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W. Gross [l ] was the first to give an example of an entire function

w=<p(f) with the property that, for each complex number w, there

exists an uncountable set of asymptotic paths along which <p(f) tends

to w. We shall consider, in this note, the corresponding problem for

functions analytic in the unit circle, U: \z\ < 1. Let <p(f) be the entire

function constructed by Gross, and let L be one of the paths in the

set of asymptotic paths corresponding to an asymptotic value a. Let

us cut the f-plane along L and map the slit region conformally onto

the unit circle U by means of the function f = f(z). The composed

function <p(f(z)) is analytic in \z\ <1, and, at the point z0 on \z\ =1

corresponding to f = °°, has the property that every complex value

is an asymptotic value of <p(£(z)) on an uncountable set of paths

terminating at z0. However, if we assume a function defined in U to

be bounded, it has at most one asymptotic value at every point of

j z\ = 1 and tends to this asymptotic value radially if this exists. Thus

it is natural to ask whether there exists a bounded analytic function

in | st I < 1 for which the set of radial limits at a set of linear measure

zero on \z\ =1 fills an open set.

Theorem. There exists a function w=f(z), bounded and analytic in

\z\ <1, such that /(e*)=limr»i f(rcw) has modulus 1 for almost all

e'e on  |z| =1, and such that, for each a with  \ct\ rgl, the equation

f(ew) =a is satisfied on an uncountable set of ew on \z\ =1.

We first divide | w\ £jl into four parts:

A(l):0^\p^ir/2;      A(2): ir/2 g i> ̂  ir;      .4(3): tt ^ ^ ^ 3tt/2;

.4(4): 3tt/2 ^ f ^ 2x (w = pe**),

and  draw two disjoint slits s(i) and s(i') in  the interior of each

A(i) (1 ̂ ^4). Next we divide ^4(1) into four parts:

.4(1, 1): 0 ^ p g 1/2,     0 ^ * g t/4;

4(1, 2); 1/2 g p | 1,     0 ^ <£^ tt/4;

4(1, 3): 0 ^ P ^ 1/2, ir/4|^ x/2;
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4(1, 4): 1/2 ^ p g 1, tt/4 g, $ g v/2,

and draw two disjoint slits 5(1, j) and 5(1, j'), disjoint also from

5(1) and 5(1'), in the interior of each .4(1, j) (l^j^4). We do the

same thing for .4(2), .4(3), and .4(4). Repeating the division

into four parts we obtain sectors {A (i, j, • • • , k)} and slits

{s(i, j, ■ ■ ■ , k)} and {s(i,j, ■ • • , k')}. We denote by F(i, j, • • • , k)

(and by F(i, j, ■ ■ ■ , k')) the extended TO-plane slit along the nine

slits: s(i, j, ■ ■ ■ , k) (s(i, j, ■ ■ ■ , k') resp.), {s(i, j, ■ ■ ■ , k, I)}, and

{s(i,j, ■ ■ ■ , k, I')) (1=1, 2, 3, 4). (F(0) is the one slit along {s(i)}

and {s(i')} (i= 1,2,3,4).)

We now connect F(0) with F(l), F(l'), F(2), • ■ • , F(4') along 5(1),

5(1'), 5(2), • • • , 5(4') so that we obtain branch points at the end

points of s(i) and s(i') (1 —igi), and denote the surface thus obtained

by Gi. Next connect & with {F(i, j)} and {F(i, j')} (*, j = 1, 2, 3, 4)

(we take two replicas of each of these F) along 64 boundary slits of

Gi and denote the resulting surface by Gi. We continue this pro-

cedure and obtain a surface Gn at each step. If we denote the surface

U„G„ by G, {Gn} forms an exhaustion of G.

We shall show that, if we take the lengths of the slits sufficiently

small, G has a null boundary. We draw a disc in F(0), say |w| Stl,

exclude it from Gn, and denote the remaining domain by Gn'. We

denote by co„(P0) the harmonic measure, at a fixed point Po of G{,

of the boundary slits of Gn with respect to the domain Gn' ■ If all the

boundary slits of G„ reduce to points, Gn has obviously a null bound-

ary. Therefore if we choose the lengths of these slits sufficiently small,

o)n(Po) is less than l/n. Suppose that all slits are chosen in this way.

Then wn(P0)—>0 as n—>°°. This means that G has a null boundary

since {Gn} is its exhaustion.

It is easily seen that G is of planar character. We can map G onto

a domain D in the W-plane conformally in a one-to-one manner.

Then, since G has a null boundary, D is bounded by a closed set E

of capacity zero. We cut out that part of G lying over \w\ ^1 and

denote the remaining connected surface over \w\ <1 by R. This cor-

responds to a subdomain D' of D, bounded by E and a countable

number of closed curves {T,\ each of which is an image of \w\ =1.

We map the universal covering surface of D' onto U: \z\ < 1 and de-

note the corresponding function which maps U onto D' by W(z).

Then by [2, p. 198], W(z) tends to a point of E radially only on a set

of linear measure zero on C. Therefore almost all radial limits of

W(z) lie on {Tv\. Consequently, if we compose the function W(z)

with the transformation W—>w and if we denote the composed func-
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tion by/(z), then/(z) has almost everywhere a radial limit of modulus

one.

We shall show finally that, for any point a with \a\ gl, there are

points of the power of the continuum on C at which /(z) tends to a

radially. We select a nested sequence A(i)Z)A(i, j)Z) • • • —»a. We

start from the origin of the first sheet of R (a part of F(0)), enter into

the second sheet of R by crossing over the slit s(i) or s(i'), enter into

the third sheet through s(i, j) or s(i, j'), and so on. It is possible to

limit the path on the Riemann surface in such a way that, as we move

from one slit to another, the w-projection of the path converges to

the point a. Since we may obtain nonhomotopic paths in an uncount-

able number of ways by choosing i or i',j or j', etc, we obtain a non-

countable set of paths terminating at points of \z\ =1 such that

f(z)^a along any one of these paths. Then by Lindelof's theorem,

/(z) tends radially to a along a set of radii of the power of the con-

tinuum. Hence the theorem is proved.
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