
ZEROS OF SELF-INVERSIVE POLYNOMIALS
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1. Introduction. In the present paper we are concerned with poly-

nomials g(z)=bt)+biz+ ■ ■ • +bmzm (in the complex variable z)

whose zeros are symmetric in the unit circle C: \z\ =1. Since these

zeros form a set of numbers which is invariant under the transforma-

tion w=l/z of inversion in C, we shall refer to such g(z) as self-in-

versive polynomials.

Our present interest in self-inversive polynomials pertains to the

Schur-Cohn-Marden [2] method for enumerating the zeros of a

polynomial /(2) =a0+aiz+ ■ ■ ■ +anzn within C. This method con-

sists in defining the polynomial

/*(z) = ân + â„_iz + • • ■ + â0zn

and introducing the sequence of polynomials

. . (i) O) (Í)    n-j
fi(z) = a0   + ax z + • • • + an-jZ

by the relations

(1.1) /o(z) = f(z),       fj+x(z) = â0' fj(z) - an-,fj(z)

for j=l, 2, ■ • • , n. Then, if p of the products

CD   (2) (k) lit
rk = a0  a0    • ■ ■ a0   , k = 1, ¿, ■ ■ • , n,

are negative and if the remaining n — p are positive,/(z) has exactly

p zeros inside C.

This method, however, does not apply whenever a^ = 0 for some

k, l^k^n. Thus, in particular, it does not apply whenever, for some

such k, fk-x(z) is self-inversive. In such a case fk(z), which is identically

zero, must be replaced in the sequence (1.1) by the polynomial

l/i-i(2)]* m accordance with the following theorem due to Cohn [l].

Theorem I. Let g(z) =b0+bxz+ ■ ■ ■ +bmzm be a self-inversive poly-

nomial; that is, let

(1.2) bm = ubo, ôm_i = ulx, • ■ • , bo = ubm, \u\ = 1.

Then g(z) has the same number of zeros inside the unit circle C: \ z\ = 1

as does the polynomial
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(1.3)   G(z) = [g'(z)]* = mln +(m- l)5m_xz + • • • + h*~-\

That is, g(z) and its derivative g'(z) have same number of zeros in the

closed exterior of C.

The primary objective of the present note is to furnish for this

theorem a new proof which is simpler than Cohn's and which makes

the substitution of [//(z)]* ior fJ+1(z) seem more natural.

2. A lemma. For the proof of the theorem the following lemma

will be needed.

Lemma. If g(z) is a self-inversive polynomial, the only zeros of its

ñrst derivative g'(z) on the unit circle | z\ = 1 are at the multiple zeros of

g(z) on \z\ =1.

To establish this lemma, it suffices to show that, if g(l)^0, then

g'(i)*o.
Letg(z)=IIi,(2-zJ)-Then

m

«'(l)/*(l) - E wh wj = (1 - Mjjr*.
i

But the transformation w=(l—z)~1 with w = u+iv carries the circle

] z] = 1 into the straight line u = 1/2 and the points z¡ into points

Wj symmetric in this line. Since also the center of gravity W of the

Wj lies on this line, W=m~12~li  w¡r¿0. That is, g'(l)^0.

3. Proof of the theorem. Let the polynomial /i(z) be formed for

m

(3.1) f(z) - g(rz) = E (bkr")z\ 0 < r < 1,
o

in accordance with (1.1). Thus,

(3.2) /i(z) = hof(z) - bmr™j*(z).

In view of (1.2),

m-l

(3.3) fi(z) = E M—*f*[l - r2<"-*>]z\

Let p denote the number of zeros of g(z) in \z\ <1. Then, if r is

sufficiently close to one,/(z) will also have p zeros in | z\ < 1. Further-

more, since l/*^"9)! =|/(ew)| and hence

| bmr"f*(eiS) | < | hoW) |,

it follows from Rouché's Theorem that/i(z) has also p zeros in | z\ < 1.
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Now, let

(3.4) Fx(z) = fx(z)/[bm(l - r2)].

Clearly, Pi(z) has also p zeros in \z\ <1. In view of (3.3) and (1.3),

as r Î 1,

m-l

(3.5) lim Pi(z) = E (« - *)5—*«* = G(z).
o

Since this convergence is uniform in \z\ SI, it follows from Hurwitz'

theorem that every zero f of G(z), \ $"| < 1, with a multiplicity p, is the

limit of zeros, in \z\ < 1, of Pi(z) with a total multiplicity of p. Hence,

there are at most p zeros of G(z) in \z\ <1, and at least p zeros of

G(z) in |*| SI.
There are now three cases to consider.

Case I. g(z) has no zeros on \z\ =1. According to the lemma, g'(z)

9^0 and hence G(z)j¿0 on \z\ =1. It follows that no zero of Pi(z)

can approach the circumference of the unit circle as r Î 1, and there-

fore G(z) has exactly p zeros in \z\ < 1.

Case II. g(z) has on |z| =1 only zeros of even multiplicity. Let

these zeros be denoted by eWk and their multiplicities by 2sk, k

= 1,2, •■■ ,q. With 0<r<l, let

«   (z - re9ii)s*(z - r-V*4)**

*co = *oon-—-—»
SW¿¿ (z-e^)2""

and i//(z) = [fe'(z)]*. Then, since h(z) is a polynomial belonging to

case I, H(z) has p+o~ zeros in |z| <1, where <r = Eï s*- Since each

(2sk— l)-fold zero e** of G(z) is approached as r \ 1 by the (sk— 1)-

fold zeros r±xewk of -i*"(z), at most one additional zero of H(z) can

approach eí,¡1 from the inside of circle \z\ =1. Hence, at most a

zeros of H(z) approach points on the boundary from inside \z\ =1.

That is, at least p zeros of G(z) are in \z\ < 1. Since it is already known

that at most p zeros of G(z) lie in \z\ < 1, there are exactly p zeros

of G(z) in \z\ <1.
Case III. g(z) has on |z| =1 at least one zero of odd multiplicity.

In this case, let <p(z) = [g(z) ]2. Since <p(z) is a polynomial belonging to

Case II with 2p zeros in \z\ <1, then [<£'(z)]* has also 2p zeros in

|z| <1. But [<p'(z)]* = 2g*(z)G(z). Since g*(z) has p zeros in |z| <1,

it follows then that G(z) has exactly p zeros in \z\ < 1. This completes

the proof of Theorem I.

4. Polar derivative of a real polynomial. Theorem I and the lemma

will now be used to establish the following result.
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Theorem II. Letf(w), a real polynomial of degree m, have exactly p

zeros in the upper half-plane 3(w) >0 and let f be any point not on the

real axis and not a zero of f(w). Then the polar derivative

(4.1) F(w) = (w - Ç)f'(w) - mf(w)

of f(w) with pole at f has exactly p zeros in the half-plane 3 (w) 3(f) >0

and its only real zeros are at the multiple real zeros, if any, of f(w).

To prove this theorem, let transformation z=(w — f)/(w — f) be

introduced. This maps the half-plane 3(w)3(f)<0 upon the interior

of the unit circle in the z-plane. Let

g(z) = (z- l)mf((íz-l)/(z- 1)),

r(i) = (z - i)-w((f» -?)/(*- l)).

Then according to (4.1) and (4.2),

rx.) = «(. - »-'/(^) + fr - >)-'/'(^)(^).

That is, T(z)=-g'(z).

Since g(z) is a self-inversive polynomial with p zeros in the circle

C: \z\ <1, r*(z) has p zeros inside C and therefore T(z) has p zeros

outside C. Hence, F(w) has p zeros in the half-plane 3(w)3(f) >0.

The remaining conclusion of Theorem II follows immediately

from the lemma.

5. Alternative proof and corollary. Professor J. L. Walsh has very

kindly called the attention of the authors to the possibility of basing

a proof of Theorem I upon the Principle of Argument, essentially

as follows:

Let us write fj = aj+ißj, 7* = l/7y when | -y^-J j¿1, bj = ei$i, and

V Q

g(z) = bmYl (z - 7j)(z - 7/)II (z - 5i).
j-l j=l

Let C be the smallest closed curve which contains the configuration

consisting of circle C: \ z\ = 1 and circles of radius e about each Sy,

where e is a sufficiently small positive number. It may be then shown

that the vector v(z) = —g'(z)/g(z) has an inwardly pointing, radial

component at each point z of C' and hence that the angle of vector

v(z) decreases by 27r as z traverses C' once counterclockwise.
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Theorem I then follows at once.

As indicated by Walsh, this method of proof leads also to the fol-

lowing conclusion [3]. Let the (Jensen) circles Jk be drawn having as

diameters the lines joining the pairs of zeros yk, 7*, k = l, 2, ■ ■ • , p;

then any configuration consisting of the interiors of certain Jk but dis-

joint from the remaining Jk contains exterior to C the same number of

zeros of g(z) and g'(z).

The authors have also developed some additional proofs based upon

certain more general investigations which will be published at a later

date.
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