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RATIONAL APPROXIMATION TO SOLUTIONS OF
ALGEBRAIC DIFFERENTIAL EQUATIONS

E. R. KOLCHIN1

Introduction. It was observed by Liouville (C. R. Acad. Sci. Paris,

vol. 18 (1844) pp. 910-911; J. Math. Pures Appl. vol. 16 (1851) pp.
133-142) that an element a of the field C of complex numbers which

is algebraic of degree n (over the ring Z of rational integers) can not

be approximated very well by rational numbers, in the following

sense: there exists a real number y>0 such that \a — p/q\ s^y/\q\"

for all p, qEZ with qs^O and p/q^a. Using this theorem Liouville

gave the first examples of transcendental numbers. The proof de-

pends only on the circumstance that every nonzero element of Z has

absolute value 2:1 and the following two obvious facts (in the state-

ment of which / denotes the polynomial of degree n vanishing at a):

(i) a is an isolated point of the set of zeros of /; (ii) f(y/z) can be

written as a fraction in which the numerator is a polynomial in y

and z and the denominator is z". It follows that Liouville's theorem

has an abstract version in which C and Z are replaced by an arbitrary

nontrivially valued field and a nonzero subring thereof in which each

nonzero element has value 2:1. Since the field A((A-1)) of power

series in the reciprocal of an indeterminate X over a given commuta-

tive field K admits a valuation for which the series u = cmX~m

+ cm+iX~(-m+l)+ ■ ■ ■ (with Cm^O) has the value \u\ =e~m, and the

polynomial ring A [A] is a subring of A((A-1)) in which every non-

zero element has value 2:1, Liouville's theorem applies in this situa-
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tion, that is, his theorem is also a result on the approximation of

algebraic functions by rational ones.

An algebraic equation may be considered as an algebraic differen-

tial equation of order zero, so that algebraic functions are special

cases of differentially algebraic ones. The purpose of this note is to

extend Liouville's theorem (abstract version) to an ordinary differen-

tial field with valuation which is subject to a certain not unnatural

condition. A weaker and slightly less general result for the special

case of power series has been obtained by E. Maillet (Nombres trans-

cendents, Paris, 1906). The present treatment is, I believe, more

transparent.

The condition on the valuation, which can not be omitted, and

which in the case of K((X~X)) is equivalent to the condition that the

field characteristic be 0, is used in §1 to define "valued differential

field." The fact (i) above is suitably generalized in §3. Since a differ-

ential polynomial in general has infinitely many solutions, the gen-

eralization is not quite obvious; it is proved using a lemma on

wronskian determinants established in §2. The generalization of fact

(ii) presents no difficulty provided the exponent n (=deg/) is re-

placed by a generally bigger number called the "denomination" of/.

When the differential polynomial /is of the order 0, its denomination

coincides with its degree. This (and a slight generalization thereof)

is described in §4. The proof of the approximation theorem itself,

which is then trivial, is found in §5. An almost immediate consequence

of the theorem is that a power series 2t°-o ckX'k, with nonzero coeffi-

cients Ck in a field K of characteristic 0 and with strictly increasing

integral exponents Sk>0 such that the sequence of ratios Sk+i/sk is

unbounded, is differentially transcendental over K(X).

It remains to make the obvious remark, in view of the deep Thue-

Siegel-Roth improvement of Liouville's theorem (see K. F. Roth,

Mathematika vol. 2 (1955) pp. 1-20), that it would be desirable to

obtain a similar improvement in the present theorem.

Terminology and notation. In what follows, all differential rings

and fields are ordinary and commutative; the derivative of an element

a of a differential ring or field is denoted by a', and for each natural

number k the &th derivative of a is denoted by am. All valuations

are nonarchimedean; the value group of any valuation is written

multiplicatively, and the value of an element a is denoted by \a\.

1. Valued differential fields.

Definition. A valued differential field is a differential field endowed

with a valuation satisfying the following condition: there exist ele-

ments a and /3 of the value group such that
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(1) « | a\   ^   | a'\   g p\ a\

for every element a of the differential field with \a\ < 1. The elements

a and P are then called, respectively, lower and upper bounds of the

valued differential field. The valued differential field is said to be

trivial or nontrivial according as the value group is trivial or not.

Lemma 1. If 5 is a nontrivial valued differential field with lower

bound a and upper bound P, then the second inequality in (1) holds for

every aES, and the first inequality in (1) holds for every aEF with

\a\ 5*1.

Proof. When \a <1 then (1) holds by hypothesis. When |a| >1

then a^O and \a~1 <1, since |a'/a| = | (a_1)'/a_I . again (1) holds.

It remains to prove the second part of (1) when \a =1. By hypothe-

sis there exists a nonzero element & £ J with \b\ 5* 1, whence \ab\ 9^1,

and therefore \b'/b\ ^P and \a'/a+b'/b\ =\(ab)'/ab gj8; if \a'/a\

^\b'/b\ then obviously \a'/a\ ^P, whereas if \a'/a >\b'/b\ then

\a'/a\ =\a'/a+b'/b\ gp\

Corollary 1. Hypothesis as in Lemma 1, let n be a natural number.

Then \aM\ ^P"\a\ for every aE%, and \aM\ 2:an|a| for every aE%

with \a\ >1 and \a\ >l/a"_1.

Proof. Induction on n.

Corollary 2. Let J be a nontrivial valued differential field. Every

nonzero constant c in fr has value \c\ =1. The characteristic of *5 is 0.

Proof. If there existed a nonzero constant c with \c\ 9*1 we would

have 0 = [0J = \c'\ 2a|c| >0. If the characteristic were p9±0 then,

for every nonzero aE'S, ap would be a nonzero constant, we would

have |o|p=|ap| =1, and the valuation would be trivial.

2. Wronskian determinants. If (ai, • • ■ , a„) is a finite sequence of

elements of a differential ring with unity element, we denote the

wronskian determinant det (aj'_1))is,an, layan by PF(di, • • • , an).

The wronskian determinant equals 1 when n=0 and equals czi when

»=1. If n>0 and we expand the determinant by the minors of the

last row, we obtain the formula

(2) £ (-1)     ay      Wiah • • • , ay_i, oy+i, • ■ • ,an) = Wiah • • ■ ,a„).
y-i

Applying the same device to the determinant obtained on replacing

the last row by one of the other rows, we obtain the formula
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(3)     2 (-1)    'aj' W(ah ■ ■ ■ , oy_i, oy+i, • • • , o„) = 0

(0 < i fk n - 2).

Lemma 2. If b, ai, • • • , an are elements of a differential ring with

unity element then W(bai, ■ ■ ■ , ban)=bnW(ai, ■ • • , an).

Proof. If n=0 or 1 this is obvious. Let «>1 and suppose the re-

sult known for lower values of n. Then, by (2) and (3),

W(bai, • • • , ban)

= 2 (— 1)     (oai)        W(bai, • ■ ■ , baj-i, baj+i, • • • , ba„)
j=i

= 2-,(-l)      2-,[      .     )o aj  b     W(ai, • • • ,aj-i,aj+i, ■ ■ ■ ,an)
y-i <=o \    *    /

= 6"-1 2(      .     )bn        2 (-1)" V W(au ■ ■ ■, oy_i, oy+i, • • • , o„)
i=o\    i    / y-i

= b"~1bW(ai, - - - ,a„) = b"W(au ■ ■ ■ , o„).

Lemma 3. Let Ci, ■ • • , a„ be elements of a nontrivial valued field

with lower bound a and upper bound fi.

(a) \W(au ■ ■ •,c„)|^^''-1>/2|a) •• -c„|.

(b) If  |ay| <(a/p)>-2\aj-i\(2^j£n)   then   \W(au ■ ■ ■ ,   an)\
^ajncn-n/ajoj . . . a„\.

Remark. The condition in part (b) can be weakened.

Proof. The lemma is obvious if n=0 or 1, and also if a,=0 for

some j. Let n > 1 and a,9^0 ior every j, and suppose the lemma proved

for lower values of n. By Lemma 2,

IF(oi, • • • , o„) = a!lF(l, a2/oi, • • • , o„/oi)

= aniW((a2/ai)', ■ ■ ■ , (an/ai)').

Then

| W(ah ■ ■ ■ , aj |   fk  | ai|TB«-»«"-»'«| (at/ai)' ■ ■ ■ (an/ai)'\

fk   | oi|"/3<"-0<»-2>/23| a2/ai\   ■ ■ ■ 0 | o„/ai |

=  ^("-D/2|   0l   •   •   •   0„|   .

Also, under the condition of part (b),
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| (ay+i/<*i)' I   ^ P I W«i \   < Pia/py-1 | ay/ax |   = ia/P)i~2a \ aj/ai \

=g ia/py-2\iai/ai)'\i2^j^n-l),

so that

| Wiah ■ ■ ■ , an) |   2t   | 0l|»a(«-D(»-2)/2| (a2/0l)'|   • • •  | (an/ai)'\

2:   | ai|rea(n-1)(n-2)/2o:| o2/di |   • • • a\ an/ai\

= a»(»-D/2| 0l • • • an\ .

3. Simple zeros. Let P be an element of the differential polynomial

ring in a differential indeterminate y over a differential field. A zero

of P which fails to be a zero of dP/dy(<) for at least one natural num-

ber i is said to be simple.

Lemma 4. Let 3 be a nontrivial valued differential field, and let uE^

be a simple zero of a differential polynimial PES [y} • Then there exists

an element jo of the value group such that \v — u\ ^jo for every vE$

which is a zero of P different from u.

Proof. Translating by u, we may suppose that u = 0. Then

.P(O) =0, and there is a natural number i such that (dP/dy(i>)(0) 5*0.

Let n denote the biggest such i. Then we may write P=L+R, where

n

L=22 biy^,       biEZ (Ogig n),       bn*0

and

R = £ Cky(ik0 ■ ■ ■ y«*.»w>,        ck E 5,        hik) 2r 2 (all k).
k

For any zero vE$ of P with \v\ 1*1,

I Liv) |   =   £ ckv<-ikl) ■ ■ ■ »<**.*<«'

g SUp  I Ck I   I v(ikl) I  • • •   I »<*'*.*(*>) I
k

:g sup | c* | Pikl+'' •+•'*•*<*> | v \hik)
t

^ 7i| *>|2>

where yi=supjt |c*|j8**»+ •••+**,«*> is independent of v.

Now assume the lemma false. Then 5 contains zeros vit ■ • • , vn+i

of P, distinct from 0, such that
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| vi |   < 1, \vi I   < y ~Xa.n(a/0)n^-1'>l2 \bn\,

\vj\ < (0/ay-21 vj-i| (2 g j g » +1).

By the above, | Z(t>y) | ^7i|fly|2 (1 f=j^n + l). By the definition of L,

EC = iW (i^i^w+i).
<-0

Considering this as a system of linear equations for bo, h, • • • , bn,

and solving for bn, we find that

n+l

W(vh  •  •  • , Vn+i)bn =   2 (-l)n+1+W(t>1,  •   •   • , Vj-h Vj,  •   •   • , l>„+i)Z(l>y).
y-i

It follows by Lemma 3 that

a»(»+D/s | Vl . . . Bn+11 | j, |   g | pp(Bl> . . . ; ^+1)6n |

fl  SUp   |  IF(wi,  •  •   • , Vj-i, Vj+i,  •   •   ■  , »„+i)Z.(»y) |
1

fk SUp /S"'"-1"2 | Di •  •   • Dy_il)y+1 •  •  • Wn+1 | 7l | »y |2
y

=  SUp j3"(n_1)/27i| Di •  •  • D„+i |   | »y|

i

= 0n(n-1)/27l | »1  •  •   -»n+l|    I »l|  ,

so that \vi\ ^yi1an(a/B)nin-1)l2\bn\ - This contradicts the definition

of fi and completes the proof.

4. Denomination. A nonzero differential polynomial P in a differ-

ential indeterminate y is a linear combination with nonzero coeffi-

cients of certain monomials y°°y'n • • • y<*)«* • • • . The biggest of the

natural numbers 2* (k + l)ek will be called the denomination of P.

If z is another differential indeterminate, and we denote the de-

nomination of P by d, then P(y/z) can be written with denominator

zd, that is, zdP(y/z) is a differential polynomial in y and z.

More generally, for each natural number s^l, the biggest of the

natural numbers 2* (k+s)ek will be called the s-denomination of P.

(The 1-denomination of P is thus its denomination.) If we denote the

^-denomination of P by d, then P(y/z') can be written with de-

nominator zd:

Now let SF be a differential field, let Z be a differential subring of fJ,

and let u be an element of ff which is differentially algebraic over Z.

The smallest natural number d such that there exists a nonzero differ-

ential polynomial in z{y} having denomination d and vanishing at u
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will be called the denomination of u over Z. The definition of the

s-denomination of u over Z is similar.

Suppose now that the characteristic of SF is zero.

If P£z{y} vanishes at u and has ^-denomination equal to that

of u over Z, then u is a simple zero of P. More precisely, if the order

of P is n then dP/dy<-"> does not vanish at u. For dP/dy(-n) is obviously

nonzero and of lower s-denomination than P.

5. The approximation theorem.

Theorem. Let if be a nontrivial valued differential field, let Z be a

nonzero differential subring of SP such that \ a | 2:1 for every nonzero

element aE%, let uE$ be differentially algebraic over Z, let s be any

natural number 2:1, and denote the s-denomination of u over Z by ds.

Then there exists an element y of the value group such that

| u — a/b' |   2: y/ | b \d'

for all elements a, bEZ with b^O and u^a/b".

Proof. Let P£z{y} vanish at u and have s-denomination d,.

By Lemma 4 there is an element 70 of the value group such that

\u— v\ 2:70 for every zero v of P with vE$ and V9^u; we obviously

may suppose that 70 <1. Since P(w) =0 we may write

piy) = £ Ckiy - «)tiA:l) ■ ■ ■ (y - «)<«*.*(«>,

k

where CkE$ and h(k) 2; 1 for each k. Setting

71 = sup I ck\ P<kl+ •••+«"*.»(*),
1

we therefore see (using the first part of Lemma 1) that if \u — a/bs\

<7o then \P(a/b')\ ^yi\a/bs-u\ and P(a/b')^0; as bd>P(a/b*)EZ

we have \bdtP(a/b')\ 2tl, so that \a/b' — u\ ^y~1/\b\d'. On the other

hand, if \u— a/b'\ 2:70 then obviously \u — a/b'\ ^yo/\b\ds. Setting

7 = inf (70, yT1), we find the theorem proved.
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