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        Abstract:

In this article, we investigate the connection between scalar curvature and first eigenfunctions via positive mass theorem for Brown-York mass. For compact manifolds with nice boundary, we show that a sharp inequality holds for first eigenfunctions when posing appropriate assumptions on scalar curvature and first eigenvalue. This inequality implies that for a compact $n$-dimensional manifold with boundary, its first eigenvalue is no less than $n$, if its scalar curvature is at least $n(n-1)$ with appropriate boundary conditions posed, where equality holds if and only the manifold is isometric to the canonical upper hemisphere. As an application, we derive an estimate for the area of event horizon in a vacuum static space with positive cosmological constant, which reveals an interesting connection between the area of event horizon and Brown-York mass. This estimate generalizes a similar result of Shen [Proc. Amer. Math. Soc. 125 (1997), pp. 901–905] for three dimensional vacuum static spaces and also improves the uniqueness result of de Sitter space-time due to Hizagi-Montiel-Raulot.        


    
    
        References
        	Lucas Ambrozio, On static three-manifolds with positive scalar curvature, J. Differential Geom. 107 (2017), no. 1, 1–45.  MR 3698233, DOI 10.4310/jdg/1505268028
	Gary L. Bunting and A. K. M. Masood-ul-Alam, Nonexistence of multiple black holes in asymptotically Euclidean static vacuum space-time, Gen. Relativity Gravitation 19 (1987), no. 2, 147–154.  MR 876598, DOI 10.1007/BF00770326
	Oussama Hijazi, Sebastián Montiel, and Simon Raulot, Uniqueness of the de Sitter spacetime among static vacua with positive cosmological constant, Ann. Global Anal. Geom. 47 (2015), no. 2, 167–178.  MR 3313139, DOI 10.1007/s10455-014-9441-1
	 J. Lohkamp, The higher dimensional positive mass theorem I, arXiv:math/0608795v2, 2016.



	 J. Lohkamp, The higher dimensional positive mass theorem II, arXiv:1612.07505, 2016.



	John M. Lee and Thomas H. Parker, The Yamabe problem, Bull. Amer. Math. Soc. (N.S.) 17 (1987), no. 1, 37–91.  MR 888880, DOI 10.1090/S0273-0979-1987-15514-5
	Jie Qing, On the uniqueness of AdS space-time in higher dimensions, Ann. Henri Poincaré 5 (2004), no. 2, 245–260.  MR 2057674, DOI 10.1007/s00023-004-0168-6
	Jie Qing and Wei Yuan, A note on static spaces and related problems, J. Geom. Phys. 74 (2013), 18–27.  MR 3118569, DOI 10.1016/j.geomphys.2013.07.003
	Jie Qing and Wei Yuan, On scalar curvature rigidity of vacuum static spaces, Math. Ann. 365 (2016), no. 3-4, 1257–1277.  MR 3521090, DOI 10.1007/s00208-015-1302-0
	Robert C. Reilly, Applications of the Hessian operator in a Riemannian manifold, Indiana Univ. Math. J. 26 (1977), no. 3, 459–472.  MR 474149, DOI 10.1512/iumj.1977.26.26036
	Richard Schoen and Shing Tung Yau, On the proof of the positive mass conjecture in general relativity, Comm. Math. Phys. 65 (1979), no. 1, 45–76.  MR 526976, DOI 10.1007/BF01940959
	Richard Schoen and Shing Tung Yau, Proof of the positive mass theorem. II, Comm. Math. Phys. 79 (1981), no. 2, 231–260.  MR 612249, DOI 10.1007/BF01942062
	 R.-M Schoen and S.-T. Yau, Positive scalar curvature and minimal hypersurface singularities, arXiv:1704.05490v1, 2017.



	Ying Shen, A note on Fischer-Marsden’s conjecture, Proc. Amer. Math. Soc. 125 (1997), no. 3, 901–905.  MR 1353399, DOI 10.1090/S0002-9939-97-03635-6
	Yuguang Shi and Luen-Fai Tam, Positive mass theorem and the boundary behaviors of compact manifolds with nonnegative scalar curvature, J. Differential Geom. 62 (2002), no. 1, 79–125.  MR 1987378
	Edward Witten, A new proof of the positive energy theorem, Comm. Math. Phys. 80 (1981), no. 3, 381–402.  MR 626707, DOI 10.1007/BF01208277


    
    
        
        
        Similar Articles
        	
        Retrieve articles in Proceedings of the American Mathematical Society
        with MSC (2020):
        53C20,
53C21,
53C24
        
	
        Retrieve articles in all journals
        with MSC (2020):
        53C20,
53C21,
53C24
        


        
        
    
    
      Bibliographic Information
      	Wei Yuan
	Affiliation: Department of Mathematics, Sun Yat-sen University, Guangzhou, Guangdong 510275, People’s Republic of China
	MR Author ID: 1040481
	Email: yuanw9@mail.sysu.edu.cn
	Received by editor(s): July 4, 2021
	Received by editor(s) in revised form: April 10, 2022
	Published electronically: September 15, 2022
	Additional Notes: This work was supported by NSFC (Grant No. 12071489, No. 11601531, No. 11521101) and the Fundamental Research Funds for the Central Universities (Grant No. 2016-34000-31610258)
	Communicated by: Jiaping Wang
	© Copyright 2022
by Wei Yuan
	Journal: Proc. Amer. Math. Soc. 151 (2023), 313-326 
	MSC (2020): Primary 53C20; Secondary 53C21, 53C24

	DOI: https://doi.org/10.1090/proc/16105
	MathSciNet review: 4504627


    
  


		  
	  
		  
	   
	 
   
 


   







    




   [image: Link to the American Mathematical Society homepage]


 



	
	
	
	
	





      American Mathematical Society · 
      201 Charles Street Providence, Rhode Island 02904-2213 · Contact Us

      AMS, American Mathematical Society, the tri-colored AMS logo, and Advancing research, Creating connections, are trademarks and services marks of the American Mathematical Society and registered in the U.S. Patent and Trademark Office.

 © Copyright 
	  , American Mathematical Society · View Our Privacy Statement · Terms of Use ·  Accessibility and AMS Online Content

    



  
  
  

  


  



