A CORRECTION TO "ON A CONJECTURE CONCERNING
DOUBLY STOCHASTIC MATRICES"
S. SHERMAN

Professor A. Horn has kindly pointed out to me in a letter dated
February 15, 1953, that the proof contained in On a conjecture concerning doubly stochastic matrices, Proc. Amer. Math. Soc. vol. 3, pp. 511—
513, is incorrect. The extension described on lines 3 et seq. on p. 513
cannot always be carried out. For whatever interest that remains it
might be remarked that the theorem is true for 3X3 matrices. Professor Horn has given a counterexample
for the case of 4X4 matrices.
This counterexample
settles in the negative the conjecture raised at
the end of the paper. Drs. A. J. Hoffman and Truman Botts had previously settled the conjecture
cited. Professor
Horn's counterexample and proof follow: Let
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There is no doubly stochastic
cause if there were,
P\2 = 0 -> P13 = Pu = 0
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P2 with P1 = P2P3. Be-

P\2 = 0 -> P23 = P24 = 0,

Pu = 3/8

and

p\t = 3/8 -> Pu = p\2 = 1/2,

P\z = 3/8

and

P24 = 3/8 -> P2i = P22 = 1/2.

Therefore i* = P\x = P\2 = P% = 0.
But then there is the contradiction:

P^ = 5/32 = (P^)/4, P^
= 3/32 = (PD/4. In order to show Pxx<P*x for all *, choose the fol-

lowing basis:

x1 = (0, 0, 4, -4),

x3 = (1, 1, 1, 1),

*2 = (0, 4/3, 0, 0),

*4 = (-3,

1, 1, 1).

If x = a.r1+|3x2+Yx3 + 5x4, then:
Plx = aPlxl

+ 0P1*2 + yPxx3 + 5P1*4

= «-(0, 0, 1/4, -1/4) +fi-(0, 0, 2/3, 2/3) + y(l,
Received by the editors May 10, 1953.

998
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

1, 1, 1),
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P3x = aPH1 + fiP3x2 + yP3x3 + 8P3xi

= «(-l,

1, 0, 0) + /3-(0, 0, 1, 1/3) + y-(l, 1, 1, 1).

Since x<y<-»x +7(1,

1,1,1)

<y+7(l,

1.1,1)

it remains only to prove

(0, 0, a/4 + (2/3)0, -a/4 + (2/3)fi) <(-a,a,fi,
Now if ai^a2^a3=a4

and if Ei °*= Et

<(ai, a2, as, ai) if and only if a^bi^ai,

fi/3) for all a, fi.

bi, then (bu b2, b3, bt)

1 = i ^ 4, and

'h + b2
03 + ^4 ^

bi + b3

^ ai + a2.

b2 + b3.

So it remains to be shown:

0
(1) min (-a, a, fi, fi/3) =

a/4 + (2/3)0

= max (-a,

a, fi, fi/3);

,-a/4+(2/3)0.
(2) The sum of the 2 smallest of -a, a, 0, 0/3 = <

>

la/4 + (2/3)0/

g the sum of the 2 largest of —a, a, fi, fi/3.

For (1):

max (-a, a, 0, 0/3) £ I"
max (-a,

j = min (-a, a, 0, 0/3),

a, 0, 0/3) ^ 0 ^ min (-a,

a, 0, 0/3).

Also

a/4 + (2/3)0 = (l/4)(a) + (5/8)(0) + (1/8)0/3),
a mean of a, 0, 0/3,

-a/4 + (2/3)0 = (l/4)(-a)

+ (5/8)03) + (1/8)03/3),
a mean of —a, fi, fi/3.

For (2): Sum of the two largest of —a, a, fi, fi/3 =a— a = 0 = sum of

two smallest
+ (l/4)(«+0/3)

of -a, a, fi, fi/3. Also a/4+(2/3)0 = (5/16) (0)
+ (7/16)((4/3)0),ameanof
pair-sums from -a,a,fi,

fi/3.
Sherman Oaks, Calif.
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