THE NUMBER OF FULL SETS WITH n ELEMENTS
RICHARD PEDDICORD

1. Introduction. This paper gives a recursion for F(n), the number
of full sets with n elements. Using a function discovered by Ackermann [l ] we give a well-ordering for the elements of any finite full
set, and then construct a bijection between the full sets of order n
and the vectors of order n— 1 whose positive integral coefficients
satisfy Ci=l, a,_i<ai<2'
for i = 2, • • • , n —1. These vectors are

then counted.
A set x is full if every element of x is also a subset of x. The
terminology follows the appendix on set theory in Kelley [2].
Throughout,
0 denotes the null set, and 0 denotes the number zero.
Without loss of generality we assume the full sets encountered in the
proofs have cardinality 2 or greater.

2. The ordering function. We first prove

Lemma 1. If x is full, yEx, yjt-x, then there is yiEx with yiEy
but yi(£y.
Proof. Assume yCx and y^x. Then x—yj±0. By the axiom of
regularity there is a yiGx—y where yiH(x—y) = 0. Since x is full,

yiCx and hence yi Cy. Note that if x is full and xtí0,
We state without

then 0Ex.

proof the next

Lemma 2. If x is a finite full set, then there is a unique g: x—*J iwhere
J is the set of non-negative integers) satisfying

(2.1)

gi0) = 0, and for each yEx,

Theorem

Proof.

giy) = E 2<'(').

1. g: x—*J is an injection.

It will be sufficient to show that if yCx, 0Ey,

y^x,

and the restriction g: y—*J is injective, then g: yU{yi} —>J is injective, where yi refers to the element of Lemma 1. Observe that
i(yù = E«ev 2"w. Since 2">a for any real a^O, g(yi) >g(z) for each

zGyi. Thus g: yW{yi}—>J is injective.
We may now order any finite full set x in the form

x = {x0, Xi, • • • , x„}

by the demand

g(x<) < g(x<+i),

* = 0, •••,«-

1.
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Since the functions g agree on the intersections of their domains, a
well-ordering (of type w) is also obtained for the union of all finite

full sets.
3. Full sets and vectors. If x is a finite full set, write x= {x0, • • -,xn}

using (2.2) and define h: x—*J inductively by
h(0) = 0, and for each XiE x, h(x¡) = ]£ 2'.
ttjGXi

The following lemma shows h to be defined.

Lemma 3. xk+iE{xo,

■ • ■ , xk}.

Proof.
Assume the lemma false. Then there is XjExk+i with
j>k + l. Since XjExk+i, g(xj) <g(xk+i). But by (2.2), g(x¡)>g(xk+i).

Theorem

2. h is injective.

Proof. The proof is similar to that of Theorem 1. Assume h is
injective when restricted to some yEx, y= {x0, ■ • ■ , xk}. When
h(xk+i) is represented as the sum of powers of two, the powers are the
subscripts of elements of y and hence determine the members of xk+i.
Let Xn+i be the class of all full sets of cardinality » +1, where « = 1,

and let Vn be the «-fold Cartesian product of 7. Define 77: Xn+V->Vn

by
H(x)

= (h(xi),

■ ■ • , h(xn)),

where

x = {xo, • ■ ■ , x„}.

Clearly i7 is defined for any full set xEXn+i, and it follows that
Theorem

3. i7 is injective.

Now let An be the set of vectors of order « with positive integral
coefficients that satisfy

(3.1)

a-i = 1, and

Theorem

o,_i < a,- < 2*

for i — 2, ■ • • , «.

4. 77: Xn+i—>Anis a bijection.

Proof.
We first prove that range HEAn. Take an arbitrary
xEXn+i, where x= {x0, • • • , xn}. Clearly h(xi)EJ ior all i = n. Since

xi= {0}, h(xi)=ax=l.

Now if i<j, then xjExí by (2.1) and (2.3).

Then by Lemma 3, there is xkExj with k>i and hence h(xj)>h(xi)
and the left inequality of (3.1) is satisfied. For an arbitrary xit h(xi)
will be maximum if Xi has for elements all of the xk's for ¿ <i. But

^"o

2*<2i, and the right inequality of (3.1) is satisfied.

It remains only to show that 77 is surjective. Given any A EAn, we
will construct a full set x such that H(x) =A. Say A = (oi, • • • , o„).
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Let Xa= 0 and Xi = {0}.
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Suppose that the x,s are determined

i<k such that A(x,)=a< for all i<k.

for

Then let x*= {xj\jEDiak)\

where Diak) is the unique set of integers such that Ei/eD(«*) 2" = ak.
Then, since a*<2*, yEDiak) implies that 0^y<¿.
Observe that this
ordering of x agrees with (2.2). xk is uniquely determined and hixk)

= ak. The set x = {x0, ■ • • ,x„} is full, and A(x,)=a¿for i= 1, • • ■ ,n.
4. The counting recursion. Let /(«, ¿) be the number of distinct
vectors in A „ whose nth coefficient is ¿. There are as many such vectors as there are vectors in An-i whose (« —l)th coefficient is less
than ¿ (with each vector in A„-i, provided an_i<¿, form the vector
in An by adjoining a„ = ¿). That is, /(«, ¿) = E'<*/(M —1>*)>where

fin, ¿) = 0if ¿<»orif ¿è2", and/(l, 1) = 1.
We then obtain the related function F(n + 1)= E*/(M> k). The
author wishes to thank John Riordan, who has reduced this related
function to a recursive formula for F(» + 1) in terms of F(t),

i = l, ■■ ■, n-l.
Consider the generating function /*(x) = E»/(w> k)xn. Observe
that/2*+y(x) = (l+x)'/2*(x),
0g/<2*.
Write /¡*(x) =xk+1gkix). Then
gi(x) = l, g2(x)=2+x=
[(1+x)2 —l]x_1, and in general,

xgk+iix) = (1 + *)***(*) - gk(0),
By iteration
x^gnix)

K=2\k

= 2,3,---.

(and xg2(x) = (l+x)2 —1),
= (1 + x)"-2 - E

^(0)x'-1(l

+ *)»-2i+1 - x»-2gn-ii0),

N = 2».
Then
/A-2\

«n(0)= (

t,2

/A-

y_i

\

)-Efo(0)(

\ n —1 /

2Í+1 \

n —j

. ),
/

n = 3, 4, • • ■ (gl(0) = 1, g2(0) = 2).
The constant

term

of g„(x) is /(»-fT,

2"). Noting

that

F(» + l)

=/(» + l, 2"), we obtain g„(0) = F(w + 1), which, by substitution,
gives
(2»

—2\

n_2

/2n — 2,+1 \

«- 1/

y=i

\ n —J

, )-2>(/"+l)(

. ). «=
/

3,4, •••.

We conclude with a list of values for F(«) from »= 1 to « = 10.
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F(l) = 1
£(2) = 1
£(3) = 2

£(5) = 88
F(6) = 1,802
i?(7) = 75,598

F(4) = 9

F(8) = 6,421,599

[October

F(9) = 1,097,780,312
£(10) = 376,516,036,188
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A NOTE ON THE GREATEST CROSSNORM
A. F. RUSTON

Schatten has shown [5, Lemma 2, p. 323; 6, Lemma 3.7, p. 55]
that, if SDtis a closed subspace of a Banach space 33, and there is a
projection of 33 onto ÜK with bound unity, then the greatest crossnorm on the tensor product 33©Si is an extension of the greatest
crossnorm on SDÎGÏÏIfor any Banach space 91.
Now it is known that there is a projection with bound unity of the
second conjugate S3** of a Banach space S3 onto S3o (the canonical
image of S3 in S3**) for conjugate spaces S3 and for some others [3,
p. 580], though not for all Banach spaces (cf. [7]). For such spaces,
then, the greatest crossnorm on S3** O9Î is an extension of the greatest crossnorm on SSoOüft. The purpose of this note is to show that the
restriction to such spaces is unnecessary. (N.B. S3 is sometimes em-

bedded in S3**by identifying it with S3o.)
Theorem. Let S3 and 9Î be any Banach spaces. Then the greatest
crossnorm on S3**©91 is an extension of the greatest crossnorm on

83005^ (where S3ois the canonical image of S3in 33**).

Let 9Cbe any element of S30©9ílCS3**o9íl.Clearly (in the notation

of [2, §2.4, pp. 347-351])
<y{33**09?}(9C)á7{S3o©5í}(9C)
(since the infimum on the left-hand side is taken over a larger collection of expressions). On the other hand, there exists a continuous
Received by the editors October 5, 1961.
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