
ON THE REDUCTION OF C*-ALGEBRAS

A. E. NUSSBAUM1

1. Introduction. Using the notion of the topological direct integral

(cf. [3], [4]) M. Tomita has developed a reduction theory for

C*-algebras. Tomita has stated several theorems (cf. [5]) to the

effect that a given C*-algebra R can be written as a topological direct

integral R = fT@R(i)dv(t) such that the component C*-algebras R(t)

are irreducible for all tE T—N, where N is a y-local null set. Tomita's

results seem to be incorrect, however, unless some separability con-

ditions are imposed.2 Theorems 1 and 2 in §2 credited to Tomita are

correct if R is separable over its center (i.e., there exists a sequence

of elements \An} in R such that R is generated in the uniform

topology by [An] and the center of R). Using the theorems of

Tomita, M. A. Naïmark [3] has shown that every continuous

unitary representation g—>c7„ of a locally compact group 9 Is

the topological direct integral U<,=fT@Ua(t)dv(t) of unitary repre-

sentations g-^>Ug(t) which are nonzero, continuous, and irreducible for

all tET—N, where N is a p-local null set. For Naïmark's theorem to

be correct it must be assumed, however, by the preceding remarks,

that g is separable. The purpose of this paper is to show that the

exceptional null sets N in the theorems of Naïmark and Tomita can

be eliminated.

It is implicitly assumed that all locally compact groups and C*-alge-

bras considered in this paper are separable, respectively separable over

their center.

We shall give a short resume in the next section of the reduction

theory for C*-algebras stating only the theorems and results neces-

sary for the understanding of this paper. For details we refer the

reader to [2], [3] and [5].

2. Preliminaries. Let J" be a locally compact Hausdorff space.

With each tinT associate a Hubert space 3C(¿)- A vector field defined

on a subset D of T is a function x defined on D such that x(t)E3C(t)
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' Professor L. Loomis has pointed out to me the following error. In [3, p. 505] a

reasoning depending on two-sided approximation is used in steps (c) and (d) where a

one-sided approximation is only available. If R is separable in the uniform topology

A7 has a countable basis and then the function x is itself a monotone limit of the se-

quence {y„j and the argument is correct by step (a).
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for each tED. Let i< bea Radon measure on T whose support is T,

and C(T) the Banach space of all bounded continuous complex-valued

functions on T. A basis of a topological direct integral on T is a family

S of vector fields on T such that:

(i) for every x and y in S the inner product (x(t) \ y(t)) is continuous

on T and ^-integrable ;

(ii) S is a vector space, i.e., if x and y are in S and a, ß are complex

numbers, then z = ax+ßyE$> where z(t)=ax(t)+ßy(t);

(iii) if xG§ and fEC(T), then y=/xGS, where y(t) =f(t)x(t);
(iv) for every tET the set S(i) = {x(/)|xG§} is dense in 3C(t).

In S we introduce an inner product by the formula (x\y)

— fr(x(t)\y(t))dv(t). Thus S becomes an inner product space.

A vector field x defined on D ET is said to be continuous at the

point to of D (with respect to D), if for each e>0 there exists a neigh-

borhood U of to in T and a yGS such that \\x(t) — y(t)\\ <e for all

tE UC\D.
A vector field x on T is said to be measurable (cf. [2]) (with respect

to v and S) if for every e>0 and every compact set K~ET there exists

a compact set KiEK such that x is continuous on Ki (i.e., on every

point of Ki with respect to Ki) and v(K — Ki) <e.

Clearly, ||x(/)|| is a ^-measurable function (in the sense of Bourbaki)

if x is a measurable vector field. A vector field x is said to be square

integrable if x is measurable and /r||x(0||2<M0 < °°- The set of all

square integrable vector fields is a complex vector space K. If xEK,

yEK, (x(t)\y(t)) is a v-integrable function. Denote the vector space

K with the pseudo inner product (x\y) = JT(x(t)\y(t))dv(t) by £%(v).

If xG£|W denote by x the class of all yE&\(v) such that x(t) =y(t),

i>-almost everywhere. Finally denote by L\(v) or &JT®?£(l)dv(t) or

simply fT®K(t)dv(t) the inner product space of equivalence classes x

with (x| y) =/r(x(01 y(t))dv(t). If x and y are continuous vector fields

in £|(iOi x = y if and only if x = y, since T is the support of v. Hence

we may identify the continuous square integrable vector fields x with

xand thus S becomes a subspaceof JT® 3C(t)dp(t). It is easy to see that

fT®3£(t)di>(t) is a Hubert space which contains S as a dense subspace

(cf. [2]). Jr®SC(t)dv(t) is called the (topological) direct integral of the

Hubert spaces 3C(i) (with respect to v and S). S is called the basis of

the direct integral (cf. [3], [5]).

Suppose now that for every tET is given a bounded operator^(t)

in 3C(/). If there exists a bounded operator A in &fT®3(ï(t)di>(t) such

that .4SCS and (Ax)(t)=A(t)x(t) for all tET, we say that A is

decomposable and the direct integral of the operators A (t) and write

A=JT®A(t)dv(t) or simply A=f®A(t).   Note that the operators
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A(t) are uniquely determined by A because §>(t) is dense in 3C(/) for

every tET. If A = f®A(t), then \\a\\ =supier \\A(t)\\. If A = f®A(t),
B = f®B(t),thenAB=f®A(t)B(t),aA+ßB = f®(aA(t)+ßB(t)). Il
A=f@A(t) and A*=f®B(t), then B(t)=A(t)*. U fEC(T), there
exists an operator Cf = f®f(t)I(t), where I(t) is the identity operator

in 3C(t). The mapping/—>C/ is an isometric isomorphism. The image

6 of C(T) under this isomorphism is called the kernel algebra of the

direct integral. In what follows we shall often identify/with C¡.

If i? is a C*-algebra of decomposable operators A=f®A(t) in

K, = fT®W(t)dv(t), then the mapping A->A(t) is for every tET a

*-algebraic homomorphism of R onto a C*-algebra R(t) of operators

in 3C(t). This fact is denoted by writing R = fT®R(t)dv(t).

Theorem 1 (Tomita [5, p. 168]). Let R be a C*-algebra with identity

on a Hubert space 3C and cyclic vector x, \\x\\ = 1. Then there exists an

isometric isomorphism of 3C onto a topological direct integral

SfD®3C(t)dv(t) such that:

(a) D is the spectrum of the kernel algebra of fD®SZ(t)dv(t) ;

(b) if we identify 3C with fD®X.(t)dv(t), then R = fD®R(t)dv(t),
where v-almost all R(t) are irreducible;

(c) S contains the cyclic vector x and for every tET, x(t) is a cyclic

vector for R(t) and ^x(t)\\ = 1;

(d) for every t\j¿fa in T there exists at least one A ER such that

(A (h)x(h) I x(h)) * (A (t2)x(h) I x(t2)).

If i?i and R2 are two C*-algebras of operators on a Hubert space

3C we denote by Ri[UR2 the C*-algebra generated by Ri and R2 in

L(3C) (the Banach algebra of all bounded operators on 3C). Let R

be a C*-algebra on 3C. A commutative C*-algebra of operators on 3C

such that (RyJE)' = E is called a diagonal algebra of R. (If N is any

set of operators in 3C, then N' denotes the set of all bounded operators

on 3C which together with their adjoints permute with every element

in N.) Every C*-algebra R has a diagonal algebra E. (Take £ to be a

maximal commutative self-adjoint subalgebra of R'.) We also note

that a diagonal algebra E is always a W'-algebra with identity since

E = (i?W£)'.

Theorem 2 (Tomita [5, p. 172]). Let R be a C*-algebra of operators

on the Hilbert space 3C and E a diagonal algebra of R. Then there exists

an isometric isomorphism of 3C onto a topological direct integral

fT®K(t)dv(t) such that if we identify 3C with fT®3Q.(t)dv(t), then
(a) the kernel algebra of the direct integral coincides with E, and

(b) R = fT®R(t)dv(t), where the R(t) are irreducible for all tET—N

and N is a v-local null set in T.
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3. The Main Theorems.
Theorem 3. Let Rbe a C*-algebra with identity on a Hubert space

3C and cyclic vector x, ||x|| = 1, and E a diagonal algebra of R. Then there

exists an isometric isomorphism of 3C onto a topological direct integral

&fT@3C(t)dp(t) such that if we identify X with JT®3C(t)dv(t), then
(a) E is the diagonal algebra of Jr®SQ-(t)dv(t) ;

(b) R=fT®R(t)dv(t), where the R(t) are irreducible for all tET;

(c) S contains the cyclic vector x and for every tET, x(t) is a cyclic

vector for R(t) and \\x(t)\\ =1;

(d) for every tiT^h in T there exists at least one A ER such that

(A (ti)x(ti) | x(h)) * (A (t2)x(h) | x(t2)).

Proof. RKJE is a cyclic C*-algebra with cyclic vector x. Hence,

by Theorem 1, there exists an isometric isomorphism of 3C onto

^Ji)®y¿(t)dp(t) such that D is the spectrum of the kernel algebra of

fD®SQ.(t)dp(t) and if we identify 3C with è'fD®3(i(t)dp(t), RUE
= fD®(RUE)(t)dp(t), where (RUE)(t) is irreducible for allí G D-N,

and N is a p-null set. Using now exactly the same argument as in the

proof of Theorem 2 ([5, pp. 171-172] or [3, p. 518]), we conclude

that (RUE)(t) = R(f) for all tED and that E is the kernel algebra of

fD®SC(t)dp(t).
Now, D as the spectrum of the TF*-algebra E with identity is a

hyperstone space, and p is a normal measure on D whose support is

D. Hence a subset M of D is nowhere dense if and only if M is a p-null

set (cf. [l]). Therefore N is nowhere dense and hence A7 is a p-null

set. Let T = D — N and S be the restriction of S' to T (i.e., S is the set

of all vector fields defined on T which are restrictions of elements of

S' to T). T is an open subset of D and hence a locally compact Haus-

dorff space. Every bounded continuous function f on T can be ex-

tended to a bounded continuous function/' on D (cf. [4, p. 215]), and

since T is dense in D the extension /' is unique and sup<6r \f(t) \

= sup¡eD |/'(¿)|- Hence/—>/' is an isometric isomorphism of C(T)

onto C(D) and if xGS,/GC(r), then/xGS. Finally, let v be the re-

striction of the measure p to T. v is a Radon measure on T whose sup-

port is T and S is a basis of a topological direct integral on T. The

mapping x'—>x of S' onto S (x is the restriction of x' to T) is an iso-

metric isomorphism which can be uniquely extended to an isometric

isomorphism of s'/r>©3C(/)dp(¿) onto s,fT®3C(t)dv(t) and this isomor-

phism transforms R into ^fT@R(t)dv(t) and E into the kernel algebra

of àJT(£)3Ç,(t)dv(t). The other statements are obvious.

Corollary 1. Let Rbe a C*-algebra with identity on a Hilbert space

3d. Then there exists an isometric isomorphism of 3C onto a topological

direct   integral   ®jT®3C(t)dv(t)   such   that   if   we   identify   3C   with
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fT®X(t)dv(t), then R = fT®R(t)dp(t), where the R(t) are irreducible for
all tET.

Proof. The proof follows at once if we write 3C as an orthogonal

sum of subspaces 3C„ which are invariant with respect to R and each

of which contains a cyclic vector xa. Let Ra be the restriction of R to

3Ca and apply the preceding theorem to 3Ca and Ra. For details, cf.

[3] or [5].

Theorem 4. Let Rbe a C*-algebra with identity on a Hubert space 3C

and E a diagonal algebra of R. Then there exists an isometric isomor-

phism of 3C onto a topological direct integral fr®3C-(t)dv(t) such that if

we identify 3C with fT®K-(t)dv(t), then

(a) E is the kernel algebra of fT®'3^(i)dv(t);

(b) R = fT® R(t)dv(t), where the R(t) are irreducible for all tET.

Proof. Apply Corollary 1 to RVJE. The rest of the proof is identi-

cal with the proof of Theorem 2 (cf. [5]).

Remark. Corollary 1 and Theorem 4 remain true if R does not con-

tain the identity operator /. For in that case consider the C*-algebra

Ri obtained from R by adjoining /. Clearly £ is a diagonal algebra of

i?i, if it is a diagonal algebra of R. Apply now Corollary 1, respectively

Theorem 4, to Ru We obtain a direct integral decomposition i?i

= fr®Ri(t)dv(t), where all Ri(t) are irreducible. Hence

R=fT®R(t)dv(t). Clearly Ri(t) is the C*-algebra obtained from R(t)
by adjoining the identity operator I(t) in X(i) and therefore Ri(t)

is irreducible for all tET.

Theorem 5. Let g—>Ug be a continuous unitary representation of a

locally compact group g on a Hubert space 3C. Then 3C can be realized

in the form of a topological direct integral 3C = fT®K,(t)dv(t) such that

U9=  f  ® Ug(t)dv(t),

where g—> Ug(t) is for all tET a nonzero, irreducible, continuous unitary

representation of Q.

Proof. Without loss of generality we may assume that g—> Ug is a

cyclic representation (cf. [3]). Now proceed as in [3] using Theorem 3

instead of Theorem 1. It follows that there exists an isometric iso-

morphism of 3C onto a topological direct integral fD1®3£(t)dvi(t) such

that if we identify 3C with fDl®W(t)dvi(t) then Ug = fDl® Ug(t)dn(t),
and g—* Ug(t) is a continuous irreducible nonzero unitary representa-

tion of g for all tEDi — N2, where N2 is a closed subset of Di of v\-
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measure zero. (Note that Ni = N2 using the notation of [3].) Let

T = Di~N2 and v the restriction of Vi to T. Using the same nota-

tions as in the proof of Theorem 3, we have that Di = D — N and vi

is the restriction of a normal measure p on the hyperstone space D

with support D and p(AT)=0. Hence T=D-(NUN2) and v is the

restriction of p to T. N2 is p-measurable, since it is vi-measurable.

Hence p(N2) =vx(N2)=Q and therefore p(N\JN2)=0. Hence 7fKJNt is

a closed p-null set of Di and the remainder of the proof is identical

with the proof of Theorem 3.

Corollary 2. Let p be a continuous positive definite function on a

locally compact group Q such that p(e) = l. Then there exists an integral

representation

P(x) =  f pt(x)dv(t),

where v is a (bounded) Radon measure on T with support T and pt(x) is,

for every tET, an elementary continuous positive definite function on g.

Furthermore pt(e) = 1 for all tE T and pt(x) is a continuous function on

T for every fixed xGg.

Proof. p(x) = (Uxa\a), where x—>t/* is a continuous unitary repre-

sentation of g on a Hilbert space 3C with cyclic vector a, ||a|| = l.

Hence

P(x) = (Uxa\ a) =  f (Ux(t)a(t) \ a(t))dv(t)
«/    rp

=  I pt(x)dv(t)
%)    rp

by (the proof of) Theorem 5.

Theorem 6. Let X be a separable compact Hausdorff space and p a

positive Radon measure on X invariant under a group g of automorphism

of X. Then there exists a locally compact space T of positive ^-invariant

bounded ergodic measures, and a (bounded) positive Radon measure m

on T with support T, such that

(a) p=fTdm (v) ; i.e.,

[ f(x)dp(x) =  j  dm(v) \  f(x)dv(x)   forallfEC(X);
J X J T J X

(b) the  mapping  v—>Jxf(x)dv(x)   is   continuous  on   T for  every

fe(x).
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Proof. (Cf. [2].) Let X = L2(ß) and Uf,fEC(X), and U„ sE<3, be
the operators Z7/g=/gand (U¡g)(x)=g(s(x)) in 3C, respectively. Then

ß is ergodic if and only if the system of operators { U¡, U¡} is irreduci-

ble (cf. [2]). Let R be the C*-algebra generated by this system of

operators. Then 1 is a cyclic vector for R and by Theorem 3 there

exists an isometric isomorphism of X onto a topological direct integral

s>fT®$l(t)dm(t) which maps R into fT®R(t)dm(t) such that R(t) is

irreducible for all tET and ÍES. UfEC(X), then

f f(x)dß(x) = (Ufí I 1) =  f (£7,(01(0 I 1(0)¿«(0-
j x j T

The mapping/—*(U/(t) 1(0 11(0) is clearly for every tET a positive

linear functional on C(X); i.e., a positive Radon measure vt on X:

(Uf(t)l(t)\l(t))=fxf(x)dpt(x). Moreover (Uf(t)l(t)11(0) is a con-
tinuous function on T since 1GS and vt^ft, for ¿1^/2 by (d) of Theo-

rem 3. Now,

{ f(x)dß(x) =  f f(s(x))dß(x);
J x J x

i.e.,

J   dm(t) I  f(x)dvt(x) =   I  ¿í»(0  I   f(s(x))dvt(x)

for/GC(Z). Hence

I  f(x)dvt(x) =  j  /(^(a;))^^«)    for all ¿ E T
J x J X

by continuity and the fact that T is the support of m. Finally vt is

ergodic for every tE T because R(t) is irreducible for every tET- This

completes the proof.
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