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1. Let G be a connected Lie group and

(1.1) g-+U(g)

a continuous1 unitary representation of G in a separable Hubert

space ^ over the complex numbers. Let a be any element of the Lie

algebra ® of G; then exp 6a, as defined in [l, chap. IV, §VIII] is an

element of the group G and as 6 varies over the real line, exp 6a varies

over a certain one-parameter subgroup of G. Therefore the operators

Z7(exp 6a) form a one-parameter group of unitary operators in §.

Hence there exists, as is well known, a self-adjoint (hypermaximal)

operator A defined by lim^o (l/9)(U(exp 6a) — T)x = iAx where DA,

the domain of definition of A, is the set of those x£^j for which this

limit exists. And

(1.2) £7 (exp 0a) = exp id A,

where the exp on the right is the usual exponential of a self-adjoint

operator. Da. is a dense linear subspace of ¿p; it has been proved in

[2] that as a varies over ® the intersection of all the corresponding

domains Da is still a dense linear subspace of §. It is easy to deduce

from this [5, §5] that the mapping

(1.3) a-*iA

defines a representation of the Lie algebra & by means of linear trans-

formations in a certain dense linear subspace of §.

Now suppose we are given a generalized direct sum (direct integral)

decomposition

(1.4) $-   f  Ö«
J ©

of ^> into Hubert or finite-dimensional spaces ¿p¡ as defined2 in [7].

Received by the editors April 27, 1950.

1 By continuous we shall mean throughout continuous in the weak (or what is in

this case the same, the strong) topology for operators as defined in [ô]. Numbers in

brackets refer to the bibliography at the end of the paper.

2 To define a direct integral the set of indices / must form a meaaure space. All

statements about a measure on the set of points t such as a.a. I (almost all t) refer to

this fixed measure. The only other measure which occurs is the Haar measure on G

and in one instance its image under the mapping (2.8).
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Suppose that the decomposition (1.4) is such that U(g) is decom-

posable (as defined in [7, part II]) for every gEG. Thus there exist

for each g an operator-valued function U(g, t) of / whose value is for

each gEG and a.e. / a unitary operator in £>(. Under these conditions

it has been seen in [5, §4] that there exists for each of the above

operators A an operator-valued function A (/) where A (t) is (after a

possible change on a /-set of measure zero) for each / a self-adjoint

operator in the space ¿pf such that

(1.5) U(g, t) = exp i6A(t) for a.a. /,

where g = exp da. Hence if we change U(g, t) for each g on a suitable

/-set of s-measure zero we obtain a new operator Ü(g, t) such that

(1.6) Ü(g, t) = t7(exp 9a, t) = exp iOA(t) for all t.

We shall prove in the present note the following theorem.

Theorem. Given any continuous unitary representation (1.1) of a

connected Lie group G in a separable Hilbert space S¡) and a direct

integral ÍQ=f(¡)$í)i under which the operator U(g) decomposes for each

gEG into (say) U(g, /). Then it is possible to change U(g, t) for each g

on a t-set of s-measure zero into a unitary operator Ü(g, t) in ¡£>t such

that the mapping

g-*Ü(g,t)

is a continuous unitary representation of the group G for every I.

Moreover (after a possible change of the spaces §( on a set of measure

zero) there exists for each t a dense linear subspace fQ° of ¡Qt such that

7>x(i)2§?, A(t)^°,Q^>°, and if A0(t) denotes the restriction of A(t) to the

subspace §° then the mapping

a—>-Ao(t)

is a representation of the Lie algebra ®.

We shall prove this theorem in §2. It is an improvement of

[5, Theorem 1.1 ] in the case of Lie groups. However, the present

proof is entirely different from that of [5, Theorem 1.1 ]. In the

present proof we shall use properties of the Lie algebra very strongly,

whereas in [5] we used only properties which are true for any

(separable) locally compact group, but from which we could con-

clude a slightly weaker result only.

Our present theorem has various applications. For instance it im-

plies immediately a strengthening in the case of Lie groups of [5,

Theorem 2.1] on the integral representation of positive definite func-
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tions. Indeed it is clear that we can now assert that for connected Lie

groups this integral representation is in terms of continuous elemen-

tary positive definite functions.

Another application is that the argument of [5, §6] can be both

shortened and generalized with the use of our present theorem. We

intend to discuss this elsewhere in detail and mention now only that

one of the main results of [5], namely Theorem 6.1 (on the structure

of the unitary continuous representation of the Lorentz group) holds

under more general conditions. It can be seen easily that with the

use of the above theorem we can avoid in the argument of [5, §6] the

known fact that to any representation of the Lie algebra of the

Lorentz group (satisfying certain conditions) there corresponds a

unitary representation of the Lorentz group. Since this extendability

appears to be unknown for arbitrary (or even semisimple) Lie groups,

we have herewith removed one of the difficulties of generalizing

Theorem 6.1 of §5.

2. Proof of theorem. Let oi, o2, • ■ • , a„ form a base of the Lie

algebra @ over the real numbers. Then it is well known that every

element g of G can be written (in many ways) as a finite product

(2.1) (exp 6klakl)(exp 6k2ak¡) ■ • - ,

where 6k¡, 6kî, ■ ■ ■ are real numbers. Let Go be the subgroup of those

elements of G for which at least one expression (2.1) is with 6kl,

0fc2, • • ■ rational.

The operators Ai(t), A2(t), ■ • • , An(t) which correspond to the

basis elements a\, a2, • • • , an in the sense of equation (1.5) may of

course be changed on an arbitrary /-set of measure zero; but we can

clearly assume that for each j = 1, 2, • • -, « a choice has been made

for Aj(t) such that A¡(t) is self-adjoint for all t.

Let us now define for gEG and for every / a unitary operator

Ü(g, t) on §t by

(2.2) U(g, t) = exp iOklAkl(t) exp i6k2Ak¿t)

where g is given by (2.1). It has been proved in [5, §4] that exp iA(t)

depends measurably on t in the sense of [7, Definition 4] and that

Z7(exp a, t) = exp iA(t) for a.a. /,

where U(exp a, t) is the operator-valued function of t into which the

unitary operator U(exp a) decomposes (for fixed aE®) under the

given direct integral (1.4). Hence (2.2) implies that 0(g, t) depends

for each gEG measurably on / and
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Ü(g, t) = U(g, t) for a.a.Z.

Since g—» U(g) is a homomorphism3

XI exp 8kak = 1 = identity element of G

implies

H exp iOkAk = I — identity transformation of ¡Q.

Hence

(2.3) IJ exp i8kAk(t) = 7( for a.a./.

By taking the union of at most countably many exceptional /-sets

of measure zero, it follows, since Go is a countable group, that (2.2)

establishes a well-defined (that is, single-valued) homomorphism

g~^Û(g, t) of Go for all / outside of one set of measure zero, hence,

after a trivial change, for all /.

Now let g be an arbitrary element of G. We can write3

n

g = II exp ekjakj
i-l

and put

(2.4) gm = XI exp Ö*™ akj,

where for each k the ô[m) are a sequence of rational numbers con-

verging to 0*. Therefore gm—>g and g„£Go. But 0[m)—$k implies

(2.5) strong lim exp idk Ak(t) = exp idkA(t).
m—>«>

Thus strong lim,»^«, Ü(gm, t) exists for all /. Now suppose g'm is another

sequence of elements of Go and g¡„—»g. Then g^'g^—>1. Hence we can

find for gmlgln an expression (2.1) such that lhru^öj^^O for each k.

It follows4 that Ü(g¡n1gm, t) is the same no matter what expression

(2.1) we choose for g¡^¿m. Hence

strong lim Ü(gm gm, t) — 11       for all / outside of one fixed null set,

3 Such expressions as XI* exp 9*ot (or XL exp Bkjakj) stand for finite products of the

group elements exp Bkflk (or exp Bkjakj). Since G need not be commutative we make the

convention that H.gi sna'l denote the (finite) product g\gi ■ ■ ■ in this order.

4 For instance let ^", • • • , <p" be the canonical coordinates of the second kind of

gmgm for m greater than some m0and put /Ji(|mgm , í) =exp¿9i^41(¿) • • • exp i9nA„(t).

Since Go is countable we have after a change on one /-set of measure zero Ui(gmgm , t")

= U{gmgm , t) for all / and m>m<¡ and hence the desired convergence.
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therefore

strong lim Ü(gm, t) = strong lim Ü(gm, t) for all /.

Therefore

(2.6) Ü(g,t) = strong lim Ü(gm, t)
m—♦«>

defines for every t a single-valued mapping g—>0(g, t) of G into the

group of unitary operators on ¡Qt.

Now if h is another arbitrary element of G and

h = IT exp (pkjOkj,
k¡

then we put

hm = u exp (¡>kj akj
kj

with rational cp^ converging to <pk¡, and conclude from

tJ(gmhm, t) = 0(gm, t)0(kM, t) for all t

that

Ü(gh,t) = Ü(g,t)Ü(h,t) for all/;

thus g—>Ü(g, i) is a well defined homomorphism of G for every /.

Note also that Ü(g~\ t) = 0(g, t) *. For if g = exp (ffiOi) • exp (02a2) • • • •

• exp (0rar), then g_1 = exp ( — 6Tar).exp ( —02a2)exp ( — 0ioi).

Hence by what we have just proved

C(l_1. t) = exp (-idrAr(t)) ■ • • exp (-iB2A2(t)) exp (-i'Mi(<))

- Ü(g, t)*.

We have therefore proved that the mapping g—*Ü(g, t) is a unitary

representation of G for every /.

Now6 let us take any one t and keep it fixed. Let x and y be any two

elements of §(. We wish to prove that the inner product

(0(g, t)x, y)

is a Haar-measurable function of g. Let go be an arbitrary element of

G and T a sufficiently small neighborhood of go such that every g£T

can be written uniquely as

(2.7) g  =   gl(dl)g2(62)   ■   ■  ■  gn(dn)g0

6 Added in proof. The remainder of this proof can be simplified and shortened.
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where the gk(dk) form the one-parameter subgroup of G determined

by the element ak of the Lie algebra: g*(0*)=exp 6kak. The real

numbers 6k are the canonical coordinates of the second kind (cf.

[8, p. 193]) of the element ggrj1. It is well known that if T is chosen

to be a sufficiently small neighborhood of go, then the mapping

(2.8) g -> (01, 62, ■ • ■  , dn)

defines a homeomorphism of V to some open set © in Euclidean n-

space. Under this homeomorphism there corresponds to every com-

plex-valued function f(g) on T a function of the dk which we denote

by/(0i, • • -,dn).
The restriction of the Haar-measure on G to V is taken by the

mapping (2.8) into a certain measure defined on © with respect to

which all continuous functions on © are measurable.

Now introduce in our fixed space §( a complete orthonormal sys-

tem and with respect to it form the matrix coefficients M,/(g) of the

operator Ü(g, /). Under (2.8) the restriction of M,y(g) to T goes over

into a certain function «y(0i, • • • , 6n). Equation (2.7) implies

Ü(g, t)  =  Ü(gi(9i), t)-Ü(g2(d2), t).Ü(gn(6n), t)Ü(go, t)

for g Gr. Therefore for the matrix coefficients we obtain

(2 9) Uik^dl ' " d^

=     2Z    Uihig(0i))uim(g(e2)) • • • Ujn„lin(g(en))ujn(0, • • • , 0).
II. ••••Jn

Equation (2.2) implies that

(2.10) Ü(g(6k), t) = exp iekA(t).

Hence the inner product (U(g(Ok), t)x, y) is for each fixed / and

x, yE&t a continuous function of the one real variable 6k, which is a

well known property of any one-parameter group of unitary oper-

ators defined by equation (2.10). Therefore the function Ujk_Vk(9k)

of equation (2.9) is for each pair jV-i, jk a continuous function.

Therefore uik(6i, • • ■ , 9n) is for each i, k a measurable function of

6i, ■ ■ -, 0n (with respect to the above measure), being the (finite

or infinite) sum (2.9) of continuous functions Ui¡1(g(di)) ■ ■ • •

'uin-vn(g(On))ujnn(0, • • • , 0). Hence the restriction of ««(g) to T

is a measurable function of g. The element go of G was arbitrary. Let

us therefore choose a countable number of them such that the union

of the corresponding neighborhoods V is equal to G (this is easily

seen to be possible). Then the above implies immediately that

uik(g) is a Haar-measurable function on the whole of G. Now let
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Xi, x2, ■ • • , Vi, V2, • • • be the expansion coefficients of x, y(E&t) re-

spectively, with respect to the above complete orthonormal system

in ¿p¡. Then

(Ü(g, t)x, y) = £ uik(g)xiyk
i,k

hence (Ü(g, t)x, y) is a Haar-measurable (complex-valued) function

of g for every fixed / and any pair of elements x, y of this ¡Qt-

Thus we have proved that g—*Ü(g, t) is a "weakly" measurable

unitary representation of G for every /. Since the space $&t is separable,

this implies that Ü(g, t) is continuous in g for every fixed Z, which

completes the proof of the first part of our theorem.

To prove the assertion about the representations of the Lie algebra

©, we use the results of [5, §§4 and 5] : To the self-adjoint operator A

defined by equation (1.2) above corresponds in accordance with [5,

§4] an operator-valued function A(t) such that A(t) is a self-adjoint

operator whose domain Daw 1S a dense subspace of §<.. Moreover it

has been shown in [5, §4] (cf. [5, Lemma 4.4]) that equation (1.5)

above is true and hence after a change on a set of measure zero even

equation (1.6) is true. Hence we can apply the results of [5, §5] im-

mediately and conclude that there exists a certain dense linear sub-

space §? of §i such that ^QDA(t), A(t)^>°tÇ.^ and the mapping

a—>Ao(t) is a representation of the Lie algebra @ with representation

space §,°.
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