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can do to help these women achieve their educational goals? 
(e.g., https://thepregnantscholar.org/ has suggested 
best practices for administrators and faculty). 

The AMS should be an organization that unites mathe-
maticians of different political persuasions. Political state-
ments such as the ones by the OGR and President Charney 
serve only to divide the AMS membership. It is highly 
unlikely that many opinions on abortion were changed by 
either of these statements—the abortion debate has been 
going on much too long for that. Rather, a message is sent 
by these statements that mathematicians with pro-life po-
litical views aren’t welcome in the AMS. On the contrary, I 
believe the AMS should be bigger and better than that. The 
AMS is an organization for all mathematicians. We may 
be politically liberal, conservative, socialist, or libertarian, 
but what brings us all together is our love for mathematics. 
Let’s keep the AMS a place where we can all feel welcomed. 

—Jonathon Peterson
Purdue University

Letter to the Editor
On p. 1430 of the September 2022 Notices, the AMS offi-
cially proclaims its position in support of a national policy 
of abortion. The given rationale for this position is predict-
able, defaulting to the proposition that abortion is neces-
sary for women’s reproductive health, and its availability 
facilitates women’s full access to the workforce. I need not 
enter into polemics here, except to note that the counter-
argument stresses that every abortion kills a baby.  That is 
indeed my position, and in good conscience I cannot be 
part of an organization which officially embraces what I 
believe is legally enshrined murder. Therefore, I herewith 
resign from the American Mathematical Society.

 
—Michael C. Berg, PhD

Emeritus Professor of Mathematics
The Seaver College of Science and Engineering

Loyola Marymount University

A Problem of Choice
With all the cancelled conferences and last-minute shifts 
to online formats we’ve had over the past two and a half 
years, I was very much looking forward to the in-person 
AMS Fall Western Sectional Meeting in October in Utah. 
AMS meetings are excellent opportunities to get up to speed 

Letter to the Editor
I have been a proud member of the AMS for approximately 
15 years, and I’ve kept my membership because I value 
what the AMS does in promoting mathematics research and 
education in the U.S. Publishing high-quality, affordable 
textbooks and journals, organizing regional and national 
math conferences, and providing valuable resources and 
advice to early career mathematicians are just a few of the 
activities that I am proud to support with my membership. 

Recently, however, I was troubled to see two statements 
from the AMS which were more political than mathematical 
in nature. In late June, the Office of Government Relations 
(OGR) of the AMS released a two page statement (which 
subsequently appeared in the September issue of the Notices) 
in response to the recent Supreme Court decision regard-
ing abortion (https://www.ams.org/images/OnePager 
.GenderEquityAndInclusionFINAL.pdf). A few days 
later, President of the AMS Ruth Charney released a short 
statement endorsing a similar pro-abortion letter by the 
Association for Women in Mathematics (https://www.ams 
.org/news?news_id=7040). The statement by the OGR 
was unambiguous in its support for legalized abortion, 
stating that “access to safe abortion is an important part of 
good health care,” and that the ability of some states to ban 
or limit abortions carries “enormous danger for women.” 
These are highly charged political statements on an issue 
that has probably divided more Americans than any other 
political issue in the last 50 years. 

The supposed mathematical justification for the AMS to 
weigh in on the abortion debate in America was primarily 
the concern that fewer women might earn STEM degrees. It is 
understandable that the AMS is concerned with issues which 
make it easier or more difficult for students to pursue educa-
tion in mathematics, but the statement by the OGR appears 
to be a thinly veiled effort to promote a political agenda 
instead. Indeed, while an unplanned pregnancy might be 
a cause for a student to halt her education, only one “solu-
tion” is endorsed (abortion); completely absent are calls to 
support a woman through and after an unplanned preg-
nancy. The reality is that there will now be more students 
who are attempting to balance school with pregnancy and 
parenting. Does the AMS believe it is inevitable that more 
of these students will fail to graduate, or are there things we 

https://www.ams.org/iamges/OnePager.GenderEquityAndInclusionFINAL.pdf
https://www.ams.org/iamges/OnePager.GenderEquityAndInclusionFINAL.pdf
https://www.ams.org/news?news_id=7040
https://www.ams.org/news?news_id=7040


Letters to the Editor

December 2022  Notices of the AmericAN mAthemAticAl society   1873

meetings in states with laws denying access to healthcare. 
Please consider writing to the AMS leadership requesting 
scheduled conferences be moved to locations which sup-
port healthcare access and that all future meetings be held 
in such locations.

I realize a boycott of states with laws restricting health-
care will have unintended negative consequences for our 
colleagues who reside in such states. So, let’s mitigate 
those consequences. Let’s prioritize our travel funds for 
researchers who live in states with laws restricting health-
care to travel to conferences and seminars in states will full 
access. Let’s support our colleagues who live in restrictive 
states without supporting the dangerous and regressive 
policies of those states. This time, let’s solve the problem 
without compromising our principles of a full inclusive 
mathematics profession.

We, as professional mathematicians, have a choice to 
make. Please, choose the right one for the sake of all the 
women who no longer have choice.

—Professor Sami H. Assaf

on current trends in an area, share recent results, network 
with colleagues, and reconnect with old friends. 

But on June 24, 2022, the United States Supreme Court 
ruled that states can enact laws limiting access to healthcare 
for pregnant women. Thirteen states had trigger laws which 
went into effect the same day, while several others have 
quickly moved to enact such laws since. Under laws such 
as Texas’s SB-8 and HB-1280, Tennessee’s “Heartbeat Bill,” 
and Utah’s HB-136, pregnant women could suffer serious 
medical complications or death while in these states due 
to restricted healthcare access. Furthermore, currently nine 
states have laws under which women who suffer natural 
miscarriages, a tragic but inevitable part of many pregnan-
cies, could face criminal prosecution. 

These facts present a serious obstacle to any woman of 
childbearing age who might want to travel to attend confer-
ences in these or other states which restrict or criminalize 
abortion.

Access to safe health care, including abortion, is a human 
right. 

I refuse to support financially, intellectually, or in any 
other way governments that deny basic human rights, 
including denying me full autonomy over my body. Our 
attendance at a conference in a state with laws restricting 
healthcare would legitimize the state’s regressive policies 
and would help to normalize the restriction of Human 
Rights and Women’s Rights. I refuse to be complicit. 

Therefore, while I was looking forward to participating 
in the AMS Meeting in Utah, I must decline, and I urge you 
not to attend the upcoming AMS Fall Sectional meetings 
in Texas, Tennessee, or Utah.

In March 2021, the AMS Task Force on Understanding 
and Documenting the Historical Role of the AMS in Racial 
Discrimination completed its report, entitled “Towards a 
Fully Inclusive Mathematics Profession.” In the report, the 
Task Force states:

For instance, when the AMS held meetings at 
segregated institutions in the Deep South in 
the 1950s, many Black mathematicians were 
unable to participate fully. This was a practice 
that had a racist impact, even if the organizers 
were just following the accepted policies for 
hosting meetings. The failure of the AMS to 
account for and respond to the disparate effects 
of segregation, even after mathematicians raised 
objections to the AMS and called for change, 
makes these policies racist even if they don’t 
mention race.

Let’s do better this time. Let’s do more than issue state-
ments decrying these laws while continuing to act as if 
these policies are acceptable. Silence is complicit, but so is 
inaction. Let’s stand together to ensure equal access to all 
AMS meetings for all AMS members. Please consider not at-
tending, hosting, or otherwise supporting any professional 

facebook.com/amermathsoc

https://twitter.com/amermathsoc

linkedin.com/company/american-mathematical-society

instagram.com/amermathsoc/

youtube.com/user/amermathsoc

www.ams.org/about-us/social

CONNECT WITH THE AMS COMMUNITY
on your favorite social media platform.

http://facebook.com/amermathsoc
http://linkedin.com/company/american-mathematical-society
http://instagram.com/amermathsoc/
http://youtube.com/user/amermathsoc


AMS Short Course

Learn more and register:

www.ams.org/short-course

Organized by: 
Timothy Duff, University of Washington and Margaret Regan, Duke University

Polynomial systems, 
homotopy continuation 
and applications 
January 2– 3, 2023 | Boston, MA
in conjunction with the Joint Mathematics Meetings

Speakers include Silviana Amethyst, University of Wisconsin, Eau Claire; Jonathan Hauenstein, University 
of Notre Dame; Anton Leykin, Georgia Institute of Technology; Julia Lindberg, Max Planck Institute; Mark 
Plecnik, University of Notre Dame; and Jose I. Rodriguez, University of Wisconsin, Madison

This two-day, in-person short course will offer an intro-
duction to the theory of polynomial systems, homotopy 
continuation, and their applications.  

Systems of multivariate polynomial equations are 
ubiquitous throughout mathematics and neighboring 
scientifi c fi elds such as kinematics, computer vision, 
power fl ow systems, and more. Numerical homotopy 
continuation methods are a fundamental technique 
for both solving these polynomial systems and deter-
mining more refi ned information about their structure. 
A research community has blossomed around the 
subject, with important work on both basic methods 
and applications.

The American Mathematical Society’s Short Courses 
connect mathematicians and students to emerging 
areas of applied mathematics. Short Courses are 
designed to introduce individuals to new topics, fueling 
the participant’s curiosity, discovery, or research.
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The opinions expressed here are not necessarily those of the Notices or the AMS.

In these Notices, readers are informed annually about AMS elections. You are invited to 
become involved by voting or by suggesting a colleague or yourself for an appointment or 
a nomination. Suggestions will be received gratefully and considered seriously, especially 
if they come with helpful thoughts about which position might be a good match and why. 
Serving our community through involvement in the largest mathematics society can be 
greatly rewarding.

It may be helpful to know more about how election slates and appointments come about, 
and this is an attempt to lay out how this process and the one for committee appointments 
combine deliberation and consultation with openness. These processes are evolving, par-
ticularly since the Society received the report from our Task Force on Understanding and 
Documenting the Historical Role of the AMS in Racial Discrimination. It strengthened our 
commitment to increasing inclusivity in all we do and has already made a difference with 
respect to elections. 

Elections make the members of the AMS the ultimate power in the Society. At times they 
amend the bylaws of the Society, and they put in place the President of the AMS and members of our main gover-
nance bodies (the Council and the Board of Trustees). The Council has authority over scientific and policy matters 
and acts in an advisory capacity to the Board of Trustees which has fiduciary responsibility for the public trust in 
the Society, notably including finances and risks. Our Executive Director reports to the Board of Trustees and leads 
a staff of some 200 in implementing AMS programs and policies. The Officers of the Society are variously elected 
and appointed. The President (and President-Elect and Immediate Past President) and the three Vice Presidents 
are elected, while the other officers are appointed by the Council: the Treasurer and Associate Treasurer, and the 
Secretariat, which includes the Secretary and one Associate Secretary for each of our four geographical sections.

The election slates are brought to the members variously by the Council and the President in ways described 
below, and members are encouraged to provide input for the deliberations that occur along the way.

The Nominating Committee of the Council is elected, and each year the President names at least six candidates 
for three elected positions on the Nominating Committee. The Nominating Committee recommends to the Council 
slates for election to the Council, the Board of Trustees, for President, and for the Vice Presidents, consisting of 
two nominees for each position. The Nominating Committee is instructed to keep diversity of all kinds in mind 
when selecting candidates.

AMS members can directly participate in this process in several ways. First, the bylaws stipulate that the slates 
proposed by the Council shall contain blank spaces in which a voter may substitute other names, so a write-in 
campaign could lead to the election of a candidate not nominated by the Council.

However, members can influence the creation of the slates as well. On one hand, members can directly propose 
to the Council nominees for the positions of Vice President, Members at Large of the Council, Members of the 
Nominating Committee, and Members of the Editorial Boards Committee. This is done by petition in a process 
which is regularly described in the Notices, and which bypasses the Nominating Committee and the President. 
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Boris Hasselblatt is Secretary of the AMS. His email address is ams_secretary@ams.org.
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The Council of 23 January 1979 
stated the intent of the Council to 
nominate all persons on whose 
behalf there were valid petitions. It 
has since only once failed to do so.

Members can also provide input 
to the Nominating Committee in 
the creation of the slates. Indeed, 
for both elections and appoint-
ments, members can volunteer 
themselves or others at the nom-
ination link in the sidebar. This is 
most helpful if accompanied by 
thoughts about why that person would serve well in the proposed (or in any) capacity. These suggestions come directly 
before the respective advisory committees for consideration. In particular, if you want (yourself or someone you know) 
to be nominated for an elected position, this is a good way to make your case to the Nominating Committee or the 
President. Any member in good standing of the Society is eligible for candidacy and election to office or for membership 
on committees of the Society.

We are often not aware of qualities that we could bring to a new role, even when others are. So it may also be well 
to think about colleagues who you believe to be well-suited to contributing to the profession. Encourage them to think 
about that, or directly nominate them for appointment or election.

That the President nominates candidates for the Nominating Committee, which in turn nominates candidates for 
the presidency may seem like a closed loop. But on one hand, nominations for the Nominating Committee can come 
by petition, and on the other hand, this is an open loop in that the actions of the members of the Nominating Com-
mittee appointed by a given President do not affect committee staffing during that President’s term, while members of 
the Nominating Committee rotate off before a President they nominated takes office. The specific timeline is as follows. 
Every even year the Nominating Committee recommends to the Council two nominees for election to the position of 
President Elect as well as a Nominator for each candidate. For example, the 2020 Nominating Committee recommended 
(and Council approved) a slate that included Bryna Kra, who was then elected President in the Fall of 2021 and became 
President-Elect on February 1, 2022. Kra will become President on February 1, 2023, the last year in which any members 
of the 2020 Nominating Committee or members at large of the 2020 Council serve. In the course of her 2-year term, Kra 
will nominate candidates for six of nine positions on the Nominating Committee, whose terms will start on January 1, 
2024 and 2025, respectively. The nominations they in turn recommend to the Council will then be for terms that begin 
after Kra’s term as President ends. (The President is not eligible for immediate reelection.)

Thus, a President’s priorities in selecting candidates for the Nominating Committee reflect a sense of what will serve the 
Society best in the coming years. While this may drive the specific considerations in ways that differ between presidents, 
they seek to ensure that committee members understand how AMS governance works, and that among them, members of 
the Nominating Committee have the broadest possible professional network. This is most likely the case if the Nominating 
Committee itself is diverse in every respect, and its members are familiar with AMS governance. Being willing and able 
to perform a lot of work in a short period (around the Joint Mathematics Meetings) and being able to persuade potential 
nominees to agree to stand for election are essential as well. It is engaging work, and if you would like to be nominated 
for the Nominating Committee, please either use the “Nominate” link in the sidebar or send an email to the President 
early in the calendar year to express your interest and convey what qualities you would bring to the committee. You can 
also persuade and then suggest a colleague.

Presidents influence the course of thought and action in the Society not only in planning the meetings at which they 
preside but also through appointments of committee members and representatives made after consultation with the 
Committee on Committees and others. The Committee on Committees consists of the President and Secretary (ex officio), 
the President Elect (when there is one) and six other members, of whom one is an additional member of the Executive 
Committee of the Council and at least one more is a member at large of the Council. The other three are appointed at the 

Link to nomination by petition (in Notices): https://www.ams.org/journals 
/notices/202208/rnoti-p1424.pdf

Nomination links: https://www.ams.org/committee-nominate

Alphabetical listing of committees: https://www.ams.org/about-us 
/governance/committees/comm-all.html

Thematic committee list: https://www.ams.org/about-us/governance 
/committees/gov-committees 

For suggestions for bio prompts etc. for candidates as well as any other inquiries, 
please email secretary@ams.org

https://www.ams.org/journals/notices/202208/rnoti-p1424.pdf
https://www.ams.org/journals/notices/202208/rnoti-p1424.pdf
https://www.ams.org/about-us/governance/committees/comm-all.html
https://www.ams.org/about-us/governance/committees/gov-committees
https://www.ams.org/about-us/governance/committees/gov-committees
https://www.ams.org/about-us/governance/committees/comm-all.html


December 2022  Notices of the AmericAN mAthemAticAl society   1877

will of the President and need not be Council members. This committee does its work in some eight hours of meetings 
in May (plus work leading up to those meetings), and the result consists of recommendations to the President for the 
many appointments that need to be made for imminent vacancies. For this enormous task, (self-) nominations greatly 
help the committee and the President!

Through its prompts to candidates as they prepare their biographical information, the Society aims to provide members 
with helpful information about the candidates. As one result of the Task Force report, these prompts have been evolving, 
and will continue to do so. If you think of information you would like to know about candidates but do not see in the 
election materials, please suggest additional information that might be included in the future. But foremost, do vote. 
Your vote matters, and more so than you might think: the total number of ballots cast is of late only a little over 3000.

For anyone new to AMS governance, committee involvement may be where to engage first. In fact, there are enough 
committees to make learning about them a research project in itself. Most of them are filled by appointments rather than 
election, and the alphabetical listing of committees provides the quickest way to appreciate just how many opportuni-
ties there are—but it is more useful to consult a thematic list instead. Might you be interested in serving on an editorial 
board? A prize or fellowship selection committee? A program committee for meetings? A speaker selection committee? 
A policy committee? 

Often the committee name gives a good indication of what a committee deals with. This may help you decide which 
committee(s) might be a good fit for you. These lists include both elected and appointed committees. Each committee 
link goes to a list of current (and past) members as well as the group’s charge, which provides more insight into what 
the committee does, and how. Consider asking a friend who has been engaged in AMS governance for some ideas on 
what committees might interest you. If you happen to know (or are happy to contact) any particular present or former 
member of a committee, then you have direct access to first-hand insights. Otherwise, do not hesitate to write to discuss 
committee membership or for more information.

And foremost, vote! It matters.



Pandemic Control, Game
Theory, and Machine Learning

Yao Xuan, Robert Balkin, Jiequn Han, Ruimeng Hu,
and Hector D. Ceniceros

Yao Xuan contributed to the project when he was a PhD student at the Uni-
versity of California, Santa Barbara. His email address is yxscience@gmail
.com.
Robert Balkin is a current graduate student supervised by Ruimeng Hu and
Hector D. Ceniceros at the University of California, Santa Barbara. His email
address is rbalkin@ucsb.edu.
Jiequn Han is a research fellow at the Flatiron Institute. His email address is
jiequnhan@gmail.com.
Ruimeng Hu is an assistant professor at the University of California, Santa
Barbara. Her email address is rhu@ucsb.edu.
Hector D. Ceniceros is a full professor at the University of California, Santa
Barbara. His email address is ceniceros@ucsb.edu.

Communicated by Notices Associate Editor Reza Malek-Madani.

COVID-19 and Control Policies
The coronavirus disease 2019 (COVID-19) pandemic has
brought an enormous impact on our lives. Based on data
from the World Health Organization, as of May 2022,
there have been more than 520 million confirmed cases of
infection and more than 6 million deaths globally; In the
United States, there have been more than 83 million con-
firmed cases of infection and more than one million cases
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of death. Needless to say, the economic impact has also
been catastrophic, resulting in unprecedented unemploy-
ment and the bankruptcy of many restaurants, recreation
centers, shopping malls, etc.

Control policies play a crucial role in the alleviation
of the COVID-19 pandemic. For example, lockdown and
work-from-home policies and mask requirements on pub-
lic transport and public areas have been proved to be effec-
tive in stopping the spreading of COVID-19. On the other
hand, governors also have to be aware of the economic ac-
tivity loss due to these pandemic control policies. There-
fore, a thorough understanding of the evolution of COVID-
19 and the corresponding decision-making provoked by
such a virus will be beneficial for future events and in other
interconnected systems around the world.
Epidemiology. Epidemiology is the science of analyzing
the distribution and determinants of health-related states
and events in specified populations. It is also the applica-
tion of this study to the control of health problems. Infec-
tious diseases are one of this kind, including the ongoing
novel coronavirus (COVID-19).

Since March 2020, when the World Health Organiza-
tion declared the COVID-19 outbreak a global pandemic,
epidemiologists have made tremendous efforts to under-
stand how COVID-19 infections emerge and spread and
how they may be prevented and controlled. Many epi-
demiologicalmethods involvemathematical tools, e.g., us-
ing causal inference to identify causative agents and factors
for its propagation, and molecular methods to simulate
disease transmission dynamics.

The first epidemic model concerning epidemic spread-
ing dates back to 1760 by Daniel Bernoulli [Ber60]. Since
then, many papers have been dedicated to this field and,
later on, to epidemic control. Among control strategies,
the quarantine, firstly introduced in 1377 in Dubrovnik
on Croatia’s Dalmatian Coast [GB97], has proven a pow-
erful component of the public health response to emerging
and reemerging infectious diseases. However, quarantine
and other measures for controlling epidemic diseases have
always been controversial due to the potentially raised po-
litical, ethical, and socioeconomic issues. Such complica-
tion naturally calls for the inclusion of decision-making
in epidemic control, as it helps to answer how to take
optimal actions to balance public interest and individual
rights. But not until recent years have there been some re-
search studies in this direction. Moreover, when multiple
authorities are involved in the decision-making process, it
is challenging to analyze how to collectively or competi-
tively make decisions due to the difficulty of solving this
high-dimensional problem.

In this article, we focus on the decision-making de-
velopment for the intervention of COVID-19, aiming
to provide mathematical models and efficient numerical

methods, and justifications for related policies that have
been implemented in the past and explain how the au-
thorities’ decisions affect their neighboring regions from
a game theory viewpoint.
Mathematical models. In a classic, compartmental epi-
demiological model, each individual in a geographical
region is assigned a label, e.g., Susceptible, Exposed,
Infectious, Removed, Vaccinated. Different labels repre-
sent different status – S: those who are not yet infected;
E: who have been infected but are not yet infectious them-
selves; I: who have been infected and are capable of spread-
ing the disease to those in the susceptible category, R: who
have been infected and then removed from the disease due
to recovery or death, and V: who have been vaccinated and
are immune to the infection. As COVID-19 progressed, it
was learned that spread from asymptomatic cases was an
important driving force. More refined models may further
split I into mild-symptomatic/asymptomatic individuals
who are in-home for recovery and serious-symptomatic
ones that need hospitalization. We point to [AZM+20]
which considers a similar problem in the optimal control
setting, which includes asymptomatic individuals and the
effect of impulses.

Individuals transit between these compartments, and
the labels’ order in a model indicates the flow patterns be-
tween the compartments. For instance, in a simple SEIR
model [LHL87] (see also Figure 1a), a susceptible individ-
ual becomes exposed after close contact with infected in-
dividuals; exposed individuals become infectious after a
latency period; and infected individuals become removed
afterward due to recovery or death. Let 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡) and
𝑅(𝑡) be the proportion of population of each compartment
at time 𝑡, the following differential equations provide the
mathematical model:

̇𝑆(𝑡) = −𝛽𝑆(𝑡)𝐼(𝑡),
̇𝐸(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛾𝐸(𝑡),
̇𝐼(𝑡) = 𝛾𝐸(𝑡) − 𝜆𝐼(𝑡), �̇�(𝑡) = 𝜆𝐼(𝑡),

(1)

where 𝛽 is the average number of contacts per person per
time, 𝛾 describes the latent period when the person has
been infected but not yet infectious, and 𝜆 represents the re-
covery rate measuring the proportion of people recovered
or dead from infected population.

Many infections, such as measles and chickenpox, con-
fer long-term, if not lifelong, immunity, while others, such
as influenza, do not. As evidenced by numerous epidemi-
ological and clinical studies analyzing possible factors for
COVID reinfections, COVID-19 falls precisely into the sec-
ond category [NBN22]. Mathematically, this can be taken
into account by adding a transition 𝐼 → 𝑆.

Though deterministic models such as (1) have received
more attention in the literature, mainly due to their
tractability, stochastic models have some advantages. The
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Susceptible (S) Exposed (E)

Infectious (I)

Removed (R)

Susceptible (S) Exposed (E)

Infectious (I)

Removed (R)

a (standard SEIR)

b (controlled SEIR)

c (game-theoretic SEIR for two regions)

Region 2

Region 1

Figure 1. (a) A simple SEIR model: susceptible individuals become exposed after close contact with infected ones; those
exposed become infectious after a latency period; and those infected become removed afterward due to recovery or death; (b)
Controlled SEIR model: the planner chooses the level of nonpharmaceutical policies (lockdown or work from home) ℓ and
pharmaceutical policies (effort of vaccination development or distribution) ℎ affecting the transitions such that only (1 − 𝜃ℓ(𝑡)) of
the original susceptible and infectious individuals can contact each other, and affecting the recovery rate 𝜆(ℎ) from infectious
individuals to removed ones, here 𝜃 is used describe the effectiveness of policy ℓ; (c) An illustration of the game-theoretic SEIR
model for two regions.

epidemic-spreading progress is by nature stochastic. More-
over, introducing stochasticity to the system could account
for numerical and empirical uncertainties, and also pro-
vide probabilistic predictions, i.e., a range of possible sce-
narios associated with their likelihoods. This is crucial for
understanding the uncertainties in the estimates.

One class of stochastic epidemic models uses continu-
ous-time Markov chains, where the state process takes dis-
crete values but evolves in continuous time and is Mar-
kovian. In a simple Stochastic SIS (susceptible-infectious-
susceptible) model [KL89] with a population of𝑁 individ-
uals, let 𝑋𝑡 be the number of infected individuals at time
𝑡, 𝛽 the rate of infected individuals infecting those suscep-
tible, and 𝜆 the rate that an infected individual recovers
and becomes susceptible again. The transition probabili-
ties among states 𝑛, 𝑛 + 1, 𝑛 − 1 are

ℙ(𝑋𝑡+∆𝑡 = 𝑛 + 1|𝑋𝑡 = 𝑛) ≈ 𝛽
𝑁 𝑛(𝑁 − 𝑛)Δ𝑡,

ℙ(𝑋𝑡+∆𝑡 = 𝑛 − 1|𝑋𝑡 = 𝑛) ≈ 𝜆𝑛Δ𝑡,

ℙ(𝑋𝑡+∆𝑡 = 𝑛|𝑋𝑡 = 𝑛) ≈ 1 − ( 𝛽𝑁 𝑛(𝑁 − 𝑛) + 𝜆𝑛)Δ𝑡.

Another way to construct a stochastic model is by introduc-
ing white noise 𝑊𝑡 in (1) [TBV05, All08], which we shall
mainly consider in this paper and describe in details in the
later section.

Control of disease spread. After modeling how diseases
are transmitted through a population, epidemiologists
then design corresponding control measures and recom-
mend health-related policies to the region planner.

In general, there are two types of interventions: phar-
maceutical interventions (PIs), such as getting vaccinated
and taking medicines, and nonpharmaceutical interven-
tions (NPIs), such as requiring mandatory social distanc-
ing, quarantining infected individuals, and deploying pro-
tective resources. For the ongoing COVID-19, intervention
policies that have been implemented include, but are not
limited to, issuing lockdown or work-from-home policies,
developing vaccines, and later expanding equitable vac-
cine distribution, providing telehealth programs, deploy-
ing protective resources and distributing free testing kits,
educating the public on how the virus transmits, and fo-
cusing on surface disinfection.

Mathematically, this can be formulated as a control
problem: the planner chooses the level of each policy af-
fecting the transitions in (1) such that the region’s over-
all cost is minimized. Generally, NPIs help mitigate the
spread by lowering the infection rate 𝛽, e.g., a lockdown or
work-from-home policy ℓ(𝑡) implemented at time 𝑡 modi-
fies the transition to

̇𝑆(𝑡) = −𝛽(1 − 𝜃ℓ(𝑡))𝑆(𝑡)(1 − 𝜃ℓ(𝑡))𝐼(𝑡),
meaning that only (1 − 𝜃ℓ(𝑡)) of the original susceptible
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and infectious individuals can contact each other where
𝜃 describes the effectiveness of ℓ [AAL20] (see Figure 1b).
PIs such as taking preventive medicines, if available, will
also lower the infection rate 𝛽, while using antidotes will
increase the recovery rate 𝜆. The modeling of vaccinations
is more complex. Depending on the target disease, it may
reduce 𝛽 (less chance to be infected) or increase 𝜆 (faster
recovery). It may even create a new compartment “Vacci-
nated” in which individuals cannot be infected and which
is an absorbing state if lifelong immunity is gained.

A region planner, taking into account the interventions’
effects on the dynamics (1), decides on policy by weigh-
ing different costs. These costs may include the economic
loss due to decrease in productivity during a lockdown, the
economic value of life due to death of infected individuals,
and other social-welfare costs due to the aforementioned
measurements.

Game-theoretic SEIR Model
Game theory studies the strategic interactions among ra-
tional players and has applications in all fields of so-
cial science, computer science, financial mathematics, and
epidemiology. A game is noncooperative if players can-
not form alliances or if all agreements need to be self-
enforcing. Nash equilibrium is the most common kind
of self-enforcing agreement [Nas51], in which a collective
strategy emerges from all players in the game to which no
one has an incentive to deviate unilaterally.

Nowadays, as the world is more interconnected than
ever before, one region’s epidemic policy will inevitably
influence the neighboring regions. For instance, in the
US, decisions made by the governor of New York will af-
fect the situation in New Jersey, as so many people travel
daily between the two states. Imagine that both state gover-
nors make decisions representing their own benefits, take
into account others’ rational decisions, andmay even com-
pete for the scarce resources (e.g., frontline workers and
personal protective equipment). These are precisely the
features of a noncooperative game. Computing the Nash
equilibrium from such a game will provide valuable, qual-
itative guidance and insights for policymakers on the im-
pact of specific policies.

We now introduce amulti-region stochastic SEIRmodel
[XBH+22] to capture the game features in epidemic con-
trol. We give an illustration for two regions in Figure 1c.
Each region’s population is divided into four compart-
ments: Susceptible, Exposed, Infectious, and Removed.
Denote by 𝑆𝑛𝑡 , 𝐸𝑛𝑡 , 𝐼𝑛𝑡 , 𝑅𝑛𝑡 the proportion of the population
in the four compartments of the region 𝑛 at time 𝑡.
They satisfy the following stochastic differential equations
(SDEs), which have included interventions (PIs and NPIs),

stochastic factors, and game features,

d𝑆𝑛𝑡 = −
𝑁
∑
𝑘=1

𝛽𝑛𝑘𝑆𝑛𝑡 𝐼𝑘𝑡 (1 − 𝜃ℓ𝑛𝑡 )(1 − 𝜃ℓ𝑘𝑡 )d𝑡

− 𝑣(ℎ𝑛𝑡 )𝑆𝑛𝑡 d𝑡 − 𝜎𝑠𝑛𝑆𝑛𝑡 d𝑊
𝑠𝑛
𝑡 , (2)

d𝐸𝑛𝑡 =
𝑁
∑
𝑘=1

𝛽𝑛𝑘𝑆𝑛𝑡 𝐼𝑘𝑡 (1 − 𝜃ℓ𝑛𝑡 )(1 − 𝜃ℓ𝑘𝑡 )d𝑡 (3)

− 𝛾𝐸𝑛𝑡 d𝑡 + 𝜎𝑠𝑛𝑆𝑛𝑡 d𝑊
𝑠𝑛
𝑡 − 𝜎𝑒𝑛𝐸𝑛𝑡 d𝑊

𝑒𝑛
𝑡 ,

d𝐼𝑛𝑡 = (𝛾𝐸𝑛𝑡 − 𝜆(ℎ𝑛𝑡 )𝐼𝑛𝑡 )d𝑡 + 𝜎𝑒𝑛𝐸𝑛𝑡 d𝑊
𝑒𝑛
𝑡 , (4)

d𝑅𝑛𝑡 = 𝜆(ℎ𝑛𝑡 )𝐼𝑛𝑡 d𝑡 + 𝑣(ℎ𝑛𝑡 )𝑆𝑛𝑡 d𝑡, (5)

where 𝑛 ∈ 𝒩 ∶= {1, 2, … , 𝑁} is the collection of 𝑁 regions,
𝑊𝑡 with different superscripts indicate white noise for a
compartment in a specific region, ℓℓℓ𝑡 ≡ (ℓ1𝑡 , … , ℓ𝑁𝑡 ) and
𝐡𝑡 ≡ (ℎ1𝑡 , … , ℎ𝑁𝑡 ) are NPIs and PIs chosen by the region
planners at time 𝑡. The planner of region 𝑛 minimizes its
region’s cost within a period [0, 𝑇]:

𝐽𝑛(ℓℓℓ, 𝐡) ∶= 𝔼[∫
𝑇

0
𝑒−𝑟𝑡𝑃𝑛[(𝑆𝑛𝑡 + 𝐸𝑛𝑡 + 𝐼𝑛𝑡 )ℓ𝑛𝑡 𝑤

+𝑎(𝜅𝐼𝑛𝑡 𝜒 + 𝑝𝐼𝑛𝑡 𝑐)] + 𝑒−𝑟𝑡𝜂(ℎ𝑛𝑡 )2d𝑡].
(6)

We explain the model (2)–(6) in detail:
S. In (2), 𝛽𝑛𝑘 denotes the average number of contacts of
infected people in region 𝑘 with susceptible individuals in
region 𝑛 per time unit. Although some regions may not be
geographically connected, the transmission between the
two is still possible due to air travel, but is still less inten-
sive than the transmission within the region, i.e., 𝛽𝑛𝑘 > 0
and 𝛽𝑛𝑛 ≫ 𝛽𝑛𝑘 for all 𝑘 ≠ 𝑛. The decision for NPIs of
region 𝑛’s planner is given by ℓ𝑛𝑡 ∈ [0, 1]. In particular, it
represents the fraction of the population under NPIs (such
as social distancing) at time 𝑡. We assume that those un-
der interventions cannot be infected. However, the policy
may only be partially effective as essential activities (food
production and distribution, health, and basic services)
have to continue. We use 𝜃 ∈ [0, 1] to measure this effec-
tiveness. The transition rate under policy ℓ thus become
𝛽𝑛𝑘𝑆𝑛𝑡 𝐼𝑘𝑡 (1−𝜃ℓ𝑛𝑡 )(1−𝜃ℓ𝑘𝑡 ). The case 𝜃 = 1means the policy
is fully effective. One can also view 𝜃 as the level of public
compliance.

The planner of region 𝑛 also makes the decision ℎ𝑛𝑡 ∈
[0, 1]. This represents the effort, at time 𝑡, that the planner
puts into PIs. We refer to this term, ℎ𝑛𝑡 , as the health policy.
It will influence the vaccination availability 𝑣(⋅) and the
recovery rate 𝜆(⋅) of this model. 𝑣(ℎ𝑛𝑡 ) denotes the vacci-
nation availability of region 𝑛 at time 𝑡. In this model, we
assume that once vaccinated, the susceptible individuals
𝑣(ℎ𝑛𝑡 )𝑆𝑛𝑡 become immune to the disease, and join the re-
moved category 𝑅𝑛𝑡 . This assumption is not very consistent
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with COVID-19 but reasonable for a short-term decision-
making problem. We model it as an increasing function of
ℎ𝑛𝑡 , and if the vaccine has not yet been developed, we can
define 𝑣(𝑥) = 0 for 𝑥 ≤ ℎ.
E. In (3), 𝛾 describes the latent period when the person is
infected but is not yet infectious. It is the inverse of the av-
erage latent time and we assume 𝛾 to be identical across all
regions. The transition between 𝐸𝑛 and 𝐼𝑛 is proportional
to the fraction of exposed individuals, i.e., 𝛾𝐸𝑛𝑡 .
I and R. In (4) and (5), 𝜆(⋅) represents the recovery rate.
For the infected individuals, a fraction 𝜆(ℎ𝑛)𝐼𝑛 (including
both death and recovery from the infection) joins the re-
moved category 𝑅𝑛 per time unit. The rate is determined
by the average duration of infection 𝐷. We model the du-
ration and the recovery rate related to the health policy ℎ𝑛𝑡
decided by its planner.

Themore effort put into the region (e.g., expanding hos-
pital capacity and creating more drive-thru testing sites),
the more clinical resources the region will have and the
more resources will be accessible by patients, which could
accelerate recovery and slow down death. The death rate,
denoted by 𝜅(⋅), is crucial for computing the cost of the
region 𝑛.
Cost. In (6), each region planner faces four types of cost.
One is the economic activity loss due to the lockdown pol-
icy, where 𝑤 is the productivity rate per individual, and 𝑃𝑛
is the population of the region 𝑛. The second one is due
to the death of infected individuals. Here, 𝜅 is the death
rate which we assume for simplicity to be constant, and 𝜒
denotes the economic cost of each death. The hyperparam-
eter 𝑎 describes how planners weigh deaths and infections
as compared to other costs. The third one is the in-patient
cost, where 𝑝 is the hospitalization rate, and 𝑐 is the cost
per in-patient per day. The last term 𝜂(ℎ𝑛𝑡 )2 quantifies the
grants for health policies. We choose a quadratic form so
that the function is concave in ℎ𝑛𝑡 . This is to account for the
law of diminishing marginal utility: the marginal utility
from each additional unit declines as investment increases.
All costs are discounted by an exponential function 𝑒−𝑟𝑡,
where 𝑟 is the risk-free interest rate, to take into account
the time preference. Note that region 𝑛’s cost depends on
all regions’ policies (ℓℓℓ, 𝐡), as {𝐼𝑘, 𝑘 ≠ 𝑛} appearing in the
dynamics of 𝑆𝑛. Thus we write it as 𝐽𝑛(ℓℓℓ, 𝐡). The above
model (2)–(5) is by no doubt a prototype, and one can
generalize it by considering reinfections (adding transmis-
sion from 𝑅𝑛 to 𝑆𝑛), asymptomatic population (adding
asymptomatic compartment 𝐴𝑛), different control policy
for 𝑆𝑛 and 𝐼𝑛 (using ℓ𝑆 and ℓ𝐼 in (2)–(3)), different fatal-
ity rates for young and elder population (introducing 𝜅𝑌
and 𝜅𝐸 in (6)).
Nash equilibria and the HJB system. As explained above,
the interaction between region planners can be viewed as

a noncooperative game, when Nash equilibrium is the no-
tion of optimality.

Definition 1. A Nash equilibrium (NE) is a tuple
(ℓℓℓ∗, 𝐡∗) = (ℓ1,∗, ℎ1,∗, … , ℓ𝑁,∗, ℎ𝑁,∗) ∈ 𝔸𝑁 such that ∀𝑛 ∈ 𝒩
and (ℓ𝑛, ℎ𝑛) ∈ 𝔸,

𝐽𝑛(ℓℓℓ∗, 𝐡∗) ≤ 𝐽𝑛((ℓℓℓ−𝑛,∗, ℓ𝑛), (𝐡−𝑛,∗, ℎ𝑛)),
where ℓ−𝑛,∗ represents strategies of players other than the
𝑛-th one:

ℓℓℓ−𝑛,∗ ∶= [ℓ1,∗, … , ℓ𝑛−1,∗, ℓ𝑛+1,∗, … , ℓ𝑁,∗] ∈ 𝔸𝑁−1.
Here 𝔸 denotes the set of admissible strategies for each
player and 𝔸𝑁 is the produce of 𝑁 copies of 𝔸. For sim-
plicity, we have assumed that all players take actions in
the same space.

Under proper conditions, the NE is obtained
by solving 𝑁-coupled Hamilton–Jacobi–Bellman
(HJB) equations via dynamic programming
[CD18, Section 2.1.4]. To simplify the notation, we con-
catenate the states into a vector form 𝐗𝑡 ≡ [𝐒𝑡, 𝐄𝑡, 𝐈𝑡]T ≡
[𝑆1𝑡 ,⋯ , 𝑆𝑁𝑡 , 𝐸1𝑡 ,⋯ , 𝐸𝑁𝑡 , 𝐼1𝑡 ,⋯ , 𝐼𝑁𝑡 ]T ∈ ℝ3𝑁 , and denote its
dynamics by

d𝐗𝑡 = 𝑏(𝑡, 𝐗𝑡, ℓℓℓ(𝑡, 𝐗𝑡), 𝐡(𝑡, 𝐗𝑡))d𝑡 + Σ(𝐗𝑡)d𝐖𝑡.
For the sake of simplicity, we omit the actual definition of
𝑏, 𝑓𝑛, and Σ and refer [XBH+22] for further details. Let
𝑉𝑛(𝑡, 𝐱) be the minimized cost defined in (6) if the system
starts at 𝐗𝑡 = 𝑥. Then, 𝑉𝑛, 𝑛 = 1, … , 𝑁 solves

𝜕𝑡𝑉𝑛 + inf
(ℓ𝑛,ℎ𝑛)∈[0,1]2

𝐻𝑛(𝑡, 𝐱, (ℓℓℓ, 𝐡)(𝑡, 𝐱), ∇𝐱𝑉𝑛)

+ 1
2Tr(Σ(𝐱)

THess𝐱𝑉𝑛Σ(𝐱)) = 0, (7)

with 𝑉𝑛(𝑇, 𝐱) = 0, where 𝐻𝑛 is the usual Hamiltonian de-
fined by

𝐻𝑛(𝑡, 𝐱,ℓℓℓ, 𝐡, 𝐩) = 𝑏(𝑡, 𝐱,ℓℓℓ, 𝐡) ⋅ 𝐩 + 𝑓𝑛(𝑡, 𝐱, ℓ𝑛, ℎ𝑛).

Enhanced Deep Fictitious Play
Solving for the NE of the game is equivalent to solving the
𝑁-coupledHJB equations of dimension (3𝑁+1) defined in
Equation (7). Due to the high-dimensionality, this is a for-
midable numerical challenge. We overcome this through
a deep learning methodology we call Enhanced Deep Ficti-
tious Play, being broadly motivated by the method of ficti-
tious play introduced by Brown [Bro51].

Deep Learning. Deep learning leverages a class of com-
putational models composed of multiple processing lay-
ers to learn representations of data with multiple levels
of abstraction [LBH15]. Deep neural networks are effec-
tive tools for approximating unknown functions in high-
dimensional space. In recent years, we have witnessed no-
ticeable success in a marriage of deep learning and com-
putational mathematics to solve high-dimensional differ-
ential equations. Specifically, deep neural networks show
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strong capability in solving stochastic control and games
[HJE18, HL22]. Below, we use a simple example to illus-
trate how a deep neural network is determined for function
approximation.

Suppose we would like to approximate a map 𝑦 = 𝑓(𝑥)
by a neural network 𝒩𝒩(𝑥,𝐰) in which one seeks to ob-
tain appropriate parameters of the network, 𝐰, through a
process called training. This consists of minimizing a loss
function that measures the discrepancies between the ap-
proximation and true values over the so-called training set
{𝑥𝑖}𝑁𝑖=1. Such a loss function has the general form

𝐿(𝐰) = 1
𝑁

𝑁
∑
𝑖=1

𝐿𝑖(𝑓(𝑥𝑖),𝒩𝒩(𝑥𝑖,𝐰)) + 𝜆ℛ(𝐰),

where ℛ(𝐰) is a regularization term on the parameters.
The first term 𝐿𝑖(𝑓(𝑥𝑖),𝒩𝒩(𝑥𝑖,𝐰)) ensures that the predic-
tions of 𝒩𝒩(𝑥𝑖,𝐰) match approximately the true value
𝑓(𝑥𝑖) on the training set {𝑥𝑖}𝑁𝑖=1. Here, 𝐿𝑖 could be a
direct distance like the 𝐿𝑝 norm or error terms derived
from some complex simulations associated with 𝑓(𝑥𝑖) and
𝒩𝒩(𝑥𝑖,𝐰). The hyperparameter 𝜆 characterizes the rela-
tive importance between the two terms in 𝐿(𝐰). To find
an optimal set of parameters 𝐰∗, one solves the prob-
lem of minimizing 𝐿(𝐰) by the stochastic gradient de-
scent (SGD) method [BCN18]. Regarding the architecture
of 𝒩𝒩(𝑥,𝐰), there is a wide variety of choices depend-
ing on the problem, for example fully connected neural
networks, convolutional neural networks, recurrent neu-
ral networks, and transformers. In this work, we chose
fully connected neural networks to approximate the solu-
tion and constructed the loss function by simulating the
backward differential equations corresponding to the HJB
equations.

Note that the HJB system (7) is difficult to solve due
to the high-dimensionality of the 𝑁-coupled equations.
What if we could decouple the system to 𝑁 separate equa-
tions, each of which is easier to solve? This is the cen-
tral idea of fictitious play, where we update our approxi-
mations to the optimal policies of each player iteratively
stage by stage. In each stage, instead of updating the ap-
proximations of all the players together by solving the
giant system, we do it separately and parallelly. Each
player solves for her own optimal policy assuming that
the other players are taking their approximated optimal
strategies from the last stage. Let us denote the opti-
mal policy and corresponding value function of the sin-
gle player 𝑛 in stage 𝑚 as 𝛼𝑛,𝑚 and 𝑉𝑛,𝑚, respectively, and
the collection of these two quantities for all the players
as 𝜶𝑚 = (𝛼1,𝑚, … , 𝛼𝑁,𝑚) and 𝐕𝑚 = (𝑉1,𝑚, … , 𝑉𝑁,𝑚). Fi-
nally, let us denote the optimal policies and correspond-
ing value functions for all the players except for player 𝑛 as
𝜶−𝑛,𝑚 = (𝛼1,𝑚, … , 𝛼𝑛−1,𝑚, 𝛼𝑛+1,𝑚, … , 𝛼𝑁,𝑚) and 𝐕−𝑛,𝑚 =
(𝑉1,𝑚, … , 𝑉𝑛−1,𝑚, 𝑉𝑛+1,𝑚, … , 𝑉𝑁,𝑚), where 𝛼𝑛,𝑚 is a

concatenation of lockdown policies and vaccination poli-
cies, 𝑖.𝑒., (ℓ𝑛,𝑚, ℎ𝑛,𝑚). At stage 𝑚 + 1, we can solve for the
optimal policy and value function of player 𝑛 given other
players are taken the known policies 𝜶−𝑛,𝑚 and the corre-
sponding value𝐕−𝑛,𝑚. The logic of fictitious play is shown
in Figure 2, where players iteratively decide optimal poli-
cies in stage𝑚+1, based on other players’ optimal policies
in stage 𝑚. This is slightly different than the usual simul-
taneous fictitious play, where the belief is described by the
time average of past play and the distinction is further dis-
cussed in [HH20].

Figure 2. Schematic plot of fictitious play: each player derives
optimal policies at stage 𝑚+ 1 assuming other players take
optimal strategies at stage 𝑚.

The Enhanced Deep Fictitious Play (DFP) algorithm we
have designed, built from the Deep Fictitious Play (DFP)
algorithm [HH20], reduces time cost from 𝒪(𝑀2) to 𝒪(𝑀)
and memory cost from 𝒪(𝑀) to 𝒪(1), with 𝑀 as the total
number of fictitious play iterations.

We illustrate one stage of enhanced deep fictitious play
in Figure 3. At the (𝑚 + 1)𝑡ℎ stage, given the optimal poli-
cies 𝜶𝑚 at the previous stage, for 𝑛 = 1, … , 𝑁, the algorithm
solves the following partial differential equations (PDEs),

𝜕𝑡𝑉𝑛,𝑚+1

+ inf
𝛼𝑛∈[0,1]2

𝐻𝑛(𝑡, 𝐱, (𝛼𝑛, 𝜶−𝑛,𝑚)(𝑡, 𝐱), ∇𝐱𝑉𝑛,𝑚+1)

+ 1
2Tr(Σ(𝐱)

THess𝐱𝑉𝑛,𝑚+1Σ(𝐱)) = 0, (8)

with 𝑉𝑛,𝑚+1(𝑇, 𝐱) = 0, and obtains the optimal strategy of
the (𝑚 + 1)𝑡ℎ stage:

𝛼𝑛,𝑚+1 =
argmin
𝛼𝑛∈[0,1]2

𝐻𝑛(𝑡, 𝐱, (𝛼𝑛, 𝜶−𝑛,𝑚)(𝑡, 𝐱), ∇𝐱𝑉𝑛,𝑚+1(𝑡, 𝐱)).
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For simplicity of notations, we omit the stage number
𝑚 in the superscript in the following discussions. The
solution to Equation (8) is approximated by solving the
equivalent backward stochastic differential equations (BS-
DEs) using neural networks [HJE18]:

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

𝐗𝑛
𝑡 =𝐱0 +∫

𝑡

0
𝜇𝑛(𝑠, 𝐗𝑛

𝑠 ; 𝜶−𝑛(𝑠, 𝐗𝑛
𝑠 ))d𝑠

+∫
𝑡

0
Σ(𝐗𝑛

𝑠 )d𝐖𝑠, (9)

𝑌𝑛
𝑡 =∫

𝑇

𝑡
𝑔𝑛(𝑠, 𝐗𝑛

𝑠 , 𝑍𝑛𝑠 ; 𝜶−𝑛(𝑠, 𝐗𝑛
𝑠 ))d𝑠

−∫
𝑇

𝑡
(𝑍𝑛𝑠 )Td𝐖𝑠. (10)

The nonlinear Feynman–Kac formula [PP92] yields:

𝑌𝑛
𝑡 = 𝑉𝑛(𝑡, 𝐗𝑛

𝑡 ) and 𝑍𝑛𝑡 = Σ(𝐗𝑛
𝑡 )T∇𝐱𝑉𝑛(𝑡, 𝐗𝑛

𝑡 ).
Here 𝜇𝑛 and 𝑔𝑛 are derived by rewriting (8) to
𝜕𝑡𝑉𝑛 + 1

2
Tr(Σ(𝐱)THess𝐱𝑉𝑛Σ(𝐱)) + 𝜇𝑛(𝑡, 𝐱; 𝜶−𝑛) ⋅ ∇𝐱𝑉𝑛 +

𝑔𝑛(𝑡, 𝐱, Σ(𝐱)T∇𝐱𝑉𝑛; 𝜶−𝑛) = 0; see [XBH+22, Appendix
A.2]. Notice that, we parametrized 𝑉𝑛 by neural networks
(denote as 𝑉 -networks) so 𝑌𝑛

𝑡 and 𝑍𝑛𝑡 could all be com-
puted by a function of𝑉 -networks. The loss function to up-
date the 𝑉 -network is constructed by simulating the BSDE
along the time axis and penalizing the difference between
the true terminal value and the simulated terminal value
based on neural networks of 𝑌 .

In Enhanced DFP, we further parameterize 𝛼𝑛 (denote
as 𝛼-networks). In each stage, the loss function with re-
spect to the 𝑉 -network and the 𝛼-network of player 𝑛 is
defined by the weighted sum of two terms: the loss related
to BSDE (9)–(10) to approximate its solution and the error
of approximating the optimal strategy 𝛼𝑛 by 𝛼-networks.
We denote ‖ ⋅ ‖2 as the 2-norm, 𝛼𝑛 and �̃�𝑛 as the derived

Equation 1 BSDE 1 VP 1

Equation 2 BSDE 2 VP 2

Equation N BSDE N VP N

NNs

Figure 3. Illustration of one stage of enhanced deep fictitious
play. At the (𝑚 + 1)𝑡ℎ stage, one needs to solve the PDEs (8),
which is approximated by solving the BSDEs (9)-(10). Then
with the help of neural networks, one solves the variational
problem (VP) given by Equation (11) to get the optimal
strategy.

and approximated optimal control of player 𝑛 in the cur-
rent stage, �̃�−𝑛 = (�̃�1,𝑚, … , �̃�𝑛−1,𝑚, �̃�𝑛+1,𝑚, … , �̃�𝑁,𝑚) as the
collection of approximated optimal controls from the last
stage except player 𝑛, and 𝜏 as a hyperparameter balanc-
ing the two types of errors in the loss function. Then the
Enhanced DFP solves

inf
𝑌𝑛
0 ,�̃�𝑛,{𝑍𝑛

𝑡 }0≤𝑡≤𝑇
𝔼(|𝑌𝑛

𝑇 |
2

+ 𝜏∫
𝑇

0
‖𝛼𝑛(𝑠, 𝐗𝑛

𝑠 ) − �̃�𝑛(𝑠, 𝐗𝑛
𝑠 )‖

2
2 d𝑠)

s.t. 𝐗𝑛
𝑡 = 𝐱0 +∫

𝑡

0
𝜇𝑛(𝑠, 𝐗𝑛

𝑠 ; �̃�−𝑛(𝑠, 𝐗𝑛
𝑠 ))d𝑠

+∫
𝑡

0
Σ(𝐗𝑛

𝑠 )d𝐖𝑠,

𝑌𝑛
𝑡 = 𝑌𝑛

0 −∫
𝑡

0
𝑔𝑛(𝑠, 𝐗𝑛

𝑠 , 𝑍𝑛𝑠 ; �̃�−𝑛(𝑠, 𝐗𝑛
𝑠 ))d𝑠

+∫
𝑡

0
(𝑍𝑛𝑠 )Td𝐖𝑠,

𝛼𝑛(𝑠, 𝐗𝑛
𝑠 ) = argmin

𝛽𝑛
𝐻𝑛(𝑠, 𝐗𝑛

𝑠 , (𝛽𝑛, �̃�−𝑛)(𝑠, 𝐗𝑛
𝑠 ), 𝑍𝑛𝑠 ).

(11)

In each stage, there are two types of optimal strategies for
player 𝑛: 1. the derived optimal strategy 𝛼𝑛 by solving
argmin𝛽𝑛 𝐻𝑛 in the last equation of (11); 2. the approx-
imated optimal strategy �̃�𝑛 also known as 𝛼-networks for
reducing the non-trivial cost of evaluating 𝛼𝑛. Take stage
𝑚+1 as an example, 𝛼𝑛,𝑚+1 depends on players’ last stage
optimal policies 𝜶−𝑛,𝑚 which in turn depends on 𝜶−𝑛,𝑚−1.
The evaluation of the current stage strategy 𝛼𝑛,𝑚+1 actually
requires the recursive iteration of optimal strategies from
all previous stages. Enhanced DFP unblocks the compu-
tation bottleneck by introducing approximated optimal
strategy �̃�𝑛, which approximates 𝛼𝑛. Although represent-
ing 𝛼𝑛 with a neural network �̃�𝑛 introduces approxima-
tion errors, it allows us to efficiently access the proxy of
the optimal strategy 𝜶−𝑛 in the current stage by calling cor-
responding networks, instead of storing and calling all the
previous strategies 𝜶−𝑛,𝑚−1, … , 𝜶−𝑛,1 due to the recursive
dependence. This is the key factor that Enhanced Deep
Fictitious Play addresses leading to reduction in both time
and memory complexity compared to Deep Fictitious Play.

To implement the loss function defined in (11), we dis-
cretize and simulate the BSDE by Euler’s method with a
partition on a time interval [0, 𝑇]. The expectation in the
loss function is approximated by Monte Carlo samples of
𝐖𝑠 in the stochastic process. Then, we use the stochas-
tic gradient descent method to update 𝑉𝑛 and �̃�𝑛 in the
current stage for player 𝑛. In parallel, we update the 𝑉 -
network and 𝛼-network for each player. The updated net-
works of each player will be observable for other players in
future stages.
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Figure 4. Plots of optimal policies (top-left), Susceptibles (top-right), Exposed (bottom-left) and Infectious (bottom-right) for three
states: New York (blue), New Jersey (orange) and Pennsylvania (green). The shaded areas depict the mean and 95% confidence
interval over 256 sample paths. Choices of parameters are 𝑎 = 100 and 𝜃 = 0.99.

A Regional COVID-19 Study
In this section, we apply the multi-region stochastic SEIR
model (2)–(6) to analyze optimal COVID-19 policies in
three adjacent states: New York, New Jersey, and Pennsyl-
vania. This case study focuses on 180 days starting from
03/15/2020, and solves for the optimal policies of the
three states corresponding to Nash Equilibrium by the En-
hanced Deep Fictitious Play Algorithm. We denote New
York (NY) as region 1, New Jersey (NJ) as region 2, and
Pennsylvania (PA) as region 3, with population 𝑃1 = 19.54
million, 𝑃2 = 8.91 million, and 𝑃3 = 12.81 million during
the case study time range, respectively. We assume that (a)
90% of any state’s population resides in their own state at a
given time; (b) the remaining population(travellers) visit
the other states at an equal chance; (c) there is no travel
outside of the three states, that is, NY-NJ-PA is a closed sys-
tem. The parameters in (2)–(6) are estimated based on the
above assumptions and public information about COVID-
19: 𝛽 = 0.17, 𝜅 = 0.65%

13
, 𝜆 = 1

13
, 𝛾 = 1

5
, 𝑝 = 228.7 × 10−5, 𝑐 =

73300/13. Other parameters in the model are chosen at:
𝑟 = 0,𝑤 = 172.6, 𝜒 = 1.96 × 106. The hyperparameters, 𝜃
and 𝑎, which represent policy effectiveness and planners’
views on the death of human beings will change the op-
timal policies. For results including vaccination controls,
we point to [OS21], which considers an optimal control
problem for vaccines and testing of COVID-19. However,

in the time period we study, vaccination was not available,
so we ignore the health policy ℎ and mainly solve for the
lockdown policy of each state.

Figure 4 shows the Nash equilibrium policies in NY,
NJ, and PA in a setting where the policy effectiveness is
𝜃 = 0.99, i.e., 99% of the residents will follow the lockdown
orders. The weight parameter quantifying each planner’s
view is 𝑎 = 100, i.e., each governor values human life 100
times more than the economic value of a human life. The
resulting Nash equilibrium of this scenario corresponds to
the planners taking action at an early stage by implement-
ing strict lockdown policies and later relaxing the policy as
the infections improve. In the end, the percentage of Sus-
ceptible, Exposed, Infectious, and Removed stays almost
constant. The pandemic will be significantly mitigated in
this scenario of proactive lockdown for both planners and
residents. As a comparison, [XBH+22, Figure 2] illustrates
a scenario of how the pandemic gets out of control if gov-
ernors show inaction or issue mild lockdown policies.

A version of this manuscript in the ArXiv, https://
arxiv.org/abs/2208.08646, contains an extended list
of references which includes more literature on the core
topics of this work and some recent developments.
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Euclidean Traveller
in Hyperbolic Worlds

Hee Oh
We will discuss all possible closures of a Euclidean line in
various geometric spaces. Imagine the Euclidean traveller,
who travels only along a Euclidean line. She will be travel-
ing to many different geometric worlds, and our question
will be

what places does she get to see in each world?

Figure 1. A Euclidean traveller.

Here is the itinerary of our Euclidean traveller:

• In 1884, she travels to the torus of dimension 𝑛 ≥ 2,
guided by Kronecker.
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• In 1936, she travels to the world, called a closed hy-
perbolic surface, guided by Hedlund [Hed36].

• In 1991, she then travels to a closed hyperbolic man-
ifold of higher dimension 𝑛 ≥ 3 guided by Ratner
[Rat91].

• Finally, she adventures into hyperbolic manifolds
of infinite volume guided by Dal’bo [Dal00] in di-
mension two in 2000, by McMullen-Mohammadi-O.
[MMO16] in dimension three in 2016 and by Lee-O.
[LO19] in all higher dimensions in 2019.

Rotations of the Circle
As a warm up, she will first do her exercise of jumping
on the circle 𝕊1, which may be considered as the one-
dimensional torus 𝕋1.

The circle 𝕊1 can be presented as

𝕊1 = {𝑧 ∈ ℂ ∶ |𝑧| = 1} = {𝑧 = 𝑒2𝜋𝑖𝑥 ∶ 𝑥 ∈ ℝ}.

In additive notation,

𝕊1 = ℤ\ℝ.

These two models are isomorphic to each other by the log-
arithm map 𝑧 = 𝑒2𝜋𝑖𝑥 ↦ 𝑥 (mod 1).
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Let 𝖱𝜃 denote the rota-
tion of 𝕊1 by angle 2𝜋𝜃.

The map 𝖱𝜃 is respectively given by

𝖱𝜃(𝑧) = 𝑧𝑒2𝜋𝑖𝜃 and 𝖱𝜃(𝑥) = 𝑥 + 𝜃 (mod ℤ)
in multiplicative and additive models of 𝕊1. The orbit of
𝑧 = 𝑒2𝜋𝑖𝑥 ∈ 𝕊1 under iterations of 𝖱𝜃 is respectively equal
to

{𝑧𝑒2𝜋𝑖𝑛𝜃 ∶ 𝑛 ∈ ℤ} and {𝑥 + 𝑛𝜃 (mod 1) ∶ 𝑛 ∈ ℤ}.
Theorem 1. Let 𝜃 ∈ ℝ. Any orbit of 𝖱𝜃 is closed or dense in
𝕊1, depending on whether 𝜃 is rational or not.

If our traveller keeps jumping by an irrational distance
𝜃, she is guaranteed to see all the places in the circle ℤ\ℝ.

Euclidean Lines on the Torus
2-torus. She travels to the 2-torus 𝕋2 = ℤ2\ℝ2. Let

𝜋 ∶ ℝ2 → 𝕋2 = ℤ2\ℝ2

denote the canonical quotient map. A Euclidean line in 𝕋2
is the image of a line in ℝ2 under 𝜋. For a nonzero vector
(𝜔1, 𝜔2) ∈ ℝ2, we denote by

𝐿𝜔1,𝜔2 = 𝜋(ℝ(𝜔1, 𝜔2))
the image of the unique line passing through (𝜔1, 𝜔2) and
the origin (0, 0). The slope of the line ℝ(𝜔1, 𝜔2) is equal to
𝜃 = 𝜔2/𝜔1.

What is the closure of the line 𝐿𝜔1,𝜔2 in 𝕋2, or in other
words, what places does our Euclidean traveller get to see
in 𝕋2 if she travels along the line 𝐿𝜔1,𝜔2?

Figure 2. Torus.

It is useful to consider the unit square 𝐼2 = [0, 1] × [0, 1]
which is a fundamental domain of ℤ2\ℝ2. When we iden-
tify the pairs of opposite sides labelled by 𝑎 and 𝑏 in Fig-
ure 2 using the side pairing transformations 𝛾𝑎 = (1, 0)
and 𝛾𝑏 = (0, 1) respectively, we get the torus 𝕋2 = Γ\ℝ2

where Γ = ℤ2 is the subgroup generated by 𝛾𝑎 and 𝛾𝑏. The
distribution of the line 𝐿𝜔1,𝜔2 can be understood by exam-
ining the line ℝ(𝜔1, 𝜔2) inside 𝐼2 modulo the action of ℤ2.

In Figure 2, when our traveller, walking on the blue line
ℝ𝜔1,𝜔2 with slope 0 < 𝜃 < 1, reaches the boundary of 𝐼2
at (1, 𝜃), she gets instantly jumped to (0, 𝜃) by the transfor-
mation 𝛾−1𝑎 = (−1, 0), which also moves the line ℝ(𝜔1, 𝜔2)
to the line with the same slope but passing through (0, 𝜃).
She then continues to walk on this new line in 𝐼2 until she
reaches the boundary of 𝐼2. We can observe that the places
on the circle {0} × [0, 1) = {0} × ℤ\ℝ that she is visiting are
precisely given by the orbit {𝑛𝜃 (mod 1) ∶ 𝑛 ∈ ℕ} of the ro-
tation 𝖱𝜃. Therefore by Theorem 1, if the slope 𝜃 = 𝜔2/𝜔1
is a rational number, she visits only finitely many points in
{0}×ℤ\ℝ, whichmeans the line 𝐿𝜔1,𝜔2 is periodic and hence
closed in 𝕋2. Otherwise, the places she visits in {0} × ℤ\ℝ
are dense, which means that the line is dense in 𝕋2.

Theorem 2 (Kronecker, 1884). Any Euclidean line in 𝕋2 is
closed or dense, depending on whether its slope is rational or
not.

𝑛-torus. For any 𝑛 ≥ 2, the 𝑛-torus 𝕋𝑛 can be presented
as ℤ𝑛\ℝ𝑛, and a line in 𝕋𝑛 is the image of a line under the
quotient map

𝜋 ∶ ℝ𝑛 → 𝕋𝑛 = ℤ𝑛\ℝ𝑛.
For (𝜔1,⋯ , 𝜔𝑛) ∈ ℝ𝑛, let 𝐿𝜔1,⋯,𝜔𝑛 denote the line in 𝕋𝑛
which is the image of the Euclidean line ℝ(𝜔1,⋯ , 𝜔𝑛).

Figure 3. Line in 𝕋𝑛.

Unlike the dimension two case, the closed or dense
dichotomy for a line is not true anymore in 𝕋𝑛, 𝑛 ≥ 3,
as 𝕋𝑛 contains many lower dimensional tori. In Figure
3, the blue line 𝐿 is contained in a two-dimensional lin-
ear subspace 𝑉 < ℝ3 such that 𝜋(𝑉) is closed in 𝕋2 and
𝐿 = 𝜋(𝑉) = (𝑉 ∩ ℤ3)\𝑉 . However, the lower dimensional
tori are the only other possibilities (cf. [KH95]):

Theorem 3 (Kronecker). For any nonzero (𝜔1,⋯ , 𝜔𝑛) ∈ ℝ𝑛,
the closure of the line 𝐿𝜔1,⋯,𝜔𝑛 is a 𝑘-dimensional subtorus

of 𝕋𝑛 where 𝑘 = dimℚ∑
𝑛
𝑖=1ℚ𝜔𝑖. That is, there exists a 𝑘-

dimensional linear subspace 𝑉 < ℝ𝑛 such that

𝐿𝜔1,⋯,𝜔𝑛 = 𝜋(𝑉) = (𝑉 ∩ ℤ𝑛)\𝑉.

A general Euclidean torus is defined as the quotient

Γ\ℝ𝑛

for some discrete cocompact subgroup Γ of ℝ𝑛; a discrete
subgroup Γ ofℝ𝑛 is called cocompact if the quotient space
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Γ\ℝ𝑛 is compact. It is not hard to prove that any discrete
cocompact subgroup of ℝ𝑛 is of the form

Γ =
𝑛
∑
𝑖=1

ℤ𝑣𝑖

for some basis 𝑣1,⋯ , 𝑣𝑛 of ℝ𝑛.

Theorem 4 (Kronecker). For any line 𝐿 ⊂ Γ\ℝ𝑛 (not neces-
sarily passing through the origin), there exists a linear subspace
𝑉 < ℝ𝑛 such that

𝐿 = (𝑉 ∩ Γ)\𝑉 up to translations.

This seemingly more general theorem follows easily
from Theorem 3 using the fact that 𝐿 + 𝑣 = 𝐿 + 𝑣 for any
𝑣 ∈ ℤ𝑛\ℝ𝑛 and Γ = ℤ𝑛𝑔 where 𝑔 is an element of GL𝑛(ℝ)
whose row vectors are given by 𝑣1,⋯ , 𝑣𝑛.

Closed Hyperbolic Surfaces
Our Euclidean traveller now wants to explore a world
called a closed hyperbolic surface. A closed hyperbolic sur-
face will be defined as a quotient of the hyperbolic plane
ℍ2.
Hyperbolic plane. The hyperbolic plane ℍ2 is the unique
simply connected two-dimensional complete Riemannian
manifold of constant sectional curvature −1. Instead of
this fancy description, we will be using a very explicit
model, called the Poincaré upper half-plane model of ℍ2.
That is,

ℍ2 = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 > 0}

with the hyperbolic metric given by 𝑑𝑠 = √𝑑𝑥2+𝑑𝑦2

𝑦
. This

means that the hyperbolic distance between 𝑝, 𝑞 ∈ ℍ2 is
defined as

𝑑(𝑝, 𝑞) = inf {∫
1

0

‖𝑐′(𝑡)‖
𝑦(𝑡)

𝑑𝑡}

where 𝑐 ∶ [0, 1] → ℍ2, 𝑐(𝑡) = (𝑥(𝑡), 𝑦(𝑡)), ranges over all
differentiable curves with 𝑐(0) = 𝑝 and 𝑐(1) = 𝑞. Because
the hyperbolic distance is the Euclidean distance scaled by
the Euclidean height of the 𝑦-coordinate, the hyperbolic
distance between two points in ℍ2 is larger (resp. smaller)
than their Euclidean distance if their Euclidean height is
small (resp. large).

Figure 4. Upper half-plane model of ℍ2.

Geodesics, that is, distance-minimizing curves, in this
upper half-plane model are half-lines or semicircles, per-
pendicular to the 𝑥-axis. In other words, to travel from a
point 𝑝 to 𝑞 in the fastest way, one has to take the route
given by the unique circle (or a line) passing through 𝑝
and 𝑞, perpendicular to the 𝑥-axis.

Another useful model is the Poincaré unit disk model
in which ℍ2 = {𝑥2 + 𝑦2 < 1} is the open unit disk in ℝ2

and the hyperbolic metric is given by 𝑑𝑠 = 2√𝑑𝑥2+𝑑𝑦2

1−(𝑥2+𝑦2)
.

Geodesics in this model are
lines or semicircles meeting
the boundary 𝕊1 orthogo-
nally.

Recall that

• a Euclidean 2-torus is given by a quotient

Γ\ℝ2

where Γ is a discrete cocompact subgroup of ℝ2.

In analogy, we wish to be able to say that

• a closed hyperbolic surface is given by a quotient

Γ\ℍ2

where Γ is a discrete cocompact subgroup of ℍ2.

Alas, the hyperbolic plane ℍ2 is not a group which makes
this statement nonsense. However, ℍ2 is “almost” the
same as the group Isom+(ℍ2) of orientation preserving
isometries of ℍ2.
Isometry group of ℍ2. On the upper half-plane model
ℍ2 = {𝑧 = 𝑥 + 𝑖𝑦 ∶ 𝑦 > 0}, now considered as the set of
complex numbers with positive imaginary parts, the group
PSL2(ℝ) acts by linear fractional transformations:

(𝑎 𝑏
𝑐 𝑑) 𝑧 =

𝑎𝑧 + 𝑏
𝑐𝑧 + 𝑑 ;

since Im 𝑎𝑧+𝑏
𝑐𝑧+𝑑

= Im(𝑧)
|𝑐𝑧+𝑑|2

, this action preserves ℍ2. We can

also check that this action preserves the hyperbolic metric
ofℍ2. Therefore every element of PSL2(ℝ) is an isometry of
ℍ2. Moreover, it turns out that every orientation preserving
isometry arises in this manner, yielding the identification

PSL2(ℝ) = Isom+(ℍ2).
It is easy to see that this action of PSL2(ℝ) on ℍ2 is

transitive with the stabilizer of 𝑖 being equal to the rota-
tion group SO(2). Therefore the orbit map PSL2(ℝ) → ℍ2,
𝑔 ↦ 𝑔(𝑖), induces the identification

PSL2(ℝ)/ SO(2) = ℍ2.
Somodulo the compact subgroup SO(2), the hyperbolic

plane ℍ2 is equal to its isometry group PSL2(ℝ).
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Closed hyperbolic surfaces.

Definition 1. A closed hyperbolic surface is a quotient

Γ\ℍ2

where Γ is a discrete (torsion-free) cocompact subgroup of
PSL2(ℝ).

By the quotient Γ\ℍ2, we mean the set of equivalence
classes of elements of 𝑧 ∈ ℍ2 where [𝑧1] = [𝑧2] if and
only if 𝑧1 = 𝛾𝑧2 for some 𝛾 ∈ Γ. The discreteness of Γ im-
plies that Γ\ℍ2 is locally ℍ2 and the cocompactness of Γ in
PSL2(ℝ) implies that Γ\ℍ2 = Γ\ PSL2(ℝ)/ SO(2) is compact.

Figure 5. Hyperbolic octagon.

Does there exist a closed hyperbolic surface? Equiva-
lently, does there exist a discrete cocompact subgroup of
PSL2(ℝ)? To present an example, consider the hyperbolic
regular octagon𝖮 as illustrated in Figure 5, where each side
is a hyperbolic geodesic segment of same length and angles
between them are 45∘.

For the two sides of the octagon labelled by 𝑎, there ex-
ists an isometry 𝛾𝑎 ∈ PSL2(ℝ) which moves one to the
other. Similarly, we have 𝛾𝑏, 𝛾𝑐, 𝛾𝑑 ∈ PSL2(ℝ) for labels
𝑏, 𝑐, 𝑑 respectively. Let

Γ = ⟨𝛾𝑎, 𝛾𝑏, 𝛾𝑐, 𝛾𝑑⟩ < PSL2(ℝ)
be the subgroup generated by these four side-pairing trans-
formations. Then the hyperbolic octagon𝖮 is a fundamen-
tal domain for the action of Γ in ℍ2, which implies that Γ
is a discrete cocompact subgroup of PSL2(ℝ). The closed
hyperbolic surface Γ\ℍ2 is what we obtain by gluing the
four pairs of edges of the hyperbolic octagon according to
labels; it is topologically a two-holed torus, or genus-two
surface.

Any closed hyperbolic surface is topologically a closed
surface with genus at least 2. Conversely, the Uniformiza-
tion theorem says that any closed surface with genus at least
2 can be realized as a closed hyperbolic surface. Indeed,
for any 𝑔 ≥ 2, the space of all marked closed hyperbolic
surfaces of genus is homeomorphic to ℝ6𝑔−6.

Now that our traveller learned that there exist many
(even a continuous family of) closed hyperbolic surfaces

Figure 6. Surface with genus 𝑔 ≥ 2.

to explore, she has to understand what a Euclidean line is
in this world.

Euclidean Lines in Closed Hyperbolic Surfaces
In the upper half-plane model of ℍ2, the horizontal line
{𝑦 = 1} will be called a Euclidean line in ℍ2. In a given
geometric space, objects which are isometric to each other
should be given the same name. We note that the image of
{𝑦 = 1} under an isometry of ℍ2 is either another horizon-
tal line, or a circle which is tangent to the 𝑥-axis. So all of
these objects will be called Euclidean lines in ℍ2. A nick-
name for a Euclidean line is a horocycle. A horocycle in
ℍ2 is characterized as an isometric embedding of the real
line ℝ to ℍ2 with constant curvature one; geodesics in ℍ2

have constant curvature zero.

Figure 7. Euclidean lines in ℍ2.

From the point of view of our Euclidean traveller, imag-
ine that she wants to drive in a car where the steering wheel
is in one fixed position and to travel without bumps. If her
car is turning at a constant rate, she can lean back against
the seat, feeling stable. It’s the change in curvature that
makes the car trip bumpy. If the wheel is fixed at a small
angle, she stays within a bounded distance of a geodesic.
If the wheel is fixed at a large angle, she goes around in
a circle and stays a bounded distance from a point. But
in between there is a perfect angle where neither happens,
and she moves along a horocycle!

A Euclidean line in a closed hyperbolic surface Γ\ℍ2 is
the image of a Euclidean line inℍ2 under the quotientmap

𝜋 ∶ ℍ2 → Γ\ℍ2.
Where does our Euclidean traveller get to visit in a

closed hyperbolic surface?
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Figure 8. Traveling along a Euclidean line.

Here is an illustration given in Figure 8. Fix a (blue-
colored) fundamental domain 𝖮 for Γ\ℍ2. When the trav-
eller, walking along the mint-colored Euclidean line 𝐿,
reaches the boundary of 𝖮, she gets instantly moved to
a different side of 𝖮 by some side-pairing transformation
𝛾 ∈ Γ. She then continues her journey on the new Eu-
clidean line 𝛾(𝐿) inside 𝖮 until she reaches the boundary
of 𝖮 again, etc. The instant jumps and the shapes of trans-
lates of 𝐿 made by Γ in ℍ2 appear more complicated than
those in the Euclidean torus 𝕋2.

Nevertheless, Hedlund (1936) assures that our Eu-
clidean traveller gets to see all the places in a closed hy-
perbolic surface, no matter where her initial point of de-
parture is.

Theorem 5. [Hed36] Any Euclidean line in a closed hyper-
bolic surface is dense.

Figure 9. Euclidean traveller.

Hyperbolic lines can be very wild. We remark that this
theorem of Hedlund is about Euclidean lines. The closure
of a hyperbolic line does not even have to be a submani-
fold in general.

Figure 10. Hyperbolic traveller.

As illustrated in Figure 10, a geodesic can “spiral”
around closed geodesics and its closure can be a fractal of
dimension strictly between one and two.
Going upstairs. Hedlund’s proof of Theorem 5 relies on
the fact that ℍ2 is almost PSL2(ℝ). The isometric action
of PSL2(ℝ) on ℍ2, which gave us the identification ℍ2 =
PSL2(ℝ)/ SO(2), extends to an action on the unit tangent

bundle T1(ℍ2). In this action, the stabilizer of a vector
is trivial, as no rotation in the plane fixes a vector. If we
denote 𝑣0 ∈ T1(ℍ2) the upward normal vector based at 𝑖,
then the orbit map 𝑔 ↦ 𝑔(𝑣0) now gives an isomorphism
PSL2(ℝ) = T1(ℍ2), where the identity matrix of PSL2(ℝ)
corresponds to the vector 𝑣0. Moreover, if we consider the
following one-dimensional subgroup

𝑈 = {(1 𝑡
0 1) ∶ 𝑡 ∈ ℝ} ,

then the subgroup 𝑈 corresponds to the set of all upward
normal vectors on the Euclidean line {𝑦 = 1} (see Figure
11).

Figure 11. 𝑈-orbits.

Similarly, for 𝑔 ∈ PSL2(ℝ) with 𝑔{𝑦 = 1} a circle tan-
gent at 𝜉, the coset 𝑔𝑈 corresponds to the set of all inward
normal vectors on 𝑔{𝑦 = 1} pointing to 𝜉. Indeed, any Eu-
clidean line (EL) in ℍ2 arises as the image of some 𝑔𝑈 un-
der the basepoint projection map PSL2(ℝ) = T1(ℍ2) → ℍ2

given by 𝑔 ↦ 𝑔(𝑖):

T1(ℍ2) = PSL2(ℝ) ⊃ 𝑔𝑈
↓ ↓

ℍ2 = PSL2(ℝ)/ SO(2) ⊃ EL

Since the image of 𝑔𝑈 in Γ\ PSL2(ℝ), under the pro-
jection PSL2(ℝ) → Γ\ PSL2(ℝ), is equal to Γ\Γ𝑔𝑈 and
ℍ2 = PSL2(ℝ)/ SO(2), this picture is preserved under the
quotient map 𝜋 ∶ ℍ2 → Γ\ℍ2:

T1(Γ\ℍ2) = Γ\ PSL2(ℝ) ⊃ 𝑥𝑈
↓ ↓

Γ\ℍ2 = Γ\ PSL2(ℝ)/ SO(2) ⊃ EL

It follows that any Euclidean line in Γ\ℍ2 is of the form
𝑥𝑈(𝑖) and 𝑥𝑈(𝑖) = 𝑥𝑈(𝑖), as the basepoint projection map
𝑔 → 𝑔(𝑖) has compact fibers. Therefore if we can describe
the closures of all orbits 𝑥𝑈 in Γ\𝐺, we understand the
closure of a Euclidean line in Γ\ℍ2.

Indeed, Hedlund says that every 𝑈-orbit is dense up-
stairs in T1(Γ\ℍ2):

Theorem 6. [Hed36] For any 𝑥 ∈ Γ\ PSL2(ℝ),

𝑥𝑈 = Γ\ PSL2(ℝ).
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Figure 12. Traveling with an arrow.

This means that our Euclidean traveller in a closed hy-
perbolic surface not only gets to see all the places, but she
is able to appreciate those places from all angles as in Fig-
ure 9.

Closed Hyperbolic 𝑛-manifolds
For 𝑛 ≥ 2, the hyperbolic 𝑛-space ℍ𝑛 is the unique simply
connected complete 𝑛-dimensional Riemannianmanifold
of constant sectional curvature −1. Its upper half space
model is given by

ℍ𝑛 = {(𝑥1,⋯ , 𝑥𝑛−1, 𝑦) ∶ 𝑦 > 0}

with the hyperbolic metric 𝑑𝑠 = √𝑑𝑥21+⋯+𝑑𝑥2𝑛−1+𝑑𝑦2

𝑦
. In this

model, geodesics are vertical lines or semicircles meeting
the hyperplane ℝ𝑛−1 × {0} orthogonally.

The hyperboloid model (also called the Minkowski
model) of ℍ𝑛 is given by {𝑄0(𝑥1,⋯ , 𝑥𝑛+1) = −1, 𝑥𝑛+1 > 0}
where

𝑄0(𝑥1,⋯ , 𝑥𝑛+1) = 𝑥21 + 𝑥22 +⋯+ 𝑥2𝑛 − 𝑥2𝑛+1. (1)

In this model, the hyperbolic distance 𝑑(𝑥, 𝑦) is given by
cosh 𝑑(𝑥, 𝑦) = −𝑄0(𝑥, 𝑦) (cf. [Rat94]). In particular, any
element 𝑔 of the special orthogonal group SO(𝑄0), that is,
𝑔 ∈ SL𝑛+1(ℝ) satisfying

𝑄0(𝑔𝑣) = 𝑄0(𝑣) for all 𝑣 ∈ ℝ𝑛+1,

is an isometry of ℍ𝑛. Indeed, the group Isom+(ℍ𝑛) of ori-
entation preserving isometries is given by the identity com-
ponent of the special orthogonal group SO(𝑄0); so

Isom+(ℍ𝑛) ≃ SO∘(𝑛, 1).

This is consistent with our previous statement that
Isom+(ℍ2) = PSL2(ℝ), since PSL2(ℝ) ≃ SO∘(2, 1). As in
the dimension two case, we have

• any closed hyperbolic 𝑛-dimensional manifold is a
quotient

𝑀 = Γ\ℍ𝑛

where Γ is a discrete (torsion-free) cocompact sub-
group of SO∘(𝑛, 1).

Unlike the dimension two case where there is a con-
tinuous family of closed hyperbolic surfaces, higher di-
mensional closed hyperbolic manifolds are rarer. The
Mostow rigidity theorem [Mos73] implies that there exist

only countably many closed hyperbolic manifolds of di-
mension at least three. Nevertheless, there are infinitely
many of them [Bor63].

In the upper half-space model ℍ𝑛 = {(𝑥1,⋯ , 𝑥𝑛−1, 𝑦) ∶
𝑦 > 0}, the horizontal line {(𝑥1, 0,⋯ , 0, 1) ∶ 𝑥1 ∈ ℝ}, and
its isometric images will be called a Euclidean line (=horo-
cycle) in ℍ𝑛. As before, a Euclidean line in 𝑀 = Γ\ℍ𝑛 is
the image of an Euclidean line in ℍ𝑛 under the canonical
quotient map 𝜋 ∶ ℍ𝑛 → Γ\ℍ𝑛. They are isometric im-
mersions of ℝ with zero torsion and constant curvature 1.
What places does our Euclidean traveller get to see in 𝑀?

Figure 13. Euclidean traveller in Γ\ℍ𝑛.

The answer to this question is a special case of Ratner’s
theorem on orbit closure classification.

Homogeneous Dynamics
Let 𝐺 be a connected simple linear Lie group. (e.g.,
SL𝑛(ℝ), SO∘(𝑛, 1)), and Γ < 𝐺 be a discrete subgroup. The
quotient space Γ\𝐺 is a homogeneous space, in the sense
that there is a transitive action of a Lie group, which is 𝐺
in our case. Any subgroup 𝑈 of 𝐺 acts on this homoge-
neous space Γ\𝐺 by translations on the right, giving rise to
a topological dynamical system:

Γ\𝐺 ↶ 𝑈.

Studying dynamical properties of subgroup action on a ho-
mogeneous space Γ\𝐺 is a main subject in the field of ho-
mogeneous dynamics. A fundamental question in homoge-
neous dynamics is whether one can understand all possi-
ble orbit closures:

Question 2. For a given point 𝑥 ∈ Γ\𝐺, what is the closure
𝑥𝑈?

Moore’s ergodicity theorem [Moo66] implies that if the
homogeneous space Γ\𝐺 is compact, or more generally is
of finite volume, then for any non-compact subgroup 𝑈
of 𝐺, almost all 𝑈-orbits are dense, that is, for almost all
𝑥 ∈ Γ\𝐺,

𝑥𝑈 = Γ\𝐺.
Indeed, a hyperbolic line in a closed hyperbolic surface
Γ\ℍ2 is the image of an orbit of the diagonal subgroup
𝐴 = {(𝑒𝑡 0

0 𝑒−𝑡) ∶ 𝑡 ∈ ℝ} of PSL2(ℝ) under the basepoint
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projection Γ\ PSL2(ℝ) = T1(Γ\ℍ2) → Γ\ℍ2; hence this the-
orem implies that almost all hyperbolic lines are dense in
a closed hyperbolic surface.

The weakness of this ergodicity theorem is that it is only
the existence of many dense orbits. If one specifies the
initial point 𝑥, it gives no information about the closure
of the given orbit 𝑥𝑈.

The following celebrated theorem of Ratner fixes this
weakness for unipotent subgroup actions, answering the
conjecture of Raghunathan in the affirmative.

A matrix 𝑢 is called unipotent if all of its eigenvalues are

equal to 1. For instance, 𝑢𝑡 = (1 𝑡
0 1) is unipotent but

𝑎𝑡 = (𝑒
𝑡 0
0 𝑒−𝑡) is not unipotent for 𝑡 ≠ 0.

Theorem 7. [Rat91] Let Vol(Γ\𝐺) < ∞ and𝑈 be a connected
subgroup of 𝐺 generated by unipotent elements. For any 𝑥 ∈
Γ\𝐺,

𝑥𝑈 = 𝑥𝐻

for some closed connected subgroup 𝐻 of 𝐺 which contains 𝑈.

Back to Euclidean Lines in Closed
Hyperbolic Manifolds
Given a closed hyperbolic manifold 𝑀 = Γ\ℍ𝑛, its frame
bundle F(𝑀), consisting of positively oriented orthono-
mal frames on 𝑀, is identified with the homogeneous
space Γ\ SO∘(𝑛, 1), as the action of Isom+(ℍ𝑛) = SO∘(𝑛, 1)
is simply transitive on F(ℍ𝑛). Moreover, we have a one-
dimensional subgroup 𝑈 of SO∘(𝑛, 1) given by

𝑈 =

⎧⎪⎪
⎨
⎪⎪
⎩

⎛
⎜
⎜
⎜
⎜
⎝

1 𝑡 0 ⋯ 0 −𝑡2/2
0 1 0 ⋯ 0 −𝑡
0 0 1 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟
⎟
⎟
⎟
⎠

∶ 𝑡 ∈ ℝ

⎫
⎪⎪
⎬
⎪⎪
⎭

(up to conjugation) such that every Euclidean line (EL) in
𝑀 is the image of some 𝑈-orbit in Γ\ SO∘(𝑛, 1) under the
basepoint projection map:

F(Γ\ℍ𝑛) = Γ\ SO∘(𝑛, 1) ⊃ 𝑥𝑈
↓ ↓

Γ\ℍ𝑛 ⊃ EL

Since 𝑈 consists of unipotent elements, Ratner’s theo-
rem 7 applies to orbits of 𝑈.

For each integer 1 ≤ 𝑘 ≤ 𝑛, we set ℋ𝑘 ∶=
{(𝑥1,⋯ , 𝑥𝑘−1, 0,⋯ , 0, 𝑦) ∈ ℍ𝑛}. A hyperbolic 𝑘-subspace
of ℍ𝑛, which will be denoted by ℍ𝑘, is an isometric image
of ℋ𝑘, that is, 𝑔(ℋ𝑘) for some 𝑔 ∈ Isom+(ℍ𝑛).

Definition 3. By a closed hyperbolic (properly immersed)
𝑘-submanifold of 𝑀, we mean the compact image

𝜋(ℍ𝑘) ⊂ Γ\ℍ𝑛

for a hyperbolic 𝑘-subspace ℍ𝑘 ⊂ ℍ𝑛.

Note that for any 𝑘 ≥ 2, a closed hyperbolic
𝑘-submanifold of 𝑀 contains many dense Euclidean
lines. So certainly, if 𝑀 possesses a closed hyperbolic 𝑘-
submanifold 𝑁, then some Euclidean lines lying in 𝑁 will
have their closures equal to 𝑁. There are other possibili-
ties for the closure of a Euclidean line in 𝑀. To explain
what they are, we introduce the notion of a tilting of a hy-
perbolic subspace, which is analogous to a translation of
a subspace by a vector in the Euclidean space ℝ𝑛.

Figure 14. Tilted hyperbolic subspace.

Definition 4 (Tilting). For a given hyperbolic 𝑘-subspace
ℍ𝑘 of ℍ𝑛 for 1 ≤ 𝑘 ≤ 𝑛 − 1, choose a hyperbolic subspace
ℍ𝑘+1 containing ℍ𝑘 equipped with an orientation, and a
nonnegative number 𝑑0 ≥ 0. For 𝑥 ∈ ℍ𝑘, let 𝖳(𝑥) ∈ ℍ𝑘+1

be the unique point lying in the geodesic determined by
the outward normal vector to ℍ𝑘 and 𝑑(𝑥, 𝖳(𝑥)) = 𝑑0. We
call 𝖳 ∶ ℍ𝑘 → ℍ𝑘+1 a tilt map and its image 𝖳(ℍ𝑘) a tilted
hyperbolic 𝑘-subspace of ℍ𝑛 (Figure 14).

The significance of a tilt map relevant to our discussion
is that the image of a Euclidean line lying in ℍ𝑘 under a
tilt map is a Euclidean line and that if 𝑁 = 𝜋(ℍ𝑘) is a
closed hyperbolic submanifold of𝑀, then 𝜋(𝖳(ℍ𝑘)) is also
a compact submanifold which is equidistant from 𝜋(ℍ𝑘).
Noting that a tilt map commutes with isometric action of
𝐺, the following

𝖳(𝑁) = 𝜋(𝖳(ℍ𝑘))

is well-defined; we call 𝖳(𝑁) a tilting of a hyperbolic man-
ifold 𝑁. If a Euclidean line 𝐿 is dense in 𝑁 = 𝜋(ℍ𝑘), then
𝖳(𝐿) is dense in 𝖳(𝑁).

Now the following consequence of Ratner’s theorem
[Rat91] implies that these are all possible closures of a Eu-
clidean line.
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Figure 15. Closures of Euclidean lines.

Theorem 5. Let 𝑀 = Γ\ℍ𝑛 be a closed hyperbolic 𝑛-manifold
for 𝑛 ≥ 2. Then the closure of any Euclidean line in 𝑀 is a
closed hyperbolic submanifold, up to tilting.

Therefore, no matter where she starts her journey, our
Euclidean traveller in a closed hyperbolic world is guaran-
teed to see all the places of some hyperbolic subworld or
at least a tilted version of it.
Traveling only in one direction. From a traveller’s point
of view, a natural question to the travel guide is whether
she can still sightsee the same places by walking only in
one direction, in other words, is the closure of a half Eu-
clidean line in a closed hyperbolic manifold the same as
the closure of the whole Euclidean line? The answer is yes
by the following version of Ratner’s theorem:

Theorem 8. [Rat91] Let Vol (Γ\𝐺) < ∞ as in Theorem 7, and
let 𝑈 = {𝑢𝑡 ∶ 𝑡 ∈ ℝ} be a one-parameter subgroup of unipotent
elements. For any 𝑥 ∈ Γ\𝐺,

𝑥𝑈 = 𝑥𝑈+ (2)

where 𝑈+ = {𝑢𝑡 ∶ 𝑡 ≥ 0}.

Hyperbolic Manifolds of Infinite Volume
After adventuring all closed hyperbolic manifolds, our Eu-
clidean traveller is now ready to venture into a hyperbolic
manifold of infinite volume. Will she again be able to see
all the places of some hyperbolic subworld?

It turns out that there are certain hyperbolic manifolds
homeomorphic to the product of a closed surface and ℝ
where some Euclidean lines have wild closures. On the
other hand, our wonderful travel agency presents a list of
infinitely many hyperbolic manifolds of infinite volume
where similar well-planned sightseeing is possible as in
closed hyperbolicmanifolds. This class of hyperbolicman-
ifolds are called hyperbolic manifolds with Fuchsian ends.
They are all obtained from closed hyperbolic manifolds by
a certain removing and growing process; we may think of
them as children of closed hyperbolic manifolds.

Hyperbolic Surfaces with Fuchsian Ends
We first explain how to construct a hyperbolic surface with
Fuchsian ends as illustrated in Figure 16. For any closed
hyperbolic surface 𝑆 = Γ0\ℍ2, choose a simple closed ge-
odesic ℒ (𝑆 contains infinitely many such), which may or
may not be separating.

Figure 16. Hyperbolic surface with Fuchsian ends.

After removing ℒ from 𝑆, we get a hyperbolic surface
𝑁0 whose boundary is one or two copies of ℒ, depending
on whether 𝐿 is separating or not. If we let each boundary
component grow naturally in hyperbolic world, we get a hy-
perbolic surface with Fuchsian ends. In other words, there
is a canonical way to extend 𝑁0 to a complete hyperbolic
surface which is homeomorphic to 𝑁0, namely, by gluing
the continuous stackℒ×[0,∞) = {ℒ𝑡 ∶ 𝑡 ∈ [0,∞)} of titled
hyperbolic lines to each boundary component of 𝑁0. The
resulting hyperbolic surface is of the form𝑁 = Γ\ℍ2 where
Γ < Γ0 is the fundamental group of 𝑁0. This is an example
of a hyperbolic surface with Fuchsian ends (Figure 16).

More generally, a hyperbolic surface with Fuchsian ends
is obtained from a closed hyperbolic surface 𝑆 by a sim-
ilar procedure for a finite set of disjoint simple closed
geodesics {ℒ1,⋯ ,ℒ𝑘}. A connected surface, say 𝑁0, of
𝑆 − ⋃𝑖 ℒ𝑖 is a hyperbolic surface with boundary compo-
nents and the resulting complete hyperbolic surface, say,
𝑁, obtained by gluing the corresponding hyperbolic cylin-
ders to each boundary component is a hyperbolic surface
with Fuchsian ends. The metric closure of 𝑁0 is a com-
pact hyperbolic surface which is homotopy-equivalent to
𝑁. By a hyperbolic surface with Fuchsian ends, we mean a
surface obtained in this way.

In any hyperbolic surface with (non-empty) Fuchsian
ends, there exist many Euclidean lines contained in the
end of 𝑁, that is, in 𝑁 −𝑁0, and they, as well as Euclidean
lines which are equidistant from them, are proper immer-
sions of the Euclidean line in ℍ2 via 𝜋.

The following theorem of Dal’bo, which extends Hed-
lund’s theorem 5, says that they are the only possible non-
dense Euclidean lines.

Theorem9. [Dal00] If𝑁 is a hyperbolic surface with Fuchsian
ends, any Euclidean line in 𝑁 is closed or dense.

So our Euclidean traveller will simply disappear from
the hyperbolic world or she will be seeing all the places
even including the Fuchsian ends. There is a friendly warn-
ing in the pamphlet that walking along a half line won’t
take her to all the places she would be seeing on the full
line unlike closed hyperbolic manifolds.
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Figure 17. Hyperbolic manifold with one Fuchsian end.

Hyperbolic 𝑛-manifolds with Fuchsian Ends
A hyperbolic 𝑛-manifold with Fuchsian ends for 𝑛 ≥ 3
is constructed similarly to the surface case, based on the
observation that simple closed geodesics describe all prop-
erly embedded hyperbolic submanifolds of a closed hyper-
bolic surface of codimension one.

Recall that there are only countably many closed hyper-
bolic 𝑛-manifolds for 𝑛 ≥ 3. There are infinitely many
of them (though not all) which contain properly embed-
ded hyperbolic submanifolds of codimension one. Take
one such closed hyperbolic 𝑛-manifold𝑀 with a properly
embedded hyperbolic submanifold 𝒮 of codimension one;
see the illustration in Figure 17.

A connected component 𝑁0 of 𝑀 − 𝒮 is a hyperbolic
manifold with one or two totally geodesic boundary com-
ponents isometric to 𝑆. If we let 𝑁0 naturally grow in
the hyperbolic world, or if we glue the continuous stack
𝒮 × [0,∞) = {𝒮𝑡 ∶ 𝑡 ∈ [0,∞)} of tilted hyperbolic sub-
manifolds to each boundary component of 𝑁0, we obtain
a complete hyperbolic 𝑛-manifold 𝑁, homeomorphic to
its submanifold 𝑁0. This is a hyperbolic manifold with
Fuchsian ends; connected components of𝑁−𝑁0 are called
Fuchsian ends of 𝑁.

Figure 18. Hyperbolic manifold with 3 Fuchsian ends.

As in the surface case, we mean by a hyperbolic mani-
fold with Fuchsian ends a complete hyperbolic manifold
obtained from a closed hyperbolic manifold with a choice
of finitely many disjoint properly embedded hyperbolic
submanifolds of codimension one.

We may regard a closed hyperbolic manifold as a hyper-
bolic manifold with empty Fuchsian ends.

Theorem 10 ([MMO17], [MMO16] for 𝑛 = 3, and [LO19]
for all 𝑛 ≥ 4). Let 𝑁 = Γ\ℍ𝑛 be a hyperbolic manifold with
Fuchsian ends for 𝑛 ≥ 2. Any Euclidean line in 𝑁 is closed or
its closure is a hyperbolic submanifold with Fuchsian ends, up
to tilting.

So our Euclidean traveller in a hyperbolicmanifoldwith
Fuchsian ends again finds herself either disappearing from
the hyperbolic world or enjoys her sightseeing in some
hyperbolic submanifold with Fuchsian ends, or at least a
tilted version of it.
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Applications of PDEs and
Stochastic Modeling to Protein

Transport in Cell Biology

Maria-Veronica Ciocanel
Introduction
Intracellular transport refers to the movement of proteins
and vesicles inside cells. These transport processes are es-
sential to the healthy development of many organisms as
well as more generally to healthy cellular function. Inside
cells, various proteins and protein filaments must be dy-
namic and interact on robust time and spatial scales to
ensure proper cell functioning. In particular, healthy sort-
ing and delivery of protein components relies on the in-
teraction of several molecular players: the cargo proteins
(which need to be carried and delivered), the molecular
motors (the protein vehicles that actively move the cargo),
and the cytoskeleton network (the protein filaments that
act as roads for cargo transport).

There are many aspects that complicate intracellular
transport dynamics. One aspect is that there are several
types of cytoskeleton filaments that are needed for differ-
ent cell requirements. Microtubules interact with motor
proteins kinesin and dynein, give the cell structure, and
provide long highways for transport of proteins. Actin fil-
aments interact with myosin motor proteins and are well
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known for their role in muscle contraction, but they also
contribute to stability and motion in most cells. In addi-
tion, molecular motors move in different directions along
these filaments (for example, kinesin and dynein move
in opposite directions along microtubules), thus leading
to bidirectional transport of proteins along these filament
networks. These motors have also been found to be co-
dependent, thus leading to interesting competing hypothe-
ses on their interactions [Han14]. The complex dynamics
and interactions between protein molecules and filaments
on different time and spatial scales generate many oppor-
tunities for mathematical modeling and analysis that can
provide insights into protein sorting and overall cellular
organization.

In addition, experimental techniques in cell biology
have undergone great advances in recent years. For exam-
ple, fluorescence microscopy and live imaging allow re-
searchers to observe the localization of various proteins
inside cells, while optical trapping experiments can apply
mechanical forces on molecules and thus provide insights
into molecular motors and their motion. However, it is
difficult to observe all key protein players and their in-
teractions using experiments, especially in living systems,
where these observations would be of utmost physiologi-
cal relevance. For example, in many in vivo studies, pro-
tein cargo trajectories may be observed, but the underly-
ing cytoskeleton network locations are unknown. These
limitations once again provide exciting possibilities for
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Figure 1. (A) Illustration of an example application in intracellular transport: the localization of mRNA molecules (red particles)
along microtubule filaments (blue lines) during development of the frog Xenopus laevis. This establishes an animal-vegetal axis
of development for the organism. (B) Simple 2-state model describing switching between diffusion of mRNAs (with diffusion
coefficient 𝑑) and active transport of the particles driven by molecular motors along a microtubule filament (with speed 𝑐).

mathematical modeling and analysis of the interplay be-
tween protein dynamics and filament geometry, which in
turn can inform additional experimental directions.

PDE Modeling of Intracellular Transport
In intracellular transport, protein cargo may need to be lo-
calized to a specific domain of the cell, or may have to
be uniformly spread throughout cellular processes. For ex-
ample, messenger RNA (mRNA) must localize at the veg-
etal (bottom) side of the developing egg cell in the frog
Xenopus laevis, while neurofilaments (intermediate protein
polymers) are typically dynamic and spread out through-
out the axons of neurons in mice and rats. The timing of
these transport dynamics is also key: mRNA localization
in the developing frog consistently takes 24–48 hours to
achieve.

Understanding spatiotemporal cargo dynamics is there-
fore important for addressing mechanistic questions in-
side cells, making partial differential equations (PDEs) a
useful modeling tool. This type of modeling requires a
choice of the number of spatial dimensions to account for.
In systems such as neuronal axons or fungal hyphae, trans-
port is often assumed to be one-dimensional given the ge-
ometry of the cells and the parallel orientation of the cy-
toskeletal filaments. On the other hand, systems such as
developing oocytes or the budding yeast are often repre-
sented in two dimensions for simplicity, and occasionally
in three dimensions if there is available data to support
that level of complexity [TDD+15]. For a review of prior
work using PDEs to model various aspects of intracellu-
lar transport, such asmotor-driven andmicrotubule-based
protein dynamics, the reader may refer to the arXiv version
of the article [Cio22].

In what follows, we will consider the motivating exam-
ple of mRNA transport in developing frog oocytes, illus-
trated in Figure 1A. In many cell types, mRNA molecules
accumulate to specific regions of the cell and are thus

asymmetrically distributed. This asymmetric segregation
of maternal mRNA molecules allows for select proteins
to be produced in specific cell locations, and ultimately
produces a top-down (animal-vegetal) polarity of the cell,
which establishes the body plan for the embryo and is cru-
cial for normal development.

Diffusion of mRNAs (as well as other protein cargos)
has been observed in various organisms, and experimen-
tal techniques such as fluorescence recovery after photo-
bleaching (FRAP) can be used to determine whether dif-
fusion contributes to the dynamics [SPSM04]. Experi-
ments knocking down microtubules or interfering with
molecular motors in vivo have also shown that active trans-
port alongmicrotubules is required formRNA localization
[GKP+13,MGK+08]. mRNA cargo may also be driven by
several motors with different speeds (and direction prefer-
ences) along microtubules. These proteins have also been
observed to pause in certain cell measurements, due to var-
ious potential underlying mechanisms [Han14]. We there-
fore describe the dynamics of the system using systems of
advection-reaction-diffusion partial differential equations
incorporating all known biological dynamics, as well as
plausible switching between states.

For instance, a simple model describing mRNA
molecules that transition between active movement and
diffusion is illustrated in Figure 1B and can be described
using the system:

𝜕𝑡𝑢 = 𝑐𝜕𝑦𝑢 − 𝛽1𝑢 + 𝛽2𝑣
𝜕𝑡𝑣 = 𝑑∇2𝑣 + 𝛽1𝑢 − 𝛽2𝑣, (1)

with ∇ = (𝜕𝑥𝜕𝑦
) and ∇2 = 𝜕2𝑥 + 𝜕2𝑦. Here 𝑦 denotes

the spatial dimension from the nucleus to the cell cortex
[CSJM18], as indicated in Figure 1A. Variable 𝑢(𝑥, 𝑦, 𝑡) cor-
responds to the concentration of mRNA that moves to the
cortex with speed 𝑐 (presumably driven by molecular mo-
tors along a microtubule) and 𝑣(𝑥, 𝑦, 𝑡) corresponds to the
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concentration of mRNA that diffuses in the cell cytoplasm
with diffusion coefficient 𝑑. Parameter 𝛽1 denotes the rate
of transition from the moving to the diffusing state, while
𝛽2 denotes the rate of transition from the diffusing to the
moving state. Here, advection is assumed to occur only in
the 𝑦 direction, while diffusion is 2-dimensional.

In general, protein cargo transport in different biolog-
ical systems may be better characterized by models with
additional dynamic states. Equations (1) can therefore be
generalized to:

𝜕𝑡 (
𝑢1
…
𝑢𝑛
) = 𝐷∇2 (

𝑢1
…
𝑢𝑛
) + 𝐶𝜕𝑦 (

𝑢1
…
𝑢𝑛
) + 𝐴(

𝑢1
…
𝑢𝑛
) (2)

where each variable 𝑢𝑗 models the concentration of par-
ticles in a certain state. The speeds 𝑐𝑗 and diffusion co-
efficients 𝑑𝑗 for each state are stored in diagonal matrices
𝐶 = diag(𝑐𝑗) and 𝐷 = diag(𝑑𝑗), while the transitions be-
tween states are described by the reaction-rate matrix 𝐴.
For the simple 2-state model in equations (1), the param-
eter matrices consist of:

𝐷 = (0 0
0 𝑑) ,

𝐶 = (𝑐 0
0 0) ,

𝐴 = (−𝛽1 𝛽2
𝛽1 −𝛽2

) .

While equations such as (2) are not analytically
tractable, we can use tools from dynamical systems to
understand the protein dynamics in the asymptotic limit
of large time. This limit is appropriate since transport
processes take place on relatively large developmental
timescales, such as 1–2 days for mRNA localization. For
simplicity, we outline the analysis for the case of one-
dimensional diffusion in the 𝑦 direction, as in [CKG+17].
We consider the Fourier transform ansatz

(𝑢1, … , 𝑢𝑛)𝑇 = 𝑒𝜆𝑡+𝑖𝑘𝑦�̃�ic, (3)

where �̃�ic is a vector of initial conditions and 𝑘 is the
wavenumber. Setting 𝜈 = 𝑖𝑘 and evaluating this ansatz
in equation (2) leads to

(𝐴 + 𝜈𝐶 + 𝜈2𝐷 − 𝜆𝐼)�̃�ic = 0, (4)

which is equivalent to 𝐿(𝜆, 𝜈)�̃�ic = 0 for operator 𝐿(𝜆, 𝜈) =
𝐴 + 𝜈𝐶 + 𝜈2𝐷 − 𝜆𝐼, with 𝐿(0, 0) = 𝐴. Since 𝐴 models con-
servation of particles in these models, we can verify that
operator 𝐿 satisfies the conditions for applying Lyapunov–
Schmidt reduction theory to study the solutions of (4)
[CKG+17, CSJM18]. By projecting the equation onto the
range and kernel of the operator, we find that

𝜆 = 𝜈⟨𝜓0, 𝐶𝑢0⟩⟨𝜓0, 𝑢0⟩
+ 𝜈2 ⟨𝜓0, (𝐷 − 𝐶 ̃𝐴−1 ̃𝐶)𝑢0⟩

⟨𝜓0, 𝑢0⟩
, (5)

where 𝑢0 is the eigenvector of the zero eigenvalue of reac-
tion matrix 𝐴, 𝜓0 is the eigenvector of the zero eigenvalue
of the adjoint matrix 𝐴∗, ̃𝐴 is the restriction of transition
matrix 𝐴 to its range, ̃𝐶 = 𝐶 − ⟨𝜓0,𝐶ᵆ0⟩

⟨𝜓0,ᵆ0⟩
𝐼, and ⟨, ⟩ denotes

the dot product.
We return to the ansatz in (3) and assume a Dirac delta

function initial condition 𝑢ic,𝑙 = 𝛿(𝑦), modeling a single
particle starting at 𝑦 = 0. Then we take the inverse Fourier
transform and the asymptotic limit of large time 𝑡 to obtain
the spreading Gaussian solution

𝑢𝑙(𝑦, 𝑡) =
1

√2𝜋𝜎eff𝑡
𝑒
− (𝑦+𝑣eff𝑡)

2

2𝜍eff𝑡 (6)

for each cargo population 𝑢𝑙. The solution is therefore
characterized by the effective velocity 𝑣eff and effective dif-
fusivity 𝜎eff, which are given by:

𝑣eff =
⟨𝜓0, 𝐶𝑢0⟩
⟨𝜓0, 𝑢0⟩

,

𝜎eff =
⟨𝜓0, (𝐷 − 𝐶 ̃𝐴−1 ̃𝐶)𝑢0⟩

⟨𝜓0, 𝑢0⟩
. (7)

These quantities describe the evolution of the total mRNA
population (i.e.,∑𝑛

𝑙=1 𝑢𝑙) and its dependence onmodel pa-
rameters. This is especially important since most fluores-
cencemicroscopy experiments cannot distinguish between
mRNA in different dynamical states, so that describing the
effective transport of the proteins is very useful. For the
simple 2-state model in (1), we derive the effective veloc-
ity and diffusion of the protein cargo as:

𝑣eff = 𝑐 𝛽2
𝛽1 + 𝛽2

,

𝜎eff = 𝑑 𝛽1
𝛽1 + 𝛽2

+ 𝑐2 𝛽1𝛽2
(𝛽1 + 𝛽2)3

. (8)

This dynamical systems approach to the asymptotic
analysis of equations of the form (2) matches results of
prior analysis of Chapman-Kolmogorov equations for the
probability densities of particles engaged in a tug-of-war
model of motor-driven cargo transport [NB10]. Similar
PDE systems that describe the evolution of the probabil-
ities of a particle to be in different velocity or diffusive
states have been reviewed in [BN13]. Previous work has
reduced such PDE systems to a scalar Fokker–Planck equa-
tion using quasi-steady-state methods, which assume that
the state transition rates are faster than the velocity of mov-
ing states on relevant timescales. As discussed in the next
section, these parameter assumptionsmay not always hold
when studying intracellular transport dynamics. The ap-
proach described here therefore complements prior work
by considering a large time limit with no additional pa-
rameter assumptions.
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Figure 2. Top: Fluorescence Recovery After Photobleaching
(FRAP) involves bleaching of a small spot in a fluoresced
region of the cell. At later times, non-bleached and
fluorescent molecules mix between the regions. Bottom: The
experiment tracks the normalized amount of fluorescence in
the bleach spot (orange dots) through time. Blue stars denote
the amount of fluorescence in the circular bleaching spot
corresponding to the above three panels. Fitting an
appropriate PDE model of protein transport generates the
black curve through the fluorescent recovery.

Connecting models with fluorescence microscopy data.
Determining appropriate parameters for dynamical sys-
tems models is a common challenge in many mathe-
matical biology applications. When it comes to ques-
tions about transport inside cells, biologists are very in-
terested in estimates for parameter values in models such
as (2). Some estimates of protein diffusivities or active
speeds may be informed from in vitro experiments, but
the crowded living cellular environment can significantly
modify this dynamics. Similarly, the dynamics of protein
complexes (such as motor-cargo complexes) can be more
difficult to estimate, and switching rates between dynamic
states are often unknown.

In vivo imaging techniques can help quantify protein dy-
namics in cells. For example, microscopy techniques such
as Fluorescence Recovery After Photobleaching (FRAP)
and photoactivation provide time-series data quantifying
the amount of mRNA at certain cellular locations through-
out time in developing oocytes [GKP+13,PCK+16]. FRAP
has been particularly well-studied in conjunction with
mathematical modeling. In FRAP experiments, fluores-
cent molecules in a small region of the cell are irreversibly
bleached, and subsequent movement of the surround-
ing non-bleached fluorescent molecules into the photo-
bleached area is recorded, thus generating fluorescence in-
tensity recovery curves as in Figure 2.

Many methods have been developed to analyze
FRAP data, typically using diffusion or reaction-diffusion
equations and often making approximations based on
whether diffusion or binding dominates the dynamics

[SPSM04, CKG+17]. In many biological applications,
FRAP curves are fit to an exponential expression, which is
only appropriate in scenarios where diffusion is very fast
compared to the binding and timescale of the FRAP ex-
periment (i.e., the reaction dominant scenario outlined in
[SPSM04]). This is appropriate, for example, when quanti-
fying RNA dynamics at the cell cortex, where RNA is likely
to be a part of a highly stable and localized protein com-
plex [PCK+16]. However, these approaches are unlikely
to estimate parameters accurately in systems where active
transport is a key mechanism, as well as in settings where
simplifying assumptions do not apply.

To connect intracellular transport models such as (1)
with microscopy data such as FRAP, we have previously
proposed setting initial conditions 𝑢(𝑥, 𝑦, 0) and 𝑣(𝑥, 𝑦, 0)
for transport PDE models based on FRAP postbleach in-
tensity profiles from experiments [CKG+17]. Under rea-
sonable assumptions about the experimental set-up, FRAP
recovery curves then correspond to:

FRAP(𝑡) = ∫
bleachspot

(𝑢 + 𝑣)(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦. (9)

Using numerical integration of the systems of advection-
reaction-diffusion PDEs, we then used deterministic op-
timization methods to estimate the diffusivity 𝑑, active
speed 𝑐, and transition rates 𝛽1 and 𝛽2 that characterize
RNA dynamics [CKG+17] (see Figure 2). With limited
knowledge about parameter values describing the dynam-
ics in a living system such as the Xenopus oocyte, and given
that we are working with PDE systems, we found that
parameter estimation can be challenging. In [CKG+17],
we first performed large parameter sweeps (which can
nonetheless be computed in parallel) to determine good
initial parameter guesses. A similar approach was used in
[SPSM04].

These parameter estimates can then be combined with
analytically-derived effective transport quantities as in (7)
and (8) to provide insights for the biological problem.
One advantage of the FRAP experimental technique is
that it can be performed in different regions of a living
cell, which enables direct observation of protein mobility
throughout the oocyte. This has allowed us to combine
experiments, parameter estimation, and analysis to sug-
gest that mRNAs undergo faster uni-directional movement
in the upper vegetal cytoplasm and higher spread or bidi-
rectional transport in the lower vegetal cytoplasm of the
oocyte, thus supporting previously-generated hypotheses
from the lab [CKG+17].

Since several models may provide possible descriptions
for a specific application, the question of model selection
is also a highly relevant one in these applications. We have
found it useful to determine how other quantities, such
as the expected distances and times that the cargo spends
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on microtubules, depend on the model parameters. Eval-
uating these quantities at the estimated parameter values
and comparing them with biologically-relevant time and
length scales for microtubule travel can allow us to dis-
tinguish between and select appropriate modeling frame-
works for the application [CKG+17].

On a personal note, this project also highlighted to
me the importance of close collaborations with biologists.
Continued conversations with lab members and an open-
ness tomodel refinements are helpful in developing a com-
mon language with life sciences collaborators. In one spe-
cific instance, this helped me understand that aspects that
may be simpler tomodel (such as assuming that the photo-
bleach experiment is instantaneous, thus leading to simple
initial conditions) are not appropriate and may even lead
to misleading estimates and results.

Stochastic Modeling of Intracellular Transport
An equivalent framework for analyzing the transport prop-
erties of intracellular cargo is to consider stochastic state-
switching particle models. In these models, a particle
(cargo protein) can switch between a finite number of
states described by a continuous-time Markov chain 𝐽(𝑡),
and its position is given by the real-valued process 𝑋(𝑡).
For the simple model in Figure 1B, 𝐽(𝑡) would only take
the values 0 for the diffusion state, and 1 for the transport
state. If we let 𝜋 represent the stationary distribution of
𝐽(𝑡), this vector will consist of the long-term fractions of
time spent in each state. The effective transport proper-
ties of cargo based on the dynamical systems approach in
[CKG+17] and calculated in (7) can then be rewritten as:

𝑣eff = 𝑐 ⋅ 𝜋,
𝜎eff = 𝑑 ⋅ 𝜋 − 𝑐 ⋅ ̃𝐴−1(𝑣 ∘ 𝜋 − 𝑣eff𝜋), (10)

where 𝑐 is a vector of the active speeds in each state 𝑐 =
(𝑐0, … , 𝑐𝑛)𝑇 and similarly 𝑑 = (𝑑0, … , 𝑑𝑛)𝑇 is a vector of the
diffusivities in each state. Here 𝑣∘𝜋 denotes the Hadamard
product, or component-wise multiplication.

This approach, as well as the quasi-steady-state meth-
ods discussed in the previous section, rely on the Mar-
kovian structure of the dynamics, meaning that the state-
switching process is a continuous-time Markov chain with
exponentially distributed durations in each state. The sto-
chastic processes framework we extended in [CFKM20] al-
lows for more generalized random dynamics, which in
particular need not assume that the particle spends an
exponentially-distributed time in each state.

In [CFKM20], we assume that the cargo switches be-
tween dynamic states at the random times {𝑡𝑘 ∶ 𝑘 ∈ ℕ},
and let {𝐽𝑘 ∶ 𝑘 ∈ ℕ} denote the state during the 𝑘th time
interval [𝑡𝑘−1, 𝑡𝑘). We assume that the sequence 𝐽𝑘 is a time-
homogeneous Markov chain and that it has a finite mean
time of returning to each particular state (i.e., it is called

positive recurrent). This assumption accurately describes
many applications in cellular transport (though it does not
describe settings with external stimuli). We therefore as-
sume that the particle position dynamics have a regenera-
tive structure, which repeatedly returns to a base state after
some regeneration times.

We can then answer questions about cargo transport
properties in the context of renewal reward theory. Specif-
ically, the dynamics can be considered as a sequence of
independent cycles, characterized by returns to a chosen
base state (such as the diffusive state). We denote the times
to re-enter the base state as the regeneration times 𝑇𝑛 and
define random variables for a generic cycle:

Δ𝑇 = 𝑇𝑛 − 𝑇𝑛−1,
Δ𝑋 = 𝑋(𝑇𝑛) − 𝑋(𝑇𝑛−1). (11)

Based on the functional central limit theorem in [Ser09]
as well as building on prior work on molecular motor sys-
tems [HHF11], the effective velocity and diffusivity (i.e.,
the long-run properties of transport) are given by:

𝑣eff =
𝔼(𝑋)
𝔼(𝑇) ,

𝜎eff =
1

2𝔼(Δ𝑇)(Var(Δ𝑋)+𝑣
2
effVar(Δ𝑇)−2𝑣effCov(Δ𝑋, Δ𝑇)).

(12)

This means that evaluating the long-run transport prop-
erties of cellular cargo reduces to understanding the mo-
ments of time and displacement random variables within
a single generic cycle of the dynamics. To represent the con-
tribution of events within a single cycle, we can rewrite the
cycle statistics as:

Δ𝑇 =
𝜂
∑
𝑘=1

𝜏𝑘, Δ𝑋 =
𝜂
∑
𝑘=1

𝜉𝑘, (13)

where 𝜂 is the number of events (steps) in a generic cycle.
𝜏𝑘 is the time spent in each step and 𝜉𝑘 is the correspond-
ing spatial displacement of the particle in each step. We
can think of these quantities as rewards collected in each
step, which naturally depend on the biophysical state that

the cargo is in at that time: 𝜏𝑘 = ∑𝑁
𝑗=0 𝜏𝑘(𝑗)1{𝐽𝑘=𝑗} and

𝜉𝑘 = ∑𝑁
𝑗=0 𝜉𝑘(𝑗)1{𝐽𝑘=𝑗}. In the context of the 2-state model

example in Figure 1B, and assuming that the times spent
by the cargo in each state are exponential, these times and
displacements are given by:

𝜏(0) ∼ Exp(𝛽2); 𝜉(0) ∼ √2𝑑𝜏(0)𝑍,
𝜏(1) ∼ Exp(𝛽1); 𝜉(1) ∼ 𝑐𝜏(1). (14)

As mentioned above, state 0 corresponds to diffusion and
state 1 corresponds to active transport by motor proteins.

DECEMBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1903



Node

off-track neurofilament
on-track neurofilament
microtubule

Figure 3. Illustration of neurofilament transport along a
neuronal axon. Microtubules (blue lines) go through axonal
constrictions (nodes of Ranvier). Neurofilaments can switch
stochastically between on-track states (green) and off-track
states (purple). Experimental information about length
distributions of neurofilaments can be incorporated into a
six-state stochastic model and provide mechanistic insights
on kinetic regulation of the dynamics at axonal nodes.

The model parameters have the same meanings as in equa-
tions (1), and 𝑍 is an independent standard normal ran-
dom variable.

The analysis in [CFKM20] proceeds by interpreting the
time duration and spatial displacement in each state as re-
wards associated to that cargo state. An approach based on
setting up moment-generating functions of the reward col-
lected by the cargo until it returns to the base state allows
to calculate the moments of the rewards needed to com-
pute the effective transport properties in (12). Interested
readers can find additional details in [CFKM20].

Applying this renewal reward framework to advection-
reaction-diffusion models for the dynamics of mRNA pro-
tein cargoes yields effective transport quantities that agree
with the results of dynamical systems analysis in the previ-
ous section (such as in (8)). This is not surprising, since
both approaches quantify the long-time behavior of the
cargo and make the assumption that times spent in each
state are exponential. The advantage of the stochastic pro-
cesses approach is that times spent in each state can have
non-exponential distributions, which may provide more
accurate models in certain applications. We have found
that, in models of in vitro experiments studying how cargo
is pulled by teams of molecular motors [KM10, MKL10],
this method can complement costly numerical simula-
tions and give insights into how effective transport quanti-
ties depend on individual motor properties.

In other applications, numerical simulations are most
appropriate for investigating certain biological questions,
especially if additional experimental data on protein sizes
is available. One such example is illustrated by neurofil-
ament transport, as in Figure 3. Neurofilaments are long
and space-filling protein polymers that represent one of

the most abundant cargoes in axons of neurons. Despite
being an example of intermediate filaments, which are a
component of the cytoskeleton of the cell, neurofilaments
act as cargo and get transported along long microtubule
filaments that ensure long-range transport along axons.
Neurofilaments have been shown to move bidirectionally
along microtubule tracks, illustrating so-called “stop-and-
go” dynamics characterized by short bouts of rapid move-
ment on the filament track, interrupted by longer pauses
off the microtubule tracks (see Figure 3). This dynamics
has been accurately described by a stochastic model con-
sisting of six kinetic states, each with different speeds and
switching rates [BWJ05].

Interestingly, in healthy neurons, neurofilaments suc-
cessfully navigate axonal constrictions called nodes of Ran-
vier, which constitute potential bottlenecks for their trans-
port. Onemechanism thatmay explain this successful nav-
igation and the observed acceleration of the polymers in
nodes of Ranvier is that they may be physically closer to
microtubule tracks in these nodes. Since the length distri-
bution of neurofilaments has been recently characterized
in model organisms such as mice, we complemented the
existing stochasticmodel with length information [CJB20],
and used it to test this potential mechanism of transport
and study how parameters describing the cargo dynamics
may be regulated at the nodes (see Figure 3).

Specifically, we modeled each neurofilament as an indi-
vidual linear structure, and carried out simulations of their
stochastic cycling between the kinetic states and of their in-
teractionwithmicrotubules at node or non-node locations
along a model axon. While more computationally costly
than the stochastic process analysis previously described,
this approach gave insight into the potential mechanistic
behavior of the polymers at nodes and connected informa-
tion about neurofilament numbers and lengths to axonal
diameter. This framework also allowed us to validate our
model with fluorescence pulse-escape experiments, where
fluorescence of the protein is activated in a short region
of the axon and tracked throughout time. This project is
another example where carrying out mathematical model
validation with data from experiments can support mech-
anistic understanding of cellular transport problems.

Cytoskeleton Geometry and Dynamics
In the models described thus far, there is an implicit as-
sumption that cargo proteins move along a single (one-
dimensional) direction of active transport. While this
may be a useful simplification when describing short-time
experiments, such as microscopy experiments, it is no
longer appropriate when considering long-term transport
processes. For instance, mRNA localization takes 1–2
days in the developing frog oocyte, and its ultimate spa-
tial localization, which impacts the fate of the developing
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organism, is likely to be significantly affected by the orga-
nization of microtubule filaments throughout the egg cell.
In addition, cytoskeleton filaments have intrinsic dynam-
ics of their own, which leads to interesting and functional
cytoskeletal structures. The filament dynamicsmay be rele-
vant to the transport of cargo, depending on the timescale
of interest.
How about the microtubule transport directions? Our
analysis in the above sections assumes that transport is 1-
dimensional (along a single filament track) and that diffu-
sion is 2-dimensional. However, microtubules have com-
plex orientation and organization in cells. In frog oocytes,
they have a radial orientation bias, while in neurons, mi-
crotubules are mostly oriented parallel to each other. To
allow for explicit analysis, we have considered a scenario
of parallel microtubule tracks, which models filaments in
axons or dendrites of neurons.

Assuming that the density of filaments is allowed
to vary with spatial dimension 𝑥 (assumed to be non-
dimensionalized to 𝑥 ∈ [0, 1]), we and others have shown
that this scenario is equivalent to the advection-reaction-
diffusion PDE system (2). The difference is that the
reaction-rate matrix 𝐴 = 𝐴(𝑥) now depends on space and
accounts for the availability of microtubules at each loca-
tion [CSJM18,BX15]. Using Lyapunov–Schmidt reduction
theory with some additional requirements on the resulting
operators, we found that the asymptotic solution at large
time is similar to (6):

𝑢(𝑥, 𝑦, 𝑡) = 1
√2𝜋𝜎eff𝑡

𝑒
− (𝑦+𝑣eff𝑡)

2

2𝜍eff𝑡 𝑢0(𝑥). (15)

This analysis assumed two-dimensional diffu-
sion [CSJM18]. While the expression for the effective ve-
locity 𝑣eff is identical to the expression in (7), the effective
diffusivity now takes the form [CSJM18]:

𝜎eff =
⟨𝜓0, 𝐷𝑢0⟩
⟨𝜓0, 𝑢0⟩

+ ⟨𝜓0, 𝐶𝑤0(𝑥)⟩
⟨𝜓0, 𝑢0⟩

. (16)

Here ⟨𝑓(𝑥), 𝑔(𝑥)⟩ = ∫1
0 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 and 𝑤0(𝑥) can be found

by solving

(𝐷𝜕2𝑥 + 𝐴(𝑥))𝑤0(𝑥) + 𝐶𝑢0(𝑥) −
⟨𝜓0, 𝐶𝑢0⟩
⟨𝜓0, 𝑢0⟩

𝑢0(𝑥) = 0. (17)

When applying this approach to the simple 2-state model
of cargo switching between active transport and diffusion
(Figure 1B), we found that incorporating the spatial depen-
dence of the microtubule structure enhances the effective
diffusivity, and thus provides a more accurate prediction
of the spread of the cargo at large time [CSJM18].

Through this approach, we can fully derive the effec-
tive velocity and diffusion of the cargo under no assump-
tions on the density of the microtubules, the magnitude

A B
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Figure 4. (A) Sample model of parallel microtubules along a
section of a neuronal dendrite. Dark blue lines denote
microtubules with their plus ends oriented down, and light
blue lines correspond to microtubules with the opposite
orientation. Cargo (red particles) may switch between
transport along microtubule tracks and diffusion off them. (B)
Numerical simulation of protein cargo localization predicted
by the 2-state model in Figure 1(B) with advection restricted
to microtubule structures as in (A).

of the reaction rates, or of the diffusion coefficient char-
acterizing the particle dynamics. Transport in the con-
text of more complex geometries has been studied using
quasi-steady-state analysis and under assumptions of fast
switching rates, slow diffusion, and sufficiently small fil-
ament density in [BX15], for applications including fila-
ments growing from a microtubule aster in neuron growth
cones, or filaments that nucleate from membrane sites in
budding yeast. On the other hand, incorporating the de-
pendence on spatial microtubule tracks in the stochastic
regenerative cycle framework would require additional as-
sumptions on the spatial scale of transport in a regenera-
tion cycle [CFKM20].
Road networks have dynamics of their own. In addition
to forming complex geometries in some cells, cytoskeleton
filaments are also dynamic. Microtubules have a dynamic
plus end where they grow and shrink, while the opposite
end is called theminus end. Similarly, actin filaments have
polymerization and depolymerization dynamics at their
plus and minus ends.

Dynamic microtubules undergo assembly and disas-
sembly under various conditions in cells, so that the whole
microtubule network may change within minutes, as ob-
served in fruit fly oocytes [TDD+15]. Extending the numer-
ical simulation approach in [TDD+15], we have previously
modeled random microtubule networks with a radial bias,
as informed by experimental observations in frog oocytes
[CSJM18]. We constructed several such microtubule
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structures to account for the changes in the cytoskeletal
network in time, and numerically simulated PDE mod-
els of protein transport on these networks using finite-
volume discretization in 2-dimensional space. While this
setting is challenging to study using analytical techniques,
these numerical simulations allowed us to use parameters
estimated from microscopy experiments and to generate
hypotheses about anchoring of mRNA at the oocyte cor-
tex [CSJM18], which inform future biological experiments.
This approachmay also prove useful in understanding how
different orientations of microtubules, as in Figure 4(A),
impact transport of protein cargoes in neurons, as pre-
dicted by numerical simulations (Figure 4(B)).

It is clear that dynamic cytoskeleton networks play an
important role in directing protein transport in cells. Addi-
tionally, the dynamic nature of cytoskeletal filaments can
also result in cell shape changes or regulate the mechan-
ical profile of the cell. For example, actin filaments are
highly dynamic and can quickly respond to internal and
external cues in the cell cortex. Understanding filament
reorganization has led to other research directions, such
as developing stochastic agent-based models incorporat-
ing chemical andmechanical protein interactions [PKP16].
The complex spatiotemporal data emerging from this work
has also motivated the development of novel data analysis
techniques drawing on network theory, spatial statistics, or
topological data analysis [PKP16,CJDM21].

Outlook and Open Challenges
I have become interested in mathematical cell biology
while working closely with life sciences labs throughout
my training. This is an exciting field to contribute to,
given that our understanding of biological processes is con-
stantly getting updated, both through innovation in exper-
iments and through model refinements and advances in
mathematical analysis and computational techniques. A
key feature of working in this field is the importance of be-
ing open to changing modeling frameworks as additional
biological information becomes available.

As an example, when I started working on mathemat-
ical modeling of mRNA transport, we thought of mRNA
cargo as molecules that get transported along microtubule
filaments in developing oocytes. In the past years, ad-
vances in imaging and microscopy have helped our collab-
orators understand that mRNAs actually organize in gran-
ules, as observed in other cells [NJC+21]. This opens up
interesting questions about the within-granule dynamics
and organization, which is characterized by phase separa-
tion and has been recently modeled in [GFGN20]. Under-
standing effective transport of such granules will likely in-
troduce new mathematical and computational challenges.
New methods are also being developed for visualizing cy-
toskeleton networks, which will ultimately improve our

understanding of cytoskeleton dynamics, as well as open
up new directions for data-driven mathematical modeling.
Connecting PDE and stochastic models with experimen-
tal data remains a significant challenge in this field and
drives questions about parameter estimation and identifi-
ability given existing modeling frameworks. Close collab-
orations between applied mathematicians and experimen-
talists will be key to addressing protein transport questions
that influence our understanding of healthy cellular func-
tion and organization.
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The Mathematics of
Quantum Coin-Flipping

Carl A. Miller
The individual, on the one hand, and the world, on the other, are
simply the abstract limits or terms of a concrete reality which is
“between” them, as the concrete coin is “between” the abstract,
Euclidean surfaces of its two sides. Similarly, the reality of all
“inseparable opposites”—life and death, good and evil, pleasure
and pain, gain and loss—is that “between” for which we have no
words.

— Alan Watts, The Way of Zen [Wat57]

Mathematical models are the lenses by which mathe-
matics reflects the world we live in, and thus they are fun-
damental for progress in scientific applications. And yet,
science is fluid, and a lot of growth happens when funda-
mental assumptions are changed. This kind of growth is
exemplified in the subject of quantum information. Quan-
tum physics alters basic rules of information processing
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and leads to new results in computing and communica-
tion.

The scenario of two-party coin-flipping illustrates how
the answer to a problem can change simply depending on
the nature of the model. Let’s suppose that two parties, Al-
ice and Bob, are connected by a communication channel
and wish to flip a coin together. Alice wants the outcome
of the coin flip to be “0,” and Bob wants the outcome to
be “1.” Alice and Bob are permitted to send messages back
and forth to one another, and at the end of the communi-
cation they will each broadcast bits, denoted 𝑋 and 𝑌 re-
spectively, declaring what they each believe the outcome
of the coin flip to be. Our goal is to prescribe behavior for
Alice and Bob — including, possibly, each making some
independent random choices — such that the following
conditions hold.

1. If both players behave honestly, then 𝑃(𝑋 = 𝑌 = 0) =
𝑃(𝑋 = 𝑌 = 1) = 1/2.

2. If Alice behaves dishonestly and Bob behaves honestly,
then Alice will not be able to skew Bob’s outcome
much in her favor — that is, 𝑃(𝑌 = 0) will always be
less than or equal to

1
2
+ 𝜖 for some small 𝜖 ≥ 0.

3. If Bob behaves dishonestly and Alice behaves honestly,
then 𝑃(𝑋 = 1) will likewise always be less than or
equal to

1
2
+ 𝜖.
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Here is an argument that this kind of protocol is, in fact,
impossible. In the case where both Alice and Bob behave
honestly, let 𝑇 be a random variable that represents the
transcript of all communication, and let 𝐴 and 𝐵 be ran-
dom variables representing the information that Alice and
Bob each possess at the end of the protocol. An easy induc-
tion argument shows that any shared randomness between
the two parties at the end of the protocol must be reflected
in the transcript, that is,

𝐼(𝐴 ∶ 𝐵 ∣ 𝑇) = 0,

where 𝐼(𝐴 ∶ 𝐵 ∣ 𝑇) denotes the mutual information be-
tween 𝐴 and 𝐵 conditioned on 𝑇. This implies in particu-
lar that

𝐼(𝑋 ∶ 𝑌 ∣ 𝑇) = 0.

We also know that 𝑋 and 𝑌 must always agree (condition
1). There is only one way both of these assertions can
hold: 𝑋 and 𝑌 must be deterministic functions of 𝑇. This
means that Alice and Bob are effectively playing a competi-
tive two-player game. A referee could look at the transcript
𝑇 and determine who has “won” the exchange: if the an-
ticipated outcome is 0, then Alice won; if the anticipated
outcome is 1, then Bob won. And, von Neumann’s mini-
max theorem [vNM07] guarantees that any such game has
a winning strategy for either Alice or Bob, thus violating
conditions 2–3. QED!

How sound is that impossibility argument? Is there any
way around it? Well, we could question whether Alice and
Bob have the computational ability to find this winning
strategy that we know exists. That angle leads to designing
coin-flipping protocols based on the assumed hardness of
certain computational problems, which is a very interest-
ing avenue itself — see, e.g., [MNS16].

But here’s another, more basic, question: how do we
know that it’s even possible to record the transcript 𝑇? As-
sumptions that may seem like common sense are not al-
ways valid. If Alice and Bob were connected by a quan-
tum channel — for example, if they could exchange pho-
tons across a quantum network — then the proof above
wouldn’t apply because quantum states generally cannot
be copied. And this is much more than a mere technical-
ity: quantum information processing takes its power from
unique properties like no-cloning, superposition, and en-
tanglement. In quantum cryptography (which generally
does not need to rely on computational assumptions, un-
like much of classical cryptography) these properties form
the basis for proofs of security.

Quantum coin-flipping turns out to be a different prob-
lem altogether. It is a research question with a long histor-
ical arc, and as such it provides a good window into the
exotic logic of quantum information.

Figure 1. The Bloch ball.

The Theory of Quantum Information
Quantum information consists of quantum “systems” or
“registers” whose state at any given time is described by a
matrix. The basic data element in quantum information is
the qubit. The state of an isolated qubit is a matrix of the
form

𝜙 = [𝑎 𝑏
𝑏 𝑐] ,

where 𝑎 and 𝑐 are real numbers that sum to 1, and 𝑏 is
a complex number such that 𝑎𝑐 − |𝑏|2 ≥ 0. Expressed in
different terms, 𝜙 can be any 2 × 2 positive semidefinite
matrix of trace 1. When a qubit in this state is measured,
the result is a bit that is equal to 0 with probability 𝑎 and
equal to 1 with probability 𝑐.

Let

𝑋 = [0 1
1 0]

𝑌 = [ 0 𝑖
−𝑖 0]

𝑍 = [1 0
0 −1] .

Then, the set of all qubit states consists of linear operators
of the form (𝕀 + 𝑟𝑋 + 𝑠𝑌 + 𝑡𝑍)/2, where (𝑟, 𝑠, 𝑡) is a real
vector of length at most 1, and 𝕀 denotes the 2 × 2 iden-
tity matrix. (For the matrix 𝜙 from the previous paragraph,
𝑟 = Re(2𝑏), 𝑠 = Im(2𝑏), and 𝑡 = 𝑎− 𝑐.) These states form a
3-dimensional ball, namely, the Bloch ball, shown in Fig-
ure 1. Quantum operations on a qubit are maps of the
form 𝜙 ↦ 𝑈𝜙𝑈−1, where 𝑈 is a 2 × 2 unitary operator,
and they are rotations of the Bloch ball. (An example of a
qubit is the polarization of a photon. A photon traveling
in space can have a polarization that is diagonal, circular,
or rectilinear, corresponding to the principal directions 𝑋 ,
𝑌 , and 𝑍.)

Similar definitions apply in higher dimensions. A
quantum system 𝑄 of dimension 𝑛 is a complex Hilbert
space1 with a fixed isomorphism 𝑄 ≅ ℂ𝑛. The classical

1Some authors make a distinction between a quantum system and its Hilbert
space, and denote them by different letters. For this article, it is convenient to
treat them as one and the same.

DECEMBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1909



(non-quantum) states of 𝑄 are probability distributions
(𝑝1, 𝑝2, … , 𝑝𝑛) written as diagonal matrices:

𝜓 =
⎡
⎢
⎢
⎢
⎢
⎣

𝑝1 0 0 ⋯ 0
0 𝑝2 0 ⋯ 0
0 0 𝑝3 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 𝑝𝑛

⎤
⎥
⎥
⎥
⎥
⎦

.

Any such state can also be manipulated via a unitary base
change 𝜓 ↦ 𝑈𝜓𝑈−1, yielding a trace-1 positive semidefi-
nite matrix (“density matrix”) that may have off-diagonal
elements. If another quantum system 𝑅 is present, its joint
state with 𝑄 is described by a density matrix on the tensor
product space, 𝑄 ⊗ 𝑅. (A full treatment of these concepts
can be found in [Wat18].)

From here, we can begin to unfold some uniquely quan-
tum phenomena. One is the concept of inherent random-
ness. Suppose that 𝐷 is a qubit in state

𝛼 = [
1
2

1
2

1
2

1
2

] .

We know that the outcome of measuring 𝐷 will be a uni-
formly random bit. But we can go further. If 𝐸 is an addi-
tional quantum system, then the joint state Φ∶ 𝐷 ⊗ 𝐸 →
𝐷⊗𝐸 of 𝐷 and 𝐸 together must be a positive semidefinite
block matrix

Φ =
⎡⎢⎢⎢
⎣

𝛼11 𝛼12 ⋯ 𝛼1𝑚
𝛼21 𝛼22 ⋯ 𝛼2𝑚
⋮ ⋮ ⋱ ⋮
𝛼𝑚1 𝛼𝑚2 ⋯ 𝛼𝑚𝑚

⎤⎥⎥⎥
⎦

,

where 𝛼𝑖𝑗 are 2×2matrices satisfying 𝛼11+𝛼22+⋯+𝛼𝑚𝑚 =
𝛼. An easy argument shows that the only way that these
conditions can all be satisfied is if Φ = 𝛼 ⊗ 𝛽 for some
positive semidefinitematrix 𝛽. Anymeasurement on𝐸will
be uncorrelated with the measurement of 𝐷. This means
that no outside system can provide any information at all
about the outcome ofmeasuring𝐷—the result is not only
unknown in advance, but unknowable.

Also, we can observe the phenomenon of exponential
complexity. The state of a system of 𝑛 qubits is a linear

operator on the vector space (ℂ2)⊗𝑛, which has dimen-
sion 2𝑛. The problem of simulating even a small number
of qubits thus involves keeping track of an enormous ma-
trix, and it quickly becomes intractable for a classical com-
puter. This intractability becomes particularly significant
when a measurement of the system yields data that we do
not know how to obtain in an efficient classical manner.
This is the basis of quantum algorithms such as Shor’s al-
gorithm [Sho99], and for claims of a “quantum advantage”
in computing.

I have been working in quantum information for about
twelve years, starting from a time when a computer science

professor told me it was a “niche topic,” up to the present
day, whenwe are in themidst of what some people are call-
ing the “second quantum revolution.” (Recent technology
has made the quantum phenomena discussed above quite
tangible — see [SZB+21] and [Aea19].) When studying
this field, it is interesting to observe how various lines of
progress — just like currents in a river — can accelerate or
subside, overlap, or split. The shape that this river takes
can exhibit hidden surprises in the underlying theory.

A Story of Two Problems

This is the very coinage of your brain.
This bodiless creation ecstasy
Is very cunning in.

— Gertrude (Hamlet)

In 1984, Bennett and Brassard [BB84] sketched two
ways to use quantum physics to perform basic crypto-
graphic tasks. Much of quantum cryptography can be seen
as an attempt to harness inherent quantum randomness
for a practical purpose, and [BB84] proposes two (differ-
ent but related) approaches to this goal. In key distribution,
two parties, Alice and Bob, wish to share a secret random
bit string in the presence of an untrusted eavesdropper, Eve.
In coin-flipping, Alice and Bob instead wish to create a sin-
gle shared random bit using a quantum channel, in such
a way that both parties are assured that the bit was fair
and unbiased. The primary difference between the two sce-
narios is that in key distribution, the only adversary is the
eavesdropper (Eve), whereas in coin-flipping, either of the
parties Alice and Bob could be an adversary who will at-
tempt to cheat. See Figure 2.

The paper [BB84], along with Stephen Wiesner’s work
on quantummoney [Wie83], are considered to be the sem-
inal works in quantum cryptography. Quantum key distri-
bution (QKD) is amainstay problem in the field, and since
1984, has been the subject of thousands of experimental
and theoretical papers [XMZ+20] as well as commercializa-
tion. Quantum coin-flipping, meanwhile, has followed a
substantially different track. While [BB84] sketched a pro-
tocol for QKD that has been central to a lot of follow-up
work, they did not give a secure protocol for quantum coin-
flipping, and it was left to future authors to find one.

A standard way to measure the effectiveness of a quan-
tum coin-flipping protocol is via the (weak) bias of the
protocol. Assuming that Bob behaves honestly, let 𝑠 de-
note the supremum, over all possible cheating strategies
for Alice, of the probability that Alice will achieve her de-
sired outcome (0). Likewise, let 𝑡 denote the supremum
of the probability that Bob will achieve outcome 1 if he
cheats and Alice behaves honestly. The bias is the quan-
tity 𝜖 ≔ max {𝑠 − 1

2
, 𝑡 − 1

2
}. The goal is to achieve a bias of

zero.
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Figure 2. Quantum key distribution (top) and quantum
coin-flipping (bottom).

Simple protocols for coin-flipping tend not to be effec-
tive. For example, we could instruct Alice to send a photon
in the state

𝛼 = [
1
2

1
2

1
2

1
2

]

to Bob, and instruct Bob tomeasure the photon and report
the result. But, this allows Alice to cheat (by preparing a
different state) or Bob to cheat (by faking themeasurement
result). The goal in quantum coin-flipping is to use mul-
tiple rounds of interaction to mutually restrain the parties
from gaining any advantage by cheating.

After this problem was fully formalized, a series of sev-
eral works initiated in the 1990s gave protocols with in-
creasingly smaller bias. However, the protocols were also
increasingly complex. The progression reached a climax
in 2007, when the physicist Carlos Mochon proved a re-
markable result showing that the bias could be brought
arbitrarily close to zero [Moc07]. But the number of com-
munication rounds was absurdly large — a later analysis
of Mochon’s work [ACG+16] estimated it at (1/𝜖)𝑂(1/𝜖). In
the years after Mochon’s work, despite continued theoreti-
cal progress on the problem, this figure was not improved.
A basic question was thus left unanswered: can quantum
coin-flipping be performed in a reasonable amount of
time?

We can use the quantum formalism from the previous
section of this article to get an idea of why this problem is
hard. Specifying a protocol for coin-flipping requires spec-
ifying the prescribed “honest” behavior by each player. We

assume that Alice has a quantum system 𝐴 ≅ ℂ𝑚 for some
𝑚 that serves as her local memory during the protocol. Let
us assume that the initial state of 𝐴 is simply given by the
orthogonal projector onto (1, 0, 0, … , 0) ∈ ℂ𝑚. Let 𝐵 (Bob’s
local memory) and 𝑀 (the message register) be quantum
systems with similar initial states. At time 𝑡 = 1, Alice ap-
plies a joint quantum operation to 𝐴 and 𝑀. This oper-
ation has the effect of conjugating the state of 𝐴 ⊗ 𝑀 by
some unitary operator 𝑈1 ∶ 𝐴 ⊗ 𝑀 → 𝐴 ⊗ 𝑀. Alice then
sends the register 𝑀 across the quantum channel to Bob.

At time 𝑡 = 2, Bob performs a joint quantum operation
on𝑀 and 𝐵 which has the effect of conjugating the state of
𝑀⊗𝐵 by a unitary operator 𝑈2 ∶ 𝑀⊗𝐵 → 𝑀⊗𝐵. Now, at
this point, Bob wishes to check whether Alice has cheated,
and so he performs a binary measurement on 𝑀 ⊗ 𝐵 and
agrees to continue the protocol only if the outcome of that
measurement is “0.” Mathematically, this is represented by
Bob applying an operation of the form𝑊 ↦ 𝐸2𝑊𝐸2 to the
state of𝑀⊗𝐵, where 𝐸2 ∶ 𝑀⊗𝐵 → 𝑀⊗𝐵 is a Hermitian
projection operator. Bob then sends 𝑀 back to Alice, and
the process iterates. Finally, after the 𝑛th round, Alice and
Bob each perform binary measurements on their respec-
tive systems 𝐴 and 𝐵 to produce bits 𝑥 and 𝑦 representing
what each party believes that the outcome was. The proto-
col succeeds only if neither party has aborted, and if 𝑥 = 𝑦.

Summing up, a coin-flipping protocol is specified by the
following mathematical information:

1. A positive integer 𝑛 (the number of communication
rounds).

2. Quantum registers 𝐴, 𝐵, and 𝑀.
3. For each odd 𝑖 ∈ {1, 2, … , 𝑛}, a unitary operator𝑈 𝑖 and

Hermitian projection operator 𝐸𝑖 on the space𝐴⊗𝑀.2

4. For each even 𝑖 ∈ {1, 2, … , 𝑛}, a unitary operator𝑈 𝑖 and
Hermitian projection operator 𝐸𝑖 on the space𝑀⊗𝐵.

5. Complementary Hermitian projection op-
erators {𝑃0, 𝑃1} on 𝐴, and {𝑄0, 𝑄1} on 𝐵, representing
the final measurements performed by Alice and Bob.

The assumption is that if Alice and Bob are honest, they
will use these prescribed operations. A dishonest party
may perform arbitrary operations during their rounds of
the protocol. Once the data above are specified, we can
give an explicit expression for the bias of the protocol (see
[ACG+16] for details). Finding a good coin-flipping pro-
tocol is thus equivalent to an optimization problem: com-
pute explicit matrices {𝐸𝑖}, {𝑈 𝑖}, {𝑃𝑗}, {𝑄𝑗} that will make the
bias as small as possible.

This optimization problem is no easy thing. We have no
upper bound on the dimension of the space in which we
are searching, and indeed, Mochon’s work suggests that it
may be necessary to consider spaces 𝐴, 𝐵,𝑀 of arbitrarily

2We include the projection operator 𝐸1 for convenience, even though it is impos-
sible for Bob to have cheated at time 𝑡 = 1.
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large dimension. Moreover, obvious properties that can
make an optimization problem easier — such as convexity
of the search-space, or linearity of the objective function —
are lacking here.

Mochon left academia not long after publicizing his
work on coin-flipping, although fortunately there were am-
ple ideas in [Moc07] to enable further developments. The
path to an answer for the efficient coin-flipping question
turns out to be a surprisingly non-linear one that draws on
a diverse range of tools.

Point Game Solitaire
Pure mathematics is full of seemingly mysterious connec-
tions between mathematical models — i.e., instances in
which there is a dictionary that can broadly translate state-
ments about two fundamentally different mathematical
constructions. The more dissimilar the constructions are,
the more there is to learn, since connections like this can
enable the application of a new kind of mental agility to
a problem (e.g., geometry instead of algebra). It is partic-
ularly a delight to use such a doorway when studying an
application.

One such doorway occurs in the study of quantum
coin-flipping, and its discovery is attributed to Alexei Ki-
taev [Kit02]. The existence of coin-flipping protocols with
small bias has been proved to be equivalent to the exis-
tence of a different class of mathematical objects called
valid point games. The proof of this equivalence is out of
the scope of this article, but an excellent exposition (of
a nonconstructive version of the proof) can be found in
[ACG+16]. Essentially, the concept of a valid point game
strips away some of the information used in the search for
optimal coin-flipping protocols and distills a part of the
problem that is particularly challenging.

Valid point games are not unlike peg solitaire, where
one has to manipulate and remove pegs from a grid of
holes on a board according to a fixed rule, in such a way
that at the end there is only one peg left. Valid point games
are different, though, in particular because they involve
quantities that are continuous rather than discrete. The
following are the rules.

• A function 𝑢∶ ℝ≥0 → ℝ≥0 with finite support that
satisfies ∑𝑥 𝑢(𝑥) ≤ 1 is called a one-dimensional
configuration.

• A pair of one-dimensional configurations (𝑢, 𝑣) is
called a valid move if

∑
𝑥
𝑢(𝑥) = ∑

𝑥
𝑣(𝑥)

and

∑
𝑥
( 𝑥
𝑥 + 𝜆) 𝑢(𝑥) ≤ ∑

𝑥
( 𝑥
𝑥 + 𝜆) 𝑣(𝑥)

for all 𝜆 > 0.3

3This rule arises from the classification of operator monotone functions.

Figure 3. One example of a horizontally valid move. (The
points that lie on the same horizontal line are collapsed to
their center of mass.)

• A function 𝑓∶ ℝ≥0 × ℝ≥0 → ℝ≥0 with finite sup-
port that satisfies ∑𝑥,𝑦 𝑓(𝑥, 𝑦) = 1 is called a two-
dimensional configuration.

• A pair (𝑓, 𝑔) of two-dimensional configurations is
a horizontally valid move if the restriction of 𝑓
and 𝑔 to any horizontal line in ℝ2 is a valid move.

• A pair (𝑓, 𝑔) of two-dimensional configurations is
a vertically valid move if the restriction of 𝑓 and
𝑔 to any vertical line in ℝ2 is a valid move.

• A valid point game is a sequence of two-
dimensional configurations (𝑓0, 𝑓1, … , 𝑓𝑛) such
that (𝑓𝑖, 𝑓𝑖+1) is horizontally valid for all even 𝑖,
and vertically valid for all odd 𝑖.

Valid point games thus consist of manipulations of
weighted points in a quadrant of a Cartesian coordinate
system. Figure 3 gives an example of a move that could
occur in one of these games.

If 𝑥, 𝑦 are nonnegative real numbers, let J𝑥, 𝑦K denote
the function on ℝ≥0 × ℝ≥0 that maps (𝑥, 𝑦) to 1, and all
other points to 0. The following results are known.

Theorem 1. Suppose that 𝑉 is a valid point game consisting
of 𝑛 moves such that the starting configuration is

1
2 (J0, 1K + J1, 0K)

and the final configuration isr1
2 + 𝜖, 12 + 𝜖

z
.

Suppose that 𝛿 > 0. Then, there exists an 𝑛-round coin-flipping
protocol that achieves bias 𝜖 + 𝛿.
Theorem 2. Suppose that 𝑄 is an 𝑛-round coin-flipping proto-
col that achieves bias 𝜖, and suppose that 𝛿 > 0. Then, there
exists a valid point game with 𝑛 moves such that the starting
configuration is

1
2
(J0, 1K + J1, 0K) and the final configuration

is J 1
2
+ 𝜖 + 𝛿, 1

2
+ 𝜖 + 𝛿K.

Thus, we have a way to translate problems about coin-
flipping into simply-stated point game problems (mod-
ulo the term 𝛿, which is practically irrelevant). For ex-
ample: suppose that we wish to prove that it is possible
to achieve coin-flipping with bias 𝜖 with only 𝑂(log(1/𝜖))
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communication rounds. Then, it suffices to construct valid
point games involving 𝑂(log(1/𝜖)) moves that transform
1
2
(J0, 1K + J1, 0K) into J 1

2
+𝜖, 1

2
+𝜖K. But, for better or worse,

this translation is not the end of the story, or anywhere
close. Constructing valid point games is hard, and it is fair
to say that it has not yet been generally mastered in the
research literature. (Only a few examples, including the
family of games used in [Moc07], are known.) Figuring
out what is really going on with coin-flipping will require
penetrating further layers of the problem.

Solving a Toy Model

Then the shimmery sphere around them abruptly contracted, like
a taut rubber band being let go, and the coin pulsed with sudden
heat.

But they were still in his universe.

— Quantum Coin by E. C. Myers [Mye12]

So, why is it difficult to construct valid point games?
One reason is that the rule that defines a validmove is not a
merely local rule. Valid moves can involve simultaneously
manipulating points that are at large distances from one
another on a single row or a single column. A natural first
step towards general constructions of point games is to try
to separate the “local” and “global” parts of the problem.
Suppose that we first limit ourselves to considering valid
point games that are confined to the box formed by the
vertices

{(𝑝, 𝑞), (𝑝 + 𝜈, 𝑞), (𝑝, 𝑞 + 𝜈), (𝑝 + 𝜈, 𝑞 + 𝜈)} ,

where 𝑝, 𝑞 are positive real numbers and 𝜈 > 0 is small.
What kind of manipulations can take place within this re-
gion using valid moves? If we choose to ignore any terms
that are 𝑜(𝜈), then the question is essentially answered by
the following construction.

Let us say that a pair (𝑢, 𝑣) of finite-support functions
from ℝ≥0 to ℝ≥0 is a legal move if

∑
𝑥
𝑢(𝑥) = ∑

𝑥
𝑣(𝑥)

and

∑
𝑥
𝑥 ⋅ 𝑢(𝑥) ≤ ∑

𝑥
𝑥 ⋅ 𝑣(𝑥).

A legal point game is a sequence (𝑓0, … , 𝑓𝑛) of nonnegative
functions on ℝ≥0 × ℝ≥0, defined as before, such that the
pairs (𝑓𝑖, 𝑓𝑖+1) alternate between being horizontally legal
and vertically legal.

Since the family of legal moves is merely defined by two
linear conditions (instead of an infinite number of linear
conditions), legal point games turn out to be much easier
to characterize. The following results can be proved.

Proposition 3. Let (𝑓0, … , 𝑓𝑛) be a legal point game. Then
the following inequalities hold.

∑
𝑥,𝑦

𝑥 ⋅ 𝑓0(𝑥, 𝑦) ≤ ∑
𝑥,𝑦

𝑥 ⋅ 𝑓𝑛(𝑥, 𝑦) (1)

∑
𝑥,𝑦

𝑦 ⋅ 𝑓0(𝑥, 𝑦) ≤ ∑
𝑥,𝑦

𝑦 ⋅ 𝑓𝑛(𝑥, 𝑦) (2)

∑
𝑥,𝑦

𝑥𝑦 ⋅ 𝑓0(𝑥, 𝑦) ≤ ∑
𝑥,𝑦

𝑥𝑦 ⋅ 𝑓𝑛(𝑥, 𝑦). (3)

Proposition 4. Let 𝑓 and 𝑔 be two-dimensional configurations
such that inequalities (1)–(3) above are strictly satisfied (when
𝑓0 is replaced with 𝑓 and 𝑓𝑛 is replaced with 𝑔). Then, there
exists a legal point game with initial configuration 𝑓 and final
configuration 𝑔.

The outcome of a legal point game can thus be com-
pletely characterized (up to arbitrarily small error) by the
inequalities (1)–(3). Moreover, legal point games that
achieve Proposition 4 are not too difficult to construct ex-
plicitly. The question then becomes: Can we translate this
to similar criteria for valid point games?

Profile Functions
The following is a modified version of reasoning in
[Mil20]. Considering the definition of a valid move (and
taking inspiration from condition (3) above) we note
that it is easy to prove that for any valid point game
(𝑓0, 𝑓1, … , 𝑓𝑛), and any positive real numbers 𝜆, 𝛾, the in-
equalities

∑
𝑥,𝑦

𝑓𝑖(𝑥, 𝑦) (
𝑥

𝑥 + 𝜆) (
𝑦

𝑦 + 𝛾)

≤ ∑
𝑥,𝑦

𝑓𝑖+1(𝑥, 𝑦) (
𝑥

𝑥 + 𝜆) (
𝑦

𝑦 + 𝛾)

must hold for any 𝑖 ∈ {0, 1, … , 𝑛 − 1}. In an intuitive sense,
the expression on the left-hand side of the above inequality
is a monotone quantity that allows us to track the progress
in a point game from the initial configuration to the final
one. A profile function draws together these quantities into
a single family. There aremany ways that the profile can be
defined, but, for the purpose of this article, the following
definition will be convenient to use.

Definition 5. For any finitely supported function
𝑓∶ ℝ≥0 × ℝ≥0 → ℝ≥0, the profile of 𝑓 is the function

̃𝑓 ∶ ℝ>1 → ℝ
defined by

̃𝑓(𝛼) = ∑
𝑥,𝑦

𝑓(𝑥, 𝑦) ( 𝑥
𝑥 + 𝛼 − 1) (

𝑦
𝑦 + 𝛼 − 1) .

This definition allows us to make a simply-stated criterion
that must be satisfied in order for a valid point game to
exist between two given configurations.
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Figure 4. The domain of the function 𝑟.

Proposition 6. If (𝑓0, 𝑓1, … , 𝑓𝑛) is a valid point game, then
̃𝑓0 ≤ ̃𝑓𝑛.

What can the profile construction tell us about the coin-
flipping problem? It is not obvious that it can tell us di-
rectly how to construct intermediate steps in a valid point
game, but, fortunately, it is useful for narrowing down the
possibilities.

Let (𝑓0, … , 𝑓𝑛) be a valid point game such that 𝑓0 =
1
2
J1, 0K + 1

2
J0, 1K and 𝑓𝑛 = J 1

2
+ 𝜖, 1

2
+ 𝜖K. Let ℎ denote the

sum of the differences (𝑓𝑖+1 − 𝑓𝑖) over all even 𝑖 (i.e., the
sum of all the horizontally valid moves). Let 𝑣 denote the
sum of the differences (𝑓𝑖+1 − 𝑓𝑖) over all odd 𝑖 (i.e., the
sum of all the vertically valid moves). Then, by linearity,

̃ℎ + ̃𝑣 = ̃𝑓𝑛 − ̃𝑓0.
Note that the function ̃𝑓𝑛 − ̃𝑓0 can be written out explicitly
from its definition.

The observations we have made so far have been pretty
elementary, but, from here, we can start to deduce hidden
structure. Chasing through a series of inequalities, one can
show the following fact. Fix any real interval [𝑐, 𝑑] with
1 < 𝑐 < 𝑑, and let

𝑟 = ℎ∣(ℝ≥0×[𝑐,𝑑]) + 𝑣∣([𝑐,𝑑]×ℝ≥0).

The function 𝑟 is the sum of the horizontal and vertical
moves that occur within certain restricted regions in ℝ≥0×
ℝ≥0 — see Figure 4. Let

𝑍(𝛼) =
⎧
⎨
⎩

̃𝑓𝑛(𝛼) − ̃𝑓0(𝛼) if 𝛼 ∈ [𝑐, 𝑑]

0 if 𝛼 ∉ [𝑐, 𝑑].

Then, for any 𝛼 > 1 that is of distance at least Θ(√𝜖) away
from both of the points 𝑐 and 𝑑, the following inequality
holds:

| ̃𝑟(𝛼) − 𝑍(𝛼)| ≤ 0.001.

Figure 5. A nonnegative function that is concentrated at a
single point (𝛼 = 3).

In other words, the shape of the graph of ̃𝑟 matches that
of 𝑍 very closely, except at neighborhoods of size Θ(√𝜖)
around the points of discontinuity at 𝑐 and 𝑑. (The use of
the constant 0.001 in this assertion is arbitrary – any posi-
tive real number could be used in its place.)

We are thus able to make strong conclusions about the
profiles of themoves in (𝑓0, 𝑓1, … , 𝑓𝑛) based onwhere those
moves occur in the 2-dimensional coordinate system. The
sharpness with which we can make these conclusions de-
pends on the bias parameter 𝜖. At an extreme, if we take
the interval [𝑐, 𝑑] itself to be of width Θ(√𝜖), then the pro-
file of 𝑟 has a pinched shape of width Θ(√𝜖) like the one
shown in Figure 5.

Having now touched down on a concrete assertion, the
question is: can we deduce a result on the efficient coin-
flipping problem? A natural approach would be to take
this new insight and trace it backwards through the series
of simplifying steps that we have made (coin flipping pro-
tocols→ valid point games→ profile functions) to deduce
something about the existence of coin-flipping protocols.
And, indeed, that is the approach that we will ultimately
take. A final, more “complex” detour is needed in order to
enable the last steps.

Highly Concentrated Rational Functions
The conclusion of the previous section can be distilled as
follows: if there exists a valid point game (𝑓0, … , 𝑓𝑛) from
𝑓0 =

1
2
(J0, 1K + J1, 0K) to 𝑓𝑛 = J 1

2
+ 𝜖, 1

2
+ 𝜖K, then we can

construct a finitely supported real function 𝑟 on ℝ≥0×ℝ≥0
such that the function

𝐺(𝛼) = ∑
𝑥,𝑦

𝑟(𝑥, 𝑦) ( 𝑥
𝑥 + 𝛼 − 1) (

𝑦
𝑦 + 𝛼 − 1)

is significantly large at a chosen point (say, 𝛼 = 3) and is
close to zero elsewhere in the domain ℝ>1. And impor-
tantly, since the function 𝑟 is constructed by summing up
valid moves from the original point game (𝑓0, … , 𝑓𝑛), its
weights must be bounded like so:

∑
𝑥,𝑦

|𝑟(𝑥, 𝑦)| ≤ 2𝑛.
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Figure 6. The function 𝑇 on the unit disc in ℂ.

When is such a thing possible? What can be said about a
real rational function in this form — a rational function
that has poles in the interval (− ∞, 1) and that obeys cer-
tain inequalities in the interval (1,∞)? Fortunately, there
are known methods to answer a question of this type, and
they come from complex analysis.

Let us suppose that𝐺(𝛼) ≤ 𝐾 < 𝐺(3) for all values 𝛼 > 1
that are outside of an interval of the form [3−𝛿, 3+𝛿]. Treat
the function 𝐺 as a rational function on the set of complex
numbers ℂ, and let

Γ = max
|𝑧|=1

|𝐺(3 + 𝑧)| .

This value Γ will allow us to interpolate between the vari-
ous properties that we have assumed about the function 𝐺.
The following argument is written out in detail in section 5
of [Mil20].

There exists an explicit continuous map

𝑇 ∶ {𝑧 ∣ |𝑧| ≤ 1} → ℂ

that has the form shown in Figure 6 and is analytic on the
interior disc {𝑧 ∣ |𝑧| < 1}. Under 𝑇, the unit circle around 0
is mapped onto the unit circle around 3 together with the
two line segments [2, 3 − 𝛿] and [3 + 𝛿, 4]. The point 𝜁 in
Figure 6 is within distance 𝑂(𝛿) from the 𝑦-axis.

By the defining properties of analytic functions, the
map 𝐺 ∘ 𝑇 obeys an averaging rule: its value at 0 (which
is 𝐺(3)) must be the same as its average value on the unit
circle {𝑧 ∣ |𝑧| = 1}:

𝐺(3) = 1
2𝜋 ∫

2𝜋

0
𝐺(𝑇(𝑒𝑖𝜃))𝑑𝜃.

As a consequence, since the values that 𝐺 takes on the line
segments [2, 3 − 𝛿] and [3 + 𝛿, 4] are all significantly less
than𝐺(3), theremust exist points on the unit circle around
𝑧 = 3 for which themagnitude of𝐺(𝑧) is significantlymore
than 𝐺(3). Precisely:

Γ ≥ 𝐺(3) + Ω(1/𝛿) ⋅ (𝐺(3) − 𝐾).

This inequality itself is not terribly strong. However, when
we instead consider the logarithm of the absolute value of
𝐺 ∘ 𝑇, the following similar relation holds:

log |𝐺(3)| ≤ 1
2𝜋 ∫

2𝜋

0
log ||𝐺(𝑇(𝑒𝑖𝜃))|| 𝑑𝜃,

and we deduce the much more powerful inequality

log Γ ≥ log |𝐺(3)| + Ω(1/𝛿) log |||
𝐺(3)
𝐾

||| ,

or equivalently,

Γ ≥ 𝐺(3) ⋅ (𝐺(3)𝐾 )
Ω(1/𝛿)

.

At the same time, it is easy to see from the expression for
the function 𝐺 that

Γ ≤ ∑
𝑥,𝑦

|𝑟(𝑥, 𝑦)|

≤ 2𝑛,
where 𝑛 denotes the number of moves in the point game
that we started with. Therefore,

𝑛 ≥ 𝐺(3)
2 ⋅ (𝐺(3)𝐾 )

Ω(1/𝛿)
.

Recalling from the previous section that we can take 𝛿 to
be Θ(√𝜖), where 𝜖 is the defining parameter of the point
game that we started with, we obtain the following strong
result.

Theorem 7. Let (𝑓0, 𝑓1, … , 𝑓𝑛) be a point game with initial con-
figuration

1
2
(J0, 1K + J1, 0K) and final configuration J 1

2
+𝜖, 1

2
+

𝜖K. Then,
𝑛 ≥ exp (Ω( 1

√𝜖
)) .

By Theorem 2, we then obtain the following corollary.

Corollary 8. Any coin-flipping protocol that achieves
bias 𝜖 must involve exp(Ω(1/√𝜖)) rounds of communi-
cation.

Combining this new result with Mochon’s construc-
tion [Moc07], we find that the fastest coin-flipping proto-
cols must have a number of communication rounds that is
between exp(Ω(1/√𝜖)) and exp(𝑂( 1

𝜖
log 1

𝜖
)). Whatever the

optimal number of communication roundsmight actually
be, it cannot be upper bounded by any polynomial or log-
arithmic function of 1/𝜖. Therefore, an efficient family of
coin-flipping protocols does not exist. We thus have a the-
oretical explanation for the 35-year history of the quantum
coin-flipping problem.

Mapping the River

It’s not about what I want. It’s about what’s fair!

— Two-Face (The Dark Knight, 2008)

When one is combining disparate ideas in order to in-
vent something new — for example, when trying to inte-
grate the orderly world of quantum physics with the chaos
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of human trust— there is no prior guarantee as to whether
the problems one will encounter will be easy, hard, or liter-
ally impossible. In the current case, for reasons exhibited
by the shape of the graph in Figure 5, we have found that
quantum coin-flipping belongs to the category of crypto-
graphic tasks that can be performed, but cannot be per-
formed efficiently.4

Yet, this obstruction is by no means a terminal one for
the coin-flipping problem, or for any of its cousin prob-
lems in quantum cryptography. The upside of working
on technological invention is that problems can always
be reinvented. For example, while the quantum-enhanced
communication model given in the third section of this ar-
ticle is a natural model for interaction between two parties,
there is no reason to treat it as an absolute. In the field of
relativistic quantum cryptography, we incorporate the ad-
ditional physical assumption that parties in space cannot
communicate with one another faster than the speed of
light. This, combined with more complex protocols (in-
volving multiple agents cooperating from different spatial
locations), avoids the impossibility result that we just wit-
nessed and enables a whole different stream of discovery
for protocols between mutually mistrustful parties.

Part of the fun of creating new theoretical results in
quantum information science — including both positive
and negative results — is that one never knows initially
what mathematical tools will come into play. We have
seen one example in which previously developed mathe-
matical constructions turn out to be centrally important
in a problem in quantum information science. Here are
just a few among other existing examples:

• The phenomenon of superadditivity of quantum
channel capacity — the fact that quantum entan-
glement can break one of the basic rules of clas-
sical coding theory — has been explained using
Dvoretzky’s theorem [ASW11].

• Schur-Weyl duality, a tool from representation
theory, has had myriad uses in problems that
involve several identical quantum systems (e.g.,
[OW16]).

• Yaoyun Shi and I proved that error-tolerant device-
independent random number generation is pos-
sible by reducing the problem to known results
on the geometry of the Schatten matrix norms
[MS17].

4Since a lot of smart people read this magazine, I wanted to point out that
there are still unanswered questions about the quantum coin-flipping problem
in its original formulation. Corollary 8 rules out the possibility of efficient coin-
flipping in an asymptotic sense, but there could still exist better practical proto-
cols with a constant amount of bias. What is the least number of rounds of com-
munication that would be needed to achieve quantum coin-flipping with bias
𝜖 = 0.01? My colleagues and I have found this problem difficult, but others may
have better luck.

• The study of quantum correlations is deeply con-
nected to the theory of von Neumann algebras.
A recent paper [JNV+20] proved a landmark re-
sult on quantum interactive proof systems, and de-
duced as a consequence that Connes’ embedding
conjecture is false.

What else is out there? The task in the theory of quan-
tum information science, as I see it, is to provide a map of
what is possible and impossible for quantum technology.
The challenges in this enterprise can sometimes be reduced
to simply-stated mathematical problems, and one thinks:
“surely, someone out there has already studied this problem. . . ”
And then a new connection can be discovered. Researchers
have to contend with the varying pace of technological de-
velopment, and the possibility of foundational changes
impelled by discoveries in other fields. But there are al-
ways opportunities, at the right points on the map, to find
new and elegant mathematical structures within the flow.

ACKNOWLEDGMENT. I would like to thank Alexan-
dre Eremenko,MichaelNewman, andAarthi Sundaram
for educating me about aspects of the theory discussed
above, and Serge Fehr, Yi-Kai Liu, Vern Paulsen, Angela
Robinson, Jonathan Rosenberg, Yaoyun Shi, Sheryl Tay-
lor, and Feihu Xu for helpful input on this article.

References
[ACG+16] Dorit Aharonov, André Chailloux, Maor Ganz,
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Mathematicians Navigating 
Parenthood: Lessons 
Learned, Methodologies, 
and Useful Solutions That 
Were Beneficial During the 
COVID-19 Pandemic

Katharine Gurski, Angela Peace,  
Olivia Prosper, Tracy Stepien,  
and Miranda Teboh-Ewungkem 

Navigating a career as a mathematician in academia, in-
dustry, or a national lab was challenging for many families 
with children before the COVID-19 pandemic. Then, the 
pandemic hit and the situation was exacerbated. Parents 
and parents-to-be were tested and challenged in ways unan-
ticipated, with time for parental duties clashing with time 
for research, teaching, and service, leaving those wishing to 
be parents contemplating the feasibility of this balancing 
act of parenthood and work-life in a COVID-19 era and 
beyond. Many members in our mathematics community 
experienced these challenges first hand and persevered. Les-
sons were learned and different methodologies employed 
as many reimagined what work-life and home-life balance 
looked like. These lessons and methodologies can be useful 
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in our future endeavors as parent-educators and researchers, 
and if shared can benefit others who are in parenthood or 
on the path to parenthood, as they seek to create a better 
harmony between work and home life. Thus, this article 
explores and showcases some of the discussions that ensued 
during a 2022 Joint Mathematics Meeting (JMM) Profes-
sional Development Workshop Mathematicians Navigating 
Parenthood organized by the authors. The article collects key 
discussion points and lessons learned, putting together use-
ful solutions and resources, as well as unresolved questions. 
We report on strategies to help parents and parents-to-be 
succeed as well as present proposals on what departments 
could implement based on their individual policies to 
provide a welcoming environment to colleagues with, or 
expecting, children.

The Workshop
The workshop, held virtually on April 8, 2022, was attended 
by a diverse group of mathematicians of different races, 
gender, career levels including graduate students, and stages 
of parenthood, from “not there yet” to “I’m a veteran.” We 
additionally had participants who joined the workshop 
session from international locations with most participants 
in academia and others in industry.

The panel session was facilitated by our panelists: Anne 
Fernando, Professor and Chair of the Mathematics De-
partment, Norfolk State University; Hayriye Gulbudak, 
Assistant Professor in the Department of Mathematics, 
University of Louisiana at Lafayette; Carrie Manore, 
Deputy Group Leader in the Theoretical Biology and 
Biophysics Group, Los Alamos National Laboratory; and 

Shelby Stanhope, Associate Professor in the Department 
of Mathematics, United States Air Force Academy; who 
represented mathematicians working in academic and 
laboratory environments.

The workshop began with ice breakers managed with the 
use of Slido (https://app.sli.do/). This served as an 
opener to the discussions to follow. The responses received 
for our first question are illustrated in Figure 1.

Following the ice breakers and an initial set of demo-
graphic questions about the participants to find out their 
career levels and parenthood stages, the focus moved to 
the panelists; the moderator posed a number of questions 
allowing the panelists to introduce themselves and share 
their experiences and wisdom as mathematicians navigat-
ing parenthood.

The panel questions served as a segue to group dis-
cussions, where participants talked in breakout sessions 
and were invited to share their thoughts anonymously 
using Google Jamboard sticky notes (https://jamboard 
.google.com/), such as the sample of responses illustrated 
in Figure 2.

Motivated by the wealth of advice that the panelists 
and workshop participants shared, we boiled down the 
ideas into manageable, actionable items that parents and 
parents-to-be can do now as individuals and we propose 
recommendations to departments and conference orga-
nizers. We note that since the majority of the workshop 
participants were faculty at academic institutions, the 
items discussed below are predominantly framed within 
the academic setting.

Things You Can Do Now as an Individual
During the workshop, we sought to collectively brainstorm 
ideas that individuals could use “out of the box” as mathe-
maticians navigating parenthood. Here we summarize tips 
from our panel discussion and breakout sessions.

Figure 1. Answers received from participants when asked 
the question “In one word (phrase), how would you describe 
your experience juggling career and home life?” Word cloud 
recreated with Python module wordcloud [Mue18].

Figure 2. A subset of suggestions we received when we asked, 
“It’s your first semester back from leave: what are strategies to 
stay productive this semester?”

https://jamboard.google.com/
https://jamboard.google.com/
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Calendaring
Whether you choose to use a physical planner or virtual 
calendar, using these tools effectively is a critical step in 
setting yourself up for success. Depending on the stage of 
parenthood you are in, for example whether you have a 
newborn at home or you are back in the office with your 
child(ren) in childcare or school, you will need varying 
degrees of flexibility built into your calendaring system. 
In particular, during the infant stage, give yourself a lot of 
grace and set realistic expectations. No two babies are alike, 
for birthing parents no two postpartum periods are alike, 
and as a result no two parents will have the same ability 
to be productive during this physically demanding stage 
of parenthood.

A successful calendar will include both work and 
home-life activities, and will include realistic amounts of 
time for travel between these various activities. This can 
help you limit working hours and prevent yourself from 
over-committing. For those working hours, you can now 
create a to-do list with deadlines and allocate those to-dos 
to blocks of time in your calendar accordingly. Don’t for-
get to reserve time for lunch and pumping/breastfeeding 
if you are a lactating mother and set your public calendars 
to unavailable during pumping time. Scheduling all of your 
to-dos has many benefits, including (1) protecting your 
time and helping you to say “no” to things when the time 
isn’t available (if it’s something you really want to do, then 
something else from the calendar has to go), (2) forces you 
to focus on getting tasks done rather than perfected, and (3) 
reduces the overwhelming feeling of an extensive to-do list.

Planning
Warning: We note that the topic of planning when to have a 
family is a highly sensitive one and that there is content in this 
section that may be triggering for some readers.

As highly driven and detail-oriented people, it is tempt-
ing for mathematicians to want to plan everything out, and 
as a result, a common question that graduate students and 
early career individuals have is: When is the right time to start 
a family? This is a difficult question that does not have one 
right answer. Thus, you may have heard an array of advice 
on this matter: the best time is when you are tenured, dur-
ing graduate school, or once you have “established” your-
self as an X, Y, Z. The truth is that the road to parenthood 
does not always go as planned. We don’t have much, or any, 
control over our fertility, pregnancy loss, or the adoption 
process, and not everyone doling advice has the experience 
to keep these factors in mind. So, the short answer is that 
there is no wrong time. Instead, we believe that the focus 
should be on what we can do to make it work whenever 
we do grow our families. One workshop participant said it 
perfectly, “You can start parenthood in your less-than-ideal 
circumstances and it will be okay.”

One tactic is to look ahead at major milestones that 
you would like to achieve in your career and along what 

timeline. From there, you can create your ideal scenario 
for when you want to introduce new humans to your crew. 
The challenging next step is to ask yourself: What if things 
don’t go according to plan, am I willing to pursue my ideal plan 
even if it doesn’t work out, or would I prefer to relax my ideal 
scenario as a contingency? If you choose the latter, the next 
task is to think about what support system you can establish 
if the timing of a new arrival is incongruent with career 
expectations. Many mathematicians often do not have 
family members nearby, but there are other ways to create 
a support structure and to organize your workload leading 
up to the arrival of a new child to change an inconvenient 
situation into a manageable one.

Time Management
The “right” work-life balance will be different for every 
individual, but it is important to think about what will 
work best so that you are satisfied with your work and per-
sonal life. Be proactive in the time limits that you set—for 
both raising children and doing research: it is the quality 
of time and not the quantity that is most important. That 
said, there are some concrete ways to carve out more time 
for the things most important to you.

Before a new arrival to your family, consider whether 
you can pare down projects to those you’re most passionate 
about, or push one of them to a stage that doesn’t require 
as much brain-power; for some, this might be the writing 
stage, for others, this may be creating figures —something 
that you can more easily do when you’re a sleep-deprived 
parent but still want to make some progress. Take detailed 
notes on where you left off with a project to make the 
transition back to work easier. If you work on collaborative 
projects, remember that even just talking about research 
ideas is productive and you can always contribute more 
after you are back to work full-time.

If you already have children, consider freeing time to do 
more of what you love by making room in your budget to 
hire someone for the household work that you don’t love. 
This could look like a biweekly cleaning service or someone 
to take care of the after-dinner cleanup and lunch-making a 
couple nights a week. If this isn’t a financially viable option, 
look to your community, whether it’s family, friends, or 
church members, to give a helping hand from time-to-time. 
If you know other parents, you can offer to trade babysitting 
duties, for example.

Perhaps most importantly, remember to be flexible and 
allow yourself to tweak your strategies as life changes and 
as you learn what works for your family and what doesn’t. 
Seek out a community of other parents, whether through 
local parents’ groups or talking with colleagues, and har-
ness the wisdom of those that have been through it before.

Proposed Recommendations to Departments
The workshop generated many actionable items that de-
partment heads, working in conjunction with expectant 
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and current parents, could champion, encourage, and/or 
implement, in line with their current departmental policies. 
These changes, implemented with departmental members 
informed and onboard, could be impactful and yield large 
beneficial outcomes to both the department as a whole and 
on an individual level.

Colloquium and Departmental Meeting Times
A change that could greatly improve faculty and student 
participation is to move weekly-repeating colloquiums 
and seminars away from 4–6 pm to avoid childcare pickup 
deadlines. Keep department meetings strictly within the 
pre-planned time and do not allow them to go late. Utili-
zation of Zoom options could be an alternative way out, 
especially when the proper boundaries have been put 
in place when dealing with topics and voting issues on 
sensitive issues and tenure decisions. If social events are 
scheduled, be mindful of whether the time and/or location 
may exclude parents. If so, consider changing the venue or 
date or have multiple events to build community within 
the department.

Clear and Accessible Parental Leave and 
Accommodation Baseline Policy
Our panelists and workshop participants discussed many 
ways that their department heads made accommodations 
for their teaching responsibilities while on parental leave. 
Since the overall strategy was to work on a case-by-case 
basis, we recommend that a standard baseline parental/
sick leave policy is onboarded in the faculty and graduate 
student handbooks, so that everyone is informed and less 
time is spent reinventing the wheel. Initiating discussions 
and writing down expectations (in relation to teaching, 
service, and research), even if some details remain vague, 
will allow for more consistent accommodations among 
department members as well as more understanding of 
expected faculty and student contributions while they are 
on leave. This baseline policy should also guide parents in 
balancing older childcare and work expectations, as parents 
remain parents in a hands-on capacity from newborns 
through college-age kids. Teenagers come with their own 
physical and mental health challenges, especially exacer-
bated by the COVID-19 pandemic. While we recommend 
a clear baseline policy, individual parental duty scenarios 
will differ and so some flexibility allowance should be built 
into the baseline policy.

Example Baseline Policies: Some larger research institu-
tions implement policies at the college level, including 
“Modified Duties” in which any expectant parent (mother 
or father and through birth or adoption) may take a one-se-
mester course release within one year of the arrival of the 
child and “Course Banking” to free-up teaching respon-
sibilities in a later semester. These policies often require 
a written statement to the college of what you expect to 
accomplish during the reduced teaching semester with 

regards to research and service. This is where a department 
head can play an important role in outlining realistic ex-
pectations. These statements should not over-commit the 
expectant parent and include contingencies for unantici-
pated events: pregnancy complications, difficult recoveries, 
postpartum depression, etc.

Service Expectations
Department heads should be open to requests for more 
flexible service responsibilities. Serving on a committee 
that meets weekly and has tight deadlines may not be a 
realistic commitment for parents in particular stages of 
parenthood, but they may still be able to contribute to the 
service mission with tasks that can be completed on the 
individual’s schedule.

Proposed Recommendations to Conference 
Organizers
The COVID-19 pandemic upended how we previously 
attended conferences, but one promising side effect is that 
virtual or hybrid conferences can allow for increased par-
ticipation from individuals for whom it may be difficult 
to travel. For example, healthcare providers recommend 
that pregnant persons in their third trimester do not travel 
far from home, so pre-COVID-19, invitations to speak at 
distant conferences needed to be declined. Likewise, trav-
eling during the postpartum stage or with a newborn is 
often unrealistic, and even with teenagers, traveling may 
be challenging if the child cannot be left home alone and 
childcare/babysitting options are limited. However, by 
giving the opportunity to speak remotely, conference or-
ganizers can be more inclusive and increase participation 
of their research community members.

For in-person portions of conferences, we suggest 
adopting child care policies such as those outlined in the 
recent article [Cal18] or the Canadian Mathematical Soci-
ety’s Meetings Child Care Policy (https://cms.math.ca 
/about-the-cms/governance/standing-policies/).

We recommend that positive actions in relation to parental 
leave accommodations be a specific actionable training/discus-
sion item at each AMS Department Chairs Workshop during 
the annual Joint Mathematics Meetings.

Parting Thoughts
The workshop participants had the following advice for 
parents and parents-to-be on how to approach accommo-
dations and make changes to policy in your own depart-
ments: (1) Most chairs aren’t trained in these situations. 
Work with them. (2) Learn what the culture is with the 
chair, dean, and the provost. (3) Try to understand where 
the administrator is coming from, so that you can better 
frame your requests. Communicate clearly and as early 
as possible the situation at hand. (4) Bring a reasonable 
workable solution that you have thought through and 
that is in line with departmental and university policies to 

https://cms.math.ca/about-the-cms/governance/standing-policies/
https://cms.math.ca/about-the-cms/governance/standing-policies/
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your department head and administration; they may be 
more willing to listen. Have an idea of how you want the 
problem answered. (5) Don’t assume you know what the 
answer will be if you ask for an accommodation. Allow the 
process to go through. Your request may be granted. (6) Be 
a champion for change by bringing up possible solutions 
to your Faculty Senate.

Parenthood is an ever-evolving beautiful and challeng-
ing part of life for many people in the mathematics work-
force. The measures described above at the individual and 
administrative levels will ultimately help to create happier 
and healthier employees who can make more fruitful 
contributions to their fields. While there is a lot we can 
do to help ourselves as individuals, the greatest progress 
will be seen when we can shift policies towards creating a 
supportive environment that all employees can thrive in.

Additional Resources
During our discussions, participants shared various com-
munities and program opportunities that parents may 
find useful:

The National Science Foundation’s Career-Life Bal-
ance Initiative (https://www.nsf.gov/career-life 
-balance/) includes the opportunity to obtain supple-
mental funding for NSF grants to support research during 
PI and postdoctoral fellows’ parental leave.

There are established online communities for par-
ents in mathematics such as the Math Mamas Face-
book Group (https://www.facebook.com/groups 
/1689500051325804/), members of which also edited 
the Math Mamas AMS Blog (https://blogs.ams.org 
/mathmamas/, retired in 2021 but the blog posts are still 
available). A Slack community New PI Slack (https://
newpislack.wordpress.com) was created in 2016 for 
pre-tenure Assistant Professors to “help tackle common 
challenges” and includes a channel for parenting. Mothers 
in Science (https://www.mothersinscience.com) is 
an international nonprofit organization that is working 
toward work-place equity and inclusion of parents and 
caregivers in science, technology, engineering, mathematics, 
and medicine.
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емкость is Great (Or: What 
I Learned at the Writing 
Scientists Workshop)

Jordan Ellenberg

This semester I did something I’ve been meaning to do for 
a long time: I ran a writers’ workshop, modeled after the 
many many fiction workshops I attended in college and at 
the Writing Seminars. But this one wasn’t about crafting 
a short story that exquisitely limned the emotional land-
scape of people almost exactly like me and my friends; it 
was for early-career scientists, and it was aimed at writing 
the 1000-word general-audience science article, the kind of 
thing I’ve mostly been writing since I gave up prose fiction 
a couple of decades ago.

And it worked! Not thanks to me so much as to the 
committed, insightful, extremely-willing-to-think-hard-
about-craft group of eight students I had working with me, 
on Zoom, from around the US and in a couple of cases 
elsewhere.

Why did I want to do this? Because over the years a lot 
of young scientists have asked me how they can get into 
science writing and how they can combine it with a career 
in research. And the answer is not so much “here’s an edi-
tor you can contact” or “here’s what goes in a pitch letter,” 
it’s “learn to choose good words and write good sentences 
in much the same way fiction writers do,” or, even more 
specifically, “learn how to do that in the context of a very 
particular kind of 1,000-word chunk of prose.” And that’s 
what we worked on.

I will probably do this again. It was really fun. And my 
real hope is that, just as Math Circles went from being a 
thing a few devoted Russian expats did in Cambridge and 
Oakland to something that every self-respecting math 
department runs, there will be Writing Scientists Work-
shops that don’t involve me at all, where groups of grad 
students and postdocs get together and read each others’ 
work seriously and reflectively and train themselves to be 
outward-facing scientists.

With that in mind, I wrote a pretty thorough account 
of how I ran the workshop, what we did, what things 
might usefully be changed, and what we spent our time 
talking about, here: https://quomodocumque.files 
.wordpress.com/2022/06/wsw-post-workshop 
-summary-2022.pdf.

I got a lot of useful feedback from the participants, 
but maybe my favorite was the student who sent back a 

bullet-point list of all the advice about writing I’d given, 
filtered through her paraphrase. She’s a Russophone, and 
one of the bullet points was “емкость is great.” What is 
емкость? I’ve been asking all my Russian friends. It seems 
to mean something like “putting a lot of meaning into a 
few words.” That is, indeed, what the WSW is going for, 
and it is, indeed, great.

Credits
Photo of Jordan Ellenberg is courtesy of Mats Rudels.

Math is Just the Beginning

Mobashira Farooqi

I am writing to you not as a mathematician. Rather as 
the National Expansion Manager for the Math Corps, a 
program that is all about “loving and believing in kids.” 
Yes, we have the word “Math” in our title, and we do teach 
mathematics, but we are more interested in helping kids 
realize their greatness. If our kids grow up to be mathema-
ticians, which they occasionally do, we cheer in excitement. 
If our kids also grow up to be lawyers, artists, engineers, 
or social workers, we are equally proud, and again cheer 
in excitement.

The program is about cultivating kids in an environment 
that is caring, supportive, and safe, and instilling in them 
the values we think are important in life. Our focus includes 
helping kids develop their own courage—the courage to 
be themselves, the courage to do the right things, and the 
courage to face their fears. We teach our kids that the road to 
greatness passes through constant failure—and that failure 
is a natural and essential part of success. We cherish each 
child that comes through our program as unique, beautiful, 
and irreplaceable—celebrating individuality and always 
encouraging them to be themselves.

I was first introduced to this program and its unique 
culture in 2005 as a shy, but curious rising 7th grader. Grow-
ing up in Detroit, I attended schools where the majority of  
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students couldn’t read well, where we walked through 
metal detectors every morning, and where many kids had 
their only meals of the day in the cafeteria. I expected 
my first day at Math Corps to be similar to the school 
environment I was used to, and things couldn’t have been 
more different. Math Corps camps are held on college 
campuses, and the first day I attended the camp was my 
first time ever being on a college campus. I was greeted at 
the door by a staff member and found myself sitting alone 
in the breakfast room before an older student came up to 
me and invited me to play a game of chess with him. That 
was the beginning of a great summer for me, the first of six 
consecutive summers I spent with the program.

At Math Corps, the average student comes in with a pre-
test score of around 30% on an exam that every student 
is required to take, which covers grade-level-appropriate 
content, and after six weeks of camp, leaves with a score of 
about 95% on the post-test. I was no different and entered 
the program with similar pre-test results. Nevertheless, my 
scores did not improve for three years since I did not have 
a math teacher in both 8th and 9th grades. Due to district 
budget cuts, when the teachers went on maternity leave 
in September, they were not replaced the whole school 
year; instead students were sent either to sit in the gym 
on the bleachers or to the library during that class period. 
Despite this hurdle and having only six weeks to learn a 
year’s worth of math content, I tested into one of the city’s 
only two magnet high schools and ended up in the highest 
math class the high school offered, passing my AP BC Calc 
exam, and scoring a 32 out of 36 on the math portion of the 
ACT. The math I learned at Math Corps over six summers 
was helpful in the process, especially in the initial years. 
However, it was the value of hard work they instilled in 
me, the constant encouragement I got from them, and the 
unceasing belief they had that I could achieve something 
great, that really pushed me to work hard throughout the 
high school.

When I went to University of Michigan–Ann Arbor for 
college, I decided to part ways with Math Corps to see if I 
could strike out on my own. As a first-generation student, 
and visible minority, I had my fair share of challenges to 
overcome. Yet I was confident that if I continued working 
hard and carrying the values Math Corps emphasized, I 
would be just fine. 

Overall, my college years went very smoothly. I learned 
a lot of new things, made new friends, tried out lots of 
different things. In addition, I had a couple of jobs, and 
graduated in four years with a bachelor’s degree in environ-
mental science. In those four years, I only have one regret, 
but it taught me one of the biggest lessons that I carry with 
me to this day.

During first-year orientation, there was an opportunity 
to speak with a math professor advising potential majors. 
Having always enjoyed mathematics and entering college 
undecided as to what major I would pursue; I eagerly went 

to speak to him. After a short conversation, he learned that 
I grew up and went to school in Detroit. Then he told me 
very clearly that he thought I would struggle in my math 
classes, and hence, advised me to pursue less rigorous 
coursework. Unfortunately, that conversation convinced 
me not to study mathematics. But it also taught me the 
inherent power of encouragement and good mentoring, 
which the math faculty member failed to provide. In addi-
tion, I realized how much a person can achieve if they have 
access to good mentorship, something I found during my 
time at Math Corps.

Ten years after graduating from Math Corps, I returned 
to my old Math Corps family to work there to help the 
program grow and reach communities across the country. 
Having worked for various other youth-centric programs in 
the interim, I realized that there really is no other program 
that puts kids first the way Math Corps does. Every decision 
made in the program is a result of asking the question, 
“What does loving and believing in kids look like in this 
situation?” 

Another fundamental question we ask is “If you love 
and believe in your kids, what does that look like in terms 
of a homework policy?” It does not mean that you avoid 
giving your kids homework; instead it means you give them 
homework every night. If you love and believe in your kids, 
what does that look like in terms of the breakfast you serve 
the kids every morning? It means you serve them food that 
kids will want to eat, but that’s also nutritious. That means 
bagels and granola bars with fruit, not pop tarts.

This year is Math Corps’ 30-year anniversary in Detroit, 
and in this timespan, we have had over 3,000+ alumni 
graduate high school and go on to lead fulfilling lives while 
accomplishing incredible things. We have been recognized 
by the National Summer Learning Association as one of the 
best programs in the country and have received countless 
accolades from the National Science Foundation, the US 
Department of Education, and many more groups. We cur-
rently work for underserved students in Philadelphia (PA), 
Detroit, Dearborn, Pontiac, Ypsilanti (MI), Atlanta (GA), 
Cleveland, and Toledo (OH), with several more camps 
opening next year on college campuses around the country. 
As we look into the future, we hope to find that kids all 
over the country and the world are in loving and caring 
environments, where they are valued for their individuality, 
encouraged to dream big, treated with kindness, and where 
humor is seen as essential to every child’s well-being. And 
that is the long-term goal Math Corps works toward.

After reading this whole article, if there are any take-
aways, I hope it is this: our endeavor with Math Corps 
demonstrates that all of our kids are capable of learning 
when they are in the right environment. It shows that they 
can master a lot of math in a very short amount of time. We 
address issues our kids face and collectively work towards 
helping our kids to overcome all these barriers by giving 
them a happy and healthy platform to flourish.
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and resources to support graduate students with special 
emphasis on supporting first-year students. When we have 
discussed these activities and resources at workshops and 
conferences, we have been surprised by the level of interest 
from other departments in some of these programs. So, 
our goal for this article is to share the structure and design 
of these programs along with several challenges we face 
in our mission to support graduate students. This article 
is intended as inspiration rather than prescription, since 
every department will have different needs and resources.

We have focused on the following three areas: (i) aca-
demic support, (ii) training and professional development 
in teaching, and (iii) social-emotional well-being. A critical 
ingredient for this work has been collaboration among 
faculty and graduate students. Without this collaborative 
spirit, this work would not have been possible! For any-
one wanting to improve support for graduate students, 
we recommend working with a team (each of our efforts 
started with a small, focused team). Also, our efforts fall 
within a larger context of university-wide initiatives from 
the Graduate School, Counseling Center, the Center for 
Support and Intervention, the Violence Intervention and 
Prevention Center, the Center for Graduate and Profes-
sional Diversity Initiatives, and others. It is important to 
seek out and connect with existing resources at your uni-
versity. For professional development in teaching, it also 
helped to collaborate with faculty at other institutions. We 
sent teams to two of the MAA CoMInDS workshops on 
College Teaching, and found the community, discussion, 
and resources there very helpful.

Another recommendation arising from our work is to 
formally involve graduate students in providing input on 
decision-making processes for the department. The Math 
Graduate Student Council (GSC) is the student organiza-
tion officially recognized by the UK Math Rules of Proce-
dure1 as representing the graduate students. Our Rules of 
Procedure require that the GSC provide a statement of views 
for all promotion and tenure cases, that input from the 
GSC will be solicited regarding matters of academic policy 
related to graduate students, and that a representative of 
the GSC will be invited to faculty meetings. These practices 
are incredibly important for the health of our department.

Also, it can be helpful to seek external funding to initiate 
programs; from 2014–2021, UK Math had an NSF S-STEM 
award2 to support our “Graduate Scholars in Mathematics” 
program. Several of the activities and projects described in 
this article started through this grant and have subsequently 
been incorporated into our regular graduate program 
structure.

1http://www.ms.uky.edu/~chair/DeptDocs/rules-191008.pdf
2DUE-1356253

At Math Corps, math is just the beginning. It is the 
foundation of our camp family, and the building blocks 
of what we do. But we also nurture kindness, integrity, and 
courage because we believe that perseverance is greater than 
perfection. We ask nothing less of middle and high school 
kids than to change the world. And while it may seem lofty, 
we know their inner resilience. Hence, we show them love 
in every way, every day. Because love is exponential. Love 
grows up and comes back to give love again. Love sets an 
example and knows that to be it, you have to see it. With 
love, care, and support, every kid can find their inner great-
ness, they just need someone to believe in them. At Math 
Corps, we believe in them, and you should believe in all 
the kids, students, and people in your life too.

Credits
Photo of Mobashira Farooqi is courtesy of Mobashira Faroo-

qi.

Supporting First-Year 
Mathematics Graduate 
Students

Benjamin Braun, Uwe Nagel,  
and erica Whitaker
Introduction
Graduate school is a challenging time, and the first year is 
particularly difficult for many students. Over the past six 
years, faculty and graduate students in the University of 
Kentucky Mathematics Department (UK Math) have collab-
orated to develop, implement, and interconnect activities 
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Early Orientation
What are the first things that we want graduate students 
to have the opportunity to experience when they arrive 
in our department? We believe this should be more than 
just passively listening to general orientation information 
about policies and procedures. Instead, we want students to 
(1) meet other new graduate students in our program, (2) 
practice and receive informal feedback about mathemati-
cal collaboration skills, (3) learn productive and effective 
ways to define and self-assess “success” in grad school, (4) 
develop useful language for discussing struggles and fail-
ures, (5) practice and receive feedback about independently 
reading mathematics, (6) learn about good places to work 
on campus, and (7) review fundamental ideas in linear 
algebra. To make this happen, we have developed an Early 
Orientation3 program for new students. This is an optional 
three-day program consisting of six three-hour sessions that 
occurs a few days before the university-wide TA orientation. 
Most of our new graduate students participate. 

In the first session of the Early Orientation, students 
discuss these seven goals and get to know each other 
through icebreaker activities. The remaining five sessions 
are dedicated to coached collaborative readings of one or 
two articles from the American Mathematical Monthly, fo-
cused on topics from linear algebra. Students are assigned 
to different groups for each session and work together to 
read and make sense of the articles. Productive collabora-
tion strategies are introduced and as students work, they 
are provided with feedback on how they are collaborating 
and on ways to make their collaboration more effective. 
Students are also led through moderated group discussions 
where they discuss the emotional challenge of doing dif-
ficult mathematical work, and of managing the common 
feeling that you are failing when others around you are 
succeeding. By normalizing and making open for discus-
sion ordinary emotional responses to the stress of graduate 
school, we hope to accomplish two goals. First, we hope 
to reduce anxiety, depression, and other mental health 
challenges commonly experienced by graduate students4 by 
encouraging students to talk with others about challenges 
they are facing. Second, we want students to view campus 
resources such as the UK Counseling Center and the UK 
Center for Support and Intervention as useful resources that 
are valued by our department community.

Another component of the Early Orientation is a strong 
emphasis on developing metacognitive skills, asking 
questions such as: “Where am I in this? What am I doing? 
Why? What standards am I holding myself to, and are 
they realistic/reasonable?” There is an explicit emphasis 

3https://math.as.uky.edu/sites/default/files/early%20 
orientation%20schedule%202021.pdf
4E. N. Satinsky, T. Kimura, M. V. Kiang, et al., Systematic review and 
meta-analysis of depression, anxiety, and suicidal ideation among 
PhD students, Sci Rep 11, 14370 (2021), https://doi.org/10.1038 
/s41598-021-93687-7.

on engagement and persistence, rather than achievement. 
For many students and faculty, our broader culture has 
trained us to view normal progress toward deep learning 
as repeated failures, and the Early Orientation is an op-
portunity to subvert this message before classes begin. We 
emphasize to students that it is important to define success 
as a measure of yourself against yourself, not against other 
people, and ask students to reflect on and discuss their 
personal goalposts for success in the coming semester. By 
working with students to help them develop clear personal 
expectations, they can begin their coursework with more 
confidence about their approach, and with an established, 
supportive peer group.

The Early Orientation requires one faculty volunteer to 
run the program. When funding has been available, the 
department has also paid one or more senior graduate 
students to serve as assistants for the sessions. As we will 
discuss at the end of this article, we believe it is important 
to pay graduate students for their work, and to avoid relying 
on unpaid graduate student labor (though living up to this 
aspiration can be challenging, for a variety of reasons).

After the Early Orientation, all new graduate students 
participate in a university-wide orientation and a UK Math 
Orientation. At the university-wide orientation, organized 
by the UK Graduate School, students receive general infor-
mation about UK and participate in a two-day “Microteach-
ing” experience. The goal of the Microteaching program is 
for all new TAs at UK to receive training and practice on how 
to effectively give presentations to students. The UK Math 
Orientation is a general introduction to the department that 
includes faculty presentations about our research groups, 
several Q&A with current graduate students about different 
aspects of the graduate student experience, an introduction 
to TA expectations, and academic advising meetings.

Bridge Courses and Prelim Coaching
It is important that graduate programs “meet students where 
they are at” in their mathematical development. There are 
many ways to do this, for example bridge courses and peer 
coaching.

Our graduate program admits students with a wide range 
of academic backgrounds. Most of our incoming graduate 
students start by taking Principles of Analysis, Modern Alge-
bra 1, and Linear Algebra. The role of Principles of Analysis 
and Linear Algebra is to be a bridge between the typical un-
dergraduate experience of our students and the expectations 
of our graduate courses. It is understood by faculty that these 
courses should help students develop their proof-writing 
and mathematical reading skills, in addition to learning 
mathematical content. Rather than expecting students to 
have knowledge and skills that we know they typically have 
not developed, this transition to graduate study is built 
into our course structure. Students who enter our program 
with significant amounts of advanced coursework have the 
option to move directly into more advanced courses.

https://math.as.uky.edu/sites/default/files/early%20orientation%20schedule%202021.pdf
https://math.as.uky.edu/sites/default/files/early%20orientation%20schedule%202021.pdf
https://doi.org/10.1038/s41598-021-93687-7
https://doi.org/10.1038/s41598-021-93687-7
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department leadership, even when the students prefer that 
their comments be anonymously relayed through the FYS 
leader. In addition to this feedback loop, the FYS leader is 
also able to provide some context and reassurance when 
new graduate students are having a lot of anxiety about 
their work.

Peer Mentoring and Student Organizations
Another channel in the feedback loop between first-year 
students and department leadership is a peer-mentoring 
program organized by the GSC that pairs each first-year 
graduate student with an experienced graduate student. 
The peer mentoring program originated as part of the Grad-
uate Scholars in Mathematics program and was initially 
organized by faculty; at the request of the GSC officers, 
organization of the peer-mentoring program was moved 
to the GSC. The GSC officers send a survey to all the new 
graduate students asking about their interests; an interest 
form is also sent to the current graduate students to identify 
potential mentors. Peer mentors are expected to meet with 
their mentees every week or two to check in and see how 
things are going.

One of the strengths of the GSC peer mentoring program 
is that, like the First-Year Seminar leader, peer mentors can 
help bring issues to the attention of the GSC officers, who 
are then able to bring those to the attention of the DGS, 
while providing anonymity when desired. It is also common 
for first-year students to seek out faculty support based on 
the recommendation of their peer mentors when faculty 
assistance is needed, or to seek out services at the UK Coun-
seling Center. As faculty, we are continually impressed by 
the ways in which our graduate students support each other.

In addition to the GSC, our department has student 
chapters of the Association for Women in Mathematics, 
Spectra, and the Society for Industrial and Applied Mathe-
matics. There is a university-wide chapter of SACNAS that 
was co-founded by a UK Math graduate student. Faculty 
and graduate students participate in an interdisciplinary 
working group on Ethics, Equity, Inclusion, and Justice in 
the Mathematical Sciences. The GSC organizes a weekly 
colloquium run by graduate students for graduate students, 
and both GSC and AWM host weekly department teas. Every 
spring, faculty in the department organize an Alumni Day 
at which doctoral alumni from the department return to 
talk about their careers and share advice on how to prepare 
for jobs in academia, business, industry, and government. 
Through this range of opportunities, we hope that new 
graduate students can find a supportive niche where they 
feel welcome and included.

Professional Development for Teaching
The majority of graduate students who choose to attend UK 
are interested in a career where teaching plays a central role. 
UK Math historically had two primary sources of training 
for new TAs, both of which are included in our current 

Graduate students in UK Math are required to pass three 
written “prelim” exams from a list of six areas; each of these 
exams is based on one of our course sequences. To provide 
extra support and guidance to students as they prepare for 
their prelims, the math department pays senior graduate 
students to lead coaching sessions for the prelim exam areas 
that are in highest demand. The funding for this program 
was originally provided by our Graduate Scholars in Math-
ematics grant and is currently funded by the Dr. J.C. Eaves 
Supplemental Support Fund, supported primarily by Jim 
and Mary Eaves. Each prelim coaching session consists of 
four study sessions in the weeks prior to the examinations. 
Each of our prelim coaches creates a set of practice problems 
for students to work on and provides guidance and advice 
about problem solving and study strategies.

First-Year Seminar
While the Early Orientation, Orientation, and Bridge 
Courses provide graduate students with opportunities to 
interact with and obtain support from faculty, the reality is 
that many new graduate students are either intimidated by 
faculty or (understandably) concerned about how faculty 
perceive them. Thus, for a new graduate student who is 
struggling with basic proof strategies, or who is having dif-
ficulty making sense of their textbook, it is helpful to have 
an alternative resource. We believe every graduate program 
should have structures in place to help address this chal-
lenge; one of our responses is our First-Year Seminar (FYS).

The FYS is an optional-but-strongly-recommended semi-
nar for first year students. This seminar is not for credit and 
it is led by a senior graduate student who serves as the FYS 
leader, which counts as half of their TA load. The seminar 
meets once per week and follows a syllabus5 that has been 
co-developed by the FYS leaders and faculty since 2018. The 
specific topics for the FYS include self-explanation training6, 
strategies for exploring definitions, strategies for developing 
holistic understanding of proofs7, collaboration strategies, 
good question-asking skills, self-reflecting on growth, fixing 
errors in proofs, and various forms of proof by induction. 
These topics have been identified by students and faculty as 
important but likely to be left unaddressed by our curricu-
lum, either because they have not been explicitly taught or 
because they benefit from revisiting to be fully understood.

The FYS leader is supervised by the Director of Graduate 
Studies and is in communication with the instructors for 
the bridge courses to find out which additional topics or 
issues might need to be addressed. The FYS leader pro-
vides an additional feedback loop into our system that 
allows graduate students to have their concerns relayed to  

5https://math.as.uky.edu/sites/default/files/First_Year 
_Seminar_Syllabus_2020.pdf
6https://www.lboro.ac.uk/departments/mec/research 
/mathematical-cognition/self-ex-training/
7http://digitaleditions.walsworthprintgroup.com 
/publication/?i=298634&page=1&p=33

https://www.lboro.ac.uk/departments/mec/research/mathematical-cognition/self-ex-training/
https://www.lboro.ac.uk/departments/mec/research/mathematical-cognition/self-ex-training/
http://digitaleditions.walsworthprintgroup.com/publication/?i298634&page=1&p=33
http://digitaleditions.walsworthprintgroup.com/publication/?i298634&page=1&p=33
https://math.as.uky.edu/sites/default/files/First_Year_Seminar_Syllabus_2020.pdf
https://math.as.uky.edu/sites/default/files/First_Year_Seminar_Syllabus_2020.pdf
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men. As a result of this, some of our students of color, 
international students, and women have not felt fully 
included and heard in our community. Further, as is the 
case with almost every university, minoritized students 
have experienced microaggressions and/or acts of dis-
crimination from people in the department and in the 
greater university and civic community. It is critical that 
we continue to work to improve this situation.

3. Communicating expectations to students while re-
moving barriers to success: One challenge for graduate 
programs is to simultaneously (A) communicate to 
students that graduate school is extremely difficult and 
(B) remove all unnecessary difficulties for students. In 
other words, we want the challenges and difficulties 
that students face to be related to learning mathematics 
deeply, rather than about navigating complicated bu-
reaucracies, or finding mentors they can trust, or having 
uneven levels of clarity regarding different expectations, 
etc. Clearly distinguishing between these and gaining 
faculty consensus for changes to our program remains 
a challenge.

4. Funding: We want to be able to compensate graduate 
students for their contributions to the department 
whenever possible. Typically, these efforts are hindered 
by a lack of funding sources and by bureaucratic bar-
riers. Given the impact of the covid-19 pandemic on 
university budgets and enrollments, it is not clear what 
the future will bring.

Credits
Photo of Benjamin Braun is courtesy 
of Benjamin Braun.
Photo of Uwe Nagel is courtesy of the 
University of Kentucky.
Photo of erica Whitaker is courtesy of 
erica Whitaker.

training structure: a two-day “Microteaching” experience 
provided through the Graduate School orientation and 
a 1-credit hour course titled “MA 601: Teaching College 
Mathematics,” taught annually by a faculty member in UK 
Math. Various additional aspects of TA development in the 
department were addressed through other means. In an ef-
fort to unify these activities and make them more coherent, 
in Spring 2018 a group of faculty gathered to establish our 
department’s TA Professional Development. This has been 
good for our department, and we recommend that every 
department develop a written plan for TA training.

Our TA Plan identifies four general areas of focus for TA 
training and professional development: classroom practices, 
assessment practices, tutoring practices, and course design 
practices. For first-year TA training, the TA Plan assigns 
responsibilities to faculty in four components. First, there 
are two presentations and Q&A by faculty at the new grad-
uate student orientation. Second, at the beginning of the 
semester there is a meeting for all UK Math TAs to review 
policies and resources such as FERPA, academic honesty, tu-
toring centers, a reporting chart in case of problems, and the 
department expectations for TAs. Third, at beginning-of-se-
mester meetings with each course teaching team, the course 
coordinators lead TAs through practices for managing group 
work, expectations for course preparation, effective commu-
nications practices, and syllabus expectations. Fourth and 
finally, the TA Plan specifies a curriculum for our MA 601 
course that directly reviews and builds on the training new 
TAs receive in the first three components.

The new graduate students are typically assigned as recita-
tion leaders in either our Calculus I or Pre-Calculus courses. 
By assigning new TAs into only these two courses when 
possible, we decrease the number of course coordinators 
who are responsible for supervising and training new TAs, 
and we also create natural communities and cohorts for the 
new TAs as teachers.

Challenges for the Future
While we have made a lot of progress in supporting our 
first-year graduate students in their transition to graduate 
studies, various challenges remain. We highlight below four 
particularly difficult challenges that we think are common 
across institutions.
1. Effective communication in the first three weeks: 

There is a huge amount of information to convey to new 
graduate students, and it is understandable that many 
messages will not stick immediately. We have still not 
found an optimal way to disseminate information to 
new graduate students at “just the right time” through 
the course of their first month in the department.

2. Supporting students who are minoritized in our 
department: While our department has a supportive 
and vibrant graduate student community, this com-
munity is predominantly White, predominantly US 
citizens, and the majority of our students identify as 
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competing well-established course options. Even the exist-
ing programs can find it challenging to obtain sufficient 
enrollment to justify the continued use of limited faculty 
resources. 

Historically Black Colleges and Universities (HBCUs) 
and High-Hispanic-Enrollment institutions (HHEs) have 
a major role in advancing African American and Hispanic 
representation in the STEM workforce. 23.2% of Black or 
African American graduates who earned a science and en-
gineering doctorate between 2015 and 2019 earned their 
bachelor’s degree from an HBCU and 37.8% of Hispanics 
or Latinos who received a similar doctorate between 2015 
and 2019 received their bachelor’s degree from an HHE 
institution. [1] Thus, it is a priority for these institutions 
to be able to offer CDS certificates, minors, and majors 
and why the National Science Foundation funded the 
Computational and Data Science Curriculum Exchange 
(C2Exchange) pilot project whose founding institutions 
include four HBCUs and one HHE. 

Despite having strategic plans that include offering CDS 
curriculum, schools that are teaching intensive, small, pri-
marily undergraduate, and Minority Serving Institutions 
(MSI) face additional challenges to the implementation of 
certificate, minor, and major CDS programs.

 • Teaching workload is greater than for faculty at 
research institutions

 • Gaps in the expertise necessary to develop and 
offer all the courses needed for a CDS major, 
minor, or certificate

 • At most, a limited pool of graduate students as 
teaching assistants

 • Less access to local computational and data ana-
lytics resources

C2Exchange Pilot
C2Exchange is a National Science Foundation (NSF)-funded 
pilot project to address these curriculum implementation 
challenges and enable the wide-spread implementation of 
Computational and Data Science (CDS) curriculum. C2Ex-
change integrates core literacy and discipline-appropriate 
advanced skills in advanced cyberinfrastructure as well as 
computational and data-driven methods for advancing 
fundamental research. 

The development of the C2Exchange was informed by 
data collected via campus visits conducted by the NSF 
Extreme Science and Engineering Discovery Environment 
(XSEDE) Education and Broader Engagement programs, 
outcomes of an Advancing Computational Science at MSIs 
workshop, requirements articulated by the participating 
institutions, and the evaluation data collected during the 
pilot. A competency-based approach guides the develop-
ment of C2Exchange courses, and the top-level competen-
cies resulting from this work are identified in figure 1. Each 
competency area has recommended content and more 
detailed learning outcomes.[3]

Computational & Data 
Science Curriculum 
Exchange Pilot Program

Linda Akli and Katharine Cahill

Computational Science is a rapidly growing multi- and 
interdisciplinary field that develops mathematical and 
computational models and uses advanced computing tech-
niques to simulate these models. Data science deals with 
vast volumes of data using modern tools and techniques 
to find unseen patterns, derive meaningful information, 
and make business decisions. The overarching goal of 
computational and data science (CDS) is to understand 
and solve complex problems; and mathematics is central 
to both. The workforce shortage in many STEM fields is 
well documented, and it is particularly acute in newly 
emerging and fast growing domains such as computational 
and data science. 

The National Science Board Policy Companion state-
ment to Science and Engineering Indicators 2018 states 
“The U.S. can no longer rely on a distinct and relatively 
small STEM workforce. … The talents of minority groups 
in the U.S. are perhaps our greatest untapped resource.” In 
2019, the U.S. population ages 18–64 years old was com-
prised of Hispanics or Latinos, 18.5%; Blacks or African 
Americans, 13.0%; Asians, 6.3%; and other racial and eth-
nic groups combined, 2.8%. Yet, the representation of these 
groups in science and engineering (S&E) is significantly 
smaller than their representation in the U.S. population. [1] 

CDS Curriculum Implementation Challenges
Computational and Data Sciences (CDS) require the inte-
gration of expertise across several disciplines: mathematics, 
computer science, and domain science and engineering 
disciplines which poses some challenges to the rapid 
implementation of CDS curriculum at many institutions. 
The organization of universities into discipline-oriented 
departments with budget models tied to those departments 
is one obstacle. Upper-level courses in each discipline are 
typically oriented toward majors and often require several 
prerequisites. Introductory courses in these disciplines 
often do not include computational modules as part of 
the curriculum and can be slow to change. New programs 
may find it difficult to recruit students for their new course 
offerings given the schedule constraints, prerequisites, and 
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Exchange Partners’ Experiences
CAU is a comprehensive, private, urban, co-educational 
institution of higher education offering 38 exciting areas 
of study at bachelor’s, master’s, specialists, and doctoral 
levels. One of the strategic goals of CAU is to maintain and 
develop excellent, innovative academic programs, strategic 
partnerships, and new modes of teaching and learning to 
produce graduates who are successful. CAU has a vision of 
implementing computational and data science (CDS) to 
undergraduate students in Science, Engineering, and Math-
ematics Departments in the School of Arts and Sciences. 
During the pilot stage of the project, the Department of 
Chemistry participated in the sharing of a “Computational 
Chemistry and Molecular Modeling” course. Initially, BCU 
incorporated selected modules of this into their Physical 
Chemistry course for chemistry majors. Then, BCU used the 
complete course syllabus and modules for creating a new 
course that was approved by the university as an elective 
course for chemistry and biology majors toward building 
the computational science pathway. 

As Maryland’s preeminent public urban research univer-
sity, Morgan State University enrolls a diverse undergrad-
uate population, with over sixty percent supported by Pell 
Grants and a large percentage of first generation college 
students. Morgan leveraged an Association of American 
Colleges and Universities Teaching to Increase Diversity and 
Equity in STEM (MTIDES) three-year initiative to develop 
and implement curricula that included cultural competency 
in teaching and CDS competencies. The C2Exchange pilot 
resulted in the complete development of a course, Matrix 
Methods for Data Science and Machine Learning, that was 
piloted at the university for two semesters; several modules 
from the course were piloted by two other members of the 
C2Exchange, SUBR and UPRM. 

Southern University and A&M College (SUBR) is a 
member of the Southern University System that has cam-
puses across the state of Louisiana in Baton Rouge, New 
Orleans, and Shreveport. The Baton Rouge campus (SUBR) 
offers four-year, masters, doctoral, and professional degree 
programs. The vision of SUBR is “to provide access and 
opportunity to students and matriculate graduates who 
are equipped to excel in a 21st century, knowledge-based, 
global economy.” The C2Exchange courses provide entry 
level and advanced training opportunities in computation 
for students enrolled at SUBR. The “Introduction to Model-
ing and Simulation” course may be completed by students 
with minimal mathematics background (prerequisite Col-
lege Algebra) as a standalone course or in an accelerated 
“bootcamp” to introduce students to Python or MATLAB 
for use in a project-based course.

UPRM, the second-largest university campus of the 
University of Puerto Rico system, is a land-grant, sea-grant, 
space-grant state university located in the city of Mayagüez, 
Puerto Rico. Aligned with the current UPRM Strategic Plan, 
the vision is to implement a Computational and Data 

The exchange concept was initially based on the small 
private online course where students had instructors at their 
own institutions to guide their engagement with the online 
material and provide connections to their local program as 
well as grading in line with their institutional standards. [4] 
We also focused on the collaborative teaching model where 
a lead instructor provides support to local instructors as 
they act as local facilitators for the online course. We have 
found these models more effective for student retention 
relative to massively open online courses (MOOCs). [5] 
This also provides the local instructors with training in the 
topics to enable them to teach the material or take the col-
laborative course material and create their own local course. 

The C2Exchange pilot provided the foundation for a 
collaboratively managed network of five institutions shar-
ing materials and expertise to support their evolving CDS 
curriculum needs; and it is a model that is expandable to 
include more institutions and can be replicated by other 
organizations. Bethune-Cookman (BCU), Clark Atlanta 
(CAU), Morgan State, and Southern University and A&M 
College (SUBR) are HBCUs and collectively enroll 183,561 
undergraduates with 86% identifying as African American. 
The University of Puerto Rico at Mayagüez (UPRM), an 
HHE, has an enrollment of 12,000 undergraduate students 
with 94% identifying as Hispanic. Students at these institu-
tions will benefit from having access to a broader selection 
of computational science, which increases their chances 
of entering the STEM workforce or continuing to graduate 
school and becoming effective researchers.

BCU, CAU, Morgan, SUBR, and UPRM successfully 
worked closely together to develop and implement three 
complete courses: 

 • Intro to Modeling and Simulation
 • Computational Chemistry and Molecular Mod-

eling
 • Data Science and Machine Learning (formerly 

Computational Linear Algebra)
Expertise was shared through management calls, small 

group meetings, the materials development process, and 
guest lecture presentations. External evaluation supported 
continuous improvement as the pilot project evolved and 
all founding partners were represented in the governance 
and management of the pilot. All efforts were driven by the 
needs of the academic institutions. [6]

Figure 1. Top Level Computational Science Competencies.
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[3] HPC University, Computational and Data Science Education 
Competencies, http://hpcuniversity.org/educators 
/competencies. 

[4] K. J. Cahill, S. Lathrop, and S. Gordon, A Proposed Model 
for Teaching Advanced Parallel Computing and Related Topics, 
The International Conference for High Performance Com-
puting, Networking, Storage and Analysis, 2017.

[5] Steven I. Gordon, James Demmel, Lizanne Destefano, 
and Lorna Rivera, Extending Access to HPC Skills Through 
a Blended Online Course, XSEDE ‘15, July 26–30, 2015, St. 
Louis, MO. 

[6] For more information about the courses developed, 
please see our program website: https://sura.org 
/programs/information-technology-2/c2exchange/.
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Science Curricular Sequence (CDSCS) for undergraduate 
students at UPRM majoring in the Sciences from the dis-
ciplines of Mathematics, Chemistry, Physics, Biology, and 
Geology, and all Engineering programs. In the CDSCS, 
students will take a minimum of 15 credit units to have 
the curricular sequence as part of their official university 
transcript. Two courses developed under the previous 
C2Exchange proposal will be part of the UPRM CDSCS. 

Lessons Learned
During the pilot program we identified that there are many 
avenues for professional support and use of course mate-
rials. Exchange materials were used as independent study 
projects, modules were used as part of existing courses, 
and whole courses were taught and added to department 
catalogs. An important finding is that faculty utilize and 
provide many types of support when they are part of a 
community of similarly focused instructors. Many times, 
in small institutions a single faculty member is the only 
computationally focused instructor in their department 
or school and has limited opportunities for professional 
development because they do not have a local network of 
support. C2Exchange fills that gap. 

The exchange provided insights into both the institu-
tional and pedagogical questions associated with cross-in-
stitutional sharing and exchange of curriculum resources. 
C2Exchange provides access to curriculum materials aligned 
with competencies for Computational Data Science educa-
tion and enhances the capacity of small or under-resourced 
institutions to offer undergraduate CDS curriculum, mi-
nors, and certificates at a low cost and be extensible for 
future participation by additional resource-constrained 
institutions. 

The C2Exchange model has the potential to accelerate 
the implementation of CDS curriculum by sharing existing 
courses across the participating institutions and preparing 
a larger number of students to undertake research or enter 
the workforce where such skills are in short supply. Faculty 
will be better prepared to teach classes with this content 
in the future by continuing to participate in the collabora-
tive courses or by integrating the materials into their own 
curricula. This network strengthens partnerships between 
institutions, generating more opportunities for collabora-
tion and sharing of resources and effort. 
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Nikolay Konstantinov,
01.02.1932–07.03.2021,
a Mathematical Educator

Par Excellence
Alexander Shen and Serge Tabachnikov

Figure 1. Nikolay Konstantinov
(2007).

One1 would be hard pressed
to find an individual who
had a greater influence on
mathematical education in
the Soviet Union, and later
in Russia, than Nikolay
Konstantinov. This is espe-
cially remarkable since Kon-
stantinov never occupied a
position of any importance
in the Soviet educational
system, and most of the
work that he did remained
“under the radar” of the So-
viet authorities.

It is impressive when
David defeats Goliath, but
it is even more so if Goliath
doesn’t even realize it.
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In this article, we describe Konstantinov’s role in math-
ematics education in the USSR and Russia. We illustrate
the story with quotations from Konstantinov himself (the
translation into English is ours).

In a nutshell, Nikolay Konstantinov organized and
maintained an extremely successful and robust, yet in-
formal, system of high-level mathematics circles, math-
ematics classes, and mathematics competitions. Many
renowned mathematicians have made their first steps in
mathematics within this framework.
Mathematics circles. Today mathematics circles are quite
popular, and there is no need to explain what they are: ac-
cording to Math Circle Network https://mathcircles
.org, there are about 300 math circles in the USA. The
American Mathematical Society publishes a book series
“MSRI Mathematical Circles Library” that offers a wealth
of circle-related materials.

Konstantinov was involved in running mathematical
circles since the 1950s, continuing the tradition ofMoscow
mathematical circles that started in the 1930s.

How can one help the high school student discover that
mathematics is exciting and beautiful? In Konstantinov’s
recollection, the initial idea was

to invite all the interested students and present to
them the main ideas of contemporary mathemat-
ics.

But there were obvious problems with that plan.

To start with, it wouldn’t hurt to know the ideas
of contemporary mathematics. Secondly, it’s not
clear why the ideas of modern mathematics are
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better than the ideas of the more classical one,
given that the children are familiar with neither.
And then, in general, to communicate ideas is a
waste of time. So you communicate ideas, and
then what? The students who came there with
zero knowledge, will leave having learned noth-
ing.

Instead, one would give the students mathematics prob-
lems that they could understand (evenwithoutmuch back-
ground), to which they could discover solutions and en-
joy them, with just a little cautious help from the teachers,
mostly in the form of selecting the problems and present-
ing them in the proper order.

The problems should be easy to remember, so the chil-
dren could share themwith their parents and friends. They
should not be too hard: it is bad if a student leaves the
meeting without solving any. On the other hand, if some
students are able to solve all the problems in ten or fifteen
minutes (in an 1.5 hour meeting), this is also bad.

Many of the participants of Konstantinov’s math circles
went on to become top-rankingmathematicians: Vladimir
Arnold, Grigory Margulis, Joseph Bernstein, and David
Kazhdan, to name a few.
From mathematics circles to mathematics classes. In the late
1950s to the early 1960s the Soviet authorities, interested
in training new scientists and engineers for military indus-
tries, allowed some high schools located in big cities to
have extracurricular mathematics programs in some of the
classes. The classes with such programs in mathematics
have become known as “math classes” and the schools
with such classes as “math schools.” Many prominent
mathematicians taught in such math schools.

For example, both authors of this article attended the
specialized Moscow School No. 2 where, in addition to
the standard mathematical curriculum, lectures on special
topics were given by professors from the Department of
Mathematics of Moscow State University, with recitation
sessions run by the students from the same department.

N. Konstantinov found a new model for teaching math
classes. In 1961, Konstantinov’s PhD adviser A. Kronrod
suggested to Konstantinov to start a math class in Moscow
school No. 7 using the technique of presenting mathemat-
ical theory as a series of problems. Konstantinov took
up the challenge and worked as an extracurricular volun-
teer math teacher in this school for several years. Later,
othermath school graduates joined him, and this created a
unique educational model that was brought to other math
schools by Konstantinov and that has been in use ever
since.

The main features of this model were as follows:

• A team of several volunteer mentors (mostly univer-
sity students, many of them math school graduates
themselves), with one or severalmore experienced vol-
unteer mentors in charge, taught a single math class in
a high school. This teaching took the volunteers sev-
eral hours per week for multiple years, until the class
graduated from the high school.

• The students of a math class were selected by the men-
tors based on interviews or oral exams. In order to be
admitted, students had to show at least some mathe-
matical ability and some interest in mathematics.

• Theory was presented to the students in the form of
a sequence of problems, sometimes with hints; there
were almost no textbooks or lectures – just problem
sets.

• The problem sets were composed by the mentors for
a specific group of students and were tailored to their
abilities.2 Many of these problem sets were later pub-
lished, see, e.g., [2].

• When a student solved a problem, s/he explained the
solution to one of the mentors; if the solution was
wrong, the mentor would point out the error and the
student would continue to work on the problem (per-
hapswith some help from thementors) until the prob-
lem was solved and the solution was approved by the
mentors.

• These extracurricular classes were combined with the
traditional classes taught by the school teachers who
were responsible for the standard high school mathe-
matical curriculum.

• The mentors and the students participated together in
leisure activities (hiking, playing games, etc.) and in
summer getaways which created a strong community
bonds between the participants.

Thismodel has a number of advantages, as long as there
are sufficiently many qualified volunteers to sustain it.

First, a suitable problem or example is often more ef-
fective than a long explanation. Second, the mentors get
immediate feedback and can adjust their teaching quickly,
if necessary. Thus the classes are excellent training not only
for the students but also for the mentors, and the system
is quite robust as a whole.

Thirdly, this way of teaching is flexible: if something
goes wrong and the students are not interested in the ma-
terial, it is easy to change the topic of the problem sets or

2In the USSR, making copies of the problems sets for all students was not an
easy matter – the printing and copy machines were strictly controlled by the au-
thorities, and it was very difficult to get access to them. Konstantinov recalled
how he inserted 17 pages of a very thin paper in his typewriter to type 17 copies
of a problem set simultaneously.
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Figure 2. Singing and playing guitar for students and
colleagues (left); meal in the summer camp for students and
graduates of math schools organized by Konstantinov in
Estonia, then USSR (right).

the proportion between the problem set sessions and the
standard lessons.

This robustness and flexibility helped Konstantinov’s
educational model survive: when the Soviet authorities
cracked down on some of the math schools for political
reasons, Konstantinov was able to reproduce the model in
other schools.

In the 1960s–1980s, Konstantinov openedmath classes
that followed his teaching model (in many cases with
other mentors in charge) in Moscow high schools No. 57,
91, and 179. Since the 1960s, several thousands students
have graduated frommath classes in these high schools. In
the course of their studies and through close contact with
the mentors, many of whom were active mathematical re-
searchers, a large number of these students were drawn
into a culture where doing mathematics is considered not
only a profession, but also a way of life. The number of ac-
complished mathematicians among them, including the
recipients of major international awards and accolades, is
too large for the list of names to be presented here.

In Konstantinov’s own words:

Themain principles of working inmath classes are
thoroughness, slow pace, and self-dependence.

Thoroughness means that the topic is covered
not superficially (“you will learn it in detail in col-
lege”), but decisively, which doesn’t exclude re-
turning to this topic at a new level later. Lack of
thoroughness leads to loss of interest. A student
who failed to completely understand something
one time, two times, etc., “pollutes” his study to
the extent that he starts to hate it. . .

The main role of the teacher is not to explain
and to lecture, but to carefully grade and check,
pointing out all mistakes, at the same time keep-
ing a keen interest in the student’s successes. This
interest is the main stimulus that the teacher has

to offer, rather than grades that, of course, alsomo-
tivate but, unfortunately, in the wrong way.

Slow pace means that each difficult point takes
as much time as needed. It’s not a problem if not
muchmaterial is covered, the problem starts when
one needs to “cover” a certain amount of material
by a certain deadline, no matter whether well or
poorly. This is a real problem: as the result, noth-
ing is learned, and everyone loses interest, both
the students and the teachers.

Self-dependence means that a substantial part
of the theoretical material, sometimes almost all
material, is learned by the students on their own:
they solve the majority of the problems and prove
most of the theorems themselves. A direct lecture
by a teacher is not very effective. . .

Under this system, one needs not an occasional
control by means of a test or an exam, but a con-
stant ongoing control. And for this, one needs
many teachers. The solution is to engage col-
lege students... These college students relive their
“mathematical childhood” with their high school
students, and their relations with them are simi-
lar to the relations between older and younger sib-
lings, whereas the relations of the teachers with
the students are akin to the relations between par-
ents and children. The presence of college stu-
dents in the class substantially changes the atmo-
sphere, erasing the age barriers.

Figure 3. Speaking at the
meeting in Math School 179.
There is a photo of him
explaining problems’ solutions
to high school students
participating in a mathematical
competition at http://
photos.app.goo.gl
/foBNKjdiDFpDDTDu8.

Mathematical competitions.
Konstantinov has made a
major contribution to the
popularization of mathe-
matics via mathematical
competitions. For this con-
tribution he was awarded
the 1992 Erdős Prize by
the World Federation of Na-
tionalMathematics Compe-
titions.

Konstantinov’s involve-
ment with the organiza-
tion of olympiads started
early: soon after he became
an undergraduate student,
he joined the organizing
committee of the Moscow
Physics Olympiad. Later
he became an active mem-
ber of the organizing com-
mittee of the Moscow Math
Olympiad and, from the
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end of 1960s, also of the USSR National Math Olympiad
that started at the time.

Konstantinov was very much aware of the positive and
negative sides of mathematical contests:

Science is the arena where many kinds of fights are
fought. It is the fight of the human race with the
lack of knowledge, and the fight of the scientists
with their errors and delusions, and the desire to
benefit humanity, and the quest for beauty, and
the desire to become famous, and career advance-
ment, and monetary considerations. For the well
being of science, it must be supported by a variety
of stimuli, both internal and external. And there
is not much harm if the motivation is not particu-
larly lofty: it is important that other motivations
appeared in their turn, better corresponding to the
higher goals of science.

Mathematical olympiads use, as motivation,
the spirit of competition—this is their strength
and their weakness at the same time. Strength
because in an early age the desire to compete is
universal: almost all children’s games include ele-
ments of competition. This explains the huge suc-
cess of olympiads. They are so much liked that,
throughout the century of their existence, their
style has not changed much. . .

At the same time, the harm done by the com-
petitive spirit is obvious. Science is such a broad
field that it will never be too narrow for its prac-
titioners. But the spirit of competition puts peo-
ple on a very narrow path. A man of science is
appreciated for his uniqueness, whereas the spirit
of competition forces one to obey the criteria of
a past era and chase someone else’s glory, trying
to repeat it instead of finding one’s own unique
place. A student carried away by olympiads spends
all their high school years on them. Even if one
achieves excellent results, the price turns out to be
too high, since it takes a noticeable part of one’s
creative life. . .

Another shortcoming of olympiads, including
the IMO, is that almost every participant in the
many stages of the olympiad—and there are many
thousands of participants—except for very few,
will fail at some point. And this contradicts the
very goal of olympiads: to attract to mathematics
talented youth that counts, across the world, in the
thousands, not in single digits.

A less active person would just voice these complaints
about mathematical olympiads, but Konstantinov tried
to remedy the situation by organizing new types of

competitions. The two most successful ones were Tourna-
ment of Towns (an international event) and Lomonosov
Tournament (USSR/Russia). Here is a description of Tour-
nament of Towns given by Konstantinov:

It is structured as a conventional olympiad. Ev-
ery participant writes his solutions at the town
where he lives. The time of the event, the prob-
lems offered and their grading are the same for
everyone. . . 3 There are four tours a year: the
training and the main ones in the fall and in the
spring. The participation is unrestricted and free
of charge. One’s score in each tour is calculated
taking the three best solutions into account, this
allows the participants to solve problems without
undue rush4. . . The final score of the student in all
four rounds is the maximum of the four. This re-
duces the nervous tension, which is often excessive
at ordinary olympiads. . .

In the last years about 120 towns from 25 coun-
tries participated in the Tournament of Towns.
The total population of these towns and cities is
about 100 million, the number of participants is
in the tune of 10,000, and the number of diplomas
awarded on behalf of the Organizing Committee
in 1999–2000 was greater than 1,500.

The big picture. Education projects at the high school level
should be considered in a broader context. Konstantinov
explains his credo as follows:

We view mathematics as an important part of
human culture...The great majority of our high
school students will not become professional
mathematicians, they will choose a variety of ca-
reer paths. But mathematics will remain their
friendly companion for life. Some of them will
never have a chance to recall a theorem from the
high school curriculum. But the ability to dis-
tinguish a correctly posed question, to recognize
mathematical content in a real life situation, and
not to succumb to the temptation of false learning
will remain their assistants forever.

Konstantinov’s views on the position of mathemat-
ics in society are well illustrated by another initiative,
Lomonosov Tournament. The idea is that students age
12–14 who attend mathematical competitions often have
broader interests. So one can create problem sets in differ-
ent subjects, such as physics, astronomy, chemistry, biol-
ogy, history, etc.: each problem set is offered in a separate
room, and students can walk freely between these rooms.
There are relatively few problems (say, three relatively easy

3Resembling the Putnam Competition.
4There are 4–5 problems in the training tours and 6–7 in the main ones.

1936 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 11



mathematical problems), so it is reasonable to expect that
a student would try to solve them, say, for an hour, and
then move on to another subject. The winners then can be
of two types: people who were best in some subject, and
“all-rounders” who have notable, but perhaps less impres-
sive, achievements in several subjects.

One of Konstantinov’s projects that started when his
coauthors were his high school students was to simu-
late the movements of a cat by a system of differential
equations that were solved by a computer, and visual-
ized as a printout on an alphanumeric printer. These
printouts were converted into frames of a short movie
clip [3]. A figure, taken from [4], that shows several frames
from this clip is available at http://photos.app.goo.gl
/foBNKjdiDFpDDTDu8.
Selection of problems. According to Konstantinov’s philos-
ophy, problem solving is the main part of the education
at all levels, and hence the choice of problems is of pri-
mary importance. A good choice of problems is especially
important for math circles and math classes. Indeed, no
deftness in food presentation would make a great restau-
rant unless the food was tasty! Konstantinov’s taste in se-
lecting and in composing problems was impeccable. We
mention two examples.

The first one has become quite famous because it is in-
cluded in V. Arnold’s textbook on differential equations
[1]. The problem illustrates the utility of configuration
spaces:
Towns 𝐴 and 𝐵 are connected by two roads. Suppose that two
cars, connected by a rope of length 2𝑟, can go from 𝐴 to 𝐵 with-
out breaking the rope. Prove that two circular wagons of radius
𝑟 moving along these roads in the opposite directions will neces-
sarily collide.

To solve the problem, parameterize each road from 𝐴
to 𝐵 by the unit segment. Then the configuration space of
pairs of points, one on each road, is the unit square. The
motion of the cars from 𝐴 to 𝐵 is represented by a con-
tinuous curve connecting the points (0, 0) and (1, 1). The
motion of the wagons is represented by a curve connect-
ing the points (0, 1) and (1, 0). These curves must intersect,
and an intersection point corresponds to collision of the
wagons. See Figure 4.

A

B

Cars

Wagons

Figure 4.

The other example, from the other end of the spectrum,
is the problem (used in one of the training rounds of Tour-
nament of Towns) that is suitable for the middle or high
school when the notion of speed is first discussed:
A pedestrian walked for 3.5 hours, and in every time interval
of one hour, he covered exactly 5 km. Does this imply that the
average speed of the pedestrian was 5 km/h?

This easy to understand problem has a paradoxical an-
swer that clarifies the notion of the average speed, its so-
lution can be explained by a simple example, and it can
be found by the student (with hints from the teacher, if
needed).
Konstantinov’s milieu. So far, we have described Konstanti-
nov’s role in various educational projects. Of course, he
did not work in a vacuum.

The tradition of mathematical circles and olympiads
was well established in Russia in the 1930s. The creation
of math classes and math schools in the 1960s was also
a rather broad movement. Kolmogorov (in Moscow) and
Lyapunov (in Novosibirsk) took the initiative of creating
university affiliated boarding schools for talented students
from across the country. About the same time, I. Gelfand
founded the Mathematical School by Correspondence at
Moscow State University that served thousands of moti-
vated high school students across the USSR.

However, relatively soon, after the 1968 occupation
of Czechoslovakia and dissidents’ protest against human
rights violations, the authorities became more suspicious
of the specialized schools as a source of free spirit and even
anti-Soviet agitation. In this climate, Konstantinov’s ap-
proach, when the work was done under the radar of the
authorities, had proved to be most robust.

For example, one did not need high-level permission
to start an evening mathematical circle in some school, so
a benevolent high school administrator could easily allow
this (and the teachers weremostly volunteers, so no special
funding was needed).

As another example, the mathematical olympiads were
a part of the official education system, so when Konstanti-
nov convinced the local education administration that one
should add somemore interesting problems and let volun-
teers grade the solutions (since the school teachers rarely
were able to do this), nobody objected. And then his vol-
unteers would collect the addresses of the most successful
students and send them invitations to join a mathematical
circle or a math class.

The Tournament of Towns and the Lomonosov Tour-
nament started when Konstantinov (and other enthu-
siasts) were evicted from the organizing committee of
the All-Union Mathematics Olympiad (after a professor
of Moscow State University, known for his participa-
tion in anti-Jewish discrimination at the entrance exams,
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denounced him to the authorities). But it did not regis-
ter with the authorities that Konstantinov went into an
agreement with another educational institution to host the
new competition—although often the grading took place
in Konstantinov’s small apartment.

Later, after the fall of the Soviet Union, the work of Kon-
stantinov was somewhat acknowledged and supported by
the new regime: the head of the central Moscow district,
a father of a student in a math class taught by Konstanti-
nov’smethod, whowaswell acquaintedwith this tradition,
helped to find a permanent place in the center of Moscow
for the organization ofmathematical competitions and for
another educational initiative of Konstantinov, the Inde-
pendent University of Moscow.

Figure 5. An organization meeting that proclaimed the
creation of Moscow Center for Continuous Mathematics
Education, an institution that organized mathematical
olympiads in Moscow and hosted the Independent University
of Moscow. Sitting: Yuliy Ilyashenko, Vladimir Arnold, Alexei
Sossinski, Nikolay Konstantinov, ?, Michael Tsfasman, Sergei
Lando, Yakov Sinai, Dmitry Anosov. Behind them: Victor
Furin, Sergey Novikov, ?, Alexander Muzykantsky, ?, Vladimir
Tikhomirov, Sergei Gelfand, Andrei Bolibrukh, Sabir
Gusein-Zade, Boris Dubrovin, Alexander Shen, Ivan
Yashchenko, Dmitry Botin. The meeting took place at Steklov
Mathematical Institute of the Russian Academy of Science,
and the portraits on the wall are of Vladimir Steklov (left) and
Ivan Vinogradov (right).

Independent University of Moscow. In the early 1990s, Kon-
stantinov initiated another revolutionary project—this
time in the field of higher education—which has had a
tremendous impact.

The early 1990s were the time of the break-up of the
USSR, and the mathematical community in the Soviet
Union was undergoing a major crisis. Many leading math-
ematicians and the best students were leaving the coun-
try, and the overall level of the old academic institutions
was visibly declining. At the same time the state control

of science and education became less strict. This led Kon-
stantinov to undertake a bold and ambitious initiative
which was unthinkable in Soviet times: to create a non-
governmental educational institution for the training of
professional mathematicians.

Konstantinov was the main driving force behind or-
ganizing a new university, and in the summer of 1990
became the chair of its organizing committee which in-
cluded leading mathematicians: V. Arnold, A. Beilinson,
R. Dobrushin, B. Dubrovin, L. Faddeev, A. Khovansky, A.
Kirillov, S. Novikov, A. Rudakov, M. Shubin, Y. Sinai, V.
Tikhomirov, V. Vassiliev. The idea was also enthusiasti-
cally supported by P. Deligne and R. MacPherson.

The new institution, called the Independent University
of Moscow (IUM), was founded in 1991 and the classes
soon started. At first, the IUM teaching activity was com-
pletely unofficial (similarly to many other Konstantinov’s
projects) but, as times changed, it became possible to ob-
tain a certain state recognition for it. The money for the
IUM originally came from private donors (some of the lec-
turers were among the first donors).

The IUM education model was simple: everybody
could attend the classes, but in order to be recognized as an
IUM student, one had to pass the exams, about three each
semester. A student who passed the exams could even get
a (very small, but not insignificant in the first post-Soviet
years) fellowship. Important help came also from Western
organizations: AMS, SMF, International Science Founda-
tion, Clay Institute, and others.

In order to pursue their studies, the students needed
to have an exemption from the military draft, which was
given only by the universities with state accreditation. It
was not available to IUM due to red tape, and most of
the IUM students were daytime students at other universi-
ties. Of course, this double load was quite difficult to bear,
so only a few students who started the undergraduate pro-
gram were able to finish it, but these were really good and
highly motivated students.

The IUM diploma is now recognized by leading math-
ematical organizations around the world. In addition, an
offspring of IUM is the Faculty of Mathematics of the Na-
tional ResearchUniversity Higher School of Economics, es-
tablished in 2007; see https://math.hse.ru/en/.
A brief biography. Nikolay N. Konstantinov was born on
January 2, 1932, in Moscow, and, with a short break dur-
ing World War II, lived and worked in Moscow for his en-
tire life.

In 1954, he graduated with the equivalent of an MSc
degree from the Physics Department of Moscow Univer-
sity and until 1959 worked as a teaching assistant in this
department. In 1959–1963 he was a graduate student and
in 1963 he received a Candidate Degree (an equivalent of
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the PhD degree) in Mathematics and Physics. His thesis
adviser was A. Kronrod, a student of N. Luzin, who at that
time worked in the Institute of Theoretical and Experimen-
tal Physics of the USSR Academy of Sciences.

From the early 1960s until 1968, Konstantinov worked
in Kronrod’s group onnumerical solutions to physics prob-
lems, but his thesis concerned plane topology. In 1969–
1988, Konstantinov worked as an applied mathematician
and a computer programmer in the Institute of Economics
of the Soviet Academy of Sciences.

Since the late 1980s, he worked in several organiza-
tions promoting mathematical education as a consultant,
teacher, and organizer of mathematical competitions. In
particular, since 2001 Konstantinov worked as a teacher in
the Moscow high school No. 179—a school where he cre-
ated specialized math classes 30 years earlier.

Memories of N. N. Konstantinov

A. Kushnirenko
I would like to begin these short memories by describing
an encounter that determined the course of my life.

In the spring of 1962, Nikolay Nikolayevich Konstanti-
nov invited me (through my school friends whom he
knew) to visit him. At the time I was a senior in the
advanced mathematical track at Moscow School No 425
(next year it became the famous SchoolNo 444). He didn’t
know me personally. In the span of two hours, he fully
convinced me that I had mathematical talent and that I
should apply to Moscow State University (MSU) to be-
come a mathematician, rather than a radio engineer, as I
had planned. By the middle of our meeting, I made a firm
decision to follow Nikolay Nikolayevich’s advice. Half a
year later, I was accepted to MSU’s Mechanics and Math-
ematics Department and subsequently became a profes-
sional mathematician.

Though I did not know Konstantinov personally, I
had heard from my somewhat younger school friends
that “Kolya Konstantinov,” as he was called back then,
was an amazing person. They belonged to the math cir-
cles and math olympiads crowd and were already doing
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almost professional-level mathematical research with bril-
liant mathematicians.

They told fairytale stories about Konstantinov of howhe
hadn’t slept or eaten in 10 years and didn’t date girls, while
trying to prove the continuum hypothesis. This seemed
reasonable. As any student of a specialized math school,
I attended lectures on Cantor’s theory and spent a couple
of days trying to prove the Cantor-Schröder-Bernstein the-
orem. I remember the thrill that took over me when I un-
derstood its proof, so this story of trying to solve a mathe-
matical problem for 10 years and rejecting earthly delights
was believable. Of course, I knew the formulation of the
continuum hypothesis, and I had experienced the insur-
mountable desire to solve a problem that would not give
in.

When I received an invitation to meet with a famous
person without any explanation and when I arrived at
Kolya’s apartment, I was simultaneously flattered, worried,
and concerned. However, my worries were gone in the first
10 minutes. What calmed them down were not Kolya’s
words, but the way in which our meeting began.

Kolya had a completely unique manner of talking that
was, in a way, the same for anyone: children, teenagers,
adults—including officials of any level. While talking with
him, you immediately got the feeling that you were a hu-
man being whose thoughts and opinions were important
and interesting to Konstantinov.

If you had an incomplete or false comprehension of
a topic, Kolya’s first concern was that it would bring you
harm. Kolya thought it was his duty to correct you so that
you wouldn’t do anything harmful to yourself out of igno-
rance or misconception.

The emerging feeling that Kolya’s intentions were self-
less was convincing because it was true. Having known
Kolya for many years, I can say that if he couldn’t convince
you during a discussion of an important topic, he held no
grudge against you, but felt sad and worried for you.

Looking back to when I first met Kolya, I can say that he
led the conversation in such a way that I, for the first time
ever, felt like an adult. With mixed feelings of sadness and
pride, I realized that I would have to be responsible for
myself for the rest of my life.

The backstory to this meeting was as follows. I was
in a mathematics class. I loved to solve math problems
and had an exciting interest in programming, but I also ex-
plored amateur radio. I designed and built a short wave
radio transmitter and receiver with my classmate, Vadik
Flegontov, which we legalized in a radio circle in one of
Moscow’s Houses of Pioneers (and got callsign UA3KPT).

We participated in competitions, as well. In the 10th
grade, I got into the 1st sports category for radio ama-
teurs, and dreamed of becoming Master of Sports. Our
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team was famous in the radio amateur community. We
experimented with transistors and one day connected to
Khabarovsk using a radio transmitter that was powered by
a flashlight battery (for the record, I note that our receiver
was AC powered).

My mom was a radio engineer and there were many fa-
mous radio operators among my family’s friends. I even
personally knew the famous polar explorer, Ernst Krenkel
(callsign UARAA). I saw myself becoming a radio engineer,
not a mathematician.

Already in grades 5–8 (12–15 years old), the school
sent me to different math and physics olympiads at the
school, district, and city levels. I was given some certifi-
cates, but I didn’t count them as noteworthy accomplish-
ments. In 8th grade, I won second prize for the Moscow
physics olympiad and was a bit surprised at the pile of
books that they gave me with the award, but this did not
spur any thought of a scientific career for me.

In 10th grade, I had some troubles at school—I didn’t
attend the mathematical olympiad at MSU, because it hap-
pened to be at the same time as the first round of the ra-
dio competition, where I earned a place in the 1st sports
category. In 11th grade, however, I attended the Moscow
Mathematical Olympiad and won 3rd prize. That’s what
led to the meeting that apparently determined the rest of
my life.

I will return to my visit to Kolya Konstantinov. At the
beginning of our conversation, Kolya told me that he was
on the jury of the Moscow Mathematical Olympiad of
1962, and was impressed by the work of an 11th-grader,
who tried to solve the problem of finding the maximal
area of a shadow that a matchbox can cast using calcu-
lus. Although he didn’t obtain a full solution, he man-
aged to guess the correct answer. By chance, Konstantinov
heard that this 11th-grader—some Kushnirenko who was
an active radio amateur—was planning on becoming a ra-
dio engineer. Since Konstantinov thought that this deci-
sion would be catastrophically wrong for a medalist of the
world’s best mathematical olympiad for school students,
he immediately asked to find me, so that he could explain
to me personally what I would be missing.

Kolya told me how honorable it was to be a medalist
in the Moscow Mathematical Olympiad, how unique my
personal skills were that allowed me, an amateur, to win
againstmany professional olympians, how great, although
difficult, mathematics was, and how important and use-
ful it is when people with an engineering mindset go into
mathematics.

After two hours of this conversation, it became clear
to me what mistake I would be making by going into
radio engineering. But the conversation continued for
another two hours, this time about mathematics. I left

Konstantinov’s apartment on the last subway with some
of Kurosh’s lecture notes on abstract algebra and an invita-
tion to call and visit if needed.

Many years later, Andrey Leman, another member of
the jury of the Moscow Mathematical Olympiad of 1962
where I received 3rd prize, told me that there was more
to the story. My work in the olympiad wasn’t very strong,
and the jury couldn’t decide whether to give me the pres-
tigious 3rd prize or an honorable mention of the 1st de-
gree. Konstantinov was indeed impressed by my attempts
to solve the problem not with ad-hoc, “olympic,” meth-
ods, but with regular tools of calculus. He argued for the
3rd prize, saying that winning it might push this promis-
ing teenager to choose a career in mathematics. In the end,
that is how it turned out.

In the course of my life, I interacted with Kolya many
times in varying occasions: I was so fascinated with our
first meeting that before I applied to MSU, I visited him
a couple of times at his “dacha” near the stop “43rd Kilo-
meter” of the Moscow-Yaroslavl railroad; I taught in the
mathematical class at the famous School No 7 in Moscow
for a whole year with him and Misha Gerver; together, we
prepared detailed papers on hismethods of teachingmath-
ematics to high school students; when I worked at the
math department of Moscow State University, we some-
times advocated against the expulsion of capable, yet un-
organized, students; I visited my son (then a high school
student) a couple of times at bio-math summer camps that
Konstantinov organized in Estonia for many years; and I
helped Kolya in the creation of the Independent University
of Moscow.

During all these meetings, he remained the same amaz-
ing, intelligent, and kind Kolya Konstantinov, whom I met
in 1962, exactly 60 years ago.

A. Kushnirenko
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Her Life
Vera Stepen Pless was a groundbreaking mathematician
whose tenacity and grit helped open the door for women
mathematicians. Her work in algebraic coding theory was
foundational, and her impact on the subject was enor-
mous. In addition, Vera was an interesting and unique
individual, and people were almost as fascinated by her
persona as they were with her work.
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Vera Stepen was bornMarch 5, 1931, and grew up in the
Douglas Park neighborhood of Chicago. Her parents were
Russian Jewish immigrants who came to Chicago early
in the 20th century. She lived in a small two-bedroom
apartment above a pharmacy where one bedroom was her
mother Helen Binder Stepen’s dental practice. Vera herself
slept in the dining room. Her mother had trained as a den-
tist in Russia and retrained in Chicago in order to obtain
a license to practice, as her Russian credentials were not
recognized in the United States. Many say that Vera inher-
ited her ability to break through professional glass ceilings
from her mother who was a highly educated professional
at a time when immigrant women rarely would have been.
Her father Lyman Stepen was brought to America by his
sister, served in the US army during World War I, and then
trained as a jeweler. It was often said that from him Vera
inherited a love of the visual and performing arts that per-
sisted to the end of her life.

Vera always had a strong academic drive. As a child she
would often be seen reading books or deep in thought.
She was intellectually mature beyond her age and had a
great interest in music, the arts, and natural science. As an
adult she said that she had loved mathematics from the
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age of five. One of her favorite childhood books was the
encyclopedic Book of Knowledge, which she used to read
to her cousin to distract her from her “pain and anxiety”
while her cousin was sitting in Vera’s mother’s novocaine-
free dentist’s chair. Vera spent a great deal of time reading
all sorts of books, with a passion for foreign dictionaries
where she enjoyed looking up words. She showed her in-
genuity as a child, when she and her cousin Estelle made
fudge to sell to relatives and the fudge turned completely
to liquid. Vera decided that they should sell fudge-ade in-
stead.

As a young student, Vera also attended variously He-
brew school, Yiddish school, and Russian school after reg-
ular school. One of Vera’s Hebrew teachers was a Polish
immigrant who recognized her love for mathematics and
taught her calculus at the tender age of ten. He was Samuel
Karlin, later to become a professor at Stanford and the
Weizmann Institute, and the winner of the National Medal
of Science in 1989. After Vera retired and until the very end
of her life she had tutors come in for Hebrew and Yiddish
lessons. Yiddish had been her parents’ language and was
Vera’s first language. She grew up with that language all
around her, including frequent visits to the Yiddish the-
ater. She noted that funny things were funnier in Yiddish
and sad things were sadder in Yiddish.

She left high school two years early and enrolled at the
University of Chicago under a program for impoverished
gifted students. The only thing that gave her a second
thought about advancing so early was that she was in line
to be first cello in her high school orchestra and going to
college early meant she had to pass up that opportunity.
She finished her undergraduate degree in only three years.

Vera stayed on at the University of Chicago for a Mas-
ter’s degree which she received in 1952. She then obtained
her PhD in 1957 at Northwestern University at the young

(1940) (1945)

Figure 1. Young Vera Pless.

Figure 2. Student Vera Pless (1953).

age of 26 under Alex F. T. W. Rosenberg. She defended
her dissertation only two weeks before her first child was
born. Shortly prior to this she had moved to Boston where
her husband, Irwin Pless, had accepted a position on the
physics faculty at the Massachusetts Institute of Technol-
ogy.

Vera’s first real academic position, after some part-time
teaching, was with the Air Force Cambridge Research Lab-
oratory in Bedford, Massachusetts, in 1963. She greatly
enjoyed this position because it gave her the freedom to
pursue her academic interests and to raise her young fam-
ily. During this time, she helped to found the organiza-
tion Women in Science and Engineering which she later led
as president.

Sheworked at the Air Force Cambridge Research Labora-
tory until the laboratory was closed down due to a change
in what the Defense Department was able to fund. Like
many academic women during that period, she was un-
able to obtain a tenure-track academic position. At the
time, the chair of the Massachusetts Institute of Technol-
ogy Mathematics department had said in public that there
were no women anywhere in the world qualified to be on

(1975) (1989)

Figure 3. Professor Pless.
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their faculty. Instead, in 1972, MIT hired her as a senior
research associate in the Electrical Engineering department
where she taught courses and published papers, but was
not recognized as faculty. While she was at MIT, she was
asked to be on the admissions committee to prevent bias
against women. Vera noted that she was seeing more bias
against Jews and that was where she ended up focusing.
Throughout her academic career, Vera worked to give op-
portunity to those who were being denied. At one point,
early in her career, Vera was at a math conference and, be-
ing a woman, was only given half the time for her talk as
everyone else. She responded by giving only half a talk;
namely, she stopped in the middle of the talk and sat
down, leaving the audience to beg her to finish.

In 1975, she was able to secure a position at the Uni-
versity of Illinois at Chicago Circle (now, University of Illi-
nois Chicago). Because of her publication record, Vera was
offered a full professorship with tenure, albeit at a rather
low salary, despite never having been an assistant or an as-
sociate professor. A couple of years after that, she got an
offer for a professorship at another university at approxi-
mately twice her salary. The University of Illinois was able
to match it, and so she stayed there until she retired in
2006. In 2013, she was named a Fellow of the American
Mathematical Society.

During her time at UIC, she directed 12 PhD students. It
was often noted that she was very motherly to her students.
She would guide them through their early career and help
them to find employment and opportunities.

Vera was passionate about the arts andmusic. In her last
decade, each week her close friend and trusted caregiver,
Sophie Katz, would take her to theater performances, to
Chicago’s Lyric Opera, and to other cultural events.

Respecting Vera’s standing as a great mathematician,
people were fascinated not only with her mathematics but
also with her as a person. Stories abound of this small
woman, dressed in a sweater, looking like a kind grand-
mother, intimidating mathematicians all over the world.

She was very dedicated to her family and very proud
of them as well. Vera had three very successful children
Naomi, Ben, and Daniel, and had four grandchildren,
Lilah, Evie, Rebecca, and Jesse.

Vera died three days short of her 89th birthday, on
March 2, 2020. True to her character, she died with a book
in her hands.

Vera often told her daughter Naomi that when Vera
was a child, her mother told her that if there were people
around that made her feel unsafe, then she should walk
right down the middle of the street. She would often do
this, carrying her cello home from lessons. Thismay be the
paradigmatic example of Vera’s character. Namely, when
malevolent forces were around her, she did not cower in a

corner, but rather picked up her work and walked bravely
down the middle of the street.

Naomi Pless, Ben Pless, and Dan Pless
(Vera’s children)
Vera met our father, Irwin Pless, at the University of Chicago.
He was a World War II Air Force veteran going to college on
the GI Bill. She was attending under a program that admitted
talented students after their second year of high school. There
was a six-year age gap between them. Vera recalled that her
Russian immigrant parents were crazy about Irwin. It seems
this was at least in part because he was set to rescue her from
the spinsterhood they feared for her. They were relieved when
at the advanced age (from their perspective) of 21, she was fi-
nally married. If they were also proud of her for obtaining her
Master’s degree that same year, it didn’t impress itself enough
on her to share with us later.

Our parents moved to the Boston area when our father ob-
tained a position in the MIT Physics department, and Vera com-
muted back to Chicago to finish her PhD. She took her PhD
orals two weeks before Naomi’s birth, shortly after being re-
quired to move. The apartment they rented in Cambridge al-
lowed them to have their beloved dog, Lucy, however babies
were not permitted. As a result, they bought their first house, a
small place in Waltham, and then moved again in 1963 to Lex-
ington because they wanted a better school district for Naomi
and Ben.

The University of Chicago, at the time Vera was there, had
the Great Books Program, in which everything was learned from
original sources. This included even scientific subjects such as
physics. It was never clear to us whether she had ever really
learned that light did not actually vibrate through a luminifer-
ous ether. Thus when Naomi and Ben were in high school, and
Vera was appointed to the MIT Electrical Engineering depart-
ment in a senior research associate position, we were skeptical.
Laughing, we asked if she even knew what Ohm’s law was. She
responded, “Of course I do,” also with a laugh.“Be it ever so
‘umble there’s no place like Ohm!” As with the ether, it really
wasn’t clear whether she had truly never learned Ohm’s law.

Our father’s office at MIT was in Tech Square. When Vera
came to MIT, her office was also in Tech Square in the twin
building across the courtyard from his. Vera spent three years
at MIT working on Project MAC. With bemusement, she would
occasionally mention an idiosyncratic student who did some pro-
gramming for her. He would show up late at night and pro-
gram until the early hours of the morning. She would find the
results of his nocturnal efforts when she went in to work the
next day. He was Richard Stallman, later to go on to found
the GNU project and the Free Software Foundation. Stallman
was not Vera’s only programmer. When Dan was in elementary
school, Vera would ask him to write programs she needed for her
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programmable TI-58 calculator. She paid him one dollar per
program. Dan later went on to obtain a PhD in computer sci-
ence.

It seemed to us that Vera traveled everywhere around the
world and knew mathematicians wherever she went. As a
teenager Ben traveled to Hungary with Vera to a mathematics
conference. Vera always sought out whatever fun was to be had.
When roving musicians serenaded them at a restaurant dinner
leaning in close with their violins, Ben was embarrassed, but
Vera loved it, dancing along in her seat to Ben’s mortification.
As was not unusual, she was the only woman mathematician
at that conference. The organizers in their wisdom gave her
only half the time for her talk that was allotted to the men. De-
spite having prepared a standard length talk, Vera did not seem
upset. When her time was up halfway through her talk, she
gathered up her papers, walked off the stage, and declined to
take questions. Her only answer to inquiries was to point out
that if people wanted to hear her whole talk they needed to give
her a whole time slot.

When Naomi and Ben were in college, Vera spent a sabbat-
ical at Cambridge University in England. All three of us went
to stay with her for a couple of cold English summer weeks (dur-
ing which it never quite rained and never quite stopped raining).
One of the memorable recollections of this visit was hosting John
Conway for dinner. The rented house had a number of couch
bolster pillows, and one of the highlights of the evening was a
pillow fight between John and Dan and Ben. There was a crash
when a pillow hit one of the framed pictures. Vera calmly took
it to a framing store a few days later and had the glass replaced.
John and Ben stayed up until the wee hours of the morning
playing game after game after game of backgammon which was
John’s passion at the time. Dan remembers that it was the pas-
sion of quite a few members of the Mathematics department
at Cambridge. He recalls that at lunch in the common room,
backgammon games were played at ferocious speed with play-
ers rolling the dice as soon as their opponents had relinquished
them, with moves made as quickly.

Vera loved to travel, and as Ben’s wife once remarked about
vacationing with her, Vera was always willing to try anything
once (this in contrast to typical women of her generation). Vera
may have passed that spirit of adventure on to Ben who be-
came a biomedical entrepreneur. Was it different growing up
with a mathematician mother? Probably. As kids the main
difference seemed to be that neighbor moms (at that time)
mostly didn’t have careers. However the moms we knew well
were the physicists Vera Kistiakowsky and Elizabeth Barranger.
They were Vera’s best friends and had kids close to our own
ages. Differences we likely never noticed crystallized for Naomi
when her husband-to-be asked a question about directions to
get somewhere in Chicago. “Oh, it’s very easy,” Vera explained.
“Chicago streets are laid out on Cartesian coordinates.” He had
no idea what she meant. This was a perfectly normal sentence

in our family, and it forced Naomi to see that some of what we
said, and even how we saw the world, was, well, different.

Naomi remembers an argument Vera had with a medical re-
ceptionist who was being petty about a meaningless bit of bureau-
cracy. Finally agreeing to sign Vera up, the receptionist asked,
“Is it Miss or Mrs.?” Vera’s emphatic reply, “It’s Doctor!” Now
a physician, Naomi will admit to having on occasion answered
the same question that same way.

Vera was an email wizard! Years before anyone had email,
Vera had email. In the days when if you made a mistake you
had to erase back to where the mistake was and then retype
the whole thing again, Vera had email. When Vera was on
sabbatical at the Technion in Israel in 1989, Naomi and Vera
would communicate with Naomi using Vera’s University of Illi-
nois email to reach Vera’s Technion email. It would be another
four years before Naomi qualified for an “experimental” email
account through her home university.

When Vera wanted to learn something new in mathematics,
one of her techniques was to volunteer to teach it. As she ex-
plained to us, all she needed to do was to stay a couple of lessons
ahead of the students. At a family gathering, defending a grand-
daughter complaining about calculus, Vera made it clear that in
her opinion calculus did not even qualify as real mathematics,
and said that she always had to relearn it when she was assigned
to teach it.

As far back as any of us can remember, Vera always had a
small handle-less leather briefcase that she carried pretty much
everywhere. In this were pads of graph paper marked in her
handwriting with arrays of ones and zeros. This briefcase was
precious and was never left in a car. If she had a minute sitting
in a restaurant, waiting in a waiting room, or even lounging
on the beach, its contents always provided Vera with something
enjoyable to do.

Ben remembers being at lunch on a trip to Israel with Vera.
They were with a small crowd of (male) mathematicians. One
of them posed a mathematics puzzle to be solved, and there en-
sued an enormous amount of loud talking, and talking over each
other. Vera did not seem to be paying attention; she was qui-
etly working away on one of her notepads as usual. During a
break in the arguing she looked up and provided an answer to
the puzzle and her reasoning for it. Everything froze for several
moments while the other mathematicians considered what they
had just heard. This was followed by a bit of appreciative mum-
bling and a sudden renewed interest in the food on the table.

Early in 2020 Vera broke her hip. She died at home about a
month later, just days before her 89th birthday. Unbeknown to
us, Covid pandemic lockdowns would start in a few short weeks,
but we were able to have (what was to become) the luxury of a
real funeral with all of us, as well as all of Vera’s grandchildren,
in attendance.

Having faced discrimination as a woman in mathematics,
Vera always felt it her responsibility to make things easier for
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Figure 4. Vera Pless (center) with her two best friends, the
physicists Vera Kistiakowsky (left) and Elizabeth Baranger
(right) (July 3, 2011).

the women who came after her, and also for people who were
from minority backgrounds or from other countries. She was
devoted to music and art, and was generous in her contributions
to the arts and to human rights causes. She loved music. Vera
learned to play both the cello and the piano. If you played her
a piece of classical music, she could identify the composer by
ear. She was gifted in languages. She spoke Russian with her
Russian-immigrant dentist. She studied Hebrew and Yiddish
literally until the day she died. She loved the arts, and enjoyed
attending the performing arts as well as visiting art museums.
It may be that for her math was simply another form of art, and
it was her art form. Languages, art, and math are all about
patterns, and perhaps it was patterns that she loved. We would
think of her as working steadily and consistently all the time
with her pads of graph paper marked up with ones and zeros.
That may have been true, but perhaps we were also seeing an
artist devoted to her art.

Nick Crews
As someone who is functionally math-illiterate, I, Vera Pless’s
former son-in-law, had something of a unique relationship with
Vera. I say, without pride, but truthfully, that the last math
class I completed was in my sophomore year of high school. It
was a business math class, covering the simplest mathematical
concepts: basic operations as applied to fractions and that kind
of thing. I failed it.

I met Vera after courting (and eventually marrying) her
daughter Naomi. Vera and I first established a connection on
a curious shared point of reference: the University of Chicago’s
Great Books Program. This program emerged from the Uni-
versity of Chicago in the 1940s, creating an undergraduate
program that promoted seminar-based study of primary “Great
Books” texts through Socratic dialogue. The program offered

early college entrance to gifted students. Vera had been accepted
at the tender age of 16. Vera would say her understanding of
the physical universe came from Lucretius, whom she had read
as so much poetry at the University of Chicago.

I came to the Great Books program by way of a high school
teacher. Perhaps as a way of helping a floundering student find
himself academically, he suggested I consider enrolling in an
undergraduate Great Books program. To that end I enrolled at
Shimer College which had once been affiliated with the Univer-
sity of Chicago, and retained vestiges of the Great Books pro-
gram. By the time I met Vera I also had very briefly attended
St. John’s College, another Great Books school, where I spent
a scant few weeks lamely demonstrating mathematical proofs
from Euclid’s Elements—or trying to—before I dropped out, to
everyone’s relief.

Not long after that I found unlikely love in San Francisco
with Vera’s daughter, Naomi. When in time I was “brought
home” to meet Vera, I must have remarked I had trouble finding
my way around the city. “Oh, it’s very easy,” Vera explained.
“Chicago streets are laid out on Cartesian coordinates.” She was
clearly oblivious to the fact that she was not speaking standard
English.

If my relationship with Vera’s daughter was unlikely, my re-
lationship with Vera was more so. I can even now barely retain
single-digit numbers in my head. And yet, Vera and I quickly
formed a bond, one that strengthened over time. I’m fond of
saying that Vera was the Jewish mother I never had, but always
needed. While I loved my parents deeply, they failed to respond
to my interest in music, or in any way encourage it. When Vera
learned I loved music, she had her cello repaired and loaned it
to me. The kindness and thoughtfulness of the gesture rather
overwhelmed me at the time. I later learned that she had had
difficulty choosing to attend the University of Chicago because
it meant she had to give up the first cello position in her high
school orchestra that she had been promised. That same high
school cello was the one she refurbished for me. While I never
learned to play the cello, I never forgot the faith Vera showed in
me, and my musical talents were later to develop more success-
fully on other fronts, in part at least thanks to Vera.

My relationship with Vera endured even through my divorce
from her daughter. I stayed in touch, phoning her on Mother’s
Day and on her birthday. I always kept my eye out for Yiddish
and Hebrew folk song LPs and CDs that I’d send to her. She
always responded with a gracious thank you note.

Toward the end of her life, I was honored to be included in
several of the family Passover Seders at Vera’s house. During one
of these Seders, Vera looked up with a gleam in her eye, surveyed
the assembled family, which included both me and Vera’s own
former husband and announced: “How funny! There are more
former spouses here than current spouses.” She got a big laugh
out of that. In my last conversation with Vera shortly before she
died, I confided that she’d been like a mother to me. She replied
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simply that she’d always thought of me as a son. Given Vera’s
deep and abiding love of mathematics, the fact she could rate a
math-illiterate like me in the “son” category shows Vera’s heart
was as formidable as her intellect. Vera viewed math as an art
and a way of seeing life’s beauty. That she also saw qualities
in me my own mother failed to glimpse, and sought to help me
find my way, forever endears me to Vera and her memory.

Her Work in Mathematics
After her PhD in 1957, which was titled “Quotient Rings
of Continuous Transformation Rings,” Vera’s first pub-
lication was on the continuous transformation ring of
biorthogonal bases spaces. After this Vera branched out
and started to do research in algebraic coding theory. At
the time, this area was very new and was just beginning
to be studied in earnest mathematically. Her first paper
in this area in 1963 was an extremely important one. She
proved an expression for the first 𝑠 moments of the Ham-
ming weight enumerator of a linear code in terms of the
moments of weight less than 𝑠 in the Hamming weight of
the orthogonal. This work was a complement to the work
done by Jessie MacWilliams in the same year giving the
MacWilliams relations for linear codes, which is one of the
foundational results of coding theory. The work of these
two brilliant women guides research to the present day in
terms of applications of weight enumerators of codes.

Soon after in 1968, she proved another major result
which was the uniqueness of the Golay codes. Specifically,
she showed that any perfect codes with certain parameters
must be equivalent to the Golay codes.

In the late 1960s and early 1970s, she published a
series of papers studying maximal self-orthogonal codes,
which are codes contained in their orthogonal, and self-
dual codes which are codes that are equal to their orthogo-
nal. This study continues today and is a highly active area
of research. The foundation of this study was laid by Vera
and her coauthors of this time. She also used these results
to obtain results in design theory. Over the next decades
Vera produced numerous papers studying these codes, in-
cluding studying the neighbors and children of self-dual
codes. These results remain the foundation of the study of
self-dual codes and are referenced continually.

Harold (Thann) Ward
The first time I heard Vera give a talk was 50 years ago, at the
summer meeting at Penn State in 1971. She talked about her
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recent classification of binary self-dual codes up to length 18,
presenting methods that would be used for a long time in a vari-
ety of settings. For several years she had been directing a project
on codes sponsored by the Air Force Cambridge Research Labora-
tories (AFCRL), in Bedford, Massachusetts. It was instrumen-
tal in bringing coding theory into the mathematical mainstream.
Along with Vera, the main participants were Ed Assmus, Skip
Mattson, and Richard Turyn. Andrew Gleason at Harvard was
an advisor to the group; Jessie MacWilliams had been one of his
students. I treasure the copies of some of the reports that project
members kindly sent to me. Those reports contain preliminary
versions of many classical coding-theory papers, notably “New
5-Designs.” My own entrance to the subject was a setting for
quadratic-residue codes using the Weil representation [19, 20],
inspired by the Gleason-Prange Theorem in “New 5-designs”
and the AFCRL reports. I remember a later pleasant visit to
Vera’s home near Route 128 north of Boston to talk about re-
search directions. Our further work did not overlap much except
for a happy collaboration with her and Neil Sloane on ternary
self-dual codes [15]. Part of that study involved a nice connec-
tion with binary symplectic geometry (echoes of the Weil repre-
sentation) that allowed us to draw on a classification by Jack
McLaughlin [10]. Kindness seemed to be a hallmark of AMS
special sessions on coding theory. Once in a session of another
subject I was dismayed at the contentious atmosphere. How
pleasant it was to return to “family” at the coding-theory session!
Vera was involved in many of these meetings, giving splendid
parties at her home in Oak Park, Illinois, when the meetings
were in Evanston or Chicago. At her retirement AMS special
session in Cincinnati in 2006, she overwhelmed the “family”
participants by treating all of us to dinner!

Jay A. Wood
My first contact with Vera arose in a surprising way. In the
late 1980s, following a hint from a referee, I discovered that
the elementary abelian 2-subgroups of the real spinor groups
were exactly the doubly even self-orthogonal binary codes. In
1972 Vera had classifed the maximal such codes for lengths up
through 20, and I had rediscovered this classification, but in
the language of spinor groups. We exchanged letters and papers,
and Vera was very encouraging that I pursue this connection.
(A sidelight that amuses me: Quillen published an important
paper on spinor groups in 1971 that uses some ideas similar to
those in Vera’s 1972 paper. They were close at the time: Vera at
the Air Force Cambridge Research Laboratories, Quillen in the
Mathematics department of MIT.) Another contact with Vera
that was pivotal for me occurred on April 28, 1992. I was at
UIC, speaking in Vera’s seminar on how to view doubly even self-
orthogonal binary codes as isotropic subspaces of a Z4-valued
quadratic form. (Such forms were introduced in algebraic topol-
ogy in 1972 by E. H. Brown, Jr. Brown passed away December
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22, 2021.) At the end of the talk, Vera suggested that I reexam-
ine the work of Jessie MacWilliams on code equivalence: that
two linear codes are monomially equivalent if and only if there
is a vector space isomorphism between them that preserves the
Hamming weight. I followed Vera’s advice and started think-
ing about code equivalence. This led to work with Thann Ward
on a character-theoretic proof. When the study of codes over
rings started to bloom shortly thereafter, I was able to extend
the character-theoretic proof to the context of linear codes over
finite Frobenius rings. Vera gave me very good advice!

Vladimir D. Tonchev
The seminal work of Vera Pless on a class of ternary self-dual
codes that hold new 5-designs [11, 12], is known nowadays in
the coding theory literature as the Pless symmetry codes. At the
time when I was a graduate student, these inspired my early
interest in the interactions between error-correcting codes and
combinatorial designs. I met Vera in person for the first time at
the International Symposium on Information Theory in Ann Ar-
bor in 1986, where I reported preliminary results from my first
joint paper with Vera [16], which we wrote by communicating
remotely via ordinary mail. In 1989, we met again at an Ober-
wolfach workshop in Germany, where we initiated a new joint
project that also involved Willem Haemers and Chris Parker, on
designs and a code invariant under the Conway simple group
𝐶𝑜3 [5]. I visited Vera at the University of Illinois at Chicago
in the spring of 1991. This visit was the starting point of my
academic career in the United States. During that time, to-
gether with Vera Pless and Jeff Leon, we discovered an extremal
self-dual code whose existence was conjectured by Conway and
Sloane [17]. A few years later, I was elated when Vera invited
me to write a chapter on codes and designs [18] for the Hand-
book of Coding Theory [7] that she was editing together with
W. Cary Huffman. Vera’s book Introduction to the Theory of
Error-Correcting Codes [13] and her joint book with W. Cary
Huffman, Fundamentals of Error-Correcting Codes [7], are
my favorite textbooks for the undergraduate and graduate level
courses in coding theory that I have been teaching at Michigan
Technological University.

As example of the breadth of Vera’s work was her paper
in 1977 on encryption schemes for computer confidential-
ity. This was a very early work in cryptography which was
in its infancy at the time. Cryptography is now a very im-
portant area of research.

In 1982, Vera wrote the text Introduction to the The-
ory of Error-Correcting Codes which was published in three
editions. It was an early text on coding theory and was
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the introduction to the subject for numerous mathemati-
cians.

Xiang-dong Hou
I first met Vera in the summer of 1988. At that time, I was
a graduate student in the Department of Mathematics at the
University of Wyoming, which was the site of a summer school
on combinatorics and coding theory. Vera taught coding theory
and Richard Brualdi taught combinatorics. Vera’s lectures were
about covering radius of codes, which was a hot topic at the time.
A young graduate student, with almost no background in cod-
ing theory, looking for directions for dissertation research, I was
fascinated by Vera’s lectures and enticed by the questions that
she brought up. Coincidentally, earlier that year, for family rea-
sons, I had applied to the graduate program at UIC (University
of Illinois at Chicago) and I had received admission by the time
I met Vera. I remember that one afternoon after the lecture, I
went to Vera’s summer school office. After a rather nervous self-
introduction, I told Vera that I would go to UIC in the fall, and
I would like to study with her. I do not remember her answer,
but to this day, I still remember her smile.

My experience at UIC was one of the most rewarding in my
life. While taking a maximum load of courses every semester,
I started to work on covering radius of codes under Vera’s su-
pervision. I reported to her whenever I had anything new. Of-
tentimes, my primitive and fragmentary ideas were greeted by
her generous encouragement and insightful suggestions. Under
her influence, I became interested in the covering radius of the
Reed-Muller code. In 1983, Patterson and Wiedemann discov-
ered two cosets of the first order Reed–Muller code of length 215,
which gave a new lower bound for the covering radius of that
code. One day, I told Vera that I found that the two cosets did
not have the weight distribution as claimed. Vera was a little
surprised, but she trusted me. She contacted the authors and
their correction appeared in 1990.

My daughter was born in 1990. I remember a very nice
gift that Vera gave her. On the gift card, Vera’s blessing was
not addressed to the parents, but to the baby herself. The same
year, I defended my thesis, graduated, and landed my first job in
academia; all these would not have been possible without Vera’s
enormous help.

After I graduated from UIC, my research interests expanded
to a few other areas of mathematics. However, Vera’s influence
on me lasted. A certain number of unsolved questions about
the Reed–Muller code are always in the back of my mind and
they rekindle my thoughts from time to time. Vera would have
been pleased to know that a long-standing open question about
the number of equivalence classes of cosets of the first order
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Reed–Muller code has been solved recently by one of her stu-
dents [6]. (Vladimir Tonchev informed me that the question
about Boolean functions was solved by Jordan Denev and him-
self in 1980.)

In coding theory, there is a well-known family of identities
called the Pless power moments; they are a mathematical legacy
of Vera’s. As her student, I have the memory of many moments
that I will always cherish.

In the 1980s, Vera defined the class of duadic codes
which are a class of binary, cyclic, [𝑛, (𝑛 ± 1)/2] codes and
did extensive work on these. Vera also studied the putative
[72, 36, 16] Type II code and other work on self-dual codes.
This work continued in the 1990s with work on neighbors,
children, weight enumerators, and the classification of self-
dual codes.

Richard Brualdi
Vera came from coding theory and I came from linear algebra
and combinatorial matrix theory. I had taught a year-long grad-
uate course in coding theory a couple of years before 1986, so
I knew the language and some of the techniques of coding the-
ory. Since Vera was mainly interested in linear codes, which
are subspaces of an 𝑛-dimensional vector space, we were able
to communicate fairly well. This started a collaboration on cod-
ing theory for about 8 years that resulted in 11 papers and a
collaboration on Handbook of Coding Theory, published in
1988.

Vera was in some regards a workaholic. When we were to-
gether, I often heard her say to me, “so shall we get to work,”
even though I may not have been quite ready to do so myself.
She was very diligent and dedicated to research in coding the-
ory. But she also loved movies, music, theater, travel, good food,
and many intellectual activities. She loved the outdoors, walk-
ing and hiking, and traveling.

Our first paper (also with Janet Beissinger), published in
1988, gave another (more combinatorial) proof of the cele-
brated MacWilliams identities for linear codes and their duals.
This was followed in 1989 in a paper (also with RichardM.Wil-
son) in which we introduced the notion of a short code and a
related new function, the length function, which is the smallest
length of a binary linear code of a given codimension and cov-
ering radius. These papers were followed by several other papers
(one with Ning Cai) on so-called orphans of linear codes, specif-
ically, the first order Reed–Muller codes, which arise naturally
in the investigation of the covering radius.

Perhaps the joint paper with Vera that I like best is the one
published in 1993 on greedy codes. These are binary codes
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defined by a greedy algorithm: Choose the next vector whose
Hamming distance to each previously chosen vector is at least
a specified number d. It turns out that these codes are actually
linear and a parity check matrix for them is constructed.

While I began as one of the editors of the Handbook (with
W. Cary Huffman), I moved on to other things and was desig-
nated as an assistant editor of the two-volume tome. This hand-
book was a monumental project which resulted in over 2000
pages covering most aspects of coding theory and its applications.
Vera worked tirelessly on this project and the resulting handbook
shows this.

Patrick Solé
I visited Vera Pless twice in UIC, in 1997 and 1999. There
I met Jon-Lark Kim and W. Cary Huffman for the first time.
This visit was combined with some AMS sectional weekend con-
ference. I appreciated the clarity of her talks, always delivered
with good mood, and peppered with small jokes. I still remember
the way she described succinctly the difference between Type I
and Type II codes by saying, “You know, 2 is not 4!” with her
midwest accent. I remember fondly the way she had to explain
everything to anybody as if he/she were a child. Once, an expert
in Langlands program was attending one of my seminar talks at
UIC where I had to use the group 𝑃𝑆𝐿(2; 𝑝). Then, she turned
back towards that person, and asked her bluntly: do you know
this group? She also visited me in Sophia Antipolis, a science
park near Antibes, France, in early 1999. I was supposed to
drive from Antibes to Toulon with Vera and Alex Vardy in my
car to attend an HDR defense. As the reader can imagine, we
started talking about codes, got an interesting conversation, and,
distracted, I missed the right exit on the highway. We made it in
time for the defense, but not in time for the preceding luncheon.

The two papers I wrote with Vera share the common feature
of an appendix written by a number theorist. Doing research
with Vera was moving from very concrete problems to nontrivial
mathematical questions. Clarity and numerical examples never
excluded depth in that approach. From my interaction with
Vera, I take away this attitude towards research, and a lifelong
interest in self-dual codes.

In the 2000s, Vera did work on ℤ4 codes and cyclic
codes. Her work was some of the first examining codes
over this ring. Of course, now codes over rings is a major
area of study in coding theory.

Patrick Solé is a senior researcher at CNRS based at Institut de Mathématiques
de Marseille, France. His email address is patrick.sole@telecom-paris
.fr.
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Jon-Lark Kim
I was Vera’s last PhD student before she retired (she had two
more after retirement). According to math genealogy, I am her
tenth student.

My first contact with her occurred sometime in 1997, when I
obtained my M.S. in mathematics from Korea and I was looking
for a graduate program in the USA. I knew Vera from her papers,
so I visited her homepage which showed her big smile. This gave
me the courage to email her to ask if she could be my supervisor.
Of course, I attached my master’s thesis and one preprint on
self-dual codes. To my surprise, she emailed me back in a day
saying that she could be my advisor. If she had not replied, my
life would have changed.

My first meeting with her was in August 1998, when I ar-
rived in Chicago and visited the mathematics department of
UIC. I greeted her and she greeted me with a big smile. Soon,
I attended the regular Coding Theory Seminar, where Vera, W.
Cary Huffman, Philippe Gaborit, Joe Fields, and a few more stu-
dents attended. This opportunity trained me as a professional
coding theorist. I also took all her graduate courses and then
we moved to her office at least three times a week in order to
discuss research problems. She was so energetic that I needed to
prepare a lot. When I asked some questions in the early days,
she used to say, “You don’t know this?” and it was embarrass-
ing. So I never asked her easy questions and instead I suggested
new ideas. Then she cheered me up. This resulted in seven joint
papers within five years.

Even though she was well known as a coding theorist, she was
also interested in cryptography so that she wrote a book titled
The Cryptoclub: Using Mathematics to Make and Break
Secret Codes with Janet Beissinger. She was a regular per-
son. She would come to school in the morning and go back
home before evening because she wanted to go home to Oak
Park by avoiding Chicago traffic. She used to invite people to
her house after AMS meetings, where I met many famous math-
ematicians.

Vera visited Korea twice in the early 2000s for conferences
I was involved in. When she started a talk in the second con-
ference, the light of the room went out suddenly. Instead of
waiting for the light to come back, she continued to explain her
topic in a dark room. The audience focused on her voice and
later the light came on. People told me later that they were very
impressed by her calmness.

I evaluate myself as a successor of Vera Pless in the sense
that I wrote many papers on her favorite topics, self-dual codes
and designs. In particular, her projection decoding algorithm for
the binary Golay code of length 24, the most famous self-dual
code, was extended to the (self-dual) Reed–Muller 𝑅(2, 5) code

Jon-Lark Kim is a professor of mathematics at Sogang University, Korea. His
email address is jlkim@sogang.ac.kr.

of length 32 [4]. Later, we found interesting designs arising
from additive codes over 𝐺𝐹(4) for the first time [9], where I
showed her a Magma result, she made a conjecture, and we
solved it!

Her teaching was very clear and example-oriented. She tried
to give an intuition rather than a formalism. She was open
to many kinds of ideas. I believe that I resemble her in these
respects. My teaching and research follow her philosophy. I will
also continue to teach and research until and after my retirement
just as she did. I miss her voice telling me, “You don’t know
this?” Yes, I will know it after all!

Shmuel Friedland
Vera and I became friends soon after I arrived at the University
of Illinois at Chicago in Fall 1985. I was quite surprised to dis-
cover that she spoke good Hebrew. I was always impressed by
her knowledge, intellect, and broad interests. She enjoyed the-
ater and held season tickets to some Chicago-based companies.
My wife Margaret Stawiska-Friedland joined her occasionally
to see the performances.

Vera was a very dedicated mathematician with high aspi-
rations and achievements. She collaborated with well-known
mathematicians such as John Horton Conway and John Griggs
Thompson, Richard Brualdi and Neil J. A. Sloane. I was lucky
to collaborate with Vera on a joint paper with Uri Peled and her
students Jon-Lark and Irina [8]. It was our late colleague Peled
who told me about a problem from their joint project, which I
was then able to solve.

Vera was proud of her Jewish heritage. She often celebrated
holidays with friends, inviting them to her place or joining
them in their homes. Many times I was a guest of hers or the
happy host. One time I invited her and some other friends to
a Hanukkah dinner. I worked quite hard to prepare traditional
potato pancakes. When I complained about the effort, she gave
me a piece of advice: why don’t you use a boxed potato pan-
cake mix? I followed the advice the next year and the pancakes
turned out rather mediocre. Perhaps she was not serious when
recommending the obvious culinary shortcut, because her own
cooking tasted much better than the ready-made products, espe-
cially the chicken soup. We are going to miss her a lot!

Steven T. Dougherty
At the AMS conference at the University of Notre Dame in April,
2000, Vera Pless was sitting front and center at a talk. Despite
her diminutive frame she posed an intimidating figure to all
who spoke. It can be quite challenging to speak in front of one
of the best researchers in a particular discipline. At the end of
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a talk on codes over Frobenius rings, she gently raised her hand
and asked the speaker in a soft voice, “Why should we care
about codes over Frobenius rings anyway?” The speaker was
a bit flustered, after all, one of the giants of the field had just
asked him why his talk was even relevant. Seven years later,
at the AMS special session honoring the retirement of Thann
Ward at DePaul University in Chicago, Vera again sat front
and center in the room. As I intended to answer the question as
to why we should be interested in codes over Frobenius rings, I
began my talk with the above quote from Vera Pless. Vera spoke
loud enough for everyone in the room to hear, saying, “Why does
everyone remember every single thing I say?” For me the answer
to this question is clear, the reason why everyone remembers
every single thing she said is that every single thing she said was
memorable, interesting, and important.

While I was at a conference in Atlanta, Vera had a heart
attack. Jon-Lark Kim, Reshma Ramadurai, and I went to visit
her in the hospital. While we were in the room with her, two
doctors came in. She grilled them like it was their thesis defense
and then got her daughter, who is a doctor, on the phone to go
over all of the details with them. The medical staff kept coming
in and talking to us like we were her children. I told Vera,
“They think we, a Korean man, an Indian woman, and myself,
are your children. That must be some mixed up gene pool.”
But I think in a very real way, this is what Vera was to many
mathematicians in coding theory. She was a strong mother, a
good role model, and a caring mentor to any who sought her
help.

Vera produced, with her coauthor W. Cary Huffman,
two of the most important texts in coding theory. The first
was Handbook of Coding Theory in 1998. The second was in
2003 and is entitled Fundamentals of Error-Correcting Codes.
One cannot overestimate the importance of this text in the
field. It has become the standard reference for classical cod-
ing theory.

W. Cary Huffman
In 1992 Vera was invited by Elsevier Science to edit a coding
theory book. She invited me and Richard Brualdi to coedit the
book with her; we both accepted. I took a sabbatical at UIC
in the fall of 1992 to work with Vera and Richard on an in-
troductory chapter of the book. Richard helped extensively in
the beginning of the project, but changed his status to assistant
editor due to his increasing responsibilities as chair of the Math-
ematics department at the University of Wisconsin. The process
began with brainstorming ideas for both topics and authors with

W. Cary Huffman is a professor emeritus in the department of mathematics
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Figure 5. AMS Special Session honoring Vera Pless (2006)
and Vera with John H. Conway (1995).

suggestions from coding theory experts, many of whom eventu-
ally contributed chapters to the book. Until publication, both
Vera and I were in frequent communication with authors, read-
ing and making suggestions for their chapters. The book ended
up with 25 chapters written by an international group of 33 au-
thors. While the original publication date was scheduled for ear-
lier, the two-volume 2,169-page Handbook of Coding The-
ory finally appeared in 1998. Several of the authors attended
two AMS specials sessions on coding theory, in 1995 and 1998,
organized by Vera and me. The second of these two was ded-
icated to the memory of Ed Assmus, one of the authors, who
passed away shortly before the publication of the Handbook.

As an example of the breadth of her talent, Vera also
published a book for middle school children, with her
close friend Janet Beissinger, titled The Cryptoclub: Using
Mathematics to Make and Break Secret Codes. This book de-
scribes the basics of cryptography in language that a mid-
dle school student can understand.
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Janet Beissinger
I first met Vera at the AMSAnnualMeeting in 1981, when I was
a candidate for an Assistant Professor position at the University
of Illinois at Chicago (UIC). She introduced me to Bhama Srini-
vasan, also from UIC and Louise Hay, the head of UIC’s Math-
ematics department. I had already corresponded with Karen
Uhlenbeck, the Chair of the Recruitment Committee, so I was
pretty impressed—so many women in UIC’s Math department, I
thought. But I later learned that out of about 80 tenured/tenure-
track faculty members in the department only five were women,
and I had just met all but one of them. Nevertheless, though
few in number, these pioneering women mathematicians were
inspiring and supportive role models.

I didn’t realize at that time that Vera, in particular, would
have an important impact on me as a colleague, mentor, and
friend for the next forty years. She gave me both professional and
personal advice, ranging from important career moves to per-
sonal finance, and she encouraged and supported me all along
the way. Our fields overlapped a bit—mine was enumerative
combinatorics—and we wrote one paper [3] together, but our
biggest collaboration was on a project to teach cryptography to
middle school students.

About 20 years ago I was writing a chapter about prime num-
bers for a fourth grade math textbook. I remembered from my
graduate school days in the seventies the excitement when the
development of public key cryptography was announced, and I
remembered that the security of some public key systems depends
on the fact that large numbers are hard to factor. I called Vera
for a refresher on those systems and to see if she thought the
basics could be explained to fourth graders as an application
of factorization. We decided that fourth grade was probably too
young, but that middle school students might understand. Then,
the more we thought about it, the more we realized there are
many interesting ciphers that apply to the kinds of mathemat-
ics middle school students learn. And, with the natural interest
kids have surrounding secret messages, cryptography would be
a great way for students to explore mathematics in a way that
was different from school math.

We started meeting regularly to develop a draft of a book.
We included shift ciphers, which involve addition and subtrac-
tion and a natural application of negative numbers. Another
was the Vigenère Cipher, which was once believed to be un-
breakable, but can actually be cracked by today’s middle school
students (as long as the key isn’t too long) by finding repeating
patterns in the message and then finding common factors of the
distances between repetitions. Multiplicative and affine ciphers
involve practice with simple arithmetic operations, followed by
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reducing modulo 26. Modular arithmetic is fundamental to
cryptography and, while it is not typically covered in the middle
school curriculum, it uses division with remainder, which is in
the curriculum, and it reinforces the concepts students need to
know about telling time on clocks. One way to crack affine ci-
phers is to solve systems of linear congruences—which reinforces
what students are learning about how to solve linear equations.
And, one of the fundamental tools used to crack messages in
cryptography, frequency analysis, involves data collection, deci-
mals, and percents—all important topics in the middle school.
We also included the modern-day RSA cipher, which involves
work with exponents. Its connection to prime numbers and fac-
torization gives an inspiration for thinking about really large
prime numbers, those much larger than students usually think
about in school.

It was great fun to work with Vera to develop a story about the
CryptoKids, fictional kids who formed a club to teach themselves
about cryptography and mathematics. She had a playful sense
about what might happen to real kids in school and the con-
versations they might have. Some of the scenarios in the story
were based on real events. For example, a teacher once inter-
cepted a student’s note and read it aloud to the class. The Cryp-
toKids vowed to encrypt their messages in the future to avoid
that embarrassment from happening again. Another time, an
exhausted teacher told a student that, “some things are always
true: two plus two is always four, four plus four is always eight,”
and so on. “You just have to accept that.” That was taken as
a challenge to think of a counterexample: when telling time on
clocks, the usual arithmetic isn’t always true. On a twelve-hour
clock, eight plus eight is not sixteen—it’s four. That led the
CryptoKids to explore modular arithmetic and to learn about
ciphers that use it.

The conversations of the CryptoKids were often about some
of the things kids who like to explore mathematics might won-
der: When you are checking whether a number is prime, do
you really have to test all the numbers less than that to look for
divisors? They were happy to realize you only have to check up
to the square root of the number. How many primes are there
anyway? One of the CryptoKids wondered about that and an-
other convinced her that there are infinitely many by informally
describing what was essentially a proof of Euclid’s theorem.

We used cryptography, not only as a vehicle for students to
build mathematics skills, but also as an opportunity to show-
case some of the problems research mathematicians are currently
working on. For example, the fact that the security of RSA de-
pends on the difficultly of factoring large numbers has spurred
mathematicians to look for efficient methods for factoring. We
wanted students to see mathematics as a vibrant, changing sub-
ject, with unanswered questions, rather than an old subject
whose problems have all been figured out.

After a year or so of creating our story, our colleague, Phil
Wagreich, suggested that we apply for a National Science
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Foundation grant so we could test the book with teachers and
real kids. We got the grant and over the next three years we
trained 19 pilot teachers in the Chicago area, then visited their
classrooms to watch.

Vera had always been an excellent teacher—in fact, she had
won a university-wide teaching award at least once—but I don’t
think she had visited middle school classrooms or worked with
teachers in this way before, and we both really enjoyed seeing
how teachers used our materials with students at that level. We
learned a lot from both the teachers and their students.

The result of this work together was TheCryptoClub: Using
Mathematics to Make and Break Secret Codes [1], which
has since been translated into both Korean and Chinese. It was
interesting to see how the foreign language publishers adapted
the book—they translated the instructional part but kept our
original secret messages in English. That way students could
learn about the ciphers and mathematics in their own language,
while practicing their English skills as they encrypt and decrypt
our messages.

It turned out that the topic of cryptography was very interest-
ing to students, but the typical middle school teacher didn’t have
time during the regular school day to go all the way through the
book to the deeper chapters on public key cryptography. They
started teaching the material in after school programs and sug-
gested modifications to better fit those settings. So after Vera re-
tired, Bonnie Saunders and I continued the CryptoClub Project
with new NSF grants to develop materials [2] for informal set-
tings.

Although our original target audience was students in reg-
ular classrooms, we were surprised to realize there were other
audiences for the book. One is preservice teachers taking col-
lege number theory courses. As they learn more advanced topics
in their courses, the book serves as a supplement that lets them
experience how these topics can be taught in a playful way to
their future students. The other audience is independent learn-
ers who want to explore cryptography and mathematics on their
own, outside of a regular classroom setting.

Besides a book, our NSF grant funded us to develop an in-
teractive cryptography website. What Vera and I initially had
in mind was a site with simple tools for computing letter fre-
quencies or doing other useful computations that would help
to analyze encrypted messages, but when a graduate student,
Rong Zeng, asked us to design a cryptography adventure game
he could program in order to teach himself Flash programming,
we took the bait. Vera and I had no experience with video
games, but we did have adventurous spirits, so we designed
an animated game, Stormy Night Treasure Hunt, that took
the player through a haunted castle to find a treasure at the
end. That game has unfortunately gone the way of other Flash
games and is no longer available, but the website and game were
the precursor to the website, cryptoclub.org, that Bonnie

Saunders and I later developed with the educational software
company Eduweb and is still in use today.

The cryptography-for-kids work we did showed a playful and
creative side of Vera. But while we enjoyed working on it for
several years, it was by no means the only thing she was doing
at the time. During that period, she was also working on her two
important coding theory texts [7, 13] with W. Cary Huffman,
and she traveled to conferences and gave invited talks around
the world.

Vera was in her late sixties when we started working on the
book. She kept teaching until she was about 75, and continued
to supervise graduate students until she was 82. She was a role
model to me in many ways, but as I approach my own impending
retirement, I realize one of her biggest impacts on me was her
example of how to age well. Even after health issues that would
have slowed most people down, she kept traveling, learning, and
enjoying life. She was determined to live at home, even after she
could not do it alone. She took language lessons, attended plays
and concerts, and read an enormous amount. Her mathematics
contributions will be remembered for their importance to the
field, but I will also remember her lessons about how to live life
to the fullest.

Vera’s influence in the discipline of coding theory was
great. Her influence on other mathematicians, even those
outside her immediate sphere, was also great. Vera was of-
ten very supportive of young mathematicians, providing
opportunities for lectures and research. She was particu-
larly aware of the added difficulty of being a mother while
pursuing research and was known for providing assistance
such as opening her home to mathematicians and their
babies so that they could visit and do research. Having
endured prejudice herself in her career, Vera was always
seeking to encourage mathematicians and search for op-
portunities for them. Her support for women in her field
was immense and there is a long list of female mathemati-
cians who give Vera credit for supporting their career and
for opening the doors that they have entered.

Sarah Spence Adams
Dr. Vera Pless was my mentor at an Association for Women
in Mathematics dinner at the Joint Mathematics Meetings ap-
proximately twenty years ago. I was nearing the completion
of my PhD in algebraic coding theory, and I had read some
of her books and papers during my studies. Although I was
nervous to meet the genius behind these works, I was imme-
diately enamored with her kindness. Dr. Pless encouraged me
through her thoughtful words, and also through being an impres-
sive example, to persist with my dream to become a successful
woman in this important technical area. Her support and her
generosity of time gave me a much-needed confidence boost at a
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critical time in my career. I have held this memory fondly for
two decades, and I hope that Vera knew the impact that she
had on the young women with whom she shared her kindness,
encouragement, and technical prowess.

Judy Walker
I first met Vera at an AMS meeting in Chicago in March of
1995: I had signed up to give a talk in the “contributed papers”
session but was attending the coding theory special session she
was co-organizing. When she learned of my talk, she arranged
for me to give it in the special session room. That simple act
of generosity gave me, as a graduate student, the opportunity to
showcase my work to a group of coding theorists whom I would
continue to know throughout my career. About two years later,
my husband and I were navigating a long-distance start to our
careers, with him on a postdoc at Northwestern and me in a
tenure-track position at Nebraska. She invited me to give a talk
at UIC, partially so that I would have a professional reason for a
trip to the Chicago area. Much later, when my ambitious plans
for a spring sabbatical were altered by the birth of my second
daughter the previous July, Vera insisted that I come visit her
anyway, baby in tow. We stayed at her house and did mathe-
matics there during the day, and she arranged a babysitter so
that she and I could attend the Opera in the evening. Vera’s
kindness, generosity, and nonchalant approach to balancing ca-
reer and family have had a profound impact on me.

Vera Pless had a remarkable career and a remarkable life.
One could easily call it remarkable for the many doors she
opened for women who followed her. One could say the
same about how coming from an immigrant family, she
made it an important part of her mission to open doors
for international students. One might also call it remark-
able for the body of research she did on a wide variety of
topics and for the important texts she wrote. Finally, one
could also call it remarkable for the impact her life had on
others, most especially her students and her collaborators.
Whichever of these you find most important, we all owe a
debt of gratitude for the life and work of Vera Stepen Pless.

To hear some things about Vera’s life in her own voice,
you can listen to Vera Pless interviewed by her two
oldest grandchildren, cousins Lilah Crews-Pless and
Evie Pless at Vera’s home in Oak Park, IL, at a 2018
Passover family gathering.1
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/1fSuG2d4IczkbtQAgzlqaBqWQC5ztk1wh/view.
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AKSF & Math Kangaroo: The
World’s Largest International
Mathematics Competition
Meike Akveld and Luis Cáceres

1. Introduction
In this article, we introduce the Kangaroo competition,
the world’s largest international mathematics competition.
The article is divided into two main parts. The first section
explains the structure of the competition and provides the
background and framework of its governance. In the sec-
ond part, we provide examples of mathematics problems
used in the competition and explain what makes it so spe-
cial.

2. The History of AKSF
It is natural to ask why the competition is called “Math
Kangaroo.” In 1978, Peter O’Halloran, an Australian
teacher, see [Del22], created an event that he called
the Australian Mathematics Competition, which rapidly
became quite popular there. This competition was in
multiple-choice format, and its main objective was to stim-
ulate the joy of mathematics and encourage mathemati-
cal problem-solving. In 1990, the French professors, Jean-
Pierre Boudine and André Deledicq, with the support of
Peter Taylor, professor at the University of Canberra, cre-
ated a similar competition, and named it The Kangaroo of
Mathematics in honor of the Australian professors. The
very first competition was held in 1991. After two years
of great success in France, professors André Deledicq and
Claude Deschamps invited additional European countries
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to join this initiative. By 1994, the competition expanded
to seven countries in addition to France: Belarus, Hungary,
the Netherlands, Poland, Romania, Russia, and Spain. In
June 1994, the French Kangaroo organization, together
with a dozen teachers from other countries, founded the
Association Kangourou Sans Frontières (AKSF) whose statutes
were registered in Paris in 1995, see [KsF]. The AKSF associ-
ation is run by a board composed of a president and eight
board members, all of whom are elected by a general as-
sembly, which meets once a year.

Figure 1. The logo of the AKSF.

In the years following the establishment of the AKSF,
many additional countries joined the association. In 1996,
more than one million students from 17 countries around
the world participated in the competition. In addition to
increasing its student participation, the AKSF increased the
number of member countries, which in turn enriched the
bank of questions fromwhich the papers were selected. By
2011, more than 6 million students, from over 50 coun-
tries participated annually in the competition. Today, the
AKSF includes 93 members and is currently evaluating the
requests of 7 more applicants; see Figure 2.
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Figure 2. Members of AKSF 2022.

The USA has been a member of the AKSF for over two
decades, and has offered the competition for the past 25
years. Registration takes place between September 15 and
December 15 each year at www.mathkangaroo.org. The
competition is designed for students from grades 1 to 12.
It consists of a single 75-minute test, and is always held on
the third Thursday of March.

Every year, the members of the AKSF meet to select the
problems for next year’s competition. At this annual meet-
ing they also make decisions concerning the Association.
In addition, members exchange materials, ideas, and ex-
periences that have strengthened the general dynamics of
the competition at a global level. In 2014, for the first time,
the annual meeting of the association was held outside of
Europe, in Puerto Rico, with the participation of members
from over 60 countries. In 2019 it took place outside Eu-
rope again, this time in the United States with the partici-
pation of members from 77 countries. The success of the
competition has grown each year, and countries from vari-
ous regions continue to join the association, increasing the
participation of students and strengthening the primary
objective of the AKSF, which is to popularize mathemat-
ics for youth worldwide.

3. The Kangaroo Competition
In this section we detail the structure of the competition
and its problem selection process. During the selection
process, the exams for the competition are generated. In
addition, a database is populated with original problems.
This database serves as a very valuable resource for support-
ing other mathematics teaching activities.
3.1. The structure of the competition. AKSF members
contribute to the preparation of papers in English for six
age levels: Pre-Écolier (6 to 8 years), Écolier, (8 to 10 years),
Benjamin (10 to 12 years), Cadet (12 to 14 years), Junior
(14 to 16 years) and Student (16 to 19 years). As Figure 3
shows, the Kangaroo competition enjoys great popularity
with younger children.

Members are responsible for translating the papers
into their countries’ respective languages, deciding which

Figure 3. Age distribution of participants worldwide.

levels to offer there, and making adjustments to the levels
in accordance with their educational systems.

The AKSF provides an invaluable educational resource
that allows students to access, from anywhere on the
planet, stunning and striking mathematical problems.
These problems have been created by mathematicians and
educators from many countries who have vast experience
generating questions that require different problem solv-
ing strategies.

The competition is offered on the third Thursday of
March, and may be taken after, but never before, this of-
ficial date. All members are responsible for organizing
the competition in their country, which may take place in
schools, special centers, or even online. Once the compe-
tition is offered, each country’s organizers determine the
prizes for its best students.

One significant aspect of the AKSF competition is that
individual country scores are not compared. Although the
problems are the same for each country, the competition is
not between countries. Notwithstanding, after the compe-
tition, general participation statistics are shared and a com-
petition report is submitted to learn and appreciate how
the event is carried out in the different countries. Figure 4
displays general participation,1 where the colors have no
meaning other than to help visually distinguish the bars.
3.2. Selection process for the problems. The question se-
lection process fits into the annual cycle of AKSF. In June,
all members receive a call for proposals for the following
year’s competition. Each proposal must indicate the age
level of the problem, degree of difficulty, and area of math-
ematics in which they believe the question best fits. This
results in a database of more than 1000 possible questions
for the competition. At the end of August, the submission
phase closes, and the appraisal begins. All members rate

1Note that the numbers for 2020 and 2021 reduced drastically because of the
COVID-19 pandemic.
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Figure 4. Worldwide number of participants.

the submitted problems and assess the suitability of each.
If satisfactory, members decide whether they agree with
the proposed age level, difficulty, and area of mathematics.
If not, they discuss where the proposal is ill-matched. The
latter helps move questions to different age levels, ranks,
and classifications. Once the process is completed, the
leaders of the working groups choose a preselection exam.
Based on this version, members of the annual meeting
gather in groups of 30–50 mathematicians and educators
to agree on the final official selection for the competition.

4. Examples from 2021–2022 Competitions
The Pre-Écolier and Écolier level exams have 24 questions
in total. All other papers have 30 questions. The items are
organized in ascending order of difficulty, and each exam
contains problems in different areas of mathematics.
4.1. Problems for the very young. The Pre-Écolier exam
is given to the youngest students and, in general, con-
tains questions that require reasoning and logical think-
ing skills, rather than mathematical knowledge. Two ex-
amples below, one easy and one more difficult, give an
idea of this.

Problem 3 (Pre-Écolier, 2022). The picture shows 5 iden-
tical bricks. How many bricks are touching exactly 3 other
bricks?

Figure 5. Bricks touching each other.

1A) 2B) 3C) 4D) 5E)

Problem 24 (Pre-Écolier, 2022). There are five numbered
cards on the table as shown. You may swap two cards at
each step. What is the smallest number of steps needed to
put the cards into increasing order?

3 4 1 5 2
Figure 6. Swapping cards.

1A) 2B) 3C) 4D) 5E)

4.2. Range of difficulty. All papers have problems at
three levels of difficulty: easy ones score 3 points; medium
ones score 4; and hard ones score 5. We understand that
the difficulty of a question depends on the experience of
the student within the particular problem area, but in gen-
eral, the intention is to have items of varied difficulty. Be-
low, we illustrate geometry problems at each of the three
levels of difficulty in the Cadet questions. The first is a
3-point problem, the second a 4-point problem, and the
third a 5-point problem.

Problem 1 (Cadet, 2021). Which of the following symbols
for signs of the Zodiac has an axis of symmetry?

SaggitariusA)

ScorpioB)

LeoC)

CancerD)

CapricornE)

Problem 13 (Cadet, 2021). The area of the large square is
16 cm2 and the area of each small square is 1 cm2. What is
the total area of the yellow flower?

Figure 7. Shaded area.

3 cm2A)
7
2
cm2B) 4 cm2C)

11
2

cm2D)

6 cm2E)
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Problem 30 (Cadet, 2021). The diagram shows a quadri-
lateral divided into four smaller quadrilaterals with a com-
mon vertex 𝐾. The other labelled points divide the sides of
the large quadrilateral into three equal parts. The numbers
indicate the areas of the corresponding small quadrilater-
als. What is the area of the shaded quadrilateral?

PP QQ

RR

SS

TTUU

VV

WW KK

18 ?

10
8

Figure 8. Quadrilateral’s areas.

4A) 5B) 6C) 6.5D) 7E)

4.3. Areas of mathematics. In this section, we demon-
strate how within equivalent age levels and difficulty, Kan-
garoo offers questions in a range of mathematical areas,
which is an explicit goal of the competition. Consider
the following four problems from the 2022 Student level
exam, all worth 4 points and varying between different ar-
eas of mathematics:

Problem 12 (Student, 2022). A large square is divided
into two unequal squares and two equal rectangles, as
shown in Figure 9. The vertices of the shaded quadrilat-
eral are the midpoints of the sides of the two squares. The
area of the shaded quadrilateral is 3. What is the area of
the un-shaded part of the large square?

Figure 9. Subdividing a rectangle.

12A) 15B) 18C) 21D) 24E)

Problem 16 (Student, 2022). Martina is playing in an 8
player tournament. She knows she will beat everyone ex-
cept Ash, who will beat everybody. In the first round, play-
ers are organised randomly into four pairs, and the win-
ner of each match proceeds to the second round. In the
second round, there are two matches and the winners of
these matches proceed to the final. What is the probability
that Martina does not get to the final?

1A) 1/2B) 2/7C) 3/7D) 4/7E)

Problem 17 (Student, 2022). A cuboid of surface area 𝑆 is
cut by six planes as shown in Figure 10. Each plane is paral-
lel to a face, but its distance from the face is random. Now
the cuboid is separated into 27 smaller parts. In terms of
𝑆, what is the total surface area of all 27 smaller parts?

Figure 10. Cutting up a cuboid.

2 𝑆A)
5
2 𝑆B) 3 𝑆C) 4 𝑆D)

none of the previousE)

Problem 18 (Student, 2022). Five numbers have a mean
of 24. The mean of the three smallest numbers is 19 and
the mean of the three largest numbers is 28. What is the
median of the five numbers?

20A) 21B) 22C) 23D) 24E)

Problem 12 requires very elementary geometry and
some algebra but is disguised in an especially appealing
way. Problem 16 is based on probability theory. It is a
standard problem but the setting is unusual, and students
need to deliberate (because the problem asks for a com-
plementary event). Problem 17 involves spatial geometry.
At first sight, students may think that information is miss-
ing, but on closer inspection, the problem can easily be
solved. Finally, Problem 18 blends algebra and elemen-
tary statistics. Again, information seems to bemissing, and
one needs to find a clever way to convert the information
into equations that can be combined to solve for the me-
dian.
4.4. “Follow-up questions”. Another interesting concept
in the selection of questions is the idea of so-called “follow-
up questions.” The following two problems are taken from
the Écolier and Cadet level exams.

Problem 5 (Écolier, 2022). Kengu always makes one large
jump followed by two small jumps on the number line, as
shown in the picture. Kengu starts at 0 and ends on 16.
What is the number of jumps that Kengu makes?

Figure 11. Small Kangaroo jumps.

4A) 7B) 8C) 9D) 12E)
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Problem 3 (Cadet, 2022). Kengu enjoys jumping on the
number line. He always makes two large jumps followed
by three small jumps, as shown, and then repeats this pro-
cess over and over again. Kengu starts his jumping routine
on 0. On which of these numbers will Kengu land during
his routine?

Figure 12. Bigger Kangaroo jumps.

82A) 83B) 84C) 85D) 86E)

The Figures illustrate that these problems are related.
The same idea is addressed in both problems but is ad-
justed to the students’ ages. This has benefits for younger
students, older students, and also teachers. In particular,
upon receiving the results of the competition and seeing
the problems given to different age groups, younger stu-
dents begin to identify and ponder the harder problems,
which may offer a challenge to them. Older students, even
those not successful at solving problems on their own level,
can discuss and explain these ideas to the younger ones.
The advantage they have in conversing with the younger
students may also boost their own self-confidence. Finally,
teachers may integrate these sequences of questions and
apply them in their regular teaching or in math circles.

All the problems in this section show typical character-
istics of Kangaroo questions: they are unusual, often need
only relatively simple mathematical skills, and require ad-
equate comprehension to ascertain the proper strategy for
solving the question.

5. Conclusions
The primary goal of the Math Kangaroo competition is the
popularization of mathematics. Math Kangaroo helps to
arouse, propagate, and promote a deep appreciation for
mathematics among students, their families, teachers, and
the community in general.

One of the most important characteristics of the Math
Kangaroo problems is that they stimulate and inspire log-
ical thinking from an early age, see [ACG20]. Problems
used in the competition are original and combine the ex-
periences of teachers from different cultures.

The collection of Math Kangaroo problems provides
teachers around the world with extraordinary resources for
improving their teaching and facilitating student instruc-
tion. These problems allow teachers to present mathemat-
ics in a recreational way and provides an extensive repos-
itory for math clubs, math circles, and such, as they are

a rich source of inspiring and unique non-standard ques-
tions (see [ACNS20]).

Africa has a noticeably small participation in the AKSF
(see Figure 2). The AKSF board is making special efforts
there to encourage entities to join the association and en-
sure their inclusion in the Math Kangaroo. Their students
and teachers will undoubtedly benefit from these materi-
als.

The participation of mathematicians and educators in
the AKSF has established a significant academic commu-
nity, which has generated increased collaboration and
strengthened diverse educational projects at both local and
global levels around the world.

American teachers and students interested in participat-
ing in Math Kangaroo may visit https://mathkangaroo
.org/ for more information.

The web page http://www.aksf.org/ provides more
information about the AKSF as well as contact details for
all its members.
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[ACG20] M. Akveld, L. Cáceres, and R. Geretschläger, Math
kangaroo, Mathematics Competitions 33 (2020), no. 2, 48–
66.

[Del22] A. Deledicq, The beginnings of the Kangaroo, AKSF
News Letter 3 (2022).

[KsF] Kangourou sans Frontières, A story of “Kangaroo of Math-
ematics”, http://www.aksf.org/history.xhtml. Ac-
cessed May 25, 2022.

Meike Akveld Luis Cáceres
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Investigating the Use of Free,
Open Source, Open Access,

and Interactive Mathematics
Textbooks in College Courses

Vilma Mesa

While textbooks play an integral role in the teaching and
learning of post-secondary mathematics and place a sig-
nificant financial burden on students, surprisingly little is
known about how students and instructors engage with
them within an actual mathematics course. Indeed, what
we know about textbook use comes primarily from individ-
ual interviews with a small number of participants in an ar-
tificial laboratory setting (e.g., [12,18,20]) or from surveys
in a single institution (e.g., [5,19]). This article reports on
what we have learned about the use of textbooks written
in PreTeXt by both students and instructors in the messy
world of daily teaching and learning. The granularity pro-
vided by PreTeXt in constructing textbooks facilitates the
generation of data that allow researchers to test intuitions
that mathematicians might have about how students (and
teachers) use textbooks.

Recent JavaScript add-ons in PreTeXt
(https://pretextbook.org/, a markup language that
facilitates the creation of open-access textbooks) allow us
to unobtrusively observe how students interact with an
electronic textbook at a fine level of detail. For instance,
we can record what a reader is viewing at 1-second inter-
vals, what interactive features of the text they open, and
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whether they spend time viewing definitions and proofs
to suggest a careful reading or whether they come back to
them after encountering subsequent problems. In addi-
tion to aggregating these data to note overall trends in stu-
dent use, they serve as the basis for follow up conversations
in which users narrate their progress through a particular
section of their textbook.

1. Studying Textbook Use by Teachers
and Students

The three textbooks in the project—Active Calculus (AC,
[3]), A First Course in Linear Algebra (FCLA, [1]), and Ab-
stract Algebra: Theory and Applications (AATA, [7])—were
chosen because they are used in courses that tend to have
different profiles of students in a mathematics program:
calculus draws from a wide range of students across in-
stitutions seeking a variety of majors, including biology,
chemistry, engineering, mathematics, physics, business,
economics, and health-related fields. Linear algebra tends
to be offered in either the first or second year of a major
and mostly caters to mathematics and computer science
majors; Beezer’s textbook is intended to be an introduc-
tion to proof course. Abstract algebra is largely taken by
mathematics majors, including, secondary teachers, and
tends to be completed by students in their third or fourth
year of their program. The textbooks used in the project
had features that promoted interaction: the ability to ex-
pand or hide content as needed (e.g., proofs or worked-
out examples), Sage cells for complex computations in real
time, links to interactive Desmos or GeoGebra animations,
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Figure 1. Viewing data for instructor 411008: (a) full course.

WeBWorK, text highlighting, and questions that can be an-
swered directly into the textbook, and whose responses are
immediately available to teachers and students. Some of
these features are standard in PreTeXt textbooks (e.g., Sage
cells, expanding and hiding content), whereas others (e.g.,
collecting student responses, highlighting) were available
to the project test sites only. Each user had an ID that
masked their identity.

PreTeXt identifies every feature in a textbook with a per-
manent ID that, among other things, makes it easier to
collect data on what any given user is viewing and for how
long: Javascript records any changes in viewing, including
going to a new page, scrolling down so that a new ele-
ment enters the viewing window, or whenever users click
on specific items (e.g., examples, proofs) to open or close
it. “Tracking is recorded every second for the current item,

and then the information is sent to the server every 10s
(or when the user leaves the page) and recorded on the
server log” ([15], p. 837). The recorded information also
includes a user identification giving the total time users
spent on any given item. This information is used to show
use at various levels of detail, for an entire semester and
for individual days and sections, and for all and individual
users.1 Figure 1 illustrates several levels of this representa-
tion, which we call heatmaps. The representation shows as
columns days in a semester, and as rows, sections in each
textbook chapter. Each rectangle represents the cumula-
tive viewings for an individual section on any given day
(Figure 1a). Selecting March 23rd, we see the cumulative

1A limitation of the method is that occasionally more than one item is visible, so
we cannot be sure which is being viewed because we are not able to do eye track-
ing. In practice this has not been an issue.
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Figure 1. Viewing data for instructor 411008: (b) one day, full
textbook view.

viewings of all the sections in that day (Figure 1b), and the
cumulative viewings for each individual section in that day
(Figure 1c); in the next level of detail, we see the views of
individual users (Figure 1d), each of whom is identified
with a different color.

PreTeXt removed several barriers to the study of how
people use textbooks in naturalistic settings. With text-
books written in PreTeXt there is no need to use expensive

Figure 1. Viewing data for instructor 411008: (c) one day view,
one section.

equipment to track what people are viewing at any given
moment; the viewing is done in real time and automati-
cally, whichwill be useful as a recall mechanism for people
to narrate how they interacted with a particular section of
their textbooks: Did they view the definitions or the prob-
lems first? Did they spend most of their time in a proof or
on the solutions to a problem? Pairing this information
with multiple sources of data augments the appropriate-
ness of inferences that can be made about how people use
their textbooks (see the Appendix for details on the other
data collected as part of the project). As this tracking can
be done any time the textbook is used, rather than when
the researchers ask the participants to use it, is possible to
collect data from participants who do not have to be geo-
graphically close to the researchers, thus helping us learn,
among other things, the times that people tend to use the
textbook more or less frequently, and to obtain actual in-
formation about the most and least viewed features in the
textbook. As textbooks are distributed for free and are ac-
cessible to anyone, it is possible to work with many par-
ticipants simultaneously without a significant increase in
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Figure 1. Viewing data for instructor 411008: (d) one day view, one section, individual level.

cost; the viewing data can be complemented with standard
techniques such as surveys, interviews, and observations so
that researchers can build comprehensive data sets that can
be used to explore the many ways in which textbooks are
used in real classrooms by teachers and students as they go
about their daily activities in a course.

With these data we have found minimal measurable ef-
fects of using these textbooks on student outcomes [2,11]
and a wider range of student reading practices than previ-
ously reported [14]. In addition, investigating the use of
Reading Questions and Preview Activities, we have found
that textbook authors intended a narrower set of uses of
these features, for both students and instructors [9, 13];
moreover, students interact with the reading questions or
preview activities and the surrounding material in the text-
book in three primary ways, and those interactions ac-
count for 88% of all students’ interactions with the feature
[8]. We expand in this article on this last finding, as the
information will be of benefit to authors as they craft text-
books which can better support teaching and learning.

2. Understanding the Use of One Interactive
Feature in Depth

We chose to study the way in which students and teachers
used an interactive feature embedded in the textbooks that
we call a questioning device [13,16] as a way to understand
textbook use in general, but also because this feature was
added to the textbooks with the goal of giving faculty a
chance to reflect on their plans for the day and respond
to students’ productions as they read material before class.
A questioning device is simply a set of questions each

followed by a box in which students type their answers
directly into the textbook. They are called Reading Ques-
tions in the linear algebra and abstract algebra textbooks
and Preview Activities in the calculus textbook. In Figure
2 we present an example of a student view and a teacher
view for the reading questions in WILA, which stands for
“What is linear algebra,” and it is a labeled section in [1].

These devices were designed to ensure that the students
read the textbook before coming to class; once the stu-
dents submit their answers, they are available for teachers
to see. The teachers, upon reading the responses, may de-
cide to change their lessons, perhaps add an example, or
discuss a concept more thoroughly or skip an explanation
that might not be needed. These are meant as a classroom
assessment tool; the authors justify this choice in terms
of time: the idea of these devices is not to overburden in-
structors with more work, but rather to give them a quick
way to assess if and how well the class grasped ideas in the
section they are about to teach. Although authors encour-
age instructors to give individual students some credit for
completion to incentivize students into answering them
before class, the devices are not meant to be graded for
correctness.
2.1. How do users say they use the questioning devices?
To investigate the use of this device, we used the instru-
mental approach [17] which is useful to reveal the multi-
ple ways in which an object can be used by identifying the
different uses people give to the object. Central to the in-
strumental approach is the notion of instrument, which is
defined as the pairing of an artifact and a scheme of use.
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(a)

(b)

Figure 2. Reading questions in the section “What Is Linear
Algebra” [1] (a) student view; (b) partial teacher view.

Artifact refers to the object itself, whereas scheme of use
refers to a set made of (a) situations, (b) goals, (c) actions,
(d) rationales, and (e) potential inferences for repeated ac-
tivity. A knife, for example is an artifact that might be used
to spread butter (for example during breakfast) or can be
used to tighten a loose screw (say of a pot handle). The
object is the same, but the user (me) has generated dif-
ferent instruments to accomplish different goals, with dif-
ferent ways of using the knife, in different situations; it is
likely that in future similar situations, the artifact may gen-
erate similar utilization schemes. The theorization, which
emerged in the context of technology design, also alerts
us that users of any artifact will not only use them in the
ways that were anticipated by the designers, but that they
will also invent new and unanticipated uses. Thus, the

theory indicated, that we should expect our users—
students and teachers—to invent new uses, creating differ-
ent instruments from those envisioned by the textbook au-
thors.

We applied this theorization to the study of questioning
devices and used the reported data to identify schemes of
use associated with the questioning devices given by stu-
dents and teachers. Using the instructor data, we identi-
fied four different schemes of use of the questioning de-
vices: (T1) Completing questioning devices for pre-planning,
(T2) Requiring students to complete the questioning devices for
the purpose of lesson planning, (T3) Using the questioning de-
vices for the purpose of instruction, and (T4) Requiring students
complete the questioning devices for the purpose of assessment
[13]. The first and fourth schemes were not anticipated
by the author-designers. In Completing questioning devices
for pre-planning, the teachers used the devices to test their
own knowledge of the material; instructors said that they
would read the textbook, and then attempt to answer the
questions; if somethingwas not as transparent, they would
go back to the text and also make notes for the class; it
seemed that this scheme was prompted by an interest in
appearing competent before the students. In Requiring stu-
dents to complete the questioning devices for the purpose of les-
son planning, instructors had two goals: first to make sure
students read the material and second, to identify misun-
derstandings that they needed to address in the lesson; in-
structors said that they used this information to alter their
lesson plans as needed; the scheme was driven by their be-
lief that students needed to struggle with the material in
order to learn. In Using the questioning devices for the pur-
pose of instruction, teachers dealt with the devices in class in
one way or another: they assigned them to be completed
during class; showed selected anonymous answers and dis-
cussed them in large groups, small groups, or individually;
or directly provided the correct answers. In this way, the
responses became part of the activity in the class. Teach-
ers justified this use saying that they knew that some stu-
dents did not have time outside of class to complete them,
or because they thought that discussion and engagement
in groups would be more educative for the students, or
because they believed that identifying errors was a good
strategy for learning. Finally, in Requiring students complete
the questioning devices for the purpose of assessment, the teach-
ers assigned the devices after the material was discussed in
class and either collected the responses for a grade, created
quizzes that included some version of the questions, or for-
mulated the learning objectives for the content, objectives
that were then used for designing assessments. In using
the devices in this way, instructors sought to fulfill their re-
sponsibility of attesting that the students had learned the
material, by giving them a grade, by giving them feedback,
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Figure 3. Instrumentation of the questioning devices by
students and teachers using the same textbook. Red boxes
indicate schemes not anticipated by the authors.

and by aligning their teaching to the implicit objectives in
the questions.

Using the student data, we identified three different
schemes of use: (S1) Familiarizing with content before class,
(S2) Studying by practicing and doing homework, and (S3)
Self-evaluating understanding of content [16]. In Familiariz-
ing with content before class, the students read the textbook
and provided the answers they thought appropriate; stu-
dents indicated that the reasons for this usewas to be aware
of what is going to happen, to fulfill a course requirement,
or to bring questions to their teacher. In Studying by practic-
ing and doing homework, the students answered the reading
questions as part of completing their assigned homework
because the answers provided insights into answering it.
In Self-evaluating understanding of content, the students in-
dicated using the reading questions to attest that they had
understood and learned the content. When they felt they
could not answer the questions, they read the material un-
til they felt competent enough. They justified this use be-
cause of the importance of making sure that they had mas-
tered the material. This scheme was not anticipated by the
authors (see Figure 3). We are currently investigating how
these schemes relate to each other, that is, whether there is
any alignment between the schemes used by teachers and
those used by the students.
2.2. How do users view material associated with ques-
tioning devices? Once these schemes had been identified,
we returned to the viewing data, to study the possibil-
ity of mapping these schemes to viewing patterns of the
questioning devices. We applied a data mining technique,
knowledge graphs [6], to 16,019 unique views of the

questioning devices in HTML textbooks from 492 differ-
ent students and 27 instructors from five cycles of data
collection (Spring 2019 to Spring 2021). A knowledge
graph is a data structure that allows for identifying rela-
tional knowledge by capturing interactions between indi-
viduals and entities. Knowledge graphs are typically used
to establish the occurrence of consistent and repetitive be-
havior across the same student or across several unique stu-
dents. Interactions are captured using networks of nodes
and edges that reflect a particular behavior. In our case,
nodes represented the names of the sections viewed and
the time in minutes spent on them, directed edges rep-
resented a jump from one section to a new section, and
undirected edges possible concurrent viewing of the sec-
tions within the same period. The viewing data are thus
put in a graphical format providing a framework for data
integration, unification, analytics, and sharing. The com-
bination of nodes and edges creates knowledge graphs that
are unique to each student and display common patterns
that occur while viewing the textbooks.

Three types of evidence are needed to confirm that
knowledge graphs would be useful to us. First, the knowl-
edge graphs for different students following the same uti-
lization scheme need to be consistent; second the knowl-
edge graphs for the same student following the same uti-
lization scheme need to be consistent; and third, each uti-
lization scheme should lead to a community of unique stu-
dents represented by unique knowledge graphs (network
of knowledge graphs). We were able to identify three dis-
tinct clusters of knowledge graphs that matched the uti-
lizations schemes we identified for students. In Figure 4
we present the first type of knowledge graphs that we were
able to identify; it is characterized by a sequential viewing
of the material to work on the reading questions. Figure
4 presents viewing data for one Active Calculus student
on Sept 9 between 2:15pm and 3:15 pm. The top panel
(Figure 4a) shows viewing related to the preview activities
in Section 1.2 The notion of limit in a red outline, before
the student changes section; the panel immediately below
(Figure 4b) shows the knowledge graph that corresponds
to this viewing. The third panel (Figure 4c) shows view-
ing of the same student, during the same period when the
student moved to a new section, Section 1.4. The derivative
function, to work on the corresponding preview activities;
the panel immediately below (Figure 4d) shows the knowl-
edge graph for this viewing. In the figure, “sec” means
section and “ssec” means subsection. The intro for each
section includes the Preview Activities.

The second type of knowledge graph is characterized by
students working their way through thematerial and going
back to other sections to check information, and concur-
rently viewing of the reading questions and the exercises
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(a) (b)

(c) (d)

Figure 4. Example of knowledge graph 1, sequential viewing; a black arrow indicates a jump to a forward section; a line a
possible concurrent viewing; (a) heat map of sections viewed for the preview activities in Section 1.2 The notion of limit in a red
outline, before the student changes section; (b) corresponding knowledge graph; (c) heat map during the same period, for
preview activities in Section 1.4. The derivative function; (d) corresponding knowledge graph; “sec” means section; “ssec”
means subsection; ssec-intro includes the Preview Activities.

in the section. An example is shown in Figure 5; in Figure
5a we see the viewing activity of a student using FCLA be-
tween 9:00am and 9:30am on the Bases section (red box,
related to the reading questions); the students goes back
to sections already viewed early (represented by the pur-
ple arrows); in Figure 5b, we see the corresponding typical
knowledge graph; as the student gets to the reading ques-
tions they check back other sections, presumably to learn
the associated material.

The third type of knowledge graph is characterized by
students starting their viewing of the reading questions or
the preview activities, and checking the material of various
sections, presumably to check what they know and to an-
swer the questions, as shown in Figure 6.

We interpret that the first type of knowledge graphs
(consecutive viewing of sections in the textbook) indicates
that students might be familiarizing themselves with the
content before they attempt the questions or problems
in the section or chapter possibly because the work is re-
quired prior to class; we associate this kind of viewing with
the first utilization scheme, familiarizing with content be-
fore class. We interpret that the second type of knowl-
edge graphs (looping back to sections), indicates that as
students work on the material and arriving at the reading
questions or preview activities, they are going back to other
sections, presumably to confirmor revisit information that
is called for in the questions; in these graphs the exercises
are also viewed, suggesting that the work might be related
to preparing assignments for the class; we associate this
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(a)

(b)

Figure 5. Example of knowledge graph 2, looping back to
prior sections; a black arrow indicates a jump to a forward
section; a line a possible concurrent viewing; a purple arrow
indicates a jump to an earlier section; (a) heatmap viewing, in
the Bases section; (b) corresponding knowledge graph.

(a)

(b)

Figure 6. Example of knowledge graph 3, starting with the
reading questions or preview activities; a black arrow
indicates a jump to a forward section; a line a possible
concurrent viewing of sections; a purple arrow indicates a
jump back to an earlier section; (a) student viewing associated
with the Reading Questions in the AATA textbook, The
Division Algorithm section; (b) corresponding knowledge
graph.

kind of viewing with the second utilization scheme, study-
ing and practicing with the material given. We interpret
that the third type of graphs (start with the reading ques-
tions or preview activities) indicates that the student be-
gins viewing the questions in the reading questions or pre-
view activities to see whether they can answer them, and
when they are unsure, they go to different sections in the
textbook that might be related to the content they are ad-
dressing, and then repeatedly return to viewing the read-
ing questions or preview activities, to confirm their an-
swers; we associate this viewing with the third utilization
scheme, students self-evaluating, finding out how much
they can answer with the knowledge they have, and then
checking relevant sections to corroborate or correct their
thinking. The algorithm performs reasonably well in map-
ping existing knowledge networks to utilization schemes
(see the Appendix for details), with close to 88% of knowl-
edge graphs being classified and mapped to a utilization
scheme. There is still work to be done to improve the
classification process—the algorithm has difficulty creat-
ing knowledge graphs for cases in whichmany sections are
viewed at the same time, something that can happen when
students scroll rapidly over the sections. We also want
to investigate whether within the unmapped networks are
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other patterns that could be identified as belonging to a
different way of using the reading questions and preview
activities.

From this work we confirmed first that students and
teachers—as humans using tools—are always going to in-
vent additional uses for artifacts designed with a particular
purpose in mind, and second, that the textbook is a very
important tool for their work. Now that the anticipated
uses have been confirmed, designers may want to think
again about the uses observed and think whether modi-
fications are needed to maintain the spirit of the feature.
The questioning devices are not meant to be an individ-
ual assessment tool of correct interpretation of the mate-
rial, but rather a classroom assessment tool to gauge how
the material was understood; and it is not intended to add
more work for teachers; grading the responses is antithet-
ical: if students are reading the material for the first time,
it should be expected that they make mistakes as they an-
swer the questions. These are important considerations
that need to be addressed as designers continue to inno-
vate the features in their textbooks.

3. What Lays Ahead
With a data set of this size, many more analyses are still un-
derway. While we know more about how faculty use their
textbook for planning [9,10] and how in one case, we saw
significant changes in instruction [4], we have not yet in-
vestigated how instructors’ use can influence students’ use
of their textbook. Our students report that they usually use
their textbook as indicated by their teachers but corrobo-
rating this information and understanding the nature of
the influencewill require additional work. Other investiga-
tions pertain to broader analysis of textbook classroomuse
with the information from observations and interviews.

Yet other investigations pertain the data collected as
students answer the reading questions and preview activ-
ities. How can that cumulative information about many
students answering these questions across different institu-
tions say about the questions themselves and about the na-
ture of the understandings they elicit? How can that infor-
mation be used by instructors as they prepare to teach their
lesson? Currently we are working on a small project with a
handful of instructors who are looking at data collected in
prior cycles on two sections of reading questions in FCLA
and deciding whether to change the questions, or add
questions, or use prior answers during class, etc. We are
aided by placing our textbooks in Runestone (https://
runestone.academy/) a site that hosts free open-source
textbooks, which, among many other things, makes re-
moving and adding questions, easier. We are finding that
analyzing the responses for the type of thinking that may

be behind is very interesting; and faculty have been excited
to see, and use, this information as well.

There are some ethical concerns that tend to be raised
when this study is described. That something can be done,
in our case, tracking student viewing, does not mean that
it has to be done. When I describe the project, to non-
educators they tend to raise their eyebrows and say that the
tracking sounds creepy. It does sound creepy—we are to be
reminded that social media and every website we visit, do
this all the time! These uses need to be paired with the
benefits for the individual, the communities, and the so-
ciety to minimize potential risks. Our participants were
informed of the study and of our protocols for anonymiz-
ing and making information confidential; they were in-
formed about what the data were going to be used for,
and in which contexts (e.g., writing articles). Our research
team does not have access to any student personal infor-
mation nor to information students did not give permis-
sion to share (e.g., grades). Likewise, faculty were invited
to participate under the assumption that any research re-
port would mask their identity (even our internal reports
use only the instructors’ and students’ IDs). Participants
have not shared with us negative reactions at seeing their
individual heatmaps; on the contrary, they appear curi-
ous and puzzled about what the information the map pro-
vides about their own use of the textbook; in general, the
heatmaps assist them in recalling their actions, which is
what we aremost interested in. Still, a broader, more trans-
parent conversation, surrounding the ethics of collection
and use of these data requires including students, instruc-
tors, authors, and textbook designers—precisely because
of the open-source nature of these textbooks.

Amajor contribution of this investigation is the demon-
stration that this kind of work can be done ethically, in
multiple contexts, and with actual students and instruc-
tors. Our study shows that the textbooks contribute to
a network of resources that students and teachers use in
their day-to-day work. The availability of the textbook in
HTML format, in any device, made it easier for faculty who
had back-to-back classes to check students’ responses to
the reading questions on their phones as they were go-
ing to the classroom; students reported similar appreci-
ation for the multiple platforms in which the textbook
was available. Our participants did not report disruptions
to their work while teaching remotely due to the COVID
pandemic; although our observations were moderately af-
fected, the work continued for all.

Finally, it might be important to rethink how we assess
impact or effectiveness of these tools. Using an indepen-
dent measure of knowledge was complicated by the reality
that instructors do not cover all the content in their text-
books and that they do use different methods to teach the
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material. Devising an instrument that could account for
change in knowledge would be a major undertaking. And
it is unclear that having such ameasure would help in iden-
tifying how a resource such as the textbook contributed the
most to any measure of change in knowledge. Reducing
the phenomenon might not yield interesting information.
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(2002). https://hal.archives-ouvertes.fr/hal
-01020705.

1970 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 11

https://books.aimath.org/
https://books.aimath.org/
https://dx.doi.org/10.7302/5842
https://dx.doi.org/10.7302/5842
https://hal.archives-ouvertes.fr/hal-01020705
https://hal.archives-ouvertes.fr/hal-01020705
http://dx.doi.org/10.1007/s11858-021-01296-5
http://dx.doi.org/10.1007/s10649-011-9339-9
http://dx.doi.org/10.1007/s40753-018-0069-6
https://www-cs.stanford.edu/people/jure/pubs/graphrepresentationieee17.pdf
https://www-cs.stanford.edu/people/jure/pubs/graphrepresentationieee17.pdf
http://dx.doi.org/10.1080/0020739X.2021.1961171
http://dx.doi.org/10.1007/s40753-018-0069-6


[18] M. D. Shepherd, A. Selden, and J. Selden, University stu-
dents’ reading of their first-year mathematics textbooks, Mathe-
matical Thinking and Learning 14 (2010), no. 3, 226–256.

[19] A. Weinberg, E. Wiesner, B. Benesh, and T. Boester, Un-
dergraduate students’ self-reported use of mathematics text-
books, Problems, Resources, and Issues in Mathematics
Undergraduate Studies 22 (2012), no. 2, 152–175, DOI
10.1080/10511970.2010.509336.

[20] E. Wiesner, A. Weinberg, E. F. Fulmer, and J. Barr, The
roles of textual features, background knowledge, and disciplinary
expertise in reading a calculus textbook, Journal for Research
in Mathematics Education 51 (2020), no. 2, 204–233.

∅∅peηη
Mααth Nφφtεεs
A repository of freely downloadable 
mathematical works in progress hosted by the 
American Mathematical Society as a service to 
researchers, teachers, and students. Mathematics writing credit:

IngaNielsen/iStock/Getty Images Plus via Getty ImagesIngaNielsen/iStock/Getty Images Plus via Getty Images

Submit your unpublished course notes at
www.ams.org/open-math-notes

These draft works include course notes, textbooks, research expositions in progress, and items
previously published in the Journal of Inquiry-Based Learning in Mathematics, a refereed journal.

Some frequently downloaded notes include: 

Linear Algebra Course Notes    Notes on Math 122 (Algebra-I) Linear Algebra
by Terence Tao     by Dennis Gaitsgory  by Michael Taylor

Vilma Mesa

Credits

Figures 1a–1d, Figure 4a, Figure 4c, Figure 5a, and Figure 6a
are courtesy of David Farmer.

Figure 2a, Figure 2b, and Figure 3 are courtesy of Vilma Mesa.
Figure 4b, Figure 4d, Figure 5b, and Figure 6b are courtesy of

Palash Kanwar.
Photo of Vilma Mesa is courtesy of the University of Michi-

gan.

DECEMBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1971

http://dx.doi.org/10.1080/10511970.2010.509336


The 2023 summer conferences of the Mathematics Research Communities will be held at Beaver Hollow Conference 
Center, Java Center, NY, where participants can enjoy a private, distraction-free environment conducive to research. 

Women and underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2023 is February 15, 2023.

TOPICS FOR 2023

Week 1: May 28–June 3, 2023
Ricci Curvatures of Graphs and
Applications to Data Science
Organizers:  Fan Chung, University of California, San Diego

Mark Kempton, Brigham Young University
 Wuchen Li, University of South Carolina
 Linyuan Lu, University of South Carolina
 Zhiyu Wang, Georgia Institute of Technology

Week 2a: June 4–10, 2023
Explicit Computations with Stacks
Organizers:  Andrew Kobin, Emory University
 Soumya Sankar, The Ohio State University
 Libby Taylor, Stanford University
 John Voight, Dartmouth College
 David Zureick-Brown, Emory University

Week 2b: June 4–10, 2023
Derived Categories, Arithmetic and Geometry
Organizers:  Matthew Ballard, University of South Carolina
 Katrina Honigs, Simon Fraser University
 Daniel Krashen, University of Pennsylvania
 Alicia Lamarche, University of Utah
 Emanuele Macrì, Université Paris-Saclay

Week 3: June 18–24, 2023
Complex Social Systems
Organizers:  Heather Zinn Brooks, Harvey Mudd College
 Michelle Feng, California Institute of Technology
 Mason A. Porter, University of California, Los Angeles
 Alexandria Volkening, Purdue University

Learn more at:
www.ams.org/mrc-23

The American Mathematical Society
welcomes applications for the 2023

This program is funded through a generous grant from the
National Science Foundation, the AMS, and private donors. 



OPINION

Reshaping Undergraduate
Mathematics Programs
Richard J. Cleary and William Y. Vélez
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A Cautionary Tale
The following five quotes come from [1].

The Dean at the University of Vermont called in the fac-
ulty from the department. His message:

(1) “Given the crunch on university finances amid the
COVID-19 pandemic, he’d made a difficult decision
to terminate the geology department.”

Reflections of the faculty:
(2) “The geology department had a few large, popular

courses, but many of our upper-level classes were
highly specialized, attracting only a handful of stu-
dents. Fewer than 10 students a year majored in ge-
ology.”

(3) “Our curriculum hadn’t changed much in decades.”
(4) “Together, we imagined a wholly new earth science

curriculum, one that would prepare students for the
challenges of today. We’d rethink all of our courses
from scratch, focusing on problems that students—
and their potential employers—care about.”

Action:
(5) “Our new vision looks to the future and leaves the past

behind, something we could never bring ourselves to
do before the prospect of termination forced us to
spring into action.”
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William Y. Vélez is a professor emeritus of mathematics at the University of
Arizona. His email address is velez@math.arizona.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2583

No department would want to be called in to the Dean’s
office to be given a notice of termination. If we were to
replace “geology” with “mathematics” in quotes 1 and 2,
how applicable would they be to your mathematics de-
partment? Given the nationwide decrease in enrollments,
could your mathematics department be slated for termi-
nation? Or if not termination, denied the opportunity to
offer the mathematics major and relegated to only offer-
ing service courses for other departments? Imagine, “The
queen of the sciences” relegated to being a servant!

This sort of relegation will be unlikely if mathemat-
ics departments take the initiative on their own to look
forward and adapt. Consider this paragraph from the
Overview of the 2015 Curriculum Guide from the Com-
mittee on the Undergraduate Program in Mathematics [2]
of the Mathematical Association of America (MAA):

“Major programs in the mathematical sciences should
present the beauty, fun, and power of mathematics. They
should be designed so that all students come to see math-
ematics as an engaging field, rich in beauty, with power-
ful applications to other subjects and contemporary open
questions. Each department should create and maintain a
community that welcomes and supports all students, in-
cluding those from groups that have been traditionally un-
derrepresented in mathematics.” [2].

These lofty goals are associated with a set of content rec-
ommendations. Keeping the big picture of creating com-
munity and supporting students inmind, departments can
choose to follow some, most or all of the content recom-
mendations to build majors in many flexible and locally
appealing ways. Many departments have taken the initia-
tive to do this, and have been rewarded with increased
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numbers of majors, increased diversity and even external
recognition for their efforts. The AMSAward for Exemplary
Achievement in a Mathematics Department [3] recognizes
many departments that have developed new pathways for
upper division students.

We note that with few exceptions these award-winning
and innovative programs are at large public universities,
or small colleges with highly selective admissions. In this
piece we provide suggestions for resources now available
in the hope that more departments, at all types of institu-
tions, will move toward a community that will welcome
and encourage all students. We also review the steps taken
by some of the exemplary departments who have led the
way in this direction.

Transforming Post-Secondary Education (TPSE)
Among the organizations listed as partners for the 2022
Joint Mathematics Meetings was one that may have been
new to members of the mathematical sciences commu-
nity. Transforming Post-Secondary Education (TPSE, see
www.tpsemath.org) has a vision statement which reads
“Post-secondary education in mathematics will enable all
students regardless of their identity, background, or cho-
sen program of study, to develop the modern mathemati-
cal knowledge and skills they need for productive engage-
ment in society and in the workplace.”

TPSE began their work by hosting several workshops
both nationally and regionally to bring together mathe-
maticians who were eager to recruit and retain students.
The founding Board of Directors led by Chair Philip Grif-
fiths and Executive Director Brit Kirwan formed a diverse
Math Advisory Group to connect to schools and faculty at
all types of post-secondary institutions. Recognizing that
transforming organizations takes time and support, TPSE
has laid the groundwork to drive systemic change in math-
ematics education. There are four priority groups (Lower
Division Pathways, Upper Division Pathways, Teaching
Strategies and Practices, and Graduate Education) that
are working to convince mathematicians of the need for
change, and also to provide the resources, encouragement,
and strategies to implement that change. The authors of
this piece are the co-chairs of the Upper Division Path-
ways (UDP) group, and we hope that by presenting some
of our initiatives and future plans we can help spark dis-
cussion among our colleagues that can create momentum
for change and help keep our fellow mathematicians from
that unwanted trip to the Dean’s office.

Making Mathematics Relevant: The Case
of Linear Algebra
A mathematics department should play a central role in
supporting the educational goals of a university. What
changes do we need to make so that we can be a “lead-
ership department” rather than a “service department”?

Perhaps instead of emphasizing traditional mathemat-
ics courses, a department could instead rename itself to
“Mathematical Sciences” and offer a broader curriculum.
This would include courses founded on the strong tradi-
tion of mathematical thought but expanded to address the
needs of society and the educational goals of the university.
Tradition plays an overly large role in course offerings, es-
pecially at the upper division level. Turning back to quote
(2) from [1], we know that mathematics departments risk
the fate of the Vermont geology department, “. . . our upper-
level classes were highly specialized, attracting only a handful
of students.”

Calculus, linear algebra, and differential equations have
been the traditional mainstays of the first two years of the
curriculum. However, this is changing as statistics and
data analysis now often appear early in the curriculum.
To understand the structure of high-dimensional data, a
course in Linear Algebra can be valuable. The traditional
linear algebra course, however, is available only to stu-
dents who have passed a calculus sequence even though
few topics have a true calculus prerequisite and the struc-
ture is meant to ensure students have “mathematical ma-
turity.”

A faculty member or department seeking to make their
linear algebra course more attractive to a wider set of stu-
dents would do well to start with the recommendations
of the Linear Algebra Curriculum Study Group [4] that ap-
peared in theseNotices early in 2022. This thorough report
includes suggestions for timing, topics, and pedagogy to
make Linear Algebra more accessible and more applicable.
It is especially valuable that the study group worked with
industry sources to identify both high-level skills and par-
ticular topics of value for students entering the workforce.
A recent report on a survey of mathematics instructors in
the United States and Canada suggests support for the no-
tion that Linear Algebra is an appropriate first course for
college students in the STEM fields, particularly computer
science and data science [5]. The authors make a persua-
sive case that making Linear Algebra the introductory col-
lege mathematics course could be especially helpful in re-
cruiting and retaining students from traditionally under-
represented groups.

TPSE has supported innovation in teaching Linear Al-
gebra in many ways. A visit to the events and webinars
page (https://www.tpsemath.org/events) reveals an
excellent collection of resources for changing Linear Al-
gebra in particular, as well as ideas for updating the cur-
riculum more broadly. Some mathematicians will argue
that Linear Algebra is the ideal place to teach formal proof
techniques. This may be so, but the experience of many
of the TPSE contributors shows that the careful writing of
proofs can be replaced with a more universal goal practice
of effective oral and written communication of mathemat-
ical ideas. Employers tell us that students who approach
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internships and job interviews with experience in giv-
ing presentations have a huge advantage in the job mar-
ket. Note that these goals can be accomplished in tradi-
tional mathematics courses without drastically changing
the content.

What Will Mathematics Majors Do?
At schools of all sizes, much of the traditionalmathematics
major was built so that graduates would bewell positioned
to pursue graduate study in mathematics. However, gradu-
ate training in mathematics has been transformed to meet
the needs of society, as noted in the previous paragraph.
And these transformations now require a different set of
undergraduate courses than in the last century. No longer
is abstract algebra a requirement for entrance into many
graduate programs in the mathematical sciences. Letting
go of this topic provides an opportunity to a department
to develop a mathematical sciences major that serves its lo-
cal population. Of course, if the department develops an
emphasis in discrete mathematics or cybersecurity issues
then abstract algebra remains appropriate.

There are many students arriving at our universities that
have mathematical ability and interest but decide not to
declare mathematics as a major. Why? Most high school
students do not understand thatmathematics is now a sup-
port for so many academic endeavors. Of course, entering
students who choose to major in engineering and physics
understand the importance of mathematics. However, all
of the sciences, plus economics and some of the social sci-
ences, depend heavily on the analysis of data. If an under-
graduate department would add courses in mathematical
modeling and data analysis, this would be very attractive
to students, much more so than the traditional mathemat-
ics major. Providing an undergraduate mathematics ma-
jor that supports these other academic areas would serve
to increase the number of students majoring or minoring
in mathematics.

In a previous paragraph, we pointed out that the tradi-
tional mathematics major positions students for graduate
study in mathematics. It is also the case that this same
training positions students for graduate study in any aca-
demic area. However, students wouldmore readily choose
to add mathematics as another major if they could see
more clearly the role that mathematics plays in their other
interests. There is no question about it: A student who ma-
jors in mathematics and X is very competitive for graduate
programs in X.

The claims in this section are supported by a set of re-
ports that TPSE commissioned from the Rutgers Education
and Employment Research Center, available at https://
www.tpsemath.org/reports. We have heard somemath-
ematicians argue that there is no urgency to change be-
cause the mathematics majors who don’t go on to grad-
uate school still get good jobs in business, industry, and

government. And indeed, the evidence in the Rutgers re-
ports strongly supports this contention. However this argu-
ment neglects the fact that we are only retaining a fraction
of the students who could or would major in mathematics
if the curriculum was more welcoming and more relevant
to their interests.

Some Illustrative Examples
But there is hope! Many schools have increased the num-
ber of mathematics majors by changing attitudes, with or
without changing names. In formulating a change, as in
Quote 4, it would be productive to consult with the admin-
istration and the other academic departments as to what
their mathematical sciences needs are. With this informa-
tion, and insight into the career paths of its recent math-
ematics major graduates, the department could formulate
courses for its major that would attract more students to
take courses from the department, thereby increasing the
relevance of the department in the university. In this sec-
tion, we review some particular cases that demonstrate
how this can be done. TPSE has worked to help depart-
ments make these changes, and through many curricular
workshops and panels that have promoted these forward-
thinking programs.

How does a department redesign an undergraduate pro-
gram of study for the mathematics major that meets the
mathematical/statistical needs of its student body? To-
gether with this question, it is also important to under-
stand the same needs of the nation’s workforce. How do
we prepare our students to meet the many challenges that
our nation is confronting?

Formulating a program of study that is not overpre-
scribed and recognizes the interests of students serves
to increase interest in the major and attract more stu-
dents. In [6] we see the impact that allowing more vari-
ety can have. In particular, we note that in 2016, three
universities on the west coast (University of California
- Berkeley; University of Washington - Seattle; and Uni-
versity of California – Los Angeles) each graduated over
300 mathematics majors. At UCLA, when you look up
the mathematics major (https://ww3.math.ucla.edu
/majors-minors-specializations/), there are 6 en-
tries: Applied Mathematics, Atmospheric and Oceanic
Sciences/Mathematics, Financial Actuarial Mathematics,
Mathematics for Teaching, Mathematics of Computation,
and Mathematics/Applied Science. Two more interdepart-
mental majors are also listed: Mathematics/Economics
and Data Theory.

At the University of Arizona (with 125 degrees in
2016), we see the same pattern. There are seven different
options (https://www.math.arizona.edu/academics
/undergrads/requirements/math) available and also a
degree in statistics and data science. In looking over these
programs of studywe see that it is possible to graduatewith
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an undergraduate degree in mathematics without having
to take courses in real analysis or abstract algebra. This is
particularly striking when one also views the instructional
staff at these universities as steeped in this culture of ab-
stractness, yet this culture is allowing students to take the
mathematics that is appropriate to their own interests.

At the University of Arizona, it has been made easier to
double major or to graduate with two degrees. For most
of these students their main interest is not mathematics,
though they appreciate mathematical courses, but rather
with a connection to some other subject. Some of these
students choose to pursue graduate studies not in mathe-
matics but in their other area of interest. Adding thatmath-
ematics major to the other subject matter makes those stu-
dents much more competitive for graduate studies.

The above-mentioned institutions have the benefit of
having large numbers of students and this allows for the
creation of different options. Schools with smaller enroll-
ments do not have this luxury. Yet some have managed
to graduate a proportionately large number of mathemat-
ics majors. Some of these smaller schools have the ben-
efit of students entering the program of study with two
semesters of calculus, which certainly adds to the possi-
bility of selecting mathematics as a major. Even so, listing
the options for the major and where those options might
lead is effective. Luther College (https://www.luther
.edu/catalog/curriculum/mathematics/), offers the
traditional mathematics majors but also indicates options
that do not require real analysis and abstract algebra.
At Kean College (https://www.kean.edu/academics
/programs/mathematical-sciences) we again see the
different options that are available and the programs of
study.

The presence of these options is in keeping with the
CUPM guidelines. Guideline 9 of CUPM states: “Math-
ematical sciences major programs should offer their stu-
dents an orientation to careers in mathematics.” By pro-
viding listed options to their students, the department is
emphasizing the applicability of mathematical thought.

To quote CUPM, “The times they are a-changin’—
rapidly.” The section of the 2015 CUPM that deals with
preparing for graduate programs is already somewhat out-
dated, as it only focuses on preparing for graduate pro-
grams in pure mathematics. Graduate programs in the
mathematical sciences now include applied mathematics,
statistics, and biostatistics, perhaps even some programs
in data science. For these latter graduate programs, the op-
tions that the universities listed above, and many others,
serve as adequate preparation.

Next Steps for TPSE Upper Division Pathways
In the future, our Upper Division pathways group at TPSE
will be working to help departments and individuals by or-
ganizing and publicizing meetings and workshops around

the following topics:

• Diversity—The importance of having the major reflect
the interests and the goals of the student body; and
growing a more diverse faculty to make all students
feel that they belong.

• Informed policy choices—Helping departments ob-
taining data from their university needed to make
sound decisions.

• For smaller institutions: Reimagining the mathemat-
ics major and using consortium or post-bac programs
to prepare students who do wish to pursue the PhD in
mathematics but did not have the appropriate under-
graduate preparation.

• For larger institutions: Providing flexibility in the
mathematics major for students to prepare for careers
in different fields, as well as having a sustainable tra-
ditional major.

• Providing real world experience for faculty by arrang-
ing visiting positions between mathematics depart-
ments and employers in business, industry and gov-
ernment.

• Using the double major to promote the career paths
of students, including the increased competitiveness
for graduate programs outside of themathematical sci-
ences.

If you are interested in learning more about TPSE in
general and the UDP group in particular, and how we
might help your department think broadly about curricu-
lum, please contact either of the co-authors.
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Photo of William Y. Vélez is courtesy of Bernice Vélez.
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Geometry and Forms
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Visual Differential Geometry
and Forms: A Mathematical
Drama in Five Acts
By Tristan Needham

Pick a squash from your fruit
bowl, and stretch a string on its
surface. With a pen, trace the
curve under the string, and then
remove the string. With a sharp
knife, remove a narrow strip of
peel around the marked path.
Lay the strip flat on the kitchen

counter. It will make a straight line. Magic? No! Geome-
try!

The field of differential geometry is a mature one, and
as is typical in mathematics, with maturity comes a high
degree of abstraction and formalization. Long forgotten
are the meandering explorations of the pioneers, the intu-
itive reasoning, the contacts with the physical world. What
emerges is a pristine work of platonic perfection, to be
admired and passed on to posterity. For the poor unso-
phisticated physicist interested in learning this beautiful
mathematics, it can be daunting to plough through 23 def-
initions, 52 propositions, 46 lemmas, and 17 theorems
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Communicated by Notices Book Review Editor Katelynn Kochalski.
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before coming to the first application of the formalism.
The poor physicist (and, I suspect, a few secretive math-
ematicians) would welcome some motivation for the def-
initions and some plain-language explanation of the the-
orems. It is even possible, may I be forgiven for uttering
such a blasphemous thought, that these individuals might
be willing to trade rigour for a more intuitive understand-
ing of the mathematics.

Tristan Needham, a professor of mathematics at the
University of San Francisco, has worked very hard (incred-
ibly hard!) to produce a presentation of differential ge-
ometry that will satisfy these individuals. The result is a
truly unique textbook, and a remarkably successful one at
that. There is really nothing like it out there. The author, it
should be noted, previously applied his talents to a visual
presentation of complex analysis [1].

The book presents the subject as an unfolding drama,
in a succession of four acts (Act I: the nature of space, Act
II: the metric, Act III: curvature, Act IV: parallel transport);
the fifth act (Act V: forms) is a stand-alone introduction to
differential forms. All this fills about 500 pages, complete
with a multitude of beautifully crafted diagrams (about
one per page), many practical exercises, and an annotated
selection of additional reading materials.

There are three main factors that set this book apart
from the rest of the textbook literature on differential ge-
ometry. The first is the liberal use of diagrams, which
illustrate all aspects of a discussion or proof; this is
where the book earns its “visual” attribute. The diagrams
are sometimes pictures of fruit that were subjected to
various experiments (toothpicks planted, strings strung,
paths traced). Sometimes they are drawings that illustrate
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mathematical constructions, reveal the meaning of sym-
bols, and enhance intuition in a method of proof. Invari-
ably the diagrams are beautiful to behold; they clearly re-
sult from a careful and deliberate design, and the author
is an adept draughtsman.

The second factor is the Newtonian style of derivation—
the geometrical style adopted by Newton in his Prin-
cipia—adopted throughout the book. In the book’s pro-
logue, the author opens with a citation from geometer
and Fields medalist Michael Atiyah, in which algebra is
presented as the devil’s tool, one which replaces geomet-
rical thought by thoughtless calculation. This view thor-
oughly permeates the book: it is about beautiful visualiza-
tion, not ugly computation. Everywhere the geometrical
approach is favoured over the algebraic one. We still go
through calculations—this is mathematics, after all—but
each derivation emphasizes the geometry of the situation.

An example of the method, in the form of a geometrical
proof of the identity 𝑑 tan 𝜃/𝑑𝜃 = 1 + tan2 𝜃, is presented
in the prologue. The proof introduces a small change of
angle 𝛿𝜃, shows the corresponding change in a right-angle
triangle, constructs a similar triangle with a side length pro-
portional to 𝛿𝜃, and discovers what happens in the limit
𝛿𝜃 → 0. To help with the proof, the author invents a new
equality relation, 𝑎 ≍ 𝑏, which means that if 𝑎 and 𝑏 de-
pend on some 𝜖, then 𝑎/𝑏 → 1 when 𝜖 → 0. The notation
is used throughout the book, and it allows the author to
state cleanly what happens in the limit, without having to
write lim𝜖→0 every time. This proves to be very effective.

While I admire this style of presentation, and find it to
be daring, unique, and original (in our times, if not in
Newton’s), I find that it is taken a little far at times. The
book, for example, gives us ample opportunity to visualize
and understand the meaning of the metric of a surface, but
it does not give us a method to compute the metric for a
given choice of embedded surface. This, of course, is con-
sistent with the author’s commitment to eschew the devil’s
tool, but it does create an imbalance. Perhaps a more
balanced presentation of differential geometry would con-
tinue to emphasize the geometrical methods, but make
some room for computations. (At the same time, given
the near-universal emphasis on algebraic methods in the
literature, the author should certainly be granted leave to
go all in; balance will be achieved with a combination of
texts.) Another indication of how far the author is willing
to go is that Christoffel symbols are nowhere to be found
in this book.

The third factor that makes this book unique is that it
spares no effort to put the developments of the field in a
historical context. We are introduced to the main players
(Euler, Gauss, Jacobi, Riemann, Beltrami, Ricci-Curbastro,
Poincaré, Levi-Civita, Hopf, Cartan) and their contribu-
tions to the field; sometimes details of their lifes are

included. These historical tidbits add much richness to an
already rich book, and make it a true delight to read.

The book’s Act I (the nature of space) introduces the
most fundamental idea of differential geometry, that con-
trary to Euclid’s pronouncements, space does not have to
be flat. Two alternative geometries are proposed, the spher-
ical and the hyperbolic, and the Gaussian curvature is in-
troduced in terms of the excess angle of a triangle.

These ideas are developed in Act II (the metric). The
metric of a two-dimensional surface is introduced, and a
formula to compute the Gaussian curvature is stated, an-
ticipating a derivation to be presented in Act IV. (In the
author’s words, the formula appears like a phaser weapon
from Star Trek, coming to us from the future.) The case of
the pseudosphere is examined in detail, and described in
various coordinates.

The book’s climax (in the author’s own estimation, and
inmine as well) occurs in Act III (curvature). It begins with
an exploration of the curvature of curves, and moves on to
the (intrinsic and extrinsic) curvature of a surface. Gauss’s
famous Theorema Egregium follows, which relates the prod-
uct of the radii of curvature to the Gaussian curvature. The
second part of the act—a climax within the climax—is
devoted to a thorough elucidation of the global Gauss-
Bonnet theorem, a relation between the integrated curva-
ture of a surface and its genus. The theorem is given three
distinct proofs, based on different methods and ideas. The
net outcome of all this is a firm and complete under-
standing of what the theorem means, with the different
proofs providing complementary insights. This collection
of chapters is a true masterpiece of clear and effective pre-
sentation.

Act IV (parallel transport) provides respite after the in-
tensity of the previous act. A curious historical anomaly
in the development of differential geometry is that the all-
important notion of parallel transport was introduced (by
Levi-Civita, in 1917)much after the defining contributions
of Riemann and others. The author introduces this new
tool, and wields it to derive the formula for the Gauss-
ian curvature (the futuristic phaser weapon of Act II), as
well as the Jabobi equation, which expresses the push of
curvature on neighbouring geodesics. Parallel transport
is also used to define the covariant derivative, and we fi-
nally arrive at Riemann’s celebrated tensor. In the act’s fi-
nal chapter, the author could not resist (and who could
blame him?) an excursion into Einstein’s general theory
of relativity. Here the apparatus of differential geometry
finds a spectacular application in physics, and gravity is
properly understood as a manifestation of the curved na-
ture of our four-dimensional spacetime.

After a most satisfying evening at the theatre, the reader
is invited to repair to the bar for a nightcap; and there,
surprise!, Act 5 (forms) is about to unfold. The author’s
treatment of differential forms (completely antisymmetric
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tensors) is fairly standard: we start with 1-forms, move on
to 2- and 3- and 𝑛-forms, are introduced to external differ-
entiation, and then shown how all this relates to integra-
tion. As a bonus, we are presented with Cartan’s powerful
machinery for the effective computation of the Riemann
tensor.

I have to confess that I was less convinced by this final
portion of the book. A first reason has to do with a clash
of objectives: while the rest of the book is all about visu-
alization and geometrical insight, Act 5 is mostly about
computation. The author has shockingly succumbed to
the devil’s tool! A second reason is that the presentation
in Act 5 does not display the same flair and originality as
in the rest of book; as I stated, it is fairly standard. As a
third reason, I deplore the book’s paucity of applications
of this formalism, which is very powerful and applied to
great benefit in many corners of theoretical physics. All in
all, I feel that the reader might have been left free to go
home after the play, to better digest the majestic four acts
that preceded. A separate play, on a different night, might
have served the topic better.

This quibble aside, the book offers a truly unique and
original take on differential geometry, and it amply de-
serves inclusion within the pantheon of textbook deities.
I very much admire the book, and I very much admire the
author for having developed the subject in a thoroughly
geometrical way. As stated, I do feel that the approach is
sometimes taken a bit far; but I nevertheless appreciate the
author’s dogged determination.

Who will this book serve? In the prologue the author
admits that he made no attempt to write the book as a
classroom textbook, and indeed, this is not a typical text. I
cannot imagine a novice student picking up this book and
achieving mastery of differential geometry; to accomplish
this one would require a better balance between visualiza-
tion and computation. But a previously educated student,
versed in the computational aspects of differential geome-
try, will be delighted by this book; the formulas will come
to life, and a true and complete understanding will emerge.
This student (who somehow seems a bit like me) will be
well served indeed.

To conclude, let us return to the opening paragraph and
the narrow strip of squash peel—the actual experiment is
conducted in the book’s Figure 1.11. The stretched string
on the fruit’s surface defines a curve of minimal length
between two fixed points, a geodesic. The geodesic fol-
lows the surface’s curvature, but geometrically, it is locally
straight, in the sense that its tangent vector is parallel trans-
ported along the curve. When transplanted from the fruit
to the kitchen counter, the locally straight curve is found
to be globally straight. Geometry!

References
[1] Tristan Needham, Visual complex analysis, The Claren-
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also be an excellent choice for a capstone course for senior 
math majors.

Dialogues Around Models and Uncertainty  
An Interdisciplinary Perspective 

Edited by Pauline Barrieu

While almost everyone would agree that interdisciplinary 
research is critical to making scientific progress, we are also 
familiar with the challenges that such research requires. 
Even collaborations across subfields of mathematics can be 
difficult as we navigate subtle differences in terminology. 
This can be amplified for interdisciplinary collaborations 
which require researchers to have the necessary language 
and mindset to effectively communicate their ideas to one 
another.

Dialogues Around Models and Uncertainty was written 
with a goal of promoting interdisciplinary research. Spe-
cifically, it aims to help researchers better understand what 
modelling and uncertainty look like across various fields. 
This collection is comprised of interviews with nineteen 
leading researchers in areas such as medicine, engineering, 
and mathematics. All contributors were asked the same 
questions and gave responses that are accessible to nonex-
perts. Each interview begins with a brief field introduction, 
along with an example of where models are used. Then the 
connection between mathematics and models, simulation 
and a model, and uncertainty and risk in a model are ex-
plored. This collection of interviews is suitable for anyone 
interested in branching into interdisciplinary research. It 
could even be used as a resource for students looking for 
current research topics in fields that rely on mathematical 
modeling. 

Landscape of 21st Century 
Mathematics  
Selected Advances 2001–2020 

By Bogdan Grechuk

The quantity of new mathematics 
discovered yearly is staggering. 
How can we ever keep up with 
all of the new results and their 
significance? Perhaps the answer 
is that we can’t, no matter how 
much we’d like to. If that answer 
isn’t satisfying to you, consider 
picking up a copy of Landscape of 
21st Century Mathematics. While 

this book doesn’t pretend to cover all the new mathe-
matics introduced over the last 20 years, it does strive to 
present all the major theorems that are easy to state and 
understand that have been published or submitted to ArXiv 
between 2001 and 2020. With a goal of being accessible 
to advanced undergraduates as well as mathematicians, 
very few proofs are included. Instead, the main focus is 
providing the historical background for topics along with 
recent developments. Theorems are stated precisely, and an 
intuitive explanation of the statement is given along with a 
discussion of how this recent theorem advances the field.

Some of the topics included are developments that led to 
the proof of the twin prime conjecture, recent results in ran-
dom graphs and matrices, and new concepts in knot theory. 
While the author’s goal was to include theorems from most 
areas in mathematics, some fields, such as Hodge theory, 
were not included due to their highly technical nature.

This is a wonderful collection of recent results that in-
cludes a wide scope of material which is well motivated and 
explained. It’s a great resource that provides an excellent 
overview of some recent mathematics without requiring 
the reader be an expert in every field. This book would 
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Looking for Math in All the 
Wrong Places: Math in Real Life 
By Shai Simonson

Shai Simonson is, evidently, al-
ways looking for math. He finds 
it in likely, and unlikely, places: 
lock picking, kite flying, hiking, 
carnival games. And he has a 
great talent for explaining these 
encounters in charming ways. In 
one of my favorite sections he 
relates a family tale of a birthday 

party at which an innocent, trivial, mathematical coin-
cidence sparks a whole-family communal investigation. 
Someone at the party noted that the author’s age (62) and 
his birthday-celebrating son’s (26) were reversals of one 
another and wondered whether that had ever happened 
before, or would again. The family very quickly disposed 
of that problem and asked the obvious follow-up: had it 
ever happened with any of his other children? I’ll leave it 
to you (and your family) to retrace their path of discovery. 
The point here is that the author has a magical ability to 
take a birthday party crowd of people and turn them into 
a community of joyful mathematical puzzle-solvers. Over 
and over again we meet his family and friends communally 
struggling with puzzles they stumbled over in their daily 
activities.

Observing these family problem fests is a great pleasure. 
Shai’s family goes on a two-car family road trip and ends 
up summing geometric series to compute the head start 
that should be given to the slower driver. A romantic date 
with his wife spins off into a discussion of arithmetic versus 
geometric means as they try to compute the correct pric-
ing for a carafe of wine. A family trip to a Penn and Teller 
magic show at which the author ends up onstage leads to 
a discussion of mathematical magic tricks. Experimenting, 
exploring, estimating, computing, and deducing all become 
beguiling family activities as Simonson and his kin try 
to understand the world. There is wonder and joy in the 
quotidian with Simonson as your guide. Like the previous 
book, this would make a terrific holiday gift. It might also 
provide you with ideas for sparking a lively activity in one 
of your classes.

Hex: A Playful Introduction 

By Ryan B. Hayward

Hex is a two-player game in-
vented in the 1940s, inde-
pendently and nearly simulta-
neously, by Danish polymath 
Piet Hein and mathematician 
John Nash. The game is played 
on an n x n hexagonal grid. Black 
and white stones are alternately 
placed in the cells of the grid.

Black wins if it constructs a 
connected path from the top to the bottom of the board. 
White wins if it connects a path from the left to the right.

Hayward is a co-author (with Bjarne Toft) of the com-
prehensive Hex: The Full Story, which thoroughly covers the 
history, strategy, and analysis of the game. Hex: A Playful 
Introduction is a popular introduction to the play of the 
game and to an elementary mathematical analysis of it. It is 
known that the game can’t end in a tie and that there exists 
a first-player-win strategy. Both of those facts are proven 
in this volume. But, beyond the first few small boards, not 
much is known about what that winning strategy should be. 

This appealing book is full of puzzles, strategy, and 
variants (like Y, played on a triangular board, the winning 
player connects all three sides in a Y-shaped path). The 
book successfully introduces mathematical (and algorith-
mic) thinking in a playful and joyous way for the general 
reader. This book would make a great holiday gift for a 
math-curious friend or relative. It could also provide the 
background for an undergraduate research project in the 
game, there are any number of accessible, intriguing prob-
lems raised. 
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It is tempting to wax profound about the interplay between 
mathematics and music, to rhapsodize, for instance, about 
Bach’s use of transformations in the construction of his 
fugues and canons. Alexey Shor, however, has little to say 
about how the two disciplines relate. A math PhD with an 
Annals paper (and an Erdős number of 4) whose musical 
compositions have been rapturously received at concert 
halls worldwide, Shor resists attempts to couch his story in 
terms of some magical math-music synergy. He describes 
his two careers as disparate, as distinct movements, if you 
like, in his unfolding symphony of a life.

With an aptitude for and a family tradition in the sci-
ences, Shor never questioned as a boy in Kyiv whether he 
would become a scientist. What kind of scientist was up in 
the air for a while—a physicist, perhaps?—but his partic-
ipation in the All Soviet Union Mathematical Olympiad 
settled the matter. Shor studied math in Moscow—first at 
a boarding school and then at Moscow State University—
before emigrating at 20. He earned his PhD under Anatole 
Katok at Penn State in 1997; in 1998, a paper he co-au-
thored—“Uniform estimates on the number of collisions 
in semi-dispersing billiards”—appeared in the Annals. After 
two years as a postdoc at the University of Pennsylvania, 
Shor opted for mathematical finance over academia. (The 
choice, he says, “was mostly about money.”)

Though he never took music classes, Shor “always loved 
classical music.” LPs1 were in short supply behind the Iron 
Curtain, he recalls, and available LP players of low quality, 
but radio and live concerts bred in Shor an appreciation for 
Bach and Haydn, Beethoven and Chopin. Later, working 
as a quant in New York City, the self-proclaimed “concert 
junkie” would often go to two or three performances a 
week. Curiosity about music’s inner workings motivated 
Shor to attempt, at around age 40, to learn to play the 
piano. When that didn’t go anywhere—“It’s not realistic to 
become any good at it at that age (at least for me),” Shor 
reports—he read a few books on music theory and tried his 
hand at writing music instead. “Unlike playing this went 
very smoothly,” he says.

Shor enjoyed writing music but regarded it as little more 
than a hobby. It wasn’t until David Aaron Carpenter—a 
distinguished violist—started performing some of his early 

1Long-playing vinyl records

Mathematician Turns Melodist
Sophia D. Merow 

Figure 1. Alexey Shor.
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Shor doesn’t have much time for math these days—his 
mathematical activities are limited to solving some Olym-
piad problems on occasion—and he does miss it, as much 
as he relishes composing music applauded by audiences 
across the globe. While laypeople can—and do—readily 
appreciate the fruits of Shor’s musical labor, he has expe-
rienced the harder-to-share joy of making mathematics. 
“I think many people see math as being dry and boring,” 
Shor muses. “To me it is every bit as exciting and creative 
as writing music is, but it’s not easy to explain this to 
non-scientists.” He adds: “There is nothing that compares 
to the thrill I felt when I thought I figured out something 
worthy in math.” 

Credits
Figure 1 is courtesy of Alexey Shor.
Author photo is by Igor Tolkov.

compositions that Shor entertained the possibility that he 
might be on to something. “Even then I didn’t really take 
it seriously until I saw with my own eyes that the audiences 
were reacting to my music with a lot of enthusiasm,” he 
remembers.

For several years, as he began to make a name for himself 
in the classical music world, Shor kept his hedge fund day 
job, studiously maintaining a separation between his two 
pursuits.2 Then, in 2016, an opportunity arose that forced 
Shor to make a choice. The European Foundation for Sup-
port of Culture, a Maltese charity, asked him (a Maltese 
citizen) to write a ballet to celebrate the fiftieth anniversary 
of diplomatic relations between Malta and Russia. While 
Shor could compose concert music in the evening at his 
own pace, a ballet would involve collaborators, deadlines, 
rewrites. It could not be a side project. “I figured at 46 it 
was my last chance to have a ‘new career,’” Shor explains, 
“and I could not resist the temptation.” He chose music.

Shor maintains that his math background does not 
substantively influence his music3 and sees no reason a 
mathematician would appreciate his work more than any 
other music lover. His oeuvre includes no intentionally 
mathematical pieces; his compositions are informed by the 
decades that Shor, having come to composition relatively 
late in life, spent as an everyman audience member.

“When I write music I always imagine myself in a con-
cert hall listening to my music,” he says, “and I always ask 
myself, ‘Would I have liked hearing this work? Would I 
have wanted to hear it more than once? Would I feel it’s 
too long or too short?’ I feel having spent countless hours 
at concerts as a non-musician is extremely helpful in an-
swering these questions.”

Shor’s consideration of what audiences want distin-
guishes him from more avant-garde contemporary com-
posers. “He is a melodist,” pianist and conductor Mikhail 
Pletnev has said of Shor,4 “and being a melodist nowadays 
is the greatest courage. Everyone can write nonsense, and 
this is considered good. But no one wants to listen to this. 
Shor is an independent person, he writes what he wants 
and what he hears. That’s why his music is so popular.” 
Shor’s traditionally constructed harmonies and melodies 
pay homage to such past masters as Schubert and Prokof-
iev; his music is familiar yet fresh, accessible to audiences, 
memorable. “They have Mozart-like melodies,” Bolshoi 
Theatre opera soloist Anna Aglatova has said5 of Shor’s 
works. “They are clear, transparent, and they touch your 
very soul.”

2“I didn’t want to be a freak show in either of the worlds,” Shor told me via 
email, “and wanted my music to be judged on its own, not in the context 
of an ‘interesting story.’”
3“Maybe I’m naturally more inclined to notice some undesirable asymme-
tries, but I am pretty sure that if I was not a mathematician I would have 
spotted them anyway.”
4See https://tass.com/society/1345669.
5See https://bit.ly/3z0O7S6.

Sophia D. Merow 
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Exciting Coding Problems for
DNA-based Storage Systems

Daniella Bar-Lev, Omer Sabary, and Eitan Yaakobi

Introduction to DNA Storage
The potential for using macromolecules for ultra-dense
storage was recognized as early as in the 1960s, when the
celebrated physicist Richard Feynman outlined his vision
for nanotechnology in the talk “There’s plenty of room at the
bottom” [Fey92]. DNA lends itself to implementations of
non-volatile recoding media of outstanding integrity due
to its unique properties; among them are its extremely
high capacity and stability. Furthermore, the technologies
for synthesizing (writing) artificial DNA and for sequenc-
ing (reading) DNA have reached unprecedented levels of
efficiency and accuracy [Bd14, Eis14]. Thus, DNA-based
storage systems are predicted to materialize in the near fu-
ture.
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Storing Digital Data in DNA
DNA consists of four types of nucleotides: adenine (A), cy-
tosine (C), guanine (G), and thymidine (T). A single DNA
strand, also called an oligonucleotide (oligo), is an ordered
sequence of the nucleotides. The beginning and end of a
DNA strand are distinguishable as they are chemically dif-
ferent. Each strand starts with the so-called 3’ nucleotide
end and it ends with the 5’ nucleotide end. DNA strands
can be synthesized chemically and modern DNA synthe-
sizers can concatenate the four DNA nucleotides to form
almost any sequence. This process enables the strands to
store digital data. The data can be read back with common
DNA sequencers, where the most popular ones use DNA
polymerase enzymes or nanopore-based sequencing and
are referred to as sequencing by synthesis [Bd14].

A DNA storage system typically consists of three impor-
tant entities; see Fig. 1. The first is aDNA synthesizer which
produces the strands that encode the data to be stored in
DNA. In order to produce strands with an acceptable er-
ror rate, the length of the strands is typically limited to no
more than 250 nucleotides [CCS+19]. Additionally, ev-
ery strand has millions of synthesized copies. The second
part is a storage container with compartments that store
the DNA strands, however unordered. Lastly, a DNA se-
quencer reads the strands and transfers them back to digi-
tal data. The encoding and decoding stages are two exter-
nal processes to the storage systems which encode the bi-
nary user data into strands of DNA in such a way that even
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in the presence of errors (the nucleotides in red in Fig. 1),
it will be possible to revert back to the original binary data
of the user.

DNA as a storage system has several attributes which
distinguish it from any other storage system. First, the syn-
thesis and sequencing processes introduce a unique error
behavior that is mostly dominated by deletions, substitu-
tions, and insertions of symbols. Second, the strands are
not ordered and thus it is not possible to know the order in
which they were stored. Usually, this problem can be over-
come by using indices, that are stored as part of the strand,
and this limitation already imposes the capacity of DNA
storage to be strictly less than 2 bits per nucleotide. Third,
every strand has millions of copies and this inherent re-
dundancy should be taken advantage of during decoding.

Previous Work
Storing data in DNA is not a new idea as it was already
mentioned by Richard Feynman more than 60 years ago.
Yet, it took more than 50 years to conduct the first large
scale experiments that demonstrated the potential of in
vitro DNA storage. Church et al. stored 643 KB of
data [CGK12] and Goldman et al. accomplished the same
task for a 739 KB message [GBC+13]. However neither
of these groups recovered the entire message successfully
since they did not use appropriate coding solutions to cor-
rect the typical errors in DNA. Since then, additional aca-
demic groups and companies have been developing fever-
ishly new ideas to efficiently store digital data in DNA
while reducing the cost; for an example see [BOS+21]
and [MTK21, CCS+19] for an extensive summary of this
progress and future forecast.

Error Correction in Storage Systems
Digital data is stored in computers as vectors (words) over
some alphabet Σ. The process of storing digital data starts
with setting an injective function on the desired data that
maps it into coded vectors (codewords) over Σ. This map-
ping is necessary since no storage system is error-free. Fur-
thermore, the design of the mapping depends mostly on
the type of errors in the storage system and their distribu-
tion, which varies between different storage media. There-
fore, in order to design a storage system which is resilient
to errors, one should consider the characteristics of the
considered medium to create a suitable mapping, which
is referred to as an error-correcting code. More precisely, in
order to overcome up to some 𝑡 errors within a stored code-
word 𝐱, we first need to consider the set of all erroneous
versions of the codeword x that can be obtained from it by
introducing up to 𝑡 errors to 𝐱. This set of erroneous words
is referred to as the radius-𝑡 error ball of 𝐱, and is denoted
by 𝐵𝑡(𝐱). Thus, an error-correcting code that can correct up
to 𝑡 errors, is a set of codewords of a certain length, whose
radius-𝑡 error balls are mutually disjoint. In other words,

the stored codewords can be uniquely identified by each
of their erroneous versions.

There are numerous families of error-correcting codes,
which vary mostly by the type of errors they correct, the
error-correction guarantees, and the encoding/decoding
complexity. For some of the codes the goal is to correct
the desired 𝑡 errors in the worst case, i.e., any 𝑡 errors (or
less) are guaranteed to be corrected and 𝑡 can be a constant
or a function of the word’s length. On the other hand,
other codes aim to correct these errors with high probabil-
ity. Additionally, some codes are designed to address the
probabilistic case, in which each symbol is erroneous with
some fixed error probability.

In almost all of the conventional storage media, such
as tapes, hard-disk drives, and solid-state drives, the er-
rors that occur are symbol erasures and/or symbol substi-
tutions, for which it is known that the size of the error balls
depends solely on the number of errors 𝑡 and not on the
codeword itself, i.e., the size of 𝐵𝑡(𝐱) is the same for any
word 𝐱 of the same length. Due to the prevalence of these
errors, there are many families of error-correcting codes
and other coding techniques that are targeted to correct
substitutions and erasures such as RS, LDPC, BCH, polar,
and convolutional codes [LC04].

Mathematical and Computational Problems
of DNA Storage
As mentioned above, the microscopic world in which the
DNA molecules reside induces error patterns that are fun-
damentally different from their digital counterparts. These
properties lead to the following exciting problems.
1. Error-correcting codes for DNA storage systems. The
problem of constructing codes that correct insertions, dele-
tions, and substitutions, which are referred to as edit er-
rors, is one of the more intriguing challenges in the area
of coding theory. While symbol substitutions/erasures ef-
fect only the defected symbol(s), insertion and deletion of
symbols can generate undesired indentation of the correct
symbols in the word, and can also affect its length. More-
over, the size of error balls that consider deletion errors de-
pends not only on the radius 𝑡, but also on the inspected
word. These sizes are known only when 𝑡 is very small.
The first family of such codes was proposed by Varshamov
and Tenengoltz in 1965 [VT65] and are referred to as VT
codes. In fact, Varshamov and Tenengoltz proposed these
codes to correct a single asymmetric error, in which only
a 0 can change to be a 1. A year after Levenshtein showed
that this family of codes can correct a single insertion or
a single deletion [Lev65]. Levenshtein also showed that
a code can correct 𝑡 deletions if and only if it can correct
any combination of 𝑡 insertions and deletions [Lev65]. A
length-𝑛 VT code is defined by an integer 0 ≤ 𝑎 ≤ 𝑛 and
consists of all binary vectors x = (𝑥1, 𝑥2, … , 𝑥𝑛) that satisfy

1988 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 11



Keystones

the following constraint,

𝑉𝑇𝑎(𝑛)≜ {x∈ {0, 1}𝑛∶
𝑛
∑
𝑖=1

𝑖𝑥𝑖 ≡ 𝑎mod(𝑛 + 1)}.

It is known that for any 𝑎, 𝑛, the code 𝑉𝑇𝑎(𝑛) is a perfect
single-deletion-correcting code, that is, the union of the dis-
joint radius-1 error (deletion) balls of the words in 𝑉𝑇𝑎(𝑛)
covers the entire space of vectors of length 𝑛−1. It is inter-
esting to mention that even though the VT code 𝑉𝑇𝑎(𝑛) is
perfect for any 𝑎, since the size of the radius-1 error balls
varies, the number of words in 𝑉𝑇𝑎(𝑛) also varies for dif-
ferent values of 𝑎. Furthermore, the case 𝑎 = 0, 1 yields
the largest, smallest VT code, respectively; namely for any
0 ≤ 𝑎 ≤ 𝑛, |𝑉𝑇1(𝑛)| ≤ |𝑉𝑇𝑎(𝑛)| ≤ |𝑉𝑇0(𝑛)|. It is still
an open question whether there exists a length-𝑛 single-
deletion-correcting code 𝒞, such that |𝒞| > |𝑉𝑇0(𝑛)|, while
it is commonly conjectured that the code 𝑉𝑇0(𝑛) is strictly
optimal for all values of 𝑛 [Slo02].

The error behavior of the DNA storage channel renewed
the interest in studying the deletion and insertion chan-
nels and synchronization channels in general. Studying
and analyzing these channels is a notoriously hard prob-
lem in the coding and information theory communities,
which are far from being fully solved. Nevertheless, these
channels introduce intriguing coding and information-
theoretic questions and were studied extensively in the lit-
erature. We refer the reader to an excellent survey for more
information on these problems and other information-
theoretic problems which are related to DNA data stor-
age [SH22].
2. The DNA clustering problem. In current synthesis
technologies, every synthesized DNA strand has millions
of copies, which leads to inherent redundancy that is
unique to DNA storage systems. This property can be uti-
lized to enhance the error-correction capabilities. How-
ever, due to the unordered nature of the medium, in order
to take advantage of this inherent redundancy, one should
first order and cluster all of the received erroneous copies
of the synthesized strands. This additional step is not com-
mon among other digital storage media and thus it intro-
duces a new set of interesting research problems. The se-
quencing process results with an unordered set of millions
to billions DNA sequences, which are all the noisy copies
of the designed DNA strands that encode the data. In the
DNA clustering problem, the goal is to partition the set of
read strands into small sets, which are referred to as clus-
ters, such that in each cluster there are only copies that orig-
inated from the same designed DNA strand.

Previous works attempted to tackle this problem by ei-
ther designing clustering algorithms that consider the edit
distance between the strands or by encoding the informa-
tion in a way that facilitate the clustering procedure. How-
ever, the DNA clustering problem is still far from being

solved. Most of the existing solutions do not perform well
under high error rates, which are prevalent among new
emerging cheaper/faster synthesis and sequencing tech-
nologies. Additionally, the performances and hardware
requirements of the currently existing algorithmic-based
methods cannot scale tomeet the potential storage volume
of future DNA-based systems. Even though combining
coding techniques can theoretically improve the latency
and save physical and logical resources, such solutions are
either relatively naive and non-optimal (e.g., requires large
redundancy) or are based on unrealistic assumptions (e.g.,
only specific error patterns) which make them inapplica-
ble in real systems.
3. The sequence reconstruction problem. After the clus-
tering step, each cluster consists of the read strands, which
are noisy copies of one of the synthesized strands and
should be used for its recovery. In this problem the goal is
to estimate the designed DNA strand (with zero or small
error probability), from a given cluster of its noisy copies.
One of the challenges in the DNA storage channel is that
we do not necessarily have control on the size of the clus-
ters, and it is very likely that this size is significantly smaller
than theminimum size that guarantees a unique decoding
of the designed DNA strands. Mathematically speaking, a
DNA reconstruction algorithm is a mapping which receives
some 𝑘 noisy copies as an input and produces �̂�, an estima-
tion of 𝐱, and the goal is to minimize the distance between
𝐱 and �̂�. The problem of estimating a sequence from a set
of its erroneous versions is also related to the trace recon-
struction problem [BKKM04] and the sequence reconstruction
problem [Lev01]. In these problems the goal is to determine
the required number of distinct copies to ensure a unique
decoding with high probability or in the worst case.
4. Constrained codes. To reduce the error rates of the
synthesis and the sequencing processes, there are several
design constraints that are unique to DNA storage and
should be enforced on the designed DNA strands. A con-
strained code is defined as a set of codewords that satisfy
some given design constraints. Some of these constraints
are relevant to the majority of the technologies that are be-
ing used nowadays and two of the main ones are: 1. The
run-length constraint, in which the goal is to limit the num-
ber of identical consecutive symbols in any of the designed
DNA strands (this number is typically between 3 and 5).
2. The GC-content balanced constraint, in which the quan-
tity of the ‘G’ and ‘C’ symbols in each DNA strand should
be roughly balanced, for example between 45% and 55%.
The first constraint is an example of a local constraint, and
the second is considered a global one. While dealing with
either one of these constraints is a doable task, combining
both the local and the global constraints is a more chal-
lenging task with significantly less knowledge. Addition-
ally, new emerging synthesis and sequencing technologies
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Figure 1. A DNA-based storage system. 1) Encoding of the
binary information. 2) Synthetic DNA strands that encode the
data are synthesized using a DNA synthesis technology. 3)
Sequencing a sample from the DNA storage container using a
DNA sequencer; The number of copies for each strand can
vary and some strands may have zero or very small number
of copies. 4) Lossless decoding to retrieve the binary data.

may introduce new desired constraints. Even though con-
strained coding has been well studied, it is still unknown
how to design efficient codes for all constraints and com-
bine them with error-correcting codes.

The behavior and properties of these four problems de-
pend on the synthesis and the sequencing technologies
that are being used [SOS+21]. Recently, a few emerging
synthesis technologies were suggested, while each such a
technology presents new error behavior that should be
considered and addressed separately [LKG+19, AVA+19].
Any such new technology opens the door to a variety of in-
triguing and exciting theoretical problems and challenges.

Conclusion
When designing new coding schemes for DNA-based stor-
age systems, all of the properties of the DNA storage sys-
tem that were mentioned in this review should be con-
sidered. That being said, the current implementations
of DNA-based storage systems are very limited and are
not fully optimized to address the unique pattern of er-
rors which characterize the synthesis and the sequencing
processes. Hence, to maintain reliability in reading and
writing, new coding schemes must be developed. More-
over, since DNA storage aims to address orders of magni-
tude more data compared to current technologies, it is ex-
tremely important for new coding schemes and algorithms
to be scalable and efficient. DNA storage generates new
exciting and challenging theoretical problems to our com-
munity. The success of such solutions is crucial due to the
never-ending growth of data and the foreseeable inability
to store it.
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AMS Centennial Research 
Fellowship Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2023–2024 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2011, and September 1, 2020). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 
reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 

AMS Prizes & Awards
AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2023–2024 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research --for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
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a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the de-
velopment of their research career. Candidates must have a 
carefully thought-through research plan for the fellowship 
period. Special circumstances (such as time taken off for 
care of children or other family members) may be taken 
into consideration in making the award. The fellowship 
can be used to provide additional time for research of the 
awardee, or opportunities to work with collaborators. This 
may include, but is not limited to, course buy-outs, travel 
money, childcare support, or support to attend special 
research programs.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

Joan and Joseph Birman 
Fellowship for 
Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed to 
fit the unique needs of women. This fellowship program 
is made possible by a generous gift from Joan and Joseph 
Birman. One fellowship in the amount of $50,000 will be 
awarded for the 2023–2024 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
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Applications Open  
for AMS Congressional 
Fellowship 2023–2024
The AMS will sponsor an annual Congressional Fellow 
from September 2023 through August 2024. The Fellow 
will spend the year working on the staff of either a mem-
ber of Congress or a congressional committee, providing 
necessary scientific and technical input in legislative and 
policy areas. 

The Fellow brings their technical background and exter-
nal perspective to the decision-making process in Congress. 
Prospective Fellows must be cognizant of and demonstrate 
sensitivity toward political and social issues and have a 
strong interest in applying personal knowledge toward 
solutions to societal problems.

In its 18th year, the AMS Congressional Fellowship pro-
vides a unique learning experience in public policy that 
demonstrates the value of science-government interaction. 
The program includes an orientation on congressional and 
executive branch operations as well as a year-long seminar 
series on issues involving science, technology, and public 
policy.

The stipend for the fellowship period is US$95,824, with 
additional allowances for relocation and professional travel 
and a contribution toward health insurance. Applicants 
must have a PhD or an equivalent doctoral-level degree in 
the mathematical sciences by the February 1, 2023 dead-
line. Applicants must be US citizens. Federal employees 
are not eligible.

For information and to apply, see https://www.ams 
.org/government/government/ams-congressional 
-fellowship. Applicants must submit a statement express-
ing interest and qualifications for the AMS Congressional 
Fellowship as well as a current curriculum vitae by February 
1, 2023. Candidates should have three letters of recommen-
dation sent to the AMS by the deadline. 

—Anita Benjamin 
AMS Office of Government Relations

Learn more about this and other Washington, DC fellowship 
opportunities at the JMM 2023 session on AMS DC-based 

Apply for AMS Mass Media 
Fellowship by January 1
Each summer, the AMS sponsors a Mass Media Fellow 
through the Mass Media Science and Engineering Fellow-
ship program organized by the American Association for 
the Advancement of Science (AAAS). 

The 10-week program is designed to improve public un-
derstanding of science and technology by placing advanced 
science, engineering, and mathematics students at media 
organizations nationwide. 

Mass Media Fellows use their academic training in the 
sciences to research, write, and report on today’s headlines. 
At national and local media outlets, they learn how to 
communicate scientific topics clearly to a general audience 
and how to gain insight into newswriting and editorial 
decision-making. 

Applicants for the 2023 Mass Media Fellowship must 
a) be enrolled as students (upper-level undergraduate or 
graduate); b) be postdoctoral trainees; or c) apply within 
one year of the completion of a) or b). Applicants must 
be in the life, physical, health, engineering, computer, or 
social sciences or in mathematics and related fields, with 
outstanding written and oral communication skills and 
a strong interest in learning about the media. Fellows 
will receive a stipend of US$8,000 plus travel expenses to 
and from Washington, DC, and the media outlets where 
they will work as reporters, researchers, and production 
assistants.

The AMS urges mathematical sciences faculty to apprise 
their students and postdocs of this opportunity. Apply 
at https://www.aaas.org/programs/mass-media 
-fellowship by January 1, 2023. For more informa-
tion about the AMS Mass Media Fellowship, please visit 
https://www.ams.org/programs/ams-fellowships 
/media-fellow/massmediafellow.

—Anita Benjamin 
AMS Office of Government Relations
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https://www.aaas.org/programs/mass-media-fellowship
https://www.ams.org/programs/ams-fellowships/media-fellow/massmediafellow
https://www.ams.org/programs/ams-fellowships/media-fellow/massmediafellow
https://www.ams.org/government/government/ams-congressional-fellowship
https://www.ams.org/government/government/ams-congressional-fellowship
https://www.ams.org/government/government/ams-congressional-fellowship


NEWS

AMS Updates

December 2022  Notices of the AmericAN mAthemAticAl society   1995

Discover BEGIN Careers  
at JMM 2023
At JMM 2023 in Boston, employers of mathematicians in 
business, entrepreneurship, government, industry, non-
profits (BEGIN) and other sectors beyond academia have 
opportunities to recruit and provide information for those 
interested in careers or in search of jobs in these areas. Like-
wise, students (graduate and undergraduate), new PhDs, 
and more-seasoned mathematicians can learn about and 
network for BEGIN careers.

 • BEGIN Career Center (BCC)—In this venue in the 
exhibit hall, BEGIN employers are scheduled Wednes-
day–Saturday, January 4–7, to meet with career inquirers 
and job seekers. To reserve times, and for schedules 
and other information, visit https://www.ams.org 
/profession/career-info/bcc. Additionally, job 
seekers will have the opportunity to submit resumes to 
a resume book for viewing by BCC recruiters.

 • Career Fair—Thursday, January 5, 8:30–10:30 a.m. ET, 
an intensive event for all JMM attendees and employ-
ers of mathematical talent to engage in networking, 
information-sharing, and job-seeking. Employers may 
contact begincareers@ams.org for more information 
and register through the JMM Registration Form link 
atop https://www.jointmathematicsmeetings 
.org/jmm. 

—AMS Programs Department

2023 Workshop for 
Department Chairs  
and Leaders
Chairpersons from all types of departments and institu-
tions, chairs-to-be, graduate and undergraduate directors, 
and non-titular leaders are warmly invited to participate 
in the annual AMS Workshop for Chairs and Leaders. Its 
objective is to provide opportunities for participants to 
share ideas and experiences and to foster the development 
of a community of peers who can continue to support one 
another in the vital role of department chair. Held in Bos-
ton immediately before JMM, the workshop runs Tuesday, 
January 3, 9 a.m.–3 p.m. ET, and includes breakfast, lunch, 
and afternoon tea as well as reserved seating for the JMM 
Opening Reception on January 4. For more information 
and registration, see http://www.ams.org/profession 
/leaders/workshops/chairsworkshop. 

—AMS Programs Department

Policy and Communications Opportunities, January 6, 2023 
at 4:30 p.m.

Get Your Daily  
Epsilon of Math!
Share your appreciation for math this holiday season! 
Give the new Your Daily Epsilon of Math 2023 12-Month 
Wall Calendar as a gift for your loved one’s office, dorm, 
or classroom.

The calendar, from mathematicians Rebecca Rapoport 
and Dean Chung, features beautiful and colorful imagery 
each month, math puns and fun facts, as well as daily math 
problems. List price: $18.00; AMS member price: $14.40; 
MAA member price: $16.20.

Read more at https://bookstore.ams.org/mbk 
-144/.

—AMS Marketing Department

MRC 2023  
Applications Open
Applications are open for the 2023 Mathematics Research 
Communities (MRC), a professional development program 
for early-career mathematicians in which participants de-
velop collaborative research skills, build a network focused 
in an active research domain, and receive mentoring from 
leaders in that area. Supported by NSF, the AMS, and other 
sources, the program’s entry point and centerpiece is a collec-
tion of collaborative summer conferences during the weeks 
of May 28–June 3, June 4–10, and June 18–24, 2023, with 
these topics and organizers:

 • Ricci Curvatures of Graphs and Applications to Data Sci-
ence. Fan Chung, Mark Kempton, Wuchen Li, Linyuan 
Lu, Zhiyu Wang

 • Explicit Computations with Stacks. Andrew Kobin, Soumya 
Sankar, Libby Taylor, John Voight, David Zureick-Brown

 • Derived Categories, Arithmetic and Geometry. Matthew 
Ballard, Katrina Honigs, Daniel Krashen, Alicia Lamarche, 
Emanuele Macrì

 • Complex Social Systems. Heather Zinn Brooks, Michelle 
Feng, Mason A. Porter, Alexandria Volkening
The MRC conferences will be hosted at Beaver Hollow 

Conference Center, Java Center, NY, near Buffalo. The 
program also includes Special Sessions on these topics at 
the Joint Mathematics Meetings in January 2024 in San 
Francisco; support for participant travel to this JMM; sup-
port for collaborative travel; mentoring; and more. For  
information and links to applications, see http://www 
.ams.org/programs/research-communities/mrc-23. 
The deadline is February 15, 2023. 

—AMS Programs Department
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Professor Michael S. Waterman, University 
Professor Emeritus of the University of Southern 
California, US, and Distinguished Research 
Professor, Biocomplexity Institute, University 
of Virginia, US, won the William Benter Prize in 
Applied Mathematics 2020.

Professor Waterman, the founder of the field 
of bioinformatics and computational biology, was 
one of the earliest researchers to apply rigorous 
mathematics and computationally efficient 
algorithms to comparing biological sequences 
and he has pioneered work in computationally 
intensive approach to genetics. He helped to 
develop the Smith-Waterman algorithm, one of 
his most impactful innovations. In the 1970s, he 
advanced bioinformatics with Professor Temple 
Smith, Professor Emeritus of the Department 
of Biomedical Engineering, Boston University, 
by developing the first algorithm for the local 
alignment of DNA and protein sequences, and 
by demonstrating its essential role in genomic 
research. The algorithm is a standard tool in 
genomic analysis today.

The Lander-Waterman model and the 
De Bruijn technique for sequence assembly 
exemplify Professor Waterman’s ingenuity in 
establishing the foundations of computational 

biology. He also developed fundamental 
algorithms for declumping sequences and 
analysing the complex secondary structure of 
RNA molecules, and many key developments 
in mathematical progress for the biological 
sciences.

Professor Waterman’s book Introduction 
to Computational Biology: Maps, Sequences 
and Genomes in 1995 has made the field of 
computational biology a distinct discipline and 
has become the standard text for countless 
university courses in computational biology.

Professor Waterman has received numerous 
accolades for his innovative and sustained 
impact on bioinformatics. He is a member of the 
US National Academy of Sciences and the US 
National Academy of Engineering, and a foreign 
member of the French Academy of Sciences 
and the Chinese Academy of Sciences. He is 
the awardee of such prestigious awards as the 
Gairdner Foundation International Award and 
the Dan David Prize.

The William Benter Prize will be presented 
during the opening ceremony for the International 
Conference on Applied Mathematics (ICAM 
2023), which is co-organised by CityU’s Liu Bie 
Ju Centre for Mathematical Sciences (LBJ) and 
the Department of Mathematics.

The William Benter Prize in Applied 
Mathematics was set up by LBJ in honour of Mr 
William Benter for his dedication and generous 
support to the enhancement of the University’s 
strengths in mathematics. The prize recognises 
outstanding mathematical contributions that 
have had a direct and fundamental impact on 
scientific, business, finance and engineering 
applications. The cash prize of US$100,000 is 
given once every two years.

– City University of Hong Kong 

Michael S. Waterman won 
William Benter Prize in 
Applied Mathematics 2020

Professor Michael S. Waterman
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Camassa was recognized for work in mathematical mod-
eling of wave propagation in fluids and fluid mechanics 
in general. His lecture, given at the conference, was titled 
“Fluid-boundary interaction: Confinement effects, strati-
fication and transport.” Camassa received his PhD from 
the California Institute of Technology in 1990, advised by 
Ted Wu. He held a postdoctoral fellowship at Los Alamos 
National Laboratory and continued as a staff member in the 
Theoretical Division, Mathematical Modeling and Analysis 
Group before joining the faculty at North Carolina, where 
he is Kenan Distinguished Professor. Together with Rich 
McLaughlin, Camassa has built a state-of-the-art fluids 
laboratory at UNC Chapel Hill, joint with the department 
of marine sciences, where numerous new phenomena in 
waves, turbulent mixing in stratified fluids, and air-liquid 
pumping in lung airway geometries have been discovered 
and explained mathematically. He tells the Notices: “I grew 
up near mountains, and climbing, trekking and skiing have 
been a part of my life since I was a kid. Soon after I got a 
job at Los Alamos National Laboratory in New Mexico, 
I joined the local ski school and worked my way up the 
certification process of PSIA (Professional Ski Instructor of 
America), Rocky Mountain Division. After some grueling 
exams (far harder than any math ones) necessary to pass 
each certification level, I finally got my Full Certification 
(Level 3) back in 2001.” The Martin Kruskal Lecture is 
awarded every two years to one individual for a notable 
body of mathematics and contributions in the field of 
nonlinear waves and coherent structures.  

—From SIAM announcements

Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has recognized 
a pair of mathematical scientists for 2022. John Mighton 
of JUMP Math has been named the recipient of the Adrien 
Pouliot Award in recognition of his contributions to 
mathematics education. According to the prize citation, 
Mighton “is an award-winning mathematician, playwright 
and best-selling author, who founded JUMP Math as a 
charity in 2002. He is internationally recognized for his 

Nguyen and Camassa 
Receive SIAM Prizes

The Society for Industrial and Ap-
plied Mathematics (SIAM) awarded 
two prizes at the 2022 SIAM Con-
ference on Nonlinear Waves and 
Coherent Structures. Toan T. Nguyen 
of Pennsylvania State University was 
awarded the 2022 T. Brooke Ben-
jamin Prize. Roberto Camassa of 
the University of North Carolina at 
Chapel Hill was chosen the 2022 
Martin Kruskal Lecturer. According 
to the prize citation, Nguyen was 
honored “in recognition of his ex-
tensive and deep contributions to the 
mathematical theory of the dynam-
ics of gas and fluids. In particular, 
the award recognizes his original 
contributions to the understanding 
of the stability of shear flows and 
Prandtl layers. In the 2016 paper cited 
in the nominations for the prize, 
Nguyen introduced innovative and 

deep techniques to put on a rigorous footing the surprising 
phenomenon known as viscous destabilization, which had 
been observed experimentally but not understood mathe-
matically. His contributions extend beyond this to a wide 
range of problems in the field and are fully deserving of 
the highest recognition.” Nguyen was born in Vietnam and 
received his PhD from Indiana University in 2009 under the 
direction of Kevin Zumbrun. He did postdoctoral work at 
the University of Pierre and Marie Curie and held an assis-
tant professorship at Brown University before joining Penn 
State in 2013. He was awarded the 2018 AMS Centennial 
Fellowship. He received a Simons Fellowship in 2019. The 
T. Brooke Benjamin Prize is given every two years to one 
midcareer established researcher for recent outstanding 
work on a topic in nonlinear waves, as evidenced by a body 
of work with at least one significant publication in English 
in a peer-reviewed journal within the four calendar years 
preceding the award year. 

Toan T. Nguyen

Roberto Camassa 
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Stokey Awarded CME 
Group–MSRI Prize

Nancy L. Stokey of the University of 
Chicago has been named the recipi-
ent of the 2021 CME Group–Math-
ematical Sciences Research Institute 
(MSRI) Prize in Innovative Quan-
titative Applications. The prize is 
awarded to an individual or a group 
to recognize originality and inno-
vation in the use of mathematical, 
statistical, or computational meth-
ods for the study of the behavior 

of markets and, more broadly, of economics. The prize 
citation reads in part: “Stokey is coauthor of the influen-
tial monograph  Recursive Methods in Economic Dynamics 
(1989), which has provided the mathematical basis for 
much of modern macroeconomics. She is also codeveloper 
of a model of dynamic taxation and debt policy that has 
served as the foundation for much subsequent work in that 
area, and she is author of The Economics of Inaction (2009), 
which treats models that involve fixed costs of adjustment. 
Stokey has also contributed to various areas of microeco-
nomics, with the first rigorous proof of the famous Coase 
conjecture, and as codeveloper of the No-Trade theorem, 
a result that presents a fundamental puzzle about infor-
mation, stock market prices, and the volume of trading. 
Stokey’s recent work has focused on economic growth 
and development, especially on the role of trade and 
technology transfers in accelerating growth in middle-in-
come countries.” Stokey received her PhD in economics 
in 1978 from Harvard University. She held positions at 
Northwestern University from 1978 to 1990, advancing 
to the post of Harold L. Stuart Professor of Managerial 
Economics before joining the faculty at Chicago in 1990, 
where she is currently Distinguished Service Professor. She 
has also held visiting positions at Harvard University and 
the University of Minnesota and was a visiting scholar at 
the Federal Reserve Bank of Minneapolis. She is a Fellow 
of the Econometric Society and a member of the American 
Academy of Arts and Sciences and the National Academy 
of Sciences. She was coeditor of Econometrica from 1996 
to 2000 and editor of the Journal of Political Economy from 
2003 to 2007. She was named a Distinguished Fellow of 
the American Economic Association in 2018.

—From a CME Group–MSRI announcement

groundbreaking work building chil-
dren’s confidence, skills, and success 
in math.” After earning his PhD in 
mathematics from the University 
of Toronto, Mighton was awarded a 
Natural Sciences and Engineering Re-
search Council (NSERC) Fellowship 
for postdoctoral research in knot and 
graph theory. He is currently a Fellow 
of the Fields Institute for Research 
in Mathematical Sciences and has 

taught mathematics at the University of Toronto. He de-
veloped the Junior Undiscovered Math Prodigies (JUMP) 
program “to address academic and social inequities created 
by low expectations for students in math and to dispel the 
myth that only some people are naturally gifted at math 
while others are destined to struggle.” He is the author of 
the books The Myth of Ability, The End of Ignorance, and All 
Things Being Equal, which explicate his belief that anyone 
can learn mathematics. Among other awards and honors, 
Mighton received the Fields Institute’s Sinclair Memorial 
Award in 2022. He has given many talks and training 
sessions at various universities, as well as at the New York 
Academy of Sciences and the 2015 World Economic Forum. 
Mighton is also a playwright who appreciates the connec-
tions between the arts and sciences. His play “Possible 
Worlds” was made into a feature film. The Pouliot Award 
recognizes individuals who have made significant and sus-
tained contributions to mathematics education in Canada. 

David Oakden, formerly of the 
Office of the Superintendent of Fi-
nancial Institutions, was named the 
recipient of the 2022 Graham Wright 
Award for Distinguished Service. He 
is a retired insurance and actuarial 
professional who has served as trea-
surer of CMS since 2013, as well as 
on the Board of Directors and numer-
ous committees. He holds a PhD in 
mathematics from the University of 

Toronto. He currently serves on the board of the Property 
and Casualty Insurance Compensation Corporation and is 
Chairman of the Board of Commissioners for the Financial 
Services Commission of the Turks and Caicos Islands. He 
has been president of the Canadian Institute of Actuaries, 
a member of the Board of the Casualty Actuarial Society, 
and a member of the Canadian Actuarial Standards Board. 
The Graham Wright Award for Distinguished Service is pre-
sented annually to an individual who has made sustained 
and significant contributions to the Canadian mathematics 
community, particularly through his or her involvement 
with the CMS.

—From CMS announcements

John Mighton

David Oakden

Nancy L. Stokey
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Davidson Fellows 
Announced
The Davidson Institute for Talent Development has 
announced its Fellows for 2022. Luke Robitaille of the 
Massachusetts Institute of Technology was awarded a 
US$10,000 scholarship for his project “Topological en-
tropy of simple braids.” Robitaille describes his project 
as “about mathematical objects called braids, which are 
formed from strands (like pieces of string or yarn) that in-
tertwine. Certain braids called ‘simple braids’ are, in some 
sense, building blocks for all braids, somewhat similarly 
to how prime numbers are building blocks for all positive 
integers.” Robitaille was home schooled and participated in 
university math circles and audited advanced math classes 
in his precollege years. He is a four-time gold medalist at 
the International Mathematical Olympiad. He received an 
award of US$40,000 at the 2022 Regeneron Science Talent 
Search for his work on braids. He was also the champion in 
the 2020 AMS Who Wants to Be a Mathematician contest.

An honorable mention in mathematics was awarded to 
Ikuya Kaneko of Pasadena, California. 

—Elaine Kehoe from a Davidson Institute announcement

Prizes of the Mathematical 
Society of Japan

Neal Bez of Saitama University was 
awarded the Spring Prize of the Math-
ematical Society of Japan (MSJ) “for 
his outstanding contributions to the 
study of inequalities in geometric 
analysis and partial differential equa-
tions.” Bez received his PhD from the 
University of Edinburgh in 2007 and 
was associated with the University 
of Glasgow and the University of 
Birmingham before joining Saitama 

University. He received the MSJ Takebe Katahiro Prize in 
2014. Bez was born and raised in the United Kingdom and 
has enjoyed living and working in Japan since 2014. The 
Spring Prize and the Autumn Prize are the most prestigious 
prizes awarded by the MSJ to its members. The Spring Prize 
is awarded to those under forty years of age who have ob-
tained outstanding mathematical results.

The 2022 Algebra Prizes were awarded to Osamu Fujino 
of Kyoto University for work on a generalization of the Ko-
daira vanishing theorem and its application to birational 
geometry; to Masaaki Furusawa of Osaka City University 
for research on special values and periods of automorphic 

Weber Receives 2021  
von Kaven Award

Moritz Weber of Saarland University 
was named the 2021 recipient of the 
von Kaven Award of the German 
Research Foundation (DFG) for his 
achievements in the field of quan-
tum groups and symmetries. His 
work mainly involves fundamental 
mathematical research at the inter-
face between analysis, algebra, and 
combinatorics. 

According to the prize citation, 
Weber’s research “has contributed 

significantly to the field of compact quantum groups, with 
links to free probability theory, combinatorics and operator 
algebras. Weber made a name for himself in particular with 
his complete classification of the simple quantum groups, 
which he was able to achieve by describing algebraic, 
analytical and representation-theoretical properties using 
combinatorics. Using computer algebra, he also succeeded 
in providing fresh impetus for the general classification 
problem of quantum groups. His findings have been ap-
plied in quantum information theory, as well as in other 
mathematical fields.”

Weber received his PhD in 2011 from the University 
of Münster. He took a postdoctoral position at Saarland 
University in 2010 and in 2015 became a junior professor. 
During his postdoctoral period he visited the Fields Insti-
tute, the Institute of Mathematical Sciences in Chennai, 
India, and the University of Glasgow. He has been Heisen-
berg Professor at Saarland University since March 2021. In 
2016, he received the Saarland state government Higher 
Education Award for his voluntary commitment in provid-
ing mathematics refresher courses for refugees wishing to 
take a university degree. He taught mathematics to Syrian 
refugees and authored the first German–Arabic textbook 
for undergraduates transitioning from high school to uni-
versity. Weber tells the Notices that music is one of his pas-
sions; he has songs on Spotify, including “some gipsy jazz 
and some electronic funk,” under the name “Moovelane.”

The von Kaven Award carries a cash value of 10,000 euros 
(approximately US$10,000) and generally goes to early-ca-
reer mathematicians involved in the DFG’s Heisenberg and 
Emmy Noether programs in recognition of outstanding 
achievements. 

—From a DFG announcement

Neal Bez

Moritz Weber
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a keen amateur badminton player—no talent but lots of 
enthusiasm!”

—From an Australian Academy of Science announcement

Project NExT  
Fellows Chosen
Project NExT (New Experiences in Teaching) of the Mathe-
matical Association of America (MAA) offers new or recent 
PhDs in the mathematical sciences year-long fellowships 
to allow them to connect with master teachers and lead-
ers in the mathematics community and address the three 
main aspects of an academic career: teaching, research, and 
service. The AMS sponsors a number of these fellowships 
each year. Following are the names and affiliations of the 
2021 AMS-sponsored fellows:

 • Ayomikun C. Adeniran, Pomona College
 • Konrad Aguilar, Pomona College
 • Hannah Chang Alpert, Auburn University
 • Enahoro Amos Iboi, Spelman College
 • John H. Johnson, Ohio State University
 • Rachel Kirsch, George Mason University

—From an MAA announcement

International Mathematical 
Olympiad
The 2022 International Mathematical Olympiad (IMO) 
was held in Oslo, Norway, from July 6 through July 16, 
2022. The team from the People’s Republic of China fin-
ished in first place with four gold medals. The team from 
the Republic of Korea took second place with three gold 
and three silver medals. The team from the United States 
finished third, with four gold medals, a silver, and a bronze. 
The US team consisted of:

 • Kevin Cong, gold medal
 • Derek Liu, gold medal
 • Luke Robitaille, gold medal 
 • Eric Shen, gold medal
 • Andrew Gu, silver medal 
 • Ram Goel,bronze medal

The leader of the US team was Po-Shen Loh. Oleksandr 
Rudenko was deputy leader. The IMO is held each year in 
a different country. The 2023 IMO will be held in Chiba, 
Japan, July 2–13.

—From IMO announcements

L-functions; and to Izuru Mori of Shizuoka University for 
work on classification of Artin–Schelter regular algebras 
and their application to representation theory.

The 2021 Prizes for Excellent Young Applied Mathemati-
cians were awarded to the following: Kengo Nakai of Tokyo 
University of Marine Science and Technology for work on 
dynamical system analysis of machine-learning models 
and its application to the prediction of statistical properties 
of fluid mechanics; Yikan Liu of Hokkaido University for 
research on the uniqueness of a parameter inverse problem 
for time-fractional diffusion equations by inexact data; and 
Kazuyuki Wada of the National Institute of Technology, 
Hachinohe College, for research on the Witten index for 
one-dimensional split-step quantum walks.

The 2022 Outstanding Paper Prize was awarded to To-
moyuki Arakawa, Kyoto University; Hiromichi Yamada, 
Hitotsubashi University; and Hiroshi Yamauchi, Tokyo 
Woman’s Christian University, for their paper “Zk-code 
vertex operator algebras,” Journal of the Mathematical Society 
of Japan 73 (2021), no. 1.

—From MSJ announcements

Hui Awarded Heyde Medal
Francis Hui of Australian National 
University was chosen the recipient 
of the 2022 Christopher Heyde Medal 
of the Australian Academy of Science 
for his work on understanding eco-
systems with mathematics. The prize 
citation states, “Francis Hui’s research 
focuses on the development of inno-
vative, fast approaches for the statis-
tical analysis of big data, particularly 
when many correlated variables are 

collected in space and/or time to produce richly correlated 
data. He has made substantial contributions to the litera-
ture on efficient approximate methods for fitting multilevel 
models, techniques for data visualisation of many variables 
and scalable tools for flexibly fitting nonlinear models 
and for selecting which predictors to include in complex 
correlated data settings. Dr. Hui works at the interface be-
tween methodological and applied statistics, ensuring that 
his research has an immediate and substantial impact on 
the wider scientific community.” Hui received his PhD in 
2015 from the University of New South Wales. He joined 
Australian National University as a postdoctoral fellow in 
2015 and advanced to lecturer in statistics in 2017 and to 
senior lecturer in statistics in 2020. He tells the Notices: “I 
am an avid Japanese anime fan, probably knowing more 
than I do about actual mathematics and statistics. I am 

Francis Hui
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algebra, and algebraic topology. He specifically has made 
notable contributions to the subject of p-adic Hodge the-
ory, including foundational results on derived de Rham 
cohomology, the discovery of prismatic cohomology, and 
the construction of Riemann-Hilbert functors for p-adic 
perverse sheaves. A recent application is Bhatt’s mixed 
characteristic analogue of the classical Kodaira vanishing 
theorem. His work led to the solution to longstanding 
questions in commutative algebra, spurring progress in 
birational geometry in mixed characteristic.

For further details, see https://news.northwestern 
.edu/stories/2022/07/northwestern-announces 
-2022-nemmers-prize-winners/. 

—Adapted from a Northwestern University press release

Credits
Photo of Toan T. Nguyen is courtesy of Thanh Tran.
Photo of Nancy L. Stokey is courtesy of Lenka Reznicek.
Photo of Moritz Weber is courtesy of Thorsten Mohr.
Photo of Francis Hui is courtesy of The Australian Academy 

of Science.

Bhatt Earns 2022 Nemmers 
Prize in Mathematics
AMS Fellow Bhargav Bhatt received the 2022 Frederic Esser 
Nemmers Prize in Mathematics for his “revolutionary 
contributions to algebraic geometry in mixed characteristic 
through a new synthesis of ideas in topology, algebra, and 
arithmetic.” 

The Nemmers Prizes are named for the family of Erwin 
Nemmers, a former faculty member in the Kellogg School 
of Management at Northwestern University. Collectively, 
the Nemmers Prizes recognize works of lasting significance 
in various disciplines.

Bhatt is the Gehring Professor of Mathematics at the 
University of Michigan and the Fernholz Professor of 
Mathematics jointly with the Institute for Advanced Study 
and Princeton University. The prize includes an award of 
$200,000; Bhatt will interact with Northwestern faculty and 
students through lectures, conferences, and/or seminars.

An algebraic geometer, Bhatt is interested in algebraic 
geometry’s connection to number theory, commutative 

www.ams.org/authorswww.ams.org/authors

AMS AUTHOR 
RESOURCE CENTER
The Author Resource Center is a collection of information and 
tools available to assist you to successfully write, edit, illustrate, 
and publish your mathematical works.

To begin utilizing these important resources, visit:
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 • Three-year plan for use of the Fellowship (1 page)
 • Budget outline (1 page; include travel to Prince-

ton, NJ)
 • Current and pending funding support

For application and deadline information, see the 
website https://www.edgeforwomen.org/karen-edge 
-fellowship-program/.

One awardee will be announced by May 1, 2022. 
(For more information about the EDGE Foundation, 
see https://www.edgeforwomen.org/support-edge 
/the-edge-foundation/.)

—EDGE Foundation announcement

Early-Career Opportunity

NDSEG Fellowships

The Department of Defense (DoD) Science and Engineer-
ing Graduate (NDSEG) Fellowship Program awards up 
to 500 fellowships to promote education in science and 
engineering disciplines relevant to the mission of the DoD. 
The program is sponsored by the US Army, Navy, and Air 
Force. Fellowships are usually for three years. See the web-
site https://ndseg.sysplus.com. 

—From an NDSEG announcement

Call for Proposals for NSF Program 
in Computational Mathematics

The National Science Foundation (NSF) Program in Com-
putational Mathematics supports mathematical research 
in areas of science in which computation plays a central 
and essential role, emphasizing analysis, development and  

Karen EDGE Fellowship

The EDGE Foundation has received an extraordinary gift 
from Abel Prize winner Karen Uhlenbeck. Her generous 
gift has been used to establish the Karen EDGE Fellowship 
Program to support and enhance the research programs 
and collaborations of mid-career mathematicians who are 
members of an underrepresented minority group. Appli-
cations will be evaluated by a review committee consisting 
of mathematicians appointed by the EDGE Foundation 
Board.
Eligibility:
Fellowships are available to mid-career mathematicians 
employed in full-time positions in the United States. Ap-
plicants must be US citizens or permanent residents with a 
PhD or equivalent who are members of underrepresented 
minority groups. Mathematicians of any gender identity 
are eligible.
Funding:
The award consists of US$8,000 per year for three years. 
Valid expenses include travel by the Fellow, the Fellow’s 
graduate students, or the Fellow’s collaborators for the 
purpose of advancing the proposed research project, 
scientific computing, supplies, books, and professional 
memberships. Teaching buyouts or salary supplements are 
not permitted. The $8,000 includes funds to support one 
trip per year to the Institute for Advanced Study (IAS) in 
Princeton (travel only; the Institute will provide local ex-
penses) to meet Karen Uhlenbeck and members of the IAS 
community. IAS will coordinate with Karen EDGE Fellows 
to find a time for this group visit.
Reporting Requirements:
An annual progress report and financial statement are 
expected annually within two months of the end of each 
academic year.

The application consists of the following:
 • Personal statement (1 page)
 • Research description (2 pages, not including ref-

erences)
 • Curriculum vitae (2 pages)

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp.

http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
https://www.edgeforwomen.org/support-edge/the-edge-foundation/
https://www.edgeforwomen.org/support-edge/the-edge-foundation/
https://www.edgeforwomen.org/karen-edge-fellowship-program/
https://www.edgeforwomen.org/karen-edge-fellowship-program/
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aspects of an academic career: teaching, research, and ser-
vice. The program welcomes and encourages applications 
from new and recent PhDs in postdoctoral, tenure-track, 
and visiting positions. Applicants who will be starting 
new academic positions in the fall of 2023 should apply 
by April 15, 2023. For applications and further informa-
tion, see www.maa.org/programs-and-communities 
/professional-development/project-next 
/applications.

—From an MAA announcement

Defense Science Study Group 
(DSSG)—Nominations Requested

The Defense Science Study Group (DSSG) is a program of 
education and study that introduces outstanding science 
and engineering professors to the United States’ security 
challenges and encourages them to apply their talents to 
these issues. The program, begun in 1986, is directed by 
the non-profit Institute for Defense Analyses (IDA) and 
is sponsored by the Defense Advanced Research Projects 
Agency (DARPA).

Technological advantage is fundamental to our nation’s 
security. To achieve this advantage, amidst rapid change 
in technology opportunities and defense needs, it is cru-
cial that strong links are developed between the national 
security community and emerging leaders in the fields of 
science and technology.

The DSSG seeks to convey to its members an under-
standing of these issues and an appreciation for the people 
involved in defending our nation. The program also solicits 
new insights from members and helps facilitate their con-
tinuing involvement with the complex technical challenges 
of safeguarding the United States.

IDA solicits nominations from senior leaders at universi-
ties and from DSSG mentors, advisors, alumni, and current 
members. Different universities have different processes for 
selecting nominees; contact your Provost, Dean, or Vice 
Chancellor for Research to learn more about your univer-
sity’s process. Because participation in the DSSG requires 
acquisition of a security clearance, all members must be 
US citizens. Selection is based on academic excellence, 
breadth of interests, references, consideration of discipline, 
and geographic distribution. For more information about 
the program, please see the DSSG website: https://dssg 
.ida.org/. Nominations must be submitted by December 
31, 2022.

—Skip Garibaldi and Mark Taylor

implementation of numerical methods and algorithms, 
and symbolic methods. The deadline for proposals is 
December 1, 2022. See https://www.nsf.gov/funding 
/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org= 
NSF&from=fund.

—NSF announcement

NSF Major Research 
Instrumentation Program

The Major Research Instrumentation (MRI) Program sup-
ports the acquisition or development of multi-user research 
instrumentation without which advances in fundamental 
science and engineering research may not otherwise occur. 
Additionally, MRI awards are expected to enhance research 
training of students who will become the next generation 
of instrument users, designers, and builders. The deadline 
for proposals is January 19, 2023. See https://www.nsf 
.gov/funding/pgm_summ.jsp?pims_id=5260.

—NSF announcement

Early-Career Opportunity

NSF Research Training Groups  
in the Mathematical Sciences

The National Science Foundation (NSF) Research Training 
Groups in the Mathematical Sciences (RTG) program is 
intended to strengthen the nation’s scientific competitive-
ness by increasing the number of well-prepared US citizens, 
nationals, and permanent residents who pursue careers in 
the mathematical sciences, whether in academia, govern-
ment, or industry. The program supports efforts to improve 
research training by involving undergraduate students, 
graduate students, postdoctoral associates, and faculty 
members in structured research groups pursuing coherent 
research programs. The deadline for full proposals is June 
6, 2023. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5732.

—NSF announcement

Early-Career Opportunity

Project NExT 2023

Project NExT (New Experiences in Teaching) is a year-long 
professional development program of the Mathematical 
Association of America (MAA) for new or recent PhDs in 
the mathematical sciences. The program is designed to 
connect new faculty with master teachers and leaders in 
the mathematics community and to address the three main 

https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5260
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5260
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5732
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5732
https://dssg.ida.org
https://dssg.ida.org
http://www.maa.org/programs-and-communities/professional-development/project-next/applications
http://www.maa.org/programs-and-communities/professional-development/project-next/applications
http://www.maa.org/programs-and-communities/professional-development/project-next/applications
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 ○ $500 Computing benefit to be used for set up of home office 
 ○ Tuition Reimbursement

 • Commitment to equity, diversity, inclusion and a welcoming environment
 • Opportunities for professional and personal growth
 • Social activities to connect with your co-workers and give back to the community

Come be part of an extraordinary collection of talent who support the Society’s extensive activities. Apply today!

*Benefit rates subject to change based on yearly renewals and budget allocations.

The American Mathematical Society is committed to creating a diverse environment and is  
proud to be an equal opportunity employer. The AMS supports equality of opportunity and  
treatment for all individuals, regardless of sex, gender identity or expression, race, color,  
national or ethnic origin, religion or religious belief, age, marital status, sexual  
orientation, disability status, economic background, veteran or immigration status, 
or any other social or physical component of their identity.

LEARN MORE AT:  
WWW.AMS.ORG/AMS-JOBS

http://WWW.AMS.ORG/AMS-JOBS
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The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2022 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: February 2023—November 23, 2022; March 2023—December 23, 2022; April 2023—January 20, 
2023; May 2023—February 24, 2023; June/July 2023—April 21, 2023; August 2023—May 19, 2023; September 2023—June 23, 2023; October 2023—July 21, 
2023; November 2023—August 25, 2023; December 2023—September 22, 2023.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.

NEW YORK

Director of Engineering Success  
Program for Cooper Union

The Albert Nerken School of Engineering of The Cooper 
Union invites applications for a non-tenure track staff 
position to be the director of a new engineering student 
success program. Candidates with strong backgrounds in 
mathematics are particularly encouraged to apply. For a 
complete description, please visit our website: https://
cooper.edu/work/employment-opportunities 

/director-engineering-student-success-program
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TENNESSEE

Vanderbilt University, Nashville, TN 
Chair, Department of Mathematics

The Department of Mathematics at Vanderbilt University 
invites nominations and applications for the Chair of the 
Department. The next chair will be a dynamic, collabora-
tive, forward-thinking leader with an outstanding record 
of research, teaching, and service. The successful candidate 
will have an internationally recognized record of research 
commensurate with that expected for appointment at the 
rank of Full Professor or Endowed Chair at a major research 
university. The candidate will exhibit both depth in their 
research specialty and breadth of appreciation for all fields 

and areas of mathematics. We invite applications from 
scholars in any field of mathematics.

Vanderbilt University is making significant investments 
across its ten schools and colleges to advance research and 
discovery, teaching, and service. As department chair, the 
successful candidate will have opportunities to shape the 
direction of these investments. The department anticipates 
making several strategic hires over the next five years with 
the goal of significantly elevating the standing of Vander-
bilt University’s mathematics department. Stewarding the 
department into this new phase of growth will require stra-
tegic vision, collaborative leadership, and a commitment 
to shared faculty governance.

About the Department of Mathematics
Ranked in the top fifteen nationally, Vanderbilt University 
is a private, internationally recognized research university 
with a diverse student body including over 13,000 under-
graduate, graduate, and professional students. Vanderbilt 
University is located close to downtown in Nashville, Ten-
nessee, a vibrant city with a varied cultural scene, multiple 
major league sports teams, and excellent dining options. 

Since 1875, the Department of Mathematics has solidi-
fied its standing as a major player in the nationwide arena 
of mathematical research and academic scholarship. The 
department is in the College of Arts and Science, one of ten 
Vanderbilt colleges and professional schools. The Depart-
ment of Mathematics is a strong research department of 
approximately 30 members, including tenure-line faculty 
and lecturers, and 20 postdocs. The department also has 
more than 300 undergraduate majors and 25 graduate 

https://cooper.edu/work/employment-opportunities/director-engineering-student-success-program
https://cooper.edu/work/employment-opportunities/director-engineering-student-success-program
https://cooper.edu/work/employment-opportunities/director-engineering-student-success-program


Classified Advertisements

2006    Notices of the AmericAN mAthemAticAl society Volume 69, Number 11

UTAH 

University of Utah, Department of Mathematics  
Current Positions (2022–2023)

The Department of Mathematics at the University of Utah 
invites applications for the following positions: 

 • Full-time tenure-track or tenured appointment at the 
level of Assistant Professor, Associate Professor, or 
Professor in applied mathematics, specifically in the 
Mathematics of Materials and related fields.

 • Non-tenure-track appointments at the level of Wylie 
Assistant Professor in pure and applied mathematics. 
These are 3-year, termed [postdoctoral] positions which 
involve research and teaching, including Wiley Assistant 
Professorships funded by the Department of Mathemat-
ics and grants obtained by our faculty. These additional 
opportunities and federal funding sources include (1) an 
NSF Research Training Grant (RTG) on “Optimization 
and Inversion for the 21st Century Workforce” (www 
.math.utah.edu/amrtg/). Outstanding candidates in 
areas of optimization, inverse problems, mathematics of 
materials and fluids, and mathematical climate science, 
as well as related areas in data science, machine learn-
ing and statistics will be considered. Applications from 
other fields of applied mathematics may be considered 
as long as they fit in the overarching goals of the RTG, 
and (2) an NSF RTG on “Algebra, Geometry and Topol-
ogy at the University of Utah” (www.math.utah.edu 
/agtrtg2019/). Outstanding candidates in all areas of 
pure mathematics will be considered. Applicants to ei-
ther RTG program must have a Ph.D. in Mathematics or 
a closely related field and must be US citizens, nationals, 
or permanent residents.

 • Non-tenure-track appointment at the level of Assistant 
Professor to work on partial differential equation models 
for sea ice and its role in the climate system, with Distin-
guished Professor Ken Golden and colleagues. This is a 
3-year, termed [postdoctoral] position which involves re-
search and teaching, funded by an ONR grant on sea ice 
and the Department of Mathematics. Applicants must 
have a Ph.D. in Mathematics or a closely related field. 
Please see our website at http://www.math.utah 

.edu/about/faculty-hiring.php for more information 
regarding available positions and application requirements. 
Applications must be completed through https://www 
.mathjobs.org/jobs/UofUtah.   

Review of complete applications for the tenure-track 
position will begin on November 1, 2022. Completed 
applications for postdoctoral positions received before 
January 1, 2023 will receive full consideration. Review of 
applications can continue beyond these deadlines until the 
positions are filled.

The University of Utah is an Affirmative Action/Equal 
Opportunity employer and does not discriminate based 

students. The department is at the epicenter of interdisci-
plinary research across the university’s various institutes 
and centers. General information about the department is 
available at https://as.vanderbilt.edu/math/.

Position Qualifications
 • An earned doctorate degree in mathematics or a closely 

related field and a scholarly record deserving appoint-
ment as tenured professor at Vanderbilt University 

 • Recognized leadership with a distinguished national 
and international reputation for research and education 

 • Ability to work productively across departments, schools, 
and institutions to support interdisciplinary collabora-
tion

 • Experience mentoring faculty at all ranks, but especially 
the Assistant Professor rank

 • Excellent communication skills both within and outside 
the area of scholarly discipline  

 • Strong commitment to diversity and inclusion at all 
levels among faculty, students, and staff, along with 
measurable and sustained impact on the diversity and 
inclusiveness of organizations they have led or been 
part of 

 • An understanding of extramural funding opportunities 
and challenges in mathematics and the natural sciences 
generally

 • Leadership and administrative experience within a com-
plex research environment or in national/international 
organizations connected to their respective field 

 • Prior experience as a department chair is not required

Diversity, Equity, and Inclusion  
at Vanderbilt University
At Vanderbilt University, we are intentional about and 
assume accountability for fostering advancement and 
respect for equity, diversity, and inclusion for all students, 
faculty, and staff. Our commitment to diversity makes us 
who we are. We have created a community that celebrates 
differences and lets individuality thrive. As part of this 
commitment, we actively value diversity in our workplace 
and learning environments as we seek to take advantage of 
the rich backgrounds and abilities of everyone. The diverse 
voices of Vanderbilt University represent an invaluable re-
source for the University in its efforts to fulfill its mission 
and strive to be an example of excellence in higher educa-
tion. Vanderbilt University is an equal opportunity, affir-
mative action employer. Women, minorities, people with 
disabilities and protected veterans are encouraged to apply.
 
Spencer Stuart, a global executive search and leadership 
advisory firm, has been retained by Vanderbilt University 
to help identify and recruit the new Chair. All inquiries, 
nominations, and applications (CVs and letters of interest) 
should be sent electronically and in confidence to Vandy 
MathChair@SpencerStuart.com.
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historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines. 

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.  

07

upon race, national origin, color, religion, sex, age, sexual 
orientation, gender identity/expression, status as a person 
with a disability, genetic information, or Protected Veteran 
status. Individuals from historically underrepresented 
groups, such as minorities, women, qualified persons with 
disabilities and protected veterans are encouraged to apply. 
Veterans’ preference is extended to qualified applicants, 
upon request and consistent with University policy and 
Utah state law. Upon request, reasonable accommodations 
in the application process will be provided to individuals 
with disabilities. To inquire about the University’s non-
discrimination or affirmative action policies or to request 
disability accommodation, please contact: Director, Of-
fice of Equal Opportunity and Affirmative Action, 201 S. 
Presidents Circle, Rm 135, (801) 581-8365. Additional 
information can be found at http://www.utah.edu 
/nondiscrimination/.

The University of Utah values candidates who have 
experience working in settings with students from diverse 
backgrounds and possess a strong commitment to improv-
ing access to higher education for historically underrepre-
sented students.

A diverse scholarly community stimulates innovation 
and educational excellence. The Department of Mathemat-
ics at the University of Utah works to maintain a respectful, 
inclusive, and supportive environment where everyone can 
flourish. We are actively working to increase our diversity 
and to promote belonging and community for all. We 
value constructive input and welcome feedback from our 
community. 

20

CHINA

Tianjin University, China  
Tenured/Tenure-Track/Postdoctoral Positions  

at the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics. 

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 

Advertise in the

Connect with an audience of approximately 30,000 subscribers 
through Classified and Display Advertising in the Notices of the 
American Mathematical Society, available in print and online.

As the world’s most widely read magazine aimed at professional 
mathematicians, the Notices is an excellent medium for announc-
ing publications, products, and services, and for recruiting math-
ematical scientists in academia, industry, and government.

Learn more about advertising in the Notices at 
www.ams.org/noticesadvertising.

of the American Mathematical Society

Notices

http://www.utah.edu/nondiscrimination/
http://www.utah.edu/nondiscrimination/
http://cam.tju.edu.cn
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This item will also be of interest to those working in calculus, 
differential equations, geometry and topology, number theory, 
and probability and statistics.

Classroom Resource Materials, Volume 69
November 2022, approximately 245 pages, Softcover, ISBN: 
978-1-4704-6988-7, LC 2022034189, 2010 Mathematics 
Subject Classification: 97–01, 97D99, 97E99, 97F99, 
97G99, 97H99, 97I99, 97K99, 97M99, 97N99, List US$65, 
AMS Individual member US$48.75, AMS Institutional 
member US$52, MAA members US$48.75, Order code 
CLRM/69

bookstore.ams.org/clrm-69

Linear Algebra
Vector Spaces and Linear 
Transformations
Meighan I. Dillon, Kennesaw 
State University, Marietta, GA

This textbook is directed towards 
students who are familiar with 
matrices and their use in solving 
systems of linear equations. The 
emphasis is on the algebra sup-
porting the ideas that make lin-
ear algebra so important, both 

in theoretical and practical applications. The narrative is 
written to bring along students who may be new to the 
level of abstraction essential to a working understanding of 
linear algebra. The determinant is used throughout, placed 
in some historical perspective, and defined several different 
ways, including in the context of exterior algebras. The text 
details proof of the existence of a basis for an arbitrary vec-
tor space and addresses vector spaces over arbitrary fields. 
It develops LU-factorization, Jordan canonical form, and 
real and complex inner product spaces. It includes examples 
of inner product spaces of continuous complex functions 
on a real interval, as well as the background material that 
students may need in order to follow those discussions. 
Special classes of matrices make an entrance early in the 
text and subsequently appear throughout. The last chapter 
of the book introduces the classical groups.

Algebra and  
Algebraic Geometry

Exploring Mathematics 
with CAS Assistance
Topics in Geometry, Algebra, 
Univariate Calculus, and 
Probability
Lydia S. Novozhilova, Western 
Connecticut State University, Dan-
bury, CT, and Robert D. Dolan, 
University of Connecticut, Storrs, 
CT

Exploring Mathematics with CAS 
Assistance is designed as a text-

book for an innovative mathematics major course in using 
a computer-algebra system (CAS) to investigate, explore, 
and apply mathematical ideas and techniques in problem 
solving. The book is designed modularly with student 
investigations and projects in number theory, geometry, al-
gebra, single-variable calculus, and probability. The goal is 
to provoke an inquiry mindset in students and to arm them 
with the CAS tools to investigate low-entry, open-ended 
questions in a variety of mathematical arenas. Because of 
the modular design, the individual chapters could also be 
used selectively to design student projects in a number of 
upper-division mathematics courses. These projects could, 
in fact, lead into undergraduate research projects. The exis-
tence of powerful computer-algebra systems has changed 
the way mathematicians perform research; this book en-
ables instructors to put some of those new methods and 
approaches into their undergraduate instruction.

Prerequisites include a basic working knowledge of 
discrete mathematics and single-variable calculus. Pro-
gramming experience and some basic familiarity with 
elementary probability and statistics are beneficial but not 
required. The book takes a software-agnostic approach and 
emphasizes algorithmic structure of solution methods by 
systematically providing their step-by-step verbal descrip-
tions or suitable pseudocode that can be implemented in 
any CAS.

http://bookstore.ams.org/clrm-69
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Geometry and Topology

Geometric Structures  
on Manifolds
William M. Goldman, University 
of Maryland, College Park, MD

The theory of geometric struc-
tures on manifolds which are 
locally modeled on a homoge-
neous space of a Lie group traces 
back to Charles Ehresmann in 
the 1930s, although many ex-
amples had been studied pre-
viously. Such locally homoge-
neous geometric structures are 

special cases of Cartan connections where the associated 
curvature vanishes. This theory received a big boost in the 
1970s when W. Thurston put his geometrization program 
for 3-manifolds in this context. The subject of this book 
is more ambitious in scope. Unlike Thurston’s eight 3-di-
mensional geometries, it covers structures which are not 
metric structures, such as affine and projective structures.

This book describes the known examples in dimensions 
one, two and three. Each geometry has its own special fea-
tures, which provide special tools in its study. Emphasis is 
given to the inter-relationships between different geom-
etries and how one kind of geometric structure induces 
structures modeled on a different geometry. Up to now, 
much of the literature has been somewhat inaccessible 
and the book collects many of the pieces into one unified 
work. This book focuses on several successful classification 
problems. Namely, fix a geometry in the sense of Klein and 
a topological manifold. Then the different ways of locally 
putting the geometry on the manifold lead to a “moduli 
space”. Often the moduli space carries a rich geometry of 
its own reflecting the model geometry.

The book is self-contained and accessible to students 
who have taken first-year graduate courses in topology, 
smooth manifolds, differential geometry and Lie groups.

Graduate Studies in Mathematics, Volume 227
January 2023, approximately 437 pages, Hardcover, ISBN: 
978-1-4704-7103-3, LC 2022030398, 2010 Mathematics 
Subject Classification: 22–XX, 51–XX, 53–XX, 57–XX, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code GSM/227

bookstore.ams.org/gsm-227

Pure and Applied Undergraduate Texts, Volume 57
January 2023, 367 pages, Softcover, ISBN: 978-1-4704-
6986-3, 2010 Mathematics Subject Classification: 15–
01, List US$85, AMS members US$68, MAA members 
US$76.50, Order code AMSTEXT/57

bookstore.ams.org/amstext-57

Analysis

A First Course 
in Spectral Theory
Milivoje Lukić , Rice University, 
Houston, TX

The central topic of this book is 
the spectral theory of bounded 
and unbounded self-adjoint op-
erators on Hilbert spaces. After 
introducing the necessary pre-
requisites in measure theory and 
functional analysis, the exposi-
tion focuses on operator theory 

and especially the structure of self-adjoint operators. These 
can be viewed as infinite-dimensional analogues of Her-
mitian matrices; the infinite-dimensional setting leads to 
a richer theory which goes beyond eigenvalues and eigen-
vectors and studies self-adjoint operators in the language 
of spectral measures and the Borel functional calculus. The 
main approach to spectral theory adopted in the book is 
to present it as the interplay between three main classes of 
objects: self-adjoint operators, their spectral measures and 
Herglotz functions, which are complex analytic functions 
mapping the upper half-plane to itself. Self-adjoint oper-
ators include many important classes of recurrence and 
differential operators; the later part of this book is dedicated 
to two of the most studied classes, Jacobi operators and 
one-dimensional Schrödinger operators.

This text is intended as a course textbook or for in-
dependent reading for graduate students and advanced 
undergraduates. Prerequisites are linear algebra, a first 
course in analysis including metric spaces, and for parts of 
the book, basic complex analysis. Necessary results from 
measure theory and from the theory of Banach and Hilbert 
spaces are presented in the first three chapters of the book. 
Each chapter concludes with a number of helpful exercises.

Graduate Studies in Mathematics, Volume 226
February 2023, approximately 474 pages, Hardcover, ISBN: 
978-1-4704-6656-5, 2010 Mathematics Subject Classifica-
tion: 47B15, 47B25, 47B02, 47B36, 34L40, 35J10, 46C05, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code GSM/226

bookstore.ams.org/gsm-226

GRADUATE STUDIES
IN MATHEMATICS 226

A First Course 
in Spectral 
Theory  

Milivoje Lukić

GRADUATE STUDIES
IN MATHEMATICS 227

Geometric 
Structures 
on Manifolds  

William M. Goldman

http://bookstore.ams.org/amstext-57
http://bookstore.ams.org/gsm-226
http://bookstore.ams.org/gsm-227
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Probability and Statistics

Random Explorations
Gregory F. Lawler, University of 
Chicago, IL

The title “Random Explorations” 
has two meanings. First, a few 
topics of advanced probability 
are deeply explored. Second, 
there is a recurring theme of 
analyzing a random object by 
exploring a random path.

This book is an outgrowth 
of lectures by the author in the 

University of Chicago Research Experiences for Undergrad-
uate (REU) program in 2020. The idea of the course was 
to expose advanced undergraduates to ideas in probability 
research.

The book begins with Markov chains with an emphasis 
on transient or killed chains that have finite Green’s func-
tion. This function, and its inverse called the Laplacian, is 
discussed next to relate two objects that arise in statistical 
physics, the loop-erased random walk (LERW) and the 
uniform spanning tree (UST). A modern approach is used 
including loop measures and soups. Understanding these 
approaches as the system size goes to infinity requires a 
deep understanding of the simple random walk so that is 
studied next, followed by a look at the infinite LERW and 
UST. Another model, the Gaussian free field (GFF), is in-
troduced and related to loop measure. The emphasis in the 
book is on discrete models, but the final chapter gives an 
introduction to the continuous objects: Brownian motion, 
Brownian loop measures and soups, Schramm-Loewner 
evolution (SLE), and the continuous Gaussian free field. A 
number of exercises scattered throughout the text will help 
a serious reader gain better understanding of the material.

Student Mathematical Library, Volume 98
December 2022, approximately 208 pages, Softcover, ISBN: 
978-1-4704-6766-1, 2010 Mathematics Subject Classifica-
tion: 60–02, 60G60, 60J10, 60K35, List US$59, AMS In-
stitutional member US$47.20, All Individuals US$47.20, 
Order code STML/98

bookstore.ams.org/stml-98

New AMS-Distributed 
Publications 
Applications

Topics in Statistical 
Learning Theory
Peter L. Bartlett, Berkeley AI 
Research Laboratory, University 
of California, Berkeley, CA, and 
Sanjoy Dasgupta, University of 
California, San Diego
Edited by Stéphane Boucheron 
and Nicolas Vayatis.

This volume is the outcome of 
a series of three lectures on sta-
tistical learning theory given at 
Institut Henri Poincaré in 2011 

under the auspices of the Société Mathématique de France. 
The introductory chapter provides an overview of the 
history of Statistical Learning Theory, its roots, and its 
mathematical tools. The chapter Algorithms for minimally 
supervised learning, by Sanjoy Dasgupta, describes the 
progress of theoretical computer science on the issues of 
unsupervised learning (clustering) and active learning. Sur-
prisingly, much of this progress is due to the confrontation 
of measurement concentration theory, complexity theory, 
and established practices in numerical statistics.

The chapter Online prediction, by Peter Bartlett, focuses 
on online learning. It is a confrontation between statistics, 
game theory and optimization.

This item will also be of interest to those working in analysis.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Panoramas et Synthèses, Number 57
September 2022, 88 pages, Softcover, ISBN: 978-2-85629-
964-7, 2010 Mathematics Subject Classification: 68T10, 
68Q32, 62G08, 62H30, 68T09, 62R07, 60E15, List US$57, 
AMS members US$45.60, Order code PASY/57

bookstore.ams.org/pasy-57

http://bookstore.ams.org/stml-98
http://bookstore.ams.org/pasy-57
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Meetings & Conferences of the AMS
December Table of Contents

Meetings in this Issue
  2023  

January 4–7 Boston, Massachusetts 
 (JMM 2023) p. 2013
March 18–19 Atlanta, Georgia p. 2020
April 1–2 Spring Eastern Virtual p. 2022
April 15–16 Cincinnati, Ohio p. 2023
May 6–7 Fresno, California p. 2024
September 9–10 Buffalo, New York p. 2025
October 7–8 Omaha, Nebraska p. 2026
October 13–15 Mobile, Alabama p. 2026
October 21–22 Albuquerque, NM p. 2026
December 4–8 Auckland, New Zealand p. 2027

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 2027
March 23–24 Tallahassee, Florida p. 2027
April 6–7 Washington, DC p. 2027
May 4–5 San Francisco, California p. 2027
July 23–26 Palermo, Italy p. 2028
October 26–27 Riverside, California p. 2028

  2025  
January 8–11 Seattle, Washington
 (JMM 2025) p. 2028

  2026  
January 4–7 Washington, DC
 (JMM 2026) p. 2028

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LaTeX 
is necessary to submit an electronic form, although those 
who use LaTeX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as ac-
cent marks in text) must be typeset in LaTeX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy


MEETINGS & CONFERENCES

Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

December 2022  Notices of the AmericAN mAthemAticAl society   2013

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
Associate Secretary for the AMS: Steve Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: Volume 44, Issue 1

Deadlines

For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Laura G. DeMarco, Harvard University, Rigidity and uniformity in algebraic dynamics (AWM-AMS Noether Lecture).
Jordan S Ellenberg, University of Wisconsin-Madison, Outward-facing mathematics (JPBM Communications Award 

Lecture).
Philip Maini, University of Oxford, Are we there yet? Modelling collective cell motion in biology and medicine (AAAS-AMS 

Invited Address).
Omayra Ortega, Sonoma State University, Who are we Serving with our Scholarship: A Covid Model Case Study (MAA-

SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture).
Grant Sanderson, 3blue1brown, Raising the ceiling and lowering the floor of math exposition (JPBM Communications 

Award Lecture).
Bernd Sturmfels, Max Planck Institute for Mathematics in the Sciences, The Quadratic Formula Revisited (MAA-AMS-

SIAM Gerald and Judith Porter Public Lecture).
Talithia Williams, Harvey Mudd College, The Power of Talk: Engaging the Public in Mathematics (JPBM Communications 

Award Lecture).
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AMS Invited Addresses
Rodrigo Banuelos, Purdue University, Sharp inequalities in probability and harmonic analysis.
Richard G. Baraniuk, Rice University, The Mathematics of Deep Learning (AMS Josiah Willard Gibbs Lecture).
Eugenia Cheng, School of the Art Institute of Chicago, Associativity, Commutativity and Units: a Higher-dimensional ballet 

(AMS Erdo  ̋s Memorial Lecture).
Camillo De Lellis, Institute For Advanced Study, Princeton, Flows of nonsmooth vector fields (AMS Colloquium Lecture I).
Camillo De Lellis, Institute For Advanced Study, Princeton, Flows of nonsmooth vector fields (AMS Colloquium Lecture II).
Camillo De Lellis, Institute For Advanced Study, Princeton, Flows of nonsmooth vector fields (AMS Colloquium Lecture III).
Wilfrid Gangbo, UCLA, Recent Progress on Master equations in Mean Field Games.
Ling Long, Louisiana State University, A Stroll in the Garden of Hypergeometric Functions (AMS Maryam Mirzakhani 

Lecture).
Chris Rasmussen, Center for Research in Math and Science Education, Three Models of Successful Department Change 

Approaches for Infusing Active Learning in Introductory Mathematics Courses (AMS Lecture on Education).
Nikhil Srivastava, University of California, Berkeley, Four Ways to Diagonalize a Matrix (von Neumann Lecture).
Rekha Rachel Thomas, University of Washington, Ideals and Varieties of the Pinhole Camera.

Invited Addresses of Other JMM Partners
Nathan N. Alexander, Morehouse College, Histories of African Americans Connecting Mathematics and Society (NAM 

Cox-Talbot Address).
Jeremy David Avigad, Carnegie Mellon University, The promise of formal mathematics (ASL Invited Address).
Peter Cholak, Notre Dame, Ramsey like theorems on the rationals (ASL Invited Address).
Sylvester Gates, Jr, Clark Leadership Chair in Science, University of Maryland; past president of the American Physical 

Society, What challenges does data science present to mathematics education (TPSE Invited Address).
Edray Goins, Pomona College, Distance Makes the Math Grow Deeper: Rational Distance Sets, Nate Dean, and Me (PME 

J. Sutherland Frame Lecture).
Ryan Hynd, University of Pennsylvania, The Blaschke–Lebesgue theorem revisited (NAM Claytor-Woodard Lecture).
Franziska Jahnke, University of Münster, Model theory of perfectoid fields (ASL Invited Address).
Apoorva Khare, Indian Institute of Science, Analysis applications of Schur polynomials (ILAS Invited Address).
Stephen S. Kudla, University of Toronto, Modularity of generating series of divisors on unitary Shimura varieties (AIM 

Alexanderson Award Lecture).
Luis Antonio Leyva, Vanderbilt-Peabody College, Undergraduate Mathematics Education as a White, Cisheteropatriarchal 

Space and Opportunities for Structural Disruption to Advance Queer of Color Justice (Spectra Lavender Lecture).
Sandra Müller, Technical University of Vienna, Universally Baire sets, determinacy and inner models (ASL Invited Address).
Robert Santos, U. S. Census Bureau, To be announced (ASA Committee of Presidents of Statistical Societies Lecture).
Lynn Scow, California State University, San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Assaf Shani, Harvard University, Classifying invariants for Borel equivalence relations (ASL Invited Address).
Mariel Vazquez, University of California Davis, Topology and Evolution of DNA and RNA (SIAM Invited Address).
Erik Donal Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Estrella Johnson, Virginia Tech, What the Research Says about Active Learning – and What it Doesn’t (Project NExT Lecture 

on Teaching and Learning).
Russell Marcus, Hamilton College, A Philosophical Account of Mathematics that Won’t Make You Hate Philosophers (SIG-

MAA in the Philosophy of Mathematics Guest Lecture - Russell Marcus, Hamilton College).

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Advances and Applications in Integral and Differential Equations, Jeffrey W. Lyons, The Citadel, Sougata Dhar, The Uni-
versity of Connecticut, and Jeffrey T. Neugebauer, Eastern Kentucky University.

Advances in Markov Models: Gambler’s Ruin, Duality and Queueing Applications, Alan Krinik, California State Polytechnic 
University, Pomona, and Randall James Swift, California State Polytechnic University.

Advances in Modeling Mosquito-borne Disease Dynamics and Control Methods, Zhuolin Qu, University of Texas at San 
Antonio, and Michael A. Robert, Virginia Tech.
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Advances in Nonlinear Boundary Value Problems, Nsoki Mavinga, Swarthmore College, Maya Chhetri, UNC Greensboro, 
and R. Pardo, Complutense University of Madrid.

Advances in Operator Algebras, Sarah Browne, University of Kansas, Priyanga Ganesan, Texas A&M University, and 
David Jekel, University of California, San Diego.

Advances in Partial Differential Equations, Numerical Analysis, and their Applications, Andrew Miller, Bridgewater State 
University, and Joshua L. Flynn, McGill University.

Advances in Qualitative Theory and Applications to Life Sciences of Differential, Difference, and Dynamic Equations, Elvan 
Akin, Missouri University S&T, and Naveen K. Vaidya, San Diego State University.

Analysis and Differential Equations at Undergraduate Institutions, Ryan Alvarado, Amherst College, and Lyudmila Koro-
benko, Reed College.

Applications of Riemann Surfaces, Mark Syd Bennett and Bernard Deconinck, University of Washington, Charles Wang, 
Harvard University, and Turku Ozlum Celik, Bogazici University.

Applications of Tensors in Computer Science, Harm Derksen, Northeastern University, Neriman Tokcan, Broad Institute, 
and Benjamin Lovitz, University of Waterloo.

Applied Category Theory (a Mathematics Research Communities session), Charlotte Aten, University of Denver, Layla H.M. 
Sorkatti, Southern Illinois University, and Abigail Hickok, University of California, Los Angeles.

Applied Enumerative Geometry, Frank Sottile, Texas A&M University, and Taylor Brysiewicz, Max Planck Institute For 
Mathematics In the Sciences.

Applied Topology: Theory and Implementation, Nikolas Schonsheck, Chad Giusti, Melinda Kleczynski, and Jerome 
Roehm, University of Delaware.

Arithmetic Geometry Informed by Computation, Jennifer Balakrishnan, Boston University, and Bjorn Poonen and Andrew 
V. Sutherland, Massachusetts Institute of Technology.

Arithmetic Statistics, Allechar Serrano Lopez, Harvard University, and Robert James Lemke Oliver, Tufts University.
Automorphic Forms and Representation Theory, Spencer Leslie, Duke University, and Solomon Friedberg, Boston College.
Coding Theory for Modern Applications, Allison Beemer, University of Wisconsin-Eau Claire, Hiram H. Lopez, Cleveland 

State University, and Rafael D’Oliveira, Clemson University.
Complex and Arithmetic Dynamical Systems (AMS-AWM), Laura G. DeMarco and Niki Myrto Mavraki, Harvard Univer-

sity, and Max Weinreich, Brown University.
Complexity and Topology in Computational Algebraic Geometry, Ali Mohammad Nezhad and Saugata Basu, Purdue Uni-

versity.
Complex Systems in the Life Sciences, Xiang-Sheng Wang, University of Louisiana at Lafayette, Zhisheng Shuai, University 

of Central Florida, and Gail S. Wolkowicz, McMaster University.
Current Directions in the Philosophy of Mathematics, Bonnie Gold, Monmouth University, and Kevin Iga, Pepperdine 

University.
Current Progress in Computational Biomedicine, Nektarios Valous, National Center for Tumor Diseases Heidelberg, 

German Cancer Research Center, Heidelberg, Germany, Anna Konstorum, Center for Computing Sciences, Institute for 
Defense Analyses, MD, Heiko Enderling, Department of Integrated Mathematical Oncology, H. Lee Moffitt Cancer Cen-
ter & Research Institute, Tampa, FL, USA, and Dirk Jäger, National Center for Tumor Diseases, German Cancer Research 
Center, Heidelberg, Germany.

Data Science at the Crossroads of Analysis, Geometry, and Topology (a Mathematics Research Communities session), Hitesh 
Gakhar, University of Oklahoma, Harlin Lee, University of California, Los Angeles, and Josué Tonelli-Cueto, Inria Paris 
& IMJ-PRG.

Definability, Computability, and Model Theory: A Special Session dedicated to Gerald E. Sacks, Nathanael Leedom Acker-
man, Harvard University, Ted Slaman, University of California, Berkeley, and Cameron E. Freer, Massachusetts Institute 
of Technology.

Discrete and Hybrid Dynamical Systems: Time Scales and Fractional Approaches, Billy Jackson, University of Wisconsin 
Madison.

Distance Problems in Continuous, Discrete and Finite Field Settings, Abdul Basit, Johns Hopkins University, Eyvindur Ari 
Palsson, Virginia Tech University, and Steven Joel Miller, Williams College.

Dynamics, Geometry & Group Actions, Kathryn Lindsey, Boston College, and Boris Hasselblatt, Tufts University.
Dynamics of PDEs on Heterogeneous Domains: Theory & Applications, Denis Daniel Patterson, Princeton University, Ryan 

Nolan Goh, Boston University, and Jonathan Touboul, Brandeis University.
Ecological and Evolutionary Dynamics in Life and Social Sciences, Sabrina H. Streipert, McMaster University, and Yun 

Kang and Lucero Rodriguez Rodriguez, Arizona State University.
Excursions in Arithmetic Geometry, Tony Shaska, Research Institute of Science and Technology.
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Financial Mathematics, Sixian Jin and Stephan Strum, Worcester Polytechnic Institute.
Geometric PDEs, Theodora Bourni, University of Tennessee, Knoxville, and Brett Kotschwar, Arizona State University.
Geometry and Dynamics in Moduli Spaces of Abelian Differentials, Chris Johnson, Western Carolina University, Martin J. 

Schmoll, Clemson University, Chris Martin Judge, Indiana University, and Jane Wang, Indiana University Bloomington.
Homotopy Theory: Connections and Applications, Elden Elmanto, Harvard University, and Daniel C. Isaksen, Wayne 

State University.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, Rolando de Santiago, Purdue University, and David Goldberg, Math Alliance/Purdue University.
Integrable Systems and Symplectic Group Actions, Joseph Palmer and Susan Tolman, University of Illinois Urbana-Cham-

paign.
Integral Equations and Applications, Irina Mitrea, Temple University, and Shari Moskow, Drexel University.
Kicks, Shocks, Recovery and Resilience: Impulsive Models in Ecology and Socio-Economic Systems, Punit Gandhi, Virginia 

Commonwealth University, and Sarah Iams, Harvard University.
Langlands Program, Shanna Dobson, University of California, Riverside.
Lessons Learned from Successful Departmental Efforts to Transform Precalculus and Calculus, Chris Rasmussen, Center for 

Research in Math and Science Education.
Math Circle Activities as a Gateway into Mathematics, Lauren L. Rose, Bard College, Brandy S. Wiegers, Central Wash-

ington University, Gabriella A. Pinter, and Nick Rauh, Julia Robinson Math Festivals.
Mathematical Foundations of Democracy, Stanley Chang, Andrew Schultz, and Ismar Volic, Wellesley College.
Mathematical Methods in Machine Learning and Optimization, Carlos M. Ortiz-Marrero, Pacific Northwest National 

Laboratory, and Ryan W. Murray, North Carolina State University.
Mathematical Modeling of Ecology and Evolution: From Infectious Disease to the Evolution of Cooperation, Daniel Brendan 

Cooney, University of Pennsylvania, Chadi M. Saad-Roy, Princeton University, Olivia Jessica Chu, Dartmouth College, 
and Benjamin Allen, Emmanuel College, Boston, MA.

Mathematics and Fiber Arts, sarah-marie belcastro, MathILy and Smith College, and Carolyn Ann Yackel, Mercer 
University.

Mathematics and the Arts, Karl M. Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, 
and Anil Venkatesh, Adelphi University.

Mathematics Standards, Equity, Policy, and Politics, Yvonne Lai, University of Nebraska-Lincoln, Tyler Kloefkorn, Amer-
ican Mathematical Society, Dave Kung, Charles A. Dana Center, The University of Texas at Austin, and Blain Patterson, 
Virginia Military Institute.

Modeling Collective Behavior in Biology, Alexandria Volkening, Purdue University, and Philip Maini, University of Oxford.
Models and Methods for Sparse (Hyper) Network Science (a Mathematics Research Communities session), Sarah Tymochko, 

Michigan State University, Jessalyn Bolkema, California State University, Dominguez Hills, Himanshu Gupta, University 
of Delaware, Fangfei Lan, University of Utah, and Nicholas W. Landry, University of Colorado Boulder.

Modular Forms, Hypergeometric Functions, Character Sums and Galois Representations, Ling Long, Louisiana State Univer-
sity, Wen-Ching Winnie Li, Pennsylvania State University, William Yun Chen, Institute for Advanced Study, and Holly 
Swisher, Oregon State University.

New Developments in Differential Geometry and Topology, Megan M. Kerr, Wellesley College, and Catherine Searle, 
Wichita State University.

Nonlinear Evolution Equations and Their Applications, Guoping Zhang, Gaston Mandata N’Guerekata, Xuming Xie, 
Mingchao Cai, and Jemal S. Mohammed-Awel, Morgan State University.

Nonlocal Frameworks in Analysis and Mathematical Modeling, Nicole Buczkowski, University of Nebraska, Lincoln, and 
Petronela Radu and Anh Vo, University of Nebraska-Lincoln.

Number Theory at Non-PhD Granting Institutions, Steven Joel Miller, Williams College, Naomi Tanabe, Bowdoin Col-
lege, Harris Daniels, Amherst College, Enrique Treviño, Lake Forest College, and Alia Hamieh, University of Northern 
British Columbia.

Orthogonal Polynomials and their Applications, Ahmad Barhoumi, University of Michigan, Roozbeh Gharakhloo, Col-
orado State University, and Andrei Martinez-Finkelshtein, Baylor University.

Partial Differential Equations and Complex Variables, Hyun-Kyoung Kwon, University At Albany, SUNY, Bingyuan Liu, 
The University of Texas Rio Grande Valley, and Qi Han, Texas A & M University San Antonio.

Perspectives on Eigenvalue Computation, Nikhil Srivastava, University of California, Berkeley, Peter Buergisser, Technische 
Universität Berlin Institut Für Mathematik, and James Demmel, University of California, Berkeley.

Polymath Jr: Mentoring and Learning, Steven Joel Miller, Williams College, Johanna Franklin, Hofstra University, Adam 
Sheffer, Baruch College, CUNY, and Yunus E. Zeytuncu, University of Michigan - Dearborn.
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Polynomial Systems, Homotopy Continuation and Applications, Margaret Regan, Duke University, and Timothy Duff, 
University of Washington.

Promoting Equity Through Active Learning in Undergraduate Mathematics: Precalculus, Jose Maria Menendez, Pima 
Community College, Ksenija Simic-Muller, Pacific Lutheran University, and Anthony Fernandes, University of North 
Carolina - Charlotte.

Quadratic Forms, Modular Forms, and Applications, Fang-Ting Tu, Louisiana State University, Gene S. Kopp, Purdue 
University, and Jingbo Liu, Texas A&M University-San Antonio.

Quaternions, Johannes Familton, Borough of Manhattan Community College, CUNY, Chris McCarthy, BMCC, City 
University of New York, and Terrence Richard Blackman, Medgar Evers Community College, CUNY.

Recent Advances in Arithmetic Dynamics, Joseph H. Silverman, Brown University, Jacqueline Anderson, Bridgewater 
State University, and John R. Doyle, Oklahoma State University.

Recent Advances in Nonlinear Partial Differential Equations and the Applications, Qi Han, Texas A&M University-San An-
tonio, and Jing Tian, Towson University.

Recent Development in Partial Differential Equations Related to Geometric and Harmonic Analysis, Meijun Zhu, University 
of Oklahoma, and Xiaodong Wang, Michigan State University.

Recent Developments in Geometric Measure Theory, Camillo De Lellis, Institute For Advanced Study, Princeton, Antonio 
De Rosa, University of Maryland, and Luca Spolaor, University of California, San Diego.

Recent Developments in Numerical Methods for PDEs, Leo G. Rebholz, Clemson University, and Michael Neilan, Uni-
versity of Pittsburgh.

Recent Trends in Discrete-Time Ecological and Epidemiological Models, Mustafa R. Kulenovic, University of Rhode Island, 
and Abdul-Aziz Yakubu, Howard University.

Research Community in Algebraic Combinatorics, Rosa C. Orellana and Nadia Lafrenière, Dartmouth College.
Research from the Graduate Research Workshop in Combinatorics (GRWC), Steve Butler, Iowa State University, Xavier 

Perez-Gimenez, University of Nebraska-Lincoln, and Puck Rombach, University of Vermont.
Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs (AMS-SIAM), Darren A. Narayan, 

Rochester Institute of Technology, Khang Tran, California State University, Fresno, Mark Daniel Ward, Purdue University, 
John C. Wierman, Johns Hopkins University, and Christopher O’Neil, San Diego State University.

Resolutions of Singularities and Cohomology in Geometry and Representation Theory, Iva Halacheva, Northeastern University, 
Roman Bezrukavnikov, Massachusetts Institute of Technology, Peter Crooks, Utah State University, and Valerio Toledano 
Laredo, Northeastern University.

Rethinking Number Theory, Allechar Serrano Lopez, Harvard University, Lea Beneish, University of California, Berkeley, 
and Soumya Sankar, Ohio State University.

Riemannian Manifolds with Lower Scalar Curvature Bounds, Brian Allen, University of Hartford, and Demetre Kazaras, 
Duke University.

Scholarship on Teaching and Learning Introductory Statistics, Jennifer McNally, Laura Kyser Callis, and Steven LeMay, 
Curry College.

Spatial Ecology Applications Using Reaction Diffusion Models, Jerome Goddard II, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina at Greensboro.

Statistics and Data Science Curriculum in a Mathematics Department, Qing Wang and Anny-Claude Joseph, Wellesley 
College.

Stimulating Student Engagement in Differential Equations through Modeling Activities, Kyle T. Allaire, Worcester State Uni-
versity, Lisa Naples, Macalester College, and Timothy Antonelli, Worcester State University.

Stochastic Analysis and Applications, Parisa Fatheddin, Ohio State University, Marion, and Michael A. Salins, Boston 
University.

Tensor Representation, Completion, Modeling and Analytics of Complex Data, Ivo D. Dinov and Joshua Welch, University 
of Michigan.

The Combinatorics and Geometry of Jordan Type and Lefschetz Properties, A. Iarrobino, Northeastern University, and Leila 
Khatami, Union College.

The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors, Laurel 
Ohm, Princeton University, Shanise Walker, University of Wisconsin Eau Claire, and Ziva Myer, Duke University.

The History of Mathematics, Jemma Lorenat, Pitzer College, Adrian Rice, Randolph-Macon College, Deborah Kent, 
University of St. Andrews, and Daniel E. Otero, Xavier University.

The Math and Art of Mathemalchemy, Samantha Pezzimenti, Penn State Brandywine, Carolyn Ann Yackel, Mercer 
University, and Edmund O. Harriss, University of Arkansas.
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The Mathematics of RNA and DNA, Chris McCarthy, BMCC, City University of New York, and Johannes Familton, 
Borough of Manhattan Community College, CUNY.

The Scholarship of Teaching and Learning: Past, Present, and Future, Jacqueline M. Dewar, Loyola Marymount University, 
Thomas F. Banchoff, Brown University, Curtis D. Bennett and Brian P. Katz, California State University, Long Beach, 
Lewis D. Ludwig, Denison University, and Larissa Schroeder, University of Nebraska Omaha.

The Teaching and Learning of Undergraduate Ordinary Differential Equations: An Interdisciplinary Approach, Viktoria Sava-
torova, Central Connecticut State University, Itai Seggev, Wolfram Research, Iordanka Panayotova, Christopher Newport 
University, and Beverly H. West, Cornell University.

Topological and Combinatorial Methods in Commutative Algebra, Augustine O’Keefe, Connecticut College, and Jennifer 
Biermann, Hobart and William Smith Colleges.

Topology, Algebra, and Geometry in the Mathematics of Data Science, Henry Kvinge, Tim Doster, and Tegan Emerson, 
Pacific Northwest National Laboratory.

Topology, Structure and Symmetry in Graph Theory, Mark Ellingham, Vanderbilt University, and Lowell Abrams, George 
Washington University.

Trees in Many Contexts (a Mathematics Research Communities session), Ann Wells Clifton, Louisiana Tech University, 
Fadekemi Janet Osaye, Alabama State University, Lora Bailey, Grand Valley State University, Alex Wiedemann, Ran-
dolph-Macon College, and Reem Mahmoud, Virginia Commonwealth University.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy D. Comar, Benedictine University, 
Hannah Callender Highlander, University of Portland, and Anne E. Yust, University of Pittsburgh.

Understanding COVID-19: Three Years of Mathematical Models to Address the Global Pandemic, Hwayeon Ryu, Elon Uni-
versity, Lauren M. Childs, Virginia Tech, and Kamila Larripa, Humboldt State University.

Variational Methods, Optimal Control and Hamilton-Jacobi Equations, Wilfrid Gangbo, UCLA, Andrzej Swiech, Georgia 
Tech, Alpar Meszaros, University of Durham, and Chenchen Mou, City University of Hong Kong.

Women in Automorphic Forms, Mathilde Gerbelli-Gauthier, Institute for Advanced Study, Maria Fox, University of Or-
egon, and Manami Roy, Fordham University.

AIM Special Sessions
Automorphic Forms and Special Cycles, Tonghai Yang, University of Wisconsin, Madison, Stephen S. Kudla, University 

of Toronto, and Jan Hendrik Bruinier, Technical University of Darmstadt.
Little School Dynamics: Cool Dynamics Research by Researchers at PUIs, Kimberly Ayers, California State University, San 

Marcos, Ami Radunskaya, Pomona College, Han Li, Wesleyan University, David M. McClendon, Ferris State University, 
and Andrew Parrish, Eastern Illinois University.

ASL Special Sessions
Model-theoretic and “Higher Infinite” Methods in Descriptive Set Theory and Related Areas, Rehana Patel, AIMS-Senegal, 

Alexander Kechris, California Institute of Technology, Alejandro Poveda, Hebrew University of Jerusalem, and Assaf 
Shani, Harvard University.

Tame Geometry and Applications to Analysis, Alexi Block Gorman and Elliot Kaplan, McMaster University, and Daniel 
Miller, Emporia State University.

AWM Special Sessions
AWM Workshop: Women in Commutative Algebra (WiCA), Claudia Miller, Syracuse University, and Janet Striuli, Fairfield 

University.
Celebrating the Mathematical Contributions of the AWM, Michelle Ann Manes, University of Hawaii, Kathryn E Leonard, 

Occidental College, Donatella Danielli, Arizona State University, and Ami Radunskaya, Pomona College.
Recent Developments in the Analysis of Local and Nonlocal PDEs, Alaa Haj Ali and Donatella Danielli, Arizona State 

University.
Women, Art, and Mathematics: Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, Univer-

sity of California, Riverside, Stephanie Lewkiewicz, Temple University, and Elizabeth Donovan, Murray State University.
Women in Graph Theory, Karen L. Collins, Wesleyan University, Sandra R. Kingan, Brooklyn College and the Graduate 

Center, CUNY, Brigitte Servatius, WPI, and Ann N. Trenk, Wellesley College.

COMAP Special Sessions
COMAP’s Modeling Contests: Engaging Students and Faculty in Mathematical Modeling, Amanda I. Beecher, Ramapo College 

of New Jersey, Steve Horton, US Military Academy (Emeritus), and Kayla Blyman, Saint Martin’s University.
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ILAS Special Sessions
Innovative and Effective Ways to Teach Linear Algebra, David M. Strong, Pepperdine University, Gil Strang, MIT, Sepideh 

Stewart, University of Oklahoma, and Megan Wawro, Virginia Tech.
Matrices and Operators, Mohsen Aliabadi, Iowa State University, and Tin-Yau Tam and Pan-Shun Lau, University of 

Nevada, Reno.
Matrix Analysis and Applications, Hugo Woerdeman, Drexel University, and Edward Poon, Embry-Riddle Aeronautical 

University.
The Inverse Eigenvalue Problem for a Graph and Zero Forcing (ILAS-AIM), Mary Flagg, University of St. Thomas, and Bryan 

A. Curtis, Iowa State University.

MSRI (SLMath) Special Sessions
African Diaspora Joint Mathematics Working Groups (ADJOINT), Edray Herber Goins, Pomona College, and Anisah 

Nabilah Nu’Man, Spelman College.
Summer Research in Mathematics (SRiM): Analytic Number Theory, Ayla Gafni, University of Mississippi, Amita Malik, 

Max Planck Institute, Bonn, and Sneha Chaubey, Indian Institute of Information Technology Delhi.
Summer Research in Mathematics (SRiM): Applied and Computational Mathematics, Yunan Yang, Cornell University, Jin-

gwei Hu, University of Washington, and Yifei Lou, The University of Texas at Dallas.
Summer Research in Mathematics (SRiM): Cluster Algebras and Related Topics, Sunita Chepuri, University of Michigan, 

Elizabeth Kelley, University of Illinois at Urbana-Champaign, and Esther Banaian, University of Minnesota.
Summer Research in Mathematics (SRiM): Differential and Metric Geometry, Catherine Searle, Wichita State University, 

Lee T. Kennard, Syracuse University, and Elahe Khalili Samani, University of Notre Dame.
Summer Research in Mathematics (SRiM): Dynamics and Operator Algebras, Sarah Reznikoff, Kansas State University, Sarah 

Browne, University of Kansas, Elizabeth Anne Gillaspy, University of Montana, and Lauren Chase Ruth, Mercy College.
Summer Research in Mathematics (SRiM): Geometric and Topological Combinatorics, Margaret M. Bayer, University of 

Kansas, Marija Jelic Milutinovic, University of Belgrade, and Julianne Vega, Kennesaw State University.
Summer Research in Mathematics (SRiM): Mathematical Modeling and Analysis in Eye Research, Atanaska Dobreva and 

Erika Camacho, Arizona State University.
Summer Research in Mathematics (SRiM): Unknotting Operations, Hannah Turner, Georgia Institute of Technology, and 

Samantha Allen, Duquesne University.
The MSRI Undergraduate Program (MSRI-UP), Federico Ardila, San Francisco State University.

NSF Special Sessions
NSF Session on Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, Michael 

Ferrara and Mindy Capaldi, Division of Undergraduate Education, National Science Foundation, John R. Haddock, Na-
tional Science Foundation, Elise Nicole Lockwood, Division of Undergraduate Education, National Science Foundation, 
and Lee L. Zia, National Science Foundation.

PMA Special Sessions
BSM Special Session: Mathematical Research in Budapest for Students and Faculty, Kristina Cole Garrett, Budapest Semes-

ters in Mathematics.

SIAM Minisymposium
SIAM ED Session on Education as Research and Research as Education, Benjamin Galluzzo and Kathleen Kavanagh, 

Clarkson University.
SIAM Minisymposium on Applications of the Maslov Index, Christopher K. R. T. Jones and Emmanuel Fleurantin, Uni-

versity of North Carolina.
SIAM Minisymposium on Combinatorial Optimization, Annie Raymond, University of Massachusetts.
SIAM Minisymposium on Fractional Dynamics, Lukasz Plociniczak, Wroclaw University of Science and Technology, and 

Krzysztof Burnecki, Wroclaw University of Science and Technology.
SIAM Minisymposium on Imaging and Inverse Problems, Andrea Arnold, Worcester Polytechnic Institute.
SIAM Minisymposium on Numerical Linear Algebra: Algorithms, Computations, and Application, James Nagy and Elizabeth 

Newman, Emory University.
SIAM Minisymposium on Quantitative Justice (a NAM-SIAM Joint Session), Ron Buckmire, Occidental College, Omayra 

Ortega, Sonoma State University, and Carrie Diaz Eaton, Bates College.
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SIAM Minisymposium on Quantum Algorithms, Dong An, University of Maryland, and Di Fang and Lin Lin, University 
of California, Berkeley.

SPECTRA Special Sessions
Research by LGBTQ+ Mathematicians, Juliette Emmy Bruce, University of California, Berkeley, Christopher Goff, Uni-

versity of the Pacific, and Rebecca R.G., George Mason University.

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 17, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Blair Dowling Sullivan, University of Utah, Title to be announced.
Yusu Wang, University of California San Diego, Title to be announced.
Amie Wilkinson, University of Chicago, Title to be announced (Erdő s Memorial Lecture).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Advances in Applied Dynamical Systems and Mathematical Biology (Code: SS 25A), Chunhua Shan, The University of 
Toledo, and Guihong Fan, Columbus State University.

Advances in Mathematical Finance and Optimization (Code: SS 24A), Ibrahim Ekren, Arash Fahim, and Lingjiong Zhu, 
Florida State University.

Algebraic Methods in Algorithms (Code: SS 16A), Kevin Shu and Mehrdad Ghadiri, Georgia Institute of Technology.
Combinatorial Matrix Theory (Code: SS 22A), Zhongshan Li, Marina Arav, and Hein Van der Holst, Georgia State 

University.
Combinatorics, Probability and Computation in Molecular Biology (Code: SS 38A), Christine Heitsch and Brandon Legried, 

Georgia Institute of Technology.
Commutative Algebra and its Interactions with Algebraic Geometry (Code: SS 10A), Michael Brown and Henry K. Schenck, 

Auburn University.
Contact and Symplectic Topology in Dimensions 3 and 4 (Code: SS 34A), Akram Alishahi, Peter Lambert-Cole, and Go-

rdana Matic, University of Georgia.
Discrete Analysis (Code: SS 31A), Giorgis Petridis, Neil Lyall, and Akos Magyar, University of Georgia.
Disordered and Periodic Quantum Systems (Code: SS 26A), Rodrigo Bezerra de Matos and Wencai Liu, Texas A&M Uni-

versity, and Xiaowen Zhu, University of Washington.
Diversity in Mathematical Biology (Code: SS 36A), Daniel Alejandro Cruz, University of Florida, and Margherita Maria 

Ferrari, University of Manitoba.
Dynamics of Partial Differential Equations (Code: SS 18A), Gong Chen, Georgia Institute of Technology, Hao Jia, Uni-

versity of Minnesota, and Dallas Albritton, Princeton University.
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Fractal Geometry and Dynamical Systems (Code: SS 11A), Mrinal Kanti Roychowdhury, School of Mathematical and 
Statistical Sciences, University of Texas Rio Grande Valley, and Scott Kaschner, Butler University.

Geometric and Combinatorial Aspects of Lie Theory (Code: SS 40A), William Graham, University of Georgia, Amber 
Russell, Butler University, and Scott Larson, University of Georgia.

Geometric Group Theory (Code: SS 4A), Ryan Dickmann, Georgia Institute of Technology, Sahana H. Balasubramanya, 
University of Münster, and Abdoul Karim Sane and Dan Margalit, Georgia Institute of Technology.

Harmonic Analysis (Code: SS 14A), Betsy Stovall, University of Wisconsin-Madison, Benjamin Jaye, Georgia Tech, and 
Manasa Vempati, Georgia Tech.

High-dimensional Convexity and Probability (Code: SS 13A), Galyna Livshyts and Orli Herscovici, Georgia Institute of 
Technology, and Dan Mikulincer, MIT.

Knots, Skein Modules and Categorification (Code: SS 8A), Marithania Silvero-Casanova, Universidad de Sevilla, Rhea 
Palak Bakshi and Jozef Henryk Przytycki, The George Washington University, and Radmila Sazdanovic, North Carolina 
State University.

Logic, Combinatorics, and their Interactions (Code: SS 27A), Anton Bernshteyn, Georgia Institute of Technology, and 
Robin Tucker-Drob, University of Florida.

Macdonald Theory at the Intersection of Combinatorics, Algebra, and Geometry (Code: SS 37A), Olya Mandelshtam, Uni-
versity of Waterloo, Sean Griffin, UC Davis, and Andy Wilson, Kennesaw State University.

Mathematical Modeling and Simulation Techniques in Fluid Structure Interaction Problems (Code: SS 17A), Pejman Sanaei, 
Georgia State University.

Mathematical Modeling of Populations and Diseases Transmissions (Code: SS 33A), Yang Li, Georgia State University, Jia 
Li, University of Alabama in Huntsville, and Xiang-Sheng Wang, University of Louisiana at Lafayette.

Multiscale Approaches to Modeling Ecological and Evolutionary Dynamics (Code: SS 28A), Daniel Brendan Cooney, Uni-
versity of Pennsylvania, Denis Daniel Patterson, Princeton University, Olivia Chu, Dartmouth College, and Chadi M 
Saad-Roy, University of California, Berkeley.

Qualitative Aspects of Nonlinear PDEs: Well-posedness and Asymptotics (Code: SS 23A), Atanas G. Stefanov, University of 
Alabama Birmingham, Fazel Hadaifard, University of California - Riverside, and Jiahong Wu, Oklahoma State University.

Quasi-periodic Schrödinger Operators and Quantum Graphs (Code: SS 35A), Fan Yang, Louisiana State University, Matthew 
Powell, UCI, and Burak Hatinoglu, UC Santa Cruz.

Recent Advances and Applications in Imaging Sciences (Code: SS 39A), Carmeliza Luna Navasca, University of Alabama 
at Birmingham, Fatou Sanogo, Bates College, and Elizabeth Newman, Emory University.

Recent Development in Advanced Numerical Methods for Partial Differential Equations (Code: SS 21A), Seulip Lee and Lin 
Mu, University of Georgia.

Recent Developments in Commutative Algebra (Code: SS 5A), Thomas Polstra, University of Alabama, and Florian Enescu, 
Georgia State University.

Recent Developments in Graph Theory (Code: SS 32A), Guantao Chen, Georgia State University, Zhiyu Wang, Georgia 
Institute of Technology, and Xingxing Yu, Georgia Tech.

Recent Developments in Mathematical Aspects of Inverse Problems and Imaging (Code: SS 20A), Yimin Zhong and Junshan 
Lin, Auburn University.

Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 
State University, Loc Nguyen, UNC Charlotte, and Khoa Vo, University of North Carolina at Charlotte.

Recent Trends in Structural and Extremal Graph Theory (Code: SS 29A), Joseph Guy Briggs and Jessica McDonald, Au-
burn University.

Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 6A), Daniel K. Nakano, University of Georgia, Chun-Ju Lai, Institute of Mathematics, Academia Sinica, Taipei, 
and Weiqiang Wang, University of Virginia.

Singer-Hopf Conjecture in Geometry and Topology (Code: SS 9A), Luca Di Cerbo, University of Florida, and Laurentiu 
Maxim, University of Wisconsin-Madison.

Spectral Theory (Code: SS 19A), Rudi Weikard, University of Alabama at Birmingham, and Stephen P. Shipman, Lou-
isiana State University.

Stochastic Analysis and its Applications (Code: SS 7A), Parisa Fatheddin, Ohio State University, Marion, and Kazuo 
Yamazaki, Texas Tech University.

Stochastic Processes and Related Topics (Code: SS 15A), Ngartelbaye Guerngar, University of North Alabama, and Le 
Chen, Erkan Nane, and Jerzy Szulga, Auburn University.

Topological Persistence: Theory, Algorithms, and Applications (Code: SS 12A), Luis Scoccola, Northeastern University, Hitesh 
Gakhar, University of Oklahoma, and Ling Zhou, The Ohio State University.
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Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Beibei Liu, Georgia Institute of Technology, Siddhi Krishna, 
Georgia Institute of Technology and Columbia University, and Miriam Kuzbary, Georgia Institute of Technology.

Undergraduate Mathematics and Statistics Research (Code: SS 30A), Leslie Julianna Meadows, Georgia State University, 
Tsz Ho Chan and Asma Azizi, Kennesaw State University, and Mark Grinshpon, Georgia State University.

Spring Eastern Virtual Sectional Meeting
Meeting virtually, hosted by the American Mathematical Society

April 1–2, 2023
Saturday – Sunday

Meeting #1185
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 30, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirsten Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer L Mueller, Colorado State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Differential Equations at Undergraduate Institutions (Code: SS 3A), William R. Green, Rose-Hulman Institute 
of Technology, and Katharine A. Ott, Bates College.

Analysis of Markov, Gaussian and Stationary Stochastic Processes (Code: SS 4A), Alan C. Krinik, California State Polytechnic 
University, Pomona, and Randall J. Swift, Cal Poly Pomona.

Cybersecurity and Cryptography (Code: SS 10A), Lubjana Beshaj, Army Cyber Institute, Shekeba Monshref, IBM, and 
Angela Robinson, NIST.

Fractal Geometry and Dynamical Systems (Code: SS 6A), Mrinal Kanti Roychowdhury, School of Mathematical and 
Statistical Sciences, University of Texas Rio Grande Valley, Sangita Jha, Department of Mathematics, National Institute 
of Technology Rourkela, India, and Saurabh Verma, Indian Institute of Information Technology Allahabad.

Gauge Theory, Geometric Analysis, and Low-Dimensional Topology (Code: SS 7A), Paul M. N Feehan, Rutgers University, 
New Brunswick, and Thomas Gibbs Leness, Florida International University.

Hypergeometric Functions, Q-series and Generalizations (Code: SS 5A), Howard Saul Cohl, National Institute of Standards 
and Technology, Robert Maier, University of Arizona, and Roberto Costas-Santos, Universidad Loyola de Andalucía.

Modeling, Analysis, and Control of Populations Impacted by Disease and Invasion (Code: SS 1A), Rachel Natalie Leander 
and Wandi Ding, Middle Tennessee State University.

Quasiconformal Analysis and Geometry on Metric Spaces (Code: SS 8A), Dimitrios Ntalampekos, Stony Brook University, 
and Hrant Hakobyan, Kansas State University.

Recent Advances in Differential Geometry (Code: SS 2A), Bogdan D. Suceava, California State University Fullerton, Adara 
M. Blaga, West University of Timişoara, Romania, Cezar Oniciuc, “Al.I.Cuza” University of Iaşi, Romania, Marian Ioan 
Munteanu, “Al.I.Cuza” University of Iaşi, Romania, Shoo Seto, California State University, Fullerton, and Lihan Wang, 
California State University, Long Beach.

Recent Advances in Infinite-Dimensional Stochastic Analysis (Code: SS 9A), Vincent R. Martinez, Hunter College (CUNY), 
Hung Nguyen, UCLA, and Nathan E. Glatt-Holtz, Tulane University.

Recent Advances in Ion Channel Models and Poisson-Nernst-Planck Systems (Code: SS 11A), Zilong Song, Utah State Uni-
versity, and Xiang-Sheng Wang, University of Louisiana at Lafayette.
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Recent Progress in Chromatic Graph Theory (Code: SS 12A), Hemanshu Kaul and Samantha Dahlberg, Illinois Institute 
of Technology.

Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: February 14, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Johnny Guzman, Brown University, Title to be announced.
Lisa Piccirillo, MIT, Title to be announced.
Krystal Taylor, The Ohio State University, Department of Mathematics, Title to be announced.
Nathaniel Whitaker, University of Massachusetts, Title to be announced (Einstein Public Lecture in Mathematics).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Dispersive Partial Differential Equations I (Code: SS 13A), William R. Green, Rose-Hulman Institute of 
Technology, Mehmet Burak Erdogan, University of Illinois at Urbana Champaign, and Michael J. Goldberg, University 
of Cincinnati.

Advances in Radial Basis Functions for Numerical Simulation I (Code: SS 7A), Jonah A. Reeger, Air Force Institute of 
Technology, and Cecile Piret, Michigan Technological University.

Algorithms, Number Theory, and Cryptography I (Code: SS 8A), Jonathan P Sorenson and Jonathan Webster, Butler 
University.

AMS Special Session on The Interface of Geometric Measure Theory and Harmonic Analysis I (Code: SS 10A), Eyvindur Ari 
Palsson, Virginia Tech, and Krystal Taylor, The Ohio State University, Department of Mathematics.

Arithmetic Statistics I (Code: SS 19A), Brandon Alberts, Eastern Michigan University, and Soumya Sankar, Ohio State 
University.

Brauer Groups in Algebraic Geometry and Arithmetic I (Code: SS 25A), Jack Petok and Sarah Frei, Dartmouth College.
Cluster Algebras, Positivity and Related Topics I (Code: SS 28A), Eric Bucher, Xavier University, John Machacek, The 

University of Oregon, and Nicholas Ovenhouse, Yale University.
Combinatorial and Geometric Knot Theory I (Code: SS 11A), Micah Chrisman, The Ohio State University, Sujoy Mukher-

jee, University of Denver, and Robert G Todd, Mount Mercy University.
Commutative Algebra with Connections to Combinatorics and Geometry I (Code: SS 24A), Aleksandra C Sobieska, University 

of Wisconsin - Madison, and Jay Yang, Washington University in St. Louis.
Ends and Boundaries of Groups: On the Occasion of Mike Mihalik’s 70th Birthday I (Code: SS 2A), Craig R Guilbault, 

University of Wisconsin-Milwaukee, and Kim E Ruane, Tufts University.
Extremal Graph Theory I (Code: SS 18A), Neal Bushaw, Virginia Commonwealth University, Puck Rombach and Calum 

Buchanan, University of Vermont, and Vic Bednar, Virginia Commonwealth University.
Geometric and Analytic Methods in PDE I (Code: SS 20A), Dennis Kriventsov, Rutgers University, Mariana Smit Vega 

Garcia, Western Washington University, and Mark Allen, Brigham Young University.
Growth Models, Random Media, and Limit Theorems I (Code: SS 6A), Magda Peligrad, Wlodek Bryc, and Xiaoqin Guo, 

University of Cincinnati.
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Harmonic Analysis and its Applications to Signals and Information I (Code: SS 12A), Dustin G. Mixon, The Ohio State 
University, and Matthew Fickus, Air Force Institute of Technology.

Homological Methods in Commutative Algebra I (Code: SS 27A), Michael DeBellevue, Syracuse University, and Josh 
Pollitz, University of Utah.

Inequalities in Harmonic Analysis I (Code: SS 26A), Ryan Gibara, University of Cincinnati, Kabe Moen, University of 
Alabama, and Leonid Slavin, University of Cincinnati.

Interactions between Analysis, PDE, and Probability in Non-smooth Spaces I (Code: SS 1A), Nageswari Shanmugalingam, 
University of Cincinnati, Luca Capogna, Smith College, and Jeremy T. Tyson, National Science Foundation.

Interactions between Noncommutative Ring Theory and Algebraic Geometry I (Code: SS 3A), Jason Gaddis, Miami University, 
and Robert Won, George Washington University.

Mathematical Modeling in Biosciences I (Code: SS 29A), Sookkyung Lim, University of Cincinnati, Jeungeun Park, SUNY 
at New Paltz, Yanyu Xiao, University of Cincinnati, Hem R Joshi, Xavier University, Cincinnati, and David Gerberry, 
Xavier University.

Modern Trends in Numerical PDEs I (Code: SS 4A), Johnny Guzman, Brown University, and Michael Neilan, University 
of Pittsburgh.

Nonlinear Partial Differential Equations from Variational Problems and Fluid Dynamics I (Code: SS 16A), Tao Huang, Wayne 
State University, Hengrong Du, Vanderbilt University, and Changyou Wang, Purdue University.

Probabilistic and Extremal Combinatorics I (Code: SS 14A), Jozsef Balogh, Univerisity of Illinois at Urbana-Champaign, 
and Tao Jiang, Miami Univeristy.

Quantitative Aspects of Symplectic Topology I (Code: SS 15A), Jun Li, University of Dayton, Olguta Buse, IUPUI, and 
Richard Keith Hind, University of Notre Dame.

Recent Advances in Finite Element Methods: Theory and Applications I (Code: SS 21A), Tamas L. Horvath, Oakland Uni-
versity, and Giselle Sosa Jones, University of Houston.

Recent Developments in the Study of Fluid Flows, Turbulence, and its Applications I (Code: SS 30A), Vincent Martinez, CUNY 
Hunter College & Graduate Center, and Samuel Punshon-Smith, Tulane University.

Recent Trends in Graph Theory I (Code: SS 23A), Adam Blumenthal, Westminster College, and Katherine Perry, Uni-
versity of Soka.

Recent Trends in Integrable Systems and Applications I (Code: SS 5A), Deniz Bilman and Robert J Buckingham, University 
of Cincinnati.

Representation Theory, Geometry and Mathematical Physics I (Code: SS 22A), Daniele Rosso, Indiana University Northwest, 
and Jonas T. Hartwig, Iowa State University.

Stochastic Analysis and its Applications I (Code: SS 9A), Po-Han Hsu, University of Cincinnati, Tai-Ho Wang, Baruch 
College, CUNY, and Ju-Yi Yen, University Of Cincinnati.

Topological and Geometric Methods in Combinatorics I (Code: SS 17A), Zoe Wellner and R. Amzi Jeffs, Carnegie Mellon 
University.

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: March 16, 2023
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Title to be announced.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of California, Los Angeles, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance, Andrea Arauza Rivera, California State University, East Bay, Mario 
Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory, Carmen Caprau, California State University, Fresno, Sam Nelson, Claremont McK-
enna College, and Neslihan Gügümcu, Izmir Institute of Technology in Turkey.

Algorithms in the Study of Hyperbolic 3-manifolds, Robert Haraway, III and Maria Trnkova, University of California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application, Bhuvaneswari Sambandham, Dixie State 

University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter Regular Algebras and Related Topics, Ellen Kirkman, Wake Forest University, and James Zhang, University 

of Washington.
Combinatorics and Representation Theory (associated with the Invited Address by Sami Assaf), Sami Assaf, University of 

Southern California, and Nicolle Gonzalez, University of California, Berkeley.
Complexity in Low-Dimensional Topology, Jennifer Schultens, University of California, Davis, and Eric Sedgwick, DePaul 

University.
Data Analysis and Predictive Modeling, Earvin Balderama, California State University, Fresno, and Adriano Zambom, 

California State University, Northridge.
Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico, 

Albuquerque and University of New Mexico, Los Alamos.
Math Circle Games and Puzzles that Teach Deep Mathematics, Maria Nogin, Agnes Tuska, Yaomingxin Lu, and Gábor 

Molnár-Sáska, California State University, Fresno.
Mathematical Biology: Confronting Models with Data, Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova), Natalia Koma-

rova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories, Eric Friedlander, University of Southern California, Los Angeles, 

Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Research in Mathematics by Early Career Graduate Students, Doreen De Leon, Marat Markin, and Khang Tran, California 

State University, Fresno.
Scientific Computing, Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving, Mario Banuelos, 

California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and Agnes Tuska, 
California State University, Fresno.

Women in Mathematics, Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, Fresno.
Zero Distribution of Entire Functions, Tamás Forgács and Khang Tran, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday

Meeting #1188
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: July 27, 2023

Issue of Abstracts: To be announced

Deadlines
For organizers: February 9, 2023

For abstracts: July 18, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts, Dartmouth, Title to be announced.
Samuel Payne, University of Texas, Title to be announced.

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday

Meeting #1190
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: August 17, 2023

Issue of Abstracts: To be announced

Deadlines

For organizers: March 7, 2023

For abstracts: August 8, 2023

Mobile, Alabama
University of South Alabama

October 13–15, 2023
Friday – Sunday

Meeting #1189
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: August 24, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 13, 2023
For abstracts: August 15, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Theresa Anderson, Carnegie Mellon University, Title to be announced.
Laura Miller, University of Arizona, Title to be announced.
Cornelius Pillen, University of South Alabama, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 1A), Laura Miller, University of Arizona, and 
Nick Battista, The College of New Jersey.

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday

Meeting #1191
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: August 31, 2023
Issue of Abstracts: Not applicable

Deadlines
For organizers: March 21, 2023
For abstracts: August 22, 2023
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Auckland, New Zealand
December 4–8, 2023

Monday – Friday

Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
Moscone West Convention Center

January 3–6, 2024

Wednesday – Saturday

Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Tallahassee, Florida
Florida State University in Tallahassee

March 23–24, 2024
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe, University 
of Georgia
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines

For organizers: To be announced

For abstracts: To be announced

Washington, District of Columbia
Howard University

April 6–7, 2024
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Recent Advances in Differential Geometry, Zhiqin Lu, University of California, Shoo Seto and Bogdan Suceavă,California 
State University, Fullerton, and Lihan Wang, California State University, Long Beach.

Palermo, Italy
July 23–26, 2024

Tuesday – Friday

Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced

For abstracts: To be announced

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 8–11, 2025

Wednesday – Saturday

Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026

Sunday – Wednesday

Associate Secretary for the AMS: Betsy Stovall
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



AMS Development Offi ce  |  401.455.4111  |  development@ams.org

Ph
ot

o 
cr

ed
it:

 K
at

e 
Aw

tr
ey

, A
tla

nt
a 

C
on

ve
nt

io
n 

Ph
ot

og
ra

ph
y

AREA OF GREATEST NEED

RYAN HYND 
2022-2023 CLAYTOR-GILMER FELLOW 
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JOAN & JOSEPH BIRMAN 
FELLOWSHIP FOR WOMEN 
SCHOLARS

BIANCA VIRAY
2021–2022 BIRMAN FELLOW
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2020 FUND TO SUPPORT AND 
PROMOTE THE WORK OF 
BLACK MATHEMATICIANS 

RYAN HYND 
2022–2023 CLAYTOR-GILMER FELLOW 
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THE NEXT GENERATION FUND

TO LEARN MORE ABOUT WHAT 
YOUR GIFT ACCOMPLISHES, 

VISIT WWW.AMS.ORG/GIVING

FOR SUPPORTING MATHEMATICS!

AMS DONORS MAKE A DIFFERENCE

http://WWW.AMS.ORG/GIVING


American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

Connect and engage with the 
mathematical community at JMM 2023!
Titles of Interest 

Your membership 
helps the mathematics 

community thrive.

This book covers the necessary back-
ground on tilings and then delves into a 
variety of fascinating topics in the fi eld.

Keep your mind sharp all year long with 
Mathematics 2023: Your Daily Epsilon of 
Math, a 12” x 12” wall calendar featuring 
a new math problem every day and 12 
beautiful math images!

The book allows fl exible use in a single 
semester, full-year, or capstone course in 
complex analysis. 

An integrated approach that highlights 
the similarities of fundamental algebraic 
structures among a number of topics. 

Advance your career 
with fellowships 
and travel grants.

Stay current with leading 
mathematics publications 
and explore two centuries of 
peer-reviewed research.

Visit the AMS bookstore at: bookstore.ams.org 
Enjoy discounts on publications and conferences 

For more information about the AMS membership 
experience, visit: www.ams.org/membership 

For more information about the 2023 Joint Mathematics 
Meetings (JMM), visit: www.ams.org/meetings

http://bookstore.ams.org
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