EXTENSIONS OF ORDERED GROUPS!
PAUL CONRAD

1. Introduction and preliminary results. Throughout this paper let
G denote an additive linearly ordered group (notation o-group). Let
T" denote the set of all pairs of convex subgroups G, G, of G such that
G7 covers G, (we identify v with the pair G, G,). T is simply ordered
by inclusion, and the rank of G is the order type of I'. Each G, is
normal in G and G7/G, (called a component of G) is o-isomorphic to
a subgroup of the additive group R of real numbers. G is called d-
closed if nG =G for all n &I where I is the set of positive integers. G
is an a-extension of a subgroup H of G if for every g>0&G there exist
h>0&EH and nE€1 such that nh<g=<(n+1)h. G is a-closed if it does
not admit any proper a-extensions. There exists an a-closed a-exten-
sion H of G (see [2]). If G is abelian, then there exists an a-closed
a-extension H of G such that every component of H is o-isomorphic
to R and H is d-closed. In §4 we show that this does not hold for non-
abelian o-groups. In §3 we prove that if every component of G is
d-closed, then there exists an a-extension of G with every component
o-isomorphic to R.

Every group can be embedded in a d-closed group (see [6]). If G
is abelian, then there exists a d-closed o-extension H of G such that
if A€ H, then nh &G for some n& I (hence H is an a-extension of G).
Moreover any other o-extension of G that satisfies both these condi-
tions is equivalent to H. H is called the d-closure of G. In §4 we ex-
hibit an o-group with no d-closed a-extension. In §3 we derive a
necessary and sufficient condition on the components of G for G to be
d-closed, provided the rank of G is well ordered. We also show that
any a-closed o-group of rank 2 is d-closed and has both components
o-isomorphic to R. Finally we illustrate methods of constructing o-
groups, making use of the normal o-extension theory stated in §2. We
make repeated use of the following induced homomorphism theorem.

I.LH.T. Suppose that 4, B, C, and D are o-groups; 6 is an o-homo-
morphism of 4 onto D; § is an o-homomorphism of B into C; and
a is a (single-valued) mapping of 4 into B such that K(8)a=<K(B)
(where K (8) is the kernel of 6) and af is an o-homomorphism of 4 into
C. Then there exists a unique o-homomorphism a* of D into C such
that da*=aB. Moreover a* is an isomorphism if and only if K(8)
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=a~1K(B). The proof is almost identical with the proof of the cor-
responding theorem for nonordered groups.

For any g=0&G there exists a unique Yy &I (called the value of
g and denoted by V(g)) such that gEG"\G,. We define V(0) <y for
all y&T" where 0 is the identity of G. We made use of the fact that
if w is an o-automorphism of a subgroup K of R, then kxr=pk for all
kEK where p is a fixed element of the set P of all positive real
numbers.

(Added in proof. The referee has pointed out that the method of
proof of Theorem 3.1 was used by P. Jafford [4]).

2. Normal o-extensions of o-groups. The extension theory for
groups that was developed by O. Schreier [7] applies with slight
modifications to o-groups. This theory has been applied to partially
ordered groups by L. Fuchs [3]. F. W. Levi [5] effectively points out
that a normal extension G of an o-group N by another o-group N’
can be ordered so as to induce the given orders in N and N’ if and
only if the inner automorphisms of G induce o-automorphisms of N.
The proofs of the statements in this section will be omitted, since
they are almost identical with the classical ones. Let N and N’ be
o-groups with elements a, b, ¢, - - - and @', ¥’, ¢/, - - - and identities
0 and 0’ respectively. Suppose that G is a normal o-extension of N by’
N’. That is, there exists an o-homomorphism 7 of G onto N’ with
kernel N. Then N is a convex subgroup of G. A mapping r of N’ into
G such that 7(0”) =0 and r(a’)m =a’ is called a representative function.
The factor set derived from r is the mapping f of N’ X N’ into N defined
by: f(a’, ¥’) = —r(a’+b')+r(a’) +r(b’). For x and y in G we define
xy=—y-+x+y. Then (xy)z=x(y+2), and we have

(1) [ar(a")]r(¥") = [ar(a’+0") ]f(a’, '), and ar(0’) =a,

2) r(@")+a+r@)+b=r(a"+b")+f(a’, b') +ar(b’)+b,

(3) f(a’, 0") =f(0’, ') =0, and

4) f@@', b'+c")+f(¥', ¢') =f(a’+b', ¢') +f(a’, b)r(c').

Conversely suppose that f is a mapping of N’ XN’ into N, and r is a
mapping of N’ into the group of o-automorphisms of N. Suppose
further that (1), (3), and (4) are satisfied. Let G=N’XN, and define
(a’, @)+ (b, b) = (a’ 4+, f(a', b') +ar(d') +b). Next define (a’, a) posi-
tive if a’>0" or a’=0" and a>0. Then G is a normal o-extension of
N=0'XN by N'. Thus if G is a normal o-extension of N by N’, then
by using a representative function r(a’) and the derived factor set
f(a', ') we can construct G. The mapping of 7(a’) +a onto (a’, a) is an
o-isomorphism of G onto G. We shall frequently make use of this
representation of G. We next consider some special cases of the above
theory.
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I. Suppose that N is abelian. Then the first part of (1) reduces to
[ar(a’) }r(b") =ar(a’+0"). Hence r is a homomorphism of N’ into the
group of all o-automorphisms of N.

I1. Suppose that G splits over N. Then we can (and always shall)
pick a representative function r so that r(a’+b") =r(a’) +r(d’), and
hence f(a’, b')=0. Thus G is determined by N, N’ and a homo-
morphism of N’ into the group of o-automorphisms of N.

I11. Suppose that N is in the center of G. Then ar(a’) =a’ for all
a and a’. Hence G is completely determined by N, N’ and a mapping
f of N’XN’ into N that satisfies (3) and f(a’, b'4¢)+f(¥", ¢’)
=f(a’+b’, ¢')+f(a’, b’).

Let (G, m) and (G, m2) be normal o-extensions of N by N’. They
are called equivalent extensions if there exists an o-isomorphism ¢ of
G, onto G, such that ao =a for all e EN. It follows by the I.H.T. that
there exists an o-automorphism 7 of N’ such that omy=m7. If 7 is an
o-isomorphism of G; onto G, then (since N is convex) Nw<N or
Nz > N. If the rank of G, is well ordered, then Nw = N. Hence in this
case the two extensions are equivalent if and only if the o-automor-
phism of N that is induced by 7 can be extended to an o-automor-
phism of Gi. In general the two extensions are equivalent if and only
if there exist an o-automorphism 7 of N’ and a mapping g of N’ into
the center of N such that ari(e’) =ars(a’r) and f(a’r, b'7) —fi(a’, b’)
=g(a’+b") —g(a') —g(®").

3. Some extension theorems. Let S be the set of all abelian convex
subgroups 4 of G. Let M =U,esA. Then M is the greatest abelian
convex subgroup of G. Clearly M is mapped onto itself by every o-
automorphism of G.

THEOREM 3.1. There exists an a-extension H of G such that: (i) H
contains a d-closure D of M; (ii) H is genmerated by D and G; and
(iii) if K is an a-extension of G that satisfies (i) and (ii), then K is
equivalent to H.

We first prove the following

LEMMA. Suppose that M is an abelian o-group, D is a d-closure of
M, and 7 is an o-automorphism of M. Then there exists one and only
one o-automorphism o of D such that ac =amw for all a& M.

Proor. For d€D we define do=(1/m)(mdnr) where m&I and
mdE M (i.e., do is the element x& D such that mx =mdr). If md and
nd are in M, then m2n2[(1/m)(mdx)]=mn[n(mdr)]=mn [m(ndr)]
=m?[(1/n)(ndx)]. Hence (1/n)(ndm)=(1/m)(mdr), and ¢ is a
(single-valued) mapping of D into itself. It is easy to show that ¢ is
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an o-automorphism of D such that ae =ax for all a € M. Suppose that
p is an o-automorphism of D such that ap =an for all a € M. Consider
any dE€D. Then nd € M for some m E 1. n(dp) = (nd)p = (nd)r = (nd)o
=n(do). Therefore do =dp.

PROOF OF THE THEOREM. G is a normal o-extension of M by G/ M.
Hence there exist a representative function 7(a’) and a derived factor
set f(a’, b') of this extension. We use the representation G of G. Let
D be a d-closure of M. For every a’ in G/ M, let s(a’) be the unique
extension of the o-automorphism 7(a’) of M to an o-automorphism of
D. Next consider any dE€D. There exists an m &I such that md & M.
mlds(a’ +b")] = (md)s(a’ +b’) = (md)r(a’ +b') = [mdr(a’)]r®’)
= [mds(a’) ]s(b") =m[ds(a’) ]s(d"). Thus s(a’+b’) =s(a’)s(d’). Hence s
is a homomorphism of G/ M into the group of o-automorphisms of D.
Let H=G/M XD, and define (a’, a)+ (', b)=(a’'+b', f(a’, b')
+as(a’)+b). As usual define (a’, a) positive if a’>0’ or a’=0’ and
a>0. One easily verifies that H is an a-extension of G that satisfies
(i) and (ii).

Now suppose that H and H’ are a-extensions of G that satisfy (i)
and (ii). Let D and D’ be the d-closures of M in H and H’ respectively.
Since H(H'’) is generated by D and G (D’ and G), the set of repre-
sentatives r(a’) of G/M 1is also a set of representatives of H/D
(H'/D’). D and D’ are equivalent extensions of M. Therefore there
exists an o-isomhorphism 7 of D onto D’ such that ar =a for all a € M.
For any d&D there exists an n&1 such that ndE M. n(dwr(a’))
= (ndm)r(a’) =ndr(a’) =ndr(a’)r =n(dr(a@’)w). Hence xr(a’)=r(a)w
for all a’.

Every h&€ H has a unique representation k=r(a")+d where dED.
Consider the mapping o: ho=(r(a’) +d)o =r(a’) +dn of H into H'.
(r(@a’)+a+r@)+b)o=(r(a’+b")+f(a’, b')+ar(®’)+bd)o=r(a"+b)
+f(@’, b )w+ar(b)m+bwr=r(@’+b')+f(a’, b')+anr(d)+br=r(a’)
+ar+r(b)+br=(r(a’)+a)o+ (r(b') +b)s. Thus ¢ is a homomor-
phism, and it is easy to verify that ¢ is an o-isomorphism of H onto
H’ such that go=g for all gEG.

THEOREM 3.2. Suppose that G has a d-closed component, say G*/Gg.
Then there exists an a-extension H of G for which HY/H,~R whenever
there exists an tnner automorphism of G that maps G? onto G7, otherwise
H/H,~G"/G,.

COROLLARY. Suppose that all of the components of G are d-closed.
Then there exists an a-closed a-extension of G with each component
o-isomorphic to R.

The corollary follows at once from the theorem by the usual trans-
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finite arguments. To prove the theorem we need the following defini-
tions, lemmas, and diagram. For g&G, w(g) will denote the inner
automorphism of G determined by g. That is xw(g) = —g+x+g for
all x&G. 7 is a homomorphism of G into the group of all o-automor-
phisms of G.

For &, kEG we define V(k)7 (k) = V(kr(k)).

LEMMA. 7 is a homomorphism of G into the group of all the order
preserving permutations of T'.

Proor. We first show that for every k0, k<0, g &G, V(h) =V (k)
if and only if V(kw(g))=V(kn(g)). For if V(k)=V(k)=7y, then
hkEG'\G,. Hence &Ir(g), kn(g) EGw(g)\G,w(g). But G«(g),
Ga(g)ET (since w(g) is an o-automorphism). Thus V(kr(g))
= V(kn(g)). Conversely if V(hw(g))=V(kmw(g)), then V(k)=V(hw(g)
‘w(—g)) =V(kr(g)w(—g)) = V(k). Therefore isa (single-valued) map-
ping of G into the set of all 1-1 mappings of T into itself. Since 7 (k)
is a mapping of G onto G and V is a mapping of G onto I, each 7(k)
is a mapping of I onto itself. If V(&) < V(k), then V(hm(g)) = V(kr(g)).
Without loss of generality 0 <A <k. Then 0<hw(g) <kw(g), hence
V(kr(g)) < V(kmw(g)). Therefore each V(k) is an order preserving
permytation of T'. Finally 7(k)7r(g+h)=V(knr(g+h))=V([kr(g)]
-w(h)) = V[km(g) Ir (k) = [V(R)7(g) ]r (h).

For BET we define Ag= {§ET| G#r(g) =G for some gEG}.

LEMMA. Ag={8ET| V(E) =B and V(kn(g)) =8 for some h,k=0EG}
= {8€P|ﬂr(g) =8 for some gEG}. G®/Gs is o-isomorphic to GP/Gg for
every 0 S Ag.

The equalities follow from the last lemma and the fact that each
7(k) induces an o-permutation of As. The last part of the lemma is an
immediate consequence of the I.H.T.

Now G#/Gyg is o-isomorphic to a subgroup R of R. Hence for each
8€A; there exists an o-isomorphism 75 of G*/Gs onto Rs. The set
{m] 3€As} will be kept fixed throughout the following discussion.
Then for each §&A; we have the diagram on the following page,
where the o; are the natural o-homomorphisms. K(osms)w(h)
=Gy (k) =Gsgy =K(0sryTsry). Therefore by the I.LH.T., w(h) in-
duces an o-automorphism p(8, k) of Rz such that osmp(d, k)
=1 (h) s yTsr y. Similarly 7 (k) induces an o-automorphism p(87(k), k)
of Rg such that o wyTsnyp (67 (), k) =1 ()0 s hiryTorchiky, and w(h +k)
induces an o-automorphism p(8, h+k) of R such that asmsp(5, k&)
=1 (h+k)0s pimyTorniy. But osmsp(8, h+k) =m(B)mw(k)os Motk
=7(h)Tsr ayTsrmyp (87 (h), k) =asmsp(8, k)p(dr(h), k). Therefore p(8, h)
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«p(67(h), k) =p (9, k+k). Finally without loss of generality p(8, k) EP
for all 8&Ag and EEG.

ProOF OF THEOREM. Since G#/Gj is d-closed, R=Rg® K. Form the
small direct sum K of the K; where K;=Kj for all §&A;. Denote the
identity of K by ¢. Define k=( - - -, ks, + - - )EK positive if k#¢
and the nonzero component with greatest § is positive. Then K is an
abelian o-group that we wish to adjoin to G.

For k€K and gE€G we define kp(g) =( - - -, [ksp(3, £) Jorcar, -+ *)-
(h+k)P(g)=( Tty [(h'l'k)&P(a: g)]ff(ﬂ)» c )=( R [(h6+k8)P(81
g)]éf(ﬂ)r ttt )=( ) [hﬂp(a’ g)]‘f(v): ttt )+( T [kt‘P(sy g)]“f(ﬂ)v

o) =hp(e)+kp(g). If kp(g) =¢, then ksp(3, g) =0 for all 3EA,.
Hence k;=0 for all §, and k=¢. xp(g) =k has a solution x for every
kEK. Simply let x5 = ks /P (8, g). Thus we have shown that p(g) is
an automorphism of K. kp(g+k)=( - - -, [ksp(8, g+k) lsrigny, - * *)
=( ] [kﬂp(av g)p(&r(g), h)]ﬁf(a)f(h)v cte )=( T [kﬁp(a’ g) ]Gf(ﬂ)y
- - )p(k) = [kp(g) 1p(h). Therefore p is a homomorphism of G into
the group of automorphisms of K.

Let H=GXK, and define (gl, k1)+(g2, kz) =(g1+g2, klp(gz) +k2).
Then H is a splitting extension of K by G. Define (g, k) €EH positive
if V(g)>V(k) and g>0, or V(k)>V(g) and k>¢, or V(g)=V(k) =8
and gosms+ks>0. It follows by a long straightforward computation
that H is an o-group. In fact H is an a-extension of {(g, ¢)|gEG}.
Finally if §&Ag, then the mapping of (g, k) €H® onto gosms+k; is an
o-homomorphism of H? onto R with kernel Hj;, and if yEI'\Ag, then
the mapping of (g, k) EH” onto g+G, is an o-homomorphism of H7
onto G7/G, with kernel H,.

Assume that G has a convex subgroup G! that covers 0. Then by
Theorem 3.1 there exists an a-extension K of G such that K! is d-
closed. Hence by Theorem 3.2 there exists an g-extension H of G such
that H'=<R. This result can be sharpened.
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THEOREM 3.3. If G has a convex subgroup G* that covers O, then there
exists an a-extension H of G such that (i) H'=R, (ii) H is generated by
H! and G, and (iii) if K is an a-extension of G that satisfies (i) and (ii),
then K 1is equivalent to H.

The proof is entirely similar to the proof of Theorem 3.1. For if =
is an o-automorphism of a subgroup G! of R, then ar=pa for all
a €G! where p is a fixed element of P. Hence there exists a unique
extension of 7 to an o-automorphism of R.

Suppose that the inner automorphism = (g) of G maps G onto it-
self, then we have the following diagram:

?n = P('Yr Ty ng)

Ry >R,
"’flT T Ty
G/G, G/G,

" l, (ng) = [w(g)]; !1 K

where p is an o-automorphism of R,, hence without loss of generality
pEP.

LEMMA. If G is d-closed, then 1 +p+ - - - +p™is an o-automorphism
of R, for every n& 1.

Proor. It is sufficient to show that (1+p+ - - - +p")R,=R,.
Clearly 1+p+ - - - +p™R,=<R,. Since G is d-closed, R, is d-closed.
If V(g) <7, then p=1. Hence 1+p+ - - - +p")R,=nR,=R,. Next
assume that V(g) >v. Consider any kEG with value ¥ and any n€& 1.
Then there exists an element dE€G such that (n+1)d=m-+1)g+h
=(n+1)g mod G». Hence d=g+x where V(x)=v. (n+1)g+h
=(n+1)(g+x) =(n+1)g+zr[ng] +ar[(n—1)g]+ - - - +ar[g]+=.
Therefore ko,m,=x7[ngloymy+ - - - +xr(glo,m,+xo,m,=pr[x0,m,]
+ - - Fplxory | Fxom ="+ - - - +p+1)[xo,m,]. This com-

pletes the proof, since ko, is an arbitrary element of R,.

THEOREM 3.4. If the rank of G is well ordered, then the following state-
ments are equivalent.

(A) G is d-closed.

(B) If p is an o-automorphism of R, that is induced by an inner auto-
morphism of G, then 1+p+ - - - +p™ is an o-automorphism of Ry (for
every YET and nE€1).

PRrOOF. By the last lemma (A) implies (B). Now assume that (B) is
true. Since I' is well ordered, every G is normal. Hence for every
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v€T and gE€GQG, w(g) induces an o-automorphism p(v, 7, g) of R,. In
particular 1=p(y, 7, 0) for every y&I'. Therefore nR,= (1412
+ - - - 4+1")R,=R,. Therefore every component of G is d-closed.

Next consider any g0 in G and any n€I. Let V(g) =a. Then
since G*/G, is d-closed, there exists X =G,4a in G*/G,. such that
nX =G,+g. Hence na=g mod G,. Let II= {'y EF| there exists
h,EG such that nk,=g mod G,}. We note that II contains all yET
such that y=e«. Thus II contains a least element, say (. Since
0=G:<G'=G,<G*=G;3< - - -, it is sufficient to prove that f=1.
Suppose that 8>1. Then nhs+g=g where ¢#0 and V(g) =7 <.
We now show that there exists y&G such that V(y) =y and n(hs+y)
=g mod G,. But this contradicts our definition of 8. Let p =p(y, my,
hs) and consider any yEG"\G,. Then for any k€T we have —khs+y
+khs+Gy =y (khg)a, = [p¥(ya,my) Jwst.  Therefore n(hs+y)+G,
=nhg+yr[(n—Dhs] + - - - +yw[hs] +y+ Gy =nhg+ [p(yoymy) ]
w4 - [p(yoymy) I e mary  =nhe+ [(p 1+ - - - 4P H1)
“(yoymy) Jri .

(1 [+ - - - +p+1)(yomy) |rit=go, if and only if

(2) yoymy=goymy/(p" '+ - - - +p+1).

Since (p'+ - - - +p+1)R,=R,, it follows that the right-hand side
of (2) is an element of R,. Therefore we can pick y&G that satisfies
(2) and hence (1). But for this y: n(hs+y) +G,=nhs+qo, =nhs+q
+G,. Therefore g=nhs+g=n(ks+y) mod G,.

Note that Example 4.1 shows that the well ordering cannot be dis-
regarded. In the following corollaries we assume that the rank of G
is well ordered.

I. If G is abelian, then G is d-closed if and only if all of its compo-
nents are d-closed.

I1. If every component of G is o-isomorphic to R, then G is d-closed.

II1. If every component of G is d-closed, then there exists an a-
closed a-extension H of G such that H"/H,=R for all yET', and H is
d-closed.

THEOREM 3.5. Any a-closed o-group of rank 2 is d-closed and has both
components o-isomorphic to R.

Proor. Let G be a-closed and of rank 2 (G=G*>G;=G'>G,1=0).
Then without loss of generality (by Theorem 3.3) G!=R. Consider
any pair of elements g, A©G\R such that nk =g for some n&I. For
every cER, cw(g) =Lc and ¢ (h) = Kc where L, KE P. But Le=cw(g)
=cm(nh) =c[r (k) ]*=Knc. Therefore cw(h) =LYV"c. For any kEEG\R,
gr(—k)=g+p and kv (—k) =h+q where g, pER. We next show that
¢ is completely determined by #, g, and k. This and the fact that
cw(k) is determined by #, g, and ¢ form the basis of our proof.
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For any ¢€R and m&I we have m(h+q) =mh+qr[(m—1)h]
+ -« Fgr[h]+g=mh+[LVing . .. L LUs41]q. Let

qg= p/[L(n—l)/n + .- 4+ LUn 4 1]‘

Then n(h+q)=nh+p=g+p=k+g—k=k+nh—k=n(k+r—k).
Therefore k+h—k=h-+q.

Now assume (by way of contradiction) that G is not d-closed.
Then there exist gEG\R and a positive prime #z such that nx =g has
no solution in G. As before ¢w(g) = Lc¢ for c€R and gr(—k) =g+ for
EEG\R where L=L(g) P and p=p(g, k) ER. Let q(k) =q(u, g, &),
=p/[LeVIn4 ... 4 LUr41]. Let N be the additive group ‘of
integers modulo # (represent the elementsof Nby 0,1,2, - - - ,n—1).
For #, v&N and hEG we define:

_ gifu+t9v=n,
flw, ) = {0ifu+v<n,
() = {L“’”hifhERoru=0,
T L4 o LU 4 1]q(h) + hif h € G/R and u 5 0.

Finally let K=NXG and define (u, k)+(v, k)= ([u+v]r, f(u, v)
+hr(v)+k) for all u, vEN and k, kEG where 7 is the natural homo-
morphism of the integers onto N. To complete this proof it is suffi-
cient to show: (a) K is a group; (b) the mapping of #&G onto (0, k)
is an isomorphism of G onto a subgroup G* of K; (c) K can be ordered
so that it is a proper a-extension of G*. For since G* is a-closed, it
follows that any a-closed o-group of rank 2 is d-closed. Then the
latter part of this theorem is an immediate consequence of Theorem
3.2

To prove (a) it is sufficient to show that r(m) is an o-automorphism
of G (for every m&N), and that r and f satisfy conditions (1), (3),
and (4) of §2. This follows by straightforward grinding. (b) is obvi-
ous. To prove (c) we make use of the following

LEMMA. (i) nx=g mod R has no solution.
(i) If (u, h)EK and ug+nhER, then u=0.

For suppose that there exists an kEG such that nh=g+k where
EER. Then g=n(h—k/[L» Vit ... +LUs41]), a contradiction.
Next assume that (%, ) EK, #7#0, and ug+nkER. Then the greatest
common divisor of # and » is one. Hence 1=au-+bn for a, bEI.
g=aug+bng and ug=n(—h)+k where kER. Thus g=a[n(—k)+k]
+bng=nl[a(—h)+bg] mod R, but this contradicts (i).
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We define (%, ) €K positive if ug+nk>0 in G. Clearly (0, 0) is not
positive. Let (%, k) and (v, k) be nonzero elements of K.

1. Either (u, h) or —(u, k) is positive. For suppose that (u, k) is not
positive, then ug+nh<0. If =0, then —(u, k)=(0, —h) and
Og+n(—h)=—nh>0. If u50, then by (ii) every element of —(ug
+nh)+R is positive. —(u, B)=(m—u, —hr(n—u)—g). (n—u)g
+n(—hr(n—u)—g)=—(ug+nk) mod R. In either case — (%, k) is
positive.

IL. If (u, k) and (v, k) are positive, then (u, k) + (v, k) =([u+v]m,
f(u, v) +hr(v) +k) is positive. This is obvious if # =v=0. Suppose that
u#0 or v#0. If u4v<n, then (u, )+ (v, k) =(u-+v, kr(v) +k) and
(u+v)g+n(hr(v) +k)=ug+nh+vg+nk mod R. If u4+v=a-+n, then
(u, B)y+(v, k)=(a, g+hr(v)+k) and ag+n(g+hr(v)+k)=ag+ng
+nh+nk=ug+nh+vg+nk mod R. If 50, then ug+nh&ER and if
v#0, then vg+nk&ER. Hence in either case (%, &)+ (v, k) is positive.

II1. If (u, k) is positive, then A = (v, k) + (u, h) — (v, k) is positive.
Suppose that v=0. Then 4 =(u, kr(u)+h—Fk). If u=0, then 4 =(0,
k+h—Fk) and Og+n(k+r—k)=k+nh—k>0. If 50, then ug+nh
mod R contains only positive elements, and ug+n(kr(u)+h—Ek)
=ug+nh mod R. Next suppose that v>0. Then A4 = (u, f([v+u]r,
n—v) +fv,u)r(n—v) +kr(w)r(n —ov) +hr(n —v) —kr(n—v)—g). If
u=0, then 4=(0, g+kr(n—v)+hr(n—v)—kr(n—v)—g) which is
positive. Assume #0. If v4+u<n, then f([v+ulr, n—v)=f(v+u,
n—v)=g and f(v, ) =0. Hence 4 =(u, g+kr(u)r(n—v)+hr(n—v)
—kr(n—v)—g)=(u, b), and ug+nb=ug+nh mod R. If v+u=a+n,
then [v4ulr+n—v=u. Hence A=(u, gr(n—v)+kr(u)r(n—v)
+hr(n—v)—kr(n—v)—g)=(u, ¢), and ug+nc=ug+nk mod R.
Therefore K is an o-group. Since n(#, k) €EG* and >0 in G if and
only if (0, &) is positive in K, we have that K is a proper a-extension
of G*. Thus modulo a considerable amount of computation we have a
proof of Theorem 3.5.

REMARK. This theorem can be sharpened. Suppose that G is an
o-group of rank 2. Then there exists a d-closed a-extension H of G
such that H'>R and H/H" is the d-closure of G/G!. Moreover if K
is another o-group that satisfies all these conditions, then H and K
are equivalent extensions of G. This follows from Theorem 3.3 and
the uniqueness of the method of adding a solution of nx =g that we
used in the above proof.

4. Construction of o-groups. Let G be of rank 2. Then without loss
of generality G=N'XN where N’ and N are subgroups of R and G
is a normal o-extension of N=0XN by N’.

I. G is a splitting extension of N by N’. Then G is completely
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determined by a homormophism of N’ into the subgroup L= {x&P
]xN =N} of P. Two such extensions (determined by the homomor-
phisms r, and ;) are equivalent if and only if there exists p & P such
that pN’' =N’ and r,(a’) =r:(pa’) for all a’EN’. Any homomorphism
r of N’ into P can be extended to a homomorphism s of R into P. For
let Q be the d-closure of N’ in R. Then for every ¢&Q there exists
n &1 such that ngEN’'. Define v(¢) =(r(ng))¥". Then v is the homo-
morphism of Q into P such that v(a’) =r(e’) foralla’EN’. R=Q®D.
Hence every x&R has a unique representation x=g+d. Define
s(x) =v(q). Then s is the desired extension of r. Thus by Theorem 3.3
we have: G can be extended to a splitting o-extension of R=0XR by R.

Since R is the direct sum of groups Da, where D denotes the ra-
tional numbers and ¢, ER, a homomorphism ¢ of R into P is deter-
mined by its behavior on the Da,. But ¢,0 =p,E P, and da,o = (p,)?
for all dED.

There are three nonequivalent splitting o-extensions of R by R
for which the defining homomorphism is continuous. For a continu-
ous homomorphism s of R into P is of the form s(x) =2** for all x €ER,
where k is a fixed element of R. If =0, then G=R®R. If k0, then
we have the real (one-dimensional) affine group. If G; and G, are
determined by k150 and k;>0 respectively, and k1k,>0, then the
mapping 7 of (a’, b) onto ([ki1/k:]a’, b) is an o-isomorphism of G, onto
G. such that xr=x for all xER.

II. N is in the center Z of G. EXAMPLE. Let = and ¢ be homomor-
phisms of N’ into NV such that w(a’)e(b’) EN for all a’, b’ EN’. Define
fla’, b')==n(a")a(d’).

II1. G is not a splitting extension and N is not in the center of G.
ExaMpLE. Let N=R and r be a homomorphism of N’ into P. Define

0 if ¢ =0o0rd =0,
fa,b) = 1{r(¥’) +1 if &' #0anda’ + b =0,
r(b’) if 0,0 0andda + o #0.

Since the above constructions depend only on the existence of a
homomorphism of N’ into R or P, the following lemma enables us to
extend the construction to o-groups G such that N’ is not a subgroup
of R.

LEMMA. Each of the following properties implies the existence of a
nontrivial homomorphism of G onto R. (1) G covers a convex subgroup.
(2) The rank of G is inversely well ordered. (3) G is abelian and d-closed.
(4) There exists a Y& such that Gy is normal in G, G*#G, and
G7/Gy is not in the center of G/G,. (5) There exists a yET such that
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G, is normal in G, G*/G, is in the center of G/G,, and G/G, splits over
a nonzero subgroup B of G7/G,.

Proor. If G covers a convex subgroup C, then let w =mr, where
; is the natural o-homomorphism of G onto G/C and m; is an o-iso-
morphism of G/C into R. If the rank of G is inversely well ordered,
then G covers a convex subgroup. If G is abelian and d-closed, then
G/G,=G/G"®G"/G, for every yET'. Let m =¢,mm, where ¢, is the
natural o-homomorphism of G onto G/G,, m; is the projection of
G/G, onto G7/G,, and m, is an o-isomorphism of G7/G, into R. Next
assume that yE€T satisfies (4). Then G/G,={(a’, a)|a’ E€G/G and
a€G7/G,} and (o', a)+(¥', b) =(a'+b’, f(a', b') +ar(b’) +b) where r
is a nontrivial homomorphism of G/G” into the group 4 of o-auto-
morphisms of G7/G,. Let m =wgrmem; where 75 is the natural o-homo-
morphism of G onto G/G”, ms is an isomorphism of 4 into P, and
is an isomorphism of P onto R. Finally suppose that y &I satisfies
(5). Then G/G,=B®D. Let w=¢,msm, where s is a projection of
G/G, onto B.

REMARK. The above proof indicates (and it is easy to prove) that
there exists a nontrivial o-homomorphism of G into R if and only if G
covers a convex subgroup.

The first two of the following examples have been used in the
previous discussion.

4.1. An abelian o-group with all components o-isomorphic to R that
is not d-closed. Let A be the large direct sum of the groups R; where
R;=R fori=—1, —2, =3, - - - . Definea=(- - -,a, - - - ) positive
if @ is not the identity and the nonzero component with largest sub-
script is positive. Then 4 is an abelian o-group (with rank w*), and
every component is o-isomorphic to R. In fact 4 is d-closed. Let B
be the subgroup of 4 generated by the small direct sum of the R; and
the element e&A all of whose components are 1. Then B is not
d-closed. For 2x=e has no solution in B.

4.2. An o-group with no d-closed a-extension. Let K =integers (with
their natural order). Let '=K\U  where k< = for all h€EK. Let 4
be the small direct sum of the groups R; where R;=R for all i€K.
Then 4 is an abelian o-group (where the order is defined as in Exam-
ple 4.1). Fora=(---,a; - +-)EA we defineaog=(---,b; )
where b;=a;_ for all i€K. Clearly ¢ is an o0-automorphism of 4. Let
C be the cyclic subgroup of the group of all o-automorphisms of 4
that is generated by ¢. Then the mapping of €K onto o* is an iso-
morphism of the group (K, +) onto C. Finally let G=K XA, and
define (7, @) +(J, b) = (¢+j, as?+b). Then (with the usual ordering)
G is an o-group. In fact G is a splitting extension of 4 by K. (0, a)
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-w[(1, 0)]=(0, as) where 7[(1, 0)] is an inner automorphism. Hence
w[(1, 0)] induces the o-permutation k—>k+1 of K. Now assume that
there exists an a-extension H of G that is d-closed. Then H contains
an element & such that 2k =(1, 0). Then 7 (k) must induce an o-permu-
tation 7 of K such that kr2=Fk+1. But this is impossible.

REMARK. By similar reasoning it can be shown that no a-extension
of G has its last component d-closed.

4.3. An abelian o-group is d-closed and has every component o-iso-
morphic to R, but is not a-closed. Let T have the order type of the reals
and let R, =R for every yEI'. Then the small direct sum of the R,
satisfies the above conditions.

Finally we consider the following four properties of an o-group G:
(A) G is a-closed. (B) Every component of G is d-closed. (C) Every
component of G is o-isomorphic with R. (D) G is d-closed. By the
previous theorems, examples, remarks, and the results stated in the
introduction the 28 logical relationships between these properties are
accounted for except whether or not (A), (B), and (C) imply (D).
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