
APPROXIMATELY STJBHARMONIC FUNCTIONS

JOHN W. GREEN

1. Introduction. D. H. Hyers and S. M. Ulam [l] have introduced

the notion of approximately convex function. A function / is said to

be e-approximately convex provided it satisfies the inequality

f(Xx + (1 - X)y) á e + \f(x) + (1 - X)/(y),

for 0 í=Xá 1. The positive number e is fixed, and by regarding x, y as

vectors, we may apply the definition to any number of dimensions.

For e = 0, the definition reduces to that of convex function. Hyers

and Ulam proved a theorem which amounts to the following: If/ is

continuous and e-approximately convex in a convex domain in n

dimensions, there exists a convex function g such that g(x) ^/(x)

úg(x)+kne, where kn = l + (n — l)(n + 2)/2(n + l). In one dimension,

since ¿i = l, the most general continuous e-approximately convex

function is obtained by adding to an arbitrary convex function a

continuous function whose values lie between zero and e. In higher

dimensions, since kn cannot be replaced by 1, this decomposition is

no longer possible.

Now in one dimension, the notions of convex function and sub-

harmonic function are identical. Only a slight examination of the

one-dimensional case is needed to suggest that approximately sub-

harmonic functions may be a more natural extension to higher di-

mensions than approximately convex ones. Accordingly we define as

follows:

Definition. A function f in a domain D is e-subharmonic provided

(a) it is upper semicontinuous, and (b) if h is a harmonic function in a

domain D' interior to D, which is continuous on the boundary of D' and

dominates f thereon, then in D'.

(1) f(x) è e + h(x).

This is not the only way in which one might naturally define e-sub-

harmonic functions. One might take the definition as given, except to

require that D' be a sphere, or one might take the analogue of the sub-

average property and require only that/(x) — e be dominated by the

average of / on a spherical surface centered at x. For e = 0, these are

all equivalent. For e>0, they are all different (even when £ is a

sphere), although what relation exists between the three definitions
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is not obvious and affords an interesting problem. It is only with the

strongest definition, namely the one given above, that one can prove

the strongest theorem that is likely to come to mind; to wit:

Theorem 1. If f is e-subharmonic in D, there exists a function u,

subharmonic in D, such that

(2) u(x) á /(*) Û 6 + u(x).

2. Greatest subharmonic minorants. To prove Theorem 2, we

naturally would like to take for u the greatest subharmonic minorant

of/; that is, the greatest subharmonic function which does not exceed

/, if such exists. The existence of a greatest subharmonic minorant of

a given function is not a trivial matter to prove ; in fact for general /,

there is none. Its existence for continuous /, in two dimensions, was

demonstrated by Sjöberg [2] in a proof depending heavily on con-

formal mapping. For upper semicontinuous functions, in any num-

ber of dimensions, its existence was proved by Brelot [3]. The latter's

proof is involved with some of his work of a more profound nature

on capacity, and depends in turn on certain results of H. Cartan and

is not easy to trace back to its beginning; thus it may be of some

interest to present an independent, although not essentially dif-

ferent proof. We first consider continuous /.

Theorem 2. If f is continuous in D and admits a subharmonic

minorant, it has a greatest subharmonic minorant, u. u is continuous in

D and harmonic where it is less than f. If D is a bounded Dirichlet

domain and f is continuous on D, then u is continuous on D and equals

f on the boundary.

Let 5 be the class of functions subharmonic1 in D and dominated

by/. By hypothesis the class is not empty. For xED, we define

u(x) = sup s(x).

We first show that u is lower semicontinuous. Let XoG£, and 77 >0.

There exists sES such that u(x0)— r¡^s(x0) á»(xo) ^/(x0). Then

s(x0) —r¡<f(xo)—n/2, and by the continuity of /and the upper semi-

continuity of s, s(x) —n<f(xo) —n/2 <f(x) for x in some closed sphere

K about x0. Let S be the function which agrees with s outside K, and

1 In the analogous treatment of the case of convex functions, one could use for 5

either the class of convex functions or of linear functions dominated by /, and the

result would be the same. However, in the present case, 5 cannot be taken to be the

class of harmonic functions dominated by /, the trouble being that a subharmonic

function need have no harmonic support at a point. See [3, footnote 16].
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is equal in K to the harmonic function given by the Poisson integral

with boundary values s. Then s^s and S is subharmonic [5, §5.4].

In K, s(x)—n<f(xo)—r)/2<f(x); also outside K, s — n<f. Hence

s — rjES and s — n^u. We have

lim inf u(x) ¡i lim inf (s(x) — tj) = s(x0) — rj
x-,x„ x->x„

^ s(xo) — v ^ u(x0) — 2ij.

Since n is arbitrarily small, lim inf u(x) ^u(xo), and u is lower semi-

continuous and measurable.

Denote by A(g, x, r) the average of the function g over the surface

of the sphere with center x and radius r. It is understood that all

spheres used will lie in D, together with their interiors. If xG£ and

rj >0, there exists s ES such that

u(x) ^ ?7 + s(x) ^ r\ + A(s, x, r) ^ rj + A(u, x, r).

Here we have used the sub-average property of s. Since n is arbitrarily

small, it follows that u(x) ^A(u, x, r). That is, u has the sub-average

property and is what Szpilrajn and Radó have called an almost sub-

harmonic function. Szpilrajn [4] showed that there exists a sub-

harmonic function u*(x) such that u = u* almost everywhere. For

each x in D, we have for almost all r,

u*(x) g A(u*, x, r) = A(u, x, r) ^ A(f, x, r).

Since/ is continuous, A(f, x, r)—*f(x) as r—*Q, and so u*(x) úf(x).

Thus u*ES and «* = m. On the other hand, for almost all r,

u(x) ^ A(u, x, r) = A(u*, x, r),

and since u* is subharmonic, A(u*, x, r)—w*(x) as r—»0. Thus u=u*,

and u is subharmonic, upper semicontinuous, and hence continuous.

It is now clear that u is harmonic whenever it is less than /. In

fact, in a small sphere about such a point, let us replace u by the

harmonic function with the same boundary values to obtain a new

member « of 5. « cannot be less than u, since u is subharmonic, nor

more than u, since u is maximal.

The remainder of the proof proceeds along standard lines, using a

barrier.

Theorem 3. If f is upper semicontinuous and dominates a sub-

harmonic function, it has a greatest subharmonic minorant.

The proof is essentially the same as the proof below of Theorem 1,

and will be omitted.
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In view of the remarks at the beginning of this section, it may be of

some value to describe a function/ which has no greatest subharmonic

minorant. In a space of w dimensions, »>2, let uk, k = l, 2, • • • , be

the potential (based upon the function l/rn_2) of negative mass of

constant density — k2 spread on the sphere with center at 0 and radius

1/k. Then uk is subharmonic and negative. The total mass is

—fo/tk2rn~1Çldr = Çl/nkn~2, where fi is the surface area of the unit

sphere, and this mass tends to zero as k—*«>. Now uk(0)

= -f01/tk2rn-1Qdr/rn-2 = - fl/2. If/ is defined to be zero except at the

origin, where it is equal to —Q./2, then/(x) =limt Uk(x) =supt uk(x).

Since/ is not subharmonic itself, it is clear that it has no greatest sub-

harmonic minorant. / satisfies the sub-average property, but has the

wrong kind of semicontinuity.

3. Proof of Theorem 1. Since the e-subharmonic function/ is upper

semicontinuous, it is the limit of a decreasing sequence of continuous

functions, {/„}. Let £ be a bounded Dirichlet domain interior to D,

and let un he the greatest subharmonic minorant of /„ in £. The se-

quence {un} is decreasing, and its limit u is thus subharmonic. It is

clear that it is the greatest subharmonic minorant of/ in E.

For each xEE, either w„(x) =f„(x) or w„(x) </„(x). In the latter

case, m„ is harmonic at x. Let £' be that component containing x of

the open set in £ where un </„. Then m„ is harmonic in £' and equals

/„ on the boundary of £', by Theorem 2 and the continuity of the

two functions «„ and /„. Since /„ dominates / on this boundary,

M„+e dominates / in £'; that is, for every x in E, f(x) ^un(x)+e.

Allowing n to become infinite, we have in E,

u(x) ¿ f(x) ^ u(x) + e.

Theorem 1 is now proved, but for the subdomain £ of D. The re-

mainder of the proof is made in an obvious fashion by using a nested

sequence {Ek} of bounded Dirichlet domains exhausting D. The cor-

responding sequence {uk} is decreasing and its limit is subharmonic.

It is easy to see that this limit is the greatest subharmonic minorant

of/and satisfies the inequality (2).

It would be desirable to show that f—u is upper semicontinuous,

for then we could assert that the most general e-subharmonic function

is obtained by adding to an arbitrary subharmonic function an

arbitrary upper semicontinuous function whose values are between

zero and e. We have not been able to prove or disprove this, however.
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LATTICE ORDERING ON BANACH SPACES1

L. J. HEIDER

In all that follows the letter B will denote a given real Banach

space, the letter X a bicompact Hausdorff space, and the symbol

C(X) the space of all real-valued continuous functions c(x) on the

space X. The space C(X) may be considered, among other ways, as

a real Banach space under the norm ||c(x)|| =l.u.b. | c(x) |, xEX, and

as a linear lattice under the partial ordering Ci(x)^c2(x) for Ci(x)

— c2(x) non-negative on X.

A space B equivalent to a C(X) under a linear norm-preserving

isomorphism is, by transfer of the natural order on C(X), susceptive

of a partial ordering under which B becomes both equivalent and lat-

tice-isomorphic to C(X). Thus the question of the purely Banach -

space characterization of C(X) is identical with the question of the

linear normed lattice characterization of C(X) provided the neces-

sary and sufficient conditions under which a given Banach space is

susceptible to a linear lattice ordering together with the additional

conditions of the linear lattice characterizations are expressible in

terms meaningful in all Banach spaces. This principle, applied in

reference to the Kakutani [3]2 linear normed lattice characteriza-

tion of C(X), is implicit in the Clarkson [2] Banach space character-

ization of C(X). The purpose of this note is to present the methods

Received by the editors January 19, 1952.

1 This note constitutes part of a thesis submitted to the University of Michigan.
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