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1. Let D be a domain in the w-dimensional Euclidean space and U

be a continuous function defined in D. Denote by

(1.1)        mo(£/; R) - no(U; P, R) = —— f        U(P')d<rP.
<rn(R) J Sn(P,R)

the spherical mean of U on the sphere S„(P, R), lying entirely in D,

with center P and radius R, where an(R) is the surface volume of

S„(P, R) and cto> is its volume element. Write pk( U; R) =nk( U; P, R)

= (n/Rn)f$tn-1nk-1(U; t)dt for *-l, 2, • • • .

Blaschke [l]2 proved that a necessary and sufficient condition for

a continuous function U(P) to be harmonic in D is that

(1.2) lim-U(tf ;/>,*)- U(P)} =0
J2-.0 R2

holds for every point P inD. Nicolesco [4] (also [3, p. 10]) extended

Blaschke's theorem as follows.

A necessary and sufficient condition for a continuous function U(P)

to be harmonic of order p in D is that, for every point P in D,

1    (V[ß,n,p]
(1.3) lim U(P)

}-,R-,oR2" KV[\, n, p]

where V[ß, n, p] and V[l, n, p] denote the two determinants
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respectively.

That condition (1.3) in Nicolesco's theorem is necessary follows

from his own extension [5] of Gauss' theorem. But the condition is

no longer a sufficient one even in the case that U belongs to C", that

is, that U is continuous together with its first partial derivatives.

This can be easily seen from the counter example given below.

2. Let us consider the simple case « = 2 and p = 2. In this case,

(1.3) reads

(2.1)

where

and

lim - { U(P) + /xo(£7; R) - 2Mi(C7; R)} = 0,
fi-»o R*

i r2T
Ho(U; R) = — j      U(x + R cos 6, y + R sin 6)dd

2t J o

2   rR
m(U: R) = — I    tßo(U; t)dt.

R J o

Let us define

U{F) s U(x, y) = |^2 _
x2 + y* (- 1 < x < 1, 0 ^ y < 1),

y2        (- 1 < x < 1, - 1 < y < 0).

Obviously U belongs to C throughout in the domain

D:   - 1 < x < 1, - 1 < y < 1.

Moreover, since Í7 is biharmonic both in the upper half square

-l<x<l,       0<y<l
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and in the lower half square

- 1 < * < 1,        - 1 < y < 0,

we have only to verify condition (2.1) for

- 1 < x < 1,       y = 0.

Let P = (x, 0) be a point on the above segment and 5>0 be chosen so

small that, for 0<R^5,

-Kx-R<x + R<l.

Then it is easy to see that

i riT i r*
¡xo(U; P,R) = —\      (x + R cos 6)2dd H-I    (R sin 6)2dd

2ir J o 2x J o

1   r2T
-I     (R sin eyde

2ir J i

= x2 + R*/2 (0<R£ 8),

and

in(U; P, R) = x2 + £2/4 (0 < R g a).

Therefore (2.1) holds throughout in D. But evidently U is not bi-

harmonic in D.

It should be noticed that, in the above example, the relation (2.1)

does not hold uniformly on each closed subset of D which contains

points of the segment — Kx<l on the x-axis. It was pointed out to

me by a referee that the following theorem, a slightly weaker form of

Nicolesco's theorem, can be proved:

If U is continuous in a domain D, and if the relation (2.1) holds uni-

formly on each closed subset of D, then U(P) is biharmonic in D.

The proof which the referee sketched to me is based on the fact

that, if a function U belongs to C"", then the relation (2.1) is equiva-

lent to A2t/ = 0. Here A2 is the ordinary iterated Laplace operator.

We shall also mention here that the original proof given by

Nicolesco [4] breaks down at the formula (18) on p. 241, since a

factor 1/V2p should not be neglected at the left-hand side of this

formula.

3. Let us write

32
(3.1) V2t7 = lim — {no(V; 2^R) - 2/i0(£7; R) + U(P)\

8—0 R*



80 M. T. CHENG [February

and

192
(3.2) V2U = lim— \U(P) + no(U;R) - 2ßl(U;R)).

s->o Ri

If U(x, y) belongs to C"", then

V2U = V2U = A2 U(P).

This can be easily seen in virtue of the following theorem on mean-

values due to Pizzetti [8] (for n = 3, see Pizzetti [7], and for general

«-dimensional case, see Nicolesco [5]):

If U(x, y) belongs to C(2m\ then

to(U\ P, R) = U(P) + - AU(P) + — A2U(P) +■■■

(3.3) +-A2n~2U(P)

22-42 ■ ■ ■ (2n-2)2

+ —-A2"U(P'),
22.42. . . (2n)2

where P' is a certain point inside the circle S2(P, R).

Both the operators V2 and V2 can be considered as generalized

iterated Laplace operators. However, for the operator V2, we can ex-

tend Blaschke's theorem as follows:

Theorem 1. If U(x, y) belongs to C" throughout in a domain D, and

if
(3.4) V2U(x, y) = 0

for every point (x, y) in D, then U(x, y) is biharmonic in D.

The same example given in §2 shows that the hypothesis that U

belongs to C" cannot be replaced by a weaker one that U belongs

toC.
We need the following lemma:

Lemma. Let U belong to C" in a domain D. If

/ d2       d2\

dy2

attains a maximum at a point Q in D, and if V2f/ exists at Q, then

V2U(Q) á 0.
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Proof. Suppose on the contrary that V2U(Q) >0, then

ß0(U; Q, 2*'2R) - 2ßo(U; Q, R) + U(Q) > 0

for 0<i?<5, say. This implies that

[n(U;Q, (2^R) - U(Q)} > -{no(U;Q, R) - U(Q)}
(2l/2£)2 «■" «■ " £2

Thus for 0 <R<21'20, we have

(0 < R Ú o).

-U(U;Q,R)- U(Q)\
K

>
(R/21'2)

Since U belongs to C", the last member tends to A U(Q) as m—» oo.

Moreover by the mean value theorem we have

- {ßo(U; Q, R) - ¿7(C)} = AU(Q') > AU(Q)
K

where Q' is a certain point inside the circle S2(Q, R) and can be made

arbitrarily near to Q as ô becomes small. This contradicts the

hypothesis that AU(Q) is a maximum.

4. In virtue of the lemma, Theorem 1 can be proved by an argu-

ment similar to that in Blaschke [l] (see also Potts [9]). In fact, let P

= (*o, yo) be any point in D, and let S2(P, a) be a circle with center

P and radius a, lying entirely in D. Then we have only to show that

A2U(x, y) = 0

holds inside S2(P, a).

Let c>0 be an arbitrary constant and

h(x,y) = j{-[(*-*o)*+(y-yo)4]

- j [(* - *0)2 + (y - yo)2] j .

Let V(x, y) be a biharmonic function in S2(P, a) subject to the
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boundary condition that

AV(x,y) = AU(x,y)

on S2(P, a). Such a function V can be easily established (see, for

example, Nicolesco [6]). Now consider the function

W = U - V + h

which belongs to C" inside the circle S2(P, a). It can be easily seen

that

(4.1) AW = AU - AV + — {(*- xo)2+ (y - yo)1 - a1}
4

and

(4.2) V¥ = c

throughout in S2(P, a). Moreover AW=0 on the circle S2(P, a).

Since c>0, AW must be nonpositive inside S2(P, a). Otherwise AW

would attain a positive maximum at a certain point Q inside S2(P, a),

which would contradict (4.2) in virtue of the lemma. Thus we

have

AU - AV á — a1
4

throughout in S2(P, a). Similarly, by putting W' = V— U+h, we have

also

AV - AU ^ — <z2.
4

But c can be made arbitrarily small; then we have

AU = AV

throughout in S2(P, a). Thus

A2Î/ = A27 = 0

in St (P, a).

5. Another characteristic property of polyharmonic functions has

been given by Cioranesco [2]. In case p = 2 and » = 2, his theorem is

as follows:
If U(x, y) is analytic in a domain D and if for every point (x, y) in

D
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1 r 2t r & 1
(5.1)      lim — -U(x + R cos 0, y + R sin 0) \dd = 0,

R-o R Jo     Ld-rv3 JR-

then <7(x, y) is biharmonic in D.

The above theorem is an extension of a theorem of Saks [lO] con-

cerning harmonic functions. We shall deduce here the following

strengthened form of Cioranesco's theorem :

Theorem 2. If U(x, y) belongs to C" in a domain D, and if (5.1)

holds for every point in D, then U(x, y) is biharmonic in D.

Proof. It can be easily seen in virtue of the law of limit of indé-

termination that (5.1) implies (3.4). Then Theorem 2 follows from

Theorem 1. In fact, let us write

~ir " ¿ {>*(U; 2^R) - 2Mo(i/; R) + U(P)}.
R K

Then g(0) =0. By observing that

d r2T r2T
lim-ixo(U; R) = Ux I      cos ddd + Uy I      sin Odd = 0,
fi-»o dR Jo Jo

we have g'(0) =0. Also we have

*"(0) = AU(x, y) - AU(x, y) = 0.

Thus by the law of mean,

g{R)       g'(p)       g"{*)       g'-"{r)

R*        4p«        12a2 24r

Since

lim— *"'(*)-0
B-.0 R

(0 < r < p < o- < R).

by (5.1), we have

lun-= 0.

This proves the theorem.

By the same reasoning we can also prove Theorem 2 directly. Let

us consider now the quotient

f(R)       lid2 d

1?»•h{Rw^u¡R)-is"(u-R)}
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Since/(O) = 0, then

f(R) = rRdWU; R)/dRn

R3   " L 3R2 }¡

oVo(í/;P)/V

JR=p.0<p<B 3p

Thus by (5.1) we have

/ /(iî) âVo(i7; tf)/dtf2 - (l/R)(fa(U; R)/dR)
(5.2) hm- = hm-= 0.

»-*    i?3 B-K) Ä2

On the other hand, by observing that

d2                                              1    a2
■-U(x + / cos 0, y + t sin 0) + — ■-Z7(x + Í cos 0, y + t sin 0)
dt2 /2 óv?2

i  a
= Af/(x + / cos 0, y + / sin 0)-U(x + I cos 0, y + / sin 0),

we have the equality

d2 1    d
(5.3) —-/*>(#; 0 =i*(f\t)-—po(U;t),

at t   at

where f=f(x, y)=AU(xy). Thus (5.2) reads

mo(/; Ä) - (2/R)(ßm(U; R)/dR)
hm-= 0,
b-^o R2

or

/„„(/; *) - /(*, y)     (2/i?)(âMo(£/; *)/dÄ) - /(*, y)\
(5.4) hm <-} = 0.

a-« I R2 R2 )

It can be easily seen that

?        r)

lim— —-m{jü\R) = f(x,y).
B-K) .R   di?

Thus the second term of (5.4) is again a limit of indétermination. Thus

we have

(2/R)(dß0(U;R)/dR)-f(x,y)
lim-
*-o i?2

(2/p)(ó>Vo(í/; p)A>2) - (2/p2)(dßo(U; p)/dp)
= lim-

fi-K) 2p

(0 < p = p(J?) < R)
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which is equal to zero in virtue of (5.2). Then (5.4) reads

Mf; R) - fix, y)
Inn-= 0.
fi-K) R2

It follows from the theorem of Blaschke that

f(x, y) = AU(x, y)

is harmonic, or U(x, y) is biharmonic.

6. The generalized Laplace operator V2 can be defined by (3.1) for

any dimension «^2 apart from a constant factor depending on ».

Theorem 1 and Theorem 2 obviously hold for the general »-dimen-

sional case. Theorem 1 also can be extended to polyharmonic func-

tions of order p provided that Vp, the generalized pt\i iterated Laplace

operator, is properly defined. In this case, U should be supposed of

the class C(2p_2), and Theorem 2 can then also be extended to the

polyharmonic case.

In case » = 2, the generalized 3rd and 4th iterated Laplace operator

should be defined as follows

96 ,
V3Í7 = lim — {mo(2í2) - 6At0((21'2)i?) + 8¡xo(R) - 3U(P)\

«-.o R6

(moCR) = ßo(U; P, R)),

768  ,
V*U = lim- {w(2(2l'*)Ä) - 14Mo(2i2) + 56ß0(2li2)R)

ß-o 7 RB

-64ßo(R) + 2W(P)}.

The verification of the validity of Theorem 1 and Theorem 2 for w = 2,

p = 3 and 4 is then obvious.

It would be desirable to obtain the result that Theorem 1 also holds

for the operator V2; such a result would be closer to Blaschke's

result than the present Theorem 1. However, the difficulty that oc-

curs in our argument is that the lemma used in the proof of Theorem

1 might be invalid for the operator V2-
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