RELATIONS AMONG STIEFEL WHITNEY CLASSES
ROBERT E. STONG

The object of this paper is to consider the problems: What are the
relations among the Whitney classes of all manifolds of dimension #?
In other words, which a©H*(BO, Z,) have the property that
a(M™) =0 for all n-dimensional manifolds.

For a connected manifold M*, we denote by Iy the kernel of the
homomorphism 7*: H*(BO, Z;)—H*(M*, Z,) induced by the classify-
ing map for the tangent bundle of M=

If M and N are connected n-dimensional manifolds, and if we form
the connected sum [2] of M and N, which will be denoted M # N,
then in dimensions between 0 and #, the cohomology of M # N can
be decomposed into the direct sum of the cohomology of M and
that of N. Further, this decomposition is compatible with the maps
from H*(BO, Zj). Thus, in dimensions between 0 and 7, Iu#y
=InNIy.

To decrease the ideal associated with a manifold, it is then reason-
able to form the connected sum with another manifold. This process
will be used to show:

THEOREM. There is no relation of dimension less than or equal to the
integral part of n/2 among the Whitney classes of all manifolds of di-
mension n.

This result has also been obtained by an entirely different method
by E. H. Brown, Jr. [1].

The author should like to thank the National Science Foundation
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the preparation of the author’s dissertation, of which this paper is a
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Proor oF THE THEOREM. Let Mau=+#@,, .. ..apertty RP2a; X *

X RPs,, be the connected sum over all elements of the set of parti-
tions of the integer % of the products of even dimensional real projec-
tive spaces.

(1) Itsuffices to show that for each &, v*: H*(BO, Z;)—H*(My., Z,)
is a monomorphism.

Let a€H™(BO, Z;) with a(M) =0 for all manifolds M of dimension
n, and suppose m =< [n/2]. If n=2k, let M*= My; if n=2k+1, let
Mr= My XS Then m=k, and so 7i(a-Wi_m) =74(a) ‘73 (Wi—m) =0.
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If n =2k, this makes a* wi_m =0, for 7* is assumed monic. If n=2k+1,
w(MauXSY) =w(Mu) @w(SY) =w(Mx)®1 in H*(MuXS!, Zi), so
Th(a Wi—m) =7*(0- Wi—m) ®1. Since 7* is assumed monic, this also
gives a-wi_m=0. Since H*(BO, Z,) is a polynomial algebra over Z,,
it has no divisors of zero and hence a=0.

(2) Let My denote the disjoint union Ug,,...,syert) RP2a X * * +
X RPy,,. The cohomology of Mz is the direct sum of the algebras
H*(RP3, X * + + XRP3a,, Z;) whose structure is well known. The
Mayer-Vietoris sequence shows that H*(Mau, Z,) is isomorphic to
H*(Ma, Z;) under an isomorphism ¢ such that

*
H¥(BO, Z3) —> H(M, Z2)
N
H*(M %, Z>)
commutes.
Define a homomorphism Q: H¥(BO, Z;)—H*(Max, Zs) by

T¥
H*(BO, Z3) — H*My, Z»)
S¢* 1 Sq¢*
,7.*
H”‘(BO, Zz) b H”‘( 2ky Zz).

Since Q=S¢* - #*=S¢* - ¢ - 7*, it will suffice to show that @ is an
isomorphism.

(3) Consider the elements w;EH*(BO, Z;) as the 7th elementary
symmetric functions o; of variables ¢,. For each partition (4, * « +, %,)
in w(k), we define s¢,,...sp(01, * * +, o&) to be the symmetric func-
tion D_f% - - - t7. As is well known, the functions s.(oy, * * -, o%) for
wEw(k) form an additive basis for the symmetric functions in the #’s
which are homogeneous of degree k. Thus the elements s,(wy, * -« , W)
for wEn (k) form an additive basis of H¥*(BO, Z;). (See [3].)

For each w=(41, - - -, %,)Enw(k), let 20= (24, - - -, 2i,)Ew(2k),
and let RP;,=RPg;, X - -+ XRPy;,. Considering H*(Ma, Z,) as
> @ H*(RP;3., Z5), it will then suffice to show that the matrix

”qu"-'*sw(RPza)”a,GEr(k)

over Zs is nonsingular, in order to show that Q is an isomorphism.
(4) Since Sgt7* = 7*S¢*, we consider the elements Sg*s,
€ H*(BO0, Z,). Since s,€H*(BO, Z,),

3 iy 2
Sgtse = Sgts (i evin = Sipeennip)?= (281 =+ - &)
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Thus the matrix || S¢*7*s.(RP:3)||w, eray can be considered as a sub-
matrix of

[|#*su(RP)|[x nexcaer.
Now the element
#5,(RPy) = #*s5,(RPs, X - - - X RPy)),
= Y #5,(RPy) @ - -+ ®1*s,(RPs),

Bloo oo p=p

and so 7*s,(RP,) =0 unless u refines \. (See [3].) Putting a total
order on the set w(2k), compatible with the relation w=2& if w is a
refinement of &, makes the matrix || 7*s,(RP))|| a triangular matrix.
Hence also ||.Sg*#*s.(RP23)|| is triangular and has diagonal elements

{ 7*520(RPy) } .
If w=(ay, - - -, a,), this becomes
752 (RPs) = 7*52,(RP20;) @ * + + @ 7*524,(RP2,).

Since wW(RPs,) = (14+a)®*!, for a € H(RPs,, Zs), wi(RP1,) can
be considered as the ith elementary symmetric function in the 2a,+1
variables o, - + +, a. Thus

#*522,(RP2,) = 2 (a)%»,
= (2a, + 1)a%»,
= aup,

and so

F5uRP) =’ ® -+ - @,

which when considered as a Whitney number is 1.

This means that the matrix || Sg¥7*s.(RPa)|| is triangular, with all
diagonal entries having value 1, and hence this makes the matrix
nonsingular, completing the proof of the theorem.

REFERENCES

1. E. H. Brown, Jr., Nonexistence of low dimension relations between Stiefel Whitney
classes, Trans. Amer. Math. Soc. 104 (1962), 374-382.

2. J. Milnor, Differentiable manifolds which are komotopy spheres (mimeographed),
Princeton University, Princeton, N. J.

3. , Lectures on characteristic classes (mimeographed), Princeton Uni-
versity, Princeton, N. J., 1957.

UNITED STATES ARMY



