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1. Introduction. Let Zbea
homogeneous space and G a transitive
group of homeomorphisms
of X. We denote the isotropy group at x
by Gx. If G is topologized in such a way that it is a topological group
and the function <p:G/Gx-^>X defined by 4>igGx) =gix) is a homeomorphism, then G is said to be reasonably topologized
[3]. It is not
difficult to see that if G is reasonable over X, it is admissibly topologized, i.e., the function GXX-^X
defined by (g, y)—>g(y) is continuous. In [3, Theorem
4.1], Ford gives a sufficient condition
for the
group of all homeomorphisms
to be reasonably
topologized over a
completely regular space. However, his proof actually proves something less than that stated (see Proposition
3.1 below), and in fact,
there is considerable doubt that the theorem as stated can be true,
although the author knows no counter example. In this note, we give
several conditions which will insure the result or a slightly weaker
result. Several questions arise in the course of this study, and these
are mentioned in §4.

2. Some preliminaries.
If G is a group of homeomorphisms
of a uniform space X, we can
induce a uniform space on G as follows: for each ^4 £21, the uniform

structure for A",define Â = {(g, h):g, kEG and igix), hix))EA,xEX

}.

It is easy to see that 21= { Â : A G SI} forms a uniform structure for G.
However, G need not be a topological group under this structure. The
following result is proved in [3]:

Proposition
2.1 (Ford). If G is a group of uniformly continuous
homeomorphisms on a uniform space X, then G is a topological transformation group on X when given the uniform topology.
Proposition
2.2. Let G be a group of homeomorphisms of a uniform
space X, and suppose G is given the induced uniform structure. Then the

function
<t>x'G —>X

and the function
4>*:G/GX^X
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defined by
<t>x(g)= 4>x*(gGx) = g(x)

are continuous, where G/Gx is given the identification
over, <p*is one-one.

topology. More-

Proof. Let 31 be the uniform structure on X, and 21 the induced
uniform structure
on G. If .4 £31, and A the corresponding
element
of 31, then A(k)(x)QA(k(x)),
&£-G. Hence, <j>xis continuous
at k for

every fc£G.
Now if U is open in X, 4>*~1(U) is open if and only if 7r_10*_1(P)
is open in G where it: G—^G/Gz is the natural
cidentally,
is not necessarily open). But

projection

(which,

in-

tt-WHP) = *»KU)
which is open since <f>x
is continuous.
Clearly, </>*is one-one.
Definition
2.2. If G is a group which is also a topological space
but not necessarily a topological group, and <p*of Proposition 2.2 is
a homeomorphism
then we shall say that G is quasi-reasonable
over
X. If G is quasi-reasonable
and a topological group, it is reasonable.
Remark.
Although
this definition
of reasonable
differs slightly
from Ford's, the two definitions are equivalent
by the remark in the
introduction.

Proposition
2.3. If G is a transitive group of homeomorphisms of X
topologized so that left or right multiplication in G is continuous, then if
<px:G—>X defined by 0x(g)=g(x)
is continuous
(open) at the identity,
it is continuous (open) everywhere.
Proof. Since multiplication
on the left is continuous, by the existence of inverses, multiplication
on the left is a homeomorphism.
The
result then follows quite trivially.

3. Reasonable

topologies.

The following notion was introduced

by

Ford [3].
Definition
3.1. A space X is strongly locally homogeneous (SLH)
if for any xGX, and neighborhood
V oí x, there is a neighborhood
U
of x, PC V, such that for any y£ V, there is a homeomorphism
g of
X such that g(x)=y, and g(z)=z if z££P. A homeomorphism
with
this property will be called an (SLH)-homeomorphism.
The following result is what Ford actually proved in his Theorem

4.1.
Proposition

3.1. If X is a completely regular, homogeneous, (SLH)

space, then the function

<px:G—>A"defined by <px(g) =g(x)
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identity under any topology for G induced by a uniform structure for X,
where G is any group containing a transitive subgroup generated by

iSLH) homeomorphisms.
Theorem
3.1. If X is a homogeneous, locally compact Hausdorff
iSLH) space, then the uniform structure on X obtained from its onepoint compactification induces on the group G of all homeomorphisms a
reasonable topology over X.
Proof.

Let X be the one-point

gEG, extend g to I by |(»)=»,

compactification

for X. For each

g(x)=gix) if xEX. Let 21 be a

uniform structure for X. Then each g is uniformly continuous since
X is compact. If 21 is §1cut down to X, then g is uniformly continuous
over X relative to 21. Hence, by Proposition
2.1, G is a topological
group with the induced uniformity.
By Propositions
2.3 and 3.1, the

result follows.
This topology for G is precisely the g-topology of Arens [l] and is
thus the coarsest topology under which G is reasonable over X.
Definition
3.2. Let 2Ii and 2I2 be uniformities for the topological
space X. We shall say that 2li is finer than 3I2 (or 2l2 is coarser than

2Ii) if for any £G2I2, there is an ,4£2li with A CB. (Note that the
topology for X is unaffected by this definition.)
The following result is well known :

Proposition
3.2. Let X be a locally compact Hausdorff space. The
coarsest uniformity for X is that obtained from the iessentially unique)
uniformity on its one-point compactification.
Corollary.
Let G be a group of homeomorphisms of a locally compact Hausdorff space X. Any topology for G which is induced from a
uniformity on X is finer than the g-topology, and thus G is admissible
[l ] under any such topology. (G may not be a topological group, however.)
Proof. This follows immediately from the definitions,
3.2, and the comment after Theorem 3.1.

Proposition

Theorem
3.2. If X is a homogeneous, completely regular Hausdorff
iSLH) space, then the uniform structure on X obtained from its StoneCech compactification induces on the group G of all homeomorphisms of
X a reasonable topology over X.

Proof. Let <B(A) be the Stone-Cech compactification
of X. Then
each element g of G, considered as a function from X to 03(A), since
it is continuously extendable to 03(A), is uniformly continuous in the
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Stone- Cech uniformity. By Proposition 2.1, G is a topological group
with the topology of uniform convergence, and by Proposition 2.3
and 3.1, G is reasonable over X.
Definition
3.3. A uniformity 31 of a space X is said to be totally
bounded if its completion is compact.
The following result is well known and may be found in [4].
Lemma 3.1. The finest totally bounded uniform
X is its Stone-Cech uniformity.

structure

on a space

Theorem
3.3. If X is a homogeneous, completely regular Hausdorff
(SLH) space, then any totally bounded uniform structure induces in the
group G of all homeomorphisms a quasi-reasonable
topology.
Proof. Let G denote the group of all homeomorphisms
under uniform convergence relative to the given uniformity,
and G' the same
group under uniform convergence
in the Stone-Cech
uniformity.
Since the latter uniformity is finer than the former, the topology induced on G' is finer than the topology induced on G, and hence, the
identity function i: G'—>G is continuous.
Consider the following diagram:

G'^G^X
i

(bz

Since <f>xis open, i is continuous,
and <px = i<t>x,4>xis open. By Proposition 2.2, <px is continuous,
and these two imply <p*:G/Gx-^X
is a
homeomorphism.

Theorem 3.4. If X is a locally compact connected (SLH) Hausdorff
space, then for any uniformity 31 on X, the group of homeomorphisms
uniformly continuous relative to 31 is reasonable over X.2
Proof. Since X is (SLH) and arcwise connected, the group generated by "small" (SLH) homeomorphism
is transitive
over X and
consists of uniformly continuous
homeomorphisms.
By Propositions

2.1 and 3.1, the theorem follows.
4. Final comments. It is unknown to the author whether or not
<f>x
in Proposition 3.1 is actually open throughout
G, although it looks
unlikely. However, something weaker than left (or right) continuity
seems to be sufficient. There are several interesting
problems that
2 In general, if g is a uniformly continuous homeomorphism,
g~l need not be. By
this we mean the group of all homeomorphisms
g such that g and g-1 are both uniformly continuous.
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arise in this connection.
For example, in Theorem 3.3, can quasireasonable be replaced by reasonable if X is locally compact? If G
is quasi-reasonable
over X, is there a topology for G under which G
is reasonable? Is there a weaker form of uniform continuity
that will
make <pxopen in Proposition
3.1, or will make multiplication
in G
continuous when G is topologized by this weaker notion of convergence?
The class of (SLH) spaces is known to contain the manifolds, the
zero-dimensional
completely
regular spaces [3], and the universal
curve [2]. Are there other examples of interest? If X is compact, and
G a transitive
group of homeomorphisms
of X, can G be given a
reasonable topology?
Bibliography
1. R. Arens, Topologies for homeomorphism groups, Amer. J. Math. vol. 68 (1946)

pp. 593-610.
2. G. M. Fisher, On the group of all homeomorphisms of a manifold, to appear.
3. L. R. Ford, Jr., Homeomorphism grottps and coset spaces, Trans. Amer. Math.

Soc. vol. 77 (1954) pp. 490-497.
4. Pierre

Samuel,

Ultrafilters

and compactification

of uniform

Amer. Math. Soc. vol. 64 (1948) pp. 100-132.
Tulane

University

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

structures,

Trans.

