
DIMENSION LOWERING MAPPINGS OF CONVEX SETS

R. H. SORGENFREY

It is a well known result of Borsuk [2]1 that any mapping2 of the

w-sphere Sn into euclidean K-space carries some two antipodal points

of Sn into the same point; that is, the inverse of some point has the

same diameter as Sn. It is the principal purpose of this paper to obtain

results concerning the diameter of connected subsets of such inverse

sets when convex sets are mapped into spaces of lower dimension.

The first part of the paper concerns itself with convex sets of dimen-

sion greater than two; in the second part somewhat sharper results

are obtained for mappings of plane convex sets.

1. There will first be obtained the following rather trivial extension

of Borsuk's theorem to convex sets.

Theorem 1. IS K is a compact convex set of dimension n, andS maps

K into euclidean space E of dimension n — l, then the inverse of some

point of E has diameter at least w, the width3 of K.

Proof. Since for each e>0, K contains a convex set of width w — e

with the property that each supporting hyperplane intersects its

boundary in a single point, it may be assumed for purposes of this

proof that K itself has this property. For each unit vector u, let g(u)

be the point of contact of the oriented supporting hyperplane normal

to u. Then f(g(u)) is a mapping of the n— 1 sphere into E, and by

Borsuk's theorem there is a Uo such that/(g(u0)) —f(g( — «o)) =yo€zE.

Hence g(u0), g( — Uo)Gj~1(yo), and since the distance from g(u0) to

g(— uo) is at least w, the proof is complete.

Theorem 2. // K is a compact convex set of dimension n (n>3),

and f maps K into a set F of dimension m ^ (n — 2)/2, then the inverse

of some point of F has a connected subset of diameter at least w, the

width of K.

Proof. Let f = hg be the monotone-light factorization of/ [4, p.

141]; that is, g(K)=D is monotone, h(D)=F is light, and f(x)

= h(g(x)) for all xGK. Since for each z£lF, h_1(z) is closed and totally
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1 Numbers in brackets refer to the bibliography at the end of the paper.

2 Throughout this paper the term mapping will mean continuous transformation.

8 By the width of a convex set is meant the least distance between parallel sup-

porting planes.
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disconnected, and therefore zero-dimensional, it follows [3, p. 91 ]

that D has dimension m. Consequently [3, p. 56] D can be em-

bedded in euclidean space of dimension 2m-\-lgn — 1. Hence, by

Theorem 1, there is a yoCD such that diam g~1(yo) ^w. But g_1(yo)

is connected and is a subset oi f_1(h(y0)) and the theorem follows.

Remark. If w = 3 and m = l, Theorem 2 remains true; in this case D

is a dendrite (see proof of Lemma 2) and is therefore imbeddable in

the euclidean plane. Otherwise the question for n>m>(n — 2)/2 re-

mains undecided, except for the case w = 2, which is treated in the

next section.

2. Lemma 1. If C is a circular disc of diameter d, and f maps C into

a one-dimensional set F, then the inverse of some point of F contains a

connected set of diameter at least d3ll2/2.

Proof. Let f=hg be the monotone-light factorization of /: g(C)

= D is monotone, h(D) = F is light. Just as in the proof of Theorem 2,

it follows that D is one-dimensional. Also, since it is the monotone

continuous image of a locally connected, unicoherent continuum, D

has these properties [4, p. 33 and p. 138]. Since it is a one-dimensional,

unicoherent locally connected continuum, D is a dendrite ( = acyclic

curve). Let p, q, and r be points equally spaced on the boundary B of

C; dist (p, g)=dist (q, r)=dist (r, p)=d3x'2/2. If g(p)=g(q), then

g~l(g(p)) has diameter at least d31,2/2. If g(p)^g(q), then there is a

unique arc A in D joining these two points. Suppose that for each

yCA, diam g~x(y) <d31/2/2. Since any set which intersects all three

of the closed 120° arcs pq, qr, and rp has diameter at least d3ll2/2, it

follows that for each yCA, g-1(y) intersects at most two of these.

But since each yCA, y^g(p), y^g(q), separates g(p) from g(q) in D,

it follows that g~x(y) separates p and q in C; hence for each yCA,

g_1(y) intersects pq and just one of qr and rp. Denote by P the set

of all yCA such that g_1(y) intersects rp and by Q the set of all yCA

such that g_1(y) intersects qr. It is easily seen that P and Q are non-

void, disjoint, and closed, and that they therefore form a separation

of A=P\JQ. This contradiction establishes the fact that for some

yoCD, g~l(y), which is a connected set, has diameter at least d3ll2/2.

It follows that /_1(^Cyo)) contains a connected set of diameter at

least d3ll2/2, and the lemma is established.

Theorem 3. If K is a compact plane convex set of width w, andf

maps K into a one-dimensional set F, then the inverse of some point of F

contains a connected set of diameter at least w3l,2/3.

Proof. The set K contains a circular disc C of diameter 2w/3 [l,

p. 53]. By Lemma 1,  the inverse of some point under the partial
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mapping  /| C   contains   a   connected   set   of   diameter   at   least

(2w/3)3I/2/2=w31/2/3, and the theorem is proven.

Theorem 4. If K is a compact, centrally symmetric, plane convex set

of width w, and f maps K into a one-dimensional set F, then the inverse

of some point of F contains a connected set of diameter at least w3ll2/2.

Proof. Since a centrally symmetric convex set of width w contains

a circle of diameter w, the theorem is an immediate consequence of

Lemma 1.

That the results established in Theorems 3 and 4 are the best pos-

sible is shown by the following examples.

Example 1. Let K be an equilateral triangle4 of side 2. Let its

vertices be pi, p2, and p3 and let qi be the mid-point of the side

opposite pi. Denote by Gi the collection consisting of {pi} and the

intervals, other than q2q3, which are intersections of lines parallel to

q2q3 with the triangle piq2q3. Define the collections G2 and G3 similarly.

Then the collection G consisting of the triangle qiq2q3 and the elements

of Gi, G2, and G3 is upper semi-continuous and fills up K. Conse-

quently there is a mapping / carrying K into a triod T such that the

elements of G are the inverses of points of J1. It is easily verified that

the width w of K is 31/2 and that the largest diameter d of the in-

verse of a point of T is 1. Hence d = w31,2/3, which shows that the

result obtained in Theorem 3 cannot be improved.

Example 2. In Example 1 let K' be the circular disc inscribed in

K, and let /' =/| K'. The width w' of K' is 2/3 ^ and the largest di-
ameter d' of the inverse of a point under /' is, as before, 1. Then

d' = w'3l,2/2, which shows that the result obtained in Theorem 4 for

centrally symmetric sets is the best possible.

Remark. The conclusions of Theorems 3 and 4 cannot be im-

proved even if / is real-valued since there is a simple mapping of the

triod of the above examples into the unit interval which sends the

junction point into 0 and the end points into 1.
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