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Let A : X—>Y be a linear mapping1 of a linear topological space X

into a linear topological space Y. Then the image A (X) of X is a

linear subset of Y. Thus, if A (X) contains an open subset of Y, there

is evidently A(X) = Y, i.e. A: X—>Y is a mapping onto Y.2 But, if

we know that A (X) — Y, we know also that for every y G F there exists

a solution x(E.X of the equation A(x) =y. These considerations show

the importance of the following

Problem. Let A : X—*Y be a mapping (not necessarily linear) of a

topological space X into a topological space Y. Under what condi-

tions is A (X) open in F?

The aim of this paper is to give a particular solution of this prob-

lem in the case of mappings A : X—>X of a Banach space X into itself.

It will be shown that the Fixed Point Theorems of Schauder and

Brouwer may be applied to find conditions under which the image

A(X) of X is open in X. The idea of the following proofs is: Suppose

that A: X-+X is a mapping of X into itself and let yoŒA(X). To

prove that A (X) contains a spherical region S(ya, r<¡) in X with centre

yo and radius r0, we take an arbitrary point y(ES(y0, r0) and define

the mapping f(x) =x— X[^4(x) — y]. Now, if it is possible to find for

every y(E;S(yo, r0) a number Xt^O (depending on r0 and y) such that

f(x) has a fixed point x =f(x), then by X ̂ 0, we conclude that y = A (x)

belongs to A(X). Therefore S(y0, r0) C_A(X). In the following

Theorem 1 it will be sufficient to choose X = 1. Note that if we know

that the image A(X) of X is closed and open in X, then for a con-

nected X we obtain A(X) =X. This last idea was used by the author

in [l] and [2] to obtain some generalizations of the Fundamental

Theorem of Algebra to «-dimensional Euclidean spaces and general

Banach spaces.

1. We quote the following

Principle of Schauder. A continuous mapping of a closed, con-

vex set of a Banach space X into a compact subset of this set has a

fixed point.3
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1 By "mapping" we always understand a continuous mapping.

2 This remark was made by the referee. It enabled the author to avoid some more

complicated considerations.

3 See [3, Theorem 2].
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Definition 1. Let A:X—rY be a mapping of a metric space X

into a metric space Fand let yQ(E.A{X). We say that A : X—*Yis open

at the point yo if there exists a spherical region S{y0, r0) in Y such

that S(y0, r6)CA{X).

Now let 7": X—>X be a mapping of a Banach space X into itself

and denote by

M{xo, r) =    sup    \\F{x) -F(*o)||.
|s-tt|*r

Theorem 1. Let F: X—+X be a completely continuous*" mapping of a

Banach space X into itself and let A{x)=x — F{x). If, for the point

yoGA{X), there exists a point x0G-4_1(yo) such that

(1) inf    *^<1,
0<r<» r

then A : X—>X is open at the point yüG.A{X).

Proof. Let/(x) =x— [^4(x) —y]. We have
ii ii      m ii
\\f{x) — xo\\ = \\F{x) + y — xo\\

(2) ^ ||F(x) - F(x0)|| + ||F(*o) + y~ *o||

= ||F(s) - F(*„)|| + ||yo - y\\

where yo = ^4(xo). By (1) we can choose r such that for x satisfying

||x —Xo||^r there is ||F(x) — F(x0)|| ¿r\<r. Thus, by (2), choosing r0

such that 0<r0<r —ri, we obtain for any y(E.S{y<>, r0) that ||/(x) — x0||

úr\Jr{r—r\)=r. This means that/(x) maps the closed spherical re-

gion S{xo, r) into itself.6 Since F(x) is completely continuous, /(x)

= F{x)+y is also completely continuous. Thus, by the principle of

Schauder, there exists a fixed point x=f{x), i.e. A{x)=y. Hence,

every point y of 5(y0, r0) belongs to the image A{X) of X and there-

fore A : X—*X is open at the point yoG^4(-X").

Note that if X is a finite dimensional Euclidean space and F: X—>X

is a mapping of X into itself, then F is completely continuous. Thus

from Theorem 1 we obtain the following

Corollary 1. Let F: X—*X be a mapping of the n-dimensional Eu-

clidean space X into itself and let A{x)=x — F{x). If y0G.A{X) and

if there exists a point x0£^4~l(yo) such that info<r<«> M{x0, r)/r<\ then

A : X—+X is open at the point yoG^4(^0-

Remark 1. It is easily seen that it is possible to prove the above

corollary in complete analogy with the proof of Theorem 1, by using

4 See [4, p. 274].

6 .S denotes the closure of 5.
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the classical  Fixed  Point Theorem of Brouwer instead of that of

Schauder used in the proof of Theorem 1.

Note also that if F: X—>X is a locally contractive mapping, i.e.

a mapping such that for every point x0 there exists a spherical region

S(xo, ro) and a number a=a(x0), 0<a<l, such that for every point

x of S(x0, ro) there is ||F(x) —F(x0)|| áa||x —x0||, then evidently

info<r<oo M(xo, r)/r^a<l for every x0 and hence by Theorem 1.

Corollary 2. If F: X-^X is a completely continuous locally contrac-

tive mapping of a Banach space X into itself, then A : X—*X is open at

every point yoG^4(A") and therefore A(X) is open in X.

Remark 2. Taking F(x) =x and X a finite dimensional Euclidean

space, we see that the mapping A(x)=x — x = 0 is a trivial mapping

and A(X) =0. Thus A(X) is not open at the point 0£.A(X). But for

F(x) =x there is M(x0, r)/r = 1 for every Xo and every r and thus the

assumption (1) of Theorem 1 does not hold. This shows that the as-

sumption (1) is, in a certain sense, a necessary assumption.

Remark 3. Let A : X—> F be a mapping of a metric space X into a

metric space F such that the condition {xn}„=i,2,..- does not contain

a Cauchy (fundamental) subsequence, x„ G X, implies that

\A(xn) }„-i.2,..- does not contain a Cauchy subsequence. Mappings

having this property are called polynomial mappings.6 It can be

shown7 that if A : X—»F is a polynomial mapping of a complete metric

space X into a connected metric space F which is open at every point

y<E.A(X)\I where I^A(X) is a set which does not disconnect the

space F, then A(X) = Y. Hence, by Theorem 1, we obtain that:

Let F: X-^X be a completely continuous mapping of a Banach

space X into itself and let A(x) =x — F(x). If the condition (1) holds

for every point y0<EA(X)\I, where I^A(X) is a set which does not

disconnect X and if, in addition, A : X—+X is a polynomial mapping,

thenA(X)=X.

References

1. M. Reichbach, Generalizations of the fundamental theorem of algebra, Bull. Res.

Council of Israel, vol. 7 F (1958) pp. 155-164.
2. -, Some theorems on mappings onto, Pacific J. Math. vol. 10 (1960) pp.

1397-1407.
3. J. Schauder, Der Fixpunktsatz in Funktionalräumen, Studia Math. vol. 2

(1930) pp. 171-180.
4. A. E. Taylor, Introduction to functional analysis, New York, John Wiley and

Sons, Inc., 1958.

Technion, Israel Institute of Technology

6 See [l, p. 157].

'See [2, p. 1400].


