ON A CLASS OF PATHOLOGICAL FUNCTIONS
SEYMOUR GINSBURG

We study the problem of approximating a function from a separa-
ble metric space D to a separable metric space Z by functions g from
D to Z which have the property there is no set E of power 2% such
that g is a homeomorphism of E onto g(E). Theorem 1 asserts that
any one to one function may be approximated by such a function.
Numerous continuous functions may be approximated by such func-
tions which, moreover, are periodic of preassigned period # (Theorem
4).

All functions mentioned are from a separable metric space into a
separable metric space.

DEFINITION. A one to one function f of D into Z is a dishomeomor-
phism if D contains no subset E, of power 2%, such that f is a homeo-
morphism of E onto f(E).

The proof of the existence of a dishomeomorphism was given for
the first time in [2].

By R is meant the set of real numbers, ordered in the natural man-
ner. By a linear set is meant a subset of R.

DEFINITION. A one to one function f of a linear set E into R is a
dissimilarity transformation (on E) if E contains no subset D, of
power 2%, such that f is a similarity transformation of D onto f(D).

From the definitions there readily follows

LemMA 1. If E is of power <2®o then each one to one function f of
E into Z is a dishomeomorphism. If E and f(E) are linear sets, then f
is also a dissimilarity transformation.

It is easily seen that a necessary and sufficient condition that each
one to one function f, of E into E, for which the power of the set
{xl f(x)=x, xEE} is <2®o be a dissimilarity transformation, is that
E have property 4.!

The following known result will be used [1]:

LAVRENTIEFF'S THEOREM. Let D be a subset of E. If f is a homeo-
morphism of D into a complete space C, then f can be extended to be a
homeomorphism of a G; set B, containing D, into C.

Let f be a function from E into D. We shall say that a function g
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1 A set E has property 4 if E is a linear set of power 2X¢ with the property that no
two disjoint subsets of E, of power 280 each, are similar.
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of E into D e-approximates f if d(f(x), g(x)) <e for each x in E, d
being the metric on D.

LEMMA 2. Let f be a mapping of D into a complete space Z such that
for each element y in E=f(D), f~1(y) 1s a denumerable set.? If each ele-
ment of E is a c-condensation point of EJ then for each ¢>0 there exists
a dishomeomorphism g of D onto E which e-approximates f.

Proor. For each element y in E let S(y) denote the sphere in E, of
radius €/2 and center y. Since each element of S(y) is a ¢c-condensation
point of E, the power of S(y) is 2%, Furthermore, since f~(y) is
denumerable, f~1[S(y) ] is of power 2%,

Denote by F the set of all those couples (f, B), where B is a G; of
D of power 2% and f is a homeomorphism of B into Z. Since D and
Z are separable and of power 280 each, the power of the set F is 28,
Well order the elements of D, E, and F into the sequences {u;},
£<0, {v:}, £<0, and {(f;, By)}, £ <0 respectively.® Denote by w, the
element u,. Let xy be the first element in the set S(f(w)) — {fo(w(]) }
Define g(u,) to be xo. Let 2z, be the first element in the set E— {x,}
and y, the first element in f~1(S(20)) — { wo, f51(20) }. Define g(y0) to
be 2zo. Note that d(f(wo), g(wo)) <e and d(f(y0), g(»0)) <e. Continuing
by induction suppose that the elements wg, x;=g(w;), ¥; and
z:=g(y¢) have been defined for each £ <a. Let w, be the first element
in the set

M D — {we e £ < o

and x, the first element in the set

&) S(f(wa) — [{ag 2] & < a} U {fe(wa) | £ = o} ].
Define g(w,) to be x,. Let 2, be the first element in the set

(3) E—[{x;,zs|£<a}\]{xa}].

Let v, be the first element in

@ S = [fwn yel & <o U {feGa) [ £ Sa} U {wa]].

Since the set in the brackets is of power <2®o y, exists. Define
2(v.) to be z,. Note that d(f(w,), g(w.)) <e and d(f(¥a), g(¥a)) <e.
Clearly the function g is one to one. From (2) and (4) it follows

2If f maps 4 into B, then by f~Y(C), C being a subset of B, is meant
{xlxeA,f(x)eC}.

3 p is a c-condensation point of E if each open set containing p meets E in 280 ele-
ments,

¢ By 6 is meant the smallest ordinal number whose power is 2R0,
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that for a=§£, g(w,) #fi(w.) and g(y.)#f:(y.). Hence
(5) the set {xlfg(x) = g(x), * € By} is of power < 2M,

From (1) for each element u, of D, u, is in the set {w, y;léév}.
From (3) for each element v, of E, v, is in the set {x, ze|£§u}. Con-
sequently g is a one to one function of D onto E which e-approxi-
mates f.

We now show that g is a dishomeomorphism. For suppose the con-
trary. Then there exists a subset H, of power 2%, of D such that g
is a dishomeomorphism of H onto g(H). Let & be the function which
is defined by A(x) =g(x) for x in H. By Lavrentieff’s Theorem, 4 may
be extended to be a homeomorphism k of a G; set M, containing H,
into E. This however contradicts (5) since k and g coincide on a set of
power 28, Therefore g must be a dishomeomorphism. Q.E.D.

Suppose that f is a one to one mapping of ¥ into Z. Let E be the
set of c-condensation points of f(¥) which are in f(¥) and let G=f(Y)
—E. As is well known the power of G is <2®, and each element of
E is a c-condensation point of E. Let D=f-'(E). By Lemma 2, for
€>0 there exists a dishomeomorphism g of D onto E which e-approxi-
mates f. For each element x in f~1(G) = Y— D, let g(x) =f(x). Now the
following is easily seen.

LEMMA 3. Let D be the union of two disjoint sets F and G. A necessary
and sufficient condition that a one to one function f of D into E be a dis-
homeomorphism is that f be a dishomeomorphism of each of the sets F
and G.

In view of Lemma 3 and the preceding discussion we obtain

THEOREM 1. For each one to one mapping f of D into E, and for each
€>0, there exists a dishomeomorphism g of D onto f(D) which e-ap-
proximates f.

CoOROLLARY 1. Each one to one function f of D into E is the limit of a
uniformly convergent sequence of dishomeomorphisms of D onto f(D).

COROLLARY 2. Let D be a subset of E and g a dishomeomorphism of D
onto the subset F of G. Then g can be extended to be a dishomeomorphism
of E onto G if and only if the two sets E— D and G—g(D) are of the same
power.

Suppose that f is a similarity transformation of a linear set E, of
power 2%, into R. The set D of points of discontinuity of f are enumer-
able. Thus f is a continuous similarity transformation of the set E— D,
of power 2%, onto f(E— D) = C. The function f-! is a similarity trans-
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formation defined on C. Let B be the denumerable set of points of
discontinuity of f~! on C. Then f~! is a continuous similarity trans-
formation of the set C— B, of power 2%, onto f~!(C—B)=A. Conse-
quently f is both a similarity transformation and a homeomorphism
of 4 onto f(4). From this it follows that if f is a dishomeomorphism
of a linear set, then f is a dissimilarity transformation. Hence

COROLLARY 3. For each one to one mapping of a linear set E into R,
and for each € >0, there exists a function g, which is both a dishomeomor-
phism and a dissimilarity transformation, of E onto f(E). Furthermore,
g e-approximates f.

If, in Lemma 3 and Corollary 2, all sets are linear, then “dis-
homeomorphism” may be replaced by “dissimilarity transformation.”

By a procedure quite analogous to Theorem 1 the following result
may be proved.

THEOREM 2. Let f be a mapping of D into itself such that for each
element v in E=f(D), f~'(y) is a denumerable set. If each element of
E is a c-condensation point of E, then for each ¢>0 there exists a dis-
homeomorphism g of D onto E which e-approximates f and also has the

property that there is no element x in D and no positive integer n such
that fr(x) =x.

COROLLARY. Let f be a mapping of D into itself such that for each ele-
ment y in E=f(D), f~'(y) is a denumerable set. Suppose that there is no
element x in D and positive integer n such that f*(x) =x. Then there
exists a dishomeomorphism g of D onto E which e-approximates f and
also has the property that there is no element x in D and no positive
integer n such that f*(x) =x.

A function f of A into 4 which is not the identity is said to be of
period two if f2(x) =« for every element x in 4.5 f is said to be strongly
of period n>0 if f*(x) =x for each x in D, and for no 0 <j<n does
there exist an x so that fi(x) =x.

THEOREM 3. Let f be a one to one function of a nondenumerable space
A into itself with the following property: For no odd integer >S5 is there
an element x in A such that f*(x) =x and fi(x) #x for each j=1,2, - - -,
n—1. Let € be any positive number which has the property that d(x, f*(x))
<e€/2 for each x in A. Then there exists a dishomeomorphism g of A
onto A which is of period two and e-approximates f.

PRrOOF. Since 4 is a separable metric space there exists a denumer-

6 For each function f, fo(x) =x and f**!(x) =f[f"(x)]. Let f~n(x) = (f*)~(x).
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able set of spheres {S.|# <w}, of diameter <e/2, which form a basis
for the topology of 4. Denote by K the set

Kn = {z| 2 € S, f(x) E S.}.

Evidently 4=U, . Kj. Relabel the KJ as B;, i<w, i.e., {K"|m,
n<w}={B,~|i<w}. Let Ci=f(B:). Let P; and Q; be the set of
c-condensation points of B;and C; which are in B; and C; respectively.
Let

U= U [(B: — P) U (C: — Q)]

and
V={f(x)| 2 €U, r <o} U{f"x)|2E U, r <o}

As is easily seen, the power of Vis <28, Let D;=B;— Vand E;=C;
— V. Thus f(D;) =E;. Notice that if x is in D, then each element of
D; is a c-condensation point of D; (thus, if D; is nonempty, then D; is
of power 2%), and each element of E; is a c-condensation point of E;.

We now define g on V. Let y be any element of V and consider the
sequence

(1) Tt f'"()’)» Tt yf_l(y)r Y, f(y)’ T rfm(y)’ R

If for some n the element f~[f~"(y) ] does not exist, then without loss
of generality we may assume that »=0, i.e., f~!(y) does not exist.
In this case (1) becomes

(2) y’f(y)r"'rfm(y)i""
By assumption there is no odd integer #>5 and no element x in 4
such that f*(x) =« and fi(x) #x for each j=1, 2, - - -, n—1. If the

elements in the sequence (1) or (2) are not all distinct, then there
are 1, 3, 5, or an even number of distinct elements in (1) or (2). Let
Jy be the set of elements in (1) or (2). For any two elements y and z
in V either J,=J, or else J, and J, are distinct. If the power of J,
is either infinite or even, let g[f*(y)]=f2+(y) and g[f**+1(y)]
=f2(y) for n20, and let g[f=2"(y) | =f"*"(y) and g[f'-2(y) | =f~n(y)
for n>0. Suppose that J, contains just three elements, y, f(y), and

1), ie., f2(y) =y. Let g(y) =y, 2[7() ] =f*(»), and g[f2(y) ] =F(3). On
calculating d(f(x), g(x)) for x in J, we have

d(fl/n] el7(0]) = 0and d(f[2(N)], [N ]) = d(P(), 1(3)) <e/2.
Now d(y, f*(y)) <e/2 and d(f*(y), f(¥)) =d(f*(y), f*()) <e/2. Thus
a[f(y), g0 ] = d(f(y), y) S d(3, f2(9) + d(f(y), /() < e/2+¢/2 = «.
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Suppose that J, contains just five elements, vy, f(¥), f2(y), f(»), and
f4(¥). Since d(f(3), f(y)) <e/2 and d(f*(y), ¥)<e/2, d(y, f(3)) <e.
Likewise d(z, f(z)) <e for each z in J,. Define g(y)=f(y), g[f(»)]
=), ¢lff» =), e[ ] =,(»), and g[f*(y)]=f*(y). For each
of the five elements, d(f(x), g(x)) <e. Suppose that J, contains but
one element. If VA4 let g(y) =y. Suppose that V=4, i.e., 4 is of
power <2%_ If for some x, J, contains more than one element, let
g(y) =y. Suppose that J,= {x} for each x in V. Since V is nonde-
numerable, there exist two elements % and » in V such that d(%, v) <e.
Let g(u) =v, g(v) =u, and g(x) =x for each x in V— {u, v}. If V=A4,
then g is a well defined function of V onto V, of period two, which
e-approximates f. By Lemma 1, g is a dishomeomorphism. If V#A4,
then g is a function of period =<2.

Suppose that 4 is of power 2%, Let W=A4 — V. We modify the
demonstration given in Theorem 1. Denote by F the set of those
couples (f, B), where B is a G of A of power 2% and f is a homeo-
morphism of B into 4*, 4* being the completion of 4. Well order the
elements of W and of F into the sequence {u;}, £<8, and {(f:, By)},
£<80, respectively. Suppose that the elements

wy, ¢ = g(wy), and z = g(y)

have been defined for £ <a. Let w, be the first element in
(3) W — {'wg, X, yg,Zg|E<a}.
There exists a set D;, say D, which contains w,. Let x, be the first
element in the set
Ef(a) - [{wEv Xg Ve Z$| £ < a}

U {wa} U {fe(wa) | £ S o} U {feH(wa) | £ = o} ].
The element x, certainly exists since Dy, thus E, ), is of power 28e,
whereas the set in the brackets is of power <2%0, Define g(w.) to be
X, and g(x.) to be w,. Since f(w,) is in E,q and the diameter of

E,o is <€/2, d(f(w,), g(w.)) <e. Now there exists an element a, in
D,y such that f(a,) =x.. Thus

d(f(xa), §(%a)) = d(f*(aa), wa) = d(@a, Wa) + d(aa, f*(aa))

4)

<e/2+¢/2 =c
Let 2z, be the first element in the set
(5) W — [{'w;, Xt Vi Zg[f<a}U {wa. x.,}]

f(z,) is in one of the sets D;, say D, . Let y. be the first element in the
set
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Diwy — [{we 2, ye, 2e| £ < o}
U {@a) % 2o} U {fe(za), [7'(2a) | £ = 0} ).
Define g(y.) to be 2z, and g(z.) to be y.. Evidently d(f(z.), g(2a))
=d(f(24), Ya) <e€. Also
d(f(ya), 8(ya)) = &(f(ya), 2a) S A(f(ya), [}(2a)) + (24, f*(24)) < e

The function g is well defined, of period two (since g is not the
identity mapping), and e-approximates f. From (3) and (5), g maps
W onto W, thus A onto A. As in Theorem 1 we see that g is a dis-
homeomorphism. Q.E.D.

(6)

CoROLLARY. Each function, of period two, of a nondenumerable space
A into itself is the limit of a uniformly convergent sequence of functions
{fa(x)}, each function being of period two, and each function being a
dishomeomorphism of A onto A.

If “nondenumerable” is removed from the hypothesis of Theorem
3, then the conclusion is no longer valid. For example, let A be the
set of positive integers, f the identity, and e=1/3. The only func-
tion which e-approximates f is f itself. However f is not of period two.

The condition “#>5” cannot be removed from Theorem 3. For
example, consider a regular heptagon inscribed in the circle of radius
one and center the origin, the vertices in clockwise order being
X1, Xs, X4, X2, X7, X5, and xs3. Let A= {x,-li§7}UMUN, where
M={@4, y|0sy=<1/2} and N={(41/10, 5)|0<y=1/2}. Let
€/2=d(x, xs) +1/1000. By trigonometry, d(x1, x2) >e. Let f(x7) =x
and for <7 let f(x;) =x:;1. Let f(4, y) =(41/10, ¥) and f(41/10, )
=(4, y). As is easily seen, any function g, of period two, which
e-approximates f, maps a vertex onto a vertex. Hence for at least one
k, g(xx) =xr. Then d(f(xr), g(xx)) > ¢, i.e., g goes not e-approximate f.

In view of the previous example, an arbitrary function of a space
D need not be e-approximated by a function which is strongly of
period n. However, we do have

THEOREM 4. Suppose that each element of D is a c-condensation point
of D. Let n be any integer > 1 and let f be a continuous function of D into
itself such that for each x in D, (i) d(x, f*(x)) <e€/2, and (ii) f~1(x) is of
power <2%, Then there exists a function g, strongly of period n, which
e-approximates f.

PRrOOF. Let S(x) denote the sphere in D of radius € and center x. Let
F be the set of all pairs (k, B), where B is a G; of D and % is a homeo-
morphism of B into E, E being the completion of D. Well order the



804 SEYMOUR GINSBURG [October

elements of D and F into the sequences {x;}, £<0, and (f¢, Bs),
£<0, respectively. For £ <a suppose that #§, 1 <4 =<#, have been de-
fined so that g(uf) =ué; for j<n and g(uf) =uf. Let uf be the first
element in D — G,, where G, = {uﬂ E<a,j=n } Let Of be an open sub-
set of S(u}) containing u{ such that f(Of)SS(f(u7)). The continuity
of f assures us that Of exists. Since Of is open, each element in Of
is a c-condensation point of Of. The continuity of f and (ii) of the
hypothesis imply that each point of f(Of) is a c-condensation point
of f(Of). Suppose that Of and u§ have been defined for ¢<j<n so
that Of contains ug, f(OF) CS(f(uf)), and each point of f(Of) is a
c-condensation point of f(Of). Let u be the first element in

JO5-) = [6a\U {ui | i < 5} U {filuin) | £ < o} ).

The power condition on the sets guarantee the existence of #;. Let
07, O Cf(0%,) be an open set, relative to f(Oj-,), containing uj so
that f(OF) S S(f(us-,)). Since each element of f(Of,) is a c-condensa-
tion point of f(O;_,) and Of is open in f(Of,), Of, thus f(Of) have the
same property. Let u5 be the first element in

JOm) = [Ga\U {ui | i S 0 — 1} U {feluns), fo (D) | £ < a}].

Let g(uf) =uf,, for i <n and g(ug) =us.

By the induction, g is defined on all of D. Evidently g is strongly
of period n. Being periodic, g maps D onto D. Repeating the argu-
ment used in Lemma 2 in conjunction with fi(u$) = g(]) for « = ¢ and
j=n, it follows that g is a dishomeomorphism. For ¢ <#, g(%) is in
S(f(ug)), i.e., d(f(us), g(ug)) <e. Since 05.1Sf(0F) for i<n—1, there
exists a z, in O‘l"zsuch that f»~1(z,) =u5. Then

A(f(un), g(tn) = d(f(tn), ) < (s, 20) * A5, f (2a)
< €e/2+ ¢/2 =,
since d(x, f*(x)) <e/2 by hypothesis. Hence g e-approximates f.

THEOREM 5. For eachz'inﬁnite space D and each integer n>1 there
exists a dishomeomorphism which is strongly of period n on D.

ProOF. Let B be the set of ¢-condensation points of D which are in
D. If D is of power <28, let A=D. If D is of power 2%, let
A =(D—B)\UF, where F is a denumerably infinite subset of D. In
either case 4 is an infinite set of power <2%¢. Let 4 be the union of n
disjoint sets A, each having the same power as 4. This is possible
since A4 is infinite. For i <# let f; be a one to one mapping of 4; onto
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Ay, and let f, be a one to one mapping of 4, onto 4,. For x in 4;
let f(x) =fi(x). Since 4 is of power <28 f is a dishomeomorphism.
Clearly f is strongly of period n. If 4 =D, then f is the desired func-
tion. Suppose that 4<D. By Theorem 4, there exists a dishomeo-
morphism g, strongly of period #, on D — A4, which e-approximates the
identity function. The function %, which coincides with f on 4 and
coincides with g on D— A4, is then the desired function.

We close with the following question: Given two separable metric
spaces D and E of power 280 each, does there exist a one to one func-
tion f of D into E so that for each subset 4 of D, of power 280, 4 and
f(A4) are not homeomorphic (not necessarily under f)?
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