THE SPECTRA OF BOUNDED LINEAR OPERATORS
ON THE SEQUENCE SPACES!

CHARLES J. A. HALBERG, ]JR.

These remarks are the result of an investigation into the connec-
tions among the spectra of the various operators defined on the se-
quence spaces /, by the same infinite matrix.

We will have need of the following notation. Let [/,] denote the
algebra of bounded linear operators mapping the sequence space I,
into itself. If 4 is an infinite matrix which defines an element of [/,]
(we shall sometimes use the statement 4 € [, ] to express this state of
affairs), we shall denote that operator by A4,. We shall denote the
transpose of the matrix 4 by A* Let ||4,|| denote the norm of the
operator 4, on the sequence space /,, and let o(4,), IU(A,,)I and
p(A4,) denote its spectrum, spectral radius and resolvent set respec-
tively. If T is the operator defined by the infinite matrix (¢;;) we shall
denote by T the operator defined by the infinite matrix (Z;;), where
z denotes the complex conjugate of the complex number z. Similarly,
if we have a vector x= (1, &, - - - ), then % will denote the vector
(&, &, - - - ). The symbol I,(n) will denote the vector space of n-
tuples of complex numbers, such that if x= (&, &, - - -, &) ElL,(n),
then ||x||,= (D%, | £ ?)¥/». Given a number p, p’ will denote the
number p/(p—1) if 1<p< », and will denote « or 1 respectively,
according as p=1 or p= «. The statement “g lies between p and p"”
will mean p Sg=<p’ or p’ S g=p respectively, accordingas 1 =p =<2 or
2<p= .

M. Riesz has proved that if 4 is a matrix transformation of lj/.(n)
into lys(m) and Mg is its norm, then M. as a function of the point
(e, B) has the property that log (M) is a convex function in the tri-
angle 0Sa =<1, 0=B8=1, a+B=1, [2, pp. 466-471]. G. O. Thorin
has shown that the theorem actually holds for the entire first quad-
rant of the af-plane, [4, pp. 5-6].

This result, with the use of a limiting process, implies the following
inequality

M [ ssll = = | wal[ ]| Al
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where 0 <a =b =c. (It is understood that if =0, 1/a is replaced by
©.) For the case where 1 £p ¢ =r = =, this gives

(2) “Aq“ =< “Ap“(f—q)p/(r—p)q“Ar”(q_p)r/(r_p)q’

it being understood that if r= «, then (r—q)/(r—p)=r/(r—p)=1.
(For the case where p=1, ¢=2, and 7 = =, this is simply a reformula-
tion of a theorem due to J. Schur [3, p. 6].) Or, since it can easily
be shown that ||4,/||=|[(49,], if we let 1 <p < o and let g lie be-
tween p and p’ we can restate (2) as

(3) [|A,[| < “Ap“(p+q(1—p)>/(z—p)q”(At)p”(q—p)/(z—p)q.

We note that (2) implies that if 1<p<¢g=<7=< » and 4 belongs to
both [I,] and [ ], then 4 € [I,] and that (3) implies thatif 1 £p < =,
q lies between p and p’, and both 4 and A4* belong to [/,], then
A€(l].

Borrowing from the phraseology of M. Riesz, we state the following
theorem.

THEOREM 1. If AE [lya] for each a, 0 Sa =1, then |o(Aya)| as a
function of the number o has the property that log [o'(A va)| is a convex
Sfunction for 0 Sa=1.

Proor. We know that lim,., |[(4ya.)"||'*=]|0(4ya)| provided
0=a =1, and (1) implies that

(s ]| =i < [|[(Aya) ]| ]| Ay ]| e=orm,
for 0=a=b=c=1. If we let # approach infinity, we obtain
@) | o(di) [ = [ o(Aya) [2] o(dupe) [P,

which is the desired result.
When 1 £p ¢ <r we can restate the inequality (4) as

(5) | o(de) | = | o(d,) |orie=pa| o(4,) |@»rit=p)

provided 4 belongs to both [I,] and [Z,].

In the special case where 1 £p < « and ¢ lies between p and p’,
we can use the well known fact that ¢(4,) =0((4¢),) together with
the inequality (5) to derive the following inequality, provided both 4
and 4* belong to [1,].

(6) | a(4y) | < | o(4,) |(p+a(l—p))l(2—p)a| a((4Y),) |(q—p)/(2—p)q,

Using the inequality (5) we can immediately state the following
theorem,

THEOREM 2. Suppose that T belongs to both [l,] and [l.], that
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p=q=r= » and that [a(T,,)l ;éla(T,)I. Then either
[T | > (T | or |a(T)] > [o(To):
according as
lo(Ty) | > |a(T)| or |o(TH| > |a(Ty)1,
respectively.

The inequality (6) together with fact that if ¢ lies between p and p/,
then so does ¢’, and the fact that |a'(Aq')| =|a((4Y),)| imply the
following theorem.

THEOREM 3. Let both T and T* belong to [l,], 1 Sp =<, let g lie
between p and p' and let |a(Tp)| #|a((T*),)|. Then either
|o(To) | > [TD] or [o((T9)]| > |a((T90)!
according as
[T | > [a(T9)] or 1o((T9)] > [o(TH)],
respectively.
We shall now use the inequalities (2) and (3) to derive some set

relationships among the spectra of the operators defined on the se-
quence spaces I, by the same infinite matrix.

THEOREM 4. Let T belong to both [1,] and [I,] andlet 1Sp<gSr< .
Then

(a) a(Ty) C o(Tp) \J o(Ty),
and

(b) if C is any component of o(T,), then the set CM\(a(T,)Na(T))
1s nonvoid.

Proor. (a) Assume that N&p(T,)Np(T,). This implies that
(A —T)~! belongs to both [/,] and [/,]. From (2) we infer that
(I —=T)'€[l,], whence NEp(T,). We have thus proved that

p(T5) M o(Ty) C p(Ty),
whence, by complementation, we have
o(Tp) \J o(Ty) D o(Ty).
(b) Let us assume that CN\(o(T,)MNa(T})) is void. It is clear that
CN\o(T,) and CNa(T,) are both closed, and by our assumption they

have no point in common; moreover, it can be shown that they are
both nonvoid [1, p. 288]. But
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C = (CNa(Ty) I (€N a(T))

since, by (a), 6(T,) Co(Tp)\Jo(T,). We are therefore forced to con-
clude that Cis not connected, which is in contradiction to our assump-
tion that C is a component.

We note that (b) implies, among other things, that ¢(7,) and
a(T,) always have points in common.

THEOREM 5. Suppose that both T and T* belong to [I,], 1 Sp< =,
and q lies between p and p'. Then

(a) a(Ty) Co(Tp) \J a((TH),
(b) a(T2) Co(Ty) Y a((T)g) Co(Tp) Y a((TH,),
and

(c) if Cis any component of a(T,), then the set
cnN (U(Tp) N 0((T‘)p))
1is nonvoid.

Proor. The statements (a) and (c) are proved in the same manner
as statements (a) and (b) of Theorem 4 except that the inequality
(3) is used instead of the inequality (2). The first containment of the
statement (b) results from letting ¢=2 in (a), and the second contain-
ment results from (a) combined with the application of (a) to T*.

Combining the result (b) of Theorem 5 with the classical result
that the spectrum of a bounded operator defined on /; by a hermitian
symmetric matrix is real, we obtain the following theorem.

THEOREM 6. If TE[l,], T=T'and 1 Sp <  then
o(T2) C o(Ty).

Proor. Since if xE1,, x—% gives an isometric isomorphic mapping
of I, onto itself we see that if TE[l,], then o(T,)=Conj [o(T,)].
Thus, since by hypothesis, (T%),=T,, we haveo((T*),) = Conj [¢(T5)]:
whence result (b) of Theorem 5 implies that

o(T2) C o(T5) \J Conj [o(T5)].

Knowing from a classical result that T,=(T"), implies that o(T}) is
real, we are led to the desired conclusion.
Our final theorem was suggested by Professor Angus E. Taylor.

TuEOREM 7. If 1 <p =Zq, T belongs to both 1, and 1, and N\Ep(T,),
then a necessary and sufficient condition that N\Ep(T,) s that

()‘I - T)(lq - lp) C lq - lp’
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PRrROOF. Suppose that A€p(T,). Then \I—T maps I, onto [, in a
1-1 manner; and since by hypothesis A&p(T,), Nl — T maps /, onto /,
in a 1-1 manner. Hence

N = T)(lg = 1) =1g — 1

Now suppose that A\ — T)(l, — I,) C ! — Il,. It follows that
AN - 1)U, D, forifx €l,and A\ — T)x = y, theny € [, and
A\ [—-T)"'y=x, whence xEN[—T)"!,. If we now assume that
xE((WN-T)"'(,) —1,), then x=AI—T)"'y, where y&l, and x&l,.
But A\ —T)x=y, which implies that y&l,—I, by our assumption
that W —T)(},—1,) Cly—1,. This is a contradiction and we are thus
led to the conclusion that (NI —T)~!(/,) —I, is void, and this with our
earlier conclusion implies that l,=AI—T)"',. Thus we see that
(N[ —T)"! (and hence also A\I — T) sets up a 1-1 map of /, onto /,. From
this it follows that (\I —7")~! is bounded, for it is known that the
inverse of a linear 1-1 map of a Banach space onto itself is bounded.
The desired conclusion follows immediately.
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