
SOME REMARKS ON ONE-SIDED INVERSES

n.jacobson

Let 21 be an arbitrary ring with an identity 1, and suppose that 21

contains a pair of elements u, v such that

(1) uv = 1 but vu 7* 1.

We introduce the elements

(2) ei,j = vi~lu*~l — vHt'

for i,j=l, 2, 3, • • • , where it is understood that w°=l=i>°. It can

be verified directly that the e,y thus defined satisfy the multiplica-

tion table for matrix units:

(3) CijCrt = 5jV^»«-

In particular the elements Cj = e„- are orthogonal idempotent ele-

ments. No dj = 0. For by (3) the vanishing of one of the ey implies

the vanishing of all; in particular, it implies that

0 = d = 1 — vu

contrary to (1).

The existence of an infinite set of orthogonal idempotent elements

in a ring 21 is incompatible with mild chain conditions on the ring. If

{e, } is such a set of idempotent elements and we set /* = £f c,-,

then

(4) /iac/:Sic/i«C"-

is an infinite properly ascending chain of right ideals. The right

annihilator of an idempotent element / is the set of elements {a —fa}.

If 21 has an identity, this right ideal is the principal right ideal

(1—/)2l. Even if 21 does not have an identity, it is customary to

denote the set {a—fa} as (1—/)2l. It is clear that the following is

an infinite properly descending chain of annihilators

(5) (1 - /OH D (1 - /,)« D (1 — /s)H D • • • .

Our remarks imply the following theorem which includes a result due

to Baer.1

Theorem 1. If H is a ring with an identity that satisfies either the

Received by the editors April 14, 1949.
1 R. Baer, Inverses and zero-divisors, Bull. Amer. Math. Soc. vol. 48 (1942) pp.

630-638.
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ascending or the descending chain condition for principal right ideals

generated by idempotent elements, then uv=\ in 21 implies vu — 1.

If en, en, e.21, 622 are elements of a ring satisfying (3), then Cn2I = Ci22I

and the mapping x—>enx is an 2l-isomorphism of e222l onto en2l. Hence

if the en are denned as above, then the right ideals e<i2l are 2l-iso-

morphic. The right ideal 93 = £c,,2l is a direct sum of the e«2L

Hence we have the following result.

Theorem 2. If 21 is a ring with an identity that contains two elements

u and v such that uv = l, vu?*l, then 21 contains a right ideal that is a

direct sum of an infinite number of %-isomorphic right ideals.

We note next a result that was proved first by Kaplansky (oral

communication) using structure theory.

Theorem 3. If an element of a ring with an identity has more than

one right inverse, then it has an infinite number of right inverses.

Proof. If v is one of the right inverses of the element u, then we

have uv = 1, vu 9* 1. If the ey are defined as above, then uen = u(l— vu)

= 0. Hence also ueik = 0 for k = l, 2, 3, • • • . If ei* = Cn for k?*l,

then euekk = euekk and eu = 0. Hence the en are all different and the

elements »* = i>-f-ei* are all different. Evidently uvk= 1.

We assume next that 21 is an algebra over a field <£ with an identity

and that 21 contains elements u, v satisfying (1). We wish to de-

termine the structure of the algebra <J?[tt, v] generated by u and v.

For this purpose we introduce a vector space SR that has a denumer-

able basis (xi, x2, x3, • • • ) over <J>. Let U and F, respectively, be the

linear transformations in SR that have the matrices

(6) U =

0 1

0  0 1

0   0   0 1
F =

0 0 0

1 0 0

0   1 0

1

relative to the given basis. We have the relations UV=l, VU?*\.

Hence any element in $[17, V] is a linear combination of the ele-

ments F*c7J', i, j,=0, 1, 2, • • • . We shall now show that these ele-

ments are linearly independent; hence they form a basis. We can

verify that

(7) F'f/^diag {0,0, • • • ,0; 1, 1, • • • },



354 n. jacobson [June

where there are i zeros. Hence ViUi+k has nonzero elements only in

the kth super-diagonal and Vi+kUi has nonzero elements only in the

kth sub-diagonal. Any relation £/3<,- ViU' = 0 therefore implies that

£ ßi.i+kVW+x = 0,       £ ßi+k.iV^W = 0.
t i

Multiplication of the first of these equations on the right by Vk gives

£ ßi.i+kVW = o.

It is evident from (7) that the matrices 1=V°U°, VlUl, • • • are

linearly independent. Hence /?,■,,•+* = (). Similarly every p\+jfe,* = 0. This

proves our assertion.

The matrices

(8) Ei,i = (V^U'-1 - 7**70

are the usual matrix units. Hence $[(7, V] contains every matrix

of the form

(A 0\

where A is a finite square matrix. Using (8), we can express any

V'U' in the form J2ßr>E„+(p(U)+^(V), d> and \p polynomials.

Now it is clear that the subalgebra of <J>[U, V] corresponding to the

algebra of matrices (9) is a dense algebra of linear transformations of

finite rank.2 Also it is easy to see that <p(U)+\p(V) has infinite rank

unless d> and \p are 0. Hence the transformations with matrices (9)

constitute the complete set of linear transformations of finite rank in

$[(7, V]. It follows from known structure results that <p[Z7, V] (and

^[^i F]) is a primitive algebra that has minimal one-sided ideals.3

Moreover, the subalgebra corresponding to (9) is the minimal two-

sided ideal of this algebra. Any nonzero two-sided ideal contains

this one, and in particular it contains the elements 1— VU.

Since the linear transformations ViUi are linearly independent it

is clear that the mapping U—>u, V—m can be extended to a homo-

morphism of $[U, V] onto <p[m, v]. Since vu?*l, the kernel of this

homomorphism does not include 1— VU. Hence it is 0 and our cor-

respondence is an isomorphism. This completes the proof of the fol-

lowing theorem:

Theorem 4. Any two algebras  4>[m,-, Vi], *==!,  2, in which

2 Cf. the author's, The radical and semi-simplicity for arbitrary rings, Amer. j.

Math. vol. 47 (194S) p. 313.
3 See the reference cited in footnote 2, p. 317.
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«iZ>,-=l, ViUi9*\ are isomorphic under an isomorphism that pairs the

Ui and the v,. The algebras Vi] are primitive algebras that have

minimal one-sided ideals.

The minimal two-sided ideal S3 of $[u, v] is the infinite matrix

algebra with basis e,y. Any element of $[u, v] is congruent mod 93 to

an element of the form <f>(u) +^(z<). It follows that $[u, k]/93 is iso-

morphic to the group algebra of an infinite cyclic group.

Suppose now that dt is any vector space over $ and that U and

V are linear transformations in 91 over such that UV = 1, Ft/7*1.

Let 93 denote the minimal two-sided ideal in <f> [U, V]. Then 93 has the

basis Eij defined as in (2). It follows easily that 93 is a direct sum of

the right ideals 3*& = Ekk&[U, V] and that the $k are minimal: If

x£9?, the subspace x$h is either 0 or it is <&[U, F]-isomorphic to

31/,. In the latter case is irreducible. It follows that the subspace

9?93 can be decomposed as a direct sum of subspaces that are in-

variant and irreducible relative to U and V. It is easy to see that all

of these spaces are isomorphic and that if suitable bases are chosen

in these spaces, then the matrices U and V have the form (6). The

factor space © = 9f — 9?93 is annihilated by 93- Hence the induced

transformations U and V in this space satisfy UV = 1 = VU.

Nearly all of our results hold also for quasi-inverses. In any ring

SI we define a o b=a+b — ab. Then 31 is a semigroup relative to this

composition and 0 is the identity. An element b is a right quasi-

inverse of a if a o i» = 0. If SI has an identity 1, (1—o)(l—6) = 1

— a ob, so that if aob = Q, then (1— a)(l— b) = \ and conversely.

Now suppose that 31 contains two elements a and b such that

(10) aob = 0,      boa 9*0.

If we define x°k = x°k~1 o x, then we can verify that the elements

(11) et,i =     o a°i - b0*-1 o a0*-1

satisfy the multiplication for matrix units. All of the e,y are nonzero.

In particular, 31 contains an infinite number of orthogonal idem-

potent elements. Then we see that if 31 satisfies the ascending chain

condition on principal ideals generated by idempotent elements,

then a o b = 0 in 31 implies b o a = 0.4 This is the analogue of Theorem

1. Theorems 2, 3, and 4 carry over without change.
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1 Baer's results cited in footnote 1 have been extended to quasi-inverses by

Andrunakievic in his paper Semi-radical rings, Izvestiya Akademii Nauk SSSR.

Ser. Mat. vol. 12 (1948) pp. 129-178.


