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1. The concept of arcwise convex set is a natural generalization of

the notion of L set. The latter was studied by Horn and Valentine

[2]1. It is especially interesting to observe how the theorem about

the complement of an arcwise convex continuum sheds light on the

corresponding theorem for L sets. In order to make this precise, the

following definitions are used.

Definition 1. An arc C is said to be convex if it is contained in the

boundary of its convex hull, denoted by 77(G).

Definition 2. A set S is said to be arcwise convex if each pair of

points in S can be joined by a convex arc in S.

Definition 3. A continuum S in the Euclidean plane is called a uni-

laterally connected continuum if each pair of points x and y in S lies

in a subcontinuum of S which is contained in one of the closed half-

planes determined by the line passing through x and y.

An L set is an arcwise convex set, since, by definition, each pair

of points in L can be joined by a polygonal line in L containing at

most two segments.

Notation 1. We let xy denote the closed linear segment joining x

and y, and L(x, y) denotes the straight line passing through x and y.

The convex hull of C is denoted by 77(C). The two open half-planes

determined by a line 7,(x, y) in a plane are denoted by R+(x, y) and

R~(x, y). A component of the complement of S is called K.

In this paper we restrict ourselves to sets in a two-dimensional

Euclidean space 7i2. The principal theorem in this section is:

Theorem 1. Each component of the complement of a unilaterally con-

nected continuum2 SEE2 is an arcwise convex set.

Corollary 1. Each component of the complement of an arcwise

convex continuum SEE2 is an arcwise convex set.

In order to prove Theorem 1 we first prove several lemmas. Let K

be a component of the complement of a unilaterally connected

continuum S. Since K is open, it is polygonally connected.

Definition 4. Among the polygonal arcs in K joining x and y,

Presented to the Society, November 25,1949; received by the editors December 16,

1949.
1 Numbers in brackets refer to the bibliography at the end of the paper.

2 A continuum in Ei is a bounded closed connected set.
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there exist those that have a minimum number of segments. Each is

called an irreducible P„ in K {having w segments).

Definition 5. A three-sided polygonal arc P3 is called a z-shaped

Pj if HiP3) — P3 has two components.

Lemma 1. An irreducible PnQK contains no z-shaped P3 subarcs.

Proof. The proof is almost identical to that given by Horn and

Valentine for cases 1 and 2 in Theorem 1 of [2, p. 132]. To explain

briefly, if P„ did contain such a P3 subarc, there would exist a segment

ac, with 0GP31 cEPz, and also points bEac-P%, SiEac-S (¿=1, 2)

with an order a<$i<6<s2<c on ac. Moreover, the subarcs of P3

joining a to 6 and 6 to c would lie in the different half-planes de-

termined by Lia, c). Hence no subcontinuum in S can contain Si and

s2 and lie in one of the half-planes determined by Lia, c). But this

contradicts the fact that S is a unilaterally connected continuum.

Lemma 2. If PnQK is an irreducible polygonal arc joining x and y,

and if Pn lies in one of the closed half-planes determined by Lix, y),

then P„ is a convex arc.

Proof. Each angle in the polygon consisting of P„ and xy is less

than 7T, since P„ contains no z-shaped subarcs.

Lemma 3. If PnQK is irreducible (»>1), then the boundary of

HiPn) consists of a convex subarc of P„ plus an open segment in the

complement of Pn.

Proof. Since the boundary of HiPn), denoted by BiH), is not P„,

there exist two points o>EBiH)-Pn, ßEBiH)-P„ such that

iaß — a — ß) -P„ = 0, and such that Lia, ß) is a line of support to

HiPn). Hence a and ß are joined by a subarc Pr of P„ which lies

on one side of Lia, ß). Thus, by Lemma 2, Pr is a convex arc. More-

over, the set Pn—Pr is contained in the interior of i?(Pr).

Notation 2. If %EBiH)-Pn, r}EBiH)-Pn, the convex subarc of

P„ joining £ and 77 is denoted by P(£, ??).

Lemma 4. Suppose that K is a bounded component of the complement

of a unilaterally connected continuum. Let x¿ (*=1, 2, 3) 6e three col-

linear points on a polygonal arc QEK. Suppose the two subarcs of Q

joining xi to x2 and xi to x3, respectively, lie on opposite sides o/Z,(xi, xi).

Then either Xix2 or XiX% is in K.

Proof. Without loss of generality first assume x2 is between Xi and

x3. Since K is bounded, there exists a point sG[£(xi, x3)—XiX3]-S.

If xiXj-St^O, any subcontinuum of S joining s toa point siGxix2-S
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and lying on one side of L(xi, x3) would intersect Q. Hence XiX2C-K-

Similarly, if XiG#2X3, then either XiX2 or XiX3 is in K.

Proof of Theorem 1. I. First, let K be a bounded component of

the complement of 5. Choose xEK, yEK. If x and y are in the

boundary of 77(P„), then Pn = P(x, y) is convex (see Notation 2).

Hence suppose x is interior to H(P„). Without loss of generality sup-

pose in going from x to y on Pn we have in order x, a, ß, y (x ?¿a), where

aß is the segment described in Lemma 3. We prove that axEK,

ßyEK. Suppose ax<X.K. Let ßER+(<x, x) (see Notation 1). Also let

L(a, x) -H(P„) =axi, so that XiGPn- The convex subarc of P„ joining

a and Xi is such that P(a, Xi)ER~(&, -x). Since, by Lemma 1, Pn

contains no z-shaped subarcs, a subarc P, of P„ exists joining a to a

point r, where axC«TCaxi, and P,ER+(a, x). This together with

Lemma 4 implies that arCTi. Since axEar, we have axEK. In ex-

actly the same way ßyEK.

(1) If L(x, y)aß = 0, let L(x, y) B [77] =^ + v, where £ER~((x, x),

7]ER+(ct, x). Since axEK, ßyEK, Lemma 4 implies that £xC7i,

■nyEK. If x is between £ and y, then x£+P(£, r;)+??y is a convex arc

in K joining x and y. If y is between x and £, then y^+P(^, r))-\-t)x is

the desired convex arc.

(2) If L(x, y)-apV0, let L(x, y)^(Pn-a-ß)=£. If y is between x

and £, then since yß+P(ß, £)ER+(x, y), and since xa+P(a, £)

ER~(x, y), Lemma 4 implies that y£EK. Hence y$;-\-P(%, a)-\-ax

is the desired convex arc in K. Similarly if x is between y and £,

x£+P(/?, £)+j3y is the desired convex arc. This completes the proof

when K is bounded.

II. Second, let K be the unbounded component of the complement

of S. We shall prove that through each point xEK there passes a

half-line in K having x as end point. Since 5 is closed and bounded,

there exists an irreducible polygonal ray PnEK joining x to <» (n is

finite). Let Pn = x Xi x2 • • • x„_i<», where x< and x,+i are consecutive

vertices. Assume no half-line in K exists having x as end point.

Then »èL so that the segment XiX2 may be considered as a finite

segment or as an infinite half-line.

(1) Suppose that Xix2 is a finite segment. Let 7,(0) be the half-

line which has x as end point, which intersects XiX2, and which makes

an angle 6 with xxi (0^0<w). Let <b be the angle such that xx2

EL(<b). Hence O<0<ir. Let D be the closed 2-dimensional triangle

determined by x, Xi, x2, and define C=E2—D. Since xxvS = Q, we

must have L(0)-S- C^O. Since P„ is irreducible, xx2-5^0, so

that L(<p)-SD?±0. By considering the two sets of angles from

the set 0^8 ^<f> for which L(d)-SD^Q or for which L(d) -S- C^O,
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each is a closed nonempty set since S is a continuum. Hence there

exists an angle w (0<w;£<£) such that L(w) -S- C^O, Liw)-S-D^0.

Define Z(w) Xix2=/, where / must be a point. Choose SiELiw)-S-D,

s2ELiw)-S-C. We have si?*s2, since Si?*t. Let SiCS be a subcon-

tinuum joining si and s2 and lying on one side of L(x, t). Since there

exists a half-plane P+(x, /) such that xxi+Xi2CP+(x, t), and since S is

a unilaterally connected continuum, we have P„_i = (¿x2x3 ■ • • x„_i°o

— x2)CP-(x, t). Hence if SiC-R+(x, t), then Sr (xxi+Xi^t^O,

whereas if SiCP~(x, t), then 5rP„_i^0. But this is a contradiction,

since P„S = 0, and since S is a unilaterally connected continuum.

Hence our assumption that no half-line through x exists in K is false

in this case.

(2) If P„ = xxi°o, the proof is the same as above provided that we

identify XiX2 with Xi«>, and if we let x°° be a half-line through x

parallel to Xioo such that x<» +xxi+Xi<» is a convex unbounded

polygon D. By letting <p be the angle between x oo and xxi, the proof

is the same as in (1).

Finally to show that xEK and yEK (X being unbounded) can

be joined by a convex arc in K, set up an order on Z(x, y) ^L from

x to y so that x <y. We shall prove that there exist two half-rays L(x)

and L(y) having x and y as end points, respectively, both of which

are in P+(x, y)-K or in P~(x, y)-K. If Z,(x) exists such that L(x)

QL-K, then any Liy)EK will do. Hence suppose that S- (— oox) ?¿0,

5-(yoo)^0, where — <x>x and y°° are the two components of L — xy.

We know that L(x) and -L(y) exist in K. Without loss of generality

assume that L(x)—xCP+(x, y), Z,(y) —yCP_(x, y). Then any con-

tinuum SiCS which joins SiG(— °°x-S) to a point s2G(S-yoo),

and which lies in i?+(x, y) or in i?~(x, y), must intersect L(x) or Z-(y)

respectively, since si<x<y<s2. This is a contradiction, since S is a

unilaterally connected continuum. Hence two half-lines L(x) and Z.(y)

in K exist, which, by an appropriate relabeling, lie in i?+(x, y). Since

K is open, and since S is bounded, one of these rays may be rotated in

R+ix, y) so that L(x) and Liy) are not both in Z,(x, y). Since S is

bounded, one may choose XiELix), yiGL(y) so that Xiyi-S = 0. The

points Xi and yx may or may not be distinct. They may be chosen so

that the polygonal arc xxi+Xiyi+yiy is a convex arc in K. This com-

pletes the proof.

The above proof shows the following to be true.

Theorem 2. Let K be the unbounded component of the complement of

a unilaterally connected continuum. Each pair of points in K can be

joined by a convex three-sided polygonal line lying in K.
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2. In this section we investigate a generalization of the notion of

Kerneigebiet developed by Brunn [l]. See also Valentine [3].

Definition 6. Let x be a point such that every point of a set S can be

joined to x by a convex arc lying in S. Designate the set of all such points

x by K(S).
Definition 7. Let SEE2. A convex arc CES joining x and y is said

to be a minimal convex arc in S provided for any other convex arc CiES

joining x and y, either 77(Ci)377(C) or H(Ci) -H(C)EL(x, y).

Theorem 3. If S is a simply connected closed set in E2, then K(S)

is an arcwise convex set.

Proof. Since S is simply connected, each pair of points in K(S) is

joined by a unique minimal convex arc. Such a minimal arc in 5 must

exist for each pair of points x and y in K(S), since S is closed and

since at least one convex arc in 5 joins x and y. Choose XjEK(S)

(j = l, 2), and let As be the minimal convex arc in 5 joining xi and x2.

We shall prove that K(S) is arcwise convex, by showing that As

EK(S). To do this choose any point XsES, and let Ai and A2 be

the minimal convex arcs in 5 joining x3 to x2 and Xi respectively.

First, we show that Ai-A, (i^j; i, j — 1, 2, 3) is a convex arc. In the

future we understand that the subscripts i, j, k satisfy the conditions

(i^j^k^i; i, j, k = l, 2, 3) unless otherwise stated. Suppose, for

instance, A2A% were not a convex arc. Then there would exist a

point aiEA2-As with au¿Xi, such that the subarcs of A2 and As

joining Xi to ai would not coincide. But since 5 is simply connected,

it is easy to prove that this implies that either A2 or As would not

be a minimal convex arc. Hence ArA¡ are convex arcs. They may

be points. (A point is also a convex arc.) If AiA¡ is not a point,

let its end point, other than xk, be ak; otherwise let ak=xk. If AsEAi

+A2, then any point xEAs can be joined to x3 by a convex subarc

of Ai or A2. Hence consider the situation when A3(\i(Ai-\-A2), so

that setting up an order on A3 from Xi to x2 we have Xi^ai<a2 = x2.

Hence the arcs Ci=Ai — Ai-(Ai+Ak) are such that CiC, = ak with

aj?¿ak. Hence the simple closed arc /j., d bounds the closure R of

a simply connected set. Also PCS, since 2?=i CiES, and since S is

simply connected. Each curve d is a concave edge of R, that is,

H(Ci)R = d. An equivalent statement is that C¿CA(ai, a2, as),

where A(ai, a2, a3) is the triangle determined by ai (i=l, 2, 3). To

prove this, suppose, for instance, that 77(Ci) R^Ci. Since &?áa2as,

a line of support X to H(Ci) exists which is parallel to a2a3, and

which does not contain a2a3. Choose a point yGX-77(&). There must

exist a sequence of interior points yt (< = 1, 2, • • • ) of H(Ci)-R
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which has y as a limit point. Let Tt be the chord of G which passes

throughyt, and which is parallel toX. Since (G_ a2 — a3) • (G+G) =0,

there must exist a chord Tr such that TV (G+G) = 0. Since TVCS

•iT(G), it is clear that G, and hence ^4i, would not be a minimal

convex arc. Similarly TT(G) P= G (¿= 1, 2, 3).

Now since any point xG-<43- (.4i+.42) can be joined to x3 by a

convex subarc of Ai or ^42, choose xE[A3—A3-iAi+A2)]. We as-

sumed that As(£iAi+A2). Since each arc G is a concave edge of R,

and since Cv C¡ = ak, the points öj (¿ = 1, 2, 3) cannot be collinear. The

three lines L(a,-, a,) determine exactly seven open polygonal regions.

Let -D(a.) be the ^-shaped unbounded region whose closure contains

only a¿, and let I? (a,-, a¡) be the unbounded region whose closure con-

tains only ai and a¡. Let A be the open triangle determined by a,-

(■»=1,2,3).
Case 1. If x3G-D(a3), then x3a3 = Ai-A2, since G and G lie in A,

and the only convex subarc of ^4i and A2 joining x3 and a3 must be a

straight line segment. The line L(x3, a3) must be a line of support to

JT(G) and TT(G). Hence L(x3, a¡) -P is a connected segment in RES.

Let L(x) be a line of support to Hid) at x. Then since Z,(x3, a3)

•Gf^O, we have L(x3, a3)-L(x)-P=y. Hence the convex polygonal

arc x3y+yxCS, and joins x to x3. An almost identical argument holds

if x3 = a3.

Case 2. Suppose x3G-D(ai, a3) with x3¿¿a3. In this case Ci — a2a3,

otherwise Ai would not be convex since GCA. Recall that

xE[A3 — A3-iAi+A2)]EA. Let R+iah a2) be the half-plane which

contains a3. Since x3G-D(ai, a3) we have x3GP+(ai, a2). Let L(a\, x)

•P=£y. Since Liai, x) ■ C2 = ax, we have £yCPCS. Moreover, yEa2a3.

The subarc of .¡4i joining y to x3 we call Aiy. The polygon x3x+xy

CP+(x3, di). Also AivER+ix3, ai). Hence it is easy to see that xy+Aiv

is a convex arc in S joining x to x3.

Case 3. Suppose x3EDiai). As reasoned above, we must have here

Ci = a2a3. On account of case 2 we may assume x3GT,(ai, a2).

(a) If x3x- (aifl2—ai) =0. Let Liai, x)-a2a3=y. Then xyCPCS.

Let R+iau x) be the half-plane which contains a3. Then x3ER+iai, x).

The polygonal line x3x-f-xyCP+(ai, x). As before let Aiy be the sub-

arc of -<4i joining y to x3. Again xy+Aiv is a convex arc lying in S

joining x to x3.

iß) If x3x-(oi<z2 —aO^O, let Z(x3, x)-a2a3 = y. Since L(x3, x)

•L(x3, ai)=x3, we must have Z(x3, x)-G = 0. Hence i(x3, x)-P

= xyCPCS. Let P+(x3, a2) be the half-plane which contains a3.

Then x3yCP+(x3, a2). Hence xy+Aiy is a convex arc in S joining x3

to x.
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Case 4. If x3ED(a2, as) or if x3ED(a2), the proofs are exactly as

above with appropriate notation. Moreover, x3C7)(ai, a2) and

XsE<iiO,2, otherwise Ai or A2 would not be convex. Also x3GA, other-

wise Ai or A2 would not be a minimal convex arc. This completes the

proof of Theorem 3.

If S is a simply connected continuum, then K(S) is a simply con-

nected arcwise convex continuum. To prove this, first observe that

K(S)ES, so that K(S) is bounded. The fact that K(S) is closed fol-
lows easily from a theorem of Blaschke [4, p. 62] concerning the

convergence of uniformly bounded sequences of convex sets. To prove

that K(S) is simply connected, suppose there exists a bounded

component Ki of the complement of K(S). Since K(S)ES, and since

5 is simply connected, we have ~KiES. Choose xEKi. Since K(S) is

closed, let C be a line segment containing x and having only its end

points a and b in K(S). Since KiES, we have abES. Now since ab is

the minimal convex arc in S joining a and b, and since aEK(S),

bEK(S), the proof given for Theorem 3 implies that abEK(S). This

together with Theorem 3 implies the above italicized statement.
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