ON ARITHMETICAL CLASSES NOT CLOSED
UNDER DIRECT UNION!

KURT BING

1. Introduction. Horn [2, Theorems 4 and 10; cf. 3] has shown
that every class of algebras characterizable by a closed sentence of
conditional type is closed under passage to direct union and that this
result cannot be improved by allowing a larger class of characterizing
sentences describable in terms of the quantifiers and propositional
structure of their prenex normal forms. It is not known whether
every class of algebras which is characterizable by a closed sentence,
but not by a closed sentence of conditional type, fails to be closed
under direct union.

These results and problems carry over into Tarski's theory of
arithmetical classes of algebras [4],2 which provides mathematical
counterparts for characterizing sentences containing relation sym-
bols, rather than for the more special sentences containing operation
symbols used by Horn [2]. In particular, it is known that all condi-
tional classes of algebras, as defined below, are closed under direct
union,? and the problem whether all other (nonconditional) arith-
metical classes of algebras fail to be closed under direct union is still
unsolved. However, we shall give two sufficient conditions for non-
closure under direct union of nonconditional classes (§2, Theorems
1 and 2), as well as a sufficient condition for closure, of which we do
not know that it applies to conditional classes only (§3, Theorem 3).
These results will be further discussed in §3.

We use the terminology and notation of [4], with the provision
that + shall be considered as a ternary relation (not as a binary
operation), and the necessary changes be made in subsequent defini-
tions. This restriction to one finitary relation is not essential for the
ideas used. For purposes of abbreviation, we use the symbols A
(and), — (if - - - then - - - ), \/ (there exists), A (for all), and such
symbols as \/1& I (there exists an element ¢z of I) and A7&I (for all
elements 7 of I).

Presented to the Society, October 30, 1954; received by the editors November 10,
1954,

1 The problem considered in this paper was suggested to the author by Professor
Alfred Tarski in his seminar of Spring 1953 at the University of California. Professor
Tarski also suggested Corollary 1 of this paper and the use of a method due to
McKinsey [1, Theorem 1] for its proof. This method appears in the proofs of Lemmas
2 and 3 below.

2 See §3 of this paper.
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DEFINITION 1. The set of universal functions (denoted by UF) is
the intersection of all sets of arithmetical functions which include
the set EF of elementary functions and are closed under the opera-
tions U and —.3 If Fis an arithmetical function, the set of successors
of F is the intersection of all sets of arithmetical functions which
include {F } and are closed under the operations V; and A; for
kE=0,1, ..

DEFINITION 2. The set of universal conditional functions (denoted
by UCONDF) has as elements all finite intersections of unions of
finitely many complements of elementary functions and at most one
elementary function. The set of conditional funciions (denoted by
CONDF) has as elements all successors of universal conditional
functions. The set of disjunctive functions (denoted by DISJF) has
as elements all successors of those universal functions which are
finite unions of elementary functions and complements of elementary
functions. The set of positive functions (denoted by POSF) has as
elements all successors of those universal functions which are finite
intersections of finite unions of elementary functions.*

DEerFINITION 3. A set of algebras § is called: a universal class® if
S =QCL(F) for some function FE UF; a conditional class if § = C.L(F)
for some FECONDF; a disjunctive class if S =CL(F) for some
FEDISJF; a positive class if § =CL(F) for some FEPOSF. The
family of all universal classes is denoted by UC;? that of all condi-
tional classes by CONDC, that of all disjunctive classes by DISJC,
and that of all positive classes by POSC.

DEerFINITION 4. If, for each 7 in an index set I, A;=(4;, +) is an
algebra, the direct union of the algebras %;, denoted by UA;[{ET], is
the algebra A ={(4, +) of all functions « on I such that u(7) EA4; for
all €1, and such that 4 (%, v, w) holds in ¥ if and only if, for each
3, +(u(4), v(z), w(z)) holds in A;. (If the A; are merely sets and not
algebras, U;[{EI] is merely the set of functions defined above.) If
A=(A, +)=UA;[{&I], x is an element of 4 (i.e., a,sequence of ele-
ments of 4), and 1€, we denote the sequence {xo(i), x1(2), - - - } by
(x(2))+ (x is determined if (x(z)) is given for each 1.)

REMARK. We therefore have for every direct union ¥={4, +)
=WA:[iE€I]: If F is an elementary function, then F()={x|x
€4°A(NED {{x(3))EF,)}}. Dually, if Fis the complement of
an elementary function, then F(Y)= {x|x€A"’A(Vi€I){(x(i))
EFA)}

DEFINITION 5. Let F, GE AF. Let F=Hy, Hy, - -+ -, H,=G be a

3 Cf. [s].

4 Cf. [4, Theorem 11].
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sequence of arithmetical functions for which there exists a set S of
functions f from AF to AF, together with a sequence of natural num-
bers k(1), - - -+, k(n), such that for each positive integer p with
p =mn, there occurs at least one of the following cases:

Case 1. (H,= Vi H,) ANFES) {f[H,] = Vionf [Hpa]}.

Case 2. (Hp=LipnHp1) A(NFES) {f[Hp] = Ak(zt)f[I{ =y } .
Then the sequence Hy, Hy, - - -, H, is called a step sequence from F
to G, and the set S of functions is called concurrent with the step se-
quence. (For example, if f is the identity function from AF to AF,
the set containing f as the sole member is concurrent with all step
sequences.)

2. Sufficient conditions for nonclosure under direct union.

LEMMA 1. Let F, GE AF, and let G be a successor of F. Let H,,
H,, - -, H, be a step sequence from F to G, and let I be a set of indices
for functions f; such that the set S= { fil i€ 1} is concurrent with the step
sequence. Let F have the following property P: For all direct unions
A={(4, +) of algebras U; indexed by I, and for all xEA*,

1) (Ni € D{(=()) & LIFIA)} — = & F().
Then each member of the step sequence (hence also G) has the property P,

REMARK. In all applications of this lemma, I will be finite.

Proor. If A=(4, +) is an algebra, x&E4*, and yE A« differs from
x at most in its kth term, we call y a k-sequence for x. (For example,
if A=UA;[{EI] and xE A, then yE A« is a k-sequence for x if and
only if, for each 7 in I, (y(2)) is a k-sequence for (x(¢)).) Suppose that
the hypothesis holds; then Hy=F has the property P. Suppose that
H,_1, p—1<mn, has the property P. To prove that H, has the prop-
erty P, suppose that for A and x as described,

(2) (A € D{{x@) & f:[H, 1)}
It remains to show that
3) x €& H,(%),

and we distinguish the two cases of Definition §.

Caske 1. Hp= vk(p)Hp—ly and f,[Hp] = Vk(p)fi[Hp-—I] for all fiES.
We must show that x& Vi H,-1(), i.e. that no k(p)-sequence for
x belongs to H, 1(N). Indeed, let yE A« be a k(p)-sequence for x.
Then, for all 7, (y(z)) is a k(p)-sequence for x(z). But by (2)

(A € D{(3(8)) EVeenfil Hpa](UD)}.
Therefore, for all i: No k(p)-sequence for (x(i)) belongs to fi[Hp—1]
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(%), and (y(%))&f:[Hp,—1](U:). Hence, by the inductive hypothesis,
y&EH, 1(A), as was to be shown.

CASE 2. Hp= Ak(p)Hp_l, and f.'[Hp]= Ak(p)f,'[Hp__I] for all f.ES
To prove (3) we must show that x & Ay Hyp—1(Y), i.e. we must find a
k(p)-sequence for x which does not belong to H,_1(¥). But by (2),

(Ai € I) {{x(5)) & Do fil Hpa ](AD ],

i.e., for each 7 there exists a k(p)-sequence for (x(¢)), ¥;, such that

4) yi & fi Hpa ] ().

Choose such a y; for each 7 and define a k(p)-sequence z for x as fol-
lows: 2EA4° A(AIET) {(2(5)) =y:}. By (4) and the inductive hypoth-
esis, 2 H, 1(A), as was to be shown.

LEMMA la. Lemma 1 remains true if (1) is replaced by
(1a) (Ai € D{(=()) € £:[FIA)} — » EF).

LEMMA 1b. Lemma 1 remains true if the reference to the functions
fiand to S is deleted and (1) is replaced by

(1b) (Ai € I){(x(3)) EFQ)} — = € F().

Proors. If S={f:|i€I} is concurrent with the step sequence
F=H, H, - - -, H,=G, then any set S'= {g:;|4€I} in which the g;
are functions from AF to AF such that g;[H,]=f:[H,] for all iE€I
and 0=Sp=<u, is seen to be concurrent with the step sequence
F=H, H, - - -, H.=G. Application of Lemma 1 to that step se-
quence and S’ gives Lemma 1a.

In particular, in view of the last sentence of Definition 5, each f;
in Lemma la may be taken to be the identity function from AF to
AF; then the result is Lemma 1b.5

LEMMA 2. Let FEUF, GE AF, and let G be a successor of F. Let
(5) F = n U Fhi,

h<l i<m(h)

where h and i run over natural numbers, | is a positive integer, m is a
Sfunction from [ to the positive integers, and for each Fis, either Fy; CEF
or Fr;€ EF. For each h<l, let m(h) =P(h)\JQ(k), where

P(h) = {i| i <m(h) AFn EEF},Q(h) = {i|i <m(h) AFuE EF}.
Let Hy, Hy, - - -+, H, be a step sequence from F to G. Let S= {f;.;| h<l,

¢ This special case corresponds to a lemma due to Horn [2, Lemma 4], whose
method of proof was used for Lemma 1.
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1 <m(h) } be a set of functions concurrent with the step sequence such that

(6) JulF] = U Py

rEP (UL}
for all h<! and i <m(h). Let h be a natural number less than 1. Then
each member H, of the step sequence (hence also G) has the following
property: For all direct unions A={A, +) of algebras U; indexed by
m(h), and for all xEA*

(Ni < m(m) {(x(3)) & fue[H,)(A)} — = & HH ().
Proor. In view of Lemma 1, it is sufficient to prove the assertion

for p =0, i.e. for Hy=F. Therefore, suppose that F, G, S, k, ¥, and x
are as in the hypothesis, and that

(N < m(h)) {(x(i)) & U F;.r(%')} .

r € P(mUL)
It is sufficient to show that
x & F(N).

Indeed, by hypothesis, we have (x(2))¢& F.(U;) for all 2 <m(k), and
all r& P(h). Hence, by the remark following Definition 4,

(7 (Ar € P(h)) {= & Fr() }.

Also, by hypothesis, (x(z))€& Fu:(2:) for all 2€Q(k); hence, by the
same remark, (/\iEQ(h)){x&FM(?I)}. From this and (7) we con-
clude that x & Uicmam Fri(N); hence by (5), that x & F(Y).

REMARK. We can satisfy the hypothesis of Lemma 2 (and the cor-
responding part of the hypothesis of Theorem 1 below) for every
GE AF. For every such G is a successor of some F& UF representable
in the form (5);* we can then always construct a step sequence from
F to G and (by obvious inductive definitions) a set of functions S
whose members satisfy (6) and which is concurrent with the step
sequence. A similar observation holds for Lemma 3.

THEOREM 1. Let GE AF, G&E CONDF, and let G be a successor of
FECUF, represented in the form (S) of Lemma 2. Let Hy, Hy, - - - , H,
be a step sequence from F to G, and let the P(h), the Q(h), and the set S
be as in Lemma 2. Then, if
®) (Vh < DA <m(m) {CLEG) & CLUxIED},

CL(G) is not closed under direct union.

REMARK. The proof will show that the hypothesis GG CONDF is
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unnecessary. In fact, by Theorem 1 and the closure property of con-
ditional classes mentioned in the introduction, or directly by the
proof method used for Corollary 2 below, G& CONDF is implied by
the remaining hypotheses.

Proor. Suppose that the hypothesis holds, and let & <! be such that
(N <m(h) { CLIG) LCL(f:[G]) }. Foreachi <m(h),let ;= (4., +)
be an algebra such that A.€CL(G), Ui ECL(f1:[G)), and let x; €AY
be such that

9 x: & fr[G](Y).
Let A=(4, +)=UU;[i<m(h)], and define yEA4* by:
(A <m(){(3(5)) = =}

Then, by Lemma 2 and (9), y&G(%). Hence AECL(G), while for
each 4, A, € CL(G).

CoroLLARY 1. If S € CONDC and S €UC, S is not closed under
direct union.

Proor. By Definition 3, there exists FE UF such that § =QR.L(F);
we have FE CONDF . Let F be represented in the form (5) of Lemma
2. Consider the step sequence F=H,=G, and let the P(k), the Q(k),
and the set S be as in Lemma 2. It is sufficient to show that (8) holds
with F substituted for G. Indeed, if this were not true then

(AR < D(Vi < m(W){CLF) S CLUmIFD].

For each k <1, choose an i(h) <m(h) such that C.L(F) SCLfr.im [F)).

Then QL(F)SCLNw<t frim[F]), Nici CL(Gx) being equal to
CL(Nr<: Gi) whenever the G, h <1l are arithmetical functions. But

N frimlFl=n u Fuw CF,
r<l <l rEPHR)ULi(R)}

and therefore C.L(Na<t fr,im [F]) SCL(F) also, whence § =C.L(F)
=CL(Ni<t fr.i [F]). The last-named function is a conditional func-
tion, and so § € CONDC, contradicting the hypothesis. Hence (8)
must hold as asserted.

COROLLARY 2. If S € CONDC and S €EDISJC, then S is not closed
under direct union.

Proor. There exists GEDISJF such that § =C.L(G); we have
G& CONDF. There exists an F belonging to UF and to DISJF such
that G is a successor of F. F may be represented in the form (5), as a
union with /=1. Let Ho, Hy, - - -, H, be a step sequence from F to G,
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and let the P(k), the Q(%), and the set S be as in Lemma 2. It is
sufficient to show that (8) holds. To prove this, we show first that
for every non-negative p=n

(10) (Ai < m(0)){fu:[H,] C H,}.

Indeed, for p =0 we have by (6): (Ai <m(0)) {fo:[F]SF}. If (10) is

true with p—1<n substituted for p, then, for all s<m(0) and for

k=0, 1, ey, bOth kaoi[Hp_l]g V};Hp_l and Akfo,'[Hp_l]_(; Aka_l;

and then (10) holds both in Case 1 and in Case 2 of Definition 5.
Now, if (8) did not hold, we should have

(Vi <m0){CLG) S CLulGD}.

But by (10), with p=n, H,=G, (Ai<m(0)) { C.Lu:[G]) SCL(G)},
and hence, for some i <m(0), § =C.L(G) =CL(fo:[G]). Since fo:[G]
€ CONDF, we find § ECONDC, contradicting the hypothesis.
Hence (8) must hold.

LEMMA 3. Let GEPOSF. Let G be a successor of the function F be-
longing to UF and to POSF and represented in the form (5) of Lemma 2,
Hy, Hy, - - -, H, be a step sequence from F to G, and let the P(h) and
Q(k) be as in Lemma 2; we may assume all the P(h) to be empty. Let
J=U0Q(h) [k <l], and let S= {fjleJ} be a set of functions concurrent
with the step sequence such that
(11) filFl = N Faim

<l
for all & J. Then each member H, of the siep sequence (hence also G)
has the following property: For all direct unions A =(A, +) of algebras
N; indexed by J, and for all xEA*

(NG E D)) & fi[HA) Y — = & Hy ().

Proor. In view of Lemma 1, it is sufficient to prove the assertion
for p=0, i.e. for Hy=F. Suppose that F, G, S, ¥, and x are as in the
hypothesis, and that

(N €0 {560 € 0 Frsw(@)
<l
It is sufficient to show that x & F(). Indeed, by hypothesis, (N\jEJ)
(VE<D) { (x(§)) € Fn, ;o0 (Y;) } Since Fi ;wmEEF, we conclude that
(NEN (V<D {xEFa ()}, and

(12) (AjE D) {x &n F,..m@o} .

h<l
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Now, if we had x&€ F(¥), then, by (5) and the emptiness of the
P(h), (AR<D(VIEQR)) {xE Fri(A)}. We form an element j of J
by taking, for each k<!, j(h) EQ(h) to be such that x& Fy,jm ().
Then xENr<i Fa,iay(A), contradicting (12). Hence x & F(U).

THEOREM 2. If S § CONDC, S €POSC, then § is not closed under
direct union.

Proor. There exist G and F as in Lemma 3 such that § =CL(G);
we have G&E CONDF. Let Hy, H,, - - -, H, be a step sequence from
F to G, and let the P(k) and Q(k), J and S be as in Lemma 3. In
view of Lemma 3, it will be sufficient to find, for each j&J, an alge-
bra 9;=(4;, +) such that A,ES, W;&ECL(f;[G]). For then we may
choose, for each j, x;E A such that x,;€f;[G](¥;), and, if A=(4, +)
=UY;[fET], we define yEA¥ by letting (y(j))=x«; for each jEJ.
Then, by Lemma 3, y&G(¥), and AECL(G) =S, while A,;ES for
each j&J, which will prove the theorem.

It remains to show that for each j&J, such an ¥; exists. Indeed, if
not, we have

(13) (Vi€ nfs € CcLUlG)}.

On the other hand, by (11), (AFjEJ) {f;[F]C F}, and this implies, as
in the proof of Corollary 2, (AjEJ) {fj[G]QG}. Therefore (AjEJ)
{CLSIGHSCLG) =8}, which, with (13), implies (VFEJ)
{s =CL(fi[G])}. But, in view of (11), f;|G]€ CONDF, and so
S € CONDC, contradicting the hypothesis. It follows that for each
FEJ, an ¥; as described exists.

3. A sufficient condition for closure under direct union. As was
mentioned in the introduction, all conditional classes of algebras
are known to be closed under direct union. (The proof of this fact is
like Horn’s corresponding proof [2, Theorems 3 and 4]: One shows
that (1b) holds if FEUCONDF, and the assertion follows by use of
Lemma 1b). Another result due to Horn [2, Theorem 10], which
carries over into the theory of arithmetical classes, implies that every
subfamily of AC, disjoint with CONDC, which can be described in
terms of the structure of the canonical representations? of the arith-
metical functions characterizing the family members, has at least one
member class which is not closed under direct union. We conclude
from the corollaries and from Theorem 2 of the preceding section
that in some subfamilies of this kind (namely, the subfamilies of
UC, DISJC, and POSC consisting of the respective members not in
CONDC) all members fail to be closed under direct union. But
Theorem 3 of this section makes it seem unlikely that the same
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should be true for the entire subfamily of AC consisting of the mem-
bers not in CONDC; for this theorem gives a sufficient condition
for closure of which there seems no reason to assume that it applies
to conditional classes only. There remains the problem of finding a
condition both sufficient and necessary for closure, which would clar-
ify the status of those nonconditional arithmetical classes satisfying
none of the conditions mentioned in Theorems 1, 2, and 3.

TuEOREM 3. Let GE AF, and let G be a successor of FEUF, repre-
sented in the form (5). Let Hy, Hi, - - -, H, be a step sequence from F
to G, and let the P(h) and Q(h) be as in Lemma 2. Let there exist a set
S={¢o, ¢1} of functions concurrent with the step sequence, a decom-
position of | into disjoint sets L(0), L(1), L(2), one set R(k) for each
k<1, and one number r(h) EQ(h) for each h& L(2) such that

LO)U L) C {k| k<IN P(h) A},

(14)
L2) S {h|h <IAQUE) = A};
_ P(h) if k& L(0) U L(1),
(19 R = {{r(m it k€ LQ);
$o[F] = _ eU Fu,
RS L(0)UL(2) r&R(R)
(16) $:[F] = n U  Fu
RELMULE@) rERM)
(17 CLG) S CL([G])) N CLAIG.

Then CL(G) is closed under direct union.

REMARK. ¢o[H,] and ¢:[H,] belong to CONDF for each H, of the
sequence. If L(0) is empty, then L(1)\UL(2) =I. One then sees as in
the proof of Corollary 2 that CL(¢:[G])SCL(G), and by (17)
CL(G) =CL(¢:[G])ECONDC, so that the assertion follows from
the known closure property of conditional classes. The same is true
if L(1) is empty. The proof is not affected if L(2) is empty.

ProoF. Suppose the hypothesis holds. By the preceding remark, we
may assume that neither L(0) nor L(1) is empty.

Let I be an index set which has at least two elements. Let 4, bea
fixed element of 1. We define a set S’ = {f;|i€I} of functions con-
current with the given step sequence as follows:

d)o for 1 = ’io,
18 i =
( ) f {¢1 for 2 7~ i.o.

We shall prove that G has the following property P’: For all direct
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unions A =(4, +) of algebras ¥; indexed by I, and for all x&4¢,
(19) (Ni € D{(=() € 1[G} — = €GX).

Indeed, by Lemma 1a it is sufficient to prove that F has the prop-
erty P’. To show this, suppose that for Y and x as described, the
antecedent of (19) holds with F substituted for G. Then by (18),
(16), and (15)

(x(io))E[ n u Fhr(?«[io)]n[ n Fh.r(h)(?Ifo)],

h in L(0) r in P(R) h in L(2)
and
nier= i {eme] n o U Ru)]
hin L(1) r in P(h)
N [ n F;.,,(h)(ﬁl;)]} .
h in L(2)
Therefore,

(ARE LO)(Vr € P(W){(x(i0)) € Fir(Usy) },
(ANLET = (i) (AR E L)) (Vr € P(h) {(2(3)) € Far(U)},
and
(A € D(AE E L2){(2(3)) € Farny(A) }.

The F;, in the first two statements are complements of elementary
functions, and the Fj ., in the third statement are elementary func-
tions. Hence, by the remark following Definition 4,

(AR E LO) U L) (Vr € P(W){x € Fi(N)},
and
(AR EL2) {2 € Frrny(W)}.

Therefore x ENi<ilUr<mn Fiur(A) = F(A), and F, hence also G, has the
property P’ as asserted.

To prove the theorem, let A =(A4, +) be a direct union of algebras
Ai=(4;, +) indexed by a set I, such that A;EC.L(G) for all iCI.
We have to show that A€ (R.L(G), i.e., that for all xE 4«

(20) x EGY).

We may assume that I has at least two elements. We define the set
S’ ={fi|iE€I} as in the first part of the proof. Then, by (17), C.L(G)
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CCL(f:[G]) for all i&€I. Hence for all i€, WECL(f:[G]). Let
xCA¢, then for all i€, (x(3))EA?, and therefore (AICT) {(x(5))
€f:[G](A,) }. Since G has the property P’ corresponding to I and S/,
(20) now follows from (19). This proves Theorem 3.

REMARK. If we change the hypothesis of Theorem 3 by replacing
the positive integer 2 by the positive integer s, 2=<s =/ (i.e., replacing
the union of L(0) and L(1) by the union of s disjoint nonempty sets
L(0), L(1), - - -, L(s—1), replacing L(2) by the possibly empty set
L(s), introducing s concurrent functions ¢, ¢1, - - -, ¢,_1 such that
dn[F]=ﬂheL(,)UL(,)U,€R(;,,Fh, for each ¢t <s, and replacing (17) by:
CL(G)CSN<sCL(9:[G])), we can prove by the same method that
C.L(G) is closed under passage to direct unions of at least s algebras.
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