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exists a g in B~\K such that/g| F=l. It follows that B~\K is a

regular algebra (in the sense of Silov) and a standard argument (see

[4, proof of Lemma 25 E, p. 85]) implies that B\K" = C(X).2

Corollary. B   = C(0o) if and only if aix) has no singular points.
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THE MAXIMAL IDEAL SPACE OF THE FUNCTIONS
LOCALLY IN A FUNCTION ALGEBRA

GABRIEL STOLZENBERG

I. Introduction. If A is a function algebra1 with maximal ideal

space, M, it is natural to consider those continuous functions on M

which belong "locally" to A. Precisely, if / is a complex-valued con-

tinuous function on M, we shall say that / is locally in A provided

that for each m in M there is a neighborhood, U of m and a function

a in A, such that f\u = a\v.
The outstanding problem concerning functions locally in A is:

Must every function which is locally in A necessarily be a member of A?

This note makes no significant contribution toward the solution of

this problem. Its, very limited, aim is to study the maximal ideal

space of the algebra generated by the functions which are locally in

A. We prove, making essential use of the Local Maximum Modulus

Principle [2 ], that this maximal ideal space is the same as the maximal
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1 Definitions are given in §11.



1963] MAXIMAL IDEAL SPACE IN A FUNCTION ALGEBRA 343

ideal space of A. (We remark that the Local Maximum Modulus

Principle also shows that the corresponding Silov boundaries are the

same.) Actually, our proof is carried out for a larger class of functions

than those which are locally in A. We show, by example, that for

certain A, this class includes functions which are definitely not in A.

We are indebted to Professor K. Hoffman for conversations from

which this work stems.

II. We first recall a few definitions and facts. (See also [l, Chapter

IV].)
11.1. Let X be a compact Hausdorff space, and let Q(X) be the

Banach algebra of all complex-valued continuous functions on X,

normed by supx| ■ | • A function algebra on X is a closed subalgebra of

Q(X) which contains the constants and separates the points of X.

11.2. If A is a function algebra on X, its maximal ideal space, M,

may be described as the largest space containing X to which A ex-

tends as a function algebra. The algebra homomorphisms of A onto

the complex numbers are all given by evaluation at the points of M.

Every such homomorphism is continuous and of norm one.

11.3. If / is a complex-valued continuous function on M, we let

(A, /) denote the function algebra on M which is generated by A

and/.

Remark. To prove that the maximal ideal space of the function

algebra on M, generated by the functions locally in A, is M, it is

enough to show that iff is locally in A, then the maximal ideal space of

(A, /) is M. The following theorem includes this result as a special

case.

11.4. Theorem. Let A be a function algebra with maximal ideal

space, M. Let f be a continuous function on M for which there exists a

decomposition of M into a finite number of subsets, SiW • • • KJSn = M,

together with functions ax, • • • , an in A, such that f\s¡ = ai\Si, i—1,

• ■ • , n. Then the maximal ideal space of (A, f) is M.

Proof. Since (A,f) is normed by sup^l • |, if q is any point in the

maximal ideal space of (.4, /) we have

(1) | eiq) |   gsupjif|e|,       for all e in iA,f).

Furthermore, "evaluation at q" induces an algebra homomorphism of

A onto the complex numbers. So there must be a point, p in M,

such that

(2) aiq) = aip),       for all a in A.

Our task is to show that/(g) =fip). To do so, let us assume the con-

trary.
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(3) fiq)*fiP).

The conditions, /1 s( = a< | s< and AiW • • • \JSn = M, lead directly

to the basic identity

(4) E (/ - <*.) = 0;t=i
from which, by applying (2), we also get

(5) n (/(<?) - am = o.
>-l

By renumbering, we can arrange that

(6) /(?) = Oiip) for i = 1, • • •,r and fq) ^ a¡ip) íor j = r + I, ■ ■ ■ ,n

with 0 < r < ».

(Condition (5) excludes r = 0. Conditions (3) and (4) together forbid

r = ».)

Set

« = Û(/-«i)    and    Ä=   E   (/-a,-).
t=l 3=r+l

Then g and h belong to 04,/). And, by (3) and (6), we have

(7) gip) 9¿ 0 and hiq) ^ 0.

Let G= [mEM: g(m)=0] and ff= [mEM: h(m)=0]. Then G and

H are closed subsets of M whose union is all of M. Since hiq) 5^0, we

know, by (1), that G is not empty. Observe also

(8) p is in H — (G C\ H), which is an open and closed subset of

M - (G H H).

Next, define
r n

' = n n («* - «y).
»-1 y=r+l

Then í belongs to A. Moreover, from (2), (6) and (7), we see that

tip) = ihiq))r^0. Finally, notice that

(9) G r\ HE [mEM: if» = 0].

Lemma. There is a function b in A, such that \bip)\ > 1 > sup a \b\.

Proof of lemma. Consider the uniform closure on G of the func-

tions in A. Its maximal ideal space is precisely
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G = [mE M: \ a(m) | ^ supG | a | , for all a G A].

Now suppose p were in G. Let 5= [yGG: |t(y)\^\t(p)\]. Then p

is in 5. Since tip) ^0, condition (9) implies that Sr^iG(~\H) is empty.

Let Sp be the connected component of 5 containing p. By (8), it

must be that Sp is contained in H—iG(~\H). However, the Local

Maximum Modulus Principle asserts (see [2, p. 9]) that Sp intersects

G. Contradiction.

Hence, p is not in G. So, there must be some function b in A, such

that | b(p) | > 1 > sup o \b\. Thus, the lemma is established.

Since2 b(p)=b(q) and h(q)^Q, there is a positive integer N, such

that \h(q)-bN(q)\ >supe | A-ô^l. Evidently, h-bN is in (A, f) and
attains its maximum modulus over M on G. Hence, | (h • bN) (q) |

>supjif | h-bN\, even though h-bN belongs to (A, /). But this contra-

dicts (1), and we are done.

III. An example. It is not difficult to construct an A and an/, as

in the theorm in §11.4, for which (A, f)¿¿A. For example, let B

be the bicylinder in complex 2-space defined by \z\ á 1, | w| £ 1. Set

Sx = B r\ [z = 0],       S2 = B Pi [z = w],

S,= in[» = 0],   and   If = Si VJ Si U S,.

Take A to be the uniform limits on M, of the polynomials in z and

w. It is easily verified that M is the maximal ideal space of A.

Define/ to be 0 on Si, z on S2, and 0 on S3. Then/ is a continuous

function on M which agrees, on each Si, with an element of A. If f

were in A, there would be a sequence of polynomials P¡ converging

uniformly to/ on M, with Py(0, 0) =0 for all j. Separating out terms

we can write Py(z, w) =^4y(z)+By(z, w)+Cj(w), where the poly-

nomials Bj(z, w) contain no first order terms. On Sx, Pj(z, w) = C¡(w)

and converges to 0. On S2, Py(z, w) = ^4y(z)+By(z, z) + Cy(z) and con-

verges to z. On St, Pj(z, w) =Aj(z) and converges to 0. It follows that

on S2, Bj(z, z) converges to z. However, since each polynomial

Bj(z, z) is divisible by z2, this must remain true in the (uniform)

limit, and we have a contradiction. Hence, / is not in A.
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