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Starting from a chosen point 0 on the circle of unit circumference

and travelling counterclockwise around the circle, lay off arc lengths

p, 2p, 3p, • ■ • , from 0. Designate the sequence of points so obtained

by (p), (2p), (3p), • • • , and call the sequence 5. (This is in accord

with the usage (x)=x—[x], where [x] is the greatest integer less

than x because (x) in this sense is the shortest counterclockwise arc

length from 0 to x.)

If p is irrational,

(Tl) Kronecker's Theorem. Sequence S is dense in the circle.

That is, any nonvoid interval on the circle contains points of S.

(T2) Uniform Density Theorem. Sequence S is uniformly dense

in the circle. That is, let u be an interval on the circle having length

m(u), let Nn(S, u) be the number of points among the first n members of S

which are contained in u, and let fn(S, u)=Nn(S, u)/n. Then fn(S, u)

approaches m(u) as n approaches infinity.

Both these theorems are well known (see References). The main

result of this paper is an elementary proof of (T2). This proof deduces

(T2) from (Tl) without making use either of Continued Fractions or

of Fourier Series; the proof carries over without essential change to

the multidimensional case. The other result, with which the paper

concludes, is a generalized version of the proof.

Proof of the Uniform Density Theorem. The essential part of

the proof is the proof for the case in which m(u) = Í/M, M being an

integer. From this the result for rational length intervals follows im-

mediately and thence, by a standard limit argument, the result for

irrational length intervals.

As a preliminary to proving the theorem for m(u) = 1/M, it is con-

venient to prove three lemmas:

(LI) Let interval u' be obtained from interval u by shifting u around

the circle by amount (kp), where k is an integer. Let fn(S, u') =fn(S, u)

+e„. Then e„ approaches zero as n approaches infinity.

To see this, observe that the sequence ((k + l)p), ((k+2)p),

((k+3)p), • • ■ , bears the same relationship to u' as the original
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sequence does to u. In particular, (ip) is contained in u if and only if

((k+i)p) is contained in u'. Thus, Nn(S, u) cannot differ from

Nn(S, u') by more than 2¿, and (LI) follows.

(L2) Let m(u) S l/M where M is an integer. Then, /„(5, u)

<l/(M— l)+en, where e„ approaches zero as ra approaches infinity.

To prove this, find a (kp) such that shifted interval u' is disjoint

from u, but such that the length of the gap between the end of u and

the beginning of u' is less than l/MM', where M' is an integer

greater than M. Theorem (TI) guarantees that this can be done.

(This is how Kronecker's Theorem enters into the proof.) Now gener-

ate a collection of M—l intervals by shifting u by amounts 0, (kp),

2(kp), 3(kp), ■ ■ ■ , (M — 2)(kp), and call the intervals u0, Mi, u2,

uz, ■ ■ • , uM-2. The intervals are disjoint, so that, as is easy to see

Af-2

E/n(5, Ui)   <   1.
»=0

Letting fn(S, Ui)=f„(S, u)+en,u we have:

M-2

fn(S, u) < l/(M - 1) + E en„/(M - 1).
»=o

Applying (LI) to each of «,- now yields (L2).

(L3) Let m(u) = l/M and to the collection of intervals described in

(L2) add uM-i obtained by shifting u by amount (M— l)(kp). This inter-

val overlaps u0 in an interval w whose length does not exceed (M— I)/MM',

which is, in turn, less than l/M'. Let v0, Vi, v2, • ■ • , vm-2 be the intervals

that lie between successive u intervals. Then the length of v, does not ex-

ceed l/MM', so that the sum of the lengths of the v intervals does not ex-

ceed (M—l)/AIM', which is, in turn, less than l/M'. Further,

Af-l AT—2

(Ei) E Ms, Ui) + E Ms, »<) = i+ Ms, w).
«=0 t'=0

Lemma (L3) is easily established, and we omit details.

Now for Theorem (T2): We rewrite (El) above as:

M-l M-2

Mfn(S, U)  -  1   - MS, W)-JZ  *.« -    E MS, Vi)
t-0 t-0

so that

M-l M-2

(E2)      | Mfn(S, u) - 1 |   < 2/M' +  | «n |   +  E   I «n.,-1   +  E   I Li I •
»-0 i-0
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Here, e„ and e'n¡i are defined by fn(S, w) <l/M' + en, and fn(S, vi)

<l/MM' + e'nti, where all sequences of e's approach zero as n ap-

proaches infinity. That such e's exist is guaranteed by (L3) which

asserts that m(w) <1/M' and m(vi) <1/MM', and by (L2). Now

suppose that a positive e is given. First choose M' so large that

2/M'<e/2 and then choose N so large that (as is obviously possible),

the sum of the terms on the right-hand side of (E2) (exclusive of

2/M') is also less than e/2 lor n>N. This proves that Mfn(S, u) — l

approaches zero as n approaches infinity, so that/„(5, u) approaches

1/M as n approaches infinity. This is what we set out to prove.

Generalization. A more general theorem whose proof is essentially

the same as that given above can be stated. We lead up to it by

means of some definitions:

Sequence S' is said to be a "bounded rearrangement" of 5 if S'

is a rearrangement of S in which no member of 5 is moved more than

B places from its initial position, B being a fixed positive integer.

Sequence S' is said to be "equivalent" to 5 if S' can be made into a

bounded rearrangement of S by the insertion and deletion of no more

than a finite number of terms. The number t is a "translation num-

ber" of sequence S of points on the circle if the sequence S' obtained

by shifting members of 5 around the circle by amount ¿ is equivalent

to S. Now we can state the general theorem:

(T3) A sequence of points on the circle having a dense set of translation

numbers is uniformly dense on the circle.

In these terms, Kronecker's Theorem asserts that sequence (p),

(2p), (3p), • • • , has a dense set of translation numbers; namely its

own members, so that (T2) follows from (Tl) via (T3).
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