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Introduction. The purpose of this paper is to give a necessary and

sufficient condition in terms of the ordinary curvatures of a curve

for it to lie on any real central hyperquadric in a Euclidean space

9Î„. This problem was solved for the hypersphere in 9în by Karel

Havlicek in his paper Contact des courbes et des hypersphères dans un

espace euclidean à n dimensions.—Courbes sphériques, which appears

in Casopis pro Pestování Matematiky a Fysiky vol. 72 (1947).

First we find a necessary and sufficient condition in terms of so-

called hyperquadric curvatures for a curve to lie on a given real

central hyperquadric. Then by means of invariant functions in §3

we find the solution of our problem.

1. Fundamental concepts. We shall begin by finding a necessary

and sufficient condition that a curve lie on a hyperquadric homothetic

to a given hyperquadric, where by a hyperquadric we always mean a

real central hyperquadric whose equation may be written in the form

n

(1.1) 23 a Ax" - cb)(x° - c) - Toa2 = 0
i

with given real coefficients abC = aCb and center p(cl, ■ • • , c"), where

the determinant [aoc] = 1, 7o= ±1, and d is a real number. If ¿ = 0,

then (1.1) is a hypercone with vertex p. If d^O, then the number |¿|

is called the radius of the hyperquadric (1.1). The coefficients abc

are regarded here as the components of a metric tensor.

We shall use the notation r to denote the radius vector of a real

curve f = f(t), where by a curve we shall always mean a general curve

defined in the following definition.

Definition 1.1. A real curve S of 9t„ is called a general curve if it

has the following properties:

(a) it is nonisotropic with respect to a00;

(b) it has w different osculating spaces;

(c) its ¿th osculating space is not tangent to the isotropic hyper-

cone of abc (¿ = 1, • • • , n — 1).

By means of the metric a¡,c we introduce all the usual notions of a

tensor calculus. Hence for instance û-v =abcUhvc is a scalar product of

two vectors, and so on. In particular ü -5 = 0 means that the vectors
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m and v are conjugate (with respect to our hyperquadric). The hyper-

quadric arc © of S is defined by d® = (\df-df\ )1/2 where f = f(t) are

the equations of S. Henceforth we put f(t) = $R(@) and denote deriva-

tives with respect to © by accents (that is, 9í/ = ¿9Í/¿@, and so on).

The Frenet formulas for 6 (with respect to a¡,c) are

(1.2) Wi = - yiji+Mi-i + Ëi+Mi+i        (to = ®n = 0)

where Sfo (* = 0, 1, • • • , » —1) are mutually hyperquadric conjugate

unit vectors with 9?<-üfti=7i+i (t,+i=±1) and 7C,->0 (i=l, • • • ,

w—1) are the hyperquadric curvatures.

It may be shown that the K( define a curve up to initial conditions.

We shall designate by 9t,- the radius of the hyperquadric curvature

Ki (that is, 9í, = l/$¿). The hyperplane spanned by the vectors

Wi (i-1, • • • , n—1) at the point $R(©) of the curve $R = 9t(@) will
be termed the conjugate hyperplane of the curve.

2. Contact of a hyperquadric and a curve. Let x be the radius

vector of a variable point in 9r„. Let p be the radius vector of any

fixed point and r any real numerical constant. Then any hyper-

quadric homothetic to (1.1) and having center p = (x\, • • • , xj}) and

radius r has one of the equations

(2.1) (x-p)-(x- p)-yr2 = 0,    y = ± 1.

If r = 0 then this equation represents a hypercone. We shall never

take the point 9îo of the curve 9î = 9î(©) at the vertex of this hyper-

cone.

Definition 2.1. The power ty of an arbitrary point 9Î in relation

to the hyperquadric (2.1) is defined by the expression $ = (9Î — p)

■m-p)-yr2.
Definition 2.2. Consider a hyperquadric (2.1) which goes

through the point $R0 of the curve 9? = $R(©) and denote by $(©, 0)

the power of the point 9î(@) of the curve with respect to the hyper-

quadric (2.1). Then if lim©_0 0ß(©, 0)/©") =0, p = l, • ■ •, q, we say

that the hyperquadric (2.1) has at the point 9îo a contact with the

curve 9î = 9î(©) of at least order q.

We may prove the following theorem.

Theorem 2.1. A necessary and sufficient condition that a hyper-

quadric (2.1) through the point 9to of a curve 9î = 9î(©) have a contact

of at least order q = 1 with the curve at this point is that its center lie in

the conjugate hyperplane of the curve at the point 3í0.

We shall discuss the significance of contact of order q > 1 later in
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Theorem 2.5. We may easily prove the next result.

Theorem 2.2. A necessary and sufficient condition that a curve lie

on a hyperquadric (2.1) is that all its conjugate hyperplanes have at least

one fixed common point and that this point is the center of the hyper-

quadric on which it lies.

Definition 2.3. Consider a curve 9î = 9î(©) and any fixed point p.

Then we may write

(2.2) S-f-£c<&.
i-0

The functions (£,• (i = 0, 1, • • • , w —1) will be called the relative curva-

tures of the curve 9î = 9î(©) with respect to the point p.

From (2.2) we have fëi=7t+i(9î — p) Mi and by differentiation we

obtain the equations:

(SO = YiYiÄÄi + 1,

(2.3) S'i = - Ä&.1 + yt+iy^tftt+Mi+i      (i = 1, •••,«- 2),

<Cl  =    -  Än-lEn-2.

From these we may show that the relative curvatures determine a

curve up to initial conditions. From the equation (<M — p) ■ (9? — p)

= 23"=o1 7»+r&? it is evident that the relative curvatures also de-

termine the hyperquadric length of the vector 9Î — p.

Theorem 2.3. A necessary and sufficient condition that a curve

9î = 9î(©) He on the hyperquadric (2.1) is that there exists a point p

such that

(2.4) EYi+«!=0 (C-0)
t-i

at each of the points of the curve, where the Qi's are given by the recursion

formulas

(2.5) 6i = Y.Ti+i9Î.S,'-i + 7iT.-+i5R.ti-ie.-2

(i = 1, •••,»- 1), Ä06-1 = - 1.

The proof is based on the fact that 23"-o17<+i ®2 = const, is a neces-

sary and sufficient condition for the curve to lie on (2.1) and on using

equation(2.3).
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For« = 3 the condition (2.4) becomes yéRi+y3(dtldt2)"iit2 = 0. If our

given quadric is a sphere, then 7i=72=73=l and the 9î's are the

ordinary radii of curvatures. This condition then becomes the condi-

tion for a curve to be spherical.

Theorem 2.4. A necessary and sufficient condition that a curve

9î = 0î(©) He on a hyper cone (equation (2.1) with r = 0) is that at least

one of the equations

n-2

—TnZ) 7<+iS,(—ß.Si-i + 7<+i7,-+2Íc:.-+i<S,--t-i)

(2.6)
/n-2 Al/I

±^B_i(S„-2i-7nZ7,+i6.j     =0

is satisfied at each of the points of the curve.

This is a special case of Theorem 2.3 in which we make use of the

equation £?-i 7m®? = 0.

Theorem 2.5. Let the hyperquadric (2.1) have a contact of at least

order q (2^q^n) with the curve 9t = 9î(©) at the point 9Î0. Then the

relative curvatures ffii, • • • , S5-i are uniquely determined while the rela-

tive curvatures E3, • • • , E„_i are arbitrary.

This theorem may be proved by induction on q and by using the

formulas (1.2) in the equations for the derivatives of the power ^5(©).

3. The invariant parameter. We shall now derive a necessary and

sufficient condition in terms of the ordinary curvatures of a curve that

it lie on any real central hyperquadric.

We shall write f = f(s) when the parameter used to describe the

curve is the ordinary arc length s. All derivatives with respect to this

parameter will be denoted by dots (that is, df/ds = f-, and so forth).

The ordinary tangent, normals, curvatures, radii of curvature, and so

forth, will be denoted by small letters (/, »,, ¿,-, p.-, and so forth).

When the parameter used to described the curve is the hyper-

quadric arc we shall write 9i=9î(©) to denote the curve. The nota-

tion for the derivatives with respect to © and for the hyperquadric

tangent, normals, and so forth will remain the same as in the previous

section of this paper.

Consider a function/of f(s), t(s), «,(s), ki(s), ds, and their deriva-

tives with respect to s. If we denote by 5 the same function of 9î(©),

£(©), 9ii(©), $«(©), ¿@i and their derivatives with respect to ©

and if f=iS, then we say that/ is an invariant.
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Theorem 3.1. For the curve r(s)=$R(©) we have the invariant

<pds = $d<& where 0 = (¿?_1¿r2 ■ ■ ■ ¿2,_2¿n-i)2/n(B+1) and 3> is the same

function of the $"j.

The proof follows immediately from transformation of parameter

in the determinant [f; f-, • • • , r(n)].

Definition 3.1. The parameter a defined by do-=<pds = $d<&i will

be referred to as the invariant parameter.

Theorem  3.2.   The  vectors  a\, • • • , ö„ defined  by  âi = l/<p,  â2

= däi/da, ■ ■ ■ , ân = dân-i/da are invariant and linearly independent.

They are seen to be invariant from the equation âi = î/<p = X/&-

To show them linearly independent we first write

i-l

(3.1) äi = 23 Xijñj        (ño = i, i = 1, • • • , n)
J'-O

where the Xij are obtained from the Frenet formulas as functions of

ki (i=\, • • • , » — 1). Then if we form the determinant of their

components we obtain

(3.2) [du ■ • ■ , ân] = 7

where from (3.1) y = ± 1 = sgn [t, «i, • • • , w„_ij

which shows them to be linearly independent.

Now if we take the derivative of the determinant (3.2) we obtain

[öi, ö2, • • • , dän/da] =0 and therefore can write dân/d<r = fiiâi+ • • •

+ßn-iän-i where the m are invariant. By substitution from (3.2) we

obtain
Pi = y[dân/da, ö2, • • • , ö„J,

/¿2 = 7 [öi, dän/da, • • • , ö„],

Mn-i = 7[öi, Ö2, • • • , dän/da, än]-

If we use the equations (3.1) we may compute the ¿i< in terms of the

ordinary curvatures of a curve and since the m are invariant we may

write

(3.3)      Mi(9îi. • • • > 9în-i) = M<(pii • • • , Pn-i)      (i = 1, •••,»— 1).

The functions ßi may also be shown to define a curve up to initial

conditions and hence we may state the following theorem.

Theorem 3.3. The equations (3.3) may be looked upon as defining

the dti in terms of the p¿.
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Theorem 3.4. A necessary and sufficient condition that a curve lie

on a real central hyperquadric is that the equation (2.4) is satisfied at

each of the points of the curve where the S¿ are given by equations (2.5)

and dti, ■ • • , 9t„-i are to be computed by means of the equations (3.3).

The proof is based on the result of Theorem 2.3 and using equations

(3.3) as well as d© = (^/$)¿© to eliminate the coefficients abc of the

given hyperquadric from equation (2.4).

Theorem 3.5. A necessary and sufficient condition that a curve lie

on any hypercone is that at least one of the equations (2.6) is satisfied at

each of the points of the curve where the S¿ are given by equations (2.5)

and 9îi, • • • , 9tn_i are to be computed by means of the equations (3.3).

The proof is essentially the same as that of Theorem 3.4.
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