode the lengths of the disjoint cycles of this
permutation, the matrix entry 𝐖𝜌𝜍 itself depends only on
𝛼. We may thus define

WgU(𝑁)(𝛼) ∶= 𝐖𝜌𝜍,
this being a function on Young diagrams known, reason-
ably enough, as the Weingarten function of the unitary
groupU(𝑁). One also writesWgU(𝑁) when it is convenient
to view the Weingarten function as a central function on
permutations.

Combining Theorem 4.3 with the Fundamental Theo-
rem of Weingarten Calculus, we thus obtain the follow-
ing summation formula for the Weingarten integrals of ad-
joint representation of U(𝑁), which are exactly the link in-
tegrals of U(𝑁) gauge theory.

Theorem 4.4. For any 1 ≤ 𝑑 ≤ 𝑁 and any 𝑖, 𝑗 ∈ Fun(𝑑, 𝑁),
we have

𝐼𝑖𝑗 = ∑
𝜌,𝜍∈S(𝑑)

𝛿𝑖,𝑖′𝜌𝛿𝑗,𝑗′𝜍𝐖𝜌𝜍.

To the best of our knowledge, this summation formula
first appeared in a 1980 physics paper of Samuel [Sam80];
it was independently rediscovered by Collins in [Col03].
The fact that the formula is confined to the stable range
1 ≤ 𝑑 ≤ 𝑁 turns out to be aminor issue, and this restriction
can be easily lifted ([CŚ06]).

A more serious limitation on the utility of Theorem 4.4
is the fact that the characters of S(𝑑) are not at all simple
objects; in fact, it is a known theorem of complexity theory
that the irreducible characters of the symmetric groups are
computationally intractable. Luckily, for many purposes,
in both mathematical physics and random matrix theory,
it is sufficient to have an asymptotic estimate for 𝐼𝑖𝑗 giv-
ing its approximate value as 𝑁 → ∞. It turns out that the
Fourier analysis of the 𝑞-distance matrix discussed above
gives a complete 𝑁 → ∞ asymptotic expansion for the en-
tries of 𝐖.

Theorem 4.5. In the stable range 1 ≤ 𝑑 ≤ 𝑁, we have

𝐖𝜌𝜍 =
(−1)|𝜌−1𝜍|
𝑁𝑑+|𝜌−1𝜍|

∞
∑
𝑘=0

�⃗� 𝑘(𝜌, 𝜎)
𝑁2𝑘 ,

where �⃗� 𝑘(𝜌, 𝜎) is the number of weakly monotone walks on
S(𝑑) from 𝜌 to 𝜎 of length |𝜌−1𝜎| + 2𝑘.

A weakly monotone walk on the Cayley graph of S(𝑑)
is similar to the strictly monotone walks discussed above,
the difference being that labels of the edges traversed are
only required to form a weakly increasing sequence. Un-
like strictly monotone walks, there exist arbitrarily long
weakly monotone walks between any two permutations
𝜌 and 𝜎, though these must satisfy a parity constraint de-
pending on whether 𝜌−1𝜎 is an even or odd permutation;
this is why the series in Theorem 4.5 is a power series in
𝑁−2. Theorem 4.5 gives a precise combinatorial interpre-
tation of the famous 1/𝑁 expansion in U(𝑁) lattice gauge
theory, cf [CM09]. The observation that monotone walks
on symmetric groups play the role of Feynman diagrams
for Haar integrals on U(𝑁) was first made in [Nov10], and
further developed in [MN13]. In particular, the number of
weakly monotone geodesics between any pair of permuta-
tionsmay be computed in closed form, giving a very useful
first order approximation to the entries of 𝐖.

Theorem 4.6. For any 𝜌, 𝜎 ∈ S(𝑑), we have

�⃗�0(𝜌, 𝜎) =
ℓ(𝛼)
∏
𝑖=1

1
𝛼𝑖
(2𝛼𝑖 − 2

𝛼𝑖
),

where 𝛼 ⊢ 𝑑 is the cycle type of 𝜌−1𝜎.
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Yet another ramification of the realization that mono-
tone walks on S(𝑑) are the Feynman diagrams for Haar
integration on U(𝑁) is a family of identities that play the
role of Schwinger-Dyson “loop” equations, and recursively
determine the Weingarten function. The loop equations
for WgU(𝑁) were first obtained by Samuel [Sam80], and
later rediscovered in [CM17], who used them to obtain es-
timates in the unstable range 𝑑 > 𝑁.

5. Orthogonal and Symplectic Groups
In this section, we extend the Weingarten calculus for uni-
tary groups in the previous section to orthogonal and sym-
plectic groups. The theory was first considered in [CŚ06],
and further developedwith the use of harmonic analysis of
symmetry groups in [CM09,Mat13]. Since the Weingarten
calculus for O(𝑁) and Sp(𝑁) is parallel to U(𝑁), we focus
on stating the results.
5.1. Pairings and hyper-octahedral groups. We realize
the (real) orthogonal group O(𝑁) as the compact matrix
group consisting of all 𝑁 × 𝑁 real orthogonal matrices 𝑔,
that is 𝑔𝑔T = 𝐼𝑁 . We are interested in the expectation
of monomials 𝑟𝑖(1)𝑗(1)𝑟𝑖(2)𝑗(2) … 𝑟𝑖(𝑘)𝑗(𝑘) in matrix elements
𝑟𝑥𝑦 = ⟨𝑒𝑥, 𝑔𝑒𝑦⟩ if 𝑔 is distributed with respect to the Haar
probability d𝑔 on O(𝑁).

Since two random orthogonal matrices 𝑔 and−𝑔 are dis-
tributed in the same law, the integral

∫
O(𝑁)

𝑟𝑖(1)𝑗(1)𝑟𝑖(2)𝑗(2) … 𝑟𝑖(𝑘)𝑗(𝑘) d𝑔

= ∫
O(𝑁)

(−𝑟𝑖(1)𝑗(1))(−𝑟𝑖(2)𝑗(2)) … (−𝑟𝑖(𝑘)𝑗(𝑘)) d𝑔

vanishes if 𝑘 is odd, so we consider only even-degree mo-
ments.

To do that, we introduce the notion of pairings and
hyper-octahedral groups. Let ℳ2𝑑 be the set of all pairings
of {1, 2, … , 2𝑑}, that is, set partitions of {1, 2, … , 2𝑑} whose
blocks are size two. Each pairing 𝜎 can be expressed in
the form 𝜎 = {{𝜎(1), 𝜎(2)}, {𝜎(3), 𝜎(4)}, … , {𝜎(2𝑑−1), 𝜎(2𝑑)}},
where 𝜎(1), 𝜎(2), … , 𝜎(2𝑑) is a permutation of 1, 2, … , 2𝑛.
We often write it in the condition

𝜎(2𝑥 − 1) < 𝜎(2𝑥) (1 ≤ 𝑥 ≤ 𝑑), (6)

1 = 𝜎(1) < 𝜎(3) < ⋯ < 𝜎(2𝑑 − 1),

and identify it with a permutation expressed in the same
symbol 𝜎 in S2𝑑. Namely, we regardℳ2𝑑 as a subset of S2𝑑.
For example, a pairing {{1, 5}, {2, 8}, {3, 4}, {6, 7}} is identified
with the permutation ( 1 2 3 4 5 6 7 8

1 5 2 8 3 4 6 7 ) in S8.
Let H𝑑 be the subgroup of S2𝑑 generated by elements

(2𝑥−1, 2𝑥) with 1 ≤ 𝑥 ≤ 𝑑 and (2𝑥−1, 2𝑦−1)(2𝑥, 2𝑦) with
1 ≤ 𝑥 < 𝑦 ≤ 𝑑, where (𝑝, 𝑞) stands for the transposition
between 𝑝 and 𝑞. We call it the hyper-octahedral group of
degree 𝑑. The setℳ2𝑑, which is regarded as a subset of S2𝑑,

forms a complete set of representatives of left cosets 𝜎H𝑑
in S2𝑑.

Furthermore, in order to distinguish double cosets
H𝑑𝜎H𝑑, we consider an undirected multigraph 𝚪(𝜎) for
each 𝜎 ∈ S2𝑑 as follows. The vertex set of 𝚪(𝜎) is
{1, 2, … , 2𝑑}, and the edge set consists of {{2𝑥 − 1, 2𝑥} | 1 ≤
𝑥 ≤ 𝑑} and {{𝜎(2𝑥 − 1), 𝜎(2𝑥)} | 1 ≤ 𝑥 ≤ 𝑑}. Each vertex
lies on exactly two edges. Then connected components of
𝚪(𝜎) are cycles of even lengths 2𝜇1, 2𝜇2, … , 2𝜇𝑙, where we
arrange them with 𝜇1 ≥ 𝜇2 ≥ … ≥ 𝜇𝑙 ≥ 1. We call the
(integer) partition 𝜇 = (𝜇1, 𝜇2, … , 𝜇𝑙) of 𝑑 the coset-type of
𝜎. For example, for a permutation 𝜎 = ( 1 2 3 4 5 6 7 8

1 5 2 8 4 3 6 7 ), one
connected component of 𝚪(𝜎) has six vertices 1, 5, 6, 7, 8, 2,
and another component has two vertices 3, 4; so its coset-
type is 𝜇 = (3, 1). It is known that two permutations 𝜎, 𝜏 in
S2𝑑 have the same coset-type if and only if they belong to
the same double coset of H𝑑 in S2𝑑, i.e., H𝑑𝜎H𝑑 = H𝑑𝜏H𝑑.
The length 𝜅(𝜎) of the coset-type of 𝜎 ∈ S2𝑑 is important.
Equivalently, it is the number of connected components
in the graph 𝚪(𝜎).
5.2. Weingarten formula for orthogonal groups. Now
we give Weingarten formula for the orthogonal group
O(𝑁). For any 𝑖, 𝑗 ∈ Fun(2𝑑, 𝑁), we have the formula

∫
O(𝑁)

𝑟𝑖(1)𝑗(1)𝑟𝑖(2)𝑗(2) … 𝑟𝑖(2𝑑)𝑗(2𝑑) d𝑔

= ∑
𝜍∈ℳ2𝑑

∑
𝜏∈ℳ2𝑛

Δ𝜍(𝑖)Δ𝜏(𝑗)WgO(𝑁)(𝜎−1𝜏), (7)

where Δ𝜍(𝑖) is, by definition, equal to 1 if 𝑖(𝑎) = 𝑖(𝑏) for
every pair {𝑎, 𝑏} in 𝜎; to zero otherwise. We here skip a
detailed definition of WgO(𝑁), which can be obtained by
the same argument as in the case of unitary groups, but we
look at a few examples first. For each permutation 𝜎, the
value WgO(𝑁)(𝜎) depends on only its coset-type. We de-
note by 𝜎𝜇 a specific permutation with coset-type 𝜇. Then
we may see that

WgO(𝑁)(𝜎1) =
1
𝑁 , (8)

WgO(𝑁)(𝜎1,1) =
𝑁 + 1

𝑁(𝑁 − 1)(𝑁 + 2) , (9)

WgO(𝑁)(𝜎2) =
−1

𝑁(𝑁 − 1)(𝑁 + 2) . (10)

Let us see an application for formula (7). Consider the
functions 𝑖, 𝑗 ∈ Fun(4, 𝑁)with values (𝑖(𝑥))4𝑥=1 = (1, 1, 2, 2)
and (𝑗(𝑥))4𝑥=1 = (2, 3, 2, 3). Then Δ𝜍(𝑖) = 1 only if 𝜎 =
{{1, 2}, {3, 4}}; Δ𝜏(𝑗) = 1 only if 𝜏 = {{1, 3}, {2, 4}}. When we
regard these 𝜎, 𝜏 as permutations, the coset-type of 𝜎−1𝜏 is
the samewith that of 𝜎2. Thus, we obtain the integral value

∫
O(𝑁)

𝑟12𝑟13𝑟22𝑟23 d𝑔 = WgO(𝑁)(𝜎2) =
−1

𝑁(𝑁 − 1)(𝑁 + 2) .
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The discussion of orthogonal Weingarten functions can
be almost parallel to that of unitary cases, but in a slightly
more complicated form. For example, the counterpart of
the 1/𝑁 expansion of the unitary Weingarten function is as
follows: for any 1 ≤ 𝑑 ≤ 𝑁+1

2
and any 𝛼 ⊢ 𝑑, we have

WgO(𝑁)(𝜎𝛼) =
(−1)𝑑−ℓ(𝛼)
𝑁2𝑑−ℓ(𝛼)

∞
∑
𝑘=0

(−1)𝑘 �⃗�
′
𝑘(𝛼)
𝑁𝑘 ,

where �⃗� ′
𝑘(𝛼) is a non-negative integer enumerating certain

analogues of monotone walks on ℳ2𝑑.
5.3. Weingarten formula for symplectic groups. Let 𝐽 =
𝐽𝑁 be the 2𝑁 × 2𝑁 skew symmetric matrix given by

𝐽𝑁 = ( 𝑂 𝐼𝑁
−𝐼𝑁 𝑂) . (11)

The (unitary) symplectic group Sp(𝑁) is realized as
Sp(𝑁) = {𝑔 ∈ U(2𝑁) | 𝑆T𝐽𝑆 = 𝐽}. This preserves the skew
symmetric bilinear form on ℂ2𝑁 given by ⟨𝑣, 𝑤⟩𝐽 = 𝑣T𝐽𝑤.
If the collection {𝑒1, … , 𝑒2𝑁 } is the standard basis of ℂ2𝑁 ,
then it is immediate to see that

⟨𝑒𝑥, 𝑒𝑦⟩𝐽 =
⎧
⎨
⎩

1 if 𝑦 = 𝑥 + 𝑁,
−1 if 𝑥 = 𝑦 + 𝑁,
0 otherwise.

The Weingarten formula for Sp(𝑁) is quite similar to
O(𝑁) but we need to treat signatures carefully. Consider
the integral ∫Sp(𝑁) 𝑠𝑖(1)𝑗(1)𝑠𝑖(2)𝑗(2)⋯𝑠𝑖(𝑘),𝑗(𝑘) d𝑔 of matrix el-
ements, where d𝑔 is the Haar probability on Sp(𝑁). As for
the orthogonal groups, this integral vanishes if 𝑘 is odd.
Here we use matrix elements 𝑠𝑥𝑦 of 𝑔 rather than the value
of the skew form ⟨𝑒𝑥, 𝑔𝑒𝑦⟩𝐽 .

For each pairing 𝜎 ∈ ℳ2𝑑 and 𝑖 ∈ Fun(2𝑑, 2𝑁)wedefine

Δ′𝜍(𝑖) =
𝑑
∏
𝑥=1

⟨𝑒𝑖𝜍(2𝑥−1), 𝑒𝑖𝜍(2𝑥)⟩𝐽 .

This Delta-symbol takes the value of 1, −1, or 0. Here we
must watch the assumption (6); otherwise, the sign of this
may be accidentally changed.

Now we provide the Weingarten formula for symplectic
groups. For any 𝑖, 𝑗 ∈ Fun(2𝑑, 2𝑁), we have

∫
Sp(𝑁)

𝑠𝑖(1)𝑗(1)𝑠𝑖(2)𝑗(2) … 𝑠𝑖(2𝑑)𝑗(2𝑑) d𝑔

= ∑
𝜍∈ℳ2𝑑

∑
𝜏∈ℳ2𝑑

Δ′𝜍(𝑖)Δ′𝜏(𝑗)WgSp(𝑁)(𝜎−1𝜏). (12)

Let us see an example for symplectic Weingarten for-
mula (12). Consider the integral

∫
Sp(𝑁)

𝑠1,1𝑠2,𝑁+2𝑠𝑁+1,2𝑠𝑁+2,𝑁+1 d𝑔,

so we apply (12) with 𝑖 = (1, 2, 𝑁 + 1,𝑁 + 2) and 𝑗 =
(1, 𝑁 + 2, 2, 𝑁 + 1). Then only parings 𝜎 = {{1, 3}, {2, 4}}

and 𝜏 = {{1, 4}, {2, 3}} contribute to the sum in (12), and
we have Δ′𝜍(𝑖) = ⟨𝑒1, 𝑒𝑁+1⟩𝐽⟨𝑒2, 𝑒𝑁+2⟩𝐽 = +1 and Δ′𝜏(𝑗) =
⟨𝑒1, 𝑒𝑁+1⟩𝐽⟨𝑒𝑁+2, 𝑒2⟩𝐽 = −1. Moreover, the permutation

𝜎−1𝜏 is ( 1 2 3 4
1 3 2 4 )

−1 ( 1 2 3 4
1 4 2 3 ) = ( 1 2 3 4

1 4 3 2 ), which is of sign −1
and of coset-type (2). In the present text, we do not give
the definition of the symplectic Weingarten function, but
such an observation show that the integral is equal to

∫
Sp(𝑁)

𝑠1,1𝑠2,𝑁+2𝑠𝑁+1,2𝑠𝑁+2,𝑁+1 d𝑔

= WgSp(𝑁)(𝜎2) =
1

4𝑁(𝑁 − 1)(2𝑁 + 1) .

5.4. Circular ensembles. In random matrix theory, not
only classical compact groups U(𝑁),O(𝑁), Sp(𝑁) but also
circular ensembles are well studied. The three main exam-
ples are circular orthogonal/unitary/symplectic ensembles
(COE/CUE/CSE). In this subsection, we will follow the
symbols of RandomMatrix Theory and regard randomma-
trices as matrix-valued random maps, and write integrals
∫⋯d𝑔 in the form of expectation values 𝔼[⋯].

The CUE matrix is nothing but the Haar-distribited uni-
tary matrix, the Weingartn calculus for which is already
given in the previous section. Let𝑈 and �̃� be two CUEma-
trices of dimension 𝑁 and 2𝑁, respectively. Then the COE
matrix 𝑉 = (𝑣𝑥𝑦)𝑁𝑥,𝑦=1 and CSE matrix �̃� = ( ̃ℎ𝑥𝑦)2𝑁𝑥,𝑦=1 are
determined by 𝑉 = 𝑈𝑈T and �̃� = �̃�𝐽�̃�T𝐽T, with the ma-
trix 𝐽 defined in (11), respectively. However, for a techni-
cal reason, we consider a modified CSE matrix 𝐻 = �̃�𝐽�̃�T

rather than �̃� = 𝐻𝐽T.
The Weingarten formulas for them are given as follows.

We denote by𝔼 the corresponding expectation for each ran-
dom matrix. For any 𝑖 ∈ Fun(2𝑚,𝑁) and 𝑗 ∈ Fun(2𝑛, 𝑁),
we have the formula for the COE

𝔼[𝑣𝑖(1)𝑖(2)𝑣𝑖(3)𝑖(4) …𝑣𝑖(2𝑚−1)𝑖(2𝑚)

𝑣𝑗(1)𝑗(2)𝑣𝑗(3)𝑗(4) …𝑣𝑗(2𝑛−1)𝑗(2𝑛)]
= 𝛿𝑚𝑛 ∑

𝜍∈S2𝑛
𝛿𝑖,𝑗𝜍WgO(𝜎; 𝑁 + 1). (13)

Similarly, for 𝑖 ∈ Fun(2𝑚, 2𝑁) and 𝑗 ∈ Fun(2𝑛, 2𝑁), we
have the formula for the CSE

𝔼[ℎ𝑖(1)𝑖(2)ℎ𝑖(3)𝑖(4) …ℎ𝑖(2𝑚−1)𝑖(2𝑚)

ℎ𝑗(1)𝑗(2)ℎ𝑗(3)𝑗(4) …ℎ𝑗(2𝑛−1)𝑗(2𝑛)]
= 𝛿𝑚𝑛 ∑

𝜍∈S2𝑛
𝛿𝑖,𝑗𝜍.

HereWgO(𝜎; 𝑧) andWgSp(𝜎; 𝑧) are the rational function in
𝑧, obtained 𝑁 by a complex number 𝑧 for WgO(𝑁)(𝜎) and
WgSp(𝑁)(𝜎), respectively.

Surprisingly, when we think of COE and CSE, we do
not need any new Weingarten function, but a different
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parameter of the orthogonal/symplectic Weingarten func-
tions suffice.

The COE and CSE are deeply related to compact sym-
metric spaces U(𝑁)/O(𝑁) and U(2𝑁)/Sp(𝑁), respectively.
For other kinds of compact symmetric spaces, with cor-
responding various random matrices, similar rich Wein-
garten formulas are known.

Historically, the formula (13) first appeared in [BB96]
without proof. Mathematical treatment for COE and other
compact symmetric spaces were done in [Mat12,Mat13].

6. Conclusion and Outlook
In this article, we have only scratched the surface of Wein-
garten calculus, both in terms of theory and applications.

On the theoretical side, the results we have presented
for integration on U(𝑁), and only touched on for O(𝑁)
and Sp(𝑁), can be rendered in much more detail and ad-
mit many powerful generalizations which we have not
discussed here. Moreover, the entire apparatus can be
developed in the context of compact symmetric spaces
and compact quantum groups, where the results are just
as rich and varied as for classical compact topological
groups. We touched onWeingarten calculus for symmetric
spaces when discussing circular ensembles of random ma-
trices above, and here we will briefly indicate the situation
for compact quantum groups. Roughly speaking, com-
pact quantum groups are noncommutative𝐶∗-algebras ob-
tained from the 𝐶∗-algebras of classical compact topologi-
cal groups by suppressing commutativity. They enjoy the
same key properties as the function algebras of classical
compact groups, namely they satisfy a Peter-Weyl theorem,
a Tannaka-Krein duality, they admit a finite left and right
invariant Haar measure, and all their irreducible represen-
tations are of finite dimension. The theory was created
by Woronowicz, who laid these foundations in a series of
landmark papers. A version of the Weingarten calculus for
the computation of Haar integrals on compact quantum
group was derived in [BC07], as an extension of the works
of [Col03], and has since foundmany applications in func-
tional analysis and operator algebras. Our forthcoming
monograph gives the first pedagogical account of this new
theory.

Concerning applications of the Weingarten calculus,
there are many. Historically, one of the first applications
of Weingarten calculus is a systematic approach to asymp-
totic freeness of random matrices, a phenomenon discov-
ered by Voiculescu in the context of free probability theory,
see, e.g., [VDN92]. Roughly speaking, free probability the-
ory is a noncommutative probability theory in which the
notion of independence is based on the free product of
algebras, as opposed to the tensor product, which gives
classical independence. This notion arises naturally in the
study of certain von Neumann algebras, but Voiculescu

discovered that large, classically independent random ma-
trices in fact approximate free random variables. We re-
fer to [MS17] or [Col22] for references. This fact is enor-
mously useful in random matrix theory, as it allows the
machinery of free probability theory to be harnessed in
order to study the asymptotic spectral behavior of fami-
lies of large random matrices. Initially, the connection be-
tween random matrices and free probability was only ap-
plicable to global observables of the spectrum, such as ex-
pectations of traces of powers as discussed earlier. It turns
out that, when the machinery of Weingarten calculus is
brought into the picture, it becomes possible to amplify
this connection to strong asymptotic freeness, which enables
the use of free probability methods to handle non-global
observables, such as the operator norm of random matri-
ces. It turns out that this boost is precisely what is needed
to bring the tools of random matrix theory and free prob-
ability to bear on theoretical problems in quantum infor-
mation theory ([CN16]).
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From Zero to Positive Entropy

Sylvain Crovisier and Enrique Pujals
In the sciences in general, the phrase “route to chaos”
has come to refer to a metaphor when some physical,
biological, economic, or social system transitions from
one exhibiting order to one displaying randomness (or
chaos). Sometimes the goal is to understand which uni-
versal mechanisms explain that transition, and how one
can describe systems that operate in a region between or-
der and complete chaos. In other words, the goal is to
understand the mathematical processes by which a system
evolves from one whose recurrent set is finite towards an-
other one exhibiting chaotic behavior as parameters gov-
erning the behavior of the system are varied. This has
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only been understood for one-dimensional dynamics. The
present note exposes new approaches that allow one to
move away from those limitations.

A tentative global framework toward describing a large
class of two-dimensional dynamics, inspired partially by
the developments in the one-dimensional theory of inter-
val maps is discussed. More precisely, we present a class
of intermediate smooth dynamics between one and higher
dimensions. In this setting, it could be possible to develop
a similar one-dimensional type approach and in particular
to understand the transition from zero entropy to positive
entropy.

Complexity in Dynamics
Considering a system which evolves in time, the purpose
of dynamical systems is to describe the asymptotic behav-
ior of its orbits. As an example, one may think to the gra-
dient flow associated to a Morse function: there exists a
finite number of equilibria and any other orbit is a curve
which connects one equilibrium to another one. One may
also have in mind mechanical systems: in the case of the
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Figure 1. Morse-Smale dynamics defined by the gradient flow
of a Morse function.

Figure 2. Hamiltonian dynamics (the pendulum).

ideal frictionless pendulum, one gets a flow whose orbits
are contained in the level sets of the energy function. See
Figures 1 and 2.

In this note we consider discrete time systems, defined
by a map 𝑓 on a phase space𝑀. For instance, 𝑓may be the
time-1 map for the flows mentioned previously. The for-
ward orbits are the sequences of the form 𝑥, 𝑓(𝑥), 𝑓(𝑓(𝑥)),
𝑓(𝑓(𝑓(𝑥))),. . . For convenience, one usually denotes 𝑓𝑛(𝑥)
the image after 𝑛 compositions by 𝑓 and one of our goals is
to characterize the accumulation sets of the orbits, usually
called the limit sets.
The horseshoe map. For the above systems, or for others
like rotations or isometries, the limit sets are very simple
and the orbits are described easily. But much richer behav-
iors exist. This happens on surfaces, when a rectangle 𝑅 is
vertically stretched, horizontally contracted, and crossed
twice by its image 𝑓(𝑅). In this case 𝑅 ∩ 𝑓(𝑅) has two
components (𝑅0, 𝑅1) and any orbit contained in 𝑅 may

f

R0 R1

R

Figure 3. The horseshoe map.

be coded by a sequence in {0, 1}ℤ, which represents the se-
quence of components met along the orbit. See Figure 3
and [Shu] for more details. Conversely, any such sequence
is realized by an orbit contained in 𝑅. This shows that for
each time 𝑛 ≥ 0, at least 2𝑛 different orbits of the system
may be distinguished at the scale of the rectangle 𝑅.
The topological entropy. One measures the complexity
of a dynamical system 𝑓 through its entropy. It is de-
fined by fixing 𝜀 > 0 and considering the maximal num-
ber 𝑁(𝜀, 𝑓, 𝑛) of orbits under 𝑓 that can be distinguished
at scale 𝜀 up to time 𝑛. The topological entropy ℎ(𝑓) is
the asymptotic exponential growth rate1 of this quantity.
It is always bounded when 𝑓 is a differentiable map of a
compact manifold. As we will see the dynamics differs dra-
matically when the entropy vanishes or is positive.
Morse-Smale dynamics. For the simple systems pictured
in Figures 1 and 2 the entropy is zero. This is also the case
for any Morse-Smale dynamics, i.e., for systems which gen-
eralize the gradient dynamics in this way:

• there exist finitely many periodic orbits 𝑂1,. . . , 𝑂ℓ,
each of them being hyperbolic (when 𝑥 ∈ 𝑂𝑖 is
fixed by 𝑓𝑛, 𝑛 ≥ 1, the moduli of the eigenvalues
of 𝐷𝑓𝑛(𝑥) are different from 1),

• any other orbit accumulates in the past and in the
future on two different orbits 𝑂𝑖, 𝑂𝑗 with 𝑖 < 𝑗.

1Note that 𝑁(𝜀, 𝑓, 𝑛) increases as 𝜀 gets smaller. Formally, one thus sets ℎ(𝑓) =
lim𝜀→0 lim sup𝑛→+∞

1
𝑛
log𝑁(𝜀, 𝑓, 𝑛).
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Cascade of doubling periods and odometers. An impor-
tant example of a diffeomorphismon the disc with zero en-
tropy andwhich is notMorse-Smale was first built in [GST]
and exhibits an infinite sequence of periodic orbits. It can
be described as follows: the disc 𝐷 is mapped into itself
and is separated by a line of points 𝛾 whose forward orbit
converges to a fixed point 𝑥0. The two components 𝐷𝑙, 𝐷𝑟
of 𝐷 ⧵ 𝛾 are topological discs that are exchanged by the
map and contain points 𝑥𝑙, 𝑥𝑟 of the same 2-periodic orbit.
Each disc 𝐷𝑙 or 𝐷𝑟 is divided by a line 𝛾𝑙 or 𝛾𝑟 of points
whose orbit accumulates on {𝑥𝑙, 𝑥𝑟}; the four components
of 𝐷 ⧵ (𝛾𝑙 ∪ 𝛾 ∪ 𝛾𝑟) are cyclically permuted by the map and
each of them contains a point of the same 4-periodic orbit.
The decomposition goes on inductively and produces one
periodic orbit for each period 2𝑛.

The collection of periodic points converges to an invari-
ant Cantor set 𝐾. The restriction of the dynamics to 𝐾 is
conjugated to the addition by 1 on the group of dyadic in-
teger ℤ2, and for that reason the limit Cantor set is called
an odometer (or adding machine).

x0

γ

γrγl

xr
xl

Dl Dr

D

Figure 4. A cascade of doubling periods accumulating on an
odometer.

Transverse homoclinic intersections. For the horseshoe
map, pictured in Figure 3, we have seen that the number
of itineraries at time 𝑛 has the lower bound 2𝑛 and the
entropy is at least log(2). A generalization of that phe-
nomenon occurs frequently in differentiable dynamics. In-
deed, let us consider a diffeomorphism with a fixed point
𝑝which is a hyperbolic saddle: the tangent space at 𝑝 decom-
poses as the sumof two invariant subspaces𝑇𝑝𝑀 = 𝐸𝑠⊕𝐸ᵆ,
such that the eigenvalues of 𝐷𝑓|𝐸𝑠 (resp. 𝐷𝑓|𝐸𝑢) have a
modulus smaller than 1 (resp. larger than 1). Then the set
of points whose forward (resp. backward) orbit converges
to 𝑝 is an immersed submanifold 𝑊 𝑠(𝑝) (resp. 𝑊 ᵆ(𝑝)),

called stable manifold (resp. unstable manifold) of 𝑝.
Poincaré has noticed a fascinating phenomenon: when
these manifolds have a transverse intersection point (dif-
ferent from 𝑝 itself), then they have to intersect in an intri-
cate way, see Figure 5.

Figure 5. The net formed by the stable and unstable
manifolds of a fixed point, when there exists a transverse
homoclinic intersection.

Smale has proved that such a transverse homoclinic in-
tersection forces 𝑓 to have a horseshoe, implying that the
entropy is positive. For periodic orbits 𝑂 with period 𝜏
which are saddle (i.e., which split into saddle fixed points
of 𝑓𝜏), one defines analogously the stable and unstable
manifolds 𝑊 𝑠(𝑂),𝑊 ᵆ(𝑂); a transverse intersection (out-
side 𝑂) between them implies that 𝑓 admits a horseshoe.
Katok has shown the converse in dimension 2. On sur-
faces, positive entropy is thus equivalent to the existence
of a horseshoe:

Theorem (Smale, Katok). For 𝐶2-diffeomorphisms on a sur-
face, the topological entropy is positive if and only if there exists
a hyperbolic periodic orbit with a transverse homoclinic point.

In higher dimensions, only Smale’s implication re-
mains, but one may ask if Katok’s still holds for “most”
diffeomorphisms.

Transition to Chaos in the Space of Systems
It appears that the space of diffeomorphisms splits into
two classes with very different dynamics: those with zero
entropy and those with positive entropy. Each of these
classes contains open sets: the set of Morse-Smale diffeo-
morphisms on the one hand, and the set of systems ex-
hibiting a transverse homoclinic orbit on the other hand.
This naturally raises the following questions.

Q1. Is the set of Morse-Smale diffeomorphisms dense in the set
of systems with zero entropy?
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Q2. Is the set of diffeomorphisms with a transverse homoclinic
intersection dense in the set of systems with positive entropy?

If these questions have positive answers, the interface of
these two classes is small and one goal would be to under-
stand the systems at the transition between simple (zero
entropy) and complicated (positive entropy) dynamics. In
particular we would like to identify, if it exists, the phe-
nomenon that generates entropy.

Q3. Can one characterize systems that belong to the boundary
of the class of dynamics with zero entropy?

Wenote that the two open classes introduced before can
be distinguished by the number of periodic orbits present
in the system: it is stably finite in one case, and stably infi-
nite in the other case.

Q4. Can one identify the transition from finitely to infinitely
many periodic orbits?

We will discuss these questions in different settings,
starting with the lower dimensions.

One-dimensional Dynamics
These questions have already been addressed in dimension
1. We will focus on continuous maps acting on the closed
interval, but one could also consider maps acting on other
one-dimensional spaces like the circle or trees. For mono-
tonemaps, it is not difficult to prove that the accumulation
points of any orbit is either given by fixed points (if the
map is increasing) or by a unique fixed point and periodic
orbits of period two (if the map is decreasing).

A richer situation holds with non-invertible maps. The
action of quadratic polynomials on the real line illustrates
how different possible dynamical scenarios arise. Without
loss of generality, one can consider the quadratic family

𝑓𝑎 ∶ 𝑥 ↦ 𝑎𝑥(1 − 𝑥)
which satisfies 𝑓𝑎([0, 1]) ⊂ [0, 1] for 𝑎 ∈ [0, 4]. There is a
value 𝑎∗ such that the topological entropy vanishes when
𝑎 ≤ 𝑎∗ and is positive for the other parameters. As 𝑎 < 𝑎∗
increases the (finite) number of periodic orbits increases
and 𝑎∗ is the smallest parameter exhibiting periodic points
with arbitrarily large periods.

The natural ordering of the interval allows a combinato-
rial approach. For instance, exploring the richness of that
total order structure, Milnor and Thurston have developed
a Kneading Theory, giving a complete description of all
topological possibilities for the dynamics of a family of
endomorphisms of the interval, with a given number of
monotonicity branches.
Periodic approximation in the interval. A point 𝑥0 is re-
current if its forward orbit meets any of its neighborhoods;
this is the case when 𝑥0 is periodic. A result, that highlights
the strength of the order structure, asserts:

Property (L.-S. Young [Y]). For interval maps, the periodic
points are dense in the recurrent set.

This fact is unknown in higher dimensions, even from
a smooth generic point of view. A simple proof of this fact
goes along the following lines. Let us consider a recurrent
(non-periodic) point 𝑥0 and a forward iterate 𝑥1 = 𝑓𝑛(𝑥0)
close to 𝑥0. Without loss of generality, one can assume
that 𝑥0 < 𝑥1. We claim that there is a periodic point for
𝑔 ∶= 𝑓𝑛 inside (𝑥0, 𝑥1). Indeed one can easily check that
𝑥0 is still recurrent for 𝑔. Since 𝑥0 < 𝑥1, there exists a posi-
tive integer 𝑘 such that 𝑔𝑘(𝑥1) < 𝑥1. Taking the smallest 𝑘
also gives 𝑔𝑘(𝑥0) = 𝑔𝑘−1(𝑥1) > 𝑥1. Therefore we have a con-
tinuous map 𝑔𝑘 ∶ [𝑥0, 𝑥1] → [0, 1] such that 𝑔𝑘(𝑥0) > 𝑥1
and 𝑔𝑘(𝑥1) < 𝑥1. Hence the graph of 𝑔𝑘 crosses the diag-
onal inside (𝑥0, 𝑥1): there is a point 𝑝 ∈ (𝑥0, 𝑥1) which is
fixed for 𝑔𝑘 and so periodic for 𝑓, see Figure 6.

gk

x1x0D− D+

Figure 6. Localization of a periodic point in the interval.

We can recast the previous proof, avoiding an explicit
use of the order, and in a way that can be generalized to
other contexts. Under the same choices of 𝑥0 and 𝑥1 as
above, we define the intervals 𝐷− = [0, 𝑥0] and 𝐷+ =
[𝑥1, 1] and we take the first positive integer 𝑘 such that
𝑔𝑘(𝑥1) ∉ 𝐷+. Such an integer exists since 𝑥0 is recurrent
and does not belong to 𝐷+. By the choice of 𝑘 observe
that 𝑔𝑘(𝑥0) = 𝑔𝑘−1(𝑥1) ≥ 𝑥0. Let ℎ∶ [0, 1] → [𝑥0, 𝑥1]
be the continuous map which coincides with the identity
on [𝑥0, 𝑥1] and such that ℎ([0, 𝑥0]) = 𝑥0, ℎ([𝑥1, 1]) = 𝑥1.
Then the map ℎ ∘ 𝑔𝑘 ∶ [𝑥0, 𝑥1] → [𝑥0, 𝑥1] has a fixed point
𝑝 ∈ [𝑥0, 𝑥1]. Note that ℎ ∘ 𝑔𝑘(𝑥0) = 𝑥1 (since 𝑔𝑘(𝑥0) ∈ 𝐷+)
and ℎ ∘ 𝑔𝑘(𝑥1) ≠ 𝑥1 (since 𝑔𝑘(𝑥1) ∉ 𝐷+). Therefore 𝑝 be-
longs to (𝑥0, 𝑥1). Since ℎ is the identity on (𝑥0, 𝑥1), the
point 𝑝 is a fixed point of 𝑔𝑘.
One-dimensional dynamics and zero entropy. A sim-
ple characterization of positive entropy in the interval has
been given by Misiurewicz:

Property (Misiurewicz). An interval map has positive entropy
if and only if there exist two disjoint intervals such that the
image of each interval by an iterate 𝑓ℓ of the map contains the
union of both intervals.

The reason is analogous to Smale-Katok’s theorem: the
number of itineraries for 𝑓ℓ with respect to these intervals
grows as 2𝑛, see Figure 7.
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Figure 7. Map satisfying Misiurewicz’s criterion.

Another historical result in this combinatorial theory is
Sarkovskii’s hierarchy of periodic orbits. It implies:

Property (Sharkovskii). Interval maps with zero entropy only
admit periodic points of period 2𝑛, 𝑛 ≥ 0.

Let us discuss Sharkovskii’s property in the case of uni-
modal maps of the unit interval [0, 1], i.e., continuous maps
with only one turning point 𝑐 ∈ [0, 1], one strictly increas-
ing interval [0, 𝑐] and one strictly decreasing interval [𝑐, 1].
The following dichotomy then holds:

Property. For unimodal maps 𝑓 with zero entropy,
– either all forward orbits converge to a fixed point,
– or 𝑓 is renormalizable: there exists an interval 𝐼 containing
𝑐 such that 𝑓(𝐼) ∩ 𝐼 = ∅, 𝑓2(𝐼) ⊂ 𝐼, 𝑓2|𝐼 is unimodal and the
forward orbit of any point either converges to a fixed point or
enters in the interval 𝐼.

In particular, any periodic orbit is either fixed, or has
even period. Applying the property to 𝑓2|𝐼 shows that 4 di-
vides any period larger than 2. Arguing inductively, one
concludes that the allowed periods have the form 2𝑛.

The dichotomy can be obtained by considering sepa-
rately the two cases 𝑓(𝑐) ≤ 𝑐 and 𝑓(𝑐) > 𝑐. In the first
case, 𝑓([0, 𝑐]) ⊂ [0, 𝑐] and since 𝑓|[0,𝑐] is increasing, it fol-
lows that any orbit in [0, 𝑐] converges to a fixed point; since
𝑓([0, 1]) ⊂ [0, 𝑐], the same property holds on the whole in-
terval [0, 1]. In the second case, observe that since 𝑓(𝑐) > 𝑐
and 𝑓(1) ≤ 1, there is a fixed point 𝑝 ∈ (𝑐, 1]. Let us in-
troduce the maximal interval 𝐼 ∶= (𝑝′, 𝑝) ⊂ (0, 𝑝) whose
image is contained in (𝑝, 1) (note that either 𝑝′ = 0 or
𝑓(𝑝′) = 𝑝). Observe that the turning point 𝑐 belongs to
that interval, 𝑓(𝐼) ∩ 𝐼 = ∅ and 𝑓2|𝐼 is unimodal. Also
𝑓2(𝑝′) ≤ 𝑓2(𝑝) = 𝑝. Since the entropy is zero, it follows
from Misiurewicz’s property that 𝑓2(𝑐) ∈ 𝐼 and therefore
𝑓2(𝐼) ⊂ 𝐼. It remains to see that any forward orbit either
converges to a fixed point or enters inside 𝐼. Note first that
if 𝑥 < 𝑝′ then 𝑓(𝑥) < 𝑓(𝑝′) = 𝑝 and so either 𝑓(𝑥) ≥ 𝑝′ (in

I f(I)

f(c)p

Figure 8. Unimodal map which is renormalizable.

this case 𝑓(𝑥) is contained in the interval 𝐼) or 𝑓(𝑥) < 𝑝′
and the argument can be repeated: if the forward orbit of
𝑥 does not enter in 𝐼, it remains in the increasing interval
[0, 𝑐] and converges to a fixed point. In the last case 𝑥 > 𝑝:
the image 𝑓(𝑥) belongs to the increasing part and we are
reduced to the first case. See Figure 8.
Infinite renormalization and odometers. From the pre-
vious discussion, one concludes that for unimodal maps
with zero entropy, two cases are possible.

A first possibility is that the inductive renormalization
described in the previous paragraph stops after a finite
number𝑚 of steps. The set of periods is then the finite set
{2𝑘, 0 ≤ 𝑘 ≤ 𝑚}. Any forward orbit accumulates on one
periodic orbit. The dynamics is similar to Morse-Smale dy-
namics (although the number of periodic points of a given
period may be infinite).

Otherwise one says that 𝑓 is infinitely renormalizable. For
each 𝑘 ≥ 0, let 𝐼𝑘 denote a renormalization interval with
period 2𝑘, so that 𝑉 𝑘 ∶= 𝐼𝑘 ∪ 𝑓(𝐼𝑘) ∪ ⋯ ∪ 𝑓2𝑘−1(𝐼𝑘) is
forward invariant. The family (𝑉 𝑘) is decreasing and the
intersection is an invariant compact set 𝒦. When 𝑓 is 𝐶2

and 𝐷2𝑓(𝑐) ≠ 0, it is a Cantor set2, and the dynamics on𝒦
is the same as in the example of Figure 4: it is an odometer.
Inside such a set, all the orbits are dense and follow the
same statistic: they distribute toward the same invariant
probability measure, and visit a set 𝐼𝑘 with frequency 2−𝑘.
Any forward orbit of 𝑓 accumulates either on a periodic
orbit, or on the odometer.
The renormalization operator. Deepening the idea
of renormalization, Coullet-Tresser and independently
Feigenbaum, have proposed to consider the renormaliza-
tion operator ℛ acting on the space of smooth unimodal
maps with a quadratic turning point: to any map which

2It follows from the no wandering interval theorem, see [MS].
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Figure 9. Renormalization of a unimodal map.

is renormalizable on a maximal interval 𝐼, it associates the
map ℛ(𝑓) ∶= 𝐻 ∘ 𝑓2|𝐼 ∘ 𝐻−1, where 𝐻 is the orientation-
reversing affine homeomorphism between 𝐼 and [0, 1]. See
Figure 9.

These people have realized that the dynamics of ℛ is
the key to understanding the boundary of the set of maps
with zero entropy. They conjectured that the operator
has a unique fixed point 𝑓⋆, which is hyperbolic. The
set of unimodal maps whose sequence of renormaliza-
tions converges to 𝑓⋆ is a one-codimensional submanifold
(which corresponds to infinitely renormalizable maps).
Outside this stable manifold, the renormalizations stop
after finitely many steps. On one side the dynamics has
Morse-Smale behavior: the number of periods is finite and
the entropy vanishes. On the other side of the stable mani-
fold, the dynamics renormalizes until a horseshoe appears
and the entropy is positive. See Figure 10.

The definite mathematical proof of these results started
first in the analytic context with Sullivan’s program [Su],

infinite
renormalizable

Morse-Smale like
h = 0

h > 0

f

R

renormalizable maps ∃ horseshoeperiod 1 only

Figure 10. Dynamics of the renormalization operator ℛ on the
space of unimodal maps with quadratic turning point.

approaching the Feigenbaum-Coullet-Tresser Renormal-
ization Conjecture based on Teichmüller theory, and fin-
ished with the proof by Lyubich [L], showing the hyper-
bolicity of the renormalization fixed point; this has been
later extended to lower regularity in [FMP]. Partial results
about maps with more monotonicity branches (multi-
modal maps) and the associated transition to chaos have
been obtained by many authors (see, e.g., [MT] and refer-
ences cited or citing).

These results also explain some quantitative and uni-
versal phenomena appearing when the system changes in-
side one-parameter families. Every family of unimodal
maps presents essentially the same dynamical features as
it passes from zero to positive entropy: for instance when
one measures the size of the set of parameters for which
some periods appear. This is sometimes called topologi-
cal universality for one-dimensional dynamics since it al-
lows one to show that the quadratic family encapsulates
all possible dynamical behaviors.

Dissipative Surface Dynamics
One can naively wonder if that rich and meaningful de-
scription of the dynamics on the interval, can be extended
to higher dimensions. The next level of complexity to be
considered is dissipative two-dimensional invertible maps
acting on the disc, i.e., diffeomorphisms 𝑓 from the 2-disc
𝔻 into its image 𝑓(𝔻) ⊂ 𝔻 and which contract the vol-
ume. Therefore, the iterates of the disc are confined to a
set whose two-dimensional volume vanishes and which
seems to have a one-dimensional structure.

However, there are phenomena in this setting with no
one-dimensional counterpart: there exists a residual3 set
of dissipative diffeomorphisms of the disc exhibiting infin-
itely many attracting periodic orbits with arbitrarily large
periods (this property is called the Newhouse phenome-
non, see [N]), whereas generic smooth one-dimensional
maps have only finitely many attracting periodic points4.
Hénonmaps. One classical example of dissipative surface
maps is the Hénon map which is defined by the formula
(𝑥, 𝑦) ↦ (1−𝑎𝑥2+𝑦, 𝑏𝑦)where 𝑎 and 𝑏 are real parameters
and 𝑏 has modulus in (0, 1). See Figure 11.

This family was introduced by Hénon back in the sev-
enties as a non-linear model displaying complicated dy-
namics. In the age of computers and of computer graphics,
Hénon maps are one of the simplest two-dimensional sys-
tems used, through numerical simulations, to showhow it-
erations produce extraordinarily complex behaviors. How-
ever, the phenomena observed computationally have been
rigorously explained only for very small sets of parameters.

3The residual sets refer here to the Baire category: the phenomena holds on a
G𝛿 set which is dense inside a non-empty open set of 𝐶2-diffeomorphisms.
4It follows from the generic finiteness of attractors, see theorem B’ in [MS].
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Figure 11. The forward orbit of the point (0.35, 0.35) under the
Hénon map (𝑥, 𝑦) ↦ (1 − 1.4𝑥2 + 𝑦, 0.3𝑥).

Observe that 𝑏 is the Jacobian of the map and by letting
𝑏 tend to zero, one recovers the classical quadratic family
described. One may thus expect that the two-dimensional
maps have dynamical features of the interval quadratic
map 𝑥 ↦ 1−𝑎𝑥2, even if the Hénonmaps also display new
properties, such as the intriguing Newhouse’s phenome-
non.
Difficulties. In practice, the two-dimensional systems are
much more difficult to describe and much less is known
for the Hénon maps than for the quadratic family. One
reason is that there does not exist an obvious ordering on
the phase space as in dimension 1, so that a combinatorial
structure of the dynamics is much more difficult to intro-
duce. In particular there is no point in the disc which gen-
eralizes a priori the turning points in the interval. A notion
of critical points may be defined for some parameters but
their number turns out to often be infinite while there is
only one for quadratic maps.

In that sense, trying to look for a general description
of dissipative diffeomorphisms on the disc (with the nec-
essary adaptations) as it has been performed in the one-
dimensional context, could be considered overambitious
and unattainable with such a level of generality, or even
looking to the wrong paradigm.
Perturbative approaches and strong dissipation.
Through deep analysis it is possible to describe subsets
of parameters inside the Hénon family as small perturba-
tions of the one-dimensional setting, either with positive
entropy [BC] or with zero entropy [CLM]. These works nec-
essarily suppose that the Jacobian 𝑏 is extremely close to
0. This setting will be qualified as a “strongly dissipative
regime.”

Zero entropy—a conjecture by Tresser. The Newhouse
examples mentioned above have transverse homoclinic or-
bits and positive entropy, so it is possible that when the en-
tropy vanishes, the differences between interval dynamics
and dissipative dynamics in the disc may disappear. This
expectation is encapsulated in a conjecture by Tresser [GT].
It focuses on maps at the bifurcation locus between zero
and positive entropy. The natural examples are the dif-
feomorphisms pictured in Figure 4: similarly to the one-
dimensional case, for each positive integer 𝑛 there is ex-
actly one periodic orbit with period 2𝑛, and no other pe-
riod exists.

Conjecture (Tresser). In the space of dissipative diffeomor-
phisms of the disc, generically, maps which belong to the bound-
ary of the subset of systems with zero entropy have an infinite
set of periodic orbits with periods 𝑚.2𝑘, for a given 𝑚 ≥ 1 and
all 𝑘 ≥ 0.

In other terms, it asserts that at the transition between
zero and positive entropy, there exists a doubling cascade
of periodic orbits.

Mildly Dissipative Surface Dynamics
After recognizing the difficulties of the dissipative surface
dynamics, we now present an open large class of dissipa-
tive diffeomorphisms acting on the disc 𝔻, that has been
introduced in [CP] and that captures key properties of
one-dimensional maps: abundance of periodic points in
the recurrent set, order structure through one-dimensional
reduction, renormalization structure in the entropy zero
case, etc. However, it keeps two-dimensional features,
showing all the well known complexity of dissipative sur-
face diffeomorphisms; moreover it includes the Hénon
family with Jacobian 𝑏 up to 1/4 and therefore goes be-
yond classic perturbative strategies.
Mild dissipation. As mentioned before, the theory of real
one-dimensional dynamics is leveraged on the order struc-
ture of the interval: each point separates the interval in two
components. This feature does not exist for the plane and
has to be replaced by a different separation property. At
any point 𝑥, one can consider its stable set, i.e., the set of
points whose iterates get closer to the forward orbit of 𝑥:

𝑊 𝑠(𝑥) = {𝑦 ∶ dist(𝑓𝑛(𝑥), 𝑓𝑛(𝑦)) → 0}.
For instance 𝑥 can belong to a periodic orbit which attracts
all the points in a neighborhood: in this case 𝑊 𝑠(𝑥) con-
tains a neighborhood of the orbit and one says that 𝑥 is a
sink.

Since the dynamics is dissipative, one expects that for
“most points” 𝑥 the set𝑊 𝑠(𝑥) is non-empty, and indeed us-
ing results from ergodic theory, one can show that unless
𝑥 is a sink, the stable set is an embedded one-dimensional
submanifold, called the stable manifold of 𝑥. Since the dy-
namics acts on the disc 𝔻, we say that 𝑊 𝑠(𝑥) separates,
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when it contains a curve 𝛾𝑠𝑥 through 𝑥 whose endpoints
belong to the boundary of the disc, so that 𝔻 ⧵ 𝛾𝑠𝑥 has two
connected components. In this way, we can introduce the
following definition (see Figure 12):

Definition. A diffeomorphism which sends the disc into its
interior and contracts the volume is mildly dissipative if for
any invariant5 probability measure 𝜇 and for 𝜇-almost every
point 𝑥,

• either 𝑥 is an attracting periodic point (a sink),
• or through 𝑥 there exists a curve that is contained in

the stable set of 𝑥 and that separates the disc.

x

γs
x

D

Figure 12. A stable manifold which separates the disc.

It turns out that this class contains open sets of maps
that are sufficiently close to maps on the interval (hence
contains strongly dissipative systems), but is wider: using
tools from complex analysis, one can show that it also con-
tains all Hénon maps whose Jacobian have modulus less
than 1/4. For this reason these systems are called mildly
dissipative. Note that one can build examples of dissipa-
tive diffeomorphisms on the disc that are not mildly dis-
sipative, but these systems may be exceptional: we do not
know if mild dissipation holds generically.
One-dimensional reduction. Although the existence of a
stable curve only occurs on a measurable subset, it allows
one to induce dynamical partitions of the system. Assum-
ing the mild dissipation property (stable manifolds sepa-
rate the disc) one can prove that the dynamics of a mildly
dissipative diffeomorphism of the disc can be reduced to
a continuous non-invertible map acting on a real tree (a
simply connected and path-connected metric space):

Property. Given a smooth mildly dissipative diffeomorphism f
of the disc 𝔻, there exist a continuous map ℎ on a real tree 𝑋
and a projection Π∶ 𝔻 → 𝑋 such that:

5The invariance of the measure by 𝑓 means that 𝑓∗𝜇 = 𝜇.

• 𝑓 and ℎ are semi-conjugated: Π ∘ 𝑓 = ℎ ∘ Π,
• any two 𝑓-invariant probability measures 𝜇, 𝜈 with no

atoms and mutually singular project on different mea-
sures Π∗(𝜇), Π∗(𝜈).

The second item says that the projection does not col-
lapse the dynamics too much.

Reducing a system to a lower-dimensional one is a fre-
quent strategy in dynamics. In our setting the key idea is
that the space of leaves of foliations in the plane generates
a one-dimensional structure. The mild dissipation pro-
vides a large collection of stablemanifolds that are disjoint
separating curves. It is well-known that the dual object to
a planar lamination is a tree: the idea behind the proof
of the previous property is to quotient the disc along these
stable curves, see Figure 13. That property suggests that the
one-dimensional order structure re-emerges from themild
dissipation and makes possible to envision results with a
“one-dimensional flavor.”

Figure 13. The one-dimensional structure associated to the
family of stable manifolds.

Periodic approximation in the disc. Another concise re-
sult that highlights the richness of the mildly dissipative
class is the following:

Property. For mildly dissipative diffeomorphisms of the disc,
the closure of the set of periodic points contains the support of
any invariant probability measure.

The proof uses an essential idea of one-dimensional dy-
namics that can be transposed to mildly dissipative diffeo-
morphisms of the disc: recurrence of non-periodic points
forces to reverse the orientation on the projected tree 𝑋
and this implies the existence of a periodic point. It goes
along the following lines.

Let us consider an 𝑓-invariant probability measure 𝜇
with no atom. Poincaré recurrence theorem asserts that,
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in a restriction to a full measure set, all points are recur-
rent. Let us fix some point 𝑥0 in that set. We have to prove
that any neighborhood of 𝑥0 contains a periodic point. By
recurrence, there exists 𝑥1 = 𝑓𝑛(𝑥0) close to 𝑥0 such that
the stable curves 𝛾𝑠𝑥0 , 𝛾𝑠𝑥1 are close and bound a thin strip 𝑆;
the intersection of the strip with a large iterate of the disc,
𝐷 ∶= 𝑓𝑚(𝔻) defines a box 𝑅 with small diameter as in
Figure 14, such that 𝐷 ⧵𝑅 has two connected components
whose closures are discs 𝐷− and 𝐷+.

Let 𝑔 ∶= 𝑓𝑛 and let 𝑘 be the first positive integer such
that 𝑔𝑘(𝑥0) ∈ 𝐷+ and 𝑔𝑘+1(𝑥0) ∉ 𝐷+ (this exists since
𝑥1 = 𝑔(𝑥0) belongs to 𝐷+ and 𝑥0 is recurrent). Similarly
as in the one-dimensional case, we consider a continuous
map ℎ∶ 𝐷 → 𝑅 such that

ℎ|𝑅 = Id, ℎ(𝐷−) = 𝛾𝑠𝑥0 ∩ 𝑅, and ℎ(𝐷+) = 𝛾𝑠𝑥1 ∩ 𝑅.

In particular, ℎ ∘ 𝑔𝑘 sends 𝑅 into itself and therefore has a
fixed point 𝑝 in 𝑅.

Since 𝑔𝑘(𝑥0) ∈ 𝐷+ and since stable curves do not cross,
𝑔𝑘(𝛾𝑠𝑥0) ⊂ 𝐷+; similarly 𝑔𝑘(𝛾𝑠𝑥1) ⊂ 𝐷−. Consequently, ℎ∘𝑔𝑘
has no fixed point in 𝑅 ∩ (𝛾𝑠𝑥0 ∪ 𝛾𝑠𝑥1) and by definition of ℎ,
one deduces ℎ∘𝑔𝑘(𝑝) = 𝑔𝑘(𝑝) = 𝑝. Hence 𝑓 has a periodic
point in 𝑅 which is arbitrarily close to 𝑥0, as required.

D−

D+

x1

x0
R

S

D

Figure 14. Why periodic points are dense.

Mildly Dissipative Dynamics with Zero Entropy:
I—Prototype Models
We have described two classes of examples of mildly dissi-
pative diffeomorphisms: Morse-Smale systems, which be-
long to the interior of the set of dynamics with zero en-
tropy, and the examples pictured in Figure 4 which belong
to its boundary. We now present topological models with
zero entropy and unbounded periods, that can be built
through a sequences of “surgeries and pasting” of two ele-
mentary Morse-Smale systems.

Figure 15. The diffeomorphisms 𝑓0 (left) and 𝑓1 (right). The
attracting domains are depicted by a dash boundary.

Prototypemodels. Let us first introduce twoMorse-Smale
dissipative diffeomorphisms of the disc 𝑓0, 𝑓1 that we de-
scribe below and depicted in Figure 15. The limit set of
𝑓0 is the union of a fixed saddle whose unstable branches
are interchanged and of an attracting orbit of period two
that revolves around the fixed point. The limit set of 𝑓1 is
the union of a fixed attracting periodic point, a saddle of
period three revolving around the fixed point, and an at-
tracting periodic orbit (also of period three); each saddle
has an unstable branch anchored at the fixed point and
an unstable branch contained in the attracting domain of
the 3-periodic sink. Both diffeomorphisms are depicted
in Figure 15. In both situations, one says that the saddle
periodic orbit is stabilized: either it is a fixed point, or its
unstable manifold intersects the basin of a fixed sink.
An inductive construction. Given any sequence (𝑘𝑖) in {0, 1}ℕ,
one can build a sequence of dissipative diffeomorphisms
(𝑔𝑖), with exactly one sink of period 𝜏𝑖 ∶= Π𝑖

𝑗=1(2 + 𝑘𝑗)
whose basin is a disc 𝐷𝑖. It is obtained inductively from
the diffeomorphism 𝑔𝑖−1 by “pasting” the diffeomorphism
𝑓𝑘𝑖 in the basin of the sink of 𝑔𝑖−1, so that the return map
𝑔𝜏𝑖−1𝑖 |𝐷𝑖 is conjugated to 𝑓𝑘𝑖 . In that way, 𝑔𝑖 has a nested
sequence of discs 𝐷0 ⊃ 𝐷1 ⊃ ⋯ ⊃ 𝐷𝑖 that are renormaliza-
tion domains of periods 𝜏0, … , 𝜏𝑖. Each diffeomorphism 𝑔𝑖
is Morse-Smale; moreover the construction can be done in
a such way that the sequence (𝑔𝑖) converges to a homeo-
morphism.
Properties of the limit system. The homeomorphism that is
obtained as limit of the sequences (𝑔𝑖) verifies that:

• the dynamics is “infinitely renormalizable” in the
sense that there is a nested sequence of renormal-
ization domains with increasing periods;

• the limit set (i.e., the set of points that belong to
renormalization domains with arbitrarily large pe-
riod) is a Cantor set whose dynamics is an odome-
ter (as introduced at the beginning of this text, but
its sequence of periods (𝜏𝑖) may not be equal to
the sequence (2𝑖)).

We want to make some remarks: (i) The construction
shows that there exist homeomorphisms with vanishing
entropy and with periodic points whose period is not 2𝑛.
(ii) The sequence can converge to a smooth mildly dissipa-
tive diffeomorphism if 𝑘𝑖 = 0 for 𝑖 large. (iii) The previous
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construction can be performed by gluing together more el-
ementary diffeomorphisms 𝑓𝑘: the period of their saddles
and of their non-fixed sinkmay be larger; one can also con-
sider more complicate Morse-Smale systems 𝑓0, 𝑓1.
Are the prototype models typical? One can ask if the
properties displayed by the prototype models are also sat-
isfied by mildly dissipative diffeomorphisms 𝑓 of the disc
with zero entropy. More precisely:

• What can be the periods of a nested sequence of
attracting domains?

• When 𝑓 belongs to the interior of the set of sys-
tems with entropy zero, do its periodic points
have bounded periods?

• When 𝑓 belongs to the boundary of the set of sys-
tems with entropy zero, is it infinitely renormaliz-
able? is any limit set either an odometer Cantor
set or a periodic orbit?

The strongly dissipative case. These questions can be
tested on strongly dissipative diffeomorphisms. In fact,
they have been answered by de Carvalho, Lyubich, and
Martens [CLM] for Hénon-like mappings of the form
𝐹(𝑥, 𝑦) = (𝑓(𝑥) + 𝜖(𝑥, 𝑦), 𝑥) where 𝑓 is a unimodal map
of the interval with a quadratic turning point and 𝜖 is a
real-valued map from the square to ℝ with a small size. In
this work, they construct a period-doubling renormaliza-
tion operator which extends the renormalization operator
introduced for unimodal maps (Figure 10) and they show
that (for sufficiently small 𝜖) the properties carry over to
this case. Namely, the renormalization operator admits a
unique fixed point (which actually coincides with the fixed
point of the renormalization on the interval): it is hyper-
bolic (with a one-codimensional stable manifold) and the
periods of its renormalization domains are 2𝑛 for all 𝑛 ≥ 0.

Mildly Dissipative Dynamics with Zero Entropy:
II—The General Case
In the general case, the notion of turning point does
not exist anymore and the map may be far from one-
dimensional endomorphisms. In fact, it is not difficult
to construct mildly dissipative diffeomorphisms with zero
entropy which are not close to an interval map and even
have periodic points with periods that are not a power of
two (see the prototype construction) and so the renormal-
ization scheme developed for Hénon-like maps with very
small Jacobian cannot be applied directly.

In what follows, we are going to state the results that we
have obtained with Charles Tresser [CPT] and at the end,
we explain some of the main ideas of the proof.
Renormalizable dynamics. As in dimension 1, the renor-
malization is an essential tool for describing the transition
to chaos. Let us define that notion for surface diffeomor-
phisms.

Definition. A diffeomorphism 𝑓 of the disc is renormaliz-
able if there exist a compact set 𝐷 ⊂ 𝔻 homeomorphic to
the unit disc and an integer 𝜏 > 1 such that 𝑓𝑖(𝐷) ∩ 𝐷 = ∅
for each 1 ≤ 𝑖 < 𝜏 and 𝑓𝜏(𝐷) ⊂ 𝐷. One says that 𝐷 is a
renormalization domain of period 𝜏.

Based on that definition, one gets a dichotomy:

Theorem A. For any mildly dissipative diffeomorphism 𝑓 of
the disc whose entropy vanishes,

• either 𝑓 is renormalizable,
• or any forward orbit converges to a fixed point.

Morse-Smale diffeomorphisms (whose non-wandering
dynamics is carried by a finite set of hyperbolic periodic
points) are certainly not infinitely renormalizable. It is nat-
ural to generalize this class of diffeomorphisms in order to
allow bifurcations of periodic orbits.

Definition. A system is generalized Morse-Smale if:

• the limit set of any forward orbit is a periodic or-
bit,

• the limit set of any backward orbit that is con-
tained in 𝔻 is a periodic orbit,

• the set of periods over all periodic orbits is finite.

(Contrary to classical Morse-Smale systems, there may ex-
ist infinitely many periodic points with the same period.)

Clearly these diffeomorphisms have zero entropy.
Moreover, the set of mildly dissipative generalized Morse-
Smale diffeomorphisms of the disc is 𝐶1 open. A stronger
version of theorem A states that in the renormalizable case
there exist finitelymany disjoint renormalization domains
such that the limit set of any forward orbit contained in
their complement is a fixed point. That version implies:

Corollary. Amildly dissipative diffeomorphism of the disc with
zero entropy is

• either infinitely renormalizable,
• or generalized Morse-Smale.

Boundary of zero entropy. From the previous theorem
and the fact that generalized Morse-Smale diffeomor-
phisms are in the interior of the set of systems with zero
entropy, one can characterize the dynamics in the bound-
ary of zero entropy:

Corollary. A mildly dissipative diffeomorphism of the disc in
the boundary of zero entropy is infinitely renormalizable.

One can nowwonder, after these results, if one can get a
complete characterization of the limit sets of these systems.
The following result extends the property of interval maps.

Corollary. Let 𝑓 be a mildly dissipative diffeomorphism of the
disc with zero entropy. Then the limit set 𝒞 of any orbit is:

• either a periodic orbit,
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• or a generalized odometer: there exists an odometer
ℎ on the Cantor set𝒦 and a continuous subjective map
𝜋∶ 𝒞 → 𝒦 such that 𝜋 ∘ 𝑓|𝒞 = ℎ ∘ 𝜋. Moreover 𝜋 is
“essentially” one-to-one.

Figure 4 represents the second case.
Set of periods. One cannot expect that Sarkovskii’s prop-
erty stated above for interval maps extends identically in
the disc. Indeed the prototype models show that any fi-
nite set of integers can appear inside the set of periods of
a mildly dissipative diffeomorphism having zero entropy.
But a constraint appears, when one considers periodic or-
bits with sufficiently large period:

Theorem B. If 𝑓 is an infinitely renormalizable mildly dissi-
pative diffeomorphism of the disc with zero entropy, then there
exist an open set 𝑊 and 𝑚 ≥ 1 such that:

• 𝑊 is a finite disjoint union of renormalization do-
mains whose period divides 𝑚 (possibly several orbits
of domains),

• the periods of points in 𝔻 ⧵𝑊 are bounded by 𝑚,
• any renormalization domain 𝐷 ⊂ 𝑊 of 𝑓𝑚 has period

of the form 2𝑘: it is associated to a nested sequence of
renormalization domains 𝐷 = 𝐷𝑘 ⊂ ⋯ ⊂ 𝐷1 ⊂ 𝑊 of
𝑓𝑚 with period 2𝑘, … , 2.

In other words, the period of a renormalization domain
is eventually a power of 2: after replacing 𝑓 by an iterate,
the period of all the renormalization domains are powers
of 2. This implies the announced property on periods:

Corollary. For any mildly dissipative diffeomorphism 𝑓 of the
disc with zero entropy, there exist two finite families of integers
{𝑛1, … , 𝑛𝑘} and {𝑚1, … ,𝑚ℓ} such that the set of periods of the
periodic orbits of 𝑓 coincides with

Per(𝑓) = {𝑛1, … , 𝑛𝑘} ∪ {𝑚𝑖.2𝑘, 1 ≤ 𝑖 ≤ ℓ and 𝑘 ∈ ℕ} .

In particular, this proves Tresser’s conjecture in the case
of mildly dissipative dynamics of the disc.
Hénon maps. The previous results can be applied to the
Hénon family for all parameters provided that the Jaco-
bian is smaller than 1/4 (this requires some adaptation in
order to reduce it to a map sending the disc into its inte-
rior). More precisely, when the entropy vanishes, any for-
ward (resp. backward) orbit in ℝ2 has exactly one of the
following behavior:

• it escapes to infinity, i.e., leaves compact sets;
• it converges to a periodic orbit;
• it accumulates to a generalized odometer.

Mildly Dissipative Dynamics with Zero Entropy:
III—Sketch of the Proofs
The approach for the general case cannot use the interval
ordering and is based instead on the structure of the set of

periodic points: the unstable branches of the saddle peri-
odic points serve as a skeleton of the dynamics that allows
one to construct the renormalization domains. We first ex-
plain this strategy on the prototype examples introduced
before.
Dynamical features of the prototype examples. Let us
consider a prototype diffeomorphism 𝑔𝑖 obtained after
pasting a finite number Morse-Smale diffeomorphisms
𝑓𝑘0 , 𝑓𝑘1 , 𝑓𝑘𝑖 . The unstable branches of the saddles connect
the periodic points and define a tree structure that we call
a chain, see Figure 16.

Figure 16. Chain of periodic points associated to the
diffeomorphism 𝑔 obtained by pasting successively 𝑓0, 𝑓0, 𝑓1. It
contains: one saddle fixed point (red), a two-periodic saddle
orbit (blue) whose unstable branches are exchanged by 𝑔2, a
four-periodic attracting orbit (brown), and a twelve-periodic
saddle (orange) and attracting (pink) orbits. The arrows
indicate if periodic points are saddles or sinks (for sinks, all
arrows are pointing in).

From each saddle 𝑝 points out at least one arrow, which
lands at a point 𝑞 with the same or double period. Two
cases may occur (see Figure 16):

• either 𝑞 is a an attracting periodic point,
• or 𝑞 is a saddle whose unstable branches are ex-

changed by some iterate of 𝑓.

That observation allows one to reconstruct the renormal-
ization domains of the prototype example 𝑓, see Figure 17.

In the first case (top of Figure 17), the unstable man-
ifold of 𝑝 accumulates on the sink 𝑞 which anchors a re-
volving saddle 𝑤 with larger period (period three in the
figure); this implies that the unstable branch of 𝑝 has to
cross the stable manifolds of the iterates of 𝑤. One then
defines a disc which contains 𝑞,𝑤, is bounded by a piece
of the unstable branch of 𝑝 and a piece of the stable man-
ifolds of the saddle 𝑤, and which is mapped into itself by
some iterate of 𝑓.

In the second case (bottom of Figure 17), the unstable
manifold of 𝑝 accumulates on the saddle 𝑞 (with the same
period) whose unstable branches are exchanged by the dy-
namics and accumulate on a sink of double period. This
implies that the unstable branch of 𝑝 has to cross both sta-
ble branches of 𝑞. Again, a piece of the unstable branch of
𝑝 and of the stable manifolds of the saddle 𝑞 defines a disc
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which is mapped into itself by some iterate, and contains
𝑞, but not 𝑝.

This construction leads us to introduce the following:

Definition. A Jordan domain 𝐷 is a Pixton disc6 of period
𝜏 if its boundary decomposes in two parts: one subset of
𝑊 ᵆ(𝑝) and a closed set whose forward iterates by 𝑓𝜏 are all
contained in the interior of 𝐷.

A trapped disc for 𝑓𝜏 (i.e., a disc mapped by 𝑓𝜏 into its
interior) is a particular example of a Pixton disc.

p
q

w

p
q

w

p
q

p

q

Figure 17. Examples of Pixton discs.

How to work out the general case. The strategy in the gen-
eral case goes along the next steps which will be detailed
in the following paragraphs.

i) Chains. As for the prototype models built previ-
ously, the set of fixed points and their unstable
branches forms a connected set which has a tree
structure. Considering also iterates 𝑓𝑚, one gets
chains between periodic points whose period di-
vides 𝑚: the periodic points of larger period are
connected to the ones of lower period and “re-
volve” around them.

ii) The case where all the periodic points are fixed. We
then prove that any limit set is a fixed point.

iii) Construction of Pixton discs. When there are peri-
odic points that are not fixed, one builds Pixton
discs which contain all periodic points of higher
period and are good candidates to be renormaliza-
tion domains.

6Pixton introduced a similar notion in order to study planar homoclinic orbits.

f2(p)

f(p)
p

f3(p)

Figure 18. A stabilized periodic orbit of period 4 and its 4
decorated regions bounded by the stable manifolds. The
periodic orbit is stabilized by the fixed point in the middle.

iv) Renormalization domains. Once the Pixton discs are
constructed, we prove that the “maximal ones” are
renormalization domains.

v) Eventual period two. At last one concludes that af-
ter several renormalizations, the new renormaliza-
tion periods are all equal to 2.

Chains of periodic points. The key ingredient to obtain
the tree structure is to check that there is no cycle between
fixed (or periodic) points:

Property. There is no sequence of saddle fixed points
{𝑝1, … , 𝑝𝑛} such that the unstable manifold 𝑊 ᵆ(𝑝𝑖) accumu-
lates on 𝑝𝑖+1 and 𝑊 ᵆ(𝑝𝑛) accumulates on 𝑝1.

This property generalizes Smale’s theorem mentioned
in the first section: a cycle would force a situation close
to what is depicted in Figure 5, which would give positive
entropy.

In chains, a special role is played by stabilized points:
these are saddles that either are fixed and whose unstable
branches are exchanged by 𝑓, or are not fixed but whose
unstable manifold is anchored by a fixed point. The stable
manifolds of the stabilized points bound domains called
decorated regions (see Figure 18). These regions are pairwise
disjoint: otherwise, using that each iterate of the decorated
orbit has an unstable branch which accumulates on a sta-
bilizing fixed point, it would imply that an unstable mani-
fold crosses the stable manifold of another iterate, creating
a homoclinic intersection and therefore contradicting the
fact that the entropy vanishes.

Moreover, the decorating regions contain all the peri-
odic points of larger periods: otherwise, it would again
force a homoclinic intersection. One can thus decompose
the set of periodic points as:

• stabilizing fixed points,
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Figure 19. Construction of a Pixton disc: Γ is fixed and 𝑤 has
period 2.

• stabilized periodic orbits,
• periodic orbits contained in decorated regions.

The case where all the periodic points are fixed. In this
setting, the property of periodic approximation in the
disc implies that any probability invariant measure is sup-
ported on the set of fixed points. Hence, the limit set of
any forward orbit contains a fixed point. If it is not a sin-
gleton, the forward orbit also accumulates on points in un-
stable branches of fixed points, so that its limit set contains
a cycle of fixed points. This would contradict the no cycle
property stated before.
Construction of Pixton discs. To each unstable branch
Γ ⊂ 𝑊 ᵆ(𝑝), fixed by an iterate 𝑓𝜏, we build a Pixton disc𝐷Γ
for 𝑓𝜏 that contains the accumulation set of Γ, in a similar
way as we did for the prototype examples: if 𝑤 is a saddle
point accumulated by Γ, one considers a disc 𝐷 bounded
by an arc in Γ and an arc in the stable manifolds of 𝑤; this
disc contains all the periodic points of deeper level and
connected to 𝑤 in the chain structure, see Figure 19. The
Pixton disc 𝐷Γ is obtained as the union of such discs for
different choices of 𝑤.
Renormalization domains. To prove that the Pixton disc
𝐷Γ is actually a renormalization domain, one has to prove
that the iterates of Γ∩𝐷Γ (in Figure 19) remain contained
in the disc; if a piece of Γ escapes from 𝐷Γ under forward
iterations, a strong version of the property of periodic ap-
proximation implies that there are periodic points outside
𝐷Γ which are accumulated by Γ, a contradiction since 𝐷Γ
contains all the periodic points that belong to the accumu-
lation set of Γ.

Eventual period two. The previous steps build the renor-
malization (theorem A). A large number of renormaliza-
tions reduces the study to a small neighborhood𝑊 of the
union of the generalized odometers. We then have to show
that the period of all the further renormalizations is equal
two (theorem B).

We first observe that for the saddle orbits contained in
𝑊 , a large proportion of the iterates have stable manifolds
which vary continuously for the 𝐶1-topology. In particu-
lar, for a large proportion of points, the stable manifolds
are “parallel.” This is consistent with the example of Fig-
ure 4, where the renormalization periods are 2 at each step.
However a renormalization period larger than two would
providemore than two stable curves, based at iterates close,
and which have to bend away from each other (see for in-
stance Figure 18 where the period is 4). This contradicts
the fact that these curves are 𝐶1-close.

Dynamics in Higher Dimensions
There is no such detailed description of the dynamics of
systems with zero entropy for general surface diffeomor-
phisms and on higher-dimensional manifolds. However
perturbative methods have been developed which allow
one to describe a 𝐶1-dense open set of systems. In particu-
lar, they imply the following dichotomy:

Theorem ([PS,C]). The union of the set of Morse-Smale dif-
feomorphisms and of the set of diffeomorphisms having a trans-
verse homoclinic intersection is a 𝐶1-dense open set of the space
of diffeomorphisms.

As the diffeomorphisms with a transverse homo-
clinic intersection have positive entropy, this result
characterizes—inside a dense open set—the systems with
zero entropy. However the dynamics on the boundary
of the set of systems with zero entropy is not understood.
And in higher topologies, almost nothing is known.
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1. Introduction
In this article, we survey the current status of the theory
of constant mean curvature (CMC) hypersurfaces in Eu-
clidean spaces. We give prominence to gluing construc-
tions and conservation laws, and highlight the role of con-
served quantities in gluing.

The theory of CMC and minimal surfaces has classical
roots in the calculus of variations, a branch of mathemat-
ics first investigated by Euler, Lagrange, and others in the
1700’s. Among all immersions of surfaces in a Euclidean
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space, the complete CMC or minimal immersions can be
considered the most interesting on geometric grounds be-
cause they are characterized by the constancy of the mean
curvature, which is a simple natural geometric condition.
CMC surfaces can be characterized as those surfaces for
which the area is stationary under compactly supported
volume preserving variations, and in physical contexts they
arise as interfaces between fluids in stasis in the presence
of a pressure jump and surface tension.
1.1. The mean curvature of hypersurfaces. The mean cur-
vature 𝐻 of a smooth two-sided hypersurface Σ in a mani-
fold 𝑀 at a point 𝑝 ∈ Σ is the average curvature of normal
sections through 𝑝 (once a normal direction is chosen).
Equivalently, up to a constant depending only on the di-
mension, it can be computed as the divergence of the unit
normal field 𝜈. That is,

𝐻 ∶= −1𝑛 DivΣ(𝜈).

For hypersurfaces in Euclidean spaces, it is the normal part
of the Laplacian of the position vector up to the constant
1
𝑛
:

𝐻 = 1
𝑛⟨Δ ⃗𝑥, 𝜈⟩.

𝐻 can be interpreted as the gradient of the area functional
on surfaces, which we explain below in Section 1.3. It is
invariant under isometries of ℝ𝑛+1 and is homogeneous of
degree −1, meaning that if Σ is dilated by a positive scalar,
its mean curvature scales by the reciprocal. A two-sided
smooth hypersurface is a constant mean curvature (CMC)
hypersurface if its mean curvature is a nonzero constant.
After possibly exchanging the unit normal for its negative
and scaling, we can assume that the mean curvature of a
CMC surface is 1. The basic examples of CMC surfaces in
Euclidean space are spheres and cylinders. Observe that
the constant

1
𝑛

in the definition of the mean curvature en-
sures that hyperspheres of radius 1 oriented by the inward
pointing normal have mean curvature 1.

Remark 1.1. Throughout this article, unless otherwise spec-
ified, the term surfacewill refer to a smooth, complete, con-
nected, two-sided immersed hypersurface in a Euclidean
space. Also, CMC surface will refer to a surface with mean
curvature 𝐻 ≡ 1.

1.2. Variations and surface area. Given a surface Σ𝑛 ⊂
ℝ𝑛+1, a (smooth) variation is a smooth one parameter fam-
ily Σ𝑡 of surfaces defined for small 𝑡 and such that Σ0 = Σ.
A compactly supported vector field 𝑋 on ℝ𝑛+1 gives rise to
a variation of Σ by considering time slices Σ𝑡 of Σ along
the flow of 𝑋 , and we say that this variation is induced by
the vector field 𝑋 . If we let Area(Σ) denote the surface area
(𝑛-volume) of Σ, the linear change in surface area of Σ𝑡 ⧵Σ

is given by

𝛿𝑋 Area(Σ) ∶=
𝑑
𝑑𝑡
|||𝑡=0

Area(Σ𝑡 ⧵ Σ) = ∫
Σ
DivΣ(𝑋).

1.3. The mean curvature as the gradient of area. Sepa-
rating the tangential and normal parts, 𝑋𝑇 and 𝑋⟂, of 𝑋
and writing 𝑋⟂ = 𝑢𝜈 gives

DivΣ(𝑋) = DivΣ(𝑋𝑇 + 𝑋⟂) = DivΣ(𝑋𝑇) − 𝑛𝑢𝐻.

Since 𝑋 is compactly supported, the first term integrates
away by the divergence theorem and we are left with

𝛿𝑋 Area(Σ) = −𝑛∫
Σ
𝑢𝐻. (1)

Observe that (1) allows us to interpret the mean curvature,
up to a constant 𝑛, as the negative gradient of the area
(where the positive gradient of the area gives the path of
steepest ascent): Among 𝐿2 normalized smooth functions
𝑢, the choice 𝑢 = 𝐻 minimizes 𝛿𝑋 Area(Σ).
1.4. Variational characterization of 𝐶𝑀𝐶 surfaces. A
variation of Σ induced by a compactly supported vector
field 𝑋 is volume preserving if the (oriented) volume of the
region 𝑈𝑡 bounded by Σ and Σ𝑡 is stationary at 𝑡 = 0.
Here, oriented means that the volumes of components of
𝑈𝑡 where Σ𝑡 is “above” Σ count positively and those where
Σ𝑡 is “below” count negatively. Note that for immersed Σ,
some regions of𝑈𝑡 may appear with multiplicity and must
be counted appropriately. Alternatively, by appealing to
linearity, we could restrict our attention to perturbations
supported on embedded parts of Σ.

The linear change in the volume of 𝑈𝑡 along the flow is
then given by

𝑑
𝑑𝑡
|||𝑡=0

Vol(𝑈𝑡) = ∫
𝑈
Div(𝑋) = ∫

Σ
⟨𝑋, 𝜈⟩ = ∫

Σ
𝑢.

Combining with (1) we see that Σ is stationary under vol-
ume preserving variations if and only if, for all smooth
compactly supported functions 𝑢 on Σ,

∫
Σ
𝑢 = 0 ⟹ ∫

Σ
𝐻𝑢 = 0.

A basic argument using cutoff functions implies that 𝐻 is
constant.
1.5. Physical interpretation of mean curvature. CMC
surfaces arise in physical contexts as soap films or as in-
terfaces between fluids in equilibrium. Cohesive forces
between molecules on the fluid interface result in surface
(or interfacial) tension. If the surface tension coefficient
is constant and equal to 𝛾, then the force exerted on the
center of an infinitesimal ball 𝑅 in the soap film by a point
on the boundary is approximately the product 𝛾 𝜂, where
𝜂 denotes the outward conormal along the boundary. The
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Figure 1. Generating curves for Delaunay surfaces for six
values of the parameter 𝜏. The singular model of antipodal
spheres occurs when 𝜏 = 0.

total force exerted on the center is then approximately the
integral

⃗𝐹 ≈ 𝛾∫
𝜕𝑅
𝜂 = 𝛾∫

𝑅
ΔΣ ⃗𝑥 ≈ 𝛾𝐻𝜈 𝑑𝐴,

where 𝑑𝐴 denotes the surface area of the infinitesimal ball
𝑅 and 𝜈 the unit normal. Molecules on either side exert a
pressure normal to the soap film, and the system is at equi-
librium when the jump ⃗𝑃 in pressure across the soap film
balances ⃗𝐹, so ⃗𝑃+ ⃗𝐹 = 0. Since the system is at equilibrium,
the pressure jump is constant strength, so that ⃗𝑃 = 𝑝𝜈 𝑑𝐴
for some constant 𝑝. The equilibrium condition can then
be written as (𝛾𝐻 + 𝑝) 𝜈 = 0, which is equivalent to the
condition that 𝐻 is constant.

2. History and Examples
2.1. Classical results. Although many examples of com-
plete minimal surfaces in ℝ3 were constructed early on us-
ing the relation with the theory of one complex variable
(Enneper-Riemann-Weierstrass representation), the only
early examples of complete CMC surfaces of finite topolog-
ical type were the round sphere, the cylinder and the De-
launay surfaces [Del41]. Discovered in 1841, the Delaunay
surfaces form a one-parameter continuous family of rota-
tionally invariant CMC cylinders, which are periodic with
translational period along their rotational axis.

We call the parameter 𝜏 and it is defined so that when
𝜏 > 0 the surfaces are embedded (and called unduloids) and
when 𝜏 < 0 they are not embedded (and called nodoids).
The explicit value for 𝜏 is determined in (10). The undu-
loids interpolate between a necklace of round spheres (cor-
responding to 𝜏 = 0) and a cylinder (corresponding to

Figure 2. An unduloid and a cutaway of a nodoid.

𝜏 = 1
4
). Classically a generating curve for the unduloids

can be obtained by tracing the focus of a rolling ellipse.
Figure 1 displays generating curves for various values of 𝜏.
Each fundamental domain under the translational period
is an annulus and consists of both an annulus with Gauss
curvature 𝐾 > 0 and a “neck” (an annulus with 𝐾 < 0).
See Figure 2 for three-dimensional renderings of two De-
launay surfaces.

As 𝜏 → 0, each annulus with 𝐾 > 0 tends to a
sphere in the necklace with two antipodal points removed
(where the sphere touches the adjacent spheres). Each
neck shrinks to a point (where sphere touching occurs),
but if blown up so the waist has unit size, it converges
to a catenoid. The limiting behavior prompts us to call
compact, connected regions where 𝐾 > 0 spherical regions
and compact, connected regions where 𝐾 < 0 catenoidal
regions.

The closedCMC examples are particularly important be-
cause there are no closed minimal immersions in the Eu-
clidean spaces by the maximum principle. In 1853, Jellet
proved that star-shaped CMC surfaces are round spheres.
A century later Hopf established the same for topological
CMC spheres [Hop83], and shortly afterwards Alexandrov
did the same for embedded CMC surfaces [Ale62]. These
results and their methods of proof had a profound influ-
ence in mathematics: Hopf introduced the Hopf differen-
tial which is the (2,0) part of the complexified second fun-
damental form and is a quadratic holomorphic differen-
tial by the Codazzi equation, and Alexandrov introduced
the method of reflecting through moving planes which is
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Figure 3. A cutaway of a Wente torus.

based on themaximumprinciple. They alsomotivated the
celebrated conjecture (or question according to some) by
Hopf on whether the only immersed closed CMC surfaces
in Euclidean three-space are round spheres.
2.2. The Wente tori. In 1982 Hsiang demonstrated that
Hopf’s conjecture fails, at least in higher dimensions, by
constructing new CMC hyperspheres which are rotation-
ally invariant by a product group and are controlled by
an ODE [Hsi82]. Soon afterwards, in a surprising devel-
opment, Wente carried out a construction of new closed
CMC surfaces inℝ3 [Wen86]. The Wente examples are tori
and his construction was based on the following reduction
of the CMC equation to the sinh-Gordon equation on the
complex plane ℂ, with 𝑧 the standard coordinate. ℂ con-
formally covers a CMC torus with the Hopf differential tak-
ing the form 𝑑𝑧2 over ℂ. If we write the conformal factor
as 𝑒2𝑤/4, the function 𝑤 on ℂ is doubly periodic, and by
the Gauss equation it satisfies the sinh-Gordon equation

Δ𝑤 + 1
2 sinh 2𝑤 = 0.

Conversely given such a 𝑤 one can integrate to obtain a
CMC immersion of the complex plane which is doubly
periodic by Euclidean motions. One obtains a CMC torus
when the periods close (see Figures 3, 4).

Wente constructed a two-parameter family of such so-
lutions 𝑤 which integrate to CMC immersions with one
translational period and one rotational period. The param-
eters are the lengths of the sides of a rectangle on which
𝑤 satisfies a Dirichlet problem and 𝑤 > 0 (and hence
𝐾 = 2𝑒−2𝑤 sinh 2𝑤 > 0 also) in the interior. He then
extended 𝑤 to all of ℂ by odd reflections. The transla-
tional period can be closed, reducing the family to a one-
parameter family of “Wente cylinders,” which are periodic
by a rotational period. The rotational period varies contin-
uously in terms of the parameter, and when the rotation
is by a rational multiple of 𝜋, one obtains a CMC torus.
Note that the Wente cylinders have some similarities with

Figure 4. A cutaway of a Wente torus with five spherical
regions.

the Delaunay cylinders: calling the parameter 𝜏 again (see
Remark 3.5), the fundamental domain is again an annu-
lus which is the union of one region with 𝐾 > 0 and a
region with 𝐾 < 0. (In this case both regions are topo-
logical disks.) Moreover as 𝜏 → 0, the region with 𝐾 > 0
tends to a sphere, but now with one point removed, and
the region with 𝐾 < 0 again shrinks to a point. The lat-
ter region, when blown-up to fixed size, now tends to an
Enneper minimal surface.

It is interesting that Wente constructed the solutions 𝑤
using advanced PDE methods. It was later observed that
they could also be constructed by separating variables and
solving ODEs in closed form. Further work allowed a clas-
sification of all CMC tori by integrable systems methods,
including the construction of continuous families of CMC
tori. It would be interesting to understand the geometry
of these new examples in detail. For example, compelling
questions are which minimal surfaces can be obtained as
blow-up limits and whether the continuous families of
CMC tori can be used in gluing constructions of contin-
uous families of higher-genus closed CMC surfaces.
2.3. Complete non-compact constructions and charac-
terizations. In 1988 NK in his thesis carried out a gen-
eral construction of complete CMC surfaces in ℝ3 by PDE
gluing methods, providing a great variety of examples of
any genus with any number of at least two ends, with the
only exception being a two-ended torus [Kap90]. Histor-
ically, PDE gluing methods had been applied extensively
and with great success in Gauge Theories by Donaldson,
Taubes, and others. The methods in [Kap90] are more
closely related to Schoen’s construction of constant scalar
curvature metrics in [Sch88]. The theorem is “general” in
that no symmetry is required, and it provides a plethora
of CMC surfaces. More precisely, given any graph in ℝ3

satisfying certain conditions outlined below, and for each
small enough 𝜏 ∈ ℝ⧵{0}, a CMC surface can be constructed
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as a small perturbation of an initial surface explicitly built
as described below.

The graphs considered consist of vertices which are
points in ℝ3, edges which are straight line segments with
vertices as endpoints, rays which are half-lines with a ver-
tex as an endpoint, and with each edge or ray 𝑒 assigned a
nonzero real number 𝜏𝑒. Given such a graph, we assign to
each vertex 𝑝 a “force”

⃗𝐹𝑝 ≔∑
𝑒
𝜏𝑒 ⃗𝑣𝑒 ∈ ℝ3, (2)

where the sum is taken over all the edges and rays with 𝑝
as an endpoint and ⃗𝑣𝑒 is the unit vector along 𝑒 pointing
away from 𝑝. The given graph in the theorem [Kap90] is
a central graph whose edges have even integer length and
which also has the following properties:

(i) Balancing: For each vertex 𝑝 we have ⃗𝐹𝑝 = 0.
(ii) Unbalancing: The graph can be slightly perturbed so

that each ⃗𝐹𝑝 can take any prescribed small value in ℝ3.
(iii) Flexibility: The graph can be slightly perturbed so that

each edge length can change by any prescribed small
real number.

Families of approximately CMC initial surfaces are then
constructed by attaching suitably perturbed Delaunay
pieces to unit spheres centered at the vertices (which we
will call vertex spheres). Each Delaunay piece corresponds
to an edge or ray 𝑒, has parameter 𝜏𝜏𝑒, and is attached to the
vertex sphere(s) centered at its endpoint(s). Finally using
the Schauder Fixed Point Theorem it is proved that one of
the initial surfaces can be perturbed to exactly CMC. Note
that the construction implies that the perturbed Delaunay
ends of the CMC surfaces constructed decay exponentially
fast to precise Delaunay ends.

The construction of central graphs is easy by elementary
means. Note that when 𝜏 > 0 and all 𝜏𝑒 > 0, the com-
plete CMC surfaces constructed are Alexandrov embedded;
that is there is an immersion of a three-manifold Ω into
ℝ3 such that the image of 𝜕Ω is the CMC surface. Of these
Alexandrov embedded examples only a few very symmet-
ric ones are proved in [Kap90] to be embedded because
the construction allows some perturbations which destroy
embeddedness.

Around that time, Meeks [Mee88] proved that properly
embedded, complete, non-closed CMC surfaces of finite
topology have at least two ends each of which is cylindri-
cally bounded. Motivated by this and [Kap90], Korevaar-
Kusner-Solomon proved that the Delaunay unduloids are
the only properly embedded complete CMC surfaces with
finite genus and two ends, and that all Alexandrov prop-
erly embedded, complete, non-closed CMC surfaces of fi-
nite topology with more than two ends decay exponen-
tially to precise Delaunay ends [KKS89]. Korevaar-Kusner,
in [KK93], strengthened these results and made partial

progress towards proving the conjecture that all properly
embedded finite topology CMC surfaces in ℝ3 can be as-
sociated to a graph in the spirit of the main theorem in
[Kap90] discussed above.

Complete CMC surfaces of genus 𝑔 and 𝑘 ≥ 3 ends
then attracted much attention. Kusner-Mazzeo-Pollack
[KMP96] studied the moduli space of Alexandrov embed-
ded surfaces, ℳ𝑔,𝑘, and proved that it is a real-analytic va-
riety. In particular, every nondegenerate (see Section 4.4)
Σ ∈ ℳ𝑔,𝑘 is regular in its moduli space, and any pertur-
bation through CMC surfaces near a non-compact, non-
degenerate CMC surface must change the asymptotics at
infinity. Many aspects of this work are closely tied to, and
paved the way for, gluing constructions for nondegener-
ate objects. We therefore defer a longer discussion of their
work to Section 4.4.

Große-Brauckmann [GB93] used a conjugate surface
construction to produce surfaces in ℳ0,𝑘 with
maximal (𝑘-fold dihedral) symmetry, including
those with large neck size. Große-Brauckmann-Kusner-
Sullivan and Große-Brauckmann-Korevaar-Kusner-
Ratzkin-Sullivan [GBKK+09] determined further results
for a subset of the moduli space ofℳ0,𝑘, namely the set of
coplanar 𝑘-noids. (A coplanar 𝑘-noid has a plane of symme-
try containing all of the asymptotic axes of its ends.) More-
over they show that all coplanar 𝑘-noids are nondegener-
ate. Mazzeo-Pacard, with a gluing construction, produced
maximally symmetric CMC surfaces by attaching Delau-
nay ends to the ends of a nondegenerate Alexandrov em-
bedded minimal surface with finite total curvature, genus
𝑔, and 𝑘 catenoidal ends [MP01]. Mazzeo-Pacard-Pollack
carried out a gluing connected sum construction [MPP01]
and Ratzkin, in his thesis, an end-to-end gluing construc-
tion. Jleli [Jle09] demonstrated the Ratzkin technique can
be extended to higher dimensions.
2.4. Closed examples for genus ≥ 2. Returning now to
Hopf’s question, note that Wente’s construction left it
open for genus 𝑔 ≥ 2. The general theorem in [Kap90] pro-
duced only non-compact complete examples, because al-
though it is possible to find graphs without rays satisfying
the balancing and unbalancing conditions, those do not
satisfy the flexibility condition since the lengths of some
of the edges determine the lengths of the rest. It turned
out that it was possible to remedy this difficulty, and in
[Kap91] NK constructed closed CMC surfaces of any genus
𝑔 ≥ 3. The idea was to vary 𝜏 so that the periods of the De-
launay surfaces vary and use very long Delaunay pieces to
magnify the effect. This way for some value of 𝜏 the Delau-
nay pieces corresponding to edges whose length cannot be
perturbed freely are arranged to “fit.”

Even after the construction in [Kap91] the case of genus
𝑔 = 2 remained open because no balanced graphs provid-
ing this topology exist. UsingWente tori as building blocks
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instead of Delaunay surfaces was a possible approach to
overcoming this difficulty. Recall that aWente torus 𝑇 with
small 𝜏 has regions with𝐾 > 0 each of which approximates
a unit sphere with one point removed. Let 𝑇𝑠𝑝ℎ be such a
region. The rest of the torus 𝑇𝑟𝑒𝑠𝑡 ≔ 𝑇 ⧵ 𝑇𝑠𝑝ℎ can then be
considered attached to an (approximate) punctured unit
sphere. An approximately CMC initial surface of genus 𝑔
can then be constructed by puncturing a unit sphere at 𝑔
points, and attaching a copy of 𝑇𝑟𝑒𝑠𝑡 at each point. We
emphasize that these attachments are not through small
necks, as this would contradict balancing as we will de-
scribe in Remark 3.4. Instead the attachments imitate the
way 𝑇𝑟𝑒𝑠𝑡 is attached to 𝑇𝑠𝑝ℎ in the Wente torus itself.

In [Kap95] NK proved that closed CMC surfaces of any
genus 𝑔 ≥ 2 can be constructed by correcting such initial
surfaces. This required a much deeper understanding of
the phenomena involved and a new methodology. It also
led to what was called the geometric principle, which we de-
scribe in Section 4. Together with the new methodology,
the geometric principle has now proved instrumental in
successfully carrying out many PDE gluing constructions
for various geometric objects.

We also mention that Jleli and Pacard produced closed
surfaces with high symmetry using an end to end construc-
tion and later Jleli extended these ideas to higher dimen-
sions. Jleli’s result would provide new symmetric closed
examples if a crucial intermediate step, namely the con-
struction of 𝑘-ended nondegenerate CMChypersurfaces, is
carried out.
2.5. Complete non-compact hypersurfaces. More re-
cently two of the authors [BK14] reworked the construc-
tion in [Kap90] following the new approach of [Kap95]
to obtain more precise control of the surfaces constructed,
proving this way that many more embedded examples
exist. Furthermore, overcoming new serious difficulties,
they generalized the constructions of [Kap90,BK14] to any
higher dimension [BK21]: given a graph inℝ𝑛+1 and 𝜏 ≠ 0
as in the ℝ3 case above, approximately CMC initial sur-
faces are constructed using 𝑛-spheres and pieces of the 𝑛-
dimensional Delaunay surfaces. (The 𝑛-dimensional De-
launay surfaces are 𝑂(𝑛)-invariant periodic, controlled by
an ODE similar to the classical one.) As in theℝ3 case, one
of these initial surfaces is then perturbed to exactly CMC.
We hope that this result will encourage new results in the
higher dimensional setting, clarifying this way similarities
and differences with the results in ℝ3.

3. Conservation Laws and Balancing
Every CMC surface satisfies certain conservation laws
which arise from an idea clearly articulated by Noether in
1918. While many conserved quantities in physics were
previously known, in that work, she established the deep
connection between conserved quantities and symmetries

of a system. Indeed, she expressed the general principle
that if a variational problem is invariant under the action
of a continuous group of symmetries, then the variational
solutions will satisfy a system of conservation laws. In our
current context, this implies that every CMC surface will
satisfy conservation laws induced by the isometries of the
ambient space. These laws were explicitly determined for
CMC surfaces in Euclidean space in [KKS89] and are an
important tool in gluing constructions and the classifica-
tion of CMC surfaces. For an overview of the role of con-
servation in classification results, the interested reader can
consult [BK18].

We outline here the role of conserved quantities for
CMC surfaces in manifolds, giving special attention to the
Euclidean setting. Given a surface Σ𝑛 ⊂ ℝ𝑛+1, the cur-
vature of Σ is invariant under translations and rotations.
Therefore, the CMC variational problem is invariant under
these isometries on ℝ𝑛+1 and we expect to find balancing
formulas associated with each of these isometries (see (7),
(8)).

For the general discussion, we begin with a Riemannian
manifold 𝑀𝑛+1 with metric 𝑔 and Levi-Civita connection
∇. Given a smooth vector field 𝑋 on 𝑀, we let Φ𝑋 ∶ ℝ ×
𝑀 → 𝑀 denote the flow induced by 𝑋 where

Φ𝑋(𝑡,𝑚) ≔ 𝛾𝑚(𝑡)

for the geodesic 𝛾𝑚 satisfying 𝛾𝑚(0) = 𝑚 and ̇𝛾𝑚(𝑡) =
𝑋(𝛾𝑚(𝑡)).

We let ℐ(𝑀) denote the group of isometries of 𝑀–
homeomorphisms from𝑀 to itself which preserve themet-
ric 𝑔. ℐ(𝑀) is a Lie group which acts smoothly on 𝑀. Let
𝒳(𝑀) denote the Lie algebra of smooth vector fields on
𝑀 with Lie bracket [𝑋, 𝑌] = 𝑋𝑌 − 𝑌𝑋 . Let 𝐿𝑋𝑔 denote
the Lie derivative of 𝑔 with respect to 𝑋 , defined so that for
𝑌, 𝑍 ∈ 𝒳(𝑀),

𝐿𝑋𝑔(𝑌, 𝑍) = ⟨∇𝑌𝑋, 𝑍⟩𝑔 + ⟨∇𝑍𝑋, 𝑌⟩𝑔.

Since one can also interpret the Lie derivative on the (0, 2)-
tensor 𝑔 by considering

𝐿𝑋𝑔 =
𝑑
𝑑𝑡
|||𝑡=0

((Φ𝑋
𝑡 )∗𝑔) ,

we see that Φ𝑋 flows through isometries of 𝑀 iff 𝐿𝑋𝑔 = 0.
The sub-algebra of 𝒳(𝑀) satisfying this property is called
the space of Killing fields on 𝑀.

Following the principle previously discussed, we expect
that variations of CMC surfaces induced by Killing fields
should give rise to conserved quantities. To that end, let
𝑌 ∈ 𝒳(𝑀) be a Killing vector field. Let Σ𝑛 ⊂ 𝑀 be a
smooth embedded surface and let Ω𝑛 ⊂ Σ be smooth,
bounded, open subset with 𝜕Ω = Γ a smooth (𝑛 − 1)-
dimensional submanifold. Let 𝐾𝑛 ⊂ 𝑀 be smooth and
𝑈𝑛+1 ⊂ 𝑀 be open with 𝜕𝐾 = Γ and 𝜕𝑈 = 𝐾 ∪ Ω. Since
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𝑌 is Killing, the volumes of Ω,𝑈 are preserved under the
variation induced by 𝑌 . That is,

𝑑
𝑑𝑡
|||𝑡=0

Area(Φ𝑌 (𝑡, Ω)) = 0,

𝑑
𝑑𝑡
|||𝑡=0

Vol(Φ𝑌 (𝑡, 𝑈)) = 0.

By the divergence theorem,

0 = 𝑑
𝑑𝑡
|||𝑡=0

Vol(Φ𝑌 (𝑡, 𝑈)) = ∫
𝐾
𝜈out ⋅ 𝑌 +∫

Ω
𝜈out ⋅ 𝑌 (3)

where 𝜈out is the outward unit normal to 𝜕𝑈. Using the
divergence theorem again and the definition of mean cur-
vature,

0 = 𝑑
𝑑𝑡
|||𝑡=0

Area(Φ𝑌 (𝑡, Ω)) = ∫
Γ
𝜂 ⋅ 𝑌 −∫

Ω
𝑛𝐻Σ𝜈in ⋅ 𝑌 (4)

where 𝜈in represents the inward pointing normal with re-
spect to Ω.

Note that (3), (4) together imply that

𝑛∫
Ω
(𝐻 − 1)𝜈in ⋅ 𝑌 = ∫

Γ
𝜂 ⋅ 𝑌 − 𝑛∫

𝐾
𝜈out ⋅ 𝑌 . (5)

We now consider the special case when 𝐻Σ ≡ 1.

Lemma 3.1. Let Σ𝑛 ⊂ 𝑀𝑛+1 be an embedded CMC surface
with 𝐻Σ ≡ 1, Γ ⊂ Σ a smooth, null-homologous (𝑛 − 1)-cycle
bounding a compact Ω ⊂ Σ, 𝐾 ⊂ 𝑀𝑛+1 a smooth 𝑛-cycle with
𝜕𝐾 = Γ. Let 𝜂 denote the outward conormal to Σ along Ω and
𝜈𝐾 denote the unit normal on 𝐾 such that −𝜈𝐾 agrees with the
orientation on Ω. Then for every Killing field 𝑌 ∈ 𝒳(𝑀),

∫
Γ
𝜂 ⋅ 𝑌 − 𝑛∫

𝐾
𝜈𝐾 ⋅ 𝑌 = 0. (6)

In this article we are of course particularly interested in
the consequences of Lemma 3.1 in Euclidean spaces.

Corollary 3.2. Let Σ𝑛 ⊂ ℝ𝑛+1 be an embedded CMC surface
with 𝐻Σ ≡ 1. Let Γ ⊂ Σ be a smooth (𝑛−1)-cycle and choose a
conormal direction 𝜂 to Σ along Γ. Let 𝐾 ⊂ ℝ𝑛+1 be a smooth
𝑛-cycle such that 𝜕𝐾 = Γ. Let 𝑆 ⊂ Σ be an open subset of a
small neighborhood of Γ such that Γ ⊂ 𝜕𝑆 and 𝜂 is outward
pointing with respect to 𝑆. Choose 𝜈𝐾 the unit normal on 𝐾
such that −𝜈𝐾 agrees with the orientation on 𝑆. Then

Force(Γ) ≔ ∫
Γ
𝜂 − 𝑛∫

𝐾
𝜈𝐾 (7)

is a homological invariant. Moreover, if 𝑛 = 2, then for ⃗𝑥 the
position vector in ℝ3,

Torque(Γ) ≔ ∫
Γ
𝜂 × ⃗𝑥 − 𝑛∫

𝐾
𝜈𝐾 × ⃗𝑥 (8)

is also a homological invariant.

Proof. The proofs of (7) and (8) follow easily from (6)
once we choose the appropriate vector fields and consider
carefully the orientations of 𝜂, 𝜈𝐾 .

Let Γ1, Γ2 be two (𝑛 − 1)-cycles such that Γ1 + Γ2 is null-
homologous. Then there exists Ω𝑛 ⊂ Σ such that 𝜕Ω =
Γ1 ∪ Γ2 and (6) applies for appropriately chosen 𝜂, 𝐾 and
𝜈𝐾 . Now suppose that 𝜂1, 𝜂2 are conormals with the same
orientation with respect to the homology class of Γ1, Γ2.
Choosing 𝐾1, 𝐾2 and 𝜈1, 𝜈2 as was done in Lemma 3.1, by
applying (6) we see that

∫
Γ1
𝜂1 ⋅ 𝑌 − 𝑛∫

𝐾1

𝜈𝐾1 ⋅ 𝑌 = ∫
Γ2
𝜂2 ⋅ 𝑌 − 𝑛∫

𝐾2

𝜈𝐾2 ⋅ 𝑌 . (9)

Now we choose appropriate vector fields. Set 𝑌 𝑖 = ⃗𝑒𝑖,
𝑖 = 1, . . . , 𝑛 + 1 where { ⃗𝑒1, . . . , ⃗𝑒𝑛+1} is the standard or-
thonormal basis in ℝ𝑛+1. Substituting each 𝑌 𝑖 into (9)
and summing over 𝑖 yields Force(Γ1) = Force(Γ2).

If instead we let 𝑌 𝑖 correspond to the rotation fields
(𝑥3, 0, −𝑥1), (−𝑥2, 𝑥1, 0), (0, −𝑥3, 𝑥2), (9) takes the form of
Torque(Γ1) = Torque(Γ2). □

The gluing constructions of [BK14,BK21,Kap90,Kap91]
rely on an understanding of the force through a non-trivial
cycle on a Delaunay surface so we calculate that here.

Example 3.3. LetΣ be aDelaunay surfacewith axis parallel
to the vector ⃗𝑣. There is only one non-trivial element [Γ] ∈
𝐻𝑛−1(Σ) and since the force is a homological invariant to
calculate Force(Γ)we can choose Γ to be awaist ofΣ, i.e. an
(𝑛−1)-sphere of smallest cross-sectional radius, 𝑟min. Then
𝜂 ≡ ± ⃗𝑣, where the sign is positive when Σ is embedded and
negative when Σ is not embedded.

The attentive reader will note that we have not even de-
fined the force vector for non-embedded surfaces and thus
the previous statement should give you pause. Neverthe-
less, we can make sense of both Lemma 3.1 and Corollary
3.2 on embedded components of a non-embedded Delau-
nay surface, which will be sufficient for our purposes.

Since we are free to choose any smooth 𝐾 with 𝜕𝐾 = Γ,
we let 𝐾 denote the 𝑛-disk with 𝑟 ∈ [0, 𝑟min] and 𝜈𝐾 ≡ ⃗𝑣.

With these choices of Γ and 𝐾,

Force(Γ) = ∫
Γ

⃗𝑣 − 𝑛∫
𝐾

⃗𝑣

= (±𝑟𝑛−1min − 𝑟𝑛min) 𝜔𝑛−1 ⃗𝑣
≔ 𝜏Σ𝜔𝑛−1 ⃗𝑣 (10)

where 𝜔𝑛−1 is the volume of the standard (𝑛 − 1)-
dimensional sphere and 𝜏Σ is defined via the last equality.

Remark 3.4. Note that (7) and (10) imply that one cannot
perform a connected sum construction of closed surfaces
(e.g., twoWente tori) by using a small catenoidal bridge (or
Delaunay type neck). Indeed, let Σ1, Σ2 be two closed CMC
surfaces. Connect the two surfaces by a small catenoidal
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bridge. By (10), the bridge contains a curve with nonzero
force. On the other hand, the curve is null-homologous
with respect to each closed surface and thus should have
vanishing force after the singular perturbation.

Remark 3.5. Take Γ to be a meridian in the Wente cylinder,
for example a topological boundary circle of the annular
fundamental domain described earlier which immerses in
ℝ3 as a figure eight. It is possible to calculate that the force
through Γ vanishes but the torque is nonzero and deter-
mines the parameter 𝜏. This can be compared with the
case of Γ in a Delaunay cylinder as in Example 3.3, where
the force is nonzero and determines 𝜏, while the torque
with respect to a point of the axis vanishes as can be easily
demonstrated. This reflects the rotational character of the
Wente cylinders.

4. Gluing Constructions
4.1. General framework. We begin by providing the gen-
eral framework for a CMC gluing construction. As we have
seen, in the first step of the construction, building blocks
(that is simpler surfaces which satisfy the geometric con-
dition 𝐻 ≡ 1 exactly) are combined to construct a more
complicated initial surface which satisfies the condition
approximately. The building blocks and the initial surface
depend on a parameter we call 𝜏. We assume that the error
𝐻−1 on the initial surface, measured in some appropriate
weighted 𝐶0,𝛼 norm ‖.‖0,𝛼, is arbitrarily small when |𝜏| is
small enough. Based on this we want to correct the initial
surface𝑀 to a nearby CMC surface. This CMC surface can
be described as a graph of a function 𝑓 over 𝑀 (assuming
that 𝑀 is two-sided).

More precisely, let 𝑋 ∶ 𝑀 → ℝ𝑛+1 denote the im-
mersion of the initial surface and 𝜈 a global smooth unit
normal to 𝑋 . If 𝑓 ∈ 𝐶2(𝑀) is appropriately small, then
𝑋𝑓 ≔ 𝑋 + 𝑓𝜈 ∶ 𝑀 → ℝ𝑛+1 is an immersion, and with 𝐻
and 𝐻𝑓 denoting the mean curvature of 𝑋 and 𝑋𝑓 respec-
tively, we have

𝐻𝑓 = 𝐻 + 1
𝑛ℒ𝑓 + 𝒬𝑓,

where ℒ = Δ + |𝐴|2 is the Jacobi operator, 𝐴 is the sec-
ond fundamental form, and 𝒬𝑓 is a quadratic and higher
order expression in 𝑓 and its derivatives with coefficients
involving the geometric invariants of 𝑋 .

We want to find an 𝑓 satisfying the equation 𝐻𝑓 ≡ 1. If
we ignore the quadratic and higher order terms we seek a
function 𝑢 satisfying the linearized equation

ℒ𝑢 = 𝑛(1 − 𝐻). (11)

Presuming for a moment that ℒ is invertible with inverse
ℒ−1 and setting 𝑓 = 𝑢 + 𝑣 where 𝑢 = 𝑛ℒ−1(1 − 𝐻), the
equation 𝐻𝑓 = 1 reduces to

𝑣 = −𝑛ℒ−1𝒬ᵆ+𝑣.

Finding a solution 𝑣 is then equivalent to finding a fixed
point for the map

𝑣 → −𝑛ℒ−1𝒬ᵆ+𝑣.
It would be reasonable to hope that there is a suit-

able weighted 𝐶2,𝛼 norm ‖.‖2,𝛼, similar to the ‖.‖0,𝛼 norm
above, such that for 𝐸 ∈ 𝐶0,𝛼

𝑙𝑜𝑐 (𝑀) and 𝑓 ∈ 𝐶2,𝛼
𝑙𝑜𝑐 (𝑀)we have

linear and quadratic estimates

‖ℒ−1𝐸‖2,𝛼 ≤ 𝐶‖𝐸‖0,𝛼, ‖𝒬𝑓‖0,𝛼 ≤ 𝐶‖𝑓‖22,𝛼,
where 𝐶 > 0 is a uniform constant independent of 𝜏. As-
suming this to be the case, we expect to find a fixed point
for the map above by using the smallness of ‖𝐻 − 1‖0,𝛼,
and hence of ‖𝑢‖2,𝛼, and employing some fixed point the-
orem. In themost interesting geometric cases however this
does not happen and therefore we are forced tomodify the
approach. The necessary modifications relate to deep geo-
metric and analytic insights which illuminate the nature
and difficulties of these constructions.
4.2. First general constructions [Kap90]. We concentrate
now on the construction in [Kap90]. It is worth mention-
ing two instructive examples where the construction has
to fail. First, consider a “dumbell” construction where
the initial surface consists of two unit spheres joined by
a catenoidal bridge (or Delaunay type neck). The sup-
port of 𝐻 − 1 is on two annuli on the spherical regions
(slightly perturbed). However, this initial surface cannot
be corrected to beCMCbecause this would contradict both
Alexandrov’s and Hopf’s theorems; it would also contra-
dict the “no connected sum by catenoidal bridges” argu-
ment (see Remark 3.4). This is consistent with the theo-
rem in [Kap90] since the corresponding graph consists of
a single edge and two vertices and so cannot satisfy the bal-
ancing condition ⃗𝐹𝑝 = 0.

Even more striking is the second example where we at-
tempt to construct an embedded torus by bending an un-
duloid. We introduce a slight bending on each spherical
region creating an angle 𝜃 between the axes of subsequent
necks; the surface becomes a torus with a very large num-
ber of spherical regions for suitable discrete values of 𝜃. In
this case𝐻−1 is supported on spherical regions again, but
with ‖𝐻 − 1‖0,𝛼 ∼ 𝜃 independently of the parameter 𝜏 of
the unduloid. However small 𝜃 is chosen, the construction
cannot work because it would contradict Alexandrov’s the-
orem. Note also that the bending, however small, violates
balancing.

The question therefore arises: at which step does the
general framework outlined above fail and how is this
remedied?

Note that on the initial surfaces in [Kap90] (whose con-
struction was outlined in Section 2.3), 𝐻 − 1 is supported
on annuli on the spherical regions where the attachment
of the Delaunay pieces occurs. The geometry there is close
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to that of the unit sphere and each attachment annulus is
rotationally invariant around the axis of the piece being at-
tached. It is easy to calculate that ‖𝐻 − 1‖0,𝛼 ∼ |𝜏| and so
far there are no difficulties.

The framework fails when we need the linear estimate.
This is due to the existence of small eigenvalues for ℒ. In-
deed as 𝜏 → 0 each spherical region tends to a unit sphere
where the linearized operator has a three-dimensional ker-
nel consisting of the first harmonics. One approach to re-
solving this difficulty is to understand the small eigenval-
ues on the initial surface globally and proceeding accord-
ingly.

NK introduced a simpler approach in [Kap90]: one
solves the linearized equation modulo the substitute ker-
nel, a space 𝒦 ⊂ 𝐶∞(𝑀). 𝒦 is spanned by a collection
of functions, each supported on a single spherical region
and “substituting” for one first harmonic on that spherical
region. (For completeness of the exposition we mention
that in [Kap90] “spherical regions” includes the catenoidal
bridges; for details we refer to the original paper). One can
then solve semi-locally modulo 𝒦 and combine the ensu-
ing solutions to get a global one by using the decay of the
semi-local solutions. The decay is established by compar-
ing to the limit as 𝜏 → 0; recall that in the limit, adjacent
spherical regions disconnect.

Solving the linear equation modulo 𝒦 only postpones
the difficulty since in the end we will get 𝐻𝑓 − 1 ∈ 𝒦 in-
stead of 𝐻𝑓 − 1 = 0 as desired. This is where balancing
and unbalancing are used. By (5) the 𝐿2 inner product of
𝐻𝑓−1 (or 𝐻−1) with the components of the unit normal
equals the sum of boundary terms. Each boundary term
can be calculated as in (10) (with ⃗𝑣 replaced by ⃗𝑣𝑒 and 𝜏Σ
replaced by 𝜏𝜏𝑒). Observe that on the vertex spheres, the
sumof these terms can be approximated by the ⃗𝐹𝑝’s defined
in (2) (up to a constant). The balancing condition then
implies that the 𝒦 content is small, and the unbalancing
condition implies that we can approximately prescribe it.
We can therefore make 𝐻𝑓 − 1 vanish exactly by choosing
the correct values for the unbalancing parameters via the
fixed point theorem.
4.3. Gluing Wente tori [Kap95]. We proceed now to dis-
cuss the construction in [Kap95] which contains new ideas
which have been the basis for many other gluing construc-
tions for various geometric objects. A simple attempt to
follow the same approach as in [Kap90] stumbles on two
differences between Delaunay and Wente cylinders:

(i) Each spherical region 𝑆 is attached to the rest of the
Wente cylinder at a single point and its boundary 𝜕𝑆
is connected. The force through 𝜕𝑆 in the sense of (7)
therefore has to vanish by Lemma 3.1. This is different
from the case of a Delaunay cylinder where there are
two points of attachment and 𝜕𝑆 has two connected
components, each of which has nonzero force. In the

Delaunay case by transiting on 𝑆 to a slightly different
Delaunay surface we can unbalance and create 𝐻 −
1 along the first harmonics on 𝑆. This is clearly not
possible in the Wente case.

(ii) In both cases transition regions are defined to be (con-
nected) neighborhoods of {𝐾 = 0}. The difference
is that in the Delaunay case they are annuli each of
which connects two adjacent spherical regions, while
in the Wente case there is only one transition region
connecting to each spherical region. This makes decay
issues much harder to handle.

These problems were resolved using the following ideas.

(a) The extended substitute kernel. In [Kap95] NK expanded
the idea of the substitute kernel he had introduced
in [Kap90] by enlarging the substitute kernel 𝒦 to
a larger space called the extended substitute kernel, 𝒦.
Solving the inhomeogeneous equation ℒ𝑢′ = 𝐸 mod-
ulo 𝒦 ensures not only the existence of a solution 𝑢′
as before, but also that 𝑢′ satisfies very strong decay
estimates along the transitions regions where a power
of 𝜏 is gained from one spherical region to the next.

(b) The geometric principle. As in the case of the substi-
tute kernel, solving the linear equations modulo the
extended substitute kernel 𝒦 may lead to satisfying
the CMC condition only modulo 𝒦; that is 𝐻𝑓 − 1 ∈
𝒦. To remedy this we have to introduce parameters
in the construction of the initial surfaces which pre-
scribe a component of 𝐻 − 1 as any small element
of 𝒦 with the rest of 𝐻 − 1 considered an error. It
turns out that all the elements of 𝒦 can be associ-
ated with ambient Killing fields on parts of the initial
surface. The geometric principle says that prescribing
those elements can be achieved by introducing disloca-
tions where some parts of the initial surface are reposi-
tioned relative to the rest by flowing them along those
ambient Killing fields. Note that in retrospect this is
true for example for the unbalancing parameters in
[Kap90] because the Delaunay pieces are repositioned
relative to the central spherical regions. Since then the
geometric principle has played a fundamental role in
designing the setup of many gluing constructions for
other geometric objects.

(c) The implementation of the geometric principle. The im-
plementation of the geometric principle requires un-
derstanding and estimating the Dirichlet problem for
the linear operator ℒ on the transition regions. The
Dirichlet data is given by the action of the Killing fields
corresponding to the dislocations. The approximate
rotational invariance of (parts of) the transition region
combinedwith separation of variables plays an impor-
tant role.
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(d) Ideas particular to Wente tori. In the case of [Kap95]
estimating the solutions and implementing the geo-
metric principle is particularly challenging because
of the involved geometry and topology of the transi-
tion regions. In order to monitor the creation of the
extended substitute kernel, (5) is used with Ω an an-
nulus consisting of a spherical region and its opposing
Enneper-like neck. The 𝜕Ω consists of two immersed
circles each resembling a “figure eight.” The Killing
field 𝑌 can be either translational or rotational; the
extended substitute kernel content on Ω is expressed
in terms of forces and torques through these “figure
eight” circles. The Wente cylinders are conformally
flat and these forces and torques can be calculated by
using separation of variables and the symmetries in-
volved.

Another interesting feature in the proof is how the
period closing, which is relevant as in [Kap91], is re-
lated to proving that the final surfaces satisfy𝐻 = 1. Fi-
nally note that there are a number of interesting ideas
related to estimating the creation of extended substi-
tute kernel which we do not discuss here.

4.4. More examples of finite topology. Other gluing con-
structions mentioned in Section 2 adopt a different ap-
proach than those outlined above. In particular, they
work with building blocks which are nondegenerate, which
greatly simplifies the linear problem. A surface Σ is called
nondegenerate if the only function 𝑓 ∈ 𝐿2 satisfying ℒ𝑓 = 0
is 𝑓 ≡ 0. By classical PDE results, on every compact subset
of a nondegenerate surface Σ, one can easily find a func-
tion 𝑢 satisfying (11) with good estimates.

We define the space of Jacobi functions on a surface Σ to
be the set of all functions 𝜑 satisfying ℒ𝜑 = 0 on Σ. The Ja-
cobi functions on aDelaunay unduloid can be determined
by exploiting the rotational symmetry to use a Fourier de-
composition and solve appropriate ODEs, but the lower
mode functions also have a geometric interpretation. For
any Killing vector field 𝑌 , ℒ(𝑌 ⋅ 𝜈) = 0, and thus every
Killing field determines a Jacobi function. In particular, for
a Delaunay unduloid Σ𝑛 ⊂ ℝ𝑛+1, the 𝑛 + 1-dimensional
space of translations and 𝑛(𝑛 + 1)/2-dimensional space of
rotations orthogonal to the Delaunay axis induce geomet-
ric Jacobi functions. One additional geometric function is
induced by varying the parameter 𝜏. All of the geometric
Jacobi functions have sub-exponential growth, while all of
the high mode Jacobi functions either grow or decay ex-
ponentially. Note that the geometric Jacobi functions also
naturally play a crucial role in the gluing constructions out-
lined in the other subsections.

In [KMP96], the starting point to understanding ℳ𝑔,𝑘
is the asymptotic result in [KKS89]; namely, if Σ ∈ ℳ𝑔,𝑘
then each end of Σ converges exponentially fast to a De-
launay end. Given a nondegenerate surface in ℳ𝑔,𝑘, any

perturbation through CMC surfaces necessarily changes
the asymptotics. Therefore, surfaces near a nondegener-
ate Σ cannot have the same asymptotic Delaunay ends as
Σ; thus the surfaces cannot be described as normal graphs
over Σ but instead as normal graphs over a surface with
perturbed ends. These perturbations are given by vari-
ations using the geometric Jacobi functions for each as-
ymptotic Delaunay end. Understandingℳ𝑔,𝑘 then follows
fromdetermining the linearized operator is surjective onto
a weighted Sobolev space, understanding the decomposi-
tion of solutions into the sum of a perturbation function
and an exponentially decaying function, and finding the
null space of the linear operator.

The gluing constructions of [MP01,MPP01] perform lin-
ear analysis similar to that of [KMP96], though they work
withweightedHölder rather thanweighted Sobolev spaces.
In [MP01], the authors glue Delaunay ends onto an appro-
priately truncated nondegenerate minimal 𝑘-noid (a min-
imal surface with 𝑘 catenoidal ends and possibly positive
genus). The construction relies on matching Cauchy data
across the gluing interfaces–which can be accomplished
since Delaunay necks, under rescaling, converge on com-
pact sets to a catenoid. Using similar ideas, [MPP01] de-
termine a more general setup. Given two nondegenerate
CMC surfaces with boundary, Σ1, Σ2, presume the surfaces
are oriented such that the two tangent planes agree at 0
and their normals are oppositely oriented. They construct
a family of CMC surfaces with boundary that degenerate
to Σ1 ∪ Σ2 as the parameter of the family tends to zero.
The goal here is again to match Cauchy data across gluing
interfaces, and in this case the authors use the nondegen-
eracy to modify the surfaces, at the point of tangency, by a
Green’s function for their respective linear operators which
has a pole at the tangent point. Between these perturbed
surfaces they insert a catenoidal neck and they match the
data by truncating the surfaces appropriately.

In a later work, Mazzeo-Pacard-Pollack [MPP05] extend
the ideas of [MPP01] to the non-compact setting. Start-
ing with a nondegenerate Σ ∈ ℳ𝑔,𝑘, they produce a non-
degenerate Σ′ ∈ ℳ𝑔,𝑘+1 by gluing in a Delaunay end at
any point 𝑝 ∈ Σ. (Actually for each 𝑝 they construct a
one parameter family of such surfaces.) Again they use
the nondegeneracy of Σ to modify by a Green’s function
with pole at the point 𝑝. They match Cauchy data between
the Green’s function and the Delaunay end, which can be
done since both, under dilation, converge on compact sets
to a catenoid.
4.5. A general construction in higher dimensions
[BK21]. In [BK14,BK21], the authors improve upon the re-
sults of [Kap90] to produce new embedded examples of fi-
nite topological type and infinitely many new (embedded
and immersed) higher dimensional CMC surfaces. In both
papers they apply the techniques developed in [Kap95]—
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namely the geometric principle and the extended substi-
tute kernel—to a setting without symmetries. Among
other things, these allow them to produce linear solu-
tions which decay fast enough to preserve embeddedness
in all of the expected initial configurations. The decay is
prescribed by varying the family of initial surfaces by dislo-
cations (induced by the flow of Killing fields) between the
central spherical regions and the Delaunay pieces attached
to them. Given a vertex sphere, each attached Delaunay
piece varies independent of all other pieces and an impor-
tant aspect of this construction is demonstrating that inde-
pendence.

The construction in [BK21] induced further advance-
ments and new techniques. First, the linear step of the
argument is complicated by the fact that the Laplacian
is not conformally covariant in high dimensions. In
[Kap90,BK14], the linear problem on the catenoidal necks
of theDelaunay surfaces is simplified by using a conformal
metric which compactifies the surfaces by making them
isometric to the spherical regions. In the higher dimen-
sional setting, one must redesign the linear theory. The
authors accomplish this by working directly with the in-
duced metric on the catenoidal necks and exploiting the
rotational symmetry to use Fourier decompositions on the
meridians. A similar complication arises on the transition
regions, which are conformal to flat cylinders in two di-
mensions. For the higher dimensional problem, the au-
thors demonstrate that the linearized operator on the tran-
sition regions is sufficiently close to the operator on a flat
annulus (in an appropriately weighted metric) to find so-
lutions and determine necessary estimates.

The second major advancement in [BK21] was inspired
by the necessary modifications to the linear theory. In
[Kap90, BK14], the semi-local solutions on the Delaunay
pieces satisfy a Dirichlet condition and therefore can only
be expected to solve the linear equation modulo 𝒦. In
[BK21], the authors exploit the Fourier decomposition.
They demonstrate that the linearized operator is invertible
for the high modes, while for the low modes they solve a
second order ODE with initial data that allows the solu-
tions to grow (slowly) in one direction. As a result, func-
tions of𝒦 are supported only on the vertex spheres rather
than on every standard region.

Finally, in [BK21] the authors improve the error esti-
mate for the unbalancing by using a balancing formula on
the final hypersurface rather than monitoring the error at
each step.
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academ-
ics of all types, and those who mentor them. Angela Gibney serves as the editor of this section with assistance from 
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Book Reviews for 
Summer Reading

Active Learning: Advice for 
Starting a Movement in 
Your Department

Matthew Voigt, Molly Williams, 
Rachel Funk, Karina Uhing, and 
Wendy M. Smith

With increased interest in active learning as a teaching 
method due to overwhelming evidence of its effectiveness 
as compared to traditional lecture, more departments are 
beginning to ponder how to start or expand the use of active 
learning within their courses. Yet, learning how to effec-
tively use active learning as a teaching technique is difficult, 
and instigating change initiatives so that lecture is no longer 
the norm is an even tougher systemic process. Whether a 
department is newly started or long down the road in the 
change process for using active learning, it can be difficult 
for an individual within the department to know how 
to implement active learning. To this end, we studied 
mathematics departments that made sustained changes 
and incorporated active learning into their Precalculus 
through Calculus (P2C2) courses. By studying their change 
stories, we were able to identify pivotal moments of their 
change processes which helped us understand what people, 
structures, beliefs, and power dynamics were involved in 
making their changes successful and long lasting. We pres-
ent some of the major lessons we learned from them and 
reframe them in ways that can help you think about how to  
implement more active learning in your own context.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Many of us are thinking of the challenges ahead for 
early career mathematicians in Ukraine and Russia. We 
would like to advertise a list of resources, collected by 
Terry Tao, found at https://terrytao.wordpress 
.com/2022/03/02/resources-for-displaced 
-mathematicians, as well as this list on the AMS web-
site: https://www.ams.org/news?news_id=6992.
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The information in this 
article comes from the SEMI-
NAL research project (Student 
Engagement in Mathematics 
through an Institutional Net-
work for Active Learning, NSF 
#1624643, 1624610, 1624628, 
and 1624639, 2016–2022), and 
the newly published book on 
that research, Transformational 
Change Efforts1 (published by 
AMS/MAA Press and the Con-
ference Board for Mathematical 

Sciences, 2021). The findings from the SEMINAL book 
were drawn from extensive mixed methods educational 
research, including hundreds of interviews (from students 
to provosts) and thousands of student and instructor 
survey responses, in addition to documentation provided 
by the involved departments to tell their own stories. For 
more information, we encourage you to read the relevant 
chapters in the SEMINAL book.

Why Active Learning?
Information in this section is drawn from Chapter 9: Active 
Learning Mathematics, by April Ström, David C. Webb, Mat-
thew Voigt, and Rachel Funk.

In 2012, the President’s Council of Advisors on Science 
and Technology (PCAST) issued a report titled Engage to 
Excel: Producing One Million Additional College Graduates 
with Degrees in Science, Technology, Engineering, and Mathe-
matics. This report specifically identified mathematics as a 
primary barrier preventing students from pursuing STEM 
degrees. The report goes on to suggest that “faculty from 
mathematics-intensive disciplines other than mathemat-
ics” should serve as course developers and instructors for 
college-level mathematics as a means for addressing the 
barrier to success in collegiate mathematics (p. 30). In 
response, our community began a widespread effort to 
improve mathematics instruction by using active learning 
instructional practices, which are known to be more ef-
fective in supporting student learning than lecture-based 
classrooms. While active learning itself is a broad term, it is 
commonly understood to refer to classroom practices that 
emphasize collaborative student engagement on tasks that 
require higher-order thinking. In our work we have found 
it helpful to define active learning as teaching methods and 
classroom norms that promote:
1. students’ deep engagement in mathematical thinking,
2. peer-to-peer interaction,
3. instructors’ interest in and use of student thinking, and
4. instructors’ attention to equitable and inclusive prac-

tices.

1https://bookstore.ams.org/mbk-138/ 

These four pillars (Laursen and Rasmussen, 2019) high-
light both what students are expected to do (engage deeply 
with mathematics and interact with their peers), and what 
we, as instructors, should do (be interested in and use stu-
dent thinking, as well as employ equitable and inclusive 
teaching practices).

Advice for getting started
So how does one actually implement active learning? Using 
active learning, especially for the first time, might feel 
daunting. Fortunately, there are several resources available 
online to help get you started, from general strategies for 
implementing active learning (MAA’s instructional prac-
tices guide), to examples of active learning tasks (math 
.colorado.edu/activecalc/), to entire curriculums 
(e.g., https://iola.math.vt.edu/index.php). If the 
prospect of overhauling your entire curriculum to include 
active learning tasks seems daunting, some instructors have 
found it helpful to gradually incorporate active learning 
tasks to break up their lectures. For example, in lecture you 
may periodically ask students to think-pair-share—a tech-
nique that involves giving students a prompt to work on 
individually for a set amount of time, then having students 
pair up with someone next to them to share and compare 
their thinking, before asking a subset of pairs to share their 
thoughts with the whole class. Good active learning tasks 
promote sense-making, problem-solving, and allow for 
multiple solutions or solution methods. To maximize the 
benefits of using an active learning task, it is important to 
give students time to work in small pairs or groups and 
discuss their approach. Typically, during this time, you 
would monitor progress and ask students questions as 
necessary to probe their thinking. Then, once students have 
had time to make sufficient progress, you could launch a 
discussion that highlights a variety of student solutions or 
solution methods.

It is important to recognize that using active learning 
is not without challenges: many instructors face pushback 
from students, and sometimes colleagues, due to unfamil-
iarity with an active learning classroom. To address these 
issues, we suggest making it clear to those within the depart-
ment, to your students, and to yourself why you are using 
active learning. We also recommend being proactive about 
seeking feedback. Many instructors have found it critical 
to solicit student feedback early and often (e.g., through 
mid-semester evaluations) to identify and address issues 
that otherwise may have only surfaced on end-of-semester 
evaluations. You may also consider inviting other instruc-
tors to observe your teaching. Additionally, some of the 
challenges associated with implementing active learning 
can be ameliorated by seeking out, or creating, professional 
development opportunities within your institution.

http://math.colorado.edu/activecalc/
http://math.colorado.edu/activecalc/
https://bookstore.ams.org/mbk-138/
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Professional Development to 
Support Active Learning and Change
Information in this section is drawn from Chapter 13: Profes-
sional Development, by Karina Uhing, David C. Webb, Nathan 
Wakefield, Allan Donsig, and Chris Rasmussen.

Professional development is an essential part of sup-
porting and sustaining active learning, especially when 
that professional development involves novice instructors 
and early career faculty. All of the institutions from the 
SEMINAL project implemented some sort of professional 
development to help support active learning. Five out of 
the six institutions focused primarily on graduate student 
professional development, while the sixth institution had 
semi-formal faculty-led monthly meetings where they 
shared instructional practices.

Most of the institutions had centralized professional 
development for teaching and learning provided by a cam-
pus-wide center, with some providing sessions that focused 
on active learning. These teaching and learning centers 
often provide helpful resources for faculty members. As 
an early career faculty member, participating in on-campus 
professional development opportunities can also help you 
connect to faculty across campus who might be interested 
in similar teaching practices.

Beyond your campus, take advantage of workshops, 
seminars, and conferences that focus on engaging students 
using active learning. Faculty from multiple SEMINAL 
institutions mentioned their affiliation with mathemat-
ics organizations such as the Academy of Inquiry Based 
Learning, the Mathematical Association of America’s 
Project NExT, and Mathematics Learning by Inquiry as 
valuable for learning about effective instructional prac-
tices and connecting with faculty from a range of different 
institutions to share ideas. You may also consider starting 
a departmental book club or monthly meeting centered 
on instructional practices. For example, at one university 
a junior tenure-track faculty member took charge in orga-
nizing monthly meetings about teaching, and specifically 
active learning. Approximately half of the mathematics 
and mathematics education faculty, including instructors, 
regularly attended these meetings. By being proactive in 
engaging in professional development and sharing your 
ideas about teaching with others, you can help create a 
culture of growth and community within your department.

As you become more comfortable with active learning, 
you may find yourself reflecting on and seeking to support 
the professional development opportunities available for 
graduate student instructors in your department. When 
designing professional development for graduate students, 
there are a number of questions to consider: What is cur-
rently being offered for graduate student professional de-
velopment? Are weekly coordination meetings for graduate 
students viable? What level of coordination around teach-
ing practices and active learning is currently in place? What 
might a pre-semester orientation for graduate students look 

like, and who would be responsible for organizing it? How 
might a pedagogy course fit into a graduate program? Is 
there a faculty member who is willing and able to teach 
a pedagogy course? If this faculty member is you, what 
do you need to learn to teach such a course? Do faculty 
member(s) providing professional development receive 
an incentive to do so? Does the professional development 
structure involve both an intensive initial experience, and 
spaced-out follow up sessions? Considering these questions 
can help you develop a plan for how to implement graduate 
student professional development in your department.

A helpful resource for developing content for a graduate 
student professional development program is the College 
Mathematics Instructor Development Source website 
(cominds.maa.org). This website provides an extensive 
collection of resources and opportunities to connect with 
others who are interested in professional development. In 
addition to the CoMInDS website, numerous mathematics 
departments have created their own professional develop-
ment programs, and they are typically willing to share their 
materials and experiences with faculty at other institutions. 

Why All This Talk About Culture?
Information in this section is drawn from Chapter 15: Culture 
and Equity, by Matthew Voigt, Wendy M. Smith, Nancy Kress, 
David Grant, and April Ström.

A large focus of the SEMINAL project was to examine 
how departmental and institutional culture impact the use 
of active learning in mathematics courses. As an early career 
scholar, you may be wondering how the ill-defined and 
complex nature of culture relates to your daily pursuits. In 
many ways we argue that it impacts all of your daily deci-
sions and ability to implement effective teaching strategies. 
Just as water surrounds a fish as they swim through life, 
culture surrounds your daily experiences as you navigate 
within your department and institution. Therefore, we 
suggest that you take stock and examine the culture around 
you as you decide on the future location for your academic 
home. Through our research we have identified a few of 
the ways in which culture can support instructors in using 
active learning strategies which we explain in detail below. 

Institutions that were effectively implementing active 
learning aligned their change efforts within the broader 
university mission and strategic plans. Doing so was usu-
ally beneficial for departments since there were additional 
resources made available for efforts seen as directly sup-
porting the overall university mission. Ask yourself, what 
is your university mission and vision? What is the strategic 
plan for your college? Are individuals in the department 
aligning and leveraging their efforts within the broader 
university mission? If this is not occurring explicitly within 
your department, starting a conversation to build a shared 
understanding for how your department can align their 
effort is an important first step.

http://cominds.maa.org
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Next, examine the ways in which your department 
explicitly values excellence in teaching. Having a culture 
that values teaching and instructional innovation takes 
more than just words: such a culture can be supported by 
teaching awards, resources for educational innovations, and 
Centers for Teaching and Learning. Implementing active 
learning can be a challenging endeavor, since each math 
course and body of students is different, so it's important 
to have a culture that will support instructors in this en-
deavor. Ask members in your department how teaching 
excellence is supported and valued beyond just teaching 
evaluations and annual reviews. Are there opportunities for 
peer observations? Are there grants for course redesigns? Is 
there a community of practice around teaching excellence? 
At the same time you will need to balance your efforts for 
teaching excellence within the mission of the university 
and your role (e.g., research-focused, teaching-focused). 
For instance, if you are in a research-intensive position/
university you may have less time and support to initiate 
innovations in teaching.

Related to a culture of teaching excellence are the ways in 
which a department promotes equitable instructor auton-
omy. By this we mean instructors in the department with 
different roles (adjunct, lecturers, tenure-track, graduate 
students with teaching experience, course coordinators) are 
afforded equitable treatment and valued to leverage their 
expertise in teaching. Attending to the power dynamics at 
play within the department is important to ensure that 
the environment is one that supports all instructors and 
does not create divisions between individuals based on 
their role. We often see this play out with different levels 
of respect and freedom in instructional autonomy between 
tenure-track and non-tenure track instructors.

The last element of culture that we identified as a way 
to support the use of active learning was having structures 
in place that promote a sense of community and self- 
reflection. Two of the most visible structures that supported 
this aim were the implementation of course coordinators 
to foster regular instructor meetings to build community; 
and analysis of local data to motivate, support, and sustain 
improvement efforts. As you examine the structure in place 
in your department, what aspects are building community 
and self-reflection around teaching? Are there colloqui-
ums or weekly teas to discuss teaching? Is there a practice 
of mid-semester evaluations, exit slips, or other ways of 
formative teaching feedback? If you have questions about 
teaching, are there multiple people in the department that 
you can discuss these with?

Equity: More Than a Buzzword, a Philosophy of 
Teaching and Learning
Information in this section is drawn from Chapter 15: Culture 
and Equity, by Matthew Voigt, Wendy M. Smith, Nancy Kress, 
David Grant, and April Ström.

Equity is broadly understood to be important in active 
learning, and there seems to be a reasonable degree of con-
sensus that we should strive toward greater equity in math-
ematics. Institutions adopting active learning instructional 
practices in their mathematics courses frequently regard 
equity as one important reason for making such changes, 
in part because of research findings that show significant 
benefits to students. For example, inquiry-based learning 
(a form of active learning) in college mathematics has been 
shown to result in benefits, described as learning gains 
in cognitive, affective, and collaborative areas, for both 
women and men while also decreasing the gap between 
those genders studied. Research has also found that active 
learning was associated with increased exam scores and 
concept inventory results, as well as significantly decreased 
DFW rates to a degree that calls into question whether tra-
ditional lecturing should continue to be used as a control 
in research studies at all.

However, it is also the case that students from groups 
that are traditionally marginalized in mathematics (e.g., 
students of color, women, students with a dis/ability, queer 
students) have reported less inclusive experiences (such as 
feeling that their voices are muted or their mathematical 
ideas are not given as much consideration) in their active 
learning mathematics courses as compared to their white 
male peers. It is possible that active learning may some-
times exacerbate rather than ameliorate certain marginal-
izing experiences, and if that is the case, the phenomenon 
may be rooted in the discourse of status and hierarchy and/
or jockeying for positions of status within mathematics 
classroom settings. Thus, we view equitable mathematics 
communities to be those in which a broadly diverse pop-
ulation of people can be full participants in mathematics 
while simultaneously, within those mathematics commu-
nities, feeling able to enact their whole personal identities 
fully and without restriction.

Given the importance and focus on diversity, equity, 
and inclusion (DEI) in STEM Education, it’s surprising 
and troubling that in this research study, issues of DEI did 
not play a direct role in any mathematics department’s 
decision to implement active learning in the Precalculus 
through Calculus courses. Instead, diversity, equity, and 
inclusion concerns received corollary benefits from a more 
general desire to increase all student outcomes in these 
courses by embracing active learning in the classroom. 
Key stakeholders we talked to said they were “examining 
across racial ethnic groups, but the overall problem was 
decreasing DFW for all students” and stated that “clearly 
part of the department culture is we like to know what 
fraction of our students are passing the course.” Thus, the 
main focus of efforts was geared toward improving success 
rates for all students. In addition, since active learning was 
often implemented in multi-section coordinated courses, 
the desire to assure equitable opportunities across sec-
tions was couched in the idea that the “same course for  
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everyone ensures fairness.” Additionally, we heard from 
faculty and coordinators that uniformity was a main reason 
for course coordination, with one succinctly stating the goal 
of “trying to get the student experience section to section 
to be more uniform and overall better.” Certainly a focus 
on improving student success for all students is laudable. 
For many mathematics departments, this is a necessary first 
step, particularly when overall success rates for Precalculus 
through Calculus courses are below 50%. However, group 
averages can mask differential outcomes for subgroups of 
students. Mathematics departments enacting educational 
innovations should do their best to disaggregate their local 
data to examine enrollment and outcome data for targeted 
subgroups of students. As an instructor, you may attend to 
these differences in your own course outcomes, or examine 
the day-to-day enactment of potential differences through 
equity based observation protocols like EQUIP (https://
www.equip.ninja/).

One of the promising areas we identified that helps 
promote both active learning and concerns for equitable 
and inclusive teaching is relationships between mathe-
matics departments and existing programs that specialize 
in promoting diversity, equity, and inclusion. These pro-
grams have helped mathematics departments launch active 
learning initiatives in a variety of ways, directly and indi-
rectly. Below we showcase several of the existing campus 
programs designed to serve underrepresented students in 
STEM and how these programs affect the development of 
active learning as well as influence the department. Specif-
ically, we describe how these programs offer professional 
development workshops about serving underrepresented 
students, provide specific mathematics course sections that 
help foster community, and are taught often by highly tal-
ented instructors, and were influential in the development 
of active learning by providing resources and guidance to 
the mathematics department. You may want to investigate 
which types of similar programs are offered at your institu-
tion (or could be), how such structures can help students’ 
learning, and if there are any opportunities for you (or your 
department) to become involved.
Residential learning communities
One of the universities we studied had a residential schol-
ars program for low-income and first-generation students 
that offered residential learning communities, specific 
course sections, and mentoring and enrichment activities. 
Residential learning communities involve students taking 
some courses together as a cohort and providing enhanced 
collaboration opportunities inside and outside the class-
room. In addition, the university program runs workshops 
for faculty that address equitable and inclusive learning. 
Takeaways from these workshops include strategies for 
supporting first-generation college students such as framing 
office hours as highly encouraged for all students, using 
inclusive language, and recognizing institutional barriers. 
The program advises faculty to “make sure students know 

they can come talk to you.” The program coordinates with 
the mathematics department to offer specific course sec-
tions only for the residential scholars. The mathematics 
department tries to assign the best instructors to teach these 
sections, recognizing that students in this program often 
need additional support to be successful.
Federally funded programs
Another type of program that early career faculty should be 
aware of, which exists on many college campuses, are fed-
erally funded (or state-funded) outreach and student ser-
vices programs designed to provide services for individuals 
from disadvantaged backgrounds. These programs largely 
serve low-income and first-generation college students. 
Some of the more well-known program names are TRiO, 
Educational Opportunity Program (EOP), Student Support 
Services (SSS), Upward Bound, and McNair Scholars. For 
example, one of the universities in our study had a few 
TRiO-dedicated mathematics course sections (Intermediate 
and College Algebra) that were taught by an instructor from 
the TRiO program, who was integrated into the department 
through course coordination meetings and was informed 
about what is happening in the department.
Enhanced scholar programs
Another type of program that was influential at two of 
the universities we studied is enhanced scholar programs 
that offer advanced mathematics workshops for students 
enrolled in the precalculus and calculus courses. These 
workshops are not designed for developmental support 
such as supplemental instruction, but feature opportuni-
ties to work on challenging mathematics problems with 
classmates through innovative techniques of cooperative 
learning. Key stakeholders in the development of active 
learning at our universities pointed to the scholars program 
as playing a big role in the development of active learning 
in the mathematics department and the administration’s 
trust in the mathematics department to engage in educa-
tional innovation. Enhanced scholar programs are a great 
resource for instructional materials and have expertise in 
facilitating cooperative learning.

Sustainability: How Do You Keep Active 
Learning Going in Your Department?
Information from this section is drawn from Chapter 16: Sus-
tainability: Lessons Learned from Six Universities That Sustained 
Active Learning, by Molly Williams, David Grant, W. Gary 
Martin, and Michael O’Sullivan.

Across the mathematics departments we studied, some 
changes were initiated “top-down” by administrators and 
others were “bottom-up” from groups of faculty. Ulti-
mately, it did not matter whether pressure came from the 
top or the bottom. The details about what changed and 
how it changed were decided by a few leaders within the 
department. These leaders decided that they wanted to 
use active learning and figured out how to do it within 
their specific contexts. By learning the history of your  
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department, you can figure out why active learning has 
or has not spread, what challenges have already been 
addressed, what challenges remain, and who within and 
outside the department can be your allies.
Be a change agent for active learning
The departments we studied could not have made and 
sustained changes without people acting as change agents. 
The reason these change agents were so successful is that 
they knew their departments’ history and understood 
what resources were needed to use active learning in their 
department. The following lessons learned may help you 
use active learning in your courses:
1. Find and use rich resources of active learning. Active 

learning has been around long enough that your time 
for planning should not all be spent on creating the 
perfect active learning task. So if your department has 
active learning materials already, then get them and 
use them. If your department does not have these 
resources, then find some materials and try them out.

2. Support your learning in using the active learning 
task. Instructors need ways to learn how to use active 
learning materials. It can feel risky trying something 
different than lecturing, and learning to teach with 
active learning is a process that needs to develop over 
time. As such, make sure you have the time, space, and 
resources to get started.

3. Find your allies. Find others in your department or 
university who want to or are currently using active 
learning. Start small and work together to decide what 
you need and how you want to grow. This is essential 
to help start the catalyst for active learning and attract 
others who are interested over time.

4. Collect and use data. Data collection should include 
different kinds of data, not just one type (e.g., end-
of-course grades). Student reflections and formative 
feedback can be a powerful source of data. Whether 
you collect and analyze data as a group of people or 
if it is only you, the use of data can be a very powerful 
way to showcase your story of using active learning. In 
addition, we suggest you retain the data you are using 
to inform your teaching practices which can be used 
in tenure and annual evaluations.

One last but extremely important lesson learned about 
sustainability is that all of the lessons above need to be in 
place for active learning to have a sense of permanency. 
It is not enough to have good active learning materials or 
have a coordinator to help people. Sustainable change is 
systemic, meaning departments need to be doing lots of 
different things (especially the lessons above) to keep active 
learning going. All six departments we studied knew they 
were not done in the change process. All six departments 
had a well-defined sense of future goals or current tasks 
they needed to continue to work on. As an early career 
mathematician you are an integral part of the department, 

community, and future change efforts to implement active 
learning.
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Review of the BIG Jobs Guide

Jake Levinson

How, and where, can a mathe-
matician get a job outside aca-
demia? The realities of the ac-
ademic job market have made 
this an important question for 
mathematicians at all career 
stages: undergraduate and grad-
uate students looking to jump-
start their careers; postdocs 
weighing their job options; and 
faculty and department heads 
considering how best to advise 
and serve students. Rachel Levy, 

Richard Laugesen, and Fadil Santosa address this question 
in the BIG Jobs Guide2 (2016, published by SIAM and the 
BIG Math Network); BIG stands for Business, Industry, 
Government, the book’s focus.

The Guide covers a lot of ground in 137 pages: some 
labor statistics, career advice on preparing for and getting 
a BIG job, some first-person accounts of job searches and 
career transitions, and a number of suggestions for faculty 
and math departments seeking to foster connections to 
industry. The introduction makes clear that the book’s 
message is meant for students and employed academics 
alike. That message—BIG jobs are plentiful, appealing, and 
achievable for mathematicians—is encouraging, and the 
job advice is practical and quite comprehensive. Still, in 
certain places I found myself wishing for more substantive 
examples of BIG jobs and the work they entail.

I was quite interested to read this book. During my 
postdoc at the University of Washington, I spent the 
2018–2019 year on leave as a visitor to Google Research as 
part of Google’s AI Residency Program. My time there, in 
an unusually research-focused job split between computer 
vision and statistical machine learning, left me with many 
positive and some negative impressions. On the whole, 
the experience was good enough that, had I not found my 
current academic position, I would have been pretty happy 
to move into industry. I also came away feeling that many 
math departments should think more about how their 
graduate programs might better serve students who will 
mostly not go on to be academics. Since that year, I’ve often 
been approached by students and academic acquaintances 
curious about my experiences. From these conversations, 
my sense is that there is broad awareness of careers for 

Jake Levinson is an assistant professor of mathematics at Simon Fraser 
University. His email address is levinson.jake@gmail.com.
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mathematicians in the three superstar areas of finance, tech, 
and data science, but not much beyond that. There’s a lot 
of curiosity about what other jobs are out there; I myself 
had only a glimpse of the possible lines of work.

1. The job market. The Guide opens with a number of 
statistics, taken from AMS surveys of mathematicians and 
recent doctorates, to paint a picture of academic hiring that 
is… dire. Some 1900 PhDs in mathematics and statistics 
have been awarded annually in the US since 2013, com-
pared to only about 900 tenured and tenure-track positions 
filled each year. The book’s numbers are from 2011–2016, 
but the trend is unchanged according to the most recent 
AMS report.3 The authors also point out that many of the 
available academic positions are precarious, underpaid, 
or overworked, and that many involve very little of the 
research or rewarding teaching that draws mathematicians 
into the profession. Mathematicians considering adjunct 
positions paid on a per-course basis are emphatically en-
couraged to move into BIG instead.

In contrast, the authors cite labor statistics showing that 
BIG jobs are plentiful, highly remunerated, and forecasted 
to grow by nearly 30% this decade. It should be noted that 
the salary gap compared to academia can be, well, BIG: 
the median salary of a new PhD mathematician—some-
one with five to seven years of post-college research and 
teaching experience—was around $60,000 in 2018.4 In 
contrast, an entry-level software engineer at Google earns 
not a little but a lot more, around $130,000 (plus stock!), 
and the salary after 6+ years of experience would be higher 
still. And while money is far from the only factor in a career 
decision, the abundance of jobs and resources in BIG ca-
reers translates to a number of other benefits. The parental 
leave policies, mental health coverage, work-life balance, 
and geographic flexibility I witnessed at Google were all 
significantly better than they generally are in academia—
practically night and day. Though Google may be an outlier, 
the Guide notes that BIG jobs are “consistently rated among 
the highest areas for job satisfaction and even happiness.”

2. Getting a BIG job. The major part of the BIG Jobs 
Guide consists of advice for students on coursework, re-
sumes, internships and networking (Chapters 3–6 and 
9–10), and advice for math departments on improving 
student preparation for BIG careers (Chapters 11–13). The 
advice for job seekers covers each of the steps in preparing 
for and executing a career transition, and the authors often 
highlight differences in culture and objectives between BIG 
and academia: “focus on translatable skills” in the research 
and teaching parts of a resume, and include only relevant 
publications; develop an ‘elevator pitch’ about your skills 
and professional goals. Some of the tips are more basic 

3For a recent discussion in the Notices, see https://www.ams.org 
/journals/notices/202201/rnoti-p96.pdf.
4Report on the 2017–2018 New Doctorate Recipients, Notices of the AMS, 
Volume 67, Number 8.
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jobs. The primary barrier I have felt in considering such 
paths for myself, or in recommending them to students or 
colleagues, has always been that I don’t know many real 
examples of interesting mathematical work in industry. The 
authors themselves remark that “[the] hidden nature of the 
mathematical sciences in the workplace makes internet 
searches for jobs […] somewhat challenging.” By contrast, 
even as an academic I have found it relatively easy to hear 
about high-profile jobs in tech and finance, and to find 
professional advice on CVs and interview skills, such as 
when I applied to Google.

The last chapter of the Guide points to supplemental 
references for this, including the BIG Math Network’s6 own 
website; another title that caught my eye is the MAA’s 101 
Careers in Mathematics: Fourth Edition (2019, ed. Deanna 
Haunsperger and Robert Thompson). Readers considering 
a BIG mathematical career might like to supplement the 
Guide with these other references. I should also note that 
Chapters 6 and 10 provide actionable advice for readers 
actively planning a job search, including two lists of pro-
fessional job boards that would no doubt lead to many 
interesting options.

It’s clear that the ‘career question’ will continue to loom 
large in academia in the near future. The extensive road-
map, thoughtful advice, and upbeat vision offered in the 
BIG Jobs Guide make it a welcome addition to this ongoing 
conversation.

Credits
Photo of Jake Levinson is courtesy of Simon Fraser Univer-

sity.

6https://bigmathnetwork.org/

(“have you gotten to know your advisor?”), but the advice 
is concrete and comprehensive; readers considering BIG 
jobs will find a lot of insights.

I also enjoyed the later chapters’ suggestions for how 
math departments can support BIG careers. The over two 
dozen detailed suggestions range from low-cost ways to 
provide BIG job information to students, to more involved 
faculty initiatives and events to foster networking oppor-
tunities and ties to industry. The authors are cognizant of 
the time and effort some of these ideas would take; they 
propose starting small and seeing what makes sense in a 
particular department. One chapter discusses international 
student visas and work visas in the US. Having experienced 
the intricacy of American student visa law myself, I was 
happy to see a clear compilation of the options.

A fair amount of the advice for students is geared towards 
applied math: to study topics like stochastic processes and 
mathematical modeling, and to complete REUs and intern-
ships in industry. (The Guide is for “mathematical scientists, 
statisticians, and operations researchers,” though the text 
often refers simply to “mathematicians.”) It makes sense 
that these steps would provide the most preparation. There 
is some dissonance, though, between the near-absence of 
pure math from the discussion, and the broader argument 
that (all) mathematicians are well equipped for BIG jobs. 
But maybe that’s the inconvenient truth: that a majority of 
pure math students would benefit from a lot more empha-
sis on applied topics.

3. But what are BIG jobs? Despite the title, the BIG Jobs 
Guide is more of a guide to getting a BIG job than a guide to 
BIG jobs themselves. This last topic is partly addressed in 
Chapters 7–8, “What jobs are out there?” and “What is it 
like to take a BIG job?”. The authors briefly describe some 
major sectors: research, tech, finance, consulting, and data 
science; there is also a table of potential job titles to search 
for. Chapter 8 is particularly interesting as it contains six 
first-hand accounts of BIG career transitions by mathema-
ticians. Three accounts touch briefly on the nature of the 
work, for instance “develop[ing] numerical and compu-
tational techniques [for] extremely large scale scientific 
problems” and “estimat[ing] underwater bathymetry5 in 
environmental flows.” There is one more detailed descrip-
tion from a software engineer at Google. The other accounts 
and the surrounding discussion focus more on the process 
of career transition, and on comparing different workplaces 
and career trajectories: startups versus large companies or 
government labs; technical work versus management.

It’s all interesting reading, albeit not quite the trove of 
diverse examples of mathematical jobs I had hoped to 
read about, particularly outside of tech. This, then, is my 
only criticism: I think, even within the framework of an 
advice guidebook, the BIG Jobs Guide would have benefited 
from a few more examples to showcase the variety of BIG 

5bathymetry: the measurement of depth of water.

Jake Levinson
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Review of Professor Mommy: 
Finding Work-Family 
Balance in Academia

Maria Gillespie

Professor Mommy. A century ago, these two words would 
have been considered an oxymoron. Now they are the title 
of a book by two mothers who “made it” in academia—or 
should I say, by two professors who made it as moms?

In this book, Rachel Connelly and Kristen Ghodsee lay 
out their own personal how-to guide for young women who 
are interested in pursuing both academia and motherhood 
and are wondering (a) whether doing so is even possible, 
and (b) what a life involving both would entail. The authors 
draw upon their own experience and the experiences of a 
handful of other successful mothers in academia that they 
interviewed for this book. The book reads as an encour-
aging—but brutally honest—tour through the challenges 
and rewards of being a mother in academia, at every stage 
from graduate school up through the final promotion to 
full professor.

Their main thesis: Yes, it is possible to combine moth-
erhood and academia, and no, it is not easy.

The introduction states clearly from the outset what the 
book does not address. For one, it does not discuss alter-
native career paths outside of academia for mothers who 
have a PhD, and the authors helpfully refer the reader to 
other sources which do address this. It also is not a guide 
for fathers in academia. While they acknowledge that this 
is an important topic, the book focuses on mothers,7 for 
whom the biological realities of pregnancy, miscarriages, 
fertile years, and breastfeeding often interact with academia 
in particularly incompatible ways. Finally, Professor Mommy 
is not a book geared particularly towards mathematicians—
the two authors are in the humanities and social sciences, 
so their experiences reflect that perspective. However, 
throughout the book, the authors consistently point out 
when their advice may not apply as well to STEM fields.

The first chapter shares the success story of Connelly 
herself, as an uplifting anecdote to contrast the sobering 
numbers seen in studies (from the time period 2002–2004) 
of women who dropped out of academia before reaching 
tenure. The authors do discuss these sobering statistics, but 
it wasn't clear to me, as the reader, why Connelly managed 
to be an exception at the time and why the statistics were 
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what they were. I would have liked to see a more in-depth 
discussion of those issues.

That being said, Chapter 2 is where the advice really 
takes off, starting by dispelling nine common myths 
about academia, motherhood, and their combination. As 
someone who entered graduate school believing many of 
these myths (including “An academic job will allow you to 
spend more time with your kids” and “Getting and being 
pregnant will be easy”), I found myself nodding along as 
the authors expertly countered each myth, wishing that I 
hadn’t had to learn these things the hard way. If I had to 
recommend that young women with aspirations of both 
academia and motherhood read one chapter from this 
book, it would be Chapter 2.

The next two chapters discuss how to tell if academia 
and motherhood are right for the reader. They thoroughly 
explain what each entails, and share some statistics and a 
handful of other womens’ stories to demonstrate that their 
claims are not just based on their own experiences. The 
statistic that I found the most surprising was from a study 
showing that, when restricted to a given gender, parents in 
academia are more productive (by several measures of pro-
ductivity) than non-parents in the same field. I would have 
been very interested in a more thorough examination by 
the authors on possible explanations for this phenomenon.

Chapter 5 starts the guided tour for readers who de-
cided in the previous chapters that they really do want 
to aim for both motherhood and academia. This chapter 
focuses on writing your dissertation in graduate school, 
setting aside enough time for it, and what to do if there 
is a baby in the mix. The chapter ends with an interesting 
“text box” in which the authors discuss possible changes 
to academic jobs and the tenure system that can make it 
more family-friendly without doing away with tenure itself 
or replacing it with more low-paid part-time positions. One 
suggestion, which has already been implemented in a few 
places, is “half-time tenured” positions that allow more  
flexibility for a mother in the academy.

The tour continues into Chapters 6–7, discussing moth-
erhood during the pre-tenure years on the tenure track. 
Their description of having young children while working 
towards tenure pulls no punches:

Now that that time is over for both of us, we 
feel more comfortable making an objective 
judgment: it was hell.

And that was just the start of Chapter 6. Chapter 7 ends 
with the following encouraging paragraph:

Finally, with all of these responsibilities, it is 
inevitable that you will forget about yourself. 
This is what you need to do. It stinks. Get over it. 
You can go shopping and get manicures galore 
after tenure. Until then, buckle down and just 
try to get enough sleep.
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they might want to have. It is worth keeping such factors 
in mind when reading through Professor Mommy.

All in all, the book is an excellent tour through the chal-
lenges and stages that one will encounter when pursuing 
both motherhood and academia. As the authors say in 
their introduction:

The truth is that many of the women who are 
successful professors and mothers simply do 
not have the extra time to write about their 
experiences, and so their voices are not heard.

It is indeed remarkable—and appreciated—that these 
two women wrote such a detailed exposition amid all of 
their other responsibilities, both to those who call them 
Professor, and to those who call them Mommy.

Credits
Photo of Maria Gillespie is courtesy of Maria Gillespie.

Review of The Unwritten 
Rules of Professional Etiquette

Catherine M. Hsu and Allison N. Miller

Instead of saying “The book is not very good,” say 
“I am having a hard time relating to the author’s 
way of presenting the material.” —Ryan Sharma

Given the acute need for transparency in professional ex-
pectations during graduate school, we were intrigued by 
the potential of clinical psychologist Ryan Sharma’s guide-
book, a resource that aims to help students navigate “the 
complex world of academic relationships.” Unfortunately, 
we hesitate to recommend this book to current or pro-
spective graduate students due to its rigid perspective and 
consistently harsh tone. We also warn graduate students in 

Oof. And here I was thinking it was just the pandemic.
Tough words aside, Connelly and Ghodsee do a mag-

nificent job providing concrete tips for getting through the 
tenure track years with young children around. They cover 
childcare options, strategies for squeezing more working 
hours into the middle of the night, networking, what to 
put in your tenure packet, how to account for gaps due to 
maternity leave, how to manage your time at home and be 
fully present with your children, and much more.

The final chapters focus on the post-tenure years, pro-
motion to full professor, and juggling the (usually lighter) 
needs of older children in these years. Having nodded 
along with the chapters on graduate school, and having 
been glued to the page during the discussion on the early 
tenure track (my current stage), I appreciated reading this 
part of the book to get a sense of what might lie ahead. It 
was again an encouraging but honest read, and particularly 
focused on how to avoid being completely overloaded with 
service responsibilities in these years.

The authors conclude with a list of five main points that 
sum up their book well:
1. Academia is hard.
2. Academia is hard for everyone, both men and women, 

with or without children.
3. Although times have changed considerably and things 

are improving, it is still a proven empirical reality that 
it is harder for women with children to achieve tenure 
compared to men and women without children and 
men with children.

4. Although it is difficult to be both a successful academic 
and a mother, it is absolutely possible. Knowing what 
you are getting into will help you beat the odds.

5. Although it will require a lot of hard work, it is worth 
it. You get to read what you want, write about what in-
terests you, and influence a new generation of students 
and scholars. And then you come home to someone 
who calls you Mommy.

It is worth noting that this book was published in 2011, 
and the landscape of academia has arguably changed sig-
nificantly in the last decade. I would be interested to see 
an update at some point from the authors, whether as a 
new version of the book or as an addendum in the form 
of a blog post or article, to see their perspective on what 
has changed and whether the changes were for the better.

Indeed, the COVID-19 pandemic alone radically 
changed academia and childcare, possibly for the long 
term, and many of these changes have made life particularly 
difficult for academic parents of young children. Housing 
prices and college tuition have generally gone up since 
2011, making the financial considerations of when to have 
children a potentially different calculation than the simple 
choice that the book laid out at the time it was written. 
Infertility is on the rise, potentially due to environmental 
pollutants, and the ongoing climate change crisis is causing 
many young people to rethink how many children, if any, 
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mathematics that some of the advice is inconsistent with 
disciplinary norms in our field.

“Unwritten rules.” The book’s layout is straightforward 
and direct, with Sharma first highlighting the importance of 
professionalism in graduate school and then methodically 
sharing his opinions on professionalism in class, research, 
job applications, and so on. We found nuggets of helpful 
advice scattered throughout, especially in the chapters on 
best practices for sending professional emails, asking for 
letters of recommendation, and interviewing. His advice in 
these chapters, summarized below, is consistent with stan-
dards that we have seen in a range of academic institutions, 
and students may find it helpful to see these expectations 
laid out so clearly.

Chapter 5: Emailing. Sharma outlines how to write a 
professional email, suggesting that all emails should begin 
with a descriptive subject line and a greeting, include a 
brief pleasantry with the main body of the email, and 
conclude with “a sign-off appropriate to the body of the 
email.” For example, an email including a paper draft for 
comments might have subject line “Pythagorean Theorem 
Paper Draft,“ begin with “I enjoyed speaking with you at 
the recent Right Triangle Conference,” and conclude with 
“I appreciate your willingness to review this draft, and look 
forward to receiving your comments.” Sharma also gives 
some general best practices for email—use bcc for mass 
emails and announcements, check your own email on a 
regular basis, read the entire email before replying, make 
sure you spell the recipient’s name correctly, pay attention 
to tone—that we happily endorse.

Chapter 8: How to Ask for a Letter of Recommendation. This 
chapter is similarly straightforward. Sharma gives advice on 
who to ask for letters, writing that they “should be people 
with whom you have worked closely and who will be able 
to speak to your specific strengths and areas of growth.” He 
also recommends to “give them plenty of time” (at least 
three weeks) and “provide them with the information that 
they need,” including details of deadlines and how letters 
should be submitted; CVs and transcripts; and application 
materials such as personal statements or cover letters. 
Finally, we emphatically agree with his last point: polite 
reminders to your letter writers as deadlines approach are 
not just acceptable but strongly recommended!

Chapter 9: Showing Your Professionalism in Interviews. As 
Sharma discusses in this chapter, interviewing is an import-
ant skill to learn and practice during graduate school. We 
agree with Sharma’s recommendation to “do your home-
work” by researching the opportunity for which you’re 
interviewing, bring copies of your application materials, 
and “never leave an interview without asking questions.” 
In fact, Sharma provides some useful examples of how to 
transform “canned” questions into more personal ones that 
demonstrate you are “thoughtful and deliberate.” In the 
end, Sharma’s biggest piece of advice is to remember that 
you will be evaluated on your behavior “at all contact points 

of the process,” including less formal moments such as 
scheduling an appointment, greeting an administrative as-
sistant, or wandering around campus during a short break.

“Building a positive reputation.” Beyond these chap-
ters, we found much of the book to be problematic in both 
delivery and content. Sharma fails to acknowledge the ways 
in which professional etiquette can vary by field, school, 
and even classroom, in both obvious and subtle ways. For 
example, he writes that one should never ask to change 
thesis advisors for reasons other than expertise. He says, 
“It may be the case that you get matched up with someone 
who is difficult to work with. Perhaps you find their com-
munication style abrasive, their standards unnecessarily 
high, or their support unhelpful. It is unprofessional to 
shop around for an easier experience.” Given that advi-
sor-student matching is a mutual and studentled process 
in every PhD program in mathematics that we know, we 
assume that most current graduate students will recognize 
this part of the advice as irrelevant. In addition, though, 
both of the authors believe whole-heartedly—based on 
advice from many senior mentors as well as their own 
experiences in graduate school—that a good match in 
working style is at least as important as a precise area fit 
when finding an advisor. While we don’t expect Sharma 
to have an encyclopedic knowledge of other fields’ norms 
and practices, a little more awareness of the ways in which 
his perspective may be not entirely universal would make 
the book significantly more valuable.

More importantly, Sharma’s attitude not only tacitly 
accepts the idea that students should be judged on their 
knowledge of and compliance with culturally specific 
norms but actively promotes this type of judgment. We 
were both struck by Sharma’s reflection on a short email 
a graduate student sent to inform him that they would be 
missing class due to illness, and at Sharma’s displeasure that 
the student was not more apologetic: “it appears as though 
the student was stating that he alone has the authority to 
decide whether or not the class is important.” This again 
reminded us of the wide range in what is considered ap-
propriate. In the departments where we went to graduate 
school, our professors would have been surprised even to 
receive an email informing them we would not be in class, 
let alone one containing apologies or requesting permis-
sion to do so! But even more importantly, we find Sharma’s 
attitude actively counterproductive to establishing a mutu-
ally respectful relationship between students and faculty. 
Students have the right to make choices about how they 
spend their time, including deciding to miss class—while 
of course there may be a range of consequences, depending 
on the situation, requiring that students ask for permission 
seems insulting to both parties.

Throughout the book, Sharma portrays the professor-stu-
dent relationship as one in which the professor has the ex-
clusive right to establish expectations that students should 
automatically comply with. He writes that “(because of) the 
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community well; see the Hidden Norms series organized 
by Kimberly P. Hadaway, Pamela E. Harris, Daniel C. Qin, 
Vanessa Rivera-Quiñones, and Dwight Anderson Williams 
II with the American Institute for Mathematics for an ex-
ample of this in practice.

We take this opportunity to offer some questions that 
may generate discussion among individuals, groups, and 
departments about how to make their own community’s 
“hidden norms” more transparent and equitable.

 • What should students do if and when they need 
to miss class?

 • What are departmental norms around asking for 
extensions on homework?

 • How are students expected to find advisors?
 • What questions should they ask during this pro-

cess?
 • When and how should students ask advisors for 

funding to attend conferences, support summer re-
search, or access other professional opportunities?

 • What types of interactions should graduate stu-
dents expect when they attend conferences?

 • What resources are available to students who are 
struggling to work with, in conflict with, or facing 
abuse from their peers, professors, or advisors?

 • How are the above norms clearly and explicitly 
communicated to students?

 • What other areas of professionalism are import-
ant to a student’s success in academia but might 
not be evident, such as finding and maintaining 
collaborations or communicating with journals?

At a higher level, we urge you to consider whether 
the answers to these questions serve all students in your 
department well. The recent publication A Conversation 
on Professional Norms in Mathematics, edited by Mathilde 
Gerbelli-Gauthier, Pamela E. Harris, Michael A. Hill, Dagan 
Karp, and Emily Riehl, may be a useful resource.

We also encourage students not to get so caught up in 
meeting others’ standards that they forget to prioritize 
what's important to them. Graduate school is certainly a 
time to think about navigating new professional norms 
and expectations, but it can also offer the opportunity to 
develop your own approach to academic life, rooted in your 
values and priorities. We hope the following questions can 
provide a starting place for reflection.

 • What do you hope for in terms of environment 
in a program?
Your answer might explore: amount of collabora-
tion among students, what interactions between 
professors and students look like in and outside 
of the classroom, and culture around early year 
coursework and examinations.

 • What is important to you in terms of communica-
tion and relationship style with advisor?

power differential, the professor will always have the final 
determination simply because their job is to deliver the 
educational experience. It does not make sense to struggle 
against this reality.” We certainly acknowledge that there is 
a power differential between faculty and students and that 
professors have the ability and responsibility to establish 
certain parameters of their courses. But in many situations, 
asking for modifications to or pushing back against un-
realistic “expectations, requirements, or due dates” is the 
most professional thing a person can do: life happens, and 
an authentically supportive environment must be flexible 
enough to support students during difficulties.

We would add that, at least in our experiences, it is a 
rare department whose faculty members are themselves 
universal paragons of timeliness in meeting administrative 
deadlines: while promptness is a worthy skill to cultivate, so 
is enough humility to avoid asking students to meet stricter 
standards than your peers. Of course, it is very possible that 
Sharma would make exceptions for students with a death 
in the family or a newborn child or a financial crisis, but 
labeling requests for accommodation as unprofessional 
ensures that many fewer students will even be willing to 
ask. Similarly, when Sharma warns against “speak(ing) on 
behalf of others… (by presenting a problem) as one that 
others in your class are also having,” he implicitly refuses 
the possibility that there really may be a widespread con-
cern.

To his credit, Sharma does devote a chapter to how to 
handle abusive or otherwise inappropriate professors, 
writing that “(students) should never feel as though they 
have to put up with intimidation, abuse, discrimination, 
sexual harrassment, retaliation, exploitation, or unethical 
or illegal conduct. You should not tolerate circumstances 
that may be unhealthy or harmful to you.” Nonetheless, 
even here he warns against using the system repeatedly, and 
given the tone and content of the majority of the book we 
feel that students will primarily take away the impression 
that compliance is key.

Moving forward. Sharma does one thing right where 
many others fall short: articulating expectations directly 
to students, rather than expecting them to somehow intuit 
the local professional norms. Since this is the Early Career 
section, we would encourage every mathematician, regard-
less of their rank, to reflect upon their implicit assumptions 
about how students should behave, decide which of said 
expectations actually align with your values rather than 
coming from a sense of “this is how things have always 
been done,” and communicate these to your students and 
mentees. Neglecting to do this sets students up for failure, 
especially those who are neurodivergent or who come from 
a different racial, socio-economic, or cultural background 
from the white, upper middle class American background 
that still predominates in US academia. There can be space 
here to acknowledge and educate your students about ex-
isting professional norms that you do not think serve the 
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Your answer might explore: degree of formality, struc-
ture and frequency of meetings, and expectations 
around how you will find a thesis problem.

 • How will you elicit feedback on your progress in 
a way that is both effective and sustainable? Note 
that this question might have different answers 
depending on what aspect of professional life 
you’re considering!
Your answer might explore: if you prefer written or 
verbal feedback, what level of detail you’re seeking 
in various situations, and how to articulate that 
you’re in need of support.

 • What are your own professional boundaries and 
non-negotiables as a student, researcher, and 
colleague?
Your answer might explore: finding a balance be-
tween timely replies and carving out email-free 
space in your schedule, how to let collaborators 
know when you will and won’t be focusing on that 
project, and what aspects of your nonmathemati-
cal life are important to protect.

Finally, as you transition into more of a leadership role 
in your own communities, continue to ask yourself what 
values you want to uphold as a teacher, researcher, and 
mathematician.

Credits
Photos of Catherine M. Hsu and Allison N. Miller are courte-

sy of Laurence Kesterston/Swarthmore College.
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Understanding the behavior of basic sam-
pling techniques and intrinsic geometric attri-
butes of data is an invaluable skill that is in 
high demand for both graduate students and 
researchers in mathematics, machine learn-
ing, and theoretical computer science. The 
last ten years have seen significant progress in 
this area, with many open problems having 
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optimal lower bounds for epsilon-nets for 
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Masatake Kuranishi
(1924–2021)
Duong H. Phong and Yum-Tong Siu

Figure 1. Kuranishi lecturing at the Oka100 conference in
Kyoto-Nara, 2010.

Professor Masatake Kuranishi passed away on June 22,
2021. He was one of the truly great mathematicians of the
twentieth century, whose legacy permeates whole areas of
current mathematics. This memorial article is a tribute to
him, with contributions frommany of his former students,
friends, and colleagues.

Professor Masatake Kuranishi was born on July 19,
1924, in Tokyo, Japan. After an assistantship at Tokyo Tech,
he got his doctorate degree in mathematics from Nagoya
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University in 1951 under the supervision of T. Nakayama.
He became an assistant professor at Nagoya University in
1952. From 1954 on, he traveled extensively in the United
States, where he held visiting positions at several insti-
tutions, including the Institute for Advanced Study, the
University of Chicago, the Massachusetts Institute of Tech-
nology, and Princeton University. He was given the rank
of professor at Nagoya University in 1957. He settled at
Columbia University in 1961, and was the Davies Profes-
sor of Mathematics until his retirement in 1999. He re-
ceived many marks of recognition for his research. These
include a Guggenheim Fellowship in 1975–1976, and in-
vitations to speak at the International Congress of Mathe-
maticians in Stockholm in 1962 and in Nice in 1970. He
received the Bergman Prize of Wells Fargo and the Ameri-
canMathematical Society in 2000, and the Geometry Prize
from the Mathematical Society of Japan in 2014. Major
conferences in his honor were held at Columbia in 1994
and 2005.

When asked about his area of research, Professor Ku-
ranishi would give the short answer of partial differential
equations. But this does not accurately reflect his work
nor his approach to mathematics, which transcends math-
ematical disciplines. One can get a sense of this by looking
at the book of his selected work, edited by H. Hironaka et
al.,1 or the book by A. Fujiki.2 Certainly, his major contri-
butions span a very wide range. There is probably a general
consensus that they should include:

- His paper on the differentiability of locally com-
pact groups, which was essential to H. Yamabe’s
eventual solution of Hilbert’s 5th problem.

- His theorem on the prolongation of exterior dif-
ferential systems to determine in a finite number

1World Scientific.
2Masatake Kuranishi: His Life and Mathematics in Japanese, published by
Iwanami Shoten Publishers in 2013.
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of prolongations whether the system is involu-
tive. The theorem, now known as the Cartan-
Kuranishi theory, has important applications in
the Lie-Cartan theory of infinite-dimensional Lie
groups.

- His contributions to the Kodaira-Spencer-
Kuranishi theory of deformations of structures,
and particularly his approach to singularities and
jumps in the dimension of the moduli space. This
is now the basic approach to the moduli space of
solutions of many partial differential equations,
and complete families are now known as Kuran-
ishi spaces. Early examples include the Atiyah-
Hitchin-Singer and Donaldson moduli spaces of
self-dual forms and anti-self-dual connections, re-
spectively, with already far-reaching applications
to topology and mathematical physics. More and
more important examples continue to emerge,
most recently from symplectic geometry.

- His proof in the mid-1960s of the reparametriza-
tion invariance of pseudodifferential operators.
This paper appears to be unpublished. However,
it was known to experts, who taught it in their
classes, for example at Princeton. Pseudodiffer-
ential operators had emerged at that time from
index theory and subelliptic problems, but were
still unfamiliar to most people. Their invariance
under reparametrizations was an essential build-
ing block for microlocal analysis and an ultimate
theory of Fourier integral operators.

- His proof of the embeddability of CR structures
in dimension ≥ 9. This is a real tour de force, full
of difficult estimates whose very formulation is al-
ready nontrivial, and which solves contrary to ex-
pectation a problem widely considered as out of
reach by most experts.

Figure 2. Kuranishi with Sayuri in the late 1970s.

These works and others are discussed in the individual
contributions to this memorial article, each with its own
perspective. It should be stressed that the list is by no
means exhaustive. In particular, Professor Kuranishi had
extensive unpublished notes on Fourier integral operators
with complex phases, formulated in terms of ideals, so
that singularities can be more easily incorporated. In his
later years, he developed a theory of what he referred to as
Cartan structures, which encompasses Riemannian geom-
etry, conformal geometry, and the Fefferman and Burns-
Diederich-Shnider conformal CR structures.3

Professor Kuranishi was not just admired for his mon-
umental works in mathematics. He was also the kindest,
most generous, and most considerate person that people
had ever met. Everyone who knew him loved him.

Figure 3. 2005 Conference at Columbia University celebrating
Kuranishi’s 80th birthday.

Robert Bryant
When I was a graduate student studying the works of Élie
Cartan, I had the great fortune to find Professor Kuranishi’s
fundamental 1957 paper, “On E. Cartan’s prolongation
theorem of exterior differential systems,” which provided
the long-sought capstone in Cartan’s geometric theory of
partial differential equations.

Cartan had developed his theory in the late 1890s in
order to treat systems of PDE that arose in geometric con-
texts, particularly systems that were invariant under some
Lie group (possibly of so-called “infinite type”) of trans-
formations. Cartan’s basic idea was that one could prove
existence of solutions of a (possibly overdetermined or de-
generate) system of real-analytic PDE if the system could
be “filtered” in such a way that a solution could be built
up from initial data by solving a sequence of initial value
problems in successively higher numbers of independent

3CR structures and Fefferman’s conformal structures, Forum Math. 9
(1997), 127–164.
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Figure 4. Robert Bryant lecturing at the 2005 Columbia
Conference in honor of Kuranishi.

variables, each step using the previously found “lower
dimensional” solutions as initial data of a Cauchy-
Kowalewski system to extend the domain of the partial so-
lution to one higher dimension until one reached the solu-
tion in the desired dimension. Cartan called a PDE system
that could be filtered in this way “involutive.” (The sim-
plest case of an involutive system is the one encountered
in the well-known Frobenius theorem.) Not every PDE
system is involutive, of course; for example, the generic
overdetermined PDE system has no solutions at all.

The core of Cartan’s approach was a process that Car-
tan called “prolongation,” by which one could augment
a given system of PDE by adjoining derivatives of the un-
knowns and PDE governing them in such a way that every
solution of the original system was a solution of the new
system. Cartan believed that, by iterating this process, one
would eventually arrive at either a system that had a visible
incompatibility (such as a finite relation among the inde-
pendent variables that literally had no solution) or a sys-
tem that was involutive. Proceeding on this belief, Cartan
attacked and solved an astonishing array of problems in
differential geometry, studying Lie transformation groups,
Riemannian, conformal, and projective geometry. How-
ever, he was never able to prove that his prolongation pro-
cess actually terminated in one of the two desired ends.

This gap in the theory was finally filled by Professor Ku-
ranishi in the above-mentioned paper, and it was a land-
mark result. (Its Math Reviews entry starts out, “In this
very brilliant paper,. . . ”) He recognized that some regular-
ity condition, which he called “normality,” was needed to
prove the finite termination of the process in involutivity
and was able to reformulate the problem in such a way
that he could reduce it to the Hilbert basis theorem. His
approach clarified the relation of Cartan’s notion of “invo-
lutivity” with that of regular sequences in local rings and

opened the way for major developments in the theory of
Lie pseudogroups in the 1960s.

Professor Kuranishi further developed Cartan’s theory
in other writings, for me most notably his 1967 São Paolo
volume Lectures on involutive systems of partial differential
equations, which were an epiphany to me as a young math-
ematician 10 years later. In particular, his rigorous treat-
ment of Cartan’s notion of the “generality” of the space of
solutions of a system of PDE clarified many of my miscon-
ceptions on the subject and has become an essential tool
in my own work to the present day. In fact, it was Profes-
sor Kuranishi’s work in this area that gave me the essential
ingredients that I needed to tackle the question of the exis-
tence and generality of the Riemannian manifolds with ex-
ceptional holonomy, a problem that had been open since
the thesis of M. Berger in the 1950s.

When I finally had the chance to meet Professor Kuran-
ishi in person, I was gratified to find that he was as gracious
and kind as he was brilliant. He was soft spoken but abso-
lutely unafraid to take on the most challenging problems.
I will always cherish my memories of our conversations
and letters.

Figure 5. Kuranishi at the 1995 Hayama conference.

Albert Chau
I was a PhD student at Columbia University during the
years 1997–2001. I was fortunate to have Professor Kuran-
ishi asmy graduate analysis instructor in the spring term of
my first year. It was a standard first-year course leading to
one of the qualifying exams, and he focused on function
space theory and PDEs. My first impression of Professor
Kuranishi was the same as everyone else’s. He was patient

Albert Chau is a professor of mathematics at the University of British Columbia
at Vancouver. His email address is chau@math.ubc.ca.
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and warm, genuine and pure, and a true grand master in
his field. I knew nothing of his works or even the area he
worked in, but I was sure that I wanted to be his student.
Unfortunately, I had to leave partway through the term to
be with my father who had taken suddenly ill in Hong
Kong. I followed my classes through lecture notes mailed
to me by my classmates, and I was particularly eager to see
what was covered in Professor Kuranishi’s class each week.
I returned to Columbia at the end of the term, and I was
very nervous about final exams and in particular making a
good impression on Professor Kuranishi. My reaction to
his words at the end of his last lecture was the same as ev-
eryone else’s. I was relieved and overjoyed! He announced
that the final exam was a take home exam which was due
the next fall!

My thesis work with Professor Kuranishi began in my
third year. I was interested in geometric analysis and re-
lated problems. Knowing this, he decided we would read
The formation of singularities in the Ricci flow by Richard
Hamilton, whose office was nearby and who was always
happy to talk when we had questions. In our weekly meet-
ings, Professor Kuranishi would listen quietly while writ-
ing in his notepad as I lectured. In one meeting, I was
explaining how, after rescaling, the flow converges on any
compact surface to ametric of constant curvature. As usual,
he listened quietly until I finished then he paused for some
time before asking “what happens on noncompact man-
ifolds?” I told him I had absolutely no idea, and that
I would look into it. After experimenting with the flow
of complete asymptotically hyperbolic models for a few
weeks, I told him of my results. He again paused for some
time before asking “what about general Kahlermanifolds?”
I did not know it then, but with these two simple questions
Kuranishi steered me directly onto the path leading to my
thesis and graduation, and would continue to guide my
research for many years to follow!

I am forever grateful for Professor Kuranishi’s support
and advice, which served me well for so long. His knowl-
edge andwisdomwerematched only by his generosity and
understanding. Being his student was an honor I will carry
with me for life.

Elisha Falbel
Masatake Kuranishi was my advisor at Columbia Univer-
sity in the second half of the 1980s. The story of how I got
there is interesting with respect to Kuranishi’s relation to
Brazilian mathematics.

Elisha Falbel is a professor at the Institut de Mathematiques de Jussieu-Paris
Rive Gauche, Sorbonne Universite. His email address is elisha.falbel@imj
-prg.fr.

Kuranishi travelled twice to Brazil. He was invited
by Alexandre Martins Rodrigues, who did his thesis in
Chicago under S.-S. Chern in 1957, the year of the pub-
lication of Kuranishi’s important paper on Cartan’s pro-
longation theorem. Since Kuranishi was at Chicago then,
this may have been the start of their collaboration, which
became more intense in 1961 when Kuranishi became
a professor at Columbia. Subsequently, Rodrigues went
to Columbia and they wrote a paper applying Cartan-
Kuranishi’s prolongation theorem to pseudogroups.

In 1965, it was Kuranishi’s turn to spend severalmonths
teaching about involutive systems. I was surprised, prepar-
ing this account, that his publication Lectures on involutive
systems of partial differential equations4 from January 1967
is not included on MathSciNet. After this first visit, pseu-
dogroups and infinite Lie groups were a constant theme of
the Mathematics Institut of São Paulo.

Kuranishi visited São Paulo a second time in 1981,
again staying for several months. Kuranishi had been
studying CR structures for several years and had solved the
difficult local embedding problem for strictly pseudocon-
vex of higher dimensional structures. He gave a class on
the local embedding theorem for CR structures.

When I showed an interest in CR structures, Alexandre
Rodrigues wrote to Kuranishi asking if I could be his stu-
dent at Columbia. He agreed immediately, amark of confi-
dence in his Brazilian friend. I remember my first meeting
with him as very frustrating for both of us as I couldn’t
understand his English. I told other graduate students
about it and they reassured me that I would quickly get
used to his Japanese accent. Indeed that was the case. In
our weekly meetings, Kuranishi never imposed a research
path but always tried to help when technical difficulties
appeared. The feeling of total liberty was overwhelming
and I will never forget one day when I thought the thesis
was not advancing and, by chance, we crossed each other
on the street and he just told me that the idea I had had
last month was very good and that I should write a thesis
based on it. This was exactly what I needed to hear.

Charles Fefferman
I’d like to illustrate Kuranishi’s qualities by recalling my
experience as a referee of his monumental paper on CR
embeddings.

The result is fundamental and the obstacles daunting.
Kuranishi brought in a family of weighted norms with

4Publições da Sociedade de Matemática de São Paulo.
Charles Fefferman is the Herbert E. Jones, Jr. ’43 University Professor of Math-
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Figure 6. Charles Fefferman lecturing at the 2005 Columbia
Conference in honor of Kuranishi.

singularities not present in the hoped-for embedding.
If the embedding existed, he could use it to prove his
weighted estimates. If the estimates held, he could use
them to correct an approximate embedding and produce
a better approximate embedding. To avoid circular reason-
ing, the whole process was wrapped inside a Nash-Moser
iteration. My first reaction was that Kuranishi was taking
a huge gamble. Why introduce extra singularities, hoping
eventually to get rid of them? My heart sank as I discov-
ered a fatal error in Kuranishi’s proof. Indeed, I thought,
the plan was doomed.

Some time later (several months? I no longer remem-
ber), Kuranishi came back with a new proof, based on the
same ideas, but with major changes to avoid the fatal error.
This time, the proof was 100% correct. To this day I don’t
understand why it ever had a chance, but I read it line by
line with immense care, and it works. I think his paper on
CR embeddings reflects Kuranishi’s personality, combin-
ing gentle patience, immense courage, and deep thought.
Let me just add that I never heard Kuranishi say an unkind
word. Kuranishi was a rare soul.

Robert Friedman and John Morgan
Masatake Kuranishi was recruited to Columbia by Sammy
Eilenberg and Ellis Kolchin in 1961. His fundamental
paper on deformations of complex structure had not yet
appeared in the Annals of Mathematics, but it was widely
known. Columbia scored a major coup by attracting Ku-
ranishi, especially since he was actively courted by many
other top departments. Beyond the many strengths of the

Robert Friedman is a professor of mathematics at Columbia University. His
email address is rf@math.columbia.edu.
John Morgan is a professor emeritus of mathematics at Columbia University.
His email address is jm@math.columbia.edu.

Columbia Mathematics Department, Kuranishi may have
been influenced by the personal connection of his wife’s
family to the university.

It has been known since Riemann that the complex
structure on a compact Riemann surface depends locally
on complex parameters, and work of Kodaira-Spencer gen-
eralized this to every compact complex manifold𝑀 under
the technical hypothesis that the sheaf cohomology group
𝐻2(𝑀; 𝑇𝑀) = 0, where 𝑇𝑀 is the sheaf of holomorphic tan-
gent vectors on𝑀. In fact, their pioneering work extended
to the study of varying the complex structure in many dif-
ferent contexts. For example, the complex structure on
a holomorphic vector bundle over a fixed compact com-
plex manifold, but always under the assumption similar
to the vanishing of 𝐻2(𝑀; 𝑇𝑀): a space of “obstructions”
vanishes. However, it was by this time well-known that
there are examples where the change in complex structure
is described locally not by an open set in ℂ𝑛, but rather
by a closed analytic space inside such an open set, defined
by the vanishing of a finite number of holomorphic func-
tions. In his fundamental paper “On the locally complete
families of complex analytic structures,”5 Kuranishi estab-
lished the general case of the Kodaira-Spencer result. The
paper “New proof for the existence of locally complete
families of complex structures”6 reproves this result, and
gives an elegant, flexible, and very general method for at-
tacking such questions which is not limited to complex
geometry. The key idea is to consider a 𝐶∞ or holomor-
phic map 𝐹 ∶ 𝑈1 → 𝑈2, where 𝑈1 ⊆ 𝑉1 and 𝑈2 ⊆ 𝑉2 are
open neighborhoods of the origin in real or complex Ba-
nach spaces 𝑉1, 𝑉2, such that 𝐹(0) = 0 and the differential
𝑑𝐹 is Fredholm. Then, possibly after shrinking 𝑈1 and 𝑈2,
the space 𝐹−1(0) is modeled on a finite-dimensional space,
where 𝑉1 and 𝑉2 are replaced by finite-dimensional vector
spaces. In particular, if 𝐹 is holomorphic, then 𝐹−1(0) is lo-
cally modeled on a finite-dimensional analytic space. Ku-
ranishi’s method applies to all of the deformation theory
problems studied by Kodaira-Spencer, for example to the
deformation theory of holomorphic vector bundles on a
compact complex manifold.

The work of Kuranishi has applications far beyond the
realm of complex geometry. The first application to gauge
theory that we know of appears in Atiyah-Hitchin-Singer,
“Self-duality in four-dimensional Riemannian geometry”7:
they show that the moduli space of irreducible self-dual
connections on a self-dual 4-manifold with positive scalar
curvature is a smoothmanifold, by using the Banach space
methods pioneered by Kuranishi. Similar arguments were
used by Donaldson shortly thereafter in his fundamental

5Ann. of Math. (2) 75 (1962).
6Proc. Conf. Complex Analysis (Minneapolis, 1964).
7Proc. Roy. Soc. London Ser. A 362 (1978).
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Figure 7. P. Griffiths, J. Morgan, and Y.-T. Siu at the banquet of
the 2005 Columbia Conference in honor of Kuranishi.

work on smooth definite 4-manifolds,8 and in subsequent
work constructing smooth invariants of 4-manifolds. In
all of these cases, the obstruction space vanishes, either by
the assumption of positive scalar curvature or by choosing
a generic metric and using Sard’s theorem. A case where
the full power of Kuranishi’s method is needed, and which
unites the strains of complex geometry and gauge theory,
is the following: by another fundamental result of Donald-
son, for a Kähler surface 𝑆, the moduli space of anti-self-
dual connections on 𝑆 of a fixed topological type is identi-
fied with the moduli space of holomorphic structures on
the corresponding complex vector bundle which are stable
in the sense ofMumford-Takemoto.9 This result was gener-
alized to smooth projective varieties of any dimension by
Donaldson, and to compact Kähler manifolds in general
by Uhlenbeck-Yau. One can show that the local models
for the moduli space described above are diffeomorphic
in the appropriate sense. A Kähler metric is far from be-
ing a generic metric, and the corresponding holomorphic
structure may well have a nonzero obstruction space, so
that the full power of Kuranishi’s method is needed.

Beyond its applications to gauge theory, the method
of Kuranishi has had many other applications, for exam-
ple in the construction of Gromov-Witten invariants by
defining virtual fundamental cycles on general symplec-
tic manifolds (see for example Li-Tian, “Virtual moduli
cycles and Gromov-Witten invariants of general symplec-
tic manifolds”10). More recently, Fukaya and Ono have
defined the notion of Kuranishi structures in symplectic

8An application of gauge theory to four-dimensional topology, J. Differ-
ential Geom. 18 (1983).
9Anti self-dual Yang-Mills connections over complex algebraic surfaces
and stable vector bundles, Proc. London Math. Soc. (3) 50 (1985).
10In Topics in symplectic 4-manifolds (Irvine, CA, 1996), 47–83, First Int.
Press Lect. Ser., I, Int. Press, Cambridge, MA, 1998.

geometry,11 with related ideas and refinements appearing
in unpublished work of Joyce and more recently in the
work of McDuff-Wehrheim.12 These examples serve to
demonstrate the power and continued relevance of the
“Kuranishi method” or the use of “Kuranishi models,” as
Kuranishi’s profound and original work is now called.

On a personal note, the two of us began working on
gauge theory and its implications for complex surfaces
when we were fortuitously both at MSRI in 1985. As we
struggled to understandDonaldson’s ideas and their amaz-
ing implications for the smooth topology of complex sur-
faces, it was a great privilege for us to be able to ask Ku-
ranishi about his work on deformation of complex struc-
tures and the “Kuranishi method” more generally. His pa-
tient and careful explanations of his published work and
his unpublished extensions were both invaluable and in-
spirational.

Kuranishi was a modest and gracious colleague and was
unfailingly polite and soft-spoken. One would never have
known, watching him around the department, that one
was in the presence of such a mathematical giant. When
it was his turn to be department chair, he willingly took
on the task and worked hard at being a good chair. He
led the department well, in spite of the daunting cultural
differences he had to overcome when dealing with the uni-
versity administration.

We were all fortunate to have had him as a life-long col-
league and friend.

Akito Futaki
I met Professor Kuranishi for the first time in the early
1990s at Tokyo Institute of Technology (Tokyo Tech for
short) where I was a faculty member during 1989–2012.
He was spending his summer vacation every year in Japan
as a visitor of Tokyo Tech. He is of course famous for the
deformation theory of complex structures and CR geome-
try. Around 1990, he was well-known because of the role
of Kuranishi’s method in describing the moduli space of
the solutions of self-dual equations on 4-manifolds, that
is, Donaldson theory. But at that time, Kuranishi himself
was engaged in the Hopf product conjecture which states
that there is no Riemannian metric of positive sectional
curvature on 𝑆2 × 𝑆2. This conjecture is still open. He was
trying to disprove the conjecture by constructing a metric

11Arnold conjecture and Gromov-Witten invariant, Topology 38 (1999)
and subsequent work with various coauthors.
12The topology of Kuranishi atlases, Proc. Lond. Math. Soc. (3)
115 (2017) and subsequent papers.
Akito Futaki is a professor of mathematics at Tsinghua University. His email
address is futaki@tsinghua.edu.cn.
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of positive sectional curvature. It was a hot topic among
us that Prof. Kuranishi was trying to construct such a met-
ric, and some of our colleagues were following his com-
putations. When we had a chance to have dinner with
his wife, she complained that her husband stayed up late
struggling with computations. Kuranishi’s computations
can be found in the paper “On some metrics on 𝑆2 × 𝑆2”
published in Proc. Symp. Pure Math. 1993, which con-
cludes with some problems mentioning “These are tanta-
lizing questions which remain to be answered.”

Tokyo Tech was a good place for him to visit because
of the connection between Tokyo Tech and his father and
himself. According to an essay which he wrote in Japan-
ese, his father graduated from Tokyo Imperial University
(currently the University of Tokyo), worked for the army
related to aircraft design, was dispatched to Germany for
one year, and then became a professor at Tokyo Tech in
1939. After World War II ended in 1945, his father was
purged from the university because he had worked for the
army. He lost his job for seven years, but in 1952 he be-
came a full professor at Nihon University, a private uni-
versity in Tokyo. Kuranishi himself got a position as an
assistant at Tokyo Tech after graduating from Nagoya Uni-
versity in 1947. Kuranishi’s first paper was published by
Kodai Mathematical Seminar Reports, volume 1, 1949 (cur-
rently issued as Kodai Mathematical Journal). “Kodai” is a
Japanese nickname for Tokyo Tech as it is an abbreviation
of the Japanese name Tokyo Kogyo Daigaku, and nowa-
days the nickname “To-Ko-Dai” is more commonly used.
He moved to Nagoya University in 1950 as an assistant,
was promoted there to lecturer in 1951, and obtained a
PhD degree in 1952. Then he was promoted to assistant
professor in 1952, to full professor in 1957, and moved to
Columbia University in 1961.

As a personal memory, in the 90s the geometers in the
Tokyo area used to hold workshops in rural areas outside
Tokyo. In one such workshopwe had an excursion on foot,
but Kuranishi walked so fast that I could not catch up with
him. He was in his late 60s and was 30 years older than I.
In March 2010, I visited Columbia University and shared
his office. He invited me to lunch, but I had to decline
because he had trouble walking.

Kuranishi’s method remains a basic idea to describe
moduli spaces of solutions of many nonlinear geometric
PDEs. Thank you, Professor Kuranishi!

Phillip Griffiths
Aside from occasional conferences and mutual attendance
at lectures, my main contacts with Masatake Kuranishi
have been through his work. Although I was generally fa-
miliar with his very deep proofs of the Cartan-Kuranishi
prolongation theorem, the CR-embedding theorem, and a
few other works, by far what I know best is his work on
deformation theory. This is the formulation and proof
of the fundamental result, the existence of the Kuranishi
space. As a student of Don Spencer in the early 1960s, I
was quite interested in the theory of deformations of com-
pact, complex manifolds that had then just recently been
created by Kodaira and Spencer, and the construction of
the Kuranishi space was one of the crowning achievements
of the subject. I will try to briefly and informally explain
this result.

Figure 8. Phillip Griffiths lecturing at the 2005 Columbia
Conference in honor of Kuranishi.

A basic feature of compact complex manifolds X, and
more generally of complex analytic varieties, is that they
usually occur in families. The classic example is given by
the 1-dimensional complex tori

𝐸𝜏 = ℂ/ℤ + 𝜏ℤ
where 𝜏 is a point in the upper half plane. Using doubly
periodic functions, 𝐸𝜏 is realized as a smooth cubic curve
in the projective plane with the affine equation

𝑦2 = 𝑥3 − 𝑎𝑥 − 𝑏
in ℂ2. Looked at either way, the complex manifold 𝐸𝜏
depends on a parameter, either 𝜏 or algebraically using

𝑗 = 1728ᵆ3

𝑎3−27𝑏2
.

Phillip Griffiths is a professor emeritus of mathematics at the Institute for Ad-
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It is due to Riemann that a compact Riemann surface 𝑋
of genus 𝑔 depends on 3𝑔− 3+ 𝜌, 𝜌 = dim Aut(𝑋), param-
eters, or moduli. Moreover the dual of the tangent space
to the family of eigenvalence classes of 𝑋 ’s is given by the
space

(1) 𝐻0 (𝑋, 𝐾⊗2
𝑋 )

of quadratic differentials on X; these are global objects
whose local expression is 𝑓(𝑧)𝑑𝑧2 where 𝑧 is a holomor-
phic coordinate on X. Mathematicians had unsuccessfully
searched for the analogue of the dual of (1) in higher di-
mensions; i.e., for an object that could serve as the ex-
pected tangent space to the family of (equivalence classes
of) 𝑋 ’s. In particular this would suggest an answer to the
question: How many parameters does the complex struc-
ture of X depend on? The breakthrough came in the early
1950s when Kodaira and Spencer realized that the recently
established Kodaira-Serre duality theorem gives the expres-
sion

(2) 𝐻1(𝑋, Θ𝑋)
∼= 𝐻0(𝑋, 𝐾𝑋)∗

for the tangent space to the parameter space for a com-
pact Riemann surface. Here the left-hand side of (2) is
the first cohomology group of the tangent sheaf Θ𝑋 . This
suggested that given a class in𝐻1(𝑋, Θ𝑋) there should be a
prescription to construct at least a first order deformation
𝑋𝑡 of the complex structure of 𝑋 .

As with de Rham’s theorem representing the topologi-
cal cohomology of a manifold by differential forms, the
cohomology group 𝐻1(𝑋, Θ𝑋) is represented by differen-
tial forms 𝜑 that in local holomorphic coordinates 𝑧𝑖 are

𝜑 = ∑
𝑖,𝑗
𝜑𝑖 ̄𝑗

𝜕
𝜕𝑧𝑖 ⊗ 𝑑 ̄𝑧𝑗

where the 𝜑𝑖 ̄𝑗 are 𝐶1 functions. The condition that such 𝜑
represent a cohomology class is

(3) ̄𝜕𝜑 ∶= ∑
𝑖,𝑗,𝑘

𝜕𝜑𝑖 ̄𝑗
𝜕 ̄𝑧𝑘 (

𝜕
𝜕𝑧𝑖 ⊗ 𝑑 ̄𝑧𝑗 ∧ 𝑑 ̄𝑧𝑗) = 0.

Then the differentials of the holomorphic coordinates on
𝑋𝑡 are locally spanned by

𝜔𝑖 ∶= 𝑑𝑧𝑖 + 𝑡 (∑
𝑗
𝜑𝑖 ̄𝑗𝑑 ̄𝑧𝑗) .

The coefficient of 𝑡 in the Frobenius integrability condition

(4) 𝑑𝜔𝑖 ≡ 0 modulo {𝜔1, … , 𝜔𝑛}
is just ̄𝜕𝜑 = 0.

When dim𝑋 = 1 the conditions (3) and (4) are auto-
matic and this gives a family of complex structures on 𝑋
parametrized by an open neighborhood Def(𝑋) of the ori-
gin in𝐻1(𝑋, Θ𝑋). However when dim𝑋 = 2 the coefficient

of 𝑡2 in the integrability condition (4) is not automatically
satisfied. To have this there must be a solution to the equa-
tion

(5) [𝜑, 𝜑] = ̄𝜕𝜑.
The left-hand side of (5) is a cohomology class in
𝐻2(𝑋,Θ𝑋), and a basic existence result of Kodaira-
Nirenberg-Spencer was that when

(6) 𝐻2(𝑋, Θ𝑋) = 0
there is a ℎ1(Θ𝑋) ∶= dim𝐻1(𝑋, Θ) dimensional family of
complex structures on the differential manifold 𝑋 , as in
the Riemann surface case.

An additional feature is that if (6) is satisfied, then the
family parametrized by Def(𝑋) is versal in the sense that
any local family of deformations of 𝑋 with a parameter
space 𝑆 is, after passing to a finite cover of 𝑆, induced by a
mapping 𝑆 → Def(𝑋). The condition (6) is generally not
satisfied, and even if it is the obstruction equation may or
may not be nontrivial. This is where the situation stood
before Kuranishi. In a work that is in all ways a tour de
force (a characteristic of the proofs of his major results),
stated very informally, Kuranishi proved:

Theorem. Given a compact complex manifold 𝑋, there exists
a Kuranishi space Def(𝑋) with the properties

(i) Def(𝑋) is an analytic subvariety of 𝐻1(𝑋, Θ𝑋);
(ii) dimDef(𝑋) ≥ ℎ1(Θ𝑋) − ℎ2(Θ𝑋);
(iii) there is a versal deformation 𝒳 → Def(𝑋) of 𝑋;
(iv) the natural action of Aut(𝑋) on 𝐻1(𝑋, Θ) preserves

Def(𝑋).

One kernel of the idea of Kuranishi’s construction is the
following: Given a Θ𝑋 -valued (0,1) form 𝜑1 as above, one
tries to find a formal series

𝜑(𝑡) = 𝜑1𝑡 + 𝜑2𝑡2 +⋯
that if convergent would give a 1-parameter deformation
𝑋𝑡 of 𝑋 = 𝑋0. The Frobenius integrability condition (4)
then is equivalent to the Maurer-Cartan equation

̄𝜕𝜑(𝑡) + [𝜑(𝑡), 𝜑(𝑡)] = 0
of which the first two terms are

̄𝜕𝜑1 = 0
̄𝜕𝜑2 + [𝜑1, 𝜑2] = 0

⋮
Given a metric on 𝑋 , every class in𝐻1(𝑋,Θ𝑋) has a unique
harmonic representative. Kuranishi’s idea was to use these
representatives, and then take the solution space to the
equation

(7) ̄𝜕𝜑 + [𝜑, 𝜑] = 0
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as defining a candidate for Def(𝑋). Kuranishi’s proof that
this actually works is a masterpiece of mathematical argu-
ment. One aspect is that although nonlinear, equation (7)
is not too nonlinear. On the other hand, an indication of
the complexity of the argument is that it is known by ex-
ample (Vakil) that the analytic varietyDef(𝑋) can have arbi-
trarily nasty properties—singular, everywhere nonreduced,
etc.

A corollary of the result (or rather of its proof) is the
estimate

{
number of parameters

of the complex
structure on 𝑋

} ≥ ℎ1(Θ𝑋) − ℎ1(Θ𝑋),

which provides the best possible answer to the question
stated above.

Following the pioneering work of Kodaira-Spencer-
Kuranishi the subject of deformation theory exploded.
There is a deformation theory of almost everything;
schemes, morphisms, algebras,. . . to list just a few. As an
example, the deformation theory of isolated singularities
of analytic varieties is of particular interest, one result be-
ing an analogue due to Grauert of Kuranishi’s theorem,
which stands as the centerpiece of local deformation the-
ory.

Joseph J. Kohn
I first met Kuranishi in the 1950s while I was a gradu-
ate student in Princeton. He was an active participant in
Spencer’s “Nothing Seminar,” which often included Ko-
daira, Calabi, Grauert, and Hirzebruch as well as graduate
students. We were all amazed by his breadth of knowledge,
his clarity, and his brilliance. For me, in particular, he was
a source of inspiration, a role model.

Kuranishi’s construction of locally complete deforma-
tions of compact complex manifolds is a tour de force: the
jewel on top of the crown of the Kodaira-Spencer deforma-
tion theory. His elegant proof of the invariance of pseu-
dodifferential operators under diffeomorphisms is still an-
other example of his ability to get at the heart of thematter.

Louis Boutet de Monvel proved a local embedding the-
orem for strongly pseudoconvex manifolds of complex di-
mension greater than 2 with an ingenious application of
the ̄𝜕-Neumann problem. The natural question that arose
was to prove an embedding theorem for CR manifolds.
This would require generalizing the ̄𝜕-Neumann problem
to domains with boundary contained in CR manifolds.
This generalization seemed impossible since it involved

Joseph J. Kohn is a professor emeritus of mathematics at Princeton University.
His email address is kohn@math.princeton.edu.

Figure 9. Kuranishi with J. J. Kohn and L. Nirenberg at a
conference in Prague on Several Complex Variables.

calculations with degenerate vector fields. Kuranishi was
fascinated and challenged by this problem and attacked it
with great originality, vigor, and remarkably powerful tech-
nical skill. Over the years, I marveled at his steadfast per-
severance as he carried out one promising approach after
another. He did not give up and finally found a brilliant
and extremely intricate solution to the problem in all real
dimensions greater than 7. (Kuranishi’s method was later
sharpened by Akahori to prove the result in dimension 7;
Nirenberg found a counterexample in dimension 3; the
problem remains unsolved in dimension 5.)

Additionally he has made many other stellar contribu-
tions: the Cartan-Kuranishi theorem, involutive systems of
partial differential equations, etc. Apart from his research,
he was an outstanding expositor, lecturer, and mentor.

My admiration of Kuranishi is not limited to his bril-
liant mathematical career. In particular I admired his in-
tegrity and his modesty. He was a very generous host intro-
ducing my wife and me to the finest Japanese cuisine both
in special restaurants, exclusive clubs, and in his home.

Ngaiming Mok
Professor Masatake Kuranishi was such a kind, helpful,
and generous person. We all miss him. I had the good
fortune of having met Masatake in the early years of my ca-
reer while I was working at Princeton. Later in 1984, I was
invited to give a talk at Columbia University, and Masa-
take was among those who were keen to recruit me there.
Soon I accepted an offer from Columbia and was going
to take up the job in fall 1985. In the same year, 1984,
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I was awarded a Sloan Fellowship and I decided to spend
spring 1985 in Paris, whichmademymove fromPrinceton
to Columbia logistically cumbersome. Masatake offered
to help me by storing some of my luggage. At the end of
1984, Patrick, a good friend of mine at Teachers’ College,
drove me to New York City to put some luggage in Masa-
take’s apartment, and we had pleasant conversations with
him. Both Patrick and I were interested in Japanese culture,
and Masatake was a striking example of a cultured Japan-
ese scholar in the classical tradition who was interested in
and who knew quite a bit about Chinese culture. This was
the beginning of my interactions with Masatake, through
which we came to know each other culturally.

Figure 10. Kuranishi with Ngaiming Mok at Kuranishi’s 80th
Birthday Conference in Columbia in 2005.

Masatake was chair of the Department of Mathematics
at Columbia when Julia and I moved there in 1985, before
the fall semester started. With the help of Masatake and
Professor Phong we were able to move into an apartment
along Broadway located very close to the campus. The
apartment was very nice except that we were not quite used
to the noise level. In the spring of 1985, Julia gave birth to
our daughter Vivienne, and as summer was approaching,
the task of taking care of the baby coupled with the heat
and noise became rather daunting. Masatake and his wife
Sayuri offered to let us move into their apartment along
Riverside Drive, which was much quieter, when they took
their summer break in Japan. It was this way that our first
summer in New York City left us with a very pleasantmem-
ory and we were so thankful to Masatake and Sayuri.

While at Columbia, I was already working on bounded
symmetric domains, which interested Masatake from the
point of view of CR geometry, where he had made fun-
damental contributions on the local embeddability of
strongly pseudoconvex CR manifolds of dimension ≥ 9.
We had exchanges on strictly pseudoconvex CR manifolds

of higher codimension associated to bounded symmetric
domains of rank ≥ 2. On top of mathematics, I also had
the good fortune of having cultural exchanges with Masa-
take on China and Japan. While this started from the very
beginning at Columbia, in 1987 I got more motivated as
I was invited by the Hironaka Foundation to make a trip
to Japan to visit the University of Tokyo, Osaka University,
and Tohoku University. I suspected that Masatake might
have made a recommendation for the invitation but in
any event he was very happy to get me prepared cultur-
ally for my first trip to Japan. I spoke frequently to him
in Japanese so that when I went to Japan, I was confident
enough to have dialogueswithmy hosts in Japanese. Masa-
take was interested in the Chinese classics and he gave me
a book which was a Japanese translation, in the classical
style, of works of Zhuangzi (369–286 BC), a contempo-
rary of Mensius and the most famous Taoist of the Warrior
Period. Like probably many Japanese scholars of his gen-
eration, Masatake had a liking for Chinese poetry, and he
told me that certain Chinese poems were famous in Japan,
and some were perhapsmore so than in China, such as the
poem in the Tang Dynasty written by Zhang Ji on the Han-
shan Temple in Suzhou. I also learned from him about
the legendary Japanese monk Kukai (774–835) who trav-
elled with an expedition to China and was originally cred-
ited with the writing of the famous Iroha poem, and of
the versatile Chinese monk Jian-Zhen (Ganjin in Japanese,
688–763) who accepted an invitation to teach Buddhism
in Japan, became blind due to the sea journey, and influ-
enced Japan culturally through both Buddhism and archi-
tecture. I learned a lot from Masatake on Japanese culture,
was at ease when we chatted about China and Japan, and
felt enlightened to be in his company.

In the early 1990s, while I was working in Paris, Masa-
take came to visit me. I invited him to dinner withmy fam-
ily in the suburbs. Courteous as always, he brought us a
bottle of Sauvignon blanc and smoked ham from the local
charcuterie. We had an enjoyable evening, and I had the
impression that he agreed with me that Paris was a good
place to bring up children. It was somewhat unexpected
that I had an invitation to take up a chair professorship
at the University of Hong Kong (HKU) in 1994, which I
accepted. In the summer two years later, I organized the
first-time conference at HKU on “Aspects of Mathemat-
ics: Algebra, Geometry and Several Complex Variables”
and invited Masatake for a research visit including giving
a lecture at the conference. He delivered a lecture entitled
“Some remarks on bounded symmetric domains” and con-
tributed an article “CR structures and bounded symmetric
domains” to the proceedings of the conference, proposing
that Shilov boundaries of certain irreducible bounded sym-
metric domains of rank ≥ 2 could be the source of a rich
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theory for strongly pseudoconvex CR structures of higher
codimension on par with the role of the boundary of the
complex unit ball as a strongly pseudoconvex CRmanifold
of codimension 1. This is indeed an interesting direction
of research that has yet to be systematically explored. As
Masatake was staying for a longer time, we had the plea-
sure of taking him to Hong Kong Park. His characteristic
childlike smile brightened our day, and we have kept some
precious pictures of the joyful trip. When Sayuri joined
him later from Japan she brought Vivienne a kimono as a
gift, which my daughter wore on her birthday every year
until it became too small for her. Sayuri and Masatake
insisted on inviting us to the famous Japanese restaurant
Nadaman and we had a sumptuous dinner and an enjoy-
able evening with them.

In 2005, a big conference on “Complex Analysis, Dif-
ferential Geometry and Partial Differential Equations” was
held at Columbia University celebrating the 80th birth-
day of Masatake. I was happy to have been invited back
to Columbia for a stay and to give a lecture at a confer-
ence paying tribute to Masatake for his accomplishments
across different areas in mathematics. It was attended by a
large and very representative group of experts from around
the world in a wide range of research fields, which testi-
fied to the leadership role Masatake had been playing and
the popularity he enjoyed in themathematical community.
That year Vivienne was spending one year of her under-
graduate study in New York City. Julia, Vivienne, and I
paid a visit to Sayuri and Masatake in their home along
Riverside Drive, and we had a chance to go over some
photo albums of theirs. We shared the happy memories
of the time we spent together in the late 1980s, and of the
summer when the three of us were living in their apart-
ment while they were on vacation in Japan. During my
stay at Columbia, as courteous hosts Sayuri and Masatake
also treated us and some close friends to dinner at a Chi-
nese restaurant. I have a delightful memory of the joyful
stay we had in New York City.

After Sayuri passed away, I heard that Masatake retired
in Japan, staying in Yokohama. Every now and then I
learned of news on Masatake from my academic friends
in Japan, in particular the news that he had appeared in
the early years of his retirement in activities of the Japan-
ese Mathematical Society. Regretfully I did not make a trip
to Japan to pay him a visit in Yokohama. Masatake was a
person of great integrity. He was straightforward, down-
to-earth, and very humble, and he demonstrated remark-
able perseverance both in his mathematical endeavors and
in his everyday life. The fond memories of Masatake as a
wonderful teacher, a classical scholar, and as a person of
great humanity will always stay in my mind.

Shigefumi Mori
I would like to join many friends in expressing sincere con-
dolences on Professor Masatake Kuranishi’s death.

In early 1985, I received an international phone call at
Nagoya from him. My research style in the early 1980s
was to change places of research between Japan and the
United States occasionally, since it helped me to get inspi-
ration and to concentrate. At the time, I was excited to do
computations related to the minimal model program and
wanted to concentrate on it more.

Among the Mathematics faculty at Columbia Univer-
sity, Bob Friedman was a friend of mine since our stay at
Harvard around 1980, andHenry Pinkhambecame a close
friend through our correspondence on 3-dimensional ter-
minal singularities. With its strong algebraic geometry
group including Boris Moishezon and Nick Shepherd-
Barron, ColumbiaUniversity was an attractive place forme
to visit, but I was very slow tomake decisions, as usual. Ku-
ranishi’s phone call as chair of mathematics was the final
push for my decision to visit Columbia University. Since
I had admired his mathematics, his personal encourage-
ment and official invitation meant a lot to me.

In September 1985, Reiko and I and our two kids settled
in a flat at 533 W 112 Street near Columbia University, and
stayed there for two years. Professor and Mrs. Kuranishi,
I mean, Masatake and Sayuri, were always very nice to us;
they often invited us to dinner at their home. I remember
that Sayuri talked cheerfully and Masatake listened to her
smilingly. We enjoyed pleasant conversations and the nice
view of the Hudson River. They even lent us some of their
Japanese ukiyo-e pictures to hang on the tasteless white
wall of our home. I could soon start making computations
while giving calculus courses.

Sometime after I arrived, I learned that Masatake had
been badly injured in a traffic accident in Europe in 1983
and had difficulty walking. I had not noticed it since
he had almost overcome it through many rehabilitation
walks. I was amazed at his perseverance. Once Masatake
wrote that he might not always learn new mathematics
by interacting with mathematicians or attending a sym-
posium, but it was rewarding and stimulating for him to
watch others try hard and obtain new results. His warm
words comforted those of us who were indebted to Masa-
take and Sayuri.

During my second year 1986/87, the Mathematics De-
partment organized a special year in algebraic geome-
try; we had quite a few visitors including A. Beauville,
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F. Catanese, R. Lazarasfeld, E. Looijenga, Y. Miyaoka, D.
Morrison, L. Szpiro, (I might have missed someone), and
an occasional visitor, J. Kollár, who was a visitor at IAS
Princeton. It was like a reunion since I had met many of
them earlier either at Harvard or IAS. One day, during a
conversation with János, I noticed that I could use a re-
sult of Y. Kawamata’s in my research. I could settle the
existence of 3-dimensional flips by additional computa-
tions over severalmonths and complete the 3-dimensional
minimal model program. It led to my receiving the Fields
Medal at ICM Kyoto 1990.

I amwholeheartedly thankful to Professor Kuranishi for
having offered us the opportunity to come to Columbia
University, which was rewarding to my family as well as
me.

Makoto Namba
I became a graduate student at Columbia in the autumn
of 1967. I had difficulty speaking and understanding Eng-
lish from the start. When all of the students laughed at
the jokes of our teachers, only I couldn’t laugh. In such
lonely days, I kept my mind stable by the kindness of Ku-
ranishi and his wife Sayuri. I was invited to dinners at their
apartment many times, not only with other guests but also
alone. Kuranishi looked relaxed with a pipe. He laughed
cheerfully and didn’t look like he was worried about solv-
ing difficult problems in mathematics. But, one evening,
Sayuri whispered to me that Masatake was working very
hard.

One day in 1969, after returning from Montreal Univer-
sity to Columbia University, Professor Masatake Kuranishi
asked me to check the first draft of his Montreal lecture
notes “M. Kuranishi: Deformations of Compact Complex
Manifolds.”13 It was the first time that I read something
that Kuranishi had written on mathematics. I devoted all
my energy to reading it. I was deeply moved and influ-
enced by reading it. Later in 1971, using the idea in the
lecture notes, I wrote my thesis under Professor Kuranishi
and got a PhD degree from Columbia University. Look-
ing back later, the content of the lecture notes was a de-
tailed explanation of his paper “M. Kuranishi: New proof
for the existence of locally complete families of complex
structures,”14 and was characteristic of his work. That is,
Kuranishi did calculations with a skill all his own, for the
goals which looked apparently simple and easy to attain,
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14Eds. A. Aeppli et al., Proc. Conf. Complex Analysis (Minneapolis 1964),
Springer-Verlag, 1965, 142–154.

but in fact were terribly difficult. He looked as if he was a
mountain climber, solely challenging unclimbed peaks.

Junjiro Noguchi
My personal communication with Professor Masatake Ku-
ranishi started on the occasion of the Osaka International
Conference on Complex Geometry and Related Topics,
Dec. 1990 in Osaka, chaired by Shingo Murakami. Since
then he periodically came to the weekly seminar on com-
plex analysis and geometry at Tokyo Institute of Technol-
ogy in the summer, and later from 1998 at the Univer-
sity of Tokyo, Komaba. He owned an apartment at Yoko-
hama City, south of Tokyo, and stayed there during sum-
mer breaks from New York. He phoned my home to in-
quire about seminars and workshops, since he did not
use email very much. Sometime after his retirement from
Columbia University in 1999, he moved from New York
to Yokohama, and then he became a regular member of
our seminar. Besides the weekly seminar he was always an
important participant at our meetings in Japan, e.g., Geo-
metric Complex Analysis in Hayama 1995, Oka 100 in Ky-
oto/Nara 2001, Hayama Symposium, Winter Seminar on
Several Complex Variables, etc.

Figure 11. Kuranishi with D. Burns, T. Ohsawa, and J. Noguchi.

My research topics were a bit different from those of
Professor Kuranishi, but we shared a common interest
in complex analysis. Because of his deep and broad in-
terest in mathematics, I enjoyed discussing mathematics
with him; it was a real pleasure to hear his comments
and talks. His presence alone activated and motivated the
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seminars and the meetings very much. His straightfor-
ward but friendly questions were appreciated a lot by the
speakers and all participants of the seminars/meetings. We
sometimeswent with seminar participants to drink and eat
at Izakaya (a sort of pub in the Japanese style) together. It
was always great fun for all to chat together surrounding
Professor Kuranishi. Afterwards, we shared a train going
home, since our homes were in the same direction. On
one day of March 1998, I fortunately had a chance to visit
his apartment in New York with Professor Hirotaka Fuji-
moto. He and his wife welcomed us with Sukiyaki. It was
a delight for me to find a pair of KEF monitor speakers of
the bookshelf type in his room, knowing he had the same
hobby as me. I enjoyed the beautiful view of the Hudson
River from the apartment as referred to by many others.

I would like to tell two episodes about Professor Ku-
ranishi. According to him,15 his paper related to Hilbert’s
5th problem (then he was an assistant at Tokyo Institute
of Technology) was brought to America by Shizuo Kaku-
tani in 1948 with the help of Kosaku Yosida. The paper
was later published in the first volume of Proceedings of the
American Mathematical Society (No. 3, 1950). After cross-
ing the Pacific by boat, S. Kakutani traveled by train from
Seattle to Princeton with a stop in Chicago, and was carry-
ing not only Professor Kuranishi’s paper, but also a paper
by Kiyoshi Oka.16

About the same time in Kyoto, another similar story was
taking place. K. Oka wrote up the epoch-making VIIth pa-
per on “idéal de domaines indéterminés” or the “coher-
ence.” It was difficult to read, and someone around Oka
suggested handing the paper to Hideki Yukawa (physicist,
Nobel Laureate, October 1949), asking him to find some-
one at Princeton to take care of the VIIth paper so that it
would reach Henri Cartan. H. Yukawa was a graduate of
Kyoto University, once in a class of K. Oka’s, and was being
invited to IAS Princeton 1948 (by the way, Yukawa was a
professor at Columbia University, July 1949–53).

It is my guess that sometime in 1948, Kakutani and
Yukawa got to know each other, and that they were both
going to the IAS. Since Yukawa did not know many math-
ematicians, he consulted with Kakutani about Oka’s pa-
per. As a result, Kakutani took on the mission of taking
care of the two papers, and carried them in his bag from
Japan to the USA; this is a natural guess, because Yukawa
was then professor at the University of Tokyo (1942–49).
Oka VII was handed from S. Kakutani to André Weil then
at Chicago, who mailed it finally to Henri Cartan (Paris);
later it was published in Bull. Soc. Math. France 78 (1950).

15Masatake Kuranishi: His Life and Mathematics (in Japanese), ed. Akira
Fujiki, Iwanami Shoten Publ., 2013.
16cf. H. Hironaka and T. Urabe, Introduction to Analytic Spaces (in Japan-
ese), Asakura Shoten, 1981.

The scene at Chicago may be confirmed in a letter from
A. Weil to H. Cartan dated 28 Sep. 1948.17 So, the inside
of Kakutani’s bag in 1948 was the closest point between
Professors M. Kuranishi and K. Oka. It is of note that this
took place in Japan’s most difficult time in the history af-
ter the surrender in 1945; there was no longer a battle, but
it was still before the end of the Greater East Asian War in
Japan or the Pacific War in the USA, which was settled in
1951 and effective in ’52. The stories of the two papers tell
us how Japanese mathematicians were making efforts to
reestablish international communications after the war.

The second one is his intensive lecture course given for
a week of May 2002 in Tokyo. To invite a retired profes-
sor, it was necessary by a rule of the University of Tokyo to
write a special recommendation letter directly to the uni-
versity president, which I wrote. The target audience was
those students who were in the last year of undergraduate
or graduate studies; some researchers were also in the class.
The content was a discussion on Szegö kernels bymeans of
symplectic geometry and Fourier integral operators.18 The
course was not easy for students (even researchers!) to fol-
low, but there was quite a number of students, probably
twenty or so, who remained in the last lecture on Friday
afternoon. I was surprised at the end of the lecture, be-
cause the students began to clap, thanking Professor Ku-
ranishi, then 77 years old, who looked a bit fatigued; they
certainly learned something more than mathematics from
his enthusiasm aboutmathematics. This was the only time
I have ever seen such a scene.

Takeo Ohsawa
It was in 1975 that I first encountered Masatake Kuranishi.
It was when he visited Kyoto to give a series of lectures
on the deformation theory of isolated singularities based
on the analysis of tangential Cauchy-Riemann equations.
It was shortly after I managed to pass the entrance exami-
nation for the graduate course at Kyoto University. I was
attracted to mathematics by Kiyoshi Oka. He was well
known in Japan, even to nonmathematicians, as a heroic
figure who had solved principal questions in several com-
plex variables. I remember that Grauert’s direct image the-
orem, which is one of the major results after Oka’s theory,
stood before me like a high wall at that time, so that the

17Correspondence entre Henri Cartan et André Weil (1928–1991), p. 262, M.
Audin, Soc. Math. France, 2010.
18The lecture notes scripted by Atsushi Hayashimoto are now available as
Theory of CR-Structures (in Japanese), MSJ Memoires 6, Math. Soc.
Japan, 2012; cf. https://www.mathsoc.jp/publications/memoirs
/SugakuMemoirs.html.
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Figure 12. Kuranishi and Sayuri at the 1994 Osaka event
honoring Masatake’s 70th birthday, with T. Ohsawa,
K. Takegoshi, and M. Sato in the back.

idea of tangential Cauchy-Riemann equations was a kind
of refreshment. Kuranishi was invited by my adviser Shigo
Nakano who was a professor at RIMS (Research Institute
for Mathematical Sciences). I believe that Kuranishi’s visit
gave me an impetus to study the ̄𝜕 equations on weakly
1-complete (or pseudoconvex) manifolds.

Before that period, Kuranishi was known to us as part of
the drained brainpower to the US from Japan. He had im-
pressed us with his immortal construction of versal fami-
lies of deformations of compact complex manifolds. Such
a family, called the Kuranishi family in Kodaira’s lecture
notes “Complex manifolds” (dictated by J. Morrow), re-
mainsmost important in the theory of complexmanifolds.
In 1974, I was surprised by Kuranishi’s unbelievable re-
search style which was explained in an interview with Ko-
daira.19

19Sûrikagaku (Mathematical Sciences) 136, Daiyamondosha (Diamond Pub-
lishing Co.), 1974.

Q. How long do you concentrate on one problem
when you do not see the solution immediately?
Kodaira: I resign soon.
Q. Is it one week, two weeks, or half a year?
Kodaira: I have never continued more than half a
year. It will depend on the person. You probably
know Masatake Kuranishi. I once heard that he
does not stop thinking until he solves the problem.
He can do it for many years.
Q. Do you mean that all or nothing is his style?
Kodaira: I do not know exactly, but I was told that
he proceeds as follows. Examining many possibil-
ities at first, he continues until he is stuck at some
point. Then he goes back to the beginning and re-
peats the same thing. He is stuck at the same place
in the same way. By doing it again and again, he
eventually finds something good. I cannot be so
patient.

With this impression of Kuranishi in mind, I attended
his lectures. Once or twice he was stuck at the black-
board. However, when he found a way out, it did not
seem that he came back from the very beginning. Never-
theless, I was convinced that Kodaira was right when I saw
Kuranishi dropping in Nakano’s office to ask him about
the proof of Dolbeault’s lemma. I was there to attend a
seminar and could catch what Kuranishi said. He asked
Nakano, “Could you remind me how the proof of Dol-
beault’s lemma goes?” I was strongly impressed by this ex-
traordinary question. After some years, it came to me that
Kuranishi should have already been on the way to solving
the local embedding problem of strictly pseudoconvex CR
manifolds. His solution is for the manifolds of dimension
≥ 9 and appeared inmagnificent papers in 1982. It was fol-
lowed by a solution by Takao Akahori for the dimension
≥ 7. There exists a counterexample for the 3-dimensional
case and the 5-dimensional case remains a big challenge.

In 1994, I saw him in Bern at a satellite conference of
the ICM in Zürich. By that time he had shifted his inter-
est to the Bergman and Szegö kernels on strongly pseudo-
convex domains. He gave a comment on my talk, which
I appreciated very much, and said “I want to decompose
the Bergman kernel into the building blocks.” I knew
that he was looking for something which lies deep in the
strongly pseudoconvex case, rather than the degenerate ob-
jects without a priori symmetry, which my talk was about.
In another conference, I asked him “Why are you particu-
larly interested in the strongly pseudoconvex manifolds?”
He answered “Because geometry is there.” Although Ku-
ranishi’s words did not convert me from weakly pseudo-
convex domains to strongly pseudoconvex ones, they are
unforgettable and shape the outline of this outstanding
mathematician.
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Figure 13. Kuranishi and Sayuri in the late 1990s, in front of
their apartment building, and on the way to a dinner with D. H.
Phong at the Japan Club.

Duong H. Phong
It is one of the greatest privileges of my life to have been
a colleague of Professor Masatake Kuranishi for almost 30
years. He was a giant of mathematics, and the testimonies
in this Memorial article should give an idea of the range
and depth of his legacy. But Masatake was also a model
gentleman, admired and beloved by all who knew him,
and who treated absolutely everyone with unfailing kind-
ness and courtesy. In this part of the Memorial article, I
would like to reminisce about some of the precious mo-
ments that he shared with me and colleagues.

I remember vividly the first time that I met Masatake.
It was during the winter semester of 1975–1976, at the
University of Chicago, where I was a new instructor. The
winter had been dreary, and I had been really depressed.
When Masatake came to give a colloquium, his talk was
truly inspiring, and I eagerly joined the dinner in his honor.
By pure coincidence, I happened to sit across from him,
and although he did not say much, I witnessed firsthand
his quiet dignity, and the inner strength that radiated from

him. I could only express to myself a fervent wish to get to
know him better.

This wish came true when a couple of years later, I came
to Columbia University. There I got to know Masatake,
and also his wonderful wife Sayuri. I sometimes marvel at
the unpredictable strands of life that bring people together
and exert an immense influence on their lives. I learned
that in the 1960s, Masatake had offers from many presti-
gious mathematics departments, but he chose Columbia
because Sayuri’s mother, Mrs. Tsuruko Haraguchi (Arai
was her maiden name), had studied psychology there, and
had been the first Japanese woman to get a PhD degree
from Columbia. Masatake and Sayuri welcomed visitors
and young faculty to their apartment, and we experienced
their warm hospitality as well as the splendid view of the
Hudson River. In those days, the annual Ritt lectures at
Columbia included a festive dinner where each depart-
mentmemberwould contribute his or her owndish. Masa-
take and Sayuri would always bring a huge and sumptu-
ous tray of top-quality sushi, which became their trade-
mark and was consumed by other department members
in record time. Their generosity did not stop there with
me. They frequently took me to the very exclusive Japan
Club in New York, where Sayuri would always get me an
extra take-out order of stuffed crabs, once she noticed how
much I liked them. All these occasions with Masatake and
Sayuri were wonderful events which remain engraved in
my memory. Masatake was a true renaissance man (even
his undergraduate students wrote as much in their course
evaluations!), and Sayuri had very refined tastes and some-
times eccentric views that were really fun to hear. But for
me, the greatest joy was just to be part of their happy life
together.

These happy years passed by like a dream, marred only
by a severe accident that Masatake sustained one summer
in Europe. He had to undergo an operation, his return to
Columbia had to be delayed, and there was concern about
whether he would be able to resume teaching and research.
So it was a great joy and relief for me to see Masatake back
in the department within a few weeks, with barely a differ-
ence in his demeanor. He now had to walk with a cane,
but he dealt with this handicap with the same equanimity
and fortitude which he had shown throughout his life, for
example just making sure to start a few minutes ahead of
the other participants whenwalking to our weekly seminar
dinner.

Throughout his career, Masatake attacked only deep
and fundamental problems in mathematics. However,
they, as well as his approaches, defy any easy classifica-
tion into subfields. It appears that Masatake would iden-
tify a fundamental issue, examine it on its own merit and
without any preconceptions, and then develop his own
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machinery to address it, undeterred by any obstacle. I re-
call discussing with many friends the embedding problem
for CR structures that he ultimately solved. Each of us iden-
tified what we thought would be the insurmountable diffi-
culty where we ourselves would give up. When we learned
that Masatake had a solution, we thought that our diag-
nosis had perhaps been faulty and that these difficulties
were actually not there. But it turned out that he had ac-
tually confronted them head on, and forged ahead, right
through them. Thus his solution taught us more than just
some new mathematical techniques or a striking new the-
orem. It taught us an invaluable lesson of character, per-
severance, and courage. So it was always with Masatake’s
mathematics: deep, hard, fearless, and uncompromising
in its search for the ultimate truth.

I once heard Masatake say that he drew the greatest in-
spiration not from mathematical conversations about spe-
cific topics, but rather from the feeling that good mathe-
matics was being done around him. He was very tolerant
and never critical of anybody, but just from his own works,
one could sense that he had the most exacting standards.
As a junior colleague of his, this revelation that the quality
of the work around him mattered was for me a true source
ofmotivation. Often, when I was stuck inmy own research
and ready to give up, I would think of Masatake and what
mattered to him in order to find the courage and energy
for one more effort. In this manner, in his own quiet way,
he shaped the character of the Columbia Mathematics De-
partment, and he is one of the defining figures in its his-
tory. For this, for setting an example, for his mathematical
teachings, and for his personal kindness, I as well as his
many former students, colleagues, and mathematical de-
scendants are immensely grateful to him. He will forever
be with us.

Mikio Sato
I am deeply saddened by the unexpected loss of Professor
Masatake Kuranishi. I would like to take this opportunity
to convey my sincerest condolences to his family.

When I first visited Columbia University, in the mid-
1960s, Masatake was a professor there and he and his wife
Sayuri were very kind to me. My first winter in New York,
Sayuri took me to a department store to buy a thick cash-
mere coat. During the two years that I stayed in New York,
I often talked with him about mathematics. Although I
did not know enough to understand his mathematics com-
pletely, I was captivated by his deep insight and distinctive
way of illustrating mathematics beautifully.

Mikio Sato is a professor emeritus at the Research Institute for Mathematical
Sciences in Kyoto (RIMS). His email address is kenkyubu@kurims.kyoto-u
.ac.jp.

Figure 14. 1970 International Congress of Mathematicians in
Nice, France. From left to right: M. Sato, K. Yoshida, and
M. Kuranishi.

Aside from being a great mathematician, he was also a
very nice and gentle person. Around the time of my retire-
ment at RIMS in Kyoto, I was invited byMasatake to deliver
a lecture course at Columbia University in the fall semester
of 1992. I brought my wife and six-year-old son with me.
During my visit, Masatake and Sayuri took great care of
me and my family and we spent a memorable time with
them. For example, they kindly arranged for my son to
attend Columbia Grammar and Preparatory School. As a
six-year-old, his experiences there were so special and vivid
that they influenced him greatly.

Masatake was not only a dedicated mathematician who
influenced many scholars, but also a very kind and humor-
ous friend who brought joy to everyone around him. The
impression he left on me, and on the mathematical com-
munity, is enormous, and he will be sorely missed.

Yum-Tong Siu
The first time I came across the name of Masatake Kuran-
ishi was in 1964 when I was a first-year graduate student
in Minnesota, learning geometric analysis from Eugenio
Calabi. At that time the theory of deformation of Kodaira-
Spencer-Kuranishi was opening up a very important new
direction of research. As a student I focused my study on
learning the material needed to understand the theory.

I first met Kuranishi in 1971, when I was on the fac-
ulty of Yale and was offered a professorship at Columbia.
When I went to Columbia for a campus visit, Kuranishi
invited me to his apartment. I discovered then that, even
with his lofty intellectual stature, Kuranishi was extremely
friendly and easy to talk to.
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Figure 15. Y.-T. Siu with Masatake and Sayuri at the banquet
of the 2005 Columbia Conference in honor of Kuranishi.

Over the years, Kuranishi and I interacted at many con-
ferences in several complex variables. The earliest ones
were the Williamstown Summer School of 1975, the Cor-
tona Conference of 1976, and the Wisconsin Symposium
of 1982. The later ones were the Oka Centennial Con-
ference of 2001, Kuranishi’s 80th Birthday Conference of
2005, and Kohn’s 75th Birthday Conference of 2008. The
Cortona Conference of 1976 took place in the Cortona
Castle of Scuola Normale Superiore di Pisa. Both Kuran-
ishi and I stayed in the Castle and we had a lot of time to
talk in the leisurely ambience. I still vividly recall the im-
age of Kuranishi, looking very relaxed with his corn cob
pipe and at the same time very intensely immersed in his
own deep mathematical thinking, when we discussed top-
ics of common interest.

I very much admire Kuranishi’s mathematics. He chose
to work on important problems of great impact and intro-
duced fundamental breakthrough techniques for their so-
lution, persevering against great odds. His work was very
thorough, always done with meticulous care. His three-
part paper on the embedding of strictly pseudoconvex lo-
cal CR manifolds of real dimension ≥ 9 is typical of his
amazing technical prowess and the kind of attention he
paid to the details in his work. All his extremely compli-
cated computations and estimates were clearly laid out to
make the line-by-line checking of his arguments possible.

For his solution of the embedding problem for a local
strictly pseudoconvex CR manifold 𝑀 of real dimension
2𝑛 − 1 ≥ 9, the strengthened 𝐿2 estimate of ̄𝜕𝑏 on a strictly
pseudoconvex local hypersurface 𝑋 in ℂ𝑛 is first obtained
by marking out an open neighborhood𝑊 of the reference
point in 𝑋 with the use of a distance function 𝑡 which is
the real part of a local holomorphic function. The real
part of a local holomorphic function is used to avoid any
additional pseudoconvexity property of the boundary of
𝑊 when the estimate is to be established on𝑊 . For a local

basis 𝑌1,⋯ , 𝑌𝑛−1 of (1, 0) vectors, the multiplier
1

√∑𝑛−1
𝑗=1 |𝑌𝑗𝑡|2

is introduced to strengthen the 𝐿2 estimate. One then starts
out with a good local smooth non- ̄𝜕𝑏-closed diffeomor-
phism 𝑓 of 𝑀 onto 𝑋 . Through 𝑓, the solution of ̄𝜕𝑏 on 𝑋
with the strengthened estimate provides a way of approxi-
mately solving the ̄𝜕𝑏 equation on𝑀 which is then used to
modify 𝑓 to make it closer to being ̄𝜕𝑏-closed. The process
is iterated to yield a ̄𝜕𝑏-closed embedding of 𝑀 into ℂ𝑛.
His ideas for the solution are ingenious and completely
unexpected. The task of actually working out the details is
formidably demanding.

Kuranishi was a perfect gentleman-scholar in the Asian
tradition. With his calm and unassuming demeanor, he
put people at ease, was always encouraging and inspiring,
and stood ready to help. He will be sorely missed. His life
and work will always stay fondly in our memory.

Shing-Tung Yau
I knew Masatake Kuranishi for more than forty-five years.
I believe the first time I met him was in 1975 at the confer-
ence on several complex variables in Williamstown, Mas-
sachusetts. He was already a well-established mathemati-
cian, while I had just graduated not long ago. But of course,
I learned his fundamental contribution on the moduli
space on complex structures and Cartan’s theory of pro-
longation on exterior differential systems when I was in
graduate school. I was somewhat surprised to find out that
he was a very humble gentleman. I spent some time at the
Courant Institute at NYU right after that conference. And
occasionally I went to Columbia and met him there.

When I was a faculty member at the IAS in the 1980s,
we ran a special year in several complex variables. We
were excited to study his spectacular achievements on CR
embedding, a truly deep work in analysis. But I got to
know Professor Kuranishi better when I visited Columbia
in 1999 as the Eilenberg Professor. I met him much more
frequently. He was always rather quiet while smiling fre-
quently. Columbia offered me a job and Professor Kuran-
ishi entertained me with very nice Japanese food in a great
Japanese restaurant owned by his good friend. He also in-
vited my wife and me to his beautiful home. I was very
touched by his friendship.

He submitted a paper to the Journal of Differential Ge-
ometry where he presented a proof of the Hopf conjecture
in which the product of two spheres admits a metric with

Shing-Tung Yau is the William Casper Graustein Professor of Mathematics at
Harvard University. His email address is yau@math.harvard.edu.
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Figure 16. Kuranishi and S.-T. Yau.

positive sectional curvature. This took me by surprise. The
paper was over 150 pages. Despite it being full of original
ideas, it fell through eventually. But he treated the whole
process in the most graceful way, and I am grateful for it.

I met him several times since he retired to Japan about
ten years ago. The last time was when I gave the Takagi
Lecture at the University of Tokyo. He came to my lecture
even though he was about 86, and we had nice conversa-
tions. When I learned from Phong that he passed away,
I was taken by surprise, as I always had a good picture of
him in a very healthy manner, although he walked slowly.
Mathematicians will always remember his great contribu-
tion and I will miss this excellent role model.
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2006 and 2015 [5]) and a rapid rise of interdisciplinary 
data science, with accompanying linear algebra curricular 
recommendations [1, 6, 10, 15] that include, for example, 
exposure to the singular-value decomposition (SVD) and 
its popular cousin, principal components analysis (PCA). 

In 1993, the Linear Algebra Curriculum Study Group 
(LACSG [4]) published recommendations for a first course 
in linear algebra – emphasizing the importance of serving 
client disciplines and decreasing emphasis on abstraction 
by focusing on matrices, with a recommended core set 
of topics consisting of: operations on matrices, linear 
systems, determinants, properties of Rn, eigenvectors and 
eigenvalues, and orthogonality. Recently, the National 
Science Foundation provided financial support to convene 
LACSG 2.0, bringing together experts on the teaching and 
learning of linear algebra along with representatives from 
client disciplines. Their forthcoming recommendations 
additionally emphasize the importance of linear maps, 
their compositions and inverses, as well as diagonaliza-
tion and the singular value decomposition [12]. Topics 
recommended for a second course by this group include an 
abstract treatment of vector spaces, matrix factorizations, 
inner product spaces, finite-dimensional spectral theorem, 
pseudo-inverses, operators, and Jordan form. The teaching 
of linear algebra, we note, has received considerable atten-
tion as a topic of research [7, 14].

We complement the above body of work with two use-
ful perspectives. First, our survey, which gathers data on 
topic coverage and client populations, situates the above 
recommendations (and ours) in the context of what is 

1.0. Introduction
Linear algebra is a stalwart of the undergraduate mathemat-
ics experience, one of the core areas of mathematics whose 
“unreasonable effectiveness” finds critical application in 
disciplines ranging from business analytics to quantum 
computing. Most universities offer a first course in linear 
algebra, although what such a course entails varies from 
one institution to another. Our goal in this paper is to re-
view the status of a first course in linear algebra in the US 
and Canada through an instructor survey and then discuss 
ways in which an updated linear algebra curriculum might 
better serve its constituents.

In our survey, 70% of instructors report their course is a 
service course for computer science, data science, econom-
ics, or engineering majors (only about 25% of the institu-
tions use linear algebra as an introduction-to-proof course). 
At the same time, universities have seen a recent dramatic 
increase in computing majors (a 200% increase between 
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products, Markov chains, QR decomposition, spectral the-
orem, SVD/PCA, quadratic forms, differential equations, 
Fourier series, scalar fields other than R and C, numerical 
linear algebra, Jordan forms). Note only 8% of respondents 
report covering SVD/PCA in a first course. Additional de-
tails are provided in Figure 1.

Breaking down the data by institution and class type, 
topic coverage appears similar across doctoral granting and 
liberal arts universities and across courses serving math 
majors and general science, technology, engineering, and 
mathematics (STEM) courses. The only notable differences 
appear in the often/sometimes covered topics of Canadian 
vs US schools. For example, 82% of Canadian institutions 
include cross products as a topic, compared to 10% of 
US institutions. In contrast, fewer than 55% of Canadian 
institutions include the topics of similar matrices, non-di-
agonalizable matrices, and Gram-Schmidt orthogonal-
ization, while more than 75% of US universities include 
those topics.

We also asked instructors to what extent they empha-
sized (i) applications, (ii) computer programming, (iii) 
rote computation, (iv) geometry, and (v) introduction to 
proofs. The vast majority (72–82%) of respondents report 
a medium or high level of emphasis on introduction to 
proofs, rote computation, geometry, and applications. In 
contrast, 83% of instructors report no or low emphasis on 
computer programming—providing evidence that poten-
tial points of synergy between linear algebra and computer 
programming are not widely leveraged in the teaching of a 
first course in linear algebra.
3.2. Who takes linear algebra and what texts are used?
Current implementations of linear algebra play the role 
of a service course for engineering and computer science 

actually being taught today. Second, the growth of new 
client populations together with the recently documented 
failure rates in calculus [2] bring fresh focus to the idea of 
having linear algebra provide an alternative to calculus as 
the first encounter with college math.

2.0. The Survey
We surveyed linear algebra instructors at 129 of the top-
ranked universities (including doctoral research universities 
and 4-year liberal-arts institutions that do not offer doc-
torates in mathematics) across the US and Canada. Our 
survey included 25 questions aimed at understanding the 
prerequisites, content, points of emphasis, and disciplines 
served for introductory linear algebra courses (see online 
supplemental materials here: https://www2.seas.gwu 
.edu/~simha/research/AMS-LinAlg-Supplemental 
.pdf). We solicited responses from linear algebra instruc-
tors teaching at all US universities ranked to be in the top 
100 of US News’s university rankings in 2020 (100 total, 
with 80% from the overall rankings and 20% from top 
liberal arts colleges) and all Canadian universities in the 
top 1000 of the Times Higher Education World University 
Rankings (29 total).

After soliciting via email one to two faculty members 
from each target institution, we received 70 responses, 
of which 64 related to a first course in linear algebra. 
Responses from research-intensive, doctoral-granting in-
stitutions comprised 69% of overall responses. About half 
of respondents were from US institutions, about a quarter 
were from Canadian institutions, and the rest did not 
identify a national affiliation. Most respondents reported 
significant linear algebra teaching experience, with 88% 
having taught linear algebra more than 5 times and 44% 
having taught linear algebra more than 10 times.

3.0. What Goes on in a First Linear Algebra 
Course?
Our survey data indicates: (a) there are eight “universally 
covered topics” in a first linear algebra course, (b) computer 
science or data science students make up a large portion of 
linear algebra students, (c) prerequisites vary but success 
in linear algebra courses is high, and (d) while the experi-
ence of teaching linear algebra comes with challenges, for 
most instructors who responded, it’s among their favorite 
courses to teach. We examine each of these findings in 
more detail below.
3.1. Core topics
Our survey revealed that a set of eight core topics is in-
cluded in at least 90% of all surveyed courses. We call these 
universally covered topics. In contrast, there are seven often 
covered topics (included in 55–90% of courses) and five 
sometimes covered topics (included in 35–54% of courses). 
The remaining 12 topics in the survey were included 
in fewer than 35% of courses (LU factorization, cross  

Figure 1. Percent of respondents who report covering each 
topic.

Universally 
covered 
topics

1. Solving systems using row reduction (97%)
2. Eigenvectors/values (97%)
3. Determining linear independence/dependence 

of a set (94%)
4. Dot products (92%)
5. Characteristic polynomials (92%)
6. Diagonalization (92%)
7. Determinant formulas (91%)
8. Producing bases for subspaces (91%)

Often 
covered 
topics

1. Fundamental subspaces of a matrix (83%)
2. Similar matrices (77%)
3. Geometric / algebraic multiplicity (72%)
4. Non-diagonalizable matrices (69%)
5. Gram-Schmidt orthogonalization (64%)
6. Function spaces / polynomial spaces (63%)
7. Change of basis (58%)

Sometimes 
covered 
topics

1. Determinants as volumes (52%)
2. Least squares (50%)
3. Complex numbers (48%)
4. Abstract vector spaces (42%)
5. Inner product spaces (36%)

https://www2.seas.gwu.edu/~simha/research/AMS-LinAlg-Supplemental.pdf
https://www2.seas.gwu.edu/~simha/research/AMS-LinAlg-Supplemental.pdf
https://www2.seas.gwu.edu/~simha/research/AMS-LinAlg-Supplemental.pdf


EDUCATION

808    Notices of the AmericAN mAthemAticAl society Volume 69, Number 5

(72% of respondents), science and economics majors (63% 
of respondents), and as a core course for mathematics and 
statistics majors (80% of respondents). About one fourth 
of respondents indicated that linear algebra functions as an 
introduction-to-proofs course for their students.

The most common textbook used is a version of Lay’s 
text, used by about 1/3 of respondents. About 8% of respon-
dents reported using each of the following texts: Nichol-
son, Poole, and Norman & Wolczuk. All other texts were 
reported as being used by only 2–3 respondents. References 
to the named textbooks above are provided in the online 
supplemental material.
3.3. Widely ranging prerequisites; largely positive 
outcomes
The most common highest-level prerequisite for linear 
algebra was either single-variable calculus (~45% total 
with ~15% requiring Calc I and ~30% requiring Calc II) or 
high-school mathematics (~30%). About 10% of the time 
multivariable calculus was a prerequisite, and only 3% 
required a different advanced math course as a prerequisite.

What is striking is that, among our respondents, failure rates 
for linear algebra courses were lower than failure rates for calcu-
lus courses regardless of prerequisites to the linear algebra courses. 
Namely, of the instructors surveyed, no one reported a 
failure rate of higher than 30%, with three quarters of all 
respondents reporting a failure rate of 10% or lower, and 
about 98% reporting a failure rate below 20% (see Figure 
2). Further, over half (12 of 22) of the instructors who 
taught a linear algebra class that did not require calculus as 
a prerequisite reported a failure rate below 10% and 91% 
reported a failure rate below 20%. A large national calculus 
study found that failure rates in calculus range between 
22–37% depending on institution type [2]. Taken together, 
this provides strong evidence that linear algebra courses 
have lower failure rates than calculus courses, regardless 
of prerequisites.

3.4. Challenges and instructor opinions
As part of our survey, we asked participants to characterize 
the biggest challenge in teaching linear algebra. One re-
spondent made a particularly strong argument for moving 
linear algebra earlier in the curriculum:

Perhaps it's that pre-calculus and calculus dom-
inate the last several years of most students' 
math training. I wonder sometimes if I'd have 
better luck teaching high school sophomores, 
who haven’t (yet) had their geometric intuition 
beaten out of them to make room for mechan-
ical calculus procedures!

While this response was not a dominant theme, it is 
related to the broader argument we make in this paper—
namely that linear algebra should appear earlier in the 
college curriculum in a way that could function as an 
alternative path to STEM. Other participants’ responses 
offer valuable insights into the challenges inherent in the 
teaching of linear algebra, which are critical to consider 
along with significant shifts in the location and role of 
linear algebra in the undergraduate curriculum.

About half of respondents described the biggest chal-
lenge of teaching linear algebra in relation to the nature of 
the content itself. These responses highlighted how ideas 
fit together, the need to bridge and balance computation 
and theory, and challenges related to abstraction and proof. 
One respondent explained this challenge in the following 
way:

It is like a puzzle. Every piece (that is, every 
topic in the course) is important, and if any are 
missing you won't be able to finish the puzzle. 
But you also can't see what you are trying to 
accomplish until you have assembled enough 
of the pieces, making it difficult to motivate 
students to keep working on every piece.

Another explained:

So many of the concepts depend on each other 
to really make sense; it takes a good ¾ of the 
term before I feel like I can really communi-
cate the big picture of what's going on to my 
students, and until then I'm leaving a lot of 
hanging ideas floating around.

Yet another linked this to the way in which students 
experience the flow of content:

Our course starts with a lot of really basic row 
reduction/matrix multiplication, inverses etc. 
that students tend to find easy. Then it quickly 
moves to Linear Transformation and abstract 
stuff. Students tend to think they are awesome 

Figure 2. Failure rates for first linear algebra course 
disaggregated by prerequisite.
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confidence in mathematics (90%): “one of the clearest 
conclusions…[is] how effective this course is in destroying 
that confidence” (p. 182). Notably, women are 1.5 times 
more likely than men to leave STEM after taking a first 
college calculus course, a decision consistent with gendered 
differences in confidence but not performance [8].

Taken together, the considerations of a growing need for 
linear algebra knowledge in content disciplines and rela-
tively high pass rates with limited prerequisite knowledge 
required lead us to the question: Could linear algebra, remod-
eled as a service course and updated for its changing population, 
offer a parallel pathway to STEM? To stimulate discussion of 
these issues in the undergraduate mathematics community, 
we take up this possibility in the remainder of the paper, 
and include discussion of what a first course might imply 
for a more advanced second course. 
4.1. The case for linear algebra as a first collegiate 
encounter with mathematics
Note that the suggestion of broadly adopting a first-year 
linear algebra class isn’t new. Tucker, in 1993, called for 
a “‘redistricting’ of the lower-division mathematics se-
quences” to include linear algebra [13 p.8]. Our survey 
indicates that this is being done with remarkable success 
in some places, and that linear algebra features higher 
pass rates than calculus regardless of whether calculus is 
required as a prerequisite or not. Furthermore, the high 
level of agreement on a relatively small set of core topics for 
a linear algebra class lends itself nicely to the proposal to 
adapt linear algebra courses for a lower division audience.

There are two important arguments to be made in sup-
port of first-year linear algebra courses: (a) such courses 
would better serve the rapidly increasing population of 
computer and data science majors, and (b) first-year linear 
algebra courses have the potential to increase STEM oppor-
tunity for underrepresented groups.

Point (a) is supported directly by enrollment data but 
point (b) needs more explanation. We argue that a first-year 
course in linear algebra has the potential to level the playing 
field for incoming students, regardless of whether their high 
school is well-resourced in mathematics, and thus open up 
additional pathways to STEM. Because most students do 
not take linear algebra in high school, by making linear 
algebra an entry-level course, students would experience 
a more even playing field with regard to their high school 
coursework. In contrast, many students take calculus in 
high school, then take it again in college… sometimes 
without success [2]. This can foster an uneven playing field 
depending on the resources available to students at the 
high school level—as well as leaving students feeling un-
motivated and underprepared. Linear algebra, on the other 
hand, offers a chance to start afresh, as well as to usefully 
review more elementary topics in coordinate geometry and 
equation solving, together with an application-driven focus 
to motivate students.

and doing great and stop working as hard by 
the time they really need to.

And others situated challenges in relation to students’ 
prior coursework:

Linear algebra is often one of the first classes 
students see that is not procedural. It is full 
of new mathematical language, abstract and 
spatial thinking, algebraic arguments, visual 
arguments, real-life numerical applications, and 
other analyses that students must internalize 
in order to succeed. It is also a class where a 
computer algebra software system is required. 
Students who did well in earlier classes through 
short term memorization often struggle in lin-
ear algebra.

Other common themes included challenges related to 
variations in students’ needs and backgrounds (reported by 
20% of respondents) and limited resources (e.g., time, large 
class size, and the need for more high-quality problems and 
exercises; reported by about 20% of respondents). Only 
about 12% of respondents reported that the biggest challenge 
in teaching linear algebra was related to student interest, effort, 
or capability. We interpret this to mean that the instructors 
surveyed tended to have productive beliefs about their 
students’ capabilities in linear algebra, and there is ample 
evidence to suggest that this has important implications for 
more positive and equitable outcomes [3]. Indeed, about 
four times as many respondents pointed to the nature of 
the material as the biggest source of challenge, rather than 
any inherent issue with students and their preparation.

4.0. Could Linear Algebra Be an Alternate First 
Collegiate Math Course?
Calculus is currently the gateway to many STEM majors, 
commonly required in students’ first-year coursework for 
engineering, physics, mathematics, and statistics programs. 
Unfortunately, more than half of students entering college 
with the intent to major in STEM fail to complete a STEM 
major, according to a report by the President’s Council of 
Advisors on Science & Technology [11]. The same report 
squarely identifies the “math barrier” to STEM fields, and 
hints at the need for alternatives to the status quo, explain-
ing that “introductory mathematics courses often leave 
students with the impression that all STEM fields are dull 
and unimaginative, which has particularly harmful effects 
for students who later become K–12 teachers” (p. vi).

As mentioned earlier, a recent survey paper [2] on the 
state of collegiate calculus calls for rethinking introduc-
tory calculus’ harmful role on student motivation, given 
its high 22–37% DFW rate (with a remarkable 18% DFW 
rate among students who previously took calculus in high 
school) for a group of students who come in with high 
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(rotation, reflection, affine-extended translation) in 2D 
and 3D computer graphics. Thus, a reflection followed by 
a rotation can be both seen visually and easily computed 
through successive matrix multiplication; likewise “undo-
ing” a transformation can serve to motivate and set up ma-
trix inversion. However, including these applications raises 
questions about whether students and instructors should 
be expected to write code, whether this should occur in a 
separate lab, and whether computation can be supported 
at scale. We argue that it is relatively easy for instructors to 
demonstrate with software (without showing code) in class, 
and with a little help, students can run software to compute 
results that can then be viewed to confirm hand-calculated 
matrix-vector manipulations.

Making demonstrations of applications to computer 
graphics a key goal allows one to introduce Bezier curves 
and surfaces, a foundational element of computer anima-
tion. Because Bezier curves are constructed using linear 
combinations of polynomials, students get to see linear 
algebra at work with a different type of mathematical object 
and connect linear algebra with how animated movies are 
developed.

Linear algebra for data science: getting to PCA in a 
first-year course. At first glance, it might seem that the road 
to Principal Component Analysis (PCA) is a long one that 
winds through linear transformations, then to eigenvalues 
and characteristic equations, and from there to diagonal-
ization. However, once the course is past the core of linear 
algebra (span, basis, rank, dot products, orthogonality), 
there is a way to demonstrate and explain PCA through a 
shorter, less intensive path. With the computer graphics 
applications having shown how a matrix transforms one 
vector into another, one can then demonstrate that some 
resulting vectors have the same direction, and that even 
when the result is a different direction, repeated appli-
cation of the same matrix converges to a vector with this 
unusual property (the power method). By using software 
to compute eigenvalues and eigenvectors, one can avoid 
characteristic polynomials and go straight to explaining 
a change of basis using the eigenvectors as the new basis. 
With this background, students can take data matrices, 
perform mean-centering, calculate correlation and then 
apply the change of basis, after which they can plot the 
first two coordinates, a process sufficient for many datasets. 
In this sense, the focus is on change-of-basis rather than 
eigenvalue calculation. 

Linear algebra that integrates review of high-school 
math. A first-year linear algebra instructor should generally 
anticipate a wide range of mathematical exposure amongst 
students in the course. Fortunately, linear algebra offers 
the opportunity to review many topics from high school, 
including some for which students’ exposure may vary. 
These include coordinates, equations of lines and planes, 

4.2. Issues in the design of first-year linear algebra
Any consideration of moving linear algebra into the fresh-
man year, without a calculus prerequisite (and, as we pro-
pose, also with computer and data science applications), 
is naturally enmeshed with broader issues surrounding 
the mathematics curriculum. Questions arise related to 
sequencing across courses such as: Which later courses 
require calculus for specific calculus content as opposed 
to merely seeking mathematical maturity? Could linear 
algebra be a suitable alternative? If a second, more abstract 
course in linear algebra is to be offered, what flexibility does 
this afford the first course, and what should go into the 
second? Questions related to what happens within a first, 
freshman-level linear algebra course arise as well: What are 
the roles of computer programming and applications in a 
first-year linear algebra course? What might be the role of 
proof in a first-year linear algebra course? And how can 
client departments adjust their curricula to make best use 
of a freshman course in linear algebra?

In the following sections, we outline ideas for two 
courses, an introductory freshman-level course open to 
all, driven by computing and data science applications, 
and a later second course for majors, ensuring that topics 
omitted from the first can be addressed in the second and 
that proofs take their central place in a math-major course. 
What makes this possible, we believe, is that linear algebra 
as a content area is adaptable to both audiences. Our sugges-
tions are also informed by recommendations from Linear 
Algebra Curriculum Study Group’s 1993 report (and the 
forthcoming update) [4, 12], the various data science cur-
ricular reports cited, as well as the authors’ own experience 
with linear algebra. We emphasize that these ideas are intended 
to begin discussion and are not intended as a prescription.
4.3. What might a first-year linear algebra course look 
like?
In this section, we explore possibilities for a first-year linear 
algebra course. We take it as a given that a first-year linear 
algebra course is designed with the idea that math majors 
will also take a second linear algebra course (aimed at sec-
ond or third-year students), and therefore provides room 
to deviate from “traditional” approaches. We aim to spark 
conversation by showing some ways that linear algebra 
can be adapted for a first-year audience. This section is 
not meant to describe any specific course (for an example 
outline of a specific course, see Appendix 3 of the online 
supplemental materials). Instead, we highlight the versa-
tility of the subject through a few vignettes.

Linear algebra for computer science: computer graph-
ics. Applications of linear algebra to computer graphics are 
both visually compelling and directly useful to the growing 
population of computer science students in linear algebra 
courses. For example, as the outline in Appendix 3 of the 
online supplemental materials shows, many ideas in linear 
algebra can be motivated with standard transformations 
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many parallels to help them grapple with abstraction: the 
parallels between reals and complex numbers, dot versus 
inner products, linear versus bilinear transformations, 
tensor products, finite versus infinite-dimensional, and 
an abstract treatment of operators. Mathematicians might 
benefit from the adoption of conventions from physics in 
the second course such as left-side conjugation for inner 
products, and even the dreaded Dirac notation. Once ex-
amples that demonstrate its power are presented, students 
will eventually get comfortable with the notation, and it 
will be extremely valuable for physics and computer science 
students who go further with quantum topics.
4.5. Further mathematics education research 
One problem with papers like this is that much of the above 
advocacy is based on argument and author experience, a 
problem that also afflicts any kind of stance rooted more 
in theoretical speculation than in empirical evidence. 
While there has been a considerable amount of research 
published on the teaching and learning of linear algebra 
over the last 15 years, much of it has focused on how 
students reason about particular topics in the context of 
linear algebra courses (e.g., span, linear independence), and 
instructional innovations organized around use of technol-
ogy or inquiry-oriented instruction [15]. The mathematics 
community would benefit from a careful and detailed study 
of how exactly various micro-topics from mathematics 
are used by its students in the application disciplines: For 
any subtopic X: who really uses X and why? How often do 
engineers use determinants or the concept of a null space, 
and for what purpose? How exactly do economists use 
eigenvalues and eigenvectors? Knowing precisely both the 
usage of a topic and the proficiency needed (is the proof 
needed, just the idea, or the calculation experience?) will 
greatly help the design of the standard math courses with 
the largest enrollments and whose impact is critical.

polynomials, mean, variance, correlation, and sigma no-
tation for summation.

It has been documented that high-achieving mathemat-
ics high school students are largely successful solving linear 
equations with a unique solution [9], but identifying when 
those equations are never or always true is more challeng-
ing. Thus, it is reasonable that linear algebra could provide 
a rich opportunity for such students to extend and build on 
their knowledge of linear equations and systems of linear 
equations and their solution sets - while also broadening 
students’ conceptions of how lines and planes can be 
represented in 2 and 3 dimensions (e.g., with parametric 
vector equations). Additionally, opportunities to explore 
applications of polynomials in a realistic, meaningful 
context such as computer graphics could importantly build 
students’ fluency with these mathematical objects and ex-
tend students’ appreciation of their usefulness within and 
beyond mathematics.

A point we want to emphasize is that we don’t advocate 
for including “more” in a first-year linear algebra course. 
Instead, we argue that specific tradeoffs can and should be 
made to reimagine linear algebra as a first-year course. For 
example, the course outlined in the online supplemental 
materials does not introduce characteristic polynomials or 
determinants (two topics often covered in a linear algebra 
course). This frees up time to explore PCA, which would 
be a justified tradeoff for a course aimed at a broader 
population. By breaking from the “traditional,” there is 
an opportunity to create a new and useful experience for 
first-year students.
4.4. What might a second course in linear algebra look 
like?
Coupled with a first-year introduction to the subject, a 
second linear algebra course, suitable both for math ma-
jors as well as physics and theoretically inclined computer 
science students, provides an opportunity to dive more 
deeply into linear algebra theory. What topics might such a 
course cover if students have had the first course? We offer 
a potential organizing theme for commonly covered topics 
that is useful and compelling for students who enjoy both 
theory and seeing its application. This theme, we believe, 
also fills an inexplicable oversight in the current landscape 
of linear algebra teaching, the fact that nearly all linear 
algebra textbooks fail to cover its spectacularly successful 
application: quantum mechanics.

The core ideas of quantum mechanics and quantum 
computing are based on the linear algebra of complex 
vectors, with Hermitian and unitary matrices playing key 
roles. One can begin more approachably with qubits and 
finite-dimensional vectors before transitioning to Hilbert 
spaces. Several introductory books in quantum computing 
are now available that do not require any physics; the linear 
algebra topics from these books could serve as the starting 
point for a second course. Thus, students would get to see 
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of linear algebra has led to the explosion of career oppor-
tunities in data science, signal processing, cryptography, 
computer science, and quantum computing. Research into 
the teaching of linear algebra continues to provide new 
insight into better ways of sharing linear algebraic knowl-
edge and ways of thinking with students. Technology has 
become accessible and affordable for most students, and 
as such, should be used as an asset in teaching and learn-
ing. Modern applications have grown and can motivate 
learning and insights into the workings of linear algebraic 
ideas. Hence, the teaching of linear algebra has become 
increasingly important in this quantitatively driven world.

In 1993, Carlson, Johnson, Lay, and Porter [1] initiated 
the first Linear Algebra Curriculum Study Group (LACSG) 
to examine the role of the first course in linear algebra in 
the mathematics curriculum and offered numerous recom-
mendations intended to better meet the needs of students 
and client disciplines at that time. The recommendations 
in [1] were a major step in raising awareness and signifi-
cantly impacted linear algebra education both nationally 
and internationally. For example, special sessions on the 
learning and teaching of linear algebra were added to the 
programs of national and international meetings (e.g., the 
Joint Mathematics Meetings, International Linear Algebra 
Society meetings), and several important introductory 
linear algebra textbooks adopted the LACSG recommen-
dations (e.g., [2]). Many of these recommendations are 
still relevant today; however, the field of linear algebra 
has continued to grow since those recommendations were 
published in 1993. New enabling technologies have been 
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trade-off between run time and storage costs? Scalability is 
an important consideration. Can an algorithm that works 
on a small scale be implemented on a larger scale? Linear 
algebraic ideas, such as the notion of linear independence, 
help us avoid redundancy. Eigentheory is much richer 
than the “fixed direction” of a linear transformation and 
has a wide variety of uses in practice such as compressing 
data or identifying the essential components of the system 
under study. Matrix multiplication and factorizations are 
also used to manipulate and understand data and signals. 
The critical thinking skills developed in proof writing help 
individuals in industry assess the validity of algorithms and 
ideas, work with abstract variables, and understand what 
different components in a system are contributing to its 
behavior. The advice we received from our industry experts 
certainly supports a review of the mathematical curriculum 
and where linear algebra fits in the broader scheme. 

Although calculus is currently the mathematical starting 
point for almost all STEM students, much of the mathemat-
ics currently used in industry has its foundation in linear 
algebra. Offering linear algebra to incoming freshmen, 
with a second course offered to juniors or seniors, would 
benefit students who will use linear algebraic ideas in their 
careers and elsewhere in their studies. An introductory lin-
ear algebra course provides foundational material for many 
mathematics courses, as well as programs addressing The 
Quant Crunch. Although many universities use calculus as 
a prerequisite for linear algebra, this is rarely based on any 
specific mathematical need; most often, it is an expression 
of a desire for mathematical maturity or the use of calcu-
lus to filter enrollment for other mathematics courses. We 
suggest that linear algebra serves to foster mathematical 
maturity at least as well as calculus. Indeed, in some ways, 
it is a better vehicle because it starts with simple arithmetic 
(in the form of row reduction) and builds to very high-level 
abstractions (high-dimensional vector spaces, null spaces, 
linear independence, coordinate free linear operators, etc.). 
Hence it provides an appropriate foundation for courses 
such as discrete math, graph theory, combinatorics, and 
many areas of data analytics. Reviewing the list of topics 
and level of sophistication asked for by our industry ex-
perts, LACSG 2.0 has observed that second (and even third) 
courses in linear algebra are needed. Quantitative under-
standing is gaining importance in many disciplines outside 
of mathematics. All of them will benefit from additional 
theoretical and numerical understanding of linear algebra. 

Research-based Insights on Teaching  
and Learning in Linear Algebra
An increasing number of research studies regarding teach-
ing and learning in linear algebra have been conducted 
since the publication of the recommendations in [1]. These 
studies range from fine-grained investigations of students’ 
cognition to instructional interventions and curriculum 

invented and are widely available, older technologies have 
improved or become obsolete, research in linear algebra 
has blossomed, and the application areas of linear algebra 
have continued to expand. 

In 2018, funded by the National Science Foundation 
(DUE-1822247), experts from around the nation were 
invited to a 2-day workshop to re-evaluate the important 
work begun in [1], nearly thirty years ago. As a result, the 
LACSG 2.0 (the authors of this paper) was formed to revisit 
and update the recommendations in [1]. The new recom-
mendations suggest teaching linear algebra sooner in the 
curriculum, removing calculus as a prerequisite, consider-
ing the needs of industry, being aware of the latest research 
in linear algebra education, taking advantage of technology 
in teaching, motivating concepts with applications, and 
developing second courses in linear algebra. The purpose 
of this paper is to communicate the LACSG 2.0 recommen-
dations to mathematics program leaders and instructors of 
linear algebra for their consideration.

Advice from Industry
In the IBM publication The Quant Crunch: How Demand for 
Data Science Skills is Disrupting the Job Market, the authors 
challenge higher education to respond to the “demand 
for a new breed of professionals skilled in data analytics, 
machine learning, and artificial intelligence” [3, p. 3]. To 
address the skills gap created by an explosion of careers 
involving analysis of data, a strong foundation in linear 
algebra is paramount. Students preparing for jobs in Sili-
con Valley recognize that a proof-based second course in 
linear algebra is highly valued by potential employers, as 
evidenced, for example, by the 700 plus students a year 
registering for such classes at UC Berkeley. The LACSG 2.0 
team met with industry representatives from Amazon, Goo-
gle, Juniper, Schweitzer, Nordstrom, Boeing, and Microsoft 
from the Seattle-Portland area in the Fall of 2019 and heard 
from this group that students need a thorough grounding 
in both abstract and numerical linear algebra. 

Our industry experts suggested giving students more 
pathways into diverse mathematical ideas, including linear 
algebra. They pointed out that decisions about what and 
how to teach mathematics need to focus more on how 
ideas are currently used in industry and not necessarily on 
how they were developed. For example, many students are 
still taught Cramer’s rule but not LU decompositions, even 
though the far more efficient LU decomposition is used 
extensively to solve systems of equations, and Cramer’s 
Rule almost never is. The experts we spoke with saw the 
ability to experiment and play with data and ideas as an 
essential skill. Students need to be able to formulate their 
own observations and explore their validity—and linear 
algebra provides a beautiful framework for this type of 
mathematical exploration. They suggested that discussion 
of data structures is also important. How do we manage the 
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sense of concepts and how their mathematical insights can 
be leveraged in helping them grow in their linear algebra 
reasoning. 

The role of graphical representations of R2 and R3 in 
teaching and learning linear algebra has also been the focus 
of investigation for many researchers. For example, recent 
studies illustrate that using dynamic geometry software to 
introduce and explore linear algebra concepts can result in 
a robust understanding of those concepts at the introduc-
tory level (e.g., [10]). Focused on vector spaces beyond R2 
and R3, other researchers caution that an overreliance on 
geometry may restrict students’ ability to abstract linear 
algebraic concepts and ideas (e.g., [11]). Taken together, 
the consideration of the role of geometry in linear algebra 
is a good example of how the course type and population 
(e.g., introductory versus advanced course, mathematics 
versus other STEM majors) are factors in considering which 
research recommendations are most appropriate for a given 
course. 

Research on teaching and learning in linear algebra is a 
growing area in mathematics education. We recommend 
that learning about research findings can help linear algebra 
instructors be mindful of students’ thought processes and 
needs and possible challenges with certain concepts. For 
example, the notion of solution being the set of all nonzero 
vectors x that satisfy a matrix equation is different than what 
students previously encountered, such as solving for the 
specific real-valued x that satisfies the equation cx = d; thus, 
solution strategies that were previously successful may not 
apply in linear algebra. This is apparent when students, for 
instance, try to “cancel” the vector v from both sides of the 
equation when they encounter Av= 2v [12]. One teaching 
suggestion is to emphasize that in the eigen equation, 
there are multiple objects (matrix, vector, and scalar) to 
coordinate in different ways (matrix-vector multiplication, 
scalar-vector multiplication), yet the result of these differing 
operations is the same object, a vector [6]; this may help 
combat the understandable instinct to “cancel the vector” 
from the eigen equation by conceptually reasoning that a 
matrix cannot equal an eigenvalue.

In conclusion, the various teaching implications re-
ported from these studies, as well as resources and curric-
ulum materials supported by research (e.g., [5]; [13]) can 
benefit instructors to reflect on their own teaching practices 
as they prepare students for future job markets. A more ex-
tensive list of research papers on the teaching and learning 
of linear algebra can be found in [9]. Certainly, there is still 
much to investigate regarding best practices for teaching 
linear algebra in the 21st century in ways that promote deep 
understanding for all students. For example, there is much 
to learn about the role of technology and visualization, as 
well as how to meet the needs of students in other disci-
plines such as engineering, physics, or computer science.

development based on research about how students learn 
linear algebraic concepts (e.g., [4]; [5]) and have helpful 
implications for teaching linear algebra concepts at the 
undergraduate level. As noted by Schoenfeld [6], the pure 
purpose of mathematics education research as a scientific 
discipline is “to understand the nature of mathematical 
thinking, teaching, and learning,” and the applied purpose 
is “to use such understandings to improve mathematics 
instruction” (p. 641). In this section, we highlight a small 
subset of this research corpus to encourage the reader to 
explore how research findings in this area can be leveraged 
towards improving the educational experiences and suc-
cesses of linear algebra students in the 21st century. 

The early work on teaching linear algebra raised aware-
ness of the complexity involved in students developing 
a conceptual understanding of elementary notions. For 
example, Dorier, Robert, Robinet, and Rogalski [7] noted 
that in France, “The general attitude of teachers consists 
more often of a compromise: there is less and less empha-
sis on the most formal part of the teaching (especially at 
the beginning), and most of the evaluation deals with the 
algorithmic tasks connected with the reduction of matri-
ces of linear operators” (p. 28). As a result, students may 
develop computational skills but lack conceptual under-
standings of core elementary linear algebra notions (e.g., 
linear dependence and subspaces). One rather straightfor-
ward recommendation, therefore, is to not teach purely 
algorithmically. Furthermore, Dorier and colleagues found 
that students’ difficulty with the formalism of vector space 
theory was not solely an issue with formalism in general but 
with its specific role in linear algebra. They recommended 
the consideration of what they call the meta-lever, in which 
instructors consider what their students know mathemat-
ically to use as a lever towards deepening not only their 
mathematical understanding but also their notion of the 
nature of mathematics itself. Other early studies indicated 
that instructors may inadvertently blend various contexts, 
modes of description, and notation and should be aware 
that it is not trivial for some students to recognize the 
same concept in different contexts or notations (e.g., [8]). 
For example, instructors might seamlessly treat a vector in 
R2 as both a point and an arrow (two different geometric 
modes of description) or treat a vector as an n-tuple and as 
an element of a vector space denoted with a symbol such as 
v (algebraic mode and abstract mode, respectively). 

Since the publication of these studies, many researchers 
have examined a wide variety of topics in linear algebra. 
Stewart, Andrews-Larson, and Zandieh [9] identified more 
than 50 empirical studies published within a selected list 
of peer-reviewed mathematics education journals over the 
period of 2009–2017. Although many of these contempo-
rary research papers investigate and help us understand 
students’ difficulties with learning linear algebra, many 
others focus on characterizing the ways students make 
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Second Courses in Linear Algebra
A single semester course cannot possibly cover all the 
important topics in linear algebra. We recommend that 
students planning to pursue a graduate degree in mathe-
matics or a career in any type of quantitative analysis take 
at least two courses in linear algebra. Students majoring in 
computer science, physics, economics, and other subjects 
using mathematical models may also benefit greatly from 
two or more courses in linear algebra.

A second course in linear algebra might focus far more 
on vector spaces, linear maps, and proofs than a typical 
first course that focuses on Rn, matrices, and computations. 
The context for the second course should include complex 
vector spaces (and possibly vector spaces over an arbitrary 
field) as well as real vector spaces. The following topics (see 
Table 2) can be included and explored in depth in a second 
course aimed at math majors and other students who want 
to learn the powerful tools of linear algebra.

Other second courses may want to focus more on nu-
merical linear algebra. In addition to some of the topics 
above, the following topics (see Table 3) can be included 
in a course with an emphasis on numerical linear algebra.

First Courses in Linear Algebra
While we are conscious of students’ mathematical matu-
rity and preparedness for college courses, we believe that 
linear algebra can be successfully learned by students with 
proficiency in high school algebra. Hence, we recommend 
that linear algebra could be offered profitably without a 
calculus prerequisite. Burazin, Jungić, and Lovrić [14] stated 
“We have heard strong views suggesting that perhaps the 
time has come to abandon calculus and restructure first-
year mathematics around a different paradigm, such as 
mathematical modeling, problem-solving, or mathematical 
thinking” (p. 67). Indeed, restructuring first year math-
ematics to give students early exposure to linear algebra 
should be a high priority for mathematics departments. 
The models from some countries around the world (e.g., 
New Zealand and Ireland) show that both calculus and 
linear algebra are offered in the first year and often in the 
first semester. We also recommend that future high school 
mathematics teachers should take at least one linear alge-
bra course. 

We recommend that the following topics (see Table 
1) should be considered for inclusion in a first course in 
linear algebra.

Table 1. Topics appropriate for a first course.
 • Systems of linear equations.
 • Properties of Rn. Linear independence, span, bases, 

and dimension.
 • Matrix algebra. Column space, row space, null space.
 • Linear maps. Matrices of a linear map with respect to 

bases; the advantages of a change of basis that leads 
to a simplified matrix and simplified description of 
a linear map.

 • Matrix multiplication and composition of linear 
maps, with motivation and applications.

 • Invertible matrices and invertible linear maps.
 • Eigenvalues and eigenvectors.
 • Determinant of a matrix as the area/volume scaling 

factor of the linear map described by the matrix. 
 • The dot product in Rn. Orthogonality, orthonormal 

bases, Gram-Schmidt process, least squares.
 • Symmetric matrices and orthogonal diagonalization. 

Singular value decomposition.
 • Orthogonal and positive definite matrices.

Table 2. Topics appropriate for a second course.
 • Abstract vector spaces. Subspaces, linear indepen-

dence, span, bases, and dimension in the context of 
abstract vector spaces.

 • Linear maps between vector spaces; the null space 
and range of a linear map. The matrix of a linear map 
with respect to a basis; rank and nullity of a matrix.

 • Invertibility of matrices and linear maps.
 • Eigenvalues, eigenvectors, and diagonalization.
 • Matrix factorizations.
 • Inner product spaces. Orthogonality and orthonor-

mal bases. Gram-Schmidt process for constructing 
orthonormal bases.

 • Orthogonal projections and best approximations. 
Upper-triangular matrices with respect to an ortho-
normal basis (Schur’s theorem).

 • Finite-dimensional spectral theorem. Singular values 
and singular value decomposition. Low-rank approx-
imation of linear maps. Pseudo-inverses.

 • Positive operators. Unitary operators.
 • Geometric multiplicity as dim null (T − λI); algebraic 

multiplicity as dim null (T − λI)n. Generalized eigen-
vectors. Jordan form. 

 • Minimal polynomial, characteristic polynomial, and 
diagonalizability.

 • Determinant and trace as product and sum of ei-
genvalues. 

 • Tensors and multilinear algebra.
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discuss when exact results are possible and when exact re-
sults are not possible. Conversely, a course with an applied 
focus can address topics from numerical linear algebra in 
the context of a particular software.

Applications
Linear algebraic ideas are fundamental in understanding 
and solving a plethora of real-world problems, particularly 
in our increasingly digital world. Additionally, the majority 
of students populating linear algebra courses (especially 
first semester courses) are from engineering, science, busi-
ness, etc., rather than being primarily from mathematics as 
they were two or three decades ago. Consequently, to better 
address evolving student needs and increase student en-
gagement, most linear algebra courses should purposefully 
include more and better applications to provide motivation 
of, the context for, and examples of the ideas being taught.

Applications are too numerous in type and number to 
list more than a few. These might include the Google Page 
Rank Algorithm, linear programming, traffic/network flow, 
sports bracketology/predictions, predator/prey models, 
medical imaging, balancing chemical reaction equations, 
Markov chains, the Leontief Input-Output Model, etc. Of 
course, which applications are employed will depend on 
instructor interests and/or on the needs/interests of the 
students in class. 

Applications and examples can introduce, motivate, and 
provide context for a specific concept or for several ideas 
simultaneously. To illustrate this, we briefly discuss one 
such example. A discussion of least squares could ultimately 
include the properties of vectors, and the specific concepts 
of orthogonality, orthogonal projections, projecting a vec-
tor onto the column space of a matrix, the least squares 
solution, and the extension of these ideas to functions, 
etc. Rather than immediately jumping into the discussion 
and assuming students care about vectors, orthogonality, 
etc., one could begin by giving the motivating example of 
trying to fit a straight line to a given set of points [15]. For 
example, we can attempt to find the straight line y = mx + 
b that fits the points (1,1), (2,2) and (3,4). This results in 
the system of equations

m(1) + b = 1
m(2) + b = 2 ,
m(3) + b = 4

that is, 

Undergraduate Research
Students who have taken a second course in linear algebra 
should be encouraged to consider following up with a 
research project. Undergraduate research is a high impact 
educational practice, and many institutions now consider 
such experiences invaluable for student engagement and 
retention. Linear algebra provides numerous research topics 
and problems accessible for undergraduates. For example, 
the natural correspondence between matrices and graphs 
gives a range of possible research questions that students 
can investigate; other topics could include problems on 
theoretical or numerical aspects of linear algebra. These 
projects are best done in collaboration. Students can 
explore small order examples and formulate conjectures 
for arbitrary order using numerical simulations and then 
work together on establishing proofs of their conjectures 
or constructing counterexamples. 

Technology 
Interactive student experiments, admittedly in low dimen-
sions, can provide insight. For example, in a first course, 
input a 2 × 2 matrix and then drag the head of a unit vec-
tor around a circle until the vector and the matrix-vector 
product align. Then you have an eigenvector of the matrix 
and the associated eigenvalue. In a second course, have the 
three matrices of the singular value decomposition operate 
successively on a unit sphere and the three vectors of the 
standard basis. The matrices’ effects, as a rotation, scaling, 
and rotation, are then very evident. Programs with extensive 
symbolic, graphical, numerical, and exact routines include 
GeoGebra, Matlab, Mathematica, Maple, and Sage. These 
allow students to actively explore and discover patterns, 
make conjectures, and determine or verify results, quickly 
and correctly. For example, it takes only basic numerical 
experimentation to discover if the determinant function is 
additive and/or multiplicative. Computations such as the 
factored characteristic polynomial and factored minimal 
polynomial of a 10 × 10 matrix become straightforward. 
Instructors can compute multiple examples in class, mod-
eling the same sorts of explorations. Using software that 
performs exact rational arithmetic can allow a course to 

Table 3. A list of topics in a second course focused on 
numerical linear algebra. 

 • Matrix decompositions: LU, QR, Cholesky, Schur.
 • Computation of singular value decomposition.
 • Computation of eigenvalues and eigenvectors.
 • Implementation of Gram-Schmidt process.
 • Error analysis.
 • Solutions of large systems of linear equations. Tech-

niques that work with sparse matrices.
 • Iterative and randomized methods in numerical 

linear algebra.

1 1
2 1
3 1

1
2
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which we denote Ax = b. That is, we want to build (as a 

linear combination) the vector     using the columns 

of A. Since b is not in the column space of A, we do the 
best we can: we project b onto Col A, which leads to the 
best fit (least squares) solution, that is, the line that best 
fits the points. So how do we find the vector b̂  in Col A 
that is “closest” to b? (And how do we even define “clos-
est”?) Because the two column vectors are from R3, this 
problem is easily visualized: we are trying to determine 
the position b̂ “on the floor” (in the column space of A) 
that is closest to the point/vector b. So how can we tell 
which point/vector “on the floor” is closest to b? It is the 
point b̂ directly “underneath” point/vector b. What does 
“underneath” mean? It means we want to find b̂  so that 
b − b̂  is perpendicular (in R3, and orthogonal in general) 
to Col A, the two-dimensional plane generated by the two 
columns of A. Without the need to get into all the details 
at this point, students can already see that there are certain 
concepts that we will need to understand in order to solve 
this problem: vectors, orthogonality (including in higher 
dimensions), projecting one vector onto a collection of 
other vectors, and so on. Students consequently will have 
more motivation to learn the ideas they are soon to explore, 
and they have a problem that is both important and simple 
to provide context for those ideas.

The Role of Linear Algebra in Other Disciplines 
Students majoring in disciplines other than mathematics 
make up a majority of those taking a first course in linear 
algebra. Depending upon the clientele, courses offered 
should find a balance between abstraction, concrete matrix 
manipulations, and application. Although the range of top-
ics emphasized in different courses varies from discipline 
to discipline, mathematical reasoning and creative thinking 
are important components in a linear algebra course. We 
recommend a set of core topics for a first linear algebra 
course (see core topics section). Additional topics may be 
added depending on program needs of students.

Future Work
It has been almost three decades since the publication 
of the work of the first LACSG [1]. During this time, the 
tools available to aid teaching and the needs of industry 
have expanded dramatically. We expect these trends to 
continue and probably accelerate. By no means does this 
paper capture everything the linear algebra community will 
need or hope for in the coming years. It is intended only 
as a starting point, a vehicle to express our thoughts and 
vision. We wish to draw some attention to important issues 
concerning the curriculum and teaching. For example, we 
hope that this document might serve as a guide for creating 
high-quality resources and teaching materials designed to 
facilitate the abstract and conceptual understanding so 
necessary to the future success of our students. This work 
will be supplemented by an edited volume to enable the 
mathematics community to react, elaborate, and generate 
more ideas that are both practical and thought-provoking. 
We believe collaborating and working together on instruc-
tional matters will have a positive effect on linear algebra 
students’ success.

The LACSG 2.0 committee invites the mathematics 
community to carefully consider and examine the recom-
mendations with surveys and follow-up studies and is not 
expecting the faculty to follow a prescribed set of guidelines.
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Games for Your Mind
Reviewed by Steven Clontz
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Games for Your Mind
The History and Future of Logic Puzzles

Jason Rosenhouse

Like many mathematicians, my
favorite mathematical memory
is associated with a particular
puzzle. The date is March
14 (Pi Day, natch), and I was
a graduate student at Auburn
University. While you might
first assume this event took

place in an office or classroom, in this tale I’m yelling into
a conference call on my cell phone as I drive as quickly as
was legally allowed.

“Wait, what were those GPS coordinates again? Are you
sure?” We had just finished solving “Pie Charts,” which
involved cracking the code shown in Figure 1 (hint: use
semaphore to reveal a 7-letter word). The ultimate solu-
tion was a particular set of GPS coordinates, but rather
than leading to any particular landmark, they seemed to
indicate the middle of a busy intersection.

It was still the relatively early hours of “Eric’s Circle of
Friends,” the latest installment of mathematician and puz-
zle designer Eric Harshbarger’s annual “puzzle hunts.” In
such events, competing teams of players are tasked with
a sequence of fiendish puzzles involving logic, mathemat-
ics, wordplay, and more. Each solution in the hunt would
lead to a particular location where a secret code was hid-
den. Reporting each code to Eric would award our team

Steven Clontz is an assistant professor of mathematics at the University of South
Alabama. His email address is sclontz@southalabama.edu.

Communicated by Notices Book Review Editor Katelynn Kochalski.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2468

Figure 1. A “pi” chart logic puzzle.

points, but as usual, we expected there was more to these
locations and codes than met the eye.

After finding the codewritten on a sticker adhered to the
walk signal at one corner of the intersection, I returned to
my vehicle slightly frustrated and confused. Why would
Eric have chosen such an arbitrary (yet precise) location?
This was the second set of GPS coordinates we had used
that day, which had struck me as odd. Usually, solutions
were obvious landmarks or well-known buildings, but it
seemed that this year, precision in positioning was a key
factor in where solutions were located.

“Wait a second!” I exclaimed to my teammates on the
call from back at Headquarters. “What happens if we plot
these positions together on a map of town?”
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I had just stumbled onto the first of several metapuzzles
for the game. In his book Games for Your Mind, author
Jason Rosenhouse notes that the term is attributed to pro-
lific mathematician and puzzler Raymond Smullyan. In
the classic sense, a metapuzzle is a written logic puzzle
wherein the reader isn’t given all the clues directly, but in-
stead is told which characters within the story have solved
which pieces of the puzzle. By the end of the narrative,
the characters have solved the puzzle, and by inferring
what the characters (whom one presumes are perfect lo-
gicians) must have known to do so, the reader can come
to the same conclusion on their own. Smullyan often en-
joyed employing metapuzzle elements in his well-known
Knight/Knave puzzles, and as a major topic of interest in
the book under review, I enjoyed learning from Rosen-
house about the history of Knights and Knaves, which is
much richer than I’d previously appreciated.

In the context of a puzzle hunt, players may be thought
of as characters within such a story. We knew the solutions
to three of four of the hunt’s “yellow” puzzles, and that the
fourth solution would reveal a new challenge. But often
such metapuzzles can be solved with partial information,
and I had a hunch.

It’s well-known [2] that there exists a unique circle
whose circumference passes through any three given non-
colinear points. Of course, this assumes precise knowledge
of these three locations, such as very specific GPS coordi-
nates. Not every solution had led us to such exact loca-
tions, but what if we knew the fourth location? Hurry-
ing back to Headquarters, I used an online graphing tool
to model the three known locations as coordinates in the
Euclidean plane, and constructed the center of the circle.
With only a rough description for one of our three known
locations, I had only vague confidence in my result, but
as luck would have it, a teammate would soon report in,
having just found the fourth location.

I scrambled to take the call, “Do you have a GPS app
on your phone?” With the knowledge of the exact coor-
dinates of the solution sticker, I confirmed that it also lay
near the circumference I had found from the other three.
I replaced the vague solution with this new precise one,
to discover that the center of this circle was located neatly
in the middle of a suburban cul-de-sac (Figure 2). Regret-
tably it made no sense for me to drive there myself; we had
another teammate in the field who was much closer. Too
anxious to work on another of our dozen or so unsolved
puzzles, I waited for her call. Shortly, we received it. “Well
folks, I’m here.” A pause. “There’s a package, and accord-
ing to what’s written on it, it seems that we’ve just become
part of ‘Eric’s Inner Circle of Friends.’”

The wave of epiphany I experienced in realizing the im-
portance of these specific locations, and the mathemati-
cal connection with constructing circles in the plane, is
likely familiar to most readers active in mathematics. We

Figure 2. Partial map of a puzzle hunt metapuzzle.

toil at blackboards, arguing with ourselves and colleagues,
as we try to unearth mathematical truths. And once they
become clear, often appearing so naturally, if not obvi-
ously, we similarly experience that sensation of realization.
For a brief moment, we feel we understand, and many of
us do mathematics in pursuit of that exhilaration. (As
@TamasGorbe so eloquently put it in a May 2021 tweet,
“mathematicians are bliss junkies.”) Of course, that feel-
ing is fleeting, and so it’s onto the next puzzle.

For many of us, bottling this emotion and helping our
students experience it for themselves is the crux of our out-
reach and pedagogy. Indeed, there’s a market for it. While
puzzle hunts are still a niche experience (albeit a hobby
that enthusiasts have been enjoying for decades), they pro-
vided inspiration for themore mainstream “Escape Room”
experience [3]. Briefly, one might describe an escape room
as a condensed version of a puzzle hunt, constrained to a
single hour and a single room, with the final goal of “es-
caping” the room by entering a code into a keypad locking
the exit.

While my story above was a recollection of my actual
puzzling experience, I did my best to tell it in the spirit of
Dan Brown’s Da Vinci Code novel or one of Sir Arthur Co-
nan Doyle’s tales of consulting detective Sherlock Holmes.
Thrilling logical deductions are also a common trope in
film and television, manifested by such characters as Na-
tional Treasure’s Benjamin Franklin Gates and Knives Out’s
Benoit Blanc; evenDisney Junior’sMira, Royal Detective has
my daughter on the case. There are no shortage of video
games that allow players to use logic and puzzle-solving
to determine whodunit themselves, such as Professor Lay-
ton, Phoenix Wright: Ace Attorney, and more.
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Figure 3. A Calcudoku logic puzzle.

Setting aside these narrative experiences, even the sim-
ple exercise of solving a Sudoku or Calcudoku puzzle can
allow general audiences to experience the feeling of revela-
tion associated with mathematical epiphany. An example
of Calcudoku (invented by Japanese schoolteacher Tetsuya
Miyamoto, and also known by the “KenKen” brand name)
is shown in Figure 3. The first requirement of a 5 × 5 Cal-
cudoku is that each cell of the grid be filled with a number
between 1 and 5. It’s easy to explain to anyone that a Cal-
cudoku requires that each row and column contain exactly
one instance of each digit, but to a mathematician, this is
a characterization of the so-called Latin square. Such con-
figurations are studied by researchers of design theory, and
can be used for nontrivial applications such as experimen-
tal design.

The second requirement is that each “cage” of cells en-
closed by a bold boundary must have values that add, sub-
tract, multiply, or divide to obtain the value clued in the
corner of the cage. For example, a “4−” cage must contain
“1” and “5” (in either order). While this may appear to be
a trivial matter of arithmetic, advanced puzzles require rea-
soning about integer partitions and factorizations beyond
the scope of most grade school classrooms. The interested
reader may refer to [4] for more information on the logic
of Calcudoku and its use in the classroom.

With such a rich and varied history of how mathemati-
cians and the general public experience logic puzzles in
games and media, the subtitle for Rosenhouse’s book, The
History and Future of Logic Puzzles, has set itself a very
high bar. And therein lies my largest disappointment with
the text: it never actually attempts to be this promised

exploration of logic puzzles past and future, at least not
in general. Many readers may choose to pick up this book
based on their interest in one or more of the aspects of
puzzling I describe above, and indeed Princeton Univer-
sity Press anticipates this in the second sentence of the in-
side flap. “Games like Sudoku and Mastermind are fun
and engrossing recreational activities, but they also share
deep foundations in mathematical logic and are worthy of
serious intellectual inquiry.” But other than a very brief
interlude (portions of Chapter 2, “Logic Just for Fun“),
Rosenhouse does not discuss such puzzles or their under-
lying mathematical foundations. Calcudoku (along with
any other non-Western puzzle besides Sudoku) is absent
from this text, and even the popular categorical logic puz-
zle genre (given these clues, which person lives in which
house, owns which pet, and prefers which candy?) is lim-
ited to a single puzzle, despite its folklore attribution to
Lewis Carroll, who is otherwise well-discussed.

As for the titular “future” of logic puzzles, little is said
other than a brief suggestion in the book’s preface that it in-
volves “crafting puzzles based on nonclassical logics.” Cer-
tainly, the author did not intend this as a claim concern-
ing logic puzzles of all stripes. Indeed, the popularity of
the Cracking the Cryptic YouTube channel, which features
new variations on classical logic puzzles every week for its
hundreds of thousands of subscribers, proves otherwise.

So one must then temper their expectations. If Games
for Your Mind was never intended to be a comprehensive
history of logic puzzles throughout the world, what is it at-
tempting instead? Rosenhouse’s characterization of logic
puzzles is focused on enigmas presented as narratives, and
his book focuses primarily on the work of two particu-
lar logicians well-known for such puzzles. As a deep and
thoughtful exploration of this proper subset of puzzling,
along with its mathematical and logical foundations, the
book is an informative and engaging read.

In the first main division of the book, “Lewis Carroll
and Aristotelian Logic,” Rosenhouse first introduces us to
Aristotle’s syllogism, which the book’s glossary defines as
“an argument with two premises and a conclusion.” Take
for instance the following.

• No exams are neat.
• All puzzles are neat.

What can one deduce? An equivalent puzzle we might
present our mathematics students follows.

• No circles are rectangles.
• All squares are rectangles.

From these, we might hope our students can conclude
that “no squares are circles.”

Rosenhouse dedicates a chapter to each of two works
by Lewis Carroll related to such puzzles. Perhaps best-
known as the author of Alice’s Adventures in Wonderland,
Carroll was a published mathematician, usually under his

MAY 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 823



Book Review

𝑃 𝑁

¬𝑁

¬𝑁 ¬𝑁

¬𝑁

¬𝑃

𝐸

¬𝐸

𝑃 ¬𝑃

𝐸

¬𝐸

Figure 4. Carroll diagram on exams and puzzles.

real name, Charles Dodgson. However, Dodgson chose to
instead publish The Game of Logic and Symbolic Logic un-
der his pen name. Rosenhouse notes this appropriateness,
as these works characterize Aristotelian logic as not only a
formal study of reasoning, but also as a game for children.

In Figure 4 we see an example of Carroll’s polygonal
alternative to John Venn’s diagram. With three categories
we have 23 = 8 regions representing items that are Exams
(the upper half of the entire figure) or not (the lower half),
Puzzles (the left half of the entire figure) or not (the right
half), and Neat (within the inner square) or not (outside
the inner square). As in the usual Venn diagram, overlap-
ping regions correspond to the presence of multiple char-
acteristics. For instance, the region in the upper half of the
inner square corresponds to being both neat and exams.
Rosenhouse explains that Carroll would have readers place
gray markers in regions that represent items that don’t ex-
ist. Thus for the claim “all exams are not neat,” players
should mark the two inner/upper regions with gray mark-
ers to represent the absence of neat exams. Likewise, from
“all puzzles are neat” one should mark the two outer/left
regions with gray markers, since not-neat puzzles don’t ex-
ist. Since this results in gray markers occupying the two
regions corresponding to puzzles and exams (quadrant 2),
we can conclude “no exams are puzzles,” as visualized on
the right side of Figure 4. This “empuzzlement” (an apt
term coined by Rosenhouse) of Aristotelian logic was a de-
light to read about, and brings to mind the joyful games
and activities used in contemporary informalmathematics
education, such as James Tanton’s Exploding Dots [1].

Of course, Carroll’s puzzles were not all so trivial, and
Rosenhouse walks the reader through the development of
not only more elaborate diagrams, but also Carroll’s sym-
bolic calculus for modeling such conundra. While the for-
mula 𝑥𝑚0 † 𝑦1𝑚′

0 ¶𝑥𝑦0 may appear esoteric, Rosenhouse
dedicates a chapter to explaining these expressions and (as
he does throughout the text) challenges readers to solve
relevant puzzles as they work along.

The other primary focus of Rosenhouse’s book is on the
work of Smullyan, whose Knights and Knaves were men-
tioned earlier. In such story-puzzles, citizens of a certain
island are all either Knights who never lie, or Knaves who
always lie. As a visitor to this community, you might hear
three islanders say the following.

𝐴 𝐵 𝐶 ¬𝐵 ¬𝐴 ¬(𝐴 ∨ 𝐶)
T F T T F F
T F F T F F
F T T F T F

Figure 5. Partial Knight/Knave truth table.

• A: B is a Knave.
• B: A is a Knave.
• C: Neither myself nor A is a Knight.

Now if I’ve done my job as the puzzle designer, you
should have enough information to logically determine
which persons are Knights, and which are Knaves. To do
this, one might write out a truth table, as we often do for
students learning to write proofs. Since 𝐴’s claim is ¬𝐵
(“𝐵 lies”), the 𝐴 and ¬𝐵 columns should both be true (T)
or both be false (F). Likewise, 𝐵 should match ¬𝐴, and 𝐶
should match ¬(𝐴 ∨ 𝐶).

Completing Figure 5, one may conclude that A must
be the sole Knight. Of course, as with mathematics, the
fun is in thinking through elegant proofs without resort-
ing to such a brute force method. Rosenhouse shows the
reader several puzzles of this genre, but I found myself
pleasantly surprised when one or two chapters later, these
Knights and Knaves had been transformed into the devices
by which Smullyan had empuzzled Gödel’s celebrated in-
completeness theorems, with “established Knights” play-
ing the role of provable statements and “unestablished
Knights” playing the role of true statements that cannot
be proven.

Casting deep results such as these into a text written for
a general audience is a challenge. Indeed, the third chap-
ter ends with an apology to the reader for testing their pa-
tience with the technical details of Aristotelian Logic, and
this is not the only chapter that risks leaving many read-
ers bogged down in the weeds. Additionally, with such
heavy material spanning over 300 pages, errata are sure to
follow, such as one subtle mistake referring to “unestab-
lished Knights” rather than “not (established Knights).”
Fortunately, Rosenhouse does an excellent job of isolating
technical arguments into sections of the book that can be
tackled or skimmed by the reader as they wish, without
detracting from later discussions.

The book concludes with a few miscellaneous chapters.
As alluded to earlier, this includes explorations of Knights
and Knaves based on nonclassical fuzzy and multivalued
logics. Rosenhouse discusses metapuzzles and paradoxes,
as well as the so-called “Hardest Logic Puzzle Ever.” Finally,
the book concludes with an enjoyable tour of several “logic
detectives” depicted in Western literature.

If you are like me, you enjoy solving puzzles at least as
much as reading about them. And with ninety-one in the
book, I have yet to work them all out, a task I look forward
to returning to. Generally solutions are provided at the
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end of each chapter, although they occasionally appear in
context instead when essential for the discussion at hand.

As for a recommendation, I will defer to the
Knights/Knaves below.

• A: You enjoy the narrative logic puzzles of Lewis
Carroll or Richard Smullyan.

• B: You are interested in the mathematical and log-
ical foundations of such puzzles.

• C: You don’t mind that discussion of other genres
of logic puzzles is limited.

• D: Either I’m a Knave, or you will enjoy this book
if and only if we are all Knights.

ACKNOWLEDGMENT. We thank Eric Harshbarger for
providing images fromhis Circle of Friends puzzle hunt
for this review.
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covered in this gem include binary operations, groups, 
homomorphisms, and rings.

Singularities, Bifurcations  
and Catastrophes 
By James Montaldi

Singularities, Bifurcations and Ca-
tastrophes is a self-contained book 
that serves as an introduction 
to bifurcation theory. It consists 
of four parts, the last of which 
contains appendices with back-
ground material from linear 
algebra, multivariate calculus, 
geometry, ordinary differential 

equations, and abstract algebra, and solutions to some of 
the end-of-chapter exercises. The first section can be used 
for an advanced undergraduate course and material from 
the second section can be added for a graduate level course. 
The third part discusses the path approach, ending with ex-
amples that highlight the benefits of this method. The book 
in its entirety can be used for self-study by mathematicians 
looking to learn more about the field. 

This book introduces many of the standard techniques 
used in singularity theory with a particular focus on ap-
plications of bifurcation theory, a subfield of singularity 
theory. Many equations modeling biological or physical 
systems (among others) include parameters and often 
slightly changing the parameters results in a small change 
in the solutions to the equation. When a slight change in 
parameters results in a large change in the solution, such 
as a different number of solutions, a bifurcation has oc-
curred. The text restricts its study to local bifurcations, in 
which this interesting behavior occurs in arbitrarily small 
neighborhoods of fixed points or equilibria. 

The book includes an introductory chapter that wel-
comes someone unfamiliar with the field to the content in 
a reader-friendly manner. Catastrophe theory is the study 
of bifurcations in dynamical systems and is the topic of 
the first part of the book. Other topics include finite de-
terminancy, tangent spaces, contact equivalence, the versal 
unfolding theorem, and the path approach to bifurcation 
theory. Clear and colorful graphics appear throughout the 
text to illustrate various singularities.

How to Think About  
Abstract Algebra 
By Lara Alcock

This book is a helpful resource to 
anyone learning or teaching ab-
stract algebra. It prioritizes infor-
mality over technical details in a 
way that makes it more approach-
able to students struggling with the 
abstract framework that a course 
on abstract algebra demands. One 
way in which it accomplishes this 

is by including diagrams in each section that can help stu-
dents to visualize content and build intuition. This book 
is not intended to be a textbook so it should not be con-
sidered as a replacement for whatever text your department 
normally uses; however, it would be an excellent addition 
to the ‘Recommended Texts’ section of any syllabus.

The book is broken into two parts. The first focuses on 
how to make the shift from computational mathematics 
to abstract mathematics, and the second develops the ab-
stract algebra the title promises. The author draws upon the 
same examples throughout the book, allowing the reader 
to become familiar with them so that they can more easily 
understand the point that is being made. 

It is a great resource for an instructor looking for differ-
ent or more intuitive ways to explain some core concepts 
that students tend to struggle with in abstract algebra. The 
first chapter includes three perspectives from which abstract 
algebra can be approached: formal, equation oriented, and 
geometric, and follows each with a brief discussion of the 
pros and cons the method entails. Each of these approaches 
are used to explain content throughout the book, although 
not all approaches are used for every topic.

This book will also be incredibly helpful to students 
currently taking or preparing to take a course in abstract 
algebra. It presents an intuitive foundation for the course as 
well as tips on how to read and write proofs. Some topics  
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Arithmetical, Geometrical  
and Combinatorial Puzzles  
from Japan 
By Tadao Kitazawa 
Edited by Andy Liu  
and George Sicherman

Tadao Kitazawa is a well-known 
and prolific Japanese puzzle de-
signer. He is part of the rich rec-
reational mathematics culture in 
Japan and his puzzles are unlike 
the puzzles encountered in the 

English-language literature. The puzzles in this collection, 
all designed by Kitazawa, have been published in the news-
letter of the Academy of Recreational Mathematics of Japan.

For example: The first 60 integers are to be partitioned 
into thirty pairs so that the difference between the two 
numbers in the same pair is either 1 or 10. Given that two 
of the pairs are (10,11) and (20,30) which number is paired 
with 41? (Hint below.)

Kitazawa’s puzzles are sometimes inspired by subtle 
tweaks of existing puzzles. He has a knack for twisting 
existing ideas in ways that can be magical. Tower Squares 
are inspired by Latin squares but each row and column 
contains one 1, two 2s, three 3s, etc. In the squares below 
a boldfaced line separates identical numbers, a dotted line 
separates distinct numbers. Fill in the numbers.

Hint: Imagine the numbers arranged in a six-by-ten grid 
colored like a checkerboard. Most pairs would contain a 
black square and a white square. Consider the possible 
exceptions.

The Calculus of Complex 
Functions 
By William Johnston 

This is a beautiful text that in-
troduces complex analysis as a 
natural extension of the calculus 
of real-valued functions. The 
mechanism for doing so is the 
Extension Theorem: Any real 
analytic function extends to an 
analytic function defined in a 
region of the complex plane. The 

connection to real functions and calculus is then natural. 
The introduction to analytic functions feels intuitive and 
their fundamental properties are covered quickly. As a re-
sult, the book covers a surprisingly large number of topics 
in classical analysis: analytic and meromorphic functions, 
harmonic functions, contour integrals and series repre-
sentations, conformal maps, and the Dirichlet problem. 
In a remarkably effective and accessible manner, it also 
introduces advanced notions of analytic number theory, the 
Riemann hypothesis, Weierstrass factorization and the as-
sociated inner-outer factorization, and operator theory. The 
last chapter describes bounded linear operators on Hilbert 
and Banach spaces, including the spectral theory of compact 
operators, in a way that also provides an excellent review 
of important topics in linear algebra and gives students the 
necessary background to begin to do research in analysis. 

The exposition is lively but remarkably smooth and 
readable. Johnston is a remarkable teacher, he understands 
where his students are and how they see things. The reader 
is repeatedly reminded of what they already know about 
calculus in the real case and how what they are learning is 
both a natural extension and surprisingly different (and eas-
ier!). There are nearly one thousand exercises of a variety of 
types and levels. In particular, each chapter contains at least 
one project-level exploration. Each chapter also concludes 
with an essay describing a part of the history of the subject. 
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Abel Interview 2021: László
Lovász and Avi Wigderson
Bjørn Ian Dundas and Christian F. Skau

Professor Lovász and Professor Wigderson. First, we want to
congratulate you on being the Abel Prize recipients for 2021.
We cite the Abel committee:

For their foundational contributions to theoretical
computer science and discrete mathematics, and
their leading role in shaping them into central
fields of modern mathematics.

We would first like you to comment on the remarkable change
that has occurred over the last few decades in the attitude of, say,
mainstreammathematics towards discrete mathematics and the-
oretical computer science. As you are fully aware of, not that
many years ago it was quite common among many first-class
mathematicians to have a sceptical, if not condescending opin-
ion of this type of mathematics. Please, could you start, Professor
Lovász?

Lovász. I think that is true. It took time before two things
were realized about theoretical computer science that are
relevant for mathematics.

One is simply that it is a source of exciting problems.
When I finished the university, together with some other
young researchers, we started a group to study computing
and computer science, because we realized that it’s such a
huge unexplored field; questions about what can be com-
puted, how fast and how well, and so on.

Bjørn Ian Dundas is a professor of mathematics at the University of Bergen. His
email address is dundas@math.uib.no.
Christian F. Skau is a professor emeritus of mathematics at the Norwegian Uni-
versity of Science and Technology (NTNU) at Trondheim. His email address is
csk@math.ntnu.no.
This is a reprint of an article that appeared in EMS Magazine 122 (2021).
Reprinted with EMS’s permission.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2470

Figure 1. László Lovász and Avi Wigderson.

The second thing is that when answers began to come,
in particular, when the notions of 𝖭𝖯 and 𝖯, i.e., non-
deterministic polynomial time and polynomial time be-
came central, we realized that the whole of mathematics
can be viewed in a completely different way through these
notions, through effective computation and through short
proofs of existence.

For us young people these two things were so inspiring
that we started to make connections with the rest of math-
ematics. I think it took time until other areas of mathe-
matics also realized the significance of this, but gradually
it came about. In number theory it turned out to be very
important, and also in group theory these notions became
important, and then slowly in a lot of other areas of math-
ematics.

Wigderson. Yeah, I completely agree. In fact, it’s true that
there was a condescending attitude among some mathe-
maticians towards discrete mathematics. This was perhaps
less so in theoretical computer science, because it existed
in the realm of computer science as it was developing, and
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maybe people were less aware of it directly? I think that
Lovász is right in that the very idea of efficient algorithms
and the notions of computational complexity that were in-
troduced in theoretical computer science are fundamental
to mathematics, and it took time to realize that.

However, the real truth is that all mathematicians of all
ages, they all used algorithms. They needed to compute
things. Gauss’ famous challenge to the mathematical com-
munity to find fast methods to test whether a number is
prime and to factor integers is extremely eloquent, given
the time it was written. It’s really calling for fast algorithms
to be developed.

Parts of discrete mathematics were viewed by some as
trivial in the sense that there are only a finite number of
possibilities that we have to test. Then, in principle, it can
be done, so what is the problem?

I think the notion of an efficient algorithm clarifies what
the problem is. There may be an exponential number of
things to try out, and you will never do it, right? If instead
you have a fast algorithm for doing it, then it makes all the
difference. The question whether such an algorithm exists
becomes all important.

This understanding evolved. It caught up first with pi-
oneers in the ’70s in the area of combinatorics and in the
area of discrete mathematics, because there it’s most natu-
ral; at least it’s easy to formulate problems, so that you can
attach complexity to them. Gradually it spread to other
parts of mathematics. Number theory is a great example,
because there too there are discrete problems and discrete
methods hiding behind a lot of famous number theoreti-
cal results. From there it gradually dispersed. I think by
now it’s pretty universal to understand the importance of
discrete mathematics and theoretical computer science.

Turing and Hilbert
This is admittedly a naïve question, but as nonexperts we have
few inhibitions, so here goes: Why is it that Turing’s notion
of what is today called a Turing machine captures the intu-
itive idea of an effective procedure, and, so to speak, sets the
standard for what can be computed? How is this related to
Hilbert’s Entscheidungsproblem?

Wigderson. I think my first recommendation would be
to read Turing’s paper—in fact, to read all his papers. He
writes so eloquently. If you read his paper on computing
procedures and the Entscheidungsproblem, you will un-
derstand everything.

There are several reasons why the Turing machine is
so fundamental and so basic. The first one is that it’s
simple—it’s extremely simple. That was evident to Tur-
ing and to many others at that time. It’s so simple that
it could be directly implemented. And thereby he started

the computer revolution. If you look at other notions
of computability that people studied, Gödel and others—
definitely Hilbert—with recursive functions and so on,
they did not lend themselves to being able to make a ma-
chine out of them. So this was fundamental.

The second is that a few years later it was proved that
all other notions of efficient computability were equiva-
lent. So the Turing machine could simulate all of them.
It encompassed all of them, but it was much simpler to
describe.

Thirdly, one way Turing motivates his model is to look
at what we humans do when we calculate to solve a
problem, let’s say multiply two long numbers. Look at
what we do on a piece of paper, we abstract it and formal-
ize it. And when we do that, we will automatically be lead
to a model like the Turing machine.

The fourth reason is the universality, the fact that his
model is a universal model. In a single machine you can
have part of the data be a program you want to run, and
it will just emulate this program. That is why we have lap-
tops, computers, and so on. There is just one machine.
You don’t need to have a different machine to multiply, a
different machine to integrate, a different machine to test
primality, etc. You just have one machine in which you
can write a program. It was an amazing revolution and
it encapsulates it in a really simple notion that everybody
can understand and use, so that is the power of it.

Now, you asked about the relation to the Entscheidungs-
problem. You know, Hilbert had a dream, and the dream
had two parts: Everything that is true in mathematics is
provable, and everything provable can be automatically
computed. Well, Gödel shattered the first one—there are
true facts, let’s say, about integers, that cannot be proven.
And then Church and Turing shattered the second one.
They showed that there are provable things that are not
computable. Turing’s proof is not only far simpler than
Gödel’s, with Turing’s clever diagonal argument, it also im-
plies the Gödel result if you think about it. This is usually
the way most people teach Gödel’s incompleteness theory
today; well, I don’t know if “most people” would agree to
this, but it’s using Turing’s notions. So that’s the connec-
tion. Turing was, of course, inspired by Gödel’s work. The
whole thing that led him into working on computability
was Gödel’s work.

Lovász. I have just one thing I would like to add. A Tur-
ing machine really consists of just two parts. It’s a finite
automaton and a memory. If you think about it, the mem-
ory is needed. Whatever computation you do you need to
remember the partial results. The memory in its simplest
way is to just write it on a tape as a string. The finite au-
tomaton is sort of the simplest thing that you can define
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Figure 2. László Lovász.

which will do some kind of, actually any kind of, computa-
tion. If you combine the two you get the Turing machine.
So it’s also natural from this point of view.

P Versus NP
Now we come to a really big topic, namely the 𝖯 versus 𝖭𝖯
problem, one of the Millennium Prize Problems. What is the 𝖯
versus 𝖭𝖯 problem? Why is that problem the most important in
theoretical computer science? What would the consequences be
if 𝖯 = 𝖭𝖯? What do you envisage a proof of 𝖯 ≠ 𝖭𝖯 would
require of tools?

Lovász. Well, let me again go back to when I was a student.
I talked to Tibor Gallai, who was a distinguished graph
theorist andmymentor. He said: Here are two very simple
graph-theoretical problems. Does a graph have a perfect
matching, that is, can the vertices be paired so that each
pair is connected by an edge? The other one is whether
the graph has a Hamiltonian cycle, i.e., does it have a cycle
which contains all the nodes?

The first problem is essentially solved; there is a lot of
literature about it. As for the other we only have superficial
results, maybe nontrivial results, but still very superficial.

Gallai said, well, you should think about it, so that
maybe you could come up with some explanation. Unfor-
tunately, I could not come up with an explanation for that,
but with my friend, Péter Gács, we were trying to explain it.
And then we both went off—we got different scholarships:
Gács went to Moscow for a year and I went to Nashville,
Tennessee for a year. Then we came back and we both
wanted to speak first, because we both had learned about
the theory of 𝖯 versus 𝖭𝖯, which completely explains this.
Peter Gács learned it from Leonid Levin in Moscow, and I
learned it from listening in on discussions taking place at
coffee tables at conferences.

The perfect matching problem is in 𝖯 and the Hamil-
ton cycle problem is 𝖭𝖯-complete. This explained what
really was a tough question. It was clear that this was go-
ing to be a central topic, and this was reinforced with the
work of Karp proving the 𝖭𝖯-completeness of lots of every-
day problems. So, summing-up, the notions of 𝖯 and 𝖭𝖯
made order where there was chaos before. That was really
overwhelming.

Wigderson. The fact that it puts an order on things in a
world that looked pretty chaotic is the major reason why
this problem is important. In fact, it’s almost a dichotomy,
almost all natural problems we want to solve are either
in 𝖯, as far as we know, or are 𝖭𝖯-complete. In the two
examples Lovász gave, first the perfect matching, which is
in 𝖯, we can solve it quickly, we can characterize it and do
a lot of things, we understand it really well. The second
example, the Hamiltonian cycle problem is representative
of an 𝖭𝖯-complete problem.

The main point about 𝖭𝖯-completeness is that every
problem in this class is equivalent to every other. If you
solve one, you have solved all of them. By now we know
thousands of problems that we want to solve, in logic, in
number theory, in combinatorics, in optimization, and so
on, that are equivalent.

So, we have these two classes that seem separate, and
whether they are equal or not is the 𝖯 versus 𝖭𝖯 question;
and all we need to know is the answer to one of the 𝖭𝖯-
complete problems.

But I want to look at the importance of this problem
from a higher point of view. Related to what I said about
natural problems we want to compute, I often argue in
popular lectures that problems in 𝖭𝖯 are really all the
problems we humans, especially mathematicians, can ever
hope to solve, because the most basic thing about prob-
lems we are trying to solve is that we will at least know
if we have solved them, right? This is true not only for
mathematicians. For example, physicists don’t try to build
a model for something for which, when they find it, they
will not know if they have found it. And the same is true for
engineers with designs, or detectives with solutions to their
puzzles. In every undertaking that we seriously embark on,
we assume that when we find what we were looking for we
know that we have found it. But this is the very definition
of 𝖭𝖯: a problem is in 𝖭𝖯 exactly if you can check if the
solution you got is correct.

So now we understand what 𝖭𝖯 is. If 𝖯 = 𝖭𝖯, this
means that all these problems have an efficient algorithm,
so they can be solved very quickly on a computer. In
some sense, if 𝖯 = 𝖭𝖯 then everything we are trying to do
can be done. Maybe find a cure for cancer or solve other
serious problems, all these can be found quickly by an
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algorithm. That is why 𝖯 = 𝖭𝖯 is important and would be
so consequential. However, I think most people believe
that 𝖯 ≠ 𝖭𝖯.

Lovász. Let me add another thought on how it can be
proved that 𝖯 ≠ 𝖭𝖯. There is a nice analogy here with con-
structionswith ruler and compass. That is one of the oldest
algorithms, but what can you construct by ruler and com-
pass? The Greeks formulated the problems about trisect-
ing the angle and doubling the cube by ruler and compass,
and they probably believed, or conjectured, that thesewere
not solvable by ruler and compass. But to prove this is not
easy, even today. I mean, it can be taught in an undergrad-
uate class, in an advanced undergraduate class, I would say.
You have to deal with the theory of algebraic numbers and
a little bit of Galois theory in order to be able to prove this.
So to prove that these problems are not solvable by a spe-
cific algorithm took a huge development in a completely
different area of mathematics.

I expect that 𝖯 ≠ 𝖭𝖯 might be similar. Of course, we
probably will not have to wait 2000 years for the solution,
but it will take a substantial development in some area
which we today may not even be aware of.

But we take it for granted that you both think that 𝖯 is different
from 𝖭𝖯, right?

Wigderson. I do, but I must say that the reasons we have
are not very strong. The main reason is that for mathe-
maticians it seems obviously much easier to read proofs
of theorems that are already discovered, than to discover
these proofs. This suggests that 𝖯 is different from 𝖭𝖯.
Many people have tried to find algorithms for many of
the 𝖭𝖯-complete problems for practical reasons, for exam-
ple, various scheduling problems and optimization prob-
lems, graph theory problems, etc. And they have failed,
and these failures may suggest that there are no such algo-
rithms. This, however, is a weak argument.

In other words, I intuitively feel that 𝖯 ≠ 𝖭𝖯, but I don’t
think it’s a strong argument. I just believe it as a working
hypothesis.

Problems Versus Theory
We often characterize mathematicians as theory builders or as
problem solvers. Where would you place yourself on a scale rang-
ing from theory builder to problem solver?

Wigderson. First of all, I love solving problems. But then
I ask myself: Oh, this is how I solved it, but maybe this is
a technique that can be applied other places? Then I try to
apply it in other places, and then I write it up in its most
general form, and that is how I present it. In this way I

may also be called a theory builder. I don’t know. I don’t
want to characterize myself in terms of theory builder or
problem solver.

I enjoy doing both things, finding solutions to prob-
lems and trying to understand how they apply elsewhere.
I love understanding connections between different prob-
lems, and even more between different areas. I think we
are lucky in theoretical computer science that so many
seemingly dispersed areas are so intimately connected, but
not always obviously so, like with hardness and random-
ness. Theory is built out of such connections.

Lovász. I have similar feelings. I like to solve problems. I
started out under the inspiration of Paul Erdős, who was
really always breaking down questions into problems. I
think that was a particular strength of his mathematics,
that he could formulate simple problems that actually il-
lustrated an underlying theory. I don’t remember who
said this about him: it would be nice to know the gen-
eral theories that are in his head, which he breaks down
into these problems that he feeds us so that we can solve
them. And, indeed, based on his problems, whole new
areas arose, extremal graph theory, random graph theory,
probabilistic combinatorics in general, and various areas
of number theory. So I started as a problem solver, but I
always liked tomake connections, and tried to build some-
thing more general out of a particular problem that I had
solved.

Youth in Haifa
Professor Wigderson, you were born in 1956 in Haifa, Israel.
Could you tell us when you got interested in mathematics and,
in particular, in theoretical computer science?

Wigderson. I got interested in mathematics much earlier
than in computer science. As a very young child, my fa-
ther introduced me to mathematics. He liked to ask me
questions and to look at puzzles, and I got interested.
We found books that I could read, and in these there
would be more problems. This was my main early inter-
action with mathematics. In high school we had a very
good mathematics teacher who came from Ukraine, and
he had a special class for interested kids. He taught us
more exciting stuff, like college-level stuff, and I got even
more excited about mathematics. In college I got much
more into it, but it’s actually an accident that I got into
computer science, and thereby to theoretical computer sci-
ence.

After my army service, as I was applying to colleges in
Israel, I thought that I wanted to do mathematics, but my
parents suggested that it might be good to also have a pro-
fession when I graduated. So they said: “Why don’t you
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study computer science, there will probably be a lot of
math in it anyway, and you will enjoy it. Also, when you
graduate you will have a computer science diploma.” No-
body was thinking about academia at that time.

So I went to the computer science department at the
Technion, and I think I was extremely lucky. I am sure
that if I had gone to a math department I would have
been interested in many other things, like analysis, com-
binatorics, geometry, and so on. Because I was in the
computer science department, I took several theoretical
courses. We had, in particular, a very inspiring teacher, Shi-
mon Even, at the Technion. His courses on algorithms and
complexity were extremely inspiring. When I applied to
graduate school I applied for continuing to do this sort of
stuff. This was how I was drawn into theoretical computer
science.

But still, in an earlier interview you have described yourself as
a beach bum and a soccer devotee. That contrasts rather starkly
with what you have been telling us now, doesn’t it?

Wigderson. I don’t think there is a contrast. I mentioned
that my dad was my main intellectual contact in mathe-
matics. The schools in the neighbourhood of our home
were not very good, it was pretty boring. The neighbour-
hood was situated by the beach, so everybody was at the
beach. We were beach bums by definition. The weather
in Israel is wonderful, so you can be altogether 300 days a
year on the beach and in the water. So that was one pas-
time activity. The other thing youmentioned, soccer, is the
easiest game to play. You need no facilities. And that was
what we did, being involved in these two activities. When
I was growing up I never saw myself as an intellectual. I
lovedmath, but I also loved soccer, I loved swimming, and
I loved reading. And this is how I spent allmy youth. There
were no contrast and, if anything, it’s probably good to do
other things.

Youth in Budapest
Professor Lovász, you were definitely not a beach bum.

Lovász. When I entered eighth grade, I did not have any
special subject that I was particularly interested in. In the
eighth grade I started to go to a math club, and I real-
ized how many interesting problems there are. Then the
teacher of the math club recommended that I should go
to a particular high school which had just started and was
specializing in teaching mathematically talented kids. We
had ten classes of mathematics a week, which this group
of students enjoyed very much, including myself. I appre-
ciated very much the fact that I was among a fairly large
group of students who had quite similar interests.

In elementary school, I was a little bit outside of the
“cool” group of the class. I was not in the mainstream of
the class, but in this new high school class I found myself
much more at home. In fact, I felt so much at home that I
married one of my classmates, Katalin Vesztergombi, and
we are still together.

This high school was absolutely a great start for my life,
that is how I feel about it. Before that you just had to
survive the school. I entered this new high school in the
first half of the sixties. There were many good mathemati-
cians in Budapest at that time, and they did not really have
the chance to travel or to do anything outside Hungary. So
they had more time, and they came to the high school and
gave talks and they took a great interest in our group. We
learned a lot from them. I should, of course, mention that
Paul Erdős often visited the class and gave talks and gave
problems. So it was all very inspiring.

Professor Lovász, to quote professor Wigderson: “In the land of
prodigies and stars in Hungary, with its problem-solving tradi-
tion, he” (meaning you) “stands out.” We have a witness who
recalls rushing home from school to watch the final of one of the
competitions in which you participated on national television,
where you solved a combinatorial problem in real time and won
the competition. It’s kind of hard to imagine doing such things
now and in the West.

Lovász. You are right. That was one of the things that went
on for a few years on Hungarian TV, but unfortunately it
stopped. Unfortunately, because I thought it was a very
good popularization of mathematics. You know, people
like to watch competitions. The way it worked was that
there were two glass cells, and the two students that were
competing were sitting in separate cells. They got the same
problem which they had to solve, and then verbally tell
the solution; maybe there was a blackboard they could use
as well. I think people like to watch youngsters sweating
and doing their best to win. You know, most people can-
not jump over two meters, but nevertheless we watch the
Olympic Games. Even today Imeet people, of course older
people, who say: “Oh, yeah, I saw you on TV when you
were in high school, and I was in the eighth grade of ele-
mentary school, and it was so nice to watch you.” It was
really something quite special.

A part of this story which is both funny and charming is that
you told us that the solution to the final problem, with which
you won the competition, you had previously learned from the
other competitor. Isn’t that correct?

Lovász. Yes, that’s true. But we competitors were also
good friends, and we still are very good friends. Especially
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the two people with whom I competed in the semi-final
and the final, are very good friends of mine. One was
Miklós Laczkovich. He came up with the proof of Tarski’s
conjecture about squaring the circle. And the other one
was Lajos Posa. He is very well known in math education.
He did a lot on developing methods to teach talented stu-
dents.

Before we leave this subject, we should also mention that you
won the gold medal three years in a row 1964–65–66 at the
International Mathematical Olympiad, when you were 16–17–
18 years old. These are impressive results! We don’t know of
anyone that has such a record in that competition.

Lovász. Thank you, but there are others. Someone has
won it five times. You can go to the website of the Interna-
tional Mathematical Olympiad, and there you will find a
list of achievements.

Lovász Local Lemma
Professor Lovász, you have published several papers—we think
six papers altogether—with your mentor Paul Erdős. We think
we know the answer to which one of these papers is your
favourite, and you can correct us if we are wrong. A weak ver-
sion of the important so-called Lovász local lemma was proven
in 1975 in a joint paper with Erdős—that’s the paper we have
in mind. The lemma itself is very important as was attested to
by Robin Moser and Gábor Tardos receiving the Gödel Prize in
2020 for their algorithmic version of the Lovász local lemma.
Anyway, could you tell us what the Lovász local lemma is all
about?

Lovász. Okay, I will try. Almost everything in mathemat-
ics, or at least in discrete mathematics, you can formulate
like this: there are a number of bad events, and you want
to avoid all of them. The question is whether you can give
a condition so you can avoid all of these. The most ba-
sic thing is that if the probabilities of these events add up
to something less than one, then with positive probabil-
ity you will avoid all of them. That is a very basic trick in
applications of probability in discrete mathematics. But
suppose that the number is much larger, so that the prob-
abilities add up to something very large, how do you han-
dle that? Another special case is if they are independent
events. If you can avoid each of them separately, then there
is a positive probability that you avoid all of them, simply
take the product of the probabilities for avoiding each one
of them.

The local lemma is some kind of combination of these
two ideas. If the events are not independent, but each
of them is dependent only on a small number of others,
and if the sum of the probabilities of those that it depends

Figure 3. Kneser graph 𝐾(5, 2).

on is less than one—not the total sum, but just those it
depends on—then you can still, with positive probability,
avoid each of the bad events.

Maybe I should add one thing here. There was a prob-
lem of Erdős which I was thinking about, and I came up
with this lemma. I was together with Erdős, actually at
Ohio State for a summer school. We solved the problem,
and we wrote a long paper on that problem and related
problems, including this lemma. But Erdős realized that
this lemma was more than just a lemma for this particular
problem and made sure that it became known under my
name. Normally it would be called the Erdős–Lovász local
lemma, because it appeared in a joint paper of ours, but
he always promoted young people and always wanted to
make sure that it became known if they had proved some-
thing important. I benefited from his generosity.

The Kneser Conjecture
In 1955 Kneser conjectured how many colours you need in or-
der to colour a type of naturally occurring graphs, now known
as Kneser graphs. In 1978 you, professor Lovász, proved this
conjecture by encoding the problem as a question of high dimen-
sional spaces, which you answered by using a standard tool in
homotopy theory, and so boosted the field of combinatorial topol-
ogy. How did such a line of approach occur to you, and can you
say something about the problem and your solution?

Lovász. It goes back to one of these difficult problems, the
chromatic number problem: how many colours do you
need to colour a graph properly, where properly means
that neighbouring vertices must have different colours.
That is a difficult problem in general, it’s an 𝖭𝖯-complete
problem.

A first approach is looking at the local structure. If a
graph hasmany vertices which aremutually adjacent, then,
of course, you needmany colours. The question is: is there
always such a local reason? It was already known at that
time that there are graphs which have absolutely no local
structures, so that they don’t have short cycles, but nev-
ertheless you need many colours to colour them. It was
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an interesting question to construct such graphs. For ex-
ample, just exclude triangles, or more generally, exclude
odd cycles from the graph. There was a well-known con-
struction for such a graph by looking at the sphere, and
then connecting two points if they are almost antipodal.
Then Borsuk–Ulam’s theorem says that youwill needmore
colours than the dimension, so that the almost antipodal
points have different colours. That was one construction,
and the other one was the construction where the vertices
would be a 𝑘-element subset of an 𝑛-element set, where
𝑛 > 2𝑘, and you can connect two of these if they are dis-
joint. Kneser conjectured what would be the chromatic
number of such a graph.

It was an interesting problem going around in Budapest.
Simonovits, a friend and colleague of mine, brought to my
attention that these problems could actually be similar, or
that these two constructions could be similar. So I came up
with a reduction of one into the other, but then it turned
out that the reduction was more general and gave a lower
bound on the chromatic numbers of any graph in terms of
some topological construction. So, that is how topology
came in. It took actually quite some time to make it work.
As I remember it, I spent about two years to make these
ideas work, but eventually it worked.

Zero-knowledge Proofs
Professor Wigderson, earlier in your career you made fundamen-
tal contributions to a new concept in cryptography, namely the
zero-knowledge proof, which more than 30 years later is now
being used for example in blockchain technology. Please tell us
specifically what a zero-knowledge proof is, and why this concept
is so useful in cryptography?

Wigderson. As a mathematician, suppose you found the
proof of something important, like the Riemann hypoth-
esis. And you want to convince your colleagues that you
have found this proof, but you don’t want them to publish
it before you do. You want to convince them only of the
fact that you have a proof of this theorem, and nothing else.
It seems ridiculous, it seems absolutely ridiculous, and it’s
contrary to all our intuition that there is a way to convince
someone of something they do not believe, without giving
them any shred of new information.

This very idea was raised by Goldwasser, Micali, and
Rackoff in 1985, when they suggested this notion. They
did not suggest it for paranoid mathematicians, but they
suggested it for cryptography. They realized that in cryp-
tography there are a lot of situations, in fact, almost all sit-
uations, of interactions between agents in a cryptographic
protocol, in which no one trusts the other ones. Neverthe-
less, each of them makes claims that they are doing some-
thing, or knowing something, which they don’t want to

share with you. For example, their private key in a public
crypto system. You know, each one is supposed to com-
pute their public key by multiplying two prime numbers,
which they keep secret. I give you a number and I tell you:
here is a number; I multiplied two secret prime numbers
and this is the result. Why should you believe me? Maybe
I did something else, and this is going to ruin the proto-
col. To fix this, it would be nice if there was a way for
me to convince you that that’s exactly what I did. Namely,
there exist two prime numbers whose product is the num-
ber I gave you. That is a mathematical theorem, and I want
to convince you of it, without giving you any idea what
my prime numbers are, or anything else. Goldwasser, Mi-
cali, and Rackoff suggested this extremely useful notion of
a zero-knowledge proof.

They gave a couple of nontrivial examples, which were
already related to existing crypto systems where this might
be possible. And they asked the question: what kind of
mathematical statements can you have a zero-knowledge
proof for? A year later, with Goldreich and Micali, we
proved that it was possible for any mathematical theorem.
If you want it formally, it’s true for any 𝖭𝖯-statement.

So this is the content of the theorem. I am not going to
tell you the proof of the theorem, though something can
be said about it. The proof uses cryptography in an essen-
tial way. It’s a theorem which assumes the ability to en-
crypt. Why it’s useful in cryptography is exactly for the rea-
sons I described, but, in fact, it’s much more general, as we
observed in a subsequent paper. Given a zero-knowledge
proof, you can really automate the generation of protocols
that are safe against bad players. The way to get a protocol
that is resilient against bad players once you have a pro-
tocol that works if everybody is honest and doing exactly
what they should, is just to intervene every step with a zero-
knowledge proof, in which the potentially bad players will
convince the others that they are doing the right thing. It’s
much more complex, zero-knowledge is not enough, you
have to have a way to compute with secrets.

I want to stress that whenwe proved this theorem, it was
a theoretical result. It was clear to us from the beginning
that the protocol which enables zero-knowledge proof, is
complex. We thought it unlikely to be of any use in cryp-
tographic protocols that are running on machines.

The fact that they became practically useful is still an
amazing thing to me, and I think that is a good point to
make about many other theoretical results in theoretical
computer science, in particular, about algorithms. Peo-
ple tend to complain sometimes about the notion of 𝖯
being too liberal when describing efficient algorithms, be-
cause some algorithms, when they are first discovered, may
have a running time that looks too large. It’s polynomial
time, but maybe it’s 𝑛 to the 10th power, and for 𝑛 size a
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thousand, or size a million, which are problems that come
up naturally in practice, it seemed useless, as useless as ex-
ponential time algorithms. But what you learn again and
again, both in the field of cryptography and in the field
of algorithms, is that once you have a theoretical solution
with ideas in it that make it very efficient, then other peo-
ple, especially if they aremotivated enough, like in cryptog-
raphy or in optimization, can make it muchmore efficient,
and eventually practical. That’s a general point I wanted to
make.

Randomness Versus Efficiency
It’s an amazing result, and we quote you saying: “This is proba-
bly the most surprising, the most paradoxical of the results that
my colleagues and I have proved.” Let us continue, Professor
Wigderson, with another topic to which you have made funda-
mental contributions. When you began your academic career in
the late 1970s, the theory of computational complexity was in its
infancy. Your contribution in enlarging and deepening the field
is arguably greater than that of any other person. We want to
focus here on your stunning advances in the role of randomness
in aiding computation. You showed, together with coworkers
Nisan and Impagliazzo, that for any fast algorithm that can
solve a hard problem using coin flipping, there exists an almost
as fast algorithm that does not use coin flipping, provided certain
conditions are met. Could you please elaborate on this?

Wigderson. Randomness has always fascinated
me. Specifically, the power of randomness in computa-
tion, but not only in computation. This is probably the
area where I have invested most of my research time. I
mean, successful research time! The rest would be trying to
prove lower bounds or hardness results, like proving that
𝖯 is different from 𝖭𝖯, where I generally—like everybody
else—failed.

So, back to randomness. Ever since the 1970s, peo-
ple realized that randomness is an extremely powerful re-
source to have in algorithms. There were initial discover-
ies, like primality tests. Solovay/Strassen and Miller/Rabin
discovered fast methods with randomness to test if a num-
ber is prime. Then in coding theory, in number theory,
in graph theory, in optimization, and so on, randomness
was used all over the place. People just realized it’s an
extremely powerful tool to solve problems that we have
no idea of how to solve efficiently without randomness.
With randomness you can find the solution very fast. An-
other famous class of examples is Monte Carlo methods.
So you explore a large chunk of problems using random-
ness. Without it, it seemed like it would take exponential
time to solve them, and it was natural to believe that hav-
ing randomness is muchmore powerful than not having it.

Nevertheless, mainly frommotivations in cryptography,
people started in computational complexity trying to un-
derstand pseudorandomness. You need randomness in
cryptographic protocols for secrecy. On the other hand,
sometimes random bits were not so available, and you
wanted to test when random bits are good, as good as
having independent coin flips—which you really assume
when talking about probabilistic algorithms.

So, there was a quest to understand when a distribu-
tion of bits is as good as random. This started in cryp-
tography with a very powerful work by Blum, Micali, and
Yao. Notions began to emerge which suggested that if
you have computational hardness, if you somehow have a
hard problem, then you can generate pseudorandom bits
cheaply. So you can invest much less randomness in order
to generate a lot, which is still useful, let’s say for proba-
bilistic algorithms.

This kind of understanding started in the early 1980s.
It took about 20 years of work to really elucidate it and to
be able to make the weakest assumptions on what hard-
ness you need in order to have a pseudorandom outcome,
which then corresponds to a full probabilistic algorithm.
Parts of this were indeed developed in my papers with
Nisan, and then with Babai and Fortnow, and then with
Impagliazzo and Kabanets.

The upshot of this development is again a conditional
result, right? You have to assume something, if you want
the conclusion you stated. What you need to assume is
that some problem is difficult. You can take it to be the
problem of colouring graphs, you can take it to be any
𝖭𝖯-complete problem you like, or even problems that are
higher up, but you need a problem that is exponentially
difficult. This is the assumption that the result is condi-
tioned on. If you arewilling tomake this assumption, then
the conclusion is exactly as you said, namely that every ef-
ficient probabilistic algorithm can be replaced by a deter-
ministic algorithm which does the same thing. In fact, it
does it without error and is roughly as efficient as the orig-
inal one.

In other words, the power of probabilistic algorithms is
just a figment of our imagination. It’s only that we are un-
able to find deterministic algorithms that we can prove are
as efficient. This result suggests that there is no such power
and that randomness does not help to make efficient algo-
rithms more efficient.

The hardness assumptions that you need to make, were they
something that you were expecting?

Wigderson. They are completely expected! First of all,
they are expected in the sense that they were there from
the beginning, specifically in the works of Blum, Micali,
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Figure 4. Avi Wigderson.

and Yao that I mentioned, which do create pseudorandom
generators that are good against efficient algorithms and
which assume specific hardness assumptions like those
used in cryptography. For example, that factoring is diffi-
cult, or that one way functions exist. These are very specific
hardness assumptions, and these problems are unlikely to
be 𝖭𝖯-complete.

Inmy paper with Nisan, we realized that amuchweaker
assumption is enough. It was not enough to give the result
stated at the end, because it’s not efficient enough, but it
already got us pretty close to the understanding that ran-
dom algorithms are not as powerful as they seemingly are.
It did not give the 𝖡𝖯𝖯 = 𝖯 consequence, which is the fi-
nal one. This was not surprising, the connection paradigm
between hardness and randomness came from the very ini-
tial studies of computation of pseudorandomness, and, if
I remember correctly, the paper of Blum and Micali, or per-
haps even the PhD thesis of SilvioMicali, is titled: Hardness
vs. Randomness. There is an intimate connection there—it
was there from the start—and the question is how tight the
connection is.

I should probably mention that the consequence of
what we just discussed is that hardness implies derandom-
ization, and the question is whether the reverse hold also.
If you have a good pseudorandom generator, or if you
could derandomize all probabilistic algorithms, does it
mean that you can prove something like 𝖯 ≠ 𝖭𝖯? The an-
swer is that we have partial results like that. My paper with
Impagliazzo and Kabanets is one, and there is another pa-
per with just the two of them. So there are partial results
for the converse, and we don’t understand it fully. But it’s
a fascinating connection, because these two issues seem
separate from each other. I think it’s a very fundamental
discovery of the field, this intimate connection between
computational difficulty and the power of randomness.

The LLL-algorithm
Professor Lovász, we would like to talk about the LLL-algorithm,
an algorithm which has striking applications. For instance, it’s
claimed that the only crypto systems that can withstand an at-
tack by a quantum computer use LLL. The algorithm appears
in your paper together with the Lenstra brothers on factorization
of polynomials, which more or less follows the expected path of
reducing modulo primes, and then using Hensel’s Lemma. But
as far as we understand the breakthrough from you and the
Lenstra brothers was that you were able to do the lift in polyno-
mial time by an algorithm giving you an approximation to the
shorter vector in a lattice. Tell us first how the collaboration with
the Lenstras came about.

Lovász. This is an interesting story about mathematics
and the role of beauty, or at least elegance, in mathemat-
ics. With Martin Grötschel and Alexander Schrijver we
were working on applications of the ellipsoid method in
combinatorial optimization. We came up with some gen-
eral theorem that stated some equivalence of separation
and optimization. Actually, these were polynomial time
equivalent problems under some mild additional condi-
tions. But there was a case where the algorithm did not
work, and that was when the convex body was lying in
a lower dimensional linear subspace. One could always
get around this, sometimes by mathematical methods, for
example, by lifting everything into a higher dimensional
space. But there was always some trick involved that we
wanted to avoid.

At some point I realized that we can solve this if we
can solve some really ancient mathematical problem al-
gorithmically. That was Dirichlet’s result that several real
numbers can be simultaneously approximated by rational
numbers with the same denominator, and the question
was whether you could solve this algorithmically. Now
one looks at the proof and one sees immediately that the
proof is the opposite of being algorithmic; it’s a pigeon-
hole principle proof, so it just shows the existence of such
an approximation. After some trial and error, I came up
with an algorithmwhich actually computed in polynomial
time such an approximation with rational numbers with
common denominator.

A little bit earlier I heard a talk of Hendrik Lenstra,
where he talked about similar problems, but in terms of
lattices and bases reduction in lattices. Now it’s easy to
reduce the Dirichlet problem to a shortest lattice vector
problem. So I wrote to them, and it turned out that if I
could solve the Dirichlet problem, then they could factor
polynomials in polynomial time.

This was actually very surprising. One would think that
factoring an integer should be easier than factoring a poly-
nomial. But it turns out that it’s the other way around,
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polynomials can be factored in polynomial time. So that
is how this joint paper came about. Then a couple of years
later Lagarias and Odlyzko discovered that this algorithm
can be used to break the so-called knapsack crypto system.
Since then this algorithm is used a lot in checking the se-
curity of various crypto systems.

As far as we understand it has applications way beyond anything
that you imagined?

Lovász. Yes, definitely. For example, shortly after it was
published it was used by Andrew Odlyzko and Herman
te Riele in a very extended numerical computation to
disprove the so-called Mertens conjecture about the 𝜁-
function in prime number theory. But the point that I
want to stress is that the whole thing started from some-
thing that was apparently not so important. Grötschel,
Schriver, and I just wanted to get the nicest possible the-
orem about equivalence of optimization and separation.
This, however, was the motivation for proving something
that turned out to be very important.

The Ellipsoid Method
Indeed, in 1981 you published a paper together with coauthors
Grötschel and Schrijver entitled “The ellipsoid method and its
consequence in combinatorial optimization,” a paper which is
widely cited, and which you touched upon in your previous an-
swer. There is a prehistory to this, namely a paper by a Russian,
Khachiyan, containing a result that was regarded as sensational.
Could you comment on this, and how your joint paper is related
to his?

Lovász. Khachiyan gave the first polynomial time algo-
rithm for linear programming usingwhat is called the ellip-
soid method today. I should say that in the Soviet Union
at that time there were several other people who worked
on similar results, but he proved the necessary details. So
it was Khachiyan who proved that linear programming can
be solved in polynomial time.

Of course, everybody got interested. In the theory
of algorithms before that there existed these mysterious
problems that in practical terms could always be effi-
ciently solved, but there was no polynomial time algo-
rithm known to them. So we got interested in it, and
we realized that to apply Khachyian’s method you don’t
have to have an explicit description of the linear program.
It’s enough if the linear program is given in such a way
that if you ask whether a point is a feasible point, then
you should be able to tell this, and you should be able
to find them if any constraints are violated. That observa-
tion was made by several people, including Karp and Pa-
padimitriou, and I think Padberg and Rao. We realized

that in combinatorial optimization there are many situa-
tions like this.

Then ImetMartinGrötschel, and he came upwith away
to apply thesemethods to another old problem, namely to
find the chromatic number of a perfect graph in polyno-
mial time, which was also an unsolved problem in those
days. And for that it turned out that you have to apply this
ellipsoid method, not only to linear programs, but to con-
vex programs more generally. We worked on this together
with Lex Schrijver, who visited the University of Szeged for
a year where we shared an office, and started to see what
happens in general in convex optimization and how to ap-
ply this. This is howwe came upwith this result that I men-
tioned, the equivalence of separation and optimization, it
was sort of the main outcome of this study. Eventually we
wrote a monograph about this subject.

The Zig-zag Product
Expander graphs have been a recurring theme for the Abel Prize.
Last year we had Margulis, who constructed the first explicit ex-
pander graphs, after Pinsker had proven that they existed. Gro-
mov, who won the Abel Prize in 2009, used expanders on Cayley
graphs of fundamental groups, which were relevant for the study
of the Baum–Connes conjecture. Also Szemerédi, who won the
Abel Prize in 2012, made use of expander graphs. In 2000,
you, professor Wigderson, together with Reingold and Vadhan,
presented the zig-zag product of regular graphs, which is, as far
as we understand, analogous to the semidirect product in group
theory, by which you gave explicit constructions of very large
and simple expanders. Could we just start by asking: what is
the zig and what is the zag?

Wigderson. So, maybe I should start with what is an ex-
pander graph? You should think of networks, and you
should think that one desirable property of networks is
that there would be sort of fault tolerance. If some of the
connections are severed you would still be able to commu-
nicate. It could be computer networks, or it could be net-
works of roads that you would like to be highly connected.
Of course, you don’t want to pay too much, so you would
like these networks to be sparse, that is, you don’t want
to have too many connections. You want a large graph
in which the degree of every vertex—that is, the number
of connections to every vertex—is small, let’s say constant,
for example ten.

A random graph will have this property, and the whole
question—this is what Pinsker realized—becomes: can
you describe such graphs, and can you find them effi-
ciently? Margulis gave the first construction using this
deep algebraic concept, namely Kazhdan’s property (T).
They can also be built using results by Selberg and others.
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Then people started to simplify the proofs. By the time
I was teaching this material there were reasonably simple
proofs, like the one given by Jimbo and Maruoka, and you
could teach it in a class in an hour or two; it’s just basically
Fourier transform on finite groups. So you have everything
you want, you have a very nice explicit construction, you
can even prove it in a class to undergraduates, but to me it
was, as with many proofs based on algebra, so mysterious.
I mean, what is going on? What is really behind the fact
that these are highly connected graphs? This was sort of
an obsession of mine for years, and I did not know what
to do with it.

In 2000, just after I moved to the IAS, I had two post-
docs here, Salil Vadhan and Omar Reingold. We were
working on a completely different project about pseudo-
randomness, where an important notion is the notion of
an extractor, which has something to do with purifying
randomness. I will not talk about that now, but we were
trying to build better extractors. As we were doing this we
realized that one of our constructions may be useful to-
wards creating expanders. The constructions in the extrac-
tor business were often iterative, and they have a very dif-
ferent combinatorial nature than constructions, say, of the
algebraic type. Once we realized this we understood that
we had a completely different combinatorial construction
of expanders, but more than that, one in which, for me, it
was evident from the proof why these graphs are expand-
ing.

This is the zig-zag result; the zig-zag name was actually
suggested by Peter Winkler. The construction starts with a
small graph which is expanding, and one uses it to keep
boosting another graph to be an expander. So you plug
this little graph in somehow, and you get a bigger expander,
and then you repeat this to get a bigger one, and so on.
So you can generate arbitrary large expanders. This local
construction has some zig-zag picture in it if you look at it,
but that is not the important thing.

There is another way of describing an expander which I
think is more intuitive. An expander is a graph such that,
no matter what distribution you have on the vertices, if
you take a vertex from this distribution and go from this
vertex to a random neighbour, the entropy of the distribu-
tion increases. That is another way to describe expanders,
and this you see almost with your eyes in the zig-zag con-
struction. You see how the entropy grows, and that is what
I like about this way of looking at it.

To try to get a picture of what is going on: as far as we under-
stand you have a graph and you place this other graph at all the
vertices. Then you have to decide how to put the edges in. Then
essentially what you are doing, just like in the semidirect prod-
uct situation where you have the multiplication rule, you move

a little bit in one of the vertices, then you jump all the way to
the next vertex, and then you do the similar jump there. Is that
correct, vaguely?

Wigderson. It’s completely correct, andmoreover the con-
nection to semidirect products was something we realized
two or three years later with Alexander Lubotzky and Noga
Alon. It was sort of a challenge that I felt early on, namely
that the graphs that we got were expanders, they were com-
binatorially generated, we understood them, and I was
wondering whether our construction could be useful to
construct Cayley graphs. And then with Noga Alon and
Alexander Lubotzky we realized it’s not just similar, but
the zig-zag product is a combinatorial generalization of
semidirect products of groups applied to Cayley graphs.
It’s more general and it specializes in the case of Cayley
graphs to semidirect products. For example, because of
this you can prove that Cayley graphs of groups that are
not simple can be expanding with a constant number of
generators. No algebraic method is known to give that.

This has been used extensively in many situations, and one of
the things one perhaps should mention is that the symmetric
logspace and the logspace are the same, as shown by Reingold
in 2004. This seems to be an idea that really caught on. Are
you still using it yourself, or have you let your “baby” grow up
and run into the mathematical community?

Wigderson. I think it’s great that we have a mathematical
community. Many of our ideas have been taken to places
beyond my imagination. There is something fundamental
about this construction, and it was used like you said in
this Reingold result, which can more simply be described
as the logspace algorithm for connectivity in graphs. In
fact, it goes back to a result of Lovász and his collaborators,
and can be viewed as a randomization result.

Lovász with Karp, Aleliunas, Lipton, and Rackoff
showed in 1980 that if you want to test whether a large
graph is connected, but you have no memory, you just
need enough memory to remember where you are, then
by tossing coins you can explore the whole graph. This is
the random logspace algorithm for graph connectivity. De-
randomizing this algorithm was another project of mine
that I never got to do, but Reingold observed that if you
take the zig-zag product and apply it very cleverly to their
randomized algorithm, you get the deterministic logspace
algorithm for the same problem. So it’s a particular pseu-
dorandom generator tailored to this. It was also used in
the new 𝖯𝖢𝖯-theorem of Irit Dinur. So, yeah, there is some-
thing general with this zig-zag product that other people
find extremely useful.
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Figure 5. Christian F. Skau (left) and Bjørn Ian Dundas.

Mutual Influence
Actually, this brings us to an interesting place in this interview,
because here we are seeing connections between what the two of
you were doing.

Wigderson. Let me mention one of the most influential
things that happened to me in my postdoc years. It was
in 1985. I was a postdoc in Berkeley, and there was a
workshop going on in Oregon in which Lovász gave ten
lectures. I don’t remember exactly what it was called, but
there were lectures on optimization, geometry of numbers,
etc. It was a whole week of lectures and everybody wanted
to hear Lovász’ talk, and everybody appreciated how ex-
tremely clear his presentation was.

But the most important thing I got out of this is what
Lovász described himself when you asked him the ques-
tion about the LLL-algorithm, and its relation to the work
on the ellipsoid and so on. He stressed how a high-level
point of view, rather than one focused on a specific prob-
lem, can connect lots and lots of areas of mathematics of
great importance. Lovász described to you how a question
that was a bit peculiar, namely about having a more ele-
gant solution to a problem in optimization, led to solving
the lattice basis reduction problem, and how it was con-
nected to Diophantine approximation, as well as how it
connects to cryptography, both to breaking crypto systems
and creating crypto systems. And, you know, you get this
panoramic view where everything fits in with everything. I
was extremely influenced by this, it was an amazing, mem-
orable event in my early career.

Lovász. I think I have some similar memories. The zero-
knowledge proof was such a shockingly exciting thing that
I learned about, and it sort of showed me how powerful

these new ideas of cryptography, and theoretical computer
science in general, how very powerful they are. I was al-
ways very interested in Wigderson’s work on randomness,
even though I was sometimes trying to go the opposite di-
rection, and find examples where randomness really helps.

One has to add that this is sometimes a matter of the
model, of the computational model. I mentioned some
results about convex optimization, convex geometry, algo-
rithmic results in high dimensional convexity, and it’s a
basic problem there that if you have a convex body, how
can you compute the volume? One of my PhD students
at the time, György Elekes, came up with a beautiful proof
showing that you need exponential time to approximate
this volume, even within a constant factor. That was in
our model in which we formulated this equivalence of op-
timization and separation of convex bodies given by a sep-
aration oracle. A few years later, and that is actually an-
other thing that Wigderson said, Dyer, Frieze, and Kannan
came up with a randomized algorithm to compute the vol-
ume, or to approximate the volume, in polynomial time
with an arbitrary small relative error.

The interesting thing is the dependence on the dimen-
sion. If the dimension is 𝑛 then their algorithm took 𝑛29
steps. Obviously this was very far from being practical, but
that started their flow of research. I was also part of it and
I really liked this result, and I was quite interested in mak-
ing it more efficient and understanding why the exponent
is so high. And then the exponent went down nicely from
29 to 17, to 10, to 7, to 5, to 4. It stood for a long time at
4, but a year ago it went down to 3. So now this is close
to being practical. It’s still not, 𝑛 to the cube is still not
enough to be a really fast algorithm, but it’s definitely not
ridiculously way off.

Two comments about this example. Firstly, because it’s
a different computational model, provably randomness
helps. It’s provable that without randomness it takes ex-
ponential time, and with randomness it’s now down to a
decent polynomial time. And the second is that polyno-
mial time is an indicator that this problem has some deep
structure. You explore this deep structure, and eventually
you can improve the polynomial time to something de-
cent.

Graphons
Here is a question to you, professor Lovász, on a subject where
you have made major contributions: what is a limit theory for
graphs, and what are graph limits good for? Also, explain what
a graphon is.

Lovász. I will try to be not too technical. A graph is of-
ten given by an adjacency matrix, so you can imagine it
as a zero-one matrix. And now, suppose that the graph
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is getting bigger and bigger, and you have this sequence of
matrices. We always think of these as functions on the unit
square, where we just cut into smaller squares, each square
carrying a zero or a one. And now these functions in some
sense tend to a function on the unit square, which may
be continuous, or, at least not discrete anymore, and that
is a graphon. So, for example, if the graph is random, so
each square is randomly one or zero, then it will tend to a
grey square, that is, to an identical one-half graphon. So a
graphon is a function on the unit square, which is measur-
able and symmetric, and it turns out that you can exactly
define what it means that a sequence of graphs converges
to such a graphon.

Now, a lot of properties of the graphs are preserved, that
is, if all the graphs in the sequence have a certain prop-
erty, then the limit will also have this property. For exam-
ple, if all these graphs have some good eigenvalue gap—
a property that expanders have—then the limit will also
have a good eigenvalue gap. Herewe are considering dense
graphs. So you look at this space of graphons, and then
you have to prove—and there is a lot of technical details
there—that the space of graphons in an appropriate metric
is compact. This is very convenient to work with, because
from then on you can, for example, take a graph parameter,
let’s say density of triangles. It can be defined in the limit
graphon what the density of triangles is, and then in this
limit graphon there will be a graphon which minimizes
this under certain other conditions.

So you can play the usual game which you play in anal-
ysis, that studies the minimum, the minimizer, and then
you try to determine whether it’s a local minimum, or a
global minimum. All these things that you can do in anal-
ysis, you can do in this setting, and this all has some trans-
lation back to graph theory.

It’s worthwhile mentioning that the Regularity Lemma
of Szemerédi is closely related to the topology of graphons.
In particular, compactness of the space of graphons im-
plies a strong form of the Regularity Lemma.

The Shannon Capacity
Professor Lovász, in 1979 you published a widely cited paper
titled: “On the Shannon capacity of a graph.” In this paper
you determine the Shannon capacity of the pentagon by intro-
ducing deep mathematical methods. Moreover, you proved that
there is a number, now called the Lovász number, which can be
computed in polynomial time. The Lovász number is the upper
bound of the Shannon capacity associated to a graph. Could you
tell us a little more about that, and explain what the Shannon
capacity is?

Lovász. I will not give a formal definition of what the
Shannon capacity is, but you have an alphabet and you

are sending messages composed of the letters of the alpha-
bet. Now certain letters are confusable or confoundable,
so they are not clearly distinguished by the recipient. You
want to pick a largest subset of words which can be sent
without danger of confusion. For any two words there
should be at least one position where they are clearly dis-
tinguishable. So if the alphabet is described by the vertices
of a graph, an edge between two letters means that those
two letters are confusable. Shannon came up with this
model, and he determined the capacity. If you are send-
ing very long words, how many words can you send with-
out causing confusion? That number grows exponentially,
and the base of this exponential function is the Shannon
capacity.

The pentagon graph was the first one for which the
Shannon capacity was not known, and I introduced some
technique called the orthogonal representation, which en-
abled me to answer this question.

This is an example of one of those things that occasion-
ally happens, namely when you answer a question, then
all of a sudden it begins to have its own life. For example,
it was used to determine the chromatic number of perfect
graphs. In a very different direction, recently a group of
physicists found some quite interesting applications of it
in quantum physics. So all of a sudden you hear that some-
thing you did has inspired other people to do something
really interesting. That is very pleasing.

The Erdős–Faber–Lovász Conjecture
Our last mathematical question to you, professor Lovász, is
about the so-called Erdős–Faber–Lovász conjecture, a conjecture
that was posed in 1972. How did it come about, and what were
your initial thoughts on how difficult it would be to prove it?
Quite recently the conjecture has been proved by Kang, Kelly,
Kühn, Methuku, and Osthus. We should also add that appar-
ently Erdős considered this to be one of his three most favourite
combinatorial problems.

Lovász. The background for this problem was that there
was a meeting in August 1972 at Ohio State University,
where we discussed hypergraph theory, which was just be-
ginning to emerge as an interesting topic. The idea is
that instead of having a standard graph where an edge al-
ways has two endpoints, you can instead look at structures
where an edge has three endpoints, or five endpoints, and
so on. These are called hypergraphs, and the question was:
given any particular question in graph theory, like chro-
matic number, connectivity, etc., how can this be general-
ized to hypergraphs?

One of these questions was what is called the edge chro-
matic number in graph theory. It’s a well known variant of
the chromatic number problem, in which case you colour

840 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 5



the edges, not the vertices, and you want edges incident
with the same vertex to get different colours. And then
you can ask the same question about hypergraphs and
what upper bound you can give on the number of differ-
ent colours needed. We came upwith this observation that
in all the known examples the number of vertices was an
upper bound on the number of colours needed to edge-
colour the hypergraph.

A few weeks after this meeting at Ohio State, I was visit-
ing the University of Colorado, Boulder, and so was Erdős.
Then Faber gave a party, and we began to discuss mathe-
matics, that is what mathematicians usually do at parties,
and so we came up with this question.

Erdős didn’t really believe this to be true. I was
more optimistic and thought maybe it is true. It cer-
tainly was a nice conjecture, stating that the number of
vertices was an upper bound on how many colours are
needed. Then we realized that the conjecture had some
nontrivial special cases, like something called the Fisher
inequality in the theory of block designs. And that is
where we got stuck. The conjecture became more and
more famous, it’s a very elementary question, very sim-
ple to ask. Nobody could actually get a good grip on
it. Eventually Jeff Kahn was able, maybe 10 years ago
or so, to prove it with a factor of 1 + 𝜖, for every posi-
tive 𝜖.

A year ago, Daniela Kühn and her students were able to
prove it, at least for every large enough 𝑛. One peculiar fea-
ture of this conjecture is that you make a conjecture based
on small 𝑛, and then you can prove it for very large 𝑛. And
what is in between often remains a question mark. She
gave a talk about it at the European Congress a couple of
months ago, and it was very convincing, so I think it’s now
proved.

Quantum Interactive Proofs
In January 2020, five people, Ji, Natarajan, Vidick, Wright,
and Yuen announced that they had proved a result in quantum
complexity theory that implied a negative answer to Connes’ em-
bedding problem in operator algebra theory. This came as a total
surprise to a lot of people, included the two of us, as we are some-
what familiar with the Connes problem, a problem whose proof
has withstood all attacks over the last forty plus years. That a
problem which seems to have nothing to do with quantum com-
plexity theory should find its solution within the latter field is
astonishing to us. Professor Wigderson, do you have any com-
ments?

Wigderson. Ever since this result came out I have tried to
give popular lectures about the evolution of the particu-
lar field that is relevant to this result, namely interactive
proofs, specifically the study of quantum interactive proofs

and how it connects to the 𝖬𝖨𝖯∗ = 𝖱𝖤 result, as well as
to particular questions, like the Connes embedding prob-
lem and the Tsirelson problem in quantum information
theory. Of course, every particular result might be surpris-
ing, but I am not at all surprised by this connection. By
now we have lots and lots of places all over mathematics
where ideas from theoretical computer science, algorithms
and, of course, discrete mathematics, are present and re-
veal their power.

As for the connection to operator algebras, and specifi-
cally to von Neumann algebras, it’s not so mysterious as it
may seem, because of quantum measurements involving
applications of operators. The question of whether these
operators commute is fundamental in the understanding
both of quantum information theory and in the power of
quantum interactive proofs. I wasmore focused on the rea-
son that possibly a proof could be obtained in the realm of
quantum interactive proofs, and not in classical quantum
information theory.

If you look at the formulation of quantum inter-
active proofs—particularly the 𝖬𝖨𝖯∗ ones of multiple
provers—and you compare them to the EPR paper, the
famous Einstein–Podolsky–Rosen Gedankenexperiment
testing quantum mechanics, you see the same picture. You
see there a two-prover interactive proof like you see in
the more recent complexity theoretic quantum interactive
proofs. If you look at the history of studying such exper-
iments or proofs, in the physics world the focus was on
particular different types of problems. There are several
famous ones, like the Bell inequalities. Whereas it’s very
natural for people studying quantum interactive proofs to
study them as a collection. There is a collection of games,
some games reducible to each other, and the proof that
𝖬𝖨𝖯∗ = 𝖱𝖤 is a sequence of amazing reductions and ampli-
fication results using various quantum coding theory tech-
niques and so on, even 𝖯𝖢𝖯 techniques. This complexity-
theoretic way of looking at things builds a better under-
standing of how they behave as a whole, and I think that
is the source of the power of this approach, and the appli-
cations come from the final result just because the objects
of study are operators on a Hilbert space.

Noncommutative Optimization
Professor Wigderson, you are currently working on something
that appears to us to be quite different from what you have
worked on earlier. You call it noncommutative optimization,
and it seems to us that you are doing optimization in the pres-
ence of symmetries of certain noncommutative groups, general
linear groups, and stuff like that. It seems like a truly fascinat-
ing project with connections to many areas. Would you care to
comment a little bit on what you are doing here?
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Wigderson. First of all, it’s completely true that it’s very
different from anything that I have done before, because
it’s more about algorithms than about complexity. Even
more, it’s using far more mathematics that I did not know
about beforehand. So I had to learn, and I still have to
learn much more mathematics, especially invariant theory,
representation theory, and some algebraic geometry that I
certainly was not aware of and never needed before.

This again shows the interconnectivity in mathematics,
in particular, what is used from different areas of mathe-
matics in order to obtain efficient algorithms and for ob-
taining other results in discrete mathematics. This connec-
tion, of course, goes in the other direction as well and en-
riches these mathematical areas.

This project started from something that is very dear
to me, namely the derandomization project that I have
been thinking about for thirty years. One of the simplest
problems which we know has a probabilistic algorithm,
but that we don’t know has a deterministic counterpart—
I mean without assumptions—is the testing of algebraic
identities. You can think of the Newton identities be-
tween symmetric polynomials, you can think of the Van-
dermonde identity, there are lots and lots of algebraic iden-
tities in mathematics.

If anybody conjectures an algebraic identity, what do
you do, how do you check it? You may think about these
as polynomials with many variables. Of course, you can-
not expand them and compare coefficients, because this
would take exponential time since there are exponentially
many coefficients. Well, there is a sure probabilistic way.
What we do is just plug randomnumbers into the variables
and evaluate the polynomials in question, and compare
the results. This will be correct with high probability. So
there is a fast probabilistic algorithm for this problem of
polynomial identity testing, and we don’t know if a fast
deterministic one exists.

About twenty years ago Kabanets and Impagliazzo re-
alized something absolutely fundamental, namely that if
you find a deterministic polynomial time algorithm for
this problem, you would have proved something like 𝖯
different from 𝖭𝖯. The analogue in algebraic complexity
theory is that you would have proven that the permanent
is exponentially harder to compute than the determinant.
In short, a hardness result which would be a breakthrough
in computer science and mathematics!

First of all, I would like to say that this statement should
be shocking, because a fast algorithm implies hardness of
a different problem. It implies a computational hardness
result, which is amazing. Even before this result it was a
basic problem to try to derandomize, and there were var-
ious attempts in many special cases that I worked on and

others worked on. And, of course, this result made these
attempts far more important.

Some years ago the issue arose of what happens with
polynomials or rational functions that you are trying to
prove are equivalent, are not with commuting variables,
but are rather with noncommutative variables. It became
evident that we needed it in a project here with two post-
docs, Pavel Hrubes and Amir Yehudayoff. We started work-
ing on the noncommutative version of testing algebraic
identities; it’s basically the word problem for skew fields,
so it’s a very basic problem. It became apparent from our
attempts that invariant theory was absolutely crucial for
this problem. So understanding the invariants of certain
group actions on a set of matrices, as well as understand-
ing the degree of the generating invariants of such actions,
became essential.

So I started learning about this and kept asking people
in this area, and then I started collaborating with two stu-
dents in Princeton, Ankit Garg and Rafael Oliveira. Even-
tually, cutting a long story short, together with Leonid
Gurvits we found a deterministic polynomial time algo-
rithm for solving this problem in a noncommutative do-
main, for noncommutative variables. Nothing like this
was known, even a randomized algorithm was not known,
and it uses essentially results in invariant theory.

And then we were trying to understand what we did.
For the last five years I have repeatedly attempted to bet-
ter understand what we did, to understand the extent of
the power of these types of algorithms. What are the prob-
lems they are related to or can solve, and what can these
techniques do, and what, in general, is the meaning of this
result?

I should say something about applications of this. It
turns out that it captures a lot of things that seemed to be
unrelated. It’s useful not just for testing identities, but also
for testing inequalities, like the Brascamp–Lieb inequali-
ties. It’s good for problems in quantum information the-
ory, it’s good for problems in statistics, for problems in
operator theory. It seems to be very broad.

Now all these algorithms just evolve along the orbit of
a group action on some linear space. That is the nature
of all of them. Many of these problems we are looking at
are not convex, so standard convex optimization methods
don’t work for them. But these algorithmswork. Andwhat
we understood was that these algorithms can be viewed as
doing convex optimizations, standard first-order, second-
order methods that are used in convex optimization, ex-
cept, instead of taking place in Euclidean space, they take
place in some Riemannian manifold, and the convexity
that you need is the geodesic convexity of that space.
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By now we have a theory of these algorithms, but, of
course, there is plenty that we don’t understand. The grow-
ing number of application areas of this I find very fascinat-
ing. Of course, I am hoping that eventually it will help us
to solve the commutative case and understand what works
and what does not work there.

LL and AW Are Super Heroes

Figure 6. Lovász, Wigderson, and
sons as Star Wars characters.

To our delight, some young
Koreans have also discov-
ered that you are mathe-
matical super heroes. Your
two sons have a common
PhD advisor at Stanford,
Jacob Fox, and this was
seized upon by a South Ko-
rean popular science jour-
nal aimed at a younger au-
dience, where you and your
sons are depicted as var-
ious characters from Star
Wars. As high-profile sci-
entists, do you feel com-
fortable being actual heroes
with lightsabers and what
not?

Lovász. I always like a good joke, so I think this was a great
cartoon.

Wigderson. I also loved it, and I think that it just shows
that one can always be more creative in getting younger
audiences excited about mathematics in ways that you did
not expect before.

Is Science Under Pressure?
There is a question we would like to ask that has nothing to do
as such with mathematics, and that is: do you feel that science
is under pressure and is this something that mathematicians can
and should engage in?

Lovász. I think that is true, science is under pressure. The
basic reason for that, as far as I see it, is that it has grown
very fast, and people understand less and less of what is go-
ing on in each particular science, and that makes it fright-
ening, that makes it alien. Furthermore, that also makes
it more difficult to distinguish between what to believe
and what not, to distinguish between science and pseudo-
science. This is a real problem. I think we have to very care-
fully rethink how we teach students in high school. Now,
mathematics is one of the areas where the teaching of it is

really not up to what it could be. I guess about 90% of the
people I meet say: I have always hated mathematics.

I think we are not doing our job of teaching well. I am
saying this in spite of the fact that some of my best friends
are working on trying to improve mathematics education.
Many people realize that there is a problem there, but it’s
very difficult to move ahead. I have less experience with
other areas, but just looking from the outside I can see how
biology today is different from what I studied in biology
in high school. It’s clear that it’s a huge task there in front
of the scientific community.

Mathematics should play a central role because a lot of
sciences are using more and more mathematics, not only
statistics, which is sort of standard. For example, network
theory or, of course, analysis and differential equations,
and quantum physics, which is really also mathematics;
it’s a complicated area of multilinear algebra, so to say. I
think the problem is there and that we should do some-
thing about it.

On behalf of the Norwegian Mathematical Society and the
European Mathematical Society, and the two of us, we would
like to thank you for this very interesting interview, and again,
congratulations with being awarded the Abel Prize!

Wigderson. Thank you!

Lovász. Thank you!
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Sciences Research Institute (MSRI).1 AMS Director of Gov-
ernment Relations Karen Saxe and MSRI Director David 
Eisenbud organize and host these. This one was special for 
a few reasons. First, it was our first in-person briefing in 
two years. Jill Pipher of Brown University and, at the time 
AMS President, spoke at the previous one, in December 
2019. Second, it was the first time we have had a sitting 
politician as presenter. 

1http://www.ams.org/government/dc-outreach

Fields Medalist and French 
Politician Cédric Villani  

Visits Congress
Karen Saxe

On December 2, 2021, Fields Medalist and member of 
the French Parliament Cédric Villani was the presenter at 
the most recent AMS/MSRI congressional briefing; he spoke 
on “Mitigating climate change: science and policy.” 

This briefing was another in our (usually) biannual 
series, jointly hosted by the AMS and the Mathematical 

From left to right: Former Congressman Bart Gordon, AMS 
Executive Director Catherine Roberts, Cédric Villani, AMS 
Director of Government Relations Karen Saxe, MSRI Director 
David Eisenbud.

Karen Saxe is Associate Executive Director of the AMS and Director of 
the Office of Government Relations. Her email address is kxs@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2469
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Then, Villani began. He told us about his electoral 
history—he was first elected in 2017—and about what he 
now does in his position in the French Parliament. He de-
scribed his work on climate, which connects naturally to his 
mathematical research on analysis applied to the statistical 
physics of gas and plasmas. He more briefly pointed to his 
report on Artificial Intelligence, which was the basis for the 
French Strategy of AI.

I found especially interesting his description of the Of-
fice parliamentaire d’évaluation des choix scientifiques et 
technologiques (OPECST).2 This office was set up by law 
in 1983, “to inform Parliament of the consequences of the 
choice of scientific and technological options, in particular, 
so as to enable it to make enlightened decisions.” To do 
this, it “collects information, launches study programmes, 
and carries out assessments.” Villani is current chair of 
OPECST. This office is in some ways analogous to our 
own Office of Technology Assessment (OTA)—an office 
of the US Congress that operated from 1974 to 1995. OTA 
provided Congress with expertise on emerging science and 
technology issues. It was viewed by some Republicans as 
unnecessary, too expensive, and even biased against their 
own party’s agenda. As Speaker of the House, Newt Gin-
grich led Congress to abolish this office. Over the years, 
there have been efforts to reinstate it, including by Rhode 
Island’s Senator Sheldon Whitehouse.3

Villani then went on to discuss policies that France 
and Europe are putting in place to address the need to act 
on climate change. He described goals to address climate 
change and barriers to meeting these goals. He empha-
sized that—paired with the need to improve science and  

2http://www.senat.fr/opecst/eng/index.html
3AMS headquarters are located in Providence, and we are thus a constituent 
of Senator Whitehouse. An op ed of his about OTA is found here: https://
www.nbcnews.com/think/opinion/trump-s-coronavirus-response 

-proves-congress-once-again-needs-its-ncna1205361. Addition-
ally, see this piece written by 2019–20 AMS Congressional Fellow Lucia 
Simonelli: https://blogs.ams.org/capitalcurrents/2020/09/01 
/our-first-branch-of-government-needs-science-too/.

To host an event in a congressional building, you must 
work with a member’s office to reserve a room. This year, 
Senate Majority Leader Schumer’s office helped even 
though it was more complicated than in pre-COVID (and 
pre-January 6) times, as each attendee had to pre-register 
and, on the day, check in with Capitol Police and be es-
corted into and out of the building. The escort actually 
was quite useful—for those of you who have been in the 
US Capitol building know, it is quite a maze and finding 
a given room can be a challenge! Schumer’s staff were ex-
tremely gracious and helpful and we are very grateful for 
their interest and support.

Attendees included a member of Congress, congressio-
nal staff, representatives from the National Science Founda-
tion, mathematicians from local colleges and universities, 
and Department of Education staff. It was so great to be 
in-person again, and the general feeling in the room was 
one of high energy and excitement.

Once everyone had their lunches (which, due to COVID 
restrictions, were boxed) everyone sat down and the in-
troductions began. I welcomed everyone, AMS Executive 
Director Catherine Roberts said a bit about the AMS, and 
MSRI Director David Eisenbud said a bit about MSRI and 
also outlined the overarching goals of our briefing series. 
The NSF provides the majority of funding for the basic 
research necessary to unlock the enormous potential appli-
cations of the mathematical sciences. Our briefings bring 
mathematics and its applications directly to Capitol Hill 
decision-makers and offer stories of how federal investment 
in basic research in math and science pays off for American 
taxpayers and helps the nation remain a world leader in 
innovation.

Eisenbud then introduced Congressman Jerry McNerney 
(CA, 9) who talked about his own trajectory from a PhD 
mathematician to an elected member of Congress, and also 
about his particular scientific and now legislative work in 
energy sources and climate change.

The only PhD mathematician in Congress Jerry McNerney (CA, 
9) and the only PhD mathematician in French Parliament Cédric 
Villani deep in conversation.

Patti Curtis from the US Department of Education asks a 
question.

http://www.nbcnews.com/think/opinion/trump-s-coronavirus-response-proves-congress-once-again-needs-its-ncna1205361
http://www.nbcnews.com/think/opinion/trump-s-coronavirus-response-proves-congress-once-again-needs-its-ncna1205361
http://www.nbcnews.com/think/opinion/trump-s-coronavirus-response-proves-congress-once-again-needs-its-ncna1205361
https://blogs.ams.org/capitalcurrents/2020/09/01/our-first-branch-of-government-needs-science-too/
https://blogs.ams.org/capitalcurrents/2020/09/01/our-first-branch-of-government-needs-science-too/
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technology—we need to address people’s psychology and 
take actions that result in changing our habits. He argued, 
quite compellingly, that changes in our consumption habits 
are absolutely essential if we are going to slow down climate 
change and adapt to an already much-changed planet. He 
described current and increasing future climate migration, 
as the planet warms and local patterns of weather drasti-
cally alter.

The audience was very engaged and the Q&A period was 
robust and interesting. I think we could have continued the 
conversation for several more hours but, alas, we all had to 
be escorted out of the Capitol.

Cédric Villani is currently a Professor at University of Lyon. 
The focus of his research is in analysis applied to the statistical 
physics of gas and plasmas, as well as in non-Euclidean differ-
ential geometry. He has received numerous awards including 
the Fields medal. Respected for his acclaimed books (some of 
which have been translated into as many as 15 languages), he 
received the Doob Prize of the American Mathematical Society, 
a prize awarded every three years to recognize a book of great 
novelty and clarity. He is a member of the French Academy of 
Sciences, as well as the Pontifical Academy of Sciences. In 2017, 
he was elected to be a member of French Parliament, where 
he champions subjects rooted in science, especially ecology. He 
presides over the Office parlementaire d'évaluation des choix 
scientifiques et technologiques, which is responsible for helping 
the French Parliament understand the consequences of scientific 
and technological choices in order to inform its decisions. 

Credits
Article images are courtesy of Scavone Photography. 
Author photo is courtesy of Macalester College/David Turner.
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Exploring Mathematical
Scholarship through

the Mathematics
Collaboration Graph

Jonathan Gryak

Foreword
The AMS, through Mathematical Reviews, is an affiliate of
MIDAS, the Michigan Institute for Data Science at the Uni-
versity of Michigan, Ann Arbor. As part of that affiliation,
we have sponsored some research projects related to the
work we do at Mathematical Reviews. The column below
is written by JonathanGryak, a research scientist at theUni-
versity of Michigan and MIDAS, and describes the results
from a project he did on the collaboration graph inher-
ent in our database of authors. His work updates and ex-
pands upon the work of others, as mentioned in his col-
umn. I find it fascinating, both as an interesting applica-
tion of graph theory and for what the results say about
mathematics as a collaborative profession. I am grateful

Jonathan Gryak is a research scientist at the Department of Computational
Medicine and Bioinformatics and the Michigan Institute for Data Science, Uni-
versity of Michigan, Ann Arbor. His email address is gryakj@med.umich
.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2471

to Jonathan for the research he has done and for his will-
ingness to share it in this venue.

—Edward Dunne

Introduction
Social network analysis has a long history within the so-
cial sciences and bibliometric/scientometric communities,
and has gained greater importance through the rise of Face-
book, Twitter, and other online social networks. The so-
cial networks formed by research collaborations have often
been studied through the creation of collaboration graphs,
wherein authors are represented by nodes in the network
and edges correspond to a co-authorship relationship.

It should come as no surprise that in mathematics
there has been a long history of exploring the structure
of the mathematical collaboration graph through graph-
theoretic means. An author’s Erdős number, i.e., their de-
gree of separation from the famously collaborative math-
ematician Paul Erdős, has been around for at least fifty
years [7], with further investigations of the collaboration
network of Erdős being performed by Grossman and oth-
ers [5, 8, 9]. Additionally, the work of Barabási et al. [1]
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analyzed the overall structure of the collaboration graph
for mathematics and other disciplines over time, investi-
gating structural properties including degree distribution,
diameter, and clustering coefficients.

Inspired by these prior works, in this manuscript we
provide results on the current state of mathematical col-
laboration using theMathematical Reviews databasemain-
tained by the American Mathematical Society (AMS). Be-
yond Erdős we identify nine other “super-collaborators”
using graph-theoreticmethods and investigate their impor-
tancewith respect to both graph-theoretic and author-level
metrics. We also investigate various measures of impor-
tance that have become popular in the analysis of social
networks in general.

Data
Using publication data extracted in February 2021 from the
AMS Mathematical Reviews Database (MRDB), the collab-
oration graph 𝐶𝐺 = (𝑉, 𝐸) was realized as a simple, undi-
rected graph, with vertex set 𝑉 corresponding to individual
authors 𝑣𝑖 and edge set 𝐸 where (𝑣𝑖, 𝑣𝑗) ∈ 𝐸 if authors 𝑣𝑖
and 𝑣𝑗 have at least one publication together, with each
edge weighted by the total number of joint publications.
At the time of data extraction, the MRDB had indexed
3,729,493 publications from 1,030,091 authors, yielding
the collaboration graph 𝐶𝐺 with 𝑛 = |𝑉| = 1, 030, 091 and
𝑚 = |𝐸| = 2, 609, 957.

The Collaboration Graph 𝐶𝐺
We can learn a great deal about the community of math-
ematicians from examining the collaboration graph as a
whole. We begin by examining the vertex degree 𝛿(𝑣), which
corresponds to the number of collaborators a given math-
ematician has. Table 1 presents summary statistics for the
distribution of vertex degrees. Scientific collaboration net-
works tend to have degree distributions with “fat tails,” i.e.,
ones that are well-approximated by a power-law, either in
the number of papers published by an individual ([1]) or
in the number of their collaborators [11]. This is indeed
the case for the collaboration graph and can be readily ob-
served by viewing the complementary cumulative distribu-
tion function (CCDF) of the degree distribution, depicted
in Figure 1, along with fitted power-law and log-normal
distributions. From Figure 1Awe can observe that the over-
all distribution of collaborators is well-approximated by a
log-normal distribution, while Figure 1B shows the tail of
the distribution for 𝛿(𝑣) ≥ 116, which is fit equally well by
both distributions.

Nearly 11% (114,261) of authors represented in the
Mathematical Reviews database have no recorded co-
authors, these correspond to the isolated vertices of 𝐶𝐺.
Table 1 depicts summary statistics of the major subgraphs
of 𝐶𝐺.

(A) All non-isolated vertices.

(B) Tail only (degree ≥ 116).

Figure 1. The complementary CDF (CCDF) of the degree
distribution along with fitted log-normal and power-law
distributions.

Statistics 𝐶𝐺𝑖 𝐶𝐶0 𝐶𝐶1
|𝑉| 915,830 812,400 41
Min 1 1 1
Max 688 688 38
Mean 5.699654 6.140741 4.536585
Stddev 9.693462 10.1919 5.47766

Table 1. Degree statistics for the major subgraphs of 𝐶𝐺: 𝐶𝐺𝑖 -
the union of all connected components of 𝐶𝐺 excluding
singletons (isolated vertices); 𝐶𝐶0 - the largest connected
component; and 𝐶𝐶1 - the second-largest connected
component.

Beyond degree, there are two other “d” properties that
can illuminate the structure of the collaboration graph -
density and distance. We will discuss density now and re-
turn to distance in the next section. The density of a graph is
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defined as the ratio of the edges in the graph to all possible
edges. Graphs of low density - e.g., 𝑂(|𝑉|) - are considered
sparse, while those of high density - e.g., Ω(|𝑉|2) - are con-
sidered dense. Graph density impacts the data structures
used to efficiently store a graph representation in memory,
e.g., adjacency lists, and the computational costs associ-
ated with various graph algorithms. The density of 𝐶𝐺 is
𝐷 = 4.919405 × 10−6 << |𝑉|, indicating that despite the
collaborative nature of mathematical research, 𝐶𝐺 is very
sparse.

Author Relationships and Networks
Having examined the global properties and overall struc-
ture of the collaboration graph, we now turn to discover-
ing distinct authorship (sub)networks and their attributes.
There are numerous questions that wemay ask about these
relationships:

• How often do highly collaborative or indepen-
dent authors tend to stay within their respective
networks?

• Do co-authors tend to formworking relationships
independent of their mutual colleague?

• On average, how many co-authors separate any
given pair?

• How important is any individual author to the col-
laboration network as a whole?

These and other questions are answered in the following
subsections.
Assortativity. Assortativity is the tendency of vertices that
are similar with respect to some measure to be connected.
Degree assortativity, in which vertices of high or low de-
gree tend to be connected to one another, is a general form
of similarity that applies to all networks, though any cate-
gorical or numerical property assigned to each vertex can
be used as an assortative measure. Following [12], assorta-
tivity, or assortative mixing, can be calculated for discrete
properties of a vertex by defining the quantity 𝑒𝑥𝑦: the frac-
tion of edges within the graph whose ends are valued 𝑥
and 𝑦. Assortativity is then calculated as the Pearson corre-
lation coefficient

𝑟 =
∑𝑥𝑦 𝑥𝑦(𝑒𝑥𝑦 − 𝑎𝑥𝑏𝑦)

𝜎𝑎𝜎𝑏
,

where 𝑎𝑥 and 𝑏𝑦 are respectively the fraction of edges that
start or endwith values 𝑥 and 𝑦, with 𝜎𝑎 and 𝜎𝑏 their respec-
tive standard deviations. Assortativity 𝑟 ranges from -1 to 1,
with -1 representing total disassortativity and 1 total assor-
tativity. Graphs representing social networks, such as aca-
demic collaborations and personal connections, tend to be
assortative, while natural networks, such as biological or
ecological networks, tend to be disassortative [12]. In [12],
published in 2003, the degree assortativity of mathemati-
cal collaborations was 0.25. In 𝐶𝐺, the degree assortativity

is lower at 𝑟 = 0.085, indicating that 𝐶𝐺 is not particularly
assortative with respect to vertex degree. However, using
an author’s total number of publications as the similar-
ity measure, the respective assortativity rises to 𝑟 = 0.112,
indicating that mathematical authors who have a large
number of publications tend to have published with each
other more than authors who have a similar number of
co-authors.
Cliques, clustering, and triads. Given a vertex 𝑣 with 𝑘
neighbors, the maximum number of edges 𝑝 is (𝑘

2
), and oc-

curs precisely when 𝑣 and its neighbors 𝑁(𝑣) form a clique.
The local clustering coefficient 𝐶(𝑣) for a vertex 𝑣 is the ten-
dency of neighbors to form a clique, and is defined as the
ratio of the number of edges between 𝑣’s neighbors and
the maximum number of edges 𝑝:

𝐶(𝑣) =
|{(𝑣𝑖, 𝑣𝑗) ∶ 𝑣𝑖, 𝑣𝑗 ∈ 𝑁(𝑣), (𝑣𝑖, 𝑣𝑗) ∈ 𝐸}|

𝑝 .

In the context of the Collaboration Graph, the value of
the local clustering coefficient for a given author 𝑣 indi-
cates how likely it is that 𝑣’s co-authors are co-authors in-
dependently of 𝑣. The mean of the local clustering coeffi-
cient over the entire graph, 𝐶, provides one measure of the
global clustering coefficient, which for 𝐶𝐺 is 0.4696215 with
standard deviation of 0.4388102. Excluding isolated ver-
tices yields a higher 𝐶 = 0.5282126 (0.4308473). These are
lower values than determined by Barabasi et al. [1], where
𝐶 = 0.59, indicating a weakening of ties in co-authorship
networks and continuing a downward trend identified in
the same paper above.

A second measure of global clustering is transitivity, the
tendency for two authors who share a common co-author
(an open triad) to become co-authors themselves, forming
a triangle, or closed triad. More explicitly, transitivity can

be defined [13] as 𝑇 = 3 ∗ #𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠
#𝑡𝑟𝑖𝑎𝑑𝑠

, that is, the ratio of

closed triads to all triads, and ranges from 0 to 1. The tran-
sitivity of 𝐶𝐺 is 0.1340591 and remains constant when iso-
lated vertices are excluded. This is much lower that tran-
sitivity values for other academic disciplines such astro-
physics (0.414) [11] and statistics (0.320) [10], but higher
than that in biomedical research (0.066) [11].
Authorship networks. Authorship networks within the
Collaboration Graph correspond to its connected com-
ponents. There are 147,710 distinct connected compo-
nents in 𝐶𝐺, of which 114,261 are of size one, correspond-
ing to the isolated vertices; removing these yields 33,449
connected components containing two or more vertices.
The largest connected component 𝐶𝐶0 contains 812,400
authors, roughly 79% of the entire graph, and captures
2,494,369 co-authorships. The existence of this large of
a connected component is to be expected for real-world
networks [13]. Excluding these extrema, a histogram of
the remaining connected component sizes is presented in
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Figure 2. A histogram of connected component sizes when
the smallest and largest components are excluded. Count is
presented on the 𝑦-axis in a logarithmic scale.

Figure 2. As can be seen in the figure, the number of au-
thorship networks of a given size decreases rapidly.
Eccentricity and seven degrees of separation. When con-
sidering distance between collaborators, there are poten-
tially many paths, i.e., chains of co-authors, that might
connect any given pair of authors. As such, we are inter-
ested in the geodesic distance, i.e., the length of the shortest
path between vertices. For a given vertex 𝑣, the eccentricity
𝜖(𝑣) is the maximum length of all shortest paths between
𝑣 and 𝑢 ∈ 𝑉 ⧵ {𝑣}. The maximum eccentricity of any vertex
𝑣 ∈ 𝑉 is called the diameter of the graph, while the mini-
mum is called the radius. The diameter (longest chain of
co-authors) of 𝐶𝐶0 is 23, while the radius is 13. There are
10 peripheral verticeswhose eccentricity is equal to the diam-
eter, and 3,595 central vertices, whose eccentricity is equal
to the radius.

Another distance measure of interest in social and other
small-world networks [15] is the “degree of separation” be-
tween vertices. This notion can be quantified as the average
shortest path length, calculated as

𝑙 = 1
𝑛(𝑛 − 1) ∑

ᵆ,𝑣∈𝑉
𝑑(𝑢, 𝑣),

where 𝑑(𝑢, 𝑣) is the geodesic distance between vertices 𝑢
and 𝑣 and 𝑢 ≠ 𝑣. For 𝐶𝐶0, the average shortest path length
is 𝑙 = 6.923573. Thus, on average mathematical co-authors
have seven degrees of separation between them. This is
slightly higher than the five to six degrees posited by Mil-
gram [14] in his seminal work and popularized as “six de-
grees of separation.” However, this is concordant with the
average path length and its trend over time as described
in the 2002 work of Barabasi et al.[1], in which the av-
erage shortest path for mathematical collaboration was

estimated to be 𝑙 ≈ 16 in 1991, which decreased to 𝑙 ≈ 9.5
by 1998.

A comparison of structural properties of the collabora-
tion graph and its various subgraphs, including the second
largest component 𝐶𝐶1, is presented in Table 2. Among
these subgraphs, 𝐶𝐶1 is the only one that exhibits disas-
sortativity.
Articulation points. How important is any one author’s
connections to the collaboration of mathematicians as a
whole? The reliance of the collaboration graph or any
other network’s connectivity on a single node can be made
by identifying it as an articulation points or cut vertex: a ver-
tex whose removal results in the disconnection of the net-
work. The components resulting from the removal of an ar-
ticulation point are called biconnected components (BICCs),
while a graph containing no articulation points is said to
be biconnected. The largest connected component 𝐶0 is not
biconnected as it contains 110,371 authors whose removal
partitions the graph into two or more components.

The Super-Collaborators
Inspired by Grossman’s work [9] on that most peripatetic
of mathematicians, we can analyze the mathematical col-
laboration graph to determine other super-collaborators
like Paul Erdős. The top ten super-collaborators by num-
ber of co-authors (i.e., vertex degree) are listed in Table 3,
along with author-level metrics obtained from Mathemat-
ical Reviews and Google Scholar where available.

All super-collaborators are contained in 𝐶𝐶0, the largest
connected component of 𝐶𝐺. As described in the pre-
vious section, one measure of importance of a given au-
thor is the effect of connectivity when the author and their
co-authorships are removed from the graph. Among the
super-collaborators, Kurths is the only one who is not a cut
vertex: his removal does not increase the number of con-
nected components. For all other authors their removal
results in one large connected component that is nearly
(99.998% or greater) the size of 𝐶𝐶0, with the remaining
biconnected components ranging in number from 3 to 13
and size from 1 to 11.
Centrality measures (who’s important?) Biconnectivity
is not the only way in which to measure the importance
of a given member of a social network. Centrality is a mea-
sure of a node’s importance or potential influence in a net-
work. There are several methods for calculating centrality
that emphasize different aspects of the relationship of a
node to its neighbors. Here we focus on four common cen-
trality measures for undirected graphs - degree, closeness,
betweenness, and eigenvector centrality. Degree centrality
is simply the degree of vertex normalized by one less than
the number of vertices in the graph:

𝑐𝑑𝑒𝑔(𝑣) = ∑
𝑣∈𝑉

deg(𝑣)
𝑛 − 1 .
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Graph |𝑉| |𝐸| #𝐶𝐶 𝑟 𝑙 𝐶 𝑇 𝑑
𝐶𝐺 1,030,091 2,609,957 147,710 0.08549151 N/A 0.4696215 0.1340591 23
𝐶𝐺𝑖 915,830 2,609,957 33,449 0.08549151 N/A 0.5282126 0.1340591 23
𝐶𝐶0 812,400 2,494,369 1 0.07340353 6.923573 0.5312295 0.1306022 23
𝐶𝐶1 41 93 1 -0.2853268 1.970732 0.7888307 0.2701271 4

Table 2. Structural properties of the collaboration graph and various subgraphs: #𝐶𝐶 - the number of connected components; 𝑟 -
assortativity; 𝑙 - average shortest path length; 𝐶 - the global clustering coefficient; 𝑇 - transitivity; and 𝑑 - diameter.

Author 𝛿(𝑛) # Papers
Citations Citations ℎ-index 𝑖10-index
(MRDB) (GS)

Baleanu, Dumitru I. 688 868 4,089 49,170 97 910
Srivastava, Hari Mohan 663 1,314 11,472 65,205 94 767

Agarwal, Ravi P. 618 1,645 16,265 N/A N/A N/A
Chen, Guanrong 569 720 3,720 109,004 155 986

Cao, Jinde 535 735 3,430 62,641 125 943
Erdős, Paul 510 1445 21,376 87,855 123 818

Kurths, Jürgen 502 318 1,453 89,341 128 885
Alon, Noga 473 624 12,164 51,988 107 499

Pardalos, Panos M. 448 510 2,779 57,110 104 715
Balakrishnan, Narayanaswamy 447 860 3,543 80,260 87 613

Table 3. Super-collaborators and their author-level metrics. The publications and reported citations are those indexed and
tabulated within the Mathematical Reviews database (MRDB) as of February 2021. Citations (GS), ℎ-index, and 𝑖10-index were
obtained from Google Scholar as of June 2021. The highest ranking by metric is bolded.

Closeness centrality was introduced by Bavelas [2, 3] and is
calculated as

𝑐𝑐𝑙𝑜𝑠𝑒(𝑣) =
𝑛 − 1

∑ᵆ∈𝑉⧵𝑣 𝑑(𝑢, 𝑣)
,

where 𝑑(𝑢, 𝑣) is the geodesic distance between vertices 𝑢
and 𝑣. As its name suggests, closeness centrality defines
important nodes as being close to other nodes within the
network. Betweenness centrality, on the other hand, de-
fines important nodes as those who tend to connect other
nodes in the network, i.e, they tend to be on the geodesic
paths between other nodes. Betweenness was introduced
by Freeman [6] and is defined as

𝑐𝑏𝑒𝑡𝑤𝑒𝑒𝑛(𝑣) = ∑
𝑥,𝑦∈𝑉

𝜎𝑥,𝑦(𝑣)
𝜎𝑥,𝑦

,

where 𝜎𝑥,𝑦(𝑣) is the number of geodesics between vertices
𝑥, 𝑦 containing 𝑣 and 𝜎𝑥,𝑦 is the total number of geodesics
between vertices 𝑥, 𝑦.

Finally, eigenvector centrality or eigencentrality, intro-
duced by Bonacich [4], provides a measure of centrality
in which more central nodes are those who are connected
to other highly central nodes. Let 𝑉 be ordered as 𝑣1, ..., 𝑣𝑛.
Given the adjacency matrix 𝐴 of the graph, 𝑐𝑒𝑖𝑔(𝑣𝑖) for the
node 𝑣𝑖 corresponds to the 𝑖th entry of the vector 𝜆 ⃗𝑥 sat-
isfying 𝐴 ⃗𝑥 = 𝜆 ⃗𝑥, i.e, an eigenvector of 𝐴. An eigenvector
corresponding to the largest eigenvalue is chosen so that
all values 𝑐𝑒𝑖𝑔(𝑣𝑖) are positive.

Figure 3. Spearman correlation of various centrality measures
for authors in the largest connected component 𝐶𝐶0.

Figure 3 depicts the Spearman (rank) correlation be-
tween all four centrality measures for 𝐶𝐶0. One can ob-
serve that the rankings of authors by centrality measures
are all positively correlated with each other, with closeness
being on average the most correlated with other measures,
followed by eigenvector centrality, while betweenness was
the least correlated with other measures.

Table 4 contains the rankings of the super-collaborators
by all four centrality measures, along with the mean rank-
ing with and without including eigencentrality, which is
the outlier among the rankings. From the table we can
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Author 𝑐𝑑𝑒𝑔 𝑐𝑐𝑙𝑜𝑠𝑒 𝑐𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑐𝑒𝑖𝑔 Mean w/o 𝑐𝑒𝑖𝑔 Mean
Baleanu, Dumitru I. 1 12 7 19238 6.67 4814.5

Srivastava, Hari Mohan 2 4 2 12963 2.67 3242.75
Agarwal, Ravi P. 3 1 1 14658 1.67 3665.75
Chen, Guanrong 4 2 3 16036 3 4011.25

Cao, Jinde 5 9 9 21006 7.67 5257.25
Erdős, Paul 6 3 5 136 4.67 37.5

Kurths, Jürgen 7 11 6 22718 8 5685.5
Alon, Noga 8 8 13 22 9.67 12.75

Pardalos, Panos M. 9 6 4 2218 6.33 559.25
Balakrishnan, Narayanaswamy 10 126 11 23399 49 5886.5

Table 4. Super-collaborator rankings by centrality measure. The highest ranked author by each measure is bolded, while the next
highest is italicized.

observe that Agarwal ranks the highest with respect to both
closeness and betweenness and highest overall, while Sri-
vastava is ranked second overall as well as in degree and
betweenness centrality. Of the super-collaborators only
Erdős and Alon have relatively high eigencentrality, indi-
cating that they tend to be more connected to other highly
eigencentric individuals.

Figure 4 depicts the Pearson correlation between the
four centrality measures and their author-level metrics ob-
tained from Google Scholar. In examining correlation be-
tween centrality measures and author-level metrics we find
that closeness has the highest correlation with ℎ-index at
0.54, while betweenness has the highest correlation with
both 𝑖10-index and citation count at 0.51 and 0.41 respec-
tively. Eigencentrality is the negatively correlated with all
author-level metrics, and strongly so for the 𝑖10-index with
a correlation of −0.64. Within the author-level metrics
themselves, ℎ-index is most correlated with citation count.

Figure 4. Pearson correlation between centrality measures
and author-level metrics obtained from Google Scholar for all
super-collaborators.

Future Directions
Additional realizations of the collaboration graph 𝐶𝐺,
such as the addition of edge weights corresponding to the
number of joint publications between two authors, would
allow for additional analyses that may yield further insight
into mathematical collaboration. Moreover, the treatment
of 𝐶𝐺 as a dynamic graph would enable us to understand
trends in mathematical collaboration over time. Addi-
tional author data from the MRDB, including institution,
country, and subject area encoded viaMathematics Subject
Classification (MSC), could be used to assign multiple la-
bels to each node and be used to illuminate additional col-
laborative relationships and community structures. The
nine additional super-collaborators identified in this pa-
per could have their relationships between other mathe-
maticians and scholars explored as was done for Erdős in
[5].

Conclusion
Inspired by prior works [1,5,8,9], we have provided results
on the current state of mathematical collaboration using
the collaboration graph 𝐶𝐺 derived from information con-
tained in the Mathematical Reviews database. Overall 𝐶𝐺
is a sparse graph whose vertex degree distribution is log-
normal. The graph contains one large connected compo-
nent containing nearly 79%of authors. Currently there are
on average seven degrees of separation betweenmathemat-
ical collaborators, matching the decreasing trend over time
as reported in [1]. We identified ten “super-collaborators”
using graph-theoreticmethods, one of whom is Paul Erdős.
For these “super-collaborators” we investigated their im-
portance with respect to both centrality and author-level
metrics, finding that closeness centrality is relatively highly
correlatedwith ℎ-index. Future work can utilize additional
author data from the MRDB, including institution, coun-
try, and subject area, to determine community structures
and further explore the many ways in which mathemati-
cians collaborate in pursuit of their common goal of ad-
vancing mathematical knowledge.
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The current prize amount of US$5,000 is awarded every 
three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/cole-prize-number-theory.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006.

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/conant-prize.

Mary P. Dolciani Prize 
for Excellence in Research
The AMS Mary P. Dolciani Prize for Excellence in Research 
recognizes a mathematician from a department that does 
not grant a PhD who has an active research program in 
mathematics and a distinguished record of scholarship. 

AMS Prizes & Awards
Bôcher Memorial Prize
The Bôcher Prize is awarded for a notable paper in analysis 
published during the preceding six years. The work must be 
published in a recognized, peer-reviewed venue.

About this Prize
The first to be offered by the AMS, this prize was founded in 
memory of Professor Maxime Bôcher, who served as presi-
dent of the AMS from 1909–1910. The original endowment 
was contributed by members of the Society. A generous 
donor augmented the endowment in 2008.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/bocher-prize.

Cole Prize in 
Number Theory
This prize recognizes a notable research work in number 
theory that has appeared in the last six years. The work 
must be published in a recognized, peer-reviewed venue.

About this Prize
This prize (and the Frank Nelson Cole Prize in Algebra) was 
founded in honor of Professor Frank Nelson Cole upon 
his retirement from the American Mathematical Society; 
he served as AMS secretary for twenty-five years and as edi-
tor-in-chief of the Bulletin for twenty-one years. The original 
fund was donated by Professor Cole from moneys pre-
sented to him upon his retirement, and was augmented by 
contributions from members of the Society. The fund was 
later doubled by his son, Charles A. Cole, and supported 
by family members. It has been further supplemented by 
George Lusztig and by an anonymous donor.

https://www.ams.org/bocher-prize
https://www.ams.org/bocher-prize
https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org/cole-prize-number-theory
https://www.ams.org/cole-prize-number-theory
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The primary criterion for the prize is an active research 
program as evidenced by a strong record of peer-reviewed 
publications.

Additional selection criteria may include the following:
 • Evidence of a robust research program involving 

undergraduate students in mathematics;
 • Demonstrated success in mentoring undergradu-

ates whose work leads to peer-reviewed publica-
tion, poster presentations, or conference presen-
tations;

 • Membership in the AMS at the time of nomina-
tion and receipt of the award is preferred but not 
required.

About this Prize
This prize is funded by a grant from the Mary P. Dolciani 
Halloran Foundation. Mary P. Dolciani Halloran (1923–
1985) was a gifted mathematician, educator, and author. 
She devoted her life to developing excellence in mathe-
matics education and was a leading author in the field 
of mathematical textbooks at the college and secondary 
school levels. 

The current prize amount is US$5,000 and is awarded 
annually.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/dolciani-prize.

Joseph L. Doob Prize
The Doob Prize recognizes a single, relatively recent, out-
standing research book that makes a seminal contribution 
to the research literature, reflects the highest standards of 
research exposition, and promises to have a deep and long-
term impact in its area. The book must have been published 
within the six calendar years preceding the year in which 
it is nominated. Books may be nominated by members of 
the Society, by members of the selection committee, by 
members of AMS editorial committees, or by publishers.

About this Prize
The prize (originally called the Book Prize) was endowed 
in 2005 by Paul and Virginia Halmos and renamed in 
honor of AMS president Joseph L. Doob. Paul Halmos 
(1916–2006) was Doob’s first PhD student. Doob received 
his PhD from Harvard in 1932 and three years later joined 
the faculty at the University of Illinois, where he remained 
until his retirement in 1978. He worked in probability 
theory and measure theory, served as AMS president in 
1963–1964, and received the AMS Steele Prize in 1984 
“for his fundamental work in establishing probability as a 
branch of mathematics.”

The US$5,000 prize is awarded every three years.
Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/doob-prize.

Leonard Eisenbud Prize 
for Mathematics and Physics
The Eisenbud Prize honors a work or group of works, pub-
lished in the preceding six years, that brings mathematics 
and physics closer together. Thus, for example, the prize 
might be given for a contribution to mathematics inspired 
by modern developments in physics or for the development 
of a physical theory exploiting modern mathematics in a 
novel way.

About this Prize
This prize was established in 2006 in memory of the math-
ematical physicist, Leonard Eisenbud (1913–2004), by his 
son and daughter-in-law, David and Monika Eisenbud. 
Leonard Eisenbud was a student of Eugene Wigner. He was 
particularly known for the book Nuclear Structure (1958), 
which he co-authored with Wigner. A friend of Paul Erdős, 
he once threatened to write a dictionary of “English to 
Erdős and Erdős to English.” He was one of the founders 
of the Physics Department at SUNY Stony Brook, where he 
taught from 1957 until his retirement in 1983. In later years 
he became interested in the foundations of quantum me-
chanics and in the interaction of physics with culture and 
politics, teaching courses on the anti-science movement.

The current prize amount is US$5,000 and the prize is 
awarded every three years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/eisenbud-prize.

Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked 
directly with pre-college teachers to enhance teachers’ 
impact on mathematics achievement for all students, or

https://www.ams.org//dolciani-prize
https://www.ams.org/eisenbud-prize
https://www.ams.org/eisenbud-prize
https://www.ams.org/doob-prize
https://www.ams.org/doob-prize
https://www.ams.org/dolciani-prize
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is being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes (1) came about by 
systematic, reproducible changes in programs that might 
be implemented by others, and/or (2) have value outside 
the mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages.

To make a nomination go to https://www.ams.org 
/department-award.

Mathematics Programs 
that Make a Difference
The Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 
groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a selection com-
mittee appointed by the AMS president and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: 2023
Nomination Period: March 1–June 30
Nomination Procedure: The letter of nomination 

should describe the specific program being nominated and 
the achievements that make the program an outstanding 
success. It should include clear and current evidence of 
that success. A strong nomination typically includes a 

(b) sustainable and replicable contributions by mathe-
maticians to improving the mathematics education of 
students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Award: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/impact.

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society.  Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 
which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually.  Departments 
of mathematical sciences in North America that offer at 
least a bachelor’s degree in mathematical sciences are 
eligible.

Next Award: 2023
Nomination Period: March 1–June 30
Nomination Procedure: A letter of nomination may 

be submitted by one or more individuals. Nomination of 
the writer’s own institution is permitted. The letter should 
describe the specific program(s) for which the department 

https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/department-award
https://www.ams.org/department-award
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The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is US$1,200, awarded annu-
ally.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/morgan-prize.

JPBM Communications 
Award
This award is given each year to reward and encourage com-
municators who, on a sustained basis, bring mathematical 
ideas and information to non-mathematical audiences.

About this Award
This award was established by the Joint Policy Board for 
Mathematics (JPBM) in 1988. JPBM is a collaborative 
effort of the American Mathematical Society, the Mathe-
matical Association of America, the Society for Industrial 
and Applied Mathematics, and the American Statistical 
Association.

Up to two awards of US$2,000 are made annually.  Both 
mathematicians and non-mathematicians are eligible.

Next Award: January 2023
Nomination Period: Open
To make a nomination go to https://www.ams.org 

/jpbm-comm-award.
Nominations should be submitted on mathprograms 

.org. Note: Nominations collected before September 15th 
in year N will be considered for an award in year N+2.

description of the program’s activities and goals, a brief 
history of the program, evidence of its effectiveness, and 
statements from participants about its impact. The letter of 
nomination should not exceed two pages, with supporting 
documentation not to exceed three more pages. Up to three 
supporting letters may be included in addition to these 
five pages. Nomination of the writer’s own institution or 
program is permitted. Non-winning nominations will 
automatically be reconsidered for the award for the next 
two years.

To make a nomination go to https://www.ams.org 
/make-a-diff-award.

Ruth Lyttle Satter Prize 
in Mathematics
The Satter Prize recognizes an outstanding contribution to 
mathematics research by a woman in the previous six years.

About this Prize
This prize was established in 1990 using funds donated by 
Joan S. Birman in memory of her sister, Ruth Lyttle Satter. 
Professor Birman requested that the prize be established to 
honor her sister’s commitment to research and to encour-
age women in science. An anonymous benefactor added 
to the endowment in 2008.

The current prize amount is US$5,000 and the prize is 
awarded every two years.

Next Prize: January 2023
Nomination Period: March 1–June 30
To make a nomination go to https://www.ams.org 

/satter-prize.

Joint Prizes & Awards
Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 
an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/satter-prize
https://www.ams.org/satter-prize
https://www.ams.org/jpbm-comm-award
https://www.ams.org/jpbm-comm-award
http://mathprograms.org
https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
http://mathprograms.org
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Silviana Amethyst did just that, turning equations and 
pixels into plastic through 3D printing. The result was 
“this really cool star shape that jumped out and grabbed 
me by my eyeballs,” said Amethyst, an assistant professor 
of mathematics at the University of Wisconsin–Eau Claire. 
(Disclosure: Amethyst is the author’s cousin.) “It was really 
satisfying to put my fingers through it and play with it and 
look at the axes of rotation that it exhibited.” Manipulating 
the object in real life also revealed features hidden on the 
computer screen, such as a cube lurking within the overall 
icosahedral symmetry.

And Amethyst didn’t stop there. Through a years-long 
iterative process, she designed a watermelon-sized version 
of the Barth Sextic with 20 snap-together components, all 
containing LED lights. Each 12-centimeter “cone” took six 
hours to print. Then came a flurry of painstaking soldering 
and wiring to assemble the algebraic light fixture. Finally, 
two of her undergraduate students (and later Amethyst 
herself) programmed the lights to bring to life the twofold, 
threefold, and fivefold rotational symmetries of the Sextic. 
The result was a mesmerizing confluence of mathematics 
and art, making algebraic geometry and group theory tangi-
ble in a way both mathematicians and nonmathematicians 
could appreciate.

Amethyst is part of a growing community of mathema-
ticians using 3D printing in their work. (You might recall 
that a 3D-printed dynamical system graced the cover of the 
Notices in December 2020 [1].) With this rapidly advancing 
technology, researchers can actually hold in their hands the 

Mathematics abounds with mind-bending shapes. Take the 
Barth Sextic—it’s a sextic surface in complex 3-dimensional 
projective space with 65 singular points. To visualize a cor-
responding surface in real 3-dimensional space, you would 
need a computer program to generate images. But what if 
you could actually create the physical object?

From Barth Sextics to Minimal 
Surfaces: Printing Mathematics 

in 3 Dimensions
Scott Hershberger

Scott Hershberger is the communications and outreach content specialist 
at the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2467

Held every January in coordination with the Joint Mathematics Meetings, the AMS Short Course introduces profes-
sional and in-training mathematicians to a current research area in applied mathematics, whether cutting-edge or 
well-established. This year’s Short Course explored the myriad possibilities for 3D printing in mathematics research, 
education, and art. Find out more at www.ams.org/meetings/shortcourse/short-course-general. 

Figure 1. Two of Silviana Amethyst's 3D-printed Barth Sextics. 
The “cones” in the larger Sextic are 10 cm tall and were printed 
individually. The smaller Sextic, which was printed in one 
piece, glows in the dark.
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“Mathematics is so directly related to 3D printers, so I 
think that it’s mathematicians who have to be pioneers in 
introducing it to our students and bringing it to the next 
generation,” said Maria Trnkova, a lecturer at the University 
of California, Davis, and an organizer of this year’s Short 
Course. “There are so many opportunities, but on the other 
side, there are real mathematical problems that can be 
solved in order to advance [3D printing].”

Layer Upon Layer of Mathematics
Most traditional manufacturing techniques are subtrac-
tive—hence the tongue-in-cheek maxim that to make 
a sculpture like Michelangelo’s David, you just have to 
remove all the material that doesn’t look like David. 3D 
printing, by contrast, encompasses a group of additive man-
ufacturing techniques in which objects are built up from 
scratch, layer by layer. A major advantage of additive man-
ufacturing is its versatility for producing complex designs. 
“Because you are building up an object from nothing, you 
can have much more complex geometry, such as internal 
features or voids, that traditional manufacturing techniques 
cannot create,” explained Bethany Weeks during the Short 
Course. Weeks is an engineer at Boeing.

3D printing has current and future applications in fields 
as disparate as aerospace engineering and orthodontics, she 
said. Regardless of the particular use, the connections to 
mathematics begin at a fundamental level: Creating a com-
puter model of an object to fabricate requires a quantitative 
understanding of the relevant geometry, whether defined 
parametrically, implicitly, or iteratively. So it’s no surprise 
that since the technology’s early days, some innovators have 
seen the potential uses for 3D printing in mathematics.

The first commercial 3D printer launched in the late 
1980s. According to Henry Segerman, the first 3D print of 

mathematical objects that they are studying. Instructors can 
make concepts more tactile for their students. And artists 
can create intricate—and often interactive—pieces that 
embody beautiful symmetries.

At the AMS Short Course held January 3–4, experts and 
newcomers alike gathered virtually to discuss the multifac-
eted connections between 3D printing and mathematics. 
Seven speakers—a physicist, an engineer, and a ceramicist 
in addition to mathematicians like Amethyst—presented 
wide-ranging examples of their work and taught partici-
pants the nuts and bolts of producing their own 3D prints.

Figure 2. At the AMS Short Course on January 4, Silviana Amethyst explains how she assembled her large light-up Barth Sextic. 

Figure 3. The movement of the colors shows the threefold 
rotational symmetry of the Barth Sextic. To see the lights in 
motion, visit the online version of this article at https://www 
.ams.org/news?news_id=6961.

https://www.ams.org/news?news_id=6961
https://www.ams.org/news?news_id=6961


AMS COMMUNICATION

May 2022  Notices of the aMericaN MatheMatical society   863

“There’s such a wide variety of things to print and ways 
to go about achieving the model,” Amethyst said. “There’s 
no one right tool; there’s no one right way to 3D print.”

3D Printing for Research and the Classroom
Between the lectures and workshops, this year’s Short 
Course buzzed with the exchange of creative ideas. Many 
of the 30 participants were eager to discuss their successes 
in incorporating 3D printing into research and teaching.

Jane McDougall, an associate professor at Colorado 
College, turned to the technology for the first time recently 
to bring her research into the physical world. A complex 
analyst, McDougall was searching for new minimal surfaces 
with her student Sohair Abdullah (now a graduate student 
in physics at the University of Wisconsin–Madison). In 
2017, the pair succeeded in creating a new minimal surface1 
that was triply periodic—periodic along three axes in space. 

McDougall later enlisted the help of physics major 
Nate Hohner to bring the equations out of the screen and 
into her hands. McDougall wrote a Mathematica program 
to create a model of the Rosette minimal surface with a 
thickness and a mesh. Hohner then refined the code for 
printing. Upon first holding the surface in summer 2021, 
“I was overjoyed—you look at it with incredulity, like ‘This 
now exists in physical form,’” McDougall said. “It does feel 
more real, in a way,” than its computer counterpart.

This print and prints of other surfaces, beyond merely 
representing completed research, informed the direction of 
McDougall’s ongoing investigations. “When you’re holding 

1The surface is described on https://janemcdougall.org/.

a mathematical object was likely a trefoil knot created by 
Stewart Dickson in 1989. Segerman, an associate professor 
of mathematics at Oklahoma State University, is a leader 
in the visualization of mathematics through 3D printing. 
In the late 1990s, a trickle of other people pursued similar 
projects, he said. Then, soon after desktop 3D printers hit 
the market in the mid-2000s, the field took off.

Much of Segerman’s work explores mechanisms that 
move in unexpected ways, like non-planar arrangements 
of three linked gears. He began the Short Course with a 
series of other examples from across mathematics: a Klein 
bottle opener (Bathsheba Grossman), a spiky Perko knot 
(Laura Taalman), a projection of a hypercube (Grossman), 
a Hilbert cube (Carlo Séquin), and more.

So how do you go about making a 3D-printable model 
of a mathematical object? An immediate challenge, even 
for a shape as simple as the skeleton of a cube, is that “you 
cannot 3D print a one-dimensional line—you have to have 
some thickness to it,” Segerman said. Choosing how to 
add thickness is far from the only decision in the process.

Mathematicians must also select from a gamut of soft-
ware tools to make their models. Parametrization-driven 
options include Mathematica and Sage, while OpenSCAD 
is script-based. More sophisticated software such as Rhinoc-
eros and Blender allow for a mixture of scripting and mouse 
manipulation. Each one has strengths and weaknesses, so 
a single project might move through a sequence of tools. 
Before hitting the printer, a model must be “sliced” into 
instructions for layers, infill, and temporary support struc-
tures in an application such as Cura.

Then there’s the question of the type of printer and print 
material. For at-home machines, polylactic acid (PLA) is 
a popular low-cost material, though it can be brittle and 
sensitive to heat. Thermoplastic polyurethane (TPU) is soft 
and elastic but more difficult to print. Amethyst used PLA 
for all the Barth Sextics pictured in this article, turning to 
TPU for a smaller electronic version. More expensive appli-
ances can handle photopolymers, metal, and even ceramics.

Figure 4. A screenshot of the software Rhinoceros. At the 
AMS Short Course, David Bachman demonstrated how to use 
Rhinoceros and other tools to build printable models.

Figure 5. Measuring just under 6 cm tall, this model of a Rosette 
minimal surface was Jane McDougall's first 3D-printing 
project. The surface projects to a harmonic mapping. 

https://janemcdougall.org/
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To better understand the problem, math major Ian 
Miller (now a graduate student at the University of Colo-
rado, Boulder) printed a bunch of tetrahedra plus a sphere 
missing a cap. He proceeded to cram as many tetrahedra in 
the sphere as he could. When arranged in the form of an 
icosahedron, 20 tetrahedra can fit inside, a fact that Miller 
easily confirmed. Miller could almost get a 21st tetrahedron 
to fit—but no matter how he jiggled the shapes, the extra 
one still jutted out slightly. The evidence was suggestive 
that 20 is the maximum, but not conclusive. It remains 
unknown whether some precise arrangement allows 21 or 
22 tetrahedra to fit. (23 cannot fit because their volume 
exceeds the volume of the sphere.)

Despite the copious prep time needed, teaching such a 
hands-on course is worth it to Sterling. “It’s very reward-
ing—the students are more enthusiastic than [in] any 
[other] class I’ve taught.”

Like Sterling, Short Course organizer Andrew Yarmola 
can testify to the impact of 3D printing in the mathematics 
classroom. When students came to his office hours last se-
mester struggling to visualize a hyperbolic paraboloid, Yar-
mola, who is an instructor at Princeton University, handed 
them the actual surface. “They came off saying they had a 
much better understanding of what it looks like. The task 
of sketching it […] became much easier” for them, he said.

[two] objects and think, ‘Oh, how does this one relate to 
this one?,’ you’re kind of compelled to answer the ques-
tion,” McDougall said. “I think it changes the questions you 
ask, or the order in which they are asked, and things come 
to the forefront sooner than they otherwise might have.”

Another Short Course participant, Ivan Sterling, has 
taught a course on mathematics and 3D printing at St. 
Mary’s College of Maryland three times since 2016. One 
student’s final project brought to life a still-unresolved 
geometry problem: How many regular tetrahedra of edge 
length 1 can be packed inside a unit sphere while sharing 
a vertex at the origin?

Figure 6. Ian Miller shows his 3D-printed sphere packed with 
tetrahedra. 

Figure 7. The speakers and organizers discuss 3D-printing design and art at the AMS Short Course on January 4. 



AMS COMMUNICATION

May 2022  Notices of the aMericaN MatheMatical society   865

Credits
Figures 1 and 3 are courtesy of Silviana Amethyst.
Figures 2, 4, and 7 and author photo are courtesy of Scott 

Hershberger.
Figure 5 is courtesy of Jane McDougall.
Figure 6 is courtesy of Ivan Sterling.

Failures and Possibilities
Ask any mathematician about their experiences with 3D 
printing, whether they’ve produced a handful of prints or 
hundreds, and one word will inevitably emerge: failure.

The first time McDougall tried to fabricate the Rosette 
minimal surface, the filament produced “a combination 
of spaghetti and printout.” Amethyst’s initial attempt at 
a Barth Sextic broke right away because the connections 
at the singular points were too small. And “I don’t think I 
had any student,” Sterling said, “[who] didn’t fail in one 
way or another.”

Often, ambitious mathematical designs push the tech-
nology to its limits. Segerman said that current printers lack 
the precision to fully realize some of his ideas. Conversely, 
people who wish to create large objects are hindered by is-
sues of scale, including the size of the machines themselves.

Still, researchers are rapidly expanding the capabili-
ties of 3D printing. Elisabetta Matsumoto, an assistant 
professor of physics at Georgia Tech, spoke at the Short 
Course about an innovation made possible by differential 
geometry. Using a composite material that swells aniso-
tropically when submerged in water, Matsumoto and her 
team printed surfaces that were initially flat, but curved 
into the shape of a catenoid, a helicoid, or even a calla lily 
within minutes [2]. Doing so required modeling the mean 
curvature and Gaussian curvature of the desired surface, 
she explained.

With the nearly endless possibilities to interweave 
mathematics and 3D printing, and the falling costs for 
universities and individuals to own and operate printers, 
more mathematicians should enter the field, Trnkova said. 
Yarmola emphasized that getting started is not difficult, 
with or without coding. In addition to ample online re-
sources, he pointed to the annual Bridges conference2 for 
mathematical art and to local makerspaces that thrive in 
many cities.

Amethyst encouraged those interested to simply dive 
in. “The first step is the hardest,” she said. “Just print your 
first object, and it’ll start to flow from there. […] Make 
mistakes, make garbage, and eventually you’ll make beau-
tiful artwork.”

References
[1] S. K. Lucas, E. Sander, and L. Taalman, Modeling Dynam-

ical Systems for 3D Printing, Notices Amer. Math. Soc. 67 
(2020), 1692–1705. 

[2] A. Sydney Gladman, E. Matsumoto, R. Nuzzo, et al., Bio-
mimetic 4D printing, Nature Materials 15 (2016), 413–418. 
https://doi.org/10.1038/nmat4544

2https://www.bridgesmathart.org/

Scott Hershberger
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Melody Chan
Tropical geometry, combinatorialalgebraic
geometry and combinatorics 

"Do examples! Try to do as much 
mathematics as you can standing at 
the board, writing things down, and 
explaining them to people."

Tara S. Holm
Symplectic geometry and its applications
in other areas of mathematics

"Find collaborators, especially ones 
who are close enough to your � eld 
so that you can talk but far enough 
that they will teach you some new 
mathematics."

Andrea Nahmod
Nonlinear Fourier and harmonic analysis
and partial differential equations

"Have a broad mathematical culture, 
follow your intuition, keep a long 
view about research, and love what 
you do."

Gigliola Staffi lani
Partial differential equations that
model nonlinear wave phenomena

"Work with other mathematicians. The 
model of the lonely researcher in an ivory 
tower does not match with most of the 
mathematicians I know. This is a myth that 
de� nitely needs to be busted: it is danger-
ous and not encouraging."

Chelsea Walton
Noncommutative algebra and 
noncommutative algebraic geometry

"Find, value, and support your 
network of people, in math or not, 
who can sel� essly give you words of 
encouragement, because the happier 
you are, the more math you will do!"

Rosemary  Guzman
Topology and its applications in

other areas of mathematics 

"Form your networks with intent,  under-
standing that the formation of  different 

kinds of networks—research, mentoring, 
and teaching—serve distinct purposes."

Fern Y. Hunt
Discrete approximation of dynamical systems

and applications of Markov chains

"Attend as many research conferences
as time and money allow, make use of 

online resources such as the arXiv
and  MathSciNet, and organize a

special session at an annual conference."

Emily Riehl
Category theory, particularly as related to homotopy theory

"Ultimately, how you want to spend your 
time engaging with mathematical ideas is 

up to you. Give talks and take on extracur-
ricular writing or teaching projects if this 

makes you happier, even if this means less 
time for research and other things."

Éva Tardos
Algorithms and algorithmic game theory

"Be open to exciting new
opportunities in research."

Amie Wilkinson
Dynamical systems

"Enjoy the process of discovery, 
there’s an in� nite zoo of

possibilities to explore
and that’s the joy
of mathematics."

http://www.ams.org/women-18
http://www.ams.org/women-18
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Barcelo of the Mathematical Sciences Research Institute 
and Fariba Fahroo of the US Air Force Office of Scientific 
Research. Also named was Philip Maini of the University 
of Oxford (United Kingdom).

We extend our congratulations to Pipher, Bryant, Walker, 
Abramovich, and all the AMS members and mathematical 
scientists who were named to this year’s class of AAAS 
Fellows.

The AAAS Fellows program dates back to 1874. Past 
Fellows include W.E.B. Du Bois, Ellen Ochoa, Steven Chu, 
and Grace Hopper. See the full list of 2021 AAAS Fellows at 
https://www.aaas.org/page/2021-fellows.

—AMS Communications Department

Explore a Career 
with the AMS
By working at the American Mathematical Society, you can 
balance a fulfilling career and a fulfilling life. The AMS is 
dedicated to advancing research and connecting the di-
verse global mathematics community while maintaining 
a flexible, welcoming, and inclusive environment for our 
employees. 

The AMS offers a wide range of opportunities to support 
the mathematics community, from publishing to programs 
and much more. Come be part of an extraordinary group 
of talented people who make possible the AMS’s extensive 
activities. 

Explore our open positions and apply to join the 
AMS team today! Learn more at https://www.ams.org 
/ams-jobs.

The American Mathematical Society is committed to creating a 
diverse environment and is proud to be an equal opportunity em-
ployer. The AMS supports equality of opportunity and treatment 
for all individuals, regardless of sex, gender identity or expression, 
race, color, national or ethnic origin, religion or religious belief, 
age, marital status, sexual orientation, disability status, economic 
background, veteran or immigration status, or any other social 
or physical component of their identity.

—AMS Human Resources Department

AMS Leaders Among 
New AAAS Fellows
On January 26, 2022, the American Association for the 
Advancement of Science (AAAS) announced its 2021 class 
of Fellows, recognizing scientifically and socially distin-
guished achievements in the scientific enterprise. Among 
the 564 scientists, engineers, and innovators elected this 
year are several who have played key leadership roles in 
the AMS.

Jill Pipher was AMS President in 2019–2020. She is cur-
rently Vice President for Research and the Elisha Benjamin 
Andrews Professor of Mathematics at Brown University. 
Her research areas include harmonic analysis, partial dif-
ferential equations, and lattice-based cryptography, and she 
jointly holds four patents related to encryption. Pipher has 
served on the AMS’s Committee on the Profession; Com-
mittee on Equity, Diversity, and Inclusion; Committee on 
Publications; and other committees.

Robert Bryant was AMS President in 2015–2016. Cur-
rently the Phillip Griffiths Professor of Mathematics at 
Duke University, he researches nonlinear partial differential 
equations and differential geometry. Bryant has served on 
the AMS’s Committee on Education, Committee on the 
Profession, Committee on Publications, Committee on 
Science Policy, and Editorial Boards Committee, among 
other committees.

Judy Walker has been a member of the AMS Board of 
Trustees since 2018, serving as Chair in 2021. She is the 
Aaron Douglas Professor of Mathematics and Associate 
Vice Chancellor for Faculty and Academic Affairs at the 
University of Nebraska–Lincoln. Walker researches alge-
braic coding theory and has served on several AMS com-
mittees, including the Committee on Publications, the 
Development Committee, and the Long-Range Planning 
Committee.

Dan Abramovich is a member of AMS Council and 
Chair of the Transactions & Memoirs Editorial Committee. 
He is an L. Herbert Ballou University Professor at Brown 
University, and he researches algebraic and arithmetic ge-
ometry. Abramovich has also served on the AMS’s Commit-
tee on the Profession and the Committee on Committees.

Other new Fellows recognized by the AAAS under the  
Section on Mathematics included AMS members Hélène 

http://www.ams.org/ams-jobs
http://www.ams.org/ams-jobs
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research “has been at the forefront of partial differential 
equations, fluid mechanics and dynamical systems for 
the past 20 years.” He “has helped discover many break-
throughs in fluid mechanics and especially in 2D and 3D 
Euler equations, the Prandtl system, which have remained 
unsolved since 1757. In particular he discovered that Eu-
ler’s equations do not always apply and can sometimes 
‘blow-up’ and become singular under certain conditions. 
This work helps to solve many problems in fluid-modeling 
topics ranging from airplanes and weather predictions to 
traffic flow and crowd management.” Among his honors 
are the Fermat Prize (2017), the SIAG/APDE Prize of the 
Society for Industrial and Applied Mathematics (SIAM), 
the Kuwait Award (2019) in fundamental science from the 
Kuwait Foundation for the Advancement of Sciences, and 
the Kifra Prize from the African Institute for Mathematical 
Sciences. He was elected to the American Academy of Arts  
and Sciences in 2021.

The King Faisal Prize is an international prize awarded 
in the fields of Service to Islam, Islamic Studies, Arabic 
Language and Literature, Medicine, and Science. The science 
prize alternates among physics, chemistry, biology, and 
mathematics. Prize recipients receive or share a cash award 
of approximately US$200,000.

—From a King Faisal Foundation announcement

News from the Clay 
Mathematics Institute
Hannah Larson of Stanford University, Alexander Petrov 
of Harvard University, and Ziquan Zhuang of the Mas-
sachusetts Institute of Technology have been named as 
Research Fellows of the Clay Mathematics Institute (CMI).

Larson will obtain her PhD from Stanford in 2022, 
advised by Ravi Vakil. The citation reads: “Displaying 
remarkable ingenuity, Larson has applied the modern 
techniques of degeneration and intersection theory to 
make significant advances in one of the classical areas of 
algebraic geometry—the geometry of complex curves and 
their moduli. Her papers bristle with surprising new ideas 
that attack classical problems. For example, searching for 
new perspectives on the space of vector bundles on the  

Hairer and Masmoudi 
Awarded King Faisal Prize

Martin Hairer of Imperial College 
London and Nader Masmoudi of 
New York University have been 
awarded the 2022 King Faisal Prize 
in Mathematics. Hairer was hon-
ored for “his pivotal contributions 
in transforming the area of stochastic 
differential equations by introducing 
fundamental new techniques.” Mas-
moudi was recognized for his “out-
standing contributions to the math-
ematical theory of fluid dynamics, in 

particular for the proof of nonlinear inviscid damping and 
nonlinear Landau damping for the Euler system.”

Martin Hairer received his PhD in physics from the 
University of Geneva in 2001. He held positions at the 
University of Warwick (United Kingdom) and the Courant 
Institute of Mathematical Sciences before moving to Impe-
rial College London, where he currently holds a chair in 
probability and stochastic analysis. He works in probability 
theory, focusing mainly on the analysis of stochastic partial 
differential equations. The prize citation points out that “he 
recently developed the theory of regularity structures which 
allows [one] to give a precise mathematical meaning to a 
number of such equations that were previously outside the 
scope of mathematical analysis.” Besides his mathematical 
work, Hairer has also developed a piece of audio editing 
software. Hairer was awarded the Fields Medal in 2014 and 
the Breakthrough Prize in Mathematics in 2020. His other 
honors include Whitehead and Philip Leverhulme prizes 
of the London Mathematical Society in 2008, the Fermat 
Prize (with Camillo De Lellis) in 2013, and the Fröhlich 
Prize in 2014. He is a Fellow of the Royal Society.

Nader Masmoudi received his PhD in 1999 and a Ha-
bilitation in 2000, both from Université Paris-Dauphine. 
He served as a researcher at CNRS from 1998 to 2000. He 
joined the Courant Institute of Mathematical Sciences, 
New York University, in 2000, advancing to full profes-
sor in 2008. He is currently an affiliated faculty member 
at NYU Abu Dhabi. According to the prize citation, his 

Martin Hairer 
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Fano varieties; and with Stibitz he proved striking results on 
birational superrigidity and K-stability of Fano varieties.” 
Zhuang has been appointed a Clay Research Fellow for a 
term of two years beginning July 1, 2022.

The CMI has also appointed nine Senior Scholars for 
2022. They are:

 • Maryna Viazovska, Ecole Polytechnique Fédérale de 
Lausanne, to participate in “Number Theory Informed 
by Computation” at the Park City Mathematics Institute 
in July 2022.

 • Hendrik W. Lenstra, University of Leiden, to participate 
in “Number Theory Informed by Computation” at the 
Park City Mathematics Institute in July 2022.

 • Mikhail Lyubich, Stony Brook University, to participate 
in “Complex Dynamics: From Special Families to Natu-
ral Generalizations in One and Several Variables” at the 
Mathematical Sciences Research Institute (MSRI) from 
January to May 2022.

 • Nikolai Makarov, California Institute of Technology, 
to participate in “Analysis and Geometry of Random 
Spaces” at MSRI from January to May 2022.

 • Kavita Ramanan, Brown University, to participate in 
the “Thematic Program on Probabilities and PDEs” at 
Centre de Recherches Mathématiques (CRM), Montreal, 
from January to June 2022.

 • Ivan Smith, University of Cambridge, to participate 
in “Floer Homotopy Theory” at MSRI from August to 
December 2022.

 • Tomasz Mrowka, Massachusetts Institute of Technology, 
to participate in “Analytic and Geometric Aspects of 
Gauge Theory” at MSRI from August to December 2022.

 • Henri Darmon, McGill University, to participate in 
“Algebraic Cycles, L-Values, and Euler Systems” at MSRI 
from January to May 2023.

 • Mark Kisin, Harvard University, to participate in “Dio-
phantine Geometry” at MSRI from January to May 2023.

 
—From CMI announcements

NAS Prizes Awarded
Camillo De Lellis of the Institute 
for Advanced Study and Amit Sahai 
of the University of California, Los 
Angeles, have been named recipients 
of major prizes from the National 
Academy of Sciences (NAS) for 2022.

De Lellis was awarded the Maryam 
Mirzakhani Prize in Mathematics 
“for his fundamental contributions 
to the study of dissipative solutions 
to the incompressible Euler equa-
tions and to the regularity theory of 

Riemann sphere, she proved striking results about the mod-
uli space of curves and about stabilization for branched 
covers of the sphere (with S. Canning), and extended Brill–
Noether theory (which governs maps of general curves to 
projective space) to explain seemingly chaotic behaviour 
in the case of low-gonality curves (with E. Larson and I. 
Vogt).” Larson received the AWM Alice T. Schafer Prize and 
the Mumford Prize from Harvard University, both in 2017. 
She was named a Maryam Mirzakhani Graduate Fellow for 
2019–2020, and she currently holds a Stanford Graduate 
Fellowship, an NSF Graduate Research Fellowship, and a 
Hertz Foundation Graduate Fellowship. Larson has been 
appointed a Clay Research Fellow for a term of five years 
beginning July 1, 2022.

Petrov will receive his PhD from 
Harvard in 2022, advised by Mark 
Kisin. The citation reads: “Petrov has 
demonstrated exceptional creativity 
in proving surprising theorems con-
cerning Galois representations and 
arithmetic local systems on algebraic 
varieties. Settling a conjecture of 
Litt, he proved that geometrically 
irreducible, arithmetic local systems 
on varieties over p-adic fields are 
essentially de Rham. He discovered 

a deep generalization of Belyi’s famous theorem, showing 
that any irreducible Galois representation which arises 
in the cohomology of an algebraic variety over a number 
field appears in the space of algebraic functions on the 
fundamental group of the thrice punctured sphere. And 
he opened a new range of possibilities with counterexam-
ples to a conjecture of Scholze on Hodge symmetry for 
rigid analytic varieties.” Petrov has been appointed a Clay 
Research Fellow for a term of five years beginning July 1, 
2022. He tells the Notices that, outside of mathematics, he 
enjoys rock climbing.

Zhuang obtained his PhD in 2019 
from Princeton University, where he 
was advised by János Kollár. Since 
then he has been a Moore Instructor 
at MIT. The citation reads: “Zhuang 
is a remarkably prolific and inventive 
algebraic geometer who has already 
made a series of fundamental con-
tributions to higher dimensional bi-
rational geometry. These include his 
landmark solution, with Liu and Xu, 
of the higher rank finite generation 

conjecture, which is the final step in the Yau–Tian–Donald-
son Conjecture in the case of general Fano varieties. With 
Xu, Zhuang proved the positivity of the CM line bundle 
on the K-moduli space; with Ahmadinezhad, he invented 
a new framework to verify the K-stability of a large class of 

Camillo De Lellis

Alexander Petrov

Ziquan Zhuang
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Codá Marques and Pilloni 
Awarded 2021 Fermat Prize
The 2021 Fermat Prizes have been awarded to Fernando 
Codá Marques of Princeton University and Vincent Pilloni 
of Ecole Normale Supérieure de Lyon. 

Codá Marques was honored “for 
major advances obtained with André 
Neves on geometric applications of 
the calculus of variations.” In 2012, 
he and Neves proved the Willmore 
conjecture. Codá Marques received 
his PhD in 2003 from Cornell Uni-
versity under the guidance of José 
Escobar. He advanced from assistant 
to full professor (2003–2014) at the 
Instituto Nacional de Matemática 
Pura e Aplicada (IMPA) before join-

ing the faculty at Princeton. Among his honors are the ICTP 
Ramanujan Prize in 2012; the TWAS Prize in Mathematics, 
also in 2012; the Oswald Veblen Prize of the AMS (with 
André Neves) in 2016; and a Simons Investigator Award in 
2020. He was a plenary speaker at the International Con-
gress of Mathematicians in Seoul in 2014. He is a member 
of the Brazilian Academy of Sciences and a Fellow of the 
AMS. 

Pilloni was recognized “for his 
remarkable results in arithmetic ge-
ometry on p-adic modular forms, in 
particular through the introduction 
and development of higher Hida 
theory.” He received his PhD from 
Université Paris XIII in 2009, ad-
vised by Jacques Tilouine. Pilloni is 
director of mathematics research of 
CNRS at Lyon. He received the Prix 
Elie Cartan in 2018. His research 
specialties are arithmetic geometry 

and the Langlands program.

—Institut de Mathematiques de Toulouse announcement

Lundberg Receives 
Ruscheweyh Young 
Researcher Award
Erik Lundberg of Florida Atlantic University was awarded 
the 2021 Stephan Ruscheweyh Award at the Computa-
tional Methods and Function Theory (CMFT) conference 
held remotely in Valparaiso, Chile, January 10–14, 2022. 

minimal surfaces.” The citation reads: “De Lellis’s scientific 
production spurred several developments in partial differ-
ential equations, geometric analysis, and the calculus of 
variations. His work provided groundbreaking new insight 
into theoretical fluid dynamics with the recognition of a 
deep connection between irregular solutions of the Euler 
equations and the Nash–Kuiper isometric embedding 
theorem. He has also made significant contributions to 
the regularity theory of surfaces which minimize the area 
and to the understanding of their singularities.” DeLellis 
received his PhD in 2002 from Scuola Normale Superiore 
di Pisa. He taught at the University of Zurich before join-
ing the Institute for Advanced Study in 2018. His honors 
include the Fermat Prize (with Martin Hairer) in 2013; the 
Bôcher Prize (with Larry Guth and Laure Saint-Raymond) 
in 2020, and the Feltrinelli Prize in 2021. The Mirzakhani 
Prize carries a cash award of US$20,000.

Sahai was honored with the Mi-
chael and Sheila Held Prize “for his 
pioneering work on cryptographic 
software obfuscations and its theoret-
ical applications.” The citation reads: 
“Sahai’s widely cited contributions to 
computer science have been instru-
mental in developing the mathemat-
ical foundations of secure software 
obfuscation. He reshaped the field 
of cryptography by introducing the 
first mathematically sound method 

for software obfuscation, which implies a solution for 
almost every cryptographic problem. His breakthroughs, 
starting from the initial conception of ‘indistinguishability 
obfuscation’ and culminating in new constructions based 
upon well-founded cryptographic assumptions, highlight 
how computational complexity can enable secrecy while 
computing in insecure environments.” Sahai received his 
PhD in computer science from the Massachusetts Institute 
of Technology in 2000. He held a position at Princeton 
University before joining the Samueli School of Engi-
neering at UCLA in 2004. Sahai tells the Notices: “I'm an 
advisor to the Prison Math Project, which aims to foster 
positive changes in self-identity for incarcerated individuals 
through engagement with math and with members of the 
mathematical community.” The Held Prize carries a cash 
award of US$100,000.

—From an NAS announcement

Fernando Codá 
Marques

Vincent Pilloni 

Amit Sahai
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 • Mark Braverman, Princeton University, for contribu-
tions to computational complexity, information theory, 
and algorithmic mechanism design.

 • Daniel Cohen-Or, Tel Aviv University, for contributions 
to computer graphics, geometry processing, and visual 
computing.

 • Gautam Das, University of Texas, Arlington, for contri-
butions to database search and graph algorithms.

 • Amos Fiat, Tel Aviv University, for contributions to 
cryptography, online algorithms, and algorithmic game 
theory.

 • Anupam Gupta, Carnegie Mellon University, for con-
tributions to approximation algorithms, online algo-
rithms, stochastic algorithms, and metric embeddings.

 • Elad Hazan, Princeton University, for contributions to 
efficient algorithms for convex and nonconvex optimi-
zation.

 • Robert Kleinberg, Cornell University, for contributions 
to algorithms, random processes in networks, online 
learning and decision problems.

 • Tie-Yan Liu, Microsoft Research Asia, for contributions 
to machine learning algorithms and their applications.

 • Dale A. Miller, Inria Saclay Research Center, for contri-
butions to proof theory and computational logic.

 • Joël Ouaknine, Max Planck Institute for Software 
Systems, for contributions to algorithmic analysis of 
dynamical systems.

 • Alla Sheffer, University of British Columbia, for contri-
butions to geometry processing, mesh parameterization, 
and perception-driven shape analysis and modeling.

 • Scott Smolka, Stony Brook University, for contribu-
tions in process algebra, model checking, and runtime 
verification.

 • Luca Trevisan, Bocconi University, for contributions 
to complexity theory and combinatorial optimization.

 • Wenping Wang, Texas A&M University, for contributions 
to geometric modeling and computer graphics.

—From an ACM announcement

Credits
Photo of Martin Hairer is courtesy of Imperial College Lon-

don.
Photo of Alexander Petrov is courtesy of Katia Bogdanova.
Photo of Camillo De Lellis is courtesy of Marita Fuchs.
Photo of Amit Sahai is courtesy of UCLA Samueli School of 

Engineering.
Photo of Vincent Pilloni is courtesy of Arnold Nipoli.
Photo of Erik Lundberg is courtesy of Melissa Lehman.

He was honored “for his impressive 
contributions in a variety of topics. 
Together with Alexandre Eremenko, 
he constructed a quadrature domain 
in four dimensions with a transcen-
dental boundary, thereby disproving 
earlier conjectures that the boundary 
should be algebraic. Jointly with 
Allen Weitsman and Daoud Bshouty, 
Lundberg resolved a long-standing 
conjecture of T. Sheil-Small regarding 

univalent harmonic mappings. With Seung-Yeop Lee and 
Antonio Lerario, Lundberg disproved the long-standing 
Wilmshurst conjecture on the number of zeros of harmonic 
polynomials. Lundberg has made impressive contributions 
to understanding the topology of random manifolds and 
random lemniscates.” Lundberg received his PhD from the 
University of South Florida in 2011. He served as Golomb 
Visiting Assistant Professor at Purdue University from 2011 
to 2014, then joined the faculty at Florida Atlantic Univer-
sity, where he is currently associate professor of mathemat-
ics. He was the recipient of a Spira Award for Excellence in 
Teaching at Purdue in 2013. He currently holds a Simons 
Foundation Collaboration Grant for the years 2020–2025. 
Lundberg tells the Notices that he was raised in the Florida 
Keys, where his parents, both musicians, made a living in 
the entertainment business. His nonmathematical pursuits 
include kite surfing, music composition, and spending time 
with his wife, Melissa, and their two children, Ivy and Kai.

The CMFT award is awarded once every four years at the 
CMFT conference to a highly promising young mathemati-
cian in one of the topics that are the focus of CMFT. These 
fields include complex variables, scientific computation, 
and approximation theory. The award consists of a cash 
prize of 1,000 euros (approximately US$1,100) and the op-
portunity to give a plenary address at the CMFT conference.

—Doron Lubinsky
Georgia Institute of Technology

Fellows of the ACM
The Association for Computing Machinery (ACM) has 
elected its class of Fellows for 2021. Following are the names 
of the new Fellows whose work involves the mathematical 
sciences.

 • Leonard M. Adleman, University of Southern Califor-
nia, for contributions to computational complexity and 
cryptography.

 • David A. Bader, New Jersey Institute of Technology, for 
contributions to parallel algorithms.

Erik Lundberg
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IPAM Call for Proposals

The Institute for Pure and Applied Mathematics (IPAM) 
seeks program proposals from the mathematical, sta-
tistical, and scientific communities for long programs, 
workshops, and summer schools. Most proposals are 
reviewed at IPAM’s Science Advisory Board meeting in No-
vember. For more information, go to www.ipam.ucla.edu 
/propose-a-program/. Proposals should also address the 
inclusion of women and members of underrepresented 
minorities as speakers, organizers, and participants.

—IPAM announcement

Early Career Opportunity

NSF Research Training Groups  
in the Mathematical Sciences

The National Science Foundation (NSF) Research Training 
Groups in the Mathematical Sciences (RTG) program pro-
vides funds for the training of US students and postdoctoral 
associates through structured research groups that include 
vertically integrated activities spanning the entire spectrum 
of educational levels from undergraduate through post-
doctoral. The deadline for full proposals is June 7, 2022. 
See https://beta.nsf.gov/funding/opportunities 
/research-training-groups-mathematical 
-sciences-rtg.

—NSF announcement

Conference on Noncommutative 
Algebra and Its Applications

The International Conference on Noncommutative Algebra 
and Its Applications will be held online May 9–12, 2022. 
The subjects of the conference are classical aspects of ring 
and module theory and some applications of this theory, 
focusing on coding theory and cryptography, in which 
rings and modules play a substantial role. The conference 
will present new results and future challenges in a series of 
virtual keynote lectures and virtual contributed short talks. 
The conference is organized by Tarbiat Modares University, 
Tehran, and supported by Université d'Artois, Gazi Uni-
versity, and Kazan University. For more information, see 
https://icnca.modares.ac.ir.

—A. Moussavi, Department of Pure Mathematics
Tarbiat Modares University

Early Career Opportunity

NSF Postdoctoral  
Research Fellowships

The National Science Foundation (NSF) awards Mathemat-
ical Sciences Postdoctoral Research Fellowships (MSPRF) 
in all areas of the mathematical sciences, including appli-
cations to other disciplines. Awards are either Research 
Fellowships or Instructorships. The Research Fellowship 
provides full-time support for any eighteen academic-year 
months in a three-year period. The Research Instructorship 
provides either two academic years of full-time support 
or one academic year of full-time and two academic years 
of half-time support. The deadline for proposals is Oc-
tober 19, 2022. See https://beta.nsf.gov/funding 
/opportunities/mathematical-sciences-post 
doctoral-research-fellowships-msprf.

—NSF announcement

https://beta.nsf.gov/funding/opportunities/mathematical-sciences-postdoctoral-research-fellowships-msprf
https://beta.nsf.gov/funding/opportunities/mathematical-sciences-postdoctoral-research-fellowships-msprf
https://beta.nsf.gov/funding/opportunities/mathematical-sciences-postdoctoral-research-fellowships-msprf
https://beta.nsf.gov/funding/opportunities/research-training-groups-mathematical-sciences-rtg
https://beta.nsf.gov/funding/opportunities/research-training-groups-mathematical-sciences-rtg
https://beta.nsf.gov/funding/opportunities/research-training-groups-mathematical-sciences-rtg
http://www.ipam.ucla.edu/propose-a-program/
http://www.ipam.ucla.edu/propose-a-program/
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Early Career Opportunity

NRC Research  
Associateship Programs

The National Academy of Sciences, Engineering, and Med-
icine offers postdoctoral and senior research awards on 
behalf of twenty-three US federal research agencies and 
affiliated institutions with facilities at over 100 locations 
throughout the United States and abroad. Applications 
are sought from highly qualified candidates, including re-
cent doctoral recipients and senior researchers. Upcoming 
deadlines are May 1, 2022, August 1, 2022, and November 
1, 2022. See http://sites.nationalacademies.org 
/pga/rap/.

—NRC announcement

Early Career Opportunity

International Mathematics 
Competition for  
University Students

The Twenty-ninth International Mathematics Competition 
for University Students will be held August 1–7, 2022, at 
American University in Blagoevgrad, Bulgaria, if conditions 
allow, or online otherwise. Students completing their first, 
second, third, or fourth years of university education are 
eligible. See http://www.imc-math.org.uk/. 

—From an IMC announcement

MathSciNet® is the authoritative gateway 
to the scholarly literature of mathematics. 
Containing information on more than 4 
million articles and books, with direct links 
to over 2.6 million articles in more than 
1,800 journals. MathSciNet includes ex-
pert reviews, customizable author profiles, 
and citation information on articles, books, 
journals, and authors.

MathSciNet’s extensive resources can help 
you throughout your entire math career. 
Use it to:
•  Quickly get up to speed on a new topic
•  Look up a researcher’s body of work
•  Find an article or book and track its  
    reference list
•  Research a math department to prepare  
    for a job interview or when applying to  
    graduate school

mathscinet.ams.org

How to Subscribe

Go to www.ams.org/mathsciprice to 
learn more about MathSciNet, 
including information about 
subscription rates, joining a 

consortium, and a 30-day free trial.

C
re

di
ts

: R
. H

ur
t/C

al
te

ch
-J

PL

http://sites.nationalacademies.org/pga/rap/
http://sites.nationalacademies.org/pga/rap/
http://mathscinet.ams.org


Classified Advertising
Employment Opportunities

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2022 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: June/July 2022—April 22, 2022; August 2022—May 20, 2022; September 2022—June 24, 2022; 
October 2022—July 22, 2022; November 2022—August 26, 2022; December 2022—September 23, 2022.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.

874    Notices of the AmericAN mAthemAticAl society Volume 69, Number 5

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look  

forward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

07

SOUTH KOREA

Korea Institute for  Advanced Study (KIAS) 
Call for Applications: 

Positions in Pure and Applied Mathematics

Founded in 1996, KIAS is committed to the excellence of 
research in basic sciences, namely mathematics, theoretical 
physics, and computational sciences, through high-quality 
research programs and a strong faculty body consisting of 
distinguished scientists and visiting scholars.

The School of Mathematics boasts of internationally- 
renowned faculty members, including Distinguished 
Professor Efim Zelmanov, a 1994 Fields medalist. Their 
excellent research brings prestigious visitors from diverse 
research areas, nurturing a research environment that en-
courages interaction and collaboration not only on-campus 
but beyond.

Qualified, outstanding candidates in the field are en-
couraged to frequently check Mathjobs.org and KIAS Jobs 
website (https://jobs.kias.re.kr), where detailed 
information is updated when faculty and postdoctoral 
research fellow positions become available.

08
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General Interest

Count Me In
Community and Belonging 
in Mathematics
Della Dumbaugh, University 
of Richmond, VA and Deanna 
Haunsperger, Carleton College, 
Northfield, MN, Editors

This groundbreaking work 
explores the powerful role of 
communities in mathematics. It 
introduces readers to twenty-six 
different mathematical commu-

nities and addresses important questions about how they 
form, how they thrive, and how they advance individuals 
and the group as a whole. The chapters celebrate how diver-
sity and sameness bind colleagues together, showing how 
geography, gender, or graph theory can create spaces for 
colleagues to establish connections in the discipline. They 
celebrate outcomes measured by mathematical results and 
by increased interest in studying mathematics. They high-
light the value of relationships with peers and colleagues 
at various stages of their careers.

Together, these stories offer a guide—rather than a 
template—for building and sustaining a mathematical 
community. They call attention to critical strategies of ro-
tating leadership and regular assessment and evaluation of 
goals and programs, and promote an ongoing awareness of 
the responsibilities of life that impinge on mathematical 
creativity and contributions.

Whether you are giving thought to starting a group, join-
ing one already in existence, or encouraging a colleague to 
participate in the broader mathematical community, this 
book will meet you where you are—and move you beyond. 
It contains a plethora of ideas to foster a sense of belonging 
in the exciting discipline of mathematics.

Classroom Resource Materials, Volume 68
February 2022, 241 pages, Softcover, ISBN: 978-1-4704-
6566-7, LC 2021057327, 2010 Mathematics Subject  

Analysis

Theory of Operator Spaces
Edward G. Effros and Zhong-
Jin Ruan, University of Illinois at 
Urbana-Champaign, IL

This book provides the main 
results and ideas in the theories 
of completely bounded maps, 
operator spaces, and operator al-
gebras, along with some of their 
main applications. It requires 
only a basic background in func-
tional analysis to read through 

the book. The descriptions and discussions of the topics 
are self-explained. It is appropriate for graduate students 
new to the subject and the field.

The book starts with the basic representation theorems 
for abstract operator spaces and their mappings, followed 
by a discussion of tensor products and the analogue of 
Grothendieck’s approximation property. Next, the operator 
space analogues of the nuclear, integral, and absolutely 
summing mappings are discussed. In what is perhaps the 
deepest part of the book, the authors present the remark-
able “non-classical” phenomena that occur when one 
considers local reflexivity and exactness for operator spaces. 
This is an area of great beauty and depth, and it represents 
one of the triumphs of the subject. In the final part of the 
book, the authors consider applications to non-commu-
tative harmonic analysis and non-self-adjoint operator 
algebra theory.

Operator space theory provides a synthesis of Banach 
space theory with the non-commuting variables of operator 
algebra theory, and it has led to exciting new approaches in 
both disciplines. This book is an indispensable introduc-
tion to the theory of operator spaces.

AMS Chelsea Publishing, Volume 386
July 2022, approximately 359 pages, Softcover, ISBN: 978-
1-4704-6505-6, 2010 Mathematics Subject Classification: 
46L07; 46B28, 47L25, List US$60, AMS members US$48, 
MAA members US$54, Order code CHEL/386

bookstore.ams.org/chel-386

AMS CHELSEA PUBLISHING

Theory ofTheory of
Operator SpacesOperator Spaces

Edward G. EffrosEdward G. Effros
Zhong-Jin RuanZhong-Jin Ruan

http://bookstore.ams.org/chel-386
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Classification: 00–XX, List US$65, AMS members US$48.75, 
MAA members US$48.75, Order code CLRM/68

bookstore.ams.org/clrm-68

Logic and Foundations

Ultrafilters  Throughout 
Mathematics
Isaac Goldbring, University of 
California, Irvine, CA

Ultrafilters and ultraproducts 
provide a useful generalization 
of the ordinary limit processes 
which have applications to many 
areas of mathematics. Typically, 
this topic is presented to stu-
dents in specialized courses such 
as logic, functional analysis, or 

geometric group theory. In this book, the basic facts about 
ultrafilters and ultraproducts are presented to readers 
with no prior knowledge of the subject and then these 
techniques are applied to a wide variety of topics. The first 
part of the book deals solely with ultrafilters and presents 
applications to voting theory, combinatorics, and topology, 
while also dealing with foundational issues. The second 
part presents the classical ultraproduct construction and 
provides applications to algebra, number theory, and 
nonstandard analysis. The third part discusses a metric 
generalization of the ultraproduct construction and gives 
example applications to geometric group theory and func-
tional analysis. The final section returns to more advanced 
topics of a more foundational nature.

The book should be of interest to undergraduates, gradu-
ate students, and researchers from all areas of mathematics 
interested in learning how ultrafilters and ultraproducts can 
be applied to their specialty.

This item will also be of interest to those working in geometry 
and topology and algebra and algebraic geometry.

Graduate Studies in Mathematics, Volume 220
June 2022, approximately 408 pages, Hardcover, ISBN: 
978-1-4704-6900-9, LC 2021055552, 2010 Mathematics Sub-
ject Classification: 03C20, 54D80, 03H05, 03E55, 03C50, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code GSM/220

bookstore.ams.org/gsm-220

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Cubic Action of a Rank One Group
Matthias Grüninger, Justus-Liebig-Universität Gießen, Ger-
many

Memoirs of the American Mathematical Society, Volume 
276, Number 1356
April 2022, 141 pages, Softcover, ISBN: 978-1-4704-5134-
9, 2010 Mathematics Subject Classification: 20E42, 51E24, 
20G15, 17C50, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/276/1356

bookstore.ams.org/memo-276-1356

Maximal PSL2 Subgroups of 
Exceptional Groups of Lie  Type
David A. Craven, University of Birmingham, United Kingdom

Memoirs of the American Mathematical Society, Volume 
276, Number 1355
April 2022, 155 pages, Softcover, ISBN: 978-1-4704-5119-6, 
2010 Mathematics Subject Classification: 20D06, 20G41, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/276/1355

bookstore.ams.org/memo-276-1355

Arthur Packets for p-adic Groups by 
Way of Microlocal Vanishing Cycles 
of Perverse Sheaves, with Examples
Clifton Cunningham, University of Calgary, Canada, 
Andrew Fiori, University of Lethbridge, Canada, Ahmed 
Moussaoui, Université Versailles Saint Quentin, France, James 
Mracek, University of Toronto, Canada, and Bin Xu, Tsinghua 
University, China

Memoirs of the American Mathematical Society, Volume 
276, Number 1353
April 2022, 209 pages, Softcover, ISBN: 978-1-4704-5117-
2, 2010 Mathematics Subject Classification: 11F70, 22E50, 
35A27, 32S30, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/276/1353

bookstore.ams.org/memo-276-1353

GRADUATE STUDIES
IN MATHEMATICS 220

Ultrafilters 
Throughout
Mathematics

Isaac Goldbring 

http://bookstore.ams.org/clrm-68
http://bookstore.ams.org/gsm-220
http://bookstore.ams.org/memo-276-1353
http://bookstore.ams.org/memo-276-1355
http://bookstore.ams.org/memo-276-1356
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Analysis

Isoperimetric Inequalities in 
Unbounded Convex Bodies
Gian Paolo Leonardi, Università di Modena e Reggio Emilia, 
Italy, Manuel Ritoré, Universidad de Granada, Spain, and 
Efstratios Vernadakis, Universidad de Granada, Spain

Memoirs of the American Mathematical Society, Volume 
276, Number 1354
April 2022, 86 pages, Softcover, ISBN: 978-1-4704-5118-
9, 2010 Mathematics Subject Classification: 49Q10, 52A40; 
49Q20, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/276/1354

bookstore.ams.org/memo-276-1354

Applications

Abelian Networks IV. Dynamics 
of Nonhalting Networks
Swee Hong Chan, Cornell University, Ithaca, New York and 
Lionel Levine, Cornell University, Ithaca, New York

Memoirs of the American Mathematical Society, Volume 
276, Number 1358
April 2022, 89 pages, Softcover, ISBN: 978-1-4704-5141-
7, 2010 Mathematics Subject Classification: 05C25, 20K01, 
20M14, 20M35, 37B15, 37E15, List US$85, AMS mem-
bers US$68, MAA members US$76.50, Order code 
MEMO/276/1358

bookstore.ams.org/memo-276-1358

Differential Equations

Tunneling Estimates and Approximate 
Controllability for Hypoelliptic Equations
Camille Laurent, CNRS, Paris, France, and Sorbonne Uni-
versité, Paris, France and Matthieu Léautaud, École Polytech-
nique, Palaiseau, France

Memoirs of the American Mathematical Society, Volume 
276, Number 1357
April 2022, 95 pages, Softcover, ISBN: 978-1-4704-5138-
7, 2010 Mathematics Subject Classification: 35B60, 35H10, 
35P20, 35L05, 35K05, 93B05, 93B07, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
MEMO/276/1357

bookstore.ams.org/memo-276-1357

Probability and Statistics

Positive Gaussian Kernels Also Have 
Gaussian Minimizers
Franck Barthe, Université de Toulouse, France and Paweł 
Wolff, Université de Toulouse, France

Memoirs of the American Mathematical Society, Volume 
276, Number 1359
April 2022, 90 pages, Softcover, ISBN: 978-1-4704-5143-1, 
2010 Mathematics Subject Classification: 26D15; 47G10, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/276/1359

bookstore.ams.org/memo-276-1359

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Hyperbolicity Properties 
of Algebraic Varieties
Benoît Claudon, Université 
Rennes, CNRS, IRMAR, France, 
Pietro Corvaja, Universitá di 
Udine, Italy, Jean-Pierre De-
mailly, Université Grenoble Alpes, 
Giéres, France, Simone Dive-
rio, Università di Roma, Rome, 
Italy, Julien Duval, Université 
Paris-Saclay, Orsay, France, Carlo 
Gasbarri, Université de Stras-
bourg, France, Stefan Kebekus, 

Albert-Ludwigs-Universität Freiburg, Germany, Mihai Păun, 
Universität Bayreuth, Germany, Erwan Rousseau, Aix Mar-
seille University, France, Nessim Sibony, Université Paris-Sa-
clay, Orsay, France, Behrouz Taji, The University of Sydney, 
Australia, and Claire Voisin, Institut de Mathématiques de 
Jussieu-Paris Rive Gauche, France

Edited by S. Diverio

Since its introduction in the 1970s, the notion of Ko-
bayashi hyperbolicity has attracted a lot of attention in the 
mathematical community. Besides its aspects exclusively 
belonging to the several complex variables world, an ex-
tremely fascinating theme is that of its interactions with the 
algebraic, arithmetic, and differential geometric properties 

http://bookstore.ams.org/memo-276-1354
http://bookstore.ams.org/memo-276-1358
http://bookstore.ams.org/memo-276-1357
http://bookstore.ams.org/memo-276-1359
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authors also obtain analogous results for site percolation 
on a uniform triangulation with simple boundary. They 
expect that their techniques can be generalized to other 
variants of percolation on uniform random planar maps.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Astérisque, Number 429
December 2021, 242 pages, Softcover, ISBN: 978-2-85629-
947-0, 2010 Mathematics Subject Classification: 60K35, 
60F17, 60G57, 60J67, List US$75, AMS members US$60, 
Order code AST/429

bookstore.ams.org/ast-429 

of algebraic varieties. These interactions are essentially what 
this book is about.

Some of the issues addressed are: distribution and dis-
tribution of values of entire curves, algebraic analogues 
of hyperbolicity, hyperbolicity properties of projective 
hypersurfaces and of varieties of general type, hyperbolic-
ity of moduli spaces, relationships between hyperbolicity 
and negative curvature, distribution of rational points on 
hyperbolic (arithmetic) varieties, and interplay of differ-
ent kinds of natural fibrations on algebraic varieties and 
hyperbolicity.

The volume has the ambition to make a point of the 
state of the art, each chapter treating a different aspect of 
the subject, trying to keep the language friendly enough 
to encourage in particular PhD students as well as young 
researchers in complex geometry to get into the most re-
cent advances in the study of hyperbolicity properties of 
algebraic varieties.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Panoramas et Synthèses, Number 56
January 2022, 388 pages, Softcover, ISBN: 978-2-85629-
951-7, 2010 Mathematics Subject Classification: 14D23, 
14E05, 14E30, 14F10, 14J10, 14J17, 32Q45, 32Q26, List 
US$90, AMS members US$72, Order code PASY/56

bookstore.ams.org/pasy-56

Probability and Statistics

Percolation on Uniform 
Quadrangulations 
and SLE6 on √8/3-Liouville 
Quantum Gravity
Ewain Gwynne, University of 
Chicago and Jason Miller, Uni-
versity of Cambridge

The authors show that the per-
colation exploration path for 
critical (p = 3/4) face perco-
lation on a uniform random 
quadrangulation with simple 
boundary converges in the 

scaling limit to a certain curve-decorated metric mea-
sure space. Explicitly, the limiting object is SLE6 on a 
√8/3-Liouville quantum gravity (LQG) disk, or equiva-
lently, SLE6 on the Brownian disk. The topology of con-
vergence is the natural analog of the Gromov-Hausdorff 
topology for curve-decorated metric measure spaces. The 

1

Be the fi rst to learn about:
• Publishing highlights
• New titles being released
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• Special discounts on AMS publications
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The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: March 24, 2022

Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic, Combinatorial, and Optimization Methods for Kuramoto and Power-flow Equations, Rob Davis, Colgate University, 
Julia Lindberg, University of Wisconsin-Madison, and Tianran Chen, Auburn University at Montgomery.

Algebraic Logic, Nick Galatos, University of Denver, and José Gil Férez, Chapman University.
Commutative Algebra, Tái Huy Há, Tulane University, and Selvi Kara, University of Utah.
Computational Topology and Applications, Hitesh Gakhar and Miroslav Kramar, University of Oklahoma.
Enumerative and Extremal Problems in Chromatic Graph Theory, Stephen Hartke, University of Colorado Denver, and 

Hemanshu Kaul, Illinois Institute of Technology.



MEETINGS & CONFERENCES

mAy 2022  Notices of the AmericAN mAthemAticAl society   881

Factorization and Arithmetical Properties of Commutative Rings and Monoids, Scott Chapman, Sam Houston State Univer-
sity, and Jim Coykendall, Clemson University.

Finite groups, their representations, and related structures, Robert Boltje, University of California Santa Cruz, and Alexander 
Hulpke, Colorado State University.

Fractal Geometry and Dynamical Systems, Sangita Jha, National Institute of Technology Rourkela, India, Mrinal Kanti 
Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Information Technology 
Allahabad.

Geometric and Functional Inequalities and Applications to PDEs, Joshua Flynn, Guozhen Lu, and Jianxiong Wang, Uni-
versity of Connecticut.

Interactions Between Probability and Statistics, Kayvan Sadeghi and Terry Soo, University College London.
Mathematical Advances in Bayesian Statistical Inversion and Markov Chain Monte Carlo Sampling Algorithms, Nathan Glatt-

Holtz, Tulane University, Justin Krometis, Virginia Tech, and Cecilia Mondaini, Drexel University.
Q-series, Number Theory and Quantum Topology, Chris Jennings-Shaffer and Shashank Kanade, University of Denver, 

and Robert Osburn, University College Dublin.
Ramsey Theory of Infinite Structures, Dana Bartosova, University of Florida, and Natasha Dobrinen, University of Denver.
Recent Advances on the Langlands Program, Kwangho Choiy, Southern Illinois University, Melissa Emory, University of 

Toronto, and Ralf Schmidt, University of North Texas.
Recent progress in numerical methods for PDEs, Muhammad Mohebujjaman, Texas A&M International University, and 

Leo Rebholz, Clemson University.
Recent Trends in Semigroup Theory, Michael Kinyon, University of Denver, and Ben Steinberg, City College of New York.
Research in Mathematics by Graduate Students, Marat V. Markin and Khang Tran, California State University, Fresno.
Rethinking the Preparation of Mathematics GTAs for Future Faculty Positions, Michael Jacobson, University of Colorado, 

Denver.
Some Modern Developments in the Theory of Vertex Algebras, Florencia Orosz Hunziker, Shashank Kanade, and Andrew 

Linshaw, University of Denver.
Zero-dimensional Dynamics: Algebraic and Topological Aspects, Ronnie Pavlov and Scott Schmieding, University of Denver.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Invited Addresses
Andrea Bertozzi, University of California, Los Angeles, USA, Title to be announced.
Peter Bühlmann, ETH Zürich, Switzerland, Title to be announced.
Maria Chudnovsky, Princeton University, USA, Title to be announced.
Alessio Figalli, ETH Zürich, Switzerland, Title to be announced.
Vincent Lafforgue, Université de Grenoble Alpes & CNRS, France, Title to be announced.
Peter Sarnak, Institute for Advanced Study (IAS), Princeton, USA, Title to be announced.
Claire Voisin, Collège de France, Paris, France, Title to be announced.
Simone Warzel, Technische Universität München (TUM), Munich, Germany, Title to be announced.
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Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université Paris-Est Créteil, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Financial Mathematics, Beatrice Acciaio, ETH Zürich, Switzerland, Carole Bernard, Grenoble Ecole de Management, 
Grenoble, France, and Stephan Sturm, Worcester Polytechnic Institute, USA.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris- Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Ecole 
Normale Supérieure de Lyon and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.
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Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, Pierre Vanhove, EMS/SMF CEA Paris Saclay, France, and 
Federico Zerbini, EMS/SMF CEA Paris Saclay.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: July 26, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, Geometric, and Topological Combinatorics (Code: SS 17A), Art M. Duval, The University of Texas at El Paso, 
Caroline J. Klivans, Brown University, and Jeremy L. Martin, University of Kansas.

Algebraic Structures in Topology, Logic, and Arithmetic (Code: SS 4A), John Harding, New Mexico State University, and 
Emil D. Schwab, The University of Texas at El Paso.

Banach Fixed Point Theorem: 100th year Celebration (Code: SS 5A), Parin Chaipunya, King Mongkut University of Tech-
nology, Thailand, and Mohamed A. Khamsi, Osvaldo Mendez, and Julio C. Urenda, The University of Texas at El Paso.

Eliiptic and Parabolic PDEs in Complex Fluid and Free Boundary Problems (Code: SS 6A), Alaa Haj Ali, Arizona State Uni-
versity, and Hengrong Du, Vanderbilt University.
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From points to neighborhoods and beyond: frames and locales and their applications (Code: SS 14A), Julio Urenda and Fran-
cisco Avila, The University of Texas at El Paso, and Angel Zaldivar and Miriam Borcardo, Universidad de Guadalajara.

Geometry of Submanifolds (Code: SS 19A), Hung Tran, Texas Tech University, Stephen McKeown, UT Dallas, Alvaro 
Pampano, Texas Tech University, and Magdalena Toda, Texas Tech.

High-Frequency Data Analysis, Complex Datasets, and Applications (Code: SS 3A), Maria Christina Mariani and Michael 
Pokojovy, The University of Texas at El Paso, Ambar Sengupta, University of Connecticut, Osei K. Tweneboah, Ramapo 
College of New Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Interactions between Combinatorics and Commutative Algebra (Code: SS 16A), Louiza Fouli, New Mexico State University, 
Christopher Eur, Harvard University, and Jonathan Montano, New Mexico State University.

Low dimensional topology and knot theory (Code: SS 15A), Luis Valdez-Sanchez, The University of Texas at El Paso, and 
Ross E. Staffeldt, New Mexico State University.

Mathematical and Computational Methods in Omics Research (Code: SS 13A), Ming-Ying Leung and Jonathon E. Mohl, 
The University of Texas at El Paso.

Methods and Applications in Data Science (Code: SS 7A), Xiaogang Su, Ming-Ying Leung, and Amy Wagler, The Uni-
versity of Texas at El Paso.

Numerical Partial Differential Equations and Applications (Code: SS 11A), Son Young Yi and Xianyi Zeng, The University 
of Texas at El Paso.

Ordered Structures (Code: SS 2A), Piotr Wojciechowski, University of Texas at El Paso.
Recent advances in scientific computing and applications (Code: SS 12A), Natasha Sharma, The University of Texas at El 

Paso, and Annalisa Quaini, University of Houston.
Statistical Methodology and Applications (Code: SS 10A), Ori Rosen, Suneel Chatla, Asim Dey, and Abhijit Mandal, 

The University of Texas at El Paso.
Stochastic Analysis and Applications (Code: SS 9A), Adina Oprisan and Dante DeBlassie, New Mexico State University, 

and Robert Smits, New Mexico State.
Stochastic dynamics: Theory and Applications in Biology (Code: SS 18A), Tuan Anh Phan, Institute for Modeling Collab-

oration and Innovation, University of Idaho, and Jianjun Paul Tian, New Mexico State University.
The Intersection of Number Theory and Combinatorics (Code: SS 8A), Katie Anders, University of Texas at Tyler, and Tim-

othy Huber and Brandt Kronholm, University of Texas Rio Grande Valley.
Topics in Applied Analysis (Code: SS 1A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Gisele Goldstein 

and Jerome Goldstein, University of Memphis.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Algebraic and Analytic theory of Elliptic Curves (Code: SS 1A), Alina Cojocaru, University of Illinois, Chicago, Seoyung 
Kim, Grand Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Combinatorial Algebraic Geometry (Code: SS 18A), Melody Chan and Madeline Brandt, Brown University, and Juliette 
Bruce, University of California Berkeley.

Connections Between Theoretical and Applied Dynamical Systems: a session in honor of the 60th birthdays of Renato Feres and 
Boris Hasselblatt (Code: SS 19A), Timothy Chumley, Mount Holyoke College, and Yao Li and Hongkun Zhang, University 
of Massachusetts.

Game-Theoretic and Agent-Based Approaches to Modeling Biological and Social Systems (Code: SS 7A), Olivia Chu, Dart-
mouth College, and Daniel Cooney, University of Pennsylvania.

Geometric Aspects of algebraic Combinatorics (Code: SS 10A), Theo Douvropoulos, University of Massachusetts, Edward 
Richmond, Oklahoma State University, and Vasu Tewari, University of Hawaii.

Higher Structures and Homotopical Algebra (Code: SS 11A), John Berman, University of Massachusetts, Michael Ching 
and Ivan Contreras, Amherst College, and Owen Gwilliam and Martina Rovelli, University of Massachusetts.

Iwasawa Theory (Code: SS 6A), Robert Pollack, Boston University, Anwesh Ray, University of British Columbia, and 
Tom Weston, University of Massachusetts.

Lagrangian and Legendrian Submanifolds (Code: SS 2A), Dani Alvarez-Gavela, Massachusetts Institute of Technology, 
and Mike Sullivan, University of Massachusetts.

Latinx and Hispanics in Combinatorics, Number Theory, Geometry and Topology (Code: SS 9A), Iván Contreras, Amherst 
College, Pamela E. Harris, Williams College, Alejandro Morales, University of Massachusetts, and Geremías Polanco 
Encarnación, Smith College.

Machine Learning Methods for PDEs (Code: SS 15A), Yulong Lu, University of Massachusetts, and Wuzhe Xu, University 
of Minnesota.

Math and Democracy: perspectives in research and teaching (Code: SS 17A), Ben Blum-Smith, New York University and 
The New School, and Stanley Chang and Andrew Schultz, Wellesley College.

Non-Abelian Hodge Theory and Minimal Surfaces (Code: SS 4A), Robert Kusner, Charles Ouyang, and Franz Pedit, 
University of Massachusetts.

Nonlinear waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday (Code: SS 5A), Ricardo Carretero, 
San Diego State University, and Panos Kevrekidis, University of Massachusetts.

Nonsmooth Analysis and Geometry (Code: SS 12A), Ryan J. Alvarado, Amherst College, and Armin Schikorra, University 
of Pittsburgh.

Ramsey Theory (Code: SS 3A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 
and Alfréd Rényi Institute of Mathematics.

Recent Advances in Causal Inference (Code: SS 20A), Haben Michael, University of Massachusetts.
Some Tantalizing Conjectures in Discrete Mathematics (Code: SS 13A), Laura Colmenarejo, North Carolina State Univer-

sity, Nadia Lafreniére, Dartmouth College, and Annie Raymond, University of Massachusetts.
Structure-preserving machine learning (Code: SS 16A), Wei Zhu, University of Massachusetts.
The Combinatorics and Geometry of Jordan type and Commuting Varieties (Code: SS 21A), Peter Crooks, Iva Halacheva, 

and Anthony Iarrobino, Northeastern University, and Leila Khatami, Union College.
Topics in PDEs and Harmonic Analysis (Code: SS 8A), Zongyuan Li, Rutgers University, Weinan Wang, University of 

Arizona, Xueying Yu, University of Washington, and Zhiyuan Zhang, New York University.
Young Voices in Combinatorics (Code: SS 14A), Laura Colmenarejo, and Jianping Pan, North Carolina State University.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 23, 2022
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccã, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Ends and Boundaries of Groups: On the Occasion of Mike Mihaliks 70th Birthday (Code: SS 11A), Craig Guilbault, Uni-
versity of Wisconsin-Milwaukee.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Keri Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.
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Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Emily Evans, Mark Kempton, and Ben Webb, Brigham Young University.
Heegaard Floer Homology in Topology, Algebra, and Physics (Code: SS 21A), Aaron Lauda, University of Southern Califor-

nia, and Andrew Manion, NC State University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe and 

Jia Zhao, Utah State University, and Yunrong Zhu, Idaho State University.
Recent Developments in Inverse Problems for PDEs and Applications (Code: SS 20A), Loc Nguyen, University of North 

Carolina at Charlotte, Dinh-Liem Nguyen, Kansas State University, and Fernando Guevara Vasquez, University of Utah.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 1

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 6A), Chun-Ju Lai, Academia Sinica, Taiwan, Daniel K. Nakano, University of Georgia, and Weiqiang Wang, 
University of Virginia.

Stochastic Analysis and its Applications (Code: SS 7A), Parisa Fatheddin, Ohio State University, Marion, and Kazuo 
Yamazaki, Texas Tech University.

Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-
bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
Hosted by the American Mathematical Society

April 1–2, 2023
Saturday – Sunday

Meeting #1185
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines

For organizers: To be announced

For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.
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Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Mobile, Alabama
University of South Alabama

October 6–8, 2023
Friday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Auckland, New Zealand
December 4–8, 2023
Monday – Friday
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Palermo, Italy
July 23–26, 2024
Tuesday – Friday
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia (JMM 2026)
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026
Sunday – Wednesday
Associate Secretary for the AMS: Georgia Benkart
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced 

Deadlines
For organizers: To be announced
For abstracts: To be announced
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The Mathematical Moments program promotes  
appreciation and understanding of the role mathematics  
plays in science, nature, technology, and human culture.

www.ams.org/mathmoments

MM/160

Exploring Thermodynamics 
with Billiards

If you’ve ever played billiards or pool, you’ve used 
your intuition and some mental geometry to 
plan your shots. Mathematicians have gone a step 
further, using these games as inspiration for new 
mathematical problems. Starting from the simple 
theoretical setup of a single ball bouncing around 
in an enclosed region, the possibilities are endless. 
For instance, if the region is shaped like a stadium 
(a rectangle with semicircles on opposite sides), 
and several balls start moving with nearly the same 
velocity and position, their paths in the region soon 
differ wildly—chaos. Mathematical billiards even 
have connections to thermodynamics, the branch 
of physics dealing with heat, temperature, and 
energy transfer.

Typical models assume that the ball bounces off the walls at the same speed 
and same angle at which it hits them. But in recent years, mathematicians have 
added an element of randomness to the mix. Determining the angle of reflec-
tion randomly after each collision is a way to model microscopic channels with 
rough edges. And having “hot” (or “cold”) walls that tend to speed up (or slow 
down) the ball provides a new perspective on important concepts in thermody-
namics. One is the “arrow of time”: Microscopic processes that can be undone 
lead to human-scale processes that cannot be undone. Although most random 
billiard models are much simpler than any real-world situation, they are a step-
ping stone toward advances in tiny technology—even if they don’t help you sink 
a tricky shot the next time you play pool.

For More Information: “From billiards to thermodynamics,” T. Chumley, 
S. Cook, R. Feres, Computers & Mathematics with Applications 65(10), 2013, pp. 
1596-1613.

Watch an interview 
with an expert!
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Free shipping for members 
in the USA (including Puerto Rico) and Canada.

NEW RELEASE from the AMS = Textbook

Abstract Algebra 
An Integrated Approach

Joseph H. Silverman,
Brown University, Providence, RI

This abstract algebra textbook takes an 
integrated approach that highlights the 
similarities of fundamental algebraic
structures among a number of topics.

Intended for a first introduction to abstract 
algebra, it requires only a course in lin-
ear algebra as a prerequisite. The more 
advanced material could be used in an 
introductory graduate-level course.

Pure and Applied Undergraduate Texts, 
Volume 55; 2022; 567 pages; Softcover; 
ISBN: 978-1-4704-6860-6; List US$49; 
AMS members US$39.20; MAA mem-
bers US$44.10; Order code AMSTEXT/55

Learn more at bookstore.ams.org/AMSTEXT-55

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
http://bookstore.ams.org/AMSTEXT-55
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