
ON LOCAL TREES
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1. Introduction. In the Menger classification of curves as aug-

mented by Whyburn [12], the Peano continua are arranged in the

following hierarchy:

(I) C (II) C (III) C (IV) C (Vi) c • • • C (V.) c • • •

where I denotes the class of dendrites, II is the regular curves, III

is the hereditarily locally connected continua, IV is the rational

curves, and V» is the class of continua of dimension not exceeding n.

Now it should be remarked that, for each of these classes save the

first, if a continuum possesses the defining property in the small then

it is a member of the class. That is, a local regular curve is a regular

curve, a local rational curve is a rational curve, and so on, but a local

dendrite is not in general a dendrite. However, a local dendrite is a

regular curve (but not conversely) so that between the classes I and

II there is a distinct and interesting class of continua which warrants

study. So far as the author is aware this class has received scant atten-

tion in the literature. In this paper we give three characterizations of

local dendrites and trees. We show that a Peano continuum is a local

dendrite if and only if it contains no small simple closed curves and

if and only if it is an absolute neighborhood retract of dimension not

exceeding unity. The third characterization is order-theoretic and is

an extension of a similar theorem of the author's for trees [8].

The problem of characterizing spaces in terms of their order prop-

erties deserves further comment. In the presence of arcwise con-

nectedness and very strong unicoherence properties the inherent order

structure of connected spaces has proved to be an effective tool in

characterization theorems [2; 5; 8-11 ]. However, even such a simple

class of spaces as the regular curves has offered considerable diffi-

culty and so far has not been tractable to discussion in terms of

order. Two results lend encouragement to the task. Wallace [ö] has

shown that only the indecomposable continua have truly trivial par-

tial order relations and the author [7] has shown that any locally

connected continuum can be partially ordered in terms of its cut-

points. If, in the latter case, a way can be found to "extend" the

partial order over the cyclic elements of a locally connected continuum
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then one may reasonably expect to translate special topological prop-

erties into order-theoretic terms, and vice versa.

2. Topological properties of local trees. We begin by recalling a

few definitions [8; 9], A tree is a continuum in which each two dis-

tinct points can be separated by the omission of some third point.

It is well-known that a tree is locally connected and that a metric

tree is a dendrite, i.e., a Peano continuum which contains no simple

closed curve. A local tree is a connected space in which each point has

arbitrarily small closed neighborhoods that are trees. Thus a local

tree is necessarily locally connected and locally compact, a tree is a

local tree, and a compact metric local tree is a regular curve. The re-

verse inclusions fail; for example, a simple closed curve is a local tree

but not a tree, and a regular curve may possess arbitrarily small

simple closed curves while a compact local tree may not.

Definition. Let A" be a metric space; then X contains no small

simple closed curves if and only if there is an e > 0 such that diam (.S)

^e for each simple closed curve S contained in X.

Theorem 1. Let X be a connected metric space. If X is locally com-

pact, locally connected, and contains no small simple closed curves, then

X is a local tree. Conversely, if X is a compact local tree then X contains

no small simple closed curves.

Proof. Suppose diam (S)ee>0 for each simple closed curve 5

contained in X. Let xCX and let N be a compact connected neigh-

borhood of x contained in the e/2-sphere about x. Obviously A^ is a

tree. To prove the converse, suppose X is compact and contains a

sequence Sn of simple closed curves with diam (5„) <l/n. Then

lim sup Sn must contain a point x of X and each neighborhood of x

contains an S„ and hence X cannot be a local tree.

Corollary. A Peano continuum is a local tree if and only if it con-

tains no small simple closed curves.

In the next theorem we use the codimension function of Haskell

Cohen [3J. Let 77"(X) denote the Alexander-Kolmogoroff »-dimen-

sional cohomology group of the compact space X. Then X has co-

dimension not exceeding n (in symbols, cd(X)^w) if and only if the

natural homomorphism 77"(X)—>HniA) is onto for each closed subset

A of X. It is known that if dim(X) = 1 in the Menger-Urysohn sense,

thencd(X) = l.

Theorem 2. If X is a compact metric absolute neighborhood retract

and dim (AT) = 1 then X contains no small simple closed curves.
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Proof. Suppose, on the other hand, that X contains arbitrarily

small simple closed curves. Then X contains a sequence Sn of simple

closed curves and lim S„ = x, an element of X. Since dim(X) = l we

can imbed X in Euclidean 3-space; since X is an absolute neighbor-

hood retract there is an open set U of 3-space and a retraction tt(í7)

= X. In particular, there is an e>0 such that VC U and V is the open

6-sphere about x. Moreover, for sufficiently large n, Sn C V. Let a

denote the function w restricted to V and let i and j be the injective

functions i: S„—*V,j: Sn—*X. Then j*= iai)* = i*a*, where j*: H^iX)

-*WiSn), i*:H^(V)^H^iSn), and a*: TPfJQ^TPCF) are the in-
duced natural homomorphisms. Since cd(X) = l,j* is onto and hence

i* is onto. But, since 7P(F) =0 and TT^Sn) 5¿0, this is impossible.

Theorem 3. Let X be a metric space. If X is a local tree then X is an

absolute neighborhood retract. Conversely, if X is a compact connected

absolute neighborhood retract and dim(X) = 1, then X is a local tree.

Proof. Clearly, if U is a connected open subset of X such that U

is a tree, then U is an absolute neighborhood retract. Further, a

locally separable, connected metric space is separable [l], so that X

is separable. Hence, by a theorem of Hanner [4], X is an absolute

neighborhood retract. The converse follows from Theorems 1 and 2.

Corollary. A Peano continuum is a local tree if and only if it is

an absolute neighborhood retract whose dimension does not exceed unity.

3. Order properties of local trees. Let A" be a connected space and

eCX. Define xi=y for elements x and y of X if and only if x = e or

x = y or x separates e and y in X. It is easily seen that ^ is a partial

order on the elements of X and, if X is a locally connected continuum,

the graph of ¿ is a closed subset of XXX [7]. The relation g is

termed the outpoint ordering of X with minimal element e and has been

used [8] to characterize the trees. For its applicability to local trees,

we state that result here. The sets £(x)=}y:y^x| and Mix)

= {y: x^y} are, respectively, the sets of predecessors and successors

of x, relative to the partial order ^. We write x<y when x^y and

XT^y. A chain of a partially ordered set is a subset which is simple

with respect to the partial order.

Theorem 4. Let X be a compact Hausdorff space. A necessary and

sufficient condition that X be a tree is that X admit a partial order ¿

such that

(i)   ^ has a closed graph,

(ii) if x<y then there exists zCX such that x <z and z<y,
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(iii) for each x and y in X, the set £(x)P\£(y) is a nonempty chain,

(iv) for each xCX, Mix)—x is an open set.

From (iii) and the fact [7] that any compact partially ordered space

has a minimal element, it is seen that the order of Theorem 4 has a

unique minimal element. The cutpoint ordering with that element

as minimal is precisely the (unique) order with properties (i)-(iv).

Theorem 5. Let X be a compact Hausdorff space. A necessary and

sufficient condition that X be a local tree is that X admit a partial order

satisfying (i) and (ii) of Theorem 4 and also contain a finite set

E— \ei, • • • , em} such that

(iii') Mid)=X,
(iv') for each j — 1, ■ ■ ■ , N, the set

Aj= iMie¡) -e¡) - W {M(e*)}
k>j

is open and Aj is a tree with the cutpoint ordering with e¡ as minimal

element.

Proof. If X is a local tree then X can be covered by a finite family

11 of connected open sets such that, for each Î/Gll, U is a tree and

77— U is finite. If 11 has only one member then X is a tree and the

desired partial order is inferred from Theorem 4. If H contains more

than one member, let VXCIf, eiC Vi and e2C Vi — Vi. Let U2C 11 such

that e2CU2 and let V2 be the union of all components of U2—Vi

whose closures contain e2. Then V2 is an open subset of X whose clo-

sure is connected, contained in U2, and hence is a tree. Moreover,

FiU V2 has a finite boundary. Assuming Vn has been selected and that

Vi^J • • ■ \JVn9^X, let en+i be an element of the boundary of

VAJ ■ ■ ■ \JVn- Let i/n+iGll such that en+iCUn+i and let Vn+i be

the union of all components of i7„+i—(FiW • • • VJ V„) whose closures

contain en+i-

For each «>1, en lies in the boundary of F"iU • • • VJVn-i, hence

also in the boundary of Z7iW • • • U Un-i, and therefore in the bound-

ary of some Uk. Since 11 is finite and each UC11 has finite boundary,

only a finite number of Vn can be formed. Further, X is covered by

such sets and hence there is an integer TV such that X = ViW • • •

yjvN.
For each n = 1, 2, • ■ • , N, give V„ the cutpoint ordering with eH as

minimal element, and let £ = {ei, • ■ ■ , ex}. It remains to extend

the partial order over X by defining x g y when x and y do not belong

to the same Vn- Suppose xC Vn and yC Vm implies n^m. Then x^y

only if n <m and there is a sequence eni, en„ ■ • • , e„„ = em of elements
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of £ such that eniCVn — en, en2£Fni —e„„ and so forth, and x^en¡

in the cutpoint ordering of Vn- It is readily verified that the extended

relation ^ is a partial order satisfying (i), (ii) and (iii')- Further

Ai= Vi—ei and A¡= V¡ for j>l, so that (iv') is clear.

To establish the converse, suppose X admits a partial order satis-

fying (i), (ii), (iii'), and (iv'). It follows from (ii) and (iii') that X is

connected (Theorem 4 of [7]). If xCX — E, then there is a greatest j

such that xCMiefj and hence xCA¡, that is, X is a local tree at x.

If x = ei then ^4iVj{ei} is the desired neighborhood of x. If x = e¡,

j>l, then x is an endpoint of A, and also of some Ai where x is

maximal in the latter set. The set A/\Ä} is finite and both Ai and

Aj are trees. Hence Ai\JAj\j{x\ is a neighborhood of x, every sub-

continuum of which is a tree, so that X is a local tree at x.

References

1. Paul Alexandroff, Über die Metrization der im kleinen kompakten topologischen

Räume, Math. Ann. vol. 92 (1924) pp. 294-301.
2. L. W. Anderson and L. E. Ward, Jr., One dimensional topological semi-lattices,

to appear, Illinois J. Math.

3. Haskell Cohen, A cohomological definition of dimension for locally compact Haus-

dorff spaces, Duke Math. J. vol. 21 (1954) pp. 209-224.
4. Olof Hanner, Some theorems on absolute neighborhood retracts, Ark. Math. vol. 1

(1951) pp. 389-408.
5. R. J. Koch and I. S. Krule, Weak cutpoint ordering in hereditarily unicoherent

continua, Proc. Amer. Math. Soc. vol. 11 (1960) pp. 679-681.

6. A. D. Wallace, Partial order and indecomposability, Proc. Amer. Math. Soc.

vol. 5 (1954) pp. 780-781.
7. L. E. Ward, Jr., Partially ordered topological spaces, Proc. Amer. Math. Soc.

vol. 5 (1954) pp. 144-161.
8. -, A note on dendrites and trees, Proc. Amer. Math. Soc. vol. 5 (1954) pp.

992-994.
9.-, On dendritic sets, Duke Math. J. vol. 25 (1958) pp. 505-514.
10. -, A fixed point theorem for multi-valued functions, Pacific J. Math. vol. 8

(1958) pp. 921-927.
11. ■--, A fixed point theorem for chained spaces, Pacific J. Math. vol. 9 (1959)

pp. 1273-1278.
12. G. T. Whyburn, Analytic topology, New York, 1942.

University of Oregon


