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Levin [l], and Levin and Nohel [2] have investigated the asymp-

totic behaviour of the solutions of the nonlinear integro-differential

equation

(1) x'(t) = -  f '"(I - r)g(x(T))dT.
J o

Here we shall indicate how both the results and the techniques of

these papers can be generalized to the case of a system.

Thus we shall consider x and g to be vectors in En, regarded as

«XI matrices, and a(t) will be an nX» matrix. In [3] Nohel has dealt

with the questions of existence, uniqueness, and continuation of

solutions for this case so we shall not dwell on that aspect.

In [2] the following assumptions are made for n = l:

(2) g(x)QC(-™, =c), Xg(x)>0 (x^O), G(x)=fx0g(t)dH->«> as

I a;| —>°o, and
(3) a(/)GC[0, 00), (-l)*a»>(i)èO (0<t<*; k = 0, 1, 2, • • •);

while in [l ] (3) is replaced by the weaker condition

(3') a(i)eC[0, 00), (-l)*a»>(0£O (0<t<oo;k = 0, 1, 2, 3). The
result in both cases is the

Theorem. Any solution u(t) of (1) satisfies

(4) lim »<»(*) = 0 0' = 0, 1, 2),
J-»00

provided only that a(t) p^a(0).

The techniques used involve the construction of Liapounov func-

tional E(t) in [l] and V(t) in [2], and the generalization of the re-

sults to n > 1 is based on a straightforward generalization of these

functionals.

For these generalizations we shall make the assumptions:

(5) gQC(En), xTg(x)>0 (x?¿0) (where xT is the transpose of the

«XI matrix x), there exists a scalar function GQC1(En) such that g

is the gradient of G and G(x)—> « as | ac| —>oo ; and

(6) a(t)QC[0, 00), and (— l)kam(t) is a real symmetric positive

semi-definite matrix for 0<t< °o, k = 0, 1, 2, • • • , or
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(6') o(Z)£C[0, oo), and ( — i)ka(-k)(t) is a real symmetric positive

semi-definite matrix for 0 </<«>, k = Q, 1, 2, 3.

The assumption (5) that g is a vector field possessing a potential is

rather restrictive, but as it is automatically fulfilled for n = 1 it seems

a reasonable first assumption to make in treating systems. Assump-

tions (6) and (6') are immediate w-dimensional analogues of (3) and

(3') respectively. On the basis of these assumptions one proves the

theorems stated above.

Using (5) and (6) the proof is based upon the Liapounov functional

(7) V(t) = G(u(t)) +—ff gT(u(t - T))a(r + s)g(u(t - s))dsdr
2 J o J o

and using (5) and (6') it is based on

E(t) = G(u(t))+j[f gr(«W)¿rJa(/)[J f(«(T))ár]

(8) t f    ° °(

-- f     j'gT(u(s))ds   a'(t-T)^\(u(s))ds~^dr.

The details of the proofs involve the generalizations of the lemmas of

[l] and [2] to apply to matrix and vector functions as well as to

scalar functions. This involves some labour, but no essential diffi-

culty.
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