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1. Introduction. In a recent paper, Olkin [2], established the fol-

lowing result.

Theorem 1. Let

(a) ai = a2 ^ • • • ^ am ^ 0,

(1) (b)   1 ^ wi ^ w2 ^ • • • wm ̂  0,

(c)  hix) be convex in [0, ai], A(0) ^ 0.

77jen

(2) £ (-ly-^hiaj) = h(Z i-iy-'wjaj).
j-i \ y-i /

This is an extension of the result given in [l], which in turn is an

extension of the original result of Weinberger, [4].1 The purpose of

this paper is to show that Olkin's result is a special case of an inter-

esting inequality due to Steffensen, [3].

2. Steffensen's inequality. The result of Steffensen is the following.

Theorem 2. Let

(a) /(/) be non-negative and monotone decreasing in [a, b].

(!)

(b) git) satisfy the constraint 0^g(/) gl, tin [a, b}.

Then

(2) r fu)dt< f fu)git)dt^ r cfn)dt,
J b-e J a J a

where

(3) c = r giDdt.
J a

Let us give a proof for the sake of completeness. Define the func-

tion uis) by the relation
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1 This is an appropriate place to note that the results in [l ] and [4] are themselves

special cases of Theorem 108 of Inequalities by Hardy, Littlewood and P6lya.
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(4) c sf(t)g(t)dt = r f(t)dt.
J a J a

It is easy to see that u(a) =a, that u(s) is continuous and monotone

increasing as s goes from a to b, and that u(s) fks. The condition that

0fkg(t)fkl is essential here. We have, upon differentiating,

du
(5) f(u)T=f(s)g(s),

ds

whence,

du    f(s)g(s)
(6) — = ^^fkg(s),

ds        f(u)

taking account of the fact that u(s) fks and that/(.s) is monotone de-

creasing. Hence,

(7) ufka+f g(s)ds.
J a

This yields the right-hand side of (2), and the left-hand side is de-

rived in the same fashion.

3. Olkin's inequality. To derive Olkin's result, choose for g(t) the

function defined by

(1) g(0 = a*>        ak+i fk t fk ak, k = 1, 2, • • • , m — 1,

where \i = Wi, \2 = Wi — w2, \3 = Wi — w2+w3, and so on, and for h(t)

the function defined by

(2) h'(t)=f(t).

Using the inequality of (2.2) for the preceding choice of functions,

we obtain a slightly stronger result of the form of (1.2).

4. A generalization of Steffensen's inequality. Let us now establish

a generalization of the inequality given in §2. It will be clear that

many further results of this type can be obtained using the same

techniques.

Theorem 3. Let

(a) f(t) be non-negative and monotone decreasing in [a, b].

(1)    (b)fEL*[a, b].

(c)  g(t) =0 in [a, b] and fagp'dtfkl,
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where p>l and l/p+l/p' = l. Then

ab \p p o+c
fgdt)   ̂ J      fHt,

where

(3) c=a+(fgdN.

Proof. Consider the function u(t) defined for a^t^b by the equa-

tion

(4) (fjgdX = f"f'dt.
Since

a*'      \p      / C'      \ / C'       \p!p'       r'

we see that uit) exists and satisfies the relation u(t)^t for t in [a, b]

with u(a) =a. This function is monotone increasing and satisfies the

differential equation

du / C'      \p—1
(6) /■(«)' - = PfiDgit) yj   fgdt)

almost everywhere.

The monotonic nature of f(t) and u(t) yield the inequality

du / r'    V"1(7) j^^Uj"') •
whence

(8) u(t) ̂  a+ ( f gdlY.

This completes the proof.
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