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In the Memoir Open mappings on locally compact spaces, G. T.
Whyburn shows the equivalence of his definition of compact mappings and that of E. A. Vainstein
[l ] under the assumption
that the
spaces involved are separable and metric. In the following, it is shown
that the two are equivalent on more general spaces provided that the
range space is suitably restricted.
The remainder of the note is concerned with a result about the relation between closedness of a mapping and continuity
and with an elaboration
of a result concerning
quasi-interior
mappings.
In general, the spaces are Fi unless otherwise stated. The mapping
(i.e. continuous
function) f(X) = Y is closed if F a closed subset of X
implies/(F)
is closed;/is
compact if K a compact subset of Y implies
f~l(K) is a compact subset of X; f is quasi-interior
if for any yEY
and any open set U in X which contains a compact component
of
f~l(y)< y is interior to f(U). A is an inverse set if A =f~1(A). Also,
Go will denote the union of all sets of the type/_1(y)
which are subsets

of G.
Theorem

1. Iff(X) = Y is a closed mapping and if for each yEY,

f~l(y) is compact, then f is compact.
Let K be a compact subset of Y and g a covering of f~l(K). Since
/ is closed, for each open subset G of X, Go is an open inverse set, and
/(Go) is an open subset of Y. For some yEK, f~l(y) may fail to be a
subset of a single element of g, but since f~l(y) is compact, a finite
subcollection Qi of g will cover f~l(y). Let G* be the union of the elements of 9i. Then G* is a non-null open inverse set. Thus, the collecReceived by the editors July 9, 1956 and, in revised form, December 5, 1956.
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tion of sets of the form /(G0) and f(G*) respectively
constitutes
a
covering of K which is reducible to a finite subcovering. Hence a finite
number of the sets Go and G* cover f~l(K) so that since each G* is a
subset of a finite union of elements of g, there is finite subcover from
gof/-1^).

Theorem 2. If f(X) = Y is a compact mapping and Y is a locally
compact Hausdorff space, then f is closed and point inverses are compact.
That point inverses are compact is obvious.
Let F be a closed subset of X, and suppose yEf(F)
and is an accumulation
point of/(F).
Since Y is locally compact, an open set G
exists such that yEG and G is compact. Now f(F)C\G cannot be compact, for if it is, there exist open neighborhoods
27 and F of/(F)OG

and y respectively with UC\V=0.

Then Gr\Vr\f(F)EVr\Gr\f(F)

= 0, a contradiction
since yGCI[/(F)].
Since G is compact, f~l(G) is compact

and FP\/_1(G)

is a non-null

compact subset of X. From this it follows that f[FC\f-l(G)} =f(F)C\G
is compact.

This a contradiction

and yEf(F).

Corollary.
A necessary and sufficient condition that a mapping
f(X) = Y where Y is a locally compact Hausdorff space be compact is
that f be closed and that for each yEY, f~l(y) be a compact subset of X.

In these results,
hypotheses.
Under
may imply that/is

the continuity
of / has formed a part of the
certain conditions,
the other restrictions
on /
continuous.

Theorem 3. If X is a regular space and Y is compact, then iff(X)
= Y is closed with closed point inverses, f is continuous.
Suppose/is
not continuous at xEX. There exists, then, a neighborhood V of f(x) =y such that for every neighborhood
27 of x,

f(U)C\(Y-

F)^j2f._Since

Y is compact,

Y- V and f(U) are closed,

it follows that f(U)(~\(Y— V) is compact.
Also, the collection
{f(U)(~\(Y— V)} has the finite intersection
property, for if a finite

number of 27's existed such that Djl" {f(Vj)r\(Y-V)}

(F-F)n/(n#

=0,

then

ui)E(Y-v)r\f[a (W,z\u^eWzi {fCU^Y-v)}

= 0 so that/would
be continuous. Hence the intersection of all the
sets of the form /(27)(~}(Y— V) is non-null, and there is a y' in this
intersection with y'9*y. Then x(f/_1(y'), and since f~l(y') is closed,

open sets 27i and 272exist such that UiC\U2 = 0; xEUi

and f~l(y')

C U2.It fohows that y'Ef(Ui), but since xEUi,f(U1)n(Y-V)9*0
and y'Ef(Ui),
a contradiction.
Therefore/is
continuous.
In the discussion of the properties of quasi-interior
mappings
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[2], it was shown that, in general, local compactness
and local connectedness are not invariant
under such mappings. However, the
following theorem exhibits a modification under which these invariant
properties are regained.

Theorem
4. If X is locally connected (locally compact), and f is a
quasi-interior
mapping such that for each yEf(X) = Y, Hausdorff,
/_1(y) contains a compact component, then Y is locally connected (locally
compact).
Let yEY; V be any open set with yG V and R be the component of
V containing y. If zER, then f~l(z) contains a compact component
C. If X is locally connected, there is a component G of f~l(V) such
that G is open and CEG. Hence 2 is interior to f(G) C V, and since

f(G) is connected and RH\f(G) 7^0, f(G) ER so that z is interior to R.
Let D be a compact component of f~l(y). If X is locally compact,
there is an open set U such that U is compact and DEU. It follows
then that y is in the interior of /(U) and an open set G exists such

that yGGCGECI [f (U) ] =f(U). Thus Y is locally compact.
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