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In Theorem 2 we give a necessary and sufficient condition for a

subset of a modular lattice to generate a distributive sublattice. In

Theorems 4, 5, and 6 we apply this result to certain rather special

cases, where the given condition yields particularly simple criteria.

It is well known2 that three elements x, y, and z of a modular

lattice A generate a distributive sublattice of A if and only if

(x+y)z=xz-\-yz. Since this fact can be obtained as a corollary of our

result (Theorem 3), we refrain from using it in the proof. We shall

however need the following

Lemma 1. If A is a modular lattice and x, y, zE:A, then the following

six conditions are equivalent:

(x + y)z = xz + yz,       (y + z)x = yx + zx,       (z + x)y = zy + xy,

xy + z = (x + z)(y + z),        yz + x = (y + x)(z + x),

zx + y = (z + y)(x + y).

Proof. If the first equation holds, then

(y + x)(z + x) = (y + x)z + x = yz + xz -\- x = yz -{- x,

zy + xy — (zy + x)y = (z + x)(y + x)y = (z + x)y.

Thus the first equation implies the fifth and the third. The proof

is easily completed by duality, and by permuting x, y, and z.

Theorem 2. Suppose X is a nonempty subset of a modular lattice A.

In order for the sublattice of A generated by X to be distributive it is

necessary and sufficient that

(m        \      n m     / n \

E*)nyi-i:(*«nw)t=i    / y-i i=i \     y-i    /
whenever m and n are positive integers and Xi, x%, ■ ■ ■ , xm, yx, y2, • • • ,

ynex._
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1 The results contained in this paper constitute part of a research project sup-

ported by a grant from the National Science Foundation.

2 O. Ore, On the foundation of abstract algebra. I, Ann. of Math. vol. 36 (1935) pp.

415^16.
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Proof. This condition is obviously necessary. To prove that it is

also sufficient, we first show that any set X which satisfies this con-

dition also satisfies its dual

(m \ n m     / n \

n**)+Ew-n(*+Ew).
.=1       /        j-l i-l   \ ;'=1       /

This equation clearly holds for m = l. Assuming that it holds for

m=k, we consider the case in which m = k + l. Then

m/ n \ / n        \     m     / n        \

nU + T,y,) = U + T,y,)llU+i:yi)
t-l \ y=i     / \ y_i     /   ,=2 \ j=l     /

=(*'+M(S*KtH
-(».+t»)(fi*.j+ iy,

\ 1=1    /        j=\ \     t=2    /        y=i

(m        \ n

i=l    /        J=l

Our statement now follows by induction.

Now suppose X satisfies the condition of the theorem. Then X is

contained in a maximal subset Y of A with the property that (i)

holds whenever the elements x,- and y,- belong to Y. We shall prove

that Y is a sublattice of A; since F is obviously distributive, this will

complete the proof.

Suppose u, vCY, and let Z=YV){uv}. In order to show that

(i) holds whenever the elements Xi and yy belong to Z, we need only

consider the case in which xi, x2, • ■ ■ , xm-i, yi, y2, ■ • ■ , ynC Y and

xm = uv. Letting

m— 1 n

x = E xi and  yi- IT yj<
;=i y-i

we infer from (1) that

n

xmy + x = (u + x)(v + x) II (yy + x) = (*m + x)(y + x).

y=i

It follows by Lemma 1 that

(x + xm)y = xy + xmy,
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whence

/    m \ / m—1      \ / m—1 \ m

( H *••) y - ( ]Cxi) y + x™y = ( X)X«7J + x<»y — X**y.

as was to be proved. Since YQZ, we infer from the maximality of Y

that Y = Z and hence uv£ Y. By a dual argument we see that Y is

closed under addition, and the proof is complete.

In order to verify the condition of the above theorem for a given

set X, we need only consider the case in which the elements Xi, x2,

• • • , xm, yi, y2, ■ ■ ■ , y„ are all distinct. We may also omit from the

sequence yu y2, • • • , y„ (xt, x2, ■ ■ ■ , xm) any term which contains

(is contained in) another term of the sequence. In the applications

which follow, we shall frequently make use of these observations.

Theorem 3. Suppose A is a modular lattice and x, y, z(ElA. In order

for the sublattice of A generated by the set \x,y,z\ to be distributive it is

necessary and sufficient that

(x + y)z = xy + xz.

Proof. According to Theorem 2, the set {x, y, z} generates a dis-

tributive sublattice of A if and only if

(x + y)z = xz + yz,   (y + z)x = yx + zx,   and   (z + x)y = zy +  xy,

but according to Lemma 1 the first of these three equations implies

the other two.

Theorem 4. Suppose A is a modular lattice and x, y, z, u^A. In

order for the sublattice of A generated by the set {x, y, z, u\ to be dis-

tributive it is necessary and sufficient that

(y + z)u = yu + zu,      (z + u)x = zx + ux,       (u + x)y = uy + xy,

(x + y)z — xz + yz,        (x + y + z)u = xu + yu + zw,    and

xyz + u = (x + u)(y + u)(z + m).

Proof. Assume that these six equations hold. According to Theo-

rem 2 we need only verify the equations

(y + z)u = yu + zu,        (x + y + z)« = xu -{■ yu -{■ zu,

(x + v)zm = xzm + yzw,

and the equations obtained from these by permuting x, y, z, and u.

Now it follows from Theorem 3 and the first four of our six equa-

tions that any three of the four elements x, y, z, and u generate a

distributive lattice. Next observe that
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(y + z + u)x ;£ (y + z + u)(x + y + z) = y + z + u(x + y + z)

= y + z + ux+uy + uz = y + z + ux,

and hence

(y + z + u)x = (y + z + ux)x = (y + z)x + ux = yx + zx + ux.

Similarly

(z + u + x)y = zy + uy + xy and (u + x + y)z = uz + xz + yz.

Dually we have

xzu + x = (y + x)(z + x)(u + x),   zux + y = (z + y)(u + y)(x + y),

uxy + z = (u + z)(x + z)(y + z).

Furthermore

xzu+yzu= (zux+y)zu= (z+y)(u+y)(x+y)zu= (x+y)zu.

Thus (x+y)zu=xzu+yzu, and we can similarly prove each of the

equations obtained from this one by permuting x, y, z, and u. This

completes the proof of the necessity of our conditions; the converse

is obvious.

Theorem 5. Suppose A is a modular lattice, p is a positive integer,

and Xi, X2, ■ ■ ■ , Xp are nonempty linearly ordered subsets of A. In

order that the sublattice of A generated by the set ZiWJjU • • • WJP

be distributive it is necessary and sufficient that, for any Xi£Xi,

x2C-X2, • • • , xpCXp, the sublattice of A generated by the set

{x\,x2, • • • ,xp} be distributive.

Proof. Suppose this condition holds. We may assume that A has

a zero element and a unit element, and that these two elements be-

long to each of the sets Xt. In verifying the condition of Theorem 2,

we need therefore only consider the case in which m=n=p and

Xi, ytCXi for i = l, 2, ■ ■ ■ , p. The alternative case being trivial, we

may also assume that x»<y,- for i = 1, 2, • • • , p.

For any nonnegative integers m and n with n^m^p, consider

the following proposition:

Pm,n- If I, J and K are subsets of the set {l, 2, • • • , p\ such that

KQI, I contains exactly m elements, and K contains exactly n ele-

ments, then

IxUlLyXllLn-zL   II   yX
L ,Gr \    iEj    IA j&k iEi \     jGjUk     I

This proposition is trivially true if n=0 and m is any one of the
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integers 0, 1, • • • , p, as well as in case m=n = l. Now suppose m

is one of the integers 2, 3, • ■ • , p and n is one of the integers

1, 2, • • • , m, and assume that P„,_i,fc holds for k = l, 2, ■ ■ • , m — 1

and that Pm,„_i holds. Assuming that /, J, and K are subsets of the

set {l, 2, • • • , p] such that KQI, I has exactly m elements, and

K has exactly n elements, we choose kQ.K and let

I0 = I-{k},      Ko=K-{k},      Jo = I\J{k},

Ji = jr\I0, Ji = j-Ju J3 = I2\j{k).

We then have

f e U n *)] n »
L i£z \     y£/    /J yG*

=   (** II y>) + E ^.11 yi) yk II ji
LA     yGj     /       ,G/„ \    jGj     IA      jGk

= \U n y) + [ e (* n *Y| yk] n *

Using Pm-i.i where & is the number of elements in Ji, as well as the

fact that the set {x»|i£/o}^{yy|./£/3} generates a distributive sub-

lattice of A, we see that

T e U n yy)l y> = T e (* n y,YU n »
L ,G/0 \    yG/    /J L iG/o V   yG/2     /J     yG/t

- I" e (*< n *Y| n yt

= E (i n yy) •
iG/0 \    yG/0    '

We finally use Pm,„_i and the fact that xk<yk to conclude that

[ e U n y)] n »
L ,G/ \     yG/    /J yGJf

= |Y** n y)+ e U n y,)l n *
L\      yG/0    /      iGi„\    yG/0    /JyGKo

- T z; («* n y^l n* = e(*. n y).
L <Gr \    yG/o    /J yGx0 «Gr \     yG/Ux     /

Hence Pm,„ holds in this case, and it follows by an easy induction

that Pm,n holds whenever m and n are non-negative integers with
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n^m^p. Taking m=n=p, we infer that

(P \      V P      / P \

E*)IIw- ZUlLyXi-i    / y=i ««i \    y-i    /
as was to be proved. Thus the necessity of our conditions follows

from Theorem 2; the converse is obvious.

By applying Theorem 5 with p = 2 we obtain the well-known fact3

that the union of two linearly ordered subsets of a modular lattice

always generates a distributive sublattice. This special case of Theo-

rem 5 could of course be derived directly from Theorem 2 without

going through the inductive argument used in establishing the more

general result.

Theorem 6. Suppose A is a modular lattice and B and C are dis-

tributive sublattices of A. In order for the sublattice of A generated by

the set B\JC to be distributive it is necessary and sufficient that

(bi + b2)c = bic + b2c   and   (ci + c2)b = Cib + c2b

whenever

b, bi, b2 £ B   and   c, c\, c2 £ C.

Proof. According to Theorem 3 the above condition implies that

any three elements of the set BKJC generate a distributive sublattice

of A. By induction we see that

E M c =  E (M    and    ( E Ci) b =  E M)
i=l       / i=l \ i=l       / t=l

whenever m is a positive integer, b, bi, b2, ■ ■ ■ , bmCB, and c, C\,

c2, * * ■ , c«cC.

We may assume that A has a zero element and a unit element, and

that these two elements belong to both B and C. In showing that the

set X=B\JC satisfies the condition of Theorem 2 we need only con-

sider the case in which the first r (s) terms of the sequence xi, x2, • ■ • ,

xm (yi, yi, • ■ • , yn) belong to B, while the remaining terms belong to

C. Letting

r m a m

bi = E *i>     Ci =   E *<■     b* = IT yh   and   c2 =   H yy,
<—i «■— r+i y— i y=s+i

we then have bu b2CB and Ci, c2£C. Hence

* G. Birkhoff, Lattice theory, Amer. Math. Soc. Colloquium Publications, vol. 25,

rev. ed., New York, 1948, p. 72.
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(m        \      n

E xi) IT Ji = (*i + cOte = (fab2 + cib2)c2 = (fafa + ci) 62c2
i=l     / y_i

= (bib2c2 + cxc2)b2 = fafact + cj?2c2

= ( E xi) b2C2 + (   E  *<) facz
\ t=l       / V i-r+l       /

= (   E  X>fo ) C2 + (      E    ̂ »C2 ) fa
\ »-l / \ i=r+l /

= ( E*i*2c2J + ( E Xifaci) = E(xiUyi)-
\ i=l / \ i=r+l / j'=i \      y_i       /

Thus the necessity of our conditions follows from Theorem 2; the

converse is obvious.

In conclusion we remark that the criterion for distributivity given

in Theorem 2 cannot be replaced by the simpler condition that

E *.■) y = TiXiy

whenever m is a positive integer and X\, x2, • • ■ , xm, y(EX. To see

this we let A be the lattice of all subspaces of a projective plane,

and choose for X a set consisting of four lines, no three of which are

concurrent. However, it is not known whether this condition together

with its dual is sufficient to insure the distributivity of the sublattice

of A generated by X.
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