
A CHARACTERIZATION OF THE JACOBSON RADICAL

A. KERTÉSZ

In this little note we give a new characterization of the Jacobson

radical of an associative ring, one which is analogous to a standard

description of the Frattini subgroup of a group (see e.g. [2, p. 156]).

Our characterization is a generalization to the case of arbitrary rings

of an observation of L. Fuchs [l] on rings with a unit element.

Let R be an associative ring (in the sequel briefly ring). An element

a of R is said to be left quasi-regular if there exists in R an element b

such that a + b + ba = 0. The set of all elements x(£F) which are such

that rx is left quasi-regular for every r(£F) is a (two-sided) ideal in

R. This ideal is denoted by /¡(F) .The corresponding "right" concepts

right quasi-regular and Jr(F) are defined in an analogous way. It is

well known that JiiR) =JriR) for every ring R (see [3]).1 This ideal

is called the Jacobson radical of the ring R and it is denoted by 7(F).

Let A be a subset of the ring R. We denote by {A } i the left ideal of

R generated by the set A. If {a}i = R, then we say that A is a left

generating system of the ring R. (In this case A generates F as a left

F-module.) Consider the set (biiR) of all those elements x of R, for

which, with every siER), xs can be cancelled from any left generat-

ing system of F; in other words: for which, whenever R= {A, xs}i

for a subset A of R, then also R= {A}i. The corresponding "right"

concepts {A }r and $r(F) are defined in an analogous way. We prove

the following result.

Theorem. c/>¡(F) =e/>r(F) = J(F) for every ring R.

Proof.2 Let R be an arbitrary ring and suppose that xER,

x£jE0¡(F). Then there exists an element siER) and a subset F(CF)

such that

(1) {xs, B}i = R

and xsE{b} ¡. Consider now a left ideal M of R, such that BQM,

xs(£M, and M is maximal with respect to this property. Then by
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1 We give below a proof of this assertion only for the completeness of the proof

of the theorem and because of its shortness and simplicity.

s A somewhat shorter proof can be given if, instead of the original definition of the

Jacobson radical, one starts with its well-known characterization according to which

J(R) is the intersection of the modular maximal left ideals of the ring R. (See e.g.

[4, p. 9].) However, we do not want to rely here on any known result; we use the left-

right symmetry of the radical, but we make its demonstration part of our proof.
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(1) M is a maximal left ideal of R, and consequently the (left) R-

module R/M is simple.3 For any element u of the ring R, let us denote

by ü the coset mod M containing u, i.e., the image of the element u

under the natural F-homomorphism of R onto R/M. Then by xsEM

we have

(2) xs jí 0,

and, since R/M is a simple F-module, (2) implies that R(R/M)

= R/M holds. From this and from (2) there follows the existence of

an element r(ER) such that

(3) rxs = — s 9e 0.

Thus rx cannot be left quasi-regular, for an equality rx+y+yrx = 0

iyER) would imply the relation rxs= ( — y — yrx)s= — ys — yrxs

= —ys+ys = Ö, which contradicts (3).

Conversely, suppose that xEJi(R)- Then for some r(ER) the

element rx is not left quasi-regular. Denote by L the left ideal of R

generated by all elements of the form z — zrxrx (zER)- We show that

rxrxEJ- If this were not so, there would exist an element y (ER)

satisfying rxrx = y — yrxrx, and this would imply rx-\-( — rx+y — yrx)

-\-( — rx-\-y — yrx)rx=—rxrx-\-y-yrxrx = 0 contrary to our assump-

tion that rx is not left quasi-regular. Thus, with the notation s = rx,

we have rxs EL and, consequently, xsEL. Let u be an arbitrary ele-

ment of R. Then u = urxs-\-(u — urxrx), and therefore R= {xs, L}¡.

We see that the system (xs, L) is a left generating system of R, from

which, as xsEL, the element xs cannot be cancelled. So we have

shown that xE<t>iiR), and have thus completed the proof of the equal-

ity MR) = Ji(R).
The equality 4>r(R) = Jr(R) can also be proved in a completely

analogous way.

In order to complete the proof of the theorem we show that /¡(F)

= Jr(R) for every ring R. Let therefore be xEJi(R), i.e., for any

r (ER) let there exist a y (ER), such that rx+y+yrx = 0. Hence

we get y— —rx — yrx= ( — r — yr)x, and so by our hypothesis y is also

left quasi-regular, i.e., for a suitable z (ER) the relation y+z-(-sy = 0

holds. Then rx + y+ rxy = rx + y + rxy + y + z + zy

+ (y + s + zy)(rx + y + rxy) = (y + z + zy) + (rx + y + yrx)

+z(rx+y+yrx) + (rx-f-y-r-yrx)y+z(rx-r-y+yrx)y = 0, and hence by

the substitution v= —xr — xyr we get the relation xr-\-v-rxrv = 0,

which proves that xEJr(R)- Thus Ji(R)QJr(R)- We can obtain the

converse relation Jr(R)QJi(R) similarly.

3 In another terminology: irreducible or minimal.
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This completes the proof of the theorem.

Note by the editor: The referee points out that the result of Fuchs to which the

author refers appears in a slightly more general form in E. Hille's book, Functional

analysis and semi-groups, Amer. Math. Soc. Colloq. Publ. Vol. 31, Amer. Math. Soc,

Providence, R. I., 1948, p. 487.
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NOTE ON AN EMBEDDING THEOREM OF ADYAN

GEORGE C. BUSH1

1. Introduction. Adyan [l] studied the problem of embedding a

finitely presented semigroup in a group. He obtained a sufficient con-

dition for the embeddability but his paper does not discuss the ques-

tion of necessity. In this note we give a simple counter-example that

shows the condition is not necessary.

2. Adyan's embedding theorem. Let S be a finitely presented

semigroup, in particular the semigroup with generators ai, a2, ■ ■ ■ ,an

and defining relations

(1) Ak = Bk;       k = I, 2, ■ ■ ■ ,m

where Ak, Bk are products of positive powers of the generators and no

Ak, Bk is empty.

With each defining relation Ak = Bk associate an unordered pair

(aú> ajk) where Ak has aik as its first generator and Bk has ajk or vice

versa. This unordered pair is called the left pair of the defining rela-

tion Ak = Bk. The right pair is defined similarly, using the last gener-

ator from A i-, and from Bk.
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1 This note was prepared while the author held a studentship of the National

Research Council of Canada.


