QUADRATIC DIAMETER OF A METRIC SPACE AND ITS
APPLICATION TO A PROBLEM IN ANALYSIS
SHIZUO KAKUTANI

1. Introduction. The purpose of this note is to introduce the notion
of quadratic diameter and to apply it to a problem in analysis concerning the measure of the set of values taken by a real-valued differentiable function on its critical set. It was proved by A. P. Morse
[3] that if f(x) is a real-valued function defined on an open set of an
«-dimensional
Euclidean space which is w-times continuously
partially differentiable,
then the set of values taken by/(x) on its critical
set (i.e. the set of all x at which all first partial derivatives of f(x)
vanish) is a set of one-dimensional Lebesgue measure zero. We shall
give a simple proof of this result of Morse for the case n = 2, under a
weaker assumption
that the first partial derivatives
of f(x) satisfy
the Lipschitz condition. (It is mentioned in [3] that his condition
can be weakened and that it is sufficient to assume that all (n — l)th
partial derivatives of f(x) are totally differentiable; but this weakened
condition is still stronger than our condition for the case n = 2.) It is,
however, to be observed that our method seems to work only for the
case n = 2, and the problem of discussing the possibility of similar
approach for the higher-dimensional
cases n>2 is still open.

2. Quadratic diameter. Let R={x, y, ■ ■ ■ } be a metric space
with the metric d(x, y). For any subset 5 of R and for any two points
x, y of S, the quadratic distance d(2)(x, y; S) of x, y with respect to 5

is defined by
(2.1)

d™(x,y,S)

= inf¿

(d(x^,

xi))2,

¡=1

where

inf is taken

for all possible

finite

chains

Xo= x, Xi, • • ■ , xp

= y from 5. (The length p of this chain is also arbitrary.)

the quadratic diameter 5(2)(5) of 5 is defined by
(2.2)

5«'(5) =

sup d™(x, y;S).
Z.VES

Finally, the quadratic variation y(2)(5) of S is defined by

(2.3)

VW(S) = inf¿áW(5,),
¿-i

Received by the editors December 7, 1951.

532

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

Further,

QUADRATICDIAMETEROF A METRIC SPACE

where inf is taken for all possible decompositions
a finite number of (not necessarily disjoint)

i=l,

533

S = U?=iS( of S into
closed subsets Si,

■■■, p.

We begin with simple observations

concerning

the quantities

de-

fined above.

Lemma 2.1.

(2.4)

d™(x, y.S) = d™(y, x;S) S (d(x, y))2,

(2.5)

d™(x, z;S) g d™(x,y;S) + d™(y, z;S)

for any x, y, zES.
Lemma 2.2.
(2.6)

v^(S) ^ Ô™(S) ^ (Ô(S))2,

where 5(S) = supz,¡,g=s d(x, y) is the ordinary

(2.7)

diameter of S. Further

S(2)(.SiW52) è 8m(Si) + 5W(S2)

if Si and S2 are not disjoint, and
(2.8)

v^(S) = 5<2>(S)

if S is connected.
The proofs of these lemmas are easy and so omitted.
Because of Lemma 2.1, d<-2)(x,y; S) may be considered as a quasimetric on 5. It is possible that dm(x, y ; S) = 0 for two different points
x, y oí S (as will be shown in Lemma 2.3). In this case x, y are called
d(2)-equivalent. It is easy to see that this relation of ¿(2)-equivalence is
symmetric and transitive, and that for any xES the set E(x) of all
y G S which is ¿(2)-equivalent with x is a closed subset of S. Further,
d{2)(E(x), E(y)) =d(-2)(x, y; S) may be considered as a metric defined
on the class of all equivalence

classes E(x) of S.

It is to be noticed that S1CS2C-R and x, yG-^i imply
(2.9)

d^(x,

y;Si) £<*<»>(*,y;S2),

and that it is possible that the inequality holds in (2.9). Thus the
quadratic

diameter

ô(2)(5) of 5 is not necessarily

a monotone

set

function of S.
We do not need the following Lemmas 2.3, 2.4 in the proof of our
main result in §4. But a similar argument plays an important role

in the proof of Lemma 4.3.
Lemma 2.3. // 5 is a subset of an n-dimensional

Euclidean

space

Rn (wè 1), and if x, y are two points of S such that the segment [x, y]
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connecting x and y is contained in S, then d(2)(x, y; S)=0.
Proof. For any integer p ^ 1, let Xo= x, xit ■ • ■ , xp = y be a chain
of points from S which divide the segment [x, y] into p equal parts.

Then

22t-i (¿(*»-ii xi))2 = (l/p)(d(x,

y))2, and this implies that

¿<2>(x,y;S)=0.
Corollary.

If S is a convex subset of a Euclidean space Rn (n ^ 1),

íAe»S<»(5)-0.
Lemma 2.4. If x, y are two points of a subset S of a metric space R
which can be connected by a rectifiable curve in S, then á(2>(x, y; S) =0.
Proof. Let C= {xt\0^t^l}
(x0 = x, Xi=y) be a rectifiable curve
which connects x and y in 5. Let I be the curve length of C. Then,
for any e>0, there exist real numbers to, k, • • • , tp such that
/0 = 0<ii<
• • • <tP = l, d(**_i, xi)<€, i=l, • • • , p, and

(2.10)

22 d(xti_v xti)< I + e.
t=i

From this follows
(2.11)

¿

(<*(*„_„ xti))2 < e(l]+ t)

t=l

and this implies á(2)(x, y; S) =0.
Corollary.
If S is a subset of a metric space R such that any two
points x,y of S can be connected by a rectifiable curve in S, then ô(2)(5) = 0.
The question then arises to determine, given a metric space R,
whether or not there exists a connected subset S of R with the property that di2)(x, y; 5)>0 for any two different points x, y of 5. We
shall show in §3 that in a Hubert space or in a Euclidean space Rn
with w^3 there exists a simple curve 5={x(|0^i^l}
such that

dw(x„ x,; S)>0 for any s, t with 0^s<t^l.
3. Examples of continuous curves with a positive quadratic diameter. Let S={xt\0^t^l}
be a curve in a Hubert space R with the
following properties: (i) the vectors xt —x, and xt>—x,> are orthogonal
if 0^s<t^s'<t'^l,
(ii) d(xe,xt) = (t-syi2ii
0á5<*£l.
Then it is
easy to see that
(3.1)

¿

(d(xti_v xt,))2 = (d(x„ xi))2 = t-s

i-l
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for any s, to, h, • • • , tp, t such that 0^s = to<k<
From this follows that
(3.2)

¿<2>(xs, xt;S)

= t-

535

• • • <tp = t^l.

s

for any s, t with 0^s<i^l.
An example of a curve S in a Hilbert
space with the properties (i), (ii) can be given as follows: Let R
= L2(0, 1) be the L2-space of all real-valued square integrable functions x(u) defined on the unit interval 1= {u\0^u^l}
with the
usual norm

(3.3)

\\x\\ = ( f

I x(u)\2duj

< oo,

and let S= {xt\ 0^¿5j 1} be a curve in R defined by
(3.4)

xt(u) -

il,

0 £ « ¿ t,

lO,

K»il.

{

Then it is easy to see that 5 has the properties (i), (ii) above. It is to
be noticed that from Lemma 2.4 follows that 5 is not rectifiable. In
fact it is easy to see that

p
i
22 <*(*(.■-!>/*.
xi/p) = p-—
i=l

= pll2-> «

P

as p—»oo. Such curves have been discussed by N. Wiener [S], A.
Kolmogoroff [l], and P. Levy [l] in connection with the theory of
Brownian motion.
In case R is a finite-dimensional
Euclidean space Rn (net3), the
existence of a curve 5={x(|0^/^l}
with the same property can
be shown by using a Peano curve. In fact, let {(ut, vt)\0^t¿l}
be
the usual parametrization
of the standard Peano curve filling the
closed unit square Q= {(u, v)\ O^m, v^l}
of R2 with the property
that, for any w = l, 2, • • • and for any *"= 1, • • • , 22n, the image of
the closed interval

(3.5)

7,°°-

{t\(i-l)2~2n^tûi-2-2n}

is one of the 22n closed squares

(3.6) Qm = {(«>v) | (* - 1)2"" £•« á k2~",(I - 1)2"" g v Ú i-2-"},
k, I - 1, ■• • , 2».
Then S={xt

= (ut, vt, t)\0^t^l}

is a simple curve in R3 whose
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projection on the (u, i>)-plane fills up the closed unit interval Q
= {(u, v)\ O^u, v^l}.
It is easy to see that dm(x„ xt; S)>0 for any

s, t with 0^s<i^l.
On the other hand, it is impossible to construct similar examples
in R2. In fact, as will be shown in Theorem 2 below, 5(2)(5)=0 for
any compact connected subset S of i?2 and hence d(2)(x, y ; S) =0 for
any two points x, y of a continuous curve 5 in i?(2).
If we consider the case when S is compact but not connected, then

it is clear that

§(2)(5)>0.

In fact, if S = SiUS2 is a decomposi-

tion of S into two disjoint compact subsets Si and S2, then there
exists a constant
tj>0 such that d(x, y)^»?>0
for any xG-Si,

yES2 and hence S<2)(5)^d™(x, y, S)^r)2>0

lor any xG-Si, yES2.

Thus it seems as if there is nothing we can conclude about ô<2)(5)
in general. But we can show that if 5 is a compact subset of R2,
then the quadratic variation v2(S) of S is zero, or in other words,
that, for any ij>0, there exists a decomposition 5= Uf=1 5,- of 5 into
a finite number of subsets Si, i = l, ■ ■ ■ , p, such that 2t-i8(2)("S»)

<rj. This will be proved in Theorem 1.

4. Quadratic diameter of a set in R2.
Lemma 4.1. Let S be a compact subset of a two-dimensional Euclidean
space R2. If we denote by aS a subset of R2 which is homothetic with S

with the ratio all,

then

(4.1)
Proof.

5<2>(aS) = a*Ä<»(S).
The proof is clear from definition.

Lemma 4.2. Let S be a compact subset of the closed unit square
Q= {(u, v)\0OiU, v^l} of R2 with m(2)(S)<e, where mi2)(S) denotes
the two-dimensional Lebesgue measure of S. Then there exists a decomposition S=Ui=iSi of S into a finite number of closed subsets Si,

i —1, • • • , p, such that

(4.2)

22sm(Si)<2e.
¿=i

Proof. Since m(2)(S) <e, there exists an open set 0 of R2 such that
SEO and mi2)(0) <e. Since 0 is open, there exists a countable number

of open squares

Qit i=l,

2, • • • , such that

22t'-imW(Q>) <€- Since 5 is compact,

0=\J™=lQi and

there exists a positive integer p

such that SEUt-iQi. If we put Sí = SÍ\Qí where Qi is the closure of
Qi, i=l,

■ ■ • , p, then

fact, in the notation

5=Uf=i5,

is a required

decomposition.

of (2.6), it is clear that
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(o(Si))2^22li (5(ö.))2= 2Zf=i tn»KQi)<222i*i ™i2)(QÙ

<2e.
Lemma 4.3. Let S be a compact subset of the closed unit square

Q= {(«, v)\0^u,

v^l}

of R2 suchthat m<-2)(Q~-S)<e, where e<w/16

and m(2'(Q —S) denotes the two-dimensional

Lebesgue measure of Q —S.

Then
(4.3)

ô<2>(5) < 50 e1'2.

Proof. Let p be a positive integer such that p~1èell2<(p —l)-1.
For any two points x, y of S, let Xo= x, Xi, • • • , xp = y be the chain
of points from Q of length /> which divides the segment [x, y] in p
equal parts. We do not know whether these dividing points xi, ■ • ■ ,
xp_i belong to 5 or not. But it is possible to show that for each
i=l,
■ • ■ , p—1, there exists a point x[ from 5 such that d(x{, x¡)
<2(e/iry'2. In fact, if we denote by Ki = K(xit 2(€/t)1/2) the circle of
radius 2(e/7r)1/2 (<l/2)
whose center is at x¿, then at least one
quadrant of this circle is contained in Q. Since the area of Ki is equal
to 4e and since ml2)(Q —S) <e by assumption, each Ki must contain
at least one point x[ which belongs to S, i=l, ■ ■ ■ , p—1.
Let us now put xd =Xo, xp' =xp. Then Xo =x, x{, • • • , xp =y is a
chain of points from 5 which connects x and y. Consequently,

d^(x,y;S)

^ ¿(¿(¿,,1!))'
t=i
V

^ 22 (d(x'i-u Xi-i) + d(xi-i, Xi) + d(x¡, Xi))2
t=i

g fflfß/r)1" + —d(x, y) + 2(e/ryi*\
(4.4)

(21'2\2

4Wr)1,t+—J

= (l + 7,1) w«/*)1"

g €i/i(l + €i/2)(

+ (2e)1/2)2

+ 2i/*j g so«"2.

Theorem 1. If S is a compact subset of a two-dimensional Euclidean
space, then the quadratic variation of S is zero, i.e. for any n >0, there
exists a decomposition S= U£.iSi 0/ 5 tw/o a finite number of closed sub-

sets Si, i = 1, • • • , p, such that
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!><2>(S)
á 22àm(Si)<r,.
t=l

Proof. Because of Lemma 4.1 it suffices to discuss the case when
S is a subset of the closed unit square Q = {(u, v) | 0 ^u, v^ 1} of R2.
For any positive integer n, let us put

(4.6)

O

I

k-1

k
2"

Qk,i = <(u,
I v) -<u<—,
2"

I- 1

- 2"

I)

< »< —
2n)>

k, 1= 1,2, ■•• , 2", and

(4.7)

sïl = snQÏÏ,

where Qk} is the closure of Qf}, k, 1= 1, • • • , 2\ Then it is clear
that
2»

(4.8)
where

5 = *,i=i
U SU A(n) denotes

= 1 •••

the

set

U SÏÏ,

(t,¡)G¿w

of all pairs

of integers

(k, I), k, I

2n

Let €>0 be a positive number such that 4e-r-50el/2<?7, and let
us divide the set A<n) into three classes Al?\ A(2n),Af\ by the following conditions:

(4.9)

AÍ"'= {(k,l)\mm(SÏ:\)<tmm(Q[n})},

(4.10)Ar = {(k,I)I*-mm(QZ)
g mW(st\)S (1 - W"«GS>).
(4.11) aîb) = k*,oía-

6)«»<s)(5*:ï)
< m(2,(5i:b}.

Thus, from the theory of Lebesgue measure in P(2), it follows that,
for any fixed e>0, there exists an integer no(e) such that

(4.12)

I

(n) r

■ |A2

| <e-2

—2n

for any n>no(e), where [Ag™*|denotes the number of pairs of (k, I)
contained in A2n).
From Lemma 4.2 it follows that, for any (k, l)EAin\ there exists a
decomposition

(4.13)

sK-TfAw

of 5»"/ into a finite number
such that

i—1

of closed subsets
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Further,
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22*V"(SZ,)<2m(S{:\)<2e2-*n.
t=i
from Lemmas 4.1 and 4.3 follows that

(4.15)

ô(2)(sl:>)<50e1/2-2-2"

for any (k, I) EA^K If we now consider the decomposition

S= (

u

îj s%.)

\(fc,i)€:¿i(n)

(4.16)

<=i

/

uf u sftW

u sSY

then we see that
(2)

(*,I)GAi<n)

(4.17)

+
I

t=l

22

(*,¡)Gasw
(n) l

g | Ai
I

à (Sk,i)+
—2n

| -26-2

+ |A,

(n) i

|-S0-e

where |AJn)| is the number

i

22

(í.oGaj1"'

(n) i

à (Sk.i)

—2n

+ | A2 | -2-2
1/2

-2n

-2

,

of pairs (k, I) contained

in A[n), i=l,

2, 3.

Since |AÍB)| g22", |Af | ^22» for all n and |A^n)| <€-22" for n>n0(e),

it follows that the right-hand side of (4.17) is smaller than 2e+ 2€
+50€1/2<?; if n>n0(e).
Theorem

2. If Sisa

This proves Theorem

1.

compact connected subset of R(2), then S(2)(S) = 0.

Proof. This follows from Theorem
Lemma 2.2.

1 and the relation

(2.8) of

5. Functions satisfying the conditions of Lipschitz of type (2, M).
Let R = {x, y, • • • } be a metric space with a metric d(x, y). Let a, M
be two positive numbers. A real-valued function f(x) defined on a
subset 5 of R is said to satisfy the condition of Lipschitz of type

(a, M) on 5 if

(5.1)
for any x,
case a = 1,
For any
the set of

\f(x)-f(y)\úM(d(x,y)Y
yES. We are mainly interested in the case a=l,
2. (In
our condition is reduced to the usual Lipschitz condition.)
real-valued function f(x) defined on S, we denote by f(S)
values taken by f(x) on S. The diameter 5(f(S)) of f(S)
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supx^s f(x) —inf^gs f(x) of f(x) on 5.

Lemma 5.1. Let f(x) be a real-valued function defined on a subset S
of a metric space R which satisfies the condition of Lipschitz of type

(2, M) on S. Then
(5.2)
Proof.

«(/(S)) g M-o^(S).
It suffices to show that

(5.3)
for all x, yES,

\f(x)-f(y)\^M-d^(x,y;S)
and this follows immediately

from the fact that

| f(x) - f(y) | g ¿ | f(xi-i) - }(xi) |
(5.4)
Ú Jf¿(d(*.-_i,
i=i

Xi))2

for any chain x0 = x, Xi, • • • , xp = y from 5.
Lemma 5.2. Under the same assumptions

(5.5)

««(/(i)-)

as in Lemma 5.1, we have

| M«<!»(5),

where mm(f(S)~) denotes the one-dimensional Lebesgue measure of the
closure f(S)~ off(S). In particular, f(S)~ is a set of Lebesgue measure

zeroifv™(S)=0.
Proof. For any e>0, let 5= U{,.15<be a decomposition of 5 into a
finite number of closed subsets Si, i=l, ■ • • , p, such that

(5.6)

¿5(2)(5.)
i=i

< !»<2>(S)+ e.

It is then easy to see that

«(lW)-)

á ¿ s(f(Si))
1=1

(5.7)

»
^M22¿m(Si)
í=i
< M(v™(S) + e),

which obviously

implies (5.5) since e>0 is arbitrary.

Theorem
3. Let f(x) be a real-valued function defined on a compact
subset S of R2 which satisfies the condition of Lipschitz of type (2, M) on
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S. Then the set f(S) of values taken by f(x) on S is a set of one-dimensional Lebesgue measure zero. Further, f(x) is constant on every component of S. In particular, f(x) is a constant if S is connected.

Proof.

The proof follows immediately

from Theorems

1, 2 and

Lemmas 5.1, 5.2.
It is easy to see that, for any subset S of a metric space R with
o(2)(S)>0,
there exists a nonconstant
function/(x)
defined on it
which satisfies the condition of Lipschitz of type (2.1) on S. In fact,
for any fixed xoG-5, the function/(x)
=d(2)(x, x0; S) is a nonconstant
function defined on S and satisfies

[/(*)- f(y) I = I d^(x, Xo;S)- ¿<»>(y,
x„;S) \
úd™(x,y;S)

í(d(x,y))2.

In particular, if S= {xt\0^t^l}
is a curve in a Hubert space
Euclidean space Rn (n ^ 3) discussed in §3 with the property
d(2)(x8, xt; S) > 0 for any s, t with 0 ¿j 5 < / g 1, then f(xt) = t is a
constant function which satisfies the condition of Lipschitz of

or a
that
nontype

(2.1) on S.
6. Application to a problem in analysis. Let Q={x = (u, v)\o<u,
v<l]
be the open unit square in R2, and let f(x) =f(u, v) be a realvalued function defined on Q. f(x) =f(u, v) is said to belong to the
class C1 if all first partial derivatives
of f(u, v) exist and are continuous on Q. f(x) =f(u, i») is said to belong to the class C1(a, M) if
further all first partial derivatives
of f(y, n) satisfy the Lipschitz
condition of type (a, M). We are mainly interested in the case a = l.
Let f(x) =f(u, i») be a function belonging to the class C. A point
x = (u, v)EQ is called a critical point of / if all first partial derivatives
vanish at x = (u, v). The set S(f) of all critical points of / is called the
critical set oí f. It is clear that S(f) is a relatively closed subset of Q,
and hence is an F„-set.
Lemma 6.1. If f(x) belongs to C'(l, M), then f(x) satisfies the condition of Lipschitz of type (2, M) on its critical set.
Proof.

The proof is easy and so is omitted.

Theorem 4. Let f(x) =f(u, v) be a real-valued function defined on
the open unit square Q= {x = (m, d) | 0 < m, !»<l} of R2 which belongs to
the class C'(l, M). Then the set f(S(f)) of values taken by f(x) on its
critical set S(f) is a set of one-dimensional Lebesgue measure zero.
Further, f(x) is constant on every component of S(f).
Proof.

The proof follows easily from Theorem 3 and Lemma 6.1.
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Remark. It was shown by H. Whitney [4] that there exists a function f(x) =f(u, v) defined on the open unit square Q of R2 with continuous first partial derivatives which is not constant on a connected
part of its critical set S(f). This fact shows that the continuity of the
first partial derivatives is not sufficient for Theorem 4, and that
something like the condition of Lipschitz of type (1, M) for the first
partial derivatives of f(u, v) is necessary for Theorem 4.
If, on the other hand, all second partial derivatives of f(u, v)
exist and are continuous, then the proof of Theorem 4 becomes much
easier. In fact, in this case it is easy to see that, for any xES(f),
there exists a neighborhood
V(x) of x such that f(x) satisfies the
condition of Lipschitz of type (2, e) on S(f)C\V(x). From this follows that, for any e>0, there exists a sequence of squares Qi, i

= 1, 2, - • • .such that (i) Ur=iÇ2i
= C2,(ii) 22?-i m™(Qi)<m™(Q)
+€ = l-r-€, and (iii) f(x) satisfies the condition

of Lipschitz

of type

(2, e) on each Si = S(f)f\Qi, i = l, 2, • ■ • . From Lemma 6.1 then
follows
m^(f(S))

á ¿>(1>(/(Si))
¿=i

è22o(f(Si))^e±ô^(Si)
(6.1)

i=i

,=i

= <22àm(QÙ
ú2t22™m(Qi)
t=i

1=1

< 2í(1 + e).
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