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If one wants to investigate the properties and relations of homo-

geneous ideals in a commutative graded ring, one has as a model on

the one hand the well known case of a polynomial ring and on the

other hand the general commutative ideal theory. The case of a

polynomial ring has been studied for the sake of algebraic geometry,

and one of the methods was traditionally the passage to nonhomo-

geneous coordinates by choosing a suitable hyperplane of infinity

[5, pp. 750-755; 7, pp. 491-496]. On the other hand it appears that
the homogeneous ideals of a graded ring form a system that is closed

under the usual ideal operations, as is the system of all ideals of a com-

mutative ring. Thus one may try to copy the whole ideal theory, but

now for homogeneous ideals (and homogeneous elements) only.

Samuel [4], Northcott [3] and Yoshida [ó] have proved the ele-

mentary properties of homogeneous ideals for a graded ring. In this

paper we investigate how far the process of localization can be carried

over to graded rings. The degrees in our graded ring are the integers;

the case of a bigraded ring is each time treated as a corollary.

In §1 we summarize the elementary properties of homogeneous

ideals. Having formulated and proved Lemma 1, all proofs become

straightforward. In §2 we study the localization (i.e., passage to a

ring of fractions) with respect to a prime ideal or a finite set of prime

ideals. Here we introduce the concept of a relevant prime ideal, as

did Yoshida. In §3 we discuss the transition to a nonhomogeneous

ring by choosing a hyperplane of infinity. This may be called local-

ization in the sense of the Zariski topology. By a hyperplane of

infinity we mean simply a homogeneous element / of degree one,

which is not nilpotent. The corresponding nonhomogeneous ring can

be obtained in two ways, namely as R/{l—\)R, but also as follows:

Let [/] be the multiplicadvely closed subset of R, consisting of all

powers of /. Then the ring of fractions R[i\ is again a graded ring. The

zero-degree subring R[i]o of F[¡] is our nonhomogeneous ring, i.e.,

R/{1— l)FE=F[¡]o.   As elements of  degree one may  happen to be
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scarce (already if £ is a polynomial ring over a finite field), a general-

ization is given where the pair (/, 1) is replaced by a pair of homo-

geneous elements (/, m) with deg / — deg m = i.

1. Basic properties. By a graded ring we mean a commutative ring

R, containing 1, in which a family of additive subgroups £,, i run-

ning through the group Z of integers, is specified such that

(i) as additive group, R is the (weak) direct sum  /*„ _ , £<,

(ii) RiRkQRi+k for any i, k^Z.

The elements of £¿ are said to be homogeneous of degree i. (i)

means that any xG£ has a unique expression x= 23x¿ as a finite sum

of homogeneous elements. The x, are called the homogeneous con-

stituents of x.

Similarly, a bigraded ring R is a direct sum 23-^« °f additive sub-

groups Ru (i and j running through Z), such that RijRk¡C.Ri+k j+i-

The elements of £,¿ are called homogeneous of degree (i,j). An exam-

ple of a graded, respectively bigraded ring is a polynomial ring

k[x0, •••,*«], respectively ¿[x0, • • • , xm; y0, • • • , y„] over a field

ft, where x0, ■ • • , yn are indeterminates.

Let £ be a graded ring. The following two conditions on an ideal

a of £ are equivalent:

(i) a is generated by a set of homogeneous elements,

(ii) the homogeneous constituents of any element of a belong to a.

If a satisfies this condition, it is called a homogeneous ideal. In

other words a homogeneous ideal is compatible with the grading.

The residue class ring of a graded ring by a homogeneous ideal is

again a graded ring.

Let 5 be a subset of £, then the subset S' of 5 that consists of all

homogeneous elements of S, is called the homogeneous part of 5. If

a is an ideal of £, the ideal au generated by the homogeneous part of

a is the maximal homogeneous ideal contained in a. It will cause no

confusion if we call a# also the homogeneous part of a.

We shall often need the phrase: let xA+i+ • • • +x*+n be the de-

composition of x into its homogeneous constituents, where the sub-

script denotes the degree. We shall abbreviate this by saying: let

X = Xa+1"|-   •   •   •   +Xn+n.

If x, y are elements of £, the homogeneous constituents of xy are

somewhat complicated. The following lemma seems to be a natural

way of bringing a part of the information xy = 0 into a convenient

homogeneous form.

Lemma 1. If xy! = 0 for some positive exponent /, then there is a posi-

tive integer g such that xy° = 0 for all homogeneous constituents y¡ of y.
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Proof. Let x = xh+i+xh+2 + • • ■ and y = yk+i+yk+2+ ■ ■ ■ .

(1) We shall first show that xy°t+l = 0 for g»l. Suppose we have

proved that xA+iyJt+i = xA+2yt+1= • • • =xh+myi+1 = 0. Then xy/ = 0 be-

comes, after multiplying by yl+i,

{xh+m+i + • • • )y*+iy = 0,

hence xh+m+iy°tXri = 0.

(2) Suppose now that we have proved, for j = k + l, ■ ■ • , k-\-n

that xy" = 0 if g»l. If we use the fact that A —B is a factor of Ag — Bg,

we have

0 = x{{yk+i + ■ ■ • + yk+n)° - {-)o{yk+n+i + • • • )')',

hence 0 = x{yk+n+i+ • • • )"if for gi»l, hence by step (1), xy£2+B+1 = 0

for g2^>i.

This lemma remains true in the case of a bigraded ring, as we see

by applying the previous case twice. Hence all other statements of this

section hold for a bigraded ring as well.

In the next theorem we dispose to some extent of the inhomogene-

ous elements of R.

Theorem 1 [3]. (i) The element 1 is homogeneous of degree 0.

(ii) 7/ xy = 0 => x = 0 or y = 0 for any two homogeneous elements x, y,

then R is an integral domain.

(iii) If for any two homogeneous elements x, y

xy = 0 => x = 0 or y" = 0 for some exponent g,

then (0) is a primary ideal.

[We note that (ii) gives the criterion for a homogeneous ideal to be

prime in terms of homogeneous elements. Similarly (iii) gives the

criterion for any homogeneous ideal to be primary. ]

Proof, (i) Let x0 be the constituent of degree 0 of 1. Then, by the

grading, if y is any homogeneous element, 1 -y = xoy, hence 1 — x0 acts

(by multiplication) trivially on the homogeneous elements, hence on

all elements, hence on 1, i.e., 1—Xo = 0.

(ii) is easy. To prove (iii) suppose that xy = 0, where x = x/l+i+ • • •

and y = y*+i+ • • • are any elements of R. By Lemma 1, x,y' = 0 for

all i, j and gî5>l. Hence, by assumption, either all xt are zero, or for

g»l, y' = 0 for all/. Hence x = 0 or y» = 0 for g»l.

Theorem 2 [6; 3]. 7/ a, b, q are ideals, we have

(i) {ar\b)H = aHrM)H,

(ii) (Rada)H = Rad(aH),
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(iii) q is primary =^ q¡j is primary.

If a, b are homogeneous, then so are (iv) a+fj, (v) ab, (vi) aí~\í>,

(vii) a : b and (viii) Rad a.

(ix) If a is homogeneous and intersection of a finite number of pri-

mary ideals, then a has an irredundant primary decomposition

o = qir^ • ■ • Oq„, where all c\p are homogeneous [l, p. 198].

Proof, (i) is trivial. To prove (viii), let x = xn+i + • • • GRad(O),

i.e., x/==0 for some/. Hence x' = 0 for any t and g)M, by Lemma 1.

Thus all x¿GRad(0).
Now we prove (ii). If A is a homogeneous element in Rad a, then

A'Gg for some /, hence A'Gutf- Conversely, since asCit, we have

Rad(a#)CRad a, hence Rad(ctiz) C(Rad a)a since Rad(a#) is homo-

geneous.

We prove (iii) with the criterion of Theorem l(iii). Let x, y be

homogeneous elements such that xyGq« and xG^h- Then y"Gq for

g»l, hence yGqn.

(iv), (v), (vi), (vii) are easy. As for (ix), if a = q{ f~\ • • • f\q„' is an

irredundant primary decomposition of a, then aH = qiC\ • • • P\q„,

where q^q^ is primary, by (i) and (iii). If a is homogeneous, then

a = a# and the result follows. [Hence, if qp' is p^-primary then pp is

homogeneous since the prime ideals of a are uniquely determined,

and furthermore c\p is also pP-primary by (ii).]

2. Localization.

Theorem 3. Let S be a (nonempty) multiplicatively closed subset of

R and a a homogeneous ideal. Then as= {x; xsGci/or some s£zS\ is

also a homogeneous ideal.

Proof. If xsGa, then by Lemma 1, XjS'Gd for any homogeneous

constituent x< of x and g^>l. But sa(ES.

A homogeneous prime ideal p is called relevant if for any gîî>l there

is a homogeneous element of degree g, which is not contained in p.

All other homogeneous prime ideals we shall optimistically call ir-

relevant. (In this way we introduce an asymmetry, i.e., we privilege

the positive degrees above the negative ones. We might, however,

as well favour the negative degrees.) In a homogeneous polynomial

ring £ the only irrelevant prime ideal is £i+£2+ • • • . That a

homogeneous prime ideal p is irrelevant means that the positive de-

grees of £/p which really appear, have a common divisor ?*1.

For a bigraded ring we have the same concept: p is a relevant homo-

geneous prime ideal if there is a homogeneous element of degree (/, g)

outside p, for any sufficiently high / and g.
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Theorem 4 [6, p. 46, Lemma 2]. 7/ pi, ■ • -, pn are relevant homo-

geneous prime ideals and if a is a homogeneous ideal which is not con-

tained in any of the p¿, then for any sufficiently high degree g there is a

homogeneous element of degree g that is contained in a, but in none

of the p,-.

Proof. We may suppose that there is no inclusion relation between

the pi (by omitting any prime ideal that is not maximal in their set).

Then for any t=l, • • • , n we have upi • • • p,-_ip,-+i • ■ ■ p„(]Ip¿.

Hence there is a homogeneous element ö,Gctpi • • ■ p,_ip,+i ■ ■ ■ pn

which is not in p,-. We may multiply ö< by a homogeneous element

outside p¿ to get an element with the same properties as <z¿ but with

any sufficiently high degree. In particular, if we make all o< of the

same degree, then ^a, is a homogeneous element of a which does not

belong to any of the given prime ideals.

Remark 1. The assumption that the prime ideals pi, • ■ • , p„ are

homogeneous is inessential, since if the p¿ are not homogeneous we

can replace them without damage by their homogeneous parts (these

still being assumed to be relevant).

Remark 2. A weaker version of Theorem 4 may be formulated.

Instead of assuming the p¿ to be relevant, we assume only that, for

any i, the complement 5¿ of p,- in R contains a homogeneous element

of degree > 0. Then the elements ai of the proof may first be assumed

to have positive degrees and then, by taking suitable powers of them,

they may be assumed to have a common degree. Thus we reach the

conclusion that a homogeneous element a Get exists of some positive

degree, that is in none of the p,-.

Theorem 5. Let pi, • • • , p„ be homogeneous prime ideals. Assume

that, for any i, the complement Si of p,- in R has a homogeneous element

of positive degree. Let S be the intersection of the 5,- and S' the homo-

geneous part of S. Then for any homogeneous ideal a we have as' = o.s-

Proof. Obviously us-Cûs and, by Theorem 3, as is also homo-

geneous. Let x be a homogeneous element of tts- Then a:x is homo-

geneous and not contained in any of the p<. Hence, by Theorem 4,

Remark 2, there is a homogeneous element s' outside the pi, con-

tained in a:x, i.e., í'G-S' and xs'G«.

It follows that, in the situation of the last theorem, if we are only

interested in the homogeneous ideals, we may replace Rs by Rs',

which is again a graded ring.

Theorems 4 and 5 give no difficulty for a bigraded ring.

3. Choosing a hyperplane of infinity. Let R= 2^F< be a graded
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ring. The homogeneous divisors of one ( = homogeneous units) form

a multiplicative subgroup U of £. It is the largest multiplicative sub-

group consisting of homogeneous elements. Let G be the group of the

degrees of the elements of U. We are especially interested in the case

that G coincides with the whole group Z, i.e., the case that £ contains

a homogeneous unit u of degree 1. Then mm_1 = 1, deg u = 1, deg m_1

= — 1 and the structure of £ is determined by £o and the knowledge

that there is such a homogeneous unit m of degree 1. In fact, all groups

£¿ = m'£o are isomorphic and the multiplication in £ is obtained

from that in £0 as follows: if Xi(E.Ri, XjÇElRj, then XiXj=ui+'(u~ixt)(u~ixJ).

Also any ideal (to of £0 is the restriction of the homogeneous ideal

Ra0 of £. Thus the homogeneous ideals of £ and their operations cor-

respond uniquely to the restrictions in £0. For instance, if qo is a

primary ideal of £o, then £qo is a homogeneous primary ideal of £, by

the criterion of Theorem 1 (iii). Hence, instead of the whole £, we

need only consider £q.

Now consider the homomorphism X: £—>£o which assigns to the

element x,G£< the element m~*x,G£o. As Xx = X(mx) for any xG£,

the kernel of X contains (u —1)£. Also, for any x= 23x«G-^> we have

x= 23M~'X<+ 23(M'— l)(u~ixd> hence the kernel of X is (u —1)£.
Thus we have the exact sequence of (nongraded) £-modules

A
0 -» (« - 1)£ -» R -* £o -* 0,

which splits. The projection X induces a 1-1 correspondence of the set

of homogeneous ideals a of £ onto the set of ideals of £o, or onto the

set of ideals a' of £ containing u — 1. This correspondence is given by

a' = a + (u-l)R,a = (a')H.

For example, let S be the homogeneous part of the complement of

a relevant homogeneous prime ideal (or of a finite number of such

prime ideals) of a graded ring £, then (by Theorem 4 in the case of

more than one prime ideal) there are elements of 5 of any sufficiently

high degree. Hence Rs contains units of any degree and it is sufficient

to consider the zero-degree part (£s)o of Rs-

Let now / be a homogeneous element of degree 1 in £, such that

ZGRad(O). We take the multiplicative set [/]= {//;/ = 0, 1, • • • }.

Then £[¡] is a graded ring in which the image of / is a unit of degree 1.

Hence we need only consider £[no- This is "the inhomogeneous ring,

derived from £ by choosing I as hyperplane of infinity."

The kernel N — {x; xG£, /"x = 0 for some g} of the natural homo-

morphism ¡t>: £—>£m is contained in (I —1)£. In fact, if Z"x = 0, then

x=(l — /")xG(¿_ 1)£. Hence the kernel of the composed homomor-
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phism \<p: R—>F[no is {I — 1)F. Moreover, \<j> is onto R[i]o\ in the case

that / is not a zero divisor, this is obvious; in the general case, it fol-

lows from the fact that, by definition, R[i] = Rfl], where R = R/Nand

1=1/N. Thus the inhomogeneous ring corresponding to / may also be

defined as the residue class ring R/{l—\)R. By the properties of pass-

ing to a ring of fractions, we have a 1-1 correspondence between the

ideals a' of F[¡]0 and the homogeneous ideals a of F for which

a: 1 = 0.. We shall formulate the result as follows:

Theorem 6 [2, p. 428, Lemma 1.1 ]. The two sets of ideals in R:

A = [a; a homogeneous, a: I = a},

A' = {a';l- IGa'},

are in 1-1 correspondence by:

a' = o + (/ - 1)F,

a = (<rV

This correspondence is an isomorphism for the ideal operations (i) ai~\b

{hence also for the relation aQb), (ii) a:£>, (iii) Rad a and for the prop-

erty: (iv) q is a primary ideal.

I may be a divisor of zero. In the algebraic geometry case, where

R = k[x0, • • • , x„]/a is the residue class ring of a polynomial ring

by a homogeneous ideal a, this means that some component of the

algebraic point set corresponding to a, lies in the hyperplane / = 0.

It may happen, however, that for a nonirrelevant prime ideal p

there does not exist a homogeneous element / of degree 1 which does

not belong to p, and hence that we are not able to represent in this

way p in a nonhomogeneous ring. It may even happen that Fi = (0).

We shall therefore generalize the procedure.

First, we may assume that the degrees, that really occur, have no

common factor (by dividing all degrees by their greatest common

divisor). Suppose there are two homogeneous elements /, m£J?, 1^0,

m^O, such that deg I— deg m=\. (This, for instance, is always the

case if R is an integral domain.) Then, if [l, m] stands for the set

{lfm";f, g = 0, 1, 2, • • • } and if 0G [l, »»], we can reduce the graded

ring R[i,m] to its zero-degree part Ru,m]o. Moreover, R[i,m] can be writ-

ten as {R[m])[J/m}< where 2 and in are the natural images of I and m in

F[m]. For simplicity, we shall denote these natural images again by

I and m and thus write {R[m])[iim] instead of {Rim])u/m]- By the previ-

ous case, we have (F[¡,m])o = F[m]/((//m) — l)F[m]=F[mj/(/ — m)R[m^.

Thus:
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Theorem 7. Let l, m be homogeneous elements of the graded ring R,

such that deg / — deg m = 1 and 0 G [¿. **]» ¿Aera

£[¡,m]0 = R\m\/(l — m)R[m\.

The ideals of this inhomogeneous ring correspond 1-1 w¿A ¿Ae homo-

geneous ideals of R that are prime to Im. Equivalently, the two sets of

ideals of R,

A = (a; a homogeneous, a: Im = a\

and

A' = {a';l-mEa', a': m = o'}

are in 1-1 correspondence, compatible with the ideal operations C\, :,

Rad. This correspondence is given by

a' = {x;m"x G a + (I — m)Rfor some g},

a = (<rV

Note the symmetry between / and m in these considerations, for

instance, £[m]/(/ — m)Rlm] =Rw/(l — m)Rlt]. We shall call (/, m) a

divisor of degree 1.

Now we have achieved that any finite number of relevant homo-

geneous prime ideals can be simultaneously represented in some in-

homogeneous ring (Theorem 4). In particular, let £ = A[x0, • • • , x„]

be a polynomial ring over a finite field k. Then there are only a finite

number of hyperplanes. If now a is a homogeneous ideal of £ such

that the irrelevant prime ideal £x0+ • • ■ +£xn is not a prime ideal

of a, then it may still happen that there is a component of a in each

hyperplane, i.e., d: l^a for each ZG£i- In that case we cannot choose

a hyperplane / of infinity such that a is properly represented in the

corresponding inhomogeneous ring. But we can choose, instead, a

"divisor (I, m) of degree 1", which "does not contain any component

of a".

If £ is a bigraded ring, we can proceed similarly. We first assume

that the homogeneous units of £ have all possible degrees. Then the

structure of £ is determined by £oo (and the knowledge of the exist-

ence of units of any degree). Let uu m2 be homogeneous units such

that deg Mi = (l, 0), deg m2=(0, 1). By applying the above case twice,

we have R0o = R/(R(ui-l) +R(u2-l)).

Let now h, mi, l2, m2 be homogeneous elements such that deg h

— deg Wi=(l, 0), deg l2 — deg m2=(0,1). Let 5 be the set [h, mi, l2, m2]

of all the products of these four elements and suppose that OG-S1-

Then
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(Fs)oo = F[mi,m2]/(F[mi,m2](Zi — «i) + F[mi,m¡¡](/2 — m2))

is the inhomogeneous ring obtained by choosing the divisors {h, mi)

and {k, m2) as first and second "hyperplane of infinity". The ideals of

(Fs)oo correspond 1-1 with the homogeneous ideals a of F for which

a : hmil2m2 = a.
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