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1. Introduction. Let <b and if/ be functions from the quotient lattices

of a lattice L to a field of characteristic zero. By analogy with the

classical Dirichlet product Ward [2] has defined

(0 + f)ix/y) = 4>ix/y) + Hx/y),

(#)(x/y) =    H   d>ix/u)tiu/y).
x2u2m

In order to guarantee the existence of <p\p it is assumed that every

quotient lattice of L is finite. The function <p is said to be factorable if

/x Ua\    (x C\ u\
(1.2) d>ix/y)4>iu/v) = 4> ( ——  <f> ( —— )

\y\Jv/    \y (i v/

whenever xj2y and u"Ov in L. One of Ward's results asserts that L is

distributive if the factorable functions are closed under Dirichlet

product. We will prove here the following stronger result.

Theorem 3.1. The factorable functions are closed under Dirichlet

product if and only if every quotient lattice of Lis a Boolean algebra.

This result is a consequence of a numerical identity which char-

acterizes such lattices. Similar identities will be shown to character-

ize distributive and modular lattices in which all quotient lattices are

finite.

Curved symbols are used for lattice relations. The number of ele-

ments in the quotient lattice x/y is denoted by [ x/y| -1

2. Boolean lattices. We will call a lattice Boolean if every quotient

lattice is a finite Boolean algebra. It will be shown that such lattices

are characterized by the identity

x(~\ u

y r\ v

whenever x2y and u^v. Furthermore (2.1) is equivalent to the ap-

parently weaker condition
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1 I would like to thank Dr. R. P. Dilworth and Dr. R. A. Dean for their help in

the preparation of this paper.

(2.1)
x\J u

WJ v
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(2.2)

whenever x¡2«2y.

u

y

Theorem 2.1. The following conditions are equivalent.

(i) L is a Boolean lattice.

(ii)  Whenever x~7)y and u77>y in L, (2.1) holds.

(iii) Whenever x~7)u~Dy in L, (2.2) holds.

Proof. If (i) holds, we may define a dimension function "d" in any

quotient lattice. In particular in xKJu/yi\v

_, 2<i(^)—d(v)+d(u)—<*(»)  = '2id(xv>u)—d(yw)+d(x<^u)—d(yr\v)

lUa

y KJ v

:(~\u

y C\v

By specializing (2.1) to x~7>u = v72y we deduce (2.2).

The proof that (iii) implies (i) will be divided into several parts.

(a) If N is the length of a maximal chain from x to y, then | x/y\
= 2N.

Proof. Letx = «i>-M2> • • • >uN+i = y, where > indicates cover-

ing. Clearly

«i

Un

Utf+l

(b) Every element in x/y is the join of elements covering y.

Proof. Let u=¿y be join irreducible in x/y and let v<u. Then

| w/y| =l + [î)/y|, but \u/y\ =2\v/y\. Hence \v/y\ =1 and thusv = y.

To complete the theorem we proceed by induction on | x/y|. As-

sume that the theorem holds for x/y if |x/y| <[w/z>| =2N. Choose

w<u. There exists p>v and pEw/v since u is the join of elements

covering v.

(c) Every element of u/v belongs to one of u/p and w/v.

Proof. \w/v\ +\u/p\ =2N-l-\-2N~1=\u/v\. If zEw/v and zEu/p,

then w3z3^ contradicting pEi»/v-

(d) u/v is a Boolean algebra.

Proof. It suffices to show that each element is the unique join of

points (elements covering v). By the induction hypothesis w/v has

N—l points. Thus u/v has N points by (c). The number of subsets

of a set of N elements is 2N. Since \u/v\ =2N and every element of

u/v is a join of points, the result follows.
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3. An application to Dirichlet product. This section establishes the

result stated in the introduction.

Theorem 3.1. The factorable functions are closed under Dirichlet

product if and only if L is a Boolean lattice.

Proof. Assume the factorable functions are closed under Dirichlet

product. Since f = 1 is factorable and f2(x/y) = | x/y|, we conclude by

(1.2) and Theorem 2.1 that L is a Boolean lattice.

Assume that L is a Boolean lattice and let <p and \p be factorable

functions, then we must show that 6 = <p\j/ is factorable. By (1.1) and

(1.2)

O(x/y)0(v/v)

(3.1)

H   _     4>ix/a)<j>iu/ßMa/y)^iß/v)

¿¿»>.     \aVß)    \ar\ß/Y\yVvJ   \yr\vJ*2a2v¡u?1?p

and

/x U«\   /x n «\

Yy yJv)   \y r\ v)
^ /x\Ju\    /x(~\u\    (    a   \    /    b    \

(3.2) =        e     0—)n-H*(-Tr)*(-7r)

e   *(—w—w—W—y
•uu3o2»w»:*n«3i^o.    Va yj b/    \aC~\ b/    \y Ut/    \y (~\ v/

By Theorem 2.1 (3.1) and (3.2) have the same number of terms so

we need only exhibit a mapping /(a, ß) = (a, b) such that when

x2a¡2y and MJDpOi; f is one-to-one, aSJß = a\Jb, aC\ß = aC\b,

xVJu^a'Dy^Jv, x(~\u^_b~3yr\v. Let q = y'r\x(~\v'(~\u (' denotes com-

plement relative to x\Ju/yC\v), p = yT\vr\x, r = yT\u'r\x, d = aC\q,

e = ßC\q, s=(a\Jß)C\q', t=(ai\ß)r\q', a = d\Js, and b = e\Jt. Since

d = a(~\q, s = aC\q', t = bC\q',

y\J(rC\s)VJ (pr\t)VJ d

= yVJ [r C\ (a\J ß)]VJ [p f\ aC\ ß]\J [aC\ q]

= yVJ (r r\ a)\J (r C\ ß)\J (p C\ a)yj (qC\ a)

= y\J [aC\(rVJ pVJ q)] = y\J (ai\ x C\ y') = a,

and similarly for ß, the mapping is one-to-one. Also ayJb = dKJe\Js

=aU(3 and aC\b = (d\Js)r\(e\Ji) = (dr\e)Vt = ai\ß. Clearly
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iUii3«Ds= (a W ß) H q' 2 (y U v) H (y U ») = y U »,

y n » ç b = (ß r\ q) w (a r\ ß r\ q') ç (« r\ ?) u (x r\ «) = x n «.

4. Other conditions. By imposing restrictions on

x\J u

y\Jv

x(~\u

y C\ v

we can obtain various other identities. The most interesting appear

to be the conditions v = u, x = u taken in conjunction with x = y\Jv

or by themselves.

A. v = u and x = yWz; give the well-known result

Theorem 4.1. The lattice L is modular if and only if for all x, y EL

x\J y

xf\y

B. x = u = y\Jv gives the identity

(4.1)

which has the dual

(4.2)

x W y

xC\y

xKJ y

x \J y x\J y

x(~\y x(~\ y xC\y

Theorem 4.2. The following conditions are equivalent.

(i)  The lattice L is distributive.

(ii) Given any x, y EL, (4.1) holds.

(iii) Given any x, y EL, (4.2) holds.

Proof. By duality it is sufficient to show that (i) and (iii) are equi-

valent.

If L is distributive we will show that

x \J y
X

xC\y     x(~\y     xC\y

If uEL let f(u) = (xi\u, yP\u). Whenever wGxUy/xHy,  (xC\u)
yj(yr\u)=ur\(xyjy)=u; therefore, the mapping is one-to-one. Let

(w, v) E X
xC\ y     xC\ y

then by setting u = w\Jv we get uEx\Jy/xC\y, xC\u^w, yC\u = v.



12 E. A. BENDER [February

Thus/ is onto. Finally, for u, vExVJy/xHiy, f(u)C\f(v) =f(u(~\v) and

by distributivity f(u) VJf(v) =f(u\Jv).
If (iii) holds L must be modular for otherwise it contains a sub-

lattice like that shown in Figure 1 and

<

If L is not distributive it contains u>w, x, y>z (Ward [2]) and

S£\u/z\=\x/z\-\y/s\=i.
Actually a somewhat stronger version of the theorem can be

proved; namely, (iii) maybe replaced by the weaker condition (iii)':

Given any x, y£7, either (4.1) or (4.2) holds.

C. x = m leads to the identity

(4.3)
xU y x(~\y

whenever v~7ïx\Jy, which has the dual

(4.4)
xC\y lU y

Let 5 be the set of all vectors of dimension N (possibly infinite)

over the integers with at most a finite number of nonzero components

and satisfying inequalities of the form aa<xa<&a, where — °° =aaáO

and O^baû + 00. Order 5 by writing x^y if and only if xa^ya for
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all components of x and y. By this means we make S into a lattice.

We state without proof

Theorem 4.3. The lattice L has the above form if and only if for all

x, y, vEL (4.3) and (4.4) hold.

It is clear that L is a Boolean lattice if and only if L is of the above

type with the additional restriction that each component can assume

only two values.

D. u = v is easily seen to be equivalent to the condition that L is

Boolean by assuming x2«2y and applying Theorem 2.1.
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