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from complex discussions among all partners” [3]. In such 
fields, one small idea contributed by one author can be 
quite significant for the work although his/her contribution 
seems tiny. 

In most disciplines, however, the name of the person 
who has the most significant intellectual contribution to 
the research is listed as the first author of the paper, and 
similarly, the names of other people appear as subsequent 
authors proportional to their contribution to the research. 
In some experimental research papers, however, the names 
of the senior researchers are included at the end of the list 
of authors. Nowadays, in some countries, as a consequence 
of specific regulations for the promotion of academic mem-
bers and project sponsorship laws, such classical rules are 
somewhat neglected.

For a long time, in many academic fields, the first author 
has been considered the main author of the paper. Recently, 
in some universities, being the corresponding author has 
become essential when an academic member applies for 
promotion to a higher rank or applies for grants from re-
search foundations.

The corresponding author is a key person in leading 
the project or research team. This author is the main one 
responsible for the overall content of the paper and the 
main respondent against any questions or objections. Be-
fore submitting a paper, he/she should make sure that the 
ethical aspects of the research have been observed.

On behalf of all authors, the corresponding author is 
responsible for correspondence with the journal at all 
stages of submission, revision, and publication of the paper 
(including determining the publishing model), and for 
approval of publication forms concerning copyright and 
non-conflict of interest.

The corresponding author is responsible for managing 
the relationships between the authors of the paper. The 
corresponding author is expected to clearly define the role 
of each author in the research. In the final version of the 
paper, and before sending it to a journal, the names and the 
order of the authors are determined by the corresponding 
author within the conventional framework of the pertinent 
scientific discipline. Under specific circumstances, for in-
stance, in a case when the effective contribution of another 
person in the team overpasses that of the leader, this title 
can be delegated to other authors.

Who wants to be the corresponding author?!
Awareness of and efforts to reduce inappropriate behavior 
in publishing scientific works are the competence of the 
ethics committees in universities and research institutes. As 
an editor-in-chief of some Springer journals and a member 
of such committees, I, together with my colleagues, make 
mechanisms that help us in promoting professional and 
ethical conduct in research. I believe that one of the main 
problems of our scientific community is the incomplete 
understanding of the concepts of “author” and “corre-
sponding author.” People sometimes even consciously 
disregard these concepts and engage in misconduct, which 
causes many difficulties in our society.

Regarding papers, various reports of violations of pub-
lication ethics have been sent to the editors-in-chief of 
journals and ethics committees. One of them consists of re-
moving the names of those who have played an important 
role in the research. Another is to add to the list of authors 
the names of people who have not played a significant role 
in the research, such as research sponsors, data providers, 
and laboratory supervisors.

According to the international standards of research eth-
ics, a person can be considered an author of a paper when 
he/she agrees to be an author of the paper and has coop-
erated in all of the following three activities (see [1],[2]):
1. Conducting the research: To be substantially involved 

in presenting a research idea, designing and conducting 
research, processing data, or analyzing and interpreting 
research results.

2. Writing the paper: To be involved in the writing, the 
critical evaluation, or the modification of the scientific 
content of the paper.

3. Approving the content: To be accountable for all 
aspects of the paper such as novelty, originality, and 
accuracy; to read and approve the final paper before 
its submission to a journal.

The names of others who partially contributed in any 
other manner to the existence of the paper may be men-
tioned in the acknowledgments in the published paper.

In different disciplines of science, authors follow various 
traditional rules. In some disciplines, such as mathematics, 
authors’ names are simply listed in a happy and healthy 
tradition, that is alphabetical order. It is due to “ideas grow 
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Overall, the traditional role of the corresponding author 
has been nowadays extended from simple communication 
with a journal to a serious and difficult responsibility.

References
 [1] Committee on Publication Ethics (COPE): https://

publicationethics.org/
 [2] International Committee of Medical Journal Editors 
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 [3] 2004 Statement: The Culture of Research and Scholar-
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Statement04.pdf
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Letter to the Editor
I am writing to suggest that the AMS officially declare that 
it will not hold the Annual Meeting in any state which has 
eliminated the reproductive rights that were once a consti-
tutional guarantee in this country. I tried out this suggestion 
(referring at that time to states that intended to outlaw 
abortion if the opportunity arose) in November 2016, 
testing the waters by consulting with two acquaintances, 
one a member of the AMS Council and one an officer of 
the AMS. They both told me that my suggestion was not 
likely to get very far, because there was a general reluctance 
within the AMS to appear to politicize the organization, a 
reluctance which I share. So I did not attempt to make the 
suggestion to the AMS Council, as had been my original 
intention. But in the meantime the situation has changed, 
and politicization is no longer even an issue. The only issue 
is whether the AMS will adhere to its “Equity, Diversity, and 
Inclusion Statement” adopted by the April 2019 Council. 
The statement prevents the AMS from excluding women 
who happen to be pregnant, and it also prevents the AMS 
from inviting the participation of pregnant women in 
conferences if their participation might be life-threaten-
ing for them. In case anybody has forgotten why the term 
“life-threatening” is appropriate here, the article “How an 
Abortion Ban Trapped a Tourist on Malta” (New York Times, 
June 23) can serve as a brutal reminder. Replace Malta by 
San Antonio or New Orleans and Mallorca by Los Angeles 
or Denver and you get the picture. The AMS should not be 

ACKNOWLEDGMENT. The author sincerely thanks 
Richard M. Aron, Marcel de Jeu, and Antonio M. Peralta 
for their valuable comments.

encouraging women to travel to conferences in states where 
they could be denied urgent medical care if they need it.

In principle the same policy should apply to the sec-
tional meetings of the AMS, but in the case of, for example, 
the southeastern sectional meeting, such a policy might 
be impossible to implement unless the meeting were held 
virtually.

—David E. Rohrlich
Boston University

In connection with the preceding letter, see the docu-
ment on p. 1430 of this issue. This is one in a suite of 
documents developed by the AMS Office of Govern-
ment Relations that provide a brief background and 
recommendation on a specific policy issue. They are 
for advocates to use when interacting with legislators.
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A WORD FROM...
Stephan Ramon Garcia

The opinions expressed here are not necessarily those of the Notices or the AMS.
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The Notices has honored National Hispanic Heritage Month (September 15—October 15) 
with a special issue for some years now. I was fortunate enough to have edited the last three 
special issues as an associate editor. My term on the editorial board ended in 2021 and I 
have since moved on to new and different challenges (for example, becoming department 
chair and joining the AMS Council). So I’m thankful that the Notices has asked me back 
to pen the introduction for this issue.

The last two Hispanic Heritage issues were assembled during the height of the Covid-19 
pandemic. Despite our best efforts, we continue to grapple with new variants that emerge 
every few months. However, as I write these lines in mid-April, it is the Russian invasion 
of Ukraine that looms larger. What the world will look like in September, when this issue 
appears, is anybody’s guess. Let us hope, perhaps unrealistically, that the virus will finally 
be tamed and that the wanton bloodshed in Ukraine will come to a peaceful end.

Against such a grim and unpromising background, this Hispanic Heritage issue of the 
Notices strikes a hopeful contrast. We have something for mathematicians of all stripes. 

First of all, we have four feature articles:

• Malena I. Español gives us a quick tour of linear algebraic methods in image deblurring.
• Eric Ramos tells us about intriguing connections between the graph minor theorem and algebra.
• Juanita Pinzón-Caicedo and Daniel Ruberman study applications of instanton Floer homology.
• José Luis González and Antonio Laface write about finite generation of Cox rings.

Besides the feature articles, this issue is packed with a variety of compelling pieces. Although some of these might 
go beyond the traditional purview of the Hispanic Heritage Issue, we think that readers will find them suitable 
candidates for inclusion nonetheless.

There are five Early Career articles which are excerpted from the AMS book Testimonios: Stories of Latinx and 
Hispanic Mathematicians. Then Patrick Scott contributes a touching memorial for Ubiratan D’Ambrosio, a major 
figure in mathematics education in the Americas and pioneer in the field of ethnomathematics. Next comes Isom 
Herron’s historical survey of mathematicians who received the Ford Foundation Postdoc for Minorities (defined as 
Black Americans, Mexican Americans/Chicanos, Puerto Ricans, and Native Americans), many of whom are now-fa-
miliar names in the mathematical community. Then Veselin Jungi ’c describes the Math Catcher Outreach Program, 
a mathematics initiative inspired and guided by members of the indigenous community in Canada.

The opinion piece for this issue, written by Mariel Sáez-Trumper, Jeanne Hersant, Francisca Rioseco, and Andrea 
Vera-Gajardo, outlines Chilean outreach and engagement activities that promote the inclusion of women in math-
ematics. Next we have Jose Ceniceros’ review of the Topology: A Categorical Approach by Bradley, Bryson, and Terilla. 
Finally, our “Moonlighting Mathematicians” column profiles mathematician/illustrator Constanza Rojas-Molina.

I hope that you will enjoy the 2022 Hispanic Heritage Month issue of the Notices!

Stephan Ramon Garcia is W.M. Keck Distinguished Service Professor and Chair of the Department of Mathematics and Statistics at Pomona 
College. He served as an associate editor of the Notices from 2019–2021. His email address is stephan.garcia@pomona.edu.
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The Image Deblurring
Problem: Matrices, Wavelets,
and Multilevel Methods

David Austin, Malena I. Español, and Mirjeta Pasha
1. Introduction
After the launch of the Hubble Space Telescope in 1990, as-
tronomers were gravely disappointed by the quality of the
images as they began to arrive. Due to miscalibrated test-
ing equipment, the telescope’s primary mirror had been
ground to a shape that differed slightly from the one

David Austin is a professor of mathematics at the Grand Valley State University.
His email address is austind@gvsu.edu.
Malena I. Español is an assistant professor of computational mathematics at
Arizona State University. Her email address is malena.espanol@asu.edu.
Mirjeta Pasha is a National Science Foundation Mathematical Sciences Post-
doctoral Research Fellow at Tufts University. Her email address is mirjeta
.pasha@tufts.edu.

Communicated by Notices Associate Editor Reza Malek-Madani.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2534

intended, resulting in the misdirection of incoming light
as it moved through the optical system. The blurry im-
ages did little to justify the telescope’s $1.5 billion price
tag [1]. Three years later, space shuttle astronauts installed
a specially designed corrective optical system that essen-
tially fixed the problem and yielded spectacular images
(See the image on this page. Hubble’s view of the M100
galaxy soon after launch is on the left and on the right
is the view after corrective optics were installed in 1993).
In the meantime, mathematicians devised several ways to
convert the blurry images into high-quality images. The
process of mathematical deblurring is the focus of this ar-
ticle.

Blurred images can be caused by many factors such
as the movement of the imaging device or the target ob-
ject, focus errors, or the presence of atmospheric turbu-
lence [12]. Indeed, the need for image deblurring goes
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beyond Hubble’s story. For instance, the image deblur-
ring problem is encountered in many applications such as
pattern recognition, computer vision, and machine intelli-
gence. Moreover, image deblurring shares the same math-
ematical formulation as other imaging modalities. For in-
stance, in many cases we have only limited opportunities
to capture an image; this is particularly true of medical im-
ages, such as computerized tomography (CT), proton com-
puted tomography (pCT), and magnetic resonance imag-
ing (MRI), for which equipment and patient availability
are scarce resources. In cases such as these, we need a way
to extract meaningful information from noisy images that
have been collected during the data acquisition process.

In this article, we will describe amathematical model of
how digital images become blurry as well as several math-
ematical issues that arise when we try to undo the blurring.
While blurring may be effectively modeled by a linear pro-
cess, we will see that deblurring is not as simple as invert-
ing that linear process. Indeed, deblurring belongs to an
important class of problems known as discrete ill-posed prob-
lems [10], and we will introduce some techniques that have
become standard for solving them. In addition, we will de-
scribe some matrix structures in the linear operators that
will allow more efficient computations.

2. Digital Images and Blurring
We start by describing digital images and a process by
which they become blurry. As illustrated in Figure 1, the
lens of a digital camera directs photons entering the cam-
era onto a charge-coupled device (CCD), which consists
of a rectangular 𝑝 × 𝑞 array of detectors. Each detector in
the CCD converts a count of the photons into an electri-
cal signal that is digitized by an analog-to-digital converter
(ADC). The result is a digital image stored as a 𝑝×𝑞matrix
whose entries represent the intensities of light recorded by
each of the CCD’s detectors.

Figure 1. A simple model of how a digital image is created.

A grayscale image is represented by a single matrix with
integer entries describing the brightness at each location.
A color image is represented by three matrices that de-
scribe the colors in terms of their red, green, and blue
constituents. Of course, we may see these matrices by

zooming in on a digital image until we see individual pix-
els, picture elements that contain only one intensity value.

Perhaps due to imperfections in the camera’s lens or the
lens being improperly focused, it is inevitable that photons
intended for one pixel bleed over into adjacent pixels, and
this leads to blurring of the image. To illustrate, we will
consider grayscale images comprised of arrays of 64 × 64
pixels. In Figure 2, the image on the left shows a single
pixel illuminated while on the right we see how photons
intended for this single pixel have spilled over into adja-
cent pixels to create a blurred image.

Figure 2. The intensity from a single pixel, shown on the left,
is spread out across adjacent pixels according to a Gaussian
blur, as seen on the right.

There are several models used to describe blurring. A
simple one that we choose here has the light intensity con-
tained in a single pixel (𝑖, 𝑗) spilling over into an adjacent
pixel (𝑘, 𝑙) according to the Gaussian point spread function

1
𝑁 exp (−12 (

𝑘 − 𝑖
𝑠 )

2
− 1
2 (

𝑙 − 𝑗
𝑠 )

2
)

= 1
𝑁 exp (−12 (

𝑘 − 𝑖
𝑠 )

2
) exp (−12 (

𝑙 − 𝑗
𝑠 )

2
) ,

(1)

where 𝑠 is a parameter that controls the spread in the in-
tensity and 𝑁 is a normalization constant so that the total
intensity sums to 1. As we will see later, the fact that the
two-dimensional Gaussian can be written as a product of
one-dimensional Gaussians has important consequences
for our ability to efficiently represent the blurring process
as a linear operator.

Though we visually experience a grayscale image as a
𝑝 × 𝑞 matrix of pixels 𝐗, we will mathematically rep-
resent an image as a 𝑝𝑞-dimensional vector 𝐱 by stack-
ing the columns of 𝐗 on top of one another. That is,
𝐱 = v𝑒𝑐(𝐗) = (𝐗11, … , 𝐗𝑝1, 𝐗12, … , 𝐗𝑝2, … , 𝐗1𝑞, … , 𝐗𝑝𝑞)𝑇
with 𝐗𝑖𝑗 being the intensity value of the pixel at row 𝑖
and column 𝑗. The blurring process is linear as the num-
ber of photons that arrive at one pixel is the sum of the
number of misdirected photons intended for nearby pix-
els. Therefore, if 𝐁 is the blurred image represented by the
vector 𝐛 = v𝑒𝑐(𝐁), then there is a blurring matrix 𝐀 that
blurs the original image 𝐱 into the blurred image 𝐛 = 𝐀𝐱.
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Furthermore, we assume that both images 𝐗 and 𝐁 have
the same size, as do 𝐱 and 𝐛, which implies that the matrix
𝐀 is square. Deblurring refers to the inverse process of re-
covering the original image 𝐱 from its blurred counterpart
𝐛 and includes situations, unlike the one we describe here,
where 𝐀 is not invertible or even square.

Each column of 𝐀 is the result of blurring a single pixel,
which means that each column of 𝐀 represents the point
spread function centered at its corresponding pixel (𝑖, 𝑗).
When that center is near the edge of the image, some pho-
tons will necessarily be lost outside the image, and there
are a few options for how to incorporate this fact into our
model. In real-life settings, it is possible to have knowl-
edge only over a finite region, the so called Field of View
(FOV), that defines the range that a user can see from an
object. It is then necessary tomake an assumption onwhat
is outside the FOV by means of the boundary conditions.
For instance, one option to overcome the loss outside the
FOV is to simply accept that loss, in which case we say that
the matrix has zero boundary conditions. This has the ef-
fect of assuming that the image is black (pixel values are
zero) outside the FOV, which can lead to an artificial black
border around a deblurred image (see the image on the
left on Figure 31).

In some contexts, it can be advantageous to impose re-
flexive boundary conditions, which assume that the pho-
tons are reflected back onto the image. In other scenarios
of interest, periodic boundary conditions, which assume
the lost photons reappear on the opposite side of the im-
age as if the image repeats itself indefinitely in all direc-
tions outside the FOV, are a suitable fit. Nevertheless, in
practical settings, we periodically extend only some pixel
values close to the boundary (see the image on the right
on Figure 3).

Figure 3. Image with assumed zero boundary conditions is
shown on the left and one with assumed periodic boundary
condition is shown on the right. The red box represents the
FOV.

1We picked the letter H to celebrate Hispanic Heritage Month, which is the fo-
cus of this issue of Notices.

3. Adding Noise
Let us consider the grayscale image 𝐱true shown on the left
of Figure 4 and its blurred version 𝐛true = 𝐀𝐱true shown on
the right.

Figure 4. An image 𝐱true on the left is blurred to obtain 𝐛true on
the right.

If we had access to 𝐛true, it would be easy enough to re-
cover 𝐱true by simply solving the linear system 𝐀𝐱 = 𝐛true

since our model gives a square, invertible matrix 𝐀. How-
ever, the conversion of photon counts into an electrical
signal by the CCD and then a digital reading by the ADC
introduces electrical noise into the image that is ultimately
recorded. The recorded image 𝐛 is therefore a noisy ap-
proximation of the true blurred image 𝐛true, so we write
𝐛 = 𝐛t𝑟ᵆ𝑒 + 𝐞, where 𝐞 is a noise vector whose entries are
independent and identically distributed random variables.
There are variousmodels used to describe the kind of noise
added. For instance, we might assume that the noise is
Gaussian white noise, which means that the entries in 𝐞
are sampled from a normal distribution with mean zero.
In our example, we assume that ‖𝐞‖2 = 0.001‖𝐛true‖2, that
is, the white noise is about 0.1% of the image 𝐛true. As seen
in Figure 5, this level of noise cannot be easily detected.

Figure 5. The blurred image 𝐛true on the left with a small
amount of Gaussian white noise added to obtain 𝐛 on the
right.

Two other models of noise are illustrated in Figure 6.
The image on the left contains what is called Poisson noise.
Under low light conditions, as encountered in astronom-
ical imaging, the number of photons that arrive on the
CCD are very low and therefore the noise produced is
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better modeled by a Poisson distribution than a Gaussian
one [19]. If the digital image is transmitted over a com-
munication channel, some of the transmitted bits may be
corrupted in transmission, resulting in “salt and pepper”
noise, the effect of which is shown in the image to the
right [12]. This noise can be modeled by a uniform distri-
bution whose standard deviation is inversely proportional
to the number of bits used. In the rest of the article, we
will assume that we have Gaussian white noise. Some ref-
erences on how tomodel and solve other noise models are
included in [20].

Figure 6. Poisson noise is added to the blurred image on the
left and salt and pepper noise on the right.

Because our recorded image 𝐛 is a good approximation
of 𝐛true, we might naïvely expect to find a good approxi-
mation of 𝐱true by solving the linear system of equations
𝐀𝐱 = 𝐛. However, its solution, which we call 𝐱𝐿𝑆, turns
out to be very different from the original image 𝐱true as is
seen in Figure 7. As we will soon see, this behavior results
from the fact that deblurring is a discrete linear ill-posed
problem.

Figure 7. On the left we see the original image 𝐱true while the
right shows 𝐱𝐿𝑆, the solution to the equation 𝐀𝐱 = 𝐛, where 𝐛
is the noisy recorded image.

We are now faced with two questions: how can we re-
construct the original image 𝐱true more faithfully and how
can we do it in a computationally efficient way. For in-
stance, today’s typical phone photos have around 10 mil-
lion pixels, which means that the number of entries in the
blurring matrix 𝐀 is about 100 trillion. Working with a
matrix of that size will require some careful thought.

4. Discrete Linear Ill-Posed Problems
The singular value decomposition (SVD) of the matrix 𝐀
offers insight into why the naïvely reconstructed image 𝐱𝐿𝑆
differs so greatly from the original 𝐱true. Consider both
vectors 𝐱true and 𝐛 of dimension 𝑚 = 𝑝𝑞. Now suppose
that 𝐀 ∈ ℝ𝑚×𝑚 has full rank and its SVD is given by

𝐀 = 𝐔Σ𝐕𝑇 =
𝑚
∑
ℓ=1

𝜎ℓ𝐮ℓ𝐯𝑇ℓ ,

where 𝐔 = (𝐮1, … , 𝐮𝑚) ∈ ℝ𝑚×𝑚 and 𝐕 = (𝐯1, … , 𝐯𝑚) ∈
ℝ𝑚×𝑚 are matrices having orthonormal columns so that
𝐔𝑇𝐔 = 𝐕𝑇𝐕 = 𝐈, and Σ = d𝑖𝑎𝑔(𝜎1, … , 𝜎𝑚), with 𝜎1 ≥ 𝜎2 ≥
… ≥ 𝜎𝑚 > 0, that is to say, Σ is an 𝑚 × 𝑚 diagonal ma-
trix, whose entries are positive and appear in decreasing
order. The scalars 𝜎ℓ are the singular values of 𝐀 and the
vectors 𝐮ℓ and 𝐯ℓ are the left and right singular vectors of 𝐀,
respectively. In particular, the singular value decomposi-
tion provides orthonormal bases defined by the columns
of 𝐔 and 𝐕, for the range and domain spaces, respectively,
so that 𝐀𝐯ℓ = 𝜎ℓ𝐮ℓ. Notice that we are assuming that the
matrix 𝐀 is square and full rank, since all the singular val-
ues are positive, and therefore invertible. This is natural
in the image deblurring model described here. In other in-
verse problems, however, the matrix 𝐀 may be square but
rank-deficient or even rectangular, situations whose solu-
tions require more detailed considerations [10].

Discrete linear ill-posed problems are characterized by
three properties, which are satisfied by the deblurring prob-
lem. First, the singular values 𝜎ℓ decrease to zero without
a large gap separating a group of large singular values from
a group of smaller ones. The plot of the singular values in
Figure 8 shows that the difference between the largest and
smallest singular values is about thirteen orders of magni-
tude, which indicates that 𝐀 is highly ill-conditioned.

Figure 8. The singular values 𝜎ℓ of 𝐀.

Second, the singular vectors 𝐮ℓ and 𝐯ℓ become more
and more oscillatory as ℓ increases. Figure 9 shows im-
ages 𝐕ℓ representing eight right singular vectors 𝐯ℓ (𝐯ℓ =
v𝑒𝑐(𝐕ℓ)) of the blurring matrix constructed above and

SEPTEMBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1287



Figure 9. Images corresponding to eight right singular vectors
𝐯ℓ.

demonstrates how the frequency of the oscillations in-
creases as ℓ increases. Since the blurring matrix 𝐀 spreads
out any peaks in an image, it tends to dampen high-
frequency oscillations. Therefore, a right singular vector 𝐯ℓ
representing a high frequency will correspond to a small
singular value 𝜎ℓ since 𝐀𝐯ℓ = 𝜎ℓ𝐮ℓ. This oscillatory be-
havior of the singular vectors and their relation to the sin-
gular values appears more generally with other blurring
operators defined by other kernels and in other discrete
ill-posed inverse problems due to the underlying continu-
ous model [10].

The third property of discrete linear ill-posed problems
is known as the discrete Picard condition, which says that
the coefficients of 𝐛true expressed in the left singular ba-
sis, |𝐮𝑇ℓ 𝐛true|, on average, decay to zero faster than the sin-
gular values 𝜎ℓ [10]. This is illustrated on the top of Fig-
ure 10, which shows both |𝐮𝑇ℓ 𝐛true| and the singular val-
ues 𝜎ℓ. Since 𝐮𝑇ℓ 𝐛true = 𝜎ℓ𝐯𝑇ℓ 𝐱true, the discrete Picard con-
dition holds when the original image 𝐱true is not dom-
inated by high-frequency contributions 𝐯𝑇ℓ 𝐱true for large
ℓ. This is a reasonable assumption with most digital pho-
tographs [12].

By contrast, the added white noise causes the coeffi-
cients |𝐮𝑇ℓ 𝐛| = |𝐮𝑇ℓ 𝐛true+𝐮𝑇ℓ 𝐞| to remain relatively constant
for large ℓ, as can be seen on the bottomof Figure 10. How-
ever, both plots agree for small values of ℓ.

Writing both vectors 𝐱𝐿𝑆 and 𝐱true as a linear combina-
tion of the right singular vectors 𝐯ℓ, we see that

𝐱true =
𝑚
∑
ℓ=1

𝐮𝑇ℓ 𝐛true

𝜎ℓ
𝐯ℓ

and

𝐱𝐿𝑆 =
𝑚
∑
ℓ=1

𝐮𝑇ℓ 𝐛
𝜎ℓ

𝐯ℓ =
𝑚
∑
ℓ=1

𝐮𝑇ℓ (𝐛true + 𝐞)
𝜎ℓ

𝐯ℓ

=
𝑚
∑
ℓ=1

𝐮𝑇ℓ 𝐛true

𝜎ℓ
𝐯ℓ +

𝑚
∑
ℓ=1

𝐮𝑇ℓ 𝐞
𝜎ℓ

𝐯ℓ

= 𝐱true +
𝑚
∑
ℓ=1

𝐮𝑇ℓ 𝐞
𝜎ℓ

𝐯ℓ.

Because the singular values approach zero, the coeffi-
cients |𝐮𝑇ℓ 𝐞|/𝜎ℓ grow extremely large, as seen in Figure 11.

Figure 10. The coefficients |𝐮𝑇ℓ 𝐛true| are seen on the top while
the coefficients |𝐮𝑇ℓ 𝐛| are on the bottom.

Figure 11. The coefficients of 𝐱true and 𝐱𝐿𝑆.

Therefore, 𝐱𝐿𝑆 includes a huge contribution from high-
frequency right singular vectors 𝐯ℓ, which means that 𝐱𝐿𝑆
is very oscillatory and not at all related to the original im-
age 𝐱true that we seek to reconstruct.

We also note here that the size of the coefficients shown
in Figure 11 cause the norm ‖𝐱𝐿𝑆‖2 to be extremely large.
As we will see shortly, we will consider this norm as a mea-
sure of the amount of noise in the reconstructed image.
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5. Regularization
As an alternative to accepting 𝐱𝐿𝑆 as our reconstructed
image, we instead approximate 𝐱true by filtering out the
contributions from the high-frequency singular vectors,
which are magnified through division by small singular
values, while retaining as much information as possible
from the measured data 𝐛. While we know the noise vec-
tor 𝐞 in the example presented here, in practice we do not,
which means we cannot expect to get rid of the noise com-
pletely. Therefore, the goal is to design filtering methods
that dampen the effects of the noise given that very little
is known about it. This process is known as regularization,
and there are several possible approaches we can follow.

A first natural idea is to introduce a set of filtering fac-
tors 𝜙ℓ on the SVD expansion and construct a regularized
solution as

𝐱reg =
𝑚
∑
ℓ=1

𝜙ℓ
𝐮𝑇ℓ 𝐛
𝜎ℓ

𝐯ℓ,

with the filter factors being 𝜙ℓ ≈ 0 for large values of ℓ
when the noise dominates and 𝜙ℓ ≈ 1 for small values of
ℓ, which are the terms in the expansion where the compo-
nents of 𝐛 and 𝐛t𝑟ᵆ𝑒 are closest.

One option is to define 𝜙ℓ = 1 for ℓ smaller than some
cutoff 𝑘 < 𝑚 and 𝜙ℓ = 0 otherwise. That is, we can simply
truncate the expansion of 𝐱𝐿𝑆 in terms of right singular vec-
tors in an attempt to minimize the contribution from the
terms |𝐮𝑇ℓ 𝐞|/𝜎ℓ for large ℓ. Then, the obtained regularized
solution would be

𝐱T𝑆𝑉𝐷 =
𝑘
∑
ℓ=1

𝐮𝑇ℓ 𝐛
𝜎ℓ

𝐯ℓ.

This solution is known as the truncated SVD (TSVD).
Remember, however, that the singular values in discrete

ill-posed problems approach zero without having a gap
that would form a natural cutoff point. Instead, Tikhonov
regularization chooses the filtering factors

𝜙ℓ =
𝜎2ℓ

𝜎2ℓ + 𝜆2

for some parameter 𝜆 whose choice will be discussed later.
For now, notice that 𝜙ℓ ≈ 1 when 𝜎ℓ ≫ 𝜆 and 𝜙ℓ ≈ 0
when 𝜎ℓ ≪ 𝜆. This has the effect of truncating the singu-
lar vector expansion at the point where the singular values
pass through 𝜆 but doing so more smoothly. Thus, the
Tikhonov solution can be written as

𝐱T𝑖𝑘 =
𝑚
∑
ℓ=1

𝜎ℓ
𝜎2ℓ + 𝜆2

(𝐮𝑇ℓ 𝐛)𝐯ℓ,

which may also be rewritten as

𝐱T𝑖𝑘 = (𝐀𝑇𝐀 + 𝜆2𝐈)−1𝐀𝑇𝐛.

This demonstrates that 𝐱T𝑖𝑘 solves the least squares prob-
lem

𝐱T𝑖𝑘 = argmin
𝐱

{‖𝐀𝐱 − 𝐛‖22 + 𝜆2‖𝐱‖22}, (2)

where argmin𝐱{𝑓(𝐱)} returns the value of 𝐱 which mini-
mizes the function 𝑓(𝐱).

Equation (2) is a helpful reformulation of Tikhonov reg-
ularization. First, writing 𝐱T𝑖𝑘 as the solution of a least
squares problem provides us with efficient computational
alternatives to finding the SVD of 𝐀 [10]. Moreover, the
minimization problem provides insight into choosing the
optimal value of the regularization parameter 𝜆, as we will
soon see.

By the way, this formulation of Tikhonov regulariza-
tion shows its connection to ridge regression, a data sci-
ence technique for tuning a linear regression model in the
presence of multicollinearity to improve its predictive ac-
curacy.

Let us investigate the meaning of (2). Notice that

‖𝐀𝐱true − 𝐛‖22 = ‖𝐛true − 𝐛‖22 = ‖𝐞‖22, (3)

which is relatively small. We therefore consider the resid-
ual ‖𝐀𝐱 − 𝐛‖22 as a measure of how far away we are from
the original image 𝐱true. Remember that |𝐮𝑇ℓ 𝐞|/𝜎ℓ, the con-
tributions to 𝐱𝐿𝑆 from the added noise, cause ‖𝐱𝐿𝑆‖2 to be
very large. Consequently, we think of the second term in
(2) as measuring the amount of noise in 𝐱.

The regularization parameter 𝜆 allows us to balance
these two sources of error. For instance, when 𝜆 is small,
the Tikhonov solution 𝐱T𝑖𝑘, which is the minimum of (2),
will have a small residual ‖𝐀𝐱T𝑖𝑘 − 𝐛‖2 at the expense of a
large norm ‖𝐱T𝑖𝑘‖2. In other words, we tolerate a noisy reg-
ularized solution in exchange for a small residual. On the
other hand, if 𝜆 is large, the Tikhonov solution will have
a relatively large residual in exchange for filtering out a lot
of the noise.

6. Choosing the Regularizing Parameter 𝜆
When applying Tikhonov regularization for solving dis-
crete ill-posed inverse problems, a question of high inter-
est is: How can we define the best regularization parame-
ter 𝜆? A common and well known technique is to create
a log-log plot of the residual norm ‖𝐀𝐱T𝑖𝑘 − 𝐛‖2 and the
solution norm ‖𝐱T𝑖𝑘‖2 as we vary 𝜆. This plot, as shown in
Figure 12, is usually called an 𝐿-curve due to its character-
istic shape [13].

As mentioned earlier, small values of 𝜆 lead to noisy
regularized solutions while large values of 𝜆 produce large
residuals. This means that we move across the 𝐿-curve
from the upper left to the lower right as we increase 𝜆.

Since the filtering factors satisfy 𝜙ℓ ≈ 1 when 𝜎ℓ ≫ 𝜆
and 𝜙ℓ ≈ 0 when 𝜎ℓ ≪ 𝜆, we will view the point where
𝜎ℓ = 𝜆 as an indication of where we begin filtering. Let us
first consider the value 𝜆 = 𝜆𝐴, which produces the point
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Figure 12. The 𝐿-curve in our sample deblurring problem. The
three indicated points correspond to values of 𝜆 = 𝜆𝐴, 𝜆𝐵 , and
𝜆𝐶 .

Figure 13. The choice 𝜆 = 𝜆𝐴 leads to under-smoothing.

on the 𝐿-curve indicated in Figure 12. The resulting coeffi-
cients |𝐮𝑇ℓ 𝐛| and 𝜙ℓ|𝐮𝑇ℓ 𝐛| are shown in Figure 13. Filtering
begins roughly where the plot of singular values crosses
the horizontal line indicating the value of 𝜆𝐴.

While we have filtered out some of the noise, it appears
that there is still a considerable amount of noise present.
This is reflected by the position of the corresponding point
on the 𝐿-curve since the norm ‖𝐱T𝑖𝑘‖2 is relatively large.
This choice of 𝜆 is too low, and we say that the regularized
solution is under-smoothed.

Alternatively, let us consider the regularized solution
constructed with 𝜆 = 𝜆𝐶 as indicated on Figure 12. This
leads to the coefficients |𝐮𝑇ℓ 𝐛| and 𝜙ℓ|𝐮𝑇ℓ 𝐛| shown in Fig-
ure 14.

In this case, we begin filtering too soon so that, while we
have filtered the noise, we have also discarded some of the
information present in 𝐛, which is reflected in the relatively
large residual ‖𝐀𝐱T𝑖𝑘 − 𝐛‖2. This choice of 𝜆 is too large,
and we say that the Tikhonov solution is over-smoothed.

Finally, considering the case where 𝜆 = 𝜆𝐵 gives the
Tikhonov solution that appears at the sharp bend of the
𝐿-curve in Figure 12. The resulting coefficients shown in

Figure 14. The choice 𝜆 = 𝜆𝐶 leads to over-smoothing.

Figure 15. The choice 𝜆 = 𝜆𝐵 gives the optimal amount of
smoothing.

Figure 15 inspire confidence that this is a good choice for
𝜆.

In this case, decreasing 𝜆 causes us to move upward on
the 𝐿-curve; we are allowing more high-frequency compo-
nents into the solution without improving the residual.
Increasing 𝜆 causes us to move right on the 𝐿-curve; we
are losing information as the residual increases without re-
moving relevant high-frequency components. Therefore,
𝜆 = 𝜆𝐵 is our optimal value.

Figure 16 shows the image 𝐱T𝑖𝑘 obtained using this op-
timal parameter 𝜆 = 𝜆𝐵. While it is not a perfect recon-
struction of the original image 𝐱true, it is a significant im-
provement over the recorded image 𝐛. Accurately repro-
ducing the sharp boundaries that occur in 𝐱true requires
high-frequency contributions that we have necessarily fil-
tered out.

The 𝐿-curve furnishes a practical way to identify the op-
timal regularizing parameter as there are techniques that
allow us to identify the point ofmaximal curvature by com-
puting the Tikhonov solution for just a few choices of 𝜆.
However, this technique should not be applied uncritically
as there are cases in which the optimal Tikhonov solution
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Figure 16. The reconstructed image 𝐱T𝑖𝑘 using the
regularization parameter determined by the 𝐿-curve is seen
on the right, along with the original image 𝐱true on the left for
comparison.

does not converge to the true image as the added error ap-
proaches zero.

An alternative technique, known as the Discrepancy
Principle [6], relies on an estimate of the size of the er-
ror ‖𝐞‖2. Remember from (3) that we have ‖𝐀𝐱true −
𝐛‖2 = ‖𝐞‖2. Moreover, the SVD description of 𝐱T𝑖𝑘 pro-
vides a straightforward explanation for why the residual
‖𝐀𝐱T𝑖𝑘 − 𝐛‖2 is an increasing function of 𝜆. If we know
‖𝐞‖2, we simply choose the optimal 𝜆 to be the one where
‖𝐀𝐱T𝑖𝑘 − 𝐛‖2 = ‖𝐞‖2.

Other well-known methods for choosing the parame-
ter 𝜆 include the Generalized Cross Validation (GCV) [8],
that chooses 𝜆 tomaximize the accuracywithwhichwe can
predict the value of a pixel that has been omitted, the un-
biased predictive risk estimator (UPRE) [15], and more re-
cently, methods based on learning when training data are
available [4]. Most of these methods can also be used to
find the regularization parameter 𝑘 involved in the TSVD
solution.

7. Other Regularization Techniques
Looking at the variational formulation (2) of Tikhonov
regularization, it is easy to see how it can be extended to
define other regularizationmethods by, for example, using
different regularization terms.
7.1. General-form Tikhonov regularization. The Tik-
honov regularization formulation (2) can be generalized
to

min
𝐱
{‖𝐀𝐱 − 𝐛‖22 + 𝜆2‖𝐋𝐱‖22}, (4)

by incorporating a matrix 𝐋, which is called the regular-
ization matrix [10]. Its choice is problem dependent and
can significantly affect the quality of the reconstructed so-
lution. Several choices of the regularization matrix in-
volve discretization of the derivative operators or framelet
and wavelet transformations depending on the applica-
tion. The only requirement on 𝐋 is that it should satisfy

𝒩(𝐀) ∩𝒩(𝐋) = {0},

Figure 17. The reconstructed images using the optimal
regularization parameter and the discretization of the first
derivative operator with the 2-norm regularization on the left,
and TV regularization on the right.

where 𝒩(𝐌) denotes the null space of the matrix 𝐌.
The general Tikhonov minimization problem (4) has the
unique solution

𝐱G𝑇𝑖𝑘 = (𝐀𝑇𝐀 + 𝜆2𝐋𝑇𝐋)−1𝐀𝑇𝐛
for any 𝜆 > 0.

In Figure 17, we reconstruct the image by applying the
discretization of the two-dimensional first derivative op-
erator for zero boundary conditions, that is, the matrix 𝐋
takes the form of

𝐋 = ( 𝐈 ⊗ 𝐋1
𝐋1 ⊗ 𝐈 )with 𝐋1 = (

−1 1
−1 1

⋱ ⋱
−1 1

) (5)

where ⊗ is the Kronecker product [9] defined, for matrices
𝐁 and 𝐂, by

𝐁⊗ 𝐂 =
⎛
⎜
⎜
⎝

𝑏11𝐂 𝑏12𝐂 … 𝑏1𝑚𝐂
𝑏21𝐂 𝑏22𝐂 … 𝑏2𝑚𝐂
⋮ ⋮ ⋮

𝑏𝑚1𝐂 𝑏𝑚2𝐂 … 𝑏𝑚𝑚𝐂

⎞
⎟
⎟
⎠

.

7.2. Total variation regularization. In many applica-
tions, the image to be reconstructed is known to be piece-
wise constant with regular and sharp edges, like the one
we are using as an example in this article. Total variation
(TV) regularization is a popular choice that allows the so-
lution to preserve edges [17]. Such regularization can be
formulated as

min
𝐱
{‖𝐀𝐱 − 𝐛‖22 + 𝜆‖𝐋𝐱‖1},

where 𝐋 is the anisotropic TV operator, which once dis-
cretized, is the same as (5). Looking at Figure 17, we can
see that even though we are using the same operator 𝐋, the
norms used in the regularization terms are different and
that makes a huge difference. But there is a higher cost
to finding the TV solution due to the fact that the mini-
mization functional is not differentiable. Still, there are
many algorithms to find its minimum. Here, we apply the
Iteratively Reweighted Least Squares (IRLS), which solves
a sequence of general-form Tikhonov problems [16]. So,
instead of solving only one Tikhonov problem, we solve
many.
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The TV approach is also very commonly used in com-
pressed sensing where the signal to be reconstructed is
sparse in its original domain or in some transformed do-
main [2].

8. Matrix Structures
8.1. BTTB structure. Because these are usually large-scale
problems, it is useful to consider the structure of the
matrix 𝐀. For instance, when considering a spatially
invariant blur and assuming that the image has zero
boundary conditions, the matrix 𝐀 exhibits a Block-
Toeplitz-Toeplitz-Block (BTTB) structure [12] in which 𝐀
appears as a 𝑞 × 𝑞 block-Toeplitz matrix with each block
being a 𝑝 × 𝑝 Toeplitz matrix. That is,

𝐀 =
⎛
⎜
⎜
⎜
⎝

𝐀0 𝐀−1 𝐀−2 … 𝐀−(𝑞−1)
𝐀1 𝐀0 𝐀−1 … 𝐀−(𝑞−2)
𝐀2 𝐀1 𝐀0 … 𝐀−(𝑞−3)
⋮ ⋮ ⋮ ⋱ ⋮

𝐀𝑞−1 𝐀𝑞−2 𝐀𝑞−3 … 𝐀0

⎞
⎟
⎟
⎟
⎠

,

where for ℓ = −(𝑞 − 1), −(𝑞 − 2)… , 𝑞 − 1, we have

𝐀ℓ =

⎛
⎜
⎜
⎜
⎜
⎝

𝑎ℓ0 𝑎ℓ−1 𝑎ℓ−2 … 𝑎ℓ−(𝑝−1)
𝑎ℓ1 𝑎ℓ0 𝑎ℓ−1 … 𝑎ℓ−(𝑝−2)
𝑎ℓ2 𝑎ℓ1 𝑎ℓ0 … 𝑎ℓ−(𝑝−3)
⋮ ⋮ ⋮ ⋱ ⋮

𝑎ℓ𝑝−1 𝑎ℓ𝑝−2 𝑎ℓ𝑝−3 … 𝑎ℓ0

⎞
⎟
⎟
⎟
⎟
⎠

.

Notice that to generate these matrices, we only need the
first row and column of each matrix 𝐀ℓ, which form the
Toeplitz vector 𝐚ℓ = (𝑎ℓ−(𝑝−1), … , 𝑎ℓ𝑝−1).
8.2. BCCB structure. Another feasible structure arises
when still considering a spatially invariant blur but assum-
ing that the image has periodic boundary conditions. In
this case, the matrix 𝐀 has a Block-Circulant-Circulant-
Block (BCCB) structure, that is, a 𝑞 × 𝑞 block-circulant ma-
trix with each block being a 𝑝 × 𝑝 circulant matrix,

𝐀 =
⎛
⎜
⎜
⎜
⎝

𝐀1 𝐀2 𝐀3 … 𝐀𝑞
𝐀𝑞 𝐀1 𝐀2 … 𝐀𝑞−1
𝐀𝑞−1 𝐀𝑞 𝐀1 … 𝐀𝑞−2
⋮ ⋮ ⋮ ⋱ ⋮
𝐀2 𝐀3 𝐀4 … 𝐀1

⎞
⎟
⎟
⎟
⎠

,

where for ℓ = 1, … , 𝑞,

𝐀ℓ =
⎛
⎜
⎜
⎜
⎝

𝑎ℓ1 𝑎ℓ2 𝑎ℓ3 … 𝑎ℓ𝑝
𝑎ℓ𝑝 𝑎ℓ1 𝑎ℓ2 … 𝑎ℓ𝑝−1
𝑎ℓ𝑝−1 𝑎ℓ𝑝 𝑎ℓ1 … 𝑎ℓ𝑝−2
⋮ ⋮ ⋮ ⋱ ⋮
𝑎ℓ2 𝑎ℓ3 𝑎ℓ4 … 𝑎ℓ1

⎞
⎟
⎟
⎟
⎠

.

Typically, thematrix𝐀 is not formed explicitly. Notice that
to generate these matrices, we only need the first row of
eachmatrix𝐀ℓ, 𝐚ℓ = (𝑎ℓ1 , … , 𝑎ℓ𝑝), so we do not need to store
every entry of the matrix𝐀, only the vectors that define the

matrices 𝐀ℓ. Furthermore, BCCB matrices are diagonaliz-
able by the two-dimensional Discrete Fourier Transform
(DFT) with eigenvalues given by the Fourier transform of
the first column of 𝐀. Therefore, the Tikhonov solution
can be computed efficiently as

𝐗T𝑖𝑘 = IDFT (conj(𝐒) ⊙DFT(𝐁) ⊘ (|𝐒|2 + 𝜆𝐄)) ,

where 𝐗T𝑖𝑘 is the matrix representing 𝐱T𝑖𝑘 (i.e., 𝐱T𝑖𝑘 =
v𝑒𝑐(𝐗T𝑖𝑘)), the 𝑝×𝑞matrix 𝐒 contains the eigenvalues of𝐀,
conj(⋅) denotes the component-wise complex conjugate,
|𝐒|2 is the 𝑝 × 𝑞 matrix whose entries are the squared mag-
nitudes of the complex entries of 𝐒, 𝐄 is amatrix of all ones,
and ⊙ and ⊘ denote the Hadamard product (also known
as Schur product) and Hadamard division, respectively,
which are the element-to-element operations between ma-
trices. Notice that IDFT stands for Inverse Discrete Fourier
Transform. For more details, we direct the reader to [12].
8.3. Separable blur operator. Another special case is
when the blurring operator 𝐀 is separable, which means
that the blurring can be separated in the horizontal and
vertical directions as illustrated in Equation (1); that is, the
matrix 𝐀 can be written as

𝐀 = 𝐀𝑟 ⊗𝐀𝑐.
If we have the SVDs 𝐀𝑟 = 𝐔𝑟Σ𝑟𝐕𝑇

𝑟 and 𝐀𝑐 = 𝐔𝑐Σ𝑐𝐕𝑇
𝑐 ,

we basically have the SVD of 𝐀 by writing

𝐀 = 𝐀𝑟 ⊗𝐀𝑐 (6)

= (𝐔𝑟Σ𝑟𝐕𝑇
𝑟 ) ⊗ (𝐔𝑐Σ𝑐𝐕𝑇

𝑐 ) (7)

= (𝐔𝑟 ⊗𝐔𝑐)(Σ𝑟 ⊗ Σ𝑐)(𝐕𝑟 ⊗𝐕𝑐)𝑇 , (8)

except that the elements in the diagonal matrix Σ𝑟 ⊗ Σ𝑐
might not be in the decreasing order, and therefore some
reordering might be needed. So, the Tikhonov solution
can be efficiently computed as

𝐗T𝑖𝑘 = 𝐕𝑐 (𝐝𝑐𝐝𝑇𝑟 ⊙ (𝐔𝑇
𝑐 𝐁𝐔𝑟) ⊘ ((𝐝𝑐𝐝𝑇𝑟 )2 + 𝜆𝐄))𝐕𝑇

𝑟 ,
where 𝐝𝑟 and 𝐝𝑐 are column vectors containing the diag-
onal elements of Σ𝑟 and Σ𝑐, respectively, and (𝐝𝑐𝐝𝑇𝑟 )2 is a
𝑝×𝑞matrix containing the squared elements of the matrix
𝐝𝑐𝐝𝑇𝑟 .

Notice that if 𝐀𝑟 and 𝐀𝑐 are Toeplitz matrices, then
𝐀𝑟⊗𝐀𝑐 has BTTB structure, and if 𝐀𝑟 and 𝐀𝑐 are circulant
matrices, then 𝐀𝑟 ⊗𝐀𝑐 has BCCB structure.

9. Multilevel Methods
Because dealing with images of large size is difficult, re-
searchers keep working on finding ways to solve these
large-scale inverse problems efficiently. Another possible
way to solve these problems is by means of multilevel
methods. The main idea of a multilevel method is to de-
fine a sequence of systems of equations decreasing in size,

𝐀(𝑛)𝐱(𝑛) = 𝐛(𝑛), 0 ≤ 𝑛 ≤ 𝐿,
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where the superscript 𝑛 denotes the 𝑛-th level (𝑛 = 0 be-
ing the original system), and to get either an approximate
solution, a correction to a current solution, or some other
information at each level, where the computational cost
would be smaller than solving the original system. At each
level, the right-hand side is defined by

𝐛(𝑛+1) = 𝐑(𝑛)𝐛(𝑛)

and the matrix by

𝐀(𝑛+1) = 𝐑(𝑛)𝐀(𝑛)𝐏(𝑛),
where 𝐑(𝑛) is called the restriction operator, which maps
a vector into a lower dimensional space by, for example,
sampling or averaging, and 𝐏(𝑛) is the interpolation opera-
tor, which maps a vector into a higher dimensional space.

There are many ways of defining and using such a
sequence of systems of equations to solve many differ-
ent mathematical problems. Some references related to
multilevel methods for image deblurring applications in-
clude [3,5,7,14].
9.1. Wavelet-based approach. Here, we consider the use
of wavelet transforms as restriction and interpolation op-
erators. In particular, we will work with the Haar Wavelet
Transform (HWT) because, as we will see, it preserves the
structures of the matrices involved.

The one-dimensional HWT is the 𝑝 × 𝑝 orthonormal
matrix 𝐖 defined by

𝐖 = 1
√2

⎛
⎜
⎜
⎝

1 1 0 0 … … 0 0
0 0 1 1 … … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋮ ⋮
0 0 0 0 … … 1 1
1 −1 0 0 … … 0 0
0 0 1 −1 … … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋮ ⋮
0 0 0 0 … … 1 −1

⎞
⎟
⎟
⎠

= (𝐖1
𝐖2

) ,

where 𝐖1 and 𝐖2 have dimension 𝑝/2 × 𝑝. The two-
dimensional HWT can be defined in terms of the one-
dimensionalHWTby𝐖2𝐷 = 𝐖⊗𝐖 ∈ ℝ𝑚×𝑚 with𝑚 = 𝑝2.
So, we define the restriction operator by 𝐑 = 𝐖1 ⊗𝐖1 ∈
ℝ(𝑚/4)×𝑚 and the interpolation operator by 𝐏 = 𝐑𝑇 .

To motivate the use of HWT as a restriction operator,
on the left of Figure 18, we can see the coarser version of
𝐱t𝑟ᵆ𝑒 defined by 𝐱(1) = 𝐑𝐱t𝑟ᵆ𝑒. This is a 32 × 32 image
that still conveys most of the information in the original
64 × 64 image with the letter H, which demonstrates that
reconstructing a coarse version may be enough for some
applications. This can allow us to compress images to save
storage space or bandwidth. For instance, suppose that
before transmitting the image 𝐛, we compute its coarser
version 𝐛(1) = 𝐑𝐛 and transmit just 𝐛(1) (see right of Figure
18). The image 𝐛(1) might have enough information to
recover 𝐱(1).

What is the right blurring matrix to recover 𝐱(1) from
𝐛(1)? Using our example, we will show that using 𝐀(1) =
𝐑𝐀𝐏 does a good job. Figure 19 shows the Tikhonov and
TV solutions of the system 𝐀(1)𝐱 = 𝐛(1). Notice that we are

Figure 18. The compressed true image 𝐱(1) on the left and
blurred and noisy image 𝐛(1) on the right.

solving a system with a 1, 024×1, 024matrix instead of the
original system with a 4, 096 × 4, 096 matrix.

The following theorem shows that the HWT preserves
the structures of the matrices described before.

Theorem 1 ([7]). Let 𝐓 be a 𝑝 × 𝑝 matrix with Toeplitz
structure and with Toeplitz vector 𝐭, and 𝑝 = 2𝑠. Then, the
2𝑠−1×2𝑠−1 matrix 𝐓1 = 𝐖1𝐓𝐖𝑇

1 is also Toeplitz with Toeplitz
vector 𝐭1 = ̃𝐭(1 ∶ 2 ∶ 2𝑝 − 3), where ̃𝐭 = �̃�𝐭 with �̃� be-
ing the Toeplitz matrix with Toeplitz vector with all zeros and
𝐭0 = 𝐭−2 = 1/2 and 𝐭−1 = 1.

Figure 19. The reconstructed coarse images 𝐱reg of size 32× 32,
obtained using the optimal regularization parameter and the
discretization of the first derivative operator with the 2-norm
regularization on the left, and TV regularization on the right.

A similar result can be shown for circulant matrices.

Corollary 1. Let 𝐂 be a 𝑝 × 𝑝 circulant matrix and 𝑝 = 2𝑠.
Then, the 2𝑠−1 × 2𝑠−1 matrix 𝐂1 = 𝐖1𝐂𝐖𝑇

1 is also circulant.

Let us consider the case when 𝐀 = 𝐀𝑟 ⊗ 𝐀𝑐 ∈ ℝ𝑚×𝑚.
Then, by a property of the Kronecker product, we have that

𝐀(1) = (𝐖1 ⊗𝐖1)(𝐀𝑟 ⊗𝐀𝑐)(𝐖1 ⊗𝐖1)𝑇

= (𝐖1𝐀𝑟𝐖𝑇
1 ) ⊗ (𝐖1𝐀𝑐𝐖𝑇

1 )
= 𝐀(1)

𝑟 ⊗𝐀(1)
𝑐 .

The matrix 𝐀(1) ∈ ℝ(𝑚/4)×(𝑚/4) is separable. Further-
more, by Theorem 1, if 𝐀𝑟 and 𝐀𝑐 are Toeplitz matrices,
then 𝐀(1)

𝑟 and 𝐀(1)
𝑐 are too. Applying this same argument

repeatedly, we obtain that𝐀(𝑛) is separable by two Toeplitz
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matrices and therefore BTTB for all levels 𝑛 = 0, … , 𝐿. Simi-
larly, by Corollary 1, 𝐀(𝑛) is separable by two circulant ma-
trices and therefore BCCB for all levels 𝑛 = 0, … , 𝐿. There-
fore, the initial structure of the matrix is inherited by all
the levels.

For the case when we have BCCB structures, we can
solve the corresponding Tikhonov systems at all levels us-
ing Fourier-based methods. If we are dealing with sepa-
rable matrices with Toeplitz structure, we could go down
several levels until we can compute the SVD of 𝐀(𝑛)

𝑟 =
𝐔(𝑛)
𝑟 Σ(𝑛)𝑟 (𝐕(𝑛)

𝑟 )𝑇 and 𝐀(𝑛)
𝑐 = 𝐔(𝑛)

𝑐 Σ(𝑛)𝑐 (𝐕(𝑛)
𝑐 )𝑇 , and use that

𝐀(𝑛) = 𝐀(𝑛)
𝑟 ⊗𝐀(𝑛)

𝑐

= (𝐔(𝑛)
𝑟 Σ(𝑛)𝑟 (𝐕(𝑛)

𝑟 )𝑇) ⊗ (𝐔(𝑛)
𝑐 Σ(𝑛)𝑐 (𝐕(𝑛)

𝑐 )𝑇)
= (𝐔(𝑛)

𝑟 ⊗𝐔(𝑛)
𝑐 )(Σ(𝑛)𝑟 ⊗ Σ(𝑛)𝑐 )(𝐕(𝑛)

𝑟 ⊗𝐕(𝑛)
𝑐 )𝑇 .

This gives us basically the SVD of 𝐀(𝑛), except that the ele-
ments in the diagonal matrix Σ(𝑛)𝑟 ⊗ Σ(𝑛)𝑐 might not be in
the decreasing order, and therefore some reordering would
be needed.

10. Conclusions and Outlook
Our intention has been to introduce readers to the prob-
lem of image deblurring, the mathematical issues that
arise, and a few techniques for addressing them. As men-
tioned in the introduction, these techniques may be ap-
plied to a wide range of related problems. Indeed, we out-
lined a number of alternative strategies, for example, in
choosing appropriate boundary conditions or in selecting
the best regularization parameter, as some strategies are
better suited to a specific range of applications.

Most of the methods that we have described are pri-
marily based around direct factorizations. However, when
dealing with unstructured and very large matrices, iterative
methods may need to be used instead. There is an exten-
sive literature on iterative methods [18], but a discussion
about them is outside the scope of this introductory arti-
cle.

We believe this subject is accessible to both undergrad-
uate and graduate students and can serve as a good intro-
duction to inverse problems, working with ill-conditioned
linear operators, and large-scale computation. The visual
nature of the problem provides compelling motivation for
students and allows the efficacy of various techniques to be
easily assessed. Some introductory books on this subject
include [11,12,20].

In addition, this field is an active area of research that
is connected to recent developments in machine learning
and convolutional neural networks. For example, many
classical techniques that have traditionally been used in
image deblurring can be used to speed up the training of
machine learning models, such as neural nets designed
to classify images. Earlier we mentioned that Tikhonov

regularization is related to ridge regression, a fundamen-
tal tool in machine learning. Indeed, the connection to
machine learning goes much deeper.

The code to generate the figures appearing in this ar-
ticle is available at https://github.com/ipiasu
/AMS_Notices_AEP. This manuscript contains
only a limited number of references because jour-
nal rules restrict the maximum number of refer-
ences to 20; additional references can also be found
in the github link.
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The Graph Minor Theorem
Meets Algebra

Eric Ramos
1. The Graph Minor Theorem
The Graph Minor Theorem of Robertson and Seymour is
one of the most celebrated results in the history of com-
binatorics, spanning decades (and hundreds of pages) of
work. In this note we discuss recent work ofMiyata, Proud-
foot, and the author that proposes a framework that would
allow one to apply the Graph Minor Theorem to algebra
and topology, building on seminal contributions by Sam
and Snowden. Though the capstone of this framework is
still only conjectural (See Conjecture 2.3), a weaker ver-
sion (See Theorem 2.4) of the capstone has been proven
and already has far ranging consequences in topological
combinatorics and algebra. Specifically, we will discuss
applications of this framework to the study of matching
complexes and configuration spaces of graphs.

To begin, let’s standardize terminology by defining a
graph to be a (non-empty) finite, connected, at most
one-dimensional CW-complex. If one prefers to think
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about graphs 𝐺 in terms of collections of edges, 𝐸(𝐺), and
vertices, 𝑉(𝐺), then our provided definition essentially
amounts to saying that our graphs will always be finite,
connected, and may have multi-edges and loops. The the-
ory of graphs, having essentially begun in work of Euler,
has developed into one of the most foundational subjects
in all of mathematics, being pivotal in numerous fields
such as combinatorics, algebra, and many others. For the
purposes of this note, we will focus specifically on the the-
ory of graph minors.

Definition 1.1. Let 𝐺 be a graph, and let 𝑒 be an edge that
is not a loop. Then the contraction of 𝑒 is the (necessarily
homotopy equivalent) graph obtained from𝐺 by crushing
𝑒 to a point. If 𝑒 is an edge (that may be a loop) whose
removal does not disconnect 𝐺, then the deletion of 𝑒 is
the graph obtained from𝐺 by removing the edge 𝑒without
removing its end points.

Given two graphs 𝐺,𝐺′, we say that 𝐺 is a minor of 𝐺′

if 𝐺 is isomorphic to a graph that can be obtained from
𝐺′ by a sequence of edge deletions and contractions. The
minor relation imposes a partial order on the collection of
graphs, and we write 𝐺 ≤ 𝐺′.

One of the early triumphs in the study of graph minors,
which was also one of the great accomplishments of early
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topological graph theory, is the following theorem, inde-
pendently discovered by Kuratowski and Wagner. By defi-
nition a graph is planar if it can be embedded in the plane.

Theorem 1.2 (Kuratowski and Wagner). Let 𝐺 be a graph.
Then 𝐺 is planar if and only if it admits neither the complete
graph on 5 vertices 𝐾5, nor the complete bipartite graph 𝐾3,3,
as a minor.

Important here is that not only does there exist a com-
pletely classifiable collection of so-called “forbidden” mi-
nors, but that this collection is finite. While one might ex-
pect that this finiteness is a consequence of the rigidity of
the plane, in fact it is the result of something far more gen-
eral.

Theorem 1.3 (Robertson and Seymour, [RS04]). Let 𝑆 be
any collection of graphs. Then there exists a finite collection of
graphs in 𝑆 that are minimal with respect to the minor order
(restricted to 𝑆). Equivalently, if 𝑆 is any collection of graphs
which is closed under taking minors, then there exists some finite
collection of graphs {𝐺𝑖} such that for any graph 𝐺, 𝐺 is in 𝑆 if
and only if 𝐺 does not admit any of the graphs 𝐺𝑖 as a minor.

The conclusion of the Graph Minor Theorem is often
summarized as saying that the graph minor relation is a
well-quasi-order. The Kuratowski–Wagner theorem tells
us that if 𝑆 is the (minor closed) class of planar graphs,
then the finite collection of forbidden minors is precisely
{𝐾5, 𝐾3,3}. Obviously, however, the Graph Minor Theorem
is far more powerful than Kuratowski–Wagner, as it guar-
antees such a finite forbidden minor classification must
exist for any minor closed property. It should be noted
however, that the neither Graph Minor Theorem nor its
proof provide any way to actually determine the finite col-
lection of forbidden minors for any given minor property!
While there are some circumstances where such an explicit
characterization has been accomplished, the vast majority
remain out of our reach. Famously, there is a collection of
17,523 graphs which are known to be forbidden minors
for toroidal graphs, i.e., graphs that can be embedded into
the torus, though it is unknown whether this list is exhaus-
tive!

We take the time here to also point out that the Graph
Minor Theorem generalizes a long list of well known well-
quasi-order theorems. These include (in increasing order
of generality) Dickson’s Lemma – that the coordinate-
wise poset on ℕ𝑟 is a well-quasi-order, Higman’s Lemma
– that the poset of words on a well-quasi-ordered poset is
itself well-quasi-ordered, and Kruskal’s Tree Theorem –
that the poset of rooted trees is well-quasi-ordered.

2. The Categorical Graph Minor Theorem
Moving on from the classical combinatorics of the Graph
Minor Theorem, we would now like to move the reader in
the direction of its categorification. Categorification is not

something that has a completely rigorous definition, but
rather something you just kind of “know” when you see
it. It can oftentimes be summarized by the following state-
ment: all non-negative integers, regardless of the counting
problem that spawned them, are secretly the dimensions
of some vector spaces, whose algebra encodes and expands
upon the originating combinatorics. Of course, our ulti-
mate goal is to apply a kind of Graph Minor Theorem to
problems arising from algebra and topology, and so the
most natural first step in this process is to take the combi-
natorial content of the Graph Minor Theorem and expand
it into the realms of algebra.

Under this somewhat vague guidance one often finds
that statements like the Graph Minor Theorem – that a
given poset is a well-quasi-order – translate to a Noethe-
rianity statement in the algebraic context of the categori-
fication. Our next major goal will be to make all of this
more precise by first introducing the graph minor category
𝒢. Before we get into the most technical details of this con-
struction, we present an example from topological combi-
natorics that will hopefully motivate why one would want
a kind of “categorical” Graph Minor Theorem.

If 𝐺 is a graph, we define the matching complex ℳ𝐺
to be the simplicial complex whose 𝑖-simplicies are collec-
tions of edges of 𝐺, {𝑒0, … , 𝑒𝑖}, with no overlapping end-
points, i.e., matchings of size 𝑖. The homology groups of
these spaces have been of considerable interest in topolog-
ical combinatorics for many years [Wac03, Jon10]. This is
especially true of the cases where 𝐺 = 𝐾𝑛 is a complete
graph or 𝐺 = 𝐾𝑛,𝑚 is a complete bipartite graph.

Now if one knows 𝐺 ≤ 𝐺′, as well as the data of which
edges of 𝐺′ were deleted or contracted to obtain 𝐺, one
can see that the edges of 𝐺 naturally include into those of
𝐺′ in such a way that edges which were non-adjacent in 𝐺
must also be non-adjacent in 𝐺′. In particular, if {𝑒0, … , 𝑒𝑖}
is an 𝑖-simplex ofℳ𝐺, then one has a naturally associated
𝑖-simplex of ℳ𝐺′ . This association then induces a map
between the abelian groups

𝐻𝑖(ℳ𝐺) → 𝐻𝑖(ℳ𝐺′).
We have therefore now found ourselves in a situation
where for each graph𝐺we have a finitely generated abelian
group𝐻𝑖(ℳ𝐺), with the additional structure that whenever
𝐺 is a minor of another graph 𝐺′, there is a natural homo-
morphism,

𝐻𝑖(ℳ𝐺) → 𝐻𝑖(ℳ𝐺′).
In a situation such as this, one would hope that a categor-
ical version of the Graph Minor Theorem would imply a
kind of finite generation for the entirety of𝐻𝑖(ℳ•). In other
words, it would imply the existence of a finite collection
of graphs {𝐺1, … , 𝐺𝑁 } such that for any graph 𝐺 the group
𝐻𝑖(ℳ𝐺) is spanned by the images of the groups 𝐻𝑖(ℳ𝐺𝑗 ),
for all 𝑗 such that 𝐺𝑗 ≤ 𝐺. In other words, the algebraic
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content of all possible 𝑖-th homology groups𝐻𝑖(ℳ𝐺) is en-
tirely determined by a finite amount of information. Such
extreme finiteness would imply a kind of universality in
the presentations of these groups, which in turn would im-
ply, as one particular example, a uniformity in the kinds
of torsion that can possible appear. We will return to the
example of the matching complex in later sections.

We are now ready to give a few formal definitions.

Definition 2.1. The Graph Minor Category 𝒢 is the cate-
gory whose objects are graphs, and whose morphisms are
minor morphisms. A minor morphism 𝜑 ∶ 𝐺′ → 𝐺 is a
map of sets,

𝜑 ∶ 𝑉(𝐺′) ⊔ 𝐸(𝐺′) ⊔ {⋆} → 𝑉(𝐺) ⊔ 𝐸(𝐺) ⊔ {⋆}
satisfying the following conditions:

• 𝜑(𝑉(𝐺′)) = 𝑉(𝐺) and 𝜑(⋆) = ⋆;
• if 𝑒 ∈ 𝐸(𝐺′) has endpoints {𝑎, 𝑏}, and 𝜑(𝑒) ≠ ⋆,

then either 𝜑(𝑒) = 𝜑(𝑎) = 𝜑(𝑏) is a vertex of 𝐺, or
𝜑(𝑒) is an edge of 𝐺 with endpoints 𝜑(𝑎) and 𝜑(𝑏);

• 𝜑 maps 𝜑−1(𝐸(𝐺)) bijectively onto 𝐸(𝐺);
• for any vertex 𝑣 ∈ 𝑉(𝐺), the preimage 𝜑−1(𝑣),

thought of as a subgraph of 𝐺′, is a tree.

The edges of 𝐺′ that 𝜑 maps to the character ⋆ are said to
be deleted by 𝜑, whereas the edges that 𝜑maps to a vertex
of 𝐺 are said to be contracted by 𝜑.

Let us take a moment now to explain more thoroughly
the four conditions of a minor morphism. The first condi-
tion states that the morphism only sends vertices to other
vertices (i.e., not to edges), and that it does so surjectively.
This condition also asserts that the “deletion character” ⋆
must map to itself. The second condition asserts that for
any given edge 𝑒, with endpoints {𝑎, 𝑏}, one of three things
must happen: either the edge is deleted (i.e., mapped to
the deletion character), it is contracted to the vertex 𝜑(𝑒)
in which case 𝑎 and 𝑏must also be mapped to 𝜑(𝑒), or it is
mapped to a new edge whose endpoints must be the im-
ages of the endpoints of 𝑎 and 𝑏. The third condition states
that the edges of 𝐺′ that are neither deleted nor contracted
can be uniquely identified with edges of 𝐺. Note that we
will usually think about this condition in the opposite way,
that if

𝜑 ∶ 𝐺′ → 𝐺
is a minor morphism, then the edges of 𝐺 can be found
living inside of 𝐺′. Finally, the last condition amounts to
saying that minor morphisms are only allowed to contract
trees within 𝐺′, i.e., cycles may not be contracted. The pri-
mary content one should takeaway from this description
is that

There exists a morphism 𝜑 ∶ 𝐺′ → 𝐺 ⟺ 𝐺 ≤ 𝐺′.
One should also note that the category 𝒢 is not simply the
opposite category of the graph minor poset. Indeed, the

minor morphisms also encode information about which
edges are being deleted and contracted, as well as possi-
ble movement of the vertices via graph automorphisms, i.e.,
permutations of the vertex set that preserve the adjacency
relation.

Definition 2.2. A 𝒢𝑜𝑝-module is a covariant functor 𝑀
from 𝒢𝑜𝑝 to the category of finitely generated abelian
groups. Concretely, a 𝒢𝑜𝑝-module is a collection of abelian
groups {𝑀(𝐺)}, one for each graph 𝐺, such that for every
minor morphism 𝜑 ∶ 𝐺′ → 𝐺 (equivalently for every real-
ization of 𝐺 as a minor of 𝐺′), there is a homomorphism
𝑀(𝐺) → 𝑀(𝐺′), defined in such a way so-as to respect com-
position of minor morphisms. We say that a 𝒢𝑜𝑝-module
𝑀 is finitely generated if there is a finite collection of
graphs {𝐺𝑗} such that for any graph 𝐺, 𝑀(𝐺) is spanned
by the images of the groups𝑀(𝐺𝑗) induced by all possible
minor morphisms 𝐺 → 𝐺𝑗. We often refer to the graphs
{𝐺𝑗} as generators of the module.

Note that we have changed from 𝒢 to 𝒢𝑜𝑝 precisely be-
cause we want our morphisms to go in the same direction
as the minor relation. Let’s take a quick moment to look
at some simple examples of 𝒢𝑜𝑝-modules.

• The Trivial Module: For each graph 𝐺 we set
𝑀(𝐺) = ℤ, whereas for every minor morphism we
assign the identity map. This module is generated
by the graph with a single vertex and no edges.

• The Edge Module: For each graph 𝐺 we set
𝑀(𝐺) = ℤ𝐸(𝐺), the free abelian group on the
edges of 𝐺. We have already discussed that any
minor morphism 𝐺′ → 𝐺 induces an inclusion
𝐸(𝐺) ↪ 𝐸(𝐺′), and we use this inclusion to define
the map 𝑀(𝐺) → 𝑀(𝐺′). This module is gener-
ated by the line segment and the loop.

• The Spanning Tree Module: For each graph 𝐺 we
set𝑀(𝐺) to be the free abelian group on the span-
ning trees of 𝐺. Any minor morphism 𝐺′ → 𝐺
can be used to map a spanning tree of 𝐺 to one
of 𝐺′ by including the edges of this tree into 𝐺′

while also adding in the edges of 𝐺′ that we con-
tracted by the minor morphism. This module is
once again generated by a single point, as a minor
morphism to a point is equivalent to a choice of
spanning tree.

• The Homology of the Matching Complex: For
any fixed 𝑖 ≥ 0, the collection of groups
{𝐻𝑖(ℳ𝐺)}𝐺 form a 𝒢𝑜𝑝-module, as outlined above.
It is conjectured that this module is finitely gener-
ated, though the justification for this is far from
obvious! We will return to this example in later
sections.

As the usage of “module” suggests in the name 𝒢𝑜𝑝-
module, virtually any intuition or construction that one
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has from the classical theory of rings and modules will
carry over into this context. In particular, terms such as
kernel, cokernel, and submodule continue to have mean-
ing here using themost natural possible definitions. More-
over, the condition of being finitely generated has implica-
tions that go beyond the most obvious. For instance,

• [MPR20] Uniform Boundedness of Torsion: If
𝑀 is finitely generated, then there exists an integer
𝑑𝑀 such that for any graph 𝐺, the exponent (i.e.,
largest non-trivial torsion) of the group 𝑀(𝐺) di-
vides 𝑑𝑀 .

• [MR20] Uniform Boundedness of Rank: If 𝑀
is finitely generated, then there exists a poly-
nomial 𝑃𝑀(𝑥, 𝑦) ∈ ℚ[𝑥, 𝑦] such that, for any
graph 𝐺, the rank of the group 𝑀(𝐺) is at most
𝑃𝑀(|𝐸(𝐺)|, |𝑉(𝐺)|) ⋅ 𝜏(𝐺), where 𝜏(𝐺) is the num-
ber of spanning trees in 𝐺.

Note that the Spanning Tree Module illustrates that the
bound given in the second point is actually sharp.

As suggested earlier, a proper categorification of the
Graph Minor Theorem should have something to say
about Noetherianity of some algebra. This is indeed the
case.

Conjecture 2.3 (The Categorical Graph Minor Theorem).
Let 𝑀 denote a finitely generated 𝒢𝑜𝑝-module. Then all sub-
modules of 𝑀 are finitely generated.

A proof of Conjecture 2.3 was originally claimed in
[MPR20], though a gap was discovered in the proof which,
as of the writing of the present article, has not yet been
filled. To see how this conjecture relates with the Graph
Minor Theorem, let 𝑆 be any minor-closed set of graphs,
and consider the following example. Let𝑀 denote the 𝒢𝑜𝑝-
submodule of the trivial module for which

𝑀(𝐺) = {0 if 𝐺 ∈ 𝑆,
ℤ otherwise.

By definition 𝑀(𝐺) is a submodule of the trivial module,
and therefore 𝑀 must be finitely generated, provided that
Conjecture 2.3 is true. That is, there is some finite collec-
tion of graphs {𝐺𝑗}, for which the groups𝑀(𝐺𝑗) contain all
algebraic content appearing in 𝑀. Thus, the containment
problem for 𝑆 (i.e., whether or not 𝑀(𝐺) is zero) is deter-
mined entirely by whether or not you have one of the 𝐺𝑗
as a minor. This is precisely the Graph Minor Theorem!

Just as the Graph Minor Theorem generalizes a wide va-
riety of classical well-quasi-order theorems, one can see
that the Categorical Graph Minor Theorem generalizes or
implies many Noetherianity statements. See [SS17] for
an overview of such statements. Also see [Sno13] for the
Noetherianity statement associated to Higman’s Lemma,
and [Bar15] for the Noetherianity associated to Kruskal’s
Tree Theorem. This last example is especially relevant for

what we will now call the Weak Categorical Graph Mi-
nor Theorem, whose proof follows from the work of [PR],
which built on the work of [Bar15].

For a given graph 𝐺, its combinatorial genus is defined
as the quantity |𝐸| − |𝑉| + 1. For instance, having combi-
natorial genus equal to 0 is equivalent to being a tree.

Theorem 2.4 (The Weak Categorical Graph Minor Theo-
rem). Let 𝑔 ≥ 0 be an integer, and let 𝒢𝑔 be the full subcat-
egory of 𝒢 whose objects are graphs with combinatorial genus
at most 𝑔. If 𝑀 is a finitely generated 𝒢𝑜𝑝𝑔 -module, all of its
submodules are also finitely generated.

The theorems of the next section will all be stated in
terms of the subcategory 𝒢𝑔, however all of them could
be extended the the whole of 𝒢 provided that Conjecture
2.3 were verified. One should also note that this combi-
natorial genus stratification of the graph minor category is
not the only one that one might try to apply. It would be
interesting to see whether the subcategories of bounded
tree-width or other well known “minor-monotone” graph
invariants have representations with similar Noetherianity
statements.

3. Applications
In this section we detail some applications of the Categori-
cal Graph Minor Theorem to problems arising from topol-
ogy. To start, let’s return to the setup from last chapter
related with the matching complex. Recall that for a graph
𝐺, the matching complex ℳ𝐺 is the simplicial complex
whose 𝑖-simplices are matchings of 𝑖 + 1 edges of 𝐺. We
showed last chapter that for any fixed 𝑖 ≥ 0 the assignment
𝐺 ↦ 𝐻𝑖(ℳ𝐺) is a well-defined 𝒢𝑜𝑝-module, and therefore
also a 𝒢𝑜𝑝𝑔 -module for all 𝑔. We will now show that this
module is also finitely generated as a 𝒢𝑜𝑝𝑔 -module.

To begin, let ℰ𝑖 denote the 𝒢𝑜𝑝𝑔 -module for which ℰ𝑖(𝐺)
is the free abelian group on collections of 𝑖 + 1 edges of
𝐺. For instance, ℰ0 is precisely the restriction of the Edge
Module to 𝒢𝑜𝑝𝑔 . We see that ℰ𝑖 is finitely generated by, for
instance, the set of all graphs with 𝑖 + 1 edges. Moreover,
the simplicial 𝑖-chains of ℳ𝐺 are easily seen to be a sub-
module of ℰ𝑖, and therefore must also be finitely gener-
ated. Taking it one step further the 𝒢𝑜𝑝𝑔 -module 𝐻𝑖(ℳ𝐺)
is a subquotient of the simplicial 𝑖-chains, and must also
be finitely generated. This concludes the proof. Note this
exact proof would also prove finitely generated for the full
𝒢𝑜𝑝-module, provided Conjecture 2.3.

The above proof is an extremely common and effective
means for proving that a given 𝒢𝑜𝑝𝑔 -module is finitely gen-
erated: find some 𝒢𝑜𝑝𝑔 -module that is easily shown to be
finitely generated, and realize your module as an explicit
subquotient. In some cases things don’t work out quite
as directly, but often one can at least find a spectral se-
quence that converges to your module, and the ultimate
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conclusion remains the same. Once again we note that
the feature of finite generation has a number of non-trivial
consequences. For instance one has the following.

Theorem 3.1 (Miyata and Ramos, [MR20]). There exists
an integer 𝑑𝑖,𝑔 ≥ 1 such that for any graph 𝐺 of combinatorial
genus at most 𝑔, the exponent of 𝐻𝑖(ℳ𝐺) divides 𝑑𝑖,𝑔.

Torsion in the matching complex is something that has
received a fair amount of attention in recent years, where
it is noted that all torsion thus far discovered have orders
that are small primes [Jon10].

It should also be noted that one limitation of this style
of proof is that it gives you almost no control over what the
generators are. Such control could be given if one were to
develop a robust computational theory similar to the clas-
sical theory of Gröbner bases for the representation theo-
ries of Sam-Snowden Gröbner Categories, that we touch
upon in the final section. This remains an interesting av-
enue for future research.

The reader may have noticed that the proof of finite gen-
eration is extremely generalizable. In particular, a large
number of graph complexeswill have similar finitely gen-
erated homologies, and therefore, for instance, bounded
torsion. Examples of such complexes include the complex
of bounded degree subgraphs, complexes of triangle-free
subgraphs, complexes of 𝑡-colorable subgraphs, and more.
Formore on these complexes, see the book [Jon08], as well
as the references therein.

Another class of interesting examples comes from the
study of configuration spaces.

Definition 3.2. For any topological space 𝑋 and any inte-
ger 𝑛 ≥ 1 the configuration space on 𝑋 on 𝑛-points is the
quotient space

ℱ𝑛(𝑋) = {(𝑥1, … , 𝑥𝑛) ∈ 𝑋𝑛 ∣ 𝑥𝑖 ≠ 𝑥𝑗}/𝔖𝑛,
where the symmetric group 𝔖𝑛 acts by permuting coordi-
nates.

Configuration spaces have been a topic of serious study
for decades, although much of what is understood re-
lates with cases wherein 𝑋 is a manifold. More re-
cently, however, there have been considerable advances
made in the theory of configuration spaces of graphs
[ADCK19,AK20,Ghr01]. One question of considerable in-
terest with regards to these spaces is whether or not their
homology ever admits odd torsion. An affirmative answer
to this question would have implications as far ranging as
physics and robotics [Ghr01].

Let 𝐺 be a graph and 𝑛 ≥ 1 a fixed integer. It is an
interesting fact that any minor morphism 𝜑 ∶ 𝐺′ → 𝐺 will
induce a map 𝐻𝑖(ℱ𝑛(𝐺)) → 𝐻𝑖(ℱ𝑛(𝐺′)) [ADCK19]. Using
these maps, we now find ourselves with new 𝒢𝑜𝑝-modules
𝐺 ↦ 𝐻𝑖(ℱ𝑛(𝐺)). Using the Weak Categorical Graph Minor
Theorem, the following is proven in [PR].

Theorem 3.3 (Proudfoot, and Ramos, [PR]). For any 𝑖, 𝑛 ≥
1, the 𝒢𝑜𝑝𝑔 -module 𝐻𝑖(ℱ𝑛(𝐺)) is finitely generated. In particu-
lar, there exists some integer 𝑑𝑖,𝑛,𝑔 ≥ 1 such that the order of
any torsion appearing in 𝐻𝑖(ℱ𝑛(𝐺)) divides 𝑑𝑖,𝑛,𝑔.

It was proven by Ko and Park [KP12] that for any graph
the first homology group𝐻1(ℱ2(𝐺)) has torsion if and only
if 𝐺 is non-planar, and that any torsion which appears
must be 2-torsion. The above theorem therefore shows
that this kind of behavior is one instance of something
more general.

As with the matching complex example, it is not cur-
rently known what the generators are for the modules
𝐻𝑖(ℱ𝑛(𝐺)) for most choices of 𝑖, 𝑛, and 𝑔. There are two
notable cases where it is known or partially known, how-
ever. For 𝑖 = 1 and any 𝑛 ≥ 1, the generators are the loop
as well as all star graphs (that is, trees with one vertex of
degree ≥ 3 and all other vertices of degree 1) with ≤ 𝑛 + 1
edges [ADCK19]. For 𝑖 = 2, and 𝑛 = 3, although the full
generating set is not known, we do know what the planar
generators are. These will be the dumbbell graph of a line
segment with a loop on either end, the graph that looks
like the letter Y with a loop attached to one of its leaves,
and the banana graph 𝜃4 of two vertices connected by 4
edges [AK20]. As a side note, this third generator is par-
ticularly special, as 𝐻2(ℱ3(Θ4)) contains a class which is
not toric (i.e., a product of two copies of 𝑆1). In fact, it
is represented by a surface of genus 3 [CL18,WG17]! Fur-
ther note that all of these cases show that the generators do
not depend on 𝑔 when 𝑔 ≫ 0, a fact which supports the
suggestion that Theorem 3.3 can be extended to the whole
graph minor category. As with all theorems in this work,
the proof of Theorem 3.3 for the whole of 𝒢𝑜𝑝 would be
immediate provided the verification of 2.3.

It can be shown that the integer 𝑑𝑖,𝑛,𝑔 of the previous the-
oremdoes not actually depend on 𝑛 [MR20]. This strength-
ening comes from the topology and combinatorics of the
situation, and in particular depends on more than just the
(Weak) Categorical Graph Minor Theorem. Let’s consider
this now.

One of the great early tools used in the study of configu-
ration spaces of manifolds was the idea to “add a point at
infinity.” Namely, to introduce a homotopy class of maps

ℱ𝑛(𝑋) → ℱ𝑛+1(𝑋)
and see the behavior of the induced directed system on
homology. It therefore becomes natural to ask whether
one is able to introduce points to ℱ𝑛(𝐺), whenever 𝐺 is a
graph. The answer to this question is yes! In fact, for every
edge 𝑒 of 𝐺 one will have a map,

ℱ𝑛(𝐺)
𝑥𝑒→ ℱ𝑛+1(𝐺), (1)

which one can think of as introducing a new point on
the edge 𝑒. These maps were first constructed, though
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Figure 1. An example of the map 𝑥𝑒. In this picture the end
points of the edge 𝑒 are colored in black, while the points
coming from the configuration are in white.

only at the level of homology, by the author in the case
of trees [Ram18]. Independently, the full construction
at the level of topology described below was achieved by
An, Drummond-Cole, and Knudsen [ADCK19,ADCK20a],
who also expanded it to all graphs . To illustrate how this
map is defined, imagine having placed 𝑛 points on 𝐺, and
consider those points appearing on an edge 𝑒 = {𝑎, 𝑏}. Fix
for now an identification of 𝑒 with the interval [0, 1] and
list (in order from left to right) all points appearing on 𝑒 as
well as the end points 𝑎, 𝑏. The image of this configuration
under 𝑥𝑒 leaves any points not on 𝑒 unchanged, whereas it
replaces each of the original points on 𝑒with the midpoint
of itself and the next member of the list just constructed.
Therefore, for instance, if 𝑒 had no points on it originally,
the new configuration will have precisely one point at the
center of 𝑒. On the other hand, if the original configuration
had one point on the interior of 𝑒, then the new configu-
ration will have two points on 𝑒, one at the midpoint of
𝑎 and the original point and one at the midpoint of the
original point and 𝑏. We give an illustration of this map
in Figure 1.

Using this construction, the following theorem was
proven.

Theorem 3.4 (An, Drummond-Cole, and Knudsen,
[ADCK19]). For 𝑖 ≥ 0 and any graph 𝐺, write ℋ𝑖(𝐺) for
the graded abelian group

ℋ𝑖(𝐺) ≔⨁
𝑛
𝐻𝑖(ℱ𝑛(𝐺)).

Then the edge stabilization maps (1) induce an action by the
polynomial ring ℤ[𝑥𝑒]𝑒∈𝐸(𝐺), endowing ℋ𝑖(𝐺) with the struc-
ture of a finitely generated graded module over this ring.

The above theorem now allows us to study configura-
tion spaces of graphs from the perspective of commutative
algebra. There are a variety of results in this vein, one of
which we now spotlight. Recall that for a finitely generated
graded module 𝑀 over a polynomial ring, the function

𝑛 ↦ rank(𝑀𝑛)

is in eventual agreement with a polynomial – the Hilbert
polynomial of the module. Let 𝐺 be a graph not homeo-
morphic to a loop, and write Δ𝑖𝐺 for the largest number of
connected components that 𝐺 can be broken into by the
removal of exactly 𝑖 vertices of degree at least 3. By conven-
tion, Δ𝑖𝐺 = 0 if 𝐺 has less than 𝑖 vertices of degree at least 3.
The following theorem was proven for trees by the author,
and for all graphs by An, Drummond-Cole, and Knudsen
[ADCK20a].

Theorem 3.5 (An, Drummond-Cole, and Knudsen
[ADCK20a]). Let 𝐺 be a graph that is not homeomorphic to a
loop. Then for all 𝑖 ≥ 0 the degree of the Hilbert polynomial of
ℋ𝑖(𝐺) is precisely Δ𝑖𝐺 − 1.

Note that in followup work An, Drummond-Cole, and
Knudsen also computed the leading coefficient of the
Hilbert polynomial, once again in terms of invariants of 𝐺
[ADCK20b]. One consequence that immediately follows
from this theorem is that if 𝐺 is biconnected, that is, if re-
moval of any vertex does not disconnect the graph, then
the degree of the Hilbert polynomial of ℋ1(𝐺) is zero. In
particular, the rank of ℋ1(ℱ𝑛(𝐺)) is constant in 𝑛. This
fact was observed much earlier by Ko and Park [KP12] us-
ing totally different means. We therefore see that these ho-
mology groups seem to encode an eclectic collection of
properties of the graphs including planarity and connec-
tivity. It is an active line of research to understand what
other graph theoretic properties can be found inside these
spaces.

Thinking about the homology groups 𝐻𝑖(ℱ𝑛(𝐺)) as a
family with two varying parameters, 𝑛 and 𝐺, we have now
seen that one obtains finite generation results by fixing one
and varying the other. It is then natural to ask whether
these two orthogonal results can bemade compatible with
one another. This is indeed the case!

Definition 3.6. Let 𝐺 be a graph. The (free) edge algebra
of 𝐺 is the polynomial ring on the edges of 𝐺,

𝐴𝐺 = ℤ[𝐸(𝐺)].

We define the universal edge algebra to be the functor

𝐴• ∶ 𝒢𝑜𝑝 → ℤ− Alg

defined on objects by

𝐺 ↦ 𝐴𝐺

and on morphisms in the same way as the Edge Module.
An 𝐴•-module is a 𝒢𝑜𝑝-module 𝑀 such that 𝑀(𝐺) is an
𝐴𝐺-module for every 𝐺, and for every minor morphism
𝜑 ∶ 𝐺′ → 𝐺 and element 𝑎 ∈ 𝐴𝐺, the following diagram
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commutes,

𝑀(𝐺) 𝑀(𝜑)−−−−−→ 𝑀(𝐺′)

𝑎⋅↑↑↓ ↑↑↓𝐴(𝜑)(𝑎)⋅

𝑀(𝐺) 𝑀(𝜑)−−−−−→ 𝑀(𝐺′)
An 𝐴•-module 𝑀 is said to be finitely generated if there
exists a finite set of graphs {𝐺𝑗} such that for any graph 𝐺,
𝑀(𝐺) is spanned (note here that spanning is in reference
to the 𝐴𝐺-action) by the images of the 𝑀(𝐺𝑗). As with ev-
erything else in this section, we may also consider 𝐴•,𝑔, de-
fined by restricting 𝐴• to 𝒢𝑜𝑝𝑔 .

We saw above that for any 𝑖 ≥ 0, the assignment

𝐺 ↦ ℋ𝑖(𝐺)
defines an 𝐴•-module. As another example, consider the
ideal 𝐼𝐺 of 𝐴𝐺 generated by products 𝑥𝑒𝑥𝑒′ , whenever 𝑒, 𝑒′
are not adjacent to one another. It is clear that the action of
minor morphisms preserves this condition of being non-
adjacent, and therefore 𝐼• is an 𝐴•-submodule of 𝐴•.

For any fixed graph 𝐺, the edge algebra 𝐴𝐺 clearly satis-
fies a Noetherian property by virtue of it being a polyno-
mial ring. What is much less clear is whether each of these
individual Noetherian properties can be glued together, so
to speak, to say something about modules over the univer-
sal algebra 𝐴•. While we once again must keep the full-
strength statement in the realm of conjecture, one can say
the following.

Theorem 3.7 (Miyata, Proudfoot, and Ramos, [MPR20]).
If 𝑀 is a finitely generated 𝐴•,𝑔-module, then all 𝐴•,𝑔-
submodules of 𝑀 are also finitely generated.

To prove this version of this theorem for 𝒢𝑜𝑝-modules,
one would need the Categorical Graph Minor Theorem,
as well as a kind of universal Gröbner basis approach
[MPR20]. By consequence, we see that for any finitely gen-
erated 𝐴•,𝑔-module 𝑀, not only is 𝑀(𝐺) determined by
𝑀(𝐺𝑗) for some finite list of graphs {𝐺𝑗}, but the syzygies
of𝑀(𝐺), in the commutative algebra sense, are also all de-
termined by some (possibly different) finite list of graphs.
This is precisely why the universal exponent of Theorem
3.3 does not depend on 𝑛.

4. An Outline of the Proof
In this section we provide an outline of the proof of the
Weak Categorical Graph Minor Theorem 2.4. We do this
not only to spotlight the beautiful underlying theory, due
to Sam and Snowden [SS17], but also because we believe
it does a good job of illustrating how the combinatorics
of the Graph Minor Theorem informs the algebra of the
Weak Categorical Graph Minor Theorem. The content of
this section is a bit more on the technical side, though we
have omitted many details in an attempt to make it more

readable. We also end the work by pointing out what ex-
actly the difficulty is in lifting the weak result to the full
strength of Conjecture 2.3, and how one would presum-
ably aim to fix it.

We begin, as Sam and Snowden did in their seminal
work [SS17], by recalling the Hilbert Basis Theorem. For
the purposes of this discussion write 𝑅 = 𝑘[𝑥1, … , 𝑥𝑛],
where 𝑘 is a fixed commutative Noetherian Ring. The
Hilbert Basis Theorem then states that all submodules of
any finitely generated module must be finitely generated.
That is, that finitely generated modules over 𝑅 must be
Noetherian. The proof of the Hilbert Basis Theorem that
we will concern ourselves with is the standard approach
throughGröbner bases, and proceeds as follows: To begin,
we apply standard reductions to show that we only need
to prove that submodules (i.e., ideals) of 𝑅 itself must be
finitely generated. Next, consider the lexicographical order
on monomials in 𝑅. This order not only imposes a well-
order on all monomials, but also has the property of be-
ing preserved under multiplication. In particular, we may
therefore define the leading term of any element 𝑓 ∈ 𝑅
to be the largest monomial among all those appearing in
𝑓. Now given any ideal 𝐼 of 𝑅, one defines the initial
ideal 𝐼0 to be the ideal generated by the leading terms of
all elements in 𝐼. A standard argument then shows that 𝐼
is finitely generated if and only if 𝐼0 is, whence it suffices
to prove that all monomial ideals are finitely generated. If
we encode monomials of 𝑅 as elements in ℕ𝑛, then the
standard coordinate-wise partial order on ℕ𝑛 is seen to be
equivalent to the divisibility partial order on monomials.
Therefore, that monomial ideals are finitely generated is
equivalent to the fact that the standard coordinate-wise or-
der on ℕ𝑛 does not permit infinite anti-chains. This lat-
ter fact is true according to Dickson’s Lemma, and we are
done.

To summarize, the above proof of the Hilbert Basis The-
orem proceeds in three major steps:

1. Reduce the problem from all finitely generated mod-
ules, to free (finitely generated) modules;

2. Define a well-order on the set of monomials that re-
spects the action of the ring. Use this well-order to
reduce the problem to monomial-generated submod-
ules of the free module;

3. Encode divisibility ofmonomials into someposet that
is known to not have infinite anti-chains. Use this to
deduce that all monomial-generated submodules of
the free module must be finitely generated, conclud-
ing the proof.

It is the great innovation of [SS17] that the above three
steps can be replicated in contexts similar to the 𝒢𝑜𝑝𝑔 -
modules of the current note. They refer to this as the theory
of Gröbner categories and their modules. We consider
each of the above three steps in turn.
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To begin, what are the “free” 𝒢𝑜𝑝𝑔 -modules? For any
fixed graph 𝐺 of combinatorial genus at most 𝑔 we define,

𝐹𝐺(𝐺′) = ℤHom𝒢𝑔 (𝐺′,𝐺),
the free abelian group on the Hom-set Hom𝒢𝑔(𝐺′, 𝐺). The
maps induced by minor morphisms are then defined by
precomposition. For instance, if 𝐺 is the graph with one
vertex and no edges, then,

𝐹𝐺(𝐺′) = ℤHom𝒢𝑔 (𝐺′,𝐺) = ℤ{Spanning trees of G′}

is the Spanning Tree module from above. For numerous
homological reasons related with the vanishings of cer-
tain derived functors, it turns out that the modules 𝐹𝐺
are each appropriate to be called “free.” Note that this is
analogous to the context of graded modules over the ring
𝑅 = 𝑘[𝑥1, … , 𝑥𝑛], where there is one free module for each
natural number. The same style of argument which al-
lowed one to reduce to submodules of free modules in the
proof of the Hilbert Basis Theorem will continue to work
here, allowing us to reduce the Weak Categorical Graph
Minor Theorem to proving that the submodules of the 𝐹𝐺
are finitely generated.

Fixing now a graph 𝐺 of combinatorial genus at most 𝑔
for all time, Sam and Snowden [SS17] define a monomial
of 𝐹𝐺 to be any natural basis element 𝑒𝜑 ∈ ℤHom𝒢𝑔 (𝐺′,𝐺).
Our Step 2 insists that we should come up with some well-
order on these monomials that respects the action of the
maps induced by minor morphisms. Unfortunately, this
is actually impossible! Indeed, because minor morphisms
include graph automorphisms, if 𝐺 has any non-trivial au-
tomorphisms then we will not be able to well-order our
monomials in a way consistent with this action. Sam and
Snowden come up with a solution to this (fairly common)
problem in the following way: Instead of thinking about
our original category 𝒢𝑔, consider modules over a differ-
ent category 𝒢𝑔 which is more rigid than 𝒢𝑔, in the sense
that it has no automorphisms, while also not being “too
different” from 𝒢𝑔. It is proven that in this circumstance

a Noetherian property for modules over 𝒢𝑔
𝑜𝑝

implies the
same for modules over 𝒢𝑜𝑝𝑔 .

In the original work [SS17], Sam and Snowden make
this idea of not being too different precise using what they
call Property (F). Property (F) is a feature of a functor
Φ ∶ 𝒢𝑔 → 𝒢𝑔 that generalizes the property of being a
right adjoint. Instead of getting too deep in the techni-
calities here, we illustrate the spirit of Property (F) with an
example. Consider the category FI whose objects are the
finite ordinals [𝑛] = {1, … , 𝑛} and whose morphisms are
injections. This category also clearly has automorphisms
(namely, the permutations), so we instead consider the cat-
egory F̃I of finite ordinals with order preserving injections.
This category does not have non-trivial automorphisms,

and is also very closely related with FI, in that for any [𝑛]
and any injection of sets [𝑛] ↪ [𝑚], there is always an or-
dered injection [𝑛] ↪ [𝑚] that agrees with the original in-
jection up to precomposition by some permutation of [𝑛].
In other words, for any 𝑛, there is a finite collection of FI
morphisms (e.g., the permutations of [𝑛]) such that every
injection originating from [𝑛] agrees with an ordered in-
jection originating from [𝑛] up to one of these morphisms.
Sam and Snowden loosely describe this phenomenon as
F̃I having a sort of finite index within FI [SS17].

Coming back to our Graph Minor Category, the chal-
lenge now becomes to choose the correct category 𝒢𝑔. It
turns out the category we are looking for is the category
whose objects are graphs of genus atmost 𝑔, that have been
equipped with a choice of a rooted and planar spanning
tree, as well as a direction and ordering of its extra (outside
the given spanning tree) edges. The morphisms of this cat-
egory will be contractions that preserve all of this structure.
By demanding all of the extra structure that was added be
preserved, we have eliminated all automorphisms. More-
over, essentially because any graph can only be given the
extra data of a rooted spanning tree and directions on its ex-
tra edges in finitely many ways, as well as the fact that the
restriction on 𝑔 disallows arbitrarily long chains of dele-
tions, the forgetful functor 𝒢𝑔 → 𝒢𝑔 can be seen to have
Property (F). We can therefore assume that we have been
workingwith the category 𝒢𝑔 this entire time, that our fixed
graph 𝐺 has been given the data of both a planar rooted
spanning tree, and directions and orderings of its extra
edges, and re-examine our Step 2. In this case, the desired
well-order is presented in [PR].

Step 3 asks us to encode the divisibility relation of
monomials into some poset that is known to not admit
infinite anti-chains. So what exactly is the divisibility re-
lation between monomials in our setting? Well, for tra-
ditional monomials over the polynomial ring, divisibility
meant that there was some some element 𝑓 of the ring for
which one monomial was 𝑓 times the other. Using our
definition of monomials in free 𝒢𝑔-modules we see that
this naturally translates to say that 𝑒𝜑 is divisible by 𝑒𝜓
if and only if there is some morphism 𝜁 in 𝒢𝑔 such that
𝜑 = 𝜓∘𝜁. Translating the relationship betweenminormor-
phisms and the minor relation, this tells us that the divis-
ibility relationship between monomials is the minor rela-
tion limited to the set of directed and edge-ordered graphs
containing𝐺 as a minor. While the GraphMinor Theorem
as previously presented does not guarantee that this poset
has no infinite anti-chains (because of the extra data we’ve
imposed on each graph) there is a stronger labeled version
of the Graph Minor Theorem [RS10], as well as an order
preserving version of Kruskal’s Tree Theorem [Bar15], that
does give us what we want.
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Looking closely at everything discussed above, it is
hopefully clear that the only thing preventing us fromprov-
ing Conjecture 2.3 is choosing the right category 𝒢. This
trick of choosing a rooted spanning tree will no longer
work here! In fact, to the knowledge of the author, there
are no currently known “rigidifications” of the Graph Mi-
nor Theorem that are immediately applicable, just as we re-
lied on the rigidified Tree Theorem for the bounded genus
case. Presumably, proving such a rigidification would re-
quire one to have very deep intimate knowledge of how
the original Graph Minor Theorem is proven.
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Applications of Instanton
Floer Homology

Juanita Pinzón-Caicedo and Daniel Ruberman
1. Introduction
Some thirty-five years ago, Andreas Floer introduced a new
tool into geometry: an infinite-dimensional version of
Morse theory that is now referred to as Floer homology.
The original version of Morse theory computes the homol-
ogy of a finite-dimensional manifold in terms of critical
points of a smooth function and the flow of its gradient
vector field. Floer theory does something similar in in-
finite dimensions, where the critical points and gradient
flow equations are now differential geometric objects.
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The setting for the initial version of Floer homology was
in symplectic geometry,1 but Floer soon understood (fol-
lowing on work of Casson and suggestions of Atiyah and
Taubes) that the analytical and geometric tools he had de-
veloped were similar to those appearing in gauge theory,
and could be used to study 3-dimensional manifolds. The
resulting theory is broadly known as Instanton Floer ho-
mology. We will not discuss the symplectic version or the
closely related Heegaard Floer theory (or the ‘monopole
Floer homology,’ a version that comes from Seiberg-Witten
theory), so we will mostly drop the word ‘instanton’ and
refer only to Floer theory.

In this article, we describe a number of applications
of this remarkable theory, focusing on two particular ar-
eas that have seen much recent activity. The first is the
existence of irreducible representations of the fundamen-
tal group of 3-manifolds into the simplest non-abelian Lie
groups, SU(2) and SO(3). Finding such a representation is
an excellent way to show that Dehn surgery on a knot does

1A historical overview by Helmut Hofer of the early days of Floer theory, focus-
ing on its symplectic version, may be found at https://www.youtube.com
/watch?v=kSNyU71MpgQ.
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not yield a simple manifold such as a sphere or lens space.
The second is the use of Floer theory in combination with
Yang-Mills gauge theory to study the homology cobordism
group of 3-manifolds with the same homology as 𝑆3. The
structure of this group is important in low-dimensional
topology in the study of the relationship between smooth
4-manifolds and their 3-dimensional boundaries and also
in the study of triangulations of high-dimensional mani-
folds. There are many further applications that we do not
have space to mention, including the characterization of
the unknot (and other simple knots) via the combinatori-
ally defined Khovanov homology.

2. Morse Theory and Floer Homology
In its most fundamental version, Morse theory gives a
recipe for computing the homology groups of a finite-
dimensional closedmanifold𝑀 in terms of some auxiliary
data: a real-valued function 𝑓 ∶ 𝑀 → ℝ and a Riemann-
ian metric 𝑔 on𝑀. In brief, one assumes that 𝑓 is a Morse
function, meaning that the Hessian matrix of second par-
tial derivatives is non-singular at each critical point. Such
critical points are called non-degenerate. Each critical point
𝑝 ∈ Crit(𝑓) is assigned an index ind𝑝: the number of neg-
ative eigenvalues of the Hessian matrix. The metric turns
the differential 𝑑𝑓 into the gradient vector field∇𝑓, and un-
der some additional transversality assumptions, one can
count (with signs) the number of flow lines between criti-
cal points with indices differing by one.

There is already a lot to say about the classical theory, so
we content ourselves with a brief summary. A downward
flow line on a (possibly infinite) interval 𝐽 is a solution to
the ordinary differential equation

̇𝛾(𝑡) = −∇𝛾(𝑡)𝑓. (1)

It is worth keeping in mind that while the set of critical
points is determined by 𝑓, the gradient flow equation de-
pends on the choice of Riemannian metric.

The counting process already reveals some subtleties.
First, a flow line doesn’t really ‘go from’ a critical point 𝑥
to a critical point 𝑦: since ∇𝑥𝑓 = 0, the only flow line that
passes through 𝑥 is the constant solution to (1) given by
𝛾(𝑡) = 𝑥. Rather, we declare a flow line to have (positive
and negative) limits 𝑦 and 𝑥 if

lim
𝑡→∞

𝛾(𝑡) = 𝑦 and lim
𝑡→−∞

𝛾(𝑡) = 𝑥.

In addition, note that for any solution 𝛾(𝑡) to (1) and any
𝑐 ∈ ℝ, we get a new solution 𝛾(𝑡 + 𝑐) to (1) with the ex-
act same limiting behavior! Let us define an equivalence
relation between flow lines 𝛾1 and 𝛾2 by saying 𝛾1 ∼ 𝛾2 if
𝛾2(𝑡) = 𝛾1(𝑡 + 𝑐) for some 𝑐 ∈ ℝ. For any critical points 𝑥
and 𝑦, we therefore define

ℳ̃(𝑥, 𝑦) = {flow lines with limits at 𝑥 and 𝑦}
ℳ(𝑥, 𝑦) = ℳ̃(𝑥, 𝑦)/ ∼ .

In other words, we have an ℝ-action on ℳ̃(𝑥, 𝑦), and
ℳ(𝑥, 𝑦) is the quotient.

This moduli space has a second interpretation, which
leads to a natural topology on ℳ(𝑥, 𝑦). If 𝑥 is a critical
point of index 𝑘, then the set of points 𝑧 such that there is
a flow line with limit equal to 𝑥 as 𝑡 → −∞ and passing
through 𝑧 is called the descending manifold of 𝑥, and is de-
noted 𝐷𝑥. As the name suggests, 𝐷𝑥 is in fact a manifold
of dimension 𝑘. Similarly, we have the ascending manifold
𝐴𝑦 consisting of points 𝑧 with flow lines passing through
𝑧 and limiting to 𝑦 as 𝑡 → ∞.

Using this terminology, we can keep track of flow lines
with limits at 𝑥 and 𝑦 in the following way. The chain rule,
coupled with (1) says

𝑑
𝑑𝑡 (𝑓(𝛾(𝑡))) = 𝑑𝑓( ̇𝛾(𝑡)) = ⟨∇(𝑓), ̇𝛾⟩

= −|∇(𝑓)|2 < 0.
This is a familiar fact that we teach in calculus classes: the
function 𝑓 decreases in the direction of the (negative) gra-
dient flow. It follows that if there is a flow line with limits
𝑦 and 𝑥, then 𝑓(𝑥) > 𝑓(𝑦). Sard’s theorem says that there is
a regular value 𝑐 ∈ (𝑓(𝑦), 𝑓(𝑥)) for 𝑓, which means that the
level set 𝑀𝑐 = 𝑓−1(𝑐) is an (𝑛 − 1)-dimensional manifold.
Now any flow line from 𝑥 to 𝑦must pass through this level
set, exactly once (by the decreasing condition). It follows
that

ℳ(𝑥, 𝑦) ≅ 𝐷𝑥 ∩𝑀𝑐 ∩ 𝐴𝑦 ≅ (𝐷𝑥 ∩ 𝐴𝑦)/ℝ, (2)

which provides our interpretation of ℳ(𝑥, 𝑦). The struc-
ture ofℳ(𝑥, 𝑦) is simplest if we make the assumption that
the intersection in (2) is transverse: the sum of the tangent
spaces to 𝐷𝑥 and 𝐴𝑦 spans the tangent space to 𝑀𝑐. This
transversality property, highlighted by Smale, is called the
Morse-Smale condition.

The Morse-Smale condition is remarkably powerful:
combined with (2) it implies that ℳ(𝑥, 𝑦) is a smooth
manifold of dimension ind𝑥 − ind𝑦 −1.

With some additional data, one can consistently assign
an orientation to ℳ(𝑥, 𝑦). If ind𝑥 = ind𝑦 +1, then ℳ(𝑥, 𝑦)
is a finite set of points. Let us write #ℳ(𝑥, 𝑦) for the alge-
braic count: each point in ℳ(𝑥, 𝑦) counted as ±1 depend-
ing on its sign.

All of this counting creates the Morse-Witten chain com-
plex (𝐶∗(𝑀, 𝑓), 𝜕) where 𝐶𝑘(𝑀, 𝑓) is the free abelian group
with basis {𝑥} corresponding to the critical points of index
𝑘. The boundary operator 𝜕 ∶ 𝐶𝑘(𝑀, 𝑓) → 𝐶𝑘−1(𝑀, 𝑓)
is the linear map whose matrix with respect to the crit-
ical points 𝑥 and 𝑦 of indices 𝑘 and 𝑘 − 1 has (𝑦, 𝑥) en-
try #ℳ(𝑥, 𝑦). There are several remarkable aspects of the
Morse complex: it is indeed a chain complex, or in sym-
bols 𝜕2 = 0. Moreover, 𝜕 is the differential of the chain
complex associated to a cell decomposition of 𝑀, and so
its homology is exactly the usual singular homology of 𝑀.
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It follows from this last statement that the homology of
(𝐶∗(𝑀, 𝑓), 𝜕) is independent of the Morse function 𝑓 and
the Riemannian metric used in its definition; it is impor-
tant for later developments that this can be proven directly
by analytical means.

It can certainly happen that a given function has degen-
erate critical points or that the flow associated to a metric
is not Morse-Smale. Fortunately, one can perturb the func-
tion and/or the metric to achieve these conditions. The
subject of perturbations is a bit technical, and it is best
on a first reading to pretend that our fairy godmother has
waved a magic wand to make all such issues go away. An

Figure 1. The magic of perturbations.

interesting byproduct of this discussion is a proof of the
Poincaré-Hopf formula. This formula states that the Eu-

ler characteristic 𝜒(𝑀) = ∑dim𝑀
𝑘=0 (−1)𝑘 dim𝐻𝑘(𝑀;ℝ) may

be calculated in terms of the indices of the zeros of ∇𝑓 as
follows:

𝜒(𝑀) = ∑
𝑝∈Crit(𝑓)

(−1)ind𝑝 . (3)

In a historical parallel with the ordinary Euler charac-
teristic (whose definition preceded the introduction of ho-
mology by more than a hundred years!) our path to Floer
homology starts with its Euler characteristic, introduced
by Casson in a series of MSRI lectures in 1985. Casson
worked with an oriented homology sphere 𝑌 , and studied
the set of representations

𝛼 ∶ 𝜋1(𝑌) → SU(2)
up to the equivalence relation of conjugacy. This means
that representations 𝛼′ and 𝛼 are equivalent if there is
ℎ ∈ SU(2) with 𝛼′(𝑔) = ℎ−1𝛼(𝑔)ℎ for all 𝑔 ∈ 𝜋1(𝑌). The
set of SU(2) representations of a finitely presented group
is a real algebraic variety. Something similar is true for the
set of conjugacy classes of representations, referred to as
the character variety and denoted ℛ(𝑌). The biggest caveat
is that the trivial representation, while an isolated point

in the character variety, is a singular point. The initial
workaround is to simply discard this point and look only
at non-trivial representations; for homology spheres this is
the same as irreducible. But there is a great deal of informa-
tion in the trivial connection, as we will see in Section 4.

A familiar idea in 3-manifold theory and knot theory is
to simply count the number of conjugacy classes of irre-
ducible representations. However, Casson did something
deeper by counting them with signs defined in terms of a
Heegaard splitting of 𝑌 so that the count appears as an in-
tersection number. He defined an invariant, which in the
non-degenerate case reads

𝜆(𝑌) = 1
2#({irreducible 𝛼 ∶ 𝜋1(𝑌) → SU(2) }/conj).

The sign of 𝜆(𝑌) changes when the orientation of 𝑌 is re-
versed.

Almost immediately2 Taubes realized that a more ana-
lytic interpretation of representations as ‘flat connections’
(see below) exhibits them as zeros of a vector field: the
gradient of the Chern-Simons function. With this interpre-
tation, Taubes [Tau90] was able to write down an expres-
sion analogous to (3) and prove that it is equal to Cas-
son’s invariant. There are some major challenges stem-
ming from the fact that the vector field whose zeros we
want to count is on an infinite-dimensional manifold. In
particular, the local index ind𝛼 would seem to be the di-
mension of an infinite-dimensional space! The issue of
perturbations in the infinite-dimensional setting is even
trickier, and our fairy godmother will need a better wand.
Floer took these ideas even further and defined a homol-
ogy theory formally similar to Morse theory, whose Euler
characteristic is (twice) Casson’s invariant. In the next sec-
tion, we will give some background for the transition from
finite-dimensional Morse theory into Floer homology.
2.1. Some basic gauge theory. The analytical setup we
need goes under the name of gauge theory. To mathemati-
cians, gauge theory means the study of connections on a
vector bundle, up to a natural action of the group of au-
tomorphisms of the bundle. This is a highly developed
and complicated subject, but we will try to keep it reason-
able by focusing on a particularly simple bundle: the triv-

ial bundle 𝐸 = 𝑌 ×ℂ2 𝑝→ 𝑌 over a 3-manifold 𝑌 where 𝑝 is
projection onto the first factor. Many of the applications
discussed below make use of a similar theory associated
to a non-trivial ℝ3 bundle with structure group SO(3); the
notation is a bit more complicated in that case.

Recall that the Lie group SU(2) is the set of 2 × 2 uni-
tary matrices with determinant 1. The unitary condition
𝐴𝐴∗ = 𝐼 means that multiplication by 𝐴 is an isometry of
the standard Hermitianmetric onℂ2. The tangent space to

2Taubes told the authors that this realization came to him while listening to Cas-
son’s MSRI lectures.
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SU(2) at the identity matrix is called 𝔰𝔲(2) and is identified
with the 2 × 2 skew-Hermitian matrices with trace 0.

A connection on a vector bundle is a way to differentiate
sections of the bundle; we will be interested in those that
are compatible with the action of the group SU(2) on the
ℂ2 fibers of 𝐸. In the case 𝐸 = 𝑌 × ℂ2, this notion can be
expressed as follows. A section of𝐸 is a function 𝜎 ∶ 𝑌 → 𝐸
with 𝑝(𝜎(𝑦)) = 𝑦; it may be written in the form 𝜎(𝑦) =
(𝑦, 𝑠(𝑦)) for a smooth function 𝑠 ∶ 𝑌 → ℂ2. Write Γ(𝐸) for
the set of sections of 𝐸. Now we can certainly differentiate
the function 𝑠 using the usual exterior derivative 𝑑 to get
a 1-form 𝑑𝑠, which in turn can be paired with a tangent
vector field to get a new section of 𝐸.

However, there are many other ways of differentiating
sections, all of which can be expressed in the following
way. Write Ω𝑘(𝑌; 𝔰𝔲(2)) for the 𝔰𝔲(2)-valued 𝑘-forms. A
nice concrete way to think of this is as 2×2matrices with 𝑘-
form entries. For any 𝛼 ∈ Ω1(𝑌; 𝔰𝔲(2)) we get the operator
∇𝛼 ∶ Γ(𝐸) → Γ(𝐸) defined by

∇𝛼𝜎(𝑦) = (𝑦, 𝑑𝑠 + 𝛼(𝑠)).

In short, ∇𝛼 = 𝑑 + 𝛼. In this way, the space 𝒜 of all SU(2)
connections is identified with Ω1(𝑌; 𝔰𝔲(2)). Note for fu-
ture reference that this identification depends on a choice
of trivialization of the bundle 𝐸.

The basic geometric invariant of a connection is its cur-
vature, which is the 𝔰𝔲(2)-valued 2-form

𝐹𝛼 = 𝑑𝛼 + 𝛼 ∧ 𝛼.

Note that the wedge product here is defined using matrix
multiplication and so is not antisymmetric. A connection
with curvature 𝐹𝛼 = 0 is said to be flat. Flat connections
will be to Floer homology what critical points of a func-
tion were to Morse homology, namely, the generators of
the chain complex.

To understand the meaning of flatness, let us introduce
the idea of parallel transport with respect to a connection 𝛼.
For a smooth curve 𝛾 ∶ 𝐼 → 𝑌 , a section 𝜎(𝑡) = (𝛾(𝑡), 𝑠(𝑡))
is parallel if (∇𝛼)𝛾′(𝑡)(𝜎(𝑡)) = 0. From the point of view of
the connection, 𝜎 acts as if it is constant. This equation
is a linear ODE, to which the usual sort of existence and
uniqueness theorems apply. In particular, given 𝜎(0) ∈
𝐸𝛾(0), there is a unique parallel section 𝜎(𝑡) along 𝛾 with
the given initial condition. The assignment 𝜎(0) → 𝜎(1)
is the parallel transport of 𝜎(0) along 𝛾; it is an invertible
linear map 𝑃𝛾𝛼 ∶ 𝐸𝛾(0) → 𝐸𝛾(1).

Unlike the situation in Euclidean space, parallel trans-
port may depend on the path 𝛾. This is the phenome-
non of holonomy. In particular, if 𝛾 is a loop, then 𝑃𝛾𝛼
might not be the identity. Indeed, the curvature at a point
𝑦 measures the failure of 𝑃𝛾𝛼 to be the identity for small
loops based at 𝑦. Fixing a base point 𝑦 ∈ 𝑌 , the set of
holonomies of loops based at 𝑎 is a closed Lie subgroup of

SU(2). If the centralizer of the holonomy subgroup associ-
ated to 𝛼 is {±𝐼}, thenwe say that 𝛼 is irreducible; otherwise
it is reducible.

What is special about a flat connection is that its ho-
lonomy is locally trivial. Globalizing this gives us a link
between differential geometry and topology.

Proposition 2.1. Suppose that 𝛼 is a flat connection, and that
𝛾 and ̃𝛾 are (piecewise) smooth curves between points 𝑎 and 𝑏.
If 𝛾 is homotopic to ̃𝛾 relative to their endpoints, then 𝑃𝛾𝛼 = 𝑃�̃�𝛼 .
Applied to loops based at 𝑎, this means that holonomy gives a
well-defined representation ℎ𝛼 ∶ 𝜋1(𝑌, 𝑎) → SU(2).

Conversely, any given SU(2) representation of 𝜋1(𝑌)
is the holonomy representation of some flat connection.
However, the ‘holonomy correspondence’ 𝛼 → ℎ𝛼 is far
from perfect: there are many flat connections with the
same holonomy. This stems from an all-important prop-
erty of the curvature equation 𝐹𝛼 = 0, called its gauge sym-
metry. Let us define the gauge group 𝒢 to be the group
of SU(2) automorphisms of the bundle 𝐸. By looking at
what an automorphism does to each fiber, we can identify
𝒢 withMap(𝑌, SU(2)). An element 𝑔 ∈ 𝒢 acts on the space
of connections by the rule

𝑔∗𝛼 = 𝑔−1𝛼𝑔 + 𝑔−1𝑑𝑔.

One says that 𝛼 and 𝑔∗𝛼 are gauge equivalent.
A direct calculation shows that 𝐹𝑔∗𝛼 = 𝑔−1𝐹𝛼𝑔 so that

𝐹𝑔∗𝛼 = 0 if and only if 𝐹𝛼 = 0. In other words, the equation
𝐹𝛼 = 0 is equivariant with respect to the action of the gauge
group.

In order to fit this discussion into the framework of
Morse theory, as outlined above, we need a manifold and
a function. The action of the gauge group 𝒢 on𝒜 (almost)
provides themanifold: we defineℬ to be the quotient𝒜/𝒢.
This would be an infinite-dimensional manifold (this is a
bit technical) except that it fails to have the correct struc-
ture at some special points–the orbits of reducible connec-
tions, at which 𝒢 fails to act freely. For 𝑌 a homology
sphere, the only flat reducible connection is the trivial con-
nection 𝜃.

In the original literature, there are two ways to deal with
the singularity arising from 𝜃. One, adopted by Floer (fol-
lowing Casson), is to simply delete the orbit of 𝜃 and work
on ℬ∗ = 𝒜∗/𝒢, where 𝒜∗ denotes the space of irreducible
connections. A second is to replace 𝒢 by the based gauge
group 𝒢𝑜 consisting of gauge transformations that are the
identity at a fixed base point in 𝑌 . The quotientℬ𝑜 = 𝒜/𝒢𝑜
and ℬ∗ are both manifolds. The trivial connection turns
out not to be so trivial, and an important part of the cur-
rent research highlighted in Section 4 is concerned with
topological information coming from 𝜃.

Taking account of the gauge group action, we refine
Proposition 2.1 to say that holonomy defines a bijection
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between gauge equivalence classes of flat connections and
conjugacy classes of representations. One can go further,
and show that the holonomy map is in fact a homeomor-
phism with respect to the natural topologies carried by
each of those sets. The space Hom(𝜋1(𝑌), SU(2)) of SU(2)
representations of a groupwith 𝑛 generators is a closed sub-
set of the compact space SU(2)𝑛. Hence it is compact, as
is its quotient by conjugation, the character variety ℛ(𝑌).
It follows that the space of flat connections up to gauge
equivalence is therefore compact, a surprising and impor-
tant fact. From now on, we will identify the space of flat
connections mod 𝒢 with ℛ(𝑌).

The relation between flat connections and representa-
tions was well-understood for years before the introduc-
tion of Floer homology. The new insight was the realiza-
tion that the flat connections can be seen as the critical
points of a gradient vector field on the manifold ℬ∗. The
function in question is the Chern-Simons function, intro-
duced by Chern and Simons as an odd-dimensional refine-
ment of the Chern-Weil definition of characteristic classes
in terms of connections and curvature. To a connection 𝛼,
they associate the real number

CS(𝛼) = 1
8𝜋2 ∫𝑌

tr(𝛼 ∧ 𝑑𝛼 + 2
3𝛼 ∧ 𝛼 ∧ 𝛼). (4)

How would one calculate the gradient of CS? Since 𝒜∗

is locally an affine space, its tangent space at 𝛼 is identified
with the vector space Ω1(𝑌; 𝔰𝔲(2)). We compute the dif-
ferential (or directional derivative) of CS in the direction
of 𝛽 ∈ Ω1(𝑌; 𝔰𝔲(2)) as the derivative of CS(𝛼 + 𝑡𝛽) with
respect to 𝑡 evaluated at 𝑡 = 0; the result is

𝑑 CS𝛼(𝛽) =
1
4𝜋2 ∫𝑌

tr(𝐹𝛼 ∧ 𝛽). (5)

The vanishing of this integral for all 𝛽 is equivalent to the
condition that 𝐹𝛼 = 0. In other words, the critical points
of CS are exactly the flat connections!

To continue with the analogy with finite-dimensional
Morse theory, we ought to have isolated critical points, and
this means that we should pass to the quotient of 𝒜∗ by
the gauge group. Doing so brings out an important twist:
CS is not invariant under gauge transformations, and so
does not induce a real-valued function on ℬ∗. A gauge
transformation 𝑔 ∶ 𝑌 → SU(2) is a map between oriented
3-manifolds, and so it has a degree deg(𝑔). One then com-
putes

CS(𝑔∗𝛼) = CS(𝛼) + deg(𝑔). (6)

Equation (6) says that CS defines a function from ℬ∗ to
the circle ℝ/ℤ, rather than to the real numbers.

Following this outline of ordinary Morse theory, we
need to understand more about gradient flow lines be-
tween critical points of CS. To pass from 𝑑 CS to the gra-
dient ∇CS requires a metric on ℬ∗. The choice of a Rie-
mannian metric ℎ on 𝑌 determines a natural metric onℬ∗

(called the 𝐿2 metric) for which the gradient of CS is given
by

∇𝐴(CS) = − 1
4𝜋2 ∗ 𝐹𝐴. (7)

The notation ∗ indicates the Hodge star operator deter-
mined by ℎ, which for an oriented 𝑛-manifold inter-
changes 𝑘 and 𝑛 − 𝑘 forms. It is defined by 𝜂 ∧ ∗𝜔 =
⟨𝜂, 𝜔⟩ volℎ. Hence, the (downward) gradient flow equation
for CS is given by

𝑑𝐴𝑡
𝑑𝑡 − 1

4𝜋2 ∗ 𝐹𝐴𝑡 = 0. (8)

The gradient flow equation can be written in a differ-
ent way that is crucial to the interaction between Floer the-
ory and gauge theory on 4-manifolds. On an oriented Rie-
mannian 4-manifold 𝑋 , the ∗ operator is an involution on
2-forms and so the 2-forms split into the±1 eigenspaces of
∗, which are known as self-dual and anti-self-dual 2-forms.
The dimension of the space of ordinary closed self-dual 2-
forms is a topological invariant, written as 𝑏+2 (𝑋). In par-
ticular, the curvature form 𝐹𝐵 of a connection 𝐵 on a bun-
dle 𝐸 over a 4-manifold splits as 𝐹𝐵 = 𝐹+𝐵 + 𝐹−𝐵 . The self-
dual part is given by 𝐹+𝐵 = 1

2
(𝐹𝐵 +∗𝐹𝐵); a connection with

𝐹+𝐵 = 0 is anti-self-dual (ASD), and is called an instanton.
The ASD equation is preserved by gauge transformations,
and one can study the moduli space of instantons modulo
gauge transformations, which we write as ℳ(𝐸, ℎ).

This moduli space depends on the metric, and one
shows that for a generic choice of ℎ, it is a finite-
dimensional oriented manifold. In the nicest situation
when dim(ℳ(𝐸, ℎ)) = 0 and 𝑏+2 (𝑋) > 1, then the moduli
space is compact and following Donaldson [DK90], one
can count the points with sign to get the Donaldson in-
variant 𝐷𝑋(𝐸) = #ℳ(𝐸, ℎ). Donaldson’s construction is
considerably more general and provides an invariant pow-
erful enough to distinguish infinitely many smooth struc-
tures on 4-manifolds.

Now suppose we have a path 𝐴𝑡 of connections on 𝑌 .
These can be assembled into a connection 𝐵 on the trivial
bundle over 𝑋 = ℝ × 𝑌 : at the point (𝑡, 𝑦) it is given by
𝑑4 + 𝐴𝑡. Here we are distinguishing the exterior derivative
𝑑4 on 𝑋 from 𝑑, the analogous operator on 𝑌 . Now the
curvature of 𝐵 is given by

𝐹𝐵 =
𝑑𝐴𝑡
𝑑𝑡 𝑑𝑡 + 𝐹𝐴𝑡

and we learn that, up to gauge equivalence, flow lines for
the Chern-Simons function correspond to the ASD connec-
tions on ℝ×𝑌 . This formula also gives rise to an alternate
expression for CS that works for SO(3) connections and
is well-suited to 4-dimensional applications. Any SO(3)
bundle over 𝑌 extends to a bundle over some oriented 4-
manifold 𝑋 . A connection 𝛼 will likewise extend to a con-
nection 𝐵 having the form 𝑑4+𝛼 on a collar neighborhood
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of the boundary. Then

CS(𝛼) = 1
8𝜋2 ∫𝑋

tr(𝐹𝐵 ∧ 𝐹𝐵). (9)

The connection between dimensions 3 and 4 gave a strong
early clue that Floer theory would be intimately tied to
the study of Donaldson’s invariants and hence the smooth
classification of 4-manifolds. For future reference we note
that if 𝑋 is closed, then the integral (9) is an integer and is
called the Chern number 𝑐2(𝐸). For SO(3) bundles, this is
−1/4 times the Pontryagin number 𝑝1(𝐸).
2.2. Floer homology. Treating CS as a Morse function,
we want to define a chain complex similar to the Morse
complex. We are really reasoning by analogy here; the
resulting homology groups are not really computing the
homology of a manifold. But surprisingly, those homol-
ogy groups tell us a lot about the underlying 3-manifold
𝑌 . Let us assume that the irreducible flat connections are
all non-degenerate and define the instanton chain groups
to be the free abelian group generated by the finitely many
gauge equivalence classes of irreducible flat connections.
The grading presents a challenge: the Hessian at a critical
point 𝛼 is a self-adjoint differential operator that has infin-
itely many negative (and positive, for that matter) eigen-
values. Hence the definition of index in finite dimensions
does not make sense. Floer’s resolution of this dilemma is
remarkable: the important thing is the difference between
the indices of two critical points, and this has a sensible
definition. Well, almost sensible, as we shall see.

The Morse theory analogy suggests that the boundary
operator should be defined by counting points in the space
of flow lines (for ∇CS) between two critical points 𝛼 and
𝛽 whose indices differ by one. In contrast to the finite-
dimensional case, flow lines do not automatically con-
verge to critical points. To ensure this we assume the ‘finite
energy’ condition

ℰ(𝐵) = ‖𝐹𝐵‖𝐿𝑓2 = (−12 ∫ℝ×𝑌
tr(𝐹𝐵 ∧ ∗𝐹𝐵))

1
2
< ∞.

This space is denoted ℳ̃(𝛼, 𝛽), and is more formally de-
fined by

ℳ̃(𝛼, 𝛽) = {𝐵 = 𝑑4 + 𝐴𝑡 |||
𝑑𝐴𝑡
𝑑𝑡 − ∗𝐹𝐴𝑡 = 0,

ℰ(𝐵) < ∞, lim
𝑡→−∞

𝐴𝑡 = 𝛼, lim
𝑡→∞

𝐴𝑡 = 𝛽} /𝒢
(10)

where 𝒢 is the gauge group.
As is the case for moduli spaces on closed manifolds,

ℳ̃(𝛼, 𝛽) is finite-dimensional, and its expected dimension
𝑖(𝛼, 𝛽) can be computed by the Atiyah-Patodi-Singer in-
dex theorem. If 𝛼 and 𝛽 are non-degenerate, then we
may assume after perturbation that ℳ̃(𝛼, 𝛽) is a smooth
manifold of dimension 𝑖(𝛼, 𝛽). As we did in discussing

ordinary Morse theory, we note that ℳ̃(𝛼, 𝛽) has a free ac-
tion of ℝ given by reparameterization 𝑡 → 𝑡 + 𝑐, so that
the moduli space of unparameterized flow lines is given
by ℳ(𝛼, 𝛽) = ℳ̃(𝛼, 𝛽)/ℝ.

Once again, gauge invariance complicates our analogy:
if one changes (say) 𝛼 by a gauge transformation, then
𝑖(𝛼, 𝛽) changes by a multiple of 8. In other words, we con-
sider the relative index 𝑖([𝛼], [𝛽]) as being well-defined mod
8. To lift this to an absolute ℤ/8 grading we make use of the
trivial connection 𝜃 and set 𝑖([𝛼]) = dimℳ(𝛼, 𝜃).

Floer defined the instanton chain complex (𝐼𝐶∗(𝑌), 𝜕) to
be the ℤ/8-graded group generated by the irreducible flat
connections. The boundary operator is defined for [𝛼] ∈
ℛ(𝑌) with 𝑖([𝛼]) = 𝑘

𝜕[𝛼] = ∑
[𝛽] with 𝑖([𝛽])=𝑘−1

#ℳ([𝛼], [𝛽]) ⋅ [𝛽]. (11)

On a formal level, this is the same definition as the bound-
ary operator for the ordinary Morse complex, and one
must establish several important facts.

• There is a perturbation of CS whose critical points are
all non-degenerate.

• The 0-dimensional moduli space ℳ(𝛼, 𝛽) is compact
and oriented.

• (𝐼𝐶∗(𝑌), 𝜕) is a complex, i.e., 𝜕2 = 0.
• The resulting homology groups 𝐼∗(𝑌) = 𝐻(𝐶∗(𝑌), 𝜕)
are independent of the choices of metric and pertur-
bation.

Finding a perturbation of CS is a delicate matter; the
idea is to use a gauge invariant function on the space of
connections defined by a loop in 𝛾 in 𝑌 . Roughly speak-
ing, for each connection 𝛼, one takes the trace of the holo-
nomy of 𝛼 around 𝛾, and adding a linear combination of
such functions (a holonomy perturbation) to CS will make it
behave like a Morse function.

The proof of independence from all choices involves a
fundamental construction that connects Floer theory with
4-dimensional topology, and underlies many of the appli-
cations discussed below. Suppose that 𝑌0 and 𝑌1 are ori-
ented homology spheres, and that 𝑊 is an oriented man-
ifold with 𝜕𝑊 = −𝑌0 ∪ 𝑌1. We say that 𝑊 is a cobordism
from 𝑌0 to 𝑌1, and for technical reasons introduce a non-
compact manifold 𝑊 = 𝑊 ∪𝜕𝑊 𝜕𝑊 × [0,∞). With some
assumptions on the topology of 𝑊 , there is an induced
map Φ𝑊 ∶ 𝐼∗(𝑌0) → 𝐼∗(𝑌1) given, roughly speaking, by
counting finite energy instantons on 𝑊 with specified flat
limits on 𝑌0 and 𝑌1.

The whole construction is functorial in the sense that if
𝑊 = 𝑊0 ∪𝑌1 𝑊1, then Φ𝑊 = Φ𝑊1 ∘ Φ𝑊0 . The composition
law is an instance of a gluing theorem for instantons.

After considerable work the gluing theorem yields the
following relation between instanton Floer homology and
the Donaldson invariants of closed 4-manifolds.
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Theorem 2.2. If 𝑋 = 𝑋1∪𝑌𝑋2 where 𝑏+2 (𝑋𝑖) > 0 and𝐷𝑋 ≠ 0,
then 𝐼∗(𝑌) ≠ 0.

There is a largely parallel theory involving the Seiberg-
Witten equations in place of the ASD equations that pro-
duces an invariant SW𝑋 , and a Floer-type monopole Floer
homology theory HM(𝑌), with a similar non-vanishing re-
sult.

3. Instantons and 𝑆𝑈(2) Representations
3.1. Surgery and the pillowcase. A key tool in Floer ho-
mology is the relationship between flat connections on a
3-manifold 𝑌 and connections on a manifold constructed
by surgery on a knot 𝐾 in 𝑌 . A tubular neighborhood 𝜈(𝐾)
is of the form 𝑆1 × 𝐷2, and we choose a non-separating
simple closed curve 𝑐 on 𝜕𝜈(𝐾), called the surgery slope.
Gluing 𝐷2 × 𝑆1 to 𝑌 − 𝜈(𝐾) in such a way that 𝜕𝐷2 is iden-
tified with 𝑐 yields a manifold 𝑌𝑐(𝐾). In the special case
that 𝑌 is 𝑆3, the slope is often denoted by 𝑝/𝑞 whenever
𝑐 = 𝑝𝜇 + 𝑞𝜆, with 𝜇 and 𝜆 the meridian and longitude of
𝐾.

The Seifert-van Kampen theorem says that flat connec-
tions on 𝑌𝑐(𝐾) are given by the SU(2) representations of
𝜋1(𝑌 − 𝜈(𝐾)) that extend over 𝐷2 × 𝑆1. The extension con-
dition is precisely that the holonomy around 𝑐 is trivial,
and the dependence of this condition on the slope 𝑐 can be
visualized via the following picture, affectionately known
in the trade as the pillowcase. The pillowcase itself param-
eterizes SU(2) representations of 𝜋1(𝜕𝜈(𝐾)), which are de-
termined by the holonomies of the meridian and longi-
tude. The red curve in Figure 2 indicates the holonomies
for the irreducible representations of 𝜋1(𝑌 − 𝜈(𝐾)), where
𝐾 in this case is the left-handed trefoil knot and the surgery
slope is −1. The 3-manifold 𝑆3−1(𝐾) is the Poincaré homol-
ogy sphere ℙ, which can also be described as the quotient
𝑆3/𝐼∗ where 𝐼∗ is the binary icosahedral group.

The blue curve in Figure 2 shows the representations
that extend over 𝐷2 and is therefore determined by 𝑐. In
this case, we see that there are two such representations,
say 𝜌1 and 𝜌2, corresponding to the intersection of the red
and blue curves. The Floer grading of these representations
can be computed using a formula described by Fintushel

ρ1

ρ2

Figure 2. The pillowcase for the left-handed trefoil.

and Stern and we get grad(𝜌1) = 1, grad(𝜌2) = 5. Since the
difference of these gradings is not 1, the differentials of the
instanton complex are 0, proving that

𝐼∗(ℙ) = ℤ for ∗ = 1, 5 and 0 otherwise. (12)

A powerful tool closely related to this picture is Floer’s
surgery exact triangle [BD95], an exact sequence of Floer
homology groups associated to threemanifolds realized as
surgery along a knot 𝐾 in a homology sphere 𝑌 as follows:

// 𝐼𝑘+1(𝑌0(𝐾)) // 𝐼𝑘(𝑌) // 𝐼𝑘(𝑌1(𝐾)) //

A point to note is that 𝐻1(𝑌0(𝐾)) = ℤ and so 𝑌0(𝐾) is not
a homology sphere. Its instanton homology is defined
as above, but now using flat connections on a non-trivial
SO(3) bundle. There is an analogous surgery triangle asso-
ciated to surgery curves thatmeet in a similar configuration
on the boundary torus of the knot as in Figure 3. Casson’s
surgery formula for his invariant, which was surely an in-
spiration for this exact sequence, can be derived from it in
retrospect.

The grey triangle in Figure 3 is the key to Floer’s proof
(beautifully exposed in [BD95]) of exactness of the surgery
triangle. The curves in the pillowcase corresponding to the
surgery curves also meet in a triangle, and Floer’s idea was
to use holonomy perturbations to deform one side of this
triangle to the other two, in order to “simulate the effect
of surgery.”

Figure 3. Surgery slopes in the torus and pillowcase.

3.2. Casson’s invariant and Floer homology. From the
beginning of topology in the early 20𝑡ℎ century, it was un-
derstood that a fruitful way to study a 3-manifold was to
investigate the representations of its fundamental group
into a non-abelian group, often a group of matrices. For
instance, one can readily show that the trefoil is knotted
by finding a homomorphism from its fundamental group
into SO(3) with non-abelian image. Let us restrict our at-
tention to homology spheres, and pose a basic question:

For a homology sphere 𝑌 , is there a non-abelian
(and hence irreducible) representation 𝜋1(𝑌) →
SU(2)?

Kronheimer and Mrowka [KM04b] proved that this
holds when 𝑌 is surgery on a non-trivial knot in 𝑆3,
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establishing the famous Property P conjecture (that such
a 𝑌 is not simply connected).

The very definitions of the Casson invariant and Floer
homology yield the following observation.

Proposition 3.1. If 𝜆(𝑌) ≠ 0, or if 𝐼∗(𝑌) is not zero, then
there must be irreducible SU(2) representations of 𝜋1(𝑌).

When 𝑌 is given by Dehn surgery on a knot 𝐾, Casson
gave a formula for computing 𝜆(𝑌) in terms of the Alexan-
der polynomial of 𝐾. If we normalize that polynomial
so that Δ𝐾(𝑡) = Δ𝐾(𝑡−1), then Casson’s result says that if
Δ″𝐾(1) ≠ 0, then 𝜆(𝑆31/𝑛(𝐾)) ≠ 0, and hence there are irre-
ducible SU(2) representations. For example, for ℙ realized
as −1 surgery on the left-handed trefoil knot this formula
predicts at least two non-conjugate representations. As we
saw in Figure 2, this is in fact the case.

For many homology spheres 𝜆 vanishes, and hence is of
no use in finding representations. A salutary calculation is
𝜆(𝑌#−𝑌) = 𝜆(𝑌)+𝜆(−𝑌) = 𝜆(𝑌)−𝜆(𝑌) = 0. But if 𝜋1(𝑌)
has SU(2) representations, then so does 𝜋1(𝑌# − 𝑌) even
though this is invisible to Casson’s invariant. Nevertheless,
the existence of SU(2) representations can sometimes be
detected by 𝐼∗ as we will see in the following subsection.
3.3. Existence of SU(2)-representations. For some man-
ifolds, such as Seifert fibered homology spheres, one can
directly find all of the SU(2) representations and compute
𝐼∗ from its definition. For our purposes, a 3-manifold 𝑌
is Seifert fibered if it admits a circle action where some
circle orbits have finite (cyclic) isotropy. If 𝑌 is a homol-
ogy sphere, it is determined by the orders of the isotropy
groups, and 𝑌 is denoted Σ(𝑎1, … , 𝑎𝑛). The Poincaré ho-
mology sphere ℙ is the Seifert fibered manifold Σ(2, 3, 5),
whose instanton homology is described in Equation (12).

In general, to make use of Proposition 3.1 we need tech-
niques to calculate 𝐼∗ without first counting all of the rep-
resentations. The first proof of Property P by Kronheimer
and Mrowka [KM04b] showed that 𝐼∗(𝑆30(𝐾)) is non-zero
if 𝐾 is non-trivial, and then applied the Floer exact triangle.
The non-vanishing of 𝐼∗(𝑆30(𝐾)) is proved using a dizzying
array of important results from the last 35 years of low-
dimensional topology, in conjunction with the gluing the-
ory presented as Theorem 2.2. Leaving out many details,
the argument is summarized in this diagram.

𝐾 ≠ Unknot 𝑆30(𝐾) has a taut
foliation

𝑆30(𝐾) has a tight
contact structure

𝑆30(𝐾) ⊂ 𝑋 , a sym-
plectic manifold

SW𝑋 ≠ 0 𝐷𝑋 ≠ 0

A second proof appears in [KM04a] showing that Dehn
surgery on a knot with slope in the interval [−2, 2] (in-
cluding those which are rational homology spheres) has
irreducible SU(2) representations. A third argument for

the non-vanishing of Floer homology, avoiding the con-
nection between the Seiberg-Witten andDonaldson invari-
ants, was given by Kronheimer and Mrowka in [KM10].
This version uses the Chern-Simons functional for 𝑆𝑂(3)-
connections on a non-trivial bundle to define invariants
𝐼(𝑌|𝑅)𝑤 as subspaces of 𝐼(𝑌) that depend on a surface 𝑅
and a class 𝑤 ∈ 𝐻2(𝑌; ℤ). A special case of this con-
struction is framed instanton homology 𝐼#(𝑌), a certain sub-
space of 𝐼(𝑌#𝑇3). This theory was used by Baldwin-Sivek
[BS18] to provide a criterion for the existence of 𝑆𝑈(2)-
representations for integer homology spheres much in
the spirit of Proposition 3.1. Namely, they show that if
𝑟𝑘(𝐼#(𝑌)) > 1, then irreducible SU(2) representations of
𝜋1(𝑌) exist. With this in place, Baldwin-Sivek prove that
being the boundary of a Stein 4-manifold (a complex sur-
face with a convexity condition at the boundary) with non-
trivial reduced homology guarantees the existence of irre-
ducible representations.

Recent work of Zentner [Zen18] shows that the fun-
damental group of any homology sphere (well, except
𝑆3) admits an irreducible SL(2, ℂ) representation. A key
step in his proof uses holonomy perturbations directly
(rather than via the Floer triangle) to show that the
splicing of two non-trivial knot complements (the com-
plements glued along their boundary tori, with meridi-
ans glued to longitudes) in fact has an irreducible SU(2)
representation. Combining arguments about holonomy
perturbations with the Floer triangle, Lidman–Pinzón-
Caicedo–Zentner [LPZ21] show the same for any homol-
ogy sphere that contains an incompressible torus. This fact
is now a corollary of a much stronger result of Baldwin-
Sivek [BS21] establishing the non-triviality of 𝐼# for any
homology sphere obtained by gluing the complements
of two nontrivial knots in homology spheres 𝑌1, 𝑌2 that
are instanton L-spaces (i.e., satisfy the technical condition
dim(𝐼#(𝑌 𝑖)) = 1 for 𝑖 = 1, 2).

The results covered by [KM04a] about the existence of
irreducible representations for surgery 𝑆3𝑟 (𝐾) along a non-
trivial knot 𝐾 have been extended to include the following
cases:

(i) either 𝑟 = 𝑝/𝑞 or 𝑟 = −𝑝/𝑞 [Lin16],
(ii) |𝑟| sufficiently large [SZ17], and
(iii) 𝑆3𝑟 (𝐾) for infinitely many values of 𝑟 in [3, 5), always

including 𝑆33(𝐾) and 𝑆34(𝐾) [BLSY21].

4. Chern-Simons and Homology Cobordism
Our second suite of applications is concerned with the in-
teraction between Floer theory and 4-manifolds. A com-
mon theme will be the use of the Floer chain complex and
filtrations that are defined on it via the Chern-Simons func-
tion. We start by recalling a fundamental question in low-
dimensional topology:
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Which unimodular symmetric bilinear forms over
the integers arise as the intersection form of a
closed (smooth) 4-manifold 𝑋? Equivalently,
what are the possible homotopy types of simply
connected closed smooth 4-manifolds?

In 1952, Rokhlin showed that if 𝑋 is spin (so all self-
intersections of embedded surfaces are even) then the sig-
nature of 𝑋 is divisible by 16. This was the first indication
that something special is going on in dimension 4.

One can show that any unimodular form is the inter-
section form of a smooth 4-manifold with boundary a ho-
mology sphere 𝑌 ; the problem above then comes down to
understanding which homology 3-spheres are the bound-
ary of a homology 4-ball. Thus we are led to study ori-
ented homology spheres, modulo the relation of homol-
ogy cobordism: 𝑌0 and 𝑌1 are homology cobordant if there
is a manifold 𝑊 with the homology of 𝐼 × 𝑆3 and with
𝜕𝑊 = −𝑌0 ∪ 𝑌1. The set of equivalence classes form the
homology cobordism group Θ3

ℤ. Rokhlin’s theorem gives
rise to a surjective homomorphism 𝜇 ∶ Θ3

ℤ → ℤ/2 given
by 𝜇(𝑌) = 1

8
sign(𝑊) (mod 2) where 𝑊 is a spin mani-

fold with 𝜕𝑊 = 𝑌 ; for instance ℙ bounds a manifold
with intersection form the definite form 𝐸8 with signature
−8, so 𝜇(ℙ) = 1 and ℙ ≠ 0 ∈ Θ3

ℤ. Using a version of
Seiberg-Witten Floer homology, Manolescu showed that
the map 𝜇 does not split. Combined with deep work of
Galewski-Stern and Matsumoto, this proves that there are
non-triangulable topological manifolds in dimensions at
least 5 that are not homeomorphic to a simplicial com-
plex! Casson previously showed this in dimension 4, us-
ing the fact that 𝜇(𝑌) ≡ 𝜆(𝑌) (mod 2).

Thirty years after Rokhlin, Donaldson brought gauge
theory into topology by showing that any definite form
that is realized is diagonalizable. Donaldson’s proof is
based on an analysis of a particular 5-dimensional mod-
uli space ℳ over a smooth 4-manifold 𝑋 , including its
reducible points and its compactness properties. Don-
aldson’s theorem immediately implies something stronger
about ℙ: it is of infinite order in Θ3

ℤ, since the multiple di-
rect sum of 𝐸8 with itself is not diagonalizable.

A key aspect of Donaldson’s argument is to determine
precisely how this moduli spaceℳ over 𝑋 fails to be com-
pact: for any point 𝑝 in themanifold, there is a sequence of
ASD connections whose curvature 2-forms concentrate at
𝑝. This phenomenon, called ‘bubbling’, was understood
first in fundamental work of Uhlenbeck and Taubes. In
particular, such concentration at points requires a mini-
mum ‘quantum’ of energy given by the Chern number of
the simplest non-trivial bundle 𝑃 over 𝑆4, so that 𝑐2(𝑃) ≠ 0.
Donaldson refined this and showed how to compactifyℳ
by adjoining a copy of 𝑋 corresponding to the bubbling
points. Another crucial aspect of the moduli space for def-
inite manifolds is that there are reducible connections, so

that ℳ has singularities each modeled on a cone on ℂℙ2.
Cutting out a neighborhood of these cones gives a compact
5-manifold that can’t exist for homological reasons unless
the original intersection form was diagonalizable. A few
years later, Fintushel and Stern gave a version of this argu-
ment for certain intersection forms that used SO(3) con-
nections to avoid Donaldson’s compactification theorem.
Using SO(3) connections allowed them toworkwith a bun-
dle 𝐸 with 𝑝1(𝐸) < 4, which is not enough energy to allow
bubbling.

The proof thatΘ3
ℤ is infinite can be greatly strengthened

by combining Donaldson’s analysis with an understand-
ing of the the Chern-Simons functional. We will describe
this, and then sketch how one gets much stronger results
using ideas from Floer theory.
4.1. Definite manifolds with boundary. Furuta and
Fintushel–Stern generalized Donaldson’s argument about
definite closed manifolds to the setting of certain mani-
folds with boundary, proving the remarkable result that
Θ3
ℤ is infinitely generated. (Recent work of Dai, Hom, Stof-

fregen, and Truong, using Heegaard Floer theory, sharpens
this to provide a ℤ∞ summand of Θ3

ℤ.) We will briefly ex-
plain the ideas and some of their descendants, and then
discuss how these interact with Floer theory in some very
recent work of Daemi and Nozaki-Sato-Taniguchi.

The setting is a bundle 𝐸 over a manifold 𝑋 with cylin-
drical ends [0,∞) × 𝑌 𝑖 𝑖 = 1, … ,𝑚, where one has speci-
fied limiting flat connections 𝛼𝑖 in each end. We will refer
to the data (𝐸, 𝛼 = {𝛼𝑖}) as an adapted bundle. Crucially,
a non-empty boundary introduces a new source of poten-
tial non-compactness called breaking. Instead of curvature
accumulating near a point, one can have on a given end
[0,∞) × 𝑌 , a sequence {𝐴𝑛}𝑛 of ASD connections whose
restrictions to that end satisfy

(i) the curvature 𝐹𝐴𝑛 concentrates on a tubular portion
(𝐿𝑛,∞) × 𝑌 where 𝐿𝑛 →∞ as 𝑛 → ∞, and

(ii) {𝐴𝑛|{𝑡}×𝑌 } is close to a flat connection 𝛽 for 𝑡 near 𝐿𝑛
and as 𝑡 → ∞ approaches the fixed connection 𝛼.

X
αβ

|FAn|2 ∞

Ln→ ∞
Figure 4. Breaking on an end of 𝑋.

SEPTEMBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1315



To have breaking again requires a quantum of energy that
may bemuch less than the amount required to concentrate
at a point.

A key observation is that the Chern-Simons function
gives a lower bound for the energy that could allow for
breaking. In the setting of SO(3) connections where the CS
function is well-defined mod 4, its minimum value on the
set of flat connections defines an invariant 𝜏(𝑌) ∈ [0, 4). If
one works on an adapted bundle with trivial connections
𝛼𝑖 at each end and 𝑝1 less than the minimum of all of the
𝜏(𝑌 𝑖), then one gets a compact moduli space.

Finding such an adapted bundle is not easy–here is a
situation where one can do so. Suppose that Σ is a Seifert
fibered homology sphere Σ(𝑎1, 𝑎2, … , 𝑎𝑚). This means that
Σ supports a circle action where the cyclic subgroups ℤ/𝑎𝑖
have fixed points. The quotient Σ/𝑆1 is topologically a 2-
sphere, and the mapping cone 𝐶 of the projection Σ → 𝑆2
is an orbifold: a space with some singularities modeled on
a cone over a lens space. Fintushel–Stern showed how to
do gauge theory on such orbifolds, and applied their re-
sults to study homology cobordism. An important part of
their work was an index calculation that gives the dimen-
sion of a moduli space over such an orbifold in terms of
an invariant 𝑅(𝑎1, 𝑎2, … , 𝑎𝑚).

Furuta [Fur90] used this method to great advantage,
showing that Θ3

ℤ contains a ℤ∞ subgroup. Combining Fu-
ruta’s results with work of Fintushel–Stern, and Hedden–
Kirk [HK11] yields the following.

Theorem 4.1. Let Σ = Σ(𝑎1, 𝑎2, … , 𝑎𝑚) be a Seifert fibered
homology sphere. If 𝑅(𝑎1, 𝑎2, … , 𝑎𝑚) > 0 and

|𝐻1(Σ; ℤ)|
𝑎1 ⋅ 𝑎2 ⋅ … ⋅ 𝑎𝑚

< min { 1
|𝐻1(Σ;ℤ)|

, 1
𝑎1
, … , 1

𝑎𝑚
,

𝜏(±𝑌1), … , 𝜏(±𝑌 𝑁)} ,

then the class of Σ in Θ3
ℤ/2 does not contain any linear combi-

nation of elements of {𝑌 𝑖}
𝑁
𝑖=1.

The conditions in the theorem are used as follows: A
relation in ℤ/2 homology cobordism is the same as a 4-
manifold 𝑋 with 𝐻1(𝑋; ℤ/2) = 𝐻2(𝑋; ℤ/2) = 0 and with
boundary Σ plus some number of copies of the 𝑌 𝑖. The
orbifold obtained by gluing 𝐶 and 𝑋 along Σ then admits
an adapted bundle (𝐸, 𝜽)with trivial connections over each
end corresponding to a 𝑌 𝑖. The associated moduli space
ℳ =ℳ(𝐸, 𝜽) can be shown to be compact using the given
bounds on the 𝜏(𝑌 𝑖). As in Donaldson’s work, this moduli
space will have a number of singular points corresponding
to reducible connections; removing these singular points
gives rise to a compact manifold with boundary a union
of complex projective spaces ℂℙ𝑛 that cannot exist by a
homological argument.

Theorem 4.1 obstructs not just the existence of ℤ/2-
homology cobordisms, but rather the more general class

of 4-manifolds 𝑋 with 𝐻1(𝑋; ℤ/2) = 0 and 𝑏+2 (𝑋) = 0. This
is a really useful extension; a typical application is to knot
concordance. Two knots 𝐾0 and 𝐾1 are concordant if they
cobound a cylinder in 𝐼 × 𝑆3, and the set of concordance
classes form the much-studied concordance group 𝒞. The
double branched cover of 𝐼 × 𝑆3 branched along a concor-
dance is a ℤ/2-homology cobordism between ℤ/2 homol-
ogy spheres. This passage to the double cover gives a ho-
momorphism from the concordance group to Θ3

ℤ/2. Hed-
den and Pinzón-Caicedo [HPC21] used this result on ℤ/2
homology cobordism to provide a criterion for a satellite
operation to have infinite rank as a function on smooth
concordance.
4.2. The non-trivial trivial connection. The results above
use the generators of the instanton chain complex and
some facts about ASD moduli spaces, but largely ignore
the differentials. The remaining two homology cobordism
invariants 𝑟𝑌 and Γ𝑌 featured in the rest of our story use
similar compactness arguments, but incorporate the dif-
ferentials in their definition. In fact they go considerably
further by also considering the trivial connection.

Many of the ideas originate in work of Frøyshov [Frø02],
who used the interaction with the trivial connection to de-
fine a surjective homomorphism ℎ ∶ Θ3

ℤ → ℤ. This map
is defined in terms of two homomorphisms at the chain
level. The first of these is 𝑢 ∶ 𝐶𝑖 → 𝐶𝑖−4 and is defined
as the count of elements in a codimension-4 submanifold
𝒩(𝛼, 𝛽) of ℳ(𝛼, 𝛽). To define the second one, recall first
that the Floer chain differential 𝜕 ∶ 𝐶𝑖 → 𝐶𝑖−1 is defined by
counting instantons over the tube ℝ × 𝑌 that limit asymp-
totically to flat irreducible connections. Even though the
trivial connection 𝜃 is reducible, it is still possible to apply
the same idea to define a homomorphism

𝐷1 ∶ 𝐶1 → ℤ
that counts instantons over the tube ℝ × 𝑌 that limit to
𝜃 in the outgoing end. Frøyshov’s homomorphism can be
interpreted in terms of the setℒ4𝑘−3 consisting of elements
𝑎 ∈ 𝐶4𝑘−3(𝑌) that are cycles, and such that

• 𝐷1𝑢𝑘−1𝑎 ≠ 0
• 𝐷1𝑢𝑗𝑎 = 0 for any 0 ≤ 𝑗 < 𝑘 − 1

In words, 𝑎 ∈ ℒ4𝑘−3 means that it can be joined to 𝜃 by
a ‘broken flow line’ consisting of exactly (𝑘 − 1) 𝑢-flows
and one linear combination of honest flow lines. A re-
sult of Frøyshov states that ℎ(𝑌) > 𝑘 if and only if the
set ℒ4𝑘−3 is non-empty. We now describe two homology
cobordism invariants that generalize ℎ, obtained using the
homomorphism 𝐷1. The underlying idea is that in addi-
tion to gradings, Morse homology groups admit a filtra-
tion induced by theMorse function itself. One can then ex-
tract useful invariants from the first filtration level at which
some cycle representing a homology class appears. In or-
der to do that here, we must revisit certain technicalities
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of CS. Recall that the Chern-Simons function is ℝ-valued
over 𝒜, but only ℝ/ℤ-valued after considering the action
of the gauge group since CS(𝑔∗𝛼) = CS(𝛼) + deg(𝑔) as in
Equation (6). To produce a function that is both ℝ-valued
and takes into consideration the action of the gauge group
(at least partially), let 𝒢0 be the subgroup of 𝒢 consist-
ing of the gauge transformations that have degree 0 (not
to be confused with 𝒢0 from Section 2.1). Then, setting
ℬ∞ = 𝒜/𝒢0 results in anℝ-valued Chern-Simons function
C̃S ∶ ℬ∞ → ℝ.

First we describe an invariant defined by Nozaki-Sato-
Taniguchi [NST19] that comes in the shape of a function
𝑟(𝑌) ∶ [−∞, 0] → [0,∞] associated to a ℤ-homology
sphere 𝑌 . Both the argument and the output of the func-
tion depend on a filtration of instanton homology defined
by restricting the image of C̃S to intervals [𝑠, 𝑟] ⊂ ℝ that
contain 0. The filtered instanton groups are obtained by
restricting the image of the latter function to intervals of
ℝ as in [FS92]. More precisely, for 𝑟, 𝑠 real numbers with
𝑠 ≤ 0 ≤ 𝑟 neither of which is a critical value of C̃S, the
chain group 𝐶[𝑠,𝑟]

𝑘 is the ℤ-module generated by the set of
flat irreducible elements 𝑎 of ℬ∞ such that C̃S(𝑎) ∈ (𝑠, 𝑟)
and dimℳ(𝑎, 𝜃0) = 𝑘, where 𝜃0 denotes the lift of [𝜃] to
ℬ∞ satisfying C̃S(𝜃0) = 0. If 𝑠 is a critical value, we con-
sider values of C̃S that are an 𝜖 smaller than 𝑠, with 𝜖 > 0
small enough so that 𝑠 − 𝜖 is bigger than the next critical
value of C̃S. The differential 𝜕[𝑠,𝑟] is simply the restriction
of 𝜕 to the filtered chain groups 𝐶[𝑠,𝑟]

𝑘 .

Definition 4.2 ([NST19]). For 𝑠 ∈ [−∞, 0], the value 𝑟𝑠(𝑌)
is defined as

inf{𝑟 ∈ [0,∞] ∣∃ 𝑎 ∈ 𝐶[𝑠,𝑟]
∗ such that

𝜕[𝑠,𝑟]𝑎 = 0, but 𝐷1(𝑎) ≠ 0}.

That is, 𝑟𝑠(𝑌) is the smallest positive real number for
which the count of flow lines from some cycle to the trivial
connection is non-trivial.

A related invariant was defined by Daemi [Dae20], as-
sociating a function Γ𝑌 ∶ ℤ → ℝ to a ℤ-homology sphere
𝑌 . The output of the function again depends on values
of C̃S at irreducible flat connections, and the input is the
absolute ℤ-grading of the critical points of C̃S.

Definition 4.3 ([Dae20]). For a positive integer 𝑘, the
value of Γ𝑌 (𝑘) is defined as

inf{val(𝑎) ∣ 𝑎 ∈ ℒ4𝑘−3}.

The real number val(𝑎) is the minimum value that C̃S
takes on the set of flat connections that appear in an ex-
pression for 𝑎 as a linear combination.

A first comparison of the two invariants is given by the
equality

𝑟−∞(𝑌) = Γ−𝑌 (1).

This relation follows almost immediately from the defini-
tions of the invariants after noticing that 𝜕[−∞,𝑟]𝑎 = 𝜕𝑎
whenever C̃S(𝑎) < 𝑟. The change in orientation is due to
differing conventions used by each set of authors. And, to
reiterate, if 𝑟𝑠(𝑌) < ∞ or if Γ𝑌 (𝑘) ≠ 0,∞, the function takes
values in the image under C̃S of flat connections.

To illustrate the behavior of the invariants, we present
computations for the Poincaré homology sphere with
both of its orientations. The diagrams in Table 1 represent
the portion of theℤ-graded instanton complex for±ℙwith
filtrations in the interval [0, 1]. The downward pointing ar-
rows represent the maps 𝑢 and 𝐷1, and the horizontal and
dashed arrows represent the values of the C̃S function at
the flat connections from Figure 2. The absence of an ar-
row or a label means that the maps are zero. The values of
Γ±ℙ and 𝑟𝑠(∓ℙ) can then be computed directly from Defi-
nitions 4.2 and 4.3.

𝜌2
CS //

ᵆ
��

49
120

𝜌1 //

𝐷1 ��

1
120

𝜃 // 0

𝜃 // 0

𝜌∗1 //
ᵆ

��

− 1
120

𝜌∗2
CS // − 49

120

grad(𝜌1) = 1
grad(𝜌2) = 5

grad(𝜌∗1) = 4
grad(𝜌∗2) = 0

𝐷1(𝜌2) = 0
𝐷1𝑢𝜌2 = 𝐷1𝜌1 ≠ 0
𝐷[𝑠,𝑟]
1 ≡ 0, 𝑟 < 1

120

𝐷1 ≡ 0

Γℙ(𝑘) =
⎧⎪
⎨⎪
⎩

∞ 𝑘 > 2
49
120

𝑘 = 2
1
120

𝑘 = 1
Γ−ℙ(𝑘) = ∞ for 𝑘 > 0

𝑟𝑠(−ℙ) =
1
120

𝑟𝑠(ℙ) = ∞

Table 1. Computations of the invariants Γ and 𝑟𝑠 for the
Poincaré homology sphere with both orientations.

Here are some sample applications of Γ and 𝑟𝑠 to both
the existence of irreducible representations, and to homol-
ogy cobordism.

Theorem 4.4 ([NST19]). Linear Independence: If 𝑌𝑛 is a
sequence of integer homology spheres such that 𝑟0(𝑌𝑛+1) <
𝑟0(𝑌𝑛) < ∞ and 𝑟0(−𝑌𝑛+1) = 𝑟0(−𝑌𝑛) = ∞, then the 𝑌𝑛
are linearly independent in Θ3

ℤ.
Special family: for any 𝑘 > 0, the homology cobordism class

of 2ℙ# − Σ(2, 3, 6𝑘 + 5) does not bound any definite smooth
4-manifold. Moreover, it has no Seifert fibered representative
nor a representative that is surgery on a knot in 𝑆3.

In discussing homology cobordisms in section 3, we
did not mention much about their fundamental groups. A
striking observation of Akbulut (based on work of Taubes)
is that for any homology cobordism 𝑊 from ℙ there is an
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Daemi NST

Γ𝑌 ∶ ℤ → ℝ 𝑟(𝑌) ∶ [−∞, 0] → [0,∞]

Monotonicity

Γ𝑌 (𝑘) ≤ Γ𝑌 (𝑘 + 1) 𝑠1 ≤ 𝑠2 ≤ 0, then
𝑟𝑠1(𝑌) ≥ 𝑟𝑠2(𝑌)

Behaviour under cobordisms

𝑊 ∶ 𝑌0 → 𝑌1, 𝑏+2 (𝑊) = 0, 𝐻1(𝑊;ℝ) = 0
Γ𝑌0(𝑘) ≥ Γ𝑌1(𝑘) for ev-
ery 𝑘 ∈ ℤ>0

𝑟𝑠(𝑌0) ≤ 𝑟𝑠(𝑌1) for every
𝑠 ∈ [−∞, 0]

Relationship with minimum CS

Γ𝑌 (1) ≥ 𝜏(𝑌) 𝑟0(𝑌) ≥ 𝜏(𝑌)

Summands of Θ3
ℤ

𝚪 ∶ Θ3
ℤ → ⊕𝑘∈ℤℝ 𝐫 ∶ Θ3

ℤ → ⊕𝑠∈ℝ≤0ℝ
𝑌 → (Γ𝑌 (𝑘))𝑘≥0 𝑌 → (𝑟𝑠(𝑌))𝑠∈ℝ≤0

Table 2. Properties of the invariants Γ and 𝑟𝑠.

irreducible SU(2) representation of𝜋1(𝑊). The Γ-invariant
extends results like this much further.

Theorem 4.5 ([Dae20]). For a negative definite cobordism
𝑊 ∶ 𝑌0 → 𝑌1, there exists a constant 𝜂(𝑊) ≥ 0 such that

• Γ𝑌1(𝑘) ≤ Γ𝑌0(𝑘) − 𝜂(𝑊) for 𝑘 > 0.
• 𝜂(𝑊) = 0 if and only if there exists a representation
𝜌 ∶ 𝜋1(𝑊) → 𝑆𝑈(2) that restricts to irreducible repre-
sentations for both 𝑌0 and 𝑌1.

5. Closing Remarks
There is much more to the story of Instanton Floer homol-
ogy! There are important variations of the theory, such as
a relative version for knots in a homology sphere [KM10]
and even a version for trivalent graphs introduced by
Kronheimer-Mrowka. This latter suggests a surprising ap-
proach to the 4-color theorem using methods of Floer the-
ory.

Counting flow lines to the trivial connection as dis-
cussed in Section 4.2 can be viewed as part of a construc-
tion of Floer theory as an SO(3)-equivariant Morse theory.
A construction of such an equivariant theory was given by
Miller Eismeier and was recently proved to be an invari-
ant by Daemi-Miller Eismeier; a version for knot Floer ho-
mology was given by Daemi-Scaduto. The resulting the-
ories have the same involved algebraic structures found
in the parallel Heegaard Floer and Monopole Floer the-
ories, and computational evidence suggests that they are
closely related. Even so, these theories have different fea-
tures: instanton homology has the filtration coming from
the C̃S invariant, while the Heegaard Floer and monopole

theories are more directly connected to symplectic and
contact geometry.

Finally, we mention an intriguing question stemming
from an old proposal of Cohen-Jones-Segal: is there a
space or other homotopy-theoretic object whose homol-
ogy groups yield Floer homology (ideally displaying the
full algebraic structure mentioned above)? Such spaces
have recently been constructed in the monopole setting
and for the more combinatorial Khovanov homology, and
one would like to see this same enrichment for the instan-
ton theory.
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Finite Generation of Cox Rings

José Luis González and Antonio Laface
The projective plane ℙ2 is one of the most ubiquitous ob-
jects in geometry. It appears as a compactification of the
plane by adding “a line at infinity” as proposed around the
second half of the 15th century by Piero della Francesca in
his De prospectiva pingendi. Painters started using perspec-
tive as a consequence of this construction.

One has to wait until the beginning of the XIX century
for August Ferdinand Möbius to introduce homogeneous co-
ordinates which provide an algebraic framework for projec-
tive planes. Homogeneous coordinates appear as soon as
one defines the 𝑛-dimensional complex projective space as

ℙ𝑛 ∶= (ℂ𝑛+1 ⧵ {0}) / ∼
where ∼ is the equivalence relation that identifies 𝑥 =
(𝑥0, … , 𝑥𝑛) and 𝜆𝑥 = (𝜆𝑥0, … , 𝜆𝑥𝑛) for all 𝑥 ∈ ℂ𝑛+1 and
𝜆 ∈ ℂ∗ ∶= ℂ ⧵ {0}. Cox rings can be thought of as a gen-
eralization of homogeneous coordinates to a wider class
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Figure 1. Architectural Veduta, by Francesco di Giorgio
Martini, around 1490.

of algebraic varieties, like the cartesian products of projec-
tive spaces. The main idea behind Cox rings is that they
allow us to define the quotient construction of the pro-
jective space in an intrinsic way: Where is the space ℂ𝑛+1

coming from? Where is the equivalence relation coming
from? Why does one remove the zero vector? We provide
answers to these questions. The projective space ℙ𝑛 is the
disjoint union of the affine space ℂ𝑛 with the “hyperplane
at infinity” 𝐻, given by the horizon line in Figure 1. The

1320 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 8



coordinate ring of ℂ𝑛 is the polynomial ring 𝑆 ∶=
ℂ[𝑥1, … , 𝑥𝑛] in 𝑛 variables. Given an integer 𝑑 ≥ 0 one
can form the vector space 𝑆𝑑 ⊆ 𝑆 of polynomials of degree
at most 𝑑. The Cox ring of ℙ𝑛 is the direct sum ⊕𝑑≥0𝑆𝑑
which is a graded algebra isomorphic to the polynomial
ring ℂ[𝑥0, … , 𝑥𝑛] in 𝑛 + 1 variables. This is the coordinate
ring of ℂ𝑛+1 and its grading assigning degree one to each
variable corresponds to theℂ∗-action 𝜆⋅𝑥 ∶= 𝜆𝑥, which in-
duces the previous equivalence relation. Finally, the point
0 ∈ ℂ𝑛+1 is in the closure of any orbit for this action, then
one has to remove it in order to obtain a quotient which
is not just one point.

From the construction of the Cox ring of the projective
space, we can see that the degree of a homogeneous poly-
nomial is a central notion. This degree can be replaced
with the order of the pole of a polynomial in 𝑆 along the
“hyperplane at infinity” 𝐻. In both cases, the notion de-
pends on the choice of an open subset of the projective
space: the affine space ℂ𝑛. The reason for this choice
is that the complement 𝐻 = ℙ𝑛 ⧵ ℂ𝑛 generates the divi-
sor class group of ℙ𝑛, an invariant which is hidden behind
the whole construction of the Cox ring. So, more gener-
ally, when one starts with an algebraic variety 𝑋 which ad-
mits an affine Zariski open subset 𝑈 ⊆ 𝑋 such that the
codimension-one subvarieties in 𝑋 ⧵ 𝑈 generate the divi-
sor class group of 𝑋 one can define the Cox ring of 𝑋 in a
similar way as for the Cox ring of ℙ𝑛. The Cox ring is not
necessarily finitely generated as an algebra over the com-
plex numbers, but when it is finitely generated, it is the
coordinate ring of an affine algebraic variety 𝑋 . The grad-
ing of the Cox ring corresponds to an action of an abelian
group 𝐻𝑋 over 𝑋 . One can show that, as in the case of the
projective space, there is an open invariant subset 𝑋 of 𝑋
and a quotient map

𝑝𝑋 ∶ 𝑋 → 𝑋
by the action of 𝐻𝑋 .

Understanding all morphisms from a projective vari-
ety 𝑋 to other projective varieties is a fundamental prob-
lem. One would like to decompose each map into sim-
ple steps and parametrize the possibilities. Morphisms be-
tween projective varieties can be factored as the composi-
tion of a morphism with connected fibers followed by one
with finite fibers. Then, we would like to understand the
decompositions of maps with connected fibers. A natu-
ral setting for this question is to consider not only mor-
phisms but also the so-called rational contractions, that is,
compositions of rational maps which are isomorphisms
in codimension one and surjective morphisms with con-
nected fibers, see [HK00, Definition 1.0]. If the Cox ring
of 𝑋 is finitely generated each such rational contraction
is uniquely determined by the choice of a certain invari-
ant open subset of 𝑋 , which gives rise to another quotient.

The collection of these subsets is in bijection with the set
of cones, called Mori chambers, of a fan supported on the
effective cone of 𝑋 , see Section 5.

The question of the finite generation of the Cox ring is
thus central andwe devote the second part of this note to it,
ending it with some recent examples of finitely and non-
finitely generated Cox rings. Along the way, we discuss
some natural questions, including: When are Cox rings
polynomial rings? When do two algebraic varieties have
isomorphic Cox rings? The answer to the first question
leads us to toric varieties and the work of D. Cox [Cox95],
while the answer to the second question allows us to in-
troduce a fascinating geometric object: Mori dream spaces,
following the work of Y. Hu and S. Keel [HK00].

A comprehensive reference on Cox rings is [ADHL15],
which also discusses the history of the subject. We high-
light J.-L. Colliot-Thélène and J.-J. Sansuc who introduced
universal torsors in arithmetic geometry in the 1970s.
David Cox introduced the homogeneous coordinate rings
of toric varieties in [Cox95]. Y. Hu and S. Keel proposed
the name Cox ring and showed how the finite generation
of this ring is connected to the geometry of the variety. Fi-
nally, J. Hausen in [Hau08] gave a definition of Cox rings
which generalizes the previous ones and is the one de-
scribed in this article.

1. Graded Algebras
Our first step towards the definition of Cox rings is to in-
troduce graded algebras. Given a finitely generated abelian
group 𝐴, a ℂ-algebra 𝑅 is 𝐴-graded if

𝑅 ∶=⨁
𝑎∈𝐴

𝑅𝑎,

where each 𝑅𝑎 is a complex vector space and 𝑅𝑎 ⋅𝑅𝑏 ⊆ 𝑅𝑎+𝑏
for any 𝑎, 𝑏 ∈ 𝐴. The elements of𝑅𝑎 are called homogeneous
of degree 𝑎. One says that 𝑅 is finitely generated if there is
a surjective homomorphism of ℂ-algebras from the poly-
nomial ring ℂ[𝑥1, … , 𝑥𝑟] to 𝑅. Moreover, without loss of
generality, one can assume the images of the variables are
homogeneous. The kernel is the ideal of an affine alge-
braic set 𝑋 ⊆ ℂ𝑟 which is uniquely determined by 𝑅 up to
isomorphism. One can recover 𝑅 as the coordinate ring of
𝑋 , and this ring is a domain precisely when 𝑋 is an affine
variety (i.e., an irreducible affine algebraic set). The group
𝐴 determines the monoid algebra

ℂ[𝐴] ∶=⨁
𝑎∈𝐴

ℂ ⋅ 𝜒𝑎

with product 𝜒𝑎 ⋅ 𝜒𝑏 = 𝜒𝑎+𝑏 (see [ADHL15, Constr.
1.1.1.5]). One can show that the affine variety 𝐺 defined
by this algebra is isomorphic to Hom(𝐴,ℂ∗) as a group. If
𝐴 is isomorphic to ℤ𝑛⊕𝐴tor, where the second summand
denotes the torsion part, then we have 𝐺 ≃ (ℂ∗)𝑛 ⊕ 𝐴tor.
The latter group is a quasitorus which acts on 𝑋 in the
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following way. For any 𝑎 ∈ 𝐴 denote by 𝜒𝑎 ∶ 𝐺 → ℂ∗ the
character 𝑔 ↦ 𝜒𝑎(𝑔) ∶= 𝑔(𝑎). If we denote by 𝑎1, … , 𝑎𝑟 ∈ 𝐴
the degrees of the above 𝑟 homogeneous generators of 𝑅,
then there is an action of 𝐺 on ℂ𝑟 given by

𝑔 ⋅ (𝑥1, … , 𝑥𝑟) ∶= (𝜒𝑎1(𝑔)𝑥1, … , 𝜒𝑎𝑟(𝑔)𝑥𝑟),

which induces an action of𝐺 on 𝑋 . In more abstract terms,
this group action is induced by the homomorphism 𝑅 →
𝑅⊗ℂ[𝐴] defined by 𝑅𝑎 ∋ 𝑓𝑎 ↦ 𝑓𝑎⊗𝜒𝑎. The above action
can be defined even when 𝑅 is not finitely generated.

Example 1.1. Two examples, useful in the sequel, are
given by two different ℤ2-gradings of the polynomial ring
ℂ[𝑥1, 𝑥2, 𝑥3, 𝑥4]. Each grading is defined by the columns of
one of the following matrices (the degree of 𝑥𝑖 is the 𝑖-th
column):

[1 1 𝑛 0
0 0 1 1] [1 1 1 0

0 1 1 1] ,

where 𝑛 is a nonnegative integer. In each case 𝐺 ≃
(ℂ∗)2 acts on ℂ4. If we denote by 𝑡1 ∶= 𝜒(1,0)(𝑡) and
𝑡2 ∶= 𝜒(0,1)(𝑡) then, for example, the second action is
𝑡 ⋅ (𝑥1, … , 𝑥4) = (𝑡1𝑥1, 𝑡1𝑡2𝑥2, 𝑡1𝑡2𝑥3, 𝑡2𝑥4).

Divisor class group. Our second step is to introduce a fun-
damental invariant of an algebraic variety: the divisor class
group. Let 𝑋 be an algebraic variety. A rational map or
rational function 𝑋 99K ℂ on 𝑋 is an equivalence class
of morphisms from nonempty open subsets of 𝑋 to ℂ,
where two suchmorphisms are identified if they agree on a
nonempty open set. The set of all rational functions on 𝑋
is a field under pointwise sum and product called the field
of rational functions of 𝑋 . The free abelian group generated
by the codimension-one subvarieties is the group of Weil di-
visors of 𝑋 . Given a Weil divisor 𝐷 = ∑𝑖 𝑎𝑖𝐷𝑖, its support is
the union ⋃𝑖 𝐷𝑖. A codimension-one subvariety is called
a prime divisor. To any nonzero rational function 𝑓 ∈ ℂ(𝑋)
one associates a Weil divisor

div(𝑓) ∶= ∑
𝐷 prime divisor

ord𝐷(𝑓)𝐷,

where ord𝐷(𝑓) is an integer which intuitively represents the
order of vanishing of 𝑓 along the prime divisor 𝐷 ⊆ 𝑋 . It
turns out that the sum above is finite and that the assign-
ment 𝑓 ↦ div(𝑓) is a homomorphism of abelian groups.
Its image is the group of principal divisors and finally one
defines the divisor class group Cl(𝑋) as the quotient of the
group of Weil divisors modulo the subgroup of principal
divisors. Fromnowonwe assume that this group is finitely
generated, which is the case for example when 𝑋 is a ra-
tional, a Fano, or a Calabi-Yau variety. Two Weil divisors
𝐷,𝐷′ are linearly equivalent if their difference 𝐷−𝐷′ is prin-
cipal. We now recall the definition of a normal variety.

Definition 1.2. A normal affine variety 𝑋 is an affine
variety which has singularities in codimension two
or more and that for any open subset 𝑈 ⊆ 𝑋 , with
complement of codimension two or more, the reg-
ular functions of 𝑈 are restrictions of regular func-
tions of 𝑋 . More generally a normal variety is one
which is covered by normal affine ones.

Example 1.3. An example of non-normal affine va-
riety is given by any singular curve, since the first
condition for normality is not satisfied.

Example 1.4. An example where the second con-
dition is not satisfied is the affine variety 𝑋 defined
by the subalgebra 𝐴 ⊆ ℂ[𝑥, 𝑦] generated by all the
monomials but 𝑥. It is easy to see that 𝐴 is in
fact generated by 𝑥2, 𝑥3, 𝑦, 𝑥𝑦, so that 𝑋 is the im-
age in ℂ4 of the map (𝑥, 𝑦) ↦ (𝑥2, 𝑥3, 𝑦, 𝑥𝑦). If
𝑢1, 𝑢2, 𝑢3, 𝑢4 are coordinates ofℂ4 then on the open
subset 𝑈 ∶= 𝑋 ⧵ 𝑉(𝑢1, 𝑢3) the function 𝑢2/𝑢1 =
𝑢4/𝑢3 is regular but it is not a restriction of a regu-
lar function on 𝑋 .

Our next definition is that of a Cartier divisor. The usual
definition is different from the one given in the following
lines, but one can show that on a normal algebraic variety
the two definitions coincide. A Weil divisor 𝐷 is Cartier if
it is locally principal, that is 𝑋 admits an open covering
and over each such open subset 𝑈 one has 𝐷|𝑈 = div(𝑓)|𝑈
for some rational function 𝑓 ∈ ℂ(𝑋), where 𝐷|𝑈 means
that one removes all the prime divisors in the support of
𝐷 that do not intersect 𝑈. A variety is ℚ-factorial if any
Weil divisor admits a nonzero integer multiple which is a
Cartier divisor.

As a preliminary to the definition of Cox rings we briefly
recall the notion of a sheaf.

Definition 1.5. A presheaf ℱ of groups over a topo-
logical space 𝑋 is a contravariant functor from the
category of open subsets of𝑋 with inclusions to the
category of groups with homomorphisms. To any
inclusion of open sets 𝑉 ⊆ 𝑈 one associates a ho-
momorphism ℱ(𝑈) → ℱ(𝑉) usually denoted by
𝑓 ↦ 𝑓|𝑉 . The set ℱ(𝑈) is also denoted by Γ(ℱ,𝑈)
and its elements are called the sections ofℱ over𝑈.
A presheaf is a sheaf if for any open covering {𝑈 𝑖} of
an open subset𝑈 and any collection of 𝑓𝑖 ∈ ℱ(𝑈 𝑖),
such that 𝑓𝑖|𝑈𝑖∩𝑈𝑗 = 𝑓𝑗|𝑈𝑖∩𝑈𝑗 for all 𝑖, 𝑗, there exists
a unique 𝑓 ∈ ℱ(𝑈) such that 𝑓|𝑈𝑖 = 𝑓𝑖 for all 𝑖.
Presheaves and sheaves of rings or algebras are de-
fined analogously.

1322 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 8



Example 1.6. A typical example to keep in mind
is the presheaf of constant functions with real val-
ues on a topological space. It is not a sheaf in gen-
eral since one can have locally constant functions
over disjoint connected components which do not
form a constant function on the whole space (here
the sheaf condition is automatic being the intersec-
tions 𝑈 𝑖 ∩ 𝑈𝑗 all empty). The presheaf of locally
constant functions is a sheaf.

Example 1.7. Two important examples are the
sheaves that assign to each open subset 𝑈 of a va-
riety 𝑋 the regular functions on 𝑈 and the rational
functions on 𝑈, with restrictions given by the re-
striction of functions.

A Weil divisor 𝐷 = ∑𝑖 𝑎𝑖𝐷𝑖 is effective if all of its coef-
ficients 𝑎𝑖 are nonnegative. Any Weil divisor 𝐷 defines a
sheaf 𝒪𝑋(𝐷) on 𝑋 whose space of sections on the open
subset 𝑈 ⊆ 𝑋 is the vector space generated by the nonzero
rational functions 𝑓 ∈ ℂ(𝑋) such that (div(𝑓) + 𝐷)|𝑈 is ef-
fective. A basis {𝑓0, … , 𝑓𝑁 } of the space of global sections
Γ(𝑋,𝒪𝑋(𝐷)) induces a rational map

𝜓𝐷 ∶ 𝑋 99K ℙ𝑁 , 𝑝 ↦ [𝑓0(𝑝) ∶ ⋯ ∶ 𝑓𝑁(𝑝)],
and choosing a different basis changes 𝜓𝐷 with 𝜎 ∘ 𝜓𝐷,
where 𝜎 is an automorphism of ℙ𝑁 . The divisor 𝐷 is base
point free if 𝜓𝐷 is a morphism; it is very ample if 𝜓𝐷 is an em-
bedding; it is ample, respectively semiample, if there exists a
positive integer 𝑛 such that 𝜓𝑛𝐷 is very ample, respectively
𝜓𝑛𝐷 is a morphism.
Cox rings. To any finitely generated subgroup 𝐾 of Weil di-
visors on a normal algebraic variety 𝑋 one can associate
the following sheaf of algebras

𝒮 ∶= ⨁
𝐷∈𝐾

𝒪𝑋(𝐷). (1)

The sheaf 𝒮 is graded by 𝐾 and it is possible to show
that its ring of global sections Γ(𝑋, 𝒮) is a factorial ring
whenever the class map cl|𝐾 ∶ 𝐾 → Cl(𝑋) is a surjec-
tion [ADHL15, Thm. 1.3.3.3]. If the divisor class group
is torsion-free then one can choose 𝐾 such that cl |𝐾 is an
isomorphism and define a Cox ring of 𝑋 as Γ(𝑋, 𝒮). It is
not difficult to show that different choices for 𝐾 lead to
isomorphic Cox rings. However things get more compli-
cated when the divisor class group has torsion. In order to
provide a definition of Cox ring which also includes this
possibility one starts with a finitely generated subgroup of
Weil divisors 𝐾 such that cl|𝐾 is surjective and let 𝐾0 be its
kernel. One can define a homomorphism 𝜒∶ 𝐾0 → ℂ(𝑋)∗
such that div ∘𝜒 = id because 𝐾0 is free abelian and its el-
ements are principal divisors. Given a principal divisor 𝐷,
a rational function 𝑓 such that div(𝑓) = 𝐷 is defined only

up to scalar multiplication, provided that the only global
invertible regular functions of 𝑋 are constants, which we
are going to assume from now on. Introducing 𝜒 allows
one to make a coherent choice for all these scalars. De-
fine the sheaf of ideals ℐ ⊆ 𝒮 which is locally generated
by elements of the form 1 − 𝜒(𝐷), for 𝐷 ∈ 𝐾0. Given two
divisors𝐷,𝐷′ ∈ 𝐾 whose difference is in 𝐾0 it is easy to see
that the map 𝒪𝑋(𝐷) → 𝒪𝑋(𝐷′) defined by multiplication
by 𝜒(𝐷 − 𝐷′) is an isomorphism. Taking the quotient by
ℐ has the effect of identifying these sheaves keeping one
copy for each divisor class.

Definition 1.8. Let 𝑋 be a normal algebraic variety with
a finitely generated divisor class group and whose global
invertible regular functions are constants. Given a choice
of 𝐾 and 𝜒 as before one defines a Cox sheaf and a Cox ring
of 𝑋 as

ℛ ∶= 𝒮/ℐ and ℛ(𝑋) ∶= Γ(𝑋,ℛ),

respectively. It is possible to show that any two such Cox
rings for 𝑋 are isomorphic, in other words the isomor-
phism class does not depend on the choice of 𝐾 and 𝜒.

We can write the Cox ring making explicit its grading by
the divisor class group as follows:

ℛ(𝑋) = ⨁
Cl(𝑋)

Γ(𝑋,𝒪𝑋(𝐷)).

Remark 1.9. A big open subset of an algebraic variety is an
open subset whose complement has codimension greater
than or equal to 2. A direct consequence of Definition 1.8
is that if 𝑈 ⊆ 𝑋 is a big open subset, then the inclusion
induces an isomorphism between their Cox rings. Indeed,
each prime divisor of 𝑋 restricts to a prime divisor of 𝑈
and conversely a divisor of𝑈 has a unique closure in 𝑋 . In
particular, if 𝑋 and 𝑌 are birationally equivalent varieties
with isomorphic big open subsets then the Cox rings of 𝑋
and 𝑌 are isomorphic.

Example 1.10. Consider 𝑋 = ℙ𝑛. The divisor class group
is freely generated by the class of a hyperplane 𝐻, so let
𝐾 = ⟨𝐻⟩. If 𝑥0, … , 𝑥𝑛 are homogeneous coordinates and
𝐻 = 𝑉(𝑥0), then the space of global sections of 𝒪ℙ𝑛(𝑑𝐻)
is generated by polynomials in the variables

𝑥1
𝑥0
, … , 𝑥𝑛

𝑥0
of

degree up to 𝑑. This space is isomorphic to the space of
degree 𝑑 homogeneous polynomials in 𝑛 + 1 variables. It
follows that the Cox ring is isomorphic to the polynomial
ring ℂ[𝑥0, … , 𝑥𝑛].

We conclude this section with an algebraic property of
Cox rings. If the divisor class group is torsion-free then
the Cox ring is a factorial ring. More generally one has the
following, see [ADHL15, Thm. 1.5.3.7, Thm. 1.3.3.3] and
[BH03,EKW04,Arz09].
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Theorem 1.11. Every nonzero non-unit homogeneous element
in the Cox ring can be written as a product of a finite number
of irreducible homogeneous elements, uniquely up to order and
units.

2. Quotient Construction
Whenever the Cox ring of an algebraic variety 𝑋 is finitely
generated it defines an affine variety named the total co-
ordinate space of 𝑋 and denoted by 𝑋 . It follows, by our
previous discussion, that the monoid algebra ℂ[Cl(𝑋)] de-
fines a quasitorus 𝐻𝑋 which is isomorphic, as a group,
to Hom(Cl(𝑋), ℂ∗). The Cl(𝑋)-grading of the Cox ring in-
duces an action of 𝐻𝑋 on 𝑋 . The Cox sheaf determines
an invariant open subset 𝑋 ⊆ 𝑋 which admits 𝑋 as good
quotient. We briefly describe how this invariant open
subset is constructed. Let 𝑈1, … , 𝑈𝑠 be affine open sub-
sets whose union is 𝑋 . The algebra of global sections
Γ(𝑈 𝑖, ℛ) defines an invariant affine subvariety 𝑈 𝑖 ⊆ 𝑋 and
one defines 𝑋 ∶= 𝑈1 ∪ ⋯ ∪ 𝑈𝑠. The inclusion homo-
morphism Γ(𝑈 𝑖, ℛ)0 ⊆ Γ(𝑈 𝑖, ℛ) of the subring generated
by the degree-zero homogeneous elements induces a quo-
tient map 𝑈 𝑖 → 𝑈 𝑖. All these maps glue together produc-
ing the quotient map 𝑝𝑋 ∶ 𝑋 → 𝑋 . Thus one has the fol-
lowing diagram

𝑋
𝑝𝑋
��

⊆ 𝑋

𝑋.
Example 2.1. When 𝑋 is the projective space ℙ𝑛 we have
already seen that the Cox ring is the polynomial ring
ℂ[𝑥0, … , 𝑥𝑛] with the ℤ-grading which assigns degree 1 to
each variable. One can cover the projective space with the
𝑛 + 1 affine spaces 𝑈0, … , 𝑈𝑛, where 𝑈 𝑖 ∶= ℙ𝑛 ⧵ 𝑉(𝑥𝑖).
Over each such subset Γ(𝑈 𝑖, ℛ) ≃ ℂ[𝑥0, … , 𝑥𝑛]𝑥𝑖 , where
the right-hand side is the localization of the polynomial
ring with respect to the multiplicative subset generated
by the powers of 𝑥𝑖. In other words, one takes Laurent
polynomials in the 𝑖-th variable. Thus, for example, 𝑈0
is the open subset of ℂ𝑛+1 where the first variable does
not vanish. The quotient morphism 𝑈0 → 𝑈0 is given by
(𝑥0, … , 𝑥𝑛) ↦ [1 ∶ 𝑥1/𝑥0 ∶ ⋯ ∶ 𝑥𝑛/𝑥0]. All these mor-
phisms glue together to give the usual quotient construc-
tion of the projective space.

Remark 2.2. The morphism 𝑝𝑋 is a good quotient in the fol-
lowing sense: it is invariant, which means that 𝑝𝑋(ℎ ⋅ ̂𝑥) =
𝑝𝑋( ̂𝑥) for any ℎ ∈ 𝐻𝑋 and ̂𝑥 ∈ 𝑋 ; it is affine, which means
that the preimage of an affine subset𝑈 is affine; and finally
each invariant regular function on the affine subset 𝑝−1𝑋 (𝑈)
is the pullback of a regular function on 𝑈.

Example 2.3. If we go back to Example 1.1 the two grad-
ings on 𝑅 ∶= ℂ[𝑥1, 𝑥2, 𝑥3, 𝑥4] define two actions of (ℂ∗)2

on ℂ4. Let 𝑈 𝑖𝑗 ∶= ℂ4 ⧵ 𝑉(𝑥𝑖𝑥𝑗) for 𝑖 ∈ {1, 2} and 𝑗 ∈ {3, 4}
and let 𝑈 be the union of these four open affine subsets.
In both cases the grading induces a quotient map of tori
(ℂ∗)4 → (ℂ∗)2. In the first case it is (𝑥1, 𝑥2, 𝑥3, 𝑥4) ↦
(𝑥2/𝑥1, 𝑥𝑛1𝑥4/𝑥3) and the four quotient maps glue together
to give the good quotient 𝑈 → 𝔽𝑛, where 𝔽𝑛 is the 𝑛-
th Hirzebruch surface. In the second case the morphism
is (𝑥1, 𝑥2, 𝑥3, 𝑥4) ↦ (𝑥2/𝑥3, 𝑥1𝑥4/𝑥3) and the images of
𝑈13 and 𝑈34 coincide, as a consequence the quotient mor-
phism on 𝑈 is not affine.

Example 2.3 shows that not every graded polynomial
ring is a Cox ring. A complete characterization is given by
the next proposition, where 𝐴ℚ denotes the rational vector
space 𝐴 ⊗ℤ ℚ and cone(𝑤𝑖 ∶ 𝑖 ∈ 𝐼) is the convex cone of
𝐴ℚ generated by the vectors 𝑤𝑖 indexed by 𝐼. A reference
for the following result is [ADHL15, Exer. 2.11].

Proposition 2.4. Let ℂ[𝑥1, … , 𝑥𝑟] be an 𝐴-graded polynomial
ring with homogeneous variables and let 𝑤𝑖 ∶= deg(𝑥𝑖) for all
𝑖. This polynomial ring is a Cox ring if the following conditions
hold:

1. 𝐴 is generated by any 𝑟 − 1 elements of {𝑤1, … , 𝑤𝑟};
2. for each 1 ≤ 𝑖, 𝑗 ≤ 𝑟 the interior of the cones
cone(𝑤𝑘 ∶ 𝑘 ≠ 𝑖) and cone(𝑤𝑘 ∶ 𝑘 ≠ 𝑗) have non-
empty intersection.

The first condition is equivalent to the triviality of the
stabilizer of a general point of the divisor 𝑉(𝑥𝑖) for all 𝑖.
The second condition is used to guarantee that the quo-
tient is good. As an application, the first algebra in Exam-
ple 1.1 is a Cox ring, while the second one is not.

3. Toric Varieties
Proposition 2.4 characterizes the graded polynomial rings
that are Cox rings. Now we would like to identify the va-
rieties with such polynomial Cox rings. These are the toric
varieties and we describe them in this section. The affine
variety 𝑇 ∶= (ℂ∗)𝑛 is called the 𝑛-dimensional algebraic
torus or simply the torus. The function 𝑇×𝑇 → 𝑇 given by
coordinatewisemultiplication is amorphism and it makes
a torus 𝑇 into an algebraic group.

Definition 3.1. A toric variety is a normal variety that con-
tains a torus 𝑇 as an open subset, and which has an action
of 𝑇 via a morphism 𝑇 × 𝑋 → 𝑋 that restricted to 𝑇 ⊆ 𝑋 is
the 𝑇 × 𝑇 → 𝑇 coordinatewise multiplication action of 𝑇
on itself.

Example 3.2. Projective space ℙ𝑛 is a toric variety with the
𝑇-action given by 𝑡 ⋅ 𝑥 = [𝑥0 ∶ 𝑡1𝑥1 ∶ ⋯ ∶ 𝑡𝑛𝑥𝑛] for any
𝑡 = (𝑡1, … , 𝑡𝑛) ∈ 𝑇 and 𝑥 = [𝑥0 ∶ 𝑥1 ∶ ⋯ ∶ 𝑥𝑛] ∈ ℙ𝑛.
The coordinate chart 𝑈0 ∶= ℙ𝑛 ⧵ 𝑉(𝑥0) is an affine space
invariant under the same action, so that 𝔸𝑛 is also a toric
variety.
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In order to provide a description for the Cox ring of a
toric variety we need to review the combinatorial language
used to describe such varieties. To begin with, each one-
parameter subgroup ℂ∗ → 𝑇 is uniquely determined by a
vector of exponents in a space 𝑁 ≃ ℤ𝑛. Dually each char-
acter 𝑇 → ℂ∗ is determined by a vector 𝑢 in the dual 𝑀 =
Hom(𝑁, ℤ) ≃ ℤ𝑛 of 𝑁. The duality is expressed by a uni-
modular bilinear pairing 𝑀 × 𝑁 → ℤ, (𝑢, 𝑣) ↦ ⟨𝑢, 𝑣⟩. This
extends to a duality of the corresponding rational vector
spaces𝑀ℚ = 𝑀 ⊗ℤ ℚ, 𝑁ℚ = 𝑁 ⊗ℤ ℚ. If 𝑋 is an affine toric
variety and 𝑥0 ∈ 𝑋 is a point in the open torus orbit, the set
of one-parameter subgroups 𝑡 ↦ 𝑡𝑣 such that lim𝑡→0 𝑡𝑣 ⋅ 𝑥0
exists in 𝑋 form the set of integer points of a convex poly-
hedral (i.e., finitely generated) cone 𝜎 ⊆ 𝑁ℚ. This cone 𝜎
is strictly convex (i.e., {0} is a face of 𝜎), since 𝑇 is an in-
variant open subset of 𝑋 . On the other hand, given such a
cone, its dual 𝜎∨ ∶= {𝑢 ∈ 𝑀ℚ ∶ ⟨𝑢, 𝑣⟩ ≥ 0 for any 𝑣 ∈ 𝜎}
defines the monoid algebra ℂ[𝜎∨ ∩𝑀] which turns out to
be finitely generated. The corresponding affine variety 𝑋𝜍
is toric isomorphic to 𝑋 , with torus action induced by the
homomorphism ℂ[𝜎∨ ∩𝑀] → ℂ[𝑀]⊗ℂ[𝜎∨ ∩𝑀] defined
by 𝜒𝑚 ↦ 𝜒𝑚 ⊗𝜒𝑚.

More generally toric varieties are constructed by gluing
affine toric varieties which share a common torus 𝑇. Any
toric variety 𝑋 has an open cover by affine toric varieties,
and thus it corresponds to a collection Σ of strictly convex
polyhedral cones in the space𝑁ℚ and the gluing condition
implies that Σ is a fan: each face of a cone in Σ is again in Σ
and the intersection of any two cones in Σ is a face of both.
If 𝜏 is a face of 𝜎, and 𝑚 ∈ 𝑀 is in the relative interior of
𝜎∨∩𝜏⟂ thenwe have 𝜏∨∩𝑀 = (𝜎∨∩𝑀)⊕ℤ≥0 ⋅(−𝑚). Equiva-
lently the algebraℂ[𝜏∨∩𝑀] is the localization ofℂ[𝜎∨∩𝑀]
at the multiplicative system 𝑆 = {1, 𝜒𝑚, 𝜒2𝑚, … }, which im-
plies that 𝑋𝜏 is an open affine torus invariant subset of 𝑋𝜍.
Using this, one can show that the affine toric varieties 𝑈𝜍
for 𝜎 in a fan Σ can be glued to obtain a toric variety which
we denote by 𝑋Σ. If the fan Σ arises from 𝑋 as above, then
𝑋 is isomorphic to 𝑋Σ as toric varieties, hence every toric
variety arises from a fan.

Remark 3.3. A toric variety 𝑋 has finitely many 𝑇-orbits
and they correspond to the cones in the fan. For all the
integer points 𝑣 in the relative interior of a cone 𝜎 ∈ Σ
the limits lim𝑡→0 𝑡𝑣 ⋅ 𝑥0 are in the same torus orbit. The
toric variety 𝑋 has finitely many 𝑇-invariant subvarieties,
each arising as the closure of a unique 𝑇-orbit. The 𝑇-
invariant subvarieties are in inclusion-reversing correspon-
dence with the cones in the fan. For example, 𝑇-invariant
prime divisors correspond to the rays of the fan (i.e., to the
one-dimensional cones). We denote the set of rays of Σ by
Σ(1) and, by abuse of notation, use the same symbol for
the set of primitive generators in 𝑁 of the rays.

Since the Laurent polynomial ring is factorial, the divi-
sor class group of a torus 𝑇 is trivial so that any divisor of a
toric variety is linearly equivalent to a 𝑇-invariant one. As
a consequence, if 𝐾 is the group of 𝑇-invariant Weil divi-
sors then the class map cl|𝐾 ∶ 𝐾 → Cl(𝑋) is surjective. Its
kernel 𝐾0 consists of 𝑇-invariant principal divisors. Each
such divisor div(𝜒) cannot intersect the torus 𝑇, so that 𝜒
is a regular function on 𝑇. Moreover 𝑇-invariance implies
that 𝜒|𝑇 is a character of the torus. Vice versa, any character
of 𝑇 gives a principal torus invariant divisor. From now on
we also assume that the only global regular invertible func-
tions of 𝑋 are constants, which is equivalent to the rays of
the fan Σ spanning𝑁ℚ. It follows that the map𝑀 → 𝐾0 de-
fined by 𝑢 ↦ div(𝜒ᵆ) is an isomorphism of abelian groups.
Now, let 𝒮 be as in (1) and let 𝐷1, … , 𝐷𝑟 be the prime 𝑇-
invariant divisors of 𝑋 . The algebra ℂ[𝑥1, … , 𝑥𝑟] ⊗ℂ ℂ[𝑀]
is 𝐾-graded by deg(𝑥𝑖) ∶= 𝐷𝑖 and deg(𝜒𝑚) ∶= div(𝜒−𝑚).
The homomorphism of 𝐾-graded algebras

ℂ[𝑥1, … , 𝑥𝑟] ⊗ℂ ℂ[𝑀] → Γ(𝑋, 𝒮)
defined by 𝑥𝑖 ⊗ 1 ↦ 1 ∈ Γ(𝑋, 𝒮)𝐷𝑖 and 1 ⊗ 𝜒𝑚 ↦
𝜒𝑚 ∈ Γ(𝑋, 𝒮)−div(𝜒𝑚), is an isomorphism. The surjectiv-
ity follows from the fact that for any 𝑇-invariant divisor
𝐷 the vector space Γ(𝑋, 𝒮)𝐷 is generated by monomials of
ℂ[𝑀]. To prove the injectivity, first of all one shows that
div(𝜒𝑚) = ∑𝑖⟨𝑚, 𝑣𝑖⟩𝐷𝑖, where each 𝑣𝑖 is the primitive gen-
erator of the one-dimensional cone of the fan correspond-
ing to 𝐷𝑖. Thus, if 𝐷 = ∑𝑖 𝑎𝑖𝐷𝑖, the degree 𝐷 part of each
of the above algebras is isomorphic to the vector space

⨁
𝑚∈∆𝐷∩𝑀

ℂ ⋅ 𝜒𝑚,

where Δ𝐷 ∶= {𝑚 ∈ 𝑀ℚ ∶ ⟨𝑚, 𝑣𝑖⟩ + 𝑎𝑖 ≥ 0}. By the def-
inition of Cox ring, ℛ(𝑋) is isomorphic to the quotient
Γ(𝑋, 𝒮)/Γ(𝑋, ℐ), where ℐ is the ideal sheaf locally generated
by 1 − 𝜒𝑚 for all 𝑚 ∈ 𝑀. As a consequence we have the
following.

Theorem 3.4. The Cox ring of a toric variety 𝑋 with torus in-
variant prime divisors 𝐷1, … , 𝐷𝑟 is the Cl(𝑋)-graded polynomial
ring ℂ[𝑥1, … , 𝑥𝑟], where deg(𝑥𝑖) = [𝐷𝑖] ∈ Cl(𝑋) for each 𝑖.

Next, we describe the correspondence between full-
dimensional lattice polytopes and pairs consisting of a pro-
jective toric variety together with an ample divisor. A lat-
tice polytope Δ ⊆ 𝑀ℚ is a polytope with vertices in 𝑀. Each
maximal proper face 𝐹 of Δ corresponds to the generator
𝑣𝐹 ∈ 𝑁 of the monoid of points of 𝑁 which lie on the
inward normal to 𝐹. Now, each face 𝑄 of Δ defines a
cone 𝜎𝑄 of 𝑁ℚ generated by all the 𝑣𝐹 as 𝐹 runs over the
maximal proper faces of Δ which contain 𝑄. The set of
such cones is the normal fan Σ∆ to Δ and the correspond-
ing toric variety is denoted by 𝑋∆. The ample divisor is
𝐻 ∶= −∑𝐹 minᵆ∈∆⟨𝑢, 𝑣𝐹⟩𝐷𝐹 , where 𝐹 runs over all the
maximal faces ofΔ and𝐷𝐹 denotes the prime divisor of 𝑋∆
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defined by the one-dimensional cone of the fan generated
by 𝑣𝐹 . Every pair consisting of a projective toric variety 𝑋
together with an ample 𝑇-invariant divisor 𝐻 of 𝑋 arises
this way, where the polytope is Δ𝐻 as defined above.

Example 3.5. Given at least two positive integers 𝑎0, … , 𝑎𝑛,
such that any 𝑛 of them have greatest common divisor one,
the weighted projective space ℙ(𝑎0, … , 𝑎𝑛) is the toric variety
obtained as the good quotient of ℂ𝑛+1 ⧵ {0} by the ℂ∗-
action 𝑡 ⋅ (𝑥0, … , 𝑥𝑛) ∶= (𝑡𝑎0𝑥0, … , 𝑡𝑎𝑛𝑥𝑛). Alternatively, if 𝑙
is the least common multiple of the 𝑛 + 1 numbers, then
ℙ(𝑎0, … , 𝑎𝑛) is the toric variety defined by the lattice poly-
tope Δ ⊆ ℚ𝑛+1 with vertices (𝑙/𝑎0, 0, … , 0), (0, 𝑙/𝑎1, … , 0),
. . . , (0, … , 0, 𝑙/𝑎𝑛) contained in the hyperplane with equa-
tion 𝑎0𝑥0 + ⋯ + 𝑎𝑛𝑥𝑛 = 𝑙. The divisor class group of
the weighted projective space is free of rank one and the
Cox ring is the polynomial ring 𝕂[𝑥0, … , 𝑥𝑛], graded by
deg(𝑥𝑖) ∶= 𝑎𝑖.
Cox rings of 𝑇-varieties. We conclude the section by dis-
cussing the Cox ring of a 𝑇-variety.

Definition 3.6. A 𝑇-variety is a normal variety that admits
an effective action of a torus 𝑇. The difference dim(𝑋) −
dim(𝑇) is the complexity of 𝑋 , so that the 𝑇-varieties of com-
plexity zero are the toric varieties.

As before we assume that 𝑋 has only constant invert-
ible global functions and finitely generated divisor class
group. For any point 𝑥 ∈ 𝑋 , let 𝑇𝑥 ⊆ 𝑇 denote its stabi-
lizer. The complement of the open subset 𝑋0 ∶= {𝑥 ∈ 𝑋 ∶
𝑇𝑥 is finite} is union of a finite number of prime divisors
𝐸1, … , 𝐸𝑚. According to a result of Sumihiro [Sum74, Cor.
3], there is a geometric quotient 𝑞∶ 𝑋0 → 𝑋0/𝑇 with an
irreducible normal but possibly non-separated orbit space
𝑋0/𝑇. As shown in [HS10, Proof of Thm. 1.2] the preva-
riety 𝑋0/𝑇 admits a separation, that is, a surjective rational
map 𝜋∶ 𝑋0/𝑇 99K 𝑌 onto a normal variety 𝑌 , with only
constant invertible global functions and a finitely gener-
ated divisor class group, which is a local isomorphism over
a big open subset of 𝑌 . The same reference shows that
there are prime divisors 𝐶0, … , 𝐶𝑟 of 𝑌 such that 𝜋 is an
isomorphism outside their union, that each 𝜋−1(𝐶𝑖) is a
disjoint union of prime divisors 𝐶𝑖𝑗 and that all divisors
with non-trivial finite generic isotropy occur among the
closures 𝐷𝑖𝑗 of the preimages of the 𝐶𝑖𝑗 via 𝑞. For each 𝑖
one defines a monomial 𝑥𝑙𝑖𝑖 ∶= ∏𝑗 𝑥

𝑙𝑖𝑗
𝑖𝑗 where 𝑙𝑖𝑗 is the or-

der of the isotropy group of a general point of 𝐷𝑖𝑗. If one
denotes by 1𝐶𝑖 a defining section for 𝐶𝑖 in Cox coordinates
on 𝑌 , then, by [HS10, Thm. 1.2], the Cox ring of 𝑋 is iso-
morphic to

ℛ(𝑌)[𝑥𝑖𝑗 , 𝑦𝑘]/⟨𝑥𝑙𝑖𝑖 − 1𝐶𝑖 ∶ 0 ≤ 𝑖 ≤ 𝑟⟩,
where each 𝑥𝑖𝑗 is a variable corresponding to a defining
section of 𝐷𝑖𝑗 and each 𝑦𝑘 is a variable corresponding to

a defining section of 𝐸𝑘, see [ADHL15, Thm. 4.4.1.3].
When the complexity of 𝑋 is zero, we again see that the
Cox ring is a polynomial ring. Indeed, in this case only
the variables 𝑦1, … , 𝑦𝑚 survive because there are no points
with non-trivial finite isotropy. If 𝑋 has complexity one
then 𝑌 is the projective line ℙ1 because of the finiteness of
its divisor class group, and we see that in this case the Cox
ring of 𝑋 is finitely generated. More generally, the Cox ring
of 𝑋 is finitely generated if and only if the Cox ring of 𝑌 is
finitely generated.

4. Finite Generation
We now discuss the finite generation of Cox rings from a
geometric perspective. Given an 𝐴-graded algebra 𝑅 and
a submonoid 𝐻 ⊆ 𝐴, one can form the corresponding
Veronese subalgebra

𝑅𝐻 ∶=⨁
𝑎∈𝐻

𝑅𝑎

which inherits finite generation from 𝑅, if𝐻 is finitely gen-
erated. To see this, fix a graded surjection 𝜋∶ ℂ[𝑥1, … , 𝑥𝑟]
→ 𝑅, where 𝑥𝑖 is homogeneous of degree 𝑎𝑖 ∶= deg(𝜋(𝑥𝑖))
and let 𝑄∶ ℤ𝑟 → 𝐴 be the homomorphism defined by
𝑒𝑖 ↦ 𝑎𝑖. The monoid 𝑀 ∶= 𝑄−1(𝐻) ∩ ℤ𝑟≥0 is finitely
generated, being the intersection of two finitely generated
submonoids of ℤ𝑟 [ADHL15, Prop. 1.1.2.2]. Thus the
monoid algebra ℂ[𝑀] is finitely generated as well and 𝜋
maps it surjectively onto 𝑅𝐻 . More generally, given a ho-
momorphism 𝜙∶ ℤ𝑠 → 𝐴, the ℤ𝑠-graded algebra

𝑆 ∶= ⨁ᴂ
∈ℤ𝑠

𝑅𝜙(ᵆ)

is finitely generated. Indeed, the Veronese subalgebra
𝑅𝐻 , where 𝐻 is the image of 𝜙, is finitely generated. Let
𝜋 ∶ ℂ[𝑢1, … , 𝑢𝑘] → 𝑅𝐻 be a surjection of graded algebras,
where each 𝑢𝑖 is homogeneous of degree 𝑏𝑖 ∶= deg(𝜋(𝑢𝑖)).
Let 𝑃∶ ℤ𝑛 → ℤ𝑠 be the kernel of 𝜙 and let 𝜂∶ 𝐻 → ℤ𝑠 be
a map of sets such that 𝜙 ∘ 𝜂 = id. The Laurent polyno-
mial ring ℂ[𝑢1, … , 𝑢𝑘] ⊗ℂ ℂ[ℤ𝑛] is graded by ℤ𝑠 by giving
degree 𝜂(𝑏𝑖) to the variable 𝑢𝑖 and degree 𝑃(𝑚) to 𝜒𝑚. The
homomorphism ℂ[𝑢1, … , 𝑢𝑘] ⊗ℂ ℂ[ℤ𝑛] → 𝑆, defined by
𝑢𝑖 ⊗ 1 ↦ 𝜋(𝑢𝑖) ∈ 𝑆𝜂(𝑏𝑖) and 1 ⊗ 𝜒𝑚 ↦ 1 ∈ 𝑆𝑃(𝑚), is a sur-
jection of ℤ𝑠-graded algebras. Observe that if one replaces
𝜙 with a homomorphism of monoids then the previous
arguments still prove finite generation of the correspond-
ing graded algebras. An immediate consequence of these
observations is that the finite generation of the Cox ring is
equivalent to that of the algebra

⨁
(𝑚1,…,𝑚𝑛)∈ℤ𝑛

Γ(𝑋, 𝑂𝑋(𝑚1𝐷1 +⋯+𝑚𝑛𝐷𝑛))

whenever the classes of 𝐷1, … , 𝐷𝑛 generate Cl(𝑋). In fact,
the above equivalence still holds when the classes of
𝐷1, … , 𝐷𝑛 generate a subgroup of finite index of Cl(𝑋),
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see [ADHL15, Prop. 1.1.2.5]. These algebras are fre-
quently used when studying the finite generation of Cox
rings because one can choose the𝐷𝑖 according to the geom-
etry of the variety. Some authors also call such an algebra
a Cox ring of the variety. Here we follow the convention
that the Cox ring of a variety is the algebra graded over the
whole divisor class group as defined in Section 1. Our ter-
minology agrees with the original presentation of the Cox
ring of a toric variety as a polynomial ring in [Cox95, Sec-
tion 1].

The section ring 𝑅(𝑋, 𝐷1, … , 𝐷𝑟) of a collection of Weil
divisors 𝐷1, … , 𝐷𝑟 on a variety 𝑋 is defined as

⨁
(𝑚1,…,𝑚𝑟)∈(ℤ≥0)𝑟

Γ(𝑋,𝒪𝑋(𝑚1𝐷1 +⋯+𝑚𝑟𝐷𝑟)).

Example 4.1. We now give a combinatorial argument for
the finite generation of the section ring 𝑅(𝑋, 𝐹1, … , 𝐹𝑟) for
any Weil divisors 𝐹1, … , 𝐹𝑟 on aℚ-factorial toric variety. Let
us first consider the case 𝑟 = 1 and let 𝐷 ∶= 𝐹1. Let us
see that its section ring 𝑅(𝑋, 𝐷) is finitely generated. We
may assume that 𝐷 is 𝑇-invariant and write 𝐷 = ∑𝑎𝑖𝐷𝑖
where 𝐷1, … , 𝐷𝑟 are the torus invariant prime divisors and
𝑎1, … , 𝑎𝑟 are integers. Since Δ𝑚𝐷 = 𝑚Δ𝐷 for any positive
integer𝑚, the desired finite generation is equivalent to the
finite generation of the monoid of integral points in𝑀ℚ⊕
ℚ which are inside the rational polyhedral cone generated
by Δ𝐷 × {1} and Δ0 × {0}. The monoid of integral points
in a rational polyhedral cone is always finitely generated
by Gordan’s Lemma, then the finite generation of 𝑅(𝑋, 𝐷)
follows. The figure below helps visualize the idea behind
this finite generation.

∆𝐷 × {1}

𝑚∆𝐷 × {𝑚}

Figure 2. Visualizing the section ring of a divisor on a toric
variety.

Now, for the general case, we may assume that each 𝐹𝑗
is a Cartier divisor and that it is a torus invariant divisor, as
before. In this case, the projectivization ℙ(ℰ) of the vector
bundle ℰ = 𝒪𝑋(𝐹1) ⊕ ⋯ ⊕ 𝒪𝑋(𝐹𝑟) is again a toric variety
and the section ring 𝑅(𝑋, 𝐹1, … , 𝐹𝑟) can be identified with
the section ring 𝑅(ℙ(ℰ), 𝐻ℰ) where −𝐻ℰ is a tautological
divisor on ℙ(ℰ), and the restriction of 𝐻ℰ to each fiber of

ℙ(ℰ) is linearly equivalent to a hyperplane. The finite gen-
eration of the section ring 𝑅(𝑋, 𝐹1, … , 𝐹𝑟) follows from the
case 𝑟 = 1 considered before.

Example 4.2 (Zariski’s finite generation of section rings of
semiample Cartier divisors). If 𝐷 is a semiample Cartier
divisor on a normal variety 𝑋 , then 𝜓𝑚𝐷 ∶ 𝑋 → ℙ𝑁 is
a morphism for some positive integer 𝑚. Let 𝑌 be the
image of 𝜓𝑚𝐷. Then 𝑚𝐷 is linearly equivalent to the
pullback of a hyperplane section 𝐻 ⊆ 𝑌 and moreover
(𝜓𝑚𝐷)∗𝒪𝑋 = 𝒪𝑌 . It follows that the algebra 𝑅(𝑋,𝑚𝐷) is
isomorphic to 𝑅(𝑌,𝐻), which is finitely generated since 𝐻
is very ample on 𝑌 . The latter property depends on the
fact that, given a hyperplane 𝐻0 ⊆ ℙ𝑛 with 𝐻0 ∩ 𝑌 = 𝐻,
the algebra 𝑅(ℙ𝑁 , 𝑚𝐻0) is finitely generated and the sec-
tions 𝐻0(ℙ𝑁 , 𝑚𝐻0) surject onto 𝐻0(𝑌,𝑚𝐻) for 𝑚 suffi-
ciently large. Then 𝑅(𝑋, 𝐷) is finitely generated as well
since its Veronese subalgebra 𝑅(𝑋,𝑚𝐷) corresponding to
a subgroup with finite index is finitely generated. Zariski
provesmore generally that for any finite collection of semi-
ample Cartier divisors 𝐷1, … , 𝐷𝑟 on a normal projective va-
riety 𝑋 their section ring 𝑅(𝑋, 𝐷1, … , 𝐷𝑟) is finitely gener-
ated. We can see why this holds fromwhat we have already
proved. Passing to a finite index Veronese subalgebra, we
can assume that each of 𝐷1, … , 𝐷𝑟 is base point free. Let us
denote by ℰ ∶= 𝒪𝑋(𝐷1)⊕⋯⊕𝒪𝑋(𝐷𝑟) the direct sum vector
bundle and notice that 𝐻ℰ is base point free, where −𝐻ℰ is
a tautological divisor. In particular 𝐻ℰ is semiample, and
hence 𝑅(ℙ(ℰ), 𝐻ℰ) is finitely generated. The claim now fol-
lows by noticing that the latter section ring is isomorphic
to the section ring 𝑅(𝑋, 𝐷1, … , 𝐷𝑟).
Example 4.3. Fano varieties and more generally log-Fano
varieties have finitely generated Cox rings, see [BCHM10].

Behavior of finite generation under morphisms. How does the
finite generation of Cox rings behave under maps? This is
a wide open question and here we just discuss it in some
special cases. In what follows we assume 𝑋 to be a normal
variety that has only constant invertible global functions
and a finitely generated divisor class group. The algebras of
sections over open subsets of 𝑋 of the sheaves of algebras
considered before are finitely generated, if the Cox ring is
so. More precisely in [Bäk11, Thm. 1.2] it is proved that if
the Cox ring of 𝑋 is finitely generated, then for any finitely
generated subgroup 𝐾 of Weil divisors and any open sub-
set 𝑈 ⊆ 𝑋 , the algebra of sections 𝑅(𝑈, 𝐾) is also finitely
generated (see also [ADHL15, Exer. 1.18] for a descrip-
tion of the Cox ring of an open subset in the case when
the global invertible regular functions on 𝑈 are constants).
As a consequence, if 𝑓∶ 𝑋 → 𝑌 is a birational contraction
then the Cox ring of 𝑌 is finitely generated whenever that
of 𝑋 is, being the former isomorphic to the Cox ring of the
complement of the exceptional divisor. More generally,
even ifℛ(𝑋) is not finitely generated, if 𝐸 is the exceptional
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divisor (for simplicity assume it to be irreducible), then the
pushforward induces a surjection ℛ(𝑋) → ℛ(𝑌) with ker-
nel generated by 𝑥𝐸 − 1, where 𝑥𝐸 is a defining section for
𝐸 in Cox coordinates. A more general result about finite
generation is the following.

Theorem 4.4 ([Oka16]). If 𝑓∶ 𝑋 → 𝑌 is a surjective mor-
phism of normal projective ℚ-factorial varieties and 𝑋 has
finitely generated Cox ring, then the Cox ring of 𝑌 is finitely
generated.

When 𝑓 has connected fibers the statement is a conse-
quence of the above observations on Veronese subalgebras.
Indeed, in this case 𝑓∗𝒪𝑋 = 𝒪𝑌 , and hence given a Cartier
divisor 𝐷 on 𝑌 , by the projection formula there is an iso-
morphism Γ(𝑋,𝒪𝑋(𝑓∗𝐷)) ≃ Γ(𝑌,𝒪𝑌 (𝐷)). It follows that
if 𝐾 is a subgroup of Cartier divisors of 𝑌 whose image in
Cl(𝑌) has finite index, there is an isomorphism between
𝑅(𝑌, 𝐾) and a Veronese subalgebra of the Cox ring of 𝑋 .
Thus 𝑅(𝑌, 𝐾) is finitely generated and so the Cox ring of 𝑌
is also finitely generated as well.

The finite generation of the Cox ring is preserved by
passing to a good quotient as shown in [Bäk11, Thm. 1.1].
More precisely, if 𝑋 is a normal variety with finitely gener-
ated Cox ring, 𝐺 is a reductive affine algebraic group acting
on 𝑋 and 𝑈 ⊆ 𝑋 is an open invariant subset admitting a
good quotient 𝑓∶ 𝑈 → 𝑈//𝐺, then the Cox ring of 𝑈//𝐺 is
finitely generated if this space has only constant invertible
global functions.

5. Mori Chambers
Let us go back to the question: “When do two varieties
have isomorphic Cox rings?” By Remark 1.9 this is the case
when the two varieties are isomorphic in codimension one.
Here we show that for normal projective ℚ-factorial vari-
eties with finitely generated Cox rings the converse is true:
if two of them share the same Cox ring then they are iso-
morphic in codimension one. Moreover in this case the
number of such varieties is finite. To begin with, the base
locus of a divisor 𝐷 on a projective variety 𝑋 is the inter-
section of the supports of all the effective divisors linearly
equivalent to 𝐷. The stable base locus of 𝐷, denoted 𝐵(𝐷) is
the intersection of the base loci of all the positivemultiples
𝑛𝐷 of 𝐷. The divisor is movable if 𝐵(𝐷) has codimension
at least two. Assume now that Cl(𝑋) is finitely generated.
Hence, the rational vector space Clℚ(𝑋) = Cl(𝑋) ⊗ℤ ℚ is
finite dimensional and has a well-defined Euclidean topol-
ogy. The effective cone Eff(𝑋) is the convex cone of Clℚ(𝑋)
generated by the classes of effective divisors and the mov-
ing coneMov(𝑋) is the convex cone generated by classes of
movable divisors. The closure Eff(𝑋) of Eff(𝑋) in Clℚ(𝑋)
is called the pseudoeffective cone of 𝑋 . It is clear from the
definition that

Mov(𝑋) ⊆ Eff(𝑋) ⊆ Eff(𝑋).

Remark 5.1. If 𝑈 ⊆ 𝑋 is an open subset with complement
of codimension at least 2, then the restrictionmap induces
an isomorphism of divisor class groups under which the
(pseudo)effective cones and the moving cones are identi-
fied. As a consequence the same identifications hold for a
birational map which is an isomorphism in codimension
one.

Remark 5.2. For normal projective varieties the finite gener-
ation ofMov(𝑋) implies that of Eff(𝑋), see [ADHL15, Lem.
4.3.3.3], and both cones are uniquely determined by the
degrees of a minimal generating set of the Cox ring, see
[ADHL15, Prop. 3.3.2.3]. Moreover the polyhedrality of
pseudoeffective cones is preserved by surjections between
normal projective varieties, see [CLTU20, Lem. 2.2].

Assume now that 𝑋 is a normal projectiveℚ-factorial va-
riety with a finitely generated Cox ring. Given an effective
Weil divisor 𝐷, the ℤ≥0-graded algebra 𝑅(𝑋, 𝐷) is finitely
generated so that it defines an affine variety equipped with
a ℂ∗-action. Fix a minimal set of homogeneous generators
𝑔1, … , 𝑔𝑠 of degrees 𝑑1, … , 𝑑𝑠 and define the rational map

𝜑𝐷 ∶ 𝑋 99K ℙ(𝑑1, … , 𝑑𝑠) 𝑝 ↦ [𝑔1(𝑝) ∶ ⋯ ∶ 𝑔𝑠(𝑝)],
where the codomain is a weighted projective space and de-
note the closure of the image by 𝑋(𝐷).
Definition 5.3. Two effective divisors 𝐷1, 𝐷2 of 𝑋 areMori
equivalent if the following holds:

1. 𝐵(𝐷1) = 𝐵(𝐷2);
2. there is an isomorphism 𝜙∶ 𝑋(𝐷1) → 𝑋(𝐷2) such
that the following diagram commutes:

𝑋
𝜑𝐷1

||y
y
y
y 𝜑𝐷2

""E
E

E
E

𝑋(𝐷1)
𝜙 // 𝑋(𝐷2)

Mori equivalence descends to an equivalence relation
on the effective cone. Each equivalence class is the rel-
ative interior of a rational polyhedral cone called a Mori
chamber of 𝑋 . The nef cone Nef(𝑋), closure of the cone of
ample classes, is one of these chambers. In particular the
nef cone is generated by finitely many classes and one can
show that each nef class is semiample. To give an idea of
this fact assume for simplicity that Cl(𝑋) has rank 2. Let
𝑤1, … , 𝑤𝑟 be the degrees of a minimal set of generators
𝑓1, … , 𝑓𝑟 of the Cox ring. Notice that 𝑤1, … , 𝑤𝑟 span the ef-
fective cone Eff(𝑋) = Eff(𝑋), because every homogeneous
section 𝑓 ∈ ℛ(𝑋)𝑤 is a linear combination of monomi-
als ∏𝑖 𝑓

𝑎𝑖
𝑖 and thus 𝑤 = ∑𝑖 𝑎𝑖𝑤𝑖. Moreover, by the com-

binatorial description of Mori chambers (given below in
this section) the nef cone of 𝑋 is generated by two of these
classes, say 𝑤𝑗 and 𝑤𝑘, as in Figure 3. Within the nef cone
there can be other𝑤𝑖 represented by black dots. We choose
the darker region as in the figure, such that in its interior
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𝑤𝑟
𝑤𝑘

𝑤𝑗
𝑤

𝑤1

Figure 3. The effective cone and its Mori chamber
decomposition. When the Cox ring is finitely generated every
nef divisor is semiample.

there are no degrees 𝑤𝑖 of the generators of the Cox ring.
Each class 𝑤 in this region is in the interior of the nef cone
and thus is ample by Kleiman’s criterion. Then, the stable
base locus of 𝑤 is empty. Observe that 𝑤 is in the cone
generated by {𝑤𝑖 ∶ 𝑖 ∈ 𝐼} if and only if there are an in-
teger 𝑛 > 0 and a monomial of degree 𝑛𝑤 of the form
∏𝑖∈𝐼 𝑓

𝑎𝑖
𝑖 . Since the stable base locus 𝐵(𝑤) is the intersec-

tion of the zero loci of these monomials we deduce that
𝐵(𝑤𝑗) ⊆ 𝐵(𝑤) because each cone in the 𝑤𝑖 which contains
𝑤 must contain also 𝑤𝑗. Thus 𝐵(𝑤𝑗) = ∅ or equivalently
𝑤𝑗 is semiample.

Definition 5.4. A normal projective ℚ-factorial variety
𝑋 with a finitely generated divisor class group is a Mori
dream space if there are normal projective ℚ-factorial va-
rieties 𝑋1, … , 𝑋𝑛 and isomorphisms in codimension one
𝜙𝑖 ∶ 𝑋 99K 𝑋𝑖, such that each nef cone Nef(𝑋𝑖) is generated
by finitely many semiample classes and

Mov(𝑋) =
𝑛

⋃
𝑖=1

𝜙∗𝑖 Nef(𝑋𝑖).

The following theorem, one of the main results
of [HK00], shows that the definition above fits perfectly
into the context of this note.

Theorem 5.5. Let 𝑋 be a normal projective ℚ-factorial variety
with finitely generated divisor class group. Then 𝑋 is a Mori
dream space if and only if the Cox ring of 𝑋 is finitely generated.

As a consequence of the theorem, it makes sense to talk
about Mori chambers of a Mori dream space. In this case
one shows that the cones in the decomposition ofMov(𝑋)
given in Definition 5.4 are all full-dimensionalMori cham-
bers. A combinatorial description of these chambers in
terms of a presentation of the Cox ring can be given as ex-
plained below. Given a subset 𝐼 ⊆ {1, … , 𝑟}, denote by 𝐶𝐼
the cone of Clℚ(𝑋) generated by {𝑤𝑖 ∶ 𝑖 ∈ 𝐼}. The cone
𝐶𝐼 corresponds to the reduced monomial ∏𝑖∈𝐼 𝑓𝑖 in the
generators of the Cox ring. It is not difficult to show that
the moving cone of 𝑋 is [ADHL15, Prop. 3.3.2.9]

Mov(𝑋) =
𝑟

⋂
𝑖=1

𝐶{1,…,𝑟}⧵{𝑖}.

Indeed, for any class 𝑤 in the right-hand side and any
𝑖 ∈ {1, … , 𝑟} there is an 𝑛 > 0 and a monomial in ℛ(𝑋)𝑛𝑤

which does not contain 𝑓𝑖. It is also possible to give a com-
binatorial description of Mori chambers: the Mori cham-
ber which contains the class 𝑤 is

𝜆(𝑤) = ⋂
𝑤∈𝐶𝐼

𝐶𝐼 .

Finally observe that Mori equivalence refines the equiva-
lence relation 𝐷1 ∼ 𝐷2 if 𝐵(𝐷1) = 𝐵(𝐷2). The equivalence
classes for this relation are the relative interiors of unions
of some Mori chambers. The two equivalence relations
can be distinct for a given Mori dream space, as shown by
the following picture which displays the Mori chamber de-
composition of the effective cone of a toric threefold. The
degrees of generators of the Cox ring are the six black dots.

Figure 4. Mori chamber decomposition of the effective cone
of a toric threefold.

There are 17 full-dimensional Mori chambers, five of
which are inside the moving cone. The nef cone is the
black chamber, while the two gray chambers have the same
stable base locus [LMR20].

Remark 5.6. We end-up with a remark about GIT cham-
bers for the action of the quasitorus 𝐻𝑋 on the affine va-
riety 𝑋 . Given an effective class 𝑤 ∈ Clℚ(𝑋) one defines

the open subset 𝑋
ss
(𝑤) ⊆ 𝑋 consisting of the ̄𝑥 ∈ 𝑋 such

that 𝑓( ̄𝑥) ≠ 0 for some 𝑛 > 0 and 𝑓 ∈ ℛ(𝑋)𝑛𝑤. This is the
subset of semistable points defined by 𝑤, which is an open
𝐻𝑋 -invariant subset of 𝑋 . The set of effective classes that
give rise to the same subset of semistable points is the rel-
ative interior of a polyhedral cone. These cones are called
GIT chambers and one of themain results of [HK00] states
that GIT chambers are exactly Mori chambers.

6. Examples
We now illustrate some approaches that have been used in
the literature to determine the finite or non-finite genera-
tion of the Cox rings of notable varieties. While the com-
plete proofs frequently involve arguments specific to the
geometry of the variety under consideration, we mention
a few ideas with great applicability. We include references
for the use of such ideas in concrete examples.

Given a normal projective ℚ-factorial variety with a
finitely generated Cox ring (i.e., a Mori dream space), the
cones of nef, pseudoeffective and movable divisors are ra-
tional polyhedral. Hence, one can disprove the finite gen-
eration of the Cox ring by studying these cones. For ex-
ample, the pseudoeffective cone of the moduli space 𝑀1,𝑛
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of stable genus-one curves with 𝑛 ordered marked points
is not polyhedral for 𝑛 ≥ 3. Hence, the moduli space
𝑀1,𝑛 does not have a finitely generated Cox ring for 𝑛 ≥ 3
[CC14].

Example 6.1. The finite or non-finite generation of the
Cox ring has been decided for the blow up of ℙ𝑟−1 at
𝑛 > 𝑟 ≥ 2 points in very general position: finite genera-
tion occurs if and only if (see [Muk04] and [CT06, Thm.
1.3])

1
𝑟 +

1
𝑛 − 𝑟 >

1
2 .

If instead the set 𝑆 of points lies on a hyperplane 𝐻 ⊆ ℙ𝑛,
with 𝑛 > 2, then, the Cox ring of Bl𝑆 ℙ𝑛 is isomorphic to a
polynomial ring in one variable over the Cox ring of Bl𝑆 𝐻,
see [GHPS12, Lem. 4.3].

Since nef divisors on aMori dream space are semiample,
one may establish that a Cox ring is non-finitely generated
by exhibiting a nef divisor on the variety that is not semi-
ample. This approach has been helpful when studying the
Cox rings of blowups at a general point of weighted pro-
jective planes. These Cox rings are also studied in commu-
tative algebra since their finite generation is equivalent to
the Noetherianity of the extended saturated Rees algebra
of a monomial prime ideal. For a concrete example using
this approach see Example 6.2, which adapts a general ar-
gument from [GK16].

Example 6.2 (Bl𝑒 ℙ(12, 13, 17) is not a Mori dream space
[GK16]). The triangle Δ with integral vertices (11, −26),
(50, 0), (−1, 34) defines a toric pair consisting of the
weighted projective plane ℙ∆ = ℙ(12, 13, 17) together with
the ample class 𝐻 of self-intersection 𝐻2 = 52 ⋅ 51 equal to
twice the area of Δ. Let 𝜋∶ 𝑋 → ℙ∆ be the blow up at the
unit element of the torus 𝑒 ∈ ℙ∆ with exceptional divisor
𝐸. The binomial 1 − 𝑦 defines a curve in ℙ∆ which passes
simply through 𝑒 so that its strict transform𝐶 ⊆ 𝑋 is an irre-
ducible curve with 𝐶⋅𝐸 = 1. Notice that the triangle Δ sup-
ports the Laurent polynomial 𝑓(𝑥, 𝑦) ∶= 𝑥11𝑦−26(1 − 𝑦)52,
which has a nonzero coefficient over each edge of Δ, and
which vanishes to order 52 at 𝑒. Therefore the class of 𝐶
is

1
52
𝜋∗𝐻 − 𝐸. Using the above intersection numbers, the

self-intersection of 𝐶 on 𝑋 can be computed as

𝐶2 = ( 1
522 (𝜋

∗𝐻)2 + 𝐸2) = 52 ⋅ 51
522 − 1 < 0.

Therefore, 𝐶 is an irreducible negative curve on 𝑋 . Let
us show that 𝑋 is not a Mori dream space. Since Cl(𝑋)
has rank two, the pseudoeffective cone is generated by the
classes of the two negative curves 𝐶 and 𝐸. Taking dual
with respect to the intersection form, we see that the nef
cone of 𝑋 is generated by 𝜋∗𝐻 together with any class 𝐷
satisfying 𝐷 ⋅ 𝐸 > 0 and 𝐷 ⋅ 𝐶 = 0. We can then take
𝐷 ∶= 𝜋∗𝐻 − 51𝐸. Notice that Δ contains (49, 0) and

(50, 0), but the remaining lattice points in Δ have an 𝑥-
coordinate with value at most 48. Then, the partial deriva-
tive 𝜕49𝑥 𝜕𝑦|(𝑥=1,𝑦=1) vanishes when evaluated on the mono-
mial 𝑥𝑎𝑦𝑏 for each lattice point in Δ, except its left ver-
tex (−1, 34). It follows that any Laurent polynomial 𝑔(𝑥, 𝑦)
supported on Δ that vanishes to order 51 at 𝑒 has the coeffi-
cient corresponding to the left vertex ofΔ equal to zero. In-
deed, 𝜕49𝑥 𝜕𝑦𝑔(𝑥, 𝑦)|(𝑥=1,𝑦=1) is equal to a nonzero multiple
of the coefficient of 𝑥−1𝑦34 in 𝑔(𝑥, 𝑦), but on the other hand
it is equal to zero since 𝑔(𝑥, 𝑦) has order 51 at 𝑒. Then every
effective divisor linearly equivalent to𝐷 passes through the
point in 𝑋 that is mapped by 𝜋 to the torus invariant point
of 𝑋∆ corresponding to the left vertex (−1, 34) of Δ. In par-
ticular, 𝐷 is not base point free. Given any positive integer
𝑚, we can translate the triangle 𝑚Δ such that the left ver-
tex has the form (−1, 𝑎) and the right vertex is (51𝑚−1, 0),
and we can repeat the same argument using now the par-
tial derivative 𝜕51𝑚−2

𝑥 𝜕𝑦|(𝑥=1,𝑦=1) to conclude that𝑚𝐷 is not
base point free. Then, 𝐷 is a nef divisor that is not semi-
ample on 𝑋 , and therefore 𝑋 = Bl𝑒 ℙ(12, 13, 17) is not a
Mori dream space.

One of the most fruitful methods to decide the finite
or non-finite generation of the Cox ring of one variety is
to appropriately change the variety under consideration to
another more suitable for the finite generation question.
This is frequently done using the behavior of finite genera-
tion under isomorphisms in codimension one (Rmk. 1.9
and Rmk.5.1) and surjective morphisms (Thm. 4.4 and
Rmk. 5.2), as follows. Suppose that there is a chain of ra-
tional maps

𝑋1 99K 𝑋2 99K ⋯⋯ 99K 𝑋𝑛−1 99K 𝑋𝑛 (2)

where each 𝑋𝑖 is a normal projectiveℚ-factorial variety and
each map is either a surjective morphism or an isomor-
phism in codimension one. If 𝑋1 has a finitely generated
Cox ring then the same holds for 𝑋𝑛. To illustrate these
ideas we now outline the construction of one such chain
of rational maps, starting from the moduli space 𝑀0,𝑛 for
any 𝑛 ≥ 10 and ending on the blown-up toric surface
Bl𝑒 ℙ(12, 13, 17) discussed in Example 6.2. This construc-
tion shows that the Cox ring of 𝑀0,𝑛 is not finitely gener-
ated for 𝑛 ≥ 10.
The moduli space 𝑀0,𝑛. The moduli space 𝑀0,𝑛 parameter-
izes configurations of 𝑛 distinct ordered points in ℙ1 up
to automorphisms. A family of such configurations may
have as a limit a configuration where some of the points
collide, and therefore 𝑀0,𝑛 is not compact. The group
Aut(ℙ1) = PGL(2) acts on triples of distinct ordered points
in ℙ1, transitively and with trivial stabilizers. Hence, for
𝑛 ≥ 4 we have the identification

𝑀0,𝑛 = (ℙ1 ∖ {0, 1,∞})𝑛−3 ∖⋃
𝑖≠𝑗

Δ𝑖,𝑗 ,
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where Δ𝑖,𝑗 denotes the locus where the 𝑖-th and 𝑗-th com-
ponents coincide. There is a well-known compactifica-
tion of𝑀0,𝑛 denoted by𝑀0,𝑛 and called the Grothendieck-
Knudsen compactification of 𝑀0,𝑛. This compactifica-
tion parameterizes proper connected curves with at worse
nodal singularities, which are a union of irreducible com-
ponents isomorphic to ℙ1 with dual graph forming a tree,
with 𝑛 ordered marked points in the smooth locus, and
such that each component contains at least 3 points that
are either a node or a marked point. Kapranov showed
that 𝑀0,𝑛 is isomorphic to the iterated blow up in a suit-
able order of ℙ𝑛−3 along the strict transforms of all linear
subspaces spanned by subsets of 𝑛 − 1 points in linearly
general position.

If we denote the 𝑛 − 1 points in this construction by
𝑝1, … , 𝑝𝑛−1 ∈ ℙ𝑛−3 and we first perform the iterated blow
up of ℙ𝑛−3 along the strict transforms of all linear sub-
spaces spanned by 𝑝1, … , 𝑝𝑛−2 in order of increasing di-
mension, we obtain a toric variety called the Losev-Manin
moduli space which we denote by 𝐿𝑀𝑛. We can assume
that 𝑝𝑛−1 is the unit element 𝑒 of the torus of 𝐿𝑀𝑛. If
we now blow up 𝐿𝑀𝑛 along the strict transforms of the re-
maining linear subspaces, all of them containing 𝑝𝑛−1, the
resulting variety is𝑀0,𝑛. In particular, there exist surjective
morphisms

𝑀0,𝑛 → Bl𝑒 𝐿𝑀𝑛 → 𝐿𝑀𝑛.

From this construction we also see that𝑀0,𝑛 is a nonsingu-
lar projective variety. For 𝑛 ≤ 6 the variety𝑀0,𝑛 is log-Fano
and hence it is a Mori dream space. Hu and Keel asked in
[HK00] whether 𝑀0,𝑛 was a Mori dream space in general.
A negative answer for 𝑛 ≥ 134 was given in [CT15], with
the bound improved to 𝑛 ≥ 13 in [GK16], and later im-
proved to 𝑛 ≥ 10 in [HKL18]. Let us describe the main
points of the proof that𝑀0,𝑛 is not a Mori dream space for
𝑛 ≥ 10. For each 𝑛 there exists a surjective morphism

𝑀0,𝑛+1 → 𝑀0,𝑛

called the forgetful morphism which intuitively forgets
one of the marked points (for example the last one).
Hence, given positive integers 𝑛 ≥ 𝑚 ≥ 4 there exists a
surjective morphism 𝑀0,𝑛 → Bl𝑒 𝐿𝑀𝑚. By Okawa’s result
on images of Mori dream spaces, it follows that if Bl𝑒 𝐿𝑀𝑚
is not a Mori dream space, then 𝑀0,𝑛 is not a Mori dream
space for all 𝑛 ≥ 𝑚.

Example 6.3. Suppose that we have a morphism of pro-
jective ℚ-factorial toric varieties ℙΣ′ → ℙΣ induced by
a surjective map of lattices 𝜋∶ 𝑁′ → 𝑁. Suppose also
that ker(𝜋) is one-dimensional, generated by two rays of
Σ′, and that the rays of Σ are precisely the images of the
rays in Σ′. Then the rational map Bl𝑒 ℙΣ′ 99K Bl𝑒 ℙΣ fac-
tors as an isomorphism in codimension one followed by a

surjection by [CT15, Prop. 3.1]. Then, the codomain
Bl𝑒 ℙΣ′ is a Mori dream space if the domain Bl𝑒 ℙΣ is so.

The rays in the fan of 𝐿𝑀𝑛 are generated by the vec-
tors 𝑣 in 𝑁 = ℤ𝑛−3 such that either 𝑣 or −𝑣 has all en-
tries in {0, 1}. Let 𝑁′ ⊆ 𝑁 be a saturated sublattice of rank
𝑛−5, generated by a subset of {0, 1}𝑛−3. Assume that there
exist 𝑣1, 𝑣2, 𝑣3 ∈ {0, 1}𝑛−3 whose images under the quo-
tient map 𝜋 ∶ 𝑁 → 𝑁/𝑁′ generate 𝑁/𝑁′ ≅ ℤ2, and such
that there are pairwise coprime positive integers 𝑎, 𝑏, 𝑐 such
that 𝑎𝑣1 ± 𝑏𝑣2 ± 𝑐𝑣3 ∈ 𝑁′. Applying Example 6.3 iter-
atively, it follows that if Bl𝑒 𝐿𝑀𝑛 is a Mori dream space,
then Bl𝑒 ℙ(𝑎, 𝑏, 𝑐) is also a Mori dream space. We can ap-
ply this to the homomorphism 𝜋∶ 𝑁 = ℤ7 → ℤ2 given by
the matrix

[1 0 1 −2 −1 1 0
0 1 −1 −3 −2 2 1] ,

with𝑁′ = ker(𝜋) andwith 𝑣1 = 𝑒1+𝑒3+𝑒4+𝑒5, 𝑣2 = −(𝑒4+
𝑒5) and 𝑣3 = −(𝑒1 + 𝑒3 + 𝑒6), and 𝑎 = 12, 𝑏 = 13, 𝑐 = 17.
This shows that for each 𝑛 ≥ 10 there exists a chain ofmaps

𝑀0,𝑛 = 𝑋0 99K 𝑋1 99K ⋯ 99K 𝑋𝑟 = Bl𝑒 ℙ(12, 13, 17)
such that all varieties are normal, projective, and ℚ-
factorial, and such that each map is either a surjective mor-
phism or an isomorphism in codimension one. In Exam-
ple 6.2we showed thatBl𝑒 ℙ(12, 13, 17) is not aMori dream
space, and therefore 𝑀0,𝑛 is not a Mori dream space for
each 𝑛 ≥ 10.

One can use the same projection 𝜋∶ ℤ7 → ℤ2 to prove
that Eff(𝑀0,𝑛) is not polyhedral for all 𝑛 ≥ 10, as done
in [CLTU20, Thm. 1.3]. Indeed, one gets a chain of maps
as in (2),

𝑀0,𝑛 = 𝑋0 99K 𝑋1⋯ 99K 𝑋𝑟 = Bl𝑒 ℙ∆,
where the images of the primitive generators of the rays of
𝐿𝑀10 via 𝜋 are points (both black and white) in the follow-
ing figure.

Figure 5. Images of the primitive generators of the rays of
𝐿𝑀10 under the projection 𝜋.

The white points in Figure 5 generate the rays of the nor-
mal fan of the polygon Δ whose vertices are the columns
of the matrix

[−1 −4 −3 −2 −6 −7 0
6 5 1 8 0 0 3]
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and ℙ∆ is the corresponding toric surface. The linear sys-
tem of Laurent polynomials whose monomial exponents
are in Δ and have multiplicity 7 at (1, 1) contains a unique
irreducible curve. The strict transform of the closure of this
curve is a smooth elliptic curve 𝐶 of 𝑋 ∶= Bl𝑒 ℙ∆. It has
the minimal equation

𝑦2 + 𝑥𝑦 = 𝑥3 − 𝑥2 − 4𝑥 + 4.
This is the curve labeled 446.a1 in the LMFDB database
and it has Mordell-Weil group ℤ2. It is possible to show
that 𝒪𝐶(𝐶) is a non-trivial element of the Mordell-Weil
group and so it is not torsion because the Mordell-Weil
group is torsion-free. As a consequence ℎ0(𝑋, 𝑛𝐶) = 1 for
any 𝑛 > 0 so that [𝐶] spans an extremal ray of Eff(𝑋). By
the Riemann-Roch theorem Eff(𝑋)must contain the circu-
lar cone generated by the classes of divisors 𝐷 with 𝐷2 ≥ 0
and 𝐷 ⋅ 𝐻 ≥ 0, where 𝐻 is an ample class.

Figure 5: Images of the primitive generators of the
rays of LM10 under the projection π.

contains a unique irreducible curve. The strict trans-
form of the closure of this curve is a smooth elliptic
curve C of X := Ble P∆. It has the minimal equation

y2 + xy = x3 − x2 − 4x+ 4.

This is the curve labeled 446.a1 in the LMFDB
database and it has Mordell-Weil group Z2. It is
possible to show that OC(C) is a non-trivial element
of the Mordell-Weil group and so it is not torsion be-
cause the Mordell-Weil group is torsion-free. As a
consequence h0(X,nC) = 1 for any n > 0 so that [C]
spans an extremal ray of Eff(X). By the Riemann-
Roch theorem Eff(X) must contain the circular cone
generated by the classes of divisors D with D2 ≥ 0
and D ·H ≥ 0, where H is an ample class.

[C]

Figure 6: A circular cone inside the pseudoeffective
cone Eff(X). If the class [C] spans an extremal ray
of Eff(X), then this cone cannot be polyhedral.

By a convexity argument one concludes that
Eff(X) cannot be polyhedral. By Remarks 5.1 and
5.2 one concludes that the effective cone of M0,10 is
not polyhedral and thus, by the latter remark, the
same holds for M0,n for n ≥ 10.
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section with assistance from Early 
Career Intern Katie Storey. Next month’s theme will be the teaching and learning of mathematics. All Early Career 
articles organized by topic are available at https://www.angelagibney.org/the-ec-by-topic.

Excerpts from 
Testimonios 
in Celebration 
of Latinx 
History Month
Testimonios (https://bookstore.ams.org/clrm-67) 
was edited by Pamela E. Harris, Alicia Prieto-Langarica, 
Vanessa Rivera Quiñones, Luis Sordo Vieira,  
Rosaura Uscanga, and Andrés R. Vindas Meléndez.

Dr. Erika Tatiana Camacho
Dr. Erika Tatiana Camacho’s testimonio is centered around 
the importance of paying it forward, mentorship, and 
changing the world through mathematics. Dr. Camacho 
tells us how her mentor-mentee relationship with Jaime 
Escalante changed her life, highlighting the importance 
of such relationships. She shares some of her experiences 
with overt discrimination. Dr. Camacho then tells us about 
her amazing work developing mechanistic models to aid 
in understanding causes of blindness, and shares with us 
her experiences in driving the Latinx community forward 
through her efforts.

Mentoring and Perseverance
I see so many things in academia and outside of it that need 
to change to make an equal playing field, yet it seems that 
most people in positions of power are not willing to risk 
it to make a change. I feel like there are “fights” at nearly 
every step that would lead in the right direction.

I am currently in my reflection stage and not sure how 
to best change academia and the world while not giving up 
all of me, especially given that there is no guarantee that 
what I do might make any noticeable difference. It’s tough. 
What often keeps me going are the many, very personal, 
and sincere messages I receive from former mentees of how 
I made a difference in their trajectory. The most touching 
ones are when they have told me that only after being away 
for a few years did they really appreciate the mentoring I 

For permission to reprint this article, please contact: reprint-permission 
@ams.org. DOI: https://dx.doi.org/10.1090/noti2523

Figure 1. Mentoring Roberto Alvarez, Danielle Brager, and 
students at ASU in 2019.
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gave them. Many will ask what they can do to become a 
mentor like me because they have not found people like 
me. I explain that I just do what I learned from my men-
tors who really truly cared about me—those who did not 
mentor me because they were trying to build an empire or 
check a box. I have fought many battles for my mentees 
when they were experiencing bias or unfair treatment by 
jumping in and changing the situation for them before they 
were completely broken. I have also fought for many who 
are not my mentees but who don’t have a voice or seat at 
the decision table or who are invisible and forgotten, often 
by making structural changes and creating opportunities. I 
sacrificed many things to give my mentees and many others 
equal access and opportunities. I try to do whatever I can 
to help my mentees realize their full potential and their 
dreams, in addition to listening and giving advice that I 
think is best for them irrespective of me. Each one of their 
successes gives me the motivation to continue. Each one of 
the mentoring awards I have won is also a validation that 
what I do actually makes a difference.

A lot of mentoring is first learning about the individual 
because so many factors influence who we are today and 
why we make certain choices. Then it is a time-intensive 
endeavor to meet them where they are and to bring them 
up to their full potential.

As a postdoc, I co-wrote a grant to the National Secu-
rity Agency (NSA) and the National Science Foundation 
(NSF) to start my own REU. This led to the launch of the 
Applied Mathematical Sciences Summer Institute (AMSSI) 
the summer after my first year in my tenure-track job at 
Loyola Marymount University (LMU). The program was 
joint with Cal Poly Pomona and we split the time between 
the two universities, moving the students halfway through 
the program. Over its three years, we had 48 students, and 
five Teaching Assistants (TAs) participate in the program. 
All were either from underrepresented backgrounds or 
schools where research opportunities didn’t exist or were 
not available to them. Nearly one-third earned their PhDs, 
with many others earning their master’s. It was a very re-
warding program and only stopped because I moved from 
LMU to Arizona State University (ASU).

I have given motivational talks to groups ranging from 
elementary school through high school students in addi-
tion to college students, professors, and high-level admin-
istrators. Each of these talks can get emotional as I’m giving 
examples from my life to drive home the message. One of 
the most emotional keynote addresses I gave was in 2009 
to the recipients of the Presidential Awards for Excellence 
in Science, Mathematics, and Engineering Mentoring 
(PAESMEM). It was very special to be able to thank each of 
them on behalf of all their mentees and tell them how their 
efforts are appreciated even if not all the mentees come back 
and say thank you. It’s also important to keep in mind that 
great mentors are not just the ones that have won the big 
awards, but most important the ones who open the doors 

for others by creating opportunities and fighting the tough 
battles to bring about change.

Diversity and Inclusion in Mathematics
I am an applied mathematician and thus I usually see 
everything as a problem to be solved. I really have come 
to appreciate what is now known as “team science” where 
multiple people come together from their varied perspec-
tives to try to solve a previously unsolved problem. I think 
the most challenging problems require this approach.

We need a society that is knowledgeable about STEM or 
at least appreciative of it! Since math describes and under-
lies nearly every aspect of STEM, every issue can be helped 
with the presence of mathematicians. Moreover, we really 
need to focus on team science where multiple approaches, 
even beyond STEM, are used to solve the most pressing 
problems of today.

In higher education, we talk about changing things for 
marginalized communities, yet we forget to include stake-
holders from these communities (we bring high-level ad-
ministrators or researchers to the table as “representatives’’ 
who are employed in institutions serving these communi-
ties but who have not been raised in these communities 
or have not lived through the experiences of those they 
represent).

The mathematics students and faculty need to reflect the 
US population. I think one of the main barriers is a lack of 
understanding from the professors about what it means to 
be a professor. We judge people by their publications and 
not the impact of all their efforts (scholarly and otherwise). 
If we want to change academia and agree that we need all 
professors to be good mentors and to understand the di-
verse population they are working with, why should people 
object to requiring a Diversity/Inclusivity Statement and a 

Figure 2. Receiving the American Association for the 
Advancement of Science Mentor Award in 2019.
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Mentoring Statement in job applications and promotion 
documents?

From a different angle, individuals rarely solve the chal-
lenging problems of today. If we let those perpetuating the 
status quo also determine the research agenda, very little 
will change. We need to bring the richness of multiple 
backgrounds, including Latinx people, to be at the table 
and set the research agenda, yet it’s understandably hard 
for many of those in charge to step aside and let different 
perspectives weigh in.

In terms of societal/institutional structures, it’s the 
narrow-mindedness, micro-aggressions, and institutional 
racism that are the biggest obstacles to learning.

It will take many selfless and courageous people of every 
race, color, and way of life to eliminate these structures 
because there are too many vocal people (even if they are 
in the minority) that want to preserve the status quo or go 
back to how things used to be and there are too many peo-
ple who don’t think it’s their problem and will stay silent. 
We have a generation of Latinx PhD mathematicians that 
wasn’t present when I started my journey and that really 
gives me hope that change is on its way. Some are oblivious 
to the Latinx situation but most are actively doing things to 
promote our community. Many majority mathematicians 
show us support too.

We need more Latinxs involved in math because of the 
need to approach challenging problems from different per-
spectives and to actually shift the focus of what problems 
we should be working on.

Advice
It’s great to want to change the world. But don’t lose your-
self as you try to do it. There will always be detractors and 
haters, but ignore them as much as possible. Don’t doubt 
yourself and don’t let others define who you are or your 
path. Judge people by their actions and not just their words. 

Finally, while it’s great to have a mentor that looks like you, 
don’t think that this is a requirement. Some of your very 
best and long-term mentors may be Caucasian males, and 
one that may do the most damage to you personally and 
professionally might be a Latino.

Many times I am speaking to students who have had 
a rough path yet they have what it takes to overcome the 
adversity they have experienced. I had, and still have, a 
rough journey many times. Sometimes they just need to 
realize that people have done it before, are still struggling 
to make it in their respective career levels, and they are not 
alone. The path won’t often be easy, but the rewards, in the 
end, are worth it.

I have had some terrific and some very hurtful and toxic 
mentors who are mathematicians. But I have also had 
great mentors that are not in math and some are not even 
in STEM, but they are very perceptive, understand things, 
and can give relevant advice. It’s them needing to realize 
who I am as a person and what may be best for me. Many 
people from all walks of life will share and support your 
goals and dreams. Perhaps there is a correlation between 
those supporters and people with your characteristics, but 
by no means should you limit your mentors and advocates 
to just those with certain characteristics (such as being 
Latinx). At the same time, believe someone the first time 
they show you their true colors.

Credits
Figures 1, 2, and 3 are courtesy of Dr. Erika Tatiana Camacho.
Illustration of Dr. Erika Tatiana Camacho was created by Ana 

Valle.

Figure 3. Receiving the Presidential Award for Excellence 
in Science, Mathematics, and Engineering Mentoring 
(PAESMEM) in 2018 with Frances Cordova Director of the NSF 
and the White House representative of Science Policy.

Dr. Erika Tatiana Camacho
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Dr. Ralph R. Gomez
Dr. Ralph R. Gomez’s testimonio takes us on his journey 
to becoming a mathematician through a path that many 
would consider to be non-traditional. Dr. Gomez embraced 
education as a way to avoid following in the footsteps of 
his older brother and along the way he discovered a pas-
sion for mathematics. Through family deaths and facing 
impostor syndrome, Dr. Gomez’s testimonio exemplifies 
how the power of words, no matter how short the phrases 
shared, can have an impact in motivating someone to 
achieve their goals.

Am I Capable of Earning a PhD in Math?
Earning a PhD. As part of my decision on whether or not 
to earn a PhD in mathematics, I felt that it was important 
to go to a different institution so I could see how other 
places did mathematics. I wanted to study Einstein geom-
etry under Professor Charles P. Boyer. Charles Boyer was 
one of the leaders in that area, having discovered a new 
technique of constructing special types of Einstein geom-
etries. Einstein geometry is a type of geometry that obeys 
an equation discovered by Albert Einstein in his modern 
theory of gravitation-general relativity.

After numerous thorough discussions with friends, I 
decided to accept University of New Mexico’s offer to enroll 
in their PhD program. Part of the attraction in attending 
UNM involved a generous stipend sponsored by the New 
Mexico Alliance for Graduate Education and Professoriate 
(NMAGEP). This was a fantastic program that not only 

supported me with an additional stipend, but also pro-
vided numerous conferences and workshops for graduate 
students from underrepresented groups that focused on 
navigating the challenging road to becoming a professor. 
Looking back, this program was instrumental in helping 
me to think about what it meant to be a professor.

After postponing my fall enrollment at UNM, I arrived 
there in January of 2003. It was refreshing to be studying 
mathematics once again, and I was growing increasingly 
optimistic about my future career trajectory. But this opti-
mism was cast into the shadows. In the early fall of 2003, it 
was determined my father had stage four colon cancer. By 
the time the malignant mass was found, it was too late for 
any procedure or radiation to prolong his life. He passed 
away in September of 2003. Days before he died, quitting 
the PhD program was weighing heavily on my mind. If 
I withdrew from the program, I could return home and 
help out my mother. My sister planned on moving back 
to Lemoore from Palm Springs with her family. I felt like I 
was abandoning my family if I remained committed to the 
PhD program. The afternoon before my father passed away, 
I was sitting next to him, telling him my final goodbyes. By 
this time he was extremely frail and life seemed to be visibly 
evaporating from him. But somehow my father was able to 
conjure a sentence: “Don’t let this mess up your schooling.” 
In that single sentence, the decision for me to complete the 
PhD was solidified. I simply had to finish now.

PhD. With my father’s support and my sister’s willing-
ness to uproot her life to take care of my mother, I stayed 
in UNM’s PhD program. Around this time, my advisor 
Professor Charles Boyer gave me a graduate fellowship 

DOI: https://dx.doi.org/10.1090/noti2526

Figure 4. (L) My mother and me after my PhD ceremony, 2008. (R) My advisor Charles P. Boyer and me after he hooded me, 2008.
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from his research grant which allowed me not to teach and 
focus on courses and the beginnings of research. To have a 
professional and successful mathematician believe in me 
and encourage me the way he did, instilled a great wave 
of enthusiasm and excitement in me as I moved forward 
with my total immersion in mathematics. I earned my 
PhD in five-and-a-half years (with distinction) and a new 
life was ahead!

The Professorial  World
After I earned my PhD, I accepted a two-year visiting posi-
tion at Swarthmore College in 2008. This was an absolutely 
incredible position with a reduced teaching load, and I 
was thoroughly excited to be there. But gradually I had 
the uncomfortable feeling that I did not belong at such an 
illustrious institution. Not seeing much faculty diversity 
at the college, particularly in the Natural Sciences and 
Engineering division, made me feel more like an outsider. 
It became clear to me just how different my pathway was 
in becoming a mathematician and that perhaps I was 
ultimately doomed to failure since my pathway was not 
more traditional. Impostor syndrome took a strong hold 
of me. To further complicate matters, my brother Johnny 
was on his way back to prison yet again to serve a one-year 
sentence. What other faculty member in their first year in a 
visiting position had to worry about a sibling heading back 
to prison? To my mind, this was just one of many other 
examples of why I did not belong.

Near the end of my two-year position, Swarthmore 
College was able to offer me an extension on my visiting 
position. This was very generous especially since this was 
around the time of the Great Recession. The college was 
actually pleased with my work and invited me to stay on 
for a few more years. This invitation was a clear signal that 
the college viewed me as thriving at Swarthmore. But there 
were three factors that led me to decline this offer at the 
end of my two-year visit. First, the desire to return to my 
family in California particularly because of growing worry 
about how my mother was handling my brother’s return to 
prison. Second, the personal belief that I was not Swarth-
more material and thus did not belong. Finally, the need 
to secure a tenure-track job instead of staying in a visiting 
position. Not feeling like I belonged at Swarthmore was the 
main factor that ultimately convinced me I should move 
on. Thus, after my two-year visiting position I left Swarth-
more college and took a tenure-track position in California. 
Before I left I met with Stephen B. Maurer (the chair of the 
mathematics and statistics department at Swarthmore at 
the time) to tell him the main reason why I was leaving. 
He sent me an email after our meeting which  completely 
shifted my view about myself. With Stephen B. Maurer’s 
permission, here is the email he sent to me:

I’d like to address the worry that you were brave 
enough to broach with me today: are you really good 

enough for Swarthmore? It’s really the same issue 
as when we admit students who have no history in 
their families of fancy colleges, or any colleges, or 
any history of expectations as demanding as ours 
or of positions of substantial responsibility in so-
ciety. Swarthmore’s belief is: people with the right 
underlying talent don’t have to be brought up to 
the top gradually through several generations. They 
can leapfrog to comfort in an environment of high 
expectations in a few years. If we are right about 
this—and surely we are right in some cases—then 
Swarthmore, and not more laid back places, is really 
the place to make these people shine. This goes for the 
students from humble backgrounds that you inspire 
here, and it goes for you.

I never responded to Maurer’s email because I did not 
know how to respond. It shook me to the core. I thought 
very hard about this email over the next several months 
as I adjusted to my new tenure-track position in southern 
California. I eventually came to the startling conclusion 
that Maurer was absolutely right! Moreover, I realized I was 
selling myself short. It is as if I finally let myself accept the 
idea that I did a successful job at Swarthmore. Within the 
first semester at my new position, I told Maurer that I was 
heading back on the job market. It turned out Swarthmore 
was able to offer me a chance to return but this time as a 
tenure-track assistant professor!

In 2012, I returned to Swarthmore as a tenure-track as-
sistant professor and achieved tenure in 2017. My mother 
passed away in 2018 and so I am very thankful she lived 
long enough to see me achieve tenure. She was always one 
to express how immensely proud she was of me. Returning 
to Swarthmore College is without a doubt one of the best 
decisions I have ever made in my entire life. With the help 
of an extremely supportive department and surrounded by 
inspiring students, I finally feel that I belong at Swarthmore.

Advice
Because my pathway to being a mathematician was not 
along a traditional path, I assumed that my role as a pro-
fessor would therefore be less valuable and ineffective. This 
point of view was highly corrosive. It took a lot of conver-
sations with colleagues, friends, and family to realize this 
view of myself was completely inaccurate. Something that 
I would like to impart upon the aspiring mathematician 
is this:

There are countless paths to having a deep and 
meaningful relationship with mathematics.

However, like any journey along an arduous path it is 
immensely helpful to have useful resources. I cannot stress 
this enough, dear reader. Build a network of people you 
can reach out to for help, advice, or direction. Seek out 
feedback, viewpoints, and opinions from others in your 
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support system. You may be surprised how open people 
can be in giving you effective guidance. A favorite teacher, 
professor, friend, and family members are just a few exam-
ples of people you can add to your network of support. Even 
more support can be found for example through the Math 
Alliance (mathalliance.org), which has a vast database 
of professors who are ready and willing to mentor students 
interested in the mathematical and statistical sciences. With 
a solid support system at your disposal you will be able to 
be inspired and encouraged to carry on even in the darkest 
hour. And carry on you must for one day it may very well 
be you who takes up the role as a mentor!

Credits
Figure 4 is courtesy of Dr. Ralph R. Gomez.
Illustration of Dr. Ralph R. Gomez was created by Ana Valle.

Dr. Stephan Ramon Garcia
As a child of Cuban and Japanese immigrants, Dr. Stephan 
Garcia’s testimonio resonates with anyone searching for a 
sense of belonging. He grew up with one side of his family 
fleeing war while the other side was running away from an 
oppressive government. His  mathematical talents were evi-
dent from a very young age, but, like many, he lacked good 
mentorship and focus. Despite this, and thanks to what 
he attributes to good luck, Dr. Garcia is now an incredibly 
accomplished mathematician.

Graduate Education
I was accepted by every graduate program to which I ap-
plied, although that is hardly an accomplishment since I 
applied only to a handful of schools in California. I had 
some satisfaction in rejecting Stanford’s offer; they had 
rejected me as an undergraduate. In retrospect, I might 
have benefited from their smaller program. However, at the 
time the mathematics PhD program at Berkeley was tied 
for number one in the nation, so I did not seriously con-
template leaving for slightly lower-ranked Stanford. After 
all, Berkeley was familiar and Stanford seemed so distant.

There were ten of us assigned to two adjoining offices in 
the windowless corridors of Evans Hall. Of these, I think 

only two or three of us completed the program; at least 
five quit or were kicked out. There were a few other Latinx 
graduate students in the department, but they all seemed to 
have been the top students in their countries and many had 
experience in the International Mathematical Olympiad. 

Because I already had a circle of friends in the Bay Area, 
I did not hang out in the math department. Consequently, 
I did not learn useful tips from other graduate students or 
from postdocs and professors. Since I did not understand 
the titles or abstracts, I did not attend colloquia or seminars. 
I failed to integrate myself into the social side of mathemat-
ics. I simply had no idea how mathematicians socialized or 
learned. The department at Berkeley was large, and it was 
possible to disappear completely, which I did. Nobody told 
me what I needed to be doing, and I got lost.

Because I had an NSF Fellowship, I did not need to teach. 
However, I asked if I could teach one course per semester. 
It seemed like a good idea to have teaching experience 
since, I imagined, teaching was an important part of being 
a professor. I went on to win several teaching awards at UC 
Berkeley, which opened a few doors.

The transition from taking classes to doing research was 
left largely unexplained. Since I liked analysis and had just 
taken complex analysis with Donald Sarason, I asked him 
to be my advisor. He agreed without hesitation. Because of 
my lackluster performance in the program and my sparse 
attendance at department events, I suspect that many other 
potential advisors would have politely excused themselves.

Sarason, then nearing seventy years old, was kind and 
patient, but unusually quiet. His advisor, Paul Halmos, said 
“[he] is a quiet man; he never uses eight words when seven will 
do.” Perhaps a more astute career move would have been 
to attach myself to an up-and-coming star, swimming in 
grant money and fresh off an International Congress of 
Mathematicians (ICM) lecture or major prize. However, 
the preening roosters and showoffs were attracted to such 

Dr. Ralph R. Gomez

DOI: https://dx.doi.org/10.1090/noti2525

Figure 5. With my thesis advisor, Donald Sarason, at my 
graduation from the PhD program (2003).

http://mathalliance.org
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advisors, and it is not clear that I could have flourished in 
such a competitive environment. Somehow things worked 
out for the best.

My qualifying examination committee consisted of 
Sarason, Michael Christ, and Vera Serganova, along with 
an engineering professor who admitted sheepishly that he 
was just there as an outside observer. Although I answered 
the first few questions well enough, things turned for the 
worse. Christ is a tall, imposing man with a deep voice, and 
I felt somewhat intimidated when I fumbled one question. 
Serganova asked a few algebra questions in a kindly fash-
ion, perhaps taking pity upon me, or possibly just throw-
ing out softballs since algebra was the minor topic on my 
examination. After a long several minutes in the hallway, 
I was informed that I had passed, although I certainly felt 
that I hadn’t or shouldn’t.

My fifth year of graduate school rolled around, and I 
had accomplished relatively little. Without formal course-
work or well-defined goals, I had spent most of my time 
in graduate school on non-academic endeavors, although 
I had apparently done just enough to convince the depart-
ment that I was worth keeping around. Probably I could 
have used a swift kick in the rear or stern words from some 
authority figure.

I had no idea how to be a mathematician, no idea how 
to do research. I had never been to a conference, nor had I 
met key players in my field. By some stroke of luck or inspi-
ration, I managed to put together a decent thesis. Although 
my dissertation solved a problem from an old Bulletin of 
the AMS article, it was written so abstrusely and tersely that 
it gained little traction. I briefly met one of the authors of 
the Bulletin article at my advisor’s seventieth-birthday con-
ference. However, I could not succinctly express my ideas: 
I was a poor mathematical communicator. The professor 
appeared impatient with my rambling, and I received a 
cool and critical response. Clearly, I had no idea how to 
give an elevator pitch.

Sheldon Axler probably saved my professional career. As 
a clueless graduate student just about to hit the academic 
job market, I needed letters of recommendation. But I 
didn’t know anyone! Sarason reached out to his former 
student, who was, fortunately, willing to meet with me. I 
traveled to San Francisco State University, where Axler had 
relocated as department chair after a distinguished career 
at Michigan State. Fortunately, he entertained my rambling 
and incoherent explanations long enough to see that there 
was something worthwhile behind the nonsense. He wrote 
a letter for me which, I can only assume, was a decent one.

I had survived graduate school, if only barely. A last-min-
ute thesis breakthrough and my advisor’s connections had 
saved the day. What next?

Looking Forward; Some Advice
As a Cuban-Japanese person from New Jersey, my life story 
is hardly universal. Nevertheless, I think that we can still 

identify some counterproductive behaviors, unfortunate 
incidents, and repeated mistakes from which we can ex-
trapolate some useful general recommendations.

First of all, don’t let other people limit your options. 
Don’t let people tell you what you are capable of, set your 
limits, or deny you opportunities. You can be your own 
best advocate: if you don’t believe in yourself, others are 
unlikely to step up and go to bat for you.

Second, get your head out of the sand. Meet people and 
socialize: mathematics is a social endeavor. Don’t be afraid 
to ask questions; if you don’t ask, you won’t find out the 
answer. Learn from other people and network, network, 
network! There are lots of things that “everyone knows,” 
but nobody tells you. If you isolate yourself, then you won’t 
learn the ropes and you’ll get left behind.

Lastly, focus and work hard. The first stages of one’s 
mathematical career are difficult and stressful; for some-
one swimming upstream doubly so. Whatever you do, put 
in 111% (since you’ll have to outwork those 110% folks). 
Sometimes you will have to do more work for less recog-
nition. You’ll eventually earn your place at the big table 
and then you can pay it forward and lift up the people 
behind you.

Although I’ve done a bunch of things over the years, I 
believe that my biggest impact has been in the classroom. 
Students look to you as a role model and mentor, but more 
importantly they look to you as the one-stop shop for 
part-time jobs in the department, research opportunities, 
graduate school advice, letters of recommendation, and 
emotional support. You are the one who needs to tell them 
the things that “everyone knows.” You are the one who 
needs to ensure that they don’t make the same mistakes 
that you did. Once you figure something out about how 
the world works, make sure your students know!

I mentioned times when teachers thought lower of me 
because of my background or when professors, perhaps 
inadvertently, dissuaded me from pursuing opportunities. I 
still occasionally find myself in settings that are uninviting, 
in which people view me as necessary decoration, a nod to 
diversity. You just have to prove people wrong. Once you 

Figure 6. Receiving the inaugural AMS Dolciani Research Prize 
at the 2019 JMM.
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The Early Years
I am not sure when, but part of my family came to the 
south of Chile from Germany as a nineteenth-century im-
migration policy by the Chilean government.1 What I do 
know is that in the 1950s it was an established tradition 
in medical schools in Chile that upon graduation, doctors 
would serve in small towns before applying for jobs in 
Santiago and other large cities. My father, Victor Hugo Moll 
Strassburger, graduated in 1955, married Ema Lucy Becker 
Correa, his girlfriend since his first year of medical school, 
and took his first job in Cabildo, a small mining town north 
of the capital. In Chile you start medical school right after 
high school, so they dated for a long time. He was the only 
doctor serving several small villages.

I am the oldest of three. My sister Ana Maria, my brother 
Ricardo Antonio, and I were all born in Santiago, since 
the capital had hospitals with better facilities. My parents’ 
families all lived in Santiago, so we often visited them. The 
few memories I have from that time always involve rela-
tives coming to spend time with us, with my grandmother 
Clara Moll Strassburger directing the group. Those visits 
by relatives always involved lots of cooking and among my 
favorite sweets were calzones rotos,2 which is a deep fried 
cookie full of powdered sugar. After my father’s untimely 
death in 1963, my mother and the three of us stayed in 
Cabildo for one more year.

So I spent my early years in Cabildo, starting my formal 
education in Escuela de Hombres, Número 5. This was a 
typical elementary school in a small town, probably with 
students of different ages in the same room. My teachers 
were Angelina Guzmán and Maria Eugenia Palacios. Figure 
8 shows my fourth-grade class, I am the fifth from right to 
left in the middle row. Through social media, I have been 
able to reconnect with some of my classmates and with my 
teacher Ms. Palacios who sent the picture.

1In the nineteenth and twentieth centuries, Chile established immigration 
policies that encouraged European immigration.
2This literally translates to “ripped underwear.”

get to the big table, don’t be afraid to stand up for yourself 
or voice your opinions. Most importantly, find like-minded 
individuals and mentors. Others have been there before 
you, so make sure to draw upon their collective wisdom!

Although my “success” was not pre-ordained, I did have 
some lucky breaks. I was fortunate to have parents who val-
ued education and a stable home environment. Both of my 
parents overcame poverty and suffering; I benefited from 
the opportunities they struggled to give me. The Berkeley 
stamps on my diplomas carried significant weight at crucial 
moments. My advisor’s connections gave me a last-minute 
reprieve when I needed another letter of reference. At UCSB, 
I found exactly the right mentor at the right time. Moreover, 
the global economy cooperated with our job searches.

Even though I now have many of the trappings of 
“success,” my journey was neither inevitable nor without 
difficulty. There were moments of indecision, self-doubt, 
and discouragement. I hope that students reading this will 
realize that even those who seem to know what they are 
doing may have once been lost themselves.

Credits
Figure 5 is courtesy of Dr. Stephan Ramon Garcia.
Figure 6 is courtesy of the American Mathematical Society.
Illustration of Dr. Stephan Ramon Garcia was created by Ana 

Valle.

Dr. Victor H. Moll
In his testimonio, Dr. Victor H. Moll shares how after the 
early death of his father, mathematics became his refuge. 
Taking us from his early education to the 1973 Chilean 
coup d’état, he shares how his years as an undergraduate 
meant he learned mathematics living through a military 
regime with imposed curfews. This period of transition in 
Chile meant few PhD mathematicians lived in the country, 
but luckily Dr. Moll found a mentor who encouraged him 
to attend graduate school in the US, helping shape the rest 
of his career.

DOI: https://dx.doi.org/10.1090/noti2527

Dr. Stephan Ramon Garcia

Figure 7. My parents, 1954.



Early Career

1342    Notices of the AmericAN mAthemAticAl society Volume 69, Number 8

After my father’s early passing, we moved to Quilpué, 
a town near Valparaiso. The privilege of being the family 
of the town doctor had ended. My mother, then 33 and a 
widow with three young kids (I was seven and the oldest), 
had to learn how to survive. She remarried Sergio Labarca 
very soon after that. She used to tell me, that without a 
doubt, this was one of the best decisions of her life. My 
siblings and I gained a new father, in the complete mean-
ing of the word. It was his opinion that education was the 
most important gift parents can give to their children. He 
found one of the best schools in the region (and one of the 
most expensive ones). Most of the small income our family 
was receiving, with both parents working, went to pay for 
education. Therefore, I started fifth grade at The MacKay 
School. My sister and my brother went to similar types 

of schools. This was a British school founded in 1857 to 
serve the community of immigrants coming from England 
as part of the business activities around the port. Before 
the opening of the Panama Canal, Valparaiso was a major 
port for ships going from Europe to the West Coast of the 
United States. It was here that my teacher, Maria Eugenia 
Pardo, noticed that I had some talent for mathematics. I 
still remember that she was very happy when I was able to 
show that any angle inscribed in a semi-circle was a right 
angle. This was seventh grade, a period in which mathe-
matical education in Chile was being guided by abstraction 
and axiomatic mathematics was taught even at this level. 
For me, there were some inherent life complications being 
from a working-class family and being a student at a fancy 
private school. The economic standing, naturally associ-
ated with being the son of a doctor, had ended. Somehow 
mathematics became my refuge.

I finished my secondary education at the public Liceo 
Coeducacional de Quilpué. It was a very stimulating time: 
the country was going through very interesting social 
changes in the early years of the 1970s and being in high 
school at that time offered many experiences that built 
character. Many of my classmates left the country after the 
coup d’état and are scattered all over the world. We still 
get together via electronic gatherings, which sometimes 
have to be early in the morning in order to accommodate 
those with very different time zones. Some years ago I had 
an interesting experience when I was invited to give a talk 
about my academic path by the office of the mayor of 

Figure 8. My fourth-grade class, Cabildo 1964.

Figure 9. Liceo Coeducacional de Quilpué in 1971 (left) and 2014 (right).
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doing research for about seven weeks. I still remember their 
voices telling me “This is a lot of work.” I accepted. My 
family and I spent a great time in Puerto Rico. They were 
at the beach and I was working. Even though the workload 
was enormous, I still believe that the SIMU model is one 
of the best for undergraduate programs. The students were 
exposed to research-level mathematics, which opened new 
avenues for them intellectually, but also were told how to 
approach the graduate school application process, how to 
present a paper at a conference, what is expected of them 
as members of the community, and many other aspects 
of being a mathematician. I loved it. Luis Medina, now 
professor at the University of Puerto Rico at Rio Piedras, 
was my student at SIMU. After that, I was lucky that he 
chose to come to Tulane University for graduate school. 
We still maintain a scientific collaboration. I am very proud 
of him. The SIMU model was later adapted by the Math-
ematical Sciences Research Institute (MSRI) at Berkeley, 
California in their Undergraduate Program (MSRI-UP). 
Participating there was a wonderful experience again, as 
I was surrounded by intelligent students and assisted by 
graduate students and postdocs. Many of the students 
participating in this program are now faculty members at 
a variety of schools.

In recent years, I have been involved in wonderful pro-
grams whose mission is to engage faculty—who work in 
schools with a high teaching load—in research. The pro-
grams that I have participated include PCMI (at Park City, 
Utah) as part of a special program in Random Matrices and 
the second one at ICERM as part of REUF (Research Expe-
riences for Undergraduate Faculty). These are exceptional 
programs and I would like to encourage the mathematical 
community to participate in these programs. I am certainly 
planning to continue doing it.

Math interests. My mathematical work these days started 
when a former graduate student, George Boros, told me that 
he could evaluate an integral. I have told this story in detail 
in “The evaluations of integrals: a personal story,” Notices 
AMS (2002) 311–317 and “Seized opportunities,” Notices 
AMS (2010) 476–484. George’s comment transformed my 
research. In fact, the evaluation of definite integrals will 
take you into many interesting areas of mathematics, and 
you should try it.

The basic question is this: given a function f, defined 
on an interval [a,b] (with –∞≤ a < b ≤+∞) one wants to 
evaluate ∫a

b f(x)dx in terms of special values of a class of 
functions. This is familiar from elementary courses. On 
the other hand, students are often told that the function 
f(x) = e–x2 does not have an elementary primitive, but there 
are methods to see that

∫0
∞e–x2dx = √π

—
—2 .

As a freshman, I was told that this exponential function 
does not have a primitive. I vividly remember my reaction: 

Quilpué. The chance to give a presentation to high school 
students about my academic life made me uncomfortable. 
The school had decreased in quality and was beginning a 
slow recovery period. For many years, the Chilean public 
had been convinced by authorities that private schools are 
always better than public ones. This had the consequence 
of depriving public schools of funds needed to function, 
leading to a deterioration of what was a very good school 
at the time that I attended. The beginning of recovery began 
when the mayor’s office decided to aim towards students 
interested in arts. During the time of my invited lecture, I 
met with many students, and tried to convince them that it 
is possible to be interested in science and not fit the stereo-
types (they assume that if you liked mathematics, you had 
to be a nerd). I was lucky that two of my best high school 
friends, Kenna Meneses and Juan Francisco Carrasco, came 
to my presentation and vouched for my stories. At the end, 
they seemed to like what I was telling them. Although, I 
had returned to my high school with mixed feelings, having 
the opportunity to talk to the students made it all worth 
it in the end.

Research
Working with students and young faculty. Over the years 
I have also had opportunities to work with undergraduates 
outside of Tulane. One day, I was asked by my friend and 
colleague Prof. Ricardo Cortez if I wanted to go to a con-
ference of the Society for the Advancement of Chicanos/
Hispanics and Native Americans in Science (SACNAS) in 
Portland, Oregon. I had to admit that I had never been 
aware of this organization. For me, one of the highlights of 
the conference was to meet Prof. Ivelisse Rubio and Prof. 
Herbert Medina. After I gave my talk, they told me about 
the Summer Institute in Mathematics for Undergraduates 
(SIMU), an undergraduate Research Experience for Under-
graduates (REU) program at the University of Puerto Rico 
at Humacao, and asked me if I was interested in being the 
senior leader. This meant being in charge of 12 students 

Figure 10. MSRI-UP research group, Berkeley 2014.
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“Maybe you do not how to integrate it, but I will figure it out.” 
Needless to say all of my efforts went nowhere.

In one of my luckiest academic moments, my former 
student George Boros told me that he could evaluate

∫0
∞

(x4+2ax2+1)m+1

in terms of some elementary radical and a complicated 
polynomial Pm(a) in the variable a. He had a mechanism 
to evaluate the integral of a rational function by doubling 
the degree of the integrand and, by some symmetry reduc-
tion in certain special cases, he was able to cut the degree 
in half. That gave him a complicated expression for Pm(a). 

At the beginning, not being particularly impressed with 
evaluating integrals (prejudice comes in many forms), the 
only part that I thought might be interesting was that his 
procedure vaguely reminded me of Landen transformations 
for elliptic integrals. I started trying to evaluate this example 
by other methods and failed. My not knowing about hy-
pergeometric functions ended up being a good thing. One 
can prove George’s result in an elementary manner using 
these functions. The work on this integral took us through 
an almost magical trip visiting many parts of mathematics 
which appeared to be disconnected. Many roads of this 
mathematical trip are mysterious. For instance, the integrals 
above are the (Taylor) coefficients of √a+√1+c , expanded 
as a power series in c. Very strange. George’s proof uses a 
theorem of Ramanujan and to this day, I do not know how 
he thought of this. Since George passed away in 2008, the 
mystery will remain. For a long time I have looked for a 
different proof, using this double root. It should teach us 
something new about this problem. So far I have not had 
luck in this regard. It is needless to say that my original im-
pression of George’s problems was wrong. I am glad that I 
did not dismiss him right away and decided to pay attention 

to his methods. My current students continue to surprise 
me like this. I do my best to listen to them. It is one of the 
privileges of the business we are in.

Credits
Figures 7–11 are courtesy of Dr. Victor H. Moll.
Illustration of Dr. Victor H. Moll was created by Ana Valle.

Dr. Carrie Diaz Eaton
Dr. Carrie Diaz Eaton’s testimonio brings us a story of 
intersectionality of identities. She tells us about how her 
various identities have influenced her throughout her life to 
create networks of change. The balancing of these identities 
is reflected in her research in mathematical biology and 
interdisciplinary education. After her testimonio, Dr. Diaz 
Eaton reminds us all of the importance of staying true to 
one’s self and highlights the promising future that the new 
generation of mathematical biologists brings. Through her 
leadership and involvement in various professional orga-
nizations, she hopes to foster collaborations that address 
equity and social justice.

Finding Mathematics
In an article I co-authored with my mathematician cousin, 
Marizza Bailey, called “Revealing Luz,” I wrote about my 
journey both towards and away from mathematics.3 “Re-
vealing Luz” was about my great aunt, Tía Luz, who my 
dad knew growing up in Peru. She was a math teacher and 
inspired many school children and family members. The 
greatest gift she gave me was that my dad grew up knowing 
that the women in his family had the potential to be in-
credible mathematicians and educators. As I balanced this 
line of being Latinx-identified, but separated from most of 
them on the opposite coast, most of my connection to my 
mathematical and computational successes as well as my 
Latinx heritage was through my dad. My dad often spent 
our time together working on math workbooks while my 

3Revealing Luz: Illuminating Our Identities Through Duoethnography, 
Eaton, Carrie Diaz and Bailey, Luz Marizza, Journal of Humanistic 
Mathematics, 8, 2,(2018).

DOI: https://dx.doi.org/10.1090/noti2524

Dr. Victor H. Moll

Figure 11. Research Experience for Undergraduate Faculty 
(REUF) research group, Rhode Island 2018.

dx
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and dance at UMaine, Dean Laredo gave an opening talk 
and said that it was las ganas (the desire), that drove us to 
be the best. I also found community in the mathematics 
department, in the math club, and in my small math 
classes—unlike my large biology lectures. Within these 
communities, I found my voice as a leader, and then I found 
my way back to mathematics. For many, finding math is 
the difficult part, but for me, it was finding my way back 
to math since it was a part of me from the beginning, or 
as we said in “Revealing Luz,” finding something that was 
“always-already-there.”

Balancing Identities
During the summers in college, I worked for a temp agency 
in Boston. I was placed at MIT in Cambridge and for two 
summers, worked in the basement of Building 11 as a 
copy assistant. I had wonderful and funny coworkers and 
enjoyed it immensely. We were responsible for all of the 
copying and computer rental time for the math depart-
ment, and I found myself longingly flipping through past 
Putnam exams and math course textbooks. There is an odd 
sort of message looking back on this now—that the Latina 
in Building 11 was only good enough to make the photo-
copies. My dad, perhaps seeing this longing and realizing 
that I was leaning to switch to mathematics, called the MIT 
admissions office and made an interview appointment for 
transfer. What my dad did not see was the ragged students 
copying their thesis who hadn’t showered in many days, 
the campus reports of suicide, and the fact that I felt more 
at home among the copy staff than the faculty. I also felt 
more at home among my newly found University of Maine 
community and family, and I did not want to leave them. 
Ultimately worried about how I was going to afford tuition 
and in the midst of developing a community at UMaine, I 
declined MIT’s offer to transfer.

At the beginning of my third year, a few changes began 
to solidify my new path. I was invited to join a research 
group and graduate topology course by a professor, Dr.Bob 
Franzosa. I started dating my best friend, Scott Eaton, and 

younger sister, Naomi, was in dance class. My older siblings 
would show me math flashcards as a baby, however, one 
could argue an even earlier influence—I am a part of mi 
tía and she is a part of me, and math is a part of both of 
us. This is a concept Rochelle Gutiérrez brings back to us 
from Mayan philosophy called In Lak’ech in which we see 
ourselves in others.4 The version Dr. Gutiérrez introduces 
in “Living Mathematx” is more an acknowledgment of a 
broader community interconnectedness and perhaps less 
literal than what I mean. No matter the reason, my iden-
tity as a mathematician is thoroughly wrapped up in my 
identity as a Peruvian-American.

My dad, ever the influence on my mathematical oppor-
tunities, chose a town to move to when he relocated to 
Boston that had an excellent math program. I captained 
a math team at a public school with a multi-year winning 
record in Massachusetts and New England. I was also part of 
the American Regions Mathematics League Massachusetts 
A team that won in 1998. I would guess others considered 
me very successful in mathematics, but I always thought 
of myself as a modest performer among the best. I clearly 
loved calculating, but had no interest in studying proof-
based mathematics in college. All of my siblings solved this 
by pursuing degrees in civil engineering, but I wanted to 
go save the oceans and the rainforest. I did not understand 
what math could offer me other than a job teaching (which 
I have to say I loved doing, as by this point I had been 
tutoring math for years. But I did not love this as much as 
saving the planet!). My rebellious choice as a headstrong 
teenager was to reject math, and also reject the thought of 
applying to any college without a zoology program. My 
second rebellion was to reject the idea of an Ivy League 
education—in part because I was turned off by the pomp 
and circumstance, but also because I did not understand 
that the price tag was just a suggestion. I was worried about 
the cost and didn’t want my dad to spend the money. At 
that time, I didn’t realize places like MIT have substantial 
money for financial aid.

I found my way back to math because I found my way 
into a community of mathematicians. In retrospect, I had 
always been looking for my community. Throughout all of 
my schooling, I felt I never quite fit in and had longed to 
be in college. When the University of Maine offered me a 
full scholarship, I found that community and underwent 
something akin to a metamorphosis. I became involved 
with various “diversity’’ groups and found the Latinx and 
Spanish clubs welcoming of my white face and school-
learned Spanish. I credit UMaine, under Dr. Angel Lare-
do’s leadership as Dean of Students, with the intentional 
development and support of these communities—from 
its new inclusivity programming to its student leadership 
programs. I will always remember at our first Latinx festival 

4Living Mathematx: Towards a Vision for the Future, Gutiérrez, Rochelle, 
Philosophy of Mathematics Education Journal, 32 (2017).

Figure 12. Diaz siblings with papá in the middle. L to R: Devon, 
Naomi, Hugo, Alisa, and Carrie. 
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he was not quite two months old, I passed my oral exams, 
wading through the fog of sleepless nights as a new mom. 
I was nursing him when I turned down the opportunity to 
attend an evening awards banquet—where, I later found 
out, I had been awarded the University’s Chancellor Award 
for graduate teaching.

Nearly five years into my PhD, my husband received a 
job offer for an instructor position back in Maine. By this 
time my parents had divorced, remarried, and retired to 
Maine, and my husband’s family also lived in Maine. Much 
to the surprise of my advisor, I decided to take a leave from 
my PhD ABD (all but dissertation) to be closer to family 
support. We moved back in with my grandmother, who by 
then was no longer grieving, but needed more assistance 
at home. I nearly quit my entire PhD as I realized I was 
pregnant with my daughter, Yudani. It had always been 
good enough to stay here with my family and teach at a 
local college. However, part of this dream scattered when 
I realized that the adjunct pay I was earning and my hus-
band’s instructor position were not going to be enough to 
make ends meet. I also felt a sense of regret at the thought 
of never finishing the last chapter of my dissertation. So, 
with some babysitting provided by my retired parents, 
I finished as much as I could on my dissertation inde-
pendently before my daughter was born, and went on the 
job market for a full-time position. As a math biologist in 
the 2000s, I was lucky to have many interviews in Maine, 
and I accepted an Assistant Professor position at a small 
environmental college, Unity College—teaching math to 
save the environment. It was that position, contingent on 
finishing my PhD before my first contract review—and the 
encouragement of my peers—that gave me the last push I 
needed to finish off the final chapter, which in retrospect 
was my most independent and intellectually creative work.

Moving home meant my family had more support, and 
it turned out to be fortuitous timing. My dad was diagnosed 
with a muscle degeneration disease. My mom was in a se-
vere motorcycle accident just a few weeks before my final 
dissertation defense and nearly died. She was air-lifted to 
the hospital I lived only a few miles from, and I was there to 
support her and her husband as the decision was made to 
amputate her leg. I went to a conference only a week later, 
having organized sessions. I have a vivid memory of my 
advisor asking me if I was ready for my defense, and trying 
to tell him about my mom while crying on the escalator. My 
house in those times was a host for all of my family who 
came to visit my mom in the hospital. In the end, I passed 
all those exams and all the trials and defenses. It would 
be years later that I would find out I was the first Latina to 
graduate with a mathematics PhD from the University of 
Tennessee. It was an accomplishment of both grit and luck, 
but not particularly graceful.

Sometimes I feel conflict about the decisions I made on 
my path. I frequently rejected “superior’’ choices of insti-
tutional name to stay closer to my values in both family 

by my senior year, we married. The math department hired 
a mathematical biologist, Dr. Sharon Crook, who com-
bined both my interests into a single discipline. Finally, 
the department introduced an interdisciplinary master’s 
in mathematics. Dr. Crook offered me the opportunity 
to stay as a graduate research assistant in computational 
neuroscience, which conveniently solved my new two-
body problem. It also gave me the opportunity to  move 
in with my grandparents to help as they aged, despite the 
long commute. Sadly, in the first semester of my master’s 
program, my grandfather passed away, but we were grateful 
to be there for my grandmother.

While at UMaine, I continued to take biology courses 
and became particularly interested in a specific area of 
mathematical biology called evolutionary theory. At the 
time, my cousin Marizza was a PhD student in Galois 
theory. This gave me some confidence to pursue a PhD 
in order to stay in Maine as a full-time faculty member. 
This was a difficult leap because, in order to get a PhD in 
mathematics, I would have to leave Maine. Fortunately, 
my husband and I were accepted into all of our graduate 
programs, with generous assistantships and fellowships. 
We picked the University of Tennessee because it was 
relatively close, affordable, and offered the same level of 
interdisciplinarity I currently enjoyed while training in a 
rather unique area of study.

Balancing family, identity, and a PhD in math was not 
an easy road. As I once described it, it continued to be like 
the TV show Ninja Warrior—trying to navigate both the 
planned obstacles while dodging all the surprise ones. I 
had no idea really about how I was supposed to study for 
my first prelim at the end of the summer. Even though I 
excelled in class, I felt like I barely passed the prelim. The 
final exam for my second prelim class was held on the5 
“Day without Immigrants.” I was distracted the whole time 
thinking about how I felt I could not boycott my exam that 
day in solidarity. What gave me joy in these hard times was 
my work mentoring graduate students. I had begun calling 
for a teaching assistant support program after completing 
my exams. My proposal to the department was approved, 
and the next fall I began co-directing the math department’s 
first TA teaching development and mentoring program.

Two weeks before my orals to advance to candidacy and 
eight and a half months pregnant, my car was hit broadside 
by a tractor-trailer. I had to be induced and had my son, 
Gabriel, on July 25th. Then the childcare facility I had 
reserved space in closed without notice, and I could only 
find care two days a week. When my son was two and a 
half weeks old, I was back at the university teaching the TA 
development class. I called my parents to come help until 
daycare could start and a fellow graduate student, Erin 
Bodine, would watch Gabriel while I was in class. When 

5On May 1st 2006 various protests and strikes occurred around the United 
States to demonstrate the importance of immigration to the United States.
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and mathematics. However, I do not think I sacrificed 
any education—maybe connections and access, now that 
I see the view from Bates, the elite small private college 
where I currently teach. Perhaps if I did not center family, 
I would not have faced the roadblocks of being a mother 
in academia or burdened a significant care-taking role for 
my parents and grandparents when they needed me. But I 
know also that if I had made different choices, I would not 
have been the same person, embraced by my communities, 
and given the opportunity to lead. I cannot imagine who 
I would have become had I not made my decisions based 
on the values that I held dear. I have found this true also 
for the students I have taught along the way, which have 
always held the same hidden potential, no matter where 
they have attended school. My advice for those on the path 
of self-discovery is to be true to yourself. My advice for ev-
eryone else is to look beyond the labels of worthiness that 
mathematicians use to judge others.

Advice
I conclude with some advice that I have learned through 
experience in my life and career. I share it with the hope 
that it helps readers who are exploring mathematics as a 
career as well as those who have already found their way 
to mathematics and have embraced it.

 • I think math is a part of us and we are a part of 
math, but some of us find ourselves on a lifelong 
entangled path with it. Follow both your heart 
and your brain. My brain made me pick math 
over biology as a primary discipline, but my heart 
brought me to the work I do today.

 • Find your support system at school and outside of 
school, and use it. Figure out what keeps your brain 
and your heart motivated and use that to keep you 
going through challenges.

 • My advice for those on the path of self-discovery 
is to be true to yourself. My advice for everyone 
else is to look beyond the labels of worthiness that 
mathematicians use to judge others.

 • Actively work against the institutionalized ideas 
that older means wiser, that collaboration means 
a lack of self-sufficiency, and that niceness fixes 
systemic inequality. It is easy to be lulled into 
assimilation, so reflect often.

 • Working together, we can build diverse and resil-
ient communities.

The Testimonios 
Spanish Sampler

Last year the AMS and 
MAA teamed up to publish 
Testimonios, a collection 
of first-person narratives 
from several successful Lat-
inx/Hispanic mathemati-
cians. The purpose of the 
volume is to inspire the 
next generation of Latinx 
mathematicians. This year, 
to celebrate Hispanic Her-
itage Month, the societies 
have again joined forces 

to produce The Testimonios Spanish Sampler. We 
have translated four of the stories from the original 
volume into Spanish to reach more people and to 
give Latinx students a resource to help them explain 
their educational choices to family members more 
comfortable in Spanish. A downloadable pdf of the 
Sampler can be accessed at https://www.ams.org 
/testimonios-sampler. Print copies will be distrib-
uted gratis at future meetings of the Society and the 
Association. During Hispanic Heritage Month print 
copies may be requested from AMS Customer Services 
by writing to cust-serv@ams.org. Print copies of 
the full English-language volume can be purchased 
at the AMS Bookstore at https://bookstore.ams 
.org/clrm-67.

Credits
Figure 12 is used with permission from Goodrich Photogra-

phy. 
Illustration of Dr. Carrie Diaz Eaton was created by Ana Valle.

Dr. Carrie Diaz Eaton
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him for the first time in this century sat down. There were 
many still standing. When I requested that those who had 
met him during the last 20 years of the last century sit, the 
group was much reduced. I went back a decade at a time. 
The last person standing was not his wife, but a woman 
who had gone to primary school with him.

Ubi received a doctorate from the University of São 
Paulo in 1963. He spent much of his early career in the 
USA at Brown University and SUNY-Buffalo working on 
Calculus of Variations and Measure Theory. When he re-
turned to Brazil in 1972 and assumed a position at the State 
University of Campinas (UNICAMP), he apparently took 
with him a strong interest in interdisciplinary work. In fact, 
I first met him in Osorno, Chile, in early 1979 at a meeting 
on “New Tendencies in the Teaching of Mathematics and 
Biology in Higher Education in Latin America.” 

Ubiratan D’Ambrosio passed on May 12, 2021. With his 
passing, the world, and the Americas in particular, lost an 
indefatigable intellectual giant, and many of us lost a dear 
and cherished friend.

Ubi was born in 1932 in São Paulo, Brazil. His father was 
a teacher, but in his early schooling he was more interested 
in history than in mathematics. Ubi is survived by his wife, 
María José, and his son, Alejandre. His daughter, Beatriz, 
an accomplished Mathematics Educator in her own right, 
passed unexpectedly in 2015.

At the XIIth Inter-American Conference on Mathematics 
Education (IACME XII) in 2011 I had the honor of par-
ticipating in a Plenary Round Table on “The Intellectual 
Contributions of Ubiratan D’Ambrosio to Mathematics 
Education.” I began my presentation with what I called 
a bold, but accurate, affirmation: “Ubi has contributed 
more to our understanding of the importance of culture 
(in all its meanings) in the development and learning of 
mathematics than anyone else.”

Also, at IACME XII, just after the above assertion, I told 
the audience of approximately 1000, that we were going to 
play a game that was played often and all over the world: 
“When did you first meet Ubi?” I asked everyone who had 
met Ubi to please stand up. Almost everyone stood. Then 
I asked those who had met him for the first time during 
IACME XII to please sit down. Quite a few did, but more 
than half were still standing. Next, those who had met 
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Mathematics (HPM). In 1999 he helped to create and 
became the chair of the Brazilian Society for the History 
of Mathematics (SBHMat). In that role two journals 
were launched in 2001: Revista Brasileira de História da 
Matemática: an international journal on the History of 
Mathematics (RBHM) and História & Educação Matemática. 
Ubi was also involved with the International Commission 
on the History of Mathematics (ICHM). In 2001 ICHM 
award him their Kenneth O. May award jointly with Lam 
Lay Yong stating that “they have contributed significantly 
to enlarge history of mathematics by opening new research 
fields which actually also soon found their ways into text-
books.”

Perhaps a crystallization of Ubi’s thinking with respect 
to the role of history in Mathematics Education can be 
found in these words in his “Introduction” to Mathematics 
and Its Teaching in the Southern Americas published in 2014:

Mathematics education is the conjugation of 
education and mathematics, which are two cat-
egories of doing and knowing, of behavior and 
knowledge. To discuss mathematics education 
in the Americas and its specificities, we must 
understand the evolution of categories of modes 
of thought. In other words, we must discuss the 
origin of the disciplines as we know them today. 
This is an exciting research area.

Ubi is considered to be “the intellectual father of Eth-
nomathematics.” Ubi himself, with typical humility, gave 
credit for the first use of the term “Ethnomathematics” to 
others. He often wrote that for him a seminal moment in 
his development of the concept of Ethnomathematics was 
the organizing of a Panel on “Why Teach Mathematics” 
for the Third International Congress on Mathematics Ed-
ucation (ICME 3) in 1976 in Karlsruhe, Germany, and the 
subsequent publication of his related paper on “Overall 
Goals and Objectives in Mathematics Education.” He used 
that forum to insist that, in justifying why mathematics 
should be in the school curriculum, discussions on the 
nature of mathematical knowledge needed to give atten-
tion to history, philosophy, and cognition beyond those 
traditionally focused on the history of mathematics and 
the learning of mathematics. Also, very importantly, he 
introduced emphatically the idea that there are other ways 
of doing mathematics that emerge in different cultures.

In his plenary lecture at the 1984 ICME 5 in Adelaide, 
Australia, he presented the theory and examples that led to 
his now famous conceptualization of Ethnomathematics as 
Ethno [culture] + mathema [explaining, understanding] + 
tics [techné, arts, techniques]. He insisted that ethnomathe-
matical practices “are mathematics practices identified with 
cultural groups, and which are taught, perfected, reflected 
upon, in a non-formal education system,” i.e., discoveries 
made and passed on in diverse cultural context. In that 

At UNICAMP, as director of the Institute of Mathe-
matics, Statistics and Computer Sciences Ubi encouraged 
research beyond traditional areas to include mathematical 
modelling and artificial intelligence. By 1975 his growing 
interest in Mathematics Education led him to develop a 
Master’s degree program in the “Teaching of Mathematics 
and Science.” He soon became known for his support of 
young researchers. He did take time out from his work at 
UNICAMP to be Head of the Education Systems Improve-
ment Unit at the Organization of American States (OAS) 
in Washington, DC from 1980 to 1982.

His interest in Mathematics Education was no doubt 
catalyzed by his involvement with the Inter-American 
Committee on Mathematics Education (IACME). He first 
participated at IACME’s third Inter-American Conference 
on Mathematics Education (IACME-III) in Bahía Blanca, 
Argentina, in November of 1972. There he presided over 
a Plenary Session that included topics on university drop-
outs, mathematical literacy, and the articulation between 
pre-university and university mathematics. In 1975 Ubi was 
elected Vice President of IACME. He became President in 
1979 at IACME-V, which he organized, in Campinas, Brazil. 
Ubi served as President of IACME until 1987, but continued 
as an active force within the organization, and promoted an 
important space within the IACME conferences for histor-
ical and cultural topics related to Mathematics Education. 
Ubi’s presidency of IACME marks a turning point for that 
organization with Latin American’s in the leading roles.

Ubi’s connection to and leadership in Mathematics Ed-
ucation was further enhanced by his association with the 
International Commission on Mathematical Instruction 
(ICMI) and its International Congresses on Mathematical 
Education (ICME) beginning in 1976. Ubi would go on to 
present plenary addresses and organize working groups on 
the role of history and culture in Mathematics Education 
(as he did in IACMEs). He served as Vice President of ICMI 
from 1979–1983, and in that position he helped to pro-
mote ICME’s support of the African Mathematical Union 
and African Society for the Advancement of Science. Ubi 
was awarded ICMI’s second Felix Klein Medal in 2005 for 
the role he “played in the development of mathematics ed-
ucation as a field of research and development throughout 
the world, above all in Latin America” and “As a result of 
his interest in the social and cultural conditions for math-
ematics education, in particular as regards the nature of 
mathematical knowledge in different cultures at different 
times, Ubiratan D’Ambrosio began to develop what is in-
ternationally his best-known contribution to the field of 
mathematics education, the idea of ethnomathematics.”

Ubi’s writings and conference presentations often 
connected history and sociocultural issues in Mathemat-
ics Education. Between 1984 and 1988 he was chair of 
the Honorary Advisory Board of the International Study 
Group on the Relations between History and Pedagogy of  
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morphed into the Journal of Ethnomathematics and then the 
peer-reviewed Journal of Mathematics and Culture.

Ubi had strong concerns related to peace and the future, 
and often related those concerns to Mathematics Educa-
tion. He distinguished four kinds of peace: individual, 
social, environmental, and military, and insisted that “The 
kinds of mathematics we need are those complex strategies 
of a mathematical nature impregnated with the ethics of 
diversity, which are the basic pillars of the Ethnomath-
ematics Program.” He was quite active in the Pugwash 
Conferences on Science and World Affairs and its mission 
“to bring scientific insight and reason to bear on namely, 
the catastrophic threat posed to humanity by nuclear and 
other weapons of mass destruction.” He also collaborated 
with the Center for Global Nonkilling based in Hawaii.

By traveling extensively to organize working sessions, 
give presentations, and meet with colleagues, Ubi received 
the nickname of “Ubiratour.” However, I think we can all 
agree that his extensive travels made it possible for him to 
spread his work and for so many of us to have time with 
him: learning and sharing.

Ubi has helped many of us to understand “‘Ethno’ in 
a much broader sense than merely race,” stating that “our 
conception of ‘Ethno’ encompasses all the ingredients that 
make up cultural identity of a group: language, codes, val-
ues, jargon, beliefs, food and dress habits, physical traits, 
and so on.” He has always insisted that Ethnomathematics 
is “a research program in the history and philosophy of 
mathematics with pedagogical implications.” 

Perhaps Ubi’s greatest intellectual contribution to Eth-
nomathematics should be considered to be his intellectual 
contribution through Ethnomathematics. He has given us 
a vision of how mathematics and mathematics education 
can contribute to “a civilization for all, in which iniquity, 
arrogance and bigotry have no place.” We miss him in-
tensely, but must strive vigorously to help realize his vision.

Below are a few publications by Ubi D’Ambrosio that 
are available online and in English that give an overview 
of his research and thought:

U. D’Ambrosio, Culture, cognition and science learning, in: J. 
J. Gallager and G. Dawson (eds.), Science education and 
cultural environment in the Americas, Washington: NSTA/
NSF/OAS, 85–92, 1986. Retrieved on July 15, 2021 from 
https://files.eric.ed.gov/fulltext/ED270304.pdf. 

U. D’Ambrosio, Reflections on Ethnomathematics, ISGEm 
Newsletter 3 (1987), no. 1, 3–4. Retrieved July 15, 2021 
from https://web.nmsu.edu/~pscott/isgem11.htm. 

U. D’Ambrosio, A research program in the history of ideas and 
cognition, ISGEm Newsletter 4 (1988), no. 1, 5–7. Re-
trieved on July 15, 2021 from https://web.nmsu.edu 
/~pscott/isgem41.htm. 

same year Ubi was elected a Fellow of the American Asso-
ciation for the Advancement of Science. 

Perhaps the next phase in Ubi’s development of Ethno-
mathematics was his creation of the International Study 
Group on Ethnomathematics (ISGEm). To quote what 
I wrote for the first edition of the ISGEm Newsletter: “At 
the 1985 NCTM Annual Meeting in San Antonio, a few 
of us lingered after Jeremy Kilpatrick’s talk on ‘Research 
in Mathematics Education around the World.’ Ubiratan 
D’Ambrosio snagged three of us and asked if we would 
like to attend a short meeting. Unsure of just what he had 
in mind, we nevertheless eagerly followed him. We found 
an unoccupied meeting room and got down to business.”

On various occasions we had listened to Ubi’s talks on 
Ethnomathematics. We had just heard Professor Kilpatrick 
emphasize the importance of Ethnomathematics and been 
impressed by the keynote address given two nights before 
at the research pre-session by Alan Bishop of Cambridge 
University on “The Social Dimensions of Mathematics Ed-
ucation in Research.” Ubi explained that he felt the concept 
of Ethnomathematics had generated enough interest that 
it was time to form a study group. We readily agreed and 
eagerly began to plan some initial activities. Along with 
Ubi, Gloria Gilmer, Gilbert Cuevas, and I agreed to serve 
on an initial advisory board for ISGEm.

One of Ubi’s many strong statements about the cultural 
roots of mathematics can be found in an early edition of 
the ISGEm Newsletter:

Recently, it has been recognized by a few that 
mathematics has cultural roots and is indeed a 
cultural system. Cultural groups, children of a 
certain age range in a neighborhood, farmers 
cultivating wheat, engineers in car factories, 
and so on, have their own patterns of behavior, 
codes, symbols, modes of reasoning, ways of 
measuring, of classifying, of mathematizing. 
Particularly when we talk about school children 
we must remember that they come to school 
with a mathematics of their own.

ISGEm continued to meet every year at the NCTM Annual 
Meeting under Ubi’s guidance. Presentations and panels on 
Ethnomathematics and cultural influences on mathematics 
teaching and learning became regular features at national, 
regional, and international conferences. In 1998 the first 
International Congress on Ethnomathematics (ICEM I) was 
held in Granada, Spain. It has continued every four years 
with ICEM II in Ouro Prieto, Brazil, in 2002, ICEM III in 
Auckland, New Zealand, ICEM IV in Towson, Maryland, 
USA, in 2010, ICEM V in Mozambique in 2014, and ICEM 
VI in Medellin, Colombia, in 2018. Ubi’s presence was 
actual in many of these events and felt in all of them! The 
ISGEm Newsletter, which often had contributions from Ubi, 

https://web.nmsu.edu/~pscott/isgem41.htm
https://web.nmsu.edu/~pscott/isgem41.htm
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U. D’Ambrosio, A Nonkilling Mathematics Education?, in: J. 
Pim and S. Herrero (eds.), Nonkilling Education, Ho-
nolulu: Center for Global Nonkilling, 2017. Retrieved 
on July 21, 2021 from https://nonkilling.org/center 
/book-review/nonkilling-education/. 

To access more of Ubi’s publications go to: https://
web.archive.org/web/20120620033402/http:// 
vello.sites.uol.com.br/ubi.htm and https://sites 
.google.com/site/etnomath/. 

Credits
Photos are courtesy of Patrick Scott.

U. D’Ambrosio, Ethnomathematics and its place in the history 
and pedagogy of mathematics, in: M. Harris (ed.), Schools, 
mathematics and work, London: Falmer Press, 1991. Re-
trieved on August 1, 2021 from https://www.usd.ac.id 
/fakultas/pendidikan/s2_pen_matematika/f1l3/An%20
article%20by%20Ubiratan%20D’Ambrosio.pdf. 

U. D’Ambrosio, A reflection on Ethnomathematics: Why teach 
Mathematics?, 2004. Retrieved July 15, 2021 from https://
web.archive.org/web/20081205024338/http://sites 
.uol.com.br/vello/why.htm.

U. D’Ambrosio, The scenario 30 years after, 2006. Re-
trieved July 15, 2021 from https://www.google 
.com/url?sa=t&rct=j&q=&esrc=s&source=web& 
cd=&ved=2ahUKEwjWp-DHt-XxAhWJrp4KHeLFD7kQF 
noECAUQAw&url=https%3A%2F%2Fwww.math.auckland 
.ac.nz%2FEvents%2F2006%2FICEM-3%2F1.Keynote%2F 
D%2527Ambrosio-plenary-prez..ppt&usg=AOv 
Vaw3HwAEe-Re5PjhIm6Nl2PLl. 

U. D’Ambrosio, ICMI and its influence in Latin America, 2008. 
Retrieved on July 16, 2021 from https://www.unige.ch 
/math/EnsMath/Rome2008/ST/Papers/DAMBROS.pdf. 

U. D’Ambrosio, The Ethnomathematics Program and a Cul-
ture of Peace, Journal of Mathematics and Culture 10 
(2016), no. 20. Retrieved on July 27, 2021 from https:// 
journalofmathematicsandculture.files.wordpress 
.com/2016/09/dambrosio-final.pdf. 
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Brian J. Parshall (October 28,
1945–January 17, 2022)
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Figure 1. Brian Parshall in December 2015.
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Brief Biography

Karen H. Parshall
Brian Parshall died suddenly and unexpectedly on Janu-
ary 17, 2022 at the age of seventy-six. The only child of
Wellington Brando Parshall and Lucille Carroll Parshall,
he was was born in Penn Yan, New York on 28 October,
1945. As a boy growing up on the shores of Keuka Lake,
he and his lifelong best friend, the now well-known potter
Peter Knickerbocker, had many adventures exploring with
their dogs the woods and gulleys that characterize the to-
pography of the Finger Lakes.

By the eighth grade, Brian had not only added sheep
to his small menagerie of a dog, a red squirrel, a raccoon,
and two Manx cats but had also discovered higher mathe-
matics. Saving up to buy Dover books like William Burn-
side’s Theory of Groups of Finite Order and Leonard Dick-
son’s Algebras and Their Arithmetics on occasional trips to
Rochester with his parents, he immersed himself in the ab-
stract algebra of a bygone era at the same time that he
developed, on his own, newer algebraic sensibilities. A
full, four-year scholarship to the University of Rochester al-
lowed him to study mathematics formally under, among
others, Dorothy Maharam Stone and her husband, Arthur
Stone, before he moved on in 1967 for graduate work at
Yale. There, he took courses in algebra with Walter Feit,
Nathan Jacobson, and George Seligman, the latter direct-
ing his 1971 doctoral thesis on “Rational Representations
and Subgroups of Algebraic Groups.”

Karen H. Parshall is Commonwealth Professor of History and Mathematics at
the University of Virginia. Her email address is khp3k@virginia.edu.
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Like somany others of his generation, Brian was drafted
out of graduate school into the US Army during the Viet-
nam War. When his orders for jungle warfare training
school in Louisiana were changed at the last moment to
the Pentagon, he spent his Army years not in Southeast
Asia but inWashington, DC, where, in addition to calculat-
ing themaximumoverhaul time for destroyers, he finished
writing his dissertation. His tour of duty over in 1972,
he took a position at the University of Virginia later that
year, ultimately becoming Gordon T. Whyburn Professor
of Mathematics in 1996. There, among many other things,
he fruitfully engaged in mathematical research both singly
and in collaboration, supervised nine doctoral students
between 1983 and 2018, and served twice as department
chair (1993–1999 and 2010–2012).

Brian and I married in August 1978. Together, we spent
the 1987–1988 academic year on the faculty at the Univer-
sity of Illinois in Urbana-Champaign before becoming col-
leagues at Virginia in 1988. We shared our Charlottesville
home with our friends, our students, and a succession of
basset hounds, the breed to which Brian had found him-
self related by marriage and to which he instantly became
totally devoted.

Brian retired in May of 2020, teaching his final course
over Zoomas the COVIDpandemic swept the globe. At the
time of his death, he was, together with Leonard Scott and
Jie Du, putting the finishing touches on what will now be
his last publication, a major study on “An Exact Category
Approach to Hecke Endomorphism Algebras” [17].

Karen H. Parshall

The Early Years of CPS

Leonard L. Scott
Brian Parshall and I were colleagues at the University of
Virginia and had a decades-long and prolific collaboration
that began in the early 1970s and has only ended with
Brian’s death. While each of us was also often involved si-
multaneously in other collaborations, with or without the
other, we were two of the three nodes in the longstanding
triple collaboration—unusual at the time—known as CPS
for Ed Cline, Brian Parshall, and Leonard Scott.

CPS published one of its first papers, “Cohomology of
finite groups of Lie type I,” in 1975 [1]. Then, many of
the 1-cohomology groups calculated there had been com-
puted in special cases by other authors but with no attempt
at formulating a broad theory. In [1], CPS saw, for the first
time, how to put these and many other calculations un-
der the same Lie-theoretic roof. One of our main ideas,
due to Brian, was to use finite-dimensional Weyl modules
to determine lower bounds on the 𝐻1 dimensions of the
irreducible modules 𝐿 under consideration. To simplify,
assume that 𝐿 is self dual and nontrivial. Then any trivial
section of the Weyl module 𝑉(𝐿) just below 𝐿 contributes
to a lower bound on 𝐻1(𝐿). As Ed Cline used to say “We
just turned the module over.”

The next CPS paper appeared in 1977 and was joint
with Wilberd van der Kallen [2]. CPS had been think-
ing about an informal conjecture/question that had been
posed by Jack McLaughlin. It suggested that cohomology
groups of finite groups of Lie type in the same type series,
acting on modules varying only by the underlying finite
fields, should have predictable limits. One day Brian re-
turned from a stay at the Institute for Advanced Study in
Princeton with news about “Kempf’s vanishing theorem”
(discussed in MR0409493) which seemed like something
we might be able to use. It was. We proved a version of
the conjecture and, on learning that he had made a similar
observation, published our work together with Wilberd in
the paper “Rational and generic cohomology.” That paper
inspired others, in particular, joint work of Brian, David
Stewart, andmyself [13] and of Chris Bendel, DanNakano,
Brian, Cornelius Pillen, myself, and Stewart [15]. Brian
also had several other publications with Nakano, while
Nakano, Bendel, and Pillen all visited him at various times
at the University of Virginia, and Bendel, Nakano, and
Pillen struck up their own triple collaboration.

Leonard L. Scott is McConnell-Bernard Professor of Mathematics Emeritus at
the University of Virginia. His email address is lls2l@virginia.edu.
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Another CPS paper, also motivated by “Rational and
generic cohomology,” was in a very different direction.
Published in 1999, “Generic and 𝑞-rational representation
theory” dealt with what finite group representation theo-
rists call “cross-characteristic” or “non-defining” represen-
tation theory [8]. It introduces a new Morita equivalence
in order better to understand cross characteristic represen-
tations of finite general linear groups (see the extensive dis-
cussion by Gerhard Hiss in MR1681236).

CPS came to an end thirteen years later with Ed Cline’s
death in 2012. It had been a forty-year-long collaboration.

Leonard L. Scott

An Ongoing Collaboration

Jie Du
Brian was my lifelong mentor and friend. We first met in
China in the summer of 1987 when I was a graduate stu-
dent at the East China Normal University. A year later, I
went to Virginia to pursue a postdoc with Leonard Scott.
Brian then naturally became my co-advisor. Our first joint
paper (with Jianpan Wang) [4] was written in late 1989
and deals with a hyperbolic property for 𝑞-Schur algebras
with two parameters.

Beginning with Leonard’s first visit to Sydney in 1995,
I started to learn CPS’s theory of stratifying endomor-
phism algebras and to apply that theory to Hecke endo-
morphism algebras (or generalized 𝑞-Schur algebras). Our
first joint paper (with Leonard) on this subject influenced
my research for years. For example, our work led to a
conjecture formulated in [6], which became the main fo-
cus of our research beginning in 2013 (see [14, 16, 17]).
Our proof for the most general quantum Schur–Weyl du-
ality was done during my 1996 visit to the Universities
of Virginia and Chicago [7]. The book project that ulti-
mately became [12] was discussed during Brian’s first visit
to Sydney in late 1992 and completed in 2008. During

Jie Du is a professor of mathematics at the University of New South Wales. His
email address is j.du@unsw.edu.au.

this period, Brian visited Sydney three times, and I vis-
ited Charlottesville almost every two years. We wrote two
more articles [10,11] on applications of the geometric set-
ting of Beilinson–Lusztig–MacPherson for quantum linear
groups which constitutes one of the five parts in our book.
As these works exemplify, I benefitted greatly from Brian’s
wide mathematical interests.

But, Brian influenced every aspect of my life, not just
my mathematics. When I was at a very low point during
a visit to Chicago in 1996, he helped me greatly. When
my wife was expecting a baby girl, he accompanied me to
a Banff gift shop to buy an appropriate present. When a
boy was actually born, he helped me to change the name
from Anne to Andy.

I will always remember Brian for his mathematical
spirit, his sense of humor, and his friendship.

Jie Du

An East-West Friendship

Jianpan Wang
Brian was my best friend. We first met more than thirty-
five years ago in Arcata, California. Our friendship stood
the test of time and only deepened over the years.

We were partners in mathematical research. Follow-
ing my first visit to the University of Virginia in 1989, we
jointly published a series of research papers as well as the
AMS Memoir, Linear Quantum Groups [5]. First Jie Du [4]
and then Leonard Scott [9] joined us as co-authors on two
more papers. Perhaps our most involved collaboration
was the 759-page book, Finite Dimensional Algebras and
Quantum Groups, co-authored with Bangming Deng and
Jie Du and published in 2008 as volume 150 of the AMS’s
Mathematical Surveys and Monographs Series [12].

Jianpan Wang is a professor of mathematics and President Emeritus of East
China Normal University. His email address is jpwang@admin.ecnu.edu
.cn.
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Brian visited me in China often. In particular, he
participated in the First to Seventh International Confer-
ences in Representation Theory which were held every
three years between 1998 and 2016 in Shanghai, Kunming,
Chengdu, Lhasa, Xi’an, Zhangjiajie, and Xiamen, respec-
tively. Brian’s wonderful lectures made a deep impression
on all of those conference’s participants.

After returning to China in 1990, my time for research
in pure mathematics was greatly reduced, owing to a vari-
ety of administrative tasks and increasing involvement in
mathematics education. As I gradually withdrew from re-
search in algebraic groups and quantum groups and had
less constant academic interactions with Brian, our friend-
ship nevertheless remained strong. When I turned seventy
in 2018, Brian made a special trip to Shanghai to attend an
academic conference and commemoration ceremony held
by my students. That, unfortunately, proved to be our last
meeting.

Jianpan Wang

Friend and Teacher

Eric M. Friedlander
Brian and I published thirteen papers in the period 1981–
1991, mostly about the cohomology of finite groups, Lie al-
gebras, infinitesimal group schemes, and algebraic groups.
Our motivation came from representation theory and al-
gebraic K-theory. One main thread of these investigations
was our efforts to adapt for Lie algebras and other alge-
braic structures the geometric point of view introduced by
Daniel Quillen for finite groups. Computations were gen-
eral; techniques came from all over themap. Decades later,
this mathematics lives on thanks tomany others including
our friends, students, and collaborators.

A favorite memory on a cool, rainy summer day out-
side of Paris: Brian and I were tramping through the
woods of IHES when we realized that not all Lie algebra

Eric M. Friedlander is a professor of mathematics at the University of Southern
California. His email address is ericmf@usc.edu.

representations are restricted. This was certainly well
known, obvious in retrospect, but exciting to us.1 Another
fond memory is of our daily email exchanges during the
writing of some of our joint papers. When Brian and Karen
were in Urbana-Champaign for the year in 1987–1988, for
example, Brian would send me an outlandish quote each
morning which he claimed was the main headline in that
day’s National Enquirer.

Brian’s enthusiasm for one of Karen’s many imaginative
gifts, his chain saw, was a threat to nearby trees and a con-
cern of neighborly cows. Brian and Karen also granted me
the honorary status of “uncle” of a series of loveable basset
hounds. Sometimes a younger hound would engage in a
wrestling match on the floor with Brian, expecting to share
a bowl of popcorn afterwards.

Brian’s enthusiasm for mathematics, his laughter, and
his friendship are irreplaceable. But also irreplaceable is
Brian, the teacher, who guided me to much fascinating
mathematics.

Eric M. Friedlander
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A Year That Makes the
Difference: Achievements of
Ford Foundation Postdocs in
the Mathematical Sciences
Isom H. Herron

Beginnings
Launched in 1962, by 1979 the Ford Foundation Fellow-
ship Program had become one of America’s most presti-
gious and successful doctoral fellowship initiatives. The
fellowships sought to increase faculty diversity at US col-
leges and universities “. . . by increasing their ethnic and
racial diversity, to maximize the educational benefits of di-
versity, and increase the number of professors who can and
will use diversity as a resource for enriching the education
of all students” as stated in the 50th anniversary confer-
ence report [1]. So, in its early years the program had as
a major objective to increase the number of PhDs. The
“underrepresented racial and ethnic minorities targeted by
the program were identified as Black (African-American);
Chicano (Mexican-American); Puerto Rican; and Native
American.”1 And in many ways the program succeeded.
This redounded, by inference, to the benefit of the math-
ematical community, as numerous students were funded
at this level. In their study of Ford Foundation Fellows,
Arce and Manning [2, p. 44] learned from their respon-
dents across all fields: “An impressive finding is that over
90% of the sample were employed. Of these 66.1% were
in college or university settings.” However, they went on to
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note: “Most of the individuals who became faculty mem-
bers, were in junior faculty positions. Surprisingly, those
employed in academia were not as satisfied with their ca-
reers as one might expect. In fact, those outside academia
seemed more satisfied” [2, pp. 46–47]. The study by Arce
and Manning was based on extensive surveys and interac-
tions with Ford Fellows. One of the summary conclusions
was the need for “post-doctoral professionalization” (empha-
sis mine), which has as its core: “The process of career de-
velopment in scholarly research and teaching” [2, p. 139].

A contention of this article is that the introduction of
the Ford Foundation Postdoctoral Program has allowed
this need to be met in great part. These profiles are meant
to give the reader a sense of the value added to an individ-
ual’s career by the Ford Postdoctoral Fellowship in mathe-
matics. The objective here is to showcase minority accom-
plishments with a view to encouraging current minority
graduate students to apply for this and other research op-
portunities.
The postdoctoral program. Within the Ford Foundation,
the Postdoctoral Fellowship Program owes its genesis to
Dr. Benjamin F. Payton, who was Program Officer, Higher
Education and Research from 1972 to 1981. In 1979, he
met with leaders at the National Academies of Sciences,
Engineering, and Medicine to outline his vision: “to offer
a respite from teaching so that fellows could focus on re-
search.”

The mathematical community was made aware of this
initiative in an announcement that appeared in the No-
vember, 1979 issue of the Notices. Because of the seminal
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nature of this announcement, it is reprinted in full at the
end of this article.

The announcement proposed that 25 awards would
be given. However, because of the quality of the re-
sponses, in the initial group of recipients in 1980, there
were finally 35 awards in all fields from among 400 ap-
plicants. In referring to the recipients, their titles will be
suppressed, with the understanding that they all hold a doc-
torate. The first class contained two mathematicians,
Robert Mena and Scott Williams. There were also physi-
cists whose work was theoretical: Ronald Mickens and
Sekazi Mtingwa. Mickens has gravitated towards how
mathematics impinges science, while Mtingwa has had
a distinguished career in physics and speaks highly of
his Ford experience (www.aip.org/history-programs
/niels-bohr-library/oral-histories/44300).

The next year, 1981, two awards went to mathemati-
cians James Curry and John Ratcliffe. The following year,
1982, the lone mathematical award went to Carl Prather.
In 1983, again one award went to Alain Lewis. And in
1984, two awards were won by Robert Hagwood and Don-
ald King. There were no awards to mathematicians in
1985. In the year 1986, Anna E. Barón received the first
Ford Foundation Postdoctoral Fellowship in Mathematics
awarded to a woman.

Dr. Sheila Biddle became Program Officer for the Ford
Foundation’s Education and Culture Program in 1982. Be-
sides instituting an annual conference of Ford Fellows
across disciplines in 1982, she introduced dissertation-
level awards and re-instituted predoctoral fellowships in
1986.2 Though not a focus of this article, it is evident that
reinforcing the predoctoral program has continued to pay
dividends. There were “Sheila Biddle Ford Foundation Fel-
lows,” named in her honor.

In the ensuing years, PhD graduates moved immedi-
ately into early postdoctoral positions. As the evidence
of various such positions became more common on the
resumes of those pursuing faculty careers, the Ford Foun-
dation Senior Postdoctoral Fellowships were separated
from the early career awards. Thus a postdoctoral fel-
lowship could either help to launch a career or provide
an impetus on the journey. In either case, the Ford Fel-
lows conferences proved to be valuable. In the early
years, they were held in Washington, DC under the aus-
pices of the National Academy of Sciences. By 2012, the
number of Ford Fellows had grown so that Senior Fel-
lows also deserved recognition. For that reason, in 2012
as part of the 50th anniversary of the Ford Fellows Pro-
gram, a Senior Ford Fellows meeting was held for the first
time, in Irvine, California. The meeting’s workshops on

2The National Research Council had advised the National Science Foundation
on minority graduate fellowships during this interim period.

professional development took on many of the challenges
outlined in the report of Arce andManning [2], mentioned
earlier. Among the ten workshops, two very striking ones,
where mathematicians made strong contributions, were
“Moving through rank: beyond tenure” (James Curry) and
“Moving forward, moving on: timing, negotiation and ob-
jectives in transitioning your academic position” (Carlos
Castillo-Chavez). These workshops set the tone for math-
ematicians to consider leadership in academia at the high-
est levels.

A wonderful added outcome of the Ford Postdoctoral
Fellowships to mathematics is the quality and extent of
the research that the fellows have produced. From algebra,
topology, and algebraic geometry, to analysis, combina-
torics, statistics, and applications, to biology, chaos theory,
mathematics education, and other areas, these mathemat-
ical scientists have made significant marks in their fields.
Some, as we shall see, have opened fields of inquiry that
are still being explored. It would no doubt give some of
the research short shrift to attempt to highlight examples
of these accomplishments. It is hoped that the survey to
follow will prompt readers to explore the productivity of
these individuals, whose full publications can be accessed
on the internet. Also, at the end of the article there is a
link for readers who may be interested in applying for the
program.

The First Ten Years: 1980–1989
The first two recipients of the Ford Postdoctoral Fel-
lowships in Mathematics were Robert Mena and Scott
Williams.

Figure 1. Robert Mena and
students Tyler Boogar (left) and
Michael Richards (right).

Robert Mena from
Houston, Texas, is a Mex-
ican-American. He re-
ceived his BS in 1968, MS
in 1971, and PhD in 1973
in Mathematics, all from
the University of Hous-
ton. [Dissertation: “Ideal
Completions and Lattices
of Ideals.” Advisor: Jür-
gen Schmidt.] Mena was
ideally suited for the Ford

Postdoctoral Fellowship in 1980, having been a predoc-
toral fellow. Mena describes his postdoctoral fellowship
year as career altering, as he was able to spend it at Cal-
tech through the auspices of Herbert Ryser. He describes
the effect of the fellowship on his career thus: “I have re-
cently retired in May, 2021. I consider myself lucky in the
sense that I have had a long academic life which I enjoyed
very much. I spent 15 years at Wyoming and the remain-
ing 33 years at Cal State, Long Beach. I had a very helpful
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postdoctoral fellowship from the Ford Foundation in
1980–81 to Caltech that provided me with the opportu-
nity to switch to combinatorics from abstract algebra. My
sponsor was the kind Herb Ryser.. . . I sat in his class as well
as Marshall Hall’s and Rick Wilson’s. I easily tripled my
knowledge that year (in combinatorics).” He is proud of
his teaching for which he has received considerable recog-
nition, for example, MVP (Most Valuable Professor) Teach-
ing Award, College of Natural Sciences & Mathematics,
1999, 2004, and 2005, among others. In the photo he
provided for this article, he is pictured with two of his stu-
dents.

Figure 2. Scott Williams.

Scott Williamswas the
first African-American to
be awarded a Ford Post-
doc inMathematics. Born
in Staten Island, NY and
raised in Baltimore, MD,
he received his BS in 1964
from Morgan State Uni-
versity and his PhD in
1969 from Lehigh Univer-
sity. [Dissertation: “The
Transfinite Cardinal Cov-
ering Dimension.” Advi-
sor: Samuel Gulden.] For
the Ford Postdoctoral Fel-
lowship, he chose the
Institute for Medicine &
Mathematics, Ohio Uni-
versity, and was associ-
ated with J. M. Worrell,

who had been a student of R. L. Moore at the University of
Texas, Austin. At that time, Williams was already Associate
Professor with tenure at SUNY, Buffalo. Indeed five years
later in 1986, he became a full Professor, and is nowProfes-
sor Emeritus. By his reckoning, these are among his most
valued papers, products of his postdoctoral fellowship:
“Gleason spaces, and co-absolutes of 𝛽𝑁 ∼ 𝑁” [3], “Co-
absolutes with homeomorphic dense subspaces” [4], and
“Box Products” in The Handbook of Set-theoretic Topology
[5]. A secondary interest of his was in Topological Dynam-
ics, which first began during the Ford Foundation grant.
His “most cherished” paper in the area was published in
1996 [6], part of a volume which arose from a meeting
of the Conference of African-American Researchers in the
Mathematical Sciences (CAARMS). Williams is also well-
known as the founder of the website “Mathematicians of
the African Diaspora” in 1997: www.math.buffalo.edu
/mad/00.INDEXmad.html. It has since been revised and
may now be found at https://www.mathad.com.

Figure 3. Ronald Mickens.

As mentioned earlier,
two physics postdoctoral
fellowships were also
awarded in 1980. Here
we refer to Ronald Mick-
ens, an African-American,
who is a mathematical
physicist. Born in Peters-
burg, VA, he obtained his
early education there. He
received his BS at FiskUni-
versity 1964 and PhD at

Vanderbilt University 1968. [Dissertation: “Branch Points
in the Complex Angular-Momentum Plane.” Advisor:
Wendell Holladay.] His Senior Ford Postdoctoral Fellow-
ship was tendered at Vanderbilt University, associated with
Wendell Holladay. Mickens said: “When I received the
1980 Ford Postdoctoral Fellowship, I was already a senior
researcher and did not go to study under anyone. By then,
I had published approximately twenty-five papers and my
book on nonlinear oscillations was about to be published.
After my Ford year at Vanderbilt, I spent the next year at the
Joint Institute for Laboratory Astrophysics in Boulder, CO,
as a Visiting Researcher.” In 1982, he became a Professor
of Physics at Clark Atlanta University, and in 1985, he was
named Distinguished Callaway Professor, retiring in 2020.
Mickens is well known for his introduction of nonstandard
finite difference methods [7]. He also contributed ideas
on (i) the creation and extension of non-perturbative tech-
niques for oscillating 1- dim systems, and (ii) the analysis
and generalizations of the trigonometric functions, about
each of which he has written books.

Figure 4. James Curry.

In 1981, there were
two awards to mathemati-
cians. One was to James
Curry, an African-Ameri-
can, Professor of Applied
Mathematics at University
of Colorado-Boulder
since 1989. He has a
lengthy list of prominent
administrative appoint-
ments, including chair of
the department. Most re-
cently Associate Director
of the Technology Cyber-
security Policy program
at C.U. Boulder, he now
has joint appointments in
the Department of Ap-

plied Mathematics and Computer Sciences. He re-
ceived all of his academic degrees in Mathematics from
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University of California at Berkeley: BA 1970, MA 1973,
PhD 1976. [Dissertation: “Transition to Turbulence
in Finite-Dimensional Approximations to the Boussinesq
Equations.” Advisor: O.E. Lanford III.] Curry was ideally
suited for the Ford Postdoctoral Fellowship in 1981, hav-
ing been a predoctoral fellow. For his Ford Postdoc he
chose the University of Minnesota, where his postdoctoral
advisor was Richard McGehee (student of Charles Conley)
in Dynamical Systems. He says that since completing his
PhD, his research interests have included dynamical sys-
tems, numerical methods, and most recently applications
of data science to modeling smart and connected ecosys-
tems, e.g., cities. Curry said: “When I started, the most im-
portant theorem in mathematics was the contraction map-
ping theorem. But, now it is solving linear systems of equa-
tions. They are everywhere.” I asked him about the impact
of the Ford Fellowships on his career. His response was: “I
would say that it changed my life. Being a Ford Postdoc-
toral Fellow led to international travel, being invited to be
on aUniversity of Colorado Presidential selection commit-
tee, being on all major tenure and promotion committees
at the University, and it definitely helped me better under-
stand, appreciate, and navigate the academic ecosystem.
That ecosystem includes not only departments of mathe-
matics, but also the academic enterprise as a whole, possi-
bly one of the most complex dynamical ecosystems in exis-
tence. Using the dynamical systems framework is helpful
in understanding and recognizing emergent behavior!” He
was quick to honor the mentors in his life. Besides those
already mentioned, he added Dr. Edward L. Dry, Mary P.
Smith, Edward N. Lorenz, WarrenM.Washington, and Ray
Gamble. He concluded by saying: “My mentors nudged
me. And I try to nudge folks I interact with; they can all
transform the future. Ford taughtme that!” Named a SIAM
Fellow in 2022, Curry received the citation: “For pioneer-
ing work in computational dynamics, and for mentorship
of young researchers, particularly in the African American
community.”

The other recipient in 1981 was John Ratcliffe, a
Mexican-American, who recently retired as Professor of
Mathematics at Vanderbilt University. He is from Detroit
and received his BS in 1970, MA in 1973, and PhD in
1977 all in Mathematics from the University of Michigan.
[Dissertation: “The Theory of Crossed Modules with Ap-
plications to Cohomology of Groups and Combinatorial
Homotopy Theory.” Advisor: James M. Kister.] Ratcliffe
averred that although he had other postdoctoral positions
(MIT, University of Wisconsin), it was his Ford Fellowship
at the Institute for Advanced Study, Princeton with John
Milnor that cemented his work in the area of hyperbolic

Figure 5. John Ratcliffe.

non-euclidean geometry
and led to significant “ca-
reer flourishing.”

He said: “I have writ-
ten, mostly with other au-
thors, over fifty research
articles, and asking me
which one is most signif-
icant is like asking me
which of my children I
like the best. If I had to
pick my most significant
article, it would be my pa-
per with Vincent Emery
and Steven Tschantz [10],
because it makes a strong
connection between num-

ber theory and geometry. However, my most significant
work by far is my book on advanced non-euclidean geom-
etry [11].”

Carl Prather, a specialist in complex analysis, received
one of the two awards in 1982. The first African-American
faculty member in the Department of Mathematics at Vir-
ginia Tech, his training and academic pedigree were out-
standing. He has degrees in Mathematics: BS Trinity Col-
lege in 1972, MA in 1973, and PhD in 1977 from North-
western University. [Dissertation: “On Special Classes of
Entire FunctionsWhoseGrowth and Zeroes are Restricted.”
Advisor: Ralph Boas.] He joined the faculty in 1977, and
was awarded a Ford Foundation Postdoc at University of
Wisconsin in 1982 (Research hosts: S. Hellerstein and D.
Shea). Two pieces of work which he acknowledged as be-
ing products of the fellowship year are the solution of the
Bernstein problem for Fourier integrals [8] and extensions
of his notable work on final sets for operators on real en-
tire functions [9]. Prather retired in 2014 and died in April,
2021. When he was conferred the title Professor Emeritus
by the Virginia Tech Board of Visitors upon his retirement,
this was written about him: “Prather contributed to the
continuing vitality of classical analysis with papers char-
acterized by his peers as elegant and substantial. In the
classroom, Prather taught a variety of mathematics classes
with an enthusiasm for mathematics and with a theatrical
flair that were widely recognized and appreciated by his
students. He shared his love of mathematical challenges
through his work on departmental and national mathe-
matics competition committees” (Mark Owczarski, Asso-
ciate Vice President for University Relations, Virginia Tech
Campus Experience, 1 October, 2014).

Francisco Samaniego, a Mexican-American scholar,
also received the award in 1982. His was the first fellow-
ship awarded with the specific designation of Statistics, in
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which he has had a distinguished career. His academic de-
grees are all in Mathematics: BS from Loyola University of
Los Angeles in 1966, MS from TheOhio State University in
1967, and PhD from UCLA in 1971. [Dissertation: “Finite
Memory Inference for Coin-Tossing Problems.” Advisor:
Thomas S. Ferguson.] After one postdoctoral year in Statis-
tics at Florida State University, he began in Statistics at the
University of California, Davis where he rose through the
academic ranks. He retired as Distinguished Professor of
Statistics in 2013. He was a Ford Senior Postdoctoral Fel-
low in the Department of Biostatistics, University of Wash-
ington, in 1982–83. He describes his research interests
as “Mathematical Statistics, Reliability and Survival Anal-
ysis, Sampling Techniques, Bayesian Methods, Compara-
tive Statistical Inference, Statistical Applications in Educa-
tion, Engineering and PublicHealth.”He has published six
books and over 120 articles. He has been recognized inter-
nationally in several scholarly professional organizations
as: Fellow, American Statistical Association, 1982; Fellow,
Royal Statistical Society, 1984; Fellow, Institute of Math-
ematical Statistics, 1990; Elected Member, International
Statistical Institute, 1994.

Alain Lewis, an African-American researcher, was a
1983 Ford Postdoctoral Fellow. He obtained a BA in phi-
losophy, economics, and statistics from George Washing-
ton University in 1969, and a PhD in applied mathemat-
ics from Harvard University in 1979. [Dissertation: “A
Nonstandard Theory of Games.” Advisor: Kenneth Arrow.]
Lewis was based at Lawrence Livermore Labs from 1978 to
1979, RAND from 1979 to 1982, the University of Singa-
pore from 1981 to 1983, Cornell University from 1983 to
1987, and the University of California, Irvine from 1987.
It was during his first year at Cornell, where his sponsor
was Anil Nerode, when he enjoyed his Ford award. The
work [12], which is an important application of game the-
ory, is described by Mirowski as “. . .now considered in
some circles as an underground classic in the theory of
computational economics” [13, p. 428].

Charles Hagwood, an African-American researcher,
was a 1984 recipient. His research area involves applied
statistics. He retired from the National Institute of Stan-
dards and Technology (NIST) at the end of 2021. We
learned from his NIST webpage: “Charles Hagwood re-
ceived his BS degree in mathematics from North Carolina
A&T State University, Greensboro, NC. Afterwards, he at-
tended the University of Michigan, graduating in 1979
with a PhD inmathematics.” [Dissertation: “Discrete Non-
linear Renewal Theory.” Advisor: Michael Woodroofe.]
“Between 1979 and 1981, Hagwood was a John Wesley
Young Research Instructor in theMathematics Department
at Dartmouth College. During 1981–1987, he was an as-
sistant professor in the Mathematics Department at the

University of Virginia. In 1984, he received a Ford Founda-
tion Fellowship and spent one year at Stanford University,
in the Statistics Department. He has worked at NIST since
1987, providing consulting in areas that include reliability,
uncertainty, and stochastic processes.”

Figure 6. Donald King.

Donald King, an Af-
rican-American algebraist,
was a 1984 postdoctoral
fellow. He is a native
of Greenville, SC. A long-
time faculty member in
the Department of Math-
ematics at Northeastern
University in Boston, MA,
he retired in 2018. He
obtained a BA from Har-
vard in 1968, and a PhD
from MIT in 1979. [Dis-
sertation: “The Primitive
Ideals Associated to Har-
ish Chandra Modules and
Certain Harmonic Poly-

nomials.” Advisor: Bertram Kostant.] King explains his
career trajectory thus: “In 1979, I took a mostly teaching
position at Northeastern immediately after finishing my
PhD at MIT. I was previously a Ford Predoctoral Fellow
beginning in 1974 and throughout most of grad school.
In 1980, an old Harvard classmate of mine, Thomas En-
right, invited me to fill a visiting assistant professor posi-
tion at the University of California, San Diego. He was
an important influence during my visit. Floyd Williams
also continued to mentor me. I returned to Northeastern
in 1982 to fill a tenure track assistant professor slot.” Be-
cause Northeastern and MIT are so geographically close,
King was able to make use of the Ford Foundation Postdoc
award to re-connect with MIT: “I did work under David
Vogan.” Still active, King says: “My research focuses on
the representation theory of semi-simple Lie algebras and
Lie groups, especially the role played by nilpotent conju-
gacy classes.” One of his proudest achievements was being
the PhD advisor of Alfred Noel who finished his degree
at Northeastern University in 1997 and is now Professor
of Mathematics at the University of Massachusetts, Boston.
King also has ongoing commitments to the Math Alliance
(www.mathalliance.org) and the National Association
of Mathematicians (nam-math.org).

Anna Barón, a Mexican-American, received a Ford
Postdoctoral Fellowship in 1986, the first such fellow-
ship in the Mathematical Sciences awarded to a woman.
She is a native of El Paso, Texas. She obtained her BA
in 1977 in Mathematical Science from Rice University,
her MS in 1980, and PhD in 1984 in Biometry from
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Figure 7. Anna Barón.

University of Texas School
of Public Health (Hous-
ton). [Dissertation: “Dis-
tributional Properties Af-
fecting Classification in
Multiple Group Discrimi-
nation Analysis.” Advisor:
David W. Scott.] One
interesting note: Barón
had been an undergrad-
uate student of Richard
Tapia, who was a doctoral
advisor of Scott. She de-
scribes her fellowship year
as follows. “At the Univer-
sity of Colorado Health

Sciences Center, School of Medicine, Department of Psy-
chiatry, National Center for American Indian and Alaska
Native Mental Health Research, I was sponsored by Spero
Manson. The course of study was Quantitative Methods in
Psychiatric Epidemiology.” Today she is Professor of Bio-
statistics and Informatics at the Colorado School of Public
Health. She has been a facultymember at the University of
Colorado Denver since 1984. She is also a Senior Biostatis-
tician with the VA CART (Veterans Administration Clinical
Assessment Reporting and Tracking) Program on cardiol-
ogy outcomes research, Co-investigator with the Denver-
Seattle VA Center of Innovation, and MPI (multiple prin-
cipal investigators)3 on a randomized clinical trial, joint
with Vanderbilt University Medical Center, testing the clin-
ical utility of biomarkers and CT (computed tomography)
imaging features in the management of intermediate risk
pulmonary nodules. Her methodological expertise is in
the design and analysis of observational studies and her re-
search focuses on cancer prevention and control, especially
in lung cancer. By her own admission: “I have a strong
passion for teaching and mentoring, developing many in-
troductory and advanced courses, and I have mentored nu-
merousM.P.H., MS, and PhD students in biostatistics, PhD
students in epidemiology, bioinformatics, and clinical sci-
ences, and junior faculty in biostatistics and public health.”
Barón averred that holding the Ford Postdoc completely
changed the course of her career for the better.

Carlos Castillo-Chavez, who recently retired from Ari-
zona State University as Regents Professor and Joaquin
Bustoz Jr. Professor of Mathematical Biology, was a Ford
Postdoctoral Fellow in 1987. He is Mexican-American,
one of themost prolific appliedmathematicians of his gen-
eration, who has produced numerous PhD students. He
has had three notable White House awards. In 1992, he

3NIH now allows more than one person to lead a funded project.

was selected as one of 30 scientists and engineers to re-
ceive the first US Presidential Fellowship. He was awarded
a Presidential Medal for mentoring in 1997 and again in
2011. This whole section could easily have been taken
up with a survey of his remarkable career. He has said
this about his academic journey: “I immigrated to Wis-
consin in 1974 where I held a few non-academic jobs –
including a job at a cheese factory – before returning to
school. I enrolled at the University of Wisconsin-Stevens
Point (UWSP) in 1975, where I majored in Spanish lit-
erature and mathematics, earning my bachelor’s degree
in 1976. I completed a master’s degree in pure mathe-
matics in 1977 at the University of Wisconsin-Milwaukee,
and in 1984 I completed a PhD in applied mathemat-
ics at the University of Wisconsin-Madison.” [Disser-
tation: “Linear and Nonlinear Deterministic Character-
Dependent Models with Time Delay in Population Dy-
namics.” Advisor: Fred Brauer.] He continues: “I taught
for a year at the University of Tulsa in Oklahoma (1984–
85) before accepting a position as a postdoctoral student
in the Department of Ecology and Evolutionary Biology at
Cornell University. . . from 1985 to 1988” (https://www
.sacnas.org/sacnas-biography-project). He shared
that “The Ford Foundation Postdoctoral Fellowship came
in 1987 and it allowed me to stay one more year at Cor-
nell University working under the supervision of Simon A.
Levin. The fellowship came at a critical time. Despite of-
fers elsewhere, I remained at Cornell through 2003 reach-
ing the rank of full professor before I moved to Arizona
State University.” The reader will find the list of Castillo-
Chavez’s many doctoral students at https://genealogy
.math.ndsu.nodak.edu/id.php?id=9934. As a recipi-
ent of a fellowship and then a leader of the community
of Ford Fellows, his contributions are legendary. Named a
SIAM Fellow in 2010, his citation reads: “For contributions
to the mathematical modeling of infectious diseases and
for leadership as a mentor and teacher.” In 2013, Castillo-
Chavez was named to the Inaugural Class of Fellows of the
AMS.

Figure 8. Mark Gotay.

Mark Gotay, who is
Mexican-American, was
one of two Ford Post-
docs in mathematics in
1988. He grew up in
greater Cincinnati, Ohio.
A mathematical physicist,
his academic training was
in Physics and Mathemat-
ics. He obtained a BS in
1973 from Duke Univer-

sity, and an MS in 1975 and PhD in 1979 from Univer-
sity of Maryland. [Dissertation: “Presymplectic Manifolds,
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Geometric Constraint Theory and the Dirac–Bergmann
Theory of Constraints.” Advisor: Robert Gowdy.] He ex-
plained that because of his specialization in General Rel-
ativity, the Department of Mathematics at the University
of Calgary, Alberta, Canada was a natural academic fit for
him immediately after graduation. He returned to the
United States at the US Naval Academy in 1984. It was
while he was on the faculty there, that he was awarded a
senior fellowship from 1988–1989, which took him to the
Mathematical Sciences Research Institute (MSRI) in Berke-
ley, CA. Like several of the Ford awardees, this permitted
him to work deeply in his field. He worked with Alan We-
instein and Jerrold Marsden. He says it was a year of intel-
lectual life that is shown very clearly in several works, two
of which I cite here [14] and [15].

The author of this survey, Isom Herron, an African-
American, was fortunate to also be a Senior Ford Postdoc
in Mathematics in 1988. Born in St. Louis, MO, I started
my schooling in Chicago, IL, before my family moved to
Kingston, Jamaica, where I completed high school. My
higher education was at MIT in Applied Mathematics com-
pletingmy SB in 1967, and at JohnsHopkins inMechanics,
receivingmy PhD in 1973. [Dissertation: “A Fluid Dynam-
ical Theory for the Motion of a Particle Undergoing Cen-
trifugation.” Advisor 1: Stephen Davis. Advisor 2: Francis
Bretherton.]4 After a postdoctoral year in Applied Mathe-
matics at Caltech under the supervision of Philip Saffman,
I began the first half of my academic career at Howard Uni-
versity in Washington, DC, having been recruited by James
Donaldson. (I was an easy recruit.) Among my colleagues
during those early years was James Curry, who would later
receive his Ford Postdoc. While at Howard, I did my Ford
Postdoc at the University of Maryland (UMD) in the Insti-
tute for Physical Science and Technology (IPST), with Alan
Faller. Among the other active people I interacted with at
UMD was Chris Jones, who later moved to the University
of North Carolina. I can truly say that the Ford Fellow-
ship propelled my career forward. Within three years, I
had spent one year visiting MIT and joined the faculty at
Rensselaer Polytechnic Institute in 1992, from whence I
retired at the end of 2020.

Jaime Hernandez was the only fellow in mathematics
in 1989. He was the first person from Puerto Rico to re-
ceive the award in mathematics. He completed his BS
in Mathematics (with a minor in Biology) at University
of Puerto Rico, San Juan, PR, in 1983, and obtained his
PhD in Biomathematics at North Carolina State University,
Raleigh, NC in 1988. [Dissertation: “Testing for genetic
disequilibria.” Advisor: Bruce S. Weir.] Hernandez was a
Postdoctoral Fellow Researcher and Instructor at Louisiana

4Sadly, both of my advisors passed away in 2021, during the composition of this
article.

State University Medical Center, Department of Biometry
and Genetics in New Orleans, LA from June 1988 to Au-
gust 1991, while holding the Ford award. He then joined
the Mathematics Department at Dillard University in New
Orleans, where he stayed until 2000, the last five years of
which he was chair of the department. While at this histor-
ically black university, he mentored students through the
Louisiana Alliance for Minority Participation (LAMP) pro-
gram, many of whom went on to get a PhD degree. Since
2000, he has been atHoustonCommunity College System,
Houston, TX as Professor of Mathematics.

Since 1990, the number of Ford Postdoctoral Fellow-
ships awarded to mathematical scientists has declined dra-
matically. Comments about this will be made later. The
more recent awardees are profiled next.

Awardees Since 1990

Figure 9. Jim Bryan.

I was pleased to be able
to interview Jim Bryan,
a Mexican-American and
a 1997 Fellow. He is
a native of Los Alamos,
NM. Currently Professor
ofMathematics at theUni-
versity of British Colum-
bia, he says his speciali-
ties are: “Algebraic geom-
etry, topology, and geom-
etry, especially related to
physics. Moduli spaces,
Gromov-Witten and Don-
aldson Thomas theory.”
His academic degrees are
a BS from Stanford Uni-

versity in 1989 and a PhD from Harvard University in
1994. [Dissertation: “Symplectic Geometry and the Rel-
ative Donaldson Invariants Of the Conjugate Projective
Plane.” Advisor: Clifford Taubes.] Exemplifying some
of the changes in the postdoctoral landscape, Bryan had
the distinction of being a Presidential Postdoctoral Fellow
from 1994 to 1996 at the University of California, Irvine
and from 1996 to 1997 at the MSRI in Berkeley, CA. Bryan
said that he heard from Rob Kirby at Berkeley that a po-
sition as a Ford Postdoctoral Fellow was available from
1997 to 1998, so he had an additional year in the Bay
area. He explained that it was while he was a Ford Fel-
low that he began some of his most significant research.
“I would say that maybe my most significant work is the
proof of the Yau-Zaslow conjecture [16]. It is a little dif-
ficult to explain to a general audience. The conjecture
came from the physics of string theory and relates (surpris-
ingly) enumerative algebraic geometry and number theory.
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Specifically, the result says that the number of rational
curves on a genus 𝑔 𝐾3 surface is the 𝑔th coefficient in
the Fourier expansion of a certain modular form (the re-
ciprocal of the unique modular cusp form of weight 12).”
Named a Fellow of the AMS in 2017, Bryan received the
citation: “For contributions to algebraic geometry and ser-
vice to the mathematical community.”

Figure 10. David Cruz-Uribe.

David Cruz-Uribe, a
Mexican-American re-
searcher and administra-
tive leader, was the sole
recipient in mathematics,
the next year, 1998. As
he describes it: “the Ford
program, was a big im-
pact. . . on my career. A
game changer, literally.”
Cruz-Uribe is a native of
Green Bay, Wisconsin. He
completed an AB in Math-
ematics from University
of Chicago in 1985, and a
PhD inmathematics from

University of California, Berkeley in 1993. [Dissertation:
“Piecewise monotonic doubling measures.” Advisor: Don-
ald Sarason.] As part of the newer paradigm for post-
doctoral work, Cruz-Uribe was a Research Assistant Pro-
fessor at Purdue University from 1993 to 1996, where
Christoph Neugebauer was the postdoctoral advisor. Be-
coming an Assistant Professor at Trinity College, Hartford,
CT from 1996 to 2002, the Ford Fellowship allowed Cruz-
Uribe to spend significant time at the Autonomous Uni-
versity of Madrid, where he worked with Carlos Pérez.
One example is their joint work on Calderón-Zygmund
operators [17]. He also mentioned that he was encour-
aged by Cora Sadosky to embark on a large translation
work [18]. He stayed at Trinity until 2015, rising to full
professor there. Currently, he is Professor and Depart-
ment Chair at the University of Alabama, Tuscaloosa. He
explains that “My research is in harmonic analysis. I
am particularly interested in the study of the classical
operators of harmonic analysis—maximal operators, the
Hilbert transform and other singular integrals, Riesz po-
tentials/fractional integrals—on weighted and variable ex-
ponent Lebesgue spaces.” His work on diversity at the Uni-
versity of Alabama is also significant: of their 43 PhD stu-
dents, 12 are Black/African-American and 18 are women.
The department won the Dean’s Award for Diversity in
2019 because of their recruiting efforts.

After 1998, it was fourteen years before another Ford
Postdoctoral Award in the mathematical sciences would
occur. Daniel Hernández, a Mexican-American scholar,

received it in 2012. A native of El Paso, TX, he received
his early education there. He completed his BS in Mathe-
matics at Boston University in 2005, and his PhD in Math-
ematics in 2011 at University of Michigan. [Dissertation:
“F-purity of hypersurfaces.” Advisor: Karen Smith.] Cur-
rently, he is an associate professor at the University of
Kansas (KU). He says about himself: “I arrived at KU in
January 2016. Prior to that, in reverse chronological order,
I was an NSF Postdoctoral Research Fellow at the Univer-
sity of Michigan, an NSF Postdoctoral Research Fellow at
the University of Utah, a Postdoctoral Fellow at MSRI in
the Commutative Algebra Program, and a Dunham Jack-
son Assistant Professor at the University of Minnesota.”
He mentioned that during his Ford Fellowship year he was
greatly inspired by Gennady Lyubeznik which led to ongo-
ing collaborative research work [19].

Figure 11. Maxine McKinney de
Royston.

The most recent
awardee with an inter-
est in Mathematics is an
African-Americanwoman,
Maxine McKinney de
Royston, who received
the fellowship in 2015.
Her hometown is Min-
neapolis, MN. She com-
pleted her BA in Govern-
ment from Smith College
in 1999, and obtained her
PhD in Education from
University of California,
Berkeley in 2011. [Disser-
tation: “Teaching to the
Spirit: The ’Hidden’ Cur-

riculum of African American Education.” Advisor: Na’ilah
Suad Nasir.] One of her specialties is Mathematics Educa-
tion, with a focus on the learning experiences of African-
American students inmathematics classrooms. She has de-
scribed her research in this way: “My research is dedicated
to examining issues of racial and social inequality and im-
proving the learning experiences and opportunities for stu-
dents, especially racially non-dominant students.” Since
2016 she has been an assistant professor at University of
Wisconsin, Madison. Her Ford Postdoc was at the Univer-
sity of Pittsburgh with Richard Milner (now at Vanderbilt
University) in the Center for Urban Education. An article
which represents the type of research in which she is en-
gaged is her work with Na’ilah Suad Nasir [20]. McKinney
de Royston has said that “Nearly everyone who has been
schooled in the U.S. in the last few decades has a trauma
story about learning math, and the retelling of these sto-
ries often results in a proclamation that some people are
’math people’ and others aren’t. This statement not only
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reproduces racial and gender stereotypes, it’s flat out
wrong. We use math every day, often unknowingly and
without much thought. You don’t have to dream about
linear functions and be a math major to count as some-
one who can do, or likes to do, math.”

It is hoped that this survey of the achievements of Ford
Postdoctoral Fellows in the mathematical sciences and re-
lated fields will be an encouragement for those emerging
today to apply to this important program. In my view, the
Ford program will continue to raise the prospects for the
involvement of minority mathematicians in the future of
academia and ongoing research.

The number of Ford Postdoctoral Fellows in mathemat-
ics has declined since 1990. I believe this is because of
the growth of the availability of competing awards, partic-
ularly those from universities andUS government agencies
and laboratories, some of which may have a higher payout
or be for a longer term of appointment. Nevertheless, the
Ford Postdoctoral award continues to be among the most
prestigious, especially because of the involvement of the
National Academy of Sciences and the National Research
Council. All of the awardees interviewed acknowledged
the positive effect of receiving the award, and those still
working actively with graduate students encourage them
to apply at the appropriate time. More information about
the program for readers who may be interested in apply-
ing is posted on the program website: https://sites
.nationalacademies.org/PGA/FordFellowships.

Appendix: The Year When It Happened:
November, 1979
Notices of the AMS (Vol. 26, Num. 7, pp. 466–467):

“POSTDOCTORAL FELLOWSHIPS FOR MINORITIES

The National Research Council plans to award ap-
proximately 25 Postdoctoral Fellowships for Mi-
norities in a new program designed to provide
opportunities for continued education and expe-
rience in research to Black Americans, Mexican
Americans/Chicanos, Puerto Ricans, and Native
Americans. Fellowship recipients will be selected
from among scientists, engineers, and humani-
ties scholars who show greatest promise of future
achievement in academic research and scholarship
in higher education.

“In this national competition supported by the
Ford Foundation, citizens of the United States
who are members of one of the designated minor-
ity groups, who are engaged in college or univer-
sity teaching, and who hold doctoral degrees may
apply for a fellowship award of one year’s duration.
New doctorate recipients who intend to pursue ca-
reers as college or university faculty members will
also be considered.

“Awards will be made in the areas of behav-
ioral and social sciences, humanities, engineering
sciences, mathematics, physical sciences, life sci-
ences, and for interdisciplinary programs of study.
Awards will not be made in professions such as
medicine, law, or social work, or in such areas
as educational administration, curriculum super-
vision, or personnel and guidance. Tenure of a
fellowship provides post-doctoral research expe-
rience at an appropriate non-profit institution of
the Fellow’s choice, such as a research university,
government laboratory, privately-sponsored non-
profit institute, or a center for advanced study such
as the Center for Advanced Study in the Behav-
ioral Sciences, Palo Alto, California; the Institute
for Advanced Study, Princeton, New Jersey; the In-
stitute for Research on Poverty of the University of
Wisconsin, Madison, Wisconsin; the Newberry Li-
brary, Chicago, Illinois; and the Woodrow Wilson
Center for Scholars, Washington, D.C. The dead-
line date for the submission of applications is Feb-
ruary 1, 1980. Further information and applica-
tion materials may be obtained from the Fellow-
ship Office, National Research Council, 2101 Con-
stitution Avenue, Washington, D.C. 20418. NRC
Press Release”

ACKNOWLEDGMENTS. The author wishes to thank
all of the postdoctoral respondents to his inquiries.
(You know who you are!)

The complete report of Arce & Manning which is re-
ferred to in [2] is from the Rockefeller Archive Center,
Renee Pappous, Archivist.

Ultimately, thanks must go to Darren Walker, Ford
Foundation President.
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These two strategies resonated well with my own expe-
rience as a mathematics educator.

In my view, it is very difficult, if even possible, to find 
two people who have experienced mathematics in exactly 
the same way. I have had the privilege to teach mathematics 
to some extraordinarily talented young people who would 
instantly accept new concepts and understand them from 
the outset in a deeper and more substantial way than I, their 
teacher, could. For them, mathematics was their personal 
calling: the air that they breathed. But I also have worked 
with people with deep mathematical scars; with people 
successful in any way one could imagine, but who would 
turn their heads the other way if someone even mentioned 
the “m-word.” Dealing with this wide range of attitudes to-
wards mathematics, from ultimate devotion to undisguised 
fear, is a challenge that a teacher who teaches mathematics 
to the general student population faces daily.

In 1908, Arthur N. Talbot, an American civil engineer, 
wrote:

I want to make a plea for the average student, 
the [student] whose analytical powers have to 
be encouraged and developed. The methods of 
presentation must be made elastic enough to 
include this great class of students, or we shall 
fail our duty as teachers. [MWWT1908]

A modern mathematics teacher, at any level of in-
struction, faces the same challenge: How to reach out to 
those students who, possibly at very young age, alienate 
themselves from mathematics? How to communicate to 
those students that learning and doing mathematics is an 
interesting, useful, and important experience that can lead 
to feelings of pride, happiness, and joy?

Hence the essence of the Math Catcher Outreach Pro-
gram may be summarized as follows:

Reach out to those students, Indigenous and 
non-Indigenous, whose mathematical interest 

Introduction
I have worked as a mathematician at universities for most of 
my adult life. Although teaching and research have formed 
the core of my professional activities, my experiences 
working with Indigenous students, academic partners, and 
friends have been among the most rewarding of my career. 

As a mathematician who immigrated to Canada, I have 
taught and promoted mathematics among Indigenous 
learners since 1994 when I volunteered as a math tutor 
at Carnegie Community Centre,1 Vancouver, British Co-
lumbia. In the mid-2000s, I was among those who started 
the Simon Fraser University2 (SFU) Indigenous University 
Preparation Program3 and in the late 2000s I volunteered 
at the Vancouver Aboriginal Centre.4 After attending the 
First Nations Math Education Workshop5 in Banff, Alberta, 
in 2009, I launched the Math Catcher Outreach Program.6 

The program was inspired by the following two con-
clusions identified by Workshop participants as strategies 
for overcoming challenges in teaching mathematics to 
Indigenous youth:

 • Teach mathematics in the cultural context of the 
students; and

 • Teach basic skills and problem-solving early.

Veselin Jungić is a teaching professor of mathematics at Simon Fraser Uni-
versity. His email address is vjungic@sfu.ca.

Communicated by Notices Associate Editor William McCallum.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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1https://vancouver.ca/parks-recreation-culture/carnegie 
-community-centre.aspx
2https://www.sfu.ca/
3https://www.sfu.ca/fass/students/future/iupp/overview.html
4http://www.vafcs.org/
5https://www.birs.ca/events/2009/5-day-workshops/09w5078
6https://www.sfu.ca/mathcatcher.html
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represented by the Math Catcher Outreach Program logo. 
The image in Figure 1 was created by Ms. Bethani L’Heuruex 
of the Cree Nation. It was Ms. L’Heureux and the author’s 
take on an edge-colouring of the complete graph on 14 
vertices by 23 colours that avoids both monochromatic 
and rainbow complete subgraphs on four vertices. The 
colouring was constructed by Tomas Kaiser, Daniel Král, 
and the author in [JKK2009].

Aims
In 2011, the primary objective of the program was stated as: 

To promote mathematics among elementary 
and high school students, as well as members 
of Indigenous communities, both in urban 
settings and on reserves. This is to be done in 
a way that Indigenous children see themselves 
and their culture connected with mathematics. 
[JM2011]

Over the years, this objective has broadened.
Probably the most important reason for this change 

was the fact that coordinating the Math Catcher Outreach 
Program has been a transformational learning experience 
for me.

Through the Math Catcher Outreach Program, I have 
had the privilege to interact with hundreds of Indigenous 
students and their parents, elders, teachers, and the com-
munity members, both in urban and rural settings. Since 
my volunteering days in East Vancouver, it has always been 
clear to me that there is an abundance of talent and inter-
est in mathematics among Indigenous learners [J2018]. It 
has also become evident to me that there is a profound 
mathematical presence integrated in various Indigenous 
traditions and practices [J2019]. This presence ranges from 
the weaving patterns in cedar root and birch bark baskets 
to canoe designs and the ways of sea and land navigation, 
to the strategies employed in the salmon harvest, to the 
ways of optimizing and managing available resources. It is 
almost impossible to find an Indigenous piece of art, an-
cient or modern, that does not contain clearly recognizable 
geometrical objects, patterns, and various, sometimes quite 
complex, symmetries [TS2011].

Conversations with my Indigenous mentors, aca-
demic collaborators, and friends led me to learn more 
about the concept of ethnomathematics as it was intro-
duced by Ubiratan D’Ambrosio, a Brazilian mathematics  
educator [D1985]; Allan Bishop, an Australian mathemat-
ics educator, who views mathematics as a form of cultural 
knowledge [B1988]; and the notion of two-eyed seeing as 
introduced by Elder Albert Marshall of the Mi’kmaw Nation 
[BMMI2015]. Consequently, my perception of the purpose 
of the Math Catcher Outreach Program evolved. Possibly 
the most significant change was the realization that Math 
Catcher activities were an opportunity for all involved to 

and talents must be encouraged and developed 
by introducing mathematical concepts in the 
cultural context of the students and by teaching 
basic skills and problem-solving early.

From its very beginning, the program has had strong 
Indigenous components: witnessing storytelling by Elder 
Rena Sinclair of the Siksika Nation7 was the moment of 
conception of the program; over the years my mentor and 
friend Elder Betty Wilson of the Tla’amin Nation8 has been 
a major influence in the development of the program;  
before the pandemic, I regularly visited First Nation com-
munities across British Columbia and Alberta; the program 
has organized events for Indigenous students; program 
volunteers have been mostly my former students from 
the SFU Indigenous University Preparation Program; the 
program has engaged Indigenous support/resource teachers 
from across BC; the program has created animated films in 
numerous First Nation languages; and we have coordinated 
volunteer tutoring activities between the Native Education 
College9 in Vancouver, BC, and SFU.

At the same time, the Math Catcher Outreach Program 
is a mathematics program. For example, through its work-
shops, it exposes participants to an array of mathematical 
topics ranging from mental arithmetic, to learning about 
exponential growth through a well-known wheat and 
chessboard tale,10 to exploring the properties of one-sided 
surfaces, to building George W. Hart’s pencil model of a 
hexastix.11

This unity of serving as a mathematics initiative inspired 
and guided by members of the Indigenous community, is 

7https://siksikanation.com/
8https://www.tlaaminnation.com/
9https://necvancouver.ca/
10https://proofwiki.org/wiki/Wheat_and_Chessboard_Problem
11https://www.georgehart.com/sculpture/pencils.html

Figure 1. The Math Catcher Outreach Program logo.
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For example, Dr. Heather Bleecker, a math faculty mem-
ber at Salish Kootenai College, Pablo, Montana, together 
with her two undergraduate students used Math Catcher 
Outreach Program-created resources as part of their pre-
sentation at the 2021 National Council of Teachers of 
Mathematics conference. The title of the presentation was 
“Culturally Connecting Geometry through Storytelling.”

Visiting hundreds of elementary and high school class-
rooms across BC over the last several years has made me 
even more aware that students and teachers of mathematics 
need an ally from outside who would provide students with 
even a brief, positive experience with mathematics.

This positive experience, in my view, includes connect-
ing mathematical concepts to everyday life, withstanding 
the complexity of the underlying mathematics. The Math 
Catcher Outreach Program aims to link mathematics to the 
“real world” through exercises, stories, and other examples 
as expanded on in the following section. I have no doubt 
that by forging a connection between mathematical con-
cepts and the world students live in, the subject can become 
less intimidating and even attractive.

Another obstacle that promoters of mathematics must 
overcome is to make the subject interesting for an audience 
accustomed to modern instant gratification as conditioned 
by social media. Therefore, as a way of creating a positive 
experience with mathematics, through intriguing activities, 
by using the elements of pop culture, and even entertaining 
students, the Math Catcher Outreach Program intends to 
motivate their ongoing study.

In summary, the main goal of the Math Catcher Out-
reach Program is to encourage young Indigenous and 
non-Indigenous students to discover the joy and appeal of 
mathematics at a critical age.

My hope is that the Math Catcher Program’s events and 
resources will help young learners better understand the 
presence and importance of mathematics in everyday life 
and inspire them to consider mathematics as a field of study 
and vocation in the future.

Methods
The Math Catcher Outreach Program is made up of a series 
of initiatives, all designed with primary and secondary 
school audiences in mind. The program can be divided 
into several components: the Small Number stories and 
the accompanied videos in multiple languages; classroom 
resources based on the Small Number stories; in-class 
demonstrations; role models; annual workshops and 
academic fairs; conference presentations; professional 
development workshops for teachers; summer camps; and 
volunteer initiatives.

The Small Number stories, co-written by Dr. Mark Ma-
cLean from the University of British Columbia and the 
author [JM2021], continue to comprise the core element 
of the Math Catcher Outreach Program. Small Number is a 

learn from each other. In particular, this meant creating 
situations where participants, including those very young, 
could learn or discover new mathematics through a guided 
demonstration of their own mathematical thinking and 
knowledge. In [JY2020] I described what First and Second 
Grade students taught me about the dynamic between the 
concepts of cardinal and ordinal numbers.

An unavoidable part of this process was learning about 
and witnessing some of the tragic consequences of colo-
nization in Canada and the role that mathematics played 
in it [AJ2016]. In this light, the following question became 
very personal: What can educators do to help repair the 
damage caused by years of benign neglect and intentional 
harm and promote mathematics and other STEM subjects 
among Indigenous youth so that they can launch careers 
that will benefit their communities?

Another important reason for broadening the program’s 
aims was the change in the political climate in Canada after 
the release of the Truth and Reconciliation Commission’s 
final report in 2015. The final report contained several ed-
ucation-related calls for action [TRCC2015]. As a response, 
educational institutions across Canada, with the involve-
ment of their Indigenous students, staff, and faculty, and 
in a collaboration with the local First Nations, created their 
own reconciliation related initiatives.12

The lack of Indigenous-related and freely and easily ac-
cessible mathematical resources and the fact that the Math 
Catcher Outreach Program was inspired and guided by 
members of the Indigenous community made the program 
more visible among Canadian mathematics educators. 
This meant an increase in the demand for Math Catcher 
workshops and resources, and for new initiatives and ac-
tivities, from the non-Indigenous teaching and academic 
community, particularly at the elementary school level.

Meanwhile, in the spirit of the Truth and Reconciliation 
Commission’s final report, voices from Indigenous com-
munities were taking the central stage when creating and 
implementing Indigenous related educational initiatives 
and programs.

For the sake of transparency and my personal intent 
to promote reconciliation, I made it clear that the Math 
Catcher Outreach Program, while involving and serving 
Indigenous individuals and communities did not begin as 
and was not an Indigenous-led program. My sincere hope 
is that Indigenous educators and other leaders draw from 
the program in the future, as we have drawn from their 
wisdom and experience.

Even in the time of the pandemic, this transparency did 
not decrease the interest in the Math Catcher Outreach 
Program at the local, Canadian, and international levels.

12See for example, https://www.sfu.ca/aboriginalpeoples/sfu 
-reconciliation.html.

https://www.sfu.ca/aboriginalpeoples/sfu-reconciliation.html
https://www.sfu.ca/aboriginalpeoples/sfu-reconciliation.html
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are used to reflect some elements of Indigenous tradition, 
knowledge, and culture. Of course, Indigenous culture is 
not a singular, cohesive set of beliefs and practices, but a 
myriad of traditional and modern values and rituals. There-
fore, Small Number’s adventures take place in various phys-
ical contexts in different communities, and yet the character 
of the clever, playful protagonist remains the same.

The stories have been translated from English into eleven 
Indigenous languages as well as French and Spanish. Some 
of those Indigenous languages are endangered and an 
important—if initially unintended—contribution of the 
Math Catcher Outreach Program has been to contribute to 
the digital recording and preservation of some Indigenous 
languages.

Since its inception the Math Catcher Outreach Program 
has visited hundreds of classrooms in British Columbia and 
other parts of Western Canada.

An important feature of the popular school visits is the 
interactive component between Math Catcher volunteers 
and students. The sessions begin with a short presentation 
by the author, who tells students his personal story through 
a sequence of mathematical riddles and explains the im-
portance of mathematics in his life. Perhaps even more 
importantly, STEM undergraduate and graduate students 
who serve as volunteers also share their experiences, which 
makes studying mathematics more relatable to young 
people as they can see a young person not too many years 
older than themselves succeeding in the subject.

What is even more powerful is that the program has 
succeeded in attracting STEM students from Indigenous 
backgrounds to serve as volunteers [A2018]. The shared 
experience of these young people has had a profound effect 
on many audiences as it provides demonstrable proof that 
they can succeed in mathematics if they choose to pursue 
it. These young volunteers, among other themes, discuss 
the careers they have chosen and continue to pursue. By 
involving undergraduate and graduate students in the 
process, Math Catcher organizers believe that they have 
achieved their aim of planting the seed of possibility in the 
minds of their young audience members.

In addition to highlighting role models, the interactive 
class sessions also feature the construction of geometric 
objects that provide a tangible example of mathematics 
at work. For example, the tensegrity exercises created by 
Alejandro Erickson,14 a volunteer in the program, have 
proven immensely popular among young students, as 
demonstrated by numerous letters from teachers and even 
students themselves. The tensegrity exercise allows students 
to see physical mathematics that they can create and ma-
nipulate. Although the product is a mathematical model, 

14https://www.facebook.com/geoburst/?comment_id=Y29tbWVud 
Do0MjkwMDU3MDM4MDczMDRfNDI5MDExMjM3MTQwMDg0

young boy who has an impressive aptitude for mathemat-
ics—and a proclivity for getting into trouble. 

The name of our hero was inspired by two mathematical 
laws and experiences that I had as an instructor, a promoter 
of mathematics, and a volunteer. The result of these experi-
ences—an impression that early math potential often is not 
matched with an optimal outcome—might be described by 
the Law of Small Numbers as it was stated in [GRS1990]:

Patterns discovered for small k disappear for k 
sufficiently large to make calculations difficult.

Another experience—some of the best students in my 
mathematics classes come from other programs ranging 
from music to economics to engineering and computing 
science—would probably be better described by the Strong 
Law of Small Numbers [G1988]:

There aren’t enough small numbers to meet the 
many demands made of them.13

In the numerous stories, Small Number has his math-
ematical adventures in various physical settings: some in 
urban areas and others in rural settings. In each story, Small 
Number encounters a problem that requires mathematics 
to solve. Through interactions with friends and loved ones, 
Small Number learns more about the different aspects of 
the problem and the end of each story poses a question to 
the audience.

The purpose of the stories is to demonstrate the pro-
gram’s main aims: that mathematics is present and appli-
cable in real life; that young people, like Small Number, in 
their everyday activities encounter and require a knowledge 
of mathematics; that mathematics can be interesting; and 
that mathematics can be used to solve problems (for exam-
ple, as discussions can conclude, in a career).

Alana Underwood, an elementary school teacher from 
Coquitlam, BC, commented:

I feel that encouraging students to value the 
context of the story in Small Number films 
makes the ensuing mathematics activity more 
relatable to students and proves that learning 
can be embedded in story. [U2019]

The stories and videos are playful and promote kin and 
friendship connections. Just as importantly, the stories 

13The Strong Law of Small Numbers was stated by Richard Guy, a legendary 
British and Canadian mathematician, 1916–2020. Professor Guy was a 
regular participant at the First Nations Math Education Workshops that 
were held in Banff, AB, in the late 2000s and the early 2010s. It should 
be mentioned that he was not there just as an observer in something that 
had caught his eye in passing as being possibly interesting, but as an active 
and quite spirited participant. Another workshop participant reminded 
me recently how, on one occasion, after Professor Guy finished presenting 
something mathematically interesting, one of the elders said, with a smile 
on his face, “Richard, I have no idea what you just did, but when you do 
it, it makes me want to do it too!”

https://www.facebook.com/geoburst/?comment_id=Y29tbWVudDo0MjkwMDU3MDM4MDczMDRfNDI5MDExMjM3MTQwMDg0
https://www.facebook.com/geoburst/?comment_id=Y29tbWVudDo0MjkwMDU3MDM4MDczMDRfNDI5MDExMjM3MTQwMDg0
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including career planning, listening to guest speakers, 
attending public speaking workshops, and team-building 
activities.

Possibly the proudest achievement for the camp orga-
nizers and staff was that, although the group of participants 
was very diverse, all students accepted to the camp over five 
years completed the program. It was particularly rewarding 
to witness how quickly camp participants were able to form 
a tightly connected group of committed learners.

The program’s latest initiative, the Math Catcher Festi-
val,16 was envisioned as a celebration of students’ imagina-
tion and creativity and their knowledge of mathematics and 
Indigenous cultures and traditions and designed to reflect 
the values of the overall Math Catchers Outreach Program. 
In the call for submissions, teachers of Grades 4–5 students 
from BC and other parts of Canada are invited to have their 
students create Small Number stories and present them in 
the media of their choice.

The festival includes two parts: the first consists of several 
weeks of students’ work on their projects and the second 
features the Festival Day when the student-created Small 
Number stories are showcased with several additional ac-
tivities, such as guest speakers and presentations of various 
Small Number films.

For the author, as a teacher of mathematics, probably 
the most valuable learning experience from reading and 
watching students’ submissions to the 2020 and 2021 Math 
Catcher Festival has been the affirmation that even young 
students17 can talk about various mathematical concepts 
within the plot of their own story. Beyond the expected, the 
grade-appropriate range of mathematical topics, such as 
using positive integers and positive rational numbers and 
using arithmetic operations, the mathematics presented in 
students’ stories included:

 • Problems or solution strategies that used arithme-
tic or geometric progressions.

 • The intuitive side of the idea of colouring as used 
in Ramsey theory: A set partition into several cells 
of the same or different cardinalities; different 
colours represent different partition cells and 
therefore emphasize the fact that the cells are 
mutually disjoint.

 • Applications of the pigeonhole principle.
 • Game theory: A fair division by an algorithm or 

by chance.
As an example, here is a story by a 10-year-old student 

from a rural school in BC:

Once upon a time there was a five-year old boy 
named Small Number that would get in a lot of 
trouble. Today, he got to choose who received 

16https://www.sfu.ca/mathcatcher/math-catcher-festival.html
17In British Columbia, students enrolled in Grades 4 and 5 are usually 
9–10 year-old children.

it also serves as a toy and a souvenir from the session that 
students can take home.

To support teachers and students in the exploration of 
the mathematical concepts contained in the Small Num-
ber stories, we are creating a series of classroom resources 
based on each story [J2021]. Each resource includes the 
following: mathematical concepts contained in the story; 
mathematical vocabulary used in the story; cultural com-
ponents in the story; possible answers to the open-ended 
question at the end of the story; and mathematics in- and 
out-of-classroom activities based on the story.

For several years, the Math Catcher Outreach Program 
hosted one-day workshops on the SFU campus for Indige-
nous high school students. These events involved numerous 
activities with a mathematics or other STEM themes. These 
well-attended sessions allowed the program to feature other 
components that are present at school visits—the Small 
Number videos, hands-on activities, and role models—
while also allowing students to become comfortable in a 
university setting. Rather than tolerating the misconception 
that universities are distant, unreachable institutions for 
someone else, the workshops allowed Indigenous students 
to visit and familiarize themselves with an institution that 
they might one day attend if they choose to follow the path 
presented to them.

Between 2014–18, the Math Catcher Program organized 
the Annual Simon Fraser University Academic Summer 
Camp for Indigenous High School Students [JT2020]. The 
main purpose of the camp was to strengthen academic 
engagement and cultural awareness among First Nations, 
Metis, and Inuit (FNMI) students who attended, regardless 
of their high school grades. This was an important decision 
as it manifested our commitment to meeting youth wher-
ever they were in their learning journeys.

The camp operated as a day-camp,15 from 9am–4pm, 
Monday–Friday, over four weeks in July. The camp par-
ticipants, a group of about two dozen self-identified 
FNMI high school students, attended math and English 
classes and participated in workshops on topics includ-
ing chemistry, statistics, physics, biology, earth science, 
engineering, and computing science. Camp participants 
were also involved in numerous activities relating to In-
digenous cultures and traditions. By the end of the camp, 
each camp participant had engaged in approximately 30 
hours of mathematics and 30 hours of English classes, 24 
hours of STEM experience, 10 hours of cultural activities, 
8 hours of sport activities, and 8 hours of other activities  

15The “day camp” format restricted the targeted audience to the Indigenous 
youth from the Greater Vancouver area. There are examples of residential 
summer programs for Indigenous students that serve some less densely pop-
ulated areas. One example is the Montana American Indians in Math and 
Science (MT AIMS) Summer Camp at the University of Montana, https:// 
www.mthightech.org/news/mapping-the-course-for-montana 

-native-american-students-in-stem.

https://www.mthightech.org/news/mapping-the-course-for-montana-native-american-students-in-stem
https://www.mthightech.org/news/mapping-the-course-for-montana-native-american-students-in-stem
https://www.mthightech.org/news/mapping-the-course-for-montana-native-american-students-in-stem
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in the Math Catcher Outreach Program activities would 
primarily be “a social marker of success that leads to 
upward career advancement and higher socio-economic 
status.” [P2009]

The reality of the wide range of attitudes towards math-
ematics is deeply rooted in a maze of issues that may be 
personal, institutional, socioeconomic, political, and 
historical. Hence, it would be unrealistic to expect that 
by attending a one-day or a one-month-long event each 
participant would find the answers to all of their learning 
and other educational needs.

Consequently, in my view, in addition to encouraging 
students to fully explore their mathematical talents and 
interests, the success of an outreach program for the gen-
eral audience includes that moment of excitement and joy 
that doing mathematics brings to the life of an individual 
participant.

Yes, the Math Catcher Outreach Program’s main goal 
is to motivate and help students to move “upward,” but a 
message like the one below justifies all of the efforts that 
volunteers, and supporters have put into the Math Catcher 
Outreach Program over the many years:
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which cake. There were five people in his fam-
ily altogether. There was strawberry, chocolate, 
peach, vanilla, and cookies and cream. Unfor-
tunately, his favourite cake was strawberry and 
that was his sister’s favourite too. His sister’s 
name was Perfect Number.

Small Number did not know what to do. 
Should he give away his favourite flavoured 
cake to his sister? His tiny little cousins tried to 
help him by letting him know their choice: “Can 
we have strawberry?” His mother, quickly, also 
asked him, “Can you let me have strawberry?”

Small Number’s solution was unusual, ev-
eryone would receive a fifth of each cake in-
stead. When he told his solution to the family 
they said in unison, “That is a great idea Small 
Number.”18

I briefly mention three other Math Catcher Program 
initiatives: an eleven-year old tutor volunteering program 
between the Native Education College in Vancouver, BC, 
and SFU; a steady stream of workshops and conference 
presentations for teachers, academics, and general public 
at the local, provincial, national, and international levels; 
and a collaboration with the Tla’amin Nation, the Pacific 
Institute for Mathematical Sciences,19 and Cybera,20 that 
resulted in mathematical models of several traditional 
Tla’amin practices.21

Conclusion
The Math Catcher Outreach Program has been part of the 
Canadian educational environment since 2011. Through 
more than 800 classroom visits, workshops, and journal, 
magazine, and newspapers articles, as well as more than 
a dozen Small Number stories, the program has reached 
tens of thousands of students, educators, and members 
of the public from across British Columbia, Canada, and 
around the world.

During these years, the main goal of the program 
has changed from focusing on Indigenous students to  
becoming a source of the encouragement to all students to 
explore their mathematical talents and interests.

One of the common questions that I encounter through-
out the mathematics outreach side of my career is: “How 
do you measure the success of what you do?”

What too many of my undoubtedly well-meaning col-
leagues, both on the instruction and administration sides, 
mean by “success” in this context is that the participation 

18http://www.sfu.ca/~vjungic/MCFestival/chap_MCF_11.html
19https://www.pims.math.ca/
20https://www.cybera.ca/
21Very recently the American Museum of Natural History (https://www 
.amnh.org/) asked for permission to use some of the resources created in 
this project.
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Introduction
Over the last decade we have been exploring outreach
and engagement activities that promote the inclusion of
women inmathematics. This paper outlines our initiatives
and what we have learned from them. Our group is cur-
rently composed of researchers in mathematics and soci-
ology and our interdisciplinary nature allow us to develop
and review our initiatives from a theoretical point of view
and a broader perspective. We also include some of that
discussion here.
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The importance and the challenges of public dissemina-
tion of mathematics have been documented in [WPA 16]
and [Daw19]. Often the goals are set on creating interest
and awareness of the discipline in the public, which in turn
would increase literacy and learning of mathematics. An-
other motivation to promote the communication of math-
ematics is to provide equal access to everybody, and we
understand this motivation as social justice [Daw19]. This
in particular implies reaching groups that have been tradi-
tionally marginalized.

The marginalized groups in mathematics may differ
among cultures, but gender seems to play a role in most
cases. For example, the Gender Gap Project1 estimates that
currently only around 25% of the authors of research arti-
cles in mathematics are women. For this reason, we will
particularly focus on the underrepresentation of women,
although we are aware that there are many other exclu-
sions.

Outreach initiatives in mathematics exist around the
world and share several common features. Some of these
efforts have been specifically targeted at minorities and un-
derrepresented groups, for example competitions for girls
(e.g., the European Girls’ Mathematical Olympiad and the
Pan-american Girls’ Mathematical Olympiad) and summer
camps for aboriginal students (for instance the initiatives

1https://gender-gap-in-science.org.
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Figure 1. Inauguration of the exhibition at Santiago’s public
library.

of PIMS in Australia). Nonetheless, even these targeted
activities seem to follow a structure that is similar to tra-
ditional ones. In this article we show that to include dif-
ferent groups, it is necessary to consider other approaches
and to incorporate a gender perspective. This means that we
plan and perform outreach initiatives with an awareness
of the roles that have been culturally assigned to men and
women and the power relations and inequalities that stem
from these [Ser08].
Outreach and engagement. The most commonly used
concepts in scientific communication practices are out-
reach and engagement. The outreach model assumes that
the knowledge is possessed by a few people, who in turn
share it with others [Byr98]. Examples of this model in-
clude public lectures, activities with school children, com-
petitions, andmuseum exhibits. Note that most initiatives
in mathematics are framed within this paradigm.

Alternatively, “public engagement” (or simply “engage-
ment”) refers to bidirectional actions that connect univer-
sities with communities, benefitting both parties [Byr98].
We are aware of fewer activities in which knowledge is co-
constructed by mathematicians and the community, but
there are some examples. One of them is ethnomathematics
in Latin America, a practice that involves the study of the re-
lationship between mathematical knowledge and cultural
background, as well as the application of such studies to
teachingmathematics to native communities [Tun16]. An-
other example is math circles in indigenous communities.2

In her recent work, C. Perronnet [Per21], argues that
the scientific culture promoted by institutions (such as
schools, universities, museums, state agencies, etc.) tends
to reproduce the standards of the dominant culture. This
includes everything from dress codes to what are consid-
ered appropriate attitudes towards work. From a global

2https://aimathcircles.org/about-us/.

RELATOS DE
MATEMÁTICAS
Entrevistas a mujeres matemáticas de Europa y América Latina

Figure 2. Cover of the book of interviews.

perspective, the standards in mathematics tend to be those
assigned to white males and, as a consequence, it may
be difficult for women, racialized groups, or low-income
groups to feel included. As a matter of fact, more than
the scientific knowledge itself, it is the social and cultural
construction of these groups’ relationship to science that
keeps them from identifying with it. For this reason, incor-
porating practices in the communication of mathematics
that are co-constructed with excluded groups in view is im-
portant to broadening the discipline.

Over the last few years, we wanted to include more en-
gagement practices in Chile and we succeeded to some ex-
tent (see the section below for a description). Nonetheless,
further developments in this direction are certainly possi-
ble and we believe that other approaches are also neces-
sary.

Mathematics in Chile from a Gender Perspective
In this section we focus on describing our experiences and
how they influenced our current viewpoint.
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Outreach and role models. In 2014, we started organiz-
ing science communication activities that included a gen-
der perspective, basing our methods on common practices
that we observed in our field. Our first initiatives were
activities targeted at university and high school students
in order to create interest in the discipline from an early
stage. We held public lectures in which we aimed to make
women in the field visible. We presented female mathe-
maticians who have made important contributions, but
are not well known by general audiences. We tried to
raise awareness about the underrepresentation of women
in STEM3 (both in Chile and around the world). We also
showed ourselves as mathematicians who differ from clas-
sical role models of female scientists.

Although at the time we were not aware of it, our ac-
tivities can be framed from a theoretical point of view as
outreach practices from the role model perspective, which
is one of the most common ways of addressing the com-
munication of science from a gender perspective. The role
model strategy arises from several studies that suggest that
STEM disciplines are traditionally associated with males
who have successful career paths. These stereotypes push
girls and other “outsiders” away [SDHM11,MM16]. The
studies also suggest that this preconception may begin to
be addressed by portraying examples of scientists which
stand apart from stereotypes and trigger identification. In
fact, [MM16] shows that suitable role models increase the
interest of girls and teenagers in STEM disciplines, while
[SDHM11] states that contact with female experts moti-
vates women to pursue careers in STEM.

In those early dissemination activities, we realized that
parents and teachers assumed that our talks were aimed
only at girls (although we explicitly promoted them for all
genders). This assumption suggests that the lack of partic-
ipation of women in STEM is mainly perceived as a prob-
lem to and for women, which can be addressed by empow-
ering girls and increasing numbers. In contrast, we are of
the conviction that awareness is just a first step and that
giving visibility to underrepresented groups is not enough
to change the current configuration of the mathematical
field.

We turned to experiences from other countries in order
to reconsider our activities and to reach a more diverse au-
dience. Some examples that were available to us at the
time were the biographies of “Women in Math” available
on the website of the American Association for Women
in Mathematics (AWM),4 and the exhibition “Women of
Mathematics throughout Europe: A gallery of portraits,”
which has been shown in several countries since 2016.5

We decided to replicate the latter and, in 2018, with the

3This acronym stands for Science, Technology, Engineering, and Mathematics.
4https://awm-math.org/resources/womeninmath/.
5https://womeninmath.net/.

Figure 3. Poster of the second online panel.

collaboration of the program Explora of Conicyt,6 we had
the opportunity to bring the exhibition “Women Mathe-
maticians throughout Europe. . . ” to several cities within
Chile. As the exhibition appealed to the role model
perspective, we realized that portraying only European
women could seem disengaged to local audiences, and
therefore we added a series of portraits of Latin Ameri-
canwomenmathematicians, with an emphasis onChilean
ones. In 2020, we published a book in Chile based on the
exhibition that has reached a broad audience. Nonethe-
less, these projects brought a second issue to our attention:
role models are not universal and in certain contexts, they
might not be effective.
Towards engagement-oriented activities. Despite the
success of the exhibition and the related book, we aimed at
finding new approaches in our activities. By studying liter-
ature on gender issues we became increasingly aware of the
limitations of the role model approach in science dissem-
ination. In her work [Col19] Isabelle Collet argues that
role models often focus on “exceptional people,” which
conveys the idea that one must be extraordinary to be a
mathematician. They self-select out of the general popu-
lation, as they don’t see themselves reflected in this ideal-
ization. Although we believe that our projects brought at-
tention to amore diverse group of women inmathematics,
this strategy tends to put the responsibility of increasing di-
versity onto the excluded groups. Consequently, the rest
of society does not view it as their problem and assumes
little or no responsibility. Women in the field are expected
to actively advocate for this cause and for girls to choose
these careers. Another issue with the role model approach
is that it does not address the underlying social stratifica-
tion that inhibits diversity in science, including, for exam-
ple, cultural issues and socio-economic background.

6Conicyt was the Chilean National Research Agency at that time.
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These readings have helped us gain a better understand-
ing of why mathematics is such a masculinized field al-
though it relies on abstraction and, therefore, is not built
upon culturally defined masculine approaches. The gen-
der gap is produced more by social processes of exclusion
than by individual attitudes towards mathematics. From
this perspective, activities that create protected environ-
ments for women, even if they may increase performance,
fail to approach the underlying causes of inequalities and
moreover, they might inadvertently promote the contin-
uation of existing discrimination practices. For example,
using competitions as a form of recruiting talent—even
if they are targeted only at girls—promotes competitive-
ness rather than collaboration. In addition, stereotypes
of mathematicians as solitary geniuses can impede diver-
sity. In fact, the aforementioned characteristics have his-
torically been associated with the identity of mathemati-
cians [Hot16] and are reinforced by certain actions within
the mathematical community, for instance in [Bar18] the
author argues that these stereotypes have influenced Fields’
medal committees to systematically exclude certain identi-
ties from this award.

To address these issues, in 2020 we started organizing
activities that focused on revealing power relations in the
construction of science. Exposing these power relations
helped us understand the practices in science communica-
tion from a deeper perspective. Due to the pandemic, we
held two online discussion panels that proved to be par-
ticularly successful. The first panel, “How can we perform
science communication with a gender perspective?,” was
made up of an expert on science communication (Gabriel
León), a psychologist who has worked on the gender gap
in mathematics (Darinka Radovic), and a woman math-
ematician who is also an illustrator with a particular fo-
cus on disseminating mathematics through illustration
(Constanza Rojas-Molina). In their presentation, they first
discussed role models and gender stereotypes in science.
However, as the conversation segued to interaction with
the audience,7 it became apparent that the objective of
science communication should be to promote a comfort-
able and welcoming environment not only for women but
also for every identity—non-heterosexual, non-cisgender,
or non-white persons—who are or feel excluded from sci-
ence. Based on the first panel discussion, in the second
panel we decided to discuss “Is androcentrism a limit for
scientific knowledge?”. We included an intersectional ap-
proach in order to better address the processes of exclu-
sion from science.8 We invited two researchers with so-
cial identities that are underrepresented in science, Jorge
Diaz, a biologist and sexual dissidence activist, and Luz

7The first discussion panel was attended by 255 persons, the second by 100.
8An intersectional approach refers to considering other causes of exclusion in
combination with gender, such as sexual orientation, socioeconomic class, or
race.

Figure 4. Poster of #ReConocimientoMujer.

Valoyes-Chávez, a researcher in mathematics education
who argues that racism and androcentrism generate an
epistemological death for black women in mathematics.
Both of them stressed the existence of sexist and racial prej-
udices in the way scientific knowledge has been developed
in genetics and mathematics, respectively; for example,
they indicated that characteristics typically valued in sci-
ence (such as abstract thinking and competition) are often
associated with masculine traits while others that may be
equally important (such as intuition or collaboration) are
underestimated and associated with femininity. Through
these discussions it became clear that exclusion operates in
many levels and that we are often unaware of how math-
ematics (and more generally science) is perceived by un-
derrepresented groups. This motivated us to consider non-
traditional forms of interaction, that could give us access
to the excluded groups and their perceptions.

In particular, the previous panels motivated us to ex-
plore activities that involve audience members as pro-
tagonists. We worked in collaboration with two or-
ganizations that carry out dissemination in science to
promote a more inclusive academia: Conciencia Sur
and Resistencia Noetheriana. Our invitation to par-
ticipants was to present any original creation that rec-
ognizes and resignifies the contributions of women to
different scopes of knowledge. The artworks were
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Figure 5. Contribution to #ReConocimientoMujer.

Figure 6. Contribution to #ReConocimientoMujer.

Figure 7. Contribution to #ReConocimientoMujer.

presented through the social network Instagram (with the
hashtag #ReConocimientoMujer) and shared by the ac-
counts of the organizers (@anillomatematicasygenero,
@crnoetheriana, and @conciencia_sur). We received 15
contributions, of which we include a sample [see Figures
5, 6, and 7]. These pieces are original, made by techniques
chosen by the participants and do not have titles. Our
main goal was to stimulate interaction with the public that
could help us understand other approaches and visions of
mathematics and knowledge. For this reason, the focus of
the activity was beyond the scope of mathematics and the
instructions intended to summon a diverse pool of partic-
ipants. We believe the setup can still be improved—which
we expect to achieve in future versions of this activity—
but the experience was instructive and enriching for us, as
we learned the views of our audience about women in sci-
ence. Another insight for us came through interactions
with our partner organizations, which are not focused in
mathematics and hence have views and motivations that
complemented ours.

Conclusion
We are promoting gender-oriented science communica-
tion practices hoping that this may inspire future mathe-
maticians and dismantle stereotypes. This is all the more
relevant because in both of the panel discussions men-
tioned above, the panelists stressed the existence of gender
biases in science. We support a more diverse academia,
since approaching knowledge from different points of
view contributes to understanding a larger number of sit-
uations and the end result will be a broader viewpoint in
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science. We argue that science communication with a gen-
der perspective plays a central role in achieving the goal of
diversity in science, although it is insufficient if it does not
include an intersectional approach.

Secondly, although inspiring women and other under-
represented groups is a goal of science communication
from a gender perspective, it is not likely to be sufficient
to resolve the gender gap in academia or STEM careers. Di-
minishing the gender gap relies on multiple factors that
are more subtle than women not choosing certain career
paths. In particular, we believe that actions within the aca-
demic community are important and necessary.

Finally, we recall that the objectives of science commu-
nication go far beyond inspiring new generations. A more
inclusive society should make knowledge available to all
its members. From the early stages of life, mathematics is
present, and promoting a better relationship with this dis-
cipline is one of the main challenges that we face in trying
to achieve broad and equitable access to mathematics.
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Topology: A Categorical
Approach
By Tai-Danae Bradley, Tyler
Bryson, and John Terilla

It is common practice to rush
or skip through most point-
set topology topics in a grad-
uate topology course in order
to introduce algebraic topol-
ogy topics. The assumption
is that most students will be
familiar with the basics of

point-set topology by the time they take a topology course
in graduate school. Additionally, algebraic topology is cur-
rently more central to the field and, in most cases, more
useful for students. Topology: A Categorical Approach starts
with the above assumption and provides an alternative
to jumping into algebraic topology by presenting a mod-
ern approach to point-set topology. The authors offer sev-
eral compelling reasons why there is a need to re-examine
point-set topology through a categorical perspective. The
first reason is that it allows incoming graduate students
who are already familiar with point-set topology to learn
something new about these topics. Additionally, this ap-
proach illustrates the versatility of categoricalmethods and
provides students with tools for future work.
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DOI: https://doi.org/10.1090/noti2521

This textbook is aimed at first-year graduate students
who have a solid undergraduate background in linear al-
gebra, abstract algebra, and basic set theory, as well as
some knowledge of point-set topology. The authors make
it clear that the main focus of Topology: A Categorical Ap-
proach is to present point-set topology from a categorical
perspective. Therefore, the textbook does not include top-
ics such as covering spaces, homology, and cohomology.
The authors provide the reader with an extensive list of
references for algebraic topology textbooks that cover the
aforementioned topics.

I have several topology textbooks on my bookshelf at
the office that I use to teach from or to recall some obscure
theorem that I have forgotten. The point-set topology text-
books I ammost familiar with areMunkres [Mun00], Arm-
strong [Arm83], and Kelley [Kel75]. All of these start with
an introduction to set theory. Topology: A Categorical Ap-
proach takes a different tactic and instead the reader is first
presented with some basic point-set topology definitions
and basic category theory.

Chapter 0 provides the reader with the necessary pre-
liminaries required to understand upcoming chapters. In
section 0.1, the authors collect definitions and basic con-
cepts related to topological spaces. Section 0.2 is a con-
cise introduction to category theory. The definition of a
category is presented, and the authors spend some time
describing conditions satisfied by a category through com-
mutative diagrams. This section provides a substantial
list of categories most students have worked with in their
undergraduate courses. Within the list of categories, the
reader will find the category 𝖳𝗈𝗉, consisting of topolog-
ical spaces as objects and continuous functions as mor-
phisms. In addition to the list of categories, the authors
explicitly show that vector fields as objects and linear
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transformations asmorphisms form a category. This exam-
ple provides enough detail for someone encountering the
definition of a category for the first time. This section ends
by introducing the theme that will run throughout the rest
of the textbook: an object is completely determined by its
relationships with other objects. Although this section is
a brief introduction to category theory, there is enough de-
tail given to allow the reader to understand the basics. Sec-
tions 0.2.2 and 0.2.3 introduce the definition of a functor
and natural transformations, respectively. In Section 0.2.3,
the following result is stated and discussed in detail:

Lemma (Yoneda Lemma). For every object 𝑋 in 𝐶 and for
every functor 𝐹 ∶ 𝐶𝑜𝑝 → 𝑆𝑒𝑡, the set of natural transformations
from 𝐶(−, 𝑋) to 𝐹 is isomorphic to 𝐹𝑋,

𝑁𝑎𝑡(𝐶(−, 𝑋), 𝐹) ≅ 𝐹𝑋.
The Yoneda Lemma roughly says that an identification

can be made between an object and maps into the object.
The authors use the Yoneda Lemma to support the idea
that we can better understand an object by studying its re-
lation to other objects. This chapter concludes by recall-
ing basic definitions and results from set theory. The au-
thors do an excellent job in Chapter 0 of reviewing the ba-
sics needed throughout the rest of the textbook and giving
proper motivation for the upcoming material.

In Chapter 1, the authors shift their attention to the con-
struction of new topological spaces from other topological
spaces. Section 1.1 starts with examples of spaces as well
as continuous functions. The authors introduce four ba-
sic constructions starting with subspaces, then quotients,
followed by products, and lastly coproducts.

Each construction is described in three ways. The first
description is an explicit construction of the topological
spaces and is similar to the definition found in previous
textbooks, such as [Mun00, Arm83]. The second descrip-
tion is given as the coarsest or the finest topology for which
maps into or out of the space are continuous. The last de-
scription of each construction involves a universal prop-
erty. For example, the following universal property for the
subspace topology is discussed.

Theorem. Let (𝑋, 𝜏𝑋) be a topological space, let 𝑌 be a sub-
space of 𝑋, and let 𝑖 ∶ 𝑌 ↪ 𝑋 be the natural inclusion.
The subspace topology on 𝑌 is characterized by the following
property: For every topological space (𝑍, 𝜏𝑍) and every function
𝑓 ∶ 𝑍 → 𝑌 , 𝑓 is continuous if and only if the map 𝑖𝑓 ∶ 𝑍 → 𝑋
is continuous.

Along with the three descriptions of each construction,
the authors provide examples that illustrate the differences
between the descriptions.

The focus of Chapter 2 is the interaction between the
constructions introduced in Chapter 1 and the topological
properties of connectedness, Hausdorf, and compactness.
In Section 2.1, the basic definitions, results, and examples

of connectedness are introduced. The formal proofs for
connectedness are left out, but the authors include sev-
eral references for the interested reader. In Sections 2.2
and 2.3, the properties of Hausdorf and compactness are
introduced. Section 2.3 also contains classic results such
as the Bolzano-Weierstrass theorem, the Heine-Borel the-
orem, and Tychonoff’s theorem. In addition to providing
a list of definitions and theorems the authors provide in-
sight into some of the results. For example:

Theorem. Let 𝑋 be a space and 𝑓 ∶ 𝑋 → 𝑌 be a surjective
map. If 𝑌 is connected in the quotient topology and if each fiber
𝑓−1𝑦 is connected, then 𝑋 is connected.

The authors emphasize that this result fits into a much
more general strategy in mathematics of extending knowl-
edge of parts to knowledge of the whole. As someone who
teaches at a liberal arts college, I appreciate that the authors
note the significance of the result and how it fits into the
larger picture of mathematics rather than just presenting
the result and proof.

Chapter 3 takes a slightly different approach than Chap-
ter 2. In Chapter 2, topological properties were introduced,
and the interaction with category theory was discussed.
In Chapter 3, the authors explore topological properties
familiar to analysis students and take a break from dis-
cussing topology from a category theory perspective. The
basic definitions and results regarding the closure, limit
points, and sequences are introduced in Sections 3.1 and
3.2. The chapter continues with the introduction of filters
along with some essential results. In Section 3.3, filters are
used to characterize the Hausdorff property, closure, and
continuity. The chapter ends with a proof of Tychonoff’s
theorem that makes use of filters.

Chapter 4 returns to category theory. The material in
this chapter is not limited to just the category 𝖳𝗈𝗉, but is in-
stead defined in general for any category. Section 4.1 starts
with an intuitive discussion of limits and colimits. The for-
mal definitions of a limit and a colimit are presented in
Section 4.2. The chapter ends with examples along with
a useful table that summarizes common categorical limits
and colimits.

Chapter 5 starts with the following quote by Freeman
Dyson [Dys09]:

Birds fly high in the air and survey broad vistas of
mathematics out of the far horizon. They delight
in concepts that unify our thinking and bring to-
gether diverse problems from different parts of the
landscape. Frogs live in the mud below and see
only the flowers that grow nearby. They delight
in the details of particular objects, and they solve
problems one at a time.

This quote sets the tone for the remaining two chapters.
In Chapter 5, the authors introduce adjoint functors. This
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chapter follows a similar structure to that of the previous
chapters. In Sections 5.1 and 5.4, the authors present basic
definitions and results about the adjoint functor, respec-
tively. In Sections 5.2, 5.3, and 5.5, the authors provide
the reader with examples that include free constructions in
algebra, forgetful functors from 𝖳𝗈𝗉, and the Stone-Čech
compactification. The remaining portion of the chapter is
devoted to carefully defining a topology on the set of con-
tinuous functions from space 𝑋 to a space 𝑌 . This chapter
provides a balance of both big picture ideas and enough
detail for topology students of all levels to find useful.

In the last chapter of the textbook, the authors return
to the central theme introduced in Chapter 0, that infor-
mation can be obtained about an object by analyzing its
relationship to other objects. In particular, the authors de-
fine the fundamental group of a topological space and ex-
amine it from a category theory perspective. In Sections
6.1 and 6.2, the authors introduce homotopies and homo-
topy classes of loops with a basepoint, respectively. Then
Section 6.3 introduces the fundamental group of a topo-
logical space with a basepoint. In Sections 6.4 and 6.5,
the authors introduce the smash-hom adjunction and the
suspension-loop adjunction, respectively. These adjunc-
tions are introduced in order to prove 𝜋1(𝑆1) ≅ ℤ in Sec-
tion 6.6. The textbook ends with Section 6.7, which intro-
duces the Seifert-Van Kampen theorem and presents sev-
eral examples.

In summary, the authors have written a textbook that
should be accessible to most first-year graduate students.
Each chapter ends with a set of exercises that range from
elementary to challenging. Many of the proofs of key re-
sults are omitted, with several proofs left as exercises for
the reader. This textbook is an excellent guide for stu-
dents transitioning from undergraduate mathematics to
graduate-level mathematics. It would be fantastic for an
advanced undergraduate in an independent study course
or for graduate students to read on their own.

This book is an excellent resource for students trying to
deepen their understanding of point-set topology. Addi-
tionally, the textbook serves as a concise introduction to
category theory. The authors include a substantial bibli-
ography for readers interested in continuing their study of
point-set topology and category theory. Students that are
willing to read with pencil and paper in hand will gain a
great deal of knowledge from this textbook.
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Shape: The Hidden Geometry of Information, Biology, 
Strategy, Democracy, and Everything Else 
By Jordan Ellenberg

You may recognize Ellenberg’s name from his 2014 ac-
claimed book How Not to Be Wrong. In his latest book, 
Shape, Ellenberg has once again succeeded in writing a 
funny, witty, and informative book for the general public 
looking for a light and enjoyable book about math.

The focus of Shape is on geometry and the crucial role 
it plays in our lives and the world. Ellenberg momentarily 
transports us back to our high school geometry class where 
most of us had the experience of mechanically moving from 
one axiom to the next to prove that two triangles are the 
same. Pointing this method out as a disservice to a fascinat-
ing and relevant subject, Ellenberg discusses exciting and 
engaging geometry topics that challenge the reader to think 
more creatively. He expertly weaves together a narrative 
with names like Abe Lincoln (who studied Euclid’s Elements 
and firmly believed that everyone can and should learn ge-
ometry), Emmy Noether, and Poincaré and illustrates how 
geometric ideas are present even on Twitter and Snapchat.

During this foray through geometry, Ellenberg explores 
topics such as topology, the Euler characteristic, symme-
tries, mathematical trees, and different definitions of dis-
tance. He also demonstrates the power of working with a 
toy example to develop intuition and uses this to help the 
reader understand the spirit of how geometry can be used 
in various complex arguments. I encourage you to pick up 
Shape for yourself and share it, and the enjoyment of math-
ematics it brings, with your non-mathematician friends!  

Ene and the Magic Tree:  
A Mathematical Adventure 
Ene y el Árbol Mágico:  
Una Aventura Matemática 
By Laura P. Schaposnik 
Illustrated by Celia La Rosa

If you’re looking for fun and 
engaging ways to introduce the 
youngsters in your life to math-
ematics in a Spanish and En-
glish setting, Ene can help! Ene 
is a mouse who lives by a magical 
tree. There are several books that 

follow Ene on grand adventures while teaching about 
history and artisans, all of which are told in both English 
and Spanish. This story follows Ene’s day-long adventure 
visiting his friends the ants and the birds and eventually 
gaining a new best friend, Dino, who is hatched under a 
full moon.

Ene’s day is already exciting but to add to the fun, there 
are hidden math symbols on each page. Anyone who has 
read a book to a child has experienced the joy of stopping 
to investigate the illustrations that accompany the story. The 
added task of picking out the math hidden on the page can 
help to get children excited about and more comfortable 
with math from a young age. At the end of the book there 
is a key that details and defines the math symbols, such as 
a Venn Diagram, the unknot, and a Klein bottle. The author 
is a mathematician who invites us to join in Ene’s adven-
ture and expose children to math along the way! Can the 
children in your life help Ene find all of the hidden math?
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Partial Differential Equations:  
A First Course 
By Rustom Choksi 
(AMSTEXT/54, 2022)

Partial Differential Equations 
taught at the undergraduate level 
can attract students with diverse 
goals and motivations. Those in-
terested in pure mathematics may 
focus on theorems and proofs 
and how they connect with other 
mathematical subjects; those in 
applied math may prefer to delve 

into the behavior and properties of PDE that are useful in 
modeling; and those in mathematics-related majors may 
desire direct methods to obtain concrete, numerical solu-
tions to specific problems.

Choksi finds an approach in Partial Differential Equa-
tions: A First Course that brings together the subject in a 
way that will appeal to and be useful for all three kinds of 
students. He does this by focusing his exposition around 
seven core concepts: first order equations and the notion of 
characteristic; wave propagation and the second order wave 
equation; the Fourier transform; the nature of diffusion 
and the diffusion equation; harmonic functions and PDEs 
involving the Laplacian; the fundamental solution of the 
Laplacian and Green’s function; and finally Fourier series 
and the Separation of Variables Algorithm. Each concept is 
preceded by ample motivation and followed by reflections. 
A unifying theme throughout is the importance of the Dirac 
delta function.

The preface contains a thorough discussion of how the 
book may be adapted by instructors to suit a variety of cur-
ricular requirements. While the book is long, at 600+ pages, 
it is a pleasure to read and easy to use because of its clearly 
presented over-arching narrative, and its organization into 
short self-contained chapters. The book is rich with physical 
motivations and interpretations and can be also used for 
continued self-study and reference beyond the classroom.

A First Course in  
Stochastic Calculus 
By Louis-Pierre Arguin 
(AMSTEXT/53, 2022)

Stochastic Calculus is a beautiful 
mathematical theory developed 
in the mid-twentieth century 
that extends methods of calculus 
from an analysis of deterministic 
functions to random functions, 
or stochastic processes, such as 
Brownian motion. The field plays 
a pivotal role in mathematics, 

statistics, and probability theory and has applications in 
myriad areas, such as in theoretical physics, data science, 
and financial mathematics, where random processes play 
a central role.

In A First Course in Stochastic Calculus, Arguin brings 
together the essentials of the theory in a friendly, concise 
way with a focus on building an intuitive, rigorous, and 
practical understanding. In the first half of his book, he 
develops the foundations of stochastic calculus with a 
presentation of Brownian motion, Martingale and Markov 
processes, Itô’s calculus, methods of random sampling, 
and the Monte-Carlo method. Along the way, he builds 
geometric intuition, for example, emphasizing the spaces 
of random variables, and promotes practical understanding 
and facility with useful tools by providing plentiful exam-
ples, numerical experiments, and computer-based exercises. 
Chapters 7–10 deal with applications that are particularly 
relevant to the field of financial mathematics.

The book requires only a basic background in probabil-
ity and statistics, linear algebra, and multivariable calculus, 
and reviews some of the necessary material on measure 
theory. It can be used either as the textbook for an advanced 
undergraduate introduction to stochastic calculus, or as the 
text for a masters-level course for financial engineers. Finan-
cial professionals wanting to enhance their understanding 
of the mathematical underpinnings behind commonly 
used tools in financial modeling and options pricing will 
also find this book useful.

The AMS Bookshelf is prepared bimonthly by AMS Book Acquisitions Con-
sultant Eriko Hironaka. Her email address is ehironaka@amsbooks.org.

http://bookstore.ams.org
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An exhibition at a July 2016 IMAGINARY1 conference fea-
tured drawings by one E. A. Casanova. The artist watched as 
viewers milled around the gallery space at Berlin’s Theater 
Aufbau Kreuzberg; she saw them stop to digest, discuss, 
admire her portrait of mathematical physicist Sylvie Paycha 
(far right in Figure 1), her graphic summary of the prior 

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com.
1Initiated at the Mathematisches Forschungsinstitut Oberwolfach, IMAG-
INARY is a non-profit organization for open and interactive mathematics.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2533

year’s “It All Adds Up” conference, her 
depiction of the path to a professor-
ship (see Figure 2).

When Cédric Villani and Eugenia 
Cheng happened by and snapped 
some photographs of the art, its cre-
ator longed to cross the room and 
introduce herself as such.

But she didn’t. The name on her 
badge didn’t match the name on the 
framed posters.

“I want to go and say, ‘I did this,’” 
she remembers thinking. “But I can’t 
make the leap because it isn’t the 
same name.”

Constanza Rojas-Molina has always drawn. (Well, except 
for when the habit fell by the wayside as she earned her 
bachelor’s in mathematics at Chile’s Universidad de La 
Serena.) She calls it her most intuitive activity, compares it 
to walking or drinking water. But when even her childhood 
art teacher pooh-poohed her dream of becoming a comic 
book artist, Rojas-Molina pursued other interests—physics, 
initially—perceived as more readily conducive to gainful 
employment, job security, financial independence. She 
got that bachelor’s in math eventually, then a master’s and 
a PhD.2 She did multiple postdocs and landed a junior 
professorship in Germany.

2Her work lies in the field of mathematical physics, at the interface of 
analysis and probability.

Mathematician (No Longer) 
Pseudonymous
Sophia D. Merow

Figure 1. IMAGINARY conference attendee Constanza Rojas-Molina in front of art signed 
“E. A. Casanova.”
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felt right to Rojas-Molina—“having two split personalities 
is not the most healthy thing!” she observes—but she 
worried that ivory tower gatekeepers would see her art as 
frivolous, a time sink, a reason not to take her seriously as a 
mathematician. So she signed her drawings E. A. Casanova, 
her abuelita’s name.

Rojas-Molina is out and proud now—her website front-
and-center identifies her as a “mathematician/illustra-
tor”—but achieving comfort with such transparency was, 
she says, “a whole process.” The warm reception her work 
received at the IMAGINARY meeting helped, as did a 2017 
invitation to blog for the Heidelberg Laureate Forum (see 
Figure 3). Part of what prompted Rojas-Molina to leave her 
junior professorship at the University of Düsseldorf in 2019 
for a lectureship at CY Cergy Paris University was the Paris 
program’s awareness—and embrace—of her extracurricular 
activities.5 “They knew that I draw, and they told me, ‘You 
can draw more here,’” she remembers. “They told me, ‘We 
know what you’re doing, and it’s fine with us.’”

So what is Rojas-Molina doing (aside from the research, 
teaching, and conference organizing that’s standard in 
academe)? She’s leveraging her illustrative talents to 
advance science communication. She blogs still, and is 
instrumental in the Twitter drawing challenges #mathyear 
and #Noethember. The latter features daily drawings on the 
life and work of Emmy Noether (see Figure 5), the former 
weekly depictions of interactions between mathematics 

5The move was also motivated by the solution it presented to a two-body 
problem. Rojas-Molina’s husband is also a researcher.

“My whole professional life, my whole identity was built 
around this idea of being a mathematician and having to 
make it in academia,” Rojas-Molina recalls.

But pursuit of mathematical success did not eradicate 
the impulse to draw. Rojas-Molina’s illustration itch resur-
faced when, during her second year as a PhD student at 
Université de Cergy-Pontoise, she was stuck on her research 
problem—and stressed. A weekly comics class proved a 
salutary distraction, an opportunity to play and have fun 
without performance anxiety.3

Rojas-Molina initially intended to keep her drawing 
and her mathematics separate, to preserve the former as a 
pick-me-up for when the latter got her down. Then, during 
her first postdoc, she launched a blog called The RAGE of 
the Blackboard4 as a vehicle for illustrated profiles of female 
mathematicians. Bridging the art-math divide in this way 

3Playfulness is something Rojas-Molina would like to see more of in math-
ematics. Whereas trial-and-error and learning curves are par for the course 
in art classes, she observes in her math students a stubborn reluctance to 
guess or question or make mistakes.
4“The blog’s title makes reference to an angry blackboard,” reads the “About” 
page (https://ragebb.wordpress.com/about/), “but also to the RAGE 
Theorem, named after the mathematical physicists D. Ruelle, W. Amrein, 
V. Georgescu, and V. Enss.”

Figure 2. One of the pieces included in the July 2016 
IMAGINARY exhibition.

Figure 3. Rojas-Molina continues to blog for the Heidelberg 
Laureate Forum. The above sketchnotes were posted on 
September 23, 2021. Rojas-Molina gravitates toward art forms 
that combine pictures and text in a complementary way.
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and other subjects (see Figure 6). She has illustrated a 
collection of biographies of Latin-American mathemati-
cians (see https://bit.ly/3tYBHX9), contributed to an 
exhibition on Jean Perrin at the Institut Henri Poincaré. 
When we spoke in February, she was excited about a col-
laboration-in-progress with the University of Chile’s Leslie 
Jiménez.

Rojas-Molina does all of this—which she hopes will help 
normalize mathematics as one worthy human endeavor 
among many—in her “off” hours: in the evening, on 
weekends, over holidays. Her dream job would rate science 
communication alongside such recognized, remunerated 
activities as research and teaching. Universities currently 
rely on scholars’ willingness to do outreach in their spare 
time, Rojas-Molinas says, which is ultimately not sustain-
able. “You’re really using people’s time off that they could 
invest to rest and be more creative,” she explains. While 
her science communication efforts figured favorably into 
a 2021 evaluation of her job performance, Rojas-Molina 
had, in balancing it all, skirted perilously close to burn-
out. She subsequently negotiated a scale-back. “If I didn’t 
have a teaching reduction,” she told me when we spoke in 
February, “I wouldn’t be talking right now.”

Mathematicians with creative outlets other than mathe-
matics are out there, certainly, but too seldom fully visible 
in their multi-dimensionality. Rojas-Molina is determined 
to live her truth and, in so doing, demonstrate that not all 
mathematicians spend every waking moment laser-focused 
on mathematics.

“I don’t see anyone like me,” she says, “but I’m going to 
continue to be like this.” She hopes academia will change 
to become “more family-friendly, more people-friendly,” to 

Figure 5. For more of Rojas-Molina’s #Noethember offerings, 
see https://bit.ly/3tekzxG.

Figure 6. For more of Rojas-Molina’s #mathyear illustrations, 
see https://bit.ly/3IgLnS5.

Figure 4. The illustration above appeared in the 2017 newsprint 
tabloid Resist! compiled by New Yorker art editor Françoise 
Mouly and her daughter, writer Nadja Spiegelman.
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better facilitate a work-life balance she believes will boost 
retention of a more diverse workforce. In the meantime, 
she’s doing her utmost to build within the current system 
a position that leverages all of her abilities. “I’m trying to 
do my thing in this environment,” she says.

Credits
Figures 1–6 are courtesy of Constanza Rojas-Molina.
Author photo is courtesy of Igor Tolkov.

Sophia D. Merow 
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The goal of the Notices is to serve all mathematicians by providing a lively and informative magazine containing 
exposition about mathematics and mathematicians, and information about the profession and the Society. The 
Notices is an AMS member publication, along with the Bulletin of the AMS, Abstracts of the AMS, and the newsletter 
Headlines & Deadlines.

QUALIFICATIONS
The AMS strives to serve all mathematicians in an inclusive, equitable, and welcoming fashion. We welcome 
applications from individuals with strong mathematical research experience, broad mathematical interests, and 
a commitment to communicating mathematics to a diverse audience. The applicant must demonstrate excellent 
written communication skills.  

DUTIES
The Chief Editor has editorial responsibility for a portion of the Notices within broad guidelines. The Chief Editor 
is assisted by a board of Associate Editors, nominated by the Chief Editor, who help to fashion the contents of 
the Notices and solicit material for publication. Some writing, and all publication support, will be provided by 
AMS staff. The Chief Editor will operate from their home base. Compensation will be negotiated and commence 
upon appointment in 2023.  Part-time administrative support will be provided. In order to begin working on the 
January 2025 issue, editorial work will begin in 2024.

APPLICATIONS & NOMINATIONS
The Chief Editor is appointed by the Council upon recommendation by a Search Committee. Please submit 
your application - including a curriculum vitae and letter of interest—through www.mathprograms.org/db/
programs/1306. At a later stage in the process you may be asked for references, i.e., the names of up to three 
people who are willing to be contacted by us for more information.

Please send nominations or questions to Dr. Catherine Roberts, Executive Director, at croberts@ams.org.

Applications received by October 15, 2022 will be assured full consideration.

http://www.mathprograms.org/db/programs/1306
http://www.mathprograms.org/db/programs/1306
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Ballots
AMS members will receive email with instructions for vot-
ing online by August 15, or a paper ballot by September 16. 
If you do not receive this information by that date, please  
contact the AMS (preferably before October 1) to request 
a ballot. Send email to ballot@ams.org or call the AMS 
at 800-321-4267, ext. 4129 (within the US or Canada) or 
401-455-4129 (worldwide). The deadline for receipt of 
ballots is November 1, 2022.

Write-in Votes
It is suggested that names for write-in votes be accompa-
nied by the institution or web address of the individual for 
whom the vote is cast.

Replacement Ballots
A member who has not received a ballot by September 16, 
2022, or who has received a ballot but has accidentally 
spoiled it, may write to ballot@ams.org or call 1-800-
321-4267, ext. 4129 (within the US or Canada) or 401-455-
4129 (worldwide). You may also write to Secretary of the 
AMS, 201 Charles Street, Providence, RI 02904-2213, USA, 
asking for a second ballot. The request should include the  

individual’s member code and the address to which the re-
placement ballot should be sent. Immediately upon receipt  
of the request a second ballot, indistinguishable from the  
original, will be sent by first class or airmail. However, the  
deadline for receipt of ballots will not be extended.

Biographies of Candidates
The next several pages contain biographical information  
about all candidates. All candidates were given the oppor-
tunity to provide a statement of not more than 200 words 
to appear at the end of their biographical information. 
Photos were supplied by the candidates.

Description of Offices
The vice president and the members at large of the 
Council serve for three years on the Council. That body 
determines all scientific policy of the Society, creates and 
oversees numerous committees, appoints the treasurers 
and members of the Secretariat, makes nominations of 
candidates for future elections, and determines the chief 
editors of several key editorial boards. Typically, each of 
these new members of the Council will also serve on one 
of the Society’s six policy committees. Current and past 

List of Candidates
Vice President
(one to be elected)
Ami Radunskaya
Bianca Viray

Board of Trustees
(one to be elected)
Henry Cohn
Judy L. Walker

Member at Large of the Council
(five to be elected)
Christine Berkesch
Ben Elias
Angela Gibney
Dawn Alisha Lott
William A. Massey
Asamoah Nkwanta
Sam Payne
Emily Riehl
Cynthia Vinzant
Tonghai Yang

Nominating Committee
(three to be elected)
Jayadev Athreya
David Goldberg
Robert J. Lemke Oliver
Kathryn Leonard
Alan W. Reid
Brooke Shipley

Editorial Boards Committee
(two to be elected)
Daniel Groves
Robert Guralnick
Kate Juschenko
Gaston Mandata N’Guerekata
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Proposed Bylaws Amendments
For the 2022 AMS Election there are four proposals to 
change parts of the AMS Bylaws. The proposed changes 
affect the following: 1) Officers and Trustees: Articles I and 
II, 2) Communication Committees: Article VII, 3) Member 
Journals, Primary Journals, and Communications of the AMS: 
Articles III, IV, and XI, 4) Membership: Articles VIII and 
IX. Each proposal includes the current text of the Article 
followed by the proposed text of the Article showing the 
change in bold and italicization. Current bylaws have also 
been included in this section or can be found at https:// 
www.ams.org/bylaws. Further questions can be directed 
to AMS Secretary Boris Hasselblatt at secretary@ams.org.

A Note from AMS Secretary Boris Hasselblatt
The choices you make in these elections impact the di-
rection the Society takes in its publications, conferences, 
programs, and policies. On behalf of the other officers 
and Council members, I urge you to take a few minutes 
to review the candidates’ biographies, fill out your ballot, 
and submit it. The Society belongs to its members and by 
voting, you will influence its policies and priorities.

Also, I invite you to consider other ways of participat-
ing in Society activities. The Nominating Committee, the 
Editorial Boards Committee, and the Committee on Com-
mittees are always interested in learning of members who 
are willing to serve the Society in various capacities. Names 
are always welcome, particularly when accompanied by a 
few words detailing the person’s background and interests. 
Self-nominations are probably the most useful. Recom-
mendations can be transmitted through an online form 
(https://www.ams.org/committee-nominate) or sent 
directly to the secretary: secretary@ams.org or Office of 
the Secretary, American Mathematical Society, 201 Charles 
Street, Providence, RI 02904-2213, USA.

PLEASE VOTE.

members of the Council may be found here: https://
www.ams.org/comm-all.html#COUNCIL.

The Board of Trustees, of whom you will be electing 
one member for a five-year term, has complete fiduciary 
responsibility for the Society. Among other activities, the 
trustees determine the annual budget of the Society, prices 
of journals, salaries of employees, dues (in cooperation 
with the Council), registration fees for meetings, and invest-
ment policy for the Society’s reserves. The person you elect 
will serve as chair of the Board of Trustees during the fourth 
year of the term. Current and past members of the Board 
of Trustees, as well as the full charge for a trustee, may be 
found here: https://www.ams.org/comm-all.html#BT.

The candidates for vice president, members at large, 
and trustee were suggested to the Council either by the 
Nominating Committee or by petition from members. 
While the Council has the final nominating responsibility, 
the groundwork is laid by the Nominating Committee. The 
candidates for election to the Nominating Committee were 
nominated by the current president, Ruth Charney. The 
three elected will serve three-year terms. The main work of 
the Nominating Committee takes place during the annual 
meeting of the Society, during which it meets over three days. 
The Committee then reports its suggestions to the spring 
Council, which makes the final nominations. Current and 
past members of the Nominating Committee, as well as 
the full charge, may be found here: https://www.ams.org 
/comm-all.html#NOMCOM.

The Editorial Boards Committee is responsible for the 
staffing of the editorial boards of the Society. Members are 
elected for three-year terms from a list of candidates named 
by the president. The Editorial Boards Committee makes 
recommendations for almost all editorial boards of the 
Society. Managing editors of Communications of the AMS, 
Journal of the AMS, Mathematics of Computation, Proceedings 
of the AMS, and Transactions of the AMS; and chairs of the 
Colloquium, Mathematical Surveys and Monographs, and 
Mathematical Reviews editorial committees are officially 
appointed by the Council upon recommendation by the 
Editorial Boards Committee. In virtually all other cases, the 
editors are appointed by the president, again upon recom-
mendation by the Editorial Boards Committee. Current and 
past members of the Editorial Boards Committee, as well 
as the full charge, may be found here: https://www.ams 
.org/comm-all.html#EBC.

Elections to the Nominating Committee and the Edi-
torial Boards Committee are conducted by the method of 
approval voting. In the approval voting method, you can 
vote for as many or as few of the candidates as you wish. 
The candidates with the greatest number of the votes win 
the election.

https://www.ams.org/comm-all.html#NOMCOM
https://www.ams.org/comm-all.html#NOMCOM
https://www.ams.org/comm-all.html#EBC
https://www.ams.org/comm-all.html#EBC
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Article I
Officers
Section 1. There shall be a president, a president elect 
(during the even-numbered years only), an immediate past 
president (during the odd-numbered years only), three vice 
presidents, a secretary, four associate secretaries, a treasurer, 
and an associate treasurer.

Section 2. It shall be a duty of the president to deliver an 
address before the Society at the close of the term of office 
or within one year thereafter.

Article II
Board of Trustees
Section 1. There shall be a Board of Trustees consisting 
of eight trustees, five trustees elected by the Society in ac-
cordance with Article VII, together with the president, the 
treasurer, and the associate treasurer of the Society ex officio. 
The Board of Trustees shall designate its own presiding 
officer and secretary.

Section 2. The function of the Board of Trustees shall be 
to receive and administer the funds of the Society, to have 
full legal control of its investments and properties, to make 
contracts, and, in general, to conduct all business affairs of 
the Society.

Section 3. The Board of Trustees shall have the power to 
appoint such assistants and agents as may be necessary 
or convenient to facilitate the conduct of the affairs of 
the Society and to fix the terms and conditions of their 
employment. The Board may delegate to the officers of 
the Society duties and powers normally inhering in their 
respective corporative offices, subject to supervision by 
the Board. The Board of Trustees may appoint committees 
to facilitate the conduct of the financial business of the 
Society and delegate to such committees such powers as 
may be necessary or convenient for the proper exercise of 
those powers. Agents appointed, or members of committees 
designated, by the Board of Trustees need not be members 
of the Board.

Nothing herein contained shall be construed to em-
power the Board of Trustees to divest itself of responsibility 
for, or legal control of, the investments, properties, and 
contracts of the Society.

Article III

Committees
Section 1. There shall be eight editorial committees as 
follows: committees for the Bulletin, for the Proceedings, 
for the Colloquium Publications, for the Journal, for Mathe-
matical Surveys and Monographs, for Mathematical Reviews; a 
joint committee for the Transactions and the Memoirs; and 
a committee for Mathematics of Computation.

Section 2. The size of each committee shall be determined 
by the Council.

Article IV

Council
Section 1. The Council shall consist of fifteen members at 
large and the following ex officio members: the officers of 
the Society specified in Article I, the chair of each of the 
editorial committees specified in Article III, any former 
secretary for a period of two years following the terms of 
office, and members of the Executive Committee (Article 
V) who remain on the Council by the operation of Article 
VII, Section 4.

The chair of any committee designated as a Council 
member may name a deputy from the committee as sub-
stitute.

Section 2. The Council shall formulate and administer the 
scientific policies of the Society and shall act in an advisory 
capacity to the Board of Trustees.

Section 3. In the absence of the secretary from any meet-
ing of the Council, a member may be designated as acting 
secretary for the meeting, either by written authorization 
of the secretary, or, failing that, by the presiding officer.
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be taken only if written notice shall have been given to the 
secretary by the proposer of any such resolution not later 
than one month prior to the Council meeting at which 
the matter is to be presented, and the vote shall be taken 
not earlier than one month after the resolution has been 
discussed by the Council.

If, at a meeting of the Council, there are present twelve 
members, then the prior notification to the secretary may be 
waived by unanimous consent. In such a case, a unanimous 
favorable vote by those present shall empower the Council 
to speak in the name of the Society.

If the president and the secretary agree that a statement 
in the name of the Society is urgently needed and waiting 
for the next meeting of the Council would greatly reduce 
the impact of the statement, then the secretary shall com-
municate the proposed statement to the Council (making 
a good-faith effort to reach all members) and hold a vote, 
allowing at least one day for votes to be received after the 
communication. If favorable votes are received from at least 
two-thirds of the entire membership of the Council, and 
no more than two votes against it are received, then the 
statement will be made in the name of the Society. Actions 
taken under this procedure shall be reviewed by the Council 
at its next meeting, where a favorable vote of two-thirds of 
the entire membership of the Council shall be necessary 
to keep such a statement in place.

The Council may also refer the matter to a referendum 
of the entire membership of the Society and shall make 
such reference if a referendum is requested, prior to final 
action by the Council, by two hundred or more members. 
The taking of a referendum shall act as a stay upon Council 
action until the votes have been canvassed, and thereafter 
no action may be taken by the Council except in accordance 
with a plurality of the votes cast in the referendum.

Article V
Executive Committee
Section 1. There shall be an Executive Committee of the 
Council, consisting of four elected members and the fol-
lowing ex officio members: the president, the secretary, the 
president elect (during even-numbered years), and the 
immediate past president (during odd-numbered years).

Section 2. The Executive Committee of the Council shall be 
empowered to act for the Council on matters which have 
been delegated to the Executive Committee by the Council. 
If three members of the Executive Committee request that 
any matter be referred to the Council, the matter shall be 
so referred. The Executive Committee shall be responsible 
to the Council and shall report its actions to the Council. It 
may consider the agenda for meetings of the Council and 
may make recommendations to the Council.

Section 4. All members of the Council shall be voting 
members. Each member, including deputies, shall have one 
vote. The method for settling matters before the Council 
at any meeting shall be by majority vote of the members 
present. If the result of a vote is challenged, it shall be the 
duty of the presiding officer to determine the true vote by a 
roll call. In a roll call vote, each Council member shall vote 
only once (although possibly a member of the Council in 
several capacities).

Section 5. Any five members of the Council shall constitute 
a quorum for the transaction of business at any meeting 
of the Council.

Section 6. Between meetings of the Council, business 
may be transacted. Votes shall be counted as specified in 
Section 4 of this Article, “members present” being replaced 
by “members voting.” An affirmative vote on any proposal 
shall be declared if, and only if, (a) more than half of the 
total number of possible votes is received by the time 
announced for the closing of the polls, and (b) at least 
three-quarters of the votes received by then are affirmative. 
If five or more members request postponement at the time 
of voting, action on the matter at issue shall be postponed 
until the next meeting of the Council, unless either (1) at 
the discretion of the secretary, the question is made the 
subject of a second vote, in connection with which brief 
statements of reason, for and against, are circulated; or (2) 
the Council places the matter at issue before the Executive 
Committee for action.

Section 7. The Council may delegate to the Executive Com-
mittee certain of its duties and powers. Between meetings 
of the Council, the Executive Committee shall act for the 
Council on such matters and in such ways as the Council 
may specify. Nothing herein contained shall be construed 
as empowering the Council to divest itself of responsibility 
for formulating and administering the scientific policies 
of the Society.

Section 8. The Council shall also have power to speak in 
the name of the Society with respect to matters affecting 
the status of mathematics or mathematicians, such as pro-
posed or enacted federal or state legislation; conditions of 
employment in universities, colleges, or business, research 
or industrial organizations; regulations, policies, or acts 
of governmental agencies or instrumentalities; and other 
items which tend to affect the dignity and effective position 
of mathematics.

With the exceptions noted in the next two paragraphs, 
a favorable vote of two-thirds of the entire membership of 
the Council shall be necessary to authorize any statement in 
the name of the Society with respect to such matters. With 
the exception noted in the next paragraph, such a vote may 
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Section 3. Each member of the Executive Committee shall 
have one vote. An affirmative vote on any proposal before 
the Executive Committee shall be declared if, and only if, 
at least four affirmative votes are cast for the proposal. A 
vote on any proposal may be determined at a meeting of 
the Executive Committee, but it shall not be necessary to 
hold a meeting to determine a vote.

Article VI
Executive Director
Section 1. There shall be an Executive Director who shall 
be a paid employee of the Society. The Executive Director 
shall have charge of the offices of the Society, except for 
the office of the secretary, and shall be responsible for 
the general administration of the affairs of the Society in 
accordance with the policies that are set by the Board of 
Trustees and by the Council.

Section 2. The Executive Director shall be appointed by 
the Board of Trustees with the consent of the Council. The 
terms and conditions of employment shall be fixed by the 
Board of Trustees, and the performance of the Executive 
Director will be reviewed regularly by the Board of Trustees.

Section 3. The Executive Director shall be responsible to 
and shall consult regularly with a liaison committee con-
sisting of the president as chair, the secretary, the treasurer, 
and the chair of the Board of Trustees.

Section 4. The Executive Director shall attend meetings of 
the Board of Trustees, the Council, and the Executive Com-
mittee, but shall not be a member of any of these bodies.

Article VII
Election of Officers and Terms of Office
Section 1. The term of office shall be one year in the case of 
the president elect and the immediate past president; two 
years in the case of the president, the secretary, the associate 
secretaries, the treasurer, and the associate treasurer; three 
years in the case of vice presidents and members at large of 
the Council, one vice president and five members at large 
retiring annually; and five years in the case of the trustees. 
In the case of members of the editorial committees and 
appointed members of the communications committees, 
the term of office shall be determined by the Council. 
The term of office for elected members of the Executive 
Committee shall be four years, one of the elected members 
retiring annually. All terms of office shall begin on February 
1 and terminate on January 31, with the exception that the 
officials specified in Articles I, II, III, IV, and V (excepting 
the president elect and immediate past president) shall 
continue to serve until their successors have been duly 
elected or appointed and qualified.

Section 2. The president elect, the vice presidents, the 
trustees, and the members at large of the Council shall be 
elected by ballot. The secretary shall send notification to 
each member of the Society about the slate of candidates 
and the voting procedure on or before October 10, and 
legitimate ballots received by an established deadline at 
least 30 days later will be counted. Each ballot shall con-
tain one or more names proposed by the Council for each 
office to be filled, with blank spaces in which the voter 
may substitute other names. A plurality of all votes cast 
shall be necessary for election. In case of failure to secure a 
plurality for any office, the Council shall choose by ballot 
among the members having the highest number of votes. 
The secretary, the associate secretaries, the treasurer, and 
the associate treasurer shall be appointed by the Council 
in a manner designated by the Council. Each committee 
named in Article III shall be appointed by the Council in 
a manner designated by the Council. Each such committee 
shall elect one of its members as chair in a manner desig-
nated by the Council.

Section 3. The president becomes immediate past presi-
dent at the end of the term of office and the president elect 
becomes president.

Section 4. On or before February 15, the secretary shall 
send to all members of the Council a ballot containing 
two names for each place to be filled on the Executive 
Committee. The nominees shall be chosen by a commit-
tee appointed by the president. Members of the Council 
may vote for persons not nominated. Any member of the 
Council who is not an ex officio member of the Executive 
Committee (see Article V, Section 1) shall be eligible for 
election to the Executive Committee. In case a member is 
elected to the Executive Committee for a term extending 
beyond the regular term on the Council, that person shall 
automatically continue as a member of the Council during 
the remainder of that term on the Executive Committee.

Section 5. The president and vice presidents shall not be 
eligible for immediate re-election to their respective offices. 
A member at large or an ex officio member of the Council 
shall not be eligible for immediate election (or re-election) 
as a member at large of the Council.

Section 6. If the president of the Society should die or re-
sign while a president elect is in office, the president elect 
shall serve as president for the remainder of the year and 
thereafter shall serve the regular two-year term. If the presi-
dent of the Society should die or resign when no president 
elect is in office, the Council, with the approval of the Board 
of Trustees, shall designate one of the vice presidents to 
serve as president for the balance of the regular presiden-
tial term. If the president elect of the Society should die or 
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resign before becoming president, the office shall remain 
vacant until the next regular election of a president elect, 
and the Society shall, at the next annual meeting, elect a 
president for a two-year term. If the immediate past pres-
ident should die or resign before expiration of the term 
of office, the Council, with the approval of the Board of 
Trustees, shall designate a former president of the Society 
to serve as immediate past president during the remainder 
of the regular term of the immediate past president. Such 
vacancies as may occur at any time in the group consisting 
of the vice presidents, the secretary, the associate secretaries, 
the treasurer, and the associate treasurer shall be filled by 
the Council with the approval of the Board of Trustees. If 
a member of an editorial or communications committee 
should take temporary leave from duties, the Council shall 
then appoint a substitute. The Council shall fill from its 
own membership any vacancy in the elected membership 
of the Executive Committee.

Section 7. If any elected trustee should die while in office 
or resign, the vacancy thus created shall be filled for the 
unexpired term by the Board of Trustees.

Section 8. If any member at large of the Council should 
die or resign more than one year before the expiration of 
the term, the vacancy for the unexpired term shall be filled 
by the Society at the next annual meeting.

Section 9. In case any officer should die or decline to serve 
between the time of election and the time to assume office, 
the vacancy shall be filled in the same manner as if that 
officer had served one day of the term.

Article VIII
Members and Their Election
Section 1. Election of members shall be by vote of the 
Council or of its Executive Committee.

Section 2. There shall be four classes of members, namely, 
ordinary, contributing, corporate, and institutional.

Section 3. Application for admission to ordinary member-
ship shall be made by the applicant on a blank provided 
by the secretary. Such applications shall not be acted upon 
until at least thirty days after their presentation to the 
Council (at a meeting or by mail), except in the case of 
members of other societies entering under special action 
of the Council approved by the Board of Trustees.

Section 4. An ordinary member may become a contributing 
member by paying the dues for such membership. (See 
Article IX, Section 3.)

Section 5. A university or college, or a firm, corporation, or 
association interested in the support of mathematics may 
be elected a corporate or an institutional member.

Article IX
Dues and Privileges of Members
Section 1. Any applicant shall be admitted to ordinary 
membership immediately upon election by the Council 
(Article VIII) and the discharge within sixty days of election 
of the first annual dues. Dues may be discharged by pay-
ment or by remission when the provision of Section 7 of 
this Article is applicable. The first annual dues shall apply to 
the year of election, except that any applicant elected after 
August 15 of any year may elect to have the first annual 
dues apply to the following year.

Section 2. The annual dues of an ordinary member of 
the Society shall be established by the Council with the 
approval of the Trustees. The Council, with the approval 
of the Trustees, may establish special rates in exceptional 
cases and for members of an organization with which the 
Society has a reciprocity agreement.

Section 3. The minimum dues for a contributing member 
shall be three-halves of the dues of an ordinary member 
per year. Members may, upon their own initiative, pay 
larger dues.

Section 4. The minimum dues of an institutional member 
shall depend on the scholarly activity of that member. The 
formula for computing these dues shall be established from 
time to time by the Council, subject to approval by the 
Board of Trustees. Institutions may pay larger dues than 
the computed minimum.

Section 5. The privileges of an institutional member shall 
depend on its dues in a manner to be determined by the 
Council, subject to approval by the Board of Trustees. These 
privileges shall be in terms of Society publications to be 
received by the institution and of the number of persons 
it may nominate for ordinary membership in the Society.

Section 6. Dues and privileges of corporate members of 
the Society shall be established by the Council subject to 
approval by the Board of Trustees.

Section 7. The dues of an ordinary member of the Society 
shall be remitted for any years during which that member 
is the nominee of an institutional member.

Section 8. After retirement from active service on account 
of age or on account of long-term disability, any ordinary 
or contributing member who is not in arrears of dues and 
with membership extending over at least twenty years may, 
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by giving proper notification to the secretary, have dues 
remitted. Such a member shall receive the Notices and 
may request to receive Bulletin as privileges of membership 
during each year until membership ends.

Section 9. An ordinary or contributing member shall re-
ceive the Notices and Bulletin as privileges of membership 
during each year for which dues have been discharged.

Section 10. The annual dues of ordinary, contributing, and 
corporate members shall be due by January 1 of the year to 
which they apply. The Society shall submit bills for dues. 
If the annual dues of any member remain undischarged 
beyond what the Board of Trustees deems to be a reason-
able time, the name of that member shall be removed from 
the list of members after due notice. A member wishing to 
discontinue membership at any time shall submit a resig-
nation in writing to the Society.

Section 11. An eligible member may become a life member 
by making a one-time payment of dues. The criteria for 
eligibility and the amount of dues shall be established by 
the Council, subject to approval by the Board of Trustees. 
A life member is subsequently relieved of the obligation of 
paying dues. The status and privileges are those of ordinary 
members.

An eligible member of the Society by reciprocity who 
asserts the intention of continuing to be a member by 
reciprocity may purchase a life membership by a one-time 
payment of dues. The criteria for eligibility and the amount 
of dues shall be established by the Council, subject to ap-
proval by the Board of Trustees.

Article X
Meetings
Section 1. The annual meeting of the Society shall be 
held between the fifteenth of December and the tenth of 
February next following. Notice of the time and place of 
this meeting shall be sent by the secretary or an associate 
secretary to each member of the Society. The times and 
places of the annual and other meetings of the Society shall 
be designated by the Council.

Section 2. There shall be a business meeting of the Society 
only at the annual meeting. The agenda for the business 
meeting shall be determined by the Council. A business 
meeting of the Society can take action only on items 
notified to the full membership of the Society in the call 
for the meeting. A business meeting can act on items 
recommended to it jointly by the Council and the Board 
of Trustees; a majority of members present and voting is 
required for passage of such an item. A business meeting 
of the Society can place action items on the agenda for a 
future business meeting. Final action on an item proposed 

by a previous business meeting can be taken only provided 
there is a quorum of 400 members, a majority of members 
at a business meeting with a quorum being required for 
passage of such an item.

Section 3. Meetings of the Executive Committee may be 
called by the president. The president shall call a meeting 
at any time upon the written request of two of its members.

Section 4. The Council shall meet at the annual meeting of 
the Society. Special meetings of the Council may be called 
by the president. The president shall call a special meeting 
at any time upon the written request of five of its members. 
No special meeting of the Council shall be held unless writ-
ten notice of it shall have been sent to all members of the 
Council at least ten days before the day set for the meeting.

Section 5. The Board of Trustees shall hold at least one 
meeting in each calendar year. Meetings of the Board of 
Trustees may be called by the president, the treasurer, or 
the secretary of the Society upon three days' notice of such 
meetings sent to each trustee. The secretary of the Society 
shall call a meeting upon the receipt of a written request of 
two of the trustees. Meetings may also be held by common 
consent of all the trustees.

Section 6. Papers intended for presentation at any meet-
ing of the Society shall be passed upon in advance by a 
program committee appointed by or under the authority 
of the Council, and only such papers shall be presented 
as shall have been approved by such committee. Papers 
in form unsuitable for publication, if accepted for presen-
tation, shall be referred to on the program as preliminary 
communications or reports.

Article XI
Publications
Section 1. The Society shall publish an official organ called 
the Bulletin of the American Mathematical Society. It shall 
publish four journals, known as the Journal of the American 
Mathematical Society, the Transactions of the American Mathe-
matical Society, the Proceedings of the American Mathematical 
Society, and Mathematics of Computation. It shall publish 
a series of mathematical papers known as the Memoirs of 
the American Mathematical Society. The object of the Jour-
nal, Transactions, Proceedings, Memoirs, and Mathematics of 
Computation is to make known important mathematical 
researches. It shall publish a periodical called Mathematical 
Reviews, containing abstracts or reviews of current mathe-
matical literature. It shall publish a series of volumes called 
Colloquium Publications which shall embody in book form 
new mathematical developments. It shall publish a series 
of monographs called Mathematical Surveys and Monographs 
which shall furnish expositions of the principal methods 
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Article XIII

Amendments
These bylaws may be amended or suspended on recom-
mendation of the Council and with the approval of the 
membership of the Society, the approval consisting of an 
affirmative vote by two-thirds of the members present at a 
business meeting or of two-thirds of the members voting in 
a mail ballot in which at least ten percent of the members 
vote, whichever alternative shall have been designated by 
the Council, and provided notice of the proposed action 
and of its general nature shall have been given in the call 
for the meeting or accompanies the ballot in full.

These Bylaws were last amended in November 2019 (after 
approval by the membership in the fall 2019 election).

and results of particular fields of mathematical research. 
It shall publish a news periodical known as the Notices of 
the American Mathematical Society, containing programs of 
meetings, items of news of particular interest to mathema-
ticians, and such other materials as the Council may direct.

Section 2. The editorial management of the publications of 
the Society listed in Section 1 of this article, with the excep-
tion of the Notices, shall be in the charge of the respective 
editorial committees as provided in Article III, Section 1. 
The editorial management of the Notices shall be in the 
hands of a committee chosen in a manner established by 
the Council.

Article XII
Indemnification
Any person who at any time serves or has served as a trustee 
or officer of the Society, or as a member of the Council, 
or, at the request of the Society, as a director or officer of 
another corporation, whether for profit or not for profit, 
shall be indemnified by the Society and be reimbursed 
against and for expenses actually and necessarily incurred 
in connection with the defense or reasonable settlement of 
any action, suit, legal or administrative proceeding, whether 
civil, criminal, administrative or investigative, threatened, 
pending or completed, to which that person is made a party 
by reason of being or having been such trustee, officer or 
director or Council member, except in relation to matters 
as to which the person shall be adjudged in such action, 
suit, or proceeding to be liable for negligence or miscon-
duct in the performance of official duties. Such right of 
indemnification and reimbursement shall also extend to 
the personal representatives of any such person and shall 
be in addition to and not in substitution for any other 
rights to which such person or personal representatives 
may now or hereafter be entitled by virtue of the provisions 
of applicable law or of any other agreement or vote of the 
Board of Trustees, or otherwise.
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The Council recommends several changes to the Bylaws of 
the Society. These have been reviewed by legal counsel for 
compliance with the requirements of our nonprofit status.

Recommendation 1:  
Officers and Trustees

Articles I and II of the Bylaws concern Officers and Trustees 
of the Society, and the Council recommends a technical 
update.

A consultation with legal counsel about our compliance 
with requirements for nonprofit status produced a recom-
mendation to the AMS as follows: To avoid any ambiguity 
about the Council's authority to establish qualifications 
for AMS Officers, we recommend amending the bylaws 
to explicitly delegate this authority to the Council. The 
Council of the AMS accepted this recommendation and 
now recommends to the members of the AMS to amend 
these articles as follows.

Article I (Current)
Officers
Section 1. There shall be a president, a president elect 
(during the even-numbered years only), an immediate past 
president (during the odd-numbered years only), three vice 
presidents, a secretary, four associate secretaries, a treasurer, 
and an associate treasurer.

Article I (Proposed)
Officers
Section 1. There shall be a president, a president elect 
(during the even-numbered years only), an immediate past 
president (during the odd-numbered years only), three vice 
presidents, a secretary, four associate secretaries, a treasurer, 

and an associate treasurer. The Council shall establish and 
maintain policies and procedures governing the qualifications 
for election and service of Officers.

Article II (Current)
Board of Trustees
Section 1. There shall be a Board of Trustees consisting 
of eight trustees, five trustees elected by the Society in ac-
cordance with Article VII, together with the president, the 
treasurer, and the associate treasurer of the Society ex officio. 
The Board of Trustees shall designate its own presiding 
officer and secretary.

Article II (Proposed)
Board of Trustees
Section 1. There shall be a Board of Trustees consisting 
of eight trustees, five trustees elected by the Society in 
accordance with Article VII, together with the president, 
the treasurer, and the associate treasurer of the Society ex 
officio. The Board of Trustees shall designate its own pre-
siding officer and secretary. The Council shall establish and 
maintain policies and procedures governing the qualifications 
for election and service of Trustees.

Recommendation 2: 
Communications Committees

Bylaws Article VII on Election of Officers and Terms of 
Office contains references to the “communications com-
mittee(s).”

These “communications committees” no longer exist. 
Years ago, Article III mandated both Publications and 
Communications Committees, but that is no longer 
so. At the time of the bylaws change that removed the  

Proposed amendments to the Society’s Bylaws must be recommended by the Council and approved by the member-
ship. To gain membership approval, an amendment must have an affirmative vote of two-thirds of those voting in a 
ballot in which at least ten percent of the members vote. The complete Bylaws can be viewed at https://www.ams 
.org/bylaws. The Bylaws are also published in this, the September 2022, issue of the Notices, page 1395.

https://www.ams.org/bylaws
https://www.ams.org/bylaws
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Article VII (Proposed)

Election of Officers and Terms of Office
Section 1. The term of office shall be one year in the case of 
the president elect and the immediate past president; two 
years in the case of the president, the secretary, the associate 
secretaries, the treasurer, and the associate treasurer; three 
years in the case of vice presidents and members at large of 
the Council, one vice president and five members at large 
retiring annually; and five years in the case of the trustees. In 
the case of members of the editorial committees, the term of 
office shall be determined by the Council. The term of office 
for elected members of the Executive Committees shall be 
four years, one of the elected members retiring annually. 
All terms of office shall begin on February 1 and terminate 
on January 31, with the exception that the officials specified 
in Articles I, II, III, IV, and V (excepting the president elect 
and immediate past president) shall continue to serve until 
their successors have been duly elected or appointed and 
qualified.

Section 6. If the president of the Society should die or re-
sign while a president elect is in office, the president elect 
shall serve as president for the remainder of the year and 
thereafter shall serve the regular two-year term. If the presi-
dent of the Society should die or resign when no president 
elect is in office, the Council, with the approval of the Board 
of Trustees, shall designate one of the vice presidents to 
serve as president for the balance of the regular presiden-
tial term. If the president elect of the Society should die or 
resign before becoming president, the office shall remain 
vacant until the next regular election of a president elect, 
and the Society shall, at the next annual meeting, elect a 
president for a two-year term. If the immediate past pres-
ident should die or resign before expiration of the term 
of office, the Council, with the approval of the Board of 
Trustees, shall designate a former president of the Society 
to serve as immediate past president during the remainder 
of the regular term of the immediate past president. Such 
vacancies as may occur at any time in the group consisting 
of the vice presidents, the secretary, the associate secretaries, 
the treasurer, and the associate treasurer shall be filled by 
the Council with the approval of the Board of Trustees. If 
a member of an editorial committee should take temporary 
leave from duties, the Council shall then appoint a substitute.  
The Council shall fill from its own membership any vacancy 
in the elected membership of the Executive Committee.

communications committees, the need to remove those 
references in Article III was overlooked. The Council recom-
mends to remove these spurious references in Article VII.

Article VII (Current)

Election of Officers and Terms of Office
Section 1. The term of office shall be one year in the case of 
the president elect and the immediate past president; two 
years in the case of the president, the secretary, the associate 
secretaries, the treasurer, and the associate treasurer; three 
years in the case of vice presidents and members at large of 
the Council, one vice president and five members at large 
retiring annually; and five years in the case of the trustees. 
In the case of members of the editorial committees and 
appointed members of the communications committees, 
the term of office shall be determined by the Council. 
The term of office for elected members of the Executive 
Committee shall be four years, one of the elected members 
retiring annually. All terms of office shall begin on February 
1 and terminate on January 31, with the exception that the 
officials specified in Articles I, II, III, IV, and V (excepting 
the president elect and immediate past president) shall 
continue to serve until their successors have been duly 
elected or appointed and qualified.

Section 6. If the president of the Society should die or re-
sign while a president elect is in office, the president elect 
shall serve as president for the remainder of the year and 
thereafter shall serve the regular two-year term. If the presi-
dent of the Society should die or resign when no president 
elect is in office, the Council, with the approval of the Board 
of Trustees, shall designate one of the vice presidents to 
serve as president for the balance of the regular presiden-
tial term. If the president elect of the Society should die or 
resign before becoming president, the office shall remain 
vacant until the next regular election of a president elect, 
and the Society shall, at the next annual meeting, elect a 
president for a two-year term. If the immediate past pres-
ident should die or resign before expiration of the term 
of office, the Council, with the approval of the Board of 
Trustees, shall designate a former president of the Society 
to serve as immediate past president during the remainder 
of the regular term of the immediate past president. Such 
vacancies as may occur at any time in the group consisting 
of the vice presidents, the secretary, the associate secretaries, 
the treasurer, and the associate treasurer shall be filled by 
the Council with the approval of the Board of Trustees. If 
a member of an editorial or communications committee 
should take temporary leave from duties, the Council shall 
then appoint a substitute. The Council shall fill from its 
own membership any vacancy in the elected membership 
of the Executive Committee.
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the Society specified in Article I, the chair of each of the 
editorial committees specified in Article III, any former 
secretary for a period of two years following the terms of 
office, and members of the Executive Committee (Article 
V) who remain on the Council by the operation of Article 
VII, Section 4.

The chair of any committee designated as a Council 
member may name a deputy from the committee as sub-
stitute.

Article IV (Proposed)
Council
Section 1. The Council shall consist of fifteen members 
at large and the following ex officio members: the officers 
of the Society specified in Article I, one representative from 
each of the editorial committees specified in Article III, any 
former secretary for a period of two years following the 
terms of office, and members of the Executive Committee 
(Article V) who remain on the Council by the operation of 
Article VII, Section 4.

Article XI (Current)
Publications
Section 1. The Society shall publish an official organ called 
the Bulletin of the American Mathematical Society. It shall 
publish four journals, known as the Journal of the American 
Mathematical Society, the Transactions of the American Mathe-
matical Society, the Proceedings of the American Mathematical 
Society, and Mathematics of Computation. It shall publish 
a series of mathematical papers known as the Memoirs of 
the American Mathematical Society. The object of the Jour-
nal, Transactions, Proceedings, Memoirs, and Mathematics of 
Computation is to make known important mathematical 
researches. It shall publish a periodical called Mathematical 
Reviews, containing abstracts or reviews of current mathe-
matical literature. It shall publish a series of volumes called 
Colloquium Publications which shall embody in book form 
new mathematical developments. It shall publish a series 
of monographs called Mathematical Surveys and Monographs 
which shall furnish expositions of the principal methods 
and results of particular fields of mathematical research. 
It shall publish a news periodical known as the Notices of 
the American Mathematical Society, containing programs of 
meetings, items of news of particular interest to mathema-
ticians, and such other materials as the Council may direct.

Article XI (Proposed)
Publications
Section 1. The Society shall publish two member journals as 
follows. It shall publish an official organ called the Bulletin 
of the American Mathematical Society. It shall publish 
a news periodical known as the Notices of the American 
Mathematical Society, containing programs of meetings, 

Recommendation 3:  
Member Journals, Primary Journals, 
and Communications of the American 
Mathematical Society

The Council recommends changes to Articles III, IV, and 
XI of the AMS bylaws that will (1) add Communications of 
the AMS to the list of primary journals, (2) clarify that re-
gardless of the possibility of co-editors in chief, there will 
be one Council representative for each primary journal, 
and (3) define “member journal” and “primary journal.”

Communications of the American Mathematical Society 
(CAMS) is a diamond open access journal launched in 
2021 as a primary journal of the AMS and designed to pro-
vide a home for the very best research and review articles 
across all areas of mathematics. The AMS bylaws stipulate 
that “the chair of” each editorial committee of a primary 
journal be a member of the Council, and these journals are 
spelled out in the bylaws. Therefore, the bylaws must now 
be updated accordingly. In addition, the recommended 
revisions to Article III include the alphabetization of the 
journals mentioned in it, and the changes in Article XI 
include alphabetization of lists within sentences, grouping 
and introducing/defining as such the primary journals, and 
moving Notices from the end to the beginning to introduce/
define them and Bulletin as member journals.

The recommended changes occur in the following 
places:

Article III (Current)
Committees
Section 1. There shall be eight editorial committees as 
follows: committees for the Bulletin, for the Proceedings, 
for the Colloquium Publications, for the Journal, for Mathe-
matical Surveys and Monographs, for Mathematical Reviews; a 
joint committee for the Transactions and the Memoirs; and 
a committee for Mathematics of Computation.

Article III (Proposed)
Publication Committees
Section 1. There shall be nine editorial committees as 
follows: committees for the Bulletin, for the Colloquium 
Publications, for Communications, for the Journal, for 
Mathematical Reviews, for Mathematical Surveys and 
Monographs, for Mathematics of Computation, for the 
Proceedings, and a joint committee for the Transactions 
and the Memoirs.

Article IV (Current)
Council
Section 1. The Council shall consist of fifteen members at 
large and the following ex officio members: the officers of 
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Council (at a meeting or by mail), except in the case of 
members of other societies entering under special action 
of the Council approved by the Board of Trustees.

Section 4. An ordinary member may become a contributing 
member by paying the dues for such membership. (See 
Article IX, Section 3.)

Section 5. A university or college, or a firm, corporation, or 
association interested in the support of mathematics may 
be elected a corporate or an institutional member.

Article VIII (Proposed)
Members and Their Election
Section 1. The membership of the society shall consist of indi-
viduals or organizations elected to membership in a manner 
decided by the Council. The Council may establish different 
classes and categories of membership with various privileges 
and responsibilities, provided that differences between or 
among categories of membership with respect to members’ 
right to vote under Article VII may be established only by an 
amendment of these bylaws.
[end of article]

Article IX (Current)
Dues and Privileges of Members
Section 1. Any applicant shall be admitted to ordinary 
membership immediately upon election by the Council 
(Article VIII) and the discharge within sixty days of election 
of the first annual dues. Dues may be discharged by pay-
ment or by remission when the provision of Section 7 of 
this Article is applicable. The first annual dues shall apply to 
the year of election, except that any applicant elected after 
August 15 of any year may elect to have the first annual 
dues apply to the following year.

Section 2. The annual dues of an ordinary member of 
the Society shall be established by the Council with the 
approval of the Trustees. The Council, with the approval 
of the Trustees, may establish special rates in exceptional 
cases and for members of an organization with which the 
Society has a reciprocity agreement.

Section 3. The minimum dues for a contributing member 
shall be three-halves of the dues of an ordinary member 
per year. Members may, upon their own initiative, pay 
larger dues.

Section 4. The minimum dues of an institutional member 
shall depend on the scholarly activity of that member. The 
formula for computing these dues shall be established from 
time to time by the Council, subject to approval by the 
Board of Trustees. Institutions may pay larger dues than 
the computed minimum.

items of news of particular interest to mathematicians, and 
such other materials as the Council may direct. The Society 
shall publish five journals, known as Communications of 
the American Mathematical Society, the Journal of the 
American Mathematical Society, Mathematics of Com-
putation, the Proceedings of the American Mathematical 
Society, and the Transactions of the American Mathemat-
ical Society. It shall publish a series of mathematical papers 
known as the Memoirs of the American Mathematical So-
ciety. The object of the primary journals of the Society, which 
are the Communications, the Journal, Mathematics of 
Computation, Memoirs, Proceedings, and Transactions, 
is to make known important mathematical researches. The 
Society shall publish a series of volumes called Colloquium 
Publications, which shall embody in book form new mathe-
matical developments. It shall publish a series of monographs 
called Mathematical Surveys and Monographs, which shall 
furnish expositions of the principal methods and results of 
particular fields of mathematical research. The Society shall 
publish a periodical called Mathematical Reviews, contain-
ing abstracts or reviews of current mathematical literature.

Recommendation 4: Membership

The Council recognizes that the bylaws sections governing 
membership (VIII and IX) do not serve the Society well.

The Council of the AMS recommends that these two 
articles of the bylaws be replaced in their entirety by much 
simplified ones. The restrictive detail of these articles is out 
of line with good practices and with the bylaws of similar 
professional societies. It reflects dated processes and defines 
specific membership classes and dues categories. These 
should be matters of policy decided by Society governance 
rather than being spelled out in the bylaws. The recom-
mended text of these bylaws articles will provide flexibility 
for leadership and staff to make policy and operational 
decisions, including the adoption of good practices in a 
timely and effective manner. The details spelled out in the 
current bylaws text remain in force through this change, but 
with this update, they become Council policy.

Article VIII (Current)
Members and Their Election
Section 1. Election of members shall be by vote of the 
Council or of its Executive Committee.

Section 2. There shall be four classes of members, namely, 
ordinary, contributing, corporate, and institutional.

Section 3. Application for admission to ordinary member-
ship shall be made by the applicant on a blank provided 
by the secretary. Such applications shall not be acted upon 
until at least thirty days after their presentation to the 
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Article IX (Proposed)
Dues and Privileges of Membership
Section 1. The Council shall establish and maintain policies 
and procedures governing election to the various classes and 
dues categories of membership, the privileges associated with 
the classes and dues categories of membership, and the re-
quirements for maintenance of each category of membership, 
including policies and procedures governing termination or 
resignation of membership. Such requirements may include 
the payment of dues. Notwithstanding the authority granted 
to the Council in this Section, any differences between or 
among categories of membership with respect to members’ 
right to vote under Article VII may be established only by an 
amendment of these bylaws.

Section 2. The Council may terminate the membership of 
an individual or organization for failure to meet the re-
quirements of membership in Section 1, or for other reasons 
according to policies established by the Council.

Section 3. An eligible member may become a life member by 
making a one-time payment of dues. The criteria for eligibility 
and the amount of dues shall be established by the Council, 
subject to approval by the Board of Trustees. A life member 
is subsequently relieved of the obligation of paying dues. The 
status and privileges are those of ordinary members. 
[end of article]

Section 5. The privileges of an institutional member shall 
depend on its dues in a manner to be determined by the 
Council, subject to approval by the Board of Trustees. These 
privileges shall be in terms of Society publications to be 
received by the institution and of the number of persons 
it may nominate for ordinary membership in the Society.

Section 6. Dues and privileges of corporate members of 
the Society shall be established by the Council subject to 
approval by the Board of Trustees.

Section 7. The dues of an ordinary member of the Society 
shall be remitted for any years during which that member 
is the nominee of an institutional member.

Section 8. After retirement from active service on account 
of age or on account of long-term disability, any ordinary 
or contributing member who is not in arrears of dues and 
with membership extending over at least twenty years may, 
by giving proper notification to the secretary, have dues 
remitted. Such a member shall receive the Notices and 
may request to receive Bulletin as privileges of membership 
during each year until membership ends.

Section 9. An ordinary or contributing member shall re-
ceive the Notices and Bulletin as privileges of membership 
during each year for which dues have been discharged.

Section 10. The annual dues of ordinary, contributing, and 
corporate members shall be due by January 1 of the year to 
which they apply. The Society shall submit bills for dues. 
If the annual dues of any member remain undischarged 
beyond what the Board of Trustees deems to be a reason-
able time, the name of that member shall be removed from 
the list of members after due notice. A member wishing to 
discontinue membership at any time shall submit a resig-
nation in writing to the Society.

Section 11. An eligible member may become a life member 
by making a one-time payment of dues. The criteria for 
eligibility and the amount of dues shall be established by 
the Council, subject to approval by the Board of Trustees. 
A life member is subsequently relieved of the obligation of 
paying dues. The status and privileges are those of ordinary 
members.

An eligible member of the Society by reciprocity who 
asserts the intention of continuing to be a member by 
reciprocity may purchase a life membership by a one-time 
payment of dues. The criteria for eligibility and the amount 
of dues shall be established by the Council, subject to ap-
proval by the Board of Trustees.
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Vice President
Ami Radunskaya
Professor of Mathematics, Pomona 
College, Claremont Colleges

PhD: Stanford, 1992
AMS Offices and Committees: 

Committee on Equity, Diversity, and 
Inclusion, 2020–2024; Selection 
Committee, Claytor-Gilmer Fellow-
ship, 2021–2023. 

Selected publications or other 
forms of scholarship: 1. with L. G. de Pillis and C. L. 
Wiseman, A validated mathematical model of cell-me-
diated immune response to tumor growth, Cancer Res. 
65 (2005), no. 17, 7950–7958; 2. with R. Radner and A. 
Sundararajan, Dynamic pricing of network goods with 
boundedly rational consumers, Proc. Natl. Acad. Sci. USA 
111 (2014), no. 1, 99–104. MR3174848; 3. with P. Hinow, 
Ergodicity and loss of capacity for a random family of con-
cave maps, Discrete Contin. Dyn. Syst. Ser. B 21 (2016), no. 
7, 2193–2210. MR3543629; 4. with H. Cho, K. Ayers, L. de 
Pillis, Y.-H. Kuo, J. Park, and R. C. Rockne, Modelling acute 
myeloid leukaemia in a continuum of differentiation states, 
Lett. Biomath. 5 (2018), suppl. 1, S69–S98. MR3824195; 
5. with S. Moore, E. Zollinger, K. A. Grant, S. Gonzales, 
N. A. R. Walter, and E. J. Baker, Pairing food and drink: A  
physiological model of blood ethanol levels for a variety 

of drinking behaviors, Math. Biosci. 345 (2022), 108778. 
MR4379927.

Selected addresses or public presentations: “Mathe-
matical Challenges in the Treatment of Cancer,” MAA-AWM 
Etta A. Falconer Lecture, MAA MathFest, Pittsburgh, PA, 
2010; “Uncertainty: the Mathematics of What We Don’t 
Know,” Invited Address, MAA MathFest, Pittsburgh, PA, 
August 2019; World premiere of “Nefarious Networks,” a 
string quartet based on dynamic networks, composer and 
performer (cello), with colleagues David Kung and Kim 
Ayers (violin) and Ezra Buchla (viola), The AMS Social at 
JMM 2020: Mathematicians in the Performing Arts, Denver, 
CO, January 2020; Invited Lecture: “From One to Infinity: 
Listening to Mathematics,” Lecture for Students, Mathemat-
ical Association of America, Joint Math Meetings, Denver, 
CO, January 2020; “Mathematics: a Bridge from Bench to 
Bedside,” Plenary Talk, ANZIAM, Hunter Valley, Australia, 
February 2020.

Synergistic activities: SIAM (Society for Industrial 
and Applied Mathematics): Membership Committee, 
2011–2014; Diversity Advisory Committee, 2013–2021; 
Ethics Committee, 2020–2023. Association for Women in 
Mathematics: Executive Committee, 2011–2014; President, 
2017–2019; Co-Editor in Chief of La Matematica, a journal 
of the Association for Women in Mathematics. President, 
EDGE (Enhancing Diversity in Graduate Education) Foun-
dation, 2013–present.
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Additional experience/qualifications you bring to the 
position: Fellow of the AMS, 2017; AAAS Mentor of the Year 
Award, 2017; Intercollegiate Biomathematics Alliance - Dis-
tinguished Senior Fellow, 2020; Fellow of the AWM, 2021.

Candidate Statement: The AMS is 134 years old, and 
it has certainly grown and adapted to a changing world 
through the last century. To fulfill its goal of advancing 
research and connecting the diverse global mathematical 
community, the AMS must continue to self-reflect and 
respond to the needs of all mathematicians. While it may 
appear that there is “nothing so stable as change,” it is not 
inevitable. Change only comes about through persistent 
struggle from below and from above, and I see the AMS 
engaging in this struggle now. I hope to support all math-
ematicians by stepping up to the role of Vice President 
of the AMS and taking an active part in the struggle for 
positive change. In my roles as President of the AWM and 
Co-director of EDGE, I have some familiarity with the 
difficult dialogues ahead of us. I believe that, as a Society, 
we can lift up mathematics research by celebrating our 
accomplishments, by encouraging new talent, by foster-
ing trans-disciplinary collaborations, and by including all 
voices in our discussions.

Vice President
Bianca Viray
Professor, University of Washington

PhD: University of California, 
Berkeley, 2010

AMS Offices and Committees: 
AMS-Simons Travel Grants Commit-
tee, 2018–2020; Member at Large, 
Council, 2020–2023; Committee 
on Publications, 2020–2023; Com-
mittee on Committees, 2021–2022; 

Executive Committee, 2022–2026.
Selected publications or other forms of scholarship: 

1. with K. Lauter, An arithmetic intersection formula for 
denominators of Igusa class polynomials, Amer. J. Math. 
137 (2015), no. 2, 497–533. MR3337802; 2. with F. Bal-
estrieri, J. Berg, M. Manes, and J. Park, Insufficiency of the 
Brauer-Manin obstruction for rational points on Enriques 
surfaces, Directions in number theory, 1–31, Assoc. Women 
Math. Ser., 3, Springer, Cham, 2016. MR3596575; 3. with 
A. Várilly-Alvarado, Abelian n-division fields of elliptic 
curves and Brauer groups of product Kummer & abelian 
surfaces, Forum Math. Sigma 5 (2017), Paper No. e26, 
42 pp. MR3731278; 4. with B. Creutz, Degree and the 
Brauer-Manin obstruction. With an appendix by A. N. 
Skorobogatov, Algebra Number Theory 12 (2018), no. 10, 
2445–2470. MR3911136; 5. with A. Bourdon, Ö. Ejder, Y. 
Liu, and F. Odumodu, On the level of modular curves that 
give rise to isolated j-invariants, Adv. Math. 357 (2019), 
106824, 33 pp. MR4016915.

Selected addresses or public presentations: Plenary 
Speaker, Twelfth Algorithmic Number Theory Symposium, 
Kaiserslautern, Germany, 2016; Plenary Speaker, SIAM con-
ference on Applied Algebraic Geometry, Atlanta, GA, 2017; 
Plenary Speaker, Arithmetic, Geometry, Cryptography, and 
Coding Theory, Marseille, France, 2019; Invited Speaker, 
Heilbronn Annual Conference, 2019; Lecturer, Graduate 
Summer School, Park City Mathematics Institute, 2022.

Synergistic activities: Member, Noetherian Ring, UC 
Berkeley, 2006–2010; Co-founder, Unbounded Representa-
tion, UC Berkeley, 2008–2010; Mentor, Girls’ Angle: a math 
club for girls, 2010–2011; Member, Rose Whelan Society, 
Brown University, 2010–2014; Project leader at Women in 
Numbers 2, 3, and 4, 2011, 2014, 2017; Board of Directors, 
Girls’ Angle: a math club for girls, 2012–present; Chair, 
Western Algebraic Geometry Symposium Diversity Com-
mittee, 2015–2021; Member, Women in Numbers Steering 
Committee, 2015–present; Co-organizer of Women in 
Numbers 4, 2017; Co-organizer of Communicating Math-
ematics Effectively, 2018; Participant, Consortium for the 
Advancement of Undergraduate STEM Education, 2018–
2020; Chair, UW Math Diversity Committee, 2019–2021; 
Project leader at Women in Algebraic Geometry, 2020; 
Co-organizer of Tea-time with a number theorist, 2020; 
Co-organizer of paraDIGMS: Diversity in Graduate Math-
ematical Sciences programming, 2020–present; BAMM! 
Mentor, 2020–present; Chair, MSRI Summer Research in 
Mathematics, Selection Committee, 2021–2023; Co-orga-
nizer of Roots of Unity workshop, aimed at women of color 
who have completed 1–3 years of graduate study, 2022.

Additional experience/qualifications you bring to 
the position: Ford Foundation Dissertation Fellowship, 
2009; NSF Postdoctoral Fellowship, 2010–2014; Board of 
Directors, Girls’ Angle, 2012–present; Western Algebraic 
Geometry Symposium (WAGS) Council and Diversity 
Committee, 2015–2021; Women in Numbers (WIN) 
Steering Committee, 2015–present; NSF CAREER Award, 
2016; Visiting Erskine Fellow, University of Canterbury, 
2017; Editor, Research in Number Theory, 2018–present; Se-
ries editor, Algorithms and Computation in Mathematics, 
2018–present; Simons Fellow, 2021; AMS Fellow, 2021; 
AWM Fellow, 2022.

Candidate Statement: I am honored to stand for 
election as Vice President of the AMS. If elected, I plan to 
advocate for policies and programs that help the AMS live 
up to its mission statement, particularly encouraging and 
facilitating full participation of all individuals. In doing 
so, I will draw on my experiences serving as a co-organizer 
or committee member of several programs including: the 
Women in Numbers Steering Committee, the Roots of 
Unity workshop, the paraDIGMS: Diversity in Graduate 
Mathematical Sciences initiative, and the AMS Council (as 
a Member at Large).
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Board of Trustees

Henry Cohn
Senior Principal Researcher and Ad-
junct Professor of Mathematics, Mi-
crosoft Research New England and 
MIT

PhD: Harvard University, 2000
AMS Offices and Committees: 

Journal of the AMS, Associate Editor, 
2012–2016; Robbins Prize Commit-
tee, 2012; Fellows Selection Com-

mittee, 2015–2017; AMS Council, 2016–2021; Committee 
on Publications, 2016–2018; Committee on Committees, 
2017–2020; Executive Committee, 2018–2021; Long Range 
Planning Committee, 2019–2020; Committee on Equity, 
Diversity, and Inclusion, 2020–2021; Doubly Anonymous 
Refereeing Committee, 2021; Conant Prize Committee, 
2022–2024; Liaison Committee with the American Asso-
ciation for the Advancement of Science, 2022–2024.

Selected publications or other forms of scholarship: 
1. with J. Blasiak, T. Church, J. A. Grochow, E. Naslund, W. 
F. Sawin, and C. Umans, On cap sets and the group-the-
oretic approach to matrix multiplication, Discrete Anal. 
(2017), Paper No. 3, 27 pp. MR3631613; 2. with A. 
Kumar, S. D. Miller, D. Radchenko, and M. Viazovska, The 
sphere packing problem in dimension 24, Ann. of Math. 
(2) 185 (2017), no. 3, 1017–1033. MR3664817; 3. with 
F. Gonçalves, An optimal uncertainty principle in twelve 
dimensions via modular forms, Invent. Math. 217 (2019), 
no. 3, 799–831. MR3989254; 4. with C. Borgs, J. T. Chayes, 
and S. Ganguly, Consistent nonparametric estimation for 
heavy-tailed sparse graphs, Ann. Statist. 49 (2021), no. 4, 
1904–1930. MR4319235; 5. with N. Afkhami-Jeddi, T. 
Hartman, and A. Tajdini, Free partition functions and an 
averaged holographic duality, J. High Energy Phys. (2021), 
no. 1, Paper No. 130, 42 pp. MR4257711.

Selected addresses or public presentations: Lecture in 
Combinatorics Section, International Congress of Math-
ematicians, August 2010; AMS Arnold Ross Lecture, Salt 
Lake City, November 2014; Math Encounters talk, National 
Museum of Mathematics, September 2018; Conant Lecture, 
Worcester Polytechnic Institute, November 2018; Invited 
Address, joint AMS/VMS meeting, Quy Nhon, Vietnam, 
June 2019.

Synergistic activities: OurCS Conference for Under-
graduate Women in Computer Science, research project 
mentor, October 2007, March 2011, and October 2013; 
PROMYS Foundation, Trustee, 2011–present; Advisory 
Council for National Museum of Mathematics, 2011–pres-
ent; Advisory Board for Building Computational Thinkers 
project, Boston Museum of Science, 2013–2016; Program 
in Mathematics for Young Scientists (PROMYS), teaching 

a daily class to high school students for six weeks each 
summer, 2015–present.

Additional experience/qualifications you bring to 
the position: My combination of academic and industrial 
experience gives me a perspective I hope would be useful 
for the Board of Trustees.

Candidate Statement: I am grateful to be a candidate 
for the Board of Trustees. If elected, I will do my best to 
ensure that the business affairs of the AMS are conducted 
efficiently and transparently on behalf of the members, and 
that the Society remains on a solid financial footing. It’s 
important for the health of the mathematical community 
that the AMS both continue its important work in support-
ing fundamental research in mathematics and broaden the 
scope of its activities to include those who have been over-
looked or excluded in the past. These goals reinforce each 
other, and neither could be achieved in isolation. Making 
progress requires thoughtful decisions by the Board of 
Trustees, and I would be honored to assist in this process.

Board of Trustees
Judy L. Walker
Aaron Douglas Professor of Mathe-
matics and Associate Vice Chancellor 
for Faculty and Academic Affairs, 
University of Nebraska-Lincoln

PhD: University of Illinois at Ur-
bana-Champaign, 1996

AMS Offices and Committees: 
Arnold Ross Lecture Series Commit-
tee, 2001–2004; ICM06 Travel Grant 

Selection Committee, 2005; Committee on the Morgan 
Prize for Outstanding Research in Mathematics by an 
Undergraduate Student, 2005–2008; Science Policy Com-
mittee, 2006–2009, 2020–2021; Centennial Fellowship 
Committee, 2010–2012; Programs that Make a Difference 
Committee, 2013–2016; Department Chairs Workshop Co-
Leader, 2014–2016; Committee on Women in Mathematics, 
2014–2016; Committee on the Profession, 2018–2019; 
Board of Trustees, 2018–2023; Committee on Meetings 
and Conferences, 2019–2020; Committee on Publications, 
2021–2022; Committee on Education, 2022–2023; Com-
mittee on Equity, Diversity, and Inclusion, 2022–2023.

Selected publications or other forms of scholarship: 
1. Algebraic geometric codes over rings, J. Pure Appl. Algebra 
144 (1999), no. 1, 91–110. MR1723194; 2. with J. Voloch, 
Euclidean weights of codes from elliptic curves over rings, 
Trans. Amer. Math. Soc. 352 (2000), no. 11, 5063–5076. 
MR1778505; 3. with R. Koetter, W.-C. Li, and P. Vontobel, 
Characterizations of pseudo-codewords of (low-density) 
parity-check codes, Adv. Math. 213 (2007), no. 1, 205–229. 
MR2331243; 4. with C. Curto, V. Itskov, K. Morrison, and 
Z. Roth, Combinatorial neural codes from a mathematical 
coding theory perspective, Neural. Comput. 25 (2013), no. 
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Council Member at Large

Christine Berkesch
Associate Professor, School of Math-
ematics, University of Minnesota 
Twin Cities

PhD: Purdue University, 2010
Selected publications or other 

forms of scholarship: 1. The rank 
of a hypergeometric system, Compos. 
Math. 147 (2011), no. 1, 284–318. 
MR2771133; 2. with D. Erman, M. 

Kummini, and S. V. Sam, Tensor complexes: multilinear free 
resolutions constructed from higher tensors, J. Eur. Math. 
Soc. (JEMS) 15 (2013), no. 6, 2257–2295. MR3120743; 
3. with S. Griffeth and S. V. Sam, Jack polynomials as 
fractional quantum Hall states and the Betti numbers of 
the (k+1)-equals ideal, Comm. Math. Phys. 330 (2014), no. 
1, 415–434. MR3215587; 4. with L. F. Matusevich and U. 
Walther, Torus equivariant D-modules and hypergeometric 
systems, Adv. Math. 350 (2019), 1226–1266. MR3949610; 
5. with D. Erman and G. G. Smith, Virtual resolutions for 
a product of projective spaces, Algebr. Geom. 7 (2020), no. 
4, 460–481. MR4156411.

Selected addresses or public presentations: Invited 
Speaker, MSRI, Combinatorial Commutative Algebra and 
Applications, Berkeley, CA, 2012; Invited Speaker, Confer-
ence on Special Functions and Special Numbers for Frits 
Beukers, Utrecht, Netherlands, 2013; Invited Speaker, Fields 
Institute, Workshop on Convexity in Algebraic Geometry, 
Toronto, Ontario, 2016; Plenary Address, AWM Research 
Symposium, Minneapolis, Minnesota, 2022; Invited 
Address, AMS Central Sectional Meeting, (virtual) West 
Lafayette, Indiana, 2022.

Synergistic activities: NSF IRFP Postdoctoral Fellow, 
2010–2011; Co-founder and organizer of Math Mentoring 
for women at Duke University, 2012–2013; Top 5% Teacher 
at Duke, 2013; NSF research grants, 2013–2017, 2017–2020, 
2020–2023; Interview for Girls’ Angle Bulletin, 2014; Math-
Alliance Field of Dreams Conference panelist, 2017, 2018; 
University of Minnesota Taylor Career Development Award, 
2019; University of Minnesota School of Mathematics 
Hiring Task Force, designing hiring practices based on best 
practices for equity and inclusion, 2020–2021; Co-founder 
and organizer for the Roots of Unity workshop to support 
women of color in the transition to graduate research, 
2020–present; Enhancing Diversity in Graduate Education 
(EDGE) Summer Program local coordinator, 2021.

Candidate Statement: I am honored to be nominated to 
serve on the AMS Council. The AMS plays crucial roles in 

7, 1891–1925. MR3087681; 5. with E. Howe and K. Lauter 
(eds.), Algebraic Geometry for Cryptography and Coding Theory, 
Springer, 2018.

Selected addresses or public presentations: Under-
graduate Program Lectures, IAS/PCMI Mentoring Program, 
Princeton, NJ, 1999; Plenary Lecture, Fall Central Sectional 
Meeting, Lincoln, NE, 2005; AMS-MAA Invited Address, 
MathFest, Hartford, CT, 2013; Plenary Lecture, SIAM Con-
ference on Applied Algebraic Geometry, Daejeon, South 
Korea, 2015; MAA Distinguished Lecture, Washington, 
DC, 2015.

Synergistic activities: MAA George Pólya Lecturer, 
2009–2011; Louise Hay Award (AWM), 2016; Co-founder, 
All Girls/All Math Program; Co-founder, Nebraska Confer-
ence for Undergraduate Women in Mathematics; University 
of Nebraska-Lincoln IChange Team Lead for APLU Aspire 
project, which seeks to diversify STEM faculty nationally.

Additional experience/qualifications you bring to 
the position: AMS member since 1990; member of AWM, 
MAA; MAA Project NExT Fellow, 1996–1997; Deborah 
and Franklin Tepper Haimo Award (MAA), 2006; AMS 
Fellow, 2012–present; Chair, MSRI Committee of Academic 
Sponsors, 2014–2020; Member, MSRI Board of Trustees, 
2014–2020; AWM Fellow, 2019–present; AAAS Fellow, 
2022–present; Organizer of 13 research conferences, in-
cluding workshops at Dagstuhl and IPAM, and seven AMS 
Special Sessions; eight PhD students; numerous AWM and 
MAA committees.

Candidate Statement: Since becoming an AMS member 
in 1990 as a first-year graduate student, I have developed 
tremendous respect for the role the Society plays in the 
mathematics profession. I have been honored to see the 
inner workings of the Society, as a Member at Large of the 
Council, as a member of various AMS committees—includ-
ing each of the six policy committees—and, currently, as a 
Member of the Board of Trustees. Today’s political climate 
brings uncertainty at all levels: to individuals, to academic 
institutions, and to professional societies. The role that the 
AMS plays in supporting and advocating for mathematics 
and mathematicians is more important now than ever be-
fore. We must expand the constituency served by the AMS, 
by broadening participation in the mathematics profession, 
ensuring inclusion in programs and services offered by the 
AMS, and increasing the membership of the AMS, especially 
among those new to the profession and among members 
of groups traditionally underrepresented in mathematics. 
I look forward to providing continuity of leadership as the 
Board of Trustees works to secure the long-term financial 
health of our Society and so that the AMS can fulfill its 
mission of providing essential support to mathematicians 
and mathematics.
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Additional experience/qualifications you bring to the 
position: Recipient of NSF grants in 2011 (Postdoc), 2016 
(CAREER), 2018 (FRG), 2021 (RTG); Program coordinator 
for PRIMES-USA, 2013; Co-organizer of graduate sum-
mer school WARTHOG, 2015–present; Sloan Fellowship, 
2016–2018; New Horizons Prize, 2017; von Neumann 
Fellowship at IAS, 2020–2021.

Candidate Statement: The mathematical community 
has been tremendously generous to me. I’m thankful for 
this opportunity to serve in return, and ensure it is equally 
welcoming and supportive of others. My top priorities 
include diversity and equity in our profession, and rein-
forcing critical thinking in the public (the decline of which 
is hampering progress on climate change and other social 
goals). My lesser priorities are more idiosyncratic. I feel we 
have been slow to adapt to the modern internet; among 
other issues, the surge in students cheating on homework 
(even before the pandemic) is alarming, and we need to 
work together to shift the culture into a healthier place. I 
want to see more creativity in math publishing formats, to 
reward more efficient ways of sharing information.

I have no solutions to these problems. But I like to 
listen and learn, to experiment with new ideas and iterate 
on existing ones. I have suggestions (e.g., non-traditional 
voting when hiring) based on anecdotal evidence, but I’d 
rather hear your suggestions and experiences. The status 
quo needs adjustment, and I care about progress much 
more than I care about politics.

Thanks for reading, and for the honor of this nomina-
tion.

Council Member at Large
Angela Gibney
University of Pennsylvania 

PhD: University of Texas at Austin, 2000
AMS Offices and Committees: Associate Editor at the 

AMS Notices (Early Career), 2019–2021, 2022–2024; Con-
temporary Mathematics Editorial Committee, 2022–2026.

Selected publications or other forms of scholarship: 
1. with C. Damiolini, On global generation of vector bun-
dles on the moduli space of curves from representations 
of vertex operator algebras, submitted and on the arXiv, 
https://arxiv.org/pdf/2107.06923.pdf; 2. with L. 
Chen, L. Heller, E. Kalashnikov, H. Larson, and W. Xu, On 
an equivalence of divisors on M

—
0,n from Gromov-Witten 

theory and conformal blocks, submitted and on the arXiv, 
https://arxiv.org/abs/2107.00174; 3. with C. Dami-
olini and N. Tarasca, On factorization and vector bundles 
of conformal blocks from vertex algebras, submitted and 
on the arXiv, https://arxiv.org/pdf/1909.04683.pdf; 
4. with C. Damiolini and N. Tarasca, Conformal blocks 
from vertex algebras and their connections on M

—
g,n, Geom. 

Topol. 25 (2021), no. 5, 2235–2286. MR4310890; 5. with C. 
Damiolini and N. Tarasca, Vertex algebras of CohFT-type, 

the health of the mathematical community and as a public 
face of mathematics. If elected, I will work for:

(1) an AMS for everyone.
The AMS thrives when it welcomes a broad array of per-

spectives. The Council can provide leadership and guidance 
for how to reduce inequity and increase access in both our 
research and educational communities. Besides making our 
field more inclusive, this will help increase our impact and 
spur the growth of our profession.

(2) the AMS as an advocate.
Many AMS members are passionate about how mathe-

matics is a vital component of modern life, and I would like 
to help the AMS better leverage this enthusiasm through 
its many platforms that bolster public support for the field 
and influence our policymakers.

(3) the infrastructure provided by the AMS.
The AMS plays a crucial and multifaceted role in research 

and education in the mathematical sciences, through its 
publications, conferences, career services, and outreach. 
These played a particularly pivotal role in my own early 
career; for example, an AMS MRC workshop directly led to 
a very productive collaboration. I want to help support the 
AMS’s invaluable services to our research productivity and 
the public’s appreciation for mathematics, and I especially 
aim to help provide the next generation of mathemati-
cians with opportunities like the many from which I have 
benefited.

Council Member at Large
Ben Elias
Associate Professor, University of 
Oregon

PhD: Columbia University, 2011
Selected publications or other 

forms of scholarship: 1. with G. 
Williamson, The Hodge theory of 
Soergel bimodules, Ann. of Math. 
(2) 180 (2014), no. 3, 1089–1136. 
MR3245013; 2. with Y. Qi, A cate-

gorification of quantum 𝔰𝔩(2) at prime roots of unity, Adv. 
Math. 299 (2016), 863–930. MR3519482; 3. Quantum 
Satake in type A. Part I, J. Comb. Algebra 1 (2017), no. 1, 
63–125. MR3589911; 4. with M. Hogancamp, On the 
computation of torus link homology, Compos. Math. 155 
(2019), no. 1, 164–205. MR3880028; 5. with S. Makisumi, 
U. Thiel, and G. Williamson, Introduction to Soergel bimod-
ules, RSME Springer Series, vol. 5, Springer, Cham, 2020, 
xxv+588 pp. MR4220642.

Selected addresses or public presentations: Main (co)
speaker at week-long masterclass or graduate workshop: 
QGM Aarhus, 2013; Universidad de Chile, 2014; IMSc 
Chennai, 2014; MSRI, 2017; Université Clermont Auvergne, 
2018.
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Treatment, AWM-MAA Etta Z. Falconer Lecture, MAA Math-
Fest, Lexington, Kentucky, August 2011.

Synergistic activities: National Science Foundation 
(NSF) S-STEM Proposal Review, September 2010, July 
2020; Editorial Board Member: Mathematics Magazine of 
Mathematical Association of America (MAA), January 
2015–present; Visiting Professor at Changchun University 
of Science and Technology, Changchun, China, May–July 
2016; Mathematically Gifted and Black Honoree, Network 
of Minorities in Mathematical Sciences, February 2019; 
Reviewer for Proceedings for the 50th Anniversary of the 
National Association of Mathematicians, July 2019; Re-
viewer for A Celebration of the EDGE Program’s Impact on the 
Mathematics Community and Beyond, Association for Women 
in Mathematics, November 2019; Fellow of the Association 
for Women in Mathematics (FAWM), Class of January 2021; 
Credential in Effective College Instruction, The Association 
of College and University Educators (ACUE)-The American 
Council on Education (ACE), July 2021; Board of Directors 
Member, International Institute of Engineering, Science, 
Arts and Technology (INIESAT), Biyem-assi Ecole, Yaounde, 
Cameroon, current.

Additional experience/qualifications you bring to the 
position: From January 2007 through January 2013, I served 
as the Vice-President of the National Association of Math-
ematicians (NAM). In this role, I interacted with members 
of the AMS regarding the Joint Mathematics Meetings and 
NAM’s role in and commitment to this meeting and other 
initiatives sponsored by the AMS. I have significant knowl-
edge of the inner workings of the American Mathematical 
Society, including but not limited to sectional, national, 
and international meetings, lectures, awards, journals, and 
the employment registry, as well as its leadership role in the 
mathematical community. In addition to my role on NAM’s 
Board of Directors, I served on the Board of Governors for 
the Mathematical Association of America from January 
2010 to January 2013. I was a dedicated member of several 
subcommittees of the MAA, i.e., Mathematics Across the 
Disciplines (MAD) and the Committee of Undergraduate 
Participation in Mathematics (CUPM). Other organizations 
in which I have provided service include the Association for 
Women in Mathematics (AWM), the National Alliance for 
Doctoral Studies, the Institute for Broadening Participation, 
Enhancing Diversity through Graduate Education (EDGE), 
and Infinite Possibilities.

Candidate Statement: I am greatly honored to have 
been nominated as a candidate for the position of Member 
at Large of the Council of the American Mathematical So-
ciety. I have had a career in academia for the past 30 years 
and I am a research mathematician with 18 peer-reviewed 
and published journal articles to date. In my career, I have 
provided teaching, guidance to, and advising of many stu-
dents; given service to three universities on the departmen-
tal, college, and university level; and written and received 

Facets of algebraic geometry. Vol. I, 164–189, London Math. 
Soc. Lecture Note Ser., 472, Cambridge Univ. Press, Cam-
bridge, 2022, https://arxiv.org/abs/1910.01658.

Synergistic activities: I have engaged in a number of 
activities with broader impacts, including the following: 
The ICERM Women in algebraic geometry group, co-led 
with Linda Chen, allowing me to work with some of the 
rising stars in algebraic geometry including Lauren Heller 
(student of Eisenbud), Hannah Larsen (student of Vakil), 
Weihong Xu (student of Buch), and former postdoc (BP), 
now tenure track at Waterloo, Elana Kalashnikov; The Early 
Career column in the AMS Notices, which I started and 
currently oversee; My work with Daniel Krashen on UGA 
MathCamp, https://torsor.github.io/mathcamp.

Candidate Statement: I am honored that the committee 
selected my name, and I am happy to run for the position.

Council Member at Large
Dawn Alisha Lott
Professor of Applied Mathematics, 
Delaware State University

PhD: Northwestern University in 
Evanston, Illinois, 1994

Selected publications or other 
forms of scholarship: 1. with A. 
Raglin and S. Metu, On the use of op-
erations research for decision making 
with uncertainty for IoT devices in 

battlefield situations, 2019 IEEE 5th International Conference 
on Collaboration and Internet Computing (CIC), Los Angeles, 
CA; 2. with A. Raglin and S. Metu, On the use of operations 
research for decision making with uncertainty for IoT de-
vices in battlefield situations: simulations and outcomes, 
SPIE International Society for Optics and Photonics Conference, 
April 2020; 3. with S. Metu and A. Raglin, SAGE supporting 
operations research inspired algorithm, Artificial Intelligence 
and Machine Learning for Multi-Domain Operations Applica-
tions III, Proceedings Volume 11746, Event: SPIE Defense + 
Commercial Sensing, 2021, online only; 4. with A. Raglin 
and S. Metu, Decisions, graphs, and artificial reasoning 
for uncertainty of information, Artificial Intelligence and 
Machine Learning for Multi-Domain Operations Applications 
III, Proceedings Volume 11746, Event: SPIE Defense + 
Commercial Sensing, 2021, online only; 5. with A. Raglin 
and S. Metu, Decision making with uncertainty using the 
LRM method: MATLAB versus Java, Artificial Intelligence and 
Machine Learning for Multi-Domain Operations Applications 
III, Proceedings Volume 11746, Event: SPIE Defense + 
Commercial Sensing, 2021, online only.

Selected addresses or public presentations: Mathe-
matical Predictions and Aneurysm Treatment, NAM-MAA 
David Blackwell Lecture, MAA MathFest, Providence, RI, 
August 2004; Mathematical Interventions for Aneurysm 
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several grants. Most importantly, I have been a contributing 
member to national organizations in the mathematical 
field. I have served on several committees which review 
and/or create mathematics policy, develop improvements 
in pedagogy, and help to promote mathematical awareness 
at the national and international level. As a Member at 
Large of the Council of the American Mathematical Society, 
I will continue to promote the learning of mathematics and 
mathematical research, support the advancement of math-
ematics through and beyond the pandemic, and promote 
the growth and inclusion of underrepresented groups in 
the mathematics discipline.

Council Member at Large
William A. Massey
Edwin S. Wilsey Professor, Depart-
ment of Operations Research and 
Financial Engineering, Princeton 
University

PhD: Stanford University, 1981
AMS Offices and Committees: 

Committee on Committees, 1999–
2000, 2011–2012; Member at Large, 
2009–2011; Meetings and Confer-
ences, 2011.

Selected publications or other forms of scholarship: 
1. Stochastic orderings for Markov processes on partially 
ordered spaces, Math. Oper. Res. 12 (1987), no. 2, 350–367. 
MR0888982; 2. with O. B. Jennings, A. Mandelbaum, and 
W. Whitt, Server staffing to meet time-varying demand, 
Management Sci. 42 (1996), no. 10, 1383–1394; 3. with A. 
Mandelbaum and M. I. Reiman, Strong approximations for 
Markovian service networks, Queueing Systems Theory Appl. 
30 (1998), no. 1–2, 149–201. MR1663767; 4. with R. C. 
Hampshire, Dynamic optimization with applications to 
dynamic rate queues, Risk and Optimization in an Uncertain 
World (publication for tutorials presented at the INFORMS 
Annual Meeting in Austin, TX), TutORials in Operations 
Research, 2010, 208–247; 5. with J. Pender, Dynamic 
rate Erlang-A queues, Queueing Syst. 89 (2018), no. 1–2, 
127–164. MR3803959.

Selected addresses or public presentations: Queues 
with Time Varying Rates and Their Applications, MAA 
Invited Address, Mathfest, Mathematical Association of 
America, Providence, RI, July 30–August 1, 1999; A Dy-
namical Systems Analysis for Stochastic Models of Call 
Centers, Invited Speaker at SIAM Applications of Dynam-
ical Systems Meeting, May 2005; Dynamical Queueing 
Systems, Invited Speaker at QPA Workshop on Queueing 
theory without limits: transient and asymptotic analysis, 
EURANDOM, Eindhoven, The Netherlands, October 2007; 
The Dynamics of Queueing Transience, Invited Speaker 
at Stochastic networks and stochastic geometry: A confer-
ence dedicated to François Baccelli on his 60th birthday, 

IHP, Hermite Amphitheater, Paris, January 12–14, 2015; 
A Dynamic Queueing Road Map from Communication 
Systems to Resource Sharing Services, Keynote Speaker at 
the Institute for Operations Research and the Management 
Sciences (INFORMS) Annual Meeting, October 25, 2021.

Synergistic activities: Co-founder of the Conference 
for African American Researchers in the Mathematical Sci-
ences (CAARMS) in 1995; Lead organizer of their annual 
meetings for over 25 years (Over 120 minority students 
attending this conference have gone on to receive a PhD in 
the mathematical sciences. Moreover, 50 minority students 
or young faculty in attendance have gone on to become 
tenured academic faculty.); Organized a special JMM AMS 
Session on 25 Years of Conferences for African American 
Researchers in the Mathematical Sciences (CAARMS times 
25) at the January 2019 meeting held in Baltimore, Mary-
land; Organizer for group of participants in the IAS Summer 
Collaborators Program during July 2019.

Additional experience/qualifications you bring to the 
position: Starting in 1981, worked as a member of technical 
staff at the Mathematical Sciences Research Center at Bell 
Laboratories until joining the Princeton faculty in 2001; 
Awarded Institute for Operations Research and the Man-
agement Sciences (INFORMS) Fellow in 2006; Awarded 
the Blackwell-Tapia Prize in 2006; Member of the School 
of Mathematics at the Institute for Advanced Study during 
the years 2007–2008 and 2020–2021; Awarded Inaugural 
AMS Fellow in 2013.

Candidate Statement: The proportions of my time as a 
mathematician in the worlds of industrial (Bell Labs) and 
academic (Princeton) research are now equal. My academic 
training, from algebraic number theory to probability 
with a lot of physics in between, prepared me to meet the 
rich, innovative, and interacting worlds of mathematics, 
engineering, and the sciences, from Bell Labs to Princeton. 
Moreover, my PhD was funded by a special Bell Labs mi-
nority fellowship program developed in the 1970s. This ex-
posed me to a critical mass of Black Bell Labs scientists, one 
of them being the inventor of the modern-day microphone. 
They saw technical excellence and technical community 
building as the keys to the real type of mentorship needed 
to create the next generation of scientists from previously 
underrepresented groups.

All these experiences have given me a unique perspective 
on the issues of mathematical excellence in relation to 
cultural diversity and interdisciplinary research. The latter 
can be thought of as technical diversity. Historically, the 
two have positively reinforced each other along with the 
worlds of scientific and mathematical research.
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Synergistic activities: Keynote speaker (selected by the 
junior high school students), Virtual Ingenuity STEM Re-
search Symposium, The Ingenuity Project, Inc., Baltimore 
Polytechnic Institute, Baltimore, MD, 2021; Transforming 
Post-Secondary Education in Mathematics (TPSE), Math-
ematics Advisory Group, Graduate Education; Member 
of Maryland Mathematics Alignment Project (MMAP) 
Leadership Team, to bridge gaps between high school and 
college mathematics.

Additional experience/qualifications you bring to the 
position: Inductee: Pi Mu Epsilon, National Math Honor 
Society, 1981; HBCU Fellow, Jet Propulsion Laboratory, Pas-
adena, CA, 1990–1995; Participant: Institute in the History 
of Mathematics and Its Use in Teaching, 1995; Department 
of Homeland Security (MSI) Summer Research Award, Host 
Institution, Rutgers University, 2007; Educational Testing 
Services Visiting Scholar Award, Princeton, NJ, 2008; 
Mathematical Biosciences Institute (MBI) at Ohio State 
University, Visiting Lecture Program, 2009–2017; National 
Association of Mathematicians, David Blackwell Lecture 
Award, 2010; Iva G. Jones Medallion Mantle for Exceptional 
Achievement in Teaching, Research, Scholarship, Service to 
the University, and Leadership, Morgan State University, 
2010–2011; Chairman, Department of Mathematics, 2014–
present; National Association of Mathematicians, Lifetime 
Member, 2018; Highlighted on Mathematically Gifted & 
Black website (mathematicallygiftedandblack.com), 
Honoree, 2020; Nominated for AMS Albert Leon Whiteman 
Memorial Prize for Contributions to the History of Mathe-
matics, 2020; Intellectual Property Disclosure, application 
pending for Culturally Responsive Teaching as an Active 
Learning Framework.

Candidate Statement: I am honored to be nominated 
as a candidate for Member at Large of the Council of the 
American Mathematical Society (AMS). The AMS plays a 
critical role in advancing research and connecting the di-
verse global mathematical community. I believe the AMS 
can strengthen its research and global connections by 
being more inclusive. I am committed to equity, diversity, 
and inclusion and have experience with mentoring and 
providing outreach to women and other marginalized 
groups that are not well represented in the mathematical 
sciences. If elected to serve on the Council, it will provide 
me the opportunity to serve the mathematical community 
by being a champion of AMS policies on equity, diversity, 
and inclusion. I welcome the opportunity to be a face and 
voice for those groups traditionally not represented in the 
mathematical sciences and AMS.

Council Member at Large

Asamoah Nkwanta
Professor of Mathematics and Chair-
person, Morgan State University

PhD: Howard University, 1997
AMS Offices and Committees: As-

sociate Editor of the Notices Editorial 
Board Committee, 2021–2024; ICM 
2022 Travel Grants Selection Com-
mittee, 2021–2023; Invited Address 
Committee for National Meetings, 
2022–2025.

Selected publications or other forms of scholarship: 
1. with N. Cameron, On some (pseudo) involutions in 
the Riordan group, J. Integer Seq. 8 (2005), no. 3, Article 
05.3.7, 16 pp. MR2167417; 2. with W. Ndifon and D. Hill, 
Some probabilistic results on the nonrandomness of simple 
sequence repeats in DNA sequences, Bull. Math. Biol. 68 
(2006), no. 7, 1747–1759. MR2257723; 3. Riordan matri-
ces and higher-dimensional lattice walks, J. Statist. Plann. 
Inference 140 (2010), no. 8, 2321–2334. MR2609490; 4. 
with J. Barber, Episodes in the life of a genius: J. Ernest 
Wilkins Jr., Notices Amer. Math. Soc. 65 (2018), no. 2, 
135–138. MR3751309; 5. with P. McCalla, Catalan and 
Motzkin integral representations, The Golden Anniversary 
Celebration of the National Association of Mathematicians, 
125–134, Contemp. Math., 759, Amer. Math. Soc., Provi-
dence, RI, 2020. MR4193912.

Selected addresses or public presentations: Invited 
speaker, DIMACS Workshop on Facing the Challenge of 
Infectious Diseases in Africa: The Role of Mathematical 
Modeling, “HIV-RNA Sequence Prediction: A Lattice Walk 
Approach to Modeling Sequences of the HIV-1 RNA Struc-
ture,” University of Witwatersrand, Johannesburg, South 
Africa, 2006; Invited speaker, DIMACS Workshop on 
Mathematical Modeling of Infectious Diseases in Africa, 
“Some Probabilistic Results on the Nonrandomness of 
Simple Sequence Repeats in DNA Sequences,” Stellen-
bosch University, Stellenbosch, South Africa, 2007; Invited 
speaker, NAM David Blackwell Lecture, MAA MathFest, 
“The Riordan Group Revisited: From Algebraic Structure 
to RNA,” Pittsburgh, Pennsylvania, 2010; Invited speaker, 
Pomona Research in Mathematics Experience (PRiME) 
Virtual Speaker Series, “Historical Notes on Black Mathe-
maticians: NO! It is not the Empty Set,” Pomona College, 
2020; Interviewed and featured on Matter of Fact with Sole-
dad O’Brien, “The Work of a Black Naturalist, One of the 
First Cicada Researchers, Mostly Overlooked” on Benjamin 
Banneker and the cicada (https://www.matteroffact 
.tv/the-work-of-a-black-naturalist-one-of-the 
-first-cicada-researchers-mostly-overlooked/), 
Anne Arundel County, Maryland, 2021.
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the AMS Mathematics Research Communities program. I 
will also continue to work for increased opportunities in 
mathematics for historically underrepresented groups and 
underserved communities.

Mathematics is a powerful force shaping modern science 
and the world around us, as well as a livelihood for those of 
us who are so lucky. Moreover, it is a wellspring of personal 
challenge and joy, even in difficult times. Mathematical po-
tential is equidistributed with respect to ethnicity, gender, 
national origin, political beliefs, race, religion, and sexual 
orientation, and everyone who loves math belongs here.

Council Member at Large
Emily Riehl
Associate Professor of Mathematics, 
Johns Hopkins University

PhD: University of Chicago, 2011
AMS Offices and Committees: 

Member, Web Editorial Group, 
2015–2017; Member, Mathemat-
ics Research Communities Advisory 
Board, 2017–2020; Member, Univer-
sity Lecture Series Editorial Commit-
tee, 2019–2023.

Selected publications or other forms of scholarship: 
1. Categorical Homotopy Theory, New Mathematical Mono-
graphs, 24, Cambridge University Press, 2014, xviii+352 pp. 
MR3221774; 2. Category Theory in Context, Aurora: Modern 
Math Originals, Dover Publications, 2016, xvii+240 pp.; 
3. with D. Verity, Homotopy coherent adjunctions and 
the formal theory of monads, Adv. Math. 286 (2016), 
802–888. MR3415698; 4. with M. Gerbelli-Gauthier, P. 
E. Harris, M. A. Hill, and D. Karp (eds.), A Conversation on 
Professional Norms in Mathematics, American Mathemat-
ical Society, 2021, 138 pp.; 5. with D. Verity, Elements of 
∞-Category Theory, Cambridge Studies in Advanced Math-
ematics, 194, Cambridge University Press, 2022, xix+759 
pp. MR4354541.

Selected addresses or public presentations: “The 
model-independent theory of (∞, 1)-categories,” Invited 
Lecture Series, Isaac Newton Institute for Mathematical 
Sciences, Cambridge, UK, 2018; “Elements of ∞-Category 
Theory,” London Mathematical Society Lecturer, 2021; 
“From path induction to arrow induction and the depen-
dent Yoneda lemma,” Hanna Neumann Lecture at the 65th 
Annual Meeting of the Australian Mathematical Society, 
2021; “Contractibility as Uniqueness,” Harry E. Valentine 
Lecture at Kansas State, 2021; “On the ∞-topos semantics 
of homotopy type theory,” Invited Lecture Series, Centre 
International de Rencontres Mathématiques, Marseille, 
France, 2022.

Synergistic activities: Organizer of the Kan Extension 
Seminar, an online graduate reading course in category 
theory, 2014, 2017; Founding Board Member of Spectra: 

Council Member at Large
Sam Payne
Professor of Mathematics, University 
of Texas at Austin

PhD: University of Michigan, 
2006

AMS Offices and Committees: 
AMS Mathematics Research Commu-
nities Advisory Board, 2014–2017; 
AMS Centennial Fellowship Com-
mittee, 2020–2022.

Selected publications or other forms of scholarship: 
1. Analytification is the limit of all tropicalizations, Math. 
Res. Lett. 16 (2009), no. 3, 543–556. MR2511632; 2. with 
F. Cools, J. Draisma, and E. Robeva, A tropical proof of 
the Brill-Noether Theorem, Adv. Math 230 (2012), no. 2, 
759–776. MR2914965; 3. with D. Abramovich and L. Capo-
raso, The tropicalization of the moduli space of curves, 
Ann. Sci. Éc. Norm. Supér. (4) 48 (2015), no. 4, 765–809. 
MR3377065; 4. with J. Nicaise, A tropical motivic Fubini 
theorem with applications to Donaldson-Thomas theory, 
Duke Math. J. 168 (2019), no. 10, 1843–1886. MR3983293; 
5. with M. Chan and S. Galatius, Tropical curves, graph 
complexes, and top weight cohomology of Mg, J. Amer. 
Math. Soc. 34 (2021), no. 2, 565–594. MR4280867.

Selected addresses or public presentations: Plenary 
Talk, First Latin American School on Algebraic Geometry 
and its Applications, Cordóba, Argentina, 2011; Current 
Events Bulletin, AMS/MAA Joint Mathematics Meetings, 
San Diego, CA, 2013; Simons Bi-College Colloquium, 
Haverford College, 2017; Plenary Lecture, Seventh Ibe-
ro-American Congress on Geometry, Valladolid, Spain, 
2018; Dame Kathleen Ollerenshaw Lectures, University of 
Manchester, 2019.

Synergistic activities: Canada/USA Mathcamp mentor 
and organizer, 2002–2006; Co-founder and Co-director 
(with Amanda Folsom) of Summer Undergraduate Math-
ematics Research at Yale (SUMRY), 2012–2018; Faculty DEI 
Committee Chair (UT Austin), 2020–2021.

Additional experience/qualifications you bring to the 
position: Clay Research Fellow, 2006–2010; NSF CAREER 
grant, 2012–2017; Max Planck-Humboldt Medal, 2018; 
Simons Fellow, 2018–2019.

Candidate Statement: I am honored to be nominated 
for Member at Large of the AMS Council and grateful for 
the opportunity to give back to this community that means 
so much to me, both personally and professionally. I aim 
to contribute to the mathematical world through service 
as well as scholarship. Having benefited from skillful 
mentorship at crucial steps along the way, I will continue 
to engage with and advocate for programs that cultivate 
the talents of young mathematicians, such as the AMS 
Epsilon Fund, the Early Career section of the Notices, and 
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Selected addresses or public presentations: Lecturer, 
AMS Short Course on Sums of Squares, JMM, Baltimore, 
2019; Invited minicourse, A Scandinavian Gathering 
Around Remarkable Discrete Mathematics, Oslo, 2019; 
Plenary speaker, Effective Methods in Algebraic Geome-
try, Madrid, 2019; Invited speaker, Formal Power Series 
and Algebraic Combinatorics, Bangalore, 2022; Invited 
speaker, Current Developments in Mathematics, Harvard/
MIT, 2022.

Synergistic activities: I have co-organized a range of 
workshops and conferences, including the ICERM semester 
program on Nonlinear Algebra and the MSRI conference, 
Connections for Women on Geometric and Topological 
Combinatorics. I have advised four PhD students and five 
undergraduate research projects. At North Carolina State 
University from 2016–2020, I co-organized a weekly series 
of informal talks for undergraduates interested in math.

Additional experience/qualifications you bring to 
the position: NSF Postdoctoral Fellowship, 2012; Sloan 
Research Fellowship, 2020; von Neumann Fellowship, 
Institute for Advanced Study, 2020–2021; NSF CAREER 
award, 2020–2025.

Candidate Statement: I am honored to be nominated 
as a Member at Large of the AMS Council and value the 
opportunity to help shape the future of the AMS. I strongly 
believe in the value of cultivating a welcoming, diverse 
mathematical research community that celebrates the 
beauty of mathematics for its own sake and develops mean-
ingful applications and interactions with the other sciences. 

The disruption of the past two years has given us a 
unique opportunity to reassess and reimagine many as-
pects of the status quo. If elected, I hope to help explore 
the lessons learned from our many pandemic experiments, 
including new ways to interact with each other, increase ac-
cess to mathematical resources, and create new connections 
and outreach opportunities. I am also eager to contribute to 
the AMS efforts promoting diversity, equity, and inclusion. 
The AMS can affect substantial change through its own 
programs and as a centralized resource both for students 
and mathematicians from historically underrepresented 
minorities as well as the advisors, instructors, and institu-
tions trying to support them.

Council Member at Large
Tonghai Yang
Professor, University of Wiscon-
sin-Madison

PhD: University of Maryland-Col-
lege Park, 1995

AMS Offices and Committees: 
Fan Fund Travel Grant Committee, 
2010–2013 (Chair, 2012); AMS Rep-
resentative to the AAAS Science and 
Human Rights Coalition, February 

The Association for LGBT Mathematicians, 2015–2020; 
Co-Organizer of the Mathematics Research Community on 
Homotopy Type Theory, 2017; Inaugural Member of BIRS 
Board of Equity, Diversity, and Inclusion, 2020–present; 
Lead Organizer for a MSRI semester program “Higher cat-
egories and categorification,” 2020.

Candidate Statement: I am heartened that the mission 
of the American Mathematical Society has broadened be-
yond the aims of merely furthering the interests of math-
ematical research and scholarship. I find great personal 
satisfaction in my continual striving to be a better educator, 
mentor, colleague, ally, and friend to the broader mathe-
matics community. I hope to contribute to similar growth 
within the AMS, such as the new launch of double-anony-
mous peer review across its journal program.

I appreciate the AMS as one of the avenues through 
which I most commonly interact with old friends and fu-
ture colleagues who work in other specializations. While 
the disruptions of the past few years have forced us to spend 
so much time apart, I hope that the AMS can continue to 
serve this vital role in bringing the community together. I’m 
inspired by the work being done by many of my colleagues 
to influence the local norms of the mathematical spaces 
they inhabit, to make them kinder, more supportive, more 
inclusive, and more welcoming. I hope that by serving as 
a Member at Large of the Council of the AMS, I can help 
disseminate these best practices more globally so they 
might benefit us all.

Council Member at Large
Cynthia Vinzant
Assistant Professor, University of 
Washington

PhD: University of California, 
Berkeley, 2011

Selected publications or other 
forms of scholarship: 1. What is… 
a spectrahedron?, Notices Amer. Math. 
Soc. 61 (2014), no. 5, 492–494. 
MR3203240; 2. with M. Kummer 

and D. Plaumann, Hyperbolic polynomials, interlacers, 
and sums of squares, Math. Program. 153 (2015), no. 1, 
Ser. B, 223–245. MR3395549; 3. with N. Anari and S. O. 
Gharan, Log-concave polynomials, I: entropy and a deter-
ministic approximation algorithm for counting bases of 
matroids, Duke Math. J. 170 (2021), no. 16, 3459–3504. 
MR4332671; 4. with N. Anari, K. Liu, and S. O. Gharan, 
Log-concave polynomials II: High-dimensional walks and 
an FPRAS for counting bases of a matroid, Proceedings of the 
51st Annual ACM SIGACT Symposium on Theory of Computing, 
1–12, ACM, New York, 2019. MR4003314; 5. with F. Rincón 
and J. Yu, Positively hyperbolic varieties, tropicalization, 
and positroids, Adv. Math. 383 (2021), Paper No. 107677, 
35 pp. MR4232549.
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societies in other countries using my extensive international 
collaboration experience.

Nominating Committee
Jayadev Athreya
Professor of Mathematics and the 
Comparative History of Ideas, Uni-
versity of Washington

PhD: University of Chicago, 2006
AMS Offices and Committees: 

Joint Mathematics Meetings Travel 
Grants Committee for a term of three 
years, 2014–2017; Chair of the Joint 
Mathematics Meetings Travel Grants 

Committee for a term of one year, effective 2016–2017; 
Western Section Program Committee for a term of two 
years, 2021–2023; Member of the AMS-Simons Travel 
Grants Committee, 2022–2025.

Selected publications or other forms of scholarship: 1. 
with A. Bufetov, A. Eskin, and M. Mirzakhani, Lattice point 
asymptotics and volume growth on Teichmüller space, Duke 
Math. J. 161 (2012), no. 6, 1055–1111. MR2913101; 2. with 
A. Eskin and A. Zorich, Right-angled billiards and volumes 
of moduli spaces of quadratic differentials on ℂP1, Ann. Sci. 
Éc. Norm. Supér. (4) 49 (2016), no. 6, 1311–1386, with an 
appendix by Jon Chaika. MR3592359; 3. with Y. Cheung 
and H. Masur, Siegel-Veech transforms are in L2, J. Mod. Dyn. 
14 (2019), 1–19, with an appendix by Athreya and Rene 
Rühr. MR3959354; 4. with F. Arana-Herrera, Square-inte-
grability of the Mirzakhani function and statistics of simple 
closed geodesics on hyperbolic surfaces, Forum Math. Sigma 
8 (2020), Paper No. e9, 33 pp. MR4061979; 5. with D. 
Aulicino and W. Patrick Hooper, Platonic Solids and High 
Genus Covers of Lattice Surfaces, published online: 27 May 
2020, with an appendix by Anja Randecker. 

Selected addresses or public presentations: William 
Rowan Hamilton Memorial Conference, Trinity College, 
Dublin, August 2017; Colloquium, University of Michigan, 
October 2018; Infosys-Chandrasekharan Virtual Centre for 
Random Geometry Colloquium, October 2020; Institute 
for Advanced Study Conversations, IAS, March 2021; In-
vited Address, MAA Southern California/Nevada sectional 
meeting, April 2021.

Synergistic activities: One of my proudest accomplish-
ments is helping to build communities of mathematics 
enthusiasts via experimental mathematics labs. I cofounded 
the Illinois Geometry Lab and the Washington Experi-
mental Mathematics Lab. At these labs, undergraduate 
researchers, graduate mentors, and faculty supervisors 
work together on vertically integrated research projects, 
3D printing, laser cutting, and animations to illustrate 
mathematical concepts; and K–12 teachers and students 
participate in mathematics circles using activities and tools 
that are developed.

2017–January 2019; AMS Committee on Human Rights 
of Mathematicians, February 2017–January 2020 (Chair, 
2018).

Selected publications or other forms of scholarship: 
1. with S. S. Kudla and M. Rapoport, Modular forms and 
special cycles on Shimura curves, Annals of Mathematics Stud-
ies, 161, Princeton University Press, Princeton, NJ, 2006, 
x+373 pp. MR2220359; 2. with J. H. Bruinier, CM-values of 
Hilbert modular functions, Invent. Math. 163 (2006), no. 
2, 229–288. MR2207018; 3. with J. H. Bruinier, Faltings 
heights of CM cycles and derivatives of L-functions, Invent. 
Math. 177 (2009), no. 3, 631–681. MR2534103; 4. with J. 
H. Bruinier and B. Howard, Heights of Kudla-Rapoport 
divisors and derivatives of L-functions, Invent. Math. 201 
(2015), no. 1, 1–95. MR3359049; 5. with J. H. Bruinier and 
S. Ehlen, CM values of higher automorphic Green functions 
for orthogonal groups, Invent. Math. 225 (2021), no. 3, 
693–785. MR4296349.

Selected addresses or public presentations: University 
of Bonn workshop on arithmetic and automorphic aspect 
of Shimura varieties, Bonn, Germany, February 3–7, 2014; 
Princeton/IAS joint number theory seminar, December 3, 
2015; Oberwolfach workshop on modular forms, Germany, 
April 24–30, 2016; “Perspectives of Mathematics in the 21st 
Century: Conference in Celebration of the 90th Anniver-
sary of Mathematics Department of Tsinghua University,” 
China, April 22–24, 2017; A series of three lectures on 
arithmetic Siegel-Weil formulas, Morningside Center of 
Mathematics at Beijing, China, July 12–24, 2017.

Synergistic activities: When I was Chair of the Depart-
ment of Mathematics at UW-Madison, I worked very hard 
to increase representation of female and minority faculty, 
postdocs, and graduate students. I mentored a couple of 
female undergraduate students who went to prestigious 
universities for their PhD study. I established the Home-
town Education Foundation to help poor students in rural 
China to continue their basic education.

Candidate Statement: It is a tremendous honor to be 
nominated for the AMS Council. It would be an honor 
as well as a duty to serve this community after benefiting 
from the AMS for 30 years. My services will be informed 
by my experience as a researcher, educator, Chair of the 
AMS Committee on Human Rights of Mathematicians, and 
Chair of a large mathematics department at a public state 
university. If elected, I will do my best to represent the views 
and interests of my fellow mathematicians and work toward 
consensus within the Council and other policy committees 
to meet the current challenges we face and to leave a better 
environment for future generations of mathematicians. I 
will work hard to ensure that the AMS treats all mathema-
ticians equally regardless of their education, gender, racial 
background, or birthplace. In addition, I will work hard to 
improve and deepen our connections with mathematical 
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5–9, 1998; AMS Central Sectional Meeting (1143), Special 
Session on p-adic representation theory (45 minutes), Ann 
Arbor, MI, October 20–21, 2018; Joint Mathematics Meet-
ings Invited Session, “Building Successful Communities in 
Mathematics,” Baltimore, MD, January 16, 2019; Canadian 
Math Society Equity, Diversity, and Inclusion Session, 
Canadian Winter Meetings (Virtual), December 5, 2021.

Synergistic activities: Math Alliance Mentor, 2009–pres-
ent; Purdue University Mathematics Graduate Chair, 2013–
2019; Executive Director, Math Alliance, 2016–present.

Additional experience/qualifications you bring to the 
position: NSF Postdoctoral Fellow, 1992–1995; NSF CA-
REER Award, 1995–1998; NSF research grants, 1998, 2004; 
Other professional society memberships: ASA, AWM, MAA.

Candidate Statement: I am honored to have been nom-
inated to be a candidate for the Nominating Committee. 
I have been lucky in being supported as a professional 
mathematician for over 30 years, and have engaged our 
professional community broadly, as a researcher and edu-
cator, and more recently in my work to increase minority 
participation within the quantitative science disciplines. It 
is critical that those elected to the various AMS offices have 
a vision for the future of our profession which includes all 
traditional and emerging fields, as well as recognizing the 
need for adequate representation by all the communities 
the AMS serves. My experience, particularly as Executive 
Director of the Math Alliance since 2016, has involved 
working with a large and diverse community of quantitative 
science professionals, and I believe this would help identify 
candidates who have traditionally been overlooked, in par-
ticular candidates from underrepresented minorities and 
from minority-serving institutions. If fortunate enough to 
be elected, I will collaborate with the other members of 
the committee to ensure that the slate of candidates for 
elections represents the full spectrum of our community, 
in all aspects, including disciplinary specialization, demo-
graphics, and institutional focus.

Nominating Committee
Robert J. Lemke Oliver
Associate Professor, Tufts University

PhD: Emory University, 2013
AMS Offices and Committees: 

Young Scholars Awards Committee, 
2020–2022 (chair, 2022).

Selected publications or other 
forms of scholarship: 1. Eta-quo-
tients and theta functions, Adv. Math. 
241 (2013), 1–17. MR3053701; 2. 

with K. Soundararajan, Unexpected biases in the distribu-
tion of consecutive primes, Proc. Natl. Acad. Sci. USA 113 
(2016), no. 31, E4446–E4454. MR3624386; 3. with M. 
Bhargava, Z. Klagsbrun, and A. Shnidman, 3-isogeny Selmer 
groups and ranks of abelian varieties in quadratic twist  

These labs are part of a larger network, Geometry Labs 
United (GLU), a collective of Experimental Mathematics 
Labs which works to promote research and public interest 
in mathematics. The WXML hosted the 2017 Geometry 
Labs United Conference, bringing students from all across 
the country, including several from minority-serving 
institutions, to present their work, interact with faculty 
and researchers, and build a community of mathematical 
explorers. The GLU network was featured in the Notices 
of the American Mathematical Society (https://www.ams 
.org/journals/notices/201809/rnoti-p1088.pdf), 
and has member labs at Illinois, UIC, Maryland, Michigan, 
George Mason, Texas-Rio Grande Valley, Kentucky, and 
Oklahoma State.

Additional experience/qualifications you bring to the 
position: I have an extensive record of professional service, 
working on the Graduate Steering Committee at the Park 
City Mathematics Institute, and currently I serve as the 
Interim Director of the Pacific Institute for the Mathemat-
ical Sciences (after July 1, 2022, I will be the co-Director, 
International).

Candidate Statement: I believe the AMS has a responsi-
bility to build a leadership team that inspires a new genera-
tion of mathematicians to build a more just and equitable 
mathematical community for all.

Nominating Committee
David Goldberg
Professor of Mathematics and Exec-
utive Director of the Math Alliance, 
Purdue University

PhD: University of Maryland, Col-
lege Park, 1991

AMS Offices and Committees: 
Joint Mathematics Meetings Travel 
Grants Committee, 2022–2025.

Selected publications or other 
forms of scholarship: 1. Some results on reducibility for 
unitary groups and local Asai L-functions, J. Reine Angew. 
Math. 448 (1994), 65–95. MR1266747; 2. with F. Shahidi, 
On the tempered spectrum of quasi-split classical groups, 
Duke Math. J. 92 (1998), no. 2, 255–294. MR1612785; 3. 
Reducibility for SUn and generic elliptic representations, 
Canad. J. Math. 58 (2006), no. 2, 344–361. MR2209282; 
4. with P. Kutzko and S. Stevens, Covers for self-dual su-
percuspidal representations of the Siegel Levi subgroup of 
classical p-adic groups, Int. Math. Res. Not. (2007), no. 22. 
MR2376206; 5. with D. Ban and K. Choiy, R-groups for 
unitary principal series of Spin groups, J. Number Theory 
225 (2021), 125–150. MR4231546.

Selected addresses or public presentations: Colloque: 
Progrès récents en L-indiscernabilité, CIRM, Marseille, 
France, May 25–29, 1992; Trecera Taller Latinoamericano 
de representaciones de groupos, Valparaíso, Chile, January 
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Nominating Committee
Kathryn Leonard
Professor, Occidental College

PhD: Brown University, 2004
AMS Offices and Committees: 

AMS Western Section Program Com-
mittee, 2020–2022; JMM Program 
Committee, 2021–2022. 

Selected publications or other 
forms of scholarship: 1. with M. 
Feiszli and S. Kushnarev, Metric 

spaces of shapes and applications: compression, curve 
matching and low-dimensional representation, Geom. 
Imaging Comput. 1 (2014), no. 2, 173–221. MR3396622; 
2. with G. Morin, S. Hahmann, and A. Carlier, A 2d shape 
structure for decomposition and part similarity, Interna-
tional Conference on Pattern Recognition (ICPR), 3216–3221, 
2016; 3. with B. Durix, S. Chambon, J.-L. Mari, and G. 
Morin, The propagated skeleton: a robust detail-preserving 
approach, Discrete Geometry for Computer Imagery, 343–354, 
Lecture Notes in Comput. Sci., 11414, Springer, Cham, 
2019. MR3935749; 4. with I. Demir, C. Hahn, G. Morin, 
et al., SkelNetOn 2019: Dataset and Challenge on Deep 
Learning for Geometric Shape Understanding, 2019 IEEE/
CVF Conference on Computer Vision and Pattern Recognition 
Workshops (CVPRW), 2019; 5. with J. Haddock, L. Kassab, 
S. Li, A. Kryshchenko, R. Grotheer, E. Sizikova, C. Wang, 
T. Merkh, RWMA Madushani, M. Ahn, and D. Needell, 
Semi-supervised Nonnegative Matrix Factorization for 
Document Classification, Asilomar Conference on Signals, 
Systems, and Computers, 1355–1360, 2021.

Selected addresses or public presentations: Pacific 
Northwest MAA Section Meeting, Getting Your Computer 
Into Shape, April 2018; University of Guam Math Lecture 
Series, Computational Geometry and Shape Modeling, Uni-
versity of Guam, April 2019; ORASIS (Toulouse, France), 
Skeletal Models for Shape Understanding, 2021; Online 
Undergraduate Resource Fair for the Advancement and 
Alliance of Marginalized Mathematicians (OURFA2M2), 
Crash Course in Geometric Modeling, 2021.

Synergistic activities: Director of the Center for Un-
dergraduate Research in Mathematics, 2016–present 
(Co-director, 2011–2016); BIRS Equity and Diversity Pro-
gram Committee and Board, 2020–present; President of 
the Association for Women in Mathematics, 2021–2023; 
Founding co-Editor-in-Chief of La Matematica, Official 
Journal of AWM.

Candidate Statement: I am honored to stand for elec-
tion to the Nominating Committee. The heart of a pro-
fessional organization is in its leadership, which should 
reflect the full diversity and richness of the membership. 
During my time working with AWM and with the Center 
for Undergraduate Research in Mathematics, I have built 

families over a number field, Duke Math. J. 168 (2019), no. 
15, 2951–2989. MR4017518; 4. with J. Thorner, Effective 
log-free zero density estimates for automorphic L-func-
tions and the Sato-Tate conjecture, Int. Math. Res. Not. 
IMRN (2019), no. 22, 6988–7036. MR4032182; 5. with F. 
Thorne, Upper bounds on number fields of given degree 
and bounded discriminant, Duke Math. J., to appear.

Selected addresses or public presentations: MSRI, 
Introductory Workshop: Analytic Number Theory, invited 
speaker, 2017; MSRI, Connections for Women: Analytic 
Number Theory, invited speaker, 2017; Upstate Number 
Theory conference (Buffalo, NY), plenary speaker, 2018; 
Canadian Number Theory Association conference (Quebec 
City, QC), invited speaker, 2018; Modular forms, Arith-
metic, and Women in Mathematics (Atlanta, GA), plenary 
speaker, 2019.

Synergistic activities: Member of AMS ParaDIGMS 
working group; Mentor to 10 undergraduate research 
projects, two PhD students, and one postdoc; Organizer of 
the 2018 Automorphic Forms Workshop and many special 
sessions; Project leader at Rethinking Number Theory.

Additional experience/qualifications you bring to the 
position: NSF Postdoctoral Fellowship, 2013; Two standard 
NSF grants, 2016, 2022.

Candidate Statement: I am honored to stand for elec-
tion to the Nominating Committee. I have benefited in 
many ways from the AMS throughout my career, and it 
would be a privilege to give back in this capacity.

The Nominating Committee’s charge, to nominate 
candidates for election to the chief offices of the AMS, is 
directly tied to the findings and recommendations of the 
2021 Task Force on racial discrimination in the AMS (which 
echoed the findings of a similar task force from 25 years 
prior). More broadly, many mathematicians do not feel 
represented by the AMS, and often rightly so. I believe it 
is the AMS’s imperative to be inclusive of all mathemati-
cians, and not just because it benefits the society. Thus, as 
a member of the Nominating Committee, I would work to 
enact the Task Force recommendations by nominating a 
diverse set of candidates whose qualifications extend past 
traditional professional highlights and who are themselves 
focused on enacting these recommendations. I would pri-
oritize nominating AMS members who are involved with 
other mathematical professional societies (including NAM, 
AWM, MAA, SACNAS, and Spectra). We act with the eyes 
of a task force, and of a generation, 25 years in the future 
on us.
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NSF postdoctoral fellowships, and of those that graduated, 
four were women. As Chair I have been proactive in build-
ing a diverse and inclusive department: setting up institu-
tional structures in the department, support for activities 
to promote diversity and inclusion, as well as recruitment. 
In 2001–2002, I organized “The Millennium Lectures,” a 
series of seven public lectures at UT Austin based on the 7 
Millennium Prize Problems.

Additional experience/qualifications you bring to 
the position: Royal Society University Research Fellow, 
University of Cambridge, October 1992–September 1996; 
Alfred P. Sloan Research Fellow, September 1997–Septem-
ber 2001; Chair, Department of Mathematics, UT Austin, 
2011–2016; Inaugural Fellow of the AMS, 2012; Chair, De-
partment of Mathematics, Rice University, 2018–present; 
Member, Executive Subcommittee of the Committee of 
Academic Sponsors, MSRI, 2019–2022; Lead Organizer, 
Random and Arithmetic Structures in Topology, MSRI 
program, Fall 2020. Member of editorial boards: Geome-
triae Dedicata, January 2000–present; Journal of Topology, 
December 2021–present.

Candidate Statement: I am honored to have been asked 
to stand for election to the AMS Nominating Committee. 
As we continue to work towards building a more diverse, 
equitable, and inclusive mathematics community, the 
Nominating Committee can play a crucial role in achieving 
this goal. If elected to the Nominating Committee, I will 
make it a priority to use the diversity of membership in the 
AMS to submit an excellent and diverse pool of mathema-
ticians for election to AMS offices.

I believe my background of service on AMS committees 
as well as other positions and roles in the mathematical 
community make me well-placed to accomplish this.

Nominating Committee
Brooke Shipley
Professor and Head, Department of 
Mathematics, Statistics, and Com-
puter Science (MSCS), University of 
Illinois at Chicago

PhD: Massachusetts Institute of 
Technology, 1995

AMS Offices and Committees: 
AMS Committee on Academic Free-
dom, Tenure, and Employment Secu-

rity, 2003–2006; AMS Joint Summer Research Conferences 
Committee, 2004–2007; Editorial Board, Proceedings of the 
American Mathematical Society, 2009–2013; AMS Simons 
Travel Grant Review Panel, 2013–2016; AMS Council, 
2018–2021; AMS Committee on Publications, 2018–2021.

Selected publications or other forms of scholarship: 
1. with M. Hovey and J. Smith, Symmetric spectra, J. Amer. 
Math. Soc. 13 (2000), no. 1, 149–208. MR1695653; 2. with 
D. Dugger, K-theory and derived equivalences, Duke Math. 

relationships across a wide swath of the mathematical com-
munity at many different academic institution types and in 
government and industry. As someone with a PhD from a 
pure math department, an advisor from an applied math 
department, and a current appointment in a computer sci-
ence department, I have developed an expansive view of the 
range of work that is classified as mathematics. I am deeply 
committed to elevating voices that have been historically 
silenced, and would work diligently to develop a diverse 
candidate slate consisting of thoughtful and creative AMS 
members who are willing to face the challenge of pushing 
mathematical culture toward inclusion and equity.

Nominating Committee
Alan W. Reid
Edgar Odell Lovett Professor of Math-
ematics, Rice University

PhD: University of Aberdeen, 
1988

AMS Offices and Committees: 
Member of the AMS Centennial 
Fellowship Selection Committee, 
2001–2003 (Chair, 2002–2003); 
Member of the AMS Editorial Boards 

Committee, February 2008–January 2011 (Chair, February 
2010–January 2011); Member of the AMS Committee on 
Publications, 2010; Member at Large, Council of the AMS, 
February 2016–January 2019; Member of the AMS Commit-
tee on Meetings and Conferences, February 2016–January 
2019.

Selected publications or other forms of scholarship: 
1. with D. Cooper and D. D. Long, Essential closed surfaces 
in bounded 3-manifolds, J. Amer. Math. Soc. 10 (1997), no. 
3, 553–563. MR1431827; 2. with I. Agol and D. D. Long, 
The Bianchi groups are separable on geometrically finite 
subgroups, Ann. of Math. (2) 153 (2001), no. 3, 599–621. 
MR1836283; 3. with G. Masbaum, All finite groups are in-
volved in the mapping class group, Geom. Topol. 16 (2012), 
no. 3, 1393–1411. MR2967055; 4. with A. Kontorovich, D. 
D. Long, and A. Lubotzky, What is… a thin group?, Notices 
Amer. Math. Soc. 66 (2019), no. 6, 905–910. MR3929581; 
5. with M. R. Bridson, D. B. McReynolds, and R. Spitler, 
Absolute profinite rigidity and hyperbolic geometry, Ann. 
of Math. (2) 192 (2020), no. 3, 679–719. MR4172619.

Selected addresses or public presentations: AMS 
Invited Address, University of Michigan, 2002; What’s 
Next? The mathematical legacy of Bill Thurston, Cornell 
University, 2014; ICM Invited 45-minute Lecture, Topology 
Section, Rio de Janeiro, 2018; Swiss Mathematical Society, 
Public Lecture, Neuchatel, 2019; The Vinberg Distinguished 
Lecture Series, Moscow (virtual), 2021.

Synergistic activities: I have graduated 17 PhD students, 
with two more expected to graduate in spring 2022 and four 
more in candidacy. Of those that graduated, six received 
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Editorial Boards Committee
Daniel Groves
Professor, University of Illinois Chi-
cago

PhD: University of Oxford, 2000
AMS Offices and Committees: 

AMS Fellows Selection Committee, 
2021–2024.

Selected publications or other 
forms of scholarship: 1. with F. 
Dahmani, The isomorphism prob-

lem for toral relatively hyperbolic groups, Publ. Math. Inst. 
Hautes Études Sci. (2008), no. 107, 211–290. MR2434694; 
2. with J. Manning, Dehn filling in relatively hyperbolic 
groups, Israel J. Math. 168 (2008), 317–429. MR2448064; 
3. with I. Agol and J. Manning, Appendix to “The virtual 
Haken conjecture,” Doc. Math. 18 (2013), 1045–1087. 
MR3104553; 4. with I. Agol and J. Manning, An alternate 
proof of Wise’s malnormal special quotient theorem, Forum 
Math. Pi 4 (2016), e1, 54 pp. MR3456181; 5. with J. Man-
ning and A. Sisto, Boundaries of Dehn fillings, Geom. Topol. 
23 (2019), no. 6, 2929–3002. MR4039183.

Candidate Statement: I am honored to be nominated 
to the AMS Editorial Boards Committee. Access to and af-
fordability of journals are crucial issues in academia, and 
I strongly believe that journals published by professional 
societies have a central role to play in addressing them. 
The journals published by the American Mathematical 
Society are exemplary, and if elected I would strive to make 
recommendations to editorial boards of people who are 
committed to continuing and improving the affordability 
of AMS journals.

Editorial Boards Committee
Robert Guralnick
Professor, University of Southern 
California

PhD: UCLA, 1977
AMS Offices and Committees:  

Memoirs and Transactions Editorial 
Board, 2003–2013, Managing Editor, 
2005–2013; Executive Committee of 
the AMS Council, 2005–2009; AMS 
Council, 2005–2013, 2013–2022; 

Mathematical Surveys and Monographs Committee, 
2013–2022, Chair, 2018–2022; University Lecture Series, 
2013–2025, Chair, 2022–2025.

Selected publications or other forms of scholarship: 1. 
with W. M. Kantor, M. Kassabov, and A. Lubotzky, Presen-
tations of finite simple groups: a quantitative approach, J. 
Amer. Math. Soc. 21 (2008), 711–774. MR2393425; 2. with 
P. H. Tiep, Symmetric powers and a problem of Kollár and 
Larsen, Invent. Math. 174 (2008), 505–554. MR2453600; 

J. 124 (2004), no. 3, 587–617. MR2085176; 3. HZ-algebra 
spectra are differential graded algebras, Amer. J. Math. 129 
(2007), no. 2, 351–379. MR2306038; 4. with K. Hess, M. 
Kedziorek, and E. Riehl, A necessary and sufficient condi-
tion for induced model structures, J. Topol. 10 (2017), no. 
2, 324–369. MR3653314; 5. with J. P. C. Greenlees, An 
algebraic model for rational torus-equivariant spectra, J. 
Topol. 11 (2018), no. 3, 666–719. MR3830880.

Selected addresses or public presentations: Invited 
Address, AMS Sectional Meeting, Boulder, CO, 2003; 
Wolfson Lecture Series, Manchester, England, 2006; Lec-
ture Series, Workshop on Algebraic Topology, MSRI, 2013; 
Plenary Speaker, Nebraska Conference for Undergraduate 
Women in Mathematics, Lincoln, NE, 2017; Plenary Pan-
elist, Change in Departments and Institutions via Active 
Learning, SEMINAL (virtual), Lincoln, NE, 2020.

Synergistic activities: NSF ADVANCE Co-PI, UIC, 
Women in Science and Engineering System Transforma-
tion (WISEST), 2009–2012; Interim Director, WISEST, 
2012–2013; AWM Committee on Committees, 2013–2016; 
Executive Advisory Board, Department of Education HSI-
STEM program, UIC Latinas Gaining Access to Networks 
for Advancement in Science (L@S GANAS), 2017–2020; 
Co-Chair, UIC Campus Wide Faculty Equity Commit-
tee, 2017–present; Graduate Research Opportunities for 
Women (GROW) Steering Committee, 2020–present; Cam-
pus Climate Survey Taskforce for UIC’s Office of Diversity, 
Equity, and Engagement, 2022–2023.

Additional experience/qualifications you bring to the 
position: NSF Postdoctoral Research Fellow, 1995; NSF 
Career Award, 2002; Sloan Research Fellow, 2002; AWM 
Noether Lecture Selection Committee, 2009–2012; ELATE 
Fellow, Drexel University, 2014–2015; Head, UIC MSCS, 
2014–present; AMS Fellow, 2015; NSF Institute for Mathe-
matical and Statistical Innovation (IMSI), Co-PI and Board 
of Advisors, 2020–present.

Candidate Statement: It is an honor to be considered 
for a position on the Nominating Committee. If elected, I 
would welcome the opportunity to bring to this commit-
tee my experience working as head of a department that 
encompasses pure and applied mathematics, statistics, 
mathematical computer science, and mathematical edu-
cation at one of the most diverse research universities in 
the country. Using my background at UIC, my work with 
IMSI, and my other networks, I would aspire to identify 
nominees who bring many different perspectives, including 
both individual and institutional characteristics.
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Additional experience/qualifications you bring to the 
position: AWM Travel Grant, October 2012; N. Bourbaki 
Seminar (Y. de Cornulier, on K. Juschenko and N. Monod), 
January 2013; CAREER National Science Foundation 
Award DMS1352173, 2014–2019; Kamil Duszenko Prize 
by Wroclaw Mathematics Foundation and Polish Academy 
of Science, 2016; Member of the Scientific Board of the 
American Institute of Mathematics, 2016–present; Editor, 
Operators and Matrices, 2020–present; Simons Fellowship, 
2021–2022; served on several panels at the National Science 
Foundation.

Candidate Statement: I am very honored to have been 
nominated to the AMS Editorial Boards Committee. AMS is 
one of the most prestigious and yet affordable publication 
houses in the world. The role of the AMS Editorial Boards 
Committee is to recommend appointees to editorial com-
mittees. If elected I will bring my knowledge and expertise 
within several areas of pure mathematics so AMS can thrive 
going forward and continue to be a top publisher.

Editorial Boards Committee
Gaston Mandata N’Guerekata
University Distinguished Professor, 
Morgan State University

PhD: University of Montreal, 1980
AMS Offices and Committees: 

AMS Committee on Publications, 
2020–2023.

Selected publications or other 
forms of scholarship: 1. with V. M. 
Nguyen and S. Siegmund, Circular 

spectrum and bounded solutions of periodic evolution 
equations, J. Differential Equations 246 (2009), no. 8, 
3089–3108. MR2507951; 2. A Cauchy problem for some 
fractional abstract differential equation with non local 
conditions, Nonlinear Anal. 70 (2009), no. 5, 1873–1876. 
MR2492125; 3. with G. Mophou, On a class of fractional 
differential equations in a Sobolev space, Appl. Anal. 91 
(2012), no. 1, 15–34. MR2864690; 4. with J. Liang and 
T.-J. Xiao, α ~ l relatively dense sets and weighted pseudo 
almost periodic phenomenon, Proc. Amer. Math. Soc. 148 
(2020), no. 2, 687–696. MR4052206; 5. Almost periodic 
and almost automorphic functions in abstract spaces, 
Second edition [of MR1880351], Springer, Cham, 2021. 
MR4277844.

Selected addresses or public presentations: Clay-
tor-Woodard Lecture invited speaker, 2006; NAM-MathFest 
keynote speaker, 2011; Joaquim Bustoz Jr. Lecture invited 
speaker, IPAM, UCLA, 2014; 106th Indian Science Congress, 
India, 2019; AMS Invited Address, JMM, 2022.

Synergistic activities: Elected AMS Fellow for contribu-
tion to the theory of almost automorphic functions and 
promoting opportunities in the mathematical sciences for 

3. with M. E. Zieve, Polynomials with PSL(2) monodromy, 
Ann. of Math. 172 (2010), 1315–1359. MR2680492; 4. with 
M. W. Liebeck, E. A. O’Brien, A. Shalev, and P. H. Tiep, 
Surjective word maps and Burnside’s paqb theorem, Invent. 
Math. 213 (2018), 589–695. MR3827208; 5. with T. C. 
Burness and S. Harper, On the spread of finite groups, Ann. 
of Math. (2) 193 (2021), no. 2, 619–687.

Selected addresses or public presentations: AMS 
Annual Meeting Plenary Lecture, San Diego, 2013; British 
Colloquium Plenary Lecture, 2014; ICM Invited Talk, Seoul, 
2014; Distinguished Lecture Series, Technion, 2016; AMS–
Vietnam Plenary Lecture, Quy Nonh, 2019.

Additional experience/qualifications you bring to 
the position: AMS Fellow, 2012; Frank Nelson Cole Prize 
in Algebra, 2018; Managing Editor, Forum of Math, Pi and 
Sigma, 2018–2023.

Candidate Statement: I have always been interested in 
mathematical publishing and served as managing editor 
for Transactions of the AMS for eight years. I am currently 
serving as managing editor of Forum of Math, Pi and Sigma 
and have been on the editorial boards of many journals 
(including Annals, Bulletin of the AMS, Linear Algebra and its 
Applications, and others). I have had quite a lot of experience 
in choosing editors and interacting with editors.

Editorial Boards Committee
Kate Juschenko
Professor, University of Texas at Aus-
tin

PhD: Texas A&M University, 2011
AMS Offices and Committees: 

AMS-Simons Travel Grants Commit-
tee, 2019–2021.

Selected publications or other 
forms of scholarship: 1. with N. 
Monod, Cantor systems, piecewise 

translations and simple amenable groups, Ann. of Math. 
(2) 178 (2013), no. 2, 775–787. MR3071509; 2. with H. 
Helfgott, Soficity, short cycles, and the Higman group, 
Trans. Amer. Math. Soc. 371 (2019), no. 4, 2771–2795. 
MR3896097; 3. with V. Nekrashevych and M. de la Salle, 
Extensions of amenable groups by recurrent groupoids, 
Invent. Math. 206 (2016), no. 3, 837–867. MR3573974; 
4. Liouville property of strongly transitive actions, Proc. 
Amer. Math. Soc., to appear; 5. Amenability by examples, AMS 
Mathematical Surveys and Monographs, to appear.

Selected addresses or public presentations: Plenary 
talk at XXI Coloquio Latinoamericano de Algebra, Bue-
nos Aires, Argentina, 2016; Plenary talk at XXIV Brazilian 
Algebra Meeting, Diamantina, Brazil, July 2016; 5 lectures 
at Young Mathematicians in C*-Algebras, Copenhagen, 
August 2017; 8 lectures at Israel Women in Mathematics 
conference, Jerusalem, September 2017; 5 lectures at Oper-
ator Algebras Summer School, remote, June 2021.
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http://www.ams.org/mathscinet-getitem?mr=2680492
http://www.ams.org/mathscinet-getitem?mr=3827208
http://www.ams.org/mathscinet-getitem?mr=3071509
http://www.ams.org/mathscinet-getitem?mr=3896097
http://www.ams.org/mathscinet-getitem?mr=3573974
http://www.ams.org/mathscinet-getitem?mr=4277844
http://www.ams.org/mathscinet-getitem?mr=4052206
http://www.ams.org/mathscinet-getitem?mr=1880351
http://www.ams.org/mathscinet-getitem?mr=2864690
http://www.ams.org/mathscinet-getitem?mr=2492125
http://www.ams.org/mathscinet-getitem?mr=2507951
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Candidate Statement: It is such an honor being nomi-
nated to stand for election. Since 1980 when I earned my 
PhD degree, my whole life has been devoted to the educa-
tion of minority students in mathematics. I spent my whole 
career in HBCUs, mentoring them, encouraging them to 
engage in graduate programs, and advising minority PhD 
students not only in the nation, but also overseas. As de-
partment chair, I have developed a PhD program in math-
ematics at Morgan State University, making our institution 
the third HBCU in the nation to offer such a program, and 
moving the department from a teaching unit to a quality re-
search one. As a result of my providing opportunities in the 
mathematical sciences for underrepresented groups, along 
with my contribution to almost automorphic functions, I 
was elected an AMS Fellow. If elected to the Editorial Boards 
Committee, I will strategically work to promote equity, 
diversity, inclusion, and excellence in the mathematical 
community and position AMS to give the best support to 
minority students and faculty.

underrepresented groups. Advised six minority PhD and 
several masters graduates.

Additional experience/qualifications you bring to the 
position: Fulbright Scholar at UC Berkeley, 1983; Dr. Iva 
Jones Medallion, 2007; The African Academy of Science 
(AAS) Fellow, 2007; NAFEO Noble Award, 2009; Dr. San-
tire Jean McIntyre International Award, 2010; The World 
Academy of Sciences (TWAS) Fellow, 2014; Memento of 
Honor, 106th Indian Science Congress, 2019; Member, The 
World Academy of Sciences (TWAS) Advisory Committee, 
2019–2021; The Pan African Scientific Research Council 
(PASRC) Fellow, 2021; AMS Fellow, 2022. Boards: Applica-
ble Analysis, Nonlinear Studies, Abstract and Applied Analysis, 
European Journal of Mathematical Analysis, African Diaspora 
Journal of Mathematics, Journal of Nonlinear Analysis and 
Applications, Progress in Fractional Differential Equations and 
Applications, International Journal of Differential Equations, 
Communications in Mathematical Analysis, Fractional Differ-
ential Calculus.
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YOUR SUGGESTIONS ARE WANTED BY:

the Nominating Committee, for the following contested
seats in the 2023 AMS elections:

vice president, trustee, and five members at large
of the Council.

Deadline for suggestions: November 1, 2022

the president, for the following contested seats in the
2023 AMS elections:

three members of the Nominating Committee and
two members of the Editorial Boards Committee.

Deadline for suggestions: January 31, 2023

the Editorial Boards Committee, for appointments to
various editorial boards of AMS publications.

Deadline for suggestions: Can be submitted any time

Send your suggestions for any of the above to:
Boris Hasselblatt, Secretary
American Mathematical Society
201 Charles Street
Providence, RI 02904-2213, USA
secretary@ams.org
or submit them online at www.ams.org/committee-nominate
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Vice President or Member at Large
One position of vice president and member of the Council 
ex officio for a term of three years is to be filled in the elec-
tion of 2023. The Council intends to nominate at least two 
candidates, among whom may be candidates nominated 
by petition as described in the rules and procedures below.

Five positions of member at large of the Council for a 
term of three years are to be filled in the same election. 
The Council intends to nominate at least ten candidates, 
among whom may be candidates nominated by petition in 
the manner described in the rules and procedures below.

Petitions are presented to the Council, which, according 
to Section 2 of Article VII of the bylaws, makes the nom-
inations.

Prior to presentation to the Council, petitions in sup-
port of a candidate for the position of vice president or of 
member at large of the Council must have at least fifty valid 
signatures and must conform to several rules and proce-
dures, which are described below. Petitioners can facilitate 
the procedure by accompanying the petitions with a signed 
statement from the candidate giving consent.

Editorial Boards Committee
Two places on the Editorial Boards Committee will be filled 
by election. There will be four continuing members of the 
Editorial Boards Committee.

The president will name at least four candidates for 
these two places, among whom may be candidates nomi-
nated by petition in the manner described in the rules and 
procedures.

The candidate’s assent and petitions bearing at least 100 
valid signatures are required for a name to be placed on 
the ballot. In addition, several other rules and procedures, 
described below, should be followed.

Nominating Committee
Three places on the Nominating Committee will be filled 
by election. There will be six continuing members of the 
Nominating Committee.

The president will name at least six candidates for these 
three places, among whom may be candidates nominated   
by petition in the manner described in the rules and pro-
cedures.

The candidate’s assent and petitions bearing at least 100 
valid signatures are required for a name to be placed on 
the ballot. In addition, several other rules and procedures, 
described below, should be followed.

Rules and Procedures
Use separate copies of the form for each candidate for vice 
president, member at large, or member of the Nominating 
or Editorial Boards Committees.
1. To be considered, petitions must be addressed to 

Secretary, American Mathematical Society, 201 Charles 
Street, Providence, RI 02904-2213, USA, and must 
arrive by 24 February 2023.

2. The name of the candidate must be given as it appears 
in the American Mathematical Society’s membership 
records and must be accompanied by the member 
code. If the member code is not known by the candi-
date, it may be obtained by the candidate contacting 
the AMS headquarters in Providence (amsmem@ams 
.org).

3. The petition for a single candidate may consist of sev-
eral sheets each bearing the statement of the petition, 
including the name of the position, and signatures. 
The name of the candidate must be exactly the same 
on all sheets.

4. On the next page is a sample form for petitions. Peti-
tioners may make and use photocopies or reasonable 
facsimiles.

5. A signature is valid when it is clearly that of the mem-
ber whose name and address is given in the left-hand 
column.

6. When a petition meeting these various requirements 
appears, the secretary will ask the candidate to indicate 
willingness to be included on the ballot. 
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The undersigned members of the American Mathematical Society propose the name of

_________________________________________________  as a candidate for the position of (check one):

   Vice President (term beginning 02/01/2024)
   Member at Large of the Council (term beginning 02/01/2024)
   Member of the Nominating Committee (term beginning 01/01/2024)
   Member of the Editorial Boards Committee (term beginning 02/01/2024)

of the American Mathematical Society.

Return petitions by February 24, 2023 to:  
Secretary, AMS, 201 Charles Street, Providence, RI 02904-2213, USA

Name, address, and AMS member code,  
if available (printed or typed)

Signature

Signature

Signature

Signature

Signature

Signature
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AMS Centennial Research 
Fellowship Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2023–2024 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2011, and September 1, 2020). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 
reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 

AMS Prizes & Awards
AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2023–2024 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research --for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
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notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

Joan and Joseph Birman 
Fellowship for 
Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed to 
fit the unique needs of women. This fellowship program 
is made possible by a generous gift from Joan and Joseph 
Birman. One fellowship in the amount of $50,000 will be 
awarded for the 2023–2024 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the de-
velopment of their research career. Candidates must have a 
carefully thought-through research plan for the fellowship 
period. Special circumstances (such as time taken off for 
care of children or other family members) may be taken 
into consideration in making the award. The fellowship 
can be used to provide additional time for research of the 
awardee, or opportunities to work with collaborators. This 
may include, but is not limited to, course buy-outs, travel 
money, childcare support, or support to attend special 
research programs.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

American Mathematical Society 
Policy on a Welcoming 
Environment
(as adopted by the January 2015 AMS Council  
and modified by the January 2019 AMS Council)

The AMS strives to ensure that participants in its 
activities enjoy a welcoming environment. In all 
its activities, the AMS seeks to foster an atmo-
sphere that encourages the free expression and 
exchange of ideas. The AMS supports equality 
of opportunity and treatment for all partici-
pants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, 
religion or religious belief, age, marital status, 
sexual orientation, disabilities, veteran status, or 
immigration status.

Harassment is a form of misconduct that 
undermines the integrity of AMS activities and 
mission.

The AMS will make every effort to maintain an 
environment that is free of harassment, even 
though it does not control the behavior of third 
parties. A commitment to a welcoming envi-
ronment is expected of all attendees at AMS 
activities, including mathematicians, students, 
guests, staff, contractors and exhibitors, and par-
ticipants in scientific sessions and social events. 
To this end, the AMS will include a statement 
concerning its expectations towards maintain-
ing a welcoming environment in registration 
materials for all its meetings, and has put in 
place a mechanism for reporting violations. 
Violations may be reported confidentially  
and anonymously to 855.282.5703 or at  
www.mathsociety.ethicspoint.com. The report-
ing mechanism ensures the respect of privacy 
while alerting the AMS to the situation.

For AMS policy statements concerning  
discrimination and harassment, see the  
AMS Anti-Harassment Policy.

Questions about this welcoming environment 
policy should be directed to the AMS Secretary.

https://www.ams.org/emp-centflyer
https://www.ams.org/emp-centflyer
https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
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his congresspeople’s constituents. The story resonated with 
the staffers, one of whom told Cooper that they like to 
include local anecdotes in their senator’s speeches.

Cooper was one of eleven mathematicians, most of them 
members of the AMS Committee on Science Policy (CSP), 
who met with congressional staffers in the latest round 
of Hill visits arranged by the AMS Office of Government 
Relations. As part of its long-standing efforts to advocate 
for mathematics in Congress, the AMS facilitates these 
opportunities for mathematicians to convey to legislators 
the importance of NSF funding or contribute their techni-
cal expertise on other issues. “I found it illuminating and 
worthwhile, and I think others would, too,” Cooper said.

The Faces and Stories of Mathematics Funding
Meetings between members of the public and the office of 
a US representative or senator usually involve policy staffers 
rather than elected officials. Typically young and bright, 
staffers often spend three to four hours in back-to-back 
appointments with constituents lasting less than a half 
hour each. One staffer might focus entirely on science and 
technology or juggle a portfolio including the judiciary, 
foreign affairs, and more.

CSP members worked in pairs for this year’s virtual Hill 
visits. Cooper was accompanied by CSP member Jordan 
Ellenberg in meetings with staffers for Senator Raphael 
Warnock, Senator Jon Ossoff, and Representative Nikema 
Williams. Likewise, the two talked with staffers for Ellen-
berg’s senators and representative from Wisconsin. AMS 
Director of Government Relations Karen Saxe attended all 
six of their meetings.

Beforehand, Saxe shared the staffers’ LinkedIn pages and 
helped craft an effective message. Though NSF funding in 
general enjoys bipartisan support in Congress, legislators 
and staffers might not realize how crucial the agency is to 
the mathematics community—some 70% of federal fund-
ing for basic mathematics research in the US comes from 

Since 2007, 28 undergraduates from Georgia’s Fifth Con-
gressional District, which includes almost 75% of Atlanta, 
have spent a summer doing mathematics research at the 
Mathematical Sciences Research Institute Undergraduate 
Program (MSRI-UP) in Berkeley. Through lectures, small 
group work, and mentoring, the nationwide program 
shows such students that they, too, can pursue graduate 
school and careers in math. Indeed, the first MSRI-UP par-
ticipant to earn a PhD in mathematics is now an assistant 
professor at Emory University, also in the Fifth District.

MSRI-UP has succeeded in introducing undergrads from 
historically underrepresented groups to advanced mathe-
matical research thanks to the dedication of its leaders, but 
to make their vision a reality year after year, Duane Cooper 
and fellow program directors depend on funding from the 
National Science Foundation (NSF).

That was the message 
that Cooper, an associate 
professor of mathemat-
ics at Morehouse College, 
brought to Capitol Hill in 
virtual meetings with con-
gressional staffers from 
Georgia earlier this year. 
Federal funding for the NSF 
may seem like an imper-
sonal topic, but as Cooper 
noted with staffers, NSF 
dollars have a tangible pos-
itive impact on the lives of 

Advocating on Capitol Hill  
for Mathematics Funding
Scott Hershberger

Figure 1. Duane Cooper is 
a member at large of the 
AMS Council and sits on the 
Committee on Science Policy.

Scott Hershberger is an incoming master’s student in science communication 
at the University of Wisconsin–Madison. When he wrote this piece, he was 
the communications and outreach content specialist at the AMS. His email 
address is scotthersh42@gmail.com. 

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2520
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series of meetings with con-
gressional staffers.

In the process, CASE 
fellows learn how to talk 
about basic research with 
policymakers. “Try to make 
it relatable to them, express 
your enthusiasm without 
launching into vocabulary 
they’re not going to un-
derstand, give them lots of 
examples, make it visual,” 
said Sumun Iyer, a PhD can-
didate at Cornell University 
who attended the workshop 
in 2019.

Scientists need to advocate for the NSF on an ongoing 
basis because Congress annually considers competing 
budget priorities. For fiscal year 2022, the Biden adminis-
tration requested $10.2 billion for the NSF, but Congress 
approved only $8.8 billion. For fiscal year 2023, the presi-
dent requested $10.5 billion, and Congress will determine 
the final amount in the fall of 2022.

Only one out of the 25 meetings in the latest round of 
Hill visits was with a Republican office, since the mathe-
maticians who took part mostly live in Democratic com-
munities. But to strengthen bipartisan support for the NSF, 
the mathematics community must cultivate relationships 
with legislators from both parties. “We certainly need more 
mathematicians as volunteers for the Hill visits who reside 
in Republican states,” Cooper said.

At next year’s CSP meeting in Washington, DC, Saxe 
hopes to see a return to in-person Hill visits. In the mean-
time, Orellana encourages others in the community to 
make virtual Hill visits about the NSF or another policy 
issue relevant to their expertise.

“It is a very good way to get involved and to advocate 
for mathematical research,” she said.

References
[1] National Science Foundation, FY 2023 Budget Request to 

Congress, Overview p. 15, Mar. 28, 2022. https://www 
.nsf.gov/about/budget/fy2023/toc.jsp

Credits
Figure 1 is courtesy of Duane Cooper.
Figure 2 is courtesy of Gael Popescu.
Figure 3 is courtesy of Anita Benjamin, 
AMS.
Author photo is courtesy of Scott  
Hershberger.

the NSF [1]. “NSF is basi-
cally the funding agency if 
you’re doing mathematical 
research,” said Rosa Orel-
lana, a professor at Dart-
mouth College and CSP 
member.

Orellana teamed up with 
fellow CSP member Joe Sil-
verman, AMS Executive Di-
rector Catherine Roberts, 
and AMS Associate Director 
of Government Relations 
Tyler Kloefkorn to visit the 
offices of congresspeople 
from New Hampshire, Mas-

sachusetts, and Rhode Island. Orellana talked about “cu-
riosity-driven research as opposed to problem-solving re-
search” and why both are important. For example, she said, 
curiosity-driven research on prime numbers led centuries 
later to the foundations of current internet cryptography, 
while future algorithms resistant to quantum computers 
may harness elliptic curves.

“[The staffers] don’t understand how difficult it is to get 
funding,” Orellana said. “So I was able to share this with 
them, and how it impacts your confidence and […] your 
ability to recruit students.”

The staffers were receptive, taking notes and asking 
follow-up questions, Cooper said. Although the impact of 
each Hill meeting in isolation is difficult to measure, the 
cumulative result of the AMS’s advocacy is that staffers and 
legislators have mathematicians’ faces and stories to draw 
on when negotiating next year’s funding levels for the NSF.

Connecting with Policymakers
Funding for research is far from the only policy issue 
relevant to mathematicians. In other virtual Hill visits 
by mathematical scientists over the past two years, Noah 
Giansiracusa voiced concerns about biases in algorithms, 
Cynthia Dwork explained differential privacy, and Po-Shen 
Loh discussed COVID-19 tracking and prevention. Any 
mathematician who wants to connect with the offices of 
their representative and senators can reach out to the AMS 
Office of Government Relations,1 which will facilitate the 
appointments.

The AMS also sponsors graduate students to attend the 
Catalyzing Advocacy in Science and Engineering (CASE) 
workshop2 in Washington, DC, organized by the American 
Association for the Advancement of Science. The four-day 
program covers the structure of Congress and the federal 
budget and appropriations processes, culminating in a 

1https://www.ams.org/government/Contact-Us
2https://www.ams.org/government/dc-case-fellowship

Figure 2. Rosa Orellana is 
a member at large of the 
AMS Council and sits on the 
Committee on Science Policy.

Figure 3. Graduate students 
Sumun Iyer and Sangsan 
Warakkagun at the CASE 
workshop in 2019. 

Scott Hershberger
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https://www.nsf.gov/about/budget/fy2023/toc.jsp


Gender Equity and Inclusion in the
US STEM Education System and Workforce Pipeline

are Essential for National Defense and Economic Security

June 28, 2022

The United States has long recognized science as critical for our national defense and economic 
security. Indeed, our STEM workforce is a global leader in innovation and discovery. Yet, to maintain 
our leadership in a more competitive global economy, we must increase the size of and bolster the 
support of our STEM workforce.

In every community and every locality, women are central to growing and enhancing our 
STEM workforce.
We have made great strides in higher educational attainment for women over the past decades; in fact, 
women now comprise the majority of college students. To enter the STEM workforce, women must be 
able to reliably complete STEM degrees—but external factors are all too often barriers to graduation.

Completing advanced degrees and advancing careers in STEM fields are hard and a complex 
supportive environment is necessary for women to succeed unimpeded. The very ability for women to 
complete college and go on in STEM fields presupposes high-quality and easily accessible health care. 
Access to safe abortion is an important part of good health care.

Curtailing the right to abortion, and creating barriers to reproductive services generally, 
directly affect the ability of women to advance their education and participate fully in the 
research ecosystem and the STEM workforce.
• The most common demographic profile of someone receiving an abortion is a woman in her 20s 

who has attended some college.1 Nearly 40% of people who seek an abortion say they do so at 
least partially because having a child could derail their education.2

• Access to safe abortions affects educational outcomes. A 2019 study used data from 876 women 
who had chosen to terminate their pregnancies—some of the women received abortions, while 
others were turned away and went on to give birth. Comparing the outcomes of the two groups, 
and among those who completed high school, the study found that only 27% of the women 
denied an abortion earned a college degree, while 71% of those who received an abortion became 
college graduates.3

• Research demonstrates that legalized abortion leads to increases in educational attainment and 
improvements in employment outcomes and earnings. These effects are particularly large for 
Black women.4

• Women who do not complete college will fall behind economically—adults with a bachelor’s 
degree earn an average of $1.2 million more over their careers than the median worker with a HS 
diploma.5 People who are denied an abortion and carry an unwanted pregnancy to term have four 
times greater odds of living below the Federal Poverty Level.6



The negative educational and economic impact of denying women access to safe abor-
tions is sweeping and profound.
A state-by-state approach to abortion—wherein some states ban access entirely—comes with 
enormous danger for women. Our most intimate, personal data are now collected and shared—often 
without our consent or even awareness—to various entities, including law enforcement agents. 
Menstrual cycle data, location-tracking, and online purchases, for example, could be used against 
women as they navigate a new and challenging health care system.

Fundamental research in mathematical sciences has helped to enable this powerful surveillance 
apparatus. As such, we mathematicians find it particularly important to stand up when data are—or are 
in danger of—being misused, or used with ill intent. With this ethical concern, and a priority to support 
the education and careers of our members, we support health-related data privacy legislation.

• The Health and Location Data Protection Act (S.4408) would ban data brokers from selling health 
and location data. This would, for example, protect data in a period-tracking app, and help keep 
private visits to doctors’ offices. Period-tracking apps are often not covered under the Health 
Insurance Portability and Accountability Act, or HIPAA. If abortion is a crime, data from a period-
tracking app could be used to incriminate women. 

• The My Body, My Data Act (H.R.8111, S.4434), backed by Planned Parenthood and NARAL 
Pro-Choice America, would protect personal data collected by entities not currently covered under 
HIPAA, including data collected by apps, cell phones, and search engines. 

• The Fourth Amendment is not for Sale Act (H.R. 2738, S.1265), while not limited to information 
collected by period-trackers, would prohibit data brokers from selling this and other personal 
information to law enforcement or intelligence agencies without court oversight.

About the American Mathematical Society
Founded in 1888, the American Mathematical Society (AMS) is dedicated to advancing 
the interests of mathematical research and scholarship and connecting the diverse 
global mathematical community. The AMS has 30,000 individual members worldwide 
and supports mathematical scientists at every career stage.

Contact
Dr. Karen Saxe
Associate Executive Director
Director of Government Relations
American Mathematical Society
kxs@ams.org

 1https://www.nytimes.com/interactive/2021/12/14/upshot/who-gets-abortions-in-america.html
 2https://www.diverseeducation.com/students/article/15114980/abortion-access-and-college-students
 3https://www.sciencedirect.com/science/article/abs/pii/S104938671930475X
 4https://www.brookings.edu/research/what-can-economic-research-tell-us-about-the-effect-of-abortion-access-on-womens-lives/
 5https://www.forbes.com/sites/michaeltnietzel/2021/10/11/new-study-college-degree-carries-big-earnings-premium-but-other- 

factors-matter-too/?sh=7734797f35cd
 6https://www.populationassociation.org/blogs/paa-web1/2022/06/10/implications-of-restricting-access-to-abortion
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Ehud Hrushovski works in the broad area of model 
theory with applications to algebraic–arithmetic geometry 
and number theory. Among a long list of visible results with 
applications, one can extract the following contributions. 
He introduced the group configuration theorem as a vast 
generalization of Zilber’s and Malcev’s theorems, which 
became a powerful tool in geometric stability theory and 
eventually enabled him to solve the Kueker’s conjecture for 
stable theories. With Pillay he proved a structure theorem 
on groups, which led him to then prove the Mordell–Lang 
conjecture in algebraic geometry in positive characteristic. 
This came as a big surprise. He disproved a conjecture by 
Zilber on strongly minimal sets, introducing a method 
which became an essential technique for estimating com-
plexity. He wrote with Chatzidakis a theory of difference 
fields which, he showed later, has striking applications 
to dynamics in geometry over finite fields, and was for 
example a key tool to solve the Gieseker conjecture on the 
structure of D-modules over finite fields. He found a proof 
of the Manin–Mumford conjecture (Raynaud’s theorem) 
using his tools ultimately stemming from logic. He gave 
algorithms to compute Galois groups of linear differential 
equations. Finally, he developed a theory of integration in 
valued fields and non-archimedean tame geometry, starting 
from his work with Kazhdan (2006) and finishing with his 
work with Loeser (2016).

Biographical Sketch: Noga Alon
Noga Alon was born in Israel and is currently professor of 
mathematics at Princeton University and Baumritter Pro-
fessor Emeritus of Mathematics and Computer Science at 
Tel Aviv University. He earned his PhD in mathematics in 
1983 from the Hebrew University of Jerusalem. He joined 
Tel Aviv University in 1985 and was successively senior lec-
turer (1985–1986), associate professor (1986–1988), and 
full professor from 1988 until retirement. He served as the 
head of the School of Mathematical Sciences in 1999–2000. 

Citations
Noga Alon works in the broad area of discrete mathematics. 
He introduced new methods and achieved fundamental 
results which entirely shaped the field. Among a long 
list of visible results with applications, one can extract 
the following contributions. With Matias and Szegedy he 
pioneered the area of data stream analysis. With Milman 
he connected the combinatorial and algebraic properties 
of expander graphs. With Kleitman, he solved the 1957 
Hadwiger–Debrunner conjecture. In his “combinatorial 
Nullstellensatz,” he formulated in a special case an explicit 
version of Hilbert’s Nullstellensatz from algebraic geometry 
which is widely applicable for discrete problems. This led to 
a proof (1995) of the Dinitz conjecture on Latin squares by 
Chow and further generalizations. With Tarsi he bounded 
the chromatic number of a graph. With Nathanson and 
Ruzsa he developed an algebraic technique yielding a 
solution to the Cauchy–Davenport problem in additive 
number theory. His book with Spencer on probabilistic 
methods became the essential basic manual on probability, 
combinatorics, and beyond.

The 2022 Shaw Prize in Mathematics has been awarded to Noga Alon of Princeton University and Ehud Hrushovski 
of the University of Oxford “for their remarkable contributions to discrete mathematics and model theory with inter-
action notably with algebraic geometry, topology and computer sciences.”

Noga Alon Ehud Hrushovski

Alon and Hrushovski 
Awarded 2022 Shaw Prize
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humanity’s spiritual civilization. Preference is given to 
individuals whose significant work was recently achieved.

The Shaw Prize consists of three annual awards: the 
Prize in Astronomy, the Prize in Science and Medicine, and 
the Prize in Mathematical Sciences. Established under the 
auspices of Run Run Shaw in November 2002, the prize is 
managed and administered by the Shaw Prize Foundation 
based in Hong Kong. The prize carries a cash award of 
US$1,200,000.

Previous recipients of the Shaw Prize in Mathematical 
Sciences are:

 • Jean-Michel Bismut and Jeff Cheeger (2021)
 • Alexander Beilinson and David Kazhdan (2020)
 • Michel Talagrand (2019)
 • Luis Caffarelli (2018)
 • János Kollár and Claire Voisin (2017)
 • Nigel J. Hitchin (2016)
 • Gerd Faltings and Henryk Iwaniec (2015)
 • George Lusztig (2014)
 • David L. Donoho (2013)
 • Maxim Kontsevich (2012)
 • Demetrios Christodoulou and Richard S. Hamilton 

(2011)
 • Jean Bourgain (2010)
 • Simon K. Donaldson and Clifford H. Taubes (2009)
 • Vladimir Arnold and Ludwig Faddeev (2008)
 • Robert Langlands and Richard Taylor (2007)
 • David Mumford and Wen-Tsun Wu (2006)
 • Andrew Wiles (2005)
 • Shiing-Shen Chern (2004)

—Shaw Prize Selection Committee announcement

Credits

Photo of Noga Alon is courtesy of Nurit Alon.

He moved to Princeton University in 2018, where he has 
since held the position of professor. His honors include 
the Erdős Prize (1989), the George Pólya Prize (2000), the 
Bruno Memorial Award of the Israel Institute for Advanced 
Studies (2001), the Landau Prize (2005), the Gödel Prize 
(2005, jointly with Yossi Matias and Mario Szegedy), the 
Israel Prize for Mathematics (2008), the EMET Prize for 
Mathematics (2011, with Saharon Shelah), the Nerode Prize 
(2019, jointly with Raphael Yuster and Uri Zwick), the Paris 
Kanellakis Award (2019, jointly with P. Gibbons, Y. Matias, 
and M. Szegedy), and the Steele Prize for Mathematical Ex-
position (2021, jointly with Joel Spencer). He is a member 
of the Israel Academy of Sciences and Humanities and the 
Academy of Europe. He is also an honorary member of the 
Hungarian Academy of Sciences. He is a Fellow of the AMS 
and the Association for Computing Machinery (ACM). 
He is a diverse reader in both English and Hebrew, and 
his reading interests are broad, a sampling being Tolstoy, 
Wilde, Hemingway, Oz, Tolkien, Grisham, and King. He 
also enjoys playing table tennis.

Biographical Sketch: Ehud Hrushovski
Ehud Hrushovski was born in Israel and is currently Merton 
Professor of Mathematical Logic and a Fellow of Merton 
College at the University of Oxford. He obtained his PhD 
in mathematics from the University of California, Berkeley, 
in 1986 under Leo Harrington. He has been an instructor 
(1987–1988) and visiting assistant professor (1988–1989) 
at Princeton University. After joining the Massachusetts 
Institute of Technology, he served successively as assistant 
professor (1988–1991), associate professor (1992–1994), 
and full professor. He also served as an assistant professor 
(1991–1992) and full professor (1994–2017) at the He-
brew University of Jerusalem. He joined the University of 
Oxford in 2017. His numerous honors include the Erdős 
Prize of the Israel Mathematical Union (1994), the Roth-
schild Prize (1998), the Karp Prize of the Association for 
Symbolic Logic (ASL) in 1993 (jointly with Alex Wilkie), 
and again in 1998, the Bruno Memorial Award (2004), the 
Gödel Lecture (2007), and the Heinz Hopf Prize (2019). He 
has been an invited speaker (1990) and a plenary speaker 
(1998) at International Congresses of Mathematicians. He 
is a member of the Israel Academy of Sciences and Human-
ities and the American Academy of Arts and Sciences and 
is a Fellow of the Royal Society.

About the Prize
The Shaw Prize is an international award established to 
honor individuals who are currently active in their respec-
tive fields and who have achieved distinguished and signif-
icant advances, who have made outstanding contributions 
in culture and the arts, or who have achieved excellence 
in other domains. The award is dedicated to furthering 
societal progress, enhancing quality of life, and enriching  
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broader mathematics community to celebrate the excellent 
research that comes out of AIM workshops and SQuaREs. 
We hope everyone will stop by the AIM booth to learn 
about all of our other activities, and please join us at the 
Math Circles Reception!”

Read more about AIM at https://aimath.org/.

Pro Mathematica Arte
PMA is a nonprofit cor-
poration that runs the 
Budapest Semesters in 
Mathematics (BSM) and 
the Budapest Semesters 
in Mathematics Educa-
tion (BSME). Through 
BSM, American and Ca-
nadian mathematics and 
computer science under-

graduates in their junior or senior years study mathematics 
in Budapest, Hungary, under the tutelage of eminent Hun-
garian scholar-teachers. BSME is a program for undergradu-
ates, recent graduates, and in-service teachers interested in 
the learning and teaching of secondary mathematics. The 
two study abroad programs immerse participants in the 
mathematical and general culture of Hungary.

At JMM, PMA will have a booth in the exhibit hall to 
connect with prospective BSM and BSME students. The 
organization will also host a social event for alums, current 
and former faculty, friends of the programs, and future 
students.

“We are thrilled to join the diverse group of JMM part-
ners,” said Tara Holm, the president and CEO of PMA and 
a professor at Cornell University. “The AMS and PMA share 
a mission to foster mathematics and develop the next gen-
eration of mathematicians. It is an honor to support the 
opportunities provided at JMM that connect and bolster 
our community.”

Read more about PMA at https://www.budapest 
semesters.com/.

—AMS Communications Department

Two More Mathematics 
Organizations Join 
JMM 2023 Partners
The American Institute of Mathematics (AIM) and Pro 
Mathematica Arte (PMA) will join 13 other organizations 
as partners for the Joint Mathematics Meetings (JMM) in 
2023 and beyond.

The JMM is the largest annual mathematics gathering in 
the world. Scheduled to take place in Boston January 4–7, 
2023, JMM 2023 is designed to bring together the mathe-
matical community through presentations, panels, exhibits, 
and professional development sessions on mathematics 
research, pedagogy, inclusion, and more. Here’s a look at 
what AIM and PMA are planning for JMM 2023.

American Institute of Mathematics
AIM’s mission is to ad-
vance mathematical 
knowledge through col-
laboration, to broaden 
participation in the 
mathematical endeavor, 
and to increase the 
awareness of the con-

tributions of the mathematical sciences to society. An 
NSF-supported research institute established in 1994, AIM 
holds focused workshops and programs for small research 
groups (SQuaREs).

AIM’s partnership with the JMM will primarily highlight 
three initiatives: the Alexanderson Award and Lecture, 
which recognize outstanding research articles arising from 
AIM activities; the Math Circle Network, a network of local 
math communities dedicated to student engagement and 
teacher professional learning; and the Open Textbook 
Initiative, which showcases excellent open textbooks and 
provides resources for authors, instructors, and researchers.

“AIM has always had a big presence at JMM, and we’re 
excited to build on that by becoming an official JMM part-
ner,” said Brian Conrey, the founding executive director of 
AIM. “We’re particularly looking forward to bringing the 
Alexanderson Award and Lecture to the JMM, allowing the 

https://www.budapestsemesters.com/
https://www.budapestsemesters.com/
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 • Third award of $500: Edward Garth, Redeemer Baptist 
School, North Park, Australia, Validating a Predictive 
Mathematical Modeling Paradigm for Traveling from Point 
A to Point B; Morgan Holien, Monarch High School, 
Louisville, Colorado, Attempting to Define Tetration of 
Non-Integer Heights; Donald Liveoak, Allen Park High 
School, Allen Park, Michigan, Schrodinger Bridges on 
Discrete Domains; Shirley Xu, The Bishop’s School, La 
Jolla, California, A Heuristic Solution to the Closest String 
Problem Using Wave Function Collapse Techniques.

 • Certificates of Honorable Mention: Dongin Kim,  
Sihyeong Yang, and Seokyoung Yoon, Korea Science 
Academy of KAIST, Busan, South Korea, Study on the 
Solution Set of Knot Colorings; Jiahui Li, Emma Willard 
School, Troy, New York, From the Manhattan Project to 
Statistics of Zeros in L-Functions; Akilan Sankaran, Albu-
querque Academy, Albuquerque, New Mexico, Modifying 
the ABCs of Number Theory.
Each winner also received a booklet on Karl Menger and 

a one-year membership to the AMS.

About the Award
AMS participation in the Regeneron ISEF is supported 
in part by funds from the Karl Menger Fund, which was 
established by the family of the late Karl Menger. The Karl 
Menger Memorial Awards are given to pre-college students 
in mathematics as well as mathematically oriented projects 
in computer science, physics, and engineering at the fair. 
Read more about the Regeneron ISEF at https://www 
.societyforscience.org/isef/.

—AMS Programs Department

Deaths of AMS Members 
Jarrell D. Collier, of Trophy Club, Texas, died on January 

29, 2022. Born on September 5, 1945, he was a member 
of the Society for 46 years.

Rodney D. Driver, of Warwick, Rhode Island, died on 
January 16, 2022. Born on July 1, 1932, he was a member 
of the Society for 65 years.

Credits
Figure 1 is courtesy of the Society for Science.

New Dues Rates for 
AMS Membership
AMS governance has redesigned individual membership 
categories and dues rates to help make membership more 
accessible to a wider audience. These changes took effect 
on August 1, 2022, for 2023 memberships and beyond. If 
you’ve already purchased multi-year memberships, these 
changes won’t affect you until it’s time to renew in the 
future.

For students, we have set a lower rate that will not see in-
flationary increases. We have added a new category for non-
mathematicians (Friends of Math) and a third regular rate 
(Regular-Medium). We have also redesigned some catego-
ries, including Introductory and Regular-Low. Find further 
details at https://www.ams.org/news?news_id=7043.

—AMS Membership Department

2022 AMS Menger Award 
Recipients Announced

The AMS presented the Karl Menger Awards at the 2022 
Regeneron International Science and Engineering Fair 
(Regeneron ISEF) on May 12. The winners were ninth 
through twelfth graders who earned the right to compete 
at the Regeneron ISEF by winning a top prize at a local, 
regional, state, or national science fair. The first-place award 
of $2,000 was given to Sarth Chavan of Aditya English 
Medium School in Pune, India, for On Ramanujan’s Identity 
for Odd Zeta Values and Its Generalization.

The Menger Award Committee also presented the fol-
lowing awards:

 • Second award of $1,000: Daniel Salkinder, Half Hollow 
Hills High School East, Dix Hills, New York, Nxnxn Ru-
bik’s Cube and God’s Number; Sophie Zhu, Williamsville 
East High School, East Amherst, New York, Factorizations 
in Evaluation Monoids of Laurent Semirings.

Figure 1. Some of the winners of the 2022 AMS Menger Awards 
attended the award ceremony in person in Atlanta on May 12. 

https://www.societyforscience.org/isef/
https://www.societyforscience.org/isef/
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selected on the basis of her excellent research programs and 
her plans to use the funds for enhancing those programs 
through collaboration and travel.

—From an EDGE Foundation announcement

Witt Awarded Michler Prize
Emily E. Witt of the University of 
Kansas has been named the recipient 
of the 2022–2023 Ruth I. Michler 
Memorial Prize of the Association 
for Women in Mathematics (AWM) 
for her research accomplishments in 
commutative algebra. The citation 
reads: “Her results on local coho-
mology modules based on applica-
tions of invariant theory have been 
groundbreaking, striking, and unex-
pected. Her techniques are innovative 

and broadly applicable. Witt will use the  award to pursue a 
research project at the intersection of commutative algebra, 
algebraic geometry, and singularity theory. The project's 
title, ‘Invariants of singular plane curves,’ is a tribute to 
the paper with the same title published by Ruth I. Michler 
posthumously.” 

Witt received her PhD from the University of Michigan 
in 2011. She was a postdoctoral fellow at the Mathematical 
Sciences Research Institute (MSRI) and held faculty posi-
tions at the University of Minnesota and the University of 
Utah before joining the faculty at Kansas in 2015, where 
she is an associate professor and Keeler Intra-University 
Professor. She has been the recipient of several National 
Science Foundation grants, including a CAREER Award for 
2020–2025, a Simons Foundation Collaboration Grant, 
a Structured Quartet Research Ensemble (SQuaRE) Col-
laboration Award from the American Institute of Mathe-
matics, and an AMS Mathematical Research Communities 
Collaboration Grant. She has received several awards from 
the University of Kansas for research and teaching. She is 
involved in programs that address diversity and inclusion. 
At Cornell, Witt plans to work with experts in commuta-
tive algebra such as Irena Peeva and Mike Stillman. Witt 

Español Awarded  
Karen EDGE Fellowship

Malena Español of Arizona State 
University has been chosen the re-
cipient of the 2022 Karen EDGE 
Fellowship. The Fellowship Program 
was established with a generous gift 
from Karen Uhlenbeck on the occa-
sion of her 2019 Abel Prize. 

According to the prize citation, 
Español “studies the development, 
analysis, and application of mathe-
matical models and numerical meth-

ods for solving problems arising in science and engineering. 
Her research has been at the intersection of many different 
mathematical areas and is highly interdisciplinary, involv-
ing collaborations with engineers, chemists, and medical 
doctors. Her work has been focused on problems related 
to materials science, signal/image processing, and medical 
diagnostics. Some of her most recent projects involve the 
development of numerical methods for solving inverse 
problems in imaging.” Español received her PhD from 
Tufts University in 2009 under the direction of Misha E. 
Kilmer. She held a postdoctoral position at the California 
Institute of Technology (2009–2012) and joint positions 
in the Departments of Mathematics and of Mechanical 
Engineering at the University of Akron (2012–2019). She 
joined the faculty at Arizona State in 2019. The Fellowship 
will allow her to work with collaborators and experts in 
inverse problems and imaging, to travel to conferences to 
present her work, and to bring bilingual speakers to the 
University of Arizona. She is a member of the AMS, the 
Society for Industrial and Applied Mathematics (SIAM), 
the Mathematical Association of America (MAA), the 
Association for Women in Mathematics (AWM), and the 
US Association for Computational Mechanics (USACM). 
When she is not doing math, she enjoys playing with her 
husband, Agustin, and their son, Sebastian.

The Karen EDGE Fellowships are designed to support 
and enhance the research programs and collaborations 
of midcareer mathematicians who are members of an 
underrepresented minority group. The 2022 Fellow was 

Malena Español

Emily E. Witt
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Canadian Mathematical Society (CMS) for his sequence of 
work on algorithms and complexity groups. He was hon-
ored particularly for the following publications:

 • Andrei A. Bulatov and Víctor Dalmau, “Towards a 
dichotomy theorem for the counting constraint sat-
isfaction problem,” Information and Computation 205 
(2007), no. 5 

 • Andrei A. Bulatov and Martin Grohe, “The complexity 
of partition functions,” Theoretical Computer Science 348 
(2005), nos. 2–3

 • Andrei A. Bulatov, “The complexity of the counting con-
straint satisfaction problem,” Journal of the Association for 
Computing Machinery 60 (2013), no. 55.
According to the prize citation, he “has made funda-

mental and pioneering contributions to the theoretical 
foundations of computation, especially on the constraint 
satisfaction problem (CSP), a standard benchmark prob-
lem for emerging approaches in computing science.” 

Bulatov received his PhD in 1995 and Habilitation in 
2008 from the Ural State University. He served as asso-
ciate professor at Ural State and a research officer at the 
University of Oxford before joining the faculty at Simon 
Fraser University in 2004. He has presented his work at 
the International Congress of Mathematicians in 2014 and 
the International Colloquium on Automata, Languages, 
and Programming in 2021, among others. He has received 
numerous best-paper awards, including the 2021 Gödel 
Prize for the Journal of the ACM paper, and is an editor for 
several journals in his field.

The Morawetz Prize is awarded for an outstanding re-
search publication or series of closely related publications. 
The 2022 prize was awarded in the fields of combinatorics, 
discrete mathematics, logic and foundations, and mathe-
matical aspects of computer science.

—From a CMS announcement

2022 Gödel Prize Awarded
The 2022 Gödel Prize has been awarded jointly to Zvika 
Brakerski of the Weizmann Institute of Science, Vinod Vai-
kuntanathan of the Massachusetts Institute of Technology, 
and Craig Gentry of TripleBlind for the following papers:

 • Zvika Brakerski and Vinod Vaikuntanathan, “Efficient 
fully homomorphic encryption from (standard) LWE,” 
SIAM Journal of Computing 43 (2014), no. 2.

 • Zvika Brakerski, Craig Gentry, and Vinod Vaikuntana-
than, “(Leveled) fully homomorphic encryption without 
bootstrapping,” ACM Transactions on Computation Theory 
6(2014), no. 3.
The citation reads as follows: “The above papers made 

transformative contributions to cryptography by con-
structing efficient fully homomorphic encryption (FHE) 

enjoys running with her husband Daniel Hernández, also a 
mathematician, and their rescue dog, Lucky. She is a weight 
lifter, a vegetarian, and bicyclist and enjoys learning how 
to fix things. She loves music and was a deejay as a student 
at the University of Chicago.

The Michler Prize grants a midcareer mathematician a 
residential fellowship in the Cornell University Mathemat-
ics Department without teaching obligations. 

—From an AWM announcement

Graves Awarded  
PIMS Education Prize

Sean Graves of the University of Al-
berta has been chosen to receive the 
2022 PIMS Education Prize of the 
Pacific Institute for the Mathematical 
Sciences (PIMS). He was honored 
for “his energy and enthusiasm to-
wards teaching, and the impact of his 
work developing mathematical talent 
through outreach.” Graves has been 
a faculty lecturer since 2011. He re-
ceived the William Hardy Alexander 

Award for Excellence in Undergraduate Teaching in 2017, 
and he developed a course focused on mathematical rea-
soning for elementary teachers. He has also been the lead 
organizer for the University of Alberta’s SNAP Math Fairs 
each year since 2007 and a coorganizer of the Canadian 
Mathematical Society’s Alberta Math Summer Camp for 
students ages 12–15 years. He also serves as coordinator of 
the university’s Decima Robinson Support Centre, which 
provides help for undergraduates with their course work. In 
his free time, Graves enjoys camping, fishing, and juggling.

The PIMS Education Prize is awarded to members of the 
PIMS community who have made a significant contribu-
tion to education in the mathematical sciences and who 
have played a major role in enhancing public awareness 
and appreciation of the mathematical sciences, as well 
as fostering communication among various groups and 
organizations concerned with mathematical training at 
all levels.

—From a PIMS announcement

Bulatov Awarded  
Morawetz Prize
Andrei A. Bulatov of Simon Fraser University has been 
awarded the 2022 Cathleen Synge Morawetz Prize of the 

Sean Graves



NEWS

Mathematics People

1438    Notices of the AmericAN mAthemAticAl society Volume 69, Number 8

Davidova Awarded  
Artin Prize
Diana Davidova of the University of Bergen has been 
awarded the 2022 Emil Artin Junior Prize in Mathematics. 
She was honored for her paper (with Lilya Budaghyan, 
Claude Carlet, Tor Helleseth, Ferdinand Ihringer, and Tim 
Penttila) “Relation between o-equivalence and EA-equiv-
alence for Niho bent functions,” Finite Fields and Their 
Applications 72 (2021). The Emil Artin Junior Prize in Math-
ematics is awarded under the auspices of the Armenian 
Mathematical Union, carries a cash award of US$1,400, 
and is presented usually every year to a student or former 
student of an Armenian educational institution under 
the age of thirty-five for outstanding contributions to al-
gebra, geometry, topology, and number theory, the fields 
in which Emil Artin made major contributions. The prize 
committee consisted of A. Basmajian, Y. Movsisyan, and 
V. Pambuccian.

—Victor Pambuccian

Marshall Scholars 
Announced
Three young scholars whose work involves the mathemat-
ical sciences have been awarded Marshall Scholarships for 
2022. The scholarships provide support for young scholars 
of high ability to study in the United Kingdom. Samuel 
Brody of the U.S. Air Force Academy majored in aeronauti-
cal engineering and applied mathematics. As a cadet, he re-
searched numerical methods applied to the Navier–Stokes 
equations, developing a novel preconditioned conjugate 
gradient method. He is pursuing an MSc in aeronautical 
engineering at the University of Oxford.

Nicolas “Cole” Graber-Mitchell graduated from Am-
herst College with a degree in mathematics and law, 
jurisprudence, and social thought. He has organized with 
progressive nonprofits and campaigns. He has collaborated 
on multiple peer-reviewed published works, including a 
book on the trajectory of lethal injection since the 1970s. 
He will study community building in the Middle East at 
Oxford University.

Andrew McDonald of Michigan State University earned 
undergraduate degrees in computer science, advanced 
mathematics, and statistics as an Alumni Distinguished 
Scholar and Goldwater Scholar. He has collaborated in 
developing algorithms for multirobot systems tasked with 

schemes. In an FHE scheme, data is securely encrypted as 
in a standard encryption scheme. In addition, FHE provides 
capability to compute on the encrypted data and generate 
encrypted results, without decrypting or requiring any se-
cret key. Such capability unlocks a vast array of applications 
that let us securely outsource expensive computations to 
untrusted servers, and securely perform collaborative com-
putations among multiple entities. The notion of fully ho-
momorphic encryption was conceived (as ‘privacy homo-
morphisms’) in work by Rivest, Adleman, and Dertouzos in 
1978. Constructing an FHE scheme which enables arbitrary 
computations on encrypted data, however, remained an 
open question for the following three decades.

“Prior to these papers, one of the authors, Craig Gentry, 
had presented (in proceedings form only) a construction 
of FHE in 2009. That groundbreaking contribution had 
great promise, but also some limitations, regarding both 
efficiency and the nature of the security guarantees. The 
above papers presented entirely new constructions of fully 
homomorphic encryption whose security relied only on the 
hardness of Regev's learning with errors (LWE) problem. 
They have led to a new generation of practically efficient 
FHE. These papers have had enormous impact on both 
theoretical and applied research, ranging from the construc-
tions of advanced cryptographic primitives, via worst-case 
to average-case reductions, to FHE implementation, and the 
design of post-quantum encryption candidates.”

The Gödel Prize is named in honor of Kurt Gödel, who 
was born in Austria-Hungary (now the Czech Republic) in 
1906. Gödel’s work has had immense impact upon scien-
tific and philosophical thinking in the twentieth century. 
The award recognizes his major contributions to math-
ematical logic and the foundations of computer science.

—From a Gödel Prize announcement

Alexanderson Award 
Announced
Jan H. Bruinier of the Technische Universität Darmstadt, 
Benjamin Howard of Boston College, Stephen S. Kudla 
of the University of Toronto, Michael Rapoport of the 
University of Bonn, and Tonghai Yang of the University 
of Wisconsin, Madison, have been named the recipients of 
the 2022 Gerald Alexanderson Award for their paper “Mod-
ularity of generating series of divisors on unitary Shimura 
varieties,” Asterisque 421 (2020). The award recognizes the 
best paper from an American Institute of Mathematics 
(AIM) workshop or Structured Quartet Research Ensemble 
(SQuaRE) in the preceding three years. 

—Elaine Kehoe
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indifferences,” and to Shirley Xu, The Bishop’s School, 
La Jolla, California, for “A heuristic solution to the closest 
string problem using wave function collapse techniques.” 
Second Awards of US$1,000 were given to Emilie Mor-
gan Steinberg, Dr. Michael M. Krop Senior High School, 
Aventura, Florida, for “Utilizing convergence tests and 
complex analysis to redefine the provability of the partition 
formula”; to Chia-Wei Lu and Ming-Te Hong, both of the 
Affiliated Senior High School of National Taiwan Normal 
University, Taipei City, Taiwan, for “Farey sequences and 
Ford spheres in higher dimensions”; and to Sanuja Dilanka 
Manage, College Park High School, Conroe, Texas, for 
“Random forest to predict dengue cases and outbreaks.”

The Air Force Research Labortory, on behalf of the U.S. 
Air Force, awarded a US$750 prize to Sanuja Dilanka Man-
age, College Park High School, Conroe, Texas, for “Random 
forest to predict dengue cases and outbreaks.”

The American Statistical Association awarded an Hon-
orable Mention to Lucas Gutman, iPrep Academy North, 
Miami, Florida, for “LD-based mapping by cluster analysis 
of the GWAS to determine a single variant most associated 
with Alzheimer’s disease.”

The Central Intelligence Agency presented a US$1,000 
First Award to Emilie Morgan Steinberg, Dr. Michael M. 
Krop Senior High School, Aventura, Florida, for “Utilizing 
convergence tests and complex analysis to redefine the 
provability of the partition formula.”

The National Security Agency presented the following 
mathematics awards. Morgan Arthur Holien, Monarch 
High School, Superior, Colorado, was awarded first place 
for “Attempting to define tetration of non-integer heights.” 
Second place went to Donald James Liveoak, Allen Park 
High School, Allen Park, Michigan, for “Schrodinger 
bridges on discrete domains.” Third place was awarded to 
Meryl Zhang, R. C. Clark High School, Plano, Texas, for 
“Fast and furious: Designing an ultra-efficient hybrid matrix 
multiplication algorithm.”

The University of Arizona awards scholarships to out-
standing awardees who have demonstrated robust research 
for the greater good of society. The 2022 Renewal Tuition 
Scholarship was awarded to Iliyas Bashir Noman, Sofia 
High School of Mathematics, Sofia, Bulgaria, for “Minimal 
number of monochromatic edges in bicolored graphs.” 

—From a Society for Science announcement

Credits
Photo of Malena Español is courtesy of Malena Español.
Photo of Emily E. Witt is copyright University of Kansas.
Photo of Sean Graves is courtesy of Dawn Graves.

environmental sensing and monitoring, and modeling 
meteorological extremes with deep learning.

—From a Marshall Scholarship announcement

Regeneron International 
Science and Engineering Fair 
(ISEF) Science Talent Search
The International Science and Engineering Fair (ISEF) 
was held both in person and virtually in May 2022 with 
sponsorship from Regeneron Pharmaceuticals and the 
Society for Science. The following young scientists in the 
ninth through twelfth grades were awarded prizes in the 
mathematics category.

The First Award in Mathematics of US$5,000 was earned 
by Akilan Sankaran of  Albuquerque Academy, Albuquer-
que, New Mexico, for the project “Modifying the ABCs of 
number theory.”

Second Awards of US$2,000 were presented to Jiahui 
Li, Emma Willard School, Troy, New York, for “From the 
Manhattan Project to statistics of zeros of L-functions” and 
to Shirley Xu of The Bishop’s School, La Jolla, California, 
for “A heuristic solution to the closest string problem using 
wave function collapse techniques.”

Third Awards of US$1,000 went to Daniel Salkinder, 
Half Hollow Hills High School East, Dix Hills, New York, 
for “N × n × n Rubik’s cubes and God’s number”; to  Donald 
Liveoak, Allen Park High School, Allen Park, Michigan, for 
“Schrodinger bridges on discrete domains”; and to Ram 
Goel, Krishna Homeschool, Portland, Oregon, for “Prod-
ucts of reflections in smooth Bruhat intervals.”

Four young mathematicians received Fourth Awards of 
US$500: Edward Garth, Redeemer Baptist School, New 
South Wales, Australia, for “Validating a predictive mathe-
matical modelling paradigm for travelling from Point A to 
Point B”; Sarth Chavan, Aditya English Medium School, 
Maharashtra, India, for “On Ramanujan’s identity for odd 
zeta values and its generalization”; Yavuz Yurduseven, 
Amasya Sehit Ferhat Unelli Bilim ve Sanat Merkezi, Turkey, 
for “A circular approach to the broken pick-up sticks prob-
lem”; and Sophie Zhu, Williamsville East High School, 
East Amherst, New York, for “Factorizations in evaluation 
monoids of Laurent semirings.”

A number of special awards were also given at ISEF. 
Mu Alpha Theta, the National High School and Two-Year 
College Mathematics Honor Society, honored six students 
in the Mathematics category. First Awards of US$1,500 
were presented to Niranjan Baskaran, Gateway Inter-
national School, Chennai, Tamil Nadu, India, for “On 
worker-optimal matchings in many-to-many markets with  
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How do AMS Graduate Student Chapters support
the mathematical community and beyond?

University of Mississippi
Graduate Student Seminars:
This chapter has continued connecting members despite all the challenges

posed by the pandemic. Their Graduate Student Seminars were hosted via Zoom,

providing an opportunity for students to practice presenting their research in a

friendly environment.



Pictured: Swag from the University of British Columbia

www.ams.org/studentchapters

The Chapter Program makes meaningful contributions to the
professional development of graduate students in the mathematical
sciences and connects graduate students with AMS offerings.

Wesleyan University
Teaching Panels:
Wesleyan’s teaching panels are open to all graduate students and focus on 

topics such as expectations for a semester or how to overcome specifi c

worries. They include a Q&A, where strategies and supportive teaching

materials are discussed. The panels increase pedagogical discussion and 

help empower students to be the best teachers and mentors they can be.

University of British Columbia
Math Tricks or Treats:
This chapter kept its members connected socially and

mathematically through a fun Spooky Trick or Treat Challenge

using ZOOM and EduPad, with witty, challenging mathematics 

problems and corresponding Halloween treats.
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Call for Nominations for  
Clay Research Fellowships

The Clay Mathematics Institute solicits nominations for 
Clay Research Fellowships. Fellows are appointed for a pe-
riod of one to five years. They may conduct their research 
at whatever institution or combination of institutions 
best suits their research. In addition to a generous salary, 
the fellows receive support for travel, collaboration, and 
other research expenses. The deadline for nominations is 
October 15, 2022. For more information, see http://www 
.claymath.org/programs/fellowship-nominations. 

—From a Clay Mathematics Institute announcement

2022 SACNAS Conference

The Society for Advancement of Chicanos/Hispanics and 
Native Americans in Science (SACNAS) 2022 National 
Diversity in STEM Conference will be held October 25–29, 
2022, in San Juan, Puerto Rico. See https://www.sacnas 
.org/conference. 

  —From a SACNAS announcement

News from MSRI

The Mathematical Sciences Research Institute (MSRI) in-
vites applications for Research Professors, Research Mem-
bers, and Postdoctoral Fellows in the following programs: 

 • Algorithms, Fairness, and Equity, August 21–December 
20, 2023 

 • Mathematics and Computer Science of Market and Mecha-
nism Design, August 21–December 20, 2022 

 • Commutative Algebra, January 16–May 24, 2024 
 • Noncommutative–Algebraic Geometry, January 16–May 

24, 2024  
Research Professorships are intended for senior research-

ers who will be making key contributions to a program, 
including the mentoring of postdoctoral fellows, and who 

Call for Nominations  
for 2023 Morawetz Prize

The Cathleen Synge Morawetz Prize is awarded by the Ca-
nadian Mathematical Society (CMS) for an outstanding re-
search publication or a series of closely related publications 
that are clearly connected and focused on the same topic. 
At least one author of any nominated paper should be part 
of the Canadian mathematical community. The prize will 
be awarded on a six-year rotation of subject areas. The prize 
for 2023 will be given in the field of applied mathematics, 
including but not limited to numerical analysis and sci-
entific computing, control theory and optimization, and 
applications of mathematics in science and technology. 
The deadline for nominations is September 30, 2022. 
See https://cms.math.ca/awards/cathleen-synge 
-morawetz-prize/nomination-information/.

—From a CMS announcement

Early-Career Opportunity

AWM Travel Grants for Women

The National Science Foundation (NSF) and the Associ-
ation for Women in Mathematics (AWM) sponsor travel 
grant programs for women mathematicians. AWM Travel 
Grants for Women Researchers enable women to attend 
research conferences in their fields. AWM Mathematics 
Mentoring Travel Grants are designed to help junior women 
develop long-term working and mentoring relationships 
with senior mathematicians. Deadlines for applications 
for Travel Grants are October 1, 2022; February 15, 
2023; and May 15, 2023. The deadline for applications 
for Mathematics Mentoring Travel Grants is February 15, 
2023. See https://awm-math.org/awards/awm-grants 
/travel-grants or email: awm@awm-math.org.

—From an AWM announcement

https://cms.math.ca/awards/cathleen-synge-morawetz-prize/nomination-information/
https://cms.math.ca/awards/cathleen-synge-morawetz-prize/nomination-information/
https://awm-math.org/awards/awm-grants/travel-grants
https://awm-math.org/awards/awm-grants/travel-grants
https://www.sacnas.org/conference
https://www.sacnas.org/conference
http://www.claymath.org/programs/fellowship-nominations
http://www.claymath.org/programs/fellowship-nominations
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will be in residence for three or more months. The deadline 
for applications is October 1, 2022.

Research Memberships are intended for researchers who 
will be making contributions to a program and who will 
be in residence for one or more months. The deadline for 
applications is December 1, 2022.

Postdoctoral Fellowships are intended for recent PhDs. 
The deadline for applications is December 1, 2022.

Application information can be found at www.msri 
.org/application. 

It is the policy of MSRI actively to seek to achieve diver-
sity in its programs and workshops. Thus a strong effort is 
made to remove barriers that hinder equal opportunity, 
particularly for those groups that have been historically 
underrepresented in the mathematical sciences.  

Call for Program Proposals
MSRI invites the submission of proposals for full- or half-
year programs to be held at MSRI. Planning of such pro-
grams is generally done about three years ahead. Except in 
extraordinary cases, a subject is the focus of a program not 
more than once in ten years. 

A scientific program at MSRI generally consists of up to 
nine months of concentrated activity in a specific area of 
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• Online career resources
• JMM BEGIN Career Center
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• AMS BEGIN Career Development Workshops
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current research interest in the mathematical sciences. MSRI 
usually runs two programs simultaneously, each with about 
forty mathematicians in residence at any given time. The 
most common program length is four months (typically 
in the form of a fall or spring semester program). Each 
program begins with a Connections for Women workshop 
and an Introductory workshop, the purpose of which is to 
introduce the subject to the broader mathematical com-
munity. The programs receive administrative and financial 
support from the Institute, allowing organizers to focus 
on the scientific aspects of the activities. The deadlines for 
proposals are October 1, 2022; December 1, 2022; and 
March 1, 2023. See www.msri.org/proposal for specific 
proposal requirements and further information.

MSRI also invites the submission of proposals for Hot 
Topics workshops and Summer Graduate Schools.

MSRI has been supported from its origins by the Na-
tional Science Foundation, now joined by the National 
Security Agency, over 100 Academic Sponsor departments, 
by a range of private foundations, and by generous and 
farsighted individuals.

—From MSRI announcements

http://WWW.AMS.ORG/BEGIN
http://www.msri.org/application
http://www.msri.org/application
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

07

SINGAPORE

National University of Singapore (NUS) 
Department of Mathematics

The Department of Mathematics at the National University 
of Singapore (NUS) invites applications for the following 
positions beginning in August 2023.

NUS is a leading global university centred in Asia, and 
the Department of Mathematics has about 60 faculty mem-
bers and teaching staff whose expertise cover major areas 
of contemporary mathematical research.

Review process will begin on 15 October, and will con-
tinue until positions are filled. Enquiries may be sent to 
matsearch@nus.edu.sg

For further information about the department, please 
visit www.math.nus.edu.sg

http://cam.tju.edu.cn
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1. Tenured/Tenure-Track Faculty Positions 
     at All Levels
We seek promising scholars and established mathemati-
cians with outstanding track records in any field of pure 
and applied mathematics. The Department, housed in a 
spacious building equipped with state-of-the-art facilities, 
offers internationally competitive salary with start-up re-
search grants, as well as an environment conducive to active 
research, and ample opportunities for career development.  
The teaching load for junior faculty is kept especially light.

The Department is particularly interested in, but not 
restricted to, considering applicants specializing in any of 
the following areas:

 • Optimization, data science, machine learning,
 • graph/network modelling with strong interest in 

data related research
 • Homogeneous dynamics
 • Discrete Mathematics
 • Probability

Please submit your application at https://www.math 
jobs.org/jobs/list/20155

2. Peng Tsu Ann Assistant Professorship 
     (Non-Tenure Track)
The Department of Mathematics and the Institute for Math-
ematical Sciences at the National University of Singapore 
(NUS) invite applications for the position of Peng Tsu Ann 
Assistant Professorship (non-tenure track) beginning in 
August 2023. We seek promising young scholars (fresh or 
recent PhD’s) whose research programmes synergize with 
research thrusts of our senior faculty members.

The position is for a two-year duration with the possi-
bility of a one-year renewal, and it comes with subsidized 
university housing. The teaching load of this appointment 
is especially light.

Please submit your application at https://www.math 
jobs.org/jobs/list/20154
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General Interest

Lost in the Math Museum
A Survival Story
Colin Adams, Williams College, 
Williamstown, MA

“But when I turned the han-
dle on the door, suddenly the 
buzzing went crazy. I slapped 
my hands over my ears, when 
I should have jerked the door 
shut. It flew open, and I was 
face-to-face with the Weierstrass 
function. It was the ugliest func-

tion I could imagine, with kinks, and kinks on kinks and 
kinks on those. And it was shrieking in its buzz-like way, 
vibrating all over like a plucked string. I stood there, frozen 
for just a second, and then I was sprinting after the others, 
with the wild frantic buzzing right behind me.”

From the twisted imagination of best-selling author 
Colin Adams (Zombies & Calculus, The Knot Book) comes 
this tale of sixteen-year-old Kallie trying to escape death 
at the hands of the exhibits in a mathematics museum. 
Kallie crosses paths with Carl Gauss, Bertrand Russell, So-
phie Germain, G. H. Hardy, and John von Neumann, as 
she tries to save herself, her dad, and his colleague Maria 
from the deadly Hairy Ball theorem, the harrowing Hilbert 
Hotel, the bisecting Ham Sandwich machine, and a variety 
of other mathematical menaces. It’s a wild romp through 
a mathematical bestiary featuring the bizarre, the exotic, 
and the counterintuitive. You’ll never think of math the 
same way again.

Anneli Lax New Mathematical Library, Volume 55
October 2022, 209 pages, Softcover, ISBN: 978-1-4704-
6858-3, 2010 Mathematics Subject Classification: 00A09, 
00A64, List US$35, AMS Individual member US$26.25, 
AMS Institutional member US$28, MAA members 
US$26.25, Order code NML/55

bookstore.ams.org/nml-55

Discrete Mathematics 
and Combinatorics

Inverse Problems and 
Zero Forcing for Graphs
Leslie Hogben, Iowa State Uni-
versity, Ames, and American In-
stitute of Mathematics, San Jose, 
CA, Jephian C.-H. Lin, National 
Sun Yat-sen University, Kaohsiung, 
Taiwan, and Bryan L. Shader, 
University of Wyoming, Laramie

This book provides an introduc-
tion to the inverse eigenvalue 
problem for graphs (IEP-G) and 

the related area of zero forcing, propagation, and throttling. 
The IEP-G grew from the intersection of linear algebra and 
combinatorics and has given rise to both a rich set of deep 
problems in that area as well as a breadth of “ancillary” 
problems in related areas.

The IEP-G asks a fundamental mathematical question 
expressed in terms of linear algebra and graph theory, but 
the significance of such questions goes beyond these two 
areas, as particular instances of the IEP-G also appear as 
major research problems in other fields of mathematics, 
sciences and engineering. One approach to the IEP-G is 
through rank minimization, a relevant problem in itself 
and with a large number of applications. During the past 10 
years, important developments on the rank minimization 
problem, particularly in relation to zero forcing, have led 
to significant advances in the IEP-G.

The monograph serves as an entry point and valuable 
resource that will stimulate future developments in this 
active and mathematically diverse research area.

Mathematical Surveys and Monographs, Volume 270
October 2022, approximately 286 pages, Softcover, ISBN: 
978-1-4704-6655-8, 2010 Mathematics Subject Classification: 
05C50, 15–02, 05–02, 15A29, 15A18, 05C69, 05C22, 
15B57, List US$125, AMS members US$100, MAA mem-
bers US$112.50, Order code SURV/270

bookstore.ams.org/surv-270

 Mathematical
Surveys

and 
Monographs

Volume 270

Inverse Problems 
and Zero Forcing 
for Graphs
Leslie Hogben
Jephian C.-H. Lin
Bryan L. Shader

http://bookstore.ams.org/surv-270
http://bookstore.ams.org/nml-55
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Geometry and Topology

Groups and 
Topological Dynamics
Volodymyr Nekrashevych, Texas 
A&M University, College Station

This book is devoted to group- 
theoretic aspects of topologi-
cal dynamics such as studying 
groups using their actions on 
topological spaces, using group 
theory to study symbolic dy-
namics, and other connections 
between group theory and dy-
namical systems. One of the 

main applications of this approach to group theory is the 
study of asymptotic properties of groups such as growth 
and amenability. The book presents recently developed 
techniques of studying groups of dynamical origin using 
the structure of their orbits and associated groupoids of 
germs, applications of the iterated monodromy groups 
to hyperbolic dynamical systems, topological full groups 
and their properties, amenable groups, groups of inter-
mediate growth, and other topics. The book is suitable 
for graduate students and researchers interested in group 
theory, transformations defined by automata, topological 
and holomorphic dynamics, and theory of topological 
groupoids. Each chapter is supplemented by exercises of 
various levels of complexity.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Graduate Studies in Mathematics, Volume 223
October 2022, 695 pages, Hardcover, ISBN: 978-1-4704-
6380-9, LC 2022013594, 2010 Mathematics Subject Clas-
sification: 20F69, 20L05, 37B05, 37B10, 37D20, 37F15; 
20B27, 20E32, 20F50, 37F20, List US$125, AMS members 
US$100, MAA members US$112.50, Order code GSM/223

bookstore.ams.org/gsm-223

New in Contemporary 
Mathematics
Mathematical Physics

Hypergeometry, 
Integrability and 
Lie  Theory
Erik Koelink, Radbound Universi-
teit, Nijmengen, The Netherlands, 
Stefan Kolb, Newcastle Univer-
sity, Newcastle Upon Tyne, United 
Kingdom, Nicolai Reshetikhin, 
and Bart Vlaar, Max Planck In-
stitute for Mathematics, Bonn, Ger-
many, Editors

This volume contains the pro-
ceedings of the virtual conference on Hypergeometry, 
Integrability and Lie Theory, held from December 7–11, 
2020, which was dedicated to the 50th birthday of Jasper 
Stokman.

The papers represent recent developments in the areas 
of representation theory, quantum integrable systems and 
special functions of hypergeometric type.

Contemporary Mathematics, Volume 780
October 2022, approximately 355 pages, Softcover, ISBN: 
978-1-4704-6520-9, 2010 Mathematics Subject Classifi-
cation: 13A35, 16S38, 17B37, 17B67, 17B80, 33C60, 
33C67, 33D45, 43A90, 60J60, List US$125, AMS mem-
bers US$100, MAA members US$112.50, Order code 
CONM/780

bookstore.ams.org/conm-780

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Cancellation for surfaces revisited
H. Flenner, Ruhr Universität Bochum, Germany, S. Kaliman, 
University of Miami, Coral Gables, Florida, United States, and 
M. Zaidenberg, Université Grenoble Alpes, France

GRADUATE STUDIES
IN MATHEMATICS 223

Groups and 
Topological 
Dynamics

Volodymyr Nekrashevych ONTEMPORARY
ATHEMATICS

C
M

780

Erik Koelink
Stefan Kolb

Nicolai Reshetikhin
Bart Vlaar 

Editors

Hypergeometry, 
Integrability 

and Lie Theory

http://bookstore.ams.org/gsm-223
http://bookstore.ams.org/conm-780
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Memoirs of the American Mathematical Society, Volume 
278, Number 1371
August 2022, 111 pages, Softcover, ISBN: 978-1-4704-
5373-2, 2010 Mathematics Subject Classification: 14R10; 
14D22, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/278/1371

bookstore.ams.org/memo-278-1371

Theta Functions on Varieties with 
Effective Anti-Canonical Class
Mark Gross, Cambridge University, United Kingdom, Paul 
Hacking, University of Massachusetts, Amherst, and Bernd 
Siebert, Universität Hamburg, Germany

Memoirs of the American Mathematical Society, Volume 
278, Number 1367
August 2022, 103 pages, Softcover, ISBN: 978-1-4704-5297-
1, 2010 Mathematics Subject Classification: 14J33; 14J32, 
14J45, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/278/1367

bookstore.ams.org/memo-278-1367

Discrete Mathematics 
and Combinatorics

Decorated Dyck Paths, Polyominoes, 
and the Delta Conjecture
Michele D’Adderio, Université Libre de Bruxelles, Belgium, 
Alessandro Iraci, Universitá di Pisa, Italy, and Université 
Libre de Bruxelles, Belgium, and Anna Vanden Wyngaerd, 
Université Libre de Bruxelles, Belgium

Memoirs of the American Mathematical Society, Volume 
278, Number 1370
August 2022, 119 pages, Softcover, ISBN: 978-1-4704-
7157-6, 2010 Mathematics Subject Classification: 05E05, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/278/1370

bookstore.ams.org/memo-278-1370

Differential Equations

Type II blow up solutions with optimal stability 
properties for the critical focussing nonlinear 
wave equation on ℝ3+1 
Stefano Burzio, École Polytechnique Fédérale de Lausanne, 
Switzerland and Joachim Krieger, École Polytechnique 
Fédérale de Lausanne, Switzerland

Memoirs of the American Mathematical Society, Volume 
278, Number 1369
August 2022, 75 pages, Softcover, ISBN: 978-1-4704-5346-
6, 2010 Mathematics Subject Classification: 35B40, 35L05, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/278/1369

bookstore.ams.org/memo-278-1369

Geometry and Topology

Subset currents on surfaces
Dounnu Sasaki, Gakushuin University, Tokyo, Japan

This item will also be of interest to those working in analysis.

Memoirs of the American Mathematical Society, Volume 
278, Number 1368
August 2022, 165 pages, Softcover, ISBN: 978-1-4704-5343-
5, 2010 Mathematics Subject Classification: 20F67; 30F35, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/278/1368

bookstore.ams.org/memo-278-1368

Number Theory

Archimedean Zeta Integrals for GL(3)×GL(2)
Miki Hirano, Ehime University, Japan, Taku Ishii, Seikei 
University, Tokyo, Japan, and Tadashi Miyazaki, Kitasato 
University, Kanagawa, Japan

This item will also be of interest to those working in algebra and 
algebraic geometry.

Memoirs of the American Mathematical Society, Volume 
278, Number 1366
August 2022, 122 pages, Softcover, ISBN: 978-1-4704-5277-
3, 2010 Mathematics Subject Classification: 11F70; 11F30, 
22E46, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/278/1366

bookstore.ams.org/memo-278-1366

http://bookstore.ams.org/memo-278-1371
http://bookstore.ams.org/memo-278-1367
http://bookstore.ams.org/memo-278-1370
http://bookstore.ams.org/memo-278-1366
http://bookstore.ams.org/memo-278-1368
http://bookstore.ams.org/memo-278-1369
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countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Documents Mathématiques, Number 20
May 2022, 446 pages, Softcover, ISBN: 978-2-85629-
958-6, 2010 Mathematics Subject Classification: 14A20, 
14F06, 14F08, 18B25, 18B40, 18F10, 18F20, 18G35, 
18G50, 18G80, 18N30, 18N40, 18N50, 18N55, 20L05, 
54B40, 55N30, 55P10, 55P20, 55P60, 55P65, 55Q05, 
55U05, 55U10, 55U15, 55U35, 55U40, 18N20, 55P15, 
List US$128, AMS members US$102.40, Order code 
SMFDM/20

bookstore.ams.org/smfdm-20

Analysis

Analysis I
Fourth Edition
Terence Tao, University of Califor-
nia, Los Angeles

This is part one of a two-vol-
ume introduction to real analysis 
and is intended for honours un-
dergraduates who have already 
been exposed to calculus. The 
emphasis is on rigour and on 
foundations. The material starts 
at the very beginning—the con-

struction of the number systems and set theory—then 
goes on to the basics of analysis (limits, series, continuity, 
differentiation, Riemann integration), through to power 
series, several variable calculus and Fourier analysis, and 
finally to the Lebesgue integral. These are almost entirely 
set in the concrete setting of the real line and Euclidean 
spaces, although there is some material on abstract met-
ric and topological spaces. There are also appendices on 
mathematical logic and the decimal system. The entire text 
(omitting some less central topics) can be taught in two 
quarters of twenty-five to thirty lectures each.

The course material is deeply intertwined with the ex-
ercises, as it is intended that the student actively learn the 
material (and practice thinking and writing rigorously) by 
proving several of the key results in the theory.

The fourth edition incorporates a large number of cor-
rections reported since the release of the third edition, as 
well as some new exercises.

A publication of Hindustan Book Agency; distributed within the Americas 
by the American Mathematical Society. Maximum discount of 20% for 
all commercial channels.

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Pursuing Stacks
Volume I
Alexandre Grothendieck
Edited by Georges Maltsiniotis

Despite what its title suggests, 
Pursuing Stacks (or at least the 
part of the project that Gro-
thendieck carried out under the 
name of The Modelizing Story or 
Histoire de Modèles) is not about 
the pursuit of stacks. Only the 
thirteen first sections, as well as, 
partially, sections 15–21 and 27, 

are about stacks. Furthermore, it is mainly about ∞-stacks 
on the point, i.e. weak ∞-groupoids. The only reflections 
on stacks on arbitrary topoi, as natural coefficients for a 
non-abelian cohomology, are purely heuristic. The rest of 
the hundred and forty sections deals with homotopy the-
ory: the search for models for homotopy types (and more 
particularly for small categories whose presheaf category 
models canonically homotopy types: the test categories), 
homotopy structures, contractibility and asphericity struc-
tures, abelianization and schematization of homotopy 
types.

Grothendieck was planning to come back later to 
∞-stacks on topoi and to develop, in one or two additional 
volumes, what he had sketched out in his letters to Breen 
(letters that he included in Pursuing Stacks as an appendix), 
but he never did it. Nevertheless, the search for models for 
homotopy types is closely related to ∞-stacks. According 
to the “homotopy hypothesis”, a fundamental conjecture 
of Grothendieck, the weak ∞-groupoids model homotopy 
types.

The first volume of this edition consists of the first four 
chapters (sections 1–91 and 95–98). The second volume 
will publish the last three chapters, the letters to Breen, as 
well as the correspondence of Grothendieck with several 
mathematicians, around the themes of Pursuing Stacks.

This item will also be of interest to those working in geometry 
and topology.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 

http://bookstore.ams.org/smfdm-20
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Differential Equations

Long-Time Dispersive 
Estimates for 
Perturbations of a  
Kink Solution of  
One-Dimensional Cubic 
Wave Equations
Jean-Marc Delort, Université 
Sorbonone Paris Nord, France, 
and Nader Masmoudi, New York 
University Abu Dhabi, United Arab 
Emirates, and Courant Institute of 
Mathematical Sciences, New York

A kink is a stationary solution to a cubic one-dimensional 
wave equation (∂t

2−∂2
x)φ=φ−φ3 that has different limits 

when x goes to −∞ and +∞, like H(x)=tanh(x/√2
—

)). Asymp-
totic stability of this solution under small odd perturbation 
in the energy space has been studied in a recent work of 
Kowalczyk, Martel and Muñoz. They have been able to 
show that the perturbation may be written as the sum  
a(t)Y(x)+Ψ(t,x), where Y is a function in Schwartz space, 
a(t) a function of time having some decay properties at 
infinity, and Ψ(t,x) satisfies some local in space dispersive 
estimate. These results are likely to be optimal when the 
initial data belong to the energy space. On the other hand, 
for initial data that are smooth and have some decay at 
infinity, one may ask if precise dispersive time decay rates 
for the solution in the whole space-time, and not just for 
x in a compact set, may be obtained. The goal of this work 
is to attack these questions.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

Memoirs of the European Mathematical Society, Volume 
1
May 2022, 292 pages, Softcover, ISBN: 978-3-98547-020-
4, 2010 Mathematics Subject Classification: 35L71, 35B35, 
35B40, 35P25, 35S50, List US$75, AMS members US$60, 
Order code EMSMEM/1

bookstore.ams.org/emsmem-1

Hindustan Book Agency
June 2022, 376 pages, Hardcover, ISBN: 978-81-95196-19-
7, 2010 Mathematics Subject Classification: 26–XX, 28–XX, 
40–XX, List US$62, AMS members US$49.60, Order code 
HIN/82

bookstore.ams.org/hin-82

Analysis II
Fourth Edition
Terence Tao, University of Califor-
nia Los Angeles

This is part two of a two-vol-
ume introduction to real analysis 
and is intended for honours un-
dergraduates who have already 
been exposed to calculus. The 
emphasis is on rigour and on 
foundations. The material starts 
at the very beginning—the con-

struction of the number systems and set theory—then 
goes on to the basics of analysis (limits, series, continuity, 
differentiation, Riemann integration), through to power 
series, several variable calculus and Fourier analysis, and 
finally to the Lebesgue integral. These are almost entirely 
set in the concrete setting of the real line and Euclidean 
spaces, although there is some material on abstract met-
ric and topological spaces. There are also appendices on 
mathematical logic and the decimal system. The entire text 
(omitting some less central topics) can be taught in two 
quarters of 25 to 30 lectures each.

The course material is deeply intertwined with the ex-
ercises, as it is intended that the student actively learn the 
material (and practice thinking and writing rigorously) by 
proving several of the key results in the theory.

The fourth edition incorporates a large number of cor-
rections reported since the release of the third edition, as 
well as some new exercises.

A publication of Hindustan Book Agency; distributed within the Americas 
by the American Mathematical Society. Maximum discount of 20% for 
all commercial channels.

Hindustan Book Agency
June 2022, 242 pages, Hardcover, ISBN: 978-81-95196-12-
8, 2010 Mathematics Subject Classification: 26–XX, 28–XX, 
40–XX, List US$52, AMS members US$41.60, Order code 
HIN/83

bookstore.ams.org/hin-83

http://bookstore.ams.org/hin-82
http://bookstore.ams.org/hin-83
http://bookstore.ams.org/emsmem-1
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Mathematical Physics

The Physics and 
Mathematics of Elliott Lieb
The 90th Anniversary, 
Volumes I and II
Rupert L. Frank, Ludwig-Max-
imilians-Univiersität, München, 
Germany, Ari Laptev, Imperial 
College London, United Kingdom, 
Mathieu Lewin, Université Paris 
Dauphine, France, and Robert 
Seiringer, Institute of Science and 
Technology Austria, Klosterneu-
burg, Editors

These two volumes are dedicated to Elliott Lieb on the oc-
casion of his 90th birthday. They celebrate his fundamental 
contributions to the fields of mathematics, physics, and 
chemistry.

Around 50 chapters give an extensive account of Lieb’s 
impact on a very broad range of topics and the resulting 
subsequent developments. Many contributions are exposi-
tory and accessible to non-expert researchers in mathemat-
ics, physics, and chemistry.

A non-exhaustive list of topics covered includes the prob-
lem of stability of matter, quantum many-body systems, 
density functional theory, topics in statistical mechanics, 
entropy inequalities and matrix analysis, functional in-
equalities, and sharp constants.

This item will also be of interest to those working in general 
interest.

July 2022, 1372 pages, Hardcover, ISBN: 978-3-98547-
019-8, 2010 Mathematics Subject Classification: 00B30, 
46–02, 49–02, 81–02, 82–02, List US$189, AMS members 
US$151.20, Order code EMSPMEL

bookstore.ams.org/emspmel

MathSciNet® is the authoritative gateway 
to the scholarly literature of mathematics. 
Containing information on more than 4 
million articles and books, with direct links 
to over 2.6 million articles in more than 
1,800 journals. MathSciNet includes ex-
pert reviews, customizable author profiles, 
and citation information on articles, books, 
journals, and authors.

MathSciNet’s extensive resources can help 
you throughout your entire math career. 
Use it to:
•  Quickly get up to speed on a new topic
•  Look up a researcher’s body of work
•  Find an article or book and track its  
    reference list
•  Research a math department to prepare  
    for a job interview or when applying to  
    graduate school

mathscinet.ams.org

How to Subscribe

Go to www.ams.org/mathsciprice to 
learn more about MathSciNet, 
including information about 
subscription rates, joining a 

consortium, and a 30-day free trial.
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Meetings & Conferences of the AMS
September Table of Contents

Meetings in this Issue
  2022  

September 17–18 El Paso, Texas p. 1453
October 1–2 Amherst, Massachusetts p. 1454
October 15–16 Chattanooga, Tennessee p. 1455
October 22–23 Salt Lake City, Utah p. 1457

  2023  
January 4–7 Boston, Massachusetts 
 (JMM 2023) p. 1458
March 18–19 Atlanta, Georgia p. 1458
April 1–2 Spring Eastern Virtual p. 1459
April 15–16 Cincinnati, Ohio p. 1460
May 6–7 Fresno, California p. 1460
September 9–10 Buffalo, New York p. 1461
October 7–8 Omaha, Nebraska p. 1461
October 13–15 Mobile, Alabama p. 1462
October 21–22 Albuquerque, NM p. 1462
December 4–8 Auckland, New Zealand p. 1462

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 1462
March 23–24 Tallahassee, Florida p. 1463
April 6–7 Washington, DC p. 1463
May 4–5 San Francisco, California p. 1463
July 23–26 Palermo, Italy p. 1463
October 26–27 Riverside, California p. 1464

  2026  
January 4–7 Washington, DC
 (JMM 2026) p. 1464

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, The Mathematics of Chip-Firing.
Brisa Sanchez, Drexel University, Measuring spatial access to community amenities and its association with health.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, Geometric, and Topological Combinatorics, Art M. Duval, The University of Texas at El Paso, Caroline J. Klivans, 
Brown University, and Jeremy L. Martin, University of Kansas.

Algebraic Structures in Topology, Logic, and Arithmetic, John Harding, New Mexico State University, and Emil D. Schwab, 
The University of Texas at El Paso.

Banach Fixed Point Theorem: 100th year Celebration, Parin Chaipunya, King Mongkut University of Technology, Thailand, 
and Mohamed A. Khamsi, Osvaldo Mendez, and Julio C. Urenda, The University of Texas at El Paso.
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Eliiptic and Parabolic PDEs in Complex Fluid and Free Boundary Problems, Alaa Haj Ali, Arizona State University, and 
Hengrong Du, Vanderbilt University.

From points to neighborhoods and beyond: frames and locales and their applications, Julio Urenda and Francisco Avila, The 
University of Texas at El Paso, and Angel Zaldivar and Miriam Borcardo, Universidad de Guadalajara.

Geometry of Submanifolds, Hung Tran, Texas Tech University, Stephen McKeown, UT Dallas, Alvaro Pampano, Texas 
Tech University, and Magdalena Toda, Texas Tech.

High-Frequency Data Analysis, Complex Datasets, and Applications, Maria Christina Mariani and Michael Pokojovy, The 
University of Texas at El Paso, Ambar Sengupta, University of Connecticut, Osei K. Tweneboah, Ramapo College of New 
Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Interactions between Combinatorics and Commutative Algebra, Louiza Fouli, New Mexico State University, Christopher 
Eur, Harvard University, and Jonathan Montano, Arizona State University.

Low dimensional topology and knot theory, Luis Valdez-Sanchez, The University of Texas at El Paso, and Ross E. Staffeldt, 
New Mexico State University.

Mathematical and Computational Methods in Omics Research, Ming-Ying Leung and Jonathon E. Mohl, The University 
of Texas at El Paso.

Methods and Applications in Data Science, Xiaogang Su, Ming-Ying Leung, and Amy Wagler, The University of Texas 
at El Paso.

Numerical Partial Differential Equations and Applications, Son Young Yi and Xianyi Zeng, The University of Texas at El Paso.
Ordered Structures, Piotr Wojciechowski, University of Texas at El Paso.
Recent advances in scientific computing and applications, Natasha Sharma, The University of Texas at El Paso, and Annalisa 

Quaini, University of Houston.
Statistical Methodology and Applications, Ori Rosen, Suneel Chatla, Asim Dey, and Abhijit Mandal, The University of 

Texas at El Paso.
Stochastic Analysis and Applications, Adina Oprisan and Dante DeBlassie, New Mexico State University, and Robert 

Smits, New Mexico State.
Stochastic dynamics: Theory and Applications in Biology, Tuan Anh Phan, Institute for Modeling Collaboration and Inno-

vation, University of Idaho, and Jianjun Paul Tian, New Mexico State University.
The Intersection of Number Theory and Combinatorics, Katie Anders, University of Texas at Tyler, and Timothy Huber and 

Brandt Kronholm, University of Texas Rio Grande Valley.
Topics in Applied Analysis, Behzad Djafari-Rouhani, University of Texas at El Paso, and Gisele Goldstein and Jerome 

Goldstein, University of Memphis.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Algebraic and Analytic theory of Elliptic Curves, Alina Cojocaru, University of Illinois, Chicago, Seoyung Kim, Grand 
Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Combinatorial Algebraic Geometry, Melody Chan and Madeline Brandt, Brown University, and Juliette Bruce, University 
of California Berkeley.

Connections Between Theoretical and Applied Dynamical Systems: a session in honor of the 60th birthdays of Renato Feres and 
Boris Hasselblatt, Timothy Chumley, Mount Holyoke College, and Yao Li and Hongkun Zhang, University of Massachusetts.

Game-Theoretic and Agent-Based Approaches to Modeling Biological and Social Systems, Olivia Chu, Dartmouth College, 
and Daniel Cooney, University of Pennsylvania.

Geometric Aspects of algebraic Combinatorics, Theo Douvropoulos, University of Massachusetts, Edward Richmond, 
Oklahoma State University, and Vasu Tewari, University of Hawaii.

Higher Structures and Homotopical Algebra, John Berman, University of Massachusetts, Michael Ching and Ivan Con-
treras, Amherst College, and Owen Gwilliam and Martina Rovelli, University of Massachusetts.

Iwasawa Theory, Robert Pollack, Boston University, Anwesh Ray, University of British Columbia, and Tom Weston, 
University of Massachusetts.

Lagrangian and Legendrian Submanifolds, Dani Alvarez-Gavela, Massachusetts Institute of Technology, and Mike Sul-
livan, University of Massachusetts.

Latinx and Hispanics in Combinatorics, Number Theory, Geometry and Topology, Iván Contreras, Amherst College, Pamela 
E. Harris, Williams College, Alejandro Morales, University of Massachusetts, and Geremías Polanco Encarnación, Smith 
College.

Machine Learning Methods for PDEs, Yulong Lu, University of Massachusetts, and Wuzhe Xu, University of Minnesota.
Math and Democracy: perspectives in research and teaching, Ben Blum-Smith, New York University and The New School, 

and Stanley Chang and Andrew Schultz, Wellesley College.
Non-Abelian Hodge Theory and Minimal Surfaces, Robert Kusner, Charles Ouyang, and Franz Pedit, University of 

Massachusetts.
Nonlinear waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday, Ricardo Carretero, San Diego State 

University, and Panos Kevrekidis, University of Massachusetts.
Nonsmooth Analysis and Geometry, Ryan J. Alvarado, Amherst College, and Armin Schikorra, University of Pittsburgh.
Ramsey Theory, Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute and Alfréd 

Rényi Institute of Mathematics.
Recent Advances in Causal Inference, Haben Michael, University of Massachusetts.
Some Tantalizing Conjectures in Discrete Mathematics, Laura Colmenarejo, North Carolina State University, Nadia La-

freniére, Dartmouth College, and Annie Raymond, University of Massachusetts.
Structure-preserving machine learning, Wei Zhu, University of Massachusetts.
The Combinatorics and Geometry of Jordan type and Commuting Varieties, Peter Crooks, Iva Halacheva, and Anthony 

Iarrobino, Northeastern University, and Leila Khatami, Union College.
Topics in PDEs and Harmonic Analysis, Zongyuan Li, Rutgers University, Weinan Wang, University of Arizona, Xueying 

Yu, University of Washington, and Zhiyuan Zhang, New York University.
Young Voices in Combinatorics, Laura Colmenarejo and Jianping Pan, North Carolina State University.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022

Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired

For abstracts: August 23, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Mathematical and Computational Approaches to Social Justice.
Xingxing Yu, Georgia Institute of Technology, Graph structure and graph coloring.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics, Hashim Saber, University of 
North Georgia.

Applied Knot Theory, Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee at Chattanooga, 
and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations, John R Graef and Lingju Kong, University 
of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

CANCELED: Ends and Boundaries of Groups: On the Occasion of Mike Mihalik’s 70th Birthday, Craig Guilbault, University 
of Wisconsin-Milwaukee, and Kim Ruane, Tufts University.

Combinatorial Commutative Algebra, Michael Cowen, Hugh Geller, Todd Morra, and Keri Sather-Wagstaff, Clemson 
University.

Deterministic and Stochastic PDEs: Theoretical and Numerical Analyses, Hakima Bessaih, Florida International University, 
and Pelin Guven Geredeli, Iowa State University.

Enumerative Combinatorics, Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups, Bikash C Das, University of North Georgia.
Geometry and Arithmetic of Hyperkähler Manifolds, Giulia Saccà, Columbia University, and Laure Flapan, Massachusetts 

Institute of Technology.
Interactions Between 3-Manifolds and 4-Manifolds, Jonathan Simone, Georgia Institute of Technology, Bulent Tosun, 

University of Alabama, and Hannah Turner, Georgia Institute of Technology.
Modern Applied Mathematics and Spectral Analysis, Boris Belinskiy and Roger Nichols, University of Tennessee at Chat-

tanooga.
Multiplicative Ideal Theory and Arithmetical Properties of Monoids and Domains, Scott Chapman, Sam Houston State Uni-

versity, Jim Coykendall, Clemson University, and Richard Hasaenauer, Northeastern State University.
New Developments in Operations Research and Management Sciences, Aniekan Ebiefung and Lakmali Weerasena, Uni-

versity of Tennessee at Chattanooga.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications, Hongjie Dong, Brown University, and Tuoc Phan, 

University of Tennessee, Knoxville.
Probability and Statistical Models with Applications, Sher Chhetri, University of South Carolina, Sumter, and Cory Ball, 

Florida Atlantic University.
Qualitative Analysis and Control Theory of Evolutionary Partial Differential Equations, George Avalos, University of Nebras-

ka-Lincoln, and Weiwei Hu, University of Georgia.
Quantitative Approaches to Social Justice, Chad Topaz, Williams College.
Recent Advances in Mathematical Biology, Xiunan Wang and Jin Wang, University of Tennessee at Chattanooga.
Reliable and Efficient Machine Learning for Scientific Forward and Inverse Problems, Anuj Abhishek, University of North 

Carolina at Charlotte, Feng Bao, Florida State University, Lan Gao, University of Tennessee at Chattanooga, Taufiquar 
Khan, University of North Carolina at Charlotte, and Jin Wang, University of Tennessee at Chattanooga.

Structural and Extremal Graph Theory, Hao Huang, Emory University, and Xingxing Yu, Georgia Institute of Technology.
Topological, Measurable, and Symbolic Dynamics, and Interactions with Geometry, Chris Johnson, Western Carolina Uni-

versity, and Martin Schmoll, Clemson University.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Bhargav Bhatt, University of Michigan, Title to be announced.
Jonathan Brundan, University of Oregon, Title to be announced.
Mariel Vazquez, UC Davis, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

4-dimensional Topology, Mark Hughes, Brigham Young University, and Maggie Miller and Patrick Naylor, Princeton 
University.

Algebraic Combinatorics and Applications in Harmonic Analysis, Joseph Iverson and Sung Y. Song, Iowa State University, 
and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis, Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Arithmetic Dynamics, Jamie Juul, Colorado State University, Bella Tobin, Oklahoma State University, and Bianca 

Thompson, Westminster College.
Building Bridges Between Commutative Algebra and Nearby Areas, James Cameron, University of Utah, Sarasij Maitra, 

University of Virginia, Charlottesville, and Tim Tribone, University of Utah.
Commutative Algebra, Adam Boocher, University of San Diego, Eloísa Grifo, University of California, Riverside, and 

Jennifer Kenkel, University of Michigan.
Data, Parameters, and Inverse Problems for Dissipative Systems, Jared Whitehead, Brigham Young University, Adam Larios, 

University of Nebraska - Lincoln, and Vincent Martinez, CUNY.
Extremal Graph Theory, József Balogh, University of Illinois, and Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation, Alexander M. Henderson, Uni-

versity of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, The College of 
New Jersey.

Free Boundary Problems Arising in Applications, Mark Allen, Brigham Young University, Mariana Smit Vega Garcia, 
Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics, Mee Seong Im, United States Naval Academy, 
Annapolis, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices, Emily Evans, Mark Kempton, and Ben Webb, Brigham Young University.
Heegaard Floer Homology in Topology, Algebra, and Physics, Aaron Lauda, University of Southern California, and Andrew 

Manion, NC State University.
Higher Topological and Algebraic K-Theories, Agnès Beaudry, University of Colorado Boulder, Jonathan Campbell, Duke 

University, and John Lind, California State University, Chico.
Hypergeometric functions and q-series, Howard S. Cohl, National Institute of Standards and Technology, Robert Maier, 

University of Arizona, and Roberto S. Costas-Santos, Universidad de Alcalá.
Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico.
Mathematical Modeling of Biological and Social Systems, Daniel Cooney, Daniel Gomez, and Hyunjoong Kim, University 

of Pennsylvania.
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Mathematics of Collective Behavior, Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
Partitioning and Redistricting, Wesley Hamilton, University of Utah, and Tyler Jarvis, BYU.
Quantum groups, Hopf Algebras and Applications: In honor of Professor Earl J. Taft, Susan Montgomery and Siu-Hung Ng, 

University of Southern California.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (associated with the Invited Address 

by Bhargav Bhatt), Bhargav Bhatt, University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics, Elaine Cozzi, Oregon State University, and Magdalena Czubak, Uni-

versity of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications, Joe Koebbe and Jia Zhao, Utah 

State University, and Yunrong Zhu, Idaho State University.
Recent Developments in Inverse Problems for PDEs and Applications, Loc Nguyen, University of North Carolina at Charlotte, 

Dinh-Liem Nguyen, Kansas State University, and Fernando Guevara Vasquez, University of Utah.
Topics in Graphs, Hypergraphs and Set Systems, John Engbers, Marquette University, David Galvin, University of Notre 

Dame, and Cliff Smyth, The University of North Carolina at Greensboro.
Topology and geometry of multi-stranded nucleic acids (associated with the Invited Address by Mariel Vazquez), Mariel Vazquez, 

University of California Davis, Christine E. Soteros, University of Saskatchewan, Margherita Maria Ferrari, University 
of South Florida, and Javier Arsuaga, University of California Davis.

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Volume 44, Issue 1

Deadlines
For organizers: Expired
For abstracts: September 13, 2022

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: January 26, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: August 18, 2022
For abstracts: January 17, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, University of California San Diego, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.
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Commutative Algebra and its Interactions with Algebraic Geometry (Code: SS 10A), Michael K. Brown and Henry K. 
Schenck, Auburn University.

Fractal Geometry and Dynamical Systems (Code: SS 11A), Scott Kaschner, Butler University, and Mrinal Kanti Roychow-
dhury, University of Texas Rio Grande Valley.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Knots, Skein Modules and Categorification (Code: SS 8A), Rhea Palak Bakshi and Józef H. Przytycki, George Washing-

ton University, Radmilla Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 6A), Chun-Ju Lai, Academia Sinica, Taiwan, Daniel K. Nakano, University of Georgia, and Weiqiang Wang, 
University of Virginia.

Singer-Hopf Conjecture in Geometry and Topology (Code: SS 9A), Luca Di Cerbo, University of Florida, and Laurentiu 
Maxim, University of Wisconsin-Madison.

Stochastic Analysis and its Applications (Code: SS 7A), Parisa Fatheddin, Ohio State University, Marion, and Kazuo 
Yamazaki, Texas Tech University.

Topological Persistence: Theory, Algorithms, and Applications (Code: SS 12A), Hitesh Gakhar, University of Oklahoma, 
Luis Scoccola, Northeastern University, and Ling Zhou, The Ohio State University.

Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-
bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
Meeting virtually, EDT (hosted by the American Mathematical Society)

April 1–2, 2023
Saturday – Sunday

Meeting #1185
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: February 9, 2023

Issue of Abstracts: To be announced

Deadlines
For organizers: September 1, 2022

For abstracts: January 31, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.
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Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: February 23, 2023

Issue of Abstracts: To be announced

Deadlines

For organizers: September 15, 2022

For abstracts: February 14, 2023

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: March 16, 2023
Issue of Abstracts: Not applicable

Deadlines
For organizers: October 1, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Title to be announced.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of California, Los Angeles, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance, Andrea Arauza Rivera, California State University, East Bay, Mario 
Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory, Carmen Caprau, California State University, Fresno, and Sam Nelson, Claremont 
McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds, Robert Haraway, III and Maria Trnkova, University of California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application, Bhuvaneswari Sambandham, Dixie State 

University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter Regular Algebras and Related Topics, Ellen Kirkman, Wake Forest University, and James Zhang, University 

of Washington.
Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf), Sami Assaf, University of 

Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, University of 
Southern California.

Complexity in Low-Dimensional Topology, Jennifer Schultens, University of California, Davis, and Eric Sedgwick, DePaul 
University.

Data Analysis and Predictive Modeling, Earvin Balderama, California State University, Fresno, and Adriano Zambom, 
California State University, Northridge.
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Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico, 
Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics, Maria Nogin and Agnes Tuska, California State University, 
Fresno.

Mathematical Biology: Confronting Models with Data, Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova), Natalia Koma-

rova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories, Eric Friedlander, University of Southern California, Los Angeles, 

Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution, Lale Asik, Texas Tech University, Khanh 

Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students, Doreen De Leon, Marat Markin, and Khang Tran, California 

State University, Fresno.
Scientific Computing, Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving, Mario Banuelos, 

California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and Agnes Tuska, 
California State University, Fresno.

Women in Mathematics, Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, Fresno.
Zero Distribution of Entire Functions, Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday

Meeting #1188
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: July 27, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: February 9, 2023
For abstracts: July 18, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Samuel Payne, University of Texas, Title to be announced.

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday

Meeting #1190
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: August 17, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 7, 2023
For abstracts: August 8, 2023
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Mobile, Alabama
University of South Alabama

October 13–15, 2023
Friday – Sunday

Meeting #1189
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: August 24, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 13, 2023
For abstracts: August 15, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 1A), Laura Miller, University of North Carolina 
at Chapel Hill, and Nick Battista, The College of New Jersey.

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday

Meeting #1191
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: August 31, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 21, 2023
For abstracts: August 22, 2023

Auckland, New Zealand
December 4–8, 2023

Monday – Friday

Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
Moscone West Convention Center

January 3–6, 2024

Wednesday – Saturday

Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Tallahassee, Florida
Florida State University in Tallahassee

March 23–24, 2024
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe, University 
of Georgia
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia
Howard University

April 6–7, 2024
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Recent Advances in Differential Geometry (Code: SS 1A), Zhiqin Lu, University of California, Shoo Seto and Bogdan 
Suceavuă, California State University, Fullerton, and Lihan Wang, California State University, Long Beach.

Palermo, Italy
July 23–26, 2024
Tuesday – Friday
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026
Sunday – Wednesday
Associate Secretary for the AMS: Betsy Stovall
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

www.ams.org/authorswww.ams.org/authors

AMS AUTHOR 
RESOURCE CENTER
The Author Resource Center is a collection of information and 
tools available to assist you to successfully write, edit, illustrate, 
and publish your mathematical works.

To begin utilizing these important resources, visit:
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The Mathematical Moments program promotes 
appreciation and understanding of the role mathematics 
plays in science, nature, technology, and human culture.

www.ams.org/mathmoments

MM/162

Driving Up Air Pollution

Air pollution causes the prema-
ture deaths of an estimated 
seven million people each year, 
and it makes life worse for all of 
us. People with asthma can expe-
rience chest tightness, coughing 
or wheezing, and difficulty 
breathing when triggered by air 
pollution. One major source 
is gas- and diesel-powered 
cars and trucks, which emit 
“ultrafine” particles less than 
0.1 micrometers across. That’s 
about the width of the virus that causes COVID-19—so tiny that these particles 
are not currently regulated by the US Environmental Protection Agency. Yet ultra-
fine particles can easily enter your lungs and be absorbed into your bloodstream, 
causing health issues such as an asthma attack or even neurodegenerative diseases. 
Mathematics can help us understand the extent of the problem and how to solve it.

Researchers built a “reaction-diffusion” mathematical model using partial differential 
equations that describe how pollutants grow in the environment (reaction) and 
spread through the air (diffusion), combined with techniques from epidemiological 
models that describe asthma attacks. The model takes into consideration factors 
such as the gasoline burning rate, travel time, and urban versus rural traffic, all 
based on real-world measurements. When they crunched the numbers, the math-
ematicians found a threshold quantity below which vehicle emissions would be 
much less likely to trigger asthma episodes in the asthmatic population. Based on 
this research, adding particle filters to gas-powered vehicles and shifting to more 
electric vehicles would help make the air safer for everyone to breathe.

For More Information: “On the spread of ultrafine particulate matter:  A 
mathematical model for motor vehicle emissions and their effects as an asthma 
trigger,” M. N. Rosado-Pérez and K. Ríos-Soto, International Journal of Biomathematics
15(1), 2022.

Watch an interview 
with an expert!

©Getty Images
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Free shipping for members 
in the USA (including Puerto Rico) and Canada.

Discover more titles at bookstore.ams.org

NEW TEXTBOOKS
from the AMS and AMS/MAA Press

AMS / MAA Press
A Friendly Introduction 
to Abstract Algebra  
Ryota Matsuura, St. Olaf College, 
Northfield, MN

A Friendly Introduction to Abstract 
Algebra offers a new approach to 
laying a foundation for abstract 
mathematics. Prior experience 
with proofs is not assumed, and 
the book takes time to build proof-
writing skills in ways that will serve 
students through a lifetime of 
learning and creating mathematics.

AMS/MAA Textbooks, Volume 72; 2022; 
approximately 367 pages; Softcover; 
ISBN: 978-1-4704-6881-1; List US$69; 
AMS members US$51.75; MAA members 
US$51.75; Order code TEXT/72

AMS / MAA Press
An Introduction to 
Proof via Inquiry-Based 
Learning  
Dana C. Ernst, Northern Arizona 
University, Flagstaff, AZ

An Introduction to Proof via 
Inquiry-Based Learning is a text-
book for the transition to proof 
courses for mathematics majors. 
Designed to promote active learn-
ing through inquiry, the book 
features a highly structured set 
of leading questions and explora-
tions. 

AMS/MAA Textbooks, Volume 73; 2022; 
169 pages; Softcover; ISBN: 978-1-4704-
6333-5; List US$30; AMS members 
US$22.50; MAA members US$22.50; 
Order code TEXT/73

One-Dimensional 
Ergodic Schrödinger 
Operators  

white -->

I. General Theory
David Damanik, Rice University, 
Houston, TX, and Jake Fillman, Texas 
State University, San Marcos, TX

Beginning with a refresher on 
key topics in spectral theory, 
this volume presents the basic 
theory of discrete one-dimensional 
Schrödinger operators with 
dynamically defined potentials. 
It also includes a self-contained 
introduction to the relevant aspects 
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